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Preface

The Twelfth Symposium on Naval Hydrodynamics
was held at Washington, D.C., during the period
5-9 June 1978 under the joint sponsorship of the

Office of Naval Research, the David W. Taylor Naval
Ship Research and Development Center, and the

National Academy of Sciences.
The technical program of the Symposium con-

sisted of eight sessions equally apportioned among
the following four subjects of great current inter-
est in the general field of naval hydrodynamics:
(1) boundary layer stability and transition, (2)

ship boundary layers and propeller hull interaction,
(3) cavitation, and (4) geophysical fluid dynamics.
Tours of the hydrodynamic research facilities of
the David W. Taylor Naval Ship Research and Devel-
opment Center and of Hydronautics, Inc., were also
included in the technical program.

It is interesting to recal that the National
Academy of Sciences was a cosponsor of the First
and Second Symposia in this series which were held
respectively in 1956 and 1958. It is a great plea-
sure to acknowledge once again the invaluable
assistance of the Academy in launching these Sym-
posia and in establishing the high standards of
quality and style for them by which we are guided,
even to this day.

Similarly, the David W. Taylor Naval Ship
Research and Development Center has played an
important role in the series of Symposia on Naval
Hydrodynamics from their very inception. Scien-
tists and engineers from the Center have presented
outstanding scientific papers at each of the Sym-
posia and have, in addition, participated in an
informal manner in the planning of many of the
earlier ones.

For these reasons the Office of Naval Research
is especially pleased and honored at the opportu-
nity presented by the cosponsorship of this Twelfth

Symposium to renew and continue the fruitful col-

laboration with its old scientific allies. We are

deeply grateful for their generous assistance in

the past and present, and look, forward with confi-

dence to their continued support in the future.

Of the seemingly endless list of people who

contributed in large and small ways to the planning

and organizing of the Twelfth Symposiiim the follow-

ing deserve special recognition: Professor George

F. Carrier of Harvard University and the Naval

Studies Board of the National Research Council, who

served as chairman of the Program and Organizing

Committee; Dr. William E. Cummins of the David W.

Taylor Naval Ship Research and Development Center,

who served as vice-chairman of the Committee, and

his colleagues from the ^^nter. Dr. Wen Chin Lin,

Mr. Justin H. McCarthy, Jr. and Mr Vincent J.

Monacella, who served on the Committee; Mr. Lee M.

Hunt of the Naval Studies Board, who served on the

Committee and who, with the able assistance of

Miss Virginia A. Harrison, personally carried out
the multitude of detailed arrangements required for

the success of the Symposium; and Dr. Nelson T.

Grisamore of the National Academy of Sciences, who

edited these Proceedings.
A special note of appreciation is extended to

Mr. Phillip Eisenberg, President of Hydronautics,

Inc., for his delightful after-dinner talk at the

Symposium Banquet and for the tour of Hydronautics,

Inc., which he graciously arranged for the partic-

ipants of the Symposium.
To all of these, and many more, the Office of

Naval Research is forever indebted.

Ralph D. Cooper
Office of Naval Research
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Introductory Address

Dr. Courtland D. Perkins
President, National Academy of Engineering

On behalf of the National Academy of Engine-
ering and the National Academy of Sciences it is

my distinct pleasure and privilege to welcome you
to our Nation's Capitol, to the home of both Acad-
emies, and to the Twelfth Symposium on Naval Hydro-
dynamics,

We have welcomed the opportunity to join with
the Office of Naval Research and the David W. Taylor
Naval Ship Research and Development Center in organ-
izing and hosting the Twelfth Symposium in this
distinguished series of meetings.

We have, as a matter of fact, a special inter-
est in the continuing success of the series since
we cosponsored the First and Second Symposia with
the Office of Naval Research in 1956 and 1958.
Therefore, it is as gratifying for us as it must
be for the Office of Naval Research to find that
the international community of fluid dynamics and
related specialties continues to find these meetings
a unique forum for the exchange of research results
and the discussion of problem areas of concern to
both military and commercial activities.

The interest and the involvement of the Acad-
emies in naval science and engineering, of course,
has a much longer history. After a careful reading
of the early history of the National Academy of
Sciences, one is persuaded that the Academy would
not have come into being in 1863 had it not been
for the carefully laid plan and persuasive argu-
ments of the Navy's Chief of Navigation, Commodore
Charles Henry Davis. One is further impressed by
the fact that perhaps a quarter of those who signed
the Academy's Charter were affiliated with the Navy
in one way or another. And it is significant that
the first five studies conducted by the fledgling

Academy were requested by the Navy. In case some

of you may be interested, these were:

On Protecting the Bottom of Iron Vessels

On Magnetic Deviation in Iron Ships

On Wind and Current Charts
Sailing Directions
On the Explosion On the United States Steamer

CHENANGO

I don't want to leave you with the impression that
the Academy worked only on naval problems during
the 1863-65 period. We did another study entitled
"On the Question of Tests for the Purity of Whiskey"

--an investigation undoubtedly stimulated by
President Lincoln's remark that he wished he could
supply all his generals with whatever it was that
General Ulysses S. Grant was drinking.

I have taken this short detour through some
early Academy history , not so much to demonstrate
our own long and continuous interest in naval sci-
ence and engineering but to recognize the important
role played by the Navy in supporting science and
engineering throughout its 200-year history. Over
the past 32 years the Office of Naval Research has
continued that tradition by serving as a model for

enlightened government support of basic research.
On a more personal note may I conclude by say-

ing that as a former professor of aeronautical
engineering at Princeton University your technical
program is of special interest to me. Therefore,
I wish you an interesting and productive meeting.
We are pleased that you have chosen to meet at our
institution, and the staff we have assembled to
support you is available to assure that your stay
is a pleasant one.





Introductory Address

Rear Admiral Robert K. Geiger, USN
Chief, Office of Naval Research

On behalf of the Office of Naval Research I

would like to extend a sincere welcome to all the

participants of the Twelfth Symposium on Naval
Hydrodynamics

.

I wish to express my thanks to the National
Academy of sciences for its assistance and role as

a host and cosponsor of the Symposium through its
National Research Council

.

Thanks are also due to the third member of the
triumvirate of cosponsors of this, the Twelfth Sym-
posium on Naval Hydrodynamics, namely the David W.

Taylor Naval Ship Research and Development Center,
known more familiarly to most of us old-timers as

the David Taylor Model Basin and often referred to

affectionately as DTMB. This facility has been a

major contributor to the scientific program of each
of the Symposia in this series, as a glance at the
proceedings of any of the Symposia will confirm.
I am happy to say that the present meeting is no
exception and that it is again well represented on
the technical program. However, this is the first
time that it has participated as a cosponsor and I

am especially pleased to acknowledge the invaluable
assistance that our old colleague and ally in the
field of naval hydrodynamics research has rendered
in the organization and management of the present
Symposium.

The first two Symposia of this series were
held in 1956 and 1958 and were also sponsored by
the Office of Naval Research and the National
Academy of Sciences. Many of the guiding princi-
ples that govern the organization of the Symposia
in this series were established in these first
meetings. For example, the selection of a limited
number of central themes of timely naval hydro-
dynamic interest upon which to focus the technical
program of the meeting was introduced in the
Second Symposium.

From the very beginning, the international
aspects of the Symposia were emphasized through the

invitation of speakers from all over the world
wherever outstanding research in naval hydrody-

namics was going on. Starting with the Third Sym-

posium, the international aspects were strengthened

by locating the meetings outside the United States

and cosponsoring them with relevant organizations
in host countries

.

The list of such meetings includes Symposia

held in the Netherlands, Norway, Italy, France, and

England, and we hope to continue this pattern into

the future as long as the series of Symposia con-

tinue to provide a useful forum for the exchange

of valuable information on results of advanced re-

search in the field of naval hydrodynamics.

I am gratified to see so many representatives

of several coxintries in addition to the United

States, and the number of technical papers pre-

sented by internationally known authorities in

fluid dynamics and related fields.

For the Navy, progress in hydrodynamics re-

search has become increasingly urgent. The Navy

must find ways to discover and correct the problems

that a new design may run into before reaching the

point of full-scale sea trials.

Since the sea is the Navy's business and we

have been involved in it a long time, we are ex-

pected to know it well. Only investigators like

yourselves are aware of how limited is our knowl-

edge of the forces that impact on a buoyant body

propelled through the water. As much as our under-

standing has increased, we know we have much more

to learn. This information can only be obtained

through the arduous bit-by-bit process of basic re-

search, such as you gentlemen pursue.
Today our nation is faced with the dilemma

that we must plan types of ships that are radically

different in design from anything in the past. At

the same time, these ships must be inexpensive to

operate and maintain in addition to satisfying our

traditional standards.



The results of the research that will be re- in hydrodynamics. I would like to stress, however,

ported at this Symposium should help us move toward that you maintain strong lines of communication so

that formidable goal. It is clear that all of you that as many people as possible can benefit when

here today are dedicated scientists, so I do not you inevitably succeed in your endeavors.

need to urge you to keep pressing forward in your Best wishes for a successful symposium,

search for solutions to the frustrating problems



Introductory Address

Captain Myron V. Ricketts, USN
Commander, David W. Taylor
Naval Ship Research and Development Center

We at the David W. Taylor Naval Ship Research

and Development Center are both pleased and proud

to join with the Office of Naval Research and the

National Academy of Sciences in sponsoring the

Twelfth Symposiumon Naval Hydrodynamics. While

not a sponsor of the four earlier symposia held in

Washington, the Center was directly and indirectly

involved with all of the previous meetings. Of the

forty-one papers to be presented at the present
Symposium, five are authored by Center researchers,
roughly the same number of papers given by Center
authors at earlier symposia. In addition, much of

the other U.S. research to be presented in papers

to this Symposium was supported by the U.S. Navy's

General Hydrodynamics Research Program which the

Center has administered for nearly thirty years.

It is worthy to note that this year's confer-
ence is directed mainly at the underlying physics
of hydrodynamic processes. The papers are of quite

a fundamental nature , perhaps more so than was true

of many of the earlier symposia. The Symposiiom

topics are of immense importance to both the mer-

chant ship and naval communities : Boundary Layer
Stability and Transition because of their relation-
ship to vehicle drag, cavitation inception, and
flow noise; Ship Boundary Layers and Propeller/
Hull Interaction because a need to accurately pre-
dict vehicle drag, propulsive efficiency, and

vibration; Cavitation, a very major cause of ero-

sion, vibration, and noise; and finally. Geo-

physical Fluid Dynamics which describes the envi-

ronment in which ocean systems must operate. Each

topic area is a subject of current and lively in-

terest and has witnessed remarkable advances over

the past few years.
The very high quality of the research papers

to be presented this week is typical of previous

Naval Hydrodynamics Symposia and has earned for the

series the reputation of being the preeminent inter-

national conferences on ship hydrodynamics. Each

symposium has constituted an exceedingly valuable

open forum which promotes national and international

ties and dialogues between researchers in the field

of hydrodynamics.
I would like to close by saying that my

Center's namesake, Admiral David W. Taylor, the U.S.

pioneer hydrodynamic is t and foremost naval archi-

tect, introducer to the U.S. of towing tanks, water

tunnels, transformer of empiricism to scientific

methods , would be very pleased to be associated

with the Twelfth Symposium on Naval Hydrodynamics.

On Wednesday we look forward to welcoming you on a

tour of the hydrodynamic facilities at the Center.

You will see work in progress at our rotating arm

facility, seakeeping basin, towing tanks and turn-

ing basin, and at our largest cavitation tionnel.

Best wishes for a very successful conference.





Session I

BOUNDARY LAYER STABILITY
AND
TRANSITION

PHILLIP. S. KLEBANOFF

Session Chairman

National Bureau of Standards

Washington, D.C.





Stability and Transition Investigations

Using the Navier-Stokes Equations

Hermann F. Fasel
Universitat Stuttgart
Stuttgart, Federal Republic of Germany

SUMMARY

With this paper an attempt is made to review the

stability and transition simulations, performed at

the University of Stuttgart, which are based on

finite-difference solutions of the Navier-Stokes
equations. Research in this area has demonstrated
that implicit finite-difference methods for the

solution of the complete Navier-Stokes equations
for unsteady, two-dimensional, incompressible flows

can be successfully applied to investigations of
hydrodynamic stability and to certain aspects of

transition. This approach of numerically solving
the partial differential equations describing the

underlying flow mechanisms promises to be a valuable
aid in transition research. In particular, this

concept may prove to be especially rewarding for

investigations of aspects of stability and transition
which as yet are not feasible with other theoretical
models.

There are two main reasons for the attractiveness
of this approach: Firstly, no assumptions whatsoever
have to be made concerning the basic flow field under
investigation. Thus, for example, all possible
effects resulting from the growth of a boundary layer
in downstream direction can be included in such
investigations. Even strongly converging or diverg-
ing flows, or flows with separation and/or reattach-
ment can be studied. Secondly, no restrictions
have to be made concerning amplitude and form of
the disturbances which are injected into the flow.

Therefore, using larger disturbance amplitudes
certain nonlinear effects of the amplification
process can be readily investigated.

The major aspects of this approach will be dis-
cussed in this paper. Emphasis will be placed not
only on conveying the advantages of such investi-
gations but also on elaborating the difficulties
and shortcomings of such numerical simulations.
Finally, a conjecture concerning the course of
future developments will be attempted.

1. INTRODUCTION

The phenomena occurring in transition from laminar

to turbulent flow have been the subject of inten-

sive research ever since the discovery that these

two entirely different states of flow exist.

From all the research efforts basically only one

universally-accepted theoretical concept evolved,

namely, linear stability theory, verified experi-

mentally by the famous experiments of Schubauer
and Skramstad (1943)

.

However, experimental evidence has also shown

that linear stability theory is only applicable

for one 'special' transition process, namely,

transition initiated by the presence of very small

disturbances in the flow. In this case a substan-

tial portion of the entire transition process is

indeed well described by this theory, i.e. the

amplification of two-dimensional disturbance waves

(the so-called Tollmien-Schlichting waves) can be

predicted adequately. But even for this special

transition process, triggered by small disturbances,

linear stability theory is inadequate in the

description and investigation of the mechanisms

that follow the growth of Tollmien-Schlichting

waves, and which finally cause the breakdown to

fully turbulent flow. Nevertheless, due to the

relative success of the linear stability theory

and its impressive experimental verification, the

vast majority of theoretical transition investi-

gations were, and still are, based on stability

theory concepts, thus constantly improving and

perfecting this theory.
The inherent shortcomings of this concept

nontheless (such as being applicable only when

transition is initiated by small disturbances, or

that certain assumptions concering the basic and

disturbance flow have to be made to keep the

resulting equations tractible) led to a search for

other means to investigate transition. One of the

more promising concepts that has emerged in recent
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years is based on direct numerical solutions of the
complete partial differential equations that
describe the flow phenomena arising in the transi-
tion process. This approach became feasible with
the rapid progress in the development of large,
high-speed digital computers

.

The main difficulties here arise from the fact
that these flow phenomena can be adequately
represented only when the complete Navier-Stokes
equations (or certain modifications thereof) are
used. Thus, this approach requires the solution
of the Navier-Stokes equations for strongly time-
varying flow fields, due to the highly unsteady
nature of the transition processes. Additionally,
complications increase because the numerical
solutions have to yield reliable results for
relatively high Reynolds numbers (higher than the
critical Reynolds number) to allow onset of
transition. For a numerical solution procedure it
is therefore necessary to allow for adequate
resolution of the large temporal and spatial
gradients resulting from the occurrence of thin
time-varying fluid layers with large gradients
close to solid walls.

The development of finite-difference methods,
which are applicable for such complex, unsteady
flow phenomena as those occuring in laminar
turbulent transition, is associated with numerous
difficulties which will be elaborated upon in this
paper. Because of these difficulties relatively
few previous attempts based on such an approach be-
came known. Reasonably successful earlier investiga-
tions of this kind (based also on finite-difference
solutions) are reported, for example, for incom-
pressible flows in a boundary layer [De Santo
and Keller, (1962)], for Poiseuille and plane
Poiseuille flow [Dixon and Heliums (1957) , Crowder
and Dalton (1971)] and for a compressible boundary-
layer flow [Nagel (1967) ] . These earlier attempts
clearly demonstrated the usefulness and potential
of such investigations. However, due either to
insufficent resolution of the resulting gradients
and/or assumptions made concerning the basic or
disturbance flows, or to shortcomings of the differ-
ence methods used, the results of these calculations
were more of a qualitative nature. Therefore,
relatively little information could be gained
concerning the various phenomena arising in the
laminar-turbulent transition process.

Some years ago, a research effort was initiated
at the University of Stuttgart aiming at the devel-
opment of numerical methods for the solution of the
Navier-Stokes equations which would be applicable
for detailed investigations of various aspects of
stability and of phenomena occurring in transition.
To date, an effective implicit finite-difference
method has evolved for the calculation of unsteady,
two-dimensional incompressible flows. The ap-
plicability of the numerical method to investigate
stability and two-dimensional transition phenomena
has been demonstrated by realistic simulations of
Tollmien-Schlichting waves. Detailed results of
these calculations are discussed elsewhere [Fasel
(1976) ] . With calculations involving large ampli-
tude disturbances [Fasel et al . (1977)] it was addi-
tionally shown that numerical simulations using
the implicit difference method yield results which
enable insight into certain nonlinear mechanisms
of the transition process.

In this paper the major aspects of the numerical
approach using finite-difference methods will be

reviewed and the present state of the developments
discussed. Emphasis will be placed on the advan-
tages of the numerical approach in general and on
directional options chosen for the present method.
Special attention will also be focused on the
difficulties and limitations of such simulations.

2. SELECTION OF THE INTEGRATION DOMAIN

For a numerical solution of the Navier-Stokes equa-
tions using finite-difference techniques a finite
domain in which the equations are being solved has
to be specified. The selection of the integration
domain determines the nature of a physical flow
problem to be simulated, because the boundary con-
ditions required along the boundaries of this domain
determine to a large degree the solution within the
domain. For reasons of simplicity, in the present
studies only rectangular domains of the x,y plane
were considered as depicted schematically in Figures
1 and 2 with the direction of the basic, undisturbed
flow being in the x-direction. Rectangular domains
allow relatively easy application of difference
methods by using simple rectangular meshes. For
example the rectangular domain may be a section of
a boundary-layer flow on a semi-infinite flat plate
(Figure 1) or a section of a flow between two paral-
lel plates (Figure 2)

.

In selecting the integration domain one has to
consider that boundary conditions must be found for
the 'artificial' boundaries B-C in Figures 1 and 2

and additionally for C-D in Figure 1. These con-
ditions should allow physically meaningful solutions
in the finite domain, i.e. solutions that would be
obtained if the domain were not made finite by
means of these artificial boundaries. Due to the
spatially elliptic (in x,y) character of the Navier-
Stokes equations application of finite-difference
methods requires boundary conditions on all bound-
aries of the x,y domain. Of course, in a mathemat-
ical sense the equations are parabolic because of
the time derivative (See section 3) . Selection of
boundary conditions for boundaries representing
solid walls (such as A-B in Figures 1 and 2 and C-D
in Figure 2) generally creates no additional diffi-
culty although consistent implementation in the
numerical scheme is frequently difficult to achieve.
Also, free stream boundaries such as C-D in Figure
1 for the boundary-layer flow can be handled in
satisfactory fashion (see Section 4)

.

However, the upstream (A-D) and to a larger ex-
tent the downstream (B-C) boundary require special
considerations because the specific treatment of
these boundaries determines the approach to be
taken in a prospective stability and transition
simulation. In selecting the boundary conditions

'<^^^y/'g/x'//Av/y^/yyyy//y/////^7/!?77r
B t.

FIGURE 1. Integration domain for boundary
layer on flat plate

.
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FIGURE 2. Integration domain for plane

Poiseuille flow.

there are basically two different approaches which

lead to entirely different conceptions of the trans-

ition simulation:

1) Use of periodicity conditions at the upstream
(A-D) and downstream (B-C) boundary, i.e.

corresponding disturbance quantities are
equal at the two boundaries for all times

.

Here it is assumed that flow phenomena are spatially
periodic in downstream direction where the integra-
tion domain X contains integer multiples of the

spatial wavelength. When the spatial development
is forced to be periodic, the flow responds with a

temporal development. Thus, with this arrangement
the temporal reaction of the flow to an initial
disturbance (at t=0) of the flow field can be

studied. This case corresponds in linear stability
theory to an eigenvalue problem with wave number
a real and frequency B complex (6=3 +iB'), i.e.

amplification in time. Figure 3, for example, shows

a typical result of a finite-difference calculation
based on such an approach for a plane Poiseuille
flow [Bestek and Fasel (1977)]. Plotted here is a

time signal for a case which is unstable according
to linear stability theory. The flow is only dis-
turbed once at t=0. After a certain time span,

where considerable reorganization of the disturbance
flow takes place, the disturbances assume a periodic
character with a slight amplification in time-
direction.

The Navier-Stokes calculation for this approach

may be conceived as a means of solving the eigen-

value problem as in linear stability theory, with

a and Reynolds number given and obtaining the fre-

quency Qj-, amplification rate £>i, and the amplitude

distribution of the distrubance flow. Of course

these answers could be obtained with considerably

less effort from linear stability analysis. The

advantage of this present approach is, however,

that it can be easily extended to investigations

FIGURE 3. Temporal development of u' -disturbance at

y/Ay = 3 for initially disturbed flow (small ampli-

tude) ; spatially periodic case (plane Poiseuille flow)

.

of certain nonlinear effects by merely increasing

the amplitude level of the initial disturbances
[see, for example, George and Heliums (1972)]. An

equivalent study of nonlinear effects formulated
as an eigenvalue problem in a stability theory

analysis would, on the other hand, become consider-

ably more involved.
A major drawback of this first approach is, how-

ever, that it is pratically only applicable for

basic flows that do not vary in downstream direction

(parallel flows) , because only then is the period-

icity assumption for the disturbance flow a real-

istic one. Thus, strictly speaking, boundary-layer

flows could not be treated in this manner since they

are basically (although very mildly) non-parallel.

It has been shown that non-parallel effects can

have a strong influence on the stability character-

istics of this flow [caster (1974) , Saric et al.

(1977)].
A second, perhaps even more serious disadvantage

of this model is that the disturbance development

in downstream direction cannot be investigated. As

observed in numerous laboratory experiements the

phenomena of transition are not periodic in space

but rather are inherently space dependent. The

disturbance flow may vary rapidly in downstream
direction. This space dependency of the transition

process does not only occur for flows where the

basic flow is already dependent on the downstream

location. It also occurs when the basic flow does

not vary in downstream direction, as was impress-

ively demonstrated experimentally by Nishioka et

al. (1975) for the parabolic profiles of plane

Poiseuille flow between parallel plates. Thus,

this model is not suitable for realistic studies

of transition phenomena.
However, finite difference simulations based on

this approach become considerably less involved

and are less costly in practical execution than for

the second approach discussed subsequently. The

former approach is therefore applicable for funda-

mental investigations of various unresolved ques-

tions in hydrodynamic stability (such as certain

nonlinear effects) or for preliminary studies of

flow simulations based on the approach discussed

below.

2) At the upstream boundary, time-dependent

disturbances are introduced. Use of bound-

ary conditions at the downstream boimdary

which allow downstream propagation of the

spatial disturbance waves

.

This second approach differs entirely in concept

from the first one. Here, the reaction of the

flow field to the disturbances introduced at the

upstream boundary is of interest, particularly the

spatial developments of the ensuing disturbance

waves. In contrast to the previous approach, this

case corresponds in stability theory to an eigen-

value problem with a complex (a=aj.+ici^) and 6 real.

A typical result for a boundary-layer flow of a

calculation based on this concept is shown in Fig-

ure 4. Plotted is the disturbance variable u'

(velocity component in x-direction) versus the down-

stream coordinate x. The downstream development

of the disturbance (in this case amplification) may

be clearly observed. Thus, this approach enables

the calculation of the spatial reaction of the flow

to upstream disturbances, and therefore realistic

simulations of space -dependent transition phenomena
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For two-dimensional, incompressible flows the
stream-function-vorticity formulation is most
widely used in numerical fluid dynamics. It is
also a possible choice for the present investiga-
tions. It consists of the vorticity-transport
equation

FIGURE 4. Downstream development of u' -disturbance at

y/Ay = 3 for boundary-layer flow disturbed periodically
(small amplitude) at upstream boundary.

as observed in laboratory experiments should be
possible

.

For example, realistic numerical simulations of
Tollmien-Schlichting waves {as observed in the

Schubauer and Skramstad experiments) can be per-
formed by using at the upstream boundary A-D per-
iodic disturbances as produced by a vibrating ribbon
in the physical experiments. If the location of
a-D is considered to be somewhat downstream of the
ribbon in the real experiments , eigenfunctions of
linear stability theory may be conveniently used
to disturb the flow in the numerical simulation.
It was shown that the disturbance flow somewhat
downstream of the ribbon is well described by
linear stability theory when amplitudes are small.

The disadvantage of the second approach is that
the development of numerical methods to solve the
resulting mathematical problem is considerably more
difficult than in the first approach. Although in
a strict mathematical sense both problems represent
mixed initial-boundary-value problems , the main
difference between the two concepts is that the
first approach results in a predominantly initial
value problem, where the temporal evolution of an
initially disturbed flow field is calculated.

The second concept leads to a predominantly
boundary-value problem where the spatial reaction
of the flow field (which is also time-dependent,
of course) to disturbances introduced on the left
boundary is to be calculated. In the latter case
difficulties arise from the necessity of finding
adequate downstream boundary conditions which
allow unhindered passage of the disturbance waves
propagating downstream, and properly implementing
them into the numerical method. Since the aim of
this research effort is directed toward realistic
simulations of transition phenomena, emphasis in
the development of finite-difference methods was
placed on methods that were applicable to solving
the mathematical problem resulting from the latter
approach. The remainder of the discussions in this
paper are therefore also based on this concept.

3. FORMULATIONS OF NAVIER-STOKES EQUATIONS FOR
NUMERICAL METHODS

The Navier-Stokes equations can be cast into various
forms to be used as basis for a finite-difference
method. Each formulation has its inherent advan-
tages and disadvantages. The decision in favour of
a particular formulation has to be governed by the
physical flow problem to be investigated and by the
difference scheme finally used. In most cases, and
also particularly for the present investigations,
such a decision is difficult to make beforehand.
Extensive preliminary numerical experiments are
necessary before a decision can be made in favour
of a particular formulation.

3 (1) 8 oj 3 0) 1 ,—- + u r— + V -r = -— Ato
3 t 3 X 3 y Re

(1)

and a Poisson equation for the stream function

Ai|) = (1) , (2)

where A is the Laplace operator, lo is defined as

3 u 3 "v

3 y 3 X

and the stream function as

(3)

34)

3y
u

3 ji

3 X (4)

With this definition of the stream function the
continuity condition

3 u 3 V
3-ir + 3-7 = ° (5)

is satisfied for the continuum equations, however,
not necessarily for the discretized equations. All
variables in Eqs. (1) to (5) are dimensionless;
they are related to their dimensional counterparts

,

denoted by bars , as follows

L ' ^ L

li)L
Re =

U L

u

i,
=

V
tu

UqL '

where L is a characteristic length, _Uo a reference
velocity and Re a Reynolds number (v kinematic vis-
cosity) . Thus this formulation represents a system
of two partial differential equations, each of
second order, for the unknown variables u) and if

because u and v in Eq. (1) can be eliminated using
Eq. (4).

A variation of this formulation is the so-called
conservative form for which the vorticity-transport
equation

3ti] 3 (uoi)

3t
"^

3x

3 (vm)

3y

1_
Re

Ao) (6)

is used instead of Eq. (1) . With this formulation
conservation of vorticity is guaranteed for the
continuiom equations.

A second formulation of the governing equations
also consists of a vorticity-transport equation (1)

or (6) . However, instead of the Poisson equation,
(2) , for ijj, two Poisson equations for the velocity
components u and v are used

Au
3 M

3y
(7)

Av = - 3 iii

3 X
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which can be derived from the definition of vortic-

ity, (3) , using the continuity equation, (5). This

system of partial differential equations for the

u),u,v formulation is of higher order than the u,ijj

system. The higher order allows less restrictive
boundary conditions which is advantageous in appli-

cations to transition simulations as discussed in

Section 4.

A third form of the governing equations is the

so-called primitive variable formulation with the

two momentum equations

3 u
3 t

+ u

3 V
3t

3u ^ 3u

3x+"¥ ^
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order of magnitude even more critical than for the
two-dimensional calculations.

was developed such that it is applicable with only
minor modifications for either formulation.

Use of Navier-Stokes Equations for the Disturbance
Flow

For stability and transition simulations, the depen-
dent variables, which appear in the different form-
ulations of the Navier-Stokes equations discussed
previously, are those of the total flow, that is,

including both the basic and the disturbance flow.

There is an alternate approach, namely, to decompose
the total flow into the basic flow and a disturbance
flow such that

u=U+u' , v=V+v' , p=P+p' , ij)='i'+ip " , a)=n+io',(13)

where the prime indicates the variables of the dis-
turbance flow and the capital letters denote those
of the basic flow. Substituting relationships (13)

into various forms of the Navier-Stokes equations,
it is possible to rewrite the equations with the
disturbance variables as dependent variables. Sev-
eral terms involving only the basic flow can be
dropped, assuming the basic flow satisfies the
Navier-Stokes equations

.

The aspect of directly solving the equations for
the disturbance variables is an attractive one,
since it is the disturbance conditions that are of
interest when performing numerical stability and
transition studies. For this reason this approach
has probably been preferred in earlier attempts.
It also allows for detailed investigations of the
effects of the nonlinear (convective) terms because,
in a difference method based on this form, the 'lin-
earization' can be conveniently switched on or off.

A careful evaluation of this form of equations

,

however, reveals that it also has some major disad-
vantages. The equations in disturbance form contain
several additional terms (involving disturbance
terms with terms of the basic flow) which are not
present in a corresponding formulation for the total
flow. Thus, in finite-difference solutions addi-
tional numerical operations are required. A more
serious disadvantage is that, because of the

additional terms involving the basic flow, the

basic flow quantities have to be kept in fast-
access computer storage to be readily accessible
for the numerical operations in order to avoid ex-
cessive computation times. On the other hand,
using the equations for the total flow the basic
flow quantities are not directly involved in the
solution algorithm. In this case they are only
required for analysis and better respresentation
of the results (for example to determine the dis-
turbance quantities) . For this purpose they can
be stored in mass storage of lower speed accessi-
bility.

The availability of sufficient fast-access stor-
age is, even with the latest computer generation,
still a critical limitation for such numerical
investigations of stability and transition. For
large scale simulations involving large numbers of
grid points, use of the disturbance formulation is
prohibitive. For this reason, for the present re-
search effort, use of the equations for the total
flow variables was generally preferred instead of
the disturbance formulation. However, the basic
solution algorithm of the definite-difference method

4. BOUNDARY AND INITIAL CONDITIONS

The selection of adequate boundary conditions and
the practical implementation into a finite-
difference scheme represents one of the major dif-
ficulties in the development of a finite-difference
model applicable for stability and transition stud-
ies. Difficulties arise from the necessity that
boimdary conditions, selected and implemented along
the artificial boundaries (see Section 2) for the
finite integration domain, have to enable solutions
that would be identical to solutions if the govern-
ing equations were solved in the infinite domain.
There is, of course, no way of checking this be-
cause solutions for the infinite domain are not
available. This indicates that, for selecting
boundary conditions, it is necessary to rely on
experience, intuition, and test calculations.

For practical reasons the boundary conditions
at these artificial boundaries have to be such that
physically meaningful results can be obtained with
a relatively small integration domain. The number
of grid points, and therefore computer storage and
amoiont of numerical operations required for a nu-
merical solution, is directly dependent on the size
of the integration domain. Thus, only with a rela-
tively small domain may the computational costs of
numerical simulations be kept within acceptable
limits. This aspect is of particular importance
during the testing phases of the numerical methods.

There are also other difficulties resulting from
the complicated nature of the governing equations.
For the nonlinear systems of governing equations in
the formulations of Section 3 it is not yet possible
to decide if a given problem consisting of the
governing equations and a set of boundary conditions
is well-posed in the sense of Hadamard (1952) . More-

over, it is not obvious whether Hadamard' s postulates
for a well-posed problem are adequate to include
physically meaningful solutions only. Additional
difficulties may arise because finite-difference
methods frequently require more boundary conditions
than would be needed for the original differential
formulation if exact solutions were possible
[Richtmyer and Morton (1967)]. From numerical ex-
perimentation with model equations simpler than the

full Navier-Stokes equations it is known that these

additional 'niomerical' boundary conditions are of-

ten a source of numerical instabilities possibly
caused by certain inconsistencies. Therefore, one
is confronted with the delicate task of selecting
and implementing the extra conditons (where it is

normally not known a priori which conditions are
the extra ones) in such a way that the numerical
stability of an otherwise stable method would not

be adversely affected.

Initial Conditions

When the simulation of space dependent transition

phenomena is of interest as in the present in-

vestigation the reaction of the flow to disturbances

introduced at the upstream boundary has to be cal-

culated. In this case one may assume an undisturbed

flow as initial condition at t=0 enabling the dis-

turbance waves introduced for t>0 to propagate down-
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stream into an undisturbed flow field. Denoting
tlie undisturbed flow field with capital letters the

initial conditions for the m,i() system can be written
as

u)(x,y,0) = fi(x,y)

l^i(j(x,y,0) = >J'(x,y)

and for the a),u,v system

''a)(x,y,0) = nU,Y)

<^ u(x,y,0) = U(x,y)

v(x,y,0) = V(x,y)

(14)

(15)

(19) are applicable for the calculation of both the
steady, undisturbed and the unsteady, disturbed flow.

At the upstream bo>indary A-D the disturbances are
introduced by superimposing onto the profiles of a
basic, undisturbed flow (denoted by subscript B; for
example, Blasius profiles or Poiseuille profiles
could be used for the cases considered in Figures
1 and 2) so-called perturbation functions which are
dependent on y and t only. Thus for the w,ip formu-
lation we have

u){0,y,t) = ug(y) + P„,(y,t) ,

tp(0,y,t) = ijjg{y) + P^(Y't)
(20)

and for the to,u,v formulation

The undisturbed flow field is obtained by solving
the Navier-Stokes equations for the steady flow.

Of course , for the flow between two parallel plates
the Poiseuille profiles already represent exact
solutions of the Navier-Stokes equations and can
therefore be used directly. For the boundary-layer
flow a solution has to be calculated numerically
by solving the Navier-Stokes equations without the
unsteady term 3 u/Q t in Eq. (1) . The argument could
be raised that in this case Blasius profiles could
be used instead. The differences between the
Blasius solution and a numerical Navier-Stokes sol-
ution are indeed very small. Nevertheless, for
investigations with very small disturbance ampli-
tudes, the differences can be of the same order of
magnitude as the disturbances themselves and there-
fore the transient character of the flow could
become considerably distorted. The boundary condi-

tions used for the calculation of the undisturbed,
basic flow are discussed subsequently in connection
with the conditions used for the calculation of the
unsteady, disturbed flow.

Boundary Conditions

At solid walls (non-permeable, no-slip), such as

boundary A-B of Figure 1 or A-B and C-D of Figure

2, the velocity components vanish

u=0 =0 U=0 V=0 (16)

The vorticity-transport formulations (the u,v,p

formulation will not be discussed further) require

special treatment for the vorticity calculation at

the walls. For the u,4) formulation vorticity can
be calculated from the relationship

3^1))

3y2
(17)

derived from Eq. (2)

either
for the a),u,v formulation

3 01

3y2

derived from Eq. (7b) or

3u

(18)

(19)

resulting from Eq. (3) can be used. Equations (17)-

01(0, y,t) = u (y) + P,,,(y,t)
B

< u(0,y,t) = UB(y) + Pu(y,t)

^v(0,y,t) = VB{y) + P^-(y,t)

(21)

For the calculation of the steady, undisturbed
flow field the perturbation functions in Eqs. (20)

and (21) of course vanish. For simulations of
Tollmien-Schlichting waves, for example, the
perturbation functions are periodic in time where
amplitude distributions (or so-called perturbation
profiles) as obtained from linear stability theory
can be used.

The freestream boiindary C-D (Figure 1) for the

boundary-layer flow is an artificial boundary and
requires special considerations as discussed in
Section 2. For both the calculation of the steady
flow and the unsteady, disturbed flow, vorticity is

assumed zero (u'=S=0). For boundary-layer type flows,
vorticity for both basic and disturbance flow (when

disturbances are introduced within the boundary lay-
er) decays rapidly away from the wall and is practi-
cally zero at a distance of two <5 (6 boundary layer
thickness) from the wall.

For the calculation of the steady flow using the
a),u,v system suitable conditions for C-D are

U Uf3(x) (22)

where the freestream velocity Ufg (x) may be speci-

fied according to the downstream pressure variation
of the boundary layer flow. A condition for the v
component can be derived from the continuity equa-
tion, (5) , using Eq. (22)

3 V
3y

dU^ (x)
fs

dx (23)

For the a),ijj system a condition equivalent to Eq. (22)

can be used

3 y
= Ufs (x) (24)

The >|)',u',v' disturbances decay relatively slowly
in direction normal to the wall. For example, for
Tollmien-Schlichting waves the i()' or v' amplitude
at 66*, (for Re*=530, based on displacement thick-
ness &*) may still be close to 50% of the maximal
amplitude. Therefore Dirichlet conditions {u'=v'=
i|)'=0) could only be used if the freestream boundary
were very far, for example 506*, from the wall.
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This would be impractical due to the excessive
amounts of grid points required. On the other hand,

the conditions given below allow a relatively small
integration domain in y-direction. They only postu-
late that the disturbances decay asymtotically in

y-direction. For the co,i() formulation such a condi-
tion is

3 i|)'

3y
ail' (25)

and for the (»),u,v formulation

"
8 u'

3y

3 V
3y

au'

av'

(26)

where a is the local wave number of the resulting
disturbance waves. Test calculations have shown
that with the conditions (25) or (26) , together
with the Dirichlet-type vorticity condition dis-
cussed previously, physically meaningful results
can be obtained when the integration domain in y-

direction includes only two to three boundary-layer
thicknesses.

Selection and implementation of the boundary
conditions at the downstream boundary B-C represents
a very difficult task. These boundary conditions
have to enable propagation of disturbances right
through this boundary, where any effects causing
even the slightest wave reflection have to be
avoided. The conditions found most satisfactory
in this respect are for the u,i() formulation

3^u)'

3x2

3x2

2
a (jj'

(27)

~'i>'

and for the a),u,v formulation

32(0'

3x2
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40 x/Ak

a in eq (28) from linear stability theory '^

a= in eq (28) y

FIGURE 5. Downstream development of u' -disturbance at

y/Ay = 3 for different boundary conditions at the

downstream boundary (boundary layer on a flat plate)

.

theory) was used while for the other calculation a

was simply set zero. It is obvious that even with

the poor value for a the upstream influence is re-

stricted to a region of approximately one wavelength,

while the disturbance further upstream is practi-

cally unaffected. This relatively minor upstream

influence can also be observed in Figure 6 where
the amplification curves (for the maximum of u')

are compared for the two cases. The disturbance
amplification further than one wavelength upstream
is practically unaffected by the value used for a

in Eqs. (28) .

5. NUMERICAL METHOD

A numerical method for transition studies has to

generally allow for numerical solutions of a

boundary-value problem for the calculation of the

steady flow, i.e. solution of Eqs. (1) and (2) or

Eqs. (1) and (7) (without 3u/3t in Eq. 1) with ap-

propriate boundary conditions discussed in Section
4. Further the solution of a mixed initial-boundary-

value problem for the calculation of the unsteady
flow is required, i.e. solution of Eqs. (1) and (2)

or Eqs. (1) and (7) with the boundary conditions for

the unsteady, disturbed flow and initial conditions

discussed in Section 4. The partial differential

equations are of fourth order for the u,i|j formula-

tion and of even higher order for the a),u, v-system.

For both formulations the governing equations are

elliptic for the calculation of the steady flow and
parabolic for the unsteady flow. In this paper the

discussion is restricted to application of finite-
difference methods for the solution of the mathe-
matical problems posed.

A difference method for investigations of hydro-

dynamic stability and transition phenomena has to

meet a number of requirements in order to ensure

15
a. in eq (28) from

linear stability theory.

1.0

t
10 20 30 40 x/Ax

FIGURE 6. Amplification curves for maximum of u' for

different boundary conditions at the downstream bound-
ary (boundary layer on flat plate)

.

success. Some of the requirements deemed most
important in this context are as follows

:

(i) Stability , convergence

Rigorous mathematical proofs of (numerical) stabil-
ity and convergence for nonlinear problems as dif-
ficult as the one at hand have not been accomplished
as yet. For the present investigation, however,
stability of the numerical method is of fundamental
importance. Numerical instability is frequently
exhibited in form of oscillations which would be
hardly discernible from the physically meaningful
oscillations caused by introduced forced perturba-
tions . Hence , a prospective difference method has
to be highly stable, even for relatively large
Reynolds numbers

.

In general, for transition studies of the kind
considered in this paper convergence is also quite
serious. Convergence is not necessarily guaranteed
if for a properly posed problem the numerical scheme
is stable and consistent as is the case for linear
partial differential equations of second order
[Lax's equivalence theorem, see Richtmyer and
Morton (1967)]. However, experimenting first with
small periodic disturbances one can at least empir-
ically check the convergence behaviour of the nu-
merical method by comparing calculations for various
grid sizes with linear-stability-theory results and
experimental measurements. Then for other dis-
turbance inputs, such as large amplitude periodic
disturbances, one hopes that the convergence char-
acteristics do not change significantly.

(li) Accuracy of second order

For these investigations at least second-order ac-
curacy of the numerical method (i.e. the truncation
error of the difference analogue to the governing
equations, initial and boundary conditions at least
of second order) is required to exclude or minimize
undesirable non-physical effects, such as artificial
viscosity, when mesh intervals of practical sizes
are used.

(Hi) Realistic resolution of the transient char-
acter of unsteady flow fields

Transition phenomena are of highly unsteady nature,

with the time-dependent behaviour of the flow being

of special interest. Thus, the difference method

has to be such that realistic resolution of the

transient character of such flow fields is possible.

Therefore truly second-order accuracy is also de-

sirable for the time derivative.

(iv) Efficiency with respect to computational
speed and required fast-access storage capacity

Numerical solutions of the complete Navier-Stokes

equations for unsteady flows at high Reynolds
numbers require niamerous time-consuming numerical
operations. Therefore computers with large, fast-
access computer storage capacity, reaching even the
limits of modern computer systems, are necessary.
A prospective difference method for transition
simulations has to be extremely efficient, i.e.

maximizing computational speed and minimizing re-
quired computer storage capacity as much as possible.
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in order to be capable at all of undertaking inves-
tigations of this nature with the computers available
today.

Of the requirements discussed here, numerical
stability is the most stringent one and hence has
to be given most consideration. For this reason
only implicit methods are suitable. Implicit meth-
ods are generally much more stable than their im-
plicit counterparts. For the adequate resolution
of the large gradients, resulting from the strongly
time-dependent flow fields to be investigated, rel-
atively small spatial intervals Ax and Ay are re-
quired. Using explicit methods this could lead to
excessively small time-steps required to maintain
numerical stability. For example, using an explicit
counterpart to the present implicit method, the
time-step, according to a linearized stability anal-
ysis, would have to be more than 100 times smaller
for a practical calculation than when using the
corresponding implicit scheme. To satisfy require-
ment (iv) attention has to be given to making the
implicit difference method extremely efficient and
also to meeting the other requirements discussed
previously.

Experimentation with various implicit difference
schemes suggested that 'fully' implicit schemes are
the most promising for transition studies. 'Fully'
implicit means that all difference approximations
and nodal values for the approximation of governing
equations and boundary conditions are taken at the
most recent time-level. For our fully implicit
method three time-levels are employed to obtain a
truncation error of second order for the time de-
rivative 3u/3t in Eq. (1)

.

For all space derivatives, central difference
approximations with second-order truncation error
are employed. The implementation of the boundary
conditions into the numerical scheme requires
special care so that overall second-order accuracy
can be maintained.

This implicit scheme leads to two systems of
equations for the a),i|) formulation and to three
systems of equations for the a),u,v formulation.
These systems of equations can be solved by itera-
tion. Because of the retention of full implicity
the equation system resulting from the vorticity-
transport equation is coupled with the Poisson
equation systems via the nonlinear convection terms.
It is additionally coupled with the systems result-
ing from the Poisson equations via the calculation
of the wall vorticity from Eq. (17) for the a>,ij)

formulation and from either Eqs. (18) or (19) for
the a),u,v formulation.

A very effective solution algorithm based on
line-iteration has been developed for our method
for this coupled system. It is discussed elsewhere
in more detail [Fasel (1978) ] . This solution algo-
rithm has shown to be equally effective when the
basic equations are transformed to allow for a vari-
able mesh in the physical plane such as, for exam-
ple, to concentrate grid points close to walls where
high gradients are expected. Overrelaxation to
accelerate convergence can be easily implemented as
has been done for several calculations [Fasel et al.
(1977)]. Tinother advantage is that the solution
algorithm is readily exchangeable to be applied for
both the governing equations in tiitip and ii),u,v formu-
lation. This has been successfully exploited in the
investigations of the effects of a backward-facing
step on transition. In this study both formulations
were used in the integration domain; the uj,i)j formu-

lation was used in the region containing the corners
of the step which can be treated more conveniently
with this formulation. For the domain bounded by
the downstream boundary the io,u,v formulation was
applied, because it allows use of less restrictive
boundary conditions as discussed in Section 4.

The effectiveness of this solution algorithm can
be best judged by presenting a typical computation
time for a practical calculation. For a periodi-
cally disturbed flow with small disturbance ampli-
tudes, using a 35 x 41 grid and calculating 260
time-steps , the required CPU time on a CDC 6600
is about five minutes, including the calculation
of the steady flow. This is relatively little,
considering that the flow is disturbed at every-
time level and that full implicity is retained in
the numerical method.

6. NUMERICAL RESULTS

The implicity difference method which we have devel-
oped has been subjected to crucial test calcula-
tions to verify its applicability to investigations
of stability and transition. First, the reaction
of the boundary- layer on a flat plate to periodic
disturbances of small amplitudes was investigated
in detail . It was demonstrated that the spatial
propagation of Tollmien-Schlichting waves could be
simulated where comparison of the numerical calcu-
lations with results of linear stability theory and
laboratory measurements showed good agreement. Re-
sults of such calculations for the numerical method
based on the a),u,v formulation are presented and
discussed elsewhere [Fasel (1976)].

The usefulness of the numerical simulations for
the investigation of two-dimensional, nonlinear
effects was demonstrated by calculating the reaction
of a boundary- layer flow to periodic disturbances of
larger amplitudes . Investigating the propagation
of spatially growing or decaying disturbance waves
in a plane Poiseuille flow (both in the linear and
nonlinear regime) verified that the numerical method
is not limited to boundary-layer flows but rather
that it is equally applicable to other flows of
importance. Finally, numerical investigations of
of transition phenomena in the presence of a two-
dimensional roughness element (backward-facing step)

showed that simulations with this numerical model
allow insight into processes which may possibly be
important for understanding certain transition mech-
anisms . Results of this investigation and of the
investigations mentioned before are discussed in
another paper [Fasel et al . (1977)].

Because the purpose of this paper is to review
main aspects of numerical transition simulations,
emphasis here is not on conveying new results or
details of numerical calculations. Rather, results
presented here are intended to be of exemplary
nature and were selected in order to clearly demon-
strate essential aspects of such simulations and
to show what can be expected from such numerical
calculations.

The drawings' in Figures 7 and 8 should facilitate
an evaluation of the potential of such numerical
simulations, and, of course, also point out possible
disadvantages and limitations. Figures 7 and 8

show results for a boundary-layer flow on a flat
plate, disturbed at the upstream boundary with small
periodic disturbances. This case is particularly
suitable for demonstration purposes. The ensuing
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FIGURE 7. Disturbance variables versus x/Ax and y/Ay (perspective representation) at t/At = 80; a) u'
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Tollmien-Schlichting waves that can be studied from
such calculations are thoroughly investigated,

experimentally as well as theoretically, and the
results of these calculations are therefore more

intelligible than those of more complicated phe-
nomena of transition.

For these calculations, based on the a),u,v for-

mulation, the Reynolds number at the upstream bound-

ary is Re*=630. For the periodic disturbance input,

for which perturbation profiles of linear stability
theory are used, the frequency parameter (defined

as F=10 Bv/U , with disturbance frequency g) is

F=1.3. In this case the flow is unstable according
to linear stability theory (the location of the left

boundary corresponds to a point on the neutral curve)

and therefore the disturbances should become ampli-
fied in downstream direction. For the calculations
an equi-distant grid with 35 points in y-direction
and 41 points in x-direction was used.

In Figures 7 and 8 the function values of the
disturbance flow (obtained by subtracting the
quantities of the basic flow from those of the total
flow) are plotted for all three fields of variables
u',v',a)', for which the total flow variables are
directly obtained from the numerical calculations.
To allow simultaneous representation of the func-

. tion values at all grid points a perspective rep-
resentation was chosen where the function values
are plotted versus the downstream coordinate x/Ax

and the coordinate normal to the wall y/Ay. These

perspective representations allow the best possible

qualitative survey of the large amount of data ob-

tained from such calculations

.

In Figure 7 the disturbance variables u' ,v' ,0)'

are plotted for a time instance of t=80At, which

corresponds to a time of two time periods after

initiation of the disturbances at the upstream
boundary. In Figures 7a, 7b, and 7c the view is in

the direction away from the wall, looking slightly

in upstream direction. In Figure 7d the view

is also in the direction away from the wall, look-

ing now, however, downstream. From these figures

the propagation of the disturbance waves into the

undisturbed flow field can be clearly observed.

Figure 8 shows the corresponding drawings for

the three variables u' ,v' ,u' at a time instance of

t=250At, that is, more than two time periods after

the disturbance wave reached the downstream bound-

ary. These plots demonstrate that the downstream

botmdary conditions work properly. Obviously, the

waves can smoothly pass through this boundary,

causing no noticeable reflections. Even after hun-

dreds of time-steps the flow at and near this

boundary maintains its time-periodic character and

therefore the state of the disturbance flow as rep-
resented in Figure 8 would repeat itself periodi-
cally if the calculations were continued for further

time-steps.
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FIGURE 8. Disturbance variables versus x/Ax and y/Ay (perspective representation) at t/At - 250; a) u',

b) v' , c) u', d) Lo' (different view).

In Figures 7 and 8 the large gradients normal
to the wall of the u' and u' disturbances become
clearly visible (for u' this can be best observed
from Figures 7d and 8d) while v' changes more grad-

ually. The large gradients observable in these re-
sults indicate already the major difficulties and

limitations in numerical simulations of transition
phenomena. In a numerical solution method these

large gradients have to be adequately resolved to

obtain meaningful representation of essential physi-

cal phenomena. For nonlinear disturbance waves re-
sulting from disturbance input with larger amplitudes

[Fasel et al. (1977)] or for other more complicated

transition phenomena the gradients may become even

considerably larger. Using finite-difference meth-

ods of a given accuracy (for example, second order

as for the present method) better resolution can

only be achieved by using additional grid points.

This, however, leads to ever larger equation sys-

tems the sizes of which are limited by computer

storage capacity and computation time.

Some help can be expected from employing vari-

able mesh systems allowing allocation of more grid

points closer to walls, where the gradients are

largest, and using fewer points further away where

gradients are small. This can be best achieved

using coordinate transformations for which test

calculations have shown that sizable savings in

the number of grid points, and also in computation

time , are possible to achieve accuracy comparable

with calculations in an equidistant grid. Addi-

tional improvement may be expected from application

of higher-order accurate difference schemes (higher

than second order) which are presently in the state

of development and about to be used in our numerical

method.
The results shown in Figures 7 and 8 also unveil

the considerable potential and advantages of such

numerical simulations. The finite-difference so-

lutions produce a bulk of data, i.e. the values of
the variables directly involved in the solution
procedure are obtained for all grid points and for
all time-levels that are calculated. The data can

be conveniently stored on mass storage devices,

such as magnetic tape (used for the present calcu-

lations, for example). The data stored can be

processed immediately or at any later data to ob-

tain any specific information desired, or to produce

additional data that might be deemed necessary for

a more detailed evaluation of particular flow phe-

nomena. For example, they can be used to obtain

frequency spectra, Reynolds stresses, energy bal-

ances, amplitude distributions, or to produce con-

tour plots (equivorticity lines, stream lines) etc.

Another positive side of such numerical simulations

is that if the data would be destroyed or lost, they

could be reproduced identically, which would be

hardly possible in comparable laboratory experiments

.
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7. CONCLUDING REMARKS

The objective of the present review was to discuss
possible approaches to numerical simulations of sta-
bility and transition based on numerical solutions of
the Navier-Stokes equations using finite-difference
methods. The approach, allowing investigations of
spatially propagating disturbance waves, mainly
elaborated upon in this paper, appears most promis-
ing for realistic numerical investigations of physi-
cal phenomena occurring in transition. The immense
amount of reproducible data obtained from such cal-
culations allows detailed information of any part
of the flow field which may be helpful to gain in-
sight into essential mechanisms occurring in tran-
sition.

The restriction of the numerical model to two-
dimensional flows has also a positive side. With
this model truly two-dimensional numerical experi-
ments can be performed while in laboratory experi-
ments it is always difficult to completely exclude
unwanted three-dimensional effects. Of course the
later stages of transition are inherently three-
dimensional in nature and therefore for a study of
these later developments a three-dimensional model
would be desirable

.

The main difficulties and limitations of such
simulations result from the large gradients which
occur in the transition process. For adequate
resolution of the large gradients which become even
larger for more complicated phenomena, increasing
numbers of grid points are required which may lead
to excessive requirements of computer storage and
computation time

.

In spite of these difficulties the number of
numerical simulations of transition, similar to
the approach discussed in this paper, is likely to

increase due to the enormous potential inherent in

such investigations. Emphasis will probably be on
the development of difference methods with higher
accuracy which are applicable for such studies.
Additionally, increasing use of numerical methods
other than finite-difference methods is likely,
such as spectral methods or finite-element methods.
Finally, with continuing progress in the develop-
ment to high-speed digital computers, detailed
quantitative investigations of three-dimensional
transition phenomena will probably become feasible
in the near future

.

This research is supported by the Deutsche
Forschungsgemeinschaft, Bonn-Bad Godesberg, con-
tract Ep 5/7
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The Physical Processes Causing

Breakdown to Turbulence

M. Gaster
National Maritime Institute
Teddington, England

I want to present some recent experimental observa-
tions that provide further insight into the physical
processes that occur in the transition from a lami-
nar to a turbulent boundary layer. We know that
external disturbances, such as free-stream turbu-
lence and sound, excite small pertubations in the
laminar flow, and that under certain conditions
these may develop downstream in the form of growing
wave trains. At low pertubation levels these un-
stable travelling waves are adequately described
by the linearised equations of motion. Measure-
ments on weak artificially excited waves have, by
and large, provided excellent confirmation of linear
theory. Far downstream the amplitudes of the per-
tubation velocities will, however, become too large
for the neglect of the non-linear terms to be valid,
and a non-linear description of the motion is nec-
essary. Even in the relatively simple situation
of the constrained parallel Poiseuille flow, which
has been extensively studied, the non-linear the-
ories so far developed can only weakly describe
non-linear events, and even then the computations
are very involved. These non-linear theoretical
models are nevertheless very helpful in describing
the various interactions between the fundamental,
its harmonics, and the mean flow, but they cannot
go far toward providing a model of the process of
breakdown to turbulence , nor are they intended for
that purposes

.

Non-linear analyses have been concerned mostly
with the evolution of purely periodic wave trains.
In the case of linear problems it is quite proper
to consider any disturbance in terms of its Fourier
elements. Knowledge of the behaviour of purely
periodic wave trains enables more complex distur-
bances to be described. Unfortunately this is not
the case when the disturbance is non-linear, and
the welcome simplification obtained by breaking down
a problem into harmonics is no longer valid. When
the initial disturbances arise from natural rather
random stimuli the linear wave train will initially
consist of a band of unstable waves. After some

amplification a slowly modulated almost sinusoidal
oscillation will inevitably develop. When the

selective amplification is very large, as is the

case in many boundary layer flows, the modulations
are slow, and it does not seem too much of an
idealisation to treat the non-linear problems
analytically as if it were a purely regular wave
train. It turns out, however, that the degree of
modulation does not have to be large for its in-

fluence on the Reynolds stresses and thus the 'mean

motion' to be very significant. In a typical ex-
periment on a laminar boundary layer over a flat
plate in a low turbulence wind tunnel one finds

that the instability waves are modulated suffi-
ciently to influence the transition process. It

is found, for example, that breakdown to turbulence
occurs violently and in a random manner quite un-
like the type of breakdown that is observed in

controlled periodic wave trains. Measurements on
isolated wave packets also show the effect that
modulation of the wave train has on transition, but
in a more controlled way.

Previously reported measurements [Gaster and

Grand (1975) ] on artifically excited wave packets
showed consistent and quite well defined deviations
from the structure predicted by linear theory.
Since the maximum level of the velocity fluctua-
tions measured lay below that for which significant
non-linearity is exhibited by regular periodic wave
trains , the reason for this behaviour was at that
time unclear. In the experiments only one level
of input excitation was used and so there was no

direct way of assessing the importance of the non-
linear terms. These experiments have been repeated
at the National Maritime Institute with various
levels of input excitation and it has now been con-
clusively established that the previously observed
warping of wave fronts and the non-Gaussian char-
acter of some of the hot-wire signal envelopes arose
from non-linearity. This behaviour can best be il-
lustrated by showing a comparison of the hot-wire
signals that arise: (a) with a sinusoidal input.
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and (b) a pulsed input. As in the previous series
of experiments the boundary layer flow was excited
by an acoustic device mounted in a recess on the

reverse side of the flat plate. A small hole
through the plate provided the necessary fluid
dynamic coupling at a point on the boundary of the

working face. Figure 1 shows a set of hot-wire
anemometer records taken with the probe mounted
just outside the boundary layer one metre down-
stream of the leading edge. The exciter was driven
sinusoidally at four different amplitude levels
increasing from (i) to (iv) . The velocity fluc-

tuations appear to be regular and show no harmonic
or other distortion until the level of turbulence
intensity exceeded 1% peak-to-peak of the free-
stream velocity (see iv) . Exciting the flow with
isolated pulses on other hand, produces a some-
what different picture. Figure 2 again contains
four hot-wire records obtained with different
levels of drive applied impulsively. At the lowest
level shown the signal consists of a smooth roughly
Gaussian packet of ripples, but even a small in-

crease in driving amplitude produces a clearly
discernible distortion to this signal. These dis-
tortions are similar to those obtained in the
earlier experiments quoted. As the amplitude is

further increased the signal becomes increasingly
distorted until at some level a secondary burst
of relatively high frequency oscillations appears.
It should be remarked that the amplitude scaling
on both Figures 1 and 2 are identical, showing that
non-linear effects occur at much lower amplitudes
for the impulsively applied disturbance than for
a periodic one. In these particular experiments it

appears that non-linearity becomes apparent in the
hot-wire signal at a peak to peak amplitude of only
1/5^ that for a continuous wave train.

The high frequency oscillation appears to be
associated with a steep shear layer that forms
within the velocity profile momentarily as the
wave packets sweep past the measuring station.
These shear layers initially appear on either side
of the centre line, and not surprisingly therefore
the peak levels of the high frequency secondary
oscillation also arise off centre at roughly these
locations. The high frequency waves grow rapidly
with downstream distance, initially developing
exponentially but later the growth levels off. At
that stage the filtered secondary wave packets were
observed to distort in a way reminiscent of the

FIGURE 2. Hot-wire signals from pulsed excitation.

primary wave packet. It was therefore conjectured
that there might be yet a further level of insta-
bility on the secondary wave oscillations when
these became sufficiently large. Just two days
before leaving for this meeting this idea was
tested. Hot-wire signals from appropriate regions
of the flow were filtered to see whether there was
any signal above the frequency of the secondary
oscillations. When the secondary wave amplitude
was large, a burst of high frequency oscillations
could be seen on the oscilloscope. Figure 3 shows
the result of applying a high-pass filter, set to
pass above 2 kHz, to such a hot-wire anemometer
signal. The time scale of this record is con-
siderably expanded compared with that of Figures 1

and 2, and shows that the oscillation frequency in

the burst was around 5 kHz. The basic primary
wave packet of roughly 150 Hz developed over 1 m
before breaking and supporting a secondary burst
of 1 kHz. This secondary instability grew in am-
plitude to levels large enough to indicate the in-
fluence of non-linearities in a distance of roughly
4 cm. The tertiary mode of 5 kHz detected at this
stage seems likely to grow even more rapidly. One
can only presume that further stages in this evo-
lutionary process are inhibited by viscosity.

These experiments on the non-linear wave packet
and its breakdown to turbulence are as yet incom-

plete and it is my purpose here to indicate only the

FIGURE I. Hot-wire signals from sinusoidal excitation. FIGURE 3. High frequency burst.
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most important features of the process. Firstly,

a clear demonstration of the difference between

a purely periodic wave train and a modulated train

as far as the level at which non-linear effects

occur is presented. The local breakdown observed

in the wave packet case is similar to that observed

in the breakdown of the modulated wave trains that

arise from natural random excitations. Secondary

breakdown does of course also occur on large enough

periodic waves, but modulation seems to cause this

phenomenon to take place at somewhat lower levels

of primary disturbance and in a slightly different

form. The artifically driven wave packet embodies

some of the most important features found in natu-

rally occurring waves, and since they can be gen-

erated in a controlled manner the effects can be

quantified. It is essential to understand this

process if one is going to make estimates of where

transition occurs on the basis of the amplitudes

of instability waves calculated from linear theory.

At present, most prediction methods rely solely on

the intensity of the most unstable wave. This is

clearly inadequate as breakdown is also dependent
on the modulation of the wave train, and consequently
the bandwidth of the amplified part of the spectrum

must also be taken into account in some way yet to

be established.
Secondly, the transition from regular waves to

turbulence appears to occur through a cascade pro-
cess. The stresses induced by a modulated wave
train cause steep shear layers to form in the bound-
ary layer. These support instabilities of higher
frequencies and shorter wavelengths than the waves
that caused the distortions, and these grow to large
amplitudes in appropriately shorter distances. This
process must at some stage be tempered by viscosity,
but in these experiments three levels of instability
have been so far detected. The lowest frequency
motion was artifically excited by the input pulse,

while the two successviely higher frequencies were
excited by random turbulence in the flow at the

particular location in space and time where local
instabilities existed. The development of a fine

scale structure is thus a local, almost explosive,
phenomenon. Such a cascade breakdown process pro-
vides the necessary mechanism for the generation of
fine scale motions that arise in a fully turbulent
flow.
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The Instability of

Oscillatory Boundary Layers

Christian von Kerczek
David W. Taylor Naval Ship Research and Development
Center, Bethesda, Maryland

ABSTRACT

The instability of the two-dimensional flat plate
oscillatory boundary layer induced by a stream with
velocity Ug + Uj cos ut is considered. The velocity
amplitudes, Uq and Uj , are constants and Ui/Uq is

assumed to be small. The instability of this oscil-
latory boundary layer is analyzed by a time-dependent
linear parallel flow instability theory. The change
of the Tollmien-Schlichting growth rates due to the
imposed oscillations are computed to second order in
Uj/Uq. It is found that for imposed oscillation
frequencies in the range of the Tollmien-Schlichting
frequencies of the underlying Blasius flow, the
boundary layer is stabilized by the oscillations of
the external flow.

1. INTRODUCTION

In this paper, we study the instability of the two-
dimensional oscillatory laminar boundary layer which
forms on a flat plate that is exposed to a stream
with a velocity, Uq + Uj cos ut, perpendicular to the
plate's leading edge. The velocity amplitudes, U
and Uj, are constants, id is the angular frequency of
the oscillation, and t denotes time. The considera-
tions of the instability of oscillatory flows has
become an important field of research in recent years
and has been reviewed by Davis (1976) . The partic-
ular class of problems concerned with the instability
and laminar-turbulent transition of oscillatory bound-
ary layers has been reviewed by Loehrke, Morkovin,
and Fejer (1975) . The latter review indicates that
very few studies of instability and transition have
focused directly on the subject of oscillatory bound-
ary layers. Such studies that have concentrated on
oscillatory boundary layers have been mainly experi-
mental investigations which were restricted to low
frequency oscillations compared to the oscillation
frequency of unstable Tollmien-Schlichting waves.
The only analytical work concerning the instability

of oscillatory boundary layers has been the quasi-
steady analysis of Obremski and Morkovin (1969) which
was aimed at these low frequency cases.

The study of the instability of oscillatory
boundary layers has technological as well as funda-
mental importance. Examples of a fundamental nature
for which the study of the instability of oscillatory
flows may have relevance are the problems of how
ambient disturbances affect the instability of the
underlying steady boundary layer. Specific examples
might be the effects of ambient acoustic waves or
ambient turbulence on steady boundary layer insta-
bility. The problem of the effects of ambient tur-
bulence on the instability of a steady boundary layer
probably is not completely accessible by the theory
of the instability of oscillatory boundary layers.
However, a sufficiently complex, but organized, am-
bient oscillation may be adequate for duplicating
some aspects of the effects of ambient turbulence
on steady boundary layer instability. We are hope-
ful that this may be the case because of similar
phenomena in the field of nonlinear ordinary dif-
ferential equations. The study of the instability
of forced periodic solutions of nonlinear ordinary
differential equations has furnished a much richer
class of phenomena than the corresponding study of
the instability of only the steady solutions of these
equations [see, for example, Hayashi (1964); in
particular, the results for the forced van der Pol
equation, pp. 286-300].

In the present study, we focus on the very simple
oscillatory boundary layer that was described ear-
lier. The purely oscillatory part of this boundary
layer is approximated by the oscillatory Stokes layer
which has no spatial structure in the plane of the
plate, i.e., it is an exactly parallel flow. Thus,
this model problem may be too simple to reveal any
particularly important features of realistic ambient
disturbances. However, the model problem is a good
starting point and serves as a basis on which to
develop the appropriate methods of analysis for the
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instability of oscillatory flows. We will be con-

cerned mainly with moderate and high frequency os-

cillations comparable to the oscillation frequencies

of unstable Tollmien-Schlichting waves. Thus, a

direct comparison of our results with the low-

frequency experimental results cited by Loerke,

Morkovin, and Fejer (1975) will not be possible.
The method used here for analyzing the instability

of the oscillatory boundary layer is a combination
numerical and perturbation method [Yakubovich and
Starzhinskii (1975)]. In this method, the changes
in the amplification rates of the free disturbances
of the underlying steady boundary layer are computed
as perturbation series in the amplitude parameter,
Ui/Uq, for any positive value of the frequency, co.

Certain resonant and combination frequencies are of

particular interest. The numerical method used here
to evaluate the perturbation series allows the ef-

ficient and easy generation of many terms of the

series.
The plan of this paper is as follows: In Sec-

tion 2, we formulate the basic flow whose instability
is to be examined along with the associated theory
instability problem. Section 3 outlines the solu-

tion method. Section 4 discussed the numerical
results. Some concluding remarks concerning the

instability of womewhat more complex oscillatory
boundary layers are contained in Section 5.

dimensional linear instability theory for steady

boundary layers. In particular, the quasi-parallel

temporal instability theory as outlined by Rosen-

head (1963) is followed. The restriction to two-

dimensional disturbances can be justified based on

an extended version of Squires' theorem [see von

Kerczek and Davis (1974)]. The perturbation ve-

locities (u,v) are determined from the stream func-

tion, ij;(x,ri,t) ¥'(ri,t)e-'

if iax
Re ^ = - Re -— e

8i|;

(3a, b)

Re T-^ = ReiaVe
dx

The disturbance equation for the perturbation ve-

locities is then given by

0*

where £ = 3^/311^ - a^, i

(4)

-1, Re (a) denotes the

real part of a, and a is the wave number of the

sinusoidally varying disturbance in the x-direction.

The boundary conditions are

3^
3n

0, at n (5a)

INSTABILITY THEORY and

The basic flow field whose instability is to be in-

vestigated is the oscillatory boundary layer formed
on a flat plate in a unidirectional stream with
speed Uq + Uj cos ojt perpendicular to the leading
edge of the plate and parallel to its plane. Let
the cartesian coordinate frame (x,y,z) be placed
with its origin in the leading edge of the plate,
the X-axis pointing downstream parallel to the plate,

the y-axis perpendicular to the plane of the plate
and the z-axis pointing in the spanwise direction.
For values of the parameter, (woj/Uq) >> 1, the
ratio , gi

= 6/63, of the boundary layer thickness,
6 = /xv/Uq , to the oscillatory Stokes layer thick-
ness, 6g = /2v/u), is large and the oscillatory
boundary layer resulting for small values of A =

Uj/Uq can be approximated well [see Ackerberg and
Phillips (1972)] by the sum of the Blasius profile
U3(y) [see Rosenhead (1963), p. 225] and the Stokes
layer profile U2(y, t) [Rosenhead (1963), p. 381].

Let us scale the x- and y-coordinates by the
local value of the displacement thickness

(5* = 1.7208 /xv/U (1)

Then the transverse coordinate

,

r 1 =
is defined by

n = y/6* and x' = x/6*. The time scale is 6*/Uq
so that dimensionless time is t' = tUg/6* and hen
forth the primes will be dropped. Then the basic
oscillatory boundary layer profile is given ap-
proximately by

U{ri,t) = fB(n) + ARe.],.-
(l+i)Bn, ifit

e ) e

6*/6
S'

(2)

n =where fB(n) is the Blasius profile,

(d5*/Uo = 26^/R{^, and R^^, = Uq6*/v.
We shall consider the instability of the basic

flow (2) in a similar manner to the standard two-

3<^
-> as n -> {5b)

By analogy with Floquet theory for ordinary dif-
ferential, equations with periodic coefficients
[Coddington and Levinson (1958)], we seek solutions
of (4) and (5) in the form

g(n,t) e
Xt

(6)

where g(n,t) is a periodic function of t with period
2Tr/fl. This is a reasonable choice of solution be-
cause we are mainly interested in the oscillation
induced changes of the principal disturbance mode
of the Blasius flow. The principal disturbance mode
of Blasius flow has multiplicity one.

We shall adopt in this study an absolute defini-
tion of instability which requires that some measure
of the disturbance amplitude becomes infinite as

t -s- ». If the amplitude remains bounded as t -> °°,

then the flow is defined to be stable to infinites-
imal disturbances. However, we must keep in mind
that the local instantaneous amplitude may be im-

portant in this linear theory because a disturbance
may be transiently so large (but bounded) that the
linear instability theory is no longer valid. Fur-
thermore, the instantaneous magnitude as a multiple
of the initial magnitude of the disturbance is an
important .quantity for assessing the likelihood of

transition from laminar to turbulent flow. Thus we
shall consider in detail the gross amplification
rate G of a disturbance which we define by

1 T
e„ dt
T

(7)

where erp is the total energy of the disturbance de-

fined by
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2TT/a

^T - §7 / / '"^ + v2)dxdn (8)

Then the relative amplification ratio, erp /e-, , of
a disturbance as it grows during the time interval
from tg to ti can be shown to be

-Tj I(t^)

e„ I(t )

T
exp 2 / A dt (9)

efficients, a , ...,aj,, are determined by the
boundary conditions once a is known. The matrices,
Q,P,J, and V, are the respective representations of
the operators ,£,£2, (fB£-32fg/3y2) ^^^ (.^-d^dy^) ,

together with the boundary conditions (6) in the
space, Vj^, whose basis is the first N ChebyshevN'
polynomials, Tq T^_l[Orszag (1971)]. The
function,^, is the Stokes layer profile

jsf= Re (1-e
-(l+i)l n, int

)e (14)

Note that the matrices, Q,P, and J, are real constant
matrices and V is real and time periodic and of the
form

Kt) r 3n
a2|g|2 an (10) V = V

(1) int f-i) -int
(15)

and A, Re (A)

Since the disturbance energy propogates down the
boundary layer at the group velocity, c [see
Gaster (1962)] one can compute the relative ampli-
fication ratio, e,p /erp , by calculating the integral
in the exponential function of Eq. (9) over the
spatial interval, Xq to x^, using the transformation.
dx Cgdt.

3. SOLUTION OF THE DISTRUBANCE EQUATION

Solutions of Eq. (4) in the form (5) can be obtained
as a series in A,

<p= (g^+Agj + .

^(Ao+aiA+. ..)

t

(11)

where V
(1)

and V
(-1)

are constant matrices.

The matrix, Q, is invertable so that we can
multiply (13) by Q~^ to get

da

dt
(P'+iaJ')a+iaAV'a (16)

Irwhere P' = Q~'-p etc.; henceforth we shall dispense
with the primes in (16)

The perturbation procedure is most easily and
illuminatingly carried out by transforming (16) so
that the matrix, (P+iaJ)/R.^, is in diagonal form.
That is we will be working directly in the (approx-
imate) eigenspace of the steady Orr-Sommerfeld
equation for Blasius flow. Suppose that the in-
vertible matrix, B, transforms (P+iaJ)/R into
diagonal form. Then let

where each term of (11) can be evaluated by solving
appropriate perturbation equations obtained by sub-

stituting (11) into (4) and (5) . Such perturbation
equations are basically inhomogeneous unsteady Orr-
Sommerfeld equations and must be solved numerically.
Our approach is equivalent to this except we reverse
the procedure by first executing a numerical pro-
cedure which reduces the Eqs. (4) and (5) to a sys-

tem of ordinary differential equations in time.

These are easily solved by perturbation theory to as

high an order as desired.
Let us first expand the function <p in the Cheby-

shev series

Bb (17)

and substitute (17) into (16) and left-multiply by
Then

where

db
dt

Db + AEb (18)

D = B ^ ^ (P+iaJ)B = rAi,...,A^_^J (19a)

6^

N

f {y,t)

n=l

a„(t)T (y)
n n-1

(12)

where the Tj^(y) = cos~Mn cos y) , n = 0,1,... are the
Chebyshev polynomials of the first kind and where
we have mapped the interval, nE[0,no<>]/ onto ye [-1,1].
Then we use the T-method as described by Orszag
(1971) to obtain the system of ordinary differential
equations

da
dt

(P+iaJ) a+iaAVa (13)

where Q,P,J and V are (N-4)x(N-4) term matrices and
a = (aj , . . . ,aj^_^) . The dagger (t) superscript de-
notes the transpose of a vector or matrix. The co-

E = +iaB VB ^(1) ^iS^t
^

^(-1) ^-ifjt
^^g^J

and the notation, fdi,..., d 1 , stands for a di-
agonal matrix of order n.

The problem is now to find solutions of (18) in
the form

b(t) z(t)e
At

(20)

where z(t+2Tr/n) = z(t). We are mainly interested
in perturbations of magnitude A of the steady flat-
plate disturbance mode which becomes unstable far
downstream of the leading edge. This mode is as-
sociated with one of the eigenvalues of D, say A ,

which for values of x between the two values , x <

xi, satisfies ReA > 0. It is known that Ap is a
simple eignevalue [see Mack (1976) ] so that a solu-
tion of the form (20) can be expanded as
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z(t) = z (t) + Az,(t) + A-^z,(t) +.
1 i-

X + Aoi + A^ao +.

(21a)

(21b)

Sxobstituting these two expansions into (20) and
(18) and equating the terms of equal order in A

yields the set

2ir/fi periodic in time. All of the equations of the
set (23) , (24) etc. have the form

dz.

—f - (D-A I)z.
dt P D

h(t) (28)

where h{t)is a periodic vector function which has a

Fourier series representation of the form

dz
o_

dt
(D-X I)z

P o
(22) h(t) c "l,'

ikflt
(29)

etc.

dt
(D-Apl)z„

(E-a,I)z (23)
1 o

(E-a I)z - a z (24)
1 1 2

where hj. are constant vectors and the p-th component.

i^op °f K is zero. (This property is enforced by
the solution procedures.)

Then, application of the Fredholm Alternative
for solving (28) yields the requirement that

<h(t) ,y> (30)

Note that the constant coefficient matrix of
these equations is

where y-j

X I
P

\''

r^,

1,

.

N J

N' = N 4.

Ascuming condition (30) to hold (this will be
achieved by properly selecting the a^'s), the
general solution, z^, can be written as

z. = exp[(D-A I) t] X
3 P

The only 2iT/n periodic solution that is possible
for Eq. (22) when (Aj-Xp)7^mfi for m = 0,1,2,.

j 7*= p is the solution
. and

C + I exp[-(D-A I)s]h(s)dsP (31)

c(6 .)
PD

(25)

where & is the Kronecker delta and c is an arbi-
trary complex constant. This statement is merely
a restatement of the fact that the eigenfunction
corresponding to the eigenvalue, Ap , is the p-th
column of matrix B, i.e., the least stable eigen-
mode of the underlying steady Blasius flow.

Since the solution (20) requires that z(t) be
periodic with period 2-n/a in t, we shall need the
inner product <f,g> defined by

- - w r
2-n/a.

N'

E
j-i

f .g.*dt.
3D

(26)

where the asterisk superscript denotes the complex
conjugate. We shall also need the adjoint eigen-
function of Eq. (22) that corresponds to the eigen-
value, Yr 0, and that is 2iT/f2 periodic in t. This
eigenfunction is

Equation (31) is easily evaluated because

Y n t Y ' t

exp[(D-A I)t] = r^ ,...,e ^
__\ (32)

Equation (32) is the main reason for diagonalizing
the matrix, (1/R|5^) (P+iaJ) . It makes evaluation
of the exponential matrix and the integral of Eq.

(31) trivial. Thus, by evaluating Eq. (31), and
requiring that z-;(t) be unique and 2iT/f! periodic
in t, values for the constant vector, fg, are ob-
tained which eliminate all the non-2'iT/n periodic
functions from (31). The result of these calcula-
tions is

kS.
I
ikflt

(33)

k=-«>

^0 = '^'^j' • '27)

For convenience we normalize z and y so that

<z ,y > = 1
'o

by setting c = d = 1.

The solution of any one of the equations in the
set (23) , (24) , etc. is obtained from the solution where
of the previous member, by the application of the
Fredholm Alternative and the requirement that these
solutions are unique, i.e., they do not contain
multiples of the eigensolution of Eq. (22) and are

The solution procedure then is to apply Eqs. (30)

and (33) to each of the Eqs. (23), (24) etc. in

sequence starting with (23) . These calculations
have been programmed and are quite easily performed.
(Our program does these calculations to the 7th

order term, but more terms can be easily incorpo-
rated.) We are mainly interested in the first two
perturbation terms which result in

0; Zj(t)

:(1)

-(1) iat
,
-(-1) -int

C e + C e

.(1)

3P

in-Y-i

(34)

(35a)
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-E
JP

and

c'"^' =\i«n. /
'

- ,^, _(2) 2if2t _(o) -(-2) -2if2t
22 (t) = n e + n + T) e ,

(35b)

(36a)

(36b)

where

(2)

(0)

N' \ t

j=i

2in-Y„
(37a)

((£
"^ C <-l'.E<-^'c,<l'

(37b)

VpJ /'-v

-(-2)
n

N'

j=i

(-1) (-1)

(37c)

-2in-Y„

We note that the order A perturbation, aj, of
the eigenvalue X is zero so that the long-term

only of order A However, the short-term effect
is still of order A because the eigenfunction,
Z] (t) , appears in the term I(t) in the relative
amplification ratio, e^ /e„ , given by Eq. (9) . In

fact, the structure of the matrix, E, is such that
all values of o with odd indices are zero and X

has an expansion in even powers of A about the
simple eigenvalue, Ap. This can be surmized easily
from the fact that the phase of the imposed oscil-
latory part of the boundary layer flow should not
play a role in the modifications of the eigenvalue.

the instability of the oscillatory boundary layer
as a whole is being compared to the instability of

the underlying steady Blasius boundary layer. How-

ever, it is easier to describe this comparison in

the terminology of the oscillatory forcing of the
Blasius boundary layer instability. For example,
if the oscillatory boundary layer is less stable
than the steady boundary layer by itself, then we

describe this situation as one in which the imposed
oscillations tend to destabilize the steady flow.

The first set of calculations were made to test
for resonant interactions at second order in A. By
consulting the solutions (35) and (35), it can be

seen that the mean effect of the imposed oscilla-
tions on the eigenvalue, X , is manifested by the
term, 02- There are two types of resonances pos-
sible. The first type is the "harmonic parametric
resonance" which corresponds to values of fl given
by (Up/f! = 1/2, 1, 2,... where cOp is the response
frequency of the disturbance, (Dp = SmXp. The
second type of resonance is the "combination reso-
nance" corresponding to values of H given by<fl m
(ifl+Y^) = (note the denominators of solution 35).

Figure 1 shows the computational results at certain
frequencies H in the range, l<ai /f2<3. It can be
seen that the imposed oscillations stabilize the
flow. Figure 1 shows that no resonance effects are
predicted at either cOp/O = 1,2,3, or at Up/H = 1.417
and 1.74, which correspond to the two possible com-
bination resonances in the frequency range shown.
This lack of resonance effect results mainly be-
cause the external free stream oscillations induce
a significant amount of oscillatory vorticity in-
side the boundary layer only in a region very close
to the wall. This can be seen by examination of
the Stolies layer profile (14) where the exponential
factor has a vertical decay constant, 6, which is

equal to about 5 in the range of frequencies con-
sidered. The main fluctuations of the disturbance
velocity are concentrated at the mean critical layer,

Dc = 0.5 [where n^ is given by Cj^ = fg(ric) ^i^d ^y-

is the mean phase velocity of the disturbance]

.

Thus, instead of the Stokes layer interacting
directly with the disturbance of the underlying
steady boundary layer at the level, ric/ where most
of the disturbance energy is being produced, it is

confined mainly to the wall region where it cannot
be very effective. Furthermore, the Stokes layer
lacks a spatial structure in the x-direction that
can match in some way the spatial structure of the

and Z2(t), exhibit clearly the possible effects, at
second order, of certain resonant couplings. None
of the denominators in (35) and (37) are zero be-
cause Y-i 7^ ± ikS for any integer values of j or k;

hence these solutions are uniformly valid for any
positive value of the frequency, n. It is possible,
however, that at resonant frequencies such as at
fi=±»8m(Yp) , the value of 02 will have a relative
maximum. Of particular importance is that in the
low frequency limit, f! -»-

, the Oj's may be singu-
lar. The lower values of Q will be an important
consideration and will be discussed in detail in the
next section.

4. NUMERICAL RESULTS AND DISCUSSION

Before describing the computational results that
have been obtained, we emphasize that in this work

FIGURE 1. The growth rate perturbation Re 02 for a =

0.15. R,^ = 1128 (on the neutral curve) (o, = u /R^*0*1. r p o'^
= 0.43 X 10-t.
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disturbance mode. It is notable that the imposed
oscillations have an increased stabilizing effect
as il decreases (Up/fl increases) . This increased
stabilizing effect can be expected for two reasons.
The first reason is found in the solution (35)

which shows that the terms.

^pj'''''*i«-^p''

may become unbounded if

,(1)

"PP
or E

(-1)

PP

remains bounded as fl -^ , because Yp = Secondly,
it can be seen in the Stokes layer profile (14) that
the oscillations of the boundary layer become more
effective in penetrating up to the critical layer
when Q decreases (i.e., 6 also decreases since

6 = /fiR^ /2)
0*

However, we cannot use the present parallel flow-
model at very low frequencies because in one period,
2Tr/fi, of the imposed oscillation, a disturbance
will propogate down. the boundary layer a distance,
6x, that is too large for the parallel flow assump-
tion to hold (i.e., constant boundary layer proper-
ties in the x-direction) . For example, the change,

6Rr^, in the displacement thickness Reynolds number,

^S^i over the distance, 6x, (near the values of a =

0.15 and Rfi^ = 1200) is given approximately by

6R, : 3.5N/U
0* p

(38)

where N = iDp/fl. Thus, in the range of values of a

and Kg* of our calculations (SRg* : 70 N so that for
N = 3, tSRjjt is nearly 20 percent of the value of

Ri5*. Under the circumstance, the parallel flow
approximation is only roughly valid. Nevertheless,
the values of SR^^ as a fraction of Rg^ decrease as

one goes downstream of the neutral curve for fixed
values of the frequency ratio, Up/fl. Thus, the
parallel flow approximation improves as one follows
a constant frequency disturbance downstream of the
neutral point.

The second set of calculations that were per-
formed was for the amplification of a fixed frequency
disturbance propogating down the oscillatory bound-
ary layer. Two values of U)p/f2, equal to 2 and 3,
were chosen for illustration. The disturbance ex-
amined is an unstable Tollmien-Schlichting wave of
constant absolute frequency toj = Up/R^j* = 0.43 x lO""*
along the constant frequency line a = 0.00133 Rg^.
This disturbance first begins to grow in the steady
boundary layer at the values of a = 0.15, R.^ =

1128, and ceases to grow at about the values of a =

0.3 and R,;* = 2255. The disturbance trajectory a =

0.00133 Rg* passes nearly through the point in the
"' ^S* Pl^ne of maximum rate of amplification.

Figure 2 shows the values of Re02 obtained for
the growing Tollmien-Schlichting wave along the
trajectory, a = 0.00133 Rj*, at the two different
values cop/n = 2 and 3. An interesting feature of
the results in Figure 2 is that |Rea2| increases
with R|5* although the quantity 6 also increases
which would seem to indicate further decoupling of
the oscillatory Stokes layer (14) from the distur-
bance oscillations.. Presumably, the values of

FIGURE 2. Growth rate perturbation Re a^ along a =

0.00133 R^^.0*

I Rea2 I decrease as Rr* becomes sufficiently large
for then 6 also becomes so large that the Stokes
layer will almost completely disappear. It can be
seen in Figure 2 that the stabilization of the
boundary layer can be substantial for the value of
Up/fi = 3 and at the larger values of R^*.

Figure 3 shows the values of ReA = ReXp + A^Rea2
for the value of A = 0.1 and the three values of
Up/n = 0,2, and 3. (cOp/n = is equivalent to A =

0) . The total effect of the imposed oscillations
with A = 0.1 is not very substantial at the value,
cijp/n = 2, but at the value of ujp/Q = 3, the sta-
bilization of the flow is significant. We note that
an oscillation amplitude of A = 0.1 is a rather
large value at the frequencies considered here and
would require a large amount of power to achieve
in an experimental test facility such as a wind
tunnel unless the mean flow is very slow.

The rates of amplification shown in Figure 3 can
be summed according to formula (9) to obtain the
relative amplification ratio, e^ /e^

show that
One can

X 2

1 1

A -0.1
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(39)

J = 2 / ReAdt

t

r &*i
= 0.676 (ReX/c ) dR^.

where R^^ and Rg^j are the values of R^^^ at the

locations of the disturbance at the times, t^ and

t] , respectively. The value of c-, the group ve-
locity, along the trajectory a = 0.00133 Rj^^, was
computed to be about 0.356. We neglected the 0(A )

modification of c due to the imposed oscillations.
This modification of Cg is 0(10~^) and thus does
not affect the integral, J, in a substantial way.
From the results shown in Figure 3, one obtains (by

a trapezoidal rule integration) , the values of J =

11,8.7, and 6.3 for o) /JJ = 0,2, and 3 respectively.
The integral I(t) of (10) is evaluated by certain
sums and products of the vector components of the

solutions, (35) and (37). We omit the details. The

resulting expression for I(t) , to second order in A,

has the following form

I(t) = Ai+A2A^+A(BiCOsC2t+B2Sinnt)

+A2(Cicos2nt+C2Sin2nt)
(40)

where Ai>0 ,A2 ,Bi ,62 ,Ci and C2 are real numbers that
depend on the Reynolds number, Rj^. These coeffi-
cients have been computed along the disturbance
trajectory, a = 0.00133 R^^ and are plotted in

Figure 4. By using the values of A2<Bj, B2, Cj and

C2 from Figure 4 (Aj = 1.0 by suitable normalization)
in Eq. (40) for the value of A = 0.1 one finds that

0.5
I(t)

I(tJ
< 2

at all the values of Reynolds number, R&*' for which
the disturbance grows. It is customary to assess
the overall growth of a disturbance by considering
the natural logarithm of the amplification ratio,
e,,,/e„ From (9) we have

S,n In
I(t)

+ J

and one can see that although the term, JLn I(t)/I(tQ)

contributes an oscillatory factor to Jin s^/e^ (re-

call that, by following the disturbance down the

plate, t = Rr ) this contribution is minor relative

to the maximum value attained by J. Thus it can be

seen that the major effect of the parallel free

stream oscillations is to reduce the mean growth

rate of the unstable disturbances. This effect is

small for small values of A but can be significantly
large at such large values of A as A > 0.1. We note

that typical free stream turbulence rarely has a

velocity magnitude as large as 10 percent of the

mean free stream speed.

Experimental results on the effects of parallel
free stream oscillation on the instability and
transition of the flat plate boundary layer are re-

FIGURE 4. The coefficients of I (t) along a = 0.00133

R,., u /a = 3.
6* p

viewed by Loehrke, Morkovin and Fejer (1975). How-
ever, we shall not make any comparison with their
experiments because these were for very low frequency
oscillations (to /fi ~ 10) for which our parallel
flow instability theory is of doubtful applicability.

An appropriate analytical instability theory for

comparison with these experiments is a quasi-steady
and parallel flow theory [see Obremski and Morkovin

(1969) ]

.

5. CONCLUDING REMARKS

Our main result is that the parallel free stream
oscillations, which manifest themselves in the

Blasius boundary layer as a Stokes layer, lead to

a mean stabilization of the flow. This stabiliza-

tion is very weak except for oscillation amplitudes
that are at least near 10 percent of the mean free

stream speed. Precise experimental data on the

effects of such oscillations on Blasius boundary
layer instability is not available in the frequency
range considered in this work. However, the results

are in accord with transition data for oscillatory
pipe flows. Sarpkaya (1966) has shown experimen-
tally that transition is delayed substantially when
harmonic axial oscillations are superimposed on

steady pipe flow. Furthermore, von Kerczek and

Davis (1975) have shown that the oscillatory Stokes
layer by itself is very stable, probably at all

Reynolds numbers, so that one might conjecture that

if the Stokes layer begins to dominate the boundary
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layer (which occurs for low frequencies Q and large
amplitudes A) , then the Blasius boundary layer can
be stabilized by these oscillations. However, the
Stokes layer stability is very sensitive to extra-
neous effects such as streamline curvature. For
instance, experiments show that transition of plane
Stokes layers occurs at Stokes layer Reynolds
numbers, Rgf (where R .

= ARr^/B) on the order
of 500 [see Li (1954)]. However, if a slight amount
of streamline curvature exists, as would occur in

Stokes layers induced on the bottom of a water chan-
nel supporting free-surface gravity waves [see

Collins (1963)], the transition Reynolds number is

reduced to about 160. Thus, the effect on the in-
stability of the Blasius boundary layer of free

stream oscillations with a spatial structure such
as Uq + Ujcos (kx-iot) can be expected to be different
from the parallel flow oscillations considered above.

It is well known that ambient turbulence tends
to promote laminar to turbulent transition of the
boundary layer. Thus, if some oscillatory boundary
layer does in fact properly model certain features
of the interaction of the ambient turbulence with
the underlying steady boundary layer then it is to
be expected that such a oscillatory boundary layer
is less stable than the underlying steady boundary
layer. Although the present numerical results show
only a stabilizing effect for the type of oscilla-
tion considered, as inferred above there is reason
to believe that a more complex form of oscillation
of the boundary layer can be destabilizing. The
theory of the instability of forced oscillatory
boundary layers provides an alternative point of
view from that of Rogler and Reshotko (1974) and
Mack (1975) on the role of the interaction of free-
stream disturbances with Tollmien-Schlichting waves.
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Heated Boundary Layers

Eli Reshotko
Case Western Reserve University
Cleveland, Ohio

ABSTRACT

Heating the walls on which laminar boundary layers

develop in water can delay their transition to

turbulent flow and lead to significant drag reduc-
tion. This paper describes the work done over the

last several years at Case Western Reserve Univer-
sity in examining the bases and consequences of the
heating phenomenon. Included are theoretical and
experimental studies of the stability of heated wa-
ter boundary layers for both uniform and non-uniform
wall temperature distributions, and experimental
study of the effect of heating on laminar separa-
tion and a quantitative assessment of the prospec-
tive drag reduction on underwater vehicles.

1 . INTRODUCTION

It was noted many years ago in experiments at low
subsonic speeds [Frick and McCullough (1942) ,

Liepmann and Fila (1947) ] that the transition lo-
cation of the flat plate boundary layer in air is
advanced as a result of plate heating. Based on
this observation it had long been suspected that
heating would have the opposite effect in water,
namely that it would delay the onset of transition.
This is because heating in water reduces the vis-
cosity near the wall resulting in a fuller, more
stable velocity profile for a flat plate than the
Blasius profile. Cooling in water (and heating in
air) on the other hand tends to give an inflected
velocity profile which is less stable than the
Blasius profile.

These suspicions remained untested until con-
firmed by the analysis of Wazzan, Okamura, and
Smith (1968, 1970). These results triggered a
significant activity in the United States to deter-
mine whether wall heating could realistically be

used as a technique for drag reduction. A portion
of this effort was undertaken at Case Western Re-
serve University (CWRU) under the joint auspices
of the Office of Naval Research and the General
Hydrodynamics Research Program of the David W.

Taylor Naval Ship Research and Development Center.

The CWRU effort has been both analytical and
experimental and is ongoing. This paper will re-
view the results to date of the CWRU activity and
indicate current and future directions

.

2. ANALYSIS OF THE STABILITY OF HEATED WATER
BOUNDARY LAYERS

The analysis of Wazzan et al. (1968, 1970) consid-
ers the stability characteristics of the boundary
layer to be governed by the disturbance vorticity
equation including consideration of viscosity vari-
ations in the basic flow but ignoring temperature
fluctuations and the coupled viscosity fluctuations.
The disturbance differential equation consists of
the fourth-order Orr-Sommerfeld operator augmented
by some lower order terms and is as follows

:

(U-c) (cf'-a^cj U"<t 2a-'

+ 2y' (0'" - 0-^4.)

+ vJ"((}i" + oi2(),) ]

with boundary conditions

<t)(0)
=

(f)' (0) =<),(")= <p' (") =

(1)

(2)

The analysis of Lowell and Reshotko (1974) on the

other hand is based on the following coupled sixth-

order system of vorticity and energy disturbance
equations

:
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(U-c)[(p<())" - a-^(p((>)] - U'Mpifi) + i[r(U-c)2]'

(P*)
'

(P*)'

c [i(U-c)T + (p(t))T] = —±-
p aRPr [ (pk) t' + pkT' ]

'

a2 -
r^(Pk)T
P

(3)

(4)

The results of these two analyses for the min-
imum critical Reynolds number with wall heating are

shown in Fig. 1. The curves are very much alike.
Furthermore, the neutral stability characteristics
and the growth rates as calculated in the aforemen-
tioned analyses are sufficiently close so that there
is no important quantitative difference between the
two. The coupling of vorticity and temperature
fluctuations through the viscosity seems therefore
to be rather weak.

As is seen in Figure 1, both sets of calculations
predict significant boundary layer stabilization
(increased minimum critical Reynolds number, de-
creased disturbance amplification rates, etc.) with
moderate heating, but display a maximum and sub-
sequent decrease as the wall to free-stream tem-

perature difference is further increased. The
significant stabilization indicated for overheats
of up to 40''C ('^J70°F) prompted a study of the pos-
sible drag reduction due to heating to see if this
drag reduction technique was in fact worth pur-
suing further.

DRAG REDUCTION IN WATER BY HEATING

with boundary conditions

<f>(0) = ((i' (0) = t(0) =0

,j,(co) = 4,' (CO) = T(") =0
(5)

In equations (3) and (4) all properties of the
basic flow are variable. The quantities r, m, and
K are the density, viscosity, and thermal conduc-
tivity fluctuation amplitudes respectively and
the coupling comes about through the viscosity

fluctuations that are directly related to the tem-

perature fluctuations.

Reg *min, crit.

X 10-3
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The power available for heating is related to
the thermal efficiency of the power plant as

follows

:

th
^D j '^ef f = ^D n

- 1

th
eff

(10)

where rieff is the effectiveness of transmitting
the reject heat to the water in the desired manner.

If one considers heating only the laminar por-
tion of the hull then the power required to accom-

plish such heating is

P = p u
H " «

:AT J"
tr

c, „ wdx
hil

(11)

where c is the specific heat of water, cj^jj is the
laminar Stanton number for the heated boundary
layer at AT = T,,-T .

Applying the available heating power P^ to the
laminar portion of the flow, (P^ = P^) , after some
simplification yields

1 +

L
' c ^ wdx
X ft
tr
X
tr

fi
wdx

=, (12)

The left side is the ratio of overall friction drag
to the laminar friction drag and is configuration
dependent. The right side depends on the dimension-
less ratio cAT/Uco and on the bracketed parameter
in the denominator related to the amount of reject
heat that can be transferred to the boundary layer.

The bracketed parameter in the numerator is a

Reynolds analogy factor which is configuration de-
pendent. In order to close the calculation, a

relation is needed between AT and transition
Reynolds number Re^^ which is also dependent on
configuration.

Example - The Flat Plate

In order to quantitatively evaluate the prospective
drag reduction due to heating, it is necessary to

choose a particular configuration. The flat plate
is chosen because of its great simplicity and be-
cause some information on transition with surface
heating is available. The results should be repre-
sentative of what can be obtained for slender shapes
having pressure gradients that are not too large.

For a flat plate (w = const)

/ ^'^c dx = 1.328 ^tr
'fS.

X c dx = 0.074
tr ft

(13)

'fee
X.
tr

tr

1/5 1/5Rey Re '

L x^
tr

'fl -2/3~— Pr
(14)

Thus for the case of the flat plate, Eq. (12) be-
comes

,„ 4/5 „ 4/5 ^

/Re Re '

L - x^
tr

1 +
0.074
1.328 \ 1/2

Re

CAT Pr
-2/3 (15)

u D

F ^ th
in

eff

The left side of equation (15) is the ratio of
overall friction drag to laminar friction drag for
a flat plate.

The variation of transition Reynolds number

Rev with overheat AT depends on the choice of
tr

transition criterion. A criterion that has been
shown to give plausible trends is the e^ criterion
of Smith and Gamberoni (1956) and Van Ingen (1956)

.

For low speed flows, these authors correlated tran-

sition Reynolds number over plates, wings, and

bodies with the amplitude ratio using linear sta-

bility theory of the most unstable frequency from

its neutral point to the transition point. They

found that the transition Reynolds number Rex^„ as

predicted by assuming an amplification factor of

e^ was seldom in error by more than 20%. Wazzan
et al. (1970) have calculated and presented such a

curve for heated flat plates in water a portion of

which is shown in Figure 2 . Although not quite

shown on the figure, Rextj. reaches a maximum value
of about 260 x 10^ at an overheat of about 43°C.

The most recent data of Barker (1978) taken in a

constant-diameter pipe are shown on this figure as

well. Barker obtains a considerable increase of

transition Reynolds number with heating in the

entrance flow boundary layers and his data attests

loV

tr

DC

3

Q
_]

o

2
o

z
<

and by Reynolds analogy

WALL OVERHEAT, AT, C

FIGURE 2. Variation of transition Reynolds number for

a flat plate with uniform wall overheat according to

an "e transition criterion, T^ = 60°F.
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to the reasonability of the assumed transition
schedule with overheat.

Drag reduction calculations have been performed

for plate speeds up to 24.4 m/sec (80 fps) , for

plate lengths of 3.05 m (10 ft), 15.24 m (50 ft).

30.48 m (100 ft), 152.4 m (500 ft), and 304.8 m

pD ,1
(1000 ft) , and for values of f-T^^'

—
F th

l)n c^lof 2,5, and
err

Since the product Dn ^^^/D might be very close

to unity, one may view the aforementioned values of

Dnthe "efficiency factor" [—(—
Dp n eff

• as approx-

th

imately corresponding to n , =0.33, 0.17, and 0.10
.. -, th

respectively

.

Results are presented in Figure 3 for the case
of an efficiency factor of 5(ri

^fei

0.17) Shown
in Figure 3 are D/D the ratio of the drag with
heating to that without 'using the reject heat for
drag reduction purposes, the corresponding laminar
fraction of the plate x^j./L, the wall temperature
rise of the laminar region, and finally the ratio
of the computed drag with heating to that for fully
laminar flow over the entire plate.

Generally speaking the drag reduction becomes
noticable as speeds exceed 10 m/sec ("1^20 knots) .

Although the drag ratio is not a strong function
of length, the overheat in the laminar region in-

creases quite significantly with vehicle length.
For nth~'^-l'^ (Figure 3), drag reduction of about
60% are atainable for vehicle speeds of 25 m/sec
('^50 knots) but the vehicle is far from full lami-
narization. The variation of drag ratio with nth
is shown in Figure 4 for selected cases. The lower
the thermal efficiency, the larger the drag reduc-
tion and vice-versa. The indication from the cal-
culations is that full laminarization can be ob-
tained in a number of cases (Figure 4) but only if

nt-h gets below about 0.03. Since the e^ transition
curve (Figure 2) has a maximum value of Re^^ be-

8 trlow 3 X 10 , vehicles with length Reynolds niombers
above 3 x 10° cannot be completely laminarized.

For a plate of given length at a prescribed
speed, the fuel consumption (proportional to D/n^h'
the slope of a line through the origin in Figure
4) increases as nth -"-^ reduced. But it is far below
that of the unheated plate.

Real Configurations

Real vehicle configurations involve additional fac-

tors not considered in this flat-plate calculation.
Favorable pressure gradient, for example, can be
very effective in delaying transition while regions
of adverse gradient are otherwise. Non-uniform
longitudinal heating distributions can result in
a more optimal use of the available heat. Effects

U , m/sec

100
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l.Or

m/sec (ft/sec) « (ft)

15.2 (50) 15.2 (50)

15.2 (50) 3.05 (10)

21.1 (SO) 15.2 (50)

2^.^ (80) 3.05 (10)

.1 .2 .3 A
Power Punt Thermal Efficiency, n^^^

FIGURE 4. Effect of thermal efficiency of propulsive
power plant on drag reduction.

of surface roughness on transition are possibly
more pronounced for heated surfaces than for un-
heated. These factors are presently being studied
both experimentally and analytically by a number
of investigators for the purpose of obtaining an
objective evaluation of the practical capabilities
of this relatively simple and readily available
means of drag reduction. The related experimental
investigations done at CWRU will be described in
the next two sections

.

4. STABILITY EXPERIMENTS IN WATER

The first experimental study of flat plate boundary-
layer stability in air was by Schubauer and Skram-
stad (1948) who used hot wire anemometry to measure
the growth characteristics of sinusoidal velocity
disturbances introduced into the boundary layer by
a vibrating ribbon. Ross et al.(1970) repeated the
Schubauer and Skramstad experiment to obtain data
for comparison with improved numerical solutions
of the Orr-Sommerfeld equation. Similar stability
experiments have been performed in water by Wortmann
(1955) and Nice (1973) . The results of these ex-
periments are in agreement with the numerical solu-
tions of the Orr-Sommerfeld equation except near
the minimum critical Reynolds number, where the de-
parture from parallel-flow theory seemingly results
from the breakdown of the parallel flow assumption.
Among the attempts to correct the parallel-flow
formulation, those of Bouthier (1972, 1973) and
Saric and Nayfeh (1975, 1977) using the method of
multiple scales yield numerical results which dis-
play the best agreement with experimental results

.

A natural extension of the above work is in the
investigation of factors which can increase bound-
ary layer stability. As indicated earlier, one of
these factors is wall heating in water. The ob-
jective of the experimental work done at CWRU was
to see if the predicted increase in stability due
to heating is in fact realized. To this end the
stability of flat plate boundary layer was investi-
gated on both a heated and unheated plate. For
the heated plate, the case of uniform wall temper-

ature may be more interesting from an engineering
viewpoint. For example, since the portion of the
plate upstream of the minimum critical point of
the unheated plate is stable without heating, why
not begin heating at the minimum critical point
and use more advantageously, the power that would
have gone to heating the leading edge region?

To systematize the approach to the problem, two

types of nonuniform wall temperature distributions
were studied: step changes in wall temperature
of magnitude AT occuring at a location Xg,- and
power law wall temperature distributions of the
form T^{x)-T„ = Ax^ for n both positive and nega-
tive . The temperature Tco is that of the external
stream. In order to isolate the effect of the
parameters, n and X3, on the boundary layer sta-
bility, one of two quantities must be held fixed -

either the total heating power put into the plate,

'^total ' °^ ^^^ local wall temperature difference
at some reference location T^{:x.^^f) -T^. Since

heat losses from the test plate used in this ex-
periment could not be accurately measured, the
total heating power put into the plate could not
be related to the total convective heat transfer
to the boundary layer. Therefore the wall tem-
perature difference at Xj-gf, T^^{Xj-gf ) -Too, was held
constant as n and x were varied, with xref chosen
in the region in which stability measurements were
performed.

Experiment

The experiment was performed in a low turbulence
water tunnel which has a test section 15.5 in. long,

9 in. wide, and 6 in. high. The free stream tur-
bulence intensity in the test section is 0.1 - 0.2%
for free stream velocities Ug _< 11 ft/sec.

The flat aluminum test plate, which is 13.6 in.
long, 9 in. wide, and 0.625 in. thick is suspended
from a frame which fits the top of the test section
as shown in Figure 5 . The origin of the coordinate
system is located at the leading edge. The x-
coordinate is the running length measured in the
streamwise direction, y is measured normal to the
surface, and z is the spanwise coordinate measured
from the plate centerline. The rounded leading edge
(1/32 inch radius) is located 0.425 in. below the
top of the test section, thus forming a slot which
spans the top of the test section. The turbulent
wall boundary layer of the water tunnel is removed
by suction through this slot. Suction is adjusted
so as to locate the flow stagnation point at a
stable position just downstream of the leading edge
on the test side of the plate. A laminar boundary
layer then develops along the plate starting from
the stagnation point location.

Plate heating is provided by eleven electric
heating elements positioned as shown in Figure 5.

Plate surface temperature is monitored by eleven
thermistors imbedded in the surface of the plate
along the centerline. However, because of the
large temperature gradients which occur in the
plate, the thermistors do not yield an accurate
indication of the plate surface temperature. The
surface temperature is determined from boundary
layer temperature profiles measured with a hot-
film anemometer operating as a resistance thermom-
eter.

The pressure distribution on the plate surface
in both the spanwise and streamwise direction is
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cesL seciLon
upscream Flange

aluminum suction
cransitijn piece

plexlglas place
BOun-ciog frame

\ ribbon 'thermistors

X (inches) FIGURE 5. Test plate installation.

monitored using static pressure taps in conjunction
with a manometer board. Artificial velocity dis-
turbances are introduced into the boundary layer
with a phosphorbronze ribbon 0.001 in. thick and
0.125 in. wide which is stretched across the plate
surface 3.75 inches behind the leading edge. Ribbon
vibration is achieved by passing a sinusoidal cur-
rent through the ribbon in the z-direction in the
presence of a magnetic field maintained by horseshoe
magnets located on top of the plate.

A traversing mechanism located in the water
tunnel diffuser downstream of the test section is

used to position hot-film anemometer probes in the
X and y direction for boundary layer profile
measurements. The z-position of the probes is

fixed at the plate centerline.
Temperature measurements in the thermal boundary

layer are made with a DISA 55D01 anemometer and a

55F19 hot-film boundary layer probe operated in the
constant current mode as a resistance thermometer.
This unit is calibrated against the free stream
temperature measured by the3rmistors extending in-
to the free stream through the side walls of the
test section. Boundary layer velocity measurements
are made with a DISA hot-film system consisting of
two 55F19 probes , a llMOl constant temperature
anemometer equipped with a 55M14 temperature com-
pensated bridge, a linearizer, r.m.s. voltmeter,
and d.c. voltmeter. The system is calibrated
against the velocity measured by a pitot-static
tube located in the center of the test section. A
General Radio 1900-A wave analyzer is used to
measure the r.m.s. amplitude of the anemometer
signal resulting from ribbon-generated disturbances
in the boundary layer.

The mean velocity profile is measured at x = 5.5
inches, which is the center of the region in which
disturbance growth rates are measured. This posi-
tion is also the value of Xj-gf , the point at which
the local wall temperature is held constant as the
temperature distribution parameters n and Xg are
varied. The displacement thickness, 6*, is deter-
mined by plotting the mean profile and using a polar
planimeter to graphically perform the integration

6* /vXq/ (1

u„

-) dn , where n f/u7\

'x=5.5"

Since the maximum wall temperature difference used
in the present work, is T„-T„ = 8°F, the error in-

curred by using the incompressible formulas given
here to calculate 6* and n is only about 0.1%. All
experimental results reported below are therefore
based on the incompressible forms of 6* and r\. The
Reynolds number, R.. = u S*/v, is formed using the

6* e
kinematic viscosity evaluated at the free stream
temperature

.

For a fixed Reynolds number and ribbon frequency,
the ribbon-generated disturbance amplitude is
measured at five stations spaced 0.25 in. apart
between x = 5 inches and x = 6 inches. In this
region the pressure gradient is small (Falkner-Skan
g < 0.02) and there is no interaction between the

ribbon-generated disturbance and the natural dis-
turbances present in the boundary layer. The dis-
turbance amplitude recorded at each station is the

peak amplitude, defined as A(x) = [u' (ri,x) /uelmax'
found by searching through the boundary layer in

the y-direction. The spatial disturbance growth

rate is then calculated from the slope (dA/dx)

of a polynomial-curve fit of the A(x) data. By
repeating the above process for several different
frequencies the growth rate vs. frequency charac-
teristics of the boundary layer are determined for
a fixed Reynolds number and temperature distribution.

All stability measurements reported here for
non-uniform wall temperature distributions were
performed near R.^ = 800. At Reynolds numbers
higher than 800 the ribbon-generated disturbances
become more difficult to follow since background
noise levels in the boundary layer increase with
Reynolds number. At Reynolds numbers lower than
800 the disturbance growth rates are already small
for uniform wall temperature in the range 3°F - T^,

(x)-Tco ^ 8°F, and measurement of the decreased

growth rates resulting from non-uniform wall tem-

perature distribution is subject to large relative

errors.

Results and Discussion

Uniform Wall Temperature Distributions

The Mean Flow - A comparison between heated and

unheated mean velocity profiles measured under
identical flow conditions is shown in Figure 6

together with the calculated unheated profile ob-
tained using Lowell's (1974) program for 6 = -0.0036,
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which is the measured 6 for the case shown. For
n > 6 the measured velocity is uniform to within 1%.
The unheated boundary layer thickness for this case
is 6 = 0.066 inches (n=6.3). Note that velocities
measured in the region n ^ 0.75 are consistently
higher than would be expected from the straight-line
nature of the velocity profile in this region.
These velocities may be subject to wall interference
effects due to the size of the hot-film probe rel-
ative to the boundary layer. At the last measured
point, ri=0.5, the prongs of the hot-film probe
touch the wall. The probe prong diameter is 0.010
inches (ri=0.95 in the present case), while the
sensing element diameter is 0.003 inches (ti=0.29).
The discrepancy shown in Figure 6 between measured
and calculated profiles for T^,-Tco = may be due to
the integrated effect of the upstream pressure
distribution on the measured profile. Note that
the difference between the heated and unheated
velocity profiles is within experimental error.
The heated profile is slightly fuller than the
unheated profile in agreement with Lowell's numer-
ical solutions of the variable fluid property
boundary layer equations . The calculated ratio of
6*

heated' "unheated for this case is 0.968 while
the measured ratio is 0.967.

Mean temperature profiles measured at varying
values of T -T_^ and R are compared to Lowell's
(1974) solution of the boundary layer energy equa-
tion in Figure 6 . Note that the thermal boundary
layer thickness is smaller than the velocity bound-
ary layer thickness by approximately the ratio
SW& Pr-V3 = 0.54, where the Prandtl number of
water is taken as 6.3 at T„ = 75°F. Further de-
tails concerning the mean flow field may be found
in Strazisar (1975)

.

The Disturbance Flow Field - While the CWRU
Water Tunnel has a relatively low turbulence level
of 0.1% to 0.2%, this is still much higher than
Ross et al. (1970) in air. It has nevertheless
been ascertained by Strazisar (1975) that the pres-
ent ribbon-generated disturbances do not interact
with disturbances of other frequencies present in

the tunnel turbulence and furthermore display the
linearity required in order that the disturbances
be considered "infinitesimal".

The development of ribbon-generated disturbances
just downstream of the ribbon is investigated to

insure that the disturbances develop fully before

reaching the station where growth rates are first

measured, namely x = 5 inches. Figure 7 shows
the results foi' a decaying disturbance with
"r = 138 X 10"^, R6* = 601 at x - 5.5 inches. The
dimensionless frequency oij- is defined uij. = (2-nf)
v/Ug where f is the ribbon frequency. (The exper-
imental lower branch neutral point at Rg* = 601 is
at (Dj, = 150 X 10"^.) Points in the region n < 0.75
are shown as broken symbols due to possible inter-
ference effects because of probe proximity to the
wall. The disturbance amplitude distribution
through the boundary layer attains its final shape
at x = 4.5 inches but the peak amplitude rises be-
tween X = 4.0 and x = 4.5 inches. Downstream of
X = 4.5 inches both the shape and peak amplitude
of the disturbance display expected behavior as
seen by comparison with the calculated eigenfunction
for this frequency and Reynolds number obtained
using Lowell's (1974) program. Since the measured
wavelength of this disturbance is 0.66 inches the
appropriate disturbance eigenfunction is seemingly
established in less than 1-1/2 wave lengths.

A measured disturbance temperature amplitude
distribution is compared with the corresponding
numerical solution in Figure 7. The calculated
distribution is scaled by equalizing the area
under the measured and calculated distributions
in the region 0.75 < n < 3. The shape of the
disturbance temperature amplitude distribution is
also found to be virtually independent of the
disturbance frequency at a fixed Rg*.

Disturbance Growth Rates - Measured disturbance
growth rates as a function of frequency for uni-
form wall temperature are shown in Figure 8 for
R^* = 800. The dimensionless spatial growth rate

= 1 ^ ^*

i A dx R6*

where A is the amplitude of the disturbance at the

particular frequency under consideration. The
solid lines in Figure 8 are curves faired through
the measured points. The curve through the cir-
cular symbols is for the unheated plate. It is

evident that with increased heating of the plate,

the growth rates progressively decrease and the

range of disturbance frequencies receiving ampli-
fication is diminished. Similar behavior is in-

dicated at other Reynolds numbers as well.

— Lowell's solution

T„-T„ = 0°F /J =-.0036

O T^-T„ = 0°F R5. = 940

A T,„-T_=7.8°F R,- = 909

—
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Ribbon at X = 3.75 inches

T„-T„ = 0° F A = 0.656 inches

ui^ X 10^= 138

O X = 4.0 in.

D X = 4.5 in.

* X = 5.0 in.

O X = 5.5 in.

Solution bv Lowell, Rg • = 601

(x = 5.5 in.)

— Lowell solution Rj. =890

T„-T„=5°Fuj, X106 = 81

O Data for T^^-T^ = 5.2° F

uj, X 10^ = 83 Re. =890

FIGURE 7. Velocity and temperattire fluctua-
tion aitiplitudes in the boundary layer.

--

Neutral Stability - For reference, the neutral

stability results for the unheated plate will be
presented first. Neutral points obtained in the
present experiment are plotted together with those
from prior investigations in Figure 9. The solid
line in Figure 9 is the non-parallel flow solution
of Saric and Nayfeh (1975) while the dashed line
is the corresponding parallel flow solution of

the Orr-Sommerfeld equation. Lower branch neutral
points in the region Rg* < 500, m^ < 210 x 10"^ are

X

<

I
I-

O
CO

a

a:

I-

denoted by bars in the present work because dis-

tinct neutral points could not be identified. Ex-

perimental results indicate that a neutral point
lies somewhere in the barred region at each dis-
turbance frequency considered. The present re-

sults are in agreement with the experimental

results of Ross et al. (1970) , Schubauer and

X
3"

a

o
U5

OCD
D

Theory

Non-paratlel flow solution (Ref. 7)

Parallel flow solution (Ref. 12)

Data

Present investigation

Schubauer and Skramstad (Ref. 1 )

Rosset al. (Ref. 21

Wortmann (Ref. 31

FIGURE 8. Measured disturbance growth characteristics
for vmiform wall temperature distributions. Re,.. = 800.
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FIGURE 9. Neutral stability results for the unheated
plate. (Solid symbols denote lower branch points,

open symbols denote upper branch points)

.
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FIGURE 10. Neutral stability characteristics

for uniform wall temperature. T„ = 75°F.

Skramstad (1948) , and Wortmann (1955) . and provide
further verification of the departure from parallel-
flow solutions in the region Rfj^* 500. The agree-

ment obtained allows one to proceed to the case of

the heated plate with some credibility.
Experimentally determined neutral curves in the

(Uj-, Rg*) plane for nominal uniform wall tempera-
ture differences of T^^-T(„ = 0,5,8°F are compared
to the parallel flow results of Lowell (1974) in

Figure 10. The experimental results are curves
faired through the measured neutral points, which
have not been shown for the sake of clarity. Com-
parison between the calculated parallel-flow re-

sults and experiment indicates that the departures
between the two found near (Rg*) n^i^ crit ^°^ ^^^

unheated case persist in the heated cases. It is

readily seen that with increases in T^-T„,
(Rj;*) . „ .. increases and also the range of
' 'mm.crit . . ,.^. ^.
frequencies receiving amplification decreases.
Note that while the theoretical neutral curves
according to Lowell's parallel flow calculation
nest within each other, this does not happen ex-
perimentally until Rg* exceeds 860.

Predicted and measured values of (R(5*)min crit
are compared in Figure 11. The measured rate of

increase in (R6*)min crit compares favorably with
that predicted by Lowell (1974) and by Wazzan et al.

(1970) . Over the range of values of T^,-T„, covered
by the present work it is conjectured that the

uj 1000--

CO
o
O
z

<
U

I

800-

600

400

ii
1 ~^ 2 4 6

I i' WALL TEMPERATURE DIFFERENCE, T^-T„ (°F)

non-parallel flow nature of the boundary layer

serves to reduce the value of (R5*)min.crit t>y

cibout 120 units from that predicted for parallel

flow. This reduction seems independent of the

level of wall heating. A more complete description

of these results ig given in Strazisar, Reshotko,

and Prahl (1977)

.

Non-Uniform Wall Temperature Distributions

As indicated earlier, the two types of non-uniform

wall temperature distributions studied are a) the

power-law type in which (T„-T„) = Ax" and b) step

changes in wall temperature of magnitude AT = T^-

T„ occuring at location Xg . In the discussions

that follow, n is the exponent of the power-law

wall temperature distribution and s = Xg/Xj-^f is

the fraction of the distance to the measuring

station (x^gf = 5.5 inches) at which the step

change in wall temperature is located.

The Mean Flow - Mean velocity profiles for

varying values of n, s and T„(Xref)-Tco are compared

to the Blasius profile in Figure 12. The discrep-

X - 5.5 inches

Ug = 4.65 ft/sec

T„ = 75 ° F

T„'\e.'-
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ancy between the unheated profile and the Blasius
solution may be due to small pressure gradient
effects.

Mean temperature profiles and wall temperature
distributions measured for values of T„(Xj,gf)-T„

=5°F are compared to relevant solutions of the

boundary layer equations in Figure 19. These

similar solutions were obtained by Runge-Kutta

integration of the coupled momentum and energy

equations assuming variable viscosity and thermal

conductivity. Their development is not shown here.

The error bars shown in Figure 13 represent the

maximum measurement error. Agreement between the

measured and predicted profiles is reasonable con-

sidering the fact that the wall temperature cannot

be monitored or maintained near the leading edge

due to equipment limitations. The thermal boundary

layer near the leading edge is too thin to make

temperature profile measurements with the hot film
practical. The first indication of the wall tem-

perature is thus provided by the thermistor imbedded

in the plate surface at x = 1.2". The heater

nearest the leading edge is located at 0.71" < x

< 0.96". The actual wall temperature thus rises in

some unknown manner from T„-T„ = at the leading

edge to a value near the desired local wall tem-

perature at X - 0.71". These limitations are more

severe for increasingly negative values of n, which

require large temperature differences near the

leading edge, and may be the cause of the discrep-

ancy between theory and experiment seen in Figure

13 for the attempted n = -0.5 profile.

1.0

0.8

0.2
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T_ = 75 F

U^ = 4.4 ft/sec

X = 5.5 inches

Theory Experiment:

O s = 0.0

n s = 0.35

A s = 0.68

200 400 600 800 FIGURE 14. Mean temperature
profiles at x = 5.5" for step
changes in wall temperature

.

Temperature profiles measured at x^^f = 5.5" for
several values of S = Xg/Xj-gf, with AT = 5°F, are

compared to analytic results in Figure 14. The

actual wall temperature does not undergo a steep
step change due to conduction of heat through the
plate upstream of the first heater used in each
case. As a result there is not a unique value of
Xg , the step change "location". For purposes of
comparison solutions were obtained to the constant
property energy equation assuming that the temper-
ature profile developed entirely within the linear
portion of the velocity profile. This is a reason-
able assumption for the Prandtl number of water.
Comparison of the measured profiles with these
approximate step change solutions indicates that
the best agreement between theory and experiment
results when Xg is taken as the x-location at
which the wall temperature first begins to rise
above the free stream temperature. The choice of
X3 is used in all of the results reported herein.

The agreement between measured and predicted
temperature profiles shown in Figures 13 and 14

for T„(Xj,gf)-T„ = 5°F is typical of that obtained
at local wall temperature differences of 3°F and
S^F as well.

Disturbance Growth Rates - Disturbance growth
rate characteristics for vaying values of n at a

fixed Reynolds number near R|5* = 800 with T^^{Xj-gf)

-Tco = 5°, are shown in Figure 15. The unheated
case is included for reference. The curves shown
are faired through the measured (a£,Uj.) points,

which are not shown for the sake of clarity. For

n = +1.0 the maximum disturbance growth rate is

greater than that for n=0 at a given value of T„

{Xj,gf)-T^, and the band of amplified disturbance
frequencies moves to a higher frequency range.
Similar results are obtained for T^{Xj-^f)-T^ = S'F
and 5°F.

Disturbance growth rates vs. frequency for
various values of s, with AT = S^F are shown in

Figure 15 at a nominal Reynolds number of Rg* = 800.

The unheated case is included for reference and
measured points {aj^,ijj^) are once again not plotted
for the sake of clarity. The case s = corresponds
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change increase in wall temperature, Rg* = 800.
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n = 0.5

(bl

FIGURE 17. Maximum growth rates for power law wall

temperature distributions, T„(x) - T„ = Ax Rfi* = 800.

number is a minimum for n=0, and increases by
maximum of 12% for values of n in the range
- 1/2 < n < 1. This behavior, which is not con-
sistent with the experimental results, may be due

to the fact that significant changes in wall tem-
perature and therefore in the velocity and temper-

ature distributions are taking place over one or

two wave-lengths in violation of the parallel-flow
assumptions. It is felt that a proper multiple
scales formulation of the stability problem, which

takes into account the rather rapid variation of

wall temperature with x, is required to properly

assess the present results for power-law and step
function wall temperature variations. The results

for non-uniform wall temperature distributions are

given in more detail in the paper by Strazisar and

Reshotko (1978)

.

to uniform wall heating beginning at the leading

edge while the case s = 1 corresponds to a step

change in temperature occurring at the measuring

station x ^ = 5.5 inches. The peak disturbance
growth rate displays a minimum as s increases for

each value of AT considered here. The band of
amplified disturbance frequencies also moves toward
a higher frequency range as s increases.

Disturbance growth rate behavior as a function

of wall temperature distribution is summarized in

Figures 17 and 18, where (-ai)inax """^ defined as

the maximum disturbance growth rate for a given
value of T„(Xj-g£)-Too at fixed values of n is shown
in Figure 17b. We see that positive exponents can

result in large disturbance growth rates at low
wall heating levels. At higher levels of wall
heating the relative reduction in ("0!i)j[iax i^^tween

any two temperature levels is greatest as n de-
creases.

The variation of (-cij_)r[,ax with s at values of

At = 3°F and 5°F is showii in Figure 18. The min-

imum in (-ai)niax ^*- ^^^h wall heating level occurs

near the minimum critical Reynolds number of the

unheated boundary layer. The measured value of

(K6*'min.crit ^°^ AT = is 400, which corresponds

to s = 0.25 in Figure 18, while the predicted par-

allel flow value of (R6*'min.crit = ^^0 for AT =

corresponds to s = 0.42.
An attempt was made to use the program of Lowell

and Reshotko (1974) to solve the parallel-flow
spatial stability problem for power law, wall

temperature distributions since the solution scheme

allows the mean flow solution to be read directly

into the coefficient matrix of the disturbance
growth rate at a fixed frequency and Reynolds

5. EFFECT OF WALL HEATING ON SEPARATION

An underwater vehicle is basically a body of rev-

olution having generally favorable pressure gra-
dients forward of the maximum diameter and adverse

pressure gradients downstream of the maximum
diameter. If laminar flow can be maintained all

the way to the adverse pressure gradient region
then the boundary layer will be very easily
separated unless measures are taken to delay such
separation.

An obvious way to delay separation is by suction.
This however involves the complexities of suction
slots, internal ducting and later discharge of
the flow removed from the vehicle boundary layer.

A "cleaner" possibility for separation delay if it

in fact would work is heating.

Wazzan et al. (1970) showed that heating can

cause a separating profile to fill out significantly.

Figure 19 indicates that for a Falkner-Skan g =

-0.1988, an overheat of 90 °F, converts a separating

profile to one having the shape factor of a Blasius

boundary layer. This motivated our proposal to

investigate experimentally the potential effect of

heating on delay of laminar separation. Subsequent

calculations by Aroesty and Berger (1975) using an

•- S

FIGURE 18. Maximum growth rates for step change in-

creases in wall temperature.

FIGURE 19. Velocity profiles at various wall tempera-

tures for 6 = -0.1988 [wazzan et al. (1970)].
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approximate procedure showed that despite the
large changes in profile shown in Figure 19, the
value of e at separation did not change very much
with heating (Figure 20) . This was confirmed as
also shown on Figure 20 by exact calculations of
Strazisar (1975) using Lowell's (1974) program.
The question of the length retardation of separa-
tion on a real configuration nevertheless remained
an open one.

Experiment

This experiment was also performed in the CWRU Low
Turbulence Water Tunnel described in Section 4

using a specially designed two-dimensional model
having an NACA 632-015 profile. The model (Fig-
ure 21) is designed as part of the upper wall of
the test section of the water tunnel. The boundary
layer developing on the upper wall of the nozzle
is removed through a scoop with the bleed rate
adjusted so that the stagnation streamline is
straight and steady. Rod heaters (Figure 22) are
provided over the length of boundary layer develop-
ment. The tests were conducted at rather low unit
Reynolds numbers so as to promote laminar flow
in the separation region and to minimize the power
needed for large temperature differences. The
electric heaters distributed through the plate
provide wall temperatures of the order of 60°F

FIGURE 22. Location of rod heaters in experimental
model

.

above the free-stream fluid temperature in the
region of separation. Wall temperature distribu-
tions are shown in Figure 23.

The separation behavior was determined by com-
binations of the following indicators: 1) indi-
cation of separation by visual observations of a

dye stream injected along the surface through static
pressure holes, 2) location of separation indicated
by the static pressure distribution along the plate,
and 3) use of hot film anemometry to measure bound-
ary layer velocity profiles.

As with many water flow facilities, results are
dependent on the state of cleanliness of the
experimental equipment. In particular, the veloc-
ity profiles were affected by the condition of
the airfoil surface and the screens in the settling
chamber. Even when the screens and airfoil surface
were relatively clean, there was some scatter in

the level of the boiindary layer shape parameter
as evidenced by the results for the unheated air-
foil. The effects of heating on shape factor
displayed consistent trends that were generally
independent of facility condition. The experi-
mental setup, procedures and measurement systems
are described in detail by Timbo and Prahl (1977)

.

X Pressure tap
(taps run down centerllne of model)

Model

FIGURE 21. Model as mounted in water tunnel.

140-

T.-F

HEATER VOLTAGE
8S.

70,
55

J.
L

FIGURE 23. Surface temperature distributions. Too = 70''f.
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Results

When dye was injected into the boundary layer
through the pressure taps along the centerline of
the airfoil, it usually did not all move directly
upstream on the centerline. Some of the dye moved
initially spanwise and then upstream. Regardless
of the path of the dye, its motion was never steady.
When the airfoil surface was polished and the most
accessible of the screens in the settling chamber
cleaned, the most forward upstream position of the
dye on the unheated airfoil was 4.1 inches (x/L =

0.45). With heating, the patter of upstream dye
flow remained indistinguishable from the xinheated

case. Thus for the wall overheats tested, up to
80°F measured at x = 4.01" (x/L = 0.44 in Figure

23) , there was no separation delay discernable
using the dye injection method.

In looking at pressure distributions, separation
is identified as the point where the experimental
pressure distribution departs from the theoretical
recompression distribution on the aft portion of
the airfoil. The pressure taps will not indicate
a separated boundary layer unless there is con-
tinuous separation at the tap's position. Thus
unless the upstream motion of the dye is very
steady, which is usually not the case, the position
of separation as determined by the most upstream
penetration of dye is consistently farther upstream
than indicated by pressure distributions.

The separation point by examination of pressure
distributions on unheated airfoil occurs at x=4.9"
(x/L = 9.53) . This is close to the location x = 5"

predicted for separation using the Thwaites method.
Heating, as reported by Timko and Prahl (1977)

,

caused no significant alteration in the pressure
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Discussion

CARL GAZLEY, Jr.

Several of us* at Rand and UCLA have made a

series of computations which serve to illuminate

some of the experiments described by Professor

Reshotko. His experiments with non-uniform wall

temperature distribution indicate the sensitivity

of the boundary-layer stability to the way the

surface temperature changes with distance along the

plate. For the power-law variation, AT = Ax ,

Reshotko 's experiments for AT < 8°F appear to

indicate decreased stability and increased ampli-

fication rates as the experiment n decreases toward

zero. Our computations indicate the same trend at

low temperature differences, but also show a

reversal at a temperature difference of about 20°F

with an increasing stability with increasing n

above this AT. In fact, very large increases occur

for a AT above 30°.

Our results were obtained both by exact numer-

ical techniques based on the Orr-Sommerfeld equa-

tion [Wazzan and Gazley (1978)] and by a modifiac-
tion of the Dunn-Lin approximation [Aroesty et al.

(1978)]. The results for flat-plate flow in terms
of the minimum critical Reynolds number based on
displacement thickness are shown in Figures 1 and
2 for values of n = 1 and 2 as a function of the
local temperature difference. The modified Dunn-
Lin approximation is seen to agree remarkably well
with the exact computations. More extensive

results of that approximation are shown in Figure 3

for values of n ranging from zero to 2 . For temp-

erature differences above about 30°F, the advanta-

geous effects of am increasing temperature differ-

ence are seen to be very large.

-
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Dr. Gazley and his colleagues have long been
interested and active in the topic of heated
boundary layers and his comments on the conse-
quences of power-law temperature distributions
are greatly appreciated.

Let me first restate our experimental results.
Referring to Figure 17 of the paper, our experi-
ments for At < 8°F appear to indicate decreased
amplification rates as the exponent n decreases
toward zero and in fact for some range of negative
values of n, the disturbances become damped. In

the temperature range AT < 8°F, neither our cal-
culations (cited in the paper) nor Gazley' s give
any basis for this experimental result.

Nayfeh and El-Hady (private communication)
have recently pointed out that water boundary
layers with non-isothermal walls cannot have
similar boundary layer solutions because of the
variable properties of water. They show that if

one first calculates the non-similar boundary
layer profiles expected at the measuring station
of the Strazisar-Reshotko experiments and then
analyzes the stability of these profiles , the
resulting growth rates are qualitatively in accord
with the Strazisar-Reshotko results as shown in
the figure below supplied to me by Professor
Nayfeh. Note in the figure that as n decreases,
the growth rates also decrease, and although the
calculated maximum growth rates are not negative
for the non-parallel calculations with n = -0.5,

they are very close to zero. This trend is oppo-
site to what was obtained for the stability of
similar boundary layer mean profiles.

Nayfeh and El-Hady 's calculations do not go

beyond AT = 8°F. But I believe that they have
made their point that when studying the stability
of water boundary layers with power- law or other
non- isothermal wall temperature distributions,
one must analyze the stability of the appropriate
non-similar boundary layer profiles in order to
obtain even the correct qualitative trends.
Therefore I believe that the results presented by
Dr. Gazley in his comment must be reexamined.

b

<

<
o

Q.

<

FREQUENCY F x|0^

Effect of power law wall heating on stability of non-

similar water boundary layer. parallel, non-

parallel, a = Im (a + eaj) where a is the quasi-

parallel amplification rate and eoj is the non-parallel

contribution.
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ABSTRACT

The method of multiple scales is used to analyze the
linear-nonparallel stability of two-dimensional
heated liquid boundary layers. Included in the anal-
ysis are disturbances due to velocity, pressure,
temperature, density, and transport properties, as
well as variations of the liquid properties with
temperature. An equation is derived for the modula-
tion of the wave amplitude with streamwise distance.
Although the analysis is applicable to both uniform
and nonuniform wall heating, numerical results are
presented only for the uniform heating case. The
niomerical results are in good agreement with the
experimental results of Strazisar, Reshotko, and
Prahl.

1 . INTRODUCTION

It is generally accepted that the instability of
small amplitude disturbances in a laminar boundary
layer is an integral part of the transition process.
Significant changes in the boundary layer stability
characteristics can be achieved by utilizing dif-
ferent factors, such as pressure gradients, suction,
injection, compliant boundaries, and heating or
cooling of the boundary layer.

Surface heating in a liquid boundary layer can
be utilized to yield a mean velocity profile which
is more stable than the Blasius profile. The rea-
son is that heat transfer alters the shape of the
boundary-layer temperature profile which in turn
alters the velocity profile through the viscosity-
temperature dependence. The effect of wall heating
on the stability of boundary layers in water was
investigated by Wazzan et al. (1968, 1970). They
included the variation of the viscosity with tem^
perature through the thermal boundary layer. They
obtained a modified Orr-Summerfeld equation. How-
ever, they did not include temperature fluctuations
in the disturbance flowfield. Their results show

that while cooling the wall has a destabilizing ef-
fect on the flow, moderate heating has a strong
stabilizing effect. Lowell (1974) reformulated the
problem by adding fluctuations for the temperature,
density, and transport properties. The results of

Lowell did not vary appreciably from those of Wazzan
et al. (1970)

.

The presently available analyses (Wazzan et al.

and Lowell) for the stability of heated boundary
layers in water are all parallel flow analyses. The
results of the parallel stability analyses do not
agree with available experimental results. Strazisar
et al. (1975, 1977) performed experiments on the
stability of boundary layers on both unheated and
uniformly heated flat plates. These experiments
confirmed the increased stability resulting from
wall heating in water. Strazisar and Reshotko (1977)

extended their experiments to cases of nonuniform
surface heating in the form of power-law temperature
distributions; that is, T^,(x) - Tg = Ax"^. Their
results are given only for a displacement thickness
Reynolds number R* = 800 and indicate that, for a

given level of wall heating, cases with n < have
the lowest growth rates. Strazisar and Reshotko
(1977) found that applying Lowell's analysis (1974)

to the case of power-law temperature distributions
yielded results that did not agree with the experi-
mental results.

In this paper, we use the method of multiple
scales (1973) to analyze the linear, nonparallel
stability of two-dimensional boundary layers in

water on a flat plate, taking into account uniform
as well as nonuniform wall heating. We include
disturbances in the temperature, density, and trans-
port properties of the liquid in addition to dis-
turbances in the velocities and pressure. However,
we present numerical results only for the case of
uniform wall heating and compare our results with
the experimental data of Strazisar et al. (1975,
1977). When the variation of the temperature,
thermodynamic, and transport properties are ne-
glected, the present solution reduces to those of

53
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Bouthier (1973), Nayfeh, Saris, and Mook (1974),

Gaster (1974), and Saric and Nayfeh (1975, 1977).

The formulation of the problem and method of

solution is taken in the next section, the solution

of the first-order problem is given in Section 3,

the solution of the second-order problem is given

in Section 4, the mean flow is discussed in Section

5, and the numerical results and their comparison

with the experimental data of Strazisar et al. (1975,

1977) is given in Section 6.

2. PROBLEM FORMULATION AND METHOD OF SOLUTION

The present study is concerned with the two-

dimensional, nonparallel stability of two-dimensional,

viscous , heat conducting liquid boundary layers to

small amplitude disturbances. The analysis takes

into accoxmt variations in the fluid properties but

neglects buoyancy, dissipation, and expansion ener-

gies. All fluid properties are assumed to be known

functions of the temperature alone.

Dimensionless quantities are introduced by using

a suitable reference length L* and the freestream

values as reference quantities, where the star

denotes dimensional quantities.

To study the linear stability of a mean boundary-

layer flow, we superpose a small time-dependent dis-

turbance on each mean flow, thermodynamic, and

trasport quantity. Thus, we let

q(x,y,t) QQ(x,y) + q(x,y,t) (1)

where Qo(x,y) is a mean steady quantity and q(x,y,t)
is an unsteady disturbance quantity. Here, q stands
for the streamwise and transverse velocity compo-
nents u and V, the temperature T, the pressure p,
the density p, the specific heat Cp, the viscosity

y , and the thermal conductivity <. Substituting
Eq. (1) into the Navier-Stokes and energy equations,
subtracting the mean quantities and linearizing the
resulting equations in the q's, we obtain the fol-
lowing disturbance equation:
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Here, Cp is the liquid specific heat at constant

pressure, R = p|U|L*/vi| is the Reynolds number and

Moreover

,

Pr = CpgiJ|/K* is the freestream Prandtl number

(e + 2) ,

(1 + 2e)

!'• 1),

A = - y(e-l) (7)

where e is the ratio of the second to the first

viscosity coefficients (e = is the Stokes assump-

tion) .

The problem is completed by the specification of

the boundary conditions ; they are

=v=T=0=aty=0

u,v,T -> as y ^- "

(8)

(9)

"(II *
". ij - 1?^ -. t - If

;

*»(°»if*'»if)

3P
3x

3 f du 3v\

_3^ L'°v ^ ^ " i^j

3v

'h — +''[-^ " ^.

^\W
'

3Uo +

/3v

3V^^

3x J_
(3)

,
3v 3Vo ^ ,, 3v

, 3Vo\
'0 3^^ "i^+^0 37^^ aTJ

3Vo\

* <"« I? * V. |<1

We restrict our analysis to mean flows which are

slightly nonparallel; that is, the transverse ve-

locity component is small compared with the stream-
wise velocity component. This condition demands all

mean flow variables to be weak functions of the

streamwise position. These assumptions are expressed
mathematically by writing the mean flow variables in

the form

U Uo(xi ,y) , Vg + eVo(xi,y)

,

Pq = Po(xi) , To= To{xi,y)

Po = Po'^l 'V
Po

c (xi,y)
Po

\iQ = yo'^^l'Y' ' *^0 = Ko'^1 -y' (10)

where xj = ex with e being a small dimensionless
parameter characterizing the nonparallelism of the

mean flow. In what follows, we drop the caret from

Vq.
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To determine an approximate solution to Eqs. (2)

-(10), we use the method of multiple scales [Nayfeh

(1973) ] and seek a first-order expansion for the

eight dependent disturbance variables u, v, p, T,

p, c , y and k in the form of a traveling harmonic
wave; that is, we expand each disturbance flow
quantity in the form

q(xi,y,t,) = [qi{xi,y)

+ £q2(xi,y) + ...]exp(ie) (11)

Li4(ui,vi,pi ,Ti

= iPo"o(uo -

^Polfv,

"0 RPr c

RPr c
e Po

<0 3y^

2 B^KQ
<o«6 - -^

3ko 3Ti

RPr c ay 3y

(16)

where

36 , , 36^= "O'^l'' 3l
(12)

For the case of spatial stability, ap is the complex
wavenumber for the quasi-parallel flow problem and
10 is the disturbance frequency which is taken to be
real.

Substituting Eqs. (11) and (12) into Eqs. (2)-

(10) , transforming the time and the spatial deriv-
atives from t and x to 6 and xj , and equating the
coefficients of £ and £ on both sides, we obtain
problems describing the qi and q2 flow quantities.

These problems are referred to as the first- and

second-order problems and they are solved in the

next two sections.

The boundary conditions are

:

ui = vi = Tj = at y

uj , vj , Tj ->• as y

(17)

(18)

Equations (13) - (18) constitute an eigenvalue
problem, which is solved numerically. It is

convenient to express it as a set of six first-order

equations by introducing the new variables z^^ de-

fined by

3ui

3y
'zil ui, Z12 Z13 = VI,

zm Pi' -15 Tl, Z16
3Ti

3y
(19)

3. THE FIRST-ORDER PROBLEM

Substituting Eqs. (11) and (12) into Eqs. (2)-(10)

and equating the coefficients of e'' on both sides,

we obtain the following

Lj (ui,Vi,pi,Ti) = iao[PoUl + (Uq -)Pl]

Then, Eqs. (13) -(18) can be rewritten in the compact

form

3z.
li

3y
y a. .2

3=1
'' Ij

for i = 1,2. . ,6

Zll = Zl3 = Z15 = 3t y

Zll' Z13' Z15 ^0 as y

(20)

(21)

(22)

+ 3^ (PQVl) (13)

L2(ui'Vi ,pi ,Ti)

IPO^OIUO - —

i dVQ

U0"0 "1 Po
3U0

3y

R 3y
ag vj + laoPi

Tl_ 3_ /duo. 3Uo\
R 3y VdTo 3y J

1^ 3uo 3ui ih

R 3y 3y

3vi

R ^0"0 3y

1^ dyp 3Uo 3Ti _ 1 3^ui

R dTg 3y 3y

L3(ui,vi,pi ,Ti)

VO 3y2
=

1P0"0 Uo
10 \ 1 2

i^
r. 3P0^ "0 3?- "1

ih 3ui

R ^0"0
3y

i dyn 3Uo

r_ 3yo 3vi

R 3y 3y

(14)

where the a- are the elements of a 6 x 6 variable-

coefficient matrix. The nineteen nonzero elements

of this matrix are listed in Appendix I.

We solve this eigenvalue problem by using SUPORT

[Scott and Watts ' (1977) ] . To set up the numerical

problem, we first replace the boundary conditions

(22) by a new set at y = y where y is a convenient

location outside the boundary layer. Outside the

boundary layer, the mean flow is independent of y

and the coefficients a.j_^ are constants. Hence, the

general solution of Eqs. (20) can be expressed in

the form

.. = f A. .c.
11

jt-i ^3 D

exp(A.y) for i = 1,2,. ..,6 (23)

where the Aj are the eigenvalues of the matrix

[a^-:], the Aij are the corresponding eigenvectors

and the c: are arbitrary constants. The real parts

of three of the Aj are negative, while the real

parts of the remaining Aj are positive. Let us

order these eignevalues so that the real parts of

Ai,A2, and A3 are negative. Then, the boundary

condition (22) demands that 04,05 and eg are zero.

To set up this condition for SUPORT, we first solve

Eqs. (23) for the c-exp(A.y) and obtain

3pi
3y

r 3^vi
i ^° 3P~ (15)

:.exp(A,y) = V b..z . for j = 1,2,.. .,6 (24)
3 3 A^ 13 11
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where the matrix [bj^^] is the inverse of [A^-;].

Setting ci, = C5 = Cg = in Eq. (24) leads to
homogeneous problem corresponding to the eigenvalue
Oq. Thus, they are the solutions of

^ b. .z = for j = 4,5, and 6 at y = y (25)

i=l ^^

where the b^^ are the elements of a 3 x 6 constant-
coefficient matrix.

Using Eqs. (25) as the boundary condition at y
= y and guessing a value for ag, we use SUPORT to
integrate Eqs. (20) from y = y to y = and attempt
to satisfy the boundary conditions (21) . If the
guessed value for Oq is the correct eigenvalue, the
three boundary conditions will be satisfied. In

general, the guessed value is not the correct value
and the boundary conditions at the wall are not

satisfied. A Newton- Raphson procedure is used to

update the value of ag and the integration is re-

peated until the wall-boundary conditions are satis-
fied to within a prescribed accuracy. This leads

to a value for ag and a further integration of

Eqs. (20) leads to a solution that can be expressed
in the form

^li
" A(xi) C. (xi,y) for i = 1,2,. ,6 (26)

where A is still an undetermined function at this
level of approximation. It is determined by im-

posing a solvability condition at the next level of
approximation

.

4. THE SECOND-ORDER PROBLEM

With the solution of the first-order 'problem given
in Eq. (26) , the second-order problem becomes

3z
2i

3y
Z. a. .z., ,

dA
= G

.

+ F . A for i = 1 , 2 , . . . ,

6

1 dxj 1

Z21 Z23 = Z25 at y

(27)

(28)

3W. °

T-^ + y a. .W. = for i = 1,2, ... ,6 (31)
3y ^ Di D

W2 = Wi^ = Wg = at y =

W2 , Wi, , Wg -> as y

(32)

(33)

Siibstituting for the G- and F. from Appendix II

into Eq. (30), we obtain the following equation for
the evolution of the amplitude A:

i dA
A dxj

= iai (xi) (34)

where

/ Z F.W.dy/ Y. G.W.dy
j j=l 3D M .^j^ D D

/

(35)

The solution of Eq. (34) can be written as

r
A = Agexp[iE / ai(xi)dx] (36)

where Ag is a constant of integration.
To determine aj(xi), we need to evaluate dag/dxj

and the 3f;^/3xi. To accomplish this, we differen-
tiate Eqs. (20) -(22) with respect to Xj and obtain

3C, /3?.

3y \ 3x1 ) .^ ^ijVSxi
j=l

dag
+ G. -—^ + H. for i = 1,2,.. .,6 (37)

1 dxi 1

3Cl _ 3C3

3x1 3xi

ac5

3x1
at y = (38)

Z21'Z23' Z25 "^ as y -> (29)
3^1 iy. lis
3xi ' 3xi ' 3xi

-> as y ^ (39)

where the G^ and F. are known functions of the C^,
ag and the mean flow quantities. They are defined
in Appendix II.

Since the homogeneous parts of Eqs. (27) -(29)
are the same as Eqs. (20) -(22) and since the latter
have a nontrivial solution, the inhomogeneous Eqs.
(27) -(29) have a solution if, and only if, a solva-
bility condition is satisfied. In this case the
solvability condition demands the inhomogeneities
to be orthogonal to every solution of the adjoint
homogeneous problem; that is.

The initial conditions for the computational pro-
cedures are chosen to exclude any multiple of the
homogeneous solution. The R^ are known functions
of Ci, oig and the mean flow quantities and their
derivatives; they are given by

3a.

H. = Y C. T-
1 ^- ] 3x

13 and

«0

I
i=l

r.
dA

G. + F.A
1 dxi 1

W.dy =
1

(30)

G. = V C. 11
1 ^3

j=l
3xi

for i = 1 , 2 , . . . , 6 (40)

where the Wi(xi,y) are the solutions of the adjoint
Using the solvability condition of Eqs. (37)-(39),

we find that
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dap

dxi

6 r ^

^ H^W^dy / ^ G.W.dy (41)

i=l i=l

Therefore, to the first approximation

zj = A C(xi,y)exp[i j
{a + eaj)dx - iait] + 0(e) (42)

where

g(n)
2p

pudn (50)

Note that all fluid properties are made dimension-
less by using their freestream values.

Equations (48) -(50) are supplemented by the fol-
lowing boundary conditions:

where the zj are related to the disturbance variables
by Eq. (19) and the constant Ag is determined from
the initial conditions. It is clear from Eq. (42)

that, in addition to the dependence of the eigen-
solutions on x, the eigenvalue ag is modified by
eaj. The present solution reduces to those obtained
by Nayfeh, Saric, and Mook (1974) and Saric and
Nayfeh (1975) for the case of nonheat conducting
flows.

5. THE MEAN FLOW

For flows whose thermodynamic and transport
properties are functions of temperature , the
two-dimensional boundary- layer equations for a

zero-pressure gradient are

u = 0, T

8 , . .. 3—— (p*u*) + T--r
dx* ay*

p*u*
8u*

3x*
p*v'

3u*

3y*

(p*v*)

^ 3_
3y*

KV*

3T*
o*u*c*

p 3x*
+ p*v*c

P 3y 3y
(k*

3u*

3y

3t*

3y*

(43)

(44)

(45)

The temperature dependence of p and p couples the
momentum and the energy equations. Note that buoy-
ancy and viscous dissipation effects are neglected.

Although the stability analysis is applicable to
any wall temperature variations, we present stability
results for the case of constant wall temperature
for which the flow is self similar. Thus, we intro-
duce the transformation.

/i

n = pdy* (46)

T*/T* and gwe at n

u •+ 1 and T as n -> "

(51)

(52)

where the subscript w denotes wall values. Equa-
tions (48) -(52) are numerically integrated by using
Runge-Kutta and Adams-Moulten integration techniques
with the liquid thermodynamic and transport prop-
erties computed at each integration step. All nu-
merical results presented here are for water; the
dependence of its thermodynamic and transport prop-
erties on the temperature is given in Appendix III.

6. ANALYTICAL RESULTS AND COMPARISON WITH
EXPERIMENTS

Although the analysis is applicable to both uniform
and nonuniform wall heating, results are presented
only for the case of uniform wall heating for which
the mean flow is self similar.

The only available experimental results for the
stability of uniformly heated boundary-layer flows
are those of Strazisar et al. (1975, 1977) . Using
a water tunnel, they introduced disturbances by
vibrating a ribbon and measured the response by
using a temperature compensated hot-film anemometry.
They used the r.m.s. of the stream-wise component
of the disturbance velocity, u, to calculate the
growth rates. They determined the growth rate as a
function of frequency at different Reynolds numbers.

For a parallel mean flow, aj = 0, ag and A are
constants, and the l,^ are function of y only. Hence,
one can unambiguously define the growth rate a of
the distrubance as the imaginary part of a"g ; that
is,

o = - Im(ao)

This definition is equivalent to

(53)

where R is the freestream x-Reynolds number defined
by

a = Re {—- Unu) = Re(-— Inv)
3x 3x

p*U*x*/y*
e e e

(47) Re (-- !lnp)
oX

Re(-— {,nT)
3x

(54)

Introducing this transformation in Eqs. (43) -(45)
and solving the continuity equations for v, we trans-
form the original set of partial-differential equa-
tions into the following set of ordinary-differential
equations

:

On the other hand, for a nonparallel mean flow, aj

"f , A and ag are functions of x, and the ^j^ are
functions of both x and y. Thus, if one generalizes
(53) to take into account ea^, one obtains

3 , 3u, 3u
T— py ^ + g T— =
3n 3n 3n

3 , 3T, 3T-^ (P< T— + Pr c g -— =
3ri 3ri e p 3ri

(48)

(49)

Im(ag eaj) (55)

which is not equivalent to (54) . Moreover, the
quantity aj and hence o depend on the normalization
of the Cn because part of the Cn c^n be absorbed in
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A and aj. If one generalizes the definition (54)

and uses (42) , one obtains

Im(aQ + eai) eRe(- £nc^ (56)

Thus, the growth rate in (56) depends on the choice
of ^n because the axial and transverse variations
of the l.^ are not the same. Since the Cn ^^^^ func-
tions of both y and x, one may term a stable flow
unstable or vice versa.

Since there are many possible definitions of the
growth rate in a nonparallel flow, one should be
careful in comparing analytical and experimental
results. Saric and Nayfeh (1975, 1977) found that
the best correlation between the nonparallel theory
and available experimental data for the Blasius flow
is obtained if one uses the definition (55) . In

this paper, we compare the definitions (55) and (56)

evaluated at the value p where Ci is a maximum.
Figure 1 shows the variation of the calculated

disturbance growth rates a/R with frequency FR=(ij/R

for T„-Tg =0, 3,5, and 8°F and for the displacement
thickness Reynolds number R* = 800. This range of

Tw-Tg is chosen for comparison with the existing
experimental results. The growth rate is calculated
by using the definition (55) and by normalizing Cj

so that Cl"*exp(-aoy) as y-»<». This figure indicates
that the disturbance growth rate decreases with in-
creasing T^^-Tg. The maximum growth rate is reduced
by approximately 56% by increasing the wall temper-
ature by 5°F. The maximum growth rate is very small
when the wall temperature is increased by 8°F at
R* = 800. Figure 1 shows that the range of unstable
frequencies decreases with increasing T -Tg.

b

UJ

<

<

<

100 120 140 160

FREQUENCY FR « lO'

180

tr

b

<

FIGURE 1. The variation of the spatial growth rate
with frequency for varying wall temperatures at R* =

800. Nonparallel, Parallel.

FIGURE 2 . The variation of the maximum growth rate
with streamwise position for varying wall temperatures.

Nonparallel, Parallel.

Figure 2 shows the variation of the maximum
growth rate obtained from our analysis with T -Tg.
It shows that the maximum growth rate decreases with
increasing wall temperature at all Reynolds numbers.

Figures 1 and 2 show a comparison between the
growth rates based on the parallel, (53), and non-
parallel, (55), stability theories. The nonparallel
maximum growth rates are approximately 30% larger
than the parallel ones. Moreover, the nonparallel
critical Reynolds number is approximately 20% lower
than the parallel one for all the values of T„-T
considered as shown in Figure 2.

Figures 3a- 3d show comparisons of the experi-
mental growth rates of Strazisar et al. and the
nonparallel growth rates defined by (53) , (55) and
(56) for different values of T^-Tg and different
values of R* . These figures show good agreement
between the growth rate defined by (55) and the ex-
perimental results, in contrast with the parallel
theory which underpredicts the experimental results
by large amounts. Moreover, including the distor-
tion of the eigenfunction with streamwise position
in the definition of the growth rate yields a growth
rate that is very close to the parallel one and
hence underpredicts the experimental results by
large amounts.

7. CONCLUSION

The method of multiple scales is used to analyze
the linear nonparallel stability of two-dimensional
liquid boundary layers on a flat plate for the cases
of uniform and nonuniform wall heatings. We include
disturbances in the temperature, density, thermo-
dynamic, and transport properties of the liquid in

addition to disturbances in the velocities and
pressure. The growth rates calculated from non-
parallel results without including the distortion
of the eigenfunction with streamwise position are
in good agreement with the experimental results of
Strazisar et al. (1975, 1977). The nonparallel
results show that wall heating in water has a sta-
bilizing effect on the flow; there is a decrease in
the disturbance growth rates, a decrease in the
range of unstable frequencies and an increase in
the critical Reynolds number.
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CC IT

b

FR»IO^

FIGURE 3a. Comparison of the analytical and the experi-
mental spatial growth rates for various displacement
thickness Reynolds numbers and wall temperatures.
Experiments, Strazisar et al . (1975, 1977), 1) a =

Im(ao) , 2) a = -ImCag + caj), 3) a = -Im(ao + Ecii) +

e a|u|

100 120

FR«IO*

160

FIGURE 3c. Comparison of the analytical and the ex-

perimental spatial growth rates for various displace-
ment thickness Reynolds numbers and wall temperatures.
Experiments, Strazisar et al . (1975, 1977), 1) o =

-lm(ao) , 2) a = -Im(ao + £ai), 3) a = -Im(ao + eaj) +

E aim

a:

b b

FRx 10
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FIGURE 3b. Comparison of the analytical and the ex-
perimental spatial growth rates for various displace-
ment thickness Reynolds numbers and wall temperatures

.

Experiments, Strazisar et al . (1975, 1977), 1) o =

Im(ao), 2) a = -Im(ao + tai) , 3) a = -Im(ao + eai) +

FIGURE 3d. Comparison of the analytical and the ex-

perimental spatial growth rates for various displace-

ment thickness Reynolds numbers and wall temperatures.

Experiments, Strazisar et al . (1975, 1977), 1) a =

-lm(ao), 2) a = -Im(ao + EOi), 3) o = -Im(ao + eai) +

e al^il

ICll 3x
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APPENDIX I

ai2 = 1
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, - PoR 3Uo . /I 9)Jo h 3po

, _ iapR
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Po

hap dpo
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^^° ao^ Po 3y ^dTo 3y

326 - 1 dyp 3Up

Pp dip 3y

331 = - lap
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APPENDIX III

The variation of the water thermodynamic and transport properties

with temperature is given by

D* - 1
(T* - 3.9863)MT* + 288.9414) ^ q q^^^^^ , 374^.

P
' 508929.2 (T* + 68.12963)

+u.UM44bexpi -^^ j

p* in gm/mS. , T* in °C.

Log
,1.002^ _ 1.37023(T* - 20) + 8.36 x lO'MT* - 20 2

V* ' 109 + T*

y* in Cp, T* in °C

K* = - 9.901090 + 0.1001982T* - 1.873892 xl0"''T*2

+ 1.039570 x 10"'T*5

K* in m watts cm'K"^ T* in °K

c* = 2.13974 - 9.68137 x 10"^T* + 2.68536 x lO'^T*^
P

- 2.42139 X lO'^T*'

c* in cal g''K"', T* in °K
p ^m

A discussion of the sources and accuracy of these formulas can be

found in Lowell (1974).
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SUMMARY

Most work in linearized boundary-layer stability
theory has been carried out either on the basis
of two-dimensional mean flow and plane wave dis-
turbances with the wavenumber in the flow direction,
or, for a more general case, by a transformation
of the equations to two-dimensional form. This
procedure can obscure important physical aspects
of wave propagation in two space dimensions . In

this paper the stability equations are retained
in three-dimensional form throughout. A method
for treating spatially amplifying disturbances with
a complex group velocity is adopted and applied
first to oblique waves in a two-dimensional bound-
ary layer, and then to the two-parameter yawed
Falkner-Skan boundary layers . One parameter is

the spanwise to chordwise velocity. For boundary
layers with small crossflow, the maximum amplifi-
cation rate with respect to frequency is calculated
as a function of flow angle for waves whose normal
is aligned with the flow. Next, the minimum crit-
ical Reynolds number of zero-frequency crossflow
instability is obtained for both large and small
pressure gradients , and finally the instability
properties of two particular boundary layers with
crossflow instability are determined for all un-
stable frequencies.

1 . INTRODUCTION

Most work in linearized boundary- layer stability
theory has been restricted to two-dimensional mean
flows, and, for these flows, even further restricted
to plane-wave disturbances with the wave normal in
the flow direction.* The latter restriction is

normally justified by reference to the theorem of

*Such a wave is called two-dimensional because
it has only two disturbance velocity components.
All other plane waves have three velocity components
in any coordinate system, and are called three

dimensional.

Squire (1933) , which states that in a two-dimensional
incompressible boundary layer, the minimum critical
Reynolds number is given by a two-dimensional wave.

Even though the most unstable wave at a given
Reynolds number is two dimensional in accordance
with the theorem, the most unstable wave of a

particular frequency can well be three dimensional.
Furthermore , the iinstable three-dimensional waves
can have phase orientation angles (the angle between
the local freestream direction and the wave normal)

up to almost 80°. Any method for the estimation
of transition that is based on stability theory

must take this large range of unstable three di-

mensional waves into account. For a supersonic
two-dimensional boundary layer, even the most un-

stable plane wave at a given Reynolds number is

three dimensional. The two-dimensional waves be-

come of little importance as the Mach number in-

creases above one until the hypersonic regime is

reached, where a two-dimensional second-mode wave

is the most unstable.
When we turn to three-dimensional boundary layers

,

there are no two-dimensional waves , but the trans-

formation of Stuart [Gregory et al. (1955)] reduces

the three-dimensional temporal stability problem

to a series of two-dimensional problems. That is,

the temporal amplification rate can be obtained by

solving a two-dimensional problem for the boundary-

layer profile in the direction of the wave normal.

This approach was carried through numerically by

Brown (1961) for the rotating disk and a limited

number of swept-wing boundary layers . When the

same approach is applied to the spatial theory,

it leads to complex velocity profiles and loses

much of its utility except as a computational device.

Instead of trying to make a two-dimensional

world out of a three-dimensional world, it might

as well be accepted that boundary- layer instability

is inherently three dimensional , even with two-

dimensional mean flow, and to formulate the insta-

bility problem directly as three dimensional [Mack,

(1977); this paper will be referred to as M77]. A

transformation of the dependent variables reduces

the order of the incompressible eigenvalue problem

63
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from sixth to fourth order, but the velocity pro-
files and wave parameters are not transformed.
This approach is equally valid for the temporal
and spatial theories, but for the latter a growth
direction must be assigned before eigenvalues can

be computed. In M77 this direction was taken
equal to the direction of the real part of the

group velocity and numerical results were obtained
for two-dimensional incompressible and compressible
flat-plate boundary layers and for the rotating
disk boundary layer.

In the present paper, a theoretical presentation
is given in Section 2 to justify the use of a

spatial mode whose direction of growth is determined
by the complex group velocity. In Section 3, some
results concerning three-dimensional spatial waves
in the Blasius boundary layer are given as an
example . In Section 4 , we adapt the family of
yawed-wedge three-dimensional boundary layers
[ Cooke (1950) ] for use in stability calculations.
In Section 5 , under Boundary Layers with Small
Crossflow, we consider the effect of the flow angle
(the angle between the local potential-flow direc-
tion and the direction of the pressure gradient) on

the maximum amplification rate for small pressure
gradients. Next, in Section 5 we take up cross-
flow instability and determine the critical Rey-
nolds number for several combinations of pressure
gradient and flow angle. We then obtain the max-
imum amplification rate and instability boundaries
of all unstable frequencies as a function of the
wavenumber vector for a favorable pressure-gradient
boundary layer which is unstable at low Reynolds
numbers only because of crossflow instability.
Finally, in the last part of Section 5, we repeat
the latter calculation for an adverse pressure-
gradient boundary layer with crossflow instability
at a Reynolds number where the boundary layer is
unstable even without crossflow instability. In
all of the examples, only the amplification rate
is calculated, and on the basis of locally uniform
flow. No results concerning wave amplitude are
given, although in Section 2, we make use of a

simple wave amplitude equation in order to properly
define the spatial amplification rate.

^3
= iZj

R ^
i (aU + 6W 0)) + ^3'

for the determination of the eigenvalues. The
primes refer to differentiation with respect to

y, and the dependent variables are

Zj(y) = af(y) + 6h(y), Z3 (y) = 4. (y) ,

Zij(y) = TT(y) .

There are two additional uncoupled equations for

h(y) . In Eqs. (2) , a and 6 are the complex wave-
number components in the x and z directions, o) is

the complex frequency, U and W are the mean velo-
city components in the x and z directions , and R
is the Reynolds number UpL /v*, where the velocity
scale Up is the potential velocity and L* is a

suitable length scale. Asterisks refer to dimen-
sional quantities. The modes in Eq. (1) can be

termed plane waves in the x,z plane because of the

phase function, even though there is a modal struc-

ture in the y direction.
The boundary conditions are

Zj(0) =

Zi(y)

Z3(0) =

Z3(y) *

(3)

as y

If we choose x to be the direction of the local
potential flow, then z is the crossflow direction
and

U(y) W(y) as y

Thus U(y) is the mainflow velocity profile; W(y) is

the crossflow profile.
In the temporal stability theory, a and g are

real, and Eqs. (2) can be reduced to two-dimension-
al form in two different ways. The first transfor-
mation is

2 2 1^ _ ga=(a+e) ,U=U+— w.

SR = aR , S/S = uj/a.

(4)

THREE DIMENSIONAL STABILITY THEORY

Formulation and Transformations

The linearized, incompressible, parallel-flow,
dimensionless Navier-Stokes equations for the

elementary modes

'u(x,y,z,t)
v(x,y,z,t)
w(x,y,z,t)
\p(x,y,z,t)

exp[i(ax + Bz - ut) ]

,

(1)

where u,v,w are the velocity fluctuations and p
is the pressure fluctuation, can be reduced to
(M77)

Zi = Zy,

2 2
Z^ = [a +6 + iR(aU + 6W - u))]Zi

2 2
+ (aU' + 6W')RZ3 + i(a + 6 )RZi,, (2)

When W = 0, this is the transformation of Squire
(1933). It relates the eigenvalues of a three-
dimensional wave of frequency oi in a velocity pro-
file (U,W) at Reynolds number R to the eigenvalues
of a two-dimensional wave of frequency a)/cosi|' in

a velocity profile U + W tanijj at Reynolds number
R cosij), where

ijj = tan
-1

(e/a)

is the phase orientation angle.
The second transformation.

a = (a

R = R

2 h
3

)^ aU aU + BW,

is that of Stuart [Gregory et al. (1955) ]. It

relates the eigenvalues of a three-dimensional
wave of frequency 10 in a velocity profile (U,W) at

Reynolds number R to the eigenvalues of a two-
dimensional wave of the same frequency in a veloc-
ity profile U cosi|) + W sinijj at the same Reynolds
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number. The Squire transformation is most useful

for a two-dimensional boundary layer because the

velocity profile is unchanged. Thus all eigen-

values of three-dimensional waves can be obtained

from known eigenvalues of two-dimensional waves
with no additional calculations. In a three-
dimensional boundary layer, the velocity profile
must change and the Stuart transformation is pre-
ferred because the frequency can remain fixed at

a given Reynolds number as the phase orientation
angle iJj is varied.

Spatial Stability Theory

Statement of the Problem

In the spatial stability theory, a and 3 are com-

plex and 0) is real. Neither transformation is of

much utility except when

ct./E "r/Pr- (6)

When (6) is not satisfied, a is complex, and in the

Squire transformation both R and o) are also com-

plex as well as U for a three-dimensional boundary
layer. In the Stuart transformation, U is complex
for all boundary layers. With complex quantities,
we might as well deal directly with (2) , as these
equations have already been reduced to fourth order
and nothing is to be gained from an additional trans-
formation. There only remains the question, to be
answered later in this Section, of whether any use
can be made of the simplification offered by (5)

.

It is convenient to define a real wavenumber
vector

measure of the relative instability of different
velocity profiles, and its amplitude can be applied
to the transition problem.

Introduction of an Amplitude Equation

In order to describe wave propagation in the non-
uniform medium of the boundary layer, equations are
needed for the wave amplitude and the change in the
wavenumber vector in addition to the dispersion
relation. Even though no amplitude calculations
are included in this paper, a consideration of the
amplitude equation will help us select ip.

In a nonuniform medium the elementary modes (1)

are not general enough and must be replaced by

u(x,y,z,t) = A(x,z,t) exp[a (i())x]f (y)exp[i (a x

+ B z - tot)
r

(7)

In this, the exponential amplitude factor has been
written separately in terms of the spatial amplifi-
cation rate a(iji). This amplification rate is the
magnitude of a (k,ii),u,x,z) considered as a function
of k,i(),a),x,z with a fixed value of ijj. Each if de-
fines a coordinate

X = cosip X + sinii z

along which the wave growth is directed.
Nayfeh et al . (1978) have derived an equation

for the amplitude factor A(x,z,t) on the basis of
the multiple scales technique, with A considered
to be a slowly varying function of x,z,t, as are
a, 6,0) and f(y). In a uniform medium, and with A
independent of time, their equation reduces to

3 A 3 A „
C ^— + C ^— = 0,
X d X Z d Z

(8)

k = (aj.,Bj.) ,

and a real spatial amplification rate vector

where C = (Cx,C2)
We may note that

is the (complex) group velocity.
(8) is also obtained from

a = (-aj_, -e>^) ,

in place of the complex vector k - lo. The magni-
tudes of the vectors are k and o, and their di-
rections are given by the two angles

i> tan ^
( !/a^) , ip = tan ( B . /ct .

)

Equation (6) is now seen to be a statement that
k and o are parallel (ip = if)) . Plane waves with
if 7^)J) have been termed inhomogeneous by Landau and
Lifshitz (1960).

The solution of the eigenvalue problem set up
by (2) and (3) gives the complex dispersion relation

3 t
+ (V.C)A 0, (9)

which is the energy conservation equation of Whit-
ham's theory (1974). Davey (1972) has applied (9)

to non-conservative wave motion in a two-dimensional
mean flow, and refers to the amplitude function A
as a pseudo amplitude, or the 'dispersive part' of
the amplitude.

Spatial Mode - Real Group Velocity

We restrict ourselves first to the case of C real

and define the orthogonal coordinates

to = fl (k,a,x,z) .

Even with u, x and z fixed, there remain four real
wave parameters: k, if, a and if. Only two of
these can be determined in a single eigenvalue
calculation, e.g., k and a with if and if specified.
The angle if can be considered an independent
variable on the same basis as the frequency. The

problem is to choose if. What we are looking for
is a single spatial mode which serves the same
purpose as a two-dimensional spatial mode in a

two-dimensional boundary layer, where it represents
the wave produced by a stationary harmonic source

.

" The amplification rate of this mode is used as a

X = cosd) X + sinil) z,
gr ^gr *^gr

z = -sinil) X + cosil) z,
gr gr gr

(10a)

(10b)

where

ijj = tan ^ (C /C„) .

^gr z X

The angle if„j_ defines the direction of the charac-

teristic coordinate x^^^,, which is identical to a

group velocity trajectory, and A is constant along

each characteristic according to (8)

.
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The amplitude portion of (7) is now

a(x,z) = A(z )exp[a(ii))x] , (11)

and (7) can be interpreted as a certain type of
solution for a uniform medium when A is variable,

provided only that A is constant along a character-
istic. A knowledge of A along some initial curve
completely specifies a along the characteristics
of A, and the characteristics of A are also the

characteristics of a. Therefore we can write (11)

as _ _
a(Xgj.) = aQ(Zg^)exp{0gj.Xgj.), (12)

where (10) has been used to eliminate x and

Ogj- = a(iii)cos (ijj-iiigj.) . (13)

Consequently, (7) becomes

u(x,y,z,t) = a^Cz )exp(agj,Xgj,)f(y)exp

wt)]. (14)

normal to Xgj-, the growth in different directions

follows the usual vector law with the amplification

rate in direction iii given by

a (ill, ) = a cos (i|), - ijj ) .
i gr ' gr

We can use (13) to (a) determine Ogj, from a(i|i)

provided ij) is known; (b) determine $ if two

neighboring values of a(ii)) are known; and (c) answer
the question left open previously of whether we can

make use of the simplification in the spatial theory
afforded by (6). The latter is easily done. With

(6) , the transformation (5) applies to spatial waves
and gives

-a. = a (ii) cosii/.

With i)
= i), (13) relates a (^) to -a. by

a cosil)
gr gr

(15a)

2-
[a (iJ;')cosi|j] (1 + tanil) tanij) ) cos ip . (15b)

If a,-, is a constant everywhere, the spatial mode

(14) represents a physical wave in the entire x,z

plane that could be produced by a particular
stationary harmonic line source in a uniform medium.

If a^ is constant only along a characteristic, we

have a form of ray theory, and (14) in turn applies

only along a characteristic (ray) . In other words,

X and z are constrained to follow the characteristic.
The latter viewpoint is more useful for a general,
nonuniform boundary layer, and also applies to a

stationary harmonic line source in a uniform bound-
ary layer when the locus and amplitude, distribution
of the source are arbitrary.

Equation (13) was derived in M77 from a general-
ized Gaster relation between temporal and spatial
amplification rates. Its meaning can best be seen
from Figure 1, where the constant amplitude lines
for the two growth directions ijjgj; and if are shown.
These lines are normal to the direction of growth,
just as the constant phase lines are normal to the

direction of the wavenumber vector. A certain
growth along Xgj- in distance Ax requires the
amplification rate along x to be 1/cos (ijj-^gj-)

larger than the amplification rate along Xgj- to

yield the same growth along x in the shorter dis-
tance Ax = Axgj- cos (ip-ijjgj-) . It is this relationship
between a(!jj) and Ogj- that is expressed by (13). For
a fixed orientation of the constant amplitude lines

It is evident from this expression that (6) is valid
only for ijj =0 (or \p = ij^-j.) . However, a {^) can
be used to calculate a , if ij;_„ is known , on the

gr T 9^^
same basis as any other o (v) This procedure ^s
obviously to be avoided when the direction of k is

perpendicular to that of a .

Spatial Mode - Complex Group Velocity

With a complex dispersion relation, the group veloc-
ity, defined as

C =
3 ti)

da'
3 (1)

3 e
(16)

is also complex. For pure temporal or spatial modes,
C is real only at points of maximum amplification
rate. Consequently, it is important to know how
the complex C affects the preceding analysis. With
C and C complex, (8) is no longer hyperbolic, as

pointed out by Nayfeh et al . (1978). However, it
is still possible to proceed by defining a real
characteristic in the three-dimensional space (Xj- +

ixj^,z). Such a technique was used in a different
context by Garabedian and Lieberstein (1958)

.

The complex vector group velocity is conveniently
described in terms of a complex magnitude and a

complex angle by writing
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With X = X + ix. , and x required to be real,
r 1 g

X = tanhili . (tanli) x - z) ,

1 gi gr r

and

x„ = coshtp .
I
x

g gi V gr
tanilJ tanh^ip . z

gr gi gr

With X real, the analysis for real C applies and
g

gives for the now complex amplitude along the real
characteristic

,

a(Xg) = a (z')exp[a{ii) cos (ij) - i)g)Xg]. (18)

This expression differs from (12) in that_ipg is

complex, Xqj, has been replaced by z_ and z

(orthogonal to x'gj., see below).
We define

gr
X - tan<(' tanh^* , z
gr gr ^gi gr

(19a)

as the characteristic coordinate in the physical
plane to replace Xgj.. The angle between Xgj. and
Xgj. is given by

tan(ii;^j. - ipgj-) = -tanifgj, tanh^ijlg^^. (19b)

We can now write the complex amplitude (18) as

a(Xg) = a^ (Zgj,)exp <; a(iiJ) cos (ijj - ijjgj.) COSh'^lJjgj^

+ i sindp - >()gj-) coshiJjgj_ sinh>Jjgj_ Xgj.ij Xgj

(20)

The real part of the exponential factor defines the
spatial amplification rate along x ' to be

o{\i) ' cos(ip i) ) cosh ill .

gr gi
(21a)

This expression differs from its real counterpart

(13), aside from the factor cosh^ijjgj^, in that here

ipgj. is the real part of the complex angle ijig and

not the angle formed by the real parts of Cx and

Cz- When if = ipg^'

2

and, unlike o
=gr

(21b)

a is not directly calculable as

= cosh il) .

gr gi

an eigenvalue; The imaginary part of the exponen-
tial factor of (20) gives the phase difference be-
tween the elementary mode growing along x and the
spatial mode (20) growing along x' . The phase
difference can be written as

gr

a' - a(il;)= a(ii) sin{ijj - i|) ) cosh>|) . sinhil; .,
gr gr gi gi

'

(22)

gr

magnitude o given by (21b) . The eigenvalues are
preferably computed with ip = ^q^, but as ipgj- is

generally not known in advance, or for computation-
al convenience , they can be computed at a neighbor-
ing i> and a obtained from (21a) . If ip is sufficiently
close to <|;gr» the phase shift given by (22) is

negligible and the orientation angle if is unaffected
by the_transformation.

If i>„ were independent of i|), both (14) and (23)

would also be expected to be independent of i> . How-
ever, as il departs from ijjqj- , o (ii) becomes large and
the evaluation of the complex derivatives in (16)

takes place in a region of the complex a and B

planes well removed from the points which give ii

The same difficulty exists in making comparisons
between temporal and spatial amplification rates

.

Although the elementary modes with arbitrary i|/ are

available for the solution of an initial value

problem by superposition, we give physical signifi

cance here only to the special spatial mode with
iji = ijl . All of the other spatial modes , as well
as the combined temporal/spatial modes with a,6,(jJ

all complex, do not enter the present analysis
except for computational purposes.

OBLIQUE WAVES IN A TWO-DIMENSIONAL BOUNDARY LAYER

Numerical Example of Transformation Formulas

We shall first discuss the transformations from

three- to two-dimensional form and then the trans-

formation between a spatial mode with arbitrary

growth direction and the mode with growth direction
ijjgj-. A single numerical example for the Blasius

boundary layer will suffice. We use the conventional
dimensionless frequency parameter F = (ij*v*/U*j,

and choose the length scale to be L* = (x*v*/U*)'^.

With this choice, the Reynolds number appearing in

(2) is R = (ut x*/v*)'2. The subscript 1 refers to

freestream conditions.
For F = 0.2225 x lO""*, R = 1600 and ip = 50°, a

direct calculation of the eigenvalues with (6), i.e.,

il = 50°, or the. completely equivalent two-dimensional

calculations with either the Squire or Stuart

transformations, gives

k = 0.1671, oW = 4.119 X 10-2.

Application of the wavenumber transformation rule

in (4) and (5) gives

1 = 0.1074, -a. = 2.648
r 1

10-

for the complex wavenumber in the x direction^

If ijjqj- is computed in the neighborhood of i|i •

50° from (13) by means of the assumption that a

is independent of ii and with the frequency held

constant, we find

gr

where a is the wavenumber component in the Xg^
direction. We can now write the complex C counter-
part to the pure spatial mode (14) as

u(x,y,z,t) = a (z^j.)exp(ox' ) f(y)

Fci' - a(ii;)'1x' - ut^ (23)
L gr J gr

exp<i(a X + g z +
I r r

With (23) we have arrived at the spatial mode
that will be used for the numerical calculations
to follow. The amplitude growth is along x'j. with

il = 9.39°
gr

to be an approximate value for the real part of the

complex angle of the group velocity vector. (If

the wavenumber is held constant, ijjgr = 8.80°; a

value closer to the angle formed by the real parts

of Cx and C^-) The eigenvalues of the ij) - 50° wave

with il = 9.39° are

k = 0.1669, o = 3.127
gr

10' •3
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and in the x direction

0.1073, -a^ 3.085 10-3

The eigenvalues computed with (6) differ from these

values in the fourth decimal place, which means

that a. has an unacceptable error of 16.5%, an

error which can also be calculated directly from

(15b) . Consequently, this example reiterates that

(6) , or the real Squire and Stuart transformations,

can only be used if i|) = (or i|j = ij'gj.) •

For the check of the transformation of an ele-

mentary spatial mode with growth direction x to the

'physical' mode with growth direction Xg^-, we start

by calculating the eigenvalues as a function of t()

for < i|) < 95° and the same F, R and i|) as in the

previous example. In addition, we calculate the

complex group velocity by evaluating the complex
derivatives of (2) from central differences for

increments in a,-, 6j- of ±0.001 about the calculated

Oj-, Pr ^t each ii . The real and imaginary parts of

the complex angle ijjg are listed in columns 2 and 3

of Table 1. The angle iig-j- of the growth direction

x' , as obtained from (l9b) , is listed in Column
4. Eigenvalues were computed as a function of ijj

with ii = 50° by integrating (2) , starting at y/L =

8.0, with a fourth-order Runge-Kutta integration
and 80 equal integration steps. The results are
listed in columns 5 and 6

.

If (13) with ipgr = tan"l (C^j^/Cj^r' ^^ applied to

the a (i)) given in column 6, a nearly constant a^^

is obtained out to about t = 60°. For ^ > 60°, Ogj.

decreases steadily, and at i|; = 95° it is 21% lower

than the Ogj- for t|; = iigj-- Columns 7 and 8 give the

angle i|) and wavenumber k for ii = ij^gr as calculated

from the phase-shift formula (22) of the transform-

ation for complex group velocity. The corresponding
amplification rate, as calculated from {21a), is

listed in column 9. Comparisons of directly com-

puted eigenvalues with these k and a are provided
in the last two columns. Column 10 lists the eigen-

value k computed for the i/jgj. of coliram 2 and the ijj

of column 7. Column 11 lists the amplification
rate a obtained from the eigenvalue a„j- accompany-
ing k and from (21b)

.

We see that the transformation formulas work
quite well out to ip = 60°, where the difference

between columns 9 and 11 is 0.13%. The change of
the a in column 9 with ijj is only about half of the
change given by the transformation with real group
velocity and the correct ij)gr given by C^jj. and C^^--

In this particular example, at least, the smallest
change of a with ijj is found if (13) is used with
ij; also computed from (13) on the basis of two
neighboring values of a(ijj) obtained with the fre-
quency held constant and Ogj. assumed to be indepen-
dent of ii . The conclusion to be drawn is that in

order to obtain the desired spatial amplification
rate a as defined by (21b), a(ii/)may be computed at

some convenient ij) which can differ from the correct
i|j by as much as 40° or 50°, but should be as close
as possible^ Only later, after ijjgj- and ii^^ are

know, is a(ii)) converted to o by the transformation
formulas. Almost any of the methods discussed above
for applying the transformations gives acceptable
numerical accuracy.

Effect of Obliqueness Angle on Instability

The frequency F = 0.2225 x 10""* used in the examples
of the previous Section is the most unstable fre-

quency at R = 1600, and the maximiim amplification
rate for this frequency occurs for ^ = 0° . The
distribution of a with i); is shown in Figure 2 for

this frequency and F x lo"* = 0.280, 0.1490 and

0.1008. The latter two frequencies are the most
unstable for ip = 60° and 75°, respectively. They
have their peak amplification rates, not for i|i = 0°,

but for ^ = 34.4° and 61.8°, respectively. These
results demonstrate that although the maximum am-

plification rate at a given Reynolds number with
respect to both frequency and orientation occurs

for a two-dimensional wave, the maximum amplification
rate with respect to orientation of given frequency

occurs for. a three-dimensional wave if the frequency
is less than the most unstable frequency.

The envelope curve formed by the individual
frequency curves is also shown in Figure 2 . This

curve gives cij^^jj, the maximum amplification rate

with respect to frequency, as a function of iC- The

envelope curve emphasizes the wide range of unstable
orientations in a two-dimensional boiandary layer.

It can be seen that Om^x ^^ "°*- reduced to one-half

TABLE 1 Numerical check of spatial-mode transformation for complex group
velocity. R = 1600, F = 0.2225 x 10""*, ^ = 50°.

gr ^i^

gr
k a(iij) X 10-

gi (19b) eig. , ii = 50"

t k

(22)

a X 10-
a X iqS

(21a) ^^5-'
<!, = 4,

i|j of C7

gr

10 11

9.23

9.21 9.21

30.0 9.16

-4.03 9.18

-4.02 9.16

-4.02 9.11

60.0 9.08 -4.00 9.04

90.0 8.67 -3.88 8.63

95.0 8.36 -3.63 8.33

0.1668 3.171 49.99 0.1669 3.145

0.1669 3.127 50.00 0.1669 3.143

0.1670 3.340 50.02 0.1669 3.137

0.1672 4.928 50.06 0.1670 3.122

0.1687 19.66 50.30 0.1677 2.977

0.1710 46.04 50.66 0.1688 2.710

0.1669 3.146

0.1669 3.143

0.1669 3.138

0.1670 3.126

0.1676 3.060

0.1686 2.957
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FIGURE 2. Amplification rate as function of ^ for four

frequencies. Blasius boundary layer, R = 1600.

of its two-dimensional value until ijj has increased
to 60°. With unstable waves for -79° < i|) < 79°, a

consideration of only the two-dimensional wave gives
an incomplete picture of the instability of the
boundary layer.

THREE-DIMENSIONAL FALKNER-SKAN BOUNDARY LAYERS

In order to study the influence of three dimension-
ality in the mean flow on boundary- layer stability,
it is necessary to have a family of boundary- layers
where the magnitude of the crossflow can be varied
in a systematic manner. The two-parameter yawed-
wedge flows introduced by Cooke (1950) are suitable
for this purpose. One parameter is the usual Falkner-
Skan dimensionless pressure gradient; the other
is the ratio of the spanwise and chordwise velocities.
A combination of the two parameters makes it possible
to simulate simple planar three-dimensional boundary
layers

.

The inviscid velocity in the plane of the wedge
and normal to the leading edge is

U* =
c,

C*(x*

where the wedge angle is (Tr/2) B and 8 = 2m/(m+l).
We shall refer to this velocity as the chordwise
velocity. The velocity parallel to the leading
edge, or spanwise velocity is

W* = const.
SI

The subscript 1 refers to the local freestream. For
this inviscid flow, the boundary- layer equations
in the x direction, as shown by Cooke (1950),
reduce to

f " + ff

"

m+1
2

This equation is the usual Falkner-Skan equation
for a two-dimensional boundary layer, and is inde-

pendent of the spanwise flow. The dependent vari-
able f(n) is related to the dimensionless chordwise
velocity by

U =
c

U*
2_\ f'(n)

,m+l/

and the independent variable is the similarity
variable

n = y v*x*

where x^ is measured normal to the leading edge.
Once f (ri) is known, the flow in the spanwise di-
rection Zg is obtained from

g^' + fg'

where
W*

= s

W*
Sl

g(Ti)

Both f ' (n) and g(n) are zero at n = and approach
unity as n -> ". Tabulated values of g(ri) for a
few values of 6 , may be found in Rosenhead (1963,

p. 470) .

The final step is to use f (n) and g(r)) to con-
struct the mainflow and crossflow velocity components
needed for the stability equations. A flow geometry
appropriate to a swept back wing is shown in Figure
3. There is no undisturbed freestream for a Falkner-
Skan flow, but such a direction is assumed and a
yaw, or sweep, angle ifi is defined with respect to
it. The local freestream, or potential flow, is at
an angle iip with respect to the undisturbed free-
stream. It is the potential flow that defines the
x,z coordinates of the stability equations. The
angle of the potential flow with respect to the
chord is

tan

W*

U*~
c.

and 6 is related to i1j and Ui by
sw p

UNDISTURBED
FREESTREAM

FIGURE 3. Diagram of coordinate systems used for

Falkner-Skan-Cooke boundary layers

.
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= ("c? + wth'i,
SI'with the local potential velocity, Up

as the reference velocity, the dimensionless main-

flow and cross flow velocity components are

u(n) = f (n) cos e + g(n) sin

w(n) = pf (n) + g(n) cose si

(24a)

(24b)

These velocity profiles are defined by gjj, which
fixes f (n) and g(n), and the angle 9. We note

from (24b) that for a given pressure gradient all

crossflow profiles have the same shape; only the

magnitude of the crossflow velocity changes with

the flow direction. In contrast, according to

(24a), the mainflow profiles change shape as 9 varies.

For 9 = 0, u(n) = f'(n); for 9 = 90°, u(n) = g(n) ;

for 9= 45°, the two functions make an equal con-

tribution .

When the velocity profiles (24) are used directly

in the stability relations, (2), the velocity and

length scales of the equations must be the same as

in (24) . This identifies the velocity scale as U*,

the length scale as

v*x*/U* (x*)
c c, c

and the Reynolds number U*L*/v* as
P

R /cos

9

c

where R = Tu* (x*)x*)v*
^

C I CJ c c
_J

is the square root of

the Reynolds number along the chord. For positive
pressure gradients (m > 0) , 9 =90° at x = and
9->-0°asx^«'; for adverse pressure gradients
(m < 0) , 9 = 90° at X = and 9 ^ 0° a's x ^ »; for

adverse pressure gradients (m<0),9=0°atx=
and 9 -» 90° as X ^ ». The Reynolds number R^ is

zero at X = for all pressure gradients, as is

R with one important exception. The exception is

where m = 1 (Sh = D is the stagnation-point solution;

here it is the attachment-line solution. In the

vicinity of x = 0, the chordwise velocity is

U* = X* (dU* /dx*) „.
Cj c c c x=0

The potential velocity along the attachment line is

W* , and the Reynolds number is
SI

R(x=0) = W* /
SI

V*(dU*^/dX*)^,»]
a non-zero value.

For the purposes of this paper, 9 may be regarded
as a free parameter, and the velocity profiles (24)

used at any Reynolds number. However, for the flow
over a given wedge, 9 can be set arbitrarily at only
one Reynolds number. If

the 9 at any other R
ref

is given by
is 9 at R = (R

ref'

tan 9 tan 9
ref

(R JR
ref c

m/(m+l) ,

For m << 1, the dependence on R is so weak that 9

is constant almost everywhere. One way of choosing
(Re) ref within the context of Figure 3 is to make
it the chord Reynolds number where i|jp = 0; i.e.,
the local potential flow is in the direction of the
undisturbed freestream.
yaw angle ip

Then 9 , is equal to the
ref

0.7
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TABLE 2. Properties of three-dimensional Falkner-Skan-Cooke boundary layers.
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TABLE 3. Wave parameters at minimum critical
Reynolds number of steady disturbances.

FIGURE 8. Minimuin critical Reynolds number as function

of pressure gradient: , steady disturbances, Falkner-
Skan-Cooke boundary layers with 6 = 45°; , two-

dimensional Falkner-Skan boundary layers [from Wazzan
et al. (1968) ]

.

(deg)

FIGURE 9. Effect of flow angle on minimum critical
Reynolds number of steady disturbances for 6;^ = 1.0
and separation boundary layers.

s
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lated in a single computer run with ijigj- = 0°, and

then corrected to an approximate ii)gj-(k) obtained
from (13) with constant wavenumber . A least-squares
curve fit to o (k) provided Oj^gx' to maximum spatial
amplification rate with respect to the vector wave-
number, and kpiax S"'^ '''max' the magnitude and direc-
tion of the wavenumber of Omax-

Figure 10a gives o^^^ as a function of the di-
mensionless frequency F, and also shows the portion
of the iJi-F plane for which there is instability.
The unstable region is enclosed between the curves
marked i|/ and \li . These curves represent either
neutral stability points or extrema of ift.

The corresponding wavenumber magnitudes are
shown in Figure 10b. The negative frequencies
signify that with

\l)
taken to be continuous through

F = 0, the phase velocity changes sign. If we

choose i|) so that the wavenumber and phase velocity
are both positive, then it is i|) that changes sign
at F = 0. Consequently, there are two groups of
positive unstable frequencies with quite different
phase orientations. The first group, which includes
the peak amplification rate, is oriented anywhere
from 5° to 31° (clockwise) from the direction opposite
to the crossflow direction. The second group is

oriented close to the crossflow direction itself.
All of the unstable frequencies have in common

that the direction of growth is within a few degrees
of the potential-flow direction. The angle ijiqj- of

"{"max' ^s computed from (13) , is negative and has
its largest magnitude of just under 6° near F =

-0.60 X 10" . Orientations other than tmax "^^^

have growth directions further removed from the
flow direction.

Boundary Layers with both Crossflow and Mainflow
Instability

As an example of a boundary layer which has both
crossflow and mainflow instability at low Reynolds
numbers, we selects, = -0.10 and 6 =45°. In con-
trast to the previous case, the steady disturbances
do not become unstable until a Reynolds number, R =

275, where the peak amplification rate is already
7.35 X 10"^. [For g^ = -0.10 and 6=0° Omax =

11.0 X 10-3 ^^ p ^ 2.2 X lO-"* according to Wazzan
et al. (1968)]. The distribution of a with i|) is

shown in Figure 11 for F = 2.2 x lO"**, a frequency
close to the most unstable frequency of F = 2 . 1 x

10" . We see that with a maximum crossflow velocity
of 0.0349 (cf . Table 2) , the distribution of a about
ij; = 0° is markedly asymmetric, and the maximum
cimplification rate of 7.31 x 10" 3 is located at iji

=

-29.4° rather than near zero. This asymmetry was
barely perceptible for the small crossflow boundary
layers of Figure 7 where the crossflow is only one-
sixth as large. The a at i() = 0° of Figure 11 (5.82
X 10"^) is close to Oitiax with respect to frequency
of the 1^) = 0° waves (5.91 x 10~3) . since this value
is 20% below the peak amplification rate , the i|;

=

0° waves are no longer adequate to represent the
maximum instability as with small crossflow boundary
layers. Figure 11 also gives the distribution with
iii of k and ij^gj.. The latter quantitiy was obtained
from (13) with constant wavenumber, and we see that
it remains within ± 7.5° of the potential-flow
direction throughout the unstable region.

Because R = 276 is the minimum critical Reynolds
number of the steady disturbances, the unstable
region terminates in a neutral stability point at

S 6

1 1 1
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Experiments on Heat-Stabilized Laminar

Boundary Layers in a Tube

Steven J. Barker
Poseidon Research* and University
of California at Los Angeles

ABSTRACT

There has been considerable recent interest in the

stabilization of water boundary layers by wall
heating. Calculations based upon linear stability
theory have predicted transition Reynolds numbers
as high as 2 x 10° for a zero pressure gradient
boundary layer over a heated wall. The flow tube
experiment described in this paper was intended to
investigate these predictions. The test boundary
layer develops on the inside of a cylindrical tube,
0.1 ra in diameter and 6.1 m in length. The dis-
placement thickness is small relative to the tiibe

radius imder nearly all operating conditions . The
tube is heated by electrical heaters on the outside
wall . The location of transition can be determined
by a heat flux measurement, by flush-mounted hot
film probes , or by flow visualization at the tube
exit.

A transition Reynolds number of 10 can be ob-
tained without heat, which shows that free stream
turbulence and other perturbations are well con-
trolled. At 7°C wall overheat, a transition
Reynolds number of 42 x 10° has been obtained,
which is at least as high as the prediction for

that overheat. However, as temperature is further
increased there have been no additional increases
in transition Reynolds number, which is in contra-
diction to the theory

.

Possible reasons for the differences between
theory and experiment have also been investigated.
New test section exits have been developed to
determine the effects of downstream boundary con-
ditions upon the flow. An instriimented section
has been used to measure detailed velocity profiles
in the boundary layer, and determine intermittency
as a function of azimuthal angle. From these
measurements we can evaluate the possibility of

*
• . ^

This work was performed by the Marine Systems Division o£

Rockwell International, and Poseidon Research. It was

sponsored by the Defense Advanced Research Projects Agency.

buoyancy-generated instabilities in the tube.

Future tests will also investigate the influence

of free stream turbulence, streamwise vorticity

in the boundary layer, and wall temperature vari-

ations .

1 . INTRODUCTION

Numerical calculations such as those of Wazzan,

Okamura, and Smith (1968, 1970) have predicted large

increases in the transition Reynolds numbers of

water boundary layers with the addition of wall

heating. The stabilizing mechanism is the decrease

in fluid viscosity near the wall resulting from the

heating. This increases the negative curvature

of the velocity profile, making the flow more stable

to small disturbances. The present study is an

experimental investigation of these predictions,

using the boundary layer developing on the inside

wall of a cylindrical ttibe. This boundary layer is

thin relative to the tube diameter, so that it

approximates a boundary layer over a flat plate.

The numerical predictions of Wazzan et al. are

based on two-dimensional, linear stability theory.

The mean flow is assumed plane and parallel, and

the superimposed small disturbance is described by

a stream function.

ii (x,Y,t) = <ti(y) exp ia{x-ct) (1)

Here (j) (y) is the disturbance amplitude, a is the

wavenumber and is assumed real, and c is the wave

velocity which may be complex. The imaginary part

of c determines whether the disturbance is tempo-

rally amplified or damped. If we siibstitute this

stream function into the Navier-Stokes equations

and linearize, taking account of the variation of

viscosity ]i

(U - c) {(()'

k

a <t>)

with distance from the wall

2

we find

[)) - U" -[p(<i>""

+ 2p' ((|

aRe

') + y"(q

2a

2
,

(2)
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In this equation, U (x) is the external flow velocity

and Re is the Reynolds niomber based upon free stream

velocity U^ and boundary layer thickness 5 . This

is known as the "modified Orr-Sommerfeld equation,"

the variable viscosity terms.

Wazzan et al. have solved Eq. (2) numerically

for the boundary layer over a heated flat plate,

using velocity profiles generated by the method of

Kaups and Smith (1967). The solutions determine

the critical Reynolds number, which is the lowest

Reynolds number at which any disturbance has a

positive amplification rate. The last step of the

calculation is to relate the critical Reynolds

number to the transition Reynolds number, using the

"e to the ninth" criterion of A. M. O. Smith (1957).

According to this empirical criterion, transition

occurs when the most unstable disturbance has grown

to e^ (which is 8,103) times its original amplitude.

The linear theory is used in calculating the growth
of the disturbance to this amplitude.

Strasizar, Prahl, and Reshotko (1975) have

measured growth rates of disturbances generated by

a vibrating ribbon in a heated boundary layer. They

found neutral stability curves and were able to

determine critical Reynolds numbers for wall over-

heats of up to 5°F (2.8°C). They found that in this

range of overheats the critical Reynolds numbers
are in reasonable agreement with the theoretical
predictions. These experiments were performed at

moderate Reynolds numbers and did not yield data on
transition or on stability at higher overheats.

The results of the Wazzan et al. calculations
predict that the transition Reynolds number of a
zero pressure gradient boundary layer should increase
with wall temperature up to about 70°F (39°C) of

overheat if the free stream temperature is 60 °F

{16°C) . At that overheat, the transition Reynolds
number should be in excess of 2 x 10 (based upon
distance from the leading edge) . Thus the experi-
ment designed to investigate these predictions must
be able to generate a very high Reynolds number
boundary layer while maintaining low free stream
disturbance levels. The wall should be very smooth
and its temperature must be precisely controlled.
These are the chief considerations that led to the
experimental geometry described below.

2. EXPERIMENTAL APPARATUS

Configuration

A facility in which water is recirculated through
the test section was not used for two reasons. (1)

Heat is continuously added to the test section so

that a recirculating experiment would require some
sort of heat exchanger. (2) The free stream tur-
bulence level in the test section must be less than
0.05 percent, which has previously been difficult
to achieve in a recirculating water facility. The
experiment must then be of the "blow-down" type,
in which water is removed from one reservoir and
discharged into another. Run times of more than
twenty minutes are desired, which requires large
reservoirs. This led to the selection of the Colo-
rado State University Engineering Research Center
as the site of the experiment. Here the water
supply is Horsetooth Reservoir, which provides
water to the laboratory through a 0.6 m diameter
pipe at a total pressure of 6.8 x 10^ N/m^ (100 lb/
in.^). The discharge runs into a smaller lake be-

FLOW TUBE

24 IN. DIA
DISCHARGE
LINE

BALL VALVE
VIBRATION
ISOLATION
SECTION

FIGURE 1. Experimental geometry.

low the laboratory. At the maximum flow rate of
this experiment (200 liters/sec) , the run time is

effectively unlimited.
The flow tube apparatus consits of a settling

chamber for turbulence management, a contraction
section, a test section and various types of instru-
mentation described below. A diagram of the experi-
mental geometry is shown in Figure 1.

Settling Chamber

The inside diameter of the settling chamber is 0.6

m, the same as that of the supply line from the

reservoir. The test section is 0.102 m in diameter,

so that the contraction ratio is 35:1. The settling
chamber is made up of four separable sections, as

shown in Figure 2. The sections are made of fiber-
glass to avoid heat transfer through the walls, and
their total length is 3.35 m. Each end of each
section is counter-bored to hold a . 15 m long
aluminum cylinder with a 1.3 cm wall thickness.
Each cylinder will hold one or more turbulence
manipulators, including screens, porous foam, or
honeycomb material. This design allows the settling
chamber to be assembled in different configurations,
so that it can be optimized experimentally.

The details of the design and optimization of
the turbulence management system have been reported
separately [Barker (1978) ] . The configuration
shown in Fibure 2 was arrived at after a great
deal of testing. There is a considerable body
of literature on the subject of turbulence
management, and this provided some guidelines
for the optimization of the present system.
The most detailed recent study is that of Loehrke
and Nagib (1972) , who measured mean velocity and
turbulence level downstream of various turbulence
manipulators . Further recommendations for the
construction of a turbulence management system
have been given by Corrsin (1963) , Bradshaw (1965)

,

and Lumley and McMahon (1967)

.

At the downstream end of the settling chamber is

an additional 0.30 m long section containing porous
wall boundary layer suction. Hot film anemometer
surveys in the settling chamber have shown that
at test section velocities above 9 m/sec (0.26 m/sec
in the settling chamber) the boundary layer becomes
turbulent before the flow enters the contraction.
A thin turbulent boundary layer entering the strong
favorable pressure gradient of the contraction
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FIGURE 2. Schematic of turbulence manage-

ment system.

section will tend to "relaminarize, " as described

by Laiinder (1964) and Back et al. (1969). However,

this would leave us with unknown initial conditons

at the entrance to the test section. Therefore we

have added the suction section to completely remove

the turbulent boundary layer. This section has a

0.1 m length of porous wall surrounded by an annular
plenum chamber. The suction flow from the plenum

is controlled by a valve and a Venturi meter. At

each test section velocity above 9 m/sec, the

suction flow is adjusted to the minimum value

necessary to remove the turbulent boundary layer

at the contraction entrance.

Contraction and Test Section

The 35:1 contraction was designed by a potential
flow calculation using the method of Chmielewski

(1974). The length . to diameter ratio of the

contraction was chosen by balancing the effect of

relaminarization with that of the Goertler insta-

bility in the concave-curved portion. A careful

study of these two effects led to a length to

diameter ratio of 2.25, which made the contraction

1.37 m long. The contraction was constructed in

two sections: a fiberglass upstream half and an

aluminum downstream half. The joint between the

two sections is in the region of greatest favorable

pressure gradient, and has no measurable step across

it.

Recent velocity measurements in the test section
(discussed below) have led to the design and con-

struction of a new contraction section to replace

the original one. The new contraction will have

an annular bleed flow surrounding an entrance

section which is all convex. In this way the

concave-curved wall, which can produce Goertler

vortices, will be avoided entirely. Results using

this new contraction will soon be available.

The flow tube test section is 6.4 m in length

and 0.102 m in diameter, with a 2.5 cm wall thickness.

It is made of aluminum, and the inside wall has been
polished to a surface roughness of less than 10"' m
RMS (4 micro-inches) . Surface waviness has been
measured as less than one part per thousand for

wavelengths less than 2 cm. The tube has been

optically aligned on site so that it is straight to

within less than 0.018 cm over its entire length.

The outside wall is covered with electrical band
heaters, which are connected together in groups
covering about 0.30 m of length. Each heater group

is servocontrolled by a system which maintains a

preset temperature on a thermocouple located near

the inside tube wall. In this way the inside wall

temperature can be controlled independently of flow

velocity, and different variations of temperature

along the tube length can be studied.

To avoid tripping the boundary layer, no pene-

trations of the inside wall are allowed except at

the downstream end. The only instrumentation in

the test section is an array of thermocouples within

the wall, spaced along the tube length. At each

location, there is one thermocouple on the outside

surface and one in a small hole drilled to within

0.15 cm of the inside surface. The temperature

difference between the two thermocouples determines

the heat flux through the wall at a particular

location. Since heat flux increases by a factor of

about ten at the transition point, these temperature

measurements should provide a good transition
indicator. A total of 53 thermocouple voltages are

digitized and recorded.
During the earlier experiments, there was a single

hot film anemometer probe at the downstream end of

the test section. This probe was located within

the boundary layer and was used to indicate inter-

mittency only. In the more recent measurements, a

new instrumented section has been developed and

installed on the- downstream end of the test section.

This section is 0.61 m long and its inside diameter

matches that of the test section to within 2 x lO"^

m. Two types of measurement can be made in the

instrumented section. Very small Pitot tubes can

be used to traverse the boundary layer and measure

mean velocity profiles, and flush mounted hot films

can determine intermittency at various locations.

Since the boundary layer is typically less than

0.5 cm thick, the Pitot tubes must be very small.

The one being used at present has a cross-section

of 0.013 X 0.076 cm. The smaller dimension is

oriented in the direction perpendicular to the wall.

The tube is traversed from the wall to the free

stream by a micrometer, which can position it with

an uncertainty of ±0.002 cm. In addition, the

entire central portion of the tube can be rotated

in the azimuthal direction so that the Pitot tube

can be traversed about the circumference of the

test section. The azimuthal rotation can be per-

formed while the experiment is running.

The hot film anemometers in the instrumented
section are all mounted flush with the wall to avoid

tripping the boundary layer. The Pitot tiobes are

removed from the section while hot film measurements
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are being made. The films are used only to determine
intermittency , hence they are not calibrated. There

are eight hot film locations— two streamwise sep-

arated stations each having four probes at different
azimuthal angles. All eight outputs can be displayed
simultaneously on oscilloscope traces or recorded
on a photographic strip-chart recorder.

A high static pressure must be maintained in the

test section to avoid possible cavitation or out-
gassing from heated walls. Therefore the pressure
loss for controlling the flow velocity is located
at the downstream end of the experiment. Originally,
a set of sharp-edged orifice plates was used on the

end of a 1 m long extension tube added to the test
section. Concern over possible upstream influence
of the disturbances generated at the orifice plate
led to the development of a smooth contraction
section for the downstream end. With the smooth
contraction, it is possible to maintain laminar
flow all the way to the exit of the experiment, and

thus determine transition by flow visualization in

the exit jet. In addition, a "plug nozzle" has
been developed, which consists of a strut-supported
central cone which can be moved in and out of the
end of the test section. This adjustable exit
valve permits us to vary the test section static
pressure independently of flow velocity while main-
taining laminar flow all the way to the exit. With
any of these possible exit conditions, the test
section velocity can be determined from the test
section static pressure and the known discharge
coefficient of the nozzle.

3 . RESULTS

Free Stream Turbulence

Mean and fluctuating velocities were measured in

the settling chamber by a cylindrical hot film
anemometer. The probe penetrated the settling
chamber wall 0.1 m downstream of the boundary layer
suction section, and could be traversed from the
wall to the centerline. Mean velocities and tur-
bulence levels were measured at many points, and
turbulence spectra were measured at two or three
points for each flow condition. In addition, a

1.2 m long instrumented straight tube could be
substituted for the 6.4 m test section. This short
tube contained a Pitot tube, accelerometers , and
hot film probes . The unheated transition Reynolds
number was measured in the 1.2 m tube for each
settling chamber configuration. This Reynolds
number varied from 800,000 for the empty settling
chamber with no turbulence manipulators to 5.0 x

10 for the "best" configuration. This configura-
tion (shown in Figure 2) includes one piece of porous
foam, two sections of honeycomb, and four screens.
The last screen is located 0.3m upstream of the
beginning of the contraction, and has a mesh of 24
per cm. All screens in the settlinig chamber have
more than 55 percent open area, in accordance with
the findings of Bradshaw (1965)

.

Detailed results of the velocity measurements
in the settling chamber have been reported separately
[Barker (1978)], and are only summarized here. At
test section velocities less than 9 m/sec, the
settling chamber boundary layer remains laminar and
the only effect of the suction is to make it thinner.
The turbulence level is about 0.07 percent at all
distances from the wall for the configuration of

Figure 2. At higher velocities the turbulence level
near the wall reaches 3 or 4 percent with no suction,

but remains 0.07 percent at distances from the wall
greater than 2 cm. As the suction flow rate is

increased, the mean velocity profile shows thinning
of the boundary layer and the turbulence level near
the wall drops rapidly. At the optimum suction
rate, the highest turbulence level near the wall
in the settling chamber is about 0.4 percent. The
suction has no measurable effect upon the mean
velocity profile or turbulence level more than 2

cm from the wall.
The settling chamber velocity measurements and

the unheated transition Reynolds numbers indicate
that the turbulence management system is performing
well. If the turbulence level reduction through
the contraction is proportional to the square root
of the contraction ratio [Pankhurst and Holder
(1952)], then the turbulence level in the test
section should be about 0.01 percent. This is

lower than the turbulence level recorded in most
wind tunnels , and certainly lower than any previ-
ously reported water tunnel.

Transition Reynolds Numbers

Figure 3 shows measured transition Reynolds numbers
as a function of wall overheat for the uniform wall
temperature case. The results on the upper curve
were obtained with the smooth, laminar flow nozzle
at the downstream end of the test section, using
flow visualization at the exit to determine tran-
sition. The water temperature was approximately
50°F (10°C) during these tests. Note that the
transition Reynolds number rapidly increases with
wall temperature up to 10 °F (6°C) wall overheat,
at which it has reached a value of 42 x 10 .

This represents a factor of four increase in tran-
sition Reynolds number for a relatively small heat
input. However, above 10°F there are no further
increases in transition Reynolds number, while the
theory predicts that it should increase up to about
60°F (33°C) overheat. Previously published results
[Barker and Jennings (1977) ] have shown that varying
the wall temperature distribution does not change

/ SMOOTH

WAZZAN, ET. AL.

/J= 0.07

ONE EXTENSION

6 10 16 20 25

OVERHEAT, AT (°F)

FIGURE 3. Transition Reynolds numbers measured at

exit: one extension tube.
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this result. In fact, uniform wall temperature has
produced the largest transition Reynolds numbers to

date. The primary difference between the results
shown here and those published previously is that
the present experimental curve reaches the limit
Reynolds number of 42 x 10^ at a lower overheat
than before. This change is attributed to the

improvement of the exit conditons with the develop-
ment of the laminar flow nozzle.

All of the data of Figure 3 were taken by main-
taining laminar flow over the full length of the

tube and observing transition at the exit. If the

flow velocity is increased further, so that the

transition region moves upstream in the test

section, the measured transition Reynolds numbers
are much lower. In addition, there is a hysteresis
effect when transition is allowed to move more than

about 1 m upstream from the exit. That is, to

restore fully laminar flow over the full tube length
the velocity must be reduced to a value lower than
that which previously yielded fully laminar flow.

This hysteresis may be a phenomenon which is accen-
tuated by the flow tube geometry. The free stream
in the flow tube is confined by the boundary layer,

so that the boundary layer can influence the free
stream once it becomes turbulent. This free stream
influence could propagate upstream, which has led
to conjecture about disturbances from the test
section exit affecting the transition Reynolds
number.

To test this hypothesis of downstream disturbances
affecting transition Reynolds number, a separate
study has been conducted to determine the dependence
of transition upon the tube exit geometry. As dis-
cussed above , there are three types of exit nozzle
available: orifice plates, the smooth contraction,
and the plug valve. In addition, the length of
unheated tube between the heated test section and
the exit can be varied from zero to 3.7 m in incre-
ments of 1.22 m. For each configuration, transition
can be determined either at the exit itself or at

the end of the heated section . Transition at the
exit is easily determined by flow visualization, as

shown in Figure 4. This photograph of the smooth
exit contraction shows laminar flow (4a) and turbu-
lent flow {4b) , both at a length Reynolds number
of approximately 40 x 10 . In Figure 4a, note
the glassy region very near the exit, which soon
becomes milky in appearance as the air-water shear
layer undergoes transition. The longitudinal streaks
in Figure 4a are appraently due to Goertler vortices
generated in the concave part of the smooth exit
contraction. They are not seen with the plug valve
exit, which has no concave region.

The data of Figure 3 are for one 1.22 m extension
section on the end of the heated section, followed
by either the smooth contraction or the orifice
plate. Transition is measured at the exit in either
case . Note that the transition Reynolds numbers
with the orifice plate exit are about 20 percent
lower than with the smooth contraction, showing a
definite effect of the exit condition. Figure 5

shows the same comparison with 2 . 44 m of unheated
extension tube between the test section and exit.
Here we see a much larger difference between results
with the orifice and with the smooth contraction.
The smooth contraction transition Reynolds numbers
are nearly the same as with 1.22 m of extension,
tiibe , while the orifice Reynolds numbers have
dropped almost by a factor of two. Clearly the
effect of the exit condition upon transition Reynolds

FIGURE 4a. Exit jet from smooth nozzle:
boundary layer.

FIGURE 4b. Exit jet from smooth nozzle:

boundary layer.
turbulent
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CONCLUSIONS REFERENCES

The flow tube experiment has already demonstrated
that wall heating can have a significant effect
upon transition Reynolds numbers in water boundary
layers. Although the maximum transition Reynolds
number of 42 x 10 is well below the predicted
maximum, this value has been obtained with only
7°C wall overheat. The unheated transition Reynolds
number of 10 shows that disturbances are well
controlled in the experiment.

Possible causes for the differences between the

predicted and realized transition Reynolds numbers
at higher overheats are still under investigation.
Preliminary results from the instrumented section
indicate that buoyancy-driven instabilities are
not a significant factor. However, major deviations
from boundary layer axisyrometry have been observed
even with no wall heat. These perturbations of the
unheated flow could themselves have an effect upon
transition Reynolds numbers. This is particularly
true if the actual disturbances are Goertler vortices,
because these vortices would increase in strength
with increasing flow velocity. Since the transition
length is fixed at the end of the tube in this
experiment, transition Reynolds number will be
directly proportional to velocity. Thus the
Goertler vortices could impose a limit in transition
Reynolds number if they begin to dominate the
transition process above some critical flow velocity.
This hypothesis will be tested by the installation
of the new contraction section, which eliminates
the possibility of Goertler vortex formation.
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ABSTRACT

Some of the effects of freestream turbulence and a

dilute polymer solution on the fully wetted flow
and the subsequent cavitation inception has been
investigated for three different bodies. Two of
these bodies possess a laminar separation and one
does not. In the fully wetted investigation the
flow on one of the bodies was found to be insensi-
tive to the present disturbances whereas the other
two were found by comparison to be very sensitive.
Although there is a pronounced "suppression" of
inception by the polymer, it seems clear that the
effects observed are due primarily to the change
in the real fluid features of the flow past the
bodies themselves and not to an intrinsic cavita-
tion process. There appeared to be no special poly-
mer effect, insofar as cavitation is concerned, on
the body not having a laminar separation, confirm-
ing the results of van der Meulen. Due to practical
limitations the effects of turbulence per se on in-
ception could not be separately evaluated.

The inception index on all bodies was found to
be greatly dependent on the distribution of nuclei
within the water tunnel. For those cases in which
a turbulent transition was established well upstream,
travelling bubbles were a common form of cavitation
observed on all test bodies. The number of these
cavitation events were so few, however, that in one
test facility having a resorber, it was just as
likely for an attached cavity to form as it was to
observe a travelling bubble. In both cases the
inception index was far below the customary minimum
pressure coefficient reference value. Nuclei counts
made with the aid of holograms reveal significantly
fewer microbubbles within the flow of this test
facility than in those not having a resorber.

1 . INTRODUCTION

Our understanding of the details of the process of
cavitation inception (and thus our ability to scale

laboratory results to prototype conditions) is far

from complete [e.g. Acosta and Parkin (1975), Morgan
and Peterson (1977) ] . This lack of understanding
is well illustrated by our ability to do no more
than indicate reasons which are believed to be
responsible for the large variations in the results
of the ITTC comparative test series [Lindgren and
Johnsson (1966), Johnsson (1969)]. These results,
some of which are presented in Figures 1 and 2, did,
however, prompt a considerable amount of effort to
investigate more systematically the factors influ-
encing cavitation inception. In particular there
are three areas in which there have been significant
developments: (i) the influence of viscous effects
on inception, (ii) the discovery that in some situ-
ations the presence of drag-reducing polymers in the
water cause a suppression of the inception index,
and (iii) the development of equipment to accurately
measure freestream nuclei populations.
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FIGURE 1. Results of the comparative inception test

on a modified ellipsoidal headform sponsored by the

International Towing Tank Conference, Lindgren and

Johnsson (1966)

.
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1 . Rome

4. NPL 5. Caltech

3 . Delft

7. SSPA 8. SSPA SSPA

FIGURE 2. Photographs of dif-
ferent types of cavitation ob-
served in the ITTC tests,
Lindgren and Johnsson (1966)

.

Viscous Effects

Parkin and Kermeen (1953) appear to be the first
investigators to appreciate the influence of the
boundary layer on the inception process. However,
even though their interpretations of the experi-
mental results were used in many subsequent incep-
tion theories [e.g. van der Walle (1962) , Holl and
Kornhauser (1969) to name only two] further experi-
mental investigations of these viscous effects
were carried out only much later.

Among these, Arakeri and Acosta (1963), by using
the schlieren flow visualization technique, were
able to observe cavitation inception within the
structure of the flow. A primary feature of the flow
observed by them was a laminar separation in which
the cavitation was seen to occur first. There was
further some suggestion by them that the laminar-
to-turbulent transition itself may promote cavita-
tion, perhaps through a mechanism similar to that
for inception in turbulent pipe flow [Arndt and
Daily (1969)]. In any case, it should be expected
then, that any factor which could influence the
presence of separation or even transition may also
influence the inception of cavitation. One such
well-known factor is freestream turbulence. [For

recent accounts of these effects on transition see,
e.g., Spangler and Wells (1968), Hall and Gibbings
(1972), and Mack (1977)]. Unfortunately, the mea-
surement of turbulence in water is more difficult
than its aerodynamic counterpart and, until recent

times, there has been no great demand for determin-
ing the freestream turbulence in water tunnels. For
reference we tabulate in Table I the turbulence

levels for a few water tunnels for which this inform-

ation is available (12th ITTC Cavitation Committee)

.

Polymer Effects

It was inevitable that the much-heralded, drag-

reducing polymer solutions would be the subject

of cavitation experiments also. Very early in the

course of this work Hoyt (1966) and Ellis et al.

(1970) found that the inception index was reduced
by as much as a factor of two for hemisphere-nosed
bodies. There was, furthermore, a pronounced change
in the physical appearance of the cavitation, once
it was well developed, as stibsequently illustrated
by the beautiful photographs of Brennan (1970) . Two
possible explanations for the cavitation-suppression
effect were then advanced: in the first, it was
speculated that the dynamics of individual bubbles
were changed by the presence of the polymer, and
in the second, it was assumed that the basic viscous
flow about the model was altered by the presence of
the polymer. Ting and Ellis (1974) could find no
difference in the collapse time of spark-generated
bubbles in either water or polymer solutions weak-
ening the idea that the bubble mechanics are impor-
tant for this process. Later, however, Holl and
co-workers (1974) in commenting on experiments
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TABLE I Turbulence Levels in Some Water Tunnels

Ottawa, Canada 0.75%

Kriloff No. 2

Leningrad, USSR 0.4%

NPL No. 1

Feltham, UK 0. 5%

MIT
Massachusetts, USA 0.77%

6" Tunnel
Minnesota, USA 0.8%

ORL
Pennsylvania State, USA 0.8%

HSWT
California Institute of

Technology, USA 0.25%

LTWT
California Institute of

Technology, USA 0.05%
(present work) to 3.75%

carried out at the Garfield Thomas Water Tunnel
(GTWT) noted tJiat there appeared to be no laminar
separation on a hemisphere nose body when polymer
was added to the water, but no direct flow visual-
ization was done. Later van der Meulen (1975)
verified this speculation with the clever use of
schlieren holography to observe simultaneously the
viscous flow and cavitation inception on a 10 mm
diameter hemisphere nose body. His results showed
clearly that when polymer was injected into the
boundary layer that the laminar separation was re-
moved, van der Meulen suggested that the polymer
removed the separation by causing an early transi-
tion to a turbulent non-separating boundary layer.
He then attributed the suppression effect to the
removal of the large pressure fluctuations associ-
ated with the transition zone of the free shear
layer [Arakeri (1975)].

Freestream Nuclei

It is generally accepted that inception begins at
the nuclei in the liquid and that there are two
sources for these nuclei—the test body surface
and the incoming flow. At one time "surface nuclei"
received considerable attention [e.g. Acosta and
Hamaguchi (1967) , Holl and Treaster (1966) , Holl
(1968), Peterson (1968) and van der Meulen (1972)].
While on the one hand it was shown that under certain
circumstances, but not in normal cavitation testing,
surface nuclei could exert a controlling influence
upon inception. It seemed evident on the other hand
from the results of the ITTC tests that freestream
nuclei were the more important. Further, the de-
velopment of the concepts of cavitation event count-
ing [Schiebe (1966) ] in conjunction with Johnson
and Hsieh's (1966) trajectory calculations, the
idea of "cavitation susceptibility" [Schiebe (1972)]
and the development of equipment to measure free-
stream nuclei populations have led to more interest
in the influence of freestream nuclei versus surface
nuclei. In particular, the experiments of Keller
(1972) have prompted considerable interest in mea-
suring and relating freestream nuclei populations
to inception.

Morgan (1972) has reviewed the various types of
instruments available for measuring freestream
nuclei populations and Peterson et al. (1975) have
made an experimental comparison of three of these,
namely; light scattering, microscopy, and holog-
raphy. At the moment holography seems the best

in that no "calibration" is required, a permanent
record is obtained, a large volume is sampled, and,
as Peterson observed, one can determine if the
nuclei are solid particles or micro-bubbles.

There is seen to be ample reason then to pursue
these various freestream factors in inception re-
search. Two are primarily fluid-dynamic in nature
and of these the questions concerning freestream
turbulence levels are of historic interest in fluid
mechanics and naval architecture. The cavitation
nuclei however are directly involved in the cavita-
tion inception process and the recent experimental
progress cited above make one hope for a more quan-
titative predictive ability than in the past inso-
far as inception is concerned. The present work is

in the mainstream of these observations; briefly we
report on observations made in two different flow
facilities having widely different freestream nuclei
distributions on identical bodies. In one of these,
the freestream turbulence level is varied over nearly
a factor of 100 (but not in a condition of cavita-
tion then) and we confirm and extend the observa-
tions of van der Meulen on the polymer effect.
Schlieren photography is extensively used to visu-
alize thermal boundary layers on the test bodies
used and in-line holography is used to determine
nuclei populations in the working section.

Before discussing these effects we should com-
ment briefly on the means used for the determination
of tJie actual inception observation. A standard
procedure has been to observe the test body under
stroboscopic light and to say that inception occurs
when macroscopic cavities or bubbles become visible
on the model. However, this method is observer-
dependent and the trend now is to use cavitation-
event counters free of human judgment. Ellis et al.

(1970) and Keller (1972) have developed optical
techniques which count interruptions of light beams
which are adjusted to graze the model surface where
inception has been observed to occur. Peterson
(1972), Brockett (1972), and Silberman et al.

(1973) have also determined inception acoustically
by locating a hydrophone inside the test model

.

There are problems of identifying the types and
location of the cavitation phenomena occurring with
these "events." Aside from the question of tech-
nique, there is also the question of selecting
appropriate threshold levels at which an event be-
comes countable and also the event rate at which
inception is defined to occur. At present there is

no universal agreement of just what these values
should be.
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body diameters upstream of the sting in each case.
Misalignment from the geometric tunnel center-line
in both the LTWT and HSWT was measured to be about
0.2°.

HEMISPHERE NOSE NSRDC BODY SCHIEBE BODY

Cp„i„ = -0.75

(BRASS) (COPPER) (CRESl

FIGURE 3. Definition of test models.

2. EXPERIMENTAL EQUIPMENT AND METHODS

Test Models

Three axisymmetric test models were used in the
present experiments: a brass hemisphere nose, a
copper modified ellipsoidal (or NSRDC) body, and a
stainless steel standard headform from the Schiebe
series with a minimum pressure coefficient (Cpmin)
of -0.75. The hemisphere nose and Schiebe bodies

were fabricated specifically for these tests,
whereas the NSRDC body is the same as that used
by Brockett (1972) and Arakeri (1976) . Each body
is 5.08 cm in diameter and has a 0.423 cm diameter
hole at the stagnation point for polymer injection.
No quantitative measure of surface roughness was
made, but each model was highly polished [a highly
polished surface typically has a 0.1 x 10"7m rms
finish, Beckwith and Buck (1961) ] . The model ge-
ometries are shown in Figure 3.

The models were supported by a two-bladed sting
in the LTWT and by a three-bladed sting in the
HSWT with the nose of the model being about six

SPARK-GAP LIGHT SOURCE (0.032 DIA.)

SLIT, GATHERING LENS F.L.= 3
'

REMOVABLE
MIRROR

|r.-^-=i-_-r_':ifY'~o STEADY LIGHT SOURCE

3^0LLIMAT1NG LENS
F.L. = 12", /2.5

-WINDOWS (FLAT OR WITH
CORRECTOR LENS)

TUNNEL TEST SECTION
WITH HEATED BODY IN PLACE

-FOCUSING LENS
F.L. = 7", /2.5

CUT - OFF PLATE

FILM PLATE

Flow Visualization

Thermal boundary layers in the viscous flow past
the test model were observed by schlieren photog-
raphy. The particular schlieren configuation used
is shown schematically in Figure 4 and is essen-
tially the same as that used by Arakeri (1973)

.

Also following Arakeri, the prerequisite density
gradient was produced by heating the body with in-
ternal cartridge type electric heaters. An example
schlieren photograph obtained using this system is

presented in Figure 5.

Water Tunnel

The two facilities used in the present experiments
were the High Speed Water Tunnel (HSWT) and the

FIGURE 4. Schematic diagram of flow visualization
system.

FIGURE 5. A schlieren photograph of a 5 cm diameter
hemisphere showing laminar separation and turbulent
reattachment at a body Reynolds number of 2.5 ^ 10 .

The maximum height of the separated region is about
2 mm.
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FIGURE 6. Diagram of the Low Turbulence Water Tunnel

(LTWT) .

Low Turbulence Water Tunnel (LTWT) both at the

California Institute of Technology. Since the

HSWT has been described in detail elsewhere [see

Knapp et al. (1948) or Knapp, Daily, and Hammit

(1970) ], it will only be noted here that one, it

has a resorber and two, the freestream turbulence
level has been measured to be about 0.2 percent by
Professor S. Barker. The LTWT [Vanoni et al

.

(1950)] is also a closed loop recirculating tunnel;

but, as can be seen in Figure 6, it has no resorber.
In this facility the maximum test section velocity
and minimum cavitation number are approximately 8

meters per second and 0.3 respectively. The unique
feature of the LTWT is that the freestream turbu-
lence level in the test section can be varied from
a very low value (for water tunnels) of 0.05 per-
cent to a high value of 3.6 percent. The low tur-
bulence level is obtained by use of small turning
vanes in each elbow of the circuit, a yery gradual
diffuser (included angle is 3°13'), a nozzle with a
16:1 contraction ratio, and by turbulence - damping
screens and honeycombs in the "stagnation" section
of the tunnel just upstream of the nozzle. The
configuration of screens and honeycombs which pro-
duces the 0.05 percent turbulence level is shown
schematically in Figure 7 (with the exception that
no turbulence generating grid is installed) and is

based upon the results of Loehrke and Nagib's (1972)
report.

By inserting different turbulence generating
grids into the tunnel circuit the turbulent intensity
can be gradually increased from 0.05 to approxi-
mately 3.6 percent. The description of these grids
is as follows:

HONEYCOMB
I"x7" TRIA,IGULAR CELLS

1
-TURBULENCE DAMPING SCREENS
0.0075" DIA. WIRE, 22 meshes/lineal inch

TURBULENCE
GENERATING GRID

-SECOND HONEYCOMB
l/8"x2" HEXAGONAL CELLS

grid No.

grid No.

grid No.

grid No

.

Grids 1 , 2

,

1: 12.7mm diameter bars with 50.8mm
mesh

2: 6.35mm diameter bars with 25.4mm
mesh

3: three 25.4mm diameter horizontal
bars on 76.2mm centers

4: 0.635mm diameter fishing line with
19.05mm mesh

and 4 are located at the entrance to

the test section as is shown in Figure 7 (the

distance from these grids to the test model is

approximately 1.2 meters). Grid No. 3 is located
in the "stagnation" section immediately after the

final turbulence damping screen. Grid No. 3 has
this particular configuration because (after much
trial and error) it was found to produce a turbu-
lence level which is close to the levels measured
in a number of other facilities—see Table 1.

A DISA constant temperature anemometer was used
to measure the turbulence levels in the test section.
The probe was a wedge-shaped hot film type and was
firmly mounted on the tunnel center-line at the
model position (1.2 meters from the test section
entrance) . The results of these measurements have
been summarized in Figure 8.

Polymer Injection System

The injection approach of introducing the polymer
into the boundary layer versus filling the tunnel
with a polymer solution (polymer ocean) was chosen.
After considering a number of injection configura-
tions [Wu (1971) ] it was decided to follow van der

I
—
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FIGURE 7. Sketch of LTWT contraction nozzle showing
the turbulence manipulators.

FIGURE 8. Summary of turbulence intensity measurements

in the LTWT.



91

INJECTOR

9:1 CONTRACTION

SINTERED BRASS
DISC

'//////^

WZZZZ^^s^
HOLES FOR
CARTRIDGE HEATERS

SMOOTHING SECTION-
PACKED WITH POROUS FOAM

FIGURE 9. Cross-section of injector used for these
polymer experiments. The body diameter is 5 cm.

Meulen's (1973) example and inject the polymer into
the boundary layer through a hole at the stagnation
point. To do this an injector was designed to in-
troduce the polymer into the boundary layer without
also introducing disturbances. The injector is

shown schematically in Figure 9 assembled inside
the hemisphere nose body and consists of first a

settling chamber 12.7ram in diameter and 31.75mm long.
This section was packed with porous plastic foam
held in place by a sintered brass disc. The pur-
pose of this section is to disperse the jet enter-
ing the injector and provide a smooth flow into the
9:1 contraction which follows. After the smooth
contraction there is a tube with a length to diam-
eter ratio of 22 and this tube ends at the surface
of the model.

To minimize polymer degradation, the polymer
solutions were "pushed" through the injector from a

reservoir by using compressed air instead of a pump.
A check with a turbulent flow rheometer [the same
one as used by Debrule (1972) ] showed degradation
of the polymer after it passed through the injec-
tion system to be minimal. Preliminary tests were
carried out with water as the injectant to ensure
that the injection process itself was not respon-
sible for any observed changes in the flow. Results
of these tests for the NSRDC body are presented in
Figure 10 and show that even at an injection rate
of three to ten times higher than actually used
with polymer solutions no differences are detectable
from the no-injection case.

Nuclei Counter

Nuclei distributions were deduced from holograms
of the test fluid. The experimental apparatus and
method is much the same as used by Peterson (1972)

,

Feldberg and Shlemenson (1973) and is described in
detail in Gates and Bacon (1978) . Essentially it
is a two-step image forming process. In the first
step, a hologram of a sample volume of the water
in the tunnel test section is recorded on a special
high resolution film by a "holocamera. " In the
second step, the developed hologram is reconstructed
producing a three dimensional image of the original
volume which can be probed at the investigator's
leisure. The holocamera and reconstruction system
are shown schematically in Figure 11 and 12 respec-
tively.

FIGURE 10. Schlieren photographs showing the effect

of injecting water on the NSRDC body at a body Reynolds

number of 3.2 > 10^, (a) injection rate = m£/sec

,

(b) 1.8 mJl/sec, (c) 3.6 mH/sec, (d) 6.6 mJl/sec,

(e) 9.8 m£/sec. No effect is observed.

1— 30cm
SAMPLE VOLUME

CS

TEST SECTION

WINDOWS

AB C EF G H I J

P= :4^^aE^

MODEL

-FLOW

-60 cm

Qm
FIGURE 11. Diagram of the holocamera; (a) dielectric

mirror, (b) iris, (c) dye-quench cell, (d) ruby-flash
lamp assembly, (e) iris, (f) dielectric mirror,

(g) beam splitter, (h) neutral density filter,

(i) beam expander lens, (j) 25p pinhole, (k) collimat-

ing lens, (1) front surface mirror, (m) p.i.n. diode,

(n) film pack

.
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T V CAMERA
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FIGURE 12.

holograms

.

Arrangements to reconstruct and read the

3. GENERAL EXPERIMENTAL PROCEDURES

Before any experiments were carried out, the water
in each facility was de-aerated to reduce the
number of freestream air bubbles produced in the
tunnel circuit. This was of particular importance
in the LTWT which has no resorber. During the
present tests the air content in the LTWT was typ-
ically between 7 - 8ppm whereas in the HSWT it was
between 9 - lOppm (air content levels were measured
with a van Slyke blood gas analyzer) . At these air
contents there were very few macroscopic air bubbles
visible in the flow approaching the model in the
HSWT (as will be seen later) . However, in the LTWT
there were always many macroscopic air bubbles
easily visible in the approaching flow.

In a typical cavitation test in the LTWT, the
tunnel velocity and polymer injection rate (if any)
were first adjusted to the desired values. Incep-
tion was then obtained by reducing as rapidly as
possible the tunnel static pressure until the pres-
ence of cavitation was visually observed on the
model under stroboscopic illumination. At the
point of inception, a schlieren photograph, a holo-
gram, the tunnel velocity, and the tunnel static
pressure were recorded simultaneously. Each test
had to take less than forty seconds since by that
time the abundant supply of cavitation bubbles gen-
erated at the pump would reach the test section and
dramatically change the freestream conditions. Af-
ter each test, the tunnel pressure was raised to
about one atmosphere and the tunnel allowed to cir-
culate for five minutes. This recess between each
test was required to let the ruby laser cool down

and also to let the freestream bubbles go back into

solution or rise to the high points in the tunnel
circuit.

The same general test procedure was used in the

HSWT except for small differences in pressure mea-
surement. However, desinent cavitation observa-
tions were also made in this facility. All holograms
made in the HSWT were done without the model in

place but at conditions of velocity and pressure at
which inception had been observed to occur.

4. PRESENTATION AND DISCUSSION OF FULLY WETTED
RESULTS

Freestream Turbulence Levels

Observations

The influence of gradually increasing freestream
turbulence level upon the viscous flow about each
test body is illustrated in the sequences of
schlieren photographs presented in Figures 13

through 15 . In each sequence of photographs the

test body is seen in silhouette and the flow is

from right to left. The magnification is such that
the surface length shown in these photographs is

FIGURE 13. The effect of freestream turbulence level
on the flow past the NSRDC body (the flow is right to

left) at a body Reynolds number of 1.6 x 10^: (a) u'/v
= 0.05 percent, (b) 0.65, (c) 1.1, (d) 2.3, (e) 3.6

percent.
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FIGURE 14. The effect of freestream turbulence level

on the flow past the hemisphere body at a body Reynolds

number of 2.6 x 10^. (Same turbulence values as in

Figure 13.)

approximately lOmm. As can be seen in the first

photograph of each of Figures 13 and 14, the NSRDC
and the hemisphere nose bodies respectively have a

laminar separation. Transition on these bodies oc-
curs on the resulting free shear layer and the flow

subsequently reattaches as a turbulent boundary
layer. With increasing turbulence intensities the
point of transition on the NSRDC body moved upstream
on the free shear layer. As the position of tran-
sition moved forward, the size of the separation
bubble decreased until finally it disappeared when
the position of transition and separation coincided.
Once the point of transition moved upstream of the
point of separation, no further observations of the
thermal boundary layer could be made with the pres-
ent schlieren system. Unlike the NSRDC model, the
increasing turbulence level seemed to have no ef-
fect upon the viscous flow about the hemisphere
nose body—as can readily be seen in Figure 14.

This rather surprising result will be returned to
later.

As is shown in the first photograph of Figure 15,

the Schiebe body has no laminar separation and tran-
sition occurs on the model surface rather than on a

free shear layer. With increasing freestream tur-
bulence level two effects were noted; first, as can
be seen in Figure 15, the position of transition
moves substantially upstream and secondly, the ap-
pearance of the disturbance appears to change. This
change is not quite so evident in only a few pic-
tures, but we believe v;e observe more-or-less peri-
odic and highly amplified boundary layer waves in
Figure 15a and even b. However, for the higher

turbulence levels frequent "bursts" interspersed
with a periodic phenomenon seemed to be more common.

A random collection of schlieren photographs of the

same body (Figure 16) at an intermediate turbulence

level shows these various forms more clearly.

Discussion

To quantify the effects of turbulence level, the

position, length, and maximum height of the separa-

tion bubble were measured for the NSRDC and hemi-
sphere nose bodies. For the Schiebe body, which

has no separation, the position of transition was

recorded—the position of transition being defined

as that point at which the first noticeable dis-

turbance occurs in the laminar boundary layer. These

quantities are defined in Figure 17 and were mea-

sured directly from the negatives of the schlieren

photographs with the aid of a scale or reference

FIGURE 15. The effect of freestream turbulence level

on the flow past the Schiebe body at a body Reynolds

number of 2.5 '^ 10". The turbulence levels are those

in figure 13 and the regions shown are. at arc-length

diameter ratios of (a) 0.82-1.07, (b) 0.76-1.01,

(c) 0.60-0.85, (d) 0.61-0.86, (e) 0.47-0.63.
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FIGURE 16. Random photographs of the flow past the
Schiebe body at a Reynolds number of 3.4 x 10^ with
background turbulence level of 1.1 percent. The
region shown covers the arc length diameter ratio of
0.68 to 0.93.

HEMISPHERE NOSE BODY

1-

D
-I

A
•

tr

g
OT 0,80

O
CL

ESTIMATED SEPARATION
LOCATION (THWAITES METHOD)

NSRDC BODY

s"* TURBULENCE
• 0.05°/

065'/,

A I.I0°/1

O 2.30°/l

D 3.60°/

15x10^ 2,5x10^ 35x10*

BODY REYNOLDS NUMBER- UD/i/

FIGURE 18. Observed separation locations as a func-
tion of turbulence level for two bodies.

negative. Note that the position of transition on

the free shear layer coincides with the definition
of the end of the separated bubble.

Each of these measured quantities was non-
dimensionalized by dividing by the body diameter
and are plotted versus the body Reynolds number
with the freestream turbulence level as a parameter
in Figures 18 through 21. For the NSRDC body, Fig-
ure 19 shows that the size of the separation bubble
decreases with increasing velocity and turbulence
level—the critical Reynolds number being reduced
from a value of greater than 4 x 10^ at 0.05 per-
cent to near 2.5 x 10 at 3.6 percent. As was ex-
pected from the schlieren photographs of the
hemisphere nose (Figure 14) , Figure 20 shows the
length of the separation bubble is independent
of turbulence level but decreases with increasing
velocity. Finally, Figure 21 shows that as with
the NSRDC body, the position of transition on the
Schiebe body moves forward with increasing velocity
and turbulence intensity.

The most startling result of the above tests was
the insensitivity of the boundary layer on the
hemisphere nose to the present disturbances imposed
by the freestream turbulence. Hall and Gibbings

(a) POSITION OF LAMINAR SEPARATION OR
TRANSITION WHICHEVER IS APPLICABLE

(b) LENGTH AND HEIGHT OF SEPARATED REGION

FIGURE 17. Definition sketch of separation location.

CE
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TABLE II Approximate Critical Boundary Layer Frequencies
for Several Bodies

Re^
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FIGURE 24. Flow past the hemisphere body with injec-
tion of 100 wppm Polyox at a Reynolds number of 3.9 x

10^. The dimensionless injection values are: (a) G

0, no injection, (b) 0.5 x 10"6^ (<,) i.i > 10"^,

(d) 1.7 X 10"6, (e) 2.9

X 10"6,
10"5.

material by the mass flux of the boundary layer
displacement flow. Although this is an arbitrary
normalization, in the present experiments the dis-
placement effect of the injectant fluid was always
much less than the boundary layer displacement
thickness, 6^. Thus we define a quantity G

cQ
ttDV 6

to tS

where c is the polymer concentration (weight basis)
in the injectant Q the volume flow rate of injectant
(basically the same fluid as the test medium) with
D and Vcc being the body diameter and tunnel ve-
locity respectively. For the NSRDC and hemisphere
models 6^3 was calculated at the position of the
laminar separation whereas for the Schiebe body it
was arbitrarily calculated at S/D = 1.00. The pres-
ent results, so normalized, are presented in Fig-
ures 26, 27, and 28. As with the freestream
turbulence level, no change in the position of
separation on the NSRDC and hemisphere nose models
was observed when polymer was injected into the
boundary layer

.

The results of the experiments show the presence
of very small quantities of Polyox to be destabiliz-

ing to the laminar boundary layers on the present
test models. This desteibilization effect has been
observed before: in fully developed cavity flows
past spheres and cylinders Brennen (1970) observed
distortions in the cavity surface and separation
line due to the presence of polymer. Brennan at-
tributed the changes in cavity appearance to a
polymer induced instability in the wetted surface
flow on the headform. Sarpkaya (1973, 1974) in-
vestigated the flow of dilute polymer solutions
about cylinders and several airfoils and also ex-
plained his observations by suggesting a polymer
induced instability in the laminar boundary layer.
Some later experiments by Tagori et al . (1974)
support some of Sarpkaya 's speculation for one of
the airfoils.

A destabilizing effect is rather contrary to the
general impression obtained from the available lit-
erature on the effects of drag-reducing polymers on
fluid friction [see for example Hoyt (1972)]. We
were unable however, to find in the available lit-
erature any satisfactory explanation of the effect
on transition of the polymer fluids.

FIGURE 25. Flow past the Schiebe body at a Reynolds
number of 4.2 x 10^ with injection of 500 wppm Polyox.
The dimensionless injection parameters are, (a) G = 0,
(b) 2.3 X 10"6, (c) 1.5 X 10-5, (^) 2.9 X 10-5. J-3CJ,

frame is 0.2 body diameters in length and they are
centered at arc length ratios of 0.82, 0.75, 0.6,
0.53, respectively.
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the values of the wall temperatures at S/D = 0.4,

0.6, 0.8, 1.0 were of the most interest. The total

heat flux was set at 250 watts (about 3W/cm^) at

which the schlieren effect was observable. The

wall temperatures were then measured at increasing

values of velocity. It was found that the maximum

wall temperature between S/D =0.4 and 1.0 varied

from 3°C to 5°C above the ambient temperature.

However, it must be emphasized that these are very-

conservative values since the thermocouples are

actually somewhat below the surface in a region of

a high temperature gradient. When this gradient

is accounted for our estimate of the surface excess

temperature is from 1-3°C, a smaller but not neg-

ligible amount. van der Meulen avoided the tem-

perature effect by injecting a two percent salt

solution. On the whole this method and the present

one agree quite favorably (Figure 22). There is,

however, the possibility of instability via a de-

OD

3

g

I
> 04<

O 0,65% TURBULENCE LEVEL

A BAND TYPE
\A BUBBLE type/"-

LOWEST AIR CONTENT
HIGHEST AIR CONTENT
(BROCKETT 1972)
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FIGURE 31. The physical appear-
ance of cavitation on the NSRDC
body at two turbulence levels in
the LTWT. The Reynolds number
is 3.4 X 10^. In (a) the turbu-
lence level is 0.05 percent and
the cavitation index is 0.44.
The turbulence level in the re-
maining photographs is 0.65 per-
cent and the cavitation index is
about 0.35 for all cases.

(a)

FIGURE 32. In these photographs
500 wppm of polyox solution is
injected at the nose of the hemi-
sphere body . The cavitation
index is 0.59, and the Reynolds
number is 6.7 x lo^ (HSWT) . The
dimensionless injection rate, G,

is zero in (a) 1.9 x 10"^ in (b)

,

4.4 X 10-^ in (c) , and 5.24 x

10~° in (d) . In many instances
the attached cavitation would
disappear.

has a definite wave structure and the separation
line has become very irregular. Inspection of
Schlieren photographs of the fully wetted flow at
this injection rate showed that the position of
transition on the free shear layer had moved upstream
from the no injection case and that the separation
region was smaller in size. With a further increase
in the injection rate to near critical values, dif-
ferent types of cavitation were observed depending
upon the facility. In the HSWT, band type inception
would occur intermittently in patches with irregular
separation lines and surfaces as is shown in Figure
32 (c), (d) . At injection rates above the critical
value, the same type of behavior took place, but with
the flow altering between fully wetted and patchy
band type cavitation more rapidly. A decrease in

the cavitation number at this injection rate would
make the cavitation more "violent," but no steady
attached cavitation could be obtained. At these
near-and-above critical injection rates the fully
wetted observations showed the laminar separation
had been eliminated with only an occasional short
reappearance. That is, the flow in the region of
interest was almost always turbulent. If then the

injection rate was suddenly reduced to zero, a large

steady cavity would quickly form on the body.

In the LTWT the same sequence of cavitation
events with increasing injection rates would occur
as in the HSWT. However, near and above critical
injection rates, travelling bubble and band type
cavitation would occur simultaneously, unlike the

HSWT where no bubble type cavitation was observed.
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FIGURE 39. The data of figure 38 replotted against the

dimensionless injection parameter G.

of cavitation index. There is a limit, however,

beyond which no further increase in cavitation

suppression occurs. In the present experiments on

the hemisphere nose body this limiting value of G

is approximately 7 >: 10~^ which also coincides with
the removal of the laminar separation. These
results and others are summarized in Figure 40
where the maximum percent reduction in cavitation
index has been plotted versus the Reynolds number.
These include the "polymer ocean" results of Baker
et al. (1973) , Holl et al. (1974) , and Ellis et al.

(1970) . However, the information from their re-
ports is limited and all that can be said is that
they give values approximately the same as those
noted in the present case. The agreement is be-
lieved to be reasonably good for experiments of this
type insofar as the maximum effect goes. We presume
that similar effects in "ocean" experiments could
be achieved at much smaller concentrations if the
G parameter has significance.

During their cavitation tests Baker and Holl
noted a change in the appearance of the developed
cavitation. From photographic observations of these
changes they speculated that the cavitation attenu-
ation was due to a "flow reorientation in the region
of the laminar separation bubble." They further
suppose [Arndt et al. (1975) ] that the amount of
attenuation might depend on a Deborah number,
TV_^/6g, where T is the molecular relaxation time
of the molecule, V the freestream velocity, and

^1,

UJ >

a:

mn d« MEULENII976)-500WPPM

• PRESENT STUDY - 500WPPM

A 20 WPPM

A 50 WPPM

D 20 WPPM

80WPPM

• 20WPPM HOLL el 01 (53)

ELLIS 610111970)

BAKER elol (1973)

O
O
O

IxlO' 234 56789 IX

BODY REYNOLDS NUMBER - UD/U

FIGURE 40. Maximum cavitation inception index suppres-

sion by polyox WSR 201 on the hemisphere nose. The

Ellis and Baker results are for polymer "oceans."

6g is the boundary layer displacement thickness at

separation. It now seems clearly established in

our opinion, that the overall gross effect caused
by the polymer in the flow about these bodies is a

removal of the laminar separation by stimulation of
transition and that this is indeed the origin of the
flow "reorientation" noted by Baker and Holl. Pre-
sumably, the molecular relaxation time has an im-
portant role in boundary layer stability, but as

yet this appears to be unknown; it may be that the

parameter proposed by Arndt is important for some

laminar flows with separation (as it is indeed for

the flow about a circular cylinder) , but we think

not in the context of the present experiments.
Since the suppression of cavitation upon these

bodies is a result of the elimination of the laminar
separation by the polymer it is worthwhile to com-
pare the present results with those in which the

separation is eliminated by another method. Arakeri
and Acosta (1976) carried out a series of tests with
a hemisphere nose body and an ITTC body using bound-
ary layer trips to reduce the critical Reynolds num-

ber in the HSWT. It was, briefly, found that with
the trip present and at velocities above the new
critical velocity, the occurrence of cavitation was
significantly suppressed, and that at higher ve-

locities the tunnel would choke from the model
support before the body could be made to cavitate!

The present polymer tests show a very similar large

effect on inhibiting cavitation but not quite as

dramatic as the tripped tests.

8. FREESTREAM NUCLEI AND CAVITATION INCEPTION

Some Observations in the LTWT

As will be recalled from the description of the

LTWT, this facility has no resorber which neces-
sitated cavitation data acquisition before pump-
generated bubbles entered the test section. On a

number of occasions the cavitation on the NSRDC and

hemisphere bodies was deliberately )maintained and

the pump-generated gas bubbles allowed to pass
through the test section. As the number of free

gas bubbles increased, the initially-occurring band
type cavitation was gradually destroyed and replaced

by travelling bubble type cavitation. An alterna-
tive procedure was to lower tunnel static pressure

so that the cavitation number had a value below

~^Pmin ^^^ above the inception value and again

allow the pump-generated bubbles to accumulate.

The body would then eventually cavitate with in-

ception then always being of the travelling bubble

type. Schlieren observations of the basic viscous

flow on the hemisphere nose were made at these

gradually increasing freestream bubble populations
and nuclei populations were measured when band type

inception occurred and when this above deliberately-
promoted bubble type inception occurred. The

schlieren observations show (see Figure 41) that

as the number of freestream nuclei increased, the

laminar separation on the hemisphere nose became

unsteady and was finally greatly diminished if not
eliminated. Thus, in effect, the free-stream bub-
bles serve to trip the boundary layer.

Nuclei populations obtained when band type incep-
tion occurred (Oj^ = 0.44) are shown with distribu-
tions obtained when deliberately promoted travelling
bubble inception occurred (o-j^ = 0.58, 0.73) in

Figure 42. As can be seen in this figure, for



104

FIGURE 41. Flow past the hemi-

sphere nose with many freestream

bubbles showing boundary layer

stimulation.

nuclei with radii less than 100 microns all the dis-

tributions are essentially the same whereas for

nuclei greater than 100 microns radius the biibble-

type inception distributions have many more nuclei

than the band type inception distributions. Thus

it seems possible that in facilities with many
macroscopic freestream gas bubbles, the normally
occurring laminar separation on some bodies can be

eliminated. The subsequent cavitation index and

form of cavitation should then be controlled by the

nuclei population.
If so, the experiments on the NSRDC body at that

facility and those tests on the same body in the

T
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Facility
Model
Mat'l.

'1
U
oo

(ft/sec)

R Cavitatable Calculated Measured
c "^

Nuclei/cm Events /sec Events per sec
(microns) (est)

NSRDC CU 0.62 29.86 12

CU 0.66 29.86 15

AU-Plated 0.65 29.86 14

DELRIN 0.69 29.86 18

DELRIN 0.71 29.86 21

0. 5

1.8

2. 1

0.5

2.4

0.9

3.2

3.8

0.9

4.3

1.0

1.0

1.0

1.

1.

LTWT CU
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TABLE IV COMPARISON OF NUCLEI MEASUREMENTS

Investigator Measuring
Technique

Facility Conditions at time
of Measurement

Gavrilov (1970)

Peterson et al (1975)

Acoustic

Light Scattering
Holography
Microscopy

Water Tunnel
at TDF

Standing tap water

At inception on 50 mm diameter
NSRDC body o =0.49

Arndt & Keller (1976) Light Scattering Water Tunnel Cavitation tests on a sharp edged
at NSMB disc. Air contents: 6.3 and

12.5 ppm

Keller & Weitendorf (1976) Light Scattering Water Tunnel
at Hamburg
Model Basin

Propeller test, gassed water,
Air content: ~30 ppm

Medwin (1977) Acoustic Monterey Bay, Various depths and seasons
California

Peterson (1974) Coulter Counter Santa Catalina Various depths
Channel
California

U.S. Navy (Naval Ocean Coulter Counter
System Center, San Diego,
California. Courtesy
Dr. T. Lang)

San Diego Bay Various depths
and offshore

Present Tests Holography LTWT Air content-^ 7 ppm, = 0.44

E

2
O

a.

PETERSON elal

il975)(cr = 0.49.
SCATTERING

PETERSON elol

(I975)((T = 0.49.
HOLOGRAPHY)

GAVRILOV
(1970)
(FRESH WATER)

5 10'°

O
cr
LlJ

CO

3

10"

' PRESENT TESTS LTWT
AIR C0NTENT~7ppm .

tr = 0.44

GAVRILOV (1970)
(AFTER STANDING
5 HOURS

MEDWIN (1977)
(OCEAN, FEBRUARY)

ARNDT a KELLER
(1976)
AIR CONTENT-
12.5 ppm

KELLER a
WEITENDORF
(1976)
GASSED WATER
AIR CONTENT-
SO ppm

ARNDT a
KELLER (I976T
AIR CONTENT-
6.3 ppm

MEDWIN (1977)
(OCEAN. AUGUST)

10 100

RADIUS R (micrometers)

FIGURE 43. Nuclei distributions from various sources.

micrometers. Further, in the winter the measured
bubble population in the ocean is one order of
magnitude less than in the summer. We see then it

is actually possible for laboratory facilities to
have much higher nuclei populations than actually
occur in the ocean. Medwin concludes interestingly
that the microbubbles had a biological as well as

physical origin because the concentration of bubbles
increased with depth. This observation is perhaps
of importance for the Coulter Counter measurements
of Peterson (1974) and Lang (1977) . The particulates
measured there, although thought to be of organic
material, may actually also contain some gas.

Finally, it is amazing to observe the wide range
of applicability of fairly simple power laws for

particulate and microbubble populations.

9. CONCLUSIONS

It is clear that the onset of cavitation and its

physical appearance at this onset can be greatly
affected by freestream turbulence and the presence
of minute amounts of long chain polymer solutes.

The present results support the conclusion that
these effects are indirect insofar as cavitation
goes and that the primary effect is on the viscous

flow past the test body. The polymer solutions in

particular promote an early boundary layer transi-
tion which forestalls the presence of laminar separa-
tion much as does boundary layer stimulation by
freestream turbulence or trips. It follows that
cavitation on bodies not having laminar separation
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should not be much affected by freestream turbu-
lence or polymer solutions. This appears to be

the case if the test medium has "many" freestream
nuclei so that travelling bubble cavitation is

predominant. However, if only a few nuclei are
present, attached forms of cavitation occur at
inception even on nonseparating bodies. From
recent nuclei measurements in the ocean it appears
that some test facilities may have too many nuclei
and others possibly too few.
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My question was "What is your definition of
growth rate?" This is quite a crucial point, for
in comparing theory to experiment, we must make
sure that we are comparing like to like.

The meaning of growth rate for nonparallel
flow is not obvious. Let us consider El-Hady and
Nayfeh's lowest order solution (Eq. 42):

z = A C(x ,y)exp[ij(a + ca )dx10 1 1

iut] (1)

The downstream growth of the magnitude of this
function is not purely contained in the expotential
factor. The change in the eigenfunction, C, with
X also contributes to "growth." In fact, a com-
plete definition of growth would be

G =

using (1) , where it is understood that a. and a.

are the negative and imaginary parts of a^ and a,.
[Bouthier (1972), Gaster (1974), and Eagles and
Weissman (1975) ]

.

Equation 2 shows that the growth rate is

actually a function of y. (It is also a function
of the flow quantity under consideration, see the
above mentioned references.) However, if^ we agree
to measure the growth rate at a particular
y-position and i£ the eigenfunction is normalized
at that position (so that 3|c|/3x = at that
position) , then the influence of the changing
eigenfunction on growth rate will disappear (for

this particular definition of growth rate ) . The
poit is that a. is not uniquely defined; it depends
on the normalization used for ?. [This can also
be seen from examination of the equation defining
a. , Eq. 35] . The authors have neglected to explain
what their normalization was.

which reduces to REFERENCES

"O
"^

^"l
""

1 3|i;| Eagles, P. M. , and M. A. Weissman (1975). On the
(2) Stability of Slowly Varying Flow. J. Fluid. Meah.

69, 241-262.
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Author's Reply

ALI H. NAYFEH

The growth rate in a parallel flow can be
unambiguously defined, but it cannot be unambig-
uously defined in a nonparallel flow. Because the
eigenfunctions are functions of y as well as x,
Saric and Nayfeh (1977) note that stable flows may
be termed unstable and vice versa. Saric and
Nayfeh (1977) discussed in great detail the differ-
ent possible definitions of the growth rate and
compared these definitions with all available exper-
imental data for the Blasius flow. They found that

all the experimental data (neutral curves or growth
rates) obtained at the values of p for which |u|

has a maxima can be correlated with the nonparallel
results if the growth rate is defined as in (55)

.

For the heated liquid problem, we arrived at the
same conclusion. Including the distortion of the
eigenfunction with the streamwise position, the
definition, (56) , underpredicts the growth by
large amounts

.
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Discussion

G. CHAHINE and D. H. FRUMAN

The question of whether polymer solutions
affect cavitation inception through changes of the
flow structure or through the inhibition of biobble

growth has been the subject of much controversy.
In this excellent paper the authors seem to adhere
to the first school of thought and disregard the
second. We think that there is ample evidence of
the profound flow changes introduced by the ejected
polymers to support, at least partially, their
contention. However, evidence also exists showing
that the onset of acoustically generated cavitation
is delayed by the presence of minute amounts of
polymers and asbestos fibers [Hoyt (1977)]. also,

in investigating the behavior of spark -generated
bubbles in the vicinity of a solid wall , the dis-

cussers have observed significant changes being

promoted by the presence of the polymers.
Figure 1 shows the geometric dimensions that

have been considered in the analysis of the bubble
behavior. The displacement of point A, where the
re-entering jet originates , divided by the maximum
lateral dimension of the bubble, R^max' ^^ plotted
in Figure 2 as a function of the dimensionless time
parameter, t/tp, and the parameter, n , which is the

ratio between R^jnax ^""^ ^' ^^^ distance between the
center of the spherical initial bubble and the wall.
As shown, the polymer solution has a retarding

effect on the re-entering jet. This effect in-
creases with increasing r\ [Chahine and Frunian

(1979)]. Together with results shown in Hoyt,
our data further confirm that, in the absence of
flow, bubble behavior is affected by the intrinsic
properties of dilute polymer solutions.

Ba
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Authors' Reply

EDWARD M. GATES and ALLAN J. ACOSTA

Messrs. Chahine and Fruman have raised the
question of the relative importance of polymer-
induced changes in bubble growth versus induced
changes in the flow structure with regard to the
suppression of cavitation. Although both experi-
mental [Ellis and Ting (1970) ; Chahine and Fruman'-

(1979)] and theoretical [Street (1968); Fogler and
Goddard (1970) ] work demonstrate that in "no- flow"
situations the growth and collapse rates in polymer
solutions are different than those in pure water,
the magnitude and sense (Street predicts an in-
crease in bubble growth rate) of the changes are
open to question. On the other hand, the results
of Hoyt (1976), Brennen (1970), van der Meulen
(1976) , and the present work show drag-reducing
polymers have a very dramatic effect upon the flow
structure in jets and aixisymmetric bodies. The
authors believe that in the present work the influ-
ence of these profound flow alterations predominate
over any influence of modified bubble dynamics as
nicely shown by them as evidenced by the following
observations

:

First, it was obseirved in the LTWT that cavi-
tation inception on the non-separating Schiebe body
was not influenced by viscous considerations and
was of the travelling bubble type. In this situa-
tion we would expect that if the polymer effect
upon bubble dynamics was significant, it should be
well illustrated under these circumstances. How-
ever, we (like van der Meulen) observed no change
in either the cavitation index or the appearance

of the cavitation at inception. Second, on the
hemisphere nose and NSRDC bodies a similarly large

suppression of the inception index was obtained by
Arakeri and Acosta (1976) through the elimination
of the laminar separation by a mechanical boundary
layer trip - a situation for which there is no

change of bubble dynamics.
From these observations we infer that the in-

fluence of the polymer on cavitation inception is

dominated by changes in the flow structure rather
than modified bubble dynamics. However, in "non-
flow" sitations it must be assumed that modified
bubble dynamics are responsible for the observed
changes and the work of Messrs. Chahine and Fruman
is a useful addition to this area of study.
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ABSTRACT

The differential equations of the thick axisyinmetric

turbulent boundary layer and wake are solved using

a finite-difference method. The equations include
longitudinal and transverse surface curvature terms

as well as the static-pressure variation across the

boundary layer and wake. Closure of the mean-flow
equations is affected by a rate equation for the
Reynolds stress deduced from the turbulent kinetic-
energy equation. The results of the method are

compared with the two sets of data obtained at the
Iowa Institute of Hydraulic Research from experi-
ments in the tail region of a modified spheroid
and low-drag body of revolution, and also with the

predictions of a simple integral approach proposed
earlier. It is shown that the differential approach
is superior, provided due account is taken of the

normal pressure variation and the direct influence
of the extra rates of strain, associated with the

longitudinal and transverse surface curvatures, on
the length scale of the turbulence.

1 . INTRODUCTION

In the absence of flow separation, the boundary
layer on a pointed-tailed body of revolution con-
tinues to grow in thickness up to the tail. Over
the rear quarter of the length of a typical body,
the boundary layer thickness becomes large enough
to invalidate the assumptions of conventional thin
boundary-layer theory. The measurements of Patel,
Nakayama, and Damian (1974) on a modified spheroid
as well as those of Patel and Lee (1977) on a low-
drag body indicate that the breakdown of thin bound-
ary layer approximations is manifested by several
concurrent flow features, namely (a) the boundary
layer thickness is no longer small compared with
the local transverse and longitudinal radii of sur-
face curvature, (b) the velocity component normal
to the wall is not small, (c) the pressure is not

constant across the boundary layer, and (d) the

pressure distribution on the body surface does not

conform with that predicted by potential flow theory,

as a consequence of the interaction between the

thick boundary layer and the external inviscid flow.

These features have been recognized in the develop-

ment of the simple integral method of Patel (1974)

for the calculation of a thick axisymmetric bound-

ary layer, and later on, in the formulation of the

interaction scheme of Nakayama, Patel, and Landweber

( 1976a, b) which attempted to couple the boundary

layer, the near wake and the external inviscid flow

by means of successive iterations. Although the

overall iteration scheme proved to be quite success-

ful, the treatment of the boundary layer using the

integral method, and particularly its extension to

calculate the near wake, required many assumptions

which remain untested. The purpose of the present

work was therefore to develop a more rational pro-

cedure in which the differential equations of the

thick boundary layer and the near wake are solved

by means of a numerical method, since it appeared

that such a procedure would provide not only a

more reliable vehicle for the extension of the

boundary layer solution into the wake , but also

yield the detailed information on the velocity

profiles required for the interaction calculations.

This paper describes the new differential method

and evaluates its performance relative to the inte-

gral method as well as the available experimental

information.

2. DIFFERENTIAL EQUATIONS AND TURBULENCE MODEL

In the (x,y,i}>) coordinate system shown in Figure 1,

X and y are distances measured along and normal to

the body surface, respectively, and (fi is the azi-

muthal angle. As shown by Patel (1973) and Nakayeima,

Patel, and Landweber (1976b) , the momentum equa-

tions of a thick axisymmetric turbulent boundary

layer may be written
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FIGURE 1 . Coordinate system and notation
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and the continuity equation is

^(Ur) + ^ (rhjV) =
3x 3y

(1)

(2)

(3)

U and V are the components of mean velocity in the

X and y directions, respectively; hj = 1 + Ky, k

being the longitudinal surface curvature; x = -puv

+ V 3U/3y, where p is density, v is viS'cosity and

-puv is the Reynolds stress; r = r^ + y cos 8 is the

radial distance measured from the body axis, 9

being the angle between the tangent to the surface

and the axis of the body; and p is the static pres-

sure. These equations resulted from order of mag-

nitude considerations and an examination of the

data from the modified spheroid experiments of

Patel, Nakayama, and Damian (1974) . Specifically,

from Eq. (2) we note that the static pressure varies

across the boundary layer and that the gradient of

the pressure in the direction normal to the surface

is associated primarily with the curvature of the

mean streamlines.

Equations (1) , (2) , and (3) also apply to the

wake, with < = and 9 = (i.e. , r = y) . In place

of the no-slip boundary conditions on the body svx-

face, however, the conditions on the wake center-

line are 3U/3y = and t = 0.

If the Reynolds stress is determined by a one-

equation model using the turbulent kinetic-energy

equation, as proposed by Bradshaw, Ferriss, and

Atwell (1967) , then the appropriate closure equa-

tion for the flow outside the viscous sublayer and

the blending zone is

1

2a 1

+ 1

3x

rG

+ V
3u

3y
kU

3/2
ai

i 1/2
= (4)

with the usual mixing length. G and I are assumed
to be universal functions of y/6 , where 6 is the

boundary layer thickness. The particular forms of
these functions proposed by Bradshaw et al. (1967)

for a thin boundary layer have gained wide accep-
tance and have proved adequate for the prediction
of a variety of boundary layers developing under
the influence of different pressure gradients and

upstream history. In the adoption of this closure
model for the treatment of thick boundary layers

and wakes, however, it is necessary to consider the

influence of transverse and longitudinal surface

curvatures on the turbulence.
Figure 2 shows the conventional transverse and

longitudinal curvature parameters for the modified

spheroid and low-drag body [Patel and Lee (1977)].

The ratio of the boundary-layer thickness to the

transverse radius of curvature, 6/rQ, is seen to be

more than twice as large in the latter case as in

the former. In both cases, however, 6/ro is less

than 0.4 up to X/L = 0.75, so that the boundary
layers may be regarded as thin up to that station.

Over the rear one-quarter of the body length, the

influence of transverse curvature would prevail

not only through the geometrical terms in the mo-

mentum and continuity equations but also through
any direct effect on the turbulence. The precise
nature of the latter is not known at the present
time since the turbulence is also affected by the

longitudinal curvature of the streamlines associated
with the curvature of the surface as well as the

curvature induced by the rapid thickening of the

boundary layer over the tail.

The longitudinal surface curvature parameter k6

is seen to be quite different for the two bodies.
In the case of the modified spheroid, the curvature
is convex up to X/L = 0.933 and zero thereafter,
while that of the low-drag body is initially convex

and becomes concave for X/L > 0.772. Several
recent studies with nominally two-dimensional thin

O Modified Spheroid

A Low-Drag Body

kS

' ' *—

'

0.4 0.5 0.6 0.7 0.8 0.9 1.0

where ai is a constant (=0.15) , G is a diffusion
function and I is a length-scale function identified

FIGURE 2 . Ratios of boundary-layer thickness to the

longitudinal and transverse radii of surface curvature.
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turbulent boundary layers [Bradshaw (1969, 1973),
So and Mellor (1972, 1973, 1975) , Meroney and
Bradshaw (1975) ,- Ramaprian and Shivaprasad (1977) ;

Shivaprasad and Ramaprian (1977) ] have indicated
that even mild (k6-0.01) longitudinal surface
curvature exerts a dramatic influence on the turbu-
lence structure. In particular, it is noted that
quantities such as the mixing length £, the struc-
ture parameter aj -uv/q and the shear-stress
correlation coefficient uv/(i'u /v^) are influenced
markedly, and experiments indicate that convex
streamline curvature leads to a reduction in these,
whereas concave curvature has an opposite effect.
The turbulence measurements on the modified spheroid
and the low-drag body appear to confirm these ob-
servatons although the relative influence of longi-
tudinal streamline curvature and transverse surface
curvature could not be separated readily.

Bradshaw (197 3) has argued that whenever a thin
turbulent shear layer experiences an extra rate of
strain, i.e., in addition to the usual 3U/3y, the
response of the turbulence parameters is an order
of magnitude greater than one would expect from
an observation of the appropriate extra terms in
the mean-flow equations of momentum and continuity.
For THIN shear layers and SMALL extra rates of
strain he proposed a simple linear correction for
the length scale of the turbulence, viz.

= 1 +
3U/3y (5)

where S,,-, is the length scale with the usual rate
of strain, 3U/3y, i is the length scale with the
extra rate of strain, e, and a is a constant of
the order of 10. For the axisymmetric boundary
layer being considered here, there are two extra
rates of strain:

K U
1 + Ky

due to the longitudinal curvature, and

1 3r
dr

U o

1 + Ky r 3x r dx

(6)

(7)

due to the convergence or divergence of the stream-
lines (in planes parallel to the surface) associated
with the changes in the transverse curvature. The
former is a shearing strain while the latter is a
plain strain, and it is not certain whether the
two effects can be added simply in using Eq. (5)

as recommended by Bradshaw (1973) . If this is the
case, however, we would expect a greater reduction
in Z in the tail region of the modified spheroid,
where k is positive and dr^/dx is negative, than
on the low-drag body, where < becomes negative and
would therefore tend to offset the influence of
the negative dr^/dx. Although the available data
appear to bear this out to some extent, a direct
comparison between Eqs . (5), (6), and (7) and the
data was not attempted, especially in view of
Bradshaw' s [Bradshaw and Unsworth (1976)] assertion
that Eq. (5) should be used in conjunction with a
simple rate equation which accounts for the up-
stream extra rate-of-strain history. He proposes

1 +
eff

3U/3y
(8)

d . eff
dx eff' ~ 106

(9)

where e is the actual rate of strain, eeff is its
effective value and 106 represents the "lag length"
over which the boundary layer responds to a change
in e. In order to determine the merit of this
proposal, it is of course necessary to incorporate
it in an actual calculation and make a comparison
between the predictons and measurement. Such an
attempt has been made here.

The functions i^ and G used in the present study
are shown in Figure 3. For the wake calculation,
the linear variation of l^ in the wall region is
replaced by the constant value of 0.09, as shown
by the dotted line in the figure. The local dis-
tribution of the length scale, I, is thus given by
Eqs. (6) through (9) while the diffusion function,
G, and the structure parameter, aj , retain their
thin-boundary-layer values.

3. SOLUTION OF THE DIFFERENTIAL EQUATIONS

A numerical method available for the solution of
equations corresponding to (1) , (3) , and (4) for
a thin two-dimensional boundary layer was modified
to introduce the longitudinal- and transverse-
curvature terms. Instead of incorporating the y-
momentum, Eq. (2) , into the solution procedure,
however, changes were made such that a prescribed
variation, across the boundary layer, of the pres-
sure gradient 3p/3x could be used. This implies
that the pressure field is known a priori. The
solution of Eqs. (1) , (3) , and (4) together with
Eqs. (6) , (7) , (8) , and (9) can then be obtained
through step-by-step integration by marching down-
stream from some initial station where the velocity
and shear-stress profiles are prescribed. A
staggered mesh, explicit numerical scheme, similar
to that used by Nash (1969) , was used to integrate
the equations in the domain between the first mesh
point away from the surface (or the wake center-
line) to some distance, typically 1.25 6, outside
the boundary layer and the wake. The fifteen mesh
points across the boundary layer are distributed

and
FIGURE 3. Distributions of empirical functions, Kq

and G.
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non-uniformly to provide a greater concentration
near the wall and the wake centerline. Instead of
carrying out the integration of the equations up
to the wall, i.e., through the viscous sublayer
and the blending zone, the numerical solution at
the first mesh point, located in the fully turbulent
part of the boundary layer, is matched to the wall
using the law of the wall. In the extension of the
method to the wake, the matching between the first
mesh point and the wake centerline is accomplished
by using the conditions 8U/3y = and T = on the
centerline. The main differences between the
boundary layer and wake calculation procedures are
therefore the treatment of the flow between the
first mesh point and the wall or the wake center-
line, and the change in l^ at the tail. Note that
the local value of I in the boundary layer as well
as the wake is different from 8,q due to the lag,
Eq. (8) . The length scale recovers the reference
distribution Iq asymptotically in the far wake.
Since the near wake data from the low-drag body
indicated that most of the adjustment from the
boundary layer to the far wake is accomplished over
roughly five initial wake thicknesses, the lag
length for the wake calculation was taken to be
5 S, rather than 10 6 used for the boundary-layer
calculation on the basis of Bradshaw's (1973) sug-
gestion. Since the extra rates of strain vanish
at the tail (k = 0, dr^/dx = 0), the length scale
approaches the Iq distribution at about five wake
radii downstream of the tail.

Preliminary calculations performed with the dif-
ferential method described above quickly indicated
that the extra rates of strain in both experiments
were much larger than those examined by Bradshaw
(1973) in support of the linear length-scale
correction formula of Eq. (8) . In fact, the use
of the linear formula led to a rapid decrease in I

and indicated almost total destruction of the
Reynolds stress across the boundary layer in the
tail region and the near wake. In view of this,
recourse was made to a non-linear correction formula
in the form

^= u eff
3U/3y

(8a)

which reduces to the linear one, Eq. (8) , for
small extra rates of strain. Equations (1) , (3)

,

and (4), together with (6), (7), (8a), and (9),
were then solved with the following inputs:

A: the measured wall pressure distribution C„pw
(i.e. , no normal pressure variation) and
i(y/S) = lo(Y/S)

B: the measured Cp„ with S.(y/6) corrected for
only the longitudinal curvature (e = ejj)

C: the measured Cp„ with Jl(y/6) corrected for
only the streamline convergence (e = e^-)

D: as above, but with e = ej^ + e^
E: using e = e^j^ + e^ in Eqs. (8a) and (9) , and

a variable 3p/3x across the boundary layer
evaluated by assxoming a linear variation in

p from y = to y = 6 and using the measured
values of Cp„, Cp^ and 6.

Thus, case A corresponds to an axisymmetric bound-
ary layer with thin, two-dimensional boundary-layer
physics. The other cases enable the evaluation of
the relative influence of the extra rates of strain
as well as the static pressure variation through

the boundary layer. The calculations were started
with the velocity and shear-stress profiles mea-
sured at X/L = 0.662 on the modified spheroid and
at X/L = 0.601 on the low-drag body.

4. COMPARISONS WITH EXPERIMENT

The major results of the calculations are summarized
in Figure 4(a-k) for the low-drag body and in
Figure 5(a-h) for the modified spheroid. However,
in the latter case the calculations are restricted
to the boundary layer since detailed measurements
were not made in the wake. Both figures contain
comparisons between the experimental and calculated
velocity, shear-stress, and mixing-length profiles
at a few representative axial stations as well as

the development of the integral parameters, 62, A2/

H, H, and Cf, with axial distance. These parameters
are defined by

5i = ; dy. ^2 = ^0 ^y- H 5l/62 (10)

U
/. (1 - 7^)rdy, A2 = /

H = A1/A2

6 U_

u.
(1 - ^)rdy.

and

hpW^

(11)

(12)

Where Ug is the velocity component at the edge of
the boundary layer and wake (y = 6) , tangent to the
body surface for the boundary layer and parallel
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ment in the prediction of the velocity profile in
the case of the modified spheroid, but its influence
is small, and confined to the outer part of the
boundary layer, in the case of the low-drag body.

Examination of the velocity and shear-stress
profiles at several axial stations shown in Figures
4a-f and 5a-c suggests that the incorporation of
the non-linear length-scale correction of Eq. (8a)

,

the associated rate Eq. (9) and the static-pressure
variation in the equations of the thick boundary
layer, which already include the direct longitudinal
and transverse curvature terms, leads to satis-
factory overall agreement with the data for both
bodies. It is particularly noteworthy that the
velocity and shear stress distributions in the
far wake (X/L = 2.472) of the low-drag body are
predicted with good accuracy. The level of
agreement can obviously be improved further by
appropriate modifications in the empirical functions
in the turbulent kinetic-energy equation and changes
in the lag-length used in the length-scale equation.
The predictions of the shear stress profiles are
consistent with those of the mixing-length distri-
butions shown in Figures 4g and 5e insofar as lower
shear stresses correspond to an over correction in
the mixing length. These comparisons provide
further insight into the manner in which the length
scale must be modified to improve the correlation
between the calculation method and experiment. It
is apparent that the consistent discrepancy between
the calculated and measured velocity and shear-
stress profiles near the outer edge of the boundary
layer and wake stems from a poor representation of
the length scale distribution.

It is interesting to note that, for both bodies
the calculation precedure predicts normal components
of mean velocity which are of the same order of
magnitude as those measured. The relatively close
agreement between the predictions and experiment
for both components of velocity is perhaps a good
indication of the axial symmetry achieved in the
experiments. The large values of the normal veloc-
ity and the influence of static pressure variation
noted above would appear to indicate that incorpora-
tion of the y-momentum equation in the calculation
procedure would be worthwhile. Note that this has
been avoided in the present calculations by using
the measured pressure distributions at the surface
and the outer edge of the boundary layer.

Finally, the comparisons made in Figures 4 (i-k)

and 5 (e-h) with respect to the integral parameters
show several interesting and consistent features.
It is observed that the prediction of the physical
thickness of the boundary layer and the wake is
insensitive to the changes in I as well as the in-
clusion of static pressure variation. The under
estimation of the thickness is associated with the
discrepancy, noted earlier, in the velocity profile
near the outer edge of the boundary layer and wake

.

The planar momentum thickness 62 and the momentum-
deficit area A2 are also insensitive to changes in
I. The variation of static pressure across the
boundary layer appears to make a small but notice-
able contribution to the development of A 2 in both
cases. However, it is not large enough to account
for the differences between the calculations and
experiment. The predictions of the shape parameters,
H and H, presented in Figures 4j and 5g, appear to
be satisfactory, especially in view of the rather
large scale of the plots. Nevertheless, there is

a systematic difference between the data and the

calculation in the tail region and wake of the low-
drag body. As indicated earlier, this can be im-
proved by modifications in the empirical functions
and the lag length. The predictions of the wall
shear stress, shown in Figures 4k and 5h, indicate
that the present method gives acceptable results
for both bodies.

5. COMPARISONS WITH THE INTEGRAL APPROACH

An integral method for the calculation of a thick
axisymmetric boundary layer was described by Patel
(1974) and its extension to the wake was proposed
by Nakayama, Patel, and Landweber (1976b). A few
possible improvements in this method were examined
recently relative to the description of the velocity
profiles in the near wake and these are discussed
by Patel and Lee (1977) . The most recent version
of this method has been used here to calculate the
development of the boundary layer and the wake of
the low-drag body in order to assess its performance
relative to the experimental data (which were not
available at the time the method and its extension
were proposed) and the more elaborate differential
method

.

The results of the calculations are shown in
Figure 6. It is seen that the performance of the
integral method is comparable with that of the
differential method (compare Figures 4h-k with
6a-d) with respect to the prediction of the bound-
ary layer up to the tail. The prediction of the
near wake is, however, distinctly inferior to that
of the differential method, particular with respect
to the physical thickness S and momentum deficit
area A2. The main conclusion to emerge from these
calculations is that the integral method is capable
of giving a good overall description of the flow
features with considerably less computing effort.
The differential approach is to be preferred, how-
ever, since it affords the opportunity for further
refinement and gives greater details which may be
necessary for many applications. A more thorough
discussion of the integral method and its short-
comings is given in Patel and Lee (1977) .

6. CONCLUSIONS

From the present solutions of the differential
equations, using the (one-equation) turbulent
kinetic-energy model of Bradshaw, Ferriss, and
Atwell (1957) , it is clear that methods developed
for thin shear layers cannot be relied upon to pre-
dict the behavior of the thick boundary layer and
wake of a body of revolution. Although these cal-
culations have demonstrated that the boundary-layer
calculation can be readily extended to the wake
and that a fairly satisfactory prediction procedure
can be developed by incorporating ad hoc corrections
to the model for the extra rates of strain, along
the lines recommended by Bradshaw (1973) , it is
indeed surprising that such modifications, proposed
originally for small extra rates of strain and thin
shear layers, work so well for the two bodies which
are substantially different in shape. In keeping
with recent trends in the formulation of turbulence
models , one inquires whether thick axisymmetric
boundary layers and near wakes ought to be treated
by the so-called two-equation models . From the
rapid changes in the mixing-length indicated by
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FIGURE 6. Comparison of ex-

periments with the solution of

the integral equations, low-

drag body. (a) Boundary layer

and wake thickness.
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ABSTRACT

Measurements of static pressure distributions, mean
velocity profiles, and distributions of turbulence
intensities and Reynolds stress were made across the
stern boundary-layers on two axisymmetric bodies.
In order to avoid tunnel blockage, the entire after-
body was placed in the open-jet test section of the
DTNSRDC Anechoic Wind Tunnel. The numerical itera-
tion scheme which uses the boundary layer and open
wake displacement body is found to model satisfac-
torily the interaction between the thick stern bound-
ary layer and the external potential flow. The
measured static pressure distributions across the
entire stern boundary layer and the near wake are
predicted well by potential flow computations for
the displacement bodies. The measured distributions
of mean velocity and eddy viscosity over the stern,
except in the tail region (X/L > 0.90), are also
well-predicted when the Douglas CS differential
boundary-layer method is used in conjunction with
the inviscid pressure distribution on the displace-
ment body. However, the measured distributions of
turbulence intensity, eddy viscosity, and mixing-
length parameters in the tail region are found to
be much smaller than those of a thin boundary layer.
An approximate similarity characteristic for the
thick axisymmetric stern boundary layer is obtained
when the mixing-length parameters in the tail region
are normalized by the square-root of the boundary-
layer cross-sectional area instead of the boundary-
layer thickness.

1. INTRODUCTION

Many single-screw ship propellers operate inside of
thick stern boundary layers . An accurate prediction
of velocity inflow to the propeller is essential to
meet the ever- increasing demand for improving pro-
peller performance. Huang et al . (1976) used a
Laser Doppler Velocimeter (LDV) to measure the ve-

locity profiles on axisymmetric models with and

without a propeller in operation. The measured
difference between these velocity profiles has

provided the necessary clues to formulate an inviscid
interaction theory for propellers and thick boundary
layers. An iterative scheme was employed to compute
the velocity profiles of the thick axisymmetric
boundary layer. In this approach, the initial
boundary- layer computation proceeds making use of
the potential-flow pressure distribution on the body
[Hess and Smith (1966) ] . The flow calculations are
then repeated for a modified body and wake geometry,
by adding the computed local displacement thickness
as suggested by Preston (1945) and Lighthill (1958)

.

Potential-flow methods are then used to compute the
pressure distribution around the modified body and
the boundary- layer calculations are repeated using
the new pressure distribution. The basic iterative
scheme is continued until the pressure distributions
on the body from two successive approximations agree
to within a given error criterion (1 percent)

.

The Douglas CS differential boundary-layer method
[Cebeci and Smith (1974) ] , modified to properly ac-

acount for the effects of transverse curvature, was
used to calculate the boundary-layer over the axi-

symmetric body. The integral wake relations given
by Granville (1958) were used to calculate the dis-

placement thickness in the wake. In the stern/
near-wake region (0.95 - X/L - 1.05), where X is the

axial distance from the nose and L is the total

length, a fifth-degree polynomial was used, with
the constants determined by the condition that the

thickness, slope, and curvature be equal to those

calculated by the boundary- layer method at X/L =

0.95 and by the integral wake relations at X/L =

1.05. Comparison with experimental results of Huang
et al. (1976) show that the potential- flow/boundary-
layer interaction computer program predicts accurate
values of pressure, shear stress, and velocity pro-
files over the forward 90 percent of the bodies,
where the boundary layers are thin compared with
the radii of the bodies. Over the last 10 percent
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of body length, the measured shear stress and ve-

locity profiles became smaller than those predicted

by the theory. These differences are more notice-

able over the last 5 percent of the body length

where the boundary-layer thicknesses are greater

than the radii of the bodies, especially for fuller

sterns.
In order to examine the thick stern boundary-

layer properties in detail, it is necessary to

measure the distributions of static pressure, tur-

bulence intensities and Reynolds stress across the

thick stern boundary layer. The magnitudes of the

eddy viscosity and the mixing-length parameter were

determined and compared with those obtained for

thin boundary layers. It is found that the eddy

viscosity and the mixing length for thick boundary
layers are smaller than those of thin boundary
layers. An improvement to the Douglas CS differ-

ential method can be made by modifying the mixing-
length model in the tail region. The distributions
of measured static pressure, which were found to be

nonuniform across the thick stern boundary layers
and near wake, can be approximated very well by
potential flow computations for the displacement
bodies. The gross curvature effects of the mean
streamlines on the static pressure distributions
outside the displacement surface are represented
very well by those of the potential-flow stream-

lines of the fictitious displacement body. Thus,

the nonuniform static pressure distributions across

the thick stern boundary layer can be interpreted

mainly as an inviscid phenomenon and can be assumed

to have little effect on the stern boundary-layer
development.

Two axisymmetric bodies without flow separation.

Afterbodies 1 and 2 of Huang et al. (1976) , were
chosen for this investigation. Their geometric
simplicity offers considerable experimental and

computational convenience in treating fundamental

aspects of thick stern boundary layers. Afterbody
1 is a fine convex stern while Afterbody 2 is a

full convex stern.
In the following discussion, the experimental

techniques and geometries of the model are given
in detail. The measurements of mean velocities,
turbulence intensities, and Reynolds stresses were
analyzed to obtain eddy viscosity and mixing length.

The application of the present results to improve-
ment of the accuracy of boundary-layer computations
over the entire stern is outlined.

2. WIND TUNNEL AND MODELS

The experimental investigation was conducted in the

wind tunnel of the DTNSRDC anechoic flow facility.

TABLE 1 - Offsets for Model 1

X/L X/L Y/L Y/R X/L Y/R

.0000
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The wind tunnel has a 2.44 m by 2.44 m closed- jet
test section, followed by a 7.16 m by 7.16 m open-
jet test section. The length of the open-jet sec-
tion is 6.40 m. The maximum air speed which can
be achieved is 61 m/sec; in the present experiments,
the velocity of the wind tunnel was held constant
at 30.48 m/sec. The measured ambient turbulence
level in the open-jet test section without the model
in place was 0.1 percent. Integration of the mea-
sured noise spectrum levels in the open-jet test
section, over the frequency range of to 10,000 Hz,
indicated that the typical background acoustic
noise at 30.48 m/sec was around 93 db re 0.0002
dyn/cm . These levels of ambient turbulence and
acoustic noise were considered low enough so as not
to unfavorably affect the measurements of boundary-
layer characteristics.

Two axisymmetric convex afterbodies without
stern separation were used for the present experi-
mental investigation. Their afterbody length/
diameter ratios (L^/D) were 4.308 and 2.247. The
detailed offsets for Models 1 and 2 are given in
Tables 1 and 2. Each afterbody was connected to a
parallel middle body of length L,. and an existing
streamlined forebody with a bow-entrance length
diameter ratio (L^/D) of 1.82. The total length
of each model (L) is fixed at a constant value of
3.066 m. The diameter of the parallel middle body

'""^max'
^^ 27.94 cm. The common forebody and a

portion of the parallel were constructed of wood.

The afterbody and the remaining portions of the
parallel middle body were constructed of molded
fiberglass; specified profile tolerances were held
to less than to.4 mm, all imperfections were re-
moved, meridians were faired, and the fiberglass
was polished to a 0.64-micron rms surface finish.
The tail ends of the afterbody were shaped to ac-
commodate the hub of an existing propeller. This
modification caused a considerable change of body
curvature in the region of X/L ^ 0.96. However,
as will be seen later, the thicknesses of the
boundary layer in this region are much larger than
the local radii of the body. This deficiency does
not cause serious degradation of boundary-layer
flow at that point.

The model was supported by two streamlined struts
separated by roughly one-third of the model length.
The upstream strut had a 15 cm chord and the down-
stream strut a 3 cm chord. The disturbances gener-
ated by the supporting struts were within the region
below the horizontal centerplane. Prior to the
experiments, pressure taps and Preston tubes were
used to check the axisymmetric characteristics of
the stern flow at X/L = 0.90, 0.95, and 0.98. The
circumferential variations of pressure and surface
shear stress on the upper half of the two after-
bodies at these three locations were within two
percent. All the final measurements were made in
each body's vertical centerplane along the upper
meridian where there was little extraneous effect

TABLE 2 - Offsets for Model 2

X/L Y/L Y/R Y/L Y/R X/L Y/L Y/R

.0000



130

from the supporting strut. One half of the model
length protruded from the closed-jet working sec-
tion of the wind tunnel into the open-jet test
section. The ambient static pressure coefficients
across and along the entire open- jet chamber (7.16
X 7.16 X 6.4 m) were found to vary less than 0.3
percent of dynamic pressure. The tunnel blockage
and the longitudinal pressure gradient along the
tunnel length were almost completely removed by
testing the afterbody in the open- jet test section.

The location of boundary-layer transition from
laminar to turbulent flow was artifically induced
by a 0.61 mm diameter trip wire located at X/L =

0.05. When the flow was probed with a hot-wire,
the trip wire was found to effectively stimulate
the flow at a location 1 cm downstream from the

wire. As a result of the parasitic drag of the
wire , the boundary layer can be theoretically con-
sidered to become turbulent at a virtual origin
upstream of the trip wire. This virtual origin for

the turbulent flow is defined such that the sum of
the laminar frictional drag from the body nose to

the trip wire, the parasitic drag of the trip wire,

and the turbulent frictional drag after the trip
wire equals the sum of the laminar frictional drag
from the nose to the virtual origin and the turbu-
lent frictional drag from the virtual origin to

the after end of the model [McCarthy et al . (1976)].
The location of the virtual origin on the forebody
with a 0.61 ram trip wire at X/L = 0.05 was found
to be at X/L = 0.015 for a length Reynolds number
of 5.9 X lO*: The location of transition in the
mathematical model for the present boundary-layer
calculation is specified at this virtual origin.
The length Reynolds number based on the distance
from the trip wire to the end of the parallel middle
body is larger than for 4 x lo^ for the two after-
bodies. It can be assumed that a fully established
axisymmetric turbulent boundary layer exists at the
beginning of the afterbody and that the trip wire
has no peculiar effect on the boundary- layer char-
acteristics of the stern.

3. INSTRUMENTATION

A 1.83-cm Preston tube was taped to the stern at
successively further aft locations in order to

measure the shear stress distribution along the
upper meridian of each stern. The Preston tube

used was calibrated in a 2.54-cm water pipe flow

facility described by Huang and von Kerczek (1972)

.

Pressure taps (0.8 mm diameter) were used to mea-
sure steady pressures at the same locations as the

Preston tubes. The taps were connected by "Tygon"
plastic tubes to a scanning valve located inside
the model. The output tube from the scanning valve
was run from the model through the supporting strut
to a precision pressure transducer located on the
quiescent floor of the open- jet chamber. The pres-
sure transducer was a Validyne Model DP 15-560 de-
signed for measuring low pressure up to ± 1.4 x 10^

dyn/cm^ (±0.2 psi) . The zero-drift, linearity, and
hysteresis of this transducer system were carefully
checked and the overall accuracy was found to be
within 0.5 percent of the dynamic pressure.

A Prandtl type pitot-static pressure probe of
3.125-mm diameter with four equally spaced holes
located at three diameters aft of the nose was used
to measure static pressure across the boundary
layer. The yaw sensitivity of the static pressure

probe was examined by yawing the probe in the free-
stream. It was found that the measured static pres-
sure was insensitive to the probe angle up to 5°

yaw. The response of measured static pressure to
probe angle was nearly a cosine function of yaw
angle for yaw angles less than 15°. The static
pressure probe was aligned parallel to the model
axis for all of the static pressure measurements.
The local angles between the resultant velocity of
the boundary-layer flow and probe axis were found
to be less than 15° (5° for most cases) . The maxi-
mum static pressure coefficient in the boundary
layer was less than 0.2. Thus, the error in the
measured static pressure caused by not aligning the
probe with the local flow was less than 0.8 percent
of the dynamic pressure.

The mean axial and radial velocity components
and the Reynolds stress were measured by a TSI, Inc.

Model 1241 "X" wire. The probe elements were 0.05
mm in diameter with a sensing length of 1.0 mm.
The spacing between the two cross elements is 1.0

mm. A two-channel TSI Model 1050-1 hot-wire ane-
mometer and linearizer were used. The "X" wire,
together with temperature compensated probes, were
calibrated at the factory and supplied with their
individual linearization polynomial coefficients.
This eliminated the time-consuming linearization
process. The frequency response of the anemometer
system claimed by the manufacturer is dc to 200 kHz.
Calibration of the "X" wire was made before and after
each set of measurements. It was found that this
hot-wire anemometer system had a ±0.5 percent ac-
curacy (io.l5 m/s accuracy at the free stream ve-
locity of 30.5 m/sec) during the entire experiment.
The accuracy of cross-flow velocity measurements
by the cross wire was estimated by yawing the cross-
wire in the free stream. It was found that the ac-
curacy of the measured cross-flow velocities was
about one percent of the free stream velocity.

The linearized signals were fed into a Time/Data
Model 1923-C Real-Time analyzer. Both channels of
analog signal were digitized at a rate of 80 points
per second for ten seconds. These data were imme-
diametely analyzed by a computer code to obtain the
individual components of mean velocity, turbulence
fluctuation, and Reynolds stress on a real time
basis.

A traversing system enclosed in a 15 cm chord,
streamlined strut was used to support both the
static pressure probe and the cross-wire probe. The
traversing system was mounted either on an I-beam
along the axis of the lower floor of the open- jet
chamber or on the ceiling of the closed-jet section.
The combination of these two mounting arrangements
allowed the measurements to be made at any axial
location along the stern and up to 50 percent of
the body length downstream from the aft end of the
body. Positioning of the traversing system was
achieved by manual adjustment in the axial direction
and by remote control in the radial direction. The

total radial traverse of the probe was 25 cm. The
radial position of the probe was monitored by a

potentiometer to with a +0.01 mm accuracy.

4. COMPARISON OF EXPERIMENTAL AND THEORETICAL
RESULTS

In the following, the experimental results for the
thick stern boundary layers are presented and com-
pared with theoretical results. The theories used
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in the comparison are the Douglas CS differential
boundary-layer method in conjunction with the dis-

placement body concept. The iteration procedures
for numerical computation are given by Huang et al.

(1976). In this investigation, the displacement
body concept for solving the interaction between
the thick stern boundary layer and potential flow
will be examined and an eddy-viscosity model will
be evaluated.

suggest that the displacement body concept as used
by Huang et al. (1976) permits accurate computation
of the pressure distribution on the stern.

The measured and computed distributions of local
shear stress, C^-, are compared in Figure 3. The
agreement between theory and measurement is

also very good for both afterbodies except for
x/L > 0.95 where the measured values of C are lower

than the computed values

.

Measured and Computed Pressure and Shear Stress
Distributions

Significant improvement in the accuracy of measur-
ing surface pressure and shear stress have been made
by using a precision pressure transducer. The
present results are more reliable than the earlier
results of Huang et al. (1976) , although the dif-
ferences are small.

The measured and computed values of the pressure
coefficient, Cp = 2 (p - Pq)/pUq , are compared in

Figure 1 for Afterbody 1 and in Figure 2 , for After-
body 2; p is the local static pressure, p is the
mass density of the fluid, Uq is the free-stream
velocity and Pq is the ambient pressure (the qui-
escent chamber static pressure of the open-jet sec-
tion) . The pressure coefficients computed on the
displacement body were carried radially back to the
hull surface and the radial distribution of pres-
sure at a given axial station was assumed to be a

constant between the hull surface and the fictitious
displacement surface. The maximum error in the
static pressure associated with this assumption is

less than tvvo percent of the dynamic pressure (next
section) . The agreement between theory and measure-
ment is excellent for both afterbodies. The results

Measured and Computed Static Pressure Distribution

The measured and computed static pressure coeffi-
cients for Afterbody 1 are compared in Figure 4 at

various locations across the stern boundary layer
and in Figure 5 for the near wake. Figures 6 and 7

show the comparisons for Afterbody 2. The off-body
option of the Douglas potential- flow computer code
was used to compute the static pressure distribu-
tions off the displacement body. As can be seen in

Figures 4 through 7 , the computed static pressure
distributions across the entire stern boundary layer

and near wake mostly agree well with the measured
static pressure distributions. The discrepancy
between the measured and computed values of Cp is

in general less than 0.01 which is about the accuracy
of the measurement.

As will be seen later, both displacement bodies
are convex from the parallel middle body up to X/L
= 0.91 and become concave downstream from X/L >

0.91. However, the actual afterbodies are convex
all the way up to X/L = 0.96. The measured values
of Cp shown in Figures 4 through 7 increase with
radial distance for X/L < 0.91, indicating that

the mean streamlines are convex; and measured values
of C decrease with radial distance for X/L > 0.91,

U. 13



132

020



133

"1
\ \ r A

1 1 r—I

1 r

X/L = 0.914 <

J I I L

MEASUREMENT

THEORY

DISPLACEMENT
SURFACE

MEASUREMENT
ON THE BODY

1
I

1
1—1

—

\—I—

r

X/L MEASUREMENTS THEORY

0.755

J I I I

FIGURE 4. Computed and measured static pressure distributions across stern boundary layer of afterbody 1.

FIGURE 5. Computed and measured
static pressure distributions
across near wake of afterbody 1.
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FIGURE 6. Computed and measured static pressure distributions across stern boundary layer of afterbody 2.

indicating that the mean streamlines are concave.
Thus, the curvatures of the mean streamlines are
more closely related to the curvatures of the dis-
placement body than the actual body. The close
agreement between the computed and measured static
pressure distributions again supports the displace-
ment body concept for computing the potential flow
outside of the displacement surface.

5. MEASURED AND COMPUTED MEAN VELOCITY PROFILE

The incompressible steady continuity and momentum
equations for thin axisymmetric turbulent boundary
layers are

8(rUg)/3s + 3(rVj^)/3n = (1)

r^ is the body radius; x is the axial distance; u
and Vj^ are the mean velocity components respectively
parallel to and normal to the meridan of the body
(s and n directions) ; v is the kinematic viscosity
of the fluid; -u'V is the Reynolds stress; and u'

s n s
and Vjlj are the velocity fluctuations in the s and n

directions respectively. The Douglas CS method as-
sumes that the Reynolds stress depends upon the local
flow parameters only, e.g..

where

for o < n < n

for n < n < 6
c

~

(3)

^o

3u^

(eddy viscosity in the inner
region)

and

u 3u /3s + V 3u /3n
s s n s

-dp/pds + 3[r(v3u /3n) -u' v'
] /r3n

s s n

u (s,0) = v (s,0) = at n
s n

(2)

e = 0.0168 Y feu -u )dn = 0.0168 U 6* Y
o tr -'q e s e p tr.

(eddy viscosity in the outer region)

,

^ m (^)
A r

o .

0.4 r ln( ) S
1 - exp

o

where

r(s,n) = r (s,n) + n cosa
o

a = tan"-''(dr /dx)
o

(mixing-length parameter in the inner
region)

,

w —

%

= 26 v(—) , (Van Driest 's damping
factor)

,



6 u
6* = r (1 - -^)dn, [displacement thickness

o e (planar definition)

]

Y = [1 + 5.5
(-J-) ] , (intermittency

factor)

,

& - 6995 , (boundary-layer thickness),

T , (wall shear stress)

,

w

Ug is the potential-flow velocity used in the
boundary-layer calculations , and at y^., , e^ is equal
to e . A computer code to solve for the values
Ug/Ug and v^/Ug has been developed by Cebeci and
Smith (1975) using Keller's numerical box scheme.

The velocity components measured in the present
investigation are u^^ and v , the components in the
axial and the radial directions of the axisymmetric
body. The computed values of Uj. and Vj. are given
by

u (r) u (n) U
X s e

V (n) U
n e

V (r)
r

u (n) U
s e

V (n)

sina +

sina,

cosa,

(4)

(5)
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where Ug/U and Vj^/U are computed by the CS method.
The potential-flow pressure is assumed to be con-
stant between the body surface and the displacement
surface and is equal to the pressure p^ computed on
the displacement body. The value of Ug used in Eqs.
(4) and (5) is equal to /l - p^ and U is assumed
to be parallel to the body surface.

The displacement-body concept can be used to
improve the computed values of u^ and v outside
of the displacement surface of thick boundary layers,
e.g. ,

u (r) u (n)
X s

U cos(e-a)
-£

U U cos(e-a)
o p

V (n)
n

(6)

U sin(e-a)
P

U sin(e-a)
P sina.

V (n)
r

u (n) U cos (9-a)_s p
U COS (9-a)
P

V (n) U sin(e-a)

^ U sin(e-a) -^ ^°^^' (^'

p o

where the variation of the inviscid static pressure.

3.0
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Cp(r), across the thick boundary layer is expressed
in terms o f the inviscid resultant velocity Up
[Up(r) = /l - Cp(r) ] and 9 is the angle between the
inviscid resultant velocity Up and body axis (6 is

positive when Up is directed away from the axis)

.

In the first improvement the values Us/(UpCos (S-a)

)

are taken as the computed values of f Us/Up
the CS method with Ug equal to the inviscid resul-
tant velocity on the displacement body. At the edge
boundary layer, the value of Ug (UpCos (9-a) ) is equal
to 1.0. The value of Vj^/(U sin( 9-a) ) is also equal
to 1.0 since the boundary-layer-induced normal ve-
locity is assumed to be equal to the inviscid normal
velocity of the displacement body at that point
[Lighthill (1958) ] . The theoretical proof for an
axisymmetric body has not been worked out in the
literature and will not be given here. However,
the validity of the assumption will be borne out
by the experimental measurements of v . Therefore,
Eqs. (6) and (7) reduce to the proper limit at the
edge of the boundary layer, e.g..

u (r=6 )

X r

V (r=6 )

r r

(8)

(9)

which are the inviscid axial and radial velocity
components of the displacement body, where Or =

A - C (r = 6 ) . Outside of the boundary layer,
Eqs. (8) and (9) are also valid so long as the
local inviscid values of Up and 9 for the displace-
ment body are used. The improved values in Eqs.
(6) and (7) account for the variation of the in-
viscid static pressure and potential-flow vector
across the thick boundary layer and make appropriate
use of the results of the CS method. As already
noted, the variation of static pressure computed
across the boundary layer outside of the displace-
ment surface agrees quite well with the experimental
results.

Figure 8 shows the comparison of the mean axial
and radial velocity profiles at several axial sta-
tions on Afterbody 1, and Figure 9 shows the mea-
sured axial velocity profiles across the near wake
of Afterbody 1. The theoretical results at X/L =

1.00 were calculated at X/L = 0.998. Figures 10
and 11 show comparisons of the measured and computed
velocity profiles for Afterbody 2. The mean axial
and radial velocity components u^ and Vj. were mea-
sured by a cross-wire probe and the experimental
accuracy of measurements of u^^/Uq and Vj-/Uq were
respectively about 0.5 percent and 1.0 percent.

As shown in Figures 8 and 10, the theoretically
computed velocities , which account for the variation
of static pressure distribution across the thick
boundary layer, agree better with the measured axial
and radial profiles outside of the displacement sur-
face. These results suggest that a simple improve-
ment of the existing boundary-layer computation
method can be made for the thick stern boundary

1.4

1.2

1.0

0.8

0.6

0.4

0.2
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I-'IC;URL-; 10. Measured and computed mean axial and radial velocity distributions across stern boundary
layer of afterbody 2.

layer by means of the displacement body concept.
However, it is important to point out that the
measured axial velocity profiles in the inner region
are in general smaller than the theoretical values.
The eddy viscosity model plays an important role in
this region; therefore, it is essential to examine
the eddy viscosity model used for computing the
thick stern boundary layer. Figures 8 and 10 also
show the comparison of the axial velocities mea-
sured by the cross-wire and by LDV (Huang et al.,
1976) . The agreement is very good inside the bound-
ary layer. However, due to the artifical seeding
of oil mist required for the LDV, the axial veloc-
ities near the edge of the boundary layer measured
by LDV are smaller than that by the cross-wire.

6. COMPARISON OF MEASURED AND COMPUTED INTEGRAL
PARAMETERS

Ujj(r) is computed by the potential-flow method ex-
cept inside of the displacement surface where it is

assiomed that U (r) = U (r^) with r, being the radius
of the displacement surface. The boundary-layer
thickness S^ is defined at the radial position where
the measured value of Ux*'^' equals 0.995 Ux(r). It

is difficult to obtain precisely since the ac-

curacy of the Uj,/U measurement is only about 0.005.
Nevertheless, the overall accuracy of the values of

6j- estimated in the present investigation is about
10 percent.

A measure of the mass-flux deficit in the thick
axisymmetric boundary layer is defined by

r +6
/^o r

A =
u (r)
x

U (r)

r +6*
_o r

rdr rdr (11)

The integral parameters are derived from the mea-
sured velocity distribution. The two-dimensional
displacement thickness is defined as

where r is the local body radius and 6* is the
axisymmetric displacement thickness. Thus, the
axisymmetric displacement thickness becomes

/ 1 -
u (r)
X

U (r)
dr (10)

where 6j, is the boundary thickness measured radially
normal to the body axis and Uy.{r) is the value of
the axial component of inviscid flow velocity com-
puted about the displacement body. The value of

r + 6*
o r

+ 2
^ 2max

(12)

where r„ is the maximum radius of the body.

The displacement body in the present investiga-

tion is defined by r^ = 6^ + r^ rather than the

planar definition, r^
*i

Similarily, a

measure of the momentum- flux deficit is defined by



139

1.4



140

LONGITUDINAL CURVATURE C=>

y ivicMauncivrci

EDGE OF BOUNDARY LAYER AND NEAR WAKE

MEASUREMENT

DISPLACEMENT SURFACE

'

f 'max \ ^s^ —
THEORY MEASUREMENT

1
0.95 1.00 1.

X/L

FIGURE 12. Transverse and longitudinal curvature parameters for afterbody 1.

• 2
o

1

1.4

1.2

X

^E 1.0

C

X 0.8

J
^^ 0.6

y.

J 0.4

0-2

TRANSVERSE CURVATURE

X,
\^

LONGITUDINAL CURVATURE 0'

-0.1

-0.2

A-. EDGE OF BOUNDARY LAYER AND NEAR WAKE

r-^^^^.
AFTERBODY 2

THEORY

THEORY -MEASUREMENT

DISPLACEMENT SURFACE

r max

A-

_a
MEASUREMENT

0.75 0.80 0.85 0.90 0.95 1.00 1.05

FIGURli 13. Transverse and longitudinal curvature parameters for afterbody 2.

1.10



141

0.02 004 0.06 0.08 0.10 0.02 0.04 0.06 0,08

FIGURE 14, Measured distributions of Reynolds stresses for afterbody 1.

0.06

2



142

0.3



143

decrease toward the edge of the boundary layer. The
values of aj also decrease in the inner region of
wake at X/L = 1.057 and 1.182 of Afterbody 1. It

should be pointed out that the measured values of
q" contain the free-stream turbulence fluctuation,
no attempt having been made to remove the free-
stream turbulence fluctuation from the measured
values of q^. The measured reduction of aj near
the outer edge of the boundary layer is in part
caused by the larger contribution of the free-stream
turbulence to q^ than to -u' V . Nevertheless, the
measured values of the turbulence structure param-
eter aj are quite constant across the inner portion
of the boundary layer where the effect of free-
stream turbulence is small.

Eddy Viscosity and Mixing Length

The measured distributions of shear stress -u' v'

and mean velocity gradient, Su^/ar, were used to
calculate the variations of eddy viscosity and
mixing length across the thick stern boundary layers
according to the following definitions

and

-u'v'

3u
X

37"

^^laF^I

3u
X

3r

(14)

(15)

eddy viscosity agree resonably well with the eddy-
viscosity model of Cebeci and Smith (1974, Eq. 3)

when the boundary layers are thin. However, as the
stern boundary layer thickens, the measured values
of e/Ug 6p* in the thick stern boundary layers are
only about 1/6 of the values for thin boundary
layers given by the Cebeci and Smith model (1974)

.

The measured distributions of mixing length shown
in Figures 19 and 20 also agree quite well with the
thin boundary layer results of Bradshaw, Ferriss,
and Atwell (1967). Again as the boundary thickens,
the measured values of l/Sy. reduce drastically.
The values of S./6j. in the thick stern boundary
layers are only about 1/3 of those of the thin
boundary layers. Similar reductions of eddy vis-
cosity and mixing length in thick stern boundary
layers were also measured by Patel et al. (1974,
1977)

.

As the axisymmetric boundary layer thickens in
the stern region, the boundary layer thickness 6

and the displacement thickness &p* increase dras-
tically. However, the values of eddy viscosity and
mixing length do not have enough time to respond to
this change. Therefore, neither the eddy viscosity
model of Cebeci and Smith (1974) , nor the mixing
length results of Bradshaw, Ferriss, and Atwell
(1967) can be applied to the thick stern boundary
layer.

TURBULENCE MODELS

The experimentally-determined distributions of
eddy viscosity, e/Ugfip*, are shown in Figure 17 for
Afterbody 1 and in Figure 18 for Afterbody 2 , where
Ug is the potential-flow velocity at the edge of
the boundary layer and 6p* is the displacement
thickness (based on the planar definition, Eq. 10)

.

Figures 19 and 20 show the experimentally-determined
distributions of mixing length i/S^, for the after-
bodies, where 6j- is the boundary-layer thickness
measured normal to the body axis. As shown in
Figures 19 and 20, the measured distributions of

In most works, the basic assumption made in the
differential methods for calculating turbulent
boundary layers is that the mixing length or eddy
viscosity is uniquely related to the mean velocity
gradient and the boundary- layer thickness parameter
at a given location. So long as the boundary layer
is thin and the change in boundary- layer properties
due to the pressure gradient is gradual, this simple
assumption is know to be satisfactory [see e.g.,
Cebeci and Smith (1974)]. When the past history of
boundary layer characteristics is important, Brad-

1.4

FIGURE 17. Measured distributions
of eddy viscosity for afterbody 1.
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Shaw et al. (1967) argue that the turbulence energy

equation can be used to model the memory effect.

In order to determine the rate of change of tur-

bulent intensity along a mean streamline, three
assumptions have to be made: namely, that turbu-

lence intensity is directly proportional to the

local Reynolds stress, a^ = -u' v'/q^ = 0.15; that

the dissipation rate is determined by the local

Reynolds stress and a length scale depending on

n/6 ; and the energy diffusion is directly pro-
portional to the local Reynolds stress with a fac-

tor depending on the mixing value of Reynolds stress.

On the basis of thin boundary- layer data two em-

pirical functions for the last two assumptions were
proposed by Bradshaw et al. (1957) . The first as-

sumption, 11/6 = f 1 (n/6) , was found not to be

applicable to the present thick axisymmetric stern
boundary layers. The deviation of the apparent
mixing length along the curved boundary from that
of a thin flat boundary was also noted and dis-
cussed by Bradshaw (1969) . A simple linear cor-
rection to the length scale of the turbulence by
the extra rate of strain was made by Bradshaw (1973)

.

The extension of this concept has just been made for
the thick axisymmetric boundary layer by Patel et

al. (1978).

It is important to note that the boundary- layer
thickness of a typical axisymmetric body increases
drastically at the stern. Most of the rapid change
takes place within a streamwise distance of a few
boundary-layer thicknesses. Most of the empirical
functions for solving the turbulence energy equa-

FIGURE 18. Measured distribu-
tions of eddy viscosity for

afterbody 2

.

0.018

0.016

0.014

0.012 — /(77

0.010

* P 0.008

0.006

I

^
1 Qa

0.2 0.6 0.8

r — r„

0.10

0.08

0.06

0.04

0.02

1 1 1



145

010

0.08

0.06

0.04

0.02

-



146

0.05 |—
f T ' \

'
I

r
lAI PRESENT AFTERBODIES 1 2

X/L X/L

O 0756 0840

D 0.846 C\ 0934

O 934 [7 970

A 0.964 O 0.977

1.0076

. o 0.02 —
^



147

viscid stern flow interation on axisymmetric bodies.

The measured static pressure distributions on the
body and across the entire thick boundary layer and
wake were predicted by the displacement body method
to an accuracy within one percent of dynamic pres-
sure. Theoretical predictions of the measured
axial and radial velocity profiles outside the dis-
placement surface were improved significantly when
the variations of the static pressure and radial
velocity of the displacement body were incorporated
into the computation.

Neither the measured values of eddy viscosity
nor mixing length were found to be proportional to

the local displacement thickness or the local
boundary-layer thickness of the thick axisymmetric
boundary layer. As the boundary layer thickens
rapidly at the stern, the turbulence characteristics
in the outer region remain quite similar but the
turbulence reduces its intensity and becomes more
uniformly distributed in the inner region. The
measured mixing length of the thick axisymmetric
stern boundary layer was found to be proportional
to the square root of the area of the turbulent
annulus between the body surface and the edge of
boundary layer. This simple similarity hypothesis
can be incorporated into existing differential
boundary-layer computation methods.
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APPENDIX

The raw data and derived results of the present
experiments are tabulated in the following so that
they can be used independently by other investi-
gators . Table 3 shows the measured pressure and
shear stress coefficients on Afterbodies 1 and 2.

Tables 4 and 5 provide the measured static pres-
sure coefficients across the stern boundary layers
and near wakes of Afterbodies 1 and 2, respectively.
Tables 6 and 7 contain the values of measured mean
axial and radial velocities, three components of
turbulence fluctuations, and Reynolds stresses
across the boundary layer and near wake of After-
bodies 1 and 2, respectively. The experimentally
derived data on eddy viscosity, mixing length,

planar and axisymmetric displacement thickness, and
boundary layer thickness are also given.
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TABLE 3 - Measured Pressure and Shear Stress Coefficients on

Afterbodies 1 and 2

AFTERBODY 1, R, 6.6 X 10 AFTERBODY 2, R, = 6.8 x 10

X



149

TABLE 4 (Continued)

x/



150

TABLE S



TABLE 6 - Measured Mean and Turbulence Velocity Characteristics for Afterbody 1
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x/L =
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TABLE 6



TABLE 6 - (Continued)

x/L = 1.0076, r /r =0.
' o max

153

max
U U

100
- u'

v

'

U,6*
6 p

0.061
0.101
0.139
0.213
0.288
0.365
0.477
0.589
0.702
0.811
0.923
1.040

0.368
0.385
0.426
0.462
0.535
0.607
0.670
0.781
0.871
0.929
0.961

0.977
0.993

-0.059
-0.053
-0.047
-0.043
-0.037
-0.020
-0.010
-0.005

-0.005
-0.004

-0.004

-0.004

-0.004

0.044
0.039
0.037

0.038
0.039
0.041
0.042
0.042
0.036
0.033
0.016
0.004
0.002

0.029
0.027
0.027
0.027
0.027
0.028
0.029
0.029
0.028
0.023
0.012

0.003
0.002

0.034
0.031
0.030
0.032
0.033
0.034
0.035
0.034
0.032
0.025
0.013
0.003
0.002

0.0251
0.0385
0.0495
0.0524
0.0580
0.0625
0.0610
0.0530
0.0380
0.0106
0.0020
0.0009
0.0002

0.162
0.154
0.165

0.164
.174

.173

.159

.141

0.130
0.057
0.035
0.027

0.067
0.111
0.153
0.234
0.316
0.401

0.524
0.647
0.771
0.891
1.014

0.00219
0.00209
0.00227
0.00248
0.00292
0.00285
0.00246
0.00239
0.00105
0.00038
0.000207

0.0296
0.0248
0.0262
0.0272
0.0309
0.0305
0.0282
0.0325
0.0275
0.0208
0.0182

6*
J.
r
max

0.243, 0.350, 0.91

max

x/L = 1.057, r /r
o max

max

/v-2
100-

-u'v'

u2
q"

6 P

0.034
0.152
0.232

0.311
0.388
0.460
0.573
0.614
0.693
0.770
0.847
0.923
1.077
1.276
1.459
1.697

0.519

0.S3S
0.609

0.667
0.722
0.774
0.824
0.894
0.916
0.952
0.981
0.989
0.991
0.991
0.993
0.994
0.998

-0.049

-0.043
-0.024
-0.015
-0.010
-0.006
-0.004
-0.004
-0.004
-0.004
-0.003
-0.003
-0.003
-0.002
-0.002
-0.002
-0.002

0.036
0.035
0.037
0.038
0.040
0.040
0.037
0.037
0.034
0.025
0.018
0.004
0.003
0.002
0.002

0.002
0.002

0.026
0.026
0.025
0.024
0.028
0.026
0.026
0.028
0.021
0.017
0.011

0.003
0.002
0.002
0.002
0.002
0.002

0.034

0.032
0.030
0.029
0.031
0.031
0.031
0.030
0.027
0.023
0.015
0.003
0.002
0.002
0.002

0.002
0.002

0.0117
0.0235
0.0416
0.0493
0.0527
0.0505
0.0460
0.0400
0.0353
0.0186
0.00569
0.00033
0.00010
0.00007
0.00005

0.038
0.080
0.144
0.137
0.158
0.156
0.152
0.132
0.135
0.129
0.098
0.051

0.024

0.037
0.165

0.252
0.338
0.422
0.500
0.622
0.667
0.753
0.837
0.921
1.003
1.171

0.00236
0.00351
0.00396
0.00438
0.00420
0.00394
0.00357
0.00336
0.00255
0.00104
0.00029
0.000323

0.0293
0.0328
0.0340
0.0364
0.0357
0.0350
0.0364
0.0370
0.0357
0.0341
0.0305

r
= 0.1754, 0.2921, 0.92
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TABLE 6

x/L

(Continued)

1.1S2, r /r =
o max

max

0.020
0.058
0.114
0.186
0.283
0.377
0.479
0.564
0.658
0.848
1.189

1.641
2.162

U
o

0.632

0.644
0.659
0.683
0.732
0.785

0.837
0.890
0.937
0.991

0.995

0.995
0.995

U
o

-0.010

-0.008
-0.005

-0.006
-0.004

-0.003
-0.003
-0.003
-0.002
-0.002

-0.002

-0.001

-0.001

0.040 0.034 0.

0.040 0.034 0.

0.040 0.034 0.

0.040 0.033 0.

0.039 0.030 0.

0.036 0.025 0.

0.032 0.023 0.

0.028 0.021 0.

0.023 0.017 0.

0.010 0.009 0.

0.003 0.002 0.

0.002 0.002 0.

0.002 0.002 0.

5* 6*

^ = 0.1543, ^
r r
max max

100-
j'

v'
- u' v'

0.0055 0.0138
0.0140 0.035
0.0303 0.079
0.0428 0.124
0.0390 0.138
0.0340 0.146
0.0290 0.157
0.0200 0.159
0.0033 0.025
0.00006 0.035
0.00004

0.2832, = 0.95
r
max

0.021

0.061
0.120
0.196
0.298
0.397
0.504
0.594
0.693
0.893
1.252

U,6*
6 P

0.00120
0.00305
0.00482
0.00516
0.00470
0.00385
0.00365
0.00302
0.00117

0.0263
0.042

0.045
0.0406
0.0386
0.0339
0.0348
0.0347
0.0328

x/L = 0.914, r /r = 0.9145
o max

r
.max

0.0042
0.0136
0.0213
0.0280
0.0392
0.0500
0.0700
0.0907
0.1100
0.1307
0.1479
0.1772
0.2058
0.2344
0.2687
0.2980
0.3324
0.3782
0.4067
0.4475
0.4876
0.5276
0.5677
0.6142
0.6599
0.7229
0.7915
0.8609
0.9417
1.0275
1.1369
1.2971
1.4522
1.6474
1.8770

U
o

0.448
0.482

0.520
0.552
0.574
0.598
0.639
0.675
0.706
0.734
0.761

0.796
0.833
0.864
0.894
0.919
0.941
0.964
0.979
0.984
0.987
0.990
0.992
0.992
0.992
0.993
0.994
0.995
0.995
0.998
1.000
1.001

1.003
1.004
1.004

r
U
o

0.085
0.091
0.101
0.096
0.104
0.107
0.112
0.108

111

0.103
0.106
0.099
0.096
0.093
0.091
0.089
0.088
0.085
0.082
0.078
0.074
0.069
0.067
0.063
0.059
0.054
0.052
0.047
0.043
0.041

0.032
0.032
0.027
0.024
0.005

x/L = 0.977, r /r = 0.1364 x/L = 1.000, r /r =
' o max o max

r-r u V u V

max

0.0073 0.318 0.033

6* 6*
-^— = 0.0772, — = 0.0875
r '

r
max max

6*

0.0128
0.0183
0.0238
0.0349
0.0459
0.0624
0.0845
0.1011
0.1294
0.1514
0.1845
0.2176
0.2563
0.2901
0.3328
0.3839
0.4287
0.4949
0.5563
0.6225
0.6894
0.7501
0.8170
0.9494
.0218

.1770

.2487

.3253

.3984

1.4756
1.5474
1.6253
1.7026
1.7743

= 0.1866,

0.334

0.345
0.360
0.381
0.400
0.428
0.459
0.483
0.524
0.555
0.595
0.634
0.676
0.713
.748

.796

.837

.884

0.915
0.947
0.960
0.962
0.976
0.982
0.984
0.988
0.989
0.991
0.991
0.993
0.994
0.994
0.995
0.995

0.039
0.041

0.046
0.042
0.047
0.055
0.045
0.049
0.049

0.035
0.045
0.044
0.040
0.036
0.033
0.035
0.033
0.030
0.028
0.029
0.025
0.020
0.019
0.016
0.013
0.012
0.011

0.009
0.009
0.007
0.006
0.006
0.005
0.005

0.303
0.321

0.332
0.340
0.350
0.360
0.375
0.396
0.412
0.442

0.470
0.493
0.524
0.556
0.584
0.613
0.652
0.688
0.744
0.794
0.839
0.893
0.939
0.965
0.976
0.991
0.991
0.995
0.995
0.998
0.996
0.997
1.000
1.000

0.063
0.062

0.055
0.054
0.052
0.050
0.045

0.042
0.041
0.031

0.029
0.025
0.023
0.022
0.019
0.005
0.008
0.007
0.006
0.006
0.005
0.005
0.006
0.006
0.005
0.005
0.005
0.003
0.003
0.003
0.002
0.002
0.000
0.000

6* s*
r

0.2469 r^ax
0.2393, -^ 0.2478

max

= 0.54
max

tan a = -0.2094 0.80 tan a

max
-0.1036

= 0.90
max
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TABLE 7 - Measured Mean and Turbulence Velocity Characteristics for Afterbody 2

x/L = 0.840, r /r = 0.9618 tan a = -0.1047
o max

r-r
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TABLE 7 - (Continued)

x/L = 0.970, r /r = 0.2055 tan a -0.4077
o max

/J-

2

/v'2

max

0.0182
0.0679
0.1432
0.2099
0.2881
0.3577
0.4287
0.504
0.6034
0.7724
0.9301
1.2185
1.5764
2.1858

0.1878
0.2885
0.4251
0.5365
0.6423
0.7203
0.7813
0.8377
0.9090
0.9560
0.9701
0.9800
0.9897
0.9994

-0.0563
-0.0618

-0.0701

-0.0729
-0.0741
-0.0724
-0.0729
-0.0704
-0.0678
-0.0626
-0.0559
-0.0474
-0.0401

-0.0302

0.0411
0.0495

0.0531
0.0524
0.0510
0.0479
0.0421
0.0379
0.0287
0.008
0.002
0.002

0.002
0.002

0.0244
0.0304
0.0333
0.0324
0.0314
0.0290
0.0271
0.0232
0.0168
0.007
0.002
0.002
0.002
0.002

u
o

0.241
0.030
0.0352
0.0359
0.0355
0.0354
0.0315
0.0290
0.0219
0.007
0.002
0.002
0.002
0.002

100-
-u'v' -u'v' o

0.0531
0.0756
0.0850
0.0872
0.0800
0.0666
0.0545
0.0420
0.0199
0.00173

q*

0.185
0.177
0.164
0.171
0.165
0.152
0.156
0.149
0.126
0.107

0.023
0.087
0.184

0.269
0.369
0.459
0.550
0.646
0.774
0.990

U.6*
6 p

0.00166
0.00209
0.00244
0.00278
0.00287
0.00289
0.00243
0.00154
0.000339

y(r X >2 2
1-6 )-r

r o

0.0182
0.0215
0.0248
0.9295
0.0334
0.0372
0.0357
0.0326
0.0250

0.0147
0.0174

0.0201
0.0238
0.0270
0.0301
0.0229
0.0264
0.0202

6*

= 0.2 39,

(5*
r

0.289, 0.78

x/L =
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TABLE 7 - (Concluded)

x/L = 1.000 x/L = 1.057

r
max

0.089
0.102
0.123
0.135
0.169
0.204
0.238
0.279
0.307
0.353
0.393
0.434
0.474
0.561

0.646
0.722

0.877
1.227
1.692

2.037
2.265

U
o

0.3460
0.3605
0.3705
0.3755
0.3885
0.4110
0.4520
0.4975
0.5300
0.5965
0.6475
0.7020
0.7485
0.8235
0.8850
0.9325
0.9700
0.9825
0.9970
1.0025
1.0025

= 0.2836

max

r

r
max

0.000
0.026
0.105
0.216
0.333
0.442
0.560
0.675
0.786
1.171
1.659
2.151

u
-X

0.4336
0.4440
0.4712
0.5623
0.6729
0.7723
0.8488
0.9088
0.9595
0.9819
0.9856
0.9893

0.2315

0.3550

max
1.00

x/L =

r

r
max

0.000
0.040
0.085
0.124

0.203
0.281
0.398
0.519
0.637
0.752
0.904
1.172
1.644
2.174

max

6*
r

r
max

1.182

u
X

U

0.5760
0.5850
0.5942
0.6006
0.6216
0.6764
0.7715
0.8538
0.9211
0.9581
0.9670
0.9780
0.9887
0.9988

0.1880

0.3248

max
1.02

= 0.3780

0.96
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ABSTRACT

This paper describes an empirical method devised
for modifying measurements made at a propeller
position at the rear of unpowered bodies such that
the flow at the same position on a full-scale self-

propelled body may be predicted.
A boundary layer calculation procedure for esti-

mating boundary-layer velocity profiles at the

tail region of a body of revolution is discussed,
and the inclusion of a simple representation of a

propeller is described. Comparisons between
velocities measured at Reynolds numbers of order
10 and calculated velocities show reasonable
correlation both for unpowered and for powered
bodies of revolution. It is shown how the results
of boundary-layer velocity calculations are used
to derive a method for modifying flow measurements
at model scale to represent full-scale flow over
the propeller disc area. Comparisons are made
between predictions based on this method and
measurements on powered and unpowered bodies at
high and low Reynolds numbers.

1 . INTRODUCTION

For many applications a self-propelled marine
vehicle has a propeller fitted at the rear of the
body where it gains in propulsive performance and
in cavitation performance by operating in the
relatively slow moving fluid in the hull boundary
layer. It follows that a fundamental requirement
for propeller design is a knowledge of the boundary
layer flow at the propeller position. This infor-
mation is not usually known since there are no

theoretical methods presently available for calcu-
lating the boundary flow at the rear of a powered
asymmetric body with appendages. An estimate of
the required flow field can be obtained from
measurements at model scale but as the Reynolds
number based on model length is considerably lower

than the full-scale value, it is necessary to make
some modification to the measurements to simulate
the effect of a thinner boundary layer at full
scale. If the flow field is measured on an un-
powered model, as is often the case, further
modification is required to allow for flow acceler-
ation due to the propeller.

This paper describes an approximate method
which has been developed for estimating corrections
required to flow measurements on unpowered bodies.
A boundary layer calculation procedure is briefly
outlined and then compared with data from tests on
axisymmetric bodies at low Reynolds numbers and
non axisymmetric bodies at both low and high
Reynolds niombers

.

2. BOUNDARY LAYER CALCULATION

The method is based on the work of Myring (1973)

and only a brief outline is presented herein. An
iterative scheme is adopted in which a boundary
layer calculation is done for a given pressure
distribution over the body and a potential flow
calculation is done to calculate the pressure
distribution over the body with boundary layer dis-
placement thickness added. In the boundary layer
calculation procedure, an integral method is used
in which the laminar flow region is calculated
using the method of Luxton and Young (1962) and the
turbulent flow is calculated using a method similar
to that due to Head {I960) . The transition point
must be specified and it is assiomed that momentum
area and a shape parameter are continuous at
transition.

An important feature in Myring 's method is his
treatment of the turbulent boundary layer in the

region of the tail. The usual boundary layer
assumptions become invalid in this region where the
ratio of boundary layer thickness to body radius
tends to infinity so Myring defines a momentum
area and a displacement area which overcomes the

158
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problem and which reduce respectively to body
radius times momentum thickness and body radius

times displacement thickness far from the tail

where boundary layer thickness is small. A con-

ventional momentum integral equation is derived in

terms of the defined parameters and this is solved

using an empirical relationship for skin friction
coefficient which assumes that wall shear-stress
does not change sign. Therefore the method is only
applicable to bodies on which the boundary layer

remains attached. It is also assumed that the

variation of static pressure across the boundary
layer is negligible. This latter assumption has

been found to be incorrect for bodies with blunt
tails (i.e., cone angles greater than 30°) and an

empirical modification has been made based on the

work of Patel (1974) who developed independently
a method which is similar to Myring's but which
recognises the importance of static pressure varia-
tion. The modification introduced in the present
method is that the predicted velocity distribution
along the body is changed empirically in the tail

region, the change being related to differences
between measured and predicted velocity distribu-
tions at the rear of a given body with a blunt
stern. It has been found that this modification
results in improved correlation between measured
and predicted boundary layer velocity profiles.

A simple actuator disc representation of a

propeller has now been included in the potential
flow part of the calculation in order to give a

first approximation to the acceleration effects
on the flow caused by the action of the propeller.

I-O
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has been made and the resulting curve is seen in

Figure 2 to be in better agreement with the measure-

ments.
Theoretical results obtained with the simple

representation of a propeller included in the

method indicate that the propeller can produce
large local changes in the boundary layer flow. An

example for which measurements are also available

is shown in Figure 3 where results are presented
for various stations along a body of revolution
having a fine tail and contra-rotating propellers.

The measurements are of total velocity and were

made with rakes of probes fixed to the body, the

rake at the forward propeller plane being removed

when the propeller was fitted. The velocity pro-

files on the unpowered body are well predicted
except close to the tail where boundary layer

separation appears to be present: it is noted
earlier that the calculation procedure will not

predict separation. The changes produced by the

propellers are in surprisingly good agreement with

predicted changes considering that an actuator
disc representation of the propellers has been
adopted. The velocities in a region close to the

hull are under-predicted at the two rearmost
stations and at the station very close to the tail
the velocities near to the edge of the boundary
layer are also underpredicted. Apart from these
discrepancies the effect of the propeller is well
represented

.

Velocity profiles close to the propeller plane
with and without propeller operating have been
reported by Huang (1976). A typical example is

shown in Figure 4 where it can be seen that the
Myring theoretical prediction for the unpowered
body gives velocities which tend to be too low.

Nevertheless the discrepancy is less than 4% of the
measured values.

Reliability of Harmonic Analyses of Measured Flow
Fields

The comparisons between theoretical prediction and
measurement indicate that the calculation method
gives a good approximation to velocity profiles
measured on powered and unpowered bodies of
revolution. The method is not expected to pre-
dict velocities to better than 4% in absolute
terms but this is satisfactory for the purpose of
deriving a simple means for modifying model measure-
ments to represent full-scale values. It is re-
quired to obtain a representative flow field over
the propeller disc area and an essential starting
point is to have reliable model data not only in

the sense that velocities can be measured accurately
at a given point, but also that, if a Fourier anal-
ysis is made of the velocities measured during one
revolution at a given radius , then a good approxi-
mation to the magnitudes of wake harmonics is

>
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2n

FIGURE 6. Theoretical representation of wake defects
in the flow field.

which N, K, and wake width were varied showed that,
in general, errors did not become significant until
wake width was less than twice the angular spacing
of the specified points, i.e., 720°/N.

4. USE OF THE PREDICTION METHOD IN PROPELLER DESIGN

A knowledge of the flow in the region of a propeller
is required first, in order to design it, and
second, to estimate its performance characteristics.
The former requires an estimate of the unpowered
mean velocity through the propeller position to-
gether with the radial variation of mean circum-
ferential velocity. Of the latter, the' prediction
of iinsteady propeller forces in particular also
requires the detail wake structure at the propeller
position in the powered condition.

The theoretical boundary layer prediction method
outlined in Section 2 cannot be used directly to
predict the above wake information for practical
vehicle configurations because of limitations such
as its restriction to unappended bodies of revolu-
tion. However, it can be employed indirectly by
using the method to predict the changes from model
testing conditions to full-scale vehicle conditions
and then applying these scale effects to available
model data.

The procedure adopted for the predictions dis-
cussed in the following section was to replace the
non symmetric, appended vehicle by an equivalent
body of revolution. Powered and unpowered boundary
layer predictions were then carried out and, by
assuming a simple power law for the boundary layer
velocity profile, the mean circumferential veloci-
ties were determined for the equivalent model and
full-scale bodies. In this way it was possible to
estimate at any position the scale effect upon the
unpowered wakes, the propeller induction effects,
and any combination of the two. These effects were
then applied to all the measured unpowered model
data to give predictions of both model and full-
scale powered wakes for comparison with measured
data.

5. COMPARISON BETWEEN PREDICTED AND MEASURED RESULTS
ON NON-SYMMETRIC BODIES

As part of a programme to investigate the effects
of scaling and prope,Ller induction on wakes, experi-

ments have been carried out on two practical vehicle
forms covering a range of Reynolds numbers , based
on body length, from approximately 1 x 10 to

ft

6 X 10 . The two vehicles concerned were propelled
by a single centre line propeller and were fitted
with a set of cruciform after-control surfaces just
ahead of the propeller. The afterbody form was
axisymmetric in both cases, one vehicle having a

fine stern (vehicle A) and the other a blunt stern
(vehicle B)

.

The low Reynolds number data were obtained in the
ship tanks at AMTE (Haslar) using small conventional
pitot static tubes. For body A, measurements were
made at a position 25 percent of the local control
surface chord aft of the control surface trailing
edge. This corresponded to 28 percent of the
propeller diameter forward of the propeller. The
measurements were made at 2° intervals over an angle
of approximately 90° centred on one control surface,
and at radial distances from the body surface of
12.5 percent and 25 percent of the propeller radius.
For body B, data were obtained 24 percent of the
local control surface chord aft of the control
surface trailing edge, corresponding to 22 percent
of the propeller diameter forward of the propeller.
In this case 6 pitot static tubes were used cover-
ing a range of radial distances from the hull of
12.5 percent to 65 percent of the propeller radius.

The high Reynolds number data were obtained from

trials carried out at sea on vehicle A using 5 con-

fd) M=I20, K-4, WAKE WIDTH 9.
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FIGURE 7. Comparison between an exact Fourier analysis
of the theoretical velocity profile and a numerical
analysis of the same profile specified at a discrete
number of points.
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ventional pitot static tubes at each of the above
radial positions.

The high Reynolds number measurements could only
be carried out at self-propulsion conditions.
However, the model experiments in the ship tank
were run over a range of propulsion conditions,
the model speed, propeller rpm, and resistance being
recorded.

Analysis of Experimental Data

The low Reynolds number results for vehicle A are
presented in Figures 8 and 9 while the equivalent
high Reynolds number trail data is given in
Figure 10. For body B the available data is

restricted to that obtained in the low Reynolds
number ship tank tests and the results are pre-
sented in Figures 11 to 13. For the sake of
brevity the velocity profiles given in Figures 11

to 13 have been limited to those for alternate
measurement radii.

It can be shown that the propeller diffusion
ratio, defined as the ratio of the mean velocity
through the propeller to the unpowered mean wake
velocity through the propeller position, can be
obtained from the propeller thrust or hull resis-
tance together with the mean volumetric wake and
thrust deduction. Thus, using the model powered
and unpowered resistance measurements and values

of wake and thrust deduction obtained from previous
model tests, the propeller diffusion ratio has been
calculated for the model propulsion conditions
pertaining during the experiments. Similar calcu-
lations have been carried out for the sea trial
conditions using data obtained from previous pro-
pulsion trials. The results of these analyses are
given on Figures 8 to 13, and also in Table 1 which
summarises the experimental and trial conditions.

The velocities just ahead of the propeller have
been averaged at each radius to give the variation
of the mean circumferential velocities with diffu-
sion ratio presented in Figures 14 and 15. In an
attempt to quantify the secondary flow component in
the above velocity profiles the ratio of the mean
peak velocity to the mean minimum velocity has been
evaluated and plotted in Figures 16 and 17. The
normal parameter used to specify the velocity defect,
namely the ratio of the minimum velocity in the
'trough' to the mean velocity at the edge of the
'trough' is given in Figures 16 and 18. No values
are given for the inner radius on body B because,
as can be seen from Figure 11, the wake defect is
not clearly defined at this position. The latter
parameter is also compared in Figure 19 with an
empirical relationship based on two-dimensional
data [e.g. , Raj (1973) ]

.

The results of using the Myring based boundary
layer prediction method as described in Section 4

for the powered model and trial conditions are
also plotted in Figures 14 to 18.
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FIGURE 8. Vehicle A model velocity profiles
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FIGURE 10. Vehicle A full-scale velocity
profiles 12.5 percent and 25 percent of
propeller radius from the hull
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FIGURE 11. Vehicle B model velocity pro-
files at position 12.5 percent of propeller
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FIGURE 13. Vehicle B model velocity pro-

files at position 54.5 percent of propeller
radius from the hull.

surprising since the two radii concerned are close
to the hull and the velocity defect is developing
in a complex three-dimensional flow field influenced
by the secondary flow and this is possibly leading
to a more rapid mixing of the flow. The results
obtained over a much larger distance from the hull
on vehicle B support the above hypothesis since it

can be seen from Figures 18 and 19 that as the

distance from the hull increases the magnitude of
the wake defect increases and approaches the two-

dimensional value. The model results for vehicle

B shown in Figure 18 tend, in general, to indicate

a small increase in the depth of the wake defect

as the propeller diffusion ratio increases. The

maximum value of this increase in the wake defect,

between the model self-propelled and unpowered
condition, is only of the order of 3 percent. This

change is somewhat surprising since the propeller
produces a favourable pressure gradient aft of the

control surfaces, and on the evidence of two-

dimensional data this would be expected to reduce

the wake defect.
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In contrast to the velocity defect the secondary
flow can be seen from Figures 16 and 17 to be
significantly reduced by the presence of the

propeller, this reduction becoming larger as the
diffusion ratio increases. Additionally, at equal
propeller diffusion ratio, the full-scale secondary
flow is significantly less than measured on the
model. From the data obtained on vehicle A

(Figures 14 and 16) it can be seen that, comparing
the results at model and full-scale self-propulsion
conditions, the magnitude of the secondary flow and
the mean circumferential velocity at the two radii
considered agree to within 2 percent and 3 percent
respectively. Although comparison between the
velocity profiles is difficult because of the non-
symmetry of the trial data. Figures 1 to 3 indicate
that at these conditions there is also reasonable
agreement between the velocity profiles. These
results indicate a possible condition for similar
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FIGURE 14. Mean circumferential velocity in the measur-
ing plane for vehicle h.

FIGURE 15. Mean circumferential velocity in the mea-

suring plane for vehicle B.
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FIGURE 16. Relative magnitude of the secondary flow

and velocity defect for vehicle A.

inflow to the propeller at model and full-scale;
however, it should not be regarded as a general
conclusion on the basis of this one experiment.
Additionally although the propeller inflow may be
similar at self-propulsion the propeller thrust
loading, as indicated by the diffusion ratio, will
be different.

Comparison between the wake defect and secondary
flow model measurements for the two vehicles
(Figures 16 to 18) show generally similar magnitudes
for the former, but a much larger secondary flow in
the case of the body with the fuller afterbody.

The latter effect can also be seen in the velocity
profiles given in Figures 8 and 11.

Comparison between Predicted and Measured Results

It can be seen from Figure 14 that the mean circum-
ferential velocity predictions for the powered model
of vehicle A are always higher than measured. The
maximum differences occur at model self-propulsion
conditions and are 7 percent and 4 percent for the
positions 12.5 percent and 25 percent of the pro-
peller radius from the hull respectively. Both
the measured data and the predicted velocities can
be seen to vary linearly with propeller diffusion
ratio. For the blunter stern. Figure 15 indicates
that for radial positions between 23 percent and 44

percent of the propeller radius from the hull the
predictions of mean circumferential velocity are
generally in good agreement with the measured data.
For the two outer radii the predictions tend to
be high as in the case for body A, the maximum
errors at model self-propulsion being of the order
of 4 percent. However, for the innermost radial
position, the powered predictions are up to 14 per-
cent below the measured values. It is apparent
for Figure 15 that, in contrast to the other radii,
the model results for this position are not linear
with propeller diffusion ratio because of the low
velocity obtained in the unpowered condition. Since
the measured data was linear at a similar radial
position for body A this suggests that the poor
powered prediction of velocity for body B is due to
the low unpowered velocity measurement which is

used as the datum for the prediction. This low
measured velocity may be the result of flow separa-
tion on the vehicle with the blunt afterbody which
is suppressed by the favourable pressure gradient
produced when the propeller is operating.

Comparison between the full-scale and predicted
mean circumferential velocities in Figure 14 show
the latter to be less accurate than for the model
case, the predicted values being 15 percent and 9

percent high for the inner and outer positions
respectively. However, correlation of propulsion
data from sea trials and model experiments on
vehicle A suggest an equivalent full-scale hull
Reynolds number of one-tenth of the true value and

TABLE 1 Experimental and Trial Conditions

Hull
Reynolds Diffusion

Vehicle Conditions Number Ratio Remarks

Model 1.3 X 10^ 1.308

1.226

1.130

Self propulsion

A

B

Trial 5.5 X 10° 1.160 Self propulsion

Model 1.2 X 10' 1.233

1.175

1.111

Self propulsion
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B. At model self-propulsion conditions these
differences are up to 5 percent for vehicle A but
60 percent for vehicle B. The secondary flow pre-
diction for the full-scale conditions on body A

given in Figure 16 can again be seen to be higher
than the measured values but only by up to 4 percent
at the two radii considered. In this case the use
of a smaller scaling effect would lead to higher
predicted values such that the differences between
these and the measured values would increase to the

order of 6 percent.
The above results show that the agreement between

the measured and predicted data has been limited and

further work is required before the proposed scaling

method can be regarded as satisfactory. The princi-

pal requirement is for further high Reynolds number

data and it is proposed to obtain this by additional
full-scale trials, together with experiments on

models in a compressed air wind tunnel.

6. CONCLUSIONS

An integral boundary-layer calculation method for

bodies of revolution is shown to give a good pre-

diction of boundary layer velocity profile for

attached flows in the tail region of a body.

Inclusion of a simple actuator disc representa-

tion of a propeller in the calculation method gives

a reasonable first approximation to the effect of a

propeller on the flow.

Comparison between results from Fourier analyses

of measurements from runs repeated a number of

times and of measurements made with different
incremental steps in probe position indicates that

wake harmonics can be determined reliably. from
measurements at model scale.

Fourier analyses of idealised velocity profiles
representing wake defects in an otherwise uniform
flow field have been obtained analytically. Com-
parison between these results and numerical harmonic
analyses of the same profile specified at a dis-
crete number of points shows no significant differ-
ences in the amplitudes of wake harmonics at high
harmonic number provided that the width of the wake
is not too small.

The measurements presented herein indicate that
the velocity defect produced behind a control sur-
face is only slightly affected by either the
presence of a propeller aft of the control surface,

or by the change in Reynolds number from model to

full-scale.
Near the hull, where the flow is influenced by

secondary flow effects, the velocity defect behind
a control surface is much smaller than predicted
from two-dimensional data. For positions outside
the influence of the secondary flow the velocity
defect approaches the two-dimensional value.

The velocity defect is of a similar order of
magnitude for the two bodies examined. However, the
secondary flow effects are significantly larger
for the vehicle with the blunter stern.

The secondary flow produced by the interaction
of a control surface with the hull boundary layer
is reduced significantly by the presence of a

propeller aft of the control surface, and from
model to full-scale conditions. This reduction

increases with increasing propeller diffusion ratio.
By using the unpowered model measurements as

datum it has been possible to predict the model
powered mean circumferential velocities to within
4 percent for radial positions from the hull greater
than 12.5 percent of the propeller radius. At this
radius itself, the predictions are within 7 percent
for the finer stern model and 14 percent for the
fuller stern; however, the latter may be due to
separation effects which are not taken into account
in the prediction method.

Predictions of the mean circumferential velocity
at the full-scale conditions for the vehicle with
the finer stern are high by up to 15 percent. If

the ship prediction is made at a reduced Reynolds
number suggested by speed trial results the pre-
dictions come within 2 percent. Predictions of the
powered velocity defect are wit in 6 percent for
model conditions and 2 percent for ship conditions,
the latter figure applying to either the true or
reduced full-scale Reynolds number. Predictions of
the model powered secondary flow are within 5 per-
cent for the body with the finer stern, but up to

60 percent for the fuller form. However, for the

full-scale conditions obtained on the finer stern
the predictions are within 4 percent at the true
Reynolds number, and 6 percent at the reduced value.

A practical method of estimating propeller in-

duction and wake scaling effects has been proposed
and demonstrated to give limited agreement with
model and full-scale data. Further experimental
data are required to refine the method and to this
end high Reynolds number model experiments are
planned to be carried out in a compressed air wind
tunnel, and further full-scale trials scheduled.
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Experimental and Theoretical Investigation

of Ship Boundary Layer and Wake

Shuji Hatano, Kazuhiro Mori and Takio Hotta
Hiroshima University , Hiroshima , Japan

ABSTRACT

Characteristics of the boundary layer and wake flow
of ships are investigated experimentally and at-

tempts are made to estimate their velocity distri-
butions .

Boundary layer characteristics , before the onset
of separation, are studied; a three-dimensional
boundary layer calculation is carried out by the
integral method, while examining the boundary layer
assumptions and the validity of auxiliary equations
by direct measurements of velocity and static pres-
sure profiles in boundary layer as well as skin
friction distribution on hull surface.

Assuming that the wake is the domain of influ-
ence of the boundary layer and consists of three
sub-regions, i.e., vorticity diffusion region,
separated retarding region, and viscous sublayer,
different governing equations for each stib-region

are derived by local asymptotic expansions.
Velocity distribution in the vorticity diffusion

region is estimated in two steps: first, vorticity
distribution is found by solving the vorticity
diffusion equation, then velocity distribution is

calculated from the obtained vorticity distribution
by invoking Biot-Savart' s law.

Satisfactory agreements are attained between
calculations and measurements both for boundary
layer and wake.

1. INTRODUCTION

Introductory Remarks

The prediction of the viscous flow field around
ship hulls, boundary layer on the hull surface, and
the wake, is one of the most important problems in
ship hydrodynamics. Important design-conditions,
such as estimations of viscous resistance or wake
distribution on a propeller disk, are all closely
connected with this problem. Instabilities of ship

maneuvering and propeller-excited-vibrations are
also presently urgent problems in practice; they
are also fundamentally connected with the viscous

Calculations of a ship boundary layer have been
carried out by many investigators during the last de-
cade; e.g., Uberoi (1969), Gadd (1970), Webster and
Huang (1970), Hatano et al . (1971), Himeno and Tanaka

(1973) , and Larsson (1975) . They have solved bound-
ary layer equations in integral forms. Cebeci et al

.

(1975) , as well as Soejima and Yamazaki (1978) , has

tried to solve them by the finite-difference method.

Such remarkable progress in ship boundary layer
calculations are mainly due to studies of two-
dimensional boundary layers and to the use of high
speed computers. Though some of them yield good
results, an absence of experimental examination of
boundary layer assumptions or auxiliary equations
can be found when applying them to shiplike bodies.
Experimental examinations are very important because
most of auxiliary equations are derived from two-
dimensional experiments.

On the other hand, as to the ship wake, many
experimental studies have been carried out not only
for ship models but also for full scale ships, e.g.,
Yokoo et al., (1971) and Hoekstra, (1975) mainly
discussed the prediction of full scale wake charac-
teristics based on model wake survey.

Rational theoretical studies are still more im-

portant. As to theoretical studies of wake, we
must retreat to problems of flow behind rather
simple obstacles like flat-plates, circular cylin-
ders, or bodies of revolution. Even in such cases,

most treatments are based on potential theory such
as free-streamline theory or cavity-flow theory,
reviewed by Wu, (1972). However, because vortici-
ties existing within wakes are mainly generated in

boundary layers of hull surfaces and shed into wakes
viscously and convectively through separations , the
prediction of wake flow should be treated in close
relation to boundary layer flow.

The previous works by Hatano et al . , (1975, 1977),
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were carried out from this standpoint. But they

are only the beginning of research on ship wakes

and many future problems were pointed out, especially

requirements for further experimental studies

.

The present authors are firmly convinced that,

for such viscous flow problems, marriages of experi-

mental and theoretical studies are primarily impor-

tant in order to make further progress. Because

of this, the present paper is divided into two parts;

experimental studies on ship boundary layers and

wakes (Section 2 and 4) , and theoretical studies

and numerical calculations (Section 3 and 5)

.

TABLE 1 PRINCIPAL DIMENSIONS OF MODELS
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STRIAnilM NO, 1

STREAMLINE NO.l

FIGURE 2. Body plans and potential
flow streamlines of models.
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Static pressure measurements on hull surface

Static pressure holes of 0.6mm were arranged on the
hull surface along streamlines and the static pres-
sure was measured by towing ahead and astern.

Static pressure measurements in boundary layer

Static pressure in the boundary layer was measured
by using a static pressure tube. It is 1.2mm in
diameter with two 0.4mm (fi holes on diametrically
opposite sides. A traverser with a micrometer was
used to move the probe normal to the hull surface.

The preliminary experiments showed that the static
pressure was free from incident flows whose attack
angles were less than 20°.

Velocity measurements in boundary layer

A total head probe, made from hypodermic tubing of

outside diameter 0.28mm and 2.7mm respectively,
was mounted on the traverser. Total pressure was

measured after locating flow directions by yawing

the directionally-sensitive hot film probe. Using

the measured static pressure, velocity was estimated

and decomposed into streamwise and crossflow

components

.

Local skin friction measurements

2. EXPERIMENTAL STUDIES ON BOUNDARY LAYER

Kinds of Experiments and Measuring Techniques

In order to examine the boundary layer assumptions
and the validity of semi-empirical equations in
case of ship-like bodies, the following kinds of
experiments were carried out [Hatano et al . , (1978);

Local skin friction on the hull surface was mea-

sured directly by a floating-element type friction

meter IHotta, (1975)]. The floating element is 14mm

in diameter with gaps of 0.05mm to the mounting case

and balanced by electromagnetic force

.

All experiments described above were carried out

using the GBT-125 under submerged conditions at a

depth of about 6 times the draft of the model. The

Reynolds number was kept constant at 10 .
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FIGURE 3. Static pressure distribution on

the hull surface (GBT-125)

.

Experimental Examinations of Boundary Layer Assump-
tions and Semi-Empirical Equations

Boundary Layer Assumptions

can be assumed to have separated near S.S.ii.) There
the concept of boundary layer itself should be dis-
carded.

It can be safely pointed out that the pressure-

The usual first approximate calculations of the
boundary layer were carried out under the assump-
tion that the static pressure is constant across
boundary layers and is equal to the inviscid flow
pressure. These assumptions are open to experimental
examination when the boundary layer thickness is
not -thin, especially in the case of ship-like bodies.

Static pressure distributions on the hull sur-
face along streamline Nos . 5, 7, and 11 are shown
in Figure 3 with calculated potential flow pressures.
Potential flow calculations were carried out by the
well-known surface-source method [Hess and Smith,
(1962)] representing the hull by 254 x 2 small rec-
tilinear panels. Static pressures while being
towed onward are in good agreement with those calcu-
lated, except near the stern, where pressure has
not recovered and is slightly low. However, towing
astern shows good agreements even near the stern.
This means that displacement effects of the boundary
layer are appreciable near the stern.

Figure 4 shows static pressure profiles in the
boundary layer . It was observed that pressure pro-
files are almost constant across the boundary layer
except for some positions where the pressure is mono-
tonically increasing or decreasing in that normal
direction. The tendencies of increments are signif-
icant at 3.3.1*2 or S.S.lSj of streamline No. 11. This
can be referred to the centrifugal force due to the
small radii of curvature of the bilge keel. On the
other hand, a decrease can be found for all the
streamlines at 3.3.^2 or S.3.^, which maybe the
effect of separation. (As described later, flow

*Static pressure on the hull surface does not agree with that
of Figure 3. While the measurements whose results are shown
in Figure 3 were carried out in the towing tank, those shown
in Figure 4 were in the circulating water channel. The
discrepancies are all due to this difference in experimental
conditions; the cross section of the circulating water chan-
nel is restricted to 1200mm x 820mm and pressure is under-
estimated.
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constant assumption can be employed unless the radii
of curvature are not significantly small; the dis-
placement effects are important near the stern and
should be taken into account in higher order calcu-
lations [Hatano and Hotta (1977)].

Velocity Profiles

In order to calculate the boundary layer equations
by an integral method it is convenient to represent
velocity profiles by analytical functions which in-

clude several parameters.
The most commonly used formulae are based on a

1/n-power law and on a wall-wake law. The former
has a definite merit of simplicity. The latter,

developed by Coles (1956) , has more freedom than
the 1/n-power law and can be expected to represent
velocity profiles more exactly.

Mager ' s expression is well known as the three-
dimensional velocity profile model based on a 1/n-
power law, Mager (1951) . He gave the streamwise
and crossflow velocity profiles as

qi/U^ =
6

1/n

1/n

q2/U = tani

where n is a variable parameter.

1-

(3)

(4)

If velocity profiles are represented by Eqs. (3)

and (4) , the boundary layer thickness-parameters
6*, Sii and shape factor H are

^ / ' (Ui

"e
qi)dc n+l

ni ^ ^\'"l - ^l"^^ = (n+l)"n+2)
6, (5)

&1 n+2

'11

and Eqs. (3) and (4) can be written in other forms,
H-1

qi/"e
11

H-1
H(H+1)

(6)

q /U = tang b
H-1

H-1
2

11
H(H+1)

[1
H-1

'll
«'«+l'

(7)

If 6 and 6* are integrated and B is determined

from measured velocity profiles, then velocity pro-

files represented by Mager' s model can be calculated

from Eqs. (6) and (7) and can be compared with the

measured profiles.

Figure 5 shows the comparisons of them. It can

be safely pointed out that Mager 's model is employ-

5(mm)
40r

IJVue

FIGURE 5. Velocity profiles represented by

Mager 's model.
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able for the velocity profiles of ship-like bodies
as far as streamwise components.

Figure 5 shows crossflow profiles measured on
aft parts of a model. As easily observed, there

are some profiles which have reverse type (S-shaped)

profiles. For most of remaining parts r the cross-
flow angles are very small and do not show reverse

type profiles. Because Eq. (4) has only one inflec-

tion point, such S-shaped profiles can not be repre-
sented by it.

To represent even reverse crossflows, more gen-
eral polynomial expressions are proposed [e.g.,

Eichelbrenner (1973), Okuno (1977)]. However, they
require additional equations or boundary conditions
and it is reported they do not always yield improve-
ments [Okuno (1977) ] . This is because the cross-
flow does not always have such universal profiles
near the stern.

On the other hand, the three-dimensional veloc-
ity profiles based on Coles' wall-wake law can be
represented by

g , g are variable parameters, for wake parts, u^

is the friction velocity, and k, B are constants.
f given by Eq. (10) is called the wake function.

Figure 7 shows the existence of such parts in case
of ship-like bodies also. Velocity profiles
deviate from linearity when approaching the outer
edge of the boundary layer. Velocity profiles,
represented by Eqs. (8) and (9) , are compared with
measured profiles. Here parameters g-^ and g2 are

determined by the condition that q, equals Ug and

q2 equals zero at the boundary and u^ is determined
by a least-squares fit to the measured profiles.
The values of Clauser, 5.6 and 4.9, were used for
1/k and B respectively. Good reproductions are
examined except crossflow representations.

As to crossflow profiles, the situation is not
much improved from Mager's model; reverse crossflow
observed in experiments can also not be represented
by the wall-wake law. The finite-difference method
may be a possible step toward representation of any
type of velocity profiles.

^/ "e = ^ ^C

^TC
)cose +

^i^i'f (8)
Local Skin Friction

V"e

where

and

^0<

^TC

^)sin6+g2fi(f

'TC,
f (

-^
) = - log (

—^ ) + B ,

V K ^10 V

fj( I ) = I [l-cos( Tr| )] ,

u^ = ( T^ / p)
1/.

(9)

(10)

(11)

In the case of turbulent flow, most of the friction
is due to the turbulence (Reynolds' stress). For
this reason it is necessary to introduce additional
equations to determine it in closed form.

Ludwieg and Tillmann's semi-empirical equation
for the skin friction [Ludwieg and Tillmann (1949)]

is most commonly used; it is

T /po2 = 0.123xl0"°-^''^"
wj "^ e

u e,,
e 1

1

-0.268
(12)

Because Eq. (12) is obtained from two-dimensional
experiments, the validity should be examined when
applied to three-dimensional flow.

When Coles ' wall-wake law is employed for the
velocity profile, the skin friction can be deter-
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FIGURE 7. Velocity profiles represented by Cole's
wall-wake law.

obtained from Ludwieg-Tillmann' s formula, Eq. (12),
and those from friction velocity, Eq. (11) . For
estimations of the latter two values, measured
velocity profiles are invoked. Calculated results
are also shown here for later discussions.

The values of Ludwieg-Tillmann' s formula produce
fairly good agreements with those directly measured,
which implies that Ludwieg-Tillmann' s expression
is also good for three-dimensional flow.

Entrainment Equation

In streamline coordinates, the continuity equation
is given by

^(qih2) + 3^(q2hl) + hih2^3 = 0. (13)12 ^

Integrating with respect to x. , from zero to 5

,

gives

3

hjdxi ' h20X2

= F
<^-^l'^hl

3h,

jh^ 3Xj

1 3Ue

U h, 3x,el 1

}

where F is the entrainment function given by

W-
36 36

1

(14)

(15)

Equation (14) is often used as the third (auxiliary)

equation when the boundary layer calculation is

carried out by the integral method. Here, F should

also be given in someway in closed form.

In two-dimensional flow, Eq. (14) is reduced to

mined from the friction velocity. But it should

also be examined experimentally.

In Figure 8, three kinds of experimental values

of skin friction are compared along streamline

Nos. 9, 11, and 18; directly measured values, those

Head (1960) gave a relationship between F and

(6-6*)/6ii (SHg_5*) which was examined by two-

dimensional experiments

.

(16)

DIRECTLY MEASURED

^ ESTIMATED FROM COLES' WALL -WAKE LAW

o DO. BY LUDWIEG-TILLMANN'S EORMULA

S I 9

3.0

2.0

3.0

2.0

R„=106
e

STREAMLINE N0.11

CALCULATED
STREAMLINE NO. 18

F.P.

1 FIGURE 8. Comparisons of local
A. P. skin friction (GBT-125).
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Introducing an assumption that the entrainment
equation of three-dimensional flow is related ex-
clusively to the streamwise quantities, Cumpsty and
Head (1967) employed the Head's entrainment function
for three-dimensional boundary layer calculations.
This is of course open to criticism.

In Figure 9, Head's entrainment function and
experimental values, obtained from Eq. (14) , invok-
ing measured velocity profiles, are compared. It
can be mentioned that Head's function gives rather
good mean lines both in relation to H6-6 - H and
F-H5_gj. The values of Hg_jj are not fairly related
to H in the fore part, where laminar flow may still
exist, and neither F to H|5_|5, in the aft part. The
former does not seriously effect F. We should bear
in mind here that the determination of boundary
layer thicknesses is not clear in the three-
dimensional case and accurate estimations of their
derivatives are very difficult.

Himeno and Tanaka (1973) used the moment of
momentum equation as the third equation instead.
In this case, assumptions for the Reynolds' stress
are also required and significant improvements are
not always found.

Summarizing the above discussions it can be
safely concluded that the integral method, where
either Mager's model or the wall-wake law is used
for velocity profile, Ludwieg-Tillmann' s equation
for skin friction, and entrainment equation for
auxiliary equation, is expected to yield meaningful
results. Moreover, it can be also pointed out that
improvements can be attained when the second order
approximation for the static pressure is taken into
account near the stern. However, in the region
where reverse crossflows or large crossflow angles
exist, although the boundary layer assOmption is

not violated, the integral method is no more
available.

35 +3^ + (H+2)u 35
- Ki(eii-e22)

wl e (17)

9921 ^ 3622
,
2621 ^"e

,
6ll 9"e 612,

8S 3ri Ug 3n Ue 3n 611

2K1621 = T^2 / P"e ' (18)

where 6jj, 612/ 021' ^ri'i 622 are momentum thickness
parameters defined by

"e ^11 =
^ qi(ui-qi)dc ,

Up 012 = / q2CUi-qi)dC ,

Up 921 = /'^qi(Vi-q2)dt; ,

=

U2 622 = /'^q2(Vi-q2)di;
^

(19)

The entrainment equation is employed as the third
equation;

_|(5-6!) - ^6! = F - (6-6!) (-K1+ 4 jf-)
. (20)

For the function F, the relation of Head is used,
which has already been examined.

If Mager's velocity profiles are employed here,

boundary layer thickness parameters are given using

Oil, H and 3

,

BOUNDARY LAYER CALCULATIONS

According to the preceding conclusions , boundary
layer calculations were carried out by the integral
method and compared with experimental results.

Basic Equations and Auxiliary Equations

The integrated boundary layer equations are given
in streamline coordinates by

621 = eiiE(H)tanB , 822 = eiiC(H)tan^6

612 = 9iiJ(H)tan6 , 62 = 6iiD{H)tan6 ,

6-6* = 6iiN(H) ,

where

C{H)
24

D(H)

(H-1) (H+2) (H+3) (H+4)

16H
"(H-1) (H+3) (H+5) '

(21)

15 _
H,.c

.S.S.9

5 -

FIGURE 9. Comparison of Head's entrainment
function with experiments.
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E(H)
(H-1) (H+2)

J(H) = E(H) - D(H) ,

N(H) = -^ E H
6-6 (22)

Then Eqs. (17), (18), and (20) are reduced to
simultaneous differential equations in 36ii/35,
3H/35, and 3e/3C;

^ilF" ^ ^itt ^ ^ilf = <^i
<-^'^-3'

where

ai =1, bi = 0, cj = 0,

di = -Jtangf^^ - J-eiitanefi - jeiisec2e|^^
dr\ -^

^
3ri ^ ^

3ri

i) IT

- (H+2)^-^ + KiBiid-Ctan^B)

+ T / pu2 ,

wi e

(23)

a2 = EtanB, b2 = E'e^tanB, C2 = Eeusec^g,

2„3in
Bjj 3U

d2 = -2Etane--— ^7^ - Ctan ^„ C'Biitan'^B-
3H

3n

20611 tanBsec^g-^ - (l+H+Ctan2B)K2ei

1

3n

+ 2KiE6iitanB + x , / pU^tanB ,wl e

33 = N, b3 = N'Bii, C3 = 0,
(24)

3B11

3n
'3n 3n

1 8"e

Ug 35
'

(The ' means differentiation with respect to H.)

If Ludwieg-Tillmann' 3 skin friction formula,
Eq. (12) , is used, all the coefficients of Eq. (24)

are known at earlier 5 coordinate.
This formulation is the same as that of Cumpsty

and Head (1967)

.

Numerical Calculations and Discussions

Numerical calculations were carried out for GBT-125
at Rg=10 . First, 18 streamlines were traced inter-
polating the 254 X 2 descrete values of velocity,
obtained by the surface source method, and xj coor-
dinates were determined.

The differentials with respect to ri were numeri-
cally determined along the n axis which was defined
by bending short segments orthogonally to the xj

axis. This is the main difference from Cumpsty-
Head's original calculations. It>r such calculations
as 3Ue/3ri, 39ix/3ti» and so on, the differentials
with respect to n should be carried out as care-
fully as possible. Most numerical errors stem from
these terms.

e../*«io*

1.^

FIGURE 10. Comparisons of momentum thickness (GBT-125)

0.5 X 10"**, 1.4, and 0.0 were used for the
initial values of Qn, H and B at S.S. 9Js(x=-0.85) .

These values were obtained from Burl's two-
dimensional formula assuming the flow is turbulent
just from P.P. (see Figure 1) . Fortunately they
do not seriously affect the calculations.

About 200 steps were taken and Eq. (23) is

integrated with respect to 5 by Lunge-Kutta-Gill'

s

method (five points for each step)

.

In Figures 10, 11, and 12, calculated results of

9n, H, and B along typical streamline Nos. 5, 9,

and 11 are shown along with experimental results.
The skin friction is shown in Figure 8. Streamline
No. 5 generates a simple, quasi-two-dimensional
curve on the hull surface and it may be expected
the flow can be truly represented by the present
framework. On the other hand streamline No. 11

passes through a region where the boundary layer is
rather thin and also through a bilge corner where
pressure increments were observed.

The experimental values of the streamwise momen-
tum thickness, 9ii, of streamline No. 11 were much
greater than those calculated around S.S.I. This
discrepancy can be related to the fact that S.S.I
of streamline No. 11 corresponds to the position

H

STREAMLINE NO. 5

NO.

9

CALCULATED

MEASURED

1.5

1.0

NO. 11

_] 1 -1-

F.P. 9 ! 7 6 5 4 3 2 1 A. P.

FIGURE 11. Comparisons of shape factor (GBT-125).
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P((l»9''«)

F.P. 9 8 7 6 5 4 3 2

FIGURE 12. Comparisons of crossflow angle (GBT-125).

just behind the bilge keel and the occurrence of
bilge separation can be suspected.

Shape factor H, in every case, does not vary
significantly and agreements between calculations
and measurements are good except near the stern.
There, as shown in comparisons of 6, large cross-
flow angles existed and the present scheme can not
be employed here.

It is interesting that large crossflow angles
can also be observed in experiments near the bow.
They create a suspicion of the occurrence of bow-
bilge separation.

Skin friction t^, shows also good agreement.
It is observed that both experimental and calculated
values do not decrease. This suggests three-
dimensional separation differs a little from that
of two-dimensional where skin frictions vanish.

As a whole, it can be safely concluded that,
except near the stern, calculated results show good
agreements with measured as far as integral quanti-
ties like 9ii or H. It can be also concluded that
the present scheme, using integrated mementum bound-
ary layer equations as governing equations , can be
appreciated in spite of its brevity.

EXPERIMENTAL STUDIES ON BOUNDARY LAYER SEPARATION
AND WAKE

Kinds of Ejcperiments and Measuring Techniques

The characteristics of separation and separated
flow of ship-like bodies are dim. Experiments may
throw light upon them. In order to discuss the
characteristics of separation and separated flow,
the following experiments were carried out in addi-
tion to the previous experiments. All experiments
were carried out with MS-02 and experiments (c) and
(d) used GET- 30 also. Experiments were executed
at the speeds of Fn=0. 1525 (Rg=2. 17x10^) and Fn=0 . 16
(Rg=2. 38X10^) for MS-20 and GBT-30 respectively.

Flow Observations

Planting twin tufts on the hull surface, flow di-
rections near the stern were observed by a submerged

camera; one tuft was just on hull surface and the
other was 22mm off, normal from surface.

Free-surface flow around the ship stern was also
observed in relation to the separated flow by the
aluminium powder method.

Velocity Measurements in Separated Flow Region

Velocity in the separated region was measured using
a hot film anemometer. The probe is a conical type,

2mm in diameter. One horizontal plane of z=-0.02
was covered where framelines are almost vertical.
Because the probe was set parallel to the uniform
flow, the velocity is not quantitatively accurate.

Velocity Measurements in Wake

Two five-hole pitot tubes were used for velocity
measurements in the wake; 8mm-diameter tube for MS-02
and lOmm-diameter tube for GBT-30. For estimations
of vorticity, measurements were carried out on three-
dimensional lattice-points spaced 0.025, 0.015, and
0.015 in X, y, and z directions respectively.

Vorticity Estimations in Wake

The vorticity can be estimated by differentiating
the measured velocity distributions;

8w

3y

_8v

3z 3z

3w

3x

3v

3x

_3u

3y .

(25)

The differentials were obtained numerically by
three-point approximation.

Discussions on Boundary Layer Separation and Wake
Flow

Boundary Layer Flow near Separation

Figure 13 shows flow directions near the stern of
MS-02 obtained by the twin tufts method.

It was observed that, very near A. P., both tufts
are drooping. This means that the velocity is al-
most dead; in other words, separation has occurred.

On the remaining parts, the outer tufts show
almost the same direction as the calculated poten-
tial flow direction; on the other hand the inner
tufts differ greatly from them and produce large
crossflow angles. A reference to the surface pres-
sure distribution gives a clear explanation that
flow near the hull surface, whose velocity is very
low, cannot make further steps against the pressure
increments and change direction suddenly from the
external streamwise direction toward the low-
pressure regions. Significant occurrences of shear
flow and generation of vortices are assumed which
correspond to beginnings of three-dimensional sepa-
ration.

The above situation can be understood more
clearly from velocity profiles in the boundary layer
near separation. Figure 14 shows the velocity pro-
files of GBT-125 along streamline Nos. 5, 9, and
11. A sudden large crossflow occurs near S.S.^j

for all the streamlines and, correspondingly, the

streamwise velocity profile also changes. The
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FIGURE 13. Flow directions near

stern and isobar lines (MS-02)
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FIGURE 15. Criterion for separation.

and theoretical studies may give a firmer founda-

tion for the present criterion.

from the outer part where the flow does not differ

greatly from the unseparated flow. The newly-

generated vortex is confined to this region.

Figure 17 is free-surface flow of MS-02. It

shows more clearly the existence of the above

mentioned, separated retarding region. The divid-

ing streamline can be observed which coincides with

the border line of the separated retarding region.

In the case of practical ship forms, we have not

enough information as to whether or not such regions

exist. But from the velocity profiles of GBT-125
(Figure 14) , their existence can be supposed in

those cases also.

According to the present experimental studies,

it is implied that any single approximate equation
of the Navier-Stokes equation completely governs

the flow field near the stern.

Eddy Viscosity Coefficient in Wake

In order to predict turbulent terms in the Navier-

Stokes equation, there is a concept of eddy viscos-
ity. It is based on an idea that momentum loss due
to turbulence can be represented by momentum loss

due to friction and the coefficient is constant as

to positions and directions. According to this

assumption, the Navier-Stokes equation is written.

q. Vto j.Vq V v^u (27)

Flow Field after Occurrence of Separation

Once separation has occurred, the flow fi'eld differs

greatly from the unseparated boundary layer flow.

The existence of the dead region, pointed out in

the previous section, is one phenomena.
Figure 16 shows velocity profiles, after the

occurrence of separation, measured by the hot film
anemometer. The bars in the figure represent fluc-

tuations in velocity. The region where the velocity
fluctuates so intensively and is very low consists
of a characteristic thin layer, a separated retard-
ing region. It can be definitely distinguished

where v is the eddy viscosity coefficient.
Equation (27) is a kind of diffusion equation

with Vg the diffusivity coefficient. It can be

determined ejcperimentally ; substituting the measured
values of velocity and vorticity into Eq. (27)

leaves only v^ as an unknown.
Using experimental data of the GBT-30, covering

1.08<x<1.16, Ve is determined by the least-square
method. The estimated values of v„ are not unique;

_i,
they differ slightly for each direction, 2.7 x 10 ,

2.4 10" and 1 .

6

10" for co^ and CD„ The

mean value is 2.2 x 10"
, and consequently the

equivalent Reynolds number, based on the eddy vis-

cosity, is about- 1/300 of the real Reynolds number.

100

(mm)

50

FIGURE 16. Velocity profiles
near the separation position
(MS-02)
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FIGURE 17. Free-surface flow near the stern (MS-02)

The quantity e, was first introduced by Stewartson
(1969) and e << 1 in case of a large Reynolds number.

If the X3 coordinate can be assumed to be
linear, i.e.

,

h3 = 1, (29)

the continuity equation and Reynolds equations are
written in streamline coordinates as follows.

aq, aq2 3q3

hi3xi h23x2 8x3
Kjqj - K2q2 =

^^ ^^ ^ -<^^^ - K2qiq2 . K,q^
hi 3x1 dxi 8x 3x3

3 / P , „ • 2 , 3-—r
( hqi ) - -—

h^dxj p h23x2 ql<32

(30)

Subdivision of the Flow Field "
a;:" 'isqi + 2K2q;q2 + Ki(q;2-q^2)
0X3

It has been made clear by experimental studies
that the separated flow has at least two, quite dif-
ferent viscous regions where no single approximate
equation of Navier-Stokes equation seems to be
valid for both. It can be proposed to subdivide
the flow field near the stern into five regions as
shown in Figure 18; potential flow region, boundary
layer region, vorticity diffusion region, separated
retarding region, and viscous sublayer region.

Their characteristics are as follows.
Potential flow region:

The region where the viscous term can be wholly
neglected and only displacement effects should be
taken into account.

Boundary layer region:
The region where the boundary layer assumption

is valid and the backward influence of separation
can be neglected

.

Vorticity diffusion region:
The region where the vorticity, which has been

generated in the boundary layer, is diffused con-
vectively and viscously. No vorticity is newly
generated in this region. Because the dividing
streamline is a kind of free-streamline, the pres-
sure on it might be constant.

Separated retarding region:
The region where the velocity is very small

and the turbulence is intensive. Because even a

recirculating flow can be observed, the governing
equation for this region should be an elliptic type.

Viscous sublayer region:
This is the very thin layer region which just

adheres to the hull surface. The molecular viscos-
ity is predominant and the velocity profile should
satisfy the no-slip condition on the hull surface.

CALCULATION OF VELOCITY DISTRIBUTIONS IN THE SHIP'S
WAKE

Approximation of Navier-Stokes Equation by Local
Asymptotic Expansion

In order to get appropriate approximations of the
Navier-Stokes equation for each region, local asymp-
totic expansions of relevant quantities are made,
using small parameter £ defined by

R -1/E
e

"2
I

3x3 ^ ^ 3x2

qi 3q, ,
q2 3q2 3q2

hi 3x1 hj 3x
+ rr -5^7 + <53^r- + K2qi - Kiqiq2

^3x

h23x2 p
(£ + q2 )

d I I d

3x^ '^^qs -
hi3xi

qiq2

K2 (qi - qa ) + 2Kiqlq2

^"3
a— --— (hi^i)

q, sq^
. 52, 3q3

+ q3-
3q3

hj 3xi h2 3X2 3x3 8x3 p

' (^+q3^)

(31)

(32)

hj Sxj

hih2

qiq3 h23X2 iW-i + Kigjgs + K2q2q3

3x
(hiui) - T (h2U2)

2 dx^

(33)

SEPARATION
POSITION

POTENTIAL FLOW REGION

BOUNDARY LAYER

VORTICITY DIFFUSION REGION

SEPARATED RETARDING REGION

VISCOUS SUBLAYER

(28)

FIGURE 18. Subdivision of separated flow field near
the stern.
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where toj, 102/ 1^3 are the components of vorticity

given by

ui
3q, dq2

h23x2 3x3

3qj_ _ 9q3

3X3 hiSxj '

3q2 _ 9qi

h]3xi h23x2

and they satisfy
V'O) = 0.

0)2

0)3

(34)

+ K2qi - Kiq2.

(35)

In the reduction of Eqs. (31, 32, 33) from the

Navier-Stokes equation, conventional predictions
for turbulent components are used; the velocity is

assumed to consist of time-averaged terms and
fluctuating terms.

On the other hand, if the constant eddy viscosity
can be assumed, the following equations are derived
directly from Navier-Stokes equation;

Introducing non-dimensional curvilinear small
line segments 3C, 3fi, and 3^, we represent the dif-
ferentiations

1 3 1 3

hi3xi Le 3r ' h23x2 Le 3f|

_3 1_ 3_
3X3 " L^^ 3^

Here we assume the derivatives by new variables
are all 0(1) , i.e.

,

(40)

3C
0(1)

3n
= 0(1) (41)

The origin of the new variables coincides with that
of O-X1X2X3 but 1=0 corresponds to the position
of separation.

We tentatively assume that the asymptotic series
for velocity and vorticity of C-region have the
following forms;

qi/Ufl = QotS'^i'^' + eui(5,n,?) + e2u2(C,n,C) + ...

h23x2
(wiq2~U2qi) + (Miq3-t03qi)

,1 32 32

_ 2 3x2 3x3

{-

3(1) 7 0013
3- + i)

h23x2
(K2tOj-Kia)2) - K2

hjSxi h23x2 8x3

3aj2 3mi

hjBxj
+ K 2 2

"1

h23x2
(36)

2,-vqj/Uo = £Vi(S,n,?) + e^V2(C,r|,<;) + .

qj/Ug = e2wi(|,f|,C) + £3*2(1, n,U +

^^^^ - - Hr il,n.O + i^r (C.n,d + .
e 5l 52Uq/L

Ci)2

-,- di {?,n,0 + - u^,(C,r:,c) +
p^ ni e n2

3 3
7—r-—(M2qi-U)iq2) + ^;^(w2q3-W3q2)
h^oxi 0X3

0)_ i~ ^-- ~ ^--—^ =-0) (5,n,C) + CO (5,n,0 +
Un/L e 51 £.2 (43)

r 1 32 ^ 32^
( —T —T + :r^") W5

3 3mi 5"3

h2 3x2 3x2^ 2 h23x2 hjSxi 8x3

3(1)1 3(1)9

7-^7 (Ki0J2-K2(Dl) - Ki , , + Kji-—

—

hi3xi ^ ^ ^ ^ ^h23x2 ^^hi3xi
(37)

''^l "
hi3xi

' <'^l'^3-"3qi' + (K2-
^ 3^ )

((H2q3-"3q2)

,J^ i_ , _L il_i _ 3 3(1)1 3(1)2

^h2 3x2
"^

h2 3x2'"3 3x3*hi3xi h23x2'112 2
1 1 z 2

All the quantities appearing in Eqs. (42) and (43)

are assumed to be 0(1).
Moreover, we introduce non-dimensional variables

ki,k2,kii,k22 by

ki = L-Ki ,

k22 — Ij'K22

L-K2 ^U L'K11

(44)

whose orders are 0(1) for all the regions.

Substituting Eqs. (40) , (42) , and (43) into

Eq. (30) and Eq. (35) , we get as leading terms.

H
= (45)

^ _(Ki(i)i+K2(i)2) - (Ki-Kn)j^

(K2-K22)
3(1)3

h23x2

where

(38)

3(0.
ni

3(5 SI
=

3n 3c

and into Eqs. (36, 37, 38) we get.

(46)

(47)

1 3h, 1 3h,
'^ll =-K2^ ' ^22--^^ . (39)

1 2

Voitxcity Diffusion Region (C-region)

52,7,
^e 3^%1 3 ,- ~

^ n' -
3f(%l"0>

= °
£3 UqL 3r2

32^

e3 UqL 3^

'J'l 3 - -

iT^'^Jl^

(48)

(49)

For the vorticity diffusion region, the constant
eddy viscosity is assumed.

In order for the viscous diffusion term to exist,

Vg/UgL should be at least 0{e^).
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We have obtained four equations, Eqs. (46-49) ,

for three unknowns, uo,Ci)„j, and itiri , t>"t it can be

easily shown that one of them is not independent.
Changing variables back into the original ones,

we get, as the governing equations for C-region,

^e 3^- h[3^'"2'5l' = ° '

^e s^- M^("3qi) = .

(50)

(51)

(52)

The terms of order 0(1/e ) are neglected in the
above equations.

Separated Retarding Region (D-region)

Introducing normalized variables, |, fj, C for the
separated retarding region in the same manner, the
orders of differentiation are assumed,

1 8 1 3

hj8xi L e3g ' h23x2 L e3n

1 3

3X3 L £33g '

r^ = 0(1)
3?

^ = 0(1)
3n

rr = 0(1)

(53)

(54)

Velocity and pressure are assumed to be expanded
asymptotically

,

, 3u, „ 3u, ^ 3ui

"131 ^ ^l3r ^
"13F"

+ e
3,*^.

I

/ ^ 3 ^ 3.^ , ^ 3 ,^ 3.^—(U1U2) + (vi-^ + wi-j^)u2 + (V2T^ + W2-5^)uiH '3^

-k9uivi+ kiv.

1 api

3,

-(P2+u,^) + -^(uivj) + —(ulw{)^'P2+"l 3n

(P3+ 2u[u2) + T-r(uJv2 + U2vJ)

,_,.,„,,.,„,, -2k2uivi-k,(ui-vi )

£5 UqL 3^2

„ 3v, „ 3vi „ 3v,

"1^^ + ^1^^ + wi^^

(59)

+ £
3-^ '^ 3 " 3. ,

,^ 3 .^ 3\"—(V1V2) + (uiT^ + wj—)V2+ ("2^ + W2-T:r)vi

+k2Ui2- kiujvi

1 3Pj_

£ 3f|

— (U1V2 + U2V1) + — (P3 + 2VjV^,

+ g^{viW2 + V2wi) + k2(Uj2 - v'2) _ 2kjuivJ

1 V S^V] ,

£6 UqL 3^2
(60)

qi/Uo = e(ui+ui) + e2(u2+U2) + -

q2/Uo = £(vi+vi) + £2(v2+V2) + -

I3/U0 = £ (wi+wj) + £'*(W2+W2) +

(p-p )/pU = epi + £P2 + . . . ,

(55)

(56)

where u , u , ... are all time-averaged variables
and u , u , ... are fluctuating. Here the fluctu-
ating terms of pressure are omitted because they
do not appear in the basic equations

.

The vorticity can be also expanded asymptotically.

Uo/L

Uq/L

e2 3£

1 3v2
+ 0(1)

_1_ 3Ul_ 1 ^

3vi 3ui

+ 0(1)

'1

Uq/l dl 3n
+ 0(£)

(57)

Under these assumptions, the leading terms of the

continuity equation are written.

3pi 3p2 „^ + ET^ + 0(e2) = 0. (61)

The leading terms of Eqs. (59, 60, 61) yield

Pl{C<n,C) = const. (62)

Equation (62) means that the pressure is constant
throughout the present region as far as 0(e) is

concerned.
Now the second terms of Eqs. (58, 59, 60) yield

Suj 3ui 3ui
,;2>

^IT¥^ + *i-5T^ + "IT^ = - i7(P2 + "1^)

3,"i"i. 9,-1-1.
- T^(uivi) - — (uiwi) ,

, 3Vi 3v SVj
3 .,.,

Ul^r^r- + V.-r^— + W^r-;^ = - T^(u,Vi)

3,
,

-1?, ^/"'"'^— (P2 + Vi^^) - ^^(vjwi)

(63)

(64)

3Un 3w,

35 8n 3c

(58)
(65)

" and the governing equations are In the above equations, the molecular viscosity
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disappears but its effects are still existing in-
directly through turbulence.

Equation (65) gives the so-called boundary layer
approximation. But because cross terms of fluctu-
ating components exist in Eqs. (63) and (64), they
do not always yield the same type as boundary layer
equations which can not predict the recirculating
flow observed in experiments.

satisfied when governing equations are solved,
(i) for upstream;

lim ~ ,r ~ Z. lim ~ ,z ~ ~^

g^_„ uo(C,n,?) = Ug, ^_^_^ vi{C,n,U = v^,

lim - ,= - -,

|^-„ "1 (5-1,0 = Wg (73)

Viscous Sublayer (E-region)

In the viscous sublayer, E-region, the no-slip con-
dition must be satisfied on the hull surface. Here
the intensity of turbulence may be very small and
all the turbulent terms in the Reynolds equations
vanish infinitesimally

.

The following asymptotic expansions are assumed
from the Blasius solution.

qi/Uo = eu* + £2u2 + . . . ,

q2/Uo = Ev* + e^v^ + . . . ,

qa/uo = E wi + e W2 +

(66)

where the orders of each term are all 0(1).
The derivatives are represented by

hi 3xIdxi

3

3x3

1 _3_
L £3^

1 _

h23x2
1 _3_
L £3;

H iei)

and their orders are

where Ug, Vg, and Wg are the velocity components
in the boundary layer in the xi,X2,X3 directions
respectively.

(ii) far from the hull surface; the solutions
should be matched to the solution of the A-region,
potential flow.

(iii) between the C- and D-region;

uo(C,n,o) = , u (C,n,o)

lim
ui (t,r),lj - ?-^ uo(5,n,0

C=0

lim
vi(e,ri,0) = ^^ VI (C,n,C)

wi {C,n,o) = , w2(C,n,o)

lim
wi{S,n,i;) - ij^i{l,~r\,b |~^Q

(iv) between the D- and E-region;

lim
ui (5,1,0) Ui(C,ri,C )

lim
VI (S,n-0) = ^*_^ vi (C,n,i;

(74)

(75)

(76)

(77)

(78)

^ = 0(1) ~ = 0(1) 0(1) (68)

Substituting the above assumptions into Eqs.
(31, 32, 33) , the leading terms are obtained as
follows in original variables;

3q.

qi
_L 3q,

hi3xi

1 3P

'^h23x2

+ V-
32qi

p hjSxi ^3x2

3qi

^3X3

(69)

wi {?,n,0) = , w2(C,n,0) =

lim
wf (C,n,?*) - C*-L wi(5,n,a U_„

°K "="0 (79)

The governing equations for the D-region do not
close. Some auxiliary equations are required, but
this problem is left for future work.

3qj Sq,

'hi3xi h23x2

3P
+ v:

3q2

P h23x2 ' ''3x2

3p

3x3
=

The continuity equation is

3qi 3q2

hi3xi h23x2

3q3

3X3
0.

(70)

(71)

(72)

Here the quantities of 0(6^) are omitted.
These are the boundary layer equations themselves.

They must be matched with the solution for the D-
region in quite the same manner as the conventional
method of boundary layer calculation.

The following matching conditions should be

Numerical Calculations for the C-Region

To solve the derived equations analytically is al-

most impossible; this is because not only are the
equations non-linear but also the hull surface,
where the boundary conditions are prescribed, is

very complicated in geometry. Instead, they must
be solved numerically. But it may be still more
difficult because the calculation should be carried
out for all the regions at the same time in order
to satisfy the matching conditions. However, this
difficulty can be removed by an iteration method;
the surface consisting of dividing streamlines (DSL)

is given a priori in the beginning as the inter-
mediate region between C- and D-regions where the
matching is carried out. Of course the surface of
DSL can be obtained finally as a solution of the
flow field, but the assumption of DSL makes it pos-
sible to solve the governing equations in every
region almost independently and it is expected that
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repeated iterations may bring forth a reasonable
solution.

The flow in the C-region can be determined by
taking a new streamline coordinate system O-x-x^x,,
where the x -axis coincides with DSL and the x^-

axis is normal to the DSL surface.
By the finite-difference scheme, Eqs. (48) and

(49) are transformed into tridiagonal linear equa-
tions for k: > 2;

0)2(1, j,k-l) - 2C(i, j,k)a)2(i,k,k) + 0)2 (i- 3 A+D

= A2(i,j,k) , (80)

M3(i,j,k-1) - 2C(i, j,k)U3(i,j,k) + 013(1, j,k+l)

= A3(i,j,k) , (81)

where ti)2(iij,k) etc. denote those values at xi=xi-i^,

^2=^2 j' ^"'^ ^3=^3k'

C(i,j,k) 1 +
AC^

VgAS qi (i, j ,]<) ,

A2(i,j,k) = - M2(i-1, j,k-l) +

2u2 (i-1
, j ,k)

A3(i,j,k) =

20)3 (i-l» j »k)

AC"
qi(i-l,j,k)

013(1-1, j,k-l) +

A?^

VgAS
qi{i-l,j,k)

o)2(i-l,j,k+l)
,

o)3(i-l,j,k+l)

(82)

and AC, At; are short segments in the xj , X3 directions.
Equations (80) and (81) can be solved by the

forward marching procedure if the velocity profile
of q]^ is given at the separation position. Here the
value of vorticity at k=l, on DSL, is made equal to
that at k=2

.

Once the vorticity distributions are obtained
throughout, the boundary layer and wake, say V,

velocity distributions can be calculated as induced
velocity of vorticity by invoking Biot-Savart' s law;

1 01 ' 0) i'

a,(x,y,z) = V X -^ /// ( i-)dx'dy'dz'
V 4Tr V r ri

I

where 01 j is the mirror image of oi' whose components
are oij;, o) , -oi^ and

r2 = (x-x')^ + (y-y')2 + (z-z')2 ,

r2 = (x-x')2 + (y-y')2 + (z+z')2 . (84)

Because Eq. (83) gives the viscous component of
velocity, the potential component should be added
to qv

In the present calculation, DSL is determined
from experiments for the first iteration; it con-

sists of line segments, departing at Xs=0.9 and
reattaching at Xj-=1.1 (see Figure 18). The stream-
wise velocity qj in Eq. (82) is given by a quadratic
function of ^ which is equal to Uj at the outer edge
and to 2/3 Uj on DSL. The integral intervals for

X and C are 0.005 and 0.0025 respectively.
In order to obtain the velocity distributions at

x=1.025, the region covering from x=0.8 to x=1.4
is integrated in Eq. (83). Here, 300-times molecular
kinematic viscosity is used as Vg.

The boundary layer and the potential flow calcu-

lations are carried out in the same manner as in

Section 3.

In Figure 19, typical calculated results of the
first iteration for MS-02 are shown compared with
experiments. The ship speed is Fn=0.1525 and the
corresponding equivalent Reynolds number is about
8700. Here the calculations for the D- and E-regions
have not been carried out; therefore both regions
are excluded from the vorticity-integrating region V.

Satisfactory results are obtained, as far as

C-region is concerned, especially in u and w. The

velocity v is always underestimated, in other words,
overestimated in the negative direction; this may

u.v.w

ASSUMED
DSL

/T. •

Z°-C.015 -0.4

•

Z»-0.03 -0.4

-0.2

-0.6

i:^^^-
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FIGURE 20. Wake distribution at (1/8)L AFT from A. P.

(MS-02)

.

be because in the present calculations the potential
components are determined with no attention to dis-
placement effects.

Figure 20 shows the calculated wake distribution
compared with measured. They do not always produce
quantitative agreement with each other, but compli-
mental uses of the present calculations with model-
wake survey may offer a useful method for the
prediction of full scale wake characteristics.

It is expected that much further improvement can
be attained by taking into account the D- and E-
regions.

CONCLUSION

The flow characteristics of boundary layers and
wakes of ship-like bodies are discussed. The fol-
lowing remarks can be mentioned as conclusions;
(i) The pressure-constant assumption of boundary

layer is a good approximation except near the
ship stern or bilge keel where there is a

small radius of curvature. The pressure does
not recover near the stern because of the dis-
placement effects of the boundary layer.

(ii) Most commonly used semi-empirical equations
for velocity profiles, skin friction, and
entrainment can be safely employed in case of
ship-like bodies, but the functional expres-
sion for crossflow in boundary layer has a
certain limit for large or reverse crossflows.

(iii) The integral method of boundary layer calcu-
lation may be carried out more effectively by
a hybrid use of integral and finite-difference
methods,

(iv) The three-dimensional boundary layer separa-
tion is closely related to pressure distribu-
tion on the hull surface. Its initiation is
referred to the occurrence of large crossflow.

(v) The eddy viscosity coefficient is about 300-
times the molecular one, in the ship's wake,

(vi) The separated flow region has sub-regions
which have different characteristics and no
single approximate equation of Navier-Stokes
equation is valid uniformly for all regions,

(vii) The local asymptotic expansion method is
promising for the separated flow. Further
experimental investigations as to turbulence
are necessary.

The assistance of graduate students of the Faculty
of Engineering of Hiroshima University, who partici-
pated in carrying out experiments and numerical
calculations, is cordially appreciated.
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ABSTRACT

A general method for representing the flow proper-

ties in the three-dimensional boundary layers around

ship hulls of arbitrary shape is described. It makes

use of an efficient two-point finite-difference

scheme to solve the boundary-layer equations and in-

cludes an algebraic eddy-viscosity representation

of the Reynolds-stress tensor. The numerical method

contains novel and desirable features and allows the

calculation of flows in which the circumferential

velocity component contains regions of flow reversal

across the boundary layer. The inviscid pressure

distribution is determined with the Douglas -Neumann

method which, if necessary, can conveniently allow

for the boundary-layer displacement surface . To

allow its application to ships, and particularly to

those with doiible-elliptic and flat-bottomed hulls,

a nonorthogonal coordinate system has been developed

and is shown to be economical, precise, and compara-

tively easy to use. Present calculations relate to

zero Froude number but they can readily be extended

to include the effects of a water wave and the local

regions of flow separation which may stem from bul-

bous-bow geometries

.

1 . INTRODUCTION

A general method for determining the local flow

properties and the overall drag on ship hulls is

very desirable and particularly so with the present

need to conserve energy resources. It is difficult

to achieve for a number of reasons including the

turbulent nature of the three-dimensional boundary

layer, the complexity and wide range of geometrical

configurations employed, the possibility of local

regions of separated flow, and the existence of the

free surface. In addition, and although these dif-

ficulties may be overcome in total or in part, the

resulting calculation method must have the essential

features of generality, efficiency and accuracy.

The purpose of this paper is to describe a general

method which is capable of representing the flow

properties in the boundary layer around ship hulls

of arbitrary shape. It is based on the general

method of Cebeci, Kaups, and Ramsey (1977) , developed

for calculating three-dimensional, compressible lami-

nar and turbulent boundary layers on arbitrary wings

and previously proved to satisfy the requirements

of numerical economy and precision. To allow its

application to ships in general, and to double-
elliptic and flat-bottomed hulls in particular,

an appropriate coordinate system has been developed.

Previously described coordinate systems, for example

a streamline system such as that of Lin and Hall

(1966) or the orthogonal arrangement of Miloh and

Patel (1972) are limited in their applicability and

the present nonorthogonal arrangement is similar

to that of Cebeci, Kaups, and Ramsey (1977).

The numerical procedure for solving the three-

dimensional boundary-layer equations makes use of

Keller's two-point finite-difference method (1970)

and Cebeci and Stewartson's procedure (1977) in

computing flows in which the transverse velocity

component contains regions of reverse flow. This

is in contrast to previous investigations, for

example those of Lin and Hall (1966) and Gadd (1970)

,

which are limited either to zero crossflow or to a

unidirectional and small crossflow. It is also in

contrast to the previous methods of Chang and Patel

(1975) and Cebeci and Chang (1977) which did not

have a good and reliable procedure for computing

the flow in which the transverse velocity component

contained flow reversal.

In representing turbulent flow by time-averaged

equations , a turbulence model is required and an

algebraic eddy-viscosity formulation, similar to

that of Cebeci, Kaups, and Ramsey (1977), is used.

This is in contrast to the two-equation approach

which Rastagi and Rodi (1978) have applied to three-

dimensional boundary layers and which, in principle,

should be better cible to represent flows which are

far from equilibrium. The previous comparisons pre-

188
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sented in Cebeci (1974, 1975) demonstrated that the
present eddy-viscosity model allows excellent agree-
ment between measurements and calculations but did
not include comparison with the three-dimensional
boundary-layer measurements of Vermeulen (1971)

.

Since this data includes a strongly adverse-pressure
gradient case which allows a stringent test of the
present model, corresponding calculations and com-
parisons are reported.

The calculation method is described in detail
in the following section which states the three-
dimensional, boundary-layer equations in curvi-
linear, nonorthogonal coordinates and describes
and discusses the required initial conditions,
turbulence model, and transformations in separate
subsections. Section 3 is devoted to the coordinate
system which is an essential feature of the present
method. The numerical method is discussed briefly
in Section 4 and calculated results are presented
in Section 5 which includes comparisons with the
measurements of Vermeulen (1971) and demonstrations
of the ability of the method to represent the geom-
etry of different hull configurations and to result
in realistic velocity and drag characteristics.
Siraimary conclusions are presented in Section 5.

2. BASIC EQUATIONS

Boundary-Layer Equations

geodesic curvatures of the curves z = const and x
= const, respectively. They are given by

Ki = 1



190

INITIAL CONDITIONS ON
A CROSS SECTION l» ^

FREE SURFACE

INITIAL CONDITIONS [i = 01 ON
THE PLANE OF SYMMETRY

FIGURE 1. The nonorthogonal coordinate system and the
initial data lines for the ship hull.

Continuity Equation

9x
(uh2sine) + hjsinew^ + — (vhih2sine) = (12

3y

x-Momentum Equation

u 3u 8u „ 7
Z— T— + V coteKiu^
hj dx 3y ^

"e -^Ug o „ 3 / 3uT— T Kiufcote + —- v-^ - u'v'
hi 3x ^ e 3y \ 3y

z-Momentum Equation

.,2

(13)

3w2
1. T + 7~ + V T + K? 1 uw.,
hj 3x h2 3y •^^ 2

^e 3"ze *'ze

hi 3x h2 + K2lUeW,g + g^^Vg^- (Wv'),)(14)
3w,

Where w^ = 3w/3z and (w'v')z = 3(w'v')/3z. These
equations are subject to the following boundary con-
ditions :

flow is presumed (since it is unlikely that the flow
remains laminar after separation and reattachment
with high Reynolds number) . Generation of the
initial data for turbulent flows is much more in-
volved if there are no experimental data available.
It requires sound mathematical and physical judgment
and tedious trial-and-error efforts. We shall
discuss this aspect of the problem later in the
paper

.

Turbulence Model

For turbulent flows, it is necessary to make closure
assumptions for the Reynolds stresses, -pu'v' and
-pv'w' . In our study, we satisfy the requirement
by using the eddy-viscosity concept and relate the
Reynolds stresses to the mean velocity profiles by

-u'v'
3u

"m 3y

'

-v'w' =
3w

3y

We use the eddy-viscosity formulation of Cebeci
(1974), and define Ej^ by two separate formulas. In
the inner region, e^j, is defined as

(Em'i = t2 3u\^ /3w\2 ^ ^

where

L = 0.4 y [1 - exp(-y/A)]

ay/ vlj) I
'^^'

(18a)

(18b)

+ 2cose (18c)

In the outer region e is defined by the following
formula

e„ = 0.0168m

where

(Uf u^)dy

0: = (15a)

"te

Ut

(u| + w| + 2UgWgCOse)

(u^ + w^ + 2uwcos0)

(19)

(20a)

(20b)

6: (15b)

The other initial data should be selected near
the bow of the ship along the line perpendicular to
the 2 = const coordinate (see Figure 1) . However,
because of the variety of possible bow shapes

,

approximations are necessary. For a simple, smooth
bow section, where curvatures are small and no
separation is expected, the flow along the initial
line can be successfully assumed to be two-
dimensional without pressure gradient, and the
governing two-dimensional equations for a flat
plate are solved. However, for most general mer-
chant ships , the bow section is complicated and
flow separation and reattachment are expected be-
cause of large curvature variations and adverse
pressure gradients; as a consequence, the boundary-
layer calculations can only be performed downstream
of the attachment line (or point) where turbulent

The inner and outer regions are established by the
continuity of the eddy-viscosity formula.

Transformation of the Basic Equations

The boundary-layer equations can be solved either
in physical coordinates or in transformed coordinates.
Each coordinate system has its own advantage. In
three-dimensional flows, the computer time and
storage required is an important factor . The trans-
formed coordinates are then favored because the
coordinates allow larger steps to be taken in the
longitudinal and transverse directions.

We define the transformed coordinates by

/ "e \ rx=x, z=z, dn= [ dy, Si = / h,dx
V vs

1 y ^
i

(21)



and introduce a two-component vector potential
such that

uhosine + -r^, wh,sin„
8y ' 8y

d±

vhjh2sin6 = - 3^
^

8(j)

3x 3x

where ip and ^ are defined as

tij = (vsjUg) h2f {x,z, n)sine

(fi
= (vsiUg)ii{Uj.gj/Ug)hig(x,z,n)sine

(22a)

(22b)

(23a)

(23b)

and Uj-gf is some reference velocity.
Using these transformations and the relations

given by (9), (10), and (11), we can write the x-
momentum and z-momentuin equations for the general
case as:

x-Momentum

(bf")' + mjff" - m2(f')2 - msf'g'

+ mgf "g - mg (g' )^ + mj

i

mio f
z-Momentum

3f

3x 9z dz
(24)

(bg") ' + mifg" - mi+f g' - m3(g') + msgg"

- mg(f') + mi2

= mio ( f 3^ - g' 3^ + n,7 ( g' g^ " g" g^

and their boundary conditions as

n = 0: f=f'=g = g'=0;

ri = nco, f'=l»g'= We/U;^gf

(25)

(26)

Here primes denote differentiation with respect to

n, and

f = —, g' = ^^,
Ug Uj-ef

b = 1 + e+ £+ = -
m' m ^

(27)

The coefficients mj^ to mj2 si^e given by

;
1 + ;—;

—

' ~— (h^sinfl)
hju 3x J hjh2sine 3x 2

tlo =
:; s,K,cotg, m, = -S,Ko

2 hjUg 3x 11 o'
3 1 2 u

sj Uj-ef 3Ug

ref
COtf

e

"ref
m^ - S1K21, ni5 - K7 ^I^ "^ * ^1*^12 "TT

^ e e

si

^ hihosine
/UgSl

my
^1 "ref
h2 Ug

, mg = S1K2

/ ., "»^ef .

/UgS
J
hj sml

'^ref

(28)

e S]
mq = siKi csc9 , min = :;

—

ref '
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e / "e
"11 = "2 + n>5 + mg

"ref V"ref

mi2 - mi. + mq
u i

^

ref 'ref
+ mg

mjQ awg myWg 3wg

u „c 3x u2 3z^ref ref

To transform the longitudinal attachment-line
flow equations and the boundary conditions , we use
the transformed coordinates given by (21) and de-
fine the two-component vector potential by

uh2Sine = -r-^, w^hisinB = -r^
dy Z i

jy

vhjh2sine
3i(j

(29)

with 41 and ip still given by (23) . With these vari-
ables, the longitudinal attachment-line equations
in the transformed coordinates can be written as

(bf") ' + mjff" - m2 (f ')2 + mgf'g + m 11

hi V 8x
f„

3f
(30)

(bg") ' + mig"f - m^f'g' - m3(g')'^ + mggg" - m9(f')2

+ "II2 = 7— If
;

^ 3x
(31)

The boundary conditions and the coefficients mj to
mi2 are the same as in (26) and in (28) except now

loo: g'

si "ref

ze

^ref

mg = m3

mg = 0,

m^ 2 ~ "13

mil ~ ^2

2

"ref

3w_
+ mi^

"ref "^1 "ref ^^
(32)

In terms of the transformed variables, the alge-
braic eddy-viscosity formulas as given by (17) to
(20) become

(^m'i

(33)

(Ej„)q = 0.0168 /r^

(34)

Here R = u si/v and
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y _
26

(f")
^ w'

•ref

+ 2 ^f;;g;;cose (35)

3. COORDINATE SYSTEM

Since, in general, a ship hull is a complicated non-
developable surface, a Cartesian coordinate system
is not suitable for boundary-layer calculations.
Most existing merchant and naval vessels possess
the following features: a flat bottom [y = f {x,z)

is not a single-valued function] ; a bottom which is

not parallel to the water surface; and a bow which
has a submerged bulb extending toward the origin.
In addition, the problem is further complicated by
the existence of a free surface, corresponding to

the water level of a partly-submerged hull. The
chosen coordinate system must be sufficiently general
to allow these various features to be represented in

the boundary-layer calculations

.

The streamline coordinate system is superficially
attractive but the determination of the streamlines,
the orthogonal lines, and the associated geometrical
parameters requires considerable effort. They are
dependent on the Froude number, and also on the

Reynolds number if the displacement effect is taken
into account. Consequently, and in addition to

being hard to compute, this coordinate system be-
comes uneconomical to use when the effect of the

Froude number and the Reynolds number are to be
systematically examined.

A desirable requirement of a coordinate system
for the boundary-layer calculations is that it be
calculated only once. Miloh and Patel (1972) pro-
posed an orthogonal coordinate system which depends
only on the body geometry and is calculated once
and for all. This coordinate system has been applied
by Chang and Patel (1975) to boundary-layer calcula-
tions on two simple ship hulls: ellipsoid and double
elliptic ship. One of the coordinates is taken as

lines of X = X = constant and the other as z(x,z) =

constant, which is orthogonal to x = constant lines
everywhere on the ship hull, and is obtained from
the solution of the differential equation

dz
dx 1 + f2

z

(36)

Here y = f{x,z) defines the ship hull, and (x,y,z)

denote the Cartesian coordinates. The major ad-
vantage of this coordinate system is its simplicity.
Because one of the coordinates is subject to the
condition (35) , there is no guarantee that the
boundaries of the ship hull are coincident with the
coordinate lines . Furthermore , for a ship with flat
bottom for which y = f(x,z) is not a single-valued
function, one of the coordinates cannot be calcu-
lated from (36). The coordinate system is limited,
therefore, to some special geometries only.

In this study we adopt a nonorthogonal coordinate
system similar to that developed by Cebeci, Kaups

,

and Ramsey (1977) for arbitrary wings. It is based
on body geometries only and, hence, it is calculated
once and for all. In addition, the system can deal
with the peculiar features of most merchant and
naval vessels discussed previously. The details

of this coordinate system are described briefly
in the following paragraph.

Now consider the ship hull as given in the usual
Cartesian coordinate system; that is, x along the

ship axis, y and z in the cross-plane (see Figure

1) . We select x = x = constant as one of the co-

ordinates and the other coordinate , z , lies in the

yz-plane. Because the coordinate system is non-
orthogonal, we are free to select the values of z

in the plane to satisfy the condition that the
boundary lines of the ship hull are coincident with
z = constant coordinate lines. There are several
ways of finding the z-values. Here z is determined
by mapping each yz crossplane into a half or hull
unit circle depending on whether the crossplane in-
tercepts the free surface or is completely submerged.
The polar angle, normalized by it or 2Tr on the unit
circle, is taken as z-values. The z-values then
range from to 1 on each crossplane. The advantage
of the mapping method is that equi-interval, z =

constant coordinate lines are automatically concen-
trated in the region of large curvature where the
boundary-layer characteristics are expected to vary
greatly. Hence the number of z = constant coordinate
lines can be reduced without loss of accuracy.

There are several methods available for the map-
ping of an arbitrary body onto a unit circle. Here
we use the numerical mapping method developed by
Halsey (1977) . It makes full use of Fast Fourier
Transform techniques and has no restrictions on the
shape of the body to be mapped. To map a smooth
crossplane onto a unit circle, the procedure is

fairly easy. If there are inner corner points, or
trailing-edge and leading-edge corner points (see

Figure 2) caused by the reflection of the cross-
plane, they must be removed before mapping is per-
formed to improve numerical accuracy and to provide
rapid convergence. The inner corner points are
rounded off by using Fourier series expansion tech-
nique and the leading-edge and/or trailing-edge
corner points are removed by using the Karman-
Trefftz mapping. For details see Halsey (1977)

.

To use the mapping method to find the coordinate
system, it is only necessary to define the ship hull
as a family of points in the x = constant planes,
to locate the intersection of the ship hull and the

free surface, and to indicate whether corner points
exist. The data in each plane is then mapped into
a unit circle as y vs z and z vs z and interpolated
for constant values of z. Another set of spline
fits, in the planes z = constant for y vs x and z

vs X, completes the definition of the coordinate

TRAILING EDGE /
CORNER POINT—'

\ , REFLECTION OVER W.L.

\

\ LEADING-EDGE

\\ CORNER POINT

\\.

W.L.

INNER CORNER POINT

FIGURE 2. Notation of corner points used in the

mapping procedure.
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system. The lines formed by the intersection of

the planes x = constant and z = constant with the

hull constitute the nonorthogonal coordinate net

on the surface, and the third boundary-layer coor-

dinate is taken as the distance normal to the surface

in accordance with first-order boundary-layer approx-

imation.
Since the spline-fitting also yields derivatives,

the metric coefficient and the geodesic curvatures
of the coordinate lines can be calculated from the

formulas given below.
The metric coefficients:

2
hi = 1

The angle between the coordinate lines:

hih1"2
3y

{37a)

{37b)

{38)

The geodesic curvature of the z = constant line:

{39)

The geodesic curvature of the x = constant line:

K2
hihlisine

'9z 9y By 9z
Sz 8z2 3z 3z2

(40)

The other parameters K12 ^nd K2 1 are calculated from
{6) . It may be noted that Kj and K2 can also be
obtained from (5) . This provides a check on the ex-
pressions given by (39) and (40)

.

In the boundary-layer calculations, we need the
invisid velocity components along the surface
coordinates. Let V be the total velocity vector
on the hull, (u,v,w) the corresponding velocity com-
ponents in the Cartesian coordinates, and {ug,we)
in the adopted surface coordinates . As can be seen
from Figure 3

,

(41)

^
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at first, consider the solution of the longitudinal
attachment-line Eqs . (30) and (31) and then the

solution of the full three-dimensional flow equations
as given by (24) and (25) . We shall not discuss the
Cebeci-Stewartson procedure for computing three-
dimensional flows with the transverse velocity, w,

containing flow reversal since that procedure will
be fully described in a forthcoming paper.

Difference Equations for the Longitudinal
Attachment-Line Equations

According to the Box method, we first reduce the
Eqs. (30), (31), (32), and (26) into a system of

five first-order equations by introducing new depen-
dent variables u(x,z,ri), v(x,z,ri), w(x,z,ri),

t(x,z,n), and 9(x,z,n). Equations (30) and (31)

then can be written as

n-1/2

n-1/2 1

^[j'n + ^n-lj. ^j-1/2 = li'^j + '^D-1

s" + si^-^
2 V 3 3 ^j-l/2 = 2^=j ^ Vl (49)

The difference equations which are to approximate
(47) are formulated by considering one mesh rect-
angle as in Figure 4. We approximate (47a, b) using
centered difference quotients and average them
about the midpoint (Xj^ "11-1/2' °^ ^^^ segment P1P2-

;^(u?

: 1 i,.,n

"j-l' ^-1/2

(w'? - w^ J = t?
D-1' "j-1/2

(50a)

(50b)

Similarly, (47c, d,e) are approximated by centering
them about the midpoint ^n-i/? ''^i-l /2 ""^ ^^^ rect-
angle PiP2P3Pit. This gives

(bv) 2 ,

3u
3v - m2U^ + nil 1

= '"lO " '^~

(bt) ' + 6t - m^uw - m^w - mgu + mj2

3w
= rnio u —

m^u + m5W + mjo "5"

(47a)

(47b)

(47c)

(47d)

(47e)

The boundary conditions (26) and (32) become

n=0: u=w=e=0 (48a)

n = noo: u = l, w = w^g/Uj,^^ (48b)

We next consider the net rectangle shown in Figure
4 and denote the net points by

no 'j-i

+ kj^ n = l,2, ...,N

j = 1, 2, ..., J

We approximate the quantities (u,v,g,t,S) at
points (Xjj,rij) of the net by functions denoted by
(u!',v?J,w^,t?',e^) . We also employ the notation for
points and quantities midway between net points and
for any net function s?.

I)

1
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(i-1,n-1,i-l)

h.
3

(bv) .
- (bv) .

, ^ <«-'j-i/2 -^ (-ii)-:!/'

,
,n-l/2-

("l0'i-i/2"j-i/2

u - u
n n-x

,
, ,n-l/2- i

+ (n'7)i_i/2Wj_i/2—

Here, for example,

x-l

^^v"'^ + v"'^-' + v"-''^-' + v"-''^

(56)

FIGURE 5. Net cube for the difference equations l/n,i n,i-l
a = — u. + u

.

n 4 V D 3

n.i n, i-1
u. ' + u.

'

n-l/2

n-1
(51d)

Difference Equations for the Full Three-Dimensional
Equations

The difference equations for the full three-
dimensional equations, as given by (24) and (25),
are again expressed in terms of a first-order sys-
tem. With the definitions given by (47a) and (47b)

,

they are written as

(bv) ' + 9v - m2U^ - m5uw - mgw^ + ™ll

3u 3u

(bt) ' + Gt - mi^uw - m^v^ - mgu^ + mj2

3w 3w
= mio "^+^7W^

3u
,

3w
miu + mgw + '"lO -^ + my —

Their boundary conditions, (26) become:

11 = 0: u = w=e =

n = n„: u = 1, w = Wg/Uj,gf

(52a)

(52b)

{52c)

(53a)

(53b)

The difference equations for (47a) and (47b) are
the same as those given by (50a) and (50b) : they
are written for the midpoint [ (x) , (z)

j^ , n-|_, /^ ] of
the net cube shown in Figure 5; that is,

hTVu"'^ - u^-i
3 V 3

^"'1
j-lJ j-1/2'

4 V 3 3

n,i n-1 ,i
a. + u.
3-1 3-1

and

<"ll'i-l/2

<'"ll'i
*-

''"ll'i-l " '™ll'
n-1 , ,n-l

+ (m, , ) . ,

1 1 1 1-1

(57)

z„ = i = 1, 2, ... , I (58)

Solution of the Difference Equations

The difference equations (50) for the longitudinal
attachment-line flow and the difference equations
for (52) are nonlinear algebraic equations. We use
Newton's method to linearize them and then solve the
resulting linear system by the block-elimination
method discussed by Keller (1974) . A brief
description of it will be given for the streamwise
attachment-line equations.

Using Newton's method, the linearized difference
equations for the system given by (50) are:

h.

6u^ - 6u. - -^ (6v. + 6v. ,) = (r,) . (59a)
3 :-i 2 J ]-l 1 J

Sw. - 5w._ - ji (6t. + 6t._j) = ir^) . (59b)

(Ci)j6v. + (C2)6v^_i + (C3)j'5e. + (5:t).6e._^

+ (<;5)j6u. + (C6).6u._^ = (rs). (59c)

hT (
w'?'^ - wn.i

1
= t"'i

3 V 3 D-lJ D-1/2
(54) (6l).6t. + (B2)j6t._j + (63)j6e. + {e4)j69j_j

The difference equations which are to approximate
(52a, b,c) are rather lengthy. To illustrate the
difference equations for these three equations, we
consider the following model equation

+ (65)j<5"3 + (B6)jfi"j_^ + (67)jSu. + (Bs'jS^j.j

= (r.) . (59d)

(bv) ' + ev + mil ="'10 u V^ + myw tt^
ox oz

The difference equations for (55) are:

(55)
(ai) . 66. + (02).: fie. (03)^<5u. + (04)j6u._^

3 3

+ (as).&v^ + {af,)-Sw._^ = (rj) (59e)
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Here we have dropped the superscripts n, i and have
defined (r]^)j, (?k)j, (Bk'j' and (a)^)j by (Se) = - ^ (mt, + a )u. , - m3W. ,

j 2 n j-1 ^ j-1

r=u, -u. +h.v. ,,„
1 D-1 3 3 3-1/2

r = w. , - w. + h.t. , ,.
2 3-1 3 3 3-1/2

(60a)

{60b)

(67).

1 n-1

2"n"j-l/2 (62f)

1 (^4 + a„)w. - mgu, + ^ a^ w^lj^^ '^^g)

'^-'j-1/2" <«^'3-l/2

- (nij + a„) (u2)
n j-l/2

(60c)

(Bs)^ = -
J (mtt + a )w._ - m9U._j

1 n-1
^ 2 "n "j-l/2

3

(62h)

{63a)

'^"'j = Vl/2 - ™12

(bt);
, ,^ + (et)^

, ,^ - (m^ + ci„) Cuw)
j-1/2 j-l/2 n j-l/2

(°2)j = -^

(03)
j

= -
-J

(mi + 2a^

(63b)

{63c)

m, {w2) .
- mq (u2) .

^ 3-1/2 ^ 3-1/2

n-1 n-1
+ fY(W, ,u — u w

"nl j-l/2 j-l/2 j-l/2 j-l/2
{60d)

(04).

(05)

- {mi + 2a^)

me

{63d)

{63e)

3 3-1/2

3-1/2

<^i'j=ir^i9j

(m, + 2(Y ) u . , - m w .

1 ™n' 3-1/2 6 ]-l/2

b.

'3 = -^.,,i,,.
.- J^.i

2 "3-1

(tJe)
j

= - -^ me

(60e) The boundary conditions become

(61a)

(61b)

6uo = fiwg = 69q = 0, 6uj = 6w =

{63f)

(64)

The solution of the linear system given by (59)

and (64) is obtained by using the block elimination
method. According to this method, the system is

written as

(C3)j = 2-, {61c)

Here

/A 6 = r (65)

'^'''j = 2 -j-1

{C5) .
= - (mo + a ) u

.

3 "3

{<;6)j = - (m2 + a^)u

(Bl)j = {Cl)j

(e2)j = {C2)j

(e3)j=jt.

(B14) .
= ^ t

J 2 j-1

(61d)

(61e)

{61f)

(62a)

{62b)

(62c)

(62d)

/A

(Bs). = -| (m, +a^)u. -maw. - i a^ u^lj/^ {62e)
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FIGURE 7. Comparison of gener-

ated initial total velocity
profiles with Vermeulen's data.

GENERATED PROFILES

DATA

Se

tang (68)

with the limiting crossflow angle g„ obtained from

the experimental data.

Once the streamwise and crossflow velocity pro-

files are calculated by the above procedure , we

compute the velocity prof: les u/u^ and w/Wg in the

orthogonal directions x and z by the following rela-

tionships

u u w^ = -^ - ^ ^ (69a)
"e "se "se "e

^ = ^ + ^ ^ {69b)
W= Uo U„ W„
e ^e ^e e

Figure 7 shows a comparison of generated and

experimental total velocity profiles along the line

A. As can be seen, the procedure discussed above

for generating the initial velocity profiles from

the experimental data is quite good. This is impor-

tant for an accurate evaluation of a turbulent

model, especially for three-dimensional flows.

Here

(70)

The solution of the boundary-layer equations also

requires the specification of the metric coefficients

and the geodesic curvatures. They are calculated

from the following expression:

hi =

h2 = 1.0,

Ki =

straight section

z/R curved section
' o

K2 =

straight section

1/(R -z) curved section

(71)

A comparison of calculated and experimental values

of streamwise momentum thickness, 6jj, shape factor,

Hu, skin-friction coefficient, Cf, and limiting

crossflow angle, Svj, is shown in Figures 8, 9, 10,

and 11, respectively, along the lines B, C, D, E.

Here the limiting crossflow angle is computed from

PRESENT METHOD
E
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FIGURE 10. Comparison of computed skin friction
coefficient with Vermeulen's data.

tan6„ =
w /u [ (u ,/u )g" - f "]e e ref e ^w w
(w /u )2 (u Vw )g" + f"

e e ref e w w
(72)

Figures 12 and 13 show a comparison of calculated
and experimental total velocity profiles and cross-
flow angle profiles along the lines C and E. Here
the crossflow angle is computed from

sinB,., = V"e['"ref/"e'g' " ^'^

(73)

As in Figures 8 through 11, again the agreement
between calculated results and experiment is very
good. The computed results follow the trend in
the experimental data well and indicate that the
present turbulence model, as in two-dimensional
flows, is quite satisfactory for three-dimensional
flows.

Results for a Double Elliptic Ship Model

To test our method for ship hulls, we have con-
sidered two separate hulls. The first one, which
is discussed in this section, is a double elliptic
ship whose hull is given analytically. The second

one, which is discussed in the next section, is
ship model 5350 which has a rather complex shape.
Its hull is represented section-by-section in tabu-
lar form and contains all the features of most
merchant and naval vessels. It proves an excellent
test case to study the computational difficulties
associated with real ship hulls.

The double elliptic ship model can be analytically
represented by

f (x,z) 1 -( - (74)

FIGURE 11. Comparison of computed limiting crossflow
angle with Vermeulen's data.

It has round edges except for the sharp corners at
X = ±L and z = ±H. The body of L:H:B = 1.0:0.125:0.1
together with the nonorthogonal coordinate nets on
the hull is shown in Figure 14.

The potential-flow solutions were obtained from
the Douglas-Neumann computer program for three-
dimensional flows. To get the solutions, 120 control
elements on the surface were used, 12 along the x-
direction and 10 along the z-direction.

Before we describe our boundary-layer calculations,
it is useful to discuss the pressure distribution for
this body shown in Figure 15. As can be seen from
the figure, the streamwise pressure gradient is

initially favorable in the bow region and then ad-
verse up to the midpoint of the body. This is fol-
lowed by a region of favorable pressure gradient and
then by a shape adverse pressure gradient very close
to the stern. The crosswise pressure gradient varies
in a more complex manner. Near the bow the pressure
decreases down from the water surface to a minimum
and then increases as the keel is reached. As the
flow moves downstream, the location of the minimum
pressure moves up and reaches the water surface at
about x/L = -0.80. The minimum pressure remains at
the water surface to about x/L = 0.80 and then moves
toward the keel. As a result, near the bow and the
stern, one may expect flow reversal of the crossflow
across the boundary layer does not reverse direction
from the keel to the water surface. This conclusion
is drawn from considering the pressure gradients only.
The real situation may be somewhat modified because,
in addition, there are the upstream effects and the
curvature effects on the flow characteristics.

The boundary-layer computation starts with turbu-
lent flow from x/L = -0.90. We have tried to start
the computation from x/L = -0.97 and x/L = -0.95.

However, flow separation was observed at x/L = -0.90
near the keel due to the sharp curvature and adverse
pressure gradient in the bow region and can be seen
from Figure 15. In the previous calculations of
Chang and Patel (1975) and Cebeci and Chang (1977)

,

the flow separation near the bow was not found due
to the orthogonal coordinate system they adopted in

which the second net point from the keel is so far
from the keel that the region of adverse pressure
gradient is omitted.

In our boundary- layer calculations, we have used
40 points along the x-direction and 16 points along
the z-direction. In the normal direction, we have
taken approximately 40 points. The nonuniform grid
structure described in Cebeci and Bradshaw (1977)

is employed in the normal direction so that the grid
points are concentrated near the wall where the
velocity gradients are large.

Some of the computed results for Rt = 10 are
shown in Figures 16 and 18. Figure 16 shows the
spanwise distributions of the pressure coefficients,
Cp, local skin-friction coefficient, Cf, the shape
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FIGURE 12. Comparison of com-

puted total velocity profiles
with Vermeulen's data.

factor, Hji, the Reynolds number based on the momen-
tum thickness, Rg , and the limiting crossflow angle
for x/L = -0.85, 0.0, and 0.75. As can be seen from
these figtures, the boundary- layer parameters vary
greatly near the keel where the curvatures and the
pressure gradients are large and remain almost un-
changed near the surface where the curvatures and
the pressure gradients are small. Except at x/L =

-0.85, the limiting crossflow angle is positive.
This implies that the crossflow near the wall moves
from the keel to the free surface as predicted from
the pressure distribution. Figure 17 shows typical
longitudinal and transverse velocity profiles at
2=0.6 for several values of (x/l) , and Figure 18
shows typical transverse velocity profiles at (x/L)

= -0.2 for several values of z. As can be seen from
Figures 17(b) and 18, the transverse velocity compo-
nent undergoes drastic changes in the longitudinal
and transverse directions under the influence of
pressure gradient and body geometry. As was dis-
cussed before, when the transverse velocity changes

sign across the boundary layer and contains regions
of reverse flow, numerical instabilities results from
integration opposed to flow direction unless appro-
priate changes are made in the integration procedure.

The new numerical procedure of Cebeci and Stewartson
(1977) handles this situation very well and does not
show any signs of breakdown resulting from flow re-

versal of transverse velocity component.

Results for Ship Model 5350

The ship model 5350,

previous section, is

geometry of the hull
represented in tabula
The model possesses a

existing merchant and
bottom which is flat
water surface and an

merged under the wate

unlike the one discussed in the

a realistic tanker model. The

is so complicated that it is

r form section by section.
11 the special features of

naval vessels, that is, a

and not parallel to the still-
extended bow completely sub-

r surface, and consequently
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FIGURE 13. Comparison of computed crossflow angle with Vermeulen ' s data.

serves as an excellent case on which to apply our
method

.

Figure 19 shows a three-dimensional picture of
this ship model together with our nonorthogonal co-
ordinate system. We see from this figure that, as

a by-product of the mapping method discussed earlier,
the z = const, coordinate lines are concentrated
in the bow and corner regions where the curvature
is large. Figure 20 shows different cross-sections
(indicated by solid lines) and interpolated values
obtained by a cubic-spline method (indicated by
circles) from which the geometric parameters are
obtained.

The inviscid velocity distribution for the model
is obtained by using the Douglas-Neiomann method
treating the model as a double ship model . Figure
21 shows the pressure distribution for the entire
ship and Figure 22 shows a detailed pressure distri-
bution for the bow region. We see from these figures
that the longitudinal pressure gradient near the keel
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FIGURE 16. Computed Cp, cj, H|i, Rg , and 6„ for the double-elliptic ship

model for R, = lo'' at (a) x/L = -0.85, (b) x/L = 0.0, (c) x/L = 0.75.
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INPUT SHIP FORM

INTERPOLATION BY CUBIC SPLINE FUNCTION

FIGURE 20. Body plan for ship model 5 350.

both sides of the corner region and, hence, enhances
the thickening of the boundary layer. This thicken-
ing of the boundary layer in the corner region of
ship hulls has been verified experimentally by Hoff-
mann (1976) .

6. CONCLUDING REMARKS AND FUTURE WORK
"

According to the studies presented in this paper,
the three-dimensional boundary layers on ship hulls
can be computed very efficiently and effectively.
The turbulence model, as in two-dimensional flows,
again yields satisfactory results for three-
dimensional flows. This has been demonstrated
by Soejima and Yamazaki (1978) who also have applied
the present turbulence model to compute three-
dimensional boundary layers on ship hulls. However,
there are additional studies and problem areas that
need to be considered and investigated before the
present method can become a more effective tool to
design ships. They are briefly discussed below.

Generation of Initial Conditions on Arbitrary
Bow Configurations

In Section 5, we presented calculations for the ship

model 5350 and mentioned that due to flow separation

in the bow region, we had to start the boundary-layer
calculations at some distance away from the bow.

Additional studies are required to generate the ini-

tial conditions on the bow. These studies can lead

to a better design of bow configurations and to

better handling of bilge vortices, which contribute

to the total drag of the ship. However, this is by

no means an easy task. Consider, for example, the

ship model 5350 discussed earlier. A sketch of the

bulbous nose with a plausible inviscid streamline
distribution is shown in Figure 26. We assume

that the ship is symmetrical about the keel plane

and there is a nodal attachment point on the bulbous
nose at B. If the ship is floating, then the water
line is determined by conditions of constant pressure

and zero normal velocity. Hence the intersection A

of the plane of symmetry with the water line and the

FIGURE 21. Pressure distribution
for the entire ship model 5350.
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FIGURE 22. Pressure distribution for the bow region

of ship model 5350.

bow is a saddle point with the streamlines of the
inviscid flow converging on A along the line BA and
diverging along an orthogonal direction. It is

known that the boundary-layer equations can always
be solved at B but that at A the situation is more
complicated and furthermore it is still not entirely
clear what their role is in relation to the general
solution. It is likely, however, that provided no
reversed flow occurs at A in the component of the
solution along the direction BA, then separation can

be avoided along this line by appropriate choice of

design. Furthermore, if separation does occur, its

effect may be limited. The recently developed Cebeci-
Stewartson procedure (1977) , however, can be applied

to the present problem but there are some hurdles to

be overcome

.

Of particular difficulty is the choice of coordi-
nate system on which to compute the solution and to

join it with the already well-established method
downstream of CD. We have seen that in the case of

the prolate spheroid (see Cebeci, Khattab, and
Stewartson (1978) ) it is helpful to have a mesh
which is effectively Cartesian near the nose and the

methods which were used to produce it in the earlier
study are applicable to any body which can be repre-
sented by a paraboloid of revolution in the neighbor-
hood of the nose. Now here we have a paraboloid near
B but not one of revolution, but we believe that the

necessary generalization is possible. The mesh now
has to match with that which has proved convenient
downstream of CD. Again we believe that a smooth
transition can be achieved by building into the

mesh sides, right from CBA, an appropriate spacing
such that the points of a uniform mesh on CD are

also points of this mesh although not, of course, at

a constant value of one of the coordinates. Our

evidence for this is based on a successful scheme

that we have already worked out for the prolate
spheroid, Cebeci, Khattab, and Stewartson (1978).

Other aspects that need further study include the

condition at the water-line section. It has been

usual to assume that the normal velocity is zero at

the undisturbed free surface. This is not quite
correct and the error may have implications for the

nature of the solution near A and especially the

question of separation along BA. Even if separation
does occur, it may be possible to handle the post-
separation solution, since it probably extends only

over a limited region of the ship, by means of an

interaction theory, i.e., modifying the inviscid

flow by means of a displacement surface.

Viscous-Inviscid Flow Interaction

The present boundary-layer calculations are done

for a given pressure distribution obtained from an

inviscid flow theroy. In regions where the boundary-

layer thickness is small, the inviscid pressure dis-

tribution does not differ much from the actual one;

as a result, the boundary-layer calculations are

satisfactory and agree well with experiment, see,

for example, the papers by Cebeci, Kaups , and Moser

(1976) and by Soejima and Yamazaki (1978) . When

the boundary-layer thickness is large, which is the

case near the stern region, the effect of viscous

flows on the inviscid pressure distribution must

be taken into account. One possible way this can

be done is to compute the displacement surface for

a given inviscid pressure distribution and iterate.

Such a procedure is absolutely necessary to account

for the thickening of the boundary layer as was

observed by Soejima and Yamazaki (1978)

.

Prediction of Wake Behind Ship Hulls

The present boundary- layer calculations can be done
up to some distance close to the stern; after that,
flow separation occurs. Since one, and probably the
biggest, reason why one is interested in boundary-
layer calculations on ship hulls, is the calculation
of drag of the hull , additional studies should be
directed to perform the calculations in the separated
region and in the wake behind the ship. Recent calcu-
lation methods developed and reported by Cebeci,
Keller, and Williams (1978) for separated flows by
using inverse boundary- layer theory and recent calcu-
lation methods developed and reported by Cebeci,
Thiele and Stewartson (1978) for two-dimensional
wake flows are appropriate for these purposes

.

PRINCIPAL NOTATION

Van Driest damping parameter, see
(18b)

constants
local skin-friction coefficient in

streamwise direction
constants
transformed vector potential for ijj

transformed vector potential for ((>

metric coefficients
net spacing in ri-direction

boundary-layer shape factor along
streamwise direction, 6*/9jj

Ai,A2,A3,A;+

Cf

Ci ,C2 ,C3,C^
f

g
hi,h2
hj

H,Hii
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Ki,K2
K12/K21
L
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.

P
Q

tl,t2

u,v,w,

u, v,w

T

>^ref
x,y,z

x,Y,z

.ini2

5

6*

Tn
„+

'11

V

P

T

net spacing in x-direction
geodesic curvatures, see (5)

geometric parameters, see (5)

mixing length, see (18a) , or refer-
ence length

coefficients, see (28) or (32)

static pressure
total velocity in the boundary layer
Reynolds numbers, UgSi/v and u„L/v
Reynolds number, Ug 6*/v

Reynolds number, Ug Q\i/^
arc length along coordinate line
unit tangent vectors along x and z

directions
velocity components in the x,y,z

directions
velocity components in the Cartesian

coordinate
velocity components in boundary layer
parallel and normal, respectively,
to external streamline

friction velocity, see (18c)

freestream velocity
reference velocity
nonorthogonal boundary-layer coor-

dinates
Cartesian coordinates
Reynolds stresses
crossflow angle
limiting crossflow angle
boundary-layer thickness
displacement thickness.

(1 - Ug/Us )dy

eddy viscosity

dimensionless eddy viscosity, £ /v
similarity variable for y, see (21)

momentum thickness,

r"
J Ug/usgd - Us/Ugg)dy

dynamic viscosity
kinematic viscosity
density
shear stress
two-component vector potentials, se

(23)

Subscripts

e boundary-layer edge
s streamwise direction
t total value
w wall
primes denote differentiation with respect to n
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Study on the Structure of Ship

Vortices Generated by Full Sterns

Hiraku Tanaka and Takayasu Ueda
Ship Research Institute
Tokyo, Japan

ABSTRACT

Many attempts have been made to measure the vortic-
ity distribution of vessels tested at the Ship
Research Institute. This led to the successful
development of the rotor-type vortexmeter and a
method for its calibration. In order to investi-
gate the structure of the full ship stern vortices
and gain an understanding of interaction of the
vortices and propeller, the wake flow behind two
geosim models was studied experimentally.

Using this vortexmeter, detailed diagrams of the
vorticity distribution are presented for the dis-
cussion of the structure and scale effects on the
stern vortices. The authors found the existence
of a separating vortex sheet in the vorticity dis-
tribution and indicated that, by using the vorticity
concentrated on the vortex sheet (Max. line) , it
was possible to simulate the original vorticity
distribution. With these experimental results the
relation between the vorticity distribution and
the propeller performance on the geosim models was
also analyzed.

1 . INTRODUCTION

In recent years, the knowledge of the wake structure
including stern vortices has made it essential for
the ship builder to obtain a better understanding
of the stern vibration with full stern forms.
Nevertheless, the stern vortex characteristics such
as its geometry and structure as well as the scale
effect remained obscure. This situation may be
partially due to the fact that the stern vortices
do not cause serious problems in the resistance
augmentation or in the self-propulsion factors.

To overcome this lack of detailed knowledge,
systematic investigations have been made concerning
the problems of full ship models with unstable
propulsive performance. This research was begun in
,1975 under the Research Panel SR 159 of the Ship-

building Research Association of Japan (Chairman,

Prof. H. Sasajima) which was mainly concerned with

the following areas: sources of the unstable
phenomenon, the unsymmetrical flows accompanying
this phenomenon, and the procedure for testing model
ships exhibiting this kind of phenomenon.

Throughout the Panel discussion there was great
interest in the behavior of the stern vortices as

the basic approach to understanding this phenomenon
and this led to the request for quantitative data
regarding the stern vortices. The major part of
this paper was completed during the course of this
Panel's activities in which one of the authors was
placed in charge of developing a technique for
measuring the fluctuating stern vortices. As a

result of the discussions, a rotor-type vortex-
meter for obtaining a detailed description of the
structure of the stern vortices was adopted.

Needless to say, by obtaining an illustrative
model of the stern vortices it will be possible to
develop a mathematical model which will be extremely
useful for understanding the flow around the full
ship stern. Various vortex models have been sug-
gested by Tagori (1966) , Sasajima (1973) , and
Hoekstra (1977). The structure of the stern
vortices can be roughly described by a stream line

which, flowing upward around the bottom of the
hull, separates at a separation line formed at the
bilge. This flow rolls up at the boundary layer
around the bilge forming a separated sheet with
vorticity.

Sasajima has suggested a simplified model of

conical separating sheets as shown in Figure 1-1.

He assumed that the separating sheet could be
described by a triangular plane with which he
attempted to explain the basic character of the
stern vortices. This vortex model shown in Figure
1-1 has a core enclosed with a separating line
(S-S'), an attachment line (A-S') and the surface
of the separating sheet. In this model it was
assumed that the direction, velocity, and vorticity
of the flow along this developed vortex sheet would

209
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LIMITirJG STREAMLINES

ATTACHMENT LINE

SEPARATION LINE

FIGURE 1-1. [Sasajima (1973)

SEPARATION LINE

FIGURE 1-2. [Hoekstra (1977)].

Illustrative models of stern vortices

have the same values as they had at the point the
flow passed on the separation line.

Hoekstra 's vortex model also had a conical
separating sheet with a cusp as shown in Figure 1-2.
Although the stream along the separating sheet
flows upward and rolls inside, it does not touch
the hull surface to form an attachment line.

In addition to the study on the scale effect of
the stern vortices by Huse (1977) , the studies
based on the theory of the three-dimensional
boundary layer by Okuno and Himeno (1977) has made
it possible to discuss the detailed structure of
the stern vortices. However, these studies did not
pay much attention to the vorticity distribution.
The authors concluded through their study that the
prominent features of the stern vortices could be
revealed by studying diagrams of the vorticity
distribution.

2. ROTOR-TYPE VORTEXMETER

Although numerous efforts have been made to investi-
gate the stern vortices , the state of the art for
measuring the vorticity distribution in aft section
of a model ship remains less developed than the
techniques for measuring the wake distribution.
This is evident by the few papers in which the
complete data of the vorticity distribution has been
published. This is largely attributeible to problems
in developing vortexmeters for towing tank measure-
ments.

In the authors' experience the problems in using
five-hole Pitot tubes for measuring the vorticity
have been in maintaining sufficient accuracy through-
out the measurements. The analysis of vorticity
distribution which includes finite difference
methods results in insufficient precision. Besides,
for one mesh point of a vorticity measurement, it is
necessary to use the flow velocity data from four
adjacent mesh points which makes it difficult to
perform measurements close to the hull surface as
well as to measure fluctuating vortex flows.

The study of stern vortices has been greatly
stimulated by flow visualization developments and
especially noteworthy contributions have been made
by researchers using tuft grid observations.
However, flow visualization for observing the vortex
flow has a weak point illustrated in the following
discussion.

Superimposing an arbitrary irrotational flow on
a vortex flow, the resulting total flow should have
the same vorticity as the original vortex. An
example is shown in Figure 2 which is a velocity
vector diagram of a circular vortex core super-
imposed on a parallel flow. Examining this figure,
it can safely be said that few people would be able
to estimate an exact geometry or locate the center
of the vortex from only this vector diagram of the
total flow (or from a photo or sketch of the tuft
grid observation)

.

One of the authors [Tanaka (1971)] suggested
adopting a rotor-type vortexmeter for towing tank
measurements. He applied this technique to analyze
the stern vortices generated by a submerged body
running near the free surface. The application of
the vortexmeter is reported in many aerodynamic
investigations dating back to the 50 's, and it was
proposed for ship research by Gadd and Hogben [1962].

The vital problem in adopting the rotor-type
vortexmeter for towing tank research lies in the

accurate calibration of the rotor. This is mainly
due to the fact that no one has succeeded in gener-
ating a stable vortex useful for the calibration in

a steady flow field.

The rotor-type vortexmeter utilizes the principle
that four-unpitched vanes mounted on a rotating
shaft, shown in Figure 3, are not affected by any
parallel and shear flow and only respond to a

(A) (B)
parallel circular vortex

flow flow

(A)+(B)
flow pattern on tuft grid

FIGURE 2. Tuft grid pattern due to a circular vortex
and a parallel flow.
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rotational

Flow

(Velocity vectors on rotor)

Shear

Flow

FIGURE 3.

(rotor)

Principle of rotor-type vortexmeter

rotational flow. When the rotating shaft of a

vortexmeter is parallel with vorticity axis, the

rotor turns with angular velocity of W-S , where S

is the slip due to rotational friction of the rotor
shaft and W is the vorticity in the fluid. At

present, the slip S can be estimated using the

following technique.
Using the simple consideration of the elementary

wing, the torque Q due to a rotor element having
small length dr in a radial direction can be deter-

mined from Eq. (1) , where C-^ , I , and U are lifting

derivative, cord length of vane, and advance speed

respectively.

where

Q(r) = 'spHU^Cj.j^ rdr

3CL ^ 3_ L.F.
'I'^ "

3jr "3/ !5P5.RU2

(1)

R. and L.F. are the rotor radius and lifting force
respectively. In the flow with uniform vorticity
distribution, the magnitude of the torque acting
on the rotor becomes:

R

Q(u) Q(r)dr (2/3)pi!,R3uC^^u (2)

calibration - moTor

C^ (ol calibrotion mode )

\i^ inner- shaft <^=

mimoture ball bearing

1

modes
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FIGURE 5. Rotor-type vortexir.eter .
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ment, at the same conditions there was no indication
of this phenomenon during the tests concerned in

this report. The body plan of the 4 and 7m geosim
models are shown in Figure 7 and the principal di-
mensions are summarized in Table 1.

The intent of the experiments was twofold: first

to determine the structure of the stern vortices
using the rotor-type vortexmeter, and secondly,
to investigate the performance of the propeller
working in the presence of these stern vortices.

On the other hand, concerning the vorticity gradient
influence on the radial portion of the rotor, from
the following equation it can be understood that
the tip of the rotor has a higher sensitivity:

Q(r)dr = p«.UC
^f

I r^uCrjdr (5)

-R

In practice, using only large models, the error due
to the finite diameter of the rotor can be eliminated.
Such a problem is also present when determining
the mesh interval in the vorticity measurement
by a five-hole Pitot tube.

3. EXPERIMENTS AND RESULTS

The ship models used in the experiments exhibited
an unstable propulsive performance in ballast
condition. In recent studies, it has been recog-
nized that the limiting stream line around the stern
and the pressure distribution change along with the
thrust fluctuation in the self-propulsion tests
of the model ship. The influence of these
phenomena on the ship design has been reported by
Watanabe and Tanibayashi (1977) and Watanabe et al

.

(1972) .

A special feature of this phenomenon was that it

appeared only in the self-propulsion tests and was
not observed on the towing tests. Thus, while this
phenomenon easily appeared in the self-propulsion
tests at Froude number 0.18 and 65% full displace- FIGURE 6. Rotor-type vortexmeter and stern of model.
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FIGURE 7. Body plan of model.

Also as a reference, the vorticity distribution
was measured by the five-hole Pitot tiibe for com-
parison with the rotor-type vortexmeter measure-
ments

The positions where the vorticity distribution
of the stern vortices was measured, are shown in

Table 2 in which sq.st. 1/8 correspond with the
section of the propeller disk. The effects of
velocities of the model ship are studied at several
mesh points.

In order to discuss the scale effect of the
vorticity distribution, the results of measure-
ments on both models are shown in Figures 8 and 9

,

and the induced velocity vectors on the Y-Z plane
which are calculated with the vorticity distribu-
tion, are shown in Figures 10 and 11.

The interval of mesh drawn on both diagrams of
vorticity distributions and velocity vectors,
corresponds to a non-dimensional length of 0.5%
Lpp. The values of equi-vorticity contours in
diagrams of vorticity distribution are non-
dimensional vortices defined as follows:

2ttm Lpp
X
U (6)

where co shows the vorticity in r.p.s. which
corresponds to twice the number of rotor revolu-
tions. Considering a diagram of vorticity dis-
tribution as a geographical contour map, the vortex
core can be compared to a typical plateau. The

TABLE 1 Principal Particulars of Models

Model Ship No. M-7 M-4

Length (m) : Lpp 7.000 4.000

Breadth (m) 1.167 0.667

Breadth Draft Ratio 2.760

Block Coefficient 0.802

Longitudinal Prismatic Coeff. 0.810

Pitch Ratio (const.)

Boss Ratio

Expanded Area Ratio

Number of Blades

0.7143

0.180

0.665

5

TABLE 2 Measurement Positions of Vorticity
Distribution

-^q. St.

Model\ 1/2 1/4 1/8 *1 A *3

M-7

M-4

Port Port
Port *2

Starboard

Port *2

Starboard

Port

Notes
*1 Corresponds to propeller position
*2 Measured by vortexmeter and 5-hole Pitot tube
*3 Corresponds to Sq.St. -1/8

fact can clearly be seen in the foreward detections,
especially sq.st. 1/2 in Figure 12. In this
connection, the vorticity distribution is sq.st. 1/4
and A are presented in Figures 13 and 14

respectively

.

As a reference, the induced velocity vector
diagram on sq.st. 1/4 is shown in Figure 15.

Furthermore the vorticity distribution (for

M. No. M-7) obtained by the five-hole Pitot tube
(diameter 12mm, angle between center and side

FIGURE 8. Vorticity distribution of M.No.M-7 at
Sq.st. 1/8.
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FIGURE 9. Vorticity distribution of M.No.M-4 at
Sq.St. 1/8.

20 '/. ol U

/ /t t 'r^""^~-

FIGURE 10. Velocity vectors on y-z plane due to stern
vortices (M.No.M-7, Sq.St. 1/8).
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FIGURE 12. Vorticity distribution of M.No.M-7 at
Sq.St. 1/2.

\'V

FIGURE 11. Velocity vectors on y-z plane due to stern
vortices (M.No.M-4, Sq.St. 1/8).

FIGUfffi 13. Vorticity distribution of M.No.M-7 at

Sq.St. 1/4.
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FIGURE 14. Vorticity distribution of M.No M-7 at
Sq.St. A.

holes 25°) is shown in Figure 16 and the wake
distributions and the velocity vectors by the five-
hole Pitot tube are shown in Figures 17, 18, 19
and 20 respectively. ' '

020 % of u

FIGURE 15. Velocity vectors on y-z plane due to sternvortices (M.No. M-7, Sq.St. 1/4).

FIGURE 16. Vorticity distribution measured by 5-hole
pitot tube (M.No. M-7, Sq. St. 1/8).

4. DISCUSSIONS AND APPLICATIONS OF THE RESULTS

Remarks on Vorticity Measurements

The rotor-type vortexmeter performed as expected.
As seen from a comparison between Figures 8 and 16,
the rotor-type vortexmeter is more sensitive and
can be used to obtain a finer vorticity distribu-
tion contour than the five-hole Pitot tube, while
both vorticity distribution diagrams appear to have
a similar shaped vortex core, they have fairly
different values. The distinguishing difference
IS mainly in the pattern of the distribution. Al-
though the plateau-type distribution would be the
expected form of the typical vortex cores in the
vorticity distribution obtained by the vortexmeter,
the plateau-type is broken in Figure 16. It can be
said that the difference between these results
indicate the usefulness of the vortexmeter ' s resolv-
ing ability.

Contrary to the general opinion that a geometry
of the stern vortices is fluctuating, in the
authors' measurements, the vorticity and geometry
of the stern vortices were generally quite stable.
However, there is an unstable vorticity-zone at
the top of the main vortex core indicated in
Figures 8, 9, and others. Through these experi-
ences, it can be shown that the dynamic character
of the vortexmeter is one of its prominent features.

While the present diameter of the vortexmeter '

s

rotor was selected for maintaining its accuracy in
measurement, it is possible that the rotor diameter
is too large for the 4m geosim model (M.No.M-4)

.

Furthermore, it appears that there were some
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FIGURE 19. Velocity vectors on y-z plane (M.No.M-7,

Sq.St. 1/8).

FIGURE 17. Wake distribution (M.No.M-7, Sq.St. 1/8)

problems due to the presence of an oblique flow in

those experiments. It is recommended in further
work that the characteristics of the rotor in a

strong oblique flow should be studied.

Structure of the Stern Vortices

As stated in the previous section, the equi-
vorticity contours of the stern vortices can be
compared with plateaus in geographical contours.
Furthermore, in examining carefully the diagrams
of the vorticity distribution, there is a line of
concentrated vorticity on the "table of plateau,"
which is denoted by the "Max. line" in this paper
and indicated in the contours. The Max. line
can be clearly shown in a cross section of the
diagrams of the contour as seen in Figures 21 and
22.

The Max. line can be considered as a kind of

a ridge on this plateau; it is steep in the forward
section and becomes gently sloping while shifting
afterward. It is noticeable that the Max. line
seems to show the existence of a separating vortex
sheet. As is well known, stream lines flow from
under the bottom of a hull up the boundary layer
at the bilge and turn into part of the vortex
sheet. Although the vortex sheet previously
mentioned has only been used as a hydrodynamic
description, the authors are able to show its

existence in the flow behind the full stern as well
as provide quantitative measurements.

The development of the vortex sheet depends
mainly on the potential flow and the induced flow
from the vorticity. Its development is strongly
affected by each ship form, with effects of model
ship velocity and the Reynolds number effect
mainly limited to the diffusion of the vorticity.
In a comparison between Figure 8 and Figure 9, the
forms of the Max. line which correspond to a form

-6 Y -4 -2 2 4 6

0.5 0.4 0.3 02 02 0.3 04 0.5

'

-6 -

FIGURE 18. Wake distribution (M.No.M-4, Sq.St. 1/8).

FIGURE 20. Velocity vectors on y-z plane (M.No.M-4,

Sq.St. 1/8)

.
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Z.Y=I = 35rT»n KS.NqM-V
= 20mm M.S.NQM-^

FIGURE 21. Cross section of vorticity distribution
(M.No.M-7 and M-4 , Sq.St. 1/8).

FIGURE 22. Cross section of vorticity distribution
(M.No.M-7, at Sq.St. 1/2 and 1/4).

of the vortex sheet are fairly similar for both
geosim models. On the other hand, the difference
in breadth of each model ' s vortex core seems to be
due to the effect of difference in Reynolds number.

Furthermore, the suitability of adopting the
idea of the Max. line is shown by the following
facts. Assuming that all the vorticity of the
stern vortices are concentrated on the Max. line
for computing the induced velocities, the resul-
tant velocity vector diagrams are similar to the

complete flow field velocity. For instance,
Figure 23 is a diagram of velocity vectors, which
have the same circulation value as Figure 8 but
with the vorticity concentrated on the Max. line
divided by ten, of circular vortices with mean
strength on the original Max. line. It can be
seen that both diagrams of the velocity vector.
Figure 10 and Figure 23, are fairly similar. This
will allow not only simplified treatment of the
stern vortices but also should simplify future
numerical analysis of the stern vortices.

In order to predict the wake of full stern
ships, it is necessary to estimate the wake com-
ponent due to the stern vortices in addition to
the potential and frictional wake components used
in Sasajima's wake prediction method. The concept
of the Max. line in the vorticity distribution
also may lead to the wake component due to the
stern vortices.

In order to discuss the relation between the
stern vortices and the wake distribution, an
illustrative model of the stern vortices is
presented in Figure 24. A stream line flowing
under the bottom of a ship, separates around the
bilge and forms a part of the separating vortex
sheet. The vortex sheet crosses to the hull
surface near the propeller bossing where the
authors denote the secondary separation line.
And at the secondary separation line, the vortex

sheet makes the cross flow with the limiting stream
line flowing aft passing through the tunnel of
the vortex sheet. The crossed flow generates a

reversed vortex at the secondary separation line

as seen in the diagrams of the vorticity distribu-
tion.

The flow passing through the tunnel of the
vortex sheet can be found at the section of the

propeller disk (sq.st. 1/8) which appears as an

eye in the wake distribution pattern in Figures 17

and 18. This fact may be proved by the Max. line

which just covers the eye.

8 10

FIGURE 23. Velocity vectors due to concentrated vor-

ticity on max. line (M.No.M-7, Sq.St. 1/8).
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FIGURE 24. Illustrative model of stern vortices.

This tunnel vortex sheet is quite different from
the conical vortex sheet used in the model proposed
by Sasajima or Hoekstra. Considering the flow as
passing through this tunnel makes it possible to
discuss the relationships of the wake flow, limit-
ing stream line, attachment line, and the stern
vortices.

Regarding the wake patterns of vessel with a

full stern, the authors suppose that if the Max.
line can be considered independent of the Reynolds
number, then the "eye" in the ship's wake pattern
should be in approximately same location as shown
in Figures 17 and 18. The above mentioned facts
will lead to further studies for prediction of
ship's wake, using the potential and frictional
wake patterns estimated by Sasajima 's method.

Actually, the authors cannot verify the
relationship between the stern vortices and
Reynolds number because the range of the scale
ratio used in geosim models tested is too small
for a discussion of the similarity of the stern
vortices. However, it can be said that the
alternation of the Max. line between both models
seems relatively smaller than that of the wake
pattern. Furthermore, the vortex center, which is
defined as the vanishing point of the induced
velocity vector due to the stern vortices, has
shifted a distance corresponding to only 4% of the
propeller diameter as seen in comparing Figures 10
and 11. While the model size has comparatively

-60
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Effect on Propeller Operation Due to Tangential
Stern Vortex Flow

In the previous section, the authors have mainly
discussed the structure of the stern vortices
obtained from the towing experiments. As was
reported by Hoekstra (1977) it can be considered
that the structure and geometry of the stern
vortices is strongly affected by the flow induced
propeller thrust. However, the authors have studied
the forces and moments on the working propeller as

a preliminary problem, assuming the structure of
the stern vortices is not changed by the influences
of the propeller suction.

The forces and moments on the propeller are
remarkably related to the pattern of the flow
distribution at the propeller disk location. The
flow distribution relevant to the present problem,
is composed of the wake component, V /U, and the
tangential components, V /U, which were obatained
by the five-hole Pitot tube. The authors assumed
that the tangential components could be further
decomposed into the component obtained by the
vortexmeter, V /U, and other components. Although
each component has already been shown in previous
figures, for convenience the circumferential dis-
tributions of V /U, V /U, and V /U at 90%, 70%,

X T TV
and 50% of the disk radius are shown respectively

in Figures 26, 27, and 28. Furthermore, the authors
have included the tangential velocity vector com-
ponent, V /U, in Figure 29.

In order to determine the propeller forces and
moments induced by the stern vortices, the authors
have performed the following calculations using
the unsteady lifting surface theory developed by
Koyama (1975) . The authors thus calculated the
thrust and torque of the propeller, along with the
vertical and horizontal forces and moments imparted
by the propeller shaft of the working propeller
with and without stern vortex flow. The definitions
concerning the forces and moments are shown in
Figure 30.

The authors have assumed for the calculation that
the tangential flow obtained from the subtractive
procedure (V /U - V /U) simulates one eliminating
the effect of the stern vortices, and a common
wake flow can be used for both calculations with
and v:ithout the stern vortices.

Since the results of the calculation for M.No.M-4
are quite similar to the results of M.No.M-7, only
the results of M.No.M-7 are shown in Figures 31 and
32. Figure 31 indicates a comparison of the torque
and thrust on a blade of the propeller with and
without the stern vortex flow. Total torque,
thrust, and other forces and moments on the pro-
peller (indicating propeller turning angle 0° to

0,2

-02

Vt/U tongefiTial velocity component

obtotned by five -hole Pilot tube

Top Storboord side

180
(deg I

Top FIGURE 27. Circumferential dis-

tribution of tangential flow on

propeller disk, Vrp/U.
360

-03

0.2

=

-0.2

Vtv/U longentiol velocity component r/R 0.50
obtoined by vortexmeter

Top Storboord side

180

e (deg )

Top
FIGURE 28. Circumferential dis-
tribution of tangential flow on

360 propeller disk (induced flow)

,

Vtv/U-
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FIGURE 29. Tangential velocity vector due to induced
flow on propeller disk (M-7)

.

72°) are shown in Figure 32. According to the
results, main effects of the stern vortices flow
appeared on the vertical force (F ) and the
horizontal bending moment (M ) of the propeller,
but the other components are almost negligible.

It can be concluded that the effect of the stern
vortices is fairly limited to a few components of
forces and moments generated by propeller. The
results may be attributed to the tangential flow
around the propeller caused by the stern vortices.
It is mainly concentrated at the underside near the
bossing, and does not severely appear on the
propeller tip as shown in Figure 29.

5. CONCLUSION

The authors developed the rotor-type vortexmeter

,

giving careful attention to the calibration method
of the vortexmeter, and, by using it in these tests,
showed its high utility.
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Measuring the vorticity distribution around the
full stern of the geositn models, the authors
determined the structure of the stern vortices
and found the presence of a concentrated vorticity
line in the vortex core which corresponds to the
separating vortex sheet of the stern vortex.

As an application of the results, the effect on
the propeller operation due to the induced flow of
the stern vortices has been studied. The effect is

fairly limited to a few components of forces and
moments generated by the propeller. Consequently,
it can be said that the effect of the stern
vortices on the performance of the propeller and
propeller excited vibratory shaft forces and
moments is relatively small. However, in the case
of this ship model, this effect appears to change
the direction of the vertical force and the
horizontal bending moment acting through the pro-
peller shaft.
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ABSTRACT

The results of a wake survey and boundary layer
profile measurements on a full-scale twin-screw
displacement ship are presented. The corresponding
model-scale measurements are also presented. The
full-scale wake measurements consist of the three
velocity components which contribute to the nominal
wake in the propeller plane, at four radii. The
full-scale boundary layer profile was obtained at
three longitudinal locations with and without the
propeller operating. The model-scale nominal wake
was determined in a towing tank using five-hole
pitot tubes while the model-scale boundary layer
measurements were made on a double model in a wind
tunnel using hot wire anemometers.

In order to identify the scale effects between
the model and ship, the deviation of the velocity
in the propeller disk from a uniform axial flow has
been separated into the velocity field due to shaft
inclination in a uniform stream, the perturbation
due to the hull and its boundary layer, and the
viscous wake due to the appendages. The principal
contribution to this perturbation from the axial
flow is the effect of inclining the shaft in the
uniform stream. The perturbation of the flow due
to the potential flow about the hull is small , as

are the effects of the displacement thickness of
the boundary layer of the hull. The proposed
scheme for predicting the viscous wakes of the
shaft and struts meets with little success. Never-
theless, some conclusions are drawn as to how these
wakes will vary between the ship and model.

1 . INTRODUCTION

If unsteady propeller force and hull loading pre-
dictions are to be precise, the inflow to the pro-
peller must be known accurately. At the present
time the nominal wake of a model is measured and
extrapolated to full scale assuming geometric

similarity. The extrapolation fails to take into
account any of the scale effects which may possibly
exist between model and full scale. This paper
presents preliminary results from a series of full-
scale nominal wake and boundary layer velocity pro-
file measurements on a high-speed transom-stern
ship. In addition, the corresponding model-scale
measurements are reported, along with a series of
analytical predictions, which are intended to
identify the principal contributions to the wake.

This is not the first investigation of this
nature. However, it is the first project to suc-
cessfully measure the three velocity components in
the propeller disk of a high-speed twin-screw
transom-stern hull form. The British have per-
formed an extensive series of experiments on a

frigate, [Canham (1975) ] , and the Japanese and
Germans have performed flow measurements on
several full-form ships. The Japanese and German
experiments were conducted on single screw tanker
forms and are reported in an extensive series of
reports [see for instance: Namimatsu et al.(1973),
Namimatsu and Muraoka (1973), Schuster et al.(1968),
Takahashi et al.(1970), Taniguchi and Fujita (1970),
and Yokoo (1974) ] .

While the British measurements were obtained on
the ship type of interest, a high-speed transom-
stern ship, only the longitudinal velocity compo-
nent in the propeller plane was obtained. This
resulted in the loss of the important tangential
and radial velocity components. In the case of
twin-screw transom-stern ships , these velocity
components are generally very significant due to
the inclination of the shaft to the direction of
the free-stream.

The Japanese, on the other hand, were able to

measure all three velocity components in the wake,
but they had to make their measurements in a plane
ahead of the propeller disk. Due to the full
sterns of the tankers, the flow into the propeller
is highly influenced by viscous effects, and as a

consequence is highly affected by changes in
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Reynolds number. Therefore, while treating a much
more difficult problem, the results of the tanker
experiments are not applicable to the scaling of
the wakes of high-speed hull forms.

The full-scale velocity component ratios which
are presented here were obtained at a speed of 15

knots; the corresponding Froude and Reynolds numbers
were 0.36 and 4.10 x 10^ respectively. The model
wake survey was conducted in a towing tank at the
full-scale Froude number. This resulted in a

model speed of 5.22 knots, and a Reynolds number of
1.56 X 10 . The full-scale boundary layer measure-
ments were conducted at four speeds between 6 . 2 and
16.5 knots. These speeds correspond to Reynolds
numbers between 1.7 x 10^ and 4.5 x 10^ respec-
tively. The model-scale boundary layer measure-
ments were obtained on a doiible model in a wind
tunnel at a Reynolds number of 1.68 x IQ^.

Significant differences are observed between the
model and full-scale velocity components, particu-
larly in the magnitudes of the radial and tangen-
tial velocity components. These differences are
in the regions away from the ship's hull and
appendages; therefore, these differences do not
seem to be due to Reynolds number effects. A more
likely explanation is a lack of ship-model simi-
larity, possibly due to unexplained differences in
hull form or initial trim.

In order to obtain an understanding of the com-
ponents which contribute most significantly to the
deviation of the wake from uniform axial flow, an
attempt has been made to predict the velocity com-
ponents as seen by the propeller. To make this
prediction, the velocity field (in shaft coordinates)
was decomposed into its major components as follows:

Velocity = Uniform Stream
+ Perturbation due to Hull
+ Perturbation due to Hull Boundary

Layer
+ Viscous Wake of Struts
+ Viscous Wake of Shafting

The results of this decomposition show that the
inclination of the propeller shaft to the free
stream is the most significant factor contributing
to the deviation of the velocity from a purely
axial uniform flow. In particular, approximately 70
percent of the measured radial and tangential flow
is contributed by the inclination of the shaft to
the uniform stream. The boundary layer of the hull
is found to contribute insignificantly to the per-
turbation of the free stream. Although the viscous
wake of the shafts and struts makes a significant
contribution to the nonuniformity of the flow, the
empirical technique proposed herein overpredicts
the wake of the struts and underpredicts the wake
of the shafting.

2. BACKGROUND

During the last ten to fifteen years there has been
a marked increase in the installed horsepower per
shaft on high-speed commercial and naval vessels.
This increase in power has led to increased steady
and unsteady forces on propellers , and increased
loads on the hull surface . If adequate structural
designs are to be developed for the propeller, its
shafting, and the shaft supports; then the un-
steady forces and moments on the propeller must be

known accurately. Similarly, if the hull is to be
habitable and to have minimal vibration, the
structural design must adequately account for the
propeller-induced surface forces. The propeller
forces and surface loads can in turn only be ac-
curate if they are determined using the full-scale
flow into the propeller.

Several theories exist for predicting the un-
steady forces and moments acting on a propeller in
a nonuniform flow, and the hull-surface forces
induced by a propeller. Tsakona et al. (1974) and
Frydenlund and Kerwin (1977) report on two of the
theories for the unsteady forces on a propeller;
Vorus (1974) reports on a theory for predicting
the hull-surface forces. In these theories, the
flow into the propeller is used in conjunction
with an unsteady lifting-surface theory to predict
the unsteady forces on the propeller and hull as
the propeller rotates through the nonuniform flow.

Typically, a propeller is wake adapted, that is,
designed to the radial distribution of the circum-
ferential mean velocity. The alternating forces
are determined by considering the propeller in a
nonuniform flow circumferentially . The variations
of the forces and moments in the nonuniform stream
from those in the uniform stream are then con-
sidered to be the unsteady forces and moments on the
propeller.

The longitudinal component of the velocity in
the propeller disk is the principal component of
the velocity on a transom stern ship with inclined
shafts. Typically the radial and tangential com-
ponents vary sinusoidally around the propeller
disk, and have peaks which are 20 to 25 percent of
the longitudinal velocity component. However, in

the process of determining the circumferential
average of the radial and tangential velocity com-
ponents , these components are reduced to 1 or 2

percent of the longitudinal velocity component.
Because of this, the tangential velocity component
contributes very little to the angle of attack on
a propeller blade as computed for the propeller
design. However, in unsteady force calculations,
the longitudinal velocity component varies from
its mean by 10 to 15 percent while the radial and
tangential components vary by 1000 percent from
their means. Thus the variation in the tangential
velocity component contributes significantly to
the changes in the angle of attack on a propeller
blade as it rotates through the wake. These
changes in angle of attack in turn result in the
unsteady forces and moments on the propeller.

Experiments by Boswell [Boswell et al. 1976) ] ,

show that the maximum unsteady loads on the
propeller occur in the area where the tangential
flow velocities in the propeller disk are at their
maximum. As will be seen later, it is the tangen-
tial velocity components that are in least agree-
ment between model and full scale. It is this
fact that makes the issue of wake scaling important
to the accurate determination of the unsteady
forces on a full-scale propeller.

3. TRIAL VESSEL AND INSTRUMENTATION

A number of criteria went into the selection of
the ship on which the full-scale measurements would
be made. The hull form and appendage arrangement
of the ship had to correspond to that which is

typical of high-speed twin-screw commercial and
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naval vessels. The ship had to be available for an

extended period of time and a means of propelling
the ship had to be available.

Of the ships which were in the U.S. Navy fleet,

four classes seemed to meet the geometric criteria,

and a means of propelling them could be identified.

These were the Gearing Class (DD 710) , Forrest
Sherman Class (DD 931) , Spruance Class (DD 963)

,

and the Asheville Class (PG 84) . However, of these

classes, only the Asheville Class, which was being
decommissioned, met the criterion of long term
availability. As it tourned out, the David W.

Taylor Naval Ship Research and Development Center

(DTNSRDC) already had one of these ships under its

control, the Research Vessel (R/V) ATHENA.
The ATHENA had the added advantage that an ex-

tensive series of model- and full-scale correlation
experiments were already planned. Unsteady blade
loads, stresses, and pressure distributions were
going to be obtained full scale. The blade loading
measurements were also going to be repeated at model
scale. This blade loading data complement the full-
scale wake data, and would result in some of the
most complete correlation data of this type for any
ship and model

.

The R/V ATHENA is a twin-screw aluminum hull

CODOG (combined Diesel Or Gas Turbine) propelled
high-speed displacement ship. Formerly designated
PG 94, the 46.9 meter LWL ship was decommissioned
in 1975 and placed in service as a high-speed
towing platform for DTNSRDC. The hull form and
propulsion arrangements are similar to today's
destroyers and frigates which are propelled by

controllable-, reversible- pitch propellers using
gas turbines as prime movers. The principal di-
mensions and form coefficients for R/V ATHENA are
presented in Figure 1. Figure 1 also shows the
body plan, and bow and stern profiles of the ship.
Figure 2 shows a drawing of the propeller.

The ATHENA is equipped with two Cummins 750
V-12 diesels for low speed propulsion and a single
General Electric LM 1500 gas turbine for high-
speed propulsion. In the diesel mode, the ATHENA
is capable of speeds of around 14 knots. Under gas
turbine power, she can attain a speed of 40 knots.
The ATHENA is appended with twin shafts, struts,
and rudders typical of most high-speed transom
stern ships. In addition, she also has two anti-
roll fins located just aft of amidships.

Once the ATHENA was selected for the study of
wake scaling, the question of how to propel the
ship had to be resolved. The ATHENA is small
enough that she could be towed by either one or
two ships at speeds high enough to provide useful
data, or she could be propelled on one shaft and
measurements could be made on the other shaft. The
two-ship tow would have been the most ideal means of
propelling the ship during the experiments, because
it would have allowed the ATHENA to be towed with no
yaw angle, and outside the wake of another ship.
However, the logistics of this option made it much
less practical than propelling on one shaft.

A series of model experiments was instituted,
aimed at determining whether or not single shaft
propulsion could provide good course keeping
ability with minimal yaw angles. ' Flow visualiza-

Coefficients
Scale Ratio
Block Coefficient
Prismatic Coefficient
Length/Beam Ratio
Beam/Draft Ratio
Displacement/Length Ratio /^

c^
p

L/B
B/T

8.25
0.48
0.63
7.04
3.89
7.15

FIGURE I.
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FIGURE 6. Starboard side view of R/V ATHENA
in drydock.

FIGURE 7. Port side wake rakes and propeller
on R/V ATHENA.

FIGURE 8. Close-up view of five-hole pitot
tube rake on starboard shaft on R/V ATHENA.
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FIGURE 9. Close-up view of boundary layer rake

on R/V ATHENA.

FIGURE 10. Fitting room photograph of DTNSRDC
model 5365 representing R/V ATHENA.

FIGURE 11. After end view of DTNSRDC model

5365 fitted with a rake of five-hole pitot

tubes on the starboard shaft.
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FIGURE 12. Afterbody profile view of DTNSRDC
model 5365 fitted with a rake of five-hole
pitot tubes on the starboard shaft.

FIGURE 13. Double model installed in DTNSRDC
wind tunnel.

the use and calibration of five-hole pitot tubes.
The boundary layer velocity profile measure-

ments on the double model, Model 5365, in the wind

tunnel were obtained using a hot wire anemometer.
The model was mounted on its side and the anemom-
eter was moved in the horizontal direction by a
rack and pinion drive . The rack and pinion , with
its stepping motor, allowed the position of the
anemometer to be set to within a fraction of a

millimeter.
Figure 13 shows the double model mounted in the

wind tunnel. The vertical strut at the stern of
the model is the support for the anemometry, and
the bottom horizontal bar is an arm to steady the
strut. The top horizontal bar is the traversing
arm on which the hot wire anemometer is mounted.
A close-up of the hot wire anemometer is shown in

Figure 14; a centimeter scale is shown in the

background of the photograph.
FIGURE 14. Hot-wire anemometer probe used for model

wind-tunnel boundary layer profile measurements.
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FIGURE 15. Velocity component
ratios for R/V ATHENA and DTNSRDC
model 5365 at 0.456 radius.
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FIGURE 20. Measured and calculated boundary layer

velocity profiles for R/V ATHENA and wind tunnel

model 5366 at location 1.

FIGURE 22. Measured and calculated boundary layer

velocity profiles for R/V ATHENA and wind tunnel model

5366 at location 3.

Velocity Profile Data From R/V ATHENA
and Wind Tunnel Model 5366

Locolion 2 x/L,,^ 077

EXPERIMENTAL MEASUREMENTS

O MODEL SCALE U„ = 38 I m/s Re = 168x10'

^ FULL SCALE U. = 7 6 m/s, Re"4l4«l0"
EQUIVALENT BODY OF REVOLUTION CALCULATIONS

MODEL SCALE
FULL SCALE



239



240

1 -Z

1 .1

C.9

O.S

3.7

0.5

0.5

1

3

a.z

-0.1

-0.:

FIGURE 26. Velocity component
ratios for DTNSRDC model 5365 at

0.633 radius for model speeds of
5.22 knots and 13.5 knots.



241

o

<



242

r/R = 456
1 2



243

-Q_m.
WILLIAMS a BROWN (i937lT

LINOSEY (19381

WARDEN 11931)

ZAHM, ET AL (1929)

5x10 10° 5x10= 10° 5x10°

REYNOLDS NUMBER (Rec) BASED ON STRUT CHORD LENGTH

FIGURE 33. Drag coefficients of elliptical

section struts as a function of Reynolds

number based on chord length.

ing drag coefficients are found to be 0.050 and
0.018 for the model and ship, respectively. Sub-
sitution of these drag coefficients into the above
formulas from Silverstein, et al. (19 38) and
Goldstein (1965) yields the velocity defects which
are shown on Figures 29 through 32.

These computed velocity defects due to strut
wake are significantly greater than the velocity
defects which were observed at either model or full
scale. The cause of this over-prediction is

probably the fact that the formulas from Goldstein
are derived by assuming that the wake is being
calculated far enough downstream that the cross
flow terms in the momentum equation can be neglected.
This is an assumption which is undoubtedly violated
in the region near the struts, where the wake has
been predicted.

Although the empirical method for predicting the
wake of the shaft struts was not successful, it

does at least provide some insight into how the
wake should vary with Reynolds number. Both the
width of the wake of the struts and the velocity
defect in the wake of the struts are proportional
to the square root of the drag coefficient of the

section. Therefore, the velocity defect and the

width of the wake should both decrease (like the

square root of the ratio of the drag coefficients)
as the Reynolds ntmiber increases. However, the
full-scale wake survey data were not collected at
angular increments spaced closely enough to confirm
this scaling law.

The empirical method for predicting the wake
behind an inclined shaft is not as well defined as

the methods for predicting the wake behind the

struts. Following the methodology of Chiu and
Lienhard (1967) , it was assumed that the separated
flow behind a yawed cylinder is a function of the
component of the velocity normal to the cylinder.
Following the method of Roshko (1955) and (1958)

,

an estimate of the velocity defect in the wake of
the shaft was developed based on the pressure
coefficient at the point of separation and the
Strouhal number.

Data showing the base pressure behind a circular

*Note: The base pressure is not necessarily the pressure at
the separation point because there is usually some pressure
variation in the separated region.

cylinder have been collected, and are presented as

a function of Reynolds number in Figure 34. Based

on this data and the Reynolds number based on cross

flow velocity, the pressure coefficients for the

model (R = 1.63 x lo'*) and ship (R = 4.26 x 10^)

were found to be -1.1 and -0.2 respectively. These

pressure coefficients resulted in a predicted veloc-

ity defect, perpendicular to the shaft axis, of

0.25 for the model and 0.10 for the ship. However,

when resolved back into the direction of the flow,

the shaft wake is less than two percent of model

speed and one percent of ship speed. This is

significantly less than than the velocity defect

which is measured for either the model or the ship.

In fact, if the velocity defect in the direction

normal to the shaft were 100 percent of the forward

speed, the velocity defect in the wake would only

be seven percent, still less than the velocity

defect measured experimentally.
These results are not surprising when one con-

siders the discussion in Chiu and Lienhard (1969)

.

In this discussion, data are presented which point

out that the wake of an inclined shaft is in general

not parallel to the shaft. This is due to the

axial component of the flow along the cylinder which

develops a boundary layer which separates. The

Reynolds number for separation in the axial direc-

tion on the shaft is independent of the Reynolds

number of the flow normal to the shaft. In addition,

the data from Bursnall and Loftin (1952) , show that

as a circular cylinder is inclined further and

further to the flow, the transverse Reynolds number

at which separation takes place becomes lower and

lower

.

9. CONCLUSIONS

Significant differences have been found in the

tangential and radial velocity component ratios

between the ship and the model wake surveys . In

particular, the full-scale tangential velocity

component ratio has a peak amplitude approximately
eight to ten percentage points higher than that at

model scale. Similarly, the ship radial velocity

component peak is higher by six to eight percentage

points. These differences cannot be attributed

to scale effects. The most likely cause seems to



244

O 8URSNALL a LOFTIN (19511

D FACE a FALKNER II93I)

O ROSMKO 119531

8 -

5x10" 10' 5x10=

REYNOLDS NUMBER (Reo) BASED ON SHAFT DIAMETER

FIGURE 34. Base pressure coefficients of cylin-

drical shafts as a function of Reynolds number

based on shaft diameter.

be a difference in trim between model- and full-

scale. Because the model was ballasted to the

draft of the ship, further work will be required

to identify the source of these differences.

The longitudinal velocity component ratios for

the full-scale trial show a much greater scatter

than the tangential and radial components . For

this reason it is unclear that any difference is

shown by these data, when compared to model-scale

data. The innermost radius (r/R = 0.456) does show

that the high longitudinal velocity component

normally measured at these inner radii is not found

full scale. This may not be the result of scale

effects on the shafting and strut bossing, but the

fact that the full-scale bossing is longer than the

model-scale bossing. This is a result which will

have to be investigated by further model experi-

ments .

The results from model experiments in both the

wind tunnel and in the towing tank, and from the

full-scale trial indicate that for a circumferential
position near the hull, there was little difference

in longitudinal velocity component ratio for speeds

corresponding to Reynolds numbers greater than 10 .

Therefore, when measuring only the longitudinal
velocity component ratios experimentally, the model
should be run at the trim corresponding to that of

the Froude-scaled speed and at a speed high enough

to yield a Reynolds number of greater than 10^.

The attempt at predicting the wake for this high-

speed displacement ship showed that the most im-

portant contribution to the variation in tangential
and radial velocity component ratios was the shaft

angle to the flow. The calculation of the potential
flow around the hull and the resulting velocity
components showed that the effect of the perturba-
tion due to the hull was small. The effects of the

boundary layer of the hull on the wake were also

shown to be small.
In summary it may be stated that the full-scale

and model wakes differ by approximately ten percent
of the ship speed. These differences cannot be

adequately explained at this time. Further work
on wake of appendages is recommended as one step in

improving the understanding of these differences.
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APPENDIX A - TIME-VARYING PRESSURE MEASUREMENTS
AHEAD OF AN OPERATING PROPELLER

During Trial 4, the time-varying pressures at the

head of a piezoelectric pitot tube were obtained
as a function of shaft position. The pressures
were measured for each six degrees of shaft rota-
tion for the pitot tube at a fixed angle. Measure-
ments were obtained at four angular positions of
the pitot tiibe and at two ship speeds.

It should be noted that due to the fact that the
pitot tube is approximately one diameter of the
propeller forward of the propeller disk, the
amplitude of the pressure oscillation is only 1 per-

cent of the mean pressure signal. Due to the

failure of two of the pressure transducers in the

head of the pitot tube, it was impossible to obtain

any data on the variation of the flow velocity with

angular position.
During each of the runs with the piezoelectric

pitot tube, data were collected for a period of

time totalling between 5 and 10 minutes. All of

the data points for each angular position of the

shaft were then averaged to obtain a mean level for

each signal. Figures A-1, A-2, and A-3 show these

averaged pressure signals as a function of angular

position. Runs 209 and 205 were both obtained at

the same ship speed (15 knots) and shaft speed
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Influence of Propeller Action on

Flow Field Around a Hull
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Ishikawajima-Harima. Heavy Industries Co, Ltd.
Yokohama , Japan

ABSTRACT

Flow field in the vicinity of a hull is analyzed
by using acceleration potential, and an approximate
calculation method is derived. The present method
can calculate the change of pressure on the hull
caused by a propeller action. Numerical results
by the present method are shown with experimental
results.

Wake far from a ship is analyzed by using Oseen's
approximation, and an optimum condition is given
for wake energy recovery by a propeller. This

condition is examined by the results of the self-
propulsion tests and the wake survey measurements
at distant positions behind a ship.

1. INTRODUCTION

When a hull is towed in still water, a flow field
is induced around the hull. This flow field is

very complicated, and becomes more complicated by
propeller action. Many researchers have studied
experimentally and theoretically the phenomena
caused by the interaction of the hull and propeller,
[Yamazaki et al. (1972)]. Unfortunately, however,
the number of practical uses of the study results
is less than those derived in other fields of naval
hydrodynamics . One of the reasons is because the
various suggested methods are themselves complicated
owing to the complexity of the phenomena.

It has been popularly known that both the equa-
tions and the boundary conditions which describe
flow field can be simplified, and analyzed easily
if disturbance by an object in the flow is a small
quantity of the first order. One of the typical
examples is the method of acceleration potential
in inviscid flow fields used for propeller theory
[Tsakonas et al . (1973)]. Another example is

Oseen's method in a viscous flow field used for
the separation of hull resistance components [Baba

(1969) ].

In this paper, the above-mentioned concept is

applied to analysis of flow fields induced by the

interaction of the hull and propeller, and the

author derives practical methods relating to the

propeller-induced pressure change on the hull and
wake energy recovery by the propeller. Section 2

explains coordinate systems used in this paper.
In Section 3, the author applies the method of

acceleration potential for analysis of inviscid
flow fields in the vicinity of the hull, and derives
a method which can be used to calculate the change
of pressure induced by a propeller on a hull surface.
In Section 4, the author applies Oseen's method for

analysis of wake far from the hull, and derives a

method to predict recovery of wake energy by the

propeller. Then, this method is examined by the

experimental results obtained from self-propulsion
tests and the wake survey. Section 5 concludes

this paper.

2. COORDINATE SYSTEMS

We assume that a ship with a single propeller is

moving with a constant speed on the free surface of

still water. At first, we define a coordinate
system 0-XYZ fixed in space and a coordinate system
o-xyz fixed on the hull as indicated in Figure 1.

The coordinate system O-XYZ is an orthogonal coor-

dinate system, in which the XZ-plane coincides with

the still water surface and the positive direction
of Y-axis coincides with an upward vertical line.

The coordinate system o-xyz is a moving coordinate
system in which the origin o is moving on the X-axis
in the negative direction with a constant velocity
U, and this sytem satisfies the following relation-
ship with O-XYZ:

X = X Ut, Y z. (1)

where t represents time.

Next, we define two more coordinate systems
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On the free surface, the condition of constant
pressure and the kinematical condition can be given
as follows:

3x 3:

\ 3 X d X

3()) 3**

U + ^ + r
3x 3x

(j) 3(|)<

+ ^^-^ + a—^dz OZ

3<t>*'3i|> 3it)* \ 2

^ \d^ "^ 3^y "^ \dT' '*'

3z

3(j)*

3*;,
sp

3x

3(|)

sp

3(1)*

3y 3y

8C
sp

3^,
sp

3z 3t y=C sp

(11)

(12)

Derivatives of <()* ^ when /x^ + z ->- «>
,

?* ->• when /x^ + z^ -><«>
, (17)

where C* (x,z;t) represents change of wave height
due to the propeller action and the following
relationship must be satisfied:

Csp - Cs. (18)

Acceleration Potential and Approximate Calculation
Method

Acceleration Potential

where ^sp represents the wave height in the self-
propulsion condition. At infinity, the following
boundary conditions might be given:

+ y'^ + z^

C -> when /x^ + z^ ^ °= .

sp
(13)

The purpose of this section is to indicate that the
equation and the boundary conditions for (()* derived
in the previous section can be expressed in the
terms of acceleration potential on the assumption
of thin hull.

At first, using the assumption of thin hull, we
express the shape of the hull as follows:

Finally, using the equations derived under the
towed condition and the self-propulsion condition
described above, let us derive the equation and
boundary conditions for (j)* which express the change
of the flow field around the hull due to the pro-
peller action. At first, (()* must satisfy the Laplace
equation (9) . Next, let us obtain the boundary
conditions for (j)*. On the hull surface, the fol-
lowing relationship is given from (5), and (10):

3i}i*

3x 3y 'on S
. (14)

On the free surface, the following equation is
given from (6) and (11) in correspondence with the
condition of constant pressure:

3ij)*

3x~

3(|)*

V 3x 3x

3x

3*

3())

s

3y

3(j)*

3y~ / "^VaT" + Yi

" aT- " 5^ y=, sp

3^x 2 /^*^^^ 2

3x ' A3y
3<Ps\ 2 3(t)

+ U- gy
y=Csp

(15)

z = £'f (x,y) in S (19)

where £ represents a small quantity of the first
order and S * represents a projected plane of the
hull surface, Ss , in the xy-plane . And, it seems
reasonable to develop all our quantities in powers
of e, as follows:

= Ecpi + e (|)2 +
s

ti* = £*1 e <)>2 +

sp

ESl + £ C2 +

eCi + e C2 +

Thus, 5* can also be developed as follows:

eC.1 + £ S2 +

(20)

(21)

(22)

(23)

(24)

Next, we proceed to obtain the equation and
boundary conditions for (j)i* which correspond to the

first order of £ by substituting the development
(20)~(24) into the equation and boundary conditions
for ())* in the previous section. The following
equation in Q* can be obtained from (9) and (21):

And, using (7) and (12) , the following equation is
given in correspondence with the kinematical
condition:

32<f>t

3^^ 3z2
(25)
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At infinity, the following boundary conditions
might be given:

Let us consider the boundary conditions for (|)i*.

First, using Eq. (19) , we can estimate the magni-
tude of n , n , n in the Eq. (14) as follows:

x y z

1 = 0(e) , n
X y

0(e), n = 0(1) , (26)

where denotes the order symbol. In addition, we
obtain from (19) and (21)

3<i)*

3x
z=Ef (x,y)

3**
+ 0(e-^) ,

z=0
(27)
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w
3x

z=Ef (x,y)

z=ef (x,y)

3<j>*

W
JzT

+ 0(e^

z=0

+ O(e^)

z=0

the order of E . Moreover, ijj/p can be considered
(28) as an acceleration potential as is obvious from the

relationship with
(I)1!

.

Finally, we proceed to convert Eqs . (25), (30),
(29) (33), (34), and (35) for (J)t to equations for ip by

using the relationship (38). Using (25) and (38),
ijj must satisfy the following equation:

Hence, by substituting (26) -(29) into (14), we can
obtain

"3i
z=0

in S * .

s
(30)

3y2
(39)

On the hull surface, S , we can obtain from (26)

the following equation:

Further, for the boundary conditions on the free
surface, the following equation can be obtained by
substituting (20)~(24) into (15):

"^ " ^ " ^^^ (31)

y=0

And, in correspondence with the Eq. (15), the follow-
ing equation is also obtained:

3n
on S

3i|j d\b d\b
1 TT^+n 7r'-+n tt-*-
X dx y oy z dz

on S

3z
+ 0(£'^) in S* (40)

z=0

On the other hand, if (x,y) is a point on Sg, the
following equation can be obtained from (30) and
(38):

3?*

9y 3t
(32)

y=0

Hence, eliminating 5i from (31) and (32), we can
obtain the boundary conditions on the free surface:

i2x** 2 32^* 1 32^* 3*

3x2 U 3x3t U2 9t2 u2 gy I y=o
= . (33)

Moreover, at infinity, boundary conditions are given
as follows by (17), (21) and (24):

Derivatives of (j); -> when i^xZ + y2 + z2 ->. „ , (34)

1 8tp
I ,

. /„ 3 3

Pf 3^ z=0 z-0 ^ ^^ ^^^5^

dx 3t

3*t
-{z=0) (41)

Thus, the hull surface condition for (J)i can be con-

verted to that for i)J as follows:

8n
= (42)

on S

Similarly, the free surface condition (33) for (j)i*

can be converted to that for i> as follows:

Si -> when y-x.^ + z2 (35)

Now, let us denote the pressure of the flow field
in the towed condition and that in the self-propulsion
condition by Ps(x,y,z) and Psp (x,y,z; t) respectively.
By substituting (20) and (21) into Bernoulli's
expression, we can obtain

^2

3x2

3!l + 2_

3x3t U^

3^ ^ g3t

3t^

=

U^Sy y=0
(43)

Moreover, for the boundary condition at infinity,
the following equation is given from (34) and (35)

Ps

Pf
-gy eU— +0(^2), (36)

whon /^ + y-^ + z-^ (44)

- sp _ - gy

3<j)j 3,f,*

V dx 3x

3(f)*

- £3^ + 0(e2) , (37)

where p represents fluid density. Hence, the
pressure change, )> (x,y ,z;t) , due to the interaction
of the hull and propeller is given by the following
equation:

Integral Equation

We proceed to seek the solution of \li which is the
harmonic function in the region bounded above by
the plane y=0 and elsewhere by the hull surface and
satisfies boundary conditions (42) , (43) , and (44)

.

At first, we separate the solution into the two
parts and write it as follows:

l}j(x,y,z;t) = V(x,y,z;t) + W(x,y,z,- 1) , (45)

\b 1

^ = ^ 'Psp - Ps'
3<j)f

3*1

3x 3t
(38)

This equation shows that the magnitude of Jp is of

where both V and W are the harmonic functions in
the region as indicated above. Moreover, let W
represent the pressure induced by a rotating pro-
peller moving straight ahead with a constant speed
in still water and a free surface. Now, we have
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many formulas for W*(x,y,z;t) which represents

the pressure induced by an N-bladed propeller moving

in infinite space. One of the formulas for W* is

given on the assumption of thin blades as follows

[jakobs et al. (1972) ]:

(52), (53), (55), and (56) with the method of Green's

function:

(e)
4TrV ^ ' (Q )

=
V ^e

dS

W* =
I

W *(x,y,z) e-'

= vioi7i^%IiJo-;<^''-^°'^^^'""^'^(i),
q 3n R

- ^. " (^^'

where 9^ = ^ (q-1)

,

(47)

with j = imaginary unit, fi = angular speed of the
propeller, Sp = lifting surface of propeller, L^ '

=

pressure jump across Sp, {C',P,9o) = point on Sp,

np = normal unit vector at Sp, and R = distance

between {£.',p,Sq) and (x,y,z). Kence, using W* and

the method of the mirror image , we can obtain a W

which satisfies the boundary conditions (43) and

(44). Then, we can write W as follows:

=v£o "v'^'^'^' ^
jvfit

(48)

Next, let us consider V. Then, we assume that

V and ^p can be developed in correspondence with the

development (48) as indicated below:

* r„il; (x,y,z)e
jvS^t

^l^V^{K,y.z)e
jvflt

Hence, using (42) and (44) , we have

3v^(e)

On S

3w
V
3n

(49)

(50)

(51)

+ V.
(e)

_ v'i')-l- G (Q;Q (57)

where Qg denotes a point outside Sg, Q denotes a

point on Sg, and the suffix, (i) , means the inside

of the hull surface. Then, we seek a solution of
V^(i) which satisfies the boundary conditon on Sg

as follows

:

8V
(i)

3n
on S

3W
V

3^
(58)

on S

Then, using (53) and (58) , we can obtain an internal

solution as follows:

(i) (59)

On S

Therefore, by substituting (51), (58), and (59)

into (57), the external solution v'^'must satisfy

4TTv(e) (Q ) = dS (v'^' + W
) ^ I G (Q;QeV e I

V V V y Q 3 nQ V V
e

S (60)

Finally, we have the following equation by adding
4irW (Q ) to both sides of the Eq. (60) :

4^ 4;^e)(Q^) = 4^ „^(o^) + I dS
*,i^'(Q)3^y(Q;Qe)

S (61)

V '^' -y when /x^ + y^ + z^ ^ (52)

where the suffix, (e) , means the outside of the

hull surface. In the same manner, from Eq. (43)

we have

In this equation, letting Qq be the limit of Q on

S , we can get
s

^(e)
(QJ

1_
2Tr

dS Me) (Q)j-— G (Q;Q )

V dng V O

/ 3V
V V— + Ko + Ki

3v
+ K, V

3y

where

Ko = ^ , Ki

3x

2jvt^

U

y=0

, K2 =

(53)

(54)

Now, we suppose that we know the functions G (5,

n,C;x,y,z) (v=0,l,2, ) such that the G are
harmonic functions for ri<0 except at (x,y,z) where
G have a singularity of first order, and G satisfy
the boundary conditions:

d'^G 3g 3g
V V V

+ Ko + Ki-

—

+ K2G.

3C^ 3n 35
V

,

n=o

when /x^ + y^ + z^ ->• »

(55)

(56)

Then, we can obtain the following equation by using

= 2W^(Qo) (62)

because the singularity of first order exists in

the G . This ijj'^' (Q ) is exactly the change of

pressure on the hull surface caused by the propeller
which we intend to calculate. If W and G can be

given a priori, Eq. (62) can be considered to be

an integral equation for the unknown ^^{e) {Q^) . Thus,

the problem of calculating the change of pressure

on a hull surface caused by a propeller changes to

the problem of solving an integral equation.

Time-Independent Change of Pressure On the Hull

Now, we proceed to give Wo and Go for a steady case

(v=0) . Go (C,n,C;x,y ,z) can be written as follows

based on a wave making theory:
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Go(C,n,C;x,y,z)
v^(C-x)2 + (n-Y)2 + (t-z)^

/{5-x)2 + (n+y)2 + (C-z)2

Numerical Procedure

The purpose of this section is to describe the

numerical procedure for the method explained in

the previous section. Here, for convenience' sake,

let us denote ipi^' in (62) by ijj*

.

dk
k exp (k ri+y + ikp'

;

k - Kosec 9

(63)

where p' = (?-x) cos e + (C-z) (64)

We can get Wo by using Eq. (46) as follows. The

first step is to rewrite the integrated term in the

right side of Eq. (46) by the transformation

3

an 'i'

3

3n
Go (65)

Then, using the rewritten expression, we can obtain

Wo as follows

:

Wo (x,y,z) W*(x,y,z)
jvf2t|

v=0
(66)

It should be understood from the above expla-

nation that Lx ' must be given to calculate Wq . In

order to obtain L)^ ' precisely, we must consider the

boundary conditions on the propeller surface which
have been disregarded in the discussion up to this

step. To do so, however, requires complicated
calculations as seen in the conventional methods
for the problems of the hull-propeller interaction.
The complexity of the calculations have caused the

conventional methods to be impractical as described
in the Section 1 . Hence , the author introduces the

following approximation. The steady change of

pressure on a hull surface which we are now examining
corresponds to a pressure component of thrust de-
duction. We can consider that obtaining the thrust
deduction is the same as obtaining pressure on the

hull surface as a percentage of the mean propeller
thrust, Tq . Hence, the relationship between un-

known Lq ' and known Tp can be given as follows:

-g^i
ds[L;(5' ,j,eo)] (67)

where [ ] denotes the component in x direction.
Now, the L, ' can be considered as the jump of the

pressure change across the propeller surface due
to the interaction of the hull and propeller, and
consequently, Eq. (67) may be considered as the
approximate boundary condition on the propeller
surface for ijjCe) (Q ) . By giving an arbitrary
function, L^

'
, which satisfies the auxiliary Eq. (67)

and calculating Wq by (46) , (65) , and (66) , we can
solve the integral equation, (62). This is the

approximate calculation method proposed in this
paper

.

Numerical Calculation

The integral equation, (62) is an integral equa-
tion of Fredholm type of the 2nd kind. Generally,
it is impossible to obtain analytic solutions of

the integral equation for S in an arbitrary form.

Thus, various approximation methods have been
suggested. In this paper, a definite integral is

approximated by a finite sum, the equation is con-

verted to a linear equation, and this equation is

solved numerically.
At first, the following approximations are used:

(i) A hull in an arbitrary form is replaced by a

polyhedron. The form of each surface named

"element" is a plane quadrilateral,
(ii) On each element, the unknown function i>* (.Q )

is assumed to be constant.
Using this approximation, the continuous function
ij^* (Q ) is replaced by the discrete quantities, \p*

(i=l,2, , M) , for the total number, M, of the

elements. A control point, Q , where Wo (Q ) must
be calculated, is selected for each element. Thus,

we have the following transformation:

r a . " * r ^^0
dS lp*(Q)3^- G (Q;0 )^ I i>. dS' ^—r(Q';Q ), (6£

J
^ an^ ^ -o '. ij Q an^

th ,

S 1 element

where dsA, nA, and Q' denote values on the elements.

The definite integral in the right side of this

equation is an influence function from point Q to

point Qo and we denote this function by Aq^,Q.

On calculating Plq^,Q, the existence of a singular

point, a so called doublet, becomes a problem. How-

ever, there are many numerical calculation methods

for this case. In this paper, the Hess-Smith method

is used [Hess and Smith (1967)]. Further, selection

of a control point is also a problem. However, for

this problem various methods have also been suggested

in the analysis of potential flow field. In this

paper, each element is selected to be similar to a

rectangle, and the point of intersection of its

diagonal lines is employed as the control point.

Finally, the hull surface after St. 1^/2 is taken

into consideration, and it is divided more nar-

rowly near stern in the longitudinal direction and

approximately equally in the depth direction.

Thus, each element, Ai , i'(i,i'=l,2, ,M)

,

which corresponds to Aqq,Q can be calculated and

Wo(Qo)' "^^n be calculated for each control point.

Then, the integral equation of unknown function,

ip* (Q ) , is converted to a linear equation of un-

known, iIJ-l*-

Now, in the calculation of Wo (Q ), the author

uses the approximation that the number of propeller

blades is infinite. Then, in correspondence with

(46), (47), (65), and (t6), we can get the following

relations

:
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W(,(Q_) =

Go (r,e;x,y,z) = Go(Xp, r cos6 -f, sinB; x,y,z), (70)

h 3

3x

H
2tt

(71)

T ship

FIGURE 2. Body plan.

L ship

where H represents a mean pitch of the propeller
blade, and r and r^ represent respectively radius
of the boss and radius of the propeller. Moreover,
r(r,9) represents the thrust per unit length in the

radial direction of the propeller blade elements
and can be developed as follows

:

approximation used in the calculation of Wo, the
procedure as follows is performed. First, perfor-
mance of the propeller in the nominal wake is calcu-
lated to obtain T-^ and L)^'. Next, by using the
five combinations of distribution forms of Ty H
and the number of the propeller blades as follows:

^'^'9' = xio ^'^>^
-jxe

(72)

We can also get the following equation in correspon-
dence with the Eq. (57) :

dr Nrn(r) (73)

(a) N; finite, using Lo',Li', , L7 ' in (66)

(b) N; infinite, using ro,ri, , r7 in (59)

(c) N; finite, using Lq ' only in (66)

(d) N; infinite, using Fq only in (69)

(e) N; infinite, using To : elliptic in (69) ,

The Wo are calculated. Then, by substituting these

Wo in (62), the pressure changes, ijj*, are calculated

and indicated in a non-dimensional form in Figure 3.

As shown in Figure 3, the ijj* barely differ due to

the distribution form of r,L' , and the number of

propeller blades. Hence, the approximation of the

elliptic distribution is reasonable.

Further, for the calculation of Wo in Eq. (69) , it

is approximated that To is an elliptic distribution
against r, and Fi, F2 ....are disregarded.

Examples

The numerical calculations are performed in the
case of two combinations of the hull and propeller
shown in Table 1. Figure 2 shows the body plan of
hulls. In order to examine the correctness of the

TABLE 1 Particulars and Operating Condition

SHIP L L /B B/T C„ D
PP pp B

Z U F n.,
n M

Experiment

The experiment was performed at the towing tank of

IHI by applying a standard hul,l surface pressure
measurement [Namimatsu, (1976)]. For the ships

indicated in Table 1, pressures on the hull surface
are measured under both the towed and the self-

propulsion condition. Differences of the measured
pressure between the towed and the self-propulsion
condition are used for the experimental values of

the pressure change caused by the propeller.
Figure 4 shows the comparison of the experimental

values to the calculated values, which are obtained
by approximating Fo as the elliptic distribution.

In addition. Table 2 shows the pressure component,
tp, of the thrust deduction fraction, t, which is

the sum of the pressure change. The comparison in-
dicates better agreement for the L ship (a thinner
ship) .

L 6.00 6.50 2.86 .572 .215 5 2.05 .267 9.55

T 7.00 6.00 2.63 .829 .210 5 1.27 .153 8.52

Lpp = Length between perpendiculars (meter) , B =

Breadth,
T = Draft at mid-section, Cg = Block coefficient,
D = Propeller diameter (meter) , Z = Number of

propeller blades,
U = Ship speed (meter/second) , Fj, = Froude number.

"M Propeller's number of revolution per second.

Discussion

The calculation method in this paper is derived by

expressing the equations and boundary conditions

(which determine the change of the flow field due

to the interaction of the hull and propeller) in

the form of an acceleration potential. For this

reason, this method nominally requires calculations

of pressures induced by the hull and propeller,

while the conventional methods, which express flow

fields in the form of a velocity potential, require
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150 nun 100

N=5 , Lo',

-"•1 L„' only
To only
elliptic

' h-'

T ship
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+ M. 2lu + u,;3^+v^^— .

3v 3u
s

. s

3w 3u

(75)

where V^ denotes the flow field surrounded by the
survey surfaces, and

.(e) = V ^^^y^A^
V \ 2 /^^ \ 2

+ 2

' 3w 3 V \ 2 / 3w 8u ^^ 2

V 3y 3z / \ 3x Sz

3u 8v N 2

v3y 3x
(76)

By using (74) and (75) , the effective horsepower,
EHP, can be expressed as follows:

EHP = J dV $g(e) + — J
Vf S,

dS(u|+v|+w|) (U+Ug)

FIGURE 5. Survey surfaces.

DHP = dV $ (e)
J sp

Vf

dS U+u
sp sp sp

(U+u )

sp

up^g
dz5^ + J dS Us(ps-po)

-b

dS
) (PO-Pgp) (U+Ugp)

- u. dS
3u / 3v 3u

1 s
,

s , s
2us ^ + '^c \ ^^ + ^^

^ 3x s V 3x 3y

3 u / 3 V 3 u
2(U+u )^+v (_^ + -^spdx sp\dX oy

3w 3u
I

s , s

= \3x 3z
(77)

3w

sp V dx
(79)

The first term on the right side expresses heat
energy, the second term expresses the increase of
kinetic energy, the third term expresses the in-
crease of potential energy, and the fourth and fifth
terms express work toward the outside of V^. This
equation, (77) gives the work, EHP, transmitted
to the fluid through the hull when the hull is

towed in still water.
Next, the self-propulsion condition can be

considered in the same manner as the towed condition.
The equation for the balance of forces is as follows:

where

j> (e) = ysp e

u \ 2 / dv \ 2 /dw \ 2

^^^) -^(^) -^^-^

u 3v \ 2 /3v 3w \ 2

3y 3x

3w 3u \

2

X 3z

3z 3y

(80)

Then, using (78) and (79) , we can get the following
equation:

AR dS PO -p +2p
" sp 6

sp
I u (U+u )

f sp sp

DHP + UAR dV $ (e)
sp

P^g dz C^
sp

(78)

dS(u^ + v^ + w^ ) (U + u )

sp sp sp sp

where the subscript sp denotes the self-propulsion
condition and AR represents the skin friction
correction which is used for the ordinary propulsion
test at the towing tank. When the energy balance
is considered, we can get the following equation:

up^g

2
J

'sp

-b

dz C + dS u (p -p )

sp sp
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+ V
sp

3w
sp

3x

3u
sp

3y

(81)

Further, u represents the sectional area in which
Hq-H is not equal to zero at S .

And,
^

EHP dV $ (e) + -^
s U

dS(Ho - H

This equation reveals that the work transmitted to

the fluid by the ship moving in still water with a

constant speed, U (sum of the delivered horsepower
and the work UAR caused by skin friction correction)

changes in the fluid and is dissipated as heat,

kinetic energy, potential energy, and work through
the surface S .

A

Oseen's Approximation and Problem of Variations

p^gu

!!lV f!!£V f^^^^
3y /

*" \3z / ~ \3x

dz C ,

s
(87)

We assxome that the hull is thin and S is placed
sufficiently far behind the hull. Then, the inte-

grations on S which appear in the right side of

the Eqs. (74), (77), (78), and (81) can be approx-
imated as indicated in the Appendix,
following equations can be obtained:

Hence, the
DHP + UAR

P,g'
dV $ (e) + —

—

sp
dS(Ho - H )

sp

Rt = P^g dS(Ho - H3

Sa

'^s\
'

^
(!!s

3y 3x

Pf"
dS

3<t> \ 2sp >

3y

3(t) \ 2sp >

3z

3<t) \ 2sp ^

3x

P^g
dzc| , (82)

p^gu
dz Ssp (88)

AR = p^g dS(Ho - H )

+ ^ J dS

^A

P,g

341 \ 2 / 3()> \ 2sp
1 ^ (

sp ^
^

3y

dz Csp

3(t> \ 2sp ^
"

(83)

where Hn, H , and H represent the total head as
c 11 s sp
follows

:

PO U2
Hn = + Y + ^- f

H = + y + — (U+u + V- + w ) ,

s p g 2g s s s

(84)

(85)

H = -§£• + y + ^ (Utu + v^ + w^ ) . (86)
sp p^g 2g sp sp sp

In the Eqs. (82) and (83) for the balance of force,
the forces R^ and AR, given to the fluid from the
outside are divided into the force related to the
viscosity expressed by the first term and the force
related to the wave making expressed by the second
and third terms. In Eqs. (87) and (88) for the

balance of energy, the energies EHP and DHP + uAr
given to the fluid from the outside are independently
divided into the first and second terms which repre-
sent the energy related to viscosity and into the

third term and the fourth term which represent the
energy related to wave making.

Now, using (87) and (88) which show that the

viscous energy and the potential energy are indepen-
dent of each other, it is obvious that the condition
for minimizing the viscous energy in (88) is a

necessary condition for minimizing the DHP. We

proceed, therefore, to obtain the minimum condition
of the viscous energy which corresponds to the

optimum condition for the energy recovery by the

propeller. For this discussion, we assume that in

the right side of Eq. (88), the first and second
terms change independently or that the increase
and decrease of the second term have, at least, a

positive correlation with the increase and decrease
of the first term. Based on this assumption, let
us consider the conditions required in minimizing
the following function:
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E(Ho - H )

sp

P^g
^^ <«0 - %'' (89)

Using (83) , the following equation is obtained:

P^g dS(Ho H )

sp
AR (90)

where R denotes a wave making resistance under a

self-propulsion condition. This R might be

approximately equal to a wave making resistance

under the towed condition. Furthermore, AR can

also be given by the total resistance under the

towed condition. Hence, it can be considered that,

under the self-propulsion condition, the following

equation is given:

(92) is the condition for minimizing the kinetic
energy left in the wake by recovering the kinetic

energy of the viscous wake with the propeller.
The optimum condition for this energy recovery

is obtained under the assumption that the constant

C of Eq. (91) is given as the constant decided by

the towed condition. In other words, it is con-

sidered that condition (92) gives only the condition

for the propeller to accelerate flow effectively

under the assumption. If, however, the wave making

resistance is zero under a purely self-propulsion

condition, then (ArHO) C can be expressed as CHO

regardless of the towed condition. Therefore, it

can be considered that this fact indicates condition

(92) applies not only to the optimization of the

flow acceleration by the propeller but also to the

optimization of the hull-propeller combination for

effective recovery of the wake energy.

The author proceeds to examine the correctness

of this condition in the following sections by

using results of the self-propulsion tests and

wake survey measurements

.

P^g dS(Ho H ) =
sp

C, (91)

Experiment

where C is constant and can be decided by the towed
condition. Thus, the problem of minimization of E

is converted to the problem of variations for
minimization of E given by (89) under the constraint
condition (91) . It is obvious that the following
solution exists for the problem of variations:

Ho H
sp

constant. (92)

Furthermore, although it is omitted here, at least
the conditions that the ship speed and displacement
are constant are implicitly required in addition

to this constraint condition.

Let us consider the meaning of Eq. (92) . Since

Hg - Hg and Kg - Hgn are proportional to the viscous

wake in a position far from the hull as indicated in

and (Hq - Hgp)'^ are propor-the Appendix, (Hq - Hg

tional to the kinetic energy of the viscous wake

.

Hence, the minimization of E corresponds to the

minimization of the kinetic energy of the viscous

wake. And, it can be considered that the condition

Total head at a wake far from the hull was measured

at the towing tank of IHI . The measurements were

performed for the ships and operating conditions

indicated in the Table 1 under both the towed and

the self-propulsion conditions. The measurement

cross-sections which correspond to plane S;^ were

three vertical cross-sections of 0.3Lpp, O.SLpp,

and O.VLpp behind A. P. Figure 6 shows the total

head loss distribution of the towed condition in

the non-dimensional forms and also shows H * which

is the change of total head loss by the propeller

action. Here, H * is obtained as follows:

H*
P

= (Ho - H
sp

(Ho H )

s
(93)

We observe that in the towed condition the wake of

the T ship spreads to the relatively lower region

of the flow field. Further, we can see that the

peak of the total head distribution in the towed

condition agrees well with the peak of the change

distribution for the T ship, but not for the L

ship. In addition. Table 3 shows results of the

TABLE 3 Self-propulsion and Towed Test Data and

Wake Survey

SHIP F
n

w
H

R R A„ F
w R E sp

L .267 .166 .271 1.14 5.57 .408 2.11 5.42 1.50

T .153 .201 .495 1.58 3.92 .130 1.60 3.87 1.39

Rw

AR

fs

fsp

= Effective wake, R,- = Total resistance from towing

test (kg.) ,

= Wave resistance from wave analysis at towed condi-

tion (kg. ) ,

= Skin friction correction (kg.),

= pfg / dS(Ho-Hs) at 0.7 Lpp behind ship in towed

condition (kg.),
= Pfg / ds(Ho-H3p) at 0.7 Lpp behind ship in self-

propulsion condition (kg.).
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L ship

TOWED CONDITION

CHANGE OF TOTAL HEAD

T ship

FIGURE 6. Total head
distribution far from

a ship.

U=l. 27m/sec

583 . 3mm

g(Ho-Hs)/|u2

MEASUREMENT SECTION
O.SLpp behind A. P.

self-propulstion test and the towing test, and

viscous resistances obtained from the wake survey.

Discussion

By analyzing the wake at a distant position behind
a ship, an estimate of the recovery of the wake
energy by the propeller is made, and the optimum
condition (92) is given. Table 3 shows that hull

efficiency is better for the T ship than for the L

ship. Results of the self-propulsion test, therefore,^

indicate that the energy recovery by the propeller

is better for the T ship. On the other hand, results

of wake survey measurement far from a ship indicate

that for the T ship, the peak of the head change

distribution agrees well with the peak of the head

distribution in the towed condition. Hence, it can

be considered that the propeller of the T ship makes

the wake flatter in order to adapt the conditon (92)

.
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L ship

en

46 2 . 2min ^

TOWED CONDITION

CHANGE OF TOTAL HEAD

T ship

gHp*/|u2

MEASUREMENT SECTION

0.5Lt3p behind A. P. FIGURE 6. (continued).

Thus, condition (92) is not contradictory to the
results of the self-propulsion test.

5 . CONCLUSION

From the theoretical and experimental studies for
the interaction of the hull and propeller, the
following conclusions are derived:

(i) Flow field in the vicinity of a hull is

analyzed by using acceleration potential, and the
approximate calculation method is derived. This
method can be used to calculate the change of
pressure on the hull and has a higher practical
applicability than conventional methods.

(ii) For the analysis of the wake at a distant
position behind a ship Oseen's approximation is

used, and the optimum condition is given for the
wake energy recovery by the propeller. This
condition is examined by the results of the self-
propulsion tests and the wake survey measurements.
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L ship

;^s3;

TOWED CONDITION ^>

CHANGE OF TOTAL HEAD

T ship

i(Hn-HjA2- \^\

;Hp*/^2

FIGURE 6. (continued).

MEASUREMENT SECTION
0.7Lpp behind A. P.
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APPENDIX

Let us examine the definite integral in Eqs . (74)

and (78) for the balance of force and the definite
integral in Eqs. (77) and (81) for the balance of

energy. At first, we denote these integrals by F

and F as follows:

where H represents total head as follows:

P 1

P^g 2g

2 2 2
U+u + V + w (98)

dS PO - p + 2y,
3u

e 3x
PfU(U + u)

Now, using Oseen's approximation, the following

relationship can be written:

u = 7r^ +u',v = 7r^+v',w
dx dy 8z

+ w'. (99)

+ i Pf^ dz Z

where (|) represents velocity potential, and u' , v'

,

(94) and w' represent velocity components of rotational
motion which are zero at other than OJ. Then, pres-
sure, p, and wave height, ?, can be expressed as

follows :

Fg = ^ I

dS <{ {u2 + v2 + w2) (U+u) + u(p-po)

„ 3u /3v 3u\ fdw 9u
2uT— +VT— + T— +w(^ + :

3x \3x 3y/ \3x

UPfg

(95)

dz^;^

If the terms to which y is related are assumed to
e

be small, F and F can be rewritten as follows:
f e

F = p g I da)(Ho - H) + -| I
dS(v^+ w^-u^)

3*
-P^gy - PfU g^ ,

s = c + e' ,

p

(100)

(101)

where ?„ is due to a potential motion and t, ' is due
to a rotational motion.
Substituting (99), (100), and (101) into (96) and

(97) , we can get

f 2
dS

dy

J

\oz/ \ox

P^g
dz C ,

(96)

p^g
dz C ^ + ^P 2

dz Cp?' -
p^ da3

dz 5/

2-^ u' + u
dx

,2

p^gu
dz s' , (97)

+ (V(|))^ + Uu' (102)
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i}'^{^y-m dS
8x

p^gu p.gu

dz c
^ +^P 2

ds C
, 2

+ ^-
I

dz ?p - p^U dw u' , (105)

+ p^gU dz c <;• +
P

dS f (103)

F =
e

P,U
dS

-b'

where p^gu
dz Z + p^U do) u I

2

(106)

. 2 dx 2
(V(J))2 + (u'2 + v'2 + w'^)

.,8(1) , 3<f> , 3<l>

8x 3y 3y
(104)

and b' represents the half width of w at the free

surface. If only the largest terms in oi are kept

in the definite integral in Eqs . (102) and (103),

the following approximate equations can be obtained:

Since the following relationship is approximately

satisfied in a wake far from the hull:

_ 3_
U

(Ho - H) ,
(107)

Eqs. (82), (83), (87), and (88) can be obtained from

(74), (77), (78), and (81) by substituting this

relation into (105) and (106).
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ABSTRACT

The paper covers the problems involved in determin-
ing the velocity field in way of the ship propeller.
The analysis is given for both the structure of the
stern viscous flow and its change due to the ship
propeller operation.

The method is offered for scaling the nominal
field of axial velocities based on the use of both
the semi-empirical theory of the boundary layer and
theory of free turbulence, and the engineering method
of estimating the action of the working propeller
upon the velocity field.

As an illustration, the data of studying the
influences of the scale effect and the working ship
propeller upon the velocity distribution and total
wake flow are presented in reference to a moderate
displacement tanker.

1. INTRODUCTION

The need for a reliable definition of nonstationary
loads acting on the propeller blades and shafting,
and also of the intensity of hull vibration and
cavitation phenomenon, has placed the wake flow
problem among the most important problems of ship
hydromechanics in the last few years. Though this
problem first originated mainly in connection with
the building of large full ships, it is of no less
importance in the design of modern high speed con-
tainer ships and some other classes of ships . In

this sphere of hydromechanics shipbuilders are facing
two main problems: a) prediction of the velocity
field in way of the propeller for a ship of given
lines as based on geosim model test results and
b) finding solutions which provide a more favorable
distribution of the wake flow. The rationalized
formation of the afterbody wake is also one of the
possible reserves of ship propulsion which do not
yet appear to be fully realized.

At present, the problem of the afterbody wake

and particularly its prediction attracts the atten-
tion of a growing number of specialists in research
centers of the advanced shipbuilding nations in-

cluding the USSR. In view of the extreme complexity
of the afterbody flow pattern in the presence of the
propeller- induced disturbances, the problem of the

wake flow is still far from being solved. The laws
regulating the development of wake flow and also
the dependence of the velocity distributions at the

propeller disk upon the shape of the afterbody lines
are not quite clear. The test methods of defining
the ship model wakes and model-to-ship correlation
methods are as yet imperfect. Therefore the ac-
curacy of the flow nonuniformity data obtained in

way of the propeller and used as a basis for calcula-
tion of the abovementioned hydrodynamic character-
istics does not satisfy the requirements of modern
practice. Hence, a detailed investigation of this

phenomenon is needed.
In our opinion the most important tasks are as

follows: First, comprehensive physical studies of

the afterbody velocity field. These would allow for

better understanding and proper evaluation of the

effects of different factors on the formation of

wake flow in that region and help create a flow

model exhibiting the main features of the phenomenon
and capable of being investigated by analytical
methods. At this stage the theoretical studies are

essential primarily for a better understanding and
more proper analysis of the test results, as well
as for improving the general knowledge of both the

flow laws and the scheme of breaking the wake into

components. Second, the results of the experiment
and the qualitative theoretical conclusions should
be the basis for the development:

- methods for simulation of the nominal wake or

methods for theoretical estimation of the scale
effect at early stages of designing;

- methods for experimental definition of the
effective wake and approximate methods for the evalu-
ation of propeller effect using the nominal velocity
field data. Since the velocity field in way of the
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propeller is normally defined in the idealized con-

ditions of the towing tank, it is absolutely neces-
sary to evaluate and take account of the effect of

operating conditions, i.e. , the effect that increas-
ing the roughness of the hull surface as well as the

ship motions and drift have on the extent of flow

nonuniformity at the afterbody. There are also
some additional tasks, such as improvement of the

method used for definition of the ducted propeller
velocity field, estimation of a possible change in

the wake flow over the propeller axial length, and

thinking over the practicability of the m.ethods of

disturbing action upon the flow pattern with preset
requirements. The methods of experimental defini-
tion of the flow velocities in the vicinity of the

hull model are no less important. It is impossible
to cover the results of all the above studies in a

short report like this, so we shall restrict our-

selves to the following traditional problems : the

scale effect of the velocity field and the propeller
effect on the flow formation at the stern.

2. SCALE EFFECT OF THE NOMINAL VELOCITY FIELD

The decrease of the mean wake in a model--ship
correlation with sufficient accuracy can be at-

tributed to variation in total frictional losses.

The problem of simulating the local wake is far

more complicated. The flow in way of the propeller

is a combination of two three-dimensional flows:

the boundary layer in the upper part of the after-
body with intensive secondary flows characteristic
of this region and the initial part of the wake de-
veloping behind the hull which may contain discrete
vortices resulting from the boundary layer separa-
tion in way of the bilge where the flow' lines from
under the bottom are extending to hull side sur-

face (Figure 1 and 2). As shown by experiments,
the contribution of each of these factors depends
on afterbody fullness, stern frame form, buttock
angles, and some other parameters.

The distributions of the relative axial veloci-
ties Ux/Y|5 (y/(5;Rn) are different for the boundary
layer, the wake, and the vortex effect region, and
largely depend on the afterbody lines and the
history of the flow. The solution of the scale
effect problem by a purely experimental way is not
practicable, so when the general laws of variation
in the flow characteristics are established for

model - ship correlation, the approximate methods
of the semiempirical theory of turbulent boundary
layer and of the free turbulence theory are of

great importance; also important are comprehensive
physical investigations of the afterbody flow which
are necessary for the refinement of the flow model
and formulation of the simplifying assumptions.
Such investigations should cover the whole of the

viscous wake region (Figure 1 and 2) and not be

limited to the disk propeller area as is usually
done in practice.

The phenomenon being too complicated, a general
approach to simulating the flow seems to be unat-
tainable at present. Therefore, it is expedient
to discuss some particular models of the flow. Some

of the flows may be considered as the most common
types which can easily be investigated. These are:

a) the velocity field of a single-screw ship of
moderate fullness with V-shaped or U-shaped frames

where the contribution of bilge vortices is not
significant;

b) the velocity field of high-speed, twin-screw
container ships;
a more complex pattern and more complex scaling laws
are characteristic for

c) the velocity field of full ships (6 > 0.8)

with U-shaped frames where the intensive bilge

vortices are formed;
d) the velocity field of the very full ships with

the boundary layer separation at the afterbody.

Model "a"

The calculation data obtained for a three-dimensional
boundary layer lead to the conclusion that with moder-

ate transverse flows the variation in characteristics
of the main flow accounting to Rn does not differ
markedly from those obtained for a two-dimensional

boundary layer. Hence, for practical estimation of

the axial velocity field in the upper part of the

afterbody (Figure 1) we can use, without introduc-

ing large errors , the boundary layer correlation

schemes developed to fit the two-dimensional flow

on the basis of the logarithmic law and the velocity

defect law. For simulating the wake flow use can be

made, with some assumptions, of the known Prandtl
asymptotic solution for a two-dimensional flow

which was obtained on the assumption that the flow

is barotropic and that the velocity defect, Au, is

FIGURE 1. Nominal velocity
field in the propeller plane
for a model of tanker with
moderate block coefficient,

B
0.73 (model 1)

.
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FIGURE 2. Nominal velocity
field in the propeller plane
of a "Kryin"-type tanker model.

B
0.83 (model 2)

,

insignificant as compared to the velocity at the

boundary of the wake flow:

U,

AU
U

1 Ki X (cyAX) X f (y/b) (1)

Such a scheme of simulation makes it possible
to take into account the variation in both the
wake thickness and the form of the nondimensional
profile Ujj/Ug.

Model - ship correlation data for a tanker of

b = ^ = K2 X (C AX) (2)

where AX is the relative distance between the body
trailing edge and the wake flow section under study.
Naturally, these relations do not provide a reliable
qualitative definition of the flow characteristics
at the initial part of the three-dimensional wake
which develops with the longitudinal pressure gra-
dient. However, the above relations are considered
to be quite suitable for simulating the wake field
velocity because the deviations due to the effect
of some factors ignored here can be mutually com-
pensating. The practical method of correlation is

based on the assumption of a negligible effect of
the potential component and of a free streamline
flow around the hull. The effect that the varia-
tion of the transverse velocity component has upon
the axial flow with the increase in Rn is also con-
sidered insignificant. The initial experimental
data for the model are defined in the Cartesian
system as velocity or wake distributions against
the transverse coordinate, y" = y/L, with the dif-
ferent constant values of a. The coefficients, Kj

,

and K2 , in Eqs . (1) and (2) are assumed to be
constant in the geosim horizontal sections of the
wake.

Then

FS "rm-'^Fo'^s'/^Fo'^m'' '^'^ ^^"^

b„ = b„/L = b /c„„(Rn ) /C (Kn )

S S S m FO s FO m

(3)

(4)

where

FO
frictional resistance coefficient
in two-dimensional flow;

b = width of the wake;
W = frictional wake ship, model.
FS , m

0.8 -

I D 0.6

ID 0.6

0.4

ID 0.6 -

1 2

(Y/L)X 10^

o o o— According to Equations (1) — (4)

« 0_ Tai<ing Account of the Boundary
Layer Scale Effect

1 2

(Y/L)X 10^

1 2 3

(Y/L) X 10^

FIGURE 3. Velocity distribution in wake extrapolated

to full scale.
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medium displacement are shown in Figure 3 as an

illustration. Isotaches (lines U = const) plotted

in Figure 1 show that the upper part of the propel-

ler disk is in the hull boundary layer region and

here the flow contraction will take place almost

normal to the constant velocity lines rather than

to the longitudinal center plane. In this connec-
tion an attempt was made to evaluate the variation

of the flow velocities in the upper part of the

propeller disk using the approximate method re-

ported at the 13th ITTC, which provides quite a

good agreement with the full-scale test data, and

those obtained by calculation of the three-

dimensional boundary layer [Boltenko et al. (1972)].

The results of the refined model—ship correlation

for this model within the propeller disk practically

coincide. Velocity deviations of 3-4% V are ob-

served only in the vicinity of the viscous wake

boundary in its upper sections (outside the propel-

ler disk). Figure 3. However, in some cases (e.g.,

with pronoionced V-shaped afterbody frames) the hull

boundary layer can play a more significant role in

the formation of the wake flow, and in that case

its effect should additionally be taken into con-

sideration. Similar practical methods based on more

general assumptions with respect to regularities

in the variations of the axial velocities were given

by the towing tanks of Europe and Japan [Sasajima

and Tanaka (1966), Hoekstra (1977), Dyne (1974)].

For comparison Figure 4 shows the model—ship cor-

relation results obtained by the Japanese method*

for some specific profiles of the wake of the model

under consideration. As is seen, this method leads

to a greater contraction of the wake in model—ship

correlation and does not take into account the varia-

tions of the velocity defect in the centerline plane.

However, apart from some limited regions in the

vicinity of 9 = 0° and 180° the circumferential dis-

tribution of axial velocities V^(c,Q) calculated by

both methods differs slightly (Figure 5) . For the

above reasons substantial discrepancies in the

vicinity of 6 = 0° and 9 = 180° can give rise to an

appreciable change in the harmonic spectrum of the

field especially in the amplitudes of the even har-
monics .

At present it is difficult to find an acceptable
practical method of simulating the transverse ve-

locities, though the semiempirical theory indicates
the possibility of a noticeable scale effect of the

secondary flow velocities in the three-dimensional
boundary layer of the ship.

Model "b"

The flow nonuniformity in way of the propeller of
the twin-screw ship is mainly due to the hull bound-
ary layer and the additional loss of velocity in the

wake behind appendages

V - U
V U, U, u.

H
U,

V

u
= W + W + Aw

P FO F (5)

(Y/L) X 10''

Zl -
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of which can be rather large as shown in Figure 2

.

Thus the whole flow field containing bilge vor-
tices can be divided into three parts:

1) the region of turbulent core,

2) the region of vortex effect on the hull bound-
ary layer and

3) the region of nondisturbed flow in the bound-
ary layer or in the wake (Figure 7)

.

The laws for changing the relative velocities in

each of these regions are different in model-ship
correlation.

Evaluating the scale effect of disturbances in

the boundary layer is rather a complicated task
partly due to the difficulty of distinguishing these
disturbances in the nonuniform three-dimensional
boundary layer of the hull. Therefore, at the ini-

tial stages of investigation the principal attention
was paid to the specific features of such kind of
flow in simplified conditions, i.e., under the as-
sumption that artificial vortex systems were pro-
duced by means of profiles of small aspect ratio
at the boiondary layer of a flat surface [Poostoshniy
(1975)]. For such simpler flows one can use the
approximate methods of evaluating the scale effect
of axial velocities in the region where influence
of the vortex is observed. These methods will be
based on a combination of experiment and theory or
approximate semiempirical schemes, which is most
important for having a general idea of the phe-
nomenon .

Extra losses of axial velocities in the vortex
cores are rather high for some ship models (reach-

// i /////////// I /, , ///////// ^ // / Z

U = constant

Region of Vortex Influence

on the Boundary Layer

Vortex Core

Undisturbed Flow Region ^

Velocity Distribution

in the Core

AU =

Theory

Circulation Distribution in the Bilge Vortex

'Core of Tanl<er Model (A = 60000 t), r„ = 1 .1 m /s

2.0 r

Eii)
r(7,i

1.0 ^Y^Distribution of Circulation in a Vortex

^^ Core of Free Flow. rQ=0.07m^/s

1.0

lg(r/r,) + 1

2.0

FIGURE 7. Velocity field in the boundary layer with
longitudinal discrete vortices.

ing 20-30% of the mean wake value) ; these losses
are also to be studied in detail.

As shown by the experiments (Figure 6) the
circulation distribution law for the cores of bilge
vortices is similar to that for the vortex cores in

the free flow. So, in order to evaluate the scale
effect of a relative defect of the axial velocity
in the core, i.e., the core allowance, use can be
made of the theoretical relationships derived for

linear turbulent vortices.
Calculated results which are based upon rather

a small amount of data on the variation in eddy
viscosity coefficients with Rn obtained during model
tank tests and fall-scale hydrodynamic experiments
lead to the conclusion that a model-ship correlation
involves relative decrease of the core size. How-
ever, far from decreasing, the wake allowance, unlike
that for the boundary layer, may even be markedly
growing. Some additional variation in the distribu-
tion of axial velocities in the core caused by an
increase in Rn may also be due to an increase in the
longitudinal pressure gradient at the stern owing
to the reverse effect of the hull boundary layer on
the external potential flow both on model and ship.

It is impossible at present to develop a flow

model of this complexity, define the component ve-
locities changing under different model-ship corre-
lation laws and, finally, determine these laws; in

other words it is impossible to develop a well-
founded method for simulation of a three-dimensional
wake flow with discrete vortices. The results of
the above-mentioned preliminary studies are of
qualitative character and need experimental verifi-
cation. A series of comparative model and full-scale
tests carried out mainly by Japanese researchers
[Namimatsu and Muroaka (1973) , Taniguchi and Fujita

(1959) ] confirm the existence of bilge vortices in

full-scale conditions as well, though the data re-
ported in the above papers are inadequate to judge
the quantitative aspect of the phenomenon. We can
only observe that the disturbances induced by the
vortices in the flow around a ship are less notice-
able, i.e., the flow is cleaned up. Therefore the
attempt to use a more generalized model (model "a")

seems to be justified also in this case, i.e., in

the presence of developed bilge vortices, or at
least an attempt to establish limits for the appli-
cation of this' flow model should be made. Compara-
tive data obtained from model and full-scale tests
are a decisive factor here.

Unfortunately no data of nominal wake distribu-
tion at the propeller are available. For an indirect
evaluation of the scale effect of nominal wake we
shall make use of the test data obtained in Japan
for a 36000 t (displacement) tanker and its 1/37-
and 1/20-scale models [Taniguchi and Fujita (1969)].
The measurements were taken in the boundary layer
near the sternpost at a distance of I.ID from the
propeller disk. In laboratory conditions the ve-
locity field was measured both during the towing
tests and self-propelled tests. The tests performed
with the model (A = 1:20) allow the propeller effect
at the measurement plane to be considered as negli-
gible (-0.05 V) and practically constant within the

region equivalent to the propeller disk area. The

comparison between the velocity distribution in the

wake transverse section for 2 = Bp (where Zp =

propeller axis level) and the circumferential dis-
tribution of the axial velocities (Figures 8 and 9)

for this tanker and those for a "Krym"-type tanker
shows that the simplified method of model-ship cor-
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FIGURE 8. Comparison of velocity distributions for
model and ship wake.

3. PROPELLER EFFECT UPON THE WAKE DISTRIBUTION

Consideration of the wake scale effect when using
the nominal velocity field as initial data will not
always improve the agreement between the calcula-
tions and full-scale measurements of nonstationary
loads acting on the shafting and, particularly, of
the constant bending moment component defined by
the analysis of the first harmonic. Systematic
model basin test results indicate that signigicant
variations of the velocity distribution at the stern
may be due to the propeller performance. Several
factors are to be taken into account when analysing
the causes of this phenomenon. The most important
among these are the propeller- induced acceleration
of flow and, hence, the decrease of the layer thick-
ness upstream, and the effect of propeller- induced
radial velocity in the immediate vicinity of the
propeller.

Thus it becomes necessary to investigate the
ship-hull boundary layer and the wake taking into
account the transverse pressure gradient. Semi-
empirical theories do not permit this problem to
be solved and are adequate only for the most ap-
proximate estimations of the flow history. There-
fore, just as in studying some features of the
nominal wake flow mentioned above, preliminary
theoretical investigations of the velocity field
under simplified conditions are of great importance
here. Although these results are not directly
applicable to the ship, they may be useful for a

better understanding of the main relationships of
the phenomena under study and for the devleopment
of practical methods to obtain the effective wake.
In this connection one cannot but mention the
important contribution of American scientists to
the investigation of the axisyrametrical problem,
particularly, the latest works by Huang and Cox
(1977)

.

To obtain approximate estimates of the effective

relation reveals the characteristic features of
variation in the velocity field and its harmonic
spectrum. However, these conclusions cannot be
considered reliable enough; they need further veri-
fication.

Model "d"

Several years ago, simulation of the velocity field
in the case of afterbody boundary layer separation
attracted the special attention of researchers in
connection with the development of very large tankers
with high block coefficients and a tendency to de-
crease the length-to-breadth ratio. Although this
problem has lost its vitality by now, studies in

this field are being continued. The attempts in
Japan and in the Soviet Union to theoretically and
experimentally evaluate the scale effect of separa-
tion of three-dimensional and even two-dimensional
boundary layers do not yet allow any definite con-
clusions to be made, even regarding the qualitative
aspect of the phenomenon, or the development of the
most approximate scheme of variation with Rn number,
not only in the velocity distribution, but also in
the mean value of the wake . Thus the problem of
simulating the characteristics of flow at the stern
with the boundary layer separation remains one of
the unsolved problems in ship hydrodynamics

.

Tanker, Taniguchi and Fujita

Experiment, 1969

3 0.5
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wake, both in our practice and in the practice of

other model tanks , use has been made in recent

years of engineering procedures based on the results

of nominal velocity field measurements and propeller

theory relationships [Hoekstra (1977) , Raestad

(1972), Nagamatsu and Sasajima (1975)].

If we assume that the propeller effects are

mainly due to the factors mentioned above , the

propeller can be thought of as having a large diam-

eter when evaluating the mean wake field.

This assumption will result in a decrease of the

wake coefficient. The decrease of the frictional-

resisted wake due to the propeller effect can be

taken as inversely proportional to the square root

of the diameter. Then,

Fe = "f/'^ + „^/2V^) (8)

where

w /V
a A

/r + C
Th

Th (pV2/2)F

To define the potential component Wpg it is

reasonable to apply the known propeller theory
relationship

W = W ^ + (tn/2) X (w /V)
pe pN z

> + - I*^^^- ^
(9)

where

pN
= experimentally defined potential component

of the nominal wake field,

tg = thrust deduction at zero velocity of

model

.

Allowing for the smallness of the 2nd term in (9)

,

the thrust deduction fraction undergoing only minor
changes can be assumed for single-screw ships to be

to = 0.07-0.10 (the last figure relating to fuller

hull shapes)

.

The final expression for the mean effective wake
field (taking into account the scale effect) has
the form,

W ^ (Rn )

pN m
+ tn/2(/l + C

Th
D]

FN

/l/2(/l + C^h + ^' '
"^FO^^m'

the effective wake, and in the main they correctly
reflect the variation trends of the flow at the
stern while the propeller is in operation. However,
they do not permit: taking into account and evalu-
ating some qualitative changes in the hull boundary
layer, which may take place due to propeller opera-
tion, such as variation in circulation of bilge
vortices and their positions in relation to the
ship hull; the possibility of preventing or reduc-
ing the separation about the stern zone with the
propeller in operation; and, on the other hand,
the possibility of the boundary layer separation in
the vicinity of the stern above the propeller.
Therefore, when performing a quantitative analysis
of the effect the propeller has on the wake and the
harmonic spectrum of the velocity field, these
methods, in spite of their relative simplicity and
convenience, should be applied rather carefully, as

for most tentative estimates.
At the present stage of the wake problem in-

vestigation the development of experimental methods
is of decisive importance.

Both for the improvement of the general knowledge
of propeller effects on the flow pattern at the
stern and for the solution of problems associated
with ship form design, the accumulation of data
on the effective velocity fields for ships of
various types and the improvement of model test
methods is of great importance, especially those
taking account propeller induced velocities or
eliminating the same from measurement data.

A practical method for estimating the effective
velocity field, Ux, by way of flow velocity mea-
surements at some distance ahead of the propeller
in "open water" and behind the hull, was given in
Titov and Otlesnov (1975) . For measured data
analysis the quasi-steady theory was accepted.

When the hydrodynamic flow angle, Bi, of a

propeller blade section for the propeller operating
in "open water" is equal to that behind the hull.

tgBi

where

(V^ + W^)/aiT (U +
xe

W")/(UT - U„ )a ye
(11)

W and W"
a a

axial induced velocities ahead

of the propeller in "open water'

and behind the hull

U = circumferential component of the effective
velocity field

The axial component of the effective velocity field
ahead of the propeller is determined from the
relation

(10)

where

C = frictional resistance coefficient in two-

dimensional flow.

TABLE 1. Comparison of the Mean Effective Wake

Calculated by Approximate Methods With

That Obtained from Self-Propelled Tests

(Model No. 1)

Relationship (10) displays good agreement with
the model test data (see Table 1) and W^ values
close to those obtained from the full-scale test
analysis.

As can be seen from the Table, all known approxi-
mate methods yield practically the same results.

By making some additional assumptions, similar
methods can also be applied for an approximate
estimation of the circumferential distribution of

Titov - Poostoshniy method

Nagamatsu - Sasajima method (1975)

Roestad method (1972)

Self-propulsion test data

Nominal wake

0.345

0.340

0.355

0.350

0.390



273

V,/(V, + W) = U /(U + W")
A A a xe xe a

(12)

following from the equality of forces on the pro-
peller blade section.

However, another approach to the problem of
experimental determination of the effective wake
is also possible based on the data analysis of
measured flow velocities and total head pressure
immediately ahead of the propeller and behind it.

In this case, measurements are taken only with the
propeller in operation behind the hull.

As is known, the circumferential induced velocity
at propeller section, Wq , in "open water" is pro-

portional to the jump in the total head at the pro-

peller disk

puTW (ce) = H2(Te) - Hi(Te) (13)

It can be shown that this relationship is also
valid for the propeller behind the hull, if the

variation of the circumferential induced velocity
of the hull wake, U9, is negligible within the axial
length of the propeller or between the sections
where measurements are taken. In this case total

head pressures at sections 1 and 2 (see Figure 10)

,

ahead of the propeller and behind it are, respec-
tively, equal to

Hide) f[<"x.)^ 61 xr

hzCtS) = p2 + J [("x2^^
""

'"ei
* "

where

+ (W,2 +^2''l

62'

(14)
FIGURE 10. Circumferential distribution of velocity
components in way of propeller (r = 0.590).

^1

X2

^1

xej

U + W
xe2 a2

W„ and W

= axial flow velocity at
section 1

= axial flow velocity at

section 2

= propeller induced velocity
components at respective
sections

U (X ) = U (X ) + —-

xo xe 2

U - U
^2 ^1

U + xAX,
Xj AX 1

(18)

Theoretical investigation results of propeller in-
duced velocities and test data make it possible to
linearly approximate component variations of the
induced velocity, W^{x) , within the limits of the
propeller axial length. It is believed that the
axial component variation of the wake in this re-
gion is small and also obeys the linear law.

With the above assumptions, in order to determine
the design effective velocity, U^g , at section Xq
where the condition

Wa(^o) + -Y
(15)

is observed, we obtain the following set of equa-
tions :

tgBi =
U (X„) + W /2
xe a„
UT - w„/2 + U.

tgBi

(16)

(17)

where

Ax

hydrodynamic flow angle of a propeller
blade section
distance between sections 1 and 2

AXi = X Xi distance between section 1

and the point of calculation

In propeller theory it is generally taken that the
above condition is met at the propeller disk plane
corresponding to the midspan section of the blade,
and, in the case of blade rake, corresponding to
the midsection of the blade at a relative radius,
T = 0.7.

However the calculation results of variations in

the anomalous induced velocity, ^(^(X) , of the pro-
peller with the finite axial length indicate that
in fact the point must be found upstream of the pro-
peller disc plane.

This conclusion is confirmed by the experimental
investigation results of the propeller velocity field
in open water. Taking account of these data it is

more reasonable to assume the point of calculation,
corresponding to condition (15) , to be on the lead-
ing edge of the blade.
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Application of this procedure can be illustrated
on a medium size tanker model (Model 1) .

Experimental studies of the velocity field for
the operating propeller were performed during free-
running model tests with the operational relative
speed, Fn = V/i'gLii = 0.22. Wake characteristics
ahead of and behind the propeller were measured at
equal distances from the propeller centre with a

6-point probe [devised at our model tank, Otlesnov
(1969) ] , which enables simultaneous measurements of

total head pressure, (H) , static pressure, (P) , and
flow angles in the horizontal and vertical planes
in the immediate vicinity of the propeller. VBien

processing the measured data and analysing the nom-
inal wake, use was made of calibration relationships
which took into account the interference of flow
angles in the vertical and horizontal planes with
the readings of .the probe. Figures 10 and 11 il-
lustrate the initial data and the calculated induced
velocities for the starboard-side of the propeller
disk (right-hand rotation) in the region where
sections experience maximum loading.

Comparison (Figure 12) of the nominal velocity
field with the effective velocity field calculated
from Eqs. (11)-{12) and (13)-(18) shows the pro-
nounced effect the propeller has on the wake at the
lower part of the propeller disk and the minor ef-
fect at the upper part of the same . This may be
accounted for by a better possibility for momentum
exchange between the external flow and the viscous
wake under the action of radial induced velocities
in a relatively thin wake at the lower part of the
propeller disk, and a worse possibility at the upper
part where the thickness of the viscous wake is much
greater (see isotachs in Figure 1)

.

Nominal Field

Effective Field (Titov and Otlesnov, 1975)

Effective Field (Proposed Method)

Effective Field (Hoekstra, 1977)

X 0.6 -

I
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90 SB

FIGURE 13. Load distribution over the propeller disk

(based on effective velocity field measurements).

(model-ship correlation) , as well as of the velocity
field in model tests taking account of propeller
effects. "Hhe amplitudes of harmonics deteririning

the nonstationary hydrodynamic forces and moments
(Figures 14 and 15) may vary several times under the

influence of the above factors.
It should be mentioned that no definite regular-

ity could be observed here. With some relative
radii the amplitudes increase, with others they
decrease.

As the variation in harmonic spectrum of the
velocity field is of rather a complicated nature
let us illustrate the effect the variation of axial
velocities due to scale effect and propeller opera-
tion has on the constant component of the hydro-
dynamic bending moment in the vertical plane which
is mainly defined by the first decomposition har-
monic [Voitkunskiy (1973) ] ;

VO 20 yO

where

"ho
" JCj/4/_ /T[ai+(1//T) (J+2K^Cj)a JdT

TO

Pyg = -JC2/-Q:f/T[bi+(l//T)(J+2Kg/C^)b^g]dT

(21)

(22)

(23)

J = V /nD

Tg = relative radius of propeller hub
K .K = thrust and torque coefficients at

design speed
a^ibj = Fourier transform coefficients for

the cosines and sines of the first
harmonic of axial velocity on a given
radius

3,Q»ti,n = Fourier transform coefficients for
I y 1 u

the cosine and sine of the first

harmonic of tangential velocity on a

given radius

Ci,C2 = coefficients
/ = coefficient depending on radius

e = distance between the design propeller
shaft section and the propeller disk

The distributions of transverse relative ve-

locities Ue = Ug/V were taken as equal.

Table 2 shows the design estimates of relative

values of the constant component, Hyg/KQ, as based

on various initial data.

As can be seen, the calculated results based on

the nominal velocity field data may differ (even

qualitatively) from those obtained with considera-

tion for the scale effect or the effect of operat-

ing propeller. Although the local variations of

the nominal field due to the scale effect or pro-

peller operation are quantities of the same order

(see Figures 5 and 12) , the constant component

values of the bending moment in the vertical plane

determined from the effective field prove to be

4-5 times as large. Physically this may be due to

the fact that, in contrast to the scale effect,

the propeller effect on the viscous flow in the

upper parts of the propeller disk differs from that

in the lower part. In the upper part of the disk

(6 = 0- 90°) the effective field distribution of

velocities in way of the heavier loaded blade sec-

tions differs only slightly from the nominal field

distribution, while in its lower part (6 = 90-180°)

the effective field velocities are much in excess

of the nominal field velocities (by a factor of

1.5-2). This increases the asymmetry of circum-

ferential distribution of the effective field axial

-0.2

Ship, Nominal Field (Correlation Based

on Equations (l)-(4))

Model, Nominal Field

Model, Effective Field

(Proposed Method)

Model, Effective Field (According

to Titov and Otiesnov, 1975}

FIGURE 14. Influence of scale effect and propeller

operation on harmonic spectrum.
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1 — Model, Nominal Field

2 - Ship, Nominal Field (Correlation Based

on Equations (1)-(4I)

0.4
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ABSTRACT

This paper concerns recent advances in the theory
and numerical solution of propeller induced pressure

forces acting on ship hull surfaces. The analysis
is formulated in terms of the diffracted potential
flow about general three-dimensional hull boundaries
in the presence of a free surface. The influence
of the propeller is derived from lifting-surface
theory, explicitly accounting for finite blade
number, blade thickness and skew, and radial and

chordwise loading (steady and unsteady, but sub-

cavitating) . Two methods have been developed to

calculate the periodic forces. In the direct
approach, time-dependent source singularities are

distributed over the body surface with the strengths
determined for a prescribed propeller onset flow.

The force is then found by applying the extended
Lagally theorem. In the second approach, based on

a special application of Green's theorem, the force
is obtained by finding the velocity potential at

the propeller generated by the boundary executing
simple oscillatory motions.

A towing tank experiment is described in which
blade frequency forces were measured on a body of

revolution adjacent to a propeller operating in
virtually uniform flow. The simplifications of

body shape and propeller loading provided a physical
model which could be treated in a reasonably exact
fashion by the theory. The body consisted of two

parts. A heavy afterbody, attached to the towing
strut, acted as a seismic mass at all but very low
frequencies. The forces were measured on a light,

rigid forebody supported from the afterbody by a

specially designed strain-gaged flexure assembly.
Tests with two propellers differing only in blade
thickness revealed the separate contributions of
blade loading and thickness and the results obtained
agree favorably with the analytical predictions.

1 . INTRODUCTION

Propeller induced ship hull virbration continues to

be a major source of uncertainty and, indeed,

frustration to the naval architect. Today we witness
a trend toward larger and faster ships with higher
power being delivered to the propeller. These
designs are inherently more susceptible to propeller
related vibration problems, as has been learned
from bitter and usually costly experience and this

situation has focused renewed attention on the need

for improved methods to predict propeller exciting
forces - methods which are both reliable and practi-
cal for application during the design process.

Two distinct, but related types of propeller
exciting forces (and moments) produce hull vibration.
Unsteady blade loads developed by the propeller
operating in the nonuniform ship wake and trans-
mitted to the hull directly through the propeller
shafting are termed bearing forces. Periodic
pressure forces acting on the surface of the
hull , arising from the propeller unsteady veloc-
ity and pressure fields, are called surface forces.
Various approaches have been developed to predict
these forces from model tests. For example, bearing
forces are measured on a model propeller in a water
tunnel using wake screens to simulate the flow at

the ship stern. Surface pressures can be obtained
from measurements of transducers distributed over
the surface of the model hull afterbody. Alterna-
tively, the entire hull afterbody can be cantilevered
on a flexure assembly instrumented to measure the

total surface force [separated stern technique,
Stuntz et al. (1960) ]

.

The foregoing experimental techniques, and
others [most notably Lewis (1969)], have proven to

be costly and difficult to carry out in practice.
Moreover, a large number of experiments would be
required to examine all the pertinent physical
parameters, including hull form, propeller clearances.

278
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blade geometry and loading characteristics. Con-

sequently, researchers are attempting to develop
theories and numerical procedures for calculating
propeller exciting forces. An analytical approach
offers a means to economically evaluate competing
propeller-hull design concepts as well as to diagnose
at-sea vibration problems and identify corrective
measures.

The present paper concerns recent advances in

the theory for propeller induced surface forces.
A general three-dimensional boundary intercepting
the propeller disturbance field poses a formidable
diffraction problem. As a first step, it is

necessary to determine both the time-average and
unsteady loading on the propeller. All of the
components of loading, together with blade thickness,
contribute to the propeller induced flow impinging
on the hull and the resultant unsteady pressure.
Fortunately, as a result of much past work in the
analytical prediction of bearing forces , there now
exist powerful theoretical methods for calculating
unsteady propeller loading in a prescribed nonuniform
flow. The analysis rests on a lifting-surface
representation of the propeller, explicitly account-
ing for number of blades, radial and chordwise
distribution of loading, thickness, and skew. While
further refinements and improvements, such as the
prediction of transient blade surface cavitation,

are needed, the calculation of blade loading can
now be done with sufficient accuracy to address the

surface force analysis. Also, as these improvements
in the propeller calculation become available, they

can be incorporated into the surface force calcula-

tion without fundamental changes.
Previous analyses of the surface forces are

formulated in terms of the diffracted potential
flow about the solid boundary in the presence of

a given propeller onset flow. To facilitate the
analysis, it was necessary to introduce simplified
representations of both the propeller and the

boundary as outlined by Breslin (1962) and more
recently, Vorus (1974) . For example, analytical
expressions for the vibratory force produced on a

long flat strip and a circular cylinder adjacent
a propeller in uniform flow were derived some years

ago [Tsakonas et al. (1962) and Breslin (1962)].

These investigations provided useful insights regard-
ing the importance of propeller tip clearance and niom-

ber of blades. However, such approximate treatments
neglect what are now known to be certain essential
physics of the propeller-hull interaction. The net
force on a long boundary may be deceptively small
because of cancellation of large out-of-phase force

components developed fore and aft of the propeller.
On a hull which terminated in the immediate vicinity
of the propeller, such cancellation will not occur.
Also, the components of unsteady blade loading at
or near blade frequency can produce much larger
surface forces than those arising from the steady
loading and thickness. Components of blade loading
at higher frequencies, while relatively smaller in

amplitude, generate field pressures which decay
much more slowly, encompassing a large portion of
the hull afterbody and resulting in a significant
integrated force. For this same reason, an experi-
mental determination of the total surface force by
measurement of pressures at selected positions on
the hull boundary can be disastrously misleading.
In view of these circumstances, it is now generally
accepted that a satisfactory theory must represent
the hull boundary in a reasonably exact fashion.

accommodate the presence of the free surface, and
account for all constituents of propeller loading.

This paper sets forth a comprehensive theory
for propeller-hull interaction and describes proce-
dures for calculating the periodic forces acting
on the hull surface. The paper is divided into
five sections. In the first section, the problem
for the diffracted potential flow about the hull
is formulated, in which the propeller unsteady
disturbance is assumed to be of small amplitude
and high frequency. In keeping with the desire for
first order results, the high frequency linearized
free surface conditon applies. However, the zero
normal velocity condition is satisfied exactly at

the hull boundary. Formulae for the surface pres-
sures and forces may then be expressed in terms of
the propeller velocity potential and the unknown
diffraction potential. The following section deals
with the representation of the propeller. Dipole
singularities with strenths related to the blade
pressure loading and thickness are distributed over
helicoidal surfaces approximating the geometry of

the actual blade surfaces. Based on this model,
expressions for the field point velocity potential
arising from loading and thickness are developed.
Examination of these formulae and their asymptotic
behavior at large distances reveals important prop-
agation characteristics associated with the unsteady
blade loading components at and near blade frequency.

In the subsequent sections, two methods of solu-
tion are developed for determining the surface
forces. The direct approach consists of distributing
time-dependent source singularities over the hull

surface with the source strenths determined for a

prescribed propeller onset flow using a modified
Douglas-Neumann calculation [Hess and Smith (1964) ]

.

The force on the body is then found by applying
the extended Lagally theorem to the hull singulari-

ties. In an alternative approach, based on a

special application of Green's theorem, the force

is obtained by finding the velocity potential at

the propeller produced by the hull boundary executing
simple oscillatory motion.

In the final section, a towing tank experiment
is described in which blade frequency forces were

measured on a body of revolution adjacent to a

propeller operating in uniform flow. The simplifi-

cations of body shape and propeller loading provided
a physical model which could be treated in a reason-

ably exact fashion by the theory. Despite these

simplifications, certain classical problems were
encountered in the design of the experiment including

the measurement of a relatively small force, avoid-

ance of system resonances in the frequency range of

interest, and retrieval of the force signal from

background noise. A two-part body design was

developed, similar in concept to the separated

stern technique mentioned earlier. A heavy after-

body attached to the towing strut, behaved as a

seismic mass at all but very low frequencies.

Forces were measured on a light rigid forebody,

supported from the afterbody by a specially designed
and dynamically calibrated straingaged flexure
assembly.

Tests were performed with two propellers differing
only in blade thickness in order to reveal the

separate contributions of loading and thickness.
The measured forces (amplitude and phase) were
obtained for a range of speeds and advance coeffi-
cients and for two positions of the propeller
relative to the test body. The results agree
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favorably with the theoretical predictions. It is

recommended that this experimental technique be
extended to study the effects of nonuniform flow and
intermittent blade surface cavitation.

2. FORMULATION OF THE PROBLEM

Vcfi^ -* X ^ -">

(4)

and at large downstream distances, x -> + <»,(|i

satisfies a suitable radiation condition.
The boundary condition on the hull surface,

denoted by S, requires that the fluid velocity must
be tangent to the surface , or

Consider a ship moving at constant speed U through
otherwise undisturbed water. We seek to determine
the periodic forces and moments exerted on the
ship hull surface arising from the unsteady propeller
velocity and pressure fields. The fluid is con-
sidered to be incompressible and inviscid and within
the domain bounded by the free surface, the hull
boundary, and the propeller blades (and trailing
vortex wakes), the flow is assumed to be irrotational.
Under these circumstances, a fluid velocity potential
exists which can be expressed in terms of steady
and unsteady components as

>(x,t) = Ux + ;(X) *p(x. + <t>j^{x,t)

X on S (5)

n being the outward unit normal vector to the sur-
face (see Figure 1) . Here we have assumed the
hull to be rigid and stationary with respect to the
translating coordinate system (i.e. hull motion
and deformation due to propeller excitation is
ignored)

.

The linearized free surface boundary condition
may be written in the form

3*n
•(nNu)^(J)„ + (2inNuU) + U^n Sx

3(t>

+ g
3x^ 3z

Here, x = (x,y,z) is a cartesian coordinate system
fixed to the ship with the x and y axes in the

is the steady disturbance flow about the bare hull
in the presence of the free surface, <l)p(x,t) is the
propeller potential, and i)>Q(x,t) is the potential
of the flow arising from the propeller-hull inter-
action, often termed the scattering or diffraction
potential. It should be noted that the presence
of the viscous, rotational wake of the ship is
ignored in the diffraction problem, i.e. , it is

assumed that the unsteady pressure fo'rces on the
hull can be derived from potential flow considera-
tions alone

.

The propeller potential is periodic in time and,
by virtue of the symmetry of identical, equally
spaced blades, may be expressed as a Fourier series
with harmonics in blade passage frequency as

,(x,t)

n=0
''Pn

(x)e
inNut (1)

with ((ip being the complex amplitude of nth harmonic.
(In this and all subsequent expressions involving
einNojt the real part is understood to be taken.)
Similarly, the diffraction potential will be of the
form

o'^'t) (x)e
inNiot

(2)

n=0

We now consider the boundary value problem for
the potential (^ = (\> + <ii^, assuming the fluid
disturbance velocities to be small compared to the
ship speed, i.e.,

|
Vcf

|
and

|
V(j)g

|
<^U. Within the

fluid domain, the potential must satisfy Laplace's
equation

V'^<J>n(x) = (3)

At large depth and distances upstream of the hull
and propeller the disturbance must vanish

on z = (6)

In order to establish the relative magnitude of
terms the equation is recast in nondimensional form
using the ship speed U and propeller radius Rg for
reference length and time scales, obtaining

3(|) 32(j)

^n + 2iE — + z^

gR 3()>,02 ''

02 "^

3z
= on z =

where e = J/irnN, J being the propeller advance
coefficient. It may now be observed that typical
propeller applications, e '^^^^l and the first term
will dominate. Thus, as a first approximation the

free surface boundary condition (6) reduces to

.(x) (7)

This completes the statement of the boundary value
problem for the diffraction potential as summarized
in Figure 1. It should be noted that by virtue of

(7), the function (^^(x) can be analytically continued
into the upper half plane, z > , in a straight-
forward manner. As will be shown in subsequent
sections a solution can be constructed in terms of

VELOCITY POTENTIAL

^l iJ>(XJl)'UX +ci^(X) + 0(x,-t)

4>Mi <i)(X,t) = ? (^(Xje'""""

K*n|— °,|x|—
KO

FIGURE 1. Coordinate system and boundary value
problem in propeller-hull interaction analysis.



appropriate "images" of the propeller and hull

singularity systems.
Upon solving for the velocity potential, all

other quantities of interest can be determined.

The linearized, unsteady component of pressure is

given by*

p(x,t) = —^ + V
3t s

V (x) = iU + V4i^(x)
s °

(8)

or from (1) and (2)

p(x,t) = -p [inNco(t> + V^ • V(t)„] e
inNut

n=0

p (x) e
n

inNut
(9)

n=0

where the Pn''^' ^^'^ amplitudes of harmonics of the
unsteady pressure. The periodic force, F(t), and
moment, M(t) acting on the hull surface (see Figure

1) may be written as

F(t) = p n dS (10)

and

M(t) p X X n dS (11)

Inserting the expression for p, one obtains the
amplitudes of the force and moment harmonics , as

(inNMc))^ + V, V<))n)n dS (12)
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the propeller operates. As viewed in a coordinate
system rotating with the propeller, the flow
approaching the propeller consists of time-average
or circumferential mean component and an oscillatory
component. The oscillatory component gives rise to
unsteady loading on the blades in a manner analogous
to a hydrofoil encountering a sinusoidal gust. This
unsteady loading, summed over all the blades, yields
periodic shaft forces at blade frequency and integer
multiples. In contrast, the periodic pressure
forces acting on the hull surface arise from the

induced velocity and pressure fields from both the

mean and unsteady components of loading, as well
as the blade thickness, because of the varying
aspect of the rotating blades relative to the fixed
hull boundary.

Propeller theory for unsteady flow has developed
as a logical extension of linearized lifting-surface
theory for hydrofoils. It is assumed that the
oscillatory components of the wake velocities are

small compared to the mean, and can be resolved by
Fourier analysis into "wake harmonics," the funda-

mental harmonic being the shaft rotation frequency.
Each of these harmonics , within the linear approxi-
mation, will produce a component of unsteady blade
loading with the same frequency. By virtue of the
propeller's symmetry, upon summing over all the
blades, only certain harmonics of the loading will
contribute to the net force on the shaft. However,
all the harmonics of loading contribute to the
forces on an individual blade, and, as will be seen,

to the radiated pressure field of the propeller.
The propeller lifting-surface theory developed

by Tsakonas et al. (1973) is adopted in the present
work. This analysis and associated computer pro-
grams have been successfully applied in recent
propeller designs to minimize bearing forces, e.g.,
Valentine and Dashnaw (1975) . In addition, the
analysis has been extended to compute field point
velocities and pressures, including the contributions
from the image of the propeller arising from the
presence of the free surface. As the details of
the development of these formulae have been largely
reported in the literature, we shall not burden
this paper by recounting them, being content to

outline the procedure.
and

M = p / / (inNu(j)j^ + Vg • V<})j^) x x n dS (13)

Blade Loading Potential

Until now, the propeller 'potential has been regarded
as a known function. Before proceeding with the
surface force analysis, it is appropriate to discuss
the analytical representation of the propeller and
the velocities and pressures induced at arbitrary
field points.

3. REPRESENTATION OF THE PROPELLER

The primary source of propeller exciting forces is
the spatially nonuniform wake of the hull in which

The linearized equation of motion for unsteady flow,

referred to a non-rotating cylindrical coordinate

system (x,r,f) centered at the propeller axis
(Figure 2) , may be written

-P'
at

+ u

which has the solution

*p(x,r,f,t) =- —

3(|)

E
3x

(14)

x' ,r,f,t- T^>-
(15)

*To be strictly consistent with the high frequency approxi-
mation, the convective pressure term should be discarded.
However, this term adds no serious burden to the ensuing
analyses and by retaining it, numerical calculations can
be used to demonstrate that the contribution from this term
is, in fact, negligibly small.

where p is the pressure induced by the loadings on

the blades due to camber and incidence and p
' , for

later convenience, denotes the fluid density. Here

the angles of attack are produced by each axial
and tangential spatial harmonic of the nominal hull
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(X.r.Q)

Yp

I|j„|(|k|p)K, |(|k|r) p < r <

I, |(|k|r)K, ,(|k|p) 0<r<p (18)

Ijn and K^ being the modified Bessel functions of
the second kind of order m.

To secure the pressure field for an N-bladed
propeller, the blade position angle 9 is replaced
by 6 + 2irn/N and the sum over n from n = to N - 1
carried out. This sum yields a factor N and the
constraints on the frequencies A and m, given by
X - m = JIN with a = 0,±1,±2,±3. . .i.e. , products of
terms for which X - m ^^ JlN will sum to zero. The
total induced pressure at any field is secured by
summing over H from -"> to +".

Upon use of (15) , (16) and (17) and looking after
the shifted time variable, using 9 = -ojt which shifts
to -ut + ui/U (x-x'), one obtains the velocity
potential in the form

FIGURE 2. Propeller coordinate system-projected
view looking upstream.

wake which is presumed to be known from wake survey
measurements

.

The pressure induced at a field point by a single
blade is given by the following distribution of
pressure dipoles

,(x,r,f,t) = N

p'U
iS,Nu)t

Ap;^ (?,p)Pj„(x,r,f;C,P) dS

A^^^
(19)

in which the propagation function, P_, is given by

p(x,rr,t) = — M

\ ApA{C,p)e - dS
) 8np R

X=0 (16)

where Ap;^ is the complex amplitude of the pressure
loading on the blade arising from the wake harmonic
order X and, as illustrated in Figure 3,

Sp is the surface of the blade, represented ap-
proximately by the helicoidal surface 5 = U/u a

n is the distance directed normal to the surface

R =
[ (x-C) 2 + r^ + p2 _ 2rp cos (9 + a - Y ) ] is

the distance from a point (S,p,9 + a) in the
surface Sp to the field point (x,r,-f)

9 = - Mt is the angular position of the blade

We note that the representation of
only approximate for a wake adapted
being correct for a constant pitch
uniform flow. Here we also assume
jumps on the blades, hpx, have been
calculated by the unsteady lifting
such as developed and programmed by
(1973)

.

To place the harmonic content of
the following identity can be used

the blade is

propeller,
propeller in
that the pressure
previously
surface theory
Tsakonas et al.

1/R in evidence.

cp at

1-1 ^ r 7, / li Iv ik(x-C),, im(9+a-f)
R-^ L. J

A, |(r,p,|k|)e dk e
ni=-o5 -co

-iMix
U

4tt^
m 3n

-ik?

«.Nto A
+ x'

IT '

dx'
im(a - f

)

dk (20)

where for each ^, m = A - J,n, and M is a practical
upper bound of the wake harmonic order number beyond
which the amplitudes of the wake harmonics are so

small as to render negligible values of Ap;^ for all
A > M. (A value of M = 8 is reasonable) . Details
of further reductions of the integrals involved in

(19) and (20) may be found in Jacobs and Tsakonas
(1975).

BLADE
REFERENCE

LINE
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To account for the presence of the free surface

which, at the frequencies of interest acts as a

zero potential surface (see Eq. (7) , we merely add

to (19) the potential (j)p. = -
(t>p (x,r^,yj^, t) in

which

+ (2d -^p'
2 _= r when z (21)

fi
-1

2d-z f when z d and

Tr/2 <f. < TT/r, f j^
(y=0) (22)

where d is the distance or depth of the propeller

axis below the free surface; Yp, Zp are the transve

and vertical coordinates of any field point (Figure

2). Thus, the total potential arising from the

loadings on an N-bladed propeller in the presence
of the free surface (neglecting the feed-back on

Ap;^ from the free surface) is

N
p'U

i2.Nut

Asymptotics of the Loading Potential

The fact that the disturbances induced by each of
the pressure jumps Ap^ are propagated by widely
different functions of the space variables x,r, f
must be emphasized as these behaviors have a most
significant impact on the pressure, velocities, and
the resultant forces generated on the hull. These
diverse characteristics can best be illustrated by
examining the asymptotics of the potential for
upstream locations which are large only with respect
to the x-wise extent of the blade surface. The

x-wise extent of the blades is given by the (chord)

. sin i(jp,ij; being the local pitch angle which, in

the radial region of heaviest loading, is normally

of the order of 25°. For merchant ships, the blade
chord in this region is of the order of one-half
the radius and, hence, the x-wise extent of the
significant position of a propeller is only about
0.2 radius. Thus, for axial distances of the order
of one diameter, the x-wise extent of the important
region of the blade can certainly be neglected in

an asymptotic analysis.

Using the expansion of R~ given by

E
A=0

Apx(5,P) [Pm(55'r,r;C,p)

-1 _

n" , /pr

'

2m- 1/2 (2) e
im{Q+a-f)

Pin(x,ri,ri;5,P)] ds (23)

and the spatial derivatives of this function yield
the velocities induced by the propeller and its

negative image in the free surface. Clearly (fip +

$„, =0 for all X and y_ for z = d.

where Q is the associated Legendre function, and

(x-C)2 + r^ + p2

2pr

Blade Thickness Potential

The potential, (J)^, induced by blade thickness may
be constructed from a distribution of dipoles (with

axes tangent to the helical arc along the blade at

any radius) whose strenths are given by V^, V being
the local relative resultant velocity and t the

local thickness provided by the expanded blade
section drawing. Using the helical geometry as

before, one can obtain

|)T-(x,r,f,t)
1

4tt
+ (ti)p)2 t(p,ci)

and retaining only the leading term in the expansion
of Q for large Z, one can arrive at the following
behaviors for the consituents of the loading poten-
tial, i.e., <i>-p

=
<i'

+ <!>(-,, i^T bsing the part
associated with thrust loading and ifiQ being that
arising from the torque-producting loading in the

forms:

m -iJlNe
C| .rl 'e
m

4ti^P 'u

(mSA-«.N)

L (A)
, ,m (p)p'

3 1^^
(24)

where aj)(p) and a^-(p) are the angular coordinates
of the blade leading and trailing edges.

To allow for the free surface, 1/R is replaced
by 1/R - 1/Rj^ with R- being the distance from the
reflection of the dummy point in the free surface
to the field point on or below the water surface,
making use of relations (21) and (22) . Again, to
place the harmonic content of 1/R and l/R-j^ in
evidence and to facilitate integrations over the
blade surface, the Fourier expansion (17) can be
applied.

-im-/' -imy.
xe 1

(x2+r2+p2) I'^l+^/S [x2+r2+p2+4d(d-Zp)] l""l^^/2

m -i«,Ne
mC

1
I

r
' '

e

m

4tt2p '0)2 (1+2 m)£

continued on page 284
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L (X)
, . m -2

m (p)p' '

-imf -im f.e 'i

where

(2|m|+l) r (1/2) r ( m +1/2)

|m|

function

and

r( m +1)
, r being the Gamma

(27)

L (A)
I , , , ima , , , , ,m = p
I

Apj^(p,a) e da, the load density

(28)

Here the effect of the free surface is included by
the last terms in each integrand. To exclude the
free surface, take the propeller depth of submergence
d = °°.

Limiting our attention to blade rate (S. = 1, - 1) ,

we see that, although the mean pressure jumps Apg
(X = 0) are much larger than those at all other
wake harmonics, the propagation functions for m =

X - S.N = ±N exhibit extremely rapid decay with
increasing x. In addition, we observe that the
radial loading for m = ±N obtained from Apg is
weighted by the oscillatory function giNa which
has the effect of producing an Lj^{o) which is
inversely proportional to N. In contrast, the
contribution for X = N, i.e., m = 0, is of the
form „

T
(N)

, ^

which has a "non-destructive" weighting function of
unity. Another feature which reduces the mean
loading contribution to the generation of forces
on the hull (wherein integration over the athwart-

ship variable yp is involved) is the presence of
the space angular function

iN
f =

-iN(tan yp/-p)

yielding pressures and velocities at different yp
which are not in phase. In strong contrast in the
propagation mode for the blade frequency loading

APf] (for which m = 0) , (()rp has no dependence on )o

or f ^, and all yp locations receive velocities and
pressures which are in phase with each other. On
the other hand, the coefficient C|n,| is large for
X = {being 5.5 for a 5-bladed propeller), whereas
C^ = 11 , the multiplier for the contribution from
the blade frequency Ap's.

These observations are succinctly summarized in

Tables 1 and 2 for the case of a 5-bladed propeller,
displaying the rate of decay with x, the variation
of the influence coefficients C

I

and mC L /l+2|m|
and the dependence on the angular space coordinates

f and -f^, without and with the free surface effect
for the dominant terms at blade frequency arising
from the loading at wake harmonics X = 0, N - 1,

N and N + 1.

One may observe in Tables 1 and 2 that the effect
of the free surface does not generally increase the
rate of attenuation of the potentials with x except
at or near all points in the vertical plane yp =

with the exception of the '^^.(^^ and 'if-^^^' arising
from blade frequency loading on the blades, i.e.,
X =N and m = 0, which show a change from x~2 to x""^

and x~^ to x~3 everywhere, respectively.
A dramatic contrast in the force-generating

capabilities of the pressure field components arising
from the mean (the largest) and the blade-frequency
loadings on the blades can be found by integrating
the pressures

-P'

3*^(0)

at
and -P'

3*^(N)

"Tt

over a rectangular region of half-breadth b arranged
symmetrically Zq units above the propeller and
extending from -f radii forward to s radii downstream
of the propeller plane. Upon defining the coeffi-
cient of the vertical force on the rectangle as Z^ '

'

F^(X) ^Zn"*/p'n^D^, we can arrive at the following

TABLE 1. ASYMPTOTIC CHARACTERISTICS OF BLADE FREQUENCY COMPONENTS
OF THE THRUST-ASSOCIATED POTENTIAL ^t FOR A 5-BLADED PROPELLER

FOR LARGE AXIAL DISTANCES

Wake Propagation Innuencc

Order Order Coef.

8.48

N-l=4

N=5

N + 1 =6

-1 4.71

3.14

4.71

Relative

Loading*

I (X)**

2pau

26.7

4.8

2.1

Dependenec on x.v^ and Vj

Without With With

Free Snrlaee Free Surface Free Surface

(yp = 0)

x(ei5^-e''% ^6d(d-7.p)x

x'5

10d(d-Zp)x

ur
6xd(d-Zp)

IxP

10d(d-Zp)x

jxl^ Ixl'

xe+



TABLE 2. ASYMPTOTIC CHARACTERISTICS OF BLADE FREQUENCY COMPONENTS
OF THE TORQUE-ASSOCIATED POTENTIAL 0q FOR A 5-BLADED PROPELLER

AT LARGE AXIAL DISTANCES
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Wake Propagation

Order Order

X m

Influence

Coef.

'"'^1 m
I

1 +2|m|

Relative

Loading*

2P«h

Dependence on x,i^ and vP;

Without With
Free Surface Free Surface

With

Free Surface

(y,, = 0)

N-l =4

N = 5

N + 1 =6

-3.86

-1.57

1.57

26.7

4.8

2.1

Ixl"

Ixj^

_l_

Ixl

e'^f.
15^,

Ixl

Ixl"
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As an order of magnitude formula, one might use

(30) for f = " with the correction for the free

surface included. This reduces to the complex
amplitude

1.0

(N) N

Sirp'n^RQ^

pAp Jin
n

0.2

(b+x/s^+z 2+p2+i32)

,
(b+ \Js2+Zg2+p2+b2+4ah)

s^+z 2+p2+4dh

s2+z^2+p2
dp

(31)

(which must not be used for hull drafts in way of
the propeller, h, which are small, as clearly Zip ^

-> as h ->- 0) . In practice, Apjj = afj(p) cos NO +

b{j(p) sin N9 , aj^, b^j being the chordwise average in-
phase and quadrature blade pressures given by the
unsteady lifting surface calculation.

With the foregoing considerations of the propeller
in mind, we now return to the surface force problem
for a general three-dimensional hull boundary and
prescribed propeller onset flow. In the following
section, a procedure is described for determining
the diffraction potential and the surface pressures
and forces in terms of singularities distributed
over the surface of the hull.

4. A DIRECT APPROACH FOR DETERMINING SURFACE FORCES

A "frontal attack" on the problem of predicting the
vibration forces generated on an arbitrary hull by
the induced flow of the propeller, (and its free sur-
face image) is to construct the potential of the hull
in the presence of these onset flows. This procedure
was first applied by Breslin and Eng (1965) to a

realistic hull form. At that time, however, only
the mean loading and the blade thickness were
accounted for in the flow impinging on the hull and
the computer time was observed to be excessive. In
contrast to these earlier efforts, the propeller
flow is now composed of all constituents of loading
and the (high frequency) images arising from the
presence of the free surface.

A solution for the potential, (f^, which satisfies
equations (3) , (4) , and (7) , is constructed by
distributing source singularities, a^ (x)e^"'^"^,

over the surface of the hull, such that

(X)
4ir

a„(x';

x-x' x-x!

dS(x')

(32)

where the region of integration is over the submerged
portion of the hull and Xj^ is the distance from an

FIGURE 4. Approximate moduli of B-F forces on
barge-like ship from pressures emanating from
mean and B-F loadings on a 5 bladed propeller
(in a single screw ship wake) as a function of
integration length forward of propeller.
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'image ' hull point to the field point, i.e, if

^' = (x',y',z_^), then x| = x',y',-z'). The source

strengths a„(x) can be determined by applying the

hull boundary condition (5) yielding an integral

equation

Since (fn
= on z = 0, the region of integration

in (34) may be extended to include the hull water-

line plane Sq (see Figure 1) , thus forming a closed

surface about the volume V inside the submerged

portion of the hull, and

(X)

4ir
a„(x')n

|x-x'i|

dS
F '1' = ipnNto
n

S+Sr

"ndS (36)

+ n(x) • i\ 0, X on S (33)

The integral term gives the contribution from all

source elements other than at the point of interest

on the hull. The contribution from the source at

that point is given by the first term, a^ix)/2.
Equation (33) with n • [Vckn + V<t)p^ ] as a known

n -'-n

input is solved numerically by the generalized
Douglas-Neumann program [Hess and Smith (1964)].

In practice, the hull surface is divided up into
quadrilateral elements over which a^ is considered
constant and the integral equation is replaced by

a set of simultaneous algebraic equations. Care
must be exercised to insure that the sizes of the

elements are small compared to the spatial "wave

length" of the propeller-induced velocity field.

This is particularly the case for field points just

downstream of the propeller since the velocity
components rapidly become proportional to sines
and cosines of N((u/U x- f) so that the wave length
of these signatures is X=2iTU/Na), which, for J-1
and N = 5, becomes X = 0.4Rq. In order to obtain
representations of an entire cycle, it is necessary
to take element lengths of one-quarter of this

length or about O.IORq. Upstream, the induced flow
is monotonic in x and the element sizes can be made

much larger without loss of accuracy.
It is acknowledged that the above-described pro-

cess does not, in principle, completely solve the

problem since the feedback of the hull sources on
the instantaneous flow experienced by the propeller
is not included in the propeller loadings Ap;^. To

do this would require joining the integral equation

for the propeller loadings (with input from the

propeller generated hull sources) to Eq. (33) to

form a pair of integral equations for Ap, and Ojj,

which, when solved interatively to convergence,
would yield the complete solution. For the present,
we are content to ignore the hull feedback on the
propeller.

Once the source densities on the hull surface
are found, it is convenient to determine the force
induced on the hull in terms of simple integral op-
erations on these sources . Although the Lagally
theorem and its extension by Cummins (1957) is known
for submerged bodies, it is necessary to develop a

form which is suitable for use for floating bodies
beset by high frequency flows.

The force as given earlier by Eq. (12) may be
considered as the sum of two terms Fjj ^""^ ^n
given by

where the symbols ( ) and (
) ~ are used to denote

a quantity evalutated on the outside and inside of

the surface of integration respectively. Noting
that for <}>n'^' given by (32), (i.e. thefn^"' ^3^-— • "J >--/ , rn "fn

potential is continuous across a surface distribution
of source singularities) , and using the vector

identity n = n • Vx, one obtains

Fjj(l) = ipnNu VxdS(x) (37)

S+S,

By means of Green's reciprocal theorem applied to

the volume V, (37) becomes

(1) = ipnHo) dS(x) (38)

S+S„

since V • V (x) = and ^
<i>-n~

= in V. A fundamental

property of a surface distribution of source singu-

larities relates the jump in the normal derivative

of the potential to the local source strength, viz.

n • V*^ (39)

But since n • V(|)j^+ = on S by virtue of the boundary

condition (5) , Eq. (38) may be written as

Fn'-"-' = -ipnNo) I I x a^ix) dS(x) +

S

ipnNo) J J X T-^ dS(x) (40)

The first term in (40) has the same structure as

that derived by Cummins (1957) for submerged bodies

generated by internal singularities. The second

term arises from the capping of the volume by

extending the free surface through the ship (proposed

originally by Breslin in 1971) . For the important

case of the vertical force, Fzn' we obtain

(1) ipnNo) ndS (34)

and
F,(l) ipnNo) z a^ix) dS(x) (41)

F,(2) = p ndS (35)

A similar analysis can be applied to the convec-

tive term F,,'^' (see appendix A) to obtain
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(2) = «S ''V ) dS + ju2 + (a)p)2 Tn^ • VH-^

3<()

dS (42)

r
Vp

inNu
(e-5')

dS' e V H,

(47)

in which again the first term exhibits the same

form as for a submerged body and the second term

accounts for the intersection with the free surface.

If it is assumed that 3(t> /3z = on z = (rigid

wall free surface condition for the steady flow

about the hull, i.e., low Froude number approximation),

then from (42)

F, (2) = -p a<; T^ (<fp + *p ) dS (43)

All of the variables in (47) pertain to the propeller

except Kin- ^in ^^ ^^^ amplitude of the fluid

velocity potential due to the bare hull travelling

backwards with speed U across the water surface

and oscillating with unit amplitude in the ith

direction and at the frequency nNw. Since the

details of the derivation of this formula may be

found in the cited literature we will only outline

major steps as follows.

The second term in (45) can be rewritten using

the following vector identity

and the total vertical force, F (D + F., (2)
'^n ^n '

becomes

(V^ (>„) (Hi • n) = (V<f)j^ • a^) (V3 • n) +

Vx[(t)n(a^ X Vs)] • n - (}>„ Vx (a^^ x Vg) (48)

= -P inNuz a_ + Oo t—
" ^ 3z

dS

(44)

As noted earlier, the first term under the integral

will dominate because of the large multiplying

factor nNo). This will be confirmed in the calculated

example to be presented subsequently. First, how-

ever, we outline an alternative approach for

determining the vibratory hull force which avoids

the need to solve for the diffraction potential.

Only the last term contributes to (45) , because V^
• n = (steady flow hull boundary condition) and,

by Stokes' theorem

Vx [(<{, (aj_ X V )] n dS = fa X Vg)d£

(49)

where the line integral is taken along the hull
waterline on which <i>^ = 0. Consequently, Eq. (45)

becomes

[inNtocti - Vx(ai x V^) ]
- n dS (50)

5. AN ALTERNATIVE METHOD FOR DETER.MINING THE

VIBRATORY HULL FORCES

Vorus (1971, 1974, 1976) has developed an alternative

procedure for determining the vibratory hull surface

forces which eliminates the need to solve for the

hull diffraction potential in the presence of the

propeller onset flow. The ith oscillatory force

or moment, Fj^_,, exerted by the pressure on the

hull may be written from (12) and (13) as

F. = p
in

(inHoj(t>„ + Vg • V(j)j,) n • Uj, dS

where the a^ are defined as

(45)

and, upon introducing the function H^^ which satis-

fies

V^H. =0 in fluid domain
in

H. =0 z = 0, outside S

(51)

(52)

V H, = n • [inNu) a. - Vx(aiXV )] on S(53)
in X J- -=

V H. -> as X + ", z <
in '

equation (50) is given by

F. = p
in

V Ki„ dS

(54)

(55)

ai = 1

C2 = J

"3 = ^-

aij = y k - z j

05 = z i - X k

«6 = ^' j - y i (46)

Vorus has shown that the solution for F^^, with no

additional approximation, is given by the formula

•n/No)

NU) ,. -inNut
in IT

dt e dS(C,p,6 + a)

-Tl/NU)

This form can be identified as one of the terms in

Green's theorem applied to the functions 41^ and

Hin in the fluid domain bounded by the hull surface

S, the free surface z = 0, and the surfaces of the

propeller blades Sp , and slipstream, Spj^, which

yields

N

HO)
dt e

-inNiot

-Ti/Nto
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^ - ^ I
dS H-

3np 3nj V'"P V I-I, dS
in

(56)

where fip"*" - (|>p~ is the jump in the propeller potential
across the blade and slipstream surfaces. The two
terms in (56) can be identified as the contributions
from blade loading and thickness, and with further
manipulation can be brought into the form of (47)

.

Equation (47) indicates that the velocity corres-
ponding to the potential Hj_n is evaluated over the
propeller blades and slipstream. The propeller
representation by distributions of dipoles directed
normal and tangential to the blade pitch surface is

the same as previously discussed. In the formula,
the velocity induced by the bare hull, VHj^j^, is

resolved into components in the directions of the
dipoles, multiplied by the dipole strengths, and
the products integrated over the blade and slipstream
surfaces. The first integral in (47), in time,

extracts the nth Fourier harmonic. Both the blade
position and the dipole strengths are functions of

time.

In the case of vertical force analyses, an
approximation to the improper integral in (47) has
been found to yield acceptable results. Let I be
defined as

I =

inNoj

U
(?-5':

VHi„ dS- (57)

If the oscillating exponential varies more rapidly
than VHj^jj, then the argument of the exponential can
be considered as "large" and I can be expanded in
an asymptotic series. '^^in should vary relatively
slowly aft in the propeller slipstream for vertical
oscillation of the bare hull and an asymptotic
evaluation should therefore be valid. (Such a
treatment may not apply to an athwartship analysis,
for example, where a rudder is involved in the bare
hull oscillation. ) To proceed with the asymptotic
representation, (57) is integrated by parts yielding

inNu)

U
(?-?')

inMci)

inNo)
(C-5')

inlJu

V K,

3 ^
V H. dCm

For the conditions stated, the integral term is

higher order. Hence, to one term.

I ~ -r^ np • V H. (5)
inllo) i^ in

(58)

and (47) reduces to

IT/No)

dt e
inNut

-TT/NCjJ

dS [p'VTn^

inNo) P in
(59)

in which the induced flow is evaluated exclusively
on the surface of all N propeller blades SpjT.

6. COMPARISON OF THEORY AND EXPERIMENT FOR A BODY
OF REVOLUTION

An experiment was conducted to measure the periodic
forces on a body of revolution adjacent to a propel-
ler loading provided a configuration which could
be treated in a reasonably exact fashion by potential
flow theory. As such, the experiment was intended
as a fundamental check on the theory and computer-
aided numerical procedures. However, it is believed
that the experimental technique can be extended in

the future to study more general hull geometries
and the effects of unsteady propeller loading and
transient cavitation.

In the following sections, the experimental
apparatus and procedures are described and the
force measurements are compared with the analytical
predictions.

Test Body and Propellers

The experiments were performed in the DTNSRDC Deep-
Water Basin [(22 feet (6.7 m) deep, 51 feet (15.5 m)

wide, and 2600 feet (792 m) long)]. Both the body
and propeller were supported and towed from Carriage
II which has a drive system capable of maintaining
speed to within 0.01 knot.

Forces were measured on the forward half of an
ellipsoid of revolution with a length/diameter
ratio of 5.65. This "half body" was mounted by a

specially designed strain-gaged flexure assembly
to the forward end of a massive streamlined after-
body, attached to the towing carriage by a single
strut. The propeller was driven by the DTNSRDC
35-horse-power dynamometer, separately supported
from the towing carriage and positioned so that
both the propeller shaft and body axes were aligned
parallel to the direction of flow as illustrated
in Figure 5.

The half body consisted of a 0.25 inch (0.64 cm)

thick fiberglass shell measuring 36.0 inches (0.91

ra) in length and 12.75 inches (0.324 m) in maximum
diameter. The shell was filled with polyester foam
in order to minimize the mass and obtain a high
natural frequency, sufficiently above the propeller
blade rate frequency range to reduce nonlinear
resonance effects. The aluminum, free-flooded
afterbody, together with its support strut had a

low natural frequency to prevent mechanical vibra-

tions from the propeller dynamometer gears and

shafts passing through to the body force dynamometer.

The towing strut was attached to a large frame

,

mounted on the propeller dynamometer structure.

Slotted pads supporting the frame permitted trans-
verse and longitudinal adjustment of the body
location and orientation. Vibration isolating
mounts were placed in the framework to further in-

hibit "pass through" vibrations.
Vibratory forces were measured for two propellers.

DTNSRDC propeller 4118 is a 3-bladed, 12-inch (0.305

m) diameter aluminum propeller designed for uniform
flow. Propeller 4119 is identical to 4118, except
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FIGURE 5. Experimental
arrangement. AFT VIEW PROFILE VIEW

that it has twice the blade thickness (and a slight

difference in pitch to correct for the added thick-

ness) . The principal design characteristics of

the propellers are -listed in Table 3. The propellers

were designed by lifting-surface methods and both

open water performance [Denny (1968) ] and field

point pressure measurements [Denny (1967) ] have

been reported. It should be noted that the theoret-

ical predictions of field point pressures agree

very well with the experimental measurements (at

design advance coefficient) and the same propeller

theory is applied in the present surface force

calculations.

The Force Dynamometer

A dynamometer was developed to measure the horizon-

tal component of the unsteady forces produced on

the half body by the propeller. The half body is

cantilevered from the afterbody on five (5) flexures.

Forces are determined by measuring the strain in

one flexure, while the other four flexures absorb

the vertical force and moments as illustrated

schematically in Figure 6. The measurement flexure

transmits vertical forces and moments with miminal

stress while resisting a large part of the horizontal

force (calculated to be over 90 percent)

.

Two competing requirements governed the flexure

design - the need to resolve small forces and the

desire to maintain the natural frequency of the

flexure-half body system far above the propeller

excitation frequency. Also the flexure was expected

to experience large (static) forces arising from

flow misalignment and hydrostatic loading.

From the relationships for stress and stiffness

of a simple cantilevered beam, it is known that

for a given force , the flexure should have a low

stiffness in order to produce maximum strain. This

in turn would require a small body mass to keep the

natural frequency high. However, if the body is

too small, the resulting propeller force signal

becomes difficult to retrieve in the presence of

background noise . Although sophisticated techniques

were employed to reduce electrical noise and boost

signal power, it was not possible to completely
eliminate mechanical noise generated by the rumbling
carriage. VJith these compromises in mind, the
flexure was designed for a frequency ratio of 0.5,
producing minimally acceptable stress levels of
1000 psi (6.9 pPa) for the one pound (0.454 kg)

force in this experiment.

TABLE 3. PROPELLER GEOMETRY
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DIRECTION

OF MEASURED
FORCE

SUPPORT FLEXURE (4)

0.750 IN. X 0.035 IN.

( I .90 CM X 0.084 CM)

MEASUREMENT FLEXURE
0.500 IN. X 0.005 IN

( 1.27 CM X 0.0127 CM.)

FIGURE 6. Schematic diagram of flexure arrangement.

For simplicity and economy, the flexure consisted
of conventional steel shim stock clamped between
the half body and the afterbody by sets of wedges.
The flexures were pinned and epoxied to the wedges
prior to insertion into the dynamometer plate.
Before assembly, eight strain gages were mounted
and waterproofed, with one gage placed at each
corner of the two large faces of the flexure. The
gages were electrically compensated for tension
(or compression) and torsion. In order to check
vertical alignment to the flow, two of the support
flexures were also strain-gaged.

Calculations indicated that the measured strain
in the flexure due to dynamic forces would be 135

percent of the strain due to a static force with
the same amplitude, assuming small damping. Also,
the phase angle of the strain relative to the applied
force would be affected by the large ratio of
excitation frequency to the natural frequency.
Consequently, the experiment incorporated an inter-
nally mounted electromagnetic voice coil to calibrate
the measurement flexure as a function of force
amplitude, frequency, and forward speed. Initally,
with a series of known static forces applied to the
body, a current was applied to the coil to return
the body to its unloaded position, as indicated by
the strain output from the measurement flexure.
These static calibrations revealed that the coil
current varied linearly with applied force and that
the flexure strain was virtually independent (less
than 2 percent variation) of the axial location of
the applied force.

Dynamic calibrations of the dynamometer were
performed using a frequency generator and amplifier
with the known sinusoidal current directly input to
the coil. (It is assumed that in the low frequency
range of interest, to 60 Hz, the applied force
is independent of frequency) . The response amplitude
(relative to the applied current or force) was
found to vary linearly with the applied force. By
averaging the data, the transfer function for each
frequency and forward speed was determined as shown
in Figure 7. These results revealed anomalous
behaviour for frequencies of 20 Hz and 50-60 Hz,
which were later identified as resonant frequencies
associated with the towing structure.

Instrumentation and Data Acquisition

During each data run the following physical quanti-
ties were measured (see Figure 8) : the force on
the half body, the surface pressure at two locations
on the body, the distance between the body and the
propeller (tip clearance) , propeller blade angular
position and rotation speed, the forward speed of
the towing carriage, and the horizontal accelerations
of the afterbody.

Pressures were measured by metal diaphragm solid-
state gages (KULITE XTMS-1-190) flush mounted to

the half body surface. The propeller tip clearance
which varied slightly with forward speed, was
determined by measuring the distance between the
35-horsepower dynamometer body and the test after-
body at two axial positions using linear variable
differential transformers (Schaevitz 1000 HCD)

.

These low friction devices recorded relative move-
ment without transmitting mechanical vibration.

The propeller blade angular position and rotation
speed were measured by a Baldwin Shaft Position
Encoder mounted on the 35-horsepower dynamometer
tachometer shaft, generating one interrupt per
degree of revolution and another interrupt once per
revolution. During the experiments each data channel
was sampled for each six degree increment of propel-
ler rotation, thus providing 20 samples per cycle

for blade frequency quantities. (The time lag
between successively sampled channels and the delay
between the encoder interrupt and capture of the

sample, together amounting to several degrees of

rotation, were later accounted for in the data
reduction) . Analog data output from the measurement
tranducer was digitized and stored on magnetic tape.

Data for each angular position of the propeller
were summed and averaged over several hundred
revolutions in an attempt to reinforce the signal
of interest while self-cancelling random noise.

In order to determine the blade-frequency com-

ponents of the unsteady force (and pressure) on
the half body, a Fourier analysis was applied to

the averaged data to yield the coefficients of the

series g

F{e) = -:::—I- ) a cos m6 + b sin m6,-iT £ 6 iTT
2 / m m

m=l

9

r- c COS (m9 - Y )m m (60)

m=l

in which 6 (t) is the blade position angle (Figure

8). For the three-bladed propellers, the nondimen-
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FIGURE 8. Schematic diagram of
experiment.

=J>F

AFT VIEW IN PROPELLER PLANE

AFTERBODY

PLAN VIEW

sional amplitude and phase of the blade frequency
force F3, are given by

F 9 1,

1 ,-
-1

tan

+ hi

(ba/as)

(61)

(62)
F 3

where the phase angle, Gp, is the position of the
reference blade when the force is a positive maximum
or, from Figure 8, Sp is the angle by which the
force leads the blade position.

difficult to process. An example of this type of

run and comparison with a good data run is shown
in Figure 12. Generally, the low amplitude data
resulted in force coefficients much below the
values obtained from the higher amplitude data.
Second, for certain runs the data were overscale on

the individual records, but not in the averaged
plot. These overscales, if abundant, produced
anomolies. Third, structural resonances of 18-20

Hz and 55-60 Hz grossly distort data for blade
frequencies with these values. To the extent
possible, data contaminated by these problems were
discarded and are not in the results presented.

Experimental Results

Force measurements with propeller 4118 located 16.0

in. (6.3 cm) aft of the nose of the body and with

a nominal tip clearance of 3.0 in. (1.18 cm) are

given in Figure 9. The force generally increases

in amplitude and lags further with higher propeller
loading. The data points at design J (0.83) for

speeds of 4 and 8 knots show good agreement. In

Figure 10, the blade frequency pressure induced on

the body in the plane of the propeller [x = 16.0 in.

(5.3 cm)] shows a monotonic increase in amplitude
with increased propeller loading and repeats well
for different speeds.

Force measurements with propellers 4118 and 4119
positioned 10.0 in (3.94 cm) aft of the nose of
the body [4.5 inc. (1.77 cm) tip clearance] are
shown in Figure 11. Over the range of propeller
advance coefficient, the force amplitude tends to

increase with increased propeller loading and the
effect of thickness is demonstrated.

The data exhibit some scatter for reasons not
yet fully understood and further calibration experi-
ments and data runs are needed. The variation in
the data for different speeds (and hence different
propeller excitation frequencies) is particularly
disturbing. It may be noted that a post-test
examination of the raw (unaveraged) data for the
flexure, displacement, and afterbody accelerometers
revealed three specific sources of difficulty.
First, low amplitude data, particularly for speeds
of 6 knots and a blade frequency of 35 Kz, was

20
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Good Data Run

FIGURE 12. Examples of force measurement
flexure signal output - data averaged over
several hundred propeller revolutions.
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THICKNESS CONTRIBUTION

OOWNSTREAM

FIGURE 14. Variation of blade frequency verti-
cal velocities induced by 3-bladed DTNSRDC
propeller 4118 at r = 1.5R and 4> = 0.

1

C2
= - Jin

2[l+\Jl-5^]
- 1

(1-262) J1..52

(68)

and by a suitable coordinate transformation from

(M,;;) to (x,r), the velocity V %„ ^^"^ ^^ calculated

at an arbitrary point on the propeller blades.

In general the propeller dipole strength repre-

senting blade loading is a function of blade position

e (t) , i.e., Ap = Ap(p ,a+e (t) ) . However, in the

present experiments the inflow to the propeller is

uniform so that the loading is steady and Ap = Ap

(p,a). The blades of propellers 4118 and 4119

employ NACA a = 0.8 meanline sections. For this

section, and assuming a radially elliptical distri-

bution of bound circulation, the pressure jump

across the blade is given by

8T
^0 -

\, ,

Ap(p,a)

in which

0.9(ai- a„) TT(R 2 - R '^)N
I o H

F(a) (69)

F(a) = S

a -a
t

^ ^V^

a £0^:0. 8a +0.2 a„
I t I

0.8 a + 0.2 a ;S a i a (70)

and T is the steady propeller thrust.

The calculated values of the forces produced on

the spheroid for conditions corresponding to those

in the experiment are summarized in Table 4 showing

the separate contributions arising from blade loading

and thickness as well as the total forces. The

latter are also displayed in Figures 9 and 11 and

agree quite well with the measurements.
Additional parametric calculations were performed

to study the effect of propeller location on the

force produced on an ellipsoid arising from propeller

mean loading and thickness. In Figure 15 the

attenuation in force (amplitude) with increasing
tip clearance is illustrated. (The phase was found

to be essentially independent of tip clearance)

.

Calculations are presented in Figure 16 for a series

of axial positions of the propeller with the tip

clearance held fixed. As the propeller is moved
aft from the nose of the body, the force increases

TABLE 4. FORCE CALCULATIONS USING METHOD OF VORUS (1974)

PROPELLER
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3.0

2.0

TOTAL

THICKNESS

MEAN

l.OU LOADING

PROPELLER 4118

i= 16.0 IN

J = 0.83

C/Rq = 0.25

IN EXPERIMENT

_L
0.0 0.1 0.2

C/R

0.4

FIGURE 15. Modulus of blade- frequency force on ellip-

soid as a function of propeller tip clearance [calculated
using method of Vorus (1974)].

as procedures for predicting transient blade cavity
geometry and the attendant pressure field become
available, this important feature can be incorporated
into the analytical representation of the propeller
and the analysis of induced forces.

As with any theoretical development of this kind,

the usefulness and limitations can only be fully
ascertained by comparison with a sufficient number
of experimental measurements. The comparisons
presented in this paper for the simple case of a

body of revolution adjacent to a propeller in uniform
flow represent an encouraging first check. This
experimental technique can be extended to examine,
in a systematic manner, the effects of nonuniform
flow (unsteady blade loading and cavitation) and

more general body shapes. For example, wire screens
selected to produce certain wake harmonics can be
towed upstream of the propeller. At the same time,

the need is evident to undertake calculations for

comparison with results of the many experiments
reported during the past several decades.

rapidly, largely due to the thickness contribution.
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APPENDIX A
THE LAGALLY FORCE ON A FLOATING BODY REPRESENTED
BY A SURFACE DISTRIBUTION OF SOURCE SINGULARITIES

tives of these functions on each side of the surface

S are related to the source strengths in the form

vj' = V ~ + na^ (A-4)

The force F (2) arising from the convective term
of the linearized unsteady pressure, Eq. (35), is

given by

F,(2) n dS (A-1)

where, as before, the symbols and ( ) denote
quantities inside and outside the hull surface, S.

We assume that the solutions for V^ and (f:-^ are
known in terms of distributions of source singular-
ities and images over the surface S as

fn+

from which it follows that

X on S

• ^*n+ Vc

(A-5)

(A-6)

since V^ • n = V<i>n • n = 0.

We now apply Green ' s theorem to the functions

Vs" and V((ijj" in the closed volume V surrounded by

the surface S and Sq, where Sq is the hull water-
line plane, obtaining

S+Sp

ndS = V(V"

*s(x) = - ^ j°3(xM

^ S

T^ +^ + G(x,x' )

x-x '
I X-X ' i I

ntx)
4ir

On(x')

dS

x-x' x-x'

(A-2)

dS + ((ip

[V-- V(V(j)n-) + Vcjin'-VVg-] dV (A-7)

since V x Vg = V x V^)" = in V. Using Gauss'

theorem and the fact that V • V^- = V • V$j^- =

in V, (A-7) may be written as

n dS

(A-3)

in which Og (x) and Oj^(x) are the source singularity
strengths, xl is the image point of x, and G(x,x')
is the "wave potential" of a source located at x'

and is regular in the half plane z < 0. The deriva-

S+Sp

[Vg" (V(|)n" • n) + Vcfn" (Vg • n) ] dS (A-8)

S+So

and hence
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Vg- •
V({.rr n dS = [V- (V4)n • n

+ V(f.j7 (V3- • n)] dS

[V3- {V<f„- • t)

(A-13) becomes

•(2)
(On V(t.s + 0g V(f,^)dS

3<})

+ P V<t.c

n dS
3z

(A-15)

+ V<j>n- (V3- • n) - V^s "fn n]dS

(A-9)

The last two terms in the integral over Sg combine
to yield

- (n X V) X
(fn Vg-

(A-10)

The first term on the righthand side of (A- 10)

vanishes since (f)^ = on Sq . The second term also
vanishes, since by Stokes' theorem

{n X V) X ^- Vc dx X
(Jjjj V3 =0 (A-11)

The first term has the same structure as the steady
flow Lagally force derived by Lin (1974) for a
linearized source sheet representation of a slender
strut piercing the free surface. The second term
arises from the intersection of the hull with the
free surface in unsteady flow.

In the low Froude number approximation, 3cfig/3z

= on z = (rigid wall representation of the
free surface), and G(x,x') -+ 0. In this case (A-2)

and (A-3) yield

fS 4^ Og(x')

Ix-x'.
I

3
' 1 '

dS

and

where the contour Cq is taken as the hull waterline.
Consequently, using (A-6) , (A-9), and (A-10) , the
expression for the force becomes 4Tr

a„(x')
x-x'

x-x'.

dS

(2)
[V3 {V<t>n • n) + V^p- (V3- • n)

+ V(!>p + V(t.r (A-16)

Og G^ n] dS + p V3- (V(|.
- • n)dS {A-12)

The contribution from the free stream, iu(in Vg)

,

vanishes since

iU(V(j)n • n)dS = iU V^^^ dV =

for X on S, and where the integrals are to be
interpreted in the principal value sense. Inserting
these expressions into (A-15) and performing the
integrations, the equation for the force reduces to

F '^> = - P ag(V(j)p + V(j)p ) dS
n In

S+Sq V

Also noting that Vijij^ • n = - a^ and V3 • n = - 03,
(A-11) reduces to

3(}i

+ P ^S 3l
dS (A-17)

(2)
[On V<t>3 + Og V(j)n + 03 On n] dS

+ P '*s" ''*'n n <iS (A-13)

which is the result given as Eq. (42) in the text.
The reduction in the first term reflects the fact
that there is no net force arising from the mutual
interaction of the body sources.

or, upon defining

v*3+ + v^;

APPENDIX B

REDUCTION OF THE ANALYSIS OF PROPELLER INDUCED
VERTICAL SURFACE FORCE TO AN INFINITE FLUID

PROBLEM

The linearized unsteady pressure at a point, x,

on the ship hull surface is given by (8) as

V*n

V(() + + Vtj) -
n n

(A-14)
p(x,t)

3t
(x,t) + V„ (X) |(x,t) (B-1)
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and the vertical force acting in the hull, from

(10), is

p(x,t) k dS (B-2)

a*
HP ^1— (X^,t) - VgCx) • V(l)pjj(X^,t)

Now if Vg = (U + Ug, Vg, We) > the symmetry of Vg
is such that Ug and Vg are even in z, while Wg is

odd in z. It follows that

In the high frequency approximation, (|) = on the

free surface, z = 0, and this condition can be

satisfied by constructing an image of the hull
surface and a negative image of the propeller in

the upper half space and allowing the fluid domain
to extend to infinity in all directions. The

negative image propeller is identical to the propel-
ler proper, but rotates in the opposite direction
and the signs of the dipole singularities represen-
tating the effects of loading and thickness are

reversed from those of their images in the lower

half space.

The image hull surface, Sj is identical geomet-

rically to S, but the signs of the singularities
on Si required to diffract the unsteady flow from
the "two propellers" will be reversed from these
on S due to the symmetry. The magnitudes of the
singularities at image points will be equal.

VgCx) • V(l>pjj(x^,t) = Vg(x^) • V(t)pjj(Xj^,t)

and hence

p{x,t) = PpH(x,t) - PpH(Xi,t)

in which

^PH 8t ^^S •"PH

(B-6)

Thus, the unsteady pressure at points on the hull

can be obtained from calculations, or measurements,
of pressures at image points on the double-hull,

with the double-hull and propeller deeply submerged

.

Turning now to the formula (B-2) for the vertical
force , we obtain

low Froude number approximation will sajtisfy the

rigid wall free surface condition Vg • k = 0. In

this case, the steadily moving hull can be reflected
into the upper half plane with a positive image

singularity system, i.e., the singularities on the

image surface, S-^ will be of the same sign as the

singularities on S to diffract the velocity iU.

Because of the assumed linearity, the unsteady
potential may therefore be considered as the sum of

contributions from the propeller and hull and their
respective images

.

(B-3)

where

"Pi ^Hi

F, (t) Ppjj(x,t)n • k dS

p (x. ,t)n • k dS (B-7)

But since n (x) • k =

written as

F^(t) =

-n(x.) • k, (B-7) may be

p (x,t)n(x) • k dS

*g(S,t) = - *Hi(%'t)

(|>p(x,t) = - ())p^ (Xi,t)

x^ = (x,y,-z)

for all (x,y,z) outside the surface S + S,-

define "PH I'H then it follows that

'(x,t)
''PH

(x,t)
•^PH

(Xi,t) all X

(B-4)

If we

(B-5)

Therefore, the complete unsteady potential in the
fluid beneath the zero potential free surface can
be obtained entirely from consideration of the
propeller and the double-hull in an infinite fluid.

The unsteady pressure at a point on the hull
surface S is now given by

P(x,t) = PH
(x,t) Vg(x) V(j)pjj(x,t)

p„^(x. ,t)n(x, ) • k dS
HP 1 1

(B-8)

or, since the image hull S^ is geometrically iden-

tical to the hull proper.

F^(t) = - Pjjp(x,t) n • k dS

S+S-

and consequently the unsteady vertical force on the

hull can be obtained from force calculations, or

force measurements, using the double model and
propeller deeply submerged.
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ABSTRACT

The Special Research Pool within the Institut fur
Schiffbau and the Hamburg Shipmodel Basin (HSVA) in
collaboration with the Technical University Munich
and Det norske Veritas executed extensive full-scale
measurements on the Single-Screw Container Ship
"Sydney-Express." The main task of the project was
the determination of the free air content of the
seawater in front of the propeller during the voyage
from Australia to Europe

.

Simultaneously the velocity was measured at the
control point within the Laser-beam, where the free
air content was measured by the scattered light
technique. Additional investigations were a deter-
mination of the water-quality, high speed films and
sterophotography of the cavitation at the blade,
and pressure fluctuation measurements above the
propeller.

1. INTRODUCTION

For several years the dynamic behaviour of small
gas bubbles or nuclei in hydrodynamic pressure
fields has been recognized as an important influence
on cavitation inception and its extent. Besides
other scale effects in the field of model propeller
testing, the importance of this influence of nuclei,
which also effects propeller excited pressure
fluctuation measurements, was often underestimated
and neglected. Thus, for instance, the results by
van Oossanen and van der Kooy (1973) have shown
that for equal non-dimensional flow conditions but
different absolute revolutions (i.e. n = 20 and
n = 30 Hz) the non-dimensional propeller excited
pressure amplitudes were different. After the
development by Keller (1973) of a practicable laser-
scattered-light (LSL) method for measuring the
undissolved air content, systematic cavitation and
pressure fluctuation measurements were carried out

in the medium cavitation tunnel of the Hamburg Ship
Model Basin (HSVA) with the model propeller of the
"Sydney Express" [Keller and Weitendorf (1975) ]

.

The results were similar to those by van Oossanen
and van der Kooy. Due to the additional application
of the (LSL) technique, the differences of the
nondimensional pressure amplitudes for different
revolutions could be clearly explained by the
influence of the free air content or nuclei on the
cavitation. A further finding was that the non-
dimensional pressure amplitudes and the cavitation
for a revolution of n = 15 Hz were increasing with
growing free air content, whereas the cavitation
and those amplitudes for n = 30 Hz remained more
or less constant. The different behaviour for
n = 15 Hz and n = 30 Hz were explained by Isay and
Lederer (1976, 1977). Using the theory of bubble
dynamics they found that the reactions of the
bubbles on the respective pressure gradient of the
propeller blades at n = 15 or n = 30 Hz were differ-
ent. Further, these investigations led to criteria
of cavitation similarity of such a kind that the
number of nuclei per unit volume of the model flow
had to be increased compared with the number of

nuclei of the full scale flow. By geosim tests
with hydrofoils or propellers it should be determined
to what extent these additional criteria for cavi-
tation similarity are applicable.

Keeping in mind these physical connections , the

full scale trials on the container ship "Sydney
Express" were planned. These investigations were
the first attempt to measure the nuclei distribution
in seawater around a ship by means of the LSL
technique . The nuclei distribution could serve as

a basic value for the geosim tests and perhaps as a

comparative standard value of the water quality for
model cavitation investigations. Furthermore, the

experiences, made during the almost adventurous
measurements on the "Sydney Express" with the LSL
technique in front of a full scale propeller, could
be of common interest because the introduction of

300
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optical laser methods is a promising tool in the

research fields of boundary layers and propeller
flows

.

The additional investigations on the "Sydney
Express" help in full-scale model correlation only
slightly; the main purpose of these measurements
was the securing and better interpretation of the

scattered light results. The following additional
measurements were performed:

1. Propeller-excited pressure fluctuation
measurements with six pressure pick-ups above
the propeller.

2. Cavitation observations for determination
of the thickness and extent of the cavity by
means of stereo photography.

3. Investigations of water-quality by means of

a simple scattered light method (Aminco-

colorimeter) for detecting suspended particles
and total air content by means of a Van-Slyke-
apparatus . For both measurements water
samples were taken.

4. Velocity measurements in the control volume
of the scattered light measurement in order
to estimate the bubble concentration.

The "Sydney Express" , as one of the fastest
German single screw merchant ships, was chosen for
the investigations because its propeller has an

interesting cavitation extent.

2. SHIP DATA AND PREPARATION OF THE MEASUREMENTS

installations. For reasons of the ship's safety
and also to enable proper cleaning these windows
were pushed through 350 mm sluice valves together
with their tubular guide pipes. The windows, of
which only that opening was marked in Figure 1

which had been used for measurements, were arranged
between frames 12 and 13. Also, the fitting of the
three 350 mm sluice valves required skillful impro-
visation on the spot. The installations of the
sluice valves for the pressure pick-ups, dimensioned
in Figure 1, and of the cavitation observation
windows were carried out without any difficulties.

In addition, all electric lines were laid out
from the measuring pick-ups to the measuring con-
tainer during this period. The necessary amplifiers,
digital magnetic tape recorders, and computer (HP

2100 A) with its peripheral equipment were located
in this measuring container. The measuring container
was located in hole 6 directly on the tank deck of
the after peak, in the last bay. For the determi-
nation of the performance data of the ship, strain
gauges were attached to the shaft. In addition,
the shipborne electro-magnetic log (system Plath)
for determination of the ship's speed was connected
to the computer via an isolation amplifier. Thus,
the ship's speed and power could also be recorded
at each pressure fluctuation- and LSL-measurement.
A recalibration of the log was made on the outward

voyage in the North Sea by means of a speed measure-

ment carried out by the Hamburg Ship Model Basin

using their method with a resistance log.

The single screw, turbine-driven ship "Sydney Express"

has been built by Messrs. Blohm and Voss AG, Hamburg
(No. 872) and belongs to the so-called second
generation of container ships.

The main data of the ship are given in Table 1:

TABLE 1 - "Sydney Express" - Data

3.

Ship Dat
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FIGURE 2. Arrangement of test setups.

The results of the pressure fluctuation measure-
ments for the Tests No. 1-4, 11 and 13-16 are given
in Figure 3 showing the dimensionless pressure
amplitudes of the blade frequency for the pressure
pick-ups PI, P3, P4, and P6 . They have been
harmonically analysed on the HP-computer in the
measuring container. As usual with right-hand
propellers the pressure pick-up on the starboard
side (here: P3) clearly shows higher values than
that on the port side (P4) . Figure 4 shows the
amplitudes measured by these two pressure pick-ups
up to the 15th harmonic. The harmonic analysis has
been carried out for a "representative" revolution,
resulting from the average of 60 propeller revolu-
tions .

Figure 5 shows the pressure fluctuations measure-
ments versus propeller rpm for the pick-ups P3 and
P4 for two drafts applied during the voyage in the
Indian Ocean. At t±iis point in time the propeller
was already damaged. Further data of tihese measure-
ment runs can be found in the Tables 3a to 3h.
Examples of the results of harmonic. analyses up to
the 15th harmonic order for the pressure pick-ups
P3 and P4 are shown in Figure 6. In Figure 7 a
comparison is given of the pressure amplitudes of
these harmonic orders for the pick-up P4 (port) in
shallow and deep water. In shallow water the
pressure amplitudes are only slightly higher (5.8%)
than that in deep water. Witih the pick-up P3
(starboard) the difference was even smaller (1.0%
increase)

.

80 90

Undamaged Propeller

Mediterranean

FIGURE 3. Pressure fluctuations.

The lower pressure amplitudes of the blade
frequency in the Indian Ocean (Figures 5 and 6)

compared with that in the Mediterranean (Figures
3 and 4) are to be attributed to a significantly
stronger, but mainly stationary cavitation of the
damaged blade (No. 3) . A comparison between Figures
4 and 6 shows that due to the damage the pressure
amplitudes of the "not-blade-number" frequencies
have been strongly increased in opposition to the
blade frequency. It should be noted that the ship
superstructure vibrated strongly after the propeller
had been damaged. This damage resulted from a ground-

1

'^pn
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Table 2a

Test No.

Date

Speed Vg [kn]

Revolution n [rPm]

Power Pd [mw]

Draft aft [m]

Draft forward [m]

Course
Sea region
Wind [Beauf]

Wind direction
Water Depth [mj

Table 2b

Test No.

Date
Speed Vg [kn]

Revolution n [rPM]

Power Pp [mw]

Draft aft [m]

Draft forward [m]

Course
Sea region
Wind [Beauf]

Wind direction
Water Depth [m]

1
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Table 3d Measurements in the Indian Ocean

Test No.

Date
Speed Vg [kn]

Revolution n [rPm]

Power Pq [mw_

Draft aft [m]

Draft forward [ra]

Course
Sea region or pos.

Wind [Beauf]

Wind direction
Water Depth [m]

79 80 81

— 4. 12.77

11.9 11.9 11.9

59.2 60.1 61.3

7.1 7.3 —
9.37 9.37

8.08 8.08

82 83

11.7 12.0

60.9 61.3

9.75
7.82

31A°

9.75
7.82

9.75
7.82

2°58'N;59°44'E; ^ 3° 15 'N;59°27 'E——
1 t2 —

—

.

225° —
3250 3250 3250 3250 3250

Table 3e Measurements in the Indian Ocean

Test No.

Date
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FIGURE 5. Pressure fluctuations during laser-scattered-
light (LSD -measurement.
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Harmonic Order n

FIGURE 7. Harmonic components of pressure fluctuations.

ing due to a thunderstorm at the entrance of the
Suez Channel. The cavitation of the damaged blade
was so strong that it existed during the total pro-
peller revolution. This could be seen through the
cavitation observation windows. Unfort:unately , no
photographies were made because the measuring crew
of Det Norske Veritas carrying out the cavitation
observations left the ship in Port Said.

In the Mediterranean, however, a large number
(about 800) of black-white photographs of the
undamaged propeller were made with the equipment
of Det Norske Veritas with stroboscopic lighting.
Since pictures were always taken with two Hasselblad
cameras it might be possible to carry out stereo-

jKpn

0.03

ao2

001

0.03

00 2

0.01-

Pressure Pick -Up P3 (St-B)

iii I I I I I I I I

Pressure Pick- Up Pi (Port !

iiii I I I I I . I I

1 5

TEST NO 70

Damaged Propeller

Indian - Ocean

10 ^ 15

Harmonic Order n

Vs = 21.8 Kn
n =101.7RPM

FIGURE 6. Harmonic components of pressure fluctuations
during LSL-measurement.

metric measurements of the cavitation layers in

dependence of the blade positions. As an example

for the cavitation extension of n = 105 rpm a

collection of photographs is shown in Figure 8.

These pictures were made with a camera with a fisheye-

objective. The photographed condition belongs to

Test No. 16.

4. INVESTIGATION OF THE WATER QUALITY

Measurements of Suspended Particles

In addition to nuclei measurements, which will be

described later, the content of suspended particles
was investigated as often as possible. This was

necessary for two reasons: the LSL-method does
not allow direct differentiation between solid and

gaseous particles. Thus it became necessary to

estimate the proportion of dirt or organic particles
(probably contained in the water) in the measured
nuclei sprectra. For these investigations a

scattered-light instrument (nephelometer) was used;

the J4-7439 fluoro-colorimeter of the American Instru-
ment Company (Aminco) . The Aminco-scattered-light
instrument works on almost the same physical princi-
pie as the LSL instrument. Water samples of 1 cm^,

investigated in the Aminco-colorimeter under a

scattered light angle of 90° were exposed to a green

light (514 nm) as in the laser control volume. The

geographical positions where the Aminco scattered
light measurements were carried out (as well as all

the other measurements described in this report)

are shown in Figure 9

.

The results of the Aminco scattered light investi-

gations, given in Figure 10, were obtained in the

following way:
Water samples were taken from the condenser in-

flow of the ship's turbine during the voyage. One

part of this water was poured through a filter with

a pore size of 0.4 \im. Anotiier part was used for

tmfiltered samples, which previously were roughly
degassed by stirring and shaking. Subsequently,
the unfiltered and filtered samples were investigated
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FIGURE 8. Cavitation "Sydney-Expess .

"

in the Aminco-colorimeter . The deflection of the

meter for the filtered sample was adjusted on the

indicating scale to "0", which served as reference
value. Measured values of unfiltered samples are
shown in Figure 10; Relative Intensity is an

arbitrary unit.
The first measurements, at the end of October,

were made with a one-hole-aperture in the beam
path, the following ones with a four-hole-aperture
due to a thereby increased intensity.

In order to obtain a general idea of the sensi-
tivity of the Aminco scattered light method,
standard solutions were produced using the plastic
spheres also used for the calibration of the LSL-
instrument. It is apparent from this that five
parts per cm with a diameter of D = 25.7 pm could
still be measured.

Many results from investigations of sea water
did not show any difference between filtered and
unfiltered samples. The content of suspended
particles was thus very small in the Indian Ocean;
it was below the response level of the Aminco-device

.

The samples taken on the 7th December 1977 contained,
however, suspended particles. They descended from
the shallow water region of the Bab-el-Mandab at
the entrance to the Red Sea.

The lack of knowledge about the back scattering
qualities of the particles appears to be a problem
when applying this scattered light method with the

Aminco-colorimeter. A more expanded and intensive
investigations of suspended particles, for instance,
with coulter counter, could not be carried out within

j

the frame of this research work.

+ Scattered Laser Light M.

©Velocity Measurements

FIGURE 9. Positions of measurements.

» Aminco - Colorimeter

T Total Air Content
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Measurements of Total Air Content

Although the water should always just be saturated

at the surface, the gas concentration c of the

sea water was also continuously determined from

water samples with a Van-Slyke-apparatus . The

results are given in Figure 11, in dependence of

the temperature.
For the calculation of the gas content ratio,

e = c /c , the gas saturation capacity, c , is

necessary for the specific salt content and temper-
ature. Since the corresponding data were not known
some water samples were left overnight in a basin
wilih a large surface and the gas concentration c

was determined on the following day, which in this

case should indeed correspond to the saturation
concentration c . The two values obtained for the

saturation concentration c are also plotted in

Figure 11 (witih the symbol -y- ) . They are witiiin

the range of tolerance of the measured total gas
content , Cq , for the voyage leading southward

.

Subsequently the measured total gas content present
values which correspond to the gas content ratio,
£ = 1, i.e., to saturated water. Due to the
dissolved salt the total gas content values, Cq,

for sea water should lie below the values for fresh
water. This is, in fact, the case with tine exception
of some values of the voyage leading northward. It
must be left to other investigations to find out
whetiher the wind, seaway, and temperature "history"
of the sea surface has an influence on the total
gas content.

5. MEASUREMENTS OF THE NUCLEI SPECTRA AND LOCAL
VELOCITY

Device for Nuclei Measurement

The LSL method was applied to the measurement of
the nuclei spectra in front of the "Sydney Express"

propeller. This method was also applied to the

model tests, described by Keller and Weitendorf
(1975) . Detailed information about the measure-
ment principle has been supplied, for instance, by
Keller (1970, 1973). Thus, it is not necessary
to go into the details.

Compared with previous measurements carried out
in the laboratory the measuring distances were
essentially larger at these full scale investigations.

Thus, some new components for the measuring device
were required. The distance between the measuring

volume and the receiving lens amounted up to 2 m so

that the laser power and the diameter of tiie

receiving lens had to be markedly increased, in

order to obtain usuable measuring signals.
The arrangement of the measuring unit on board

is shown in Figures 1 and 2. The path of the laser
beam is bent tJiree times and enters the water almost
horizontally; the path of the beam of the receiving
system is bent once and proceeds in the water
vertically. With this arrangement the flow direction

I Co

i'U]

20 -

12

2 -

.- Saturation of air in pure water (70 mm Hg )

YzTfj. Measured total air content in seawoter southbound voyage

-f -f Measured total air content in seowater northbound voyage

-^ Saturation of air in seawater

•1) Port Phillip Bay (Melbourne, 7. 11.1977)

10 15 20 25 30 ^°C
T

FIGURE 11. Measured total air-content.
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and the direction of the laser beam as well as the
optical axis of the scattered light receiving system
are standing vertically, one upon another. This is
optimal for the measuring technique used.

The homogenization of the laser beam, i.e. the
conversion of the Gaussian intensity distribution
over the beam cross section into a rectangular
distribution, was made with a special filter. The
homogenous intensity distribution as well as the
shape of the laser beam {square or rectangular)
were maintained quite well by the very long focal
length of the laser system {about 6 m)

.

The control volume, optically defined, was
positioned in such a way that the stream line
through the control volume came into the range of
the propeller tip. The position of the control
volume in front of the propeller was determined by
the position of the reception window of the scattered
light between frames 12 and 13, i.e., 4.2 m in front
of the propeller plane. The additional geometrical
fixing of the control volume in the vertical direction
resulted from the laser window (located between
frames 13 and 14) with its horizontal beam outlet
into the water. Subsequently the positions for
the control volume was fixed as follows : 90 cm of
the ship's hull vertically downward and 145 cm from
midship on the port side between frames 12 and 13
(see Figure 2)

.

The Calibration Device

The relationship between the photomultiplier impulse
amplitude and the size of nuclei was determined by
a calibration with latex spheres. For this purpose
a special device was put through an opening in the
ship's hull when the ship stopped in calm water.
With this device it was possible to maneuver a
fine nozzle near to the control volume and to inject
the latex spheres into the control volume. The
apparatus was operated by means of small hydraulic
elements from the inside of the ship (Figure 12)

.

For the calibration latex spheres of 45 and 25
ym were used. The corresponding photomultiplier
impulse amplitudes fit excellently to the theoretical
curve of the scattered light intensity. The measuring
range was set to 8-117 pm for the nuclei diameter.

In addition to the scattered light intensity,
the dimensions of the control volume were important
data for the determination of nuclei spectra and
nuclei concentration. Since a direct measurement
or calculation of the cross section of the laser
beam in the control volume was not possible in this
case, a new method had to be applied to determine
the laser beam dimensions. By means of the above
mentioned hydraulic device a small rotating wheel
with thin platinum wires was adjusted in such a
way that the wires cut the laser beam vertically
at the location of the control volume. Thus the
light in the direction of the photomultiplier was
scattered. The dimensions could then be determined
from the width of the photomultiplier impulses, the
distance between the axis of the small wheel, and
the light point on the small platinum wires
{determined by crossed platinum wires) and the
revolution number of the small wheel. The diameter
(25 \lm) of the platinum wire had also to be con-
sidered. The exact knowledge of the control volume
dimensions was also important for the measurements
of the local velocity, as described below.

The dimension of the control volume in the longi-

Sluice Valve

Micro - Hydraulic Device

FIGURE 12. Calibration device and arrangement.

tudinal direction of the laser beam was adjusted as

usual through the measuring slit in front of the
photomultiplier, after the enlargement factor of
the reception optic was determined. This again was
done by means of the hydraulic device with which
an object, whose dimensions were known, was placed
in the control volume; its picture was measured in

the plane of the measuring slit.
For the nuclei measurement the dimensions of the

control volume were then fixed as follows: 0.86 mm
X 0.86 mm x 1.33 mm = 0.98 mm^ . The cross section
of the control volume rectangular to the flow
direction amounted to 0.86 mm x 1.33 mm = 1.14mm .

This detail was required for the determination of
the nuclei concentration.

Measurement of Local Velocity

When the cross section of the control volume and
the number of the nuclei measured per unit time

,

were known, it was necessary in addition to know
the local flow velocity at the control volume in

order to determine the nuclei concentration. Since
the conversion of model test results from wake field
measurements to full scale appeared to be too in-
accurate for the determination of the local velocity
and because the measurement of the velocity with a

Prandtl tube, for instance, was not possible, a

new method was applied to measure the velocity and
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flow direction. If the dimensions of the control

volume in the flow direction are known, the velocity

can be determined from the measured impulse width.

In order to estimate the local flow direction at

the control volume, an aperture is put into the

beam path of the laser (Figure 13) , which gives

the laser ray a rectangular shape. This aperture

is turned until the photomultiplier impulses have

reached a maximum. Then it is possible to determine

from the position of the aperture the position of

the plane, formed by the flow direction and the

laser beam. If now the measuring slit is turned

until the half width of the distribution of the

impulse width has reached a minimum, it is possible

to read - from the position of the measuring slit -

the plane which is formed by the flow direction

and the optical axis of the reception system. The

flow direction in the volume results from the inter-

section of the two determined planes ; the impulse

width gives the flow velocity, and the impulse

width spectra provides information on the degree

of the turbulence flow.

In this way flow characteristics can be determined,

undisturbedly and locally, with one measurement;

otherwise they could only be determined with a

three-component measurement. Furthermore, the

control volume simultaneously reaches the optimum

inclination for the measurement of the nuclei size.

Thus one signal provides data about the distribution

of nuclei size and about the flow field.

Large particles or bubbles require a longer

period to completely cross the control volume than

smaller particles at the same speed. This means

that besides the larger impulse amplitude there is

also a larger impulse width. These facts have to

be considered in the measurement of the velocity.

Therefore, a single-channel discriminator is inserted

into the impulse processing electronics. The

discriminator choses for the measurement only

impulses of the amplitude or a strongly limited

range of amplitudes. Thus it is possible to draw

a clear conclusion from the measured impulse width

on the speed of the particles in the control volume

.

The new technique to measure the velocity is

illustrated in the Appendix. A rectangular beam
cross section whose breadth is the vertical to the

flow direction, has proved to be the optimum for

the measurement of velocity and the determination

of the flow direction.

General Remarks

Originally it was planned to shift the height of
the measuring point on the optical axis of the
reception system by different laser beam directions.
In addition, this axis should be shifted laterally
through two additional observation windows between
the frames 12 and 13. This would make it possible
to measure at several points in the plane between
the frames 12 and 13. Unfortunately, this could
not be realized due to lack of time, because the
installation of the measuring equipment at the
beginning of the voyage had taken too much time

.

It is not intended to describe all the diffi-
culties which occurred at the installation of the

equipment. The problem of vibration, however, must
be mentioned.

To protect the laser, vibration damping should
be guaranteed as far as possible. It was, however,
observed during the outward voyage that the pneu-
matic vibration isolation, which had a resonant
frequency of f^ = 1.8 up to 3.0 Hz, could not be
used, - even if the exciting blade frequency of the

propeller was within the range of 8 and 9 Hz.

Excitations occurred, of course, also at a propeller
speed of f = 1.8 Hz and due to seaway frequencies

.

When it was obvious that different damper devices
also did not help, the support, on which the laser
and the photomultiplier were fixed, had to be
stiffly connected with the steel construction of

the after peak. This labor and the laser adjust-
ments required more than half the time of the voyage
to Australia during difficult climatic conditions.
The laser adjustment was carried out mainly when
the ship was stopped. The calibration of the

nuclei impulses and the determination of the control
volume, in which the nuclei were measured, were
also carried out during these periods. These were
kindly granted by the captain and his officers and

had to be regarded as a special concession since
the "Sydney Express" was on a fixed schedule. In

this connection it must also be mentioned that the

calibrations and later the measurements , made on

the return voyage, could only be carried out after

dark. For this reason, extra maneuvering watches

had to be set in the engine control room, usually
while the ship had a "16-hours-unattended-machinery-

space"

.

The above mentioned stiff support solved the

13
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FIGURE 13. Principle of LSL-measurements

.
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vibration problem almost completely. It provided,

however, the risk that the laser might fail.

Fortunately, this did not happen. The laser, a

Coherent-Radiation {4 Watt) product, achieved the

same performance (900 mW) , to which it was adjusted

at the beginning, up to the end of the voyage with-

out any failure. The small vibration still observed

at the measuring point had no significant effect.

6. RESULTS OF MEASUREMENTS

Local Velocity

It was mentioned already that the number of measure-

ments originally planned could not be carried out

due to lack of time. Thus, for instance, the size

and the direction of the local velocity could only

be determined at one measuring point. This measure-

ment took much time since there was no special

electronic device available. It was the first
measurement of this kind and it was included in the

program at a late date, which made it impossible
to establish a special measurement before the

departure. The measurement was, therefore, partly
performed with the electronic device which was also

used for the scattered light measurements, and with

some special interfaces.
The velocity and one plane of the flow direction

at the place of the control volume could be deter-

mined for one velocity. At the ship's speed of

22 kn the velocity at the measuring point amounted

to 7.22 m/s and the direction was found at an angle
of 5° downward. The corresponding result from the

model test for the geometrically corresponding
position of the "Sydney Express" amoxinted to 7.47

m/s. This model test, however, was carried out for

the propeller plane of the towed model, without a

running propeller. - In full sale, on the other
hand, the plane formed by the flow direction and
by the optical axis of the reception device could
not be determined due to lack of time.

t
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\ = *15=

5 5-

^w^v^-n'^v^..
X = -5°
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FIGURE 14. Pulse width distribution and mean pulse
width dependent on the inclination of the flow.
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The ratio, local velocity to ship's speed, 7.22

m/s to 11.32 m/s, and which corresponds to the

local wake in the control volume for the ship at

22 kn, was applied for all nuclei concentration
measurements . The nuclei concentration was then
calculated from the recorded ship's velocity, the

measuring period, and the measuring cross section.
Figure 14 shows examples of the velocity measure-

ment and also the change of the impulse width
distribution for the rotation of the rectangular
laser aperture. The value \ = 0° corresponds to

the horizontal plane. At 5° downward {A = -5°) the

mean impulse width, evaluated on the HP-computer,

reaches its minimum at 59.6 ysec. The large half-

width of the distribution curve results from tihe

turbulent flow. With a laminar flow the distribution
curve would be smaller. (See Figures A 2.2 and

A 2.3) .

On the basis of these measurements a quantitative

statement about the turbulent degree of the flow

cannot yet be made. On the one hand we have no

experience witii this measuring technique, on the

other hand the ratio, length to width of the laser

beam cross-section, was too small at this measure-

ment (2:1). At high turbulent flow the corners of

the beam cross-section were dispersed by a relatively

high amount of nuclei which resulted in shorter
photomultiplier impulses than with nuclei running
through the middle of the beam. A higher ratio,

length to width, would be more favourable.

The first practical experiences with this mea-

suring technique are so promising that its further

development is being promoted. The advantages which

this measuring procedure offers in connection with

the determination of the size of nuclei are quite

remarkable

.

Nuclei Spectra

About one third of the spectra obtained between 30

November and 7 December 1977 are demonstrated in

Figures 15 through 24. The spectra contain the

respective sum of nuclei per cm for the respective
range of diameters. In t±ie diagrams one range of
diameter is marked by a horizontal line. The single
ranges of diameters do not have the same width.

The dissimilarity of tzhese spectra, which obviously
results from different conditions, will later be
described in detail.

First, it has to be noticed that for all spectra
in the range of a bubble diameter from 20 to 40 ym
(micron) there is eitJier a relative maximum or an
absolute maximum of nuclei. The relative maximum
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FIGURE 16. Nuclei distributions in seaways.

was detected in Test 47 - Figure 15, Tests 60 and
62 - Figure 17 and Tests 90 to 92 - Figure 20.

The absolute maximum was detected in Test 61 -

Figure 17 and Test 65 - Figure 16. The strong
fluctuation of the number of nuclei per cm {nuclei
concentration 5o) can be read from the diagrams.
Figures 15 to 17 as well as 18 and 19 show spectra
which have been measured in different seaways.
During the performance of Tests 47 to 52 (Figures
15 to 17) tiiere was a seaway and swell from astern.
The strong pitching motions of the "Sydney Express"

Cell 2 000
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Cell 2000

Cell

fo = 15N/cm3

1 5 9 13 17 21 25 No of Rev

—» Time

Test 60
;
Measuring Time : 1^=17 03 sec

21 25 29 33 37
,
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/ —— Time

Test 61 ,
Measuring Time : ^^n' ^'^^ ^^<^

F =219N/cm3

FIGURE 18. Nuclei distributions in a seaway.

resulted in a strong fluctuation of the nuclei
concentration, i.e. from Co = 21 N/cm^ to Co = 219

N/cm^ in the Tests 62 and 61 - Figure 17. Depending
on the quality of the water, either swarms of

bubbles or clear water, which hits the control
volume of the laser beam, 2000 nuclei were counted
more or less quickly. The process of counting the

2000 bubbles is demonstrated in Figure 25 for two

cases . There 1ihe analog-output voltage of the
memory is plotted against time and propeller revo-
lutions respectively. The output voltage of 1 Volt

is reached by the memory when its 2000 cells are

filled. In Test 61, 2000 bubbles were counted
within 1.16 s and in Test 60 within 17.03 s at an

almost linear processing of the output voltage.
Figures 18 and 19 show also a series of nuclei
spectra measured, one immediately after the other,

at a seaway of Beaufort 4. At this series the

direction of liie seaway was, however, athwartships
up to "slightly from fore". The seaway motions of

the "Sydney Express" (length 210 m) were very
small in this case. Subsequently the number Co of
nuclei per cm^ was higher than the smallest number
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tm = 12.33sec
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FIGURE 17. Nuclei distributions in a seaway.
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FIGURE 19. Nuclei distributions in a seaway.
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FIGURE 20. Nuclei distribution for calm water.

with the pitching ship but still within the narrow

range of So = 39 up to Z^a = 62 N/cm'. Considering

the Tests 47 to 65 (Figures 15 to 17) and the Tests

93 to 97 (Figures 18 and 19) it can be said that in

a seaway the nuclei concentration So is higher than

in smooth water, and further, that the influence of

shipmotions on the concentration Co superimpose on

the influence of Vne seaway.

The measurement series carried out with the

Tests 90 and 92 (Figure 20) under ideal weather

conditions, show on one hand the good repetitive

accuracy of the results for a constant speed in

good weather. In this case the number of nuclei

per cm^ amounts to So = 18, 19, and 18 N/cm^ at

constant measuring periods of 13.6, 13.2, and 13.9

for 2000 nuclei. This, however, shows - on the

other hand - a clearly lower concentration. So,

than with the Tests 61 and 65 in a seaway (Figures

17 and 16) .
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FIGURE 22. Nuclei distributions for different ship

speeds

.

A further difference, previously mentioned, has

to be noticed when comparing measurements in a

seaway and in calm weather. Whilst with typical

spectra in a seaway (Tests 61 and 65) the absolute

maximum is between the nuclei sizes 30 and 40 ym,

it can be detected for calm weather in the smallest

measured nuclei range . This phenomenon will be

described later (in Section 7) . The measuring

series of different speeds for two drafts are
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shown in Figures 21 and 22. In the second case the
"Sydney Express" was ballasted with 5,160 tons of
water. In both series it should be noted that with
decreasing speed the number Co of nuclei per cm^
increases. At the lowest speed of ca. ¥3= 12 kn
the bubble range of a diameter between 20 and 40

ym contains the absolute maximum number of biibbles.
The differences between the two cases are, however,

t
N,
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calculations is valid for a hydrofoil of length
c = 10 cm, wherein the pressure distribution was
calculated by means of the profile theory for
incompressible flow with the completion of shock
pressures caused by the compressibility of the
water. With these calculations one question re-
mains unsolved: Up to which negative values can
the local pressures on the profile really decrease
in natural water? On the full scale propeller of
the "Sydney Express" the local pressure gradients
are probably steep and reach negative pressures,
causing bubbles with a diameter of 10 ym, or less,
to cavitate. Regarding the measurements, bubbles
with diameters of about 10 ym to 20 ym were still
recorded in the results from Test 47 (Figure 15) up
to Test 65 (Figure 16) . For un)cnown reasons, how-
ever, from Test No. 65 on nuclei with a diameter
of less than 20 ym frequently could not be measured.
On the other hand one has to consider that, the
smaller the nuclei concentration Zo becomes, the
smaller the biibbles enlarged by cavitation.

It is apparent from these remarks that it would
have been desirable to record bubbles or nuclei
with a diameter below 5 ym. But this was impossible
even with a 4 Watt laser which delivers 900 mW on
the green line. Therefore, it has to be admitted
that not all bubbles, which possibly are partici-
pating in the cavitation process, could be detected.
The question arises whether this will be possible
without any doubt in the future and if it is
necessary or not. Also the following aspects would
have to be considered: the required laser intensity
is limited; the exact local pressure distribution
on the propeller blades is difficult to determine
and on the other hand the tensile stress that can
actually be supported by the sea-water is quanti-
tatively unknown.

Before closing this paragraph a personal impres-
sion in connection with the bubble sizes should be
mentioned which is supported by the collection of
photographs in Figure 8 and by numerous additional
pictures and propeller observations on the "Sydney
Express": The propeller will always find in the
flow a sufficient number of small nuclei leading
to cavitation. Therefore, the fullscale cavitation
will always be more stable than the model cavitation
with its smaller negative pressures and its different
nuclei distribution.

The white foam on the cavitation pictures of the
full-scale propeller clearly indicates a large
number of nuclei, which have led to cavitation and
grown together.

8 . SUMMARY

The comprehensive laser scattered light measure-
ments on the "Sydney Express" showed the following:

1. The nuclei spectra measured in a seaway in
the Indian Ocean are quite different: In the range
of the nuclei diameter of 20 - 40 ym either a
relative or an an absolute maximiom of nuclei was
measured. (Figure 16) . The motions of the ship,
especially the pitching motion, are in this con-
nection as decisive as the wave motions on the sea
surface (Figures 18 and 19) . The nuclei of this
range (diameter: 20 to 40 ym) , consist of bubbles,
since the scattered light method, carried out at
the same time with the Aminco-colorimeter did not
show any difference between unfiltered and filtered
water.

2. In good weather conditions the absolute
maximum of the bubbles with a diameter between 20

and 40 ym (Figure 20) disappears. The nuclei of
smallest diameter show the largest nuclei concen-
tration. It probably consists of bubbles and
suspended particles, as the comparison with micro-
scope- and Coulter Counter measurements has shown.

3. Measurements made at different speeds
(Figures 21 and 22) have again resulted in an
absolute maximum at a diameter of 20 to 40 ym for
the smallest ship speed at 12 kn. These nuclei
certainly consist of bubbles, since the Aminco mea-
surement in this case also did not show any dif-
ferences .

4. Measurements in shallow water show an
absolute maximum at a diameter between 20 and 40
ym. The majority of these nuclei consists of
suspended particles, as the Aminco scattered light
measurement have shown. These suspended particles
probably do not contribute to cavitation, since the
comparison of propeller excited pressure fluctuation
measurements between deep and shallow water shows
practically no difference (Figure 7)

.

5. The ship's vibrations caused by the propeller
do pose a big problem for measurements of this type.
The insensibility of the laser against vibrational
stresses, however, after it was stiffly connected
with the ship, was suprisingly good. Even the
high loading caused by the temperature did not
create any bad effects in the laser.

6. Future laser measurements should possibly
anticipate diameter ranges below 5 ym. A more
precise determination of suspended particles
requires a greater effort than the present method.

7. Further results of this trial will be
published later.
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APPENDIX

DESCRIPTION OF THE NOVEL TYPE OF VELOCITY
MEASUREMENT

When particles or bubbles pass through a light beam,
they scatter a finite amount of light which is
dependent principally on the object shape, size,
index of refraction, and optical characteristics
of the beam. For this technique a small, homoge-
neously illiominated control volume (see No. 10 in
Figure 13) is optically defined by the cross-
sectional dimensions of the laser beam and the
optics of the system detecting the scattered light
(see No. 11 and 12 in Figure 13)

.

The amplitude of the electrical output pulses
from the photomultiplier (see No. 13 in Figure 13)
is proportional to the "nucleus" size, and thus is
the parameter used for "nucleus" spectrum determi-
nation .

The pulse width corresponds to the time in which
the scatterer remains in the scattering volume, and
therefore, by knowing the dimensions of the control

volume, the velocity of the "nuclei", i.e., the

flow velocity, can be evaluated.
The sketch in Figure A 2.1 shows the shapes of

the optically bounded measuring volume for different
positions of the rectangular laser aperture and
the measuring slit in front of the photomultiplier.
The time the "nuclei" need to cross the control
volume is a function of the dimensions of the

volume in the flow direction, and of the flow
velocity. Therefore, the resulting photomultiplier
pulse width is a measure of the flow velocity if

the dimensions of the control volume are known.
To get an accurate relation between pulse width and
flow velocity, only nuclei of one known size,

defined by their pulse height, should be selected.
Example I in Figure A 2.2 displays an arbitrary

position of the control volume relative to the flow
direction. In that case, even for laminar flow one
gets a certain fluctuation for the pulse widths,
because the dimensions of the volume in the flow

direction are not equal.
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FIGURE A2.1. Principle of velocity measurement.

FIGURE A2.3. Sketch of inclined control volume and

flow direction.
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FIGURE A2.2. Sketch of inclined control volume and

received photomultiplier signals.

In example II Figure A 2.2 the main axis of the

rectangular aperture is positioned parallel to the

projection of the flow direction versus the plane
vertical to the optical axis of the laser, and
consequently the peak of the pulse width distribution
is at a maximum value of t.

In example III in Figure A 2.3 the direction of

the measuring slit is also parallel to the projection
of the flow direction versus the plane vertical to

the optical axis of the photomultiplier, so that
all dimensions of the measuring volume in the
direction of the flow are the same, and the pulse
width distribution therefore shows its most narrow
shape. The peak of the distribution indicates the

velocity in the main direction, whilst the shape of
the curve is a measure of the turbulence level

.

The direction of flow can now be determined by

the position of the rectangular aperture and the

measuring slit. They each define a plane containing

the corresponding optical axis, whereby the line

of intersection represents the direction of the

main flow in this region.
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Discussion

ORVAR BJORHEDEN and TORE DALVAG

We congratulate the authors of this very
interesting paper. For hull designers as well as

propeller manufactures the problem of predicting
the propeller induced vibration forces is a most
essential task indeed. In this context we wish to
inform you briefly about some recent developments
at the KMW* Marine Laboratory related to the model
testing technique applied in our cavitation tunnels.

The first item concerns the method of hull
wake simulation. For some time the well-known
dummy technique, involving ship afterbody models
and transverse net screens, has been used in our
tunnels for the purpose of simulating model wake
pattern. This is a rather time consuming process
since the net screens have to be adjusted step by
step until the correlation with the wake pattern
obtained in the towing tank appears satisfactory.
Moreover, the method has some technical drawbacks
as regards the stability of the wake as well as
the interaction between propeller and hull and the
influence of the propeller on the wake pattern.
In connection with hydro-acoustic tests , cavitation
occurring on the nets may worsen the background
noise level.

In order to eliminate the above drawbacks a
new technique involving longer afterbody hull
dummies has been introduced. The method aims at
simulating the full-scale ship wake pattern based
upon the concept of equivalent relative boundary
layer thickness, i.e., the fractional boundary
layer thickness in relation to some characteristic
length, e.g., the propeller diameter should be the
same in the model and in full-scale. For ordinary
cavitation testing purposes utilizing propeller
model diameters around 250 mm and tunnels speeds
of 4 to 8 m/sec this criterion results in hull
dummy lengths of 2.5 to 3.5 m for most types of
vessels. In principal, the model stern contour as
well as the aftermost water-lines are made to scale,
whilst the maximum breadth of the dummy is chosen
on the basis of 2-dimensional potential flow cal-
culations comparing the ship water-lines in unre-
stricted water to the dummy lines within the bound-
aries of the cavitation tunnel test section and
aiming at similarity in the potential wake
dis tribution

.

Figure 1 shows a picture of a 3 m hull dummy
used for the testing of a 150 m, single screw, con-
tainer ship. In Figures 2 and 3 the model wake
distribution as obtained in the towing tank and
then corrected for scale effect according to the
so-called Sasajima method is given. In Figure 4,

finally, a comparison between the corrected model
wake and the wake distribution obtained in the cav-
itation tunnel is shown for a few radii close to
the propeller blade tip. As can be seen from the
diagrams , the agreement is quite good , particularly
as regards the wake peak in the 12 o'clock propel-
ler blade position.

*Karlstads Mekaniska Werkstad

Figure 1. Hull dummy for wake simulation m cavita-

tion tunnel.

Apart from the advantage of a quicker and more

direct simulation of the full-scale wake, the

method with long afterbody dummies results in a far

more stable wake distribution which in turn implies

more consistent recordings of fluctuating propeller

forces, propeller induced pressure pulses against

the hull, etc. Probably, the interaction between

propeller and hull is also more realistic with this

method of wake simulation as compared to the method

utilizing transverse nets.

The second item refers to the instrumentation

employed for recording of propeller forces and the

propeller induced pressure pulses on a ship's hull.

In both KMW tunnels a data collecting and evaluation

system consisting of an on-line connected desk com-

puter together with a printer and a plotter has

been used for several years. For the measurement

of propeller induced pressure pulses with the aid

of pressure pickups fitted into the hull, a pulse

sampling technique giving time averaged values from

a number of propeller revolutions at each blade

position has been the practice. With this method

the pressure signals are given in analogue form and

recordings can be obtained from only one pickup at

a time. Recently, a new data collecting unit was

put into service enabling simultaneous recording

on 6 channels and storing test results from every
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Figure 2. Model wake distribution as obtained in

towing tank.

Figure 3. Wake distribution corrected for scale effect
according to the Sasajima method.

Wake Distribution Corrected

Ace. to the Sasajima Method

Simulated in Cavitation Tunnel
-J

6 m/s

3 m/s

Comparison between corrected model wake and wake simulated in cavitation tunnel.
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Figure 5. Data collecting memory. Figure 5. Desk calculator with printer and plotter.

second degree of a propeller revolution in digital
form in a RAM semi-conductor memory controlled by
the desk calculator. With this instrument, instan-
taneous or time averaged test results can be stored
and are readily available for printing, plotting.

transformation to full scale, and harmonic analysis

as well as integration of resulting hull surface

forces and similar calculations with the aid of

the desk calculator.

ERLING HUSE

The authors in their presentation draw atten-
tion to the problem of calculating cavity geometry
and thus the excitation force due to cavitation.
At the Norwegian Ship Model Tank in Trondheim we
are at present developing a procedure to overcome
this difficulty. In the cavitation tunnel we
measure the propeller-induced pressure at only 4

positions on the hull model above the propeller.
The measurements are made for non-cavitating as well
as cavitating propellers. From the results of these
measurements we calculate an equivalent singularity

distribution to represent the propeller. This is
next combined with a theory similar to that of
Dr. Vorus to obtain the excitation force on the hull
referring to any given vibratory mode of the hull.

As a second comment on the paper I notice in
Figure 4 integration areas extending up to 30 pro-
peller diameters upstream. This is, in my opinion,
not very realistic because one is then passing one
or more nodal points of practically occurring modes
of vibration.

O. RUTGERSSON

First I would like to congratulate the authors
on this interesting paper. The possibility of cal-
culating hull forces and moments and their distri-
butions directly on the body without the roundabout
way over freestream pressures and solid boundary
factors is especially elegant. Being somewhat in-
volved in calculations and measurements of pressure
fluctuations (with and without cavitation) at SSPA*
I would like to ask if the authors intend to use
this new method also to calculate solid boundary

*Statens Skeppsprovningsanstalt, Goteborg, Sweden

factors for different afterbody shapes and propeller

configurations?
Unfortunately the authors ' investigation is

limited to non-cavitating propellers. This is a

severe limitation as the contribution from the

transient cavitation often is of a much higher mag-

nitude than the contributions from blade loading

and thickness. When discussing this subject the

authors declare that methods "for predicting trans-

ient blade cavity geometry and the attendant pres-

sure field" are not available. I would like to ask

why the methods developed by Huse (1972) , Johnsson
and Sjzfndvedt (1972), and van Oossanen (1974) have
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not been considered? These methods have been used

in Europe for several years and the agreement with

experiments is usually good.

I agree that it is important that the integra-

tion of hull forces and moments is carried out over

a not too small part of the hull surface. This is

even more important when the forces from a cavita-
ting propeller are considered, as those pressures
have a slower decay than those induced by a non-

cavitating propeller [Lindgren and Johnsson (1977) ]

.

Assuming that the hull forces should be used

for an estimation of the vibration level for a

certain ship project, I think that the problem is

far more complicated than just a matter of integra-
tion area. First, the described method is a near
field theory where the influence of the propagation
velocity of the pressure wave has been neglected.

When calculating forces far from the propeller this

could cause some difficulties. Secondly, the ship

hull is not a rigid body. The vibration response
will therefore be dependent not only on the hull

forces but also on their location relative to the

nodes of the vibration mode. Forces located close
to the nodes will contribute very little and those
located on different sides of a node will more or
less cancel each other. Calculations with the Fi-

nite Element Method have shown that hull forces aft
of the aftermost node are particularly efficient
in exciting high vibration levels. This could be
the explanation for rather good results often being
achieved in vibration calculations in spite of the
fact that the excitation forces have been obtained
by integration over a rather small area.

The correct treatment of the problem will, of
course, include vibration calculations, with a very
detailed Finite Element model with the complete ex-

citation forces and moments. Since this is very

complicated and expensive it is seldom done. In-

stead, different approximate procedures have been

developed by different institutions. Referring to

the integration problems the authors claim that

"the current practice in European model basins is

highly suspect." I very much doubt that this is

current practice. At SSPA for example, we use the

pressure fluctuations in a reference point above

the propeller as a basis for estimation of the risk

of vibration. On the basis of full-scale measure-

ments we have established an approximate relation

between excitation at this point and the vibrations

at another reference point [ (Lindgren and Johnsson

(1977)].
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Authors' Reply

BRUCE D. COX, WILLIAM S. VORUS , JOHN P. BRESLIN,
and EDWIN P. ROOD

Our thanks to the discussers for their interest
and encouraging remarks. On Mr. Rutgersson's
question of calculating solid boundary factors, we
do believe it would be useful to perform computa-
tions for a series of hull afterbody forms and pro-
pellers. The results would illustrate sensitivity
to the various physical parameters and could pro-
vide guidance during the early stages of a ship
design. However, for realistic predictions of pro-
peller exciting forces, the complete calculation
should be carried out using the actual wake , hull
geometry, and propeller design under consideration.

As noted in the paper and by Mr. Rutgersson,
only the non-cavitating propeller case is consid-
ered which is a severe limitation in many pratical
applications. The principal purpose of the paper
was to present analytical methods and simple form-
ilae for predicting hull surface forces for a given
representation of the propeller and show compar-
isons with experiments . Future improvements in the
propeller theory, in particular, the allowance for
transient cavitation, can be incorporated quite
readily into the surface force analysis. It can
be shown [Breslin (1977)] that the time rate of
change of the cavity volume plays a crucial role
in generating the propeller pressure field. We
are familiar with a number of proposed methods for
predicting blade cavity geometry including those
cited by Mr. Rutgersson. These approaches for the
most part are empirical. An alternative procedure,
described in Mr. Huse's discussion, consists of
finding an "equivalent" singularity distribution
so as to produce agreement between calculated and
measured values of pressure at selected locations
near the propeller. The problem of analytically

predicting the proper singularity distribution to
represent the cavity volume dynamics is now the
subject of active research.

We agree with Mr. Rutgersson that compress-
ibility effects should be examined when considering
the far field pressures generated by a propeller.
A 5-bladed propeller operating at 100 rpm produces
a blade rate frequency disturbance with a acoustic
wavelength on the order of 600 feet. The relative
phase of the distrubances generated far ahead of
the propeller may be important in the integrated
pressure force amplitude and phase.

The theory presented in this paper assumes a
rigid hull boundary, intended to provide a first
estimate of propeller exciting forces acting on
the hull girder. Certainly for detailed stress and
vibration analyses , the interplay between fluid
loading and hull structural deformation would have
to be accounted for. In principle, the present
theory can be extended to satisfy the bo\indary
condition on a deformable body. The complete
analysis would then involve coupled equations des-
cribing the fluid loading and structural response,
and could be solved by finite methods.
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ABSTRACT

Cavitation in turbulent shear flows is the result
of a complex interaction between an unsteady
pressure field and a distribution of free stream
nuclei. Experimental evidence indicates that
cavitation is incited by negative peaks in pressure
that are as high as ten times the rms level. This
paper reviews the current state of knowledge of

turbulent pressure fields and presents new theory
on spectra in a Lagrangian frame of reference.
Cavitation data are analyzed in terms of the avail-
able theory on the unsteady pressure field. It is

postulated that one heretofore unconsidered factor
in cavitation scaling is the highly intermittent
pressure fluctuations which contribute to the high
frequency end of the pressure spectrum. Because of
limitations on the response time of cavitation
nuclei , these pressure fluctuations play no role
in the inception process in laboratory experiments.
However, in large scale prototype flows, cavitation
nuclei are relatively more responsive to a wider
range of the pressure spectrum and this can lead to
substantially higher values of the critical cavi-
tation index. Unfortunately, this issue is clouded
by the fact that higher cavitation indices can be
found in prototype flows because of gas content
effects. Some cavitation noise data are also
examined within the context of available theory.
The spectrum of cavitation noise in free shear
flows has some similarity to the noise data found
by Blake et al. (1977) with the exception that there
appears to be a greater uncertainty in the scaling
of the rate of cavitation events which leads to a

substantial spread in the available data.

1 . INTRODUCTION

The physical processes involved in cavitation
inception have been studied for many years . Much
of this research has been directed toward an under-

standing of the dynamics of bubble growth and the

determination of the sources of cavitation nuclei

and their size and number in a given flow situation.

This research has led to a general understanding of

some of the environmental factors involved in

scaling experimental results from model to prototype.

More recently, considerable attention has been

paid to the details of the boundary layer flow over

streamlined bodies and the role of viscous effects

in the cavitation process. This research has shown

that viscous effects such as laminar separation
and transition to turbulence can have a major impact

on the inception process and that there can be

considerable variation between model and prototype
in the critical conditions for cavitation.

In the absence of viscous effects, the scaling

problem reduces to an understanding of the size

distribution of nuclei and the temporal response
of these nuclei to pressure variations as viewed
in a Lagrangian frame of reference. This was first

treated in detail by Plesset (1949) . As already
mentioned, consideration of viscous effects shows

that the cavitation inception process can be

considerably altered by either laminar separation

or transition to turbulent flow. Obviously these

phenomena are interrelated and are strongly Reynolds

number dependent. The recognition of the importance

of these factors has had considerable impact on the

direction of cavitation research in recent years.

Several papers in this symposium deal directly with

this aspect of the cavitation scaling problem.

It is reasonably well understood that intense

pressure fluctuations, either at the trailing edge

of a laminar separation bubble or in the transition

region, can have a major effect on the inception

process on streamlined bodies. However, these

phenomena will be excluded from this review. The

focus of this paper will be on the relationship

between the temporal pressure field and cavitation

inception in free turbulent shear flows and fully

developed boundary layer flows. Scant attention
has been given to this problem, even though the
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topic is of practical significance. Turbulent
shear flows are very common in practice and what
cavitation data are available for these flows

indicate that there can be significant scale effects.
For example, Lienhard and Goss (1971) present a

collection of cavitation data for submerged jets.

It is observed that the critical value of the

cavitation index increases with an increase in

jet diameter, with no upper bound on the cavitation
index being defined by the available data. The

cavitation index is observed to vary from . 15 to

3.0 over a size range of 0.1 cm to 13 cm. Arndt
(1978) reviews the available data for cavitation
in the wake of a sharp edged disk. These data
increase monotonically with Reynolds ntimber and
again no upper limit on the critical cavitation
index can be determined from the available data.

At present, it can be said that laboratory experi-
ments do not provide a reasonable estimate of the

conditions that can be encountered under prototype
conditions . From a practical point of view the

situation is much more critical than the scaling
problems associated with streamlined bodies since
at present there is no definable upper limit on
the cavitation index for these free shear flows.

There are a myriad of factors that enter into
the inception process in turbulent shear flows.

As a minimum, we need information on the turbulent
pressure field, such as spectra and probability
density. We require an understanding of the diffu-
sion of nuclei within the flow, and we need to

know how these nuclei respond to temporal fluctu-
ations in pressure. In taking into account the
bubble dynamics inherent in the problem, consider-
ation must also be given to gas in solution which
can have an influence on both bubble growth and
collapse.

The theory of bubble dynamics is well founded
and reasonable estimates of critical pressure can
be determined under flow conditions that are well
defined. Needless to say, the flow conditions in

a turbulent shear flow cannot be defined in
sufficient detail. However, the problem of flow
noise has led to a more comprehensive understanding
of turbulence; in particular, recent aeroacoustic
research has provided a wealth of data on turbulent
pressure fluctuations. These data are a by-product
of the need for understanding turbulence as a source
of sound. At this point in time, it seems only
logical to review the inception problem in terms
of both classical bubble dynamics and the more
recent results of the field of aeroacoustics.

ated with this flow condition, which for convenience
will be defined as the critical index:

p - poc V

hpv

If it is necessary to have completely cavitation
free conditions, one design objective for various
hydronautical vehicles is the minimization of a .

Cavity flows are assumed identical in model
and prototype for geometrically similar bodies
when O is constant, irrespective of variations
in physical size, velocity, temperature, type of
fluid etc. In practice is found to vary over
wide limits. Simply stated, these so-called scale
effects are due to deviations in two basic assump-
tions inherent in the cavitation scaling law; namely
that the pressure scales with velocity squared and

the critical pressure for inception is the vapor
pressure, p . As will be shown, the two factors
can be interrelated, since in principle the critical
pressure is a function of the time scale of the
pressure field.

In order to provide a foundation for the ensuing
discussion, consider a steady uniform flow over a
streamlined body devoid of any viscous effects.
The following identity can be written:

p - p

S^ P U
^-^

wherein C is a pressure coefficent defined in the
usual manher. Generally speaking, C is defined
by the pressure on the surface of a given body. It
is generally assumed that cavitation first occurs
when the minimum pressure, p , is equal to the

vapor pressure,
scaling law

This results in the well-known

Consider next the case where the pressure in the

cavitation zone is less than the minimum pressure
measured on the surface of the body, then

^ml
p - pml

P u„ P u_

2. THEORETICAL CONSIDERATIONS FOR CAVITATION

Cavitation Index

Here we have to distinguish between the pressure
at the surface of the body p, and the pressure
sensed by cavitating nuclei, p . Assioming

cavitation occurs when p , = p we have
ml V

The most fundamental parameter for cavitating flows
is the cavitation index

P - P,

a =
c

C +
P

ml

P U

(1)

PU.

wherein p is a reference pressure, p the vapor
pressure, U a reference velocity, anS p the
density of the liquid. The flow state of primary
interest in this paper is characterized by a
limited amount of cavitation in an otherwise single
phase flow. There is a specific value of O associ-

Equation (1) is one version of the superposition
equation that is commonly referred to in the

literature.

Bubble Dynamics

It is generally accepted that the process of

cavitation inception is a consequence of the rapid
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or explosive growth of small bubbles or nuclei
which become unstable due to a change in ambient
pressure. These nuclei can be either imbedded in
the flow or find their origins in small cracks
and crevices at the surfaces bounding a given flow.
The details of how these nuclei can exist have been
considered by many investigators. A summary of
this work is offered by Holl (1969, 1970).

Theoretically, liquids are capable of sustaining
large values of tension. However, the nuclei in
the flow act as sites for cavitation inception
and prevent the existence of significant tensions.
The mechanics of the inception process are adequately
described by the Rayleiqh-Plesset equation, which
considers the dynamic equilibrium of a spherical

bubble containing vapor and non-condensable gas

and subject to an external pressure p , (t)

:

mi

3 A2 1
RR + - R = —

2 P
+ P.

, , 2S
P , (t) - —
ml R

4 u (2)

wherein R is the bubble radius and dots denote
differentiation with respect to time. It should
be emphasized here that even for the case of steady
flow over a streamlined body, p (t) is a function
of time since we are concerned with the pressure
history sensed by a moving bubble. If the problem
is simplified to consider the static equilibrium
of a bubble, we find that there is a critical
value of p ~ P 1 below which static equilibrium
is not possible. This is found to be

(p.,
' ml c

4S/3R* (3)

wherein R* is defined as the critical bubble radius.
Substitution of Eq. (3) into Eq. (2) with dynamical
terms identically zero will indicate that R* is a

function of the partial pressure of noncondensable
gas within the bubble. If p , (t) varies rapidly
in comparison to the response time of the nuclei,
then even greater values of tension are possible.
Thus in general we can write

Pg ~ -3-
^ R

and the growth rate stabilizes at a value given by

> P - P 12 V ml
(4)

Assuming a characteristic bubble response time
given by R*/R, with p^ - p^^ = 4S/3R*, we obtain

R*
T i -^ = 0.87
B R

PR

(5)

A typical variation of if based on the theoretical
computations of Keller (1974) is given in Arndt
(1974).

The Influence of Dissolved and Free Gas

The discussion in the previous section is based on
the assumption of a healthy supply of free nuclei
which is generally the case in recirculating water
tunnels and in the field. Generally speaking, a

reduction in a due to bubble dynamic effects
usually only occurs on model scale. To some extent
the level of dissolved gas and the number and size
of free nuclei are interrelated. Some recent
experimental results are documented in Arndt and
Keller (1976) . The level of dissolved gas can
play an important direct role when the time of

exposure to reduced pressure is relatively long.

Under these circumstances Holl (1960) has shown
that gaseous cavitation can occur at values of a

much greater than those for vaporous cavitation.
Using an equilibrium theory, Holl (1960) deduced
an upper limit on a given by

c

C +
pm

at

Jj p U
(6)

P. - Pml
4S/3R*

PR*

where

(|>(o) (t)(oo)

The function (}) depends on the flow field. The
argument of (j) contains a characteristic time scale
of the pressure field (t ) and a characteristic
response time of the nuclei, (PR^^/S)^ . In the
case of a streamlined body in the absence of viscous
effects, t would be proportional to the quotient
of body diameter and velocity. In the case of
cavitation induced by turbulence, the characteristic
time scale could be any of the turbulence time
scales. For example.

is

(2)

Under

11 = V
is often appropriate. The factor (PR^ /S)

^

derived from the asymptotic solution to Eq.
for the case of negligible gas diffusion,
these conditions

wherein a is the concentration of dissolved gas
and 3 is Henry's constant.

In summary, an overview of the effects of bubble
dynamics and free and dissolved gas indicates that

short exposure times such as are the case in a

model implies that cavitation will occur at pressures
lower than vapor pressure and a is less than
expected. Long exposure time, such as can occur
in vortical motion of all types , including large
scale turbulence, implies the possibility of gaseous
cavitation with O being greater than expected,

c

3. PRESSURE FLUCTUATIONS IN TURBULENT SHEAR FLOWS

Background

Considerable progress has been made over the last
five years in the understanding turbulent pressure
fluctuations in free shear flows in an Eulerian
frame of reference. Of particular importance is

the development of pressure sensing techniques
which under certain circumstances can lead to
reliable measurements of pressure fluctuations.
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The first theoretical arguments on the pressure
fluctuations associated with turbulent flow appear
to be due to Obukov and Heisenberg [Batchelor

(1953)]. Heisenberg argued that Kolmogorov scaling
should be possible for small scale pressure fluc-
tuations. Batchelor (1951) was able to calculate
the mean square intensity of the pressure
fluctuations as well as the mean square fluctuating
pressure gradient in a homogeneous, isotropic
turbulent flow. This work was extended by Kraichnan
(1955) to the physically impossible but conceptually
useful case of a shear flow having a constant mean
velocity gradient and homogeneous and isotropic
turbulence

.

Apparently there were no attempts made to extend
this theoretical work until the 1970 's when George
(1974a), Beuther, George, and Arndt {1977a, b, c)

and George and Beuther (1977) applied the concepts
developed by Batchelor and Kraichnan to the calcu-
lation of the turbulent pressure spectrum in
honogeneous, isotropic turbulent flows with and
without shear. When compared with experimental
evidence gathered in turbulent mixing layers, the
theory is found to be remarkably accurate. The
predicted spectrum (with no adjustable constants)
agrees with pressure measurements in turbulent jet
mixing layers from several sources, including
those of Fuchs (1972a) , Jones and his co-workers
(1977), and the authors themselves. As shown in
Figure 1, the experimental data and the theory are
remarkably consistent, especially in light of the
fact that several different experimental techniques
and different flow facilities are involved.

The current state of knowledge of turbulent
pressure fluctuations can be summarized as follows:

1) Pressure fluctuations in a shear flow can
arise from three sources. The first two involve
interaction of the turbulence with the mean shear.
These are second order and third order interactions

,

of which only the second order interactions are
important at small scales. The last involves only
interactions of the turbulence with itself.

2) Kolmogorov similarity arguments can be
applied to each of the spectra arising from these

-4.00
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In suiranary it appears plausible to assume that
the basic picture of pressure fluctuations arising
from mean-shear turbulence interactions will be
unchanged in a Lagrangian frame of reference,
although the actual spectra are different. The

postulated relations for Lagrangian spectra should
be directly applicable to any Lagrangian phenomenon;
in particular the relations should be applicable
to the inception of nuclei in a fluctuating pressure
field.

In relating the information on the pressure field
to the problem at hand, it is evident that two
criteria must be satisfied for turbulence induced
inception:

1) The pressure must dip to the vapor pressure
or lower.

2) The pressure minimum must persist for a time
that is long in comparison to the characteristic
time scale of the bubble, say Tg (taken to be the
time scale for growth at inception)

.

Both factors lead to scale effects. Consider
first the second factor. The preceding arguments
for the pressure field in a Lagrangian frame of
reference lead to the hypothetical spectrum shown
in Figure 2. For convenience we have normalized
the spectrum with respect to the mean square pressure
and the Lagrangian time scale "J . (c.f. Tennekes
and Lumley, Chapter 8). Requirement (2) for bubble
growth is plotted at the frequency oi = 1/T . It

is clear that as long as u << l/Tg, any pressure

flucuation persists for a time longer than the

time scale of the bubble. Thus at frequencies less

than w = 1/Tg cavitation inception can occur with
minimal local tension. Moreover, by integrating
the spectrum from u = to co = 1/T , we can deter-
mine that fraction of the mean square pressure
which can contribute to bubble growth without
appreciable tension (assuming a normal distribution
of nuclei)

.

Consider now the effect of maintaining Tg con-
stant while varying the Reynolds number. Taking
V ~ 5,/u' and noting that there are essentially no
pressure fluctuations of interest above the

Kolmogorov frequency, u = (e/v)'2 we find that

after 1/Tg, exceeds (e/v)'2, the entire spectrum
can potentially contribute to bubble growth. This
will occur when the Reynolds number is roughly

Mean Square Pressure Fluctuation (Lagrangian)

on%)\

FIGURE 3. Integration of Lagrangian pressure
spectrum.

uJl/v ~ (H/uTg)^. By noting the spectral dependence

on frequency and performing a running integral, a

plot such as shown in Figure 3 can be generated.
This graph illustrates how rapidly the asymptotic
state is reached. This occurs when ^/T -^>

::' (e/V)'^

> (u'll/V)'5 or when )i/u'T > (u'il/V)'5 as previously
stated.

As an example,* cavitation is observed to occur

in siibmerged jets at an axial position, x, that is

roughly one diameter from tihe nozzle. Assuming

the dissipation rate to be approximately O.OSUj /x,

where Uj is the jet velocity, results in a criterion
that the jet diameter must exceed the following
before scale effects are absent: d > O.OSUi Vv.

FIGURE 2. Hypothetical pressure spectrum in a

Lagrangian frame of reference.

Using typical values of Uj = 10 m/s and Tg = 10

sec, we conclude that the asymptote is reached for

d ~ 50 meters. Thus size effects could be important
in many model experiments.

Effect of Intermittency at Small Scale

In 1947, Batchelor and Townsend concluded from
observations of the velocity derivatives in

turbulent flow that tlie fine structure of the

turbulence (small scales, high frequency) was
spatially localized and highly intermittant in

high Reynolds number flows. Subsequent work [c.f.

Kuo and Corrsin (1971)] has confirmed that there

is a decrease in the relative volume occupied by
the fine structure as the Reynolds number is

increased. Thus tlie spatial intermittancy increases

with Reynolds number. The effect of this phenomenon

on filtered hot wire signals is shown in Figure 4.

These data are derived from Kuo and Corrsin (1971)

.

It is obvious from these data tJiat the signal is

increasingly intermittant as the filter frequency

is moved to higher and higher values

.

Since the dissipation of turbulent energy takes

place at the smallest scales of motion, it is clear
from these observations that the rate of dissipation
of turbulent energy must vary widely with space

and time. It was this consideration that led

*Strictly speaking, these results are only applicable

when the Lagrangian turbulent field is stationary.

In most flows of interest this is seldom the case.

However, the smallest scales of motion can often

be considered to be in quasl-equilibrium.
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for wall pressure due to turbulent boundary layer
flow. However, in many ways less is known about
the turbulent pressure field for boundary layers
than for free turbulent shear flows . Not only is

the theoretical problem made more difficult
(impossible to the present) by the presence of the
wall, the experimental problem is considerably
complicated by the dynamical significance of the
small scales near the wall.

Thus, in spite of over two decades of concentrated
attention we cannot say with confidence even what
the rms wall pressure level is, although recent
evidence points to a value of [Willmarth (1975) ]

:

p' = c p u^^

c = 2 to 3

The basic problem is that the most interesting part
of a turbulent boundary layer appears to the region
near the wall where intense dynamical activity
apparently gives rise to the overall botmdary layer
activity. While the details of the process are
debatable, most investigators concur on the importance
of the wall region on overall boundary layer
development. Unfortunately, under most experimental
conditions, the scales of primary activity are
smaller than standard wall pressure probes can
resolve [Willmarth (1975) ] . Thus we have virtually
no information concerning the contribution of the
small scales to the pressure field, although we
suspect that the small scales are significant or
even dominant.

Pressure Spectra in Boundary Layers

Our knowledge of the pressure spectra may be
summarized as follows

:

1) Pressure fluctuations arising from motions

in the main part of the boundary layer (y/5 > 0.1)
scale with the outer parameters u and 6.

2) Pressure fluctuations arising from the inner
part of the boundary layer scale with the inner
parameters

:

a) hydraulically smooth, u , V
b) hydraulically rough, u^ , h ; where h is

roughness height
3) Pressure fluctuations arising from the

inertial sublayer (logarithmic layer) scale only
with u^ and y, the distance from the wall.

4) The wall pressure spectrum is a composite
of all these factors and has a distinct region
corresponding to each factor.

A composite picture of the wall pressure spectrum
is shown in Figures 7a and 7b. The 1/k range is
evident in both the inner and outer scalings and
arises from the inertial sublayer contribution
[Bradshaw (1967)].

The pressure spectrum within the near wall region
should closely resemble the wall spectrum (although
this has never been confirmed) . The spectrum in
the main part of the boundary layer, should, however,
resemble that obtained for a free shear flow at
high Reynolds numbers. Again there is no information
available to either prove or disprove this conjecture.

The Lagrangian model developed in the preceding
section depends in part on the assumption that a
material point is in a stationary random field.
As long as the Eulerian field is homogeneous, there
is no problem. This is approximately true in many
shear flows, but is never true in a turbulent
boundary layer. Thus our Lagrangian spectral picture
must be abandoned entirely (or used with great
restraint)

.

However, a number of features of the Lagrangian
model can be applied to this problem. In particular,
the "spectral peaks" in the outer flow can be
identified with the Lagrangian integral scale,

^ ~ i/u' . The highest frequencies in the flow will

Table 1. Noirmalized correlation functions with pressure probes
arranged as shown in Figure 6 (corresponding velocity
correlations in brackets)

.
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wherein t^^ is a characteristic bubble collapse
time, Rjj, is the maximum bubble radius, and R is
the distance to the observer. In addition, it
appears reasonable to assume that N is related to
the number of nuclei per unit volume, n, the
velocity, the size of a given flow field, and the
relative level of cavitation. Therefore we write

N/nU d2 = f (a/a )

c

Thus a normalized version of Eq. (8) would be

S(f) fd

pU p nR
m

f(a/a ) G(fT )

c
(9)

It is difficult to obtain appropriate scaling
factors for R and t in a turbulent shear flow.
The problem is discussed briefly by Arndt and Keller
(1976). Lacking more detailed information, the
following assumptions can be used

R , d

T ~ d/Ua'
o

If we interpret S(f) as the mean square acoustic
pressure in a frequency band Af, Eq. (9) can be
written in the form

p 2/p2u
a C

(Afd/U )

(r/d)

,3
and

f {a/a ) G(fd/ua^)
c

(10)

(Afd/U )

(r/d) ^

a3/2
N G' (fd/Ua' (12)

Blake et al. were able to determine S(Tof) for the

case of noise due to cavitation on a hydrofoil
using measured values of R^. They assumed N equal
to unity and found that Eq. (11) resulted in

excellent collapse of the data.

Arndt (1978) used Eq. (12) to normalize cavitation
data previously reported by Arndt and Keller (1976)

.

These data correspond to noise from cavitation in

the wake of a disk and were collected under a

variety of conditions in both a water tunnel and in

a depressurized towing tank. Both the level of
dissolved gas and the number of free nuclei were
monitored. As shown in Figure 13, the normalization
is not very successful. It would appear that Eq. (10)

would be more effective in taking all of the

variables into account. However, n could only be

measured in unison with acoustic observations in the

water tunnel. Because of the nature of the laser
scattering measurements used to determine n in the

depressurized towing tank, these measurements had
to be made separately from the acoustic measure-
ments. The assumed form for S(fT_) in Eqs. (10) and
(11) varies by a factor nd^/a'2. As an example, n in
the depressurized towing tank appeared to be rela-
tively constant and equal to about IS/cm^. Therefore
the factor nd /a 2 was found to have a maximum varia-
tion of 23 dB. This does not account for the scatter
shown and one can only assume that there are other
complicating factors. It should be emphasized that
these data were collected under carefully controlled
conditions. This underscores the fact that the
current state of knowledge in this area is poor.

Blake et al . (1977) circumvented the requirement
of measuring n. They reasoned that 6. CONCLUSIONS

G(f)df Pb "^^ YT P,o -^b

wherein pj-, is the time mean square of pb and Yxq
is the total lifetime of the bi±>ble (including
growth, initial collapse times and rebounding times)
Further, they simply reasoned that

2 =
Pb

or that

S(t f) = NT YG(fT )00
This results in the normalized spectrum

S(T f)

p ^(f ,Af) YT r^
a o

AfN R '*pp
m o

(11)

Making the same assumptions as before, we would
expect that

Cavitation inception in turbulent shear flows is

the result of a complex interaction between an
unsteady pressure field and a distribution of free
stream nuclei. There is a dearth of data relating
cavitation inception and the turbulent pressure
field. What little information that is available
indicates that negative peaks in pressure having a

magnitude as high as ten times the root mean square
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pressure can excite cavitation inception. This fact

alone indicates that consideration should be given

to the details of the turbulent pressure field.

The available evidence indicates that two basic

factors related to the pressure field enter into

the scale effects. First, as the scale of the

flow increases, cavitation nuclei are relatively

more responsive to a wider range of pressure

fluctuations. Secondly, the available evidence

indicates that large deviations from the mean

pressure are more probable with increasing Reynolds

number. This would explain some of the observed

increases in cavitation index with physical scale.

In view of the almost total lack of information on

the statistics of turbulent pressure field (aside

from some correlation and spectral data) and the

potential importance of this knowledge to under-

standing cavitation, it is strongly recommended

that careful experiments be initiated to remedy the

situation. Such experiments have been proposed by

George (1974b, 1975).

Direct application of the pressure field informa-

tion to cavitation is unfortunately clouded by gas

content effects which also increase the cavitation

index with increasing exposure time. The fact that

a reasonably precise scaling law for cavitation

noise has not yet been found (perhaps a consequence

of the lack of knowledge about the pressure field)

further complicates interpretation of experiments

and theory. Therefore it is also strongly recom-

mended that the problem of the response of cavita-

tion nuclei to turbulence receive particular attention.

Such experiments have been proposed by Arndt (1978)

.
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Secondary Flow Generated

Vortex Cavitation

Michael L. Billet
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ABSTRACT

Secondary flow theories are employed to calculate
the secondary vorticity near the inner wall of a rotor
for several flow conditions. This calculated vortic-
ity is used in a simple vortex model to calculate the
minimijm pressure coefficient of the resulting vortex
behind the rotor. The influence of inflow velocity
distributions on the generation of secondary vortic-
ity is discussed. Comparisons are given between the
calculated pressure coefficients and the measured
cavitation indices of the vortex.

1 . INTRODUCTION

Secondary flows generate additional streamwise vor-
ticity when a boundary layer flow is turned by a

rotor. The apparent effect of this additional vor-
ticity is evidenced by the high cavitation numbers
of the vortex formed downstream of the rotor plane

.

One example of the cavitation associated with a

vortex can be found in the draft tube of a Francis
turbine operating in the part load range . The
cavitation depends directly on the square of the
streamwise vorticity associated with the vortex. In

most cases, the critical cavitation numbers typical
of this vortex are often higher than those associ-
ated with any other type of rotor cavitation.

Previous experimental results have shown that a

cavitation inception prediction of this vortex is a

very difficult problem. All rotors operating with
a wall boundary layer have a vortex along the inner
wall. The appearance of this cavitating vortex varies
from rotor to rotor. The critical cavitation number
can vary as much as an order of magnitude. Small
variations in the wall boundary layer can cause a

significant change in the critical cavitation number.
Some confusion in cavitation inception data asso-

ciated with this vortex is due to a confusion of
types of cavitation, i.e., vaporous versus nonva-
porous cavitation. Vortex flows tend to be good

340

collectors of gas bubbles which can cause non-
vaporous cavitation. This often leads to confusing
nonvaporous for vaporous cavitation giving high
cavitation numbers. In general, results indicate
for vaporous limited cavitation that

o, 1 -C
Pmi

(1)

Thus, the minimum pressure coefficient is of partic-
ular importance in a study of vortex cavitation in-

ception.
It is appropriate then to find a simple descrip-

tion of the vortex in order to calculate its minimum
pressure coefficient. Unfortunately, the vortex is

composed of a finite number of vortex filaments
and a difficulty arises in specifying this number.

This is particularly difficult when the vortex exists
in the low pressure region near the inner wall of the

complicated flow behind a rotor. In this region,
there are vortex filaments in the primary flow in

addition to the secondary vortex filaments which can

influence this vortex. The combined effect of these
filaments is to induce a swirl velocity distribution,
Vq , which can be easily measured.

Some preliminary tests show that in many cases
small changes in the incoming velocity profile near
the inner wall cause large differences in the crit-
ical cavitation number of the vortex. Measurements
of the primary flow field show only a change in down-

stream velocity profile near the inner wall. This

is especially true if the rotor was designed to be

unloaded near the inner wall. For these cases,

changes in the critical cavitation number can be

directly related to changes in the secondary vortic-

ity near the rotor inner wall.

The secondary vorticity can roll-up into a vortex

like flow in the blade passage or it can simply com-

bine with other vortex filaments aft of the rotor to

form a larger vortex flow. In either case, there

will be a circulation and a characteristic dimension

of the passage vorticity which will determine the

critical cavitation number of the resulting vortex.
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In this paper, a brief summary is given of the
method for calculating the secondary vorticity in

the blade passage with comparisons to flow field
measurements. Initially, the primary flow field
through the rotor had to be determined in order to
calculate the passage secondary vorticity. This was
accomplished by using a streamline curvature method.
Flow field results are given in detail for one basic
flow configuration so named Basic Flow No. 1. Com-
parisons between the calculated minimum pressure co-
efficients and measured critical cavitation indices
are given for several basic flow configurations or
inflow velocity distributions.

CALCULATION OF FLOW FIELD

VELOCITY PROFILE

(B.C. t}l

BOUNDING SIREAMLINES (B.C. »4I

ROTOR RPM (B.C. 121

FIGURE 2. Schematic of boundary conditions.

Primary Flow Field

A schematic of the calculation procedure for the
flow through a rotor is given in Figure 1. This
outlines the iterative procedure for the calcula-
tions and indicates the point at which refinements
to the deviation angle are necessary and where
secondary flow calculations are employed.

It is important to realize that in this discus-
sion the flow field is being solved for a given
rotor configuration. For this case, the boundary
conditions are (1) the geometric or metal angles
of the blades, (2) the rpm of the rotor, (3) the
velocity profile far upstream of the rotor plane,
and (4) the bounding streamlines of the flow.

After solving for the bounding streamlines, the
iterative calculation procedure is started by
establishing the velocity profile far upstream of
the rotor. The initial conditions (Step 1) to the
solution for this boundary condition are (1) bounding
streamtube and (2) velocity profile in rotor plane
without rotor. With this information, the initial
streamlines without rotor can be calculated using
the streamline curvature equations (Step 2) . The
result of this calculation is the boundary condition
of an initial velocity or energy profile at a station
far upstream of the rotor plane.

CALCULATION OF PRIMARY FLOW FIELD

STEP 1 - INITIAL CONDITIONS

CALCULATION OF FLOW WITHOLn' ROTOR

STEP 3-

STEP 4-

STEP 5-

STEP 6-

STEP 7-

FIRST ESTIMATE OF ROTOR OUTLET ANGLE

CALCULATION OF FLOW FIELD WITH ROTOR

SECOND ESTIMATE OF ROTOR OUTLET ANGLE

CALCULATION OF FLOW FIELD WITH ROTOR

SECONDARY FLOW CALCULATION

THIRD ESTIMATE OF ROTOR OUTLET ANGLE

STEP 9- FINAL CALCULATION OF FLOW FIELD WITH ROTOR

FIGURE 1. Schematic of calculation procedure for
primary flow field.

Knowing the blade metal angles, the first estimate
of the flow outlet angles (Step 3) can be calculated.
These flow outlet angles depend on the blade metal
angles and on a deviation angle. The deviation
angle correlation developed by Howell as discussed
in Horlock (1973) is initially applied. This
relationship considers only thin blade sections and
assumes that each blade secticn operates near design
incidence. As shown in Figure 2, all of the boundary
conditions are now known and the flow field can be
solved with the rotor included (Step 4) by using
the streamline curvature equations [McBride (1977)].

Once a converged solution is obtained for the
flow field using Howell's deviation angles (Step 4),
the axial velocity distribution is known whereby the
inlet angles can be estimated in addition to the
acceleration through the rotor. Now a second
estimate of the rotor outlet angles (Step 5) can be
made. For this deviation angle, the effects of
acceleration, A6', blade camber, Sq' ^nd blade
thickness, A6*, are calculated separately. For the
calculation of the deviation term due to axial
acceleration through the rotor, an equation developed
by Lakshminarayana (1974) is applied. For the
calculation of deviation terms due to camber and
thickness effects, the data obtained by the National
Aeronautics and Space Administration [Lieblein
(1955)] are used. The result is an improved outlet
flow angle profile which can be used to again calcu-
late the flow field (Step 6).

The converged solution of the flow field (Step 6)

is then used to solve the secondary vorticity
equations (Step 7) and to determine a deviation term,
A63, which is due to nonsymmetric flow effects. The
details of the secondary flow calculations will be
discussed later in this paper. An improved outlet
flow angle profile (Step 8) is obtained by adding
this secondary flow term to the deviation terms
thus far calculated to obtain

A6' + A6* + 60 + A6 (2)

where 62* i^ the outlet flow angle and Bz is the
blade metal outlet angle. This outlet flow angle
distribution is then used as a boundary condition
in the calculation of the flow field (Step 9)

.

Finally, all of the deviation angle calculations
are checked based on the flow field calculated in
Step 9. If the angles did not change significantly
then the result obtained in Step 9 is used as the
final flow field.

In all, twenty-eight streamlines were calculated
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DISTANCE FROM
SURFACE. 2

R linchesl

O WITHOUT UPSTT^EAM STT^UTS

WITHOUT SCREEN

WITHOUT ROTOR

WITHOUT UPSTREAM STRUTS
WITHOUT SCREEN

DESIGN FLOW COEFFICIENT

IBASIC FLOW NO, II

CALCULATED PROFILE

WITHOUT UPSTREAM STRUTS

WITHOUT SCREEN

DESIGN FLOW COEFFICIENT

IBASIC FLOW NO. II

CALCULATED PROFILES
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AXIAL VELOCI?!' RATIO, V /V„

a o

0.2' O.'l 0.6 0.8 1.0 1.2 1.4

VELOCITY RATIOS, -t-ANDtt"

FIGURE 3. Comparison between velocity profile with/

without rotor. FIGURE 5. Tangential and axial velocity profiles
at cap.

through the rotor with the first streamline being

at the inner wall and the last streamline going

through the rotor tip. The streamlines were spaced

more closely near the inner wall because the second-

ary flow calculations are most important near the

wall. Also, the streamline curvature equations are

inviscid so that there is a finite velocity at the

inner wall streamline.

A sample of the calculations for the flow field

is given in Figures 3,4, and 5 for the flow config-

uration called Basic Flow No. 1. For. Basic Flow

No. 1, the boundaiy layer entering the rotor is

axisymmetric with no upstream distribution such as

screens or struts forward of the rotor which is

operating at its design flow coefficient. In Figure

3, the calculated axial velocity profile in the

plane of the rotor without the rotor and the calcu-

lated axial velocity profile in front of the rotor

with the rotor operating on design is shown. In

addition, experimental data measured in the 48- inch

WITHOUT UPSTREAM SHOUTS

WITHOUT SCREEN

DESIGN FLOW COEFFICIENT

IBASIC FLOW NO. 1)

0.2 0.4 0.6 0.8 1.0 1.2 1.4

FIGURE 4. Rotor outlet velocity profiles for basic
flow no. 1.

water tunnel by a LDA system are given for a com-
parison. In Figure 4, the calculated outlet velocity
profiles are shown with coirparison to measured data.
Finally, Figure 5 shows the calculated and measured
tangential velocity, component, Vg , downstream of the
rotor plane where cavitation occurs under certain
flow conditions. In general, the flow field calcu-
lations show very good agreement with the experi-
mental data.

Secondary Flow Field

The major equations used in the streamline curvature
method for calculation of the flow field were derived
from the principles of conservation of mass, momentum,
and energy. The fluid was assumed to be incompress-
ible, inviscid, and steady. In addition, the flow
field was assiomed to be axisymmetric.

The resultant equations allow for streamline
curvature and for vorticity in the flow. However,
it is important to realize that the solution to the

flow field does not contain all of the vorticity.
In particular, only the circumferential vorticity
is totally included. The other components of
vorticity contain derivatives with respect to the
circumferential direction which are assumed to he
zero. As discussed by Hawthorne and Novak (1969)

,

the neglected vorticity terms can be related to the
secondary flows that occur in the blade passage
along the inner wall.

Using the generalized vorticity equations, Lak-
shminarayana and Horlock (1973) derived a set of
incompressible vorticity equations valid for a

rotor operating with an incoming velocity gradient.
Their expressions for the absolute vorticities,

'^s' ' '^n' • defined along relative streamlines, s',

n' , were modified for the boundary conditions imposed
by this problem and were integrated. The resulting
equations are

u ' = 0) • • (3)
"2 "1 W2 aja^

and



343

2io

0) ' = W9
S2 WR'

ds' + W,

2Q^ ' u '

b n
ds'

- W2
2fi V '

ds' + M (4)

where the primes refer to a rotating frame of
reference and the subscripts, 1, 2, refer to com-
puting stations along a streamline within the rotor.
As shown in Figure 6, s', n', b' represent the
natural coordinates for the relative flow, W is the
relative velocity, 033' and ui^' are absolute vorticity
resolved along the relative streamline, s', and the
principal normal direction, n' , f! is the rotor
rotation vector, and R' is the radius of curvature
of the relative streamline.

The means by which the streamwise component of
vorticity is produced in this relative flow are
similar to those discussed by many investigators
for a stationary system. However, it is important
to note that additional secondary vorticity is
generated when fl x W has a component in the relative
streamwise direction. Rotation has no effect when
the absolute vorticity vector lies in the s'-n'
plane and the rotation, Q, has no component in the
binormal direction, £'

.

These equations were employed to calculate the
secondary vorticity along a relative streamline
through the rotor. All of the quantities in the
equations were calculated by an iterative procedure
using the primary flow calculations. The initial
normal component of absolute vorticity, Uj^, , for a
streamline was calculated from the incoming axial
velocity profile to the rotor. In all, the vorticity
along twenty-eight streamlines was calculated.

As an example. Figure 7 shows the importance of
each term in Eq. 4 in the rotor exit plane for Basic
Flow No. 1. The sum of these terms is given in
Figure 8. The secondary passage vorticity is the
difference between the exit vorticity, co

inlet vorticity,
0)3 J, along a streamline.

S2 '
and the

CALCULATION OF FLOW FIELD THROUGH ROTOR IN RELATIVE COORDINATE SYSTEM

VELOCITY COMPONENTS VORTICITY COMPONENTS ROTATION COMPONENTS

WITHOUT UPSTREAM STRUTS

WITHOUT SCREEN
DESIGN FLOW COEFFICIENT

(BASIC FLOW NO. II

2 3

u.. R„
RELATIVE ABSOLUTI STT^EAMWISE VORTICITY, u =- S' R

FIGURE
no. 1.

7. Streamwise passage vorticity for basic flow

The effect of this additional vorticity. "S2
cogj, is to induce secondary velocities which are
assumed to occur at the exit plane of the rotor. It
is important to note that the normal component of
vorticity, ai^^^, is accounted for in the axisymmetric
flow analysis. Thus, only streamwise secondary
vorticity calculated as a function of radius influ-
ences the flow field.

The effect of the streamwise component of vorti-
city within the blade passage is similar to that
obtained in the flow through a curved duct [Hawthorne

,

(1961), Eichenberger, (1953)]; however, there is
the difficulty of devising a reasonable approximate
method of satisfying the Kutta-Joukowski condition
at the exit of the rotor. The method used in this
investigation assumes that the flow is contained in
a duct defined by the blades and streamlines of the
primary flow leaving the exit of each blade. In
this exit plane, a flow solution devised by Hawthorne
and Novak (1969) was applied. The secondary stream-

FIGURE 6. Description of relative coordinate system.

-3 -2-10 1 2.,

RELATIVE STREAMWISE VORTICITY, u
,

FIGURE 8. Relative passage streaniwlse vorticity at
rotor exit plane for basic flow no. 1.
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wise vorticity was divided into tangential and axial

components whereby the former, (i^g '

"'''s
'

) sin62/

causes a radial gradient of axial velocity and the
latter leads to an equation for a stream function
describing the radial and tangential velocities in
the exit plane , r , 6

.

The form of the secondary stream function equation
is

TABLE 1. Deviation Angles for Basic Flow No. 1

8r r 3r ^2 ^^2

- (u
S2

-co ')sec6o

2 dr

F(r).

(rtanB2)

(5)

where v^ is the secondary axial velocity and is
obtained from the solution of the tangential com-
ponent of streamwise vorticity. The solution to
Eq. (5) was found by applying standard differential
techniques. The solution and the necessary boundary
conditions will not be discussed in this brief paper.

The deviation angle due to the secondairy flow
can be calculated using

A6

N cos^ 62

2tiV

2TT/N

3m ^
T— dr
dr (6)

where N is the nuntier of blades and V is obtained
from the solution of Eq. (5). The axial velocity,

Vx, and outlet angle, Bz- are determined in the
calculation of the primary flow field.

The results of the secondary flow calculations
for various basic flows indicate that the effects
are significant only near the inner wall where the
incoming vorticity is the largest. The deviation
angles calculated for Basic Flow No. 1 are shown
in Table 1.

3. CAVITATION EXPERIMENTS

The cavitation experiments were conducted in the
48-inch diameter water tunnel located in the Garfield
Thomas Water Tunnel Building of the Applied Research
Laboratory at The Pennsylvania State University. In

Normalized Distance

from Surface

R/R
R

0.00

0.04

0.14

0.24

0.34

0.44

0.54

0.64

Deviation Angles

A6
s

-5.4
o

-2.9

-1.0

<0.2

all cases, desinent cavitation was employed as the

experimental measure of the critical cavitation
number. The cavitation in the vortex system occurred
on the rotor cap. Also, the occurrence of the
cavitation was very sporadic.

The air content of 3.1 ppm was chosen for all of

the cavitation experiments because gas effects are
reduced and the relative saturation level was always
much less than unity. Desinent cavitation number
data were obtained for different incoming velocity
profiles to the rotor. The incoming velocity profile
was varied by changes in the configuration of the
upstream surface in addition to varying the rotor
flow coefficient. Results were obtained with/without
upstream struts, with/without a screen on the upstream
surface, and on/off design rotor flow coefficients.
In all, there were sixteen different flow configura-
tions or Basic Flow Nos . tested.

Figures 9-11 display the effects on the desinent
cavitation number over a range of velocities due to

variations in the inflow velocity distribution. In

general, the cavitation number increased for in-

creasing free stream velocity for all flow config-

urations shown. As shown in Figure 9, the addition
of upstream struts which consisted of four struts

placed at the 0°, 90°, 180°, 270° points on the

upstream surface caused the cavitation number to

FIGURE 9.

flow nos.

Correlation with cavitation data for basic
1 and 4.

25 30

VELOCITY ~ Hfsec
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25 30

VELOCITY ~ ft/sec

45 FIGURE 10. Correlation with cavitation data for
basic flow nos. 1, 3, 4, and 5.

increase. In contrast to this result, the addition
of upstream screens causes the cavitation number to
decrease as shown in Figure 10. Data in Figure 11

show that a decrease in the flow coefficient by 10%
causes a dramatic increase in the cavitation number,
whereas a 10% increase in the flow coefficient
causes the opposite trend which is not shown in the

figures. Additional cavitation results are given in
Billet (1976).

determined by the vorticity associated with the
vortex but also by the location of the vortex in
the primary flow field.

Considering only the vortex, there are many fac-
tors which can influence the minimum pressure coef-
ficient. If one models a vortex by a simple
rotational core combined with an irrotational outer
flow, the Cpmin is found to be

Cp . = - 2
min 2Tir V„

c

(7)

4. CORRELATION OF SECONDARY FLOWS WITH THE CRITICAL
CAVITATION NUMBER

Because of the complicated flow field where the
vortex exists, an absolute calculation of Cpj^^^j^ of
the cavitating region would be very difficult. The
minimum pressure associated with the cavitation
occurs within the vortex which is located along the
inner wall. This minimiom pressure is not only

the core. Thus, the factors which influence Cpmin
are those which influence the circulation or core
size.

Assuming that secondary flows control the vortex,
Eq. (7) can be used to predict changes in critical
cavitation number due to changes in the secondary
vorticity produced along the inner wall. Therefore,
Eq. (7) can be arranged into the form

1 1 1 1 —1

_ o DESIGN FLOW COEFFICIENT (BASIC FLOW NO. 11
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TABLE 2 - Vortex Circulation and Core Size Calculated Flow Vorticity Data

Basic Flows

Circulation
r

(in /sec)

Basic Flow No. 1

without upstream struts - 11.64

without screen
design flow coefficient

Basic Floxi; No. 2

without upstream struts - 8.23

without screen
0.9 design flow coefficient

Basic Flow No. 3

without upstream struts - 10.99

with screen
design flow coefficient

Basic Flow No. 4

with upstream struts - 8.29

without screen
design flow coefficient

Characteristic
Dimension
R (inch)

0.81

0.57

0.20

0.45

Nondimensional
Ratio

-0.080

-0.091

-0.076

-0.102

Planar Momentum
Thickness
e (inch)

0.85

0.71

0.94

1.01

the inner wall has a characteristic dimension

associated with it. A measure of the circulation

associated with this vorticity can be found by

integrating the vorticity from the inner wall to

the radius where the vorticity changes sign. In

addition, the characteristic dimension of the

passage streamwise vorticity must be related to the

difference between the radius where the vorticity

changes sign and the inner wall radius. The results

for several basic flow configurations are shown in

Table 2. Also, the nondimensional ratio, r/r^V„,

which is a measure of the minimum pressure coef-

ficient of the vortex is given in addition to the

planar momentum thickness of the mean boundary

layer profile entering the rotor for each flow

configuration

.

In order to make absolute comparisons between

calculated minimum pressure coefficients and

cavitation data, a reference point is necessary

and the effect of Reynolds number must be calculated.

A reference point for Basic Flow No. 1 of a = 2.8 at

a velocity of 15 ft/sec was chosen. The influence

of Reynolds number was determined by solving for the

relative streamwise vorticity at two different free

stream velocities. For these calculations, a bound-

ary layer profile at the reference Reynolds number

was used in one calculation and the boundary layer

profile at three times the reference number was

used in the other calculation.

Now using Eq. (8) with Basic Flow No. 1 as the

reference point, comparisons between cavitation

data and Cpj^i^ calculated using the passage stream-

wise vorticity can be made. Some of the results

are shown in Figures 9, 10, and 11. As can be noted,

the changes in Cp^ or a for the vortex as calcu-

lated, using secondary flow theory, correlate well

with the cavitation results. Only the correlation

with the rotor operating off-design (Basic Flow No.

2) is poor at the higher velocities. It is felt

that this is due to primary flow problems.

5 . SUMMARY

A secondary flow analysis has been developed which
can be employed to assess the effect of inflow
velocity distribution on the strength and core

size of a vortex. This analysis has been success-
fully applied to a rotor where the secondary flows
dominate the flow field near the inner wall.

NOMENCLATURE

aj^' - streamline spacing in bi-normal direction

Rj^ - radius of rotor
W - relative velocity

&2 ~ relative outlet metal angle

gf - relative outlet air angle

A6' - deviation angle due to axial velocity accel-

eration
ASg - deviation angle due to secondary flows

Oq - deviation angle due to blade camber

a - cavitation number = (Pod - Pv)/(l/2pVoo )

Oji - limited cavitation number

0(j - desinent cavitation number

Us' - component of absolute vorticity vector in

relative streamwise direction

LOn' - component of absolute vorticity vector in

relative normal direction

Ub' - component of absolute vorticity vector in

relative bi-normal direction

fln' - component of rotation vector in relative

normal direction
flj-,' - component of rotation vector in relative bi-

normal direction
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ABSTRACT

In general, there is a cavity astern of the hub of

a ship screw. This cavity is rather stable and is

roughly in the shape of a long circular cylinder.

There is circulation about it, which occurs in the

case of a real screw propeller, when the circulation

around the blades at their roots is nonzero.

Because the divergence of the vorticity field is

zero, this circulation at the roots "flows" down-

stream in the form of circulation about the hub.

At the end of the hub the flow contracts and the

swirl velocity increases. The pressure becomes
lower and a cavity forms where the pressure decreases

to the vapor pressure.
We introduce the following simplifications:

First, we neglect the influence of the finite number

of blades and consider a half infinite axially

symmetric hub immersed in an inviscid and incom-

pressible fluid. The incoming flow consists of a

homogeneous part, parallel to the axis of the hub

in the direction of the endpoint, and of a swirl
which represents the circulation around the hub.

In the upstream direction the hub tends to a

circular cylinder while its radius tends to zero

towards the end point. Second, our theory will be

linear: The difference between the radius of the

hub and the radius of the cavity is assumed to be

small and quantities which are quadratic in this

difference will, in general, be neglected.
Using these simplifications we determine the

shape of the cavity for given values of, for

instance, the swirl, the incoming velocity, the

ambient pressure, and the vapor pressure. The

surface tension is also included in the general
formulation of the problem. The more detailed
considerations, as well as the numerical calculations,
will be confined to zero surface tension.

One of the unknowns of the problem is the

position of the point of separation. This position
can be determined by demanding that the pressure
exceeds the vapor pressure everywhere on the wetted
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surface of the hub and by demanding that the flow
cannot penetrate the surface of the hub.

The shape of the cavity is roughly a circular
cylinder. There are waves on the surface of this

cylinder which are, within the limitations of our
theory, steady with respect to the hub, and their

crests and throughs are perpendicular to the axis

of the hub. We will give numerical results for

the wavelengths and amplitudes of the waves as

functions of, for instance, the incoming velocity
and of the shape of the hub

.

1 . INTRODUCTION

A long cavity generally begins somewhere at the

end of the hub of a ship screw. This cavity, which
has circulation around it, does not close or widen,
it has a rather stable mean value to its radius.

The circulation or swirl occurs in the case of a

real screw propeller when the circulation around
the blades at their roots is not zero. Because
the divergence of the vorticity field is zero, this

circulation at the roots "flows" downstream in the

form of circulation about the hub and then about
the cavity.

In order to gain some insight in this phenomenon
we introduce some simplifications. We neglect the

influence of the finite number of blades and con-

sider a half infinite axially symmetric hub immersed

in an inviscid and incompressible fluid. The

incoming flow consists of a homogeneous part paral-

lel to the axis of the hub in the direction of the

endpoint and of a swirl which represents the

circulation around the hub. In the upstream
direction the hub tends to a circular cylinder
while its radius tends to zero towards the and
point. Hence, near the endpoint the flow contracts

and the swirl velocity increases proportional to

the inverse of the radius. This means that the

pressure becomes lower and a cavity starts where
the pressure decreases to the vapor pressure of
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the fluid. Another approximation is that our theory
will be linear. In order for this theory to be

valid it is necessary that there be no abrupt changes

in radius of the hub and cavity. In real fluids the

viscosity can have an important influence on the

point of separation [Wu (1972)], however, this

effect is too complicated to be treated by our
method. We will not take into account the dependence
of the local vapor pressure on the curvature of the

interface between vapor and liquid. Surface tension
is included in the general formulation of the prob-
lem. The more detailed considerations, as well as

the numerical calculations, will be confined to

zero surface tension.
One of the unknowns of the problem is the value

of the axial coordinate of the point of separation.
This value can be determined by demanding that there

is no place at the wetted area where the pressure
is lower than the prescribed pressure in the cavity
and by demanding that the flow cannot penetrate the

surface of the hub.
The problem is very similar to the shrink fit

problem, in the theory of elasticity, of an unbounded
elastic medium with a circular two-sided infinite
hole [Sparenberg (1958)]. This hole is occupied by
a half infinite axially symmetric rigid body and
the problem is to calculate the contact pressure
between the body and surrounding medium when for
instance shear stresses are supposed to be zero.
Also, in this case, the edge of the region of con-
tact has to be determined.

The way in which we solve our problem is

analogous to the way in which the aforementioned
elastic problem can be solved. First we determine
a Green function. This is, in our case, the
deformation of the two-sided infinite cavity with
swirl when a rotationally symmetric pressure of a
Dirac 6 function type is applied at the circular
cylindrical wall. By using this Green function as

a kernel we can write down a Wiener-Hopf integral
equation for the unknown contact pressure causing
the fluid flow along the hub. This integral
equation is solved ni:mierically by the finite element
method.

2. EQUATIONS OF MOTION AND BOUNDARY CONDITIONS

where u, v, and w are the velocity components in the
X, r, and 9 direction, p is the pressure, and T is
2tt times the circulation around the axis. From
Bernoulli's equation it follows that

p^(r) = p^-pT^/2r^ (2)

Poa is the ambient pressure in the fluid and p (r)
* p^ for r ->• ". On the wall of the cavity for
r + r we have

c

P (r ) = p - pr^/2r •^

o c » c Pc - P'^/'^c (3)

where p is the pressure inside the cavity and pa

is the surface tension of the fluid. In the
following we assume

p >
c

(4)

hence, the ambient pressure at infinity is larger
than the pressure in the cavity. From (3) it

follows

- pa + /p^a^ + 2 pr^ (p - p ),
CO C

2 (P (5)

We had to choose the positive root under the

assiamption (4) . For (p - p ) < we would have
chosen the negative root, however, this would
yield an unstable situation. In the case of zero
surface tension (5) simplifies to

r^ = r/p/2(p_^-p^) (6)

The equations of motion for a time dependent fluid
flow are

3u - 1" _ 1 3p
p 8x

3u - du

dt dx 3r

3v , 3v , 3v w^ 1 3pr-+u— +v- = —

-

dt 3x 3r r p 3r

(7)

(8)

First we consider a two-sided infinite circular
undisturbed cavity of radius r^,, with swirl in an
inviscid and imcompressible fluid of density ~p.

FIGURE 1. Undisturbed cavity flow.

The undisturbed velocity field and pressure field are

r

3w _ 3w _ 3w vw--+U--+V-— + =0
dt dx 3r r

Also, we have to satisfy

,--.-, 3u
,
3v V

div (u, V, w)= -— + -— + —= 0.
3x 3r r

r
w = —

r

(9)

(10)

For a disturbed motion which satisfies (7)... (10)

it remains true that (1)

(11)

u = U, V = 0, w Po(r) , r >rc. (1)

otherwise a circular contour floating with the
fluid would change its circulation which is im-
possible when external force fields inside the
fluid are absent. This follows also from (9) which
is satisfied by (11) . Hence substituting (11) into
(7), (10) we are left with the following three
equations for the three unknown functions u,v, and

P-
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3u > 3u -. 3u— + u — + V —
3t 3x 3r

1 3p

p 3x
(12)

Substituting (23) into (22) and using (2) and (15)

we find

3v

3t

. 3v _ 3v
u T— +

-
3x 3r

1 3p r^

p r j-3
(13)

(pr^/gr^) + p = p - op (- - -

^ 3x2 =

r = r,, + 6r^.

6r^) + pU^f ,

(24)

ii+ 3i + V ^
3x 3r r

(14)

We now linearize these equations with respect to

the undisturbed swirl flow.

u = U + u, V = V, p = Po + Pr (15)

where the perturbation quantities u(x,r,t), v(x,r,

t) , and p(x,r,t,) are supposed to be of 0(e). Sub-

stituting (15) into (12)... (14), neglecting terms

of O(e^) and using (2) we find

Expanding the functions of r in (24) with respect
to 5r^, neglecting second order quantities, and

using (3) the boundary condition (24) changes into

(25)

p(x, r , t) = (- £^ + ^ )6r + ap ^ 3r + pU^f.
c 3 2c 3x^ c

r r
c c

From (16) we find, because p ^- and ij)
-» for x

P = - P" 3^ - 3l ' (26)

3u

3t
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.6r (X) +uf- 6r (x) - '- ^'^'^^ =0 -

c 3x c 3r

(33)

We introduce the Fourier transform g(ij) of a function

g(x) by
+ 00

g(y) = -^ I g(x)e^^''dx, g(x) =-4= g (.X) e^'^^'dv.

_oo -co (34)

-iSx

j_
" Ki (g)ILe ^'^ dC

2" J (g+ ^^"c )K^(g) - (a+e52)Ki(5) , (42)

where a and B are dimensionless quantities given by

(43)

r U''

Transformation of (31) yields

ii 11-
8r r 3r

(U,r) = . (35)

Hence, for real p

* (yr) =Ai(y) K^(|y|r) +A2(vi)I (|y|r), (36)

where Kg and Iq are modified Bessel functions.
Because (j)

->• for r -> » we have

Ao (U) = 0. (37)

Substitution of (36) with (37) into (32) and (33)
yields

(E-ipU) K (|y|r ) Aj (v) - (^ + p'^o)6r (y)
c r^ r^ c

= -u-'f(y), (38)

It can be easily proved that under the assiomption

(4),

a/B 1 + [2r2{p_^ - p^)/pa^ > 1. (44)

In order to find the Green function for the
stationary case we have to take the limit e -» in

(42).

We now make some remarks for the case a j^ and
hence 6 7^ 0.

First, the integrals in (42) are absolutely con-
vergent for < X < (»_ This means that when sur-
face tension is present Green's function k (x) is

finite even at the point of application of the
singular loading (41) . This could be expected
because the surface tension can be represented by
a membrane placed at the boundary of the cavity
and a membrane has the possibility to locally
sustend such a loading by a jump in its first
derivative while its deformation is still a contin-
uous function of x.

Second, we consider the denominators in (42) for
e = and look for positive real roots of

|y| Ki(|y|r ) Aj (u) + (£-iyU) fir (y) = 0. (39)

Solving (38) and (39) for &r^ (y) and applying the
inverse Fourier transformation we obtain

<5r^(x) =

f (y) |y|K, {|y|r )e ^^''du

,r2 a
/27J [(£:-iyU)2K^(|y|r^) + (— - — +y2o) |y|Kj(|y|r^

-CO ^C "^

(40)

K (C)
o

Ki(?)
(45)

The left hand side of (45) is curved upwards for

C > 0, while the right hand side is curved down-
wards. The proof of the latter statement is rather
complicated and will not be given here. However,
taking this for granted, it means that there are
none or two real positive roots, which is analogous
to the case of ordinary gravity waves with surface
tension. One of the roots corresponds to a wave
primarily due to the swirl, the other one to

capillarity. [Whitham (1973), p. 446]

We now choose

f(x) = 6(x) (41)

where 6 (x) is the delta function of Dirac, hence
f (y) = l//2Tr. Next we split the range of integra-
tion into two parts namely - «> < y < and < y

< »> and neglect terms of 0{£^) in the denominator,
then we find

k(x)— fir (x)
Ic f (x)=6 (x)

4. THE CASE OF ZERO SURFACE TENSION

Green's function (42) in the stationary case for
zero surface tension, when we take a different
positive value for £ which of course is irrelevant,
is

k(x) lim

Sx

2tt

Ki (C) e dC

:(S-i £)K^(?)- a Ki(C)]

CO

-i r
2T7 -J

Ki(S)e

igx
re

dS

(g-^^f^)K (5)-(a+6C^)Ki(C)—
r,
—

1

271

5x

Ki(5) dC

[(5+i e)KQ(5) - " Ki(C)]_

def
+ I-.

(46)
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First we investigate the number of poles of the Bessel functions, and using the definition of C

integrands for e = 0, hence, the number of positive we find

real roots of

a = ?

K (5)

Ki(C)
, ? > 0. (47)

6 5 =
i £ K (5 )Ki(C )0-^0

(56)

{2Ki(S )K (5 )-S Ki2(5 )+5 K 2(5 )}

where now (43) a = r^/u^r ^ = 2 (p^ - p )/pu2. Hence by (49) we find that

From the well known expansions of Kq{£;) and

Ki(?) it follows that the right hand side of (47)

is zero for C = and tends to infinity for 5 -s- ».

We prove that this function increases monotonically

with C, hence, we have to consider

Im(S +6 5) > 0, (57)

K (5) K (S)
d_

J.

_o ^ 2
_o

dC ^ Ki(5) Ki{S)
S + S

K M5)
(48)

Instead of proving that the right hand side of (48)

is positive we will show that

or the pole of the integrand of the first integral

in (46) is slightly above the real axis for e small

and E > . In the same way the pole of the inte-

grand of the second integral in (46) is slightly

below the real axis.

Now we want to give a different representation

of (46) . We distinguish between two cases x >

and X < 0. In the case of x > we rotate the

direction of integration of Ij and I2 as follows.

2 K (S) Ki(5) - 5 Ki2{5) + C K 2(5) >
o

(49)

(0,-i") ,Ij -> (0,+i=>) , I

and in the case of x <

Ij ^ (0,-i<») , I2 ^ (0,+i")

(58)

(59)

This is easily shown to be true for g ->• <»
. Hence,

when the derivative of (49) is negative the

function itself has to be positive. This derivative.

From the foregoing it follows, that for x > 0, a

-2 K (C) [Ki(C)-l- 5 K (£)]/5 - Ki'(5) + K 2(C), (50) pole has to be added to Ij as well as to Ij. The
° °

question arises: are there still other poles in

is negative, since K^ (S) for < C < ". This means

that the right hand side of (47) increases mono-

tonically, hence, there is one and only one root

5 = 5 of (47) in < 5 < »
We will estimate the value of £

show that

(£+1) K^(5) - £ Ki(5) > 0.

Therefore we

(51)

From well-known expansions for K and Kj , this

inequality holds for £ -^ ". The derivative of the

left hand side of (51) being

(S+1) [Ko(5) - Ki(£) (52)

is clearly negative, and hence (51) holds in <

5 < ". From Kj (C) > Kq(£) and (51) it follows

that the root 5 of (47) satisfies

a < C < a + (h a^ a) (53)

Second we have to determine at which side of the

real axis this root is situated when e is small

but not zero. Consider the denominator of the

first integral of (46) , hence a root of

(C-i I) K (5) - a Ki (?) = 0.
o

(54)

The zero in the neighborhood of the real axis of

(54) is assumed as

5=5^+6 5, (55)

the complex half plane Re £ > which are passed

by rotating the lines of integration? We now

shall give a proof that this does not happen. This

proof was kindly given to us by our colleague Prof.

Dr. B. L. J. Braaksma.
Consider the function

F(5) ^L E. K^(5) - a Ki(a - [CKj- (?)

+ {a+l)Ki(?)] , (60)

which is real for real values of £. Suppose Sj

with Re si > and Im s^ 7^ is a zero of F(C),

then also S2 = sj (complex conjugated value) is

such a zero. The functions Ki(s.C), j = 1,2,

satisfy

[S

dC
2
"^51 (s^ 52 ^. 1)] Ki(s.C)

1 3

, j = 1,2.

(61)

Multiplying (61) by Kj (s £) with k = 2 for j = 1

and k = 1 for j = 2 , we find by subtracting the

results

(Si - S2)5Ki{siS)Ki(s2S) = TT C[Ki(S2C) ^ Ki{siC)
d_

d?

d_

d?

Ki(si5)^l(S2?)] (62)

Hence

2 2

(sj - S2) /? Ki(si£)Ki{S2C)d£ = £[(Ki(S2C)f^i(si5)^-d?

a?Kl(si?)^K,<V)l|

(63)

where ? satisfies (47) or (54) with e = 0. Sub-

stituting (55) into (54), expanding the modified

It is easily seen that the right hand side

vanishes for C ^ <» and because sj and S2 are zeros
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of F(£;) (57) this right hand side also vanishes
for S -> 1. Because the integral is positive we

have found that the assumption Im sj = -Im S2 7^

yields a contradiction. It follows that no other
residues have to be added to the resulting integrals
after the rotations as denoted in (58) and (59)

besides the two we mentioned for x > 0.

Using some formulae from Watson (1922) we find

Then we have to solve the following integral
equation

k(x-x') f(x')dx'= &r (x) , X < 0, (73)
-> c—00

which is of the Wiener-Hopf type.

K (+ i S) = T" tl J (5) + i '^ (5)] , ? > 0, (64)
- 2+0 o

Ki(+ 15)=-- [Ji(£) + i Yi(S)] , 5 > 0, (65)

Adding poles to the integrals in the case x > we

can transform the Green function (46) into

k(x) = h(x) +

where

(66)

h(x)

and

e ^ dg
2 2.

[CJ (C)+aJi(S)] +[SYi{S)+aYi(C)] (67)

5. THE EXPLICIT SOLUTION OF a Ki (C) -£ K (£) =

In order to find an explicit solution of Eq. (47)

we first have to make some preliminary considerations.
Assume the following loading of the otherwise undis-
turbed cavity boundary

f(x) = Ei6(x) (74)

where ej is a small parameter. By (66) we find for

the deformation of the cavity

Ej A sin bx

6r (x) = e, h{x) + <
c '

Next we consider

f(x) = -1 X < f(x)

X > 0,

, X < 0.

0, X > 0.

(75)

(76)

A = 2? /(2c»+a^-C )

c
(68)

The function h(x) is symmetric, h(x) = h(-x).
For x -*- it has a logarithmic singularity because
for X = the integrand as a function of £, behaves
as 17/25, hence

h (x) ~ — J.n X
TT

(69)

For X ^ " the behavior of h(x) depends on the behav-
ior of the integrand in (67). For g ^ 0, this
turns out to be as

(4a2/7i2£2)+o(53£ng) . (70)

The loading given in (74) is the derivative with
respect to x of the loading given in (76) . Hence
the derivative of the deformation 6*r^{x) caused
by (76) has to be equal to (75) , we take

cos bx , X > 0, (77)

6*r (x) -El h(?)dC +

, X < 0,

Then it follows from Doetsch (1943) p. 233 that

h(x) = -Trr^/a2|xP |x| ^-^ . (71)

where we have chosen the constant of integration

in such a way that for x ->- +°° we have a harmonic

wave with mean value zero.

Finally consider

Now suppose that for x < the shape of the
cavity is prescribed.
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6*r (x) - 6**r^(x) = -e^ h(5)d5 -ej -
,

Equation (87) describes the dispersion of these
waves when surface tension is neglected.

-00 < X < 00 (80) NUMERICAL SOLUTION OF THE INTEGRAL EQUATION

which is constant as could be expected because

belongs to a constant loading of magnitude -EjpU
of the whole cavity.

This displacement however can be calculated in

another way by using (6) where we have to replace

Pc ^^

p + pU^f = p - EipU^.
c c

(81)

Expanding (6) with respect to ej, we find

r + 6*r - 5**1
c c

(p -p )

<*> c

Combining (80) and (82) yields

(P -p^+eiPU^)'^

r EipU^

T i (1 -
^^ ) (82)

(Poo-P.

pU-^r /2(p -p )

C 00 c
h(x)dx + A/b (83)

Substituting h(C), A, and b from (67) and (68) into

(83) and carrying out the integration with respect
to X we find after some reductions

-1 2

2(2a+a -C^
-1

(84)

where

L = dC
2 ^

^ J 5{[?J (C)+aJi(S)] +[CY (5)+ctYi(C)] }

Solution of (84) with respect to C yields

2L
5 (a) = a . {1 +

(aL-1

(85)

(86)

by which we have found the unique solution of (47)

for 5 real and g > 0. This derivation rests on

some mechanical considerations such as uniqueness
of the solutions in relation to radiation conditions.

The result however, which is interesting from the
point of view of zeros of transcedental equations
connected with Bessel functions, has been verified
by others in a more straight forward way and found

to be correct.
By (86) it follows that an axial symmetric wave

moving along the cavity with velocity U has a wave-
length X (U) given by

X(U) = 2TT/b =[Tir/S^(a)] [2p/(p^-p^)]

2(P -Pc)/PU'' (87)

In the left hand side of (73) the function k (x) is

given by (66-68) and the dimensionless quantity
f(x') is unknown. For x < the right hand side
is determined by the geometry of the hub. Let this
geometry be described by

r (x) = r + 6r, (x)
h c h

(88)

where r (x) is a given function. Then the right
hand side is known up to an unknown shift, s, of
the hub along the x-axis, since the position of
the point of separation is a priori unknown. Hence
for x < we can write (73) as

/ k (x - x' f (x- dx' (x + s) x <

(89)

where the function f(x') and s are unknown. First
we will describe how f(x') is computed numerically
from (89) for arbitrary values of s. Then s will
be determined by a condition to be satisfied by f

at X = 0.

We make some remarks concerning the behavior of
f(x') for x'fO and for x' ->- -<». As will be shown
in the Appendix, the behavior of f(x') near the
origin is, for arbitrary values of s.

-1/2
f(x') = 2Tr ^ B

1/2, x'tO (90)

where B is some constant which will be discussed
later.

The hub has a constant radius far upstream,
hence 6r (x) tends to a finite value for x -> -">.

Since the kernel k (x) vanishes for x -+ -", the
perturbation due to the end part of the hub van-
ishes far upstream. Hence, the pressure distribu-
tion there is the same as that of a two-sided
infinitely long hub with constant radius. This
case was also considered in the preceding section.
We find f(-<=) from (82), with -Ej = f(-'»), and (6)

and (87);

f (- a 6r, (-<«>)/r .

h c
(91)

In order to transform (89) into a discrete
function we choose n + 1 points on the negative
x-axis

:

-oo<x <X ,<...<Xl<X =0,
n n-1

(92)

and construct n coordinate functions, f (x) , ...,

ffi (x) , defined on -°> < x < as follows: For
m = 2, ..., n-1 the function f^ia) vanishes out-
side the interval (Xj^+i, Xj^_i), and inside this
interval its value is

f (x) = (X
m

>c ^,) / (X
m+1 m

X ,) , X , < X < X , (93a)
m+1 m+1 - - m

f(x) = (x-x ,)/(x -X ).x<x<x . (93b)
m m-1 m m-1 m- - m-1

The function f j (x) vanishes for x < X2 , and:
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1/2 1/2

fl(x| 0, C94a)

fl(x) = (x - X2) / (x - X2) . X < X < xj . (94b)
1 2

Finally f (x) vanishes for x , < x < and:
n n-1 -

f{x) = (x-x )/(x -X ),x <x<x '^^^'

n n-1 n n-1 n - - n-1

f (x) = 1
n

X < X
n

(95b)

These functions are plotted in Figure 3 . We approx-
imate the function f(x') in (89) by a linear com-

bination of the coordinate functions

:

n

f(x') = ICf (x') , (96)
m=l m m

where the C are unknown coefficients. In order to

approximate f(x') well near the origin, we have
chosen fi in a special way and, besides, the points
x are more densily distributed near the origin.
Since f{x') is almost constant for large negative
values of x' , we have chosen f to be constant in
(- ", X ) .

Next we have to determine the coefficients Cj

,

..., C . We substitute (96) into (89) and then
the C must be chosen so that the difference
between the right hand side and the left hand side
of (89) is as small as possible, in the sense of
some norm. The computed values of the C appeared
to depend strongly on which norm was chosen for this
difference; many of these noinns give unreliable
results. We obtained reliable values of the C as

follows

:

Equation (89) with x = x , £=0,1,..., n-2 yields

n

Z

m=l
M C
Im m

= 6r (x + s), 5,= 0, ..., n-2

where

:

M„ = f k(x„ - x') f (x' ) dx' .

Jim J I m

(97)

(98)

At the points x.^-]^ and Xj^ we minimize the difference
between the right hand side and the left hand side
of (89) . The expression

n
r

J,=n- m=l
S-m

- 61 + s)]' (99)

We have checked these numerically computed values
of the Cjjj as follows. First, the computed approxi-
mation has the square root character (90) even in

the interval (X3,0). Second, the value of C^ equals
the right hand side of (91) within an error of 0.5%.

Third, if we replace the kernel k (x) in (89) by a
kernel k(x), which has the same behavior (69) at

the origin, and which for x -> " is also given by a
term A sin bx as in (56) , then (89) can be solved
effectively by the Wiener-Hopf method. If we apply
our numerical method to (89) with the kernel k,

then the numerically computed function, f , equals
the analytically computed solution within an error
of 1%.

We have tried to compute the Cj, ..., C in

different ways; for instance:
i) By collocating the points x , Xj^ with

the exception of one point Xj^ , so that the number
of equations equals the number of unknowns. This
method had to be rejected because the computed
approximation for f (x) appeared to have oscillations
near Xj^

.

ii) By minimizing the sum of squares of the
differences between the right hand and the left
hand side of (88) at the points Xq, ..., Xj^ . We
have also rejected this method, because oscilla-
tion occurred in f (x) near the origin.

We make some remarks concerning the computation
of the matrix elements. M in (98). For m = 1,

. . . , n - 1 the integrand is non-zero only in a
bounded region. The kernel k (x) is written as the
sum of a logarithm and a function which is bounded
at x - 0. The integral over the logarithm is

evaluated analytically; the remaining term is

integrated numerically. For m = n the integrand is

non-zero in an unbounded region . For x £ Xj^ we
have fj^fx) = 1 and we must evaluate

k(xi - x' ) dx' (100)

Note, that the integrand does not tend to zero for
x' -> -", as follows from (65). However, the express-
ion (100) represents the deformation of the cavity
due to a loading which equals a step- function. This
deformation has been computed in (76,77).

We now come to the determination of the shift, s.

The pressure in x < at r = r^ must exceed the
vapor pressure. Hence, by (22) with a = 0, we
must have f S 0, and by (90) , B > 0. As will be
shown in the Appendix, the shape of the cavity for
small values of x is given

6r (x) 6r^(0) + 6r (0)x - 4B {x'^/-n)^/3 , x 4-

h h

is a quadrative , non-negative function of the C
Now the Cj, ..., Cj^ are determined so that they
minimize (99) with the constraints (97)

.

(101)

This implies that the radius of curvature tends to
zero for x -I- . Since the fluid may not penetrate

FIGURE 3. The coordinate functions

fi, . . . f .
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the hub, we must have B < for a hub with a smooth

surface . We found above that B > and hence B

must vanish. For our numerical approximation this

implies that the coefficient, Cj , must vanish. Now
the value of the shift, s, is determined by iteration
so that Cj vanishes.

When f (x) has been computed we can compute the

shape of the cavity in x > with a numerical
integration of (73) for x > 0. Using (40) with

a =0, we can derive an expression for 6r^(x) for

x -> ". The derivation is similar to the derivation
of (55) and, therefore we give the result only:

2C,
&r (x)

where

:

o

(102)

{Ai sin(? x/r ) + A2COS(C x/r )},

7. NU^4ERICAL RESULTS

In this section we give computermade plots of the
shape of the cavity 6r|_,(x) for a number of shapes
of the hub 6rj^ (x) and for a number of values of the
dimensionless parameter a. We consider the case of
zero surface tension, hence a is given by (87) or
by (43) with a = 0:

2(P„ Pc'
(104)

pU^

It follows from (88) that 6r[^(x) depends on r^ for
a fixed hub. The value of r^ is given by (6) :

(f)^^r(p„ Pc> (105)

Aj = lim I

E-l-O -"

o

A2 = lim I

E + -<»

e cos(S x/r ) f{x) dx, (103a)
c

e sin(5x/r ) f{x) dx. (103b)
2 c

However we can vary a without changing 6rjj(x) by
varying U and keeping p, T and p„ - p^, constant.

In the Figure 4 the function 6rh(x) is plotted;
it consists of a straight horizontal line and part
of a parabola. The x-axis is chosen so that x =
at the point of separation. No scale-unit is given
in the vertical direction, since 6rj,(x) and 6rc(x)
are the linearized perturbations of the undisturbed

'/iiiui I III n 1 1 1 n I

D

Tri 1 1 1 1 1 1 1 1 n 1

1

'/ 1 ! I I I / I I I I / I

-I.OO -2.00 0.0

'// / / 1 / 1 / / / / / / / / 1 /

FIGURE 4. The functions Srj, [(x+s)/r^)
(hatched curve), '5rj,(x/rj,) and the asymptotic
expression (102) (a.e.). The values of a are
a)4, b)2, c)l, d)0.5, e)0.25. The point of
separation is at x=0. Sr^, is given by
5rh(x/rj;) = 1 for x < and = 1- (x/r^,) ^ for
X > 0. The values of s/r^, are a) 1.092,
b)1.017, c)0.558, d)0.070, e)0.014.

V / / / / / ) / I / / / / I /

<V;
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cavity (1); see Figure 2. The dimensionless quantity
x/rc is on the horizontal axis. In x > the
numerically computed function 6rc(x) is plotted
and also the asymptotic expression (102) is given.

It appears that the asymptotic expression is a good
approximation for Sr^ix) also for rather small
values of x/tq.

The Figures 4(a) through (e) correspond to

decreasing values of a. This is equivalent to

increasing values of the speed U with constant p,

r, and p„ - Pc- The length of the waves on the

cavity is an increasing function of a, as was stated
in Section 4. Further we observe from these figures
the following:
i) An increase of the speed U induces an increase
of the amplitude of the waves on the cavity,
ii) When U is relatively large, the point of
separation is near the point where 6rjj(x) attains
the value 6rjj(-«') . When U is small, the point of
separation is near the point where 6rj^(x) = 0.

The latter phenomenon is easily understood, since
we can imagine two reasons for which the fluid may
separate from the hub: First, the radius of curva-
ture of the hub may be so small that the fluid
particles are unable to keep contact with the hub.
This effect dominates in the case of a relatively
high speed U. Second, the value of 6rh(x) may
become negative. Then the centrifugal force makes

the fluid particles leave the hub. This effect is
important in the case of a low speed.

In Figure 5 we have plotted the same functions
for a different shape of the hub. Here 6r. (x)

consists of a straight line, a part of a parabola,
and another straight line. It appears that quali-
tatively the same effects occur.

In Figure 5 we have only one value of the param-
eter, a, (a = 1) , but we have plotted a family of

functions 6rj^(x). The plot of 6r(,(x) is omitted, and
we have indicated the point of separation with a

dot. The amplitudes of the waves in 6r^(x) at x = »

are denoted in a table underneath Figure 6 . These
numbers are the amplitudes divided by 6rj^(-'°).

From this figure we observe the following:
iii) If 6rj^(x) decreases abruptly as a function of
X, then the amplitude of the waves on the cavity is

relatively large.
iv) The sign of (Srj^ (x) at the point of separation
can be positive or negative, depending on the
function 6rj^ (x) . If 5rh(x) decreases more and more
slowly as a function of x, then the va],ue of Srj^ (x)

at the point of separation approaches zero from
below.

We will compare the effects on the cavity by
changing a, or U with constant p and p - p , and
of the function 6r (x) . In order to give a rough
description of the dependence on 6r, (x) , we use the

h

'/I I I / I 1 1 1

1

'/////// / / /

'//////// 'rj~

10.00

////////// ///

//'///////'/////

10.00

FIGURE 5. The functions Srj, [ (x+s) /r^,]

{hatched curve), i5r|,(x/rj,) and the asymptotic
expression (102) (a.e.). The values of a are
a)4, b)2, c)l, d)0.5, e)0.25. The point of
separation is at x=0. 5rj^ is given by
6rjj(x/r^)=l for x < 0, = l-(x/rj,)2/2 for

< X < r^, and =1.5-x/r for x > r^. The values
of s/r^ are a)1.683, b)1.759, c)1.805, d)0.361,
e)0.052.
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curvature k of the hub, which must be interpreted
as some mean value of the curvature of 6r (x) in

the wetted region not too far upstream.
First we consider the amplitude of the waves on

the cavity. This amplitude is an increasing function
of both U and <, as follows from i) and iii) . Next

we consider the point of separation. An increase

of U or K tends to shift this point from the point
where 6ryj(x) = to the point where 6rh(x) = 5rh(-")
as follows from ii) and iv) . Hence in these respects,

an increase of U has roughly the same effect as an

increase of k. However, the length of the waves on
the cavity is, as follows from the previous theory

(87) , independent of k but is a decreasing function
of U.

Finally we consider a shape of the hub which
induces, for some value of a, no waves on the cavity
at x = ". The existence of nontrivial shapes can
be shown as follows. Let 6rj^-[(x) and Sr^^j^'^^ tis

two shapes of the hub and let 5r^, (x) and Sr^,, (x)

be the corresponding shapes of the cavity for some
value of a. In each case the point of separation
is at x = 0. We choose A > so that the amplitude
of A6rcj '^) at X = " equals the amplitude of i5r (x) .

(Notice that their wavelength is already the same.)
Next we choose a shift, s > 0, so that

lim Aor^,, (x+s) + 6r , (x) = 0.
c2 '

(106)

6r (5) = k(5) f (5),
c

where

:

k(5) = Kjdcl) [(a Ki(U|) - Ul Ko|c|)]
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(A,l)

(A, 2)

Here we have chosen the unit of length to be equal
to r^, so that r^ = 1. We have to solve (A,l) with
f (x) = for X > and with 6r^(x) being prescribed
for X < 0.

In order to apply Wiener-Hopf-Technique, we need
a multiplicative decomposition of k(5). We define:

H(C) -k(C) (C^ - E.^ ) {g^ + 1)
-1/2

(A, 3)

where C is the root of (47) . This function is

continuous and positive in -«» < C < "». By virtue
of well-known asymptotic expressions for the
Bessel functions, K and Ki , we have:

'

H(C) 1 + (1/5) . C -* + (A, 4)

Hence, we can decompose H(C) in the usual way, see
for instance Noble (1958) ; we find:

H(C) = H (C) / H (C) (A, 5)

where

:

Now we construct a shape, 6r (x) , which induces no
waves at infinity, as follows:

6r (x) = A6rj^j(x+s) + 6rj^2 1'^' ' x < -s (107)

6r (x) = A6r^j (x+s) + Sr-^^{x) . -3 < X <

The dimensionless load f was introduced in (22).

By virtue of the linearity of our equations we

obtain the load corresponding to the shape (107) by

shifting the load due to Srj^j over a distance s,

multiplying it by A and summing the load due to

6r,h2- This load is nonnegative in x < and

vanishes in x > 0. The condition for the point of

separation described in the preceding section is

satisfied at x = 0. The shape of the cavity is

obtained by a similar construction as for the load
f . The value of Sr (x) tends to zero for x ->• «> by
virtue of (106) .

"^

Using this method we have constructed five

functions 6rjj(x) which induce no waves at x = " for

five different values of a respectively. The

functions 6rj^j and i5rj^2 ^^^ th^ functions plotted
in Figures 4 and 5 respectively. The results are

plotted in Figure 7. The point of separation is at
X = 0. The value of 6r, (x) in x > is unessential.

h

H (5) = exp i- r - In
IT J +

C

[H(£;):
d£

C-5
(A, 6)

This represents two equations; the upper or the

lower of the ± signs must be read. The contour of

C"*" (resp. C") is the real axis, indented into the

upper (resp. lower) half of the complex C-plane at

t = £. The function K^ (g) [resp. H~(5)] is analytic

in the upper (resp. lower) halfplane. Using (A, 2-3)

and (A, 5) we can write (A,l) as

6r^(5) (^2 - g2) (5+i)
1/2

jj+jgj

1/2 -
•(5-i) H (5) f (S) . (A, 7)

The function (C+i)"^ has a cut from -i to -i" and

(5-i)l/2 j^^3 3 ^u^. fj-om i to i". They are both

chosen so that they are positive for 5 ^ ".

The function Sr (x) is prescribed for x < 0.
c

First we assume:

(x) = e
Ax

< (A, 8)

for some positive A; later we discuss the general

case. Fourier transformation gives:

APPENDIX
6r (5) = -i (2TT) ^/2 (C-iA)"-^ + fir "^(C), (A, 9)

c c

SOME RESULTS DERIVED BY USING WIENER-HOPF-TECHNIQUE where

In equation (73) we let the path of integration
be from -<*> to <» and we assume the load f (x) to
vanish for x > 0. Then applying Fourier transform
(34) to both sides of this equation, we obtain:

5r "^(C) = (2iT)
'''^

c

iCx
e 6r (x) dx (A, 10)

c
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is unknown. We sxibstitute (A, 9) into (A, 7) and

separate functions which are analytic in the upper

half plane and respectively in the lower one. There-

fore we write

:

i(2TT)"^/^{C-iX)"-^ it.+i)''^^^ h'^(5)
=

h+(C) + h-{C) ,
(A, 11)

where

:

-i h"^ (iA) 1
h (C) =

(2Tr)^/2 (iX+i)l/2 5_ix
(A, 12)

is analytic in the lower half of the complex £;-plane,

and:

h+,n i r
H''(iA) _ H"'(g) J^_

*^' ~ ,1/2 ^., . 1/2 ,^ .1/2^ S-iX
^^'^^'

(2ti) ' (iX+i) (5+i)

f(x) =
-i^x (C-i

1/2

(27,)
1/2

H (0

r2_ 1:2.[C^ + CiS + h (C) (5^- Cp]dC . (A, 19)

Since the integrand is analytic in the lower half

of the 5-plane, the right hand side of (A, 19)

vanishes for x > 0, as follows from the calculus

of residues. In order to obtain an expression for

f (x) for X 1- we investigate the integrand in

(A, 19) for ?->•+'». The function f (x) is continuous

at X = 0, since~the integrand is 0(£;~3/2)_ Hence

f(0~) = 0. For real values of 5 we have, by (A,6)

:

+ +1/2
H-(5) = (H(C))

"-^ exp
(f;)] fr^M^'2o'

is analytic in the upper half plane. Using (A, 9)

and (A, 11) we can write (A, 7) as:
where the integral is a Cauchy principal-value.
Hence for real £ we have

[<5r ""(S) (5+i)"-^''^ h''(5)]+ h"^(5)] (C^ - C^) =
c o

-h (£) a' 5^) - (C i)-^'^^ H (C) f(C) (A, 14)

The function 6r (C) is analytic in the upper

half plane by virtue of (A, 10). Hence the left

hand side of (A, 14) is analytic in the upper half

plane. Since f (x) vanishes for x > 0, f (C) is

analytic in the lower half plane and hence the

right hand side of (A, 14) is also analytic there.

Hence, both sideg of (A, 14) represent an entire

function. The H~(5) tend to 1 and the h (5) are

0(1/0 for C
-»• <». We assume 6r (?) Z'^^^ and f(C)

5"'-/^ to be bounded for 5 -s- ». Then the entire
function must be a first order polynomial C + Ci

C, where the values of the constants C and Cj will

be given later. We can now solve for the unknowns
6r and f:

c

.r^p=i^±iI^ [^^^^-h^Q], (A,15)
c __+ .

f(5) = (C-i)

H (C)

-1/2

H (5)

52-52

[C^ + Ci C + h (C) (C -5^)] (A, 16

-1/2
The value of Ci is chosen so that f (r) is 0(5 )

for 5 ->• to. Hence, by (A,12) :

[H (S)] 1 + H(S) , (A, 21)

where H(C) is a continuous function, which is 0(1/5)
for 5 -* + " by (A, 4). Therefore, if the factor
H~(£) in the denominator in the integrand in (A, 19)

is omitted, the value of the integral changes by a

term which is (x) for x t 0. The other factors
in the integrand in (A, 19) are an exponential and
a rational function of C. Using the calculus of
residues and Tauberian theorems we can obtain an

asymptotic expression for the value of this integral
for X t 0. We do not go into details and give the

result only:

f(x) ; 2Tr -^/^ B Ixl
^'^^

, x t (A, 22)

where

:

B = (X2 + £2) (^ ^ j^)
1/2 jj+(.^) (a, 23)

In a similar way we investigate 6r (x) for x (• 0.

Substitution of (A, 17) and A, 18) into'^(A,15) and
then into (A, 9) gives:

(S)

H+{iX) (£+1 1/2 2p2X^S

(271)1/2 (iA+i)l/2 H'*'(5) (52-c2) {5-iX)
(A, 24)

Ci = i (27t)
^^^

(iX +i)"^/^ H"'(iX) . (A, 17)

We choose C so that f(C) is an order smaller, i.e.,
0(£"3/2), fgr 5 -^ »; hence:

(277)""^/^ X(iX+i)
'^^

H"^(iX) (A, 18)

The meaning of this choice for f (x) will be discussed
later.

We obtain f(x) with the inverse Fourier transform:

-5/2
This expression is 0(5 ) for C -> "> and hence

6r (x) and its first derivative are continuous at

X = 0. An expression for x 4- is obtained in the

same way as for f (x)

:

<5r (x) = 5r (0) + 5r' (0)ceo
3t7

1/2

3/2 , „B X x 4- 0.

(A, 25)

At this point we return to our choice (A, 18) for

Cq. If (A, 18) does not hold, then it can be shown

that:
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f(x) = B* Ixf-^/^ X f 0, (A, 26)

1/2
&r (x) : 6r (0) - B** x"' " , x +0, (A, 27)

c c

where the constants B* and B** have the same sign.

The condition f> implies B* > and the condition

that the fluid does not penetrate the hub implies,

in the case of a smooth hub, that B** < 0. Hence

they must vanish both, which is achieved only by

giving C the value (A, 18).

Finally we consider a hub of arbitrary shape.

By virtue of the Laplace transform we can write:

6r (x)
1

2TTi
g(A e dA X < (A, 28)

C-loo

where c is a positive number, and:

g(X ) = fir (x) dx
c

(A, 29)

First we assume that or (x) is such that the integral
in (A, 29) is absolutely convergent for A = c, but
our results will appear to hold for a more general
case. By virtue of the linearity of our questions,
the expressions (A, 22) and (A, 25) hold with B given
by:

c+i"

In this expression for L{x) we substitute iA = p,

take the limit c + and use some symmetry-properties

of H"*" (y) . Then we find:

L{x) Re
ipx H (U)

(1-iP)
1/2

dP, X < 0, (A, 33)

1/2,
Since the integrand in this expression is (U ' )

we can derive for L(x):

L(x)
-1/2 -1/2

1- (A, 34)

As stated in Section 6, the position of the

point of separation is determined by the condition

B = 0. By (A, 31) this condition becomes:

/ L(x) k &r (x) + &r (-] dx 0. (A, 35)

We can give an interpretation to the two terms in

this integrand. There are two reasons for which

the fluid may separate from the hub. First the

value of 6r^ may become negative, so that the

centrifugal force makes the fluid particles leave

the hub. This corresponds to the first term in the

integrand. Second, the radius of curvature of the

hub may be so small that the fluid particles are

unable to keep contact with the hub. This corres-

ponds to the second term in the integrand.

1

2Tri
g (A) (a2 -I- ^2) (^+1)

""'"'^^
H'*'(iA) dA.

(A, 30)

Substitution of (A, 29) into (A, 30), interchanging
the order of integration, and applying partial
integration with respect to x twice, gives:

- !
where

L(x)

L(x)

1

2TTi

{C26r^(x) -F 6r " (x) } dx

c-l-ico

-Ax H"^(iA)

(X+1)
1/2

dA x < 0.

(A, 31)

(A, 32)
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Unsteady Cavitation on an

Oscillating Hydrofoil

Young T. Shen and Frank B. Peterson
David W. Taylor Naval Ship Research and Development
Center, Bethesda, Maryland

ABSTRACT

Bent trailing edges and erosion are often observed
on marine propellers and are attributed mainly to
unsteady cavitation caused by the nonuniformity
of the flow field behind a ship's hull. In order
to improve the physical understanding of the
cavitation inception and the formation, of cloud
cavitation on marine propellers, a large two
dimensional hydrofoil was tested in the DTNSRDC
36-inch water tunnel under pitching motion. Fully
wetted, time dependent, experimental pressure
distributions were compared with Giesing's unsteady
wing theory. The influence of reduced frequency
and pressure distribution on inception was determined.
A simplified mathematical model to predict unsteady
cavitation inception, was formulated. Good corre-
lation between theoretical prediction and experi-
mental measurements on cavitation inception was
observed. The reduced frequency, maximum cavity
length, foil surface pressure variation, and time
sequential photographs were correlated with the
formation of cloud cavitation. A physical model
based on the instability of a free shear layer
defining a near-wake region provides a reasonable
explanation of the observed results.

1 . INTRODUCTION

Hydrofoil craft are typically designed to operate
both in calm water and waves; and marine propellers
normally operate in the nonuniform flow field
behind a ship. Unfortunately, due to the complexity
of the experiments, only a few experiments have
been specifically concerned with unsteady leading
edge sheet cavitation on hydrofoils and propellers,
Morgan and Peterson (1977) . It is the intent of
this paper to report the results of experiments
concerned with leading edge sheet cavitation on an
oscillating two dimensional hydrofoil. Following
a brief review of the most pertinent experimental

data available in the literature, an analytical
method for the prediction of inception will be
developed and compared with the experimental data.
Once the cavity is present on the foil, cavity
instabilities develop due to the foil oscillation
and also due to the inherent instability of the
cavitation process. This general process of
instability in the leading edge sheet cavity is the
subject of this paper.

It has been observed by innumerable investigators
that a leading edge sheet cavity can, under certain
circumstances, be quasi steady with relatively few
collapsing vapor bubbles to produce erosion. How-
ever, if a propeller blade enters a wake field, the
inception angle of attack at the leading edge may
not agree with the uniform flow inception angle.
In addition, the developed cavity may exhibit
instabilities not produced in uniform flow fields.
One form of cavity instability is manifest by the
shedding of a significant portion of the sheet
cavity. This shed portion appears to be composed
of microscopic bubbles and is commonly referred to
as "cloud" cavitation, van Manen (1962) . Cloud
cavitation is now considered to be one of the main
causes of erosion and bent trailing edges , Tanibayashi
(1973)

.

Model experiments have been performed by many
organizations in an attempt to simulate full-scale
wake fields in which propellers operate. One of
the first detailed experiments concerned with
unsteady cavitation was reported by Ito (1962).
These experiments were with pitching three dimen-
sional hydrofoils and propellers in a wake field.
A principle result directly applicable to the work
to be reported here was that the reduced frequency
had an important influence on the cavitation. He
also concluded that the "critical" reduced frequency
at which a leading edge sheet cavity broke up into
cloud cavitation was 0.3 to 0.4. His latter con-
clusion will be considered in more detail in the
context of the results to be reported here.

A recent discussion of this subject was given
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by Tanibayashi (1962) . He concluded that the

occurrence of cloud cavitation in nonuniform flow

cannot be predicted on the basis of uniform flow

experiments. In earlier work by Tanibayashi and

Chiba (1968) , it was concluded from experiments
with an oscillating two dimensional foil that an
unsteady flow was required for the formation of
cloud cavitation. However, unlike the earlier
results of Ito, no distinct critical reduced
frequency was found. Since these latter results
were for nominally hemispherical travelling bubbles,
instead of a leading edge sheet, it remains to be
established whether the type of cavitation in the
growth phase is of importance to cloud cavitation
formation.

Chiba and Hoshino (1976) carried out extensive
measurements of induced pressures on a flat plate
above a propeller. On the basis of comparing
results with and without a wake field and with and
without cavitation, they determined that strong
pressure impulses were detected on the flat plate
and these correlated with the presence of cloud
cavitation.

Strong pressure fluctuations of very short
duration have also been detected by Meijer (1959)

on the surface of a cavitating two dimensional foil.
He attributed these pressure fluctuations to a

stagnation point at the rear of the sheet cavity
passing over a pressure gage. Chiba (1975) has
attempted to correlate cavity collapse on a two
dimensional oscillating foil with the response from
a pressure gage mounted in the foil. He concluded
that, as expected, when the shed vapor collapses
large pressure impulses occur. The essential
points for both of these experiments are that foil
mounted pressure gages can be used in the presence
of cavitation and when correlated in time with
photographs can assist in the interpretation of the
physical processes involved. This technique was
also used in interpreting the results to be reported
here.

Two other oscillating foil experiments have also
been reported, Miyata (1972), Miyata et al. (1972),
and Radhi (1975) , that demonstrate the importance
of the reduced frequency on the whole cavity
inception, growth, and collapse process. Both have
shown that for the particular conditions of their
experiments, inception could be delayed. The
greatest suppression occurred for reduced frequencies
in the range of 0.4 to 0.5. Both of these experi-
ments will be discussed later in more detail within
the context of the results to be reported in this
paper.

All of the experiments reviewed above describe
various aspects of cavitation instabilities that
are associated with the cavitation performance of
oscillating foils and propellers in a wake. This
cavitation performance appears to be uniquely
related to the unsteady flow field that exists

over the cavitating surface. In the sections that
follow analytical and experimental results will be
presented in an effort to provide a better under-
standing of how these various results are related
and of the associated physical processes involved.

2. EXPERIMENTAL APPARATUS AND TEST PROCEDURE

Foil and Instrumentation

The foil was machined from 17-4 PH stainless steel
to a rectangular wing of Joukowski section with the
trailing edge modified to eliminate the cusp. To
simulate the viscous effects at the leading edge
as close to a prototype as possible, the model was
designed with a chord length of 24.1 cm and a span
of 77.5 cm. The maximum thickness to chord ratio
is 10.5 percent. The foil surface was hand finished
within 0.38 pro RMS surface smoothness.

Pressure transducers were installed at a distance
of 7.96, 24.1, and 60.3 mm from the leading edge.
These locations correspond to 3.3, 10, and 25
percent of chord length from the leading edge.
Kulite semiconductor pressure gages of the diaphram
type were mounted within a Helmholtz chamber con-
nected to the foil surface by a pinhole. With this
arrangement one could measure the unsteady surface
pressures due to foil oscillation and high frequency
pressure fluctuations inside the boundary layer
over a pressure range of ±207 KPa (±30 PSI) and a
calibrated frequency range of to 2 kHz. In order
to increase the spatial resolution in measuring
the local pressure fluctuations inside the boundary
layer, the diameter of the pinholes installed on
the foil surface were kept at 0.31 mm (0.012 inches),
(see Figure 1) . This arrangement also reduces the
danger of cavitation damage to the pressure
transducers. Extreme care was taken to fill the
Helmholtz-type chamber through the pinhole under
vacuum with deaerated water to minimize the possible
occurrence of an air bubble trapped inside the

chamber. If a gas bubble was present within the
gage chamber, the resonant frequency of the chamber
would be reduced below its 3880 Hz value. For
example, with the above procedures for filling the

gage chamber at a pressure of 3.4 KPa, a bubble of
0.6 mm diameter at atmospheric pressure is produced.
This bubble will lower the chamber's resonant
frequency to 1100 Hz. The danger of becoming a

Helmholtz resonator was not observed in our dynamic
calibration tests up to 2000 Hz. The calibration
procedure used here was developed by the National
Bureau of Standards, Hilten (1972), modified to

the extent that water rather than silicone oil was
the fluid medium. Since it was very important to

determine the relative phase difference between the

foil angle and the pressure gage signals, all
amplication and recording equipment was selected to

minimize the introduction of unwanted phase shifts.

iZ
r

Ps ( /c = 0.033)

^3 C'/c = 0.10)
P, ("/c = 0.25)

—<V-
0.31 ram

^

^ PITCH AXIS LOCATION

C = 241 im

HELMHOLTZ TYPE
CAVITY

KULITE PRESSURE GAGE

FIGURE I. A sketch of the foil

and three pressure gage locations.
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Photographic Instrumentation

All photographs used to document the inception and
cavity instability processes were taken with two
35 mm cameras. Illumination was provided by strobe
lights having a light duration of 10 microseconds.
With the camera shutter open, the first frame of a
sequence was taken when a foil position indicator
triggered the strobe lights. Each succeeding
exposure was taken 10 and 1/25 foil oscillations
after the preceeding exposure. An electrical pulse
from a light detector was recorded on a channel of
the same magnetic tape that was used to record the
foil position, pressure gage responses, and a time
code. Oscillograph records then allowed a direct
correlation between these events. Both top and
spanwise photographs were taken simultaneously by
exposing the film with one set of flash lamps. In
order to focus the camera lens in the same region
as the location of the pressure gages when viewing
in the spanwise direction, the camera was elevated
at an angle of 4° and directed slightly downstream
by an angle of 10".

High-speed 16 mm movies were taken at a rate of
9,300 frames per second to assist in the interpre-
tation of the 35 mm pulse camera sequential
photographs . Adequate exposure for these photographs
was achieved by using high intensity tungsten
filament flash bulbs of 25 millisecond duration.

Test Section

The closed jet, test section of the 36-inch water
tunnel was modified by the insertion of sidewall
liners to provide two flat sides as shown in Figure
2. On each end of the foil a disc was, attached.
This disc rotated in a sidewall recess. Thus the
foil could be rotated without gap cavitation
occurring between the end of the foil and the
sidewall of the tunnel. One sidewall assembly was
fitted with clear plastic windows to permit side
view photography.

The foil was oscillated by a mechanism whose

conceptual design is shown in Figure 3. With this
type of design the foil mean angle (a ) can be
adjusted statically and the amplitude of foil
oscillation (aj) can be continuously adjusted
between 0° < aj < 4° while in operation. The
oscillation frequency is continuously variable
between 4 Hz < f < 25 Hz. Air bags, shown in
Figure 3, were installed to reduce the fluctuating
torque requirements on the motor drive system.

PNEUMATIC
AIR BAGS

FOIL SHAFT

VIEWING PORTS

FOIL DISC

777777777T77777777P

CONNECTING
ROD ECCENTRIC CRANK

DRIVEN BY VARIABLE
SPEED D.C. MOTOR

SIDEWALL

FIGURE 2. Schematic of closed jet test section.

FIGURE 3. Conceptual design of foil oscillation
mechanism.

Water Tunnel Resonant Frequencies

The study of cavity dynamics in a water tunnel gives
rise to a fundamental question, namely, the effect
of tunnel compliance on transient cavity flows. If
the tunnel was perfectly rigid and if there were
no free surfaces other than that of the cavity
itself, then an infinite pressure difference in an
incompressible medium would be required to create
a changing cavity volume. To make sure that this
kind of tunnel effect would not be present in our
model tests, a hydraulically operated piston having
a frequency range of to 45 Hz was initially
oscillated in a test section opening to simulate
the maximum expected change of cavity volume. A
sharp peak of futndamental tunnel resonance was
observed at 4.7 Hz. Consequently, all of the foil
oscillation experiments reported here were carried
out at frequencies either above or below this
resonant frequency.

Data Reduction

Due to the installation of two sidewall liners in
the test section, the tunnel velocity was corrected
according to the area- ratio rule. The tape recorded
time histories of foil angle and pressures were
digitized using a Raytheon 704 minicomputer and
reduced using algorithms implemented on the DTNSRDC
CDC-6000 series digital computers. The time histo-
ries were recorded on one inch magnetic tape at
15 inches per second (38 cm/s) using IRIG standard
intermediate band, frequency modulation techniques.
During digitization, these data were filtered using
eight-pole Butterworth low pass filters that have
a -3 db signal attenuation frequency at 40 Hz.

They were then sampled at 125 hertz. The run
lengths used in the data reduction were nominally
40 seconds. For the oscillating foil data the
computer output consists of values of mean and
standard deviations, sine wave amplitudes and
frequencies, and transfer function magnitudes and
phases. Mean and standard deviation values were
obtained from the stationary foil data. For the
transfer functions, the system input was foil angle,
where the pressures were responses to this input.
For the dynamic runs, foil angle was sinusoidal;
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nominally one percent of this channel's signal

energy consisted of harmonics or noise.

The methods used in data reduction are now

described. The mean value, y , and the standard

deviation, a , were calculated in the usual manner.

The sine wave amplitudes and frequencies, and the

transfer functions were obtained using operations

on measured autospectra and cross spectra. These

spectra were obtained using overlapped fast Fourier
transform (FFT) processing of windowed data segments,
Nuttall (1971), where the following reduction
parameters were used: FFT size of 1024, 50 percent
overlap ratio, and full cosine data window. The

true autospectrum of a sine wave is an impulse,
0.5A 6(f - f ) ; the measured autospectrum is this
true spectrum convolved with the spectral window.
The spectral window associated with the cosine has
the form:

/ sin Tif \

V fTT(l-f2) I

The wave frequency is, in general, not sampled at
a rate which is an integral multiple of the sampled
frequency. Thus, the measured spectrum consists
of this spectral window sampled at evenly spaced
frequencies where the location of the samples
relative to the sine wave frequency or spectral
window maximum is unknown. The sine wave frequency
and amplitude are found by fitting the spectral
window shape to the three largest samples that are
closest to where the sine wave is expected. The
transfer functions are given by the cross spectra
between the input and output data channels divided
by the autospectra of the input channel . The
transfer functions were evaluated at the frequency
of oscillation of the foil. Quadratic interpolation
between spectral samples was used to obtain the
cross and autospectrum values. Once evaluated, the
complex transfer functions were converted to magni-
tudes and phases. The transfer function magnitude
is then the output sine wave amplitude, and the
transfer function phase is the phase angle of this
output sine wave. Except for data runs when cavi-
tation was present, the cross spectra coherency
was always greater than 0.98; this high coherency
implies low noise and high linearity at the foil
oscillation frequency.

of providing adequate information to analyze unsteady
cavitation inception.

The foil was pitched about an axis at h chord
length from the leading edge. The instantaneous
foil angle a is given by

o + ai
^

(1)

where a , Uj, and co are the mean foil angle, pitch
amplitude, and circular frequency of pitch oscil-
lation. Let Cp(t), Cpg, and Cpu(t) denote the
total pressure coefficient, the magnitude of the
steady pressure coefficient at the foil mean
angle, and the magnitude of the dynamic pressure
coefficient, respectively. At a given location on

the foil, it is assumed that:

C (t) =
P(t) - P„

P + P (t) - P
s u «

where

and

h p V

= c + c (t)
ps pu

p - p
s «

h p v„

(2)

-ps Jj p V 2

P (t)

C (t)
pu

(3)

(4)

!s p V_

where P(t), Pg , P^(t), and p are the local total
pressure on the foil, static pressure on the foil,

dynamic pressure on the foil, and the fluid density,
respectively; P^ and V^ denote the freestream
pressure and freestream velocity. We have:

-C (t)
pu

- AC
pu

sin (ut + (fi) (5)

where ACpul and if are the amplitude of dynamic
pressure response and phase angle, respectively.
A positive value of (j) means that the pressure
response leads the foil angle.

Let the Reynolds number, Rn , and the reduced
frequency, K, be defined by

V C

(6)

3. UNSTEADY HYDRODYNAMICS IN FULLY WETTED FLOW

Basic knowledge in the general field of unsteady
aerodynamics has been compiled, condensed, and
presented by several authors [for example see
Abramson (1967)]. Available experimental hydro-
dynamics information for oscillating wings and
foils is very limited, especially at high values
of Reynolds number. Most of the available experi-
mental data concern lift, drag, and moment
coefficients from flutter and craft control
investigations. For cavitation inception studies,
accurate determination of the pressure distribution,
especially around the leading edge, is of major
importance. In the present investigation, three
pressure gage transducers were installed on the
foil to measure the unsteady surface pressures.
Experimental data were then correlated with an
available unsteady flow theory with the intent

and

K =
2 Voc

(7)

where C, v, and id are the chord length, kinematic
viscosity of the fluid, and the circular frequency
of the oscillating foil, respectively. Fully wetted
experiments covered the range of Reynolds number
Rn = 1.2 to 3.7 x 10^ and reduced frequency K = 0.23
to 2.30. The test results are given in Tables la

to Ic. The phase angles and the amplitude of
dynamic pressure response per radian of pitch
oscillation are given in Figures 4 and 5 at values
of Oi = 0.5, 1.0, and 2.0°.

An xansteady potential flow theory for small-
amplitude motion recently developed, Giesing (1968)

,

is used here to correlate the experimental results.
The unsteady part of the pressure coefficient is
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obtained as the difference between the total pressure
coefficient minus the steady part. The steady
solution is based on an exact nonlinear theory.
The theoretical values obtained from Giesing's
program are plotted on Figures 4 and 5 along with
the experimental data.

The phase angles obtained from experiments and

calculations will be discussed first. As seen in

Figures 4a to 4c, the agreement between experimental
measurements and theoretical calculations of pressure
and phase angles is quite good for all three pressure
locations. The agreement is good between experi-
mental measurements and theoretical predictions of

magnitudes of dynamic pressure for the cases of
X/C = 0.25 and 0.10, as seen in Figures 5a to 5c.

At low values of K the measured pressure coefficients
are seen to be slightly lower than the values
calculated for the case of X/C = 0.033. The exact
cause of this small discrepancy between measurements
and theoretical calculations has not been determined.

The cause of small discrepancies between the

theory and experiments requires further investigation.
Nevertheless, the overall good agreement observed
between our experimental measurements and Giesing's
method is extremely encouraging. It is noted that
Giesing's method is based on unsteady potential
flow theory. The combined theoretical and experi-
mental results by McCroskey (1975, 1977) indicate
that unsteady viscous effects on oscillating airfoils
are much less important than the unsteady potential
flow effects, if the boundary layer does not interact
significantly with the main flow. The present study
appears to agree with his conclusion for the case
of a fully wetted foil. On the basis of this
relatively good agreement between Giesing's method
and the experimental data, this method will be used
in the next section to predict cavitation inception
as a function of the reduced frequency, K.

4. UNSTEADY EFFECTS ON CAVITATION INCEPTION

The major objective of this section is to examine
what effect unsteadiness has on cavitation inception.
The question of the occurrence of cavitation is of
particular importance when comparing model test
results for marine propellers or hydrofoils with
the full-scale prototype data. We would like to
know whether a noncavitating model is also free
from cavitation in the prototype. When calculating
the flow about propeller blades or hydrofoils, it
is important to know whether the cavitation bubbles
form on the blades, and if so, under what circum-
stances. The cavitation number a, defined by

(8)

^2 P V ^

has proved useful as a coefficient for describing
the cavitation process. Here, p and P denote the
density and vapor pressure of the fluid and P and

CO

V denote the freestream static pressure and the
Co ^
freestream velocity, respectively.

In addition to the incoming flow properties such
as freestream turbulence and nuclei content, the
surface finish and boundary layer characteristics
on the body surface are also of paramount importance
to the cavitation inception process Acosta and
Parkin (1975). To limit the scope of the test

program, air content of the water was not varied.
The air content was measured with 70^ saturation
in reference to atmospheric pressure at a water
temperature of 22.2° C and tunnel pressure of 103.6
kPa.

The foil was pitched sinusoidally around an axis
at the quarter chord location aft of the foil leading
edge. The cavitation tests were carried out by
lowering the ambient pressure from the previous
fully wetted tests. The determination of cavitation
inception was based on visual observations. For
every test condition, 30 pictures were taken to

record the cavitation process on the foil. A
picture was taken every ten oscillations plus 1/25
of the time period of the foil oscillation. Thus,

a series of high quality short duration photos
were taken that together simulate one and 1/5 cycles
of the foil oscillation. A pulse signal was
simultaneously recorded on magnetic tape when a

picture was taken. In this way, each cavity pattern
observed on the foil could be related directly to

the instantaneous angle of attack of the foil.

Analytical Prediction

A simplified mathematical model will be formulated
first to explore the possible effect of unsteadiness
on cavitation inception. A significant delay in
dynamic stall was observed experimentally and
discussed in a recent review paper by McCroskey
(1975) , who showed that the pressure gradient dCp/dx
around the leading edge was of paramount importance
in dynamic stall. The studies by Carta (1971)

indicate that the mechanism involved in the delay
of dynamic stall is the large reduction of unfavor-
able pressure gradient dC /dx during any unsteady
motion

.

^

The mechanism involved in cavitation inception
is different from the mechanism of aerodynamic
stall. It is generally assumed that cavitation
occurs on a body when the local pressure, including
the unsteady pressure fluctuations within the
boundary layer, falls to or below the vapor pressure
of the surroimding fluid, Huang and Peterson (1976).
Aside from the effect of nuclei content of the
water, it is the value of the local pressure
coefficient that governs the occurrence of cavita-
tion. Prior to the occurrence of cavitation on
an oscillating foil, the foil is in a fully wetted
condition. Thus, the knowledge of pressure distribu-
tion on the foil in the fully wetted condition
can be expected to provide useful information for
unsteady cavitation inception prediction.

As previously mentioned, the combined theoretical
and experimental results reviewed and summarized
by McCroskey (1977) indicate that unsteady viscous
effects on oscillating airfoils are much less
important than unsteady potential flow effects, if
the boundary layer does not interact significantly
with the main flow. In the present study, as
discussed in the previous section, the three
pressure coefficients measured at three points
around the leading edge are predicted reasonably
well by Giesing's method both in amplitude and
phase within the range of reduced frequencies
examined. This unsteady potential flow theory will
now be used to investigate cavitation inception.

In the tests, the foil was oscillated about a

mean angle of 3.25°. The mean values of dynamic
foil loadings determined from measurements are
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TABLE la - IIEASURED DYNAMIC PRESSURE RESPONSE AT PITCH AMPLITUDE O,- 0.5 DEC.



370

-e,-^ A A-

EXP X/C
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O 0.25

a = 3.25 + 1.0 Sin (<Jt

V, = 13.1 m/s

5 10 15 20 25

FREQUENCY, HZ

FIGURE 6. Mean pressure coefficients deduced from
oscillating tests.

test program always initiated near the foil leading
edge.

Let (dCp/dajg denote the static pressure gradient
with respect to foil angle at a given location on

the foil. Similarly, let (dCp/da)^ denote the

dynamic pressure gradient with respect to foil angle

at the same location on the foil with the reduced
frequency, K, as the parameter. To simplify the

writing, they will be referred to as the "static"
and "dynamic" angular pressure gradients respectively.

Let g (k) be the ratio of dynamic angular pressure
gradient versus static angular pressure gradient
at a given location on the foil, namely

5{K) = (dC /da
P

) / (dC /da)
P s

(9)

This ratio S (K) and the phase angle (fi for several
locations and reduced frequencies have been calcu-
lated and are given in Table 2. The static angular
pressure gradient (dC /da) at a given location is

approximated for mean foil angles of 3.3 to 4.3°

since leading edge cavitation inception typically
occurred within this range. As seen in Table 2,

for a given reduced frequency, the amount of
reduction in dynamic pressure ratio (5) remains
almost a constant value in the range of 0.004 <

X/C < 0.06 which covers the foil region over which
leading-edge cavitation occurs. Consequently, if

the foil is oscillated around the mean foil angle
cXq, the shape of the pressure distribution in the
neighborhood of the suction peak and the peak
location are essentially the same for both zero

1.5 ,

1.0-

S .5-

r\

I \

1
^^V - - CpsmIn'3-5) * Cp3„,^(3.25)

o

THEORY AT Oj = 3.5 DEG

THEORY AT Og = 3.25 DEG

EXP. AT a = 3.25 DEC

.05 .10 .15

X/C
.20 .25 FIGURE 7. Static pressure distributions at

foil angles of 3.5 and 3.25 deg.
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TABLE 2 - THEORETICALLY CALCITLATED DYNAMIC PRESSURE

RESPONSE AT VARIOUS (x/c> LOCATIONS

REDUCED FREQUENCY. K

0.3 0.5 0.75

-7.47

30.18

.90

-10.53

2B.10

-7.46 -10.51

28.03 26.09

.93 .86

At j/c - 0.0046. (- ',). 33.52

-11.25

22.41

.67

-9.53

21.87

-7.91

20.97

.63

-6.97 -6.26

20.57 20.27

.61 .61

At x/c i 0.0073, (t^I - 30.25

-11.11

21.72

.72

-9.25

20.28

-7.45

19.44

.65

-6.32 -5.26

19.06 18.77

.63 .62

dc

At x/c - 0.0117. (t^)_ - 26.59

i
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unsteady effect the inception angle a^Q is generally
different from a. . Let Aa be

IS

Aa = a. - a

.

(14)

which can be used to measure the magnitude of the

unsteady effect. From Eq. (13) , it follows that

Aa = (a. - a ) ( ^- 1)
IS C

aj sinifi \J1
-

(

(ai f 0)

a. a
IS - o (15)

ajS

For the case where the phase angle i) is small at

the location of inception, we have

Aa = (a. a ) (
=-

o 5
1) ai(j)

ai5
(16)

Although a small phase angle, cj), approximation is

not required, it is useful to make this approxi-
mation for the sake of discussing the implications
of Eq. (15) . The first term on the right-hand side
represents the effect of the ratio of dynamic to

static angular pressure gradients C (K) on unsteady
cavitation inception. The second term represents
the effect of phase angle, amplitude of oscillation,
and the ratio of pressure gradients on cavitation

'
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TABLE 4 - THEORETICAL CALCULATION OF A« AND a^^ FOR TEST SERIES

1205 TO 1208 AT x/c = 0.018

K
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TABLE 6 THEORETICAL CALCULATION OF ^a AND a
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V. = 5 m/s

a = 2.5

o = 3 + 6 Sin «.'t

= 8 ra/s

= 1.18

= 3 Sin Mt

1.0 1.5

REDUCED FREQUENCY, K

2.0

FIGURE H. Measured cavitation-inception angles by
Miyata (1972).

^Q - 3.25° with a pitch amplitude of a^ =

and cavitation nximber a = 1.12 to 1.15. The

to 1310 and 1501 to 1506 are given in Table 3 and
plotted in Figure 10. The foil was oscillated
around a
0.95

measured cavitation inception angle at the stationary
condition is aj_^ = 3.5°. The measured maximum
steady inception angles are aj_^ = 3.70 to 3.93°.

Once again, a significant delay in cavitation
inception at nonzero reduced frequencies is mea-
sured. The theoretical calculations based on Eq. (15)

are given in Table 6 and plotted in Figure 10. The
agreement is reasonably good.

In order to provide an insight into the effect
of a

J
on cavitation delay, a theoretical example

is computed in Table 7 and plotted in Figure 8.

The foil is assumed to pitch around a^ = 3.25° with
an amplitude of aj = 6.0°. The stationary cavita-
tion inception angle is assumed to be a^^g = 4.3°.

It is seen in Figure 8 that a significant delay in
cavitation inception can be expected if the pitch
amplitude is increased. This trend is also observed
experimentally by comparing Figures 9 and 10.

A two-dimensional foil undergoing pitch oscil-
lations around an axis located at mid-chord was
tested by Miyata et al. (1972). Two of the typical
test results are produced in Figure 11 for com-
parison. For the data shown the foil was oscillated
with a pitch amplitude of aj = 6.0°. As expected
(See Figure 8) a significant increase in the angle
of cavitation inception is noticed for < K < 1.2.
For the second set of data shown in Figure 11, the
foil was oscillated with a pitch amplitude of
ai = 3.0°. A similarity between Figure 8 and
Figure 11 is noticed. Although the foil shapes and
the locations of pitch axes are different between
Miyata' s experiments and ours, the effect of
unsteadiness on cavitation inception is similar for
two model tests. A similar trend is also noticed
in Ftadhi's experiments (1975).

In the review papers by Acosta and Parkin (19 75)
and Huang and Peterson (1976) , one is clearly
reminded that even under steady conditions the
cavitation inception process is extremely complex.

The theoretical prediction of cavitation inception
angle under steady conditions is still very difficult.
However, if the steady-state inception angle ais is
known from model tests, the effect of unsteadiness
on cavitation inception may be estimated reasonably
well by Eq. (15) . Further investigations are
needed to explore discrepancies between theory and
experiment and the applicability of Eq. (15) to
different foil shapes and for pitch axis different
from the ones examined here.

5. LEADING EDGE SHEET CAVITY INSTABILITY

Wu (1972) has provided a very useful review of the
physics of cavity and wake flows which may help to
explain the observations of the present experiment.
The essence of his description, applicable to the
partial cavity condition, is that the free shear
layer enveloping the cavity is unstable. The cavity
occupies a portion of what can be referred to as
the wake bubble or near wake, physically delineated
in steady flow by a dividing streamline that is
characterized by a constant or nearly constant
pressure. For the condition where the cavity within
the near wake is unsteady, the region is, strictly
speaking, not defined by a streamline but by a
material line which is difficult to observe experi-
mentally. Because of this difficulty, we will
initially assume that a quasisteady approximation
is valid. When the cavity is just beyond the
inception condition, its surface should be smooth
as would be expected with a laminar shear layer.
As the cavity grows in length the free shear layer
would tend to become unstable. Transition from a
laminar to turbulent shear layer initially takes
place at the downstream end of the near-wake. A
further extension of the cavity length causes
transition to gradually move upstream along the
free shear layer and the far-wake becomes irregular.
This is comparable to the bursting of a short laminar
separation bubble in a single phase fluid. With a
continued increase in cavity length, transition
can begin at the leading edge of the cavity.

In applying here the general features of the
near-wake outlined by Wu (1972) no assumption is
made as to whether the cavity occupies all of the
near-wake region since the detailed physics of the
region downstream of the cavity trailing edge are
uncertain. One possibility is that the roll-up of
the shear layer into vortices is completed at the
near-wake closure where the vortices break away.
If this occurs, it is reasonable to expect a
periodicity in this shedding process.

The variation in foil pressure at the Pj location
(see Figure 1) can give a useful insight into what
is happening both downstream of the cavity and
within the cavity when the foil is oscillaing with
a pitch amplitude (aj) of 1.55°. Figure 12 shows
an oscillograph record of the pressure variation
Pi for a cavity that reaches its maximum length
downstream of the gage location. (A) is the
region where the foil surface is fully wetted and
the pressure appears to follow the variation
expected as the angle of attack, a, is varied. At
point (B) , the cavity begins to cover the gage and
in this example the pressure drops from the fully
wetted pressure of 31.7 kPa to the cavity pressure
in 0.003 seconds. The cavity pressure remains
constant, except for several pressure spikes (C) of
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FIGURE 12. Sample oscillograph record for

the variation in foil surface pressure with
foil angle at K = 0. 26. V^ = 11. 5 m/s

,

P = 76.2 kPa, a = 3.25° + 1.55 sin bit.

PRESSURE GAGE P,

PRESSURE GAGE P,

PRESSURE GAGE P,

FOIL ANGLE

FOIL ANGLE MAX.

CAMERA PULSE TRACE

millisecond duration, until the trailing edge of

the cavity recedes past the P^ gage (point D)

.

The absolute magnitude of the cavity pressure

could not be accurately determined from these

experiments since the in situ pressure gages were

not calibrated for the condition of a gas/liquid

interface at the entrance to Helmholtz-type chamber

over each gage. As shown in Figure 12, point B,

the growing cavity does not appear to produce large

foil surface pressure fluctuations at its downstream

edge. However, when the cavity recedes, (ie., point

D) then the foil surface pressure fluctuations can

be comparable to the magnitude of the' dynamic

pressure.
Based on photographic records it appears that

when the cavity is expanding, its trailing edge is

disturbed as one would expect if the shear layer

were unstable at that location. Beginning at the

cavity trailing edge and then moving forward, the

cavity surface becomes highly disturbed, irregular,

and bubbles are introduced into the shear layer,

just as one would expect when transition in the

shear layer moves forward. The cavity pressure,

as measured by the gages Pj, P2 and Pj, remains
constant throughout this change in the surface of

the cavity.
During the early stages of sheet cavity growth,

when only the cavity trailing edge appears disturbed,

small regions of bubbles are shed from the sheet
cavity trailing edge. This shedding process becomes
more accentuated as the sheet cavity length increases

and more of its surface becomes disturbed. High
speed movies taken at 9,300 frames per second
clearly show the highly turbulent characteristics
originating at the trailing edge of the sheet
cavity and progressively moving upstream.

The sequence of vapor shedding from the cavity
trailing edge, as determined by high speed movies
taken at 9,300 frames per second, is as in the

sketches of Figure 13. The photographs of Figure
14 demonstrate a phase in the vapor bubble shedding
process from the sheet cavity as sketched in 13c
with two regions of shed vapor downstream. It

should be noted that since the foil, surface is

very smooth, a reflection of the shed vapor is

seen in the side views. Therefore a dashed line

has been added to Figure 14 to indicate the

separation of the vapor and its reflected image.
This shedding process is periodic and for the

example shown in Figure 14 the shedding frequency

at a given spanwise location is nominally 700 hertz.

The view shown in Figure 14 covers nominally the

center third of the foil span. Visual observations
with strobescopic lighting indicate that the leading
edge sheet cavitation, for nonzero values of K,

typically consists of a series of 3 dimensional

cavities across the span.

In Figure 15 the top view shows a depression in

the cavity surface (a) just above Pj and a rise in

cavity height (b) just downstream of the depression.

at this instant a pressure "spike" is detected by

Pj (see for example C in Figure 13) . This condition

precedes the shedding of a small region of vapor

bubbles upstream of the sheet cavity trailing edge

and significantly deforms the cavity trailing edge

shape. It is the forerunner of the condition that

will be referred to in this paper as "cloud" cavita-

tion. It is interesting to note that after
correlation- of over 600 photographs of the leading
edge sheet cavitation with the pressure gage signal,

the pressure "spike" always occurs when a depression

in the cavity surface exists over the pressure gage.

The converse, however, was not observed, ie., the

"spike" can occur when no depression was discernable

in the photographs. These "spikes" can occur without

any significant gross change in the observed

character of the sheet cavity surface in the general

CAVITY

(a)

(c)

FIGURE 13. Sequence of vapor shedding from the cavity

trailing edge.
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FIGURE 14. Progressive shed-
ding of vapor from sheet cavity
trailing edge, K = 0.26,
V^ = 11.5 m/s, P_^ = 76.2 kPa,
a°°= 3.25° + 1.55°°sin oit.

FIGURE 15. Cavity surface de-

pression producing pressure
"SPIKE" Pi gage location,
K = 0.36, V^ = 11.5 m/s,
P = 76.2 kPa, a = 3.25° +

1.55 sin tot.

vicinity of a pressure gage. Since numerous pressure
"spikes" can occur during the life of the sheet
cavity it appears improbable that they are due to
the interaction of a postulated reentrant jet with
the sheet cavity surfaces [Knapp et al. (1970)].
These "spikes" frequently have amplitudes which are
comparable to the dynamic pressure and certainly
exceed the estimated static pressure in the free
shear layer over the pressure gage location. Quite
possibly, these pressure "spikes" are due to the
free shear layer itself since they only occur when
the cavity surface indicates a turbulent shear
layer is present. When the reduced frequency is
high, for example at K = 1.55, the fully wetted
pressure variation leads the foil angle by 68° and
then no pressure "spikes" are produced at the pressure
gage location as can be seen in Figure 16. At
these high reduced frequencies the periodic shedding

from the sheet cavity trailing edge downstream of
the pressure gage is still observed.

The last aspect of the leading edge sheet cavity
instability to be described in this paper is that
which will be called cloud cavitation. The three
principle features of cloud cavitation for K >

are as follows

:

(1) A large surface area of the sheet cavity
becomes highly distorted and undergoes a

significant increase of overall cavity
height in the distorted region, (Figure 17).

(2) Once this distorted region begins to
separate from the main part of the sheet
cavity, the upstream portion of the sheet
cavity develops a smooth surface and a
reduced thickness (Figures 18 and 19)

.

(3) The trailing edge of the smooth surfaced



378

PRESSURE GAGE P,

PRESSURE GAGE P,

PRESSURE GAGE P,

FIGURE 16. Sample oscillo-
graph record for the variation

in foil surface pressure with
foil angle at K = 1.65,

V = 11.5 m/s, P = 76.2 kPa,

a 3.25 + 1.55 sin ost.

FOIL ANGLE

FOIL ANGLE MAX.

CAMERA PULSE TRACE

FIGURE 17. Initial stage in

the process of cloud cavitation
formation, K = 0.51, V^ = 14.8

m/s, P^ = 124.1 kPa, a"= 3.25
+ 0.95 sin at.

SIDE VIEW

region then moves downstream, becomes
unstable at its trailing edge, and quickly
develops the characteristic appearance of
the leading edge sheet cavity elsewhere
along the span (see feature a in Figure 20)

;

or, the trailing edge of the smooth portion
of the sheet cavity moves upstream to the
foil leading edge and the cavity disappears
(Figure 21) . In Figure 21a dye trace
injected at the foil leading edge can be seen.

When the foil is stationary (K=0) cloud cavita-
tion shedding can be very periodic as can be seen
in Figure 22 which shows the oscillograph trace of
the pressure gage response. The frequency of
shedding for the condition illustrated in Figure

22 is 42 Hz based on the response of the pressure

gage Pi. Figure 23 shows a photograph of the type

of cavitation that produced the time pressure history
of Figure 22. In Figure 23, (a) is a cloud just in

the process of being shed, (b) is a cloud previously
shed at a nearby spanwise location, and (c) is a

cloud shed earlier at the same location as (a)

.

The cavities did not shed in the manner of the two-

dimensional separation which typically occurs in

sharp leading edge foils [Song (1969) ,Besch (1969)

,

Wade and Acosta (1965)]. Instead, cavity shedding
was highly three-dimensional and more or less

independent' of the sheet cavity instability occur-

ring several cavity lengths away along the foil

span. However, it appears that for the trailing
edge shedding and the cloud cavitation (at least
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SIDE VIEW

TOP VIEW

P'IGURE 18. Cloud cavity sepa-
ration from leading edge sheet
cavity (example 1) , K = 0.99,
V^ = 11.5 m/s, P^ = 76.2 kPa,
a = 3.25 + 1.55 sin tot.

-TOP VIEW SIDE VIEW

FIGURE 19. Cloud cavity sepa-
ration from leading edge sheet
cavity (example 2), K = 0,

V^ = 14.8 m/s, P_^ = 124.1 kPa,
a"= 3.25°.

for K = 0) shedding occurrence alternated between
several spanwise locations. This is clearly seen
in Figure 23.

Several other aspects of the cavity shedding
process were apparent. The shed vapor had an
initial gross rotation with the same direction as
occurs in the free shear layer. This was evident
from the high speed movies viewing the cavitation
along the span (ie., a side view), and can also be
inferred from the pulse camera photographs taken
from the same view. The gross volume of the shed
vapor had relatively little dispersion prior to its
collapse but frequently developed within it regions
of apparent bubble coalesence prior to collapse,
as can be seen in Figures 14 and 24.

On the basis of the previously described defini-
tion of cloud cavitation, its occurrence was
determined from available photographs. The presence
of cloud cavitation as a function of the ratio of

maximum sheet cavity length, 1^, to chord length,
C, and reduced frequency K is shown in Figure 25.

The data used to define the condition for the

occurrence of cloud cavitation were all taken at
nominally the same value of a. Figure 25 shows
that for a given (S-m/c) value, cloud cavitation
can occur at nonzero K values whereas none would
be apparent for K = 0. For example, if test
conditions were adjusted such that li'm/c ~ 0.36, at
0.3 < K < 0.4, then one could conclude as did I to

(1975) that there was a "critical" reduced frequency
associated with the onset of cloud cavitation.

Figure 25 also shows two curves representative
of the influence of the value of aj on cloud cavita-
tion. It is readily apparent from the data in

Figure 25 that the conditions for cloud cavitation
cannot be simulated by quasi-steady experiments.
As shown in Figure 25, cavity length is strongly
dependent on K. If the angle of a stationary foil
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FLOW

FIGURE 20. Final stage in cloud
shedding process, K = 0.21,
V^ = 14.8 m/s, P^ = 124.1 kPa,
a"= 3.25 + 0.95 sin ut. TOP VIEW SIDE VIEW

LOCATION OF DYE INJECTION

FIGURE 21. Desinent condition
for leading edge sheet cavity;
K = 0.49, V_^ = 11.5 m/s,
P = 76.2 kPa, o = 3.25 + 1.55
sin ojt.

SIDE VIEW

was set to the maximum angle the oscillating foil

attained (4.2° for aj = 0.95 in Figure 25), the

maximum cavity length could be as much as a factor
of two larger than for finite values of K {eg.

,

K = 1.2) .

The data plotted in Figure 26 show that within
the accuracy of the experiments, a variation in

velocity from 11.5 to 15.4 m/s produced no signifi-
cant change in the results shown in Figure 25 other
than that expected for the small variation in a

that occurred between tests. It appears that the
parameters of K, a, and Oj , are sufficient to
correlate all of the present data with the presence
of cloud cavitation.

6. CONCLUSIONS

In order to improve the physical understanding of
the cavitation inception process and the formation

of cloud cavitation on marine propellers, a large

two-dimensional hydrofoil was tested in the DTNSRDC
36-inch Water Tunnel under pitching motion. The

foil was instrumented with pressure transducers to

measure the unsteady surface pressure due to foil
oscillation, and photos were taken to correlate
cavitation inception and cavity patterns.

Prior to the occurrence of cavitation on an

oscillating foil, the foil is in a fully wetted
condition. Knowledge of the pressure distribution
on a fully wetted foil can be expected to provide
useful information for prediction of unsteady cavi-

tation. Fully wetted, time dependent, experimental
pressure distributions were compared with results
from Giesing's method for calculating unsteady
potential flow. Good correlation between the

prediction and the experimental measurements was
obtained for both dynamic pressure amplitudes and

phase angles within the range of reduced frequencies

investigated (K = 0.23 to 2.30). This good corre-
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PRESSURE GAGE P,

PRESSURE GAGE Pj

PRESSURE GAGE P

FOIL ANGLE (K=0)

CAMERA PULSE TRACE

FIGURE 22. Surface pressure
fluctuations for K = 0,
V^ 11.5 m/s, P^ = 76.2 kPa,
«"= 3.25°.

SIDE VIEW

TOP VIEW

FIGURE 23. Alternate spanwise
cloud cavitation shedding for
K = 0, V^ = 11.5 m/s, P^ = 76.2
kPa, a ="3.25.

lation supports McCroskey's conclusion that unsteady
viscous effects on fully wetted oscillating airfoils
are less important than unsteady potential flow
effects, if the boundary layer does not interact
significantly with the main flow.

Six series of oscillating foil experiments were
carried out in this test program to study the
leading edge sheet cavity growth and collapse.
A simplified mathematical model was developed to
explain experimental results for leading edge sheet
cavitation inception. The mathematical model
utilizes Giesing's method for calculating the
unsteady potential flow. A significant delay in
unsteady cavitation inception was both predicted
and measured. A further delay in cavitation
inception was also observed and predicted with
increasing pitch amplitude. It is shown that
unsteady cavitation inception is a function of:

(1) the ratio of dynamic to static angular
pressure gradients

(dC /da) / (dC /da)
p u p s

and.

(2) the phase shift between the foil angle
and the dynamic pressure response.

Due to the phase lag in pressure response a signifi-
cant delay in unsteady cavitation inception is

predicted theoretically and observed experimentally.
Additionally, the angle at which cavitation inception
occurs increases with increasing pitch amplitude.
This effect results from a change in the phase angle.

It is well known that even in a steady condition
the cavitation inception process is extremely complex.
The theoretical prediction is still very difficult.
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FLOW

FIGURE 24. Apparent coales-
cence of vapor bubbles within
cloud cavity; K = 0.28,

V^ = 14.8 m/s, Pco = 124.1 kPa,

a"= 3.25° + 1.55° sin ut.
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and K on cavity length

Nevertheless, if the inception angle ciig is known
from the steady model tests, the unsteady effect

on cavitation inception, to the first order, may
be estimated by the present method. Since the

present tests were carried out with only one foil

shape and only one pitch axis location , further
experiments are required, and in particular, the

range of variables should be extended.
Based on photographic observations of the leading

edge sheet cavitation instabilities, it appears

that the free shear layer and near-wake stability
concepts reviewed by Wu (1972) give a reasonable
qualitative description of the physical process.
The inherent instability of the free shear layer
and associated vortex shedding appear to provide
a reasonable model for the breakup of a sheet
cavity. However, the detailed hydrodynamics
associated with the near-wake closure region can

still only be postulated. The commonly held concept
of a reentrant jet, Wu (1972) , may provide a reason-
able description applicable to the closure of the

near-wake region during the actual shedding of

vapor. For sheet cavitation extending over only a

portion of the foil chord this reentrant jet may
not actually penetrate the cavity itself but pene-
trate only a locally separated region just down-
stream of the sheet cavity trailing edge. In any
event, the presence of a reentrant jet is not
required to explain the inherent instability and
breakup of the sheet cavity.

For the conditions of the experiments reported
here, where the gross flow is nominally two dimen-
sional, the cavity instability is not coherent to a

significant extent along the foil span. In other

words, the cavity instability is highly three-

dimensional and appears to be principally dependent

on conditions in the immediate upstream free shear

layer flow. The most extreme foinn of cavity insta-

bility is manifest as a large shed cloud of vapor

and thus referred to in the literature as "cloud"

cavitation.
Within the context of the experimental results

reported here, the principle parameters controlling

the formation of cloud cavitation are reduced fre-

quency, K, cavitation number, a and foil oscillation
amplitude, aj. The maximum cavity length, (P-m/c) »

is a function of these three parameters. However,

it has been shown that predictions of ^m/c at finite

reduced frequencies cannot be based on the cavitation

observations at zero reduced frequency. With a con-

stant, the results show that it is possible to have

no cloud cavitation at finite reduced frequencies -

even though it was present on a stationary foil set

to the maximum unsteady angle. However, if the

steady foil is set to the mean angle of oscillation,

Uq, and no cloud cavitation is present, then it is

easily shown that at finite reduced frequencies

cloud cavitation will be present. Thus, Ito's con-

clusion that there exists a "critical" reduced fre-

quency for the onset of cloud cavitation appears to

be the result of the specific chosen values of the

parameters, K, a, and aj.

The implication of the above results is that the

prediction of the occurrence of cloud cavitation

for hydrofoils in waves and propellers in wakes can-

not be based solely on the performance in calm

water or uniform flow.
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Turbulent Shear Flow
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ABSTRACT

Conditions and positions of inception, locations of

zones , and aspects and behaviors of bubbles and

cavities of cavitations occurring on two hydrofoils

with the profiles of Clark Y 11.7 and 08 in shear

flows and a uniform flow have been observed and

measured, and correlated with measured pressure
distributions on the hydrofoils and turbulence
levels and size distributions of cavitation nuclei

in free streams.
At attack angles small for the profile, traveling

cavitations begin near positions of minimum pressure
and at cavitation numbers about the same as absolute

values of minimum pressure coefficients, irrespective

of flow shears in free streams provided local values

are used. Discrepancies between conditions and

positions of inceptions and pressure coefficients
and their distributions, and sizes of traveling
bubbles depend on qualities of free streams.

On the hydrofoil with the Clark Y 11.7 profile,

a traveling bubble in a zone of rising pressure,

deforms, creating a projection in shear flow, or

two projections in uniform flow, leaves only the

projection and then collapses. On the hydrofoil
with 08 profile, a traveling bubble collapses after
the deformation caused by the instability of the

bubble surface. On both hydrofils, bubbles collaps-

ing symmetrically and asymmetrically, looking like

micro jets forming, can be found.

At attack angles large for the profile , fixed

cavitations occur. Conditions and positions of

inception are similar to those of traveling cavita-

tions . In the boundary layers on both side walls

,

fixed cavitations occur at relatively large

cavitation numbers, possibly equal to the absolute
values of local minimum pressure coefficients, and

even develop beyond the boundary layers . Cavitation
zones on the low-speed side are larger than those
on the other side, and those occurring in the

boundary layers of uniform free streams are of an

intermediate size.

At attack angles intermediate for the profile,

fixed and traveling cavitations occur at the same

time and tend to become fixed only on the Clark Y

11.7 profile. On the 08 profile, fixed cavitations

at the leading edge and traveling cavitations at

about the mid-chord appear at the same time in shear

flows, but only fixed cavitations occur and develop at

the leading edge in uniform flows.

1 . INTRODUCTION

Many researches on the cavitation characteristics

of hydrofoil profiles have been published, and the

appearance, the degree, and the effects on the

hydrodynamic behavior of hydrofoil of the incipient

and developed cavitations occurring on hydrofoils

have been discussed by Numachi (1939, 1954) , Daily

(1944, 1949) , and Kermeen (1956a, 1956b) . Recently,

the effects of the behavior of boundary layers and

the turbulence in the free stream on the inception

and development of cavitations on hydrofoils were

reported by Casey (1974), Numachi (1975), and Blake

et al. (1977). Although they have been concerned

with cavitation occurring on hydrofoils in a free

stream of uniform velocity, actual blades of

hydraulic machines, including ships' propellers,

work mostly in nonuniform flow, and the effect of

nonuniformity might have to be examined as well.

Investigations on cavitation occurring in shear

layers have been made by Daily and Johnson (1956)

in a zone of wall shear turbulence, by Keirmeen and

Parkin (1957) in a wake behind a circular plate

and by Rouse et al . (1950) and Rouse (1953) in

submerged jets. But research concerning the cavita-

tion occurring on hydrofoils laid in a free stream

with a shear is not available as far as the authors

are aware

.

The present report is intended to clarify the

influence of the spanwise shear, uniform in the

core and the accompaning boundary layers on both

sides of the free stream and its turbulence on the

385
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FIGURE 1. High speed water tunnel.

inception and development of cavitation and the

aspect and behavior of cavitation cavities occurring
on two hydrofoil profiles with different cavitation
characteristics

.

lowering the free surface led from the top of the
tunnel, the maximum and minimum pressures being
48=<10^ Pa and -O.SxIqS pa. The flow velocity at
the measuring section is controlled from the measur-
ing station by controlling the speed of the
circulating pump P.

Measuring Section

The measuring section has a cross section 200mm
wide and 610mm high and its total length is SOOOmin.

The first upstream 1000mm has two plexiglass windows
in each side, and upper and lower wall. In this
experiment, the hydrofoil is installed through two
downstream-side windows in both side walls. Figure
2 shows the spanwise distributions of the velocity
and the static pressure at the position of the
mid-chord of the hydrofoil in the case of no grid.
The velocity profile is almost uniform except in
the 10^ the boundary layers on both side walls.
The static pressure, expressed as the difference
from that at the side wall, is constant within the
accuracy of this experiment.

2. EXPERIMENTAL APPARATUS AND METHODS Hydrofoils

High Speed Water Tunnel

The water tunnel used for the experiment is shown

schematically in Figure 1. The tunnel contains

180m^ of water. The water is circulated by the

centrifugal pump, P, whose revolution is controllable.

Bubbles generated in the measuring section, the

duct, and the pump mainly disappear in the reservior
T. In the reservoir the water first flows upward
to the free surface at the top of the -reservoir,

and then down very slowly through an area of 20m
to the bottom. Two spaces, one at the entrance
corner of T and the other at the top of the tunnel,

separate bubbles from the water and continuously
remove the separated air. The water sucked up from
the bottom of T turns to the horizontal direction
through corner vanes , and enters the measuring
section through the honey comb, S, made of synthetic-
resin pipes of 26mm diameter, 5mm thick, and 450mm
long. Then it flows through two nozzles, Nl and
N2 , which contract the cross section from 2100x1400mm

to ISOOxlOOOmm^ and to 1200x200mm2, the room for

installing the shear grid, and the nozzle for

contracting the cross section from 1200x200mm to

610x200mm^. The contraction ratio is 24:1 in all.

The water flowing out of the measuring section flows

through the diffuser and back to the circulating
pump P.

The tunnel pressure is controlled by introducing
compressed air to the top of the reservoir or by
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Table 2 Positions of Piezometer Holes

Clark Y 11.7

1

2

3

4

5

6

7

8

9

10
11

12
13
14

Upper
X %

3

6

10
15
20
30
40
50
60

Lower
X %

70 .4

80 .3

85 .0

90 .2

15
16
17
18
19
20
21
22
23
24
25
26
27

3

6

10
14
20
30
39
50
60
69
79

.0

.1

.1

.8

.1

.1

.9

.0

.0



388



389

10'

°
O



390

1.5

1.0

0.5

"^^
* t



391

08

6

1

- s

y

4
a

I__s



392

symbols to fixed, kd's indicated in the figure are

based on the velocity at the mid-span.
tions and movements of cavitation zones cannot be

found.

Clark y 11.7 Profile

In the case of no grid, traveling cavitations oc-

curred a little downstream from positions of minimum
pressure at a = and 0.052 rad. Front edges of

average zones of cavitation move forward beyond posi-
tions of minimum pressure as kd is reduced, uni-

formly in the core of the free stream. At a = 0.105

rad, in the core of the free stream, cavitations,

mainly traveling mixed with fixed, occurred just
downstream from positions of minimum pressure. How-

ever, with a small decrease of kd from the incipient,

the type of cavitation changes to fixed and the

front edges of cavitation zones move backward from
positions of inception and forward with a further
decrease of kd. In the boundary layers on both
side walls, fixed cavitations occurred very close

to the leading edge of the profile and to the side

walls, and front edges of cavitation zones move
little as kd is reduced. At a = 0.157 rad, fixed
cavitations occurred just downstream from positions
of minimum pressure and front edges of cavitation
zones moved forward just a little and never ex-
ceeded positions of minimum pressure, in the core
of free stream. In the boundary layers on both
side walls, fixed cavitations occurred just down-
stream from the leading edge of the profile and al-
most attached to the side walls, and front edges of
cavitation zones moved little as kd was reduced.

At all attack angles , lines of rear edges of

cavitation zones have shapes similar to the velocity
profile at kd's a little smaller than the incipient.

But rear edges move backward with a further decrease
of kd to be almost uniform in the spanwise direction.

In cases of grids No. 1 and No. 2, positions of
inception are closer to positions of minimum
pressure than in the case of no grid, in correspon-
dence with size distributions of cavitation nuclei:

Front edges of cavitation zones move forward beyond
positions of minimum pressure in the cores of free
streams at a = 0, 0.052, and 0.105 rad. At a = 0,

0.052, and 0.105 rad, incipient cavitations are of
the traveling type, but at a = 0.105 rad, in the

cores of the free stream, cavitations sometimes
change their type from traveling to fixed as kd is

reduced, and in those cases front edges of zones
of fixed cavitations move backward from the inception
position. In the boundary layer on the low-speed
side wall a fixed cavitation occurred very close
to the leading edge of the profile and to the side
wall, but no inception of cavitation of any type
can be detected in the boundary layer on the other
side wall, in the range of kd in this experiment.
At a = 0.157 rad, fixed cavitations occurred at

positions of minimum pressure, including the boundary
layers on both side walls, and front edges of

cavitation zones move little.
At kd's a little smaller than the incipient,

lengths of cavitations are larger on the high-speed
side than on the other side at a = and 0.052 rad.

At a = 0.105 and 0.157 rad, however, they are larger
near the wall on the low-speed side than on zones
more distant from the wall. Rear edges of cavita-
tion zones have a tendency to be uniform in the
spanwise direction at all attack angles as cavita-
tions develop.

Much difference between the two grids in the loca-

08 Profile

At angle of attack, positions of cavitation

inception and movements of front and rear edges of

cavitation zones with a decrease of kd, compared

with positions of minimum pressure, are quite
similar to those of the Clark Y 11.7 profile in

the cases of no grid and grid No. 1. However, at

a's larger than 0, fixed cavitations always occurred

at the leading edge over the whole span, irrespective

of the existence of the shear grid. Front edges of

cavitation zones never moved from the leading edge

as kd's were reduced. Lengths of cavitation zones

do not grow much, owing to the steep negative-
pressure zones just behind the leading edge, until
kd's are reduced to about the second |cpmin|'s.

But in the case of no grid, once kd's increase,

they develop suddenly beyond positions of minimum
pressure and tend to be uniform in the spanwise
direction as can be seen in Figure 13(b) at a =

0.052 and kd = 0.7. In the case of grid No. 1,

however, lengths of the fixed cavitation do not
grow enough to reach positions of minimum pressure.

Instead cavitations of the traveling type appear

around positions of the second minimum pressure, as

can be seen in Figure 13(b) at a = 0.052 and kd =

0.7 and as shown in Figure 11(b) by the symbols A.

The length of the cavitation zone is about the same

as that in the case of no grid in the free stream
core but smaller than that in the boundary layers

on both sides, at the beginning of development.

At a = 0.105 rad, the length of the cavitation zone

is much larger than that in the case of no grid at

the beginning of development, but becomes about the

same as the others with a further decrease of kd.

Aspect and Behavior of Cavitation Bubbles and

Cavities

Figures 12 and 13 show several examples among the

Sys-exposure photographs and an example of high-

speed motion pictures of cavitations taken at the

inception and each stage of development occurring

on the Clark Y 11.7 and 08 profiles, respectively.

Cavitation niimbers indicated in the figure on the

left hand side are based on the velocity at the

mid-span.

Clark ¥11.7 Profile

At a = and 0.052 rad, incipient cavitations are

of the traveling type in all cases, and in general,

the bubble radius and number of bubbles in the case

of no grid were the largest and the smallest,

respectively, of the three cases, followed by the

case of grid No. 1, which agrees with the size

distributions of cavitation nuclei given previously.

Each bubble is circular when observed perpendicular

to the hydrofoil surface, but as the cavitation

number is reduced, two, in the case of no grid, or

one, in both cases of two shear grids, horn-like
projections are projected behind each bubble from

the downstream or both sides. The groups of plots
lying second from the bottom in Figures 10(a) (b)

show positions of the upstream tips of the projec-



393

Kd

08

0.7

0.6

Kd

1 .05

0.9

No Grid Grid No,1

a = rad

E^^i^



394

Kd

1.75

1.5

1.25 .'

2.5

2.25

No Grid Grid No.l

a = 0.1 05 rad

Grid No.

2

No Grid Grid Nol

(d) a = 0.1 57 rod

Grid No 2

FIGURE 12 (c) (d) . Cavitation on the hydrofoil of the Clark Y 11.7 profile.
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200mm
Kd 2.75

FIGURE 12 (e) . Behavior of
fixed cavitation on the hydro-
foil of the Clark Y 11 . 7 pro-
file, a = 0.157 rad, flow up
to down, 12 ms between frames,
2\ss exposure.

tions , which seem to be little affected by either
kd or the shear of the free stream. The projections,
in the case of no grid, are supposed to be generated
in cores of trailing vortices and adhere to the
hydrofoil surface, because velocities of the babbles
exceed those of surrounding water in regions down-
stream from positions of minimum pressure. It can
be seen in high speed motion pictures shown in
Figure 12(f) that the main body of bubbles, having
generated projections, decay, leave behind them
projections of two string-like biibbles, and then
collapse. In cases of the two shear grids, bubbles
are inclined upward toward the high-speed side due
to the secondary flow caused by the flow shears

.

Trailing vortices on the low-speed side reach the
hydrofoil surface easier than those on the high-
speed side. Bubbles which generate projections be-
come fewer as kd is reduced in the case of the
shear grids. Several bubbles can be found which
seem to collapse and generate micro jets.

At a = 0.105 rad, cavitations of both types,
traveling and fixed, appear, though the former are

fewer than the latter. Front edges of fixed cavi-
tation zones are round compared with tips of the
above-mentioned projections. At a = 0.157 rad, only
fixed cavitations occur. A cycle of formation of
the break off of a fixed cavity is shown in high
speed motion pictures in Figure 12(e). At first,
a clear bubble is generated, like those observed in
our laboratory on the surface of an axisymmetrical
body with a hemispherical nose. The bubble develops
in both streamwise and spanwise directions. The
middle part of the spanwise breadth of the bubble
becomes bubbly, then wavy, and after the development
of the middle part breaks off in pieces of micro-
bubble clouds which are transported downstream al-
though a few remaining small parts grow and
disappear.

08 Profile

At angle of attack tiny bubbles of traveling
cavitation can be found at a kd a little smaller
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than kdi, in both cases of no grid and the grid No.

1. Little difference between sizes of the bubbles

can be noticed, although bubbles can hardly be

found on the low-speed side in the case of the grid

No. 1. As cavitation numbers are reduced, however,

the bubbles grow larger and are fewer in the case

of no grid, due to the difference in size of

cavitation nuclei as stated above. Bubbles defoirming

to generate projections like those on the Clark Y

11.7 profile can barely be found. Instead, cavities

collapsing to clusters of small bubbles appear.

The discrepancy of the collapse aspect between the

two hydrofoils can be considered to be caused by

the difference of pressure distributions. Cavita-

tions of the above type become more than traveling

bubbles with the decrease of kd, in the case of

the grid No. 1.

At a = 0.052 rad, only fixed cavitations occurred

at the leading edge in cases of both no grid and

grid No. 1. The fixed cavitations grown without

changing the front edges of cavitation zones from

the leading edge and develop their lengths slowly

until the kd's are reduced to about the second

Icpminl's, being about equal to each other and

existing at the mid-chord in both cases. Nonuniform-

ity of lengths can be found in the case of grid

No. 1. When kd's reach the second |cpmin|'s, how-

ever, a remarkable difference in the aspects of

cavitations between the two cases occurs in spite of

only a small difference in the measured pressure dis-

tribution. In the case .of no grid, fixed cavitation
develops beyond the position of minimum pressure,

whereas in the case of grid No. 1, the rear edge

of the zone of fixed cavitation does not reach the

position of minimum pressure. Instead, another

cavitation of the traveling type appears around the

position of minimum pressure, and bubbles of the

traveling cavitation are found more on the high-

speed side. The mechanism of this difference can

be surmised as follows : a free shear layer on an

interface between cavity and water may be laminar

near the point of inception in either case, but
the distance necessary for its transition in the

case of no grid is larger than in the case of grid

No. 1 because of the difference of the turbulence
level in the free stream between the two cases,

and the distance necessary for a cavity surface to

reattach the hydrofoil surface might be the same.

The fact that the cavity surfaces in Figure 13(b)

at kd = 0.7 are clear in the case of no grid but
wavy in the other case may show this. Furthermore,

the effect of rolling up the cavity surface caused
by the secondary flow may be expected in shear flow.

At a = 0.105 rad, only fixed cavitations can be

'^mm

^HKm'm ~^^BP' ^^'^P

FIGURE 12 (f). Behavior of
traveling cavitation on the
hydrofoil of the Clark Y 11.7

profile, ce = rad, flow up to

down, 0.3 ms between frames,

2ps exposure.

200mm
kd = 0.8
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(a) rod
FIGURE 13 (a) . Cavitation on the
hydrofoil of the 0„ profile.

found in both cases. Even in the case of the grid
No. 1, much uniformity of cavitation zones can be
found, although some tail wisps of cavitation can
be found in the case of no grid, e. g. , ones
gathered in cores of strearawise vortices

.

4. CONCLUDING REMARKS

Conditions and positions of inception, locations of
zones, and the aspect and behavior of bubbles and
cavities of cavitations occurring on two hydrofoils
with the profiles of Clark Y 11.7 and 08 in shear
flows made by shear grids and a uniform flow have
been observed and measured. They have been corre-
lated with measured pressure distributions on the
hydrofoils and the qualities of free streams, i.e.
turbulence levels and size distributions of cavita-
tion nuclei in free streams. The main conclusions
deduced from the results may be summarized as

follows

.

At attack angles small for the profile, when
pressure distributions have gradual chordwise
changes , traveling cavitations incept near positions
of minimum pressure and at cavitation numbers about
equal to absolute values of minimum pressure coeffi-
cients, irrespective of flow shears in free streams,
provided local values influenced by flow shears are
.used. Discrepancies between conditions and posi-
tions of inceptions, and pressure coefficients and
their distributions depend on the free stream quali-
ties. The sizes of traveling bubbles depends on the
size distribution of cavitation nuclei.

On the hydrofoil with the Clark Y 11.7 profile,
having a relatively large positive pressure gradient,
a traveling biibble in a zone of rising pressure
deforms, creating a projection in shear flow, or
two projections in uniform flow, leaves only the

projection and then collapses. On the hydrofoil
with the 08 profile having gradual pressure gradient,
a traveling bubble collapses after the deformation
caused by the instability of bubble surface. On

both hydrofoils, bubbles collapsing symmetrically
and asymmetrically, looking like micro jets forming
can be found.

At attack angles larger for the profile, when
the pressure distribution declines steeply followed
by a relatively large positive pressure gradient,
fixed cavitations occur. Conditions and positions
of inception are similar to those of traveling
cavitations, although discrepancies of them from
pressure coefficients and their distributions are
less than those of traveling cavitations. In the
boundary layers on both side walls, fixed cavitations

occur at relatively large cavitation numbers,

possibly equal to absolute values of local minimum
pressure coefficients. They develop in both stream-
wise and spanwise directions even far enough beyond

the boundary layers to affect cavitation inceptions
in zones neighboring the boundary layers. Cavita-
tion zones on the low-speed side are larger than

those on the high-speed side. Fixed cavitations
of this kind occur in the boundary layers on both

sides of iiniform free streams also.

At attack angles intermediate for the profile

,

fixed and traveling cavitations occur at the same

time and tend to become fixed only on the Clark Y

11.7 profile. On the 08 profile, fixed cavitations

at the leading edge and traveling cavitations at

about the mid-chord appear at the same time in shear
flows , but only fixed cavitations occur and develop
at the leading edge in uniform flows. Discrepancies
of conditions and positions of inception from
pressure coefficients and their distributions are
the largest of the three cases mentioned on the
Clark Y 11.7 profile, but about the same as above
mentioned two cases, on the 08 profile.
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FIGURE 13 (b) (c) . Cavitation on

the hydrofoil of the Og profile. (C) a =0.105 rod
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NOMENCLATURE

Cp: pressure coefficient

I
Cpmin I : absolute value of minimum pressure

coefficient
frp: number of total occurrences of

cavitation
f : number of local occurrences of

cavitation at position y
width of measuring section
cavitation number
incipient cavitation number
chord length of hydrofoil
number of bubbles at radius R
static pressure at hydrofoil surface
or in free stream
static pressure at side wall of
measuring section
bubble radius
local free stream velocity
velocity at mid span of hydrofoil
installed in measuring section
RMS values of turbulence velocity
components parallel to free stream,
parallel to hydrofoil span and
perpendicular to u' and v' , respec-
tively

X, Y; X, y : co-ordinate system fixed in hydrofoil;
the X(x) axis is parallel and the
Y(y) axis is perpendicular to the
chord of the hydrofoil

a : attack angle in radian
p : water density
A : chordwise distance from leading edge

of hydrofoil to rear edge of cavita-
tion zone

Xq : chordwise distance from leading edge
of hydrofoil to inception point or
front edge of cavitation zone

h

kd
kdi

1

n(R^)

"0 •

U:

Uc:

u' w' :
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Scale Effects on Propeller

Cavitation Inception
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Netherlands Ship Model Basin
Wageningen, The Netherlands

ABSTRACT

The boundary layer of four propeller models in
uniform flow is investigated and related with cavita-
tion inception. Laminar separation is found to be
an important phenomenon on model propellers. The
radius where laminar separation starts is found to
be a limit for the radial extent of cavitation.
No inception takes place in regions of laminar flow.

The effect of nuclei in the flow is investigated
using electrolysis. Nuclei seem to be important
for cavitation inception when laminar separation
occurs, but they do not initiate sheet cavitation,
when the boundary layer flow is laminar. When the
boundary layer on the blades is tripped to turbu-
lence by roughness at the leading edge it is shown
that this changes the cavitation by restoring cavita-
tion inception at the vapour pressure. The effect
of electrolysis on cavitation becomes very small
when the propeller blades are roughened. Calcu-
lations of the pressure distribution and the laminar
boundary layer were made and related with test
results

.

1 . INTRODUCTION

When cavitation patters, observed on full scale
ship propellers, are compared with observations on
model scale, differences are often found [e.g.,
Bindel (1969), Okamoto et al. (1975)]. These
differences are caused by two main factors: in-
correct scaling of the incoming flow of the
propeller, including propeller-hull interaction,
and incorrect scaling of cavitation.

Considerable efforts have been made to improve
the simulation of the incoming flow by testing the
cavitating propeller model behind the ship model
in a large cavitation tunnel or in a depressurized
towing tank, or by correcting the measured model
wake to simulate the full scale wake in a cavitation
tunnel [Sasajima and Tanaka (1966), Hoekstra (1975)].

In this paper the problem of proper scaling of
cavitation will be investigated.

Scaling rules for cavitating propellers can be

formulated using dimensional analysis when the
relevant parameters are known. This results in the
following well-known dimensionless quantities:

V,

the advance ratio

the cavitation index a.

A

nD

p -p +pgh
o V

^pn^D^

the Froude number Fr

nD^
the Reynolds number Re = —

—

N V

(1)

(2)

(3)

(4)

where V = advance velocity of the propeller

n = number of propeller revolutions

D = propeller diameter

p = pressure at some reference level

p = vapour pressure

p = density of water

g = acceleration due to gravity

h = vertical distance from reference level

V = kinematic viscosity

When these dimensionless parameters are kept the

same for model and prototype, the cavitation

400
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behaviour of a propeller is independent of size,

provided that no additional parameters play a role

in the cavitation process.
The choice of the cavitation index as a parameter

implies the assumption that inception occurs when

the local pressure is equal to the vapour pressure.

When the inception pressure deviates from the vapour
pressure these deviations are called "scale effects

on cavitation inception"

.

Two scaling problems do arise now. First it is

impossible to maintain the Froude number and the

Reynolds number at the same time. The Reynolds

number is abandoned and is lowered on model scale

by a factor of X^/2, where A is the scale ratio.

Even if the Froude number is not maintained it is

practically impossible to obtain the full scale
Reynolds number on model scale. The second scaling
problem is that nuclei play a role in cavitation
inception. Both problems manifest themselves as

scale effects.
Pure water can withstand very high tensions and

nuclei are necessary to generate inception of

cavitation. Nuclei are mostly considered to be gas

pockets in the fluid, possibly trapped in small
crevices of hydrophobic particles. For a review

see Holl (1970) . In a cavitation tunnel, however,

the flow will also contain free air bubbles which
come out of solution at the pump, at sharp corners,

or at the cavitating propeller in the test section.
Resorbers are used to bring the free gas back into

solution, or the tunnel can be prepressurized.
When no large nuclei are present, however, scale

effects on cavitation become larger [Hill and

Wislicenus (1961)]. Inception of cavitation becomes
related to the pressure at which the largest gas

bubbles become unstable and start to expand, and

this pressure is lower than the vapour pressure
when the nuclei are small [Daily and Johnson (1956) ]

.

In a towing tank there are very few nuclei since
they will rise to the surface or to go into solution.
Therefore Noordzij (1976) created additional nuclei
in the NSMB Depressurized Towing Tank by electrolysis
and showed the "stabilizing" influence of nuclei on

propeller cavitation behind a ship model. A similar
effect was reached by Albrecht and Bjorheden (1975)

who injected additional nuclei into the water of

their free surface cavitation tunnel after the low

pressure in the test section had deaerated the

water so much that nuclei were no longer formed in

the tunnel.
It is very difficult to control the nuclei content

of the incoming flow [Schiebe (1959)]. When the
nuclei are large enough, the inception pressure
will be close to the vapour pressure. However,
when the nuclei are too large they can lead to

"gaseous cavitation" [Holl (1970) ] with inception
above the vapour pressure, or they can be removed
from the region of lowest pressures by the pressure
gradient in the flow, as was theoretically shown by
Johnson and Hsieh (1966)

.

Variation of the Reynolds number leads to viscous
effects on cavitation inception. Arakeri and Acosta
(1973) and Casey (1974) showed the effect of the
boundary layer on cavitation inception. Laminar
separation was shown to be especially important.
Arakeri and Acosta (1973) visualized the boundary
layer by a schlieren technique and they tentatively
related the cavitation index at inception and the
pressure coefficient at laminar separation or at
transition. Increased pressure fluctuations in

the reattachment region of a laminar separation

bubble and in the transition region were measured

by Arakeri (1975) and by Huang and Hannan (1975)

.

Van der Meulen (1976) also observed the inception

process on headforms by means of holography. He

showed that suppression of laminar separation by
polymers also could suppress cavitation inception.

The relation between the inception pressure and

the pressure at laminar separation or transition
was not always confirmed. In a recent case study

[Kuiper (1978)], it was shown that viscous effects

were responsible for a delay in cavitation inception

on a propeller model. Additional nuclei had no

effect in this case, but it was not yet clear if

nuclei did interact with the boundary layer to

create cavitation inception.

In this study, scale effects on cavitation on

three propellers with different characteristics

were investigated. When a propeller operates in

a wake, scaling problems of the incoming flow and

of cavitation cannot be separated. Therefore the

propellers were tested in uniform axial flow. The

tests were carried out mainly in the Depressurized

Towing Tank. A description of this facility is

given by Kuiper (1974) . The advantages of this

tank for the research on scale effects on cavitation

inception are the, supposedly, very low and constant
turbulence level and nuclei content, the uniform
inflow of the propeller, and the absence of wall
effects. Both advance speed and propeller revolu-

tions can be controlled very accurately. The range

of Reynolds numbers which can be tested is lower

than in a cavitation tunnel (maximum carriage speed

is 4 m/sec.) but is not smaller.
The aim of the present study is to gain insight

into the occurrence of scale effects on cavitating
propellers and to develop means to improve the

correlation with full scale observations. Paint
tests were carried out to visualize the boundary
layer flow on the propeller blades. Methods to

calculate the pressure distribution on the blades
are discussed and the calculated pressure distri-
butions are used for the interpretation of the

results of the paint tests and the cavitation
observations. The nuclei content is varied by
using electrolysis, and roughness at the leading

edge of the propeller blades is applied to make the

boundary layer on the blades turbulent, thus simu-

lating a higher Reynolds number. The relation
between the boundary layer on the blades and

cavitation inception is shown and the effect of

leading edge roughness and electrolysis is investi-
gated.

2. TEST PROGRAM

Propellers and Test Conditions

Four propellers were investigated in uniform flow.

Propeller A is the propeller which was investigated
behind a model in a case study by Kuiper (1978)

.

This propeller showed viscous scale effects on

cavitation inception but was insensitive for

electrolysis (Figure 1) . Behind the model, this

propeller operated in a nozzle. In this study it

was tested without a nozzle.
Propeller B is the propeller which was tested by

Noordzij (1976) behind a model. This propeller
was very strongly influenced by electrolysis.
Without electrolysis the sheet cavitation varied
per revolution, (Figure 2) . With electrolysis the
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FULL SCALE OBSERVATIONS

propeller an electrolysis grid was mounted, as

shown in Figure 5. The wires had a diameter of

0.2 ram and a current of 0.2A was used to generate
nuclei. The propeller shaft was at 0.4 meter below
the water level and the lowest wire at 0.5 meter.

Therefore the effect of electrolysis could only

be observed in the upper half of the propeller disk.

-The propeller boundary layer. Two ways of

affecting the boundary layer were used. First,

sandroughness at the leading edge was used to trip

the boundary layer to turbulence. Second, the

FIGURE 1. viscous effects on cavitation inception on

propeller A behing the model.

cavitation pattern was present and identical at

every revolution. This "stabilizing" effect of

nuclei is important because it affects the induced

pressure fluctuations on the hull.

Propeller C had a very distinct collapse of the

cavity when the blades left the wake peak, as can

be seen in Figure 3. This irregular collapse of

the cavity was thought to be caused by viscous

effects and it can also strongly influence the

pressure fluctuations on the hull.

Propeller D was not tested in cavitating con-

ditions. It was used only for boundary layer

visualization. This propeller is an example of a

smaller propeller model used behind models with a

maximum length of 7 meters. This propeller was

made of a copper-nickel-aluminium alloy (CUNIflL)

.

Propellers A, B and C were of aluminium.

The most important geometrical characteristics

of the four propellers are given in Figure 4. The

complete description, necessary for the calculations,

is given in the Appendix. Most tests were done in

the NSMB Depressurized Towing Tank. To obtain

imiform inflow the propellers were mounted on a

right-angle drive unit, which was kept afloat by a

catamaran- type vessel, as shown in Figure 5. Only

a few comparative tests were done in a cavitation

tunnel.
The following parameters were varied:

-The propeller loading. Two advance ratio's were

used, namely 70% and 40^ of the pitch ratio at

r/R=0.7. (Slip ratio's of 30^ and 60% respectively).

The slip ratio of 30% corresponds to a loading which

is about normal behind the ship, the slip ratio

of 60% corresponds to an overloaded condition, as

occurs when the blades are in a wake peak. Propeller
A was also investigated at an intermediate loading
with a slip of 40% .

-The nuclei content. At 1 meter in front of the

WITHOUT ELECTROLYSIS

WITH ELECTROLYSIS

FIGURE 2. Effect of electrolysis on propeller B

behind the model.
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PROPELLER A

5 BLADES
: 326B m

Ae/Aq ; 0.820
C07/D : 368
Vc bTl : 042

FIGURE 3. Irregular collapse of cavitation on propeller
C behind the model.

PROPELLER B

6 BLADES
D : 0.2183 m

Ae/Ao = 833
C07/D = 438
UcCT) : 040

propeller Reynolds number was varied with a factor
of about three.

-The cavitation index. Three values of the

cavitation index were used: "NT1=1.5, 2.0, and 2.5.

The reference level of the cavitation index was
always taken at the propeller tip in the top position.
In this paper most cavitation observations will be

At higher revolutions a lowershown at a„ip=l-5

cavitation index was possible:
-'NT'

=0.5 in the
towing tank and aMm=1.0 in the cavitation tunnel.

Paint Observations

To visualize the character of the boundary layer
at the propeller blades a surface oil flow technique
was used [Maltby, ed. (1962)]. This technique was
adapted for use in water on propellers by Meyne
(1972) and Sasajima (1975). It is particularly
useful on rotating bodies because the difference
in friction coefficient between laminar and turbu-
lent boundary layer flow, in combination with the
centrifugal force acting on the paint, creates a

clear difference in the direction of the paint-
streaks in laminar and turbulent regions.

The paint, used in our paint tests, consisted
of lead-oxide, diluted with linseed oil and coloured
with red "Dayglo" pigment. This mixture produced
a finely detailed pattern of streaks on the metal
surface of the propeller. When the propeller
blades were painted yellow with a thin layer of
zinc-chroraate primer, as is done with the cavita-
tion observations to improve contrast and to avoid
reflections, no streaks were formed. Consequently
the flow visualization tests were done with the
propellers not painted.

The viscosity of the paint was controlled by
the amount of linseed oil and was chosen such that
the formation of the pattern took about one full
run in the towing tank. At least 500 revolutions
were always available to form the pattern. To

PROPELLER c

4 BLADES
D : 300 r

Ae /Aq : 630
Cot/D : 430
t/clo?) : 022

PROPELLER D

FIGURE 4. Geometry of propellers.

6 BLADES
: 2120 r

Ae /Ao : 824
C07/D = 307
t/c(07) i 0.050

reach the desired
revolutions, most
condition. Paint
cavitation tunnel,

were more profuse

,

ities, because of
to reach a stable

condition took about 100

of them very close to the final
tests were also done in the

The pictures obtained there
especially at high tunnel veloc-

the relatively long time it took
condition. For runs longer than
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ELECTROLYSIS GRID

be derived with suitable accuracy. Since the

propeller thrust is least sensitive to viscous

effects this quantity gives the most reliable

verification of calculations. When the propeller

geometry and the nominal inflow are known two

approaches are available to obtain the distribution

of propeller loading, viz. the lifting line theory

and the lifting surface theory. Hereafter, both

approaches will be considered with models going

back to the work of Lerbs (1952) for the former

and Sparenberg (1960) for the latter theory.

DETAIL ELECTROLYSIS GRID
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where t= max. thickness of propeller section
c= chord length of propeller section

The drag is calculated using the characteristics

of the equivalent profiles of the NSMB B-series

propellers.

Lifting Surface Calculations

The lifting surface theory calculates the induced

velocities over the propeller blades, in chordwise

and radial direction, thus including the effects

of finite aspect ratio of the blades. The draw-

back is that the theory is linearized, which

restricts the validity to lightly loaded propellers.

Van Gent (1977) has shown in his thesis how

heavily loaded propellers can be treated with a

linearized theory since the vorticity in the wake

induces an additional axial velocity component in

the propeller plane, keeping the angles of attack

of the propeller sections small.

The boundary conditions on the propeller blades

are fulfilled at a number of chordwise and spanwise

points. In our calculations four chordwise and

ten radial points per blade were chosen. The pitch

of the vortex sheet in the wake was taken rather

arbitrarily as the pitch at 0.7D.

A very approximate description of the viscous

effects is used. The drag force of the propeller

sections is split into two parts : a drag force

as a result of losses in the suction peak at the

leading edge and a drag force due to friction. The

latter is calculated using a friction coefficient

of 0.0080, irrespective of the Reynolds number.

The first drag force is taken as half the theoretical

suction force. The same correction is also applied

to the sectional lift, which is obtained from chord-

wise integration of the lift distribution. In the

calculation of the induced velocities the geometrical
pitch angle is reduced by 3/4 degree to simulate
viscous effects on the zero lift angle.

The open-water diagrams as calculated with the

lifting surface theory as described by Van Gent

(1977) are shown in Figure 7 together with experi-
mental results and lifting line calculations. The

general agreement with measurements is as good as

the lifting line calculations. This makes clear
that the linearized lifting surface theory can

indeed produce reliable open-water characteristics
up to high propeller loadings. At very low advance
ratio's the calculations deviate from the measure-
ments but this might well be caused by an erroneous
estimate of the viscous effects.

Calculation of the Pressure Distribution

Lifting line as well as lifting surface calculations
give the radial distribution of the lift coefficient,

of the angle of attack, and of the induced camber
(or camber distribution) which can be translated
into a zero lift angle. In Figure '8 these results
are compared for propeller A at A0% slip. The

lifting line calculation gives a higher loading at

the tip and a lower loading at inner radii, compared
with the lifting surface calculation. This is

characteristic for all four propellers in all

conditions. The total thrust does not differ very
much. Large differences, however, are foiind for

the angle of attack and for the zero lift angle.

04

LIFT SURFACE

LIFT LINE

'TOT- '-^INCIDENCE

ttn = ZERO LIFT ANGLE

FIGURE 8. Radial distribution of lift coefficient and

angle of attack on propeller A at 40% slip.

Since these values will be used in the calculation
of the pressure distribution this discrepancy needs
further attention.

The source of the discrepancy is the choice of

Eqs. 8 and 9, used in the lifting line calculation.
The reduction of the slope of the lift curve with
the lifting surface correction factor for the camber,
K(, (Eq. 8), is an empirical one, first suggested
by Lerbs (1951) when he analyzed the lift slopes
of his "equivalent profiles". The physical meaning
of this correction is not clear, but it still can

lead to correct results for thrust and torque,

since the lift slope for the equivalent profiles
was derived using a lifting line theory and experi-
mental values of thrust and torque. Therefore, this

correction for the lift slope, used in combination
with the same lifting line theory, should give

results for thrust and torque not too far from the
experimental results. The definition of the three
dimensional zero lift angle (Eq. 9) is another
empirical relation, bringing the calculated open
water characteristics in line with experiments.
However, this does not necessarily mean that the
three dimensional angle of incidence and zero lift
angle have a physical meaning and can be used for
the calculation of the pressure distribution.
Therefore, the results of the lifting surface cal-
culations are used in the following to calculate
the pressure distribution.

To calculate the pressure distribution on the
blades, the effect of propeller thickness has to

be calculated and the leading edge singularity of

the lift distribution has to be dealt with. Tsakonas

et al. (1976) calculated the pressure distribution
on the propeller blades using a singularity distri-
bution for the thickness, in combination with a

linearized lifting surface theory. These calcula-
tions, however, remain linearized, producing an

infinite velocity at the leading edge, which was
removed by the Lighthill correction for thin air-

foils [Lighthill (1951)]. In our study, three-

dimensional effects on the pressure distribution
are neglected. Interaction effects between thickness
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FIGURE 10. Calculated pressure distribution on the

suction side at 60% slip.

These pictures were taken with UV-illuiiiination.

At the leading edge the paint is removed, due to

high local velocities. The streaks are formed

gradually, either in a nearly tangential direction

(the turbulent region) or pointed outwards (the

laminar region) . The transition from laminar to

turbulent boundary layer flow is shown by a change

in direction of the streaks.
Laminar boundary layer flow occurs in all cases

near the leading edge. Transition in chordwise

direction to turbulent boundary layer flow occurs

gradually, but a transition region can be distin-

guished and at the trailing edge the boundary layer

is turbulent. When the paint streaks are nearly

in the radial direction the flow is separated. At

inner radii the boundary layer if often close to

separation. Laminar separation was clearly present

on propeller D, as is shown in Figure 12. At 60^

slip the radius where laminar separation is replaced

by natural transition can be seen by the sharp

corner in the paint streaks.

At the suction side near the tip a turbulent

region exists immediately from the leading edge

(Figure 11) . An increase in propeller loading

showed a radial increase of the turbulent region at

outer radii, as illustrated in Figure 12. The

change in radial direction of the laminar region

near the leading edge to the turbulent region at

outer radii on the suction side is abrupt and

nearly discontinuous, as sketched in detail in

Figure 13. The laminar region is cut off and the

region of natural transition at inner radii does

not reach the leading edge. We will designate the

radius where this discontinuity occurs, the critical
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SUCTION SIDE PRESSURE SIDE

PROPELLER B Re|^:0.51 xlO"-

RCf^: 0.66x10
FIGURE 11.

30% Slip.

Paint patterns at

radius of the propeller. Such a critical radius
can also be observed from the paint pattern of

Sasajima (1975) and of Meyne (1972). This critical
radius turned out to be very important for cavita-
tion inception and could be discerned in all cases.
No photographs are shown because of the bad contrast
of the monochrome prints. (Figure 16).

On propeller B at 60^ slip a separation bubble
at the leading edge was observed, connected with a

stagnation region near the tip on the suction side,

which indicated the position of the tip vortex. In

the direction of the hub the laminar separation

hubhle extended exactly until the critical radius.

This lead us to the hypothesis that laminar sepa-

ration near the leading edge was the cause of the

discontinuous character of the paint streaks at the

critical radius. To verify the hypothesis of laminar

separation at the critical radius, boundary layer
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LAM. SEPARATION

NEAR MIDCHOHD

60'/. SLIP

Re^ = 0.47x10^

FIGURE 12. Variation of the critical radius with
propeller loading on propeller D (suction side)

.

calculations were made, using the pressure distri-
butions as calculated in Section 3. The laminar
boundary layer was calculated with Thwaites ' method
[Thwaites (1949)]. Laminar separation was predicted
using Curie and Skan's (1957) criteron. This cal-
culation method does not take into account the
delaying effect of rotation on laminar separation,

but since laminar separation occurs very close to

the leading edge the effect of rotation on the
development of the boundary layer will still be
small . The correlation between the calculated and
the observed critical radius is given in Figure 14,

and this correlation is quite good. The critical
radius at all conditions and the variation of the
critical radius between the propeller blades can

CRITICAL RADIUS

FIGURE 13. Discontinuity of paint streaks at the
critical radius.
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• PROPELLER A SLIP = 3 TUNNEL
o „ TANK
X „ „ „ = 0.6

„ B „ = 0.3

O SASAJIMA (1975) TANK "

., .,
TUNNEL

10 2,0

RBm X 10

FIGURE 15. Effect of Reynolds number on the

critical radius.

It is important to note that in Figure 12 at 50%
slip the radius where laminar separation occurs
near midchord is not the critical radius , although
in this case the difference between both is small.

With increasing Reynolds number, however, the region
of laminar separation near midchord will decrease,
while the critical radius will remain unchanged.
The distance between the sharp corner in the paint
streaks of Figure 12b and the critical radius will
therefore increase with increasing Reynolds number.

An increase of Reynolds number causes a shift
in the chordwise position of the transition region
at radii inside the critical radius, as is illus-
trated in Figure 16. This was also observed on

the pressure side. In Figure 17 the chordwise
position of the transition region is given at
r/R=0.7 as a function of the sectional Reynolds
number, which is related to the entrance velocity
and the chordlength of the propeller section at

that radius. The transition region is averaged in

Figure 17. This makes clear that a complete turbu-

lent boundary layer at a radius of 0.7R requires

sectional Reynolds numbers of about 5xl06. At the

suction side , turbulent flow at this radius also

occurs when the loading is increased, i.e. the

critical radius is smaller than 0.7.

Empirical criteria for transition of the boundary

layer to turbulence have been given as a relation

between the Reynolds numbers based on the length

from the stagnation point, Rej., and based on the

momentum thickness , Reg. [Michel (1951), Smith

(1956) ]. Van Oossanen used the Smith line

Re
Strans

1.174 Re,
0.46

(10)

as a criterion. When the relation between Reg and

Rejj over the chord was calculated, both on the

suction side and on the pressure side, this relation
was so closely parallel to the criterion of Eq. 10

that no reliable intersection was possible. When

there is a strong negative pressure peak at the

leading edge the relation between Reg and Re^^ is

such that Eq. 10 always predicts transition very
close to the leading edge. When the pressure
distribution was nearly shockfree, the prediction
was erroneous.

To calculate the transition region, calculation

: 0.73x10
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1.0
a PROPELLER C SUCTION SIDE SLIP =0,3

„ PRESSURE SIDE .. =0G
O PROPELLER A SUCTION SLIP = O 3

• ., PRESSURE SIDE

A „ „ SUP =0.6

FIGURE 17. Chordwise position of natural transition

inside the critical radius.

of the stability o-f the laminar boundary layer

might give better results [Smith and Camberoni (1956)

Since transition occurs far from the leading edge,

the effect of rotation can be important. When the

calculation scheme of Arakeri (1973) is used it is

possible to take the effect of rotation into account

using Meyne ' s (1972) results. This was beyond the

scope of this paper.

5. CAVITATION OBSERVATIONS

The cavitation on propellers A, B, and C is sketched

in Figure 18 for both slip ratio's. The cavitation

index at the blade tip in top position

,

•'NT
(Eq. 2)

was always 1.5. The Reynolds numbers Rejj , were

about 5xl05. At 30^ slip the condition is not far

from inception and a cavitating tip vortex is

present in nearly all cases. However, in some cases

at low Reynolds numbers, propellers A and C were ob-

served without any cavitation. This was not due to

intermittent cavitation during one test, but oc-

curred when tests were repeated with time-intervals

of some weeks. During one test the observations

were quite consistent, indicating that the varia-

tions are caused by factors which are still not

under enough control, e.g., air content, nuclei

content, turbulence.

Correlation with Paint Test

Of interest is the correlation of the radial extent
of the cavity with the observed critical radius

,

found from the paint test. In Figure 18 the

observed position of the critical radius is indicated,
as well as the calculated ideal inception radius,

which is the radius where the minimum pressure on

the blades equals the vapor pressure. Also indicated
is the cavitation, observed when the leading edge
was roughened, as will be discussed in the next
section.

On propeller A and on propeller B at 30^ slip

the radial extent of the cavitation is clearly

restricted by the observed critical radius. Some-

times there is a small difference between the

critical radius and the inception radius, which is

probably caused by a change in the pressure distri-

bution by the cavitation.
The calculated ideal inception radii at 60% slip

should be considered with caustion. They are close

to the hub and the influence of the hub is not

taken into account in the calculations. For example

on propeller B at 60% slip the inception radius is

larger than calculated. In that case the critical

radius is smaller than the inception radius and

does not cause any viscous effects on cavitation.

The distance between the ideal inception radius

and the critical radius on propeller C is small,

so the scale effects due to the critical radius

will be small too.

We can conclude that no cavitation occurred in

regions of laminar flow near the leading edge. The

radial extent of cavitation can be seriously

restricted by the critical radius. Since the crit-

ical radius is connected with laminar separation

this means that variation of the Reynolds number

does not remove this restriction until very high

Reynolds numbers. From Figure 17 the sectional

Reynolds number at r/R=0.7 has to exceed 5x106,

whereas a value of 3x105 is mostly considered

enough to avoid Reynolds effects on thrust and torque.

Variation of Reynolds Number

Propellers A and C were tested at a higher Reynolds

number in the towing tank, while propeller A was

Re^- 73x10 Re M = 0,51 xlO Re K, = 0, 66x10

3070 SLIP

PROP A

FIGURE 18.

PROP C

WITH ROUGHNESS
:= OBSERVED CRITICAL RADIUS

CALCULATED IDEAL INCEPTION RADIUS

Cavitation observations at a,,„ = 1.5.
NT
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also tested in the cavitation tunnel at two Reynolds

numbers. No differences in cavitation pattern due

to variation of the Reynolds number were observed

in the towing tank. Notably the radial extent of

the cavity was unchanged, which confirmed that the

critical radius restricted cavitation inception

independent of the Reynolds number. The results

of propeller A at 30^ slip are shown in Figure 19.

In this figure the observations of the tests in

the cavitation tunnel are also shown. These show

some differences requiring further attention. The

cavity in the cavitation tunnel at ReN=l- 56x105 is

somewhat larger than in the towing tank, but the

difference is not significant and is probably
caused by a slight difference in propeller loading.

(The tunnel condition was taken at aK„-value
derived from the open water measurements. The flow

velocity was not measured) . Remarkable are the

spots of cavitation at Re„=l. 56x105 which increased

in number when time increased!
At Re[^=2. 72x105 there is a sheet outside r/R=0.9,

the same as at Re[g=l. 56xl05 . The spots however,

have increased in number and they coalesce at some

distance from the leading edge, forming a cavity

until about r/R=0.8 with isolated spots until r/R=0.7,
which is the ideal inception radius . The increase

of the number of spots with time was not observed
in this situation, but the time to reach a stable
condition was much longer than at lower Reynolds
numbers.

TANK

Re^, =0.73x10^

TANK

The occurrence of cavitating spots in the laminar
region agrees with the observation of turbulent
streaks in the paint tests in the cavitation tunnel
at higher Reynolds numbers. Therefore, it is

conjectured that, in the tunnel, tiny particles
were deposited on the leading edge of the propeller,
thus creating turbulent streaks . The number of
these streaks may increase with time, and these
turbulent streaks cause spots of cavitation.

Another possible effect is that the propeller
is not hydrodynamically smooth. With increasing
Reynolds number the boundary layer becomes thinner
and more sensitive to local roughness. In this
case the streaks would always be in the same position.
Not enough observations were made to verify this,

but the strongly reduced occurrence of turbulent
spots in the towing tank points to the flow as the
origin of the disturbances. The occurrence of
these streaks was also apparent in the tank when
the pressure was drastically lowered, as is shown

in Figure 20. It is of course very important to

recognize these cavitating spots since they indicate
a region of laminar boundary layer flow and a

possible restriction of the radial extent and the
volume of the cavity.

The effect of Reynolds number on cavitation in

the region from the critical radius to the tip is

small. In nearly all cases cavitation took place
in this region at low Reynolds numbers . In some

cases no cavitation was present in this region at

a low Reynolds number, as shown in Figure 21. A
paint test is included to show the critical radius

.

At a higher Reynolds number, cavitation was present
until the critical radius. The ideal inception
radius in this case is at r/R=0.7. A similar effect
was sometimes seen at propeller C and can be
explained by the fact that the reattachment region,

where inception is assumed to occur, shifts to

lower pressure regions with increasing Reynolds
number. Calculations of such an effect are given
by Huang and Peterson (1977). It is not certain,
however, that the Reynolds number is the only
variable since application of electrolysis also
caused inception at low Reynolds numbers. Apparently
the nuclei distribution becomes more critical with
lower Reynolds numbers.

Observations with aNT 0.5

TUNNEL

Re^, = 1.56x10',6
TUNNEL

Re^i =2.72x10®

FIGURE 19. Effect of Reynolds number on propeller A
at 30% slip with o = 1.5.

Laminar boundary layer flow was seen to prevent

sheet cavitation at the leading edge. To see if

there is some threshold for inception the cavitation

index was drastically lowered to ffr[^=0.5. This

was only possible at high Reynolds numbers. In

Figure 22 propeller A is shown at 30? slip, a

condition comparable with Figure 19b, but at a low

cavitation index. It is clear that even in this

extreme condition no cavitation occurred in the

laminar flow region.
A comparison of the local cavitation index with

the pressure coefficients as given in Figure 9

shows that, e.g., at r/R=0.8, the minimum pressure

coefficient is 0.54 while the cavitation index at

that radius is 0.08 to 0.012, depending on the
position of the blade. The cavitation index at this

radius is lower than the pressure coefficient over
most of the propeller section. When turbulent spots
appeared inside the critical radius these spots
were supercavitating, as is also shown in Figure 20.

Bubble cavitation can be expected near midchord
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cavitation could be established and no bubble
cavitation occurred near midchord at inner radii.

Both phenomena are suspected to be caused by a lack

of nuclei. So electrolysis was applied, as will be

discussed in the next section.

6. VARIATION OF NUCLEI CONTENT BY ELECTROLYSIS

Some measurements in the NSMB Depressurized Towing
Tank with the scattered light method indicated
that the nuclei content of this tank was nearly
independent of the pressure. The density of small

nuclei (17 ym) was 1.2xlo'^ m~3 and that of the

largest available nuclei (45 ym) was 1.2x10^ m .

[This corresponds with nuclei number densities, as

defined by Gates (1977) of 9xloll and 2.4x10^°

respectively]. A description of the measuring
technique which was used is given by Keller (1974)

.

A comparison with similar measurements in the NSMB
large cavitation tunnel [Arndt and Keller (1976)

]

shows that the nuclei content is lower than that

in the cavitation tunnel at the lowest air content

by a factor of about 5 . The nuclei content in the

cavitation tunnel was very much dependent on the

total air content of the water, showing variations

of a factor of 10 between high (12.5 ppm) and low

(6.3 ppm) air content. This dependency was absent

-'NT
= 0.5

Re. 1.29 xlO"-

FIGURE 20. Turbulent streaks inside the critical

radius at higher Reynolds numbers. Propeller C at

30% slip.

at inner radii, where the minimum pressure exists
near midchord. At propeller A at r/R=0.6 the cavita-
tion index is between 0.13 and 0.20, at aj^r|,=0.5,

while the minimum pressure coefficient is 0.25.

As can be seen in Figure 22 no bubble cavitation
occurred. The cavitating spot at midchord is a

dent in the propeller surface and illustrates the
low local pressure. Similar observations were made
with propeller C at ajjrp=0.5. No threshold for sheet

PAINT OBSERVATION

Re^: 0.73x10,6

CAVITATION OBSERVATION

ReM = 0.73x10®

CAVITATION OBSERVATION

Re^ = 1.56x10^

Gk,t = 2.09

FIGURE 21. Effect of Reynolds number on. cavitation

inception outside the critical radius. Propeller A

at 40% slip.
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FIGURE 22. Cavitation at very low cavitation index.

Propeller A at 30% slip.

in the Depressurized Towing Tank. So when cavita-
tion observations in the tank are compared with
observations in the tunnel, we can assume that the
nuclei content in the tunnel is always larger than
that in the tank by at least a factor of 10. Perhaps
most important, however, is that in the tank nuclei
greater than 50 ym are absent.

The nuclei content in the tank has been varied
using electrolysis, as described in Section 2. The
nuclei size distribution from the wires of 0.2 mm
diameter has not been measured. Exploratory
photographic observations showed that the bubbles
coming from the wires are in the range of 50 to

100 ym under comparable conditions.
The influence of the wires on the propeller

boundary layer was checked by a paint test on
propeller A at 30? slip. The paint patterns with
and without wires were identical. So we assume that
the turbulence, coming from the wires, did not
affect the propeller boundary layer. This assumption
should be treated with some caution, because Gates
(1977) showed widely different effects of flow
turbulence on two headforms , both with laminar
separation.

Gates also showed that large amounts of nuclei

can influence the boundary layer. Notably the
laminar separation bubble on his hemispherical
headform was removed. To see if this was also the
case in our tests a paint test was carried out with
propeller A at 30% slip. The cavitation index was
just above inception, so cavitation was avoided.
To correct for the higher pressure in this condition
the current through the electrolysis wires was
increased to produce the same volume of gas per
second as in the cavitating condition. No effect
on the paint pattern could be observed. Especially
the critical radius remained unchanged. So we
assume that the nuclei had no disturbing effect on
the boundary layer. As to the effect of electrolysis

on the cavitation pattern, three regions on the
suction side of the propeller blades can be
distinguished

:

a. At radii larger than the critical radius,
where, at least near the critical radius,
laminar separation takes place.

b. At radii smaller than the critical radius
having a negative pressure peak at the leading
edge.

c. At radii smaller than the critical radius
having a pressure distribution which is

nearly shockfree.

At radii larger than the critical radius no effect
of electrolysis on sheet cavitation could be seen
in those cases where it was present. In the few

cases where no cavitation was present in this
region application of electrolysis restored inception.

An example of absence of cavitation, apparently due

to a lack of nuclei, is shown in Figure 23, where
blade 3 of propeller C at 60? slip showed consider-

able cavitation , while blade 4 was free of sheet
cavitation during the whole rtm (9 photographs in

3 different blade positions)

.

Absence of cavitation in regions of laminar
separation, however, is an exception in the steady
case. a possible explanation is that the water is

never completely without nuclei and sooner or later
a nucleus will expand in the separated region and
cause inception. After inception cavitation seems

to be more or less self-sustaining. This agrees
with the observation of Gates (1977) that inception
on a hemispherical body appeared to be insensitive
to freestream nuclei content as long as laminar
separation took place. The situation is different,
however, in the unsteady case, when a blade passes
a wake peak. Only a very restricted time is avail-
able for inception at every propeller revolution
and a high frequency of encounters with nuclei is

necessary to obtain inception at every revolution.
This can explain why the "stabilizing" effect of
electrolysis is more pronounced behind a ship model
than in the open-water tests of the current test
program.

At higher Reynolds numbers absence of cavitation
in regions of laminar separation was not observed.
Apart from viscous effects this can also be caused
by an increase in encounter frequency of nuclei,
since an increase in Reynolds number of the same

propeller models always implied an increase in

propeller revolutions

.

At radii smaller than the critical radius elec-

trolysis surprisingly had no effect at all. No

cavitation was initiated in the minimum pressure
peak, although the pressure was far below the vapor

pressure. Even the cavitation pattern at very low
cavitation index, as shown in Figure 22, was
unchanged. It is not clear yet why the nuclei do

not expand. Possibly nuclei do not reach the
minimum pressure region due to a screening effect
as described by Johnson and Hsieh (1966). In a

situation as shown in Figure 23, however, nuclei
promoted cavitation inception and were not pushed
away. This is only possible when the critical
size of nuclei in a laminar flow region is different
from the critical size in the reattachment region
of a laminar separation bubble.

The third region which has to be considered is

the region where the pressure distribution is

nearly shockfree and has its minimum pressure near
midchord. When the pressure is low in these regions
bubble cavitation can be expected. A situation
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FIGURE 23. Inconsistency of cavitation inception
outside the critical radius at low nuclei content.

Propeller C at 60% slip.

like this is shown in Figure 22, but none or only
a few transient bubbles were seen.

Electrolysis sometimes restores biibble cavitation
in this region, but in many cases it does not.

This inconsistency could even be foimd on the same
propeller in virtually the same condition when
tested repeatedly with long time intervals. In

one case an abundant amount of large bubbles was
visible without causing bubble cavitation, while
an amount of invisibly small nuclei did cause

bubble cavitation in the same condition. In Figure
19d it was seen that in the cavitation tunnel
cavitating spots at the leading edge were formed at

high Reynolds numbers . When the cavitation index
was lowered, bubble cavitation occurred in the
wake of these spots, while at radii in between of
the spots no bubble cavitation was observed. When
the cavitation index was lowered to about ai^rp=0.5

the spots were connected with intense biibble cavita-
tion, as shown in Figure 24. It can be seen that
the bubble cavitation is related to the spots at

the leading edge. Apparently the stream nuclei,
which were abundant in the tunnel at this low
cavitation index, did not create bubble cavitation,
while nuclei, generated by a cavitating spot
created intense bubble cavitation. The possible
relation between pressure distribution, boundary
layer, and nuclei distribution must be studied to

analyse these phenomena.

VARIATION OF THE BOUNDARY LAYER BY ROUGHNESS
AT THE LEADING EDGE

is larger in comparison with the boundary layer
thickness , there was a lower limit in the region
which had to be covered with carborundvim to cause
turbulent flow. For thin sections an evenly dis-
tributed layer of carborundum of say 0.5^ of the
chord was necessary to trip the boundary layer.
There was little difference between the effect of
30 urn and 60 pm carborundum. At thick sections
to be effective roughness was necessary until about
the minimum pressure point. At the pressure side
the boundary layer remained increasingly laminar
when the loading increased. At 1Q% slip the
the pressure side of the roughened blades was
completely laminar near the leading edge.

Attention, given until now to the propeller
boundary layer, was focussed on the effect on
torque and thrust. Calculation methods to account
for Reynolds effects on open-water characteristics
are based on the assumption of turbulent boundary
layer flow on the propeller model [Lerbs (1951)

]

or on an empirical value in between fully turbulent
and fully laminar, as compiled by Lindgren (1972)

.

From the paint tests however, we saw that the
turbulent region at the suction side strongly
depends on the propeller loading. The difference
between the dimensionless thrust and torque coeffi-
cients, therefore, will not only depend on the
Reynolds number, but also on the propeller loading.

In order to eliminate the dependency of thrust
and torque coefficients on the Reynolds number,
turbulence stimulators have been used. Sasajima
(1975) used studs, Yasaki and Tsuda (1972) and
Tsuda et al. (1977) used trip wires at some distance
from the leading edge. Apart from changing the
boundary layer, these devices also have considerable
resistance of their own. Effects both on thrust
and torque are difficult to separate. The influence
of roughness at the leading edge on thrust and

In all tests, at least one of the propeller blades
was roughened at the leading edge , as described in
Section 2. With paint tests, it was verified that
the laminar regions were changed into turbulent
ones. Although the grain size of 30 pm and 60 ym

'NT 0.5

FIGURE 24. Bubble cavitation in the wake of spots at

the leading edge. Propeller A at 30% slip in the cavi-

tation tunnel.
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FIGURE 27. Effect of Reynolds number on spot cavita-

tion at roughness elements. Propeller A at 30% slip.

FIGURE 28. Effect of roughness near inception. Pro-

peller A at 30% slip.

cavitation inception pressure to a value greater
than the vapor pressure is possible , which would
create additional scale effects on cavitation
inception. To estimate the importance of a possible
increase in cavitation inception index, the ideal
inception radius is also given in Figure 18. This

is the radius where cavitation should start when
the calculations of the pressure distribution were
correct and when no scale effects would occur. As

can be seen , no cavitation occurs inside the ideal

inception radius , indicating that the pressure at

inception with roughness is not far from the vapor
pressure. Assuming that full scale inception takes
place near the minimum pressure point at the vapor
pressure [oi=-Cp (minimum)], application of sand-
roughness can effectively simulate this situation
at much lower Reynolds numbers. Further experiments
are necessary to find out the precise effect of
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leading edge roughness on the flow and on the

boundary layer. Holographic methods, as applied by

van der Meulen (1976) in studying the effects of

polymers can be attractive for these experiments.

When the effect of roughness at the leading edge

is studied three regions on the model propeller can

again be distinguished. At radii larger than the

critical radius , where inception on the smooth

blades takes place due to laminar separation, the

cavitation behavior is unaffected by roughness.

Cavitation was always present on the roughened

blades. It is unknown if the sensitivity to nuclei

in the unsteady case increases, as is suspected on

the smooth blade. Experiences with several other

propellers behind a model indicate that this is

not the case and that nuclei have very little effect

when roughness is applied.

In the laminar region, at radii smaller than the

critical radius , roughness at the leading edge has

its major effect, as described above. In some

cases, however, problems appeared in the form of

streaky cavitation as shown in Figure 27a. When

the pressure on the blade sections was constant

,

as was the case for propeller A at r/R=0.7 and for

propeller C at r/R=0.8, both at 30^ slip (Figure 9)

,

and when the Reynolds number was low, cavitating
streaks were formed behind the roughness elements.

In Figure 27b the same blade in the same condition
at a higher Reynolds number is shown. Here a smooth
cavity is seen. The roughness elements apparently
suffer from laminar separation at low Reynolds
number and cavitation occurs in the separated regions
behind the roughness. The length of the spots is

strongly dependent on the cavitation index, as is

shown in Figure 28b, where the same situation as

in Figure 27a is shown at a somewhat higher cavita-
tion index. The spots disappeared and the propeller
is near inception. Figure 28 also shows that in-

ception of the sheet at the leading edge is not far

from the vapor pressure, because the ideal inception
radius in this case was 0.78. When roughness was
applied, electrolysis had no further effect at

radii smaller than the critical radius.
In the region with shockfree pressure distribution,

bubble cavitation was seen to be promoted in some
cases by roughness at the leading edge. The influ-
ence of roughness, however, was inconsistent again

SMOOTH 60 M-m CARBORUNDUM

°NT

; 2 72x10^

: 1.0

FIGURE 29. Effect of leading edge roughness on bubble
cavitation. Propeller A at 30% slip in the cavitation
tunnel.

in this region, as it was with electrolysis. When

there was cavitation at the leading edge due to

the roughness , again bubble cavitation appeared at

midchord, as is illustrated in Figure 29, where

nuclei generated by cavitation at the leading edge

created bubble cavitation at midchord. The cavita-

tion index at 0.7R in Figure 29 is 0.18 and the

minimum pressure coefficient from Figure 9 is 0.20,

so the situation with roughness seems to be the

situation without scale effects on cavitation

inception. Nuclei in the flow, however, did not

create bubble cavitation.

8. CONCLUSIONS

The results of the present test program can be

summarized as follows:

1. On the suction side of a model propeller a

critical radius can exist outside of which

the boundary layer is turbulent from the

leading edge. This critical radius is due

to laminar separation, as was seen from some

observations, from calculations (Figure 14)

,

and from the Reynolds independency of the

critical radius. (Figure 15).

2. To obtain natural transition near the leading

edge on a propeller model , high Reynolds

numbers {Rejj>2 . 5x10^) are required.

3. The critical radius is a limit for the radial

extent of sheet cavitation from the leading

edge. An increase of nuclei by electrolysis

is ineffective in the laminar region (Figure 22).

4. Outside the critical radius, cavitation is not

inhibited (the inception pressure was not

accurately determined) , but a lack of nuclei

at low Reynolds number seems to decrease the

frequency of inception (Figure 23) . In the

unsteady case the nuclei content of the water

is probably important in this region.

5. Roughness at the leading edge can effectively

remove the critical radius , thus simulating a

higher Reynolds number. Inception of cavitation

at the roughness elements occurs close to the

vapor pressure, which is assumed to be also

the case on the prototype.

6. When the pressure distribution is very flat

and the Reynolds number is low, the roughness

elements can induce spots of cavitation. The

length of these spots is strongly dependent on

the cavitation index and is different from the

cavity length at high Reynolds numbers. This

is probably due to laminar separation at the

roughness elements (Figure 27)

.

7. The inception of bubble cavitation near mid-

chord at inner radii is not consistent. There

seems to be an interaction between the pressure

distribution, the nuclei distribution, and

even the boundary layer. When cavitation at

the leading edge is present, bubble cavitation

occurs near midchord when the pressure is below

or near the vapor pressure in that region.

8. Lifting line and lifting surface calculations

can adequately predict the open-water character-

istics of a propeller. For the calculation of

the pressure distribution, however, lifting

surface calculations are necessary. The corre-

lation between calculations and the results of

paint tests and cavitation observations is good.
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From the previous investigations in uniform flow

some tentative explanations can be given of the

scale effects on cavitation as shown in Figures

1-3. The explanations can only be tentative since

the unsteady pressure distribution on the propellers

in the wake is not known. Propeller A in Figure 1

apparently had a critical radius at r/R=0.9 in

this blade position, which was removed by roughness

at the leading edge. Also, behind the model in

some situations no cavitation at all occurred in

the wake peak, which is expected to be due to a

lack of nuclei (as seen in Figure 21)

.

The lack of nuclei is more apparent at propeller

B. The critical radius is expected to be near the

hub, but the low encounter frequency with nuclei

of sufficient size makes cavitation inception more

or less random. The irregular collapse of the

cavity on propeller C is apparently due to a strong

change in the pressure distribution, due to a sharp
wake peak. The critical radius at the position of

Figure 3 is near r/R=0.9 but the cavity at inner

radii is still collapsing. This phenomenon could

also be seen on high speed films , where the sheet

cavity was seen to detach from the leading edge

and collapse while moving with the flow. Some

cavitating spots can be seen at r/R=0.8 on propeller
C.
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APPENDIX

The geometry of the four propellers, used in this
study and shown in Figure 4, is given in this
appendix. The output is from a propeller data
base and is not dimensionless but in mm on model
scale. Propellers A and C were stored in the data
base on a different model scale than actually used
in the tests, but this has no further impact. Cal-
culations were made directly from this data-base.

At each radius, R, the pitch, P, is given,
together with the distance to the generator line of
the trailing edge, TE, the leading edge, LE, and
the position of maximum thickness, TM. The positive
direction is from the generator line to the leading
edge.

The geometry of the propeller section is given
by the thickness and the distance of the face of
the propeller section above the pitch line. The
ordinates of the section geometry are given as
percentages of the distance between point of max-
imum thickness and leading edge (positive) or
trailing edge (negative) . The origin therefore
always is at the point of maximum thickness of the
profile.

The profile thickness at leading and trailing
edge is finite in this appendix. The radii at the
leading edge were determined by generating a spline
through the profile contour or by interpolating in
the transformed plane after conformal mapping.
Both interpolating techniques gave nearly the same
results and were very close to the actual propeller
geometries.
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Discussion

SHIN TAMIYA, HIROHARU KATO , and YOSHIAKI KODAMA

-SETTLING SECTION NUCLEI GENERATIOII SECTION

^TEST SECT ion (80x80x1000)

FIGURE 1. General arrangement.

The discussers appreciate the excellent re-
search work on cavitation inception done at NSMB*.
At the University of Tokyo the discussers also per-
formed similar experiments using both hemispherical
and ITTC headforms tested in our newly built cav-
itation tunnel. This tunnel has a filtering tank
containing 60 cartridge type filters, which contin-
uously remove air nuclei and solid particles larger
than ca. 1 ym from water (Figure 1)

.

Figures 2 through 7 show the effect of elec-
trolysis on cavitation inception. The photograph
in Figure 3 was taken a few seconds after that in
Figure 2. The flow conditions are exactly the same
for Figures 2 and 3; the only difference is the
presence of hydrogen bubble nuclei. The photographs
in Figures 4 and 5, as well as 6 and 7, were also
taken under the same conditions.

In the discussers ' experiments the cavitation
caused by electrolysis nuclei generates only bubble
type cavitation. Even when sheet cavitation exists,
the cavitation bubbles caused by the electrolysis
nuclei seem to break up the sheet cavity.

FIGURE 2.

a = 0.81.

without hydrogen bubbles V = 6.8 m/s

,

Netherlands Ship Model Basin
#Statens Skeppsprovningsanstalt

FIGURE 3. With hydrogen bubbles V = 6.8 tn/s,

a = 0.81.
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11 * M «Mi II

FIGURE 4. Without hydrogen bubbles V = 6.8 m/s

,

a = 0.71.
FIGURE 5. With hydrogen bubbles V = 6.8 m/s,
o = 0.71.

FIGURE 6. Without hydrogen bubbles V = 6.8 m/s,
a = 0.60.

FIGURE 7. With hydrogen bubbles V = 6.8 m/s,
a = 0.60.

O. RUTGERSSON

I would like to congratulate the author of
this interesting paper. As a complement to the data
presented I think that some results obtained at
SSPA# when testing high-speed propellers could be
of some interest. A propeller of the supercavi-
tating type was tested with three different gases
in the water. Also, two different conditions of
the blade surface were used, smooth polished and
painted with a thin spray paint giving the surface
some roughness.

In Figure 1 the propeller characteristics from
these tests for homogenous flow at the cavitation
number, a = 0.6, are shown. In the partially cav-
itating region (J > 1.0) there is a very pronounced
influence due to gas content for the polished pro-
peller. For the painted propeller no such influ-

ence was found. Cavitation pictures at the advance
ratio, J = 1.1, give the explanation for these

differences. Figure 2 shows the cavitation at the

lowest gas content (a/Og = 0.2) for the polished
propeller. The cavitation pattern is divided into

two parts. The first part is a sheet starting at

the leading edge. The second part is an unstable
sheet of bubble cavitation at the aft part of the
blade. Tests at higher gas contents (Figure 3,

a/ttg = 0.4) show that the aft part cavitation now
has a larger extension. The painted propeller
(Figure 4) shows a rather different pattern for the

aft part cavitation (the leading edge sheet is al-
most uninfluenced by gas content and roughness)

.

The aft part cavitation now consists of a thin sheet
of very small bubbles. The sheet also has a rela-
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tively larger extension on the painted propeller
than on the polished propeller. Obviously it is

the changes in this aftpart cavitation that cause
the changes in propeller characteristics.

Full scale tests have also been conducted with
this propeller design. In Figure 5 the full scale
cavitation pattern corresponding to the model tests
is shown. This cavitation pattern is very similar
to that of the painted model propeller.

In the author's Figure 29 bubble cavitation
is shown very similar to that in tests with the
painted propeller at SSPA. The author concludes

that this cavitation is inconsistent. Based on our
experience with full scale cavitation, however, I

think that the pattern shown could very well repre-
sent a full-scale case.

The influence of nuclei content and blade
roughness on the cavitation pattern is found to be
rather similar in the tests at NSMB and SSPA. The
main difference is the necessary amount of rough-
ness. This difference is possibly due to the dif-
ference in Reynolds number, about 10 times as high
in the tests at SSPA as in those carried out at
NSMB.

0.8

T

IOKq

0.6

0.4

0.2

QL-

QVQs

0.4 Painted

0.8 - 1.0 1.2

ADVANCE RATIO
1.4 J 1.6

FIGURE 3. 1.1 a/a =0.4 polished blade."

FIGURE 1. Propeller characteristics at 6 - u.6.

FIGURE 4. J = 1.1 a/a 0.4 painted blade.

FIGURE 2. 1.1 a/a 0.2 polished blade.

FIGURE 5. 1.1 5 = 0.65 full scale.
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Author's Reply

G. KUIPER

Both the hemisphere and the ITTC body are

known to exhibit laminar separation in the range

of Reynolds numbers (estimated at about 2 x 10^)

used in the experiments of Tamiya et al. as was

already shown by Arakeri and Acosta (1973) . They

now point to an apparent discrepancy between the

results as described in my paper and their obser-
vations: on the propellers nuclei were foimd to

generate sheet cavitation in the very few cases
where it was not yet present, and the nuclei never

changed the appearance of the cavity.
First of all, the cavitation patterns, both

with and without electrolysis, on the headforms of

the discussers show a remarkable resemblance to

various patterns shown on the ITTC bodies at other
facilities [Lindgren and Johnsson (1966) and also

reproduced by Gates and Acosta in their paper on
this program] illustrating that the nuclei content
was at least one of the factors causing the varia-
tion in type of cavitation observed at different
facilities

.

From the observations of the discussers it can

be concluded that the nuclei , generated by elec-

trolysis, removed the laminar separation bubble in

the same manner as shown very clearly by Gates and

Acosta in their symposium paper. This phenomenon
was found when there were many large free stream
bubbles in the flow, as can also be observed in the

pictures of the discussers. In our case, however,

we verified with a paint test that electrolysis did
not remove the laminar separation bubble by veri-
fying that the critical radius was unchanged.

The observations of the discussers show that

an overdose of nuclei can change the situation
considerably. Gates and Acosta assume that the

free stream bubbles do trip the boundary layer.

Another possibility, however, is that the dynamic
behavior of the bubbles near the minim.um pressure
region changes the pressure distribution on the

body, specifically by decreasing the low pressure
peak. This would also remove laminar separation,
leaving the boundary layer laminar over a longer
distance. In fact the nuclei do not only affect
cavitation inception but they change the free

stream conditions , making a correct comparison of
the inception phenomena impossible.

Rutgersson, in his discussion, gives an illus-
tration of a possible effect of nuclei and roughness
on bubble cavitation. With the pictures alone,

only some assumptions can be made as to what hap-

pened on this propeller, but I will make an attempt

to give an explanation.
Although the Reynolds number was rather high

it looks like the boundary layer within r/R =0.8
is laminar over a large portion of the chord, while

the minimum pressure region is near midchord
(Figure 2). An increase of the nuclei content

leads to occasional cavitating spots, starting at

the low pressure region (Figure 3) . On the painted

blade, however, the boundary layer seems to be

turbulent and bubble cavitation starts there, near

the minimum pressure region (Figure 4)

.

If my tentative description is correct there

is a difference between the discussers' case and

Figure 29 (and also Figure 24) from my paper, since

there the boundary layer in the region of low pres-

sure was turbulent, and still no bubble cavitation

occurred. Only when cavitation, generated by rough-

ness , at the leading edge took place , a separate

region of bubble cavitation also appeared.

Whatever may be the case, it must be kept in

mind that these descriptions of phenomena do not

explain them, because it is not clear to me why

there should be any interaction between the bound-

ary layer and the free stream nuclei and which

parameters would control this . I think more sys-

tematic research is necessary to be able to

simulate bubble cavitation on model propellers

in a reproducible way.

I agree with the suggestion of the author that

the increased amount of bubble cavitation, as shown

many times by roughened propeller models, may well

be representative for full-scale cases. Bubble

cavitation seems to be inhibited on scale models

very easily. When bvibble cavitation does occur on

scale models the situation is so bad that invari-

ably erosion problems do occur on full-scale.

Ironically a better simulation of bubble cavitation

may not make the interpretation easier.

In general both discussions have made it clear

again that it is impossible to make general state-

ments about the effect of nuclei or roughness. To

make any interpretation and to avoid confusion the

test conditions must be given as complete as pos-

sible. Finally, I thank the discussers for their

discussions and for their kind attention to my

paper.
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ABSTRACT

This paper describes an experimental investigation
of boundary layer flow and cavitation phenomena on

three axisymmetric bodies . The bodies possess
different boundary layer or surface characteristics.
The importance of these features for incipient and

developed cavitation are studied by using in-line
holography. A good correlation is found between
observations and calculations of laminar flow
separation and siibsequent transition to turbulence
of the separated shear layer. The influence of
polymer additives on laminar flow separation is

studied in detail. The results of this study explain
the effect of cavitation suppression by polymer
additives on certain bodies.

1 . INTRODUCTION

Axisymmetric bodies have often been used to study
the inception of cavitation. These studies were
usually made by systematically varying the parameters
related to the liquid flow (velocity, turbulence,
air content, pressure history) or to the body (size,

surface roughness, wettability). Although a con-
siderable knowledge of cavitation was obtained in

this way, a complete understanding of many cavitation
phenomena was still lacking. A breakthrough was
achieved by Acosta (1974) who emphasized the need
for a thorough understanding of the basic fluid
mechanics of the liquid flow surrounding the bodies
in which cavitation takes place. This statement
was based on an earlier study by Arakeri and Acosta
(1973) in which the boundary layer flow was visual-
ized by the employment of the schlieren method.
Cavitation inception could be correlated with the
occurrence of laminar flow separation. Unawareness
of this important flow phenomenon had obscured the
results of comparative cavitation studies with
axisymmetric bodies, made in the past.

In general , it can be stated that cavitation

inception on a body is affected by nuclei, viscous,

and surface effects. The present study deals with
the two latter effects. The use of holography, a

three-dimensional imaging technique, enabled a new

approach. The employment of this method for the

observation of cavitation inception phenomena has
been reported before by Van der Meulen and Ooster-
veld (1974) . In the present study an extended
version of the method has been used by which boundary
layer flow phenomena also could be observed. Viscous
effects were studied by comparing two axisymmetric
bodies , a hemispherical nose having laminar flow
separation and a blunt nose not having it. Surface
effects were studied by comparing two hemispherical
noses, one made of stainless steel, the other made
of Teflon.

The phenomenon of turbulent-flow friction reduc-
tion by polymer additives of high molecular weight
has been known for about thirty years . In recent
years an increased interest has been shown on the
effect of polymer additives on cavitation. In the

present work the influence of polymer additives on

the flow about the test bodies is studied and
related with the influence on cavitation.

2. EXPERIMENTAL METHODS AND PROCEDURE

Description of Test Facility

The facility used is the high speed recirculating
water tunnel of the Netherlands Ship Model Basin.
Originally, the maximum speed in the 40 mm circular
test section was 65 m/s and the maximum allowable
tunnel pressure 35 kg/cm . A detailed description
of this tunnel and its air content regulation system
is given by Van der Meulen (1971, 1972). For the

present study a new test section was made . It has
a 50 mm square cross section with rounded corners
(radius 10 mm), to limit the influence of the walls.
The models, having a diameter of 10 mm, occupy 3.25

percent of the cross-sectional area of the test

433
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FIGURE 1. Schematic diagram of high
speed cavitation tunnel with polymer
injection system.

section. Injection of polymer solutions from the
nose of the models was made by a Hughes Centurion-
100 pump unit. The unit consists of a drive mech-
anism fitted with two pump heads. A pulse-damper
was used to minimize flow variations . Further
details are given by Van der Meulen (1974b) . A
schematic diagram of the tunnel with the polymer
injection system is shown in Figure 1.

To measure the influence of polymer additives
on the friction factor and the surface tension of
the solutions, a turbulent-flow rheometer and a

surface-tensionmeter have been used. Details on
these measuring devices are given by Van der Meulen
(1974a, 1976b).

Test Models

According to Arakeri and Acosta (1973) , most
axisymmetric models used in cavitation inception
studies , such as the hemispherical nose and the
ITTC standard headform, exhibit laminar boundary
layer separation. It means that the laminar boundary
layer is unable to overcome the adverse pressure
gradient and the flow separates from the wall

.

Schiebe (1972) introduced a standard series of
axisymmetric models which, theoretically, should
not exhibit boundary layer separation. To distin-
guish between these two classes of axisymmetric
models, a hemispherical nose and a blunt nose,
selected from Schiebe ' s standard series, were used
in the present investigations. Both models were
made of stainless steel (SST) . In addition, a
third model (hemispherical nose) was used, made of
Teflon. The contour of the blunt nose is derived
from the combination of a normal source disk and
a uniform flow. Schiebe (1972) calculated the
dimensionless coordinates and pressure coefficients
for a series of models in the range, Cp^^^^ = 0.33
(point source) - 1.0. From this series a blunt
nose with a minimum pressure coefficient of 0.75
was selected.

The diameter, D, of the cylindrical part of the
hemispherical nose is 10.00 mm. Theoretically,
the diameter of the blunt nose increases smoothly

to an asymptotic value, D, with increasing axial
distance, x. This value was set at 10.00 mm.

However, for the manufacture of the blunt nose a

minor deviation from the theoretical contour had
to be permitted. Thus, the actual contour coincides

'9.88

''OB '0.8

HEMISPHERICAL NOSE BLUNT NOSE

FIGURE 2. Cross sections of stainless steel models

(dimensions in mm)

.
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FIGURE 4. Computed pressure co-
efficient as a function of surface
coordinate over diameter for blunt
nose.
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POLAROID FILTER
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MICROSCOPE

FIGURE 6. Schematic diagram of reconstruction
set-up.

pulse separations of 50 or 100 psec could be

generated. This enabled multiple imaging of moving
cavities on one hologram.

Reconstruction of the holograms was made with a

continuous-wave He-Ne gas laser (X = 0.633 ym) . A
schematic diagram of the reconstruction set-up is

shown in Figure 6. The diameter of the laser beam
is enlarged by the lenses, Lj and L2 . The intensity

of the light can be adjusted by a polaroid filter.

The hologram is placed on a stage , fitted with
guides so that the hologram can be moved in two

orthogonal directions. The movement of the stage

is measured on vernier scales . The reconstructed
image is studied with a microscope with a magnifi-
cation between 40x and 200x.

Flow Visualization Technique

and cavitation inception measurements. Essentially,
the flow visualization and cavitation tests consisted
of making holograms at prescribed conditions. Prior
to each series of tests the model was cleaned and
the tunnel refilled. To adjust the air content,
the water was passed through the deaeration circuit
for a period of 1*5 h at a constant pressure in the
deaeration tank. All tests were made at a constant
air content, a, of about 5 cm^/S, (1 cm of air per
liter of water at STP corresponds to 1.325 ppm by
weight) . For each test the temperature of the
tunnel water was measured to obtain the dynamic
viscosity and the vapor pressure. The average
value of the water temperature was 20°C. The flow
visualization tests covered a velocity range of 2

to 30 m/s. For the cavitation tests, the velocity
ranged from 10 to 20 m/s. The effect of polymer
additives on cavitation and cavitation inception
was investigated by injecting a 500 ppm Polyox WSR-
301 solution from the nose of the models . Polymer
injection was provided by the Hughes Centurion-100
ptimp unit. The holograms were made at the instant
of maximum injection rate. The injection rate was
such that the average value of Vj^/Vq was 0.17. For
the cavitation inception measurements, the velocity
ranged from 10 to 24 m/s. Inception {or desinence)
was observed visually.

A new technique had to be developed to visualize

the boundary layer flow about the axisymmetric

models. A description of the several methods in-

vestigated is given by Van der Meulen (1976b) . The

ultimate method consisted of injecting a sodium

chloride solution into the boundary layer from a

hole located at the stagnation point of the model.

The diameter of the hole is 0.08 ram. The sodium
chloride solution has a slightly different index
of refraction from the surrounding fluid. The

light emitted from the pulse laser will be deflected
and the deflections are recorded in the hologram.
Optimum conditions for flow visualization are given
by Van der Meulen and Raterink (1977) . In the

present study, the ratio of the injection velocity,
Vj_, to the velocity in the test section, Vq, was
usually between 0.1 and 0.2. The sodium chloride
concentration was 2 percent. At first, the fluid
was injected with a hypodermic syringe, but later
on, a plunger with a constant motion was used.

Procedure

The tests performed in the high speed tunnel com-
prised flow visualization tests, cavitation tests

3. BOUNDARY LAYER STUDIES

Newtonian Flow

The holograms exhibited a distinct occurrence of
laminar boundary layer separation on the hemispher-
ical nose. The location of separation could be

obtained quite accurately from the holograms . At

this location the interference pattern usually
showed a V-shape. This is shown in the photograph
presented in Figure 7 . This photograph also shows
the laminar separation bubble itself and the
subsequent transition to turbulence and reattachment
of the separated shear layer. In the transition
region, the flow is still visualized by the sodium
chloride, but further downstream, where the turbu-
lence becomes more developed, mixing of the sodium
chloride prevents any further observations. The

determination of the length and the maximum height
of the laminar separation bubble from the holograms
was somewhat complicated by the fact that the height
of the bubble may show a maximum, as illustrated by

case A in Figure 8, or that the outer flow line
shows an inflexion point, as illustrated by case B

in Figure 8. The location of separation for the

^'v 's ^ V\\S 's'v^^

FIGURE 7. Photograph showing laminar separation bubble and subsequent transition to turbulence on SST

hemispherical nose. The flow is from left to right. At the position of separation the interference pattern
shows a "V". V = 4 m/s.
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inflexion point

FIGURE 8. Observed shapes of laminar separation bubble

on hemispherical nose (schematically) and definitions

of length and maximum height of bubble.

hemispherical nose is given in Figure 9. In this

figure the angular location of separation, yg , is

plotted against the Reynolds number. Results on
the length, L, the height, H, and the length to

height ratio, L/H, of the separation biibble are
presented in Figures 10, 11 and 12. Each data
point refers to one hologram (values for the upper
and lower side of the model are averaged) . Most
data points refer to the SST hemispherical nose,

a few refer to the Teflon hemispherical nose.

The present observations are in agreement with
those obtained earlier by Arakeri (1973) and Arakeri
and Acosta (1973) . From Figure 9 it follows that
the boundary layer separation angle is independent
on the Reynolds number, which is consistent with
theory (Schlichting, 1965) . For the SST hemispher-
ical nose the average value of yg is 85.43°. This

value is claimed to be quite accurate . To compare
this experimental value with the theoretically
predicted one, laminar bovindary layer calculations
were made using the method derived by Thwaites
(1949) . With this method the parameter m is cal-
culated, where m is defined as

dU
ds

(2)

and where 6 is the momentum thickness, U the velocity
at the edge of the boundary layer, v the kinematic
viscosity, and s the distance along the surface.

9 0'

8 2'

-! 1
1 1 1 r-
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^ooi „o o„cP o ° o

o SST
• Teflon

2 04 06 08 1 2 3

Reynolds Number xlO"^

FIGURE 9. Boundary layer separation angle, Yg'
as a function of Reynolds number for hemispherical
nose.
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Reynolds Number x10~-*

30 40

FIGURE 10. Length of separation bubble to diameter,
L/D, as a function of Reynolds number for hemispheri-
cal nose. The solid lines refer to theoretical pre-
dictions.

Laminar boundary layer separation is said to occur
for m = 0.09. The computations of Yg were made

with the accurate pressure distributions obtained
earlier (Figure 3) . For the actual case (with

tunnel walls) yg was found to be 85.57°, and thus,

in excellent agreement with the experimental value.

The theoretical value of yg is hardly affected by

the presence of the tunnel walls, since in the

absence of tunnel walls we found yg = 85.53°.

Arakeri (1973) found experimental and theoretical
values of 87°. However, his computations were
based on the experimental pressure distribution
data by Rouse and McNown (1948), as shown in Figure 3.

The length and the height of the separation

bubbles decrease gradually with increasing Reynolds

number. The variations in length and height for a

given Reynolds number are partly due to the different

05

0,2 4 6 08 1

Reynolds Number x 10"-^

FIGURE 11. Height of separation bubble to diameter,

H/D, as a function of Reynolds number for hemispheri-

cal nose.



439

o



440

FIGURE 13. Photograph showing transition (T) from laminar to turbulent boundary layer on blunt nose
(s^/D = 1.68). The flow is from left to right, V = 8 m/s

.

from 0.333 to 1.0. The calculations showed that
none of the blunt noses were subjected to laminar
separation. The present observations are in
agreement with these theoretical predictions.

Non-Newtonian Flow

The influence of polymer additives on the boundary
layer flow about the models was investigated by
injecting a 500 ppm (parts per million by weight)
Polyox WSR-301 solution from the nose of the models.
To visualize the flow, the injection fluid contained
2 percent sodium chloride. For the SST hemispher-
ical nose , the holograms showed that laminar flow
separation was no longer present. An example is

given by the photograph presented in Figure 15. At
or shortly downstream from the location where
Newtonian flow separation occurred, transition from
laminar to turbulent boundary layer flow is observed.
From the holograms made in the velocity range 4 to
20 m/s, it could be derived that transition to
turbulence occurred close to the location of
Newtonian flow separation. It was difficult, however,
to indicate the precise location of transition.

Another important observation was that the sodium
chloride was not completely mixed in the turbulent
region, but was still able to show the existence of
waves and streaks further downstream, till the end
of the hologram. An example of this phenomenon
has been given by Van der Meulen (1976b) . For the
Teflon hemispherical nose it was found that the
influence of polymer additives on laminar flow
separation was the same as for the SST hemispher-
ical nose. Although the observations made with the
bltmt nose were somewhat obscured by the irregular
outflow from the nose of the model, the main con-
clusion to be derived from the holograms is that
the polymer causes early transition to turbulence.
The approximate locations of transition are plotted
in Figure 14.

The polymer concentration used during the above
observations is rather high when compared to the
most effective concentration for turbulent- flow
friction reduction. From Figure 16, where the
friction factor, f, for flow through a circular
tube is given as a function of the Reynolds number,
it can be derived that a Polyox WSR-301 concentration
of about 20 ppm gives a maximum friction reduction.
Additional holograms for the SST hemispherical nose

FIGURE 14. Strearawise distance to boundary
layer transition over diameter, s„/D, as a
function of Reynolds number for blunt nose.
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FIGURE 15. Photograph showing boundary layer flow about SST hemispherical nose when a solution of 500 ppm

Polyox WSR-301 is injected. The flow is from left to right. V = 4 m/s.

were made at polymer concentrations of 100, 50,

and 20 ppm. The injection rate was such that Vi/Vo
= 0.2. The phenomena observed at these lower
concentrations were the same as those found at 500

ppm. Recently, Gates (1977) studied the influence
of polymer additives on laminar flow separation at

low injection rates, and was able to find inter-
mediate stages of separation suppression.

The study on the influence of polymer additives
on laminar flow separation has been limited so far

to the case where the polymer is present only in

a thin layer adjacent to the body (the "inner part"
of the boundary layer) . To study the influence of
polymer additives present in the "outer part" of
the boundary layer, additional tests with the SST
hemispherical nose were made in which the tunnel
was filled with a 50 ppm Polyox WSR-301 solution.
To prevent polymer degradation, the water speed in

the test section was set at a low value of 4 m/s.
Three different solutions were injected: a solution

0.04
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FIGURE 16. Friction factor of Polyox WSR-301 solu-

tions in water as a function of Reynolds number,
according to Van der Meulen (1974a)

.

of 2 percent NaCl , a solution of 2 percent NaCl +

50 ppm Polyox and a solution of 2 percent NaCl +

500 ppm Polyox. The injection velocity V^ was
0.8 m/s (V.[/Vq = 0.2). Photographs showing the

boundary layer flow are presented in Figure 17.

For comparison a photograph is included showing

the influence of polymer injection when the tunnel

is filled with water (Figure 17a) . When a 2 per-
cent NaCl solution is injected (Figure 17b) , the

boundary layer first shows a tendency to become
unstable but further downstream the instabilities

are suppressed and the boundary layer is laminar

again. When a 2 percent NaCl + 50 ppm Polyox
solution is injected (Figure 17c) , the boundary
layer first shows a slight tendency to become
unstable , but further downstream the boundary layer

is laminar. When a 2 percent NaCl + 500 ppm Polyox

solution is injected (Figure 17d) , the boundary
layer remains completely laminar, till the end of

the hologram. The conclusions to be derived from

these observations are that the presence of the

polymer in the "inner part" of the boundary layer

leads to destabilization, whereas the presence of

the polymer in the "outer part" of the boundary

layer leads to stabilization, and the latter effect

is predominant. In all cases considered (Figure

17) , laminar flow separation is suppressed.

An explanation of the various phenomena observed

can, as yet, not be given. Apparently, some of the

phenomena are in agreement with those reported
elsewhere, others may not have been observed before.

This is mainly due to the fact that numerous studies

have been made on drag reduction in turbulent flow,

but only a few were made on the influence of polymer
additives on laminar flow. In studying laminar

flow around circular cylinders, James and Acosta

(1970) found that the streamline patterns with

dilute polymer solutions were significantly different

from those with Newtonian fluids because of visco-

elastic effects. These effects may also play a

dominant role in eliminating flow separation in

those cases that the boundary layer remains laminar.

In those cases where the boundary layer becomes
turbulent due to the presence of the polymer in the

"inner part" of the boundary layer, it is still

questionable whether flow separation is eliminated
by early turbulence by viscoelastic effects, or by

a combination of these. The occurrence of early
turbulence as found in the present study and reported
before [Van der Meulen (1976a, 1976b), Gates (1977)]

is consistent with the findings of others. According
to Lumley (1973) , polymer solutions producing drag
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FIGURE 17. Photographs showing boundary layer flow about SST hemispherical nose. The flow is from right to

left. V = 4 m/s. (a) Injection of 50 ppm Polyox in water, (b) Injection of water in 50 ppm Polyox. (c) Injec-
tion of 50 ppm Polyox in 50 ppm Polyox. (d) Injection of 500 ppm Polyox in 50 ppm Polyox.

reduction display a positive Weissenbe-rg effect for
which destabilization is predicted analytically.
Destabilization is also predicted by the numerical
analysis of Kiimmerer (1976) on the stability of
boundary layers in an idealized viscoelastic fluid.

Experiments by Forame et al. (1972) and Paterson
and Abernathy (1972) also suggest destabilization.
On the other hand, Castro and Squire (1967) and
White and McEligot (1970) found that polymer solu-
tions in water cause a delay in transition to

turbulence. According to Lumley (1973), drag-
reducing polymers tend to increase the thickness
of the viscous sublayer. Experimental evidence

t)
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FIGURE 19. Cavitation inception and desinence number
as a function of Reynolds number for Teflon hem-
ispherical nose.

19. The type of cavitation observed at inception
was spot cavitation. The spots were usually located
between the pressure minimum (y = 78°) and the
transition of hemisphere and cylinder (y = 90°).

The most striking differences between the inception
data for both models are: (a) the inception data
for the Teflon model are much higher than for the
SST model and (b) the Teflon model exhibits a strong

cavitation hysteresis [hoII and Treaster (1966)

]

whereas the SST model exhibits no hysteresis . Such
observations have been reported before by Reed
(1969), Gupta (1969), and Van der Meulen (1971).

Since the viscous flow behavior of the Teflon model
is the same as for the SST model (see Section 3)

,

the above differences can only be explained by
surface effects. Teflon is a porous material and
has a high contact angle. Both properties are
essential features of the Harvey nucleus [Harvey
et al. (1944)]. Hence, the Teflon surface acts as
a host for surface nuclei, from which (gaseous)
cavitation is initiated. The mechanism most probably

06

Cp =0.76

inception (or desinence)

-Cp { I rrotationaL flow)

10 1 4 18 22

Reynolds Number x10~^

FIGURE 20. Comparison of cavitation inception (or

desinence) number with pressure coefficient at sepa-
ration, Ct3 , and at transition, C-n , for SST hem-

S T
ispherical nose.
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involved with inception on the SST hemispherical
nose has been described by Arakeri (1973) . Inception
takes place in the transition and reattachment
region of the separation bubbles, where high pressure
fluctuations occur [Arakeri (1975a)]. The nuclei
may either originate from the surface (Arakeri)
or from the stream where they become trapped in

.

the strong vortices occurring in the reattachment
region.

When Oj^ (or a^) for the SST hemispherical nose
is to be compared with the pressure coefficient,
several problems arise. The most obvious pressure
to compare Oj^ with would be the pressure coefficient
at transition, Cp , since the onset of cavitation
takes place at the location of transition. Accord-
ing to Arakeri (1973), however, the important
pressure coefficient to compare a^ with would be
the pressure coefficient at separation, Cp^,. This
opinion is probably based on the assumption that
the pressure within the separation biibble is con-
stant (and thus Cp3 = Cp„) but, according to Van
Ingen (1975) , this is a good approximation only
at low values of Re. A mean curve of the present
inception (and desinence) data is plotted in Figure
20. Also plotted are Cp =0.76 and Cp^^, for
irrotational flow, derived from Figures 3 and 10
(with a^ = 7.5). The real (or viscous) values of
Cp are unknown and should be obtained from pressure
measurements. It can be estimated that the real
values of Cp are considerably larger than those
for irrotational flow, but still smaller than Cp .

Thus it would seem that a^ (or a^) can be correlated
with the real value of Cp . In that case, it can
be argued that the peak pressure fluctuations

,

measured by Arakeri (1975a) , are creating the
negative pressures necessary to overcome the sta-
bilizing pressure in stream nuclei, caused by the
surface tension.

Cavitation inception data for the blunt nose are
plotted in Figure 21. Also plotted are inception
data with polymer injection. At inception, a

region of travelling bubbles was observed. The
approximate location of this region was x/D = 0.2
- 1.0. In Section 4, a further analysis will be
given of the type of cavitation occurring. The
inception data show that the a^^-and a^j-values are
almost identical and nearly constant {a ^ ^ = 0.46,
in the absence of polymers) . When aj_ is to be
compared with a suitable pressure coefficient, the

-
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FIGURE 24. Photographs showing progressive
development of cavitation on SST hem-
ispherical nose. The flow is from left to
right. V^ = 13.2 m/s. (a) a = 0.60;

(b) a = 0.59; (c) a = 0.56; (d) a = 0.47;
(e) a = 0.39.

The appearance of cavitation on the Teflon
hemispherical nose is closely related to the presence
of weak spots on the surface. Discrete cavities
originate from points located on the hemisphere.
The cavities develop cone-shaped in the downstream
direction. The first part of the cavity surface
is smooth; the cavity leaves the wall at a very
small angle. Some of these features can be observed
on the photographs presented in Figure 25. The
cavitation separation angle Yes ^'-'^ both hemispher-
ical models is plotted in Figure 26. For the Teflon
model it is found that the cavities start upstream
of the minimum pressure point (Ycg < Yp ) , when
o is sufficiently low. For the SST model it is

found that the cavities always start downstream
of the minimum pressure point (Yes *" '''p ' • ''^CS

is both a function of a and Re. For a given Re,

Y(-.„ decreases with decreasing a and for a given
a, Yes 'i^'^^s^ses with increasing Re. These tenden-
cies for the SST model are in agreement with the
observations by Arakeri (1975b)

.

The shape of the cavity nose on the SST model
has been analyzed further. A schematic drawing of
the geometry of the cavity nose is presented in
Figure 27. From a detailed study of the holograms
it could be established that the cavity nose was
circularly shaped. It was found that the nose
angle g varied between 70° and 120°, but was
independent of a or Re. An average value of 90°

was obtained from 28 cavity noses. Since the cavity
nose is immersed in the separation bubble and the
flow comes to a standstill near the cavity nose.

it is to be expected that the nose angle equals
the contact angle for the present liguid-gas-solid
system. This is confirmed by the fact that, accord-
ing to Adamson (1966) , the contact angle for a

water-air-steel system is 70°-90°. The nose radius
r was independent of a but, as shown in Figure 28,

the radius decreases with increasing Re. The length
of the sheet cavity (the smooth part preceding the
developed cavity) is more or less independent of
o but decreases with increasing Re. In Table 2,

mean values of Lg^/D are compared with corresponding
values of L/D, obtained from Figure 10 (with

Og = 7.5). From this table it can be concluded
that transition to turbulence on the cavity surface
is closely related to transition to turbulence on

the fully wetted separated shear layer. The shape
of the developed cavity is determined by the total
length to maximum height ratio of the cavity,
Lq/Hq, (in most cases the cavity reached its maxi-
mum height close to the trailing edge of the cavity)

.

Values of this ratio are given in Figure 29. The
mean value of Lq/Hj-, is 10.2. Since the mean value
of the length to height ratio of the separation
bubble is 10.8, it may be concluded that the shape
of the developed cavity appearing on the SST hemis-
pherical nose is strongly governed by the shape of
the separation bubble

.

With polymer injection, the cavities on the SST
hemispherical nose are either attached or may show
the appearance of traveTling bubbles, resembling
the type of cavitation observed on the blunt nose.
Details are given by Van der Meulen (1976b)

.
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FIGURE 25. Photographs showing progres-

sive development of cavitation on Teflon

hemispherical nose. The flow is from left

to right. V^ = 13.2 m/s. (a) a = 0.96;

(b) o = 0.63; (c) CT = 0.40.
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TABLE 2. Length of Sheet Cavity Over Diameter,

Lsc/D, and length of Separation Bubble Over

Diameter, L/D, for SST Hemispherical Nose.

Re 10" SC L/D

0.94
1.27

1.54
2.03

0.156
0.124
0.070
0.074

0.124
0.096
0.084
0.068

Appearance on Blunt Model

The type of cavitation occurring on the blunt nose

is typically travelling bubble cavitation. An

example is shovm in Figure 30a (a = 0.33). When
a is reduced, a single transient cavity may develop,

as shown in Figure 30b (a = 0.28). The transient
character of the cavities occurring on the blunt
nose is clearly observed in the photographs taken
from multiple exposure holograms. Figure 31 shows

a photograph taken from a hologram, where three
pulses were generated by the ruby laser with pulse
separations of 50 ysec and 100 ysec respectively.
The flow is from right to left. The picture shows
the growth of a cavity near the nose of the model.
The cavity is attached to the model and its shape
is a spherical segment. The cavity grows (its

radius increases) and, at the same time, travels
along the surface with a velocity slightly below
that of the surrounding fluid. When the cavity
reaches a certain height, its shape becomes more
like an attached bubble, as shown in Figure 32.

In this figure, the flow is from left to right.

The attached bubble hardly grows, travels along
the surface, and finally collapses.

The streamwise distance to cavitation separation
on the blunt nose obtained from a series of holograms
taken at various values of a and Re, is plotted in

Figure 33. Also plotted are data points where no
cavitation was observed in the hologram on either
one or both sides of the model. It is found that

the streamwise distance to cavitation separation
decreases with increasing Re (apart from the scatter,
typical for travelling bubble cavitation) . For
Re = 2.08 X 10 , cavitation separation is located
at a short distance from the pressure minimum
[(s/D)p = 0.37].

The observations of the cavity growth as
represented in Figure 31, enables a comparison with
theory. Plesset (1949) analyzed experimental
observations by Knapp and Hollander (1948) and
compared the growth and collapse of bubbles on a
1.5 caliber ogive with the equation of motion for
a bubble. The agreement was quite satisfactory.
Recently, Persson (1975) introduced some refinements
in the comparison. The present analysis is based
on the so-called Rayleigh-Plesset equation according
to Hsieh (1965). For a vapor bubble, the motion
of the bubble wall is given by the equation

(RR + y R ) P - P - 2S

R
4pR
R

(6)

where p is the liquid density, R the instantaneous
bubble radius, P^^ the vapor pressure, P the instan-
taneous ambient pressure, S the surface tension,
and y the dynamic viscosity. The dots indicate
differentiation with respect to time t. The
multiple exposure hologram (Figure 31) provided
data on Ro(to), Rl (to+50us) , and R2 (to+150vJs) ,

whereas P(t) could be derived from Figures 31 and
4. Equation (6) was solved numerically to obtain
a theoretical value of R2 - The results of the
computations are given in Table 3. To compare the
significance of the right-hand side terms of Eq.

(6) , numerical values of these terms are presented
in Table 4. The main conclusion to be derived from
Table 3 is that the experimentally observed growth
of the cavity on the blunt nose is fairly well
represented by the Rayleigh-Plesset equation of
motion. This is mainly due to the fact that the
blunt nose does not exhibit laminar flow separation
and viscous effects seem to be small.

The appearance of developed cavitation on the
blunt nose with polymer injection was essentially
the same as that without polymers . Details are
given by Van der Meulen {1976b)

.

^^
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1 mm
x/o =0.198

FIGURE 31. Photograph of multiple exposure hologram showing three stages of cavity growth near nose of blunt
model. The pulse separations are At] = 50 usee and At2 = 100 usee. The flow is from right to left. V
a = 0.31. The radii of the growing cavity are indicated on the lower figure.

10 m/s ;

FIGURE 32. Photograph of multiple exposure hologram showing three stages of travelling bubble along blunt nose.
The time separations are: At] = 50 usee and At2 = 100 usee. The flow is from left to right. V = 10 m/s;
o = 0.31. °
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FIGURE 33. Streamwise distance to cavitation separa-

tion over diameter, s /D, as a function of cavitation

number and Reynolds number for blunt nose. Also plotted
are some data points where no cavitation was observed
on one or both sides of the model.

5 . CONCLUSIONS

The application of in-line holography and injection
of a 2 percent sodium chloride solution from the
nose of the axisyinmetric bodies are useful methods
to visualize the boundary layer and to obtain
detailed information on boundary layer phenomena
and cavitation patterns

.

Laminar boundary layer separation and transition
to turbulence of the separated shear layer on the
hemispherical nose can be predicted quite accurately
by existing approximate calculation methods.

Cavitation on axisyiranetric bodies may be strongly
influenced by boundary layer effects. For the SST
hemispherical nose, inception and appearance of
cavitation are both related to the location and
appearance of the separation bubble. For the
blunt nose, however, cavitation is apparently more
related to nuclei effects than to viscous effects.
The type of cavitation occuring in this case is
travelling bubble cavitation. The growth of a
cavity on the blunt nose is adequately described
by the Rayleigh-Plesset equation of motion for a
cavitation bubble.

TABLE 3. Theoretical (R) and Experimental (Rgxp)
Values of Bubble Radius for Cavity Growth on
Blunt Nose (Figure 31) .

TABLE 4. Influence of Vapor Pressure, P^, Liquid
Pressure, P, Surface Tension Pressure, 2 S/R, and
Viscosity Pressure, 4ij R/R, on Cavity Growth on
Blunt Nose (Figure 31) .

t
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s Surface coordinate
Sq Streainwise distance to cavitation

separation
Srj. Streamwise distance to boundary layer

transition
X Axial coordinate
a Air content

6 Nose angle of cavity

y Angular coordinate

Yg Boundary layer separation angle

Y(^g Cavitation separation angle
S Angle at which separation streamline

leaves wall
9 Momentum thickness

y Dynamic viscosity
V Kinematic viscosity

p Liquid density
a Cavitation number, (Po~Pv)/^PVo
aj_ Incipient cavitation number
a^ Desinent cavitation number
o^ Amplification factor
cj) Velocity potential

REFERENCES

Acosta, A. J. (1974) . Cavitation and fluid machin-
ery. Cavitation Conf . , Edinburgh, Scotland.

Adamson, A. W. (1965) . Physical chemistry of
surfaces. Interscience Publishers, New York.

Arakeri , V. H. (1973). Viscous effects in inception
and development of cavitation on axisymmetric
bodies. Cal . Inst. Tech. Rep. E-183-1.

Arakeri, V. H. (1975a) . A note on the transition
observations on an axisymmetric body and some
related fluctuating wall pressure measurements.
J. Fluids Engng., Trans. A.S.M.E. 97, 82.

Arakeri, V. H. (1975b). Viscous effects on the
position of cavitation separation from smooth
bodies. J. Fluid Mech. 68, 779.

Arakeri, V. H. (1977). Experimental investigation
of laminar boundary layer stability with surface
heating and cooling. N.S.M.B. Rep. 01054-2-CT.

Arakeri, V. H., and A. J. Acosta (1973). Viscous
effects in the inception of cavitation on
axisymmetric bodies. J. Fluids Engng., Trans.
A.S.M.E. 95, 519.

Arndt, R. E. A., and A. T. Ippen (1968). Rough
surface effects on cavitation inception. J.

Basic Engng., Trans. A.S.M.E. 90, 249.
Castro, W. , and W. Squire (1967) . The effect of

polymer additives on transition in pipe flow.

Appl. Scientific Res. 18, 81.

Darner, C. L. (1970) . Sonic cavitation in water.
N. L. R. Rep. 7131.

Dobbinga, E. , J. L. van Ingen, and J. W. Kooi (1972).
Some research on two-dimensional laminar separa-
tion bubbles. AGARD CP-102, Lisbon.

Ellis, A. T. , J. G. Waugh, and R. Y. Ting (1970).

Cavitation suppression and stress effects in
high-speed flows of water with dilute macro-
molecule additives. J. Basic Engng., Trans.
A.S.M.E. 92, 405.

Forame, P. C. , R. J. Hansen, and R. C. Little (1972).
Observations of early turbulence in the pipe
flow of drag reducing polymer solutions.
A.I.Ch.E. Journal 18, 213.

Gates, E. M. (1977). The influence of freestream
turbulence freestream nuclei populations and a

drag-reducing polymer on cavitations inception
on two axisymmetric bodies. Cal. Inst. Tech.
Rep. E-183-2.

Gupta, S. K. (1969) . The influence of porosity
and contact angle on incipient and desinent
cavitation. M.S. thesis, Pennsylvania State
University.

Harvey, E. N. , D. K. Barnes, W. 0. McElroy, A. H.

Whiteley, D. C. Pease, and K. W. Cooper (1944).

Bubble formation in animals. J. Cellular and
Comparative Physiology 24, 1.

Holl, J. W. (1960). The inception of cavitation
on isolated surface irregularities. J. Basic
Engng., Trans. A.S.M.E. 82, 169.

Holl, J. W. , and A. L. Treaster (1966). Cavitation
hysteresis. J. Basic Engng., Trans. A.S.M.E.
88, 199.

Hoyt, J. W. (1973) . Jet cavitation in polymer
solutions. A.S.M.E. Cavitation and Polyphase
Flow Forum, 44

.

Hoyt, J. W. , J. J. Taylor, and C. D. Runge (1974).

The structure of jets of water and polymer
solution in air. J. Fluid Mech. 63, 635.

Hsieh, D. Y. (1965). Some analytical aspects of
bubble dynamics. J. Basic Engng., Trans.
A.S.M.E. 87, 991.

James, D. F. , and A. J. Acosta (1970). The laminar
flow of dilute polymer solutions around circular
cylinders. J. Fluid Mech. 42, 269.

Knapp, R. T. , and A. Hollander (1948). Laboratory
investigations of the mechanism of cavitation.
Trans. A.S.M.E. 70, 419.

Kiimmerer, H. (1976) . Numerische Untersuchungen
zur Stabilitat laminarer Grenzschichten in

viskoelastischen Flussigkeiten. Rheol . Acta 15,

579.
Labrujere, Th.E. (1976). Berekening van de

wandinvloed voor twee lichamen in een water-
tunnel. National Aerospace Laboratory Rep.

NLR TR 76017 L.

Labrujere, Th.E., and J. van der Vooren (1974).

Finite element calculation of axisymmetric sub-
critical compressible flow. National Aerospace
Laboratory Rep. TR 74162 U.

Lumley, J. L. (1973). Drag reduction in turbulent
flow by polymer additives. Macromolecular
Reviews 7, 263.

Paterson, R. W. , and F. H. Abernathy (1972). Trans-
ition to turbulence in pipe flow for water and

dilute solutions of polyethylene oxide. J. Fluid
Mech. 51, 177.

Persson, B. O. (1975). Reconsideration of a problem
in cavitation bubble dynamics. J. Appl. Mech.,
Trans. A.S.M.E. 42, I'ib.

Plesset, M. S. (1949). The dynamics of cavitation
bubbles. J. Appl. Mech., Trans. A.S-M.E. 16,
211

.

Reed, R. L. (1969) . The influence of surface
characteristics and pressure history on the
inception of cavitation. M. S. thesis, Pennsyl-
vania State University

.

Rouse, H., and J. S. McNown (1948). Cavitation
and pressure distribution; head forms at zero
angle of yaw. State University of Iowa, Eng

.

Bull. 32.

Rudd, M. J. (1972) . Velocity measurements made
with a laser dopplermeter on the turbulent pipe
flow of a dilute polymer solution. J. Fluid
Mech. 51, 673.

Schiebe, F. R. (1972). Measurement of thi; cavitation
susceptibility of water using standard bodies

.

St. Anthony Falls Hydraulic Lab. Rep. 118.

Schlichting, H. (1965). Grenzschicht-Theorie

,

Verlag G. Braun, Karlsruhe.
Silberman, E. , F. R. Schiebe, and E. Mrosla (1973).



451

The use of standard bodies to measure the

cavitation strength of water. St. Anthony Falls

Hydraulic Lab. Rep. 141.

Thwaites, B. (1949). Approximate calculation of

the laminar boundary layer. Aero. Quart. 1,

245.

Ting, R. Y. , and A. T. Ellis (1974) . Bubble growth

in dilute polymer solutions. Phys. of Fluids

17, 1461.

Van der Meulen, J. H. J. (1971). Cavitation on

hemispherical nosed teflon bodies. lUTAM

Symposium, Leningrad.
Van der Meulen, J. H. J. (1972). Incipient and

desinent cavitation on hemispherical nosed bodies.

Int. Shipb. Progress 19, 21.

Van der Meulen, J. H. J. (1973). Cavitation supp-

ression by polymer injection. A.S.M.E. Cavita-

tion and Polyphase Flow Forum, 48.

Van der Meulen, J. H. J. (1974a). Friction reduction

and degradation in turbulent flow of dilute
polymer solutions. Appl. Scientific Res. 29,

161.

Van der Meulen, J. H. J. (1974b) . The influence of

polymer injection on cavitation. Cavitation
Conf., Edinburgh, Scotland.

Van der Meulen, J. H. J. (1976a) Holographic study

of polymer effect on cavitation. A.S.M.E.
Cavitation and Polyphase Flow Forum, 4.

Van der Meulen, J. H. J. (1976b) . A holographic
study of cavitation on axisyrametric bodies and
the influence of polymer additives. Ph.D. thesis,
Enschede

.

Van der Meulen, J. H. J., and N. B. Oosterveld
(1974) . A holographic study of cavitation
inception on a hemispherical nosed body. Symp

.

High Powered Propulsion of Large Ships, Wagen-
ingen.

Van der Meulen, J. H. J., and H. J. Raterink (1977).

Flow visualization of boundary layers in water
by in-line holography. Int. Symp. on Flow
Visualization, Tokyo.

Van Ingen, J. L. (1975). On the calculation of

laminar separation bubbles in two-dimensional
incompressible flow. AGARD, CP-168, Gottingen.

Van Ingen, J. L. (1976) . Transition, pressure
gradient, suction, separation and stability
theory. Workshop Rand Corporation, Santa Monica.

White, W. D. , and D. M. McEligot (1970). Transition
of mixtures of polymers in a dilute aqueous
solution. J. Basic Engng . , Trans. A.S.M.E. 92,

411.



Mechanism and Scaling of

Cavitation Erosion

Hiroharu Kato
University of Tokyo

Toshio Maeda
Mitsubishi Heavy Industries Ltd.

Atsushi Magaino
University of Tokyo

Tokyo , Japan

ABSTRACT

Recently cavitation erosion has been primarily
treated experimentally. However a need exists for

both a theoretical cavitation erosion model and

more quantitative erosion test methods . As a

contribution to the state of the art, the authors
have summarized their research at the University
of Tokyo using the soft surface erosion test method
(the aluminum erosion test)

.

Two test series were completed, the first using
the NACA 16021 foil section and the second using
the NACA 0015 foil section. Two-dimensional erosion
tests were systematically made at various velocities
and cavitation nimibers to obtain a correspondence
between the erosion and the hydrodynamic character-
istics of the cavitation pattern. It was found that
the estimation of the cavity length and its fluctua-
tion are important factors in the prediction of the
cavitation erosion.

The results of these tests are used to illustrate
the effectiveness of Mean Depth of Deformation Rate,

MDDR, as a Cavitation Erosion Index. These test
results also served as a background for extending
the cavitation erosion scaling theory, previously
proposed by Kato, to include differences in the
cavitation number.

After determining two empirical constants, the
resulting predicted MDDR Cavitation Index was shown
to be in good agreement with both Thiruvengadam'

s

(1971) and the authors' test results.
In addition to this basic research, two additional

studies are summarized. The first is a comparative
test of the aluminum erosion test arid the paint
test and the second is a study in the influence of
air injection in reducing the cavitation erosion
intensity. The test results obtained from the paint
and aluminum tests were found to be in good agreement
and for routine cavitation erosion checks, the paint
test should be adequate. It was found that small,
air injection rates reduced the cavitation erosion
intensity dramatically and large injection rates

452

did not result in substantial reduction of the
cavitation erosion intensity.

1 . INTRODUCTION

Erosion is one of the largest problems caused by
cavitation. Cavitation tests of model propellers
have been made for the purpose of predicting cavita-
tion erosion, especially for low-speed merchant
ships. However, the prediction was mainly based
on the observer's "feeling" of the cavitation
pattern on the propeller blade. Recently a new
testing method, i.e., paint test, was developed at
several laboratories [Sasajima (1972) and Lindgren
and Bjarne (1974)]. In this test the erosion inten-
sity is judged by the area of paint peeled off.

At the University of Tokyo in the authors'
laboratory, erosion tests of soft aluminum test
pieces have been made for several years [Sato et
al. (1974) and Sato (1976)1. The main purpose for
developing the soft aluminum method are:

(1) Development of a quantitative prediction
method for cavitation erosion.

(2) Obtain a deeper insight into the mechanism
of cavitation erosion by the observation
of eroded metal surface.

(3) Establishment of cavitation erosion scaling
laws.

The test piece is usually made of pure aluminum,
which is easy to obtain, has stable quality, good
machinability , and is relatively cheap. Its
mechanical properties can be roughly established
by hardness and tensile tests. The erosion resist-
ance of pure aluminum is very low and its surface
is roughed by cavitation attack within one half
hour of test exposure which is similar to the testing
time of the paint test. The increase in roughness
is a first indication of erosion [e.g.. Young and
Johnston (1969) ] . It can be measured by a roughness
tester and the quantitative erosion intensity can
be obtained with sufficient accuracy.
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Micro-appearances of the eroded surface such as

the pit shape, can also be qualified by examination
of roughness records and microscopic pictures of
the surface.

The erosion intensity has been evaluated by
mean depth of penetration (MDP) [e.g., Hammitt
(1969) ] ,or energy absorbed by the material eroded
[e.g., Thiruvengadam (1966)]. In addition one of
the authors recently proposed a new concept of
erosion intensity, mean depth of deformation (MDD)

which functions as a bridge between surface rough-
ness, SR, and MDP [Kato (1975)]. Thus MDD corres-
ponds to SR at the initial stage and MDP at the
final stage of erosion.

This paper discusses the experimental results
of two-dimensional aluminum foil sections (pure
and aluminum alloy) , various considerations of the
erosion mechanism in connection with the hydrodynamic
characteristics of the foil section along with the
modeling and scaling of erosion, and summarizes
experiments using an air injection system which the
authors found very effective in cavitation erosion
preventation. Nomenclature is shown at the end of
this paper.

drastically changes with only slight changes in the
cavitation number. While this characteristic is
desirable in practical applications, it was found
to be undesirable in the present study since erosion
would occur only in a narrow range of cavitation
numbers which makes the experiment difficult.

Therefore prior to starting Test Series II in
1977, two major improvements were made. From wind
tunnel tests the minimum aspect ratio necessary to
maintain two-dimensional flow was found to be about
A = 0.4 and an aspect ratio, A = 0.5, was chosen
for Test Series II. The smaller foil was designed
with a 30mm chord and a 15mm span and the larger
foil section was designed with a 50mm chord and
a 2 5mm span

.

The second improvement was to change the foil
section, from the NACA 16021 to the older NACA 0015,
which has a chordwise pressure distribution of the
"triangular" type. The experimental chordwise
pressure distribution of this foil is compared in
Figure 1 with the calculated pressure values. It
can be seen that the agreement between the experi-
ment and calculation is satisfactory.

Test Condition

2. FOIL SECTION EROSION TEST

High Speed Cavitation Tunnel at University of Tokyo

Erosion tests of two-dimensional foil sections
were made using a high speed cavitation tunnel at
University of Tokyo. The test sections of this
tunnel can be changed according to the experiment.
For the present test two test sections were used.
One was the rectangular high speed section with
cross section dimensions of 100mm x 10mm. Test
Series I was carried out using this section in

1976. Since the side wall effect was so large that
the two-dimensionality of the flow was almost lost
near the trailing edge of the foil section, it was
concluded that the 10mm width was too narrow. There-
fore the test section was modified to a 80mm x 15mm
cross section prior to starting Test Series II in
1977. The maximum velocity of the section was
about 50m/s.

The second test section was the rectangular low-
speed section used only in Test Series II (1977)

.

It has cross section dimensions of 120mm x 25mm
and a maximum velocity of 35m/s.

Foil Section

Two foil sections (NACA 16021 and NACA 0015) were
tested. The NACA 16021 foil section used in Test
Series I (1976) , was the same foil section used in
Kohl's experiment [Kohl (1968)]. Kohl made his
tests at an attack angle of a = 0°. Since this
foil section has no camber, when it is set at a =

0°, the inception point of cavity appears around
60^ chord. Thus, testing at a = 0° was not suitable
for cavitation erosion tests, so the authors chose
a test condition of a = 4°. Since its chord and
span are 40mm and 10mm respectively, the aspect
ratio A = 0.25, was so small that the spanwise
pattern of the cavity was not uniform. The cavity
closed at midspan appearing as a kind of streak
cavitation. Another disadvantage of using the NACA
16021 section is its chordwise pressure distribution
which is the "roof-top" type. The cavity length

In Test Series I (NACA 16021) the following items

were tested:

(1) Relationships between the mean depth of
deformation (MDD) , mean depth of penetration
(MDP) , and surface roughness (SR)

.

(2) Effect of cavitation number, velocity, and
the water's air content on the erosion
intensity.

(3) Comparison between the results obtained by
the soft aluminum erosion test and paint
test.

(4) Influence of air injection on erosion pre-
vention.

FIGURE 1. Comparison of suction side Cp for NACA
0015 foil section.
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In Test Series I, the size anc3 material of the foil

section were not changed. The material was pure

aluminum, JIS H2102-2 {AL > 99.55?).

In Test Series II (NACA 0015) the following items

were tested.

(1) Effect of cavitation niimber, velocity, and

chord length, and the hydrodynamic character-

istics of the cavity flow, on the erosion
intensity.

(2) Effect of material properties on the erosion
intensity.

(3) Comparison of the soft aluminum and paint

test results.
The test conditions are summarized in Table 1

.

The attack angle was a = 4° throughout Test Series

I and II. In Test Series I, the air content was

a/Os = 0.5, while in Test Series II it was initially
0.2 and increased gradually during the experiment
to a value of 0.4 by the end of the experiment.

In Test Series I-D, before the test began, air
bubbles were injected into the cavitation tunnel
to control air bubble content of the water. Then,

the erosion test was completed to study the effect
of air content on erosion.

Experiments with air injection from the foil

surface were also carried out to study the positive

utilization of erosion prevention effect of air

bubbles.
At the start of the tests , the water temperature

was about 25°C which increased during the high speed

tests, reaching a maximum temperature of 50°C.

In addition to the erosion tests, measurements
of the hydrodyncimic characteristics such as cavity

length, pressure distribution etc., were completed
using a similar foil section made of stainless steel.

Material and Heat Treatment

In Test Series I the foil section material was pure

aluminiom (JIS H2102 , 99.5?), while in Test Series

II pure aliraiinum and two kinds of aluminum alloy,

JIS H4163-2 (AA 5056) and JIS H4163-5 (AA 6063)

were used. These materials were selected for their
low erosion resistance, good corrosion resistance,

and good machinability. The foil sections tested
were machined by a NC-milling machine and the surface
was smoothed by a buffing machine. The foils'

surface roughness was found to be less than 1 pm

in the virgin state.
Since the foil surface was work-hardened, a thin

layer of the foil surface had a large degree of

Table 1 Experimental Conditions

^^.^
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Table 2 Chemical Composition and Mechanical Properties
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2 4

Time (hr)

FIGURE 4. Extended duration cavitation test [NACA

16021, Pure Al (H2102-2) , C = 40 mm, a = 4 deg.].

posed by one of the authors, seems to be more

suitable than MDP. The advantages of using MDD

are that it increases almost linearly over a wide

range of exposure time as well as the fact that MDD

corresponds to SR in the incubation period and to

MDP after long exposure.
In the present tests , SR was measured to shorten

the testing time. Usually the test was completed

within 1 hour so the SR value coincides with MDD.

The degree of erosion after a long exposure can be

estimated using the measured SR.

3. HYDRODYNAMIC CHARACTERISTICS OF CAVITATION ON

NACA 0015 FOIL SECTION

measured. At the test condition 50 photographs
were taken to measure the cavity length.

The results are shown in Figure 5 . As seen in

the figure, above a > 0.8 the distribution of cavity
length is characterized by a peak, but below a < 0.8

the fluctuation becomes so large that there is no
characteristic peak. For the supercavitation
condition (a = 0.45) the fluctuation is reduced and

a characteristic peak can again be observed. The

mean value of cavity length and its standard devia-
tion are shown Figures 6 and 7. The cavity length

increases linearly with smaller cavitation number,

and the standard deviation begins to increase
rapidly about a = 0.85 as clearly seen in the figure.

It is well known that the cavity length of a

partially cavitated foil can not be determined

theoretically by linear cavity models. The cavity

length predicted by a closed type cavity model is

usually longer than the observed length. If we

adopt a open type cavity model. , the situation

becomes reversed and the predicted cavity length

becomes shorter than the observed length. Conse-

quently a half-closed type model is usually adopted,

but this model requires the opening of the cavity

end to be determined experimentally.
In this study the cavity length was calculated

using the half-closed type model by Nishiyama and

Ito (1977) . This method is based on linear theory

using singularities (source and vortex) distributed
on the cavitated foil. The calculated results are
shown in Figure 7 where the opening 6e was system-
atically changed. The contour of 6e = coincides
with the closed cavity model. The circles in this

figure represent the "mean" value of the observed
cavity length. Using this mean value, the opening
Se can be calculated showing that 6e increases
with smaller values of a (see Figure 8)

.

Cavity Length

Because erosion occurs at the collapsing point of

the cavities namely the end of the cavity, it is

important to know the cavity length for predicting

cavitation erosion. Therefore, prior to the erosion

tests, the cavity length and pressure distribution

along the back surface of the NACA 0015 foil were

Pressure Distribution and Cavity Shape

The theoretical pressure distribution and cavity

shape for the back side of NACA 0015 foil section

are shown in Figure 9 along with the corresponding
experimental result. Here the Nishiyama-Ito' s half-

closed model was used with the 6e values taken
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FIGURE 12. Scanning electron
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surface (NACA 16021, H2102-2,
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SCALE

Referring to Figure 11 (b) in the 3 test series
where only the material of the foil was changed,
the position of maximum MDDR changes. This seems
irrational because the flow condition is not changed
by the material. The reason of this shift is the
occurrence of the foil's bent trailing edge. On a
full scale propeller, cavitation erosion is some-
times accompanied by a bent trailing edge . The
same thing happened in the present test. The foil
section made of pure aluminum is much weaker than
those made from an aluminum alloy, and it was bent
more at the trailing edge causing the shift of
peak MDDR to the larger cavitation number.

An example of a bent trailing edge is shown by
the profile view in Figure 13. The amount of bend
is large at the corner of the trailing edge, which
exaggerates considerably the shape shown in this
figure. The bent trailing edge was observed on
every NACA 0015 foil sections when the erosion
occurred. On the contrary, it hardly appeared on

NACA 16021 foil section because of its thicker
trailing edge.

Velocity

It is well known that the erosion intensity is af-
fected very much by the mean velocity since Knapp's
suggestion of 6th power law [Knapp et al. (1970)].
The effect of velocity on the peak value of MDDR
is shown in Figure 14. Usually the exponent obtained
experimentally, has a large spread falling somewhat
between 3 and 9. In the present tests with the
NACA 16021 foil the exponent, n, was 9 and for the
NACA 0015 foil tests the exponent, n, was 6.

Chord Length

The chord length of a foil also has a large ef-

fect on the erosion intensity. This is very
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(a) BEFORE EXPERIMENT

(b) AFTER Experiment

FIGURE 13. Impression of bent trailing edge.

important for marine propellers where the scale
ratio between a full scale propeller and its model
is large. Sometimes this ratio exceeds 30. As
mentioned above , while the effect of the velocity
difference is very large, we can still make a model
test with the same tip speed as full scale by
increasing the revolution of the model propeller.
However it is very difficult to reduce the scale
ratio of chord length.

Experimental verifications on this problem are
also very poor. Thiruvengadam (1971) made his
erosion tests using two chord lengths, 1.5 and 3 in.

His result shows that the erosion intensity increases
proportional to the chord length. The result
obtained in the present test is shown in Figure 15.

In the present tests the erosion intensity increases
proportional to the square of chord length. The
effects of hydrodynamic factors such as cavitation

20 HO 70 100

Velocity (m/s)

FIGURE 14. MDDR vs. velocity
(NACA 0015 : H2102-2, C = 30 mm,
a = 4 deg.) (NACA 16021 : H2102-2,
C = 40 mm, a = 4 deg.).
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AP « Pv-Pmin

- ( o + CPmin) PV" (6)

where A =

npV^-L^A^a [-(a + Cpn,in)l'

Combining Eqs. (5) and (6), the following equation

is derived.

V = X^ [-(a + Cp-.i„)

32"

(7)

The number of cavity bubbles per unit time is then

given as.

6e V

N =

x3l [-( a + CPn,in)]2

(8)

where A as the nondimensional cavity length, X =

X/L, &e is the nondimensional cavity thickness at

the end, and 6e = 6e/L.

Here , we make the same assumption as in the

previous paper [Kato (1975) ] on the statistical

energy distribution of cavity bubbles. The distri-

bution is given as.

cE exp (-aE) (9)

where n is the number of bubbles per unit time

whose energy is between E and E + dE. Total number,

N, and total energy of bubbles, E^-, are given as

follows

:

K^ &e

n2p2v3L3x9a2 [-(a + Cp . )]2
min

In the present case the chord length is taken as a

suitable reference length, L.

Equation (13) is similar to Eq. (2) , but it is

extended to include differences in the cavitation
numbers.

The next problem is the modelling of deformation
of a material surface caused by the attack of
collapsing bubbles. For the present tests, hardness
seems the best property to express the erosion
resistance of a material. However it was found to

be insufficient as seen in Figures 17 and 18.

The methods of hardness testing can be divided

into two types. One is the measurement of a dent

size caused by the static load of a sphere or a

pyramid on the material surface . The other method
is the measurement of absorbed energy from dropping

a certain test body on the surface. The Vickers

hardness test made in the present study belongs to

the first type.

When a pyramidal dent whose depth is d, is

formed by a static load F (Figure 21) , the energy

used to the deformation is

E "^ Fd (14)

N = ndE
c
72" (10) The hardness has the following relation by its

definition.

(15)

2c
EndE = —

T

a^ The increase of surface roughness (SR) by the single

dent is given as

Constants a and c can be decided by combining Eqs.

(4) , (8) , and (10)

.

V
SR = - (16)

^1

npv2L3x3[-(a + Cpi^n) ]

K'6e —
9

n2p2v3L'7xV[-(a + Cpmin)]^

(11)

where Kj and K2 are constants independent of the

chord length, velocity and cavitation number. From

Eq. (9) , the distribution function of energy density,

f , is derived as a function of energy density, e.

The detailed discussion of this point is given in

the previous paper [Kato (1975) ]

.

Substituting Eqs. (9) and (11) into the relation

f(e) = L^n (eL^)

the final expression for f is

f = C e exp (-Ae) ,

(12)

(13)

where V and S are the volume of the dent and refer-

ence area, respectively.

Combining equations (14) ~ (16)

,

SR (17)

Diamond Pyramid

iF

h
£—

i

//////

Material

formation

FIGURE 21. Model of Vickers hardness test method.



where e is the energy density absorbed by the
material's plastic deformation. If e is small
enough, the deformation is within the elastic limit
and no permanent dent will be formed. When e
exceeds a certain limit, e^, the plastic deformation
of surface occurs and a pernament dent is formed.

Then the following relation is derived:

for e
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material such as yield strength. Young's modulus
etc., at the present stage, for lack of data we
assume the following relation.

£ q: n '
c "y Oy : Yield strength (22)

and determine the power, n, from the erosion experi-
ments .

for e > (18)

The above mentioned argument is valid for the actual
case of erosion where many cavity bubbles collapse
in a certain period if e is substituted to, £, in
these equations.
Then,

e =
P

E = e - E
P c

for e < £

for £ > E

and

MDDR = -— £ f (e)d£
ti__

I P

(19)

Comparison with Test Result

The results of this theoretical model are compared
with the erosion test of NACA 0015 section in
Figure 23 where the two constants, Kj and K2 , in
Eq. (21) were determined using two different test
points. In this figure those points are shown by
dashed marks. The value of the power, n, was taken
as n = 1/4 from the experimental results. The
agreement between this theory and the test results
is satisfactory.

The theory was also compared with Thiruvengadam'

s

test result [Thiruvengadam (1971)]. In this case,
no data about the cavity was measured, so only the
peak value of erosion intensity was used in this
comparison with the present theory. The agreement
is almost perfect as seen in Figure 24 where one
set of data was used to determine two constants.
Photos in Figure 23 (b) also show the paint test
results discussed in the next section.

H~ I

'^ ~
''c' ^'^ ^^P (-Ae)de

V
(20)

Integrating Eq. (20)

,

MDDR
Ki3 Hv

G (a) ( 2 +
K,e

1 c

pV'LF{a)

Paint Test and Soft Aluminum Erosion Test

Recently the paint test has been routinely used at
several research laboratories to predict erosion
intensity, in contrast to the present research using
the soft aluminum erosion test to predict erosion.
Both of these two test methods have merits and
demerits. The soft aliominum erosion test is some-
what troublesome and the surface of the material

exp [

K e
1 c

pv2LF(a)
(21)

where

F(a) s nA^o [-(a + Cp . ) ]2mm

G(a) = naSe

Here F and G are functions of cavitation number,
where G is proportional to the total energy of the
cavity reaching to the surface, and F is related
to the individual energy of each cavity bubble.

The probability of the bubble collapse on the
foil surface, n, is calculated using the estimated
mean position of collapse and its fluctuation. In
the case of the NACA 0015 foil section, the position
was estimated as 1.3 X from Figure 10 and the
fluctuation is assumed to be the same as the cavity's
fluctuations. The thickness at the end of cavity
is taken from Figure 8. The value of F and G for
NACA 0015 section were calculated at a = 4°. The
results are shown in Figure 22.

While the critical value of energy density, e ,

should be expressed by the mechanical properties of
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FIGURE 24. Comparison with
Thiruvengadam's data (NACA

16021).

is destroyed, as a matter of course, after a long
exposure to cavitation. But as mentioned in Section
1 , it has the merits of yielding quantitative and
reliable erosion data, a similar appearance of the
full scale eroded surface, etc.

The paint test has just the opposite merits. It

is a cheap and handy method. And although the
conditions under which the paint is removed changes
with very small changes in the paint composition,
test procedure, etc., it appears that by developing
standards, the paint test can be used to represent
relative differences between similar models.

From this discussion of the paint test merits
and demerits , the paint test appears suitable for
daily routine tests of usual propellers. The soft
aluminum test is suitable for making standard com-
parative tests at different research laboratories
as well as for different types of propellers and
for situations where critical erosion predicitions
are required.

It is valuable to make a comparison of these
test methods using the same foil section. After
testing several kinds of paint, a marking paint
"AOTAC" was found to be the best. Figure 23 (b)

shows appearances of the painted surface after 5

min. test. They can be compared with the theory
and the soft aluminum erosion test results shown
in the same figure. The cavitation number of
maximum erosion intensity is slightly different
between the paint test and theory. But the general
tendency agrees well and the paint test seems very
useful especially for a comparative testing.

The position of maximum erosion intensity esti-
mated from the paint test also agrees well with
the chordwise distribution of MDD shown in Figure
10.

6. AIR INJECTION SYSTEM

Tiny air bubbles in the free stream reduce the
erosion intensity by the action of their damping
effect as mentioned in Section 4. To achieve a
positive damping effect an air injection system

with air bubbles injected from holes on the foil
surface is sometimes adopted. This system has
been used very effectively to prevent erosion on
the inner surface of a full-scale ducted propeller
[e.g. , Okamoto et al. (1975) and Narita et al.

(1977)]. However the mechanism of prevention is

not yet fully explained, and the best injection
position and/or the necessary amount of air injection
have not been clarified.

The authors made the air inject test using NACA
16021 foil sections with three air injection holes
of 0.5mm dia. drilled at 10^ or 37.5^ chord position
(Figure 25). The tests were made at a = 4°,

V = 41.9m/s, and a = 0.438. The previous test
showed that the peak MDDR value falls somewhere
between 40 ~ 45^ chord. The injection position
of 10^ chord represents the injection near the
leading edge of the section, and that of 31.5% chord
represents the injection which insures effective
coverage of the eroded area. Air was then injected

at 2 , 5, and 10 cc (normal) /min. The quantity of

air was so small that separate air bubbles were
found even at the 10 cc/min, and consequently the
air jet column typical at high flow rate was not
observed. As seen in Figure 26, the injection
from 10^ chord gives better performance and even as

small a rate of the injection as 2 cc/min results
in drastic decrease in the erosion intensity. With
injection the MDDR value reduced to 1/5 of non-
injection level. Increasing air volume, the value
of MDDR decreases but the effect seems to become
saturated with a larger rate of air injection.

7. CONCLUSIONS

(1) The purpose of the present research was to

find the mechanism of cavitation erosion and its

scaling laws with special reference to the relation-
ship between the appearance of cavitation and the
erosion intensity.
(2) Detailed observations of the cavity pattern
were made on a two-dimensional foil section (NACA

0015). Then erosion tests, using the same foil
section of pure aluminum and aluminum alloy, were
made to measure the increase of surface roughness.
The erosion intensity was also compared with the

observed cavity pattern and other hydrodynamic

O.IC OR 0.375C

Eroded Region
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V-
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FIGURE 25. Location of air injection.
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FIGURE 25. Effect of air injection on MDDR erosion

index [NACA 16021, pure Al (H2102-2) , C = 40 mm,

a = 4 deg. , V = 41.9 m/s , a = 0.438].

factors such as cavitation number, water velocity,

etc.

(3) Modelling of cavitation erosion has been made

assuming a statistical distribution of cavitation

bubble. Using the model, a theory of erosion scaling

was established which contains two constants given

by the experiment. The erosion scaling of cavita-

tion number, velocity, chord length, and material

can be made by the theory. The theory has been

shown to give good agreement with the authors ' and

Thiruvengadam' s tests

.

(4) Another two-dimensional foil section (NACA

16021) was also tested, but in this case the side

wall effect was so large that the results were not

compared with the theoretical calculations

.

(5) The paint test also was made with the same

foil section (NACA0015) . The results of paint

test agreed with that of the aluminum erosion test

although it gives qualitative data.

(6) The effect of air content and air injection

method was also investigated experimentally. The

air injection was found to be very effective in

preventing erosion.
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Experimental Investigations

of Cavitation Noise
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ABSTRACT

The requirement of low or acceptable noise levels
onboard ships as well as low levels of radiated
noise for special purpose ships can cause large

problems for the naval architect. Low noise levels
onboard ships are required in living quarters and

also in some working spaces. The radiated noise

field is of concern for instance for fishing vessels
and ships with acoustical dynamic positioning systems.

One important source of noise in ships is cavita-
tion and especially cavitating propellers. The

cavitation noise can have a quite varying character.
It may for example sound like a hiss or like sharp
hammer blows. For the naval architect it is impor-

tant to be able to predict and, if possible, to

reduce undesired cavitation noise.
In this paper some of the research and develop-

ment work on cavitation noise at the Swedish State
Shipbuilding Experimental Tank (SSPA) will be

described. This work at SSPA is mainly experimental
and two projects will be described here in detail.
One concerns the relation between cavity dynamics
and cavitation noise . This work was carried out
using an oscillating hydrofoil in the No. 1 SSPA
cavitation tunnel. The other project concerns the
relation between types of cavitation and cavitation
noise. Different types of cavitation were generated
in the tunnel using axisymmetric head forms and
hydrofoils.

A great deal of effort has been made at SSPA to

develop adequate methods for measuring cavitation
noise in cavitation tunnels. A short review of

the measuring techniques now in use is given in an

introductory chapter. Besides the two projects
mentioned above several other projects are, or
have been, carried out at SSPA.

1. REVIEW OF MEASUREMENT TECHNIQUES AT SSPA

Measurements of cavitation noise started at SSPA
as early as 1958. The first tests concerned cavita-

ting axisymmetric head forms and were carried out
in the SSPA cavitation tunnel No. 1. The measuring
equipment was a waterfilled box attached to one of

the plexiglass windows of the tunnel. A hydrophone
was lowered into this box and could thus pick up

the noise emanating from the source (propeller etc)

.

The transmission path from the noise source is

through water, plexiglass, and water to the hydro-
phone. The transmission loss due to the presence
of the plexiglass window is low. The drawbacks to

this arrangement are reflected acoustic waves and
vibrations in the box. The problem with the

reflected waves may partly be overcome by carefully
calibrating, or rather comparing, results from the

hydrophone in a free field and in the box using the

same known noise source. Vibration problems (from

the vibrating tunnel plating) may be cured by using
a pair of rubber bellows between the box and the
window '(see Figure 1).

The signal from the noise source is, however,

still distorted as can be seen in Figure 2. This

figure shows the noise from a cavitating propeller,

as measured by the hydrophone in the box and a

hydrophone near the propeller. The differences in

the curves are striking and show that the general

shape is seriously altered by the box. It is in

fact almost impossible to analyse the signal in

time-domain using the hydrophone in the box. Com-
paring results from 1/3 octave band analysis also

shows differences, especially as regards the
frequency dependence. These differences are,

however, not as striking as those for signals in

time-domain.
The arrangements for noise measurements at SSPA

are at present:
1. Flush mounted pressure tranducers on the hull

(Figure 3)

2. Flush mounted pressure transducers on the tunnel
wall

3. Hydrophones in the flow field near the propeller
(Figure 3)

4. Hydrophone in the water-filled box outside the

tunnel

470
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Tunnel No 1 Test section 700 ^ 700 mm

-3^ ^

Bel lows

5

-^^

Hydrophone box 1 ( 2mm sleel

)

connected to plexiglass

nndow by rubber bellows

Free water surface

"-Hydrophone

Plexiglc ss

FIGURE 1. First arrangement for

noise measurement. (Tunnel No. 1)

K
pressure

blade frequency period H

\A
„.«,«*-««-*""^' --Mw^'

\/
Hydrophone near propeller

v,,,^,i^|fPif^^Hmi^m

I ^(' !

^ time

Hydrophone in external box
FIGURE 2. Pressure signals at different
hydrophone positions.
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HI, H2, H3, A, D, E,F,G
are pressure transducers

1/2

FIGURE 3. Arrangements for noise measurements on complete ship model. (Tunnel No. 2)

Arrangement 1 is intended to be the standard
measurement procedure at SSPA and results are easily
compared with full scale measurements using the

same equipment. This arrangement gives essentially
the near field noise from the propeller.

If it is of interest to know the radiated noise
into the farfield, arrangement 2 can be used.

Arrangement 4 also gives the farfield noise, but
has its problems, as discussed above. Arrangement
2 has less problems with reflected acoustic waves
and vibrations than arrangement 4 . The main reason
why arrangement 4 is still used is to compare results
directly with older measurements. Arrangement 3

(Figure 3) has been especially developed for explor-
ing the influence of variation in cavitation and
the effect on the near field noise. Other arrange-
ments of hydrophones have also been used for special
purposes.

Since the main concern in the noise measurements
is cavitation noise, the effect of flow noise due
to the turbulent boundary is of minor importance

.

Usually the increase in noise level due to cavita-
tion is quite substantial, as can be seen in Figure
4, which shows a typical example for a propeller in
non-cavitating and cavitating condition.

2. EXPERIMENTS WITH AN OSCILLATING HYDROFOIL

Background to Experiments with Oscillating Hydrofoil

A typical example of the pressure signal from a

cavitating propeller model is shown in Figure 5.

The pressure was measured by a hydrophone near the

• Non-cavitoting propeller

o A Cavitating propeller

Sound pressure level re 1 [iPa in 1/3 octave band

190

180

170

30 50 100 200 500 Ik 2k 5k 10k 20k iOk
Hz

FIGURE 4. Noise measurements on propeller-model.
(Tunnel No. 2)
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pressure

I

JlO^ Pa

«• '"'(;/'' VvH;

Blade frequency period

^''X,,w> %v;i^^~"

time (ms) 10

FIGURE 5. Pressure signal from a cavitating

propeller model.

propeller. The signal corresponds to a spectrum of

the the type shown in Figure 4 and typically is a

rather slow variation of pressure interrupted by
sharp and fairly infrequent pulses. The pulses
are presumed to be generated during the final cavity
collapse and they provide the main contribution to

pressure levels at high frequencies. The pulses
are often higher than the low frequency variations

,

but because of their low repetition frequency and
wide frequency content the spectrum levels at high
frequencies are lower than at low frequencies

.

To understand the scaling of cavitation noise
and how different types of cavitation noise are

generated, and perhaps can be reduced, it is

important to study the mechanism generating different
types of noise. A suitable way to obtain sucn
knowledge is to carry out high speed filming and

synchronous measurement of the cavitation noise.
The first idea was to carry out such measurements
with a propeller model. Because of high tip speed,
small dimensions, and the complicated geometry of
a propeller it was decided to take the first step
by performing such experiments with oscillating
hydrofoils. By suitable oscillation of a hydrofoil
it is possible to generate cavitation with approxi-
mately the same dynamic behavior as obtained from
a propeller operating in a wake. The experiments
with oscillating hydrofoils were supposed to shed
some light on the following questions that originated
from the search for methods of prediction and
reduction of propeller cavitation noise

:

1. Which are the characteristic properties of the
pressure pulses from some special types of
cavitation?

2. Are strong pulses generated by an orderly
collapse of the whole cavity (e.g., a sheet
cavity) or do they originate from large or
small parts that separate from the main cavity?
What is the geometry before and during collapse
of cavities generating strong pulses?

3. How is the pressure pulse related to the size
of the cavity? Is there, for example, any
relation between the maximum extension of a
sheet cavity and the final pressure pulse?

4. Is rebound of cavities important for generation
of sharp pulses?

5. What part of the cavitation period is of main
importance for the generation of different
types of noise (slow pressure variations, sharp
pulses, etc. )

?

6. Which are the characteristic properties of the

flow field, osciJ-lation frequency, etc., causing
cavitation with violent collapse?

7. To what extent is collapse time determined by

the oscillation frequency of the hydrofoil?
8. To what extent does the cavity behavior seem

predictable by theoretical methods? How
realistic is it to think that a sufficiently
good scaling from model to full scale is

obtained for the most important cavitation
events?

Experimental Set Up

Cavitation Tunnel

The tests were carried out in SSPA cavitation

tunnel No. 1 (the samller one) equipped with test

section No. 1 (500 x 500 mm).

Oscillation Apparatus

The hydrofoil was located horizontally in the test

section and attached to an oscillation apparatus

fixed to the test section wall (Figure 6) . The

hydrofoil was supported only at one end and forced

to oscillate (rotate) around an axis fixed spanwise

through the midchord point, i.e., the geometric

angle of attack oscillated around an adjustable

mean value, uq, (Figure 7). The axis was driven

by a connecting rod and an adjustable crankpin.

By setting the crankpin the oscillation angle, a,

could be varied from to 6°. With the hydrofoil

used in these tests the oscillation frequency, fosc'
was varied from to 15 Hz. The limits of water

speed, ag, a, and f^^^ were set by the strength of

the hydrofoil and the background noise generated by

the apparatus. One part of the background noise

from such an apparatus is knocking in shaft bearings.

To minimize this knocking, adjustable bearings were

used. The motor, which was not dimensioned for this

experiment, could deliver 16 kw at a maximum speed

of 50 r/s.

The dynamic angle of attack, experienced by the

leading edge of the hydrofoil, is composed of the

geometric angle and of an angle caused by the motion

of the leading edge. The angle is also affected by

induced velocity. In the following only the geomet-

ric angle is considered (Figure 7)

.

The system with connecting rod and crankpin

results in an approximately sinusoidal oscillation

of the geometric angle of attack. This manner of
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Hydrofoil

Hydrophones Hydrophone strut

FIGURE 5. Experimental set up.

Hydrofoil

oscillation does not cause a time variation of the

angle of attack that is completely similar to that
of a propeller blade in a wake. The reason for

using this sytem was that, due to its strength,

high oscillation frequencies with large hydrofoils
could be obtained. If similarity with propellers
is most important it is probably better to use

oscillation systems of the types constructed by

Ito (1962) and Tanibayashi and Chiba (1977).

Hydrofoi

1

In these introductory experiments an existing hydro-
foil, earlier used for studies in two-dimensional
flow, was used. The profile has NACA 16 thickness-
distribution and is typical of a relatively thick
propeller blade at about 0.7 of propeller radius.

The hydrofoil data are

Mean line a = 0.8

Camber ratio = fy/c = 0.0144
Thickness ratio = s/c = 0.0681
Chord length = c = 120 mm
Span = 200 mm
Profile shown in Figure 7

.

Noise Measuring Equipment

Two hydrophones (Bruel and Kjaer Type 8103 with

frequency response 0.1 Hz - 140 kHz ±2 dB) were
placed in notches in a tube supported by two hydro-
foils in such a way that photographing of cavitation
was permitted (Figure 6). The frequency response
of the hydrophones mounted in this manner was
checked by white noise. No significant change in

the frequency response was detected.
The hydrophone signals were recorded on FM-

channels on a Honeywell 5600-C tape-recorder (0-40

kHz at 60 ips tape speed) . Recordings were also
made on direct channels (300 Hz - 300 kHz at 60 ips) .

It was then possible to write out the complete signal
(0-40 kHz) by use of tape speed reduction and UV-

recorder.
Simultaneous with the hydrophone signals, a

signal showing the events of maximum angle of attack
was also recorded.

High-Speed Film Equipment

The requirements set up for the filming were that

the film had to be synchronous with the noise
recordings and permit measurements of cavity size

as a function of time. The intention was not to
measure the detailed behavior of small or very fast

events. The minimum duration of the filming was

set to about one second.

These requirements were met by a Stalex VS IC

camera capable of 3,000 frames/s. This is a 16 mm
rotating prism camera taking rolls of 30 m film.

Lenses with focus lengths of 9.8 and 50 mm were

used. For synchronization the camera could release
a flash at a preset time. The flash trigging
signal was recorded on tape together with hydrophone
signals and the flash was placed within the frame.

Only one flash was released during each filming.

The camera was also equipped with a crystal-controlled
time-marker, making one light marking every milli-
second on the edge of the film. This, together
with the synchronization flash, made it possible
to identify and follow cavitation behavior on the

film together with the corresponding pressure

Geometric angle of Qttacl< =OC'«=ao*asin 2TC t fosc

FIGURE 7. Oscillating hydrofoil.
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behavior recorded on tape . An example of the

recorded signals is shown in Figure 8.

As light sources, two 1,000 Watt spotlights were
used. To get a proper background without reflections
the hydrofoil was painted with a red matte paint.

A test was performed with black and white film
(Kodak 2479 RAR Film) . The result was not very
good, the contrast between hydrofoil and cavitation
being too small. Color film (Kodak Vide News Film)

was then used, with very good results.

Evaluation of Films and Pressure Signals

The pressure pulse generated by a cavity is related
to the volume acceleration of the cavity and thus
it is desirable to measure the cavity volume as a
function of time. With complex cavities this is
not very simple. An estimate of the cavity volume
could be obtained if both cavity extent (area) and
thickness were filmed synchronously. This is

possible by the use of optical systems reflecting
the two pictures into the same frame [Lehman (1966)].

No such attempts were made. Most photographs were
taken in order to measure the cavity area on the
suction side of the hydrofoil. To obtain information
about the cavity thickness some photographs were

,

however, taken from the free end of the hydrofoil.
A method of estimating the relative thickness,
synchronous with the cavity area, was to measure
the length of a cavity shadow generated by the
directed light. The method, which was calibrated
by use of spherical bubbles, was rather rough, but
some general information of thickness behavior was
obtained.

The photographs were studied by use of an analysis
projector permitting single-frame projection on a

focusing screen, where the area of the cavities
could be measured by summing up elements in a

pattern. For identification of cavitation events
on the films and noise recordings the synchronization
flash was the primary starting point. To increase
the accuracy of identification of events far from
the flash easily identifiable events, such as

single bubble collapses, were used as reference
points.

is used:

5 = oscillation angle
f = oscillation frequency

In the figures the reduced frequency
Tif c

_ !^ _ osc
c - 2U U

where

" = 2^fosc
c = chord length of the hydrofoil
U = water velocity

After some introductory tests the following con-
ditions of hydrofoil oscillation were selected from
high-speed filming:

"0
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FIGURE 8. Measurements with oscillating
hydrofoil. Recorded signals.

Max, angle of attack amax

H 1

t. f,

'M
.^

V /Vy A/pJ A>V Ay v^^/y

Hydrophone signals

H2 , \ )

-— Synchronization flash

''AV^>,
End of film-

FIGURE 9. Oscillating hydrofoil. Pressure signals and cavitation, a = 3° 5 = 4°.
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Pressure signals
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FIGURE 10. Oscillating hydrofoil. Pressure signals and cavitation, a 3° a = 4°

(approximately) that moment when maximum pressure
is generated. For rapidly collapsing cavities the
cavitation patterns shown existed 1/3-2/3 milli-
seconds before the sharp pressure pulse. A note
is also made as to whether or not the maximum
pressure increase coincided with the final collapse
(i.e., the complete disappearance of the cavity).
The collapse velocity during the last stage is
indicated by arrows

:

> = slow motion of the cavity boundary in
the direction of the arrow

>> = fast motion of the cavity boundary in the
direction of the arrow

>>> = very fast motion of the cavity boundary
in the direction of the arrow

At collapses with more or less spherical symmetry,
arrows are placed opposite each other.

To the right is shown the cavity growth time, T„,

and the collapse time, T^,, for the complete cavity,
measured by use of the time markings on the high-
speed film. The collapse time is measured from the
time of maximum area extent to that time when the
cavity generated the maximum positive pressure. For
rapidly collapsing cavities this event coincides
with complete disappearance of the cavity. This
was not the case for slowly collapsing cavities;

for these cavities the collapse times for complete
disappearance are also given (in parenthesis)

.

General

The general character of noise and cavitation be-

havior when the frequency of oscillation is varied

is shown in Figures 9-14. The pressure signals

from the cavitating hydrofoil are to be compared

with signals from the non-cavitating hydrofoil

(Figure 15) and with the curve in Figure 16, showing

the schematic behavior of the pressure generated by

a growing and collapsing cavity.

In comparisons of generated pressure from non-

cavitating and cavitating hydrofoils the most

striking difference is often the high and sharp

pulses generated at the cavity collapse. The

generation of such pulses is obtained especially

when fosc exceeds a certain value. Also the pressure

increase corresponding to cavity growth and the

pressure dip generated near maximum cavity extent

are detectable.
The generated pressure pulses were classified

into three main types:
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Slow pressure increase at cavity collapse
(normally obtained at fosc = 1~3 Hz)

Fast pressure increase (fosc = ^~^ Hz)

Very fast pressure increase,
pulses (fosc ~ V-15 Hz)

sharp

Generation of High Frequency Noise

Sharp pulses (i.e., high frequency noise) were

generated in three main ways

:

A. By violent collapse of the main cavity (or

a large part of it)

.

B. By collapse of small spherical bubbles
occurring independently of the main cavity.

The bubbles generated rather strong pulses.

C. By collapse of rather small irregular cavities
separating continuously from the main cavity.

Of greatest interest is the generation process
A, which was obtained at high fosc- '^^^ high and

sharp pulses were generated in three somewhat
different ways:

Al. Separation of a rather large part of the

main cavity at an early stage of the

collapse. Thick cavity formations often
separated in this way, especially if the

cavity was long (large ^rnax' ^^^ broken up

by disturbances. At the end the collapse
was often very violent and often followed

by a violent rebound. Also the rebounded
cavities (complex in form) cometimes

collapsed violently. An example of this
behaviour is shown in Figure 13 for fosc ~

7 Hz (oscillation period 5)

.

A2 . Sharp pulses were also generated when a

sheet collapsed towards the leading edge.

The upstream cavity boundary was attached
to the leading edge during the whole collapse.
This process was normal at the conditions
shown in Figures 11 and 12 and especially
in cases where the main cavity was rather
small. In these cases the whole collapse
was orderly and without extensive separa-
tions of cavity parts from the main sheet.
After the collapse was completed a rebound
of small cavities occurred about 10 iran

downstream from the leading edge and not at
the center of collapse as in the case of
more symmetrical collapses. Also in cases
where large cavities separated from the
main cavity the remaining, rather smooth
sheet often collapsed in this way (Figure

10, 10 and 14 Hz, Figure 13, 7 and 10 Hz).
A3 . In cases where the smooth sheet attached

to the leading edge was long and narrow it

was also cut off from the leading edge. For
the downstream part, the collapse then be-
came more symmetric and violent and with
a violent rebound (Figure 11, 10 Hz and
Figure 13, 7 Hz). This process often
occurred near the end of collapse.

Spherical bubbles were very effective as genera-

Pressure signals
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FIGURE 11. Oscillating hydrofoil. Pressure signals and cavitation.
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Pressure signals

J—I—I—I 50 scale units (su)

Cavitation

Max. extent. Co 1 1apse ("max p) (Hz)

fcscKc Tglms)

Tc(ms)
Tc/(Tc«Tg

a



480

Pressure signals
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FIGURE 13. Oscillating hydrofoil. Pressure signals and cavitation. a = 5

on propellers, depending on cavity geometry and

time variation of the surrounding pressure.

The contribution from collapse obviously exists

(see Figure 9, 1 and 2 Hz) but the quantitative

results especially at fosc ~ ^"^ ^^ must be used
with much prudence, because of the resonant character

of the signal in these conditions. This is discussed
in the Appendix.

,9rea Measurements of Some Cavities

some results from measurements of cavity area are

shown in Figures 17-23. The main cavity includes
the sheet and some small bubbles at the downstream
edge, which follow the behavior of the sheet.
Although the cavities in this condition were rather
simple, with no large separations from the sheet,
quite complex events often occurred during the
last 1/2 millisecond of the collapse.

Some comments on the figures will be made:
1. From the shape of the area curves it can be

seen that the growth of cavities was rather
similar in all cases , while there are
differences in the collapses. Compare, for
example. Figures 17 and 20.

2. It is seen that 1-2 milliseconds before
final collapse a slow or moderately fast
pressure increase was obtained. During this
time collapse is fast, but measurable. This
pressure fluctuation corresponds to low or

4.

medium-high frequencies from a propeller
(5-20 X blade frequency) . The pressure
fluctuation seems related to the dynamics
of the main cavity, which at this stage was
quite orderly.
During the last part of collapse very sharp
pulses with durations less than 0.1 milli-
second were generated. At this scale of
time, measurements and detailed observations
of cavity behavior were not possible. Some
observations indicated, however, that the
sharp pulses sometimes were generated by a

rather well-ordered collapse. Figure 17

shows an example of this behavior. The
cavity was in this case attached to the

leading edge during the whole collapse.
More complex cases are shown in Figures 18

,

21, 22, and 23. Several pulses were generated
during a short time and it is impossible to

separate the generating events (collapses
and rebounds of several small cavities)

.

Typical of these oscillation periods is

that when the downstream cavity wall moves
towards the leading edge, the cavity separates,

into two parts , both attached to the leading
edge. This separation was caused by a growing
disturbance on the cavity surface. The
disturbance grew from the downstream edge
towards the leading edge. (See also Figure
11) . During the collapse some bubbles also
separated from the downstream cavity edge
and the disturbed area. These three cavity
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groups seldom collapsed exactly simultaneously
or with the same violence. For example, in
the cases shown in Figures 18 and 21 a part
of the cavities was cut off from the leading
edge during the last millisecond of the
collapse. This resulted in violent collapse
of the cut-off parts.

From these examples it is understood that
in a single oscillation period the character
of the pressure signal is very sensitive to
such things as simultaneousness and violence
of separate cavitation events. Over many
periods, normally used in measurements, the
quantities are smoothed out to a mean value

,

which often is less sensitive to small dis-
turbances .

5. In some cases small bubbles and irregular
parts separated from the main cavity and
collapsed rather fast. In the case shown
in Figure 22 a group of small bubbles behind
the main cavity (cavity B) collapsed violently,
simultaneously with the main cavity, and it
is impossible to determine which of the
cavities generated the main pulse. Examples
of cavities that seemed rather fast, but
only generated small pulses are shown in

Figure 18 (B) and 19 (C)

.

6. The most extensive rebounds resulted from
cavities that were cut off from the leading
edge and then collapsed fairly symmetrically.
The cut-off normally occurred during the
last one or two milliseconds and it often
resulted in two cavities , one of which
remained attached to the leading edge. The

265 Pa/su fosc = U Hz

FIGURE 15. Pressure signals from non-cavitating hydro-

foil, a = 3° a = 4°.

Radiated pressure

FIGURE 16. Schematic behavior of cavity volume and

radiated pressure.



482

Covily area (cm'l p 131 Pa /scale unit

50 r

40

20

FIGURE 17. Cavity area and generated pres-
q

sure. Oscillation period -1.

ao = 3

a =3'

fosc = 15Hz

50 scale units

^'vJw»«.X-***'

5 10 15 20 25 30 35

t (milliseconds)

25 30

t {milliseconds)

Cavity area (cm^)

70

A l_., = 50mm

'^'Nm;x,^

35 40

t (milliseconds) period 4

FIGURE 18. Cavity area and gen-
erated pressure. Oscillation

Cavity area (cm^) p 131 Pa/scaie unit

50 r

FIGURE 19. Cavity area and generated pres-
sure. Oscillation period 6.

a„ = 3'

5 =3*

!„.= '5 Hz

50 scale units

10 15 20 25 30

t (milliseconds)



483

Cavily orea Icm^)

50 r P 131 Pa /scale unit

FIGURE 20. Cavity area and generated pres-
25 30

1 (miiiisecondsi sure. Oscillation period 7.

Cavity area {cm^)

70

FIGURE 21. Cavity area and gen-
erated pressure. Oscillation
period 12.

^**Va/^

35 40

t (milliseconds)

Cavity area (cm^)
p 131 Pa/scale unit

50 scale units

"i^VaN^rm^i^ii^^r*^

5 10 t5 ,„ 20 25 30 35



484

^ity area (cm')

FIGURE 23. Cavity area and generated pres-
sure. Oscillation period 14.

rebounded cavity (often a group of small
cavities) collapsed after three to four
milliseconds. Compared with the main cavity
the area of the rebounded cavity was small
(Figure 18 cavity C, Figure 22 cavity C and
Figure 23 cavity B) . The rebounded cavity
often generated pulses of nearly the same
height as the main cavity.
The equipment was not designed to measure
small and fast collapsing cavities such as

small bubbles , but an example .of a diameter
measurement of a bubble is shown in B'igure

24. The area (ird /4) of the same cavity is

plotted in Figure 19 (cavity A) , where the
sharp collapse pulses are also visible.
Other examples of bubble collapses are shown
in Figure 17 (time = t = 5 ms) , 18 (t = 10)

,

20 (t = 0, cavity A), and 23 (t = 0). Bubble
collapses are also shown in Figures 9-13.

Diameter (mm)
8

-4 -3 -2 -1

Time (milliseconds )

The bubbles studied appeared just before or
during the growth of the main cavity and the
pressure pulses were then easy to identify.
The bubbles normally rebounded once or twice.
From the size of the bubbles and the generated
pressure it is obvious that the bubbles are
very effective as sources of high frequency
noise. During the first life cycle, the
bubble surface was smooth, but in the rebound
cycles it became rough as reported by other
authors

.

Dimensionless Presentation of Some Results

The pressure generation at collapse is related
to the violence of the collapse and it is then
natural to study the collapse time. for cavities
generating different types of pressure pulses. Tc,
given in Figures 9-13, is measured for the complete
cavity, but in several cases it is only a separted
part of the cavity that generates the main pressure
pulse. Because of this simplification T^ is probably
not significant for the generated pressure in all
cases. The intention was, however, to study the
relevance of parameters for the complete cavity.

In Figure 25 T^/(T|, + T )., (T = growth time),
is plotted for the cavities shown in Figures 9-13.

As seen the steepness of the curves tends to
stabilize at a lower value for fosc ^^esulting in

sharp pulses. The growth and collapse are, however,
not generally related to each other and Figure 25
may thus give a distorted picture of T^-behaviour.
In an effort to remove this drawback T /T^,' also
was plotted, where T^ is a hypothetical collapse
time given by the formula for spherical cavities
(Rayleigh 1917) :

T ' = 0.915 «,

c max \Fo - p

FIGURE 24. Diameter of a spherical cavity. (Cavity A
in Figure 19.

)

0.915 a
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FIGURE 25. Normalized collapse time.

vjhere

surrounding pressure

p = vapor pressure
U = undisturbed velocity
p = density of water
a = cavitation number
Of course this formula at best gives a time

proportional to the collapse time of the sheet with
maximum length, J^max- ^^ ^^ shown in Figure 26

the tendency is simlar to that in Figure 25. The
conclusion is that at high f the collapse is

Osc
mainly regulated by a surrounding pressure consider-
ably higher than the pressure inside the cavity,
which results in T^/Tf^' - constant and a violent
collapse of the type predicted by classical theory
[Rayleigh (1917)]. At low fgsc -"-^ '-^^" ^^ supposed
that during collapse the pressures outside and
inside the cavity are approximately equal . Then a

violent collapse will not occur and T^/T^' becomes
considerably larger than for a "free" collapse.

If the cavity is considered as a monopole source
the generated pressure, p, in the far field is

P

4Trr

d'^V(t - -)
c

dt^
(1)

where
V =

r =

c =

t =

cavity volume
distance between cavity and hydrophone
velocity of sound
time

Applying this and classical theory of cavity
collapse it can be shown [ross (1976) ] that the
generated maximum pressure, Pmax' ^^ certain con-
ditions is given by

R AP

where

Rjfiajj
= the maximum radius of a spherical cavity

iP = Pfl - Pv
Pq = surrounding pressure
p.^, = vapour pressure
According to this

p r/{. AP
max (2)

would be an appropriate coefficient to study for
different cavities in our case. The parameters are:

+
p = maximum pressure increase at collapse
i = maximum chord-wise extension of the sheet

cavity (for bubbles Vax ~ diameter)

The distance r is measured individually for
every collapse.

1 9
AP = - p U'^ a - 9,500 Pa

Inherent in the coefficient above is an assumption
about the collapse dynamics and, as the dynamics
are dependent on cavity type, there is no universal
value for the coefficient (2) . For our purpose
the coefficient may be seen as a measure of the
pressure generation efficiency of different types
of cavities. For spherical cavities this coefficient
was used by Harrison (1952) and Blake et al. (1977).

Another treatment which leads to a dimensionless
pressure coefficient is to suppose that a constant
part of the potential energy available for collapse
is radiated as noise [Levkovskii (1968)]. The
dimensionless parameter derived from this assumption
is

'c max p

Tc'

5 -

4 -

3.0

20

1.0

D
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FIGURE 27. Pressure p at collapse. Different
conditions.
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FIGURE 28. Pressure p at collapse. Different
conditions.

3/2
R / p cAP
max

p = density of water
c = velocity of sound
Other symbols as above
Here it is necessary to know a time At propor-

tional to the duration of the pressure pulse.
With the use of At some information about the

real collapse dynamics is introduced and therefore
coefficient (3) may be somewhat more universal than
(2). Note, however, that for the original use of
(3) similarity in cavitation was assumed.

Of interest for future work is to what extent
the final pressure behavior can be described by
measured cavity data. In this case it is more
natural to think of methods to estimate d^V/dt^ in
(1) . It is then necessary to know V(t) or to assume
a relation between d V/dt^ and measured parameters,
such as collapse time and cavity size. In this
paper only the cavity area A(t) is presented. As
a first approximation it will be assumed that V(t)
is proportional to h}/^ or X^max' From the measure-
ments of A(t) attempts were made to estimate d^V/dt^
by difference ratios in the conventional manners.
This failed, due to uncertainty in A(t) during the
final collapse. Then as a very rough assumption

p+r T^ /H^ p
c max p max (5)

From the films it was observed that the cavity
thickness seemed proportional to the length rather
than to the square root of the cavity area and the
following coefficient was obtained in cases where
the area was measured.

3,0

2,0

dfy _

dt2

const (4)

/
/^

/«

slow pressure increase

fast pressure increase

very fast pressure increase

t

bubbles

was tested.
This is true only at very special circumstances.

The assumption was, however, used and from (1) and
(4) the following dimensionless pressure coefficient
is obtained

10 Reduced freq 15

10 15 f„„ (Hz) 20

FIGURE 29. Pressure p at collapse. Different

conditions.
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FIGURE 30. Pressure p from different oscillation
periods f = 15 Hz, ao = a = 3°

.

osc

reached the low value region (Figure 26) . There
is considerable scatter in generation efficiency.
It must, however, be remembered that the plot is
based on single cavitation events probably not
always typical, the results must only be seen as a
first hint of tendencies. The coefficient (3) gave
results rather similar to those from (2) but with
somewhat smaller dispersion. In Figure 29 it can
be seen that with coefficient (5) the dispersion
of the points was considerably decreased.

In Figures 30-32 results from Figures 17-23 are
plotted. Only the dimensionless coefficients (2)

and (6) are shown and it is seen that both attain
approximately the same values for similar pulses,
but neither of them brings the values of oscillation
periods 6 and 7 into agreement with the others.
The other coefficients give similar results. Also
if the coefficients are based on values of area,
time, etc. closer to the final collapse, the scatter
is not decreased drastically. The conclusion of
this is that, in the prediction of noise by theory
or model tests, good similarity in certain cavitation
events is important, and that these important events
are not generally described by such simple parameters
as Tc and V^^^.

Because it was not possible to estimate d^V/dt^
directly from measured values of V(t) functions of
the type

:

p+r T^ /A «, p
c max p max max

V(t) = const[l - cos

(6)

In Figures 27, 28, and 29 results are shown for
the different conditions shown in Figures 9-13.

p"''r is shown in Figure 27 only to provide a reference
for the other parameters

.

Figure 28 shows that the generation efficiency
increased strongly at a certain fosc (°^ reduced
frequency) . The increase normally coincided with
generation of very sharp pressure pulses and at
these fosc ^^^ relative collapse time had also

)(t)] [(t>(t) is a polynomial
with six variable para-
meters 1

were closely matched to nearly the whole collapse.

The pressures then calculated by use of these

functions agreed fairly well with measured values

in many cases. These simple computations also
demonstrated how sensitive the generated pressure
often was to the final behavior of V(t) and it was
easy to realize that parameters of the types dis-
cussed above can only be "universal" if they are
applied to fairly similar cavitation events.

2.0
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0.5

01
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30 40 50 60 70
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P'rtl
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oscpen -17 6 osc. per -17 6

FIGURE 31.

periods f

Pressure p from different oscillation
= 15 Hz, a =5=3°. FIGURE 32. Pressure p from different oscillation

periods f = 15 Hz, a =5=3°.
osc o
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3. SUMMARY AND CONCLUSIONS FROM EXPERIMENTS WITH
AN OSCILLATING HYDROFOIL

1. The generation of sharp pulses was dependent
of the oscillation frequency. At low
frequencies no high and sharp pulses were
generated and above a certain frequency very
high pulses were generated.

2. The sharpest and highest pulses were generated
by cavities which separated from the main
cavity and underwent a rather symmetrical
and orderly collapse. Detailed studies
showed, however, that a series of pulses was
often generated, indicating that the collapse
was not always simple at the very end.

3. Very high pulses could also be generated by
cavities that were attached to the leading
edge during the whole collapse

.

4. The highest pressure generation efficiency
was observed for spherical bubbles , which
despite their smallness generated rather
strong pulses.

5. The sharp pulses were generated during the
very last part of the collapse.

5. Rebound of cavities was an important process
for generation of sharp pulses . The most
violent rebounds were obtained for separated
cavities

.

7. Low frequency noise was generated during the
growth, near the time of maximum cavity
extent and during the rather late stage of
collapse. Because of a disturbing resonance
the importance of collapse was, however,
difficult to determine.

The basis of existing scaling laws for cavitation
noise is mainly [see for example Levkovskii (1968)
and Baiter (1974) ]

:

1. Ideas from theory and experiment concerning
the dynamics and radiation properties of a

single cavity.
2. Ideas concerning statistical properties of

the pulse-generating events.
The dynamics and radiation depend on cavity

geometry, cavity size, and the surrounding pressure.
Scaling laws based on simple theory deal with model
scale and magnitude of surrounding pressure, while
similarity has to be assumed in cavitation behavior.

It has to be accepted that complete similarity
in cavitation behavior will not occur, but if it is
known which events in the cavitation process are
crucial for generation of important pulses this
will provide an indication of to what extent
similarity is necessary for proper application of
scaling laws.

Of course these introductory experiments cannot

supply the final and complete answer, but the results
indicate that one of the most important factors is

that the separation of a cavity into parts is

correctly scaled, the reason being that these
separations are often the starting points for violent
collapses. Especially when large parts are separated,
this often begins at an early stage of the collapse,
or is even initiated by disturbances during the
growth of the main cavity.

Parameters that determine tendencies to separation
of cavities have only been studied to a limited
extent, but it is clear that the combination of a
long (chord-wise) cavity and high reduced frequency
causes extensive separation of large parts from the
main sheet. From the plots of collapse times and
pressure generation efficiency, p'*'r/APJ!,_ , as

functions of reduced frequency it can be concluded
that within special regions it is important that
the time variations of the surrounding pressure be
properly scaled. Such a scaling may be critical
for the onset of separation of large cavity parts
from the main cavity.

4. NOISE FROM DIFFERENT CAVITATION SOURCES

Introduction

In order to gain more information concerning the
noise emitted from a cavitating source, tests with
four axisymmetric head forms and two hydrofoils
have been carried out in SSPA cavitation tunnel No.

1. The aim of these tests was to obtain well-defined
and unambiguous types of cavitation, as biibble,

sheet, and vortex cavitation. Comparisons of the
noise levels from these different types of cavitation
were made , as well as some investigations of the
effect of free-stream velocity and gas content.
The results reported here will only concern effects
of the type of cavitation.

Test Set-Up

The tests were carried out in SSPA cavitation tunnel
No. 1 test section, 0.5 m ^ 0.5 m. The noise was
measured using arrangement 4 (hydrophone in water-
filled box) , see also Figure 1. In some of the
later tests a flush-mounted hydrophone in the
tunnel wall (arrangement 2) was used as well as a
hydrophone in the flow field. Signals from the
hydrophone { s ) were registered by a tape recorder,
but also directly analysed by a 1/3 octave band
analyser and a narrow-band analyser. Main results
given here are from the 1/3 octave band analysis.

Tests were carried out for a water speed 9 m/s,
but with some additional tests at 7.5 m/s and 11

m/s . The gas content of the water at the tests
was 10? and 40?, with some additional tests at

higher gas content.

Test Set-Up

The first series of tests was carried out with
axisymmetric head forms. The reason for this
choice was that cavitation patterns for these bodies
were well-known and well-defined from rather exten-
sive tests [Johnsson (1972)]. The head forms used
are given below, see also Figure 33.

Head form Shape
SSPA iden- of nose
tification contour

Cavitation Type of
number for cavita-
cav inception tion

UlA
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U 1A

Hemispherical

_2rrT

N 39 (flat nose I

Elliptic 3:1

One of the wings tested has cambered sections
and elliptical planform, and the other has symmetric
sections and trapezoidal planform, see Figure 35.

Wing Angle Cavitation Type of
(SSPA ident- of number for cavitation
ification) attack, a cav inception

Elliptic,
cambered
(16-12.12) +2°

172°
2.5

3

sheet

vortex
vortex

N 3 Iflot nose)

Elliptic 6 1

T

N 10 Iflot nose)

Elliptic 4:1

^l
FIGURE 33. Axisymmetric head forms.

noise and made noise measurements almost impossible

at low cavitation numbers. There is also some

question whether such background noise from undesired
cavitation was obtained at higher cavitation numbers
than a = 0.4, when cavitation numbers are increased.

With regard to these findings the results given

here are limited to cavitation numbers a >. 0.6 and

only for decreasing pressure.
In Figure No. 34 1/3 octave band noise spectra

for cavitation numbers a = 1 and a = 0.6 are given.

At a = 1.0 no visual cavitation was obtained and
the noise levels are almost the same as for the

empty tunnel (at the same velocity and cavitation
number). At a = 0.6 the cavitation is well developed
for the hemispherical nose , for the other head forms

no cavitation can be visually observed. There are,

however, rather large differences in noise spectra
for the three "non-cavifating" head forms . Thus

head forms N3 and NIO have noise levels 10 to 2

dB above N39, for which the noise level is equal
to non-cavitating or empty tunnel conditions. These

differences cannot be attributed to unwanted cavita-
tion on the wing or tunnel walls. In that case the

noise levels for head form N39 should also have
increased. The conclusion is thus that head forms
N3 and NIO have audible but not visible cavitation.

From the tests with axisymmetric head forms it

can be concluded that the cavitation numbers will
be low, which implies that effects of unwanted
cavitation will increase background noise levels
and violate results for the cavi fating head forms.

Tests with Hydrofoils

In order to obtain cavitation at higher cavitation
numbers tests with two wings have been carried out.
Using wings, vortex cavitation can also be obtained.
The problem is here rather to obtain other types of
cavitation without getting vortex cavitation.

Trapezoidal

,

symm rounded
tip (K7 Vbl*)

Trapezoidal
symm with
end plate
(K7 Vp3*)

0.5
=1.5

=1.2

bubble
vortex

sheet

(*The wing K7 was tested with rounded tip, Vbl,

and a small end plate, Vp3, see also Figure 35).

For the comparison of noise emitted from different
types of cavitation it is important that these
comparisons be made at the same cavitation number.

One inherent difficulty is that pure bubble cavita-

tion seems to be possible to obtain only at rather
low cavitation numbers compared with the other
cavitation types.

dB re 10^° Pa

150 r

UO

130

110

100

Cav number 0*= 1

No cavitation

40 f UHz)

dB re 10 Pa

150

KG -

130

120

Cav
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Wing 16-12 12

Elliptic , cambered

dB re lO'" Pa

150

Wing K7

Trapezoidal , symmetric

Tip shape ;

R(3unded K7 Vb 1

End plate K7 Vp 3

FIGURE 35. Wings'

Results from the tests are given here for five
cavitation numbers, a = 3, 2.5, 2, 1.5, and 1.

The free stream velocity was 9 m/s and the gas
content ratio was 10^. Results are given as faired
curves for the noise levels from 1/3 octave band
analysis.

For cavitation number a = 3 (Figure 36) only
the cambered wing 16-12.12 at a = 172° cavitates
with vortex cavitation. Noise levels for the wings
with no cavitation are of the same order as for the
empty tunnel. The vortex cavitation at a = 172°
gives an increase in noise levels of 15 to 20 dB
compared with non-cavitating conditions.

At a = 2.5 the wing 16-12.12 has vortex cavita-
tion at a = 2° and a = 172°, Figure 36. It is of
interest to note that the vortex cavitation at
a = 2° is not attached to the wing tip but starts
behind the wing. This vortex can only be obtained
when the pressure in the tunnel is increased
(increasing cavitation number) . The increase in
noise level due to vortex cavitation here is also
15 to 20 dB.

For the cavitation number a = 2 the wing 16-12.
12 has vortex cavitation at a = 172°, intermittent
vortex cavitation at a = 2° and sheet cavitation
at a = -2°. The vortex cavitation gives an increase
in noise level of the order of 15 dB. The sheet
cavitation at a = -2° increases the noise levels
at higher frequencies (f > 5 kHz), 10 to 15 dB
above the level for vortex cavitation, see Figure
37.

At a = 1.5 it can be noted that in some cases
no pure types of cavitation can be obtained. Thus,
wing 16-12.12 gives sheet cavitation at a = -2°,

vortex cavitation at a = 2° and vortex and bubble
cavitation at a = 172°. Results in Figure 37 show
the largest increase of noise levels for sheet
cavitation. Note also the differences between

Cav number 0- 3

12.12
,
a=172 )

4ff f(kHz)

dB re 10'* Pa

150 r

KO

130

120

100

Cav number (S- 2 5

-Vortex cav. 116-12.12
,

-Vortex not V a=172°, a=2°)

attached (a=2')

No cavitation

"

ID fTkHz)

FIGURE 36. Wings, cavitation noise (1/3 octave band).

(Free stream velocity 9 m/s, gas content 10%.)
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Cav. number CJ= 2

Sheet cav. (16-12 12, a= -2

Vortex cav (16-12 12,

a = 172°, a=2°)

40 f(kHz)

dB re 10
" Pa

150
Cav number <S - 1 5

-Sheet cav (16 -12 12 , a= - 2")

Vortex and bubble

-

cav decreasmg

.

116-12 12 ,
a=172'

(16-12 12,a=172

(J increasing ,Ct= 2 )

40 f(kHz)

FIGURE 37. Wings, cavitation noise (1/3 octave band).
(Free stream velocity 9 m/s, gas content 10%.)
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decreasing and increasing cavitation number for

a = 172°. For decreasing a small cavitation bubbles
are obtained, which increase the noise level about
15 dB compared with increasing a.

From the results at cavitation number a = 1.0

(see Figure 38) it is obvious that bubble cavitation
gives the largest increase in noise levels from
25 dB at low frequency (500 Hz) to 55 dB at high
frequency (40 kHz) . Sheet cavitation gives less
increase but depends on the intensity of the cavita-
tion. Thus for wing 16-12.12, a = -2°, the sheet
cavitation is extensive and gives an increase from
20 dB at low frequencies to 50 dB at high frequencies
compared with non-cavitating condition. For wing
K7 Vp3 the sheet cavitation is concentrated at the
leading edge and an increase in noise level is only
obtained for higher frequencies (> 2 kHz) and the
increase at 40 kHz is of the order of 25 dB. The
differences in noise level for wing K7 Vbl for
increasing and decreasing cavitation numbers can be
attributed to differences in cavitation patterns.
No pure vortex cavitation could be obtained at
cavitation number o = 1.0.

noise level are obtained for higher frequencies
(f > 2 kHz) and for 40 kHz the increase is 25 dB.

Bubble cavitation gives the largest increases
in noise level. Levels are for this case 5 to 10

dB above the levels for sheet cavitation.
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Conclusions from Tests with Head Forms and Hydrofoils

Tests with head forms are less suited as rather low
cavitation numbers are needed. This may cause
problems with high background levels due to undesired
cavitation on tunnel walls etc. Tests with hydrofoils
can be used to obtain effects on noise levels from
different types of cavitation. There may, however,
be some problems in obtaining pure cavitation types.

Vortex cavitation gives an increase in noise
level of about 20 dB. It should be noted that
differences in vortex cavitation can be obtained
for increasing and decreasing pressure, which also
show as differences in noise level. Also a vortex
not attached to the wing causes increases in noise
level. The increase in noise level due to vortex
cavitation seems to be less for lower cavitation
numbers

.

Sheet cavitation gives siibstantially higher
levels than vortex cavitation. The extent of the
sheet has some influence on the noise level. For
a fairly large sheet increases in noise level of
20 dB at 500 Hz to 50 dB at 40 kHz are obtained.
For a small , leading edge sheet the increases in
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FIGURE 38. Wings, cavitation noise (1/3 octave band).
(Free stream velocity 9 m/s , gas content 10%.)
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APPENDIX
HIGH OSCILLATION FREQUENCIES MAINLY GENERATING

SHARP PRESSURE PULSES

LOW OSCILLATION FREQUENCIES MAINLY GENERATING
RATHER SLOW PRESSURE PULSES

The following observations were typical for fosc ~

1-3 Hz and ao = 3°, a = 4° (Figure 9) but most of
the results are also valid for other angle conditions

:

1. The maximum pressure increase is generated
before the sheet cavity has disappeared
completely. At the moment of maximum pressure
increase the collapse Slowed significantly
and the rest of the collapse was very slow.

Due to hysteresis the total collapse time
was sometimes longer than the growth time

,

Tg. Typical for the collapse from maximum
extent to maximum pressure was T^/(T^ + Tg)

> 0.4. The sheet cavities were attached to
the leading edge during the whole collapse
and only small parts were separated from the
downstream cavity edge

.

2. Already during growth a large part of the
cavity is disturbed and consists of one part
with a smooth surface and one with thick
irregular cavity formations. From this total
connected cavity, small parts were separated
both during growth and collapse. Only a few
of these parts collapsed violently, which is

also confirmed by the pressure signals which
do not contain many sharp pulses during
growth and first part of collapse.

At very low fog^ (1-2 Hz) these contin-
uously occurring collapses of small cavities
were, however, the only source of high-
frequency noise. At these conditions also
most sharp pulses were obtained in the
hydrophone (H2) near the trailing edge.

3. At fQ3(, = 3 and 4 Hz the pressure increase
often ends with a sharp pulse. The pulse
was, however, not caused by an orderly and
violent collapse of the main cavity, but
instead by small cavities that separated
from the main cavity and then collapsed
separately. It was also observed that these
rather violent collapses of small cavities
mainly occurred during the time when the
pressure was high owing to main cavity col-
lapse.

On a more expanded time scale it can also
be seen that the sharp pulse is superimposed
on a slower pressure increase. If not very
clear, this tendency is still detectable in
the 7 Hz-condition in Figure 14. This figure
shows the pulse (oscillation period 5) in
the 7 Hz-condition shown in Figure 10, but
with the time axis expanded 40 times

.

4. The cavitation sketches in Figures 9-13 show
that for fos^ < 4 Hz the cavitation extent
was approximately independent of fosc t)"t

that at higher fosc ^^^ cavity did not develop
to the full size. One reason for this may
be that the time variation of the dynamic
angle of attack is altered with f,.

5. Characteristic of low f^-

that collapsing cavities show little tendency
to rebound. Rebound is only obtained in
small bubbles.

osc
is also the fact

Below some observations are reported regarding the

conditions uq = 3°, d = 4° and f^g^, = 10 and 14

Hz (Figure 10) . Many of the results are also valid

for other similar conditions. Typical observations

are :

1. The sharp pulses are often much higher than

slow pressure variations.
2

.

The duration of the final part of the sharp
pulses seems (as long as can be determined
in the recording) independent of fosc (Figure

14) . For the earlier parts of the cavitation
period the dependency on fos^ ^^ more complex
due to different cavity sizes etc.

3. For this condition (oq = 3°, a = 4°) the

complete change of cavity dynamics and

pressure generation occurred between fog^ ~

7 and 10 Hz (Figure 14). At 7 Hz the cavity

mainly collapsed towards the leading edge.

At 10 Hz a large part consisting of thick
formations separated and performed a violent

collapse at the middle of the hydrofoil (B

in Figure 14) . This collapse occurred about

1.4 milliseconds later than the collapse of

those two parts (A) of the sheet that were
attached to the leading edge during the

whole collapse. Also these two parts col-

lapsed rather violently, but a small pulse
was generated. The thick separated cavity
(B) consisted of several parts that did not

collapse exactly simultaneously and, thus,

a series of collapse and rebound pulses was
generated. A significant rebound was only
obtained from the separated cavity. The

group of rebounded cavities collapsed rather
slowly, resulting in a small pulse about
3.5 milliseconds after the collapse of the

separated cavity (B ' ) . In some oscillation
periods the separated cavities and those
attached to the leading edge collapsed almost
simultaneously and it also happened that

high pulses were generated at the collapse

of rebounded cavities.

4. The cavitation behaviour at fosc ~ "'^ ^^ "'"^

approximately similar to that at 10 Hz

(Figures 10 and 14) . The thick formation

(C) separated and collapsed at a later stage.

The first pulse (Figure 14) was generated

by the outer cavity (A) attached to the

leading edge. About 1.4 milliseconds later

the other cavity (B) attached to the leading

edge collapsed. This cavity was complex

and generated a series of pulses. First

about 3.5 milliseconds after the first pulse

the thick formation (C) collapsed, generating
a sharp pulse. No violent collapses were

experienced by rebounded cavities in this

case. The overall impression from these

two conditions with fosc ~ 1° ^"'^ ^^ ^^ ^^

that normally the separated thick cavities
generated the highest pulses , but that in

some cases pulses of almost equal height

were generated by cavities attached to the

leading edge.
Another behavior of the signal from the cavitating

hydrofoil is a low frequency variation (about 23 Hz)

that seems rather independent of fosc' Sequences
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containing cavitating as well as non-cavitating Here the most probable cause is that the cavitation
periods indicate that the fluctuations were generated started resonance vibrations in some structure,

by cavitation (Figure 10, 7 Hz, Figure 11 and 12). These vibrations probably cause disturbing errors
Inspection of the films shows, however, that no in the pressure signal at some fosc mainly in the
cavitation is visible on the hydrofoil or about region 3-7 Hz, and quantitative results from such

0.5 chord-lengths downstream it (Figure 9, 11, 3 Hz). conditions must be used with care.
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ABSTRACT

Theoretical and experimental correlation of visual
and accoustical effects of cavitation are considered.
The Froude similarity is treated critically because
of the pressure effects on the coefficient of cavity
energy transformation into cavitation noise as well
as because of the increase of noise absorption or
cavitation resistance of water. Though in large
cavitation tunnels which have no free surface the
nonstationary boundary conditions can be reproduced
less perfectly, their capability of simulation
at full-scale pressure is regarded as the leading
factor. It is suggested that extrapolation formulae
should take into account the effect of the rate of
pressure increase (or pressure gradient) in the
cavity collapse area. This corresponds to an
increase in the square of acoustic pressure on the
model, compared to the prototype, inversely pro-
portional to the linear scale of modelling.

1. COMPARISON OF VISUAL AND ACOUSTIC EFFECTS OF
CAVITATION

The occurrence of strong visual and noise effects
of cavitation are usually considered to be coinci-
dent. When this coincidence is actually the case,
it provides certain conveniences. The measurement
of noisiness makes it possible to detect cavitation
on structural elements not easily accessible for
inspection. Visual observation of cavitation on
models is used for the prediction of noisiness of
various prototypes. However, the experiments
involving visual and acoustical recording of
cavitation indicate that there may be a considerable
discrepancy between these two manifestations of
cavitation. It is interesting to discover the
nature and the cause of the discrepancy by means
of a mathematical model of an elementary cavitation
process which is described by the well-known
differential equation of a single spherical cavity
growth

3-2
RR + J R^
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The following value is taken as a measure of the
accoustical effect of an elementary cavitation
process to an accuracy of the potential energy
transformation coefficient for the maximally expanded
cavity:

G = 10 log
a

(4)

Here, R^ is the threshold value of the cavity radius

which, for the sake of convenience and without
limiting the generality of conclusions, is taken as
10-6 m. For large Rm/Ro values this measure differs
only slightly from a simpler measure used in Figure 1

G' = 30£g
a

(5)

The threshold of the visual observation of cavita-
tion is taken as Rg = 10~3 m, which coincides with
the upper limit to the size of the cavitation nuclei
under study. For the chosen measure of acoustic
effect this threshold corresponds to 90 dB. Since
the resolution of vision is limited by angular
dimension, the measure of the visual effect where
the distance to the object of observation remains
constant is the first order, linear dimension of
the cavity. Hence, when the origins coincide

B i=.

and the processes below the level of G^^ = 90 dB are
out of visual observation.

Thus, leaving out of account the actual signal-
noise ratios, the acoustical recording makes it
possible to penetrate much deeper (by 2-3 orders)
into the "microcavitation" region.

Worthy of notice is the qualitative similarity
of the curves shown in Figure 1 to the experimental
curves of cavitation noise increase against velocity
which are given below, as well as by Sturman's data
(1974) . It is evident that at an early cavitation

FIGURE 1. Calculated comparison of visual and acous-
tical effects of elementary cavitation process in a

limited region of negative pressure.

stage the predicted levels drop by 20 dB with the
velocity decreasing 10-fold. This stage is usually
regarded as free of cavitation.

With the increase of velocity there comes a stage
which is sometimes referred to as "true" cavitation
and in which the most intensive growth of cavities
and cavitation noise is observed. This stage corre-
sponds to a decrease and loss of static equilibrium
of the cavity.

At the third stage the intensive cavity growth
ceases and asymptotic saturation of the acoustic
effect occurs due to the fact that the size of the
cavity is nearing that of the zone of negative
pressure. The asymptotic values of saturation shown
in Figure 1 correspond to the rough estimation

G =15 + 15 ZqC + 30J,g -
as pm R

(6)

As to the relationship between visual and noise
manifestations of cavitation. Figure 1 allows one
to assert that:

- at sufficiently high levels of ambient noise
the acoustic detection of cavitation may coincide
with the visual detection or takes place even later;

- potentially, at a fairly low level of the
ambient noise, the acoustic manifestation of cavita-
tion must be detected much earlier than the visual
one.

In particular, the acoustic effect of cavitation
can be rather strong (e.g., an increase of noisiness
by several dozens of decibels) in the case of "micro-
scopic" cavitation invisible to the eye.

The indicated values are largely conditional as
the threshold of visual detection may differ under
different conditions. Nevertheless they are close
to those obtained under laboratory conditions.

It is of interest that Figure 1 reveals such a

contradictory phenomenon as vagueness in respect
to cavitation inception. At high levels the curves
for various nuclei coincide, so for a more correct
determination of cavitation inception one should try
to reduce rather than to increase the accuracy of
recording methods. The increase of accuracy, as is
shown in Figure 1, brings about increasing ambiguity
of cavitation inception and expansion of the vague-
ness region to cover an increasing range of veloci-
ties. However, as the accuracy decreases, more and
more small zones of cavitation inception are left
out of control.

The above analysis simplifies the actual processes
and can be at variance with them mainly due to the
fact that the coefficient of cavity potential energy
transformation into acoustic energy is not constant
being a complex function of many parameters [Benia-

minovich et al. (1975)]. Specifically it may have
a much greater value for small cavities as compared
to larger cavities.

2. EXPERIMENTAL STUDY ON MODELS

There is an urgent need for an effective and well-
founded classification of a great variety of forms

and types of cavitation which substantially differ

in the mechanism of nonstationarity giving rise

to noise and having other practical consequences
of cavitation.

The following brief list of the forms and types
of cavitation represents a more or less established
practice with respect to marine propellers [Goncharov

et al. (1977) ] .
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—o— - cavity on the V
pressure -side of
the leading edge

—•— - cavity on the
suction-Bide of
the leading edge

FIGURE 5. Development of noise and visual manifesta-
tion of cavitation on both pressure- and suction-side
in a uniform flow at constant pressure.

unsteadiness of even small size cavities due to
closure behind the maximum suction zone.

The change in the relative noise intensity of
sheet and bubble cavities depends upon the fact
that in the case of the bubble cavity structure the
unsteadiness varies but slightly, whereas the volume
of sheet cavities begins to severly pulsate. Passing
over to the unsteady flow, we may even observe the
reduction of bubble cavitation noise. This occurs
when one portion of the propeller gets free from
the cavity whereas, on the other portion thereof,
the intensive development of cavitation is not
accompanied by an increase of noise due to a satura-
tion effect.

Individual points on the graphs shown in Figures
2 to 5 indicate moments of the first visual detection
of cavitation. As is seen, in a large cavitation
tunnel where the measurements were made, the above
conclusion that the noise comes ahead of the visual
detection of cavitation is to a variable degree
valid for any type of cavitation.

a decrease of pressure, p^ , from 1 to 0.4 ata. It
is also emphasized that at sufficiently low p the
collapse of cavities is not necessarily accompanied
by shock wave generation.

Vacuum noise measurements, when performed in
ship hydrodynamics laboratories engaged in cavitation
research, show inadmissible noise absorption in
the facility water unless measures are taken to
insure additional removal of gaseous nuclei of cavi-
tation from the water. By intensified vjater degassing
the absorption may be reduced to an acceptable level

,

but the resulting growth of cavitation resistance
of water leads to a drastic change of conditions
for inception and development of cavitation [Gorsh-
koff and Lodkin (1966)]. In view of the complicated
character of absolute pressure effects on the
coefficient of cavity energy transformation into
noice it appears to be good practice to perform
cavitation noise measurements at a full-scale value
of pressure.

That the Froude similarity will not be fulfilled
under these conditions, can be accepted provided
that adequate means are available for the description
and reproduction of the conditions of flow non-
uniformity behind the hull. This approach, used
in a large cavitation tunnel in combination with
correlation methods recommended by Levkovsky (1958),
Sturman (1974) , has shown that overestimated cavita-
tion noise levels are predicted in this case. This
was found to arise from the fact that the coefficient
of cavity energy transformation into noise is
approximately proportional to the rate of pressure
growth leading to the cavity collapse. In modelling
by the Froude method this pressure growth rate
decreases as v'lT

In case of large-scale modelling the comparison
of model-test and full-scale data may not have
revealed this discrepancy among other more pro-
nounced ones. One can use pressure gradient instead
of the rate of pressure variation with time. Then,
for Froude similarity, the noise level model-to-full-
scale extrapolator coincides with that used by Sturman
(1974) . Not so with modelling at full-scale absolute
pressure. Here the proportionality of the transform-
ation coefficient both to the velocity of pressure
variation with time and to the pressure gradient in-
volve the same extrapolator. Giving up the construc-
tion of dimensionless parameters of which, with a
great number of constants involved, there is ample
freedom of choice, the extrapolator suggested by
Sturman (1974)

<P^

R^p N

(7)

3 . MODEL-PROTOTYPE CORRELATION AND COMPARISON OF
MODEL-TEST RESULTS WITH FULL-SCALE DATA

It is usually assumed [Levkovsky (1968) and
Sturman (1974)] that the fraction of the cavity
potential energy converted into cavitation noise
(coefficient of transformation) is the same for
the model and the full scale ship. Experience con-
firms the validity of the conflicting conclusions
[Beniaminovich et al. (1975)] that are indirectly
confirmed in some works. The coefficient of cavity
energy transformation into noise proves to be
strongly dependent on the absolute pressure, p .

It is this fact, that was used by Beniaminovich
et al. (1975) for explaining the reduction of the
transformation coefficient by several orders with

can be substituted by the following:

<P"
o o o o

T^L

(8)

Here

No

is the square of the acoustic pressure,
is the distance to the point of noise
measurement,
is the number of cavities collapsing in

unit time.

If we assume in the regular way that the similar-
ity of cavity patterns is observed and the noise is

measured at similar points of the flow, then

R = L Mr
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ABSTRACT

The object of this paper is to present an account
of recent developments in the direct formulation of

the theories of fluid jets and fluid sheets based
on one and two-dimensional continuum models origi-

nating in the works of Duhem and E. and'F. Cosserat.

Following some preliminaries and descriptions of

(three-dimensional) jet-like and sheet-like bodies,
the rest of the paper is arranged in two parts

,

namely Part A (for fluid jets) and Part B (for fluid
sheets) , and can be read independently of each other.
In each part, after providing the main ingredients
of the direct model and a statement of the conserva-
tion laws, appropriate nonlinear differential equa-

tions are derived which include the effects of
gravity and surface tension. Application of these
theories to various one and two-dimensional fluid
flow problems, including water waves, are discussed.

1 . INTRODUCTION

Jets and sheets are a class of three-dimensional
bodies whose boundary surfaces have special charac-
teristic features. To this extent they are, respec-
tively, similar to another class, namely that of
rods and shells (or plates) , although the nature of
the specified surface (or boundary) conditions in

the two classes may be different. Moreover, the
kinematics of jets and rods are identical, as are
the kinematics of sheets and shells. Indeed, it is

only through their constitutive equations that a

distinction appears between rods and jets on the
one hand, and shells and sheets on the other. It

is natural to inquire as to the possible utility of
methods of approach in the construction of theories
in the class of rods and shells for that of jets
and sheets and vice versa. The main purpose of this
paper is to call attention to the possible utility
of a direct approach for jets and sheets, an approach

which has met with considerable success in the case
of rods and shells. The direct approach for fluid
jets is based on a one-dimensional model, called a

Cosserat (or a directed) curve which is defined in
Section 3 ; and the direct approach for fluid sheets
is based on a two-dimensional model , called a Cos-

serat (or a directed) surface which is defined in
Section 5. It should be emphasized that a Cosserat
curve and a Cosserat surface are not, respectively,
just a one-dimensional curve and a two-dimensional
surface; but are, in fact, endowed with some struc-
ture in the form of additional primitive kinematical
vector fields.

The concept of 'directed' or 'oriented' media
originated in the work of Duhem (]893) and a first
systematic development of theories of oriented media
in one, two, and three dimensions was carried out by
E. and F. Cosserat (1909). In their work, the Cos-
serats represented the orientation of each point of
their continuum by a set of mutually perpendicular
rigid vectors. The purely kinematical aspects of

oriented bodies characterized by ordinary displace-
ment and the independent deformation of N deformable
vectors in N-dimensional space has been discusssed
by Ericksen and Truesdell (1958) , who also intro-
duced the terminology of directors

.

A complete general theory of a Cosserat surface
with a single deformable director given by Green
et al. (1955) was developed within the framework of

thermomechanics; and their derivation (Green et al

.

1965) is carried out mainly from an appropriate
energy equation, together with invariance require-
ments under superposed rigid body motions. A re-

lated development utilizing three directors at each
point of the surface, in the context of a purely
mechanical theory and with the use of a virtual work
principle, is given by Cohen and DeSilva (1966) . A
further development of the basic theory of a Cosserat
surface along with certain general considerations re-

garding the construction of nonlinear constitutive

equations for elastic shells is given by Naghdi
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(1972) , which also contains additional historical
remarks relevant to oriented continua and to the
theory of thin elastic shells. A parallel develop-
ment in the theory of a Cosserat curve with two
deformable directors begins with a paper of Green
and Laws (1966) whose derivation is carried out
mainly from an appropriate energy equation, together
with invariance requirements under superposed rigid
body motions. A related theory of a directed curve
with three deformable directors at each point of the
curve, in the context of a purely mechanical theory
and with the use of a virtual work principle, is
given by Cohen (1966) . A further development of
the basic theory of a Cosserat curve along with
certain general developments regarding the construc-
tion of nonlinear constitutive equations for elastic
rods is given by Green et al. (1974a, b)

.

In general, two entirely different approaches may
be adopted for the construction of one-dimensional
and two-dimensional theories of mechanics pertain-
ing to certain motions and (three-dimensional) media
responses which are effectively confined, respec-
tively, to one-dimensional and two-dimensional re-
gions. For example, the theory of slender rods and
that of fluid jets are both one-dimensional theories;
and, similarly, the theory of thin shells and that
of fluid sheets are both two-dimensional theories
in the context of the particular classes of three-
dimensional bodies mentioned earlier.

Of the two approaches just mentioned, one starts
with the three-dimensional equations of the classi-
cal continuum mechanics and by applying approxima-
tion procedures strives to obtain one-dimensional
(in the case of jets and rods) and two-dimensional
(in the case of sheets and shells) field equations
and constitutive equations for the medium under
consideration. In the other approach, the particu-
lar medium response mentioned above is modelled as
a one-dimensional and a two-dimensional directed
continuum, namely a Cosserat curve and a Cosserat
surface introduced earlier; and one then proceeds
to the development of the field equations and the
appropriate constitutive equations. If full inform-
ation is desired regarding the motion and deforma-
tion of the continuiom under study in the context of
the classical three-dimensional theory, then there
would be no need to develop a particular one-
dimensional and a two-dimensional theory. In fact,
the aim of one-dimensional and two-dimensional theo-
ries of the type mentioned above is to provide only
practical information in some sense: for example,
in the case of fluid sheets information concerning
quantities which can be regarded as representing
the medium response confined to a surface or its
neighborhood as a consequence of the (three-
dimensional) motion of the body, or the determina-
tion of certain weighted averages of quantities
resulting from the (three-dimensional) motion of
the body. A parallel remark may be made, of course,
in the case of fluid jets. The desire for obtain-
ing limited or partial information if the basic
motivation for the construction of such one-
dimensional and two-dimensional theories as those
for slender rods and thin shells and for fluid flow
problems of jets and sheets.

The nature of difficulties associated with the
development of both the shell theory and the theory
of water waves on the one hand, and that of rods and
jets on the other, from the full three-dimensional
equations is well known and has been elaborated upon

on various occasions.* In view of these, it is rea-
sonable to attempt to formulate one-dimensional and
two-dimensional theories of the types described above
by replacing the continuum characterizing the (three-
dimensional) medium in question with an alternative
model which would reflect the main features of the
response of the three-dimensional medium and which
would then permit the formulation of appropriate
one-dimensional and two-dimensional theories by a
direct approach and without the appeal to special
assumptions or approximations generally employed in
the derivation from the three-dimensional equations.

Of course, the introduction of an alternative
model and formulation of one-dimensional and two-
dimensional theories by the direct approach do not
mean that one ignores the nature of the field equa-
tions in the three-dimensional theory. In fact,
some of the developments of the field equations by
direct procedures are materially aided or influenced
by available information which can be obtained from
the three-dimensional theory. For example, the inte-
grated equations of motion from the three-dimensional
equations provide guidelines for a statement of one
and two-dimensional conservation laws in conjunction
with the one and two-dimensional models, and also
provide some insight into the nature of inertia terms
and the kinetic energy in the direct formulation of
the one-dimensional and two-dimensional theories.

Inasmuch as most of the difficulties associated
with the derivation of the one-dimensional and two-
dimensional theories from the three-dimensional equa-
tions occur in the construction of the constitutive
equations, it is in fact here that the direct ap-
proach offers a great deal of appeal. This construc-
tion, as well as the entire development by the
direct approach, is exact in the sense that they
rest on (one-dimensional and two-dimensional) pos-
tulates valid for nonlinear behavior of materials
but clearly they cannot be expected to represent all
the features that could only be predicted by the
relevant full three-dimensional equations. Theories
constructed via a direct approach necessarily sat-
isfy the requirements of invariance under superposed
rigid body motions that arise from physical consider-
tions and, of course, they are also consistent and
fully invariant in the mathematical sense. More-
over, the development by the direct approach is con-
ceptually simple and does not have the difficulties
involving approximations usually made in the devel-
opment of the theory of thin shells and the theory
of water waves (or the theories of slender rods and
jets) from their corresponding three-dimensional
equations.

Following some general background information
and definitions of jet-like and sheet-like bodies
in Section 2, the remainder of the paper is arranged
in two parts which can be read independently of each
other: one part (Part A) is concerned with the
theory of fluid jets and the other (Part B) is de-
voted to the theory of fluid sheets and its applica-
tion to water waves. In our discussion of the
direct formulation of these two topics, considerably

The nature of these difficulties with particular reference
to shells is discussed by Naghdi (1972, Sees. 1,4,19,20,21).
Some of the difficulties associated with both nonlinear and
linear theories of water waves are noted by Naghdi (1974) and
are also discussed in the first and final sections of the
paper of Green et al . (1974c).
tSee the remarks following Eqs . (26) and (50).
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more space is devoted to fluid sheets and water
waves. This is partly due to the fact that, in the

context of the direct formulation, the theory of

fluid sheets has to date received more attention
than that of fluid jets. Thus, in Part A (Sections

3-4) , we summarize the basic theory of a Cosserat
curve and briefly discuss a restricted form of the

theory for straight jets which are not necessarily
circular. The resulting system of nonlinear ordi-
nary differential equations includes the effects of

surface tension and gravity and has been derived for

both inviscid and viscous jets. We do not record
these here,- but we call attention in Section 4 to a

number of existing solutions, which serve as evidence

of the relevance and applicability of the direct
formulation of the theory of fluid jets.

In Part B (Sections 5-8) , after briefly describ-
ing the basic theory of a Cosserat surface in Sec-

tion 5, we present in outline a derivation of a

restricted theory in Section 6 , and then obtain a

system of nonlinear partial differential equations
for the propagation of fairly long waves in a homo-
geneous stream of variable depth (Section 7) . This

system of differential equations, which includes

the effects of surface tension and gravity, is de-

rived for incompressible inviscid fluids. Some ex-

tensions of these results to nonhomogeneous and

viscous fluids are available but these are not dis-

cussed here. In the final section of the paper we

make a comparison between the differential equations
derived in Section 7 and the systems of equations
for water waves that are often used in the litera-
ture; and, on the basis of compelling physical con-
siderations, argue as to why the system of equations
of the direct formulation should in general be pre-
ferred to others. In Section 8, we also call at-

tention to a number of existing solutions , which
serve as further evidence of the relevance and ap-

plicability of the direct formulation of the theory
of fluid sheets.

In the course of our development, sometimes the

same symbol is utilized in Parts A and B to denote
different quantities; but this should not give rise

to confusion, as the two parts can be read indepen-
dently of each other. Throughout the paper, Latin
indices (subscripts or superscripts) take the values

1, 2, 3, Greek indices take the values 1, 2 only,

and the usual convention for summation over a re-

peated index is employed.

signs position, r*, to each particle of g at each
instant of time, i.e..

r* = v"*= r*(e \t) (1)

We assume that the vector function, f *
,—a 1-

parameter family of configurations with t as the

real parameter—is sufficiently smooth in the sense
that it is differentiable with respect to e-"- and t

as many times as required. In some developments,
it may be more convenient to set

the notation

)^ = C and adopt

11 = a
= (6 ,?) , 9^ = C .

We recall the formulas

3r*

<3i
= -^ ' gii = 9i • gj ' g = det(gij) ,

36

t2)

,1 = ai3g -'gj / g

dv = g^de^de^de^

i . aJ = a^^

and further assume that

[g g g ] >
-1-2-3

(3)

(4)

(5)

In (4), g. and g are the covariant and the contra-
variant base vectors at time, t, respectively, g^^^

is the metric tensor, g^3 is its conjugate. Si- is

the Kronecker symbol in 3-space and dv the volume
element in the present configuration.

The velocity vector, y* > of a particle of the
three-dimensional body in the present configuration
is defined by

V* = r* , (6)

where a superposed dot denotes material time dif-
ferentiation with respect to t holding Q-'- fixed.

The stress 'vector t across a surface in the present
configuration with outward unit normal y* is given
by

* ik
^^ !k

(7)

2. GENERAL BACKGROUND

In this section, we provide appropriate definitions
for jet-like and sheet-like bodies. To this end,

consider a finite three-dimensional body, B, in a

Euclidean 3-space, and let convected coordinates,
e-"- (i = 1, 2, 3) , be assigned to each particle (or

material point) of 6. Further, letTr* be the posi-
tion vector, from a fixed origin, of a typical parti-
cle of g in the present configuration at time, t.

Then, a motion of the (three-dimensional) body is

defined by a vector-valued function, r* , which as-

'The use of an asterisk attached to various symbols is for
later convenience. The corresponding symbols without the
asterisks are reserved for different definitions or designa-
tions to be introduced later.

where

Recall that when the particles of a continuum are referred
to a convected coordinate system, the numerical values of
the coordinates associated with each particle remain the
same for all time. Although the use of a convected coordi-
nate system is by no means essential, it is particularly
suited to studies of special bodies (such as sheets, jets,
shells, and rods) and often results in simplification of
intermediate steps in the development of the subject.

" The choice of positive sign in (5) is for definiteness.
Alternatively, for physically possible motions we only need

to assume that g'5 5* with the understanding that in any

given motion [919293! Is either > or < . The condition

(5) also requires that 6^ be a right-handed coordinate
system.
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g T -"g = g-'x g-"

rik

v.g = V g. (8)

and where x^'^ are the contravariant components of
the symmetric stress tensor. In terms of quantities
defined in {5)-(8), the local field equations which
follow from the integral forms of the three-
dimensional conservation laws for mass, linear
momentum and moment of momentum, respectively, are

t.

* h
p g =

* * k * Is *
+ pfg =pgv X T (9)

where p* is the three-dimensional mass density, f*

is the body force field per unit mass, and a comma
denotes partial differentiation with respect to S""".

A material line (not necessarily a straight line)

in S can be defined by the equations, 9*^ = 6"(5);
the equation resulting from (1) with 9" = 9"(C) rep-
resents the parametric form of this material line in

the current configuration and defines a 1-parameter
family of curves in space, each of which we assume
to be smooth and nonintersecting. We refer to the
space curve

,

= , in the current configuration
by c. Any point of this curve is specified by the

position vector, r, relative to the same fixed ori-
gin to which r* is referred, where

r = r(S,t) = r (0,0,5,t) (10)

Let a3 denote the tangent vector along the 5-curve.
By (10) and (3)i,

3r
as = a3(C,t) = JF = g3(0'0.5-t) (11)

where k and x denote, respectively, the curvature
and the torsion of c. In the special case that c

is a plane curve, we may choose aj as the unit
normal to the curve and then a2 will be perpendicu-
lar to the plane of ai and 337 If c is a straight
curve, then there is no unique Serret-Frenet triad
and a. may be chosen as any orthogonal triad with
ai,a2 as unit vectors. Equations (13) are not
xdentical to the formulas of Prenet because the pa-
rameter, £, , is not necessarily the arc length of c.

It may be noted here that the convected coordinate,
£, may be chosen to coincide with the arc length in
any one configuration of the material curve, e.g.,
in the present configuration. However, in a general
motion (involving different configurations) the arc
length between any pair of particles changes while
the convected coordinates of each particle must re-
main the same. Therefore, arc length would not
qualify as a convected coordinate.

A material surface in 6 can be defined by the
equation, E, = E,(B'^) ; the equation resulting from

(1) with 5 = 5(9") represents the parametric form
of this material surface in the current configura-
tion and defines a 1-parameter family of surfaces
in space, each of which we assume to be smooth and
nonintersecting. We refer to the surface, 5=0.
in the current configuration by s. Any point of

the surface, s, is specified by the position vector,
r, relative to the same fixed origin to which r* is

referred, where

r = r(9'^,t) = r*(90',0,t) (14)

Let a,^ denote the base vectors along the 9 -curves
on the surface, s. By (14) and (3)i,

3r
a = a (9^,t) = ^^ = g (e'^,0,t) , (15)

39"

and the unit principal normal, aj , and the unit bi-
normal vector, 52, to c may be introduced as

and the unit normal, a3 = a3 (9 ,t) , to s may be
defined by**

§1 = ai (C,t) =

32 = a2(5,t)

i§3l = (333)

|3a3/3C|

I §3 I

X a-i (12)

a • a, = , a, • a, = 1 ,
~a -3 ~ 6 ~i

a^ = a^ [a-^&^a^] > (16)

In the next four paragraphs we provide appropri-
ate definitions for jet-like and sheet-like bodies
in fairly precise terms.

333 = ?3 • ?3 '

[aia2a3] > , (12)

Definition of a Jet-like Body. A Representation
for the Motion of a Slender Jet.

where the notation |a3| stands for the magnitude of

§3. The system of base vectors, aj , are oriented
along the Serret-Frenet triad and satisfy the dif-
ferential equations

3ai

3a2

~3S

333

x(a33) a2 - Ka3 ,

- x(a33) a33' ai ,

3a 33
-TZ = a33Kai + ^
3C ~^' -' 2a 33 8? §3 ' (13)

Consider a space curve c defined by the parametric
equations, 9" = 0, over a finite interval, S 1^5^52-
Let r be the position vector of any point of c and

let ai,a2 and 33 denote its unit principal normal,

unit~binormal, ~and the tangent vector, respectively.

At each point of c, imagine material filaments ly-

ing in the normal plane, i.e., the plane perpendicu-

The use of the same symbols for base vectors of a surface
in (15) -(16) and for the triad of a space curve in (11) -(12)
should not give rise to confusion. The main developments
for jets and sheets are dealt with separately in the rest
of the paper; this permits the use of the same symbol for
different quantities in the case of jets and sheets without
confusion.
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lar to 33, and forming the normal cross-section+'f',

a^. The surface swept out by the closed boundary
curve, 3an, of a^ is called the lateral surface.

Such a three-dimensional body is called jet-like if

the dimensions in the plane of the normal cross-
section are small compared to some characteristic
dimension, L(c), of c (see Figure 1), e.g., its
local radius of curvature 1/k , or the length of c

in the case of a straight curve. A jet-like body
is said to be slender if the largest dimension of

Un is much smaller than L(c). If a^ is independent
of C, the body is said to be of uniform cross-
section, otherwise of variable cross-section. Since
a material curve in the three-dimensional body, g,

can be defined by the equations, 9*^ = 6°'(£;) , it

follows that the equation resulting from (1) with
goi = 801(5) represents the parametric form of the
material curve in the present configuration and de-
fines a curve, c, in space at time, t, which we as-
sume to be sufficiently smooth and nonintersecting.
Every point of this curve has a position vector
specified by (10) . Let the (three-dimensional) jet-
like body in some neighborhood of c be bounded by
material surfaces, 5 = Clf 5 = S2 ' (indicated in
Figure 1) and a material surface of the form

F(ei,e2,c) (17)

FIGURE 1. A jet- like body in the present configuration

showing the line of centroids with position vector r

and the end normal cross-sections f| = ?i, 5 = Kz- Also
shown are the unit principal normal a] , the unit binor-
mal a2 and the tangent vector 33 to the curve with po-
sition vector r.

which is chosen such that 5 = constant are curved
sections of the body bounded by closed curves on
this surface with c lying on or within (17) . In

the development of a general theory, it is preferable
to leave unspecified the choice of the relation of
the curve, c, to one on the boundary surface (17)

.

In special cases or in specific applications, how-
ever, it is necessary to fix the relation of c to
the surface (17)

.

Suppose now that r* in (1) is a continuous func-
tion of 6^,t and has continuous space derivatives
of order 1 and continuous time derivatives of order
2 in the boimded region lying inside the surface (17)

and between E, = E,i , E, = C2- Hence, to any required
degree of approximation f* may be represented as a

polynomial in 9 , 6 with coefficients which are con-
tinuously differentiable functions of £, < t. Instead
of considering a general representation of this kind,

we restrict attention here to the approximation.

a sheet if the dimension of the body along the nor-
mals, called the height and denoted by h, is small.
A sheet is said to be thin if its thickness is much
smaller than a certain characteristic length, L(s),
of the surface, s, for example, the local minimum
radius of curvature of the surface, or the smallest
dimension of s in the case of a plane sheet. If h

is constant, the sheet is said to be of uniform
thickness, otherwise of variable thickness. Since
a material surface in the three-dimensional body can
be defined by the equation, E, = 5(6"), it follows
that the equations resulting from (1) and (2) with
C = 5(9") represent the parametric forms of the
material surface in the present and the reference
configurations, respectively. In particular, the
equation, 5=0, defines a surface in space at time.

= r + d
~a

(18)

where r is defined by (10) and d = d (5,t).
~a -a

Definition of a Sheet-like Body. A Representation
for the Motion of a Thin Sheet.

Consider a two-dimensional surface, s, defined by
the parametric equation, E, = , over a finite co-
ordinate patch, a' = 9I = a", B' = 6^ = g".- Let r
and 33 denote, respectively, the position vector and
the unit normal to s . At each point of s, imagine
material filaments projecting normally above and
below the surface, s. The surface formed by the
material filaments constructed at the points of the
closed boundary curve of s is called the iateral
surface. Such a three-dimensional body is called

The normal cross-section of a jet is a portion of the
normal plane to the curve, c, i.e., the intersection of the
body and the normal plane.

FIGURE 2. Sketch of the cross-section (y = const.) of

a sheet of vertical thickness 4' showing a wave motion
propagating over a bottom of variable depth. Also shown
is the surface 9^ = (with position vector r and height
f) chosen such that the center mass of the (three-

dimensional) fluid region lies on this surface. The top

and bottom surfaces of height S and a are specified by
9^ = 1/2 and 9^ = -1/2, respectively.
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t, which we assume to be smooth and nonintersecting.

Every point of this surface has a position vector,

r, specified by (14) . Let the boundary of the three-

dimensional continuum be specified by the material

surfaces

Si(ei,e2) iii'
ii -) ?i < ?2 (19)

with the surface, 5=0, lying either on one of the

two surfaces (19) 12°^ between them (see, for ex-

ample, Figure 2), and a material surface

f (9' '-) = (20)

which is chosen such that C = const, forms closed

smooth curves on the surface (20) . As pointed out

previously [Naghdi (1975)], in the development of

a general theory, it is preferable to leave unspeci-

fied the choice of the relation of the surface, s,

(5=0) to the major surfaces, s and s~. In spe-

cial cases of the general theory or in specific ap-

plications, however, it is necessary to fix the

relation of s to the surfaces (19) i 9

.

Suppose now that r in (1) is a continuous func-

tion of 6''-,t, and has continuous space derivatives

of order 1 and continuous time derivatives of order
2 in the bounded region, Ci=C=C2- Hence, to any

required degree of approximation, r may be repre-
sented as a polynomial in 5 with coefficients which
are continuously differentiable functions of 9°',t.

However, instead of considering a general represent-

ation of this kind, we restrict attention here to

the approximation

= r + 5d (21)

curve occupied by L in the present configuration of
R at time, t, be referred to as I. Let r and d(j

(a = 1,2) denote the position vector of a typical
point of I and the directors at the same point,
respectively, and also designate the tangent vector
to the curve, £, by a3. Then, a motion of the Cos-
serat curve is defined by vector-valued functions
which assign a position, r, and a pair of directors,
dp,, to each particle of R at each instant of time,

i?e.§§

r(C,t) % = ?a(5't' f?1^2?3 ] > (22)

and the condition (22)3 ensures that the directors,
dj(, are nowhere tangent to I and that di,d2 never
change their relative orientation with respect to

each other and §3 . The velocity and the director
velocities are defined by

= d

and from (23) j and (11) we have

^3 =
35

(23)

(24)

where a superposed dot denotes material time dif-
ferentiation with respect to t holding 5 fixed.

Consider an arbitrary part of the material curve,
L, in the present configuration, bounded by 5 = 5i
and 5 = S2 (?1 < C2)' and let

ds = (a3 3)^d5 333 = 33 33 (25)

where r is defined by (14) and d = d(9'^,t)

PART A

In Part A (Sections 3-4) , we summarize the basic
theory of a Cosserat (or a directed) curve and then
briefly discuss a restricted form of the theory ap-
propriate for straight fluid jets. Although we are
concerned here mainly with the purely mechanical
theory involving appropriate forms of the conserva-
tion laws for mass, linear momentum, and moment of

momentum, we also include the conservation of energy.
The latter is useful in some applications and sup-
plies motivation for some requirements in the de-
velopment of certain solutions.

3. THE BASIC THEORY OF A COSSERAT CURVE

Having defined a (three-dimensional) jet-like body
in Section 2, we now formally introduce a direct
model for such a body. Thus, a Cosserat (or a
directed) curve, R, comprises a material curve, L,

(embedded in a Euclidean 3-space) and two deformable
directors attached to every point of the curve, L.

The directors which are not necessarily along the
unit principal normals and the unit binormals of
the curve have, in particular, the property that
they remain unaltered under superposed rigid body
motions. Let the particles of L be identified by
means of the convected coordinate, 5j and let the

be the element of the arc length along the curve,
H- . It is convenient at this point to define the
following additional quantities: The mass density,

P = P(S,t), of the space curve, t; the contact
force, n = n(5,t), and the contact director couples
p" = p°'{£;,t), each a three-dimensional vector field
in the present configuration; the assigned force,

f = f(5,t), and the assigned director couples,
Ja = £°'(5,t), each a three-dimensional vector field

and each per unit mass of the curve, i; the intrin-

sic (curve) director couples, tt^^ = Tr™(5,t), per unit

length of H which make no contribution to the supply

of momentum; the inertia coefficients, y™ = y°'(5)

and y^^B = y'^'^ (.^) , with y™P being components of a

symmetric tensor, which are indenpendent of time;

the specific internal energy, £ = e(C,t); the spe-

cific heat supply, r = r(5,t), per unit time; and

the heat flux, h = h(£;,t), along I, in the direction
of increasing 5/ per unit time. The assigned field,

f, represents the combined effect of (i) the stress

vector on the lateral surface (17) of the jet-like

body denoted by f^, and (ii) an integrated contri-

bution arising from the three-dimensional body force

denoted by fj^, e.g. , that due to gravity. A parallel

statement holds for the assigned fields, £". Sim-

ilarly, the assigned heat supply, r, represents the

combined effect of (i) heat supply entering the

For convenience, we adopt the notation for r in (10) and

(18) also for the surface (22) j . This permits an easy iden-

tification of the two curves, if desired. The choice of
positive sign in (22)3 is for definiteness . Alternatively,
it will suffice to assume that [did2a3] / with the under-
standing that in any given motion the scalar triple product

[did2a3] is either > or < 0.
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lateral surface (17) of the jet-like body from the
surrounding environment, denoted by r^, , and (ii) an
integrated contribution arising from the three-
dimensional heat supply denoted by r)-,. Thus, we may
write

~b ~c
X.^

ot aC + n
-b -c

r, + r
b c

(26)

The various quantities in (25) are free to be spec-
ified in a manner which depends on the particular
application in mind and, in the context of the the-
ory of a Cosserat curve, the intertia coefficients.

i,aB
, and the mass density, p, require constitu-

tive equations. Indeed, f^, S." and r^, as well as

fb, ^? and r^, can be identified with the corre-
sponding expressions in a derivation from the three-
dimensional equations [see, for example. Green et
al. {1974a)]. Likewise, the inertia coefficients,
yC, y'^p

, and the mass density, p, may be identified
with easily accessible results from the three-
dimensional theory.

With the above definitions of the various field
quantities and with reference to the present con-
figuration, the conservation laws for a Cosserat
curve are:

ds

52
[f(C,t)]^^ = f(C2-t) = f(Ci,t) (28)

The first of (27) is a statement of the conservation
of mass, the second is the conservation of linear
momentum, the third that of the director momentum,
the fourth is the conservation of moment of momentum,
and the fifth represents the conservation of energy.

Under suitable continuity assumptions , the first
four equations in (27) are equivalent to

3C

3m
a3Xn + T-p+Xg = ,
~ ~ dt, ~

1 3h •

where

35
A(5) = p(a33)^ or pa33 + pa3

3n

af" + Af = A(v + y w )

S^ +A£ =Tr +A(yv + y w ) ,

(29)

(30)

(31)

(32)

(33)

d r^2
„ C2 52— p(v + y w )ds = pfds + [n]

^ 5i " J 5l ~ 5i

m = d xp g = d xq

a „a a* aH
q =£ -yv = y w (34)

M—
J

p(y V + y Wg)ds

r^2 „ _i, „ 52
(pfc" - (333) =Tr")ds + [pa]

•^5i
~

~ 5i

d r a
-r- \

p[rxv + y(rxw +d xv)
at ~ ~ ' ~ ~a ~a

^ 5i

and

AP
3v

3?
+ P

35
(35)

is the mechanical power. With the help of (34) , the
local form of the moment of momentum equation (31)

can be reduced to

aq X n + d X TT

3d

35
(36)

+ d X y°'^Wo]ds
-a 6

M
f p{r X f + d X {,"') ds

_d
dt

+ [rxn + d xp]^
-a ~ 5i

5?
r ct ct6

p[e + ^{v •v + 2yv'W +y w "w^
hi ~ ~ ~ -^ ' ~a ~B

Ids

.52

J- p{r + f • V + S.a • w )ds
-a

+ n • V + p • w - h'

52

5l

(27)

where we have used the notation

It may be noted that the local field equations
in the mechanical theory of a Cosserat curve have
the same forms as those that can be derived from the
three-dimensional equations; the latter can be de-
rived by suitable integration of (9)j,2,3 with re-
spect to 9 and 6 and in terms of certain definitions
for integrated mass density and resultants of stress
[for details, see Green et al . (1974a)]. Moreover,
given the approximation (18) , there is a 1-1 corre-
spondence between the one-dimensional field equations
that follow from the conservation laws of a Cosserat
curve and those that can be derived from the three-
dimensional equations provided we identify the

director d^ in (18) with (22)2 and adopt the defini-
tions of the resultants mentioned above. A similar
1-1 correspondence can be shown to hold between (33) -

and an integrated energy equation derived from the

three-dimensional energy equation.
The above results include the local form of con-

servation of energy derived from (27)5. For the
purely mechanical theory in which the law of con-
servation of energy is excluded, the appropriate
conservation laws are the first four of (27) . In

the context of the purely mechanical theory , it is
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worth recalling that the rate of work by all contact
and assigned forces acting on the curve, H, and its

end points minus the rate of increase of the kinetic
energy can be reduced to:

52

hi
p(f V + 8, w )ds + [n • V + p

t,2

where p^ is an arbitrary scalar function of E,,t.

For an incompressible viscous jet, the constraint
response, n,Tra,pC, ^j-g determined similarly with the
use of the constraint condition (39), but constitu-
tive equations are required for n,Tr",pC in (40) . We
do not record here the results for~a viscous jet and
refer the reader to Green (1976) and Caulk and
Naghdi (1978b)

.

_d
dt

r

.52

5i'

%P (v v+2yv'w +y w w„)ds

pPds (37)

where P is defined by (35)

.

Before closing this section, we note that the
restriction imposed on the motion of the medium by
the condition of incompressibility reduces to

||||

[see Green (1976)

]

— [did2a3] = (38)

and can alternatively be expressed in the form

X aq • w + di X do-' ~a -^ -^ as
(39)

_aewhere e is the permutation symbol in 2-spaces. To
complete the theory of a Cosserat curve under the
constraint condition (39) , we assume that each of
the functions, n,Tr°', and p'*, is determined to within
an additive constraint response so that

n = n + n
-a ~a
TT + IT

-a "a
p + p ,(40)

where n, ft™, and g™ are determined by constitutive
equations and the functions n(5,t), Tf"(g,t), and
pO'(C,t) are the response due to the constraint; the
latter quantities are arbitrary functions of 5,t and
do no work. For an incompressible inviscid fluid
jet, which models the properties of the three-
dimensional inviscid fluid at constant temperature,
we introduce the constitutive assumption that n,Troi,

p*^ do not depend explicitly on the kinematic quan-
tities, 3v/3£;,W(jj,3w^/3£;, and are furthermore work-
less , i.e.

,

3v 3w

(41)

provided w^, 3y/3£ satisfy the constraint condition
(39) . It can then be shown that [Green and Laws
(1968) and Green (1976)]

4. STRAIGHT FLUID JETS. ADDITIONAL REMARKS

We now specialize the results of the previous sec-
tion to straight jets of elliptical cross-section.
In order to display some details of the kinematics
of a straight jet, including the rotation of the
directors in a plane normal to the jet axis, it is
convenient to introduce a fixed system of rectangular
Cartesian coordinates (x,y,z) with the z-axis paral-
lel to the jet. Further, let the unit base vectors
of the rectangular Cartesian axes be denoted by
(i,j,k) and introduce, for later convenience, the
additional base vectors

ej = i cos S + j sin 9 ,

e2 = -i sin 9 + j cos 9 , 63 = k , (43)

where 9 is a smooth function of z and t. We assume
that the directors are so restricted that they de-
scribe an elliptical cross-section of smoothly vary-
ing orientation along the length of the jet and that
at each z = const., the base vectors, ej and e2,

lie along the major and minor axes of the ellipse,
respectively. Then, the angle, 9, called the
sectional orientation, specifies the orientation of

the cross-section as a function of position. With
this background, henceforth we restrict motions of
the directed curve, R, such that in the present con-
figuration at time, t.

= z(5,t)e3 >1 hgi l'2g2 (44)

where
<))i

and (i>2 measure the semiaxes of the ellipti-
cal cross-section. In the case of a circular jet,

^l = (j)2.

The complete theory also requires the specifica-
tion of explicit values for A,y'*,y"P,f and S.o'. In

particular, the values for A,y",ycB may be obtained
by an appeal to certain results from the three-
dimensional description of the jet. Thus, recall-
ing (18) and the remark made following (17) , here

we choose the curve, 9™ = 0, as the line of centroids

of the jet-like body and identify this curve with
the curve, I, in the theory of a Cosserat curve.

This leads to the identification

-K'^i
'^ ^2 "" §3

X = p(a33)'^ = rp*g^d9ld92 ,

p« = (42)

nil In, general , there are three conditions of incompressibility
in the theory of incompressible directed fluid jets; for a
discussion of these, see Caulk and Naghdi (1978a, Appendix)

.

In restricted forms of the theory discussed in the next sec-
tion, two of the three conditions are satisfied identically.
The specification (38) is motivated from an examination of
the incompressibility condition in the three-dimensional
theory when the position vector is approximated by (18).

Xy" = p g^9 d9 d8 = ,

/„Ay = -' p g 9 9 d9 d9 ,

a
(45)

where p is the three-dimensional mass density in

(9) and the determinant g defined by (3) 3 is cal-
culated from the approximation (18) . Again, with
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the use of (18) and the equations of motion (9)2 3,

the expressions for f and £° can be identified in
terms of the integrated body force, f*, over the
cross-sectional area, a, and specified pressure and
surface tension over the boundary, 3a of a [for

details, see, for example. Caulk and Naghdi (1978a)].
We observe that since yCt = by (45)2, the equations
of motion (30) and (31) assume a slightly simpler
form. We do not record here the details of the
system of ordinary differential equations which can
be obtained from (29) -(33) for both inviscid and
linear viscous fluids. They are readily available
in the papers cited: see Green and Laws (1968),
Green (1975, 1976, 1977), and Caulk and Naghdi
(1978a, b)

.

In the rest of this section, we briefly call
attention to some available evidence of the relevance
and applicability of the direct formulation of the
fluid jets. Available solutions obtained to date
are limited to those for straight jets and among
these most of them deal with jets of circular cross-
section. Some general aspects of compressible
inviscid jets, including a discussion of ideal gas

jets in the context of a thermodynamical theory,

have been studied by Green (1975) . Applications to

incompressible circular jets for both inviscid and

viscous fluids are contained in the papers of Green
and Laws (1968) and of Green (1976) . Green (1977)

has also studied a steady motion of an incompressible
inviscid fluid jet which does not twist along its

axis. A more detailed analysis of the motion of a

straight elliptical jet of an incompressible inviscid
fluid in which the jet is allowed to twist along its

axis is contained in a recent paper by Caulk and

Naghdi (1978a) . This study, which includes the ef-

fects of gravity and surface tension, utilizes the

nonlinear differential equations of Section 3 with
r and d^ at time, t, specified in the form (44) . A
number of theorems are proved in the paper of Caulk
and Naghdi (1978a) which pertain to the motion of a

twisted elliptical jet and some special solutions
are obtained which illustrate the influence of twist.

Further, a system of linear equations, derived for
small motions superposed on uniform flow of an in-

compressible circular jet, is employed by Caulk and
Naghdi {1978b) to study the instability of some
simple jet motions in the presence of surface ten-
sion, i.e., the so-called capillary instability that
leads to disintegration of the jet. In particular,
they [Caulk and Naghdi {1978b) ] consider the breakup
of both inviscid and viscous jets: in the case of
an inviscid jet excellent agreement is obtained with
the three-dimensional results of Rayleigh (1879a, b)

;

and for a viscous jet, through a comparison with
available three-dimensional numerical results
[Chandrasekhar (1961) ] , the solution obtained is

shown to be an improvement over an existing approxi-
mate solution of the problem by Weber (1931) . A
related study by Bogy (1978) , concerning the insta-
bility of an incompressible viscous liquid jet of
circular section, partly overlaps with the work of
Caulk and Naghdi (1978b) on the temporal instability
of a viscous jet, and considers the spatial insta-
bility of a semi-infinite jet formulated as a

boundary-value problem.

PART B

face, we summarize a special case of the theory
which is particularly suited for applications to
problems of fluid sheets and to the propagation of
fairly long water waves. For the sake of simplicity,
we confine attention here to homogeneous fluids; but
note that, as in Green and Naghdi (1977) , the deriva-
tion can be modified to allow for variation of mass
density with depth. Although we are concerned mainly
with the purely mechanical theory involving appropri-
ate forms of the conservation laws for mass, linear
momentum, and moment of momentum, we also include
the conservation of energy. The latter easily sup-
plies motivation for some requirements in the devel-
opment of certain solutions.

5. THE BASIC THEORY OF A COSSERAT SURFACE

Having introduced the notion of a (three-dimensional)
sheet-like body in Section 2, we now formally define
a direct model for such a body. Thus, a Cosserat
(or directed) surface, C, comprises a material sur-
face, 5, (embedded in a Euclidean 3-space) and a

single deformable vector, called a director, attached
to every point of the surface, 5. The directors
which are not necessarily along the unit normals to
the surface have, in particular, the property that
they remain unaltered under superposed rigid body
motions. Let the particles of the material surface
of C be identified by means of a system of convected
coordinates, 9" (a = 1,2), and let the surface oc-
cupied by S in the present configuration of C at
time, t, be referred to as J. Let r and d denote
the position vector of a typical point of J and the
director at the same point, respectively, and also
designate the base vectors along the O'^-curves on

J hy a . Then, a motion of the Cosserat surface is

defined by vector-valued functions which assign posi-
tion, r, and director, d, to each particle of C at
each instant of time, i.e..

r(9",t) d(e«,t) [aiaad] > (46)

and the condition (46), ensures that the director,
d, is nowhere tangent to«/. The base vectors, a^,

and their reciprocals, a", the unit normal, 33, and
the components of the metric tensors, a^jg and a'^S^

at each point of a are defined by

3r

?r,'

a = a a a a3 = aj X a2

a = det a „ , a = [aiaoa^] > ,

ag ~-'~^~--' (47)

where Sp is the Kronecker delta in 2-space. The
velocity and the director velocity vectors are de-
fined by

v = r , w = d , (48) ,

In Part B (Sections 5-8) , after briefly describing
the basic theory of a Cosserat (or a directed) sur-

*For convenience, we adopt the notation for r in (14) and

(21) also for the surface (46) 1. This permits an easy
identification of the two surfaces, if desired. The choice
of positive sign in (46) 3 is for definiteness. Alterna-
tively, it will suffice to assume that [aia2d] ^ with the
understanding that in any given motion tfie scalar triple
product [aia2d] is either > or < 0.
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where a superposed dot denotes differentiation with
respect to t holding 9" fixed.

Let P, bounded by a closed curve, 3P, be a part
of J occupied by an arbitrary material region of
S in the present configuration at time, t, and let

V = v"a = V a" (49)

be the outward unit normal to 3 P. It is convenient
at this point to define certain additional quantities

as follows: The mass density, p = p(0',t), of the

surface,^, in the present configuration; the con-
tact force, N = N{6^,t;V), and the contact director
force''', M = M(9^,t;V), each per unit length of a

curve in the present configuration; the assigned
force, f = f(8^,t), and the assigned director force,
I. = £{e^,t) , each per unit mass of the surface,,/ ;

the intrinsic director force, m, per unit area of

J; the inertia coefficients, k = k(6^) and k = kO^),
which are independent of time; the specific internal
energy, e = e(6'V,t); the heat flux, h = h(9"'^,t;v)

per unit time and per unit length of a curve, 3P;
the specific heat supply, r = r(9Y,t), per unit time;
and the element of area, do, and the line element,
ds, of the surface, J . The assigned field, f, may
be regarded as representing the combined effect of
(i) the stress vector on the major surfaces of the
sheet-like body denoted by f^, e.g., that due to the
ambient pressure of the surrounding medium, and (ii)

an integrated contribution arising from the three-
dimensional body force denoted by fj-,, e.g., that due
to gravity. A parallel statement holds for the as-
signed field, l. Similarly, the assigned heat sup-
ply, r, may be regarded as representing the combined
effect of (i) heat supply entering the major surfaces
of the sheet-like body from the surrounding environ-
ment, denoted by r , and (ii) a contribution arising
from the three-dimensional heat supply, denoted by
rj^. Thus, we may write

~b ~c ~b ~c
. (50)

The various quantities in (50) are free to be speci-
fied in a manner which depends on the particular ap-
plication in mind and, in the context of the theory
of a Cosserat surface, the inertia coefficients, k,

k and the mass density, p, require constitutive equa-
tions. Indeed, fc«Jc ^'"^ ^c' ^^ well as f-^,Z^ and
rj^, can be identified with corresponding expressions
in a derivation from the three-dimensional equations
[for details, see Naghdi (1972,1974)]. Likewise, p
and the coefficients, k,k, may be identified with
easily accessible results from the three-dimensional
theory.

In terras of the above definitions, the conserva-
tion laws for a Cosserat surface can be stated in
fairly general forms. We do not record these here
since they are available elsewhere [Naghdi (1972)

,

p. 482) or Naghdi (1974)]. Instead, we turn our
attention to the relatively simple theory of the
next section.

It may be noted that the local field equations
in the mechanical theory of a Cosserat surface have

the same forms as those that can be derived from the
three-dimensional field equations (9) j 2 3 by suit-
able integration between the limits, Cj and ^2> and
in terms of certain definitions for integrated mass
density and resultants of stress [for details, see
Naghdi (1972, Sections 11-12) or Naghdi (1974)].
Moreover, given the approximation (21) , there is a
1-1 correspondence between the two-dimensional field
equations that follow from the conservation laws of
a Cosserat surface and those that can be derived from
(9)1,2,3 provided we identify the director, d, in
(21) with (46)2 and adopt the definitions of the re-
sultants mentioned above. As similar 1-1 correspon-
dence can be shown to hold between the two-dimensional
energy equation in the theory of a Cosserat surface
and an integrated energy equation derived from the
three-dimensional energy equation.

6. A RESTRICTED THEORY OF A COSSERAT SURFACE

Special cases of the general theory can be obtained
by the introduction of suitable constraints, thereby
resulting in constrained theories. Alternatively,
corresponding special cases can be developed in which
the kinematic and the kinetic variables are suitably
restricted a priori and then restricted theories are
constructed by direct approach. Such special cases
of the general theory have been discussed previously
by Naghdi (1972, Sections 10 and 15) and by Green
and Naghdi (1974) and are of particular interest in
the context of elastic shell theory. We provide here
an outline of a restricted theory developed by Green
and Naghdi (1977) mainly for application to problems
of fluid sheets. The resulting equations can also
be obtained as a constrained case of those given for
directed fluid sheets [Green and Naghdi (1976) ] , but
it is more convenient to restrict the kinematic and
the kinetic variables at the outset and construct a

corresponding restricted theory from an appropriate
set of conservation laws in integral form.

Let the director, d, while deforming along its
length, always remain parallel to a fixed direction
specified by a constant unit vector, b. It should
be kept in mind that b is fixed relative to the body
and not relative to the space. Thus, recalling (45)2
and (48)2, "^ write

>{9 ,t)b w = w(9 , t)b (51)

Further, in view of the assumed form of (51) j for
the director, it is convenient to decompose M,m and
I into their components along and perpendicular to

the unit vector, b, i.e.,

M = M(9'V,t;v)b + b X S(9^,t;v) , S • b = ,

m = m(9"^,t)b + b x s(9''',t) , s • b = ,

£ = J.(0''',t)b + b X c(9'^,t) , c • b = , (52)

The terminology of director couple is also used for M depend-
ing on the physical dimension assumed for the director, d.
Here we choose d to have the physical dimension of length so
that M has the same physical dimension as N. For further
discussion see Naghdi (1972, Ch. C) and Green and Naghdi
(1976)

.

where M,m and i are scalar functions and S,s,c are

vector functions of their arguments. According to

the decomposition (52) j the vector, M, is resolved
into two parts . One pa t is along b and the other
part is the perpendicular projection of M onto the

plane defined by S • b = which is perpendicular to
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b. Parallel statements hold for vectors, m and H,

in (52)2,3-
Also, it is convenient to decompose the assigned

fields, f and H , into two parts, one of which repre-
sents the three-dimensional body force acting on the
continuum which is assumed to be derivable from a

potential function, n(r,i}i), and the other which
represents the effect of applied surface loads on
the major surfaces of the fluid sheet. Thus, we
write

f = -
dr -c

a = (-
an

3<j)

+ i (53)

With the foregoing definitions of the various
field quantities and with reference to the present
configuration, the conservation laws for a restricted
theory of a Cosserat surface [different from the re-
stricted and constrained theories discussed previ-
ously by Naghdi (1972) and by Green and Naghdi (1974)]

are:

dt Jl
pda = ,

r— p (v + kwb)da = pfdo + _^ N ds ,dtjp- - J F ~ J3P~

Sfj.^'^ J (p£-m)da +/gp+ kwb)wda = b[ {pZ-m)da + Mds]

+ b X [ (pc-s)da
J p ~ ~

•J.

dt /,

+
I

gpSds] ,

p [r X v + k(r x wb + d x v)]da

= p [r X f + d X (b X c) ]da
J P

/+
J

p[r X N + d X (b X s)]ds ,

-T-
I

p[e+n+l2(v'v+ 2kv • wb + kw2)]da
dt J p - - - .

=
[ p(r + f •v+ «._w)da
J P

/a:
+ p (N • v + Mw - h)ds (54)

In the above equations (54) j is a statement of con-
servation of mass, (54)2 the conservation of linear
momentimi, (54) 3 that of the conservation of the
director momentiom, (54) 4 the conservation of moment
of momentum and (54)5 represents the conservation
of energy. It should be noted that the quantities,
M and l ...c no contributions to the moment of momen-
tum equation , and the quantities , c and S , make no
contribution to the equation for conservation of
energy in the present restricted theory.

Under suitable continuity assumptions, the curve
force, N, the director force, M, and the heat flux,
h, can be expressed as

N = n"v ,~ a

a
M V S = s"v

a a a
h = qv , q=q-a (55)

where q is the heat flux vector and the fields , N ,

SO',M°',q", are functions of e"'^,t. The five conserva-

tion equations in (54) then yield the local equa-

tionsT

h Ypa^ = Y(e') , (56)

(a^") + Yf = Y(v + kwb) . (57)

(a^ ) + Y^l = ma" + Y(kv • b + kw) ,

(a^S ) + YC = a s - b X ykv , (58)

X N + d (b X s) + d (b s") ,(59)

pr - div q - pe + N V +mw+Mw =0 ,(60)
~ ,a ,a

where "div " is the surface divergence operator de-
fined by divg q = q,j^ • a'^ and a comma denotes par-
tial differentiation with respect to the surface
coordinates, 9^. It should be noted that the vector
fields, S*^ and s, are workless and do not contribute
to the reduced energy equation (50)

.

The above results include (60) , which is derived
from (54)5. For the purely mechanical theory in
which the law of conservation of energy is excluded,
the appropriate conservation laws are the first four
of (54) . In the context of the purely mechanical
theory, it is worth recalling that the rate of work
by all contact and assigned forces acting on P and
on its boundary, 3P , minus the rate of increase of
the kinetic energy in P can be reduced to [see

Naghdi (1972,1974) ]

:

;.
p(f • V + H • w)da +

3P
(N V + M • w) ds

dt

where

h{v • V + 2kv • w + kw^)da = Pda , (61)
/.

P=N 'V +mw+Mw
~ ,a ,a

is the mechanical power.

Before closing this section, we also note that

the restriction imposed on the motion of the medium

by the condition of incompressibility , in the context

of the restricted theory under discussion, reduces
to§

"I"!!! line with a remark made at the end of the previous
section, we note that equations (56) -(60) can also be

derived by suitable integration across the thickness of
the sheet, respectively, from the three-dimensional equa-

tions (9)1 2 3 ^^^ the three-dimensional energy equation.

In general, there are two conditions of incompressibility

in the theory of incompressible directed fluid sheets; for

a discussion of these, see Naghdi (1974, Section 3). In

our present discussion, since d is assumed to have the form

(51) 1, the second condition is satisfied identically and

the corresponding pressure (arising from the constraint

response) is a part of the response functions for S and s.

The specification (62) is motivated from an examination of

the incompressibility condition in the three-dimensional

theory when the position vector is approximated by (21)

.
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dt
[aia2d] (62)

and can alternatively be expressed in the form

[(d • a3)a" - (d • a")a3] • v + 33 • w = .(63)~->~ "'"'*' ~',0t*'

For an incompressible inviscid fluid sheet, which
models the properties of the three-dimensional in-

viscid fluid at constant temperature, we introduce
the constitutive assumption that N",m,M'^ do not de-

pend explicitly on the kinematical quantities, v ^,
w,w „, and are furthermore workless, i.e..

, V = y \ = <ii (68)

and we note that the velocity components, u,v,A,w,
may be regarded as functions of either 6 ,6 ,t or
of x,y,t. From (67) follow the expressions

V = uei + veo + ^e3 , w = we3 (69)

and

u = u + uu + vu , V = V + uv vv ,

t X y t X y

A = A^ + uA + vA , w - w + uw + vw , (70)
t X y t X y

V + mw + M w =0 (64)

provided y (^ and w satisfy the constraint condition
(63) . With the use of (51) , it can then be shovm
that [see Green and Naghdi (1976, 1977)]

N« = - p'{(d • a3)a°' = (d • a°')a3}

P; e *ag X b ,

m = - p 'a M = (65)

where
p^^^ is an arbitrary scalar function of 6^,t

and e^S is the alternating tensor in 2-space. With
the help of the energy equation (60) and the fact
that the mechanical power vanishes identically for
an incompressible inviscid fluid at constant tempera-
ture, it can be shown that [see the appendix of Green
and Naghdi (1976)]

q =

7. WATER WAVES OF VARIABLE DEPTH

Within the scope of the restricted theory of the
previous section, we include here an outline of a
derivation of a system of nonlinear differential
equations governing the two-dimensional motion of
incompressible fluids for propagation of fairly long
waves in a stream of water of variable initial depth.
Our developments include the effects of gravity and
surface tension but we assume that the mass density
of the fluid does not vary with depth. However, a

more general derivation for a nonhomogeneous inviscid
fluid in which the mass density is allowed to vary
with depth is given by Green and Naghdi (1977) . Let

ei,e2,e3 be a set of right-handed constant orthonormal
base vectors associated with rectangular Cartesian
axes and choose the unit vector, b, to coincide with
63. Then, the position vector, r, in (45) j and the
director, d, in (51) 1 can be represented as

r = xej + ye2 + ipe^ pes (66)

where x,y,i|j,(j) are functions of 6 ,6 ,t. The velocity,
V, and the director velocity now take the forms

V = uej + ve2 + Ae3 , w = we3 , (67)

where

where the subscripts, x,y,t, designate partial dif-
ferentiation with respect to x,y,t, when u,v,A,w are
regarded as functions of x,y,t. With the use of (57)

and (70) , the incompressibility condition (64) as-

sumes the simpler form

1 (u + V ) + w =
X y

(71)

In order to complete our development, we need to

specify values for the assigned force, f, and the

assigned director force, Z, and to identify the co-

efficients ,y <k and k, which, in general, require
constitutive equations. For this purpose we consider
the corresponding fluid sheet in the three-dimensional
theory in which an incompressible homogeneous fluid
under gravity

||
,-g*e3, flows over a bed specified by

the position vector

xej + ye2 + a(x,y)e3

and we specify the surface of the fluid by

xej + ye2 + B(x,y,t)e3

(72)

(73)

In (72), a is a given function of x,y but g in (73)

depends on x,y,t. At the surface (73) of the stream
there is constant pressure, p^, a constant normal

surface tension, T. At the bed the (unknown) pres-

sure, p, depends on x,y and t. Thus, the normal

pressure, p* , at the top surface (73) is

p* = p - q ,

T{ (1 + 2B 3 6 + (1 +
x y xy yy

(74)

(1 + 32)3/2
y

At the bed (72) the normal velocity of the fluid is

zero and the pressure, p* takes the value

p* = p(x,y,t) (75)

where p is to be determined.
To proceed further, we recall the notation in (3)

,

let the surface, C = 0, defined by (15) coincide with

the surface, J , and consider the three-dimensional

region of space between the surfaces (72) and (73)

occupied by the fluid. Any point in this three-
dimensional region is then specified by

" We use g* (instead of g) for gravity, since the letter, g,

is used for a different quantity in (3), (5) and elsewhere in

the paper.
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)3^ej = xiei+ ye2 + (li) + 0'<j))e3 (76)^

where the surfaces, a and 6, in (26) or (72) and (73)

correspond to 6^ = 5l»
i3 = C2» respectively. Also,

x,y,i|' and (fi in (76) are functions of ,8 and t and

^ + Cl<l e * + C2<t (77)

Next, in order to obtain explicit values of Y/k,k,f
and a in relation to the top and bottom surfaces of
the fluid, we choose the surface, 9 = 0, so that the
center of mass of the three-dimensional fluid region
under consideration always lies on this surface and
we then identify this surface with the surface, J ,

in the theory of Cosserat surface. Without loss in

generality, we may choose 5l = ~h, $2 - +^ (see

Figure 2) . This leads to the identification:

The questions of continuous dependence upon the
initial data and uniqueness for solutions of initial
boundary-value problems for a class of symmetric
flows characterized by a special case of the system
of nonlinear partial differential equations given
by Green et al . (1974c) has been discussed by Green
and Naghdi (1975) . A similar procedure may be used
to establish uniqueness for the more general system
of equations (80)

.

For later reference, we consider here the reduc-
tion of the system of nonlinear differential equa-
tions (71) and (80) for unidirectional flow in the
absence of surface tension, T. Without loss in

generality, we set the ambient pressure, p. 0,

and consider flows in the x-direction only. Then,
with q = 0, from (71) and (80) we obtain

((>. + ((fu) = ,

pa p g^de- P <1>

3(x,y)

3(6^, 02)
p - pa
X X

p g'^e^de^ = ,

yk =
f p*g'^(e3)2de2 P A 3 (X'Y)

TT 'f 7.

—
12 3(ei,e2)

(78)

where p is the three-dimensional mass density in

(9) and the determinant g defined by (3)3 is cal-
culated from the approximation (21) so that

p (f.X = p - p*g*((

1 *^- 1 - P—-p <pw = - h p + fx2 ffi

(83)

We may solve (83)3,1, for p and p and obtain the ex-
pressions

_ * * .

p = p <j) (g + X) ,

,
* 2 • 1 •

P = %P<)> (g + A+— w) (84)

g =
3(x,y)

3(6l,e2)
(79)

Substitution of (78) and the appropriate expressions
for f and I into (57) to (59) results in the dif-
erential equations of motion

Introduction of (84) j 2 into (83) i 2 yields a system
of two partial differential equations in u and w but
we do not record these here. A further simplifica-
tion of these equations results for a horizontal bed.
For a horizontal bottom a may be taken to be zero and
(77) 1 2 and {68)3 i, reduce to

P <l>u -Px + <Po - ^'^x = P"x A = (85)

p (})V = -p + (p - q) e - pa
y o y y

where

p(t>A=q-p^ + p-pg

— p <i>V! • (q *5 p +

p'4,

(80)

(81)

Moreover, since the bed of the stream is stationary,
from (77) and (70)3 i, we have

ua + va = i)

X y '^ 'i w (82)

The above system of equations is independent of the
remaining equations (58) which involve S",s. The
fields, S'^,s, correspond to appropriate constraint
responses for the restricted motion (51)

.

In (76) to (78) , we have returned to the notation
instead of f, introduced in (2) .

8. FURTHER REMARKS

The system of nonlinear differential equations (71)

and (80) J ^2 , 3 , 1* ' which include the effects of gravity
and surface tension, govern the two-dimensional mo-
tion of incompressible inviscid fluids for the propa-
gation of fairly long waves in a stream of variable
initial depth. They are derived here by a direct
approach as consequences of the conservation laws
(54) subject to the incompressibility condition (64)

.

Upon specialization to unidirectional flow, the non-
linear differential equations (71) and (80) reduce
to those for inviscid fluids over a bottom of vari-
able initial depth given by Green and Naghdi (1976a,
Sections 5-6) , while the equations for two-
dimensional flow over a horizontal bottom were de-
rived earlier [Green et al. (1974c) ]

.

The differential equations governing the motion
of a viscous fluid sheet are discussed briefly by
Green and Naghdi (1976a, Section 11) and a similar
development can be given within the framework of the
restricted theory of Section 6, but we do not con-
sider this aspect of the subject here. The system
of differential equations obtained in Section 6 is
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valid for incompressible, inviscid, and homogeneous
fluids. A more general derivation for propagation
of fairly long waves in a nonhomogeneous stream of
variable initial depth in which the mass density is

allowed to vary with depth is contained in a recent
paper of Green and Naghdi (1977)

.

In the case of incompressible inviscid fluid
sheets, the nonlinear equations for wave propagation
in water of variable depth can also be derived from
the three-dimensional theory: the procedure involves
the use of the (three-dimensional) equation for con-
servation of energy, the incompressibility condition,
invariance requirements under superposed rigid body
motions, along with a single approximation (21) for
the position vector. Then, by (6) and (21), the ap-
proximation for the (three-dimensional) velocity
field is given by

= V + (86)

where y and w in (86) have the same forms as those
in (67) . A derivation of this kind has been carried
out by Green and Naghdi (1976b). It is important,
however, to note that this derivation is limited to
incompressible inviscid fluids which do not require
constitutive equations. ^^

It is natural to ask what are the relationship and
advantages (if any) between the above system of equa-
tions and those which are currently employed by other
investigators. To provide a ready comparison, we
list below from Whitham (1974) alternative forms of
equations for water waves moving in the direction of
a fixed x-axis for a stream of initial constant depth,
h. Let the elevation of the stream be h + n • Then,
for unidirectional flow and in terms of n and the
horizontal velocity, u, we recall from Whitham
(1974, pp. 460-463) the system of equations

nt + {u(h + n)

}

* 1 9
J^ + uu + g n + -z c hn
t X X 3 XXX

(87)

and the pair of equations attributed to Boussinesq,
namely

or an equation due to Benjamin et al. (1972) given
by

t 2 h X

1 9- ch^n ^ =
5 xxt

(90)

As already remarked by Green and Naghdi (1977)

,

it may immediately be verified that the set of equa-
tions (88) and (90) only have steady state solutions
if n and u are both constants. Also, although the
K.dV. Eq. (89) admits a solitary wave in which the
velocity at infinity is zero and the stream there is
at its undisturbed height, h, it does not admit a
steady state solution with u constant and n = at
infinity. This fact is related to another property
of (89) which is also shared by (88) and (90) : the
three sets of equations (88) to (90) are not invari-
ant in form under a constant superposed rigid body
motion of the whole fluid. To see this, suppose
that a constant superposed rigid body translational
velocity is imposed on the whole fluid so that the
particles at the place, x, are displaced to x"*" at
time, t , specified by

t + a (91)

where a and a are constants. The variables that oc-
cur in the differential equations (87) -(90) are n =

ri(x,t) and u = u(x,t). Let r]+ = n''"(x+,t+) and u+ =

u''"(x+,t"'") be the corresponding scalar quantities de-
fined over the region of space occupied by the fluid
after the imposition of the superposed rigid body
motion (91) j . Then, from (68) j and (8.6) we obtain

u(x,t) = u (x , t ) - a

u (x + at, t + a) (92)

We expect the elevation, h + n , of the fluid to re-
main unaltered by superposed rigid body motions; and,
since h remains unaltered also, this leads us to re-
quire that

n(x,t) = n (x ,t'*') = n*(x + at, t + a) . (93)

ri + (h + ri)u =
x

" ^ 'J \ + 3 ^^xtt = ° (88)

where the notations in (87) and (88) are the same as
those in (70) , g is the acceleration due to gravity
introduced in Section 7 and c^ = g*h. Both systems
of equations (87) and (88) allow for wave propagation
in either direction along the x-axis. For waves mov-
ing along the positive x-direction only there is the
Korteweg-deVries (1895) equation—hereafter referred
to as the K.dV. equation— i.e..

From (92) and (93) , we calculate expressions of the
type

xtt

+ +
1 + an

+ +
t X

+ , + 9 +
n + 2an + an

+ + + + + + + + +Xtt xxt XXX

n = n^ + un
t >

+ + +
n + u n (94)

\ + -d + 2
^) n + ^ ch^n =
h X 6 XXX

(89)

Recall that in the three-dimensional theory of incompress-
ible inviscid fluids the stress vector is specified in terms
of a pressure which is determined by the equations of motion
and the boundary conditions

.

with similar results for u^,Uj, and u in terms of u+
and their derivatives. It was noted by Green and
Naghdi (1977) that if the independent variables, x,

t, in (88) to (90) are changed to (91) , the equations
for u,n in terms of x+,t"'" are different from those in
terms of x,t and this was illustrated explicitly with
reference to the K.dV. equation (89). Here, we con-
sider the pair of equations (88) j 2- After substi-
tuting (92) -(94), they become
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•+ + +
n +(h + n)u_^ = o ,

X

•+ * + 1 ^ +
u +gn,+— hn

+ 3 + + +
X X t t

+
-2ari - a^n

+ + + + + +
X X t XXX

(95)

The first of (95) is of the same form as (88) i and
hence invariant but clearly the second of (95) dif-
fers from {88)2. This means that the character of
the solutions of (88) , (89) and (90) is substantially
altered by superposing a constant rigid body trans-
lational velocity on the fluid, which is contrary
to what happens if we use the full three-dimensional
equations of motion for an inviscid fluid. On the
other hand, the set of equations (87) is not subject
to this drawback, and the equations do have useful
steady state solutions. It may be argued that be-
cause of the nature of the approximation in obtain-
ing (88) to (90) from the three-dimensional theory
we should not expect these equations to be invariant
under a superposed constant translational velocity,
but this then leaves in doubt which version of any
of the sets (88) to (90) are to be chosen as basic.
The difficulty disappears if we linearize any of
the above sets since the resulting equations are
then invariant under a small superposed constant
translational velocity, as we would expect.

From the above discussion, it might appear that
the equations (87) may be preferable to any of (88)
to (90) , but arguments are put forward by Whitham
(1974, p. 462) to suggest that the system (88) is to
be preferred to (87) . Although considerable use has
been made of some of the equations (87) to (90) , it
would seem that they all rest on a somewhat shaky
physical foundation. By contrast, the system of
equations (71) and (80) do not possess the undesir-
able features of the type noted above: they are

properly invariant under superposed rigid body mo-

tions, admit general steady state solutions, and are

free from anomalies mentioned earlier.
For the purpose of providing a more explicit com-

parison with the system of equations (87) to (90)

,

we specialize the system of equations (83) to that
for a horizontal bottom for which (85) j 2 3 k hold.

Then, denoting again the elevation of the stream by
h + n, the differential equations (83) j 2 '^^'^ ^^ ^^~

corded in the form

n + (h +ri)u =
x

u + g n^ + J hn^^^ (96)

that the nonlinear equations (96) j 2 ^^^ invariant
under a constant superposed rigid body translation
while (88)1 2 3^s not.^t Within the scope of the
nonlinear theory, it does not seem reasonable to
neglect the quantity, R, in (96)2 on the basis of
either physical considerations or mathematical argu-
ments. It may be, however, that in some special
circumstances the solution of (88) is a good approxi-
mation to the solution of (96) , but this is a dif-
ferent question than that discussed above. In this
connection, it is worth noting that a solution to a
system of differential equations, which results from
neglecting certain terms in a more general system of
equations, in general, will not be the same as a
solution obtained by approximation from a correspond-
ing solution of the more general system of equations.

We close this section by calling attention to some
available evidence of the relevance and applicability
of the direct formulation for fluid sheets. The sys-
tem of equations (71) and (81) , or a special case of
it, has already been employed in some detailed stud-
ies of a number of two-dimensional problems of in-
viscid fluid sheets, as well as in some comparisons
with known previous solutions on the subject. We
mention here some of these studies and refer the
reader to the papers cited for additional informa-
tion: (a) the nonlinear differential equations admit
a solitary wave solution [see Green et al. (1974c)]
which is the same as that attributed by Lamb (1932,
Section 252) to Boussinesq and Rayleigh; (b) this
solitary wave solution, as well as appropriate jump
conditions and certain results derived from the
energy balance for an inviscid fluid sheet at con-
stant temperature [Green and Naghdi (1976a, Appen-
dix) ] , has been used by Caulk (1976) to discuss the
flow of an inviscid incompressible fluid under a

sluice gate; (c) the steady motion of a class of

two-dimensional flows in a stream of finite depth
in which the bed of the stream may change from one
constant level to another, and the related problem
of hydraulic jumps, both for homogeneous and non-
homogeneous incompressible fluids [Green and Naghdi
(1976a, Section 7) and Green and Naghdi (1977)],-

and (d) a class of exact solutions [Green and Naghdi
(1976a, Section 9) ] which characterize the main fea-

tures of the time-dependent free surface flows in

the three-dimensional theory of incompressible in-

viscid fluids [Longuet-Higgins (1972) ]

.
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where

I ^\tt

1 1

'x^tt

. , [(f)2(2u(t. . +u2<|) + u. (j) + uu ()) ) ]

3 $ xt XX t X XX X
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Discussion

G. L. CHAHINE

I would like to congratulate the author on his

very fine work and to comment on his conclusion

that the Rayleigh-Plesset equation represents fairly

well the growth of bubbles attached to a wall. As

is well-known, the Rayleigh-Plesset equation relates

the growth and collapse of a spherical bubble, with-

out relative motion with respect to the unbounded

surrounding fluid, for a given variation of pressure

far from it. It then seems really surprising that

such an equation could describe so well the growth

of the bubble on a blunt nose as shown in Figure 31.

None of the requirements for the validity of the

Rayleigh-Plesset equation are fulfilled;

a. the bubble is non-spherical, even if we

agree that the shape in the figure plan

is a portion of a circle,

b. presence of a wall,

c. shear flow around the bubble,

d. relative motion between the bubble and the

fluid (as pointed out by the author)

.

Moreover, the presence of gas inside the

bubble is not taken into account, while the gas

behavior has been shown to be very important
[Chahine (1974, 1976)]. We believe that the good

agreement between experimental results and analyt-
ical computations shown in this paper is mainly
due to:

a. the time of observation is too small com-

pared to the hypothetical lifetime of the

bubble. (For a bubble radius of 1.3 mm
and an external pressure of 5,000 N/m ,

R. differs only 4% from the experi-

the Rayleigh time is about 0.7 ms and the
lifetime is greater than 1.5 ms ; say 10

times the observation time.)
b. in order to integrate numerically the

Rayleigh-Plesset equation one needs two
initial conditions: an initial radius
and an initial growth rate. If R. and R^

replace these initial conditions it is

not surprising that the result deduced
for
mental result.

Concerning Table 4, the calculated relatively
small effect of surface tension and viscosity is

in good agreement with previous asymptotic studies
[Chahine (1976) and Poritsky (1952)].
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Author's Reply

J. H. J. van der MEULEN

The author appreciates Dr. Chahine's conraients

and would like to point out that the principal aim
of comparing the cavity growth on the blunt nose
with theory was to show that the travelling bubble
type of cavitation is more related to bubble dynam-
ics than to boundary layer phenomena.

The surprising observation (Figure 31) that
the shape of the attached, growing cavity is a
spherical segment is, to a certain extent, consis-
tent with the observation by Dr. Chahine (1977)
that the growth of the lower part of a bubble below
a free surface is not influenced by the presence
of the free surface.

It seems most unlikely that the presence of

gas originating from a small stream nucleus or from

diffusion may have affected the growth of the cav-
ity during the observation period. Oldenziel (1976)
has shown that such effects can be neglected for
explosive bubble growth.
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Discussion

R. LATORRE

Our lack of understanding of cavitation noise
and its measurement technique is an area of recent
concern and the authors' experiments and discussion
will hopefully aid other researchers with these
problems

.

The correlation of cavitation noise and the
observed cavitation is a complicated research topic.
In my dissertation I am studying tip vortex cav-
itation noise and as a contribution to the authors'
paper, I would like to present some illustrative

^ /B

m. TOKYO CAVITATION TUNNEL

FIGURE 1.

ment.
Tip vortex cavitation noise measure- SHIP RESEARCH INSTITUTE

CAVITATION TUNNEL
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noise measurements made at the University of Tokyo's
and the Ship Research Institute's (SRI) cavitation
tunnel.

Figure 1 shows the measurement apparatus. The

hydrophone was set in a 50 mm acrylic cup mounted
on the tunnel's observation window and filled with
water. The measurements were made in uniform flow

at constant speed with the section pressure lowered,

using propellers and foils. The propeller was SRI

No. 121 (D = 250 mm, z = 6, area ratio = 0.8,

constant P/D = 0.75). The foil (1/4 SRI Foil) was

a scaled version of Dr. Ukon's (SRI) design using
NACA 4412 wing section and a planform of c(n) =

Cg(l-ri^)''. The 1/4 SRI Foil had an aspect ratio
of 3, semi-span = 50 mm, and base chord, c. = 40 mm.

The measurements are briefly illustrated in
Figures 2, 3, and 4. In Figure 2 the noise spec-
trum and envelope of tip vortex cavitation noise
is shown for SRI and Tokyo University tests. The
intermittant tip vortex noise appears as spikes in
the spectrum between 2 and 6.3 kHz, as denoted by
"2" in this figure. Using the complete test
record it is possible to construct the envelope
shown in Figure 2D. The shifts in the frequency

appear to be a function of both the low pressure
vortex core and the condition of the water.
In an attempt to gain an understanding of the noise
mechanism, additional experiments were performed.
In Figure 3, the intermittant tip vortex noise
signal at 6.3 kHz was used to trigger the camera
shutter to photograph the intermittant tip vortex
cavitation. It appeared that the noise mechanism
is due to the pressure wave caused by the filling
of the low pressure vortex core by dissolved gases.

To test this hypothesis of the tip vortex cav-
itation noise mechanism, air was injected from the

1/4 SRI Foil tip and the noise spectrum measured.
Figure 4 shows the results of the initial tests
illustrating a qualitative agreement in the actual
tip vortex cavitation noise spectrum and the sim-
ulated tip vortex using air injection. At the time
of writing, it has been possible to improve this
technique and duplicate the intermittant "spikes"
in the noise spectrum.

Thus by the experimental results a basis for

understanding the low frequency aspects of tip vor-
tex cavitation noise has become possible.

10 dB
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Authors' Reply

GORAN BARK and WILLEM B. van BERLEKOM

It is very interesting to hear of this hypoth-

esis concerning generation of noise by tip vortex

cavitation. We have perfoirmed experiments with tip

vortex cavitation at propellers and hydrofoils and

found that intermittant tip vortex cavities were
noisiest. However, we have not performed high speed

filming or other more advanced attempts to study

the real mechanisms involved in the volume fluctu-
ations of the tip vortex cavity. In the case of

bubble cavitation and unsteady sheet cavitation,

which we have studied in more detail, we are of

the opinion that the highest pulses are generated
during the final part of a collapse, which often

is rather symmetrical, and that filling the cavities

with gas is of minor importance as a primary gen-

eration mechanism. However, some results indicate

that this gas decreases the violence of the collapse.
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The Boussinesq Regime for waves

in a Gradually Varying Channel

John Wilder Milas
University of California
San Diego, California

ABSTRACT

The Boussinesq equations for gravity waves of ampli-
tude a(x) and characteristic length l{x) in a

gradually varying channel of breath b(x) and depth
d(x) are derived from Hamilton's principle on the
assumptions that a/d E a << 1, (d/5,) ^ = 0(a), b'(x)
= 0(a3/2b/d) and d'(x) = 0(0^/2) (' e d/dx) . The
further assumption of unidirectional propagation
then leads to the Korteweg-deVries equation for a

gradually varying channel. It is shown that the
latter equation admits two integral invariants.
The second-order (in amplitude) invariant measures
energy, as expected, but the first-order invariant
measures mass divided by b'id'S ; accordingly, mass
is conserved only if either the first-order invariant
vanishes identically or bd'5 is constant, and only
the former possibility appears to be consistent
with conservation of energy. An approximate solution
for a cnoidal wave, which conserves both energy and
mass, is developed. The corresponding approximation
for a solitary wave (which may be regarded as a

limit of a cnoidal wave) does not conserve mass but
nevertheless provides an approximation to the evolu-
tion of the amplitude, a = b~^/^d~-^, that is in
agreement with experiments for gradual decrease of
depth or increase of breadth but not for decrease
of breadth.

1. INTRODUCTION

The Boussinesq regime for gravity waves of amplitude
a and characteristic length Si in water of depth d

is characterized by

a = a/d << 1, B (d/J,)- << 1, 0(a), (la,b,c)

where a and g are measures of nonlinearity and
dispersion, respectively, and (Ic) refers to the
asymptotic limit a ! 0. The assumptions of one-
dimensional wave motion and uniform depth and the

neglect of compressibility and viscosity then imply
Boussinesq' s equations for the free-surface displace-
ment and the depth-averaged velocity, ri(x,t) and

u(x,t). The further assumption of undirectional
propagation pe3nnits the elimination of u to obtain
the Korteweg-deVries (KdV) equation for n. The
classical derivations are given by Whitham (1974,

§13.11). An alternative derivation, starting from
the Luke-Whitham variational principle and using 5>

the velocity potential at the free surface, and ri

as dependent variables also has been given by Whit-
ham (1967)

.

I consider here the generalization of the
Boussinesq and KdV equations for a channel of grad-
ually varying breadth and depth b (x) and d(x) and
their approximate solution for slowly varying
cnoidal an(J solitary waves. I begin (in Section 2)

by deriving (what may be called) the Boussinesq chan-
nel equations directly from Hamilton's principle (to

which the Luke-Whitham variational principle is

equivalent in the present context) on the basis of

(1) and the further assumptions (which imply
gradually varying)

b'(x) 0(a /^b/d) d'(x) = 0(a /2) (2a, b)

I then (in Section 3) invoke the hypothesis of uni-

directional propagation to obtain the KdV channel
equation, which was developed originally by Shuto

(1974) through a rather more involved procedure.
I then go on to consider cnoidal waves in Section
4 and the solitary wave in Section 5 on the basis
of the stronger assumptions

<< a V2 (b/d) (3a, b)

A prominent feature of the KdV equation for a

uniform channel is the existence of an infinite
number of integral invariants (Whitham, 1974, §17.6).

The KdV equation for a slowly varying channel admits
only two such invariants, of first and second order
in the amplitude; the latter measures energy, as

523
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expected, but the former measures mass only if bd^
= constant. This deficiency is presumbly a conse-
quence of the implicit neglect of the weak reflection
that accompanies the gradual variation of the channel:
the reflection coefficient for energy is second
order in some appropriate measure of the channel
variation and therefore has no cumulative effect,
whereas that for mass is first order and does have
a cumulative effect. The resulting difficulty may
be avoided for a wave that is either periodic or of
compact support simply by choosing a horizontal
reference plane such that the mean value of the
free-surface displacement vanishes identically (see
Section 4) , but the problem is more subtle for an
aperiodic disturbance of unlimited extent such as

a solitary wave (see Section 5) and remains unre-
solved.

The primary goal , at least for practical applica-
tions, of the analysis of waves in a gradually
varying channel is the prediction of a as a function
of b and d. Green's law, which neglects both non-
linearity and dispersion, predicts [Lamb (1932,

§185)]

a = b~ d (4)

It is often used for practical shoaling calculations,
and Shuto (1973) finds that a = d'^S holds for
solitary waves on relatively steep slopes for a/d as

large as 2. On the other hand, the joint assumptions

of Boussinesq similarity (a/d = d /{. ) and conser-
vation of energy (which is proportional to a b£)

imply [Miles (1977a)]

b-2/3d-l (5)

Comparison with experiment (see Section 5) suggests
that (5) should be valid for a shoaling -or laterally
diverging channel if |6| < 0.1, where

6 = (3a)
-3/2

[2d(b'/b) + 9d'] (6)

but perhaps not for a laterally converging channel.
The present results also have implications for

the approximate treatment of nonlinear wave propa-
gation along the lines initiated by Whitham (1974,

Ch. 8) in his treatment of shock-wave propagation
and since applied to solitary waves [Miles (1977a)],

2. BOUSSINESQ CHANNEL EQUATIONS

The boundary-value problem for gravity waves in an
ideal, homogeneous liquid may be deduced from
Hamilton's principle in the form [Broer (1974),
Miles (1977b)]

6JJl{C, nldxdt = 0, L = £,^^ - jf{V<l,)^dy - |gn2,(7a,b)
d

where x and y are horizontal and vertical coordinates;
6(x,t) and n(x,t) are the velocity potential at, and
the displacement of, the free surface; dx is an
element of area in the x space; d(x) is the quiescent
depth; and the velocity potential ((>(x,y,t) is
determined by

(-d < y < n) (8)

(t>
+ Vd-V(t. = (y = -d), ()> = C (y = n) . (9a, b)

The solution of (8) and (9) is given by

? - yV-(dVC) - |y2v2c + 0(B2c) (10)

where P is defined by (lb) with d and i as scales
of y and x. The corresponding approximation to
the kinetic energy integral, after invoking n = 0(ad),
dVC = 0(6^50, e = 0(a), (2), and V-(AVB) = VA-VB +
AV^B, is

n ,

/ (V(t>)2dy = (d+n) (VC)2 - id3(v2g)2 + £v [d3(v25)V5]
— d J J

5-12
+ 0(a3d 5 ) (11)

Substituting (11) into (7) , invoking the further
approximation that (fi is independent of the transverse
coordinate in a channel of slowly varying breadth
b(x) and depth d(x), and integrating across the
channel, we obtain

J-' t 2 x 6 XX 2
bdxdt 0.

The corresponding Euler-Lagrange equations,

^(bd^? ) + [b(d+n)C ] + bn, =
3 XX XX XX t

and

2 X
+ gn

(12)

(13a)

(13b)

are counterparts of the Boussinesq equations [cf.

Whitham (1967)]

.

It is worth noting that the approximations to

this point are consistent with conservation of both
mass and energy:

fnbdx = 0, 3 i(d+n)C2 - |d352 + 1 ^2
2 x 6 XX 2

bdx = 0,

(14a, b)

where the integrals are over either (-",") or a

periodic interval. The integral (14a) follows
directly from the integration of (13a) with respect
to X, subject to appropriate null or periodicity
conditions at the end points. The integral (14b)

may be similarly established or may be inferred
(through Noether's theorem) from the invariance of
the Lagrangian density in (12) under a translation
of t; it is an exact invariant of (13), but it

would be consistent with the antecedent approxima-
tions to approximate the specific energy in (14b)

by *5(d52 + gn2).

3. KORTEWEG-DEVRIES CHANNEL EQUATION

The Korteweg-deVries (KdV) equation for uni-
directional wave propagation in a uniform channel

may be deduced from the Boussinesq equations by

assuming that C and n are slowly varying functions
of t in a reference frame moving with the wave speed,

c. It is expedient in the present context to choose

X, rather than t, as the slow variable (since b and

d are prescribed as slowly varying functions of x)

and to introduce

r dx _
•J c(x)

(c2 s gd) (15)

as a characteristic variable. The direction of

propagation may be reversed by reversing the sign
of t in (15)

.
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The reduction of (13) on the hypothesis that Hx
O(ans) yields

{d2/c3)n + 3(cd)" nn + 2n + (Abc)n = o, (i6)
3

where

A( ) s (d/dx)log( ) (17)

(note that Ac = SjAd) . Equation (16) , which appears
to have been derived originally by Shuto (1974)

,

reduces to the KdV equation if b and d are constant.
The vertically averaged, horizontal velocity is

given by

u = (gn/c) [l+0(a)]

,

(18)

whilst the vertical velocity is 0(a'5u). The mass,
momentum, and energy of the wave therefore are given
by

CO 00 CO

M = pbc
I

nds, M = pbcd
|

uds = Mc, E = pgbc jn^ds,

(19a, b,c)

within 1+0 (a). The limits of integration may be
replaced by ±hT for a wave of period T.

Multiplying (16) through by hihc)^ and ben,
respectively, and integrating over -" < s < » on
the assumption that ri , ri^, and riss vanish in the
limits, we obtain the integral invariants

'"II = (be) nds, J = be n ds. (20a, b)

It follows that E = pgj is conserved. On the other
hand.

h 1 h
M = pl(bc) and M = pl(bc^) (21a, b)

Y(x) = 2(cd/aoj)x'(x) (24a)

such that the phase speed of the wave is given by

C- = -St/^x " c/n-hyU/d] = [g(d+Ya)]'^. (24b)

Conservation of mass and energy imply the constraints
(see Section 3)

<N> = 0, a^bcT<N2> = J, (25a, b)

where < > implies an average over a 2tt interval of
8 and J is the integral invariant obtained through
the substitution of (23) into (20b)

.

A formal, asymptotic development of the descrip-
tion (23) may be obtained by expanding N(e,x) and
Y(x) in powers of an appropriate measure of the
slow variation of b and d and invoking (25a) and
the requirement that the period of 9 be 2v . The
first approximation, which is obtained by substit-
ing (23) into (16) and then neglecting all
derivatives with respect to the slow variable x,
corresponds to that for a cnoidal wave [Lamb (1932,
§253)]. It may be placed in the form

N = cn2[ (K/iT)e|m] - <cn2> , <cn2> = [m-l+(E/K) ] /m,

(26a, b)

Y = [2-m-3(E/K)]/m, aL/d^ = (16/3)mK2 5 U(m),(26c,d)

where cn(u|m) is an elliptic cosine of modulus nn
and K and E are complete elliptic integrals in the
notation of Abramowitz and Stegun (1955), and U(m)

is the local Ursell parameter. Substituting (26)

into (25b) , we obtain

JL^/V(bdV2) = u2<i^2> = p{„ (27a)

where

[2(2-m) (E/K) - 3(E/K)'

so that, except for special combinations of b and
d, M and M are conserved only if /"„nds = 0. Non-
conservation of momentum is acceptable in consequence
of the horizontal thrust exerted on the fluid by
the bottom and walls of the channel, but non-
conservation of mass is generally unacceptable.

We remark that the neglect of both dispersion
and nonlinearity, as represented by the first and
second terms, respectively, in (16), yields Green's
law, (bcj'^n = f(s), where f is an arbitrary function
of the characteristic coordinate, s.

4. SLOWLY VARYING CNOIDAL WAVE

Theory

Kinematical and scaling considerations suggest that
an approximate solution of (16) for a wave of pre-
scribed period

T = 2Tr/oj = (L/g)'^ (22)

be posited in the form

n(s,x) = a(x)N(e,x), e = us - xix) , (23a, b)

where 6 and x are fast and slow variables, a(x) is

a slowly varying amplitude, and x^^) is a slowly
varying phase shift. It also is expedient to
introduce

(l-m)]/(3m2) {27b)

and

.'* ,,3
F = (4/3 )K2[2(2-m)EK - 3e2 - (l-m)K2]. (27c)

It follows from (27), which determines m(x), that
m is constant if and only if bd ' ^ = constant, in
which special case (23) , (26) , and (27) constitute
an exact similarity solution of (16).

The results (26a) and (27a) provide a parametric
relation between aL/d^ and JL^/^/bd^' ^ that may be
graphically represented as a plot of log F vs log (J

[see Miles (1978b) ] . The case of constant depth is

especially simple in that the plot of log F vs log
U is equivalent to -log b vs log a. The limiting
relations

^2 , (8J) ^^(Ld)-^ (" ' °>

and

f ,4,,.
3/2 32/32/31 (U +

F - (-U) , a - ^ b d

(28a, b)

(29a, b)

intersect at U = 150 and provide rough approximations
for (J> 150.

The preceding calculation is a generalization of
that of Svendsen and Brink-Kjaer (1972) , who consider
the one-dimensional (b = constant) shoaling problem;
however, they replace 9 + ut in (23b) by the
equivalent of [1 - '5Y(a/d] (x/c) , which is clearly
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in error unless both b and d are constant.

The problem also is attacked by Shuto (1974) ,

who allows for the variation of both b and d but

arrives at a result (which he integrates numerically)

that appears to be inconsistent with conservation

of energy. However, his result is consistent with

(28) in the limit U + and with (29) in the limit

U + °> or, more precisely, with the result obtained

by neglecting only terms of exponentially small

order in (27)

,

F - (%J)^^^{1 - 2{ki) 's} (U + ») , (30)

which is in error by less than 1% for U > 70. It

therefore appears that Shuto 's numerical results

are not significantly in error (on the scale of his

plots) over the entire range of (J.

Experiment

Shuto (1974) compares his results with his own
experimental observations and with those of Iwagagi

and Sakai (1969) for shoaling waves periods from
1.2 to 6 seconds on uniform slopes of 1/20 and 1/70.

He concludes that linear surface-wave theory (which

presumably accounts exactly for dispersion) is

superior to his cnoidal-wave results for (J < 30 and
conversely for (J > 30 and that the latter are good
for a/d as large as 0.8.

5. SLOWLY VARYING SOLITARY WAVE

Theory

however, he does not obtain an explicit description

of the oscillatory tail, nor does he allow for the

possibility of expanding the slowly varying phase

X(x) as well as N(6,x) [see (23)].

Ko and Kuehl (1978) have criticized Johnson for
this latter omission and develop a joint expansion
of (the equivalents of) N and x- They conclude
that the solitary wave ("soliton") experiences an
irreversible energy loss in the sense that it does
not re-establish itself if the channel gradually
reverts to its initial, uniform breadth and depth.
This may be, but the proper form of the inner
expansion is to some extent a matter of expediency,
and the ultimate validity of any particular expansion
can be established (albeit heuristically) only
through matching to a proper outer expansion. Ko

and Kuehl appear to overlook the crucial role of

matching, and, at least in this important respect,

their results must be regarded as incomplete.
Johnson's results are readily generalized to

allow for the variation of both b and d and reveal
that

5 = 2(3a/d)~^/2dA(bd5/2) = (3a) "3/2 (2dAb + 9d")

(32)

is an appropriate measure of the slow variation of

the channel (this same measure also is appropriate
for a cnoidal wave for U > 100) . The Boussinesq
equations (13) and KdV equation (16) are based on
the restriction & = 0(1) as a -I- [cf. (2)], whereas
(26) and (31) are based on the stronger assumption

|6| << 1 [cf. (3)]. Moreover, a consideration of
the special case of linearly increasing breadth and
constant depth [Miles (1978a)] suggests that the
wave ultimately ceases to be solitary and evolves

The slowly varying solitary wave

= asech-
(3ga)

2d I^

3 V3 -2/3 -1
—J b d
4

[g(d+a)] %

(31a, b)

(31c)

is obtained by letting U + » with KB = 0(1) in (26)

and (27).* There is, however, a new difficulty:
none of the integrals I, M, and M [see {20a) and
(21a, b) ] , which now are proportional to b ' d '

,

b^' ^d, and b^' ^d^'^, respectively, is conserved ex-
cept for special variations of b and d. [The failure
of the condition <N> = in the limit U + «> is a con-

sequence of the loss of the displacement -a<cn > ~

a/K, which cancels the mean of acn (2K9) when inte-
grated over -K < 2x9 < K. ] It follows that, except
in the special case bd ' = constant for which (31)

is an exact solution of (16) and M and M vary like

and d'
3/2

, respectively, (31) cannot be a uni-
formly valid approximation to the solution of the
KdV channel equation (16) ; instead, it is the first
term in an inner expansion, which must be matched
to an appropriate outer expansion.

Johnson (1973) obtains the next term in an inner
expansion for b = constant and finds that it can
be matched to an appropriate outer expansion if d
is increasing in the direction of propagation (the
solitary wave may undergo fission if d is decreasing)

;

*The prediction that a « b~^/^d ^ appears to be due
originally to Saeki, Takagi, and Ozaki (1971); see
also Shuto (1973, 1974) and Miles (1977a).
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Study on Wind Waves as a

Strongly Nonlinear Phenomenon

Yoshiaki Toba
Tohoku University
Sendai, Japan

ABSTRACT

Recent studies on wind waves in our laboratory,
from a view point of strong nonlinearity of the

wind waves, are reviewed. The main items are as

follows. (1) It has been shown by experiments and
theoretical analyses that the mechanism of initial
generation of waves by the wind is the instability
of shear flows of two-layer viscous fluids, air and
water. It is a selective amplification of distur-
bances at the frequency of maximum growth rate.
However, the transition of the initial wavelets to

irregular wind waves including turbulence follows
within several seconds [Kawai (1977)]. (2) Flow
visualization studies of the internal flow pattern
of wind waves show that the shearing stress of the
wind is concentrated at the crest and windward face
of individual waves, and a special area is formed
where the surface wind drift, and consequently the
vorticity is concentrated, causing the forced con-
vection or the turbulent mode, which is the origin
of the irregularity of wind waves [e.g., Toba et al

.

(1975); Okuda et al . (1977)]. (3) Statistical
investigation of instantaneous individual waves in

a wind-wave tunnel shows clearly the existence of
similarity in the individual waves [Tokuda and Toba
(1978)]. Namely, the energy spectrum, which is

newly defined for the individual waves, is virtually
equivalent to the traditional energy spectrum at
the frequency range from 0.7- to 1.5-times the
frequency of the energy maximiom. However, the energy
peaks which usually appear in the traditional spec-
trum at the higher harmonics of these dominant waves
completely disappear. The apparent phase speed of
individual waves, for each wind and fetch condition,
is inversely proportional to the square root of
their frequency, and is much larger than the phase
speed of linear water waves . For the individual
waves for each wind and fetch condition, there
exists statistically a conspicuous relationship of

the 3/2-power law [cf., Toba (1972, 1978a)] between
the normalized wave height and period. Consistently

with this and the phase speed relationships, the
steepness of the individual waves is statistically

constant. (4) Discussion is presented as to the

possibility of approaching the above-mentioned
characteristics of the individual waves from the

similarity hypothesis and dimensional considerations.
Self-adjustment of the individual waves to the

local wind drift distribution is postulated to

explain the 3/2-power relationships, which may be

the basis of the possibility that the pure wind-wave
field is represented by a single dimensionless
parameter [Toba (1978a)]. (5) A new formulation
is presented for the roughness parameter or the

drag coefficient over the wind waves, incorporating
the single dimensionless parameter of the wind-wave
field. A physical interpretation of the form is

given from the internal flow pattern of individual
waves [Toba (1978b)].

1. INTRODUCTION

In a traditional model, the wind waves are treated
as phenomena, expansible to component free water
waves having weakly nonlinear interactions among
waves of different wave numbers. However, detailed
experimental studies on the actual conditions of
wind waves produced in wind-wave tunnels, have
shown that wind waves are much more strongly non-
linear phenomena, especially in their younger stages.
This report presents a review of recent studies
made in our laboratory, giving much emphasis to

the strong nonlinearities which are inherent in

wind waves.

2. INITIAL GENERATION OF WIND WAVES

The first topic starts with an approach from the
process of the initial generation. The wind waves
have long been assumed to be generated from a still
water surface by the effect of pressure fluctuations.

529
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FIGURE 1. Flow visualization
of the initial stage of the

generation of wind waves by
use of hydrogen bubble lines

produced by the electrolysis
of water. The photographs were
taken from a viewpoint slightly
below the air-water interface,
so images reflected at the in-

terface are seen in the upper

1/4 of each picture. The hydro-

gen bubble lines are produced
near the left end as pulses of
0.002-s width at 0.04-s inter-
vals in a very slow, uniform
flow of water which was pro-
duced before the start of
wind. The wind was 6.2 m/s
blowing from left to right of

each picture. The filmed time
of each picture from the start
of the wind is shown in sec-
onds. The out-of- focus areas
were caused by some fluctuation
of the mean flow, for very shal-
low depth of the focus. In (e)

are seen the initial wavelets,
and in (f) is seen the onset of

turbulent mode. [Cited from
Okuda et al. (1976).]

(a) 040 sec (b) 140

;i^4m '
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30

FIGURE 3. A sequence of spectra for the initial stage
of the generation of wind waves , showing the growth of
initial wavelets at a constant frequency of about 15
Hz, and the transition to irregular wind waves. The
spectra were calculated by the Maximum Entropy Method,
and each line represents an ensemble average of eight
cases. The fetch was 8 m and the nominal wind speed
was 5.1 m/s. [Cited from Kawai (1977).]
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FIGURE 4. Observed theoretically predicted frequency
of the initial wavelets, f., as a function of the
friction velocity of air, u^. Theoretical values are
for the condition of the maximum growth rate, where
Uj/u^ represents the dimensionless thickness of the
viscous boundary layer of the air. [Cited from Kawai
(1977).]
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FIGURE 9. Flow visualization of the
initial stage of the generation of wind
waves by use of polystyrene particles
which had a 2-mm diameter and the specific
gravity of about 0.99, and which were
placed just beneath the water surface
prior to the start of the wind. The wind
blows from the left to the right. The
wind speed in the tunnel section was
8.6 m/s, and the fetch was 2.85 m. The
time measured from the start of the wind
is shown in seconds. In 2.58 s, initial
wavelets may be recognized by streaks of
light in the water, and some particles
have already begun to disperse into the
water. In 4.78 s, waves are already ir-
regular wind waves and more particles are
dispersed. In 13.5 s, particles are dis-
persed down to more than 10 cm, corre-
sponding approximately to a half of the
representative wave length. [Cited from
Toba et al. (1975) .)

2.58

478

found that the phase speed was virtually independent
of the frequency, and had the same value as that
of the waves of the spectral maximum, at respective
fetches. These experimental results are interpreted
as indicating that the assumption of wind waves as
expansible to component free waves with weak non-
linearity is not necessarily appropriate for young
growing wind waves.

On the other hand, since individual waves as
instantaneous surface undulations have a specific
shearing stress distribution, and a specific interval
flow pattern, they may carry some factors as a phys-
ical element. We have examined, in a wind-wave
tunnel of 15-cm width, energy density distributions
for individual waves, as well as their phase speeds,
and compared them with those obtained by usual com-
ponent wave model for the same experimental data
[Tokuda and Toba (1978)].*

First, a normalized energy spectrum for individual
waves has been newly defined and calculated from the
statistical distribution of two kinds of the individ-
ual waves: zero-crossing, trough-to-trough and all
trough-to-trough on our wave records, as illustrated
in Figure 10. The definition of the normalized
individual-wave spectral density, 9v;, is

Sn^^n) 6iAf/(Af/fp)E (1)

where

, m.T. H. 2

1,2, , ,n + 1

and where m^ is the number of individual waves of
rom f

0.02 s, n = 100,

the period class, T^, (frequency from f to f + Af )

,

Af = l/{2nAt) , where we used At
and Af - 0.25 Hz, and also

Tokuda, M. , and Y. Toba (1978): Component waves
and individual waves as physical model of wind waves.
To be published.

n+1
^ = iil .

>-Af

and where fp is the frequency of the energy maximum.
Figure 10 shows the comparison. The A-spectrtim

is the normalized spectra by the traditional com-

ponent wave model in which the secondary peak is

seen at the normalized frequency of 2. The B-spectrum
is for individual waves of zero-crossing, trough-to-
trough, and the C-spectrum for all trough-to-trough
on our wave records. In the main frequency range
from 0.7 to 1.5, which is the value normalized by
the peak frequency, the spectra are virtually
equivalent with one another. The second peak at

frequency of 2 in the A-spectriom completely dis-
appears in the individual-wave spectra. The slope

of these straight lines is f~^ for the high frequency
side, and f" for the low frequency side. The C-

spectrum is considered to give a better represen-
tation of the high frequency side which is exactly
on the f~^ line, and the B-spectrum represents the
low frequency side better, which is more similar to

the traditional A-spectrum. We may infer that much
energy of the higher frequency part of traditional
component waves, which is clearly shown as the
energy at higher harmonics of the spectra, is a

manifestation of the distorted shape of individual
waves of the main frequency range, as was already
suggested by Toba (1973)

.

Figure 11 shows the normalized phase speed of

individual waves determined by two adjacent wave
gauges. It is inversely proportional to the square
root of the frequency, in contrast to the phase
speed of linear waves which is inversely proportional
to the frequency. In addition, the phase speed of
the individual waves is much larger than that of
linear waves as shown later. In the case of the
phase speed of component waves of one-dimensional
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FIGURE 11. Phase speed distribution of individual
waves (zero-crossing trough-to-trough) , determined
by a photographic method, and normalized by values
for waves of maximum energy density. Dispersion re-
lation for water waves are also entered by the dotted
line. [Cited from Tokuda and Toba (1978).]

is caused by the effect of the wind drift, which is

concentrated near the crests.

Thus, by using appropriate normalization, we

may express the energy distribution of physically
substantial waves by the energy spectra of individual

waves for some local frequency ranges, excluding
false energy density. The above mentioned B-spectrum

and C-spectrum are two examples of these. Further,

we may reinterprete, the traditional energy spectrum

for the main frecjuency range as representing the

energy distribution of individual waves, rather

than the usual interpretation of a linear combination

of small amplitudes of freely travelling component

waves. In other words, the elementary physical
substance of wind waves is rather in the individual

waves , which have a specific distribution of local

wind stress and flow pattern, and an apparent phase
speed inversely proportional to the square root of

the frequency.
Further, Figure 15 shows that, for the individual

waves in the main frequency range for each wind and

fetch condition, there exists a conspicuous statis-

tical relation between normalized wave height and
period, for significant waves which Toba (1972)

proposed as the 3/2 power law:

H* BT- :3/2 (2)

1(X)

E 80

o
UJ
Ld 60
CL
to

UJ
to AO
<
I
Q-

20

—

1

1 1 r— I I I r-

Fetch

87

3.80

2 40

6 8

f(Hz)

10 12

where H* = gH/u^ and T* = gT/u* represents the

FIGURE 13. Original values of the phase speed distri-
bution, for eight fetches, before the normalization
shown in Figure 12. Peak frequencies for the shortest
and the longest fetches are indicated by arrows, other
cases being in between of these. The phase speed of
linear water waves is indicated by the full line.
[Cited from Tokuda and Toba (1978).]

dimensionless height and period, respectively,
normalized by use of the acceleration of gravity

g and the friction velocity of the air u*. The
figure shows the data for individual waves for
various fetches. Except for very short fetches up
to about 4 m, the factor of proportionality B is

constant of about 0.045.
It should be noted that although the spectral

form of wind waves in wind-wave tunnels is different
from that in the sea as discussed, e.g. , by Kawai
et al. (1977), nevertheless the above power law
holds for both cases, although the constant, B, is

sliglitly different [cf, also Toba (1978a)]. Figure
16 shows another representation of the same relation:
between the wave height and the frequency, normalized
for those waves of maximum energy. The slope of
the line is -3/2.

Consistently with this relation and the above-
mentioned apparent phase speed, the steepness of the
individual waves determined by a photographic method
is approximately constant, statistically. It is

FIGURE 12. Phase speed distri-
bution of one-dimensional compo-
nent waves , obtained from the
cross-spectra of records of adja-
cent two wave gauges , and nor-
malized by values for waves of
maximum energy density. The
coherence of the cross-spectra
is shown in the upper part.
[Cited from Tokuda and Toba
(1978).]
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FIGURE 18. Data plots for the relationship (8) in a

dimensionless form. The same data with Figure 17 is

used. [Cited from Toba (1978b).]

zg* = au^*/a* -/va, a 0.025 (8)

is a better representation [Toba {1978b)]*. In

Figures 17 and 18 are shown plots of some available
data in tlie forms of (5) and (8) including wind-wave
tunnel experiments and field observations. It
should be said that the new formula is better at
least. It is seen from Figure 19 that the brealcing
of wind waves is also expressed as a function of
the parameter, u* /va, for data from the wind-wave
tunnel and the sea. The ordinate is the percentage
of the brea]cing crests among individual waves
travelling through a fixed point, and it was deter-
mined by the same procedure for both cases. The
breaking of wind waves occurs for the condition
u*2 va > 10^.

Equation (8) corresponds to an elimination of g
from the form of (5) . In view of the recent
recognition since Munk (1955) that the waves of
high frequency components play a major role in the
transfer of momentum from the wind to the sea, it

seems rather unreasonable that Eq. (7) contains

information only of energy containing waves as o

in the denominator. However, since u* /v = i/y =

3u/vjri represents the magnitude of the average wind
stress, and a~^ a T is a measure of the integration
time associated with individual waves, u^^ /va is

interpreted as a measure of the accumulation of
the shearing stress or the concentration of the
vorticity at each crest of the individual waves,
conveying the horizontal momentum transferred from
the air into the interior of the water through
forced convection, whether or not the waves are
breaking, as stated in Section 3. As this effect

*Toba, Y. (1978b). A formula of wind stress over
wind waves. To be published.

increases, the total momentum transfer, as well as
the probability of the occurrence of the breaking
increases.

The form of (8) may be transformed to

^0 !'"*Vg, i' = u c/u (9)

which may be interpreted as an extension of Charnock's
formula (6) to include information of wind waves
in the form of the wave age, c/u^ , where c is the
phase speed of the dominant waves. Also, the drag
coefficient, C^,, may be expressed from (8) as

k2/[ In (zioo/au )]
^

(10)

where k is the von KarmSn constant and z^q the
reference height of 10 m. According to (10) , Cj,

is more sensitive to the wind waves than to the
wind speed.

7. SHORT SUMMARY

We may summarize the review paper as follows. First,
the initial wavelets are generated by an instability
of two-layer viscous shear flow of a type of insta-
bility that immediately transfers to three
dimensional turbulence. Second, the main phase of
the growth of wind waves is regarded as the conse-
quent, strongly nonlinear processes. Third, the
traditional component wave model is not necessarily
realistic, and the elementary physical substance
might better be treated by individual waves,
especially for younger stages as observed in wind-
wave tunnels. Fourth, the individual waves
represent a conspicuous and characteristic similarity
of structure, presumably as a result of the strong
nonlinearities , and this may be the basis for the
pure wind-wave field being represented by a single
dimensionless parameter. Finally, a new stress
formula over the wind-wave field is presented.
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ABSTRACT

By aid of a non-linear two-scale analysis it is

shown that large-scale water waves can experience
growth due to spatial non-uniformities in the

growth rate of the small-scale waves in the non-
uniform wind field associated with the large-scale
waves. The growth rate is shown to be proportional
to the mean-square slope of the small-scale waves
and their growth rates, but inversely proportional
to the difference between the phase velocity of the
large-scale wave and the group velocity of the small-

scale waves. It is suggested that this mechanism
can transfer wind energy to short gravity waves at

a higher rate than the direct linear transfer
mechanism of Miles (1962) . The analysis also
predicts that a large-scale wave moving against the
wind will be damped by the action of the small-scale
waves.

1. INTRODUCTION

The mechanism whereby wind generates water waves
has long proven a difficult and challenging problem
in theoretical fluid mechanics which has not yet
been satisfactorily resolved. The simple linear
mechanism of forcing by pressure fluctuations
[Phillips (1957)] and by instability induced by
the mean wind field [Miles (1957), 1962)] have
been found inadequate to account for the high values
of energy transfer from wind to waves observed for
longer waves, both in the laboratory and in the
open sea. For short waves in the capillary regime,
laboratory experiments [Larson and Wright (1975)]

have given good agreement between observed growth
rates and Miles' instability theory, particularly
when the surface drift velocity in the water is

taken into account [Valenzuela (1976)]. For waves
in the short gravity range, however, recent experi-
ments by Plant and Wright (1977) give growth rates
much in excess of that predicted by the instability

theory with the discrepancy beginning at a wave

length of about 10 cm and increasing with wave

length. Open-sea measurements have also produced

energy transfer rates for gravity waves which are

much in excess of the values according to Miles.

[See, for example, the recent review of Barnett

and Kenyon (1975)]

.

In view of the failure of linear theory one is

forced to look for nonlinear mechanisms for energy

transfer. Nonlinear interaction between waves in

the gravity range [Phillips (1966)] is a compara-

tively weak process (of third order in amplitude)

which causes redistribution of the energy from

waves of intermediate wave numbers to waves of lower

and higher wave numbers. This could be effective

for the eventual saturation of the spectrum but is

unlikely to be strong enough to make a large change

in the initial growth. A more tenable proposition

is that the modification of the turbulence in the

air by the wave induced velocity field could change

the phase shift between surface elevation and the

pressure so as to alter the energy transfer rate.

This effect has been investigated by many authors

[Manton (1972), Davies (1972), and Townsend (1972),

among others] employing different turbulence models.

These investigations point to the possibility that

the modulation of the turbulence by the wind could

have an important effect, but it is difficult to

assess the adequacy of the postulated turbulence

models employed.
An interesting possibility for transfer of energy

to gravity waves is through nonlinear interaction

with capillary waves which can draw energy from

wind at a much higher rate than the longer waves.

The interaction between short and long surface

waves has been subject to a great deal of discussion

in the literature. A train of short waves riding

on a long wave becomes modulated by the orbital

velocity field of the long wave so as to make their

wave length smaller - and hence their amplitude

greater - in the region near the crest of the long

wave. Longuet-Higgins (1969) argued that the
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radiation stress then set up by the short-wave train
would act to transfer momentum to the long wave.

In particular, if the short wave were to reach an

amplitude at the crest of the long wave high enough
for breaking, it would give up all its momentum to

the long wave. This maser-like mechanism was
examined critically by Hasselman (1971) who showed
that the change in potential energy in the surface
layer due to Stokes' transport by the short waves
would give a contribution to the energy transfer
to the large waves which would exactly cancel that
arising from Longuet-Higgins ' momentum transfer
term. Hasselman 's analysis did not take into

account any transfer due to modulation of surface
wind stress or short wave growth rate, however.
[This effect has been analysed by Valenzuela and

Wright (1976)]. Also, his analysis concerned
primarily gravity waves, for which resonant inter-
action between wave number triads only occurs to

third order. For capillary-gravity waves, however,
the dispersion relation allows resonant interaction
at second order. Valenzuela and Laing (1972) have
developed a theory for this, and Plant and Wright
(1977) suggest that part of the measured excess
growth rate in the low gravity wave range could be

attributed to capillary-gravity resonant interaction.
Benny (1975) has also shown that under certain
conditions , a long gravity wave may grow in the
presence of small scale capillary waves; the wind
field was not inclioded in his analysis.

The present paper reveals yet another possible
mechanism for the transfer of energy from capillary
to short gravity waves. The theory presented takes
into account the effect of shear flow modulation
on the local growth rate of the capillaries. It
is found that this variation gives rise to a modu-
lation of the Stokes' drift which is in phase with
the long-wave surface slope and therefore makes
possible an energy interchange with the long wave.
It is found that the energy transfer rate due to
this mechanism is positive for capillaries with a

group velocity higher than the phase velocity of
the long wave so that it can provide an increase
in the long-wave growth for waves in the short
gravity wave regime. For waves running against the
wind the transfer rate is found to be negative, so
that the presence of the capillaries would always
increase the decay rate of the long waves.

2. INTERACTION BETWEEN LONG AND SHORT WAVES

We shall consider the situation depicted in Figure
1 with two-dimensional surface wave of small wave
length. A', riding on a large-scale wave of wave
length, X. An asymptotic analysis will be carried
out under the assumption that

X'/A << 1 (1)

(Prime refers to the short and tilde to the long
waves) . The waves are excited by a wind field
blowing over the water surface. Only the normal
stress induced by the wind on the wavy surface is
considered in this process, the effect of shear
stresses being neglected. Of particular interest
is whether the presence of the small-scale waves
could change the growth rate of small-amplitude
long waves.

To arrive at the simplest possible analysis,
terms that are of higher order than linear in the

long-wave slope are neglected. For the short waves,
only quadratic and lower-order terms in the wave
slope are retained. Further, it will be assumed
that the flow in the water is irrotational, i.e.,
the effects of surface drift currents are neglected.
This allows the use of potential-flow theory leading
to the following boundary-value problem for the
velocity potential <}> in deep water:

XX zz

with boundary conditions

Z t XX

(2)

(3)

at z = C: <^

_W

^ P
-gc-*^- |-|v<f|2+ T?,.../(l+?2)^/^

XX X

at z = -«:

(4)

(5)

Here, C = C(x,t) is the surface deflection, P the
surface pressure due to the wind, and T the surface
tension. Since cubic terms are neglected through-
out, the denominator in the last term of (4) will
be set equal to unity henceforth. We now separate
large and small scales by introducing into the
equations of motion

C + ;'

P = p + p'

(6)

(7)

(8)

For the boundary conditions it is useful first to

transfer them to the surface of the large-scale
motion, z = ? , by a Taylor series expansion. Thus,

,(x,;) ^^(x,^) + C'$zz(x,<;) +

i'2(x,C) + <f^(x,<;) + C (*22(x,C)

+ «>' (x,C)) + ...
zz

etc. By neglecting terms involving triple and
higher products one finds from (4) and (5) the
following boundary conditions to be applied at
z = I:

(9)

water

FIGURE 1. Long-wave short-wave interactions in a

shear flow.
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+ ... (10)

P'
w

P
-(g + C )C'

tt
i)' + TC'
t XX z z

1,~
-(P„ + p;) = -g(c + c;) - (*t + *;) ?• {<

tz

t [<*x ^ *i) + <*z + *z) ]

i'2X f'2) + i
z ' 2

-(?

3t^

?'2)

(19)

+ T(K + C' ) +
XX XX

(11)

In (11) , P^, is the surface pressure in the absence of

the short waves and p^ the additional surface pres-
sure added due to the presence of the short waves

.

In deriving (10) , partial use has been made of (2)

,

which holds for $ and $' separately. To arrive
at equations for the long wave, (10) and (11) are
averaged over the large scales. This is most
conveniently done by taking the ensemble average
of a large number of realizations differing only
as to the phase of the short waves , which is assumed
to be randomly distributed among the members of
the ensemble. This procedure yields

*z = ^t + *x^x + S + (12)

= gc
2 X X XX

both to be applied at z = C- The last bracketed
term of (18) and the last two of (19) will give
rise to higher harmonics. Their contribution to
the large-scale motion will be of higher order,
and they can hence be neglected. In deriving (19)

,

use was made of the linearized boundary conditions
for the long waves. Thus, for example, the term

^^-^C ' in (19) arises from replacing $^2 i" dD ^Y
^^^, which will give a negligible error to within
the approximation employed.

Since the major aim of the analysis is to deter-
mine the lowest-order effect of the short waves on
the growth rate of the long waves, it is sufficient
to retain only linear terms. However, all terms
linear in the large-scale motion which modulate
the small-scale wave train must be retained. The
long wave will be taken as a uniform, infinite
wave train of wave number k = 2tt/A . Its phase
velocity differs from the linearized value.

3t^
(C'2) - \('^'^ - 1>'2) +

2 x z
(13)

at z = C, where the tilde denotes the average over
the large scales and

S' (14)

is the Stokes' drift due to the small-scale motion.

In deriving (13) , use has been made of the linearized

boundary conditions for the small scales, for

example.

^'*;z = ^'^"tt"
•••

3t
3 (ft^) - c;2 +

2 -1

2

(15)

The long waves are to be determined as a solution
of Laplace's equation

V2$ = (16)

subject to the boundary conditions (12) and (13)

and the condition that disturbances vanish at large

depths , i.e..

for z (17)

The corresponding boundary conditions for the short

waves are obtained by subtracting those for the

long waves from the full equations.

*'
z

C' + it'C + $ C' +'Ct XX XX 3x
(t'^ ,.,.)

(18)

/g/k + kT (20)

by terms proportional to the square of the small-
scale wave slope, and by terms due to the wind,

which are proportional to the density ratio between
air and water both of which may be expected to be

small. The short waves driven by the wind may also
give rise to slow growth, or decay, of the large-

scale waves. For the subsequent analysis, it is

convenient to introduce the following nondimensional
"slow" variables:

C = k(x - ct)

T = k c t

The solution for the long wave is sought in the

form (real part always implied)

C = C(T)e

>(T)e

iS

ig+kz

(21)

(22)

(23)

(24)

The variation of the surface deflection and potential
with the "slow" time, x, allows for the effects of

wind, and the presence of the short waves, to have

a weak influence on the growth rate, and the phase
(and consequently also the phase velocity) of the

long waves.
__
Without the wind and the short waves

both c, and # would be constants.

For the short-waves, on the other hand, both

the phase velocity and wave number will vary slowly

along the long wave because of the modulation by

the latter. We therefore set

K' = C (C,T)e
ie(x,t) (25)

,^ , ,
ie(x,t)

(S,z',T)e (26)
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where 9 is the phase,

k' = (27)

where

S' = R.P.{|'c'*(i*' + £$•)} (37)

is the wave number,

(28)

is the frequency (measured in a fixed coordinate
system) , and

]c' (z U. (29)

and the star denotes complex conjugate. The velocity
potential must satisfy Laplace's equation. Substi-
tution of (26) -(29) into (2) gives

k'2{$"^,^, - $') + i£k'[ k^itT' + 2k' $'

+ 2(z'k^ - l^]i'^)<f'^,]

+ 0(62$"') = (38)

The assumption of a slowly varying wave train allows
one to regard k' and id' as functions of the "slow"

variables , T and 5 •

An approximate asymptotic solution for the short
waves if sound by expansion in the small quantity

£ = k/k" (30)

(That e thus defined is a slowly varying quantity
causes no special difficulty) . Substitution of

(25) - (29) into (18) and (19) and omission of all

terms of order |c'|^, l?^?'|f and higher, as well

as of terms of order e and higher, gives the

following boundary conditions for the small-scale

motion to be satisfied at z' = 0:

*^ = - i;'(c'-u) + euC^ + ec(i;^ - Cg) + iekCg*"'

+ (31)

^ = - (g + k'^T)!;"' + ik'(c'-u)$'
p _-_"-

+ iek' [iu*' + ic('i>| - 4>^) + 2k'TC' + k ' TC '

]

k'^i. [w - k5(£ - Cf)] +. (32)

This equation may be solved approximately by series
expansion in e. One finds in a straight-forward
manner that

..2 k'

k'z'^ )]A - iezA^ + 0(e2A)}

(39)

1 z' ^ t ~ ^
e {[1 - ie{ —- v'T'r lla - Hr^a, -i- nic^r

2 k'

where

where A = A(5,f) is to be determined by aid of the
kinematic boundary condition (31) . By substitution
of (39) into (31) and expanding in powers of £ one
finds

A = -i{c'-u)c"' + E{(c'C')g + c(C| - ip}

+ O(e^O) (40)

Combination of (40) and (32) yields

^w— = -[g + k'^T - k' {c'-u)2];f' + iek'{ [c{c' - u) ^

+ (c'-u)ug + (c'-c){c' - u)^ + k^Tlc'

+ 2c(c'-u)(f'
T

+ [ (c'-u) (c'-2c + u) + 2k'T]c'^ } (41)

u'/k' (33)

u and w are the perturbation velocities, 't^ and

$2 respectively, of the large-scale-flow evaluated
at 2. = C, and p^, is defined by

The induced surface pressure due to the wind may be

assumed to be related to the small-scale surface
deflection in a quasilinear manner that takes into

account the modulation of the wind field by the

long waves. The following expression is chosen:

^w 1 ~ ie— = — p
' e

p p '^w (34)

The terms neglected as being of higher order in £

include the term C^t^ ' ^" (19)/ which expressed in

the slow coordinates becomes

E-^k'
3t

^)2 I

and is hence negligible compared to the term k' Tc;'.

For the long waves one finds similarly

w = k[c(C., iC) + S^] +. (35)

— = -(g + k^ T) i - i.c{i^ - ii)

1 r 2 " 2 / 3

I"^ ^ '37- 3S

2-2,.^ 1_)2 1^,
I

2

4k'2[ |i$' + £$ '] +... (36)

P'— = k" (c'-u) (a' + iE
P

) (1 - ak^)C' (42)

where a' and B' are aerodynamic coefficients (having

the dimension of velocity) giving the in-phase and

out-of-phase components, respectively, of the induced
pressure. The modulation of the wind field due to

the presence of the long waves is accounted for by

the factor (1 - akt;) . For long waves running with
the wind and having a phase velocity less than the

wind-speed, the air flow at the crest will slow
down in the region below the matched layer where
U = c, and the small-scale growth rate will thus

be reduced in this region. Conversely, the air

speed will increase over the troughs leading to an

increased growth rate there. Hence, the coefficient,-

a, will be positive for such waves. For waves run-

ning against the wind, however, or for waves with

c greater than the wind speed, a will be negative.

To determine the numerical value of a, one must

carry out calculations based on the Orr-Sommerfeld
equation. First the wind field modulation due

to a long wave of small amplitude is calculated.

Then, the pressure on the short waves is computed
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on the basis of quasilinear theory, whereafter the

effect of wind field modulations may be extracted

from the results. In Section 3, we derive the

governing equations for the local growth rate for

short waves in the modulated flow of the long waves.

Ni^merical results for a are presented in Section 4.

Consistency of the two-scale expansion requires
that the wind-induced growth rate is small, which

is indeed the case, since it is proportional to

the air-to-water density ratio. Accordingly, we

shall set, formally.

a' + 13' e (a+ ig) (43)

Substituting (42) and (43) into (41) and remembering
that all the quantities involved are real, we find

the following pair of relations:

g + k'-T - k' (c'-u)2 + ek'a(c'-u) (1 -akC) = (44)

[c(c'-u)^ + (c'-c) (c'-ul + (c'-u)u^

+ k'T ;(c'-u) (1 - akC)]C'

+ 2c(c'-u)(;' + [ (c'-u) (c'-2c + u)

+ 2k'T]C' = (45)

From (44) it thus follows that

Since only the terms which are linear in the large-
scale perturbation are to be retained, one may
ignore the variation of k' with E, when carrying
out this integration.

,1 ^ rB ak i ^^^hA =

(c^-c) 2(c^-c)

k'u
2v(c'-c

g
^ [(C -c)Vj^, + T]} (52)

where C is a constant to be determined from the
initial value of C • By inserting this expression
into (37) one finds

S' = - S~i2 ^i^ +—i— (c- +
(c'-c) k' (c'-c) ^

gL g g ^

-2u

j^rz^ [(C -c)v^, +T]}

where

S' 2 =i|k'^^'|2

(53)

(54)

is the mean-square slope of the short waves. (In

Appendix A an alternative derivation, based on
kinematic wave theory, is given.) In the second
bracketed term u may be expressed in terms of i,

by the use of the linearized expression

+ /g/k' + k'T + 0(E) u + v(k') 0(e) u = kci; (55)

(46)

Inspection of (35) and (36) reveals that the long
waves receive their growth both directly from wind
pressure and indirectly from interaction with the
short waves, the latter effect being proportional
to the mean-square slope of the short waves. Thus,
since the variation of long-wave parameters with
time is small, little error is incurred by taking
u in (46) to be a function of 5 alone. Furthermore,
the frequency of the short waves must then be
constant in a coordinate system travelling with the
long waves so that

k' (c' - c) = uA (47)

which, together with (46) determines how the wave
number for the short waves varies along the wave
train. Differentiation of (47) gives

3k' _ "^'"S

3C c'-c
g

(48)

where c' is the group velocity.

Thus, S' may be written

S^ = A'C + B'<:^

where (ignoring terms which are nonlinear in C)

A' = -S
~2 aB'v

(c'-6)
g

(56)

(57)

S'^c
, , ,, {-c' - c' + 2u
(c'-c) g

k'

(c'-c)
g

[(c'-c)v^' + t]} (58)

The boundary conditions for the long waves may now
be written. Substitution of the solution for the
short waves, and (24), into (35) and (36), gives

c(C - iC) + A'C + iB'i; (59)

c ' = k ' Vv I + V + u (49)

and where v(k') is defined by (46). With the aid
of (46)- (49), (45) may thus be written

2{c'-il)[5^ + (c^ - i)V^] = {(c'-ii)B(l - akC)

- (c'-u)u^ + [(c'-c)V]^' + T]

k'u^/(c^ - c)}c (50)

This equation may be readily solved by integration
along the characteristic line

T = T^ ,- d?/dT^ = (c^ - c)/c (51)

— = - (g + k2rp)J - kc($ - i$) + 0(e2) (60)

For the wave-induced pressure an expression similar
to (42) is used, namely

kc(a + ig)(; (61)

Substitution of this and (59) into (60) and separa-
tion into real and imaginary parts yields

= [g + k^T - kc^ - kc (B + 5) ] c - kc^g + kcC
T

(62)
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(6 - A')? = (2c - B')^,

From (63) we find

C = ^qSKP
J

B-A'—r—;— 'i'^i
2c-B' 1

(63)

(64)

By use of this, C^- and c,^^ may be expressed in

terms of C and an eigenvalue relation obtained by

substitution into (62) . This then gives

c = /g/R + RT +. (65)

with correction terms proportional to the mean

square slope of the short waves and to the air-to-
water density ratio, both of which are likely to

be small corrections of little importance. The

major result of the analysis is that given by (63),

(64) namely that

d
dT

(in?) = B-A'

2c-B' 26^
aB'c'

2c(c'-c)
g

C.2 (66)

i.e., the growth of the long-wave amplitude is

given by the sum of the growth due to direct action
of pressures in the manner of Miles (1957, 1962)

and the indirect growth due to the Stokes ' transport
by the growing short waves. The second term may be

large compared to the first term, if c' is close

to c. However, the analysis presented does not

hold in the immediate neighborhood of Cg = c but a

separate (and nonlinear) analysis is then required.
For waves running against the wind, c', c', and a

will be negative, so that the presence pf the short
waves will always increase the decay rate of the

long wave.

THE WIND- INDUCED GROWTH OF SHORT WAVES IN THE
PRESENCE OF LONG WAVES

where velocities are scaled to free stream velocity
outside the boundary layer over the water, and
lengths scaled to boundary- layer thickness 6 ; R

is the Reynolds number based on 5 . (In Section 2,

lengths were scaled to k' , the short- scale wave
number)

.

To derive the Orr-Sommerfeld equation, these
equations are cross-differentiated and subtracted
to eliminate the pressure. Some use is made of
the continuity equation and the result is

u 3^w
3z3t 8x3t

uV^w + wV^u i V2-^
R 3z

+ 1 v2-^
R 3x

(69)

The flow in the air is taken to be a horizontal
shear flow plus two wave perturbations of disparate
scales: the fast scale, x and t; and the slow
scale, X = ex, and t = et where e = k/k' . The
variation with z is set by the shear profile and
viscous effects and will be taken to be the same
order for both wave fields. The long wave field
is a function of x,z, and t only; the short wave
field is a function of x,z, and t and in addition
will be influenced by the long scale waves so that

u = U(z) + u(x,z,t) + u' (x,z,t,-x,t)

w = w(x,z,t) + w' (x,z,t;x,t) (70)

The surface deflection is taken as

5 = C (x,t) + C' (x,t;x,t)

The major effect of long waves in a parallel
shear flow on the behavior of the short waves will
come from changes in the local growth rate and
convection velocities as well as an unsteady lifting
of the small scale as the large waves pass. There-
fore the small scales will be assumed to be of the
form

- ~ . ' . ",-- r>i ik{x-ct) ~, ,, 16
w(x,z,t;x,t) =w[z-5(x,t)]e =w(z)e

The perturbation equation governing the modification
of short waves on the wind-water interface by the
long-wave field is derived from the momentum equation
by the procedure used to derive the Orr-Sommerfeld
equation. Additional effects arise because the
short waves see not only the mean wind field, U(z),
but long-wave fluctuations, u and w. The large-
scale field is governed by a linear equation,
the small-scale field by an equation linear in u'

,

w' which also contains terms linear in u and w.

As in 2, we take the water to be inviscid and
the flow potential but we consider the air to be
viscous: with no surface current, and continuous
tangential velocity between air and water, this
corresponds to the limit jj^ with y^
and v^ finite, justified by the large density ratio
between water and air. Both fluids are taken to
be incompressible.

We begin with the Navier-Stokes equations for
two-dimensional flow in the air

3u
. 3u 3u

31 + "33r + '^ 3p
3

-^\''-
3x p R

3w 3w 3w
"^ * "3^ * "3l

3w _ 3£^

3z p R

(67)

(68)

-~, -, ~,^-,,ik (x-ct) -
, , , 19 ,.,, ,

u' (x,z,t;x,t) = u[z-;(x,t)]e = u(z')e (71)

where z' = z-C and c = c(x,t). Changes in the wave
number, k, are 0(e3u/3x); such terms will be ignored
in this local analysis. For this assumed form of
w' and u' , the continuity equation becomes

3w'

3z
+ iku'

3u' 3;;

3z 3x

which to lowest order becomes

i dw £ - d w



547

the study of non-linear coupling in both the air

and the water.
The large-scale motions are taken as

C jK{x-ct) ~ a jk(x-ct)
u = u e ; w = w e

(74)

with C = C e
jk{x-ct)

To ease the process of working with products of

wave perturbations, two distinct complex variables
i and j are introduced.

Under these assumptions, the large-scale mo-

tions are governed by the linear homogeneous Orr-

Sommerfeld equation

w"" - 2k^w" + k"** - jkR{(U-c) (w" - k^^) - wU") =

(75a)

and u is related to w through the continuity
equation

S = jft'/k (75b)

where from now on primes will denote derivatives
with respect to z.

In the equation for the small scale, we will
keep all terms linear in the small-scale perturba-
tions including products of the small-scale and

large-scale perturbations.
When the assumed form for the perturbations (71)

is used in (69) together with the continuity equa-
tion (73) we obtain the following equation for the

small scale

w"" - 2k2w" + k'*w - ikR[(U-c) (w"-k2w)- wU"]

= R[W3-£||-] (w"' - k^w') + ikR{(U'^ + u) {w"-k2w)

- ikR{|-^ + U"'C)w + eRtt^-I (2k2(u-c) + U"]w'
dZ'^ dx

- U(w"' - k^w' ) + U"'w - U' (w" - k^w')}

r2 (w,w,z) (76)

where we have introduced the symbol r2(w,w,z) for
the right-hand side of (76) . The various terms in

(69) are worked out in Appendix C.

In deriving (76), terms of 0(k ?) have been ig-
nored, however terms such as 3 u/3z in air have been
kept since these can be large in a viscous flow. In

terms of 0(e3^/3x) a viscous correction has also been
neglected since all other terms are proportional to R.

We are interested in the local equilibrium and
more specifically the local growth rate of short
waves in the modified wind-water field. Thus in
the assumed form of solution for the short waves,
for a given k the eigenvalue, c, will be a slowly
varying function of space

terms come from the unsteady lifting and distortion
of the small scale flow by the long waves.

The boundary conditions that are satisfied at
the free water surface, z = c. + c,' , will now be
derived for both the large and small scale motions.
The first boundary condition is that the tangential
velocity is continuous at the interface, z' = ?',

3?
"'a 3^ = ^^ 3x

Expanding the velocities from (70 and 71) in a
Taylor series about z' =0, and keeping terms linear
in the large scale and small scales we obtain for
the large scale

U'C + Qa = S. at z =

for the small scale [to (kc )

]

3u
U' <;' +u' -u' =--— C' atz =

w 3z

(78)

(79)

The term 3u^/3z = kUy, has been ignored in deriving
(79) since it is 0(i/i,) and d2u/dz2(o) has been
taken to be zero.

Conditions (78 and 79) can be expressed in the
vertical velocity, w' (and w) , through use of the
kinematic boundary condition; that the substantial
derivative of the surface displacement function,
S(x,z,t), is zero for both the air and water flow
at the interface, S = 0. That is, if S(x,z,t) =

z-^', then DS/Dt = at S = 0{z ' = ;;')

where
D

Dt irr + U(C) T- + w(C) r-
dt 3x 3x

Expanding the velocity field for both air and
water about z' =0, and again keeping terms linear
in the large and small scales, we obtain in the
long-wave limit for the large scale

for the air
3t

for the water 3C
at z

and for the small scale

for the air

ikcc -• [U'C + ulikC - £[U'C' + u'] -^ + w =
oX

at z' =

and for the water

(80)

3C
ikcc - u^^iki; - eu^ -g^ + w^ = at z ' =

From (78) to (80) we see that

at z'

+ c. (X) (77) and

where Cq is the eigenvalue of the short wave field
in the presence of the wind shear field only; c,(x)
will be at most 0((;), the amplitude of the long
wave.

Thus the governing equation for w is the Orr-
Sommerfeld equation with additional terms arising
from the long-wave perturbations. Some of these
terms could be obtained directly by replacing U by
U + u in the Orr-Sommerfeld equation; additional

From (39) and (40) , the velocities in the water at
z ' = are related to the displacement i by the
expressions

+ U^)'r'-ik(c - u) (1 + ie-rT-)C'
oX

k(c - u„) (1 + ieff)?' (81)



548

and -— (1 + - + i-)
kc c c

3x

thus \i. = iw , as in fixed coordinates.

For the large scale motions,

and ".^

jw/kc

]W (82)

With {75b) and (82) , condition (78) for the large

scale motion becomes

U'w + c w' w k c = at z = (83)

and with (73) and (81) condition (79) for the small

scale motion (to 0(kc)] becomes

U'w + cw' - wkc
8u ' " dU ,^ .w,-— w - w ;r— [— + 1—

J

3z dz c c

k^TC = p„[k{c - u)^ - (g + k'^T))?' (88)

Using (81) to rewrite (88) in terms of w, introduc-
ing s = Pa/P„ and using (84) to rewrite the group,
cw' - U'w, we obtain the final form of the pressure
boundary condition (85) to be satisfied at z ' =0.

w[-k(l-s)c2 + (g+k^T)] + i|^ skw'
- R
u
w

isc
Rk

= w[kc^ - (g+k'^T) ] t -g- + iw/c) - w 2cu^

3wa .•v
+ s{u,,w'c + iw'c —r— / k + cw U' (— + ^r-)

>«' 9z c c

ic^-,, w w ~ 4w" k^w , _ ,-,

IT "^'' ^
e

{2xkcw + -^ - 2 ^-) = Y2n (w)

(89)

We will introduce the variables p,Q,b, and y and
rewrite (89) as Pw + Qw + bw" ' = y (w) where

P = [-k(l-s)c2 + (g+k^T)]

ic3sk , . / ,

Q = — ; b = -isc/Rk

. C"„W
irw"-
k c Y (w) at z

10

(84)

where we have introduced the symbol Y,q(w) for the

right hand side of (84)

.

The remaining boundary condition to be satisfied

at z = S and then transferred to z ' =0, is the

balance of pressure or more precisely of normal

stress with surface tension

32c
Pw + T 3^ (85)

The viscous normal stress at z = C is given by

3w

'^nn R ^nn
2 n

R 3n

where
3C ^3-3

w„ = w - u 7^— and -r— - -r— „ -
n 3x 3n 3z dx 3x

3? 3

Because viwU'^^(o) = y^U^(o) in the limit V^ "^ °°

there is some cancellation in the stress condition

and the final result for the large scale is a^^^ =

2 w'/R.
For the small scale, all terms involving the

large scale perturbations are negligible for k<<k'

so that a^j^ = 2 w'/R.

The pressure in the air at the surface, z = C,

is obtained by expanding the pressure about z' =0.

p(i;) = p(o) + C If
(o) (86)

where p{o) and 3p/3z(o) are available from the

momentum equation (67).

After considerable manipulation we obtain the

following formula for p^ - 0^^!

and Y20 '"' -"-^ ^^^ right hand side of (89) .

The corresponding boundary condition for the
large scale is homogeneous and of the form

Pw + Qw' + bw"

'

(90)

where

-k(l-s)c2 + (g+k2^)]

Q = jc3sk/R; b = -jsc/Rk

To summarize, the long waves satisfy the ordinary
Orr-Sommerfeld equation (75) with the appropriate
linear boundary conditions for a free water (83)

and (90) plus w('°) = w' (<») = <». The resulting
homogeneous eigenvalue problem is solved numerically
to determine u, w, and c for a given long wave
amplitude, C, wave number, k, and R.

The short waves satisfy a modified Orr-Sommerfeld
equation, (75) with the effects of the long-wave
perturbations appearing also in the boundary con-
ditions (84) and (89).

To solve this short-wave local-equilibrium
problem we resort to techniques that by now have
become standard in stability theory for perturbed
eigenvalue problems.

We assume that the short-wave solutions can be
expanded about the perturbed solution (no long waves
present) in the form

u = Un + C u.

w = Wg + C w.

(91)

ikipg - a'nn] = p^[- c G' - wU' + — (w"' - 3k'^w')

,du - -, -, - 3u ,w' 3w

dz 3z k 3z

w ,.,., - 4w" ^k^w . w",,

e
(2ikcw + - - 2—- xc-)] (87)

We obtain p - k^TC at z' = C' [to 0(Rc)] directly
w

from (41)

where ? is the large wave amplitude. The eigenvalue,
c, is also expanded

(91b)

For C = the problem of short-wave dynamics
reduces to the ordinary Orr-Sommerfeld equation
with free-surface boundary conditions.
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2k^w" + k^w - ikR[(U-c)(w" -k-^w^ )-woU" ] =

"^o^o + 'i^- '^^o' "O = °

PWn + Q "6 + ^ K'

at z'

and Wa {") = w' (<») (92)

The eigenvalue, Cq, which determines the growth
rate of the short waves in the parallel shear flow,
is determined by a numerical solution of these
equations for a given k and R.

The equations governing the modification to the
flow due to the long-wave perturbations are derived
by using (91) in (76) and equating terms of 0(C).

In this operation the as-yet-unknown correction
to the eigenvalue, c, , will appear multiplying the
lowest order solution, Wg . The resulting problem
for Wj^ is written

w'j" - 2k2w'^' + k'*w^ - ikR[(U-CQ) (w" -k2w ) -w U"]

= c,r, (w,z) + r^(w,w,z) (93)

where r, (w,z) and r2(w,w,z) are known functions of
the long-wave perturbation, w(z) , and the lowest-
order short-wave perturbation, w^^ (z) . From (84)

and (91)

/
vrdz = (97)

where v is the solution to the adjoint problem

Z(v) =

with v(0) = v' (0) = v(<») = v' (<><=) = (98)

Condition (97) is then used to determine the modifi-
cations of the flow due to non-linearities.

The present problem differs from that in (96) -

(98) in that the boundary conditions of (95) involve
linear combinations of the derivatives of w, at z
= and are non-homogeneous.

In Appendix B, we show that the adjoint boundary
conditions that replace (98) in the determination
of V are

v' (0) = v' (") = V (») = (99)

and [B-ikRcU' + o(U'-kc)]v + [U'-kc]v" + cv" ' =

at z =where
a = - [2k2 + ikR(u-c)]

; §P-f(U--kc)

and the extended solvability condition for non-
homogeneous boundary conditions is

r, (w,z) = - ikR(w[J - k^Wg) jg^j.

and r2(w,w,z) is defined by (76) with the long
wave perturbations normalized by c;

.

TOie boundary conditions for wj have homogeneous
operations that are identical to those for Wj, but
the equations are non-homogeneous with terms that
depend on w , the long-wave perturbations, w, and
the unknown correction to eigenvalue, c,

.

,dU
^0«I +

("dz
kCg) Wj Y„ c^ + y^^ (w,w )

Pw + Q wj + b w'"

and w, (») = w' ("=)

^21 =! + ^20 <*'''0) (95)

where Yjq (w) and y^^g (w) are defined in equations
(86) and (90) with the long wave perturbations
normalized by C

and Y^^ = - w- + kw^

rvdz =
J

[Cj r^ (z^) + r^ (z)]vdz

(Y c +Y ) [— (0) + (— -r2_)v(0)"
11 1 10 CQ CQ bCQ

+ (Y c + y ) [r- (0)]
21 1 20 t>

(100)

The solvability condition (100) is then used to
determine Cj^ and thus the correction to the local
growth rate due to the presence of the long wave
perturbations

.

A yv CO

Y [r^(0) + (— - -2-)v(0)]+Y J(0)- [r (z)vdz
10 =0 CQ bCQ 20i>

-'n 2
Ci = -

Y [— (0) + ( r:^)v(0)]+Y -(0)- rr,(z)vdz
11 CO CO bCQ 2lb Jq 1

(101)

Y21 = 2Cgk{l-s)Wg ik3s/Rw^ + is/kRw"

'

This problem is similar to that considered by
Stuart (1960) and many others in later studies.
In Stuart (1960) we have the problem

L(wp = r(z)

After c has been determined from (101) , the
normal stress on the small-scale waves in the water
due to the air flow may be determined. The sim-

plest approach is to use (88) and infer p^ - a^^

directly from p,^ using the momentum equation in the

water (or Bernoulli ' s equation)

.

Retaining the terms linear in the large-scale
quantities, we have

with w (0) = w' (0) = w ("») = w' («>) = (96)

where L is the Orr-Sommerfeld operator.
The solvability condition [Ince (1926) pg. 214]

for this problem is

Pa " °nn = Pw^* ^^ ''' ""w^
^ " (g + Tk^)^] (102)

where c is given by (91b) with c from (101) . The
correction to the growth rate, c,, is doubly complex
in that it has both real and imaginary parts (c

and c^) that are in phase and out of phase with 5.
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To complete the calculation of Section 2 for
long-wave growth rate due to the non-uniformity of
short-wave growth rate , we require the part of c

.

that is in phase with C • For the analysis of short
waves. Section 2 uses an expression equivalent to

p k- (c' u) {a- + 16') (1 - akC)C' (42)

where all quantities are real. This assumes that
the real and imaginary part of c are modulated by
the large scale in exactly the same proportions.

Thus by this assumption,

aky
(Cc - u )

1 w
a + ie

(103)

/g/k+kT + '"^^^' and C Cg + u

Should these assumptions not be exactly correct, a
would have a small imaginary part, which will be
ignored.

4. NUMERICAL RESULTS

We have carried out the calculations described in
3 using the Orr-Sommerfeld solver developed by
Gustavsson (1977) . This is an implicit method
which uses an Adam' s integration technique. One
particularly attractive feature of the program is
its variable step size. Thus it is possible with
a reasonable number of points to have a fine mesh
in the "wall" layer and other regions of high gra-
dients and to coarsen the mesh as one moves out
into the boundary layer. The programs and results
will be more fully described in a subsequent publi-
cation. Only one set of calculations will be
reported here

.

The shear flow profile and its derivatives are
modelled with continuous functions that approximate
the mean profile of a turbulent boundary layer.
Calculations were done at a friction velocity, uT,
of 30 cm/sec; conditions were chosen so that the
ratio, ut/uoo, was .05, a typical value for wind-
tunnel experiments. Interaction between long waves
of 100, 75, 50, 36, 20, and 16.5 cm with short
waves of 2, 1, 0.75, and 0.6 cm were investigated.
Although many interesting features of the flow can
be investigated using this approach (such as the
distortion of the mean profile as the large wave
passes, and the variation of the wave speed, local
growth rate, and amplitude of the short waves along
the large waves) , the only systematic investigation
we have yet performed concerns the energy input to
the large waves due to the modulation of the short-
wave Stokes drift.

The linear temporal growth rate of wind-driven
waves Q^ = kc^ is of course a direct output of the
calculations. Figure 2 shows fij ~ sec"l as a
function of wave number, k - cm-1, for u = 30 cm/
sec. The growth rates we obtained are slightly
higher than Miles 's viscous calculations [Miles
(1962)] but when we used his shear-flow profile, we
obtain close agreement. For u^ = 30 cm/sec, all
the waves we investigated were viscously dominated,
that is, their critical layers were sufficiently
close to the free surface to be essentially merged
with the surface viscous layer. Thus, little in-
sight to the behavior of these flows can be obtained

1 1

—

I I I I I u lOO

- I.I

k ~ cm

FIGURE 2. Linear temporal growth rate @ u =30 cm/sec;
, present calculations; present calcu-

lations with miles profile Ui = 5U*.

from an inviscid model of the behavior of shear
flows. The real part of the wave speed, Cj., also
shown in Figure 2, differs very little from the
free wave speed of gravity-capillary waves, cq.

The energy input to the large waves from the
small waves is given by (66) . With T = kct, and
S' from (54), the dimensional temporal growth rate
of the large waves can be written

^=?0 [«i+^k^l^k'2e2] (104)

c'-c
g

where Q- is the linear growth rate 6k/2. We define
the coupling coefficient C as

-ag'k
(105)

where the minus sign is introduced because, contrary
to our expectations, a turned out to be negative
for the cases we investigated. Thus the growth of
the large-wave amplitude is given by

dC

dt
c-c'

g

(106)

Thus for C positive, an energy input to long waves
comes from short waves whose group velocity, c',
is slightly less than the long wave phase velocity,
c. The theory also predicts that long waves will
decay if c' > c. Since waves satisfying this con-
dition will be shorter capillary waves which will
be more strongly damped by viscosity, we expect a
net energy input to the large waves. Of course
the theory does not hold at c

interactions must be considered.
Numerical values of the coupling coefficient, C,

are shown in Figure 3 as a function of A for various
X'. C is certainly 0(1) having a maximum value of
3 at X ' =1 cm. It is also a slowly varying function
of X . It has its maximum value about A ' = 1 cm
which corresponds to the maximum in the linear
growth rate for short waves for these conditions.
It drops off more rapidly with decreasing wave

c where non-linear
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length, A', than does the linear growth rate, ^^
(A'). The long-wave linear growth rate, Q-, is
also shown for comparison; it is much smaller. Of
course the interaction growth rate also involves
(k'C') of the short waves which would be typically
0.01 but the division by c-c' would somewhat offset
the effect of small slope. One calculation for an
upstream travelling long wave verified that a was
negative and energy was removed from the long wave
by interaction with the short wave. We have not
carried the calculations further to date.

Some idea of the wavelengths, involved in any
practical application of these ideas can be seen
from Figure 4 which shows the group velocity and
phase velocities for gravity-capillary waves. The

requirement for strong coupling is c = c^. We

further note that waves shorter than say 0.3 cm
are unlikely to be important in a viscous fluid.

Thus short waves in the range 0.3 cm could interact
with a 20 cm long wave in the manner we have dis-
cussed but waves longer than 20 cm would be unlikely
to be affected.

Although the effects of surface drift are not
yet included in our calculations, the range of

affected long waves can be somewhat broadened by
considering surface drift. Drift velocities are
typically 5% of the wind velocity; this is the same

order as the friction velocity which we have taken
as uT = 0.05 Ua,. If we assume that a surface layer
will advect the short waves [Valuenzuela (1976)]

but leave the phase velocity of the long waves
unaffected (Valenzuela' s calculations did not extend
to long waves) , we can consider a broader range of
interaction possibilities, as sketched in Figure 4.

For a group velocity augmented by a surface current
of 30 cm/sec, interactions between a long wave of
about 50 cm and waves longer than 0.3 cm become
possible and a 20 cm wave may interact with waves
of order 1.4 cm.

Experimental data in the range of wave lengths
and friction velocities of interest for the inter-
actions we have investigated here was presented by
Plant and Wright (1977) . Some of their results are
reproduced in Figure 5, showing the temporal growth
rate vs. wave number for several values of friction
velocity. Of particular interest is that while the
short-wave growth rate is accurately predicted by
linear theory, there is a departure of theory and

S 3.0 -

I

cf
2.0-

1.0-

10

-
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experiment for waves longer than about 10 cm. This

is close to the first possible long wave that can

strongly interact with a short wave whose group

velocity is equal to the long wave phase velocity.

Thus the results we have obtained to date indi-

cate that the long waves can receive energy due to

their interaction with wind driven short waves.

The interaction mechanism we have investigated

requires the presence of the wind and the variation

of the short wave growth rate along the surface of

the long wave due to changes in the local wind

field caused by the passage of the long wave. Of

course further work remains to be done to explore

the full implications of these results, to complete

the calculations and to make fuller comparison with

experiment

.
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APPENDIX A.

DERIVATION OF STOKES ' DRIFT MODULATION FROM

KINEMATIC WAVE THEORY

which, with S' = (c-u)s'^/k', is found to agree

with (53).

Kinematic wave theory, modified to allow for small

dissipation or growth due to energy interchange

with the wind, gives the following conservation

equation for the wave action density, A' , of the

train of short waves:

—
' + — (c'A-) = 2n:A'

3t 3x g 1
(A.l)

where Q'. is the temporal growth rate. The wave

action density for waves on a current is given by

[Bretherton and Garrett (1968)]

A' = E'/fi' (A. 2)

where E' is the energy density and H' = k' (c' - u)

the frequency relative to the fluid at rest. By

introduction of

^' (C u)2k'P (C u)S' (A. 3)

(A.l) may be cast as a conservation equation for

the Stokes' drift

3t 3x^ g ' ^ k- ^3t g 3x ' i

(_ lii + 2n')S'
3x 1

(A. 4)

With n: = k'g' (l-akC)/2 and expressed in the vari-

ables T and 5 this takes the form

APPENDIX B.

THE EXTENDED SOLVABILITY CONDITION

We first determine the adjoint to the homogeneous

problem for a shear flow over a water surface.

This problem is written

L(w) =0

Wj = cw + (U' - kc) w'

W2 = Pw + Qw' + bw"' =

w(<») = w' (") =

at z

(B.l)

where L is the Orr-Sommerfeld operator.

The adjoint to the Orr-Sommerfeld equation is

[Sturart (I960)]

£{v) = v"" + av" - 2ikRU'v' + [k'* + ik3R(U-c)]v =

where

a = -2k2-ikR(U-c) (B.2)

From the Lagrange identity [Ince (1926) pp. 210,

214]

J {vL(w) - wL(v)}dz = P(w,v)

[5 T^ + (c- - c) ^ ]5.n S- = e(l-akC)
dT g at.

(c'-u) g
2u -,-T-^, [c'-c)V]., + T]}

(c' -c) '^

9 (A. 5)

By neglecting the variation of the left-hand side

with T one finds from this

S" (Cg-e) (c'-e) (c"-u) g

k'

2u

(c'-c) K-'-'-k. +^]> (A. 5)

where P{w,v) is the bilinear concomitant. The

boundary conditions on v that will complete the

statement of the adjoint problem are found by the

requirement that P{w,v) be zero at both end points.

Since w and its derivatives are zero at z = oo, this

leaves the conditions on v to be found for z = 0.

P(w,v) is written in bilinear form as

P(w,v) = {v v' v" V'" }

= V. [U] .w

ikRU' a 1

-a 0-10
+10

-1

< >
w'"

{B.3)

The free surface boundary conditions for w may be
written
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v'-kc
P b

(B.4)

(B.4) is an underdetermined set of equations
that will yield two solution vectors with arbitrary
coefficients. They are not unique and any linear
combination will also be a solution. Two such
solution vectors are

^1
=

where

{0,0,1,0} and w^ = (-c,U'-kc,0,6) (B.5)

6 = - [Q(U'-kc)-cP]/b

We now enforce the requirement that P(w,v) be
zero. This requires that certain linear combinations
of V, v' , v", v'" be zero and these are of course
the required adjoint boundary conditions.

Consider the solution vector w, . For P(w,v) to
be zero

P(w,v) = v [U]

This requires that

r ~\

-ll
=

(B.6)

Consider the solution vector w .

be zero,

(B.7)

For P(w,v) to

P(w,v) = V • [U] -w.
>

(B.8)

-icRU' + a(U'-kc) +

-c

U' - kc

C

so that

[-icRU'k+a(U'-kc) + B]v - cav' + (U'-kc)v"

+ c v'" =

Since v' =0, this term may be eliminated from this
relationship. Thus given

Pw + Qw' + bw'" =

for P(w,v) to be zero requires

V' =

Wj (w) = cw' + (U' - kc)w

W^ (w)

at z

(B.9)

Vj (v)

V2 (v) = [-ikcRU' + a(U' - kc) + 6]v + (U'

+ cv'" at z =

kc)v"

(B.IO)

It can be shown that if (B.9) and (B.IO) are used
to construct P(w,v), the result is identically zero.
Thus (B.IO) are the boundary conditions for the
adjoint problem.

The solvability condition for a problem of the
form [Ince (1926)]

L(w) = r

W. (w) = Yi

is that

i = l,n

00

J
vrdz = Y^ V2n + Y2 V^^.

(B.ll)

(B.12)

where the V^j^'s are determined such that P{w,v)
"^ ™1 ^2n

* "2 ^2n-l "''•• ^""^ v is a solution of
the adjoint system.

L(v) =

V^(v) =0 i = l,n (B.13)

For the present problem, only y, and Yj are
non-zero. By standard techniques, we have deter-
mined the additional linear combination of w and
V,

w
Wq (w) = - —

^ c

Wij (w) = - w" - aw

V3 (v) = v/b

V4 (v) = v"/c + (o/c - Q/bc)v (B.14)

such that the bilinear concomitant (B.3) may be
written in the form

P(w,v) = Wj V^ + W2 V3 + W3 V2 + W^ Vj

where Wj and W2 are the boundary conditions from
(B.l) and Vj and V2 are the adjoint boundary con-
ditions from (B.IO).

Thus the solvability condition for non-homogeneous
problem with non-homogeneous free water boundary
conditions is

J
rvdz = Yi V^ + Y2 V3 (B.15)

at z =

where

Vij = v"/c + (a/c - Q/bc)v

Vj = v/b

and V is a solution of the adjoint system

L(v) =0

Vj (v(o)) =

V2(v(0)) =

v(oo) = v' (») = (B.16)

APPENDIX C.

In this section we give the expressions for the
various terms in (69) for the assigned form of the
small scale (71) . The continuity equation (73)
has been used to express u' in terms of w'

.

The results are as follows
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3t3z

3^u 3fw'
3€3z * '^ 3z2

L_ 3^w 3c

k 3z3 3t

ic _3fw ^
k 3z3 3x

(CD

93 w
, y , , , 3w'3c . , 3? 3w'

T—r- - s^^TTTj- + k-^cw' + lekCT- ^ - lek ^ t-
3x3t 3x3t 3z 3x 3t 3z

3^
3z2

V2„ = p±'. k2w ^., 3w' 3(; „2-e2ik T- -r^ + V'^w
3z 3x

(C.2)

{C.3)

3,.,.

V-^u
i 3^w
k 3zJ

3w' S_ H 3'*w '

3z
"*"

k2 3x 3z'*

3|_ 3fw'
3x 3z2

+ V^u + U" + U'" C

3 ? _ i^ d\i_ . 3^ ^ 3C_ 3fw ^fw 3|_

3F " " k Sz"*
"

^'^3z2 ^ k2 3x 3z5 + ^ 3z3 3x

3z
(V^u) + U"'

{C.4)

(C.5)

^V2„
3x

ik(-
3z2

k'^w') + £3k
3w'3<;

3z 3x

3^w' 3£
3z 3x

3x
{C.6)

The equation for the small scale will contain
coefficients involving the mean flow expressed as

a function of z '

.

U(z' ) = U(z) + U' (z) I

and U"(z') = U"(z) + U"' (z) I {C.7)

so that, for example, the term uV w, with only
linear terms retained, becomes

i2,r.
a^w'

uV^w = UV'^w + [U + O'C + u] [ir-r - k^w']

+ u'v2w - e2ikU 1^^'
3x Sz

(C.8)

and

- i 3 w' 9w

'

wV2u = wU" + w- [U" + U'" C] + w[- ^r-T - ik-^
k 3z^ 3z

+ w' V^u

of these, v2w and 3 u/3x2 will be ignored.
The viscous term is manipulated as follows

{C.9)

iro2 3^ 3u,i.[v^ ^ _ v^i ^:
3w 3u

3x 3z'
[V^ -^ - V^ —

3x

5 2,., I

^[ik(^' - k^W)
R 3z'^

3z

2,.,.

k dz"*
"* ^^ 3z2
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SYNOPSIS

Preliminary results are presented of a study which
is concerned with the directional characteristics
of wind generated waves. The basic approach adopted
was to measure the actual sea surface elevation as a

function of horizontal coordinates by means of stereo-
photogrammetric techniques. The surface representa-
tions thus obtained were Fourier transformed to
estimate two-dimensional wave number spectra.

Basic considerations concerning the photogram-
metrical process, the transformation rules and the
statistical significance of the results are described.
The required stereo photographs were obtained during
photographic missions carried out in 1973 and 1976
off the island of Sylt (Germany) and off the coast
of Holland. So far three two-dimensional spectra,
each from a different flight, have been calculated.
The sea and weather conditions during these flights
are briefly stated. The wind direction in these
flights was off-shore.

Frequency spectra computed from the observed wave
number spectra are compared with an assumed frequency
spectrum and an observed frequency spectrum. The
agreement is reasonable but some discrepancy needs
to be resolved. For two of the three observations
the directional distribution of the wave energy is

strongly asymmetrical around the wind direction.
This asymmetry seems to correspond to asymmetry in

the up-wind coast line.
From the observed spectra a directional spreading

parameter has been computed as a function of wave
number. The results in normalized form agree well
with published data. The absolute values of the
spreading parameter for two spectra are within 30%
of the anticipated values. For the third spectrum
the values were almost five times too large but a
comparison in this case may not be proper. In one
of the spectra some indications of bi-modality around
the wind direction have been observed in the direc-
tional distribution function near the peak of the
spectrum.

1 . INTRODUCTION

Observations of the two-dimensional spectrum of wind
generated waves are relatively few and are mostly
based on methods with rather poor directional resolu-
tion. The techniques which are used for the observa-
tions may be based on such systems as a sparse wave
gauge array [e.g., Panicker and Borgman (1970)] or a
buoy capable of detecting directional characteristics
of the sea surface [e.g., Longuet-Higgins et al

.

(1963) ] . The few detailed observations which have
been published were based on other techniques such
as high-frequency radio-wave backscatter [e.g.,
Tyler et al . (1974)], analysis of the sea surface
brightness [e.g., Stilwell (1969), Sugimori (1975)]
or stereophotography [e.g.. Cote et al. (I960)].
These provided information with a high directional
resolution but the analysis of the results in terms
of wave characteristics has not been very extensive.

The Delft University of Technology and the Min-
istry of Piiblic Works in the Netherlands have devel-
oped a system based on stereophotography which
monitors the instantaneous sea surface elevation as
a function of horizontal coordinates. It has been
used in this and other studies and it is anticipated
that it will also be used in future studies of wave
phenomena such as wave transformation in the surf
zone or wave patterns around marine structures. The
present study, which is a joint effort of the Uni-
versity and the Ministry, is aimed at observing and
interpreting two-dimensional spectra of wind gener-
ated waves in a variety of atmospheric conditions.
The study is primarily directed towards the evalu-
ation of the shape characteristics of the directional
energy distribution of the waves.

For this study a few hundred stereo pictures have
been taken since 1973 and the analysis has just be-
gun. The results reported here are preliminary in
that the number of analyzed pictures is only a frac-
tion of the total and in that the interpretation of
these pictures has not as yet been completed. The
spectra which are presented here were calculated
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from three sets of pictures, each containing ten
stereo pairs. These sets were chosen on two bases.
One is the photographic quality which was judged by
photograminetric experts, the other is the scientific
interest. In this stage of the study it was felt
that wave fields generated by off-shore winds would
be of most interest because the boundary conditions
are well defined. Also, results of past investiga-
tions of wave generation [Hasselmann et al. (1973)

,

Hasselmann et al. (1976)] suggests that observations
in these conditions may be extrapolated to more com-
plex conditions

.

The first set of pictures which was analyzed was
taken in September 1973 during almost "ideal" off-

shore wind conditions in the area just west of the
German island of Sylt. These observations were
carried out in the framework of an international
oceanographic project known as the Joint North Sea
Wave Project (JONSWAP) which is concerned with the
study of wave generation and prediction. A variety
of articles directly related to JONSWAP has been
published and more are being prepared for publica-
tion. Some references are: Hasselmann et al . (1973),

Spiess (1975), Hasse et al . (1977), and Huhnerfuss
et al (1978) . The two other sets of pictures were
taken in March and November 1976 in the area west of
Holland near the town of Noordwijk, also in off-
shore wind conditions . Wave observations at sea
level during the first and last flights are avail-
able and these have been used for comparison with
the stereophotogrammetric results.

2. STEREOPHOTOGRAMMETRY OF THE SEA SURFACE

When an object is photographed from two slightly
different positions, the imagery in the .two pictures
will also be slightly different. The differences
depend upon the geometry of the object. By measur-
ing the differences , the elevation of the surface
relative to an arbitrary plane of reference can be
determined. The conventional technique of analysis
requires human interpretation of the pictures and
complicated stereoscopic viewing devices. More ad-
vanced procedures , which have only recently been
developed, use a computer to carry out a correlation
between the images to arrive at the same results
[e.g. , Crawley (1975) ] .

In the conventional geodetic aerial survey the
pictures are taken vertically in sequence from an
airplane and the interval is chosen such that the
pictures overlap in the area directly under the
line of flight. An obvious condition is that the
object does not change between exposures. In land
survey this poses no problem since the ground sur-
face does not move. The sea surface, however,
changes very rapidly. To limit the distortions be-
tweeen two successive pictures to an acceptable
level , they should be taken within an interval of
1 - 5 ms. The airplane cannot possibly fly from
one required point of photography to the other within
this time lapse. The consequence is that not one but
two cameras are needed which take the pictures "simul-
taneously," that is, within an interval of 1 - 5 ms
and that two aircraft are needed to position the two
cameras. Apart from these technical differences in
obtaining the stereo pairs, the methods and pro-
cedures used in this study are standard in geodetic
survey and they have been used in the past by various
oceanographic investigators. A well publicized ef-
fort is the Stereo Wave Observation Project [SWOP,

Cote et al. (I960)] and the present system is es-
sentially a revised version of the system used in

SWOP.
It will suffice here to comment only briefly on

the operational system. Actually two independent
systems were built. One is based on Hasselblad
cameras and has been described in detail elsewhere
[Holthuijsen et al. (1974)]. The other is an almost
exact copy of that system except that the Hasselblad
cameras were replaced by UMK cameras of Jenoptik
which are superior in optical and metrical aspects.
The Hasselblad system was used for observations in

the area off Sylt and the UMK system was used in

the area off the coast of Holland. Synchronization
of the cameras was achieved by using a radio signal
that triggered a command pulse which was manipulated
electronically in such a way that it complied with
the timing characteristics of the receiving camera.
The synchronization error for the Hasselblad system
was less than 1 ms for all of the analyzed stereo
pairs and for the UMK system the synchronization
error was less than 5 ms . To position the cameras
two Alouette III helicopters were used. These heli-
copters had a drop-door over which the cameras could
be mounted. The distance between the helicopters
was estimated during the flight through a range
finder which was imposed on the viewer of a third
camera which looked from one helicopter to the other.
It took a picture of the other helicopter every time
the downward looking cameras were activiated. From
these photographs the distance between the helicop-
ters could be computed and the scale of photography
could be determined.

The specification for the helicopter formation
during a photographic sortie were largely based on
photogrammetric requirements . Only the altitude
was based on the anticipated sea state since the
noise and resolution in the spectrum are directly
related to the altitude of photography. The upper
limit of the altitude was based on noise considera-
tions . The standard deviation of the measurement
error is estimated to be 0.03% of the altitude
[Holthuijsen et al. (1973)]. Taking a noise to

signal variance ratio of 1:10 as an acceptable upper
limit, it can be shown that the altitude should be
less than 1,000 times the standard deviation of the
instantaneous sea surface elevation (or 250 times
the significant wave height) . The lower limit of
the altitude is directly related to the resolution.
If a resolution in the spectrum is required equiva-
lent to \, of the peak wave number or better, it

appears that for the Hasselblad system the altitude
should be higher than 6.7 times the reciprocal of
the peak wave number. For the UMK system the fac-
tor is 4.0. For most "young" sea states these upper
and lower limits are not in conflict. The final
choice of the altitude was confined to multiples of
250 ft for the pilot's convenience.

The size of the sea surface covered in stereo in

one stereo pair is usually too small to produce suf-
ficient data for a reliable estimate of the two-
dimensional spectrum. To increase the amount of
data more pictures were taken in sequence with a

space interval sufficiently large to ensure photog-
raphy of non-overlapping sea areas . The correspond-
ing time interval between the exposures would be
typically between 4 s and 20 s (depending on camera
type, ground speed, and altitude). The photographic
operation to obtain this sequence is called a sortie.

In principle , the pictures can be analyzed with
recently developed, fully automated processes. The
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facilities, however, were not available for the pres-

ent study and the conventional technique was used.

In the three-dimensional space which is reproduced

in the stereoscopic viewing devices a right-handed

system of coordinates was defined with the y-axis

in the direction of flight and the z-axis upward.

During the analysis the sea surface was read at a

square grid with spacing Ax = Ay , which was chosen

such that aliasing in the spectrum would be limited

to only a fraction of the total wave variance. For

each stereo pair the analysis was carried out in a

square field as large as possible and the elevations
were determined relative to an arbitrary plane of

reference. In the subsequent numerical analysis the

linear trend was removed through a least-squares
analysis. The fields obtained from a series of

stereo pairs were initially arbitrary in shape but
fairly close to a rectangle. Later they were clipped

or extended to a square of one common size of Lj,'Ly

as required in the spectral analysis. Sections where
no stereo information was available (mainly in the

areas of extension) were filled with zeros.

h(x) were available from the stereo analysis in a
number of square fields and these fields were con-
sidered to be realizations of the ensemble. They
were Fourier transformed with a multi-dimensional,
multi-radix FFT procedure [Singleton (1969) ] and
the final estimates were obtained by averaging the
results over the available realizations. The sea
surface data were not tapered and the spectral
estimates were not convolved; consequently the
spectral estimates are "raw" estimates. In analogy
with time series analysis [e.g., Bendat and Piersol
(1971)] the reliability is represented by a x^~
distribution with 2n degrees of freedom, where n

is the number of fields. The resolution denoted
by Akj. • Ak„ is on the order of (L^ Ly)

-1

The k,6-Spectrum

->-

The transformation of the k-spectrxom to the k,

e-spectrum is formally given by Eq. 4.

E(k,e) = E(k) J (4)

3. TRANSFORMATION AND STATISTICAL SIGNIFICANCE

The sea surface data from the stereophotogrammetric

analysis were Fourier transformed to estimate the

two-dimensional wave number spectrum (k-spectrum)

.

To inspect the directional characteristics as a

function of wave number, the k-spectrum was trans-
formed to the wave-number, direction space to pro-

duce the k, 6-spectrum. The k-spectrum was also

transformed to the frequency domain.

The li-Spectrum

The definition adopted here for the two-dimensional
wavenumber spectrum E(k) is given by Eqs. 1, 2, and
3.

where

-J- H(k)
E(k) = lim < -^ >

A-*"

H(lt) = I// h(J) e-^2"^-^d3|2

A = // dx

R

(1)

(2)

(3)

where k = magnitude of k, 9 = orientation of k and

where the Jacobian Jj = k. Computing the values of
E(k,e) at a regular grid in the k,9-plane requires
the estimation of E(k) at corresponding values of

k. This was done by bi-linear interpolation of

E(k) at the proper values of k (see Figure 1) .

The directional resolution can be estimated by

considering the angular distance between two
neighbouring, independent estimates of E(k) on a

circle in the k-plane centred in k = 0. On this

circle with arbitrary radius, k, approximately
2irk/Ak independent estimates of E (it) are available
and the directional increment between these estimates
in radians is Ak/k. This would be a fair approxima-
tion of the directional resolution if all pictures
were oriented in the same direction. But actually
the orientation is a random variable due to the heli-
copter motion during the sortie. The directional
bandwidth to be added will be on the order of twice
the standard deviation (Og) of the helicopter yaw.

The final expression for the directional resolution
(A9) is given in Eq. 5.

AS - Ak/k + 2o, (5)

and <> denotes ensemble averaging. Observations of

The resolution in k will be on the order of the

increment between estimates of E(k) in the k-plane
which is L"-' = ly''-

The reliability of the estimates of E(k,e) can

again be expressed in terms of a x2_^-Lstj-j_]-,Qtion but

the number of degrees of freedom is not uniformly dis-

tributed over the k,6-plane. It constitutes an un-

E, Es Et

1

I

I

4.E0

I

I

I

'
I

I

I

I

E, Es E2

E is estimate of E(k)

E_ linearly interpolated between E and E.

E linearly interpolated between E_ and E,
D 3 4

E„ linearly interpolated between E and E
U JO
+ gridpoint in k,9 plane transformed to

k-plane

grid in k-plane

FIGURE 1. Bi-linear interpola-
tion in the k-plane.
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FIGUPE 2. Sites of the field operations. The areas in

the boxes are shown enlarged in Figures 3 and 4.

dulating function due to the fact that the estimated
value of E(k,e) is based on four values of E(k) which
are usually not equally weighted in the given in-
terpolation technique. They are equally weighted
only when a transformed gridpoint in the k,9-plane
coincides with the centre of a mesh in the k-plane.
In that case the number of degrees of freedom for
E(k,6) is four times the number of degrees of free-
dom for each individual estimate of E(k). This is
the upper extreme of the undulating function. The
lower extreme occurs when a transformed k,e grid-
point coincides with a gridpoint in the k-plane.
Then the number of degrees of freedom of the esti-
mate of E(k,9) is equal to the number of, degrees of
freedom of an individual estimate of E(k). The
values of the two extremes are 8n and 2n respectively.

The f-Spectrum

The f-spectrum is determined by integrating the f

,

6-spectrum over the range {0,ii) and multiplying the

result by two. The operation is given by Eq. 6.

E(f) 2 / E(f,e)de (6)

The f ,e-spectruiti has been computed from the k-
spectrum. The relationship to transform from wave
number vector to frequency is based on the linear
dispersion relation for deep water corrected for
currents. This expression and the transformation
are given in Eqs . 7 , 8 , and 9

.

(gk/2Tr) + k.V (7)

E{f,9) = E(k) IJ2I (8)

J2 = Ih (g/2iT)'^"3/2 + yj^-l gog (Q _ e)]-l (9)

V is the current vector and V and 6 are its magni-
tude and orientation. To determine the values of
E(k) the same procedure as described above was used.

The resulting spectrum is the frequency spectrum as

observed in a point stationary with respect to the
sea bottom. This was done so as to be able to com-
pare the results with measurements carried out with
anchored buoys. Expressions for the approximate
resolution (Af) and number of degrees of freedom
(N) are given by Eqs. 10 and 11.

Af
II-

Ak = ^ c Ak
3k 2ii g

2^2
8 n

TT^f

Ak

(10)

(11)

4. DESCRIPTION OF THE SITES AND THE WEATHER
CONDITIONS

Maps of the areas off Sylt and off Noordwijk and
two bottom profiles are given in Figures 2 , 3 , 4

and 5. It may be noted that both areas are similar
in general appearance but an important difference
seems to be that the coast near Sylt recedes sharply
North and South of the island and is strongly asym-
metric with respect to the off-shore direction,

-(- observolion tower

FIGURE 3. The area of observation off Noordwijk. Lo-

cations of observations indicated by dots.
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^ v3o^

7°

_l

FIGURE 4. The area of observation off Sylt. Active
wave monitoring stations and station of observation
indicated by dots. Wind direction indicated by arrow.

whereas the coast near Noordwijk is more continuous
and symmetric. For both sites the water is effec-
tively deep for waves generated by an off-shore wind.

The sortie in the area west of Sylt was carried
out during the field operations of JONSWAP in 1973,

on September 18th, at 17:30 hr (local). Briimmer et

al . (1974) describe the large scale weather features
during the JONSWAP operations of 1973 and also give
results of meteorological observations from ships,
buoys, and balloons in the area. According to this
information the windspeed and direction prior to the
flight had been fairly constant for one day. Since
the wind was almost perfectly off-shore the situa-
tion was classified as an "ideal" generation case.

In the two hours prior to the flight the windspeed
and direction at station 8 (see Figure 4) , at 10 m
elevation was approximately 13 m/s and 110° respec-
tively. The direction is only a few degrees off the
"ideal" off-shore direction of 107°.

The weather during this flight was poor for photo-
graphic operations and all pictures which were taken
were under-exposed, in spite of the best possible
photographic measures. Pictures were taken over
six stations of JONSWAP, including active wave mon-
itoring stations 5, 7 and 9 (see Figure 4) . The
frequency spectra observed at these stations are
given in Figure 6 and they may be used for a direct
comparison with the results of stereo observations
over these stations. But in selecting the pictures
for preliminary investigation preference was given
to photographic quality rather than availability of
ground-true information and it appeared that the best
pictures were taken over station 10, which was other-
wise inactive during the flight.
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FIGURE 7. Observed frequency spectra at stations 5, 7,

and 9 and corresponding JONSWAP spectra for U = 15 m/s.

by a weak and fairly large low pressure area over
central France. Synoptical observations in the
coastal region 25 km North and 8 km South of Noord-
wijk indicated windspeeds of 4.5 m/s and 4.0 m/s
respectively and the wind directions of 100° and
150° respectively. The wind observation at the
platform was carried out at 23 m above mean sea
level. Averaged over the duration of the photo-
graphic operations (about 40 min.), the observed
windspeed was 6.4 m/s and the directions just prior
and just after the flight were approximately 140°.

The "ideal" off-shore direction would have been 120°

To estimate the windspeed at 10 m elevation, the
observed value was corrected. The correction for
the bulk of the tower, is known from v;ind-tunnel

S.0

• zol.

E

Sylt 730918

JONSWAP spectrum

observed spectrum

(from stereo doto)

tests, and the windspeed was extrapolated using a

logarithmic wind-profile with a drag coefficient,

Cio ~ ^-5 ^ 10"^. The resulting windspeed is 6.0
m/s. The corrections for the wind direction are
marginal and well within the error of observation.
During this flight pictures were taken over the
observation tower and at locations 30 km and 50 km
from the coast (see Figure 3) . The pictures taken
30 km off-shore seemed to contain sufficient stereo
information to obtain a relatively high directional
resolution and these were chosen for preliminary
investigation.

Wave observations at sea level were available
from a wave gauge at the observation tower and from
an accelerometer buoy at the location 30 km off-
shore. The spectrum of the buoy is given in Figure
9. It will be used for comparison with the stereo-
photographic results. During the flight some swell
coming from south-westerly directions was observed
from the helicopters.

The third sortie was flown off Noordwijk on 23

March 1976 at 12:20 hr (local). The wind was rather
weak over the entire North Sea and the direction
varied from ENE off the Dutch coast to SSW off the
Norwegian coast. This windfield was caused mainly

by a fairly weak high pressure ridge over the North

Sea and a low pressure area over central France.
Synoptical observations at the same coastal stations
as mentioned above indicated windspeeds of 11.0 m/s
and 8.0 m/s respectively and wind directions of 80°

and 70° respectively. The corrected wind speed and

direction at the observation tower (averaged over
20 min.) were 8.3 m/s and 70°. Since the "ideal"

off-shore wind direction would have been 120° the

wind is slanting across the coast line at an angle
of approximately 50°. Obviously this implies a

strong asymmetry of the coast line with respect to

the wind direction. Pictures were taken over the

observation tower and at locations 17 km and 30 km
off-shore. Since the pictures taken 17 km off-shore
seemed to be the best, they were analyzed. Unfor-
tunately no simultaneous wave observations in the

area were available.

Noordwijk 761112

OtO -

o a20

0.10

buoy spectrum
observed spectrum
(from stereo dato

)

035 f(Hz)

30 40 050

frequency ( Hz

)

FIGURE 8. Spectrum inferred from stereo data and cor-
responding JONSWAP spectrum for U = 15 m/s.

FIGURE 9. Spectrum inferred from stereo data and

spectrum from buoy measurement.
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TABLE 1 Photogrammetric
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FIGURE 10. Contour-line plot of k-spectrum off Sylt,

Sept. 18th, 1973. Contour-line interval equivalent

to factor 2. Minor variations are dashed, shaded
areas seriously affected by noise. Orientation of

110°positive k„-axis
Wind direction 110°

k -axis 200
X

from true North.

Sylt 730918
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FIGURE 11. Contour-line plot of k-spectrum off

Noordwijk, Nov. 12th, 1976. Contour- line interval

equivalent to factor 2. Minor variations are dashed,

shaded areas seriously affected by noise. Orientation
of ky-axis 275°, negative k -axis 185° from true

North. Wind direction 140°.

resolution area AK^=AK„=( 156 m) £
, > =1

0.5 spectraL density (m^l c

Ofl2 aOi QD6 QOe 0,10 ai2 Oli 0.16

wavenumber component k [nn~
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FIGURE 12. Contour- line plot of k-spectrum off

Noordwijk, March 23rd, 1976. Contour-line interval
equivalent to factor 2. Minor variations are dashed,

shaded area seriously affected by noise. Orientation
of ky-axis 310°, kjj-axis 40° from true North. Wind
direction 70°.
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k = 3.10kn, FIGURE 13. Normalized directional
-»-

distribution functions of the k-

spectrum off Sylt, Sept. 18th,

1973. Directions are relative to
true North.

The f-spectrum has been computed from the k-
spectrum according to the procedures described in

Section 3. The result for the spectrum off Sylt
is given in Figure 8 along with the corresponding
JONSWAP spectrum. The resolution is about 0.02 Hz

near the peakfrequency , which is 0.165 Hz, and 0.01
Hz at twice the peak frequency. The number of de-
grees of freedom for frequencies greater than 0.13
Hz is 250 or more. Considering the scatter in the
original data set of JONSWAP and taking into account
the resolution, it is concluded that the agreement
between the two spectra is fair.

The frequency spectrum computed from the observed
k-spectrum of the second sortie is plotted in Fig-
ure 9 along with the frequency spectrum of the buoy.
The resolution of the spectrum based on the stereo
data is on the order of 0.02 Hz near the peak of
the swell and 0.015 Hz near the peak of the locally
generated wind sea. The number of degrees of free-
dom is 125 or more for frequencies greater than
0.10 Hz. For the spectrum of the buoy the resolu-
tion is about 0.02 Hz and the number of degrees of
freedom is about 48.

The spectrum based on the stereo data seems to

be shifted in energy density. This may have been
caused by noise and to appreciate this influence
the it-spectrum was corrected. The noise was assumed

to be uniformly distributed over the k-plane and the
variance was estimated at 0.002 m (based on the
anticipated measurement error of 0.03% of the alti-

tude of photography, see Section 2) . Accordingly
a uniform noise level of 0.018 m was subtracted
from the k-spectrum and the transformation was
carried out again. The differences were marginal
compared with the earlier results and the shift
cannot be explained with the anticipated noise uni-
formly distributed over the k-plane. Further in-

vestigation is needed to resolve the remaining
discrepancy.

The frequency spectrum of the third sortie is

given in Figure 16 but no attempt has been made
to compare this spectrum with a "hindcasted" spec-

trum because the relatively simple relationships
for off-shore wind situations cannot be applied.

6. DISCUSSION OF THE RESULTS

In the area off Sylt, where the wind was almost

perfectly off-shore and fairly homogeneous and

stationary, one would expect to find a frequency

spectrum with a shape similar to the shape found

earlier in JONSWAP. Finding a JONSWAP-type spectrum

in the conditions off Noordwijk seems to be less
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Noordwijk 761112

k=1 1km

FIGURE 14. Normalized directional distribution
functions of the k-spectrum off Noordwijk,
Nov. 12th, 1976. Directions are relative to

true North. The peak wave number k^ is related
to the locally generated wind sea.

likely because the differences between the wind ob-
servations at the coast and at the tower are fairly
large and the wind may have varied between the point
of observation and the coast. In particular for the
slanting wind conditions it is obvious that a JONSWAP-
type spectrum would not be found, due to the asym-
metry in the coastline around the wind direction. On
the other hand, non-linear interactions in the spec-
trum may produce a JONSWAP-type spectrum, in spite
of the asymmetry and the variations in the windfield
[Hasselmann, et al. (1976)]. From an inspection of
Figure 8 it can be concluded that the frequency
spectrum in the sortie off Sylt is indeed JONSWAP-
like. The correspondence of the frequency spectra
off Noordwijk with a JONSWAP-type spectrum has not
yet been investigated.

For the k-spectra of the first two sorties one
would expect to find directional distribution func-
tions having some kind of standard shape, symmetrical
about the mesrn direction although some skewness may
be expected in the observation off Noordwijk because
the wind direction was not perfectly off-shore. For

the third spectrum strong skewness may be anticipated
due to the slanting position of the coastline.

These expectations seem to be far from reality
in the k-spectriom off Sylt. The directional distri-
bution near the peak of the spectrum (see Figure 13)

is distinctly asymmetric with respect to the wind
direction with the highest peak at + 45° off the

wind direction (155° from true North) . It is highly
improbable that the wave generation mechanism would
build a directional distribution as strongly asym-
metrical as this . An explanation for this unexpected

observation can perhaps be found through a detailed

study of the wind and wave fields, possibly using
"hindcasting" procedures. But in the context of this

paper one can only speculate on some possible causes.

The source function is symmetrical, as is the radia-
tive energy transfer, since bottom and current re-

fraction is virtually non-existent. It seems then

that the asymmetry stems from asymmetry in the wind

field or in the boundary conditions . As for the

wind field, a cursory inspection of the large scale

weather maps revealed no asymmetry. As for the
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boundary conditions, the coast of Sylt, rather than

the main-land coast was deemed to be relevant as up-

wind boundary. This was based on the expectation

that the wave energy is propagating in a narrow

angular sector around the wind direction [e.g.

,

Hasselman et al, (1973)] and since the coast of

Sylt is rather symmetric it should not cause asym-

metry in the wave field. But the coast to the North

and South of Sylt is strongly asymmetric. In fact,

the distance to shore in the direction of 155° (the

direction of the highest peak) is almost 2.5 times

the distance to shore in the direction of 65° (the

"symmetrical" direction, see Figure 4) . If this

asymmetry in the windward boundary is indeed the

cause, then it seems that the "ideal" generation

cases of JONSWAP may be contaminated to some degree

by asymmetric boundary conditions. Still, relating

this conclusion to the observed k-spectrum is largely

speculative as long as it is not substantiated with

more data. In particular the shapes of the k-

spectra at locations closer to shore may give some
clues.

The expectations regarding the directional dis-
tributions for the locally generated wind sea off
Noordwijk in the second sortie seem to be more
realistic, at least in an overall sense (Figure 14,
for k > kjj,) . Any skewness is hard to identify
through visual inspection of the plots due to the
small scale variations in the functions. These
probably stem from the statistical variability of
the estimates. The swell peak (k = 0.3 k^ to k =

0.6 kjjj) is unimodal and covers a narrow angular
sector with a half power width of about 35°.

The directional distribution functions of the
spectrum in the third sortie seem to be strongly
skewed for the lower wave numbers (Figure 15,
K - 2 kjjj, say) but for higher wave numbers skewness
is hard to identify visually. As for the main di-
rection of the energy distribution, it varies almost
monotonously from approximately 80° at higher wave

Noordwijk 760323

k=311 k^

l<=S.32krr

^v^vA/v^

k„= 5.88 « 10 -3 m"

FIGORE 15. Normalized directional distribution functions of the k-spectrum off Noordwijk,

March 23rd, 1976. Directions are relative to true North.
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numbers to about 0° for the lowest wave numbers (see

also Figure 17) . The energy of the higher wave num-
bers travels more or less in the wind direction but
the main direction of the peak of the spectrum ap-
pears to be about 10° relative to true North; that
is about 60° from the wind direction and almost
parallel to the coast. This seems to be the most
remarkable feature of this spectrum as one would
expect to find a uniform main direction of 70°, con-
sidering the wind direction and the effects of non-
linear interactions [Hasselmann et al. (1976)].
Again, as with the spectrum off Sylt, it is felt
that the observed phenomenon is due to the asym-
metry of the coastline around the wind direction.

To substantiate this preliminary conclusion
qualitatively, a simplified "hindcasting" model was
implemented for homogeneous, stationary wind fields,
arbitrary coastlines, and deep water. In this model,
which is basically the same as suggested by Seymour
(1977) , the wave components from different direc-
tions are decoupled. In this version the parameter
relationships from JONSWAP [Hasselmann et al. (1973)]
were taken and the suggestions of Mitsuyasu et al.

(1975) were used for the directional distribution
function. When applied to the situation of the
first and third sortie it did produce two-dimensional
f,e-spectra which at least qualitatively agreed with
the so far unexpected main directions in the observed
k-spectra.

This seems to be .in contradiction with the con-
clusions of Hasselmann et al. (1976) that the shape
of the spectrum is fairly insensitive to variations
in the wind field due to the non-linear interactions
in the spectrum. It should be noted however that
the distance to the coast, in terms of wave lengths,
seems to be rather short for the lower wave numbers
in the two spectra so that non-linear interactions
may not have been sufficiently effective to over-

e„

Noordwijk 760323

frequency spectrum
from stereo doto

270
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suitable for a comparison with data published by
Mitsuyasu et al. (1975).

Mitsuyasu et al. (1975) presented results of a

number of measurements (five) which were carried
out with a cloverleaf buoy at several locations
around the Japanese islands. The observed wave
fields were generated by various types of wind
fields, including on-shore and off-shore winds. It

appears from the ratio of the wind speed to the phase
speed of the peak frequency of these observations,
that the state of development of the wave fields was
rather advanced (the ratios ranging from 0.75 to

1.25). Based on the observed values of s, relation-
ships in the frequency domain were suggested. The
relevant expressions have been transformed here to

the wave number domain to produce Eqs . 15 and 15.

s = k'
1 .25

_ v2-5

for k.

for k < 1

11.5 (U/c -2.5

(15)

(16)

where s = s/Sj,, and k = k/kjj,,

of s, kj[

speed of the peak wave number, and U is the wind
speed. The data of Mitsuyasu et al . (1975) are
probably obtained in situations where tidal currents

were negligible and in the above transformation the
deep water linear relationship between frequency and
wave number was used.

Equations 15 and 16 are also plotted in Figure 18

and the agreement is fair, the scatter being on the

same order of magnitude as the scatter in the data
of Mitsuyasu et al . (1975). The values of Sn, com-
puted from the stereo data are 6.0 for the spectrum
off Sylt, 5.0 for the first spectrum off Noordwijk.
These are also in fair agreement with the values
suggested by Mitsuyasu et al . (1975) which are 4.5
and 6.1 respectively. However, for the second spec-
trum off Noordwijk the observed value of s is 27.4

whereas the value following from expression 15 is

5.9. This is a very large discrepancy which is

possibly due to the rather extreme asymmetry of the
coastline around the wind direction where the sug-

o Sylt 730919

A NDOrdwijk 76Q323

+ Noordwijk 761112
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FIGURE 18. The normalized spreading parameter as a

function of the normalized wave number.

gestions of Mitsuyasu et al (1975) may not be ap-
plicable.

The above discussion concerned rather overall-
characteristics of the directional distributions.
It is planned to investigate these functions more
in detail. For instance, in the Ic-spectrum off
Sylt one aspect which will require closer study is
the shape of the directional distribution near the
peak of the spectrum in a sector around the wind
direction. Two peaks at + and - 15° relative to
the wind direction can be identified and this phe-
nomenon seems to be "real" in the sense that the
directional resolution seems sufficiently high (20°)

to resolve these peaks in terms of statistical sig-
nificance. The resonance theory of Phillips (1957)
predicts a bimodal distribution for frequencies in
the initial stage of development, but the components
around the peak have passed that stage and there is

no relation with this theory. More relevant seem
to be the theory and calculations of Hasselmann
(1963) , Longuet-Higgins (1976) , and Fox (1975) which
produce a non-linear energy transfer in wave number
space with two lobes towards the lower wave nimibers

and two lobes towards the higher wave numbers . Fox
(1975) noted that this function resembles a "butter-
fly." Also the results of Tyler et al . (1975), who
observed directional distributions of wind generated
waves with high-frequency radio-wave backscatter,
may be of interest since some of the distributions
have a bimodal character around the mean direction.

7 . CONCLUSIONS

Three, two-dimensional, wave nim±>er spectra have

been computed from stereophotographic data obtained
in off-shore wind conditions. The agreement with
ground-true information is reasonable but some dis-

crepancy needs to be resolved.
The directional distribution of the wave energy

near the peak of the first spectrum is strongly
asymmetric . In the third spectrirai the main direc-

tion of the waves differs appreciably from the wind
direction. It is speculated that these phenomena

are due to asymmetry in the up-wind coastline. The

directional distribution functions of the second

spectrum are more symmetric and unimodal, at least

in an overall sense.
A bimodality in a sector around the wind direction

is observed near the peak of the first spectrum.

This bimodality may be related to a multi-modal non-

linear interaction in the spectrum.

The observed normalized directional spreading

parameter as function of a normalized wave number

is in fair agreement with published data. The ab-

solute values are about 30% larger for the first

spectrum and about 20% lower for the second spectrum.

The values for the third spectrum are almost five

times too large. This may be due to the rather

extreme asymmetry of the coastline where a compari-

son with the published data may not be proper.

The results reported herein are preliminary.

Additional analysis of available data is being

carried out.
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NOTATION

A area of spatial integration
Cm phase speed of component fm
Cg group velocity
D(9) standard directional distribution function
E(k) spectral density in k-space
E(k,e) spectral density in k,9-space
E(f,e) spectral density in f,9-space
E(f) spectral density in f-space
f frequency

g acceleration due to gravity
h instantaneous surface elevation
H(k) Fourier transform of surface elevation
J Jacobian
k wavenumber vector k = (kx,ky)
k wavenumber, modulus of wavenumber vector

kjn waveniimber at peak of wavenumber vector
spectrum of locally generated wind sea

L„ dimension of area of analysis in x-direction
Ly dimension of area of analysis in y-direction
N number of degrees of freedom
n number of transformations
R boundary of spatial integration
s directional spreading parameter
Sj„ maximum value of s

s dimensionless spreading parameters s/Sjj,

U windspeed at 10 m elevation
V tidal current vector
V magnitude of V
X place vector x = (x,y)

x,y,z spatial coordinates
A increment
9 direction, orientation of waveniomber vector

9j, orientation of tidal current

9i[,
mean direction

a„ standard deviation of helicopter yaw
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APPENDIX

NOISE

Inspection of contour-line maps of the sea surface
obtained from the observation off Sylt revealed a

dome-shaped distortion. This distortion is probably
caused by the fact that the pictures could not be
positioned in the stereoscopic viewing devices with
the accuracy normally obtained with high grade pic-
tures. When this positioning is not optimal, a
dome-shaped distortion is to be expected. Unfor-
tunately the exact distortion cannot be determined,
but in the k-plane it seems to be well separated
from the wave information (area No. 1 in Figure 19)

and the data in this area was removed in the sub-
sequent analysis.

The other noise-affected areas are related to a

phenomenon introduced by the manner of scanning
the pictures during the photogrammetrical process

:

the sea surface elevation at even-numbered lines

(scanned in positive y-direction) is systematically
slightly too low, while the elevation at odd-
numbered lines (scanned in negative y-direction)
are systematically slightly too high. This effect
has been observed earlier in the analysis of stereo
photos of regular waves generated in a hydraulic
laboratory. The principal wave length and direction
of this distortion correspond with the location of
area No. 2 in Figure 19, which is the location of
the Nyquist wavenumber in x-direction. This spectral
information was removed from the spectra in the sub-
sequent analysis. The noise in areas No. 3, 4, and
5 was labeled as such mainly because of the delta-
type behavior of the directional distribution func-
tions in these regions. It is probably due to
variations in the error introduced by the scanning
and possibly also by "leakage" from area No. 2. In

the k-spectrum off Sylt this noise was not removed.
In the k-spectrum off Noordwijk the noise in the
indicated region in Figure 11 has been removed.

/y^r^ I i
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FIGURE 19. Location of noise in
->-

k-plane

.



Gerstner Edge Waves in a Stratified Fluid

Rotating about a Vertical Axis

Erik Molo-Christensen
Massachusetts Institute of Technology
Cambridge, Massachusetts

ABSTRACT

An exact solution is obtained for edge waves along
one inclined planar boundary in a fluid rotating
about a vertical axis. The solution is based on a
modification of Gerstner 's rotational waves, and
includes the effect of mean drift. The solution re-
duces to Yih ' s edge wave solution for zero rotation
and to Pollard's rotational deep water Gerstner waves
in rotating flow. Satellite observations of sea sur-
face are shown which reveal patterns similar to those
which would be generated by Gerstner edge waves.

1 . INTRODUCTION

The early, exact solution by Gerstner (1802, see
1932, p. 419) was rediscovered by Rankine (1863)

,

discussed by Lamb (1932) , found to be valid for free
surface waves in an arbitrarily stratified flow by
Dubreil-Jacotin (1932) , further modified to describe
edge waves by Yih (1966) , and free surface waves in
a rotating flow by Pollard (1970) . However, there
has been a tendency to dismiss Gerstner waves as of
limited applicability to phenomena in nature. As
Lamb (1932) has pointed out, the generation of
Gerstner, free surface waves by the application of
surface stresses requires a certain mean vorticity
distribution to exist in the fluid. It can be argued
that in a nonrotating fluid of uniform density it is
difficult to conceive how the required vorticity dis-
tribution can be established. However, in a strati-
fied and rotating fluid, there are mechanisms capable

"

of generating vorticity without viscous diffusion.
In a stratified fluid, the baroclinic term, express-
ing the action of a pressure gradient normal to a
density gradient in generating vorticity will be
capable of establishing a horizontal vorticity field.
In a rotating fluid, the effects of vortex stretch-
ing and compression can establish distributed vertical
vorticity.

There, in a rotating stratified flow, waves simi-

lar to Gerstner waves are more likely to be encoun-
tered. In fact, the uniform flow, usually assumed
as the mean flow on which small perturbation waves
may ride, would be less likely to occur in a rotating
stratified fluid. But the small perturbation solu-
tions for waves, as well as exact, finite amplitude
solutions, are all useful as approximate descriptions
of real phenomena and actual observations.

If such solutions do not fit the exact circum-
stances , they can possibly serve as starting points
for perturbation expansions. Furthermore, we may
learn about some of the special features of finite
amplitude exact wave solutions; there is a tendency
to forget some of these facts when preoccupied with
linear wave solutions.

In the following, I shall present a Lagrangian
description of an edge wave field, point out where
it differs from previous solutions, and develop the
dispersion relation for the waves.

2. COORDINATE SYSTEMS AND DISPLACEMENT FIELD

Coordinate System

The waves propagate in the x - direction, normal to

the plane of Figure 1. In the planes normal to the

x - direction we define the oyz- coordinates, with
oz vertical and the oyz-coordinates, with oy in the

plane of the inclined boundary, inclined at an angle
a with the vertical . The particle motion will be in

planes parallel to xy.

While Yih (1966) could let the amplitude of
particle motion decay with negative y-distance, and

Pollard (1970) , for deep water waves away from a

side boundary, made the obvious and correct choice

of letting the particle motion decay with decreasing
vertical position; here I have to make a different
choice. The amplitude of particle motion will decay

along a direction - or, shown in Figure 1 as another

coordinate system, ors.
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FIGURE 1. Coordinate system, looking along the direc-
tion of wave propagation, ox, and along the labeling
coordinate direction, oq.

Displacement Field

Using labeling variables, q, r, s, to identify fluid
particles, define the field of particle positions in
terms of 1, r, s and time, t, as follows:

X = q + Ut - a (exp mr) sin (kq - at) (1)

y = r cos B - s sin B

+ a (exp mr) cos (kq - at) (2)

z = r sin B + s cos B (3)

for r < R <

0) is the wave encounter frequency, and differs from
the particle oscillation frequency by the Doppler
shift, Uk.

Mass Conservation

The displacement field defined by Eqs . 1, 2, and 3

can be made to satisfy the requirement that the
density of a fluid particle is independent of time
by requiring that the Jacobian:

3 (x,y,z)/3(q,r,s)

= 1 - a^km (exp2mr) cos 6

+ (m cos B - k) a (exp mr) cos (kq - at) (7)

is independent of time. This requires

k = m cos B (8)

Now proceed to apply the momentum equations to cal-
culate the pressure, which in turn will be set con-
stant at the free surface.

3. PRESSURE FLUCTUATIONS

The momentum equation in Lagrangian variables gives,

for the derivative of pressure with respect to the

labeling variable q:

-p„/p = (x + z f sina - y f cos a)x

+ (y + X f cos a)y + (z - x f sin a)z
q q

+ g z (9)

The equations for the r and s-derivatives are

similar, f = 2fJ is the angular velocity of rotation

of the coordinate system, the angular velocity being
vertical as mentioned before. Substituting for x,

y, and z from Eqs. 1, 2, and 3 into Eq. 9, one ob-

tains :

U is a constant mean particle velocity in the x-
direction, a is an oscillation amplitude parameter,
m is an inverse decay distance measure, K is wave-
number and a is the frequency of particle motion.

First consider the kinematics of wave motion,
next find the condition for incompressibility before
proceeding to apply dynamics to give the dispersion
relation. A surface defined by letting r be a func-
tion of s will have waves that proceed in the x-
direction. For example, a string (line) of particles
defined by fixed values of r and s will have maxima
in y-displacement at

kq - at = 2mr (4)

From Eq. 1, substituting for q from Eq. 4 gives the
x-positions of crests to be at

X = [2mr + (a + Uk)t]/k
crest

The crests move at a speed of

c = (a + Uk)k = co/k

(5)

(6)

-Pq/P = [a' f cos a(a + Uk)

-Pr/P = - to"

-gk sin a] a (exp mr) sin

f o cos a] a exp2mr

(10)

+ [-a^ cos B + f a cos (a + B)

+ fUm cos a + gm sin a] a (exp mr) cos

+ fu cos (a + B) + g sin (a + B) (11)

-Ps/P = [°^ ^i" B - f a sin (a + B)]a(exp mr) cos 9

- fU sin (a + B) +9 cos (a + B) (12)

where 6 = kg - at is the phase of particle oscilla-

tion.
At the free surface, which consists of particles

with a specified relation between r and s, and with

values of labeling variable, q, from - = to + ", the

pressure must be independent of q and t. This is

satisfied, as can be seen from Eqs. 10, 11, and 12,
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if the pressure is independent of phase 6, and
, and p are independent of 9

.

From Eq. 12, p is independent of when

cot
f sin a

cot a

Pq'

(13)

Since a is given by the slope of the boundary, Eq.
13 gives g for a given a and a. Equation 10 shows
Pq to be independent of 9 when

f cos a(a + Uk) g k sin a = (14)

For a given value of a, Eq. 14 yields k, and m is
then found from Eqs. 8 and 13.

This leaves Eq. 11 unused, but it can be shown
that the requirement that p^. be independent of 6 is
not independent of Eqs. 13 and 14. Equation 11 also
shows that there will be a mean pressure gradient
across the wave propagation direction, proportional
to a . This is a nonlinear effect of the presence
of waves.

4. DISCUSSION

The equivalent to a linear dispersion relation con-
sists of Eqs. 8, 13, and 14, relating particle fre-
quency, a, decay direction angle, 6, horizontal
wavenumber, k, and decay parameter, m, with f, a,

and U as parameters

.

Note that the introduction of a mean drift veloc-
ity, U, has a now-trivial effect on dispersion, as
can be seen from Eq. 14, where the effect is not a
simple Doppler shift in frequency. The equations
of rotating fluids are not invariant to Galilean
transformations. Also note that the dispersion is
independent of the amplitude parameter, a; this is
an unexpected result for non-linear waves. But the
amplitude of particle motion parallel to oy is really
a exp[2mR(s)], where R is the value of r at the sur-
face. Since m is found from the equations involved
in determining dispersion, one cannot really claim
that dispersion is independent of amplitude.

With the dependence on phase, 9, eliminated in
Eqs. 10, 11, and 12 by satisfying the dispersion
relations, one can see that the mean surface slope
across the wave propagation direction will vary with
wave amplitude and with y- position.

As pointed out by Dubreil-Jacotin (1932) , and
later by Yih (1966) the results are valid for a

fluid of arbitrary stable density stratification.
The solutions given here can be further extended

to replace the free surface by an interface between
the given flow field and a homogeneous wave trapped
fluid, giving the gravitational billows described
elsewhere [Mollo-Christensen (1978)]. This will re-
place the acceleration of gravity, g, by g' =

g(Ap/p), where Apis the density difference between
the two fluids and p the density of the lower fluid
at the interface.

Similarly, the flow field at the off-shore or
inside end may be bounded by a field of geostrophic
billows or a combination of gravitational and geo-
strophic billows [see Mollo-Christensen (1978)].

I

FIGURE 2. High-passed and contrast enhanced satellite
infrared images from January 27, 1975, at 1600, 1700,
and 1800 hrs. , GMT. Florida on the right side. Gulf
Coast on top.
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5. SOME EXAMPLES OF OBSERVATIONS OF FINITE AMPLITUDE
WAVES ALONG A SLOPING BOUNDARY

By processing satellite data on sea surface infrared
emission one can see moving patterns of sea surface
temperature in the Gulf of Mexico between the con-
tinental shelf edge and the coast.

A sequence of processed satellite images taken
one hour apart is shown in Figure 2. Because the
mean current, U, at the time of observation is not
known, one cannot say whether these waves satisfy
the dispersion relations for the kind of edge waves
discussed here. All one can say at this point is

that it appears possible to satisfy the dispersion
relations given with wavelengths , bottom slopes

,

and currents of reasonable orders of magnitude, but
one needs to refine the observations further before
one can reach any definite conclusions.

6. CONCLUSIONS

Nonlinear edge waves of finite amplitude can have
dispersion relations defined by a set of equations
relating particle oscillation frequency, encounter
frequency, wave number, and other parameters in a
way that can be solved systematically if one starts
by specifying a suitable wave variable, in the pres-
ent case, frequency.

The observations which inspired the present anal-
ysis show Gerstner edge waves or possibly waves of
a different kind; one cannot tell with the evidence
now at hand

.
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The Origin of the

Oceanic Microstructure

G. I. Barenblatt and A. S. Monin
p. P. Shirshov Institute of Oceanology
Moscow, USSR

ABSTRACT

Microstructure of hydrodynamical fields, a well-
known phenomenon in the ocean, is attributed to the
formation and development of turbulent spots gener-
ated due to the loss of stability or breaking of
internal waves. Under some general assumptions the
relations are obtained governing the development of
turbulent spots at various 'stages of their evolution.
It is shown that the longest and slowest stage of the

extension of a turbulent spot is the final, viscous
one. Simple self-similar laws of the extension of
turbulent spots are obtained for this stage and com-
pared with experiment. Long-standing turbulent
layers of the "blini" shape, sharply bound by am-
bient non-turbulent stratified fluid, are identified
with turbulent spots of the above-mentioned origin
which are in the final viscous stage of their evolu-
tion. The relations are also obtained governing
viscous intrusion of the bottom seawater into the
body of the ocean.

1 . INTRODUCTION

Under strongly stable stratification, turbulent mix-
ing is inhibited due to large losses of the turbulent
energy for the work against the buoyancy forces. Un-
der natural conditions, therefore, turbulence cannot
be present in the whole body of the fluid during
rather long periods of time [Woods (1968) , Monin et

al. (1977), Federov (1976)]. In fact, it is concen-
trated only in separate turbulent layers having the
shape of "blini," vertically quasi-homogeneous due
to mixing, and separated by thin streaks with micro-
jumps of temperature, electrical conductivity, sound
velocity, salinity, density, refraction index, and
other thermodynamic parameters of sea water some-
times accompanied by microjumps of flow velocity.
Such thin-layered vertical structure, which is ap-
parent from inhomogeneities ("steps") on the verti-
cal profiles of density and other thermodynamic

parameters (see schematic drawing in Figure 1) or

even more sharply from multiple peaks on the pro-
files of vertical gradients of these parameters, is

called microstructure or fine structure of hydro-
dynamical fields. Numerous measurements performed
using the method of continuous vertical sounding in

the cruises of the research vessels of the Institute
of Oceanology, USSR Academy of Sciences, and re-

search vessels of other countries showed that the

microstructure exists always and everywhere in the

World Ocean (the lack of microstructure may be ex-
pected only for the regions of macroconvection which
occur rather seldom in the ocean, at least in the

low and temperate latitudes)

.

Smoothing over the microstructural "steps" on
the profile of a thermodynamic parameter, e.g.,
density or temperature, we obtain a smooth curve
characterizing large-scale stratification of the
ocean (gross-stratification) . We have to emphasize
that from the point of view of the Richardson cri-

terion gross-stratification is nearly always stable
- the Richardson number computed for it, Ri(z), as

a rule, is essentially larger than its critical
value, 1/4. How can the turbulence be generated
under such conditions? Graphs of Ri(z), taking
into account the "steps" of microstructure, show
values of Ri < 1/4 in several layers of the micro-
structure - apprently in these very layers, at the
momeht of sounding, the generation of small-scale
turbulence took place (in other layers where Ri >

1/4 turbulence decayed with time) . The appropriate

conditions for local generation of turbulence at

stable gross-stratification may be created by in-

ternal waves. Indeed, in the field of internal
waves in the regions near their crests and hollows
the local values of the Richardson number can be
reduced lower than the critical value, 1/4, and the

turbulence spots would then be formed there. The
internal waves can also break. For the turbulent
spots formed after the breaking of internal waves,

the formation is characteristic of continuous spec-
trum, i.e., of developed turbulence immediately
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FIGURE 1. Schematic form of syn-
chronous vertical distribution of
density and shear in the ocean. The
dashed line shows the shear distri-
bution for intrusions.

after the breaking [Belyaev et al. (1975)].
The evolution of a newly-formed turbulent spot

appears to be the following. The turbulent mixing
makes the spot vertically quasi-homogeneous, there-
fore, within the spot the density of the water be-
comes uniform. For stable stratification, when the

density grows with depth, the density in the upper
half of the mixed spot is higher and in the lower
half of the spot lower than at the same levels in

ambient fluid. Therefore, under the action of the

buoyancy forces, the upper half of the spot should
go down and the lower half of the spot should rise
to its middle level. Therefore, the spot should
"collapse," simultaneously spreading and transform-
ing itself into a thin "blin." The intrusion of

such a "blin" into the body of surrounding strati-
fied fluid creates in it a new layer of microstruc-
ture.

If the initial internal wave has a long period
and wave length (e.g., internal waves with tide
periods may be generated by tide forming forces

and tides themselves) turbulent spots formed by
this wave are large and corresponding turbulent
layers are very thick. Internal waves of smaller
periods and lengths may develop on these layers
forming turbulent spots of smaller sizes and layers
of microstructure of smaller thicknesses, etc.;

internal waves of minimum periods and lengths,

turbulent spots of minimum sizes and layers of

microstructure of minimum thicknesses. Thus, the
answer to the question "which came first, the chicken
or the egg?" consists for this case in the indica-
tion of a cascade process "internal waves ^ turbulent
spots -* layers of microstructure -* internal waves
etc." This cascade process may lead to the forma-
tion of a quasi-steady spectrum of internal waves,
intermittent turbulence , and layers of microstructure
(although in real nature the action of some other
processes influencing real spectra is possible, in-

cluding storms and quasi-steady horizontal inhomo-
geneities of geographic and dynamic origin) . The
turbulent spots also take part in a rising cascade
generated by local instabilities of available shear
flows, breaking of surface waves, sinking of cooled

fluid from the turbulized surface layer, etc. As
distinct from the classical Kolmogorov cascade in
non-stratified fluid, here, in passing from a larger
scale to a smaller one, the energy is not preserved,
being left in turbulent spots in the final stage of
their evolution where internal waves do not gener-
ate. Thus, in stratified fluid turbulent spots of
various scales are continuously generated and the
process of their evolution is of considerable
interest.

The first stages of the evolution of turbulent
spots where the radiation of internal waves takes
place are rather short: by estimates of J. Wu
(1969) and T. W. Kao (1976) they come to an end in
a time interval of the order of several tens of
N~ (N is the Brunt-Vaisala frequency) after the
beginning of the process. The final stage of the
evolution of turbulent spots is much longer. This
stage is much less known: in the paper of J. Wu
(1969) concerning this stage it is mentioned only
that viscosity is of significance at this stage and
it is noted that the profile of the spot is pre-
served during this stage. The analysis presented
here shows that the velocity of the extension of
turbulent spots at the viscous stage is essentially
lower than at the initial stages. It is our opin-
ion that the "blini"-shaped turbulent structures
are the intrusions of the turbulent spots of various
scales into surrounding stratified fluid which are
mainly at the final stage of their evolution.

Thus, let a turbulent spot (Figure 1) be formed in

a stable continuously density-stratified (linearly

for definiteness) fluid due to some reason (breaking

of internal waves, local loss of stability of shear

flow, penetration of denser fluid from the turbulent

surface layer, etc.). The density of fluid within

the turbulent spot due to mixing is uniform in con-

trast to an ambient continuously stratified fluid

being in a state of rest or laminar motion. Certain
potential energy is stored due to mixing in the tur-
bulent spot, so the state of the mixed fluid-
stratified environment system ceases to be in

equilibrium. Mixed turbulent fluid starts to strike
(Figure 2) into stratified non-turbulent fluid by
tongues - "intrusions" which are formed at the
level, z = zj, (z is the vertical coordinate) where
the density of stratified fluid is equal to the
density of mixed fluid.

Potential energy, stored by the fluid at initial
turbulization and mixing in the spot, dissipates
during the intrusion of mixed fluid into stratified
non-turbulent fluid. It is natural to consider
three stages of the evolution of the spot:

(1) Initial stage of free intrusion. The motive
force of the intrusion at this stage exceeds greatly
the drag forces. The turbulent spot extends slightly
but the internal waves are intensively formed by the

spot.

(2) Intermediate steady state. The motive force

at this stage is balanced mainly by form drag and
wave drag due to radiation of internal waves by an

extending turbulent spot. The acceleration of the
tongue is negligible.

The classification of stages of the evolution of the spot of

mixed fluid in the continuously density-stratified fluid goes

back to the fundamental work of J. Wu (1969) where the ex-

perimental investigation of the initial stages of this process

was performed for the wake of circular initial cross-section.

T. W. Kao (1976) performed semi-empirical theoretical investi-

gation for the initial stages of the evolution of such wakes.
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FIGURE 2. The intrusion of a turbulent spot into con-

tinuously stratified fluid.

(3) Final viscous stage. The motive force is

balanced at this stage mainly by viscous drag.

Of course, between the first and second and the

second and third stages there exist intermediate
transitional periods. When the third stage comes

to the end the spot is mixed due to diffusion with
ambient fluid and disappears.

The turbulent motion inside of the intrusion
tongue is supported by general shear stress together
with eddy motions inside of the intrusion due to the

difference of the velocities of the tongue and en-

vironmental non-turbulent fluid. The boundary of

turbulent and non-turbulent fluid is sharp and if

the thickness of the intrusion is not too small,

the shear required for supporting the turbulence
within the intrusion is not large.

Indeed, let us consider the equation of the

balance of turbulent energy in a shear flow of

stratified fluid neglecting, as usually, the viscous
transfer term [Monin and Yaglom (1971)-]

3^E + 3 {w'E' + p'w'}

pw g pe - p u w (1)

Here t is the time, E the turbulent energy of
unit mass, e the dissipation rate per unit mass,

u the longitudinal and w the vertical velocity
components, p the pressure. The flow is considered,
for the estimates we need, as horizontally homogen-
eous and the Boussinesque approximation is accepted,
i.e., the density variation is taken into account
only if it is multiplied by very large factor -

gravity acceleration g.

Let us accept for the terms of the equation of

balance of turbulent energy, the Kolmogorov approxi-
mations [Monin and Yaglom (1971)]

the turbulent and the non-turbulent regions becomes
completely transparent from this equation. In fact,

Eq. (3) is a non-linear equation of heat conductivity
type with heat inflow where the coefficient of trans-
fer of turbulent energy equal to SI/B tends to zero
with turbulent energy itself. For such equations
under zero initial conditions the disturbed region,
in contrast to the linear heat conductivity equation,
is always finite; this explains (cf. below) mathe-
matically the existence of a sharp interface between
the turbulent and the non-turbulent regions.

It is important that, due to mixing following the
generation of a turbulent spot, the losses of turbu-
lent energy for the work of suspending a stratified
fluid [the second term of the right-hand side of the
Eq. (3)] disappear because the density within the

spot becomes uniform. Furthermore, the first term
of the right-hand side of (3) governs the diffusional
transfer of turbulent energy within the mixed region
and does not influence the averaged, through the
spot, value of turbulent energy. Therefore, the
decay of turbulent energy within the spot is governed
by the balance of the two last terms of the right-

hand side of the equation (3) representing genera-
tion and dissipation of turbulent energy,
respectively.

It seems natural to accept that the external scale
of turbulence I, within a factor of the order of
unity, coincides with the transverse size of the
tongue of intrusion h; the constant y by estimates
has a value of about 0.5. Thus, the shear B^u ~

vg/h is sufficient to support the turbulence within
the spot at a steady level together with the state
of mixing within the spot. If h has the value of
tens of centimeters - one meter or more, then for
the value /B ~ 1 cm/sec, characteristic of oceanic
turbulence , the shear required for supporting steady
turbulence is small. In thin layers it is large;
therefore, the turbulence in thin layers decays
rather quickly and the spot of mixed fluid exists
during the time interval required only for the dif-
fusional mixing of the spot with the ambient strati-
fied fluid.

Furthermore, available experimental data show
[J. Wu (1969)1 that turbulent entrainment and the

erosion of a turbulent spot may be neglected, start-
ing from a very early stage of the evolution till
rather late stages of this process. Therefore, we
shall take the volume of turbulent spot constant at

all stages of its collapse to be described.
For simplicity we shall further suppose that the

initial form of a turbulent spot is symmetric in

respect to the equilibrium plane where the densities
of stratified fluid and mixed fluid coincide.

w'E ps,/e 3 B

J./g' 3 u, e = y'*B^/2/ji (2)

INITIAL STAGES OF THE EVOLUTION OF THE SPOT OF

MIXED FLUID

Here 6 = E/p is the mean turbulent energy per
unit mass, S, the external turbulent scale. Thus,
the equation of balance of turbulent energy takes
the form

3^6 = 3 l/^ 3 6 - pw^g/p
t z z

+ 2./B (3 u)2 - y'*6^/2/X. (3)

The mathematical nature of sharp interface between

At the first stage, free fall (lifting from below)

of the particles of mixed fluid to the equilibriiom

plane takes place, followed by the spreading of

fluid particles along this plane. Therefore, the

rate of change of the area of horizontal projection,

S, of a turbulent spot is proportional at this stage

to the product of the actual area by the rate of

fluid influx to the equilibrium plane. The latter

quantity is equal to the product of the acceleration

of free fall proportional to N^ and time t. Thus,

we obtain for the initial stage
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dS/dt ~ SN^t (4)

For small N't we obtain by integration

(S - S )/S ~ N^t^ (5)
o o

(Sq is the initial area of horizontal projection of

the spot) . Thus, at the first stage the character-
istic size of the plan form of the turbulent spot,

L, changes proportionally to the square of time

(L - L )/L
o o

dL/dt ~ L N^t
o

(6)

[for the wake, S ~ L, and the relation (6) follows
from (5) in an elementary way; for the spot of the

circular plan form, S but at Lo) << L,

L'^ - Lq'^ - 2 (L - Lq) Lq and (6) follows again from

(5)].

The relations of the type of (6) were obtained
by J. Wu (1969) from the experimental investigation
for a spot having the form of a cylinder with a
horizontal axis; they were confirmed by some nu-
merical investigations [see Kao (1976) ] . Actually
they were confirmed to be valid to Nt ~ 2.5.

At the intermediate stage the motive force of

the intrusion is balanced by form drag and wave
drag, thus, the velocity of the propagation of the
intrusion tongue is governed by the parameter of
stratification - Brunt-Vaisala frequency N - to-
gether with the actual height of the tongue, h,

whence by dimensional considerations we obtain

dL/dt ~ Nh (7)

We see that at this stage the dependence of the
velocity of the extension of the intrusion tongue
is different for various geometries of the problem.
In fact, the volume of the turbulent spot V is

constant; for the cylindrical spot h ~ V/LH (H is

the longitudinal size of the spot) and h ~ V/L^ for

a spot of the circular plane form. Therefore, we
obtain for the cylindrical spot

dL^/dt - NV/H /NV(t (8)

(to is a conditional time moment of the beginning
of the second stage) , whereas for the spot of the
circular plane form

dL^/dt - NV L ~ /NV(t - (9)

The relations of the type (8) were obtained by
J. Wu (1969) from the experimental data for collapse
of a turbulent wake of initial circular cross-

FIGURE 3. Elementary particle of the diffusion tongue.

section. They were confirmed to be valid for
3 < Nt < 25.

3. FINAL, VISCOUS STAGE OF THE INTRUSION

Under accepted assumptions the equation of mass con-
servation for a mixed fluid takes the following form
in hydraulic approximation.

3 h + div (hv) (10)

Here h(x,y,t) is the height of the intrusion
tongue; x,y are the spatial horizontal coordinates,
t is the time, y is the velocity of fluid displace-
ment averaged through the height of the tongue.

For the determination of the velocity, v, let us
consider the system of forces acting on the cylin-
drical particle of the intrusion tongue leaning upon
the area 6S (Figure 3) . The motive force of this
particle is caused by the action of the gradient of
redundant pressure, p, and spatial variation of the
height of the tongue of intrusion

Fm grad(ph) 6S (11)

Furthermore, the drag force per unit area of a
particle surface due to the viscous character of
the drag at the final stage of the intrusion under
consideration is governed by the velocity, v, of
the particle relative to ambient fluid, viscosity
of the fluid, v, and particle height, h. The di-
mensional considerations give the viscous drag
force per unit area of particle surface proportional
to yv/h. Therefore, the viscous drag force acting
on the particle leaning upon the area, 6S, is equal
to

Fr = Cviv6S/h (12)

where C is a constant, under given assumptions - a

universal one. For estimating the constant, C, the
well-known solution of the problem of viscous flow
between flat plates may be used. This solution
gives for the viscous drag the value 12uv6S/h, whence
C = 12. Equaling drag force to motive force (the
inertia force, as at the second stage, is supposed
to be a negligible one) we find

hgrad(ph) /Cy (13)

To complete the statement of the problem we have
to find the redundant pressure in the mixed fluid.
In stratified fluids the density varies linearly with
height. The intrusion tongue propagates symmetri-
cally, thus, the equilibrium plane divides the
height of the tongue in half. Let us denote by pj
and pj, correspondingly, the pressure and the density
in stratified fluid at the level, z = Zj. Then,
evidently, the pressure in the stratified fluid
varies with depth following the relation

Pl - Pig(z - zj)

+ Pin2(z - zi)2/2 (14)

Here, as before, N is the Brunt-Vaisala frequency
N = ag, g is the gravity acceleration, a = (dp/dz)p]^.

Thus the pressure at the upper and the lower points of
a vertical section of the tongue z = zj ± h/2 are
equal, respectively, to



578

P = Pi - Pigh/2 + PiN^h^/S

P = Pi + Pigh/2 + PiN^h^/S (15)

because at the upper and the lower points the pres-

sure in the tongue coincides with the pressure in

ambient stratified fluid. Hence, the pressure

within the tongue is distributed according to the

hydrostatic law

P = Pi - Pig{z - zi) + PiN^h^/S (16)

The pressure averaged over the section of the tongue

is equal to

Pai = Pi + PlN2h2/8 (17)

The pressure averaged in the same way in the strati-

fied fluid due to (14) is equal to

P^ = Pi + PiN2h2/24 (18)

deliberately is axisymmetric at the viscous stage.

Hence, Eq. (23) may be applied for its description.
Thus, the condition of conservation of the volume
of a turbulent spot takes the form

2tt / rh(r,t)dr Const (24)

The asymptotic stage of the spreading of the spot
is of primary interest when the plane size of the
intrusion exceeds the corresponding initial size
of the turbulent spot. At this stage the details
of the initial distribution h(r,0) cease to be
essential and for an asymptotic description of the
viscous stage of the intrusion the initial distribu-
tion may be represented in the form of an instantan-
eous point source

h(r,ti) ; (r -p^ 0) , 2ti / rh(r,ti)dr = V (25)

Thus, the redundant pressure entering the expres-

sion of motive force of the intrusion tongue at a

given vertical line is

p = p^^ - p^ = PiN2h2/12 (19)

The relations (13) and (19) give

p n2 P n2
V = - n^hgrad(h3) = - -i-_ h^grad (h) (20)

Here, tj is the conditional time moment of the be-

ginning of the viscous stage.

The solutions of such type for non-linear heat
conductivity equations with the power-type non-
linearity to which Eqs. (22, 23) belong were con-
sidered in the papers of Ya. B. Zel'dovich, A. S.

Kompaneets, and one of the present authors [see

Barenblatt et al. (1972) ] . In our case the solu-
tion depends on the quantities t - tj, n, V, r.

The dimensional considerations show that it is a

self similar one:

Putting this expression into the equation of

mass conservation of mixed fluid (10) we obtain
for h a non-linear equation of the heat' conductivity
type

3 h - nAh^ = , n = p iN^/aOCy = n2/20Cv (21)

h =
2TTn(t - tj)

1/5

X = r[V^n(t - ti)/16Tr^

f(C)

-1/10
(26)

Here A is the Laplace operator, v the kinematic
viscosity of the fluid. In particular, for one-
dimensional motions Eq. (21) takes the form

Putting (26) into Eq. (23) and integrating the

ordinary differential equation obtained for the

function, f (C) / we find

(22)

3 h - n(l/r)3 r3 h^ =
t r r

(23)

for the plane and the axisymmetrical cases, respec-
tively. Here x is the horizontal Cartesian co-
ordinate, r the horizontal polar radius.

4. SELF-SIMILAR ASYMPTOTIC LAWS OF TURBULENT SPOT
EXTENSION AT THE VISCOUS STAGE

We neglected turbulent entrainment and the erosion
of a turbulent region; therefore, the volume of the
turbulent mixed region is considered to be constant
and equal to the initial volume of the turbulent
spot. It stands to reason that this assumption at

the viscous stage is valid for sufficiently high
stratification only. If the characteristic dimen-
sions of the plane form of a turbulent spot are

nearly equal, it is natural to expect that the ex-

tension of the intrusion starts already to be axi-

symmetric at the end of the intermediate stage and

10 1/5 \ \/h

^0^

1/4

f(C)

0, c > c = 10^/5/2 ; 2

' < C f c.

(27)

Thus, at each moment of time the intrusion tongue
stretches for a finite distance: this is (cf. Sec-
tion 1) the peculiar feature of non-linearity dis-
tinguishing the equation of intrusion from the

linear equation of heat conductivity. The edge of
the intrusion propagates following the law

r (t)
o

2(V^n(t ti)/16.^'/^° (28)

The form of the intrusion tongue represented by
the curve 1 in Figure 4 also is peculiar: the

thickness of the tongue changes slowly to the very

edge where it comes abruptly to naught. The maxi-
h(o,t) , also changes

very slowly with time
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FIGURE 4. The distribution of thickness along an

intrusion.

h (t)
o

10 l̂/5\ 1/4 V
2TTn(t - ti)

1/5 (29)

Equation (28) seems very simple and accessible
for experimental confirmation: confirmation of
this equation will give some confidence in the
validity of the model proposed here. The experi-
mental checking of Eq. (28) was performed by A. G.

Zatsepin, K. N. Federov, S. I. Voropaev, and A. M.

Pavlov. They used the following scheme for the ex-
periment (Figure 5) . An open plexiglass tank having
the form of a rectangular parallelepiped contained a

stable, temperature-stratified fluid. A hollow
cylindrical tube was introduced from above under
the surface of the fluid. The fluid in the tube was
mixed and then the ttibe was raised, leaving in its
place a spot of mixed fluid which immediately started
penetrating the ambient stratified fluid. The ob-
servations, photo- and movie camera, were performed
using a shadow device. The experiment allowed one
to observe clearly the two last stages of spot evolu-
tion; the spot extension at the viscous stage is

represented in Figure 6. The mixed fluid volume in
the spot was fixed for all experiments, as well as

the kinematic viscosity of the fluid and the diameter
of the tube. Therefore, if Eq. (28) is correct, the
experimental data in the coordinates X,g [2ro (t) /D] ,

!lg[N (t - tj)] had to fall on a single straight line
with the slope 0.1. This is confirmed by the graph
of Figure 6 where the slope of the solid straight
line is 0.1 and tj = -10 sec. Thus, the law of one
tenth Eq. (28) for the viscous extension of a spot
was confirmed by the experiments of A. G. Zatsepin,
K. N. Federov, S. I. Voropaev, and A. M. Pavlov with
a satisfactory accuracy.

Analogously, in the case when the form of the
turbulent spot is close to the cylinder with a

horizontal axis Eq. (22) for the height of the in-
trusion tongue will hold, where x is the horizontal
coordinate normal to the axis of the spot. The con-
dition of conservation of the volume of the spot of
mixed fluid takes, for this case, the form

f- (x,t)dx = V = Const (30)

where H is the longitudinal size of the cylindrical
spot. The initial conditions corresponding to the

asymptotic solution of the instantaneous point
source type may be written in the form

h(x,ti) E (x ?i 0) , H
J

h(x. ti)dx = V (31)

and the asymptotic solution itself due to the same
reasons, as before, may be represented in the form

1/6

ln(t - ti)H2 / ^1<^'

x[v'»n(t - tij/ien'*]
^^^

A(l - CVC 2)'/\ ^ C ^ ;

1 "< 0, C > C = (15)
1/6 2r(5/4)r(i/2)

2/3

r(7/4)
3.6

A = (C 2/15) ^/'*
= 0.97 (32)

so that the leading edge of the intrusion, x = XQ(t)

,

propagates according to the law

X (t) = C [V'*n(t - ti)/16H'*]^/^
o o ' (33)

while the maximum thickness of the intrusion, ho(t)
= h(o,t) , decays with time according to

h t(t) = 0.97(v2/4H2n(t - t,))
1/6

(34)

Thus, in both cases a strong deceleration of the
extension of intrusion was characteristic for a
turbulent spot in the transition to the viscous
stage. Indeed, at the free intrusion stage the ex-
tension of a turbulent spot is proportional to the

;v-f

2

FIGURE 5. The scheme of the experimental checking of

the law of viscous extension of a spot of mixed fluid.

1) The tank, 2) Point light source with collimator,

3) Lens, 4) Vertical elevator with electromotor, 5)

Mixer, 6) Tube, 7) Screen, 8) Movie camera.
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FIGURE 6. The one tenth law as confirmed by laboratory

experiments of A. G. Zatsepin, K. N. Fedorov, S. I.

Voropaev, and A. M. Pavlov.

50 100 zoo

• — iV = 0.63 sec"
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square of time; at the intermediate stage it is

proportional to the square root of time for a cylin-
drical spot and to the cube root of time for an axi-
symmetric spot. At the viscous stage the extension
is proportional to time; to one sixth in the case of
a cylindrical spot and to one tenth in the case of
an axisymmetric spot. Thus the extension of the
spot is sharply decelerated at the viscous stage in
comparison with the initial stages.

It seems plausible to us that the "blini" shaped
regions of constant density and temperature observed
in the ocean are turbulent spots of various scales
generated by the loss of stability or breaking of
internal waves, local instability of shear flows,
penetration of cooled turbulized fluid from the
turbulized surface layer, etc. which are mainly in
the last, viscous stage of their evolution. Note
that along with the states in which turbulence is

preserved within the spot, the states are possible
and apparently rather frequent, especially for spots
of small scales, in which turbulence within the spot
has disappeared but the fluid remains mixed and homog-
eneous. This assumption is supported qualitatively
by some data of simultaneous measurements of vertical
distributions of density and velocity gradient
[Federov (1975) ] . These distributions have the form
presented by solid lines in Figure 1. Indeed, if
the regions of constant density are intrusions, then
the shear should increase near their boundaries com-
pared to ambient fluid (cf . , Figure 2) . However, in
this case the shear should be reduced near the cen-
tral line of intrusion (dashed line in Figure 1)

.

It is plausible that the resolution in these mea-
surements was not sufficient to observe this shear
reduction.

it is of interest from the point of view of the
evolution of turbulent spots in stratified fluid.
A characteristic example - the intrusion of the
bottom Mediterranean water into the body of the
Atlantic (Figure 7) . The bottom water descends
through the Straits of Gibraltar down the contin-
ental slope and enters the body of the ocean in an
intermediate layer where the density of the ocean
water is equal to its own density. The intrusion
of the bottom water of the Red Sea into the body of
the Indian Ocean is completely analogous. The in-
trusion of bottom water is a slow process and we
may assume that for its description, Eq. (22),
corresponding to a pure viscous mechanism of the
intrusion drag, is valid.

The intrusion of bottom sea water into the body
of the ocean goes by separate portions [Federov
(1976) ] and it is possible to assvune that, at the
beginning of the intrusion of a new portion, the
bottom fluid that intruded earlier is carried suf-
ficiently far away so that the initial condition
holds

h(x,0) = (x > 0) (35)

Here h, as before, is the height of the intrusion
tongue, x the horizontal coordinate in the direction
of intrusion from its origin. Let us suppose that

5. THE INTRUSION OF BOTTOM SEA WATER INTO THE
BODY OF THE OCEAN

The intrusion of mixed fluid into a continuously
stratified medium is widely distributed in nature;

FIGURE 7. The intrusion of sea bottom water into the

body of the ocean.



the height of the bottom water layer at the origin
of intrusion does not depend on time:

h(o,t) Const (36)

The solution of Eq. (22) under conditions (35)

and (36) is also self-similar and has the form

h = h^f,(c) <//nh ^t
o

(37)

where the function f2(C) which satisfies the equa-
tion

:|2^r 5

dC^

under the conditions

d?

f2(0) = 1 fl(o

(38)

(39)

is continuous and has a continuous derivative
df2^/dc (the last requirement follows from the
continuity of the flow of bottom fluid) . The solu-
tion, f2(C)/ is represented in Figure 4 (curve 2).

It is also different from zero only in a finite
interval - C - Co ~ 1-65, so that the leading
edge of the intrusion XQ(t) propagates as

X (t) = C /nh ''t

581

(40)
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The Rise of a Strong Inversion

Caused by Heating at the Ground
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ABSTRACT

A theory is offered for the rise of a strong inver-
sion in the atmosphere caused by heating at the
ground. The heating, specified by the buoyancy
flux, qj , near the ground, causes turbulence in a

growing layer of depth, D, above the ground with an

inversion or interfacial layer of thickness, h,

separating the mixed layer from the non-turbulent
air above. There is a buoyancy jump, Ab, across
the interfacial layer and the air above the inver-
sion has a buoyancy gradient, N .

The lower surface of the inversion layer rises
(at a speed, Ug = dD/dt) because of two processes.
One is related to the mean temperature rise of the
mixed layer which, in the present model, leaves h +

D unaffected but which causes the interfacial thick-
ness, h, to decrease and therefore D to increase at
a rate proportional to Ri~ , where Ri = DAb/w| is

the Richardson number and w* = (qiD) ' is the con-
vective velocity typical of the rms velocities in
the main portion of the mixed layer. The second
process, increasing both h and D, is the erosion of
the stable fluid by the turbulence in the mixed
layer and the intermittent turbulence in the inter-
facial layer. This causes D to increase at a rate
proportional to Ri~ ' . The total effect is con-
tained in the equation

u„
aRi'

1
+ cRi -7/1*

where a and c are universal constants. Other re-
sults are presented, notably the ratio,

| qz/ll 1 ' where

q2 is the (negative) buoyancy flux near the level
z = D. This ratio decreases with increase of sta-
bility as observed in experiments of Willis and Dear-
dorff. |q2/qi |

- Ri'S/"*.

1 . INTRODUCTION

When the sun rises and begins to heat the ground,

the atmosphere is normally in a stable state (po-

tential temperature increases with height) . If we
neglect the effect of mean wind for the moment, the
heating creates instability and turbulence near the

ground and a mixed layer of depth, D, appears, capped

by an inversion. This phenomenon is called penetra-
tive convection. The potential temperature of the

mixed layer is nearly constant with height except

very close to the ground, where a superadiabatic
lapse rate exists in a thin layer, and just below
the inversion base where there is weak stability.

The inversion base rises because of two processes.
The first is heating alone which tends to decrease

the thickness, h, of the inversion layer, (IL) , and

so increase D. The second is the entrainment effect

of the turbulent eddies just below the inversion

base. We do not have a detailed understanding of

this erosion process but laboratory experiments with

mechanical stirring [Moore and Long (1971) , Linden

(1973) ] suggest that the eddies in the mixed layer

deflect the IL upward storing potential energy. When

this is released by downward motion, a portion of

the lighter fluid in the IL is ejected into the

homogeneous layer where it is carried away by the

turbulent eddies , leaving the lower surface of the

IL sharp again.

If there is no mean wind, the energy for the tur-

bulence comes from the energy flux divergence term

and from the buoyancy flux term in the energy equa-

tion, where q = -w'b' is the buoyancy flux . When

there is a mean wind, as is usual in the atmosphere,

the shear yields another energy source. This serves

to increase the turbulence energy and thus to in-

crease the entrainment effect through greater agita-

tion of the IL. In addition, the shear may cause

Kelvin-Helmholtz instability and consequent wave

breaking at the interface and thereby enhance ero-

sion.

On the other hand, the effect of shear should be

Buoyancy in an incompressible fluid is defined as b =

g(p - Po'/PO where g is gravity, p is density and pg is a

representative density. In the atmosphere, p and po are

potential densities. We may also write b = g(e -9o)/Bo
where 6 is a potential temperature

.
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negligible if the mixed layer depth is much greater
than the Monin-Obukhov length, L = -uj/qj , [Monin

and Yaglom (1971, p. 427) ] where u* is the friction
velocity. Thus (-L/D) l/3 is proportional to the

ratio, u*/w«, of the turbulent velocity in the mixed
layer associated with shear to the turbulent veloc-
ity associated with convection, w* = (qiD)l/3. The
shear effect becomes less important as this ratio
decreases. Lenschow (1970, 1974) presents aircraft
measurements, which appear to confirm the unimpor-
tance of energy production by the shear for the
turbulence near the inversion if |l/d| is small
enough.

The purpose of this paper is to construct a

theory for the rise of an inversion in the atmo-
sphere neglecting the effect of shear. The analysis
is similar in some respects to that in a recent paper
by the first author, [Long (1977b) , hereinafter
referred to as MISF] in which a theory is developed
for turbulence in a stably stratified liquid, as

for example in the experiments of Rouse and Dodu
(1955), Turner (1968), Wolanski (1972), Linden (1973),

Crapper and Linden (1974) , Linden (1975) , Thompson and

Turner (1975) , Wolanski and Brush (1975) , and Hop-

finger and Toly (1976) . In these experiments a

stably stratified fluid is agitated by a grid oscil-

lating up and down near the bottom of the vessel

(Figure 1) . A growing mixed layer of depth, D,

appears in the lower portion of the fluid separated

from the non-turbulent fluid above, in which the

buoyancy gradient is given, by an IL of thickness,

h. Observations indicate that the lower mixed layer

has a very weak mean buoyancy gradient. The buoyancy
difference across the IL is relatively large and is

denoted by Ab.

As indicated by the experiments of Thompson and

Turner and Hopfinger and Toly, and derived by the

first author in a recent paper [Long (1977a)], the

turbulence generated by the grid in a homogeneous

fluid is nearly isotropic, and if u is the rms veloc-

ity and a is the integral length scale, the quantity,

uS. (proportional to eddy viscosity), is constant with

height. When there is stratification, the mixed
layer is nearly homogeneous and ui = K is again con-

stant near the grid [Hopfinger and Toly (1976)].

Since I is proportional to the depth, D, the veloc-
ity, uj s K/D, is characteristic of the turbulent
velocities in the mixed layer. The quantity, K,

may be taken to be characteristic of the "action"

of the energy source (grid)

.

On the basis of observations, experimenters have

proposed that the entrainment velocity Ug
is expressible in the form

fS
Rl

-3/2
Ri

DAb
f2s2

dD/dt

(1)

where Ri is the overall Richardson number, f is the
frequency, and S is the stroke of the grid. The
measurements correspond to large values of Ri so
that attention is confined to the usual situation
in nature in which the Richardson number is large.
In terms of the "action" K of the grid, another
Richardson number is

Rl
DAb
2

"1
K/D (2)

This is very similar to the number Ri = HAb/u^
proposed by Turner (1973) , where I and u are the
integral length scale and rms velocity measured at
the level z = D in a homogeneous fluid agitated by
the same grid at the same grid frequency and stroke.

In MISF and in the present paper, the role of the
IL separating the mixed layer from the non-turbulent
fluid above is essential. This contrasts with ear-
lier theories in which h is neglected despite ex-
perimental evidence [Linden (1975)] that h is

proportional to D and is not particularly small
(h/D = 1/4). Observations [for example, Wolanski
and Brush (1975)] indicate that the IL with its
large density gradient is typified by wave motion.
Wolanski and Brush found that the frequency of dis-
turbances in this layer was proportional to the
Brunt-Vaisala frequency (Ab/h)'5 although numerically
one order of magnitude smaller. Certainly turbulence
of some kind exists in the IL and since the density
gradient there is strong rather than weak as in the
mixed layer, it is reasonable to assiraie that the
turbulence in the IL is intermittent and that this
intermittent, weak turbulence transfers the buoyancy
in the layer. In MISF the intermittency factor de-
creases with increase of stability so that for the
large Richardson numbers of the asymptotic theory
the layer is, for the most part, in laminar wave
motion with occasional breaking waves in the interior
and at the lower surface of the interface.

Similar ideas may be applied to the present prob-
lem in which the turbulence in the mixed layer is

caused by heating at the lower surface. The princi-
pal differences are the effect of heating in causing
h to decrease and D to increase, and the differences
in the sources of turbulence kinetic energy. The
energy equation is

= 3_
8z

Pi
:v^ t'2 ~ri

-w'b' - e (3)

FIGURE 1. Oscillating grid experiment. (S = stroke of
the grid.)

where the first term is the energy flux divergence;

u', v' , w' are the instantaneous velocities, p' is

the pressure, Pj, is a reference density, q = -w'b'

is the buoyancy flux, and e is the energy dissipa-
tion. In the present problem the buoyancy flux

term, -w'b' , is of basic importance and corresponds
to the conversion of potential energy to kinetic
energy. This effect is missing of course, in the

case of mechanical stirring in a homogeneous fluid.

Equation ( 3) omits the local time rate-of-change
of kinetic energy although, in fact, the inversion

is rising and conditions are therefore unsteady.
With respect to the mixed layer, the kinetic energy



587

'Heated Surface

FIGURE 2. Model of entrainment at an interface by
heating from below. The curve on the left is the mean
buoyancy, b, with an assumed linear profile above the
interfacial layer. The curve for buoyancy flux, q, is

on the right. The superadiabatic layer near z = is

not shown

.

is proportional to the square of the convective
velocity, (qjD)^'^, so that the ratio of the time
rate-of-change term to the other terms in Eq. (3) is
Ug/w*. This ratio is of order one if the convective
motions are spreading upward at a speed, Ug, in
initial conditions of neutral stability . Even a

fairly weak inversion will cause a great slowdown
and Ug/w^ will be small. Similar remarks apply to
the IL and we are assured that the time dependence
is negligible in the stable conditions of the paper,
although it has received some attention in considera-
tions of the real atmosphere [Zilitinkevich (1975)].

We may conclude this introduction with reference
to work on penetrative convection in the atmosphere
and oceans including atmospheric observations:
Lettau and Davidson (1957), Ball (1960), Veronis
(1963), Izimi (1964), Summers (1965), Deardorff
(1967), Kraus and Turner (1967), Lilly (1968), Dear-
dorff (1972) , Betts (1973) , Carson (1973) , Stull
(1973), Tennekes (1973a, b, and 1975), Adrian (1975),
Farmer (1975) , Zilitinkevich (1975) , Kuo S Sun (1976)

,

Stull (1976a, b, c) , and Zeman and Tennekes (1977).
Related experiments have been run by Deardorff,
Willis, and Lilly (1969), Willis and Deardorff (1974),
and Hedit (1977) . A second-order closure model has
been given by Zeman and Lumley (1977) . More recent
field observations have been made by Kaimal, et al

.

(1976) . Mixed layer deepening in the upper layers
of the ocean, which is almost always associated with
wind stirring has been discussed by Niiler and Kraus
(1977) .

2. RELATION OF FLUXES TO THE BUOYANCY JUMP AND TO
MIXING LAYER AND INTERFACIAL LAYER THICKNESSES

In the theory of the paper we ignore rotation, radia-
tive heating, water vapor, and horizontal variations
of mean quantities . The model is shown in Figure 2

which contains curves for the mean buoyancy and buoy-

ancy flux. The mean buoyancy curve above the IL is
assumed to be linear with buoyancy gradient N^ . In
one case we assume that N^ = so that the inversion
rises and weakens, eventually disappearing. When
N^ ^ we assume that the air was at rest with uni-
form buoyancy gradient when heating began. Then the
inversion strength increases with time. Since the
theory of this paper is concerned with very stable
conditions, the solutions hold for large values of
the Richardson number.

The buoyancy flux curve is derived below from the
assumed buoyancy distribution. The latter is assimied
to be linear in the IL (region R3) . This is an ex-
cellent approximation* in certain circumstances at
least, for example in the mechanical stirring ex-
periments of Wolanski and Brush (1975) . Observa-
tions in the mixed layer [Willis and Deardorff
(1974)] indicate that there is very little mean
buoyancy variation in this layer except for some
indication of a stable mean gradient near the heated
plate. If we ignore these gradients for the moment,
the equation

3t

dq

3z
(4)

indicates that q is a linear function of z. In fact,
experiments show that q is nearly linear [Willis and
Deardorff (1974) ] so that the neglect of mean buoy-
ancy variations in the mixed layer in the model of
Figure 2 seems reasonable. The lower surface is

heated and the buoyancy flux q = -w'b' (proportional
to the heat flux) is held constant at the lower sur-
face where it is denoted by qj . The mean buoyancy
in the mixed layer is

bjj = n2(D + h) + Ab (5)

where Ab is the buoyancy jump across the interfacial
layer and bgo is constant equal to the buoyancy at

the surface if the linear gradient above is extra-
polated down to the surface. Integrating (4) over
the mixed layer, we get the flux, q2 , just below the
IL. It is

dAb 7 d ,

52- = qi + D —J-;:
- N-^D 3^ (D + h)

dt dt
(6)

On physical grounds q2 must be negative (Figure 2)

and this is confirmed by laboratory measurements
[Willis and Deardorff (1974)]. In the IL, the mean
buoyancy is

ib - ^ (z - D) + %0 N'^(D = h) (7)

Integrating (4) , we get the flux at a given level

in the interfacial layer

dAb / K^\ ,, ( C^ dh c dD

- N^C
dD dh

dt
'*'

dt
(8)

where C=z-D. Atz=D+h, the buoyancy flux

is zero so that

Even when the approximation is only fair, the error in as-
suming a linear profile is small. We discuss this in Section
6.



588

52 - Ab
dP
dt

d_
dt

Ab
o^ /dD dh

Using (6) we get

qi
=

dt
[(D + ijh) Ab - J5n2(d + h)^]

(9)

(10)

The integral of (10) is

(D + %h) Ab - kN2(D + h) ^ = v^ - q t (11)

where

b3, U3 , and I3 may vary with height. The turbulence
is certainly strongly influenced by buoyancy in this
layer so that kinetic and available potential ener-
gies [Long (1977d) ] are of the same order not only
in the waves but in the turbulent patches, i.e.,

B 6 b =8 6^
2 3 3 3 3 h

Ab
(14)

where 63 is the order of the size of the disturbances
and because of the tendency for conservation of buoy-
ancy, we assiome b3 is proportional to 63(Ab/h). Us-
ing (14) , Eq. (13) becomes

Vq = (I> '3h„) Abn - ^'' (12)

and the zero subscript denotes values at t = 0.

Tennekes {1973b) obtained (11) and (12) with h and
hg missing. As we have indicated, the interfacial
layer thickness h plays an important role in the
theory of this paper. The time tg = V?/qi is the
time for an initial buoyancy difference to disappear
when the upper air has a uniform potential tempera-
ture [Tennekes (1973b)].

^3 Bo ""S
(15)

Let us now find the dissipation. This occurs only
in the turbulent patches and we assume that the
local dissipation ep = f(u3,63, b3) . Since u^ ~

b36 3, we get £„ ~ U3/63 and

£3 Wi BitB3U3 (16)

3. THE INTERFACIAL LAYER (REGION R3)

According to the discussion in Section 1, the IL
in our model is turbulent with intermittency factor,
I3, defined here as the ratio of the volume in tur-
bulent motion to the whole volume*. Much of the
layer is in wave motion in which all of the compo-
nents of the fluid velocity are of the same order,
i.e., the ratios W3/U3 , W3/V3 are independent of
the Richardson number. The intermittent turbulence
is caused by the intermittent breaking of these
waves. Since the wave amplitude is of the order of
the wave length when the wave breaks , we should have
U3 ~ V3 - W3 initially in the breaking waves as well
and we assume this. Of course the "homogeneous"
fluid in the breaking patch will tend to flatten
out and the vertical velocities in the patch will
decrease relatively as time goes on. In our model
we ignore the patch after a time of order (h/Ab)"^

and consider that the local heat transfer has al-
ready been accomplished. In actual fact this trans-
fer is accomplished by the spreading of the patch
over a larger time interval and the ultimate trans-
fer by molecular processes. Since buoyancy flux
occurs only in the turbulent portions of this layer,
we get, at any level in the IL,

53 BlU3t>3l3 (13)

where b3 is the rms buoyancy fluctuation in the
interfacial layer. Bj is a universal constant''' but

The introduction of intermittency may result in confusion
if one inadvertently thinks of the IL as a' surface or even
as a layer with thickness of the order of the amplitude of
the wave disturbances. The latter is not excluded as a

possibility in this section but, in fact, as we see in
Eq. (26) the wave amplitude is much smaller than the thick-
ness of the IL so that I is not the ratio of the times that
a fixed point is in the upper (non-turbulent) and lower (tur-
bulent) fluid.

Twe use symbols Bj , B2 , . . . to denote universal constants.
Later, "constants" arise which, at first glance at least,
may be functions of s = N2/(Ab/h) , i.e., the ratio of the
stabilities of the upper "quiescent" layer and the inter-
facial layer. We denote these "constants" by Ai,A2,... .

Equations (15) and (16) show that £3 - q3 . Since
these are both dissipative, it follows that they are
of the order of the energy flux divergence. At the
upper boundary of the IL, the kinetic energy of the
waves has been so reduced by losses to potential
energy and dissipation, that there can no longer be
wave breaking and turbulence. Thus h is the depth
of penetration of the turbulence. At the height z

= D + h, the energy flux is too weak to support tur-
bulence so that it has apparently decreased to a
value well below that at the bottom of the IL.

Therefore, the increment in energy flux over the IL
is proportional to the value at the bottom of the
IL. Integrating Eq. (3) between levels in the layer
near the upper and lower surface , we find that q3h
is of the order of the energy flux just below the
inversion where q3 is the average buoyancy flux in

R3. Since the interface is being distorted by the

vertical motions (inducing pressure fluctuations),
the energy flux should be proportional to wipj/po

We may write- w" in R2

53^
3

A2W2 (17)

Equation (17) has a form superficially similar to

that proposed by others in a number of papers [for

example long (1975), Zeman and Tennekes (1977)] on

the basis of assumptions about the size of terms in

the mixed layer. In present notation, these authors
propose q2D - w^ and this leads rather directly to

the Ri~ law for the entrainment. Equation (17) is

really quite different. If the upper fluid is ho-
mogeneous, A2 should be a universal constant. How-
ever, when the upper layer is stratified, losses of
energy may occur by wave radiation and A2 may then
be a function of s = N2/(AbA') •

using (6) , (8) , (14) , (15) , (17) , we get

3
A2W2 dAb h dAb Ab dh 1 ,, dD

+ qj - N^(D in)
dt

(D + h) (18)
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'3 "^Ab; "2 (19)

^Fl ^ 2 /Ab
TT '2"2 IfT -D ^ + n2d ^ (D + h) - qi (20)

where the subscript "2" denotes values at a level
just above z = D. Equation (19) , which follows from
Eq. (18) , is consistent with the assumption that the
pressure fluctuations in eddies in region R2 of fre-
quency W2/62 of order of the natural frequency
(Ab/h)'5 are generating the brea)cing waves by reso-
nance.

(^ o
/ / y / / ^ /'/'/' / yl / / // //////^/ ^Ve^ //////

8v'
FIGURE 3. Turbulence near a wall.

4. TURBULENCE IN THE MIXED LAYER

According to (17) the vertical turbulence velocity
in R2 is related to the average buoyancy flux in
the interfacial layer. The latter is related to
the entrainment velocity so that it is essential to
relate W2 to turbulence in the main portion of the
mixing layer, or to w^ (qiD)

1/3 This is often
called the convective velocity. A great deal of
confusion has arisen regarding this problem because
of two explicit or implicit asstunptions often made:
(1) that the turbulence near the interface is quasi-
isotropic, i.e., U2 ~ V2 - W2 , and (2) that W2 - w*

.

We will try to show that both of these assumptions
are incorrect*.

In laboratory experiments with mechanical mixing,
measurements indicate that the mean buoyancy gradi-
ent in the mixed layer is very weak and, in fact,
approaches zero as the Richardson number increases
[Wolanslci (1972) ] . Instantaneously, the lower sur-
face of the interfacial layer is very sharp (perhaps
a discontinuity for infinite Reynolds numbers!).
This surface is agitated by the disturbances of the
mixed layer so that the mean buoyancy curve varies
continuously, although rapidly in the region, R2

.

It seems quite safe, however, to neglect effects of
buoyancy on the turbulence of the instantaneous mixed
layer. Let us do this tentatively although we will
return to this point later. Since, for the highly
stable conditions of this paper, the interface dis-
turbances will be very small, the inversion will act
like a 'rigid lid' with slip^" and the turbulence will
be similar to turbulence between a rigid heated plate
at z = and a rigid plate a z = D. The first ques-
tion to face, then, is the nature of the turbulence
at some level t; = D - z near the upper "plate." To
do this, we first consider the findings in two recent
papers by Hunt (1977) and Hunt and Graham (1977) re-
garding the distorting effect of a rigid plane on
homogeneous turbulence. The corresponding labora-
tory experiment is produced by passing air through a
grid in a wind tunnel. The rigid plane is a moving
belt along one wall of the wind tunnel with speed
equal to the mean wind. This serves to eliminate
the shear near the wall and the corresponding energy
source. The wall causes two boundary layers (Fig-
ure 3) . One is a very thin viscous layer of thick-
ness 6v near the wall in which all three components
of velocity go to zero, and the other, called a

source layer of thickness 63, extends from the vis-

We mean by A ~ B that A/B is finite and non-zero in the limit
as Ri -^ °o.

This xs the opinion also of Zeman and Tennekes (1977).

cous layer to a level at which the disturbing ef-
fects of the wall are negligible. The vertical
velocity must decrease throughout the source layer
because it is very small at the top of the viscous
layer, but there is no obvious reason for a decrease
of the horizontal velocity components in the source
layer. This is confirmed by experiment and by the
mathematical analysis by Hunt and Graham who derive
the following results of interest in the present
problem: The rms vertical velocity in the lower
portions of the source layer is W2 = B(ec;)-'/3, where
B is a universal constant and e is the dissipation
function far from the wall, and the rms horizontal
velocities are of the same order as those far from
the wall although somewhat larger. It is useful to
obtain these and other results more intuitively.
In a recent paper, the first author [Long (1977c)]
has shown that turbulence at high Reynolds number in
a wind tunnel far from a wall is determined com-
pletely by two quantities, K and u/x, where K is a
quantity of dimensions l2t~1 characteristic of the
grid and proportional to uJl. u is the mean velocity
and x is distance downstream from the grid (or more
accurately from a virtual energy source replacing
the grid). For example, the dissipation function
far from the wall is e - Ku2/x2 , the rms velocity
is u - (Ku/x)^, and the integral length scale is
H - (Kx/u)%.

Obviously the source layer thickness is 63 - H

[Hunt (1977) ] and the dissipation in the source
layer is

ef (21)

Just outside of the viscous layer, E is e , ors sO

6vu^
E „ = Ef —i—r-

sO h k
(22)

As V ->- 0, S^ -^ , and, since E must be independent
of viscosity for high Reynolds number turbulence,

^so ~ e-

At small C, eddies of length much less than t,

will not feel the distorting effect of the surface
and will be isotropic. Eddies of length much greater
than 5 will feel the surface very strongly and will
be strongly flattened. Eddies of length of order
^ << i?. will feel the surface but will remain quasi-
isotropic. From the equation of continuity the
large flattened eddies of horizontal dimensions D
yield vertical velocities of order ujC/D - K?/d2.
The quasi-isotropic eddies are much smaller and for
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high Reynolds numbers will lie in the inertial sub-
range. They will have a spectrum function

Ei(k)

2

e 3 k
so

k ~ C (23)

where k is the wave number so that the contribution
to the vertical velocity is EgO C • This is much
larger than the contribution from the flattened
eddies so that w„ UH^/^ or w,~el/3 ^l/\ as

-SO
derived rigorously by Hunt and Graham (1977)

.

In the mixing experiments the surface at z = D
is not rigid but is agitated by disturbances of
amplitude 62- Assuming that eddies of this size
are in the inertial subrange, we get vertical veloc-
ities of order el/Sgl/B ^^^ again these, rather than
the eddies of size D, contribute most to the rms.
Then W2 - £"^'^52^^^ Since e - K^/d'* , we get, as
in MISF,

_3 1_ 1

(26)

(27)

~- Bliqil2 = - D ^ + n2d
^^f-

(D + h) - qj (28)
_d

dt

-a„q2^1 , h N dAb Ab dh 1 ., dD
5' ^1°^ 3J^^T^+ 2 ^^iT

1^, d (D + h)
n2{D + |h) ^^2 dt

(29)

3 4

62KI=\
3 3

'^'^^ where 0.2 = A Bjj/B3 .

The problem of the present paper is somewhat more
complicated but the distorting effect of the inter-
face should be the same since the buoyancy varia-
tions in the mixed layer are very small. The air
in the main portion of the mixed layer has velocities
of order (qiD) ^/^ rather than K/D and in R2 the
buoyancy flux is similar to that in the case of
mechanical stirring. Equation (24) takes the form

3
W2

= Bnqi (25)

This result, together with (19) , implies W2 ~

w*Ri~^(h/D)^ , where Ri = DAb/w^ , and differs
fundamentally from that of Tennekes (1973b) who
assumed W2 ~ w^ by arbitrarily equating the buoy-
ancy flux and the energy flux divergence. Tennekes
has acknowledged [Zeman and Tennekes (1977)] the
inadequacy of this assumption.

The drop-off of w as the interface is approached
is revealed in the data of Willis and Deardorff
(1974) . As shown by Hunt and Graham (1977) , the
total kinetic energy is the same near the distorting
surface as it is far away so that the horizontal com-
ponents of rms velocity should increase toward the
interface. There is an indication of this also in
the data of Willis and Deardorff.

It is also interesting that we may predict the
same type of behavior near the lower heated surface.
In fact, earlier data of Deardorff and Willis (1967)
as well as the more recent data of Willis and Dear-
dorff (1974) show that the vertical velocity near
the heated plate increases with height, roughly in
accordance with similarity theory [Prandtl (1932)],
but that the horizontal velocity decreases with
height. Thus, it is possible to apply similarity
theory to obtain the vertical component, w, but not
to obtain the horizontal components, u and v. The
dimensional analysis for the horizontal components
at large Rayleigh number must include D as well as

qj and z no matter how small the ratio, z/D! There
are experimental indications that the classical
arguments of "localness" are also incorrect in prob-
lems of turbulent shear flow [Tritton (1977, p. 283)].

Using (25), the relations in (18)-(20) and the
expression for W2 are

5. DIFFERENTIAL EQUATIONS

Equation (29) is a single differential equation in

three unknowns, D, h, Ab. Let us now seek additional
information. The quantity, Uo/^s, is the dissipa-
tion in the turbulent patches in the interfacial
layer. We have seen that it is independent of Ri

in the lower portions of the layer. Obviously it

will vary continuously with C (now defined as z - D)

in the layer and, to the first order, will remain
independent of Ri although it may vary with the
quantity s = N h/Ab when the upper fluid has a

linear buoyancy field. We may therefore write

3
"3

qi i §-
or using (14)

-3 3, .3
k 2/ h V f i;

'3 ^A^J nU'

(30)

(31)

We may obtain another expression for U3 by in-
tegrating the energy equation over the interfacial
layer. We have already seen that |e3|--|q3| and
assuming that the energy flux is proportional to
U3 in this layer*, we have from the energy equation

. 3
9u3

3C
Bl2q3 (32)

Using (8) and integrating, we get

,3 = Wo + B 12
dAb f C,^ ^3

'^^'^ ^^z\—--^

.^ , C^ dh (;2 (jp

C^ dn2|- (D + h) (33)

We have seen that the energy flux at the bottom of the layer
is proportional to u^q. To the first order it should be pro-
portional to U5 in the rest of the layer, i.e.

Ri.

independent of
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Comparing (31) and (33) and using (27), we get

4" 1 D 11 ^D
Alt

D^
+ A5^ ;34)

where^ A3, Ai, , and A5 may depend on s. Equating
coefficients in (34) we get (29) again and the
following

dAb 9 d
q, + D —^ - N^D :;^ (D + h)

dt dt
-"3

2 3

2 4

qi h

3

D(Ab)

(35)

dD h (D + 2h)

dt ^1 D , 2
(Vo - q,t)

(03 + 204)

2 2 1 2

q.^h** (D + 2^)'*

(V - qjt)

=

(D + ih)

dt dt ""^1 D
~~2.

(Vo - qjt)

, dD ^ dh . h
3 -rrr + TT - 2q

(41)

D dAb ^ „ dD
2 dt

*"

2h dt

dAb

dt

D-^Ab dh

(D + h)

3 3

2 h
q, h

a^^

D(Ab)

3 3

2, h
q, h

6h dt 6h^^= "5

D(Ab)

(36)

(37)

3/4
where a^ = Aj_/Bi2B3'"^ (i = 3,4,5). Equations (35)-

(37) , (29) , and (11) are five equations in the three
unknowns. They determine the solution to the first
order for large Ri , although we must make sure that
all equations are satisfied to that order. In this
regard, if we use (35)-(37) , (29) , and the deriva-
tive of (11) , i.e., (10), we may consider these as

five homogeneous linear, algebraic equations in five

unknowns dAb/dt, dO/dt, dh/dt, qj , and qj
^' ^j^S/^/q

(Ab) . The determinant of these equations vanishes
and we satisfy compatibility.

6. HOMOGENEOUS CASE (N = 0)

If N = 0, the upper fluid is homogeneous and (11)

becomes

1 2
(D + 2h)Ab = Vq - q t (38)

3 7

6a5 6a q - 2aq
qj^h^D + |h)'

2 2 (

D (Vo - q^t)

= (42)

Two effects occur in (40) and (41) .

them by adding the two equations

.

3 7

We may separate
We get

d

dt
(D + h) 2ah + 6ac

qi
2uh D +

,v§

(43)

11'

The term on the right of (43) expresses the upward
motion of the boundary between (intermittently)
turbulent and non-turbulent fluid due to turbulence
in the interfacial layer causing entrainment of the

upper, non-turbulent fluid. On the other hand, the
second terms in (40) and (41) express the upward
motion of the boundary between fully turbulent and
intermittently turbulent fluid (and the consequent
decrease of h) due to heating alone. This contribu-
tion to the entrainment velocity is proportional to

the interfacial thickness, h, and disappears when
the common approximation is made that h = 0.

Let us find an approximate solution to (40) -(42).

If we let Do and ho be the values of D and h at t =

0, we make the following definitions:

ho h uhi
Do Do

-= Di
Do ^

where Vq is a constant related to initial conditions.
We use (35) and (38) to eliminate Ab in (29), (36),
and (37) . We get

3 3

dt
(Ab) = - -^ - a^

q, h2^,'* (D + ^h)

(v;^ :^
1

dh
_^

qih (D + 2h)

dt
"*"

D

«3

(V^

6ac

qit)

3 7

2v,'t

7

1 4

h\ qj h (D + -h)

(Vo - qit)

(39)

(40)

_^For arbitrary Ri , the quantities Aj may depend on Ri. As
Ri -> «>, however, A^ will approach "constants" which may, of
course, be zero.

2 2

3 3

qi Dp

v2

1

3

"0 Do 3

Then equations (40) -(42) may be written

dh. h, (Di + J hi)
.A. £ 5

dT Di (1 6t)

aq - 5at

1

Di

ill

Dl y

7 7
t» It

M (Dl + jhi) 5

Did - 6t) i

dD^

dT

(Dj + ihj)

(1 6t)

(03 + 20^)

h^SD^ +ih^
7 7

D^l
Z

(44)

= (45)

(46)
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2
/ Dl Di hi'
(6a2 ^ - 6a3 j^ + 6at, + 605 —

7 7 7

k 1 1* 4
hi (Dl + jhj) 6

Did
7

ax) 4

Solutions are of the form

h

ho

1 ^it
(1 + -,.) -^

3 731
4 14 "Si^D^t

(03 - 6053) a (1 + ja) — 'j-

V 2

2.2
1 2 <3it

+ ^ a(2 + a) —1 + . . .

8 4
Vo

D 1 "^i^^ = 1 + a(l + ia) ^-2°' v2

(47)

(48)

The first term is of the same form as the non-
dimensional entrainment velocity of Tennekes (1973)

but, as already pointed out, the derivation and

physical mechanism are very different. It is easy
to trace the error in (52) arising from the simpli-

fication of Section 2 that the XL has a linear
buoyancy field. The error is proportional to
(Ug/w^) abg/Ab where bg is the maximum difference
between the actual buoyancy in the IL and the as-
sumed buoyancy. Since a is 1/6 or so and bg/Ab is

fairly small, this error is negligible. Notice also
that the theory concerns strongly stable conditions
so that (52) does not apply in the limit as Ri -* 0.

As Ri tends to order one Ug becomes of order w* as
one would expect.

The ratio q2/qi is of interest. Using (6) , we get

92

qi
1 +

dAb

qi dt

Using (50) and (52) , we get

52,
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(2qit)2 (2qi)^bi
D = : +

1

h= (2qit)2-+

n2

i i i

Ab = (2qit)2aN + {2cii)^h^n^

where

(57)

1 + 1 +
aq \ 2

ait

^ ^ a(a + 2) ^ = 1
aij 1 ' ai^ 3

22

(63)

which has the same form as the first term in (52)
or (60) . The present theory should not, however,
be regarded as an extension or modification of the
Tennekes ' theory because , as we have noted in sev-
eral places, the two theories differ fundamentally.
This is also evident in the difference in the nature
of the two constants of proportionality for the
Ri~l term in the two theories. The aj in (63) may
be identified physically as the ratio |q2/qi| which
is a universal constant in the Tennekes' theory.
The constant, a, in (52) or (60), however, is a

universal constant equal to the asymptotic value
of the ratio of the inversion layer thickness to
the thickness of the mixed layer. Tennekes assumed
a value of 0.2 or so for aj and it is a coincidence
that this is also a reasonable choice for a.

We may attempt to estimate the constants in the
expressions

a2
*!•'

b3

ait
2^a (58) — = aRi~^ + cRi

q2

qi
yRi (64)

Using the relationship

Nt
Ri'^

2a-^

-T^(^*^)-

we obtain for the entrainment velocity

„ . 13 7

^3 =

(59)

(60)

using the data of Willis and Deardorff (1974)*.
Approximate estimates for the two cases

:

SI: D = 58 cm, h = 9 cm, AT = 1.7°C,
Ab = 0.39 cm/sec2, Qq = 0.18°C cm/sec,
w^ = 1.3 cm/sec, Ri = 13.5, a = 0.16,
c = 1.09, Y = 1-61

S2: D = 55cm, h = 8.5 cm, AT = 3°C,

Ab = 0.69 cm/sec^, Qq = 0.22°C cm/sec,
w^ = 1.4 cm/sec, Ri = 20, a = 0.15,

c = 1.05, Y = 1.05

The ratio of fluxes is

q 13-3
l-^l = 22b,a'^Ri '^

'qi
>1' (61)

Notice that Ab/h -> N'^ as t -> " so that the IL be-
comes indistinguishable from the upper layer as the
turbulence in it weakens (becomes more intermittent) ,

This contrasts with MISF in which the stability in

the IL is several times larger than the stability
in the upper fluid. Notice also that s -+ 1 implies
a2--.ci5 are universal constants. More accurately.

Ab

hP = 1 + 04 (62)

We see from (32) that at, > so that the buoyancy
gradient in the IL is more stable than in the air
above. These results suggest that an inter facial
layer will be difficult to identify when there is

a stable buoyancy gradient aloft. This is certainly
the case in the experiments of Deardorff, Willis,
and Lilly (19^9) and Willis and Deardorff (1974)

.

DISCUSSION

We may also attempt to compare with atmospheric data.

For example, using the 1200 observation on Day 33

for the Wangara data, [Zeman and Tennekes (1977)],

we obtain

Ab

1.1 10 ^cm, h

=13 cm/sec^ Q,

< 10^ cm, Ae s 4°C,
20 "C cm/sec.

194 cm/sec, Ri = 38 , a 0.2, = 2.2

These computations indicate that the two terms in

the expression for Ug in Eq. (64) are roughly
similar in magnitude for atmospheric and laboratory
conditions.

It is interesting to compare the theory of the

erosion of a linear buoyancy field with a numerical

experiment of Zeman and Lumley (1977) using a

second-order closure model. The niomerical calcula-

tion began from an initial instant, tp, at which

time D = Dg, w^ =

theory at time t.

D , T
= 1 + — +

Do So

'*0
= t

(qjDp) 1/3. The present
tg is

where we have assumed that (toN)!^ is large. The
numerical curves [Figure 1 of the paper of Zeman
and Lumley] are nearly linear after t exceeds 2 or

so although, as (57) would indicate, D/Do increases
somewhat more slowly after considerable time. The

We have already contrasted the theory of this paper
with that of Tennekes (1973). He obtains

Supplemented by information in a personal communication from

Dr. Willis.
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Laboratory Models of Double-Diffusive

Processes in the Ocean
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ABSTRACT

There is now good observational evidence to support

the ideas that double-diffusive processes', i.e.,

those for which the differential diffusion of heat

and salt are important, can affect the rates of

vertical transport of these properties in the ocean,

and are responsible for the formation of certain

types of microstructure. Much of our detailed

understanding of these effects has come from related

laboratory experiments, but new phenomena are still

being discovered which are as yet untested by direct

measurements in the ocean. It is the purpose of

this paper first to review the background to this

subject, and then to describe the more recent experi-

ments which suggest further double-diffusive effects

likely to be significant in various oceanographic

contexts

.

A convenient laboratory technique has been to

use two solutes (commonly salt and sugar) to model

the T-S variations; some of these experiments with

closer diffusivities are in fact directly relevant

to the ocean. When more than two diffusing compo-

nents are present it has been shown that even small

differences in molecular diffusivity can signifi-

cantly affect the relative rates of transfer of

solutes through an interface, and this should be

considered more carefully in geochemical studies.

Strong double-diffusive layering is often associated

with large horizontal gradients of T and S, and

related effects have been studied in our laboratory

in three different geometries: the circulation

produced by a block of ice in a salinity gradient;

a line source of one fluid intruding at its own
density level into a gradient with different prop-
erties; and the spreading across a frontal surface
separating two fluids having the same vertical
density but different T-S structures.

1 . INTRODUCTION

It is past the stage when the relevance of double-
diffusive effects has to be justified ab initio to

an audience of oceanographers . Over the last few
years , there have been many observations of fine-
structure and microstructure in the deep ocean
which can only be explained in these terms. Wherever
there is a systematic association between T and S

variations, with both properties increasing or
decreasing together (so that their effect on the
density is in opposite senses) , then it is clear
that the difference in molecular diffusivities for
heat and salt can affect the vertical structure
and the transports of the two properties. It is

not then sufficient to base predictions of mixing
on the net density distribution alone.

Our understanding of these processes has been
greatly influenced by related laboratory experiments

[see Turner (1973, 1974)]. Much of the detailed
work has concentrated on the properties of sharp in-

terfaces separating relatively well-mixed layers:

it has been shown that when there are compensating
T-S gradients, a smoothly stratified water column

typically breaks up into a series of steps, and

molecular processes must be more important across

such interfaces . Once layers have formed there

remains little doubt that the coupled transports

can be estimated using the laboratory results. It

is much less certain, however, that the processes
of formation of layers have always been adequately
modelled in the laboratory, where most of the experi-

ments have been one-dimensional in form.

More recent experiments [Turner and Chen (1974)

,

Huppert and Turner (1978) , Turner (1978) ] have begun

to explore a variety of two-dimensional effects, and

it is these which will be given most attention in

the verbal presentation of this paper. It should be
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admitted right at the beginning that these experi-
ments are still largely qualitative, and that much
more remains to be done , but already they suggest
new explanations of some existing observations in

the ocean , and allow us to predict what might be
measurable in future work.

2. ONE-DIMENSIONAL PROCESSES

Formation of Layers from a Gradient

For completeness, the fundamental physics of the
double-diffusive convection will be outlined briefly
by referring to the simpler early experiments. The
review of one-dimensional experiments will then be
brought up to date and specific oceanographic
examples of these processes will also be described.

The necessary conditions for double-diffusive
convection to occur in a fluid are firstly that
there should be two or more components having
different molecular diffusivities, and secondly
that these components should make compensating
contributions to the density. It is remarkable
that under these conditions strong convective
motions can arise even when the net density distri-
bution increases downwards. The overall density is

'statically stable' in this sense in all the cases
described here. Motions are nevertheless generated
since the action of molecular diffusion, at different
rates for the two components, makes it possible to
release the potential energy in the component which
is heavy at the top. This can drive convection in
relatively well-mixed layers, while the second
(stably distributed) component preserves the density
difference across the interfaces separating them.

There are two cases to be considered, depending
on the relation between the diffusivities and the
density gradients, i.e., on whether the driving
energy comes from the component having the higher

or lower diffusivity. The simplest example of
the former is a linear stable salinity gradient,
heated from below. An unstratified tank would over-
turn from top to bottom, but because of the stabi-
lizing salinity gradient only a thin temperature
boundary layer is formed at first, which breaks
down through an overstable oscillation [Shirtcliffe
(1967)] to form a shallow convecting layer. This
layer grows by incorporating fluid from the gradient
above it, in such a way that the steps of S and T
are nearly compensating, and there is no disconti-
nuity of density, only of density gradient.

When the thermal boundary layer ahead of the
convecting region reaches a critical Rayleigh number,
it too becomes unstable. A second layer then forms
above, and eventually many other layers form in
succession (See Figure 1) . The vertical scale of
these layers increases as the heating rate is

increased, and decreases with larger salinity gra-
dients. Turner (1968) has shown that the first
layer stops growing when

d„ = D B
3A

(1)

FIGURE 1. Layering produced from an initially
smooth salinity gradient by heating from below.

Three well-mixed layers are marked by fluorescein
dye, lit from the top. (Tank diameter, 300mm.)

constant which depends on the critical Rayleigh
number and the molecular properties, B = -gaFrp/pC

is the imposed buoyancy flux corresponding to a

heat flux Fip (a being the coefficient of expansion
and C the specific heat), and Ng = [(g/p) (dp/dz]*!

is the initial buoyancy frequency of the stabilizing
salinity distribution. The criterion for the for-

mation of further layers is currently being studied
by Huppert and Linden (personal communication)

.

A device which has proved very helpful in elim-
inating uncontrolled sidewall heat losses (as well

as providing results directly relevant to the ocean)

is to carry out experiments with two solutes, say

sucrose and sodium chloride solutions, instead of

salt and heat. Essentially the same phenomena can

be observed, although the diffusivities are much

more nearly equal (the ratio x = Kg/K-j, where <rp

denotes the larger and Kg the smaller diffusivity

in each case, is about 1/3 for sugar and salt,

compared with = 10~^ for salt and heat)

.

Linden (1976) has in this way extended the

"heated gradient" experiments to study the case

where there is a destabilizing salt (T) gradient

partially compensating the stabilizing sugar (S)

gradient in the interior. He has shown, both

theoretically and experimentally, that during the

formation of layers the relative contributions of

the energy provided by the boundary flux, and that

released in the interior, change systematically

with the ratio of the vertical T and S gradients.

In the limit where these gradients become equal,

all the energy comes from the destabilizing compo-

nent in the interior, and the ultimate layer depth

is finite and proportional to N^-h (where Ng is the
buoyancy frequency corresponding to the stabilizing

component)

.

Once layers and interfaces have formed, it is

important to understand what governs the fluxes of

S and T across them. For this purpose two or more

layers can be set up directly, and the interfaces

examined using a variety of optical techniques.

For example. Figure 2 is a shadowgraph picture of

a very sharp interface formed between a layer of

salt solution above a layer of sugar solution, which

is equivalent to colder fresh water above hot salty

water. Note that salt is here the analogue of heat.
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(both expressed in density units) should be a
function of Rp alone for given diffusing substances:

FIGURE 2. Shadowgraph picture of a sharp "diffusive"
interface, formed between a layer of salt solution above
a denser sugar solution. Note the convective plumes each
side of the interface, evidence of strong interfacial
transports. (Scale: the tank is 150mm. wide.)

and sugar the analogue of salt, since in each case
the convection is maintained, and the interface
kept sharp, by the mote rapid vertical transfer of
the faster diffusing component. Such interfaces
have been called "diffusive interfaces", for reasons
which will become clearer in the following section.

Fluxes through Diffusive Interfaces

Quantitative laboratory measurements have been made
of the S and T fluxes across the interface between
a hot salty layer below a cold fresh layer, and
they have been interpreted in terms of an extension
of well-known results for simple thermal convection
at high Rayleigh number. Explicitly, Turner (1955)

,

Crapper (1975) , and Marmorino and Caldwell (1976)
have shown that the heat flux aFrp (in density units)
is described by

aF^ = A^ (aAT) (2)

where A]_ has the dimensions of velocity. For a
specified pair of diffusing substances, A^ is a
function of the density ratio Rp=6AS/aAT, where 8

is the corresponding "coefficient of expansion"
relating salinity to density differences. The
deviation of A, from the constant A obtained using
solid boundaries, with a heat flux but no salt flux,
is a measure of the effect of AS on F„. When Rp
is less than about 2, A^ > A due to the increased
mobility of the interface, and when Rp > 2, Ai
falls progressively below A as R. increases and
more energy is used to transport salt across the
interface . The empirical form

A]^/A =3.8 (SAS/aAT)" (3)

[Huppert (1971)] provides a good fit to the obser-
vations over the whole of the measured range 1.3<
Rp<7.

The salt flux also depends systematically on
Rp , and has the same dependence on AT as does the
heat flux. Thus the ratio of salt to heat fluxes

BFg/aF^ = f. (gAS/aAT) (4)

The results reproduced in Figure 3 support this
relation, and they also reveal the striking feature
that the flux ratio is substantially constant (=0.15)

for 2<Rp<7. [The more recent experiments of
Marmorino and Caldwell (1976) suggest that the flux
ratio can be as high as 0.4 with much smaller heat
fluxes, but the reason for this discrepancy is not
yet resolved] . Experiments by Shirtcliffe (1973)

,

using a layer of salt solution above sugar solution,
have shown a much stronger dependence of Frp on Rp

than (3) , but again a constant flux ratio, the
measured value (for NaCl and sucrose) being
6Fs/aF,p ; 0.60. Note that the flux ratio must
always be <1, for energetic reasons: the increase
in potential energy of the driven component must
always be less than that released by the component
providing the energy. This implies that the density
difference between two layers must always increase
as a result of a double-diffusive transport between
them.

Direct measurements through the interface in
Shirtcliffe ' s experiment suggest that this has a

diffusive core, in which the transport is entirely
molecular, and which is bounded above and below by
unstable boundary layers. The "thermal burst"
model of Howard (1964) has recently been extended
to this two-component case by Linden and Shirtcliffe
(1978) , to predict both the fluxes and flux ratios.
The constant range of flux ratio can be explained
in the following way. Boundary layers of both T
and S grow by diffusion to thicknesses proportional
to K^h and K^h , and then both break away intermit-
tently. If only the statically unstable part at
the edge of the double boundary layer is removed
(such that aAT=BAS), then the fluxes will be in
the ratio T-5, in reasonable agreement with the
laboratory results for the two values of t used.
Linden (1974a) has given a mechanistic argument to
explain the increase of flux ratio at lower values
of Rp , which he attributes to the direct entrainment
of both properties across the interface.

It is worth noting in passing that Huppert (1971)

FIGURE 3. The ratio of the fluxes of salt and heat (in

density units) across an interface between a layer of
hot, salty water below colder, fresh water, plotted as

a function of the density ratio R . [From Turner
(1965).] P
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has shown theoretically that an intermediate layer,
or series of layers, is stable if the overall S

and T differences lie in the range where the flux
ratio is constant, and unstable if the flux ratio
varies with Rp . Observations of stable layers in

the ocean seem to be consistent with this criterion.
The merging of layers by this and other mechanisms
has been studied experimentally by Linden (1976)

.

Some measurements have also been made in the

case where several solutes with different diffusivi-
ties, Kjj' ^^s driven across an interface by heating
from below. Turner, Shirtcliffe, and Brewer (1970)

showed that the individual eddy-transport coeffi-
cients can be different, and suggested that they
are proportional to Kjj'S. More recent work by
Griffiths (personal communication) predicts theo-
retically that the ratios of transports of pairs
of solutes should be proportional to x^ at low
solute-heat density ratios, and to t at higher
ratios. His much more accurate and extensive
experiments show an even larger variation, for
reasons which are still unexplained. These results
are potentially of great importance for the inter-
pretation of geochemical data, as will be discussed
further below.

Observations of Diffusive Interfaces

There are now many observations of layering in the
ocean which can unambiguously be associated with
"diffusive" interfaces, and where a one-dimensional
interpretation seems appropriate. The regularity
of the steps and the systematic increase of both
S and T with depth serves to distinguish these from
layers produced in other ways (by internal wave
breaking, for example) . Neal et al. (1969) and
Neshyba et al. (1971) have observed layers about

5 m thick, underneath a drifting ice island in the
Arctic where cold fresh melt water overlies warm
salty water. A common observation in Norwegian
fjords is that cold fresh water, formed by melting
snow, can often form a thin layer on top of warmer
seawater, with an interface which remains extremely
sharp, and thickens much less rapidly than expected.
This is due to double-diffusive convection driven
by the heat flux from below, which will stir the
layers on each side of the interface (independently
of any wind stirring at the surface) and thus keep
the interface sharpened.

There are also fresh-water lakes in various parts
of the world which have become stratified in the

past by the intrusion of sea water. Some of these
are heated at the bottom by solar radiation, and
convectively mixed layers separated by diffusive in-
terfaces are formed. A particularly well-documented
example is Lake Vanda in the Antarctic [Hoare (1968)

,

Shirtcliffe and Calhaem (1968) ] . Since these lakes
are not complicated by horizontal advection pro-
cesses, Huppert and Turner (1972) were able to

use the Lake Vanda data to show that the one-
dimensional laboratory result (3) can be applied
quantitatively to comparable large-scale motions.

Other striking examples are the multiple steps

observed in a lake in the East African Rift zone,

which is heated geothermally by the injection of

hot saline water at the bottom [Newman (1976)],
and the layers of hot salty water found at the
bottom of various Deeps in the Red Sea [Degens and
Ross (1969)]. These layers are nearly saturated
with salts of geothermal origin, including a high

proportion of heavy metals, and are of special
interest because of the potential commerical value
of the associated thick sediments. [Another related
application, to the genesis of ore deposits on the
sea floor, has recently been proposed by Turner and
Gustafson (1978)].

The existence of many components in these layers
raises another question which should be explored
more systematically in the oceanic context.
Griffiths' laboratory measurements mentioned above
indicate that different solutes are transferred
across diffusive interfaces at different rates,
depending on their molecular diffusivities. The
"mixing rate" for a tracer is thus not necessarily
a good indicator of the transport of a major com-
ponent if interfaces are important. In the absence
of definite knowledge of the mixing mechanisms
which have operated between the sources and the

sampling point, the assumption that all components
are mixed simultaneously (i.e., that a single "eddy
diffusivity" should be used) seems likely to lead
to large errors, and even to gross misinterpretations
of geochemical data.

Double-diffusive processes can also be important
in other systems besides aqueous solutions. A
situation of oceanographic interest arises if liquid
natural gas (LNG) or some other liquid gas spills
(following a tanker accident for instance) onto

the sea surface [Fay and MacKenzie (1972)]. The

liquid quickly evaporates to form a layer of cold

gas, predominantly methane, which would be lighter

than the air above it except that it is much colder.

Since methane, and also water vapour picked up from

the sea surface, have larger diffusivities than heat

in air, double-diffusive effects can again be
important in this gaseous system. The driving
energy comes from the distribution of methane and

water vapour, so the interface is "diffusive".

The limited observations available suggest that

the top of such a layer is very sharp, and its rate

of spread vertically small, which is consistent
with a self-stabilizing double-diffusive transport

across the interface. Another application, to

explain the phenomenon of "rollover" in LNG storage
tanks, will not be described in detail here, but it

too depends on double-diffusive effects, this time

in the liquified gas [see Sarsten (1972) ]

.

Salt Fingers and Related Phenomena

We now turn to the second type of doioble-diffusive

convection, that for which the driving energy is

derived from the component having the lower molecular

diffusivity. Though this is associated with the

very different phenomenon of "salt fingers", there

are many similarities between it and the "diffusive"

case already presented, and these will be emphasized

in the following discussion.

When a small amount of hot salty water is poured

on top of cooler fresh water, long narrow convection

cells or "salt fingers" rapidly form. These motions

were first predicted by Stern (1960) [and see Stern

(1975) for a more up to date account of the theoret-

ical work] . They are sustained by the slower

horizontal diffusion of salt relative to heat, which

permits the release of the potential energy in the

salt field. Again, fingers may be produced using

two solutes with much closer diffusivities, and

when there are strong contrasts of properties, the

fingers are confined to an interface. Figure 4
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ensures that the effluent, diluted with many times

its volume of cold sea water, will spread out in a

layer below the thermocline. But this layer will
remain colder and fresher than the water above it,

so the salt finger mechanism can cause it to thicken
vertically, and even extend to the surface. A

related case, in which the environmental effects

could be even more serious, arises in the disposal
of effluent from a desalination plant. Suppose

that the brine from which water has been evaporated,

and the heated water from the cooling plant, are

mixed together to be disposed of as a single effluent.

This hot, salty water will have about the same

density as the original sea water - according to

the precise design conditions, it can be slightly
heavier or slightly lighter. If it is made heavier,

and forms a layer along the bottom, a diffusive
interface will be formed, and the coupled transports
will tend to increase the density difference and

thus keep the layer distinct. If it is put in at
the surface, or at an intermediate level in a

gradient, fingers will form, and there will be more
rapid vertical mixing. One thing is certain: the
rate of mixing cannot be determined using only the
net density distribution and leaving out of account
the double-diffusive effects.

3. TWO-DIMENSIONAL EFFECTS

Side-wall Heating and Related Processes

It became clear in early laboratory experiments on
double-diffusive convection that layers will readily
form from a salt gradient in another way, if it is

heated from the side. This effect was studied
systematically by Thorpe, Hutt, and Soulsby (1969)

and by Chen, Briggs, and Wirtz (1971), and their
results can be summarized as follows. The thermal
boundary layer at a heated vertical wall grows by
conduction and begins to rise. Salt is lifted to

a level where the net density is close to that in

the interior; then fluid flows out away from the
wall, producing a series of layers that form
simultaneously at all levels and grow inwards from
the boundary. The layer thickness is close to the

length-scale

aAT
BdS/dz

(6)

which is the height to which a fluid element with
temperature difference AT would rise in the initial
salinity gradient.

The stability problem corresponding to sidewall
heating of a wide container has not been solved,

though Stern (1967) has shown theoretically how
lateral gradients could lead to the generation of

layers. Thorpe, Hutt, and Soulsby (1969) have
analyzed the simpler case of a fluid containing
compensating linear horizontal gradients of S and
T, contained in a narrow vertical slot and Hart
(1971) improved their analysis; both theories
predict slightly inclined cells extending right
across the gap, with a spacing in fair agreement
with the measurements.

Similar layers are formed when the salinity as

well as the temperature of the vertical boundary
does not match that in the interior, for example
when a block of ice is inserted into a salinity
gradient and allowed to melt. A qualitative experi-

ment of this kind was reported by Turner (1975)

,

FIGURE 5. Showing the tilted layers formed by insert-
ing a block of ice into salt-stratified water at room
temperature. Fluorescein was frozen into the ice, and
was illuminated from the side, so that the spread of
the dye indicates the distribution of the melt water.
(Negative print.)

but interest in the process has increased recently,
because of the application to melting icebergs.
Huppert and Turner (1978) have carried out a more
extensive set of experiments with this problem in
mind.

An understanding of the melting of icebergs
could be important in various contexts. Several
groups are currently examining the feasibility of
towing icebergs to their coasts and melting them
to provide fresh water, but there are many unsolved
scientific and engineering problems [see, for

example, Bader (1977)]. It has been proposed that
fresh water could be obtained by building a shallow
pen round a grounded iceberg, allowing the melt
water to collect in this, and siphoning it off the

surface. On the other hand Neshyba (1977) has
suggested that the melt water produced by icebergs
would mix with the surrounding sea water, and could
thus be effective in lifting water and nutrients
from deeper layers to the surface, where it would
increase biological production.

Huppert and Turner's (1978) experiments have
shown, however, that neither idea is likely to be

valid, because of the neglect of the stable salinity
gradient which exists in the upper layers of the

oceans where icebergs are found. As demonstrated
in Figure 5, the presence of horizontal S and T

differences then produces a regular series of tilted

convecting layers, which feed most of the meltwater
into the interior; very little rises to the surface.

A more detailed analysis of the experiments is

continuing. At present it appears that for a

cooled sidewall the layer depths are similar whether

melting is occurring or not, and that they are not

described simply by (6) but depend more weakly on

the initial salinity gradient. Another phenomenon
which deserves more careful study is the series of

grooves and ridges produced by non-uniform melting
associated with the circulation in the layers (see

Figure 6)

.

Sloping Boundaries

Phenomena analogous to those described above can

be observed in systems containing smooth gradients
of more slowly diffusing solutes. The essential
physical feature of the heated sidewall process is
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be mentioned here. In a two-layer system, in which
the layer depths vary because one wall of the
containing vessel is inclined, large-scale quasi-
horizontal motions can be set up even when the
buoyancy flux across the horizontal interface is

uniform. This effect is a purely geometrical
consequence of the sloping boundary. The net result
of the double-diffusive transports across the

interface is to provide an unstable buoyancy flux
which makes the bottom layer heavier. A given flux
produces more rapid density changes in shallower
regions where there is less dilution, and this sets

up a circulation in the sense which includes a flow
down the slope. Gill and Turner (1969) have shown
that this flow can reverse the relative gradients
of the two components, for example, giving rise to
salt fingers at the bottom of a tank originally
stratified in the diffusive sense. They have also
suggested an application to the formation of bottom
water near the Antarctic continent. Similar effects
have been observed by Turner and Chen (1974) when
a sloping interface, rather than a solid sloping
boundary, produces the non-uniformity of depth,
and this too can have implications for the formation
of bottom water in deeper water.

FIGURE 6. Shadowgraph photograph of a melting ice-
block in a salinity gradient. Note the regularly spaced
scallops and ridges, caused by uneven melting asso-
ciated with the convection in layers.

that the boundary conditions (on temperature or
salinity or both) do not match the conditions in

the interior. In tanks containing opposing gradients
of two components , with say a maximum salt concen-
tration at the top falling linearly to zero at the
bottom, and a maximum (slightly larger) sugar
concentration at the bottom falling to zero at the
top, the same kind of instability can be produced
in another way. With vertical side walls, the
surfaces of constant concentration are normal to
the boundaries, and the no-flux boundary condition
is automatically satisfied. But when an inclined
boundary is inserted, diffusion will distort the
surfaces of constant concentration away from the
horizontal, so that they become norm.al to the
boundary. Density anomalies are produced which
tend to drive flows along the wall; these cannot
remain steady, but instead turn out into the interior
and produce a series of layers.

This process was first investigated experimentally
by Turner and Chen (1974) , with the initial strati-
fication in the "diffusive" sense. A prominent
feature of the intruding layers is the local reversal
of gradients in the extending "noses", where fingers
are prominent. In the later stages of that experiment,
the advancing noses have become independent of the
mechanism which produced them, and this suggested
the systematic study of double-diffusive sources
in various environments which is pursued below.
Linden and Weber (1977) have investigated layer
formation in the "finger" case; they have also
discussed the instability of the boundary layer
at the sloping wall, and the criteria determining
the layer depths. In the limit where the opposing
gradients are nearly equal, the characteristic
vertical lengthscale depends mostly on the initial
vertical distributions of S and T, and little on
the mechanism triggering the instability.

A different effect of sloping boundaries should

Double-diffusive Intrusions

The experiments described in the two preceding
sections have recognized the importance of horizontal
gradients , but they still have not dealt with the

common situation where fluid with one set of T-S
properties intrudes into another having different
properties. This question has recently been
addressed by Turner (1978) , using sources of sugar
and salt solutions released into gradients of
various kinds.

The basic intrusion process with which other
phenomena can be compared is the two-dimensional
flow of a uniform fluid at its own density level
into a linear gradient set up using the same property.
Figure 7 shows the behaviour of a (dyed) source of
salt solution released into a salinity gradient.
This is what we might intuitively expect: the
intruding fluid just displaces its surroundings
upwards and downwards, and is kept confined to a
horizontal layer by the denisty gradient. Detailed
studies of this process have been reported by
Maxworthy (1972), Manins (1976), and Imberger,
Thompson, and Fandry (1976) . Note praticularly the
"upstream wake" effect, leading to a considerable
disturbance of the environment ahead of the advancing
nose.

When the source of salt is replaced by sugar
solution (S) , while the same salinity gradient (T)

is retained in the environment, the behaviour is
very different. (It is worth keeping in mind
throughout the following, the analogous situation
with temperature and salinity: this corresponds
to the intrusions of a layer of warmer, saltier
water into a stable temperature gradient) . As
shown in Figure 8, there is strong vertical convec-
tion near the source : this is produced by a

mechanism which also occurs with a uniform ambient
fluid close to the same density as that injected.
The more rapid diffusion of T relative to S across
the plume boundary causes it to become heavier,
and its immediate surroundings lighter, than the
fluid at the level of the source. The vertical
spread is limited by the stratification, and "noses"
begin to spread out at levels above and below the
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FIGURE 7. The intrusion of dyed salt solu-
tion into a salinity gradient at its own
density level. The distorted dye streaks
show that the fluid in the environment be-
gins to flow well ahead of the advancing
fluid. (The region shown is about 400iran.

wide.

)

source. The process of vertical convection continues,
and further layers appear as the layers first formed
extend away from the source . The total voliome of
fluid affected by mixing is many times that of the
input, showing that the intrusions are overtaking
and incorporating the environment, rather than
just displacing it as in the experiment of Figure
7. The implication for the ocean is, of course,
that large scale intrusions will tend to break up

into thinner noses and layers, as is indeed observed.

Each individual nose as it spreads contains an

excess of S relative to its environment, so that
conditions are favourable for the formation of a
diffusive interface above and fingers below, as can
be seen in Figure 8. This also implies that there
will be a local decrease with depth or an inversion
of T through each layer, and that the density
gradient above such an intrusion will be greater
than that below. These features have been demon-
strated in oceanic data by Howe and Tait (1972)

,

Gregg (1975), and Gargett (1976).

Note too the slight upward tilt of each layer
as it extends, which can be interpreted as follows.
Above and below an intrusion, the net density
differences are small and the double-diffusive
fluxes therefore large. The one-dimensional labo-
ratory observations indicate that the transports
across a finger interface (both in the sugar-salt

and salt-heat case) are larger than those across
a comparable diffusive interface. Thus the flux
of positive buoyance through the fingers from below
can exceed the negative flux from above, so a layer
becomes lighter and rises across isopycnals as
it advances away from the source. There is also
a systematic shear flow associated with the inclined
layers, and both these features would seem worth
looking for when observations are made of oceanic
finestructure in the future.

The interpretation of the layer slope in terms
of the differences in fluxes across the two inter-
faces is supported by experiments carried out in
the inverse sense. With a source of salt solution
(T) flowing at its own density level into a gradient
of sugar solution (S) , the behaviour is as shown
in Figure 9. Vertical convection near the source
is again followed by the spread of noses at various
levels, but now with diffusive interfaces below
and fingers above, corresponding to the excess of
T in the noses relative to their S environment.
There is a systematic downward tilt as the noses
advance , due again to the dominance of the buoyancy
flux at the finger interfaces, which now causes
the layers to become heavier as they extend. The
sense of the internal shear is also consistent
with this picture: the motion is inclined slightly
down and away from the source at the bottom of the

FIGURE 8. The flow produced by releasing
sugar solution at its own density level into
a salinity gradient. Strong vertical convec-
tion occurs, followed by intrusion at several
levels. The density gradient and flow-rate,
and the scale of the photograph, are approxi-
mately the same as for Figure 7.
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FIGURE 9. The flow produced by releasing salt

solution into a gradient of sugar solution,

using conditions comparable with, but the in-

verse of those shown in Figure 8.

fingers and above the diffusive interfaces, indica-
ting again that there is an increase in density due
to the continuing flux in the fingers.

Two other features of the laboratory observations
which have important implications for the ocean
should also be mentioned. The most rapid formation
of layers in the series of experiments reported by
Turner (1978) occurred when the tank was stratified
in the "finger" sense, and the fingers were allowed
to run down towards a marginally stable state.
When source fluid was introduced, layers formed
more rapidly and regularly than before, because of

the potential energy already available in the
ambient fluid. This implies that "reactivation"
of layers in a region where they have previously
formed will proceed more quickly than the original
layering process. It suggests that the patches of
strong layers, under the Mediterranean outflow
into the Atlantic for example, are associated with
the arrival of a fresh pulse of intruding fluid.
The second related observation is that the further
stage of overturning to produce nearly uniformly-
mixed layers, bounded above and below by finger
interfaces is also more likely to be reached near
the source of the intruding water. The relationship
between the two types of layering has been demon-
strated directly in the measurements of Gregg (1975)

,

which show that inversions of intrusive origin can
in the course of time break down to form well-mixed
layers

.

Layer Formation at Fronts

An important geometry which merits separate study
is a discontinuity of T-S properties over a vertical
or inclined surface, i.e., a front. The motions
produced when an inclined boundary is inserted into
a fluid stratified with opposing gradients (Section
3) have some of the required features, but the
presence of the solid wall is clearly undesirable.

Fronts can be set up in the laboratory in several
ways. Large horizontal T and S gradients can, for
example, be produced just by pouring fluid with
contrasting properties into one end of a stratified
tank at several levels, or by stirring it in
throughout the depth. A somewhat more controllable
method is to insert a vertical barrier in a previ-
ously stratified tank, to introduce the extra fluid
on one side of it, and allow the disturbances to

die away before removing the barrier. This tech-
nique has been used in the experiment shown in
Figure 10. It is difficult to get the two vertical
gradients exactly matched, and so when the barrier
is removed internal waves are set up, which soon
die away, leaving the isopycnals horizontal but
the front distorted. The initial state illustrated
in Figure 10a is completely determined by the
readjustment of the density field, but note that
diffusive interfaces have already developed in the
sense to be expected with an excess of S on the
left. At a later stage (Figure 10b) the frontal
surface is spread out horizontally by the inter-
leaving of inclined layers, the scale of which is

unrelated to that of the initial adjustment, and
which are driven entirely by the local density
anomalies produced by double-diffusive transports.

A more sophisticated version of this experiment
is currently being studied by Ruddick (personal
communication) . He has set up identical vertical
density distributions on two sides of a barrier,
using sugar (S) in one half and salt (T) in the
other. When the barrier is withdrawn, there is

some small scale mixing, but virtually no larger
scale distortion. A series of regular, interleaving
layers then develops, with a spacing and speed of
advance which are systematically related to the
horizontal property differences.

There are now many measurements which support
the view that the prominence and strength of

layering in the ocean are related to the magnitude
of the horizontal gradients of properties. To

cite just two examples: profiles across the Antarc-
tic polar front [Gordon et al. (1977)] reveal
inversions which decrease in strength with increasing
distance away from the front. Coastal fronts
between colder fresh water on a continental shelf
and warmer salty water offshore also exhibit strong
interleaving [Voorhis, Webb, and Millard (1976)].

A general conclusion which can already be drawn
from the laboratory experiments described in this
section is that the formation and propagation of
interleaving double-diffusive layers is a self-
driven process, sustained by local density anomalies
due to double-diffusive transports. Once a series
of noses and layers has formed, the changes of T

and S within them can be described in terms of the

one-dimensional (vertical) transport processes
previously studied. It should eventually be possible
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FIGURE 10. Showing the spread of a front,

formed by withdrawing a barrier from the center

of an experimental tank. The initial state cor-

responded to "run down" fingers, with extra

(dyed) sugar solution mixed in at the left.

Upper: 2-1/2 mins . after barrier was removed,

showing intrusions formed by the den-

sity adjustment.
Lower: 55 mins. after barrier removed, showing

the smaller scale motions driven by
double-diffusive processes across the

frontal region.

[Joyce (1977) ] to parameterize the effective
increase in the horizontal diffusion of T and S,

produced by interleaving, in terms of the horizontal
gradients and these quasi-vertical fluxes.
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Buoyant Plumes in a Transverse Wind
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ABSTRACT

With the rise in energy needs and the consequent
proliferation of cooling towers {not to mention
smoke stacks) on the one hand, and society's
enchanced concern with the environment on the other,

the study of buoyant plumes caused by heat sources
in a transverse wind has become important. Buoyant
plumes may also occur in the ocean, such as when
a deeply submerged heat source moves horizontally
in it. The fluid mechanics involved in buoyant
plumes is very nearly the same, be they atmospheric
or submarine.

In this paper a similarity solution for turbulent
buoyant plumes due to a point heat source in a

transverse wind is presented. By a set of trans-

formations the mathematical dimension of the

problem is reduced from 3 to 2. Analytical solutions
for the first and second approximations are obtained
for the temperature and velocity fields. The

solution exhibits the often observed pair of longi-
tudinal counter-rotating vortices. As a result of

buoyancy, the point of highest temperature and the

"eyes" of the vortices at any section normal to

the wind direction continuously rise as the longi-
tudinal distance from the heat source increases.

1 . INTRODUCTION

As industry expands and energy needs rise, the

buoyant plumes caused by ever-increasing cooling
towers and smoke stacks have become an important
concern for societies anxious to protect their
environment. Much effort has been expanded on the

so-called numerical modeling of the phenomenon
of plumes both in the United States and in Europe.
In most of the numerical studies, the eddy viscosity
is assumed constant, and its value is chosen to

make the results agree with whatever gross observa-
tions are available. The power of modern computers
has made it possible to obtain numerical solutions

for partial differential equations with very

irregular data, such as wind and temperature profiles
in the atmosphere. On the other hand, one can

only carry out a number of these special solutions,

and while the power of the computer makes computa-
tion possible it also makes the intermediate steps
so opaque that one can only have faith in the
accuracy of the results and the correctness of the
programing; and one can attempt to interpret the
results and understand the phenomenon only at the
very end, when numerical results are available.
One can hardly see, for example, the effects of
changing one single parameter of the problem, without
giving that parameter several values and going to

the computer again and again. It is in view of

this condition that even people most concerned with
the immediate applicability of calculated results
desire a certain measure of transparency in the
analysis of the phenomenon.

At the same time systematic and detailed experi-

ments on buoyant plumes in transverse winds, with
temperature and velocity measurements, are lacking.

This being so, it seems that an analytical solution
of the problem is most desirable and timely, even

if it must of necessity be constructed by assioming

certain quantities (such as the turbulence level

in the plume) on the basis of whatever related
experimental results are available. The assumed
quantities (or quantity) will appear in the analysis

as unspecified coefficients (or coefficient, as in

this analysis) , to be determined by experiments
later. In the present work only one coefficient
related to the turbulence level is left unspecified,

to be determined by future experiments. But the

probable range in which it lies is given.

The solution is based on a set of transformations
that reduces the mathematical dimension of the

phenomenon from 3 to 2 is thus characterized by the
striking feature of similarity between cross sections
normal to the wind direction. The laws of decay
of the temperature and velocity fields are given
in simple, explicit terms. Thus, apart from the

607
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quantitative predictions that this analysis is

intended to furnish, I hope that the general features

of the solution will be found especially useful.

2. THE DIFFERENTIAL EQUATIONS

The two basic assumptions underlying the analysis
are that the longitudinal velocity component in

the direction of the wind is constant and that an
eddy viscosity, e, is constant in any cross section
normal to the wind direction. It can be shown that
the first assumption ceases to be true only at

stages of approximations later than those arrived
at in the present analysis, and its violation is

therefore not very important. The second assumption
mentioned above has been made in all analytic
solutions for turbulent jets and plumes, according
to Prandtl's simplified theory. These solutions
are well known. See, for example, the paper by
Yih (1977) on turbulent plumes for the latest
application of that theory. One feels reassured
that for a calculation of the mean temperature and
velocity fields, this theory can again be used.

We shall take the direction of the wind to be
the direction of increasing x, and the z direction
to be vertically upward. The y direction will then
be a horizontal direction transverse to the x direc-
tion. In general e depends on x, y, and z. But it

has been repeatedly shown before in other studies
of jets and plumes that in their core, e can be
taken as constant at a constant value of x, and
that only at their outer edges does the nonuniformity
in the y-z plane introduce some errors in the
calculated mean quantities. (Very far away from
the jets and plumes the value of z is immaterial
for the determination of the temperature and velocity
distributions) . Accepting these outer-edge errors,
which are fairly small, we shall take £ to be a
function of x only, apart from the parameters of
the problem to be defined later. We note that if
an eddy viscosity is used to determine the velocity
distribution in turbulent flow in a circular pipe,
Laufer's (1953) measurements show that in the core,
that is, away from the narrow region near the pipe
wall, e is nearly constant.

The equations of motion are then, with subscripts
denoting partial differentiations.

T

where AT is the temperature variation and T the
ambient temperature. For a liquid, the relationship
between Ap and AT is still linear if 6 is small,
and the constant of proportionality is determined
by the property of the liquid.

We shall assume the eddy viscoity for heat
diffusion to be the same as that for momentum
diffusion. This may not be strictly true, for the
turbulent Prandtl number may be slightly different
from 1. The effect of this difference, if any, is

not of great importance in our attempt to determine
the mean temperature and velocity fields. The
equation for heat diffusion can then be written in
the form

U8^ + v6„ + w9„ = £(0 +X y ^ yy zz' • (4)

Longitudinal diffusion of heat or of momentum is
ignored in Eq. (1) , (2) , and (4) . This is justified
in the same way as in other works that use the
boundary- layer theory.

The equation of continuity is, since the longi-
tudinal velocity component is assumed constant.

V + w = 0.
Y z

The heat source, located at the origin, is
measured by the quantity

(5)

uedydz. (6)

Note that solid boundaries are assumed to be far
away from the source, so that their effects are
negligible. Equations (1), (2), (4), (5), and (6),
with appropriate boundary conditions, govern the
phenomenon under investigation.

The equation of continuity (5) allows the use
of a stream function \fi in terms of which v and w
can be expressed:

V = *^, w = -ip^ (7)

Uv^ + w + wv^ - -Py + E(Vyy + V^^), (1)

UWj, + vwy + ww^ = - - p^ + =<"yy + "zz'''2)

in which U is the wind velocity, assumed constant,
v and w are the velocity components in the directions
of increasing y and z, respectively, p is the
density, p is the pressure, and g is the gravita-
tional acceleration. The variable 9 is defined by

By cross-differentiation of Eqs . (1) and (2), we
obtain the vorticity equation

USx + V5y + W5^ = e(5yy + t.^^) -
'y' (8)

in which 5 is the x component of the vorticity and
is given by

5 = w - V," y Z «Cyy + ^-zz)' (9)

Ap

P
' (3)

where Ap is the variation of the density from the
ambient density p, assumed constant. Thus the
Boussinesq approximation has been used in Eqs. (1)

and (2) . Since 9 is small and the pressure vari-
ation in the plume , though important for determina-
tion of the flow field, is unimportant in the deter-
mination of Ap from the temperature variation by
the equation of state, 9 can also be written, by
virtue of the equation of state of ideal gases

.

3. THE FORM OF THE EDDY VISCOSITY

We assume the terms in Eqs. (1) or (2) or (4) to
be of the same order of magnitude. In particular,
this means that the diffusive and the convective
terms are of the same order of magnitude in any of

these equations. It also means that in Eq. (2) the

buoyancy term is of the same order of magnitude as

the convective and diffusive terms for w. This
assumption underlies all existing analytical studies
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of jets and plumes and can be regarded as amply
justified.

Comparing the first and last terms in Eq. (2),

then, we have

Ui^

(10)

4. THE TRANSFORMATIONS AND THE DIFFERENTIAL
SYSTEM TO BE SOLVED

The transformations to be used to obtain similarity
solutions are already suggested by (12) , (13) , and
(16) and are

in which S.^, and l^ are the length scales for the

X and z directions. Comparing the first term in

Eq. (2) with the term gO , we have

U /G_
3a ( 2

1/3
x-'*/3h(n,C), (18)

Uw
(11)

{v,w)
3a

Gg 1/3
(V,W), (19)

where 6 and w stand for the magnitudes of 9 and w,

rather than 6 and w rigorously, as they do also
in the following proportionalities. Equation (6)

gives, further,

(12)

US.,

''^'^' =
(3a"l/2

<^5x2) ^/3{y,z). (20)

Then the equation of continuity (5) becomes

V^ + W^ = 0,

and Eqs. (7) become

if we take $,„ and l^ to be equal. From proportion-
alities (11) and (12) we have, after some rearrange-

ment.

But surely

Hence

wll„

gGil

U J.,

e - wS,,.

(13)

(14)

V = Tj,, W = -'i^, (21)

in which ^ is the dimensionless stream function
related to i|( by

^ =
(3atl/2o (GVx)l/3f(n,?)

Equation (9) now takes the form

5 = w
-n \

(22)

(23)

gG£
X

2

From proportionalities (10) and (15) we have

(15)

z ^

gG 2
3 '

u
(16)

since the S.^,, the scale of x, is just x. Thus (12) ,

(13) , (14) , and (16) give

I ~ x2/3, e - X
z

1/3, w ~ x-1/^ e - x-^/3.

These results are unaffected when other comparisons
are made between terms in either Eq. (1) , (2) , (4)

,

or (5).

From porportionalities (15) and (15) we have

z =^(g2G2x)l/3
, (17)

where a is a dimensionless constant to be determined
experimentally or estimated from known values of
£ in similar phenomena. We shall leave it free
throughout our analysis. Equation (17) gives the
form of e to be used in this paper.

It seems strange at first sight that £ should
vary inversely as U. I believe that the interpre-
tation of e - U~l is that £ increases with the
time that is required for the wind to travel a unit
distance in the x direction, because turbulence
needs time to develop.

where 5 is the dimensionless vorticity component in

the x direction.
With the transformations (18), (19), and (20),

Eq. (4) becomes

Lh X (Vh + Wh ) ,

where L is the linear operator defined by

a23^ 32 3^3.
T-y + -rrr- + 2t]-- + 2?^- + 4,
3n2 3C2 3ri 3c;

and

.3,
-1/2

X = (3a-^)

Equation (8) now has the form

(L - 1)5 = -h^ + X(VC^ + WC^).

(24)

(25)

(26)

(27)

Equations (23), (24), and (27) are the final equa-

tions governing the dynamics of the plume in a

transverse wind. They are to be solved with the

boundary conditions

0, and 'i^^ = at n = .(i) hr, = 0, S = 0, '

(ii) h = 0, C = 0, >l' = Oatn = ±<»orC

Boundary conditions (i) correspond to symmetry with
respect to the c, axis, and conditions (ii) ensure

that there is no temperature variation and no
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velocity components v and w at infinity. The

integral relation (6) now takes the form

hdnd5 = 1, (28)

The mathematical problem is now completely specified.

5. THE METHOD OF SOLUTION

(L - 1) en= -hn.-

"nn 'K
= -Sn-

(31)

(32)

with the boundary conditions (i) and (ii) stated
before, which we need not repeat here.

The solution of Eq. (30) is

ho = Ce
(n^ + C^)

and application of the integral condition (28) on
hg gives the value l/ir for C, so that

The mathematical problem just formulated can be

solved numerically once X is known. But consider-
able effort is required for this solution, since

there are three second-order partial differential
equations to be solved, two of which are nonlinear.

It is true that computers can deal with nonlinear-

ities, but the domain is infinite, and some estimate
has to be made of how far to go in the numerical
computation. Furthermore the integral condition
(28) can only be imposed after the computations
are done for h, and this makes the computation very
cumbersome.

For arbitrarily large values of A an analytical
solution is extremely difficult because the non-

linearities present formidable difficulties. We

shall attempt a power-series solution of the form

h = hg + Ahj + A^h2 + . . . ,
"^

C = 5g + ACj + X^E.^ + . . . ,

4' = y„ + A*, + A^if, + . . . .

(29)

The success or failure of this approach depends
not only on the value of A, but also on the magni-
tudes of h,/hj,, h2/h, , etc. Thus we need to make
an estimate of the range of A, and we have to find
out how fast hjj, Su, and fjj decrease as n increases.
Furthermore, even the estimate of A cannot be made
without knowing the magnitudes of fo- It turns
out that a reasonable estimate of A is

where

1 -r^— e

n2 + c2.

(33)

Then the solution of Eq. (31) is

2 -r^
^0 = - 37 ^^

2 „ -r-^
z;— cos 6 • re
3TT

where

6 = tan
1 ?

Given 5q, Eq. (32) can be easily integrated by
separation of the variables r and 9. The result is

H*.
6TTr

(1 ). (34)

The isotherms given by Eq. (32) are just concen-
tric circles. But the streamlines given by Eq.

(34) are already interesting. They are shown in

Figure 1, which shows two very prominent vortices,
with the vorticity pointing in the x direction.
Thus the first approximation already shows the

prominent features of the flow pattern in any plane
normal to the x axis. Note that both the flow
pattern and the temperature field are symmetric

30 < A < 50.

Using Eq. (29) , we shall show in the following
sections that hj/hg, Cj/Sof ^nd ^i/'^n are all of
the order of 10~2. Thus, if A = 30, stopping at
the second approximation, that is, at the terms
with the first power in A, would introduce an error
of about 10?, if we assume, as we evidently can,
that the ratio 10"2 would apply to (hn+j)/hji etc.
for n equal and greater than 1. If A = 50 this
error would be about 25 to 30 percent, and it would
be necessary to go to at least the A^ terms to
reduce the error to less than 15?.

We shall delay the presentation of the estimate
of A until later and shall proceed with the solution
according to the approach in Eq. (29) . In awaiting
the experimental determination of A , we shall carry
out the solution to the second approximation.

6. THE FIRST APPROXIMATION

The first approximation is governed by the equations

Lhg = 0, (30)

FIGURE 1. Flow pattern from the first approximation.
The horizontal axis is the t\ axis, the vertical axis

the ? axis, and the arrow indicates the direction of
the gravitational acceleration. The value of SittQ is

zero on the C axis. It increases toward the left and
decreases toward the right. The increments (or decre-
ments) are all 0.1.
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with respect to the C axis, and that both hg and
V Q vanish at infinity, as desired.

The maximum vorticity is 0.09 and is at the
point

is integrated and will introduce negligible errors
in the result. After (40) is substituted into
Eq. (39) , the latter is solved by repeated use of
the following formula for various values of n:

n = 1//2 , C = 0,

at which both V and W are zero. The maximum vertical
velocity is 1/6it and is at the origin. The maximum
absolute value of ^g is 0.63817/6ir, which occurs
at 9 = or TT, r = 1.1225.

dr^
2r

dr
+ 2

n -r
r e

9 2
[n{n - 2) - 2(n - l)r^]e-^ .

The result for f is put into Eq. (38) , and we have

THE SECOND APPROXIMATION

The equation for hj is

Lhi = Von + Voc' (35)

where Vq and W are the velocity components from
the first approximation. The right-hand side of
Eq. (35) can be written in polar coordinates as

r ae dr

Hence Eq. (35) can be written as

,2 _^2
Lh,

sin -r' ,,e (1 - e

where L, in its polar-coordinate form, is

/ l93

V630

4320

61

1260

„2

2 ^ 11
r +

1260 3024

(41)

The function H, is tabulated in Table 1. A look
at hj given by Eq. (36) then reveals that the
temperature is increased in the upper half of the
r\-t, plane and decreased in the lower-half plane,
making the isotherms more widely spaced in the
upper-half plane and more crowded in the lower-half
plane.

The tabulated values of H, show a very smooth
variation of Hj with r, verifying the expectation
that the local irregular variation of (40) is
diffused away when Eq. (39) is solved with (40)

replacing its right-hand side.

The next step is to solve

3^ 18 18^ ^3
3r2 r 3r r^ 39'' 3r

Writing

(L - l)5i = -h. + Vo?o^ + WgSoi;. (42)

A simplification is possible before we attempt to

solve Eq. (42) . Differentiating Eq. (35) , we have

3Tr

Hi (r). (36)

(L + 2)hj^ = Vghg^^ + W^hg^^ + Vo^hg^

we have

(1 (37)

+ "on^^oc-
(43)

if we write Lj^ for L with the operator 3^/392 in
L replaced by -n .

To solve Eq. (37), we let

Hj = r~ f,

so that Eq. (37) becomes

(38)

Let

^1 3

Then Eq. (42) becomes

(44)

(L - l)q + (L + 2) ^ =
J

(Vghg^^ + Wghg^^) , (45)

f" + ( 2r - -
)

f ' + 2f = -e (1 ). (39)

Then we approximate the right-hand side of this
equation by

2
-^

-re
^2 „*+ ^6 „8

'^ ~ ~ '^
6 ii""*" 240

(40)

^0 3 ^OiT

By virtue of (43), Eq. (45) becomes

1
(L - l)q 3

(Vg^hg^ + Wonho^)-

But

(46)

The greatest error occurs at r = 1.8, but it is

less than 6.5^ of the maximum value of the quantity
approximated. Up to r = 1.2 the approximation is

excellent. It is expected that the local errors
around r = 1.8 will be diffused out when Eq. (39)

g^ = (fg)cn, Wg^ = -(<fg)nn,

ct

velocity field (V, , Wg^^) , and we can write Eq. (46)

so that fg is a stream function for the fictitious
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TABLE 1 Values of H^, S, and F; for r > A, -lOOF = 5.04 r"

r
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9Tr

which is given in Table 1 also. The calculations
(52) for the second approximation have now been accom-

plished.

where

S(r) (e
-r2

- 1) +

4r

105283 2

278460
^

8. ESTIMATE OF X

The terras involving e in Eq. (2) have their origin
in the Reynolds stress terms

,
114713 i| 3517 5

1670760

181
68544

247520

10

4320

(53)

|- (v'w') and |- (w'2),

where the primes indicate turbulent quantities.
The terms were originally on the left-hand side of
Eq. (2) . The nonlinear terms on the left-hand
side of Eq. (2) can be written as

The values of S(r) are tabulated in Table 1, from
which it can be seen that the maximum absolute
value of S occurs at about r = 0.95 and is about
0.847. Since S is negative throughout, inspection
of Eq. (52) shows that the maximum value of 5i is

at

0.95,
377

4
'

and its minimum value (negative) at

—- vw + — (W^
3y 3z

Thus the ratio of

37
<"^'

is the ratio of

3
and — {w'2)

3z

r = 0.95,
^—- (w-^) and -Ew
dz ^^

The effect of S is to reduce the strenths of the
vorticity for the lower-half plane, but to augment
them in the upper-half plane, thus to raise the
eyes of the vortices

.

Finally, ^fj is to be found from

^Irin +
'^lliti

Let

3r

1 3
h — -^ +

2 r 3r
36

and this ratio has the magnitude of

-XW^/W^

The magnitude of Wg is 1/677, and the magnitude of

Wqj- is 0.267/377, which is the maximum value of Wqv-

along the r\ axis. Thus, approximately.

0.267 (1277)
(56)

sin 26 „ , ^
Vj =

J
— F(r) .

977

Then

+ iF-
r

— F = -S(r).

r

(54)

Two integrations by the method of variation of
parameters (since a complimentary solution of F is

simply r^) gives, with due regard for the boundary
conditions.

r^Sdr dr

r^Sdr - r"^ I r Sdr (55)

where s is the square of w'/w. The convection in

the bent pliome is like the convection in a two-
dimensional plume, since the plume is bent by the

wind to a nearly horizontal position. The measure-
ments of Kotsovinos (1977) for the plane plume
give the value 0.2 to s. This is considered by
some people to be too high. But for the problem
under investigation s may be even higher, because
any swaying or deformation of the vortices would
contribute a good deal to turbulence. Thus using
0.2 for s in Eq. (56) would overesti/nate X. Using
0.2 for s, we obtain from Eq. (2)

X 48.5.

This is probably too high. My estimate of X is

that it is somewhere in the range

30 < A < 40.

The value 30 for X corresponds to a value of 0.34

for s

.

Let us now see what errors would be committed
for h, y, and E, by stopping at the second approxi-
mation. For X = 30, the errors (in ratio of the
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FIGURE 2. Flow pattern from the second approximation.
The n axis is horizontal and the ? axis vertical. The
arrow indicates the direction of the gravitational ac-
celeration. The value of S'nf is, starting from the I,

axis and going to the curves on the right, respectively,
0, -0.1, -0.2, -0.3, -0.4, -0.5, -0.6, and -0.65. The
values of SttV on the curves to the left of the I. axis
have corresponding absolute values but are positive.

estimated* maximum value of the terms neglected to
the maximum value of the computed quantity) are,
respectively, less than 15^, 3%, and 10^. For X

= 40 these percentage errors are, respectively,
25?, 5%, and 18?. The most interesting thing to

note is that f is the most accurately calculated
quantity. Figure 2 shows the flow pattern in a

plane normal to the x axis, and Figure 3 shows the
isotherms therein, all for X = 30. The flow pattern
in Figure 2 can be regarded as sufficiently accurate
to be representative of the actual flow pattern in
a plane normal to the x axis. As expected, the
hottest point and the "eyes" of the vortices occur
at positive values of C. That is to say, the plume
rises according to the x ' 3 law. After the present
work was done, I found that this law had recently
been verified experimentally by Wright (1977)

,

although he did not measure the detailed velocity
and temperature distributions in the plume.

If later measurements show X is larger than 30,

higher approximations would be necessary.

FIGURE 3. Isotherms from the second approximation.
The ri axis is horizontal and the C, axis vertical. The
arrow indicates the direction of the gravitational ac-
celeration. The value of Trh is 1.1 on the smallest
closed curve and 0.3 on the outermost curve. The incre-
ments are 0.1.

rise high in a weak wind before being bent suffici-
ently for the present theory to apply. In using
the present theory it is always necessary to
determine a virtual position for the heat source,
which for small value of U can be considerably
higher than its actual position.
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DISCUSSION

It is perhaps surprising that the analysis shows
that the results in dimensionless terms are indepen-
dent of the parameter Gg^/U^. The explanation is
that the velocity (v,w) far downwind from the heat
source becomes vanishingly small, and whatever the
value of U, the transverse wind is asymptotically
always strong.

Near the heat source the flow indeed depends
very much on the magnitude of U. The plume may

*0n the basis that hi/ho emd (h„+j)/hn are of the same order
of magnitude and that the same is true for f and 5.

1977) . Plane turbulent buoyant
Turbulence structure. J. Fluid
(see P. 52, Figure 7)

.
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APPENDIX

:

THE EFFECT OF NEGLECTING THE PRESSURE
GRADIENT IN CALCULATIONS FOR THE CONVECTION

PLUME IN A TRANSVERSE WIND

J . P . Benque
Electricity de France

Chatou, France

where the f is in no manner the same as the f in
Eq. (38) of Yih's paper, we have

f" + 2nf' + af = 0,

g" + 2C,g' + bg = 0,

(A. 5)

(A. 6)

where

In many previous studies on jets and plumes, the
pressure distribution in the jets or plumes is

assumed hydrostatic, so that if the body- force term
in the equation of motion is written in the form
-gAp , where Ap is the difference between the local
density and the ambient density, the pressure gradi-
ent can be neglected in the equations of motion.
If, further, the flow is two dimensional or axisym-
metric, only the equation of motion for the vertical
velocity component is then needed. After that
velocity component is determined, the equation of
continuity can be used to determine the other veloc-
ity component.

In the preceding paper by Yih, the assumption
that the x component of the velocity is constant
leaves only two other velocity components to be
determined, and it is tempting to adopt the usual
procedure of neglecting the pressure gradient. Yih
has resisted that temptation. But it is useful to
see what effects such a neglect would have on the
flow and to determine whether in the problem treated
by Yih such a neglect is allowable. This Appendix
is devoted to this question.

If the pressure distribution is assumed hydro-
static and the usual procedure is followed, one will
drop Eq. (1) and retain Eq. (2) , with the first
term on its right-hand side dropped. [Equation
numbers in Yih's paper are retained.] Equations
(3) to (7) will remain but (8) and (9) will not be
needed

.

Following Yih's development and using his nota-
tion, then, we have, as the dimensionless equations
to solve, (24) and

(L - 3)W = -h + A (VW^ + WWjj) (A.l)

Using the X-series (29) , we have again (33) for the
solution of hg . The equation for W„ , obtained from
(A.l), however, is now

(L - 3)W„ (A. 2)

The solution of this equation, satisfying all the
boundary conditions for W stated in Yih's paper, is

3iT

1 -r^ 1 -n^-E^
3tt

(A. 3)

Although it can be readily verified that Eq.

(A. 3) satisfies Eq. (A. 2), it is not obvious that
Eq. (A. 3) is the unique solution. We shall show
in the following that it indeed is the unique
solution. The complementary solution Wq^ of Eq.

(A. 2) satisfies

(L - 3)Woc = (A. 4)

and must be even in both n and C • Let

W(j^ = f (n)g(C),

Now let

a + b = 1.

f (n) = e "^ ^^aW

Then Eq. (A. 5) becomes

6" - (n^ + b)6 = 0.

Similarly, if we let

gia = e ^ ^2^(0.

(A. 7)

(A. 8)

(A. 9)

Then

Y" - {i:^ + a)Y = 0. (A. 10)

Because of Eq. (A. 7), a or b must be positive. Let
b be positive. (The argument is strictly similar
if a is positive.) Because of the symmetry with
respect to the C axis,

6' (0) = 0.

Then Eq. (A. 9) shows that 3 will approach infinity
as n approaches infinity, if B(0) is not zero.

[If B(0) =0 then 0=0 throughout.] To see how
f (n) behaves at infinity, it is necessary to see
how 3(ri) behaves asymptotically. A simple calcula-
tion shows that the two solutions of Eq. (A. 9)

behave, for large values of n , Ixke

exp (n^ a - 2)^dn and exp (n^ - a)'*dn

As we have seen, 6 must contain the second solution

since B approaches infinity as n ->- <". Using the

second solution as the dominant term (a constant
multiplier being understood) , and recalling that

(n-^ a)- — +0
2n

we see from Eq. (A. 8) that for large n^

I

-a/2
f (n) n (A. 11)

which can be seen to satisfy Eq. (A. 5) asymptotically.

If a is negative, (A. 11) shows that f(ri), and there-

fore Wqj,, cannot satisfy the condition on Wq at

infinity. If a is positive, it must be less than

1, because of (A. 7) and because b is positive.

Then if W. contains Wg^,
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- 1,10

-150

-1,70

FIGURE A.l. Flow pattern for (VjWj). ASTrYi = 0.2.

W„dndC = «>. (A. 12)

which shows that at n does not vanish.
We must then, if we adopt the procedure of neglecting
the pressure gradient, not demand that Vq vanish
at infinity, but instead demand

3ri

= at (A. 14)

This boundary condition for V. must, for consistency,
be demanded of V, i.e., of Vj , V2 , etc., as we
proceed to higher and higher approximations.

In this connection we can also see that it is
not possible to add a multiple of W„ to the W^,

given by Eq. (A. 3) to make V. vanish at infinity.
For, in order to make Vp vanish at infinity, the
only possibility is to add to the Wg given by Eq.
(A. 3) a multiple of

r1
W
Oc

f (n) (A. 15)

where f satisfies

That means

+ 2nf' f = 0.

But this cannot be true , because integration of
(A. 2), by parts if necessary, gives and Eq. (A. 11) gives

-1,

-31 = hpdnd? = -1,

so that

I =

Hence W cannot contain a multiple of W„ , and Eq.
(A. 3) is the unique solution.

Then the equation of continuity gives

f (n)

which makes Wq ,

infinite at
and therefore Wn if it contains

^OC n

Wn

^0

Any other dependence of
on C than exp(-5^) would, of course, not make

Vq vanish at infinity, for the part of Vq that
arises from Wg would not be able to cancel out Eq.
(A. 13) at |n| = ".

Hence Wg and Vg are uniquely given by Eqs. (A. 3)

and (A. 13). Using them in

Lhi = Vgh
0"0r

+ W„h

and

0"0i;'
(A. 16)

-fn2
^0 =^ Ce

(n^ + c^)
dn, (A. 13)

(L - 3)Wi = M + VgWg^ + WgWg^, (A. 17)

we find that

FIGURE A. 2. Flow pattern for (Vg + XVj , Wq -h XW, ) .

aeirl' = 0.2.

Wi = — (A. 18)

I have computed hj numerically from Eq. (A. 16)

and the boundary conditions, and therefore Wj

.

The velocity component, Vj , is then found from the
equation of continuity. The flow pattern corres-
ponding to (Vi,Wi) is given in Figure A.l, where
the streamlines are shown, with Tj = on the 5

axis and A6Tr4'i = 0.2.
Then the flow field for

V Vg -I- AVi and W = Wg + AWj

is shown in Figure A. 2, with A = 30, where the
AeTry = 0.2.

It is clear that the "streamlines" do not close
to form closed eddies, as in the figures of Yih's
paper. Thus the effect of the pressure gradient
cannot be neglected in the problem studied by Yih.

In past studies of jets and plumes, where the



pressure gradient has been successfully neglected, can be determined from th« »r,„=f^ <:

the velocity component other than the one retained once the prlnc^l c^n^'^fthe efl^ciS^is''IS one order of magnitude smaller than the one determined Such is no^- ill
velocity is

retained. Thus the equation of motion for it can under discission here and theref
"

f
?^°''''"

be neglected together with the gradient of (the lem it is necessary to retain th
^'' ^^°''"

dynamic part of) the pressure, and the flow pattern as Yih has done
"^ "

"''" ^""'^""" gradient.



Internal Waves
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ABSTRACT

It has become evident in the past few years that
the wave-number, frequency spectrum of deep ocean
oscillations has a remarkably consistent form close
to that which would be expected for statistical
equilibrium among the modes under wave-wave resonant
interactions. The energy sources that maintain deep
oceanic internal waves are, however, not well under-
stood.

In the vicinity of the thermocline, the energy
density (per unit mass) of internal wave activity
is generally much greater than in the ocean depths.
Relatively high frequency internal waves, generated
in a variety of ways, are to a first approximation,
trapped in this region. Disturbances whose fre-
quencies are less than N(j, the deep stability fre-
quency, do however radiate downwards effectively.
Also, groups of high frequency, low mode waves
generate second order mean perturbations to the
thermocline structure, and if the group frequency
is less than N^j, again energy radiates down. The
flux of energy into the deep ocean is illustrated
first in a simple model in which a sharp pycnocline
lies over uniformly weakly stratified water. The
more general problem involving an arbitrary strati-
fication is formulated and some preliminary asymp-
totic solutions are presented.

1. INTRODUCTION

During the last 10 years or so, a variety of new
and ingeneous oceanographic observations has been
made on the structure of internal waves fluctua-
tions in the ocean. Twelve years ago, in the first
edition of The Dynamics of the Upper Ocean, I was
forced to write that in view of the difficulty and
expense involved in the systematic study of oceanic
internal waves, "those (measurements) that do exist
are correspondingly rare and valuable." The present
situation is gratifyingly different. Deep oceanic

observations of internal waves are no longer rare

,

but they remain valuable; Cairns (1975) , Katz (1975)

,

Gould, Simmons, and Wunsch (1974), and a number of
others have provided different kinds of observations
from which a consistent pattern is emerging. It ap-
pears that the deep oceanic internal wave spectrum
has a remarkably universal form close to that speci-
fied by the Garrett-Munk (1975) spectrum, though why
this is so cannot yet, I think, be asserted with con-
fidence. McComas' (1975) calculations on resonant
wave-wave interactions indicate that the Garrett-
Munk spectrum is close to what one would expect in
a state of statistical equilibrium under the balance
of these interactions. On the other hand, there are
indications, such as the occurrence of sporadic,
isolated patches of turbulence in the stably strati-
fied regions of the ocean which suggest that local
instabilities may be limiting the wave spectral
density.

Soviet investigations, such as those of
Brekhovskikh et al. (1975) have concentrated on the
low mode structure in the thermocline region whose
energy density (per unit mass) exceeds, usually by
an order of magnitude, that of the deep oceanic in-
ternal waves. The characteristic frequencies are
also about an order of magnitude higher. The cal-
culations of Watson, West, and Cohen (1975) among
others indicate that the lowest modes are generated
quite rapidly by interactions among surface wave
components; a number of studies along these lines
are described in the useful review by Thorpe (1975)
and by the present author (1977) . The upper ocean
is certainly the site of considerable dynamical
activity, but how much of it is radiated downwards
to provide a source for those motions encountered
in the deeper, less strongly stratified region be-
low? According to the usual linear analysis, the
low mode, relatively high frequency waves are trapped
to the strongly stratified thermocline region; only
the low frequency high modes have structure that can
penetrate great depth

.

Yet the description of deep oceanic motions as a
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linear superposition of high modes may make little
sense. A linear mode can itself be considered the
superposition of two disturbance trains, one propa-
gating downwards and the other upwards with reflec-
tions either at the bottom or at a region where the
buoyancy (or stability) frequency N drops below the
wave frequency. McComas ' calculations indicate that

the non-linear interaction time of such components
at the spectral densities found in the deep ocean,

is remarkably short, only a few wave periods in

many wave cases. Accordingly, a train of waves
generated, say, near the thermocline will in actu-
ality have little opportunity to travel to the
bottom, reflect upwards, and combine with a down-
wards travelling wave to produce a 'mode' as usually
conceived. More realistic would be the view of dis-
turbances generated in the more active thermocline
region, radiated downwards but being 'scrambled' by
wave-wave interactions into a more diffuse spectral
background.

This contribution is concerned with some aspects
of the energy flux downwards from high frequency,
low mode internal waves at the thermocline. If the

internal wave frequency is greater than the stability
frequency N^j below the thermocline, the waves are
of course trapped to the thermocline region. How-
ever, as their frequency decreases below Nfj, they
become 'leaky' and their energy radiates rapidly
downwards as the simple analysis of the next section
will demonstrate. Yet, if Brekhofskikh et al.(1975)
measurements are at all typical, most of the energy
of the low mode internal waves in the thermocline
region is at frequencies considerably above N^;
indeed, in view of the efficiency with which such
low frequency energy is propagated downwards , we
would not expect to find much energy at these fre-
quencies in the main thermocline. However, one
possible link is suggested by the work of Mclntyre
(1973) who showed that groups of internal waves in
a fluid of constant frequency N, confined between
horizontal boundaries, produce second order 'mean'

motions, modulated as are the wave groups. There
is no reason to believe that these second order dis-
turbances are confined only to the particularly
simple case that he considered, and indeed in Sec-
tion 3 it is shown that they are not. High frequency
internal waves , occurring in groups and trapped
within the main thermocline, produce second order
low frequency disturbances; if the group frequency
is less than N^j, their energy is radiated downwards
at the group frequency.

The results presented here are preliminary but
intended to provoke consideration of this mechanism
as a source of oceanic internal waves. The simplest
case of a sharp thermocline overlying a deep, uni-
formly stratified region is described in some detail.
The more realistic (and complicated) case with a

general distribution of N(z) can be considered by
asymptotic methods and these results will be de-
scribed elsewhere.

2. RADIATION DOWNWARDS—A "LEAKY MODE"

Consider the following experiment: a laboratory
tank (Figure 1) is stratified with a layer of uni-
form density lying over a density jump 6p below
which the fluid is uniformly stratified, with N^ =

(-p~ g 3p/3z) = constant. A wave-maker at the end
of the tank generates a periodic disturbance with
(real) frequency n. What are the characteristics
of the motion induced?

It is, I think intuitively evident that if n > N
an interfacial wave mode will propagate. The struc-
ture of the mode below the pycnocline will be in-
fluenced by the stratification but at these high
frequencies, no internal waves can be supported in
the lower layer and the interfacial wave will propa-
gate without loss. If, however, n < N, internal
waves induced in the lower region by the interfacial
disturbance can carry energy downwards so that the
interfacial wave will attenuate. The question is:

how rapidly does this occur?
A linear analyses suffices. Suppose the pycno-

cline displacement is represented by the real part
of ^ = a exp i(kx - nt) , where n is real and k may
be real or complex. Above the pycnocline at z = 0,
the motion is irrotational with u = Vi|) and V^(j) = 0.
In the uniformly stratified region below, the vert-
ical velocity component, w, obeys the internal wave
equation

3t^
V^w + N^V^^^.

h
(1)

where V^^ is the horizontal Laplacian operator,
8 /3x in this two-dimensional problem. At the
upper free surface at z = d, w = to sufficient
accuracy; at the pycnocline the vertical displace-
ment and the pressure must both be continuous and
as z ^ - «>, the disturbance must either die away
or represent internal waves with an energy flux
downwards

.

In the upper region, the solution for (j) is
readily found to be

ina cosh k(z
He

d)

sinh kd
expi(kx - nt) (2)

while in the lower layer, if

w = - ina exp [kz + i(kx - nt) ] , (3)

(which satisfies the condition of continuity of w
at z = 0) , then substitution into (1) requires that

(K/k)' (N/n)- (4)

Note that since n is real, K/k is either purely real
(if n - N) or purely imaginary (if n < N)

.

The dispersional relation is obtained from the
condition that the pressure be continuous at z = ?.

In the upper region of density p,

3t ' C

pa[g + (n^/k) coth kd] exp i(kx -nt) , (5)

P(zl

.J
^Wave

Absorbers

FIGURE 1. Tank stratified with a layer of uniform
density over a density jump below which the fluid is

uniformly stratified.
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to the first order in the wave amplitude. In the
lower region, where the density is p + 6p - pN z/g,

the horizontal pressure gradient

to the lowest order,

= i(p + 6p)an^(K/k) exp i(kx - nt)

at z = from (3) , so that

PO = (p + i5p) an^ (K/k^) exp i(kx - nt)

At z = C, below the pycnocline,

p = - (p + 6p)a(g - n^K/k-) exp i(kx - nt) (6)

From (5) and (6) it follows that

2 _ (5p/p) gk bk
n'

coth kd + (K/k) coth kd + (K/k)
(7)

to the Boussinesq approximation, when 5p/p << 1, and
where b is the contrast in buoyancy across the pycno-
cline.

For high frequency oscillations, when n 2 N,

equation (4) shows that K/k is real and less than
unity; from (7) k is real and the waves propagate
without attenuation. The additional restoring
forces provided by th'e stratification below do how-
ever increase the wave frequency for given k and b
above the value for an unstratified lower layer by
the ratio

[coth kd + 1] / [coth kd + (1 - N^/n^)'^] ,

The case when n < N is algebraically simplest when
|kd| ^ ". In view of the upper boundary conditions,
the real part of k > 0, while from (4)

-=±i(l
n2;

= ±i tan C8)

The ratio of the spatial attenuation rate to the
wave-number is simply tan 9 = (N /n - 1)^; when n
is significantly less than N the attenuation dis-
tance is short as the energy leaks downwards very
effectively.

Expressions for the motion in the upper and
lower regions can be written down simply. In the
lower layer energy flows along the characteristics
5 = X cos 9 + z sin 8 = const. , and the distribu-
tion of vertical velocity is

xna exp

inaj (5

bcos^e
exp • (

"'
r nt

(12)

where ai(5) is the amplitude of the interfacial
wave at the point where the characteristic inter-
sects the pycnocline. The horizontal component
of the velocity field in the lower layer is u =

- w tan 9, since the motion here consists of alter-

nate layers sliding relative to one another along
the characteristic surface inclined at an angle 9

to the vertical. The pressure fluctuation can be

found most simply from the horizontal momentum
equation:

. (• n^5 1

p = - ai (£;)bsin9 (sin9 + icos9)exp 1
Lup^qo— ^^} •

(13)

where n = N cos 9. From (7)

The vertical energy flux is therefore

2
E^ = -55na]^(C)b sin9cos9 ,

k = (n^/b) (1 i tan (9)

Since the interfacial waves attenuate in the posi-
tive x-direction as energy leaks downwards , the
positive sign in (9) is relevant and the vertical
wave-number

K = iktan 9 ,

= (n^/b) ( - tan^e + i tan (10)

The motion of the pycnocline is therefore repre-
sented by

a exp exp 1 nt

and the total energy flux, directed downwards along
the characteristics 5 = const is

E = Sjnaj (g) bsin 9 (14)

In the upper region, the fluctuations in pressure
are found from (2)

:

P = - 37= exp [-kz + i (kx - nt) ] ,

when kd >> 1, whose real part, in view of (9) and
(12) reduces to

p = - a{x + zcot9)b(cos^9cosx + cos9sin9sinx) , (15)

a(x) exp 1 [— nt (11)
where

where X = ^(x ztane) - nt

o(x) = a exp tan 9
The real part of the horizontal velocity field is

likewise
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u = (3(l>/3x) na(x + zcot9)cosx

so that the horizontal energy flux in the upper
layer

Aw = A
3x

(uO at z =

Finally, in the lower layer,

(20)

Ejj =
I

up az =
4n

exp <- -j^- xtanB |> , (16) 32

3t2
+ N^

3^w
3x2

= Q (21)

the horizontal divergence of which where the non-linear terms

3 Ex

3x
Ijna (x)b sinScosS (17)

provides for the radiative flux in the lower layer.

This simple example illustrates the way that
energy can be radiated downwards by the low fre-

quency perturbations produced by groups of high
frequency waves , but they have a deeper theoretical
interest. Gaster (1977) has pointed out that if

the dispersion relation for waves involves complex
wave-numbers or frequencies, the usual kinematic
definition of group velocity may not be correct,
and a simple calculation shows that the solution
is an example of this failure. Here the wave-
numbers are complex as the energy leaks into the
lower layer, but the energy flux is not at the rate
represented by the local energy density, v?-!i\^/1

cos 6 , times the ordinary group velocity V]^a) =

c tan 6 = (b/n) sin 9. The correct interpretation
of these situations will be considered elsewhere.

3x3z3t

32

(u • Vu)

(u • Vb + — (u • Vw)

)

3x2 - 3t
(22)

Variations in energy density of the primary waves

will propagate with the group velocity, c ; let us

therefore average these equations at points fixed

with respect to the wave groups but over random

phases of the waves themselves , a process repre-

sented by brackets [ ] . The averaged interfacial

conditions are then, to order E (ak)'

A
3u

3t 3x
[f:] =

3z3t
yu

A [w] = A

both at z = , and

T- (U5)
3x

(23)

(24)

3. ENERGY RADIATION DOWNWARDS FROM GROUPS OF

INTERFACIAL WAVES

To illustrate the way in which groups of internal

waves produce 'mean,' second order disturbances locked

to the wave group, let us consider the same basic
stratification as in the previous section, with
fluid of depth d and constant density lying over
a buoyancy jump b below which the stability fre-

quency N is constant. Suppose that interfacial
waves with frequency n > N are maintained by high
frequency forcing f from the upper layer, perhaps
by the surface wave-wave interactions described by
Watson, West, and Cohen (1976) . If the internal

wave amplitude is characterised by a and the wave-

number by k, then, to order £2 = (ak)2, the condition
or continuity of pressure across the interface can

be expressed as

'lit -i* f = -A
3^u
3zi;t

+ u Vu (18)

at z = 0, where A( ) =
( )+

across the density jumps. Since
( )_, the difference

i; = w. v; ? —
I^ 3z 'o

3?

ox

[C] = [w] - 1^ [uC] , (25)

also at z = 0. The averaged field equation for the

lower layer follows similarly from (21) and (22).

The linear fluctuating internal wave motion is

as given in the previous section when n > N; through

the non-linear terms on the right of (23) -(25), this

forces a second order mean disturbance [5]/ [v/] ,

etc., that moves with the velocity of the wave groups.

The pycnocline disturbance can be represented as

? = '2a{c<is(k'x - n't) + cos(k"x •t)}

The form of the forcing functions is simplest when

the pycnocline depth is such that kd >> 1, and it

is found that (23) reduces to

3u

3x
b -^ [d

3x

a^nkk <

1

(c + \c) Sin k (x - c t)
g g g

{1 + 0(ak, -a- /n2) } ,

g

= WO 3^ <"0^' (19)

to order E^, where the suffixes, C and 0, represent

quantities measured at z = C,0( then the condition
that ^ be continuous across the interface assumes

the form

a^k n2 (
^ + M sin k (x - c t) , (26)

g \c 2 / g g

where kg = k' - k", ng = n' - n", and Cg represent

the wave-number, frequency, and velocity of the

groups. Similarly, from (24)
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A [w] = - a^n k f 1 +
^J

sin x

where x = kg(x - c t) and from (25)

[t] = [w]+ - g 3^"'^g sin X •

= [w] + Z 3^nk (K/k) sin x- 8 g

(27)

(28)

where [ ]+ and [ ]_ represent averages taken just

above and below the discontinuity in density.

These matching conditions to be applied as z =

involve the non-linear forcing provided by the wave

groups. The field equations are, however, linear
to this order. Above the pycnocline, when d > z > 0,

we have Laplace ' s equation for the averaged velocity

[*] (29)

while in the averaged internal wave equation (21)

for z < 0, the non-linear terms are smaller by at

least (ng/n)^ << 1 than those in the matching con-

ditions, since they involve two horizontal deriva-
tives (or one x and one t derivative) of averaged
second order quantities. Accordingly, to sufficient
accuracy.

fe'^i"]-^^!^ [w] = z < (30)

since n/N >> 1 and K/k = 1. The vertical component
of the group velocity of the radiated waves is Cg

cos i|j sin ijj where Cg is the group of the inter-
facial waves, so that the vertical energy flux is

n2, ^h
(9/128) a'+n^Nk (1 (35)

Although this representation of the density dis-
tribution by a discontinuity at the pycnocline,
followed by a uniform stratification below, is a

gross simplification of typical oceanic conditions,
it is of interest to examine the order of magnitude
of the vertical energy flux that might be generated
in this way. If the interfacial wave amplitude is

10 m at a frequency of 5 c.p.h. , having groups 1 km
in length and if N = 2 c.p.h., the downwards energy
flux is about 2 erg/cm sec, which is of the same

order as the 5 erg/cm^ sec. estimated by Garrett
and Munk (1972) for the rate of energy dissipation
from internal waves by sheer instability. This
correspondence is sufficiently close to encourage

a more detailed study with N(z) arbitrary, the re-

sults of which will be presented elsewhere.
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Since the length of the wave groups is large
compared with the wavelength of the interfacial

waves, k << k and it is consistent to assume that

kgd << 1, even though kd >> 1. Furthermore n/N <<

1 while NqN = 0(1). Under these conditions the

solutions for the mean pycnocline displacement and

the low frequency internal waves radiated downwards
are found to be

[?] -r-rr- COS k„(x - c t)
bd g g

(31)

[w] -^

where

a^nk (2 + ^) cos (k x + k z - n t) , (32)
g k g g g

(33)

is the vertical wave-number of the radiated field.

The horizontal velocity component in the internal
wave motion below the pycnocline

[u] = [w] tan i|j ,

where cos i|; = ng/N and the energy density (twice

the kinetic energy density) is

E = p (^[u]2 + "M^j
,

^
pa'<kg2n2N2 / ^

128n2 V k
g

^9£aNifN£
128c 2

(34)
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Breaking Internal Waves in Shear Flow

S . S . Thorpe
Institute of Oceanographic Sciences,
Wormley , United Kingdom

ABSTRACT

During and following periods of strong winds, the
Richardson number (the square of the ratio of the
Brunt-Vaisala frequency to the shear) in the
thermocline is of order unity, and the shear becomes
an important factor in determining the properties
of internal gravity waves. These properties are
discussed and the shape and breaking of waves in a
shear flow is investigated in laboratory experiments.
These experiments show that the waves may break at
their crests or their troughs depending on the sign
of a certain vector scalar product. An analogy
between surface waves and interfacial waves is

invoked to account for this behaviour. Breaking
is observed to occur by particles of fluid moving
forward more rapidly than the wave crest advances,
leading to gravitational instability. The effect
of breaking in the ocean will not only enhance
diffusion rates, but it will modify the directional
spectrum of the internal waves.

Although many acoustic backscatter observations
from ships reveal clearly the presence of internal
waves in the ocean seasonal thermocline, very few
have been published which appear to show signs of
their breaking. This is surprising in view of the
clear and not infrequent evidence of 'breaking
events ' in the equivalent acoustic or Doppler radar
measurements in the atmosphere . Our knowledge of
internal wave breaking in the ocean still rests
almost entirely on the direct observations by divers
using dye in the Mediterranean thermocline [Woods

(1968)]. The present towed, moored, or dropped
instruments give inadequate information on the
nature or structure of the intermittent mixing events
in the ocean to be certain of their cause, or even
of the scales of motion which contribute most to
diffusion across density surfaces in spite of its
great importance to the prediction of the thesrmo-

cline structure of the upper ocean.
It is against this background of poorly known

dynamical structures that this paper is presented.

One aim is to describe the patterns which accompany
wave breaking, for without a knowledge of such
patterns it is difficult to design the appropriate
experiment to detect wave breaking or, conversely,
to correctly identify the processes involved once
observations are available.

It would be naive to ignore the effect of wind
in a description of breaking waves on the surface
of the sea in deep water [see, for example, Phillips
and Banner (1974) ] . (Wave breaking on a beach is
a different matter) . It is similarly inappropriate
to ignore the effect of mean shear on internal waves
in the seasonal thermocline, since the Richardson
number there is low, especially during, and follow-
ing, storms [Halpern (1974)]. Internal gravity
waves can exist and propagate in a shear flow just
as they can when a mean flow is absent. These waves
belong to a group which Banks, Drazin, and Zaturska
(1976) have classified as 'modified' (-by shear)
' internal gravity waves ' . They may sometimes coexist
with a set of wavelike disturbances which grow in
amplitude (the 'unstable wave solutions' of the
Taylor-Goldstein equation) and which may eventually
lead to turbulence (Figure 1) . It is known however
that (for steady mean flows) the latter solution cor-
responding to Kelvin-Helmholtz instability (K-H.I)

only exists if the Richardson niimber, Ri, in the flow
is somewhere less than a quarter [Miles (1961)

,

Howard (1961) ] and even then in some flows an un-
stable solution may not exist. One way in which
internal gravity waves may break is by themselves
causing or augmenting a mean shear to induce regions
of such low Ri that small-scale disturbances may
grow as K-H.I and generate turbulence. It appears
that Woods' (1968) billows were generated in this
way, and similar structures in Loch Ness [Thorpe,

Hall, Taylor, and Allen (1976)] may have a like cause.
It is however known that internal waves may break in

quite a different way, by what has been termed 'con-

vective instability' [Orlanski and Bryan (1969) ] .

This form of instability becomes much more likely in

the presence of a mean shear.
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FIGURE 1. The development of Kelvin Helmholtz In-

stability (K-H.I) in a stratified shear flow [from
Thorpe (1971)].

Shear affects internal gravity waves in several
ways. Perhaps the most important concern the wave
speed. Bell (1974) has shown that for any wave
mode, the phase speed, c, is a decreasing function
of wavenumber, k, which, for waves moving faster
than the mean flow at any level, tends to k"lN„_^

+ U„, as k increases indefinitely, where N^.^^

is of the Brunt-Vaisala frequency, N, and U[t,ax ^^^

maximum mean flow. (A similar result holds for

waves travelling more slowly than the mean flow.

)

This result reduces to the well-known property,
a < Njj,

J,,
of internal waves in the absence of shear

[Groen (1948) ] where a = ck is the wave frequency
relative to the mean flow. It implies that even

in a shear flow the wave frequency is less than

'^max pJ^ovided the waves are viewed in frame of

reference which moves forward at the speed, Uj^^j^.

Banks et al. showed further that, at least for

simple mean flow profiles, the speed of waves of

a given mode and wavenumber tends to U (from

above) as Ri decreases. We see a consequence of

this result later.

The vertical structure of internal waves is also
changed by shear. Figure 2 shows how the distri-
bution of the amplitude of a small amplitude wave
of given k varies with z as the shear increases
for (a) plane Couette flow of a fluid with constant
N and (b) hyperbolic tangent profiles of mean speed

and density. The profiles are distorted as Ri

decreases with the largest amplitudes displaced
towards the level at which the mean speed in the
direction of wave propagation is greatest. We shall
find it convenient to distinguish these cases by
the sign of x = £.-9. ^ H where Q_ is the mean flow'

vorticity and c_ the phase speed of the waves in a
frame of reference in which the depth averaged mean
flow is zero. Positive Uq in Figure 2 corresponds
to X > 0, and conversely.

The shape of waves in a fluid with density and
velocity distributed as tanh z (corresponding to
Figure 2b) is shown in Figure 3 for (a) backward
relative motion in the upper layer, X ^ Oi (b) no
shear, (c) forward motion in the upper layer, x ^ 0-

The waves in (b) and (c) have narrower crests than
troughs, whilst the waves in (a) have wide crests
and narrow troughs

.

This second-order effect is not unexpected. It

may easily be shown [Thorpe (1974, Appendix C)]

that interfacial waves (see Figure 4) which move
forward with the speed of the upper layer (the

limit, as we have seen, towards which the phase
speed of the internal waves tends as Ri decreases)
have exactly the same shape as have surface waves
on a fluid of depth equal to the lower layer. Con-
versely those moving at the speed of the lower layer
have the shape of surface waves on a fluid of depth
equal to the upper layer, but inverted. This is

just the trend shown in Figure 3. The limiting
form of the surface wave is one with a sharp apex
of 120°. Such an angle can exist in a two- layer
flow only in the cases we have considered where
the wave speed is the same as the flov; in one of
the two layers. Otherwise there is a relative flow

around the apex in the upper (or lower) fluid
leading to a singularity of infinite flow in the
irrotational fluid. In general, some other limiting
profile must appear, although it is likely to tend

in a continuous way towards the limiting sharp apex
profile. Recent work on breaking surface waves
[Cokelet (1977) ] cannot be applied even in the
special case for the analogy is valid only for
steady waves.

Experiments, however, [Thorpe (1968)] demonstrate
how internal waves break in a shear flow. Figure
5 shows wave breaking for x ^ 0- A jet of fluid
moves forward (that is faster than the waves advance)

from the wave crest above the level of the mean
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Uo<0

FIGURE 2. The amplitude of the displace-
ment of lines of constant density in
internal waves of the first mode with wave
number k = ir/H calculated from linear theory
(i.e., from the Taylor-Goldstein equation)
at various Richardson numbers (as labelled)
in

(a) Couette flow, U = Uo (2z/H - 1), with
constant density gradient. Uq is posi-
tive for the left hand set of curves
and negative for the right hand set.

(b) Hyperbolic tangent profiles, U =

Ugtanh y and density p = Pod "

Atanh y) where y = 20z/H - 15.

Uq is positive for the first three
curves at the left, zero for Hi = "

and negative for the three curves on
the right. The value of Ri marked on
these curves is the minimum mean flow
value at z = 3H/4.

interface where we saw in Figure 2 that the dis-
placement was concentrated, and, in Figure 3, where
the curvature was greatest. The fluid particles
move forward (at speed Cp) more rapidly than the

wave advances and this leads to a layered structure
with a region of slightly denser fluid overlying
less dense fluid with the potential consequence of

gravitational instability. Similar 'forward'

breaking occurs at the wave troughs when X * 0.

The experiments demonstrate clearly the difference
between K-H.I of the mean flow (seen in Figure 5j)

and the convective instability of the waves . In

the former the wave-like disturbances grow, extract-
ing energy from the mean flow, whilst in the latter
the waves do not grow in amplitude and lose energy
as a consequence of instability.

The condition for convective instability to
occur (Cp = c) has been used in a calculation to

produce the stability diagrams of Figure 6. These
are appropriate only to a particular wavelength
and show the wave slope at which instability will

occur for a given Ri. The Couette flow (Figure 6a)

is stable in the absence of waves for all Ri > 0,

but the hyperbolic tangent profile (Figure 6b) is

unstable at Ri = 0.25 and the dashed lines show

the value Ri = 0.25 at the interface marking the

boundary at which K-H.I will occur in a quasi steady

flow. These diagrams demonstrate how shear greatly

reduces the wave slope at which convective instabil-

ity sets in, a partial consequence of the trend of

the phase speed toward V^^x ^^'^ hence a reduction

of the wave particle speed necessary to promote net

speeds, Cp, which exceed the phase speed. The non-

linear terms are also very important however, the

finite amplitude change in the phase speed being

as important as other non-linear effects.

We may press the analogy between interfacial

internal waves in a shear flow and surface waves

further. The shape of surface gravity waves

(narrower crests than troughs) and their habit of

breaking forwards at the crests seems universal,

in that it is independent of water depth, being

observed and (where theory is available) predicted

for both shallow and deep water waves. The internal

waves observed in the experiments have similar prop-

erties, accepting that the profile is inverted with

respect to the surface waves if x * » even though

they are not strictly interfacial waves or moving

at the speed of one of the layers. This suggests

that the shape and breaking, by convective overturn,

of long first mode internal waves on a relatively

narrow interface between two uniform layers follow

the pattern observed in the experiments, independent

of the depths of the layers, provided that the

Richardson number of the mean flow in the interfacial

region is small.

Figure 6b is not symmetrical, a consequence of

the asymmetry introduced by having unequal layer

thicknesses above and below the interface. Trans-

lated to a situation in which wind is driving a

flow above a shallow thermocline, the diagram

implies that internal waves travelling with the

wind (x > 0) will break at a greater amplitude (or

later if the shear flow is increasing) then waves

of the same length travelling against the wind.

This result also follows from our analogy with

surface waves since, for a given wavelength, surface

waves of limiting (120° apex) amplitude in deep

water (corresponding to the forward moving, X > 0'

internal gravity waves) are higher than waves in

shallow water (which correspond to the backward

moving waves) . Waves moving across the flow will



626

FIGURE 3. Internal waves in a shear flow with profiles of U and p similar to those of Figure
2(b), except that the interface is at z = H/4 and the mean, depth averaged, flow is zero. The
waves propagate to the left and in (a) the mean flow in the upper layer is to the right, lower
to the left (x'^O) , in (b) there is no mean flow, whilst in (c) the mean flow in the upper layer
is to the right and in the lower layer to the left (x ^ 0)

.

(b)

u>

p,
FIGURE 4. Interfacial waves in a two-layer fluid. In

(a) the phase speed of the waves, c, is equal to the

speed of the lower layer, U2. The wave shape is identi-

cal to that of surface waves on a layer of depth hj

,

but inverted. (This corresponds to x "^ 0) . In (b) ,

c = Uj , and the wave shape is identical to that of

surface waves on a layer of depth h2.
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a

FIGURE 5. The onset of wave breaking for )( > . The waves are moving to the left. The mean Richardson number at the in-
terface in the accelerating flow is approximately (a) 2.5 (b) 0.73 (c) 0.36 (d) 0.25 (e) 0.18 (f) 0.14 (g) 0.11 (h) 0.09
(i) 0.07 (j) 0.06 [from Thorpe (1968)]. Convective overturn is seen to begin at (c) and K-H.I at (i). The instability is
not seen at the critical value of Ri because of the time needed for growth in the accelerating flow.

not be unaffected by it. This process may be
important in producing asymmetric directional wave
spectra in the seasonal thermocline.

In practice of course unidirectional flows and
long trains of internal waves do not occur in the
ocean. The component of the mean flow velocity
normal to the direction of wave propagation appears
to play no part in the breaking or dynamics of the
waves, and the results should be valid for long
crested waves even in (Ekman) spiral flows. A
periodic shear flow applied to a wave, as when one
internal wave moves through another, may produce
locally the conditions for convective overturn of

the kind we have described. The final stages of

the experiments of Keulegan and Carpenter (1961)

or Davis and Acrivos (1957) illustrate this process.
In these experiments a short second mode wave is

driven by resonant interaction from a long first
mode wave, itself generated by a wavemaker. The

shorter wave eventually breaks in the shear field
of the longer first mode wave

.

Flow acceleration accompanies both the periodic
flows in a wave field and the motion of the upper
layers of the ocean during periods of wind forcing.

In the experiments shown here breaking was induced

by allowing the flow to accelerate uniformly. It

was discovered that the energy of the fluctuating
wave components was reduced very rapidly as a

result of this acceleration. The consequent Rey-

nolds stress working on the mean velocity gradient

transferred energy to the mean flow. This inter-

action may have important consequences on the

development of the seasonal thermocline during

(a)
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periods of wind forcing and the acceleration of the

mixing layer, but they are beyond the scope of this

paper.
It seems likely that in the seasonal thermocline

short internal waves may break predominantly by
convective overturn whilst the longer are more
prone to K-H.I, but the balance of effects is not
known. The importance of non-linearities in

determining the condition of convective overturn
and the unknown structure of the density and veloc-

ity fields make the problem difficult to resolve

theoretically, and some effort is being directed
towards an observational, and hence empirical,

solution using small arrays of thermistors with
rapid response times, and sensitive CTDs.
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