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PREFACE

The tendency for high waves to group is a phenomenon of considerable
interest in the coastal and ocean engineering community. This grouping has
special importance in the Corps of Engineers because several high waves in
succession can represent a more severe design condition for coastal structures
than ungrouped waves. In particular, recent evidence indicates that grouped
waves can be more damaging to a rubble-mound structure than ungrouped waves
with the same heights. This report deals primarily with relatively simple
cases of waves in deep water. However, it is hoped (and expected) that the
analysis techniques and results developed in this study will lead to a better
understanding of wave grouping characteristics in shallow water. The work, was
carried out under the U.S. Army Coastal Engineering Research Center's (CERC)
Wave Estimation for Design work, unit, Coastal Flooding and Storm Protection
Program, Coastal Engineering Area of Civil Works Research and Development.

The report was prepared by Dr. Edward F. Thompson, Hydraulic Engineer,
under the supervision of Dr. C.L. Vincent, Chief, Coastal Oceanography Branch,
and Mr. R.P. Savage, Chief, Research Division.

The author acknowledges the guidance and encouragement throughout this
study provided by Dr. J.E. Feir, Associate Dean of the School of Engineering
and Applied Science, George Washington University; Dr. D.L. Harris, formerly
wi-th CERC and currently Research Scientist, College of Engineering, Univer-
sity of Florida; Dr. R.M. Sorensen, Chief, Coastal Processes and Structures
Branch, CERC; and Dr. B.E. Herchenroder, Mathematician-Oceanographer, CERC.
Dr. Harris also provided the computer program for multiple regression screen-
ing analysis. W. Buckley and M. Davis of the U.S. Navy David W. Taylor Naval
Ship Research and Development Center made possible the inclusion of wave data
from Hurricane Camille in this study.

The material included in this report provided the basis for a dissertation
submitted to the George Washington University in partial satisfaction of the
requirements for the Doctor of Science degree (Thompson, 1981).

Technical Director of CERC was Dr. Robert W. Whalin, P.E., upon publica-
tion of this report.
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CONVERSION FACTORS, U.S. CUSTOMARY TO METRIC (SI) UNITS OF MEASUREMENT

U.S. customary units of measurement used in this report can be converted to

metric (SI) units as follows:

Multiply by To obtain

inches

square inches

cubic inches

feet

square feet

cubic feet

yards
square yards
cubic yards

miles
square miles

knots

25.4
2.54
6.452
16.39

30.48
0.3048
0.0929
0.0283

0.9144
0.836
0.7646

1.6093
259.0

1.852

0.4047

foot-pounds 1.3558

millibars 1.0197 :

ounces 28.35

pounds 453.6
0.4536

ton, long 1.0160

ton, short 0.9072

degrees (angle) 0.01745

Fahrenheit degrees 5/9

.-3

millimeters
centimeters

square centimeters
cubic centimeters

centimeters
meters

square meters
cubic meters

meters
square meters
cubic meters

kilometers
hectares

kilometers per hour

hectares

newton meters

kilograms per square centimeter

grams

grams
kilograms

metric tons

metric tons

radians

Celsius degrees or Kelvins^

^To obtain Celsius (C) temperature readings
use formula: C = (5/9) (F -32).

To obtain Kelvin (K) readings, use formula:

from Fahrenheit (F) readings,

K = (5/9) (F -32) + 273.15.



SYMBOLS AND DEFINITIONS

A. amplitude for multiple regression screening (MRS) constituent

A(j) difference between j'th wave amplitude and mean amplitude for record

A^ amplitude of combined sine and cosine components of the. Fourier
transform of a time series

a wave amplitude

a constant equal to mean of time series

a^jj amplitude of cosine component of the Fourier transform of time series

b amplitude of sine component of the Fourier transform of time series

c. constant

d water depth

d^ constant

f^ arbitrary function

f carrier wave frequency

f frequency corresponding to highest spectral peak

G wave grouping parameter

g acceleration due to gravity

H amplitude of a sinusoidal wave

H(j) difference between height of j'th wave and mean wave height for record

Hg significant wave height

I integer constant; number of data points used in computing local variance

i,j summation index; arbitrary integer

J integer constant indicating number of nonoverlapped data points in
partially overlapped time series; number of waves in record

K integer subscript

k wave number

k deepwater wave number

L constant



SYMBOLS AND DEFINITIONS—Continued

M total number of points in zero-padded time series

m siimmation index

m constant used to specify frequency of a sinusoidal wave

N number of data points in time series

n index to sequence of data points

p number of functions used to estimate time series in MRS analysis

R.(t) autocorrelation between wave amplitudes

Rti(T) autocorrelation between wave heights

R™(t) autocorrelation between wave periods

R^ correlation between the function x^ and the time series

R XV multiple correlation between the functions x^_ and x . and
2i~l 2i the time series

T(j

)

difference between j ' th wave period and mean period for record

"""tvts
time between high wave groups estimated from peaks in local

variance time series (LVTS)

T J time between high wave groups estimated from wave steepness

TwT.Q time between high wave groups estimated from MRS constituents

T wave period corresponding to highest spectral peak

tj time associated with a data point in time series

w(nAt) cosine bell data window

Xj selected function of time

^i
selected function of time with mean removed

y, y(nAt) finite time series with zero mean

y(nAt) time series after application of cosine bell data window

o
y(nAt) squared time series

y(nAt) time series padded syimnetrically with zeros



SYMBOLS AND DEFINITIONS—Continued

y(nAt) time series containing periodic repetitions of short data record

y (nAt) estimate of finite time series

y (nAt) partially overlapped time series

y (nAt) partially overlapped time series

y£(nAt) partially overlapped time series

Z(nAt) local variance time series (LVTS)

Z(At) first point in LVTS

z(nAt) LVTS with mean removed

a^^ amplitude of sine component of MRS analysis of a time series

3- amplitude of cosine component of MRS analysis of a time series

AfwDc frequency spacing between adjacent pair of prominent MRS constituents

At time interval between data points

6 a fraction

e wave steepness, ak

T\. elevation represented by a data point in time series

ir constant equal to 3.14159

a frequency of a sinusoidal wave

a frequency in the Fourier transform of a time series

a standard deviation of time series ~

a„ standard deviation of LVTS

T lag between wave parameters for autocorrelation (number of waves)

^ phase of a sinusoidal wave

4)j phase for MRS constituent

(j) phase of combined sine and cosine components of the Fourier transform

of a time series

0). frequency in MRS analysis of a time series

10



NONRANDOM BEHAVIOR IN FIELD WAVE SPECTRA
AND ITS EFFECT ON GROUPING OF HIGH WAVES

by
Edward F. Thompson

1. INTRODUCTION

1. Hypotheses.

This study is aimed at several basic assertions about the physical char-
acteristics of ocean waves. The study is designed to test the following six
hypotheses about the nature of waves

:

(a) Spectral components are sometimes discrete and are not
smeared over a broad continuous spectrum.

(b) Spectral components are sometimes related in a deterministic,
nonrandom way.

(c) The detailed spectral shape may be partially explained by the
theory of Benjamin and Feir (1967).

(d) Waves in deep water tend to be organized so that high waves
occur in groups.

(e) The modulation period of wave groups is sometimes related to
the period and steepness of the waves.

(f) The extent of grouping in each time series and the modulation
period are related to certain features of the spectrum.

Most of the hypotheses are in conflict with commonly held conceptions
of ocean waves, including the notion of a random wave field represented by a
continuous spectrum with random-phase relationships between components.

2. General

.

Groups of high ocean waves are an important warning signal to an engineer.
Grouped waves represent a more severe condition than ungrouped waves for many
coastal and ocean engineering endeavors. Wiegel (1964) observed that "It is
the groups of several periodic waves, which are almost always the highest
waves in a wave system, that are the most effective in causing structural
damage." Groups of high waves may be a major cause of ship capsizing.

The spectacular collapse of part of the massive breakwater at Sines,
Portugal, during attack by waves lower than the design condition (Zwamborn,
1979) has recently stimulated interest in the effect of high wave groups on
the stability of breakwaters. A laboratory study has shown that groups of
high waves are more damaging to a rubble-mound structure than ungrouped waves
of the same heights (Johnson, Mansard, and Ploeg, 1978).

Wave groups have considerable engineering importance beyond the implica-
tions of several high waves occurring in succession. The existence of groups
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introduces a new time scale into the motion of the sea. The new, or modula-
tion, time scale is distinct from and substantially longer than the character-
istic time between waves. Modulation time scales can assume values which are

compatible with resonant behavior in many floating structures. They can also

lead to resonant oscillation of moored ships as well as to resonant oscilla-
tion in semienclosed harbors and bays.

High wave groups seem to be a real characteristic of gravity waves as

observed in laboratory wind-wave flumes and in a wide variety of field con-
ditions. Evidence reviewed in Section III indicates that groups are more
common than would be expected if each wave height were randomly related to the

preceding and following wave heights.

Unfortunately, wave grouping characteristics in field records sometimes

vary greatly over short time intervals (e.g., Burcharth, 1980). The varia-
tions, which are not consistent with present concepts about wave groups,

have made it difficult to describe grouping characteristics empirically.

It must be concluded that, despite its engineering significance and its

demonstrated presence in field records, the phenomenon of wave grouping is

poorly understood.

It is often assumed that the sea surface represents a random Gaussian

process and that the Fourier transform of a time series of sea-surface eleva-
tions represents a continuous spectrum with an infinite number of independent

frequency components. Wave groups can be explained as modulations resulting

from linear superposition of high-energy components near the peak of a narrow
spectrum. This reasoning leads to the supposition that some measure of

spectral width may be related to wave grouping characteristics in the time

series. However, efforts to identify such a relationship in field data have

generally failed.

An alternative approach which has received increasing attention during

the last 5 years treats wave groups as a nonlinear phenomenon and rejects the

assumption that all spectral components are independent. An obvious case in

which spectral components are not independent is a record of steep waves with

peaked crests and flat troughs. Wave profiles may be described as a summation

of a wave of the fundamental frequency and waves at frequencies which are

integral multiples of the fundamental, often called a Stokes wave. The spec-

trim has peaks at harmonics of the dominant frequency which are phase-bound to

the fundamental and are clearly not independent.

Further evidence of nonindependence in the spectrum was published by

Benjamin and Feir (1967). Finding that the Stokes wave is unstable to small

perturbations in a certain range of frequencies, they showed in the laboratory
and in theory that bound spectral components can also be expected at discrete

frequencies very near the dominant frequency, much closer than the second

harmonic. The bound subharmonic components are evidenced in the time series

as strong modulations of the dominant wave.

The Benjamin-Feir (BF) theory, as well as that of Longuet-Higgins (1980),
deals only with the growth of instability on an initially nearly uniform wave

train in relatively deep water. The theory does not follow the long-term

evolution of the wave condition. Also, it does not deal directly with the

problem of an actively growing sea state. Despite these restrictions, the BF
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theory provides a basis for considering possible existence of nonindependent
spectral energy at discrete frequencies near the main peak in a variety of
ocean wave conditions.

Field data are conspicuously lacking in the published literature on
the question of whether spectral components are really independent. The
sparcity of field data is not surprising because field data are notoriously
difficult and expensive to acquire, especially in relatively deep water.
Also, field data are likely to contain free wave energy in addition to any
bound energy. However, several notable field studies by Ramamonjiarisoa and
Mollo-Christensen (1979) and Kuo, Mitsuyasu, and Masuda (1979b), and labora-
tory wind-wave studies by Lake and Yuen (1978) and Mitsuyasu, Kuo, and Masuda
(1979) have been published. Among other procedures, these studies made use of

spatial gage arrays to evaluate the phase speed of each spectral component.
The extent to which phase speed deviates from linear theory and tends toward
a constant is an indicator of the nonindependence of the component. These
studies have not reached a definitive conclusion, but rather have made the
whole question appear more complex and intriguing.

Although the presence of bound frequency components has clear implications
for nonrandom-phase relationships between components, this important charac-
teristic of a wave record has apparently never been examined explicitly.
Also, the question of whether or not the spectrum has a definite, noncontin-
uous structure has received very little attention. A review of pertinent
literature is given in Section II.

Three samples of field data were selected for analysis in this study. All
samples represent relatively deepwater cases in which the spectra were single-
peaked, indicating that one wave train was dominating the sea surface. The
data samples are described in Section III.

It is contended in this study that previous studies have been self-
limiting in the method for computing phase for each spectral component and,
in some cases, in the lack of resolution in frequency. This study thus began
with the task of developing viable techniques for (a) computing a stable,
meaningful value of phase for each important spectral component; and (b) com-
puting spectral components with a resolution in frequency sufficient to
identify any detailed structure and yet not have a record so long that the
assumption of stationarity becomes suspect. The techniques finally adopted
involved the use of high resolution fast Fourier transform (FFT) analysis of
a record approximately 15 minutes long, followed by the application of a
multiple regression screening (MRS) procedure using a comb of frequencies
covering the high-energy part of the spectrum and, in some cases, other parts
of the spectrum. This study is believed to represent the first use of a
multiple regression screening procedure in conjunction with field wave
records. The analysis techniques are described in detail in Section IV.

Wave grouping characteristics in the time series are investigated in this
study as a logical and important complement to the detailed study of spectra.
However, techniques for investigating wave grouping are not well established.
It is necessary to develop and refine techniques for identifying and quantify-
ing wave grouping in a time series. The techniques used in this study are
described in Section IV. A new parameter indicative of wave grouping is
proposed.

13



The techniques developed for spectral analysis and wave group analysis
were applied to the selected data samples. Results are presented in Section
V. In Section VI, the results are discussed and related to the six hypoth-
eses. Evidence from the field data samples supports the validity of each of
the six hypotheses.

A summary of this study is given in Section VII.

II. LITERATURE REVIEW

1 . Spectra .

Theories of ocean wave development have been based over the last 15 years
on one of two general concepts of a wave field. The first approach deals with
evolution of a continuous spectrum representing the superposition of an infi-
nite number of independent frequency components. The second approach deals
with evolution of an initially uniform train of steep waves. Both approaches
were first used in conjunction with deepwater waves, but more recent develop-
ments have included shallow-water waves as well. Relevant literature is
reviewed in this section, primarily as it relates to deepwater waves.

a. Evolution of Continuous Spectra . Consideration of the spectrum of
ocean waves began to appear in the literature in the early 1950' s. Examples
given by Harris (1974) are Seiwell (1949), Ursell (1950), Pierson (1950), and
Neumann (1952). The spectrum is used to describe a sea surface which is
generally regarded to have Gaussian-distributed displacements. The Gaussian
assumption along with the assumptions of random phase and stationarity led to
application of computational procedures developed in other disciplines (e.g.,
Taylor, 1938; Blackman and Tukey, 1959) to ocean waves. These assumptions
have formed the cornerstone of wave spectral analysis techniques, although
Harris ( 1974) pointed out that the development of the fast Fourier transform
algorithm (Cooley and Tukey, 1965) obviated the need for many of the restric-
tive assumptions

.

Nonlinear interactions between spectral components have increasingly come
to attention in recent years. Second-order interactions have been shown to be
of little significance. Third-order interactions, although initially small,
sometimes exhibit unbounded growth with time as discovered by Phillips
(1960). Subsequent theoretical explorations of this surprising third-order
resonant interaction between frequency components include Longuet-Higgins
(1962), Benney (1962), and Hasselmann (1962), 1963).

The viability of third-order resonant interactions was demonstrated by
laboratory experiments in several special situations (Longuet-Higgins and
Smith, 1966; McGoldrick, et al., 1966) before finally being demonstrated for
growing wind waves in the laboratory by Mltsuyasu (1968) and later by Wu, Hsu,
and Street (1979). Field data showing that nonlinear energy transfer is an
important mechanism in explaining fetch-limited wave growth were presented
in considerable detail by Hasselmann, et al. (1973). Examples of nonlinear
transfer functions computed directly from the field spectra are shown to com-
pare favorably with transfer functions derived from theoretical expressions
for the third-order resonant interactions.
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The demonstrated importance of nonlinear energy transfer spurred further
investigation. Numerical study of the nonlinear interactions for a Pierson-
Moskowitz spectrum by Webb (1978) provided new insight. An imaginative
approach to computing the strength of nonlinear energy transfer within the
peak of a narrow spectrum was given in a paper by Longuet-Higgins (1976) and
a companion paper by Fox ( 1976) . Longuet-Higgins made use of the nonlinear
Schrodinger equation that describes the envelope of a weekly nonlinear wave
train. Both Longuet-Higgins and Fox concluded that nonlinear transfer within
the peak is of dominant importance; however, contrary to observations, it

tends to broaden the spectral peak and reduce spectral asymmetry.

Although the derivations of Hasselmann (1962, 1963) include finite as well
as infinite depth, the finite-depth application had not been explored further
until recently (Shemdin, et al., 1978, 1980; Herterich and Hasselmann, 1980).
This application appears promising for future investigation.

The stability of a wave spectrum to small oblique perturbations has been
considered by Alber (1978), Alber and Saffman (1978), and Crawford, Saffman,
and Yuen (1980). A range of conditions giving rise to instability in a
Gaussian random surface wave train is identified. Instability is found to
exist for a sufficiently narrow spectrum and for sufficiently small perturba-
tion wave angles. The effect of randomness is to reduce the importance of
instability. These studies are a counterpart to the deterministic approach of

Benjamin and Feir (1967) discussed below.

Most of the above work pertains to random-phase Gaussian sea states. With
few exceptions, the descriptions of nonlinear energy transfer represent phase-
averaged exchanges.

b. Evolution of Nonlinear Wave Train with Significant Steepness . A
deterministic approach to the evolution of a sea state was taken by Benjamin
and Feir (1967) and Benjamin (1967). The studies centered on the unexpected
discovery of Benjamin and Feir that finite-amplitude, progressive waves in
deep water (Stokes-type waves) are unstable to small perturbations at certain
frequencies . The instability was found in the laboratory and also shown
theoretically

.

The BF instability accounts for the unbounded growth of initially small
perturbations, and it provides insight on the ultimate disintegration of a
coherent wave train.

Another study at about the same time dealt with large, but extremely grad-
ual perturbations in a deepwater wave train (Lighthill, 1965). The study also
revealed evidence of instability for a wave packet. However, the solution
became singular in finite time and could not predict the ultimate evolution.

The BF analysis shows that the frequency and amplitude dispersion terms
required to maintain a steep wave of permanent form give rise to unbounded
growth of perturbations with frequency f ±

"^^o'
where f is the carrier

frequency, when 6 is in the range

< 6 < ^2 ak (1)
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where a and k are the amplitude and wave number of the wave train. The

fastest growing instability corresponds to

6 = ak (2)

Thus a wave train which initially has significant energy only at frequencies
f and its higher harmonics (2fQ, 3f , etc.) can be expected to develop
strong concentrations of energy at sideband frequencies fgd + ak) and £„(! -

ak) . The energy in both sidebands is approximately equal due to their coupled
growth.

With well-developed sidebands, the wave train can be considered as a mod-
ulated carrier wave. It was noted by Benjamin and Feir (1967) that pertur-
bations corresponding to values of 6 near zero in equation (1) represent
mainly phase modulation which gradually gives way to pure amplitude modulation
as 6 is increased to /2 ak. For the most unstable mode, given by equation

(2), phase and amplitude modulation are equal. The modulation time scale.
I.e., the time between wave groups in a wave train with well-developed side-
bands, is

"~^ ^ ">

Both Benjamin (1967) and Whitham (1967) showed that the instability can

occur in finite depth, d, as well, on the condition that

kd > 1.363 (4)

Contrary to the phase-averaged nonlinear transfer discussed earlier, the

BF sideband interactions depend crucially on phase.

The concept of a sea state as a perturbed carrier wave train has stimu-

lated theoretical study of the evolution of the envelope of such a train.

Early studies of evolution of the envelope of a train of weakly nonlinear
dispersive waves were done by Benney and Newell (1967) and Zakharov (1968).
Subsequently, Chu and Mei (1970, 1971) derived envelope equations which over-

came the singularity found by Lighthill ( 1965) , but which for other reasons

could not be extended to infinite time.

Hasimoto and Ono (1972) derived the nonlinear Schrodinger equation in the

context of the envelope of water waves. The equation has been solved exactly

by Zakharov and Shabat (1972) for pulselike initial conditions which approach
zero sufficiently rapidly. The solution predicts that any initial pulse of

waves will eventually disintegrate into a series of wave packets, or solitons,

and a dispersive oscillatory tail. Each soliton is a permanent progressive

wave solution to the nonlinear Schrodinger equation. The solitons are stable

features which can pass through each other with no change of form except pos-

sibly a phase shift. Thus the nonlinear Schrodinger equation may be a tool

for predicting the ultimate evolution of a sea state.

Laboratory data were given by Yuen and Lake (1975) to show that the non-

linear Schrodinger equation provides a useful quantitative description of the

long-term evolution of wave packets.
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The experimental investigation was extended to the long-term evolution of
an initially uniform wave train by Lake, et al. (1977). When the average
value of ak exceeded 0.1, the onset and development of BF sideband insta-
bilities were observed in early stages of evolution, followed by a spread
of spectral energy to many frequencies in addition to the carrier and side-
band frequencies. Envelope solitons in the "disintegrated" wave train were
observed to be consistent with soliton solutions of the nonlinear Schrodinger
equation. However, Lake, et al. presented clear evidence that envelope soli-
tons are not the ultimate state of wave-train evolution. They observed that
the highly modulated train, characterized by a broad spectrum, actually
demodulated and very nearly returned to its initial state as a uniform wave
train. A small decrease in carrier frequency was observed in some cases.
They suggested that the ultimate evolution of a train of steep waves is a
series of periodically recurring states of modulation and demodulation, not a
series of stable envelope solitons. They used numerical techniques to solve
the nonlinear Schrodinger equation with periodic initial conditions. It was
demonstrated that periodically recurring modulated-demodulated states are
characteristic of solutions to the nonlinear Schrodinger equation.

Lake and Yuen (1978) extended the investigation further to include wind-
generated laboratory waves. They presented strong evidence that a broad
wind-wave spectrum is better represented as a coherent collection of bound
frequency components than as independent components . They proposed a non-
linear wind-wave model consisting of a single dominant wave frequency with all
other spectral energy bound to the dominant wave. It was proposed that free
wave energy exists, but the existence is primarily in very short waves gener-
ated by local winds and wave breaking, representing a negligible fraction of
the total energy. This model is obviously a drastic change from the long-held
conception of a spectrum as a random collection of free wave components.

Both Lake, et al. (1977) and Lake and Yuen (1978) reported an important
characteristic which cannot be accounted for by the nonlinear Schrodinger
equation. When the waves are sufficiently steep, the BF sidebands develop and
strong modulation followed by demodulation occurs, but the carrier frequency
of the demodulated wave train becomes the frequency of the low-frequency side-
band in the original train. Lake and Yuen indicated that discrete shifts such
as these may be the primary mechanism by which energy in a developing sea is
transferred to lower frequency. Thus the nonlinear Schrodinger equation fails
to model a crucial characteristic of developing wind waves.

Modulation frequency was investigated in laboratory wind waves by Lake and
Yuen (1978). Identifiable modulations were present with modulation periods on
the order of equation (3) but they were generally somewhat longer.

The modulation period given by Benjamin and Feir (eq. 3) applies strictly
to small values of wave steepness, ak. An extensive theoretical investi-
gation in which the instabilities of finite-amplitude deepwater waves were
calculated over a large range of wave steepness was reported by Longuet-
Higgins (1978a, 1978b). Two types of instability were identified—super-
harmonic instabilities, which are associated with wave breaking, and BF-type
subharmonic instabilities. However, as wave steepness increased beyond about
0.346, the BF-type instabilities became stable. A new type of subharmonic
instability with a very high growth rate appeared at a wave steepness of
about 0.41. The practical significance of this theoretical instability is
uncertain.
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Longuet-Higgins (1980) extended the analysis of subharmonic instabilities
to determine the frequency of the fastest growing instability as a function of

wave steepness. His results indicate slightly longer modulation periods than

predicted by the BF theory for wave steepness between and 0.3. Longuet-
Higgins (1980) showed that his results compare more favorably than the BF

results with the laboratory wind-wave data of Lake and Yuen (1978).

An extensive review of the literature relevant to instabilities of deep-
water waves is given by Yuen and Lake (1980).

The concept of a perturbed carrier wave train can be reconciled with a

broad spectrum of energy only if the assumption of independent spectral com-
ponents is abandoned. The nonpeak spectral components can be considered as

artifacts of the attempt to describe nonlinear waves with a set of linear
components. This interpretation has the direct consequences of well-defined
relationships between the carrier and other spectral components and a constant
phase speed for all components. Higher order harmonics of the carrier have

been generally considered to fit this description when wave steepness is high.

The most convincing evidence that spectral energy at nonharmonics may also be

a result of nonlinear wave shapes has been obtained by computing phase speed

for each spectral component between a spatially separated pair of gages.

Early field evidence that the phase speed of spectral components can be

higher than expected from the linear dispersion relationship was obtained by

Burling (1959), Von Zweck (1969), and Yefimov, Solov'yev, and Khristoforov
(1972). Laboratory measurements by Ramamonjiarisoa and Coantic (1976) for

wind waves and by Lake and Yuen (1978) for mechanical and wind waves indicate

that phase speed for steep wave conditions is essentially constant for fre-

quencies higher than the peak spectral frequency. Additional evidence of

deviation from linear theory is given by Rlkiishi (1978), Mollo-Christensen
and Ramamonjiarisoa (1978), Ramamonjiarisoa and Giovanangeli (1978), and

Ramamonjiarisoa and Mollo-Christensen (1979). The latter reference includes

field measurements which led the authors to suggest that phase speed at fre-

quencies above the peak can range between the value from linear theory and the

phase speed of the peak frequency, depending on the degree of nonlinearity.

The evidence is not conclusively in favor of interpretation of the

spectrum for steep waves as a system of bound components. Careful studies

indicating the efficacy of linear theory for describing phase speeds of com-

ponents in a wide frequency range around the peak (but terminating before the

second harmonic of the peak) have been reported by Mitsuyasu, Kuo, and Masuda

(1978, 1979); Kuo, Mitsuyasu, and Masuda (1979a, 1979b); and Komen (1980).

Although the presence of bound frequency components has clear implications

for nonrandom-phase relationships between components, this important aspect of

a wave record has apparently never been examined explicitly.

2. Wave Groups.

Increasing recognition of the practical importance of a tendency for high

waves to occur in groups has led to numerous studies. Most of the studies

deal either with the serial variation in individual wave heights and periods

or with characteristics of an envelope of the individual waves.
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Most investigators of wave groups seem to prefer dealing with the serial
variation in individual wave heights. Rye (1974), Houmb and Overvik. (1977),
and Arhan and Ezraty (1978) reported autocorrelations between individual wave
heights from field records. Autocorrelations averaged between about 0.2 and
0.3, indicating a weak correlation between heights of successive waves. Arhan
and Ezraty found essentially no correlation between a wave height and the
height of the second or third following wave.

Arhan and Ezraty (1978) also reported evidence from 169 North Sea storm
records that the correlation between a wave height and the succeeding wave
height depends on the individual wave height. They showed an increasing cor-
relation when the wave height is greater than about 0.75 times the significant
height. When the wave height is lower than 0.75 times the significant height,
it is uncorrelated with the height of the following wave. Siefert (1976) also
observed that the tendency for high waves to occur in succession increases
with wave height. These interesting results raise questions about the value
of a single autocorrelation between wave heights as a parameter indicative of
wave grouping.

Statistics of runs of consecutive waves with heights above some specified
level have also indicated a weak tendency for high waves to occur in groups.
Literature on the subject includes Goda (1970, 1976), Wilson and Baird (1972),
Ewing (1973), Chakrabarti, Snider, and Feldhausen (1974), Rye (1974), and
Burcharth (1980).

Nolte and Hsu (1972) studied wave groups by examining statistics of the
wave envelope. They found good agreement between their theory and field
data. Chou (1978) developed an analytical method for constructing the wave
envelope, based on the assumption of a stationary random Gaussian sea state.

Both the serial variation in wave heights and the statistics of the wave
envelope are in theory useful approaches to studying wave grouping. However,
real ocean wave records typically include numerous small bumps and erratic
variations which introduce subjectivity into the definition of individual wave
heights and wave envelopes. An appealing alternative has been devised and
applied by Sedivy (1978). A wave group is considered to be a short section
of wave record which has high variance relative to the variance of the whole
record. The local variance is computed throughout the record so as to iden-
tify all areas of high local variance (i.e., wave groups). Statistics derived
from numerous field records by this approach are given by Sedivy (1978),
Nelson (1980), and Thompson and Sedivy (1980).

Sedivy (1978) experimented with various lengths of record for computing
the local variance to most clearly identify prominent wave groups. His final
choice was two times the peak spectral period for the record. Nelson (1980)
confirmed that choice.

Another approach to studying wave grouping involves computing the spectrum
of the squared data points in a wave record. The spectrum shows energy from
wave groups at very low frequencies while energy at the dominant individual
wave frequency appears at about twice the individual wave frequency. Thus,
energy and frequencies associated with wave groups can be effectively iso-
lated. This approach is well described and illustrated in Funke and Mansard
(1979), and is also discussed in Funke and Mansard (1980).
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Funke and Mansard (1979) used the approach to define a single parameter
indicative of the extent of wave grouping in a record. Although the Funke-

Mansard grouping parameter appears to be effective, a new grouping parameter
is proposed in the present study based on Sedivy's (1978) approach to studying
wave groups. The grouping parameter proposed in Section IV is similar to the

Funke-Mansard parameter in practice but it avoids the need for a rather arbi-

trary smoothing function included in the Funke-Mansard parameter. It also
avoids distortion of the spectrum which may be caused by high frequencies,

formed in squaring the record, aliasing into low frequencies.

Attempts to relate the narrowness of the spectrum to wave grouping charac-

teristics in field records have met with limited success. Houmb and Overvik

(1977) observed an increase in the autocorrelation between successive wave

heights as spectral width decreased. Rye (1974) reported more pronounced wave

grouping in a decaying sea. However, Goda (1976) showed inconclusive compari-
sons of spectral width and wave grouping, and Burcharth (1980) reported no

observable relationship. Burcharth also reported considerable short-term
variability in wave grouping characteristics. Johnson and Ploeg (1977),
Johnson, Mansard, and Ploeg (1978), and Funke and Mansard (1979) discussed the

possibility that phase as well as energy of the spectral components may be

important in determining wave group characteristics. Rye (1979) concluded
after a fairly extensive review that the question of how the spectrum is

related to field wave grouping characteristics remains unanswered.

III. FIELD WAVE DATA

Three samples of field wave data were selected for analysis. The follow-

ing criteria for an ideal data sample were designed to optimize the chance

that the hypotheses in Section I would be recognizably true:

(1) Deep water.

(2) Availability of continuous wave records.

(3) Stable or slowly increasing significant wave height.

(4) Relatively high steep waves.

(5) Relatively unidirectional wave field (absence of secondary

wave trains from other directions). ,

(6) Availability of data from at least two sites which are within

about 1 kilometer of each other in a line parallel to the direction

of wave travel.

(7) Direct measurement of water surface.

Most of these specifications for optimum field wave data were also indicated

by Lake and Yuen (1978).

The three gage sites selected are summarized in Table 1, which includes

location, gage type, water depth, length of record, interval between records,

and time between data points. The gage sites are illustrated in Figures 1, 2,

and 3. The history of significant wave height and peak spectral period during

the samples is shown in Figures 4, 5, and 6. Peak periods are derived from
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Table 1. Location and recording information for wave gages.

Location Date Time Gage type Coordinates Water
depth

Record
length

(8)

Time

between
records

(8)

Time

between
data points

(s)

South Haven,
Mich.

28 Oct. 76 1700-1800 e.s.t. Waverlder /i2°27.5' N.

buoy 86°21.2" W.

Columbia Ught, 17-18 Oct. 79 1000 P.d.t., 17 Oct. to Waverlder 46°11.1' N.

Wash. 0600 P.d.t., 18 Oct. buoy 124*11. 0' W.

34.0 Continuous

57.9 1,024 2,576

17 Aug. 69 1000-1620 c.d.t. Baylor
staff

29°04.8' N. 103.6
88°44.6* W.

Continuous

Figure 1. Wave gage location map. South Haven, Michigan.
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GAGE SITE

PACIFIC

OCEAN

Figure 2. Wave gage location map, Columbia Light, Washington.

T

88= 86<=92° 90°W

Figure 3. Wave gage location map. South Pass, Louisiana, show-

ing track of Hurricane Camille (from Earle, 1975,

copyrighted by the American Geophysical Union)

.
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Time

Figure 4. Time history of significant wave height and peak spectral
period (from band spectrum with 11 frequencies per band and
0.0107 hertz bandwidth). South Haven, 28 October 1976.

17 Oct
Time

18 Oct.

Figure 5. Time history of significant wave height and peak spectral

period (from band spectrum with 11 frequencies per band and
0.0107 hertz bandwidth), Columbia Light, 17-18 October 1979.
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Figure 6. Time history of significant wave height and peak spectral
period (from band spectrum with nine frequencies per band
and 0.0110 hertz bandwidth), South Pass, 17 August 1969.

band spectra formed by combining variance from a fixed number of adjacent
analysis frequencies (see Thompson, 1977, for a more detailed description).
Data from Lake Michigan and the Gulf of Mexico fit the above criteria remark-
ably well, except for criterion (6). The Lake Michigan data also fall short

of criterion (7). In fact, it is questionable whether any data sets in the

United States meet all specifications.

Meteorological conditions responsible for generating waves in the three

samples were quite different. National Oceanic and Atmospheric Administra-
tion's (NOAA) Environmental Data and Information Service daily surface weather
maps indicated that winds over Lake Michigan on 28 October 1976 were from the

south and southwest in response to circulation around a large high-pressure
center over Kentucky and southern Illinois (Fig. 7). Although the meteoro-
logical condition was not particularly severe, the gage happened to be in a

continuous recording mode during the episode. The gage signal had consider-
able noise contamination during the entire operation at the South Haven site,

but a 60-minute sample with relatively little noise was identified for this

study.
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GULF OF MEXICO

Figure 7. Part of NOAA daily surface weather

map, 0700 e.s.t., 28 October 1976.

Winds in the Gulf of Mexico during 17 August 1969 were due to Hurricane

Camille which passed almost directly over the gage. The track of the hurri-

cane center is shown in Figure 3. The center was 23 kilometers west of the

gage at its nearest point. The data record used in this study was collected

on an offshore platform as part of the oil industry's Ocean Data Gathering

Program. Patterson (1974) and Earle (1975) have reported on this unique data

record. The 60-minute sample selected for detailed analysis in this study

represents the highest energy wave conditions, recorded just prior to failure

of the gage.

The data sample from the Oregon-Washington coast represents swell gener-

ated by circulation around a large low-pressure center located just south of

the Aleutian Islands (Fig. 8). The low-pressure center was fairly stationary

in this location for several days. Using the known swell period and the dis-

tance between the low and the gage (2,400 kilometers), the traveltime between

the two points can be estimated coarsely as 60 hours (U.S. Army, Corps of

Engineers, Coastal Engineering Research Center, 1977). Thus, the circulation

shown in Figure 8 for 1700 P.d.t., 14 October 1979, was almost certainly

responsible for generating the swell measured along the U.S. coast on 17

October 1979. Figure 9 shows evidence of a low-pressure system approaching

the measurement site but these local winds did not visibly affect waves until

after 1600 P.d.t. on 17 October. Many comparable swell episodes are probably

available from this gage. This particular episode was selected because it was

well documented as a result of another unrelated, unpublished study.

The west coast data sample is least effective of the three field data sam-

ples in meeting desired criteria; the data were taken in relatively shallow

water compared with the other samples. The data are not continuous, waves are

not steep, and criteria (6) and (7) are unfulfilled. However, the waves are

expected to be very well focused in direction. The waves have been free from

direct wind action for a long time. Any fundamental instability operating on

the waves can be expected to have asserted itself after such a long time, a
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situation which may provide conditions well outside the scope of the BF insta-

bility. Similarly, the waves can be expected to be more organized spatially

and modulation processes would be operating over relatively long time scales.

This reasoning is qualitatively supported by the time series which show
evidence of very long modulation periods . The advantage to be gained from

such a data sample is that a record with a given length (e.g., 512 seconds)

is very likely stationary in terms of any underlying modulation phenomenon.

Because the modulation time scale is large, the 40-minute gap between 1,024-
second records is not expected to be a severe shortcoming, provided the modu-
lation time scale is short enough to be identifiable in the record. The

stationarity of the meteorological system generating the waves also helps to

justify this expectation.

IV. ANALYSIS PROCEDURES

1. Data Editing.

The first step in the analysis of field records is editing the data.

Although the field records selected for this study were relatively free of

signal contamination, past experience has indicated that field records should

be checked for data points excessively far from the mean and for large differ-
ences between successive data points (Thompson, 1974). These checks identify
the electronic contamination occasionally found in field records . Bad data
points are defined in this study as points more than 5.0 standard deviations
from the mean and successive points which differ by more than 2.5 standard

deviations. Bad points are removed from the record and replaced with points
obtained by interpolation between good points.

2. Component Frequencies , Amplitudes , and Phases .

a. Background Discussion of Fourier Transform Techniques . Frequency com-
ponents of a time-series record were initially estimated from a fast Fourier

transform (FFT) computer program following the development of Harris (1974).
Let the finite time series with zero mean be represented as

y = y(nAt) , n = 1, 2, 3, ..., N

|y(nAt)| < L
^^^

where At is the constant time interval between data points, N the number
of data points, and L a finite constant. The time series can be represented
as a sum of N linearly independent, bounded functions

N

y(nAt) = I c^f^(nAt) (6)

i=l

where Cj is a constant and f^ a known function.

Since ocean waves have a quasi-periodic form, it seems sensible to choose
periodic functions for the f^ in equation (6). If the trigonometric func-
tions are used, equation (6) becomes

N/2

y(nAt) =
I (a^ cos o^ nAt + b^^^ sin a^ nAt) (7)

m=i
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where a and b are constants and a a known frequency. It is necessary
to pick the frequencies, a , to cover the range of frequencies expected in
the wave record. Computational labor may be reduced by choosing frequencies
which give rise to orthogonal functions. This set of frequencies is defined
as

2inn

<^m (8)™ NAt

where NAt is the duration of the record.

The time series is then represented as

^i'^ / 2innn 2irain\
y(nAt) =

I a cos + b sin ) (9)

m=i V N " N /

/2\ N /27nnn\ N

(10)

b.=(^)j^y(nAt)sin(^).l,m5(f-l)

It is noted in the above that a constant a could be defined as

which is simply the mean value of the time series, taken as zero in this

analysis. Also, the value of b»T/ is undefined because sin 2Trmn/N is

identically equal to zero when m is equal to N/2.

The set of coefficients a^ and b is called the Fourier transform of

the time series y(nAt), n = 1, 2, 3, ...» N. Trigonometric identities can be

used to express equation (9) in the form

N/2 /2Tnnn \

y(nAt) =
I A^ cosf—— -

<t,^ (12)

m=i ^ N /

where

m m

^-'t

(13)

When the time series represents sea-surface elevations, the coefficients

A^ are fundamentally related to the potential energy in the sea surface as

shown by Harris (1974). Hence, the Fourier transform represented in equation

(12) is a method for partitioning energy in the sea surface among N/2 dis-

crete frequencies.
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Harris (1974) applied the Fourier transform in equations (9) and (10) to a

simple sinusoidal wave given by

y(nAt) = H cos(anAt -
<}>) (14)

where a is an arbitrary frequency, a can be expressed in a form comparable

to equation (8) as

2ir(m + 5) 1 . 1 ..^n'=
NAt '

-2 < ^ ^2 ^^^^

where m and 6 are arbitrary constants defining the frequency of the

sinusoidal wave. Then the coefficients are given by

H sin it6 cos(Tr6 - <f) ( 1

a_ =
N \tan[TT(m - m + 6)/N] tan[ir(m + m + 6)/N]

, ^

H sm iro sin(iro - ^)
b_ =

N ( ^ ^ 1(tan[Ti(m - m + 6)/N] tan[ii(m + m + 6)/N]
|

If it is further specified that m is not near zero or N/2, the expression
for a and b for analysis frequencies near the true frequency can be

simplified to

(
--^-

1\tan[Tv(m - m + 6)/N] |

( ^ 1ltan[iT(m - m + 6)/N] )

H sin ir6 cos(Tr6 - (}))

N , _ . , , , ,

H sxn it6 sin(iro -
<())

N

It is evident in both equations (16) and (17) that if 6 ;^ 0, a part of

the wave energy will be assigned to all analysis frequencies. Steps can be

taken to concentrate this spillover in a narrow band of frequencies containing
the true frequency as follows. The function y(nAt) is obtained from the time

series as

y(nAt) = w(nAt) y(nAt) (18)

where

w(nAt) =1 (l - cos ^j (19)

The data window in equation (19) is often called the Tukey window or cosine
bell data window. Harris (1974) and others have shown that the spillover is

reduced considerably when the function y(nAt) in equations (18) and (19) is

analyzed instead of y(nAt).

Substitution of equations (14), (15), and (19) into equation (18) gives

H
i

r2ir(m + 6) n 1 r2Tr(m - 1 + 6) n "I

y(nAt) = - { 2 cos <))
- cos <^

t2Ti(m
+ 1 + 6) n 1)

i^ *J 1

29

(20)



From equation (20) it is clear that the function y^nAt) actually represents a

sum of three sinusoidal waves vd.th frequencies differing by one frequency
increment 2iin/N. Thus, the partitioning of wave energy in a very narrow band

around the true frequency must be less clearly refined when the cosine bell
data window is used.

b. Application of Fourier Transform Techniques to Field Data . A computer
program based on the FFT algorithm was used to estimate A2 and A in

equation (13) from field data. The program was applied in the preliminary
study of the South Haven data to a 1,024-second record both with and without
the cosine bell data window.

The preliminary South Haven analysis indicated that a resolution of at

least 0.001 hertz would be needed to resolve detailed concentrations of

spectral energy with confidence. It also indicated that detailed spectral
characteristics can change considerably over time intervals of less than 5

minutes. The frequency resolution of the FFT analysis is limited by record
length, as shown in equation (8), so it is impossible to identify frequencies
corresponding to major energy concentrations to an accuracy of 0.001 hertz
with a 5-minute record using a direct application of the FFT. An alternative
analysis approach is needed.

Two approaches for artificially increasing the length of a short record
were explored. Although the actual frequency resolution must depend on the

length of the data time series , it appeared that the nominally greater reso-
lution produced with an artificially lengthened record might permit a better
definition of major peak frequencies. One approach is to pad the record sym-
metrically with zeros to create a 1,024-second record which contains a much
shorter length of actual data.

y(nAt) =

M - N M + N
, 1 ^ n < , < n < M

2 2
(21)

M - N M + N
y(nAt) , < ^ <

where M is the total number of points in padded time series; in this case,

M = 1,024. In equation (21), n can range from 1 to M where M is

greater than N.

Another approach is to periodically repeat the short data record as many
times as necessary to create a 1,024-second record.

y(nAt) = y[(n - IN) At] , IN < n < (I + 1) N (22)

where I is an integer. Care was taken in this approach to reasonably match
the elevation, y(At) and y(NAt), and slope, dy(At)/dt and dy(NAt)/dt, at both
ends of the short record. However, both the approaches for artificially
lengthening the record are capable of generating potentially troublesome
spurious peaks in the spectrum and were abandoned.

Another approach to this problem is to compute spectra from partially
overlapped time series defined as
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y^(nAt) = y(nAt)

y^CnAt) = y[(n + j) At] (23)

y.(AAt) = y{[n*+ (i - 1) J] At} , J < N

Differences between successive spectra computed by this approach can be

attributed to the nonoverlapped sections of record; hence, frequency con-

stituents of a short section of record can be inferred. The approach produced
inconsistent results and was abandoned.

Another difficulty identified in preliminary FFT analysis was the vari-
ability of spectral phases, (^^ in equation (13), between adjacent
frequencies which appeared in the amplitude spectrum to be part of a single
spectral peak. Phase relationships in the spectrum certainly cannot be

studied unless an unambiguous phase value can be assigned to each concentra-
tion of energy in the detailed spectrum. Tests with sinusoidal waves were
analyzed to more clearly identify what was happening to phases. Tests with a

single sinusoidal component indicated a gradual variation of phase up to the

spectral peak, a jump in phase of n radians at the peak, and a gradual

variation on the other side of the peak.

The same behavior can be demonstrated analytically from equation (17)

for a single sinusoidal wave. 6, (j), and m in equation (17) are fixed

for a given sinusoidal time series. Hence, a and b can change only in

response to changes in tan iT(m - m + 6)/N as m varies. However, tan ir(m - m

+ 6)/N changes gradually with m over the entire range 1 $ m 5 N. As m

approaches m from below, tan ir(m - m + 6)/N is positive but approaches zero.

If < 6 < 1/2, tan •ir(m - m + 6)/N becomes less than zero when m = m + 1,

although it is still very small in magnitude. If -1/2 < 6 < 0, the change of

sign in the tangent function occurs when m = m. Thus, both a^^^ and h^^ in

equation (17) change sign when m = m or m = m+l, depending on the value

of 6. When ^ in equation (13) is computed over an interval of 2ii , the

change in sign of both a and b near the spectral peak appears as an

abrupt phase shift of ir.

More insight on spectral phase can be obtained by substituting equation

(17) into equation (13) to get

<},^
= TTfi -

4, (24)

which is correct only for values of m very close to m. Since -1/2 < 6 <

1/2, the phase estimates returned by the FFT analysis at the spectral peak can
differ from the correct value

<t>
by as much as -n/l. This behavior is illus-

trated in Figure 10 for an artificial signal composed of three sinusoidal
waves. It is clear that the FFT phase estimate is determined by equation

(24), and it can differ greatly from the actual phase of the component waves.
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Phase versus frequency from FFT analysis of artificial
signal composed of three sinusoidal waves, with N = 4,096
and At = 0.25 second.

The phase variations which can be induced by FFT analysis are thus con-
siderable. Spectral phases calculated when the cosine bell data window is
used are equally if not more variable. Harris' (1974) analysis for a single
sinusoidal wave indicates three successive phase shifts of it radians at
three adjacent analysis frequencies surrounding the true peak when the cosine
bell window is used. If phases are constrained to an interval of ir radians,
phases very near the peak are given by equation (24)

.

These difficulties in producing a reasonably accurate estimate of spectral
phase and in getting high resolution in frequency for relatively short records
may have been a major factor in leading previous investigators to conclude
that spectral components are independent and their phases are random. An
essential step in this study was to devise a method for estimating prominent
frequencies, amplitudes, and phases, a method free of the above limitations.

c. Multiple Regression Screening Analysis . A technique which appears to
give consistent phase information and avoids the direct resolution versus
record length trade-off inherent in the FFT is the MRS. Although the MRS has
apparently never been applied to ocean wave record analysis, it appears to
have real advantages over the FFT analysis for the purposes of this study.

The MRS analysis fits, in the least squares sense, a sum of sinusoids with
preassigned frequencies to a given data record. The analysis identifies and
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ranks the selected frequencies which explain the maximum amount of variance in
the data time series. The first frequency is the one most highly correlated
with the data time series. The second frequency, together with the first
frequency, explains the maximum amount of variance in the data time series.
The third frequency, along with the first and second frequencies, is selected
to make the maximum improvement. The selection process is continued until a

desired number of frequencies have been selected or until a desired fraction
of the variance has been explained. Amplitudes and phases for each selected
frequency are recomputed each time a new frequency is selected.

The development of systemmatic screening procedures and application to

meteorological problems are briefly reviewed by Harris (1962). The procedures
have been adapted for use with ocean wave records (D.L. Harris, Research
Scientist, University of Florida, personal communication). A detailed
description of the technique used in this study is given in Appendix A.

The MRS technique is well suited for use with a high-speed digital com-
puter. However, the extensive manipulations and memory requirements involved
in MRS make it impractical to specify more than about 100 different frequen-
cies. This number is far short of the number of frequencies necessary to
obtain a detailed resolution in a field data record of unknown frequency
composition.

For this study, field wave records can be efficiently analyzed by using a

combination of both MRS and FFT techniques . The FFT analysis with no data
window is applied first to a record approximately 15 minutes long to identify
the general range of frequencies encompassing the high-energy concentrations.
Then the MRS analysis is used with a coarse-toothed comb of 88 equispaced
frequencies covering the high-energy range. This configuration was modified
slightly for analysis of the Columbia Light records in that only 60 equispaced
frequencies were used to span the high-energy range and the additional 28
frequencies were used to cover a range at twice the frequency of the high-
energy range. The frequency spacing ranged from 0.0004 hertz for Columbia
Light to 0.002 hertz for South Pass. A second MRS analysis used a series of
fine-toothed combs centered on the frequencies ranked highest in the first MRS
analysis. A third MRS analysis was used when needed to obtain an accuracy of
between 0.0001 and 0.0002 hertz. The MRS was applied to a 1,024-second record
at South Haven, a 512-second record at Columbia Light, and a 600-second record
at South Pass, although the analysis procedures impose no inherent restric-
tions on record length.

The MRS program is set up to print a summary of selected constituents at
each step in the analysis. Thus, each time a new frequency constituent, oj- ,

is selected and the corresponding Q^ and a^^ in equation (A-13) in Appendix
A have been computed, a printed display of A^^ and tj)^ in equation (A-14)
and ojj is provided for all u- selected thus far. The display was used to
subjectively decide how many constituents should be retained from each analy-
sis, as follows. In the initial part of each run the amplitude and phase of
each selected constituent changed very little as constituents were added.
However, eventually a constituent was added which was nearly identical in
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frequency to one previously selected. This usually resulted in an unreason-
ably large increase in amplitude and a large phase change for the previously
selected constituent as an interference pattern was set up between the two
frequencies. Such occurrences are considered an artifact of the attempt to
fit a particular field record. Since they destroy amplitude and phase infor-
mation for previously selected constituents, it is expected that they can only
obscure any meaningful physical processes. Therefore, the constituent which
gave rise to the first such occurrence and all subsequently selected constit-
uents were ignored.

Between 10 and 21 constituents were retained in each MRS analysis which,
in the final run, accounted for between 53 and 81 percent of the variance in
the field data. Figure 11 illustrates how the explained variance increases
as more constituents are added for one South Haven record. The figure also
illustrates the improved effectiveness of the constituents as their frequen-
cies are tuned in successive MRS runs. Figure 12 shows similar results for
one Columbia Light record.

The veracity of constituents returned by the MRS was tested by analyzing
an artificial 512-second record made up of three fundamental frequencies and
their second and third harmonics (Table 2). Frequencies used in the first MRS
run were intentionally offset from the true frequencies. The second MRS run
included frequencies nearly identical to the true frequencies. The MRS analy-
sis returned excellent estimates of both amplitude and frequency for the three
fundamentals (Fig. 13). In all three cases the MRS points plotted closest
to the actual constituents were from the second MR^S run. Second harmonic
frequencies were also included in the MRS and were successfully identified for
two of the three frequencies, as indicated in the figure. The frequency line
spacing from the standard FFT analysis of a 512-second record (Fig. 13)
clearly indicates that MRS allows a frequency resolution superior to FFT
analysis.

The absence of MRS constituents near the second harmonic of the middle
actual frequency in Figure 13 bears further discussion. This second harmonic
has the smallest amplitude of the three included in the artificial record.
MRS eventually selected a constituent appropriate to this second harmonic, but
the selection occurred after the normal termination point. Similarly, it is
expected that the MRS analysis of field records will omit some constituents
which may be important in identifying structure in the records. However, it

also seems clear that dominant constituents will be properly identified and
retained.

Phases returned from MRS analysis of the artificial record were within 4°

of the actual phases of the fundamentals (Fig. 14). The ability to identify a

meaningful phase, demonstrated in the figure, is a vast improvement over the
uncertainty in phase obtained in FFT analysis

.
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Table 2. Constituents used in

artificial record.
creating

Amplitude
(cm)

Frequency
(Hz)

Phase
(°)

41 0.0607 331°

13 0.1215 331°

4 0.1822 331°

32 0.0633 103°

10 0.1267 103°

3 0.1900 103°

58 0.0661 19°

16 0.1323 19°

5 0.1984 19°

60

40 -

20 -

Constituents
D df

¥: Actual

MRS

. °D^ 1
Freq. Line |

r~ From FFT ' 1

- a

-

Fundamentals

Second Harmonics

qP 1

D«

1 1 1 1 1 1

0.06

0.12

0.062 0.064 0.066 Fund

0.124 0.128

Frequency (Hz)

0.132 2d Harm

Figure 13. Amplitude versus frequency of constituents from MRS
analysis of artificial signal with nine sinusoidal
components (see Table 2) ; the artificial signal
represented a 512-second record with points at 0.5-
second intervals.
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Figure 14. Phase versus frequency of constituents in Figure 13.

A further test of MRS analysis applied to actual field records was
obtained by recombining constituents to create a synthesized time series. If

the MRS constituents are faithful indicators of major components of the field
record, the synthesized time series must resemble the field data time series.
Plots of actual and synthesized time series are given in Appendix B.

It is concluded that MRS analysis is indeed a useful tool for identifying
and quantifying major constituents in a field wave record.

3. Wave Groups .

The MRS technique described previously provides information on the spe-
cific frequency constituents which most effectively represent a data time
series. A crucial part of this study is to relate this information to wave
grouping characteristics of the time series. Since there is no completely
satisfactory technique currently available for identifying field wave grouping
characteristics, three different techniques were used. All three techniques
were set up as well-defined but quasi-objective procedures.

The first technique is based on the concept of a wave group as a small
area of sea surface containing relatively high energy. Groups are identified
in a time-series record as sections of the record in which the local variance
is high relative to the variance of the whole record. Fluctuations in local
variance can provide information on both the intensity and the time scale of

wave grouping in the time series.

Another simple statistic indicative of wave grouping is obtained by defin-
ing heights and periods for individual waves in the time series. The auto-
correlation between successive wave heights is indicative of any tendency for
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both high waves and low waves to occur in succession. The autocorrelation
between wave periods can be helpful in identifying a tendency for the grouping
of periods.

A third technique used previously by some investigatoxs to identify mod-
ulation characteristics in a time series involves a spectral analysis of the
squared time series. The spectrum shows strong modulation frequencies explic-
itly if they exist. It can also provide an indication of the strength of

modulation.

The three techniques used to investigate field wave grouping character-
istics are described in more detail in the following paragraphs.

a. Local Variance Time Series . The basic starting point in this analysis
is a time series of sea-surface elevations as given in equation (5). The
first point in a new time series is created by computing the variance of the

first I points in the original time series.

Z(At) = -
I y2(iAt) -

^i=l
-

I y(iAt)
1^1=1

I < N (25)

The second point in the new time series is the variance of the second through
the (I + l)'th original points. The n'th point in the new time series is

^ I+n

Z(nAt) = -
I y^(iAt) -

i=n

J
I+n

-
I y(iAt)

i=n

I + n < N (26)

where Z(nAt) is the new time series and I a constant. Z(nAt) , n = 1, 2 ...,

(N - I) represents the time variation of local variance and will be referred
to as the Local Variance Time Series (LVTS).

The constant I must be chosen so wave groups will be evident in the

LVTS. If I is too small, the LVTS fluctuates erratically with a period on

the order of the period of large waves in the original time series. If I is

too large, high wave groups are smeared out in the LVTS. After some experi-
mentation, a value of I was chosen to approximate the number of data points

in two repetitions of the peak spectral period from the original time series,

y(nAt). Sedivy's (1978) and Nelson's (1980) studies of statistical properties
of wave groups used the same LVTS approach including the same criteria for

choosing I. Both investigators used a systemmatic approach to determine that
the optimum I is twice the peak, spectral period.

The LVTS is processed by computer procedures developed for use with time

series of sea-surface elevation. The mean is removed

z(nAt) = Z(nAt) -

N - I

N-I

I Z(iAt)

i=l

(27)

where z(nAt) is the LVTS with mean removed. The standard deviation is

computed
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1
N-I

a2 =
J-

z2(nAt)
^ N-I n=i

(28)

where a is the standard deviation of LVTS. All peaks and valleys in the

LVTS are identified and their positions in time are retained. Small, incon-

sequential peaks and valleys are then deleted with a computer algorithm

described in Appendix C and in Thompson (1980). Peaks and valleys smaller
than one standard deviation, cr , are deleted. The remaining peaks and

valleys are useful indicators of the occurrence of wave groups, although even

these must be reviewed in conjunction with the original time series, y(nAt),

to best identify groups of high waves.

The LVTS can be used to define a simple parameter which is indicative of

the extent of wave grouping in a record. The dimensionless parameter

^=72 (29)

where G is grouping parameter, o^ the variance of y(nAt); n = 1, 2, ...,

N, represents the ratio of the standard deviation of the LVTS (which is in

units of length squared) to the variance of the original time series (which

also is in units of length squared) . G is small for a record of reasonably
high, uniform waves and relatively large for a record containing well-defined

groups of high waves. The grouping parameter defined in equation (29) is

believed to be similar in practice to a parameter defined by Funke and Mansard

(1979), but equation (29) is preferred in this study for reasons discussed in

Section II.

b. Autocorrelation. The use of autocorrelation requires the definition

of individual waves in the original time series. The computer algorithm (see

App. C) is used to identify meaningful crests and troughs in the original time

series, y(nAt). Wave height is defined as the difference in elevation between

a crest and preceding trough. Wave period is defined as the time difference
between successive troughs,

puted as

Ej(

The autocorrelation between wave heights is com-

T)

I H(j) H(j - x)

J=T+1 ^

I h2(j) ^l h2(j)

j=T+l j = l

(30)

where

Rh(t)

T

H(j)

autocorrelation between wave heights

lag between wave heights (number of waves)

difference between height of j ' th wave and the mean wave
height for the record

number of waves in record
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Similarly, the autocorrelation between wave periods is

12

R^(x)=y^ti
I T(j) T(j - T)

J-T

I t2(j) I t2(j)

j=T+l j = l

(31)

where R^^Ct) is the autocorrelation between wave periods and T( j ) the dif-
ference between period of the j ' th wave and the mean period for the record.

Wave amplitude is defined as the absolute value of the elevation differ-
ence between a crest or trough and the mean elevation for the record. An
autocorrelation between amplitude can also be computed as

2J

I A(j) A(j - t)

Rl(.)=i=^p

I A2(j) ^l
'

A2(j)
j=T+l j = l

(32)

where ^^(t) is the autocorrelation between wave amplitudes and A( j ) the
difference between j ' th amplitude and the mean amplitude for the record.

c. Squared Time Series . Another approach to the study of wave grouping
involves the analysis of the squared time series

- ,r2y(nAt) = y^(nAt) , n = 1, 2, 3, ..., N (33)

The squared time series, y(nAt), can be subjected to the standard FFT analysis
with no data window. The spectrum obtained from y(nAt) for a Columbia Light
record is shown in Figure 15. Wave groups, produced by interference between
nearby frequencies in the original time series, appear as very low frequency
energy in the spectrum of the squared time series. A potential difficulty
with this approach arises because higher apparent frequencies are created in
squaring the time series. Energy at very high frequencies can, through
aliasing, distort the low-frequency part of the spectrum of the squared time
series.

A better definition of important very low frequencies and their associated
amplitudes and phases can be obtained by MRS analysis. This approach was used
for added insight in one case.

V. RESULTS

1 . Component Amplitudes and Phases

.

The MRS analysis has been applied to selected time series from the three
field sites. A summary of the analyses is given in Table 3, including record
length, number of constituents retained from MRS analysis, percent variance in

the time series explained by the constituents, percent variance explained by
the first 10 constituents, and number of constituents at second harmonic fre-
quencies. The MRS was more effective at explaining variance in the Columbia
Light and South Pass records than in the South Haven records. At least one
second harmonic constituent was selected in every Columbia Light analysis.
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Low Freq Energy

0.05 o:i5

Figure 15.

O.tO

Frequency (Hz)

Spectra computed from time series and squared time
series, Columbia Light, 1,024-second record starting
at 1300 P.d.t., 17 October 1979.

Table 3. Summary of MRS analysis from three field sites.

Starting time Record No. of Pet variance Pet variance No. of con-
length constituents explained explained stituents at

by 1st 10 2d harmonic
(hr) (min) (s) (s) constituents frequency

South Haven (28 October 1976)

17 00 00 1,024 19 53.9 39.5 _1

17 20 00 1,024 21 58.3 41.4 _1

17 40 00 1,024 18 53.3 39.8 _1

Columbia Ligh t (17 Octobe r 1979)

13 00 00 512 13 78.2 75.0 4

13 08 32 512 17 79.7 71.3 3

14 00 00 512 __2 2 2 2

14 08 32 512 15 81.0 74.8 5

15 00 00 512 17 78.6 67.2 5

15 08 32 512 14 74.9 69.0 4

13 00 00 1,024 18 71.8 59.4 1

South Pass (17 Augus t 1969)

15 00 00 600 19 75.8 59.2 3

15 10 00 600 18 79.5 69.2 3

15 20 00 600 18 74.5 60.3 3

15 30 00 600 12 67.7 64.5

15 40 00 600 10 68.0 68.0

15 50 00 600 19 80.9 61.6 4

No second harmonic frequencies used in these MRS runs.

^Analysis not completed due to difficulties in computer
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To display the MRS constituents In detail, the constituent amplitudes for

each record were squared to be representative of wave energy. They were then
normalized by the total of all squared amplitudes in the record and plotted as

a function of frequency (Figs. 16 to 29). The band spectrum, computed with
cosine bell data window which best matches the times for MRS analysis, is also
shown in each figure. The band spectrum is formed by combining variance from
a fixed number of adjacent analysis frequencies.
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Figure 16. Energy versus frequency for South Haven, 1,024-second record

starting at 1700 e.s.t. Oy = 57.91 centimeters, f = 0.1514

hertz, e = 0.107, ef = 0.0162 hertz.
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Figure 17. Energy versus frequency for South Haven, 1,024-second record

starting at 1720 e.s.t. ay = 61.27 centimeters, f = 0.1631

hertz, e = 0.131, ef = 0.0214 hertz.
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Figure 18. Energy versus frequency for South Haven, 1,024-second record

starting at 1740 e.s.t. Oy = 66.14 centimeters, f = 0.1494
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Figure 19. Energy versus frequency for Columbia Light, MRS analysis of

512-second record starting at 1300 P.d.t., and FFT analysis of

1,024-second record starting at 1300 P.d.t. Oy = 75.25 centi-

meters, f = 0.0635 hertz, e = 0.030, ef = 0.0019 hertz.
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Figure 20. Energy versus frequency for Columbia Light, MRS analysis of

512-second record starting at 1308.5 P.d.t., and FFT analysis
of 1,024-second record starting at 1300 P.d.t. Cy = 75.25
centimeters, f = 0.0635 hertz, e = 0.030, ef = 0.0019 hertz.

40

20 -

-H H-efp
/\
/ \
, \
' \

/

/

/ \
X Squared Amplitudes, MRS Anolysis

/ \

/

\

\
Bond Spectrum, FFT Analysis

/
\

\
/

\
'

/

/

/

\

\
\

/ \

/ \

/

1

V- '

1 ,

"
» ,f f ,

^^'",
_J

0.06 0.08 0.10

Frequency (Hz

0.12 0.14

Figure 21. Energy versus frequency for Columbia Light, MRS analysis of

512-second record starting at 1408.5 P.d.t., and FFT analysis
of 1,024-second record starting at 1400 P.d.t. Oy = 75.25

centimeters, f„ = 0.0654 hertz, e = 0.031, ef = 0.0020 hertz.
P '

P

44



40r

20

^fr

{ I I A JL

Squared Amplitudes, MRS Anolysis

Bond Spectrum, FFT Analysis

JLjl

Figure

0.06 08 0.10

Frequency (Hz)

0.12 0.14

22. Energy versus frequency for Columbia Light, MRS analysis of

512-second record starting at 1500 P.d.t., and FFT analysis of

1,024-second record starting at 1500 P.d.t. Oy = 68.50 centi-

meters, f = 0.0684 hertz, e = 0.030, ef^ 0.0021 hertz.
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Figure 23. Energy versus frequency for Columbia Light, MRS analysis of

512-second record starting at 1508.5 P.d.t., and FFT analysis

of 1,024-second record starting at 1500 P.d.t. ov = 68.50

centimeters, f = 0.0684 hertz, e = 0.030, ef = 0.0021 hertz.
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Figure 24. Energy versus frequency for South Pass, MRS analysis of 600-second
record starting at 1500 c.d.t., and FFT analysis of 819-second
record starting at 1503.3 c.d.t. Oy = 303.3 centimeters, f =

0.0708 hertz, e = 0.122, ef = 0.0087 hertz.
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Figure 25. Energy versus frequency for South Pass, MRS analysis of 600-second
record starting at 1510 c.d.t., and FFT analysis of 819-second
record starting at 1503.3 c.d.t. Oy = 303.3 centimeters, f =

0.0708 hertz, e = 0.122, ef = 0.0087 hertz.
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Figure 26. Energy versus frequency for South Pass, MRS analysis of 600-second

record starting at 1520 c.d.t., and FFT analysis of 819-second

record starting at 1517 c.d.t. Oy = 324.0 centimeters, f =

0.0745 hertz, e = 0.145, ef = 0.0108 hertz.
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Figure 27 . Energy versus frequency for South Pass , MRS analysis of 600-second

record starting at 1530 c.d.t., and FFT analysis of 819-second

record starting at 1530.7 c.d.t. Oy = 324.0 centimeters, f =

0.0745 hertz, e = 0.145, ef = 0.0108 hertz.
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Figure 28. Energy versus frequency for South Pass, MRS analysis of 600-second

record starting at 1540 c.d.t., and FFT analysis of 819-second

record starting at 1544.4 c.d.t. Oy = 346.8 centimeters, f =

0.0720 hertz, e = 0.145, ef = 0.0104 hertz.
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Figure 29. Energy versus frequency for South Pass, MRS analysis of 600-second

record starting at 1550 c.d.t., and FFT analysis of 819-second

record starting at 1544.4 c.d.t. Oy = 346.8 centimeters, f =

0.0720 hertz, e = 0.145, ef = 0.0104 hertz.
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The range of frequencies considered in the initial MRS analysis of each
record is generally comparable to the plotted frequency range. The range is

0.131 to 0.214 hertz for South Haven, 0.054 to 0.090 hertz and 0.112 to 0.139
hertz for Columbia Light, and 0.052 to 0.226 hertz for South Pass. The spac-
ing between analysis frequencies in the initial MRS run was 0.00096 hertz
(South Haven), 0.0006 hertz (Columbia Light), and 0.002 hertz (South Pass).

Deepwater wave steepness, e, can be estimated by using

e = ak
°̂

(34)
a = 2ay

and the dispersion relation governing waves of small steepness

k = ^21)1 f2

where

a = significant wave amplitude

f = peak spectral frequency

k = deepwater wave number corresponding to peak frequency f

g = acceleration due to gravity

Wave steepness was estimated for each record using a value of fp corre-
sponding to the highest peak of harmonics (not grouped into bands) of the FFT
spectrum which best matches the times for MRS analysis. FFT spectra are com-
puted from 1,024-second records for South Haven and Columbia Light and 819.2-
second records for South Pass. Values of e were estimated by equation (34)
for South Haven and South Pass. A similar procedure was used to estimate e

for Columbia Light except that linear theory was used to estimate shallow-
water wave number, k, in place of k in the equation. Although the waves
at South Pass are not strictly in deep water, the error induced by using the
deepwater wave number is a maximum of about 3 percent.

Values of a , fp , e, and ef are given with each figure (Figs. 16 to

29). The range of frequency covered by ef is positioned graphically in
each figure above some high-amplitude constituents. efp is a rough indicator
of the frequency spacing between constituents for Columbia Light. For the
other two locations, ef spans a large range relative to the frequency spac-
ing between constituents.

A plot of phase (App. A, A-14) versus frequency for each constituent from
the South Haven data shows strong evidence of a trend for decreasing phase
with increasing frequency (App. D, Fig. D-1) . The phase axis in the figure
is stretched to cover several cycles of 360° . This stretching was suggested
quite clearly in the data as can be seen by the numerous points included in
each 360° cycle. The amplitudes of the constituents were ranked from highest
to lowest and the rank is noted beside each point in the figure. Much of the
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scatter in the figure is due to the lower amplitude constituents. There is

also a surprising consistency in slope among the three records analyzed.

Similar plots of phase versus frequency for Columbia Light are shown in

Appendix D, Figures D-2 to D-7 . Phases associated with second harmonic

frequencies are indicated by an x and a double-valued horizontal scale is

used. The figures give evidence of a trend for slow decrease in phase with
increasing frequency.

Plots of phase versus frequency for South Pass are shown in Appendix D,

Figures D-8 to D-13. Most of the figures indicate a coarse trend for decreas-
ing phase with increasing frequency over the main energy-containing frequen-

cies (0.06 to 0.11 hertz); however, two figures (Figs. D-8 and D-13) indicate

the opposite trend.

Most of the phase versus frequency plots for all three sites indicate a

general trend for decreasing phase with increasing frequency. However, a

comparison of initial and final MRS analyses for each record reveals a strong

tendency for increasing phase with increasing frequency over very small fre-

quency intervals. This tendency is shown in Figure 30 for one Columbia Light

record. The dashline in the figure has a large positive slope between the two

square symbols nearest the points labeled 6, 3, 2, 1, 4, 8, 5, 10, and 12.

The same tendency is evident in Figure 14 for a synthesized record.

100

300

200

100

Fund.:

2d Harm.

6 A
Constituents

Fundamental

X 2d Harmonic

0.06

0.12

0.07

0.14

Frequency (Hz)

0.08

0.16

Figure 30. Phase change with frequency in successive MRS analyses at

Columbia Light, 1300 to 1308.5 P.d.t., 512-second record

analyzed. Numbers indicate amplitude rank for constituents.
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plots of each field data time series analyzed with the MRS program and the

synthesized time series obtained by recombining the constituents are included
in Appendix B. Each field record with the corresponding synthesized record is

shown together on a single page for a visual comparison. The vertical eleva-
tion scale is meaningful for relative elevations in a record but not in an

absolute or mean sense.

2. Wave Groups .

The LVTS (eq. 26), described previously, was computed and processed for

records from the three sites. The record lengths used are 1,024 seconds for

Columbia Light and 1,200 seconds for South Haven and South Pass. Major peaks
and valleys from the LVTS are plotted versus time in Appendix E. The magni-
tude of the peaks and the time between peaks are erratic. The modulation
period

mod

1

ef.
(35)

and the variance of the original time series, a^, are shown to scale on each
plot for reference.

The grouping parameter, G (eq. 29) is listed with each plot in Appendix
E. The range of grouping parameters is comparable at all three sites. Group-
ing parameters are also given in Table 4, including G values from a larger
sample of data from Columbia Light and South Pass.

Individual wave heights were estimated by the procedures described in the

previous section for all three sites, using 1,024-second records for Columbia
Light and 1,200-second records for South Haven and South Pass. The autocor-
relation between heights (eq. 30) is given in Table 5 for up to three lags.
Autocorrelations are generally greater than zero at the first lag and are

in most cases highest for South Haven. Very few of the records show any evi-
dence of positive autocorrelation beyond the first lag. The autocorrelations
between periods (eq. 31) and between amplitudes (eq. 32) are given in Tables
6 and 7 for the three sites. There is little evidence of autocorrelation
between wave periods.

The height of the highest single wave in each Columbia Light record is

plotted in Figure 31 as a function of grouping parameter, G (see eq. 29).
Each height is scaled by the significant height for the record, estimated as

4a . The largest height, about twice the significant height, coincides with a

high value of G. To provide perspective in the figure, the ratio of highest
wave height to significant wave height was calculated from the Rayleigh dis-
tribution for the exceedance probability 1/N, where N is the number of

waves in the record. N was estimated in two ways for each record: (a) the

number of individual waves identified, and (b) the record length divided by
peak spectral period . The highest and lowest values of N from all records
by either of the two estimates are used in the figure to indicate the range of

ratios expected from the Rayleigh distribution. Similar plots for the second
and third highest wave heights in each record are given in Figures 32 and 33.
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Table 4. Grouping parameter at

three field sites.

South Haven

28 Oct. 1976 1700 0.63

1720 0.79

1740 0.69

Columbia Light

17 Oct. 1979 1300 0.67

1400 0.50

1500 0.59

1600 0.54

1700 0.68

1800 0.68

1900 0.65

2000 0.59

2100 0.79

2200 0.56

2300 0.53

18 Oct. 1979 0000 0.52

0100 0.65

0200 0.74

0300 0.41

0400 0.42

0500 0.46

0600 0.34

South Pass

17 Aug. 1969 1000 0.55

1020 0.45

1040 0.59

1100 0.57

1120 0.50

1140 0.89

1200 0.53

1220 0.63

1240 0.62

1300 0.68

1320 0.76

1340 0.63

1400 0.48

1420 0.51

1440 0.52

1500 0.60

1520 0.59

1540 0.66

Table 5. Autocorrelations between wave
heights at three field sites.

Date Time Autocorrelation
1 lag 2 lags 3 lags

South Haven

28 Oct. 1976 1700 0,49 0.09 -0.07

1720 0.54 0.19 0.01

1740 0,51 0.20 0.01

Columbia Light

17 Oct. 1979 1300 0.55 0.34 0.26

1400 0,21 -0.08 0.06

1500 0,45 0.14 0.01

1600 0,09 -0.06 0.18

1700 0,24 0.04 0,08

1800 0.47 0.28 0,26

1900 0.38 0.11 0,06

2000 0.27 0.00 -0.21

2100 0.38 -0.12 -0.20

2200 0.31 -0.12 -0.07

2300 0.32 -0.01 -0.11

18 Oct. 1979 0000 0.24 -0.04 0.01

0100 0.41 0,11 0.06

0200 0.28 0.18 -0,02

0300 -0.09 0.12 -0.02

0400 -0.08 0.02 0.01

0500 -0.03 0.16 -0.09

0600 -0.07 0.06 -0,14

South. Pass

17 Aug, 1969 1000 0.08 0.04 0,21

1020 0,08 -0.14 0.16

1040 0.22 0.09 -0.15

1100 0.38 0,28 0.12

1120 0.29 -0,05 -0.16

1140 0.34 0.06 -0.14

1200 0.25 -0,07 -0.04

1220 0.31 0.14 -0,03

"^ 1240 0.35 0.05 -0,15

1300 0.33 0.07 0.07

1320 0,49 0,25 0,18

1340 0,42 0,07 -0,02

1400 0.19 -0.05 0,01

1420 0.16 -0.11 -0,21

1440 0.24 -0.02 -0,03

1500 0.29 0.11 0,10

1520 0,21 -0,02 -0.07

1540 0.37 0,16 -0,01
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Table 6. Autocorrelations between wave

periods at three field sites.
Table 7. Autocorrelations between amplitudes

at three field sites.

Date Time Autocorrelation Date Time Aut ocorrelation
1 lag 2 lags

1 lag 2 lags 3 lags

South Haven South Haven

28 Oct. 1976 1700 O.U 0.08 28 Oct. 1976 1700 0.53 0.38 0.15

1720 -0.02 -0.01 1720 0.59 0.39 0.24

1740 -0.01 0.06 1740 0.37 0.46 0.09

Columbia Light Columbia Light

17 Oct. 1979 1300 -0.02 -0.02 17 Oct. 1979 1300 0.63 0.37 0.29

1400 0.19 0.14 1400 0.46 0.12 -0.01

1500 0.18 0.12 1500 0.54 0.26 0.16

1600 0.12 0.02 1600 0.43 -0.02 -0.15

1700 0.09 -0.05 1700 0.53 0.16 O.U

1800 0.12 -0.01
1800 0.56 0.35 0.32

1900

2000

0.28

0.08

0.06

0.12

1900

2000

2100

0.49

0.50

0.57

0.20

0.20

0.24

0.18

0.03

0.04
2100 0.01 -0.05

2200 0.50 0.12 0.01
2200 0.05 -0.08 2300 0.42 0.18 0.10

2300 0.01 -0.07 18 Oct. 1979 0000 0.52 0.12 0.01

18 Oct. 1979 0000 0.26 -0.02 0100 0.55 0.24 0.16

0100 0.14 0.03 0200 0.42 0.15 0.20

0200 0.17 0.02 0300 0.10 -0.16 O.U

0300 -0.06 -0.02 0400 0.13 -0.20 O.U

0400 0.06 -0.08 0500 0.26 -0.20 0.03

0500

0600

0.01

-0.06

-0.16

0.06

0600 0.29 -0.18 -0.03

South Pass

South Pass 17 Aug. 1969 1000

1020

0.41

0.41

0.01

0.00

-0.09

17 Aug. 1969 1000 0.10 -0.04 -0.18

1020 0.14 0.12
1040 0.42 0.07 0.14

1040 0.20 -0.02 1100 0.45 0.24 0.18

1100 0.07 0.06
1120 0.44 O.U 0.01

1120 0.23 -0.01 1140 0.55 0.24 0.05

1140 -0.10 0.03 1200 0.46 0.19 0.10

1200 0.17 0.10 1220 0.50 0.14 O.U

1220 0.01 -0.17 1240 0.50 0.24 0.08

1240 0.15 0.01 1300 0.49 0.17 O.U

1300 0.07 -0.17 1320 0.59 0.39 0.24

1320 0.13 0.08
1340 0.46 0.26 0.13

1340 0.21 -0.01 1400 0.39 O.U -0.06

1400 0.08 0.05
1420 0.37 0.09 -0.08

1420 0.04 0.14
1440 0.41 0.08 -0.08

1440 O.U -0.01 1500 0.41 0.20 0.05

1500 0.09 0.12 1520 0.42 0.12 -0.09

1520

1540

-0.01

0.11

0.14

-0.02

1540 0.50 0.29 0.09
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0.4 06
Grouping Porometer, G

0.8

Figure 31, Ratio of highest wave height to significant height
versus grouping parameter at Columbia Light, 1300
P.d.t, 17 October to 0600 P.d.t., 18 October 1979;
1 , 024-second records analyzed for 18 cases. Dashlines
'indicate range expected from Rayleigh distribution.

0.2 0.4 0.6

Grouping Porometer , G

0.8

Figure 32. Ratio of second highest wave height to significant height
versus grouping parameter at Columbia Light. Dashlines
indicate range expected from Rayleigh distribution.
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0.4 0.6

Grouping Poromefer, G

Figure 33. Ratio of third highest wave height to significant height
versus grouping parameter at Columbia Light. Dashlines
indicate range expected from Rayleigh distribution.

The highest wave height in each South Pass record, scaled by significant
height, also shows a tendency to increase with increasing values of G (Fig.

34). The highest height, equal to 2.1 times the significant height, coincides
with the highest value of G. Plots of extreme wave height versus G for the
second and third highest waves in each South Pass record are given in Figures
35 and 36.

2.0 -

0.4 0.6

Grouping Parameter, G

Figure 34. Eatio of highest wave height to significant height versus
grouping parameter at South Pass, 1000 to 1600 c.d.t., 17

August 1969; 1,200-second records analyzed for 18 cases.
Dashlines indicate range expected from Rayleigh distribution.
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Grouping Parameter , G

0.8

Figure 35. Ratio of second highest wave height to significant height
versus grouping parameter at South Pass . Dashlines indicate
range expected from Rayleigh distribution.

0.2 0.4 0.6

Grouping Parameter , G

0.8

Figure 36. Ratio of third highest wave height to significant height

versus grouping parameter at South Pass. Dashlines

indicate range expected from Rayleigh distribution.
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MRS analysis of the squared time series (eq. 33) was done for one Columbia
Light record. The spectrum from the FFT analysis (Fig. 15) shows substantial
energy at very low frequencies. The MRS analysis, covering only the very low

frequencies, returned the amplitudes and frequencies plotted in Figure 37.

The constituents accounted for 29.0 percent of the variance in the squared
time series. Phase versus frequency for the squared time series is plotted
in Figure 38. The synthesized time series, created by recombining the square
roots of the MRS constituents (Fig. 39,a and b), shows clear peaks for times

at which the original time series contains groups of high waves.

Frequency ( Hz )

Figure 37. Amplitude versus frequency from MRS analysis of low frequencies
in squared time series at Columbia Light, 1300 to 1317 P.d.t.,

17 October 1979; 1,024-second record used. Range of frequen-
cies in initial MRS run was 0.0006 to 0.0528 hertz.

Frequency (Hi)

Figure 38. Phase versus frequency from MRS analysis of low frequen-
cies in squared time series at Columbia Light, 1300 to

1317 P.d.t., 17 October 1979; 1,024-second record used.
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a. 1300 to 1308.5 P.d.t.

b. 1308.5 to 1317 P.d.t.

Figure 39. Comparison of Columbia Light field data time series (top) vd.th

time series synthesized from low-frequency MRS constituents

(bottom) for (a) 1300 to 1308.5 P.d.t. and (b) 1308.5 to 1317

P.d.t., 17 October 1979; 1,024-second record used.
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VI. INTERPRETATION

Several analyses related to wave grouping characteristics and detailed

spectral structure of field wave records were presented in the previous sec-

tion. The objective of this section is to interpret the analyses, using the

six hypotheses in Section I.

The wave data analyzed were taken at sites in three different water bod-

ies: Lake Michigan (South Haven), Pacific Ocean (Columbia Light), and Gulf of

Mexico (South Pass). The data represent moderate to high wave conditions with

unimodal spectra and reasonably constant significant height and peak spectral

period. The data represent actively growing waves at two sites (South Haven

and South Pass) and old swell at the third site (Columbia Light). These simi-

larities and differences affect interpretation of the analyses.

Many of the time series selected for analysis show evidence that high

waves tend to occur in groups, e.g., the time series for 1720 to 1737 at South

Haven, 1300 to 1308.5 at Columbia Light, and 1510 to 1520 at South Pass (App.

B) . However, there are several notable exceptions in which the high waves do

not appear in clear groups, e.g., the time series for 1408.5 to 1417 at Colum-

bia Light and 1500 to 1510 at South Pass. Thus, both grouped and ungrouped

time series are considered in the analysis.

The field data time-series plots from South Haven and Columbia Light (App.

B) appear to have a few unusually low wave troughs. The tendency for very low

troughs may be exaggerated relative to the South Pass time series. There is

a possibility that low, sharp troughs result from imperfect response of the

Waverider buoy gage to high waves . Since low troughs seem to coincide with

groups of high waves, the troughs are not a deterrent to a study of wave

groups. However, they may exaggerate the appearance of existing groups.

One procedure presented earlier to aid in identifying wave groups in a

time series was the Local Variance Time Series (LVTS) analysis. A comparison

of the LVTS in Appendix E with the field data time series in Appendix B for

1300 to 1317 at Columbia light (a well-grouped record) shows that the peaks of

the LVTS effectively indicate the presence of six high wave groups and their

location in the time series. Note that each time series plot covers 512

seconds while each LVTS plot covers 1,024 seconds. Similarly, the LVTS peaks

for 1540 to 1600 at South Pass (another well-grouped record) indicate the

presence and location of high wave groups in the corresponding time series.

Both the Columbia Light and South Pass records also gave high values of G

and Rtj, the two parameters considered indicative of grouping (see Tables 4

and 5).

By contrast, the LVTS for 1400 to 1417 at Columbia Light (a poorly grouped

record) indicates few peaks which are high relative to the variance of the

original time series. There is also a lack of low valleys in the last half of

the LVTS, which indicates that groups are not well separated by low variance
sections of record. Values of G and Ru are relatively low for the

record. The LVTS for 1500 to 1510 at South Pass (another poorly grouped

record) shows an absence of peaks which are high relative to the time-series

variance. Values of G and Ru for this record were computed for a 20-

minute record which includes some well-grouped waves , so they are not partic-
ularly helpful in this case.
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Consideration of the above examples leads to the generalization that
the LVTS effectively identifies prominent wave groups when they exist in a

record. However, the original time series should be checked to verify the

existence of the groups, especially if the LVTS shows an absence of peaks
which are large relative to the time-series variance. The parameters G and

Rtt are of some use in identifying the extent of high wave grouping in a

record.

To further use the LVTS it is useful to subjectively identify each ana-
lyzed field data time series with some evidence of wave groups. A review of

Appendix B indicates that all the records suffice except for 1408.5 to 1417

at Columbia Light and 1500 to 1510 at South Pass. Thus attention is focused
on Appendix E, Figures E-1 to E-4 , E-6, E-7 (the last half), E-8 , and E-9.

The time between major wave groups is represented by the time between promi-
nent peaks in the LVTS. This time has a clear tendency to be longest in the

Columbia Light records and shortest in the South Haven records. The figures
indicate considerable variability in this time, but T h. computed by

equation (35) and shown in each figure, is a plausible estimate of a modula-
tion time scale.

Quantitative estimates of modulation time scale for wave groups were
extracted from Appendix E by measuring the time between successive peaks in

the LVTS, to be referred to as TtuTS' Since small LVTS peaks may not be

relevant to dominant modulation processes in a record, they were ignored in

estimating Tj^y^s ^^ *-^^ difference in amplitude between a peak and either
adjacent trough is less than about 1.5 times the time series variance, a^.

A plot of TTTTrpc versus T j from equation (35) shows considerable
scatter (Fig. 40). The South Haven and South Pass data points show evidence
of a small tendency for T^vtS ^° increase with TLnH' Further, some of the

data points closest to the line for which Tx„™,g and T h are equal repre-
sent time differences between the larger LVTS peaks. For example, of the six

TlvtS values obtained by considering only the two highest peaks of Figure E-8

and the six highest peaks of Figure E-9, four values are within 15 percent
°f T^od-

^LVTS values for Columbia Light are all less than Tj^od' although they

show a small tendency to be higher than TTxr-pg values for the other loca-

tions. One obvious difficulty in dealing with the Columbia Light data is the

magnitude of Tmod- If 500-second modulations are truly present, there are

only two repetitions in the 1,024-second record. Records continuous more than

at least 1 hour are needed to adequately examine the evidence supporting 500-

second modulations. The plots in Appendix E certainly do not preclude the

existence of 500-second modulations. Of the three T^vTS values obtained by

considering only the two highest peaks in Figure E-4 and the three highest
peaks in Figure E-6, tvro values are within 2.5 percent of T h.

Wave modulation information was summarized by Lake and Yuen (1978) and

Longuet-Higgins (1980) as a plot of dimensionless modulation frequency versus
wave steepness. A comparable plot using dimensionless Ttwjc values deter-

mined by the wave period corresponding to peak spectral frequency is given in
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Figure 40. Comparison of modulation period estimated from

LVTS and from wave steepness.

Figure 41. The relationships predicted by the BF theory and by Longuet-
Higgins (1980) are also shown. Scatter in the field data is greater than in

Lake and Yuen's laboratory data. A more definitive comparison of field data

and theory is obtained by computing a mean dimensionless modulation frequency

for each field record which has five or more T^u-pS values. The comparison
(Fig. 42) indicates that the field data correspond more closely with the

Longuet-Higgins (1980) prediction of modulation frequency than with the BF

prediction.

Constituents obtained by MRS analysis of the squared time series for

Columbia Light, 1300 to 1317, were presented in Figure 37. Two constituents
have considerably higher amplitude than the others. They occur at frequencies

to 0.0021 and 0.0042 hertz, corresponding to periods of 476 and 238 seconds.

These periods are expected to be indicative of modulation periods in the time

series. In fact, the 476-second period is only
from equation (35) .

10 percent less than mod

Thus, field evidence from all three locations indicates that waves in deep
water sometimes tend to be organized so that high waves occur in groups (Sec.

I, hypothesis d) and the modulation period of wave groups is related to wave

period and steepness (hypothesis e)

.
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The remaining hypotheses (a, b, c, and f) pertain to the frequency con-

stituents in each field record. The first of two approaches to estimating the

constituents was an FFT analysis to produce a band spectrum with 0.011-hertz
bandwidth. This procedure is typical of routine field data analysis proce-
dures in use. The second approach was MRS analysis to identify prominent
constituents to an accurancy of about 0.0002 hertz. Contrary to FFT analysis,
the MRS analysis provides a meaningful phase as well as amplitude for each
constituent. A visual comparison of field data time series with time series
synthesized from MRS constituents (App. B) indicates that prominent wave
grouping characteristics of the field record are also present in the synthe-
sized record.

Figures 16 to 29 indicate how wave grouping is represented in the MRS

constituents. In keeping with earlier discussion, Figures 21 and 24 are

considered poorly grouped cases. All but two (Figs. 20 and 29) of the remain-
ing figures for Columbia Light and South Pass, considered as reasonably well
grouped cases, have two or more prominent constituents which extend well above
the 10 percent level. IndividuEil constituents for South Haven are less dom-
inating, so those that extend above the 10 percent level are considered prom-
inent. Frequency spacings , ^fMRQ» between each adjacent pair of prominent
constituents are tabulated (Table 8). A modulation period, T^jng. can be

defined from the MRS analysis as the reciprocal of Afj^Q^g . Tj^pq values are

also given in the table along with ef and T^od ^®'?* 35). A plot of

(Fig. 43), despite considerable scatter, gives some evi-
'MRS mod
dence of a relationship between T^od ^^^ ^^^ spacing between frequency
constituents. From Figures 40 and 43, it is evident that

"^MRS
derived from

the frequency spacing between constituents is comparable to TjuxS' Figure 43

also indicates a tendency for T^rs ^° ^^ longer than T h for actively
growing waves.

Table 8. Frequency spacing between prominent
constituents from MRS analysis.

Site Starting time f

MRS analysis
or ^^^MRS

(Hz) (Hz)

''^MRS

(s)

mod
(s)

South Haven 1700 0.0100 0.0162 100 62

South Haven 1720 0.0029 0.0214 342 47

South Haven 17A0 0.0071 0.0178 141 56

South Haven 1740 0.0044 0.0178 227 56

Columbia Light 1300 0.0024 0.0019 417 527

Columbia Light 1300 0.0028 0.0019 357 527

Columbia Light 1500 0.0074 0.0021 135 485

Columbia Light 1500 0.0068 0.0021 147 485

Columbia Light 1500 0.0064 0.0021 156 485

Columbia Light 1508.5 0.0028 0.0021 357 485

South Pass 1510 0.0062 0.0087 161 115

South Pass 1520 0.0065 0.0108 154 93

South Pass 1530 0.0050 0.0108 200 93

South Pass 1530 0.0055 0.0108 182 93

South Pass 1530 0.0103 0.0108 97 93

South Pass 1540 0.0018 0.0104 556 96

South Pass 1540 0.0066 0.0104 152 96
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Figure 43. Comparison of modulation period estimated from spacing
between MRS constituents and from wave steepness.

The three Columbia Light data points in Figure 43, which fall closest to

the 45° line, are from the 1300- and 1508.5-hour records. The corresponding
field data time series show evidence of the approximate 400-second modulation
indicated by Tj^pg. The three Columbia Light data points with Tw^g approxi-
mately equal to 150 seconds are from the 1500-hour record. The corresponding
field data time series shows clear evidence of this modulation time scale and
no evidence of 400-second modulation. However, the 1508.5-hour record has
some evidence of 150-second modulation. Values of Tj^mg from South Pass are
consistently between about 100 and 200 seconds, with one exception. This mod-
ulation time scale is consistent with prominent groups in the field data time
series. Similarly, Twgc values from South Haven are reasonably consistent
with prominent groups in the field data time series.

From an examination of cases in which wave grouping is most clear, it is

evident that the MRS analysis represents prominent modulational time scales by
identifying two or more high-amplitude constituents separated by a frequency
equal to the reciprocal of modulation period. Thus, the extent of wave group-
ing and the modulation period are related to the energy content and frequency
spacing of dominant frequency constituents in a record. The evidence supports
hypothesis (e), with the provision that spectral resolution is sufficient to

identify constituents involved in the modulation process. Figures 16 to 29

show clearly that a 0.011-hertz bandwidth spectrum masks information on
modulation time scales.

64



Band spectra from Columbia Light and South Pass (Figs. 19 to 29) are quite
similar in shape and peak frequency. They are consistent with the standard
concept of a smooth, continuous spectrum. However, the significant differ-
ences in modulation time scale between the Columbia Light and South Pass
records cannot be identified in the smooth spectral curves. Thus, hypoth-
esis (a) must be true, which is that spectral components are sometimes
discrete and are not smeared over a broad, continuous spectrum.

It was noted earlier that wave grouping characteristics change over 10-
minute intervals in some of the field records. The changes include the
appearance and disappearance of noticeable groupings as well as in one case,
a large change in modulation time scale. The MRS analyses provide definitive
data for comparing the structure of successive time-series records.

The procedure used for comparison was to match prominent constituents in
each of the records used in estimating Tj^j^g values (Figs. 16 to 19, 22, 23,
and 25 to 28) with constituents in records immediately preceding or following.
Constituents for which the frequencies were within about 0.001 hertz of each
other were considered matched. Thus, the 1300- to 1308.5-hour and 1308.5-
to 1317-hour Columbia Light analyses (Figs. 19 and 20) were compared. Con-
stituents were identified in the second record at about the same frequencies
as the three prominent constituents in the first record, and vice versa.
Similarly, the Columbia Light MRS analyses in Figures 22 and 23 were compared
and matched constituents were identified when they occurred. The South
Haven and South Pass MRS analyses were also compared. Most of the prominent
constituents could be matched with constituents in preceding or following
records. However, the matching constituent is often much lower in amplitude.

It is expected that all the field records contain independent frequency
constituents. However, it is also anticipated that they contain some noninde-
pendent constituents which are bound together and are nondispersive. Although
both bound and free constituents may be represented in Figures 16 to 29, the
process used to select the records and constituents used in estimating Tw^c
values has favored those constituents which contribute to wave grouping. It
is suggested that these constituents are nonindependent

.

Phases from MRS analysis associated with constituents matched between
records, as discussed above, are plotted in Figure 44. Although the phase of
each constituent clearly varies between records, there is a strong indication
that phases of the constituents relative to each other do not vary between
records. In fact, there is evidence in the figure that the relative phases
of constituents with similar frequency at South Pass do not vary during the
entire 60-minute recording interval. A step further, comparing constituents
in the 1300- to 1308.5-hour and the 1508.5- to 1517-hour Columbia Light
analyses, reveals additional constituent matches. Relative phases for these
constituents from records a full 2 hours apart show an amazing consistency
(Fig. 45). Phases for matched constituents from the 1308.5- to 1317-hour
analysis are also reasonably consistent, as shown in the figure. The same
conclusion is reached from a comparison of relative phase for frequency-
matched constituents in the first and last South Haven and South Pass records
(Figs. 46 and 47). Since, by chance, the first and last South Pass records
were not well grouped, phases for constituents in the 1510- to 1520-hour
record which matched constituents in the other two records are also plotted
to give further credence to the pattern. This evidence strongly supports the
hypothesis that frequency components are sometimes related in a deterministic,
nonrandom way (hypothesis b)

.
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Figure 44. Comparison of phase for frequency-matched high-amplitude MRS

constituents from different records; starting time of record

is noted beside each curve. Dashed curves indicate an

ambiguous case in which two constituents from one record

could be matched with one constituent in the other record.

66



>, S O 0)

0) 3

-H .-T! <u

3 «> -H

1^ UJ

O. O -U O

B W M

>. 0) Fl (U
u >-l •H >
c ji: 4-1 M
(U u 3
3 hn O

n •H
4-1

J3
r)

.H
>w l-l

4->

(0

01
w 0)

u tJ

Ij C • » 1-1

3 X) «
4-t p ^

o •r)

(U (U
p 4-t

o
u c
x;
bO CO

td i;

CO -C S 0)

a, o 3
a w -H

S CJ O

( o ) 350Md

67



100

0.06 0,08 0.10
Frequency ( Hz

)

0.12

Figure 47. Comparison of phase for frequency-matched MRS con-
stituents from three South Pass records. Uppermost
curve represents constituents which match paired
constituents from the other two records; starting
time of record is noted beside each curve.

The preceding discussion invites some solid speculation. It is suggested
that each of the field records examined contains energy at a set of approxi-
mately 10, possibly more, discrete frequencies. These well-defined frequency
constituents are not independent, but are closely bound together in such a way
that their phase relationships relative to each other are nearly invariant in
time. The possibility of independent frequency constituents coexisting with
bound constituents is not precluded, but the bound system clearly appears to

be the major feature, accounting for most of the energy in the field records.

The energy in each of the bound constituents varies tremendously over
short time intervals, as evidenced in the records of waves passing fixed
gages. The large and rapid variation is associated with striking variations
of wave grouping characteristics observed in the time series, variations which
have thwarted past attempts to establish empirical relationships for wave
grouping in field records.
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Because the MRS analysis technique identifies only those constituents
containing substantial energy, it can never identify all constituents in the
bound set from analysis of one particular record. Some information about
important frequencies in the set can be obtained by matching constituents in
MRS analyses of successive records, a technique already used to advantage in
this study. Although a detailed analysis of available information about the
set does not seem warranted, the possibility of a characteristic frequency
spacing between bound constituents merits further consideration.

It is assumed that many of the bound constituents in the high energy part
of the spectrum are identified in each MRS analysis. The distribution of
frequency spacing between successive MRS constituents was estimated from all
analyses for each of the three sites (Fig. 48). The range of efp values
computed for each site is indicated in the figure. The peak of the distribu-
tion curve indicates a preferred frequency spacing of about 0.0012 hertz for
South Haven, 0.0028 hertz for Columbia Light, and 0.0022 hertz for South Pass.

SOUTH HAVEN

0.5 6 fp

0,004 0008 0012
Frequency Spocinq Between Constituents (Hz)

Figure 48. Distribution of frequency spacing between
MRS constituents.

The BF-type instability would be expected to lead to frequency spacings
of Efp« efp for the Columbia Light records is approximately 0.0020 hertz
which is within 30 percent of the modal frequency spacing between constit-
uents. Thus, the BF instability is a possible explanation for the frequency
structure of constituents in the Columbia Light records.
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Values of ef for the South Haven and South Pass records are an order of
magnitude larger than the modal frequency spacing between constituents. For
these records, 2 ef is a better indicator of the range of frequency covered
by the high energy part of the spectrum. However, these records represent
actively growing waves. The BF instability operates over a range of frequen-
cies to a separation /2 ef on either side of the carrier frequency, f .

It is possible that the observed constituents in the field records are partic-
ipating in resonant exchange of energy fueled by a BF-type instability of the
carrier. Since the waves are actively growing, it is quite possible that
the instability is being observed in an early stage, before the most unstable
mode has dominated as prominent sidebands spaced ef on either side of the
carrier.

Well-developed BF-type sidebands should certainly be present in the
Columbia Light swell records if the mechanism is operating. Although the
frequency structure is fairly consistent wLth expectations, the amplitude
structure is not. The mechanism does not account for the observed large and
rapid shifts in energy between constituents.

Although the field data do not clearly follow all aspects of BF theory,
the preceding discussion and the modulation information shown in Figures 40 to

43 provide evidence that BF theory gives useful insight on the characteristics
of some field records. It is submitted that the evidence is more than
circumstantial and that detailed spectral shape may be partially explained by
the BF theory (hypothesis c)

.

VII. SUMMARY

Wave measurements are examined from three relatively deepwater field sites
in Lake Michigan, the Pacific Ocean, and the Gulf of Mexico. Approximately 1

hour of data representing high waves, unimodal spectra, and nearly constant
significant height and peak, spectral period was selected for each site. The
data represent actively growing waves at two sites and swell at the third
site. Record lengths for analysis vary from 512 to 1,200 seconds.

Analysis is done in both the frequency and the time domain. The FFT spec-
tral analysis procedure is shown to possess limitations for resolving details
of the distribution of energy as a function of frequency and for identifying
correct phase values for each frequency component. Phases returned by FFT
procedures are shown to be subject to erratic variations. These variations
are believed to have led previous investigators to conclude that phases are
random.

Shortcomings of the FFT spectral analysis procedures are circumvented by
using a MRS technique to identify major frequency constituents. The MRS
technique has been used in published meteorological studies and in at least
one unpublished laboratory wave study; however, the current study is believed
to be the first in which the MRS technique is applied to field wave records.

Time domain analyses of the field records are focused on extracting wave
grouping information directly from the time series. A wave group is concep-
tualized as a small area of sea surface containing relatively high energy.
Groups are identified as sections of the time series in which the local
variance is high relative to the variance of the whole record. Fluctuations
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in local variance, referred to as the LVTS, provide information on both the
intensity and the time scale of wave grouping. The LVTS is used to define a
new parameter which is indicative of wave grouping. Autocorrelation between
individual wave heights is also considered as an indicator of wave grouping.

Analyses of the selected data from the three sites are used to test six
hypotheses about the nature of ocean waves. The hypotheses and the evidence
obtained in this study for or against them are as follows:

( 1) Spectral components are sometimes discrete and are not
smeared over a broad continuous spectrum. MRS analysis is used to
identify evidence of a fine structure in the spectral representation
of ocean wave records. The structure is sufficiently detailed to be
transparent to most spectral analysis procedures applied to field
records. Thus, the continuous spectra often reported in field stud-
ies may be generated by analysis procedures rather than by physical
processes. Evidence is also found that the amplitude of MRS constit-
uents defining the structure is highly variable in time.

(2) Spectral components are sometimes related in a deterministic,
nonrandom way. MRS constituents with about the same frequency are
matched between records from each site. Phases of matched constit-
uents show strong evidence of nonrandom behavior. These records
provide evidence that the phase relationship among constituents is
relatively invariant.

(3) The detailed spectral shape may be partially explained by
Benjamin and Feir's (1967) theory, which provided a theoretical basis
for expecting discrete, detailed structure in a spectrum. Frequency
spacings between MRS constituents in the swell data are shown to be
reasonably consistent with BF theory. The frequency range covered by
constituents in the sea data is reasonably consistent with expecta-
tions from the BF theory. The amplitude structure is not clearly
consistent with BF theory. Also, the variability of amplitude struc-
ture between records is not predicted by BF theory.

(4) Waves in deep water tend to organize so that high waves occur
in groups. An investigation of the time series, autocorrelation
between individual wave heights and the LVTS, along with a review of
the literature, indicates high waves often tend to occur in groups.
Evidence also indicates that grouping characteristics can be highly
variable over short time intervals.

(5) The modulation period of wave groups is sometimes related to
the period and steepness of the waves. The LVTS is used to show that
a modulation period computed from the peak frequency and steepness of
the waves is comparable to the time between wave groups, despite con-
siderable scatter. Modulation frequency computed by Benjamin and
Feir (1967) and by Longuet-Higgins (1980) is shown to compare favor-
ably with field data, though closer agreement is indicated with the
more refined stability criteria established through a higher order of
approximation by Longuet-Higgins.
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(6) The extent of grouping in each time series and the modulation
period are related to certain features of the spectrum. Evidence is
presented that the MRS analysis represents grouped wave records by
identifying two or more high-amplitude constituents separated by a

frequency which approximates the modulation period. Thus, grouping
characteristics are related to the detailed spectrum but may not be
related to a spectrum computed by more conventional techniques.

This study is based on a small sample of field data, so a sweeping gen-
eralization of the results is not appropriate. However, evidence supporting
the six hypotheses leads to the conclusion that some commonly held conceptions
of ocean waves, including the notion of a random wave field represented by a

continuous random-phase spectrum, are open to serious question.
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APPENDIX A

BACKGROUND DISCUSSION OF MULTIPLE REGRESSION SCREENING (MRS) TECHNIQUE

The MRS analysis fits, in the least squares sense, a sum of sinusoids with
preassigned frequencies to a given data record.

It is desired to obtain an estimate of the time series in the form

yg(nAt) = dg + d^X^(nAt) + d^X^CnAt) + ... + dpXp(nAt) p < N (A-1)

where d^ are constants and X^^ the selected known functions of time. It is

assumed that the mean of the time series is zero so equation (A-1) can be

rewritten

yg(nAt) = d^x^(nAt) + d2X2(nAt) + ... + dpXp(nAt) (A-2)

where x- are selected known functions of time with mean removed.

The constants d^ are selected to minimize the sum of the squared

differences between actual and estimated values in the time series

N

I [y(nAt) - ye(nAt)]2 (A-3)

n=i

By combining equations (A-2) and (A-3) , the sum of squared differences can be

written as

N

I [y(nAt) - d^x^(nAt) - d2X2(nAt) - ... - dpXp(nAt)]2 (A-4)

n=i

By using the method of least squares, the optimum values of d , d , ...» d

can be obtained as the solution to p simultaneous equations

N N N N

dl I x2 + d^ I x^X2+...+dp I x^Xp = I x^y

n=i n=i n=i n=i

N N N N

d^ I x^x^ + d^ I y\ + ... + dp );
x^Xp = I x^y

n=i n=i n=i n=i

N N N N

d, y x„x, + d^ y x„x^ + ... + d„ y x^ = y x„y

n=i n=i n=i n=i

These equations are often called the normal equations.

(A-5)
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Equations (A-5) can be solved by forming the augmented matrix

y X X y x^ ... y X X y x y
^ 2 P ^ 2

l_I
Xpx

1 I XpX2 ... I x2 y Xpy

(A-6)

The solution is further simplified by adding a (p + l)'th row to equation
(A-6) so that the matrix is square and symmetric.

I x2 I x^i

I X2X^ I x2

I x^Xp I x^y

I x^Xp I x^y

l^'. I ^py

I Xpy y y2

(A-7)

I x^y y x^y

The solution is obtained by inverting equation (A-7)

.

In using a relationship of the form of equation (A-2) to approximate an

ocean wave record, it can be expected that some of the functions x- will be

important constituents of the field record and other x^ will be of little
significance. The goal of the analysis is to identify and quantify only the

major constituents. The most important constituent, x^ , in equation (A-2)

is defined as the one which has the highest correlation with the time series

ly
"

y x2 y y^
(A-8)

where R^
. „ is the square of the correlation between x. and y. If x^ is

the constituent for which equation (A-8) is largest, columns 1 and K in equa-

tion (A-7) are switched to give

y x^x^ y x^x^ ... y x^x^_^ y xj y x^xj^^^ ... y x^Xp y x^y

y x^xj^ y x2 ... y x^xj^.^ y x^x^ y x^xj^^^ ... y x^Xp y x^y

y Xj^ I Xj^x^

I Xp^K I V2 ••

y xj^y y X2y ..

I XpXj^_^ y Xpx^ y XpXj^^^

y xj^_^y y x^y y xj^+^y

I x^ y Xpy

I Xpy y y2

(A-9)
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Rows 1 and K in equation (A-9) are then switched to give

I K^ I X^X^ '•' I Xj^Xj(._^ I Xj^X^ I Xj^Xj^^^ "'I I ^^y

I X2XK I '"I '^2^K-1 I ^2^1 ^ ^2''K+1 •" I ^2^P ^ ^2^

I x^x^ I x^x^ ...VxjX^_^ I xl l^i^K+l •••I^i'^p I ^ly

I XpXj^ I XpX.

I X]^y I x^y

^ p 1
u.i- '"p'"K-l ^ '"p'^i i^ "p"K+l ^ P I ^py

I XpY I y^

(A-IO)

Techniques are available for partially solving equation (A-10) to obtain
d^ in equation (A-2) (e.g., Aubert, Lund, and Thomasell, 1959). The techniques
require manipulation of equation (A-10) to convert the first element in the
first column to one and other elements to zero. The remaining columns are then
orthogonalized with respect to the first column. Correlations between the
remaining columns and the time series are computed to identify the most impor-
tant remaining constituent. Suppose it is in column 1. Columns and rows are
then switched to position the selected constituent in the second row and column.
The remaining columns (p - 1) are again orthogonalized with respect to the first
two columns. This procedure actually gives a recomputed d^ as well as solving
for d^.

The procedure is repeated for as many steps as desired up to a maximum of

p steps. At each step another x^ is selected and the values of the d
coefficient are computed for the newly selected Xj and all previously selected
x^ so as to explain the maximum amount of variance in the field data time
series.

Because of the quasi-periodic nature of ocean waves, it is desirable to
choose periodic functions for the Xj^. Thus, it is convenient to choose

^2i-i
= cos(a)^nAt)

x^-j^ = sin(a)^nAt)
(A-11)

where m^ is the set of selected frequencies. Substitution of equation (A-11)
into equation (A-2) gives

p/2
yg(nAt) =

I [d^i.^ cos(a)^nAt) + d^^ sin(w^nAt)]

i=l

(A-12)

or, defining = d
21 -1» "i = ^

2i

p/2
yg(nAt) = I [3^ cos(a)^nAt) + a^^ sin(a)^nAt)] (A-13)

1=1
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Equation (A-13) is comparable in form to equation (7) in the text but has the

important difference that the frequencies are arbitrary. They are no longer
tied to the record length, but the convenience of orthogonality is generally
lost. Amplitude and phase for each frequency constituent are defined by

Ai=Af + ai

(A-14)

.-1

which are comparable to equation (13) in the text.

It is desirable to consider the x^'s specified in equation (A-11) in

pairs in the MRS analysis. This requires only minor modifications in the

procedure. Constituents are judged in pairs on the basis of a multiple
correlation with the time series defined as

21-1 2^-'

(I 21-1-.y. il ^2iy>

I x|,_^ I y2 I x2, I
y2

1 -

I ^ii-1 I ^l± I y'
(A-15)

(I 21-1 21

y x2. y x2.L ^2i-l ^ 2i

-1

The switching of columns and the switching of rows, shown in equations
(A-9) and (A-10), are done in pairs rather than singly. The solution of a

column and orthogonalization of remaining columns is done twice in succession
to solve for both g and a of the selected frequency. Then equation (A-15)
is computed for all remaining constituents to again identify the maximum. The

procedure is continued for as many steps as desired.
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APPENDIX B

TIME SERIES PLOTS FOR FIELD DATA

AND RECOMBINED MRS CONSTITUENTS
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Figure B-4. South Haven, 1730 to 1737 e.s.t.
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Figure B-13. Columbia Light, 1308.5 to 1317 P.d.t. (1 ,024-second record
analyzed)

.

60 1-

50

FIELD DATA

30

20

10

SYNTHESIZED
DATA

100 200 300
Time ( s

400 500 600

Figure B-14. South Pass, 1500 to 1510 c.d.t.

90



60

50

40

o30

FIELD DATA

20

10

SYNTHESIZED
DATA

60.-

50

40

E

o 30

100 200 300
Time ( S )

400 500

Figure B-15. South Pass, 1510 to 1520 c.d.t.

600

FIELD DATA

20

SYNTHESIZED
DATA

100 200 300 400 500
Time ( s )

Figure B-16. South Pass, 1520 to 1530 c.d.t.

600

91



60

40

E

.130

FIELD DATA

20

10

SYNTHESIZED
DATA

J : L. J I

100 200 300
Time ( s )

400 500

Figure B-17. South Pass, 1530 to 1540 c.d.t.

600

60 r-

FIELD DATA

20

SYNTHESIZED
DATA

J I I I L I
I 1 U

100 200 300
Time ( s )

400 500

Figure B-18. South Pass, 1540 to 1550 c.d.t.

600

92



40

.2 30

FIELD DATA

20

10 -

SYNTHESIZED
DATA

J L J L
100 200 300

Time ( s )

400 500

Figure B-19. South Pass, 1550 to 1600 c.d.t.

600

93



APPENDIX C

DESCRIPTION OF COMPUTER ROUTINE FOR IDENTIFYING

MAJOR PEAKS AND VALLEYS IN AN IRREGULAR SIGNAL

The computer routine SMOOTH is useful for deleting small, inconsequential

peaks and valleys from an irregular digital signal. Peaks and valleys that

remain after application of SMOOTH represent major extrema which in many cases

are more meaningful than small wiggles in the signal.

The operation of SMOOTH is most conveniently described in terms of its

application to a time series of sea-surface elevations, although its other

applications are analogous. The general scheme of operation consists of a

check on the time difference and elevation difference between successive

extrema. If either is less than the specified acceptable minimum, then one

peak and one valley are deleted from the time series.

The input to SMOOTH consists of several control parameters and an array

(EXTIM) containing time and elevation for each extremum in the time series.

Figure C-1 shows five extrema in a hypothetical time series. If the point

labeled "-1" were the first point in the time series, then the first 10 values

in the EXTIM array would be

t_i. Ti_^, t^, tIq, t^, n^, t^, n^. tg, and Hg

where t. and n- are defined as the time and elevation associated with the

i'tti point. The control parameters which must be specified are

FURST = time associated with the first point desired in the time

series.

ITEMS = total number of values in EXTIM array (= twice the number of

extrema)

.

CHP = minimum acceptable time difference between successive points

(critical half period).

HMIN = minimum acceptable elevation difference between successive

points.

(t., ,'?.,)

-I \

\

(t,,'?3"3'

/ '\2/

A

I

^0 '

Figure C-1. Hypothetical time series (from Thompson, 1980).
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After completion of SMOOTH, the times and elevations of major peaks and

valleys are stored in the first ITEMS elements of EXTIM. The value of ITEMS

has been reduced in accordance with the number of small peaks and valleys
eliminated. Since the smoothing algorithm .cannot work properly at the end of

a record, the last few points are usually accepted regardless of whether or

not they satisfy the acceptance criteria. Thus, the last six elements in

EXTIM may not represent major peaks or valleys and should either be checked
or categorically eliminated.

A complete list of subroutine SMOOTH with comments is provided in Figure

C-2.

SUBSOuT]Nt S"OOTM (FUi'SIt ITfHj)

SUpBOUlINf SmouTm TikfS A wecnRn nF PFa<S »NU VALLEvS and
fLl"lNATtS f«CUWSEi.l)fMT7AL PF««S Ai.D VALLfTS, T«t ELIMINATION
CBITtoiA AXE A flNJHU" DIfFFBFNCE bET"tE'< PtAH AMfl VALLEY
ELtVATIO^S f—l"! AND A »'I^:^•ll" riOKUONTAU S^ACIhf, (bE IT
TImEi POsniUN. trC) PET-EtN PEAK A-D VAULt" (CHP),

INPUl PihAMETfXS aSE ritFl"to AS FOLLOWS.
FiJ^JST - STaktimg II"t
ITE-S = TOTAL ~U"BEB OF fXTBEi-fc VALUES (INCLUBES TJhE AND

tLfV'TlU'" VALUES)
CkP « CBPICAL -«L> PtSIOD
Hi-I.-j . HlNjh„« MElttMT TU BE CDNSIOE«E0
E»'I"(tlUD) = TI"E
ElTI-[Evt>") I E«ThE"E ELtVATIC aSSOCJaIEB "ITm EXT 1 h ( fvEN. 1 ) VALUE

OF Tl"t
CQMi-O^ /S.>nT/ E«TI»tlUO)

SET VALUES OF C"P AND r.-I^ TO BE USED

DATA Ifl-' ""I** / U.UOl J.O /

INITIALIZE VjSUeLtS AND flNO S'aPTImG POINT FO* PROOESSINS
1503 IITE-S=IT[M8

Jil
ITE"7«ITE"S-7
DO l5o? l«liIITE"S.i
IS«lP»I
IF (EXTI"( n.CE.FUPST) to TO 1500
J = J»?
I TEHSiIT£"S.?

ISO? CONTINUE
150U ISTABT=IS«1P

C BECIN "Altj PROLtSSUl. LOOP
00 ISJO ItlST aSt.ITE'<7,J
L=l
IM 1ST A>.T,CT,ltt»7)C0 TU 15?ri

IF Ct«T ;^-( n«CMP,r.T.tii i-t l'?l )r,o rn 15)1
IF (ADS(t«Tl-(l.i).txTI-(l.?)) .LT.H-IN)CO TO 1511

: IF NO TBanSfeb, Th]S E«T-E-t ACCtPTEO
EiTI-t JJztrTIMC I)
EXT1b;J,| J=£xTIh(lM)
J=J.J
CO TO ISiO

: .«£* TmE next instwuCTJon IS PEACHEOi Cl-iE hICh ASO One lO- "ILL
: BE OtLETEn
1511 IF CEXt;-(I»1 ) .GT.tXT I"(l»}) JCO TO 1510

: IF NEXT INiTBucTION IS USED, T-IS IS * LO"
IF tEXTl'-(I..>) ,GT.tiIl"( !• I nCO TO 15U
IFtE'TIl^t UJ) ,GT.EITI^ ( I-i IICO TO 151J
GO TU lil7

151? IKEXTI"( 1.5) ,CT,t«TI'-(I«7) JGO TO l6H
GO TO 1516

: -HEN NriT I>57BuCTI0^ Is USED. THI5 IS « mjgK
151" IF (E«Tl-( 1.5) .GT.tiT I"rl»ll )G0 TC 1515

IF (tITl"( 1.7) .GT.txT I^t l«i) JGn TO 1519
GC TO 151b

1515 IF (tlTI»(I. Jl.GT.EXTI-d-n )G0 TO ISIT
CO TU 1516

C SET THE VALUE OF ICaSE
1516 ICASErl

GO TO 1521
ISlT ]CaSE»2

GD TO 1521

Figure C-2. List of subroutine SMOOTH (from Thompson, 1980)
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1518 ICASt=3
GO TO 1521

1519 ICASE3«
1521 Jlsl-S

J2=I + '7

C DELETE ONf HJGH *nd UNf lOk 4CC0f<DINC TO THE VALUE OF IC*Sfc
GO T0(15?2,1523,152U,1525)IC*SE.

C STORAGt PLAN A

1522 ExTri(J-2)3t)(TIh(1.2)
ExTIM(J.n=E)(TlM(I.n
E x T I M ( J ) = e X T I

M ( 1

)

txii"(J+n = t)(Tif(i + i)
ExTIM(Jt?)=tXTlMtI+b)
EXTIMCJ*3J=EXTlMCI+7)
GO TO 1526

C STORAGE PLAM B

1523 fcXTlMf J-2)sExTl-H02)
ExTl'<(J-n = ExTIM(l,i)
E X T 1

M
( J ) = t X T I ^< 1 1 «

)

EXT^fJ+l )rE)(TlMtI + 5J
tXTIM(Jt2)sfcxTH(I + 6)
EXTI'^( J+3) = ExTlMri + 7)

GO TO 1526
C STORAGE PLAN C
152a ExriMCJ-2)=EXTlMCI+2)

ExTjMt j.i)=E.xTlr^rl + 3)
ExTi-f( J):EXTIM(i + u)
EXT I^c J+i jrtXTI^'.t 1*5)
EXTI"(J+2J=6xTlMtI*6)
ExTjKi(j+3)sExTlM(I + 73
GO TO 1526

C STORAGE PLAN
1525 t xTlM(I+6)=ExTI^(I+2)

ExTIM(l*7JrExTlM(I+3)
EXTlH{J-2) = tXTlMC>2)
txTn(J-l ) = tXTlHr>l)
ExTIM{J) = tXTIH{n
E X T I

^^ ( J + n r £ X T I « ( I n
ExTlrt(j+2j-txTlKf I+2J
ExTiM(j+3;=txTlH(l+3)
Kl=I+o
K2=I+lO

1526 JlaJ-2
J2=J+5
ntMSsIT£hs-a
ISKIPrUS

GO TO 150«
1520 CONTINUE

C END MAIN PROCESSING LOOP

C»t»»»*»»*»»»»*»*»*»*»*»**»»*»»»*»*»»»»»** ***••»»»•*******»»»»*»*•**
J = J-1
IF f I-2,tCJ.ITE«7)L=I

1530 IF(L.GT,::tEhS)GO to 15«0

J = J+1
E X T 1

f^
( J ) = t X T I H ( L

)

L = L+1
GO TO 15J0

15«0 CONTINUE
ITEkS.J^

^ ^^^ OruFTlUNS IN TMiS PASS REPROCESS ALL REMAINING

(. HJG-S AMP m.S TO MtKE 'FURTHER DELETIONS If NEEDED.

IF( IITEMS.GT. ITEMS5G0 TO 1503
RETURN
END

Figure C-2. List of subroutine SMOOTH (from Thompson, 1980).—Continued
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APPENDIX D

PLOTS OF PHASE VERSUS FREQUENCY FROM MRS ANALYSIS
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Figure D-1. South Haven, 1700 to 1800 e.s.t., 1,024-second records analyzed.
Starting time of record is noted beside each curve.
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Figure D-2. Columbia Light, 1300 to 1308.5 P.d.t., 512-second
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FREQUENCY (HZ)

Figure D-3. Columbia Light, 1308.5 to 1317 P.d.t., 512-second

record analyzed.

99



200
10 **

J? *
(Numbara Indicate amplitude rank for constituents)
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100 X \ ,
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200 - \
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1 1 1 1

FUND.: 0.06 0.08
2N0 HARM.: 0.12 0-16

FREQUENCY (HZ)

i"igure I>-4. Columbia Light, 1408.5 to 1417 P.d.t., 512-second

record analyzed.

200

100

300

200

100

(Nimbera Indicate aoplltuda rank for constituents)

SYMBOL DESCRIPTION
o Fundamencal
X Second harmonic

FUND.: 0.06 0.08
2ND HflRM.: 0.12 0.16

FREQUENCY (HZ)

Figure D-5. Columbia Ught, 1500 to 1508.5 P.d.t., 512-second

record analyzed.
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0.12 0.16

FREQUENCY (HZ)

Figure D-6. Columbia Light, 1508.5 to 1517 P.d.t., 512-second

record analyzed.
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FUND.
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Figure l>-7. Columbia Ught, 1300 to 1317 P.d.t., 1,024-second

record analyzed.
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(Niinben indicate amplitude rank

for constituents)

' 0.060 0.080 0.100 0.120 0.140

KREGUENCY (HZ)

Figure D-8. South Pass, 1500 to 1510 c.d.t., 600-second

record analyzed.
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Figure D-9. South Pass, 1510 to 1520 c.d.t., 600-second

record analyzed.
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.060 0.080 0.100 " 0.120 0.140

FREQUENCY (HZ)

Figure D-10. South Pass, 1520 to 1530 c.d.t., 600-second
record analyzed.
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Figure EHll. South Pass, 1530 to 1540 c.d.t., 600-second

record analyzed

.
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'% .060 0.080 0.100 0.120

FREQUENCY (HZ)

0.140

Figure D-12. South Pass, 1540 to 1550 c.d.t., 600-second
record analyzed.

0.060 0.080 0.100 0.120 0.140

FREQUENCY (HZ)

Figure D-13. South Pass, 1550 to 1600 c.d.t., 600-second
record analyzed.
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APPENDIX E

PLOTS OF MAJOR PEAKS AND VALLEYS IN LOCAL VARIANCE TIME SERIES
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400

TIME (SEC)

1200

Figure E-1. South Haven, 1700 to 1720 e.s.t., I = 52, G = 0.63.

100

TIME (SEC)

1200

Figure E-2. South Haven, 1720 to 1740 e.s.t., I = 52, G = 0.79.
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400

TIME (SEC

1200

Figure E-3. South Haven, 1740 to 1800 e.s.t., I = 52, G = 0.69.

400 800

TIME (SEC)

1200

Figure E-4. Columbia Light, 1300 to 1317 P.d.t., I = 60, G = 0.67.
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400 800

TIME (SEC)

1200

Figure E-5. Columbia Ught, 1400 to 1417 P.d.t., I = 60, G = 0.50.

400 800

TIME (SEC)

1200

Figure E-6. Columbia Light, 1500 to 1517 P.d.t., I = 60, G = 0.60.
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300

400 800

TIME CSEC)

1200

Figure E-7. South Pass, 1500 to 1520 c.d.t., I = 260, G = 0.60.

300

400 800

TIME (SEC)

1200

Figure E-8. South Pass, 1520 to 1540 c.d.t., I = 260, G = 0.59.
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300

400 800

TIME (SEC)

1200

Figure E-9. South Pass, 1540 to 1600 c.d.t., I = 260, G = 0.66.
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