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Physics. — '-'A contribution to our knowledge of the solarization

phenomenon and of some other properties of the latent image".

Bj A. P. H. Trivelli. (Communicated by Prof. S. Hoogewerff).

(Communicated in the Meeting of March 28, 1908).

I. The image.

In oi-der to enquire into the density gradation a photographic

plate may be exposed in two ways:

a. with constant light intensity and varying time of exposure;

b. by equal exposures, with diflferent light intensities.

In order to eliminate the possibility of other circumstances being

different, particularly those under which development is carried out,

the first method has been adopted, a plate being divided into strips,

and each succeeding strip receiving a longer exposure than the

preceding one. This is combining several trial plates into one. In

my opinion an "image" cannot be said to appear in this case; it

only appears if the second method is adopted.

The results obtained by equal exposures with different light inten-

sities I will call copies. A copy always shows an image, which may
be positive or negative.

By a normal or non-polarized copy I understand copying positive-

n^ative-positive- etc., which may be represented by

± -» qp

By a polarized copy I understand copying positive-positive-etc. or

negative-negative- etc., which may be represented by

± -*. d=

According to the investigations of Warnerke '), W. Abney '),

K. ScHAUM and V. Bellach •), R. Neuhaus *), and W. Scheffer *),

the diflferences in density which appear in a photographic plate

after exf)08urc and development, may bo ascribed to differences in

the depth of the reduced silver haloid. So tlio iniau(> imust have a

') Phot. Archir. 1881; S. 86 *u. 119.

Phot, Mitt. Bd. 18; S. 66, 98 u. 286.

J. M. KfiKn, Hanclb A. Phol. 1902; Ikl. Ill; S. 106 u. 108.

•) J. M. KuKit, Hand. d. Phot. 1902; lid. ill; S. 102.

•) Pby». 'AH«ch. 1902; Bd. IV; S. 4.

J. M. Edeb, Handb. d. Phot. 1908; Bd. Ill; S. 819.

*) Wi«L AniMl. d. Pbyn. u. Clicm. 1898; Bd. 66; S. 164.

*) iniol. Ciirofiik. 1904; S. 866.

Phot RoDdieUtL 1904; 8. 181.
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plastic shape similar to that formed by the pigment-gelatine printing

process, the insoluble part being a normal copy, the soluble part a

polarized one (monochrome pinatjpj).

It is characteristic of the normal copy, if exposed and developed

normally that the portions where the density is greatest show a

duller surface when seen by light retlected at an angle than the

clearest portions. This is to be attributed to the presence of reduced

silver-haloid grains immediately under the free surface.

If the image lies against the free surface, it may be called a

surface image, in oj)position to a "depth" image, with which this is not

the case.

The cause of the appearance of the surface image has been ascribed

by P. H. Eykman and myself) to the surface tension of the wet

gelatine. So a silver-haloid gelatine layer may be looked upon as

consisting of a series of layei-s, of which the top one, i.e. thfe one

at the free surface, is the most sensitive, while every succeeding

one lying under it, is less sensitive. The exposure required to render

a beginning of reduction by the developer visible, the liminal value

("Schwellenwert") consequently seems to increase in proportion to

the depth; that of the topmost layer is equal to the liminal value

of the plate itself. We will call this the "absolute", that of the

succeeding layers the "relative" liminal value.

Leaving aside, for clearnes's sake, the mutual differences in

sensitiveness of silver-haloid grains in one single layer, to which

J. M. Eder') and J. Plener ') have drawn attention, the differences

in size and shape and the topographic situation of the grains, the

normal copy may be represented as is shown in cross section and

graphically in fig. 1.

The shape of the image of a polarized copy might be represented

as indicated in fig. 2. I have found that this explanation cannot be

applied to a single photographic image, but it is applicable to chemi-

graphic processes, catatypy and the silver-pigmentgum process.

In the case of some polarized copies, as the counter-positive and

-negative, a normal copy is developed first, the reduced silver haloid

of which is dissolved and, after a diffused exposure, redeveloped.

Now a depth image originates (fig. 3). Owing to the diffused exposure

the base of it, leaving aside slight differences in light absorption,

will everywhere be about equally distant from the free surface.

1) Drude. Annal. d. Phys. 1907; Bd. 22; S. 119.

2) J. M. Eder, Handb. d. Phot. 1902; Bd. HI; S. 64.

Phot. News. 1883; p. 81.

8) Phot. Korresp. 1882; S. 306.

1*
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According to the investigations of E. English ') and J. M. Edkr")

there are two images in the case of solarization. This question has

not jet been satisfactorily cleared up, and a certain amount of con-

fusion prevails as to the distribution of the norma! and the polarized

copj.

If the time of exposure, resp. the light intensity is increased, the

reducibleness of the silver haloid increases in depth, finally to such

a d^ree that provided the time of development be sufficient, the

reduction extends to the glass, as is shown by the excellent micros-

copic preparations of W. Scheffer 'j. If solarization sets in, it will

first occur in the apparently most sensitive layers, i. e. those at the

free surface; consequently the reducibleness decreases froin there, and

on the time of exposui-e, resp. the intensity of the light being increased,

it constantl}' extends further down. Thus an image is obtained as is

graphically shown by fig. 4, from which it is at once apparent that

the soifirized image is a normal copy and a surface image. Under

this image there is a polarized copy of greater density with ABfov
its base and from there to the glass there is a strip of fog, the den-

sity of which depends on the thickness of the emulsion.

That after all, in the case of solarization, the copy appears polar-

ized, is therefore owing to the normal copy being of less density

than the polarized one. It will, however, more or less reduce the

contrasts and the wealth of detail. It is consequently contrary to fad
to undersUind polarization by solarization, as is always done.

(In the figure the section of the solarized image is indicated by

finer granulation, which is meant to show that the density has been

reduced in that portion).

This at once accounts for the phenomenon occurring in the case

of solarization of silver iodide gelatine discovered by LOppo-Cramer *)

I) Pbjf. Zflilschr. 1900; Bd. 2; S. 62.

h U. EOBR, Jahrb. f. Phot. u. Rcpr. 1902; S. 79.

Archiv. r. win. Phot. 1900; Bd.. II; 8. 260.

•) ZeilMhr. f. wi«. Phot. 1905; Bd. 11; S. 840.

J. JIL Eon, Handb. d. Phot. 1906; Bd. I; T. 2; S. 287.

gtaiiifsbwr, d. lUberl. Akad. d. Wisi. zu VVicn. Mat]..>tn Natm-w. KlasscBil
CXIV; Abt lU; JuU 1906.

^ J. M. Emn, Jahrb. f. Phot. u. Repr. 1007; S. in.

*) I eaftnol omit quoting this experiment, which so clearly conrums llie above

:

*EiiM Bufliillende Erwheiniinf beobacblcto icli ondlich noch bci cinctn Solarisie-

*nmgtmrmieh mk 4odlttbergel«line. Unter einem Ncgaliv ergabcn die Pluitcn in

*drii Mundao bei diflbftm Taftdiehl dn aatexponicrtc« Uild. Einc soclis Siundon
'faoif mmm denMrlbeo Negaiiv bclichloto Plallo nchicu sich in Amidolpotlusoiio,

•to fNldMr de mbm der drai Sekundcn belicbteten Plallo cntwickcll wurde, zucrst
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and which points to the very rapid decrease in reducibleness of

silver iodide when solarized.

II. A few phenomena occurring with solarization accounted for

by considering the form of the image.

From the form of the image in fig. 4 it appears how impregnation

of the silver-haloid gelatine plate with bichromate before exposure

may influence the result obtained, which was pointed out by Bolas ').

J. M. Edkr and G. Pizzighelli ') attributed the result exclusively

to hardening of the gelatine, by which development in the normal

image is disturbed, and in which solarization acts hardly any part.

It is evident that this image in the hardened gelatine more or less

coalesced with the solarized image, in proportion to the strength

of the bichromate solution employed, by which the development of

the latter is suppressed to a greater extent and the polarized copy

appears richer in contrast and detail. The fog, however, is not done

away with.

While in the case of normal copies the latter may be removed

with Farmer's reducer *), this treatment does not succeed in the case

of polarization. The slight diffusion of this reducer discovered by

W. ScuEFFER ^), by which the action slowly progresses downwards

from layer to layer, at once accounts for this phenomenon.

Of more significance to our knowledge of the latent image is the

so-called neutralization of solarization by retarded development. That

the said phenomenon is regarded as such is only attributable to the

ideas of solarization and of polarization being confounded.

Development is retarded either by decreasing the amount of alkali

"gar nicht zu reduzieren, wahrend das kurz exponierte schon in alien Einzelheiten

•eiichienen war. Nach einiger Zeit raerkt man indes, dass auch auf der uberbe-

"lichteten Plalle eln Bild vorhanden ist : dasselbe sitzt nur in den tieferen Schichten

'allerdings als normales Diapositiv, d. h. noch mcht solarisiert wahrend in der

"Aufsicht erst nach liinger^r Entwicklung etwas zu sehen ist. Beira Fixieren merkt

"man deutlich, dass in der obersten Schicht der lange belichteten Platte kein Bild

"vorhanden ist, in Iem nach kurzem Fixieren das Bild auch in der Aufsicht kraf-

" tiger wird, offenbar weil das unreduzierte Jodsilber der obersten Schicht wegge-

"nommcn wird". (J. M. Eder, Jahrb. f. Phot. u. Repr. 1903; S. 46. Zeitschr. f.

wiss. Phot. 1903; Bd. I; S. 17).

1) J. M. Eder. Handb. d. Phot. 1902; Bd. Ill; S. 115.

Phot. News. 1880; Vol. 24; p. 304.

2) J. M. Eder. Handb. d. Phot. 1902. Bd. Ill; S. 115.
s) J. M. Eder. Handb. d. Phot. 1902 Bd. Ill; S. 555.

4) Brit. Journ, of Phot. 1906; p. 964.

J. M. Eder. Jahrb. f Phot. u. Repr. 1907; S. 26.



in the developer or by the addition of potassium bromide. That only

the rapidity^ of reaction of the developer is reduced, I was able to

ascertain by the so-called neutralisation of solarization with a de-

veloper (rodinal 1 in 10) at a lower temperature. First a normal

copy is developed, which when development is continued, turns into

a polarized one.

However, the normal copy obtained in this way, differs very

much from an ordinary one. When viewed by light reflected at an

angle, it is just in the densest portions that the surface is found to

have the highest gloss; consequently here the grains do not lie

against the surface. After the copy has changed into a polarized

one, in which the polarized depth image predominates, tlie surface

remains unchanged, and now shows the highest gloss in the clear

|iOrtions. Consequently the surface image has not undergone a rever-

sion of density proportions, from which it follows that the normal

copy obtained by retarded development must he the solarized imaye^).

This cannot be ascribed to a chanye of the solarization, i.e. to a

cJianye in the substance of the solarized latent imaye.

Consequently in the surface glass we have a means of ascertaining

in the case of solarization, whether an agent reacts upon the sub-

stance of the latent image or upon the development. Thus I could

ascertain inter alia, that chromic acid mentioned by J. M. Eder ')

and ammonium persulphate referred to by K. Sciiaum and W. Braum,

which both exercise a hardening inlluence upon the gelatine, at the

same time also react upon the substance of the. latent image in the

case of solarization, by which it is reduced to the substance of the

ordinary latent imago.

III. Sabatier's polanzation.

If during the development of a plate light is admitted, three

diflTerent phenomena may occur:

1 If a very slight amount of light is admitted, the plate in the

deveio|icr shows an increase of reducibleness.

i) 11 ftandf to reason Ihal during tho appearance of tlic normal copy in the

(tofdopor, coiUMqutntly bcfuro polnrizuliun sots in, development of the nun-solarized

sUtar haloid In the lower layers may lake place. Con8C(|uently it is belter to my
ihftt ibe folartMd iaiAgt is only funned witliin a certain definite time of development.

«) Phot Korresp. 1902; S. Gi7.

J. M. Edrr. Jahrb. f. Phot. ii. Rcpr. 1003; S. 23.

J. M. Edkr. u. E. Valbhta. Bcitrage xur IMiolochemie. 1<.K)1; 11; S. 168.

i, U. eneK. Ibodb. d. Phot. 1003. IM. Ill; S. Hi8.

•; Phot MUU lOOi; 8. tU.
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2. If more light is admitted the image partly disappears, and a

more or less fogged plate is obtained with partly a normal and

partly a polarized copy, whit;h shows great resistance to further

development.

3. If still more light is admitted, the copy is polarized.

This last phenomenon I call Sabatier's polarization.

J. M. Eder ^) credits Sabatier with first observing it, and says

that Seely gave the following explanation of it : The beginning of

the development takes place at the surface ; by the secondary expo-

sure this developing image is copied upon the silver haloid under-

neath it, and as this exposure is more powerful than the first, the

second image also develops more strongly, and total polarization results.

From the experiments carried out by me it appeared that the

secondary exposure stopped the development of the surface image,

for by reflected light it was seen that it did not increase in density

any more, while total development of the whole surface might be

expected. Iji order to ascertain to what extent the copying action of

the developing surface image is operative in polarization, I effected

the secondary exposure, at the advice of P. H. Eykman, on the glass

side of the plate.

The exposed plate was developed for a short lime, and just after

the appearance of the image it was, while still in the developer,

covered with a piece of opaque, black paper, which was everywhere

pressed tightly against the emulsion to prevent the formation of air-

bells, from which uneven development miglit arise, and then the

glass side was exposed to direct daylight. As the quantity of developer

soaked up by the paper was small and the temperature was below

the normal one, the plate, to save time, was put in the developer

again in the dark room, gieat care being taken to prevent light

from reaching the front of the }>Iate. After fixation a polarized copy

appeared.

This shows that the copying of the developing image at most acts

a very secondary part in the appearance of polarization.

The latter can only be ascribed to the further development of the

surface image being sto|)ped, and to the reducibleness of the silver

haloid underneath it being increased. Consequently here again two

images are formed, one under the other: at ttie top a normal copy

of little density, and under it a polarized one of greater density,

corresponding to that of the polarized copy in fig. 3 in the case of

solarization.

^) J. M. Eder Handb d. Fhot. 1898; Bd. II; S. 82.
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The similaritj between Sabatier's polarization and solarization is

so great, that R. Ltle') attributed the phenomenon mentioned sub 2

to the first zero condition of Janssen's periodicities of solarization being

reached'). In one of my experiments it appeared to me that this

similarity only existetl in so far as no image was to be observed.

The first zero condition is characterised by the maximum of density

obtainable, whilst the plate in question remained very thin. Conse-

quently the cause of the disappearance of the image cannot lie in this.

By transmitted light, too, the plate does not show polarization in

the portions exposed most intensively by the primary exposure,

but in the portions that received the smallest amount of light.

(Therefore Sabatier's polarization cannot be ascribed to solarization).

It is easy to understand that the relative liminal value of a lower

layer is first reached in those portions where the absorption of the

surface image is the least, and where this layer, at the same time,

is situated nearest to the free surface. So in this case the copying

quality of the surface image exercises its influence.

IV. HerscheVs effect.

By Hkrsthki/s effect I understand polarization by double exposure.

It differs from polarization by solarization iu that much smaller

amounts of light-energy are sulTicient to produce it, and in the

reducibleness of the primarily exposed silver haloid decreasing at

once on a secondary exposure.

The duration of the primary exposure must always exceed the

liminal value of the plate. After the secondary exposure has exceeded

a certain maximum {tlie critical exposure), the plate shows a normal

copy again. The vabie of the critical exposure depends entirely on

the primary exposure. This has led to the so-called Clayden's effect
")

(black lightning) being looked upon as a new phenomenon of the

fihotographic plaic.

The first observation dates from 1839, and was made by J. IIkrsc hkl,

who stated that the rod and tlic yellow rays of the spectrum could

<) Pbot Centnilbl. 1902; S. 146.

•) GompL rend 1880: T. 90; p. 1447, T. 01 ; p. 199.

MooilMir d0 la Phot. 1880; p. 114.

fMA, t, d. Aniwl. d. Phy». u. Chem 1880; S. 615.

J. M. EoKR, llandh. d. I'hol. 1906; Bd. 1; T. 2; S. 806, 1898; Bd.ll;S. 78.

J. M. Edkr. Jttlirb. r. Phot. u. Repr. 1894; S. 878.

•) i. M. EORR. Jahrb. f. Pbot. u. Hepr. 1901 ; S. 010.

GuMra Obioini. 1001 ; bidx. 513.

J. M. Eder Haiulh .1 Pl.oi. 1006; Bd. 1; T. 2; S. 812.

. . 1003; Ud. HI; S. 834.
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destroy the latent image of the blue and violet ones. At the same

time a change in the degree of colour sensitiveness was ascertained.

This was confirmed by Claudet '), H. W. Vogel *), W. Abney »),

P. ViLLARD *) and R. W. Wood '). E. Englisch •), H. W. Vogel and

W. Abney, however, considered this phenomenon to be solarization.

An experiment published by P. Villard clearly shows that in the

case of very advanced exposures the critical exposure does not appear

any more, and the whole phenomenon coalesces with solarization.

The highest sensitiveness of the plate is manifested towards red, the

lowest to green.

Warnerke '') observed Herschet/s effect in images obtained by print-

ing, and P. Villard, R. W. Wood, R. Luther and W. A. Uschkoff *)

Willi Ronlgen rays in the case of primary exposure. At the same

time they demonstrated that the phenomenon did not appear if these

exposures were reversed.

J. Sterry •) communicated another variety, viz. that certain kinds

of chemical fog can be neutralized by weak light.

Some time ago one of my friends showed me a few camera

exposures on Eastman films*"), which I recognized as the phenomenon

observed by J. Sterry. They had been exposed once, but had been

in the camera for about 3 years without any precautions having

been taken except that light had been prevented from reaching them.

Consequently in this case the diffused exposure had been replaced

by a chemical process of analysis, which had acted similarly, and

had been exercised upon the silver bromide by the vapoui-s given

off by the celluloid, which had been diffused in the silver bromide

gelatine.

Fig. 5 is an outdoor subject; it had a short exposure and shows

various abnormalities. Nearly the whole copy is polarized, with the

exception of the sky near a, where the critical exposure had been

exceeded. The dogs in the foreground, reflecting the greatest amount

of light there, show the beginning of the formation of a normal copy,

1) Annal. d. Gliimie et de Phys. 1848; 3e serie; T. XXII.

2) H. \V. Vogel. Handb. d Phot. 1890|; Bd. i; S. 221.

») Phot. Archiv. 1881; S. 120.

*) Soc. d'encourag. pour I'lndustrie nation. Extr. d. Bulletin; Nov. 1899.

°) Astrophys. Journ. 1903;- Vol. XVll
; p. 361.

«) J. M. Eder. Jahrb f. Phot. u. Repr. 1902; S. 78.

7j Phot. Arch. 1881 ; S. 120.

8) Phys. Zeitschr. 1903; S. 866.

^) This paper I only know from a resume in J. M. EdeS. Jahrb. f. Phot. u.

Repr. 1903; S. 425.

1^) The lens of the camera was a slow aplanat, and was used with full opening
for the interior; for the outdoor exposure it was stopped down.
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and so do the shoulders of the female figure to the right, owing to

which especially the left shoulder shows a false relief. Consequently

the criti«d exposure is reached after the greatest transparency of the

image has t)een obtained.

Between these l)eginnings of a normal copy and the polarized copy

theie is a clear strip, which is narrower where the exposure has been

stronger. The dog to the left shows greater density of the normal

copy than the one to the right, where the bright strip is broader.

This strip occurs in the brighter parts in a manner that is the exact

opposite of the way it occurs round the outlines of the leaves of the

tree and of the bare trunk in the background ; a few shoots are

even quite white. Here the strips are found in the darkest parts, and

decrease in width towards the right of the tree top, round which a

smaller light intensity has been active.

The wall was more strongly lighted to the left than to the right,

and appean? slightly darker there, but still it remains polarized, which

is easier to see in the original film than in the reproduction. The

left side of the tree top shows more halation than the right, while

no halation whatever is to be seen in the part of the sky near a,

which was subject to the action of light with greater contrasts. Here,

ho%¥ever, one would have expected that halation would have acted

in the opposite direction, viz. not decreasing in density in the darkest

portions, but increasing in the lighter ones.

The comfiaratively slight densitj' of the sky near a is striking, and

80 is the low colour sensitiveness to green (grass and foliage), while

the dark blond and dark brown hair of the two female figures show

* stronger action of the light, which can be seen better in the original

copy. The wall in the background is white, so that here the

colour sensitiveness to the red of the bricks cannot be ascertained

Fig. 6 renders the critical exposure still more strikingly. It repre-

•enif an interior ; the film was exposed a few seconds, and shows

every ofajoct in the room polarized, oven a largo portion of (he

hnlalton owing to the light from the left window. What is seen outside

through the windows lias been copied normally ; here, consc(}ucntly

the critical exposure htm been exceeded. The halation has partly made

ibe lead soiling of the coloured glass Ap|)car normal again, while to

atiolber portion it has given greater dcMisily owing to the action of

lb« liglil iM'ing Htrongor. A largo fmrt of llie righl half and u sniuiiir

part of ttio left liotlom section show diflfcrenccs in density, which

llllitt be ascribed to uneven action of the chemical reactions during

Ibe time Ibe fllm was kept. Fig. 5 niKO nhows thin, but in a slighter

degree: here, however, it is less noticeable on account ofthowoulih
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of detail of the image. The a<!tion being slighter to the right, the

images are seen to be thinner accordingly.

The same thing is to be observed in a ROntgenogram placed at

my disposal by P. H. Eykman. The plate was exposed to Rontgen

rays with a so-called intensification screen (calcium wolframate screen),

and laid aside some time before development. Calcium wolframate

postluminesces *) owing to which a plate is consequently further

exposed. The objects photographed with Rontgen rays were a piece

of bone, a piece of thin and a piece of thicker, insulated copper

wire. Fig. 7 gives a reproduction of the negative. The places of the

thin copper wire show development of the silver bromide which is

nearly as strong as in the field, where the Rontgen rays and the

luminescence together have acted most strongly. A narrow strip

along the edge indicates how far the screen covered the plate ; con-

sequently there only the R. rays have acted. The place of the thin

copper wire does not show a trace of development there ; conse-

quently the exposure remained t)elow the liminal value.

The development of this place cannot be put down to irradiation

through the screen; in that case the same thing would have to be observed

in the case of the thick copper wire and the edge of the screen.

Consequently the R mys must really have acted in such a way in

that place, that the screen luminesced and this acted upon the

silver bromide, while the exposure to R. rays remained below the

liminal value.

P. H. Eykman also showed me a negative in the case of which the

screen after irradiation had only been brought into contact with an

unexposed plate'). It showed a very thin image, from which it follows

that the strongest action of the screen takes place immediately after

the transformation of the absorbed Rontgen energy. Consequently if

in the case of a rontgenogram with a calcium wolframate screen

the action of the R. rays could be prevented, much shorter exposures

would be sufficient to produce a good image. Hitherto this has

proved to be impossible.

Another fact important for our knowledge of the latent image

may be gathered from fig (5. The right bottom corner shows that

the thinner the fog of diffused exposure becomes, the thinner also

the polarized copy is. From this it follows that in the case of secon-

dary e.vposure the liminal value is lower than in the case of pri-

mary exposure, i.e. the amount of light necessary to effect the begin-

1) Fortschr. a. d. Geb. d. R-Str. 1901; Bd. IV; S. 180.

2) The calcium wolframate screen was exposed to the R rays at the same

time as the negative of Fig. 7.
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ning of a decrease m reducibhness is smaller than is necessary for

a beginning of an increase of this power loith the original condition

of the silver bromide.

V. The theory of the latent image.

In the case of the theory of the latent image two facts have to

be observed, which are directly connected with each other:

1. The action of the light upon the silver haloids;

2. The physical or the physical and chemical changes in the silver

haloid resulting from this action.

The theory proper of the latent image is only restricted to the

latter, consequently comprises only secondary phenomena. Of all

the theories enunciated, only the subhaloid theory of Choiselat and

Ratki. ') has maintained itself, especially owing to the subsequent

investigations of M. Carky Lea '), H. Weiss '), J. M. Eder *), and

others. While J. M. Eder ') looks upon silver subhaloid as a

molecular compound, M. Carey Lea '), E, Bauer ''), L. Gunther ^),

and LCppo-Cr.amer *}, consider it an absorption compound of colloidal

silver and silver haloid, thus practically maintaining Arago's old

silver-germ theory in a new shape. However, it is impossible yet to

point out a single fact in photography from which it appears which

of these two theories is to be preferred; all chemical reactions on

the latent image might be accounted for by either theory and

n CompL mid. 1843: T. 16; Nr. 25.

„ ., T. 17;*Nr. 4.

J. M. ^ZK. liandb. d. Phot. 189S; Bd. II; S. 111.

•) Americ Journ. of Science. 1887; Vol. 33; p. 349.

PboL Korresp. 1887; S. 287, 844 u. 371.

*) Zeiltdir. f. phys. Chemie 1905; Bd. 54; S. 305.

GhoD. Centralb). 1906: Bd. 1; S. 807.

J. H EoBR. Jabrb. f. Phot. u. Repr. 190C; S. 473.

^ SJImngrfwr. d kutKcrl. Akad. d Wiss. zu Wicn. Malhom.-naturw. Klassc.

Bd. CaCIV; Abt. lla; Juh 1005.

ZcilMhr. r. mm, Fbot. 1905; Bd 111; S. 8iU.

J. M. Edbb. Uandb d. Phot 1906; Bd. I; T. 2; S. 277.

Phot KorrMp. 1906; S. 426 u. 476.

1906; 8. 81, 184, 181 u. 231.

1907 ;S 79.

•) 8m OOtt 4

*) 8tt Bolt 8.

^ ZriMv. I pbjt, Gbmlt. Bd. 45; 8. 618.

•i Abbnd. d. Mtitrl. Qm, NflmlMrg. 1904; Bd. 16; S. ild.

•) Pbot tonwp. 1906 u. 1907.

UrfoGlAim. Pbolofr. Probl«iM. 1907; S. 193.
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neither of them has hitherto afforded a definite explanation of the

various photographic phenomena.

As the photo-chemical process of analysis upon the silver haloid

is only characterized by a continuous reduction process, it is quite

natural to assume this also in the cases of the solarized latent image

Still there are a few phenomena which seem to contradict this.

Thus W. Abney *) assumed the formation of an oxybromide, and

founded this assumption on the fact observed that potassium bichro-

mate and potassium permanganate, perhydrol and a few anorganic

acids promote solarization. The anti-solarizing action, also pointed

out by him, of reducing agents, like pyrogallol, ferrous sulphate,

ferrocyanide of potasium, nitrites, and sulphites, has only been judged

from the appearance or non-appearance of polarization, and may be

entirely reduced to retarded development.

Lijppo - Cramer ' ) considers the oxidation theory of solarization

absurd. He points to the solarization of the plate even if no oxygen

is admitted, and to the circumstance that all the agents that prevent

solarization, are halogen-absorbing substances. As a chaiacteristic

example he mentions silver nitrate, the anti-solarizing action of which

is, according to him, to be ascribed to halogen-absorption, not to

oxidation, and considers this action analogous to that of nitrites,

sulphites and hydroquinone.

This view is at variance with his criticism of the oxidation theory,

in which he also points to the continuous loss of halogen in the

case of continued exposure of the silver haloid, and to his obser-

vation that a bromide solution counteracts solarization, and may even

entirely neutralize the latent image*). Consequently halogen-absorption

must promote solarization. The promotion of solarization mentioned

by W. Abney, and referred to above is not to be ascribed to oxida-

tion, but to halogen absorption.

That oxidation of the substance of the latent image neutralizes

solarization, has been ascertained by J. M. Eder *) with his chromic

acid reaction, and by K. Schaum and W. Braun*) with their ammo-
nium persulphate reaction. That in this case we really have not the

1) Proc. Roy. Soc. 1873; Vol. 27; p. 291 a. 451.

2) LtJppo-GRAMER. Phot. Pfobleme. 1907 ; S. 138.

8) J. M. Eder, Jahrb. f. Phot. u. Repr. 1902; S. 481.

*) Phot. Korresp. 1902: S. 647.

J. M. Eder, Jahrb. f. Phot. u. Repr. 1903; S. 23.

J. M. Eder, u. E. Valenta, Beitrage zur Photochemie. 1904; U; S. 618.

J. M. Eder, Handb. d. Phot. 1903; Bd. Ill; S. 828.

6) Phot. Mitt. 1902; S. 224.
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phenomenon of retai*ded development I could observe through the

formation of a dull surface image. Further Luppo-Cramer ^) proved

that the silver subhaloid of Poitevin's photochromies undergoes

r^ression to silver haloid by oxidation. J. M. Eder') described the

same thing in his investigations of the latent image with the nitric

acid reaction.

Quite a different view of the progressive photochemical analysis

of silver haloids, was given by H. Luggin'). He stated that in the

case of more intensive exposure, also a proportionately greater

amount of formed silver haloid, under the influence of the increasing

halogen pressure takes from the silver haloid the power of afiording

germ-points for the deposit of metal, and that consequently lialogen-

absorbents i.chemieal sensitizers) would be the best means of keeping

the halogen pressure as low as possible, and so of preventing solari-

zation. Consequently he considers solarization as a phenomenon con-

sisting in the prevention of germ-formation. His statement: "Tlie

thinning of solarization may often be obviated by selecting smaller

stops and increasing the exposure accordingly," is confirmed in the

case of silver iodide gelatine *).

Still this proposition that halogen absorption prevents solarization

is at variance with what goes before. I liave therefore investigated

this matter more closely.

Silver haloid is decomposed by the action of light, but a polished

silver bar exposed in the light to halogen vapours, at once combines

with it to form halogen silver. Consequently in the presence of an

excess of halogen the silver haloid is not decomposed.

A highly sensitive silver bromide gelatine plate, which was partly

ooAled with collodion, was exposed to direct daylight. It was observed

tluU the photo-chemical decomposition under the collodion remained

coosidcrably liehind that of the free surface, and had not oven

increMed appreciably after an exposure of several weeks. The violet

brown discolouration appeared only at the free surface, and could be

remoTed by the plate being rubbed carefully. A plate, exposed at (he same

lime on the glaM side, also showed retardation as to the pholo-

cbamical decomposition process, and against the glass the silver

bromide eeeminglj reroaine<l unaliorod. Conso(|uonily the fact that

preireoU diffusion counloracts decomposition. In the case of

I) Pbot Korrwp. 1007; 8. 480.

•) 8m noU 4, p.

•t J. M. Con, Jalirb. f. Pbot. u. Repr. 1898; S. 162.

«|J. M. Eon, Undb. d. Pbot 1906. Bd. I; T. 2; S. 809.

Urro^iUiCgB, Pbot. Problimt. 1907; S 152.
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an excess of liberated halogen the opposite reaction takes place, which

is quite in accoidauce with the regression of the latent image by

a bromide solution in the case of silver bromide, as found by

Luppo-Cramer.

The diffusion of liberated halogen will always take place in a

smaller degree in the series chlorine, bromine, iodine, on account of

the atomic weight rising.

H. Luggin's rule must, therefore, be modified to the effect that in

the case of a certain definite light intensity the progressive and

regressive reduction get into a condition of equilibrium, which is

only got over by a loss of halogen (absorption by the chemical

sensitizer and diffusion).

The same tiling was said in other words before now by J. Precht *),

but on the ground of the appearance of solarization.

With this modified proposition of H. Ldggin the deviations') from

R. Bunsen's and H. Roscoe's reciprocity rule *) can be accounted for,

to which also belong the phenomena in the case of silver iodide

gelatine jufet mentioned.

The knowledge of the latent image is arrived at by development.

While the exposure causes decomposition of the silver haloid accom-

panied by a quantitative increase in silver subhaloid, a decrease of

reducibleness appears during development after a certain maximum
of exposure. The solarization phenomenon is, therefore, a development

phenomenon in the sense that development, owing to the modified

properties of the latent image, shows a change.

Consequently in order to account for solarization a knowledge of

the nature of development is requisite. Without it solarization remains

an unsolvable problem.

Two methods of development are distinguished : The physical and
the chemical method'). Physical development is characterized by a

deposit of a reduced silver compound from the developer on the

exposed silver haloid; chemical development by reduction of the

exposed silver halogen itself.

^) Zeitschr. f. wiss. Phot. 1905. Bd. Ill; S. 75.

2) J. M. Eder, Handb. d. Phot. 1906; Bd. I; T. 2; S. 48 u. 49.

, , , 1902; Bd. Ill; S. 228.

, , , 1898; Bd. II ; S. 3 u. 5.

Phot. Mitt. 1890; S. 261.

Proc. Roy. Soc. 1898; Vol. 54; p. 148.

') PoGGENDORF Annal. d. Phys. 1862; Bd. 117; S. 538.

*) J. M. Eder, Handb. d. Phot. 1898; Bd. II; S. 29.

, , 1906; Bd. I; T. 2; S. 250.
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Bj W. OsTWALD*), K. ScHADM and W. Braun") it was supposed

that the reduction of the silver bromide with cliemical development

was in the first instance brought about bj a minimum amount of

silver bromide dissolving as positive silver- and negative haloid-ion,

after which the reduced substance was precipitated upon the germs.

Lfppo-CRAMBR ') succeeded in showing that a number of developing

processes which were formerly looked upon as being purely chemical

in their nature, not only in ideality proceed physically, but that

every chemical development is also partly of a physical character.

W. ScHBFrER *) was tlie first to show by a microscopical investigation

that the entire chemical development is physical iji its nature, i.e.

it is brought about by molecular attraction between the photo-

chemically reduced silver haloid, the germ, and the reduced feeding-

sobetance. This, consequently, accounts for the altered structure of

the exposed silver bi-omide gelatine plate before and after development *).

Still the development of the photographic plate by the so-called

chemical method really shows a difference from the physical method.

Lcppo-Cramer*) succeeded in demonstrating that the substance of the

image in the case of a negative developed by the so-called chemical

method, still contained bromine by the side of ordinary silver, which

bromine he supposed to be a constant solution of silver in silver

bromide. From this he infei-s that during the development, beside

the silver another intermediate product must originate. It is only

natural to assume, on the analogy of the reduction process of the

silver haloid to silver through subhaloid, that also in the case of

sOHUilled chemical development the reduction takes place in the same

wajr. Thus it appears that between chemical and physical develop-

ment there is only this diflerence that the former keeps the subhaloid

in solution with more difliculty than the latter, owing to which

perfect reduction cannot take place. This at the same time accounts

1) W. ObtwaU). Lebrb. d. allgcm. Chemie. 1808; Bd. 2; S. 1078

•) J. M. Eon. Jahrb. (. Fbot. u. Rcpr. 1902; S. 476.

Phot Mitt. 1902; S. 229.

•) LOno-CtLAMUL Phot. ProbUme 1907. S. 169.

«) Pbot RnndMhMi 1907; S. 142.

PboC Korrwp. 1907; S. 884.

^ S. E. SmpPABD tod C. E. K. Men. CZeilsch. f. wlss. Phot. 1005; Bd. Ill;

8. 866) eoMidtf V. Billacii's obMrvatlon that (lie size of the grain of the

dsyilopsd i0Mf» deerttiM during the drying of the emulsion, to be in nccoi dance

wllli 0. QtnucKK't foiiiHrtrtMtttre theory of the silver haloid grainK which, according

to Um, MoUio gdatint. The non^coaletceoce of the exposed with the developed

frate tkom tbt ioMmetiMM of this view.

•) Phot Iom«p. 1906 8 81»
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for the fact that the image developed with certain developers loses

density in the fixing bath; this loss of density is analogous to what

is observed in the case of P. 0. P. papers with silver chloride.

Tliis further explains another apparent contradiction. While with

silver chloride a lower and with silver bromide a higher degree of

sensitiveness to light is observed, in other wprds, while quantitatively

the same photochemic decomposition of silver bromide takes place

with less absorption of light energy than in the case of silver chloride

the exact opposite is seen to take place with the increase in density

during development, which has been pointed out by H. and R. E.

LiESEGANG '), KoNiG ') and Luppo-Cramkr *). Considering that silver

chloride possesses a higher solubility, resp. has the power of bringing

a greater number of ions into solution than silver bromide, it is

easy to understand that quantitatively reduction can take place in a

larger measure per unit of time, notwithstanding silver chloride

is a more constant compound than silver bromide.

With silver iodide the same thing is observed still better. The

reducibleness, resp. solubility is still less in this case, which has often

occasioned the unjustified conclusion, that silver iodide is less sensitive

to light than silver bromide, while the exact opposite is observed in

the case of daguerreotypy and the wet collodion process, since here

the feeding substance for development is introduced from without.

Accordingly Luppo-Cramer could use with silver iodide developers

like amidol potassium carbonate, triamidophenol, diamidoresorcin,

and triamidoresorcin, which show a far too great rapidity of reaction

for silver bromide plates.

The higher sensitiveness of silver iodide-bromide plates as compared

with silver bromide plates, owing to which more detail can be obtained

in the darkest parts of the image, may therefore be ascribed to the

more rapid formation of germs in the case of silver iodide, while the

silver bromide serves as feeding substance for the developer. This further

appears from the optical sensitizing of silver iodide-bromide plates.

While silver bromide can easily be made colour sensitive, this is

not the case, with silver iodide, which has been pointed out by

J. M. Eder *), Luppo-Cramer *), and others. Still both may be dyed

1) Phot. Mitt. 1901; S. 362.

Phot. Wochenbl. 1901; S. 405.
J. M. Eder. Jahrb. f. Phot. u. Repr. 1902; S. 572.

2) Phot. Korresp. 1903; S. U.
s) J. M. Eder. Jahrb. f. Phot. u. Repr. 1903; S. 401.
*) J. M. Eder. Handb. d. Phot. 1906 ; Bd. I ; T. 2 ; S. 269.
6) J. M. Eder. Jahrb. f. Phot. u. Repr. 1903; S. 46.

, , , , , 1904; S. 390.
Zeitschr. f. wiss. Phot. 1903; Bd. I; S. 17.

Proceedings Royal Acad. Amsterdam. Vol. XI.
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by optical sensitizers, but in this case the silver iodide-bromide plate

behaves more like a silver iodide plate.

At the 79^^ German Physical and Medical Congress held in Dresden

in 1907 W. ScHEFFER^) communicated a solarization theory founded

upon his microscopic investigations '), which explains solarization in

quite a simple way.

When the exposed silver bromide gelatine plate is being developed

certain grains ("Ausgangskorner") send out germs, upon which the

i*educed substance is deposited, because other grains ("Js'ahrkorner",

formerly called "Losungskorner") are dissolved in the developer and

cause the growth of the germs. In an overexposed emulsion too

many germ-producing grains "explode", and an insufficient number

of "feeding" grains remain, so that no image of sufficient density

can be formed. Consequently this theory is founded upon the transition

of "feeding" grains into germ-producing ones by exposure, or rather

of silver haloid into silver subhaloid.

This theory cannot be reconciled to the fact found by J. Sterry '),

J. M. Eder *) and Lijppo-Cramer '), that solarization can also appear

with primary fixation, for in this case the feeding substance is sup-

plied from without. The same holds good with regard to daguer-

reotypy.

B. Homolka's solarization theory'): "In the decrease of the amount

of silver bromide I recognize the primary cause of solarization", is

irreconcilable to the above, not to mention the circumstance that

these two theories cannot explain the second reversion of solarization,

and cannot account for the fact that even with the strongest over-

exposures an excess of silver haloid, i.e. of feeding substance, can be

proved to be still present in tlie emulsion.

From the solarization with primary fixation it therefore appears,

that the silver haloid germ loses this germinating property on further

exposure, i. e. through the continued |)hotochcmical decomposition it

has passed into another subhaloid containing less halogen, which

poesefises no germinalive property. 0. Wiener '') proved the possibility

of the existence of more subhaloids. Let us call the first the ^{-silver

subhaloid and the second the ^-silver subhaloid.

I) Phot. Korrcip. 1907; S. 487.

•) Phot. Rundichau. 1907 ; S. 65 u. 142.

Phot Korrctp. 1907. S. 233 u 884.

•). i. M. Cdir. Jahib. f. Phot. u. Ropr. 1899; S. 289.

*i i. U. Edbr. Handb. d. Phot. 1906; Bd. 1; T. 2; S. 312.

>) LOPPO^IaAMlB. Phot. Probleme, 1907; S. 150.

•) Phot Korrctp, 1907; S. 168.

^ J. M. Edir. Jahrb. f.Phot. u. Repr. 1896; S. 56.
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The reappearance of reducibleness in the case of continued exposure,

the so-called second reversion of solarization might then again be

attributed to a newly formed y-silver subhaloid, or, as the third

reversion has not been observed, to a metallic silver germ or what

is also possible, to both.

It must be emphasized at the very outset, that it is by no means

impossible that before the «-silver subhaloid one or more other sub-

haloids, richer in halogen, are formed, which possess no germinative

property, for a primary exposure below the liminal value of the

plate points to photochemical decompositions taking place through

the occurrence of auto-sensitizing ^), so that the liminal value cannot

be considered identical with the photochemical induction. Nor must

it be inferred from the above that the «- or the ^-silver subhaloid

does not consist of more than one silver subhaloid.

Consequently it appears from all this that sensitiveness to light

and reducibleness must on no account be identified, as is generally

done.

The untenableness of the existing theories of Herschel's effect by

Claudet, p. Villard, R. W. Wood and Warnerke is accounted for

by this faulty identification of reducibleness with sensitiveness.

For the appearance of Herschel's effect it is necessary that the

primary exposure should exceed the liminal value of the plate. Con-

sequently «-silver subluiloid must have been formed.

That by the secondary exposure a regressive reaction occurs

between the «-silver subhaloid and halogen, cannot be assumed,

because in the case of prolonged exposures Herschel's effect coalesces

with solarization, in connection with which the formation of the

/3-silver subhaloid without germinative property has already been

stated. The experiments of W. Abney mentioned above, also prove

that halogen absorption promotes the phenomenon. Consequently

the secondary exposure acts in such a way that the «-silver sub-

haloid formed photochemically by the first exposure is reduced to

/5-silver subhaloid more rapidly than it has been possible for an
equal quantity of «-silver subhaloid to be formed afresh. (In this

case it may happen that the silver subhaloid has already entirely

been photochemically dissolved, before the silver haloid has been

able to supply it). This appeai-s from the discussion of fig. 6. The
photochemical induction of the a-silver subhaloid is, therefore, lower

J) Vide: J. M. Eder. System der Sensitometrie phot. Flatten. Sitzungsber. d.

kais. Akad. d. Wiss. in Wien 1899; Ila; Bd. 108; S. 1407. J. M. Eder u. K
Yalekta. Beilrage z. Photochemie. 1904; Bd. II; S. 48.

2*
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than the liminal value of the silver haloid. Consequently the a-silver

subhaloid is a substance of greater sensitiveness to light than the

silver haloid.

If with the secondary exposure the amount of « silver subhaloid

originally present is exceeded, a normal copy is obtained again. The

critical exposure, therefore, is that secondary exposure by which the

same amount of « silver subhaloid is formed as was present after

the primary exposure. So the best gradation of the polarized copy

in the case of HERSCHiii/s effect is obtained, if lower light intensities

are employed, as is shown by experiments.

The amended proposition of H. Luggin states that with a certain

definite light intensity the progressive and the regressive reaction

in the silver haloid arrive at a state of equilibrium, if the liberated

halogen is not removed. This removal of halogen, either by diffusion

or by chemical sensitizei*s, is therefore of paramount influence upon

the origination of Herschel's effect. Consequently the most successful

experiment is obtained with an emulsion which immediately absorbs

the liberated halogen, or what is better even, if between the primary

and the secondary exposure the plate is put aside for a considerable

time, by which the liberated halogen is diffused out of the emulsion.

It is still simpler to treat the plate after the primary exposure with

a halogen absorbent, as was done by W. Abney, and we therefore

regard judson blue, mentioned by H. W. Vogel^) as a substance

probably behaving analogously.

Therefore the direct decomposition of the silver haloid by reducers

as in the case of J. Serry's experiments and fig. 5 and 6, in which

the liberated halogen enters into combination, acts so favourably

ui)on HKit«CHKL'8 effect.

This makes P. Villard's statement clear that not all emulsions

ue equally suitable for experiment, as in the various emulsions

there are different chemical sensitizers (both in quality and in qnantity).

At the same time the nature of the phenomena in the case of

intennitteiit exposure becomes clearer now.

That the effect of development upon silver bromide gelatine (but

not nc<*csHarily tlie photochemical decomposition) is always slightly

less tiian with a continuous exposure of the same duration was

ot>8erved by W. Abnky"), K. Schwarzschii.d * j, and others. Many

1) H. W. VooKL. Handb. d. PhoL 1890; Dd. I; S. 221.

•) Photography 1893; p. 682.

Phot Archiv. 1898- S. 339.

J. M. Eom. Jfthil). r. Phot. u. Ropr. 1894; S. 378.

») Phot. Korrcfp. 1899; S. 171.
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beginners in photography have observed the same thing when having

made two exposures of different objects on the same plate. In this

case it is easy to observe that not the sum of the two images is

obtained, but that in one place one object dominates, in another

place the other object.

According to K. Schwarzschild the result in the case of the

exposure being intermittent depends, inter alia, upon the relation

between the interval and the duration of the separate exposui-es;

tlie longer the interval the better opportunity the halogen has of

escaping by diffusion, or of being absorbed by a chemical sensitizer,

and the more readily the next exposure will photochemically

decompose the « silver subhaloid germ, which is more sensitive to

light than the silver haloid, into ^ silver subhaloid and halogen,

owing to which tlie result of development, apart fi-om the photo-

chemical induction which is to be exceeded again, will remain below

the sum of the components.

The difference iu sensitiveness to light between silver haloid and

the « silver subhaloid appears, according to the above experiments,

to depend largely upon the kind of light with the seconday exposure.

The less sensitive tlie silver haloid and the more sensitive the «

silver subhaloid is to a given colour, the more pronounced Herschel's

effect will be. The smaller this difference, the more rapidly the

silver haloid will produce fresh « silver subhaloid germs; it is true,

in this case polarization is observable, but the minimum reducibleness

is soon reached. Further this is, of course, also dependent upon the

amount of a silver subhaloid, i. e. upon the duration of the primary

exposure. Perfect neutralization of reducibleness need not occur then.

Consequently the colour sensitiveness occurring in the case of

Herschel's effect is to be ascribed to the colour sensitiveness of the

a silver subhaloid. Not one of the theories of the latent image

enunciated hitherto can account for the phenomenon in such a

simple way as the subhaloid theory. The subhaloids are dyes of

quite different colours from silver haloid, and consequently with

quite different spectra, owing to which the possibility exists of quite

different colour sensitiveness, as in fact actually appears from the

experiments of 0. Wiener *).

P. ViLLARD proved spectroscopically that the greatest difference

between the liminal value of the silver haloid and the photochemical

induction of the «-silver subhaloid is situated in the red

1) Probably these photochemical decompositions proceed according to an expo-

nential formula.

-) J. M. Eder. Jahrb. f. Phot. u. Repr. 1896; S. 55.
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and consequently that the «-silver subhaloid is a substance sensitive

to red. If a silver bromide gelatine plate is exposed to the action of

a continuous spectrum, the reducibleness in the case of increasing

exposure will proceed from blue to red. While after development it

is observed that with increased exposure the density of the plate

increases about and in the spectral blue, (he yellow, the orange,

and especially the red obtain only very slight densities. Consequently

it is evident that the cause why the density of the image in the

red, yellow, and orange portions cannot increase above a maximum,
which is very low, lies in the a silver subhaloid possessing a far

greater sensitiveness to red than the silver haloid, so that very soon

a state of equilibrium has been reached, in which in a progressive

process as much a-silver subhaloid is formed as destroyed.

The substance of the developable latent image is considered identical

with M. Carey Lea's photohaloid. Now how does this behave in

red light?

M. Carey Lea *) exposed his pink photohaloid to the action of a

spectrum ; while under all colours the photohaloid changed, it remained

unchanged in the red. From this it appears that the subhaloid germ

of the latent image must be another substance than M. Carey Lea's

photohaloid.

The behaviour of ROntgen rays differs from that of other kinds

of light. According to P. Villard, R. W. Wood, R Luther, and

W. A. UscuKOFF they show no Herschet/s effect in tlie case of

secondary exposure. This cannot be ascribed to total non-sensitiveness

of the a silver subhaloid to Rontgen rays. It is true, F. Hausmann ')

and others stated that Rontgen rays produced no solarization, and

consequently liiat there was no formation of (i silver sublialoid, but

P. H. Eykman •), and subsequently K. Schaum and W. Braun ^)

could show that they do. So the silver subhaloid is also sensitive to

R6ntgen rays, and the non-appearance of HEits{;nEi/s effect must be

put down lo the cause that for Rontgen rays the silver haloid has

a liininal value as great as, or greater than the photochemical

induction of the a silver subhaloid. It is therefore assumed tiiat in

the case of rOntgcnography the intermittent exposure, a[)art from the

pboiograpliic induction to be exceeded each time, does not pi-oduce

a photographic cfTccI that remains below that of a continuous

irradiation.

t) Americ. Journ. of SdeoM 1887; Vol. 33; p. 3G3.

f) KortMhrittc a. d. Qeb. d. R.-Slr. 1001; Bd. V; S. SO.

•) FprlKrhr. n rl. Grh. d. R -Sir. 1002, Bd. V, Hclt 4.

«; Zvtisclir. r. wiM. riiol. 19U4; UU. 1 ; S. 382.
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From H. Luggin's modified proposition it appear* clearly, how the

chemical sensitizers promote the photochemical decomposition process

of the silver haloids by halogen absorption. They consequently pre-

vent regression.

Lijppo-Cramer ^) describes the following experiment, which confirms

this. Precipitated silver chloride shows neither with silver nitrate,

nor with ammonia, both chloride absorbents, any increased sensi-

tiveness to light when photochemically decomposed ; in an emulsion

whore the rapid escape of the liberated halogen is prevented, the

action of the chemical sensitizer is therefore observed. From this

it follows that the chemical sensitizer does not react upon the silver

haloid itself at all.

Even from the considerable deviations from the reciprocity rule

in a silver bromide gelatine plate with very low light intensities it

follows that gelatine is not a chemical sensitizer, which has also

been proved in another way, experimentally, by LCppo-Cramer.')

While the chemical sensitizers act very favourably in the printing-

out process, they have no, or even a detrimental influence in the

case of silver haloid emulsions intended for development, as has

been pointed out by LtJppo-CRAMER *). If it is borne in mind that

the a silver subhaloid germ itself is a substance very sensitive to

light, which with loss of halogen, passes into the S zilver subhaloid

without germinative property, it is clear that a too active chemical

sensitizer does not promote reducibleness.

A number of chemical sensitizei's, however, are oxidizers at the

same time. From what has been said above it has appeared that

oxidation transforms the ^ silver subhaloid into « silver subhaloid

(neutralization of solarization), which may be thus represented

:

ff silver subhaloid -}- oxygen = silver oxide (Ag,0 ?) -\- a silver

subhaloid.

This reaction seems to proceed very slowly in the case of sub-

bromides.

Owing to this complications may arise, so that the chemical sen-

sitizer, while on one hand promoting the photochemical reduction,

on the other hand again partly oxidizes the silver subhaloid that

has been formed. Here the action of the chemical sensitizer is

favourable for the process of development, as in the case of the

1) Phot. Korresp. 1901 ; S. 224.

Luppo-Gramer. Wissensch. Arbeiten 1902; S. 87.

J. M. Eder. Jahrb. f. Phot. u. Repr. 1906; S. 648.

-•) Luppo-Gramer. Phot. Probleme. 1907; S. 33.

3) Phot. Korresp. 1903; S. 25.
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silver iodide collodion plate with silver nitrate, which in the pre-

sence of light is a powerful oxidizer ^), and the question is whether

the so-called neutralization of solarization by silver nitrate is not to

be ascribed to this as well, and consequently is real neutralization.

If silver haloids are allowed to be photo-chemically decomposed,

the great influence of the size of the grain at once becomes evident.

While fine grain silver chloride or bromide is decomposed rapidly,

the latter even more rapidly than the former, the directly visible

decomposition in the case of course-grain silver haloids is slower.

This can at once be accounted for by H. Luggin's modified rule.

At the surface of the silver haloid grain the liberated halogen can

escape more easily, or enter into composition; inside the grain it

acts regressively, so that the progression will decrease from the

surface to the centre.

H. LuGGiN '), too, refers to the same thing in the case of silver

iodide. But even if it is in a very finely divided condition, the directly

visible photo-chemical decomposition does not take place rapidly.

Owing to its greater atomic weight the liberated iodine not only

diffuses more slowly, but moreover it is a solid subslance. By

absorption of this iodine, e. g. by silver nitrate, the directly visible

photo-chemical decomposition at once becomes more rapid, so that

it is clear why a silver haloid which is more sensitive may all the

same yield a less advanced photo-chemical decomposilion.

The surface decomposition of the silver haloid grain at the same

lime poinfs to the fact that here, too, the seat of the latent image

is to be looked for. This is also to be inferred from further data.

Thus the deposits of reduced silver haloids discovered by W. Schkf-

fER •) always start from the surface of the silver haloid grain, which

appears from a raicro|)hotogra))li published by him. Furlher Liippo-

Ckamkk *) pointed to the dependence of the quantity of dye in the

case of optical sensitization upon the surface to be coloured (i. o.

upon Ihc size of the grain) with silver clilorido and silver bromide.

When it has been pointed out that in the appearance of solarization

bj primary fixation and secondary development the existence of a

1) M. Cabct Lia (Phot, Korretp. 1887; S. 346) and Lflppo-GRAMEK (Phot.

Komt|>. 1907; S. 688) showed that lilvcr subiodidc is a substance which is

ntntotAy et*ily oudiced.

•) Zcitsebr. t. pbyt. ClMiDie. 1807; Hd. 23; S. 611.

^ Pbot Rundtchstt. 1907; I left 6.

«) J. M. Edbb. Jahrb. f. Phot. n. Rnpr. 1002; S. 58.

, t • • • t IWJ; S. 01.
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silver subhaloid can be proved, this is not enough to account for

the solarization phenomenon.

In order to illustrate this let us assume a photo-chemical decom-

position with direct recomposition of the liberated halogen.

If the exposure of a photographic plate is prolonged, the silver

haloid will keep forming a silver subhaloid, which is the germ for

development. From Herschel's effect, however, it appeai-a that this

« silver subhaloid in itself is a highly light-sensitive compound, so

that it is not to be assumed that a continual accumulation of germs

is taking place. Consequently the « silver subhaloid rapidly decom-

poses into ^ silver subhaloid and halogen. At the surface of the

silver haloid grains a condition therefore arises in which the number

of germs present depends upon formation and destruction.

If the quantity of the remaining grain surface silver subhaloid

decreases, the quantitative formation of « silver subhaloid will also

decrease, and as the latter itself is highly sensitive to light, the

consequence of this will also be a quantitativedecreaseof the number

of remaining germs, in other woi-ds, the reducibleness will decrease,

i. e. solarization will set in.

This phenomenon is, therefore, entirely dependent upon the avail-

able surface of the grain (size of the grain). In his experimental

researches Ltippo-CRAMER *) repeatedly pointed to this fact.

In reality this, of course, does not take place so rapidly. The

various makes of plates have chemical sensitizei*s which differ from

each other (qualitatively and quantitatively). This, together with the

prevention of diffusion, is the reason why the different commercial

plates begin to get solarized after mutually different exposures.

The thiosulphate reaction shows peculiarities which can be accounted

for now. The subhaloids are decomposed by the action of thiosul-

phate into silver and halogen silver, which after being converted

into silver thiosulphate, dissolves as a double salt. The place of the

a silver subhaloid germ and the ^ silver subhaloid is consequently

taken by silver, which also possesses the property of germination,

as appears from the development of primarily fixed plates. Strong

solarization, however, still produces solarization during development

after primary fixation, so that the reaction between ^ silver subhaloid

and the thiosulphate in the binding material is a slow one, as is the

oxidation process already referred to. So if a highly sensitive course

1) Phot. Korresp. 1901 ; S. 350.

Lappo-GRAMER. Wissensch. Arbeiten. 1902; S. 41.

Luppo-Grameb. Phot. Probleme 1907; S. 146.
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grain plate, i. e. one with a small grain surface, in other words,

with a small quantity of ^ silver subhaloid, which has been exposed

till solarization has set in, is treated, the reaction in the gelatine will

be complete sooner than with a greater quantity of ^silver subhaloid

in the same gelatine plate, as is the case with fine grain emulsions.

The reducibleness will consequently show an increase (not to be

confounded with accelemtion), so that in proportion to the strength

of the thiosulphate solution employed, and the duration of the action,

the solarization will be removed, either to a smaller or to a greater

extent, or totally.

This phenomenon was observed experimentally by Kogelman ^),

ViDAi. ') and E. Englisch '), while Ltjppo Cramer ^) could not demon-

strate solarization at all with primarily fixed, highly sensitive, coarse-

grain plates, which fix more slowly than fine-grain ones.

Sulphocyanides act analogously in reducing solarization.

In the case of Sabatier's polarization the strong decrease (dis-

appearance ?) of development of the image after it has appeared is

not to be ascribed to the decrease of the number of germs, as they

have already fulfilled their function *). So the decrease of develop-

ment can only be a reduction of the speed of development, which is

to be accounted for by a strong decrease in the supply of feeding

substance. From the theory given above of the so-called chemical

method of development it has appeared that the silver subhaloid

proves to be less soluble in the developer than the silver haloid.

Therefore the more soluble silver haloid can, after reduction, be

precipitated upon the germ, which still remains unchanged in its

place. Consequently if the secondary exposure isof an intense nature,

the feeding substance will be enveloped by subhaloid, by which

development is retarded. This will lake place in the developer all

the more readily, because it is an absorbent of halogen.

In conclusion reference may be made to a possible explanation of

the variations in the optical sensitizing of the photographic plate

which is characterized by a considerable decrease in reducibleness

being noticeable in the places whore the power of absorption is spec-

1) J. If. Edib. Jahrb. f. Phot. u. Repr. 1895; S. 419.

•) Bull. Soc. truiq. Phot. 1898; p. 583.

•) J. M. EOKB. Jahrh. f. IMiol u. Rcpr. 1901; S. 008.

. 1902: S. 79.

( • • I • t 1904; S. 4a3.

^ LflPPO^BAMi^R. Phot. Probleme. 1907; S. 150.

*) 8o Cv there it not a lingle reafon for oituming that this reduced substance

eomitU odtwively of « filver lubhaloid germii which pass into
fi

silver subhaloid

bf Iht tteoodtry eipoeure, by which Turlher development would be checked.
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trally highest. From M. Andresen's experiments *) it appears that the

photo-chemical decomposition products remain in contact with][^the

dyestufF, so that the a silver siibhaloid obtains a different colour sen-

sitiveness. In this case complications may occur, if the dye is at the

same time an absorbent of halogen (a chemical sensitizer),^by which

it changes or loses its absorption spectrum, and a consequent promo-

tion of the photo-chemical decomposition action sets in.

VI. Conclusions.

From what has been said a few conclusions may be drawn,

which may be of importance in practice.

Both « silver subbromide and iodide are substances of a much
greater sensitiveness to light than the corresponding silver haloid.

Consequently if it was possible to compose emulsions in which

these substances were present side by side with the silver haloid

which as feeding substance is indispensable for development, plates

would be obtained not only of a higher sensitiveness than the present

ones, but in them a chemical sensitizer would be practically desirable

in every respect to prevent regression. Such plates would entirely

comply with the reciprocity rule, and would render the light grada-

tions of the objects to be photographed much more correctly, which

may be of great value to astronomical photography, e.g. for the

determination of the light intensity of stars by the photo-chemical

method (Photometry).

The « silver subhaloid can be optically sensitized, so that its ap-

plication might obtain a great extension. The exact colour sensiti-

veness of the a silver subhaloid separately is not yet known exactly.

(That in the case of secondary exposui*e the highest sensitiveness is

situated in the red, the lowest in the green, points with great pro-

bability to the « silver subhaloid being a green substance). The
experiments mentioned indicate everywhere only the diflference in

light sensitiveness between silver haloid and the « silver subhaloid.

The greater this difference, the more favoui-able the result obtained.

Consequently the best expectations might be entertained with respect

to silver chloride plates with a silver subiodide, and it is an open

question whether the latter may not be allowed to ripen too. The
jJ-silver subhaloid seems to possess, photo-chemically, an extremely

low sensitiveness, which can only be advantageous in practice.

This process yields directly polarized copies (positives through the

6) Phot. Korresp. 1898; S. 504.
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camera). On one hand this seems an objection, as all printing methods

are based upon the production of normal copies (the negative process).

But it should be borne in mind that hitherto very few^ researches

have been made in this domain.

For direct colour photography ^) with colour elements lying side

by side under the emulsion, according to L. Ducos du Hauron's system

(which especially lately has given promise of a great future), which

require^} directly polarized copies, and which so far has only succeeded

in obtaining them in an indirect way, this method would also be

practically valuable.

In this direction little experimenting has hitherto been done from

a photo-chemical point of view, and even in what has been done

it has been impossible to account for the phenomena that occurred,

80 that for the present there is no need for us to take too pessimistic

a standpoint with reference to this.

VII. The shape of the image in the case of HerscheVs effect.

As to the shape of the image in the case of Herschel's effect

fig. 8 may be referred to.

It is clear that after the critical exposure the normal copy is

again a surface image. If a considerable portion of the surface

silver haloid present has already been decomposed into « silver

subhaloid and halogen, the secondary exposure will not be able

again to form as much « silver subhaloid as would have been

the case if the primary exposure had not taken place. A negative

is obtained then the density of which is less than that of a plate

not previously ex|K)sed. This case presents itself in the sky a in fig. 5-

Advanced primary exposure may result in solarization, in which

case the surface silver haloid can no longer supply the same quantity

of germs as was present bofuro: Hkkscmikl's effect then coalesces

with solarisation, and the critical exposure can no longer bo ascertained.

The greater light sensitiveness of the u silver subhaloid as compared

)) 1 exprcMJy call this method "direct", because I cannot agree to the judgment

of « number of otben, who want to classiry it among the indirect melhuds. Tiicy

Mjr that it if not direct colour photography, hut Ihreeculoiu' photography,

ifooriof the bot that Ibe bleaching method which is reckoned to belong to the

diroel OMiboda. ia alao tbroeK:olour photography. Nor can i agree to A. v. HQul's

dtiiifieatioo (Phot Ruodaohau, 1908, p. 3), by which the bleaching process

wooU bo aiiifMd to tbo indirect methods. The fact of the matter is that the

diffmoof la only a qaaaUon of method, i.e. whether the colours are ohtnined

tipofttre (with dovelopment), or only through subsequent addilion.
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with that of silver haloid is also shown in the anionnt of halation.

In fig. 5 the foliage of the tree is affected by it, while the houses

round the sky near a do not show any; thei-e the halation was too

slight to exceed the liminal value of the silver haloid. In fig. 6 the

dark lead frame of the window also shows the destruction of the

germ owing to halation ; on the other hand on the right side it was

able to form fresh germs through a more powerful action.

That the difference in light sensitiveness between tiie germ and

the silver haloid is great, appeai-s from the backs of the dogs, and

from the shoulders of the female figure to the right in fig. 5. The

narrow white strip indicates that after the germs had been totally

destroyed at the free surface, for some time longer the silver haloid

again began to supply germs, first in the most strongly exposed

portions, and then gradually also in those which received less expo-

sure. Consequently if the action of the light inci-eases, these strips

must become narrower, which is also shown by the figure, as the

dog to the left was more glossy than the one to the right.

The white strips along the edges of the black objects in the back-

ground are of quite a different nature. These are to be ascribed

entirely to irradiation, for in the case of stronger light intensities

occurring side by side they are broader than where the intensity is

less great.

If observed very closely by light reflected at an angle, these bright

strips are seen to possess a greater gloss than the portions immediately

adjoining them. To the left of the tree top this is easier to see than

to the right. The light from the wall has acted more intensely to

the left than to the right, and notwithstanding the polarization a

copy of greater density is shown there. That the critical exposure

should have been surpassed, is out of the question here.

This phenomenon, too, can be accounted for accoi-ding to the theory

given, for in this theory it has been stated, that the critical exposure

is not surpassed till the secondary exposure has formed a greater

amount of a silver subhaloid than is present in consequence of the

primai-y exposure. Consequently after the liminal value of the silver

haloid has been surpassed, a new surface image can originate, the

density can increase afresh, and still at the same time the copy

will remain polarized.

All the abnormalities in the figures 5 and 6 have thus been

accounted for.

In conclusion I wish to express my best thanks to Mr. P. H.

Eykman for finding materials and placing them at my disposal,

and for his constant interest in my work. •
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Physics. — "Isotheruis of diatomic gases and their binary mixtures.

Ylll. The bj'ealing stress of glass and the use of ghiss tubes

in measurements under high pressure at ordinary and low

temperatures" . By Dr. H. Kamerlingh Onnes and Dr. C. Braak.

(Communication n°. 106 from the Physical Laboratory at

Leiden by Dr. H. Kamerlingh Onnes).

(Communicated in the meeting of April 24, 1908).

^ 1. Introduction. With former determinations of isotherms (Comms.

n°». 78 April 1902, 97« March 1907, 99-^ Sept. 1907, lOO'' and 100^

Dec. 1907, J02« Dec. 1907 and 102'' Febr. 1908) we could not

raise the pressure above 60 atm. For in order to reach the required

accuracy of about \/,o,o ^ve want a manometer which is reliable to

the same degree. And till now we could only reach this degree of

accuracy by means of a calibration with the open manometer de-

scribed in Comm. n°. 44 (Nov. 1898) which reads to 60 atm. only.

Already long ago we intended to include the higher pressures in our

investigation. As a first step in that direction we have raised the

upper limit of the pressure to 120 atmospheres. For while keeping

the same arrangement we could easily complete tiie existing

open manometer to one of the same accuracy reading to 120

atmospheres by merely adding a number of new manometer tubes

of greater resisting power than those we had.

The new manometer and also the other apparatus intended for

pressures to 120 atmospheres are nearly completed and will soon

enable us to determine the isotherms to 120 atm. Afterwards we
hope that these will be followed by measurements at still higher

pressures. It seems even possible to reach 500 atmospheres with

almost the same accuracy.

For all these investigations it is a great advantage when the

piezometer- and barometer tubes can be made of glass. Therefore

we have investigated in how far this would be possible with regard

to the breaking stress of glass.

The breaking stress of glass has been investigated most at ordinary

temperature^ because it is in the first place desirable that the

reservoirs of the manometer tubes of the open manometer and the

divided stems of the piezometer tubes should [>o made of glass.

To these measurements we have added a scries of determinations

At lower temperatures in order to judge to what extent glass piezo-

maler reservoirs could be used for the higher pressures at those

temperalores.
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Investigations on the maximum strain of glass have been made

by Galitzin ^) and by Winkelmann and Schott '). The former has

determined the inner pressure which cylindrical glass tubes can

resist, the latter two have determined the maximum strain of

glass rods. Galitzin's determinations, however, were made only at

relatively small pressures, those of Winkelmann and Schott only

at ordinary temperature.

In our investigation we partly follow the method of Galitzin.

From the theory of elasticity we can derive in connection with

the dimensions of the apparatus the maximum tension in the glass

from the maximum pressure which the glass tube resists. The results

obtained in this way were compared with the direct data obtained

in a second series of measurements, where the maximum strain of

glass rods was determined. If we take into consideration the material

investigated, it is not astonishing that the results of the two series

show irregular differences. These differences however are of no

influence upon some general conclusions that may be drawn from

the measurements.

^ 2. Determinations at ordinary temperature.

Survey of the observations and arrangement of the measuring

apparatus.

1. Deternination of the maximum inner pressure.

The experiments were made with ordinary Thiiringer glass. A
cylindrical reservoir of the glass to be investigated was fused

on to a thick walled glass capillary. The capillary was provided at

its end with a steel nut with a hexagonal part by means of which

it could be screwed on to a steel capillary which is connected to

a pressure pump with a metal manometer. For measurements to

200 atms. it was fixed on the glass by means of sealing wax, for

higher pressures it was soldered to the glass (comp. Comm. NV 99«

§ 15, October 1907). If carefully made this connection proved able to

resist the highest pressures (1200 atms.) The tubes were previously

annealed carefully.

According to their dimensions they can be divided into three kinds:

a. thick-walled tubes with large inner bore.

b. thick-walled capillaries.

c. thin-walled tubes with large inner bore.

It will appear that these three kinds of tubes give results different

for each group.

i) Bull, de I'Acad. Imp. des Sciences de St. Petersbourg, Ve Serie, B. XVI N®. 1

.

2) Wied. Ann. 61.
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The accuracy of the manometer is about 2 7o. which is quite suf-

ficient for our purpose.

2. Direct measurement of the mcucimum strain Tm by the deter-

mination of the breaking stress.

In oi-der to prevent as much as possible unequal strain during

the suspension we have used here glass threads of at the most

0.6 mm. thickness *).

In oi*der to reduce the tensions to minimum the glassrod was

bent to a hook at either end. It was then suspended by the upper

hook and the rod was drawn out in the middle to a thread by

applying a certain force to the lower hook in about the same way

as in the actual experiment. The weight used was a beaker into

which water flowed.

^ 3. Results.

1. Deteinninations luith cylindrical tubes and internal pressure.

In order to facilitate a comparison with Gtalitzin's results we

take the same value - for the coefficient of contraction. Let P,„ be
4

the maximum internal pressure, 27? the external diameter, 2R' the

inner diameter (this is further on expressed in mm), and letn=: —

,

then we can represent the maximum tension T,n in the glass, (in

this case that of the internal portions of the glass in a direction

perpendicular to the axis of the cylinder) by

:

r« = ll5P,„ + 7
(ft^-OI-

If, as is the case in the following tables, P„, is expressed in

atmospheres, we find Tm expressed in KG/mm'* (as it is given in

the following tables) by multiplying the value found above by 0.01033.

For the three series mentioned in ^ 2 sub a, b and c the results

have been combined in the table below. The meaning of the columns

will be clear after what has just been said. Whore several results

are given under one number wo have after the tube had partly

burst (for instance so that only the end had broken off, or (he tube

had broken near the steel piece) used the same tube again for the

following experiment.

The results for T^ are lowest for series a and highest for series /;.

In the last series this is especially the case for lh(^ lubes with a very

*) In the npsniDaits of Winkelnaiin and bciioTT wlicre thicker rods of 10—20
mM*. Motion ware nied this required great care.
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TABLE I. Maximum internal pressure and tension
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small inner bore if we except nos. 12 and 13 where the soldering

was ineffective. Helped bj the experience made we have treated

the following tubes more carefully. With the tubes which have burst

under a too low pressure the existence of irregular tensions appears

clearly from the way of bursting, where the break lias a transverse

or irregular direction and not, as theory requires, parallel to the axis.

2. Maximum strain of glass threads.

The diameter of the threads lies between 0.1 and 0.6 mm. The

results are combined in the two following tables. The bore was

determined by a measurement of the diameter in two directions at

right angles. The mean of these two measurements is given in the

tables. The first table contains the results obtained with glass threads

which have undergone only the operation mentioned sub ^ 2. To

investigate the influence of irregularities which thus may remain in

the structure of the glass we have made a series of measurements

by means of threads which had beforehand been heated to incan-

descence and then cooled very slowly. The results of this series are

combined in table III.

TABLE II. Maximum strain of uncooled glass threads.
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TABLE III. Maximum strain of cooled glass threads.

I

Stress
I

Diameter
in grams in m.m.

Tm \\ Stress
in KG. mm* in grams

Diameter
in m.m.

Tm
in KGlmm'

2920

3530

2120

438

0.597

0.532

19.4

42.6

9.5

19i0

1760

2850

0.325

0.322

0.445

23.4

21.6

18.3

With regard to the series of table III we maj remark the following.

In order to prevent changes of form of the threads suspended in the

furnace and softened by the heat under the influence of gravitation,

which afterwards during the measurements might give rise to irre-

gular tensions, we have shaped the extremities (cf. ^ 2) not into

hooks as in the former series but to closed rings in such a way
that the whole becomes as symmetrical as possible with regard to a

j)lane through the longitudinal axis. A comparison of the tables II

and III shows that the two methods lead to the same results.

Of the glass thread with the lowest T„i (cf. table III) the section was
little ridged but smooth, to the next value of Tm (= 12.6) belonged

a relatively large smooth semicircular spot, while for the highest

Tm (= 23.4) no spot was to be seen, but the whole section showed a

very sharply ridged structure. All these facts agree with what has

been found by Winkelmann and Schott *).

On the plate we show the structure of the sections of a couple

of threads at the place where the thread has broken. They both

clearly show the smooth parts and the structure radiating thence. The
smallest diameter of the sections is 0.530 and 0.555 mm. respectively.

§ 4. Conclusions.

Table I shows that as to the series a and c our results agree
tolerably well with those of Galitzin *).

Those of the series h, however, show that the result derived by
him for the maximum internal pressure, viz. 623 atms. is too low
because the highest pressure observed by us is 1200 atms. For the

tubes of the series b 7'« appeai-s to lie higher than would be expected
from the observations in the two other series. Probably this must
be explained as follows. From a comparison between the 3 series

1) loc. cit.

2) Table I p. 12 and 13, loc. cit.

3*
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it appears that series a gives the lowest results for Tm, series b the

highest. The fact that the values for a are lower than for c, must

probablj be ascribed to the circumstance that with almost equal in-

ternal bores the wall is thickest for the first series and hence the

chance of abnormal stresses is greater. For series b the wall is

thicker than for c, but the inner bore is much smaller, and hence the

existence of inequalities and scratches on the surface which unfavourably

influence the breaking stress ^) are reduced to a minimum. For the

tubes for which 2R' = imm. it seems that the two factors neutralize

each other, for those with the smaller inner bore the favourable

influence of the surface being smaller preponderates.

In order to investigate in detail in how far the above mentioned

two unfavourable factors influence Tm we have applied the direct

determination with thin glass threads of which the surface is as

smooth as possible and where owing to the small bore abnormal ten-

sions are necessarily small. The results which are much higher than

those of WiNKELMANN and Schott, agree with those found by means

of the first method and seem to justify the supposition made above

about the unfavourable influence of a not perfectly smooth surface

and inner abnormal stresses. They point to an upper limit for

P^ = 1700 atras.

§ 5. Determinations at low temperatures.

The determinations in liquid air were made in the same way
as those at ordinary temperature. The lower hook of the glass

thread was fastened to a wooden bearer, placed beside the thread

in a vacuum glass with liquid air. The first determinations gave

reeults which differed much from the later ones. Their mutual

agreement is very bad and they are characterized by very high

valoee for the maximum strain, which vary from 44 to 73 KG.
per mm.' while for the ordinary temperature the highest strain was
28 KG. per mm.*. Also the structure of the section was totally different,

being scarcely ridged but smooth. The smooth spot on the section was
as a rule missing. In these measurements the threads were pulled

asunder almost immediately after they had been placed in liquid air.

Before llio following measurements they wore left at least 20 mi-

notes in the bath of low temperatures. The latter gave lower results

with a iMillor nnitual af^rocmcnl. The structure of the section is

nimilar lo thai at ordinary temperature, generally a little less distinct.

The results are combined in the following table.

*) Cf. WumiutAJiN and Scbott, loc. cit
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to study the sponge, as far as the dry specimens allowed it. Harting

published in 1870 his well-known "Memoire sur le Genre Poterion"/)

the result of an examination of 27 specimens. Since that time the

sponge has hardly been mentioned. It seems indeed strange that since

Schlkgel's publication — half a century ago — these gigantic

specimens which obviously were far from rare were never or

hardly ever sent to any of our museums, and that none of the

numerous expeditions of later times brought home even a single

specimen of Foterion. As far as I can judge even the Siboga-

expedition is no exception. My request to several people in our

colonies in the Malay Archipelago remained unanswered, till last

year, when I received a letter from Dr. P. N. van Kampen, assistant

Zool. Mus. Buitenzorg, mentioning, that in his presence three spe-

cimens of Poterion were dredged off Bantam at a depth of about

25 M. Thus the sponge was found again at last. Dr. van Kampen was

kind enough to send me fragments, well preserved in 967o alcohol;

he also told me from time to time when new specimens were collected

all from the West part of the Java-sea. We learn from this, that

the sponge is not rare.

Since nothing was known about the anatomy of the "soft parts"

of Poterion, I was rather anxious to study microscopical sections of

well-preserved specimens. It struck me at once that the structure

of this Poterion closely resembles that of the so-called Osculina

jwli/stomella 0. S. of which I prepared a description and drawings

many years ago*).

Now this Osculina is nothing but the "free form" of a boring

8i)onge, as first pointed out by Carter *) ; Lendenfeld afterwards

(1895)*) proclaimed 0. polystomella as the free form of Vioa viridis

O.S. Independently of Lknuenfeld I arrived at about the same result.

It was, therefore, but a logical conclusion to suppose that Poterion

patera was likewise the free stiige of a boring sponge, and I begged

Dr. VAN Kampkn to look whether in the localities where Poterion

was dredged, shells, corals, limestone or similar substances occurred

which were attacked by Clionidiu?. Meanwhile I reexamined the

fpecimons of Poterion in the Leyden Museum. The director of the

Museum, Dr. F. A. Jkntink was so kind us to allow me to cut

>) Naltnirk. V«rh«ndel. Prov. Utr. Gon.
I) MS. for Fauna and Flora of the Ray of Naples. Ry unforeseen events the

publication had to be postponed more than once. 1 am indeed very glad to be
ibit to say that the bulk of the MS. is ready and 1 hope that no serious inler-

roplkms wili pretent me fiom going to press soon.

•) Ana. d. Mag. Nat. Illsl. (4) V.

«} Zool. Aoxdg. p. 160.
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one specimen across for further examination. This I did with a

specimen to which I gave the number 338. At the base of the

sponge, which is somewhat broadened, I found between the "ix)ots"

much sand, ratlier large pebbles and a number of shells. One of

these is a Valuta scapha Gmel. of about 10 cm. X 5 cm. ; it

shows on its surface numerous holes of a boring sponge, which has

pierced the shell a good deal and which has already destroyed a

portion of the surface. Microscopical examination of the dried

sponge -substance in the interior of the Valuta proved that the

spiculation closely resembles that of the Patei'ion 338. The sponge

substance on the surface of the shell is continuous with that of

the Poterion. My supposition that Poterian represents the free stage

of a boring sponge is hereby proved. I am not yet prepared to

say whether it is identical with one of the numerous known species.

I hope to be able to settle this later on and to give a full

account (with illustrations) of the subject. I shall then discuss why

only a small portion of Valuta is destroyed and the possible mode

of growth. As to the anatomy of the spirit-specimens now at my
disposal, a brief account may follow here.

A longitudinal section through the wall of the cup, somewhat

nearer its basis than its border, where the wall has a thickness of

about 25 mm., shows that the cortex has on both sides about the

same thickness, viz. 1—5 mm. The parenchyma shows large incurrent

and excurrent canals, both surrounded by a transparent tissue. The

main incurrent canals have a diameter of 0.5 mm., the main ex-

current canals of 0.5— 1 mm.; with the transparent tissue the former

are, on an average, 3 mm. the latter 5 mm. Both enter deeply into

the parenchyma; the former 15—20 mm., the latter 10—15 mm.
In their course through the parenchyma the incurrent canals show

several round apertures — the beginnings of secondary canals.

The mass between these main canals and the surrounding tissue

is composed of a crumb-of-bread like substance, and the trabecular

network of the skeleton. At this part of the cup the incurrent

apertures, stomions, are situated on the outside. They are congregated

into pore-areas of indistinct outline; these areas are nevertheless clearly

visible as dark brownish spots on a buff-coloured background. The

areas have a diameter of a little more than a millimeter, and are

situated at about the same distance from each other. In some places

the areas are somewhat sunken ; in dry specimens this shrinkage goes

a good deal farther. I have not been able to detect the stomions on
the surface; but sections clearly show that they are placed more or

less in rows which start from a common centre. They are the apertures
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of narrow and short canals which open just under the dermis into

wider canals of which generally 5—6 unite in a common centre. Tliese

canals cause the star-like tigures, already described by Harting. Tan-

gential sections show this plainly ; it becomes then obvious that these

cortical canals sometimes ramify; but the final result is always that

on an average five unite into a common wider canal, at right angles

to the surface which runs through the rest of the cortex. It is evi-

dent that this latter canal corresponds to the incurrent chone ^) of

Tetraxonia, as sections at right angles to the surface prove.

The incurrent chones lead into the main incurrent canals; some

of these, as stated above, run more or less straight on for al;)Out

15— 20 mm. at right angles to the sponge surface; they then bend and

run in a direction almost parallel to the sponge-surface. In their course

Jhey give off branches, which ramify and terminate between a

group of the mastichorions. These are ellipsoidal in shape and

open with wide apopyle into the excurrent canals, the system being

eurypylous. A certain number of excurrent canals flow together

and finally open into the main canals, mentioned above; they traverse

the cortex with excun'ent chones, which open by procts on the inner

surface of the cup.

The soft tissue, surrounding the main canals, excurrent as well

as incurrent, is very remarkable. I found the same sort of tissue in

many sponges, but especially well developed in the so-called Osculina

poiystomelia. Lkndenfeld has seen this tissue, and in his description

of *' Papillella suberea' says'): "Das hyaline Gewebe, welches die

Hauptkanule umgiebt .'
. . . besteht aus einer glashellen Grund-

substanz, in welcher zahlreiche multipolare und audi bipolarc Zellen

liegen, deren lange und schlanke, verzweigte Auslaufer iiberall mit

*) Of course 1 use here the term chone in the sense of Sollas, and not in tiie

ate of LcRDcnPELO. This laller auliior is entirely wrong in using chone as a
•ynonyui for sphincter. Sollas wrote in 1880 (Ann. & Mag. Nat. Hist. (5) v. p. 135; :

*nrbe cortex is traversed by the intcrmaginal cavities of Bowerbank, or, as 1

shall imn Ihcin, the '•cortical funnels" or 'ciionae". They consist essentially of a
tube divided by a sphincter ihio a shorter proximal and a longer distal part, the

l^actocbone" and 'endochone" respectively". Apart from the evident lapsus that

ifl thk sentence the words ecto- and endochone stand in the wrong place Sollas's
meaning is plain enough and \)m delinition is generally accepted. However Lenoknfdld
bas^ another opinion. Thus, for instance, he writes in 1897 (Die Clavulina der
Adria, p. 104— 103): "In Imlber Ii6he der Hinde vereinigen sich dicse Sam-
melfcanlle xu vertikalen SlannnkanUlen " And further : "Oben gauz dUnn,
verdfekt lich diese schlauchf^irunge Kinfassung des Stammkanales nacli unlen
bin atkt betrlcbtlich und bildel proximal, in der Umgebung der erwulmtcn
Verenfong, micbtig verdiokt einen starken Sphincter, der als cine Chone aur/.ufassen

yr, I do not wish to discuit the matter here at length. The quoted passages leave
00 room for misundentaoding.

•) Oavulif- Ir Adria p. 104-10,..
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einander anostoraosiren, so dass hier ein engmasschiges, spongioses

Netz zu Stande koramt. In einigen der Knotenpunkte dieses Fadennetzes

liegen die Zellleiber mit ihrera kugligen Kern, in anderen trifft man
nur unbedeutende Plasmaanhaufungen an." In my MS. description

of this tissue in Ciionidae I differ somewhat from Lendenfeld's

interpretation ; in Poterion I lind the same sort of tissue, only still

more pronounced. The fact is that the reticulum is by no means

simply formed by a network of "Auslaufer" of cells, as it becomes

clear by careful focussing that a number of the supposed thi*ead-

like processus are really membranes. In Poterion these membranes

are sometimes of enormous size, even lai*ger than in Cliona {Osculina).

The tissue has a close resemblance to the so-called lymphoid or

reticular tissue, as Ranvier and Pekki.haring conceive it.

As to Ihe skeleton of Poterion, this is formed by a trabecular

very firm network of bundles of closely packed tylostyles. I found

in Osculina that in some portions of the skeleton the spicula were

united by a little spongin. The same holds true for Poterion. This

is, however, only the case in the centre of the pillars or trabeculae;

there is a mantle of spicules at the periphery which is devoid of

spongin. The spicula of Poterion are tylostyles; the spicule for which
I proposed ') the name spinispira I did not find in the specimens of

Poterion I examined. We know, however, that in the genus Cliona

itself spinispirae are often very rare or absent, especially in the

so-called free stage. I am of opinion that Papillina mberea O.S. is

identical not only with Osculina polystomella O.S., but also with

Papil/ina nigricans O.S. and Vioa viridis O.S. They are all nothing

but modifications of the very variable Cliona celata, as I hope to

prove in my "Sponges of Naples". Lendeneeld (1897 I.e. p. 99)
considers Papillina suberea O.S. as a species diflferent from Papillina

nigricans O.S. This is especially on account of the absence of
spinispirae in the former, in a type-specimen of which Lendenfeld
failed to find them. 1 found, however, in the collection of the

Zoological Station at Naples a sponge labelled by Schmidt P. subei^ea
\

in this specimen I did find spinispirae. I found them likewise in

some of the specimens I collected near Trieste. For these reasons
I cannot distinguish nigricans from suberea. Consequently there is

in the absence of spinispirae in Poterion no ground for not placing
this sponge in the same group as Cliona, since in every respect
the anatomical structure of Poterion resembles that of Osculina.

Leijden, May 14, 1908.

1) On the shape of some Siliceous Spicules of Sponges. (Kon. Akad. v. Wetensch.
Amsterdam, 1902. Proceedings p. 104—114).
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Chemistry. — ''Reduction of aromatic nitro-compounds bij sodium

disulphide." By Dr. J J. Blanksma, (Communicated by Prof.

A. F. Holleman).

(Gommunicaled in the meeting of May 30, 1908).
V

I have pointed out previously ^) that sodium disulphide may act

on aromatic nitro-compounds in two different ways, namely by sub-

stitution or by reduction.

1. Substitution occurs when halogen atoms or nitro-groups are

present which under the influence of ortho- or ^^ra-placed nitro-

groups have become moveable. These on being treated with sodium

disulphide are readily replaced by S, and the disulphides thus formed

may be converted by oxidation into sulphonic acids. A fairly large

number of these cases have been communicated previously ').

2. Reduction takes place when the nitro-compounds do not contain

any moveable halogen atoms or nitro-groups ; a nitro-group is then

reduced to an amido-group, whilst generally a small quantity of

azo-oxycompound is also produced according to the equations:

RNO, -f Na, S, -f H,0 = RNH, + Na, S, 0,

2 RNO, + Na, S, = RN - NR -f Na, S, 0,

\/
A preliminary investigation had shown me previously that alcoholic

solutions of nitrobenzene and o-nitrotoluene are readily converted by

Na, S, into aniline and o-toluidine, the Na, S, being oxidised to

Na, S, 0,. m-Dinitrobenzene and p-dinitrobenzene when treated with

Na, S, yielded, respectively, 7»-dinitroazo-oxy benzene and /;-dinitroazo-

benzenc. It was then ') our intention to further investigate the

reducing action of Na, S,.

Meanwhile, however, a patent has been granted to Kunz ') for the

redaction of aromatic nitro-derivativea to amido-derivatives by means

of sodium disulphide in aqueous solution and afterwards sodium

disulphide has been used by Brand *) as a partial reducing agent.

1 have now studied the reduction of aromatic nitro-compounds by

Na,S, in alcoholic solution in a number of cases. The reduction is

carried out as follows:

Six grams of nitrobenzene are added to a boiling solution of 12

grams of crystallised sodium sulphide and l.B gram of sulphur in

1) DiiMrtatioo. Amsterdam 1900; Rec. 81, 121, 141.

•) Tbsie Proc. 1900, (Oct.)

•) GiMm. Coitr. 1908 II 818.

«) Jottrn. r. prftct Gbein. 1906. (8) 74, 499.
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300 cc. of 96 7„ alcohol. After boiling for 6 hours, the alcohol is

recovered by distillation and the aniline which still contains a little

nitrobenzene is distilled in a current of steam. It is then converted

into the hydrochloride to sepai-ate it from the admixed nitrobenzene

;

about 5 grams of aniline hydrochloride are obtained. In the same

manner were treated o-m- and p-nitroanisol, f7i-chloro- and bromo-

nitrobenzene and dichloro- and dibromonitrobenzene 1. 3. 5. from

which were readily obtained the corresponding amido-derivatives to

the extent of about 70 "
', of the theoretical quantity.

In the case of or^'<(?- and p^rm-chloronitrobenzene whei-e the halogen

atom is replaced by S, a simultaneous reduction takes place to a

slight extent with formation of o- and p-chloroaniline.

Ortho- and 7;i-nitrotoluene readily yield ortho-and. 7??<^/^i-toluidine

;

with pa/'rt-nitrotoluene a secondary reaction occurs, /;-amidobenzal-

dehyde being formed as well as p-toluidine *).

Besides the above mentioned mononitro-compounds a few dinitro-

compounds were subjected to a partial reduction. From sym-dinitro-

toluene we readily obtain by means of alcoholic Na,S, 3-nitro-5-

amidotoluene ; sym-dinitroanisol yields 3-nitro-5-amidoanisol; from

2-4-dinitroanisol (or phenetol) is obtained 2-amido-4-nitroanisol (or

phenetol) whilst sym. trinitrobenzene yields 3-5-dinitraniline. A small

quantity of the azo-oxycompounds is generally formed in addition

to the amido-derivatives. I will also point out that in the reducion

with Na,S, the formation of chlorinated byproducts, which are often

generated in the reduction of ai'omatic nitro-compound with Sn and

HCl, is avoided. The fact that sodium disulphide may be weighed

also gives it an advantage over ammonium sulphide as a reducing agent.

From the above facts it is obvious that an alcoholic solution of

Na,S, may be used as a convenient reducing agent.

Physiology. — ''About the determination of hardness in muscles.'''

l>y A. K. M. NoYONS, Assistant in the Physiological Laboratory

at Utrecht. (Communicated by Prof. H. Zwaardkmakkr.)

(Communicated in the meeting of May 30, 1908).

At an inquiry into the causes and qualities of the autotonus it

Struck me how a muscle seemed to become harder, as its autotonus

increased. Hitherto the hardness of a muscle was always estimatively

determined by digital touching. The above mentioned fact caused

^) Chem. Gentr. 1900. I. 10S4. I hope to communicate more analogous cases of

intramolecular oxidation later on.



(44)

me to look for means of expressing such changes in hardness more

accui-atelj in measure and number, as an approximate determination

would not do here.

A communication bj' J. von Uexkull *) on tlie 18^^ Qf April last

"Die Verdichtung der Muskeln", led me to a separate description ot

my investigations about the determination of hardness in muscles.

In this communication he sajs: "wir besitzen zwar kein geeignetes

Instrument, um das Hartwerden der Muskeln zu messen", while he

winds up as follows: "Ich habe geglaubt, auf diese wichtige, aber

allzusehr vernachlassigte Eigenschaft der Muskeln hinzuweisen, in

der Hoifnung, dass sich jemand fmdet der einen brauchbaren Apparat

konstruiert, um die Muskelverdichtung unabhiingig von der Muskel-

verdickung zu registrieren."

For many decades together mineralogists have made determination

of the hardness of materials, in which a number of methods were

employed, which, however, in that form could not be applied

to living objects. The literature only gathers for what is called

hardness in general, data, for which I refer to some authors ") in

behalf of those who wish to become more thoroughly acquainted

with the subject.

Hardness is a collective idea, including and typifying an amount

of qualities: cohesion, elasticity, plasticity, gliding, splitting and

fracture. It is on the value which in a concrete case is assigned

more especially to one of the qualities mentioned, that depends the

general definition which shall be given of hardness. For living

objects gliding, splitting and fracture need not be taken into account.

I desist from a more detailed separate description of the three

remaining qualities: cohesion, elasticity and plasticity. But if these

three qualities are paid attention to, Auerbach's") definition of hardness

will no doubt be agreed to : "lliirte ist eine Art von Festigkeit,

niimlicb der Widerstand gcgen die Hildung von Unstetigkeiten oder

daucmdcn Deformationcn bcim Drucke zwoior sphiirischer Oberllachon

gegen oinandcr, und kanii Kindringiingsfesligkoit genannt vverden . . .

Sie ist quantitativ durch don Cironzoinhcitsdruck im Mittclpiinkto

der DmckflAcho bcstimmt."

*) i. V. UniOu. Dio Verdichtung der Muskdn. Origiiiulmiltcilung. Zcnlralblatt

fUr Physiologie. Bd. XXll No. 3.

*) II. RoMnOfOl und E. A. WOltino. Physiographic Allgeineiner Toil. Stuttgart

lOOi.

0. TtcuauiAi. Lehrbuch der Mineralogie. Wien 190D.

Goos MOum. Uebcr HirtebttUinmung Inatig. Dissert. Jena 1906.

*i F. AvHUAoa. KaooD der Pbysik pag. 119. Leipzig 1899.
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The determination of liardness may give absolute and relative

values. Among the methods of relative determination that of Thoulet*)

appeared to be useful also to determine the relative hardness of

living objects.

Thoulet examined the elasticity of rocks and found points of

comparison for this in the number of reflections and in the angle of

reflection of a swinging ball suspended in the air. Indeed, if we
drop a hard, elastic object upon an other, it will among others

depend on the hardness of the surface that is hit, how often and

how far the reflection will take place. Now, if this principle is put

into practice with a much weaker object like a muscle, these reflec-

tions will, though in a smaller degree, yet take place in the same

manner, which is corroborated by experience.

The angle of reflection of a falling globule resp. the number of

its perceptible taps or reflections depends:

J. on the cohesion, elasticity and plasticity of the falling globule.

2. on the cohesion, elasticity and plasticity of the object hit, in

this case the muscle.

Now as in case of comparing determinations sub 1 remains constant,

sub 2 must be the only changeable, determinative factor.

The investigation takes place as follows with an apparatus that I

call physiological sclerometer.

Physiological Sclerometer. Schematic dravring.

Fig. 1.

1) M. J. Thoolet. Recherches sur Telasticite des mineraux et des roches. Gomptes
rendues de I'Academie des sciences. Paris. Tome 96. 1883.
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A small pendulum with a fixed turning-point, of which the short

beam points upwards to a height of 6 cM., bears on the head of that

short arm a handled glass-tear, whilst the other longest arm, 1 5 cM. long,

is provided with a small, movable weight, in consequence of which

the moment of that lever-beam is variable. By this way the force with

which the head of the glass-tear hits the object, can be made variable.

In order to enlarge the living force of the falling object, the pendulum

may be given different initial amplitudes. On a scale along which

the longest lever moves, this height of falling is expressed in degrees.

The muscle to be examined is by means of its two tendons

attached to a somewhat rough surface, here a hard cork-plate, to

prevent removal of the muscle by the falling, tapping object. It

is advisable in this way to determine the hardness of a muscle under

isometric conditions, for, when the muscle is examined under isotonic

conditions, the data are getting far less trustworthy, as : 1. in

shortening the muscle, the point that is to be touched, by not shor-

tening changes its place and can only be found back by marking

it beforehand with colouring matter; 2. the weight necessary for

the stretching seems to make the differences in hardness smaller.

The number of times that the glass-tear is reflected by the muscle

before it is at rest, is determined either acoustically or by means

of photography. The photographic registration has this advantage that

at the same time the width of the reflections can be followed.

The photographic registration takes place as follows : the light of

an arolamp of 220 volt and 10 ampere is by a condenser more or

lees pressed together into a cone of rays having its focus in a dia-

phragm. This focus in its turn serves as a source of light and pro-

cures by means of a biconvex lens the parallel bundle of rays

emitted. This bundle reaches the removable slit of a small box which

in its opposite side is provided with a cylinder-lens of Garten.

The light that has entered through the slit, is by the cylinder-

lens, which is graduated, nipped together to an horizontal line of

light, which falls through another slit into a second larger box

on a drum that is in rotatory motion and to which sensitive bromide-

pA|)er of Dr. Sciiakpklkn is flxcd. The box containing the drum is

ini()enctrablo to light by means of light-free axes. This drum is

moved on by a dock, as it is used in the telegrn|)hic Morse-apparatus.

Between cylinder-lens and the larger box is placed the long l)eam

of (he lever of the sclerometor which during its movements removes

A silhouette on the sensitive silver-paper.

The following experiment was made: M. sartorius of Hana
teroporaria is alternately passed through by an electric current, arising
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by a potential difference of 1.4 volt. For this purpose two brass

plates serving as electrodes for the current, had been sunk in the

cork sub-stratum of the muscle, w^hilst by means of a commutator

the direction of the current can be changed. At the beginning of the

experiment the anode is found at the distal tendon ; afterwards the

current is turned and ends in its original direction. In the subjoined

table occur the widths of the first 4 reflections in mM.

Reflection
Anode at the
distal tendon

Kathode at the

distal tendon
Anode at the
distal tendon

I

II

III

IV

52.5niM.

29.5

21

16

The following tab

52mM

29

21

16

54mM.

31

23

18

Kl mM.

30

22.5

17

54inM.

31

22

17

53mM,

Hi

22

17

50 mM.

JO 5

2^.5

16

50 mM.

29

21

15.5

)le gives the difference between the M. sartorius

of Rana temporaria through which a galvanic current has passed

and another through which it has not passed.

Reflection
Muscle through which no

current is passing
Muscle through which a current is

passing Anode at the distal tendon

I

II

III

IV

40 mM.

2i.5

16.5

11

40.5mM.

25

17

11

40.5mM.

25

17

11

45 mM.

28

18

12

43 mM.

26.5

17.5

11.5

43 mM.

26

17

11.5

43 mM.

27

17.5

12

That abundant moistening of a muscle with mutually equimolecular

salt-solutions, the effect of which on the autotonus is antagonistic,

can alter the hardness, appears from what follows, also holding good

for the M. sartorius of Rana temporaria.

on
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For a plain muscle whose fibres are parallel as in the M. sartorius

of Rana, the above method is a rather fit one, though not in all

respects. For the shortening of the muscle is accompanied by a

thickening, in consequence of which the distance between muscle

and glass-tear is somewhat altered. This is not of much importance

for the thin M. sartorius, but if the experiment is made with muscles

like M. gastrocnemius, this difference becomes more considerable, so

that it ought to be taken into account. Besides the peculiar rounding

of the surface of the muscle may somewhat alter the place of tapping,

and in the end the glass-tear sometimes slightly sticks to the muscle,

when we are tapping with a small load on the longer beam of the lever.

To meet these and similar drawbacks the following alterations

were made. Between muscle and tapping glass-tear is inserted a thin

glass plate, which intercepts the taps and transfers them to the

muscle. In these circumstances the angle of reflection resp. the

number of collisions depends on:

1. the cohesion, elasticity, plasticity of the tapping glass-tear;

2. the cohesion, elasticity, plasticity of the inserted glass plate;

3. the cohesion, elasticity, plasticity of the object to be examined.

Sub 1 and 2 remaining constant, only sub 3 is variable.

In order to come to a determination, the following technical

precautions ought to be taken into consideration. The glass plate, a

covering glass, is hanging, slightly movable, on a couple of rather

stiff horse-hairs. Now the muscle presses this glass plate against an

immovable metal fork, so that the glass plate can only make move-

ments in one direction, viz. in the direction of the muscle, as soon

as the glass plate is hit by the tapping glass-tear. At every touch of

the covering glass the glass globule produces a clearly audible tap.

The number of taps is easy to count and is a pretty accurate measure

for the number of real movements of the glass, without agreeing

with it in number. In proportion as the covering glass is pressed

more against the fork by a harder mass of muscles, the oscillations

of the little lever will retain a longer and wider amplitude and will

alBO occur more frequently.

The height of falling is of groat importance for the effect that is

to bo reached, in the first place with respect to the number and

amplitude of the oscillations.

When at different heights of falling the number of corresponding

Audiblo tapu is counted for the same uiuhcIu, the lattei- nuiy bo

repreaenled by a curve, in which the ordinate renders tho number
of audible taps and the abscis the height of falling in degrees. The
curve thuM got shows a peculiar course.
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The above experiment was made with a dead muscle, to avoid

as much as possible all Nariable factors of the living object. These

come into operation, as appeared from experiments, in which first

a curve was produced by observations of a living muscle, and the

next day a second curve could be formed from observations of the now
dead muscle, which under a glass cover with saturated vapour of water

and thymol-vapour was preserved resp. from desiccating and rotting.

The values denoted by the curve are averages got from at least five

observations each time, which did not materially differ from each other.

(0

8

w to" 30* Vo* 50' bo'
JQ'

dO'

Fig. 2.

Hardness with regard to different heights of falling by a muscle

in its dead and living situation.

-^^ = living muscle. = dead muscle.

The ordinate gives the number of audible taps and the abscis the

initial height of falling in degrees.

In different ways the hardness of a muscle can be made to undergo
changes, which are either permanent, or which exist long enough
for the determining investigation

:

1. by making a galvanic current pass through a muscle;

2. by abundant moistening with equimolecular salt-solutions;

3. by faradaic excitement, either direct or indirect, so that the

muscle is in tetanus;

4. by heating, resp. cooling.

An example of the two first mentioned manners was given before

;

one of the two other manners is as follows : a muscle is by indirect

excitement with a faradaic current alternately brought to tetanus.

At corresponding moments the determinations of hardness take place,

4
Proceedings Royal Acad. Amsterdam. Vol. XI.
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The subjoined table contains the width of tlie first 8 reflections

which were reproduced photographically; at the same time the

duration of these 8 reflections was calculated.
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M. gastrocnemius of Rana temporaria

becoming inexcitable according to every-day parlance.
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If a striated muscle is heated, it shortens: this is accompanied, as

appears from the experiments, by changes of hardness. In order to

trace this, the muscle in the sclerometer, instead of to a corkplate,

was fixed to the thin copper bottom of a temperator, now serving

as resting-surface. Through this temperator, as Thunberg pointed out

for the examination of the cold- and heat-points of the skin, alter-

nately cold and hot water could be made to circulate. The copper

bottom communicates the heat to the muscle; the temperature in the

temperator and that which the muscle gets, will not soon be the

same, but still is always in close connection with it.

As a demonstration I give here a couple of photographic repro-

ductions of the oscillations of the beam of the sclerometer, as they

were made, and from which among others the above table was partly

derived. Fig. 3 gives the sclerometric reproduction of hardness of a

muscle at a temperature of 12.5° C in the temperator, whilst fig. 4

shows the reproduction when the same muscle is heated to 56° C.

(See figs 3 and 4).

If a muscle is heated to not too high a temperature, a decrease

of hardness manifests itself again after cooling, even though the

muscle does not quite reach its original degree of hardness.

The subjoined table makes this clear.



A. K. M. NOYONS. „About the determination of hardness in muscles."

Fig. 3. Fig 4.

Sderometric reproduction of hardness

:

at 12,5° Celsius. at 56° Celsius.

Proceedings Royal Acad. Amsterdam. Vol. XI.
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Such warming and cooling can be repeated a couple of times,

whilst in proportion to this the number of retlections continues

varying, provided the muscle be not for too long a time exposed to

too high a temperature, as in this case a clearly perceptible perma-

nent hardness will show itself.

Physiology. — "On the structure of the gnnglion-celh in the central

nervous system of Branchiostoma lane." (Second communic)

By Dr. J. Boeke. (Communicated by Prof. G. C. J. Vosmaer).

(Communicated in the Meeting of May 31, 1908).

a. The infundibular organ.

The cells of the differentiated part of the ventral cerebral wall of

Branchiostoma, which I described some years ago in these Pro-

ceedings'), and which was then called the infundibular organ on

account of its place and the homology that could be drawn from

that, are quite dilferent in their structure from the other cells, of

which 1 gave a description in my former paper').

Among the authors, who in recent years have published researches

on the central nervous system of amphioxus, Kupeeer*) gives the

same description of the cells as I gave in my paper in 1902, and

only mentions the organ as consisting of long cylindrical cells with

curved cilia and a cletw hyaline protoplasm. Kupffer homologises

the diiferentiated epithelium with the tuberculum posterius of the

craniote embryos. Joseph*) only mentions the organ without adding

anything to the description. Edinger') who examined preparations

stained after the method of Bielschowsky, calls it "das aus grossen

Flimmer- und Sinneszellen bestehende Infundibularorgan", without

mentioning on what is founded the opinion, that there are two kinds

of cells to be found. In the drawings reproduced in his paper nothing

is to be seen but a faint striation of the ventral wall of the brain

at the place of the infundibular organ. According to Wolff *) there is a

striking resemblance between the differentiated epithelium of the

infundibular organ and the gelatinous tissue that we find in the

^) Proc. Roy. Acad of Sc. of Amsterdam, Math. Phys. Gl. Meeting of April '07

p. 86.

2) Proc. Roy. Acad, of Sc. of Amsterdam, Math Phys. Gl. Meeting of April '02

p. 695.

3) Handbuch der Enlwickelingslehre (Hertwig), Vol. 2, 3d part.

*) Verhandl. d. Anat. Gesellsch. 18. Vers. 1904.

6) Anat. Anzeiger, Bd. 28, 1906.

6) Biol. Gentralblatt. Bd. 27, 1907.
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central nervous system of the higher vertebrate animals, but evidently

he has not seen much of the real structure of the tissue. Besides

these statements nothing more is to be found about this part of the

brain of amphioxus, and so we seem to be justified in giving an exact

description of it here.

To do this it is necessary to study first of all very thin carefully

orientated median sections, as well as frontal and cross sections; the

statements by Edinger made it necessary to examine a great many
BiELSCHOWSKY-preparations to form a correct opinion in this matter;

hence we took so long for our research.

From the very early period at which the infundibular organ is

regularly found and ihe constancy with which it appears, always in

exactly the same form and structure, it is evident that it must play

a distinct and important part in the animal's life. Already in larvae

with only three primary gill clefts the differentiated epithelium is

very obvious. Just where the narrow central canal opens into the

wider i)art of the brain-ventricle, we see the ventral limit of the

central canal rise slightly and sink again to the former niveau

immediately after. This elevation is caused by the cells in the ventral

wall growing out into long cylindrical elements, each cell bearing a

long hair or cilium curving backwards, the cells lying regularly one

beside the other.

It is an important feature in the development of the infundibular

organ that the elongation of the cells firet shows itself not in the

median line but at the left side of the median plane; afterwards the

cylindrical cells are also found at the right side. It is only at a

much later stage (hat the long cells fuse in the median line and

become one single mass. This and peculiarities in the course of the

nerve-fibres springing from the cells in the full-grown organ, point

to a bilateral origin of it.

The cylindrical elongation of the cells is (he only change we find.

There is no indcntAtion at all of the wall of the brain in front of

Ibe organ to be found.

Already in very young animals wo sec in well-preserved and well-

Btained preparations tlia( (ho cilia of the long cells point backward

witb a slight curve, the cilia of all the surrounding cells pointing

forward, to the anterior noiiroporuH.

in older specimens we find the same 8(ato of things, but the cells

get siill more elongated, and (ho nucleus, now being small and sphe-

rical, is lying near the basis of (he cell. All cells are directed backwards,

that in to say, their free surface being turned rraniad. (tig. 8).

For the topographical relations of Ihe difibrontiated e]>ithclium to
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the other parts of the brain I refer to mj former paper (1902).

1 can only state here in reference to the contradictory statement

of Edinger, that even in more developed and in full-grown specimens

I never found another kind of cells in the organ nor an indentation

of the brainwall in front of the infundibular organ (Kupffer). In

fig. 1 is drawn a median section of the full-grown organ, and here

we see that the cells are not slanting any more, but are directed

perpendicularly to the longitudinal axis of the body. In slightly

younger animals one often finds the greater part of the cell still

curved backward, while the upper part of the cell has assumed the

perpendicular direction already (fig. 4a). The cause of this change

must be sought in the different rate of growth of the surrounding

tissue, the whole cerebrum becoming shorter, and changing from an

oblong into a more rounded form.

As I mentioned before, the cells of the infundibular organ have all

a backwards curved cilium; these cilia form a plume reaching to

the narrow part of the central canal. In young animals being examined

alive under the ujicroscope the transparent tissue all round the brain

ventricle allows the coui-se of these cilia to be very clearly visible,

and then the cilia of all the surrounding cells, pointing forward to

the anterior neuroporus, appear as straight hairs forming a compact
bundle which runs towards the neuropore, into which the hairs can

be traced as long as it is open. The back end of this bundle of

cilia is crossed by the cilia of the infundibular-cells.

The form of the cells in the full-grown animal is shown in fig. 4b.

The neurofibrillar differentiation in the protoplasm of the cell, as I

described it already in my former paper, the neurofibrillar network
round the nucleus and the way, in which the neurofibrilla leaves

the cell is in Fig. 3 clearly to be seen. The coui-se of the nerve-
fibres after they left the cell-body I could not trace much farther

with a sufficient amount of certainty. They all seem to curve back-
wards (caudal), and from the study of frontal sections it was possible

to draw the conclusion that the nerve-fibres springing from the cells

form two bundles, each at one side of the median plane, running
backwards, but getting lost to view between the other fibres of the
medulla very soon after.

I never succeeded in finding an indentation of the ventral cerebral

wall in front of the infundibular organ, as described by Kupffer
although a large number of serial sections were examined. It is true,

that, as I mentioned before, often the nuclei in the ventral wall in

front of and behind the differentiated epithelium lie closer too-ether

than in the other regions and in a few cases the arrangement of
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these nuclei made the impression of a solid indentation. Biit upon

closer examination I always found that this was only an apparent

and no real indentation (infundibulum). Here one must be very careful

not to draw any conclusions from a few series of sections. In a

median section through the infundibular organ from one of my
longitudinal series of a 47 mm. long Branchiostoma one would be

inclined to draw the conclusion that there exists a groove-shaped

indentation of the brainwall behind the organ, no trace of any

indentation being found in front of it. So I think it dangerous to

found a homology on this indentation, as Kupffer did, and I adhere

to the denomination "infundibular organ", as its structure and develop-

ment have more resemblance with the epithelium in the saccus

vasculosus of the ichthyopsidae, to which I gave the same name,

than with the tuberculura posterius, which is still somewhat pro-

blematical.

b. Shape and development of the brain-ventricle.

I will here only mention those facts that are important for the

comparison between the Branchiostoma cerebrum and that of the

craniotes, and for the question whether the differentiated epithelium

mentioned above may be homologised with the infundibular epithe-

lium, or with the tuberculum posterius.

The second homology might be concluded from the drawing pu-

blished by KuPFFKR in 1894 and 1903, representing a median section

through the cerebrum of a 2 cm. long amphioxus. But this drawing

seems to me not to represent the real state of things. Neither exactly

orientated median sections (tig. 8) nor tiie median sections recon-

structed from series of cross-sections (fig. 7) ever gave me anything

like this drawing.

And yet it is in this case that the reconstruction-method must

give on abstjluteiy certain result. By this method we arc able to

correct entirely tiio deviations of the cerebral axis from the lougi-

tiidinal axis of the body as they are found in almost every specimen.

And as the cerebral vesicle has such a simple uncoinpltcaled form

this method gives us in every case an exact reproduction of the

median seclion (which is certainly of the high value for the com-

parison of the brain Kupppkr ascribes to it), and at the same time

allows ns to got a sure knowledge of the width of the cerebral

(^vily. I give here three drawings of the median sections rccon-

slruclcd from the cross-seclions, one of a very young lar\a of

3,4 ni.tn. (flg. 5), one of a young amphioxus of 10 m.m. (fig. 6)

and another of a specimen 21 m.m. long (iig. 7). All these are
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reconstructed from cross-sections of 5|!i, magnified 800 to 1600 times,

and afterwards reduced by means of photography. To tig. 5 I added

the cross-sections lying on the spots indicated with a, b, c, J, to

show the width and form of the cavity at the difierent spots. In

fig. 8 I give the reproduction of a real median section through the

brain of a specimen of about the same age as the one the recon-

struction of which is given in fig. 7, to show how much they are

like each other.

The reconstruction of fig. 5 shows, that even in very young larvae,

(larvae of 1.5 to 2 m.m. give about the same picture), in which the

brain is still larger in diaraetre than the spinal cord, there exists a

dorsal dilatation of the cerebral cavity, which may be compared

with the fourth ventricle of craniote embryos (fig. 5, 6, VQ). It

represents a dorsal dilatation of the central canal (fig. 5c) and is

connected with the anterior vesicle by a narrow part (tig. hb). In

all my specimens this connection of the ventriculus quartus with the

anterior vesicle could be stated with absolute certainty, contrary to

the well-known observations by Hatschek. Even in very young

larvae the connection was very conspicuous. In the caudal part of

the dorsal dilatation (fig. hd) the midpart of the narrow fissure-like

central canal is obliterated, so that this part of the fourth ventricle

is separated from the ventral central canal which remains open. In

older animals this obliteration proceeds craniad. The dorsal wall

of the fourth ventricle is very thin consisting of one layer of fiattened

cells, but it is always visible even in very young larvae, if only

the specimens are well-preserved.

In much older individuals, which passed through the meta-

morphosis long ago (fig. 6), the fourth ventricle is still very con-

spicuous and connected with the anterior vesicle by a narrow

dorsal canal. The dorsal wall is still thin and membranous. The

lai^e dorsal ganglion-cells (vide my former paper) that are now
developed to a certain extent, are still only visible at both sides of

the median plane and do therefore not appear in the median section

through the brain. Afterwards this peculiar group of cells is developed

to such an extent (fig. 7, fig. 8), that they occupy the entire dorsal

part of this region of the central nervous system, and so appear also

in the median section. It is only then that the distinct fourth ventricle

becomes indistinct, irregular, flattened,' alters its shape and even

disappears here and there. Then we find the peculiar irregular

dilatations of the central cavity, described by Kcpffer as "quere

Schenkel" and "blasenformige Erweiterungen". They are not seg-

mental, are only of secondary importance, and are not to be com-
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pared with sp*H?ial parts and stages of development of the brain of

craniote embryos.

After these statements I will add a few words concerning the

cranial or rostral part of the cerebrum and the adjacent organs.

In his paper of 1906 Edinger describes a new organ, the "frontal

organ", lying in front of the brain and being innervated by a special

nerve. I regret to say that I (no more than Wolff in his paper of

1907) could find no trat'e of a frontal organ. Even after a most

careful study of a number of individuals I can only find in the

rostrum the often queerly shaped irregular mucous canals (Schleim-

canale) lying ventrally and dorsally of the chorda. They are never

connected with the epidermis, but all receive verj- thin nerve-fibres

from the first cerebral nerve.

Although the existence of a distinct nerve connecting the olfactory

groove of Kolliker with the brain, is denied by Edinger, I could

find it in my preparations as a bundle of fine nerve-fibres, connecting

the sensory cells of the groove with the dorsal part of the brain.

In all respects I could afiirm the exact observations of Dogiel (1903j
')

both concerning the sensory cells in the olfactory groove and the

nervous connection of them with the brain.

In the dorsal part of the cerebral wall I find a distinct commis-

sural system, wherefrom bundles of nerve-libres curve backwards

(much like the fasciculus retroflexus of the commissura posterior of

the craniotes) and a few fibres curve round forward. There are

more systems of fibres to be found in the wall of the cerebral vesicle,

but they arc rudimentary and composed of only a few fibres. This

is not the place to enter into details about these things. But when

we take all this into account I think it is not permissible to consider

the amphioxus-cerebrum as an "archcncephalon" (Kupffer), that has

remained on a very low stage of development, but we must regard

it as a degenerated cerebral system, which has become rudimentary

in manj of its parts, a brain which has many of the features of the

brain of the ichthyopsides, but there are entirely lacking the organs

of the side-lino syslem (Ions of the eye, ear, side-lino) and because

of that and of the fotrl, that the head has not developed as in tiie

higher vertebrates, it is dogoneralod and rudimentary. In connection

with this and with the elongation of the chorda the foldings of the

cerebral vesicle do not appear. Kven a plica vontralis doos not exist.

The infiitidibnliir organ ronmins in the niveau of ihu ventral cere-

bral wall

l.'ithii. HiMtoliujical part of the Anat. Kalnnet,
'

t) AnalomiadM llsOc 21. B«l. 1003.
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DESCRIPTION OF FIGURES.

Fig. 1. Median longitudinal section of the infundibular organ of a Branchiostoma

of 52 m.M. in length, 600: 1.

Fig. 2. Gross section through the same of a Branchiostoma of 54 m.M. in length,

600:1.

Fig. 3. The same as Fig. 1. Neurofibrillae stained with chloride of gold.

Fig 4. Gells of the infundibular organ, a of a Branchiostoma of 22 m.M. in

length, b of 50 m.M. in length, c cross-section of the upper ends of

the cells.

Fig. 5. Median section of the brain of a Branchiostoma larva of 3,4 m.M., recon-

structed from cross-sections.

Fig. G. The same of a specimen of 10 m.M. long.

Fig. 7. The same of a specimen of 21 m.M. long.

Fig. 8. Median section through the brain of a Branchiostoma of 28 m.M. in

length.

Mathematics. — "About difference quotients ayid differential quo-

tients'. By Dr. L. E. J. Broiwer (Communicated by Prof. D.

J. Korteweg).

(Communicated in the meeting of May 30, 1908).

Different investigations have been made which are very completely

summed up in the work of DiNi: "Grundlagen fiir eine Theorie

der Functionen einer veranderlichen reellen Grosse" Chapt. XI and

XII, on the connection between difference quotients and differential

quotients, particularly on the necessary and satisfactory properties

which the difference quotients must possess in order that there be a

differential quotient. One however always regards in the lirst place

these different difference quotients in one and the same point x,

together, forming as a function of the increase of x the derivatory

function in x^. The existence of a differential quotient means then,

that that derivatory function has a single limiting point in x, i.o.w.

that in a\ the right as well as the left derivatory oscillation is

equal to zero.

Other conditions for the existence of a differential quotient are

found when in the first place the difference quotient for constant

iT-increase A is regarded as a function of x and then the set of

these functions for varying A is investigated. Let /{x) be the given

function which we suppose to be finite and continuous and let

^A {x) be the difference quotient for a constant a;-increase A. The

different functions (p\ {x) form an infinite set of functions, in which

each function is continuous. We shall occupy ourselves with the
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case that the set is uniformly continuous, i. e. that for any quantity

e, however small it may be, a quantity a can be pointed out so

that in any interval of the size of a not one of the functions of the

set has oscillations larger than t. Concerning infinite uniformly con-

tinuous sets of functions there is a theorem that if they are limited

(i.e., if a maximum value and a minimum value can be given

between which all functions move) they possess at least one continuous

limiting curve, to which uniform convergence takes place ^).

We shall prove, that for tiie set of functions of the difference

quotients of a finite continuous function, if it be uniformly continuous,

follows in the fii*st place the limitedness and furthcron for indefinite

decrease of the ar-increase the existence of only one limiting curve,

80 that holds

:

Theorem 1. If a finite continuous function f{x) has a uniformly

continuous set of difference quotients, then it possesses a finite con-

tinuous differential quotient').

To prove this we call ^e^ {x) the size of the region of oscillation

between x and x -\- L o{ the difference quotient for an .-c-increase 6.

If we allow 6 to assume successively all positive values, then it

follows from the supposed uniform continuity, that A can always

be chosen so small as to keep all values ^f^ {x) below a certain

amount as small as one cares to make it. If we thus call fa {x) the

maximum of the values /^(-^) for definite a; and A, then 6\ (a;) tends

with L uniformly to 0.

PWe have farthcron if — is a proper fraction

:

n

(1)
n - n -\ n J n ~^\ n J

9p^ i') = - VA (*) + -i-
y^f«4- -aV .4-- yAf« +— a\ (2)

If we break up ea<'li of the w terms of the second member of

(1) into p e(|ual partH and oiwU of (lie p terms of the second member
of (2) into n equal parlH, then the (iiffcronco of lliosc two second

namben ean be divided into pn icnm, each remaining in absolute

%*aIuo smaller than - . f^ («), so that I ho difference of if^ (x) and <ff, {x)

reaMim touUler than f., (x) in abHoluto value.

•) Gospift AimA, *SuUe funsioni dl Inter", Mmnorlo doUa Accadcmio di Bologna,

Mrif 5. V, fwgf t85.

^ Wt MppoM Hm fttncltun to he given in a certain interval of values of the

variable x.
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So if we regard for any definite x all difference quotients the

;r-increases of which are equal to proper fractions of A, then the amount

T^ {x) of their region of oscillation is smaller than 2e^ {x). The same

holds for the region of oscillation of all difference quotients for

definite x with ^-increases smaller than A, because these can be

approximated by the preceding on account of the continuity of /.

So if we allow L to decrease indefinitely, then also t^(x) decreases

indefinitely ; as furthermore when A becomes smaller, each following

region of oscillation is a part of the preceding, the limit of the

region of oscillation is for each x a single definite value, to which

uniform convergence takes place, which is the limit of the difference

quotients, the differential quotient.

That this (forward) differential quotient cannot show any disconti-

nuities, is evident as follows: If there were a discontinuity, then

there would be a quantity a which could be overstepped there for any

interval by the oscillations of the differential quotient; but if the

value of the differential quotient differs in two points more than a,

then there is also a difference quotient the values of which in

those two points differ more than <J; so there would be for each

interval, which contains the indicated discontinuity, a difference

quotient with a region of oscillation larger than a, i. o. w. the functional

set of the difference quotients would not be uniformly continuous.

Out of the continuity of the forward differential quotient follows

at the same time that the forward and the backward differential

quotient are equal.

Analogously it is evident that also a point at infinity in the differential

quotient would disturb the uniform continuity of the difference

quotients; in this is at the same time included the limitedness of

the difference quotients, for they would otherwise on account of the

finiteness of / be able to tend to infinity only for indefinitely

decreasing .r-increase, but that would furnish an infinity point in the

differential quotient.

Theorem 2. Of a function with finite continuous differential

quotient the difference quotients are uniformly continuous.

Let namely 6 be a definite quantity, to be taken as small as one

likes. Now we may have each x included by an interval i in

such a way, that the oscillations of the differential quotient within

each of those intervals remain smaller than 7« *• ^^ account of the

uniform convergence, evident from the formula (fj^x) = /'(x-\-d-A),

a A' can be pointed out in such a way that ail ya for which A <^ A'

differ from the differential quotient less than V** ^or any x, thus



(62 )

have their oscillations below e in the intervals mentioned. On account

of the uniform continuity of / we may furthermore have each a;

included by an interval i' chosen in such a way that for all A ^ A'

the corresponding (fs have within those intervals oscillations below

e only; to that end we have but to choose i' in such a way that

the oscillations of / remain within the intervals below 7> * ^'- If

thus i" is the smaller of the two quantities i and i', each x can be

included by an interval i" in such a way, that the oscillations of all

difference quotients within it remain below e, with which we have

proved the uniform continuity of the difference quotients.

Theorem 3. If there is among the difference quotients of a finite

continuous function a uniform continuous fundamental series with

indefinitely decreasing ;r-increases, there exists a finite continuous

differential quotient.

Let namely *pA'{x)t<ps"(x) be the fundamental series of func-

tions under consideration, then for any quantity e we can point

out a quantity a in such a way that v'aW i^ H~ ^0 — ^aI*') ('^) <C * for

any x, any h<^(J and any v. If now the set of a// difference quotients

were not uniformly continuous, it would have to occur that for

a certain A° not belonging to the fundamental series we should have

y^o (^ 4" ^0 — *Pa° (^) y^ ^- ^f ^^® "0^^ approximate A° by a series

CjA', c,A", . .
. , where the «'s represent integers, in such a way that

Op A^^<^A''<^{ap-^\)L^\ then also y^o(j? + A) — y»^o(«) is approxim-

ated by V« A^/»)
(* 4- * ) — y« A^) (*)» which last expression always

remains <^ t however large p may become, so that '^^©(a? -|- h)— <Pi,°{x)

cannot be y> t, so the set of all difference quotients is uniformly

continuous, and there is a finite continuous dificrential quotient.

Theorem 1 is applied when building up the theory of continuous

groups out of the theory of sets, (where one remains independent of

Lib's postoUUes), in a certain region finite and continuous functions

of one or more variables occurring there, whoso difference (jnotients

are in a certain system of coordinates linear functions of (he original

functions. ') As on account of the finitcness of the original functions

there eeiuiot be a region within which any cpiantity could be over-

flepped everywhere by one and the same difTcronce quotient, the

Comp. LE. J.Baoowm* "Die Thtorie d«r endliehen continuicrlichcn Gruppen
unabhdngig von dm Axtcrnm von Lii", Aiti do! IV" < Tni mi/ionnlc

M MaUBMlieL It It tbt dUbrfDUabiliiy in ont* and the i oonlinutcs

of all lbs ftmetloM, wbicb tsprwf Um dUTersnt inflnitetinial lran«rornmtions of a

freof, wiriflh Is proired b this wtjr.
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coefficients of the above mentioned linear functions remain within

finite limits, the system of the difference quotients is uniformly con-

tinuous, and the differential quotients exist.

Theorem 4. If the conditions of theorem 1 are satisfied and if

the system of all second difference quotients (of which each is

determined by two independent a:-increases) forms a uniformly con-

tinuous system, then there exists a finite continuous "second differential

quotient" which at the same time is the only limit of the above set

of functions when both a;-increases decrease indefinitely, and the

differential quotient of the (first) differential quotient.

To prove this we call s\ (x) the maximum size of the regions

of oscillation of the different second difference quotients between x

and X -^ h; then again e'a {x) tends with A uniformly to zero.

If we represent the difference quotient of *p^^{x) for an x-increase

p. p
A, by yA.A,(^) and if — and - are proper fractions then we have:

1 «,-i»»«-i / A A\

If we break up each of the Wj n, terms of the second member
of (1) into /), p, equal parts and each of the p, p, terms of the

second member of (2) into n^ ?j, equal parts, then the difference of

those two members breaks up into p^ p, n, w, terms, each of which

remaining in absolute value smaller than €\aa{x), so that

PiP, «i«.

the difference of y^iA, (^) and <fp^^^ ^^a, (ar) remains in absolute value

smaller than f'A,+A,(^)-

So if we consider for any definite x all difference quotients

whose a'-increases are equal to proper fractions of A, and A,,

then the size r^^^^ (.r) of their region of oscillation is smaller than

2e'Ai-|-A,(':r)> from which we deduce as above in the proof of theorem

1 the existence of one single limit, to which the convergence is

uniform and which is finite and continuous.

If we now regard the difference quotient with j;-increase A,, on one

hand for all (fi^'s, whose A is smaller than h^, and on the other hand

for the (first) differential quotient, then the former all differ less than

c'ai + a, {^) from the limiting function just deduced, so also the latter,

which can be approximated by them. This holds independently of A,

;
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the difference for .r-increase A, of the (first) differential quotient can

therefore not differ more than s'a, (a*) from the just deduced limiting

function which is thus differential quotient of the (first) differential

quotient i.e. second differential quotient.

Theorem 5. If a function possesses a finite continuous second

differential quotient, then the system of the first and second difference

quotients is uniformly continuous.

To find namely an interval size i" which keeps the oscillations

of all second difference quotients everywhere <[ b, we first take

the interval size /, which keeps the oscillations of the second

differential quotient everywhere <[ ^ « ; then a A'l and a A', in

such a way, that all yA,A,, for which A, <C ^'i and A, <^ A'„

differ along the whole coui*se less than ^|^B from the second diffe-

rential quotient ') : finally an interval size i' which keeps the oscil-

lations of the function / everywhere <C V4 ^ ^'1 ^'j- For i" we take

the smaller of the two quantities i and i',

TTieorem 6. If there is among the second difference quotients of a

tlnit© continuous function with finite continuous differential quotient

a uniformly continuous fundamental series, in which the two x-

increases decrease indefinitely, then there exists a finite continuous

second differential quotient.

Let namely tp^ 1^ '(•^)»y^ % "(j?)... be the indicated fundamental

series, then for any quantity b a quantity a can be pointed out

in such a way, that y (v) (»j(.c-f A) — <p fv) (v)(»i')<C^ ^^^' *^"y ^»

19 IS
nnj h^a and any v. If now the set of all second difference

quotients were not uniformly continuous, then it would be possible

for a certain A,° and A,® not belonging to the fundamental series,

that 9^0 4O C«H-A)— y^''
A** (*^ ^ *• J''®^ "8 now approximate A°

bj means of a series «f,A/,«,A,' ... and A,® by means of a

Mrias |t,A,',^,A," where the a's and ^s represent integers, in

•neb a way that

^'^< ^: <K + 1) ^r and (i,L[''^ < a; < (^, -I- 1) a;"\

') Tb« uoifonD convergaooe of all dilTerenco quotients is evident Trom that of the

dtfrnnse qiloiiSBis, for which A, = A, (out of these the olhot- cm be approxi-

tied in tbt maoiMr Indietted 10 the proof of theorem 0) ; the latter la evident

kf dtftlopbg Ibe lamw of/(x+ f A) — 2 /" (x -f- A) + /" (x) according to Taylor's
io whkh wt maSu th§ saooiid differential quotient form the resttcrm ; the

prtesdiog thk rtstUrm Utto destroy eaoh other.
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then also <^^<' ^ (x -\- h)— y ^o
,
o i^) >s approximated by

which last expression remains <[ 5, however great p may become,

so that the first can neither be > f
,

; so the set of all second diffe-

rence quotients is uniformly continuous and there is a finite conti-

nuous second differential quotient.

Theorem 7. If there is among the second difference quotients of a

finite continuous function a uniformly continuous fundamental series,

in which both .^-increases decrease indefinitely, the function possesses

finite and continuous first and second differential quotients.

For, according to the above given proof of theorem 6 the whole

system of the second difference quotients proves to be uniformly

continuous, and out of the above given proof of theorem 4 this

system proves to possess for indefinite decrease of the two jr-increases

one single finite conliimous limiting function /" {x) to which they

Converge uniformly. Let t' be the maximum deviation from this limiting

function of the second difference quotients, whose ^-increases are smaller

than A\ and A',, and let us regard the system 5 of all y*^^ (j) whose

£i<^A\, then all difference quotients with a-increase <^ A', of the

system 5 He between f {x) -f- t' and f {x) — t' , from which may be

deduced easily, that the system Sis uniformly continuous, so that now
first accoi-ding to the proof of theorem 1 a finite continuous first

differential quotient exists and then according to the proof of theorem

4 a finite continuous second differential quotient.

Analogous to the preceding are the proofs of the following more

general theorems:

Theorem 8. If there is among the n^^ difference quotients ofa finite

continuous function a uniformly continuous fundamental series, in

which all ^---increases decrease indefinitely, then the function possesses

finite and continuous first, second, up to the n''' differential quotients;

each p^^ differential quotient is here first the onlj- limit for indefinitely

decreasing ^--increases of the p^^ difference quotients to which limit

a uniform convergence takes place, and then differential quotient of

the {p—1)^^ differential quotient.

Theorem 9. If a function possesses a finite continuous n^^ differential

5

Proceedings Royal Acad. Amsterdam. Vol. XI.
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quotient, then the system of the first, second, up to the ?i^^' difference

quotients is uniformly continuous^).

Theorem 10. If »,, n,, 7i, . . . . is an infinite series of increasing

integers and if of a finite continuous function the systems of the

n,", of the 71,°** .... difierence quotients are uniformly continuous,

then the function has all differential quotients and these are all finite

and continuous.

TTieorem 11. A finite continuous function of several variables, among

whose difference quotients of the ?i'*' order there is for each kind a

uniformly continuous fundamental series in which the increases

of the independent variables decrease indefinitely, possesses all

differential quotients up to the w^*' order; these finite and con-

tinuous differential quotients are first each other's differential quotients

in the manner expressed by their form, where the order of succession

of the differentiations proves to be irrelevant, and then each diffe-

rential quotient is the only limit of the corresponding difference quo-

tients for indefinitely decreasing increases of the independent vari-

ables, to which limit a uniform convergence takes place.

Theorem 12. If a function of several variables possesses all kinds of

n^ differential quotients and if these are finite and continuous,

then the system of the 1", 2"** up to the 7i''' difference quotients is

uniformly continuous.*)

Finally the observation, that what was treated here leads in-

finite differentiability back to continuity in a more extensive sense,

and in this way may somewhat cx{)lain, that for so long all finite

continuous functions were supfiosed to l)e infinitely diffLMentiablo, and

may Momcwhal justify that so many wish (o iitnit Iheuiselvcs in

natural science to infinitely differcn liable functions.

I) To prow the uniform convergence of the nt>> difTerence quotients for equal

tndspwutoirt x4oer0MW we break olT just as Tor theorem 5 tlic Taylor development

at lh# f|t^ li>mi and we apply the formula:

"' "0^"
'^^"^C)^""^^"

=^

I T'. jir<»». ilii- uniform ruiivrfKrrue of llic «'I< dilTeroncc quolicnls with equal

in»l'^|H« -Irfit inir..ii.#H I, Mill-. C indfniiitcly di>creasing) we develop the elements

of toch a «litT«f«'U««' i|iiulM'ti( acrordiiiK I" Tayloh's sorics, in wliich we make the

Mib differfftilinl i|uoltFtil.« form Ihp rcultcrms. Tlio tonus procrding the rcstterms

then fall out and of the reHllrrms one kind i-onvrrKt^ uniformly to tlu> difTorcntial

cioolivnl correepoodiOf l<' di" diflor»iU!f f|iiMiiini lousidurcd and the otlicT converge

uniformly to i«ro.
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Microbiology. — "Fimtion of free atmospheric nitrogen by Azoto-

bacter in pure culture. Distribution of this bacterium " By

Prof. M. W. Beijerinck.

(Communicated in the meeting of May 30, 1908).

When carbon hydrates are used as source of c».rbon in Azotobacter

cultures, there existed until now some doubt wiiether the then occur-

ring fixation of free nitrogen was originally effected by Azotobacter

itself or by other bacteria found in symbiosis with it, because Azoto-

bacter in pure culture with carbon hydrates and free nitrogen only,

does not show any considerable development.

For this reason I was formerly of opinion that in such cultures

Bacillus radiobacter, a species closely allied to the bacteria of the

Papilionaceae, and which is never absent in accumulations o( Azoto-

bacter, would be the real cause of the nitrogen fixation. ').

Continued research, however, rendered this supposition more and

more improbable, and the facts which are now to be stated have

proved beyond any doubt that the said faculty belongs indeed to

Azotobacter itself.

These facts have regai-d to the very peculiar relation between

Azotobacter and the salts of the organic acids, more in particular to

calcium malate.

1. Calcium malate as source of carbon.

When into a wide Erlenmeyer jar a nutrient liquid is introduced

of the composition : 100 tap-water, 2 calcium malate, 0.05 K'HPO*,

with addition of some 10— 20 cM' canal-water, or as much soil

for infection, care being taken that the layer of liquid in the jar

be not thicker than 2 —5 cM, on cultivation in a thermostat at

30° C, usually after 2 or 3 days ') a floating Azotobacter film

appears, consisting of strongly motile individuals, and relatively soon

obtaining a considerable thickness. Hereby so much calcium carbonate

is produced that it forms a closed, floating layer, so to say a cover,

on the surface of the liquid.

If some of this film is inoculated into another jar containing the

same medium, corresponding phenomena are seen when the culture

1) These proceedings of March 1901.Geutr.bl. f. Bact. 2te Abt. Bd. 9 pg. 1, 1902.

Archives Neerl (2) T. 8 p. 190 and 319, 1903.

^) Especially in spring and autumn these experiments succeed. In summer and

winter Azotobacter seems sometimes absent in the said quantity of water.

6*
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conditions are alike. At first sight already, there can be no doubt

bat under these circumstances fixation of considerable quantities

of nitrogen must take place, and chemical analysis proves that this

is really the case.

The microscopic image of the Azotohacter growth in the malate

commonly shows smaller individuals of greater motility than the

formerly described forms which are obtained in the inannite solutions.

They keep about the middle between .4. chroococcum and A. agilis,

and remind strongly of a variety found in America, which has

received the name of .4. vinJaruU. The plate cultures of such a malate

accumulation again prove not to be pui-e but to consist of the usual

mixture of non spore-forming species. They are best grown on a

medium of the composition : 100 tapwater, 1 calciunnnalate, 0.05

K'H PO*, J lo 2 agar, on which the Azotohacter colonies become

already visible after 12 houi^s at 30*0., which is not the case with

any other s|)ecies of microl>es known to nie. As these plates are

somewhat cloudy by the protluced calciuuiphosphate and the imper-

fectly dissolved raalate, it is desirable to mix the ingredients in the

way as follows. Into a culture tube are first introduced some drops

of a neutral, concentrated .solution of kaliuinnialate and herein are

dissolvetl both the calciummalatc and the kaliiMn|)hosphate, with a

little water to dilute, but the snmllest quantity possible, as the dissol-

ving power of the kaliummalalc is much stronger in the concentrated

than in the dilute solution. Then the contents of the tube are mixed

with the agar solution.

The malate plates prejMired in this way have proved to be better

for the growth of Azototmcter germs than the mannite and glucose

plates, to that of a definite number of guru)s (here develop more

to colonies on the former than on the latter. Hence it has become

pOitible more exactly to compute the number of individuals of our

spades present in a iMunple of soil than after the old method, to

which cimimstancc we return IksIoiv.

liafore going further 1 wiHh to notice the following concerning

Other salts of organic acidH an carbon fmxl for Azotohacter.

Except with calciummalalo there could t)e obtained an abundant

or moderate gmwili with calciuuilai'tntc, catciuuuu*etatc and caicium-

propionate, parliciilarly when uiting cnnnl water for the first infeclion.

It was remarkable that the transport of a nuilato culture iuio lactate

appeared to sueceed nearlj as well as of malate* into malate, while

even rehUivoly rich cnulo ruHurcw in firopionato- or acctatesolutions,

obtained dirf«<ily from soil or water when inot'ulatnd into corresponding

ffifiiiiA, hnrdiv (/row on, if at idl. TIiIn fart in tlu< mure remarkable
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when ue consider that by inoculation of a malate film into propio-

nate or acetate as abundant cultures are obtained as in the said

crude cultures in these media. But if it is tried to continue such cul-

tures by re-inoculating anew into propionate or acetate they also

soon lose their power of growth. From this we see that the pre-,

ceding culture conditions to which the inoculation material has been

subjected, are by no means indifferent to the vitality of the following

generations, which are evidently very easily weakened and then

nearly quite lose the faculty of fixing nitrogen. The importance of

this fact cannot be denied and cerlainly deserves a nearer examination.

Calciumcitrate, calciumtartrate and calciumsuccinate, with either

garden soil or canal water for infection, give but slowly a mode-

rately developed bacteria film l)ut it grows during a very long time.

The film on the citrate is rich in spirilla and the Azotobacter form

found in it dilfers in many respects from the ordinary varieties.

In all these cases the quantity of bacteria grown during the first

2 or 3 weeks, is still too slight to necessitate a determination of the

nitrogen, and could by a rough comparison with former computations

be valued at some tenths of milligrams N^ per gram of the dissolved

lime salt. After a long time however, the fixation of nitrogen with

these salts is also considerable.

With calciumglycolate in absence of nitrogen compounds no

growth of microbes could be observed at all.

2. Quantity of the fixed nitrogen.

Neglecting for the moment the volatile acid, to which we shall

return below, the analysis of the cultures is performed as follows.

The whole quantity of the liquid, in which are present the cal-

ciumcarbonate formed by oxidation from the malate or the other

organic salt, besides the as yet not decomposed malate, the

salt of the volatile acid, and the bacteria, is treated with a known
quantity of normal hydrochloric acid by which the carbonic acid is

expelled on heating; a then following titration with normal alkali

and phenolphtaJeine as indicator, shows how much calciumcarbonate

is produced and consequently how much of the organic salt is oxidised.

After addition of a little sulphuric acid the liquid is evaporated to

dryness and after Kjeldahl's method examined on nitrogen, while

in each of the materials used the rate of nitrogen is stated separately

.

The calciummalate of Merck, Darmstadt, proved nearly free from

nitrogen.
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Now follows a table of some analyses^) wliich give an idea of the

anioiint of nitrogen fixed through Azotobacter, when organic salts

are used as carbon food. (See table).

These numbers show that the amount of nitrogen which can be

fixed in the crude culture is at most 4.9 and 2,8 m.g. per gram of

oxidised calciumsalt, obtained respectively with calciumpropionate

and calciumacetate (experiment 10 and 11), while, per gram of

calciummalate was fixed about 2,6 m.g. (experiment 2), and per

gram of lactate 1,8 m.g. (experiment 9). It seems that the fixation

goes on more rapidly at the beginning than later in the course of

the experiment, whence it follows that when little of the organic

salt is used proportionately more nitrogen is fixed than by larger

amounts. This should be taken into consideration in judging the

favourable results obtained with propionate and acetate, for then

solutions were used with only I'/, of the salt. As to these salts, they

have proved to be in general an unfavourable source of carbon for

Azotobacter if the rapidity of the growth is taken as indicator of the

process, and only then to be able to give good results, when for the

inoculation, cultures in malate solutions are used, in which a certain

variety of our species is present. But also then, as observed above,

already at the first passage from acetate into acetate the growth stops

almost entirely. Pure cultures of Azotobacter develop hardly at all
')

in solutions of calciumacetate and natriumacetate, whatever may
liave been the conditions to which these cultures were previonsly sub-

jected. Propionates and lactates still require a nearer investigation.

Of calciummalate, on the other hand, it has decidedly been proved

thai not only the crude cultures succeed very well and fix much nitrogen

even at repeated passages in the same medium, but that this also

holds good with regard to the pure cultures of Azotobacter. This is

the first owe in which 1 got the certainty that no other microbes

are wanted, neither in the medium nor in the infection materials,

but AzotohaeUsr alone to aiuse the said phenomena. Various authors

tturely have repeatedly dobcribed the fixation of froo nitrogen in pure

colturee of Azotobacter, among othci's of lato with respect to the acetates,

(ml iM-viM had 1 boon able to confirm the accuracy of these state-

menitf until I made a systematic investigation with calciummalate,

a salt which had never before been used to this end, although 1 had'

• I «iw« 10 Mr. D. t:. J. MiKKMAM, atittNlaiit to my Inlioralory the dotcrminations

lMr« rdcrrfld to.

') Tbs difltenot faritUif bth«v«, liowtver ditTerendy and tome will hegjo to

|row but thf growth tooo
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already called attention to it as an excellent source of cai-bon for

Azotobacter in my papers of 1902.

It must be allowed that the amount of fixed nitrogen in these

pure cultures is not considerable, about 1.5 m.g. for each gram of

oxidised malate, but perhaps here too, will be observed a greater

production if only the very young cultures are examined; then',

however, only little of the salt can be oxidised and the absolute

quantities will of course be small.

It seems not superfluous here to call to mind that it is by no

means the same whether a known amount of calciummalate be

absorbed from a dilute solution or from a more concentrated one.

In the latter case the malate will be more easily assimilable for the

Azotobacter cells, which will induce a stronger oxidation and

thus an increased oxygen assimilation in equal times, so that the

tension of the oxygen in the liquid will be less thmi in the less

concentrated solutions. As the growth of Azotobacter seems favoui-ed

by this lower tension, and in ajiy case, a rather strong concentration

of the carbon food pix^ves favourable to the process of nitrogen fixation

in absolute quantity this circumstance lias been taken into con-

sideration in all the experiments. Further, we did not always

wait for tlie moment at which the malate \\&A disappeared from

the medium, but commonly it was much eai'lier subjected to the

analysis for the reason mentioned above.

The observation that calciummalate can, glucose, cane-sugar and

mannite on the other hand, cannot form the starting point for nitrogen

lixation in liquid pure cultures, while yet the said cai'bon hydrates are in

the crude cultures much more productive and may even give gains

of nitrogen of 7 m.g. per gram of decomposed sugar, gives rise to

the supposition that these carbon hydrates must previously be

changed by other bacteria into organic acids and that these, at the

moment of their production, serve as cai-bon food for Azotobacter

and primarily cause the fixation of the nitrogen.

Of course it cannot be malic acid which hereby originates from

the sugar; but the important growth of Azotobacter to which also

the acetates, the propionates and lactates may give rise, suggest the

question whether perhaps the acids of these salts may be first pro-

duced from the carbon hydrates and then govern the nitrogen fixation.

It is to be remarked that as well in the malate as in the lactate

cultures slight amounts occur of a volatile acid, which will perhaps

prove to be acetic acid, although it is has not been positively demon-

strated by means of Behrens' uranylanatrium-acetate reaction. It is

of importance to know that this volatile acid is not only found
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in the crude, but also in the pure cultures of Azotobacter, so that

it is certainly a product of this species itself.

In order to ascertain the amount of i he volatile acid and the corre-

sponding quantity of decomposeil nialate, it is supposed in the table to

be acetic acid only and pi-oduced after the formula.

^O H* W Ca-\-20'= O H* 0* Ca-{- Ca CO' + 3 CO' -\-H'0

Calcinmmalate Calciumacetate.

But it may also be formed without access of oxygen. The volatile

acid is determined by distillation with sul[»huric acid and silver sul-

phate and titration the distillate with normal alkali.

From the table we see that in the crude cultures nitrogen can

without doubt be fixed with calcium acetate as carbon source. In

truth we have not succeeded in elfectiug the same in pure cultures, but

now that we have the certainty that Azotobacter alone, with malate

as carbon food, is able to fix nitrogen, it must be admitted that

Ibis also liolds good for the acetate cultures, although it is not

clear of what nature is the assistance which other bacteria thereby

must necessarily lend. Besides it should be noted that the fixation

of nitrogen in the pure cultures, also when malate is used as carbon

food, is less considerable than when other bacteria, too, can live on

this substance at the same time.

3. Distribution of Azotobactei' iti the soil.

Earlier, already, I showed that it is possible to detect a few

AzvtolMicter colonies among the thousands of those of the other species,

when fertile garden soil is sown on mannite-kalium-phosphate plates.

The use of calciummalate instead of sugar has proved to be of

iroportancc for (he examination of the soil in this direction. First

it should, however, be observed that no solid or liquid medium ')

could be found on which nil the germs of Azotobacter sown out

really develop into colonies. Thus, by sowing about 2400 germs

(dolcrtnined by microscopic counting), on various culture plates, 50,

12. 1, 80, 8, 20, 10. 20 and 75 colonies develope<l so that the growth in

fiorcents Wtti only 2, 0.6, 0.5, 0.8, 0.8, 0.8, 0.4, 0.8 and 0.3. In

another experiment were oblAined of 10.000 germs sown on glucose-

calcium-maUUe pl«tei» 20, 2ft and 48*/,. and on calcium-kaliuunnalate-

platei 82.6. 86 and 6ftV*' Hut in other cases, on agar plates with

niiiUUe only llio reeull« were much l)ottcr. The germs had

>) The OM of (hio Uy<n of liquid media for colony culture of microbes lias

bMB dsMriM is CMlralbUlt f. UMleriolofb, it« Abt. Ikl 20, 1908, p. 641.
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been shaken up in sterile tap-water or in malate solutions, of which

1 cm* was spread over the plate, care being taken that the water

was quite taken up into the tigar by its power c»f imbibition, which

is easily effected by softly heating the plate so that the superlluous

water evaporates.

We see from these data that commonly only a small part of the

sown germs conies to growth. Whether perhaps the water itself has

a deadly influence on some individuals, or that their death

is caused by their passing on the solid medium, could not yet be

made out by experiment. Thus, although there be ground to allow

that more germs occur in the soil used than are found, the possibi-

lity exists that by continued investigation the experiment may be

made so as to exclude that source of error.

But in spite of the uncertainty of the method the following result

could be stated. By sowing a small quantity, for instance less than

1— gram of garden soil on calciummalate-kaliumphosphate I7, agar,

after 24 hours at 30' C. commonly no Azotobacter is observed, but

a moderate number of moist colonies of about 1 mm. in diameter,

first draw attention by their extension and prove to consist of

different varieties of Bacillus megatherium, containing many spores.

They dont cause any considerable oxidation of the malate and as

the colonies no more grow after the second day, they evidently

develop at the expense of the traces of nitrogen compounds which

at first are present in the plates. After the second day a great

number of Streptothrix alba appear. This microbe is so common in

all the examined samples of soil that there can exist no doubt as to

its either favourable or pernicious influence on the fertility; but

the nature of this influence is as yet wholly unknown.

In a still later stadium the surface of the plate becomes covered

with numerous relatively small colonies of bacteria, among which

some species immediately draw attention by their extension and
commonness.

The oxidation of the malate by all these microbes is slight, so that

even after weeks the plates contain but little calcium caibonate,

which seems almost entirely produced by the said larger colonies

and by Streptothrix. All these species seem not to oxidise at all, or

perhaps it is more accurate to say, not to oxidise any more after the

last traces of fixed nitrogen have been assimilated. As to Streptothrix,

from its relatively vigorous oxidising power it follows by no means
that this should be associated with fixation of nitrogen ; this species

surely does not possess that faculty. If for the experiment soil is
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used shaken from the roots of garden-plants, which are no Papilio-

naceae, the result is fairly the same ;
perhaps the number of the

above mentioned oxidising forms is more numerous, but this is still

doubtful.

Otherwise, however, is the result when the soil is examined

which adheres to the roots of clover, pease, and beans when these

plants are cautiously dug up. When the soil adhering to such roots is

rubbed tine and after dilution in water sown on a malate plate we

find, after a period of 2 days at 30^ C, first that the said oxidising

colonies have very abundantly developed. But, besides, among these

colonies much larger ones are distributed, which oxidise much more

vigorously and prove to belong to Azotobacter, which shows that a

distinct relation exists between the distribution of this genus and

the said Papilionaceae. Whether this relation will appear to be

universal and what may be its signification, further experiments

have to decide.

Chemistry. — "Rapiii change in composition of some tropical

fruits during their ripening." By H. C. Prinsen Geerligs.

(Communicated in the meeting of May 30, 1907).

Some tropical fruits which as a rule are gathered in a green and

immature state and allowed to ripen afterwards, accomplish this

ripeoing process so rapidly that within a few days they become

lender, well-llavoured and palatable, thus offering a good opportunity

fur studying the still somewhat mysterious problem of the after-

ripeuing of fruits.

y. Phtnwmrna during after-ripening.

a. H a n a n a (M u s a).

As A rule the bunches of baiuuias, which contain fruits in various

Mages of maturity, are cut from the plant as a whole when all

the fruits are still green and are hung up to ripen. At the moment
when Ibe bunch is cut none of the bananas are fit for food ; they are

bard, tasteless and flavourless, the Hkin is thick, contains much latex

•nd tannin and adheres to the fleshy |iart. After a few days the

skin becomas thin and yellow and can e^wily be detiu'hed, whilst

Iba edible matter is now tender, sweet and well-flavoured. A couple

of days afterwards ibe fruit is un()alatablc again owing to overripeness

and t\t^tiy which cbaoge it into a mU. mass.
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Tliis after-ripening is accompanied by a considerable loss of weight

as is shown by the following figures.

20 bananas broken from the bunch in a green state were placed

in a relatively cool spot (28° C.) and weighed daily.

The average weight per fruit was :

after 01 2 34567 days

145 143 142.5 142 141 139 138 137 grammes.

Further, 10 green bananas of another variety were placed under

a glass bell jar into which a current of air free from carbonic acid

wafa introduced. The air leaving the bell jar was niade to pass

through a drying apparatus and a Liebig potash bulb, which latter

was daily weighed.

The fruits weighed originally 502.5 grammes

and after 4 days only . . 487.0
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after having stated that no other sugars were present in the hqiiid.

I pulverised the dried residue left behind after the alcoholic

extraction of the pulp and extracted part of it with cold water.

This extract was evaporated to a small volume and precipitated with

alcohol. The precipitate was collected on a weighed, ashless tilter

washed with alcohol, drietl, weighed, incinerated and the loss of

weight occasioned by the combustion of organic matter was recorded

as dextrin after I had convinced myself by the red coloration which

iodine solution pi-oduced in the solution of such a precipitate that

it really was dextrin.

A second portion of the residue was hydrolysed with hydrochloric

acid under pressui*e and the amount of glucose thus obtained calcu-

lated as starch. Finally, I determined the percentage of nitrogen and

calculated from this figure the amount of albuminoids by multiplica-

tion with the factor 6,25. The figures for the different analyses

follow here:

Date of the analysis
17th

j
19th I tMth

I

'ild

April j April
I

April
j
April

23d

April

24th

April

Degree of maturity

9/« Skin

*/o Fleshy matter

Composition of the pulp

Dry ttibtUnce

Imoluble in alcohol

Solttble In aJoobol

Sncroft

thirX Unripe i Begins

adheres the skin
to the

Prvdotc

Dextrin

SUrch

Albuminoldi

fruit

So

58.34

41.7tf

39 41

8 35

0.86

0.85

Iran

ao.oH

8a:>

004

loosens

-U

5G

5;> 21

40 79

34 06

6.73

4.43

096

090

053

84 06

800

006

to

ripen

43

r>7

58 48

4") 52

29 58

10 f)4

6 53

1.80

1.53

0.50

80.58

860

0.07

Aim.
ripe

39

Gt

59.86

40.1i

20 08

19.10

10. 5()

3.18

8.70

0.60

13.8'

2.58

Of)

Ripe

37.8

G2.2

60.88

39.02

15.30

23.72

13 08

4.72

3.01

0.05

9 50

2.58

1.00

Over-
ripe

36.2

03 8

61.12

38 88

13 00

25.88

10.36

0.1

4.8

0.6->

7 68

2.5')

1.01

Tlie skin rontnimi mudi rubber, Ubre and also a flmall amount of
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soluble carbohydrate and its composition calculated in 100 parts of

dry substance does not vary considerably in the green and in the

ripe state. The water content, however, diminished greatly during

ripening so that the shrinkage of the skin is chietly due to loss

of water.

The analysis of the pulp shows large differences during the after-

ripening because of the starch being rather suddenly transformed on

a large scale into sucrose.

That the sugar present in the ripe fruit was really sucrose was

proved by evaporating to a small volume the clarified alcoholic extract

from fully ripe bananas and allowing it to crystallise. After some time

it deposited crystals which were recognised to be sucrose by numerous

chemical and physical tests. In the ri|>e fruits this sucrose becomes

partly inverted or consumed by the aspiration either as such or

as products of its inversion. The latter possibility is the more pro-

bable one, as, first of all, much carbonic acid is formed during the

after-ripening and secondly because the fructose is in every case

present in a smaller proportion than the glucose. It is evident,

therefore that these two constituents are not consumed together as

sucrose, but separately after the splitting up of that body and then

the fructose more readily so than the glucose.

During the saccharification process a little dextrin is formed too.

b. Mango (Mangi/era).

The mango fruit, as a rule, is picked when still unripe; in this

state the fruits are internally white, hard, acid and flavourless, but

within a few days they undergo an after-ripening process wliich

renders them tender, full-flavoured, and yellow or orange-coloured.

This period is, as in the former case, soon followed by over-ripeness

and decay.

A few mango fruits, of a variety which beare very sweet and

well-flavoured fruits when ripe, were picked green, placed on a cool

spot at a temperature of 28^ C. and weighed every day with this result

NO.
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Five green mangos were weighed and placed under a glass bell jar,

through which a current of air free from carbonic acid was conducted

which afterwards was made to pass through a Liebig potash bulb.

This latter was weighed daily and the 5 fi-uits only after the end

of the experiment.

The 5 fruits weighed originally 1139.3 grammes

After 3 days 1121.3

and therefore lost in 3 days 18.0 grammes

The potash bulb increased during

tiie first day by 1.712 grammes

the second day by 1.276 „

the third day by 1.570

Or in three days 4.558 grammes

The fruits gave off 4.558 grammes or 0.407o of carbonic acid in

three days.

Just as in the case of bananas a mango fruit from a parcel having

practically the same initial maturity was daily analysed ; and this

time the analysis extended with a determination of free and total

citric acid. I had previously stated that the acid in the mango

really was citric acid and that no other organic acid could be found

in it.

I determined the free citric acid by titration with 1/10 normal

potash in the boiled fruit whilst the amount of total citric acid was

determined by extracting the boiled fruit with alcohol and precipitating

the citric acid in the alcoholic li(pii<l by means of barium acetate. The

precipitate was filtei*ed off, washed, incinerated and (inally, I deter-

mined the carbonic acid in the ash which was of course equivalent

to the total citrate in the precipitate. The figures obtained follow

here.

The yellow colouring matter, which is produced during the ripen-

ing proceM, shows the same roai'tions as the Caroline from carrots,

the Sftme •peetroecopic appearance and in fact resembles it in every

reapect.

Durinf^ the after-ripening the starch is transformed into sucrose,

which later on liecomes hydrolyscd and splits up into glucose and

fmciote. In the beginning of the process the fruit liberates water but

Uiit oomtitneot increanee afterwards owing to the combustion of the

carboh/dratea. The citric acid is vigorously attacked and the decrease

in llie acid laslc during iho aftor-ri|)oning is not due to an increase
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Date of the analysis
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Date of the analysis
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Unlike the after-ripening of the former three fruits, this one is not

due to saccharification of starch. Tlie amount of sugar before and

after the full ripening is the same, but in this case the fruit has

become palatable by the softening of the hard pectin and by the

deposit of tannin and gutta-percha from the juice as insoluble bodies.

I have to mention here that I did not find lactose in this fruit

which has been stated by Bouchakdat as being one of its constituents.

They, however, contain much pectin and owing to the presence

of this body the juice yielded a fair amount of mucic acid on oxidation

with nitric acid ; this renders the supposition probable that this acid,

considered by Boichard.\t as an evidence of the presence of lactose,

has simply come from the pectin.

//. Agents of the saccharification during after-ripening.

When studying the fruits which come first into account in the

research under consideration, viz. the banana and the mango fruit,

we found in a certain stage of the development a rather sudden

transformation of starch into sucrose, followed in a later stage by

inversion and partial transpiration of the products of invei*sion. From
experiments on the determination of the carbonic acid in the atmosphere

in which this sudden transformation took place, I came to the con-

clusion that just the period of the rapid saccharification coincided

with a strong development of carbonic acid, or with a powerful

oxidation and degmdation. At the same time the moisture on the

inside of the glass bell jar in which the fruits ripened showed that

a copious evaporation had accompanied the oxidation.

The figures for the carbonic acid from the bananas showed on

the second day a strong development which decreased very soon,

whilst those for the mangos remained somewhat stationary for

the three days under observation. These data correspond very well

with the more rapid after-ripening of the former fruits during this

experiment in which they turned from green into yellow even on

the second day.

The transformation is therefore accompanied by oxidation and
I tried to check it by excluding the fruits from the free access

of oxygen. To this end I covered a few green mango and banana
fruits with collodion and kept them together with a few similar

fruits not covered with an impermeable layer. The fruits covered

with collodion did not ripen well, and were converted into decayed

masses, while locally the wrinkles occasioned by the dying off of the

fruit caused the collodion layer to burst and thus made the experi-

6
Proceedings Royal Acad. Amsterdam. Vol. XL
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therefore, a diastatic ferment had diffused from the fruits and from

the juice, which had transformed all the starch, it could get hold

of through the state of dextrin into sugar.

When the iodine solution was allowed to act too long on the

jelly, the iodine penetrated through the surface layer and reached

the lower one, where the starch was still unattacked, thus colouring

the whole dish blue. Finally pieces of banana and tamarind fruit

were placed on slices of sterilised potato ; the result was that the sacchari-

fication of the starch caused more or less deep cavities to appear in

the places where the fruits had been applied.

All this however is not yet a direct proof that the saccharification

has been occasioned by a ferment ; and in order to make this clear

1 immersed slices of banana into alcohol, left them there during a

couple of days, then took them out, expelled the alcohol by means

of a current of sterilised air and placed them again in Petri dishes

on a layer of starch emulsion stitfened with isinglass and agar agar.

Though not so rapid as in the case of the much more juicy fresh

fruit, yet also here the ferment ditfused through and after the application

of the iodine solution the white stains with the red borders became

visible.

A quantity of mango juice was added to a boiled and re-cooled

solution of 3"/„ starch at 50° C. and kept at that temperature for

some time. The liquid, which, at the outset, had given a deep blue

reaction with iodine solution only became red when at the end of

the experiment this test was repeated ; this coloration did not undergo

any change even if the mixture was kept for some time longer or

if a fresh quantity of mango juice was added. The total amount of

sugar, contained in the liquid (for the mango juice itself had also

contained sugar) was higher after the reaction than before, which

showed that the mango juice had contained a diastatic body with

power to transform starch into dextrin and into sugar.

Now the question still remained which sugar is formed in the

laboratory outside of the living organism.

The ripening fruits and their juices already contain so much sugar,

which mixes with the small amount of sugar formed by the sacchari-

fication of the starch that the proper identification of that latter

portion is extremely difficult if not impossible.

In order to eliminate the influence of the already existing sugar,

ripening banana fruits were peeled and repeatedly triturated with

alcohol and the extracted pulp, which contained as little sugar as

possible was pressed and brought into glycerin. After a few days the

amount of sugar and its nature was ascertained in the glycerin by

6*
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polarimetric aiid copper tests both before and after inversion. Next

100 grammes of this glycerin were mixed with a 3 7o starch

solution, warmed to 40'' C. and kept at that temperature for a couple

of houi-s. After that the dissolved starch and dextrin was precipitated

with alcohol, lilteretl, a pinch of calcium carbonate was added to the

filtrate to prevent invei*sion by the slightly acid reaction of the

filtrate, and the alcohol was evaporated oif. The syrupy residue was

dissolved in water, diluted to the \olume of 100 cM." and used for

the determination of the sugars by the polarimeter and Fehlings

solution before and after inversion.

The original glycerin solution had contained 0.177o of glucose both

before and after invei*sion, while after the treatment with starch

100 grammes of the solution contained 0.60 grammes of reducing

sugars before inversion and 0.67 after that operation, which shows

that 0.43 grammes of glucose and 0.07 grammes of sucrose (?) have

been formed fi-om the starch by the ferment. The polarisation of

the solution was -{- 0.9 before and -J- 0.4 after inversion, giving

evidence, that notwithstanding the precipitation with alcohol, a small

amount of stanch or dextrin has still remained dissolved.

At any rale from the fact that the exclusion of oxygen prevents

the saccharificalion of the starch in the fruit and from the negative

results of the exi>eriments on formation of sucrose by means of fresh

juice and of the precipitated and re-dissolved ferments, it follows that

the ra|)id transformation of starch into sucrose during the after-ripening

of some fruits is a vital process and not a consequence of the action

of some ferment eoniained in the fruit which, Just as diastase forms

maltoee fronj starch, could be isolated to form large quantities of

sucrose from any kind of starch in the laboratory.

MathematioB. — **CotnjrnfnceA of tuuMc.d curves in connection with

a cuhic tranM/oi'imUion'' By Prof. Jan \w. Vries.

(Conunutiicaled in the meeting o{ May 30, 1908).

^ 1. If oTp jr,, jr„ 4^4 arc the coordinates of a point A' with respect

to a totrabedron having (>^, (),, 0,, O^ as vertices, then

determiiiM a cubic transformation which trnnsformH iIk' ri;>iit line

into a twiMtcMl curve (ir*, ropraeentod by

~"
Oai, -I- libk

The conffruoncf / .t llio curves <«• through the live points
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Ok {k = 1,2, 3,4:, 5) is now transformed into a sheaf of rays having as

vertex the point 0\ conjugate to 0^.

To the bisecant b' through 0\ of the curve a'* brought arbitrarily

liirough 0,, 0„ Of, 0^ corresponds a ^S^ through O^, (>,, 0,, 0^, 0^,

liavirjg the right line .* as chord.

The following will show that the indicated transformation enables

us to deduce by a simple method a number of well-known properties

of systems of curves to'.

^ 2. Let us consider the curves lo* of the congruence r cutting

the right lines / and in. They are transformed into the right lines

through 0\, resting on two curves X" and fi'*. Now the cubic

cones, projecting these curves out of 0\ have besides the right lines

^'^
i ^4 (^" ^= 1, 2, 3, 4) five edges more iti common, which are the

images of as many twisted curves belonging lo F.

From this is evident that the curves of r cutting a given right

line / form a surface A* of order five.

The image of J* is a cubic cone, projecting X'* out of 0\ and

having the bisecant 1/ out of O'j as nodal edge. Therefore the curve

1^* of r having / as bisecant is a nodal curve of A^.

If we bring the right line m through 0^ its image is a right line

///' passing likewise through (>, and having therefore with the above

mentioned projecting cone of >l" besides (>, two points in common.
From this we conclude that A^ has five threefold points Ok.

So the section of yl* with OkOi 0« consists of the right lines

OkOi, OiO,n, 0,aOk and a conic through Ok, Oi, Om cutting O^Oy
and forming with this right line a cubic curve of F. Consequently

ele^^en right lines and ten conies lie on A*.

^ 3. The curves q* of r touching a given plane <p, are trans-

formed by the correspondence into tangents f through O'j of a
cubic surface *" having conic points in Ok {k = 1,2,3,4). The
polar surface of (>'* passes through the four double points 0, so

it has as image a quadratic surface through those points. The section

of the latter with <f is the image of the locus of the points, in

which 0" is touched by the right lines t'. This conic contains

therefore the points in which tf is touched by the curves q^.

Through 0\ pass six principal tangents of *'', the congruence r
contains therefore siv curves, osculating <p.

The enveloping cone y" out of O^ to 0" has four nodal edges

O,0k; for a plane through OJ)^ cuts 0'' according to a cubic curve
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with node Ok, sending but four tangents through 0\, so that in that

plane O^O^ replaces two edges of the cone.

So *f* has with an arbitrary cubic curve tlirough the four points

Ok ten points in common Iving outside Ok- By applying our trans-

formation we find from this that the curves of F touching <p form

a surface *" of order ten.

A right line through 0, cuts ^' in four more points ; on its image

therefore rest four curves (>' touching (p. From this ensues that <l»^°

has five sixfold points Ok-

The right lines OkOi lie therefore on ^^'j it can as follows become

evident that they are nodal ri<^/itlines. A right line resting on O^Oj and

0,0^ has six points in common with <p'\ So its image must have

on 0,0, and 0,0^ four points in common with <l»^°.

The section of *P with 0^0,0^ consists of the right lines O1O3, 0^0^,

0^0^ to be counted double and a curve of order four, having nodes

in Oj, O,, O, and in the point of intersection of the nodal line 0^0^;

thus it consists of two conies. These conies form evidently with O^Oj

two cubic curves of F, touching <p.

Consecpiently there lie on 0^" ten nodal lines and iioenty conies.

When we regard the tangential cones out of 0\ to two quadri-

nodal cubic surfaces *" it follows readily that P contains tiuenty

curves touching two given planes.

^ 4. To determine how many curves q^ can be brought through

four points Ok having the right line b as bisecant and resting on

the right lines c and d, we have but to find the number of right

lines r which cut ^* two times and /* and <f* one time, when these

Ihree curves have four points Ok in common.

Now the chords of p resting on a right line /' form a bicjuadratic

scroll on which ff* is nodal curve, having thus with /' besides the four

f»oinlH O four more points in common. From this follows immediately

that the r\^\\\ lines cutting /3" twice and y'* once also form a biqua-

dmlic scroll 2£'*. The cones which project these curves out of a j)oint of

(^ having two edges in common, not containing one of the points

O, the curve ^* is also nodal curve on :£'*. With d" this scroll has

besides Ok four |»oinls in common; ho on >'* an<l d** rest four chords

of ^V Olid by applying the Iransformalion we find that the curve8

Q* *vhich cut b twice and c once form a mrface ^* of order four.
If wo bring d through (f^, (lion its imago // has with .2"* two

more points in common
; consc<pieiitly d cuts the surface 2* in two

points lying outside O,, so that 0, is a node. Therefore the surface

S* Um four doubie poinU Ok.
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Evidently h is nodal rij^lit line of ^*
; for, h is the image of the

nodal curve /J" lying on ^'*.

Through a point >S' of h pass two curves ^' ; their two points of

intersection S' and S" with b are the points which b has still in

common with the surfiice yi' determined by c, S and the points 0.

As the pairs of points *S^ and aS'' form a (2,2) correspondence, /owr

curves q^ can be brought through four points, which touch a right

line and intersect an other right line.

The section of 2* with the plane O^O^O^ has nodes in 0^, 0„ 0,

and in the intersection with 6; so it consists of two conies. One of

these conies contains also the intersection of c; it is completed to a

degenerated q" by the right line out of O^ resting upon it and

upon b. The second conic contains the intersection of the transversal

drawn out of (>< to b and c and forms with this right line a q*.

On the surface ^* lie therefore ei(fht coiiics, nine simple right lines

and a nodal line.

§ 5. The number of curves {** through Ok {k = 1, 2, 3, 4) resting

on the right lines a, b, c, d is evidently as lai-ge as the number of

transversals of four cubic curves a*,^*,y*,d' brought through Ok- The

scroll («, ii, /), having «', ji' and a right line / as directrices, is of

order 14, / being livefold and each plane through / containing nine

right lines. If /„ passes through O^ a plane through /, contains but

four right lines, so that the order of the scroll (a, /J, /,) amounts but

to 9. From this ensues that («, f?, I) possesses four twofold points Ok.

With y' the scroll («, ^, I) lias 22 points in common outside Ok ;

so («, ^, y) is of order 22.

On the sci*oll («, ^, /,) we find that 0, is fivefold, because a right

line through 0^ cuts four generatrices; on the other hand 0,, 0,

and 0^ are threefold points, for a right line through 0, cutting the

fivefold right line /, , meets but one generatri.v more. With y' the

scroll («, ^, /,) has still 9X3— ^ — 3X3^ 13 points in common
besides the multiple points. In connection with the above follows

from this that 0^ is a ninefold point on («, ^, y).

Of the points of intersection of («, /?, y) with 6* 36 lie in Ok ;

consequently «*, ^i', y', d' have thirty common transversals.

Therefore we can bring through four points thirty cubic curves

resting on four given right lines.

§ 6. Let us now consider the surface yp*^ formed by the curves

(j' resting on a, b and c. Through a point A of a and the points
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pass five Q* cutting b and c. From tins is evident that a, b and c are

fivefold rigid lines.

With a right line m through Ok the scroll («, ^, y) has thirteen

points lying in Ok in common, so its image m (right line through

Ot) cuts tj>" likewise in 13 points lying outside 0^-. We conclude

from this that the four points are seventeenfold on t}^'°.

So the right lines O^Oi lie on this surface; that they are fourfold

right lines can be shown in this manner.

As Ok and Oi are ninefold on («, ^, v) the right line OkOi is cut

outside those points by 22—18=4 transversals of the curves «,/?, y

;

the images of these right lines are conies through Ok and Oi resting

on OmOn, b, c and d and forming" with 0,nO„ a 9' of the system.

The section of tp'* with 0, 0, 0, can consist outside the three

fourfold right lines only of_^conics ; these are easy to indicate. In the

first place we can bring through 0^,0^,0, a conic cutting b and c;

it is completed to a 9' by each of the two right lines out of 0^

resting on the conic and on d. Then the sections of d and of the

transversal with 0^ to b and c with 0^,0^,0^ determine a conic

forming with the indicated transversal a q^. So we have in 0^,0^, 0,
three double and three simple conies ; with the three fourfold right

lines they form a section of order 30.

On ^" lie therefore 4 seventeenfold points, 3 fivefold, 6 fourfold

and 36 simple right lines, 12 double conies and 36 simple conies.

Astronomy. — ** Contributions to the determination of geographical

positions on the West coast of Africa. III." By C. Sanders.

(Conununicatcd by E. F. van dk Sande Bakhuyzen).

(Communicated in the meeting of May 80, 1908).

/. Introduction.

After a stay in Euro()o during the winter 1902—1903 1 returned

10 Portuguoeo Wcttt Africa and remained there until the autumn

1906 when I again went to Knro|»o for some time.

During this |)erio<l 11K)3—190<J I have once more tried to contri-

bute to llio dolorminxition of goograpliical |M)8ilionH in those parts as

much an time and rircuniHtancoH allowed. Oircumstaiices, however,

wore oAcn unfavourable lo my olwcrvatiotiH, and hence the results

obtainecJ are less ifinn I had desiro<l and expected at first.

The results ohiained may l>o rangc<l under three heads.

1. Xeto defenninntioM at Chiloango. In November and December
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1903 I made liere a new series of determinations of latitude by

means of zenitli distances in the meridian. But I did not succeed

in securing new data with which to cori*ect the determination of

the longitude, and at last I have entirely given up this plan, until I

should possess a telescope of the required dimensions for the obser-

vation of occultations of stars*), because the observations of the

latter will certainly lead to a greater accunicy in the determination

of the longitude than can be attained by means of lunar altitudes

with my relatively small instrument.

2. Determinations of astronomical coordinates at difevent stations

in tlie Chiloanyo district. On two journeys, one to N'Kutu on the

upper course of the Ohiloangoriver from 22 to 31 December 1903
and a longer journey through Mayombe ') in June 1904, I was
able to make determinations of latitude and longitude. The reason

why these could not be made oftener lies chiefly in the peculiar

difliculties attached to the transportation of the instruments especially

of the clironometei*s. The best way of transporting them is by water

by means of a canoe, and even then one must constantly pay

attention to avoid shocks caused by trees floating down the river.

When the chronometei's had to be transported by land, I used a

hammock suspended from a long stick carried by two negroes ; while

mounting hills they tried to keep the stick as much horizontal as

possible.

Another circumstance which makes it difficult to obtain accurate

results is that these excui*sions can be undertaken only during the

dry season, when the nightly sky is as a rule overcast, so that one

must take recourse to observations of the sun, and lastly in many
parts one meets with great difficulties in finding a proper dwelling place,

because prosperous negro villages, which formerly existed, are almost

entirely depopulated and turned into desert in consequence of the

trypanosomosis, which has raged there.

On my journey in December 1903 the instruments were entirely

ti-ansported by water, first by steamer to Mayili then by canoe to

N'Kutu. At this latter station I secured determinations of latitude and
longitude.

The journey through Mayombe in June 1904 also began by steaming

up the Chiloango- (or Loango-) river to Mayili. We there arrived on
June 2 and I made a time determination in order to control the

longitude determined previously. We then travelled by land to

1) I received for some time past (1907) a telescope of Zeiss of 80 mm. aperture

and J 20 cm. focal length, with which I have already made some experiments.

-) The name of a part of the Chiloango district.



(90)

Chinibete (June 3) and then per canoe up the river to N*Kutu. The

first transport by land, when the carriers were not yet accustomed

to their uncommon task, unfortunately caused a perturbation in

at least one of the two chronometers, which appeared from the com-

parisons between them.

Also at N'Kutu I made a time determination on June 5, in order

to obtain another result for the longitude of that place. On June 6

we continued our journey by land often along very diilficuit roads

through woods and over hills and some times across small streams.

We first went to the north east as far as N'Vyellele, a village 28.5

kilometers north east of N'Kutu (June 7), and then we travelled to

the west during three days until June 10, when we reached Buku-

Zan, a village on the Luali, a tributary river of the Loango.

On June 13 and 14 we made an excursion from Buku-Zan to the

north to M'Pene Kakata, but the rest of the time until June J 6

1 stayed in the former place and availed myself of this opportunity

to determine its longitude and latitude.

On June 16 we returned from Buku-Zan to N'Kutu. This time

we went directly to the south east, and after we had covered a

distance of 38 kilometers we arrived at N'Kutu on June 17. Thence

we returned by the way we had come via Chimbete and Mayili to

Cbiloango (18—23 June). In the mean time I secured determinations

of latitude and longitude at Chimbete.

3. Connection of a great number of secondary pointa luith the

astronomically determined stations, by means of compass directions and
distances. It was my intention to form by means of my astronomical

determinations a net of primary points with which I might connect

a great number of intermediate points whose relative positions I

bad deternjined on many journeys by means of compass directions

and distances, in order thus to reacii also for the latter a satisfactory

accuracy. In this I have partly succeeded, but for the southern part

of the district it in still necessary to make the astronomical deter-

mination of one and if possible 2 stations on the Lukula river,

Chipondi and perhaps Pouro, the more so as the preliminary result

of my secondary determination of I lie station Lcmba on this river

difTers much from that which Mr. ('ahka had obtained some years

ago, when ho delerniincd the demarcation between the Freestate and

Portuguese Congo.

1 thall try to (Ui up this gap. But the difliculties are e8))ocially

great in these parts, as the trypanosomosis has badly raged here

of late. At any rate it will bo desirable to put oif till later the

communication of my sectmdary determinations.



( ^i

)

CORRECTIONS AND RATES OF THE CHRONOMETERS.
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II. Time determinations at Chiloanyo. Con-ections and

rates of the chronometers.

In 1903 before I left for Africa I added to my chronometer of

Hewitt anotlier of Hohwu. During my stay at Cliiloango from May

1903 to July 1906 I have regularly controlled both by making at

proper intervals time determinations in the same way as before by

altitudes determined with my altazimuth. Moreover I have daily

intercompared the two chronometers.

With regard to the time determinations themselves I need only

add to what has been said before :

1. that new determinations of the value of a level-part yielded

5".4, exactly as before;

2. that the flexure and the division errors of the instrument were

regularly taken into account according to the formulae in "Contri-

butions I".

Here follow the results for the corrections and rates of the chrono-

meters. The rates, and also the temperatures added to them, refer to

the interval between the date on one line above and that on the

line itself. The temperatures for the periods of the two journeys

are wanting. To the "Rates Hewitt 20"* C." I shall refer later.

I have first investigated the rates of the chronometers with regard

to the temperature and to this end I have formed mean rates for

periods of about 2 months, in each summer and winter.

Period
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For the simple means of the 4 winter and the 3 summer rates

and of the temperatures belonging to them I find

:

26°.28 + 0«.77

20 .61 — .65

hence

:

Variation per degree + 0^25 ^)

By means of this coeflicient of temperature I have reduced all the

rates to 20°; these reduced rates are given in the table above in

the column: D. Rate 20° C. The simple mean value of these

reduced rates is — 0«.87, from which the real mean reduced rate

— 0^.83 differs only little. By forming the differences between the

reduced rates and their mean I found for the mean error of a daily

rate, disregarding the different lengths of the intervals between the

time determinations:

M.E. rfc 0^.225

a very satisfactory i*esult, especially in consideration of the fact that

for the whole period of more than 3 years we have adopted a

constant rate depending on the temperature only.

For the chronometer of Hohwu the results are somewhat less

favourable. One sees at a glance a distinct variation with time which

from 1904 seems to continue in the same sense.

In order to derive the coeflicient of temperature I have compared

each summer rate with the mean of the two neighbouring winter

rates and thus found:

Rate summer—winter -|- 0«.78

-f 0.03

— .05

A regular influence of the temperature does not appear from these

dalA and the greater value of the first difference must be ascribed

to an irregular variation in the beginning. Therefore I have accepted

for the cutifUcicnt of tcni|K;ralure 0".00 and, in order to investigate

the variation which is imle|)cndcnl of the temperature I have formed

mean mfcw for [Ksrioils of about three njonths. They follow here

together with the corrcHpunding values for the chronometer of Hewitt
redoced to 20".

>) It WM impoMible to datMrmiiM also a quadratic term on account of the small

difrrrenccii of temperature. For the years 1901— '02 the temperature coefTicient

was foufld to be + 0*.18.
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DAILY RATES FROM PERIODS OF THREE MONTHS.

D. Rate Hewitt
red. to 20^ D. Rate HohwQ

1903 May 15-Aug. 4
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1903 DECEMBER 7

Adopted runcorrection for 10' — 0''.66

zenith point 239=59'47".32

Temperature and barometer for 1st star 25.3 IbQA
4th „ 24.9 759.5

6th „ 24.6 759.6

!2th „ 24.0 759.8

Star

Readings
Level
corr.

Micr. A Micr. B

Lat.

« Sculptoris

fi Phoenicis

fi Andromedae

Cassiopeiae

V Phoenicis

« Eridani

r Persei

< CtMiopeiae

• Hydri

y AndromcdM

• Ariclit

r Eridani

264o4(y 15"



(97 )

Date



Date Star

Latitude

N. R. N. L. S. R. S. L.

Dec 7 cont

December 10

Zenithp. 270°

Decernl)er 14

Zenithp. 300

December i5

Zenithp. 330

« Hydri

7 Androm.

« Arietis

f Eridani

Mean

i Cassiop.

V Phoenicis

a Eridani

f> Persei

« Cassiop.

« Hydri

iS Trianguli

? Eridani

Mean

•/ Phoenicis

a Eridani

/9 Arietis

« Hydri

•/ Androm.

fi Trianguli

f Eridani

* Hydri

Mean

' Cawiop.

y Phoenicis

« Eridani

f Perad

< Caeeiop.

• Hydri

'/ Androm.

^ Trianguli

r Eridani

Mean

R

L

R

L

L

R

L

R

L

R

R

L

R

L

R

R

L

R

L

R

L

R

L

R

L

R

S 57°

N 47

N 28

S 47

N 65

S 39

S 53

N 55

N 68

S 57

N 40

S 47

S 39

S 53

N 26

S 57

N 47

N 40

S 47

S 64

N 05

S 30

S 53

N 55

N 08

S 57

N 47

N 40

S 47

59"02

63.56

61.18

62.54

61.86

58.41

64.07

61.24

72.40

67.10

69.82

5° 11'

65"02

62"48

63.76

63.11

64.79

63.95

59.56

59.56

68.go

08.16

68.18

68.43

66.98

68.08

68.58

68.33

02.22

65.99

64.13

64.11

64.05

57.46

60.76

64"91

67.17

69.66

71.22

70.44

02.88

01.99

62.44

59.03

59.67

59.35
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were observed alternately, and of each of these pairs the one in the

position circle to the right, the other in the position circle to the left.

The readings were always made with each of the two micros-

copes both on the preceding and on the following division.

The corrections for run and for the level reading were applied

exactly as before (comp. Contrib. I. p. 280), the refraction was

derived from the tables of Bessel and the declinations of the

stars were t<iken as before from the Nautical Almanac, i. e.

from the catalogue of Newcomb. Only now and then I have

also observed stars from the Berliner Jahrbuch, namely v Piscium,

6 Cassiopeiae and y Persei. To reduce them to Newcomb I have

applied to them the following corrections: — 0".l, — 0".8 and

4" 0".7, according to data communicated to me by Dr. E. F. v. d.

Sande Bakhuyzbn.

The reading for the zenith was assumed to be constant for each

night and determined so as to make all the stars agree inter se as

well as possible. By the regular alternation of the positions of the

instrument an error in the adopted zenith point was eliminated almost

entirely.

The observations were made in 6 positions of the circle, each

dittering from the next by 30^.

As an example I will first give the observations of one night

in full.

I now proceed to give for all the observations the resulting values

for the latitude in 4 columns : for the north stai*s circle right and left

and for the south stars circle right and left. To these 1 add the

approximate zenith distances of the stars.

The observations at zenith point 210^ are distributed over two

nights, Dec. 2 and Dec. 6, Because it is not permissible to consider

the zenith point for the two as exactly equal, it seemed better

to exclude from the observations of Dec. 2 the only southern star

obtained. For the rest no observations are excluded, not even the

few which deviated rather much.

B'or each position of the circle I have combined the results for

the two positions of the instrument, but I kept apart those from the

northern and from the southern stars and so I obtained : (see p. 100)

To the results from the northern and the southern stars I have

added their dilferences and their means. In so far as we may
assume that the north and the south stars had in the mean the

same zenith distance, the former represent the corrections to the

measured arcs of 2 j for errors of division -f- double the correction

to the measured z for flexure (comp. Contrib. I p. 285), while on the

7*



( 100 )

Zenithpoint
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The observations were made in the factory of the firm HattoN-

and CooKSON.

Determination of the longitude. A time determination of 26 Dec. by

means of 4 observations of /? Orionis in both positions of the instru-

ment, each time over 7 horizontal threads, yielded the following-

corrections of the chronometers to the mean time of N'Kutu. Together

with these I give the corrections to the mean time of Chiloango

derived by simple interpolation — the best thing to be done —
between the time determinations of Dec. 20 and Jan. 3, and finally

the resulting difference of longitude.

December 26.296 (M. T. Chiloango).

Hohwii Hewitt

Correction to M. T. N'Kutu + 48"^48^85 + 49'"22s.35

„ „ Chiloango 46 50 .29 47 22 .27

Difference of longitude — 1 58 .56 — 1 60 .08

Adopting the simple mean of the two results, we find for the

longitude of N'Kutu relatively to Chiloango

— 1™ 59«.32.

Determination of the latitude. On December 29 t secured a deter-

mination of the latitude by 3 pairs of observed zenith distances, i.e. three

observations in each position of the instrument, of ^ Andromedae

{z = 40'' Norlh) and by 2 pairs of « Eridani (c = 53° South).

The results were :

^ Andromedae !«' pair — 4°57' 9".90

2d „ 11.06

3^ „ 1J.24

Mean 10.73

Corrected — 4°57' 5".74

« Eridani 1»» pair — 4°56'57".69

2»d „ 59.81

Mean 58.75

Corrected — 4*'57' 3 ".72

llenco the mean result for the latitude is:

— 4" 67' 4.7
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2. Journey of 1904 June 2—23. Corrections of the chronometers.

As this journey was made almost entirely by land the circum-

stances were much less favourat)le for the regularity of the chrono-

meters, in spite of all precautions taken. The intercomparisons, which

were made at least once every day, clearly show small irregularities

now and then and once on June 3, when the «*arriei-s were not

yet accustomed to tiieir task, as I have said before, a serious

perturbation occurred.

The instruments were almost always carried in the shadow of the

woods and only a few times they can have been exposed to the sun-

beams. We must assume, however, that they were subject to the

general fall of temperature which occurs in these [)arts in June, and

thence follows that we may not accept a constant rate for the chrono-

meter of Hewitt.

From my regular thermometer readings in 1903 and 1905 I derive

for the mean fall of tempemture during June 2°.18, i. e. on an

average per day 0°.073
; this would cause a variation of rate for

Hewitt of — 0*.018 per day. On this supposition and starting from

the time determinations at Chiloango of May 30 and June 24, the

daily rate would have been at the beginning (May 30—31) -f 0^50
and at the end (June 23—24) -|- 0^08.

As the temperature coefficient of HohwC may be considered zero,

we may gather some evidence on this point from the relative rates

during the journey. Beginning after the perturbation on June 3, I

tind the following differences between the two chronometei*s, each

being the mean result fi-om at least three comparisons, and derive

from them the relative rates subjoined.

Hohwii — Hewitt

June 5 -f 49.'00 ^ ,„„
10 47. 17 ~ "•

it.

15 44. 50 -
V' Wj

20 39. 17 — }.
"•

24 35. 50 ~ " ^^

As the mean rate of HoHwtJ was about -f- 0.«9, these values agree

fairly well with the assumed variable rate for Hewitt, which I there-

fore adopt as the most probable. For the middle of the period, June

12, the chronometer correction derived by means of the latter rates

ditfers from that which would follow from the constant rate -|- 0.*29

by l.«36.

A great difficulty is caused by the perturbation on June 3, when
the difference between the chronometers seems to have varied abruptly
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3 sees, it was probable that this must be attributed to the chrono-

meter HoHAYtJ, which supposition seems confirmed bj the time deter-

mination at N'Kutu of June 5 if we reduce it to Chiloango with the

difference of longitude determined in Dec. 1903, but it is undoubtable

that we have here a source of uncertainty for the following deter-

minations of longitude. I already remark here that I have finally accepted

no jump in Hewitt and one of 2 seconds in HoHWiJ. For the daily

rate of the latter we then must accept -)- 0'.91 instead of 4- 0^83.

In addition I remark that also for the determinations in 1904 I have

assigned equal weights to the two chronometers.

3. Determinations of longitude in 1904.

MayUi. On June 2 I here secured a time determination by means

of Sirius west, and of « Bootis east of the meridian. The results

obtained from the two, corrected for division errors and flexure,

differ inter se by 0^37.

Here follow the mean resuhs, to which I have added the correc-

tions to the mean time of Chiloango derived by means of the adopted

rates (-|- 0«.91 for HoHWt) and a xariable rale for Hewitt) and the

difference of longitude derived thence.

June 2 6h5 M.T. Chiloango

Hohwii Hewitt

Correction to M.T. Mayili + 49'"50«.89 -j- 50'"36«.39

„ „ Chiloango + 48 29 .33 + 49 17 .08

Diflercnce of longitude — 1 21 .56 — 1 19 .3J

Mean — l'n20^44

In 1902 I had found — 1"'21«.3.

If w<! had d«Tiv(Ml the corrc'ctiou of lloiiwi' with a rate of -}-0\83,

the dilf<M<'iic<; of longitude according to tliis chroiiouieler would have
bc«n l'"21".H(), while Hkwitt with an assumed constant rate

would have yielded — l'"l9«,8y.

S'Kutu. Here I wn» obliged to have recourse to the sun for

delcrtiiination of time and on Juno 5 I oblaincMl iho foMowing results

from 4 olwcrvAliutiB of the two limbs in tho two positions of the

instrument. I now Insgin by deriving the correction of IIonvvO to

the M. T. of Chiloango, without accepting a jump, and therefore

with tho rate -f-0*.83.
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June 5 3''.1 M.T.

HoHwu Hewitt

Correction to M.T. N'Kutu + 50"^28«.54 + 51"»17«.54

„ „ Chiloango + 48 31 .45 -f 49 18 .30

Difference of longitude — 1 57 .09 — 1 59 .24

while the result of Dec. 1903 was — 1'"59^32. From this it would

appear that on June 3 a perturbation occuri-ed in HoHWiJ and

not in Hewitt and that the jump in the former amounts to about

2 sees., which agrees sufficiently with the observed abrupt variation

in the difference between the two.

For a more accurate investigation of the perturbation I have tried

to avail myself of the time determination of June 2 at Mayili, after

having reduced it to Chiloango by means of the difference of longitude

determined in 1902, but this has not thrown more light on the

subject. Everything considered I have finally accepted as the effect

of the perturbation : a jump of 2 seconds in HoHWtJ.

As to the longitude of N'Kutu itself, it will be best to use for it

only the determination of Dec. 1903, although the new determination

by Hewitt perfectly agrees with il.

Buhu-Zan. My observations were made in the factory of the firm

Hatton and Cookson. For a time determination I could obtain only

3 pointings at the sun's limbs on June 14. To their results I have

added the corrections to M. T. Chiloango accoi-ding to the adopted

computation (i. e. with a jump in HoHwf and a variable rate of

Hewitt) and also the difference of longitude derived from them.

June 14 4^0 M.T.

HoHwtJ Hewitt

Correction to M.T. Buku-Zan + 50™13«43 + 50">57893

„ „ Chiloango -f 48 38.12 -f 49 21.22

Difference of longitude — 1 35.31 — 1 36.71

Mean — 1"'36K)1

Computed with constant rates and without an assumed jump the

results would have been — l'»34°51 and — 1"'38''02, hence in less

good harmony.

Chimbete. Also here (factory of Hatton and Cookson) I could

observe only the sun for a time determination, but I secui*ed at least

a complete set of 4 observations of both limbs in both positions

;

the two pairs computed separately differ by 0.^83.

The results were the following ; to these I have added the cor-

rections to M. T. Chiloango according to the adopted computations,

and the difference of longitude derived by means of them.
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June 2J 3''6 M. T.

HoHwtJ Hewitt
CorrecHon to M. T. Chimbete + 50'"37«73 + 51"il5«73

„ „ Chiloango +48 44.46 +49 22.52
Difference of longitude — 1 53.27 — 1 53.21

Mean — 1™ 53^^24

whereas if computed with constant rates without an assumed jump.

I would have got — 1"'53*03 and - l'ii53«81.

Thus the results following from the two computations differ much

less than for tlie other places.

4. Determinations of latitude in 1904.

Buku'Zan. For a determination of the latitude T could observe

only on June 15 one star in the south, jJ Centauri. Of this star I

obtained 8 pointings distributed equally over the two positions.

The results were :

1" pair y=— 4° 46' 4"46
2"'* „ 5.51
3>-d „ 8.54
4th

^^ 6.51

Mean 6.26

and after correction for division error and flexure

tp = — 4 46 11.1.

Chimbete. I only succeeded on June 20 in securing 10 pointings

on a Crucis, distributed equally over the two positions, with the

following results.

1»» pair y = — 5° 1' 18".40
2»«» „ 18.65
3"^ „ 21 .83
4'h „ 20 .53
5»h „ 19 .52

Mean 19 .78

and aff<*r correction for division error and flexure

y = — 6° 1' 24 .5

5. Final results.

I finally accept the following values as the most probable results of

my dfltcrniinationH of the lonjj^^itudo and the latiludo of the four stations

in I ho inlcrior. For (ho longitude of Mayili I take (lie mean of the

two determinations and for that of N'Kutu I use only tiuit of 1903.

with CInloango
Majili — 5<'4'40" — 1™20-.9
N'Kulu —4 57 5 —1 69.3
Buku Zan —4 4611 —) 36.0
Chimbeto - 5 1 25 — i 53 .2
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Astronomy. — "Contributions to t/ie determination of geographical

positions on the West-coast of Africa. III. Appendix.'' By

C. Sanders. (Communicated by E. F. van de Sande Bakhuyzen).

6. Modified computation of the determinations of longitude in 1904.

For the computation of the corrections of my chronometers to the

M. T. of Chiloango during my journey of June 1904 I have supposed

that the chronometer of Hewitt had not been influenced by the

perturbation on June 3 and that the one of Hohwu had advanced

2 sees.

I liad adopted the value of 2 sees, chietly in order not to

exaggerate. But the result of the time determination on June 5 at

N'Kutu, taking into account the modification of the rate involved

in the supposition of a jump of a given amount, as well as the com-

parisons on June 3 render it more probable that Hohwu advanced 3 sees.

I shall therefore give hei-e the results which we obtain on the

latter supposition, assuming a daily rate for HoHwO of -f- 0\95.

I shall also show to what results we should arrive if we adopted

the extreme supposition in the opposite sense, namely that HoHwiJ

was not perturbed and that Hewitt had omitted 6 beats = 3 sees, and

if we again assumed daily rates of both in accordance with the last

supposition. This supposition is not very probable but neither quite

impossible, and in this way we may at least form some idea of the

still remaining uncertainty. For the rest 1 still hold the supposition

that the rate of Hewitt has varied during the journey owing

to the fall of temperature. Here follow the values obtained for the

difference of longitude between the 4 stations and Chiloango:

a on the previous supposition
;

b adopting for HoHwtJ a jump of 3 sees.;

c adopting a jump of 3 sees, in the opposite sense for Hewitt.
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HoHWu Hewitt Mean

Chimbete a - 1™ 53*27 53*21 — lni53«24

b 53.4J 53.21 53.31

c 53.03 52.83 52.93

We find in the first place that the longitude of N'Kutu on

supposition b agrees exactly with the result of December 1903 which

was 59^32, and on supposition c differs strongly from it, whence

appears clearly that the latter is less probable. It further appears that,

with regard to the three other stations, the results on the two extreme

suppositions b and c differ 1^2 for Buku Zan and only 0^.4 for

Mayili and Chimbete, while the results on suppositions a and b

differ for Buku Zan 0^2 and for Mayili and Chimbete less than 0^1.

The results from the two chronometers separately accord fairh* well

inter se, Mayili excepted.

As we reject the result of 1904 for N'Kutu and replace it by

that of 1903 and as for Mayili we can take the mean of the results

of 1902 and 1904, we find that the uncertainty caused in the final

results by the perturbation is less than was to be feared.

Jjastly I give here the final results obtained in this way, assuming

thereby the most probable supposition b:

Difference of longitude with Chiloango

Mayili — 1"'20^8

N'Kutu — 1 59.3

Buku Zan — 1 36 .2
*'

Chimbete - 1 53 .3

The differences with the values adopted before are at the utmost 0^2.

Astronomy. — ** Observation of the tramit of Mercury on November

14, 1907 at Chihatu/o m Portiujuese Went-Africa''. By

C. Sandkrs. (Communicated by Dr. E. F. van de Sande

Bakuvyzkn).

fCoininunicatfd in the meeting of May 80, 1908).

For a short tunc 1 Itavc possessed a tolcscopo of Zeiss of 80 mm.
aj)crturo and 120 cm. focal length. With (his telescope 1 intend to

observe in the flrBl place (X'cnltulionB of stars in order to determine the

longitude of my observing station with greater precision than hitherto

has been possible. For tho present the telescope has an a/iniutlial

mounting, which however soon will bo replaced by an o(|uutonal

mounting with slow motions and small divided circles. In tho moan time
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I have been able to use the telescope for observing, at least partly,

the transit of Mercury on November 14 1907, and I venture to

publish my results here.

To give my telescope a firm basis I had a pier built of beton

surrounded by an isolated floor and provided with a movable roof

open at the sides, which roof can be entirely moved aside. For the

transit of Mercury, however, I kept the roof over the instrument in

order to protect myself from the burning sunbeams and especially

to keep out the light from outside as much as possible.

For the observations I had constructed a projection apparatus, a

kind of camera having the shape of a truncated pyramid, of which

one side is open and the three others are coated with black paper.

The base on which the image was to be formed was at a distance

of about 14 cm. from the eye piece. The camera was adjustable in

distance and in inclination, to secure the proper position of the

plane of the image.

With the highest power of the telescope, 133, the diameter of

the projected image of Mercury was nearly 1 ram. The fine solar

spots that were present could be sharply observed and those in the

neighbourhood of the western limb could be seen surrounded by

very distinct taeniae.

Unfortunately the beginning of the transit was hidden from my
view by clouds. Towards 1 o'clock mean time of Chiloango it began

to clear up and, after Mercury had been visible on the sun as a

well defined disc, its egress could be observed very well. I found:

third contact at 2''35'n38* M.T. Chiloango

last „ „ 2 38 7 „

The moment of the 4'** contact, that at which the last impression on

the limb seemed to disappear, was dif!icult to estimate within some

seconds chiefly owing to the unsteadiness of the images, but I hold that

but for this unsteadiness the observation of the last internal contact

could have been made with great precision. The corrections of my
chronometers were derived from time determinations before and after

the transit.

The times computed from the Nautical Almanac for the 3><^ and

the 4^^ contact at Chiloango were 2''35"^47« and 2''38'"24^ Thence

follow for the differences observation — computation: — 9« and — 17«.^)

1) (Note added by E. F. v. d. Sande Bakhoyzen). According to the mean of the

observations made at Leiden, these dilTerences were —6^ and — 2\^. Hence the

results of Mr. Sanders agree very well with these. The greater difference for the

4th contact must probably be ascribed to the circumstance tUat all the observers have

observed this phenomenon too early.
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Zoology. — "Some results of the investigation of the Cirripeds col-

lected during the cruise of the Dutch man-of-war "Siboga"

in the Malay Archipelago." By Dr. P. P. 0. Hoek.

Having explained the position the Cirripeds occupy in the Class

Crustacea the author emphasized first of all the great advantage oi

possessing Darwin's well-known Monograph ^) when studying the

animals of this group. This book may still be considered as a model

for similar monographs, not only in treating the Sub-Class from a

general point of view, but also for the description of the different

species.

As might be expected the study of the material collected with the

"Siboga" has considerably increased our knowledge concerning the

biology, the mutual relations and the anatomy of these animals: a

few interesting cases have already been communicated to the Academy')

and a more detailed treatment is given in the Report on the group

published in the Results of the Expeditions edited by Prof. Max
Weber. The first part of this Report on the Cirripeds was published

in September 1907, a great deal of the second part and the deter-

mination of nearly the whole material has been achieved by this time.

To have an idea of the importance of the material collected by

the "Sil)0ga" it is worth while to compare it with that obtained

during the English expedition with the "Challenger". The English

man-of-war the "Challenger" made a cruise round the world, which

lasted about three years and a half, and brought home collections

from nearly all the oceans and seas of the earth's surface; the

Cirripeds collecled during that cruise were also worked up by the

present aullior, the report on the group was published in 1883.

From tlic m'companying table it may now be seen that the material

collected by the •Siboga" in the course of one year, and, comparat-

ively speaking, in an area of limited extension, is not inferior to

(hat of the "Challenger" ; the latter, however, collected the greater

part of its S|K)il from the t>ottom of the great oceans of the world

where a«« a rule (he depth was very important. The "Siboga" on

the o(her hand, had better opportunity to investigate coasts, reefs

etc. Hence it is easily understood that whereas the "Challenger"

from depths (o over 5000 ni. obtained a richer collection of true

denpeea-animals, (ho "Siboga" succeeded in collecting along with an

I) DARWtii, Gu., Monograph of the Subclaii Cirripcdia (in 2 Volumes). Vol. I.

Tb« l.«pftAdM or Pedunculated Cirripcdct, 1851; Vol.11. Tho Bulanidac (or Sessile

(Jirrtrcdea); Th« Vemicklae etc IH54. London: Prinlcd for the Hay Socic^ly.

') Proceedings of IIm Acadony of be. ofJune S6th, 1004 and January 27 ih, 1906.
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COMPARISON OF THE CIRRIPEDS COLLECTED BY THE "SIBOGA",

WITH THOSE OBTAINED BY THE "CHALLENGER".
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important deepsea-material, a greater number of shallow-water forms :

a richer collection altogether, as many species of Cirripeds belong to

the coastal fauna.

However, this table was not compiled especially to show the greater

number of species collected by the Dutch expedition. Its main object

is to point out that the deepsea-material of all the oceans and seas of

the world together, as far as Cirripeds are concerned, has after all no

other composition than that which was collected in a relatively small area,

the Malay Archipelago. For both collections that composition comes to

this, that after all only two genera. Scalpellum and Verruca, in deeper

water, are represented by numerous species and that the other genera

which do occur in that deeper water are represented there by very

few forms only. It is true that the genera Scalpellum and Verruca,

in shallow water, are also represented by several species: we now
know 125 species of Scalpellum, which are so-called "good" species

and which in any case, almost without exception, can easily be

distinguished from one another; of these 90 live at depths of over

500 m. to ca. 5000 m. and 35 in shallower water. The number of

known species of Venmca now amounts to 36; of these 5 were

observed in shallow water and 31 at depths from 500 to ca. 3400 m.

Tn deep water, however, only these two genera found circumstances

specially favourable for the formation of new species, whereas the same

for other genera holds good in more shallow water. As an instance of

the latter the genus Balanus may be pointed out: of this genus by

this time over 60 species are known and, therefore, it can safely be

considered as one rich in species. However, only 5 of these have

been observed in water of a depth of 200—500 m. and of the latter

only 2 at a depth down to 564 m. On the other hand 55 species

of this genus are known, which inhabit the coast or relatively shallow

water only.

The author thinks that at the present moment our knowledge is

by far too incomplete to permit of an explanation of phenomena of

this kind; in such cases all we can do is to try to state and to

control fho facts as accurately as possible and we must then confine

ourselves to considering it as a peculiarity of a few genera that their

numerous species divide themselves over so strongly divergent dei)ths,

whereas it is characteristic of other genera that none, or a sijiglo, or

a few species only have been able to adapt themselves to somewhat
more considerable dci)thH.

It is remarkable at the same lime, and this holds good for Ihe

genus Scalpellum especially, but for most of the known rfpocics of

Verruca o\i^, that such richness in species is accompanied by so great
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an isolation of the different forms. Of coui-se, we t-annot express

our opinion on this matter with absolute certainty, as dredging,

especially in deeper water, always remains an insecure method of

testing the greater or lesser commonness of a species at the place

where it occurs. Yet it is very striking, that in the collections made

the species of Cirripeds from deeper water nearly without an excep-

tion are represented by one or by a very few specimens only. Especially

when taking iuto consideration that the pelagic Cirripeds and those

living near the coast or in shallow water, are nearly all of them

characterised by numerous specimens living in the neighbourhood of

one another, we are brought to admit, that where the depth is more

considerable, relatively large distances separate the places, where the

animals of a certain species occur, from one another, or, that specimens

of such a species are never numerous and not to be found at all

at very many places. This is also proved by the circumstance, that

the "Siboga" found again specimens of two species of Scalpellum

only out of the ten which were collected by the "Challenger" in the

Malay Archipelago. That the "Siboga" found again the only species

of Verruco which the "Challenger" brought home from deeper water

in that area, would not be in accordance herewith — in both cases,

however, that species was also represented by very few specimens

only. Finally, it seems astonishing in this connection that in several

cases representatives of two and three species of the genus *Sco/;;d//M7«,

sometimes moreover accompanied by a single specimen of a species

of Vernica, were obtained with the same haul of the dredge, from

the very same locality in consequence. Such stations seem to be very

favourable for the occurrence of these animals: however, for these

found there the same holds good, viz., that they were collected in

very few specimens only *).

For some deepsea-species of Scalpellum it was possible to make
out, that they produced only a few but relatively large eggs, and

that their metamorphosis was an abbreviated one. There is good

reason to suppose that these peculiarities are of importance for the

question of their scarcity — we cannot say, however, that the one

is explained by the other. Nevertheless, so far as our knowledge

1) It i.s obvious to admit, that the condition of the bottom in such cases is all-

important. Without denying it. we must point out, however, that to judge from

the information regarding the condition of the bottom as given in the list of the

stations, its importance for the distribution of the Cirripedkt is by no means so

apparent as might be expected. So we can well say that many species of 6'caZpeZ-

lum were found at places where the bottom was muddy, but several other species

were obtained from a bottom of hard sand, of coarse sandor of coral sand etc. etc.

8
Proceedings Royal Acad. Amsterdam Vol. XI.
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now goes, we must consider the deepsea- species of Scalpellum

and Verruca as hermits ; as the number of species of these genera

especially is very large, most probably they furnish precious evidence

for the ideas, about the influence of isolation on the origin of new

species, which were brought forward originally by Moritz Wagner ^)

and were criticised and adopted in a much modified form only by

Weismanx ').

For the geographical distribution of the Cirripeds the study of

those collected by the "Siboga" has also been very instructive. With

the exception of the pelagic forms, which are found attached to

floating objects : pieces of wood, vessels, animals swimming at the

surface : Cetaceans and others, etc, etc. and many of which are found

in various parts of the world, these Crustaceans live attached to

stones, shells of molluscs, corals etc. ; the latter have good oppor-

tunity for active locomotion only in larval condition. But even in

that condition, in consequence of their nearly microscopic size, their

activity is only very limited ; Nauplius- and Zoea-larvae have limbs

which enable them to move about, but more important is no doubt

the distribution they are subjected to in a passive way, i. e. by

means of the currents. However, even the latter distribution as a

rule seems to be a very limited one : we only know very few non-

pelagic Cirripeds which have a world-wide range or which occur in

severiil of the eight provinces which were proposed by the present

author in his Ileport on the "(Challenger" Cirrij)eds for the animals

of this group. The East-Indian or Malay Archipelago combined with

the Philippines, Malacca, New-Guinea and the East coast of (British)

India is one of these provinces ; the investigation of the "Siboga"-

material has shown again that this province indeed possesses its own
Cirripeds, with the exception only of those species, which so to

say 8prca<l themselves over its boundaries into otlior provinces, per-

haps also of a few s|)(M:ies which are at home in an adjacent pro-

vince and came over its frontiers into the Malay Archipelago. Of

the deep8ea-Cirri|KMl8 wo only know one single species, which can

be said to occur at widely diHlani places of the earth's surface :

Scalpellum acfttum. The •'('hallonger" collected this 8[)ccies in the

Atlantic Ocean (near the A/ores) and in tln^ Pacific (near the Kormadec-

Islttlldsj al a doplh of 04().1S(M) ni. : llic "'rjilismMn" nlso in the

') WaONSII, Muiutz, i>i"* l>iuwm »t:iii' 'I'lifoiK- (iml ilas Migiiili(iiisg(;.set/ dcr

Orgatii»men. LetpziKi 1^(08.

*) WnMAiiN, AvotJfT, (Jeber den EinlluHrt dcr Uulirung mil (li<' Arlbildunt^.

Uipxiv, 1872.
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Atlantic (not very far from the coast of Portugal) at a depth of

1925 m. ; the "Siboga", finally, at three different places in the

Malay Archipelago and at depths varying from 825 to 1265 m. But

this does not change the rule, which still can be accepted as general,

viz. that whereas sexeral genera of Cirripedu, and those of the

deepsea in the first place, are spread over the whole surface of

the earth, the species of Cirripeds and especially the deepsea-species

have been found to possess a very local distribution only.

To close this article a few words on the relation of the deepsea-

forrns to the extinct Cirripeds of which fossil remains have been

preserved. The material collected with the "Siboga" in this regard

also fully confirmed the conclusions arrived at by the working u[)

of the material from the "Challenger". The species of the genus

Scalpellum, which in the deepsea are so largely repi-esented, have

their representatives already in relatively old layers of the earth-crust,

in secondary as well as in tertiary formations. We can even say,

that a great majority of the species of the deepsea, with regard to

an important anatomical characteristic (sha|>e and structure of the

so-called carina), show the greatest affinity to the oldest fossil forms

(all those found in secondary formations); for this genus, therefore,

we can safely admit that the deepsea-sjiecies, at least to a certain extent,

show an archaic character. Side by side with the fossil Scalpellum's,

in the same formations and even in the same rocks or stones, numerous

species of the genus PoUicipes were found. To this genus of which

Darwin alone enumerated 22 different fossil species belong the oldest

known fossil Cirripeds and under the living it is still represented

by half a dozen species. The "Challenger", however, did not succeed

in collecting one single species of this genus even fi-om slightly deeper

water, which, when the author worked up the material of the

"Challenger", gave rise to the remark, that the possibility of future

investigations of the deepsea bringing to light species of the genus

PoUicipes, could not be denied. Well then, the "Siboga" investigating

the deepsea very cai-efully in one of the areas, where one of the

living species of PoUicipes (P. mitella) is very generally distributed,

did not obtain from deeper water one single specimen of a species

of this genus either. So the exactness of the opinion pronounced in

1883, that, as far as the genus PoUicipes is concerned, the littoral

or shallow water forms have preser\ed a more archaic character,

has been completely confirmed by the results obtained with the

"Siboga"-expedition. Of the genus Verruca a few species have also

been found in older formations: one of these {V. stromui) is still

8*
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living and a well-known shallow water form and was also observed

in glacial deposits and in Red and Coralline Crag in England as

well ; a second species is found according to Darwin in tertiary

formations in Patagonia; a third {Verruca prisca) in the chalk of

England and Belgium, As far as we know the last-named species,

a certain affinity of this extinct species with several of the deepsea-

species of Verimca cannot be denied. But for V. strdmia, the genus

Vermca, therefore, in this regard also would show a greater analogy

with Scalpellum than with Pollicipes.

Physics, — ''Calculation of the pressure of a miMure of two gases

by means of Gibbs's statistical mechanics." By Dr, L, S, Ornstein,

(Communicated by Prof. H, A, Lorentz),

By the method of statistical mechanics I have calculated in my
dissertation *) the pressure of a mixture of two gases, neglecting

terms of an order higher than the first with respect to <7,', a,'

and a*. The quantities o^ and ^, are the diametei-s of the mole-

cules of the gases composing the mixture, and a has been put

2

In a recent paper ') H, Happel has determined the pressure of a

mixture by means of a method due to L. Boltzimann, retaining terms

of higher order with respect to the above quantities.

As the method of statistical mechanics seems to me more exact

than the one used by Happel, I have been led to apply it to the problem

which he has treated.

J. W. GiBBS has shown *) that the pressure of a gas is given by
the equation

" = -4^ W
where V in tlie voluino, and V* what may be called the statistical

free energy. We have therefore to determine this (piantity '/'

Let lis sup|K)»e that the volume V contains ?i, molecules of the

first kind with liic diameter fl, and the mass m,, and n, molecules

of itie liecond kind with the diameter o\ and the mass m,.

I) ToepuMiiig der statinlifche mechanica vnn Gibbs op mulokulair-thcorelischn.

vnuigitukken. Leiden 1008.

*) II. lUi'i'ei.. Zur Kinetik und Thcrmodynamik dor GcmiHchc. Ann. der Phys. 1908

Bd. 26 p. 96.

*) i. W. Gwst. Elomentary principlcit in iflati«tical Mechanics. New*York 1902,
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We suppose that the molecules are perfectly rigid and elastic and

that they attract each other with forces acting at distances so great

that we may consider the sphere of action as uniformly filled with

matter.

For this case the value of W is given by the equation

(2)

I shall represent the coordinates of the molecule ^ of the first kind

by x^k, y\k and Zxk, and those of the molecule / of the second kind

by x-tu 1/21 and Z2i.

The integration has to be extended to a 3 (n, -\- n,)-dimensional

space, the notion of which is obtained if we take the 3 (n, -\- nj

coordinates of the centres of the molecules as cartesian coordinates

of a single point, and give all possible positions to the molecules of

the gas.

We must exclude from the space all those points at which a con-

dition of one of the forms

{x\k — xiiy -f (yu - yii)* f (xik — «i/)' < <y,'

I

{a;u-^uyi-{yiic-yuy-\-{zik-Xiiy<o'\ . . (3)

(xii: — X2ty -f- {y2k- — ynV -h i^ik — ««/)' < <y,*
]

is ful tilled.

I have proved *) in my dissertation that the large majority of the

systems of a canonical ensemble may be considei*ed as identical in

all properties that are accessible to our means of observation. For

all these equivalent or identical systems the value of the potential

energy of the attractive forees is equal.

The sphere of action being uniformly tilled, this quantity (e^,)can

be represented by

«» «i' + 2^tn^n, 4- a, n,«

2 V
e,, = - -^"^ - -^y^^-*-s

^4)

As to the potential energy of the repulsive forces, we need not

speak of it when we take into account the conditions (3).

We shall obtain a good approximation, if, in the equation (2), we
write Sg^ instead of s^ (which differs from fy, only in a small part

of the systems). By this, the exponential factor becomes a constant

and we may put it before the sign of integration.

The quantity »f is thus expressed by the equation

^) 1. c. p. U
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e <9 = (2.-r^m,)2
"'
(2:T^m,)2"' g ^J <f^^^ . . dz2,,^ . . (5)

and its determination is reduced to the calculation of the integral

on the right-hand side. Let the function x (^i , ?*») represent this integral.

In my dissertation I have determined this function to the degree

of exactitude indicated above. Before proceeding to the determination

of the terms of higher order I shall repeat the former calculation

which now only wants further extension.

The 3 (n, -\- 72,)-dimensional space of integration can be decomposed

into n^ -\- n, threedimensional spaces, each corresponding to one of

the molecules. We shall divide these spaces into elements which

are small in comparison with the volume of a molecule.

In order to determine the integral defining the function x (^i . w,)

we decompose it into a sum of products of n^ -\- n, elements chosen

in the spaces in question, each space being represented in the product

by one and only one element.

In order clearly to see the way in which the products are formed

with the restrictions imposed by (3), we proceed as follows: We
number the spaces corresponding to the molecules of the first kind

from 1 to Wi , those corresponding to the molecules of the second

kind from Wj -j- ^ to n, -J- ?i, , and we choose the elements in the

order indicated by these numbers.

We have to consider that, if we have chosen for the centre of the

k*^ molecule (^* <^ nj an element lying at a point X[k, yut, z\k, we
must exclude from the ^ -f 1*'> up to the w/'' space those elements

which are situated in si)heres described with the radius a^ around

the points of these spaces whose coordinates are equal to xnc, y\k

and zik. Similarly we must exclude those elements from the spaces

from 7J, -|- 1 up to 7ij -\-n,, which lie within the spheres of radius

a described around (he points of the spaces having for coordinates

J?iif yik an<l i\k- lfi further, in the space Wj -f- »', an element

bos been chosen at a point with the coord iiuites ^,„,-|-v,, y,ni-j-v,,

^t»»i-K ^^ *""**' exclude in all following spaces the olements of

spheres with radius ^, described around the points of those spaces

having their coordinates equal to .r,,,-|-v„ ?/,«,+«„ ^,«,+v,.

The elements in the spjucH 1 to w, -f 7i, — 1 having been chosen,

there i*cinuiiis in the last spticc n, -f '*» a region
ffm-^-nt for the

choice of the (n, -|- n,)"'' element.

In determining the sum wo can first take together all those cases

in which (he elements of the spaces 1 to n, 4- ^i —1 are the same.

Considering that ttt and n, are very great numbers, and that the
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elements have been chosen quife arbitrarily, we easily see that the

quantity ^«i-|-n, must be the same for the greater majority of the

possible ways of choosing the elements in the spaces up to the

{n^ -\- n, — iy^ , and that we may therefore write

yiin„n,)=g„,^„,x{n„n, — l) (6)

^„,_l_„2
being now a quite definite quantity, which it remains to

determine.

It is very easy to lind a fii-st approximation to its value. For this

purpose we have onl} to neglect the fact that the above mentioned

spheres in the (w, -f- '*,)''' space intersect. Doing so, we find

g„,+„,= V—n,-no'—{n—l)-:ta,* ... (7)

From (6) and (7) we deduce by successive reductions

"' / 4 4 \
(8)

where we have aflixed to the sign of the product the highest value

that we have to give to the number denoted by the corresponding

Greek letter. A similar notation will be used in later formulae.

It is easily seen that, with the degree of exactitude to which we
have now confined ourselves, the value of x (w,) is given by

xK)= n(^-»'»4''^»0 (9)

In order to push our approximation further, we have to deter-

mine g„y-\-n^ more accurately. We must take into account that the

spheres mentioned above intei'sect, and that we have therefore sub-

tracted too much from the total volume.

Now three cases are to be distinguished.

1. Intersection between the spheres of radius a described around

the points corresponding to the centres of the molecules of the first

kind. The distance x of the centres cannot be less than <j, and must

be less than 2 a.

2. Intersection between the spheres of radius J, described around

the points corresponding to the molecules of the second kind. The

distance of the centres must lie between a, and 2 <j,.

3. Intersection between the spheres of radius a and a, described

around the points corresponding to the centres of molecules of the

first and second kinds respectively. The distance x of the centres

must lie between a and <j, -f <^'

I shall determine the pai-ts corresponding to these thi-ee kinds of
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intersections, which have been subtracted too much from V. These

parts are equal for by far tlie majority of the possible combinations

of elements in the spaces from the lirst up to the (n^ -\- n, — l)'**

.

We may suppose that the distribution of the points corresponding

to the centres of molecules from 1 tot n^ + w, — 1 is uniform in

the fn, -|- 7i,)**' space.

1. The number of pairs of points (corresponding to molecules of

the first kind) with mutual distance lying between x and x -\- dx

amounts to

w' dx ^ ,

2rrn,' -y~ . (10)

The common part of two spheres of radius o having a central

distance x is given by

''(s"
-"^ + 12) <">

Hence, the total part subtracted too much on account of these

intersections is equal to

^1
I
-(j»^'-o'a:»+— ]dxz=—-J^l -a* --a*a*+-a'o*- -^) (12)V J \3 ^ \2) r 1^9 9 ' ^2 ' 36y ^ ^

2. The number of pairs of points (corresponding to the centres

of molecules of the second kind) with a mutual distance between

X and X -\- dx 1%

2^ (n, - 1) (n, - 2) -^ (13)

The common part of the spheres is found for this case, if in (11)

we replace o by <y„ so that we find for the part subtracted too

much from V

« .K-^K»t'-2)/-/4 , , . . x'\ , 17(n,-l)(n,-2)/2 \«
'*•

V j (8
"'•''-">•+

T2)''=WH^(J'"'') <»*'

3. The number of pairs of points such that one point corresponds

to the centre of a niolcculo of the first kind and one to that of a

molecule of the second kind, (ho mutual distance lying between

te and x -{- dx, amounts to

4;rn, (n,-l) ^ (16)
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The common part of the spheres is now given by

r2 , 2 , <7,' (.t' -f iJ.' - O') o« (;r' + o' - ^J.')
,

[3 ' 3 2x 2x

j_ L_L_! L A. \ L lL .... (16)^
24 X*

^ 24*' J
^ '

and the total part subtracted too much from V by

1 1 n wiK — 1)/ 1 \-
^ K-^.') '^ + j^

**J
dx = .n' 'p, ' (^- Yg

^'Z + ^/ o^J (17)

Tlie value of ^«,4-.., is found by adding (12^, (14) and (17)

to (7) and substituting the obtained value in (8). By successive

reductions we get

X (n,
,
n.) = X

("jj'lL^""
".^^^J* - K - 1)^ ^ «.' -f

n ' /8 8 . I 1 \

Fv9 9 2 36/

It is easily seen that to the degree of approximation now required,

x(?i,'^ is represented by

r'^/'.r ^ . 17 (r, — l)(r, — 2) \
X(n,)=[](^K-(r,-l)-^V-H-^^-^ '-^

-^'a/J.(19)

Substituting these values in (5), taking the logarithm of the result,

and developing this logarithm in ascending powers of — , we find

e^ '^ 2av
"*"

•4- 7 too*' -to rrJ, :t a. —

8n '

. . 1 n '
1 n«

OF" * 2 V ' 36 r» *

16n, (v.— 1) ., Hilr,— I)
, ^

ln,(v-— 1) H
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C being the part which is independent of V.

Since n^ and n, are very large numbers, we easily see that the

expression (20) can be transformed to

' F 16 ' F»

8n 'n, 1 n ' n, 1 n ' n.

9 F' ' ^ 2 F»
'

36 F« '

9 F" ' ^ 2 T'
'

36 F» ' ^ '

2 2 2
where /?, has been put for — ^o^*, /?, for — jt j/ and j5for — jto'.

o 3 3

Finally, differentiating W with respect to V, we find the following

equation for the pressure

^ F "^ F' 8 F» "^ F' 8 F» F'

F« ''^ I, ^J 4 /?,<!, 8^

F« ^' V ^, ' 4 ^. <T. SJ

a, n,' -+- 2 « n, n, + cf, n,'

2^F»
*

The quantity 6 is proportional to the absolute temperature.

The expression for p is of course symmetrical in ilie quantities

relating to the two kinds of molecules, and it would have been

|M>B»ible to find the same result by arranging the spaces in ad illerent

order. Our result agrees with that of Happki,, the only difference

being in the notations.
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Botany. — " Lindeniopsis. A new subgenus of the Rubiaceae" . By

Dr. Th. Valeton (Buitenzorg).

During an official journey tlirough the island of Billiton in March

1907 Mr. Ham, Inspector of Forests in the Dutch East Indies, gathered

a small, but not unimportant herbarium collection, which he gave

over to me for study.

The importance of this collection mainly depends on the fact, that

it was formed on lands, which are extremely rare in the Indian

Archipelago, and are as yet tlorally almost unknown. These are the

socalled ''padany" lands (compare Vekbeek in Jaarboek Mijnwezen

1897, p. 60 and 61). The soil of these lands consists of young, loose

sediments of recent origin, namely quartz sand and clay, both often

containing iron and manganese ; the soil, however, owes its peculiar

character to the presence of a mineral, which the Chinese call

fo sail kak and w4iich consists of quartz sand, which has been moulded

together by organic acids into a pretty firm, dark brown sand-stone.

"These padany lands are characterized by a sparse and peculiar

vegetation, in consequence of the small permeability to water of the

"/([> sail kak'\ so that level padang-lands are frequently inundated

after heavy rains, and the roois of the plants, which can only pene-

ti-ate with ditliculty into the hard *'/o sau kak", rot and die off."

(Verbeek I.e.).

Besides in Billiton, these padang soils are also found in Banka

between Doeren and Boekit (Verbeek I.e.). In other parts of the

Archipelago they do not appear to be known. The most important

of these lajids are found in the north and north-east of the island,

between Boeding and Manggar, and were studied botanically by

Mr. Ham.

From verbal information and from the journal of the voyage,

which Mr. Ham kindly lent me for perusal, I obtained the following

data

:

The appearance of the padang soils is not everywhere the same.

Mr. Ham distinguishes : 1 grass padang, often rich in flint, where

grasses and sedge-grasses pi*edominate, 2 fern padang where ferns

{Pteris aquiUna L., Nephrolepis acuta Presl.), form almost the whole

vegetation, being only mixed with Xyris microcephala Hassk., Fim-

bristylis spec, Melastoma spec, Calophyllum pulcliernmum Wall.,

Psychotria vindijiora Bl. and 3 sand padany, where the soil con-

sists of blinding white quartz stind. The white layer varies in thick-

ness from \/,—5 centimetres ; under this the soil is grey, obviously

through humus, and sometimes it is grey immediately below th«
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surface, when fine, black humus or mosses occur at the bottom.

The vegetation nowhere forms a compact mass or sod. Groups of

low and iiigli shrubs, generally with higher shrubs or small trees in

the middle, alternate with a lower vegetation, which is also always

limited to separate spots or clumps, so that the white sand can

everywhere be seen through it, and in many places even has the

upper hand. Of the plants which were collected here, the following

are mentioned as characteristic:

Drosera Burmanni Vahl. in the dampest parts, forming dark-red

areas, when seen from a distance, often placed on small columns

of sand; Fimbristylis spec, Rhynchospora spec, Xyris microcephala

Hassk. and Xyris bancana Miq.; morerarely Salomonia oblo?igi/oliaD.C.,

Lindernia stemodioides Miq., Thuarea sarmentosa Pers.

Of the shrubs the following are prominent : Baeckea frutescens L.,

which in low-lying padangs forms more than half of the vegetation,

and reminds one very much of the Calluna of European heaths,

Jambosa biixifolia Miq., Leptospermum jlavescens Sm., Leucopogon

malayanus Jack., V^accinium malaccense Wight, Cratoxylon glaucum

KoRTH., Calophyllum pulcherrimum Wall., 'Thnonius spec, Garcinia

bancana Miq., Syzygium variifolium Miq., the last three arborescent.

On the lowest lying padangs south of Manggar and near Boeding,

where Baeckea fnitescens and Fimbristylis spec, formed the chief

vegetation, Ischaemum spec, Archytaea Vahlii Choisy, Wormia

suffruticosa Griff., Melaleuca minor Sm. and a non-deterrainable

species of Eugenia were also noticed; in addition mosses and lichens.

Further there were collected in these localities Hhodomyrtus tomentosa

Wight, Nepenthes spec, Tristanua obovata R. Br., Dischidia spec

Bromheadui palustris Lindl. [OrchideaJ, Isachne australis R. Br.

Jiurmannia bancana Miq., a species of Lucinaea, which is probably

oew, and finally a new Rubiacea, about which I wish to make a

communication here.

The above-described formation has in consequence of the predo-

minant occurrence of the Calluna-liko Baeckea frutesceiis a super-

ficial resemblance to the sandy and boggy heaths of Northern Europe.

Already Junohuhn, in his dencription of the Battak countries 1, p. 158,

refers to an Erica, which above the forest zone characterizes the

alpine fiora in company of other woody Myrtaceae, and he doubtless

means Baeckea frutescene. From Southorn China and the Philippines

to New-Guinea, where Hkccaki found the plant at (iokllinck Bay

(altitude?) and Wiciimass on the G. Siiij) at about HOO iMetcrs, the

area of distribution of this species extends; it is wauting in Java

and its nearest allies (numerous /i^£/fc^m-spocioH) inhabit Australia.
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Everywhere it is characteristic of physiologically dry plateaus and

rarely descends to the low-lying plains, as in the present case.

Drosera and the Cyperaceae also tend to emphasize the resemblance

to heaths.

Through the other vegetation, of which the sclerophyllous and

sclerocarpous Myrtaceae form an important constituent, this formation,

however, approximates much more to that which was called by

ScHiMPEK (Ptlanzengeogr. p. 538) '' Hartlaubformation" and of which

he describes a number of regions, occurring round the Mediterranean,

in California, in Chili, in South-Africa and in South-Australia. These

regions are all characterized by dry and hot summei*s, alternating

with moist winters. Hence climatologicaliy there is little resemblance

between these and the padang-formation of Banka and Biliton, where

it rains almost the whole year. As regards the condition of the soil,

there is, on the other hand, a resemblance with the South- Australian

"scrublands", described by Schomblrgk in his Flora of South-Australia

1875. (See Schimpkk 1. c. p. 559).

The dominant intluence of the soil on the character of the forma-

tion cannot here be doubted; this intluence, which according to

ScHiMPKR is relatively raie in the Tropics, has been but little in-

vestigated. (See S( niMPER 1. c p. 405. Edaphische Wirkungen in den

Tropen).

The padang-formation does not correspond even roughly with any

of the vegetation-pictures and formations, mentioned in that chapter.

As has been mentioned, it can only, to some extent, he compared

with tropical alpine floras and with the '' Hurtlaubformation"

.

The plants, collected by Mr. Ham, probably do not represent a

complete, but nevertheless give a very typical picture of this rather

poor tlora. As regards the distribution of these plants, it is at once

noticeable, that not a single one of these occurs in Java, with the

exception of two wide-spread grasses, which have crept in from the

beach, namely Thuarea sarmetitosa and Isachne australL', and witii

the exception of the two pantropic ferns and of Psycliotria viridi-

jiora, which plants were, moreover, not found in the typical sand

padang. A wide distribution from Malacca to Australia through the

northern part of the Archipelago, but excluding Java (probably up

to and including Timor), is obserxed in iheQu^eoi Baeckeafrutescens,

and also of Leiitospernium jiavescens, Rhodomyrtus tomentosa, Melaleuca

minor, Drosera Burmanni, Salomonia oblongi/olia and Bromlieadia

palustris. From Malacca and Borneo are known : Calophyllum

pulcherrimum, iiarcinia bancana, Vaccinium malaccejise, Leucopogon

malayanus , Archytaea Viddii , Wormbi suffruticosa. From Banka
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and Billiton only the following are known : Jambosa buxifolia,

Syzygium variifolium, Tristania obovata, Schima bancana, Xyris

hancana and Lindernia (Vandeliia) stemodioides \ Cratoxylam glaucum

and a Lucinaea spec, nova were only known from Borneo. The

as yet undetermined Eugenia, Kepenthes, Dischidia and Ischaemum,

and a few others, are doubtful in this respect.

Endemic, as far as our present knowledge extends, is only the

new species, now to be described. Unfortunately data are wanting

about the dimensions and habit of this plant, but it belongs to the

suffructicose inhabitants of the low sand-padangs, referred to above;

it is among the species, poor in individuals, and it reaches a height

of '/^—2 metres. The rod-like erect branches which are often 60

centimetres long, and bear at their tops the crowded inflorescences

with grey hairs, the small stiff, aciculate, erect leaves, all these

character indicate a strongly xerophytic nature.

At the first examination this species seemed to me to constitute

a completely new genus. It belongs to the tribe Clnchoneae of the

sub-order Cinchonoideae (K. Schumann), and to the sub-tribe Hillieae.

On applying the analytical key, prepared by K. Schumann (Natiirl.

Pflanz. Fam. IV 4 p. 42) one does not arrive at any genus in parti-

cular, but in the immediate neighbourhood either of Cosmibuena

Kuiz and Pavon, or of Coptompelia Korth., according as to whether

one takes the style to be little or very much longer than the corolla-

tube. A closer comparison with the genus Cosmibuena, to which a

small number of Central- and South-American, epiphytic shrubs

belong, at once, however, reveals considerable differences in the

structure of the calyx, stamens, stigma and in the dehiscence of the

fruit, 80 that there can be no question of a union with this genus,

although in halnt and in the shape of the flowers the agreement is

closer than with Coptosapelta. As regards the latter genus, it is

said in the above-mentioned key : "style quadrangular and hairy"^

so that, if one were to adhere strictly to this, one would be forced

to set up a new genus for our species, in which the style is cylin-

drical and glabrous. On further comparison with the characters given

III the generic diagnosis for Coptosapelta, the following differences

arc also found : Calyx, small, saucer-shaped, five-toothed in Copto-

mpeltn : in ilic new species much longer than the calyx-tube, divided

to its base inio live lanceolate, pointed, erect divisions. — Corolla-
tube very short, as long as or shorter than the lobes of the limb,

and hairy ol the tube-mouth, in Coptosapelta; in the new species

4—6 confimolroH long, thin and Hlraight, much longer than the lobes

of the limb, and glabrous at its mouth. — Anthers almost as
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long as tlie lobes of the limb and hirsute on their dorsal side, with

deeply cleft base, in Coptosapelta ; here much longer than the lobes

of the limb, glabrous, and with a two-lobed base. Seeds with a

regulai-ly fringed wing in Coptosapelta ; here surrounded by an entire

wing. Finally as regards the habit, the two known species of

Coptosapelta are high-climbing shrubs with fairly lai-ge leaves and

many-flowered pendulous panicles of small tlowei*s, whereas the new
species is a small erect shrub with erect cymes of few, prominent

flowers.

Superficially there seems therefore abundant reason for setting up

a new genus for this new species, and on account of the great

resemblance in habit, leaves, inflorescence, calyx and corolla, to the

American genus Lindenia, which belongs to the tribe of the Ronde-

letieae, I gave it the name Lindeniopsis.

A closer comparison with Coptosapelta jlavescens Korth, which

occurs in Java, induced me, however, to withdi-aw this genus and

to bring the new species under Coptosapelt'i. Some of the points of

difl'erence, deduced from the literature, proved to be the result of

errors in the existing descriptions. For instance, the style in C
Jlavescens is not quadram/ular and hairt/ as described by Schumann,

but, except at the top, cylindrical and glabrous, as in the new
species; the calyx is not saucer-shaped, but deeply divided into five

divisions, and resembles, except in size, that of the new species,

and the mouth of the tut)e is not hairy, but quite glabrous. In

this way a number of the enuraemted points of difference already

disappear.

There is further perfect similarity in the structure of the ovary

and fruit of the two plants. The very |>eculiar stigma, which in

contradistinction to the neighbouring genera, is not two-lobed, but

quite entire, and receives pollen on the stigmatic papillae which cover

the whole of its hairy surface. The anthers are identical in structure

and in their mode of attachment. Finally, what is very important,

the pollen of the new species has, like that of C. jlavescens, an

exine with net-shaped thickenings of wide mesh, and, as would

appear from the figures in the Flora brasiliensis, the plant herein

dilTers completely from the other genera of the Hillieae. Having

regard to all these similarities, there can be no doubt, that our new
species must be included in the genus Coptosapelta, but forms in it

a special, monotypic sub-genus.

As a morphological peculiarity, which confirms the relationship

to C. flavescens, I here draw attention to the glands, which alternate

with the calyx divisions, and have, as far as 1 know, not yet been
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described in any other of the Rubiaceae (with the possible exception

of Dichilanthe Hook.).

They have the same structure as the colleters, resembling intestinal

glands, which in this genus, as in most Rubiaceae, are placed at

the inside of the base of the stipules ^) and are also found on

the leaf base in Apocynaceae and in Loganiaceae. They are found

in the new species, as in C. flavescens, alternating with the calyx

divisions singly or two together; in the latter species they are however,

only Vj Diffi- lo"o ^^^ have hitherto been overlooked by investigators;

in the new species they are well over 1 to 1.5 m.m. in length.

Perhaps, on closer examination, they will also be found to exist

in other Rubiaceae. Obviously they must be interpreted as rudimentary

stipules of the sepals.

Coptosapelta Korth. Descriptio nova: Calycis tubus ellipsoideus,

limbus eo nunc brevior nunc duplo longior, persistens, dentatus vel

ad basin usque 5-partitus, segmentis erectis imbricatis cum glandulis

parvis stipularibus erectis teretibus singulis vel binis alternantibus.

Corolla coriacea tomentosa, hypocraterimorpha, tubo brevi vel longo,

gracili, tereti, intus glabro vel fauce hirta, limbi lobi obovato-lineares

aestivatione contorti. Stamina 5 ori corollae inserta, filamentis brevibus

snbulatis; antherae oblongae vel lineares apice apiculatae, basi sub-

bilobae vel bipartitae glabrae vel dorso hirsutissimae, dorso prope

b^in affixae, patentes demum saepe tortae. Pollinis granula subglo-

bosa, pons 3?, insigniter reticulata. Discus carnosus cupularis. Ova-

rium biloculare. Stylus teres glaber elongatus corollae tubum aequans

apice exsertus. Stigma magnum integrum, fusiforme velclavalum, in

alabastro per longitudinem striatum, puberulum ; ovula in loculis

numerosa, placentis magnis septo affixis peltatis linearibus apice et

basi liberis dense imbricatim aflixa, peltata, marginata, ascendentia.

Capsula ol)Ovoidea lateraliter compressa obsolete costata calyce longius

persistente coronata, glabrescens ad medium versus loculicidc bivalvis,

vel demum soepe quadrivalvis. Scmina placentae cylindricae, sub-

carnosae, loculum implcnti extus aflfixa, peltata, imbricata, erocta,

testa mombranacea in alam hyalinam nunc insigniter timbriatam

nunc Bubintegram crenulatain radiatim striulatam oxpansa, albumine

carnoeo; embryo rectus parvus radicula teroti infora.

Fruijces nunc alto scandcntos nunc parvi orecti, canoscciti-sericeo-

villoHi, rnmulis tetragonis foiiis coriaccis, subtus dt villosulis. Stipulae

inlerpctiolarcs parvao ovato-irigonac.

*) Vide SoLtftSDm, Anal. Charokt. der Rubiaceae 1^)8, p, 179.
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Cyraae terminales et in axillis superioribiis trichotoraae nunc den-

siflorae et ample paniculatae pendentes, nunc pauciflorae erectae.

Flores brevissime pedicellati, bracteolis (prophyllis) 2, pedicello in-

sertis calyce appressis eoque brevioribus instruct), nunc parvi nunc

conspicui.

Subgenus I Eucoptosapelta Val. Calycis liinbus ovario brevior.

Corollae tubus brevis, limbi lobos aequaiis vel illo brevior, faucis

oriftcium glabrum vel hirsutum. Antherae lineares, basi bifidae, dorso

dense villosae, demum tortae. Stigma elongato-fusiforme vel quadran-

gulare. Seminum ala fimbriata. Frutices alte scandentes ramulis

subteretibus. Foliis majusculis patentibus subtus ad nervos villosis.

Paniculae terminales foliatae multitlorae, densiflorae, pendentes.

1. C. flavescens Korth., {Styhcoiyne raceinosa hand Cavanilles,

MiQ. ; St. tomentosa Bl.) : Corollae tubus limbi lobos circiter aequans,

faux glabra. Calycis tubus brevis.

Habitat: Malacca, Burma, Borneo, Java.

2. C. Griffithii Hook. : Corollae tubus limbi lobis multo brevior.

Faux dense hirsuta. Calycis tubus elongatus.

Habitat: Malacca, Singapore.

Subgenus H. Lindeniopsis Val. Calycis limbus ovario plus duplo

longior, ad basin usque partitus segmentis erectis lanceolatis acutis.

Corollae tubus gracilis lobos pluries superans, faucis orificio glabro.

Antherae oblongae basi bilobae, glabrae. Stigma magnum, clavatum.

Seminum ala subintegra.

Frutices parvi erecti, ramulis acute tetragonis erectis elongatis,

foliis parvis erectis rigide-coriaceis, spinuloso-apiculatis subtus appresse

villosis. Cymae terminales et in axillis superioribus trichotomae,

pauciflorae, erectae.

3. C. Hammii Val. Characteres subgeneris.

Habitat: Biliton.

Botany. — *' Contribution N\ 1 to the knoidedye of tlte Flora of
Java." (Third Continuation)'). By Dr. S. H. Koordkrs.

§ 6. Further data concerning Oreiostachys Pullei Gamble.

^^ 1. Additions and corrections to p. 6 7 4—68 6

of the "Proceeding s".

The proof-corrections, which Mr. Gamble sent me from England

last April, were, nevertheless, much to my regret, received by the

printers too late for incorporation in the number of the Proceedings

1) Continued from p. 773 of the Proceedings of the Royal Academy of Sciences,

Amsterdam, ordinaiy meeting of the Math, and phys. section April 9^ 1908.

9
Proceedings Royal Acad. Amsterdam. Vol. X.
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of the Roval Academy of Sciences, whicli appeared in April 24:^^^

1908. I now append these proof-corrections, which date from last

April and are due to Mr. J. S. Gamble, to whom I tender my thanks

:

p. 683 line 11 from bottom: a/tei' Kurz, insert: Munro in Trans.

Linn. Soc. London. XXVL 146.

p. 683 line 4 from bottom : be/ore (Gamble msc.) insert : and possiblj'.

so establishing a connection between it and the Schizostachyum, the

description of which by Hasskarl and Kurz are somewhat imperfect".

p. 683 line 4 from bottom: after additional insert: material.

p. 684 line 16 from bottom : before conspecific insert: very probably.

$§ 2. On the fruits ofOreiostachys Gamble, which
have been discovered by Mr. K. A. R. Bosscha.

On p. 684 of the English edition of the Proceedings of the Royal

Academy of Sciences, Amsterdam, meeting of February 28*'' 1908,

it was pointed out by me, that it might be possible to trace this

species locally by means of the constant native name, i. a. in order

to obtain the fruits, as yet unknown.

I am now privileged to announce the collection of these fruits, as

yet unrecorded in the literature, and to communicate certain further

details, taken from a letter of Dr. Th. Valeton, dated Buitenzorg

May 12*'> 1908 and from the enclosures to his letter, for which I

here wish to thank him.

"Enclosed I am sending you three fruits of Oreiostachys Gamble,

of which ten were sent me in November 1903 by Mr. K. A. R.

Bosscha, after I had received in May flowers from the same station.

I propose that you should send these to Mr. Gamble, in order that

he may complete his generic description, which has been published

by you. I am also sending you some notes about observations, made

in the locality by Mr. Hosscha, and further some references to the

literature, which already exists about this species." (Dr. Valeton

msc. May 12"' 1908).

I (piote t}elow the paragraphs in the letter referring to the obser-

vations of Mr. Bosscha.

"Mr, Ik)8scHA drew my attention to the fact, that the plant bears

flowers in two ways, namely at 'the end of small branches') with

1) Mr. Gamble and I have not, ai yet, had at our disposal there thick-leaved

brtncheir, flowering at their ends, but only the sterile lenfy branches of Junoiiuhn

and tho almost lenflcts (luwcring twigs, without fruilii, of Pullc described by

Mr Qajibli.
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thick foliage and also close to the stem on quite leafless lateral

branches."

"3Ir. BosscHA also told me, that when he arrived in Malabar in

1896, old natives, vs^ho were thoroughly familiar with the forests of

the district in which the plant occurs, were ignorant of the fact,

that this bamboo had ever flowered. In 1902 the flowering began,

and it recurred fairly regularly until 1906. Since then the species

has died off" in most places, and is now decidedly scarce. This year

it has again, however, been found in flower in Taloen (a plantation

on the Malabar) in May 1908."

"Now, however, young plants are beginning to appear every where,

obviously self-sown."

"This phenomenon partly agrees therefore with what has been

observed in the case of other bamboo-species in British India, although

the flowering period has been especially long in this case". (Dr.

Valeton msc. May 12'»' 1908).

While I here refer with special appreciation to the fact that

Dr. Th. Valeton placed the three fruits and the above-mentioned

data at my disposal, I need scarcely say, that I at once complied with his

request, and sent the fruits, received by me on Junel7'*>to Mr. Gamble.

Although the examination of the fruits is not yet complete, and will

be referred to later, "as soon as the supplementary diagnosis by

Mr. Gamble shall have been received, I nevertheless consider the

discovery, by Mr. K. A. R. Bosscha, of the fruits of this bamboo-

species of sufficient importance to call for attention here. It is evident

from Dr. Valeton's letter quoted above that the receipt by him at

Buitenzorg from Mr. Bosscha of the fruits of Oreiostachys Gamble

with the flowers (the fruits having remained unknown in the literature

until now) was prior to Mr. Gamble's discovery of the type of a

new genus in the flowei's collected by Dr. Pdlle.

It may further be mentioned, that the fruits discovered by Mr.

Bosscha, and the flowers collected by Dr. Pulle on the. Wajang-

Windoe in 1906, are from the same district, namely the locality

mentioned on p. 686 of these Proceedings.

In an enclosure to his letter to me of May 12'^ Dr. Valeton gives

certain speciflc names, which he regards as synonyms (Bambusa

elegantissima Hassk., etc.) and also the other literature references

relating to this subject. Since these names, and the literature references,

with the exception of "Munro" (see above, \\ 1), have already been

published by Mr. Gamble and myself in the Proceedings of April 24'^

,

it seems to me unnecessary to repeat them.

Although 1 have not had at my disposal the terminally flowering

9*
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branches with thick foliage collected by Mr. K. A. R. Bosscha, on

which Dr. Valeton's addition to Gambi,e's diagnosis is based, I can

now conform this amplitication of Gamble's diagnosis, sent nie on

May 12*'* by Dr. Valbton, thanks to supplementary material received

to-day (June 27''- J 908) from Dr. A. Pulle (Utrecht) and at once

forwarded to Mr. Gamble. In order to complete the diagnosis of

Oreiostachys, and to settle the question of the further probable synonymy

of this interesting species, a question raised by Mr. Gamble and myself

in the Proceedings of April 24^'' there now only remain as desiderata

the collection of stem-sheaths and the examination of the authentic

specimens of Bambusa elegantissima Hassk. and Schizostachyum

elegantissinium (Hassk.) Kurz, which so far have not been found, either

by Dr. Valeton at Buitenzorg, or by myself at Leiden or Utrecht.

Leiden, June 27*1'- 1908.

Physics. — "On the law of molecular attraction for electrical

double points". By Prof. J. D. van der Waals Jr. (Commu-

nicated by Prof. Dr. J. D. van der Waals).

Several physicists have already urged the supposition that the

molecular attraction results from the electric forces exercised by

electrically charged particles which are contained in the molecule.

One of the simplest suppositions we can make in trying to explain

the molecular action from an electrical origin is that the molecules

will behave as electrical double points. This has, in fact, been

assumed by Mr. Reinganum*; and by Mr. Sutherland').

As the formula for the action between two electrical double points,

which is the same as that for the action between two magnetic

molecules •), contains — as a factor, — r representing the distance

between the two double points, — these physicists concluded that

the molecules would attract one another with a force proportional

to — . The opinion that the electron-theory supports the supposition

of tt molecular attraction proportional to — has accordingly been often
T

advanced.

») M. Rkixoawoii, lMiy». /cilschr. J, Jll (1001); Drudbs Ann. 10, 381 (1903).

•) W. SuTiiKULAND, I'bil. inug. (0; I, «;-jr. (11H)2).

*> Cf. J. C. Maxwell, A tretliie on eloctr. and magn. Art. 887.
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On closer inspection, however, this opinion proves to be unfounded.

If the double points have not yet yielded to the directing couples

which they exercise on one another, and if therefore the axes may

be directed in any direction, the mutual action will as often be a

repulsion as an attraction, i. e. tlie mean attraction will be zero. If

on the other hand we might assume that they had perfectly yielded

to the directing couples, they would attract each other with foi-ces

proportional to — . It is, however, evident that the molecules will
r*

only partially have yielded to the couples, and that they will be

more perfectly directed according as they have approached each

other more closely and therefore lie in a stronger field of forces.

The consequence will be that the resulting molecular action will be

an attraction which with increasing r varies more rapidly than

— . This circumstance has not escaped the attention of Rkinganum

and of SuTUKRLAND. They, however, thought that the law of

attraction would only slightly deviate from — and assumed this law

to be, at least approximately, accurate.

In 1900 the present writer expressed the supposition that the

resulting attracting forces would vary more rapidly than — *). It is

T

true that he founded his calculation on a somewhat different sup-

position as to the nature of the molecules, namely that they would

act not as constant but as periodical double points, but this difference

is probably not essential, as the law of attraction for vibrating

double points will not improbably agree in a high degree with the

law for constant double points, at least when the mutual distance of

the molecules is small compared with the wave-length, which con-

dition is satisfied in the case of gas-molecules at pressures of the

order of one atmosphere.

At present it is my intention to investigate more accurately what

will be the law of the resulting attraction for constant double points.

We shall see that the attraction in this case really varies more

rapidly than proportional to — . To render a rigorous treatment of

this problem possible, we shall assume the following condition to be

satisfied :

\) J. D. VAN DER Waals Jr., Dissertation, Amsterdam, p. 85.
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1**. The molecules are electrical double points with a constant

moment m.

2°^. The mean distance of the molecule is so great that we maj
neglect the cases in which more than two molecules interact.

3"^. The velocities and the accelerations of the molecules have a

value relatively so small, that we may assume that their field of

force does not differ appreciably from the electrostatic field of the

double points. A consequence of this supposition is that the energy

of the system may be represented by :

L — V', ^ m^ cos <p -{- C

where L represents the kinetic energy of the system, (£• the electric

force, if the angle between the axis of a molecule and the electric

force at that place, and C a constant which does not depend on the

velocity and the mutual position of the molecules.

If this last condition is satisfied the statistical mechanical conside-

rations of BoLTZMANN and of GiBBS are directly applicable to our

problem. If on the other hand it is not satisfied these considerations

cease to be applicable and then it is impossible to solve the problem

before a statistical treatment of a continuum as the electromagnetic

field has been worked out, which is analogous to Gibbs's treatment

of systems with a finite number of degrees of freedom ; this however

is not the case as yet. A rigorous discussion of the case that the

molecules are vibrators is therefore as yet impossible and so we
shall have to confine ourselves to the supposition of constant double

points.

Let us imagine a molecule A and at a distance r another mole-

cule B. The angle between the axis of A and the radius vector will

be called i^, then the electric force exerted by A at the point where

(he molecule B is found, will be :

m . J-——
. . . m

C = — K4 COS* » -f Bin* ^ = — 1/ 3 co9* ^ -f 1.

If again <f is the angle between ii and the axis of B then the

|K)lential energy of 2^ is:

m*— -- 1/8 «>»• ^ 4- 1 . co» y

According (o the well-known theory of Boltzmann and Giubs the

probabilily that the angle 9> will fall botwoon the limits (p and

ip-\- dip and (he angle & botwoon the limKs 0- and {> -\- dih is

:

m*yt cot* * -f i . CM
f>

V, 'in c/ dp . tin ^ d^ . t
,
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where / represents twice the mean kinetic energy for one degree of

2
freedom or — of the mean kinetic energy of the motion of the centre

o

of gravity of a molecule. So we find for the mean value of the

potential energy of a molecule at a distance rfi-om another molecule:

r Cm} — -
~ ~

I I ^r~i ^^ '^'* * f 1 cos<p .eE 3T*t
—nn ip d(f.iin ^ rf^.
4

or')

E z=z -\- — I $in ^ d& \ cos (p . de

ii»|/S COM* d-\-l . eo$ f

Sr»t

Let US put —-^ =: e and V'S eos* & -\- I z= x^ then we find by par-

tial integration :

If we take into account that

:

then we see tliat instead of taking the al)Ove integral between the

n
limits and .-t we may take twice this integral between and -.

Now we may introduce x as new variable, writing

:

X dx
CM d = — 1/«'— 1, and therefore — sin &dd^=: -^ .

^
,

making use of the following series

we find :

ex I 6!

c^x' 2c*x* 3c'x*

5/
+

7/

_ 2t r^ xdx ic\v* 2c*X* 3cV
(

1

_ ' r*
2c*y* ^c*y

|/t/-l 3
1

^) I am indebted for the reduction of this integral to Prof. Dr. W. Kapteyn

from Utrecht, to whom I gladly express my thanks for his kind assistance.
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If again we substitute y'y—1 = z then the different terms assume

the following form :

r^^=2j%+.,M.=
1

(
3 k(k-\)S^ k(k—l){k—2)S'— 21/3 1 + yfc - + -^^ — + -^ — + . .1^3^2/5^ 3/ 7

^

So we find for E a series of the following form :

tc" (», 2c' 30"

^=="^137+57^' + ^^' +

the coefficients p having the following values :

Pj = 2^/3.2

2'. 6

V. = 2^/3 -^
, 4'. 29

6' . 602
P. = 21/3

p, = 2^/3

5.7.9

S''. 70

5.7.9.11

In order to investigate whether this series converges or not, we

/•» «*dy

1/ "
"T

*''^ factor [/y—1 is always positive between

1

the limits 1 and 4. So the value of the integral lies between the

J
4 du r* dy

,

r^-^=~ and y"i:\ 77^-^ where y represents the mini-

I I

mum value and ;/' the maximum value of ?/ between the given limits.

Here wc have y' = 1 and y" = 4. The value of the term of order ^•

of the series for K lies tlieroforo between the terms of order k of

the two series :

and

;?'= — 2£ I

!

, 8! ' 81 ' 71

and as (he ratio between two consecutive terms of those series

verges for terms of hii^h dea:ree to zero, the series for E will also

converge.
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Having determined the value of E, we find the law of attraction

by changing the sign and differentiating with respect tor. Of course

we must first replace c by . The value which we find for the
OT t

force is negative ; this indicates that the force represents an attraction,

as we knew beforehand that we should find. The lowest degree of

1/r which occurs in the series is the seventh degree, therefore the

force will vary more rapidly than proportional to —

.

In connection with this result I wish to make the following remarks.

1" The law for the attraction which we should find on the sup-

position of vibrating double points whose distance is small compared

with the wave length, will probably not differ very much from the

law established here, though this question cannot as yet be answered

with certainty.

2nd If yfQ assume that m, without being periodical can yet increase

or decrease under the infiuence of <5, then we find a still more rapid

variation with r.

Also if we assume tiiat the molecules are not simple double points

but more complex configurations, quadruple or octuple points for

instance, we find a more rapid variation with r. The double points

assumed here seem to yield the slowest variation with r that we can find

when we interpret the molecular forces by means of equal positive and

negative electrical charges in the molecules. Much sooner, therefore,

than to assert that the electron-theory supports the supposition of a

1

molecular attraction proportional to — we are justified in declaring
r

that this supposition is excluded by the electron-theory.

3*^ If we assume m to be independent of the temperature T,

then the attraction which we find, does, indeed, depend upon the

temperature and that in such a way that at increasing temperature

I

it decreases more rapidly than — . We have, however, no reason

for supposing m to be independent of T; moreover it makes here

an enormous difference whether we are dealing with constant or

with vibrating double points. It is therefore impossible to say whether

the electric explanation of the molecular forces justifies us in assuming

the attraction to increase or to decrease with T.

4'^. We may wish to determine the shape of the equation

of state which follows from the here assumed suppositions as to the

action of the molecular foi-ces. If we then follow the virial-method
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the virial of the resulting mean molecular attraction need only be

taken into account. It is true that the molecules exercise on each

other still other forces besides this mean attraction, but these forces

yield a virial zero. The forces normal to the radius vector, namely

form together a couple, and the virial of a couple is zero. For the

same reason the directing couples working on the molecules need

not be taken into account. And from the forces working in the

direction of the radius vector we need only take into account the

average value, for attracting and repulsing forces which equally

often occur between different pairs of molecules, cancel each other.

In calculating the virial, the influence of the molecular attraction

on the distribution in space of the molecules must of course still be

taken into account.

Chemistry. — "Equilibria in quaternary systems." By Prof. Dr.

F. A. H. SCHREINEMAKERS.

In the system: Copper sulphate, ammonium sulphate, lithium sul-

phate and water two more solid compounds occur at 30° in addition

to the three sulphates namely, Cu SO, (NHJ, SO,, 6 H,0 and Li, SO,

(NHJ.SO,.

We will again represent the equilibria in the wellknown manner

with the aid of a tetrahedron but now choose quite a different pro-

jection than that used in the previous communication; wo will in

fact project all saturation lines and surfaces perpendicularly on one

of the side planes of the tetrahedron.

A prujcciioii of ihin kind iH roprosontcd in the figure; llie points
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Cu, Li, NH^ and W indicate the four components Cu SO^, Li, S0<,

(NH,), SO^ and water ; the triangle Cu Li NH, is the side plane on

which all is projected. The dotted lines Cu W, Li W and NH, W
are the projections of the rising sides of the tetrahedron and it is

obvious that the point W must lie in the centre of the triangle.

The question is now what connection exists between the position

of a point in the tetrahedron and its projection on the triangle

Cu Li NH,.

Let us take a phase with the composition: Cu proportions of

Cu SO^, Li proportions of Li, SO^, N proportions of (NHJ, SO^ and

W proportions of water. The projection of this point on the triangle

Cu Li NH< may (hen be taken as indicating a phase which only

contains the three components Cu SO^, Li, SO^ and (NHJ, SO4.

Let us call these proportions Cu', Li' and N'. It is now easily

demonstrated that WWW
Cu' = Cu + - Li'=Li+y N' = N + -3-

so that if the composition of a phase is known its projection may
be readily represented in a drawing.

The double salt Li, SO^. (NHJ, SO^ is represented in the figure

by Dli; it is obvious that it must be situated on the line Li NH^
as it consists merely of the components Li, SO^ and (NHJ, SO,. The

double salt Cu SO,. (NHJ, SO,. 6 H, which contains three compo-

nents must lie on the side plane W Cu NH, and is represented by Dcu.

Both copper and lithium sulphate occur as hydrates, namely

Cu SO,. 5 H, and Li, SO,. H, 0; they are represented in the figure

by Cuj and Li, ; of course Cu, must lie on the side Cu W and Li

on Li W.
Let us fii-st consider the three ternary equilibria.

1. Copper sulphate—ammonium sulphate—water. The equilibria

occurring in this system at 30^ have been determined by Miss

W. C. DE Baat; the results of this investigation are represented by
the saturation lines ah, hpg, and gc; ah indicates the solutions

saturated with Cu SO,. 5 H, ; <; c is the saturation line of solid

(NH,), SO, and hpg represents the solutions saturated with Cu SO,

(NH,), SO,. 6 H, 0. As the line W Dou intersects the saturation line

h p g, the double salt is soluble in water without decomposition ; its

solubility is represented by p.

2. Lithium sulphate—ammonium sulphate—water. The equilibria

occurring in this system at 30^ are represented by the saturation

lines b e,eq^f and fc; the first is the saturation line of Li, SO,. H, 0;
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the second that of the double salt Li, SO,. (NH,), SO,, the hist that

of (NH,), SO,. As the line W Dli intersects the saturation Uneofthe

double salt it is soluble in water without decomposition.

As regards the branch be I stated that this indicates solutions

which are in equilibrium with Li, SO,. H^O ; this is not quite correct

for lithium sulphate, although only to the extent of a few 7o> g^^'^s

mixed crystals with ammonium sulphate.

3. Lithium sulphate—copper sulphate—watei\ Whereas in the two

previous ternary systems a double salt occurs, this is not the case

in this system at 30^; the isotherm therefore only consists of two

branches ; ad is the saturation line of Cu SO, 5 H,0 and bd that of

Li, SO,. H,0.

These two branches have been determined by Mr. Koopal.

The quaternary equilibria at 30° are represented by surfaces, lines

and points.

The surface ahkd is the saturation surface of Cu SO,, 5 H,0 ; it there-

fore indicates the quaternary solutions which are saturated with

CuS0,.5H,0.
The surface dkleb is the saturation surface of Li, SO, . H,0.

The surface c/mg is the saturation sui-face of (NH,), SO,.

The three surfaces observed are the saturation surfaces of the com-

ponents or of their hydrates; in addition we also have the saturation

surfaces of the double salts; that of Li, SO, . (NH,), SO, is represented

by elm/q; that of Cu SO, . (NH,), SO, . 6 H,0 by hklnujpk.

The saturation lines are formed by the intersection of the saturation

surfaces taken two by two; they consequently represent solutions

saturated with two solid substances.

We now see at once that solutions represented by the points of

the lines

:

hk are saturated with Cu SO, . 5 H,0 and Dcu

dk „ „ „ Cu SO, . 5 H,0 and Li, SO, . H,0

kl ,
Li, ^0, . H,0 and Dc„

le „ „ „ Li, SO, . H,0 and Du
Im „ n „ Dli and Dc„

mf „ M M Du and (NH,), SO,

mg „ .. Dcu and (NH,), SO,

The quaternary saturution lines may be diHlinguished into external

lines and middlu lines; (ho external lines such an kh, kd, le, m/and

mg ooch tortninato in a point of a side plane, therefore in a ternary

solution; the middle lines such as kl and /m arc situated (juite within

the tetrahedron.
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In each of the saturation points three saturation surfaces and there-

fore also three saturation lines meet each other; such a point there-

fore represents a solution saturated with three solid substances.

From this it follows that the solution represented:

by k is saturated with Cu SO, . 5 H,0, Li, SO, . H,0 and Dcu

., / „ „ „ Dli, Li,SO, .H,0 and Dcu

„ m„ „ „ Dli, (NHJ, SO, and Dcn-

This shows that each of these solutions is saturated with Cu SO,

.

(NH,), SO, . 6 H.O.

With the aid of this figure we may readily draw some conclusions.

Let us therefore observe the external lines, for instance dk. The

point d represents a ternary solution saturated at 30' with Cu SO,

.

5 H,0 and Li, SO, . H,0. To this solution we add (NH,j, SO, ; the

solution will now alter its composition until at last a third solid

phase appears. What is this phase? (NH,), SO, forms a double salt

with copper as well as with lithium sulphate and the question now
arises which of these two will appear first. The experiment shows

that Cu SO, . (NH,),SO . 6 H,0 is formed. If we start from the

ternary solution h which is saturated at 30° with Cu SO, . 5 H,0

and Cu SO, . (NH,), SO, . 6 H,0 and if Li, SO, . H,0 is added the

solution undergoes the changes represented by points of the line hk

until finally the third solid phase occui-s in k in this case Li, SO, . H,0.

If we start from the ternary solution / saturated at 30° with

(NH,), SO, and Li, SO, . (NH,), SO, and if we add Cu SO, . 5 H,0
and represent the solution by m Cu SO, . (NH,), SO, . 6 H,0 is formed

as the third solid phase; if we start from the ternary solution g
which is saturated with (NH,), SO, and Cu SO, . (NH,), SO, . 6 H,0
and add Li, SO, . H,0, Li, SO, . (NH,), SO, will form in m as the

third phase.

If we start from the ternary solution e which is saturated with

Li, SO, . H,0 and Li, SO, . (NH,), SO, and add Cu SO, . 5 H,0 the

solution traverses the bi-anch el; in / however a new solid phase is

formed, namely, Cu SO, . (NH,), SO, . 6 H,0.

Suppose a plane is passed through the points W, Cu and D^i

of the tetrahedron ; the points of this plane represent solndons with

a constant proportion of the components Li, SO, and (NH,), SO, ; this

ratio is the same as that in which they occur in the double salt.

This plane intersects the saturation surface leqfm of this double

salt, so that this is not only soluble without decomposition in water

but also in solutions of copper sulphate of a definite concentration.
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In order to find the composition of the solid phases which can

be in equilibrium with definite solutions I have acted in the same

manner as I did previously with ternary systems ; I have applied

the "residue-method".

If the solution is in equilibrium with one solid substance the

conjugation line solution-residue must pass through the point indicating

this solid substance; if it is in equilibrium with two solid substances

the conjugation line solution-residue intersects the communication line

of the two solid substances and if it is in equilibrium with three

solid substances it intersects the triangle which has those three solid

substances as its angular points.

These constructions are much facilitated by taking a rectangular

tetrahedron instead of an equilateral one and projecting the whole

on two of the side planes.

Astronomy. — " The investigation of the loeights in equations accord-

ing to the principle of the least squares". By J. Weeder.

(Communicated by Prof. H. G. van de Sande Bakhuyzen).

When results of measurement deduced from different modes of

measuring or originating from different observers are equated mutually,

it is generally advisable to test the weigiits assigned to these results,

before equating, with the apparent errors produced b}'^ the equation

in order to be able to judge whether it is necessary to correct them

and to distinguish in what direction correction is obtained. Let the

material of observation break up according to its origin into groups

aiid let out of the apparent errors of each group separately the mean

error of the unity of weight be deduced, then it is a necessity for

the differences of those values to be small, at least they may not

overstep the limits which can l)e fixed taking info account the num-

bers of apparent errors in eacli group.

Already at the outset of such investigations the problem thus

appears how the mean error of the unity of weight can bo calculated,

if one wishes to use but a j)art of the apparent errors.

Wiien equating determinations of errors of division of the Leyden

meridian circle I have applied the following formula:

H6re

l« =: the mean error of unity of weight,

Q =z the weight of a result of observation,



( 143 )

fz=z the apparent error calculated for this result,

n 3= the number of errors out of the group,

^ = a number depending on the weights of the results of measure-

ment and on the coefficients the unknown quantities, determined

by the equating, are associated with in the equations expressing

the connection between these unknown quantities and the results

of measurement of the group.

In what way k is dependent on the above-mentioned quantities

will become clear by an example for which I choose the case that

3 unknown quantities x, y, z are determined by N equations of the

form ax -^-hy -\- cz=^l, whilst to the quantities / appearing in this

equation and obtained by measurement the weights g are due. In

this case

yt = JS" 5f (a« Qxx -f 2a6 Qxy -f ft* Qyy 4- 2a<; Q^-- + 26c Qyz -f o* Q«)

where the summations in the formulae for Ic and \i include expres-

sions relating to the same results of measuring. In the above for-

mula the quantities (2, the well-known numbers of weight, can be

calculated by means of the coefficients of the normalequations.

For the deduction of this formula we liave the same considerations

which lead to the mean error of the unity of weight out af all

observations. If the real errors are indicated by A then wft'= -2'^A';

this sum is expressed in the apparent errors that can be calculated,

and in the errors Lxy Ly and A^ of the quantities x, y and ^,

calculated out of the normal equations, by means of the relation

h =z/-\-aLx -\- bLy -\- cAz, so that

nil' = 2gf + 2(A.r S gfa + Ly 2 gfb -f Lz 2 gfe) -f

-f {Lxy 2ga* -{-2 (Lx) {Ly) ^' gab + {Lyf 2' gb* -f

-f 2 (A.t) (Lz) 2gac-}-2 {Ly) {Lz) 2! gbc + (A^)' 2 ge*

If we were to use the whole material of errors, then the first

three of the unknown terms would fall out on account of [ff/a'] = 0,

\yfb^ = and \yfc] = 0. (Here and for the future I make use of []

as sign of a summation extending over all observations). To takeiis

well as possible the unknown terms in the above into account we
replace them by their mean values in the supposition that the same

complex of observations repeats itself manifold times so that all

calculable quantities return unmodified in each repetition. In that

supposition Lx, Ly and A^: have zero as mean values and the mean

values of their squares and products are in the above order

:

Qxxfl' , QxyH' • Qyyl^^ . Qxz il' , Qyz l^* and Qzz fi'

If we connect these mean values having ft' as factor with the term
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Wfi' in the above equation, if we put

2g{a-Qxx -f- 2abQ.vy -f- b^Qyy + 2acQxz + 2bcQyz -f c"Qzz),

equal to k and if we solve n out of the equation, we obtain

H= I

y/^
, i. e. the formula of which I made use to determine

y^ n -k

the mean error of the unity of weight out of a particular group of

appai'ent errors.

I arrived at about the same result by another consideration putting

to myself the problem to determine the mean value jlZ/j of a definite

apparent error /,. In the relation :

fi = ii — ai X — bi y — Ct z

I substituted for x, y, z respectively [«/], \pl\ [//] to obtain / in

the form of a linear expression of the results of measuring / which

are supposed to be quite independent of each other.

Then:

M'fi — il-2(a.- «,• +6.- ^i ^ayi ){?^-f [(a,- « + &/ ^ + c.- if^

It would now be the only way of reduction of this equation to

make use of the well-known relations existing between the coefficients

«, /?, y and a, b, c and the numbers of weight Q, namely :

a-=: g (a Qxx -\- b Qxy -f c Qaz)
,

? = g{a Qxy -\- b Qyy -\- c Qyz)
,

in order to prove that

o,- « -f ^ ^ -f Ci y)' - = .

L 9J 9i

I propose however to deduce this equation directly from the

minimum condition :

[g (/— ax— by— c^)'] = minimum.

If here too x, y, z are replaced by [o/], [^/] and [y/], then after

calculation and combination of the equal powers and products of the

quantities / an expression appeal's of the form S ^ C^^l^U, having

for the right set of coefficients a, (i, y a minimum value. I observe

here that the coefllcients a, (i, y have to satisfy the minimum condi-

tion indepondontly of the particular values which the measurements

furnished for the quantities /. Out of this observation ensues that

the partial derivatives of 6]J with rcHpcct to each of the coclTicients

a, ft, y furnish zovo by substitution of the right values of these

coefficients.
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By calculation and arrangement of the terms of the minimum

condition we arrive at

Cl= 2[g {aa^ + b^^ + cy,„) {aa. + 6^v 4- eyj)] -
— 2gfi{afj,a, -f V/'v + «/* Yv) — S^rvfflv af,-\-lh^f, \-e^y^)

The expression [g{aa^-\- b^j^-\-cY,^){aa^-\- b^, -\- c y,)] being put

equal to F, the conditions for the minimum furnish the following

equations :

dF dF dF
-— z=g^a^-— z=g^b^-— =g^c^,
oa^ 0^^ oy^

dF dF dF

Such an expression F which, as far as the coefficients a, ^, y

appear in it, contains only products of one of the «« i^u y,a with one

of the «v j?v yy can be written as linear expression in each of those

sets of 3 coefficients in the following way

:

dF dF dF _ dF dF dF
^doft '*d^fji ^ ^Yfi " da^ "d^v 'dy.

So that by substituting the equations resulting from the minimum
we arrive at the following relations:

F z=.g^ (ay «^ + 6v^^ -f- cv y^) — ^^ (a^ «, -}- ^/^ /^^ -f «/* y*)-

In words this relation runs: with equal weights an error in /^

has equal influence on the apparent error /y as an equally large

error in U has on the apparent error /«. If the weights of the two

results of measuring are unequal, errors in these which are in invei*se

ratio with their weights will cause each other's apparent erroi"S to

deviate to the same amount from the true ones.

Let us put in the condition

[g[l — a [al\ — b [^l] — c [yl\ |'] = minimum

/, = 1 and all other quantities /= , then from this arises

gi (1 — 2a,«, — 26,4^, — 2c,7,) -\- [g {aai -\- b^i -f cy,)»J = min.

from which we deduce putting [g {am f 6^,- -f cy«)'l = ^

:

dG „ dG dG

0«i 0^1 dy,

and from this ensues again

:

^ \ dG \ dG I dG
^ = -2''^d^,^oJ^d3i^r% = ^'^''^'''-^^'^'^''^'''

With the aid of the above deduced theorem each term of the

summation in the expression [5' (aa, -f 6 /J, -f c y, )'] can be replaced

10
Proceedings Royal Acad. Amsterdam. Vol. X.
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bj a corresponding one in which the constant index { is given to

the coefficients a,b,c, so we have:

L9
G=\^—{aia-{-bi^J^Ciyy =r gi (ai ai + b; (ii + a y;)

from which results after division by gi- the relation I was to prove.

Using this relation I find :

Mfi' = (^ — ai cci — bi ^i — a Yi) —

.

^'

If we call a a -\- b ^ -\- cy =:z X, then /I >/ -^— can be calculated
|/ 1—

X

out of each apparent error and the mean value of this system of

errors is equal to fi, as that of the system of unknown errors is

hi/ g. It therefore seems to me not only permissible, but for a test

of the weights even useful, to make use of that system of eri'ors

which allows the mean error of the unity of weight to be deduced

out of each definite part of these errors. The connection between

the quantities x and the number k of the above formula applied by

me can be indicated by the relation 2 x ^= k.

Physics. - ''Contribution to the theory o/ binary mixtures". VII.

By Prof. J. D. van der Waals.

On thk rej,ation between the quantities a^, and a, and a,, which

OCCUR IN the theory OF A BINARY MIXTURE.

I have already frequently traced the course of the thermodynamic

curves for the case that for a binary system minimum plaitpoint

as
temperature occurs, and so also the quantity — has a minimum value

for certain value of x. Both the course of the isobars and the course

nownof the lines ( - 1 =0 and (
— |^0 may be assumed as k

\^ J„ \dv Jx

for that case. And experiment has shown that the shape of these

linee predicted by theory it at least qualitalively accurate.

I purpose to demonstrate in these pages tiiat in (he case mentioned

the course of these lines (see among others llg. 1 page ()2() Vol. IX

of these Proceedings 1907) is not compatible with the supposition

a..* = a. a..
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1 begin with pointing out that the line (
—

)= Ohasanasymptote

dh da
for such a value of x for which MRT—=— , which asymptote

dx dx ^ ^

either exists or must be supposed to exist for a value of x which

is negative, and that this curve approaches the line v = b asympto-

tically for continually increasing values of ^— at ieastif flj-f-a,—2a,,

is positive. I shall presently come back to this supposition, but on

d'a
page 626 I have explicitly stated this supposition in the form -~

positive. With increase of T this line proceeds to higher value of

X and V.

At lower temperatures the line (
—

)
= consists of two separate

d*p dv d*p
branches. From tt-tH- i—;-= follows that the liquid branch has

dv* dx dxdv

d*p
maximum volume on the line = and the vapour branch mini-

dxdv

mum volume on the same curve, which curve has an analogous

course to ( —
J

= 0. It has the same asymptotes, but is always con-

fined to greater volume. For 7^= minimum critical temperature the

d*p d*p
two branches coincide in a point for which both —^ and

dv* dxdv

d'p
is equal to 0, so in such a point of the line —— = 0, for which

dxdv
/dp\ d*p— =0 and also —- = 0. Hence in the critical point of the mixture
\dvjx dv*

ax
taken as homogenous, for which — has minimum value. At still higher

Ox

value of T the curve ( —
j
= has split up into a lefthand branch

and a righthand branch, both which branches possess tangents parallel

to the v-axis, in points for which also (
—

) = and— = 0. Among
\dvjx dv*

the special values of this constantly increasing value of T we must
mention in the first place that for which the last mentioned point

hg,s got on the line (j-\ = 0, the point P of fig. 31. This is the

10*
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remarkable point for which jylaitpoint

and critical point of the mixture

taken as homogeneous coincide. So

at this temperature the two curves

*1 = and ('^

sect in two points. The other point

of intersection lies, of course, at

greater volume. With further rise of

temperature the two curves contract

=z still inter-

further. The line — ^0 moves to
dxjv

Fig. 31. the right and the line
dv /x

to

the left. At a certain temperature these two curves touch, and at

still higher temperature they have got quite detached. This point of

contact of the two curves lies, of course, on the vapour branch of

I
— )= 0, and so has a greater volume than the critical volume.

We can calculate the volume in case of contact. The condition of

contact of (
—

) = and (
— 1^0 is given by equal value of

\dvjx \dxjv

dv— in the two following equations-.
dx

and

d*p dv d*p

dv* da dxdv

d*p dv d*p

=

— -\--L =
dxdv dx ' dx

or from:

d*pd*p /d'pV .—^ —^ = —^ (see p
dv*dx* \dxdvj ^ ^

/dp
This latter equation and the two equations

691).

= and
dp

)=»
dxju \^^,

form a set of three which is suflicient for the determination of the

three quantities x, v and T of the point of contact. If wo assume

6 to be constant in the equation of state these equations have the

following form:

d*a db d(X

MET 4- r-.

I

MHT Zayr^^!\da) 1 <^^*']_,r ^_^Y rn
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MRT db da \

{v—hy dx dx o'

and
MRT 2a

(2)

_ (3)
(r-6)' »•

If now we make use of (2) and (3) for the elimination of MRT

and of — , we get a simple form for — , viz.

:

dx

;» \dxj

d^a (day
^dx*~ [da)

3a ^^

We may also get a quadratic equation in — , but then it appears

that one of the values of — = 1, and that at T=0 the line v =6
b

may be considered as coinciding with the branch of the volumes of

(
—

1 = 0, and also with (
—

j
:= 0. In the same way the line v = oo.

\dvjx \dxjv

(daV d^a—
I
and a— the quantity m,

dxj dx*

m
so that m = then (4) becomes

:

d'a ^ ^

a
dx^

V 3

—

2m

b l—tn

V
And drawing — as ordinate when m is laid out along the axis of

V
the abscissae, we get fig. 32. For m ^ we have — = 3 and for

6

V V
m = 1 we have — — oo. For m }> 1 — is at first negative, but for

b

V V
in = 7i T = 0> ^"^ for greater values of m — is positive and stead-

b b

V
ily increasing. The limiting value is — = 2. For negative value of

b

m - is always positive, descending from — = 3 to — = 2. The
o * * 6 6
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traced curve is an equilateral hyperbola. So a value of r— larger

than 3 is possible only when v lies between and 1. Thus — :='4

requires a value of m= V»-

Accordingly it is impossible to account for a minimum plaitpoint

temperature of substances for which m does not lie between and 1

.

Now I have already repeatedly called attention to the equation

:

which follows from the supposition that a is a quadratic form of x,

and already in my Molecular Theory for a binary mixture I pointed

out, realizing the desirability of a relation being found between ^u
and rti and a,, that the equation of the spinodal line for a binary

mixture might be very much simplified if we were justified in

assuming a,,' = a, a,. I also pointed out other relations between

these quantities; but I have carefully refrained from even giving so

much as the slightest indication of the greater probability of one

relation. I have only repeatedly, then and later, assumed as relation

for mixtures with minimum plaitpoint temperature
<2i + ^j ^ 2(7i,,

and reversely, when also mixtures with maximum plaitpoint tempera-

ture might occur: <7i + a, <[ 2<7i,. And I have repeatedly pointed

out that there is no reason whatever for putting e.g. Qj,^ = a^a,.

And to this the following considci-ations have chiefly led me.

In the equation of state for a simple substance the two constants

b and a have not been introduced on equally sufticient grounds and

with the same certainty. To the existence of the quantity b we
conclude with perfect certainty if we believe that to occupy space

18 an essential property of matter Even Maxwell, who would not

attribute a volume of their own to the molecules, but wanted to

consider them as so-called material points, undei'standing that colli-

sions could not take place between material points, could not but

attributo to them nt least an apparent volume. liy assuming a

repulsive force he ha<l to account for their never meeting, and for

tlicir beliaviour as particles possessing iin[)erineability on approaching

each other with reversal of motion. A hypothesis whoso improbability

is not to Ihs denied. The force would bo a repulsive one, and pro-

bably in inverse ratio to the fifth power of the distance. How and

why the attraction at somewhat larger distance is converted into such

ft repulsive force is a question that was probably never put by him,
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and at all events was not answered by him. So the introduction

of the quantity b into the equation of state is perfectly natural — and

for everybody who assumes the existence of matter as real, indis-

pensable. But this is not, at least not in the same degree, the case

with the quantity a. Why should molecular attraction be a necessary

attribute of matter? From the idea: "matter is something that neces-

sarily occupies space" does not follow that matter will also have to

possess attraction. Perhaps we shall sooner or later learn to form

a conception on the nature of a molecule which involves that they

necessarily attract each other and learn to compute the value of this

attraction. Of late attempts have therefore been made to get a better

insiglit into the nature of molecules, and they are supposed to be

either vibrating or permanent electrical double points *). But even

if this supposition appeared to account satisfactorily for the molecular

attraction, yet it does not necessarily follow that attraction exists.

Then the question lias changed in so far that it runs: are there

electrical double points in the molecule or not? It is true that in

my Thesis for the Doctorate (1873) p. 92, when the question occurred

whether hydrogen possesses a critical temperature 1 answered in the

sense of a high degree of probability, but only on a ground which

leaves some room for doubt, viz. that "It may be presumed that matter

will always have attraction". It is not to be denied that everything that

we accept as matter is subjected to gravity; but to derive from this

that the existence of the Newtonian attraction involves the possession

of molecular attraction is more than hazardous. All this is not

intended to raise doubt about the existence of a e. g. for helium,

for now that all other substances possess a value for a we may
repeat what I said before for hydrogen, but to draw attention to

the fact that the value of a does not only depend on the molecular

weight, if this was the case, — =— , a relation which is cer-

tainly not fultilled. Then also —^ = —^ = —^—
, and ai,' = aja,

which very probably will never be fulfilled either.

I was convinced from the outset that we should not be able to

explain a number of phenomena occurring for binary mixtures by

means of such an unfounded supposition. Already a long time ago
KoRTEWEG showed in his paper "La surface i|7 dans le cas de symetrie"

in how high a degree the phenomena exhibited by a binary mixture,

depend on the value ascribed to a^^. For values of a^^ between

') See these Proc. p. 13:2.
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certain limits not only three phase equilibrium but even four phase

equilibrium would be possible, then of course always at a single

value of T. So the supposition aj,' = a^a^ is not one without far-

reaching consequences. Yet we see repeatedly that this supposition

is made. And I have undertaken this investigation to show

that such a supposition would also render the existence of minimum
plaitpoint temperature impossible. At the same time I wanted to

point out how the course of the isobars which I have given in

fig. 1 of these contributions would be entirely modified on other

suppositions about a^^ than those I have started from. If we put

in equation:

^ d*a fda\
=" 57- = fej + *('•"'-'•''

for (
—

I
the value ma-— in which, if there is minimum plaitpoint

\dxj dx*

temperature the value of m lies between and 1 for the point of

contact of (
—

|
= and I — )

= 0, we find

:

\dxJo \dvjx

d^a
(2 — rn) a— = 4 {a^a^ — a^')

Now — :^2(a, -|-rt,— 2^1,). As at the same time we cannot
dx*

have a,(3,= a,,* and ai + a, = 2ai,, unless in the case aTi = a,,

this equation cannot be fulfilled but by putting a,a, >a,,'.

The supposition a,a, = a,,' gives for m the value 2, but then

also for - in the point of contact of I —
)
= and —

)
^ 0, the

b \dxJo \dvjx

vahie 1 (see fig. 32). — Only when we put a, a, <^ rZi," does m
become > 2, and do we find for the point of contact of the curve

v
mentioned, values of- which are larger than J , and which can there-

fore exist, but then this vahie can rise to 2 at the utmost. In such

cases there is contact of I — 1= with the liquid branch of (
— |^ 0.

\dxj„ \dvjx

And this means for fig. 1 of those contributions that then again the

liquid branch of f --
j
^ may approach to I —

J
= on the right

side, but (hen to (liat part of this curve that lies beyond the minimum
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Fig. 32.

volume, and where it proceeds again to greater volumes. On the

supposition that aj,' might rise above rtj a,, fig. 1 would not repre-

sent all possible cases of the course of the isobars with respect to

(
^

)
= 0. But I observed already on page 630 in what way fig. 1 would

\dxjv

have to be extended if other suppositions on a^-\-a, — 2aj, are

admitted e. g. a, -f- a, — 2rt,, = or Oj -f- «• — 2a,, negative, and

the supposition a, a, <^ a\, lies in this direction.

If we continue increasing a,„ not only above ya^ a„ but even

a^ -\- a,
above , then m = \dxj

is negative, and - lies between 2
d*a b

d^

and 3 for the point of contact of (
—

1
= and (

— 1=0, and so
\dxj„ \dvjx

this point of contact always lies on the liquid branch of (
^

j = 0.
\dvjx

We might also have arrived at the above results by another course,

which would give us an opportunity of making some new remarks.

For if we think the quantity v eliminated from the two equations
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(
—

1 = and (
—

)
= 0, we obtain a relation between x and T. \r\

\dxJo \dvjx

general we find two values of x for the same value of T. The
value of T, at which these values of x coincide, or in other words,

the maximum value of T, then gives us the value of x for the

point of contact of the two curves.

From

MRT 2a

and
(
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we get

2a 6 /MRT=— —
[

b V \
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a, the greatest value, whereas the value of a for .2? = — will be

equal to .

4

m
1

^ . 2 . _ 1 .

lue
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If we had discussed the third of the equations, the values of m
would have been found still higher. According to the first of the

equations of course smaller.

Let us finally examine the course of the line ( — 1 = in the

fdp\
cases that there can be no contact with the line

I
—

J
» or only on

the side of the liquid volumes. We saw already above, that then the

locus of the points of intersection of the two curves mentioned (cf. 7)

runs to greater volumes, if x is made to increase. Then at given T,

/dp\
only that part of the line

(
—

1 = exists, for which this line runs
\dx/

to greater volume. The lefthand part, for which this curve may
reach infinitely large volume lies in the common case at a value of ar

g yMRT —
dh da V —h I / dx

to be calculated from MRT— = — . Then =\ /
dx dx V

I
/ da

^ d^

and the first part of this equation is then equal to the unity, because

V V— b
- = Qo. But can also be equal to 1 in another case, viz. : if
b V

b should be = 0. This can only occur, when extrapolating we also

admit negative values of x, and moreover choose for b such a func-

tion of X that it can become equal to for negative value of or. This

is the case for a linear function, but putting 6= 6,(1

—

x)-{-b^x is

only an approximation. Whether this can also be the case with a

more exact shape of b =f[x), must be left undecided. Moreover it

is necessary, if we choose always greater negative value of x, that

da
we first find b = 0, before finding — = 0. But then the shape of

dx

the p-lines must also be modified. I shall however not enter into a

discussion of this, for one reason because Dr. Kohnstamm informed

me, that he had already been engaged in the study of the modified

course of the isobars, and that he had also come to the conclusion

that the relative situation of the values of x, for which 6 := and

da = 0, is decisive. Moreover I leave undecided for the present
da

whether also on other suppositions than <^ a? <[ 1 there can be

question of minimum plaitpoint temperature, which is to be distin-

guished from minimum value of — .

bx
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Botany. — ''Contribution N°. 1 to the knowledge of the Flora of

Java." (Fourth continuation). ^) By Dr. S. H. Koorders.

§ 7. Plantae Junghuhnianae ineditae. I. Notes on some Javanese species

of an as yet unpublished collection of Junghuhn's plants, in 's Rijks Her-

barium at Leiden.

A few months ago, while searching in 's Rijks Herbarium at

Leiden for some herbariumspecimens of Junghuhn's Javanese alpine

plants, which were required by me, one of the officials of that

institution found among the separately preserved collections of

"Indetei'minata" a fairly extensive collection made by Junghuhn.

This collection had already undergone preliminary determination

by me, in 1896 (during a short stay at Leiden), at the request of

Dr. J. Valckenier Suringar, but for the rest remained wholly un-

determined.

As I noticed in this collection a number of Javanese alpine plants,

and as it seemed worth while to study the collection as a whole,

I resolved to complete the determination, begun in 1896, and to

publish the results. The latter, as far as an enumeration of the

Javanese specimens is concerned, are ready for the press, but

will be published separately ; here I only append a few remarks

on this collection of Junghuhn.

The whole collection consisted of fifteen large packets and fully

560 collecting numbers.

As is the case of very many old herbariumcollections, the labelling

of a large number of these specimens left much to be desired. On
the other hand some specimens were provided with detailed col-

lecting labels, written by Junghuhn himself. With a few exceptions,

all the specimens were quite undetermined (without determination

of the genus and order). Most of the specimens were also without a

collecting number on the label. In consultation with Dr. J. C. Goethart,

Keeper of 's Rijks Herbarium, it was accordingly decided to give

running numbers to this whole coWcciion of "Plantae Junghuhniaiiae
inedita^', these numbers being independent of the old numbers,

extant in some cases, but not explained by any list or publication.

Printed labels have also been added, running partly as follows:
*'Plantae Junghuhnianae ineditae. In insula Java legit Dr. Fr. Jun(}huhn

anno 1838—1863 mb n...." Except for the substitution of the word

"Samatra" for "Java", the specimens from Sumatra in this collection

have received a similar label.

GoDtimied from theM Proceediogi p. 182.
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I have not been able to ascertain, why this extensive collection of

Jukghuhn's plants has not been worked at during so many decades,

and apparently was never in the hands of Miqcel. I surmise, in

the first place, that it was not received from Jcnghuhn either

until the period 1855—1864, or until after his death, i.e. after

1864; the receipt of the collection is noted on the outside in an

unknown handwriting as "from Bandong". In the second place I

surmise that this unpublished collection was accidentally mislaid

among the mass of material in 's Rijks Herbarium at Leiden, and

was consequently not found again, when Miquel was Director of

that Institution (1862—1871).

For had this collection been in the hands of one, with so good a

knowledge of the East Indian flora as that possessed by Miquel,

there can, in my opinion, be no doubt, that he would at once have

discovered the 9 species mentioned below, which at the time were

new to the flora of Java and were found by me undetermined in

1896. Nor would these 9 species have been omitted from the Javanese

flora in the publication ') ''Plantae Jungkuhnianae" of 1854 or in

the other publications of Miquel (e. g. Flora Ind. Bat., Ann. Mus.

bot. Lugd. Bat., etc.).

As such I mention the following species:

PI. Jungh. inedit. n. 368, 380, 38J, 385 and 394 = Turpinia

parva Koord. et Valeton (first published in 1903) PI. Jungh. ined.

n. 545 = Ilex Hookeri King (has not yet been mentioned in the

literature as occurring in Java), Itea macrophylla Wall. var. minor

K. et V. (at the time not recorded in Java) ; Pi. Jungh. ined. n. 207

= Aglaia heptandra Koord. et Valeton (first published in 1896);

1) The title of this publication is: Plantae Junghuhnianae. Enumeratio
planlarum quae in insulis Java et Sumatra detexit Fr. Jdmghuhn, Leiden,

1854. In the Index Kewensis it is often quoted as Miqukl PI. Jungh., although

Miquel's name does not appear in the title. Most of the phanerogams in this

publication were treated of by Miquel himself, some other families by others ia.

by Bentham (Leguminosae)^ Molkilnboer (Loranthaceae), W. H, de Vriese {Pri-

mulaceae, Dipterocarpaceae, etc.), Hasskarl {Commelynaceae, Amaranthaceae),
BusE (Graminae), Burgersdijk {Violaceae), and A. J. de Bruym (Polygonaceae).

In tlie catalogue of the University library at Leiden, this publication Plantae
Jungh. Enumeratio plant, etc. (1854) is stated to have appeared in 1851—1855.

In the only copy in 's Rijks Herbarium 1 found the year 1854 given as the

date of publication. This bound copy ends with p. 552, where as the copy of the
Royal Academy of Sciences at Amsterdam is slightly more complete, ending with

p. 570. The publication seems to have been stopped prematurely, the less incom-
plete copy of the Royal Academy of Sciences ends on p. 570 in the middle ofa
word and is therefore evidently no more rounded off than the copy 1 found at

Leiden. The date of publication is given on the titlepageof the latter copy as 1853.
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PI. Jungh. ined. n. 91 et 103 = Mallotus campanulatus J. J. Smith

(first published in 1907 in Icones Bogoriensis) ; PI. Jungh. ined. n.

1J3 = Ostodes niacrophylla Benth. et Hook (not recorded for Java

even at the present time); PI. Jungh. ined. n. 462 = Elaeocarpus

GHffithii A. Gray (not known for Java at that time); PI. Jghn.

ined. n. 438 = Saurauja dasyantha De Vriese (even now not

mentioned for Java in the literature); PI. Jghn. ined. n. 256 =
Eugenia cuprea Koord. et Valeton published in 1900); PI. Jghn.

ined. n. 426 = Symplocos Junghuhnii (published for the first time

below).

The specific description is as follows:

Symplocos Junghuhnii Koord., nova spec. — Arbor ramulis gla-

bris. Folia tenuiter coriacea, supra glaberrima, subtus praeter costam

laxe appresse pilosam glabra; 12—15 cm. longa et 4—5 cm. lata,

subintegra v. valde indistincte serralata, basi angustata, apice sensim

vel abruple acute acuminata; nervis secundariis plerumque impressis,

petiolo 1—IVi ^^^' longo. Racemi simplices axillares et terminales

villosi petiolo 4—5-plo longiores; bracteae ovato-acutae extus basi

puberulae calycera aequantes
;

pedicelli caljce paullo breviores, caljcis

tubus extus villosus, lobi rotundati glabri marginibus ciliatis, corolla

calyce duplo longior utrinque glabra stamina ultra 100 satis distincte

pentadelpha; filamenta filiformia glaberrima; ovarium 3-loculare gla-

brum, stylus glaber; fructus ignotus.

West-Java (Preanger). — PI. Jungh. ined. n. 426 in Herb. li. B.

The foliage of this species greatly resembles that of Sympl Hen-

schelii Brand [in Engler Monogr. Symploc. Pflanzenw. IV. 242.

(1901) 89], but the floral structure is different, as is evident from

the above diagnosis.

In the system of the Symplocacae of Brand I.e. this species will

have to bo placed in the subgenus Hopea (L. f.) Clarke, and in the

section Bobua (DC.) Brand., and probably in the subsection Palura

(Buch.-Uamilt.) Bent, et Hook., immediately near to Symplocos ribes

JuNoii. et De Vriese [in Dk Vriese, PI. nov. Ind. bat. (1845) 11;

Bband I.e. 39.] Through the oxtra-ordinarily large number (100) of

stamens Symplocos Junghuhnii seems to me to dififer from S. ribes,

and from the other more or less closely related Javanese species,

S. aluminoia Blumb Brand I.e., S. odoratissima (Bl.) Choisy and

S. ietsilifolia (Bl.) QOrke.

S. polyandra, Brand. 1, c. 36 of the Philippines, which is also

related and also has about 100 stamens, is distinguished from the

Javanese plant since it has panicles instead of simple racemes.
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In 1856 MiQUEL evidently resolved to bring out a second part

of the publication, which appeared in 1854 (Plnntae Jtmgh. Enum.

pL). This follows for instance from his quoting in the Flora Ind.

Bat. II (1856) p. 1053: "PI. Jungh. I. p. 84". My publication on

the PI. Jungh. ined. might therefore perhaps have been called "Pi.

Jungh. 11". Since, however the only part, which appeared in 1854,

was not specially designated as part N°. I, I have now, for the sake

of clearness, not called my present publication also "P/antae Jungh.",

but "Plantae Junghuhnianae ineditae".

I found this latter designation for the first time in Miquel F1.

Ind. Bat. I. 2. (1859) p. 356. An authentic herbariuraspecimen of

Flueggea serrata Miq., collected by Junghuhn in the higher mountain

regions of Java, and found by me in the University Herbarium at

Utrecht, is published there for the first time and is quoted by Miqcrl

1. c. as PI. Jungh. inedit.

The authentic herbarium-labels, preserved at Leiden, which refer to

the species treated of in the above-mentioned publication {PL Jungh.

Enum. pi, 1854) bear numbers, which correspond with that publi-

cation of 1854 and are sometimes also quoted in the later publications

as PI. Jungh. n. 1, 2, 3, etc. In order to avoid any possible con-

fusion with these numbers, I have quoted below the specimens in

the collection now described by me, as follows : Pi. Jungh. ined.

n. 1, 2, etc.

The number of exclusively alpine Javanese species met with in

the above collection, is not large. Nevertheless I found several more

or less characteristic Javanese alpine species represente<l, sometimes by

a profusion of specimens. As such the following may be mentioned

among others: Urtica grandidenta Miq., Thalictrum javanicum Bl.,

Myrica javanica Bl., Euphorbia Rothiana Spreng., Viola serpens

Wall., Leptospermum javanicum Bl., Clethra canescens Rklnw.,

Leucopogon javanicus (Jungh.) de Vriese, Lysimachia ramosa Wall.

var. typica Knuth., Primula imperialis Jungh., Buddleia asiatica

Lour., Vaccinium Teijsmanni Miq., Vaccinium varingaefolium Miq.,

Rhododendron retusum Benn., Lonicera oxylepis Miq., etc.

With some specimens of the collection, now described by me,

I found labels, on which, presumably about half a century ago,

was written in the hand-writing of the late Professor W. H. de Vriese :

''legit Junghuhn, herb, de Vriese". It seems therefore, that before

'sRijks Herbarium at Leiden acquired this collection of Junghuhn

whether by purchase or by donation, it belonged wholly or partly

to that herbarium.

The determination of the above-mentioned Junghuhn's collection,

11

Proceedings Royal Acad. Amsterdam. Vol. X.
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was chiefly carried out by me at Leiden, with the aid of the mate-

rial for comparison in 's Rijks Herbarium, and for a few rare species

with the help of the collections of the University Herbarium at

Utrecht.

Leideyi, Juni 23'^ 1908.

Chemistry. — ''The dynamic conception of a reversible chemical

reaction." By Prof. A. Smits and J. P. Wibaut. (Communi-

cated by Prof. A. F. Holleman.)

It is generally known that our kinetic views lead to the assump-

tion, that with every reversible reaction we meet with two reactions,

which proceed in opposite directions.

The following consideration, however, seemed to show that a direct

proof for this dynamic conception could not be given.

Our power of observation only enables us to observe differences;

so if we observe something of a conversion, tliis is tlie consequence

of this that the velocity of one reaction is greater than that of

another, and we get an impression as if only one reaction takes

place, which proceeds with a velocity equal to the difference of the

velocities of the two reactions.

As we shall see, this reasoning, which is perfectly correct for

convei*sions in homogeneous systems, does, however, not hold good

in all respects in a single case for a conversion in a heterogeneous

system in consequence of particular circumsUxnces.

The above arguments, however, seemed so convincing that up to

now the following indirect proof has been considered the only one

possible.

The already indicated conception of a reversible reaction leads to

a simple relation between the constants of equilibrium and the two

yfc,

constants of reaction, which runs: /{=—. This relation, now, sup-

plied a means to test the kinetic conception of a reversible conver-

sion, and it is known that experiment has shown for the few cases

which have as yet been investigated, that this relation is really

aatisfied.

Yet it seemed very desirable to prove the correctness of our

dynamic conception of a reversible reaction by a direct way.

The conversion by means of which we have reached our purpose

is this

2C0;±C0,-f C,
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That the choice fell on this reaction was due to this that it has

appeared from the investigations of Boudouard') and others that

when CO is converted into CO, and C, the carbon is deposited in

the form of graphite, so that it was to be expected that when we

start from the riglithand system, and lead CO, over diamond at

constantly increasing temperature, graphite, which will be immediately

visible even in exceedingly small quantities will deposit on the

diamond, the reaction proceeding simultaneously from left to right.

[It is hardl}' necessary to obserxe here that we discuss the reaction

in the gas phase, in which the gaseous carbon is one of the reading

components.

The circumstance that the system is heterogeneous, and according

to the molecular theoretical views by the side of the homogeneous

reaction two more heterogeneous transformations take place, viz.

:

diamond -^ Cvapour and Coapour —^ graphite, between which the

homogeneous reaction forms the link, made us suppose, we had

found in this example a means to test our dynamic conception con-

cerning a chemical reaction] ').

It is self-evident that if the experiment is to prove anything, care

must be taken that the temperature never falls, because in this case

the depositing of graphite might be ascribed to a shifting of the

equilibrium from left to right.

To be sure that this was out of the question it was desirable to

make the temperature constantly increase during the experiment.

Before proceeding to the experiment we gladly avail oui'selves of

this opportunity to mention that the diamond powder with which

the above mentioned investigation was made, had been kindly sup-

plied to us by Messrs. Asscher, to whom we here express our great

indebtedness.

As it was important for our investigation to start from white

diamond powder, the diamojid received by us, which had a grey

colour in consequence of impurities, was heated in an open china

mug, by means of which a perfectly white powder was obtained.

Before now proceeding to the decisive experiment, it was necessary

to investigate first of all whether at the temperature at which we
intended to perform our investigation, diamond is already converted

to graphite.

For this purpose the white diamond powder was heated for an

1) Ann. Ghim. Phys. (7) 24, 5—85 (1901).

2) The passage between [ ] is added in the English translation.

11*
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hour to 900° in an atmosphere of pure nitrogen by means of an

electrical furnace, on which it appeared that under these circum-

stances nothing was to be detected of a conversion of diamond into

graphite.

When this favourable result had been obtained, a china dish fdled

with diamond powder was placed in a china tube which was slowly

heated in an electrical furnace, a current of pure CO, passing through

the china tube.

The escaping gas was led through a very sensitive solution of

PdCl,, so that the presence of CO in it was at once to be detected.

The experiment showed that under these circumstances the reduc-

tion of CO, by diamond begins to be noticeable only at about 750**,

and proceeds rapidly at 850°.

So after the conversion

CO, -fC-> 2(7(9

had been shown in this way, we had to ascertain whether the reverse

reaction

2CO-»C(9, + C

had taken place in the course of this process.

For this purpose the CO, stream was suddenly broken while the

temperature was still increasing, and the gas-mixture in the china

tube was expelled rapidly and completely by means of pure nitrogen.

Only then the temperature was lowered, and the furnace cooled

down to the temperature of the room.

The contents of the boat showed in an unmistakable way that the

latter reaction had really taken place, for the colour had become

grayish, in consequence of the depositing of graphite, wliich had

taken place throughout the mass.

On repetition of the experiment the same result was obtained, so

that we think that we have given in this way for the first time a

direct proof of the correctness of the (/y/wmi'c conception of a reversible

reaction.

A.J I 4ftAQ Anorq. chem. Laboratorium
Atiuterdam. June 1908. J^j:

^,^^ Univenity.
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Physics. — "The P-T-X-spacial figure for a system of tiro com-

ponents which are miscible in the solid or liquid crystalline

state in all proportions" By Prof. A. Smits. (Comraunicated

by Prof. J. D. van der Waals).

When we project the spacial figure mentioned in the title above

it appears that its most remarkable feature is this that three two

sheet surfaces must intersect viz. the vapour-liquid sheet, the vapour-

mixed-crystal sheet, and the liquid-mixed-crystal sheet, of which we

know tiiat for the simplest case, i.e. for the case that these sheets

possess neither maximum nor minimum, they show great resemblance

in form.

To examine how this intersection takes place we consider fii*st of

all a p-.i'-figure for a temperature below the triplepoint temperature

of the two components.

If we call as is usual, the component with the highest vapour

tension (and the lowest triple-point temperature) A, this /?-a.*-diagram

has a shape as indicated in fig. 1.

On line a c ^ we find the mixed-crystal phases, which coexist with

the vapour phases, which lie on the line adb.

Between these two curves lies the region for vapour -f- mixed-

crystal, G -\- F, and above the line ach the region for the mixed-

crystals F, and under adb the region of the vapour G. If now
we choose a temperature above the triple-point temperature of A^

but below that of B, and if we assume for a moment that at the

temperature considered A is found in a solid, so supersolidified

state, we get a p-x-figure as indicated by afbga in fig. 2, which

is quite analogous to that represented in fig. I.

Solid A, however, being metastable at this temperature, part of

this p-x-{\^\xvQ will be metastable on the ^-side, and now the question

rises what stable equilibria will take the place of these metastable

equilibria.

This is immediately seen when we imagine the case, that the two

components are liquid at the temperature considered, and so B occurs

in superliquefied state.

In this case we should find a p-or-figure as indicated by cldgc,
where we notice that d lies below b, and c above a, b and c

denoting the vapour tension of metastable states of A and B.

The line eld indicates here the liquid phases coexisting with

vapour phases on egg.

The /)-.r-figure afbga being metastable on the side of A and

cldgc being metastable on the side of B, it is at once evident thaj
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the stable p-.r-figure will contain the lefthand part of the former and

the righthand part of the latter ;?-.r-figiire, which parts will meet

where a vapour phase coexists at the sanae time with a liquid phase

and with a mixed-crjstal phase.

As follows from the diagram the vapour branches of the two

p-.r-figures intersect in g, so that g is a vapour which does not only

coexist with the liquid /, but also with the mixed-crjstal phase /.

So the three-phase-equilibrium G -\- L-\- F, which is non-variant

at constant temperature constitutes the transition between the series

of mixed-crystal phases af, and the series of liquid phases Id, which

can coexist at a series of pressures with vapour phases of different

concentration.

We find the region of the liquid L above the line dl and the

region of the mixed crystals F above the line af. The two regions

are separated by a region of liquid -j- mixed crystals lying between

the lines Iq and fq.

If we now draw some p-c^-figures corresponding with different

temperatures in the same graphical representation beginning with the

triple point temperature of A, and ending with the triple- point tem-

perature of By we get what is represented in fig. 3.

Figure ah corresponds to the triple point temperature of ^ and a,6,

to that of B, the p-a,'-figures aj.\ and aj)^ referring to intermediate

temperatures.

From this collection of /?-.r-figures we see that when we join the

corresponding points of the different three-phase-pressure lines glf,

a three-pha.se-region is formed composed of two two-phase-regions,

first of tiie two-phase-region for the equilibria between vapour and

liquid, and secondly of a two-phase-region for the coexistence of

liquid and mixed crystals.

If we think the /Ki'-diagrams corresponding with the different

temperatures placed in succession, the vapour-lines form a vapour-

sheet, (he li(|ui(l-lincH a li(|uid-sheet, and the mixed-cryslal-lines a

mixcd-i'rystal-sheel.

The line bgy^a^ indicates the intersection of the vapour-sheet of the

mixed-crystals ') with the va|K)ur-shcet of the li<|ui(i phases, the line

/y//,^i, that of the liipiid KJicet of the nnxed-crysluls with the li(juid

sheet of the vapour pluiHCH, and /;//',^/, the line along which the mixed-

crystal sheet of Ihc liquid piiasos intersects the mixed-crystal sheet

of the vapour phases.

>) By the vapour thoet of tho mixed crystals we must understand here the

vapour sheet coexisting with the mixinl-crystal sheet.
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All this becomes perfectly clear when we consider the spacial

representation, fig. 4, to the right of the plane v^ v, v, v^.

Sa is the triplepoint of the component A

>^B >> >> >j >> )» >» -^

c*S^ is the vapour-pressure-line of solid A
SaKa „ „ „ » liquid A terminating in the

critical point Ka •

aSo is the vapour-pressure-line of solid B and

SbKb „ „ ,, » liquid B terminating in the

critical point Kn •

SaS'a is the melting-point-line of A and SbS'b the melting-point-

line of B.

Sa[/ Sb/ Sa is the three-phase-region discussed before, and the

»,a;-section drawn between the triple-points Sa and Sb shows that

Sa^ Sb is the vapour line, SaISb the liquid line, and Sa/Sb the

mixed-crystal line.

On the two-phiise-region Sa^SbISa He the vapour and liquid

phases which are in equilibrium with the mixed-crystals, and on

the two-phase-region Sa^ Sb/ Sa are found the liquid and the mixed-

crystal phases which can coexist with the vapour.

The two-sheet surface for mixed-crystal and liquid rests on this

latter two-phase-region, which surface will in general be very steep.

It has been ixssumed in the spacial figure that as is actually the

dp
case as a rule, — of the melting-point lines of the components is

dt

at first positive, which causes the two-sheet surface mentioned to

run to higher temperatures with increasing pressure, which is here

represented in an exaggerated manner.

A consequence of this situation is this that, as has been indicated

in the section, at a temperature lying between the triple-point tem-

peratures of A and B, the region for liquid and mixed crystal ceases

to exist above a certain pressure, r, so that the three regions of

two-phase equilibria, mixed-crystal-vapour, liquid-vapour, and mixed-

crystal-liquid are limited on all sides.

dp
It is evident that when — is negative for both melting-point lines,

point r will not lie on the melting-point line of the component A,

but on that of B.

In the case that the two components pass into the fluid-crystalline

state before melting, the spacial figure of such a system is represented

by the whole of figure 4 for the simplest case.
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The lefthand part agrees then perfectly with Bakhuis Roozeboom's

spacial figure, Oa and Ob not representing tlie melting-points under

vapour-pressure, but the transition points of the two components

under vapour pressure, i. e. the points where the ordinary crystalline

state passes to the fluid crystalline state under the pressure of its

vapour.

If this spacial figure is cut by a plane of constant pressure, we
get, at least if this pressure is chosen high enough, the simplest

imaginable 7^-X-figure of a system of two components, each of which

possesses a stable fluid-crystalline modification.

The other possible cases may be easily derived from this spacial

figure.

Amsterdam June 1908. Anorg. Chem. Laboratorium

of the University.

Physics. — *'The liquefaction of helium". By Prof. H. Kamerlingh

Onnes. Communication N°. 108 from the Physical Laboratory

at Leiden.

^ 1. Method. As a first step on the road towards the liquefaction

of helium the theory of van der Waals indicated the determination

of its isotiierms, particularly for the temperatures which are to be

attained by means of liquid hydrogen. From the isotherms the critical

quantities may be calculated, as van der Waals did in his Dissertation

among others for the permanent gases of Faraday, which had not

yet been made li(iuid then, either by lirst determining a and /;, or

by applying the law of the corresponding states. Led by the consi-

derations of Comm. NV 23 (Jan. 1896)') and by the aid of the critical

quantities the conditions for the litjuefaction of the examined gas may

be found by starling from another gas with the same number of

atoms in the molecule, which has been made liquid in a certain

apparatus. By a corresponding process in an apparatus of the same

form and of corresponding dimensions the examined gas may be

made liquid.

*) (Develpped in view of tlie »laticnl liquefaction of liycirogcn and the ol)tainii)g

of a permanent bath of lir|ui(l hydrogen (Comm. N". 01/') at which i wns working

tbral.

By [] wilt be designed MldttioiM OMde in the IranMlation.
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The Joui.k-Kelvin effect, wliich plays sucli an important part in

the liquefaction of gases whose critical tenjperature lies below the

lowest temperature down to which we can permanently cool down,

may be calculated from the isotherms, at least if the specitic heat

in the gas stale is not unknown, and its determination, though more

lengthy than that of the isotherms, may be an important test of our

measurements. If there is to be question of statical litpiefaction of

the gas by means of the Joulk-Kelvin effect, this must at all events

give a decrease of temperature at the lowest temperature already

reached, which, as was demonstrated in the above communication,

will be the case to a corresponding amount for gases with the same

number of atoms M in the molecule at corresponding states, while a

mon-atomic gas compared with adi-atomic one will be in more favourable

circumstances for liquefaction (Conip. also Comm. N'. 66, 1900).

But the sign of the Joule-Kelvin effect under certain circumstances

does not decide the question whether an experiment on the statical

li(luefaction of a gas will succeed. Speaking theoretically, when by the

Joule-Kelvln etfect, at a certain temperature a decrease of temperature

however slight can be effected, liquid may be obtained by an adia-

batic process with a regenerator coil and expansion cock with

preliminary cooling down of the gas to that temperature. But as long

as we remain too near the point of inversion the Joule-Kklvjn effect

will have a slight value; accordingly the processes by which really

gas was liquetied in statical state with an apparatus of this kind, as

those which were applied to air by Linde and Hampson, and to

hydrogen by Dewar, start from a much lower reduced temperature,

viz. from about half the reduced temperature at which the sign of the

Joule-Kelvin effect at small densities is reversed, or more accurately

from somewhat below the BoYLE-point, i.e. that temperature at which

the minimum of pv is found at very small densities. [Experiments from

which could be derived at how much higher reduced temperature

the process still succeeds with mon-atomic gases are lacking]. So
according to the above theorem it is practkalli/ the question whether

the lowest temperature at our disposal lies below this BoYLE-point
')

1) [The inversion points of the effect having reference to the amount and
therefore being independent of the number of atoms in the molecule, are at

corresponding states, and the inversion point for small densities is at corresponding
temperature for all gases as far as they obey the law of corresponding states.

This is easily deduced from the considerations of Coram. N®. 23].

2) [The Boyle point, as well as the Joule-Kelvin inversion point for small
densities is a corresponding temperature and both temperatures are therefore pro-

portional theoretically, in the present question it is better to refer to the Boyle
point than to the Joule-Kelvin inversion point considering the deviations of the

law of corresponding states].
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which is to be calculated from the isotherms, and the Joule-KelviN

effect has therefore a sullicient value to yield an appreciable quantity

of liquid in a given apparatus in a definite time.

Three years ago I had so far advanced with the investigations

which led to the isotherms of helium/) that these determinations

themselves could be taken up with a reasonable chance of success.

At first the great difficulty was how to obtain sullicient quantities

of this gas. Fortunately the Office of Commercial Intelligence at

Amsterdam under the direction of my brother, Mr. 0. Kamerlinqh

C)NNES, to whom I here express my thanks, succeeded in finding in

the monazite sand the most suitable commercial article as material

for the preparation, and in affording me an opportunity to procure

large quantities on favourable terms. The monazite sand being

inexpensive, the preparation of pure helium in large quantities

became chiefly a matter of perseverance and care, "j

The determination of isotherms of helium was not accomplished

before 1907.

The results of the determinations of the isotherms were very

surprising. They rendered it very probable that the Joule-Kelvin

effect might not only give a decided cooling at the melting point

of hydrogen, but that this would even be considerable enough to

make a Linde-Hampson process succeed.

Before the determinations of the isotherms had been performed

I had held a perfectly different opinion in consequence of the failure

of OiJSEWSKi's and Dewar's attempts to make helium liquid, and had

even seriously considered the possibility that the critical temperature

of helium, might lie if not at the absolute zero-point, yet exceedingly

low. In order to obtain also in this case the lower temperatures,

which among others are necessary for continuing the determi-

nations of isotherms l>elow the temperatures obtainable with solid

hydrogen, I had e.g. been engaged in designing a helium motor (cf.

CJomm. N*. 23) in which a vacuumglass was to move to and fro

as a piston in another as a cylindre. And when compressed helium

was observed to sink in li<|uid hydrogen (Connn. N°. 96, Nov. 1906)

1 have again easily suffered myself to be led astray to the erroneous

supposition of a very low critical temperature.

In the meantime I had remained convinced that only the deter-

M [CSomp. for cryontatH : Comm Ns. 14, 51, 83, 04, fur thermometry: Comm.
Nf. 27, 60, 77, 98, 95, W, 101, 102, for manometers, piezometers and deter-

mination of isotherms: Comm. Ns 44, 50, G9, 7U, 71, 78, 97 09, 100|.

') [Even the quantity of 200 liters (and 160 liters of reserve) of the extteme

purity required, though requiring a great deal of labour, was uul out of reach].
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mination of the isotherms could decide how helium could be made

li(|uid. Hence we had proceeded with what might conduce to making

a favourable result for the critical temperature at once serviceable.

Thus the preparation of a regenerator coil with expansion cock

in vacuum glass (to be used at all events below the point of inver-

sion), and the preparation of pure helium was continued. Of the

latter a quantity had even been gradually collected sufficiently large

to render a determination of the Jodle-Kelvin effect in an apparatus

already put to the test in prelimininary investigations possible, and

(0 enable us to make efficient expansion experiments.

All at once all these preparations proved of the greatest importance

when last year (Coram. NV 102a) the isotherms began to indicate

5° K to 6^ K for the critical temperature, an amount which according

to later calculations, which will be treated in a subsequent paper,

might have been put slightly higher (e. g. 0,5 ), and which was

in harmony with the considerable increase of the absorption of helium

by ciiareoal at hydrogen temperatures, on the strength of which Dewar

had estimated the critical temperature of helium at 8*^ K. For

according to the above theorem it was no longer to be considered

as impossible to make helium liquid by means of a regenerator coil,

though this was at variance with the last experiments of Olszewski,

who put the critical temperature below 2°.

It is true that the conclusions drawn from the isotherms left room

for doubt. It seemed to me that the isotherms at the lowest tempe-

rature yielded a lower critical temperature than followed from the

isotherms at the higher temperatures, which is due to peculiarities,

which have been afterwards confirmed by the determination of new
• points on the isotherms. So there was ample room for fear that

helium should deviate from the law of the corresponding states, and

that still lower isotherms than those already determined should give

a still lower critical temperature than 5° K., and according as the

critical temperature passed on to lower temperatures the chance to make
helium liquid by means of the Joule-Kelvin effect beginning at the lowest

temperatures to be reached with liquid hydrogen ^solid hydrogen

brings new complications with it) became less. This fear could not

be removed by the expansion experiment which I made some months

ago, and in which I had thought I perceived a slight liquid mist.

(Comm. N". 105 Postscriptum March 1908). For in the first place

only an investigation made expressly for the purpose could decide

whether the mist was distinct enough, and whether the traces of

hydrogen the presence of which was still to be demonstrated spec-

troscopically, were slight enough to allow us to attach any im-
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portance to the phenoiuenon. And in the second place the mist was

very faint indeed, which miglit point to a lower critical temperature

than had been derived.

So it remained a very exciting question what the critical tem-

perature of helium would be. And in every direction in which

after the determination of the isotherms in hand we might try

to get more information about it, we were confronted by great

difficulties.

As, however, they consisted in the arrangement of a cycle with

cooled helium, [this being indispensable to integrate cooling effects

with a reasonable quantity of helium] the labour spent for years on

the arrangement of the Leiden cascade of cycles for accurate

measurements, might contribute to the surmounting of them. Arrived

at this point I resolved to make the reaching of the end of the road

at once my purpose, and to try and effect the statical liquefaction

of helium with a circulation, as much as possible "corresponding"

to my hydrogen circulation.

In this I perfectly realized the difficulty to satisfy at the same

time the different conditions for success [allowing for possible devi-

ations from the law of corresponding states]. For [though the suita-

bility of the hydrogen cycle for the cooling down of the compressed

helium to 15° K. was amply proved (Comm. N°. 103)] the preliminary

cooling to be reached was, as to the temperature, only just within

the limit at which it could be efficient, nor were the other circum-

stances which could be realized, any more favourable.

Of coui-se the scale on which the apparatus intended for the ex-

periment in imitation of the apparatus which had proved effective

for hydrogen, would be built, was not only chosen smaller in

agreement with the value of b which was put lower, but taken as small

a» possible. That the reduction of Ha.mi'son's coil to smaller dimen-

sions does not diminish its action had been found by former expe-

riments, and has been very clearly proved by what Olszewski tells

about the efficiency of his small hydrogen apparatus. I could not,

however, reduce below a certain limit without meeting with con-

struction problems, about which the hydrogen apparatus had not

given any information. Wo had to bo sure that the capillaries would

not get stopped up, that the cocks would work perfectly, that the

conduction of heat, friction etc. would not become troublesome.

When in connection with the available material, the smallest scale

at which I thought the apparatus still sufficiently trustworthy, reduc-

tion (0 half its bViA, had been fixed, the dimensions of the regene-

rator coil, though as small as those of Ols/kwski'h coil, proved
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still so large that the utmost was demanded of the dimensions of

the necessary vacuum glasses; which was of the more importance,

because the bursting of the vacuum glasses during the experiment

would not only be a most unpleasant incident, but might at the

same time annihilate the work of many months.

Besides the diHiculties given by the helium liquefactor itself, the

further arrangement of the cycle in which it was to be inserted,

offered many more.

The gas was to be placed under high pressure by the compressor,

and was to be circulated with great rapidity. Every contamination

was to be avoided, and the spaces which were to be filled with

gas under high pressure were to have such a small cajiacity, that they

only held part of the available naturally restricted quantity of helium.

As compressor only Cailletet's modified compressor could be used,

a compressor with mercury piston, which had been arranged for

experiments with pure and costly gases, and was described in Comm.
N*. 14 (Dec. 1894) and Comm. N'. 54 (Jan. 1900), and which also

served for the compression of the helium in the expansion experi-

ments of la^t March (Comm. N'. 105) ').

That it could only be charged to 100 atms., a fact which I had

sometimes considered as a drawback in the case of experiments with

helium, could no longer be deemed a drawback after the determina-

tions of isotherms had taught that even if the pressure of helium

compressed above 100 atms. at low temperatures is raised much,

the density of the gas increases but little. Accordingly I had not

gone beyond 100 atms. in my expansion experiments. The higher

pressures which Dewar and Olszewkski applied in their expansion

experiments, have been a decided disadvantage, because ihey involved

the use of a narrower expansion tube. With regard to the circulation

now to be arranged, with estimation of the critical pressure at 7

or 5 atms. *), according as b was put at a third or half that of hy-

drogen, a pressure of 100 atms. in the regenerator coil had to be

considered as suflicient according to the law of corresponding states.

But for a long time it was considered an insuperable difliculty

that the compressor conjugated to the auxiliary compressor could

circulate at the utmost 1400 liters of gas measured at the ordinary

1) [Just as when it was used to get a permanent bath of liquid oxygen (com-

pleted 1894 Coram. N". 14) it was now again in the pioneering cycle and rewarded
well the work spent on it, especially in 1888 when I was working at the problem
to pour off liquid oxygen in a vessel under atmospheric pressure by the help of

the ethylene cycle].

2) [The results of the isotherm of helium at — 259° to be treated in a following

communication were not yet available then; they point to a smaller value].
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temperature per hour, Vis of the displacement with the hydrogen

circulation. Not before experiments with the latter had been made,

in which the preliminary cooling of the hydrogen did not take place

with air evaporating at the vacuumpump (so at— 205°) but under ordi-

nary pressure (so at — 190°), and moreover the hydrogen compressor

ran 4 times more slowly than usual, and in these experiments liquid

hydrogen had yet been obtained, it might be assumed that the cir-

culation process to be realized would still be sufficient to accumulate

liquid helium.

With regard to the parts of the compressors, the auxiliary apparatus,

and the conduits, which in the course of the experiment assume the

same pressure as the regenerator coil, their joint capacity was small

enough to enable us to make the experiment with a quantity of 200

liters. This quantity of pure helium besides a certain quantity [160

liters] kept in reserve could be ready within not too long a time ^).

A great difficulty of an entirely different nature than the preceding

one consisted in this that the hydrogen circulation and the helium

circulation could not be worked simultaneously with the available

helpers to work them. It is true that the two circulations have been

arranged not only for continuous use, but if there is a sufficient

number of helpers, also for simultaneous use, but in a first experiment

it was out of the question to look, besides after the helium circulation,

also after the hydrogen circulation, the working of which requires

of course, great experience "). So on the same day that the helium

experiment was to be made, a store of hydrogen had to be previously

prepared large enough to provide for the required cooling during

the course of the helium experiment. It was again the law of corre-

sponding states which directed us in the estimation of the duration

of the experiment and the recpiired quantity of liquid hydrogen ").

They remained just below the limit at which the arrangement of

1) (That success was only possible by applying tiie cycle method is evident from

the fact that Ihc helium lias passed the valve 20 times before liciucfaclion was

observed, and the considerable labour expended on the preparation of the pure

helium would have been increased in the same proportion i.e. to an extravagant

amount].

*) (Now the great difficulties of a first liquefaction have been overcome simul-

taneous working has become possible, though it remains the question how to

find the means to develop IIk' laboratory service according to the extension of its

f\eld of research].

•) {The hydrogen cycle is not only arrangcti so that the same pure liydrof^en in

it can be circulated and liquefied at the rate of i liicrs per lioiu- as long as this

is wifhed, but alxo allowi (as will be treated in a following communication) easily

to prepare great stores of extremely pure hydrogen gas, which can be tapped off

from tiie apparatus as li<|uid at the rate of 4 liters per hourj.
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the experiment in the designed way would be unadvisable, but how

near this limit was has appeared later.

In all these considerations the question remained whether everything

that could appear during the experiment, had been sufficiently taken

into account in the preparation. So we were very glad when the

calculation of the last determined points on the isotherm of — 259^

shortly before the experiment confirmed that the How.r.-point [though

below the boiling point of hydrogen] lay somewhat above this lowest

temperature of preliminary cooling, and at least the foundation of the

experiment was correct.

In the execution I have availed myself of different means which

Dewar has taught us to use. I have set forth tlie great importance

of his work in the region of low temperatures in general elsewhere

(Comm. Suppl. N°. 9, Febr. 1904), here, however, I gladly avail

myself of tlie opportunity of pointing out that his ingenious dis-

coveries, the use of silvered vacuum glasses, the liquefaction of

hydrogen, the absorption of gases in charcoal at low temperatures,

together with the theory of van dkr Waals, have had an important

share in the liquefaction of helium.

^ 2. Description of the apparatus. The whole of the arrangement

has been represented on PI. I. We mentioned before that in virtue

of the principles set forth in Comm. N°. 23 the construction of the

helium liquefactor (see PI. II and III) was as much as possible an

imitation of the model of the hydrogen liquefactor described before

(Comm. N°. 94 ^ May 1906), to which 1 therefore refer in the fii-st place.

It was particularly ditTicult to keep the hydrogen, which eva-

porating under a pressiu-e of 6 cm. is to cool the compressed

helium to 15° K. (just above the melting point of hydrogen), on the

right level in the refrigerator intended for this purpose. This diffi-

culty was surmounted in the following way. The liquid hydrogen is

not immediately conveyed from the store bottles into the refrigerator,

but lirst into a graduated glass Ga in the way indicated before,

which on comparison of the figures from Comm. N°. 94/ and N°. 103

PI. I fig. 4 does not require a further explanation. This graduated

glass was a non-silvered vacuum glass, standing in a silvered vacuum
glass Gb with liquid air, in which on either side the silver coating

had been removed over a vertical strip so as to enable us to watch

the level of the hydrogen in the graduated glass. From this vacuum
glass the liquid hydrogen is siphoned over into the hydrogen refri-

gerator by means of a regulating cock F. To see whether the level

of the liquid in the refrigerator takes up the right position, the

german silver reservoir JSf^ of a helium thermometer has been
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soldered to the tube wliich conveys at an initial temperature of

— 190° the compressed helium which is to be cooled down further.

This reservoir leads through a steel capillary iV", (as in Comm.
N*. 27, May, 1896) to a reservoir N, with stem iV,. The quantity

of helium and the pressure have been reguhited in such a way
that the mercury stands in the top of the stem, when the thermo-

meter reservoir is quite immerged in hydrogen of 15° K, while as

soon as the level falls, this is immediately shown by the fall of

the mercury. The same purpose is further served by two thermo-

elements constantan iron (see Comm. NV 89 Nov. 1903 and N°. 95a

June 1906) one on the bottom, the other soldered to the spiral on

the same level as the thermometer reservoir. They did not indicate

the level in the experiment of July 10'''
, because something got defect.

The evaporated hydrogen contributes in the regenerator Db to save

liquid air during the cooling of the compressed helium, and is sucked up

(along 15 and Hc^ in the large cylindre of the conjugated methylchloride

pump (Comm. N". 14 Dec. 1894), which otherwise serves in the

methylchloride circulation of the cascade for liquid air ; it is further

conducted through an oil-trap, and over charcoal to the hydrogen

gas-holder (Comm. N°. 94/), from which the hydrogen compressor

(Qomm, N*. 94/) forces the gas again into the store cylindres.

To fdl the helium circulation the pure helium passes from the cy-

lindres /?! (see PI. II), in which it is kept, into the gasholder floating

on oil (cf.' Comm. N°. 94/), which is in connection with the space in

wliich the helium expands when issuing from the cock, a german

silver cylindre, in which the upper part of the vacuum glass Ea
has been inserted. The gas from the gasholder, and afterwards the

cold outflowing helium, which has flowed round the regenerator

coil, and of whose low temperature we have availed ourselves in

the regenerator Da to save liquid air when cooling the compressed

helium, is sucked up by the auxiliary compressor V, and then

received in the compressor with mercury piston Q (Comp. Comm.

N*. 54). This forces it (IM. II and III) along the conduit:

a. through a tube Ca which at its lower end is cooled down far

below the freezing point by means of vapour of liquid air, and at

its upper end is kept at the ordinary temperature. Here the helium

18 perfectly dried.

b. through a tube divided into two |)art8 along two refrigerating

tubes (ill Du and DO), in which it is cooled in the one by the

abducod hydrogen, in the other by the abducod helium, after which

it unites again.

c. through a tube CO fllicd with oxhauHtod charcoal immerged
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in liquid air. Here whatever traces of air might have been absorbed

during the circulation, remain behind.

d. through a refrigerating tube j8, lying in the liquid air, w^hich

keeps the cover of the hydrogen space and of the helium space

cooled down.

e. through a refrigerating tube -B,, in which it is cooled by the

evaporated liquid hydrogen.

/. through the refrigerating tube B^ lying in the liquid hydrogen

e\aporating under a pressure of cm., here the compressed helium

is cooled down to 15° K

;

g. and from here in the regenerator coil A, which has been

fourfold wound as in Hampson's apparatus for air, and in the

hydrogen liquefactor of Comm. 94/.

Then it expands llirough the cock M^, if it should allow too much
gas to pass, this can escape through a safety tube. When the tem-

perature has descended so low that the liquid helium flows out,

the latter collects in the lower part of the vacuum glass Ea, which

is transparent up to the level of the cock, and is silvered above it.

The outflowing gaseous helium can be made to circulate again

by the compressor of the circulation, or be pressed in the supply

cylinders /?,.

At some distance under the expansion cock M^, the german silver

reservoir 7%i of a helium thermometer has been adjusted, it is

soldered to a steel capillary 7'A,, which is connected with the mano-

meter reservoir Th^ with stem Th^. If the mercury has been adjusted

in such a way that at 15° K its level is at the- lower end of the

just mentioned stem, the stem has suflicient lengtli to prevent the

mercury from overflowing into tlie capillary with further fall of

the temperature.

The circulation is provided with numerous arrangements for dif-

ferent operations (for the compressor comp. Comm. n". 54). Worth
mentioning is an auxiliary tube Z fllled with exhausted charcoal,

which is cooled by liquid air when used After the whole apparatus

has been fllled with pure gas, the gas is circulated through this side-

conduit (along 11 and 8) while the tube Cb of charcoal belonging to

the liquefactor, is shut off (by A/ and 9), to free it from the last traces

of air which might have remained in the compressor and the conduits.

It now remains to describe in what way it has been arranged that

the liquid helium can be observed. Round the transparent bottom

part of the vacuum glass a protection of liquid hydrogen has been
applied. The second vacuum glass Ei, which serves this purpose,

forms a closed space together with the former Ea, and the construction

12
Proceedings Royal Acad. Amsterdam. Vol. XI.
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has been arranged in such a way that first this space can be exhausted

and filled with pure hydrogen gas, which is necessary to keep

the liquid hydrogen perfectly clear later on. The liquid hydrogen is

again conducted into this space in the way of Comm. N°. 94/ and

103 PI. I fig. 4 ; the evaporated hydrogen escapes at Hg to the

hydrogen gasholder. The hydrogen glass is surrounded by a vacuum

glass Ec with liquid air, which in its turn is surrounded by a glass

Ed with alcohol, heated by circulation.

By these contrivances and the extreme purity of the helium we

succeeded in keeping the apparatus perfectly transparent to the end

of the experiment, after 5 hours. Protection with liquid hydrogen is

necessary to reduce the evaporation of the helium to an insignificant

degree notwithstanding that the silver coatings of the vacuum glass

have been removed. That it ended in a narrower part, and the helium

thermometer reservoir not was placed at the lowest point, was because

it was possible that only an exceedingly slight amount of liquid was

formed. The vacuum glass was made transparent up to the cock in

order to enable us to see any mist that might appear and if on the

other hand much liquid was formed, to prevent the lower part from

getting entirely filled without our noticing it. The latter has actually

been the case for some time, and would not have been so soon

perceived, if the walls had been silvered further. But if the glass is

not silvered, the conduction of heat towards the helium is much

greater, and without protection with liquid hydrogen the helium that

was formed, might have immediately evaporated.

In the preparation of the vacimmglasses ^) Mr. 0. Kesselring, glass-

blower of the laboratory, has met (he high demands put to him,

with untired zeal and devotion, for which I here gladly express my
thanks to him.

^ 3 Tke helium. As to the chemical part of the preparation of

this gas I was successively assisted by Mr. J. Waterman, Mr. J. G.

JuRiJNG, Mr. W. Mkyer-Cluwen and Mr. H. Filippo Jzn. Chem. Docts.,

who coUaboraled with Mr. G. J. Flim, chief of the technical depart-

ment of the cryogenic laboratory. To all of them I gladly express

my indcb*cdnesH for tiie share each of them has had in the arrange-

ment, the improvement, and the simplification of the operation. More

particularly to Mr. Filippo for his careful analyses and the oflective

way, in which the last combustion over CuO with addition of

oxygen, and avoidance of renewed contamination by hydrogen was

carried out by him.

1) [There wm one of each in reserve before the beginning of llie experiment.

Only one of the retervex bad to be iiHedJ.
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The gas was obtained from the monazite (see ^ 1) by means of

heating, it was exploded with oxygen, cooled with liquid air, and,

compressed, led over charcoal at the temperature of li(juid air. Then

it was burned over CiiO. Then it was compressed over charcoal at

the temperature of liquid air, after which it was under pressure

led over charcoal at the temperature of liquid hydrogen several

times till the gas which had been absorbed in the charcoal and then

separately collected no longer contained any appreciable admixtures.

This way of preparation (to be treated in a following Comm.)

was also applied in Comm. N'. 105.

^ 4. The experiment. After on July 9'^ the available quantity of

liquid air had been increased ') to 75 liters, all apparatus examined as

to their closures, exhausted, and filled with pure gas, we began the

preparation of liquid hydrogen on the 10*^ of July, 5.45 a.m.,

20 liters of which was ready for use in silvered vacuum glasses

(cf. Comm. N°. 94/ PI. Ill) at 1.30 p.m. In the meantime the helium

apparatus had been exhausted while the tube with charcoal belonging

to it was heated, and this tube being shut off, the gas contained in

the rest of the helium circulation was freed from the last vestiges

of air by conduction over charcoal in liquid air through the side-

conduit. The hydrogen circulation of the helium apparatus was con-

nected with the hydrogen gasholder and the air-pump, which had

served as methyl chloride pump in the preparation of air the day

before, and this whole circulation was exhausted for so far as this

had not yet been done, and filled with pure hydrogen. Moreover

the space between the vacuum glasses {Ea and Eb) which was

to be filled with liquid hydrogen as a protection against access

of heat, was exhausted and filled with pure hydrogen, and the

thermometers and thermoelements were adjusted.

At 1.30 p.m. the cooling and filling of the glasses which, filled

with liquid air, were to protect the glasses which were to be filled

with liquid hydrogen, began with such precautions that everything

remained clear when they were put in their places. At 2.30 a

commencement was made with the cooling of the graduated vacuum
glass and of the hydrogen refrigerator of the helium liquefactor by

the aid "oTTydrogen led through a refrigerating^ lube,- which was
immerged in liquid air__At 3 o'clock 4l*e temperature of the refri-

gerator had fallen to —180° according to one of the thermo-elements.

Then the protecting glass [Eb) was filled with liquid hydrogen, and after

1) [With the help of the regenerative cascade Gomp. Comm. W. 94, f. XllI and

Supplem. NO. 18].
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some delay in consequence of insignificant disturbances, the filling

of the graduated vacuum glass and the hydrogen refrigerator with

hydrogen began at 4.20 p.m.

At the same time the helium was conducted in circulation through

the liquefactor. The pressure under which the hydrogen evaporated,

was gradually decreased to 6 cm., at which it remained from 5.20

p.m. The level in the refrigerator was continually regulated according

to the indication of the thermometer-level-indicator and the reading

of the graduated glass, and care was taken to add liquid hydrogen

{Hydr. a, Hydr h PI. II) and liquid air wherever necessary {a,h,c,d,

PI. II). In the meantime the pressure of the helium in the coil

was slowly increased, and gradually raised from 80 to 100 atms.

between 5.35 and 6.35 p.m.

At first the fall of the helium thermometer which indicated the

temperature under the expansion cock, was so insignificant, that we

feared that it had got defect, which would have been a double disap-

pointment because just before also in the gold-silver thermo-element,

which served to indicate the same temperature, some irregularity

had occurred. After a long time, however, the at first insignificant

fall began to be appreciable, and then to accelerate. Not before at

6.35 an accelerated expansion w^as applied, on which the pressure

in the coil decreased from 95 to 40 atms., the temperature of the

thermometer fell below that of the hydrogen. In successive accele-

rated expansions, especially when the -pressure was not too high, a

distinct fluctuation of the temperature towards lower values was clearly

observed Thus the thermometer indicated e.g. once roughly 6° K.

In the meantime the last bottle of the store of liquid hydrogen

wa8 connected with the apparatus : and still nothing had as yet been

observed but some slight waving distortions of images near the cock. The

thermometer indicated first even an increase of temperature with accele-

rated expansion from 10(> atms., which was an indication for us to lower

the circulation pressure to 75 atms. Nothing was obs3rved in the

helium space then either, but the thermometer began to be remar-

kably constant from this moment with an indication of less than

5® K. When once more uccelerated expansion from 100 atms. was

tried, the tcmpuruturo first rose, and returned then to the same

constant point.

It was, as prof. ScnUEiNK-MAKRUS, who was present at this part

of the experiment, observed, as if the thermometer was placed in

a liquid. This proved really to bo the case. In the construction of

the apparatus (see § 2) it had boon foreseen that it might fill with
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liquid, without our observing the increase of the liquid. And the

first time the appearance of the liquid had really escaped our

observation. Perhaps the observation of the liquid surface, which is

.difficult for the first time under any circumstance, had become the

more difficult as it had hiilden at the thermometer reservoir. However

this may be, later on we clearly saw the liquid level get hollow

by the blowing of the gas from the valve and rise in consequence

of influx of liquid on applying accelerated expansion, which even con-

tinued when the pressure descended to 8 atms. So there was no doubt

left that tlie critical pressure lies also above one atmosphere. If

it had been below it, the apparatus might all at once have been

entirely filled with liquid compressed above the critical pressure,

and only with decrease of pressure a meniscus would have appeared

somewhere in the liquid layer ; this has not taken place now.

The surface of the liquid was soon made clearly visible by

reflection of light from below, and that unmistakably because it was

clearly pierced by the two wires of the thermoelement.

This was at 7.30 p. m. When the surface had once been seen,

it was no more lost sight of. It stood out sharply defined like the

edge of a knife against the glass WiiU. Prof. Kuene!^, who arrived

at this moment, was at once struck with the fact that the liquid

looked as if it was almost at its critical temperature. The peculiar

appearance of the helium may really be best compared with that of

a meniscus of carbonic acid e. g. in a Cagniard de la Tour-tube.

Hero, however, the tube was 5 cm. wide The three liquid levels

in the vacuum glasses being visible at the same time, they could

easily be compared; the difference of the hydrogen and the helium

was very striking.

When the surface of the liquid had fallen so far that 60 cm', of

liquid helium still remained — so considerably more had been drawn
off — the gas in the gasholder was exhausted, and then the gas

wliich was formed from this quantity of liquid was again separately

collected. In the course of the experiment the purity of this gas

was determined by means of a determiaatioa of the density (2,01),

which was afterwards confirmed by an explosion experiment with

oxyhydrogen gas added, and further by a careful spectroscopical

investigation.

At 8.30 the liquid was evaporated to about 10 cm*., after which

we investigated whether the helium became solid when it evaporated

under decreased pressure. This was not the case, not even when the

pressure was decreased to 2,3 cm. A sufficient connection could not be
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quickly enough ostablishoil with the large vacuunipunip, which exhausts

to 2 mm., so this will have to be investigated on another occasion.

The deficient connection, however, has certainly made the pressure

decrease below 1 cm., and perhaps even lower. That 7 mm. has

been reached, is not unlikely.

At 9.40 only a few cm', of liquid helium were left. Then the

work was stopped. Not only had the apparatus been taxed to the

uttermost during this experiment and its preparation, but the utmost

had also been demanded from my assistants.

But for their perseverance and their ardent devotion every item

of the program would never have been attended to with such perfect

accuracy as was necessary to render this attack on helium successful.

In particular I wish to express my great indebtedness to Mr. G. J.

Flim, who not only assisted me as chief of the technical department

of the cryogenic laboratory in leading the operations, but has also

superintended the construction of the apparatus according to my
direction, and rendered me the most intelligent help in both respects.

§ 5. Control erprriments. All the gas that had been used in

the experiment, was collected in three separate quantities and com-

pressed in cylindres Quantity A contains what was finally left in

the apparatus. Quantity B has been formed by evaporation of a

certain quantity of liquid helium. Quantity C is the remaining part

that has been in circulation. Together they yielded the same

quantity as we started with. They were all three exploded with

addition of oxyhydrogen gas and excess of oxygen ; no hydrogen could

be demonstrated. For the density (in a single determination) we
found (0=16) ^ = 2.04, 5=1.99, C= 2,02)

The spectrum of the pas used for the experiment put in a tube

with mercury (dosure without electrodes and freed beforehand from

vapour of water and fat at the temperature of liquid air, answered

(only the spectrum of the capillary has been investigated) the de-

Bcription given by Collik of the spectrum of helium with a trace of

hydrogen and mercury vapour.

SpcctroHcopically both the distilled C, and B were somewhat

purer than the original gas. In the latter the hydrogen lines gained

in case of high vacua, in the former the helium disappeared last.

The hydrogen, from wliich the latter has still been cleared, must

he found in A. IJy nicans of almorption by charcoal 8 cm', of hy-

drogen wjifl separated from this. To this would correspond a (Htferenco

in percentage of hydrogen Ixforo and after the experiment of

0.004 •/••
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To estimate the percentages of hydrogen the spectra of the just-

mentioned quantities were compared with the spectrum of a helium

which could not contain much more than 0.005 7. hydrogen accord-

ing to an estimation founded on the quantities of hydrogen which

had been absorbed from the gas the last few times of successive

purification wlien it was led compressed over charcoal at the tempe-

rature of liquid hydrogen, and with the spectrum of this helium

after 0,1 "/o hydrogen had been mixed with it.

The gas used for the experiment did not differ much from that which

served for comparison, and of which the red hydrogen and the

helium lines vanished simultaneously for the highest vacua, but it

seemed to be somewhat less pure, for the red hydrogen line prepon-

derated over the helium line for the highest vacua. In the different

spectra the hydrogen line was not to be seen at a pressure of 32 mm.,

the i^-line with an intensity of 0,0l of He 50l6; at 12—16 mm.

C was faint compared with He 6677, and F faint compared with

He 5016. An amount varying between 0,01 and 0,3 was assumed

for the ratio of the intensity.

On the other hand at 32 mm. the C in the mixture with 0,1 pCt.

hydrogen had already the same intensity as He 6677, F 0,3 of

lie 5016, which remained the case at 16 mm. (somewhat less for

(/, somewhat more for F).

In spite of the precautions taken it was observed a single time

that the hydrogen lines increased in intensity during the deter-

mination, so when we proceeded to lower pressures the determinations

became unreliable. These comparisons are, therefore, very imperfect

;

but then, the examination how traces of hydrogen in helium may be

quantitatively determined by a spectroscopic method would constitute

a separate investigation. In connection with the above difference in

content of B and C with the original gas, the observations mentioned

may perhaps serve to show that these percentages have not been

much more than 0,004 and 0,008.

The purity of the helium had already been beyond doubt before,

for the cock worked without the least disturbance, and no turbidity

was observed even in the last remaining 2 cm*, of liquid.

The reliability of the helium thermometer was tested by the

determination of the boiling point of oxygen, for which 89° K.
was found instead of 90° K. We must however, bear in mind that

the thermometer has not been arranged for this temperature and
the accuracy in percents of the total value is considerably higher

for the much lower temperature of liquid helium.
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For the assistance rendered me in the different control experiments,

1 gladly express my thanks to Dr. W. H. Keksom and Mr. H.

FiLiPPO Jzn.

§ 6. Properties of the helium. By the side of. important points of

difference the properties of helium present striking points of resem-

blance with the image which Dewar drew in his presidential address

in 1902 on the strength of different suppositions.

We mentioned already the exceedingly slight capillarity.

For the boiling-point we found 4**.3 on the helium thermometer of

constant volume at I atm. pressure at about 20°K.This temperature is still

to be corrected to the absolute scale by the aid of the equation of

state of helium. The correction may amount to some tenths of degrees

if a increases at lower temperatures, so that the boiling-point may
perhaps be rounded off to 4°.5 K.

The triple-point pressure if it exists lies undoubtedly below 1 cm.,

perhaps also below 7 mm. According to the law of corresponding states

the temperature can be estimated at about 3° K at this pressure. The

viscosity of the liquid is still very slight at this temperature. If the

helium should behave like pentane, we could descend to below 1,5° K
before it became viscous, and still lower near 1° K before it became

solid. How large the region of low temperatures (and high vacua)

is that has now been opened, is, however, still to be investigated.

Liquid helium has a very slight density, viz. 0.15. This is smaller

than was assumed and gives also a considerably higher value of b

than can be derived from the isotherms at — 252°.72 and — 258".82

now that the points mentioned in § I have been determined, viz.

about 0.0007 provisionally. The value of b which follows from the

liquid state is about double the value of /; which was expected

[viz. 0,0005], and was assumed in the calculations of Dr. Kkksom

and myself on mixtures of helium and hydrogen (Comp. Suppl.

N*. Itf Sept. '07 § 1 fn. 5).

From the high value of b follows immediately a small value of

the critical pressure, which probably lies in the neighbourhood of

2 or 3 atms., and is exceedingly low in comparison with that f)r

other substanoes. So when helium is subjected to the highest pros

Bures possible, the ^'reduced" pressures become much higher than

arc to be realized for any other substance. What may be obtained

in this respect, by exerting a pressure of 5000 atins. on Indium

exceeds what would be reached when we could subject carbonic

acid e.g. to a pressure of more than 100.000 atms.

The ratio of the density of the vapour and that of the li(|uid is
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ahaut I to 11 at tli > boilini^-point. It points to a critical temperature

which is not much hii^her than 5° K., and a critical pressure which

is not much higher than 2,3 atms.

But all the quantities mentioned will have to be subjected to

further measurements and calculations before (hey will be firmly

established, and before definite conclusions may be drawn from them.

We may only still mention here a preliminary value of a, viz.

0.00005. When in 1873 van der Waals in his Dissertation

considered whether hydrogen would have an «, it was only after

ii long deliberation that he arrived at the conclusion that this

must exist, even though it should be very small. It may be presumed

that matter will always have attraction, wtis his argument, and as

chance would have it these words were repeated by him in reference

to helium some days before the liquefaction of helium (These Proc.

June 1908). The a found now denotes the smallest degree of this

attraction of matter, which still manifests itself with remarkable

clearness also in helium in its liquefaction.

Geology. — *'The age of the layers of Sonde and Trinil on Java"

.

By Prof. K. Martin.

(This paper will not be published in this Proceedings).

(September 8, 1908).
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Physics. — "Contribution to the theoi'y of binary mixtures." VIII.

By Prof. J. D. van der Waals.

«, ^*P ^ ^P ^
The intersection of the curve = with — = 0.

dv dx dv

By the aid of the approximate equation of state the course of the

d''p

curve — = is given by the equation

:

dv ax

,,„^c?6 daMET— —
dx dx

{v—by —^

'

As has been observed before, it has a course which is analogous

dp
to that of the curve — = 0. At given value of T it has an asymn-

dx ' '

13
Proceedings Royal Acad. Amsterdam. Vol. XI.
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tote for that value of x, for which in rarefied gas state, the deviation

^db da
from the law of Boyle is maximum, viz. for which MRT— = —

.

dx dx

da

dh dx
It has mmimum volume on the line v — 6 = 3-— -— , whereas the

dx d*a

da

,. dp
. . ^ ^ db dx

line --=0 has such a mmimum volume on the Ime v — = 2 .

dx dx d^a

d^
d*p dp

The points of intersection of := and — = indicate the
dv dx dx

dp
points in which — = has a tangent parallel to the X-axis, as follows

dv

d^p dv d*p
from —- — 4- -——= 0. For such a point of intersection we have

dv dx dx dv

MJxl — — — —
MRT 2a dx dx dx dx

at the same time ; rrr = —r and — ——= —
- ; and so = —

.

{v—by V* (w— 6> u' v— b 2a

which last equation represents the locus of these points of intersection.

db a
"

Differentiating this locus "v — 6 = 2 we find:
dx da

dx

dv db

dx dx

fda\ d'a
3( _

I
—2a—

\dxj dbci*

(day

If in the diagram we think all the values of x present, e.g.

ascending from the value of x for which — = 0, this locus is a curve
dx

da
with an asymptote for the value of x, for which —= 0, and it has

dx

a mmimum volume for the value of a;, for which ( — ) =— a—.
\dxj 3 dx*

For greater valuoo of x the volume increases.

db da

.. .
dm <i«

I oi . e ii 1 1 '^^ 1 '^fl

If m r= S~ "*® value 6b is put for /;, we (hid ~ —= .

V—o 2a b da a dof
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cPp d*pdv d*p
But then not only —^ = in the equation :r~i:r + T~:r — ^'' ""*

dv da dv^ dx dv dx

also — . The value of — is then indefinite, and at the teinpemtnre
dv ' dx

at which this takes place, and which is the minimum temperature

8 aj; dp
1 . 1 •

represented by , the curve — has two branches, which mtei-sect
27 bx dv

\db \da
in the point given by v^Zb and ,v, belonging to -—= -—. For

higher values of v, e.g. v = 46, the point of intei-section of the two

dp
curves lies on the vapour branch of — = 0, and vice versa. If we

dv

1 da db da

2 a dx dx dx
write V = nb, the form —- = —— follows from =— . For

n— 1 1 db V— 6 2a

b dx

those values of x for which the numerator is smaller than the deno-

da
minator Ji > 3, and vice versa. Only if also — =: should occur in

dx

the diagram, the value of n, and so also of v, is infinite.

If we determine the point in which the two curves touch, we
d^p

shall find the same point in which -—- has the minimum volume;
dv dx

dp
for as the curve — = has a tangent parallel to the Jf-axis in

dv
d'p

every point of intei-section, also the curve =: must have such
^ ^ dv dx

a tangent in case of contact.

dv
The condition that for a point of the last-mentioned curve —=

dx
d'p

is = 0. So we have
dv dx*

dp MRT 2a
_L — or =—
dv {v—by V*

,.^r^db da
MRT— —

drp dx dx= or

and
dv dx [v— b)* V*

w^^ tdb\ d'aMRT
I
—

I
—

d*p \dxj dx*———
- r= OX 6 =:

dvdx* {v~by V*

13*
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By comparing the square of the second of these equations with

the product of the two otliers, we find back the condition:

fda\'_ 2 d^a

If we put a ^ A -}- 2Bx -\- Cx^, in which A=^ a^, B = a,, — a^

and C= Oi -\- a, — 2a,,, this equation leads to:

B'—AC
{B + Cxy -\ =

or

B+C.= + \/tf^.

The positive sign before the radical sign is required by the condition

.da
that — must be positive. If x is to be real, a^a^ must be >«i3*,

dx

and the condition that x lies between and 1 is indicated by the

construction of fig. 33. Let 00' be the a;-axis, and let PQ be

Fig. 88.

drawn at the iioight of \/ -tJ.-—it-.
i^,,,| us Hmmi tnko ORzna^^—a^

and 0'S=a,— a,,, then the point of mlcrscction of US and
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PQ will have to lie between x =zO and .r = 1 for the condition

fda\ 2 d'a
-—I = —- a -— to be fulfilled in the diagi-am.

\dxj 3 dx*

According to the result arrived at in Contribution VII with regard

fdj)\ /dp\
to the point in which I — 1 =: touches the line

|
— 1 = 0, the

/da\* 2 d*a
value of jp in which I -z- ] := -^ « -n ™u8t lie not very far from

\dxj 3 dx*
"^

this point of contact.

But whether it might not even lie to the right of that value of ar,

for which — has a minimum value, can only appear from a direct
bx

investigation. Tiien it may appear at the same time whether in case

dp d'p
of contact of the two curves — = and = the temperature

dv dvdx

has maximum value or minimum value.

Let us eliminate the value of v from the equations of the two

curves. Among others we may do this by substituting the value of

V from
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Hence

:

or

V dhy MRT—/ dx
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to 0. For still higher value of .r the second factor becomes equal

dT
to 0. Between these two special values ot x, — is negative — and

dx

for values of .v which are larger than that for which also the second

dT
factor is zero, — is again positive. So the value of T presents a

dx

maximum and a minimum.

In general we must now put two cases as possible according as

I da \ db
the value of x for which ——=——, is smaller or larger than that

a dx b dv

for which (
-- 1 = — a —- . The intermediate case in which these two

rda\ _ 2 d^a

\dxj 3 dx^

values would coincide, might be considered as a third possibility.

Let us call the maximum value of the temperature Tm, and the

minimum value 7^„ . For a value of T below 7^ there is only one

dp d^p
point of intersection of — = and ——- = 0, namely at small value

dv dvdx

of X. For values of T above T^ there is also only one point of

intersection for large value of x. But for values of T between Tm
and Tm there are three points of intersection. Of these three points

of intersection there is always one, the middle one, which lies at a

value of X lying between that which makes the first factor equal

to zero, and that which makes the second factor equal to zero.

To give a survey of the course of the points of intersection of

dp d*p— = and = at different temperatures, and so of the circum-
dv dvdx

dp
stances fer which — = has a maximum or minimum volume, we

dv

shall have to separately treat the cases for the different situation

I da I db /daV 2 d^'a
of the two values of x, for which - — =i - —

, and (
—

] = —a—

.

a dx b dx \dxj 3 dx*

Let us first take the case for which the value of x for minimum
ax

value of — is the smallest. This case is the simplest, and was dis-
bx

d'p
cussed by me already before. Then a curve = indicated in

dvdx

dp
fig. 34 by «, passes through the double point of— = 0. For lower

dv

df)
T, a has assumed the position /J, and — = the position y, so that

dv

there are then two points of intersection (1 and 2) to be found.
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But at higher T these points of intersection exist no longer; then

drp dp
the line = runs between the two brandies in which — =0

dvdx do

has split up, without intei'secting them, at least at this place. There

Fig. 34.

18, however, still a point of intersection, but at much greater value

of X, namely a point of intersection formed by the branch of

(Pp

dvtUt
= which runs again to larger volumes. In this point ofinter-

dp
section the righthand branch of — = has again minimum volume.

dv

So for values of T below that of tlie double point of — = 0, the
dv

dp
branch of the liquid volumes of =0 hivs two points of intersection

dv

dPp
with —-- = 0, 80 a maximum and a minimum volume, and for

avda

much smaller value of x there is then a minimum vobime on the

vapour branch. If wo lower 7' still further, maxiimiin uiid ininiiniiin

voliMiK! (if iIh! litjiiid biaiM'ii draw nearer to each oilier, and they

ryiiii'idi.' ul the value ul .' Iwi wh
. .

/da\* 2 d*a „,
)Our
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dv
branch has two coinciding vahies of x, for which — = 0, and so

dx

also a point of inflection, namely for the volume that is the smallest

volume for which a point of intersection of the two carves exists.

At still lower temperature the liquid branch has no longer a point

of intersection ; but the point of intersection of the vapour branch

continues to exist, and proceeds continually to smaller value of x.

I need hardly point out that in this description negative values of^'

are again not considered as unreal. The condition for a point occur-

dp dv d^v
ring on the curve — =: in which — ^0 and— = is found from :

dv dx dx*

d*p dv d^p—
1 ^ =

dv* dx dvdx

and

dv* dx* dv* \dvj dvdx \dxj dvdx*

dp d*p d*p
Hence besides — = 0, also := and = 0.

dv dvdx dvdx*

Let us now consider the second case, for which the value of x

/da\* 2 d*a „ .

corresponding to — | ^ - a -— , is the smallest. For this value of
\dxj 3 dx*

u] the value of T is then maximum, and the temperature for the

dp
double point of — ^0 will be a minimum. This means that with

dv

decrease of T two points of intersection vanish, whereas in the

preceding case two new points of intersection appear with decrease

of 1\

Let us tirst consider this minimum temperature; then a curve

d*p

dvdx

be considered to have two points in common with the line — = 0,
dv

and which has a third point of intersection for smaller value of x.

This third point of intersection is to be found on the vapour branch

dp
of the lefthand branch of — ^ 0, because it has smaller x. Fig. 35

dv

indicates the places of the three points of intersection for this value

of T. With decrease of T two of the points of intersection lie on

the vapour branch of the lefthand branch of the line — = 0, and a
dv

= passes through the double point, which, in this point, may
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third point of intersection on the liquid branch of the other branch.

With increase of T tlie two points of intersection on the left-

hand branch coincide in the point for which x is found from

Everything shows that at the temperature of the

double point that part of the line =: runs through the double
dvdx

Fig. 35.

fK)int that lies beyond the minimum volume. With T lower than

that of the double {)oint this part of the curve remains entirely in

the unstable region.

If we try to aacertain on what it depends whether the value of

1 ^ \db
X which corresponds to - — = -3- is smaller or larger than that

(da\ 2 rf«a— j=-a— we may, to decide this, substitute the

value of X which follows from the Hccond of these equations, in

:

da dm

If we tbfii find a poeitive value for this form, the llrst case
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holds; then the point where T'^J
= -a^, lies hi the region where

a
the value of - again increases.

6

da dh

Eliminating a we may also write for h ^ — ^^•

da ... <^<* , . J J
and as — must be positive, just as -—

, the sign depends on

:

/1v ojrdx da'

2 <ra ddb da

3 dx* 2 dx dx

And if we put 6,= n6j, a^A-{-2Bx-\-Cj:\ this form becomes

I C [I f (n-1) X] - (n-1) [B + Cx\

or

or

3 ^ + 3
(n-1) Cx - (n- 1) {B + C^)

2 C 2 5+Car

3 n— 1
~

3 3

Now we have found above B -]- Cx = -\- \X , and as

B=^a^^ — «! and C=a^-\-a^ — 2a,,, the sign depends on:

—7^31— («"-«>^ -
2 K —y— •

If this sign is positive we have the case treated tirst. So for this case

a,. — a.
>« — 1

or

a.— a.
>n.

is certainly necessary, but not sufficient.

With the following numerical values the conditions necessary for

the first case, and the condition that the two values of x occur in

the diagram, are satisfied.
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Let w = 5, a^= \, a, = 30 and a^^ = 2. The value of-i- satisfying

/day 2 (Pa
I
—

I
= — a— , is found troui

:

\dxj 3 da'

(«M—«i) + («x + «, — 2a„) .^ = pX ^

or

1 + 27.r = J/13 = 3,6

or

2,6

> 27

1 ^ 1 rfi

The value of x satisfying — z=: —- --, is found from the equation

:

a dx b dx

n—

1

n — 1
B A -}-Cx ^ —— Cx'

2 2

or

— 1 4- 27;c + 54 ;r' =
or

«, = 0,035.

If we had put a, = 10, leaving the other values unchanged, so

that — ~ y> n still remains larger than x, we linU x^ from the

equation

:

1 -f 7«i = 1/3 and x, z= 0,1045

and X, from the equation

:

or

'• = -T + l/+r4

4«,= — I + L/— and *, = 0,116

And Anally, let us take a numerical example, more in agreement

with those which occur in the cases of minimum plaitpoint tempe-

rature studicHl ox}»crimcntally. Let ii = l,5, a, = 1, r/,, = 1,45, so

lliat 7V, <C^i, • J'Ot further a,, = 1,1. Then x^ is found from the

equation :

04 -f 0,26 = 1/0,12 = 0,3435 ....

w, = 0,974

and «, from the equation

:
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— 0,15 + 0,25* + — 0,25 x*=zO
4

or ^1 nearly equal to 0,5.

Here we very clearly get back the first case.

The intermediate case would require that x\ should be equal to

X,. If we wish to direct our attention to other particularities of the

intermediate case, we observe: 1. that then there is only one point

dp d*p
of intei-section for — = and ——- = at every temperature

;

dv dvda

dp
2. that then at the double point of— = one of the branches must

dv

have a tangent parallel to the X-axis ; and so, the two values of

dv— for that double point being given by the equation

:

dx

d'p^dvy
^

^
d*p /dv\

dv*\dxj dv*dx\dxj

d*P
H — =

dvdx*

d*p d'p
- is again equal to zero (see page 195). The curve 1=0

dvdx* dvdx

now does not pass through the double point either with its descending,

nor with its ascending branch, but has there minimum volume. At

dp
lower temperature the vapour branch of — = is cut in a point with

dv

somewhat lower value of x, and at higher temperature the liquid

branch of the righthand branch is intersected with slightly higher

d'p
value of X. Just at the temperature of the double point —— =

dvdx

touches with a tangent parallel to the Jf-axis.

If more in general, we wish to determine what the ratio of

/day

\dx) ax= m is at that value oix for which — has minimum value, we
d^a bx

may take the following course. From

:

da db
b — = a—
dx dx

we derive

:

^ 1

[1 + (n— 1) or] [B 4- Cx^ = {A -\- 2Bx -f Cx^)

or
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2
B -A

2 n—

1

.r' + -.f+ 7^
=

n—

J

O

and so

n-l ^K [(n-1) Cj^ C'

From ( — ]=zma — we derive

(2-m) {B + Cay = m {AC- C)
or

"'^C~y 2^^ C'~
By equating the two values of ,x thus obtained, we find the

equation -.

B 1_
I

y/r I Bj AC-B' _ .

I

y m AC—B'

from which follows:

AC—B* r \ Bltym AC—B* .
m AC-B'

or

2-mK C* U-1 ^JK 2-m
or

a.— a.

or

a.—a — n

k^wi(2—in) «»,— «i »»—

1

In particular il appears that m = l, if = 71; and if
a..

—

a.

should Ihj '^ji, then m Si, at least if i,,>rt,.

If III JH known for certain value of a:, the decrease or increase of

m may lie derived from the o<iuation

:

(2

—

m) a ^ constant,

which constant is ocpnil to zero, if <f,a, ^ a,,', and lias else the

sign of a^a,—a,,'.
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Physics. — ^' Contrilmtion to the theory of binary mixtures" IX.

By Prof. J. D. van der Waals.

The intersection of —
1 = and I

-— I = 0.
\dxjv \dx* J„

As in previous communications we shall write the eqiiation of

/'dp\ MET db da 1

I
— == in the form ; -— =

, and the equation of
\dxjv (u

—

t)y dx dx r'

\dx*Jo
in the form-.

d^a

\\x{\-x))^\dx){v-by

dx*

Then the locus of the points of intersection is given by Jhe

equation

:

d*a

db

dx

dx

or

d*a I— d*a-

/'dby dx'
i^-by^l — ] x{l-x) = xi\-x)—v

\dxj da

dx'db I db dx'{v-hy-x{\-x)-~-{v~b)^x{\-x) --b-
da dx I dx da

dx

r -1
I db dx'

I _
\ dx da \

L ^J

The factor of the known term of this equation :

may be written in the form

:

db da d'a

dx dx dx'

da

dx

B
db n—

1

ITx B -{- Cx
'

if 6 = 6,(1—^)4-6,0;, and a = A -^ 2 Bx -\- Cx' be put, and the

equation itself may be given in the form:

- — X (l— x) ^^-~— —-— -|-a.(l_^)__ ^ — 0.

\dxj

B-\-Cx db

dx

B^Cx



( 202 )

C
When B is negative, this equation has certainly a positive

n—

1

root, when viz. the quantity B -\- Cx is positive, which is required

rdp\
for the occurrence of the line I -p 1

^= 0. The negative root is

without significance for the problem. The quantity
(

b\

positive may be written as follows:

(«1« — «l) \
> 0.

n—

1

(^ {J ^ n
Let us call the case — <^ n the first case, and ~ — > n

the second case.

V— h
lu the first case the quadratic equation in ——- has the factor of

do

d»

the first power of {v—h) negative, and the known term positive.

Two real positive values of v—h can then satisfy this equation.

These roots are however real only if:

'<»-'><?-„4x)

B- ^
n—

1

B-\-Cx
'

or

B-\-Cx

So the root8 are imaginary if:

-t-(f-i)i+'f(?-.-i)>.
For values of x which are nearly or nearly 1 , they are therefore

imaginary. From thJH follows that the locus of the points of inter-

— 1 = and I — 1 = is a closed curve in the first

case. By dividing by d;(l

—

x) we have only lost the values a; =
and xz=t, wliicli, however, only correspond to v — 6 = and

7*=0. Thin cloHOii curve can contnu't to a single point, and even

diifa{)|)ear altogether. Contraction to a single point takes place, if:
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or if

or

or

or

(B \ \ 16 CB 1 \ „

B 1 (n4-3)'

C~8 n'— 1 *

= 1+8
a,.-a, ' (n+3)''

8(n+l)

(n+3)'
-n=-(n-l) 1

In this expression the value of the factor n—1 always lies between

and 1 for values of n between 1 and oo. For values of

^'~ 21 <^ 1 -[- 8 the locus is imaginary.
fl,,— a, (w + 3)'

n+3
The point at which the locus disappears, lies at .7=

(4n+l)

db

1,1, ,
d^n-l 6,4-6,

and so always between - and -, and at v— = ——— or v= —-—

.

'' 24 4n+ l a

By substitution in ( —
J
:= we find the value of MRT equal to:

(a^ia,-2a„)(n-l>»(n + 3),3n+l)
MRT=

b,—b, 16(n+l)»

This is not the point in which the curve —= disappears. Al-

ready the circumstance that the latter curve disappears between

X z= — and X =z -
, whereas in the same cases the discussed point

1 1

disappears between a; = — and x = —
, shows this. We may, however

conclude, from this, that as n draws nearer to 1, the two points will

approach each other as regards the value of .v.

Thus (cf. Contribution III These Proc. IX p. 829) .1-^ = 0,48 for

1 n + 3
:= 5.04, whereas with ,r = nearly 0.477 is found. But

n-1 4(n+3)

14
Proceedings Royal Acad. Amsterdam. Vol. XI.
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the value of v is much smaller for the point discussed here than for

the point in which the curve — = disappears.

We should have to expect k priori that these two points differ.

Let us imagine — = for different values of i as a surface with

the axes x, v and T, and let the T-axis be the vertical axis. Then

this is a surface with the whole v,,i'-plane as basis, with top at

dp

dx

same axes, then the sections of this surface pass to larger x and

larger v with ascending values of 2\ Now this latter surface cannot

pass through the top of —— = without yielding other points of
dx

intersection, a curve of intersection. If it can touch in the top, then

it would be possible that this curve of intersection did not exist.

But a tangent plane to — = runs parallel to the .i',y-plane, and

dp
and such a tangent plane — = has not.

dx

d}^
That a tangent plane in the top of — = runs parallel to the

dx*

d?,t;-plane, follows from:

d*\b t/*ilj d*ib—Zl dT A -dx A — dv = 0.
dx^dT ^ dx* ^ dx'dv

In the lop —- and . . • are both eciual to zero, whereas
• dx* da*dv

'

dx\iT

dr _,
dT

is not equal to 0; hence -—and-— is zero, or the tangent plane
dr dv

parol lei to the t>^r-plane.

As soon as -^ Is not only smaller than n, but also smaller

n*—

1

than 1 -}- 8 , the two curves do not intersect at any tempe-

rature. If on the other hand -^ < n, and > 1 -|- 8 —
- , the

a„-a, (n-f3)«

</*dy dp
two surfaoei —- = and — = intersect In such a way that the

d#' da

projection of the section is a closed curve ; the section itself lies then
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on the side of the small volumes of = 0, and between two low

temperatures. If we denote these temperatures by 1\ and T, , then

contact does not begin before T^ ; between T^ and T, there is

intersection, and at 7\ there is again contact. So at 1\ the curve

dp— =0 proceeds more rapidly towai*ds larger volumes with rise of
dx

d*^
temperature, but at T, on the contrary, the curve — =: 0.

dx'

In agreement with tig. 24 (Contribution V p. 134) the value of .*•

dp
for the minimum volume of — = is then smaller than that of the

dx

points of contact; and the point to which the locus of the points of

dp
contact contracts lies then on that portion of — = that proceeds

dx

to greater volumes with increasing x.

/d'p\
We may verify this by showing that

(
—

) is positive for this
\dx*y„

,,^^rdh\ d'a
MRTl — ]

—
\dxy dx*fd'*p\ \dxj dx* Ofp\

P°'"'- ^' Uj
=

'

(.-by - ^ f"»- " P«'"' °f
UJ; °' '»'

db da
MRT — —

11 dA dx
,

(d'*p\
which —- = —-

,

the sign of -— I will depend on

:

{v~hy V* \dx*J„

or on

or on

dh
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B 1 (n-[-3)(3n-i-l)
,

1 v—h 1 n-1
and so —f- a- = , while = —

, it is at
C 8 n'-l 2 dh 8n-fl'

once evident tliat the sign is certainly positive.

We can now get an insight into the way in which increase of

the value of ~ — influences the intersection of the two surfaces

(Tito dp= and — = 0. If this quantity, which I shall represent by k,

dx' dx

n'—

1

is smaller than 1 -{-S , no intersection is possible. In this

consideration we shall leave n and C invariable, and so keep— =
dx^

dp
unchanged. If we now make h increase, — = will vary and

dx

intersect the surface — = 0. When k <^ n, this intersection takes
dx^

place in a closed curve. As well in the v.ar-projection as in the

T',x-projection and in the v, J'-projection we may speak of a lower

and an upper branch. But these branches do not extend over the

whole width from .t^O to x=i\. With approach of k to n the

width of this section becomes larger, but the lower branch descends

continually, and the upper branch ascends. In the i;,.r-projection this

implies that the branch with the lower value of v approaches b, and

that the upper branch assumes a higher value of v. In the 7',a?-pro-

jection this means that T verges to zero for the lower branch, and

increases for the upper branch, but still remains very far below

the value of T^ (See Contribution III These Proc. IX p. 830). And

finally when k has become equal to n, the closed curve of the

Hectiun extends from a: := to .r=l, but the lower branch coincides

with the line v = h, and the value of T for (his branch is the

absolute 7Xjro-point. For the upper branch v and T have constantly

increased. And the (picstion rises whether then the whole section

is still found oil what I shall call (ho back side for the surface

-—= 0; i.e. the points with the smaller value of v. We shall
d#*

presently revert to (his question. Hut already now it is to be seen

what will bo the consequence of increase of k above n.

The pro<!Css we described above, go('s on. The lower branch docs

not iKK'omo imaginary, but ha.s values of v <[ h and values of 7'

which arc again (KMitivc. So they are of no importance for tho real
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problem ; and as soon as k'^ n we have only to occupy ourselves

with a single branch for the section. This is also immediately seen

from the quadratic equation in v—b of p. 201, which has then one

negative, and one positive root. So if k> n, we may say that the

two surfaces intersect in a curve which has only one branch. For

a:= and x=:l the value of v is always equal to b, and that of

7' always equal to 0. From this follows already that there will be

question of a maximum value of T for the section. For this value

of T the two curves will touch at given value of T, viz. |
—

) =

and
I

—
1
= 0. We have also met with such a contact in the case

\dxJaT
k <[ n, and we then concluded that the contact took place as is

represented in fig. 24' (Contribution V p. 134).

But another contact is possible, namely such a contact for which

/d*tp\ /dp\
the curve ( )

= lies in the region where (
—

| is positive
\dx* J„r \dxJoT

everywhere except at the point of contact, or as we might also

/'dp\
express it, outside — =0. This would imply for the intersection

\dxJcT

of the two surfaces, that the common curve which runs upwards

from xz=zO, and x = l and 7^=0, passes round the top of

—
I

=r 0, or that it remains entirely on the side of the small
dx^ JoT

volumes, as was the case up to now.

In the gradual transformation of the common line of intersection

which is due to the increase of k above n, it must, therefore, have
d'^rp

passed through the lop of -— = foi- certain value of k. And we

shall now treat the condition for this circumstance. Properly speaking

I have already tried to solve this problem in Contribution III p. 834,

to which I refer for the meaning of the following formula. The
circumstance that the curve of intersection passes through the top

is given by

:

d^a da
-(1-2.,) = - 4y,..

But I shall adapt the discussion of this formula to the systematic

treatment of this paper.

If we put the value -— ^
for y,/ (see Cont. Ill p. 832) this

9 (1 Xg)

c
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equation may assume the following form

:

B ^,, (3.%— 1)

C \~2xc, n—\

This equation may also be derived by the following consideration.

rf'ib dp
If the top of — =r is also to be a point of — = 0, the following

^ dx*
^

dx
"^

equations are to be satisfied :
-—— = ,

-—— = ,
— 0, and

dx'oT d.v'vT dvdx^

d"* dp= 0. It appears from this, that not only —= is to be satisfied
dxdv dx

but also —^ 0. This means that the point of the curve —
I
^^

dx- \dxj^,-j

at which this curve has its minimum volume, must pass through

the top. So tlie following equations must be satisfied :

•
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directly appear, that k must be ]> ?i to satisfy the circurnstance that

dp— := shall pass through the top. Now we shall have to content
dx

ourselves with calculating the value of i for ditferent values of r» with

the aid of the table (p. 829). Thus = 0,3704 corresponds to
n—

1

B
Xg = 0,4, and we find - then equal to 0,4— 0,3704 = 0,0296. As

D 1 1 1

— = ;—-, we find ^ =r 1 -j --—
, n being = 1 H . Thus

C k-V ^ 0,0296
* ^ 0,3704

we find

:

'9
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The factor of is only = for a\, = - and negative for
1— 2irfl 3

1 1

every valne of Xg between - and -, between which values it lies.
CI o

For all values of T <^Tq the section of the two surfaces has the

shape of fig. 24« (Contribution V, p. 134). For T= T,, ^=0

has contracted to a single point, and the line
f
—

) = has the
\dxJvT

minimum volume exactly at that point.

If we take k still larger than was calculated above the section of

the two surfaces will pass round the top, and there is again question

of a maximum temperature, which, of course, lies then again below

Tg. At this maximum temperature there is again contact between

the two curves, but then the contact is such that — = lies
\dx^ J„T

{d'p\
entirely in the region where

(
—

) is positive, except in the point of
\dxJ„T

dp
contact, where — = 0. The point of contact lies then on the branch

dx

— 1^0, where — is negative.
dxJoT d^

This, however, does not exhaust all possible cases for the inter-

section of the two surfaces. Some more remarks remain to be made.

da
We first observe that if — is negative, there are no points of the

dx

intersection for the values of x for which this is the case. For such

I)oints B -\- Cx is negative, which can only bo the case for positive

6' if J5 is negative.

v—b
In the quadratic equation in (v—b) the factor of —— has become

db

dx

positive on account o( B -\- Cx being negative, and the third term

n—l ...
is also positive, because —r

—

-z— has l)Oth its numerator and its

denominator negative. So no positive value of v—b can satisfy (his

equation. In the second place we observe that for the value of x

da
for which — = 0, the value of i;

—b is infinite, and the value of 7'

da
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equal to 0. The projection of the section of the two surfaces on the

v,A'-plane is then a curve wliicli starts at ^' = 1 and v = 6,, and

da
has an asymptote for the value of x for which — = 0. The T,x-

dx

projection of the section is then a line which has a value for T
B

equal to zero at x = 1 and a: = — —
, and which has a maximum

T somewhere between these two values of x. It is clear that at this

/</>\ ^ , /dp\
value of T, at which the curves — = and —1 = touch,

the contact takes place as in the case discussed last, and that the

d*\p dp
top of -—- = lies in the region where — is |)Ositive. And in the

dx^ dx

third place we draw attention to the special case that B = 0, or

.
''«

a,, = ai or k = (X). Then the value of ;r, for -which —- = 0, is
dx

itself e([ual to 0. The equation for the determination of v— b of the

section of the two surfaces simplifies then tO:

(x— by V — b 1

—

X
^ ^ — (l—x) =

\dxj dx

or

v-b 1-

db

dx

l-x I yn-xV l—x

This represents a branch of a hyperbola which passes through

the point x = l and v =z h, and cuts the axis ^'= for a value of:

.=.,.C-^-i)h|/(..^)|.

The quantity k = — —
, on which it depends in so high a degree

whether the considered surfaces intersect or not, and the way in

which they intersect, is, for the same value of a, and a^, entirely

determined by the value which we must assign to a,,. If a^, de-

creases from a, to a^, k increases from tot oc. For «i, =: V^a^a,

value [Xlit has the value I X — and then one of the transition cases k = 71

would be — =r <ii, or the critical pressure of the two components
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has the same value. But until the relation between a^, a^ and a^^ is

known, such a simple rule cannot be considered as valid.

The calculation of the temperatures at which the two curves

<?tj> dp—= and — = are in contact cannot be performed on account

of the very intricate forms to which this problem leads. For this

purpose we might solve the value of v—b from the quadratic form

of page 201, which is then a function of x, and substitute then the

dp <i*ip

value of V, either in — =0, or in — = 0. We have then a formula
dx dx*

in which T is expressed in the values of x of the points of inter-

section of the two curves. If we seek the maximum value of T by

differentiating with respect to x at T=: constant, we find a relation

in X, from which the x of the points of contact would have to be

calculated, and the value of Tmax or Tmin by substitution of this

B 1

value of X. But even in the special case of —=
, or k= ?i, in

C n— 1

db X (1

—

x)
which V — = , this calculation leads to a form in which

dx 1

n—

1

X rises to the third degree. In all other cases the equation is much
more intricate. The value of x, v and T for the maximum and

minimum temperature might of course also be calculated by the aid

of the three eqations:

d>__^ dp

dx* da
= a„a -^ll-^(^y,

dx* dx dv \dx*J

d*p
which last equation expresses that the two curves touch. As

dvdx

dp d*%b
is certainly negative in the points of the line — = 0, —-- must

d,v dx

certainly be positive for the contact, which had already been repre-

sented in (he figures 24 of these contributions.
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Physics. — "AnomaIou.<i refract'am pJienonienn invf.'itiinfi'd irifh the

S/)ectro/ieliograi)/t." By Prof. W. H. Julius.

According to the current interpretation of spectroheliograph results,

dark flocculi indicate regions on the sun, where the special gas, a

line of which is used, exists in such conditions of density and tem-

perature, that it strongly absorbs the light coming from deeper

layers, whereas hriyht flocculi show us regions where, in consequence

of higher temperature or chemical or electrical causes, the radiation

of the gas exceeds its absorbing effect.

A few years ago 1 proposed an entirely dilferent explanation of

the same phenomena '). An attempt was made to account for the

peculiar distribution of the light in photographs, secured with the

spectroheliograph, by simply considering the anomalous refraction

which waves from the vicinity of the absorption lines must suffer

when passing through an absorbing medium, the density of which

is not perfectly uniform.

If it proves possible to explain the observed facts on this basis,

we shall be able to dispense with the assumption of any very

marked differences as to the absorbing and emitting conditions of a

certain gas or vapour in contiguous regions on the sun. Moreover,

we then niii/ht assume the constituents of the solar atmosphere to be

thoroughly mixed, their proportions in the mixture only varying

with the distance from the sun's centre.

That our interpretation does not presuppose the separate existence

of cloud-like masses of calcium or iron vapour or of hydrogen,

simplifies the conception of the solar body, and therefore looks like

an advantage; but even if one were compelled, by other considera-

tions, still to believe in the real existence of such separate luminous

or dark accumulations of certain substances, it would nevertheless

be necessary to consider the effect, which anomalous dispersion of

light in those masses must have on the appearances revealed by

the spectroheliograph.

Among the advantages I derived from a visit to the Mount Wilson

Solar Observatory, in August 1907, was the opportunity of using

the 5 foot spectroheliograph') for some experiments on anomalous

refraction.

It was expected that when light, coming from a source with a

continuous spectrum, traverses a space in which sodium vapour is

1) Proc. Roy. Acad. Amsterdam VII, p. 140, (1904;.

*) Hale and Ellerman. "The five-foot spectroheliograph of the Solar Observatory."

Contributions from the Solar Observatory Mount Wilson, California, N'. 7.
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Q —

&—
Fig. I.

unequally disti-ibuted, particulars concerning the dis-

tribution would be revealed by the spectroheliograph

through the refracting power of the vapour, rather

than through its absorbing and emitting power. This

expectation could be put to the test.

As an equipment for the study of anomalous dis-

persion phenomena in sodium vapour, exactly similar

to the one described in my paper on "Arbitrary dis-

tribution of light in dispersion bands''^), had already

been procured for the solar observatory by Professor

Hale, the experiments were readilj- made, thanks to

the laboratory facilities available on the mountain.

The apparatus consists of a wide nickel tube, 60 cm.
long, the middle part of which is placed in an electric

furnace, while the projecting ends are cooled by jackets

with flowing water. The tube contains a few grammes

of sodium and is permanently connected to a Geryk-

pump to remove the air and the gases which escape

from the sodium during the first stages of the heating

process. An arrangement is provided for, by which

density gradients of various known directions and

arbitrary magnitude may be produced in the sodium

vapour.

Sunlight coming from the 60 feet mirror M (fig. 1)

of the Snow telescope') passes through the tube 7^ on

its way to the slit S of the spectroheliograph. The

distance between T and S is about 560 cm. A lens

X, gives an image of the sun near the middle of the

tube T. P is a diaphragm with an adjustable slit, of

which the lens A, projects an image in the plane of

the diaphragm Q. Just behind the latter is a lens L,

;

in combination with />, this forms an image of a

section of the tube in the plane of tfie slit *S of the

SfMJCtroheliograph. In this image (fig. 2) the rectangular

windows of the caps of the tube will of course come

out with somewhat blurred edges, as only a section

lying somewhere between the caps would show sharp.

In A and Ji are projected the narrow nickel tubes '),

M Proc. Roy Acad. Amsterdnm, IX, p. 343. (1906).

*) Described in: Contributions frutn the Solur Observatory

Ml. WiUon, Cal., No«. 2 and 4.

^) Sec description in: Proc. Hoy. Acud. Amslcrdanj, IX, p. 845.
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of which, for producing the required density gradients, the temperature

may be varied at pleasure by forcing an electric current or an air

current through them.

Cooling one of the tubes by an air current causes sodium vapour

to condense on it; so, in course of time, drops of molten metal will

hang from the tubes and fall off again.

When a photograph is made, the first slit S of the

spectroheliograph moves across the image in the direc-

tion of the arrow (fig. 2), and at the same time the

second slit moves across the photographic plate.

I

iA ^ Let us suppose the openings in P and Q (fig. 1) to

be so adjusted, that the image of the slit in P exactly

coincides with the slit in Q. Then all the light which

passes through F and traverses the vapour along

straight lines, is transmitted by Q and therefore contri-

butes to the intensity of the image of the tube-section.

Fig. 2. Waves however that deviate so much in the sodium

vapour as to be intercepted by the screen Q, will be absent from

the spectrum of the transmitted light.

If the furnace is slowly heated to SSO"" or 390', the density of the

vapour is pretty uniform in the middle part of the wide tube and

falls off towards the ends; but as the direction of these density

gradients nearly coincides with that of the beam of sun-light, even

the waves subject to anomalous dispersion will hardly deviate from

the straight path. The Z)-lines in the spectroheliograph retain about

their normal appearance. If now we blow air through the tube B,

density gradients are produced all around it in directions perpen-

dicular to the axis of that tube. The Z)-lines no longer show

the same appearance throughout the field. In the spectrum of those

parts of the field where perceptible gradients occur, the D-\\nes

now appear winged ; they are indeed enveloped in dispersion bands.

As the width of these bands depends on the magnitude of the gradient,

it will, in our case, vary along the lines and reach a maximum at

the place in the spectrum which corresponds to the plane passing

through the axes of the tubes A and B. And with increasing distance

between aS and B (fig. 2) the width of the bands will diminish.

Let us consider the • monochromatic images of the tube-section

produced by the spectroheliograph if the camera slit is set at different

distances from the Z)-lines.

With the camera slit at P 5850, outside the region of the dispersion

band of D^ the illumination of the field is uniform (see the Plate, «)

;
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nothing is visible of the density gradients existing round the cooled

tube B, because light of this wave-length travels along straight lines

through the vapour.

Proceeding to / 5870, we are still at such a distance from J)^,

\—n
that the value of —— = R {n representing the index of refraction,

A the density of the vapour) is moderate. Steep gradients of the

density are required to make the rays deviate sufficiently for missing

the slit in Q, and such gradients are only to be found very near

the surface of the tube H. We therefore obtain the image ^, in

which B appears surrounded by a narrow dark region.

The third photograph, 7, has been made with X 5877. For these

1-n
waves the expression —— is greater than for X 5870, so that smaller

values of the gradient suffice to give to the rays a perceptible in-

curvation. The result is a broader dark region all round B ^).

The photographs d and e have been secured with the camera slit

on X 5881 and X 5885 respectively. This time the tube A has been

cooled instead of B. We see the dark "aureole" grow as the wave-

length we are using approaches Xjj,^ =z 5890. Getting nearer still, the

whole field would finally become dark.

Similar results are obtained if we approach Z), from the side of

n-1
the greater wave-lengths, thus using waves for which ——— has

increasing values.

By a slight change in the arrangement of our experiment we
may obtain the opposite effect, to wit, that merely rays, suffering

anotnalous refraction, do enter the spectroheliograph, whereas the

normally refracted light is prevented from reaching the slit. We
have only to open the slit in P very wide, and to put a vertical

bar (a match for instance) in the middle of it, the image of which

now falls exactly on the slit in Q. Under these circumstances

light, issuing from the divided opening in P, can only be transmitted

by Q if it has been deflected in the vapour.

In this way the photographs 5, y and ^ were obUiinod, the second

slit being set on A 5884. A 5886, ; 5888 respectively. If there had

t>eon no density gradients, the whole field would have shown dark;

the bright regions, however, now prove (he existence of Ihc gradients.

When taking i and »^ the tulxj /i, and when taking 6, the tube A
was cooled.

*) In (bin Image the lower right comer wa« cut ofT by a rubber lube accidentally

crotnog the path of the beam.



( 217 )

The following general statement is borne out by these experiments.

If an illuminated absorbing vapour is investigated by means of

the spectroheliograph, and the camera-slit of the instrument is set

on the edge of a dispersion band , marked irregularities in the

brightness of the field will only appear at those places in the image

which correspond to regions with large density gradients in ihe

vapour. Setting the slit nearer to the middle of the dispei-sion band,

we shall get evidence, in the image, also of regions with smaller

gradients, a.s.o. Particulars regarding the distribution of a va{)Our

are thus clearly shown by the spectroheliograph thi-ough anomalous

refraction, even in cases, where the absorbing or emitting power of

that medium would have failed to reveal its structure.

The bearing of these inferences on astrophysical phenomena has

now to be considered a little more closely.

Suppose we have a large mass of absorbing vapour of such

average density, that, if it were uniform, its absorption lines would

appear rather narrow; and of such temperature and condition of

luminescence that its emission lines are very faint. As soon as the

density of this mass becomes irregular, some parts of it may give

rise, when traversed by light from another source, to the appearance

of dark or bright dispersion bands, greatly exceeding in width and

strength its absorption or emission lines.

It is therefore possible, that anomalous refraction plays a very

essential part in the production of those phenomena which the

student of astrophysics observes with his spectroscope or spectro-

heliograph; we must inquire how far this is also probable.

One might be inclined to object, for instance, that in our experi-

ment the use of a narrow and sharply limited source of light,

placed at a fair distance behind the vapour, seemed to be a necessary

condition for obtaining any marked dispersion effects, and that in

the sun similar circumstances are very unlikely to prevail. Indeed,

the bulk of the sun — whatever the nature of the photosphere may
be — is a large incandescent mass, closely surrounded by the absorbing

vapours, so that the ''soui-ce of light", if considered from a point

of the chromosphere, subtends a solid angle of nearly 2^-. The
reversing layer and the chromosphere have sometimes been compared

to a thin, transparent layer of selectively absorbing varnish, covering

a luminous (e.g. phosphorescent) globe: the photosphere. It seems

very improbable that refraction in density gradients of such a trans-

parent envelope should be able to disturb to any perceptible degree

the uniform brightness of that globe.
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The comparison, however, is entirely misleading, because, so far,

an essential relation between absolute size and density gradients is

overlooked in it. But if carried through properly, it will lead us

to the opposite conclusion, namely that refraction in the solar

atmosphere must alter the distribution of the light on the disk

entirely.

If we wish to form an image, on a reduced scale, of the sun

considered as a refracting body, we have to reduce the radii of

curvature of the rays in the same proportion as we do the diameter,

for instance 10^" times (so as to make the diameter of the photos-

phere 14 cm.). By the general equation ^)

dA_ I

ds Rq
we know that, for a given value of the refraction constant R, the

radius of curvature q of a. beam of light is in reverse proportion

dA
to the density gradient — in the direction toward the centre of

ds

curvature. In our image, therefore, the density gradients have to

be taken 10^° times as great as they are in the sun.

Let us suppose that at a certain level in the solar atmosphere

irregular density gradients occur, which are of the same order of

magnitude as the radial (vertical) density gradient in our earth's

atmosphere, viz. 16 X 1^^^° ')• At the corresponding points in our

dh
image we then have to put — =: 16. If the layer of "varnish"

ds

were really traversed by many density gradients of this order of

magnitude, it would be very different from ordinary transparent

varnish, and certainly be able to disturb the uniform brightness

of the background, like a layer of glass beads or swollen sago

grains. Even normally refracted waves would perceptibly deviate

in an envelope of this kind. For if in our equation (1) wo put

n—

1

dL—-—= H = 0,6 and — =16, we get q = 0.125 cm., so that the

average curvature of such rays is already suflicient for producing

sensible changes in the divergence of beams on their way through

a shell not thicker than 0.1 cm

>) Proc. Roy. Acad. Amsterdam, fX. p. 852. (190^).

*) The frequent occurrence of dcniiily gradients nearly por|)en(licular to the

radii of the Riin is rendered more probable Htiil, since increasing evidence has

been obtained by Prof. Halk of tbe existence of solnr vortices, in which tlie con-

veeilon cirrcnU (eiipecinlly in sun-itpots) are suilicieiilly stroiig (o produce magnetic

•putting of ahiorption lines. (Cf. Nature, Vol. 78, p. 368—370, Aug. 1908).
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Waves, sjiffering anomalous refraction, will of course be much

more scattered by the same medium. Let us consider an absorbing

substance which, at a certain level, occupies say only 1 pei-cent of

the solar atmosphere, taken as a perfect mixture. Its density gmdients

will then be only of those of the mixture. The i-efraction constant,
•^ 100

on the other hand, for waves near one of its absorption lines, may

attain values as high as 1000 or 2(XX). With ft = 1600 (as actually

observed in sodium vapour, Proc. Roy. Acad. Amst. IX, p. 353),

our equation (1) becomes

I dL_ 1

Too^~ 1600"^
*

In a level where, in our imtige, the irregular density gradients of

dA
the envelope were supposed to have .an average value — = 16,

ds

the equation gives

Q = 0,004 cm.

It is evident that under such ciirumstances rays may easily deviate

90 degrees and more in the thin shell of transparent matter covering

our globe, and thus give rise to a very unequal distribution of the

light in photographs of it, secured with the spectroheliograph.

This conclusion holds just as well with regard to the real sun.

It follows directly from our onli/ assumption, that in some level of

the sun irregular density gradients exist, comparable in magnitude

with the vertical gradient in the earth's atmosphere. At lower levels,

greater gradients, at higher levels, smaller gradients may be expected

to prevail. As the validity of this assumption can hardly be doubted,

we may infer that the existence of some important intluence of

anomalous dispersion on astrophysical phenomena is not merely

possible, but exceedingly probable, in spite of the absence of narrow

slits as sources of light.

Although we are free to admit that the phenomena, observed with

the spectroheliograph on the solar disk, are perhaps in part due to

selective radiation, dependent on various conditions of temperature

or luminescence, we may nevertheless inquire into some consequences

to which one is led if only the effects of refi-action in a mixture ot

vapours are considered.

The composition of the solar atmosphere cannot be the same at

all levels. As we get lower down, the percentage of heavier mole-

cules is likely to increase; but we should not presume too much
15

Proceedings Rdyal Acad. Amsterdam. Vol. XI.
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as to the order in which the elements will come into evidence, on

account of possible condensation, and because the pressure of radiation

counteracts gravitation to a degree that depends on the size of the

particles, and, therefore, on numerous unknown conditions prevailing

in the sun.

Yet for each element a certain level must exist, in which its per-

centage in the mixture is a maximum. Accordingly, the refracting

properties of successive layers will be governed by different elements.

A photograph, made with the spectroheliograph in a hydrogen line,

shows a structure which, of course, depends on the distribution of

all the hydrogen present in successive layers, but is chiefly determined

by. the density gradients in a ratiier high level; whereas a photo-

graph, made with an equally strong iron-line, reveals more especially

the structure of lower regions. This explains the difference in character

between iron- and hydrogen plates.

It must be possible, on the other hand, to obtain almost identical

photographs with different lines, provided they belong either to the

same element, or to elements that are most in evidence at about

the same level in the sun; but then another condition has also to

be fulfilled, viz. that the camera-slit transmits rays of the same

(Aao^s)

Fig. 3.

refrangibility in both cases. If for instance Fig. 3 represents the

disiHTHiou curve near //^ and near //,;, the widtii and the i)Osition

of tlic camcra-KJit ought to bo so chosen, as to let in only waves

corre8|K)n(]ing to parts of the curve, enclosed between equal ordinates

in the two dispersion handH ').

') Waves, lying moru or Ichs Hyminctrically on either side of nn absorption line,

and ftmwering IIkj relation n— 1 ~\ — n' between the indices of refraction w and w'

of the medium fur tbcm, must give nearly the same spcclroliciiograpb results on

(be greater part of the disk. This fuilows from a discussion of lite various possi-
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Recently it lias been found by Prof. Hale that, while the //^-,

H,' and //o-lines give very similar results, photographs with the

much stronger line H^, are widely different in some respects ').

Bright flocculi appear on these plates at points where no corresponding

objects are shown by //o. Moreover, the dark i/^c-Hocculi, while

showing a general agreement in position and form with those of

Hs, are stronger and more extensive. In some instances, however,

small areas appear dark in W which are absent or fainter in //«.

Such differences are of the same character as those observed

between photographs made with the slit in the broad calcium-bands

H or K at various distances from the central line. They may find

a corresponding explanation if we assume that tho rays, used in the

Hu photographs, were on the average refracted to a higher degree

than those, used in the ^-photographs, but both by the same system

of density gradients. It is not improbable, therefore, that in the

wings of H^ waves may be selected so as to give speetroheliograph

results, closely resembling //j-plates.

That also lines of different elements may give very similar results

with the speetroheliograph, is exemplified by the case of calcium

and iron. Among the beautiful collection of photographs secured on

Mount Wilson 1 saw several iron-(il 4045)-plates rather closely resem-

bling certain calcium-(//i)-plates of the same daily series. As the

atomic weights of calcium and iron ai'e not so very different, and

their levels of maximum density therefore probably not far apart,

the refraction caused by these elements may bring out the density

gradients of nearly the same layer of the solar atmosphere. It will

do so by showing a similar distribution of the light in the two

photographs — provided that rays of the same refrangibility are

used in both cases. And this condition may be fulfilled by setting

the camera slit on coriesponding regions of the spectrum, in the

sense as illustrated by Fig. 3, if we inuvgine it now to bear on the

calcium-(//)-line and the iron-(A 4()45)-line.

With a calcium- and a hydrogen-line such similarity could not be

found.

Far more evidence will of coui-se be required before we shall be

able to decide whether or not anomalous dispei*sion is the principal

agent in determining the flocculent appearance of the solar disk.

bilities regarding the relative position of density gradients and source of light.

Consequently a Ho-plale, obtained with the camera-slit centrally, so as to embrace

the whole width of that rather narrow dispersion band, will scarcely differ, at

first sight, from a photograph made with only one of the wings.

2) Hale, "Solar vortices", Gontrib. from the Ml. Wilson Solar Obs. No. 26. .

15*
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Plates secured with manj lines of various elements will have to be

compared. The mighty 30-foot spectroheliograph of the "tower

telescope" of Mount Wilson is excellently adapted to work of this

kind, not only on account of its great dispersion permitting the use

of finer lines, but chiefly because it is provided witli two camera

slits, so that perfectly simultaneous photographs with different lines

may be secured. By this arrangement, really comparable mono-

chromatic pictures of the sun are obtained, since the otherwise con-

fusing influence of the variable refraction in our atmosphere is thus

rendered harmless.

I feel greatly obliged to Prof. George E. Hale for having procured

for me the opportunity of making an investigation at the Mount

Wilson Solar Observatory, but more still for his keen and stimulating

interest in the problems, suggested by the application of the prin-

ciple of anomalous refraction in astrophysics. 1 am also very much
indebted to the kindness of Mr. F. Ellerman, Mr. W. S. Adams

and Dr. Ch. M. Olmsted for valuable information and assistance in

connection with the inquiry here reported upon.

Physics. — "TJie Z^vm\^-Effect of the strong lines of the violet

spark spectrum of iron in the region X 2380—A 4416." By

Mrs. H. B. van Bildekbeek-van Meurs. (Communicated by

Prof. P. Zeeman).

The concave Rowland grating used in the experiments here com-

municated has 14438 lines per inch, a width of 8 cm., and a

radius of curvature of 304.06 cm. The grating is mounted according

to HuNOE and Paschen's method.

The spark passed between the iron poles of the magnet in the

direction of the line of force. It was originated by the discharge

of the secondary coil of a Ruhmkorff, a self-induction and condenser

l)eing placed in parallel.

Further details will be given in my thesis for the doctorate.

The time of exposure varies from 30 to 120 minutes.

In order to determine the iield strength I made simultaneous ex-

posures of the iron and zinc spectra. The amount of sej>aration of

the zinc line 4()H().33 wiis compared with the result of the measu-

rennentB of Cotton and Wkihh (Journal de Physiciuo, June 1908), the

strength of field being supposed proportional to the amount of

separation.
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The strengths of field used in all other exposures, could be deter-

mined by comparison of corresponding iron lines in the spectrum

under review and in the standard iron-zinc spectrum.

The field strengths utilised were near 30000 Gauss. In the following

table all separations are reduced to /r= 31965 Gauss.

A calcite rhomb introduced between the spark and the focussing

lens made it easy to get separate exposures of vibrations perpendicular

to resp. parallel to the field. The plates used were Dr. Schleussner's

Spezial Rapid plates. They were developed with Edinol.

In the following table fiX and X are given in A.U. The wavelengths

and intensities are taken from Exnek and Haschek's tables.

In the case of triplets and quartets dX indicates the dift'erence of

the wavelengths of the two outer components vibrating perpendicular

or parallel to the lines of force. In the case of quintets for vibrations

perpendicular to the lines of force the difference of wavelengths of

the components towards red and violet to the central one are given.

For vibrations parallel to the lines of force the data are given as in

the case of triplets.

Probably some triplets can be subdivided further, but even an

approximate knowledge of the magnetic separation of the iron lines

has become recently of some value by Hale's important discovery

concerning the spectrum of sun-spots').

I hope to give in my thesis references to the literature of the

subject.

Anatomy. — ''The nervous system of a white cat, deaf from its

birth: A contribution to the knowledge of the secondary systems

of the auditory nerve-Jibres" . By Prof. C. Winklek.

Through the kindness of Prof. Zwaardemaker, speaker got in his

possession the nervous system of a white blue-eyed cat, which during

life, though most carefully observed, never reacted on acoustic stimuli,

consequently deaf from its birth ').

This nervous system had been slightly damaged in the removing,

1) George E. Hale. Solar Vortices and the ZEEMAN-Effect.

P. Zeeman. Solar Magnetic Fields and Spectrum Analysis. Nature. Vol. 78,

p. 368 and 369, 1908.

=^) Prof. Zwaardemaker writes on this subject the following:

"This white calt, born of a while mother with normal hearing (one albino^eye)

•was obviously deaf from its birth. At any rale it was kept under observation

"since birlli, and never a single reaction on acoustic stimuli Was obtained. Even
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probably because the tentorium, ossified in these animals, had been

drawn through the occipital |>ole of the hemispheres.

With the exception of this damaged portion it was possible to

make a continuate series of frontal sections, parti}' after the Weigert-

Pal method, partly coloured by means of carmine, which could be

compared with the existing series of frontal sections from brains of

normal cats.

The first thing noticed was that the peripherical octavus-roots

which were attached to the oblongata, although smaller than in the

compared preparations, had not sujfered any change^ In accord with

this fact no degenerations were found either in the lateral rootfibres

upon the corpus restiforme, or in the rootfibres in the ventral nucleus

of the Vllph nerve, or in the deep medullated layers of the tnberculum

acusticum (speaker exhibits the microphotograms demonstrating those

rootfibres.)

Although these nuclei too are somewhat smaller than in the com-

pared series, yet it is impossible that the deafness of this cat should

have been occasioned by a primary affection of the labyrinth. For

in that case the well-determined and distinctly confined atrophies

would have been found in the systems of primary rootfibres, which

are in all cases consequent to the removal of the labyrinth in new-

born animals. (These atrophies are demonstrated by the speaker on

preparations and microphotograms of brainsections taken from rabbits

wliere the labyrinth had been removed shortly after birth).

Those atrophies however were not found in the brain of this cat.

The more striking is the fact that a secondary system of fibres,

the dorsal octavus-tract, the so-called stria acustica (v. Monakow)

"an express invetitigalion with the continuate note-series and with strong sound-

'stimuli gave only negative results.

'The statical organ on the contrary was proved to be perfectly normal. On
'the 7th of June 1008, shortly before death, this was carefully studied in my
•Laboratory.

"(Jlimbing along the frame of a rotation-apparatus was done; in the normal

'manner, likewbe leaping from a chair. During rotation, when shut up in a

"blackened chest, with an aperture on the uppersidc in order to facilitate the

'observing of what is going on within, nystttgnuis of the head and of the eyes

*wat shown in the usual way.

"On slopping the apparatus, a typical instance was observed of the well-known

'•ner-rolalion, described once again by Mr. van Hosskm (Sensations and reflexes,

'having their origin in the setni circular canals Diss. 10()7, Utrecht).

•Upon the small experimentation-lift of W. Muluku, whilst .seeing is excluded,

'all otulittic reflexes are recognised, and nowise impaired.

'During life tlie animal mewed."
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in the deaf-born cat does not attain to '/^ of tlic compass that fascicle

presents in the series taken for comparison.

The fibres originating in this fascicle and decussating in tlie raphe

(the vigorous decussation of von Monakow) are nearly ail wanting.

MoNAKOw's decussation is represented barely by a few small fibres.

Likewise the fibres of Held and their decussation are almost entirely

wanting. On the other hand, the ventral secondary octavus-tract in

the ventral layers of the corpus trapezoides is i-epresented by a

vigorous layer of fibres decussating in the raphe.

Together with the loss of Monakow's decussation the ai-ea at the

dorsal and frontal top of the superior olivary bodies, where the

fibres of Monakow's and Held's crossings meet, is only represented

by a few transverse sectioned fibres. It is wanting, and this deficiency

in its turn is accompanied by a very important atrophy of the

lateral lemniscus, more especially of its medial bundle of fibres. (The

preparations and microphotograms illustrating this, are exhibited by

the speaker).

Apparently nature did achieve in this cat, by some morbid process,

a similar experiment as was made long ago by von Monakow '),

when he was the first who succeeded in isolating the dorsal octavus-

tract by sectioning the lateral lemniscus.

For if the lateral lemniscus is sectioned, this so-called Monakow's

decussation atrophies rather completely and the stria acustica is

reduced to a small rest, whilst the large cells in the opposite tuber-

culum acusticum have nearly all disappeared and a certain number

of cells are atrophied as well in the nucleus ventralis as in the

portio interna corporis restiformis and in the nucleus of Deiters.

(The experimental loss and ati-ophy of those cells is demonstrated

by means of preparations and microphotograms of brain-sections taken

from rabbits, on which the section of the lemniscus had been per-

formed directly after birth).

In the deaf-born cat almost all the large cells in the tuberculum

acusticum have disappeared on both sides (and here — not in the

loss of fibres — lies the cause of the slight decrease of the primary

nuclei) whilst those in the dorsal portion of the nucleus ventralis,

in the portio interna of the corpus restiforme and in the nucleus of

Deiters are partly atrophied.

This case therefore supplies a new argument in favour of the

opinion that the secondary system of true auditory nerve-jibres are

to be sought for in the dorsal and intermediate octavus-tractSy in the

1) G. VON Monakow. Striae acusticae und untere Schleife. Archiv fflr Psychiatrie.

1891. Bd. XXII. S. 1.
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decussations of Monakow and Held, and not in the ventral layers

of the corpus trapezoides.

This opinion, put forward long ago by von Monakow ') in opposi-

tion to the now generally accepted opinion of the school of Flechsig

which presumes the couree of the auditory fibres to be lying in the

ventral systems of the corpus trapezoides, has been upheld by the

speaker also once before. ')

The preparations from the deaf-born cat moreover enable us to

find an answer to the question how this remarkable degeneration

may be occasioned by a pathological process.

As is well-known, the roof of the 4''^ ventricle expands laterally

into a so-called recessus lateralis, by which passes the tela chorioidea

and consequently this latter is lying free at the ventral border of

the oblongata.

At the entrance of this recessus, medial from the tuberculum

acusticum (which forms the medial boundary of the recessus), the

stria acustica is situated directly under the ependyme of the ventricle

free at the surface.

Each hydrops ventriculi, tending towards dilatation of the recessus

lateralis, becomes a danger for its surroundings, which may be

oppressed either from the recessus lateralis as from the ventricle. It

threatens to destroy successively first the stria acustica, next the

tuberculum acusticum, and only after this latter the lateral root

fibres become exposed. Now hydrops ventriculi may be caused by

many different morbid processes, both of meningitis, ascending along

the tela, and of encephalitis, complicated with ependymitis.

Now in this deaf-born cat we find hydrops ventriculi with a very

important distention of the recessus lateralis, the tela chorioidea is

thickened, with neo-formation of bloodvessels. The distention of

the ventricle and that of its recessus undermined the lateral wall of

the oblongata and the stria was pinched off (This distention is

demonstrated by the speaker on prepuraiioiis and microphotograins).

Similar dilatations of the recessus with the tumefaction of the tela

accom|)anying thcni, were found also in the IV''' ventricle of deaf-

OfidHJumb i^ersons, together with atrophy of the stria acustica. The

lateral root-fibres however were not always intact in such cases.

They were sometimes destroyed, sometimes not. These facts will soon

be published by Mr. A. Drouwkk in his dissertation.

>) MoMAfow, I.e.

') C WiNKUUi. Tbo CMilrat coane of th» N. Octavus. Proceedings of the Huyal

AomI. of »ci«fieM, 1907
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III our (leafborn cat the hydrops ventriciili is nevertheless secondary

to a morbid process situated elsewhere.

For in the left hemisphere are found the residua of a process of

encephalitis having occurred long ago, in casu before birth.

This focus is situated in the left corona radiata and in the radiation

of the corpus callosum. The cortex remains uninjured. Loss of fibres,

tumefaction of glia-elements, formation of cavities and neo-formation

of vessels mark the place where the focus is found.

Frontalward its boundary nearly coincides with the place where

the gyrus lateralis divides into a gyrus ecto- and ento-lateralis.

Thence it expands below the gyri supra- and ecto-sylvii mediales,

caudal ward not passing beyond the fissura ecto sylvia posterior.

There is a secondary atrophy of the medullated radiations of the

following convolutions: the gyrus splenialis, supra-splenialis, eco-

lateralis, supra-sylvius medialis and ecto-sylvius medialis and in the

lateral portion of the gyrus ecto-8ylviu8 posterior. (Speaker demon-

strates the position of this focus with the aid of drawings, prepa-

rations and micro-photograms).

This moibid process has entailed consequences.

1. The hydrocephalus internus mentioned before, which has distended

the lateral ventricles, the third ventricle, the aquaeductus and the

fourth ventricle, in the laiter mere especially the recessus lateralis.

2. The macroscopically visible atrophy of the radiations towards

the aforesaid convolutions and in the fibres of the corpus callosum.

3. The atrophy of cells, more intensive in the before-mentioned

convolutions, though also very evident in other convolutions of the

left hemisphere and likewise in the right hemisphere.

A loss of cells does not exist in the anterior convolutions, it begins

far behind the zone where the pymmides of Betz are found. The

posterior pole was too much damaged to allow of any examination.

But in the medial portions of the brain the degeneration is the

following

:

The loss and atrophy of cells is localized in the medial layers of

cells of the cortex. The fii*st layer of gmnular cells and that of the

small pyramides are only slightly damaged, but the 4''' stratum or

interior granular layer and the 5''' so-called sub-granular layer of

the pyramides have lost all or a great number of the cells, the 6'''

or polymorphous layer of cells being again intact.

4. A macroscopically visible atrophy of thejventral nucleus of

the left thalamus opticus, which has almost entirely disappeared at

iti» frontal lmuI and has lost cells as well as fibres.

5. A very slight atrophy in the most caudal part of the left
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corpus geniculatiim mediale, the more remarkable because therein

many cells are lost, only there, were the bracchium conjunctivum

from llie ganglion quadrigeminum posticum enters in the corpus

mediale. At the same time the atrophy in the left bracchium conjunc-

tivum is more important than that on the right side. The preponderance

of the atrophy in the left bracchium, in accordance with the atrophy

of the lateral lemniscus described before, is considered by the speaker

as being occasioned by the encephalitic process. This focus was not

situated (or only to a very small extent) in the temporal radiation

of the corona radiata. It is not followed by an intense atrophy in

the homolateral corpus geniculatum mediale, and therefore, cannot

in itself be held answerable for the auditory defect of the animal.

This deaf-born ivhite cat with the blue eyes consequently may not

be considered to be a deaf variety of the genus cat. It is a patho-

logical product. An encephalitis, probably during the intra-uterine

life, has destroyed a part of the left hemisphere (not the so-called

auditor}' radiation) and occasioned a hydrocephalus internus. Its pression

became a danger to all the systems at the surface of the ventricles.

More especially those systems were endangered that were threatened

from both sides by compression according to their position on the

border of the recessus lateralis. The stria acustica was destroyed in

that way.

Botany. — "CM the investigations of Mr. A. H. Blaauw on the

relation between the intensity of light and the length of illu-

mination in the phototropic curvatures in seedlings of Avena

sativa." By Prof. F. A. F.*C. Wknt.

Some years ago Wiksnkr ') attempted to ascertain, what is the

tiiinimiim intoiisity of light to which various |)lants still react photo-

tropically. He found, for instance, that with the epicotyl of Pisum

Mlivuin and ihe liypocolyl of Lepidium sativum the limit of sensitive-

neM 18 not yet reached at 0.054 normal candle power. (Wiksnku

expreM60 it in a unit which is equal to (3.5 Spermaceti candles). For

the epicotyl of Phcueolus multijiorus the limit is exactly at 0.054

normal candle power. While in this case, the author does not

mention the duration of the experiments, ho states for the epicotyl of

*) i. Winnni. Die hcliolroputcboa Erichoiaungen iin Pflaoionrciche. VVieu 1878.

p. 17»—180.
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Vicui sativa, that, at an intensity of 0.054 N.C., the curvature began

to appear after 3 hours and 45 minutes, wliereas the same organ

in Vicid Faba, with light of the same strength, did not show any

curvature even after 48 hours. In none of these cases, therefore,

has an attempt been made to find the minimum period, during which

Ught of a • given intensity must act on a plant in order to produce

a photolropic curvature. Later Figdor •) carried out similar experiments;

here only his conclusion can be mentioned, that the inferior limit of

pliototropic sensitiveness is below 0.0003202 normal candle power

for seedlings of Lepidium sativum, Amarantus melancholictts ruber,

Pdpaver paeonijlorum and Lunaria biennis.

CzAPEK ') on the other hand has been engaged on a determination

of the presentation-time; by this he means the minimum period of

unilateral illumination, required for the subsequent production of a

l)hototropic curvature. For seedlings of Phalaris and of Avena this

period is stated by him to be about 7 minutes, although he furnishes

no data as to the intensity of the light employed. Presumably the

author did not perceive the necessity of such data, because his in-

vestigation was almost wholly concerned with geotropism, where the

idea of presentation-time, without further specitication, has a pretty

detinite meaning, because we are concerned with the constant force

of gravity.

The (juestion, whether there is a connexion between this pi-esentation-

time and the intensity of the light, was however close at hand. In

his further investigation, on the perception of phototroj)ic stimuli,

Mr. A. H. Blaauvv has also taken up this question in my laboratory
;

he has arrived at some very striking i-esults, about which 1 wish to

make this brief preliminary communication.

The experiments were performed with etiolated seedlings of Avena

sativa, the coleoptile of which is exti-emely sensitive to light stimuli,

as is well known since the investigations of Darwin and of Rothert.

For the weaker intensities an Auer von Welsbach burner (incan-

descent gas light) was used; it was kept very constant by means of

a gas-pressure regulator. By placing the objects at varying distances

from the lamp, and, where necessary, by screening the light through

smoked glass, and further, by letting the light fall on a plate of

opalescent glass with a diaphragm, which in its turn acted as source

^) W. Figdor. Versuche liber heliolropische Empfindlichkeit der Pflanzen. Silz

ber. d. Math Naturw. Glasse d. K. Akademie der Wissensch Wien. Bd. Gil.

Abth. I 1893, p. 45.

2) F. GzAPEK. Weitere Beitriige zur Kenntniss der geotropischen Reizbewegungen.

Jahrbucher fur wissenschaflliche Bolanik. Bd. XXXII 1898. p. 185.
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of light, all possible intensities were obtainable, from 100 Hefner

candles downwards. The intensity was measured by means of a

Webkr photometer. The gaslamp was outside the room containing

the experimental plants, so that the latter were protected against any

harmful effect of coal-gas.

For gi-eater light intensities the electric arc-lamp of a lecture lantern

was used, and by concentrating its light through lenses, strengths up

to 48000 Hefner candles were obtainable.

The period of illumination varied from 13 hours to 0.001 second;

the very short periods were obtained by means of a photographic

instantaneous shutter with slit.

The plants were now placed at various distances from the source

of light; they were illuminated for a given time and were then left

in the dark and were examined for phototropic curvature after about

2 houi-s. When the distance and time had been properly chosen, a

well-marked limit was found to occur, so that below a certain strength

of light no curvature occurred, whereas above that strength all

or nearly all the seedlings were bent towards the light. It may be

said, therefore, that with a given exposure-time, a certain minimum
intensity of light is required for perception, or, more correctly, for

the production of a reaction, since of the actual perception of a light

stimulus we know nothing.

It was already a striking result, that while, as stated above, the

presentation time was assumed to be 7 minutes, Mr. Blaauw in his

experiments still obtained a reaction when the exposure was diminished

to 0.001 second, provided the light was very strong.

The results become still more important if expressed numerically,

as in the following table. The first column gives the length of the

exposure, the second the corresponding intensity of the light (in

Hefner candles) which just sutliced for a phototropi^c reaction; the

third column gives the product of these two nuignitudcs, the time

iMjing expressed in seconds, so that the product might be called

candlcH-Hoconds. In other words, the third column indicates in every

cane, how much light should have been allowed to fall on the plant

during one second, in order to give the same amount of light as in

the ox|K)rinient.

I (Kx|K)8urc). II (lulouHity of light). Ill ((handles-seconds).

13 hours (),0()()43y li.C. 20,6

10 „ 0,(KK)()()9 „ 21,9

6 M (),()0()H5r> „ 18.6

8 „ 0,001769 „ J 9,1
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seconds

I (Exposure).

100 minutes

60

30

20

15

8

4

40

25

8

4

2

1

2/5

2/25

1;25

1/55

1/100

1/400

1/8(X)

1/1000

It follows at once from columns I and II that with a shorter

exposure the strength of the light has to be increased, in order to

obtain a curvature. The calculated values in column III show, in

addition, that the intensity of light is inversely pi-oportional to the

length of exposure, or, in other words, that a delinite quantity of

light, independent of the exposure-time, is required to produce a

reaction. It is true that the values in column III are not identical,

but they clearly oscillate about a mean. Perfect identity' cannot be

expected in experiments of this nature, when it is remembered that

the limit between curvature and non-curvature cannot always be

determined exactly ; moreover the oats seedlings are of course subject

to individual variations, which could only be eliminated by making

for each determination a long series of experiments; tinally external

conditions of humidity, temperature, etc. could not be kept perfectly

constant in the various experiments.

There was not much point in choosing exposures of less than

0.001 second, nor of more than 13 houi*s, since the results obtained

show clearly that the essential condition for the production of a

phototropic curvature is the supply of a definite quantity of radiant

11 (Intensity of
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enei-gj; whether this quantity be supplied in a very sliort time, or

only extremely slowly, is a matter of indifference. This result is

therefore in complete agreement with Pfeffer's view (at least as far

as luminous stimuli are concerned) that the action of a stimulus is

to be regarded as a phenomenon of "Auslosung".

A similar critical value for the stimulus has also been observed

for the human eye. It is certainly very dilllicult to compare human

observations with reactions of plants under the influence of light,

but the observations of Block and Charpentier nevertheless indicate

a close analogy between the two sets of phenomena. This is most

readily shown by quoting a paragraph from the latter author ^)

:

"Nous avons vu le minimum perceptible varier pour des durees

de I'excitation allant de Viooo ^ ^"Viooo sec. Dans ces conditions le

minimum perceptible varie toujours sensiblement en raison inverse de

la duree de I'excitation. Si la lumiere est intense, elle produira cet

effet en moins de temps, si elle est faible, elle devra, par contre,

durer davantage. Pour que la sensation se produise il faut que, sur

une zone retinienne donnee et dans un certain temps, il arrive pour

ainsi dire une masse constants de lumiere, pen importe que cette

masse se distribue sur un grand ou sur un petit espace et qu'elle

arrive vite ou lentement sur la refine. C'est la un fait important,

dont il conviendra de rechercher les analogies sur d'autres territoires

sensoriels."

From observations, published by Bach") we may perhaps deduce,

that something of the same nature holds good for geotropic curvatures

as has been found by Mr. Blaauw for phototropic ones. 1 hope that

further investigations in my laboratory will bring certainty on

this point.

Utrecht, September 1908.

ERRATUM.
|) iVl I 12 from the top: for uniform read unifoiinly

p. IHIi I. 14 ., ,, ,, after „hydrogen line" insert C

I) CiiAKiKKTiKB. ArcliivcK •rOphtliulmologie. X. 1890, p. 122—128.

*) II. lUctt. Ucbvr (liu Abliiingigkcil lier geotropischcn Fraescntalioiis- und

Rc>akIionMzcit vuii VLTS<:hicdtMu*n AusHcnbcdingungcn. Juhrb. f(ir wits, iiulunik.

Bd. XLIV. 1907, p. 86.

(October 28, 1908>.
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Geology. — "On the behaviour of fossil shells in loater containing

carbonic acid." By Dr. P. Tesch. (Commuiiicaled by Prof.

S. Hoogewerff).

(Communicated in the meeting of September 20, 1908).

It is a well-known phenomenon that all strata which are more

or less calcareous and are situated above the surface of (he gi-ound-

water, when not consisting of wholly impenetrable clay, are exposed

to a slow action of solution. The explanation of this extraction of

lime is easily given by the dissolving action of the penetrating rain-

water, by which the quantity of lime is gradually withdrawn from

the higher parts of the deposit and in some cases is concentrated

in the lower parts in marl-puppets (for instance in the loss), in

other cases however is totally carried off (as a boulder-marl can be

transformed in a clay without any lime). The rain-water contains

already a good deal of oxygen and carbonic acid ; the part that

sinks away in the bottom still takes up the carbonic acid which is

formed in the upper-crust by the putrefaction of the vegetable rests

and thus it is enabled to exercise an oxidating action on the iron-

containing minerals and a dissolving action on the present lime.

Especially the fossiliferous glauconitic sands are totally changed

by this alteration. In the first place the glaucouite is dissected

and the iron which for a great part exists already in the ferri-form,

18 separated as limonite and forms a binding for ihe grains of sand.

The sand in the beginning of a dark or light green changes into a

yellow or brown sand, which in some cases is bound so strongly

that the name of a limonite sandstone may be given. Everywhere

where glauconitic sands are situated above the surface of the ground-

water and are not covered by protecting clay-beds, this phenomenon

can 1x5 ob8crve<i. In the southern parts of the Lower Rhine basin

for inHtuncc tlic uppcr-oligoccne sea-sands show everywhere where

tliey have Vvy\ their original niveau, a yellow or brown colour

by the dlHintcKration and oxidation of the glauconile grains (heaved

block of Myhl lK;twecii Ilitckelhovun and Hirgelen on the eastern

bank of ihc Koer, the santhjuarries of (lerrcsiieim, (Irafenberg and

RothenlH;rg ca»l of DuH-m-ldorp etc.). in liclgiuin (he "sables c( givs

ferrugincnx do DicHl", llio "Crng jauno d' Anvci*s*' etc. are so con-

verted glauconitic fuindH.

In the Hecoiid place however (he wa(ei' widi carbonic acid ac(s

OK a Holvent n|M)n the lime hIicIIh of (he foHsils, which dis.Mppear

totally or rettt wi printingn and utoncM and ai'o more dillicnll (o
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determine, in consequence of which the direct remedy of fixing the age

fails or at least becomes uncertain. Esi>ecially in Belgium the division of

the u|)per-ter(iar} deposits has given rise to many contmdictions during

a long time because tiie incomplete and indistinct fauna opposed the

question of the exact parallelism with similar strata in a high degi-ee.

Only by the extensive researches of E. van den Bkoeck and others in

the Antwerpian pliocene, when those deposits were uncovered on a

large scale by the establishment of harbours and docks, this altera-

tion was recognized as a general secondary action which appeal's

everywhere where the circumstances of penetrable cover and a

situation above the level of the ground-water allow it. The limit

between the decomposed glauconite sand (yellow crag) and the

original sand (gray crag) is not at all to be considered as a geological

limit but denotes only the level of the ground-water.

I have mentioned these well-known facts in order to arrive ut

another observation which was made by inquiring the altered depo-

sits and for which an acce[)table explanation was ready. It was

fixed that the resistance of the different shells against the dissolving

action was a different one and thus more and less resisting shells

were to be distinguished. The still recognizable stones and printings

belonging to the genera Terebratula, Ostrea, Pecten, eic. and these

shells being known to consist of calcite, while the small gastropoda

shells are composed of aragonite, it was concluded that calcite w
dissohed in water coiitaini/uf carbonic acid nuth much more difjicultij

than itragonite. In the "Handbuch der Palaeontologie" of Kahl A.

voN ZiTTKi- (Volume II, piige 12) for instance this is expressed as

follows

:

"Die Kalkspathschalen zeigen eine ziemlich betrachtliche, die

Aragonitschalcn eine sehr geriuge Widei*standsfahigkeit gegen die

auflosende Thiitigkeit kohlensiiurehaltiger Gewiisser. In Ablagerungen,

wo fast alle fossilen Muschein oder Si'hneckengehause zerstort und

nur durch Steinkerne angedeutet sind, findet man wohlerhaltene

Schalen von Ostrea, Pectkn, Pinna, TRicniT>is, u. a."

I do not know whether this fact ever has been examined by

experiments upon the pure minerals. The failing of any communi-
cation concerning that subject in different mineralogical test-books

suggests that this ha« not taken place and thus it may be useful to

examine this different behaviour experimentally, so far as the difference

of solubility has an importance for the prtictical geology 'j.

') Some time after having finished this communication 1 got acquainted with an
essay of H. W. Koote : Ueber die physicalisch-clienii.schen Beziehungen zwischen
Aragonil und t'.aloit (Zeitscluifl fiir physikaiisclie Cliemie, Hand 3:J, pag. 740) to

16*
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^4. Solubility of calcite and aragonite in pure water.

In ali following experiments were used : for calcite fraguiciils of

the calcite of Iceland and for aragonite crystals of Bilin in Bohemia.

By pulverizing and sieving a powder was obtained the giains of

which were all smaller than 2 mm. and larger than 1 ram. in order

to equalize the circumstances.

To compare the solubility of the two minerals in pure water, a

quantity of 1 or 2 grams of this powder was exposed during a week

to 200 cm*, of newly distilled water and afterwards the quantity

was again weighed accurately.

I obtained the result that the same (piantity of pure water in the

same time dissolved

:

from the calcite powder:

4,8 milligrams

5,0

5,1

and from the aragonite powder:

2,8 milligrams

3,0

3,2

On these iniinbers a remark is to bo made, to which |)rof. Dr,

6. A. F. MoLKNGRA.\KF drew my attention. The grains of calcite will

have the form of the cleavjige rhomboeder and will moreover show

small internal (Issures. This has the conse(|uence that the attackable

surface olfered by the calcite powder is much larger than that of

the aragonite powder.

For this reason I experimented another time with the finest powder

of the two minerals which had passed a silk sieve of 64 openings

on the m.M.". I acte<l during the same time with the same quantities.

which Prof. Dr. S. lioiNiKWKitKK drow my alleiiliDii. According to the law that of

two fonns the Icaiit soluble* in tli<.> most durable, the author linds in ditrerenl ways

that under the normal circuinstanccii o( pressure and temperature calcite is more

durable than uragonile. Formerly it hud alrea<ly been shown by experiments of

KouiMAViuM and Homk Ihut at the temperatures between 2° and 34° C. calcite is

vomewhat Ickn dimiohible in water than aragonite. The author finds the same fact

•t th« tMoperalureM 2^/^ 50' and MPC. Hy means or the electric properties the

difliertooe b tolubilily in water containing carbonic acid is examined at the tern-

peraturM of 8', 2&^ 41° and 48'- C. At 49" C. aragonite is still ll^/o more

•olttble than calcite, though the dilTerence becomes smaller at risinK temperature.

The rdaliotis of solubility found in this essay agree sati.sractorily with the results

found by me by direct weighing.
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The result was that was dissolved

:

from the finest calcite powder: 4,— milligrams

and 4,1 ,,

from the finest aragonite powder: 5,4 „

and 5,7

The quantities of dissolved mineral are very small and so the

inaccuracies of the weighing iiave a great infiuence. Though these

numbers cannot have an absolute validity, I hold myself authorized

to say, that an important difference in solubility does not exist.

Spoken practically calcite and aragonite are both nearly insoluble in

pure water. The luiniber found for calcite agrees sufliciently with

the knowledge that 1(X)()0 parts of pure water dissolve 0,2 or 0,25

parts of calcite.

B. Solubility of calcite and aragonite in water containing carbonic

acid.

The solubility in water containing carbonic acid in the form of

bicarbonate depends on tlic duration of the action and on the strength

of the dissolving licjuor or on the ((uantity of carbonic acid. I always

prepared the liquor imnietliately before adding the mineral powder,

by leading through 200 cM' of distilled water a slow current of

pure carbonic acid during twenty minutes and by closing the glasses

during the experiment. So the strength of the liijuor may always

have been the same.

I obtained the result that 200 cM* of water containing carbonic

acid had dissolved after one week

:

from the coarse calcite powder: 54,7 milligrams

from the coarse aragonite |>owder: tij,8 milligrams

The same (juanlity of the liquor had dissolved after two weeks:

from tiie calcite powder: 76,5 milligrams

from the aragonite powder: 8(5,2 milligrams

and after four weeks

:

from the calcite powder: 108,4 milligrams

from tlie aragonite powder: 122,4 milligrams

For the same reason as is mentioned sub A, a second series of

experiments was made with the finest powder of the two minerals.

200 cm', of water containing carbonic acid had dissolved after

one week

:

from the finest calcite powder: 267,8 milligrams

from the finest aragonite powder: 332,8 milligrams

From these numbers I conclude:

1. that indt'ed anii/oti/fe is ,Ii«,iJred a little faster by water con-
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taining oirhonic acid than calciff. At the same time it is evident

however that the difference of sohibility is too small to serve for a

practical remedy of determination.

2. that this little difference is not siil!icienl to explain the different

behaviour of the fossil lime-shells, hut that we must be taken into

consideration still other causes: the long duration of the dissolving

action, the continuous supply of new liquor, the absolute size of

the shells and the relative size of the outer surface.

One finds in the common test-books the notice that 100 grams of

water containing carbonic aciJ dissolve 0,1 or 0,12 grams of calcite

which agrees sufficiently with the number mentioned above *).

When examining the minei-alogical composition of some shells, the

question rose what remedy is the most suitable to distinguish calcite

from aragonite practically. The little difference in hardness is of no

use to this purpose, iis a small quantity of silex may neutralize this

difference. A calcite shell for instance may equal locally the hardness

of aragonite by mixed silex and a determination depending only on

this property seems precarious. Nor is the specific weight to be used

as a certain quantity of silex, phosphatic lime, magnesia carbonate

and organic materials influences it. On the contrary the test with

dilute cobaltcarbonate solution of W. Mkigkn is very useful (Central-

blalt fiir Mineralogie, Geologic und Palaeontologie, Jahrgang 1901,

Seite 577). With the aid of this test I examined a number of shells

of the following genera, availing myself in some dubious cases of

the optical properties.

Of nt/cilf^ consisted :

Ostrea (recent, plio<'ene and senouy

l*cctcn (recent, pliocene and sejion)

Pcctunculus (miocene)

Area (miocene)

Nucula (miocene)

Lcda (miocene)

VcnuH (mioconcj

Cythcroa (miocene)

ItMK'ardia i.niioccne)

Littorina (recent)

Huccinuin (rocenl)

Aporrhai.H (miocene)

Ancillnria (luiiM'cnc)

') Hero it muitt wtill lie added that all tlicsroxpnrimonts tank iti.uc al tlw roimnoii

cliAinlK'r Imiporalure (10° or 20'' C.) and lliut IIk- hIhsscs wen- sliakfii oiue u

day in order to promote the action or the diitiiolviiig ti(|(ior.



( 241 )

Of nrngonite consit*ted

:

Cardiuiii (recent and pliocene)

Ensis (recent and pliocene)

Donax (recent and [)liocene)

Tellina (recent and pliocene)

Astarte (pliocene)

Cardita (pliocene)

Cytlierea (recent)

Venus (recent)

Unio (recent)

Mactra (recent and pliocene)

Mya (recent)

Corbula (recent and pliocene)

Pholas (recent)

Scalaria (recent)

Natica (recent)

Cypraea (recent)

Turritella (miocene'

Cancel laria (miocene)

Cassidaria (miocene)

Cerithium (recent)

Murex (recent)

Conns (recent and miocene)

Trochus (recent)

Turbo (recent)

Bulla (recent)

Strombus (recent)

Ficnla (recent)

Tercbra (recent, miocene)

Niso (miocene)

Dentalium (plicwene, micK'ene and oligocene)

Uingicula (miocene)

On lookiii"!; ihrougli the above list it is evident that a gi-eat deal

of the examined Lamellibranchiata consists of aragonile though among
the fossil species enough cah*ite shells (jccur. A specimen of the

miocene Cytherea incrassala consists without any doubt of calcite

and a specimen of the recent Cytherea meretrix consists with the

same certainty of aragonite. Such was also the case with the miocene

Venus multihimellosa and the recent Venus albina. Among the

Gastropoda shells the majority consists of aragonite but four shells

form an exception. For the fossil specimina of Aporrhais and Ancil-
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laria perhaps it is permitted to think of a later inversion of aragonite

into calcite but for the very new speriniina of Bnccinnni undatnm
and Littorina littorea this explanation seems excluded. Possibly the

form in which the lime carbonate is separated depends on external

influences and a species which builds as a rule an aragonite shell

maj be able to separate calcite under abnormal circumstances (tempe-

rature, composition of the water). This appears to me the more

probable as we can precipitate aititicially calcite or aragonite

according to the circumstances of temperature and composition of

the solution. If this should be true the composition of the shell is no

specific property.

Geophysica. — ^'Eiirthcurrent-Uegistration at Batavia." (3*^ com-

munication). By Dr. W. van Bkmmklen.

In the preceding communication about my earthcurrent registration in

Java, I expected to be able before long to throw more light on the

(piestion of the abnormal intensity of the current between Batavia

and Anjer (a place in the neighbouring residency of Bantam)

The kind co-operation of the Superintendent of Government Rail-

ways, who allowed me the use of the raUway telegraph lines during

night time, enabled me to realise my intention of measuring the

currents flowing between Batavia and some other places situated in

the residencies of Batavia and Bantam.

In order to obtain an exact control over the new results, I registered

next to the currents flowing through these wires, those between

Anjer an<l Batavia flowing through the direct telegraph line between

llicse towns, i.e. by means of the line formerly used by me. More-

over the N—S component of the magnetic force was recorded.

By moans of the railway telegraph-wires I obtained connection

with the following places:

I^bocan on the WcHlcoast of Java, 32 K.M. to the S.S.W. of Anjer.

Serang 28 K.M. to (he Kivsl of Anjer.

lUmgkas Bctoon^ 4() K.M. to the Kast of fiabooan.

Between Anjer, Sc»rang, ItaugUas BtMoeng au<l Laboean there rises

a volcanic diain, the volcano Karang (17H() M.) being the culmi-

nating Hummil.

TangnraiiK 21 K.M. to the WcHt of Batavia.

Bi'kaMMi 20 K.S.K

K ruwting 54 li.S.K. ,, ,,
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The directions and distances from Batavia are :

Batavia— Anjer W S'^N.

Laboean W 12 S.

Serang W 4 N.

Rangkas Betoeng W 17 S.

,, Tangerang WIS.
Bekassi E 17 S.

Krawang E 14 S.

I think it necessary for a better under^^tanding of the resnlts to

be mentioned iiereafter, to summarise tlie results obtained before.

In my former work on earthcurrenls I always compared the

oscillations shown in the intensity of the current, witli those occur-

ring simultaneously in the magnetic component, always taking into

account the horizontal component directed perpendicularly on the

straight line connecting the two stations.

I measured the variations of the magnetic component in absolute

measure, and determined those of the earthcurrent by means of the

dilferences of potential per Kilometer, which, if existing, should give

the same variation of the current through the wire as was shown

by the recording galvanometer.

Thus I (lid not decide whether such a difference of |)Otential really

existed at the two stations.

The records obtained brought to view the fact, that especially for

places one of which lies to the East of the other, each oscillation of

the earthcurrent corresponded with a simultaneous one of the component.

lint if one station lies to the North of the other the correspondence

with the E.-W. compiment of magnetic force was much less than

in the former case.

The connection between corresponding oscillations of earthcurrent

and magnetic force may be described thus. Those of the earthcurrent

precede those of force with a certain dilference of phase ; their

amplitude increases com|>ared with those of force, wiien the duration

decreases.

As to the amount of this dilference of phase and of this increase

of amplitude 1 found them to be cpiite dilferent for the coast-plains

of North-Java and the volcanic regions in the southern part of the

island.

In the South especially the inciease of amplitude, which accom-

panies decreasing duration, was much more rapid, than in the northern

regions. The following figures will make this divergence evident.
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If we suppose, that a difference of potential rises between Cheribon

and Batavia, when a certain variation of the magnetic force occurs,

and supposing the gradient of potential to be 1 Volt per K.M., we
ai*e able to calculate the potentials rising at the different stations.

For convenience, sake we may assume the potential at Cheribon

to be zero. We find

:

Laboean
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AccordiDj^ly it is no wonder that the currents bear a different

tj|)e in the nionntainous Preanger compared with those of the coast-

plains; but I utterly fail to explain this difference, just as it has

been found.

All that has become known till now points to the next step,

which should be taken in this research, viz. that the earth-connections

should be brought to a depth of, say one or more kilometers under

the surface of the earth, but, alas this is impossible.

It is true I had the intention to make use of two artesian wells

to be bored recently at Sorang and Hatavia, but the considerations,

that first tiie mantle of these holes consisted of iron, ihe depth was

ordy 0,2 a 0,3 K.M., and besides the wire connecting the two did

not possess the necessary isolation, frightened me out of this burden-

some experiment.

I think it advisable to continue the registration in the old way,

but to take into account the geological formation in the fii*st place.

Dr. L. Steiner of Budapest has directed my attention to the ftict,

that I have erroneously applied the formula A = 0.8 \X 77- (c.f.

1"* Comni. Proc. Jan. 25, 1908. p. 515) on the harmonic terms of

the daily variation for the earthcurrent between Batavia and Cheril)on.

Indeed a calculating error kas curiously given rise to an apparent

agreement between the observed values and those computed by

means of the formula.

Dr. Steiner deduced the following expression

^ _ . 1 A ro-2= 3.9M 7' 0-8
or - = 3.9

T
This formula gives the following values

Amplitude



1.172
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0- jukI yy-iiitrotoliienc are formed hy adding eattilyzers (jijenerally

consisting of metallic sails) to the mixture of nitric and sulphuric

acid used in the nitration. The amount of o-nitrotoluene pi-esent in

the product of nitration only varied liowcver from 57.16 to 60.857,.

In these experiments the temperature was kept between 5 and 10°.

When nitrated at 0^ with nitiic acid (sp. gr. 1.52) 52.7"/, of nitro-toluene

was obtained ; on addition of different salts (the pro|>ortions are not

stated) to this acid the (piantily of c-compound diminished and when

nickel sulphate was added it even got as low as 45.5" „.

FiuswELL, (C. Bl. 1908', 2092) nitrated toluene under many various

conditions in order to increase the yield of />-nitrotoluene. He obtained

however, always (>() (55''/„ of o/"M<'- and 40—35"/, of />^i/vi-conipound.

None of these chemists make any statement iis to the njcthod used

in these determinations, although Hoi.dkkmann expresses his results

even in two decimals. As will be noticed from the above quotations

the figures differ widely. Moreover, Xoi.ting (B. 12, 443 ; 18,1337)

has shown that the nitration product of toluene contains //^-nitrotoluene

the amount of which he estimates at 1—2Vo- If i^. therefore, obvious

that there is, as yet, no question of a fairly accurate knowledge sis

to the composition of the product of nitration of toluene, and, for

this reason, I instructed Mr. v.\n hkn Ahknd to determine the com-

position, with the aid of the more accurate methods, which for that

purpose have been worked out in my laboratory. In this particular

case the method of the solidifying points was the most practical one.

In order to apply the same, it is necessary to procure, first of

all, the three ;«07/t>nitrotoluenes in an absolutely pure condition.

A preparation of (>-nitrotoluene of great purity has been obtainable

for the last few years from Meister, Liens and Bkuning. A specimen

received previously from that firm still contained 0.4"
„ of /v-nitrotoluene

(These Proc. VII, p. 395). At my request they were kind enough to

once more purify a sample of this almost pure y-nitrotoluene by

freezing, and to place two kilos of the purified preparation at my
disposal, for which I express to that firm my sincere thanks. This

was found to contain only 0.13"/„ of />-nitrotoluene and was used

by Mr. van den Arenu in his experiments without any further puri-

fication, except a single distillation in order to remove the dissolved

watei-; a corre<'tion was then applied for the />-compound content.

It was shown that the methods proposed by Reverdin and la Harpe
(Beilsteins llandbuch II, 91) ajid by Loesner, (J. pr Chem. (2) 50, 567)

to I'l-ee o-nitrotoluene from any />-nitrotoluene present are (juite

useless. tz-Nitrotoluene is dinuu-phous ; the melting points of the two
modifications were determined bv van ukn Arend bv means of his



( 250 )

prepai-ation and found to be — 3°. 7 and — 9°.4. According to liis

observation the unstable inodilication with the higher m.p. is formed

most readily when the liquid substance is cooled rapidly to about

— 30°. First, a solid yellowish mass is formed, which, on further

lowering of the temperature, begins to show white spots and then

turns quite white, with production of a crushing sound; the crystal-

line mass thus obtained melts at about — 4°.

///-Nitrotoluene is obtainable fiom dk Hakn in a very pure condition.

It was fractionated a few times when the melting point was found

to be -f 16° and the boiling point 230—231° at 756 mm,; it may
therefore, be taken as pure,

y>-Nitrotoluene from Kahlbaum was recrystallised twice from alcohol

and then distilled in vacuo ; its solidifying point was found to be 54°.4.

SoUdifyirKj curve of o- and p-nitroioluene.

•/o para-m\YO\o\\\ci\Q initial solidifying point end solidifying point

100.0 H- 54^4 —
97.5 50°,0

91.6 46°.2 —
79.0 38°.5 —
72.9 33°.8 —
67.5 30°.4 —
60.5 24^4 —
46.6 jr.6 — 15°.0

42.3 5°.4 15°.2

39.8 r,8 15°.7

•/, /wm-nitrotohiene initial solidifying point end solidifying point

37.2 — J°.2 14°.6

33.5 6°.8 —
30.6 14°.8 —
24.9 14^4 15°.6

10.8 12M —
11.2 11°.3 —
0,0 or4 —

moan — 15°.2

Kig. 1 represents the Holidifyin^; curve constructed with iho aid

of these figures.
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100 '/o 60 60 ^o no

Fig. 1. Melting point curve of 0- and ;)-niti'ololuene.

Mr. VAN DKA Arkm) found the following tigures for the spcfific

gravities of 0- and ^^-nitrololuene and for some of their mixtures,

at 80".0 :

1.01)81 calculated from

J.OlUKi the.'^i). gr. of c- and

1.1007 ofy>-nitrotoiuene

00 7„
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which plainly shows the contraction wliich takes pkice on mixing

the isomei*s, by the higher sp. gr. which the raixtnres possess, in

compai'ison witli the calcuhited values (the straight line).

loot do ^0 ^0 lo

Fig. 1. Line of the specillc gravities of orl/io- aud /xovMiilrotolucne.

The nitration of toluene was carried out by the method of Hkii.stein

and KuHLHKKG, (A. 158, 'MS), i.e. the nitric acid being added to the

toluene and not reversedly, because, by their method, the formation

of dinitro-pro<lucls is entirely avoided. The toluene employed had a

constant boiling |K>int (110^.8 at TOO mm.) and had been purified by

licing iKiiieil with bodium wire in a retlex apparatus.

Tho nitration of the purifuMl ioluene took place at the temperaiure

of ~ 'Mf. 0"; -f 'Mf and -f <i()° and was carried out as follows:

75 graniH of tlie toluene were phvce<l in a small flask and brought

to the rcMiuired temperature. 2(M)c.c. of nitric aci<l (sp.gr. 1.475) were

nlowly dropjMMl into tin* lolu<'n<', the mixture being sliri'ed mechaiii-

caliy. Iniiucdialely after the addition of the first diops of the acid

the liquid turned inlenrH>ly brownish-red : so that it was not possibU>

to Hec whether two ii(piid hiytM's ov one liomogeneous iui\tMr(> was

foniieil. The heal evolved during the nitration was bul liilliug, at
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least at 0", After some time, tlie mixtiiie was sliaken repeate<llv iji

a large se|)aratioii funnel with water luitil no more acid reiiclion

con ill he observed.

Bein*i: dried over sodium sulphate, the " product was clistilled in

vacuo. The tem[)erature was first kept for some time at 40'', to

remove anv unattacked toluene; at a |)re.ssure of 1 to 2 m.m.

and a temperature of 90^—100^ the whole distilled over leaving hut

a very small residue. Towards the ejid of the distillation much of

the />-nitrotoluene passed over, which de|)osited in the exit tube as

a yellow crvstallirie mass.

The distillate consisted of a clear |)ale yellow litpiid.

After the solidifying point and the sp.gr. of such a nitration-

mixture had heen determined the distillation in vjumio was once

more repeated and the solidifying |)oint and the sp. gr. determined

again. Tliese did not differ perceptibly from the fii-st ones.

The end solidifying points could also be determinetl pretty sharjdy ;

the subjoined table shows the results obtained

:

Nitration at

:

— ^O^" initial solidifying point

end

0^
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The end solidityiiig points were found lo be a little lower; as

i-egards the initial solidifying point of + 3°. J in the nitration at 60^

it should be observed that the mixture of toluene and jiitric acid

had been left over night and separated into two layei-s which was

not the case in van dkn Auend's experiment. With an initial solidi-

fying point of — 0\8 corresponds 37.57o of />-nitrotoluene ; with

that of -j-3°.l, 40.77o, disregarding, for the moment, the sn>all

quantity of /«-nitrotoluene present in the nitration product. As a

content of 40.77o of y>-nitrotoluene corresponds with a sp. gr. of

1.1026 it seems that no higher nitration products are formed, even

at -J-
60°, when the nitration is carried out in the maimer indicated.

Tills is also shown by the position of the end solidifying point

which is but little lower than that found with the nitration products

obtained at lower temperatures.

In order to determine the o-, in- and /Miitrotolnene content of the

nitration product it nmst be regarded as a ternary mixture, and the

lowering which the initial and end solidifying points undergo, on

adding a small quantity of //^-nitrotoluene, should be determined, as

NoLTiXi's investigatioji had shown that the hitter is present oidy to

the extent of a few 7o-

A mixture of pure o- and y>-nitrotolucne weighing 2.8319 grams,

composed of 35.57o p^tra- and 64.5"/„ o/'^Ao-nitrotolucne, had an

initial solidifying [)oint — 3°.8 and an end solidifying [>oint — J 4°. 9.

If now 0.0860 grains of 2.9 7o» of m<?/rtnitrotoluene were added,

tlic initial solidifying point fell to — 6°.0, the end solidifying point

to "16°.7.

Tlie i)erecntage of o- and />-nitrotoluene in the mixed nili-aiion

pro<luct at 0", with an initial solidifying point -f~
2°-^ '^"'' «"• end

solidifying point — 16*.8 could now be determined in the following

manner, keeping account of the m<'^a-compound formed.

On addition of 2,9"/, of nieta the end solidifying point falls from
— 14*.9 to — 16''.7 = 1°.8. Owing to the presence of mcfd-mivo-

toluctio, the end 8oli<liliying point of the mixed nitration pro<luct

has l>een found to be 1()'.8 instead of 1
4°.9 (the eutoclic point

of the mixture ort/io -^ pnni), therefore J".9 lower. Kroui this it

1.9x2 9
followH that in the mixture at 0^ there is present V, = 3.1 7e

I.o

of imtu.

Owing to ihc jiresencc of iIiohu 2.9" „ of y//«A/-coin|»ouiMl, llio

initial holidifying point of th<> artilicial niixlunr has I'allcu I'roui

:r.H lo 6'.(), tiierefore 2'.2. Kor 3.1"/,, of nn't'i the fall unisl

uiiiounl to 2 '4. If for the mixed nitration product is foiind an initial



41.7
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point plane. This jHiiiil U is ilic inilial solidifving |)(»iiil. On I'lirllior

decrease of ihe temperature the solidilication proceeds along a curve

'YVV

Fig. 3.

H,IJ, whh'li i« obtained l\v inierseclion of llic lucltinji: point phuic

with a piano PP't^lv. passjnj; lhroii;::h Pp' and Ihc poinl (^ indicalin*;

Ihc proportion in which ort/io and niciu are |>r(>sent. I^'or in tiiat

plane llie |»ro|N)rti(Hi of a and /// does not alter during the coolinu;

while fi is bein^ deposited. On cooling still rnrlher lli(> coinpctsiijon

of the liqnid is indicated l>v the points <d' the line KJvr aionu whicii

crt/in and /lani hnth scpjiiMl*'
: in Ky nn-fit also hcuins lo scjiaiMlc

and all lN>conies solid

If the fpianlilv >>\' ///-nitrotolnene is snndl, It, is situated very

<'los<*ly l<» K, an<l tin* verv short line \\U^ may he taken as a straight

one, of which use has heen made in the ahove cah^uiations.

Avmki'dam, Org. cliCMn. lub. Univ. Aug. '08.
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Chemistry. — "The nitration of ihchlorotoluene.^' By Prof. A. F.

HoJJ.KMAxV.

The />-c'lilorotoluene required for this piiri)Ose was prepared by

Mr. VAN DKN Arkm) from pure />-lohiidine I>. |). 160—161° at 754 mm.;

in. p. -f-
7°. Of both nitro.y>-clilorotoliienes the isomer

CH„C1, NO, = 1,4, 2

was obtained by liim from />-chlorotoUiene by nitmtion and separation

of the nioiionitrocompounds; it melted at -f-
•^^°- He pi-epai-ed the

otlicr isomer (-H,, CI, NO,= 1,4, 3 according to (J.\ttkrmanx's method

B. 18,1483 whicli may be expressed by the following scheme:

OH, CH, CH, CH,

/\ /\ /\ /\
I I

^
i I

-^
I I

--
I i

\/ \/N0, \/NO, \/N0,
NHac NHac NH, 01

The product obtained had a boiling point of 259—260' at 759 mm.
and melted at -|- 'i^^ '" '^ capillary tube. The solidifying point was

+ 5°8.

For the determination of the relative quantities of both isomers

present in the nitration product of /M-hlorotoluene the solidifying

point dolenuinalion process wiis again found to be the most suitable.

Hence the solidifying point curve of these isomers had to be deter-

mined. iMr. VAN DKN AiiF.NU obtained the subjoined llgures:

7o 2-NO,-4-OI-toluene Initial solidifying End solidifying

point

1(K).0

57.0 -f 9^7 —7^9
44.7 + l^.-A —8^2
34.8

29.8

24. J — 4M —8'.2

17.5

14.1

6.6

0.0(10O7„3-NO,-

4-CI-toluene) v

Of these the following figure is the graphic representation.

For the sp. gravities of both isomers and for some of their mixtures,

Mr. VAN DKN Arf.nd found the following ligures, corrected for upward
air pressures and for the expansion of the gUiss of the pycuometer.

The temperature was 80°.0.

[>oint
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100% ic tj <-0 ZO 0%

Fii?. 1.

Solidifying point line of ;>• and oniUotolnone.

2-iiitio-4-( lilorotoliienc cak'nlrttcd

If 07. J.2559

57.0 J.2477 1.244(5

17.5 1.23(>4

().0"/„ (KK>"„ ;i-niln)-4-clil()n»l(>liieiie) 1.229fi

III tlio subjoined ji;r{ipliic roprcseuljilion tlioy have been united.

The cuU-uljilcd vabio is llie one vvliich the sp. «»;!•. ougld (o luive

mrordin^ to the 8tmi',dil line in the lif^ure, so without contraction.

The latter is therefore rather «*onsi<lerabh3.

i.i600

100%

liiCO

Fig. 2.

liinc of the *<|ii><'itif' KinvilioK for MiixtiiicK of the

mono- iiitiu* punt* chlorotoluenuM.
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It was uiilv after some imsuceesst'iil efforts that we succeeded in

carrying out the nitration of ^>-chlorotolnene with nitric acid, in that

sense that everything was just nitrated, without formation of any

<iiiiilro-|)ro(hu'ts. Mr. van df.n Akknu could ascertain this by deter-

niiiiing the speciilc gravities. As in the case of pure tohiene it was

again found practical, in order to avoid the formation of higlier

j)roducts of nitration, to add the nitric acid to the ^>-cliIorotohiene

and not rcversedly.

10 grams of />-cidorotohiene were cooled to 0. At that temperature

it sohdilies to large leaf-like crystals; at the moment of crystallisation

setting in, nitric acid (D. 1.48) was added, drop by drop, with

lliorough shaking. After Ice of acid had been added all the crystals

liad already fused. The li(|ui<l turns very dark and consists at tirst

of two layers. After furtiier addition of acid, the temperature being

kept at 0" the colour turns pale yellow and the litpiid becomes homo-

geneous. When this point was reached the further addition of acid

was stopped and after a few moments the li(piid was poured into

water. In all, foiu* times the weight of nitric acid was used. The

pale yellow oil which collected at the bottom was agitated rej)eatedly

with water until jio further acid reaction was noticed, and then

dried over sodium sulphate. The following day, the nitration product

was distilled twice in vacuo when a slight black residue was left

behiml. The yield of purified prmiuct was 12 grams. It had an initial

solidifying point of -}- 10 \2 and an end solidifying point of—8°.0.

From the first figure it follows that the nitration product must

contain 58",, of CH,,C'I,N( )j = 1, 4, 3, whilst the figure for the end

|)oint, which coincides with the eutectic point, shows that the mixture

contains no other substances besides these two. This was also proved

by the sp. gr. which was found to be 1.2481 for an artificial mixture

of this composition, whilst the nitration mixture possessed the same
sj). gr. Mr. Dk Lkeiw who also nitrated />»-chlorotoluene in the manjier

described, found the initial solidifying point of his product -|- 10^. i),

the end point ^ 8.'^3. This initial point corresponds with 58.87o 1.2.4.

Mr. VAN DEN Akend also mixed an artificial mixture of both isomei-s

containing 587„ 1.2.4 and 42V« 1.3.4 with the nitration product in

about eipial quantities; the mixture so obtained solidified at -f- lt)^-3,

11 may, therefore, be taken as proved that the nitration [)rodu«!t

has the above composition. A chlorine determination according to

Carius gave 20.3 «/„ (calculated 20.7 "/„).

Two nitrations were carried out at -f"
30^ in the manner de-

scribed, using nitric acid (D. 1.45) which both yielded a product

the sp. gr. of which was much too high. It appeared that at this
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temperature liiglier substituted nitro-produets were readily formed.

If the nitration is carried out at -J-
()()° a product is formed which

solidifies at — 9°,2, a temperature which is situated lower than the

eutectic one of mixtures of the two pure components. The sp. gr.

is 1.2t)2(j. No doubt considerable quantities of polyvalent nitro-

compounds are formed at this high temperature of nitration.

Amsterdam, Org. chem. lab. Univ. Ang. '08.

Chemistry. — '"The quantitative estimation of the products of

nitration of m-chloro and m-bromobenzoic acid. By Prof. A.

F. HoLLUMAN.

The above investigation has occupied me more than once. ^) In

the nitration of each of these acids two nitrohalogen acids are

formed namely 1,6,3 = CO,H, NO,, CI (Br) as main prodnct and

1,2,3 = CO,H, NO,, CI (Br) as byeprodnct; the question arose in what

proportion these acids are present in the nitration mixture.

The reasons which induced me to revert to this investigation

ai-e twofold. Firstly, because the percentage of byeproduct in the

nitration mixture of ?//-chlorobenzoic acid was found 2.8 higher in

the lii'st investigation than in the second, when another method of

analysis was applied and this dillerence was not satisfactorily explained.

Secondly because it was found in the nitration of t^-chloro- and

(/-bromobenzoic acid and also in that of //i-chlorol)enzoic acid, that

more byeproduct is formed at 0^ than at — 30', whereas in the

nitration of ///-bromoben/oic acid the very opposite result was noticed.

In the first investigation the quantity of nu\in product was deter-

iiiiiied by extracting the nitration mixture with benzene and deter-

mining the sp. gr. of the benzene solution. In the second determination

the (piantily of byeproduct was deduced froju the? solidifying point

of the mixture. A third ///<'Jfi.v o/MVv/;<JMvas followed for this renewed

invesligalion, namely, the extraction of the nitration mixture with

water and titration of the aipicous Holution obtained.

I do not intend giving any further details of these methods as I

(IcHcribcd lhe»e repeatedly ou former occasions.

Mwirs. J. J. PoLAK and II. L. ok Lkkiw, who have carried out these

iiivcHtigutionK in<le|>endently, started from chemically pure preparations

of ///-chloro- and ;//-bromoben/,oic lU'id, whi«*h were nitrated with absolute

nilric m'id after whirh iIk; nitration proiliiri was collccled a(r(»i(liug

») R. 19 188, [1900J and It. 20, 2i'6 [1908J.
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to the iiietliod given in R. 20, 223. I will onlv a<l(l iliat the com-

plete removal of nitric acid from the product was eflTected with

particular care as it appeared that this acid is retained with gi-eat

obstinacv. In order to get the nitration product so pure that it gave,

at the ordinary temperature, no, or but a feeble reaction with

sulphuric acid and diphenylamine, it was necessary to wash it many

times with cold water and to dry it over lime in vacuo. The organic

acids, which had dissolved in the washings were, of coui*se, recovered

in the manner described previously. The removal of the last traces

of nitric acid was of great importance in these determinations, because

the presence of even very minute quantities of this acid causes, in

the analytical method followed here, a too low percentage of the

byeproduct.

In this method about 0.4 gram of nitration mixture is extracted

with 100 grams of water and the acidity estimated by titration with

"/,, alkali. Suppose 1 mgr. of nitric acid (= 0.257,) had been

retained in that (piantity it is sure to have dissolved together with

the whole of the main product. 1 mgr. = 0.016 millimol. 1 cm.'

of the alkali corres}M)nds with 0.1 millimol. so that 0.16 cm.' or

about 3 drops are required for neutralisation. As the molecular

weight of chloronitrobenzoic acid is 201.5 and that of bromonitroben-

zoic acid 24(), 0.016 millimol. represents, respectively, a weight of

3.2 and 3.9 mgr. or of */« "
„ and 1 •

, of the nitration mixture.

The main product contained therein is therefore found too high and

the byeproduct correspondingly too low since the latter is found by

dilference. As the content in byeproduct in these mixtures does not

exceed 13V» (in the bromo-acids) an error of 1*/, is a rather

serious one.

In order to be able to determine the composition of the nitration

mixtures by solubility determinations it was necessary to determine

first for the chloro- and bromobenzoic acids, the solubility of the

least soluble ones (in both cases the byeproduct) and then the total

solubility, when the li(piid is kept saturated with this least soluble

acid, but mixed with gradually increasing portions of the main

product; when the liquid does not get saturated, all the main product

passes into solution. By means of the solubility tables thus obtained

the composition of an unknown mixture may be deduced reversediy

by determining its solubility tlgure.
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SOLUBILITY LINES.

Temperature 25.°0.

1. Bromonitrobenzoic acids

Quantity of substance

shaken with 100 cc.

of water

100 mgrs. a

1 gram ^3

lOOmgrs. «-|- 118.8nigrs. /?

+ 203.7

H- 299.0

-1-402.0

„ 4-497.G

4- 587.3

COOH
/\n02
I « I

COOH

I ^ I

MW 246

cc. of alkali

Pipetted off (0.0287 7i)

59.455 grs.

00.180 „

26.211 „

32.345 „

31.050 „

19.021 „

20.178 „

20.337 „

2.75

63.15

5.00

9.90

13.60

11.00

15.65

17.05

Total solubility in

grams per 100 cc.

of solution

0.033

0.741

0.135

0.216

0.309

0.408

0.502

0.592

0.592

0.502

0.408

0.309

0.216 ,r

0.135

0.033

KiK. I

Quantity of

Total Koliibility of mixtiircH (»f llio brornonilrMbcMi/oic

a4*iiU cMD^h iK'ted according to the table.
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Diiplieiite (lelenniiialions iiuule l>v a^aiii titralin^ an aliquot portion

fioni the bottles gave results williin the limit of experimental error.

The graphic representation Fig. 1 shows that tlie line, exeept for

a small deviation at the start, is a straight one.

Cldoronltrothmzok' acUls.

coon (OOII

.V"
(Quantity of substance

shaken with 100 cc.

of water

150 mgrs. a

100 mgrs. « 4- 0.3020 <i

lOOmgrs. « -1-0.4 120,

i

I ^ I

Temp. 25.^0 MW 201.5.

cc. of alkali Total stilubility in

Pipetted off (0.0295 n) gmms |>cr 100 cc.

of solution

3.0 <•«•.

21).20

15.70

1H.35

0.047

0.9H7

0.315

0.418

37.r,ll grs

18.378 ..

29.650 „

23.240 .,

These titrations are accurate within 2 <li-ops of 0.03 normal alkali.

As this corresponds with alK)ut 0.7 mgr. of chloro- and 0.8 mgr. of

bromonitrobenzoic acid the last figure of the numbers of the last

colunni may be about one unit wronu^. The tables have been con-

st ructed by Mr. Polak.

Quantity of ^
Fig, 2, Total solubility of mixtures of the chloronitrobenzoic adds,

constructed according to the table.

As may l»e seen from fig. 2, the line is practically a straight one.

The nitrations of 7/*-chloro- and y/^-bromobenzoic acid were carried

out in the approved numner by means of absolute nitric jicid at

0^ and at —30 In order to ascertain whether all had been converted

into mononitro-acids the nudecular weight of the proilucts formed



( 264 )

was delerniined by titration. For this purpose O.l gram of the

nitration mixture was dissolved in water ajul titrated with N^IO

alkali; when using phenolplilhaleine as indicator this titration is

accurate within one drop. 0.1 gram is about 0.5 millimol of chloro-

and 0.4 millimol of bromonitrobenzoic acid which require 5 and 4 cc.

of N/10 alkali respectively. One drop (0.05 cc.) cori-esponds therefore,

with 17, of the molecular weight of the chloro- or 0.8"/ „ of the

bromo-acid. If now the molecular weight lies between 201.5 + 2 or

246 + 2, respectively the substance may be taken to be pure nitro-

acid. True it might be possible that, accidentall}', a mixture had

formed consisting of unattacked acid, mononitro- and dinitro-acid,

which apparently possesses the molecular weight of the pure mono-

nitro-acid but apart from the improbability that this should have

formed, the possibility was also excluded, because the nitration

mixture of ?/i-bromobenzoic acid was again treated with absolute

nitric-acid, which caused no serious alteration in the molecular

weight. Mol. weight first 245; on repeated treatment 247.

Mr. De Leeuw obtained the following results in the analysis of

the nitmtion products prepared by himself.

I. Nitration of m-chlorobenzoic acid at 0"; 5 grams treated with

30 grams of absolute nitric acid.

Mol. weight of the product 203.2.

1. Weighed 381.9 mgrs. of nitration product; shaken with al)ouf

1(K) mgrs. of byeproduct (CO,//,67,A^O, = 1,3,2) and 100 grains of

water at 25°.0.

Pipetted off 36.256 grams of solution which required 15.10 cc.

of 0.0432 normal pota.ssium hydroxide for ueulralisation.

Main product 92.47,; byeproduct 7.67„.

2. Weighed 364.1 mgrs. <»f nitration product; shaken with altoul

KX) mgrs. of byeproduct and 100 grams of water a( 25°.0.

I*i|>cltcd oir 69.464 grams which recpiired 27.85 cc. of lh(> said

alkali for neutralisation.

Main product 92.87,; byeproduct 7.27,.

II. Nitration of //<-chloroben/oi<* acid at —30^; 5 grams treated

with 30 grains of al)solule nitric acid.

Molecular weight (»f the nitration product 2(K).4.

1. Weighed 351.7 mgrs. of the product; shaken wilh about

100 iiigi-H. of bytrpHMluct and KM) grams of water at 25". Tipetted

off 2M.538 grams of solution which re(juire<i 13.5 cc. of {\\o above

alkali for neutralisation.

Main product 93,57,; b^\c]Mo«luci t'».57,.
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2. 372.8 m«ris. heated as direcled ; Pipetted of!" 35.448 jrrams oi

solution wliieli reciiiired 14.51 ec. of alkali for neutralisivtioii.

Main product 92.87o ; byeproduet 7.2" ,.

III, I>Jitration of //^-bromobenzoic acid ait (>\

5 grams treated with 30 grains of absolute nitric cu*id.

Mol. weight of the nitration product 243.7.

Weighed 424.0 nigrs. of the product ; shaken witii 100 nigi'S. oi

byeproduet and KMJ grams of water at 25 \ Pipetted o(f 33. J>45 grams

which required 12.19 cc. of alkali for neutralisiition.

Main product 88.3V,; byeproduet 11.7V,.

IV. Nitration of //^-bromobenzoic acid at 3(P.

Mol. weight 243.4.

374.4 mgrs. treated as directed. Pipettetl off 31.661 grams of

liquid which required 9.91 cc. of alkali for neutralisition.

Main product 88.6* „; byeproduet 11.4* ^.

Mr. PoLAK has re|)eated these insestigations with great care in

which he used material pi*epai-ed by himself. In order to be sure

that the nitration products did not I'etain any nitric acid they were

analysed in the manner described, after the test with diphenylamine

had become negative. The remainder of the preparation was then

again triturated and washed with cold water; the dissolved organic

acids wore i*ecovered from the washings and the prepai-ation thus

purified was again submitted to analysis. The two analyses are

indicated with I and U.

CI 0°. M.VV. 202,9 (201,5).

I 0,3374 gr. of nit. mixture i 94.333 gr. of 10.39 cc. of (0.0922) n Tot. sol. 0.328
-1-100 ragr.ofa in 100 cc. I sol. ^0.3104 alkali 92.9 '/„ a 8.0»/u

II 0,3815 gr. of nit. mixture |
45.510 gr. of 7.28 cc. of (0.0922) w Tol. sol. 0.3180

-HI 00 mgr. of a in lOOcc. I sol. ^ 0.3053 alkali (3 92.1''/,, x = 7.9"/^

CI -30° M.W. 203.S (201.5).

I 0.3410 gr. of
(

98.157 gr. of 17.48 cc. of ( 0.0922) n alkali Tol. sol. 0.8300
nitr. mixture » sol. 0:0.3181 3 = 93.3 0o 2:6.7'/„

II 0.3275gr. of < 66.284 gr. of 1 1 .40 cc. of (0.0922) « alkali Tot. sol. 0.8195
nitr. mixture \ sul. ^ 0.8068 /3 = 93.7 "/o a : 6.3%

Br 0° M.W. 245.7 (246).

I 0.8820gr. of 1 55.477 gr. of 7.82 cc. of (0.0922) « alkali Tot. sol. 0.2998
nitr. mixture » sol. (3 0.2898 = 87.0 7^ x : 13.0 t>,„

11 8292 gr. of
(

07.915 gr. of 8.96 cc. of (0.0922) « alkali Tot. sol. 0.2971
nitr. mixture \ sol. j3 0.2808 = 87.1"/o x = 12.9%

Br. -30^. M.W. 245.2 (240).

1 0.4585gr. of i 89.965 gr. of 10.48 cc. of (0.0922) w alkali Tot. sol. 0.4155
nifr. mixture ) sol. f3 = 0.4090

fi : 89.3";o x : 10.77o

II 0.4885 gr. of • 04.190 gr. of 1 1.20 cc. of (0.0922) n alkali Tot. sol. 0.3957
nitr. mixture | sol. ^ : 0.3192 ^ : 89.2 % x : 10.8"/o
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Botany. — "Contrifjution to the knotcledyi' of the cytulotjicnl develop-

inent of Oenothera Lamnrckmiin", by Mr. J. M. Geekts.

(Cuniimuik'jUed hy Prof. F. A. F. C. Wknt).

(Communicated in tlic meeling of Sepleml)er 26, 1908).

Anion*; (lie numerous |)lant8, of which the cytoiogiciil devolopinent

Iia8 not yet been investigated, Oenothera Liinoirrk'ntnn was the one

seleettid, because a cytological examination of tliis pUmt w^ould probably

be of injportance for the sohition of other and more general (piestions.

Thus it may afterwards [>erliaps Imj iK)SvSible, through a knowleilgo

of the cytology of Oenotheni Linnarckiana and its mutants, to lind

an explanation of mutation.

Although the inulation-the<^M'y has gained acceptance in most

countries, this has not hitherto l»ecn the case in Kngland to any

consideral>le extent. There, Hatk-son and his pupils regard (hni. Lnnt.

as a hybrid and attribute the origin of new s|>ecies to hybrid segre-

gation. The cheef argument in favour of this view is that Oen. Lant.,

like many hybrids, shows a large degree of sterility in the ovules

and pollen grains.

In this investigation 1 therefore set out t(» trace when and how
this sterility arises, in order to be able to jmlge of the value of

Uatkson's argument.

It is <piite conceival>le that some <lay we may obtain a full

insight into the conditions, through which mutations arise, and also

that we may be able to bring about these conditions at will. For

this |)urpose exj)eriments with tfen. hiin. are es|)ecially desirat»le,

in which attempts should be made to intluence the origin of the

mulauts by subjecting the flowers to various conditions, for instance

of teni|)erature, or lo various contlitions of humidity, to injections etc.

In order to obtain reliable results in such exjMjriments, it is neces-

sary to know exactly, not oidy wliich flowers have l)een subjected

to the intluence, but also, in which developmental stage the flowers

were at the time of treatment, whether before the synapsis, before

or after the reducing division etc.; for then only can we determine

whether a change in the number of mutants is really the result of

the treatment, or is protluced l>y other, unknown causes.

In order to make this investigation available for such ex|)erimontal

investigations, 1 have therefore also followed out the development of

the tlower, so as to be able to refer the principal cytological con.

dilions to externally visible stages.

With leference to the mutants and hybrids of Oen. Lum. manv
18

Proceedings R»yal Acad. Amsterdam. Vol, XI.
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questions arise of which the answers may be of importance to cytology

itself. Especially hybrids with 0. gi[)ns, wliioh mutant probably

possesses twice as many chromosomes as Oen. Lam. itself, might

provide material for interesting cytological investigations. For this

purpose a knowledge of cytological development of tlie mutating

plant itself is, however, a first desideratum.

The principal results obtained in this investigation, will now be

briefly stated.

The floral development of Oenothera Lainarckiana was investigated

in 1895 by Pohl *) ; this author ai'rived at conclusions, diJfering widely

from those obtained for other Onayraceae, for instance by Bakcianu *)

and by Payer '), for according to Poht, the development is not

acropetal, as found by the other investigators. It has now been found,

however, that Oen. Lam. like other Omiyraceae has an acropetal

development of the flower. In addition the chief points observed in

this development, are:

1. The corollar stamen arises from the protuberance, which the

corolla forms on its inside.

2. The ovary is the floral axis, which has become hollow. Only

the stigmas develop as 4 separate protuberances, alternating with

the calyx stamens.

3. The ovary becomes quadrilocular by the growing inwards of

4 parietal septa, which stand befoi-c the calyx stamens and fuse in

the centre.

4. The axis does not grow furlhcr; there is no columella.

5. The placentae are diflerentialed from the edges of the se[>ta.

6. A corollar stamen and its petal have no common vascular

bundle.

7. The ovule arises from |)oriblem and dormatogcn, except for Ihe

vancuiar bundle in the raphe.

The cytological development was stu<lied both in the ovules and

in the 8taineii8. A Humnuvry of the principal phenomena observed, is

here ap()f'nded.

When the molher-cellHgo into synapsis, the nuclear network conliucls,

and a thill liiroad arlHOH, in which chromatin parti(>les can be seen.

ThiH thread contrai'tH U\ a tangle and continually becomes shorter and

thcroforu thicker; this is clearly visible when flic tangle uni'olls ilself

•) Ucbcr Variulioiiuweilc <l«!r Daiolhera Lamarckiuna voii J. I'ohl Oostcrr.

botan. ZcitNchrift JaliiKuiig IMlCi Nr. r> u 0.

*) l)nl<THUcliungon urlicr ilit- HIiH-llirnrnlwirkliing dcr Onugracear, Inaiig. diss.

von I). I*. Hahcianu, NaiiinlMiiy Is71.

') J. U. I'avch, Orgaiioguiiiu dc la Kleur.
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again. The lliick tliread now divides transversely into 14 fln'omosonies,

the nuclear wall disappears, and the chromosomes place themselves

perpendicular! V U) the long axis of the spindle of the heterotypic

division. J)i tlic si/N(t//sis of (f<ni. Lnm. no <Umhh' thread can tlwtefore

be seen
; from tliat tlire<td tlie vefjetative nnniber of chromosomes is

formed, and just before the division these chromosomes shotr pairimj.

Both in the ovules and in the stamens the synapsis takes place

in this manner. In (he first division of the mother-cells entire

chromosomes separate, which alrea<ly during this division show a

longitudinal splitting for the second division. After this heterotypic

divisioji the two nuclei scarcely enter upon a stage of rest, the

chromosomes, split Iongitu<linally, always remain visible, especially

in the mother-cells of the emhrytisac. The wall between the two

nuclei is often not formed completely. At the second division the

halves of the two chromosomes sepai-ate, so that 4 nuclei are formed;

in general l)ut little staining substance is visible ').

Whereas in most plants the lowest-cell of the tetrad grows out to

form the definitive embryosac, this is not so in Oen. LntH. Here

the uppermost cell becomes tlu> embryos ic, while the other three

<legenerate; the chromatin of these three cells (piits the nucleus, of

which (he wall disappears, an<l (he chromatin now colours the whole

protoplasm dark, so (ha( (hese three cells of (he tetrad remain visible

for a long time as a long dark band under the embryosac. In that

cell of the tetrad, which gixjws out, three successive divisions take

place in almost all plants, .so that 8 niu'lei are formed. In (Jenothcnt

1 always found but 4 nuclei, which come (o lie in the upper pait

of the embryosac. A limited number of nuclei is also known in

llehsls cpn/anensis, in conseipience of the researches of Chod.vt and

Hkrnaiu)') and in }four<ni, through an investigation of Wknt ').

In (hese phin(s the lower of the two nuclei, which are formed in

(he first division, probably degenerates: from the upj)er nucleus the

1) In the May nieeling of the l)utci» Botanical Society, in which I dealt with

llie greater portion of this subject, i already s^tated that the synapsis in Oen. Lam.
takes place in tliis nianut'r, thereby dilTering iVom what has been stated to occur

in otlier plants. As I found in the Ijeginning of September there appeared in the

•luiy number of the Botanical Gazette a paper by Gates on the synapsis and reducing

divisions in the pollen mother-cells of Oenothera nihrinervis. This observer gives

much the same succession of stages for the synapsis of this plant.

-) R. Chod.\t et G. Bernard. Sur le sac embryonnaire de rUelosisguyanensis.
Journal de Botanicjue T. XIV, H;00 p. 72.

•) F. A. V. C. Went. ^The development of the ovule embryosac and egg in

PodoslfnuircinC Rf3cueil des Travau.\ Botaniijues Neerlandais, Volume V, Livraison

I, 1908.

18*
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three nuclei of the egg-apparatus and the polar nucleus are formed

so that division nevertheless takes place three times.

In OeJi. Lam. I never found a nucleus or remains of a nucleus

in the lower part of the embryosac, whilst the four nuclei always

lie in the upper portion. A few times it was j)ossible to ol)servc

the divisions themselves. Thus I found an embryosac, iji which

the nucleus was dividing into two, with its spindle in the long axis

of the embryosac. Further I found embryosacs with two nuclei,

which were sometimes superposed, sometimes side by side. Therefore

the lower nucleus probably changes its place, coming to lie higher

up in the embryosac. The divisions of these two cells were also

found, namely two spindles, in the upper part of the embryosac,

and at right angles to each other. In the same manner the spindles

are found in most plants above and below in the embryosac, at

the third division in couples perpendicular to each other. The division

of these two nuclei in Ocn. Lain, is therefore pretty certainly the

last division of the embryosac, in which the two synergids are

formed from one nucleus, and the egg-nucleus and the upper polar

nucleus from the other. In this particular embryosac, with the two

spindles at right angles to each other, there was moreover no trace

of nuclei at the chalazal end. We may therefore assume, that in

Oen. Lam. the first division in the embryosac is suppressed, so

that antipodal cells and lower polar nucleus are not formed at all,

and that there is not even an aiitij)odal initial cell, which occasionally

degenerates again after being formed, as in Helosis and Mourcni.

In the embryo-sac of Cf/prlpedium the number of the divisions is

still further reduced; here, according to Miss L. Pack') there occurs

in the embryosac! only one homoiotypic division in the lower cell;

the upper cell degenerates. The homoiotypic division is not followcnl

by a cell-division. The two nuclei in the lower cell now arrange

themselves at the poles; this cell grows out longitudinally and the

nuclei divide again, so that they are four in number. Further

divisions do not take place in the embryosac; the four nuclei

become egg cell, synergids and upp(!r polar nucleus.

When in Oen. him. the lour nuclei have been forujed the syner-

gids, whii'li lie nearusl to the niicropylo, surround themselves, like

(he egg-nucleuH, with ihrir own plasma; the upper |»(»l;ir iiiu'leus

reniuins free in the phusma <»f the cmbryo.sac.

The four cells, which have iirison In (he pollen nu>tlier-cells through

tin- reduj'diui division, grow (»iil rc^idarly to pollen-grains; the

niethod «»f tM'igin and iIm' structure of the walls probably agrees in

•) LuLA I'AUC. KurUlizuliijii in (Jypri|M'<liiirM. r.ot;i?iiraH!az(«ll<>. XblV. Il»07 p. .Sr):j.
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(h'u. hmt. with wliat R. Hkkk^) lias (lescrihed for Oenothera hnufi/iora.

When tlie pollen-grains are almost mature, tlic generative and the

vegetative nucleus are formed by division; the generative nucleus,

which is the smaller, and is surrounded by a quantity of plasma,

then applies itself to the wall; the vegetative nucleus remains in the

middle of the grain. The division of the generative nucleus into two

probably takes place in the pollen-tube.

The |)ollen-tube penetrates through the micropyle and through the

nucellar tissue. It seems as if in this place the nucellar tissue already

becomes in advance disorganized. Since, when the pollen-tubes

penetrate, the synergids are already completely disorganized and

stain very deeply, and since in the nucellus, at the spot where the

|)olleu-lubo has penetrated, dark coloured remnants are everywhere

visible, 1 have not succeedeil in observing the division of the gene-

rative nucleus. Fertilisation itself was however clearly observed. A
double fertilisation takes place; one nucleus {lenetrates into the egg-

cell and aj>plies itself against the nucleus; the generative nucleus is

at that time round, but smaller than the egg-nucleus, although it

probably becomes somewhat larger before fusion. The other gene-

rative nucleus, which j)resents the same shape, applies itself to the

polar nucleus. The fusion between the polar nucleus and its gene-

rative nucleus takes place more rapidly than that of the other gene-

rative nucleus with the egg-nucleus. The fertilized polar nucleus

now soon divides, so that fretpiently there are already a number of

endosperm nuclei l>efore the egg-nucleus has completely coalesced

with the generative luideus, and before the egg-cell has a wall of

ils own. The fertilized egg-cell grows out to a short suspensor, ajid

ail embryo with distinct octants. Endosperm nuclei then already lie

along I he whole of the wall of the embrvosai*. Afterwards this

endosperm however again disa|»pears.

Jn (h'Hotltt'ni Ltiiiiarckitnui tli*" ftn/osp»>rni Is tli,rt't',,,-t> t'unned

front one fertilized polar nucleus.

Ill mature stamens very many sterile grains are found in the

pollen ; in young fruits there occur between the developing seeds a

fairly large number of ovules, which are not undergoing development.

In both cases the sterility arises after the reduction division. Whilst

in all embryo-sac mother-cells the reduction division takes place

noruially, there are still many ovules in which the upper tetrad cell

also degenerates, this degeneration l^eiiig accompanied by much the

same phenomena as occur regularly in the three lower cells of the

') On the development of the pollen grain and anther of some Onagraceae,

KuuoLF Beeh. Belli, zuui Bot. Ceulr. blalt 1905, 19 I.
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tetrad. In the pollen mother-cells also liu divisions lake jilaee regularly,

but after 4 tetrad cells have been forme:!, only two cells, in general,

develop properly, the other two only partially, so that from them

grains are formed, from which the contents gradnally disappear,

although the wall is fairly normal in structure.

Since the divisions are Jiormal, the aj)pearaiicc of this sterility

need not at all be the result of a hybrid nature. It ibllows from

the literature on sterility, that, besides in hybrids, sterility occurs in

many other plants, and that in most hybrids, which have been

examined cytologically, sterility was already present in one or both

parents. And since an examination of one hundred species showed

sterility to be pretty common among Onugmcede, we are not, in

my 0[)inion, Justilied in deducing from the sterility of a plant that

it is a hybrid. If the above-mentioned objection of Baticson against

the mutation-theory is to have value, it will be incumbent upon

him to name the presumptive parents of Oen. Lam.

In mature ovaries those ovules, which are not destined tO develop,

may be recognized by their more transparent nucellus, not containing

an embryosac. In such ovulus the })enet ration of a pollen-tube was

never observed, whereas this was repeatedly found in the normal

ovules of the same section. // mould apin'nr, there/on', that the

norma! einhri/osac exerts an attraction, on the pol/en-tiihes.

By combining the results of the investigation of the ontogenetic,

with those of the cytological develo|)ment, it appears, that Oeii. Lam.

is xQvy suitable for the experiments, referred to in the introduction,

because the cytological development of the pollen and of the ovules

are sharply separated in point of time. In llowers of 30 mm. the

development of the pollen is almost complete, while in the same

(iowcfw the developmeni (jf the molher-cells in the ovule is only

beginning. It would therefore be possible to iidluonce the j)oIlen

uimI the ovules separately, and the ll(»wers which should be selected

for this purpose, can be easily recognized after a little practice.

Should otic wish to inlluence llie pollen Ix^fore the syna|»sis, then

Howci'H 10— 11 m.ni. long shouhl be selet'led, in which the stamens

have a length of M mm., since the syinipsis of the pollen takes place

in llowerM of 12-13 mm., in whii-li (he andiei" and also ihe Ijlamenl

lirtvc a IcnKtH of 4 mm. The BynapsiH of ihe ei!d)ryos{U' m(»tlier-ccll

tnkns place in flowers of about 3'/, cm. In order lo inlliuMice this,

llow(?rH of 3 3'/, cm. should ther<»f(M<' be selected, in which the

ovary mid the vn\yx lube have about the same length i.e. 4'/, mm.

1 lio|K* Hooii to 1)0 able (o piddisli a more d(Hail(Ml description,

Willi iilnlcH, of the rcsiiltM of IIiIh iiivcHligalion in ihe Kenicil des

Travaiix liotuniques Necrlaiidais.
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Physiology. — "Ahout ihr //<*/ry> ,/./i.t. , of the electrocardiogram

irilh retjanl to the /onn-cardm/raw." By A. K. M. NoYONS,

assistant in tlie Physiol. Tiab. at Utrecht. (Communicated by

Prof. H. Zwaardemakkr).

Princi[)ally by the investigations of Engelmanx ') and Marchand ')

the electromotive phenomena which show themselves in every con-

tracting heart and which we now register in the electrocardiogram,

liave been reduced to manifestations of tlie changed current of action

tJKit can be produced in every muscular tissue by direct or indirect

stimulation of the muscular elements.

Contraction being usually considered as the only visible mani-

festation of muscular stimulation and action, the electric phenomenon

is ijivoluutarily thought to be connected with the process of con-

traction. On theoretical grounds, however, Biedkrmann *) deemed it

(piite possible, "dasz eine Muskelstelle erregt ist and daher sich

uegativ zu benachi»arten, ruhenden Stellen verhalt, ohne dabei in

merklichem Grade contrahirl zu sein." In these theoretical conside-

rations lies the nucleus of my investigations. Now the experiment

teaches that these conceptions ai*e in accordance with reality.

Already in my dissertation*) 1 have, in consequence of some

experiments, pronounced the supposition that the electric phenomenon

in the contracting heart represents a process by itself, which is borne

out by the following experiments.

The heart of an Anoilonta tluviatilis, laid bare, is in its natural

position by means of the uni)olarizjible magazine-electrodes conducted

to the string-galvauomeler. (The electrodes with their cottonseeds

have previously been put in fresh water for a cpiarter of an hour

and subsequently in the pericard-liipior of the mussel).

The string-galvanometer of F]inthovkn with permanent magnet

(Kdklmann's small model) is fed by a current of 4 volt with moderate

string-tension (38 out of 60 dividing lines). The movements of the

heart arc registered by a little lever with a small fulcrum and by

a bit of straw placed vertically on the axis, which throws a silhouette

on the chink of the i-egistrating apparatus. The registration takes

place by means of photography.

As appears from the first half of tig. 1 the heart shows regular

contractions, attended by electric oscillations, which begin a little earlier.

') Enoelmann, Pkluger's Archiv, Bil. XVIt, 1878.

-) Mahchand, Pflugek's Archiv, Bd XVI 1877 and XVII 1878.

3) BiEDEUMANN VV., Elektiopliysiologle, Jena 181)5, page S'22.

*) NoYONs A. K. M. Pioet'scluifl : Over den autolonus der spieren, Utrecht 1908
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The cross indicate^ I lie place where 3 gtt. of a 3"/„ KCl-solnlioii

are dripped upon the hearf, which after some time causes a stopping

of the form-cardiogram, while the electric phenomenon is altered.

Shortly after the KCI-application some feeble movements of the heart

are still perceptible in the lever, but tliey soon stop, whilst the

electric fluctuations, which in the beginning of the chemical stimulation-

process liad become slight, ha\e now nearly reached their original

size again.

In fig. 2 the stopping of the heart is seen, while the electrocar-

diogram remains.

With another trial-object (x-Vnodonta tluviatilis), besides those

described, also other peculiarities were observed. When by the action

of the chemical materials the heart had stopped, the electric pheno-

menon with the usual frequency of the heart-contractions every time

continued manifesting itself periodically. But besides this periodicity

it was also clearly observed that in these rhythmic electric phenomena

mutually other group-formations appeared, which possessed about the

same duration as the periodic length-llucluations of the autotonus, which,

before the stop|)ing of the form-cardiogram, had already l)een clearly

perceptible also in the form-cardiogram.

Also with other animals I had an opportunity to collect data for

the independence of the electrocardiogram of the form-cardiogram.

The following experiment proves this beyond the possibility of

doubt in the heart of Tripodonotus natri.v under digitonine-poisoning.

The heart of a ringed snake was |)i'0|>are(l in the afternoon of May
29**>. After laying it bare and tying olf the veins, (he heart was cut

out an<l fixed upon a cork-plate, while the heart-basis and ventricle-

point were conducte<l to the string-galvanometer as described above.

The movements of the atrium and ventricle were registered according

to suspenHion-inethod. Fig. 3 gives the photogralic registi-ation of the

form-cardiogram and elect rocar<li()gram in the unpoisoned heart.

Tliat Hamc afternoon 5 git. of l"/o digilonine dissolved in ().97o NaCl

having been added to the heart, we see after some time the ty[)ical

phenomena of the digiioninc-intoxication appear, 'i'he ne.xt day the

heart hIiows no more altcralious in form, unless by means of some

CX|KKiicnlH (wAHliing wilh 0.9"/, Na('l and dripping on of 5 jt^tt. of

('aCl IV. and 3 gtt. of KCI 3VJ. At 11.30 p m. the heart stands

(piito Htill. Notwithstanding this the el(?('ti"ic phenomenon (piietly

continues rhylhmically. This state lasts till May 31". ( 'onsiantly the

cIcclrcKruniioj^rani hIiowh the usual spontaneous rhythm. Now 1"/,

(liKitiHiinn ih anew and abundantly dripped upon ilic heart, which

ciiUHCfl u marUeti cll'ecl upon the elerlrie phenomenon. This itH'ecl
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resembles in its form \veilnijL!:ii exactly the electric alterations of the

electrocardiogram, which alreiuly some days l)efore were hrought

about by dripping the same material upon the heart. See tig. 4.

That the deviation of the string under the intluence of the poisoning

with digitonine is not a consequence of mechanical or chemical

changes in the contiu't-places of the electrodes, was taught me by

repeatedly dripping the electrodes, when the heart was quite dead,

while the siringdeviation did not take place.

All through that day the regular, periodical ehM-lric lluctuations

continue though they constantly diminish in size.

It appears that by radiating heat or by cooliny down, the fre(piency

and the size of these fluctuations can be respectively increased and de-

creased, uiithout anythiuy siujyestiny chanye of form in the heart

beiny observed. On June 1*' the heart stands conqiletely still, also

in an electric respect. It only appears that in communication with

the galvanometer the heart shows for the first time a strong demar-

cation-current, proving that it is now partly dead.

Also with a frog's heart I often luul an o|)portunity to observe

that the eletrocardiogram remains observable after digitalis-intoxica-

tion, while the heart shows no change of form. Nor may for this

remaining eletrocardiogram "librillaire Zuckungen", as muscular action,

be held responsible, because also when observed with a strong

magnifying glass, these movements did not appear visible, while

nevertheless the heart quietly continued pulsating electrically.

This peculiar state under digitalis-intoxication is reached best and

most certainly, if the heart is not poisoned by administering a larger

dose at one time, but by repeatedly dripping new small doses during

the whole process of poisoning. In this way I once succeeded in

calling forth at a stojjpage of the changes of form an electric pheno-

menon, which for a long time remained larger than the normal

electrocardiogram before the poisoning.

If in this way, the poisoning fractioned, takes place with small

doses, it may occur that the initial diminution of the electrocardio-

gram under the intluence of the intoxication is at its appearance

slackened to a considerable extent. On the whole the above mentioned

digitalis intoxication-i)henomena in the electrocardiogram may be

brought about without ditlerences woi ih mentioning, both by applying

digitaleine and digitonine.

Of one of these jwisoning-experiments there follows here a short

account. In a Rana temporaria, of which cerebrum and spinal

marrow have been destioyed by a {)iqure, atrium and ventricle are

suspended according to the suspension-method, and basis and apex
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cordis are conducted bv uieiiiis of ii:i;) )lari7.able electrodes to the

string-galvanometer with permanent magnet. The string-galvanometer

is fed with 4 volt. ; the string-tension is considerable and amounts

to 7 out of the 60 lines of division.

The heart pulsates quietly and vigorously. Some seconds after the

beginning of the registration 3 gutturae of a 1 "/o solution of digi-

taieine in 0.9 "/„ Na Cl are dripped on tlie heart. At once the heart

begins to react on this with a slight acceleration in its pulsation

whilst the tonus of atrium and ventricle ilecrease, but shortly after

increase considerably. The electrocardiogram, tirst becoming smaller,

soon increases considerably in size, while the rest-position of the

string in -the interval of the heart-contraction moves to one side.

This is shown by tig. 5. Every second minute the dripping with

digitaleine is repealed, without every time causing anew the electric

changes mentioned. Gradually the contractions of atrium and ventricle

grow smaller, whilst the tonus of both increases considerably. A
(|uarter of an hour after the tirst poisoning the hearl stands com-

pletely still in systole, as a|)pears IVom the registration and from

the examination of the hearl. The electrocardiogram quietly continues

pulsating and shows large and small interchanging fluctuations, as

is seen in lig. 6. After the lapse of five minutes also the electro-

cardie pulsations grow smaller and half an hour after the tirst

poisoning ihey have entirely slopped. Also Kano and F.wod ') nuike

mention of electric changes in ihe heart of Kmys, stopping iindei-

digilalis-|)oisoning.

Finally we may menlion as a proof foi- Ihe independence of the

eleclrocardiogram ihe lulal discoiigrnily belween the electric |)heno-

mcnoii and the form-cardiogram, as it appears in the I real men t of

ihe lieart only, ov of liie whole trial-animal with toxic materials,

though it be in ihis ca.^e impossible to bring about a conq)lele resi of

atrium and ventricle. Similar discongruities show themselves e. g.

in dripping the heart with antiarine, nitras sirychnini, sulfas alropini;

by injecting ni(ra.H Ktrychnini, sulfas atropiiii and coilVMinim into Ihe

veins of llie Irial-auimal ; furtiMM- by (exposing the .iiiinial in lolo to

vapours oi' chloroform, ether and acetic acid.

Il is not only tiie whole heart that shows these discongruilies and

liic )K!cnliar, more or less typical reiu'lions on the applied materials,

but uImj s(;panil<> parts of the heart may offer such phenomena, as

appeared to nie when examining the cut-out ventricle of the heart

of an eel under (he application of antiarine ami digitale'iiuv

') Kako et Fayoii. Dv (|it('li|ii<'ii ruppurlx onlru les propriiHi's (''lc(liii|uc.s ties

vrcildlof du cocur. Arcliiv. ilul. ile Uiulogii* Toinc IX 1888.
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From what is said al>ove we iiiav concliule not only that in

the spontaneously pnlsating heart there appear still other actions

than those wliich we find expressed in the eontraction, hnt also

that these actions are to some extent independent. The actions

not visible to the eye and characterized by definite electric pheno-

mena, sngj^est the resnlts of stimnlation-processes as they can

be sjiown also in the nerve withont accompanying change of form.

Though, however, the electrocardiogram may possess a certain inde-

pendence of the form-cardiogram, the al>ovc commnnication does

not in the letxst alTord a reason to conversely come to the conclusion

of the independence of tiie latter with respect to the former.

Mathematics. — "On t/roup.'i of pohjludnt tcith diiujonal planes,

derived from /Mdi/topes". By Prot. 1*. II. Schoutk.

Introduction.

1. By "diagonal plane" of a polyhedron we understand any plane

having only eiiges in common witii tiie l)oundary of that body.')

There ai*e two regular polyhedra admitting diagonal planes, the

octahedron and the icosahedron. Through any eilge of the octahedron

passes one diagonal plane, containing the centre and bisecting the

dihedral angle of the two faces passing through the edge. Through

any edge of the icosahedron pass two diagonal planes; the angle

formed by these planes and that formed by the two faces through

the edge have the bisecting jdanes in common, and the cross-ratio

between the couple of diagonal planes and the couple of ftices has

i (8 — 1^5) for one of its six mutually conneiMed values.

The fact that only the two mentioned regular bodies possess diagonal

planes is closely connected with this that through each of the vertices

pass more than three faces. If we take away from the triangular

faces meeting in a vertex the sides passing through that vertex, jbo

as to retain of each the side op|)Osite to this vertex, we find in the

case of the octahedron a s(|iiai-e adjacent to this vertex, in the case

1) In the last memoir of Dr. Fk. Schuh willi the title "Over de meelkundige

plaals, etc." (On llie locus of the points in the plane, the sura of the distances

of which to )i given straight lines is constant, and analogous problems in space

of three and more dimensions, Yerliandelingen Kon. Akademie Amsterdam, first

section volume IX, no. 5, 1908) occurs a series of polyhedra with tlie property

that through any edge passes one diagonal plane. By extension to polydimensional

spaces polytopes with diagonal spaces also make their appearance.
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of the icosaliedron a regular pciilagon adjacent to tins vertex, situated

in a ditXgonal plane. Tlirongli any edge AB of the ieosahedron pass

two diagonal planes, iis AB lies in two faces ABP and ABQ and

therefore also in the diagonal planes corresponding to P, Q. Through

any edge AB of the octahedron passes oidy one diagonal plane,

as the thiiti vertices P, Q of the faces ABP, ABQ through AB are

opposite vertices and those points lead here to the same diagonal plane.

The diagonal planes of the icosahedron include a regular dode-

cahedron.

2. By "diagonal space" of a fourdiniensional polytope we under-

stand any space having only faces in common with the boundary

of that polytope.

There are two regular cells admitting diagonal spaces, the C^
and the C'.oo- Through any face of the 6\, passes one diagonal space,

containing the centre and bisecting the dispatial angle of the two

limiting bodies passing through the face. Through any face of the

Coo pi^^s two diagonal spaces; the angle formed by these spaces

and that formed by the two limiting spaces through the face have

the bisecting spaces in connnon, and the cross-ratio between the

couple of diagonal spaces .iiid the couple of limiting spaces has

again — as we will prove afierwai-ds — 4 (3 — 1/5) for one of its

six mutually connected values.

Tiic fact that only the two mentioned regular cells possess diagonal

spaces is again closely connected with this that through each of the

vertices ptiss more than four limiting spaces and — we are obliged

to iwld here — that these limiting sj)aces are tetrahedra '). If we

take away from the limiting tetrahedra meeting in a vertex the

facctf passing through that vertex, so as to retain of each the face

opposite to this vertex, we find in the case of the (?,, a regidar

') This aiUiilioii is necessary Iterc. For the spatial sections of the regular C^

do not adniil diagonal planes, llioiit;li any vertex of this cell is siliialed in xix of

iltf liniiling oclaliedra. A.s Mrs. A. MoolkStott pointed out to nie tli(!.><e spatial

xeclionM admit wUal we may call "would-he diagonal planes." If we consider —
Hw tig. 64 of vol li of my "Mclnulitunmondli: (icomdrie'' — ol'lhe six octahedra

ine«'ling in A the ^•(piareH adja<!enl to A, we gel the six faces of a cube, the

vurticeti and the eclges of which are vertices and edges of r\,, whilst the faces

of it are not race« of tu- If ^'s4 ^* cut by a space intersecting this cube, the

verticiw of the seclion which are points of intersection with cdg(>s of the cube

will fie in a plane without all the sides of the polygon of intersection with lliese

iminlK a»; vertices being edges of the section. In the fourth part of my <()nur u-

nicatioii "On fourdiniensional neljc and their sections by spaces" I hope to he able

to come back lo this point.
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octuhediuii adjacent to tlii.s vertex, in the ciu^e of the (\^^ a regular

icosaliedi'Oii adjacent to tliis vortex, situated in a diagonal space.

Through any face ^4 /iC of the Cou |«>^"< t^vo diagonal spaces, as vl/^C

lies in two spaces ABCl*, AHCQ and therefore also in the diagonal

spaces corresponding to P, Q. Through any fju-e AliC of the 6',,

passes only one diagonal spiu*e, as the fourth vertices P, Q of the

limiting spaces AlU'P, AHCQ through AliV are opposite vertices

and these points lead here to the same diagonal sj)ace.

The diagonal s|)aces of the ^',„„ include a regular 0^^^.

.'i. \\\ "diagcmal space Spu—x ' of an //-dimensional poly tope we under-

stand any sptvce Sp,t-\ having with the boundary of this poly tope

only limiting spaces ,Sy>„ 2 in common.

Of tiie three regular polytopes, the simplex .Sn-fi) ^vilh // -j-

1

vertices and //
-f- 1 limiting spaces Sp„-.\, the measure poly tope J/„

with 2" vertices and '2n limiting spjvces .S//„_i , and the cross |)oly tope

6V„ with reversely 2n vertices and 2' limiting spaces Sf)„^\, only

the last one j>ossesses diagonal spaces iby>„-i- Through any space

Si)„-2 hearing a limiting simplex S(h—\) passes one diivgonal space

Sftn-\ . containing the centre and bisecting the angle between the

two limiting spaces N//,_i passing through this Sp„ -^

.

The fact tJiat of the three regular polytopes only the cross poly tope

possesses diagonal spaces Spn-\ is once more closely connected with

this that through each of tiie vertices pass 2"-' — and therefore

more than // — liuiiting spaces Sf}„-\ . If we ttike away from the

limiting simplexes N,,) passing through any vertex the spaces Spn-i
passing through this vertex, so as to retain the 2"t- spaces Sf}„-2

opposite to this vertex, we lind the cross i)olytope Cr„—\ adjacent to

this vertex, situated in a diagonal space Spn—\ Here too through

any space Spn-o containing a limiting simplex 'S:»i-i) pa«s two limit-

ing s[)aces S//n-\ ' Hut, as the new vertices /* and (2 of the simplexes

iS(„) situated in these limiting si)a^*es are opposite vertices of Cr„

leading to the same CV"a_i , through eacii limiting simplex /S'(„_i)

passes only one diagonal space Spn—x

4. l>y intersecting a fourdimensional poly tope, each Aice of which

is sitiuited in d diagonal spaces, by a space not containing an ecige

of the poly tope, we get as section a polyhedron with the property

that each of its edges is containeil in (/ diagonal planes. For, if the

intei-secting space meets a ftvce of the polytope, it meets also the d
diagonal spaces passing through that face, and this always furnishes

an CLh^e of the section and d diagonal planes passing through it. So
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the sections of tlic cells 6\, ami C,„o l>y an ;ni)itrarily chosen space

are polvhedra witli the projierlv (hat lliroiigh eacii edge passes

i-espectively one diagonal plane or a couple of these. As four spaces

passing in Sp^ throiigh the same face are cut by anv space of S|)^

in four planes through a line with the same cross-ratio, the sections

of 6',,, by a space not containing an edge will be characterized by

the property that the couples of taces and diagonal planes through

an edge possess a constant cross-ratio. For from the regidarity of

C,„ can be deduced thai this cross-ratio is the 'same for all the faces,

as we have stated already. Now the section of Cgoo l\y ^ space

normal to an axis OE^ (through a vertex //„) is a regular icosahedron,

if oidy (he intersecting space is (piite close to Eo and this proves

that the constant cross-ratio of Cjoo niust be equal to that of (he

icosahedron.

5, Indeed, it is not diHicult to show dircclly that the cross-ratio

of C.o is really ^(3 — ^^5).

Let ABC be any face of C.oo a»<^' 0, P, (2(lig. I) represent succes-

sively the centre of 6',„o and the fourth vertices of the two limiting

tetrahedra ABCP, ABCQ passing through ABC. Then the plane

OPQ of the diagram will contain the centre of gravity G of the

face ABC and be perfectly normal to this face in this point. From
(rP=GQ and (>P=OQ can be deduced that the (piadrangle OPGQ
is a deltoid with 0(r as axis of symmetry. As furthermore the

normals GP' and GQ' dropped from (r on 01* and OQ are (he

traces of the plane of (he diagram with the two diagonal spaces, we
f^ct for the cross-ratio {l^QRS)

PR QR _ fPRy_ (tmi a — tan ^Y_ «"*' («~^)

IPS ' QS ~~
\l'>Sj ~ \timu -{-tc^n^J

~ sm' {u |-,5)

*

Now if the edge of 6'„, is our unit and we represent for brevity's

sake K5 by e we have (see my '^MeltnUmeiusiomde Geometrie",

vol. II. p. 2(K))

O/'=
2

(e + 1)» OP' = I (e I- 3), OG =-.
^ -f 3) y 3, PG =

J
j/O.

From this cnniies

{i = 60% nin (( — (/' t 1 ) l/^. con uzzz V 7 — a<;
,s 4

and therefore

{FQHS) = ('^) = 2 (3 ') = o.;ihisiti(i . . . •)

M hi llu* Mann- way Iho croM-rntio of (he four pluncs Ihroiigh nn (Migo nl' tlic

icotfaiictlrou coii b«- foiiii«l.
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6. Ill the third part of my com mimiail ions "On foiirdimeiisioiial

nets and their sections l»y spaces", which is abont lo appeiir in tliese

"Proceedings" we shall find occasion to lix attention on the diagonal

[)lanes presenting themselves in the sections of the 6',,. As any

vertex - or rather any couple of opposite vertices — of (\, pos-

sesses an adjacent octahedron, the polygons situated in these diagonal

planes are always sections of octahedra. Prohably the diagonal planes

inesenting themselves in liie sections of the ('„, wei*e discovered

for the lirst time by Mrs. A. 1^k)F,k-St(>tt, who made models of

these sections, and explained ivs sections with diagonal spaces by

Mr. 11. W. CuuJKL. M

The ol)ject of this paper is to stmly move ck)sely the cases 'ii

which the intersecting space contains one (u- more edges of 6',^ J^'d

6«o,; of the residts revealed by these considerations these abont 6',o,

have especially roused our interest.

A. The spatial sections throiu/h an edije of C\,.

7. We consider the case in which the intei-secting space contains

the edge .1/i of C,, and indicate by A' an<l /i' the vertices opposite

to A and A*. Then all the vertices except .1 and A' are adjacent

to .1 and .1', all the vertices except Ii and /i' are adjacent to /i

and B', and so tiie four other vertices I\ , I\ , l\ , l\ (tig. 2) are

adjacent to ^-1 and B at the Siime time. In other words: the octa-

hedra adjacent to A and B, situated in different spaces, penetrate

one another in the square I\I\/\I\, the vertices of which they

have in common. So through the edge AB pass two diagonal spaces,

one of which corres[)onds to the opposite vertices I\ , P, , the other

to the opposite vertices J\ , P^ ; they intei*sect the plane of the

sijuare I\I*^i\I\, perfectly normal in to the plane through .1/^ and

A' B' , respectively in the diagonals I\l\, P^Pf If / is the tnvce

of the intersecting space through AB on the plane P^P^P^P^, and

this line /, determining with .4/^ that space, meets the diagonals

I\l\ , P-^P^ in the points *Si,,»S,< situated within the square, then

the section will show the particularity that the planes ABSi, and

ABS,^ are diagonal planes ; so in some cases the edge AB will lie in

two diagonal planes.

In the third communication "On fourdimensional nets, etc." quoted

above will be indicated that the particularity of an edge being situated

^) A series of these models, showing e.g. the decomposition of the 120 ver-

tices of the ('eoo into the vertices of live cells C^, has heen inserted lately into

the collection ol mathematical models of the Luiveisilv of CJionintjeu.
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in two dijigoiial planes does not present itself in the four groups of

principal sections of Ci, .

H. The spatial sections thro?f</h an ed<je of C\oo •

8. Tlirongli any edge AB (fig. 3) of C^^o P'^'^s five limiting

tetraliedra of tins cell; the five edges opposite to AB of these tetra-

liedi-a are the sides of a regular pentagon P^F^ . . . /^, the vertices

of which are at the same time adjacent to A and Ti. In othei* words:

the icosahedra adjacent to A and B, situated in different spaces,

penetrate one another in the regular pentagon I\P^ . . . P^, adjacent

to AB, the vertices of which are common to both. So through the

edge AB |)ass five diagonal spaces corresponding respectively to the

five vertices P^,I\, . ., P^; they intersect the plane of the pentagon,

perfectly Jiormal in its centre M to the plane .4 /i.)/, in the diagonals

PiP^, P^Pt, ' ' PiPx of the pentagon, or — if one likes — in the

sides of the starpentiigon PJ\P^PjP^. In the case of Ci« the centre

O of the square J\I\I\P^ was at the same lime the centre of the

cell. Here the centre M of the pentagon is not even the centre of

the two icosahedra penetrating one another, and still less the centre

of C,to'> 1j6''G the line joining M to the midpoint M' of the edge

AB must contain the centre of C\of,

.

If the trace / of the intersecting space on the plane of the penla-

gon adjacent to AB cuts PJ\ in .S, (fig. 3), ABS^ is a diagonal

plane. For this plane is the intersection of the intersecting space

determined hy .l/i and / with the diagonal space determined by .4/^

and PJ\ of the icosahedron adjacent to /^, , and .Si lies on I\l\

itself, not on its [)ro(luclion. Indeed.it is evident that this icosahe-

dron is cut by any plane through .4 /i and a point of PJ\, if this

point lies on l\l\ itself, whilst the plane will contain t)f this icosahe-

dron the edge<4/i only, if this point lies on /*j/\ produced. In order

10 prove this we have ordy to observe that the lines. l/> and l\l\,

the lli-st of which is an e<lge of 6'„„ and the latter a chord,

ctx>B.s one another normally. Krom this it ensues that these lines,

likcwiKC edge and choni of the icosahedron determined by the

|>oinl8 yl, /y, /\, /*,, can be represented (fig. 4), in projection on a

plane (lirougli two opposite edges /;;•,//'/•' of the icosahedron, by

the 04lge in 7 normal to the plane of the diagram and lh(> chord

jtj/ Hitnal(Ml in that plane, the evtrcmitics of the edge being joined

by etlges to the extremities //,// ofllial chord. This shows immediately

that any plane through the edge |uojccting itself in </ cuts the

ier)MalKMlron or not, according to whether the point of intersection

of the plane with ////' lies on this hue ils(>lf or on its produelion.
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So for (lie position of the intersecting space adopted in tig. 3 four

diagonal planes ABS,, ABS,, ABS„ ABS, pi\ss through AB , the

|)oint of intersection Si of / and P^P^ falls on the production of

this side and does not lead to a diagonal plane.

On each side PJ*, o^ the starpentagon (Hg. 3) there are remark-

able points besides the extremities Pj , P,, which lead to faces and

not to diagonal planes, namely the points of intersection Q,, Qt

with the other sides and the midpoint Al^. If S^ coincides with

(^f, the sides PtP, and P^P^ are cut in the same point and, the

two corresj)onding diagonal planes coinciding with one another in

the plane of intersection of the diagonal spaces /I ^Pj/\ and .1/^7^^/',

adjacent to P^ and 7*,, this plane must contain the pentagon adjacent

to the edge P^P^ of 6',,,. So in this case the polygon situated in

the diagonal plane — compare in tig. 4 the planes normal to the plane

of the diagram in the lines <//• and qr' — is a regular pentivgon.

If .S'l coincides with Ji, the plane ABM — compare fig. 4 —

,

being a plane of symmetry of the icosahedron, contains AB and the

edge parallel to AB.

9. My second memoir with the title "Regelmiissige Schnitte u.s.w."

Regular sections and projections of C,,, and 6',,,, Verhandelingen

Amsterdam, (irst section, vol. IX, N*. 4, 1907 contains the data

that enable us to determine, for any position of the intersecting

space containing a certain number of edges of t\e, belonging to the

four groups of sections studied there, the number and the position

of the diagonal planes passing through any one of these edges, and

to construct the icosahedral sections situated in these planes. We
will try to explain this shortly.

On the righthand side of the plates II, IV, VI, VIII has been

indicated how the icosivhedra adjacent to the vertices of 6*,,, project

themselves on the axes ^V/i',, (U'\, OK^, f>l\. In order to see at

a glance which sections normal to these axes do contain edges of

icosahedra — and therefore also of C,,, — we consult the upper

lines of the plates XVIll, XVI, XIV, XII. We find then the

following table :

</,(12), .,(12), /,(6),

^.(3) , ^(3) , /,(6), /.,((i) , /,(3) ,

^(5) , ^,(10), /,(5), .^,(10), 1,(10),

^(30), .,(60),

ill which the indices 1, 2, 3, 4, distinguishing the groups, correspond

19
Proceedings Royal Acad. Amsterdam. Vol. XI.

II^
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to those of the groups of icosahedia on (IF'), IV'', VI'', VIII'', whilst

the iiumbei-s placed between brackets indicate how many edges lie

in the intersecting spaces. However the cases a^, a,, a^ can be left

out, as referring to intersecting spaces leaving the r,„„ totally on

one side and being therefore nnable to furnish sections containing

diagonal planes; for each of the sixteen remaining cases the trace /

of the intei-secting space on the plane of the pentagon adjacent to

the chosen edge must be constructed. These traces, indicated by the

symbols (/,, c\, . . , iU of the cases to which they belong, are repre-

sented altogether in tig. 5.

10. The determination of the trace / causes the least trouble if

this line contains two of the remarkable points 7^,, Qi, Mi corre-

sponding respectively to a vertex, a point of intersection of two

non-adjacent sides and the midpoint of a side of the starpentagon.

In order to divide the difiiculties we treat these simple cases first.

Case (/,. On plate II'' we find nnder d that the groups I and VII,

each containing four icosahedra, furnish faces situated in the inter-

secting space, whilst group III gives six icosahedral sections through

two opposite edges. So the trace c/, to be found passes through a

vertex Pi and a midpoijit Mi; if I\ is taken as Pi, then J/, must

be either J/, or M^. So we find that the trace J, coincides with

one out of ten homologous lines, if by "homologous" lines we mean

lines passing into one another either by a rotation of the pentagon

about its centre .1/ to an amount of any multiple of 72° or by a

reflexion with respect to one of the lines M Pi as mirror, i.e. in

general by any transformation that transforms the pentagon into

itself.

The line f/, cuts two other sides, the sides /\/\ and /\f\, of

the siar|)entagon ; as /', docs not lead to a diagonal |>Iane, any of

(he 12 cd{i;es lying in the intersecting space is contained in three

diagonal planes. These new diagonal planes are connected with the

groups IV and \'I, each of which contains 12 icosahedra. As the

section pusses rather near Ihc centre J/, i» ll»e t'iv«c of IV and

rather near one of the extremities /\ in the case of VI, it is prob-

able that IV correKponds to the point on /',/',. \'I lo the poiut on

/\ /\. liUlcr on we will prove this to Ik; true.

We will add (he rtMuark, thai the number 12 of the edges lying

in the inlci-secling spiu-c is given back by each of llie groups 1, III,

IV, VI, VII, (lie eorrehiM Hiding diagonal planes iho //«<•<?.< of land

VII inciiidcd - coiilaiiiing successively .'J, 2, I, 1, li edges.

Ca»o f,. On platf N I'' uimNm- c ihc group 1, lea<ls lo a |)oint Q
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and the group II, to a point J/,; if Q^ is chosen as Qi, Mi must

coincide either with 3/, or with M^.

Tiie ciiosen line c, furnishes one point of intersection more, on

/^,P, ; so tiiere must be one group of icosaliettra more with an edge

situated in tiie intei-secting space. Indeed, we tind only one group

VI,, IV, belonging again to Q^.

Case e^. On plate VIII'' under e we have to deal with a central

section of C'.oo. fro'« which ensues that the line e^ passes through

the centre }f of the pentagon. Moreover the groups III^, iV<, V^

furnish successively a point I*,, a point Qi , a point J/,. So <?< is a

diameter through a vertex of the pentagon, e.g. l\^fJ}l. Here no

other point of intersection appears.

11. It would be possible to go on in this manner and to treat

successively, proceeding from the easier cases to the more ditlicult

ones, the remaining lines through two remarkable points, the lines

through only one remarkable point, the lines parallel to one of the

sides. We prefer however to explain now, for an arbitrary case,

how (he ratio of division of the side of the starpentagon corre-

sponding to a determijied group of icosahedra can be found l)y means

of Fig. 3 of the (pioted memoir, which is repeated here with slight

modification as lig. 4.

We therefore consider (he group IV, of plate II'' mentioned above

under </,, and remember that the icosahedral sections corresponding

(o this group are determined, according to the quoteil memoir, t)y

planes normal to the plane of tig. 4 in a line parallel to pu'. If

the edge normal in </ to the plane of that diagram is once more the

edge .1/^ and (he chord y>/>' situated in (ha( plane the side of the

starpentiigon, then the point S on that side determining the diagonal

plane in question is found by drawing through q the line qS paral-

lel to [tpK Now pir is the smaller segment of the line pp' divided

internally in medial sec(ion and the same relation holds for y>''/'=rK'(^

with respect to the segments p'r= p^K^ =: sq. So if the ratio of the

side of the regular pentagon to its diagonal is indicated by -, we
d

deduce from similar triangles

phc : irq :=z pic : icS,

which may be transformed into

p^q : p^w =. pS : pre .

This leads to

pS _ 3(1? -f 2« pw _ 3(/ 4- 2.S- </ — .* _ (2-f «) {S—e)_ 1 + «_ 1

pp'
~

3,/ -^ s ' pp'~ Sif 4- .s "T~ ~ 5 4- <r
"~ ^4-5 ~ .-)

19-
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By tliis value the place of *S' on pp' is perfectlv determined ;

however in fig. 5 we may — and, if fi?, has been determined by

P, and 3f,, we must — assume for S not the point on the right

of 37, corresponding to this ratio but the point on the left.

As a second example we consider the group IX, of jilate VI^ to

which -— according to the second memoir — corresponds a series

of planes normal to the plane of tig. 4 parallel to ?//>/^^ (p/^^ being

the midpoint of sv). We draw through .s- and q the lines sS" and

qS' parallel to upj^^ and determine now the ratio of pS' to pp'

by means of similar triangles as follows. These triangles give

Sto' w'S" pS" pS" pii/ ptv'

So we have

qw' w'lc" ps 10 u to"u ^qu

S'w' 2qw' put' 2.S s

pp qu pp d-\-s d

and finally

pS pw—Sw' sf 2s \ s{d—s) (g_l)(3-e)•s/ 2.s' \ s{d—>i\ = i(7-3<
pp pp' d\ d^^sj d d-\-s) 2(efl)

In this way is obtained the complete system of the twelve different

ratios X given in the following table, where, when X dilFeis from

^, the value smaller than \ always appears. For all the groups in

any horizontal row k has the value indicated in the last column

but one. In the last column are given the numbers of centimeters

corresi)onding to these ratios, wiien the length of the side of the

starpentagon (fig. 5) is 20 centimeters. Finally the last column but

two indicates the direction of the tra<*e of the intersecting planes

normal to the plane of fig. 4, by means of which the values of X

have been calculate<l. (See table p. 287).

For the sake of clearness the values of X with the side (20

centimeters) of the starpentagon of fig. 5 as unit have bcei. indicated

separately in lig. 6. By transferring this scale division in fig. 5 to

each of Ihc sides /'»/',, etc. we are enabled to draw immediately

each of the traces / in (piestion with accuracy.

12. By moans of the precccling the polygon of intersection of ili(»

fiolyhedron HJtuated in any assignojl diagonal plane can be constructed.

To this end we indicate in llg. 7, which is a repetition t)f fig. 4,

for ihe twelve diHerenl cases of the table by the numbers 1, 2, ...
,

12 tfio traces of the intersecting planes passing through (lie edge in

q normal lo the plane of the (li<igrain. and show how we can

ulHain all llie nioaHuroH necessary for the conslrucliou of these
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Nr.



( 288 )

it' or between ic and p' and an octagon if S lies between iv and

id', except ' when -S coincides with tlie midpoint in which case the

section is a hexagon. In other words, with reference to the side

Pj 1\ of the starpentiigon of fig. 5 : the section is a hexagon if S
coincides with M^, an octagon if /8 Hes elsewliere between Q^ and

Q^, a pentagon if «S falls between 7^^ and Q^ or Q^ and J\^. So

in the case A, we find two pentagons, since two points of intersec-

tion lie ontside the pentagon with the vertices Qi , a iiexagon and

an octogon, etc.

13. The metiiod developed here has a slight drawback, revealing

itself to the ntinost in the determination of the exact position of the

ti-ace A,. The difficulty consists in this that the method leaves us

in the dark as to the succession of the different values of X on the

trace /. if we have deduced that the different ratios of VI,-, VII,,

IX,, X, present themselves and we have chosen for VII, the centre

^f^ (fig. 5) we are obliged to investigate by a rotation of the ruler

about J/, on which side — and in which of the two different points

on this side — we must assume the point of division corresponding

to VI, in order to make the other points of intersection to corre-

spond to IX, and X,,. We now indicate finally how this difficulty

can be overcome.

To any cliosen edge of 6'«„„ projecting itself on plate IV^'' in h on

the axis OF^, there correspond live adjacent points of C\^^ . If now
it wore possible :

1. to select a determined edge projecting itself in h on (>/'^„,

2. to point out tlie five adjacent vertices and to indicate in what

order these points are the vertices of a regular starpentagon,

3. to find wliore these live points project themselves on tiic

same axis OF,,

llien it would be possible to make out, in wiiat ratio the

j»iiccc*«bivc hides of the starp(Milagon were divided in projection on

OF, by h, wliich woid<l enable us to fix in fig. 5 on each of these

sides a quite definite point. Kcilly in these su|)positions the diriicidly

would be quite dissolved.

Now these Hupposiiifuis are quite realisable, by nu'ans of (h(>

tables (Miiiiishcd in my first memoir with the title "l\egelm>issige

Sfhnido u. 8. w." (Ile^fular saclions and projections of (\,^^ and r',„„,

VeHiAiMleiingeu Amsterdam, (Irsi section, vol. II, No. 7, i8{)4)

;

we will explain this with the aid of lig. il for iIk' case of ihc

Inwc A,.
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14. In "Tabelle I" willi the iiiy(*ri|)tion "Cooi-dinatenstellung des

Z**"" we liiul, ir under "C, Zweite (^nerlinie" the z^ con*esponds

to the chosen axis OF^i that the vertices

_6, 7, —11, —12, 17, —18, 19. 20» 33, —34, 35. 36

have 1 -|- e for value of Cj and [)roject themselves therefore in h

— compare plate IV^ of the second memoir. From "Tabelle 11" with

the inscription "Kanten des ^•<"'" we then deduce that (7,33) is

an edge of 6'"", that 14, 22, 25, 29, 51 are the live vertices adjacent

to tiiis edge (7,33) and these points form a regnhir pentagon J\I\l\PtPi

in the order of succession 14, 22, 51, 29, 25 and therefore a reguh\r

starpentagon l\l\l\PJ\ in the order 14, 51, 25, 22, 29. Turning

baclv to the column c, of "Tabelle I" we find at last that these

vertices 14, 51, 25, 22, 29 admit successively for z^ the values

1-^,4,3 + ^^-2,2(2 + .^),

from which ensues that they project themseU'es — compare again

plate IV* of the second memoir — in k',i/J',i',c. This result is

indicated in tig. 9. While the segments of the horizontal lines ap-

pearing there fiom right to left are indicated as to their relative

length by

d, s, (I, (I, s, d, s, d, d, s,

we find, if we indicate by aS' the point on any side of the star-

pentagon projecting itself in h,

r.S s 1 F,S d4-s 1

J\F, 2 ' PJ\ ad -f- 8« 6 ^ ^^

'

These results are in accordance with what litis been found before

;

moreover they indicate ipiite definitely the place of each point of

di\ ision ').

15. If we apply the new method to the case of a trace as e,

parallel to one of the sides of the starpentagon, then the point ^
[jrojecting itself in e on plate IV' will have to divide the side

I\/\ externally into the ratio unity and this recpiii-es, as *S' does not

Ho at infinity, that (he edge J\I\ j)rojects itself on OF^ as a point.

^) As the second method gives somelhing more in one respect than the first,

it might seem superlUious to communicate the first. We are not of this opinion.

For the first meliiod has lliis advantage above the second that it leads imme-
diately to a construction of tlie polygon situated in the diagonal plane as the

section of a definite icosahedron by a definite plane.
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This ease is represented in fig. 10 for the edge (21, 24), wliere

3,49,50,57,58 are tiie five adjacent points, uiiilst 50,3,49,57,58

appears as tiie pentagon PiI\I\f\Pi, 50, 49, 58, 3, 57 as tlie

starpentagon P^/\PJ\P^. Really /^/^, projects itself into a point;

moreover J\P^ and P^P^ on one hand and J^^P^ and PJ\ on the

other coincide in projection, which is closely connected with this

that X is the same for the two constitnents of each pair.

Mathematics. — '^On triple systems, particularh/ those of tidrteen

elements." By Dr. J, A. Barrau. (Communicated by Piof.

D. J. Korteweg).

(Communicated in the meeting of September 26, 1908).

In a paper to this Academy ^) Prof. J. dk Vries gave a triple

system of 13 elements of a different type than the cyclic system of

Prof. Nktto'); he added iiowever the observation, that no proof has

l)een fnrnished of tliese types being the only ones.

Mr. K. ZuLAUF shows in ids dissertation ') that the systems given

formerly by Kirkman (1853) and Rkisz (1859) are identical to that

of DE Vries, so that the number of known systems is tivo ; neither

is anything iiere decided about the number of possible systems.

It seemed desirable to decide upon this point by means of a special

investigation *). To this end some facility is offered by using those

expressions which are used in the theory of the configurations, by

regarding the 13 element.s as points, the 26 triplets as lines which

bear three of the j»oints; the whole of the triple system then becomes

tiie scheme of a diagonalless Ci'. (13,, 26,) where it is irrelevant

whether this Cf. can be geometrically realized or not. A classification

of these Cff. is now our aim in view.

The rest figure of the 8eeon<l order of a line of such a ('f., i.e.

what remains if we leave out that line with its three points and

the 3 X •"' ''"^'•'' pa^^iUfi; through these points, is of necessity a

Cf. (,10,), the 10 points of which are in three ways persj)ective iuu\

that mrording to the three points left out.

Hut then reversely ea<*h imixginable CW (13^, 2(),) of the desired

type is otjtainod by ;

!•'. starling fn»m all possible CiX. (10,),

2"**. by conKlniciing for each Cf. (10,) the Cf. (10,, 15,) of its diagonals,

>) Versl. Kon. Akud. v. Wei. Ill, p. 64, 1894.

*) StihBtUntionentheoric, p. 220; Mnth. Anmileh, Vol. 4jJ.

*) "Urhi'r TrijK'lHj/Hti'mf ton l.'i /Urmmtcn", (Jii'SHor), IH'.>7.

*f I §ub»e<\wii\\y lind IIiIh quo»lioii lieatod uIko by i>k I'AsguALK l/iV//r//V. h'. hi,

jAm/Mirdo, 2nd Ser., Hi, IKW)).
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3"^ by investigating for each of these CtT. (10,, 15,) in how man}'

ways its 15 lines break up into three principal fire-sides^),

4'''. by imagining for each of these cases the 5 lines of each

principal tive-side as convei^ging to one point and these tiiree

points as collinear.

The number of ty|)es of Ctf. (10,) amounts, according to the

classifications of Kantor') and Schroktkr'), to /f«, to be distinguished

Those of the system of Kirkman are

:

H





Ill



Cff- \nn-x , 1^-^^")
j

,

Off-

( 294 )

number of triple systems for arbitrary n (if only^ 1 or 3, mod. 6),

i.e. to classify all diagonal less

rn{n-\Y

namely :

1. by starting from all possible -.

(n-3)^
, ( jj,

2. by eimmerating the CfF. of its diagonals, those are :

Cff. |(„-3, .

(?<!^>)J
,

3. by investigating in how many ways each of these Cff. can
7i—

3

break up according to its lines into three principal sides,

4. by every time assuming the lines of such a poly-side to be

convei'gent to one point and these three points to be collinear,

5. by arranging the obtained systems in types.

Already for ?i = 15, however, this method is checked by the

absence of the classification ot Cff. (12^, 16,) necessary for 1, of

which only some six forms have been enumerated '). Let us restrict

ourselves to the best known and most regular form, of Hesse :

A 12 3 4

5 a 6 c d

G} 6 c d a

l\ c d a b

S, d a b c

in wliicii each point of the quadruplet ahcd is collinear to the points

of tlie two other (piadru|)lels in the same row of colunm, then tlwcc.

types of triple systems of 15 elemonls appear:

I. Complement .cab, .ccd, .t J2, w 34, .<• 56, ./• 78,

1/ ft r, y h (I, y 13, y 24, y bl , y 68,
': n ,1.

': hr, ': U, ': 23, 1* 58, ': 67,

.1- y :.

All rests arc A, the system is idculical lo the cyclic one'):

(1 . 2 . . 5 . . .) ; (1 . 3 . . . 9 . . .) ; (1 . . . 6 . . . 11 . . .).

II. (Jomplenn'iit .////>, ./ww/, .rl2, .r 34, .r 56, .f 78,

// a c, ylnl, y 13, // 24, // 58, // 67,

• a d,
': h r,

': 14. c 23,
': 57, ':

68,

^ // • •

)) Gorop. Ilie author'* diiwerlation ; *Uii<lrngcii tot dr thoorie dcr luiifignraties",

AmslM-Ham 1907, K B6.

*) L. Hcrrrui, Malh. Annalen, Vol. 49.
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There are three rests A, namely of

.zryj, ./'SB and ./'78;

there are four rests B, i.e. of tlie type of tlie Cf. It),. J2,) of

UK Vkiks of tlie composition

B
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pneumonia. Clinical examination of the different organs of sense in

this woman gave tlie following: resiiUs:

Smell and ta.^te are normal.

Si(/ht lias diminished on account of a heginning senile cataract,

and has on both sides been reduced to 7a4- The fundus oculi is

plainly visible and does not show any alterations. There is no

restriction of the visual area worth mentioning.

Hearing is very bad during the first time after her admittance. She

is almost completely deaf. The whispering voice is not heard on either

sides. After three weeks this disturbance is restored so far, that on

the left the whispering voice is distinguished fo a distance of 3 M.

This degree of dullness of hearing continued till her death.

On both sides the tympanic membrane has suffered slight sclero-

tical degenerations.

The sensibiuiii of the body is in all respects normal to the left,

on the contrary to the right It has coiisiderahhi decreased, in the

following manner

:

the tactile sensibility is entii-ely lost in the right hand and foot, in

the lower pai-t of arm and leg it has suffered great disturbance,

somewhat less in shoulder and hip, and still less in the right half

of the trunk, whilst in the right half of the face hardly any distur-

bance is to be obserxed. The difference between the head and the

point of a jun is badly distinguished on the right side, except in the

face. The latter disturbance, like that of the tactile sensibility, has

its boundaries towards the left in the mid-dorsal and mid-ventral

lines of the trunk and is most marked in hand and foot.

The juiln-smsibility of the skin has likewise diminished lo the

right. Piercing of the skin is not at all j)erceived in the extremities,

only feebly in the trunk, but almost normally in the face.

On file contrary plnchiny or .st/ueeziny of the deeper situated

portions produces a much sharper perception of pain to the right

than to the left. Vehement repelling moveniciils are occasioned by it.

The perceptions of intense cold and intense heat have suffered

great decrease in the right extreniitiet?, to a less degree in the right

half of the trunk, whilst tin* disturbance is feeblest in the lace.

Pansive inorenii'iUs communicaled to the lingers, the hand, the toes

or the foot of the right side, are not perceived at all, however swift

and extensive these niovenionts may l)e. Movements performc<l with the

articnlations of the right elbow or kne(^ are perceived badly, for

movementH with the arti<'ulations of the right hip and shoiddcr the

|)ercepli(m is nearly normal. The patient has lost all notion ns to

the manner in which her right hand and luoi are pbtci'd in sjiaci'.
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as regards the pusilioii of knee and elbow lier perception is likewise

inaccurate but to a less degree.. The posiiiou of (he upper-arm and

leg is ascertained with tolerable accuracy. There is complete /M/t-ym/-

jiosis of the right hand. Not a single object put into this hand is

recognized. The patient does not know whether she has got something

in this hand or not. Oftenest she drops it.

All these distui-bances of sensibililv to the right remained stalionarv

during the three months the woman was under observation.

On the contrary the motility of the right lindis had sntfered only

slightly. In the week after the lesion she com|)lained of a certain

feebleness of the right extremities.

A paralysis however has never been observed. The c«)mplaint was

a passing one, and the only fiu't ascertained was that the right

shoulder hung somewhat lower than the left one. Rapid iis well ivs

snbile movements could be performetl with the right e.vtremities, e. g.

to count money, or to bring the linger to the top of the nose, wem
done nearly as well by the right hand as by the left. Here is onit/

(I sVniht riifht-siiU'd cerebral ataxy, atul there does not ejcUt any restuje

of atht'tosis, or choreic or other involuntary moceinents. The dynamo-

meter in the hand reached 50 ic. on both sides.

The skill rellex-actions, as the abdominal, cremaster- and plantar-

i*etlex-actions, are normal and on both sides e<jual.The deep retlex-aiMions,

those of the tendo Achillis and of the knee are not increased, there

is no clonus of foot or knee. Neither is there a distinct ditference

of tonns, nor any atrophy in the muscles of the two halves of the l)ody.

Thei-e have been no disturbances of speech or articulation. As the

patient had never learned reading or writing, possible disturbances

in reading or writing were not to be stated. Her condition remained

unaltered until her death on the 24''' of March 1908.

The brains, which wei-e kindly put at onr disposition from the

laboratory of Prof. Klhn, were indurated in formaline for a few

days. Thereupon frontal sections of 1 cm. were made through both

hemispheres. The only degeneration that may be observed macros-

copically is a focal destruction in the medial and caudal portions of

the left thalamus opticus.

Consequently for the purpose of microscopical examination there

NViis made a series of frontal sections through the left hemisphere, the

most proximal sections of these pjissing through the caudal ends of

the frontal conxolutions, the temporal pole and the commissura

anterior, whilst the most caudal section passes behind the caudal end

of the tissura Sylvii, through the caudal border of the gyrus supra-

niarginalis, the praecuneus and the spleniuui corporis callosi.
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Tlie nucleus caudatus, the nucleus leulicularis, the ca[)sula interna

and the frontal end of the thahinius opticus have not suffered any

alteration. Neither has the whole of the nucleus anterior. About

halfway the sections through the thaianuis, the frontal commencement

of the focal softening is found, as a small irregular square in the

nucleus lateralis (tig. 1). The hearth consist of leucocytes, lying close

to one another, in its wall the capillary vessels are found distended

and surcharged with blood-cells.

In the following sections the hearth is rapidly expanding (see fig. II).

Irregularly shaped, it is situated within the ventral nuclei '), destroys

the largest part of the luicleus ventralis b, encompasses like this

nucleus the "centre median" of Luys, and enters into the ventral

nucleus a until near the regio subthalamica. The "Gitterschicht", the

lamina meduUaris externa and the regio subthalamica are untouched

by it; consequently both, the lateral medullary mass of the red nucleus

and the strata of the lemmiscus, remain free from damage.

In the same region is found a smaller focus, as yet apparently

separate, (but in reality connected with the larger hearth) in the

principal portion of the nucleus medialis.

A little more caudalward (see fig. Ill) the hearth attains its largest

extension. It is now situated in the ventral nuclei a, b and c, that

are almost completely destroyed, it sends a narrow branch into the

nucleus medialis, and proceeds straitened wedge-like towards the

r^io sub-thalamica, where it approaches very closely the radiations

of the lemniscus-libres and intercepts these.

Still more caudalward (see fig. \\) the position of the hearth has

l)ecome such, that the ventral nucleus u is left free, whilst the nuclei

b and c and likewise the posterior nucleus are absorbed by it. The

corpus geniculatum mediale forms here likewise part of the hearth

(Init the radiation fr()m the bracchiiim conjnnclivum cor])oris (pi<adri-

gcniini postici into the nucleus gen. medialis is left uninjured). The

hcartii continues by a long and narrow brancii aUmg the ventral

hide in the pnlvinur llmlanii optiei (see iig. V), ending there.

The corpus geniculatum latiM-ale is no whore toiiche<l by the hearth.

Neither is the 8o-calle<l "(iitterschichl" of Ak.noi.u.

From \\m focus secondary degenerations start into different areas,

lhe8c degenerations are distinguished juirlly by tiie presence of granular

cells, |>artly by (he absence of nuMliillatcMl fibres in lighler-coloiireil

areas in pre|»arationH after the WKKiKin-l'Ai, method.

In (lie ihalamiis, ihe frontal end of which does not show any

degenerative alterations (se<! Iig. I) the posterior |iarl of the medial

') VON Mvnakow'h noiiiemlaturc of the nuclvi Thalaini is I'ollowcd.
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principal nucleus has assuredly lost fibres, especially in the |>ortion

situated caudal of the hearth. Such is likewise the cose Nvith the

"Gitlerschiclit", although it is no where touched directly by the

hearth, lu the neighbourhood of this latter a great number of the

fil)res passing the Gitlerschiclit in their course from the thalamus

towards the retro-lenticular portion of the capsnla interna, are dege-

nerated. Those degenerated libres gather into an area, lying close to

the "Gitterschicht", an area, which in preparations made after

Weiokrt-Pal's method, contrasts with its surroundings by its being

light coloured, against the black coloured i-etro-lenticular portion of

capsula. (see tig. IVa) *).

Situated at first lateral of the "Gitterschicht" (see lig. IVa),

this area may be pursued caudal ward (fig. \Va, lig. YaiU,, lig. Vi//,^/,«i,)

and frontalward (lig. lIL<,a, and lig. Uu,). In the caudal sections its

ventral boundary is the medullary triangle surrounding the corpus

genicidatum externum ( W in lig. ill), exj)andi)ig thence both in the

stratum sagitlale externum and in the stratum siigittale internum

(see lig. HI and fig. IV;. In frontal sections this field is situated in

the capsula interna, medialward from the caudal ending of the

putamen nuclei lenticidaris (fig. Ih/J.

This degenerated area nuiy be followed in three directions:

J^' in the medullary rays of three temporal convolutions (see

fig. I— V IhfJ least in the gyrus temporalis I,

2"^^ in the splenium corposis callosi (see tig. \'l and VIL/,)

S'*^' in the meduUai-y rays of the gyrus supramarginalis and still

for a large part in the gyrus centralis posterior (see fig. I—Vlhi,).

When examined in glycerine preparations the medulla of these gyri

is thickly interspersed with granular cells.

Summing up the abovetold facts, we find some definite distur-

bances of |)erception in an old woman, after a lesion produced by

a hearth of degeneration strictly loi*alized within the left thalamus.

These disturbances are:

1**' Temporary deafness on both sides, leaving as its stationary

result a certain degree of dullness of hearing on both sides.

2"*' On the right side a chronic loss of sensibility in all qualities

of sense of the skin and the deeper-situated parts, almost complete
in the distal ends of the extremities, less marked in the trunk and
in the roots of the extremities, unim()ortant in the face. All this is

not accompanied l)y any choreic movements on that side, whilst

there is found only a very slight ataxy to the right.

2) In the drawings the areas aie represeiitetl too light-coloured.

20
Proceedings Royal Acad. Amsterdam. Vol. XI.



( 300 )

Without any doubt these disturbances are dependent on that hearth.

The loss of hearing is probably connected with the destruction of

the corpus geniculatum mediale. This destruction, (ogetlier with the

secondary atropliy towards the temporal radiation (see a^ in the

figures), suflice to explain a certain loss of hearing, according to

experiments made by different investigators after very different methods.

It is only to be noted as a remarkable fact that the patient was

at first completely deaf on both sides, although the lesion was oidy

at the left side. Remarkable too is the rapid way in which an im-

portant amelioration of this deafness set in.

The area of degeneration {a^ in the figures) does not attain in the

first place the medullary cone of the teni|)oral convolution turned

towards tJie fissura Sylvii, but is situated in preference in the two

other temporal convolutions. This may be a reason, that she did

hear and understood the spoken word.

It is formed by degenerated fibres, arriving thither both from the

stratum sagittale externum and from the stratum sagittale internum,

as l)ecomes evident especially in the more frontal sections. In the

sections made more caudalwand, a degenerated fascicle going towards

the spleniuni corporis callosi may also be pursued.

Perha[)S these facts may add something to an eventual explanation

of the incomplete deafness on both sides after focal disturbances on

one side of the brain. But leaving this aside as less imi)ortant, we
desire only to call attention to the chief iH)int of this interesting case.

The ventral tjronIts (if nuclei in the ihalamus opticus, more especi-

ally their caudal portions — and these nuclei only, with the exclusion

of all others — are found softened in the cerehrnni of a person,

who dnrlmj life had lost all sensihility in the distal ends of the

crossed extremities irithont choreic movements, nuthout intensive cortical

ataxy on lliat side, whilst the sensibility remained nearly intact in the

fa«'e, and had suffered some decrease at the proximal ends of extremities.

Similar strictly defined hearths of degenoratiou are very rarely

found in hemi-anaeslhcsiu, but they conlriltutc ini|)ortant data to the

study of the intra-cerebral course of the tracts for the general sensibility.

These Iriurls are less known by far than the intracerebral course

of (he tnu'ts for sight and hearing.

Since Tt'RcrK in JH5() by his c.\p(Minienlal researches gave the lirst

impulse lo the study of the intra-cerebial sensibility tracts, there has

ap[)earod an enormous amount of literature (mi this subject, which has

tN*en rei'apitulaled with Ku(lici(>nt accuracy in iIk; <lis.seriation of

Ix)N(i') (under guidance of Dkjkkink). 'VUr. chief result of this mass

') Kduuahi) liONU. \ArH voies cvntrali'x tk; lu Hi'iisil)ililr< (jcii^iruJc. (KUidu Aiiatoino-

dinique). Tlitoc dv Furiit. lbU9.
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of labour was, that at piesent it has become ii'^arly generally assuineil

that the thalamus opticus, amongst other functions, also contributes

to provide for the sensibility of the cuossed half of the body.

From the side of the school of Dejkrine this opinion has been

put forth with marked emphasis in the excellent book of Roissy '),

who includes the disturbance of sensibility in the crossed half of

the body in his 'syndrome thalamicpie."

Hut not even in this work is treated a hearth localized so exclu-

sively on the thalamus opticus'). The strict localization noted in our

case justifies the thesis:

The caudal portions of the rcntral (/roujis nf nuch'i in the thalamus

opticus take a similar part in the central projection of the sensihility

of the skin and of the deeper portions in the distal ends of the

crossed e.Hremities (less completely of the trunk and of the roots of
the extremities, hardly at all of the face) as that taken hy the

corpus genicuhitum mediale in the central projection of the impressions

from the cochlea and by the corpus geniculatum laterale in the projec-

tion of the impressions from the retina.

A case, closely resembling the one given here, has been described

by VON MoNAKOw '). Unfortunately he coidd not dispose of sullicient

clinical data, especially as regards the question whether there had

been hemianaesthesia durijig life. On the other hand he has described

with the most careful accuracy the secondary atrophic degenerations,

consequent to the loss of the posterior ventral nuclei, these degene-

rations being nearly the same as in the case related in the foregoing.

It appears to us that in this latter case the gyrus centralis posterior

receives a greater number of fibres from the atrophic area than in

this well-known case of von Monakow, offering nevertheless many
striking points of resemblance with it.

It is moreover an important fact that the face remained almost

wholly exempt from the loss of sensibility. Perhaps this is somehow
connected with the fact that the median principal nucleus and the

centre median remained likewise almost wholly free from the degene-

rative hearth. For in animals the secondary tracts of the trigeminus

have been traced principally to the centre median (Wallenberg *)

1) GusTAVE RoussY. La couche optique et le syniiioiue thalamique. Paris, Slein-

heil. 1907.

'^) RoussY 1. ,c. Compare cas Jossaume p. 229.

^) G. VON Monakow. Zur Anatomie und Physiolcgie des unteren Sclieitellappchens.

Arch. f. Psych. 1899. XXXI S. 1—74. Fall D'auj. Also conf. L. Edinger, Erkrank-

ung des Thalamus opticus. Bd. XXI. Arch. f. Ps. 1899. S. 657.

••) Adolf Wallenberg. Secundaire Balmen ans dem frunlaleu sensiblen Trige-

•\inuskerne des Kauiiiclieus." Anat. Anz. XXVi. 1VJ05 S. 14:5 — 155.

20*



( 302 )

together with the ventral nucleus, others also believe the m'edial

nucleus to be connected with the N. trigeminus (ArriV:ns Kappkks^);

besides aniraals with a powertu41j developed trigeminus (e. g. the mole)

possess a large medial nucleus. Consequently in regard to this case

the j)ossibility is not to be denied that the medial nucleus may stand

in some closer relation to the sensibility of the face than the

ventral does.

The above described case represents an almost unique experiment

taken by Nature, and it deuionstrates, that isolated destruction of the

ventral thalamus-nuclei may he accom[)anied by loss of all sensible

perception in the distal ends of the crossed extremities.

EXPLANATION OF THE FIGURES.

Fig. 1— VII, frontal sections llnougli llif left hemisphere. Fig. I is a section frontal

from the red nucleus, which hits the corp. subthalamicum ; the frontal be-

ginning of the hearth. Fig. II llirougli llie red nucleus, the rctrolenticular portion

of the capsula interna here begins. l''ig. Ill througii the hirgest expansion of the

hearth, the c. quadr. anterius is sectioned. Fig. IV through the corpora geniculata

and pulvinar thalami. Fig. V the caudal end of the hearth in the pulvinar Ihalami.

In all sections a. indicates the area of degeneration in the retro-lenticular portion

of the capsula interna, situated lateral from the Ciitlerschicht, a^ U\ the radiation

of the degenerative held towards the temporal radiation, (/;j('o the radiation towards

the gyrus supramarginalis and towards the gyrus centralis posterior, ttj 6*3 the

radiation towards the corpus callosum.

Fig VI, the section through the splenium corp. callosi. The degenerative areas.

• Fig. VII, through the splenium corp. callosi and the tapetum.

In all figures the signilicalion of the letters employed is as follows :

cap. n. c. — caput nuclei caudati, caud. n. c. — cauda nuclei caudati, c. c. —
corpu^j callosum, c. f = colunma fornicis, f. f. — iimbiia fornicis, f. c. — lissura

centralis, f i. p. — fissura inlerparietalis, f. p. c, — lissura postcentralis ; f. S. =
(issura Sylvii, r. a, f. S. — ramus ascendens lissurae Sylvii, (J. C a. — gyrus

centralis anterior, G. C. p, — Gyrus centralis posterior, G. s. M. = Gyrus supra-

marginalis, G. L. — gyrus ling alis, G. F. — gyrus fornicalus, G. H. ~ gyrus hippo-

campi, G. F, — gyrus parielalis superior, G. Para G. — gyrus puracentralis, G. Pr —
gyrus praecunui, G. (J. T. - gyrus occipilo-li'inporalis, GTi, GTj, GT, ~ gyri tcm-

poralcs, I. m. e. — lamina •nedullaris externa Ihalami, I. m. i. — lamina medullaris

interna, p.p. — pes pcdimculi, pulv. pulvinar thalami, n. ant. ' nucleus anterior

Ihalami, n. med. ~ nucleu!^ medialis thalami, n. lat. nucleus lateralis thalami,

11. ventr. (a. b. c.) -nucleus ventralis Ihalami (a h. c), Gitt. - (lilltMschichl, 11. c. =
nucleus caiidatus, n. I. ~ nucleus lenlicularis, N. R. — nucleus ruher, in.d. N. h.=
mttlulln dorHHliK nuclei ruhri, h. n. - substantia nigra, c. L. - corpus subthalami-

cum, r. m. \.. centre nuMlian Luys), spl. c. c. - splciiiiun corporis callosi, s.s. ext. --

•traluni wigillale fxlernuni, ^. ^. inl stratum sagillale internum (radiation of

GtiATioLKT), «tr. I - Hiriu lerminalis, lap. Ia|)eliim, W. = stratum mediillare corporis

genicululi laleruiin (Wkhmckk'h triangular area 1, v. g. I. - corpus gmiciiliiliim Ldorale,

c. g. i.»corpUM geniculalum nuHliule.

•) (I. A. AmuKMM KaI'I'KKm. Weiler<; Milteihmgeii I'lber die I'hylugtiicsc des Corp.

•trialum mid de* Thalumu^. Anal. An/. HJOS. Utl. XXXlll. No. i;i undl4, S. 321.
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Physics. — "On the kinetic derivation vj the st\'oa(l Laic of Thermo-

dynamics." B} Dr. O. PosTMA. (Cominuiiicated by Prof. H. A.

LORENTZ.)

§ 1. In a previous paper') I tried to set forlli how an ensemble

of molecular systems possessing only kinetic energy may be thought

gradually to pass to a state in which all the combinations of place

and also all the combinations of velocity of the molecules occur

with the same frequency. In this tinal condition the molecules of

by . far the majority of the systems of the ensemble will, as was

shown, be distributed about uniformly over the vessel and have

Maxwell's distribution of velocities.

This result, however, retpiires some amplification.

As the problem of the distribution of place and that of the distri-

bution of velocity were treated (piite separately, the above-mentioned

result implies only, that in the end the molecides will be distributed

uniformly over the vessel for <iU the velocities toyetkei\ and that they

will have Maxwell's distribution of \e\oci\\esfor the vessel cotisidei'ed

as a ivhole. This, however, is not what is generally understood by

uniform distribution over the vessel and Maxwell's distribution of

velocities ; we mean by this that even for a limited amount of velocities

the molecides will be spread about uniforudy over the vessel, and

that even for a limited |)orti<)n of the vessel Maxwell's distribution

of velocities will hold on the main. So the (piestion remains, how
this result may be obtained.

Let us first observe that in a canonical or microcanonical ensemble
the uuifonn distribution of place and Maxwell's distribution of velo-

cities in the latter sense is really obtained. This is very casilv seen

for the canonical ensemble. It is, however, also the case for a

microcanonical ensemble, where the fretpiency of a certain distribu-

tion of [)lacc and velocity is proportional to the number of com-
luuatious possible. This number of combinations may be given

in the form Ce JJ jnst as it is given in the form

^<^ ^ when (tidy the distribution of the velocities is con-

sidered. So in the most frequently occurring system — ff/log/doJui

or - H is maximum. With given kinetic energy this is the case, if

1) These Proc. X, p. 390.
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f= ae— ^^'^'^'^^\ where a and h are i-ejil constants, so tlial for tliis

system Maxu'ell's distribution of velocities iiolds for ajiy small part

of the vessel, and als<» the density is constant throughout the vessel

for one definite velocity. That for the great majority of the systems

the distribution of place and velocity differs little from the maximum

occurring one may be shown in the same way as it is shown when

the distribution of place and velocity is considered separately.

It is, howevei", eas}' to see that if an ensemble arises, not a micro-

canonical one, indeed, but one, for which the mean density becomes

constant for finite but small extension elements, by approximation

the same result will be obtained as we have for a microcanonical

ensemble, viz. uniform distribution thro»ighout the vessel and Maxwell's

distribution of velocities, and that with greater accuracy as the

elements are smaller. So we shall have a kinetic derivation of the

2"d law of thermodynamics, if we can show that an arbitrary en-

semble of systems with a definite kinetic energy passes into such a

"rough" microcanonical ensemble. So this has again led ns to the

quantity called "entropie grossiere" by Poincare, for if IJ, the mean

density over the elements rf, becomes constant, 2 /I log 11 d or the

entropie grossiere decreases. It seems to me that we might demonstrate

in the following way that 77 becomes constant in course of time.

Let us in the first place once more consider the ensemble of

planets or one-dimensional moviuf^ molecules discussed in § 2 and § 3

of the above-mentioned paper. It was shown that this ensemble

moves in such a way that finally all places occur equall}' frequently.

This was the case for all the velocities together and happened just

because all kinds of velocities occurred for the systems. If, however,

the total amount, over which the velocities of the systems (planets

01* iiioicculcs) extend, is divided into small, but finite portions, it

will also hohl for these amounts separately, if we only take the

time long enough. So when these amounts extend from lo^ to

to, -f Llo^, from to, -|- hio to a>, -f 2A(o etc. the systems with velo-

C'ilics lying between «»», and o, I Lm will llnally be uniformly

(liHtributcd over all the values / lying between and 2.t; in the

Bame way the systems with velocities between c«, I A(y and tu, f 2Aa>

etc, l*^ich of the lnui/,onlal strips of jig. 1 lying above each other

(*ontainH then llic Hanic number of representing points.

If inHleoil of an enHomblo of Hingic planets or single niolccules we

lake an onHomble of KyHlems of // moh^'ides each but disregard the

coliiHionH, the hanio reiwoning will hohl. The whole of the representing

|M)intM now muvoi», however, in a On-diniensional space, and instead

of the axJH of UinianceH and thcaxiHof velocities wo get now the space
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of coordinates and tlie space of velocities. Also if we do not neglect

the collisions a motion of the ensemble will take place in the moments

zm

CO

Fig. 1.

between the collisions in the indicated direction, so to the state with

uniform mean density in the narrow strips extendinj? lengthwise over

a small but finite distance, bounded by the same combinations of

velocities (symbolically represented t)y the horizontal regions a of

fig. 2). In consequence of the collisions, however, the mean density

in narrow vertical i-egions approaches uniformity. Nor need tliese

comb, of place

a^

Fig. 2. comb, of velocities
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i-egions extend over the total aiiiomit of possible combinations of

place, but the approach to uniformity is also found over tinite small

portions of this amount, (the regions b). What happens now if the

two actions take place simultaneously? In the collision the represent-

ing points shift in horizontal direction, which modifies the distribution

in the regions a, and the lirst action, which would make the distribution

over tiie regions a uniform, is countercictod. This continues to be the

case, as we think the regions a infinitely narrow ; if liowever, we
consider an element from the figure, the horizontal dimension of

which is indicated by a, and the vertical dimension by b (the rect-

angle A), then the distribution in the elements A lying one above

the other will also approach to uniformity by the first action whereas

the disturbing influence with which the second action coujiteracts the

fii*st, will continually decrease and approach to zero. So it seems to

me that we ma}' assume that the mean density' in the elements .1

lying above each other becomes the same in course of time; this

reasoning will, however, also hold for the elements lying side by

side in horizontal direction (if we take now the second action as the

principal one, and the first as the disturbing action), so that we get

a "rough" microcanonical ensemble in the end ').

If the above reasoning is correct, we have obtained the result that

every arbitrary ensemble of molecide systems with purely kinetic

energy proceeds towards a state where uniform distribution of place

and Maxwkll's distribution of velocities is most frccpient. In the

meantime we must assume that every system in itself has a reversible

motion and so after some time it will get again very near to its

initial blafe, and will do so repeatedly. Whether Boltzmann's

A/ =:
I
Xfhijfdodu} will decrease for the majority of the cases

dc)>ends on the initial state of the ensemble. It is conceivable that

this stale is such tinit the majority of the systems are nearer to ihe

slate occurring finally maximum than is the case for a micro-cano-

nical ensemble; then the // would increase instead of decrease for

those syslcuiH. Il is, however, evident, that this will not be the case

for an ensemble that nrpresents a system in which recenlly some

cliHlnrhaiice of o<piilibriuni has taken place. Kor such a system //

will mosi probably (Nricasc.

I) Il would btf doing (ituHs nn injiiKlico if wo did not ndiiiit, that in his Slutislicnl

MiThnnirM \\v ulrctidy pointed lo Ihix rcinaining con^'lant of llu! ('nltupic line, in

o|t|H>ttilion lo llitr de<:ri>n)«(' of tlio t'lilmpic ^roHHitTu when litt Nuys ttcaling I lie

Aimlogy'or llic colourmi liquid: "If trvtiiing tlio di'nicntH of volnini' tix constant . ..

«lc/' p. 146.
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^ 2. Now tlie question iiuiv be raised wliat place we liave to

assign to Boltzmann's proof that 77 ^ i j//o///V/oJco would decrease

for an "ungeordnetes" system with regard to the above reasoning

and tiie one preceding it. // seems to have to decrease for such a

system, which as Zkrmki-o and others pointed out can hardly be

always the case for one detinile system, and can only l>e assumed

as occurring in general for an enseml)le.

In the lirst place we must observe With regard to this that by no

means certainty prevails that a system which is in an ''ungeordnet"

state at a certain moment, will cojitinue to be in such a stale.

Ill tiie second place the properties of such a system, as Boi.t/mann

applies them in the derivation of the variation of the function 77 in

couse(pience of the collisions (see form. 17 and J05), can occur for

one definite system with a suHicient degree of accuracy only when

the elements </«>, <// etc. occurring in these formulae, are taken rather

large. There are, however, also objections to this (as that it is assumed

that ill a collision of two molecules the velocity-points always get

outside the elements dxo and dio^).

Independent of the size of the elements the property of being "unge-

ordnet" cannot occur for one delinite system, it can, however, for

the average of a whole ensemble (or in course of time if we think

the systems taken at random from a certain ensemble).

This ensemble is formed by the whole of the possible systems

obtained if we think the places and velocities of the n molecules

assigned to them by chance, so that every time the chance to a

certain combination of place and velocity is represented by a constant

function / of the coordinates and velocities. If /i is large, the majority

of these systems have a distribution of place and velocity the course

of which is mainly indicated by the function /. It does not hold

exactly for any delinite system that in the neighbourhood of every

molecule the number of molecules of a certain kind are determined

by the size of the spacial element considered and the / holding

there, but on an average it does hold for the whole ensemble. So
we may say that this ensemble represents Boltzmann's "ungeordnetes"

dfl
system. Oji an average -— would, therefore, be negative for this

at

ensemble.

On further comparison of Boltzmann's way of treatment and the

results of § 1 we meet with an important point of diiference. On
the whole 77 will decrease for the majority of the systems for an
arbitrary ensemble on account of the tendency towai'ds uniformity



( 308 )

of density over the elements of extension indicated bv ^4 in tig. 2.

This tendency proceeded from two actions, the former giving uniform

density over the horizontal, tlie latter over the vertical regions. So

we might say that the decrease of H is brought about both by the

motion of the molecules (the tirst action) and' by the collisions (the

second action). The coordinates and the velocities occur also in H
in the same way.

Yet BoLTZMANX states expressly that the H can only decrease in

conse(|uence of the collisions^) and he shows this as follows:

The change of H within a given surface is determined by

+ C, {log/) + C, (log/).

If the surface is made to join the walls of the vessel, the first

term is zero, the terms with A, Y, and Z are lost if we assume

that there are no external forces; C^ and Cj denote the change

caused l)y the collisions. The change in consequence of the motion

of the molecules is equal to

:

BoLTZMANX shows that this integral is equal to:

Cfdu)dSfN— ( (diodS Nflogf

which is to be integrated over the surface S, which includes the

considered gas mass. From this follows that the increase in H in

conse(iuence of the motion is e(|ual to the <|uantity that is brought

into llie surface *S' by the molecules. So if (lie gas is left to itself,

tbiH ({uantity will be zero, so that H does not change in consetjuencc

of the motion, but only in consetjuence of the collisions*). No doubt

we shall have to look for the explanation of this diU'ereuce in result

to the ftU't that Boi.tzman.n considers the "entropie line", whereas

above the "entropie grossicro" was considered. If the elements do

and du> are taken of finite size, as must be done here, the calcu-

lations which rediic<' th<^ change iu // to a surface integral, must

nut be ad(»pl''d in uiMnndilicd f'onii.

^ 3. For a kinetic derivation of the 2"'^ law of thermodynamics

it if) neceMary kinntically to define a quantity which ngrces in

I) Sm: Vol. 1, p. 126, notp.

*) Cf. LofiKNTZ, *Abhun<lliin|rvn Obi r i iHoicliitchv i'ltyniL", Altiiuiull. VIII.
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|)ro[)erties with the ihennodynamii- enlropy. Tliese properties are-.

1. For reversible changes from one state of equilibrium into tlie

other is -77 the difFerential of a (|uantity which is defined a.s entropy
;

2. in an isolated system which, as a whole, is not in etjuilibrium,

but may be divided into parts which are, the total entropy

increases. We saw above that in general the quantity introduced by

BOLTZMANN

HS' log f do dm

decreases, also when the system does not consist of parts, each in

itself in equilibrium. So if we consider a quantity proportional to

— // as entropy, it will certainly satisfy tlie second condition in by

far the majority of cases. As to the first condition, this is satisfied

as J.OHENTZ has shown'), if n is taken for the constant by which
o

TT 1. . 1 . ,
mean kin. enei*gy per mol.

tl IS multq)lied, m which jfi =r
^

-^ T y^^y a
ai>8. temperature

gas in stationary state

-!/£)'
SO tiiul

2 2 / 3\
3

2 , 2 3m
z=z-~ ^i N loii V -]- [I N log i> n N log N — fit A'^ log— -f nN

«^
"

3
*

' 4.T/1

for which Lorentz writes :

')

~ fi Nlog V 4 n Nlog » -\- C.
o

At a given temperature we may, accordingly, write AM % 1' ^
)

also for H, in which (' still contains ,•>, no longer N and v.

Resides this entropy of lioltzmann different (juantities have been
kinetically defined by Gibbs, which, according to him, possess the pro-

perties of the entropy. The most prominent of them is the — t^ or

— iPlog Pdr, being the negative mean hvj of the density over the

canonical ensemble which represents the system in equilibrium. As

^) Gf. I.e. A^handlung Vill.
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was shown bv Lorentz ') this quantity has the property that in

(IQ
reversible changes of the system the difterential is equal to —-, in

which T, tlie modulus of the ensemble, has the properties of the

temperature. This entropy was only defined by Gibbs for the state

of equilibrium. When, however, we represent a gas which is not in

equilibrium by a non-canonical ensemble, and define the entropy in

the same way, also the second property will hold for this entropy
;

tlie quantity iPlogPdx will namely gradually decrease if the elements

dx are not taken infinitely small, because each portion of the ensemble

with given eneigy approaches to a rough micro-canonical one. In

the special case considered in thermodynamics that the parts of the

system are in cLjuilibrium this will also be the case ').

Calculating this — i] for a perfect gas, we find, as

whereas

— 3 i|j 3
c =r — A 7' and — — = — i\' log (InmT) -f- N log »,

3 3— ri—-N-\- ~ N log (IfimT) -\- N log v

.

When comparing this value with Holtzmann's entropy we must

bear in mind tjjat this T does not agree perfeclly willi the i> (d"

H(H,TZM.\NN; viz. :

nu'tin kin. i-wnni fwr mol. nifan kin. rncfUfi/ n^'r si/sh'ni
0- = and 7' = '

.

u 3

2
''

2
l*rom this follows 7 = /i X moan ih (taken over Ihe ensemble).

•S<> for cuuiparison we musi take:

I) Sec AbliandlunK Xf.

») The objection advanced by Lohknt/. Io this way of defining llio cnliopy, thai

it would namely be dillicull to underHland bow a non-canonical ensemble kIiouUI

be determined by a svKtein tlial i.4 not in e(|iiilibi-iiitn, does not seem to be con-

elusive to mc. It iN true, tbal the entropy and the eM..(>mble are not determined

in the Mine way ai for a Ktationary Hystem, but as we know more about the

pUuse and the velocities of the tnolecnles or lli(> way in wbicb tliey bave assumed

thetr placet and velociliex, tbe ensemble in determined more acciiralely. If we e.g.

kiiow lliat evin'ywbero a certain prcsMurc and temperature prevails, we consider

Ihe cn«einbl<' aa u ^mn of r:i!iiitiieal eii^'mbies, etc.
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lAil = {iN -{- (iX lot! I .1/1 mi^
I
f - fiiV log i\

Phr vvliich we may also write

:

- uNlog V 4- liX log (>-[-€";
o

tliis C", however, does not aji^ree with Lorfatz' 6".

In this connection 1 will linally call attention to an ohjtrtion to

the use of this latter entropv introduced by (tIBBS.

Purely thermodynaniically the entropy is determined hy (he diflf.

equation - = (f^i- So this 7] contains an arbitrary additive constant.

This is not the case lor the kinetically delined one. I^oltzmann's //

is entirely determined by the e(|uation // =^
|
\/fo<//<io(/oi and so

2 r
also the pntropy fi//. In the same way in (Iibbs — i^ = — I /*Io^/\It,

if the energy is j)urely kinetic, which we shall assume.

The same applies to the free energy i|', thermodynaniically it con-

tains an arbitrary additive constant, kinetically it does not. This

uncertainty, however, allows us to choose the constant in thermo-

dynamics in a convenient way, which is no more possible in the

kinetic theories. This constant is now chosen in such a way that

the ip for a certain gas mass (and then also the »/) is equal to the

sum of the if's of the parts (molarly not molecularly separated).

This appears clearly in Lorkntz '). Here a gramme molecule of a

certain gas is considered, and

xp=— RTloq v-{- C derived from — := —p= •

Or V

Now C is chosen in such a way, that ip = if v=zl, so 6'= or

t|? = — RTloijv. Somewhat further it says: "Haben wir es nicht

mit einer, sondern niit m Einheiten zu tun, die zusammen das Volum
V fullen, so haben wir nebeneinander //i-mal die Einheit in dem Volum

. Wir miissen also in i|' ;= — RT lay v v durch - ersetzen und

dann mit m multiplizieren." So by definition the if^ of the whole
has here evidently been put equal to the sum of the if''s of the

parts occurring side by side in the volume v.

VVe may also say that this has taken place by assigning another

value to C for every quantity. If namely in a volume 2v we had

1) 1. c. p. 236.
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two unities side bj side, we should have for the first i^,=— RTIogv,

for the second tf% = — NTfot/ v, so if, -f if-, = — 2UTlog v. For

the total quantity we should have i|' = — 2RTlo(] 1v -\- C; if now
we had again put C=0 (so tjjat t|?= if 2y = 1) then i|' would

not have been =: if', -}- if', . The C, however, has now been chosen

in such a way that if? = if 2r = 2 or C =z2RT log 2 and hence

V= — 2RTlog V = if?, + if,

.

In connection witii this we have the property that if two quan-

tities of different gases, being in equal volumes at the same T, are

mixed in the same volume at the same T, the free energy i-emains

the same, whereas it decreases if this is done with two quantities

of the same gas. A similar pro|)erty exists for the entropy (Gibbs's

paradox). How is this now for the kinetically defined entropy or

free energy V To answer this question we shall successively' dis-

cuss: 1 is the eutropy of an homogeneous gas mass in a volume

2r double that of half the quantity in a volume v;2 is the entropy

of an homogeneous gas mass in a volume v greater than the sum of tlie

entropies of two such masses forming together the first quantity

eacii in an equal volume v; 3 is the entropy of a mixture of 2 gases

equal to the sum of the entropies of the two gases separately?

In the entropy of Boltzmann the answer is every time afTirmative.

C N \
If we consider H^ -^^

[
% |-^'l» ^''cn in the P^ case

H, = iV, (log — -f 6'Y so 2//, = 2iV, (log ^^c\- further for

the whole mass in the volume 2y:

//= 2N, (log -^ + ^1 = 2iV. (log -^' 4- (A = 2//,

.

In I he second case

:

//, = A^, (^log ^ -f <'^ ' //. v. (log ^' + A ,

80 H,^H,=:N, log N, + N, log N,-{N,-\-N,)[logv^ C),

while ff=iy,-\- N,)logiN,-i- X,) - {.V, + y,)(logv-]- C), so (hat

//<[//, + 'A >'* ''^^ entropy of the whole is grealer than the sum
of (he cntropieH of the parts.

In the 3'*' cane the formula for H used here docs nol hold, hut

now Ik)ix/MANN puts here //=//,-[-//, hg dejinition. For a mixture

of two \i,i\»fiY, Boltzmann puts vi/.

:

Iloivevur, aImi the qneHtiouH 1 and 2 might have been aiwweiod
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directly from Uiis definition. // = I I/ lofjf do dio indicates, namely,

tliat H of the whole = ^11 of (he purls; further we can always

think the molecules divided into two parts with densities/, and/,,

so that /==/+/„
(/. 4 /,) log (A -I- /.) </, logA ^- /, iopA ,

so that also //<//, -f //,. From this latter way of treatment appears

at the same time that the three properties are also valid for the

entropy of Bqltzmann if the gas is not in the state of ecpiilihrium.

To answer the same questions with repird to the entropy of Gibbs

we consider the formula:

3 3 .— rj rz: — A'^ -| A lofi (i.T m7') t- N Ion v.

it u

As to the lirst question for A'^, molecules in the volume v.

-
»^, =. ^ A^, -f I

A^ loij (2.^ ml) -f A\ log v ,

so

— 2^, = 3A', 4- 3A^, log (2.t mT) 4- 2A^, log v

and for 2A^, mol. in volume 2v:

— i; = 3N, + 3A^, log (2.-r mT) f 2A^, log 2v ,

so that the entropy of the whole is not equal to the sum of the

entropies of the parts. The increu.^i' in entropy (or free energy) of

the whole, however, is always equal to the increase in entropy (or

free energy) of the parts *).

As far as the second and third (juestions are concerned, we may
directly take the general case of a mixture of two different gases

and find then :

from which

i|j 3A^, 3A^, 3A",~ — -^log (2jr7') -f -^ log m, 4 -— log m, 4 N log v

1) Accordingly tlie equation derived by Dr. L. S. Ornstein in his Thesis for the

Doctorate: "Application of Gibbs's Statistical Mechanics to molecular-theoretical

problems", (Leiden 1908) p. 54:

k

£ (j,z - J-oz) = J* — vj/,) States only that the increase in <l of the joint elemeuts

forms the total increase in J/ of Ibe whole. For the "zero-state", for which ^^o'

and J,,, hold, viz. the state in which the potential energy =0, 5:j<o'==Ji, is by
no means valid. It is exactly this "zero-state", that has been considered above.
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and

- 3iV 3A^ , 3A^,
,

3iV,

For the first substance alone we find

:

3A^, 3iV, 3iV,-
»i.
= -^ +^% (2.^7') -f ^^-^'

/<v/
m. f N, Uuj r,

for the second alone

:

3 A', 3A^, 3 A',— V, = Y^
+ -^ logi'ljtT) \ -~^ loij 7/1, + A^, log v.

From this appears — ?/ := — ?j, -j i/, or the entro|)\' of ihc

mixture is equal lo the sum of the entropies of (l»c ^ases forming-

the mixture, wiiich now hoUls too if the comjionent parts consist of

the same gas. So tliere is no perfect harmony with tliermodynamics:

for this entropy Oibbs's paradox no longer holds.

Tliat the — i] of the whole volume is not equal to the iJ— >j of

tlie parts is a consequence of the fact that the extension in phase

r, *^'i X ^'i
^' is not equal to the extension (/;, -|- i^*!)^^' "l""^-- In the

lolal volume there are more possibilities of combination of place

than when the volume has been divided into two separate parts. We
may also say that Boltzmann's entropy just as in thermodynamics,

may be divided with regard to the volume, Oinns's entropy with

regard lo the molecules. Ifwcconq)are the formulae :

f C and ^i=:N{- h,/ v + C),

it ap|>ears that Oibbs's entropy can be brought into harmony with

thcrmo<lynamics by augmenting i; by N io</ N or N {lo(/ N -\- (
').

This may be done by midtiplying the density (" by N-"^' .
<;- -^' ov X .'

by approximation. So we should have lo take for i^ the mean lo;/

of the density, not with respect to the specific, bul with respect to

the (/eiieric phases. *)

') When I l.a<l written the above, I ol)sciv('d Ihut the last renuuks are not

new In the laKt sentence of his book Gibus hiniself lias already niiuje the oliser-

vation that we shall liavi! lo lak** —7,,,,, and not -
/^^, as e«|tiival('iil lor llie

entropy, "except in the thermodynamirs of bodies in which the number of molecules

of the various kinds is (tonstanl." So it will always have t) be dotic wlicie the

entropy of llic whole is compared widi lliul of the parts.

Nevertheless considering thai Gujbs devotes so few words In tin niiltrr, I licl

jufttifivd in not suppressing my remarks.
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Physics. — ''On the laic of molecular attraction for electrical

doahle pointi." By Prof. J. D. van dkr Waals Jr. (Coin-

iiumicated by Prof. J. D. van dkk Waals).

Tliough Prof. M. Reinganum has sometimes expi-essed the opinion

that from tlie supposition that the molecules are electrical double

points would follow that the molecular attraction decreases proportio-

nally to — , he pointed out to me in a private letter that his deduc-
r*

tion of the equation of state does not depenil upon the iururacy of

this opinion. In fact for every pair of molecules we have for the

value of the potential energy

m , .

1/3 cos* ^ 4- 1 . co« tf>

and so for the virial i. e. for ^rR — if r represents the line joining

the molecules and Jl the component of the molecular force in the

direction of this line —
m —— 1/3 co«' ^ -f 1 . cos y,
2r*

virial 3
so the ratio — .-r

—

—

= ir-
potential enei-gy 2

As this ratio has the same value for each pair of molecules, it is

also the ratio between the total virial of the attracting forces of all

the molecules and the total potential energy. And it is this ratio which

Reinganum uses for his deduction of the equation of state.

So we see that this ratio has the same value as if the attraction

decreased proporlionally to \/r*, tliough in reality the mean attmction

decreases much more rapidly. If we wished to calculate this ratio by

differentiating the value for the mean potential energy ^) with respect

to r, in order to tind the force, and by multiplying this value by '/» '" in

order to (ind the virial, we should find a value ditferent from '/j-

This is because we should not ditferentiate the averatje potential

energy in order to find the averaye force, as I have I.e. erroneously

written. In order to find the average force we must fii-st find the

force between two molecules by diil'erentiating the potential energy

with respect to r. Then we must multiply the result by :

M''t/3 CQ<*^+1 . cos y

e ^^ ^

^/^sin<p d(p sin d- (id-.

1) These proceedings XI, p. 132.

21
Proceedings Koyal Acad. Amsterdam. Vol. XI.
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and integmte with re.spect to y and 0^. It is not allowed to change

the order of these operations : to integrate first and lo (liiferontiale

afterwards, as we should do if we calculaled the attraction by

differentiating E with respect to r. This is obvious from mathematical

considerations, but it can also easily be shown from physical consi-

derations. For we saw that the double points have yielded in a

higher degree to the couples they exercise oji one another, according

as they have approached one another more closely.

If therefore we make a group of bipoles approach another bipole

from a distance y, to a distance )\ , and if we want the axes

of the bipoles, wlien they are at the distance i\ to be orientated

in the same way as may be expected from the laws of probability, then

we must make the bipoles turn in the direction of the couples at

the same time as they api)roach to the fixed double point. The loss

of potential energy is therefore not equal to the work of the attracting

forces but contains also the work of the couples and Iherefore we
caimot find the average force by differentiating the average potential

energy with respect to r.

The attraction of each pair of molecules is found by diffej'cntiating

—— 1/3 co«' 0- + 1 . cos (p with respect lo r, i.e. by multiplying this
3r*

quantitv by — . Therefore we find also the value of the average
r

force by multiplying the value of the average potential energy by

3—
; so we Imd

:

r

^~ ' ^^ 9<V' \si^ d*er* 57
"^

3*<V« 77
"^ *

"

where tlie (puuilities /> have the same signification as ou p. \'M\ I.e.

It apiKjars that the way in which the attraction depends on r is

the same its I ha<l iudicafed I.e., but thai ihe coefViciejits have

another value than we should find by dillereutiating Ay with respect

to r.
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Physics. — *' Contribution to the theory of binary mixtures'. X. By

Prof. .J. D. VAN DER Waals.

The INTKKSECTION OF THE CURVES -—
- = AND —- — U.

aX' dv

The poinls in wliichtlic two curves -— = and - intersect,

lie of course in tlie unstable region. For it is required for the points

of the spinodal line, the limit of the unstable region, that ^^ >

and >(), and the product ^- ,. = -y . Hence the use of

the study of the way in which these two curves intersect, must not

be looked for exclusively, nor even chiefly, in an indication for the

course of the spinodal curve. It is, indeed, clear and has been repeat-

edly set forth in the previous papers that only in the cases in which

</>' .. ,.

there is intersection between the two curves, or when -— = " lies

outside the curve =: 0, the spinodal line deviates greatly from

t/"t|' </'if'
'/'»!'

-==(); whereas, when — =0 lies entirely within = 0, the
r/r» <lv' * </r'

course of the spinodal line de\ iates little from the course of -7- = 0.

But above all the knowledge of the relative position of =0

dv'

d*

dx'

dhy
compared with =0 seems of importance to me for the question

dv^

whether for a given binary mixture three-phase-pressure is to be

expected or not. And everything that can contribute to elucidate a

matter of such practical importance, must necessarily be considered

important. We shall again put b= bi{^ — a)-\-b,x also in this inves-

tigation, and so again disregard the iuHuence of v on the value of

b. So from a (piaiililative point of view our results may be very

deticient. But on the other hand it has sidticiently appeared in our

former investigation, in which the same approximation was used that

the indication of (he course of the phenomena obtained in such a way,

is correct in the main.

So let us put

:

/dhy dhi

dhp I 1 \dx) ) dx^
--

' =r MET 1-^^ _ __ —
d,r j.j,.(_,,,)^.(,._^,)

j

21*
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and

ir\p_ MRT 2a _
d?'

~~
(T^ft)*

~ ^ ~

When we eliminate T from these two equationvS, we get for the

locus of the points of intersection of the two curves :

iVa

This locus, in which r occurs in the 2"'' degree, and x in the 4'*",

may present a different shape, and in order to get a survey of the

different shapes of this curve, we shall introduce some auxiliary

quantities.

These auxiliary quantities will recommend themselves in the dis-

cussion of one of the special cases, and for tiiis we choose the case

that the whole locus is imaginary for all the values of x between

and 1. Let us for this purpose write the equation («) in the fol-

lowing form :

r'
j

1- X {^-'>^)-^\ -2bv^Y" -^ •' (!"•''•)
(tJ = . .

(«•)

For the case that this locus is imaginary

d'a

*.<[,. + . ,i-_„.,gj||i_,,(, _.)!'£•

or

d'a d*a

< ^ (1— .r) (
— 6' - ./• (U~.r) - 1

—
or for X between and 1

:

A/Z/V '«''« (dbyd*a

<^ — j; ( 1— ,w)

d*a
or for , =: 2 (a, 4- "i -

'

'-^^n) pt»<itive, wiiicli we always assume in

all our considerations :

a b*

a.-Ha.-2a., /d/^V
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If we write :

a = a, + 2 (aj, — a,) x -f (a, -\- a, — 2a,,) x*

and

i« = />j' + 2t,
/dby

the latter equation way also be written in the form

0<
«i+«.— 2ai,

O'J
-\-.T

' 2 (a,.-a^) 2ft

<26

1^

i--l + ^'...(^)

If we demand that the locus be imaginary all over the width of

the figure, so for all the values of .c between and 1, there are

three conditions :

|8t > ,
2"'^ 1>

«i-f«,-2«,,-" iK-KY' a,+ a,-2a,»- (6,-^)'

and a third condition which is still to be derived.

Let us write for this purpose ^j-f-'/,— 2^/,,=^c and b,=:nb^.

then l«t —>
1

9 lid _J

c^ {n—\y
and when we introduce the

. «i l+^i .
a, »' (l+e.)

auxiliary quantities f, and <=,, so that — ==- --and- = ?~

(f, and f, positive), we find from 2rt,, = a^-\-a,—c or —^ = -i -|- -i _ j
2 c e

c (n— l)*"^ (w— 1)'

or

^a^_2n-\-B^-\-n^B^

{n-\f

So the condition that this locus be imaginary is that for all the

values of x

:

OT

or

^>0 and ^>0 and 1 + "^'^
' < 2 -^

(«— 1)' n—

1

The last condition may he written more symmetrically in the form:

n-1 („_l)»^(n-l)'
or
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1 _ J^*±<^'if^
n— 1 n— 1

or

l/f, + «Ve, >w-l .

So the condition fj and f., > ensures (hat tlie locus does not

take up the wliole width from i* = to .i'=rl. For the locus not

to exist at all the value of fj and a, must be such that :

l/f, -^n\/B,y>n— 1 .

If |/f^ -j- n[/f^ =z n — 1, the locus reduces to a single point. In

this case :

The equation has two coinciding roots, i.e. .r =: or 1 — .r = .

91—1 n— 1

Perhaps these results might have been obtained in a more lucid

way, if Nve had introduced the (|uantity ^^^ ^ -, instead of ^into
1— .r

the equations («) or («'), so (he number of molecules of the second

substance present per molecule of the lirst substance in the binary

mixture, which quantity must necessarily be positive. The condition

that the two curves — = and— =0 do not intersect at any

tenqHii-ature assumes then the following form :

(n-1)'
I

{n-iy \^ {n-\y ^ ^^'

For jV:=() and N := <x this condition is .satistled for positive

f, and f,. IJut for this e(puition to bo satisfied for niiy arbitrary

value of N it is rc((uirod that :

or

1 <r
g| -f n'g. 4- 2t/nV7

or

n-l<|/e, -{-ni/f.

If we conHlnicl tiio relation between f, and f, as a ('iiiv(\ laUiiig

f, and f, 08 eoordinales, wn get, for the case that the locus of the

|ioinltt of iiilerHccdun contracts (o a BJngle point:
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8,-l-n'f,)' 4n'f,P,
(y')

and ?o a parabola. We see from of (y') that this parabola touches

the e, axis and the f, axis in the points of intersection in which the

strai'^ht line "^-i"^' = 1 intersects the axes. The equation of this

^
(n - 1)'

{n-7)z

Fig. 36.

narabola uiav he written in the form "" 2 —
- -f 1 = 0,

' * (ft— 1)^ (m— 1)^

from nliicli appears that the direction of the axis oi^of the diameters

of this parabola is given by :
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the direction of the above slraight line being given by

:

So these two directions are symnielricai witii respect to the axes

mentioned. In fig. 3(5, in which llie f, axis has been drawn horizon-

tally, the vahie of n, which is always larger than 1, is not supposed

to be very large.

The calculation of the place of the top of the parabola may,

among others, be made, by making use of the property that in the

top the tangent to the parabola is normal to the direction of the

de, s,—n^e,-\-in— iy 1

diameter. So -— = n' —-—— = -, from which follows
rtf, 6i— w'e,— (n — 1)' w'

n*— l

that for the top e^—n'e, = — (n— 1)' . This is the equation of
w*-f 1

the axis; it cuts the 8, axis in a point in which pj = and f.^ = 0S=
{n— iyn*— l ^^^ ,^ n*-l= : :—-. Hence Oo = OF X • ^o ^or very small values

n* n*-t-l n*-\-l
"^

of n also OS is small, but for larger value of ;i ()>S approaches to OP.

All the points inside this parabola give values for fj and f,, for

which equation (,i) is satisfied; thus this equation reduces for all the

points of the line J^(2 fig. 36 to :

f
1 + f,«'^V' >

and for sets of values of e, and f,, belonging to points lying within

(/-If' rf*i|>

the parabola, there is, therefore, never intersection of—=0 and -— = 0.
d.T* dv^

Summarizing we arrive at the following result. All the points in

the positive cpiadrant of the s,, f, axes of fig. 3(), lying above the

line PQ, represent sets of values of f, and f,, for which (as iV

,r-t\y </^f
must always be positive) no intersection of—, =0 and =()can

d.r- i/r-

lake place. The points lying below PQ, but within the parabola,

aiwj rcprcHcnl such sets. The j)oints below P(2, lying exactly on the

parabola represent sets of f, and f-.^ , for which the locus of the

points of intersection of the two curves mentioned reduces to a

hinj;le point. And finally the points below /V^aiid below the parabola

reprcHcni hcIh of values of f, and f, for which the two curves

yield a Khmih of points nf intersection. TIm' point to which the

hxMiH of tlio pointx of intersection has contracted lies at a value of

1 _ 'l"^
****•

y ^ -' =r , , at which resnll we had already
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arrived on p. 320, so near .j; = 1, when nV, is small compared

with F, , and near .r = when ?i'f, may he large compared with f,.

l>ut now we have to consider the ipiestion whether such sets of

values of e^ and e.^ can actually occur for mixtui-es. As we do not

know any rule as yet which indicates the value of «,, for given

value of ((^ and tt,, we cannot give a perfectly decisive answer to

this (piestion. But we shall examine what may be derived about tliis

from the rule which is of frequent application:

or

or

or

n\l + e,) (1 + ^) > [^n + ' ^^
'J

4n' (1 + F,) (1 -f O > [(1 + s,) -f .r(l -f f.) - {n-iyy

{n-iy ..J...

If we think for a moment the sign ^ replaced by the sign =
tlio locus (fi) is perfectly ecpial to (y), but with shifting of the two

ordinates in the negative direction over an amount equal to — 1.

So if we draw two lines, one parallel to the horizontal f, axis at a

distance etpial to — 1, and one parallel to the vertical fj axis at a

distance — 1, anil if we construct the same parabola for these two

lines, so that also the points P, Q, S are replaced l)y P' ,Q' , S' , a,ud

we have, accordingly, a line P' Q'
,

(rl) is satisfied for all points

lying within this [)arabola.

For the points of the line P' Q' the second member of (d) is equal

to or </j, = 0, and for the points lying below P' Q'
</,, would be

negative. Accordiugly these i)oint? will furnish no realizable sets of

values of fj and f, . But leaving this for the moment out of consi-

deration, we may say that the series of points which the two parabolas

mentioned have in common, fulfil the two requirements that they

furnish sets of values of f, and f, which admit of no intersection of

=zO with -—- = 0, and for which «!«, = r?,'. This holds equally

for (he |)oints lying above the first parabola, but within the second.

The second parabola enteis the [msitive quadrant of the fj and f,

coordinates in the origin, touches there a line s^ — ?if, = 0, and so

cuts the first parabola in a point represented by R in lig. 36. The
equation of the second parabola may, viz. be reduced to the form :

(6, — n'6,)' = hi (n — 1) (6
J - «f,).
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But if, before drawing conclusions concernins; the properties of tlie

components of binary mixtures wliicli admit of no intersection of

(Pip d*\p— =0 and — =0, we consider tlie meanin"- of tlie condition
dx' dt^

"

rt,,'<:^*7j^, more closely, it appears that the above remarks should

be gi'eatly restricted. Up to now we have been able to draw the

conclusion that a^,^ = a^a^ leads to a relation between b^ and f,

which is graphically represented by what we have called the second

parabola, and we have further observed that the condition ^/j, <^ai^/5

leads to values of t, and f, belonging to points lying within that

parabola. According to this view, however, also points lying at

infinite distance on or in the neighbourhood of the axis of the second

parabola, would furnish sets of values for 8^ and f, which might

a '

be considered to properly satisfy the condition -^^<:^1. For these

points flfi,' is indeed <[ a^a^ , but as well a.^ as a, and ^/j, would

''is'
be inlinitelv large for these points, and the ratio of — for these

points is equal to 1. We get a more accurate limitation of possible

values of fi and f, by putting a^^^ = Pa^a^ with the condition

/• <[ 1. So let us put :

Uhv (1 4- fx) (1 + fJ = (2n + *: 4- n-B,y. . . . (rf')

or

e^' — 2/ri:,f, (2/'— 1)4- wV = 4n|f, (/'«—!) — ne^{n-l)— n{l—l*)\

This e(piation represents an ellipse for /' <^ I ; for /" = 1 a parabola

and for /' > 1 a hy|)erbola. From the form {(f) we see that this

lfK!ii8 touches the lines f, = — 1 and f , = — 1 in the points in

which these lines are intersecte<l by the same line P'Q', which has

jiecii mentioned above in the description of the second parabola. If

we now again ask if sets of values of f, and f, are possible belonging

to Coni|»oiicnt8 tlie binary mixture of which does nol admit of intor-

Bcclion of =0 and =0, we notice in the lirst place that

llicii the ellipw (tf') nuist intersect the lirst parabola and the line /^^^.

Now, jlopcndoni on Iho valno of /' in connection with the value

(,f // ii I jjoHsible that the (dlipsc remains entirely restricted to

negative values of f,, in which case int(*rse('lion with the lirst para-

IniIa Ih out of tlio (picstion.

ThiH lakes place when the relation between /' and n is such that

the equation: 4/'«' rl -|- f,) = (2m + *i)'
yields ecpial or inuigimvry

values for »,, and bo when

:
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l*n' < 2n — 1

holds; for small value of it, e. ju;. n -. 1 ,5, /* would have to be

<
, wiiu'li lias certainly beeu found in observations; but for lai'ger

9
values of 71, e.g. u = 5, /» would have to be < which will, most likelv,

not be the case. So if n is large for a not too small value of /',

(he ellipse (d') will also possess points for which fj and f, is positive,

and the possibilily that it interseeis the P' parabola, is not excluded.

At given /' we might tind the limit for the value of n, at which
(/-If? </»»!'

it is still possible that =r()and =0 do not intersect, by de-

terniining the relation which must exist between /* and n for the

ellipse to touch the first parabola. Hut this would lead to lengthy

calculations, which we shall omit here. We will, however, examine

more closely some properties of the ellipse.

1, Determination of the centre.

From f{s,) = and /'(f,) = or 2n + f
» + u'f, = 2l'n'- (1 + «,)

and 2n + f
, + n-f, = 21'- (1 + f ,) follows (1 -f f,)j/ :=: n' (1 + f,) ,/,

from which follows that the line O'il/ (tig. 37) makes an angle

Fig. 37.



( 326 )

with the f, axis, the tangent of wliich is equal to ?r, hence O'Mk
liarallel to the axis of the first parabola. For the coordinates of the

centre we find:

(n—l)' (n—iy-

2{l-r-) '
'

''- 2n'(l -/•>)

2. Highest and lowest point.

For these points fe, = or

-{n- 1)' + (1 + fj + «'(! + f,) = 21"- (1 + 6,)

and so 4/^/^ (1 + e,) (1 -f- g,) = il* (1 -[- fJ^

Hence 1 + s^ = 0. for the point B and (1+fi) = - (1 +6,)

for the point B' ;
from this follows for B' the value (l+6i)i?' = ^

I— I'

I' (n—l)' , „ (n— iy
and (1 + 6,)^ = -—- 5——^ and for i^ is I + f = ^—-^-

1

—

r n' n'

3. The points A and ^'.

For these points fs^ = or

- (n - 1)' + (1 -h f,) f n= (1 + f,) = 2/',r (1 + f,)

and so 4/Sj^ (I + ej- = 4/'n' (1 + f,) (1 + f,).

Hence for A 1 + f , = and 1 + f^ = (w — 1)» and for .4' holds

{n-iy 1

(1 + f ,) = /''n'' (1 + f.) or (I + 8,)a = '—^- -—
,, and :

n' 1—

r

(l + '=.)-r=p^^.O'- 1)'.

4. The |K)int8 of intersection with the f, axis.

From (2n -f wV,)' = 4«V- (1 -f f,) follows:

— — 2 (w- /') db / t/(n~l)^~ (l-/«)

So while I
-— /' <^ (m — I)' there arc two points of interscclion

with the f, axJH both on the negative side of the origin. For /- = 1

one of the |M)intH of intcrnoction lies in the origin, and the other

n— l

[KMiil of intornoclion at i-.^ :=. - 4— , wliicli xaliic = — 1 for n = 2,

and f«»r nil oiImt viiliics of /mioI so lur^rr hc^hIinc. I'or 1
— /*=(2 -1)"

the two |)oinlH of inlersc<*lion willi {Uc f, axis coincide, and for

1— /•>(«— 1)' they aitj imaginary: iIkm ihr whole ellipse has

dewendod below the hori/onlal axis. For the case that n is but
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little larger than 1, this circumstance is to be expected; then only

negative values of fj and f, exist.

5. The intersection with the fj axis.

From {2n -f e,)' = An* I' (1 + e,) follows:

8, = 2n (n/* — 1) ± 2/*/* \/\n^ /' - 2rrfl]7

For / = !, we get f, =:0 and f-^=z4n {ti— I). For /' <^ 1 these

2/«— 1

values approach each other, and tliev coincide for /* =: as was
n*

,, ,
2n—

1

^ ^ («-l)'
stated above, ror r<^— ^ - or J—r]> iwsitive values off,

n- ;r

3
no longer occur. For r ^ — e.g., the ellipse will just touch the f,

axis for n = 2, and that in a |)oint for which f
i
= 2 ; but for

smaller value of n the ellipse does not cut the f, axis; for larger

value of n, on the other hand, it does.

B. The intersection with the line PQ of fig. 36.

If in

:

(2n + f , -f «' 8,y = 4/r/^ (1 + «,) (1 + .,)

we substitute the value f, -f '*' t, = ('« — 1)', we find for the deter-

mination of f, the equation:

n-8,* + 2 (;*-l)f, + -^^ - [I + (n-m = 0.

(n' + 1)'

When /' < --— the two values of t, are negative. If
4n* [l-f(n— 1)-J

/' is greater, a point of intersection is found at positive value off,;

for /* just equal to the given xalue the ellipse passes exactly through

the point Q, and the same relation exists between t' and n, as is

also found when we substitute the value {n— 1)'- for e^ in the

equation of 5.

While one of the values of f, is positive the ellipse intersects

not oidy the line PQ, but also the first parabola. For smaller value
of /•- or larger of ?i, the line P(2 is no longer intersected in the
positive (piadrant; intersection of the ellipse with the first pambola
will, indeed, be still possible, till the two points of intersection

coincide with further decrease of t-. Then the ellipse touches the

parabola, and the possibility that —^ = and ~^' = no lono-m.

intersect, vanishes.
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7. Another form for tlie equation of the ellipse.

Most of tiie above results may he obtained by considering that the

equation of the ellipse may also be wi-itten in the form

:

n» 1 - /'

The fii-st member put equal to is the eipiation of the line .l'/>",

and the factors of the second member put equal to are the equations

of tangents to the ellipse iji the points B' and A'

.

If the ellipse intei-sects the first parabola, and so also twice the fj

axis, and if therefore part of the ellipse lies within the first parabola,

then there is a continual series of points which yield sets of values

of f, and f, for which no three-|)hase-pressure is to be expected.

This series of points begins where the ellipse cuts the first parabola

ill the 1*** or lowest point, and terminates either in the second

point of in^tersectiou or in the e^ axis. In the latter case when the

second point of intersection with the f, axis lies higher than (m—i)'.

8. Ratio of the critical temperatures of the components.

«, 1 4- f
1 , «j «'(! + *s)

For a point of the ellipse is = ; ,
~ and= ^ -;»~'ftii*l ^^^^^

c (n— 1)* c {n — \y

- =: '. If from the point (/ (e, = — I and e, = — I) we

(h-aw a line to such a point, and if we put the angle which this

line makes with the f, axis ecnial to <r, then - =z uj <p, imd so

Ti- Tj,.

also ^ z=. n cot if) or ffjif =^ n . It we i)ul the (juestion whether all

the points of the ellipse can occiu-, we notice first of all llial the

condition '^,>0 already cxchules the points lying below \\\v line

1" ((. Let the ellipse be inclose<l in a i-ectangle, the sides of which

arc parallel to the axes, let us draw the diagonal through the centre

for wliicli Unpzzzn* from the point ^/ (f , =: 1 and p, = - 1).

'/ 1

This diagonal cuts lli(> ellipse in a {toinl thai belongs lo * .-_

•/'/,•, /*

For all the puml.-. of the ellipse lying right of this |)()iut, /// 'Z' ]> /i',

and »o _•'< . Tims we should have „;''== lor the highest point

of the cllipsi*. We cannot assert with any certainty that such cases

<lo not (Mr.iir. SubstarH'es with larger m<»locules have not a necessarily

higher '/'/, and that the critical temperature can be lower with // ^ J
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we have assumed as possible ainonjj others in the course of the

isobars.

Wlien we lake into accouiil niixlurcs of water and other sul)slan<.'es,

we lind this freciuentlv to be liie nise. Thus for water and etiier

3
n is al)out 5 and i7\)ci/,er = about {Tt)water- t'or water and CO,

4

M 1= 2,5 and '= I'or water and nitro;;en n == l,t) and
7'/., t)38 7\.j

I

much smaller than . Uut it still remains an open ipiestion in how
n

far our theory may Ikj applied in unmodilied form for mixtures of

which one of the components is iratei', a substance which behaves

so abnormally. In any case it is only l»y way of exception that

points of the ellipse lying on the left of the ditigonal, are of practical

importance. If we now proceed to consider points rij!;lit of the dia-

j»onal we mention in the first phice the point in \¥hieh the ellipse

is cut by a line from (/, and for "Inch ttj y =1 n. For this point

'=z\. For all the points for which /</ y lies between ir and n

1\ <^ 7V, . But for points for which tyif <i n, '1\ ]> 1\ . So mix-

tures of substances for which the substance with the larger molecule

has also the higher critical temperature are represented by' those

points of the ellipse for which /</ y <[ w, whereas, if tc/<p = t, we
have the case that the critical [u-essures are the same. For this value

of ' is ecpial to . So the points for which <r 1 repre-

sent mixtures for which the substance with the larger molecule has

not oidy higher critical temperature, but also higher critical i»ressure.

Such lines intersect the ellipse in points in which both f, and f, is

... «/>
negative, and as it is reipnred tor non-mtei*section of — =z and

,r-iy = that these (piantities are positive, and lie even bevond the

line I (2, the rule would follow that for mixtures of substances for

which the substance with the larger molecule has the greater critical

pressure three-phase-pressure must occur. If exj)erience should refute

this, i.e. if it should ajjpear that for mixtui-es of such substances

absence of three-phase-pressure can be found, we should be induced

to put the question : Is perhaps in some cases

possible; then in the equation (cT") viz.:
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4^' n' (1 4 6,) (1 +e,) = \2n + 8, + n^ 6,j'

the quantih' /' is ^1, ami this equation represents a hyperbola.

For /' y> 1 tiie two points of intersection with the e, axis lie on

the negative side of the origin. For /- — 1 one of the points oi

intei-section has got into the point O, and for /'- ^ 1 one of the

points of intei*section lies on the righthajid side of 0, so at a value

of f, wliicli is positive. The branch of the hyperbola passing through

this point, then intersects the first parabola and the line PQ, or

onlj' the first jiarabola: a line <[ 1 can then cut the hyper-

bola in points for which fj and f, are positive, and I hen absence

of tliree-phase-pressure may again be expected.

Hut let us return to the examination of the equation («') after

our digression. Till now we have discussed the condition on which

this equation has no real root. Let us now pass to other possible

caries. The roots of this equation have the form :

V
1 ± i/jl_ri_.r(l-..)^jri+,r(l_.tO^

b c
1 — .c ( 1 — .r) —

a

or

*^ a b* *^ (n— 1)" (n— l)'

6 c
1 _-a?(l—«) —

a

Wc shall continue to suppose the denominator to l)e positive. For

f
or = the expression under the radical sign is equal to — —

'

and for .»• = 1 ccjual to — -' and for flioso values — is, therc-
(»-!)• b

foro, imaginary for po.silivc f, and f,. Now we put v f\ + w j/f, > n— \

before; this Hup|M)8ition implies that is imaginary all over the width

from AisO io .t=:\. Let us now put !/«! + «!/«,<« — 1.

Then the e^iiiation - ;
-—- + « t—r:7 — .« (1 — a) = has two

{n — \y (w— 1)

roolf for X t)otwocn ami 1. For these definite values of x — has
b



( 331 )

two oqiial values. For x outside these values - is imaginarv, and

witliiii those limits two positive values of— > 1 satisfy. That - ]> 1 or

v—h
is positive may among others be seen when we have developed

the e<iuation («) as i]uadratii' equation in (r— ^). The two real values of

n
are hot h positive, if .- ]> ; and the equation in .v requires

that this condition is fultilled for real values of -. From this follows
b

that if the conditions f,>0, f,>^0 and i/f,-f«l/e'<Cn— 1 are fultilled

the locus of the points of intersection of =0 and — =z is

a closed figure. The limiting values for \ =z - — liave been given
1

—

a:

(see formula (y)) by :

. (n-ir
I

(n-l)«
i
^ (n-\y

For these values of r, the volumes for a given value of .v have

h

(•oin«'idc(l. .ukI aic npial to . The t'.\ir,ieiicc of sucii a

a

cIos(mI timiic with volimu'> laigor than /> means that at exceedingly"^V

low tenujoraturc the two curves ^=0 and = do not inter-
a.e* dr-

sect. Not before a certain value of T e.g. 7'i these two meet. At the

lower temperatures the whole curve — =r lies in the s|>acc where
d.i'*

J-'ll' ,, d^d"
is negative. At 7', the branch of the small volumes of =

d,f'
"^

rfr'

has ovcitakcii the branch of the small volumes of = 0. At
da^

T^'l\ part of =0 lies in the region whei-e is positive. Hut

with fuitiicr rise of the tem|>erature a change is brought about in

the relative movement of the two curves inter se, and at certain

temperature equal to 1\ the branches of the small volumes of the

22

Proceedings Royal Acad. Amsterdam. Vol. XI.
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two curves meet again ; and at still higher temperature -— = lies

d-\^
again entirely within — = 0. Then three-phase-pressure is to be

dv*

expected between two temperatures, whose values thoiiiih not coin-

ciding with 7\ and 1\, are yet in close connection with those values.

But for this I refer to previous papers.

The two values of .r, between wiiich the locus of the points of

d-\p (/-If?

intei-section — =rOand == is contained, lie in general not
r/.r' dv'*

symmetrically with respect to .v = and .^ = 1. Let these values

be denoted by .i\ and .r,, then

:

8i— n*6,

{n-iy

or if the value of .v, which lies halfway between them is called .r„,:

^ {n-iy

So if fj > 7i'f,, then .i',„ > ^ and vice versa. This remark may
contribute to the solution of the question whether for mixtures for

which three-phase-|)ressure exists between two temperatures 7', and

7\, the (piantity /*>! or <]. If /"<], and if, therefore, the

points for which f, an<l f, are the coordinates, can but lie on an

ellipse which can only enter the space between the 8^ and f, axis

an<l the first parabola in a point f
, ]> and f, =0, then .!',« ^ ^

may be expected. On the other hand if /' ]> I, and the considered

points lie on a iiyperbola, f, ]> and f
, <^ ?/'f, is to be expected.

Then the discussed locus lies on the side of the component of llu^

smallest si/e of the molecules — which occuis for mixtures of

ethane and ah-ohols. For the case f, =0 and ""f, ]>0, .?;, = and

4r, = 1 — Ihit ./•, = for V — h = , from which follows
(n~l)'

at the wimo time 7', = , so there is in this civse three-phase-pressure

at all Icmperatures below 7',. In the same way the xaliie of 7',

would \h'. e<puil to zero for *•, and '^i^".

Ill all tliis il niiiKt not be oveHool\(>(i that though the presence or

al»M'iH'c of lliree-plia.H(»-pi'esHurc is, indeed, closely coiiiiecled wiih

llie prp»miH'o or absiMice of the locus of the points of inl(M-s(>elioM of

= uud z= 0, ihcrt ,11- (liHereiices to lie expccled in (he

parliriilarH. TIiuh ijin lemperaturos (or the limits bclwccn wiiich ihrec-

pliaMo-preAHiiro can Iks observed, arc not the satno as wo have denoted
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by 7\ and 1\ . First of all on account of the theoretical existence of

hidden three-phase- pressure ; but also because the presence orabs^encc

of a hidden plaitpoint does not coincide with the intersection or

non-intersection of = and '. ,' = 0. Moreover the existence of

the liquid state is also assumed here foi- all temperatures, however

low. The occurrence of the solid state may; of coui-se, be a hindrance

for the observation of what we have called the temperature 1\

.

Thus in mixtures of water and phenol an upmost temperature limit

has been found for three-phase-pressure; but it is still an open

question whether there also exists a lowest temperature, hif^her than

the absolute zero [)oint.

; / (' /// CO/ltUlUi (I
j

Physics. — "On the measurement of eery low temperatures. XXI.

On the standardizimj of tem/teratures by means of boiUny

points of pure substances. The determination of the vapour

pressure of o.vyyen at three temperatures." By Dr. H. Kamkk-

LiNGH 0>Ni'>i and Dr. C. Braak. Communication N'. 107" from

the physical laboratory at Leiden.

(Communicated in llie mecliug of May 3U, I'JOS).

§ 1. Introduction. In a preceding Communiciiiion N". JOl^ (Dec. '07j

we have spoken of the desirability of determining once for all certain

temperatures by means of boiling point apparatus, because the points

of tlie temperature scale thus tixed have the advantage over those

fixed with resistance thermometers and thermo-elements that they

do not depend on the durability of special apparatus and they facilitate

comparisons between thermometers in different laboratories.

This Communication treats of a number of determinations with

oxygen : a. a little above and a little below the normal boiling point

from which the latter could be derived; b. at 3(j6 and 516 mm.
mercury pressure which may serve to give information about the

further course of the vapour pressure curve.

After some |)reliminary determinations we have constructed two
apparatus of dilferent dimensions, in each of which different quan-

tities of gas could be successively condensed. Thus we have obtained

two series of independent determinations; at the same time the

purity of the gas could be tested.
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^ 2 The measuring apparatus. (See PI. I).

In the vapour pressure apparatus of tlie small i)atteru .1 about

120 Cf. gas can be condensed, in the large patlciii l> about 1 Liter.

Pattern A consists of a bulb a of 0.5 cc. with a glass stem h, con-

nected to a manometer with a steel capillary c. The manometer

consists of two tubes /«,?«, of 2 cm. bore filled with mercury; they

are connected by an india rubber tube. An air-trap d prevents im-

purities from coming into the gas. The glass stem is moreover

surrounded by a copper cylinder e and a glass jacket / by means

of which heat is conducted from above, thus preventing the tempe-

rature at any part of the apparatus from falling below that of the bulb

which is placed in the cryostat at the place where the temperature

is measured. By pressing the mercury higher up or lower dowji

one can condense different (pumtities of gas successively.

The construction of pattern B differs a little from that of A; this

is especially in order to avoid the apparatus becoming diflicult

to iiandle because a too lai'ge (piantity of mercury would be

required. The manometer in^iii^ consists of a T-tube of glass of

which the two limbs are separated by a glass cock k\. This / -tube

is blown on to another d^d^ which contains the gas. The two limbs

of the latter are cylinders of 70 cm. length and 0.5 liter contents

separated by a cock /•, . The limb d^ connected to the manometer

is fixed at its upi)er end to the steel capillary c which is connected

with the bulb a. The limb r/, carries a glass cock /,, through which

the apparatus is filled. The reservoir is filled to 1 atm. excess of

pressure with gas. By first shutting /•, and then opening it we can

condense first the gas of d^ which is under an excess of pressure,

then also that of //,

.

A enables us to judge of the purity of the gas when we investi-

\fAie in how far the vapour pressure measured doj)ends on the

fraction of the (piantity of gas already condensed. By means of li,

where the <|uantity of condensed gas always amounts to the same

portion of the total (piantity, we can determine in how far the

vapour pressure is independiMit of the increase or (l(»ci(»as(' of the

rpiantity of the condeii.sed gas itself.

The oxygen is prepared from potassium permanganate through

healing. After it has been carefully purified and dried over a KOH-
fiolulion and PjO^ the gas is condenscMl in a bulb immersed in Ii(|uid

air. Then the liipiid air is remo\-<>d an<l the apparatus are liljcd with

till* evaporated gas.

The prctwuro was rciul with a cathetometer ; this does not rcMpiire

a very high degree of o^'curacy because of the great variability of
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the vapour pressure with the temperature. The atiiu)S[)heric pressure

on llie uiercurv in the open manometer was read on an aneroid

barometer which we occasionally compared with a mercury baro-

meter.

§ 3. 'The determination of temperature and the degree of accuracy.

For measuring the temperature we have used for the determina-

tions in the neighbourhood of the boiling point of oxygen the

resistance thermometer Pt' i which has been compared *) (comp.

Comms. N°. 9.5' Sept. '0() and N". 101" Dec. '07) over a large range

with the hydrogen thermometer of Comm. N*. 95" (Oct. '06) wliich

we shall call Biir^ for —182° this was done on March 25»»' 1907

(comp. Comm. N". lOJ'* table I). Some calibrations have afterwards

been made, which together with those just named are given in table II.

This table also contains the results of an indirect comparison of

Ft' £ with another hydrogen thermometer, which we call 7\ and

which was used in an investigation of Dr. Feustel and one of us

(K. 0.) with a differential thermometer helium-hydrogen, which

investigation will soon be published.

In connection with § 4 of Coram. N". 101" we have also given

ill table I the results of 4 comparisons between two resistance

thermometers Pt' i and Pt'\i ') at about — 183' C. and — 217' C.

TABLE I. Comparison between Pfj and Pf ^ .
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Pt"d were placed in the crjostat. Thus we simultaneously obtained

the results relating to them of the tables I and 11. Those of the

second part of table II are derived from a comparison between Ft"d

and T^. The resistances observed were reduced with the factor 1.00073

(cf. the footnote on the preceding page), giving 18.560 and 18.398 i2.

These have been reduced with the data of table I to Pt'i. This

yields the values of the third column.

The calibration of 1\ agrees satisfactorily with that of Bm- The

mean of the deviations for the two former and the two latter data

differs from table II by 0.022 i2 which corresponds to 0^038. This

small difference between the readings of two entirely dilferent gas

thermometers satisfactorily confirms the exactness of the limit of

accuracy derived formerly (Comm. N°. 95«) and enhances the relia-

bility of the other preceding determinations of temperature.

TABLE II. Comparison of the resistance thermometer Pt'j with

the hydrogen thermomeiers Bj.j and T^.

Comparison with B.,,

Date
1
Temperature according to I .

the hydrogen thermom. 5y^^'
Resistance m n ^Pt'j-%

K March 'u7
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The tables I and II also give new data about the accuracy of the

readings of the resistance and of the gas thermometer'). According

to table I the error of the resistance remains below 0.^01. As to

the readings of the gas thermometer, the first two data of table II

inter se yield a difference smaller than 0.^02. Witli the difTerence

+ 0.031 i2 at —217° correspond -f 0,028 and -f- O.OIG of table II

in Comm. Js». 95-^ and table I in Comm. N'. 101". This also agrees

with the accuracy of 0.^02 derived in ^ 7 of Comm. N". 95'. This

seems not to be the case for the value of 18 Febr. '08 which

deviates rather much from the formula. It will depend on later

determinations what part of this deviation must be ascribed to the

formula AI.

§ 4. T/ie vapour pressure determinativns in the neitjhhoiirhood of

the boilimi point of oxyqen.

We have used the cryoslat described in Comm. N". 94*^ (PI. V)

Sept. 1906). The temperature was determined and regulated with

the resistance Ft' i placed in the balh. The deviations of the galvano-

meter were so small that no correction was required for it. In the

apparatus A the mercury was raised successively in the lower and

the upper end of the manometer w/^, in B first the gas of one reser-

voir was condensed, afterwards of the two reservoirs. This is indicated

in the following table with 'Miltle" and "much". Table 111 contains

a determination at a small excess of pressure, another at a pressure

of a little below 760 uj.m. and a determination for control also at

an excess of i)ressure. The pressure is reduced to 0° C. The last

column contains the deviations from the mean for each series.

The resistances of the thermometer read on the Wheatstonk bridge

were for the three series respectively :

34.433 , 34.098 and 34.433 <>.

If we compare the results obtained with the condensatioji of a

little quantity of gas with those with the condensation of a large

quantity we cannot find any systematical deviations, which speaks

for the purity of the gas used. In case impurities should occur their

influence on the vapour pressure derived with the smaller conden-

sation is sure to be less than the influence on the difference just

mentioned. It may therefore be neglected.

^) Gomp. Gomms. No. Oo*-, 95« and 101«.
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TABLE in. Vapour pressure of oxygen in the neighbourhood of the boiling point.

Date Time
Pressure Mean of
in m.m.
mercury a series

Deviation
from

the mean

h
4 31'6 Febr. •.)8

excess of
pressure

Series I n

4 46

n 8

7 Febr. 'OS 10 13

pressure a ,,w,,
little below ' "'

760 mm.

Series 11 1!) T)!)

11 i'2

11 47

I '2 20

\i 37

large pattern (little) 806.34

small „ (much) 806.55

(little)
I

806 98

large „ (much)' 806.97

small

806.71

(much)

7 Febr. Ms

excess of
pressure

Series III

1 20

1 25

1 3.5

large

ij

small

large

small

large

small

(little) 759 47

„ 759 . 75

759.46

759. 5

i

I

1759.35 !

n I [

(759 51

„ I 759 76

(little)
i

759.8.4

(much) 759.82

(little) I 806.17

759.61

(much)

(little)

8i»6.30

800 31

806. tiO

—0.37

—0.16

-fO.27

+0.26

- 0. 14

+0.14

—0.15

—0.07

—0.26

— 10

+0.15

+0.23

+0.21

—9.09

+0.04

+0.05

^ 5 Accumcif of the adjustments.

Kroiii llio resiilt.s of tul»lo III \v(» dorivo iho followinu: (lata.

The ileviiuions from llie mean which must he ascribed j)arll}' to

the regulation of the temperature are small and wlien re(hiced lo

differences of temperature they remain heh)\v ()°.(K)5.

The uioan of the resuhs of the hirj!;e aiid iho small palloni derived

separntei)' for eacli scricH gives:

SericH I, large pattern /) =r: 8()().()5 (2 observations)

8()(;.7() (2 „ )

/> = 75y.()4 (5 „ )

759.58 (4 „ )

;> =r 8()«.30 (1 observation)

hoi;. 24 (2 observations)

small

SericM .II, large

hiiiall

SerioH 111, large

(tmall
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The difference between the two means is at the utmost 0.1 mm.
1°

whifh corresponds lo . Tlicncc w<' inav conclude that a vapour
oOU

pressure apparatus is exiremelv shiUmI lor the standardizing' of tem-

peratures. The data obtained lieie show tiuil in this respect the

apparatus surpasses the gas thermometer and probably also the resistaiu'e

thermometer. For the iiydrogen thermometer, namely, tlie error of 2

adjustments amounts to 0.01 a 0°.02 (comp. §3 and Comm. N*. 95*^

§8 and N". 101" § 3), f(U' tiie resistance thermometer to 0\01 (comj».

^3 and Comm. N«. 101" H) ')•

^ 6. Tlw deteriniwilion of the hoiluKj itoint of o.vi/<jm.

With the resistances of Pt'i given in ^ 4 we can by means of the

data of table II derive the corresponding temperatures on the scale

of our hydrogen thermomelei" Jim. To this end we start from the

mean of the two data of March 25 and Dec. 18, '07, because

these are probably more accuiate than those obtained with the thermo-

meter 'J\. To 34.433 and 34.098 S2 correspond the temperatures

— 182°.4t)0 and — 183'.040 respectively. To the lirst belongs the

vapour pressure 806.40 m.m. (the mean from the series I and 111)

to the second 759.61 mm. (series II). Thence follows by means of

rectilinear interpolation for 760 nun. at Leiden for the temperature

on the thermometer Bjji :/=r — 183.035 and for the normal boiling

point (760 mm. on sea-level and 45^ northern latitude) :

t — — 183°.030 — 0°.007 = — 183°.037

on the normal hydrogen thermometer and (comp. table XXV of

Comm. N'. 101 '> Dec. 1907)

/9 = — 183°.042 + 0°.056 = — 182^.986

on the absolute scale.

If we take into consideration the degree of accuracy of the correction

to the absolute scale (comp. Comm. N". 97^* March 07) and the results

for the control determinations for the measurement of temperature

made as well witii the same hydrogen thermometer as with different

ones, then it follows that this value does not probably deviate from

the real value bv moi-e than 0°.03.

•) The data of table III also enable us to judge of the accuracy of the adjust-

ment of the resistance. Let the error in the reading of vapour pressure apparatus

= 0, which approximately is permissible according lo what precedes, then the

ilitTeronce of the means for the series I and 111 must be ascribed lo Ihe error of

the measurement of the resistance. This then would be 0^.005.
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^ 7. Ynpour pressure determination at lomer temperatures.

For these ineasiirements (conip. § 2 table II) tlie temperature was

directly read on the liyd rogeii llioniiometer />*///; Pt' i was used for

the regulation. The temperatures are — 18(5^599 and — 189^.500

(conip. table II). At the same time we obtained a new calibration

for Pti. The determinations were made with only the small vapour

pressure apparatus. The results are combined in table W in the

same way as in table III.

In the determinations marked {a) about half of the gas was con-

4
densed, in those marked (o) al)out - of the gas. As was the case

5

for the boiling point no .systematic difference residting from this

.seems to be perceptible. If we reduce the temperatures to the absolute

scale and the pressures to sea-level and 45° northern latitude we
find for:

a = — 186°.542 p z=z 516.19 mm.
6 = -189^442 p = 366.24 mm.

TABLE IV. Vapo



(Belongs to Procee<ling.s of the meeting

of Saturday October 31, 1908).

H. KAMERLINGH ONNES and C. BRAAK. "On the measurement of very-

low temperatures XXI. On the standardizing of temperatures by means
of boiling points of pure substances. The determination of the vapour

pressure of oxygen at three temperatures."

Pi-oceedings Royal Acad. Amsterdam. Vol. XI.





( 3-ii )

the other observations where the temperature of a hath of oxygen

lioiling under atmospheric pressure was determined. For then impurities,

nitrogen as well as less volatile substances are unavoidable. It seems

that the intluence of the latter is paramount; all these results for

the boiling i)oint are too high by OMi or more. The tirst mentioned

determinations yield for the boiling point of oxygen — 182°. 9:^ on

the normal hydrogen scale. For the pressure 7t)() mm. is given

without indication of a further reduction. Our value for 7(>0 mm.
mercury (at (P) is on the normal hydrogen scale --1H3''.030, ditfering

by 0^.10 from the value mentioned above. One of the la.st deter-

minations is that of Grunmach *). He tinds — 182°.23. With the

correction derived by Hoffmann and Rothe") for the pentane thermo-

meter (— 0°.42) this becomes — 182°. ti«), a result which after being

corrected is still much too high.

If we compare the two observations at lower pressure with those

of Travers, Skntkr and .Iaqikrod then it appears that both our

temperatures are lower by 0M3. Hence it is clear that a systematic

difference exists between the two series.

1) Berliner Sitz. Bcr. 1906.

ii) Zeilschr. f. Inslrkd. 27. 1807.

(No\rember 26, 1908).
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Physics. — ''On the measurement of very low temperatures. XXII.

The thermo-element gold-silver at liquid lu/drot/en temperatures."

By H. Kamerlixgh Onnes and ,1. Clay. (Coinmunicatioii

N*. 107^ from tlie pliysical laboratorv at Leiden).

(Gommunicated in the meeting of May 30, 1908).

The tliernio-element <»;old-sil\er of which, when one of the limbs

is kept at O'', tiie electromotive force at ordinary temperature is

about zero, shows at lower temperatures a more and more rapid

inci*ease of electromotive force ^).

A calibration with the hydrogen thermometer lias shown that at

the temperatures which can be reached with liquid ami solid hydrogen

the increase of the electromotive force of this thermo-element per

degi-ee becomes large enough to render it suitable for temperature

<leterniinations in the area under consideration, while at the tempe-

ratures far below the melting point of hydrogen (for the detei'inination

of which the helium thermometer must be used for the calibralion

instciid of the hydrogeji thermometer) the sensibilily of the instrument

will be greater still.

The following table may serve to make this clear.

TABLE 1. Calibration of the thermo-element gold-silver

at hydrogen temperatures.
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The tliird column contains tlie determinations about the element

conslaiitin-stcel of Table VI in Comm. N". 95" (Sei)t. '()6). Owing

lo liic great lessening of tiie increase of tlie electi-omotive foi-ce per

degree this element is unfit for the accurate measui-ement of the

lowest temperatures ').

We shall soon publish a calibration of the Ihenno-elemeut gold-

silver with the helium thermometer at low tempemlures.

Physics. ^ ''On the change of the resistance of pure inetals <it very

loir temperatures and the infiuence exerted on it by small

amounts of admixtures. II. \\\ 11. K AMKHLiMiii Onnks and

J. Clay. Communication N". 107' from the physical laboratory

at Leiden.

(CommunicatcHt in the ineeliiig of May 30, 11K)8).

§ 7. Supplementary notes to Comm. N\ 99*^ (Sept. '07). ^Ve add

lo it with regard to ")

:

Gold. A formula of the form D has been derived for Au\-. The

drawing thinner of gold wire lias the same influence as we remarked

in the comparison of the thiji wire Ptj with J*tj in Comm. N'. 99^

(Sept. '07) which influence was ascril>ed lo impurities. With two

gold wires it was possible l\v means of analysis lo show the dillerence

in composition called forth bv drawing.

Mercury. The values given in Comm. X". 99 are represented

(except at 0°) by the quadratic formula.

Wt =z 22 . 3605 (1 + 0.00358 t - 0.0G588 t*)

which for
—

'J97°.87 gives — C = + 0.0106 so that we are

led to think that the lemperalure has not been observed quite ivccuralelv

enough. Of the metals investigated it seems that mercury is best

suited for the measurement of temperatures l)elo\v the meltingpoint

of hydrogen.

Lead. For lead two formulae >vere derived of the form. 1' and P/

{A and B each time with omission of the term cl I ), according

1) Also the element german silver-platinum investigated by Dewah (Froc. Roy.

Soc. ser. A, vol. 76 p. 316 sqq. 1905) is unfit for this purpose because of tlie

same fault.

-) Observations, formulae and other clelails are given in J. Clay's thesis for

the doctorate, and in Comm. N". 107c for the sections 7 and 8, in Gomm.
N'. 107(Z for § 9.

23*
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to which we must reject the observation at — 255°.07 yielding

0.02314 where A' gives 0.01974 and B' 0.01984.

§ 8. Carbon and conMantin. Besides tiie variations of the metals

investigated we have ') also investigated to — 262° the variations of

i-esistance of carbon and constantin.

§ 9. Alloi/s of All and A(/. One of us (.1. ('lay) has extended the

investigation treated of in tlie preceding sections to dilferenl alloys

of gold and silver and has added the determination of the electro-

motive force of the thermo-element gold-silver. This investigation

showed that tiie theories of Rayi.kioh and TiiEMKNow abont the thermo-

electric origin of the difference in resistance introduced in § 1 (the

additive resistance of Matthikskn ')), must be rejected. For the value

j), introduced in § 1, tlie observations mentioned yield with a gold

wire of 1 m. in length and 1 mm.' in section per volume procent

silver added

2, z= 0.00360 <2.

Mathematics. — ''(hi certain itvisled scvtics"'. By Mr. M. Stcyvaert

at (TJienl. i^Communicated by Prof. Jan dk A'ries).

(Communicaleil in the meeting of October 31, 1908).

Prof. Jan dk Vriics has had (he goodjiess to send us an interesting

paper which he has published in the Proceedings of the Koninklijke

Akademie van Wetenscha|)pen at Amsterdam, entitled "'On (misted

cnrre.s of i/mus tiro'' (26 May 1908).

The greater part of this paper is concerned with twisted curves

of genus two and of order live or six. We shall here oft'er a ra|)id

Murvey of the re-sidts to be obtained when we apply to these curves

the elementary propei-ties of mati-iccs, a subject upon which wo have

recently pnblislie<l a volume: Cin<i FAikIcs dc (i('vnu'tri<' atKdi/tiqtu'

(Ghent, van (ioktiikm, 1908). We shall here occupy ourselves only

with curves of order hIx and we shall content ourselves with observing

llinl llie «pnnlic can be treate<t by analogous but more simple pro-

cccilinKs.

>) Ct. toulnolr- 1 to M 7.

') With rc'gnni to the d(;viHtion frum MArriiiCKKN's tlieoniii al liquid hydioguu

ti'mpffrHlureti, tiieiilioueil giib | 1, wc ninn refer lo tlic iMihlicutions incnlioncd in the

footnote 1 u, ^ 1.
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We Ijave to reliini tirsl to ;i circular sextic ot which we have

sketched the theorv in tlie Com ptes-rend us de I'Aeademie des Sciences

of Paris (27 Jiilv 1908, pages :}22~ 324) : we shall remember

brietly, wliilsl couipleting them, the immediate properties and we

shall then point out how we deduce from it the the<n'v of the most

general sextic of genus two.

Let me say, by the way, that the method we make use of has a

more geneial scope. Indeed, we see the theoretical possibility of

using it for every algebraic twisted curve. For Hai.phen detines such

a curve as the locus of a point the coordinates of which are alge-

braic functions of a same parameter t\ each of these coordinates is

thus connected with / by an integer algebraic ecpiation ; it suflices

to put down the conditions in order that these three equations be

satisfied by a same value of /; and it is in several ways possible

to express these conditions by the disappearance of a matrix : the

representation of Caylky by means of cone and monoid forms at

bottom a solution of the problem. We have pointed out an other

one in our Cinq Etudea (p. 60) and others can still be found ; but

most of the times the curve under consideration is found at^-com-

panied by curves of an inferior order.

1. Lei us now return to the real subject of our paper.

Let

.S, m (wr + rf 4- z"-) -f .; (; = 1, 2, 3, 4, 5, 6)

be in rectangular cartesian coordinates the equations of six iu<le-

pendeut spheres (the functions .v, are linear in .i', y, c). The equations

1 S S *^1 '^s '^s

^A "^.1 ^i\ ^A ^i *^g

represent besides the iniaginaiy circle at inliuity a twisted curve */«

of order six, of genus two, containing six jjoints of (he imaginary

circle at intiuily.

We shall now and then write the e((uations (1) in abridged form

6\ 6V= () and we shall siq)pose emphatically that the matrix

«! rt, is not zero, without which x^ -[-
y""

-\-
z' might cause by

subtraction the denominaloi-s of the fractions (1) to disappear and
the curve would be of order five of which the theory is aualogous

to that of 7„, but simpler.

The curve y, is on ao'' eyelids «i -S^ 5,1=0, two of which
intersect each other still accoiding to a quadri.secant circle of 7 .

The equations of such a circle can be written
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^x.s,EEi k, s, -\- ;., 5, + ;., s, = o,
) .... (2)V

;.^ s, -- X, S, H- ;., s, -\-x,s, = o )

and we can easily deduce from them a tlieoi-v pretty well detailed

of the congruence of these quadrisecant circles of y,,. Thus we see

that this congruence is of order one and of class three; that those

circles which pass through a tixed point of y^ generate a eyelid

having this point as a node; that those circles of which (he plane

passes through a fixed point generate a surface of order seven ; we
find the surface which is generated by those circles resting on a

right line or on a curve, etc., etc. The most important result is that

the planes of these circles envelop a cubic scroll *^SV,.

Every sphere containing a (luadrisecanl circle of y^ has an equation

of the form

^ X^ f^S^ _/^.S,) = Q (3)

and it contains the two points for which we have N^ = ^vS^^, S^ = kSi,

,S', = kS,. When k varies these two points describe the fundamental

involution discussed by Prof. Jan dk A'riks; we simply shall call

couples, the coiq)les of points of this involution. The chords of

couples are the rectilinear generatrices of the surface -SVj.

Among the surfaces a^ S^ S^\ circumscribed about y«, we must

distinguish the two following

,/, 8,5,1 =0, a^S,S,\=0 (4)

They are n'rcu/ttr cnhlcs and they determine a pencil the base of

which coniplcles itself by moans of ihe circle at infinity and of the

line

j
i a^ a^ S^ S^ Tzzi) ', (5)

by siiblrm'tion of llie columns this matrix is re<luced to ii^<i^s^s^\\

mid represents a right line r/, (|Ujulrisocanl of y^, double line of the

»nrfac<' '^', and nicrlinu" nil llic chords of the CAni.plcs.

2. Lei us writer the ecpialions of iIk^ sphere *S'/ in the moi-e com-

plelf form

'S 'ui'T* 4- .v' -I-
:') I

/'/.'• -\- <-;?/ + ''i^ +./:•= 0,

lot IIS put llio iiiiitrix

.1/ »; A, ,, ,/, /-,
(/• I. J, :;, 1. 5. (1)

and l(;t IN call J// tlio dclcrmiinuit d(Mluced fnun ihis matrix by the

oiiiiHKioii of the row of I'ank /' and air<M'(('d by (he sign
-f- or

<N rdiiig to / being even or odd; we shall (hen have evidently

V J/..S __ 0. (/ -„ l,ii, :;, 4, 5, (i) I



( 349 )

Consequently the two foUowinit!: equations are perfectly equivalent

0. . . (9)

.• (7)

{S, - IS,){M, i kM,) -I- (.S,
-/.S\

)(
M, 4 kM,)+ {S,-IS,){M,+ kM,) = 0.

They represent visibly one as well as the other the sphere l)i-ought

tluongh the two couples detined by the paranietei-s k and /. Each of

these equations can, by putting ^^fi'^l instead of Jf,S',-f-il/,N,+'^^'*'''»»

etc., be written in the abridged form

y; ^f,s^]{k + l)^ M,s,-ki^}f,s^:=o. ... (8)

For k and / variable we have a double inlinity of spheres or

rather a net of spheres, for they all pass Ihroiif^h two lixed points

D, and />, of y,, points for which the three following expressions

are anmdled at the same time:

^ M,S,, ^ M,S, or - V M^s,, 21: M,S,.

These points I)^ and />>, are on any sphere containin": hvo co/a/^/^.v,

thus also in the plane of two coupler of which the chords cut each

other (on the quadrisecant q); so />, /)^ is the simple line of the

surface Si\ through which pass all the bitangent planes of this surface.

We lind lliat the line 1)^/)^ has as equations

v^j.y, ::£n^M^ ^«,iV/,

In order that it may mix up with the line </ or that the surface ^Sc^

may be a special cubic scroll of Caylky we nuist have the conditioji

L= — (10)

The determinani L is the product out of the columns oi' the two

matrices o^k^ and .l/j .1/, : its disappearance CiUTesponds lo

a special case in which tiio curve y^ ac(piires certain exceptional,

remarkable properties which cannot be mentioned hero Ww want

of space.

li. Since the curve y, belongs to the base of a pencil of cubic

circular surfaces and to a surface .Sr*, which is not an element of

this pencil, it is found on all the cubic surfaces of a certain net.

Any two of these surfaces intersect Ciich other according to the

curve y,, the quadrisecant q, and a conic c,. This conic cuts y, in

six points and reciprocally every conic cutting y, six times belongs

to a pencil of circums<'ribed cubic surfaces.

The preceding allows us to write the equations of y, in a new
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form. Two circular cubic surfaces containing the curve liave equa-

tions of the form

\a,S,S,\ — \a,s,., + {.v' 4- //^ + ^*) "vh", = 0,

ja,5,S,| EEE a^^^\ 4- (.J-- -1- ^' + ^') <',<', s,
— 0.

The intei-section of these surfaces from which tlie circle at infinity

will be subtracted will verify the relations

•'•' + f + -" "i^-^ ^'a^'i-'.,

1 r,^a^.«^ «,a,«,;

0, . . . (11)

which thus represent the curve y^ with its quadrisecant (/: the deter-

minant of the iwo last columns is annulled for tiie scroll S^.

We thus find that the curve y, accompanied by its quadrisecant q
constitutes a special case of a curve of order seven and genus 5,

annulling a matrix of three columns and two rows, one of qua-

dratic forms, the other of linear forms, curve of order seven which

we have discussed in our Ciiig Etudes (p. 44) in giving the biblio-

graphy.

By causing the matrix (11) to be preceded by a line of constants

we find the net of cubic surfaces circumscribed to y^. Two of these

surfaces intersect each other still according to a sexisecant conic of

y, , conic of which the equations are

Vx (•'' + .'/' H- z') + («, ;"i«i«4 H- /'n "/r''4 = 0,
j

. . (12)
f*i + Mi "i"4-''i -^ Ms "iV4 =^-

I

The second of these equations represents the plane of the conic
;

we see that this plane is parallel to the line q and that every plane

parallel to q ("onlains a sexisocaul conic of y„

.

The e(piations (12) represent the congruence of the sexisecant

conies of y, ; it is a imrticnhu' case of a congruence considered

by Mr. MoNThx.vNo (.1/// Acnid. Torino, 1892); we see that it is of

order one and of chiss one; that the planes of those conies which

break up into two trisecant lines of y, envelop a cylinder of class

four etc.

If we let the matrix (II) be followed by a column of which the

lirsl elenienl is un arbitrary linear form n^ and the second an arbi-

trary conslniit ^, wc obtain a matrix whicii is annulled for eight

|K)lntH of wiiich six are on y, and two arc on llie (inadrisecanl ;

llicy ore Ihc inlcrscctions of y, an<l of q wiih llic s|)lici'e

' '" •')P^ — «x= <»•

If we mak<* in lhi> fqiiaiKni ,/ and the cocniciculs oi /<j. to vary,

we httvo all iIm- pdSMibh' >plieres; on llw nihci- hatid we verify
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immodialclv lluil llio eifrlit points in (|nestioii and any sexisecant

conic of 7„ are always on a same (|na(iric.

In otiier words: every sexisecant conic of y^ plays a pari analogous

to that of tlif iinajrinary circle at infinity which is also a sexisecant

conic of 7,.

.

4. This last ohservation snu:«i:ests an other one of "greater importance.

By means of a linear transformation which replaces the circle at

infinity by an other conic the cnrve y. becomes tiie most general

twisted sextic of genns two. Really Halphkn [Ecole poh/technique

52ene (.r^|, 1882) lias shown that snch a sextic is the |)artial inter-

section of two cnbic snrtaces which have still a line and a conic in

common and it is implied that this right line and this conic do not

meet. So let ns take the plane of the conic «vs face .t', of the tetra-

hedron of reference and the right line as edge 7',.i's of this let rahetlron.

The ecpiation of one of the cnbic surtiU*es has (he form

A'jrt/ = 6^-6'., . . (1:^)

the secowd mend»er being independent of .i\ ; h/ — is the cone

with vertex ./v'V^'4 perspective to the conic of the plane ./•, ; the line

.7,*,^', belonging to the surface must annul the linear form Cj and

consecpiently also the quadratic form ax'.

Foi" the same reasons an other cubic surface circumscribed U) the

considered system of lines has as equation

.r,a;'=zftA-V (14)

where <ij° and c\ pass still through the line .*v''j •

Omitting the conic .i-j =: 0, A.,"' -= 0, the intersection of these two

surfaces annuls the matrix

.r, «, c':,

/>;-' <i
1%

(15)

Tims even/ sr.rtic of (/nuis tnjo /onus irith its (jiuu/risecant a

(huienevnted si/st<'iii of a cum' of ordf^r seven and of (/en ns five ; this

sj/steui annuls a luatrir of three columns and tuH> rows, one of linear

forms, the other of t/uadratic forms where the elements of tioo

columns are anmdled for a saute line.

Now it is easy to see that any such matrix leads back to an other

of six (piadrics having one conic in common. And really, the ipiadrics

aj_^ and Uj" passmg through the line c^c'x can be replaced by

<'j/h-{- c'rf/j: and Cjjij- -{- c'j2\; then two determinants <leduced from

the malrix (J 5) can be writfen

:

•^'i{('.iP.i
-\- f'..7r) - i'A,- = 0, .l\{c,p\. -\- c'j,q',) — c'Jt/ = 0,

wh "uce for the points which do not annul c^ and c'x at the same time,
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= 0;

bv imiltiplying the terms of the first eoluiiin In .i\ and bv applying

in anv arbitrary wav tlie addition of the rows and the cobinins,

lhei*e is always a matrix of six quadratic forms annulling itself for

the conic .r, = />/ — 0.

The projective theorems relating to the circular sextic y^ can thus

be tmnslated into properties of the most general sextic of genus two.

It is supertluous to write down Jiow these theorems run: we shall

(piote but one as an example; in every sextic of genus two the

planes of the sexisecant conies pass through a fixed point of the

(piadrisecant.

5. If the intersection of tlie two cubic surfaces considered in

the |)receding (13) and (^14) is completed by m line and a conic

having a point in common, we have not a special case of the

preceding case, in the sense of Halphkn; but this line and this

conic form a special case of a twisted cubic and the sextic is

then of order three. Really in this case the equations (13) and (14)

can Ije such that the line .r, .?•, annids ^/^', a'/ and b/ without

annulling Cj of r'., and the matrix

h/ «.' a,/' ''

luvs thcji the elements of its secon<l row <lisappearing for a same line.

liy this proceeding we can sludy the sextic of genus three; we

can refind the univalent correspondence between its points and ils

lrise<'anls, c(»ricsp<>ndencc loniul by Mi-. 1*\ ScniK {)fiith. Ann. vol.

18); we can bring bacU llie rcpresenlalion of llic ciu'vc lo a malrix

of Iwclve linea'* forms which we have studied in our ('inq Etnil('.'<

aiul ill llic /inf/i'tlns di' IWctuh'mi' roi/idi' «/f' />t'/(/l</iit(Mii\ 1907), etc.

(iheiit, Ort. 'i<>, IHOH.

Mathematics. - "(hi t/n^ mnthhnitovy prohi'm of Stkinkk. " lU

i>r. .1. A. Bakkai. Communicated by Prof. D. .1. Koutkwko.

((>)miniiiii('ul«'il in lln* mcfliiiK of Oclithn ."U, I'.K)S),

111 lis iiioHt geiienil form this problem runs as follows:

foi' irhu'li rnhh'Jt of n ami in hoir nnini/ irnl/q dijii'irnt^) tiuii/s is

it jntMnihle lo irritf dntrn ii ntunhm' of comhlniitlons p lo ji of n

I'lenintU in miwIi n irinj ihnl itll roinhinntions q to ij iifiih'iir in it,

t'Och i/tie tiiHf''

*) \. 9. whicii do ix'i |i.t.->> intu each utiier hy means ufiidbuliluliuuii ut the n c'lements.
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A geometrical way of putting the question is this:

irhlch ronihlndtoni coniignrdtious irkose points S^ are re/fresented

bi/ the combhuitions (j to </ of n letters, irhilst the coinhhiations p
to j) represent its /S/>^>_^ ,

possess st/stems of Sp^—,, contninimi all

points of the Cf each one time and how inani/ tt/pes of such si/stenis

appear in each definite ctfse':'

The lii'st question gave rise to investigations for =3, (/ = 2, the

triple systems (Kirkman, Rkiss, Nktto, Moore, Hrfftkr, Brlnel'));

the second question is discussed by J. de Vries') and Carp*).

Here some results are communicated for p > 3, (/ ]> 2. We
adiiere for this to the first form of the question and we call a

system as is demanded tliere an S{p,q),n.

If we isolate in an Sip,q),n all sets of p having in common a

certain arbitrarily chosen letter, and if we omit that letter from it,

an /S'(/}—1,
(J
—1), n—1 is generated; repetition of the operation

gives rise to an S{p—2, q—2), n—2 and so on; the possibility ot

an S{p,q) presupposes thus that of a series of systems of lower

rank "•), which sei-ies can be broken off at

S [p - 7 + 2 , 2), n-q + 2

Inversely all imaginable systems are ac(iuired by completion of

systems commenciug with q = 2.

So we can expect

:

out of -S(3, 2), ?i== 7 : .S(4, 3), «= 8 .... .4

out of >S'(3, 2), /i = 9 : ,S'(4, 3), /i — JO . . . . li

Sih,^), n=ll . . . . C
6' (6,5), n=:V2 . . . . JJ

etc. We will show that the four systems mentioned exist each oj

them in one type.

1) Cambridge and DalAin Math. Journal II, 1847; Journal f. d. r. a. a.

Mathem. 56, 1859; Mathem. Aumilen 42, 1893; 48, 1898; 49, 1897; 50, 1898;
Association fraugaise, Cotiures de Bordeaux 1895; Journal de JAouvillt' (5)
VII, 19U1.

-) VersL en Meded. Kan. Akad. v. Wet. 3rd series, VI, p. 18, 18S0 ; Mathem.
Annalen 34, 35, 1889, '90.

») Dissertation, Utrecht 1902, p. 38.

*) For each system of llie .series llie condiliun must be satisfied :

( )
divisible

,.
15

by
( j.

Thus there will be r.o S (6, i), n = lo, allhough
[

^
J

is divisible by

j,
on account of Die impossibiiily of an ,S' (5, 8) n^-wJ

j
is not divisible

bv
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A. An *S'(4, 3), n = S consists of ():/]=: 14 (luadniplets,

so it is a sclieniatii* Of. (8., 14j. If we add to tlie triplets of an

Sis, 2), 71 = 7, that is of a Cf. (7,) a new letter, and if out of the

(juadruplets thns formed we choose one, then in tiie completion

with seven new quadruplets sought for the pairs of the selected

triplets must appear still twice; so a ne\v quadrnplet remains, com-

j)Iementarv to the one selected.

This holds for each quadruplet; the whole completion is thus

complementary and only possible in one way ').

B. If in an *S'(4, 3), n = 10, that is a Cf. (lOi,, 30,), we choose

an arl)itrary cpiadruplel 12 3 4, each pair of these letters appears in

three more quadruplets; so there are 18 more such quadruplets.

Then each single letter appears two times more, completed with

triplets out of 5,6,7,8,9,0, which triplets form thus together a

Cf. (6,, 8j). Of the whole system only three quadruplets out of

5, 6, 7, 8, 9, remain, which in pairs may have at most only two

lettei*s in common. Such systems of three exist however only in one

type'), as:

5(>78;5690;789 0,

with which the system to be formed ujust commence. The eight

triplets of letters missing here foi-m of necessity the Cf. (6, ,8,), which

lu'eaks up only in one way into four pairs completing each other.

If we coujplete these pairs respectively with 1, 2, 3 and 4 (in which

onlor is irrelevant) the following (|uadrai)lets are formed :

1 5 7 J^ ; 2 5 7 ; 3 5 8 !) : 4 5 8

J 8 ; 2 (i H <)
; 3 t; 7 : 4 7 9.

The entire fnrlhcr (•(»nq>lcli.)u is now detennincd and iniis/ run

OH follows

:

1 4 5 () ; 12 5 8 ; 2 3 7 9 ;

2 3 5 t; ; 1 2 (J 7 ; 2 3 8 ;

13 7 8 ; j 3 5 ; 2 4 5 9 :

2 4 7 8 ; 1 3 (I 9 ; 2 4 ;

12 9 ; 14 7 : 3 4 5 7 ;

3 4 9 : 14 8 9 ; 3 4 6 8 .

Now ihut with this the cxislcncc of nnly our type is assnincd, uc

t'ttll give it ;i Miniph-r lurMi ; \\r shall d(» this in two ways.

') Till* ."i.lifiiif («;. Hj) iii<IichI«'M in till? iiHMsiii('-|Mt|yl<i|H' /i^ the vcilircs, Ioi iiiiii^,'

willi |K>iiit ziTO and \\n oppuuitv vimIcx Uv^rihw u cioHspdlyldix' (\ iMi'inr

Anhiff r. Wink. 2'"« Serlw, VII, p. 255).

*) The cunipkiiiciilary type «>f ri divibiuu ol six tlciucnu inlo tlim; |».iiii
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We in the first place remember that the »S'(3, 2), « = 9 deduced

from .S(4, 3), // = 10 is nu/nhir coinniutittice (M(K)RK), i.e. that its

groKi) possesses a rej^iihir commutative subgroup of the tv|>e :

12 3 4 5 6 7 8 9

2 3 J 5 (^ 4 8 9 7

3 12 6 4 5 9 7 8

4 5 6 7 8 9 12 3

5 6 4 8 9 7 2 3 1

6 4 5 9 7 8 3 1 2

7 8 9 12 3 4 5 (>

8 9 7 2 3 1 5 () 4

9 7 8 3 12 6 4 5

Imleed, an >.S'(3, 2), /i = 9 appears if we siiImuIi iIm- nipl<'i>

12 3 ; 1 4 7 ; 15 9 ; i 6 8

to all the substitutions of this group.

If we now add to each of these twelve triplets a zero and if we

submit the quadruplets

12 4 5 and 12 6 9

to the substitutions of the grouj), then the 12 + J^= 3() (puidruplets

of the >S(4, 3), n=:U) are formed.

Secondly we observe, that the system is cyclic and appcai-s among

others by submitting the quadruplets

12 3 7 ; 12 4 5 ; 13 5 8

to the cycle (1 2 3 4 5 6 7 8 9 0).

C. If we choose out of an ,S(5,4), 7i^ 11, that is a Of. (11, o, 66,),

a quintuple 1 2 3 4 5, then all triplets of it must appear still three

times, all pairs nu)reover still two times, the single letters after-

wards three times, with which the 10 x 3 -f I^ X 2 -j- 5 x «^ = 65

remaining quintuplets of the system are exhausted. The single letters

are completed with <iu;ubu[)lets out of 6, 7, 8, 9, 0, <?, which may

have at most three letters in common and which form together a

Cf. (6jo, 15J, consisting of live (6.^, 3J as appeared in B. Of this luit

one type exists^), so that e.g. the aS'(5, 4) commences with:

1 8 9 (< 2 7 9 ./, 3 7 8 a ,
4 7 8 9 ^ 5 7 8 9

1 6 7 rt 2 6 8 9 (^ 3 6 8 9 4 6 8 a 5 6 9 </

16789 26780367 9 a |46790!5678 a

^) Deduced from the wcllkuown system of five three-divisions of six elements

ot Serret.
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The further constitution is now delennined and must rnn as follows :

1 2 6 9 1 4 G 9 ,( 2 W i\ a 2 5 (i 7 9 :i 5 (i 7

J 2 7 8 f? J 4 7 8 2 3 7 8 9 2 5 8 .« 3 5 8 9 d

1 3 6 8 rt J 5 () 8 2 4 (> 7 ./ 3 4 (i 7 8
|

4 5 6 8 9

13 7 9 15 7 9 a 2 4 8 9 3 4 9 ^? | 4 5 7 a

12 3 6 7 1 2 5 (> ii 1 3 5 (> 9 2 3 4 (> 9 2 4 5 6

12 3 8 0,12570 1 3 5 7 8 , 2 3 4 7 > 2 4 5 7 8
J 2 3 9 «; 1 2 5 8 9

,
1 5 5 r/ I 2 3 4 8 n 2 4 5 9 a

1 2 4 6 8 1 3 4 (U) ' 1 4 5 6 7 2 3 5 6 8
i
3 4 5 6 a

J 2 4 7 9 . 1 3 4 7 rt 1 4 5 8 ^? ! 2 3 5 7 a I 3 4 5 7 9

J 2 4 /? 1 3 4 8 9 J 4 5 9 , 2 3 5 9 3 4 5 8

A simple form of the system^) is obtained by snbmilliiijj, llie

quintuplets

1 2 3 4 (V. 12 3 5 8: 12367:
12 4 5 9; 12468; 12570

to the cycle :

(1 2 3 4 5 6 7 8 9 a).

D. By a reasoning analoj^ons to that in section A is evident that

,S'(6,5), ?i = J2, that is a Cf. (^12jrt, 132,.) ///?/.v/a|)pear by coniplenienlaiy

coin|)letion of ^'(5,4\ ?i=r 11, so il appears only in one lype.

In general out of each

•*^'
(/' = '/ + -^

' 7)' " ~ '^7 + '^

is formed by complementary completion an

>S(/>=:7 + 2,v + l),/i = 27 + 4.

I'ashin;^ lo syslcms S {p,*/ =^ 2), it for arbili-ary />''), we obsei'xe

llial foi- iheir existence is necessary at least :

/'(/*— 1) ,...,, ,
M/>— 1)

- --—— divisible by ,

1.2
'

1>^

and

n— 1 divisible by p—J,

which conditions are fuKllled oidy by liie two series of numbers

/ n = p{i)—l)..c-i-i ,._o^ o

*) A 5(6,4), w=sll was given by Uka {I'Jdiic. Times IX), the method in which

this was generated i.s luiknown to me, as this publication was not ullainublc

for me; however, the syhleni must be of the sanu! type. \Vc ri'inark moreover.

that to prove (his, it is nut siilHcicnt to as»crl that all rcinuiiulcrs liavo a tlxoil

type, comp. MAiaiNKm (Annali di Matem. (2) XY). The same holds tor A, B
and D.

*) Thc»e Sip^'i) are to be dlytingnished from the systems of Buunkl, in which

each set of /) w regarded us eontaining only the p pairs of clcnicnts snccccdin^

eadi other i/'ro/', IV, 7. <•>. ,i. i!,„;/,;nn, Is'i.". •.»('., p. 5^ niid Is'ts '.»'.», p. r.'.i, 7 I ).
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The term .v =z has no significance in /; in // it indicates that

when writing all // = // loiters we have written at the same time

all pairs of those letters. This svsieni //,.r=z{) will he of service

in what follows.

We shall now give a more extensive form to the mu/tijtiicatioH'

theorem of Netto (I.e. ^ 3) which becomes :

Ofit of 'in S{i),2)n^ tint/ an S{it,2),n, an ,S'(/>,2) /*,//, can be

deduced, if one disfnises of a st/steni of /t{p— 1) perniutntions of p
elements, in tvhie/i a coti/de of elements never orcup'tes t/if sume place.

P'or, if the elements of the two systems are resp. <ia(X;=: 1,2 n^)

and hi{l=z\,2, /*,) we can then designate //,//, new elements

by Ck,i- <H" these elements we form tlare kinds of /> sets of //, namely:

l'^' . out of each set of p a^ a^ . , . . a^, new //-sets:

f 1,/, i-'-ij, . . . , . Cf,j (/= 1,2 /«,)

;

2'"'. out of each set of p bjf, .... b^, new /y-sets

:

Ci:,i, cic,i, a-./' (/ = 1,2 /<,);

3"'. out of each set of p a^a^ . . . . <i,„ comhined with ettrh set of/>

b^b, . . . . bf, new y>-sets

:

C\j^ , C2.L Ci,jf„ where l^ /^ are every time the same

as the indices 1 . . . . p of the set of p of b, yet ditfer p
— I times in

order of succession according to the p—i permutations of the system

of permutations supposed as disposable.

It is clear that in this way a couple of the new elements can

never appear more than once whilst the number of formed sets of

p amounts to :

n (-• Wj \- p(p—l) . =^ ,

/>(/>—!) P{p—^) />(/>—!) />(/'— 1) /»(/'-!)

so that really an S(p,2),n^n^ is formed.

Now we dispose of such a permutation-system, when

:

1) p z= 4: : the twelve even permutations;

2) p prime, the system then consists of:

(1, 2, 3, 4 />)e,e.

(1, 3, 5, 7 p—iX-yc.

(1, 4, 7, 10 ),,,.

(1, p, p-i, p-2...2\,,,:).

-) Gornp. e.g. Bhunel, Proc. Verb. Soc. de Bordeaux 1894/95, p. 56, or Ahrens.
Mathematisrhe Unte)h(il(n)i(jeu, p. 272: "Promenaden von n- Personen m je ??".

Il is not decideti whi'liier also otlicr values of ;) allow a solution.
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(For p =:3 the system just contains the totul group and so

the theorem of Netto reappeai's).

So we have

:

The po.s-slbilify of the mnltiplledtion is (insured for p =z ^ or prlnte.

Now by taking as factors n^ = ?i^=]j, so term II,u;= 0, we

obtain

:

Far /> = -A or prime the existence of S{p,2), n = />' Is assured.

Such a system, term II, ,v = 1 is, regarded as Cf.-schcme, a

Ct\\p^f^\, p[p-\-i),.\: its />-sets can be divided into (/> + 1) principal

groups of p, each of which contains all the />' elements.

We can now give in a more extensive from an other theorem

of Netto (I.e. § 2), which becomes here

:

Out of an S{p, 2), ?i (in S{p, 2), {p—1) n -|- 1 can he formed if we

have at our disposal a scheme of {p
— 1)° sets of p out of p{p—1)

elements, haviny mutualhj not more than one element in common,

which elements must he ahie to hreak up into p principal cp'oups

ofiv-n
For, we can add to the elements «i,i, a\^2 • • • • (i\,n of the given

system {p—2) series of new ones:

(l2,\ > «2,2 <*2,'i

and moreover a last element a^.

For each set of /> of tiie given system we must now form oulot

the pii*—1) elements with the same second indices a scheme as

the one indicated in the theorem, taking care that always the

(^p
— 1) elements with etpial second index form a [>rincipal grou}).

Finally wc must a<ld to each principal group the element a^, by

which also these principal groups are completed to p. It is clear

Ihal the sets of y> formed in this way can jjave two by two al mosi

but one eleuK'nt in common, while their nnnd)er amounts (o

:

_ n{n-l) ^ {(/>-!) nfl||f/;-l)/i}

^^ ^ 'pIp-Y)'^'' M;>-1)"
80 Ihtti an »S(/> , 2),(/;—1)?A+ 1 is formed.

The |K)HMibilily of the method now depends on llie presence of

a tH'lieme:

|/,{p-lV_, , (f>--l)«}

or, replacing p by p 1, of

lull iluii In jii I ill' iiuialiou of lh(,' uboNe-niciilioiird ,s
( y; , 2), n = y>',
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if but in the diagram we exchange rows and columns. It satisfies,

moreover the further conditions; so we have:

The deduction of an S{p,2), {p—l)n-{-l out of an S{p,2),n u

assured, when p = 5 or a prime number -\-l.

If we apply this to n=:p, we find:

The existence of 5 (p, 2), n = p (p — 1) + 1 i^ assured forp = 5

or a prime number +1-
These systems form the term I, x—^; as Cf.-schemes they are

Cff. \p {p - 1) + 1,1.

It is clear that their remainders to one element agam become

5(p_l,2), n — {p — \)\ that is term II, x = \ out of the series

p-1.
In cyclic form we find

:

n = 13, p = 4. : (I, 2, ..5, ..7) eye.

n = 21, p = 5 : (1, 2,..5,..15,..17..)'cyc.

n=:31, 29 = 6 : (1, 2,..5,..7..U,..22..) eye.

We finally pass on to the generation of an .S(4, 2,j n=25.

As Cf. the system is a Cf. (25,, 50J, the remainder to each qua-

druplet is a Cf. (21,). The latter must have the property that the

non-united elements may be united to triplets, so that out of it arises

a Cf. (21„ 28,) which breaks up into four principal-7-sides '). By

imagining the seven lines of such a 7-side to be every time convergent

to one point and the four points of convergence to be coUinear,

the desired Cf. (25^, 50J is formed.

We obtain a solution by submitting

.12;

,
(completed by 22);

,
(in turns completed by 23, 24 and 25);

(1, 2, 3, . . . 21)

and by finally adding:

22, 23, 24, 25.

In like manner we shall find that in general an

S{p,% n = 2p(p-l)4-l.
that is a Cf. \2p (p — 1) + lo^., 4/9 (;9 — 1) + 2^

1) Gomp. E. Malo, (Interm. des Mathem. XVI, p. 63). The 2p cycles given

there for each p are mutually identical and so they furnish every time but one

type.

•) Gomp. a former paper in these Proceedings (p. 290). In the mean time I have

found that the result given there, in as far as it concerns n = 13 is obtained in about

the same way by Brunel {Journal de Lioiiville, 1901), and already in 1S09 by

DE Pasquale, Rendic. R. Inst. Lomhardo (2) 32, p. 213.

24
Proceedings Royal Acad. Amsterdam. Vol. XI.

1,
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will consist of a

Cf. li2p-l)ip-lU
whose missing pairs of elements can be united to sets of (/)—1), so

that a

Cf. \2p{p-l)„ />(2p -!),_, I

is formed which breaks up into /; principal-(2/> — l)-sides.

As in the series />= 4, just as for ^9= 3, the two extensions of

the theorems of Netto can be applied, we can form, in the first set

of hundred, systems aS' (4, 2) for

:

n = 13, 25, 49 ; 4, 16, 40, 52, 64, 76, 100.

The still missing values are

:

n = 37, 61, 73, 85, 97; 28, 88,

of which 85 might be acquired by 28.

Physics. — "Remarks on the Leyden observations of the Zeeman-

Effect at low temperatures." By W. Voigt. (Communicated by

Prof. H. A. LoRENTz).

(Communicated in the Meeting of October 31, 1908).

The observations of Kamerlingh Onnes and Jean Bequerel ') on the

ZEEMAN-Effect at exceedingly low temperatures have led to some

surprising results, among which are two, very interesting from the

theoretical standpoint. Tliese I will try to throw light upon in the

following.

1. It has been found, when the observation was made along the

optic axis of an uniaxial ciystal (where such a body acts as if

isotropic) a longitudinal magnetic field being used, that I he conipu-

nents of the ZKKMAN-doublet have different inlensities. The component

on the side of the shorter wave-lengih hud generally (though not

always) the greater intensity.

This result seenis to show, that in the ci-yslal one sense of" lotation

is preferred to the other. Therefore it might be interesting, to consider

Hrslly the ciri'ct of a magnetic field on a naturally active crystal.

I may at this point remark thai, contrary to wliat should l)e expected,

the elfcclH of the natural activity and of the nuignelic field do not

8iif»criK)}«* ejM'h other, but rather singular combined effects appear in

(ho neighbourhood of an absorption band.

*) i, BecQOBRiL aoU KAMr.nu.NUH Onnes. Thouu i'rocecUings February !29tl> 1908.
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The following notation will be made use of:

A, B, C components of magnetic force.

X Y Z „ „ electric

21, 55, S ,, ., magnetic polarization.

3£, 2?, 3 „ „ electric „

Ph, Vh, Ih ,, ,, electric partial polarizations.

ah, bh, Ch, (fh, ffi parameters.

F external magnetic force, supposed // Z.

ly velocity of light in vacuum.

Then the equations of the theorj- based on the suppositions I have

made for an isotropic active body become:

dr dZ\

dz by
)' (1)

,_ /dC bB\

Ph + ahp'h 4- hfh + <^hPt)'h =zehX-dkA' (3)

X = X + :S;:a,, (4)

21 = ^ 4- 2dhp'h/Bh (5)

By a simple calculation we obtain for the so-called complex

refractive index n in the direction of the magnetic field the value

n = 1/(1 + E) (1 + 0) d= A, (6)

where

E=2--^^ , = v'2
"^^

ph±ChPv Bh{ph±ChPvf

dhA^vS
ph±:CkPv

V = frequency,

PA = 1 -}- tV'a/, — v*bh.

The double sign ± corresponds to the two waves of circular

vibrations and of opposite sense of rotation propagated parallel to

the field.

The complex index of refraction n is connected with the real

index n and with the absorption index x by the formula u = n (1 — ix).

The constants d"^ and Ck measure the natural and the magnetic
activity of the crystal. It is seen that even if these two effects are
small in general, in the neighbourhood of an absorptionband, where
ph is of the same order as Ch Pv, they do not superpose at all.

If the natural activity vanishes, then also O and A vani^ii, and
we have

24*
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n» = 1 4- E,

which contains the theorj'^ of the longitudinal Zeeman effect.

Among the terms arising from the natural activity that of most

interest is =b A, which is generally much larger than O. This term

which has opposite signs for the -j- and the — rotating waves, but

which reaches its maximum at the same place as E, expresses a

dissymmetry of the Zeeman doublet somewhat similar to that obtained

in the experiments of Onnes and Becquerel. In order that this

dissymmetry should have an appreciable magnitude it is only neces-

sary that vdh is commensurable with bh. Experience has shown that

at the absorption bands of the crystals under consideration, f/j is

very small and so no difficulty is in the way.

Notwithstanding there is lack of agreement between the above

formula and observation in two quite different directions. In the

first case the observers did not notice any natural activity in the

crystals they used, and from the symmetry of these crystals such

was. not to be expected, except in the case, that at low temperatures

the constitution of the molecules changes. On the other hand the

observed behaviour by a reversed magnetic field is not in agreement

with the above formula.

Both objections disappear if in the formulae (3) we substitute for

the terms ifhA' , (fhB\ ff/,6" on the right hand side the terms

O, ffhPA' , 6kl*B' and in the formulae (5) for the right hand terms

resp. A, B -\- P2 (fht)i//Ff„ C -{- 7*-^ rf/,i///f/,. Such a series of terms

corresponds exactly to the symmetry of the magnetic field and leads

to the same formula (B) for n as tiiat given above; only we have

J*ffh in place of (fh. By this step both the above mentioned difficulties

are removed; however the substitution leads from the sound basis

of experience into the region of hypothesis. Observation shows

that ffh increases as the temperature diminishes.

II. In sonic crystals ol rhombic symmetry it has ajjpcarcd thai in

each of the Ihrce chief spectra certain absorption lines coirespond

fo noacly llic Bamc wave length. If \vc observe in the {lirection of an

axis of Hyminetry each of those lines is seen broken up into. a doublet

when the magnetic field is excited. In the present special case of

cqiiiil wave length of the lines the distance of the doublet compo-

nenlH Ih the same in some cases, in other cases differs. If we let

Ihc ftxcH A ) /, 1m panillol to the axes of the crystal and call

li the <lirociiiui of tnagnetic force, lo the direction of propagation of

the ray, o the (lirection of vibration, llion the following table gives

the rcvult of observation:
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HIIK , a>//X

ioliY

ioilZ

R//Y , io//r

a//Y a,

of/Z a,

(J//Z a,

a//X a\

allX a\

a//Y a,

a//Y a'

a'/Z «,

\o//X a.

<o//Z

R//Z , lof/X

a,//r

io//Z

^cl/X «,

^a//Y a'

a//Y

a//Z a'

ia//Z

\a//X

0//X

a//Y «,

'•

ft.

*»

The theory I have developed ') makes the laws of the phenomena

under consideration depend on 4X3 parameters ph,ph,gh,/i'-

pi^ and pit (h = 1,2,^) are determined by the quasi elastic and

damping forces acting on the electron in the crystal, when no mag-

netic field is excited. ^^ (/i=:l, 2, 3) measure the direct action of

the magnetic field on the electron parallel to the axes A^ V, /C;

fi^ (Ji = 1, 2, 3) determine certain couplings experienced by the

electron parallel to these axes.

If we put

^\=P^Px -/V^'^ K»=P,P»—9x'v\

^.—P,Ps— /.'»'% ^i^=PiP,—9,*v\

where as before v represents the frequency, generally the magnetic

effect on an absorption line in the above mentioned cases is given

by the following functions:

1) W. VoiGT. Gott. Nachr. 28 Juli 1906; Magnetro- und ElecU'Ooptik. Leipzig

1908, p. 235 u. f.
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RjlX , CO//X

io/IZ

E//r , CO//X

CO //r

R//Z , a>//X

tallZ

^a//X{p,-\-p,)/N,

o/./r{p,+p,)!N,

\<5'IZ pJN,,

ol!Z pjN,,

'(J//X pJN,,

'<ylfy {p,-^-p.)/^.

^a/J-Y pJN,,

\<5ilZ {V^\-P^)|N^

\ollX p,iN,,

0//X pJN,,

^allY pJN,,

Supposing now the absorption lines lo have the same positwn.<^ in

the ihree cliief spectra, then tiie real parts of p^, />,, /;, and also of

Pi» P** V% ***® pq'ifl'I ; supposing the intensities of the absorption lines

to be equal, then the imaginai'y parts are the same. If on the other

hand ffi,(/,,f/, and /i,/,,/, retain different values from each other,

then also N^, N,, H, and iV,,, iV,,, ^Yi, have different values from

each other. In this case the system of distances between the doublet

components obtained from theory agrees exactly with that observed.

If the three absorptions are slighliy difTerent from each other, then

the theoretical distances show small deviations from the mentioned

law, whicli liowever will scarcely be within the range of perception.

What is interesting in the observations is that if we assume

//, =y, = c/, , and therefore A^,, =: jV,, = iVj, then theory is not in

agreement with experience.

The parameters f/h give the direct influence of the external magnetic

fleld on the vibrating electron. This influence appears then to be

different when the Held acts along the X-, the F-, the /f-axis of the

cryslai. This roMull Hcems lo me lo verify the view 1 have dcMhiced

from other coiiHiderations, thai the magnetic field inside Ihe moiccid';,

where an electnin is in motion, can be very differenl from thut in

outside space. Reasoning in this way it is quiio natural to imagine
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that the field inside a moleoiile of a r/v/.vA// gains different intensities

if an external field of constant intensity acts successively parallel to

the axes of the crystal.

It is true that in my former publications I have put ^,= </,=//,,

because at that time there was no necessity to introduce more

complicated suppositions. But the abovementioned observations show

that generally y^ is different from g^ and y,

.

If we do not accept this difference between the inner and outer

field, then we must fall back on the very complicated assumptions

of Becquerkl and Onnes, that the apparent, probably electromagne-

tic mass of the electron is different parallel to the three axes of

the crystal, and that the qnasielastic forces in these directions ai-e

proportional to these masses. This would lead to the hypothesis of

an immense numbei- of different kinds of electrons, say of ellipsoidal

form, which during their vibration remain parallel to themselves.

The authors do not set forth how the law of the quasielastic forces

would be explained. As opposed to the difliculties of this hypo-

thesis I maintain that the above assumption of differences l)etween

the inside and outside magnetic fields is much simpler.

III. I should like to mention a general consideration arising from

the preceding. It seems to me that by the irresponsible introduction

of electrons which have forms masses and signs different from each

other, we should lose what has been up to the present one of the

chief advantages which characterise the electrontheory ; the simplicity

of the fundamental conception, and thus make the whole hypothesis

of less value. We would have to be content with this depreciated

value of the hypothesis, if we were compelled by undeniable results

of experience to do so. But up to the present I cannot recognise

any such evidence.

The chief objection of J. Becquerel to the hypothesis of inner-

molecular' magnetic fields lies in the fact that the ZEEMAN-effect is

notably independent of temperature. But as we do not know
anything definite about the cause of the inner field, it appears to

me, that one cannot assert anything about the sensibility to tempe-

rature with certainty.

In this place I shall mention a consideration which seems to me
to carry some weight against the precipitate assumption especially of

positive electrons.

We learn from the theory of light that in bodies electrons oscillate

about positions of equilibrium. Further the electron-theory permits

only of forces of electromagnetic nature -. the quasielastic forces
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which bind the electrons to their equilibrium positions must there

fore also be of electromagnetic nature. Thus here the only force

to be considered, is electrostatic, we know from the theory of

potential that an electrostatic field permits of a point-charge mo\'ing

about a stable position of rest only inside of a charge of opposite

sign distributed over space. Thus the assumption of negative electrons

made up to the present time leads to the conception of positive

electric charges distributed over a definite space. These two hypotheses

contain no contradiction.

The assumption of positive electrons (of parallel properties to those

of the negative) compels then to the conception of negative charges

extended through space, and thus, as it seems to me, leads to the

nullification of the whole theory. For of what use is an atomical

con(;eption of electricity which cannot be subsequently worked out?

Geophysics. — "On Frequencies of the mean daily cloudiness at

Batai'ia." By Dr. J. P. van der Stok.

1. Since 1880 hourly observations of the cloudiness of the sky

iiave been published by the Observatory at Batavia ; if the daily

means calculated from these records are arranged in groups, a

fre(|uency-lable (Table I) is obtained which enables us to form a

clear idea of the way in which the climate is affected by this highly

important climatological factor.

From this Table it appears that, whilst northerly climates are

characterized by a great number of cases in which the sky is entirely

overcast or quite free from clouds (principally in April and September),

these extreme values rarely occur at Batavia.

Only once in 26 years or in 9500 cases a serene sky lasting

during 24 hours has been recorded and, taken over the whole year,

the number of days during whicii the sky was entirely covered only

amount to 1.4 •/• an^> even in full West-Monsoon, to hardly more

than 4 •/,.

Furthermore Table I exhibits the fact that, notwithstanding (he

f^rcat nnmbcr of records, irregularities still occur to a considerable

extent and the sums taken over (he whole year clearly demonstrate

that extreuje <*are muHt be lak<Mi in adding together freciucucy -series

of diirercnl kinds, whicli may lead to irregularities of the niosi |>ecu-

!iar (ioHcription in liie curve of distribution ; and these irregularities

are hy no means eliminated by a greater number of data.

In order to eliminate these irregularities three natural grou[)s have
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Table ll. Frequencies of the mean daily cloudiness, Batavia, 1880—1905.

Cloud-
iness
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^. In the first place the frequency-formula known as Type I of

Prof. Pearson's formulae finds an applicatioji

:

which, for the assumed conditions and choice of origin, takes the

simple form :

M = 31 (1 -I- a?)« (1 ~xf (1)

and can be regarded as a generalization of the condition tiiat the

function vanishes for x= ±1.
Its constants may be calculated from the following relations:

5|=_i £(1±A±JI_ (2)2«+*+i r(a4-i)r(6 + 1)

(^ 4- 1)^"^ _ 2 (a 4- «)
^3^

(fi -f l)(«-0 a4-6-|-w-f-l

where

w(n-l)
(ft + 1)(«) ft„ -I- n Hu-\ + -^- f*«-2 + etc.

and ft,, represents the mean of the ?i^'^ order.

As, besides 9l, by which the area of the curve is defined as equal

to unity, only Ivvo constants appear in formula (1) as characteristics

of the curve, it is sufTicient to calculate the means of the first and

second order ftj and ft,.

Putting

/> = 1 — fp q = T—.—

»

1 + ^1

we find

:

^
(2-p)g

^
pq .... (4)

This formula offers the advantage that, the constants a and b

being known, a simple expression can be given for the situation of

the maximum-value

:

a— b

af6

In the second place we have to consider the expression in series-

form proposed by the author in an earlier publication ^), which may
be regarded as a generalized zonal function, modified according to

the condition :

1) These Proceedings Vol. X. (799—817).



i2n+2 = (^'-l)^'«^(-^'-l)

( m
)

u = for ,c=z ±i.

n — 2 An Rn-\-2 •

n{n— 1)

"~2.(2n-}-l)

. (5)

.r»-2 -j-

i;=^L„ n{n— 1)
fl,i-2 +

2.(2n4-l)* " ' 2.4.(2w4-l)(2

(2n+ 3) (2w+ l)/ (2w4-l)/
/?=-

22n+i (n+2)/n/n/«/

+1

]

w-3) n
—f<„ _4 — etc, • (6)

n-1) J

(7)

n(n-l (n- 2) (n-3)
_j —.i;"—*— etc^ 2.4.(2n+l)(2n-l)

n(n— l)(n—2)(w-3)

fi,, zzr j ux^^dx.

—

1

The use of the proposed series enables us to introduce more

constants than two, whicl), in tliis case, is a decided advantage as

the means of higher order necessarily decrease and, therefore, the

convergency is assured.

For the position of the maximum-value however no definite expres-

sion can be derived from these formulae, and it has to be determined

by approximative methods.

Values of the function 74+2 for n = to n = 4 have been

calculated and are given in Table X ; for the first term, which

remains the same for all curves, A^R^ has been given instead of 7^,

.

The figure represents the way in which a frequency-curve (full

"yi.. r'^y"

./
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line) according to this formula is constructed out of its constituents

(broken line) for the case:

A, = A, = A,z= A, = 1,

so that the ordinates of the curve are found simply by taking

together the 5 columns of Table X.

3. The following constants of formulae (1) and (5) are deduced

from the data given in Table II (2"^^ part), the frequencies for a

cloudiness and K) being omitted and the total reduced to 100(1

For reasons to be given furtrieron, the values of the An constants

are not quite in conformity with the expression (6), the sign being

inverted and the values divided by 7i -\- 3, so that

;

(« -f 3) An = - A'u

I. East-Monsoon.

(i, = — 0.0554 A, = - 0.0519 01 = 0.8416

(I, = -f 0.1690 A, = — 0.1017 a = 1.3654

//,=: — 0.0095 ^, = + 0.1631 b = lM28
(i^ = + 0.0631 A, = — 0.0650

II. Months of Transition.

,1^ = 0.2136 ^j=: + 0.2003 21 = 0.7486

fi., = 0.1999 .1, = — 0.0003 a = 2.1470

,i, = 0.0921 .1, = + 0.0069 h = 1.0393

H^ = 0.0859 ^4 = + 0.0081

III. West-Monsoon.

H, = 0.4545 A, = 4- 0.4261 iJi = 0.4326

H, = 0.3191 A, = -\- 0.3901 a = 3.4001

M, = 0.2173 A, = + 0.2584 b = 0.6502

H, = 0.1683 A, = -f 0.1299

In the constants of either formula the differences characteristic for

the different seasons are well marked.

4. In order to examine in how far the results of the compulation

by means of the frequency-formulae agree with the data, we have
to integrate the expressions between the limits .v and — 1.

For the formula (5) in seriesform this offers no difficulty; from
the differential equation

:

^ ~~ ^ " Zt^ "" ^" + '-^^ ^"^ + ^^ ^"+^

we readily find

:
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/'„r= U.+2^,.=i—-^ . -—-". ... (8)

^ n-\-o n ax
—1

from which, the B.'n function being known, we easily derive the

expressions (10). Formula (8) holds good for all values of n except

71 = 0, in which c^se

:

''=--^- <«»

The An coefficients, calculated by formula (6) being comparatively

large and the values computed by (8) small, it is desirable to omit

the factor iji + 3) in (8) and (9) and to divide the expression for

An by the same quantity; at the same time the sign of ^i, and there-

fore also the signs of (8) and (9), can be changed.

With these premises the integrals assume the form:

^ =
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5, As, owing to this difficulty, the computations necessary for

the testing of the formulae had to be restricted, the frequencies of

Table II have been aggregated between wider limits: Table III

exhibits these frequencies reduced to a total of 1000; in the first

part for all data, in the second part with the omission of frequencies

for a cloudiness and 10. It is this series which has to be compared

with the results of the calculation.

TABLE III.
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TABLE IV. II. Transition.
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TABLE V. A = - C formula in seriesform.
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TABLE VI. :v = 0—C, formula Pearson.

I 1

East-Monsoon
II

I
III

Transition I West-Monsoon

—1.00 tot —0.75
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TABLE VII.

Constants of formula (5).
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TABLE IX, Values of /„ .

"uA) n=l n = 2

—1.00

—0.95

—0.90

—0.8:)

—0.80

—0.75

—0.70

—0.65

— 60

—0.55

—0.50

—0.45

-0.40

—0.35

—0.30

—0.25

-0.20

-0.15

—0.10

-0.05

0.00

05

0.10

0.15

0.20

0.2:>

0.30

0.35

0.40

0.45

0.50

0.55

0.00

O.OJ

O.TO

0.75

0.80

0.86

0.80

0.86

1.00

o.a»oo

0.0018

0.0073

0.0160

0.0280

0.0430

0.0608

0.0812

0.1040

0.i29l

0.15t)3

0.1853

0.2160

2482

0.2818

3ie4

0.3520

0.3884

0.4253

0.4625

0.5000

0.5375

0.5748

0.6117

0.6480

0.6836

0.7183

0.7518

7840

0.8147

o.P4:<8

0.8709

O.SQ'iO

0.9180

0.039)

(» 9'»7.)

0.0720

0.9640

0.9^2H

0.99H2

1.UU00

O.UVJO

—0.0095

—0.0361

—0 0770

—O.r'96

—0.4914

—0.26D1

—0.3i35

—0.4096

—0.4865

-0.5625

—0.6360

—0.7(B6

-0.7700

—0.8281

- 0.8789

—0.9216

—0.9555

—0 9801

—0.9950

—1 0000

—0.9950

—0.9801

-0.9555

—0.9216

—0.8789

—0.8281

—0.7700

—0.70oC)

—0.6360

-0.r>(525

^-0.1865

- 0.40«6

-0 3335

—o.ie'vi

-•),10U

-0.1296

-(».n77o

-0 (>3iS\

-0.0095

0.0000

o.oouo

0.0090

0.0325

0.0655

0.1037

0.i4?.6

0.1821

0.2168

0.2458

0.2676

0.2813

0.2862

0.2822

0.2695

0.2484

0.2197

0.1843

1433

0.0980

0498

0.0000

—0.0198

-0.0980

-0.1433

-0.1843

—0.21.7

—0.2-485

—0.2695

—0.28.2

-0.2862

-0.2813

-0.2076

—0.24.58

-0 2108

-0.1821

—0 14:«

-0.1037

—0.0<\55

0.0325

—O.fMKK)

0.0000

0.0," (X)

—0.0072

—0.0241

—0.0446

—0.0644

—0.0803

—0.0903

—0.0933

—0.0889

—0.0777

—0.0602

—0.0379

-0.0121

0.0147

0.0438

0.0707

0.0948

0.1150

0.1.303

0.1397

0.1429

0.1397

0.13)3

0.1 ILO

0.0948

0.0707

0.0438

0.0147

-0.0121

—0.0379

—0.0602

—0.0777

-0.0889

-0 0933

—0.0903

-0.0803

-0.(H)ii

—0.(>44i'.

—0.().'41

-0.0072

0.0000

O.dOOO

0.0051

0.0155

0.02.55

0318

0.0329

0.0285

0.0193

0.0066

-0.C082

—0.0234

— 0374

—0.0 '.89

—0.0568

—0.0G04

—0.0595

—0.0541

—0.0445

—0.0317

—0.0165

0.0000

0,0165

0.03n

0.0445

0.05tl

0.0595

0.0604

0.0568

0.0489

0.0374

0.0234

0.0082

—0.0(H)6

—0.0103

—0.0-285

-0 0329

—U.OUN
-0.(12:).'.

—0.015.)

—0.<K)51

O.OiXK)
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Table X. values of the function /?
/i-f2-

AP^

4.(X)

-0.95

-0.90

-0.85

-0.80

-0.75

-0.70

-0.65

-0.00

-0.55

-0.50

-0.45

-0 40

-0.35

-0.30

-0.'25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

0.25

0.30

35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0,85

O.UO

0.95

1.00

0.0000

0.0731

0.1425

0.2081

0.2700

0.3281

3825

0.4331

0.4800

0.5231

0.5G25

0.5981

0.6;«)0

0.0.581

0.0825

0.7031

0.7200

0.7331

0.7425

0.7481

0.7500

0.7481

0.7425

0.7331

0.7200

7031

0.682?)

0.6581

0.6300

0.5981

0.5625

0.5231

0.4800

0.4331

0.3825

0.3281

0.2700

0.2081

0.1425

0.0731

0.0000

1

n=l
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Mathematics. — ''On fonrdltnennioiutl nets and their sections by

spaces" (Third part.) By Prof. P. H. Schoute.

The net {C,,).

1. In the first part of this investigation we have found that the

net (C,,) of cells C\& is formed out of three equally strongly

developed groups of homothetic cells Cic , one group of gr(?ci cells

Ci6 polarly inscribed in eigiitcells 63 and ^^6't) groups of mc/iW^/

cells C16 ^' and Cic^^
"^^

bodily inscribed in eightcells Cs, namely

the positive group and the negative one. If we restrict ourselves

once more, with respect to this net, to the sections by spaces normal

to one of the four different axes of one of the sixteencells, it is

evident from the table of connections between these different axes

given in the first part (p. 544) — if we bear in mind that the three

groups of cells of the net are equivalent — that we have only to

consider three series of parallel intersecting spaces, viz. those normal

to one of the axes OR^, OF^, OK^ of the circumscribed eightcells.

In these three cases, con-esponding successively to the fifth, the fourth,

and the third line of the quoted table, we find indeed for the erect

sixteencells series of spaces normal to OE^^, OK^^ and OF^^, whilst the

first of the three cases provides us, for the inclined sixteencells, with

a series of spaces normal to OR^^. So all in all we have to bring

to light three different threedimensional space-fillings and their trans-

formation connected with a parallel motion of the intersecting space.

Bui in order to do this we have to consider more than the four

usual series of intersecting spaces respectively normal to an axis

OEi,, Oh\t, OFitf ORi,; for the spaces normal to 0I\\ presenting

themselves in the last of the three cases are not normal to any one

of the four axes of the inclined sixteencells but to the line connecting

the centre of one of these cells with the point characterized by the

coordinales (3,1,1,1) with respect to the system of coordijiates with

the four axes 0A\, of that coll as axes. So all in all we have to deal

with (JVC scries of |)arallcl intersecting spaces which may becharac-

leri/xid by the symbols (l.O.O.O). (1,1 .0,0), (1,1,1.0), (1,1,1,1), (3,1,1,1),

an Ihcy arc always normal to the diameter of the cell ])assing

through llic |)oint the coordinalcH of which with respect to the

iixe» OE^t of the cxjII arc given by llic correHpondin^ symbol.

3 In the same way as wo have done this in our second com-
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mnnication for tlic six scries of parallel sections of the eighteell we

indicate the results of the intersection of a single sixteencell 6Vg

in two dilferent manners. A tirst plate will give the projections of

the limiting elements of tlie sixteencell on the diameter normal to

the intersecting spaces, which will enable us to deduce the sections

from it tabularly ; a second plate will give the sections themselves

in parallel perspective, included in the sections with the polarly

circumscribed CV '' or the bodily circumscribed Cg . Moreover a third

j>late will contain two groups of diagrams, the tirst of which will

elucidate the manner of deduction of the projections given on plate I,

whilst the second is concerned with the space-fillings obtained by

the intersection of the net (6'iJ. In order to facilitate the survey

of these space-tillings we deviate from the way followed in the

second communication and treat together the more or less regidar

space-fillings presenting themselves here, instead of joining each of

them separately to the corresponding generating three series of in-

tersecting spaces.

We now tirst consider the four diagrams of the first group of

plate III dominating the deduction of the projections of plate I. In

fig. 1 we once more show how the inclined cell 6i6^ , indicated

by its vertices only, is inscribed in the cell 6s . If we indicate by

A, B, C, D the vertices of one of the sixteen limiting bodies, by

A', B' , C , Jy the opposite ones, the sixteen limiting tetrahedra are

ABCD

A'BCD

AB'CD

ABCD
ABCD'

A'BCD

A'B CD

A'BCD

ABCD
ABCD
ABCD

ABCD
A'BCD

A'BCD

A'BCD

A'BCD

Of these five groups of 1,4, 6, 4, 1 tetrahedra those of the first,

the third, and the fifth groups are inscribed in the eight limiting

cubes of the eighteell, whilst the four vertices of each of the tetra-

hedra of the second and the fourth group always split up with

reference to two opposite limiting cubes of the eighteell into one
vertex and three vertices.
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With reference to the system of coordinates 0{}\ , F, , Y^, Y^)

of the four diagonals AA\ BE', CC , DD' t.lready used in the first

communication the five series of parallel sections are' characterized

by the symbols (1,0,0,0), (1,1,0,0), (1, 1, 1, 0), (1,1,1,1), (3,1,1,1)

mentioned above, from which can be deduced that the octuple of

vertices of the sixteencell projects itself on the chosen axis of projec-

tion in these five cases in arrangements indicated by (1, 6, 1),

(2,4,2), (3,2,3), (4,4), (1,3,3,1). Of these five cases the first and

the fourth are evident by themselves ; so the parts of plate I bearing

the headings {1,0,0,0) OE^^ and (1, 1, 1, 1) 0/^,^ can be understood

immediately. The three other cases can be explained by the three

following diagrams, a common characteristic of which is that the

eight vertices of the sixteencell have been obtained by starting from

the cube that is found by intersecting the eightcell of fig. 1 by the

central space normal to AA , by splitting up the eight vertices of

that cube into the two sets of vertices of bodily inscribed tetrahedra

and by erecting normals on the space bearing that cube — i.e. by

drawing in the diagram in parallel perspective lines parallel to AA'
— the length of which is equal to \ AA", in the vertices of one

of the tetrahedra to one side and in the vertices of the other tetra-

hedron to the opposite side. This representation of the cube with the

two quadruples of points ABCD, A'B'C D' has been repeated in

three dili'erent positions by a motion parallel to itself from left to

right and from above to below over the same distance, which gives

rise to the three diagrams 2, 3, 4 which we will now examine one

after another.

In fig. 2 the eight vertices of the sixteencell have been projected

on to the line FgF\, joining the midpoints of two opposite edges

of the cube and forming therefore an axis OF^ of the eightcell ; on

this axi» the vertices A, B project themselves in F^, the vertices

C,D,C%Jy in O and the vertices A\ B' in F\. We find again

here that the axis OF, of the eightcell is at the san)e time an axis

OK^, of the bodily inscribed sixteencell, as 7*^ is the midpoint of ^i^,

and deduce now from the arrangement (2,4,2) of the projections of

the vertices ull that is indicated on plate 1 under the heading

il,i,0,i))Oh\,.

In flg. 3 the centres of gravity F^ , F\, of the opposite faces

ABCf A'B'C have been detcM'niined, and the axis O/'',^ joining these

|K)intti forniH the axiH of jirojcction. Then the three vertices .1, B, C
project lheniHelve« in /',,, the two vertices J), JJ' in 0, the three

vertieefl A',B',C' in /',,. From the arrangement (3, 2, 3) can then be

deduced what ap|>earH in plate 1 under the heading (1,1, l,0}(>/<\,.
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In fig. 4 the diagonal D"D' of llie cube, forming an axis OK^

of tiie eighteen, ai)pears as axis of projection. Here the projection

of tlie eiglit vertices of the sixteenceli on that line D'D" is found

in the easiest way by projecting these points first on to the space

of the cube witli the diagonal D'D" and by repealing this for the

eight projections obtained with respect to the line D'D". For, the

projections of the eight vertices of the sixteenceli on to the space of

the cube are the vertices of that cube, and these project themselves on

D"D", if this line is divided by P and 1" into three equal |)art8,

according to the arrangemeiit (1,3,3,1) in the points D",P, P', D".

From this arrangement (1,3,3.1) of the vertices can be deduced

immediately what appears on plate I under the heading (3,1,1, 1)(>A',.

For each of the five cases considered we repeal under the heading

"type" the manner in which the four couples of opposite \ertices

of the eighteen project themselves on the different axes.

3. We now proceed to the descriptioji of the sections, represented

in parallel perspective on plate II, of the erect 6'ic and its envelope

6rf^ on one side, and the inclined C lo und C'in ^ and their

envelopes C's on the other. The sections of the 6'i, can be deduced

from the tables of projection of plate I, those of the cii-cumscribed

C's and 6 8 have already been given on plate II of the second

communication.

By two thick vertical lines this plate II is divided into three parts,

respectively related to sections normal to OR^ , normal to (>F^

,

normal to OK^ . Each of these three parts is divided by a thin

vertical line into two columns; of these two columns the lefthand

one always contains three sections of erect sixteencells, the right-

hand one five or more sections of inclined sixteencells. We now
consider separately each of the six columns so formed.

Sections normal to OH^ .

a. Erect cells. This case is the simplest of all. If by a motion

parallel to itself of the intersecting space normal to the axis OEy, of

Ci6 the point of intersection of that space with that axis moves

from one of the two vertices situated on that axis to the other, the

section with the circumscribed C's remains a cube with edge four

and the section with the inscribed 6 le
^ itself, which is always
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ii regular octahedron, inrroa es in size from a point, the ocntro of

the cube, to the inscribed octahedron with edge 2 y2 ai.d then it

passes through tiie same stadia in invci-se order. Of the thiee diagi'uins

the second represents an intermediate stadium, in wiiicdi tiie edge of

the octahedron is |/2.

b. Inclined cells. If the point of intersection of the intersecting

space normal to the axis OR^^ of 6 ig with this axis describes this

axis completely, the section with the bodily circumscribed Cg lemains

a cube with edge two, whilst the section with the inscribed Cic ,

always a tetrahedron truncated at the vertices and at the edges, trans-

forms itself from a right tetraliedron to a left one in the manner shown

by the five diagrams. In the third of the five we recognize the

semiregular body (with regular faces) forming the combination of

cube and octahedron in equilibrium, whilst the form represented

by tlie second and the fourth show how this combination is formed

out of the right tetrahedron and passes into the left one ^).

Sections normal to OF^

.

a. Erect cells. Here a difference arises with respect to the fraction

iruJicating the position of the intersecting space, according as the line

through normal to the intersecting space is considered either as

an axis (>/l,, of the inscribed Cl^ or as an axis 0I\ of the

circumscribed 6 s . Therefore to each of the three diagrams presenting

themselves here correspond two fractions, one below at the righthand

side referring to the axis OK^,, another above at the lefthand side

referring to the axis Ot\. If the point of intersection of the inter-

secting space with the axis OF^ of C 8* describes (his axis completely,

the height of the rectangular parallelopipedou forming the section

with 6 8 , (he base of which is a square with side (bur, increases

from nouglit to 4l"'2 and then again decreases to nough(. Hut only

at the moment (hat (his height is increased to 2l 2 does (he polarly

iiitHiil/cd Cie b©gi'» Iti be cut. So wc find in the (hree cases, where

') For the nokc of clcarneflx (lu* limiling «.'lcm«'nls of the section of tlip cfll r,n

•iliiatcd in the faces of (he HCcliun of Ihe (>nvc'lo|iing box (^ have been brought

to (he fore by indicating the veilices xiluatcd in all the faces of that envelope as

black points, and by shading (ho fucen of the section of the cell Cj^ situated in

vMbU faces of that envelope.
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(lie lieiglil is respectively 2| 2, 3 1 2, 4 1 ^2 and the fractions above

to the left are -,-,-, for llie fractions below to the riglit <K ,
<

,

o o o 4-4

and for the sections of C^^&
"^ an edge, a cube covered at two

opposite faces by square pyramids, a square double-pyramid.

b. Inclined cells. In the five cases corresponding to the fractions

0, —
, , ,

— the section of the circumscribetl C% is a rectan-
8 8 8 8

gular paraUelopipedon, the base of wliich is a square with side two,

1 3
with a height 0, - ^/2, V/2, - P^2, 2 ^/2 successively. The sections

of the inscribed 6^6
'^ represented in the first, the third and the fifth

of tiie five figures are equal to those of the preceding column and

in the second and the fourth intermediate forms between these ; in

general the section can be characterized as a rectangular paraUelo-

pipedon with a square as base and upperplane, covered at these two

faces by square pyramids, the faces of which have a determined

inclination.

Sections normal to OK^.

a. J^rect cells. Here too, a difference presents itself as to the

fractions, according as the diameter normal to the intersecting space

is considered either as an axis OF^^ or as an axis OK^. If the point

of intersection of the intersecting space with the axis OK^ of CV
describes that axis completely, the base of the prismatic section, the

height of which remains four, transforms itself in the same manner

as the section of a cube with edge four by a plane normal to a

diagonal, and now at the moment that this base is increased to a

triangle with side 4y^2 a face of the inscribed Cie ' appears in the

4 5 6
intersecting space. So, to the fractions — , — ,

—- above to the left,

1 2
correspond the tractions 0, —

-, — below to the right; so we find

in the first diagram a triangle in a triangular prism, in the third

a regular hexagonal double-pyramid in a regular hexagonal prism,

in the second a form (12, 24, 14) bounded by two equilateral trian-

gles, six isosceles triangles, six isosceles trapezia in a semiregular

hexagonal prism regular as to the angles.



b. Inclined cells. The seven cases corresponding to the fractions

12 6
0, — , — ..... - are all represented here. In the case corre-

12 12 12
'

spending to noughr the section with C's is ^ lii^^;, here a vertical one,

the section with CH "^ a point, here the upper extremity of that line.

12 3 4
In the eases — , — ,

—
,
— we tind an irreoular octahedron, inscribed

12 12 12 12

in a triangular prism, bounded by two equilateral triangles of diffe-

rent size and two sets of three isosceles triangles of different form ;

the smaller of the two equilateral triangles is always inscribed in

the upperplane of the prism, whilst the larger forms a normal section

3 2 1

of the prism, successively at the height —, — , — , 0. Finally in the

5 6
cases —, — we' find a semiregular hexagonal prism regular as to

1 ^ 1a

the angles and a regular one in which polyhedra (12, 24, 14) are

inscribed, once more bounded by two equilateral triangles, six isosceles

triangles and six isosceles trapezia. But here, in opposition to the form

(12, 24, 14) found above, the two equilateral triangles instead of

being homothetic have an opposite orientation. ')

4. Before we pass to the generation of more or less regular space-

lillings by intersecting the net (C^) we wish to say a single word

about the diagonal planes appearing in the sections of the cell 6\b

represented on plate II. In my communiciition "On groups of poly-

hedra with diagonal planes, derived from poly topes" published in

these Proceedinys of October (p. 277— 2yc») it has been explained

that any space intersecting C',, and not passing through one of the

edges intersects this cell in a polyhedron with the property that

through any edge of it passes one and only one diagonal plane, and

that we only can obtain sections, through one or more edges of which

pass two diagonal planes, if we choose an intersecting space passing

through one or more edges ot 6',,. We have especially to show here

^) In the paper "Hcgelmu.ssigu Sclinillu uiid Prujocliuneii ties Achlzclles u.s.w."

(HeguUtr secUoDs and projectioiih ot llie tii({lilcell, the sixlcencell, elc", Verhundu-

liogen of AniNlerdain, lir^t ^ecliuu, vol. 11, N'. 2, 1894), 1 reslriclud mysulf princi-

pally to central vccliuus; 1 uiily added incidcnlully u remark abuul the sections l>y

•pace* not pa»»iug through the centre. The iigures 11 luid 13 oitliul former paper,

JMiilg not quite correct, nhould be replaced by the second figures of the third and

llAli cokmuii of plate II "i tliiii »iuUy.
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why tliis particularity — as was already stated there — does not

J) resent itself in any of the sections of the four principal groups.

A mere inspection of plate II is sufficient to show, that all the

sections of 6'jg represented there — not only those related to the

axes O^ia, C/v,«, OF^^, OR,, but also those of the last column —
agree with one another in this, that any edge is situated in one and

only one diagonal plane, moving pai-allel to itself if the intei-secting

space displaces itself parallelly. As an example we tix our attention

on the figures of the fourth column, where a hexagon MABSCD
starts on half its journey as a line J/^V to end it as a lozenge

MANC.
Now the reason, ivhy no edge situated in two diagonal planes

occurs here in the cases of sections by spaces containing edges of

Cig, can be derived from plate I. It comes to this, that spaces

through edges of C^, not leaving that cell entirely on one side, do

not present themselves for sections normal to OR^t or Oi^j,, that they

pass through the centre for sections normal to OE,^ or OA',,

and contain a face of C'u for sections under the heading (3,1, \,\)OKf,.

If the intersecting space — see fig. 2 of the communication of

October — contains not only the edge AB but also the centre O
of the cell, the two points of intersection aSj, >S',< coincide in O, and

instead of two diagonal planes ABS^^, ABSt^ we find only one

diagonal plane ABO, containing also the edge A'B' opposite to AB
and therefore intersecting the section in a square; this ha()pens in

the cases of the last figures of the first and the third column of

plate II, for tiie first column with each, for the third column with

only one diagonal plane, represented horizontally. In the case of the

4
last column corresponding to the fractional symbol — the triangle

1 di

OPQ forming the base of the section is a face of 6'i« ; so through

any side of this triangle passes only one diagonal plane.

5. In order to determine the threedimensional space-fillings gene-

rated by intersection of the net (6\j) we can follow diffei-ent ways,

some of which are of a more theoretic, others of a more jiractical

character. Those of the first group correspond in this, that we deduce

from the section of a determined C\, with the intersecting space

how this space must aft'ect the other cells of the net (6'jg). So we
can i)roject the axes of all the cells, normal to the intersecting

space, on the axis taken as axis of projection, and deduce from the

fraction corresponding to the chosen C\^ the fraction corresponding

to any other cell of the net; this method has been applied to the
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net Cg) in the second communication, and it can be of great service

here, as the cells Cq bodilv circumscribed to the inclined cells C^^

form a net {C^). However, it often proves to be more practical to

start from any section presenting itself, to hunt for other sections,

possible in the position of the intersecting space under consideration,

admitting a face agreeing in shape and in size with one of the faces

of the chosen section, and to investigate if it is possible to arrive

in this manner at a space-fdling either by these two polyhedraonly

or by means of still more forms equally possible.

Space-fillings normal to ORf,. Let us imagine in threedimensional

space a net of cubes with edge two, built up by cubes alternately

white and black so as to form a threedimensional chessboard, with

an infinite number of cubes, and let us describe in all white cubes

a righthanded, in all black cubes a lefthanded tetrahedron. Then the

interstitial spaces between these tetrahedra can be filled up by regular

octahedra, forming with the tetrahedra the mixed net of tetrahedra

and octahedra with common length of edge 2l/2. If we describe in

all white cubes the tetrahedra truncated at vertices and edges of the

second, in all black cubes the tetrahedra truncated at vertices and

edges of the fourth of the five figures of the second column of

plate II, the interstitial spaces can be filled up by i-egular octahedra

1 3
of two different sizes, i.e. with edges -}/2 and -|/2. If we describe

a 2

in all cubes the combination of cube and octahedron in equilibrium

represented by the third of the five figures, the remaining interstitial

spaces can be once more filled by regular oclahedra of the same

HJSMJ, tiiis time with the edge \/2. These generally known results

arc obtained immediately by means of the method of juxtaposition,

if we only l)ear in mind that two bodily inscribed sixteencells, the

boxes 6*8^^ of wliich have a limiting cube in common, are cut by

any space normal lo the space of (hat cube in polyhedra being one

anothcrs mirror-image with respect to (he plane of in(ersection as

mirror, from which it ensues immodia(ely that of the five figures

of the second column the first and the fifth correspond to one

another, also the second and the fourth, whilst the third stands for

iUiclf. By the juxtaposition, which comos hero (o the filling up of

the intei-stitiftl spaces, wc then find (hut the two extreme figures of

the second column are to be combined with the two extreme figures

of the tirst column, that the middle figure of (he second column

demaiidH the middle figure of (ho first column, whilst the two
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remaining figures of the second column correspond to two intermediate

1 3
sections with the fractions - and - of the first column, not repre-

8 8

sen ted here.

If the point (fig. 5) is the centre and OR an axis OR^ of one

of. the cells Cg' and we assume on the line which is to be considered

as axis of projection a scale division with as origin and half the

edge of Cg as unit, the vertices of the cells C% — and therefore

also the centres of 6V — project themselves into the points with a

distance from equal to an odd number of integers. Ifnow the pro-

jection P of the intersecting space on to this axis lies between the

origin and the point 1, and if 1

—

2x represents the distance OP,

the section of all the cells Ci corresponds to the fraction .<•, whilst

both the series of Cg , the centres of which project themselves into

the points — 1 and -}" !> correspond to the fractions f/ = — and

.v4-l
?/ == . Now as the fraction x of a positively inscribed 6*,, inverts

its sign and [)asses therefore into 1

—

j', if this C^, is replaced by a

negatively inscribed one, the fractions .c and 1

—

x of the live figures

of the second column belong together and to them correspond the

fractions —iv and — (,i'-}-l) of the first column. This result is in

accordance with the preceding one; moreover it proves that it is

preferable to say that the intermediate sections, not represented in

the first column, corresponding to the second and the fourth figures

1 5
of the second column, bear the fractional svmbols — and —

.

8 8

It goes without saying that l)y the last method is indicate<l at the

same time what the space-filling corresponding to an arbitrarv value

of X looks like; as this is immediately cleiir by itself we do not

enter into details.

Space-fdliwj.s normal to 0J'\. The result found above — that

of the five figures of the second column those at the same distance

from the middle one belong together — holds for this case too.

This is proved easily, in a maimer independent of precedin"-

considerations, as follows. If PA\, PA',, PA',, 7*A', (fig. 6) are the
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(2)
four edges of a Cs meeting in a vertex P, if PQ and PR are the

squares described on X^PX, and A',PA\ and if F, G, are the

centres of these faces and of the eightcell, FPGO is a square and

the net (Cj, to which the cell Cs belongs, projects itself on the

plane of the square PR as a plane-tilling of squares (fig. 7), whilst

the intei-secting space normal to the diagonal PR of the square pro-

jects itself in a normal to that line. We expressed this in the second

communication by saying that the problem of the section of a four-

dimensional polytope by a threedimensional space has lost here two

of its dimensions. If now amongst the lines noi-mal to the diagonal

PR line a passes through R, line b passes through the points S^,

T, on the sides RS, RT for which RS, =- — RS, RT, = ^RT,
4 4

and line c passes through the midpoints ^S,, T, of RS, RT,\\\Qn{\\Q

position a of the intersecting space corresponds to the first and the

fifth figure of the fourth column of plate II, the position b corresponds

to the second and the fourth figure, the position c corresponds to the

third one.

A second remark refers to the position of the sections obtained in

the third and the fourth column. The first and the third figure of

the third column are equal to the first and the fifth figure of the

fourth column ; also the middle figures of the two columns are equal.

But there is a differejice in position. In the figures of the third

column the axis MN of period four is vertical, in the figures of the

fourth column this axis MN^ is horizontal. This is not accidental.

As both columns represent the sections with the polarly circumscribed

Cg and the bodily circumscribed 62 in the same orientation, it

proves that the axes MN of the sections of the erect sixteencells

and those of any of the two groups of the inclined sixteencells are

normal to one another, from which may be derived that the thi'ce

axes MN of the sections of three sixteencells, any two of which

belong to different groups, are normal to one another by twos. We
verify this by |»roving that tlic axes MN of the sections of two

inclined sixtecncellH of jlifferent kinds arc normal to one another.

Therefore wc remark that the liujiting spaces y'(A'iA', AJ and

/'(A'.A.A'J of fig. 6 are parallel to OF — as the line r;/'parullel

In <tF lies in /'(A'jA^) — and ho the intersecting spaces normal to

OF are normal to those limiting spaces of C's . As the sixteencells

iiiHfriUMi in C'i?^ and in an adjacent 6 g are one another's mirror-
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image with respect to the limiting space common to the two eightcells,

the sections of hoth tlie sixteencells witli the intersecting space normal

to that limiling space are one anotiier's n>irroi'-image with respect to

the phme of intersection of intersecting space and limiting s[>ace, i.e.

with respect to one of the vertical faces of the rectangular Sijuare

prism tiiat forms the section of C's • As the axis MX of the ligui-es

of coiiinm four forms an angle of 45° with each of these four faces,

it will be normal to its mirror-image.

In the first of the three cases — that of tlie lirst and the third

tignre of the third column — only one polyhedron appears, the

square double-pyramid, the base of which is a s<piare with side

2 1/2, the height of which also is 2 1^2. In the following way it is

easily proved that this not entirely regular octahedron can form a

space-tilling by itself Let us consider a net of cubes with edge

2 V/2 and divide each of these cubes into six e((ual scpiare pyramids

admitting as base one of the faces of that cube and as common
vertex the centre of the cube; then the re(piired net is obtained

if we join together to a double-pyramid each pair of pyramids

standing on the same base; according to the directions of the

axes with period four of these pyramids this net consists of three

equally strongly tleveloped groups of polyhedra. We remtirk that

the regular octahedron cannot till space, but that we obtain a poly-

hedron that does till space, as has Just been [)rove<l, by com[)ressing

the regular octahedron in such a manner that the distances of the

points of the surface from a plane through four of the six xortices

are diminit-hed to h [2 times the original value.

In the third of the three cases — i.e. in that of the middle tigure

of the five sections of column four — we have again to deiil with

only one polyhedron, viz. a cube with edge \2 bearing on two
opposite faces a square pyramid with height ^1^2. We show easily

that this body has the space-filling property as follows. Let us start

from a net of cubes with edge [2 and suppose the centre of one
of these cubes to be the origin of a rectangular system of coordi-

nates the axes of which are parallel to the edges of the cube. Then
let us divide into six equal square pyramids each cube the centre

of which has for coordinates either oidy even or only odd multiples

of 1^2, and Join each of these pyramids to the adjacent cube; then

the required s[)ace-lilling is obtained. Of these the two figures 8«

and S'' show the sections with planes //=r2/t^^2 and u=[2l.-{-l) y 2

where u stands for any of the three coordinates; here have been
inilicaled the fibres of the combination (10,20,12) running in the

26
Proceedings Royal Acad. Amsterdam. Vol. XI.
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dii-cction of the axis with period foiir, whilst sections normal to tha

axis ai*e characterized by yearrings and medullary rays.

If we wish to ti-eat in an analogous maimer the second case —
i.e. that of the second and the fourth figure of column four — we
can start from a net of cubes with edge 2l^2. If we transform this

•net bv assuming inside these cubes concentric and homothetic cubes
3

with edge - V^2 we find, l\y omitting the boundaries of the original
2

civbes and producijig the boundaries of the new ones, a mixed space-

filling by cubes and rectangular parallelopipeda characterized by the

triplets of edges (1, 1,1), (3,3,3) and (1,1,3), (1,3,3) with -
i 2

as unit. By splitting up each of tiie cubes of the two sizes into six

equal pyramids and joining these pyramids to the adjacent pai'allelo-

pipeda we get the recpiired space-filling. Mere for clearness' sake

the figures 9'' and 9'' show the sections corresponding to those of

8" and 8*.

In general the space-lilling presenting itself here consists of two

ditferent polyhedra occurring in three diflerent orientations; in two

particular cases one finds however only one polyhedron occurring

in three different positions.

Spuce-fU/ini/s nonmil to ()/\\. — Here the problem of the deter-

mination of the section of the net {C\) loses one dimension only ; so

the consideration of the sectioji of a threedimensional net of cubes

by a plane normal to a diagonal shows that three sections always
1

go together whose characteristic fractions differ b\ from oiie

another. Moreover we have still to bear in mind two things. First we have

to observe that the three sections of ^V corresponding to the frac-

1 2
tions n, a -\- , a -\-

. do not always give three sections of a

iKKlily inwribed sixleencell. If we assnmo for simplicitv u to be

1

situated between the limits and ^ we shall find three sections oi

6'u} if a lies belweeii ^ and . i.e. in hull" the iiossibic cases.

In the Hocond place wc have to remember thai each of two (m* throe

flections of »ixteeiieoll8 (K'cui*h in two diffcM-ent oi-icntations, being one

aiiothorV mirror-imago with rcHpecl to the nii(ldl(> plane of th(> prism,

Het'tioii of the iMnlily circuniHcribed ('s '
- If the intcrsectijig sj)ace is

normal lo the lim* comu'cling the centre (f of the chosen eightcell

with the mid|»oinl A*, of its eilge /V^, then we have only to con-
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sider two bodily adjacent eiglitcells of the net, the line joining the

centres of wiiicii is equipollent to PQ, in order to see that these

eiglitcells aie intersected in two congruent prisms with eonimon

base, whilst the sections with the inscribed inclined sixteencells are

symmetric tigures with respect to that Imse If we consider difference

in form only we have to deal therefore with two or three, if we
also lake into account dilference in oiienlaticm we iiave to deal with

four or six polyhedra.

If we deprive the problem of ihe intersection of the system ot

cells Cg partially penetrating one another, polarly circumscribed to

Ihe ei-ect sixteencells, of Ihe one superfluous dimension, we tind a

system of cubes with edge four, the centres of which are the vertices

of a net of cubes with edge two, whilst the edges are parallel to

those of the cubes of ihe net. This system is then to be intersected

by a plane normal to a diagonal. Bv means of a i>imple diagram
1 2

we then lind that to the three sections a,a-\- , d -\- / of the net
o o

(2^ a a 1 a 5
Cs correspond the six sections —

- , ^ -f ^ . • • • » « -f -tt ot* the
2 2 o 2 6

system Cs • '^ut of these six dillerent sections of C's only two give

rise to sections of erect sixteencells, viz. those the fractions of which
2 4 .

,

lie between and . So we get as the two most regular of the

space-fillings |>resenting themselves here the two indicaied by figures

in heavy type in the following sclientc :

(4) 12 3 4 5 4) 1 3 5 5 9 11
In 6g . . . 0, ,

-
, ,

- , In Cg . . . , , ,^
6 6 « 6 6 12 12 1« 1« 12 12

In 6T ... 0, ,
-

,
In Cr

Of these space-fdlings the first consists of regular hexagonal <Iouble-

pyramids (last figure of column five of plate II) and as to shape only

one other form, an irregular octahedron (the octahedron of the sixth

column with OPQ as base), whilst the second one is built up by

three different bodies in that supposition. The diagrams 10 and 11

represent a j)rojeclion of both on the base of the prisms forming

the sections of tie including eiglitcells.

From fig. 12, added partly to fill the page, which shows Ihe

sections of a cute by planes normal to an interior diagonal, can be

deduced finally that tlio segments of lines PQ, RS, 77/ of the three

figures of coluiun five — and of the last three figures of column

six — of i)late 11 have Ihe same length.

26*
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Physics. — "On plaitpomt teinperatures of the sifstew tratm'-pli('noV\

By A. Keksing. (Communieated bv Prof. J. D. van dkr Waals).

According to observations bv TjEhff.ldt, v. d. Lkk, and Schkmink-

MAKEKs file system water-phenol possesses niaxiniuiii pressure at low

temperatures. So theoretically a minimum critical temperature was

to be expected, but as water shows abnormal deviations in other

respects, an elaborate investigation was desirable. In view of the

high critical temperatures of the components (water 8o5°,() according

to Caijxetet and Colardeau, or 364°,3 according to Battelli ; |)henol

419^,2 according to Radice) and the impossibility of using glass test-

tubes (glass dissolves in water at such a high temperature} a con-

clusive investigation had not yet taken j)lace as far as is known.

Experimenting in a way similar to that indicated by Schamharot ^)

I have succeeded in arriving at a preliminary result.

As for the determination of the plaitpoint temperature tiiere was

no need for me to regulate either the pressure or the volume 1 did

not want a Caili.etet tube, but used small closed test-tiU)es of

(/utirtz. This made it possible foi- me to use a vapour-Jacket whose

bottom was also glass, and whicii rested on asbestic iron gauze.

In consequence of this one of tlie two nickelin wires, \ iz. the

one used by Schamhardt to heat his boilijig-lirpiid, could be (Hs-

pensed with, and replaced by a Bunsen burner. The second wire,

which enabled iiim to prevent satisfactorily the radiation at teni-

|)erature8 between 2(M)^ and 3()()', proved insulTlicient for tempe-

ratures between 35(P and 4(K)^. A second layer of asbestos round

the wire gave some imj)rovement, but the radiation appeared to

he completely prevented only when I placed a glass cylindre

8ilvere<l on the inside, in which two slits were left free for reading,

round the vapour-ja<*ket, which had been thus wrapped up. This cylindre

of a diameter 5 centimeters larger than that of the Jacket, was shut

off by means of asbestos wool on the upper and the lower side.

It wiVi not without diflliculty that we found a boiling-liquid, for

in th(! I'hvH, Chom. tables of liAM)OLT-B('>RNsTEiN no boiling-li(|uids

are given al»ove 'M\(P. I used heiizkUne, an inactive substance, which

l>oil.H at J aim, pressure at i 4(K)' with colourless vapour. We
have, however, to beai' in mind :

1. that chonjically pure benzidine be used, because impure ben-

zidine boils irn'tfularly, and covers the vapour-jacket, the (puirtz

tube, and the tlu'rmometer with a lough, tarr\ layer, which prevents

*) H. C ScHAMiiAKUT. iiHilliermfi of mixtures nf hvwv.i'iw mid uctlier. Thesis

for ttiif (luctorate p. 12—10.
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the observation and wiiic-li I could only remove partially by boiling

long with water and benzene,

2. that the substance be boiled under nitrogen, as pure benzidine

is soon contaminated by the oxygen from the air,

3. that superheating, which causes the liquid benzidine at times

to rise I'/j decimeter in the jacket, be preventeii by a good quantity

of glass-wool.

When i>enzidine was used, a cooler was not wanted, the vapour

condensing in the narrowed part of the vapour-jacket.

The benzidine being heated under nitrogen, I required a nitrogen

reservoir. For this purpose a 100 L. tlask was used, which was

filled with nitrogen obtained from a saturate solution <»f eipial units

of weight of potassium nitrite and ammonium chloride. When the

reservoir had once been filled, the nitrogen could be expelled from

the flask by the admission of water, and be conducted through a

drying apparatus to the vapour-jacket. The pressure in tli<> lescrvnir

was measured by a manometer.

The experiments proper began with the filling of the nitrogen

reservoir. The phenol and water were weighed in the recpiired ratio,

and heated with a spirit lanqi. The tenq»eratures at which water

and phenol do Jiot mix appeared then to be exceeded, and a homo-

geneous li(pii<l was formed. A thick-walled quartz tube closed on

one side, and drawn out capillarly on the other side in the voltaic

arc was now heated in the free flame, and the air expelled under

the phenol water solution; the li(piid now rose in the tube which

was filled for more than ^'3, aiuJ then fused together in the voltaic

arc. The quartz appeared then to be a very suitable material. It is

as clear and tiansparcnt as glass, but, when hot, may be cooled in

cold water without bursting; it may be heated in a free flame,

and is proof to high pressures, as the critical pressure of water,

viz. 200 atm. Protective measui-es proved to have been most likely

superfluous.

Thermometer and (piartz tid)e were fastened by means of copper

wires in a hole of the glass tube which pierces the airtight rubber

stopper of the vajwur-jackef. The appaiatus were filled with nitrogen,

the pressure in the boiling vessel was reduced to about 30 cm., the

gas-burner lighted, and every five minutes a lauq) was inserted of the

resistance, by the aid of which the current re<|uired to check radia-

tion was regidated. After an hour the thermometer indicated about

35(r. As soon as this temperature had become constant, which also

appeared from the fact that the boiling phenomena stopped in the



( 396 )

quartz lube, nitrogen was gradually admitted. Tlic meniscus began

then to become gradually fainter. Tlie incandescent lamps placed

behind the slit made the inner wall of the (piarlz tube look like a

sti'eak of light, in which the meniscus made a notch. By moving

the eye to and fro in front of this notch I could ascertain the

presence of the liquid mirror as long as possible. The temperature

at which the meniscus disappeared, was noted down ; also the tem-

perature at which the liquid mirror returned on decrease of pressure

in the vapour-jacket.

First the Tk of the mixture .r = 0,1 was determined; compared

with Oailletkt and Coi.ahdkai's observations this gave a decrease of

8^ in the critical temperature. So there was no doubt but a minimum
of temperature was present in the plaitpoint-line.

To see whether the decrease would continue, ./; == 0,2 was deter-

mined ; we found ±864"; the 7^, though rising, was still below the

value given by Cailt.ktkt and CoT.ARnEAU for .v = 0. In order to

determine the place of the minimum more accurately, the first component

(.r ^ 0) and the mixture ,r = 0,06 were then examined; finally also

x=i),b and ,r= 0,35 with a view to the course of the plaitpoint

line beyond the minimum.

Tiie observations have l)een put together in the subjoined table;

they have been reduced on a thermometer tested at the Reichsanstalt,

which does not show any deviation al 800^, but |)oinls one degree

t(M) low at 4(K)^

The meniscus
disappeared at

The meniscus
returned at

' The meniscus I The meniscus
disappeared for the

I
returned

1
second time at ' again at

IMm.O
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Petrography. — ''The mlnendoyic and chemical composition of some

rocks from Central J3ornco'\ Bv .1. Schmutzkr. (Communicated

by Prof. A. Wichmann). ')

(Communicated in the meeting, of October 31, 1908).

Prof. M. DiTTRicH at Heidelberg analized the following four rocks,

collected by Prof. G. A. F. Molkxgraaff in Central Borneo :

II 710, a glassy amphiboledacite, found as a boulder on a boulder-

bank in the Soengei Sebilit, db 3 KM. above Kobijau. ^).

II 599, the glassy amphiboledacite of which consist the rocks,

1.50 m. high, in the Soengei Embahoe, below Nangah

Pi-niali ; the hand-specimen was struck close to he con-

tact with the adjacent rock (silicifie tuffbreccia). ')

II 749, biotiteamphiboleandesite with old habitus from the right

bank ot the Soengei Tebaoeng over against Nangah Oeroei. ").

I 893, aplitic microgranite from (he waterfall, N.VV. cliff, Boekit

Kelam. *)

I . Hi/alopilitic Amphiboledacite (Amphibolephy rivitroyellowstonose).

The grey-black, glassy rock shows a rough, conchoidal fracture
;

only very indistinctly a few white fcldspar-phenocrysts, whose diameter

does not exceed 1 mm., and very rare, bright glittering, still smaller

green am[)hibole-noedles appear forth from the greasy-shining ground-

ina.ss. Under llio uiiscroscope the phn/ioclase of the first generation

(andcsine-oligoclase) forms shar|) idiouiorphic crystals, lyiug mostly

isolated, but sometimes combining iulo aggregates. Zonal structure

is hn-ally finely developed; amoiig (In; Iwiu-laws Ihe albite-law reigus,

llic (Jarlsbad- and pericline-law occur only subordinately. Here and

(liere the feldspar shows a pronounced inclination to forming skeleton

') Tlic Dutch cninmiinicalion was cnliliod "The; miiieialogic and chemical (rom-

|K>Hili(in of .some rocks from the Miillei-Moimtairis in Cenlial-liorneo'. I avail myself

of \\uH op|)orlimily to repair a lapsus calami, only the three tirst rocks described

origiiiulinK from llie Miillei-Mounlains, Ml. Ki'lam not foiniin^? pail of this range.

"t *'(' M«>LKNouAAKr, (i 'olojjical I'lxploraliDiis in (Icniial Mornco, li<'y(l('ii IU02,

2Mi, where lU'w rock in named pilchstore.

*) The label bears the indiralion "'
> Kui. below Nanj^ah I'linali', whilst ac-

cordin(( to Moi.tiNUitAArr'H deHcriplion, op. cil. '207, and llie nui|> Vlllb, published

by him al the name lime, (IiIk giionld ralbci' be about lOU meters. Titere can be

no doubl, however, about the identity of the ro(;k meant by him in his work I.e.,

with that deNcriberJ Ikm)*, as the rock builds up (he f'it>*t <lykc of andesite iu the

lufTlinrcia below NauKali Pcmali.

) Ml. l*<M?boek conxiKlu of the same rock, ibid. lJi>:< 'iS^n.

^) ibid. IJ7 .Cbapl. V\), 188.
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crystals, partiv in (•(ui.^e(|iieiic(.* of <lill"L'n.'iices in iIr* ncIocIin oi"cr\>lal-

lization in not e(|ui\aleiit direiMions, hv whicli planes (l>v prerercnoe

(010)) hroadeii laincllarly to far bevoiul llie original houiidarv ril)S,

partly by a dense aceuinulation of glass-inclusions with negative

crystal-forms, wliicli at bottom is connected with the same [iheno-

nienon. These glass-iiiclnsions press the feldspar-substance together

into narrow little laths with two main directions and which combine

into a very complicated meandrons pattern, while also the crysial-

circnmference assumes an irregular ijidented shape. The glass, how-

ever, also forms irregular notch-like or claviform inclusions and is

neither in colour, nor in the nature of the microlites to be distin-

guished fiom the glass of the gromidmass.

The anipluhoh occurs in fresh little columns and crystal-fragments
;

the corrosion of the crystals by the magma at the elfusion has not

given rise to the origin of a pro|)er resorption-border, but has con-

fined itself to rounding the crystals and largely accumulating the

magnetite-globulites of the groundmass along their ))eriphery. The
dichroism moves between daikgrey-green / the c-axis and greenish

grey-yellow j)erpendicularly here to; with regard to the axis of elon-

gation an extinction of 15'' was measured. Parallel to (100} and (001)

we sometimes find a narrow twin-lamella linked between. Besides

the good prismatic cleaxage a system of rough cracks shows itself

perpendicularly to the c-axis. (Quartz is wauting.

The (/roimdinnss consists principally of colourless glass in which

excellent idiomorphic lathshaped or tabular feldspars, the former often

with fine skeleton-forms and exhibiting a tluiilal texture, come to

the front. Albitc-lamellae and feeble zonal structure are general, glass-

inclusions much less freipient than in the phenocrysts ; on the other

hand the crystals contain many microlites of magnetite and bronzite.

Those two last minerals take an impoi-tant place among the secreti(ms

of the base. The magnetite, which on the ground of the chemical

analysis seems to contain TiO,, may, according to the size, be brought

to two distinctly separated generations. The intratelbiric miignetite

(average crystaldiametcr 15 ;i) forms excellent octahedrons, which
occur both in the groundmass and in the phenocrysts. In the ground-
mass the magnetite crystals are found partly isolated, partly in aggre-

gates and then often growqi together to dendritic markings. That the

on an average 10 X «miiller magnetite-crystals and globulites, occur-

ring by the side of those mentioned above, did not crystallize until

the effusion-i)eriod, is proved by their accumulation at the circum-
ference of the corroded amphibole-substance. The bronzite forms a
pretty compact tissue of slender needles, which generally show an
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irregular transverse cracking. From the feldspar-microlites they are

distinguislied by the strong refraction, from apatite (occurring as

inclusion in the plagioclase-phenocrysts) by their behaviour when
tested it by means of a ^/^ A mica plate in parallel polarized light,

from tiie very few dichroitic, green, sometimes parallel to a (100)

twinned hornblende-prisms of the second 'generation, mixed up with

them, by the very light colour, the weak double refraction and the

right extinction.

The grounds on which the presence of bronzite, and not of enstatite

or hyperslhene is assumed, will further be explained. We can con-

clude the microscopic description by mentioning the occurrence of

extremely line undetinable microlites with a strong double refraction,

whose length is oidy a few ji/i, the width by estimate no more

than 0.1 fi.

The chemical analysis yielded the following values, from which

is calculated the norm of the rock according to Cross, Iddings,

PiRssoN and Washington ^).

1

II
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secretion shows itself, justifies tlie supposition that the amphibole

must be said to belong to the ferruginous varieties, and from tiiis

may be concluded that the ratio of the oxyde-quania MgO and FeO,

which after the crystallization of the amphibole remained available

for the formation of rhombic pyroxene, could not be altered very

much at the expense of MgO, compared witli tlie ratio whicii liie

norm-calculation yields. These different grounds, therefore, tell against

hypersthene, and for bronzite or ferruginous enstatite. In accordance

with our conclusion, as will appear further on, unnnstakal)le enstatite-

(bronzite-)crystals of greater dimensions ai-e found in the glassy

dacite II 599 of the Soengei End)ahoe, which has a close chemical

and mineralogic similarity with this rock. There, too, the glass-

base possesses the same characteristic rhombic pyroxene microlites,

whose bronzite-nature is made probable by the chemical analysis.

Fe,0, being reduced to FeO, the molecular proportions, calculated

on a sum of 100, yield the following values (TiO, added to SiOJ

:

SiO, AUO, FeO MgO V-aO Na,0 K.,0

75.45 10.27 2.72 1.56 4.22 4.35 J.43

from whirh follows the formula according to Osann :

« A C F a c f n ni k Series

I 75.45 5.78 4.49 4.02 8.09 6.28 5.62 7.53 10.00 1.46 « v

II 75.45 5.78 4.22 4.29 8.09 5.90 6.00 _ — —
HI _ _ _ _ (12.14 9.42 8.43) - — _
IV _ _ — — (12.14 8.85 9.00; _ _ _

Tiiese figures re(|nire some explanation. As appeai-ed already a(

the calculation of the norm, there remained after saturation of the

alkalis iind CaO with AI^O, a not unim|)()rtant \piantily of ses(pii()xydc.

Tiie anah zed material being absolutely fresh and even microscopi-

cally free from every trace of decomposition, there is no possibility

of a relative iiM'retvse of A1,0, by a renioval of alkalis and OaO

:

a couHOipicnt distribution of tlu^ Al,0„-remainder over alkalis and

(!aO ') could not be reasonably defended here. Also the dissolution

by llie andcHilC'inagnia of fragments from an adjacenl rock rich in

aiiiminiiiiii cannot but be highly improbable; both nuu'rosco|)ically

an<l microscopically then; is not the least iudicaiiou for it. Vuv the

r^si ilw Al (>, -remainder eauiuH Ik; found m ampliiboles or p\ roxeiu's-)

'> I.. .MiM.ii, I (.'Imt SpiilliiiiKsvorKiinge in Kratiitisclicti Magiiu!!) iiacli Itcdhncli

tungen ini nraiiit <l«'n HioxeiigflMrgcs, Fe»lh<lirill H. KosKNurscii, I'.XX), li'7.

•) A* OgASiM, VcM'WHth **iner clipmischoii C'.lau.iidcalion dcr Kuiplivgc'slciiw, Miii

Petr. Milt. XXil. VJOU, aU7.
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exceedingly rich in A1,0, , as appears siifTifieiitlv from the micros-

copic exaiiiinalioii ; it has on the contrary to he looked for in the

glass oi' the ground mass.

In the rare cases, in which afier saliiralioji of the alkalis and lime

an Al,0,.remainder shows itself, Osann sul)stitntes MgO in the atom-

group CaAI,(), '), whilst Bkckk -) neglects the AI,(),-rest in the

formula and uientions it separately : it anjounis here in molecular

proportions to 0.27. Acc(M-dingly in I the rock-formula is given

according to Osann, in 11 after liKCKK. In 111 and 1\' these double

values for a, c and f aficr liK( kk have hecu calculated on a sum of

'M) instead of 20 (1 and II).

In the following gra|)liic notation I deiu>les the |»roj(X-tion of the

rock; the filled circle with the values of a, c. f according to Os.vNN

as base, the one not 11 lied with those accunling to Hkckk.

1 1 . Hi/t I lopi/itic A inj)/i Iboledacite (Amph i bolephy ri v i troy el Iowstonose)

.

From the glassy base of this greasy-shining, blackish grey rock,

which shows an inclination to a eonchoidal fracture and in one of

the hand-specimens a distinct and pretty regular separation into thin,

level plates from J— 7 mm. in thickness, already macroscopically

small [lagioclases with lively microtine-habitus and glittering amphi-

l)ole-prisms are comijig forth. The very fresh, also here mostly idio-

1) Mill. Petr. Milt. XX 11, 1903. 837.
2) Ibid. 215.
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raorphic, prismatic and tabular p/ar/iochst'-phenovvysts arc often lying

together in groups an<l possess an excellent zonal structure showing-

itself alreiidy in obliquely Iransuiilted ordinary light by parallel

strongly luminous stripes and in which acid and basic zones frecpiently

interchange. The same twin-laws are found as in the preceding rock;

the albite- lamellae sometimes Ht into each other with irregular inden-

tations, in conseijuence of which through the growing together of several

crystals a confused polarization-image arises. The plagioclase of the

phenocrysts belongs to somewhat more basic mixtures than in the

preceding dacite; the basicity falls to that of basic labradoi-, but on

the other side approaches that of andesine. The crystallization of the

basic j>lagioclase had already ended before that of the am|)hibole-

phenocrysts, but foi- a time coincided with it ; the more acid plagio-

clase on the other hand -often contains auiphil)ole-[)risnis inclosed.

Accoi'ding to the dimensions the plagioclases in this rock may be

divided into three groups: n) crystals with an average diameter of

1.5 mm., generally strongly laden with colourless and brown glass-

inclusions and <jften entirely tilled with these, with the exception of

a jieripheric zone: h) crystals, on an average twice as small and in

which the brown glass-inclusions are very rare, the colourless ones

on the whole being much less numerous; c. still snmller prismatic

crystals, which always show a zonal structure and a twinning after

the. albite- and Carlsbad-law, and which gradually pass into the

youngest and smallest skeleton-shaped, mostly tluidally arranged

feldspars of the glass-base. Whilst /> has still to be reckoned among

the real phenocrysts, r had better be placed in the second generation.

As appears, the boundary -line between the crystals of the l'*^ and
2iicl generation can with the feldspars not bo drawn exactly, though

there m no doubt about the extremes. Higher up we mentioned the

ap|>earancc of two kinds of glass-inclusions, which also here often

a.H8ume the form of negative crystals: 1. of almost colourless ones,

which seem to have a vci-y light |>ink tinge and sometimes c()nlain

ilumerouH microlitc8 and 2. of brownish grey ones, which .-ire

Htroiigly Hphcrolitically devitriiied. The nature of this brown glass,

jiIho (M'curring in patches in the colourless glass-base, is not (piite

obvious, Only it seems to bu certain that the brown glass has no

genetic relation with the ccjlourless. Ibit then those two sorts of

ghuw nniHt have e\iHle<i Hide by Hide as far back as ih(> intratelluric

IKjniMJ, HH they <M*cur by ihr sUU- of (;a«*h other in the plagioclase

and ani|)hibole phenocryHts. Therefore the brown glass probal)ly con-

tninH diHtM)lv(Ml foreign matter, or, what is perhaps more acceptaiile,

it m a prodnct of inlraielluric liipialion.
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The (finp/nfu>/<', wliicli ahuiulanlly occurs, forms blunt needles, not

exceeding a length of J mm. : c ^= green, b =^ grevish green and a =
greyish yellow, in which »: > l> > ^i, Iml : and -^ differ only insignificantly.

Now and then a zonal btrncture conies to the front, which is |»erce|)lil>lc

especially in some sections perpendicular to the axis ofelongation. In this

case there is seen parallel to the crystal-circumference a zone, showing

the colours a =: hlue greyish green or dark greyish green, b = brown

greyish green, c = light greyish green. The idioniorphic crystals ha\e

often been so strongly affecte<l by resorption, that the groundmass

I)enetrates into theni with deep windings. The resorption-border is

formed by an exceedingly dense fell-like tissue of line microliles,

beconiijig larger here and there, in some places even exceeding the

feldspar-laths of the groundmass in size and which caji then with

certainty be recognised as a rhombic pyr(»xene. Mixed with them we

find magnetite and strongly double-refracting grains, which have

probably to be taken for augite. The resorjitioji-border is not everywhere

distinctly developed, in some crystals it seems even to be wanting

partially. An explanation of this might be given by the supitosition

that the rock, eveji after the resor[)tion-[)eriod, has beeji raised with

violence, by which movement the components of the resorption-

border were in some places swept away from the [ihenocryst. This

conception is positively backed by the observation that the border

often passes cloudlike into the groundmass, while the bigger needles

pretty generally b}' transversal cracks <ire broken into pieces, which

have lost their nuitual orientation. Hut besides the components of

the first generation show mechanical deformations, which have come

about before the solidification of the glass-base and in all probability

after the resorption-ijcriod. The feldspar shows irregular fissures and

rents, along which pieces of broken tAvin-lamellae have sometimes

moved with respect to each other and which are filled with glass

of the groundmass as soon as the fragments through a mutual trans-

position are no longer closely united.

By irregular cracks perpendicular to the axis of elongation, the amphi-

bole too is nearly always broken ijito fragments, which are often

tolerably far carried away from each other ; not rarely also opened

wide along the cleavage directions. Also here the gaping rents are

filled with glass and stress is to be laid upoji the fact that this

glass is nearly always ejitirely free from the resorption-products,

which show themselves along the original crystal-boundaries. This

proves that those rents were opened at an epoch when the resorp-

tion-period was all but over, a conclusion which is wholly in accord-

ance with the above fact that the needles themselves, forming the
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resorption-borders, are frequently broken. This makes the existence

of a third phase in the cooling:-process of the rock plausible, which

affords a striking parallelism wiili the existing different feldspar-gene-

rations described.

To the second generation belong strictly idiomorphic crystals of

rhombic pyroxene, somewhat bigger than the described needles out

of the resorption-border, but genetically identical with them. They

are often paralleliy grown together; the planes (100) and fOiO) are

strongly developed and sometimes push away the prismplanes (110)

(110) entirely. To the latter a distinct cleavage runs parallel; in

some places also a pinacoidal splitting shows itself. They have a

light-grey colour and display a slight dichroism. Some excellent

sections ±r yielded in convergent light centrally the locus of an

acute positive bisectrix, so that, added to this the right extinction,

the emttatitic (bronzitic) nature of the mineral is certain.

The (/roundi)tas.s, finally, is formed by a glass-base, in which,

besides the above feldspars, occui-: amphibole-prisms of much smaller

dimensions than the |)ro|ier phenocrysts, which, however, [)ass into

them without a distinct limit of size, and as appears from the dense

peripiieric microlite-border belong to the first generation; magnetite,

just as iji the described dacite II 710, present in two generations,

and numberless bronzite-needles with the characteristic rough cracking

//((X)l). Apatite occurs as inclusion in the amphibole.

The chemical analvsis of the rock yielded:
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IIL Biotiteami)hiboleandedte (Biotiteaniphibolepliyrovitritonalose).

The rock of whicli Boekit Loeboek is composed, and of whicli

the handspecimen II 749, struck over against Nangah Oeroei on the

Soengei Tebaoeng, represents a sample, belongs to the freshest old

andesites of the Western Miiller-mountains. After the macroscopic

habitus it takes a place quite by itself; a darkgreen groundroass,

strongly fading in the more weathered rock, forms the cement

between irregularly scattered plagioclases with microtine-habitus, some-

times densely crowded together and reaching a diameter of 6 mm.,

slender amphibole-cryslals (to 8x2 mm.) and hexagonal little tables

of bronze-coloured biotite (3--4 mm. diani.). The twinned, often very

distinctly zonal phii/ioclase is not really dilFerent from the one described

above. The very lirst beginning of decomposition shows itself in a

slight development of albite, secondary amphibole and troubling

substances along cracks. The plagioclase, for the rest limpid, contains

as inclusions primary amphibole, often twinned parallel to (100),

magnetite, apatite, and occasional sharp prisms of zircone, whilst

peripherically sometimes augite-grains are inclosed, which are charac-

teristic of the rcsorption-borders of the amphibole-phenocrysts, and

from this appears that the crystallization of the plagioclase did not

come to an end until during or after the eruption.

The amphibole forms prismatic individuals, which are strongly

corroded by the niagma and surrounded by a broad, loose border of

chloritizing amphibole-scales, pyroxene-, magnetite- and titanite-grains,

mixed with the usual ground mass-components. Slender prisms are

sometimes, to within a narow, notched lath, entirely changed into

these products. The extinction with respect to the c-axis reaches a

value of 20°
; the pleochroism varies between dead brownish green

and light brownish green; the usual twins parallel to (100) occur.

As for inclusions the amphibole contains basic plagioclase, magnetite

and cloudlike accumulations of extremely fine, parallel microlites,

which probably, quite like a part of the magnetite-globulites, owe
their individualisation to a chemical dissociation of the amphibole
substance. The examination of the biotite yields no particular points

of view, The acid groimc/mass consists of probably primary grains

of quartz with wavy extinction containing colourless limpid glass-

inclusions, sanidine and acid, short prismatic and zonal, but also

slender lath-shaped plagioclase with polysynthetic twinning after the

albite-law
; these minerals are cemented by a small amount of colourless

glass, strongly troubled by globulites. Here and there some grains of
almost colourless augite, sometimes twinned and strongly laden with
glass, are found, which as appears from their occurrence near the

27*



(410)

resorption-zones of the aiuphibole-phenocrysts, even there, where they

assume more considerable dimensions (to 0.1 mm.), must be consi-

dered as resorption-products. The glass of the groundmass contains

magnetite in octrahedrous, grains and prisms of apatite and of zircone,

and is everywhere pushed away by fibres and little scales of a

green chloritic product, strongly accumulating round the amphibole-

phenocrysts and having formed principally at the cost of the secondary

amphibole secreted in the resorption.

The analysis of the freshest material gave the following results:
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of tlje MgO caiid the CaO qiiantily. Tlie mode deviates rather eonsi-

deiably from Ihe norm by the |neseiK*e of hiotite and amphibole,

wliieh minerals iiave to be considered as the bearers of the MgO,

which is put liere under the enstatite-molccule. A portion of the

iMgO, liowever, also occurs in the augite and the amphibole of tiie

resorpt ion-border and in the chlorite.

The molecular proportions calculated on a sum of ItK) — Fe,0,

reduced to FeO — yield

:

SiO, A1,0, FeO MgO CaO Na,0 K,() TiO,

69.34 10.68 3.85 4.18 5.77 4.38 1.26 0.53

Formula according to Osann :

s A C F a (• f n m k Series

69.87 5.64 5.05 8.75 5.8 5.2 9 7.7 9.2 1.33 av

(8.7) (7.8) (13.5j

In the graphic notation it is the basic character which, by the

side of tiie close similarity between the two preceding dacites, is

distinctly expressed. To make a comparison we give here the analyses

of some chemically closely allied rocks:
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I Yentnite, Yentna River, Alaska ; anal. H. N. Stokf>!, cf. J. E.

Spirr, Am. .louni. Sci. X, 310, 1900 (Toiialose; iiichuled

iji the sum: S = 0.02, and traces of CI, SrO, Li^O).

II Biotiteampliiboleandesite, right bank of Tebaoeng-river, opposite N^
Oeroei, Central-Borneo, anal. M. Dittrich. (Tonalose).

III Andesite, Punta della Civitate, Capraja-isl., Italy, anal. A. Rohrig,

cf. H. Emmons, Quart. Journ. Geol. Soe. XLIX. 142,

1893 (CI = 0.07 ; Tonalose).

IV Hypei-steiieaugiteandesite, Palisades, Ci'ater Lake, Oregon, anal.

H. N. Stokes, cf. H. B. Patton, Bull. U. S. Geol. Suiv.

168, 223, 1900 (SrO = 0.07 ; Tonalose).

V Hornblendeporphyrite, Nevada City, Calif., anal. H. N. Stokes, cf.

W. LiNDGREN XVII Ann. Rep. U. S. Geol. Surv. II, 59

;

1896 (SO, = 0.10, Tonalose).

VI Pyroxenemicadiorite, Electric Peak, Yellowstone Nat. Park. ; anal.

W. H. Melville, cf. J. P. Iddings, XII Ann. Rep. U. S.

Geol. Surv. I, 627, 1891 (NiO = 0.09, Tonalose).

IV. Aplitic Mlcrotjranite (normal. Granipliyrilassenose).

The rough, pure white, powdery, very line-grained rock often

contains holes, in which appear mica-rosettes and serpent inous products,

which also in microscopic aggregates lie scattered through the whole

rock and by this betray a certain porosity.

The proper i-ock-componcnts are mostly rather fresh and in keeping

with this the appearance of the secondary products — among which

the muscovite takes a foremost place — seems with great probability

to have lo be attributed to pncumatolytic processes, not to atmospheric

weathering. The slrucluro is holociystalline porphyric, but as such

it is only to be recognized microscopically. The very few plienocrysts

(average <liam. 0.3 mm.) consist of rt/6eV<?; they show a little developed

idiomorpliy, are seldonj twinned after the albite-law, but often occur

irrej^nlarly {;rown together into groups of 2-3 indi\ idmxls. A begin-

ning of decomposition ahows itself in the appearance of opacpic

giobidites, j»rinci|uilly urrango,<l |)arallel lo the cleavage-directions.

(^narl/ and orlhocIaHe-|>henocryHts are entirely wanting. The holo-

cryHiiilliiic ifruwulmfiss consistH of lallishapcd, seldom tabular, strongly

iindniouH, ami always after the albilc-law twinned, irregularly diver-

ging, now and thru paralh^lly arrange<l aci<i /t/a</i(>rlas«'s, cemented

Uy grainn of tfunrU with somelimcH tolerably pronounced idiomorpliy,

then, liowcvcr, always pcripherically cut asunder fringelike by feld-

Miar, moHtly, however, without indication of crystallographic boun-
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daries, and fnrtlior by somewhat oithoclase. The feldspar shows only

a very slight beginning of decomposition ; on tiie other hand, espe-

cially scales of secondary colonrless mica, beside them serpentinons

products and a fe»v irrcgnlar crystals of secondary am pinhole, together

with a here and there condensing globulitic tronblijig, probably caused

by limonite, arc often met with in the groundmass. Primary bisilicates,

therefore, seem to be entirely wanting in the rock ; tiie plagioclastic

character of the feldspar marks the rock as a basic aplitic facies of

microgranite, rich in Na,().

The chemical analysis yielded :
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neetion with the discussed decomposition of the rock. As follows

from the microscopic description, the considerable lemaiiider of A1,0,

after saturation of K,0, Na,0 and CaO in the feldsparmolecules must

at least for the greater part be attributed to the appearance ofmus-

covite. If we take for muscovite the formula KH^Al,(SiOJ, ^), the

A1,0,-remainder disappears with the presence of 5.84"
^ orthoclase

by the side of 9.15"/„ muscovite. This last value, however, is exag-

geratedly high. If however, in accordance with a microscopic estimate,

a quantity of about 3"/„ muscovite is assumed, and the remainder of

the AljOj is equally divided over K,0, Na,0 and CaO, in the sup-

position that these oxydes in the same measure have been removed

by solutions, the following con)position of the rock is obtained :

quartz

orthoclase
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principally confined to the holes, taking as appears from the low

MgO-quantity, no important place in the analyzed rocksample.

The molecular proportions yield, Fe,(), being reduced to FeO and

the whole being calculated on a sum of 100:

SiO, A1,0, FeO MgO CaO Na,0 K,0

79.46 10.66 0.66 0.07 2.90 4.81 i.45

the formula according to Osann :

s A C F a c f n m k series

(OsANN) 79.46 6.26 3.63 — 12.66 7.34 — 7 7 - 1.73 av

(Bkckk) 79.46 6.26 2.90 0.73 12.66 5.86 1.48 (10.0)

Here we have the rare case that

A1,0, > K.,0 + Na,0 + CaO + (Mg, Fe) O.

If, like OsANN, we add MgC) and FeO in the molecule (MgFe) A1,0, to C,

there remains a rest of 0.77 A1,0, ; if however like Bi<;ckk we neglect

the A1,0, remainder above (K, Na), + CuO, equal to 1.50, then

C = 2.90 and F = 0.73. The calculation of a-f c -f f =: 30 yields:

a c f

(OsANN) 18.99 11.01 —
(Becke) 18.99 8.79 2.22

In the graphic notation IV denotes the place of the rock; the

filled circle the values after Osanx, the not-filie<l circle the one

after Becke.

Botany. — *'Some systematic and phytogeographical notes on the

Javanese Casuarinaceae, especially of the State Herbaria at

Leiden and at Utrecht.'' (Contribution to the knowledge of the

Flora of Java. N". III). ') By Dr. S. H. Koorders.

§ 1. Casuarina equisetifolia, Forst.

^ 1 . Geographical d i s t i* i b u t i o n outside Java:
according to Hook, Flora Br. Ind. V. 598: in British India on the

East side of the Gulf of Bengal, South of Chittagong, in the Malay

Archipelago, in Polynesia and in Australia. In the State Herbarium at

Leiden I saw, however, also specimens from Madagascar, Mauritius,

Bourbon and Senegambia, although it did not appear with certainty

from the herbariumlabels, that they referred to uncultivated plants.

In Herb. Leiden the species is also represented by specimens from

1) Continued from Transactions (Verhandelingen) Roy. Acad. Sciences Amsterdam
Second Section Vol. XIV. (1908). N*^^. 4.
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Hawai and from Australia: in llrs caso ono of two speoi mens (from

Sieber) wliicli appear to me to he quite similar, has been iletei'mined

by MiQiKL as C. cqum'tifoUn Forst. and the oilier as (\ /t'^/oc/iuhf

MiQ. In DiKT.s [Die Planzenwelt von West-Ansti-alien sudlieh des

Wendekreises (1906)] the oeenrrenee of some other species of (W.s'?m-

rina is mentioned, bnt not of C. eqiii.^cUfo/ia. Prof. Dr. Ti. Diels

was so kind as to supply me with the following iidbrnialion on

this point: "Casuarina equistifolia kommt in West-Australien sicher

nicht vor. Ob er in Ost-Australien waehst habe ieh pers()nlieh nieht

festgestellt, da ieh mieh dort nur kiirzere Zeit aufhielt. Das von

Ihnen erwahnte Exemplar, leg. Sieber, stammt aus der Gegend von

Sydney, denn dort hat Sieber gesammelt." (Diels msc 2J. I V.J 908).

From the Malay Ai-chipelago outside Java 1 saw (J. ('(/iiisi'li/ol/'a

represented in the Herbai'ia at Leiden and at Lirecht from the

following pla-ces: Sumatra (leg. Korthals; Tkijsmann & dk Vrirsk).

Timor (Forbks n. 3746), Moluccas (Reinw.), the North of Dutch New-

Guinea (Expedition of Wk hmann, determ. Valeton). The examples from

Sumatra, collected by Korthals, generally have 8 teeth, as Miquet,

already noted for these specimens. In N. E. Celebes tlie species is

not found wild t there I only found C. Rumphinna Miq. ').

^§2. Geographical distribution and o e c o I o g i c a 1

conditions in Java: I have never found C eqimetifolia growing

wild except in Western-Java in the S.W. of the residency Banten in

the division Tjaringin near the village of Tjemara, and there only

on a sandy sea-shore, on a small peninsula {=: oedjoeng, malay) at

sea-level, growing socially.

This may serve as a correction of the statement in Koord. and

Valkton "Boomsoorten Java" X (1904) p. 273 (line 12 from toj)):

*'Tjeinara (Banten) nltit. 200 M. supra mare.'"

JuNoiiiJHN says in his Java. I. 2'"' edit. (1853) 272 : "Were we
concerned in dealing with Sumatra, wc should have to mention

among the trees which grow in groups in the shore forests the

Tjemara laoet : (Jasnarina ff/i/ist'ti/o/la Forst {mnricftfo Ivoxb); nowhere,

however, have I found this bcach-Casuarina, although natives have

assured me, that it is foinid in some places on the North coast of

Krawang" (Junohuhn 1, c). It iippcars, however, that probably

JnNonuHN afterwards succeeded in lindin^' this species wild in Java,

namely on th'* 1,'iwmi' mIiIimii"!* I h-tvc noMnvii Mblc lo find Mnylhlng

•) KOORDOUI, a. li., hi;i.-.lf (Jsrizulil (i. Flora iN. U. Celebes (Ih'.lS) (IKl: cf.

KooiiOEfi0 and VALeroN. liyilruge iiooms. Jhvu X. (1004) 172 (MLMlcdeelingcii buiuKs

PUnleni. n^. 19 en 08).
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in aii.v puhlication about ihis n;ooo:ra|»liicallv interesliiig discovery.

Mv surmise is tbiin<led on a specimen labelled l»y .)iN(;nrHN himself

as follows; Omiarin/i equut'UfoUn, I'j monte Lnirn uhi sitouh' vtrscir

.

This specimen must indeed be regarded as C. equisetifolit Forst.

according to an autograph determination-lal)el of Miqukl. I found

this specimen in the Leiden Herbarium, registered as H. L. B. n. 10

(899—173) and can confirm the accuracy of the <leterminaiion of

JuNGHUHN and of MiQiKi,, for I found on the young branches of

Jcnghuhn's specimen, which already bore fruit, that of 14 leafwhorls

whicli 1 examined, 13 had 7 vaginal teeth and 1 only G teeth; the

fruit had 12 longitudinal rows. There can therefore be no dout)t

that this specimen of Jincihimn from the Lawoe mountains is coni-

jtletcly conspecitic with the beach-Casuarina (C. eqiiisetifolia Forst.),

the more so, since also all other charac^teristics, e.g. the deeply grooved

iuternodes, V,

—

^U t'm- long ^"^ \'i '"'"• thick, agree completely

with this species. This is the first observed case, so interesting

phytogeographically, of the beach Casuarina (6'. f7?/il>r///b/iVz) growing

wild in the mountains of Java. The height of this station above

sea level is not indicated by Jinghimn on the label quoted above.

The other Javanese specimens of the State Herb at Leiden and

at Utrecht, found by me, are: "Java, on the beach near Batavia

and Anjol (leg. Jungh.); Java (Korth. ; Reixw. ; Tkusm.). In the

Herbarium at Buitenzorg there are according to Koord. and Valkton

[Bijdr. Booms. Java X (1904) 271] some specimens from the

Rahoen-Idjen mountains in Eastern Java, which mostly have 8 viiginal

teeth. It appears to me, that we are quite as justified in placing

these specimens from the Idjen-plateau under C. et/uL-eti/o/ia, as

MiQUEL (see above) in the case of the genei-ally 8-toothed beach-

Casuarina of the West coast of Sumatra, and Koordkrs and Vat.eton

(1. c. 271) in the case of the beach-Casuarina of S.W. Banten in

Western Java, which generally has 7—8 teeth. W the specific limits

between C. montana and C. eqiiiseti/olia be drawn as indicated, the

distribution of C equhietijoVui in Java is a.s follows : Western Java:
in the S.W. of the residency Banten, at sea-level, on a sandy sea-shore

on a narrow peninsula {= oedjoeng), at the edge of the surf, growing
socially (Herb. Kds in Mns. Hot. Hort. Bogor.). Central Java on
the Lawoe growing wild, together with C. montana (Herb. Junghuhn
in Leiden). Eastern Java: in the Rahoen-Idjen mountains, also

growing wild with C. montana (Herb. Kds in Mus. Hort. Bogor.).

ecological conditions: Limited to soils, which always
have little watei* or which are physiologically dry (containing much
salt). Completely wanting on fertile soils, probably because it is
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crowded out by otiier species. Alllioiigli |tioforal^ly ,i>rowiii,ij; wild on

saiidy sea-shores, and nearly always forming- lioinogenoons woods,

it is always wanting in the Javanese Mangrove forests. Tl»e Iree

i"esists dii-ect sunlight very well, but deep shade very badly. On
calcareous soils and in the Javanese Teak-forests it has not yet

been observed wild'. The species is also completely absent from the

mixed, shady, evergreen forests of Java. Evidently it can only main-

tain itself in the struggle with other species in the above-named

unfavourable localities.

§ 2. Casuarina equisetifolia Forst. var. longiflora, AIiQ.'. Flora Regens-

burg. (1865) [). 17 ; Miq. 1 in DC. I'rodr. XVI. 2(1808) 339;

Bokrlagb! Handleid. Flora N. I. III. 1. (1900) 404; Koohd. and

Valeton Bijdr. Booms. Java X. (1904; 272.

For this variety Miquei< 1. c. gave i. a. the diagnosis : "amentis

niasculis elongatis glabris ; . . . vaginis 7-dentatis" and as locality

"Java" (Hlumk !) without further detail. From the authentic material

found by rae in the State Herbaria at Leiden and at Utrecht, the

following results. The number of vaginal teeth is sometimes 7, as

indicated by Miquel I.e. but is often also (J, and sometimes also 8.

The male catkins are characterized by the complete absence of hairs,

and by their sometimes attaining the exeptionally great length of 40—50

millimetres. On the authentic label the locality is only indicated in

Bume's handwriting as: "in Javae oriental, inontibns".

A specimen found by me without further indications in the Herlui-

riiim at Leiden, which had been sent in 1867 by Teysmann to

Hahskarl, and, according to a note added by Hasskaui,, was derived

from a specimen standing in the Hortus Bogor. [in Herb. TiUgd.

Bat. sub n. 48 (899/173)], dilfers so little from the above mimed
authentic specimen, that I suspect the authentic of C. equlfietlfolld

FoRHT. var. hiujiflora Mit^. to be also derived from a cultivated

H|)e('imen in the Buitcnzorg (iardens. Both s[)eci mens greatly resemble

C fifjuijfeti/o/ut FoHHT., but on account of the com|dctely glabrous

male calkins they are distinctly dillerent from the type. The number

of vaginal teeth in Tkyh.mann'8 spocimen is 7—8, and as in the

authentic H|)ccimcn 6— 8.

I further found that not a .>>tugl(; of the nunu'rons other Jii\<(iieso

»|>ec!tmentf of OtMuarlnti in the herbaria at Leidiui and at I'ircchI,

refer to this variety. 1 have never found the variety wild

ifl Java.
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To sum up, I consider it probable, that in this ease of Castmrina

equisetifolla var. lon(/iffora Miq. an error of Blime's is the cause

of the leputed indigenous occurrence of this plant in Java, an

error similar in kind to that which was formerly demonstrated *)

In the case of another tree cultivated in Hortus of Huitenzoi-g; it

appears, that this variety must be deleted from tlie tlora of Java.

^ 3. Casuarina montana, Junoh.! ex iMiQ. Fl, Ind. Bat. 1. I. (1855)

875 (cum descript.); Jungh. I Java I. ed. 2. (1853) 551—554,631—
B39, 663; C. montana, Leschkn. ex Miq. I in Zoll. Verzeichn. (1854)

86 (nonien tantum); C. montana, Miq. I in A. DC. Prodr. XVI. 2.

(1868) 335; Miq. Illustr. Arch. Ind. (1871) 9. tab. 7. f. 1 et 2; Koohd.

et Val. Bijdr. Booms. Java X. (1904). 273!; C. Jitit<//iuhniana,yU<i\

Plantae Jmighuhnianae I. (1854) 7; Miq.'. F1. ind. Bat. 1 1. (1855)

874; JuNGH.! I.e. (1853) 551.

It is evident from the above bibliography, that according to the

latest rules of nomenclature this species should not be named

C. montana Miq., as in Koord. and Val. I.e., nor 6'. montana

Leschen,, as in ihe Index Kewensis, but C. montana Jingh.

^^1. Geographical distribution outside Java: Bangka

(Teijsmann n. 7650); Timor (Zipp.; Teijsm. ; Forbes n. 3512; ; Molucc.

(Reinw, n. 1504). — On the authentic specimen of Zippel (in H. L. B.)

1 found on young branches of tlowering shoots 10—11 vaginal teeth

and generally 11 teeth; internodes 1—1V» n\m. thick and about

1 cm. long.

Two fruiting specimens from Timor, named by Miquet, himself

as ('. montana have 11—12 leetli, like the var. ra/ldior Miq., but

with thin internodes, corresponding to the var. tenuior Miq. — The

fruiting specimen of Reinwardt from the Moluccas (without further

indication of locality) had ten vaginal teeth throughout and corresponds,

also as regards the diameter of the internodes, to the var. tenuior. —
Tiie fruiting specimen from Bangka bears in Schefeer's handwriting

the manuscript name C. e<fuLseti/olia Forst. var. Oancana ; it has

consistently 9 vaginal teeth, fruit cones with about 18 longitudinal

rows, cylindrical internodes, \'^— 74 i"'"- thick about 1 cm. long,

and not deeply grooved. This specimen from Bangka cannot in my
opinion be separated from some specimens of the Javanese C. //«>«/««'/

1) Compare the distribution of (jnercus Pinanga Bl. in Koobu and Valeto.n.

Bijdr. Booms. Java X (in Medcd. liands t*lant. liXVlll VMM) p 65 and in Koohd.

Gontribuiion No. 1 to the knowledge of ihe Flora of Java in Proc. Hoy. Acad
Sciences. Amsterdam '2S March 1908 p. 772.
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Aar. tenuior Miq. — C. montana var. i\dldloi' Miq. I did not find

represented in the Herbaria at Leiden and at Utrecht from regions

outside Java.

'^^2. Distribution in Java. The var. vaUdlor Miq. I found

represented in the Herb, at Leiden and Utrecht by the following

specimens: 1) collected bv Junghuhn according to his autograph note

on the top of mount Kavvi [the second label "Oengaran" which evi-

dently was attached to the specimen at a later date, independently of

JiNGHLH.N, cannot, in my opinion, refer to this authentic specimen,

for on mount Oengaran not a single Casuarina occurs wild] ; 2)

specimens from Java (without further indications (from Tkysm. & De
Vrfesp: and 3) a fruiting specimen from Java with the remark "Alpes

orientales" (leg. WaitzV In Herb. Kds the var. validlor Miq. is

only represented by specimens from Mt. Wilis at 2000 m. altitude

and from Mt. Ardjoeno at 2100— 2400 metres; only the specimens

from mount Ardjoeno are characteristic, for the determination of

the variety of the specimens from the Wilis is not quite certain.

The authentic specimen of Junghuhn from the top of Mt. Kawi (in

Herb. Leiden) I found to have internodes of about 1 cm. long with a

diameter of 1—1^ mm., and with iO—11 vaginal teeth. The specimen

of Waitz generally had 11 vaginal teeth. The Javanese examples of

\ar. tenuior Miq. are only represented in the Herbaria at Leiden and

Utrecht by a few specimens of Korthals and of Teysm. & De
Vriksk from "Java" (without further indications) and by a fruiting

.specimen (Kds. 37348 (i ('omm. ex musoo bot. Hort. Hogor.),

collected fruiting in October 1899 in Eastern Java on Mt. Tengger

near Ngadisari at 20(M) metres altitude. In the extensive alpine

CaHuarina- forests of Mt. Rahoen-Idjen in Eastern Java I found

only var. Uniulor Miq. whereas v^ar. validinr appeared to be

wholly wanting there. On Mt. Wilis in (Jentral Java I found

in Ihe (laHuarina-forests almost exclusively vai*. fc/mior Miq., l>nl

there ncvcrtlieieKH a small number of individuals belonging to var.

nilidioi' Miq. were also found; Ihe form with iiitornodes l\'.jmm.

thick, which in chariu'tcrislic for ihe toj) of Ml. Kawi, could not

lie found on Mt. Wilis. The youngOHt twigs of var. ralidior Miq.,

rMTiirring on the lalter mountain, where at most I mm- in di.i-

metcr. Ji Ncuirns mentions (Java. I (IH5Ii) p. 551), that (.\ ihoii-

tmiu llrsi CMTurs on the Ljiwoc aixl thence eastwards covers

the tops of all Ihe moiintaiiiH, which rise above 1500 met res,

lull is wholly almenl from WoHlern Javii. ,\n u icsull of my

own obfwrvaiions 1 can confirm this Hlatcmeni. (oiKnning ilic
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vertical distribution of C. nwntarut var. tenuior Miq. in tlie Wilis

inoimtain.s on the Dara\vati summit in the residency Madioen, 1

append here, what I published on this subject in 1894 in a Dutch article

"On the composition of some forests in the residency of Madioen" (in

Tijdschr. v. Nijverh. en Landb. in N. Indie XLVlil (1894) part 4

p. 18—22 namely in the chapter "[To the lop of the Wilis. Ascent

of the Darawati] : "At 7'° = 1670 m. altitude the mixed shady forest of

high trees suddenly ceases, at least on the ridge, for in the valleys

it continues further northwards and we arrive at a small alang-alang

Held with scattered young trees of Alhizzut montniui Bkxth. and

innnediatel}' after tiiis we see the first specimens of C nmntiniti

Jungh".

From this point, at about 17(X)ni. altitude, the ridge, which leads to

the summit of the Darawati, is completely covered with this tree

alone. On the slopes (and even almost right up to the ridge)

other trees grow, up to an altitude of 2()00 meters. Not until this

altitude is reached, do Canuarina's occur in the valleys." [Koord.

1. c. (1894) p. 19—20 of the reprint]. From this it results, that

Casuarina moniana var. tenuior is not found on mount Wilis below

1650 m. altitude, but that it occurs from there upwards to the

highest toj), at 2550 m. altitude. These data, and those about to be

given, should be substituted for the figures of vertical distribution,

published in Koord. and Valet ox Bijdr. Boomsoorten Java X (J 904)

p. 274.

I may further add, that also on journeys undertaken by me after

the above-named year (1894) in the residency of Miidioen, I nowtiere

found C. moniana growing wild below 1650 m. altitude. It is

indeed interesting, that this species at once forms forests, almost

from the spot, where it first appears, and above 2000 m. not only

covers the higher ridges, but also the valleys, almost to the exclusion

of other trees. In the teakforesis of Madioen, as in other parts of

.lava, I have only found C. moiitana and C. i'quuiett'/olia here and
there cultivated (e. g. near pasanggrahans, along road-sides, etc.) but

never growing wild. On the Idjen-plateau in the residency of Besoeki
('. nunUana var. tenuior descends somewhat below the vertical limit

of 1500 m. At this lower limit oi (W^inhnhon C montana \a.v. tenuior

grows only on the dry mountain ridge, whereas it is crowded out

from tiie ravines and moist i)laccs by other trees. On Mt. Tengger
in J 899 I made the following note on the var. tenuior: A large tree

attaining 35 m. with a trunk of 1\, m. in diameter; on steej) rocks

at 2000 m. altitude often only 20 ni. high with a trunk 30 cm.
diani. On Mt. Tengger forming forests, especially between 2200—
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2800 m., but on the ridges of the N.E. side of the range descending

to 1600 na. altitude.

Although adult trees cannot well stand deep shade, this does not

apply to very young individuals. This is evident from the following

note made by me in 1891 ') : Small trees of Alblzzia moluccana

Bknth., which had shot up after a forest fire in August 1891

on mount Wilis (in Java) at an altitude of about 1800 m., had

were I'/j—2 m. high, when I ascended the mountain on October

15''' 1891, and there so crowded together, that these naturally grown

Albizzia-woods resembled nursery beds. Under these, in fairly deep

shade, I found numerous seedlings of Casuarina montana, growing

wild and about 0.2 m. high.

The distribution and the oecological conditions of (/. montana var.

ttmiloi' may be characterized as follows: Extraordinarily great power

of resisting drought, strong winds and the strong direct sunlight of

the alpine region, and, but only in earliest youth [not later) power

of resisting shade. Very common in Central Java at 1650—3000 m.

and in the eastern part of Eastern Java at about 1400—3000 m.

altitude, but wild growing quite unknown west of mount Lawoe,

indigenous not known either from the mount Oengaran [in contra-

diction to the inaccurate statement of Miquel in his Flora Ind. Bat.

I. 1. p. 875].

§ 4. Means of distribution of Casuarina equisetifolia and C. montana.

Both species appear to be well adapted for distribution by wind,

and in spite of the negative results of Guppy's floating experiments,

they seem also adapted for distribution by ocean currents.

In the winged fruit of Javar ese specimens, examined by mc, I

observed the following dimensions. C. equmtifolia Forst. : fruits

17t — 2 mm. long an<l 1 — IVi "nn. broad compressed laterally,

with a very tiiin, obovatc wing, 5 mm. long and 3 mm. broad. In

(\ monlitna var. ti'nuior iMiQ. : fruits 1
'/, — ^'/^ X ^

—

Vj^wnw.,

fttrongly eoniprcHsed laterally, with very thin ovate wing, 2—2*/^ mm.

loiiff And I'/f— I'm '»"•• '»*oad.

In \m well-known ex|)crimcnls, on the floating of fruils and seeds

GiTPV fonn«l, that (he friiil i'oiies of ('asuar/'na tu/tust't/'/ttlid Fokst.

I'cinain floating on a 3'/, percent solution of common salt for J 2

dayH al (lie most. This pcrioii is not, however, siiflicienl lo acconnl

for the known, wide ovcr-KCja <liHtribiifion of this species. On I'cpealing

the ex{M;riMi('iit of (ii imm, I coidd onlv ((iiilinn the sjiorliiess ol' ilie

I) Compare Kooro. and Valetum bijdr. Uoottib. Java II. (Ib05) 'Jd4.
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floating period for separate fruit cones. 1 found, however, that the

floating period on a similar salt solution is so much greater for

fruitlets, which have been liberated from the cone (e. g. by dessication),

that the wide distribution now becomes quite intelligible, if one but

supposes, that the germinative power is not damaged by a sojourn

of one month in sea-water. On this point, however, no experiments

have as yet, to my knowledge been made. Meanwhile 1 feel justified

in deducing from the anatomical structure of the fruitlets, that

the embryo is most probably sufficiently protected against the entry

of sea-water. In some flotation experiments I found that after one

month 1007„ of the fruitlets of C eijuisetifoUa Fokst., and upwards

of 75V„ of those of C. montana Jungh. var. tenuior Miq. remained

floating.

Besides by anemophilous and hydrophilous distribution, C. equise-

tifoJia and C. montana can spread by rootsuckers. The latter are

however rarely found in these species further than 10 m. from the

main trunk. Should the main trunk die off (for instance in conse-

quence of a tire) one can often observe, e. g. with C. montaiia, that

a young coi)se round the dead trunk has grown up from these root-

suckers. The distribution over very large intervals of sea, however,

no doubt takes place in Casuarina montana and C. equisetifolia by

means of the winged fruits, first through wind transport and then

through ocean currents.

§ 5. On a monstrosity of Casuarina.

In the Herbarium at Leiden I found a specimen, which had been

labelled by Boerlage as a monstrosity, collected by Jlnghuhn in Java

[hi H. L. B. sub. n. 50 (899— 173)J. This malformation proved to

be a fruiting branch, resembling a witches' broom (in German
"HexenbCvSen") and belonging to Casuarina montana var. tenuior

Miq. Besides the above mentioned aberrant mode of branching, this

specimen shows the peculiarity, that the axis of all its fruit cones

has continued to grow. The axis, thus continued, gives the charac-

teristic appearance to the shoots ; are these branched like a witches'

broom, have abnormally thickened internodes and bear abnormally

developed leafsheaths. The shoots in question also bore a small

number of normally formed young twigs and thus the determination

was possible to me. These normal branches, have regular cylindrical

internodes, about 1 cm. long and 74—1 mm. thick, generally with

11 vaginal teeth, as is often the case in the above variety. I was
unable to find a fungus or other cause for the formation of these

witches'brooms in the herbarium-specimen referred to.

28
Proceedings Royal Acad. Amsterdam. Vol. XI.
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§ 6. Phyllogenetic note on Casuarina montaoa Jungh. and on

C. equisetifolia Forst.

In the Herbaria at Leiden and at Utrecht I found herbarimn-

speciniens of young seedlings and of very young shoots, developed

from adventitious buds.

Accompanying one of tlie former specimens I found a manuscript

note by Miquel, to the effect that these young seedlings had been

raised from seed of Casuarina ntontana, imported in 1846 from

Java to the Hortus at Rotterdam. These seedlings have on their

youngest twigs internodes of about 2 mm. length and \', mm.
diameter, with 4—5 deep grooves; in the 24 leaf sheaths examined

by me, the number of vaginal teeth was as often 4 as 5, but never

more and never less. The accompanying note of Miquel, indicates,

iiowever, that although 4— 5 vaginal teeth were most common,

he had also observed 6 teeth. The teeth are narrowly lanceolate and

finely acuminate. The stems of these seedlings are only 278—^ mm.
in diameter. Miquel has added in autograph : "Casuarina montana

{jion alior)" and below also C. Brunoniana. The species C. Brunoniana,

which Miquel had described from young hot-house plants from

the Rotterdam and Berlin Gardens, afterwards proved to be nothing

but the "Jugendform" of Casuarina er/uisetifolia and C. montana.

From two aulhentics of this species in the Herbarium at Utrecht, I

could see that Miqukl himself has withdrawn his C Brunoniana,

and regarded it partly as C. equisetifolia and partly as C. montana.

It appears to me possible, however, that all the specimens named by

Miqukl C Brunoniana belong to C montana Jungh. only. For the

young specimens, named by Miquel as C. e(juiseti/olia agree well

with this. Of young seedlings, which are derived with certainty

from C. equi.ietifolia, I have here no material at my disposal for

investigation. In Java I have only observed the constant unusually

small number of vagiiuil teeth in young seedlings of C. montana,

of the var. tenuior. In I he very young seedlings I examined, ihc

number was never more than 4— as in the seedlings of C. Bru-

noniana of the lUrecht Herbarium.

Concerning a herbarium s|>ecimen (Kds 37348 ii \\\ Herb.

Luj^d, Hat.) of ('aswirina montana var. tenuior Miq., coileclcd in

Oct. 1899 at 2(M)<) m. altitude near Nga<liHari on Mt. Tenggor in

Kawlern Java, I observed the following: The specimen consists of

onlinary fertile old branches, and of scune young sloriic shools, which

hail evidently dcvch)ped from advonlilious hiids, after an ohicr

thicker trunk ha<l ()oen cut down near the ground. These young
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shoots were characterized by internodes of \\ nini. diameter with

6—6 deep iong^itudinal grooves and only 5—6 vaginal teeth. On

the other hand the youngest twigs, which had been formed on the

ordinary ascending older branches of the same individual, had

cylindrical internodes, not deeply-grooved, V*— ^ '"'"• diameter, with

9—10 vaginal teeth. For the sake of completeness the morphologically

unimportant, but physiognomicaliy striking circumstance should be

mentioned, that a great number of the youngest twigs of these young

root-suckers were malformed at their tops to ovate or irregularly

formed galls, about 3—5 mm. long and 2'/,—3 mm. thick. In these

galls I could generally still detect the insect which had produced

these malformations. It need scarcely be mentioned, that the above

description of the morphologically aberrant structure of the twigs,

refers only to normally cojistituted ones, and not to the pathological

malformations on the rootsuckers, formed from adventitious buds. I may
further allude to a specimen collected by Teysmann and De Vriksk

in 1859— J 860 in Java? (without further indications as to locality)

and labelled by Miquel ^'Casuarlna equisetifoUa For^t., monstrosa?"

This specimen, found by me in the Herbarium at Leiden, appears

to me to be quite similar to the one, described above, of the ordinary

Camarina montana var. tenuior MiQ., with young root-suckers, partly

deformed by galls at the shoot-tops, the number of vaginal teeth in

this specimen, examine 1 by Miquw, is (also in the youngest twigs

not attacked by galls) invariably only 6— 7, never more.

Summing up (and wholly leaving out of account the above-
described malformations due to galls) we tind brietly the following:

1. In these very young seedlings of Casuarina montana var.

tenuior Miq., some internodes are provided with 4, others with
5—6 deep longitudinal grooves, while the number of vaginal teeth

is 4—6, (never more) and in the youngest stages only 4.

2. Very young shoots formed in Casuarina nwntana var. ienuioi'

from adventitious buds in the base of the trunk, had similar deeper
grooved internodes with 5—6 (never with more) vaginal teeth, like
the young seedling mentioned sub 1.

3. It appears that in the species here in question (C. montana)
the youngest developmental stages of the seedlings show phylogene-
tically older phases of development than the young shoots from
adventitious buds of the trunk exammed above.

4. The structure of the seedlings referred to sub 1 seems to point
to both Casuarina equisetifolia Forst. and C. montana Jungh. being
mutants of parent forms with quadrangular internodes and 4 deep
longitudinal grooves, with 4 vaginal teeth. Such forms, which in my

28*
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opinion are older (e. g. C. nodiflora Forst. and C. sumatrana Jungh.)

still survive for instance, in Australia, in Sumatra, Borneo, Celebes,

and in the Moluccas, but recent forms are now wanting in Java,

and fossil ones have not vet been found in Java.

5. Of the two Javanese indigenous species of Casuarina, C. montana

Jungh. appear to be phylogenitically younger than C. equm'tlfoUa

Forst. ; the former species is probably a mutant, which has only

maintained itself within the region of tiie Malay Archipelago, and

which has arisen from the latter species.

6. Probably C montana var. vaUdiov Miq. is a mutant, which has

maintained itself in Java only and which has arisen from C. montana

var. tenuior Miq.

Physics. — '^Contribution to the theory of binary mixtures," XI.

(Continued). By Prof. J. D. van der Wam.s.

Now we shall proceed to the investigation of some properties of

the loci of the points of ijitersection of — =:Oand—= 0, in the

first place when this locus is a closed figure, lying wholly at volumes

larger than b. Let us write.

(^ __ hy -I X (1 - X) (

-J
= .; (1 - X) - t,'

in the form

:

1-A-(1 -.f)~j -2^6 + j;>,' + .r(V-^«)j =0. . {if)

The form of the third term in this equation appears only to depend

fdbY
on the fli*st |)Ower of ./•, because h^-\-x{\—:r)[

J
may he written

dh rdh\ fdb\
h*-^2xh,— \ *M^) a»<l to t'»i« a<l<led x{\-x)(~] . The

dx

dh/ dh\ dh
third term then becomes A,' -f- r\ 2^i + r •''. i" which — = b.— b..

dx\ dxj dx

e

If we put ar(l— ;r) — = i4, (lie equation (y) becomes
a

t,«(l _ ^)_2»/> 4- 6,« -f^ (/>,'-/;,•) = . . . (r//)

T^t IIS scok the pointH of this lino in which (ho tangent is parallel

dv
to ilii- iii<l u III \vlii<*h - = ; tlirn we liiid another o(juuti()U

dx
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by differentiating y' with respect to ^, and by keeping v constant, viz.

:

ax

By eliminating v from {<f') and (y"), we obtain an equation in j"

only — and for the values of a? which satisfy this resulting equation,

dv— will be = 0. We shall, however, seek a resulting equation in .r

ax

in a somewhat different way.

If we subtract x {<p") from (y'), we get

:

v^ \\ — A-\- X— — 2vh^ -f 6,' = 0,

(
dj"

\

and adding this last equation to {<f"), we get

:

Hence

:

and

dA\
^ _ (1 _ ^) _ 2»6, + 6 ' = 0.

dx \

6. , I dA

V i dx

v=-'^K<-'^)^t
6,

Now — is certamly smaller than 1, hence in the expression for

— only the sign — can be retamed before the i-adical sign. And

leaving undecided for the present whether v > b, or v < 6„ we find

when we divide — by —

:

V V

dA,
1 ± y \a + ii-x)~\

f
da

)

V \A-x~
dx

or

dA\dAi i dA\
n — 1 — n {/ \A —

Now

dx a [ a dx\

and
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dA c 1

—

.c da
A — X— nn .f" — 1 H

d.T a a d.v

The first member of equation {<f"') becomes for x =

or

n— 1
n — 1 ::p

and so, whether the sign — or the sign -j- is chosen, always posi-

tive, if as in the case considered, tlie quantity e^ is positive. For

a?= l the first member of {(p"') becomes equal to:

(« - 1, - „ 1^-1
or

n— 1
n- 1 —

1/(1+^)

This value would be negative when, as will be supposed in a

following case, f, is negative — but it is also positive, if as is now

the case, a, is positive. If the sign of the value of the first member

of {(f'") is different for x = and x = 1, then there will be a

value of X between and 1 satisfying {(p'"). But in our case the

first member of {<f"') has the same sign for .f ^ and.i!=:l. From

tliis it does not follow, of course, that there exists no root for {(p'"),

bul only that this equation either has no roots or an even number.

This equation has no roots when the locus is imaginary — but if

the latter exists, as is the case when 1 > —^ ^, and when the
n—

1

locus is a closed figure, then there must be two. If the value of

the first member of (y>"') is graphically represented between .t* = 0.

and .i'=l, the curve representing this value, begins and ends positive.

If this value j)a8ses to negative values, it nuisl have an ordinate

ctpial (o at least twice, and so also assume a minimum value.

Hence if there arc two values of .v satisfying (^"'), the equation

obtained by difrerontiating {ip") with respect to ,v, must have a root.

dltp'")

Now is e(\ua\ to:
da

n

d*A , d*A
a - - il'—ai)

2 . i / di4l
"*

2 ,i , . ,,
dA\

da \
'

\ da
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So for the ininimuni value of {ip"') this equation must be equal to 0.

This expression is equal to 0, it —— = 0, or if:

nx 1

—

X— =b

{ dA\ i
,

dA

The latter can only be the case, if in the second member the

sign 4" is retained, and — is rejected. This means that in the

expression

:

i
dA

dx

(
dx

only the sign -f "lust hold in the numerator of the second member,

or that -^1. So if the closed curve is restricted to volumes smaller
V

than 6 J.

If we seek the value of x which satisfies

:

n* X* {\~x)

dA dA
A~x j^ A-\-{\-x)--

ax dx

then when this value of x is substituted, (y'") must be negative,

because (^^"') has proved to be positive for *• = and x:=\.
For it is not suflficient for the existence of 2 roots of the equation

^"' = 1 that r/)'" has a minimum value, but it is also required that

this minimum value is negative.

If we substitute in

:

A dA I dA\
n -I -n[/ \A-x— _^/U + (l-^)---

I
dx)

(
dx

)

the value of:

. i ,
dA nx i dA

(
dx ' 1

—

X { dx
then

:

n'x^{[—x) i dA
1

—

X
{ dx

must be negative.

Now we find from the condition on which y.'" has a minimum
value

:

dA
__ (l—xy — n'x*

dx X {l—x){l—x-]-n*x\
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da (1

—

,v-\-n^x)tV{l— tv) a 1

—

,v-\-n"a:

Hence

must be negative.

Now if we write a = a^ (1 — ,i') -|- •'^•'' — ^'i' (1 —•'") ^"d ~ =
c

a. l+*s ,

and —= n'; -— , then
c (n— 1)-

(n_l) _ (n— 1) 1/

(n-1)'

1 — .r + ^'^

(1— a?)(l-f6i) + .rw»(l + 8j-(w-l)'.r(l-.r)

must be negative. This will be the case if under tlie radical sign

the numerator is larger than the denominator, or if:

(1 -x) (1 4 €,) 4- n-x (1 +fj — {n-\y .c (1 -.f) < 1 -X -\- n\v

or

or

(1—^) e, -f n'^xB, — {n--\y x (1 -x) <

The extreme values of x of (he closed curve are given by tlic

equation

:

(n-l)'
I
^ (n-ir \

^

If the first member of this equation is negative, tiie values of ./•

salisfving the same value, are nearer together, as was to be expected.

We have reduced the condition thai f/"' be negative in ils inininuiin

value to:

if A 18 a positive quantity. If this is to be the case for real values of

J-, then (f, and f, positive),

^>+^;Jh-=---

inuHt t>e, or

I
^ (n-l)' -^(n-l)'

i . 'J^ '^ ''>0.
// 1

TliiH condition is fidflllcd when the points of whicli ^| and >.^ !ir()
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the coordinates, lie in the region for wiiieh the loeus considered is

a closed curve.

So we may sum iq) what lias been demonstrated as follows. We

have derived '^-^ = from (^"') = 0, and stated the condition on
dx

which f/'" becomes negative by the substitution of -— = 0. Strictly

dt,r

speaking we should still have to show that —- = has real roots

— and moreover that the value of these roots is in accordance

with the result obtained. Let us, for this purpose, examine what

follows concerning the value of x which satisfies the equation obtained

before, which we derived from —— = U, viz.

:

dx

dA {l-xy-n\v'
=. A

dx a(1—x)\\— .T-f-n'a;]

dA c\aA\-xy— a.x^]
, ,

cx{\—x)
Now =: -^^-^^^ '

—

- and A =— and after reduction
dx

we find

or

-—— = (1

—

xy— 11*X

-— :=. (1—xy—n X'

For X between and 1 the second member of this equation has

a value of n which descends continually and lies between and

— 7i\ So there will be a root if <" 1 and > — /<-. Or if

and

If we trace two lines at an angle of 45° with the axes through

(/t 1)«

the points P and (}, then fj <^ f, -f (w— 1)'- and f i ^ f, ;

—

x^

dA
,

implies that — has one real root between a; = and x = 1 for all
dx

points between these two lines. If we confine ourselves to positive

values of fj and €j , this space comprises a very large part of the

first parabola, and moreover the space which I shall indicate by OPQ
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between tlie naraboUi and the axes. If we put (1— xY =
' ^ ^ ^ {n-iy

and w'.i' =—^
, these two equations, when k has been properly

(n— 1)-

determined, will hold for the value of .i* of the root. Bv application

of (1

—

x) -\- a; = l, we bring the condition for the determination of /(;

in the following form

:

i/(-.+i) 1/-.+^
n — I n— 1

If for the binary mixture 8^ and 8^ were such that:

n— I n— 1

the point (f , , 6,) lies on the parabola, and the whole locus reduces

d{<p"'

)

to a point. But then it appears that for the root of = the

quantity I' must be = 0, and that the value of x for this root

coincides with the point in which the locus has contracted. Iff, and

8, have such a value that -j <^ 1, the point e^ , 8, lies in
71— 1 n— 1

the space OPQ, and there is a locus between two values .vJi and .r,.

k k
If we add — both to fj and to e, , then - nuxy be chosen in such

d{ff'"

)

a way tiiat the condition = is satisfied, and so also:
dx

"l/^+„4 i/^+„-.
1

+——i— =^
n — 1 71 — 1

The addition of an equal amount to 6, and to f, involves, of

coMi'Wi, a hhifiing of the point (f, , f,) in a direction wiiich makes

an angle of 45' with the a.xes, an<l that in such a way that the

projection of the shifting ou '"arh of the axes is (Mjnal to . We

Hnp|>OftC /; !o ho poHitivo. So we liiid the yaliic of / l)y tal<inj; n'*

linicx the amount which is to be added to the projections o( tlu^

Maid |)oiiii to reach the parabola. If the point (f, ,8,) lies In OIH^.k

is |MiMi(ivc. But for poinlH within the parabola, k is negative. But

ai* for llio cane that the closed locus exists, the point (f, , f,) must

lie iiiHJdi' f>/'ff, we have only to deal with positive values of k.
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l/f, n[/8.
_, ,

So we have .f > and 1 — .^'>— ,, luid the equation:
n—

1

n—

1

A* 1 iP

holding for the values of ./-• of the points of the locus, we find, after

substitution oi'x'^ and 1 — ^' ]> :

n—

1

w—

1

n — 1 n— 1

a relation which exists indeed for points of the space OPQ below

the parabola.

But now we have to make the following remark about theequa-

dv
tion which indicates the value of x for the points where ~j- = ^

for the closed curve. For this equation {<f"') we found the following

form :
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dv
greatest value of a; at which — == can still occur =r ,r,^ , llien

d.v

1 -\- 8^= .V(j^ {n — 1)' 8^ = d'g'' [n — 1)^ — 1 , which value must be

positive for e,

.

Now we mav proceed to demonstrate that the minimum of (^"')

d{if'") ,
dM

cannot be given b}^ the second factor of = 0, viz. by = 0;
dx dx

dv
and at the same lime furnish a proof for the theorem that — =

dx

can only occur for volumes smaller than b^ . The quantity

A = begins with a value = at ,x' = 0, and ends also with
a

at .r= l. So there is a maximum value and we find it from

dA c [a, (1

—

xV — a,A'*l x
i /«! ^^

at = / ~ . For this maximum
dx a^ 1

—

X y a,

d^A
value of A <[ 0, and we should be apt to suppose that this

dx'^

will be the case throughout the course from x=z^ to xz=i\. This,

however, is not always the case. In some cases a point of inflection

appears in the line representing A at certain value of x, and then

<iM ,
d'^A

is positive for greater value of x. If we calculate , we may
ctfc' dx^

reduce it to the following form :

d"A 2c I
, ,

^^- = — ---

Yx<^^
— c L^'i (1 — •^•)" + a,^ ]

And now it is the (piestion whetlier a^a^ — \a^ (1

—

xf -f- a^ic^\

can be equal to 0. For ./,' = this (juanlity is rii [a, — c], and as

~ = ~
, the value of («, — c will certainly be positive for

c (n— !)•

d'A
positive f,. Hence — is negative for .t' = 0. For .6" = 1 this ([uan-

dx''

tity 18 aAa^—c) and as - = -— - and —^ — z z-\~ ^' ^^®

call get a negative value for ii if liic value of f, is small and thai

ol // large. This case occurs when t, <^ n' — 2//. Then there is a

. . .
*^'^1

. .
......

value of X lor which ~— ciiunges the negative sign into the positive

on«. Now we saw, however, above, iIkiI if », <[n* — 2w, the value

m! /") = is not real over the full extent from .« = to a?= l.

And now tho question riso« wjiicji value oi x is greater: the value
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al wliicli <r'" becomos iinafriiiarv or tlie value of ./' at which —

—

becomes = 0. We can decide this at once by substituting .f^ = \X ~ ,

dK\
the limiting value for {<p"') real, in ., . We lind then:

d}A

d,v^ a* I c c

* ..«

c c

= — 2 - .r/ ' - .«•/ (\—.r.V — x.
«i|

or

M 2c* U,cPA

dx

d^A
As >1, and a fortiori >(!

—

x,j), we lind —- still negative.
(• dx

Finally by availing ourselves of the values obtained we shall be

able to verify that even if the function (ff") is not real over the

full extent from ,i;:=0 to x=z"[, and so if our conclusion that this

function must possess a minimum value which is negative, can no

longer be considered as jn-oved, there is even in this case also a

dUp' ')

root for =0 at a value of x which is smaller than x^, and
dx

which has therefore the former meaning for (y'").

d{ip'")

For the root of = holds the equation

:

dx

a.

—

n a
- = (!—.<;)'— «»^» (see page 431)

c

c

and so if — =: x,,'* is put, the following equation holds

:

c

^ - {\-x,,y = {i-xY - {[-x,y + n« (v-.^-')

or

-^ - (1-..,)' = {x,~x) |2 + K-1) ix,j + x)\

and as (1—.i'^)' is positive, {x,j
—x) must also be positive, or the

c

d{<p")
root of = lies at smaller value ot x than that ot the linal

dx
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point of {<p"'). At tlie final point (<//") = 0. At w =z 0, {<p") is positive.

So for the intermediate minimum value {(p'") is negative.

The function (p'" = 0, the relation through which we may know
dv

the value of x for the points in which — = for the closed curve,
d.v

must also be satisfied t)}' the value of .v of the point in which the

closed curve has contracted to a single point. To show this we have

to substitute the values ^^* = and (1

—

.c) = in :

n—

1

n— 1

(;,_1) _ n^ --(! -..)!/ —-^ - 1 - (1-.;)- IX -^-1=0
a V Lc(l — xy J a V e.v^

where it appears that this equation is satisfied. That we only retain

the sign — for the third term is in accordance with our conclusion

(fv

that r<^A, for the whole curve. And (hat := must also be satis-
(Lv

fied in the isolated point, — the point to which the whole curve

has contracted, — follows from the circumstance that for such a |)oint

dv a 1— lias an arbitrarv value. The quantity —— =_:— is equal to:
dx

*

ca{l—.v) A

a,(l-2(-t-a,;g— c.r.l-2)_at a, ^_ l-fg^ ^(l ^g,) ^
cj;{l— a)

~
cv c{l—.v) "~(n— l)|/e^ {n-l)\/e^

or

— + --
a t/ft y/g,

cx{l — w) n—

1

Substituting liiese values we find

:

(«-i) r n . 1 "]

Let 118 write the eqiuilion of the closed curve in llic following

form

:

(^^-J(i-yi)-2^ -f (i + yi) = o,

ropr«»e..t,n. bv /i ^
^^^^^———-——.

,
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Let us seek tiie points of this curve for wliicli =0. Such a

point lies for the brancli of the small v<>1iiiik'> oh ihc right of the

dv
point for which =rr 0, and on Ihe left for the branch of t lie larger

dx

volumes. By ditferentiating the equation of the curve in the last

V
mentioned form with respect to .f, and keeping - constant, we find

b

as a condition

:

or

'dB

V

-f -
b , ydA'

/vVdA dB _
\b J dx d.v

y dx

V dit

dA dB
from which it appears that — and — must have the same sitrn for

dx d.c

dA c\a,{l-xy ~a,x^\
,

dB
such points. Now ~ = and tor wc lind the

dx a' d.c

value — ;

—
. bi \: / " «»i"st ^'O together

,
l-.?<^ 1 X ^ \ X ^ 1 I /l-\-f.

with o^; or >- and ,
—- -!: — lx --r-,

— must hold
X ^ n 1

—

x^ n i—xP^nV 1+fj

dB dA
at tiie same time. What it depends on whether —and — is positive

dx dx

V
or negative, is seen when the value obtained for — is substituted in

b

the equation of the curve. If we write this as follows

:

we tnid

dB dB
A~ B

{{/%-¥-{/- d.,v

dA

dx dx

or
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dB (B

Ky dA J V dA dx

dx dx

And as — — and "==:27p^,, it appears that — and so
A c />* b^ dx

dB dpi,. ^ "s ^ ^1 >^ ^^^

also — have the same sign as ^=-. So if 7-1^7-: or fg^fi, then —-
dx dx 0, Oi dx

and — is positive, and vice versa. Tiie line wliich divides the angle
dx

between the axes into two equal parts in fig. 36 or joins point 0'

with point in fig. 37, gives the division between s^-^s^. For

d/pjcr ^s '^i

-^— ]>0, />j[rj>/>/.r, or -^>— and fs^fj. This is the case for all

ilx O^' '>j*

points lying right of this line — and the other way about. For the

points of this line themselves e, == g or ::=0. \^\\\ then also ~
dx dx

dB .r 1

and — = and so = , or what is the same thing
dx 1 — X n

Hut, as we already observed above, this requires that the value /*

1 4- n'
"I

1)6 greater than 1 in the formula /' w- (1 -f g,)" --z n -\ — e^

1 4- n'
or ln(\ -|-e,) — n —-— e,. Then we have:

, ,
1 + «•

(»r

2n(l-|-c,) »•

Now for th<- ill "a nl*(i^ under the parabola we luive

(1 -}- «)l/*, ^n- 1

and 80 #, can bccomo equal to I - ) as highest value, and hence
\n 4- 1/

^fi \y
(/ !)«,„,=:—---;— . For not very high value of //, /- I is only

4n(«" -|- 1)
* ^
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1
2

small. So /—I is equal to — e.g. for7< = 2. Forn= 3, /—1=—

But this is no longer the ease tor high value of //. We need

not tear iu auv case, however, that / will become so great that

„^_^,,.^^-2./,/woul(l become < 0. That r be > 0, the foUowing

O(|ualioii must hold :

2 «!,<«! +«.
or

or

or

"< I/:: * I/;;;

-<:i/;:-:;+-i/:t;v
or in our case

or

1

n

Now

^(n-l)«

nu — ^^^—' L_
^ ^ 2n 1+6^

Hence (/—1),„«x remains also below the value, which would make

(tj 4" «, — 2aj, e(|ual to 0.

But now before proceeding to the comparison of the results

obtained here with those of the exj)erimeut, I shall tirst have to

discuss the ipiestion whether the disa|)[)earance of the intersection of

<Pip (/-if?

==: and , =^) reallv involves the disappearance of the c(jiu-
d.v^ dv'-

plication in the spinodal line, — and so whether the temperature

at which the two curves mentioned touch, is at the same lime the tem-

perature at which the pair of heterogeneous plaitpoints occurring in

the spinodal line, coincide. When the points of intersection of the two

curves apj)roach each other, the two heterogeneofts plaitpoints will, no

doul)t, also come nearer to each other. But it need not follow^ from

this that when the points of intersection coincide, also the pair of

plaitpoints coincide. And a priori it is unlikely that this should be

the case. The existence or non-existence of |)oints of intersection

depends only on properties of the two curves, without a third curve

29

Proceedings Royal Acad. Amsteidam Vol. XI.
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—-— = being able to exert any influenceon tliis. Bui the course
dxdv

(Pit,

of the spinodul line is the result of properties of = as well
da;*

d*ib d*\i7
, .

as of -— = and of = : from this it mav already bo cx-
dv ' d.vdv

pected that when the curves — = and =0 touch, the two

heterogeneous plaitpoinis will occur on the spinodal line, and will

lie at some distance from each other. If this is so, this means that

the limits for the existence and disappearance of the heterogeneous

plaitpoints are wider apart than the temperatures at which the two
d^tii J*ih

curves —- = and =0 begin to intersect and stop doing so;
d,v* dv*

and a fortiori this is the case for the limits of the temjierature

of their appearance and disappearance on the binodal line, and

so also for the limits of the temperature for the existence of

three-phase-pressure. And that this is true may l)e seen when

we more closely examine the peculiarities which occur in the

course of the spinodal line in the case that the two curves still •

intersect. Let us imagine the circumstances as in fig. 12, Vol. IX,
dp

p. 846, Contribution III, viz. the line = at smaller volume
dxi,

than the line =:(): but preferablv at somewhat lower temperature,
dv

.
dp

80 that at x=:i) the two biaiichos of =0 are still separated.
dv

Then the isobars enter the figure at .r = l, have negative, and
dXf,

dp
in the neiglil»nurh()od of =0 thov incline low.uds this curve which

do

ihev inlcrseci m a direction parallel to the axis of/-. So the (pianlitv

iC'v
,

d'v
in pOHi(iv(>. i'or the y-lincs the (pumtity

_

is negative* in (he
dx*p d.f-,f

lip

noi^?hl»uurho(Ml of =0, So in a point of contncl of the p- and </*

dn

ijneH, a jioint of liie Hpinoilal lino (see \'ol. I.\ p. 747 (V»nlr. II),

(I JH (M)Kilivc m'coniing to li)e formula:

(dv\ __ A/.A \d.r*),,

\daj,,,i„
~~

\dajjf,=.^ {^\
WJp
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And accordin*^ to the fonnula Vol. IX p. 741), Contribution IIj

:

'^'*
luis tlie same simi ;us

( / ) , and is therefore negative. In the

point of contact the two lines p and tj do not intei-sect. The y>-Iine

lies in tiie point of contiict on the same side of the 7-line — e.g.

on the lower side. Hut in lig. 12 contact of a />- and a 7 line has

ai?ain been drawn on the left side of - , = 0. Hut there the />-line

remains above the 7-line all through. So there must be a |X)int of

contact somewhere between, where there is a transition between

these two cases, and where the contact is at the sanie time inter-

dv dv iPp d*V
X *^P fy

section. Then not onlv , =
, , but ., = . , and so also - =0.

*
dXf, d.Ci, dx^f, a^r

y
d,v

Then we are in a plaitpoinl. If taking diie account of the coui-se

of the p- and 7-lines, we seek this plaitpoint it ap|)eai's that this

point does not lie on that particular 7-line that pa.'^ses thi-ongh the

d*\ly

highest i)oint of the curve =: 0, and has there a direction parallel

to the ./'-axis, and also possesses there a point of inflection. But

it lies on a 7line Iving left of the former, where p has a greater

value; while this plaitpoint must lie below the point of inflection of

d'v
the (/-line, because is alwavs positive.

' dx\ ' *

Of course, but this is not necessary for our argument, if for points

of the spinodal line with very small ./', the contact of the 7- and

/>-lines is to take place again in such a way that the yy-lijie remains

again throughout on the same side of the />-line, which we may also

call the lower side, there must exist another plaitpoint also on the

left luiJid of .^
= 0. So in this second plait[)oint the />• line, coming

from the right, must first run above ihe 7-line, which it will touch,

and will be below it from the point of contact. What is indeed

essential for our argument, is the circumstance that the first-men-

tioned plaitpohit, the upper of the pair of heterogeneous plaitpoiuts,

which I called the realizable one in a previous Contribution, though

it only fully deserves this name when it also lies above the binodal

curve, lies on an isobar of higher value of the pressure than the
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d-tly

value of [J found in the point in which = has tiie smallest

volume. And if we now consider tlie case thai (lie whole closed

curve discussed above, has contracted to a single point, and the

d-\p iPi]y

intersection of the two curves - ,== and has disappeared, and
a.B* d.'i'^

tlie ^-line runs parallel to the .r-axis in that single point and |)ossesses

there a point of inflection, the realizable plaitpoint still exists, and

so also the other, the hiddeji one. A fortiori this is the case when

the closed curve still exists, and the intersection of the two curves,

cT-^ d*tb= and — = has onlv disappeared because thev touch.
da^^ dv^

.11
For then the q-Vme, which passes through the point of contact, will

still i)0ssess the points with maximum and minimum volume, and

it will lie below the */-line where they have coincided.

So we are Justitied in the following graphical representation. Let

us take an .r-axis and a />-axis. Let us construct a figure indicating

tirst the pressure along the licpiid branch of the hue =^0, and
dv-

secondly the |)i-essuj-e along (he li(|uid branch of the spinodal line.

Not to interrupt our train of reasoning (oo much, we shall |)ass

over the other branches in silence, and moreover confine ourselves

to the case in which 7'/..,^ 7/.,- Then (he (irsi-n»en(ioned line is a

continually descending one. If ihe (emperadii'cs are low — according

to the aj)proxinuite equation of slate below '^7,.^ 7'^. — all (he poin(s

of this line lie below the .t-axis. Hul as we only wish lo consider

the relative position of the Iwo curses which are to be represented

we disregard the absolute heighl al which we ihink ihem drawn.

The sectmd line l>egins and terminates as high as ihe tirsl, and

always remains above it. So in the main it is also a fast descend-

ing line. Now if Ihere are on the lii-sl line two poiiils, indicaling

dp (/-*if>

the points of intersov(i(tii of the line - with
. , =0, the second

' dr d.v^

line will not continually de.sceml, bul possess a nnnimum and a

iiiaxiinuin value for /;. The mininuim value at a value of ./ \\ hich

is Hinnller than llie value of .r of Ihe first poini of inlerseclion, and

the nniximiim value al a value of .r, which is grealer Ihaii ihal of

the second point of inlerscction. This minimum and Ihis maximum

value are those of the f»air of hctt'rtuimmns plai(poiM(s. If ili(> (wo

|H>inlH of inlei*Hec(ion have coim-ided on the lirsl-menlioned line.

iiiiiiiinuin luul inaxiiniim pressure still oc<'iirs on the second. And
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onlv at a iemperatiire, at wliicli either tliere is not yet question of

contact of the two curves = (J .uid . or at w hicii this contact is

loiig over, the complication in the coni-se of liie />-iine will have

disappeared for the spinodal line. At the moment of the disap-

pearance this y>-line possesses a horizontal tangent and a |)oint of

inflection iii the point in which niaximiiin and minimum pressnre

coincide. If further in such a figure we drew a third line indicatinj.?

the pressnre along the lunotlal curve, this third Jine would have a

complicated shajie — l)ut for this 1 refer to some Conininnications

occurring in These Proceedings 1905.

Hut frouj all this we further conclude that is not necessary tiiat

the ^wo curves =0 and =0 intei*sect for the occurrence of

the pair of heterogeneous plaitpoints on the sj)inoihil line. If they

only draw near enough to each other, the spinodal line can already

l)Ossess the described complication, and there caji even he three-

phase-pressure.

It follows from this that for mivtures the projMirties of whose

comi)onents are represented besides by y/, by |)osilive f, and f,,

the presence of the heterogeneous plaitpoints is not restrictecl to the

s[)ace Ol^Q below the parabola for f, and f, ; but that this space nnisi

be extended with a part of the parabola itself — a part lying in

the neighbourhood of the to|>. The theoretically exjict shape of this

part can only be determined by investigation of the spinodal line

itself. But in view of the ditlicidties attending this investigation, 1

shall content myself here with an indication of the way in which

I have tried to form an idea for myself of the accuracy of uin

expectations that this part would again be approximately boinided

by a pai-abola, which coin|)ared to the i>receding one, w()uld have
shifted in the direction of the axis, though what follows must not

be looked upon as much more than a certain kind of empirical

calculation. When the curve =0 lies entirelv within -- =:

but in the neigbourhood of the latter curve, two other curves, viz.

, , =0 at lower temperature, and =0 at another still lower
dv d.i!*

temperatin*e will show intersection and contact in the sj)ace outside

/,,»
^^ ^^' where the si)inodal curve lies, and where the pair of

hetei-ogeneous plaitpoints arc found, at a certain distance apart or
coincidiuii".
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If in = we take tlic luuer tempemture T' =: .. and in

3= the value ot llie lower temperature /"= -, we obtain bv

elimination of T, the equation, which with a slight niodilieation

iigi-ees with (2) of Contribution X:

r' 1 - .c (I - .r)- ^ - -Ibc + 6' f .. (1 - .v) h= 0.

If we now treat this equation in the same way as («) was treated

in Contribution X, we get, for the case that the closed curve con-

tracts to one point, the condition

:

So the same parabola as before, only shifted in the direction of

k' — k
the two axes bv an amount equal to

a;

The value of T at which the imitated plaitpoints coincide in this

eulculation, is now k or /:' times higher.

{To he coiitiimcd).

K iJ K A T U M.

In the pioof that tiie closed curve, the locus of the points of

intersection of = and = <>, alvvavs lies at c <C '>.,, ;i possible

caw has l>een overlooked. The value ;? <^ />, may ovvuv if:

n - l>|/l4-f, -f « i/f, ,

as will b<' shou n in the (vntinudtioii.

(DeOMnber 23, 1908).
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Botany. — "On the biological significance of the secretion of nectar

in the jioiver." By Dr. W. Burck.

(Ciommunicated in the meeting of November 28 1908.)

In an article in the Recueil des travaux botaniques Neerlandais

vol. IV. ^) I have explained in detail, that Darwin in 1859 put

forward tiie hypothesis, that a cross with another individual is

indispensable for the species and that, at the time, he considered the

structure of (lowers to be generally such as to ensure, or at least

to favour, cross-fertilisation, but that in later years lie, however, left

this stand-point. I showed from his later writings, that the observa-

tions and experiments of many years had brought him more and

more to the conclusion, that a much greater significance should be

attached to self-fertilisation, than he had at first imagined ; I also

showed that, at the close of his studies, he was Jiot very far from

giving a negative answer to the question whether floral structure

favours cross-fertilisation. Since then, observations have been made
on a number of tropical plants, the flowers of which are always

closed, so that in such plants the possibility of cross-fertilisation is

^) An abstract of tliis may be found in Biolo^. Gentralblatt. Hd. XXVIII.

N". G. 1908.

30
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( 446 )

excluded and I further pointed out, that from these results there can

be no question of a natural law in the sense imagined by Darwtn.

Furthermore, the view that cross-fertilisation might be advantageous

to the species, has been rendered untenable by our present knowledge

of the structure of the nucleus, and its function in the life of the plant,

and also by our modern ideas concerning the nature of fertilisation.

Suppose we now give up this view, and fall back on the funda-

mental hypothesis, which was put forward by Gartner in 1849, that

only by self-fertilisation, vigour and fertility of the species are pre-

served, since a cross may lead to hybrid-formation, which diminishes

the fertility of the plant. It then follows, that floral biology, which

has started in its considerations from the opposite view, has lost its

basis and must be built up anew. We have been led astray by

our ideas regarding the significance of the properties of the perianth

— its shape and dimensions, its colour and odour — and regarding

the various mechanisms of the (lower — dioecism, monoecism, hete-

rogamy, dichogamy, hercogamy and self-sterility — all of which we
thought we could explain as useful adaptations for visiting insects

in order to ensure cross'-fertilisation ; it must be possible to explain

them in another way. 1 have already shown in my previous paper

that diclinism and hercogamy can be explained b}' mutation and

that protandry and protogyny must be considered as characters of

organisation, and npt of adaptation.

With regard to the phenomenon of self-sterility 1 limited myself

to pointing out, that this should be considered primarily as the result

of hybridisation, rather than as a special adaptation.

In order that we may now obtain a better conception of the

qualities of the floral envelopes, we must again adopt the view of

the older biologists, who regarded these envelopes as oigans for the

protection of the sexual apparatns.

We must therefore consider to what extent the sexual organs

require the protection of the perianth, not only when they originate

and develop, but also during the flowering period. Hitherto we have

been accustomed to look for a connexion between the various |)ro-

perties of the perianth and its Higniticance in the attra(*tion of insects.

Now we shall have tu tost these same properties, especially of shape,

dimenHioti. position and the distribution of fragrant vaponrs, by the

question, how Ihey nuiy be considered to Ik^ of importance to an

organ, which is intended (o protect the sexual organs frcun unfavour-

able external influences. More than has hitherto been the custom in

floral biology, we shall have to pay attention to the anatomical

i»lrucltiro and the physical and chemical properties of the lloral
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envelopes, to the way in wliich the floral leaves are arranged in

the bud, with reference to each other, i^the aestivation) to mutual

coalescence, to the presence of scales, hairs and glands, to the

secretion of water, honey, mucilage, etc. Also, if we give promi-

nence to the protection of the generative organs as the basis of our

considerations, we shall have to investigate whether the secretion of

nectar is not connected with this protective function.

This connexion may be inferred all the more readily on account

of the unmistakable correspondence of the secretion of nectar during

the flowering period to that of water or of a mucilaginous fluid in

the so-called water-calyces, the latter secretion being considered a

means of protection of the sexual organs.

With regard to this secretion of water I beg to recall, that 20

years ago Treub first drew attention to the remarkable phenomenon

that the floral buds of Spatkodea canipanulata Beauv., a tropical

Bignoniacea, are filled with a watery liquid, secreted by a large

number of glands, which cover the inner surface of the calyx, so

that the petals, stamens and ovaries develop under the protection of

this fluid. The liquid contains traces of the hydrochlorides, carbonates,

nitrates and sulphates of potassium, sodium and calcium, has an alkaline

reaction and contains traces of ammonia ; sugar was not found in it.

A similar secretion of water in the closed flower-bud was after-

wards also observed in other plants. We may mention the papei-s of

Lagerheim, Ghegor Kraus, Hallier, Koorders, Shibata and Svedelius,

to whose investigations I do not propose to refer here in further

detail, as 1 intend to publish my own observations on this subject

before long. From these it will be evident, that the phenomenon is

not limited to tne tropics, but can also be studied here.

I only wish to emphasize, however, that all naturalists, who have
occupied themselves with the subject, have accepted the opinion of

Treub, that the secretion of water is a means of protecting the sexual

organs against the unfavourable consequences of too strong transpira-

tion, and that my personal observations, especially in this country,

have shown me the connexion between the secretion of water and of
nectar, and have gradually confirmed me in the conviction, that

by the nectar-secretion the sexual organs are protected.

I wish briefly to explain the train of thought, from which 1 started
my investigation.

The observations on plants with water-calyx and especially the
detailed investigations of Koorders have taught us, that already long
before the corolla and the sexual organs are laid down, the very

30*
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young calyx (the development of which in all these plants is hurried

on, before that of the other parts of the flower) is protected against

the dangers of exposure to the atmosphere ; sometimes the calyx is

protected by glands, which may or may not be active, sometimes

by a thick covering of hairs, which retains air, sometimes by both

'these means, it is intelligible, that this young organ, the vascular

bundles of which are as yet unperfectly developed and therefore

unable to compensate adequately for the loss of water through tran-

spiration, should require a special, temporary protection, in so far as

it is not surrounded by bracts.

Now we see at a later stage, in which the calyx has already

acquired certain dimensions and in which its anatomical structure is

nearing completion, that the same glands am^eav on {he i?mer iiurface,

and by their activity more or less fill the cavity of the calyx with

water ; this secretion of water supplements the protective function of

the calyx towards the other parts of the tiower, which are now
beginning their development.

Later, in older buds, when the stamens and ovaries have already

made considerable progress, the same glands appear on the outer-

and on the inner surface of the corolla. The former, the ow^<??' glands,

are especially active in protecting the petals against excessive trans-

piration in the short period, between the bursting o|)en of the calyx

and the development of the petals to tiieir full size — temporarily

therefore *). The signiticance of the hairs on the iiuwr surface would then

be, that in the same period they keep the sexual organs in a moist space.

When we see therefore, that the flower is carefully protected against

transpiration frouj the first stages of its development to the momeiit

of opening, the question naturally arises, whelher at tiie opening and

during the flowering-period, the sexual organs are under such especially

favourable conditions, that I hey reqiiirc no protection ?

This is certainly not the case ; during the (lowering period the

ovary is not placed in favourable conditions.

Wlien opening, the flower enters u[)on a period, in which the stamens

and the ovaries — exeoplions apart — have reached their highest stage

of development, do not require food for further growth and are in a state

of rest; the ovaries arc awaiting fcrlilisulion in (u-dor (o bo called

to new life by that Ktiinulus ; the slaitienH in a state of niaturily,

aurait the evaporation of the superfluous water from the anthers.

*) This opinion will later be supported by examples ; I propuso to show, thai

At tbb stage, when the corollu is still completely closed, water or iiectnr is found

in lOAny flowers.
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At the opening of tlie (lower the perianth, and especially the

corolla, are in very different condition, the latter generally not having

reached anything like its full size, when the sepals move apart. In

a very short time, the corolla grows out to its normal dimensions,

to be afterwards during the whole flowering period the seat of various

physiological processes, consisting partly, in the transformation to its

own use of material laid down in its tissues in the bud, and partly

in the continuous production of fragrant vapours, which the flower

gives off in that period, very often also in the production of nectar

etc. If we further remember, that the considerable quantity of water

which the corolla gives off to the atmosphere by transpiration, is con-

tinually replenished by fresh supplies, while the stamens on the other

hand receive less water from the thalamus than they give off, it

becomes clear, tliat the nutrilion-slream moves principally in the corolla.

The consideration suggests the following questions: What means

are at the disposal of the ovary for escaping the harmful consequences

of too strong transpiration? Is the secretion of nectar perhaps to be

regarded as one of these means?

I venture to think that I have obtained an affirmative answer to

the last question and hope that I may succeed in obtaining acceptance

of my opinion.

I wish to preface a description of the flower and of nectar-secretion

in Friiillaria imperiaUs.

Fritillaria imperial^ bears large, bell-shaped flowers turned with
the opening downwards, and consisting of a perianth of two trimerous

whorls, a superior ovary with a long style and tripartite stigma, and
6 long stamens, with filaments entirely enclosed in the bell, but with
anthers protruding outside. Generally the style is somewhat longer,

so that the stigmas are under the anthers and outside the flower.

The cylindrical ovary escapes observation, as it is wholly surrounded
by the fleshy filaments of the stamens, which form a close-fitting

tube around it.

Not until fertilisation has taken place and the perianth has withered,
do the flowers become erect; the fruits afterwards are also erect.

Each perianth-leaf bears close to its base a large saucer-shaped,
shiny, white nectary, which is surrounded by an elevated border,
and secretes heavy drops of fluid during the flowering-period.

The whole of the perianth is very rich in glucose, not only at

the time of flowering, but already much earlier. A section through
the middle of an adult perianth leaf, about half-way between base
and top, shows, ihat the mesophyll, which is here 13—14 cells thick,
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consists of thin-walled cells, which leave large intercellular spaces

between them. The vascular bundles are strongly developed and

take up almost the whole thickness of the leaf. In no part of the

transverse section can starch be detected, but the whole of the

mesophyll is verv rich in glucose ; starch occurs only in the nectary.

In a section through the nectary, 4 different parts can be made out

even at low magnification. First there is the honey-secreting tissue

proper, consisting of 3—4 layers of small close-fi'iting cells, densely

filled with protoplasm and containing large nuclei. Under this there

is a tissue, 8 or more cell-layers thick, composed of larger cells

with very distinct intercellular spaces; these cells are crowded with

numerous small starch-grains. Outwards or downwards there follows

the region of the vascular bundles, where the mesophyll still contains

starch. Finally the latter tissue gradually passes into that containing

chromatophores, which again consists of considerably smaller cells

and is closed off on the outside by an epidermis, consisting of pina-

coid cells, the outer wall of which, in this region, is much thicker

than in any other part of the perianth.

The starch which collects under the secretory layer, is already

found in sections of very young nectaries, for instance in buds

about 2.5 cm. long.

That it is from this material that nectar is afterwards formed,

becomes evident on the examination of nectaries, which have already

been forming honey -drops for some days; a distinct diminution of

i?tarch may then be obser\ed, and at the end of the flowering no

starch whatsoever is found.

A section through a stamen shows, that the latter is traversed by

a comparatively thin vascular bundle, and that for the rest the tissue

consists of large cells, which give a very strong reaction with

Fkhuncj's test-solution for glucose. Externally the tissue is enclosed

by a small-celled epidermis with a comparatively thick outer wall,

which presents a granular cuticle. It may be, that by being enclosed

by stamens, which are rich iti glucose, the ovary is not so completely

prelected against the harmful consequences of exposure to the atmos-

phere as an inferior ovary is by the thalamus, but nevertheless the

two kinds of protection are comparable ; in any case the ovary thus

leceives considerable protection during development.

It may be of interest to not(», that th(^ stamens coiiliiim' to enclose

ihc ovary, when the anthers have fallen oil*. The liUinients remain

fresh and in ilicii* orif^inal position, as lonf^ as flowering continues.

Th** secrelion of noctar begins soon after the perianth-leaves

Hoparate, and the tipt of the anthers protrude out of the flower.



( 451 )

The secretion is very abundant. Generally large drops hang down

from the nectaries in plants in the open. If a cut flowering specimen

be placed in a glass of water, under a high bell-jar — in a fairly

moist space therefore, where evaporation is limited — drops may

be seen to fall down from time to time. When plants which have

been grown in pots, are placed in a dark room some time before

the opening of the flowers, it is found that the secretion of nectar

is quite independent of light and continues day and night. If the

nectar be removed by means of a pipette, the drops are renewed

as well and as quickly as in the light. The nectar can be removed

for several days; each time new drops appear again. From this we

may deduce, that the evaporation of nectar in plants in the open

air is fairly considerable, and that the nectaries continue to act as

long as the flowering-period lasts.

Fritillaria imperialis is one of those plants, in which the dehiscence

of the anthers depends on loss of water by transpiration. Although

in many orders, such as the PapUkmaveae, Antirrhinene, Rhinanthaceae,

Malvaceae the dehiscence of the anthers is independent of the hygros-

copic condition of the atmosphere, and the pollen is equally well

liberated in a moist flower as in dry air, this is not the case in

Fritillaria. As has been said above, the tissue of the filament indeed

contains a considerable quantity of glucose, but nevertheless the

osmotic action, which the sugar exerts in abstracting water from the

anthers, is evidently not enough to make them dehisce. If a young

flower be enclosed in a moist glass box, or a cut plant be placed

under a high bell-jar in surroundings, which are only moderately

damp, the anthers remain closed during the whole of the flowering

period, whereas in the 0{)en air they often dehisce on the first day

in bright, dry, spring weather, after having lost 907o of water. It

follows from this experiment, that the anthers can dehisce, because

they protrude from under the flower. If this were not the case, if

the filaments were a few centimetres shorter, the moist air, inside

the flower, would prevent the dehiscence of the anthers. That during

the flowering-period there is a strong current of water through the

vascular bundles of the perianth-leaves, which continually supplies

the latter with water to compensate for the loss by transpiration,

needs as little proof as the fact, that this watercurrent has been

turned away from the stamens. If this were not so, there could be

no question of the dehiscence of the anthers.

I now come to the conclusion, that the FritiilaiHa-ilower is to be

regarded as a cup in which the air is continually kept moist during

the flowering period by the evaporation of 6 large drops of fluid,
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secreted in its upper parts by as many nectaries, the transpiration

-

loss of which is made good by fresh supplies of tluid, day and night,

as long as flowering continues.

Inside this moist cup there are the ovary and the stamens, which

remain in a state of rest during the flowering period, and receive

only a small supply of water from the thalamus. For to the extent

that they are enclosed in the cup (the ovary for its full length, and

the stamens with the exception of the anthers) they are protected

against dessication by damp surroundings, whereas the anthers,

hanging out of the cup, are exposed to evaporation.

According to the analysis of Bonnier the nectar is very rich in

water and contains at most 5—7 7o of sugar. If there were no sugar

at all in the fluid, one would not hesitate to call the nectaries of

Fritillaria perianth-hydathodes, and to consider them quite similar

to the calyx-hydathodes of Spatliodea campanulata and similar plants.

In Fritillaria the nectar does not come into direct contact with

the ovary, but is found outside the sexual organs. This method of

nectar-secretion, which I purpose to call, for the sake of brevity,

a peripheral one, is not the most general. A number of plants may
indeed be cited, which agree with Fritillaria in this respect, such as

Trolliua, Abutilon, Lilium and Hellehoru.^, but in most plants the

nectar is secreted in such a way, that the ovary is directly moistened

by it, as in Labiatae, Boratjinaceae, Solanaceae and other orders.

In contradistinction to the peripheral, I wish to call this a central

secretion of nectar. Very often the nectar is secreted in more than

one part of the flower ; in such cases there is a combination of the

peripheral with the central method.

In numerous plants the moistening of the ovary is greatly increased

by a thick covering of soft hairs or by a Ihick felt, which covering

is saturated with nectar in various ways. Sometimes the nectar is

Kccrete*! by the ovary-wall, and ascends between the hairs, as is

for instance, the case in most species of Vcrhascum and in Heli'

anlhennun vuli/arc, which are wrongly called nectarless plants. In

Other cases liie covering itself consists of hairs which secrete glucose
;

this occurs for instance in the species of Pacania, another genus

which is wrongly considered to bo devoid of nectar. Often, however,

the ne<'lar which MilurutcH the ovary-covering, is brought u|) from

(he thalamus, as for instance in Pulsati/la and other lianuncidaceae,

which will be considore<l l)elow. KHpecially when siu*h covered ova-

ries are clow; together (e.g. in l^utsalilla each flower has about 100

ovaricM'i it nuvy bo rea<lily iiiuigined, that by evaporation «»rili(> nectar
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tlie ovaries are always in a moist alnios()liei*e. By this I mean, that

one may assume, not only tliat the nectar is conlinually replenished

by fresh secretion (tliis can indeed be observed in many phmts) but

also that on increased concentration, the nectar never dries up, be it,

that it absorbs aqueous vapour from the air, or abstmcts water frona

the ovary itself. This moistening of the ovary reminds us vividly of

certain well-known mechanisms for protecting an organ against

excessive transpiration, such as a covering of wax, or of mucilage-

secreting gUxnds. In this connexion 1 may point out that among

plants without nectar, there are indeed some, in which the ovary is

protected by wax, as in Vapaver, Esclischoltzm, and Glaucmm or by

mucilage, as in species of Li/simdchui, Ononis si)uiosn,am\ Verbascum

Blattarld. It thus becomes intelligible, that these plants can do without

nectar. In Verhascum Blattaria the ovary, which is fairly deeply

hidden, is covered from top to bottom with compound glands, which

correspond in structui-e with lupulin- and Riben glands, continually

pouring out a layer of mucilage over the ovary.

This is the more remarkable and important, since, as was men-

tioned above, the ovary of all other Verbascnin-s\)eQ'\es is covered

with a felt, rich in glucose. We find therefore in different species

of the same genus two different means of protection, to which the

same biological significance must be attached.

I now wish to explain further, by some notes on Ranunculaceaii

and Malvaceae, what was said abo^'e with reference to the secretion

of nectar in different parts of the flower.

Let us consider first of all the flower of TrolUus europaetis L.

In TrolUus the 11 or 13 large, hemispherical sepals with over-

lapping edges, form an approximately ball-shaped envelope round the

sexual organs. The petals, generally 10 in number, are yellow and

spatulate, and secrete honey on the middle of their inner surfaces.

The stamens numbering about JBO and placed in numerous whorls,

surround about 30 ovaries. Except for a small opening, facing upwards,

the flowers are closed ; only the stigmas come wholly or partially

into view.

At the beginning of the flowering period the anthers are at about

the same height as the stigmas, and the ovaries are surrounded and

protected by the column of stamens.

Later this is not the case to the same extent, although a few

whorls of the inner stamens, the anthers of which do not come to

complete development, retain their places.

As in FntUlaria, the ovaries of TroUiiis are in a moist space, and

are furthermore protected laterally by the stamens. Whereas, however,



( 454
)

tlie humidity of the flower in I^ntillarla does not interfere witli

the dehiscence of the anthers, because tiiese are outside the flower,

this is not so in TroUius, where the dehiscence of the anthers is

equally dependent on the evaporation of superfluous water into the

air, for in TroUlus the stamens are enclosed within the calyx.

This is the explanation of the remarkable phenomenon, that the

stamens, beginning with those of the outer whorl and then grad-

ually from tiie periphery to the centre, become elonsjated soon after

the opening of the flower and bend inwards, until their anthers are

near the opening; the anthers of the inner staminal whorl then come

to lie immediately above the stigmas. If one places a young flower

in a closed glass box, the phenomenon may be followed step by step,

and one observes at the same time, that as long as the flower re-

mains in the glass box, the anthers remain closed. In an open box

on the other hand, the anthers are seen to dehisce as soon as they

have come under the opening of the flower, and their pollen is seen

to be scattered on the stigmas. Observation in tiie field likewise

proves, that the anthers remain closed in damp weather.

Honey is not secreted in any place other than the petals. In the

main the arrangement of the flower is quite like that oi Fritillaria.

The closed condition of the corolla can hardly be explained other-

wise than as a device to prevent the rapid evajwration of the nectar

into the air and is connected with the erect position of the flower ').

As a second example of the methods of nectar-secretion in

Raminailacenf , I now choose \\\Qii\o\\evQo{ Clematis ii\\i\ o{ Anemone,

wiiich do not possess petals, but where the calyx takes the place

of the corolla, and where no nectar is observed on the periphery of the

flower. This is the reason, why they are referred to as nectarless

fdanls in the literature on the biology of the flower. That this is by

no means correct, is at once evident when we wash the ovaries, which

are thickly covered with silky hairs, for a moment with a drop of

dislillcd water on a slide, and then warm I lie water with a drop

of Fkhi,is(»'h solution ; we then obtain a strong glucose-reaction,

proving that the hairy covering of the ovary is saturated with neclai*.

Kurllier investigation shows, that this nectar is derived from the

intorstaininal portion of the thalamus.

The dro|)IelH of nectar, which are secreted here, are sucked up

between ihe Klamcns and the (varies ami q,re retained, especially by

the hairy covering of the latter.

I must now recall that many years ago, Honnikr already drew

1) 1 beliete that this is aUo the cxplanaliun of the closed flowers of Calceolaria,

Fumariaetue, Antirrhintae, RhinantHactae etc.

^lyU
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attention to tl»e interstaniinal secrei'xon of net-iar in Anemone nemorosa.

He stated lliat llie tlialanuis contains much sugar, and tliat its inter-

staniinal portion is covered with numerous tliin walled papilhie, from

which, under favourable conditions, minute drops of nectar are seen

to exude. My own investigations have shown me that what Bonmkr ')

observed, may be called a pretty general phenomenon in the order

of Rammcuhiceae i.e. in many genera, nectar is secreted from this

portion of the thalamus.

The tlowers of Aiunnone and of Clematis may therefore be con-

trasted with those of Trol/kis, as regards secretion of nectar. Here

the nectar comes into direct contact with the ovaries and it is

evident, that the numerous drops of honey, whicjj arc found every-

where between tiie stamens, and which are constantly renewed,

contribute not a little to the maintenance of a certain degree of

humidity in the neighbourhood of the ovaries.

It is remarivable, that in many other lianunculacea^. the nectar is

secreted in the tlower in two places, so that a peripheral and a

central secretion may be distinguished. It shoidd be noted, that in

some genera' the two methods of secretion ai*e of about equal im-

portance to the i)lant, but that in other genera the peripheral one

is much the least important.

The flower of Aconitiim may serve as an example of a plant in

which both secretions are of importance for the protection of the

sexual oi'gans.

At the beginning of the tlowering-period the 3—5 tpiite glabrous ovaries

have not yet i-eached their full development. They can scarcely be

discerned, as they are enclosed by the numerous stamens. These

stamens are distinguished by broad fdaments, which are very rich

in glucose, and which, being closely pressed against ihe ovaries,

protect the latter against external intluences. The sexual orgajis are

kept moist by a secretion of nectar from the interstaniinal portion

of the thalamus. ') The sepals and petals are also rich in glucose.

The two superior petals are metamorphosed to nectaries with long

stalks and during the time of flowering these secrete a copious

supply of honey. The two superior, dark blue sepals have coalesced

to form a helmet-shaped hood, which, as long as the flower is still

in bud, encloses it for the most part and further, during the

^) Bonnier, G,. Les nectaires. Annales des sciences naturelles. Botanique. Tome
VIll. 1879 p. 141.

') Not unfrequenlly the nectar-drops can be detected on the stamens with a

simple lens; Mie presence of nectar between the stamens may moreover be easily

demonstrated chemically, by depriving a young flower of its calyx and corolla, and
washing it with water.
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flowering-period, acts as a protective roof to the two nectaries and

the sexual organs below them, while the latter are surrounded by

the remaining sepals and petals. The secretion of nectar has once

more rendered the flower a moist chamber, in which the sexual

organs are protected against the dangers of dessication. At first the

stamens, with anthers bent downwards and closed, lie turned away
from the entrance of the moist chamber. Later they become erect;

afterwards they become elongated, and so bring the anthers to the

entrance of the flower, where they can give up their excess of

moisture to the air, at least when the latter is not too damp. As

they dehisce, the stamens again bend downwards with empty anthers.

The broadened parts of the filaments do not, however, bend in this

way, but retain their original position and protect the ovaries

throughout the whole of the flowering period. It is not until this

stage that the stigmas, which are now fully developed, come to

the entrance of the flower.

Although the coroUar-nectaries of Acon'Uum are not much less

important than the thalamus, as regards secretion of nectar, this is

not so in all genera of Raniinculaceae, as has already been pointed

out. In Rannncnlus, BntracJiium, and Ficarla the corollar-secretion

is of much less signiflcance and that of the thalamus certainly much

more important. In Pulsatilla the corollar-secretion is still further

reduced and in the genera Paeonia, Caltka, Anemone, and Clematis

the corollar-nectaries no longer occur; here the honey-secretion of

tiie thalamus has become of primary importance.

In Calthn palustr'ui secretion of nectar can be observed in the

flower in three places: first at the periphery of the thalamus, where

in tlie allied Hellehoreae the suilked corolhir-nectaries are placed

;

secondly at the interstaminal part of the thalamus; thirdly on the

wall of each ovary. The ovaries of Caltha are glabrous, but on both

sides of each ovary there is a s[)ot, covered by hundreds of delicate

papillae with very thin walls. Kacli of the latter secretes a minute

droplet of nectar, and the large drop, which is formed by the fusion of

the droplets, can easily be detected with a lens between any two adjacent

ovaries. The parietal j)apillae here re[>lace the hairs of other genera.

The extent of the reduction in the peripheral nectar-secretion of

other genera is best observed in lianuncuhis and in l*uJsati.ll(t.

The flower of linnunvnlus acer for instance, agrc^es with that of

TroUiuH lK)th as regards the position of the stamens relative to the

ovaries and the elongation and inward-movement of the stamens.

The nectar-sccrelion at the base of the petals cannot contribute to

the protection of the sexual organs by keeping the flower moist,
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except possibly on the first day of flowering, when the corolla is

still cup-shaped. In no case can this secretion be of importance

during subsequent stages, when the corolla is spread out. If there

were here no nectar-secretion at the interstaminal portion of the

thalamus, the ovaries would be in danger of rai)id destruction owing

to dessication.

In Ranunculus auricomus the periphei*al secretion is still much

less important. Here often one or two and sometimes all petals are

wanting, and with them the nectaries; frequently, moreover, the

nectaries are rudimentary.

In the genus Pulsatilla the peripheral nectar-secretion is likewise

insignificant (^its seat is in the metamorphosed anthei-s of the outer

whorl). In Pulsatilla valyaris, P. pratensis and P. vernalis it has

been observed, that the nectaries frequently do not secrete any nectar; here

nectar-containing and nectarless plants are found ; P. aljnna is quite

free from nectar, according to Schuij^. The nectar-secretion from the

thalamus is therefore, also in this genus, of primary importance;

during the flowering period the numerous ovaries are each, as it

were, covered by a mantle saturated with glucose.

In the natural order of Malvaceae the true sigiiiflcance of nectar-

secretion is not less clear than among Hanunculaceae.

I shall not be able to consider this subject in detail in the present

communication, but may recall, that Bkhrens showed in 1879, that in

Abutilon, Althaea, and Malva the bottom of the calyx bears a nectary,

consisting of a large number of closely crowded multicellular

"Sekretions-Papillen", which together form a large secreting surface.

Each "Papille" consists of a large number of cells, placed in a row,

e. g. in Abutilon insiyne 12—14. What Behrens thus describes pro-

bably applies, as far as my own investigation extends, to all Malvaceae.

I found tiiese nectaries also in the genera Hibiscus, Kitaibelia, Malope,

Anoda and Sidalcea.

Whether in general, however, secretion is a constant phenomenon
in these calyx-nectaries, is doubted by various authors. Of many
species it is not known whether they ever contain nectar, and of

other species the accounts are contradictory ; in the case of some, it

might be assumed, that the individuals of the same species differ

among themselves. Thus, for instance, Kikchner could not find any
nectaries in Abutilon Avicennae, whereas in this country the same
plant is so rich in nectar, that the latter can be seen with the naked
eye. As regards Hibiscus, those species, which are best known in

Europe, namely H. synacus, H. Trionum, and H. esculentus are

regarded as nectarless. The large flowers of Abutilon are however verv
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rich in nectar, so much so, that the nectar is removed by honey-birds.

Being peripheral, the secretion of the calyx-nectaries may be

compared with that of the corollar-nectaries of Ranunculaceae. My
investigations have now shown me, that in the order of Malvaceae

a central secretion of nectar may also be observed, which in most

genera gives the impression of being tiie more important — perhaps

in all genera except Abutilon.

As is well known, the stamens in Malvaceae are united to form

a tube. This staminal cylinder, which extends upwards round the

ovary, is, at its base, joined to the corolla in such a way that their

common tissue encloses the ovary and hides it from view. If the

ovary l)e now liberated from its little "house", its wall, in almost

all Malvaceae, is found to be thickly covered with nectar-secreting

trichomes of the same structure as those, which constitute the calyx-

nectary (Sekretionspapillen of Bkhrens) and these trichomes conti-

nually pour a layer of glucose on the ovary. In Hibiscus esculentus

and in H. Trionum these ovarial trichomes are even larger than

those of the calyx-nectary, and consist of 28 cells. The ovaries are

therefore not only enclosed in the staminal tube, but are always

confined in a space, kept moist by neciar-secretion.

I hope afterwards to return to a detailed study of this order,

which is so extremely interesting as i-egards nectar-production.

Before closing this communication, I still wish to call attention to

two important matters. In the first place to the secretion, which takes

place in many flowers, while they are still in bud. We are accus-

tomed to assume, that secretion only begins at or after the opening

of the flower, but I have found many exceptions to this rule. The

phenomenon n)ay be observed in Ranunculaceae especially. The ovaries

of Clematis Vilirella, covered with silken hairs, the ovaries of

l*aeonia, Pulsatilla and of Aconituin arc bullied in nectar, long before

the opening of the bud, and it may probably be assumed with safety,

that the secretion of nectar, which already lakes place in the bud,

Hcrves liere to protect the sexual organs, and is therefore comparable

to the secretion of water in (lowers with a water-calyx. In the (lowers

of Aconitum I found that indeed the central, but not the peripheral,

secretion may bo obHcrvod before the opening ; this suggested to me

that the lallcr sci'retion .serves more especially to keep the flower

moiHt during the flowering period. Further investigation will be

requirwl to hIiow, whether this difference can also be (raced in other

plants with a double seiTetion of nectar.

lU'fore there Ih any (jucHtion of the flower's ()|)ening, a copious

accretion of nectar may also be observed in other plants, such
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as Melandriuin nlhum {Lychnis vespertina), Hyoscyamiis uiger,

GalanthIS nivalis, many PapiUonaceae and Epilohium anifustifolium.

In the second place I tliink it may be useful to refer briefly to

the so-called nectarless plants, because it might be argued that these

do not support the truth or general validity of the hypothesis, put

forward above.

I have already had an opportunity of pointing out, that some

plants, which do not contain nectar, have their ovarian-wall covered

with wad', and others with ijlands sccretiny miici/aye; to these

secretions the same biological signiticance is attached as that, which

I think should be attributed to nectar-secretion. Furthermore, I have

already mentioned a number of plants, which are recorded as nectar-

less, but which, nevertheless, must certainly be reckoned among

those containing nectar, namely species of Anemone, Clematis,

Pulsatilla, and Paeonia in the order of Haminculaceac, also I/tliau-

themum vuhjare and the various species of Verhascuiu and Hibiscus.

I will only add, that it can be easily shown by chemical means,

that the so-called nectarless Rosaceae: Rosa, Poterium, Ayrimonia,

Aruncus and Spiraea have been wrongly included in this class.

Here indeed the nectar is often diflicult lo observe, but it is none

the less present, as in other Rosaceae. If the flowers are extracted

with water, so that the nectar, which has been thickened by evapo-

ration, passes into solution, the presence of glucose may readily be

demonstrated in all these plants. Finally it may be pointed out in

this connexion, that very many plants do not recjuire a special

protection t>y nectar, either because the ovary continues its growth

without interruption, (on account of early fertilisation, which often

already takes place in the bud) or because it is not exposed to the

air during the flowering period.

The latter case occurs especially in the genera Plantago and

Luzula, in Nymphaea alba and Evythraea Centaureum, in [uncus,

in most Grasses and in other anemophilous plants.

Mathematics. — ''On a theorem of PainlevIc's." By Prof. W. Kafteyn.

1. Painleve, in his well-known memoirs on differential ecpiations

of the first order, investigated the question when the integrals

possess a definite number of values or branches if the independent

variable turns round the critical parametric (not the fixed) points.

For differential equations of the first degree

d^ Q{^c,y) ^ ^
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where P and Q represent polynomials in y, he has proved that if

the integrals possess n branches, there always exists a substitution

^ _ y" + Ln-x y—^ -^ . . .-\-L,y

Mn-xy—'+ . . . +>Ay + i

by which the equation (1) may be reduced to an equation of

RiCCATI

-^ = Gil' -] Hu-\- K (3)
a,v

the coefficients L, M, G, H, K being functions of jc.

Our object in this paper is to prove this proposition in another

way, starting from the form of the integral

;.,.y>' + A„-,y>'-'+ . . + Ky + K
C = ; ?•- ... (4)

where C represents an arbitrary constant and ;. and n functions of x.

The treatment of the two cases ?i = 2 and ?i= 3 will be sufficient

to show that the proposition holds good generally.

2. If 71 = 2, it is evident from the integral

C = = cotist (5)

that the differential equation must be of the form

(6)
da by + 2b,y -h b,

the coefficients a and b representing functions of x.

Differentiating the equation (5), we find between a, b, A, (i, the

following relations & being an indelinito factor,

aa, -= x;
\

So, ~. ,1.;; -f ;/ - ;,m/

ea, = ,i,A.' -f M,K 4- ^o' - K\^:- K\^:

^6, = A, — fi,a,

Sb, = A, — <i,A,

Froin tlio throe latter equations (7j may bo induced

(7)
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6jA, 4- 6,i.

and from the five preceding

(8)

Mo'=^

1
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1

y--^6,

= A (!,'-{- Bfi, + (7

(i,

where the coefficients have to be determined still.

If we put Ho = 0, the coefficient C is found to be

1 6.

C= a„

^

Dividing further both members by [i^^ and supposing afterwards

f[i„ = 00, we get

A =

a,
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Hence n^ satisfies the following equation of Riccati

fi; = -y {h,'-b,h,)ii,^-^- {K'<^-KKa, + b,'a,-b,b,a, -\- V«.)f^.-

--•(6.'-6A).
bi

(9)

We now proceed to tind the substitution of Painleve.

From the general integral

^ _ %' + ^ly 4- K
y' + ^ly -I- ^0

it is evident that fi„ is that particular solution of the equation (9)

which satisfies the equation

bo-\-b2t*o

y'H- y + fio^O

if we attribute to y that particular integral of (6) which corresponds

to the value C= oo.

Therefore

_ _ by + b^y

b^y f ^1

is the substitution which reduces the differential equation (6) to (9).

3. From the preceding we may also deduce the coJiditions which

must be satisfied by the given differential equation. For the three

last equations (7) give

— T-l = — ^^~^^^'
and — T-^ = — ^^^°~<^»^'

dx\bj dx X^—ii^X.2 dx\bj dx X„— 11^X2

a{b,b.^-b,b,') = - b,x,' +b,x,'-b,K'-b,x,^,' -hM2^.'

or

and
^{b^b:-b,b,') = b,ii,X.:-b,ti,X,' + b,nX + b,7,t^,'-b,X,ii,\

Combining each of these with the five first equations (7) and
eliminating XJ A/ XJ ^,' ^J we may write the conditions

a^
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and 1
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In both cases this expression vanishes. Therefore both conditions

are found by writing jio = in the equation ''10). In this way the

conditions we lool^ed for, are tlie following

a, 1

a.

a,

10

b,
'

^b^b.

= (12)

a, 6^

where the last row is given by the relations (11).

4. When n = 3, the general integral

shows, that the differential equation must be of the form

d^~ by + iby + 6by + U,y -{- b,

with the following relations between the coefficients a, b,X,ii:

(14)

da, = a;

^a, = fA,A,' 4- A,' — A,fi,'

<9a, = Mx^.' + f^,^,' + ^i'
- A,fx; - X,ii,'

6a, = txx + ii,x,' + ^,A/ + xj - x,ii,' - x,ii,' - ;i.^;

6a, = m„a; 4- n,x,' + ^,a; - x,(i,' — x,ii,' — a.^*;

^^4 = -^1 — -^iM,

4(96. = 2A, - 2X,n,

66b, = 3a„ -f A,fi, - A,^, - SX,(i,

4:6b, = 2A„fi, - 2X,(i,

6b, = ;.,fi, — X,n,

\

(15)
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Eliminating alternately the ;*'s and X's from the five last equations

(15) we have

db,X,"- - (yb,XX + 26, {X,X, + SX,X,) - b,X,^ = :

6b,X,' - 66,V, + 2b,X,' + 6, (3A,;., - X,X,) =
(3m. - f*.f^,) ^ + 2fir6, - 6^,6, + 6/>, =
li,*b, - 2 (3^, 4- ^,,ftj 6, + 6ii,b, - 36„ r=

(16)

The two latter equations (16) enable us to express fi, and n^ in

function of n„. F'or multiplying the first of these by 2i, , the second

by b^, and adding up, we find the following quadratic equation

{ti,b, - 2ii,b,r + 66, (fi,6, - 2f^6.) + 3 (46,6, - 6.6,) =:

SO

l^i^i
— 2fi,6, = — 36, + )/Bi,

where the square root stands for both values, and z, represents the

expression

t, = 36,» - 46,6, + 6^.

This result, in connexion with

fi, iii.b, - 2ii,b, + 66,) =r 36, + 6ft.6,

gives

f 1
= 36„ + Qii.b,

f*.
= 66, + 3fio6,

36, + l/3i, " 36, + |/3i.

Now the first seven equations (15) lead up to

ii:=ff

1
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^0

1

a.

1

(h M2 2^

f'o Ml f*2 " 26,

a„

1^1

Mo

1
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This takes a simpler form if we eliminate all the powers of vi

except the first. The definition of m gives

m' = (36V — 3^'„^ — 12^>,6,) m + lU^h.Jb^ — 72b,b.2b,

1 3^2 — 1/31*2

m
hence

3 (4^6. - 6„6J

36„'6,' - I2b,b,b,b,

m ^0^4 i^h — ^f^)-

\'K

With these values, and putting

we obtain finally

N=^m-- (3t.+M2) = 9 ^.2^/3^2-4^. = - (ial/Sta-Ot.) . (18)

Introducing now the values of 11.2 and fi, in function of fi^ in the

numerator, we may reduce this to An^* + ^ji, -|- C> where the

coefficients are to be determined still.

If we put fi„ = 0, C is immediately found

1 6.

C= — a,

6b,
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or

B=-

, 1



fo =
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(20)

reduces (14) to (19).

5. To determine in this case the conditions, we differentiate the

four values
b. h.

expressed in 1 and ft by (15). This gives

/.(-I)

6<9(6,6,') = (3^',,i,-363,i„)A,'-^.,fi,V + {b,ii,-U,)X^ -j- 36,;.; +

66>(6,62')=-3^fio-^;4-(3/>,fio-^f^x)V+^M/+ (3^-362fi2)A„' +

+ {b,x-u,x;)ii.^-b,x,ii^ + (3M2-3^A,)fi;

6<9(^6,')=-3^fio'^;-^f^i^2'+ (^f'2+66,fOA/+ (36„-662,x,);V +
+ b,X,n^-{b,l,^Qb,A,)ii: + (6M,-3^;i,)?i„' /

Combining each of these equations with the seven former equations

(15) and eliminating the quantities ^s' V^i'^oViViVo'' we obtain

«.
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/,6,-|-Cj *-i^t-T^t ^i^«"l"^7

(9 <9 <9

that is for the four cases successively

36.6, 66,6,
6 (6,6,'), 6 6,,i2-3^Mo, - 6 6, ^*

,
—^*

, 36„ - 26,6,, 6,' ,

m m

36.6- 66,6.
6 (6.63'), 3 6,^.-36,^,, ^'

,
—LJ _ 362, 36„ - 26,«, 6, 6, ,

m m
, 36.6j 66j'

6(^162)' -- 3 6,|w„ , — , 36,
m m

36.» 66.6,
6 (6„6,'), - 3 h,(i„ ^

,
—^ . 36. -

m m

186,6^
, 6^m-26,6„ 6,6,, -36^6,

m
186,62

m
- 26.6,, 6,6, -f- 26im, - IJ626,

which may be represented for a moment by />./>, iy^I>,i>,/>,i>,i>y.

After these reductions it is evident that only the second column

contains the quantities fi„ fi, fi,. Hence, with regard to the relations

(17), this determinant may be written in the form An^^B, where

the value of A is found by differentiating with respect to fi, and B
by substituting jn„ = 0.

In this way A takes the form of a determinant of the eighth order

which immediately leads to the following of the sixth order.

A = - a.u

36^10
66, 66,—

• —^ 1 6,
m m

36. 66,
1 —^ —^ 1 26, 6,

m m

36- 66, m_J _i _ 26,
m m 3

36. m—
' -

m 3

d: Z>, D, D, D, D.

where D^ =
(Zfi,

= "'^ G)

m ^, w _ m , m

m
3

m
26, 26, -

* * 3

m
3

6. 26, - 26.6,

m
6, 26, - 26,
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Developing this determinant, and jMitting

m* 46,6.-f26„6, ,
46„6.=+ 46,»6,

81

we have

m» 4- m-^b,b,{b,b^-4:b,b,) = P

If we introduce now the values of the quantities D in the last

factor, this leeuJs in the four different cases to

26

2b

26,

! ^« + 4626.m + 26,(6„6,-46,6.)

- -i m' + 46,62m + 26,(6„6,-46,6,)
o

26,
m' + 46„62m + 26„(6„6,-46,6,).

If we observe that we liave by definition

6A-46A = 3-^

it is evident that in all cases ^4 =: 0.

The conditions are therefore determined by B = 0, and this may

be written, after a slight reduction

m
a,
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where the elements of the last row are respectively in the four cases :

6(6/0'), 126^62, -(6„6,-f 262m), 26/,, 6.m, -26.6,, 6/,

6^6,62'). 36/2, -Mit 26/,-62m, 6,m, -26,% 6,6„

6(6/2'), 0, -6/„ 26/, 6,(m-662), 62m -26/,, 6/„ -362^,

6(6/2'), 0. -K^ 26/,, 6„(m-662), -26/,, 6/,+ 262m, -I2626,

6. Following the same way in the general case, we obtain for

fio' the quotient of two determinants each of order 2/i-|-l- If we reduce

these as before, the denominator will be seen to be independent of

X and n ; and the numerator will only contain the quantities

fi„_i, fi„_2 . . fij, fi, in two columns. Now fx„_i, fin_2, . fi^ may be

expressed as linear functions of /i,, and this proves at once that the

numerator must be a |)olynomial of the second degree in ^i,. If,

therefore the necessary conditions are satisfied, the quantity f4, is an

integral of an equation of Rkcati. The substitution which reduces

the given differential equation to this equation of Riccati will then be

found from

r/" -f |u,^i y"-l
-f . . .

f4,
t/ -h fi, =

by determining fi;,-i, - • l^i in function of fi, and expressing fi, in

function of y.

Physics. — ''The law of shift of the central component of a triplet

in a magnetic field." By Prof. P. Zeeman.

In two communications to this Academy *) on "Change of wave-

length of the middle line of triplets" I gave conclusive evidence

obtained by means of Michelson's echelon-spectroscope that the

central line of some triplets is shifted. The fact of this displacement

was established simultaneously with my own observations by

Gmelin ') and Jack '). Gmelin first gave the law of shift in the case

of the mercury line 5791. According to him the change of wavelength

under consideration is proportional to the square of the magnetic force.

In the second part of a former paper on "Magnetic resolution of

spectral lines and magnetic force" measurements concerning the

asymmetrical resolution of the mercury line 5791 are given *).

1; P. Zeeman. These Procediiigs February 1908, April 1908.

2) Gmelin. Physikalische Zeitschrift, 9. Jahrgang S. 212—214. 1908.

^) Jack see Voigt. Magneto-optik. S. 178.

*) Zeeman. These Proceedings November 1907.
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Supposing that the asymmetry of the separation is entirely due to

the shift of the central line towards the red, one should conclude

from the communicated numbers that the displacement increases nearly

linearly witii the strength of field. This investigation was made

with Rowland's grating, the principal object in view being to prove

the existence of asymmetrical separations. I succeeded in this respect,

but I think now I have oven-ated the accuracy of the extremely

difficult determinations of the amount of the asymmetry. In tields of

the order of 20000 gauss the asymmetry is 35 thousandth parts of

an Angstr(>m unit, while the Rowland grating used permits in the

chosen, fu-st order to resolve lines, the difference of whose wavelengths

is 0.12 A.U., hence with the field intensities mentioned we have

to do with a (juantity which is already four times smaller tiian the-

limit imposed by the resolving power.

It is only because we have to do in determining the asymmetry

with a difference of two quantities which are above the limit set

by the resolving power, that there may be question of measurement.

When we reach however the utmost limits of the method used

then sources of error come to the front, which partly are caused by

our mode of appreciation of the distance of two adjacent lines, partly

are connected witli particularities in the formation of images by

gratings, not yet sufliciently understood.

It is therefore undoubtedly to be preferred to use for the furtlier

investigation of the shift of the central line a method warranting

greater resolving power. Gmelin in his investigation has used Michelson's

echelon grating, and it seems that he has largely succeeded by syste-

matic procedure to interprete quantitatively the results given by this

instniment. His result therefore possesses high probability and more-

over is now supported by the theory given by Voigt ') in order to

explain the large asymmetrical separations, a theory which assumes

the existence of couplings between the electrons.

1 thought it however to be worth while to investigate the matter

by a method independent of Rowland's and Mk.hklson's apparatus.

Fabry and Pkrot's method seemed most appropriate. The greater

part of the measurements communicated in this paper have been

obtained with a 5 m.m. ^talon, already used on a former occasion.

Some doterminatioiiH were made with an ctalon with distance-pieces

of invar as suggested by Kahky and Pkkot in order to diminish the

dependence upon temperature. It was constructed for me by Jobin.

t) VowT. lUgneto-opUk. S. 261.
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The thickness of tlie air-lajer in this etalon was nearly 25 m.ni.

With this distance and using the light of the mercury line 5790

in the magnetic field the limit of the method is being rapidly approached.

Hence the accuracy of the results obtained with the 25 m.m. etalon

is in our case hardly superior to that to be reached with the 5 m.m.

apparatus.

The arrangement of the apparatus was described with suflicient

detail on a former occasion '). For the purpose now in view it was

desirable to investigate exclusively the vibrations [Mirallel to the

magnetic force. A calcspar-rhomb therefore was placed between the

source of light and the fti*st lens. Two images of the radiating

vacuum-tube are now obtained near together on the etalon, the

non-desired one being screened off. A photograph was taken with

the field on, and before and afterwards one with the field off.

Besides the inner ring, always also the second- ring, in someciises

also the third and fourth one, was measured and the result used in

the wave-length calculation.

The formula for the calculation is the one tivst given by Fabry

and Perot, still remarkably simplified in our case ').

In the following table the results are given relating to the mercury

line 5791. The first column contains the number of the experiment,

the second one the reference-number of the spectrogram ; Ai„ is the

change of wavelength of the central coinponent. The field intensities

are given in the last column. Their relative values, which are only

necessary for establishing the law connecting displacement and strength

of field, are exact. These numbers must be increased with 1 or 2'/,

in order to reduce them to gausses.

Experiment Plate n\ A>.,

1 208^-

2 209''

3 211

4 212*^

5 214^^

6 2186

7 218*^

8 219^

9 220^

10 220^^

, in A.U.
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The experiments 4 and 5 are made with the 25 m.m. etalon, the

other ones with the 5 mm. apparatus. In the figure the results are

graphed. The smallness of tlie displacements may be illustrated by

the statement, that the outer components of the triplet 5791 are

separated 0.500 A.U. from the unmodified position in a field of

29750 Gauss. The ordinate measuring 0.500 A.U. would be 75 cm.

in the figure.

The results 1, 2 and 4; 3 and 5; 6, 7, 8, 9, 10 were combined

in each case by assigning simply to each mean displacement the

mean magnetic intensity. The three principal values, thus obtained

are indicated by crosses. These points and the origin lie very approxi-

mately on a parabola.

0.0140KL
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.i\ ,xm diameters of the rings in m.m.

a\ mean of 2 diameters on plates taken before and after i\

First ring:

X, — 3.662 .^• ' = 13.410
0.160

.i-„. = 3.640 ^,„':irl3 250

Second ring: \
0.171

X. — 2.608 a- ' = 6.802

a-,„=: 2.573 .1-'= 6 620
0.182

A ;„ = ^"^i^^ 0.0086 A. E.

In the case of tlie triplet of tiie mercury line 5770 no displacement

of the central line could be found. In a lield of 28250 the following

values of the diameters were obtained with the 5 m.m. etalon

:

First ring Second ring

2.199 3.409 field off.

2.193 3.408 field on.

2.199 3.394 field off.

Hence the cential line of 5770 remains within the limits of experi-

mental error exactly in the position of the unmodified one.

Physics. — ''Contribution to the theoi'y oj binai'y mixtures," XII.

(Continued). By Prof. J. D. van der Waals.

In the discussion in the preceding contribution on the question

whether there is any possibility that values of v^b^ might occur

in the case that the locus of the points of intersection of the curves

— = and — = is a closed curve, we have also discussed

(p. 433) the case that (y'") or:

dA) i . dA)
l — n[/ \A-x—\ zp \/

would be imaginary over the full width from .r = to .r = 1. We
have reduced this equation there to the following form

:

1 I

/c. a,—c(i— x)'
I
yr^^^^^^

n — 1 — nx\ / =F (1 — ^) I
/ =

V a a V a a

and shown that if n y> 2, the value of a, — ac' may become

negative for the high values of x. The limiting value of x is then

32
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equal to \/ — , so that we have Xg=i \y/ —
. We then observed

(p. 435) that if such a limiting value for x exists, our conclusion

that 9;"'= must possess a minimum value which is negative, can

no longer be considered as proved; but we omitted the observation

that the thesis that v would have to be <C ^3, may not be considered

as proved any longer either. If viz. the substitution of .r.-^.r^ should

make the first member of (</>"') negative, whereas, as we saw before,

the substitution of x = makes the first member of i<p"') positive,

then a value of x must exist which makes {<p"') = both on the

branch of {<p"') with the negative sign for the third term as on that

with the positive sign. Then it is therefore unnecessary, that {(p'")

possesses a minimum value, and there is no raason for the positive

sign for the third term, and so no necessity for v being smaller

than b,.

Let us seek the condition for

:

n — 1 — nxg <^ U
a

or

n— 1 V c

Let us write;

- = -i (1 -..,) -^-^-Xg (1 ^Xg)
a a, a,x

c c

or

- = X^g {\-Xg)^^-Xg {l-Xg)
e c

or

c ^ c

-(l~*7)'j.

The condition put above, becomes then

:

n-l
<
^'^--(l-V

or

a n'

i-<''^^y<-(^^
or
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-(l-.r,)«<

or

_^? (l-a:,)«<0

< i— ^s

or

n--l

I >/aj 1/1 +

f

And taking into account that Xq=z\X — = —i, we obtain
K c n—

1

as condition;

(n-l)>l/rfT, -fnt/e..

I have given it in this form in the "Erratum" accorapan^-ing the

preceding Contribution.

Before discussing the signification of this condition I will remark that

we might, indeed, have obtained this result in a less intricate way.

Let us directly put the value v = 6, in the equation for the closed

curve, and let us examine what value of a* then satisfies the equation.

If V = b,, then v—b= {b,—A,)(l—x), and y' = ft/. Equation (a) of

Contribution X p. 318 becomes then:

(n-1)' cx{l-x)
i— (!—•») ^

or

{n-\y c

n'x a ttj a,— (1

—

x) -\ a— X (1

—

x)
c c

or

n-x (l^e^) {1—x) -\- n* {l-{-s,) X- X {l—x){n-]y

then we find as condition for the calculation of a; for which {; = ft,:

{n-iy' ' (n-1)

or

I
^ (n-i)«

t ("-ir '
' ' -

m
As 1 + fj must certainly be positive, because a negative value of

«! is inconceivable, we see that if the above equation has real roots,

it must have two for positive values of x in all possible cases, also

if fi and f, siiould be negative. The condition for the roots being
real is :

32*
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^~ {n—iy ^ n-\
or

1
_^^0-K)^^^

n— 1 n—

1

So the same condition as had been found above.

If we represent the condition for the possibility of v '^ b, again

graphically, it is given by a parabola, and that the same as occurs

in fig. 36 p. 321, but shifted downward in the direction of the

f,-axis by an amount ^ 1. We need not draw it, but we shall

think the points of contact with the s i-axis and with a line fi=r—

1

indicated by the letters Q' and P". To satisfy the circumstance

V > 6,, the point (ep ej must lie inside the space which 1 shall

call 0'P"Q\ But for the possibility of the closed figure the point

(fj, 6,) must lie inside the space OPQ — in both cases below the

corresponding parabola. This can only occur when the two areas

mentioned cover each other or as least overlap. This requires

{n—1)' > 1 or n > 2. So the points (fp fJ giving a closed curve,

for which the value v ^ 6, occurs between two values of x, are

confined to a smaller space, again bounded by the axes and a

parabola. In this case the parabola touches the 8i-axis at a distance

n{n — 2) from the origin, but intersects the 6,-axis at a distance

n(n— 2) n—

2

. . . m.= —= from the origm. The condition that the two values
rr n

of X for which v = b„ coincide, and that the closed curve touch a

line V= b, is this: that the point (e,, e,) shall lie on this parabola.

Then x=:\ X ^"i 1 —^= 7- If ^e compare this value

of x with that which we have called ,Vg above, av, appears to be

dv
besides highest value of ;c for which — is equal to for the points

da:

of the closed curve, also the value of .r for the point in which the

closed curve touches the line ?> = 6,. If volumes occur which are

larger than b,, (hen the greatest volume lies at a value of .i* <[ .r,/.

Let U8 now more closely examine the space which 0P(2 and

O'P'Q' have in common, and inside which the points (f j, f,) must

lie for the condition v > 6, to be satisfied. For n very large this

spaco will lio \'{'ry largo in tho direction of iho f,-axi8, but in

2
the dinTlUiii ui llie e,-axih il nuiiuns limited to un uinuinM i —

n

and HO below nnily. Also by simple construction wo can now indicate



( 481 )

a rule for the place of the points (fj, f,) which satisfy the require-

ment that the portion cut off by the closed curve from the line

V = bj, have a given value.

From equation (,i) of p. 479 follows :

l+f,— n'f.

^ (n-ir
1 +

\-\-B,-n% — 4
(n-iy{n-iy J

If we represent the highest value of x by .r„ and the smallest

by 2?i, then :

{.v,-^,y = ^ (n-ir J {n-iy

or

2»^
j(;rrrr + ~~4^i - ^ + (^^ly-

"^ ~~r~

\n-iy ^ 4n'

or

So the points for which a?,—a^i
has an equal value, lie again

on a parabola, and one of the same shape as that of fig. 36; but

now it has undergone two shiftings.

The first shifting is that in which all the points of the parabola

have descended by an amount =: 1 in the direction of the f ,-axis

which makes it the upper limit of the space now under discussion.

But the second shifting is one which takes place in the direction of

the diameter or the axis of the parabola. The amount of the second

shifting must be such that it can be considered as the resultant of

a displacement in the direction of the negative e^ by an amount

equal to — — {n— 1)^ and a displacement in the direction of the
4

(^ f). y (ji ly
negative 5,-axis by an amount equal to —^—~ —

. Accord-

ing as .r,—ci'i is greater, this second shifting is more considerable —
but as soon as the shifting would proceed so far that the parabola

would have no more points inside the original space OPQ we have

exceeded the possible value of x^—x^. The extreme limits ot\v,—x^

1 ^ 2
are then on one side 0, and on the other side 1 — =

.

n - I n—

1

This greatest value of .f, —.i\, which is equal to for 7^ = 2 itself

approaches 1 with increasing value of n. We may also express the
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above as follows. When we have a point (Sj, 8J in the space which

OPQ and 0"P'Q" have in common, the closed curve will possess

volumes which are greater than b^ — and by shifting this point

in the direction of the axis of the parabola till it meets the first-

mentioned shifted parabola, we find the value —^—

—

~ {n—1)% in the

projection of this displacement on the fj-axis, or the value of

-;— m the projection of this displacement on the 8„-axis.An'
So the length of the line drawn through the given point in the

direction of the axis of the parabola till it meets the second parabola

teaches us the value of (.i-,

—

a.\y ; to which we may add that the same

line prolonged to the other side so below the given point, shows

us also at what value of j* the middle of .i\ and .i\ lies. If the

continuation of this line passes through the point 8, = and fj = — 1,

the middle of a,\ and .v, lies exactly at aj= —. If this line intersects

T - i- /K 1

the «,-axis below fj := — 1, then ^-^

—

^"^Ti ^"*^ ^^^® other way

about. We have viz. from (^ :

' * {n-\y

or putting -^-~- = ^m :

For given value of Xm this represents a straight line, the direction

of which is given by — =: n'. This straight line intersects the fj-axis

in a point f
, + ^ = — ^'^—1)' (1— 2a;,„); from this formula the given

rule appears.

Such rules may also be given for the dimension and the place of

the closed curve itself — and for the accurate knowledge of the

properties of this curve the knowledge of such rules is uot devoid

of importance. Thus (he equation (,i') of p. 319 Contribution X
leads to :

when the values of x between which the curve exists, arc represented

by «, and x,. If we derive from this

:
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(n-l)« ' 4 ^ |(n-ir 4n« |

it appears that the locus of the points e, and f, for which the closed

curve has tiie same width, is again the same parabola OPQ, but

shifted in opposite direction of the axis by an amount of such

a value that the projection on the fj-axis is equal to (/i—1)'

(g. X y-^ ~. For the points of OPQ itself the width is, therefore, equal
4

to 0, and for the origin, in which f, and f, is equal to 0, a*,—^i=l,

and the curve occupies the whole width. The decrease of the values

of fj and f, obtained by shifting in the opposite direction of the

axis of the parabola, promotes therefore the intersection of —— =:
ax

and — = 0, and so furthers the non-miscibility. In the same waj
dv'

x.-\-x.
we find, representing the value of —-— by Xm '•

€,— n'f,
1 - Ixm = —

.

(n-ir

So if we trace a line parallel to the axis of the parabola through

\ 1

the origin, this line is the boundary for the points for which j?„, ^—
11

For the points for which 6i]>n-f,, ^m > — • and the other way

about.

And finally this property. We may also write the equation (^) of

p. 319 Contribution X indicating the limiting value of a? which cor-

responds to given value of f i and 8, as follows :

«, 1 n'g, 1

+ 7—f;^^ = 1-
(n -1)' X ' (n— 1)«1

Let X = vi'j for one of these limiting values, then this equation

becomes :

«• I
,

>*'g.
_J_ ^ ,

{n— \Yx^ {n-\y\—x^

And for constant value oi x^, this last formula represents a straight

line for the points {^^ ,
f,). On this straight line also the point must

lie for which not only the one limiting value of x = x^, but also

the second, and for which the two values of x therefore coincide.

In this case x^ = and 1 — x^ =—-. Hence we get back again
n—

1

n—

1

°
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the limiting relation between s^ and f, or in other words the equation

of the parabola by this substitution in the equation of the straight

line. So this straight line is a tangent to the parabola, and one

touching in the point in which also the second limiting value of a', or

.r, coincides with x^. From this follows then this rule. If we draw

a tangent to the parabola in the area OFQ, then all the points (?,, 8,)

for which one of the limiting values is equal to the value for a; of

the point of contact, lie on this tangent. If we draw a second tangent

to the parabola, the point of intersection with the first tangent has

the property that the values of .v of the two points of contact belong

to it for .i\ and a;^. If we have drawn one tangent, tangents may
be drawn from all the points of this line lying on the lefthand side

of the point of contact, so from all the points for which f, is smaller,

and f, larger than that of the point of contact, to the points for which

6j is larger, and so .I'j^.^',, and the other way about. If we wish

to indicate in what part of the space OFQ below the parabola the

points lie for which the values of f^ and g, are such that the whole

closed curve remains restricted either to values of .r "> — or to
2

values of .T <[ — , we must begin with tinding the point on the para-

1

bola for which ^, =:.r, =— . This is the point for which e^=n^e,,

and which therefore lies on the line which is drawn from the origin

in the direction of the axis of the parabola. In this point we must

trace the tangent to the parabola. From the gj-axis this tangent cats

off a portion = and troin the 8,-axis a portion = .'2 2w'

So it is a line parallel to the straight line PQ of fig. 36, and it

OP OQ
cuts off from the axes parts equal to — and —. This tangent divides

the space OPQ below the parabola into three parts, viz. the part

below this tangent, and the two other parts above this tangent und

further bounded by the parabola and one of the axes. The rightluind

one of these two parts contains the points, for which the dosed curve

remains confined to values of x<^-—. For the lefthand part the

reverse tt|)|)lic.'^.

So according to iIiIh ichuII cither of these cases would bo possible

cither that the closed curve remains restricted to values of a' > -—
,
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or to values of a* < — . But if it is asked whether it is probable

that both cases occur, this probability depends on the value which

/' must assume in these two cases. The point in which these spaces

{n-iy ^ . .

touch, is the point where f , = n'- e, =—-— . For this pomt to be

possible the following equation must hold :

(2n + fx + «' f,)' = 4 /Ml + f ,)
«' (1 + *.)

We find from this by substitution of the values f , and 8,

:

{n -f-
1)* -f 4 (71 — 1)**

So in any case a value of /-<^1. It becomes smaller as n increases,

and the limiting value for n = :c amounts to —. Such a small value,
5

however, /' will most likely never assume. And if we now take

into consideration that for the points of the lefthand part, for the

points of which x > — , the value of /* will have to be still smaller,

we arrive at the conclusion that if n is large, the case that the closed

curve remains restricted to values of .v "> — will not have much^ 2

chance of occurring. For the j)oint in which the two spaces touch

7
81

,
4 ^

r is equal to — for ?i = 2, and ihis value is equal to — for 7i =: 3,
85 5

and we may consider these values of I* as probably possible. So

that we arrive at the conclusion that for not great values of n, e.g.

ii='S, the closed curve, if it exists, can occur at'.i' ]> — , but that for

higher values of n, and also if I' should be ]>1, the other case,

1

X <] -
, is possible

Let us now proceed to derive some results on the miscibility or

non-miscibility in the liquid state from what has been observed on

the intersection of —- = and -— = 0, for the case that the locus

of the points of intersection is a closed curve, and to compare these

results with the observed facts. All the properties discussed of the

closed curve are perhaps no longer necessary if we could have
anticipated this result. They have, however, been necessary for me
to come to this conclusion. And if we do not content ourselves with
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more or less vague indications, but want to give clearly defined

statements, the knowledge of most of the properties discussed is

necessary.

I already treated one of the meanings of the closed curve, p. 331

Contribution X. In this case contact of —— = and —= occurs

for the first time at low temperature T^ ; at rising temperature there

is intersection of these two curves. But with further rise of T the

two points of intersection draw nearer together, and at T=z T^ there

d-\^
is again contact. For the case mentioned — =r had again to lie

dx^

d^i\>

in the region where —— = is negative above 7'= i\. But a second
dv

case is possible.

With constantly rising temperature the intersection of the two

curves may always proceed in the same sense, and then there can

also be contact at T =: T^. Then the curve —^ = must disappear
dx^

d^\\f

in the region where is positive. In Contribution III I gave the
dv"*

d-y\)

equation which is to decide whether — =: is to disappear in the

one region or in the other, viz.

:

a <l+y/

If the sign > holds, —- = disappears in the region where—

-

is positive, and the other way about. And now, to answer the

question whether the first mentioned case takes place or the second,

we must examine this equation, bearing in mind that f, and f, is

positive, and that the points (<?,,?,) lie below the parabola OPQ.

The values of x,j and y,j are dependent on n, and (juite determined

by this quantity ; and according to the list of calculated values

occurring in the beginning of Contribution III, x„ can only vary

between V, and Vt» ^''^^ !/, l)Otween 7i t^"*' ^- ^o the second member

of the inequality to be investigated is entirely detcrniincil l>y the

ratio of the size of the molecules, but the first member dejjends

moreover on f, and e,.

Let us write this first member, omitting the itidex to x,j\
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cx{ 1 — .^) c.v{ i—a)

1

or

cx(l—.v) 1

11 n» 1 ,

(«-l)'a; (n-1)' 1—^(n— l)».c (n— l)'l-j;

Now there is a series of values of c , and €, (see p. 483) for which

8 1 n'f 1

the value of
—*

1 1 is equal to 0. All these values
(n — 1)- x (n— 1)' l—.c

are given by a line w^iich touches the parabola in a point for which

^ =: A', so a point which, as the parabola itself, is entirely deter-

n— 1

mined by tlie value of n, and lies on the line which passes through

the origin in a direction - = n*l ). This direction approaches to

— for very great values of n, and to ?i' itself for values of .r which
4

are but little greater than ^. All the values of Cj and f, occurring

below the parabola are reached when lines are traced parallel to the

said tangent. Thus:

+ ;

—

:rr* i 1 = ± «
[n—iyx ' {n— iy \-x

represents all the points below this tangent, when a is given the

negative sign; and then the second member can descend to — 1, in

which case the origin itself might occur. All the points above the

said tangent are reached, when <i is given the positive sign, and

then made to ascend till 1 -J- « =^ -. i" which case the point Q is
w

reached. For a such that 1 -\- a = , the point P is reached.
1 X

So we have for points below the tangent:

ex {1 — x) 1

1

+
{n— \y a ' {n-\y \—x

in which « lies between and 1, and is = on the tangent itself.

For points above the tangent we have:
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ex {1— w) 1

1 n' 1

+ ; TT7-; + «
{n-\y a; ' (n— 1)U

in which « lies between and 1 ; whereas to reach the points
X

lying above the tangent on the side of P we need not go further

than a = 1. Of course in the same way as illustrated in an
1

—

X

example above we have again to consider whether all these points

points probably occur by investigating the value of /*.

c.v (1

—

x)
The form in which has been given, now consists of two

a

1 1 n^ 1
parts in the denominator. The first part ; ^-—

—

\-- ~— -

—

(n— ly .V [n— 1)' l-.^•

depends only on n, but the second part a depends also on e^ and s„

and as the second member of the inequality which is to be in-

vestigated, does depend only on 7i, we cannot expect the circumstance

whether — = 0, when disappearing, lies in the positive region of
dx^

— or in the negative one, only to depend on the ratio of the size
dv'

of the molecules. But this we may at once consider as a result

obtained that as the parallel line is farther from the origin, and so

the values of p, and f, are larger, the value of the first member of

the inequality becomes smaller, and so there is a greater chance that

the second member exceeds the first. For greater values of e^ and f,

there is a greater chance that the disappearance of — = takes
dx^

dU\>

place in the region where — <] 0, and the degree of the non-
dv "

miscibility will be limited. Or rather, a phenomenon that attends

non-miscibility, will be checked by this. Thus for n = oo, for which

1 1 M
X =z— , and y = — , and —=— == 1, the first member of the inoqua-

2

lily will be eiiiial to 2 for the origin, to — for the points of the
o

lADgent mentioned, and — for the point I* if we include also the

teftliand part above the tangent in our calculation; the second member

2 d'tp
i« equal to — . Then --- = disappears just on the verge of the

o dM
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region of positive or negative for the points of the tangent. For

d^xp

the points above the tangent, however, -— = disappears where
aw'

—;;- is negative, and the reverse for the points below the tangent.
dv"

d^tp

But let us try to answer the question where — = disappears
dx*

for arbitrary value of n. The relation between 7i, x, and y (Contri-

bution III) is, indeed, a very intricate one — but to ray astonishment

it proved to be possible to find an answer by a comparatively simple

reduction. If we start from equation (4j of Contribution III, we
may write

:

and

1 xil— x)

^ (1— •*) .^

n— \ I— 2a

If we take the square of the first of these equations, and then

divide by x — and the square of the second of these equations and

then divide by 1 — x, the sum of the two values obtained yields

:

11 In' a?(l— .«)

^ {n-iy ^ l-;p(n-l)' (1-2^)' ^ ^^

l(l-v)'
For the second member may also be written - -—-— , and the

4 y*

(/>
condition whether — is positive or negative for the point in which

dv*

— =: disappears, becomes then for the points below the tangent:
dx-

> V
l(l-t/)'<l+y

1 — a -\

4 y>

In this equation we have a = 1 for the origin and a = for the

tangent itself. With « = 1 we find as condition

:

2/(l-f 3/)<(l-2/)'

For y = -
, which belongs to n^ cc, the first member of the

3 1
inequality is - , and the second member -

. So, as we found above,
4 4
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> 0. But for y= 0, which would belong to n =. 1, the first

member =0 and the second =1. So for this limiting case <^0.

So there is a transition value of n, namely for that which belongs

to 3y^ 1 or y = - . According to Contribution III the value of x
o

is about 0.4 L and of n about 3.4 for this value of y.

For the points of the tangent for which « = 0, the condition is

:

1

4 2/«

or

_>^

or

< 4y» - 3t/ + 1

^ (1 - 2yy (1 + y)-

So this inequality can never be satisfied by the sign > ; only for

y= — there is equality, as we saw already above. We conclude from

this that however great the value of ?i be, -— = disappears in

d'tp
the region where is negative for all the points of the tangents.

dv*

So this is a fortiori the case for all the points above the tangent.

When y lies between - and -, and so n > 3.4, a line is to be
3 u

indicated parallel to the tangent on which the points (e^ , f,) must

d"-%b d-%p

lie for —= to disappear, just on the verge of -— = 0. But
da* dv*

for values of y ^ - and n <^ 3.4 the disappearance will take phice

where — is negative for all the points below the parabola, and so

the curve —-^=0 will lie inside the curve -— = hoih .ii ji icin-

dr, dv*

perature below 7\ , so before the first contact, and at a tent[)cruluro

above 7*,, so after the second contact. The place of the straight

line which contains the points at which \ho inmsiiioM of Mi" sign of



( 491 )

d'xb 3y— 1— takes place is determined by the value of « = 1 —-— or

t^y \y n -f-w)

a — — —. So the quantity u has always the same sign,
Ay'

and as it cannot be greater than i
, y must always be greater than -.

o

So the equation of this line is

:

B, 1 n'f, 1 _3y-l
(n-l)'« (n— l)'l--a: Ay*

Now we have also the means to decide whether the temperature at

which — = disappeai^s, is higher or lower than the critical tem-

perature of the mixture of the value of a?= a?^ — in other words

whether Tg ^ Tk. If Tg < Tk, then —7 = has left the region where
CttC

d'lb d}yp— <r on the side of the branch of the small volumes of— = 0,
dv^
^

dv^

and this branch is still found even at the temperature Tg. For the

other case we have a representation of the relative position of the

two curves after they had left each other in fig. 10, Contribution

III. The condition Tg < Tk (see Contribution III) may be written :

2c l—v \ 8 a— a? (1 —x) —^
h ^ ^l+y)'<27 6

or

21cx{\-x)^ {\-^yy

A a < (1-y)'

It we write further = -, the condition becomes:
«

1 ,

(1-2/)
^-« + -Ay^

27 1 > (i+y)'

4
,
(l-yr< \-y

Ay*

For « = 1, or for the origin 0, this condition becomes :

27^'>(1 +.vr(l-2/).

For y^=-z- or n = 00 the first member of the inequality becomes

27 9
equal to — , and the second member to — ; which means that

o 5
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Tg=^ZTk' But for y = or 71 = 1 the first member =0, and the

second =^1. So there is a value of y, for which Tg= Tk, and of

course this value must be larger than that which we found above,

when we determined for what value of y the curve — disappears
CLOO

on the boundary of 0. So if we put ?/ = — the first member
o

32
is equal to 1, and the second to --. The equality of the two members

requires y about 0,36, to which n= 3.7 corresponds, which is but

little greater than we found above for the smallest value of ?2 for which

— = goes beyond —- = 0.
dx^ dv~

For the tangent for which « ^ 0, the condition becomes:

27 1 > (l+yr

4 (l-4r<(l-y)
+ 42/'

We cannot expect another value for the points of the tangent than

y=z — . The last inequality may also be written :

> (l-2# (1 + 4y + IO3/' + 2/»).

H

nH

oczo

'••'>':;-.../>'

p' "^^':
y-0,36

GCr/

Fig, 38



( 493 )

If we call the value of <t required to change the inequalily into

equality for given value of y ,
«' — then the relation

:

27 \-y (1-y)'!-«' =
4 (l + t/)' 4t/»

holds for this quantity.

For the preceding problem, viz. the determination of the relation

between « and ?/ causing —= to disappear on the curve ——= 0,
dx* aw

3y-l
1 -« =

4y'

held.

For ct'—a we find then

1-f.V 27 1
« —a = V 4 (l+y)'

or

(1-f y)«-27 y' (1-y) (l-2y)« (l + 7y)
-o =

4y'(l-fy)« 4y'(l-fy)'

From this it appears, what had been clear beforehand, that «' is

1

always greater than «, except for y =i — , when they are both equal

to 0, and so for the points of the tangent. A case, however, which

we can only think as a limiting case, because it would require

n = 00. The adjoined figure 38 gives the relation between « and y
for the two problems graphically. For the origin « = 1, and for the

points of the tangent « = 0. For the first problem y =: — for the

origin, and for the second y = 0,36 — whereas for a = the two

values of y are = — . For the second problem the line y=f{a)

always lies above that of the first problem. Hence for equal value

of y the point F' lies at higher value of « than the point P.

{To he continued).

33
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Anatomy. — "About the development of ike urogenital canal (urethra,

in man." By A. J. P. v. d. Broek. (Communicated by

Prof. L. BoLK).

In the following communication I am going to give a description

of the way in which ontogenotically the closure of the urogenital

canal comes about in man; next I 'intend trying to throw some

light upon the composition of this canal from a comparative point

of view.

The youngest stage that 1 examined was a male (?) embryo of a

length of 30 m.m, from crown to coccyx; a stage which is a little

younger than the oldest female embryo (I.e. Embryo Lo) described

by Keibel ^).

The urodaeum (entodermal cloaca) is divided into rectum and

sinus urogenitalis ; there is a primitive perinaeum. The anal mem-
brane no longer lies near the surface of the body, but forms

the bottom of a short proctodaeum. Sinus urogenitalis and proc-

todaeum combine into a short (200 <i) ectodaeum (ectodermal cloaca),

in whose walls the two component parts are easy to recognize. If

we follow the part of the wall proceeding from the sinus urogeni-

talis, it appears that this at the basis of the penis contributes

to the limitation of the short genital groove ("Geschlechtsrinne")

;

before this it continues in the beginning of the penis as an epithelial

double lamella, phallusframe ("Urogenitalplatte", "Urethralplatte",

"lame cloacale" etc.). There is not yet a fossa navicularis.

In an embryo of 4 cm. the apertures of proctodaeum (anus) and

sinus urogenitalis are separated by a definitive perinaeum.

The sinus urogenitalis mouths on the perineal penis-surface with

an aperture about lozenge-shaped, situated immediately behind a

circular furrow on the penis. This furrow denotes the limit between

the glans and the corpus of the penis.

Following the transverse sections, starting from the apex of tiie

penis, it appears how in the |)art before the navicular aperture

(foesa navicularis) the phallus-frame as double-lamella penetrates

into the tissue of the penis (Hg. 1 a). In the tspiicro of the

fossa navicularis the iauicliae of the phallus-frame partly deviate

(flg, l.b.), by which on the porinoal surface a groove becomes

visible. The angle between the two leaves becomes gradually larger,

till at last, in the widest part of Hio nportnro, one Is the continua-

1) KeiBtL (K.). Ztir EnlwickcliingHgcschichludcsnu'iisciiliciicii UroKc-nilalapparates.

Ardiiv f- Anatomic und Physiologic. Anat. Abth. 18'J0. pug. 55.
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tion of tlie other (figure 1 c. and d.). Tlie upper part of the phallus

frame stands like a crest upon the cornerplace of the deviating

lamellae, (fig. 1 b-d.).

If we look more closely at the wall of the fossa navicularis, it

appears tliat it is only partially formed by the lamellae of the

phallus-frame; the rest originates from the penisectoderm, which by

the side of the phallus-frame bends like a fold over its edge (marked

in fig. 1 b and c. with g.p.). If this fold is to be called sexual-

fold, it must be borne in mind that it does not represent the tran-

sition-edge of the phallus-frame into the penisectoderm, but entirely

originates from this ectoderm. In figure 1 b the two sexual folds

are situated close to each other, in figure 1 c, corresponding to the

middle of the fossa navicularis they are farther distant.

Towards the base of the penis the two lamellae of the phallus-

frame remain each other's continuation ; likewise the median crest

remains present; the two sexual folds, on the other hand, keep

bending to one another till they reach each other in the median

line and close the urogenital canal. Accordingly the wall of this canal

consists of tvvo parts, originating from the phallus-frame and from

the sexual folds (penisectoderm) (fig. 1 d.). At the nature of the

epithelium they ai-e to be recognized microscopically.

In the discussion of the older embryos I shall restrict myself to

that place, where comes about the closure of the urogenital canal.

I mention in passing that the part already closed, grows in length

during the following time of development and contributes to the

growth of the perinaeum.

In an embryo of 5 cm. the place where the two sexual folds

meet in the median line, is situated somewhat behind the broadest

part of the fossa navicularis. Here, too, the two wall-parts of

the urogenital canal, originating from the phallus-frame and from

the sexual folds are clearly to be distinguished from each other.

The part of the phallus-frame not separated lies like a crest on the

ventral wall of the urogenital canal ;. before the fossa navicularis the

phallus-frame forms an epithelial double-lamella. In this embryo a

praeputium has appeared which has not yet entirely grown about the

penis. The closure of the urogenital canal now goes on in apical

direction, so that the orificum externum urethrae is removed to the

point of the penis. This removal runs almost parallel to the growing

of the praeputium round the glans penis.

In the closed part of the urogenital canal the wall every time

consists of the two parts described higher up, which are microscopi-

cally sharply to be distinguished. Differences appear only in the

33*
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proportions in which the two epithelia contribute in the formation

of the wall. In an embryo of a length of 8.5 cm the praeputium

has grown round the whole glans. The orificium externum urethrae

finds itself not far behind the apex of the penis on the perineal

surface of the glans.

The first sections, beginning at the apex of the penis, still show
the solid phallus-frame (fig. 2 a.). The aperture of the urogenital

canal is to be seen in fig. 2 a as a groove in the thick mass of

epithelium, having arisen by the meeting of the two edges of the

praeputium. Through this the urogenital canal runs in an oblique

direction and after some sections it reaches the surface of the glans.

In that place the two lamellae of the phallus-frame have partly

deviated a little from each other (fig. 2 b.). The adjoining penisecto-

derm forms at the edges of the phallus-frame two small sexual folds

(marked in fig. 2 b with g p). By the meeting of these two folds,

some sections further on, the closure of the urogenital canal is brought

about (fig. 2 c). In contradistinction to what we saw in the sphere

of the fossa navicularis, the phallus-frame has by far the greatest

part in the formation of the wall of the urethra; only a very small

part proceeds from the sexual folds (penisectoderm).

That here, also, the two wall-parts are easy to distinguish from

each other, is taught by fig. 3, in which a part of fig. 2c under

high power is sketched.

The epithelium of the phallus-frame is to be recognized in a very

distinct stratum germinativum of high cylindrical cells; between the

stratum germinativun» on cither side there are a number of big,

little coloured, polygonal cells with large round nuclei. The cell-

boundaries are very clear. The groove between the deviated parts

of the phallus-frame possesses a smooth surface.

The epithelium proceeding from the penisectoderm and covering

the foremost part of the canal, has quite a different apj)earance.

It has a much darker colour, probably partially a consequence of

the much closer arrangement of the nuclei. A clear stratum germi-

nativum is not to be recognized, no more are the cell-boundaries

viBible; the limitation of the lumen is not so smooth and sharp as

in the phalliis-framo.

If we follow the urethra towards the fossa navicularis, we see

two kinds of changes taking place. First in the wall-fornialion a place

getting larger and larger is given to the penisectoderm; secondly the

two lamellae of (he phallus-frame deviate more and more, oidy a

small part remaining in the shape of a crest on the urethra (fig. 2^^).

The epiihelium of the phalltis-frame is gradually replaced by an
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epithelium iiaving the character of the penisectoderm. In the section

from which fig. 2^ has been borrowed, tlie two components which

are ontogenetically contained in it, are no more to be recognized.

I cannot omit directing attention in this figure to the epithelial knob

lying dorsally with respect to the urethra. It represents the "Anlage" of

one of the so-called para-urethralpassages and is to be considered as

a separated part of the phallus-frame or as a cell-cord grown inside

from this frame.

Finally I give in tig. 4 a series of sections through the urethra

of an embryo 13 cm. long (± at the end of the 5"» month) in whicli

embryo the state of the full-grown man has been reached.

The urethra mouths at the end of the penis with a vertical aper-

ture. Where the urethra is vertical, accordingly before the fossa

navicularis, its wall, as is shown in fig. 4a, consists principally of

the epithelium of the phallus-frame; only an exceedingly small part

proceeds from the penisectoderm, resp. the sexual folds. The lamellae

of the phallus-frame are almost entirely separated, not because they

are deviated, but because the central mass has disappeared.

In the direction to the fossa navicularis also here the] composition

of the wall changes and the part proceeding from the phallus-frame

becomes smaller, the part originating from the sexual folds becomes

larger. In fig. 4 c the vertical part of the canal certainly answers to

the phallus-frame, the rest is for the greater part a production of

the sexual folds. Also in this preparation the difference between the

two kinds of epithelium disappears in the sphere of the fossa navi-

cularis; in the sections from which fig. 4 d-g has been borrowed the

boundaries between the two components are no more to be seen.

In different places separated cell-cords and tubes are present which

must be considered as the "Anlages" of paraurethralpassages ; the

tube in fig. 4/ marked s.cj. is the "Anlage" of the sinus ]of Gu^rin,

The series fig. 4, like fig. 2, shows the cause of the change in

the position of the urethra, which, as is well-known, stands vertical

before the fossa navicularis, behind it mostly horizontal. The diffe-

rence is based upon the difierence in composition. For before the

fossa navicularis it is the phallus-frame, which has a vertical position,

that forms the greatest part in the wall-formation of the urethra,

only a small part proceeds from the sexual folds. Behind this fossa,

on the other hand, the wall of the urethra is for the greater part

the production of the united sexual folds, only a small part proceeding

ontogenetically from the phallus-frame. The deviation of the two
lamellae of the phallus-frame is in this transformation an important
factor.
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Considering the ontogenetical processes which contribute to tlie

closure of the urogenital canal, as thej have been described before,

I have to join the group of investigators (Retterer, Reichel, Herzog)

who assume a closure in consequence of the combination of two

folds (sexual folds) in the median line. I deviate from their opinion

as to the origin of the sexual folds, which are not the edges of the

phallus-frame, but which represent folds of the penisectoderm.

In connection with the processes described above I tinallj wish to

give some ideas about the value and the importance of the urethra

from a comparative ontogenetical point of view. For this purpose

I have to remind of the state, as it occurs in Echidna, one of the

Monotreraata. In this animal, as Keibel's ') investigation taught us,

a couple of tubes, the so-called ''Samenurethra" and the "Harn-

urethra" are developed caudally from the glands of Cowper. The

former runs like a canal through the penis and is a production of

the phallus-frame; the latter goes from the urogenital canal oblique

caudally to the ectodaeiim (ectodermal cloaca). Genetically this tube

is formed, because the original single ectodaeum is divided by

means of two folds which come together and unite, into two

halves, the proctodaeum and the "Harnurethra". For the group

of the Marsupialia I") have proved that the urogenital canal must

not be considered as a homologon to the "Samenurethra" of Echidna

(as is generally done for the urethi-a of placental mammals on the

ground of its topography, with respect to the corpus cavernosum),

but tiiat it must be considered as a combination-product of "Samen-

urethra" and "Harnurethra", which placed themselves against each

other and formed one canal. In Perameles there exists a transition

between Echidna and placental mammals (man).

Applying the explanation given for the marsupialia about the

genetical composition of the urogenital canal to the urotiira of man,

1 come to the conclusion that here, too, a real "Samenharnurethra"

exists, homologous to the "Samenurethra" -\- "Harnurethra" of Echidna.

To be compared with the "Saiiieiiurelhra" is that pai-l of the urethra

which owes its origin to the j)hallus-framc. The homologa of the

two folds of the ectodaeum arc the two folds which I described as

sexual folds, by whose meeting the closure of the urogenital canal

is brought about. The part bounded by these folds thereby becomes

homologous to the "liarnurcthm
"

1) KuBCL (F.). Zur Entwickclung.sgc.sclii( lite des Urogcnitalapparates von Echidna

•CuImU var. typica. Svinoii. isuOl. Kuruchungsreiscn. Lieferutig '22. pg. 15:]— 200.

S) T. D. Brock (A. J. P.) Zur Entwickolungsgcschichtc des Urogcnitalknnales

bei Beullern. Vcrtiandl. der Anal. Geffellschaft. 22. Berlin 1008, pg. 104-120.
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From a comparative ontogenetical point of view, tlierefore, also

tlie value of the urethra before and behind the fossa navicularis is

different. For, whereas behind the fossa navicularis only a very small

portion of the wall can be considered as a production of the phallus-

iVanie, perhaps tiie vertical part of the lumen as it is found in the

urethra of man, this changes before the fossa navicularis in such a

way that there the greater part of the wall originates from that

frame; therefore behind this- fossa the urethra is principally homolo-

gous to the "Harnurethra", before it to the "Sanienurethra".

Mathematics. — '* On bicuspidal curves of order four." By Prof.

Jan de Vries.

1. It is easy to see, that each curve of order four, C^, with two

cusps can be represented by the equation

.^l^^;,' + 2,v,x,x,' -f 2b,x^£,* -f 2b,x,x,' -\- ex,* = 0.

The triangle of reference has then the cusps 0^ , 0, and the point

of intersection 0^ of the cuspidal tangents as vertices.

From the equation

{x.x, 4- 'V,'y -f 2(6,^, + b,x, + b,x,) X,* = 0,

where 'ib^^c — I, is evident that

bx^ 6,0?, + b^a, -f 6,i», =
represents the double tangent d of C^ and that the conic

u ^ x^x^ -j- X, =
passes through the tangential points Z), , D, of d and osculates C^

in the cusps 0^ and 0^.

By combining the equations

?/' + 26a,?",» = and u = Xb^x,

we understand that the conies J, through 0^ , 0^ , D^ and Z>, generate

.a system of pairs of points on 6',, which are lying in paii-s on the rays

2x, -j- X'b, =
of the pencil, having the point of intersection H oi yt= 0,0, and J
as vertex.

As this system of points with the curve is given we shall denote
it as the fundamental involution F^

.

If we put A' = fi, it follows from

2^, -\- (ibjc = , w» = ixbjc'x,' ,

that C, can be generated by a pencil of conies (OjO,/),!),) arranged
in the pairs of an inxolution and a pencil of lines (//) between which
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Such a projective relation exists that the rays (/ and k through //

correspond to the double-elements of the involution, the first of

which is composed of the right lines d and k. The locus of the

points of intersection of corresponding elements thus consists of the

line d and a C^ with cusps 0^, 0^.

The polar line h of point H {b^,— b^, 0) with respect to the conic J^,

has as equation 6,(ar,

—

^b^x^) — b^{x^—^b^x^) = or

On the line h lie the points Q^, Q^, which are connected with

the pair of points I\, P, of F, generated by A, in such a way
that we have

Q, = {0,P,, 0,P,) and Q,= {0,P,, 0,P,).

The fundamental involution F^ is thus projected out of C^i and

out of 0, in the same involutory system of points {Q^, Q,). Now
Q^ is the projection of tivo points P^ and P/ ot C^, so it is conjugate

to two points, Q, and Q,', by means of P,. Therefore the pairs

Qif Qi form on h an involutory correspondence (2,2).

2. The points of C^ are projected out of Oi and 0, by two

pencils in correspondence (2,2) ; the line k is for both systems a

branch-ray, because it is conjugate to the two cuspidal tangents

X,', and k^ ; the remaining branch-rays are the tangents out of 0^

and 0, to C,.

These tangents are represented by

26,.Vi» 4- 26,a;,V, — 2b,a:,a!^' — V-r,' = 0,

26,rt:,» -f 26,«,'«, — 2b^x^a;,^ — t^X' = ^

Tlirough the points of intersection of these two tliree-rays passes

the figure, represented by

It is composed of the line //,

and (he conic

{b^w^ -f 6,4J,) bx - 6,6, {w,a, -f a?,') = 0.

The tangents r,, ^,, /, out oj 0, can thus be conjiujuted to the

tangents r,, *,, /, out oj 0, in such a loay that the points of inter-

section R^r^r^, S^sjf, T^t^t, lie with the point of intersection

of the cuspidal tangents on a right line h.

At the same time a new proof has been given for tiie well-known
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property^), according to winch the singular elements (branch-elements

and double-elements conjugate to them) of a correspondence (2,2)

can be arranged in such a way that the singular elements of the

first system correspond projectively (o those of the second one.

For, if two pencils are connected by a (2, 2) we have but to

rotate them around their vertices until a branch-ray of the fii-st

pencil coincides with a branch-ray of the second; in the new

position they then generate a C, with two cusps. From this is

evident that there are four prqjectivities between the singular elements ').

The (2 , 2) between the pencils .c^ -— Xx^ and x^ r= fi.f, has as

equation

X\i* + 2A/i
I-

26jA + 26,([i + c = 0.

By the points of h these pencils are arranged in the projectivity

By eliminating X we find out of these two relations the equation

of the correspondence (2 , 2) between the points which conjugate

rays of the pencils (Oj and (0,) generate on h. And now it is

evident from

b\ ft' ft" + 26, b, mi' -f 2b^ b, (ft 4- fO + 6,' c=

that this correspondence is involiitory.

This result is in accordance with the well-known property '),

according to which a (2,2) between two coUocal systems is involutory

when the two systems have the same branch-elements.

3. Evidently the involutory (2, 2) on h does not differ from the

(2, 2) which was deduced from the fundamental involution F^ . Its

coincidences arise from the four tangents which one can draw from

H to C\ . Indeed, the polarcurve of H consists of the line h and
the conic u (passing through the points of contact of d).

If the branch-point R^^i\}\ is conjugate to the double-point /?',

then R' must be the point of intersection of the rays which the

points of contact R^ and R^ of r^ and /•, project out of 0, and 0^.

We conclude from this that the tangential points R^, S^ T^ of the

1) Emil Weyr, Beitrdge zur Curvenlehre, Vienna 1880, Alfred Holder, p. 32, or

Annali di Matematica, 1871, IV, p. 272.

^) In my paper "Over vlakke krommen van de vierde orde met twee dubbel-

punten" (N. Archief voor VViskunde, 1888, XiV, p. 193) 1 have applied the pro-

perties of the (2,2) correspondence to those curves.

*) Emil Weyr „Ueber einen Correspondenzsatz'\ Sitz. her. der K. Akad. in

Wien, 1883, LXXXVIl, p. 595, or my paper under the same title in N. Archief
voor Wiskunde, 1907, VII, p. 469.
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tangents r,, s^, t^ are projected out of the point H into the tangential

points R,, S,y 2\ of the tangents r,, s^, t^.

If aS' corresponds as a double-point of the (2,2) to S^s^s^, then

it follows from

0,{RR'SS')= 0,{RR'SS'), that we have 0,{RR'SS')= 0,{R' RS' S).

From this follows that the points R,, R^, S^, S, are connected with

Oiy 0, bg a conic. Also the groups 0^, 0^, R^, R^, 7\, T, and

0^, 0„ 5i, «S„ 7\, T^ lie on conies.

If K^hkjye find out of

0, (0, KRR') = 0, {0, K'RR') = 0, {ICO, R'R),

that through R^ and R^ passes a conic which is touched in 0^ and

0, by the cuspidal tangents. The pairs of points 8^,8, and T^, 1\.

procure twoanalogous conies.

If two arbitrary points A' and Y of h are projected out of 0^

and 0,, then the points (OjA', 0,Y) and (6>, F, O^X) lie in aright

line through H.

From this follows that H bears three right lines which contain

successively the pairs of points

l = r,s,
j

2^r,t, J S = s,t,

ri 5 = r,^j ' 6 = Sj^j

Above we found that these six points lie on a conic and form

two hexagons having O^ and 0, as point of Brianchon : it is now
evident that they determine a third hexagon, having H as point of

Brunchon.

4. From (^r, ifj /,) = (kr, s, /,) follows

So we can bring through Oi and 0^ throe conies 9,, (T„ t, with

respect lo which the line k has as poles the points R, S, 2\ whilst

containing successively the pairs of points 3,6; 2,5 and 1,4.

On these three conies the pencils ((>,) and ((>,), arranged in (2,2)

determine, just as on h, involutory correspondences (2,2); for, the

(wo systems of points generated on them have again the branch-

points in common.

If i/p M, is a pair of the (2,2) determined on (>,, then the points

(0,3/,, 0,M,) and (0,3/,. 0,M,) lie on C\ and in one Vuw with

the point R, namely on the polar line of the point (J/, yl/,, ('>,(>,) with

respect to 9,.

The pencils with vertices R, «S'and 7' generate therefore on 6\ /A/'ct;

more fundamental involutions of pairs of points where again each
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raj contains two pairs. They dilfer from F^ in this, that unlike the

former they do not contain the tangential points of the double tangent

as a pair.

For A/j^iVy, we have a coincidence of the (2,2). From this is

evident that the tangential points of the four tangents which can

still be drawn from R, S or T to C^, are every time connected

with O^ and 0, by a conic (<?,, <y,, t,).

In an analogous way as for F^ we find by paying attention to

the singular elements of the (2, 2) on 9, , ^, and r, , that the lines

Sil\ and S^l\ concur in H, the lines R/J\ and R^l\ in S the

lines R^S, and R,S^ in T.

5. The polarcurve of the point (t/i ,y,, 0) has as equation

or

By combination with the equation

of the C\ is evident that the points of intersection of the two curves

lie on ,i\A\ -\- i\- = and on the curve

Therefore the tangential points of the tangents out of a point of

OjOj lie on a conic i^,.

For .Vi :
2/.J

"-
^s : ^., ie. the point K^hk, we find the conic

[b^x^ + ^j'i's) bx = byb^ (.2*,.i-, -|- ./',*) through the points 1,2,3,4,5,6.

Out of the equation

y,\b,{x,.x', + ,v,') - 2.v,b^\ i y, \b^{.c,x^ f .f,') ^ 2x,b,\ =
is evident tiiat the conies n, form a pencil having as basis the points

of intersection of x\.i\ -f '^'s'
= ^ ^^''•l» ^x ^ (the points Z)j, /),)

and two points of byi\ = b^.c^ (the line A).

One of the pairs of lines consists of the lines (/ and h ; it contains

the tangential points of the tangents out of H, two of which are

united in d.

The other two pairs of lines belong to two points of 0^0,, for

which the six tangential points lie every time on two lines passing

through />! and D,.

. 6. If (t/k) is a point of d, thus 6^= 0, then its polar curve with

respect to C^ is represented by
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The points of intersection of these curve with C^ which are not

situated at the same time on a\x^ -\- .i\^ = lie on the conic ^o >

So the tangential points of the four tangents out of any point of

the double tangent lie on a conic through the cusps.

For y, = 0, so 2/i
: y.2 = b.2' — ^i (the point H) we find as it

ought to be

{b,A; — 6,.r,) .r, = 0.

The conies ^o form evidently a pencil of which two basepoints lie

on h, the remaining two in Oj and O.^.

7. The curve of Hesse of C^ has as equation.

6^,»;r,« + 18 {b,,T, + 6,.r,) ,v,'w,\v, + (18c + 32) a;,\v,\v,' +
-f 60 {b,,v, + 6,.rJ a;,a;,a;,* + (366,6, -\- 24c - 8) x,,v,w,' 4-

4- 9 (b,x, + b,w,Y .r,« + 18 {b,x, + V-,) ,v,^ -f (186,6, -f- c) .r,» = 0.

By combination with the equation of C^ we find that the points

of intersection of the two curves not lying in the cusps are situated

on the curve

12(6,;r,-f 6,.r,K;r, -f (186,6, - 1 8c-30).t-,av, - 27 (6,.r, + 6,.r,)^/-, -
— (54c-l-22)(6,A",4-6,a,-,).V + (186,6,— 19c— 18c>,' = 0.

So the eight points of inflexion of the C^ are situated on a cubic

curve parsing through the cusps and the point H.

The polarcurve of the point 0, = /t, ^, consists of ^, ^0 and

the conic

2 iTj^r, -|- 3 6,a?,ir, 4" ^ 6,.i;,.r, 4' 2 c.r,' = 0,

passing through the cusps and through the points of contact of the

four tangents which meet in the point of concurrence of the cuspidal

tangents.

It is easy to see that O, and H are the only points for which

the polarcurve degenerates.

Chemistry. — '*()n the system hydrogen bromide and bromine.''

By Dr. E. H. BCciinek and Dr. B. J. Karstkn. (Conimnnicated

by Prof. A. F. Holle.man).

The research, a report ol which is given here, was iMulertaken

in connection with a remark from Prof. HolLEMan, tiiat the exis-

Icnce of compounds of the typo HBr,, lias been assumed several limes

ill order to explain the mechanism of reactions in organic chemistry.

In order to test the vali<lity of this assum)>tion it was thon^riii dosi-

rabic to ascertain, in the first |)lace, vvhuliiei |)uru bromine and



( 505 )

hydrogen bromide are capable of forming a compound. As in binary

systems tlie safest conclusions as to the existence or non-existence of

a compound may be drawn from the course of the melting point

curves we have attempted to determine the melting point figure of

the system HBr-Br.

It soon became evident that, at atmospheric pressure, the hydrogen

bromide instantly escaped from the mixtures so that we were com-

pelled to use sealed tubes. The experiments were now carried out

as follows : A quantity of specially purified bromine was weighed in

a glass tube a part of which was drawn out ; the tube was now
connected to a HBr-generating apparatus and placed in a bath of

solid carbon dioxide and alcohol. As soon as a sufficient quantity of

HBr had condensed the tube was sealed and reweighed. The hydrogen

bromide which was prepared from bromine, phosphorus and water

was dried by passing it through two U-tubes containing P,Oj whilst

care was also taken that no moisture could enter the tube during

the condensation. The tube was now fixed in a frame of copper

wire and suspended in a rectangular wooden ^ase, the long sides of

which consisted of glass panes ; in order to get a better isolation a

second pane was fixed to each of these. Inside this case was placed

a mixture of calcium chloride and ice for the higher temperatures

whilst for the lower ones down to — 50^ solid carbon dioxide and

alcohol were used. For still lower temperatures this apparatus is

unsuitable and the ordinary vacuum vessels were used ; these, how-

ever, suffer from the disadvantage that, unlike? in the other apparatus,

the tubes cannot be shaken [>roperly without lifting them out. Any-

how, in all cases we allowed the temperature of both to rise very

slowly and the reading of the thermometer was taken at the moment
that the last crystals fused. If only care be taken that the bath is

kept constant at a trifling lower temperature for some time and that

the tube and the bath are well stirred we may assume that the

temperature of the mixture is practically the same as that of the

bath. The observations were made with an "Anschiitz" thermometer
down to — 40^ and a Baudin toluene thermometer for the lower
temperatures ; each determination was repeated a few times and
the subjoined figures represent the mean result.

Before staling our results we just wish to explain, that, strictly

speaking, we do not determine a melting point curve by means of
the method described, for a vapour phase is also existent in the

tubes which deviates considerably in composition from the liquid,

and exists perhaps under a relatively high pressure. And from the

weighin^rs we know only the total concentration, and not that of
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the liquid phase alone. F'rora some calculations, however, it appears

that the composition of the liquid corresponds fairly well with the

total-composition ^), so that the curve representing our results graphi-

cally does not differ much from the projection' on the ^, .i-plane of

the liquid-branch of the three-phase line, when we call to mind the

p, t, X model in space of Bakhuis Roozeboom. In any case, the con-

clusions as to the existence of compounds which we can draw from

the coui*se of the curve, remain unaltered.

In the subjoined table our figures are united whilst in the annexed

drawing they are represented graphically ; it should be observed that

the composition is expressed in mol. percentage of Br,,

Composition in

mol. 'Vo Brg.
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vapour. Moreover, the fact that in our tubes the pressure exceeded

1 atni. showed that at 1 atin. solid bromine (or the mixed crystals)

would be in equilibrium with a gas-phase which contains much moi-e

HBr; from this we deduced that the liquid- and the vapour branches

of the ^,i'-ciirve for constant pressure (the boiling point line) are

much diverged. We tried to prove this by passing gaseous hydrogen

bromide through bromine at 0° and analysing both the liquid and

the gas. The bromine was placed in a tube furnished at the bottom

with a tap by means of which the solution saturated with HBr

could be removed. The hydrogen bromide which had bubbled through

the bromine was passed through a tube furnished with stopcocks at

both ends, from which it tinally emerged in a flask over water.

After the gas had passed for some time so that it might be taken

for granted that the bromine was saturated and the tube completely
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filled with the vapour which was in equilibrium with the liquid the

two stopcocks were closed. After introducing aqueous sodium hydroxide

by gently opening one of the stopcocks until all HBr and Br had

been absorbed, the solution was introduced into a measuring flask

and diluted to the mark. An aliquot portion was then titrated at

once with KJ and Na,S,0,, and in another portion the bromine was

all converted into bromide by means of H,0, and (hen titrated

according to Volhard with AgNO, and NH^CNS. In this way we
found the free bromine and the total bromine from which the relation

HBr: Br, may be calculated. In a similar manner the composition

of the liquid was determined. At 0° we found for the liquid

8 mol. 7o of HBr and 92 "/„ of Br, ; for the vapour 87 "/„ of HBr
and 13 7„ of Br/).

This result renders the existence of a compound in the vapour

highly improbable, for if a compound occurs in a binary system in

the fluid phases an inward bend is noticed in the j9, a'- or ^, A'-curves;

the liquid- and the vapour branch appi'oach each other more or less

according to the degree of dissociation of the compound. Judging

from our observations there can be no- question of something of the

kind taking place in our case.

We beg to say just a few words as to the significance of these results

in connection with the supposition mentioned above. Although we have

proved that HBr and Br, in a pure state do not form a compound it

cannot be denied that facts may be disclosed which plead for (he existence

of such compounds in solvents. But those facts only relate to solu-

tions which possess electrical conductivity power and in which we
must assume a powerful action of the solvent on the dissolved

matters: in our case splitting into H- and Br'-ions. One might cer-

tainly imagine that the Br'-ion has a tendency to take up Br, and

to pass into Br',-ion without this necessitating the existence of a

compound HBr,, but in non-conductive solutions the idea of the

existence of compounds HBr,, should, in our opinion, be rejected.

Amsterdam, December 1908. Inorg. chem. labor. University.

1) These experiments are being continued.
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Botany. — "Dipsacan and Dipsacotln, a neio chromogen and a neiv

colouring-matter of Dipsaceae". By Miss T. Tammes. (Com-

municated by Prof. J. W. Moll).

If leaves of Dipsacus .^'flvestrU are lieated for a few hours in a

moist space to a temperature of 60^ C, they acquii'C a fine dark-

bhie coloration. I have more closely investigated this phenomenon,

which once accidentally came to my notice, and have studied the

conditions of the formation of the blue colouring-matter dipsacotin,

its properties and those of the chromogen dipmcan, the localisation

of the latter and its distribution in the vegetable kingdom. At the

same time I have traced the occurrence of dipsacase, the enzyme

which splits the chromogen.

Here I wish briefly to communicate the chief results of the in-

vestigation ; a more detailed paper on this subject will be published

in Recueil des Trav. bot. Neerl. Vol. V, 1908.

The investigation, which was chiefly carried out with radical

leaves of Dipsacu.'i sijlvestrU and fidlonum, has shown that for the

formation of the blue colouring-matter a temperature of at least

35^ C. and the presence of Avater and oxygen are necessary.

Between 35° and 100° C. the rate of formation of dipsacotin in-

creases with the temperature. It is only formed after the death of

the leaf. No blue colouring-matter is formed in the living plant,

even when exposed for several days to a temperature of 35°— 40" C. ;

the pigment only appears in the dead leaves, when the plant is

dying off.

If leaves are dried very rapidly at a temperature above SS'^ C,
no dipsacotin is formed, or only a very small quantity ; if, however,

during the warming, the leaves are in a moist atmosphere, t hey are

coloured blue.

Neither does the blue coloration occur when oxygen is absent.

Since it is extremely difficult to free the leaves completely from air^

1 have proved in another way, that oxygen is necessary. The
chi'oniogen can be extracted by warm water, and if the extract is

warmed in a space completely shut off from the air, no dipsacotin

is formed, even on heating for days together. As soon as the extract

is wanned in contact with the air, the blue colour rapidly appears.

The formation of dipsacus-blue is therefore accompanied by an
oxidation. Experiments have showji, however, that the colourinir-

matter does not i*esult directly from dipsacan by oxidation. An inter-

mediate i)roduct is first formed, as is shown by the fact that the

liuht yollovv extract becomes yellowish red on being heated in a

34
Proceedings Royal Acad. Amsteidain Vol. XI.
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space shut off from the air, and that the yellowish red solution has

acquired the property of turning blue even without being heated.

In the formation of dipsacotin from dipsaean a chemical transformation,

which can only occur on warming, evidently takes place first; the

subsequent oxidation can also proceed at the ordinary temperature,

although it is greatly accelerated by warming.

Of the properties of dipsacotin I only propose to mention, that

this colouring matter is soluble in water, that it is decomposed by

sulphuric acid with the formation of a yellowish red product, and

that it is decomposed by light ; three points in which it differs from

indigo.

The chromogen dipsaean is decomposed by acids and by alkalies,

and can only exist in a feebly acid solution, such as that of the

extract. Acids and alkalies do not, however, even on heating, produce

the transformation-product which by oxidation forms dipsacotin.

This is formed from dipsaean, not only by warming above 35° C,
but also at ihe ordinary temperature, through the agency of dipsacase,

the enzyme occurring in the plant. This perhaps explains an observation

made long ago by de Vrtes ^), that the press-juice of Dlpsacua

fuUonum becomes black after a few days' exposure to the air.

Probably the juice contains both the chromogen and the enzyme,

and the former is decomposed by the latter. That the colour, after

oxidation, is black and not blue, may perhaps be attributed to the

presence of other substances, or to other chemical reactions taking

place simultaneously.

Dipsaean occurs in all organs, even including the flower and the

seed, and all tissues, except the pith of the stem, contain it. The

celiwall is probably free from dipsaean, as it does not become

coloured blue.

The quantity of the chromogen, present in the various oi'gans,

depends on internal and external causes. Young parts gi-owing

vigorously, contain most. Under favourable conditions of life the

quantity is larger than under unfavourable; at temperatures which

Ap{)roAcli the limits of life of the plant, the (|uantity of dipsaean is

less. Light exercises no direct influence on the presence of the chroniogcii.

Ill the dark the dipsaean does not disap|)ear from the leaves, but it is

formed in new, completely etiolated ones. Dip.sacan is therefore not

directly related to carbon-ashimilafion. More |)robal>ly the chi'oniogeii

takes part in metabolism, and as it occurs in tlu^ phinl in siirli laige

') Hfoo DE ViiiK«, Ken iniddel Icgen h«'l bruin wmiiIcii van iilanleiKlcclcn hijlicl

\vrvuiut\\vi-t\ van pt!H'(i;i' ;il(ri <i(i miliiliiK. MaatxIM. v. Nalnmw. IsSCi, ^'ll. I.
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quantity, and especially in parts growing vigorously, it must indeed

be an important substance to the plant. I imagine that dipsaean is

continually formed and continually decomposed in the plant, and that

the pi-oduct of transformation, most probably that product which

yields dipsacotin on oxidation, is used in various vital processes.

In those places, where it is required, it is formed by the enzyme

from the dipsaean present, and since it is not oxidized in the living

plant to dipsacus-blue, we must conclude, that it is used up at once.

Probably therefore dipsaean is the form under which the product

used in metabolism, is stored up by the plant. This view not only

explains the presence of the enzyme, but also the fact, that no

dipsacus-blue is formed during life.

Besides in Dlpsacus sylvestris and faUonuin, 1 have been able to

demonstrate dipsaean in several other species of Dipsacus, and in

various species of the genera Succisa, Scahiosa, Knautla, Astero-

ceplialus, Pteroceplialus, Ti-'ichera and Cephalavia. It is not wanting

in any of the members of the order />/y>.yrtfdtJ!<^ which I have examined,

so that 1 conclude, that it is characteristic of this order. It does not

occur in other plants, as was shown by an examination of about

80 species, belonging to widely different orders. Only in the three

species of the genus Scaevola of the order Goodeniaceae, which were

at my disposal, 1 found, after warming parts of the plants in a moist

space, that a blue colouring-matter occurs which is doubtless dipsacotin.

The occurrence of dipsaean is therefore limited to two closely related

natural orders, and a certain systematic value must undoubtedly be

attached to it.

Groningeii, Botanical Laboratory y Nov. 23"*, 1908.

Chemistry. — ''On the bromatlon of toluol' and ''On the sulfoni-

mtion of benzol sulfonic acid.'' By Prof. A. F. Holij4Man
and Dr. J. J. Polak.

(These communications will not be published in this Proceedings;.

(January 27, 1909).
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Microbiology. — ''The splitting up of ureum in the absence of

albumen." By Dr. N. L. Sohngen. (Communicated by Prof.

S. Hoogewerff).

(Gomraunicated in the meeting of October 31, 1908).

§ 1. General considerations. Ureum as a source of energy.

Ureum, secreted as a product of the katabolism in the higher

organized animal world, leaves the body, dissolved in urine.

As such this nitrogen-compound cannot be assimilated by the higher

vegetable world, and hence it would be of no practical impor-

tance for us, if there were no fungi, especially certain microbes

everywhere in the ground, which changed it into assimilable compounds.

35
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It is for this reason that we have to consider urine, more parti-

cularly ureuni, as one of the most valuable sources of nitrogen for

arable land.

Millions of kilogrammes of the indispensable nilrale-nilrogen are

annually in a biological way formed from urine in the ground and

are of the greatest use to vegetation.

Nitrogen taken by man and animal as vegetable albumen, leaves

the body again for the greater part in the form of ureum, and in

this way describes a cycle.

A rough calculation of the quantity of ureuni, which in our

country is produced by the population and the cattle, gives an idea

of the enormous quantity of nitrogen describing this cycle.

The data for the amount of cattle have been taken from Verdagen

en MededeeUnyen lum de Dlrectie van den Landhouw . (Reports and

Communications of the Board of Agriculture).

The quantity of ureum, daily secreted by the population, amounts

to ± 125000 K.(;.; by the cattle ± 225000 K.G., making db 350000

K.G., or ± 350 tons a day.

By. biological oxidation, a quantity of nitrate-nitrogen would be

produced e(|ual to that found in =b 900 tons of saltpetre.

Annually from the db 125000 tons of ureuni formed, di: 350000

tons of saltpetre could be produced, representing a value of ± 3.5

millions of £. sterling and this, distributed over the 2155000 acres

of arable land, would yield d= 160 K.G. of saltpetre pro acre.

That only a trifling part of this enormous nuivss is utilized for

agricultural purposes, need not be proved here. Especially in large

towns for hygienic reasons almost all ureum is lost to any useful

purpose; on Ihe other hand it would decidedly be of great value

for farms in the country, to be more careful about collecting urine.

The above mentioned considerations may serve to draw once

more attention to the enormous value represented by ureuni as a

manure.

In the experiments about microbes decomposing ureum the culture

media generally were characterized by the presence of albumen

tir\^ peptones.

It i« true that voN JAKsru ') and Beukhinck ') have made experiments

with salts of organic acids oh a source of carbon, but a systematic

investigation in this direction has not been made us yet.

Von Jakhch's investigation in 18H1 was especially of importance for

1) ZeitMhrifl far Fhyt. chem. 1881.

') Cratralbl. f. Bakl. 11, Abt. VU, bd. 1001.
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the study of the conditions of nutriment of ureum-bacteria. It

taught us that carbo-hydrates, salts of fatty acids and of organic

multibasic acids can be assimilated.

The so highly interesting studies of Befjerinck about the decomposition

of ureum by microbes principally treat of the ureum-decomposing

organisms which in cuhuves, on uppUcaUou of his accwnulation-method

in bouillon 10 7, ureum make themselves conspicuous. In the course of

the investigation some experiments have been made with culture-

liquids, composed of water, 5 "/„ ureum, 0.025 K,HPO, and 1 7„

ammoniumoxalate, natriumacetate, seignette-salt, ammoniumcitrate and

ammoniummalate. In these culture-media a strong decomposition of

ureum takes place after infection svith mould.

The 5 7o ureum added, however, are not entirely decomposed. The

easily assimilable compounds, such as ammoniummalate and citrate,

give rise to a greater ureum-decomposition, respect. 47o a.nd 37o> tiian

those which are not so easily assimilated, such as ammoniumoxalate

and natriumacetate, in whose presence only 2 7o ui'eum is decomposed.

The study of the microbes which are found in these cultures,

was not continued at that time.

The purpose of this investigation is therefore principally to prove

that the life of numbers of ureumbacteria is by no means dependent on

the presence of albumen, but that for these ferments the large quantities

of carbo-hydrates and salts of organic acids, which for microbial

life are available in mould are extremely fit as a source of carbon,

whilst at the same time the ureum can serve as a source of

energy as well as as a source of nitrogen.

Some preliminary experiments led to the conviction that the most

different sources of carbon, in culture-liquids containing these com-

pounds and ureum, dissolved in water, 0,05 7o K,HPO^ are excellently

fit for the growth of weak as well as for very strong ureum-

splitting microbes.

Cultivated in a thin layer of liquid in Erlenmeyer-recipients at db 33°,

being the optimumtemperature of the growth, strong species, especially

those producing spores appear; at a low temperature, 15°—23°, less

strong s{)litting ferments, especially micrococci are produced.

The exclusion of other groups and the privilege of the ureum-
bacteria in these culture-media is so complete, that the latter mixed
with raw materials, such as mould, sewer or ditchmud, after some
days contain only ureumsplitting organism.

If one of these cultures, infected with raw material, is put into

sterilised liquids of the same composition, the ureum-fermentation also

progresses very well there.

35*
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Which ureum-splitting species will appear depends upon the com-

position of the source of carbon added and the degree of alkalinity

of the cul'iire-inedium.

In ^ 2 and ^ 3 we shall revert to this more in detail.

Ureum as a source of energy.

Ureum gives to the urenm-splitters exclusively energy ; in no

circumstances whatever it is fit to serve at the same time as a source

of carbon.

Different experiments which I have made about this, corroborate

the truth of former investigations; neither can ureum sei-ve as oxidizable

materia! in the sulphate-reduction; denitrification with ureum is also

impossible.

The part that ureum plays in the growth of microbes, is therefore

sharply determined. Always the presence of some suitable source of

carbon is necessary ; this carbon-compound is partly oxidated and there-

fore also this part serves for energy, partly it is assimilated.

For the above-mentioned oxidation of the source of carbon atmos-

pheric oxygen is used ; the quantity necessary is very small, which

can be {)roved by cultivation in bottles with a stopper, which are

entirely filled with the culture-liquid.

Only the oxygen dissolved in the culture-liquid is then available

for the microbes and nevertheless the ureum-splitting then takes

place just as well as when the supply of oxygen is abundant.

If, however, the culture-liquid has previously been made free

from oxygen by boiling, after infection no ureum-splitting lakes place

in a bottle completely filled.

From these experiments follows that a good ureum-splitting is

possible, while only very little organic matter is oxidated.

Now it is a fact that on the whole strong splitting ferments

show in the cultures a very slight growth and from this it follows

that also the quantity of carbon, necessary for the structure of bacterial

bodies is very small.

TliOHC fm!tH prove that a small quantity of a suitable organic

compound, in the presence of ureum, must bo sutncicnt for acotnplete

(icvclopniciit of the organisms and a normal ureum-dccomposition.

Now, in order to ascertain what part of the sum of energy

developed in the cidturc, is developed in the s|)litting up of the ureum

the niinimuni quantity of carbon-compound, sufficient for a normal

ureum-decom|)()8ition and growth, was determined. For this purpose

expcrimcntM have been made with the afterwards dcscrit)od littcilbis
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erythro(je?ies and Urobacillusjakschi'i in series of culture-liquids, which,

besides ureum, contain a diminishing quantity of asparagina or

ammoniummalate.

Indeed a very trifling quantity of these materials proves to be

sufficient for a normal ureum-deconi posit ion.

From the results of the investigations, laid down in the subjoined

table, it follows that the Bacillus erythrogenes at a normal growth

splits 500 mG. of ureum with 20 niG. of carboncompound whilst

the Urobaclllus jahchii splits 1800 mG. of ureum with 10 mG.
of carbon-compound.

With smaller quantities of carbon-compound the growth of both

microbes is considerably less than above.

The quantity of energy, which in the erythrogenes- and jdh'chii-

cultures was developed by the splitting of the ureum, amounts respec-

tively to ± 967o and 99"
, of the total sum of energy developed in

these cultures.

At the same time it appears from these numbers that the less

splitting species want a larger quantity of carl>on-coinpound for the

decomposition of a certain quantity of ureum than the very strong

splitters.

The figures in the subjoined table denote the number of c.c. N H,SO<,

necessary for neutralizing 50 c.c. culture-liquid after five days of

culture at a temperature of 30^.

The 50 c.c. culture-liquid inocculated with the Bacillus erythro-

genes, consist of water, in which 0.05 7o K,HP()^ 2 "/„ ureum and

the carbon-source are dissolved.

The 50 c.c. culture-liquid infected with Urobacillus jakschii has,

besides 57o ureum instead of 27o nreum, the same composition as

the above mentioned.

Decomposition by Bacillus erythrogenes.

Quantity of carbon-source in miUigrainmes 50 40 30

Decomposition if the latter is asparagine 18.5 17.5 17

Decomposition if the la'ter is amrn. malate 19.8 17.9 18.5

Decomposition by Urobacillus jakschii.

Decomposition if the latter is asparagine 61.5 60 50

Decomposition if the latter is amm. malate 60 58 60

§ 2. Calciumsalts of oiyanic acids as a carbonsoiirce for

iireum-spUtting microbes.

The organic acids proceeding from plants or produced by fermen-

tation thereof are principally neutralized in arable soil by the frequently

occurring calciumcarbonate.

20
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The general occurrence, therefore, of" these salts in the soil caused,

for the following investigations, calcium-compounds of organic acids

to be chosen in the first place as a source of carbon for ureum-

splitting bacteria.

If in a culture-liquid, containing these salts and ureum, dissolved

in water to which 0.05 K,HPO< is added, ureum is split, the

ammonium-carbonate formed will not directly bring about a consi-

derable increase of alkalinity of the medium, but in the first place

it will be neutralized by the calciumsalt and that according to

the formula:

Ca R + (NHJ, CO, = CaCO, + (NHj, R

Therefore the calcium-compounds of the organic acids exercise a

retarding influence on the alkalinity ; for not until all the calcium

is united witii the carbonic acid formed, the alkalinity will advance

rapidly ; then the culture-liquid is like one that contains an ammo-
niumsalt of an organic acid as source of carbon. This is treated of

in ^ 3.

But it is especially because of the existence of this period of rest

before the increase of alkalinity, that cultures with calciumsalts of

organic acids are so particularly fit for the accumulation of less strong

splitting organisms, by which means every opportunity is afforded

for study of these kinds, which are otherwise so rapidly supplanted.

The cause that during this first period also the ureum-splitters

have the advantage of all the microbes contained in the raw

infection-material, so that the latter are already then entirely supplanted

is that their specific source of energy, the urenm, is at their disposal.

So if we want to get an insight into the numerous kinds of weak
ureum-splitters, we have to make a plate-culture before all calcium

is united with carbonic acid.

As a rule a good result is obtained when after 2 or 3 days the

plato-making takes place on n)eat-gelaline or on a culture-medium,

eoroposed of water, lO'/o gelatine, 0.05% K,HPO,. 0.05 NlI.Cl

and 0.5 Vo ^^^^'- nialatc.

These experiments give a fair idea of the great number of nreum-

splitting microbes which the soil contains; they follow each other

as the process proceeds and as the alkalinity increases, till at last the

strongest, the most povvorfnl hydrolysing kinds arc loft.

To give a (ictaiie<l descriptiou of (he many weak ureum-splilling

kinds that exist, would be of hardly any use.

During tny experimcntH in October, November, and December J 904

in the Microhioloijioil Lnhonitov]/, under the guidance of i'rof.
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Beijerinck at Delft, there regularly occurred in these cultures a

microbe which drew the attention by the formation of a red and

yellow colouring-matter on meat-agar and meat-gelatine. The colonies

are of a bright yellow colour, whilst a red colouring-matter diffuses

in the culture-plate.

This bacterium show^ itself more especially in cultures with citrate

and tartrate in large numbers, so that in using these salts the above

mentioned species can be obtained in great numbers.

If in the same culture-liquid inocculation is repeated twice or three

times at a temperature of 23° and a titre of dt 35 c.c. N. per

100 c.c. culture-liquid, this bacterium is often accumulated almost to

pure culture.

Description of Bacillus erythrogenes.

Bacillus erythrogenes ai-e among the very strong oxidating fer-

ments ; both sugars and salts of organic acids and also albumen are

assimilaled. In lap water 0.05 7o K, HPO^ a fair growth takes

place in the presence of ureum, if one of the following compounds

as a carbon-source is added : glucose, maltose, cane-sugai-, asparagine,

calcium- and natriumsalts of the volatile fatty acids (except of formic

acid, which gives a slight growth) and the multibasic acids, such as

apple acid, lactic acid, "lemon acid, argol acid and amber acid (except

oxalic acid).

Milk appeared to be a very suitable culture-medium. The develop-

ment herein is attended by the appearance of a disagreeable sweet

smell.

Even calciumhumate added as a carbon-source causes growth and

therefore ureum-splitting.

Amylum, however, is not affected, so that evidently no diastatic

enzym is formed.

The yellow colouring-matter belongs to the body of the bacteria

and arises independent of the composition of the medium ; however

for its formation the influence of light is necessary.

The red, diffusing colouring-matter arises only in case the feeding

takes place with albumen and the light is excluded. Arisen in the

dark, this colouring matter will soon be decomposed when exposed

to the light.

Cultivated on meat-agar while light is excluded, the white colony

shows itself on a fine red diffusion-field ; cultivated in the presence

of light, there arises a bright yellow colony on a colourless field.

What influence the two colouring matters have on the vitalfunctions

of the microbe, could not be stated.



( 520
)

Gelatine is melted by the strong splitting varieties, not by the weak

ones.

The length of the bacterium amounts to 2—4 (i

Breadth 1—1.5fi

The bacterium is endowed with the power of motion, and in

liquids mostly occurs as a double bar ; on solid media it sometimes

forms strings.

No formation of spores takes place.

The optimum of the growth lies near rb 30°.

The optimum of its urease near ± 51°.

Ureum-splitting by the strongest species is found in the subjoined table.

The figures denote the number of c.c. ^
\o N. H, S 0^, which are

necessary for the neutralization of 10 c.c. culture-liquid.

The culture has taken place at 43"^.

In bouillon with ureum.

After days 1 2-3 4.

2"„ ureum 13.5 33. 45 44.

6V„ ureum J 9. 45 68 68.

If we compare the species described here with those isolated by

Lohnis ^), they prove to agree in size and formation of a double

colouring- matter ; striking is the difference in the power of splitting

ureum.

In his experiments a bacillus erythrogenes split in bouillon 2%
and 57. ureum resp. Vi.» Vo ^"^ -^Vo ureum, whilst the one described

here splits in bouillon "^Vo ^"<' ^'/o ureum resp. IV, 7^, and 2"/o-

The less strong species, isolated here, still spli( in the culture-

liquids named Vj Vo and 1 7o "I'eum respectively.

So it is clear that the species 7i^it'/////.y6^ry^A/'0^^i(?.« includes varieties

of very different ureum-splitting power.

The powerful splittoi's are at the same time characterized by the

possession of tryptic enzymes.

^ 3. AmmoniummltH of ortjanic. acids as a carbon-source Jor

ureum'Splittimf microbes.

Ammoniumsalts of organic acids arc in media, whicli at (he same

time contain ureum an<l anorganic salts, superior to any other coin-

pOundH for the dcveiofjuiont of strong urcuni-spiiling niicrobcs.

Ikjili (he Hplit urcnni und lhi> ainnHtninnicarbonatc of th(M).\idated

<) Gcntr bl. f. Bakt Al.t. XiV M 1006.
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ammoniumsalt tliat has become fiee cojitribute to the rapid rise of

the alkalinity of the culture-liquid.

Provisional experiments proved that with a ureum-quantity of

rb 5 7, in these cultures the best results could be obtained ;
with

this ureum concentration growth is still very good.

In a way quite analogical with the ammoniumsalts- behave diffe-

rent sugars as carbon-sources for ureumsplitters; the species which are

most remarkable generally agiee with the powerful species isolated

by MiQUEL.

A culture-liquid consisting of:

100 water

0.05 K,HPO,

1 ammoniummalate

5 ureum

infected with rfc two gr. of mould or sewage and cultivated at

=fc 33° contains after 48 hours, sometimes even after 36 hours

only ureum-splitting ferments. A total supplanting of all other

organisms has taken place in that short time.

The deconqiosition of the ureum takes place in presence of easily

assimilated carbonsonrces, such as malate and lactate, more rapidly

than with compounds which are not so easily assimilated such as

tartrate or acetate.

Malate is also for these organisms an exceedingly easily assimilable

compound, as is generally the case ; lactate, citrate, succinate, tartrate,

butyrate and acetate follow next.

When, however, in a cultuie with one of these salts the final titre

has been reached, the same powerful species are on the whole

observed in malate as well as in tartrate and acetate cultures.

Now if we examine the sorts succeeding each other in these culture-

liquids, it appears that, when sown upon meat-gelatine Vi V» ureum

or ammoniummalate-gelatine Vj Vo ureum, already after two days,

when the titre is ± 60 c.c. N. per 100 c.c. culture-liquid, the num-
ber of micrococcis and melting bacteria rapidly diminishes; whilst

the alkalinity increases, bacteria forming spores together with a

ureum-splittei' not forming spores take their place.

The many weak splitting organisms observed in the cultures

with calciumsalts rapidly die off.

After 3 or 4 days only veiy strong hydrolysing microbes are

left, whilst micrococcis and melting species have disappeared.

The growth on neutral meat-gelatine of the species found in

strongly alkaline liquids is very slight or does not succeed at all.
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In general the colonies on meat-gelatine 1 ", , urenm or ammo-
nium malate-gelatine 1 Vo ureum are characterized by their small

dimensions, whilst a field of calciumphosphate- and calciumcarbonate-

crystals surrounds them.

After 5 or 6 days the titre has risen to a maximum of ± 125 c.c. N.

per 100 c.c. of culture-liquid, so that ±4% ureum has been split.

The 4 or 5 species present are the Urobacillus leubii (Beijerinck)

and the most powerful species described bj Miquel, the Urobacillus

maddoxii, freudenreicliii and duclauxii together with a species not

3'et described and not forming spores, which will be called uroba-

cillu.^ jakschii.

After infection of cultures with ammoniummalate it is especially the

UrobacllliLs maddoxii and urobacillus duclauxii together with the

Urobacillus jakschii which predominate. Sometimes the Urobacillus

jakschii supplants the two other species almost entirely and is almost

accumulated to pure cultivation.

If we start from pasteurized material, it is especially the Urobacillus

maddoxii and Urobacillus duclauxii which make themselves con-

spicuous.

In these culture-liquid the Urobacillus pastearii Beijerinck did not

occur, so that the latter may be said (o belong to the ureum-

bacteria which positively want albumen for their growth.

For the description of the Urobacillus leubii, freudenreichii, maddoxii

and duclauxii it is snfiicient to mention the chief charactei'istics.

The Urobacellus jakschii, however, will be described more in details.

Urobacillus leubii (Beijertnk). ^

Urobacillus leubii, which generally occurs in the Vorjlora of

Bkijerisck's m'cumulation-experiments, is a little moving bar which

can get oblong spores.

On mcat-gclatine with ammoninm<'arbonate it is diflicult to distinguish

thJH species from urolxicillus pastetiril. Inocculated from this modium

on ncutrfti fneat-gelatine it grows into two species of colonics: viz.

into yello\y, troubled, Ihin colonies forming spores and into glassy,

transparent colonies free from spores.

The growth is, however, upon meat-gelatine with ammoniunicar-

bonate much belter than upon neutral meat-guintine.

The spores can bear boiling heat and can be dried.

Gelatine is not melted.

In bouillon 6 •/• ureum 2'/, V« ureum is split in 4 5 days
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Urobacillus freudenrekhii Miqlel,

Urobacillus freudenreichii is a little moving bar, 5—6 m in length,

1 n broad ; on a firm medium it grows into long threads.

Elliptic glittering endospores are formed, which can stand a heat

of 94° for two hours.

Neutial gelatine is slowly melted by the irregularly formed colo-

nies, whilst gelatine to which ureum has been added, is not melted

and the colonies on it assume the characteristic globular form.

27, ureum in bouillon are decomposed within 4 days at 30"—35".

MiQUEL isolated this species out of air, riNcrwater, soil and from the

excrements of ruminants.

Uvobacilltuf rnaddoxii MiQUEL.

A little moving bar, 3—6 n long, 1 n broad, forming oval endo-

spores, which are able to bear a heat of 94^ for two hours.

On neutral meat-gelatine it does often not develop, on ammoniacal

gelatine the growth is rather good.

Within 3 days 2 "0 "I'eum in bouillon is split.

The bacterium has been isolated from sewage an<l river-water.

Urobacillus duclaiwii Miquet..

Like the two preceding species moving; length 2—10 fi, breadth

0,6—0,8 M-

The bacterium forms small elliptic endospores which are able to

bear a heat of 95° for 2 hours.

In a neutral medium no growth arises, on ammoniacal meat-

gelatine or on meat-gelatine provided with ureum there arise very

small hardly observable colonies which are surrounded by crystals.

The gelatine does not melt, but it becomes like viscous after

40 -50 days.

27o ureum in bouillon are decomposed within 24 hours.

Urobacillus jaksc/iii.

Urobacillus jakschii is a small quickly moving bar in a culture-

medium that is not too alkaline ; if some percents of the ureum in

it have been split, the motion stops.

Length of the bacterium 5—7 n ; breadth 1— J.5 [i. Spores are

not formed.
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On neutral meat-gelatine growth is seldom obtained ; if, however

aramoniumcarbonate or 1 7o to 2 % ureum is added, there arise

small coli-like colonies, surrounded by a wreath of calciumphosphate

crystals.

The gelatine is not melted, but after a month, it is viscous.

2 7o "reura in bouillon are split in 24 hours. Of 10 "/o ureum in

bouillon 6—7 % ^^^ changed into ammoniumcarbonate.

In culture-media containing the necessary anorganic salts together

with ureum, a good growth is obtained with the following compounds

after infection : pepton, asparagine, glucose, cane-sugar, maltose, citrates,

lactates, tartrates, and salts of volatile fatty acids (except salts of

formic acid).

^ 4. Lisatiny cultureplates.

The faculty in bacteria of splitting ureum can according to the

method of Beijerinck by means of the yeast-water-gelatineplate

2 or 3 Vj ureum, be proved in a very elegant way by the Ir'is-

phenommon formed on this culture-medium by those bacteria.

It is supposed that the ammoniumcarbonate getting free at the

decomposition of ureum causes the phenomenon, in consequence of

the precipitation of caiciumcarbonate and -pliosphate.

An explication of the origin of the irisphenomenon on the yeast-

water ureum-gelatineplate, has, however, its difficulties, the culture-

plate being so complicated that it is not easy lo get an exact idea

of the process.

In the experiments with ureumbacteria on plates composed of

water, 0.5 '/, calcium salt of an oiganic acid, J 7o ureum, 0.05 7o

KjHPO^, 10 7o gelatine or 1.5 7ofl^a»'. the iris-phenomenon often

produced itself.

The possibility of composing a simple culture-plate, if possible

coagulated by agar, which produces the iris-phenomenon in a beautiful

way, seemed not lo be excluded, when the above facts were taken

into consideration.

In thiH way corresponding phenomena on the yeast-water-ureum-gela-

lincplate and the irisating of more complicated culture-plates might

be generally explained.

After 8ome trials I succeeded in the following manner in composing

a plate which entirely answers the retpiircnienls.

In pure water a^ar ±0,57^ calciummalatc or -lactate and 0,05 7^

ammoniiimcitrate ar-e dissolved ; the melted agar is cooled down

to the Htill juHt lifpiid state, after which a K,III*()^ solution is
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added, till a slight opalizing is observed ; now the culture-plate is

formed of this material.

This culture-plate is, if made with care, almost clear. The calcium-

phosphate that has been formed remains dissolved with the ammonium-

citrate. A drop of amraoniumcarbonatesolution on this medium causes

the irisphenomenon, while after some moments produces itself a

precipitate round the drop.

This phenomenon shows itself in quite the same way, if, instead

of agar, gelatine is taken.

The irisating field and the precipitate are microscopically and

chemically identical to those which are produced on the yeast-water-

ureuni-gelatineplate.

If the culture-medium contains no phosphate, ammoniumcarbonate

put on it gives a very slight field of CaCO,; a drop of ammonia

produces no irisating field at all.

If, however, only calciumphosphate, dissolved in ammonium-

citrate, is present as the only calciumcompound, ammoniumcarbonate

and also ammonia on such a plate cause an extremely fine irisating

field.

If -±: 27b ureum is added to this plate ureum-splitting microbes

cause thereon the ''IrUpheiwmenon".

From these experiments it appears that the calciumphosphate-preci-

pitation has to be considered as the real cause of the irisating of the

cuhnre-medium, whilst the calcium-carbonate formed at the same

time plays a subordinate part.

Accordingly the irisating of culture-plates by certain bacteria

growing on them and the irisphenomenon of Beijerinck have to be

regarded as a consequence of the precipitation of calciumphosphate

in the first and of calciumcarbonate in the second place.

§ 6. Results obtained.

1. Decomposition of ureum, in the absence of albumen, may
take place by different microbes, if some suitable carbon-source is

present.

2. Ill cultures in which ureum-splitting takes place, ± 987, of

llie total energy is developed by the decomposition of the ureum.

3. Cultures with calciumsalts of organic acids as a carbon-source,

are extremely fit for getting weak splitting ureumbacleria. The
bacillus erythrogenes occurring herein has been described more in detail.

4. Cultures .with ammoniumsalts of organic acids or sugars as
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a carbon-source, rapidly lead to the accumulation of strong ureum-

spUtting bacteria forming spores and the urobacillus jakschU forming

no spores.

5. The irisating of culture-plates and the "irisphenomenon" on the

yeast-water-gelatineplate are the consequence of the precipitation of

calciumphosphate, whilst calciuracarbonate formed at the same time

plajs a subordinate part in it.

At the end of this investigation I beg to express mj sincere thanks

to Professor M. W. Beijerinck for advising and supporting me in

these experiments wherever and whenever he could.

Physics. — "StatLs'tical Theory of Capillarity." By Dr. L. S. Ornstein.

(Communicated by Prof. H. A. Lorentz).

(Communicated in the meeting of December 24 1908).

In a paper ^) published in 1893 van der Waals has developed a

theory of capillarity, which leads to results agreeing sufficiently with

observation, as has been shown by the experiments of Dr. E. 0. de

Vries.

The methods used in the above mentioned paper have been repro-

duced with only a slight change in the lectures of van der Waals

recently published by Prof. Ph. Kohnstamm.

Both in the paper and in the treatise the hypothesis *) is introduced,

that the entropy of an element of volume is a function only of the

number of molecules it contiiins and of that of their collisions.

By the statistical method of Gibbs we can deduce the condition of

equilibrium for the capillary layer without using a hypothesis of this

kind and we can easily show that it must be true when certain condi-

tions are fulfdled. This is the object of the present paper in \\ iiich

I shall also determine some quantities that play a |)iul in the theory

of capillary action.

^ 1. Ijet us suppose that ?i spherical molecules of diameter o. p(M-

fecfly rigid and elastic, are enclosed in a vertical cyliinhM- of liciglit

X, and of unit of hori'/.ontal section, closed at the top and the

lK>ttoni by liorizont4il walls. Let the axis of z be drawn upward and

let us further suppose that the molecules exert attractive forces on

•) L D. V. 0. Waau, Thermodynumischc Iheoric der capillarilcil in tic uudcr-

•tdlmg ttn continue dichlhcidsverandering. Verb. d. K. A. v. W. Deel 1. 8. 1898.

*i Cknnpare 1. c, p. 10.



( 527 )

each otliei- up to distances whicli are large in comparison with the

diameter a and with the distance of neighbouring molecules. I shall

denote by — y (/) the potential energy of this attraction for a pair

of molecules whose centres are at a distance/and I shall suppose that

tp(/)= for values of/ which are large compared with J (and the

distance between neighbouring molecules) but small compared with

finite lengths, the same being also true of the function i|> {/) determined

by the equation

f<f{f)df-=-dyp{f) (1)

Let us now consider a canonical ensemble with modulus 6 built

up of N systems of the above kind.

We divide the volume of the cylinder by horizontal planes into

a great number k of elements of a height dz,. this height being large

compared with a and small compared with the distance at which

the molecules sensibly attract each other. I shall further suppose

that the potential energy of attraction changes but little over a dis-

tance of the order of magnitude dz, *).

We shall determine the number, or, let us say, the ''fretiuency"

5 of those systems in the ensemble in which there are n^ ... iiy. ... Uk

molecules respectively in the elements dz^ . . . dz,. . . . dzk. I shall

suppose that the numbers ih are very large; their sum being n we
have the relation

k

V n. = « (/)

I

The number of molecules per unit of volume in the element dz^t

(the molecular density") will be represented by nx.

I shall consider the mutual energy of a pair of molecules as

belonging for one half to the first and for the other half to the

second of the molecules. The energy determined in this way is the

same for all the particles of the layer dzy.. I shall represent this

energy per molecule by b,.

The total potential energy can therefore be represented by
k *

1

The frequency ') in question is given by the formula

1) Kor the sake of simplicity I shall take the elements dz, of equal magnitude
;

our result will be that ' n, (the molecular density) is a function of S/ sho\fing

thai we do not lose in generality by this simplification.

2) In explanation of the fornmla (II) the following may be observed. Let us
consider a system constituted of n molecules of the kind above described enclosed.
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3 W . n,8,
— n — _z—
2 TT 1

^=N{2^m0) e n!Y\ {oiy dz,f'

e

. . . (11)
1

fi..

!

^ 2. The properties of an observed system are identical with those

ill a vessel of the volume V. And let us imagine a canonical ensemble built up

of N systems.

In this ensemble the number of systems — having the coordinates of the

centres of the molecules between x^ and Xi -\- dXi . . . Zn and Zn + dzt and the

components of the velocities of these points between Xi anda;i and Xi-{-dx-^... .

Zn and Zn -f" dzn — amounts to

W—e

Nm^" e d.v^ . . . dz,, dx^ . . . dz^^ .... (a)

Here, the energy of the system is expressed by e, and S' is a constant for

the ensemble depending on and V. The value of ^F can be found by integrat-

ing (a) with respect to the coordinates and the velocities. The result of this

integration must be N, which yields a relation for "V. The number of the systems

in which the velocities have any values, but whose coordinates are lying between

the specified limits is obtained by integrating (a) over the velocity components

from — (X to + Qc.

"
1

The energy e is given by the relation f = 5y -|- j_^
- m {x-.j \- y-j -|- ^'y)

I

in which eq is the total potential energy and m the mass of a molecule. Therefore

the result of the integration is

3 W—Bn
~n ^

2 GN {2jtfhn) e d.v^...dzn (^)

Let us now divide the volume V into k elements d}\ . . dVx .. dVk. If Wx

molecules are situated in an element of volume dl'x the Bwz coordinates of their

centres may still vary between certain limits ; in other terms, a certain extension

is left open to the point representing these coordinates in a Sw^-dimensional space.

I shall represent the magnitude of this extension by

X (ny-idV^).

The repulsive forces between the molecules are accounted for by excluding

from the 8w/dimensional space (dV\)^">' all those parts in which there exists a

relation of the form

(«v -«/«)• -f(y»—y/*)' + (?v—v)'<^'' . . . .
(c)

between the ordinary coordinates of the centres of two molecules. We can

repretent x (*^i ^^t) ^y

I da^ . . . dz„^ ('/)

where the integration han to be extended oyer the whole space (cZl'x)""/ willi the

exception of the parln delcrinined by (r). By a simple reasoning we can show
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of the system of maximum frequency in an ensemble (whose modulus

that with a fair approximation ^ (n/, dVv) can be represented by

{iJi.dvS'' .... , . . . (^)

where a>. is a function of iv. I have calculated for co the approximate value.

/o,a> = -ng.a')-ln'g.a')

(Gf my dissertation and also these Proceedings 1908 p. 116).

The extension of the 3n dimensional space covered by the systems containing

Wi.. w/.. nk definite molecules in the elements d\\. .dV^
.
.dYk can now be

represented by
k

1

The extension covered by all possible systems of this kind amounts to

1 Wx/

In the potential energy we may neglect the repulsive forces, these forces having

been already taken into account by the exclusions (c). Supposing that the energy

is the same for all the molecules of an element dW we can represent the total

potential energy by the formula

k

I

Wxfx

For the frequency we find

^ — N (27r 07w) e n! 1 I ,
e

or, introducing the function w by means of (e)

^ ^ fc
_nxfx

g = iV(2;7r0m) e w.^1 1-^ ~e
1 nj

The formula (II) is a direct consequence of the last equation.

As we are treating a case in wliich there are differences in density in the

system of maximum frequency, the question arises as to whether these differences

have any influence on the value of the function tu. If it were so, this function

would depend not only on n, but also on the derivatives of this quantity with respect to z.

The difference in question really has an influence on the energy, but in conse-

quence of the hypothesis of p.p. 5:26 and 527 the density changes so little along

the length ds/. and the value of the exclusions at the limits of dzx. is so small in com-

parison with the value of those originating from the molecules of dzx itself, that we may
consider u)/ as depending only on uz. This, however, will be true no longer if the

sphere of action of the attractive forces is not large in comparison with a] for

this case the following theory would have to be modified considerably.

36
Proceedings Royal Acad. Amsteidamj Vol. XI.
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is proportional to the absolute temperature of the system).*)

In order to find the condition of equilibrium we have only to

deteruiine the values of the numbers n,, that make tiie quantity $ or

log 5 a maximum. Before we proceed to this Investigation we have

to express the quantity 8^ in the numbers w^.

fi
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The total contribution to s, from all the molecules of the layers

dzy-, and dz,^, is found by integrating (4) with respect to / from

vdz to 00. Proceeding in this way we find

— :rdz {v,—, -i- n,^,) yp (vdz) (5),

from which formula the energy per molecule in the layer dz, can

be calculated by adding up all the values of this expression which

are such that tf' (ydz) differs from 0.

In this way we find

fx = — ^dz y^ (iix—V 4- "x-t-v) ^ (vdz) .... (5')

For the potential energy of the system we have the formula

k k

V* ThEy = — ndz V' Wx 52 (o/!-v + Hx-f-y) ^ {vdz). . {Ill)

1 1
"

^ 3. We may now proceed to the determination of the condition

for the maximum. Consider therefore the change of log 5 when we
give the variation d«/ to the numbers 72x. These variations are subjected

to the equation

k

6 log

y^t^w, = . . . . . . . . {IV)

In the following investigation we may replace n,! by rir* e

We find for 6log^

S = ^ \
— log Wy. — \ -\- log o> + n^ — cf n^ -|-

k

It is easily seen that the two sums, with which — is multiplied

are equal, both consisting of the same terms, and further that each
of them is equal to

1
i

Ttdz A^

36*
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Attending to the condition (IV) in the usual way, we find that

the numbers n^ in the sj^stem of maximal frequency must fulfil the

condition

a>z d log (Ox 2s
log + P;,

—

— = u,. . . . . {VI)

whereas the second variation of log ?, <P log S given by the formula

k

d* loq^^=
r-^ (fn^s / d f dloq o)y\ \

+ ~0~^ '^''' 2^ </^ (v <i -2) (rf D.-v + 6rx,j^,)
, .

{VII)

must be essentially negative.

The first conditions are equivalent to those given by van der Waals.

It is easy to give the equation (VI) the form which is assigned to

it by VAN DER Waals. We have only to introduce the hypothesis

that n changes continually with the height and then to calculate the

energy i,.

We obtain in this way^)

00

v}y dloqoiy 2a Dx 1 ^— , dr^xiy

1) To calculate i/ we proceed as follows. On account of our hypothesis we

can write

{vdzYd^Hy (rc?^)2« c?2«n

Introducing this into the formula for (/ and putting

00

2n
I
^j{z)dz =a

,

CO
n /% t

(2

we fintl for i.

00

1 «-^ _ rf^'n.

..= -a>,.--^C^—' (6)

1

1 Khali write for «,• also

^/ = -- a Dk -f «» (6')

It M only in the capillary layer that the quantity r,/ diiTcrH from /.ero.

») Wc may mention w> another advantage in the above deduction of (Vf) that
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§ 4. Before I proceed to the discussion of the stability T shall

consider the equation (VIj. Using (6') we can put for it

Subtracting tlie equation (VI") taken for the height :. + (h^ from

tiie corresponding one relating to the height Zy. we obtain

/ 1 dloqwy d^logta,
,

2d\di\y 2 df.x

If we introduce the function />, determined by the equation

p dlog o> «n'

~ " ~~ " dn G
(8)

— which qnantity represents the pressure in every element of a

homogeneous system with the molecular density n — we easily see

that we can replace (7) l)y

1 dpy duy 2 dScy

Ooxdnx dzy. dzy.

This equation leads to

dpy, dscy-^=2n.-^ (9)
dZy dZy

The form of this relation recalls the statistical condition of equili-

brium namely that the difference of pressure between two planes

be equal to the force acting on the mass between these planes.

By integrating (9) from a point of the homogeneous phase (indi-

cated by the index h) to a point of the capillary layer (index x) we
find

~x

^ r de,. rdu
Ph — py. =2 I II J dz -- 2\'y Scy. — 2 I

" fc dz,

we have avoided to prove for each of the integrals | n5 dz separately that

J d z^^

we can put for it jJn y^— dz, as is done in the treatise of van der Waals—

KOHNSTAMM p. 238.

In the paper of van der Waals this gives something accidental to the appearing

of 8y in the condition (VI). This advantage is due to the fact that the hypothesis

of continuous transition and the expansion f/ in a series have been introduced

after the deduction of the condition (VI).
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or fc, is zero in the homogeneous layer. Instead of the former

formula we may put

fdn
Px =jt9A — 2rx6c/-r 21—-6c<^*~ (10)

J dz

Introducing now for e^ the series that follows from (6) and (6') we
find for the pressure

p. = p. + P,2:^.— --c,(-j_>^c.j---...(r.//,.)
I ^ / 2

^

It follows from the above reductions that we obtain for the

pressure p^

/ d'uy 1 /dnA' \

a= 2 *- / =; t)

2 \dz,

. {VJII')
d'n^d'^s— 'n, 1 /d«n

(_i).—

,

: (— 1)M
—

^ ' dzy' dz^^-^ 2 ^ ' \dz.^
8= 2

An approximation for [h may be obtained by breaking off the

series at s = 1: we then find a formula, which agrees with one

given by van der Waals namely

/ t/-n. 1 /'diu\'\
,. = p. + q(„._--(-)) . . . ivnn

1) In order to reduce the integrals contained in the sum, we have the formula

rdnd^'ii ,
c?nx<^2s-in^ fd'n d^'-^n

I — dz = —
I ~ dz .

J dz dz'^' dz,. dzy?*-^ J dz"" dz^^^

zk ^/.

Where the remaining integral may again be transformed by the same operation.

In this way we are fmally led to a term in which the integration may be per-

formed namely

z*

Zh

It follows from (Vill) together with the above reductions th.-il by inlograling

from the one humogencouH phaso /t| to the other /'<] we obtain:

which ii Uic well kwown condition for thermodynamical cqiiilibriutn.
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The constant ft of the equation (VI) can be determined, if we

observe that in the homogeneous phases f,v.= 0. Representing the

molecular density of these phases by n^ and n„ we have

(o, dlogo). 2an. , too ,
dlog ea^ 2an2 , ,

n^ dr^, O rio ^ nj "

which yields one equation between n, and no. We can find a second

by means of the observation made at the end of the note of p. 534

We have

Phi = Ph. ( ' 2)

where the p's are known functions of n^ and n> (c.f. (8)).

After having determined n^ and n^ by means of the foregoing

equations we can use the first to determine fi.

The liiickness of the capillary layer depends on the modulus Of,

it can be determined by means of (VI); we can also calculate the

number of the molecules in this layer. This number being known,

the equation (I) enables us to calculate the height of the liquid and

gaseous phases.

^ 5. We have now to examine whether the frequency of the

system determined by (II) and (VI) is really maximum, m other terms

whether the condition of the system is one of stable equilibrium.

The quantity d^log^ consists of three parts, the two first of which

belong to the elements of the homogeneous phases A, and h^ , whereas

the third relates to the capillary layer c.

We may put the first parts in the form

where \^ has to be extended over theelementsof the homogeneous

layers h^ and h.i. For the part belonging to the capillary layer we
have the formula

'"«'-^=5:£(-^+i(--r^)) A-

•st dz
+ -^2^<fw,^tp(r(^2)(dn._,4 rfn.+v). . . {VII")

C V

In order that d' log ? be negative, it is necessary that d'^, log ?, cT^s log C

and d% log ? be negative for all possible values of the numbers dn,.

The parts relating to the homogeneous layers may be written in

the form
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where « is 1 or 2. These contributions are negative, if

d f d log ajx\ 2ana

Now, we can transform this condition bv means of the function p
(c. f. (8)). We then find as a condition for the stability

'^>o • • im
duc

for the homogeneous phases. As for these phases, the function p«

represents the pressure, the condition (IX^ is nothing else than the

known thermodynamical condition for stability.

Not only must (IX) be fulfilled, it is also necessary that d^log^

be negative, for there are possible variations in which dUx is zero

everywhere in the homogeneous layers.

I shall transform the first sum in (Pc log S by means of (VI). I

shall write for it

-^--' 2 V D/ x\ydr\y\ dvy. J
c ^ ^

which may be replaced by

^-, driy d /" u)y. dlog cox^

.^^ 2 dUy \ Vy dx\y J

By a transformation of the same kind as that which leads to

(7), we can replace the foregoing expression by

1 «-% dz,— > 6ny cfiix -7- .^^ dwy

dzt,

Introducing the vaino of t, by means of (5'), and considering that

the diflerentiation of n,_, with respect to z^. gives the same result

a« that \iith respect to «,,— v, we find for the sum under consideration

.T dz »-^ rf«/ 6x\t «-^
, , , /rfllK-v ,

t/l'x4-v— ^ - — X ifc [vdz)
I

1 -

& ^m^ dn, A^ \dzx-^ dz^A..,
e ' '

dz/

therefore (Vll") may be reduced to
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jt dz

& ^ duy "V tf? {v dz) {dI^y-, 4- rfJi/+v) —
C v

L^ dc Z^^' ' \d2,^, dz,+,J\
C .

'-'

dZy.

Now we can easily show that this sum is essentially negative.

For this purpose we arrange the terms in the following way. From

the first sum we take the term (ftiy \\y {v dz) dn, —,, ami also tho term

dn,-,xp{v dz) dny. These are equal, and their sum is

2— dtiy (fri/— , \p (r dz).

dz

Next from the second sum we take the term

dux di)/.di\y,—v

duy. dz/

dz,.

i|> {v dz),

and also the term

— ^^{vdz).

dZy,

Adding those four we find

1 c?Dx dny.j

dz dzy. dZy^j V dwy\^ dl\y dOy— j J
dZy dZy,— j

dn
This result is essentially negative, for— has the same sign at all

dz

points. ^).

We can arrange all the terras of (Vll'") in the same way. Accord-

ingly, the whole sum may be written as a sum of essentially

negative quantities, and therefore d-c log 5 is essentially negative.

F'rom this it follows that a system consisting of two coexisting phases

with a capillary layer between them is stable, if the homogeneous

phases taken by themselves are stable.

§ 6. I shall now determine the entropy ajid the free energy of

the system considered. ^

GiBBs') showed that V, the constant in the equation (11) has

1) A similar transformation does not hold for the elements of the homogeneous

dn
phases for there ^- = 0.

dz

2) J. W. GiBBs. Elementary principles in Statistical Mechanics 1902,
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the properties of the thermodvnamical free energy. I shall therefore

determine the quantity W, which may properly be called the statis-

tical free energy.

Taking the sum of the numbers ?, obtained by giving to the num-

bers n all possible values, we get the total number N of the systems

in the ensemble. I shall represent this sum by .'Sg, so that we have

the identity

—n — ^"
7iz —

N =2^ g = (2 .-r Q m)2 N e® n!
^^

^^i^d^
e ®

. (X)
e e 1 Wx /

This equation enables us to determine ¥*. In order to find the

value of ^e ? > ^ve may by means of (VII) express the frequency

? of an arbitrary system in that C„ of the system of maximum fre-

quency. From (VII) it follows that

V" f-—r— 1 4- —( n' —-^^^^ 4-

k

-\- -- 7 <fny, \^ \p (vdz) fr/nx-v + <^'^/-^v) dz.

I

Introducing this into the sum Se, we obtain

4- '^.
y" ffn, V t^y{rdz) ((fiix-v -\- (fn,^,)dz.

In my dissertation ') I have shown, that this may be replaced in

a fair approximation by

I^5 = C,^. (13)

The quantity 5, is given by the equation

>) p.p. Ill and 126.
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where the numbers n, and n. have the values following from (VI).

We now have

k

7 —
7: i—

>

y e
^ =(2^) '

(n,...n....njfc)V. n-V.

and therefore, using (13) and (14), we find for W

GiBBS showed that the quantity — n defined by the equation

_rr^*^— (A'^Z)
'

has the properties of the entropy .v. Here the quantity s is the average

energy in the canonical ensemble; it is equal to the energy of the

system of maximum frequency ').

The kinetic energy of this system amounts to

3^ nO .

2

For the potential energy we have written

Ua By. ,

I

and the value of s is therefore

3

2 L0
1

For s we have the equation

3 3
, , %r- , ">= ~n -]-- nlog {2 :x Q m) + « 'c>f' ^ -r J^" %—

2 2 ^^ iix

^•

3 , y-^ io,

=. Const -\- — nlog Q -\-
J n^ log—

1

Z
3 r «>— Const -\- -n log -{- \iilog-~dz {^H^
2 J n

1) GiBBS showed that the average energy in an ensemble is equal to the

most common energy in that ensemble. Now not every system with this energy

is equivalent to the system of maximum frequency, but the most common energy

is equal to the energy of the latter system therefore the same is true for the

average energy. This result may also be obtained by determining s directly by

means of (VII).
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This formula can be used to determine s, if we know the manner

in which n depends on z. We easily see from (XIII), that, just as

VAN DER Waals supposed, the entropy in each element of volume

depends only on the density n and on the number of collisions in

that element ^). We could expect this, having found exactly the same

condition of equilibrium to which his theory leads.

It must, however, not been forgotten that the whole above develop-

ment and therefore the hypothesis of van der Waals are only valid,

if the assumptions about the attractive forces introduced at p. 526

and 527 are true. The changes that will have to be made in the

theory, when these assumptions are relinquished, must be a matter

of further examination").

7. Finally I shall determine the force exerted in a horizontal

direction by the system. Consider a system identical with the former

;

only let the section be no longer equal to unit of area, but let it be

0. It is easily seen that this has no influence at all on the former

developments. The density n^, and the energy tx are determined by

analogous equations; the only difference is that ?iy. (the number of

molecules in the layer dz^,) is now given by n^ o dz^,. instead of

by n^ dzy.

For y we have therefore the formula

k

= Const. 4- > ox\y Ion dzy=

z

= Const, -f
I

n ( % \dz (15)

'

The average component, corresponding lo the parameter o, of the

force exerted by the systems of the ensemble is given — as Gfbbs

showed — by the relation

— dW
A:. = - r (A'/K)

do

\\\i' force A'„. < .\( rit'd by the systems of maximum frccinency, is

equal to the uvcnij^e force A'o. Therefore c(|iiali()n (XIV) may be

used to determine the force in a real system. liolbic I use (15) to

1) The ftmclion « w connected with this number.

*) In tbi« examination the function & (77x, dzi) introduced in my dissertation will

have to play a pnrl.
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determine /C, I shall put this equation in a new form by means

of (VI) nameh'

z

— Co7ist. + htn — n'—-^ 77+77 '^^ =
& J\ dn Gj

/Y dlogoi an- nSc \ ,= Const. + (f.-l) n + oji^ (n-n'__ -- +
-^J

</z.

with the aid of (10) we can replace this formula by

zk

For Ko we get finally

z z

K„=p^Z-]- ff-nBe-\-2 f£ecdzjdz . . . (XF)

2A

An approximate value for AT^ can be found, by putting e^y_ = — -—.

This value for /{„ amounts to

z
6\ r/ d'n /"dnW

,

z

f d'n= PhZ+C,jr^— dz (16)

When the surface of the capillary layer increases by unit of area

the free energy (so far as it depends on capillary action) decreases by

Z z

J(^_„.,^2jJ_°M.)d. . . . , . ,17)

zh

or, if we use the approximate values by
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z

L I n dz .

'J dz'

i. e. the free energy increases proportionally to the surface. Only

the elements of the capillary layer contribute to the integ)*als, for

dn
it is only in these elements that ^c and — differ from zero. The

dz

quantities expressed by (17) and (18), taken with the negative sign,

agree with what is commonly called the capillary energy. In this

form they also represent the so called surface tension.

The quantity

Jdn— Scdz,

or the corresponding approximate quantity (c. f. (16))

^ ^ 2\ dz\ \dz,'J J
*

may be called the horizontal pressure in the element dzy, at the

height Zy.. I shall represent it by pty. . As we can see from (10), the

connection between p,, and pu is given by the formula

P<x — j»x = nx fcx (XVI)

The term €„ being in the homogeneous layer, we have

Pu =Px =Ph\ =Ph2-

We can determine the sign of f,/ , and therefore that of pu — p ,

' by means of the equations (VI) and (10). We then come to a discus-

sion exactly analogous to that which van der Waals has given on

p. 19 of his paper ').

If one goes upward from tiic liquid phase, fr is first 0, then

positive, then again, after that negative and finally in the gaseous

phase.

By means of the foregoing considerations, we can obtain all the

results formerly found by van dkk Waals an<l the above uiothod

may also be applied to a spherical mass, whose density is distributed

symmetrically around the centre.

') C.f. VAli DER Waalh— Kohnstamm p. 239.
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Mathematics. — ^'On fourdimensional nets and their sections f>y

spaces:- (Fourth part). Bj Prof. P. H. Schoute.

The net (C,J.

1. In the first communication under this title we have tmnsformed

the net of the cells Cf^ into a net {C^^) in two different ways, into

a net of cells CS and into a net of cells C24 • The dil!erence

between these two transformations may be characterized by the

remark, that each cell C04 contains as a part the cell C\ from

which it is derived, whilst it is possible to consider each cell C24

to be bodily inscribed in a cell C\ ' by starting from two nets of

Cg , each of which fills the space Sp^ entirely, related to one another

in such a way, that the system of the vertices of the cells of the

one is at the same time the system of the centres of the cells of

the other and reversely. As we have used the second of these trans-

formations in the deduction of the table of relations between the

axes inserted in the first paper, we still cling to it here, though it

cannot be denied that the advantage of including the cells C24 in

boxes Cg is not quite so important as was that of including the

cells 6 If, in cells C^\C%\ all cells C24 of the net corresponding

with one another in orientation.

We again restrict ourselves to the sections of the net (C,J by

spaces normal to one of the four different kind of axes of one of

the cells C24 ' and therefore of all the cells of the net. We remember
to that end that the table on page 544 quoted above indicates which

diameters of the box C% correspond to the chosen axes OE^^, OK^^,

OF^t, ORn of C24 . We repeat here the part of it relating to the

net (Cj^) in the form

W (») (3) (6.7) (5) (1.2)

OE24^0F8, O^24=(2,l,l,0)C8, OF24=OKM^,l,l,l)C8, OR24=ORs=OEs,

indicating by means of the figures (4), (8), . . .
, (5), (1,2) between

brackets the lines of the table, where these results are to be found.

By this it is immediately evident, that the series of sections normal
to OE^^ and to 0K,^ involve every time a definite position of the
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intei-secting space with respect to the axes of the including cells Ci ,

whilst this position can be chosen in two different manners in the

cases of the two other series. This gives rise to six different series

of parallel sections of a CL enclosed in a Cg , which have to be

considered in the following.

2. We adopt here the method followed in the second and third

papers and indicate the results of the determination of the section

of a cell C24 '^ in two ways. Once more the lirst plate gives us the

projection of the limiting elements of the cell C24 on the diameter

normal to the intersecting space, and the characteristics of the sections

deduced tabularl}' from these projections; in this only four series

of sections present themselves. The second plate shows further the

form of the sections in parallel perspective, enclosed in the circum-

scribed eighteen ; here we have to deal with six different series.

Finally a third plate principally contains some diagrams with three-

dimensional space-fillings generated by the intersection of the net,

whilst the third of these diagrams numbered separately, which domi-

nates the deduction of the projections of plate I, has been transferred

thither, in order to facilitate comparison. We now proceed to the

consideration of the diagrams 1 and 2 of plate III.

The manner in which the cell C'24 is inscribed in the box Cs is

characterized by this, that the vertices of C24 are the centres of the

faces of Cs '- We indicate how these points combine themselves by

twos to extrimeties of edges, by threes to vertices of faces and by

sixes to vertices of limiting octahedra, by indicating these octahedra

in the diagrams 1 and 2. It is immediately clear that eight of these

24 octahedra are polariy inscril)cd in the eight limiting cubes of 63 ;

llg. 1 exhibits two opposite faces ABC, A'B'C of one of these

octahedra, wliilsi lig. 2 shows two opposite faces ABC, A'B'C" of

one of the sixteen remaining octahedra. Indeed the vertices of 6*24
^

divide themselvcK witii respect to the space of a limiting cube of

C%\ the central space parallel to it, and the space of the ()|>po8ite

limiting cube into three groups of 6, 12, 6 points and the (miiIuiI

section is evidently the combination (12, 24, 14) of cid)e and octa-

hedron in equijibriiiin ; from this can be deduced Ihnt the second
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limiting octahedron of which ABC is a face has for opposite face

one of the two faces of this combination parallel to ABC and then

— it goes without saying— the triangular face differing in orientation

from ABC. So we get indeed sixteen new octahedra, each of the

eight triangular faces A"B"C" of the combination (12, 24, 14) procuring

two of them.

The projections given under the headings 0E^^, OK^^, 0I\^, OR,^

on plate I can be easily deduced from plate I of the second paper

by means of the projections of the faces and limiting bodies of the

including eightcell given there. By tracing the centres of all these

faces and the octahedra polarly inscribed in all these limiting cubes we
obtain the results tabulated in the four diagrams 3", 3*, 3<^, 3^^ of

plate I, i. e. in the cases 0L\^, ^-^^^84 only eight, in the cases 0F,^,

OR^i only sixteen of the 24 limiting octahedra. As the laws of reci-

procity require that the arrangement of the 24 limiting octahedra

into groups for the cases OE.^^, OK^^, OF,^, 0R^^ corresponds to

that of the 24 vertices for the cases OR.^^, OF,^, OK^t, OE,^

respectively, the obtained numbers (2, 4, 2), etc. of the octahedra

can be completed to the really occurring numbers (6, 12, 6) added

between brackets. Then from the projections of vertices and octahedra

those of edges and faces are easily deduced.

3. We now proceed to the consideration of the sections represented

on plate II in parallel perspective ; of these the sections of the C24

have been derived from the tables of the plate I, whilst those of the

(2)
enveloping Cs have been taken from the second paper.

This plate is divided by three heavy vertical lines into four parts

successively concerned with sections normal to 0E,^, to 0K,^, to

0F^^, to 0R^^. Of these parts the third and the fourth are subdi-

vided into two parts, in relation to the two possible positions of the

circumscribed eightcell.

Sections normal to 0E,^ = OF^.

If we restrict ourselves here to the sections of transition and the

intermediate sections bisecting the distances between these, we have

1 2 S 4.

to deal with live cases corresponding to the fractions 0. -,-,—.—.
8 8 8 8

As to the circumscribed Cg we then find a rectangular parallelopi-

pedon, the base of which is a square with side 2, whilst the height

37
Proceedings Royal Acad. Amsterdam. Vol. XI.
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1 3 Cl/2)
IS successively 0, -|/2

, [/2 , -|/2 , 2|/2 and as to C24 we get a

point, a cube with edge -l/2, a cube with edge ^2, a polyhedron

(32, 48, 18) limited by 6 squares and J 2 hexagons with two axes

of symmetry — which may be characterized as a rhombic dodecahe-

dron truncated at the octahedral vertices by the faces of a cube —
and this semiregular polyhedron itself (24, 36, 14) with one kind of

face, which is also called granatohedron ^).

SectioiLs normal to OK,^ = (2, 1, 1, 0) C\.

Here we have to distinguish two series of fractions, one related

to the 6',4 itself, the other related to the box C». The fractions

12 6
^' To' To' • ' iT placed below on the right hand correspond to the

2 3 8
seven sections in the first case, whilst the fractions -—

, r-^» • • , 3-7;

lb 16 lo

placed above at the left hand present themselves in the second case.

In our second paper we have explained why the problem of the

determination of the section of an eighlcell loses one dimension in

the case (2, 1,1,0) Cg and all the sections are prisms with height 2,

the bases of which are the sections of a cube with a series of parallel

planes normal to the line connecting the origin wilh the point (2, 1, 1),

1

i.e. of planes determining segments proportional to , 1 , 1 on the axis

of coordinates. For the seven cases presenting themselves here fig. 4

indicates (he form of the bases; so it is not ditlicnlt to draw the

prisms represented in the second column of |)late 11. As it is not

fpiite .so easy to ilednce from the charaderistics given on plate I

the forms of the sections of 6',^, the faces of these sections situated

in the boundary of the prisms have been determined independently

by means of the diagrams 5<», 5'', 5*^ closely connected to fig. 4. If

we suppose that ^>A',, OX,, ^>A',, ^>A\ (fig. 4) arc Iho four edges of

the eighteen concurring in ^> and that the intersecting space is brought

(1,^2)
I) Here too the vertices of the faces of the section of C24 visible in the limiting

2)
ftMt of (he nection of 0% have been brought to the fore; the shaded faces passing

into one another by n parallel translation of lli«' iiil<>rsecting space arc simdcd in

lh« same way.
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parallel to OX, through the seven sections of the cube, it is clear

that this space will be cut by the space 0{X^ X^ A',) in a plane

parallel to the endplanes of the prism, by the two spaces ^>(.Y, A, X,)

and 0(.Yi A', A,) in planes parallel to the couples of parallel lateral

faces of the middle section, by the space 0(A, A', A'J in a plane

not presenting itself in the middle section that — according to

its position in our tigures — may be called the face behind.

We now try to find in each of these four spaces of coordinates a

plane normal to the indicated plane of intersection of that space

with the intersecting space, on to which moreover the projection ^of

the limiting cube situated in that space of coordinates and the octa-

hedron polarly inscribed in it is as simple as possible. So we get in

0{X, X, A,) the plane 0(A, Y), in 0{X, A. X,) the plane 0{X, A,\

in 0{X, X, AJ the plane 0{X, A,), in 0{X, A, Aj the plane 0{X, A',).

With omission of the case 0{X, X^ A,) equal to that of 0(A, A'^, Aj
these projections are represented in the diagrams 5«, 5^, 5*^ where

the series of parallel intersecting planes are indicated by their

parallel traces. For any position of the intersecting plane the recpiired

sections of the octahedra are easily found by means of these diagrams.

So the section pqr of the octahedron in the lozenge os of fig. 5™ is

the hexagon of the endplanes and the section [/q'r' of the octahe-

dron in the rectangle o'r' of lig. S'^ is the deltoid of the lateral faces,

of the middle section, whilst the section ifij"}''/ of the octahedron

in the rectangle o"f furnishes to us the hexagon in the face behind of

1 3
the section corresponding to the fractions -— and — . With tlie aid of

the characteristics of the sections tabulated on plate I we then easily

find how the visible faces of the section are to be completed to the

total boundary of the polyhedron by means of faces situated within

the prism.

The form of the polyhedral sections of 6',< obtained in this manner
is rather complicated and therefore not easily described ; all the forms

admit of two common characteristic features: they possess an axis

with the period 3, in our figures the horizontal line MN, and four

planes of symmetry, three through the axis and one normal to it.

This axis MN is no axis for the prisraal section of the circumscribed

6's, the middle section excepted; for this section it is an axis with

the period 2 and in connection with this it becomes an axis with
the period i^ for the middle section of 6',^ that admits of seven

planes of symmetry.

It is easily verified that the length of the axis MN within the

seven different sections is successively

37*
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7 8 9 10 11
1/2, - v/2, - 1/2, - 1/2, — 1/2, - 1/2 and 2^/2.

6 6 6 6

Sectioiis normal to OF^^ = 0/^^.

To the five polyhedra presenting themselves here — see tlie (list

column of the third part of plate II — correspond below to the right

1 4 2
the fractions 0, -5- »

• • • > -^ , above to the left the fractions —

,

"" o 8 12

3 6
12'"* '12'

Here too the problem of the determination of the section of the

eighteen has lost one dimension, these sections being prisms with a

height 2, the bases of whicii are sections of a cube, tliis time normal

to a diagonal. Here too it is desirable to determine independently

theMaces of the sections of the inscribed C\^ situated in the limiting

faces of these prisms. To this end we have to revert to the diagrams

5", 5^*, 5'' and to replace the series of parallel lines representing

the traces of the intersectmg planes normal to the planes of the

diagrams made up in the supposition of the intersecting space (2,1,1,0)

by those which are connected with the simpler supposition (1, 1, 1,0). As

the new diagrams 5^ and 5' become equal to one another, the new

series of parallel lines have only been indicated — by dotted lines

— in the diagrams 5" and 5''. So we find — entirely in the manner

explained above — the section 21 v tn of the octahedron in tiie equi-

angular semiregular hexagon tx forming the end planes, the section

t' u' v' w' in the rectangle s' x' foruiing the three lateral faces of the

5
prismal sectioJi corresponding to the traction — ; so we easily get

la

— once more in the same mauner as above — by means of the

data of plate II the total bouudary of each of the five sections of 6^^.

The forms obtained in this way possess the same characteristic

properties as' those of the preceding group, an axis MN with the

|)crio4l 3 and four planes of symmetry for the excentric sectious, an

axis with the |)erio(l iS and seven planes of symmetry for the central

section. We can only record this difference that here the line MN'
is an axis for the Heei-ions of the C^ and those of I he circumscribed

6', together, and that its length witliiu the polyhedra always renniins 2.

Sectioits normal to f>/'\^ = (3, 1, 1, 1) 6*,.

Here we And — see the second I'oliiiiin oI'iIm- ilnrd pari nf plaic II
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- the five sections of 6',, already obtained, but enclosed now in

parts of riiomboiiedra, regularly truncated at one of the axial vertices'),

and — as far as the middle section is concerned — enclosed in an

unmutilated rliombohedron. For these sections of the circunoscribed

eighteen one may compare plate II of our second paper.

Here too the sections of 6',, and 6'„ correspond principally with

one another with respect to axis and planes of symmetry. Only the

plane bisecting the axis MN perpendicularly is not a plane of

symmetry for the truncated rhombohedra and the axis maintains its

period 3 for the unmutilated one.

Sections normal to OR^^ = OR^.

In this simplest case partially mentioned above we tind - — see the upper

region of the fourth part of plate 11 — corresponding successively

1 2
to the fractions 0, -

, - the octahedron, the semiregular polyhedron

(24,36,14) with one kind of vertex, and the combination (12, 24, 14)

of cube and octaliedron in ecjuilibrium , always enclosed in an

invariable cube.

Sections normal to OR,t = OE^.

Here the three sections once more must be characterized by paii*s

12 V
of fractions, below to the right 0, -

, - related to V.., above to
4 4

2 3 4
the left -, ~~, — related to C\.

o 5 8

The three sections of 6,4 found above reappear here — see the

lower region of the fourth part of plate II — successively inscribed

in a tetrahedron, a semiregular polyhedron (12, 18, 8) with one kind

of vertex, and an octahedron, represented in their turn inscribed in

cubes for the more simple deduction of the true measures.

1) These rhombohedra bouuded by lozenges with acute angles of 84ol5'39" are

represented in tolo, the section with the truncating plane being indicated by

heavy lines.

In arranging the sections on plate 11 I mistook the sections of the L\ occurring

here for cubes, though 1 myself had indicated their true nature in the second

paper. After having read the manuscript Mrs. A. Boole Stott had the goodness

to set me right as to the text ; but the diagrams could no more be corrected.

Happily the dilference between these cubes and the slightly elongated cubes that

should replace Ihem is hardly perceptible.
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4. From the two ways mentioned in the preceding paper leading

to the knowledge of the threedimensional space-fillings generated by

the intei-section of the net (C,J we choose here the more theoretical

one, in which is deduced from the section of the intersecting space

with a definite cell C^^ how this space must affect the other cellsX',^.

To this end we indicate in diagram 6 how the boxes C^^-^ filling

twice the space Sp^ project themselves on the chosen axes OE^^,

OK,,, OF,,, OR,,. Of the projections on the axes OF,, (2, 1, 1, 1) C„
OKg, OR^ ^) coinciding with the named ones the third case OK^
distinguishes itself from the other by this that the centre of the

eighteen (2, 6, 6, 2) does not project itself in the projection of a ver-

tex ; in connection with this each space-filling corresponding to OK^
deviates from the general rule according to which the difference of

the fractions corresponding to sections partaking in a selfsame space-

filling is itself a fraction with numerator unity, the denominator of

which is equal to the number of equal parts of the projection of an

eighteen. So according to this rule this difference is - in the first

and the fourth case, - in the third case of the fig. 6, and it mould
4

have been - in the case of OK., but is now only -.

3 6

Now we have indicated in general which sections of C.^, must

generate together a space-filling we can proceed to the treatment of

the individual cases; we shall then see that in any of these combi-

nations of sections each face occurs twice in the same position,

as the juxtaposition of the pieces requires.

Space-fillings nonnal to OF,,. Here we have to deal successively

with the combinations of fractions
[
0, -

J, ( q»q )»
(
^» ^ );

so we find

three space-fillings, that of granatohedra, that of granatoiiedro truncated

at the six octahedral vertices and of small cubes, that of cubes with

edges twice as long.

Spnce-filllnifs normal to OK,,. Expressed in the fractions belonging

4 8 12N / I 5 9 13^

to 6'. here the combinations | 0,
^^, ^^,. -^ J,

{.
^^^, ^^., ^^

/
10 U\

, , , ,

I . , , OH'SfMll tllfMUHelVOH ;
MS HO Ihrccdl IIKMISIOM.M I

Vid II lo'ioy '

SCCllOll

») In order to make the diaKnuris lit IxjIUt on lh<' plalr, llic unlcr of succession

\* changed there by inlcrdmngirnj (Si, 1, 1,0)C;, and OA,

.
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12 . .

of C„ corresponds to 0, -. ^ these symbols, difference in orientation
lb lo

/4 8\ /5 9 13W6>i.
being disregarded, may be reduced to iT^'rj^jMi^'iT^'TeJ'lTeJ'

We now consider each of ihese cases separately.

Case f:^,-^ )• In this space-filling the middle section (26,42,18)
\16 16/

with the fraction —- occurs in one orientation only, whilst the poly-
16

4
hedron (11,18,9) with the fraction — occurs in two different posi-

tions passing into one another by a rotation of 180° about the axis

MN with the period 3. In order to make this space-filling perfectly

clear we project it successively on a plane normal to the common
direction of the axes and on one of the axes. These projections can

be found immediately, if we know how the composing polyhedm are

to be put in contact with each other. Therefore we indicate first

that two polyhedra of diiferent form in tacial contact with each

other have always a deltoid in common, whilst this contact can be

realized for two polyhedra (11,18,9) by a lozenge only, for two

polyhedra (26, 42, 18) by a hexagon only ; this is clear if we bear

in mind that all the axes J/iY are parallel.

The projection of the space-filling on to a plane normal to the

axes MN may be regarded as the superposition to one another of

two wellknown plane-fillings (fig. 7"), that of regular hexagons and

that of equilateral triangles, the vertices of the polygons of the one

being the centres of the polygons of the other and vice versa. If

this space-filling is cut by a plane bisecting an axis MN normally

the result is the plane-filling by triangles or that by hexagons accord-

ing as that axis belongs to the form (11, 18, 9) or to the form

(26, 42, 18).

The projection of the space-filling on to an axis is given in fig. 8"

in two layers of which the upper one is related to the axes of the

central section, the one below to the axes of the polyhedra (11, 18, 9;.

The axes MN of the first group with the length 2\ ^2 fill the whole
line, whilst the axes M'N' of the second group with the length

4 ^

-k2 leave parts of the line uncovered. On one axis of both

groups the projections of the vertices of the polyhedron have been

indicated, on MN the points .4, B, C, D, on M'X' the points
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A', B', C ; of these C\ D, N coincide respectively with iV, A', B ').

Case
(y^'Y^'^)-

Each of the three forms (14, 21,9}, (26,39,15),

3 5 7

(32, 48, 18) with the fractions -—,— ,— occurs in tw o oppositely orien-

/5
tated positions. The shape of the faces proves that two polyhedra

16

in contact must have an isosceles trapezium in common and two

polyhedra
( 7^ I

^ hexagon of the equatorial belt, whilst the required

parallelism of all the axes MN only allows the possibility of two

polyhedra (
—

J

having a hexagon, and two polyhedra
[

—
-

j
having

a hexagon of ihe equatorial belt in common. Moreover the contact

of a polyhedron [
—

j
and a polyhedron f —

]
must 11nd place in

an equatorial hexagon, that of the forms ( —
j
and

j
-—

j
in a deltoid,

whilst the forms (
—

)
and ( —

J
may be in contact by a hexagon.

From all this may be easily deduced that the projection of the

space-fdling on a plane normal to the axes (fig. 7^) consists in the

superposition of two plane-fillings, of which the one brought to the

fore here contains equatorial sections of the polyhedra
j
—

J
and

I
), whilst the more regular one of hexagons, the vertices of

which coincide with the centres of the polygons of the former, is

hiiilt up of equatorial sections of the polyhedron f .

J.
This proves

at ihe same lime that no two polyhedra
( )

are in facial contact,

neither that two polyhedra [
—

j
have a hexagon in common.

The projection on an axis is represented in fig. 8'' in three layers,

Biiccessively related to the polyhedra (,p)» (vc)' (ic)' '" "^"®

of the three layers do these axes cover the line of projt^ciioii entirely.

In the manner explained above have been indicated on MM the

projections A, /i //, <>n .l/'A' ihc projections .1', />" F\

•) These points have hcfii iiiili':Hl<il l)y llw samr Icllrrs on I lie polyhedra

8 1

1

corresponding to ^ ami on lli<> st-conil pari of plalf 11; hnl In'if llic (lashes
16 10

hnve been omitted.
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on M"N" the projections A" , B" , . . . , B" of vertices; here the

pairs and triples {E,'m'), {F, M"), {G, A' , A"), {H,B',B'% {N,C')

coincide.

Case \^\ 111 this case of the unique polyhedron (14, 24, 12)

occurring in two opposite orientations, bounded by an equatorial belt

of six isosceles trapezia and two polar regions of triples of lozenges,

the contact of the polyhedra takes place either l)y an isosceles

trapezium or by a lozenge.

The projection on a plane normal to the axes consists in the

plane-fdling of regular hexagons, each of these hexagons divided in

the same way into three lozenges.

The projection on an axis (tig 8') consists of two layers; all axes

MN, M'N' have the same length. By ihe projectiori* .1, i>, C, D
of the vertices each axis is divided into live equal parts; the last

two segments CD, DN of MN cover the tirst two segments M'A'

,

A'B' of M'N'.

If we consider the portion of the space-fdling situated between the

two planes normal to the plane of the diagram (fig. 8) according to

a and b and if we imagine that the halves of the polyhedra (14, 24, 12)

lying between these planes ai-e hollow, we have before us a figure

in space, imitating very nearly the shape of the honey-comb of the

beehive. Indeed a space-filling, the polyhedra of which really are

double beecells has been described by A. Andreini ^). Hut the space-

filling derived here from fourdimensional space does not characterize

itself by the known minimum property of the beecell ; it is rather

closely connected with the space-filling by granatohedra. If we divide

a granatohedron in two equal halves by a plane normal to a diagonal

and rotate one of the halves an angle of 180^ about that diagonal,

we generate a polyhedron also limited by six isosceles trapezia and

six lozenges, but the trapezia have another shape.

Space-fillmgs normal to 01'\^. Expressed in the fractions belonging

to the sections of C^ we have to deal here with the two combinations
2 4 10\ / 1 3 11

^' 1^ ' T2
'

'

*
"

' 1 -^
)

' I Ta ' TT '
'

*

' 19' ^^^^^^^ "^^^' ^® reduced to

4 6\ /3 5

12' 12J^"^ ll' 72

^) In Andreini's memoir "Sulle reli di poliedri regolari e semiregolari e sulle

coirispondenti reti correlative" {Memorie della Societd ikiliana delle Scienze,

series 3, volume 14, p. 75—129, 1905) the three dodecahedra filling space are

treated in the paragraphs 76, 77, 87. For the rest my study has nothing of any
iinporlance in common with liis work, which is nicely illustrated by stereoscopic

views of threedimensional space-fillings.
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Cflw<?r— , — J. Of the two polyhedm (12, 21,11), (18, 30, 14)

corresponding to
( v^ ) . \T.^] ^^^y ^^^ ^^^'^^ O"® occurs in two opposite

orientations. The facial contact of two forms (12,21,11) takes place

by a triangle, that of two forms (18, 30, 14) by a hexegon and that

of two polyhedra of different shape by a trapezium.

The projection on a plane normal to the axes is represented in

fig. 9«. In the three shaded hexagons ABCDEF one recognizes

immediately the upper planes of three central sections
(
—

j
and in

LMN ih^ base, in F^E^B^A^D^C^ the equatorial section of the body

—
I
lying between, etc.

i2y * ^

Oi^^r— jy-j. Here bolh forms (18,27,11) and (30,45,17)

occur in two different orientations. Two polyhedra (18, 27, 11) of

the same orientation have no face in common, two polyhedra

(18,27,11) of different orientation in contact have a hexagon in

common, so as to make their axes one another's production. Contact

of two polyhedm (30,45, 17) takes place either by a semiregular

hexagon or by a hexagon with two axes of symmetry in a plane

inclined with respect to the axes, according as the two polyhedra

correspond or differ in orientation. Contact by a hexagon with two

axes situated in a plane parallel to the axes MN takes place between

two polyhedra of different shape.

The projection of the space-filling normal to the axes MN is

represented in fig. O''. In the three shaded semiregular hexagons drawn
5

in toto one recognizes easily the three uj)per planes of the section -, in
1 A

the other shaded parts of the figure portions of lower planes of

the section
I "7; )

'i opposite orientation, in the two larger semiregular

hexagons partially covering one another in the centic of the llgnre

equatorial sections of the form
( , )

> f<>i' which the thickness, i. c.

the Hegmcnt on the axis lying within the polyhedron, is half as

largo an thai of ( -
]

, etc.

tSpdcf'i'illinffH nonutil fo />/»',,. I'^inally wo get hero two known

8pAce>fillingH, that of octnhodra and combinations of cul)e and octa-

heciron in equilibrium, and that of the body (24,30,14) of Lord

Kelvin.



( 555 )

Geophysics. — "On the (hirutlon of shower.'i at Batavla." By

Dr. J. P. VAN DKR Stok.

Since January 1«^ 1866 hourly observations of diflFerent meteoro-

logical quantities have been made at the Batavia Observatory and

also of the rainfall so that, at present, a series of 40 years is available

comprising some 250CX) rainy hours distributed over about 820()

showers.

In less favourable climates it is not practicable to have such

observations made continuously night and day and, as self-registering

instruments are subject to frequent interruptions, this series may be

regarded as a unique material for investigation.

The purpose of this inquiry is to investigate the distribution of

showers of variable duration in different seasons, and to apply to

these frequencies suitable frequency-formulae.

A rainy hour is defined as every hour during which rain fell, if

it were only 0.1 m.m. ; the duration of a shower is defined as the

number of subsequent hours in which rain was observed: e.g. by

a shower of 10 hours' duration we do not assume incessant rain

during this jjeriod, but that no hour has passed without some rain

having fallen.

As during the first decade no observations were made on Sundays,

the total amount of hours e.g. for January is not equal to :

40.31.24 = 29760

but to :

'

(40.31—44) 24 = 28704.

The results of this inquiry have been summarized in Table I.

Average values of (piantities so divergent and intermittent as

rainfall are hardly suf!lcient to convey an adequate idea of the way

in which this phenomenon affects the climate and it is questionable

whether excessive quantities or durations are to be included in the

computation, because even the mean values deduced from a long

series of observations may be affecte<l to an important degree by

one shower and thus the meaning which we attach to averages,

loses its value.

Consequently the frequencies given in Table II give not only a

more complete, but also a more accurate idea of this climatological

factor than the average values of Table I.

From this summary it appears that in April, almost suddenly, the

condition of rainfall shows an alteration such, that the probability

of showers of long duration is considerably reduced ; in the next

months this probability again increases whilst in August the distribution
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Table I. showers at Batavia, 1866-1905.

I
Number
of hours
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TABLE II.

Frequencies of duration of showers at Batavia, 18C6—1905.

Dur.
in

hours
Jan. Febr. Mrch Apr. May ' June July ! Aug Sept.| Oct ! Nov. Dec.

1

2

3

4

5

6

7

8

9

10

li

12

43

14

15

16

47

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

100

109

147

Total

417

324

200

130

81

51

51

33

17

10

10

9

5

4

6

4

4

4

357

203

203

426

77

00

43

99

22

20

14

9

2

1

3

4

4

4

211

254

438

89

59

46

23

43

13

5

5

5

2

2

4

±10

485

440

59

43

47

44

42

3

4

137
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constants in the formulae, so that no average values higher than those

of the second order need to be calculated and, as the phenomenon

presents an annual and a semi-annual variation, it is reasonable to

expect that this number will be sufficient to arrive at a suitable

expression for the law of distribution.

Then, in the first place, the frequency-formula known as Type III

of Prof. Pearson's formulae finds an applicalion.

As the quantities under consideration are rainy hours, with the

exclusion of hours in which no rain has fallen, the function must

vanish for j; =:0 if we take the duration zero for origin of coordinates,

then for increasing values of x the function will rapidly rise to a

maximum-value and decrease in a continuous way without any

definite limit.

In this case Pearson's Type III assumes the form :

M ^ iy «-'"•'•
.f/^ (1)

If we put

the expression for the mean of the n*'' order becomes :

and

5ir(p-hi) = 1

from which we find for the determination of the two constants m
and p the expressions:

- en /> -h 1 = , (2)m
/*.— f^i' f*,—fi'

51 bein^^ delined so I hat the jirwi of the curve becomes iMjiinl to unity,

this (pianlity must not U; reji;arde(l as a characteristic of the curve.

Ap|)iying these formulae to the frc(|uencics of Table II, we find

the values given in Table III.

In compntiii{; the means it is to be noted that the duration of a

shower of say 3 hours is not to be regarded lus a duration between

2.5 and .'i.5 hours, but as u metin duration of 2.5 hours, be(>ause

any duration Iieyond 3 hours wouhl transfer the ({iiantity into the

4 hours grou|). Further it must be note<l that lor February and

March the excessive duratiouM of KM) and lunic hours hnxc been

cicludod from the cuhidatiou.
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TABLE III. Constants of Pearson's formula,
Type IlL
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As by the use of these formulae the function and its integral assume

i-ather large and the yl-coefficients small values, it is desirable to

divide the function by {ti -\- 1)! and to multiply the .4-coetilicients

with the same factor, tiien

:

21 = 2 An tf;„4.i

(n-f l)/if)„_|_i =tf^j+i

A, = 1

A, =:flj/t—

2

' 2/ 1/ ^

A. = 4 etc.
3/ 2/ 1/

The constant h may then be determined by putting:

A,z=0
from wliich

:

and

A,
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Table IV exhibits tlie values of the constants k and .4, as

calculated by means of these formulae.

Either formula gives a good image of the characteristic differences

of the curve in the course of the year, viz. the sudden transition

in April, the congruity between the curves for April and August

and the single and double annual variations in the phenomenon.

If we define as normal the curve obtained by putting /' = 1 in

Pearson's formula and J, = in the series-formula, both formulae

assume the form:

and. we see from Tables III and IV that ni the East-monsoon the

curve approaches the normal form ; in April, May, August and

September its shape is almost fully normal, but in June and July

the curve clearly shows considerable deviations from this simple type.

Peculiarities of this kind are not perceptible in the /v/m/W// during

these months at Batavia, but in some other pUices, more directly

exposed to the influence of the South-East-monsoon as Tjilatjap, a

rather large increase of rainfall obtains after April, thus giving rise

to a secondary maximum. In the West-monsoon the deviations from

the normal type are greatest.

4. Owing to the rather large irregularities in the data, the

monthly frequencies as given in Table II are not very suitable to

serve as material for i)utting frequency-formulae to the test of a

comparison between observed and calculated aggregate values; for

this purpose, therefore, all frequencies for the period April to

November have been taken together and reduced to a total of 1000.

(Table V).

In the last column of this Table frequencies are given between
the limits u and 0, which frequencies are to be compared to the

corresponding values calculated from the formula:

fB -^ i udx

For the constants of the formulae we find:

h = 0.9141 51 = 0.5366

^, = 0.6429 m = 0.5576

p=: 0.2222

The integration of the series-formulae between the limits x and

38
ProceediDgs Royal Acad. Amsterdam. Vol. XL
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TABLE V.

Frequencies of duration of

showers^ April - November.

Durat.
in hours
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foducing
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Owing to its feeble convergency, this expression is of no practical

use for values of z greater tlian 3.

In Schlomilch's Compendium, 2le Aufl. p. 261 in the chapter

"Unvollstandige Gamniafunctionen" the way is indicated to trans-

form this expression into a much stronger converging series:

'/•tr-'"^ xPdx == I — ..-^U +

where, in our case, X=zl — 2^ = ^-7778 and

a,=X = 0.7778 a, = X' ^ X = 1.2484

a, = ;.^ = 6050 a, = X* + W —X = 2.0082

a^ = ;i^ -!- 10;i' — 5r -f 8;. =: 8.1881.

The results of this investigation are summarized in Table VI.

etc.

TABLE VI.
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TABLE VII. Values of the function if'„_|_,
•

X
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TABLE VII (continued).

X
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TABLE VIII. Values of the Integral B.
n+1-

X
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TABLE VIII (continued).

X
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iare in four ways projective to the eiglit singular mys (/i) ; conse-

quently through Oy^ and O, pass four coriics hearing . each foui

points of intersection of two tangents out of O, and 0, and at the

same time four points of intersection of rays out of (>. juid O, to

the points of contact of those tangents (double-rays of the (2,2)).

If 0,0, is a branchray for both pencils, one of the four conies

degenerates, in which case C^ has cusps in O^ and 0, (see my
paper ''On bicuspidal curves of order four', Proceedings of the

meeting of Dec. 24^'' 1908, Vol. IX, p. 499).

We suppose that OJJ^ is conjugate as doiible-ray to the branch-

rays O^Og and 0,0^. The equation of correspondence must then

furnish for / ^ and for /x = the equations yi' = x and X* = co;

hence a^^ = 0, «„, ^ 0, a^„ = 0, a^^ = 0.

The equation of 6\ can now be written in the form

In each of the two double points one of the branches has an

inflectional point ; the corresponding tangents are .t', =; and a?, = 0.

Out of each of the two jieatodal points three more tangents can

be <lrciwn to C\ . They are represented by

b,^x,' + 2b,b,x,^x, + (6,»-l) .c,x,' - 26,^,' = 0,

By eliminating .z\^ we tind

{b,'x,^ - b^\v,') + 2V, (brW - V"^,') + (V-1) ^.' (^^ - M,) = 0.

So on the right line b^x^ = b^x^ lie three points of intersection of

the tangents out of O^ with the tangents out of 0,. We shall indi-

cate it by li.

It is evident that these three points and the point 0, are the

branchpoints for the. two coUocal series of points in correspondence

(2,2), determined by the pencils {O^) and (0,) on the line h. So

according to a well-known property this (2,2) is involutory.

Indeed, we tind out of

A- ii' + 2 6^ A' ;t -h 2 />, ;. fi' 4- 2 6, ;. fi 4- 1 =
and

6j ;. — 6, ^',

that the (2,2) is indicated on h by the symmetric relation

6,-^ ft^ ft'-^ + 2 b, i/ {it- ft' + ^ ft'^) + 2 6, 6, 6, ^ ^' + 6,' =
between the rays projecting it out of O,

.

2. If Q, Q' is a pair of the involutory (2,2) on h, then the points

1\ = {0,QJJ^Q') and P,rE={0,Q', 0,Q) lie on 6',. The line 1\1\
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intersects 0^0^ in a point H, separated harmonically by the line h

from 0^ and 0,

.

So the pairs of points P^,, P^ form on C^ a, fiindamentnl involution

JF",, of which each ray through H contains two pairs.

The coincidences of F, are the points of contact of the tangents

out of H{y^ = 6j, 2/s
= — ^1, .Vs = 0). The polar curve of H has as

equation

{b^ .Ci
— b^ .t-J (.1*1 A-, 4- .?•, Z>^.) =: 0,

SO it consists of the line h and the conic

.r, .f, + A-, bj. z= 0.

The points of intersection of this conic with C^,

A-," .r," + 2 .f, .r, .r, />., + .r^" = 0,

lie on .I'j' rrr and on .r," = i.,^

By combining

bx = ± .r,

with the equation of C^ we find (.^j w^ =b .u,")'' =r 0. So H is the

l>oint of intersection of two double tangents.

The points of contact of these double tangents forming two pairs

of F, and being generated by the conies a\.v^ ± x^^ = 0, the sup-

position is at hand that F, can also be determined by means of the

pencil of conies

.r, X, = (> .r,'.

Indeed, the movable points of intersection of these conies with 6\

lie on the rays

(1 + 9') .f, + 2 e 6,. =- 0,

passing through H, whilst the line h,

b^ a, = b^ A-„

!•> the polar of H with respect to each conic

.r, a:, = Q .v,\

Resuming we can say

:

0/ a C\ with tioo jlecnodal points' 0, and 0, two double tangents

meet on the connertim/ line <\0^ of the double points. The points

of conUict of tlte four tangents which it is possible still to draw out

of llu^ir point of intersection to 6\ lie on a right line, which conttuns

moreover three points of intei'section of the tangents r^,s^,i^ out of

O, with the tangents r,, «,, /, out of 0, and the point of intersection

of the injlectiinml tangents f and /, in, (\ and O^

.

;; 1 roin (/, /, *, <,) = ij\ r, .y, /,) follows

(/i »'i *! <i) =K ft u *•) - (*. ^ /. »••) = (^ «. »•. /.)•



( •'i^l

)

By this three conies o,, o,, t^ tiiiough O^ and 0, are determined

containing in succession the quadruplets of points

On these too the pencils (Oj) and ((^,) arranged in (2, 2) determine

involutory (2,2), which then again are connected with fundamental

involutions on C^ . The pairs of such an involution lie on rajs through

the pole H, S, T of 0^0^ with respect to the corresponding conic

(i»3i <Ja, Tj. Tills pole is the point of intersection of two double tangents;

(liis follows amongst others from the fact, that the point of contact

of each tangent of the 6\ drawn from R must lie on the conic 9,

and must be a coincidence of the involutory (2,2) ; the number of

these tangents amounts thus to four, so that the remaining tangents

out of li must coincide two by two in two double tangents.

For further particulars about the [)roperties which (»n b© deduced

from these observations 1 refer to my paper mentioned above and to

the paper named in it published in "N. Archiefvoor Wiskunde, XIV,"

4. We shall now suppose that O^ and O, are bi/lecnocla I points. Let

us choose the point (>, in such a way, that the tangents in 0, and

in O., are separated harmonically by O^0^,0,0^vesp.by 0,0^,0^0,,
then the equation of C\ has the form

If 0^ and 0^ are to become bitlecnodal points, then we shall every

time have to find when substituting x^ = =b a^x^ and x^ = ± a,A*,

that w^* = 0. For this is necessary h^ =t aj)^ = and b^ rt a^b^ = 0,

thus b, = 0, b, = and b, = ').

So we have to deal with the equation

If we write for this

{x,^ - a,X') (.^,' - ^,W) + («' - a.'-a,') a;/ = 0,

and if we put moreover

it is evident that C\ can be generated by the projective involutions

of rays

1) The six points r^s^, Sir^, Sit,, tiS^, tiT.., r^t^ lie on a conic; for, through

Vir^, SyS^, t^t^ passes the line h.

-) We find moreover that 6'j cannot have at the same time a flecnodal point

and a biflecnodal point.
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In this C^ thus od^ quadrangles are described having all 0^ and 0^

as diagonal points.

The vertices of these quadrangles evidently form a fundamental

involution F^.

Out of

we find for the diagonals of the quadrangle (;i) the equation

So all quadrangles have in (>, their third diagonal point

At the same time it is evident from this that we can build up the

above mentioned F^ out of pairs of the fundamental F, of which

each ray through 0, contains two pairs.

If the two pairs coincide then the ray whicli bears them is a

double tangent.

The pairs on the ray .v^ = ^.r, we find out of

Thus for a double tangent we have

or

a,Y ± 2/q - a,' ^ 0.

So 0, is the point of intersection of four double tangents corre-

sponding: to

a,X' db 2>vr, - a;^^/ = 0,

or, wiiat comes to the same, to

The eight /toints of contact lie on a conic.

For, ilie |>olur curve of 0, degenerates into ./•, = and tlic conic

a,'j?,« -f a,'«,» — 2cVr,« = 0.

5. We shall show now that the renniiiiiiig four double tangents are

connected with two fundamental involutions of pairs whicli cuii ho

generated by (tonics.

The curve 6*4 can Iks generated by the projective j)encils
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P^videJitly tlie two variable points of iiilerseclioii of conjugate

conies lie on the line

passing through the point H^ having as »coordinates {a^, — «,, 0).

Each line

bears two pairs of the fundamental involution which can be generated

by each of the two pencils of conies ; for we have q' — 2aQ 4-1 = 0.

For () = + 1 these pairs coincide and we find the double tangents

a^a, + a,i»i ± /r, = 0.

In a similar way the pencils

determine a fundamental involution which is also generated by tiie

rays out of the point //, (^j, a,, 0), through which at the same time

the double tangents

a,.v, — a,.z?i ±>, =
pass.

The four double tangents form a quadrilateral having 0^0, 0, as

diagonal triangle.

6. The polar line of {a^, + «,, 0) with respect to the conic

is represented by

From this ensues that the pencils (//J and (//,) determine two

involutory (2,2) on these two lines A, and h,. Their branchpoints

are generated by the nodal tangents and the tangents which can

still be drawn out of 0^ and 0^.

If we write the equation of 6\ in the form

it is evident that the lines

touch it on ,v^ = 0.

In an analogous way the lines

have their points of contact on .r, = 0.

And now we see directly that these two pairs of rays intersect

each other on the lines h^ and /<,,
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which bear at the same time the points of intersection of the nodal

tangents

a;,' = a^'x^^ and a?,' = ag'ct:,'.

The remaining points of intersection of the two fourrays lie on

the conic

This is immediately evident, if we eliminate out of the equations

the quantity a?,*.

The coincidences on Aj and h„ here also originate from the tangents

out of Hi and 7/,. Indeed we find for the polar curves of i/j and i/,

or

From this is evident at the same time that the conies

generate the points of contact of the double tangents meeting in

Hi and H,.

By combining the equation

with the equation of C^ we find that the eight points of contact

of the four double tangents are situated on the conic

7. The curvejof Hesse is represented by

If we eliminate Aj'^v out of this equation and the equation of C4,

it is evident that the points which the two curves have in common
besides O, and O, are situated on the conic

The t'.ijlit points of hij/i'.vum of a C\ trlth ttno hij/ecfiodalpoints are

puintjt 0/ intersection nuth a conic.

They lie two by two un four riglit lines through the point of

liitcrHoctiun O, of the four doubl(> langentH of the first group.

Tljc |>olarcurvo 1^, of the point (1/) is rcprcHcnted by
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As it is touched in O^ iiiid Oz l»v the lines

yc,x. — a\2yyi\ = and y^^^ — «i'^,^, — 0»

we lind that

y,yc,x^x., — a^^y^y^x^x^ — a^^y^ytX.x, + c*y,*x,* z=

represents a conic 1^2 toiicliing the polar curve in 0^ and O2.

If iy) lies on 6\ , then

y^'y,' - <y,'y»' - «.'yry,' + c^y.* = o,

i. e. (y) also belongs to »i,. The tangent (y) to i^, has as equation

y,y,iyi^2+yi'^i) - 0'i*^2'+«,'yi*Xy.-^',-v,'(«i'v,^,+«,'yi^-i)-f2c'»/,'^,= o.

As when (j)) and f^y) are exchanged it determines the polar curve

?jj it represents at the same time the tangent in (y) to C\.

hi each of its /joints C\ is touched hy a conic irhich touches the

pola?' cur've of that point in the bijiecnodal points.

The curves C^ and ij, have two more points in common. If / is

their connecting line, then the pencil determined by C^ and ^^ -\- I

contains a curve composed of »j, and a second conic. From this

ensues: I'he points of contact of the six tangents out ofa point ofC ^

can he connected by a conic.

8. The projective involutions of rays {0^ and (0,) have as

double rays

;i = GO
,

A"," =: 0, ) I A = 0, ^,' = 0,
and

When the double rays OJJt and OjO, are conjugated to each

other, their point of intersection becomes a third double point of 6V
This takes place when we have

^ + -y- = 0, or c-« = 0.

The 64 is then represented by

ot^'a',' — a^^x^^x^^ — a,'A'j';»j' = 0.

So it has three bijiecnodal points. As is evident from the above

we can describe in this C^ oo cpiadrangles having the three double

points as diagonal points.

The double tangents of the lirst group are now replaced by the

tangents in 0^ (§ 4). In each of the biilecnodal points the tangents

are harmonically 'separated by the lines to the remaining two
double points.

The C^ with three bitlecnodal points have been extensively treated

by Lagukrre {iSlom\ Ann. 2" serie XVII, 1878) and by Scholtk {Archir

der Math, und Phys. 2^" Reihe, II, III, IV, VI, 1885-87).
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Mathematics. — "On ciwves ichich can be generated by projective

involutions of rays.'" By Prof. Jan de Vries.

1. By the symbol

we shall indicate a homogeneous form of order n.

By the projective involutions of rays

a curve Co;* is generated in which oo^ 2?2-sides are described pos-

sessing in 0^ and O.i ?z-fold vertices. For brevity I call such a 2?2-side

bisingular.

0^ and 0-2 are ?i-fold points of the curve. The tangents in 0^

form a gi-oup of the first involution which is conjugated to the group

of the second containing the ray OiO^. These two groups determine

a singular 2?2-side, where 0^ replaces \n{n-^l), and 0^ replaces

\ n {n—1) vertices.

If we can describe in a dn 'fith tioo n-fold points one bisimjidar

2n-side it bears an infinite number of those figures.

For, if the indicated 2yi-side is represented by the two groups of rays

and if x^ = nuv, is one of the rays of the first group, then the sub-

stitution must furnish .i\" {bi.i\ -}- b^m.VoY"^ ~- 0, .i\ = )n,v„ 0^ being

an 7i-fold point. Hence the equation of Coh must have the form

(a,^, + «,ar,)('0 i^.x, -f ^,.r,)(") = {b,.'v, -h 6,.f,)C») {a,w, + «,.«,)(") . (1)

But then the equation can be formed by elimination out of

(a,.tr, + a,a^,p) -j- X («,.6-, + «,.«,)(") = 0,
(2)

and the curve contains the oo' bisingular 27i-8ides which can be

indicated by these two equations, X varying.

2. We shall now investigate under which condition two projective

involutions of rays will generate a curve 62/1 with three n-(ok\

pointo Okf so that n* points of intersection of two conjugate groups

of rays are vertices of three diirerent bisingular 2/i-sides having each

two of the points Ok as n-fold vertices.

In that case we must bo able to bring through the points of inter-

section of
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{a.^x, -\- a,xj.^^) = and (/>,J^ -f 6,.r,)(") =
a group of rays

It is now at once evident tliat this is only possible when the first

two e(iuations have the following form

so that we have

Out of

and

follows

oi" in transparent notation

iaa),a;,-w.2" -\- {aa),^^^'^,'^ 4- (a«)ijr,".r/' = 0. ... (3)

The tangents in (>, are represented by

(a«),a,'.« 4- (««)2.J?i" = 0.

If .Co = /•.<;, is the equation of one of these ta,ngents, then the sub-

stitution in the equation of the Co, evidently furnishes .r,2« = 0. In

each of the ?/-fold points each tangent has thus {n -f- 1) points in

common with the corresponding branch.

For each vahie of / we liud a figure consisting of 3/2 lines (of

which however oidy 3 or 6 are real, according to n being even or

odd) and (ii^ + 3) points (of which 4 or 7 are real). *)

^) We have in particulai- for w ^= 3 a configuration (I23, OJ. From this ensues,

by the way, that of the configuration (9^, 12;,) corresponding dually to it only 3 points

and 4 lines can be real. From the above it is evident that the 12 lines of the (94, 12j)

can be represented by

^1 = 0, ?3 =
I

t2 = 0> ?3— / and r'l
;=?/: 2 = .'=^3, where t''=l is.

^^3=0, ^1=0

The three lines ?3 = ^g — fi- ?s = ^=2 = ;^?i. ^2 =f-li = e?3 contain together the

9 points. They are also indicated by

^1 + -^2 -H -^3 = 0, ^1 + £-^2 + '-^'i = 0, Xi -f-
t -X2 + t-X3 =z 0.

The 9 points lying also on XiX^x-^ = 0, they are the base-points of the pencil

(0^1 + % + X-i) {Xi -f- X, -f ; -X3) {Xi -f e^X.2 -f eX^) -j- »« X^OC^Xi = 0.

Ami so here we have found ba<'k the canonical equation of C^.

39
Proceedings Royal Acad. Amsterdam. Vol. XI.
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3. The projective involutions of rays

generate evidently a On-.—k, which has Oj and 0, as {n— /(,)-fold

points and as equation

The two multiple points are for I ^1 of a particular kind. For

the tangents in 0^ are represented by {a,a\ -{ ttyV^)i»—^) = 0, and

each of them has as is evident from substitution {k -\- 1) points in

common with the corresponding branch of the curve.

For .I's = we find

Therefore the curve is intersected by 0^0.^ in a group of the invo-

lution fk which has 0, and 0, as X;-fold points.

If we can describe in a Co,,—t with two {n— i?;)-fold points a bimi-

gular 2n-side having those multiple points as /i-fold points it has an

equation of form (5). But then it can be generated by two involu-

tions of form (4) and it bears therefore oo hUinyulav 'In-sides.

4. For k = Ji we find a 6', which will in general not possess any

singular points. Yet it is in general not possible to generate a C„

by two involutions of rays of order n. For, the centres 0^ and <>,

of the involutions must be yi-fold points of an involiilion /„, of which

the points of intersection of C„ with O^O, form a group. Hut then

the polar curve of ^>, would have to have (n—1) points in O^ in

common witli the right line OiO,, and tiiis is jiol possible for a

general (J,,.

But each cuhlc cnrre can be generated by two projectixe cubic

involutions of rays. Their centres 0^ and O^ are conjugate |)()ints of

the curve of Hkssk, for the two double rays which O^ possesses

(besides the threefold ray O^l)^), bearing ca<'h of them the jioinls of

contact of three tangents out of ^>,, form tiie polar conic of (>^

,

whilst the rays which complete the two double rays to groups of

the involution form the satellite conic of (K^.

Let us now take inversely O^ and Oa as two conjugate points of

the curve of Hkhhk. Wc regard O^ as centre of a culiic involution

which has (JiOi as threefold clement, whilst a second group is formed

by three tangents the points of contact of which lie in a line r, so

that their points of intersection with (,\ nw situated on a line .v. The

line /• <*oiuif«'d »IomI»I<' .mimI iIk' line .y wc unite to a group of a cubic
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involution (OJ having O/Jg '^^ threefold raj'. We now make the

two involutions projective in such a way that the threefold rays

correspond, that the group (rrs) is conjugated to the group of the

three tangents and that finally the groups are assigned to each other

which are determined by the rays to an arbitrary point of C\. The

two involutions then generate a C\ having with the given C\ ten

points in common, thus coinciding with it.

In each general cubic curve we can thus describe oo' bisingular

hexagons.

Their threefold points lie on the curve of Hesse.

5. If the ray Oj 0, counted double belongs to corresponding groups

of the cubic involutions (Oj) and ((^), these involutions generate a

t\ which has Oj and O-i as points of inflection the tangents of which

meet each other on the curve. For, out of

^»,.rj» -f 36ja?,'ar, -f U^x^x^'' -f 6,.t-,' -f- Xx^x^* =
we find

{a,x./+^a^X2'j;t-\-Sa^X2^v^*-\Hf^x,')x^={h,x,*-^Sb^x,*x,-\-3bciX^x,*-\-b,x,*)x2,

and this is satisfied by

A'j = 0, x^x^* = and .r, = 0, x^x^* = 0.

According to the rule found in ^ 3 0,0, is harmonically divided

by 6V
In\ ersely, inhefi two stationanj tangents of a C^ intersect each other

on the curve ivhilst their points of contact are harmonically separated

by 0, , then those points are threefold vertices of oo^ bisingular

hexagons described in C^.

For, in that case the equation of (\ has the form

If we replace it by

M/ +/>','^, + {\fz — C^K^,' + 9,x,*\x, z= 0,

it is evident, that the curve can be generated by the pencils

c,x,' -I- A.v,\v, + {y\ -f q) X,X^' + g^x,' + ?.x^x,' = 0,

Here we can still replace (A -\- q) by [i.

39*
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Physics. — "'On the law of the paiiltion oj energy in electrical

systems.''' By Prof. J. D. van der Waals Jr., (Communicated

by Prof. J. D. van der Waals).

It is well known that Maxwell was the first to pronounce the

thesis that in the case of statistical eqiiilibrium every degree of

freedom will possess on an average the same amount of kinetic

energy. In my oi)inion Boltzmann's and Gibbs's investigations liave

raised the validity of this thesis for the systems to which their

theory applies, above doubt. And yet this result is difllicult to recon-

cile with the experimental data. It has already long been known

that the gas molecules must undoubtedly possess more degrees of

freedom than would follow from the specific heat at constant volume

in connection with this law.

BoLTZMANN '), GiBiis ') aud others have expressly stated that systems,

as they occur in nature, always exhibit important points of difference

with the systems for which the said law was proved. For Boltzmann

and GiBBS have drawn up their statistical theory exclusively for

systems which have a finite Jiumber of degrees of freedom, and

for which the equations of classical mechanics hold. The systems

occurring in nature, on the other hand, always contain electrical

charges; so we have always to deal with the ether with its infinite

number of degrees of freedom. Moreover for the changes of the coordinates

no longer the mechanical laws are exclusively lo be taken inio considera-

tion, but also the fundamental equations of the theory of electricity.

In view of this an extension of the statistical method, in such a

way that it a|)pliod also lo electrical phenomena, was ui'gently

required. An attempt at such an extension was made by Jeans ") and

by LoHKNTZ *). They arrived both at the conclusion that also in this

case the law of ecpial partition of energy holds. Their considerations,

however, pointed out a new difHicidty. When every degree of freedom

|)08seH8C8 the same amount of kinetic energy, the efher with ils

infinite number of degrees of freedom would dually acquire all the

enerjfy. A con«e(|uence of this would be ihal in case of ocpiilibrium

between a material systein and the elher, as is fonnd in all heat

phenomena in consecpicncc of the radiation, the velocities of the

inoiecuieH M\i\ the electrons woidd become zero. Moreover the ether

would then have to contain the energy in such a way llial all the

1) L. BoLTZMANN, Wlcner Sllzungsb. LXIll p. ilS. a. 1871.

*) J W. GiHUM, .SlatiHliciil Mt'cliuiiicti. p. 167.

») J, II. Jba»», IMiil. Mug. SciicH VI. Vol. X, p. HI, I'.tu:..

) 11 A. LoiiKKTz, Nuovo Cimenlu, ScricH V. Vol. XVI.
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energy had accuiTnilated on the side of tlie infinitely small wave-lengtlis.

It is clear that here too theory is in direct contradiction with

experience. Still it is easy to see that we must come to this conclusion

if we assume tiie three following suppositions:

' ~" d /

A The relation \^ -— = is satisfied. Here n represents the
A^, dp,.

total number of independent variables, />, an arbitrary of these variables.

In mechanics both the generalized coordinates and their time varia-

tions or the corresponding momenta are to be considered as independent,

so that in a mechanic system n represents twice the number of

degrees of freedom.

B. There is statistical equilibrium.

C. All the phases (in the sense of Gibbs) representing the same

energy, lie on the same path.

By Jeans') and by W. IIitz'') attempts have been made to e.Kplain

this contradiction between theory and observation. In a certain sense

also by M. Planck, though the latter does not start from Gibbs's

statistical method in his theory of radiation. As none of these theories

satisfies me entirely, I shall state here another direction in which

a solution of the contradiction might be sought. Before proceeding

to this, however, I consider it my duty to indicate why the three

theories mentioned do not satisfy n)e, as else I should not be justified

in adding another view to the number of existing ones.

On a superficial consideration Ritz's theory makes the impression

to look for the solution of the difticulty in this that it rejects suppo-

sition C. For KiTZ wants to reject a great number of states of the

electromagnetic field which are compatible with the field equations,

because in his opinion they cannot occur. Thus he assumes only

waves originating from electrons, not such ones as converge on them,

because, if the latter existed, the electron would be a perpetuum

mobile. From these words it aj)pears already that it is really suppo-

sition B that is rejected by Ritz. The system he considers, constantly

loses energy, and so it is not in equilibrium. If we think the material

universe to occu])y a finite space surrounded by an ether which

reaches to infinity, it must of course lose energy, and cannot be in

equilibrium. But then we knew already that on account of the

prevailing differences of temperature the material universe is not in

equilibrium. We have always only to deal with limited systems

which are surrounded by other systems, and which are only for a

1) Gomp. i. a. I.e. and Phil. mag. Series VI. Vol. II, p. 638.

2) Ritz. Phys. Zeitschr. Vol. IX. No. ^5 p. 907. Anno 1908.



( 5S2 )

certain limited time exelnded from external influence, and may be

considered to be in equilil'rimn. During the time, however, that the

equilibrium exists, everv particle must on an average absorb as much

energy as it emits. So an inward radiant vector must exist during

that time.

But, says Ritz, when we consider a finite system, we must always

think it enclosed within walls which contain a finite number of electrons,

and which therefore can reflect the radiation in fewer ways than

LoRENTz's totally reflecting walls can. So Lorentz's theory is not

applicable to the natural systems. This really offers a diflftculty.

Even the y-rays of radium pass through metal screens in a consi-

derable^ degree, and it is possible that vibrations of still smaller

wave-length possess so great a penetrating power that they are never

in equilibrium of radiation in our experiments. Yet it seems to me
that there are facts which indicate that in Rttz's observation, which

is quite correct in itself, the clue to the explanation of the normal

spectrum is not to be found. For it seems to me that if Ritz's

explanation was the true one, the spectral formula of Rayleigh

would have to hold for all wave-lengths which are still regularly

reflected by the walls, which is by no means the case. Moreover,

we should then have to expect thai this formula would be fulfilled

with the greater degree of approximation as the walls were thicker,

and so more wave-lengths were approximately in equilibrium of

i-adiation'; then we should not find a definite spectral formula in-

dependent of the thickness of the walls. We may finally imagine

the walls to be infinitely thick, so that they would contain an

infinite number of electrons, and Ritz has not shown that also in

this case his restriction of the number of possibilities in the inward

radiation originating from the walls, is justified.

While RiTz's theory deals only with the normal spectrum, Jeans

trien at the same time to find a solution of the difficulties attached

to it, and of the difficulties attached to the specific heats. He, too,

thinks that he has to find the solution in the fact thai supposition

B is not satisfied. He thinks, namely, that the coordinates of a

Hyetcm may be divided into two kinds: 1 those which we may call

conservative coordinates, which possess an apj)re('ial)Ic kinetic energy;

2 those which we may call dissipative coordinates, which can receive

enef|;y from the conHcrvalive ones only exceedingly slowly, and

which lose the energy they have received so rapidly l)y radiation,

that they never possess an appreciable quantity of energy. Then the

kinetic energy wliich must be ascribed to systoms agrees with their

number of conservative coordinates and so is less than would cor-
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respond with the total iiiunber of degrees of freedom. So this agrees

vvitii what we .observe witli regard to specific heat.

All objection to this theory is, tliat it is inexplicable how such a

system could be heated by radiation. For then the dissipative coor-

dinates would first absorb heat, and then transfer it to the conser-

vative coordinates. Biit they can only transfer it, when on an

average they have more kinetic energy than the conservative coor-

dinates. So if such a body was exposed to the radiation of a hotter

body, it would absorb very much heat before the temperature began

to rise, and on further heating by radiation the dissipative coordinates,

too, would have to receive energy, and the specific heat would

therefore be greater than when the heating was done by conduction.

On account of these and similar conclusions which might be made

from Jeans's theory, this theory did not seem satisfactory.

Finally in Planck's theory it is not possible to ascertain which

of the three suppositions is to be rejected. Still it is clear that we

can never obtain Planck's spectral formula, if we accept the three

suppositions. His suppositions must, therefore, be incompatible with

the three suppositions given here, and probably the hypothesis that

the energy can only be absorbed in fixed energy-quanta, will be

irreconcilable with our suppositions. Of course, this is no objection

to Planck's theory; the assumption of the three suppositions bringing

us into conilict with experience, one of them must in reality not be

fulfilled. Of more importance seems to me the objection that the

supposition of these fixed quanta of energy which can only be

absorbed or radiated as a whole, and which, moreover, have a

different amount for radiation of different wave-length, clash altogether

with all our ideas on the behaviour of vibrators, and that it is

difficult to see how it could be reconciled to the ordinary laws of

radiation by vibrators, of which Planck also made use in his theory.

Nor would this objection perhaps suftice to make us reject the

theory, when there were urgent reasons why we should have to

assume the existence of these energy-quanta. In my opinion, however,

these urgent reasons are wanting. Planck used the supposition of the

existence of these energy-quanta to bring two equations into harmony,

which have been derived in an entirely different way. One*) has

been derived from the laws of Boltzmann (Stephan) and Wien, which

are again derived from the 2"*^^ law of thermodynamics in connection

with the fundamental equations of the theory of electricity, and

which, therefore, hold for all the systems for which these laws hold.

^) M. Planck. Vorlesungen iiber die Theorieder VVarraeslrahlung p. 149 equation 223.
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This equation runs ^S'li^T''! —
j, in whit'li >S' represents the entropy, m

the energy, v the fi*equency of the free vibrations of the vibrator and i? a

still unknown function. The other equation^) may be written S=Fi —
)

in which s represents a small quantum of energy, into which the

total energy- of all vibrators with frequency v is divided, after which

these atoms of energy are distributed over the difierent vibrators accord-

ing to the laws of probability. If these equations are to be in

harmony, s must really be = Itv, as Planck assumes. The question,

however, is, whether there is sullicient cause to assume that these

equations do harmonise. x4nd in my opinion this is not the case.

For the first equation holds for real bodies, the second for the

fictitious systems of vibrators, which most likely do not occur in

the real bodies. In the first place so many different kinds of vibrators

with so many different free periods are hardly to be assumed.

And moreover every vibrator will, no doubt contain a moving electron

whose motion strictly speaking is controlled not by a differential,

but by an integral equation, so that the vibrator has not one, but

a whole series of periods for its free vibrations.

Now Planck asserts that it is of no importance whether his radiating

systems agree with those really occurring in nature. For, he says"),

Kirchhoff's law teaches that we always get the same normal

spectrum independent of the nature of the walls. This, however,

seems to me an inaccurate interpretation of llie law of Kirchhoff.

For this law states only something about walls occurring in nature, but it

does not decide anything about the spectrum tliat would be formed

in a space inclosed by walls with fictitious properties which deviate

from what really occurs in nature. Hence tlie interpretation of

Kirchhoff's law that the spectrum would be independent of the

nature of the walls, is to be rejected. The real gist of tiie law is

much better rendered by saying that all walls occurring in nature

have such properties that they give rise to the same spectrum ;

what thcHC properties are which all real walls have in common, is

not yet (piite known. Oidy on special suppositions did Lokknt/ ")

siii'ceciJ ill examining this.

That \\m acceptation of Kirchhoff's law is really I he correct on(^

npficars from this tiiat in his cited jtapcr iiORF.NTZ succeeded in

iiiinf^iiiiiiK walU of. such a nnluiH; that tlu> thcnnodynamic laws of

riuliation arc not fulillle<l in (hoir mutual radiation lie imagined,

') loc. cit. p. 1&3 in the middle.

'I loc. cit. p. 100 and 101.

•) H. A. UmtwTz, These I'roc IX p. 430, 1900.
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viz., two uniform systems, of whii'li the linear measures of tlie

second are rj-times larger, ail masses ,"f-times lai-ger, and all charges

of corresponding |)arts ,^/V«-times larger than of the first, it now

appeared that when the velocities of the parts of the systems were

tiie same, that then the ratio of the electrical forces in corresponding

points was V^^/n\ so the ratio of the densities of energy ji'«'. Then,

however, the ratio of the temperatures is as that of the kinetic energy of

corresponding particles, i. e. /i: 1, so that the law of Boitzmann is

fultilled only when iV — {i/a* or [t^\/a. As, however, it is always

possible to imagine these systems in such a way that « is not 1/^,

it appears that the thermodynamic laws of radiation are not fultilled

for arbitrarily chosen systems. So when we make arbitrary suppositions

concerning the nature of the wails, we run a great risk of choosing

them in such a way that the spectral distribution with which they

would l)e in equilibrium, does not agree with the real normal

spectrum, this could only be incidentally the case. And so there is

no ground to assume that the two formulae of Planck mentioned

represent the same spectrum, which removes the grouiul for the

assumption of the energy -quanta.

Jkans ^) considers it a dif!iculty to assume that walls could be

imagined for which the thermodynamic laws of radiation are not

fulfilled. I do not see the ditticuity. The thermod/namic laws are

only empiric laws. And when we come t<j the conclusion that the

radiation of arbitrarily imagined walls does not satisfy the second

law of thermodynamics, whereas experience teaches that the real

radiation does satisfy it, we have simply to conclude from this that

such walls do not occur in nature. We should, indeed, meet with

a difliculty, if we could show that the laws of thermodynamics had

to be applicable to all conceivable systems. The statistical derivation

of these laws seems really to imply this. This, however, is only

seemingly the case. For any fictitious system, whatever properties

we ascribe to it, a state of statistical equilibrium will, no doubt,

exist which is charactei'ized by the fact that a certain quantity,

which we may call the probability, is maximum. If we call the

logarithm of the probability entropy, then for every system the

theorem will hold that with given energy and volume this entropy

is maximum. But it has not been proved a priori that the entropy defined

rdQ
in this way, is always represented by ly. , or at least it has only

been oroved for mechanical systems, and not for electrical ones,

V J. H. Jkans, Phil. Mag. Series VI Vol. Xll p. 57, 190G.
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which we are now discussing. It is iiol oven self-evident bv any

means tliat a temperature could be defined for every conceivable

system. And we even know that two walls of the nature IjOrentz

has loc. cit. imagined, when their particles had the same kinetic

energy, so that they were in equilibrium of temperature as regards

their conduction of heat, would transfer heat to each other by

radiation. And reversely, they would not be in equilibrium of con-

duction of heat when they were in equilibrium for the radiation.

As now in the derivation of the law of Stephan with the aid of the

cycle of operations described by Bartoij and Boltzmann use is made

of the supposition that ij = I — , this law need not hold tor an

arbitrarily imagined body, and can only do so incidentally.

In virtue of the above I think that other explanations are called

for, which might be able to reconcile theory and observation. And

it seems to me that such an explanation might be found in this

direction that we assume that the supposition A is not fulfilled, and

this we may do without introducing new hypotheses, without coming

in conllict with the current theory of electricity. It is true that

Jeans and Lorentz have come to the conclusion that supposition

A is satisfied, but it seems to me that their considerations only refer

to electrons which possess a mechanical mass; they do not seem to

apply to electrons without mechanical mass.

To show this we shall consider systems agreeing with those

examined by Lorentz '). A number of electrons are enclosed in a

parallelopiped space with totally retlecting walls. It is true that the

objection advanced by Ritz to such walls, is not to be entirely

refuted, luit without this supposition we can never imagine a system

in statistical e(|uilibrium, and when we think the space so large that

the radiation reflected by the walls, has long been absorbed before

it has reached the central iiarts, the condition in the central parts

will most likely not be influenced by the walls. Hesides, the reflected

radiation' will behave in almost the same way as if it was emitted

by a medium of the same nature outside the enclosed space, so that

also the parts lying ncai'cr iIk' walls will probably bo in the same

condition as if the walls did not exist, and the medium extended

also outside the walls.

1 sliali assninc the cloctrons to bo spherical, so ihul their {)osition

is cnlirely dclermincd by the cartesian coordinates .V }^/^ of the centre.

Am further data 1 shall choose the electrical and the magnetical

forces in the diHeront olomcnts of space. In their stead we might

'; H. A. LoHiNTZ, Nuovo Citnento I.e.
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also have chosen the ooordiiuiles used hv Lorkntz ; this would have

t>een more sy in metrical and more elegant. The coordinates chosen by me

however, may allow us to determine tiie quantities, which we wanted

to determine, in a somewhat simpler manner. For the rest the result

of the investigation is the same in the two cases.

It is, however, cleai- that we may not choose the three components

of the electrical force ^ and the magnetic force .^ (piite arbitrarily

in every point. For Sp must satisfy the equation Div. .p rrr 0, and

Div. C£" is also detennined in every point if A, V, and Z are given

for every electron. So if we take '^x* ^y. -^x a»tt J^^ as independent

variables, ^z and p, are determined, with the exception of the constant of

integrtition. This constant, however, is not arbitrary, but determined by

the conditions that the normal component of p and the tangential one of

<£ must be zero at the walls. These conditions yield more equations

than the number of constants at our disposal. Hence we have still

to diminish the number of independent variables by considering still

fewer components as independent variables in the elements adjoining

the wall. However, I do not think this will atfecl our further reasoning.

Of course the conditions Div ^ = q and Div J^ = cannot be

rigorously satisfied, when we really think ^ and -fp constant within

the elements. We can then take it e. g. in such a way that we
understand the mean values in the elements by the given comj)onents

of ^ and Sp, while inside these elements S and Sp are linear functions

of X, y and z, and they do not show any discontinuities on the

boundaries of the elements.

The changes of siate in our systems are now determined by the

following equations

:

d »> d^
c Rot Cr = c Hot fy z= f po

dt
"^

dt ^ ^

Qbi^ + [^ii'])]dv=-- Mm.

J

/<
In these latter two vector formulae, which yield six scalar equations

when written dowji for the different components, r represents the

radius vector from the centre of the electron to an arbitrary point,

Hi the mass, J/ the moment of inertia, and u the \elocity of an

arbitrary point, so that v> = »„ — [y '^]» when i\ denotes the velocity.

If this value of i> is substituted, six equations are obtained in which

the six components of i\ and m occur linearly.

We have here at once to distinguish two cases

:

1. in and M are not zero, i.e. we assign a real mass to the
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electrons. In this case the equations serve io determine the accelerations,

the velocities are to be considered in this case as independent variables.

2. For some electrons w and ;!/ are zero. In this case the accele-

rations disappear from the eqnations. Now we can solve the com-

ponents of i\ and iv in determinant form, as they form a set of six

linear equations. The elements of this determinant are integrals which

are to be extended over the electron, and are known if (i and Sp

have been given in . every point. So i\ and ro appear not to be

independent variables in this case. The number of variables is,

therefore, smaller than in tiie case that the masses are not zero.

And this is not strange : in the expression of the kinetic enei*gy the

velocities of the electron dp not occur when we ascribe the energy

to the medium. Only if by the supposition of a quasi-stationary

motion a connection is established between the motion of the electron

and the forces of the field, the equation of the energy can be reduced

to such a form that \)^ and u> occur in it.

The values of »„ and \\) thus found must now be substituted in

d^ d^
the equation c Not ^;} = ---{- q'o to tiiid the value of —

.

dt dt

If we now examine in how far supposition A has been fu Hilled,

it is at once evident that this is certainlv the fact in the tirst case.

d/>

Then - := even for everv variable separatelv.
Op

In tlie second case, however, it is different, then . --/ is not zero.
d\

For the integmtions occurring in I he elements of the determinant

which determines \.\ , must be extended over another region when
the electron is displaced. When diifei'entiating we should bear in

mind that ^'. is determined from (j, whereas <> changes in the points

of the space if the electron is displaced, so that "X". is to bo considered

as function of X, Y, Z.

, . n '^'^P
'- dS:>

\\ l(»llows Irorn - =r — Hall that -- is indei)end('nl of .'.^.so
dt ih

'

dl
,

dt
that ihc tcrinH .uc /«m(). The same holds lor the terms

().rp 0(£-,.

for cIcmeiilH which fall outside the electrons; IhiI not for Icrnis inside

llicm. I'or iherc is dcl(Minin('d l»\ -— = 7^f)<., .p — oo, jind w
dt • dt

^

i . . .
d.^r

rwing uo|>cndent on >! , , this is also iIm- case Cor . It is true that
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—
becomes very small for every element, and zero in the limiting

case that we, take infinitesimal volume-elements, but the sum of these

quantities for all the elements falling within a certain electron does

not become zero, but when the volume-elements become intinitely

small it verges to a certain limit, which is not to be neglected by

the side of "-
. Here too, we must remember tiiai wc must not oniv

dX

differentiate with respect to ^x where this i|uantity occurs explicitly, but

also that (^"^ depends on Ci\ . For by varying ^\ , we vary ^, unless

we take care to bring about a suitable modification in ^, in the

surrounding elements.

1 dD '="d/v . .. , .

Equation = — ^ z— now indicates that we have a stationary
* D dt ,.==: Opr

state if on every path covered bv a system the density of phase

is made to satisfy D == e . On account of the intricate

form which -i' assumes it seems liardlv possible to draw furl her
dp

'

conclusions, unless we succeed by a felicitous reduction or l>y

making a l>etter choice of the independent variables from the begin-

ning in rendering this sum in a much simpler form.

For the |)resent I must conliue myself to pointing out that it seems

that in this direction a solution is to be found of the contradiction

which has existed up to now between theory and observation. And
if this should prove to be the only way in which this can be done,

it is a qualitative proof of the existence of electrons without mecha-

nical mass.

We must, however, point out tiiat it can only prove that some
electrons do not possess any mechanical mass, not that this would have

to be the case for all electrons. For as soon as electrons without

mechanical mass occur, the relation 2i^ ^- =: is not fulfilled. The
Op

supposition that some, e. g. the positive electrons will possess mecha-
nical mass, and others e. g. the negative electrons not, is by no
means excluded by these considerations.

If we should take Kirchhoff's law as holding for arbitrarily

imaginable walls, the partition of the energy in the normal spectrum
would of course never enable us to conclude anything concerning
the nature of the bodies by which the radiation is emitted. If, however,
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this view is the correct one that the bodies give the same spectrum

only because they have certain properties in common, then it must

be possible to learn something about these properties from the partition

of energy in the spectrum. And thus we may hope that a further

development of the application of the statistical method to electrical

systems may tend — not to find an accurate formula for the spectrum,

which would only be possible if we a priori f)erfectly knew the

nature of the electrons — but rather to test whether a hypothesis

concerning the nature of the electrons gives rise to the correct

spectral formula, and so whether it is to be accepted or rejected.

Botany. — "Some remarks on Sciaphila nana BL" By Prof.

F. A. F. C. Went.

While working at the Trmrldaceae, collected by Mr. G. M. Versteeg

during the expedition to Southern New-Guinea in 1907, I have

also examined the plants of the same order, which are found in

the Botanical Museum of the University of Utrecht. In so doing I

came across alcoholic material of a Sciaphila brought from Buitenzorg

by Mr. Pcij-k and collected at Tjiomas.

When an attempt was made to name this plant, it at once became

evident, that it was not Sciaphila tenella Bl. and it was therefore

surmised that the other species described for Java, namely, >S. /ja/iti Bl.,

had been met with. Now the diagnosis of Blime is of such a nature,

that it is impossible with its aid to recognize the species^); noi' are

the figures of his plate XLVIII conspicuously clear. I soon found,

by comparison with IkccARi's monograph of Malay Iriuridaceae,

that the specimen in (juestion evidently agreed completely with his

S. corniculatn *). I will shortly give detailed proof of this ideutity,

but first remark that Beccari himself had noticed the agreement

between Blame's .S'. nana and his own S. corniculata, for he speaks

of S. mum *) as follows

:

"Non ho visto cpiesta Specie, ma dalla figura lasciula da Biaime

mi sembra |)oterla includere nel gruppo dolla S. corniculata e del la

S. Ar/akiiiii'i

In order to obtain greater certainty I have examiiu^d the original

specimen of Bi.umk'k in 'k Kijks Herbarium at Leiden.

Under the name of Sciaphila narm Bi,. there are here found,

>) C. L. Blumc. MuMcum Uoluiiicum liUgduno lialuvuiii 1. p. 322. 1849—1851.

•) Bw:<:Ani. Maleuia III. p. 886. Thv. XXXIX. Kig. B-13. 1886—1890.

•) O. BcccARi. 1. c. p. 338.
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pasted on one sheet of paper, three phinls, imnibereil 1, 2 and 3.

Reichenbach had written tliere. Mihi specimina 2—3 sint tenella,

specimen 1 nana Hi. tantiini H.G. Rb. til." I completely share this

opinion ; there can i)e no donl)t, that 2 and 3 are specimens of

S. teiu'lht Hi,., wlnie the other specimen is the one, which served

for Blume's diagnosis, as it is exactly the same as that used for the

illustration of the habit. Only in this illustration two flowers are

still present, whereas the specimen now possesses but a single one.

This renders the l.eiden herbarium specimen of little use for deter-

mination, as one would at most be justified in sacrificing a part of

it, when preparing a monograph of the order, supposing also that

one had sufHicient reason for assuming, that no new species of

Sciaphila will be discovered, a by all means remote contingency.

As was mentioned, the specimen of the Utrecht museum is cer-

tainly identical with Beccari's S. coniicidata. I will now mention

the reasons for this conclusion. Since staminodes are wanting in the

female flowers, and the rudiments of pistils in the male flowers (which

have three stamens), and since the style is found on the top of the

ovary, it is clear that our plant belongs to the subgenus Hyalismn.

Here several species are further excluded, because in the centre

between the stamens there are no sterile organs, which, according

lo Beccahi, are appendages of the staminal connectives. There then

remain >S'. nana, which for the above-mentioned reasons we will

leave out of account for the present, *S'. Arfakiana, in which the

segments of the male perianth terminate in appendages, which are

here wanting, while the style in also fixed on the ovary in another

way than in the specimen, with which we are here concerned, and

S. cornicidata. Of the characters, given by Beccari as typical of this

latter species, all are found in the specimens from Java. I mention

them here in succession. Small low plants, with somewhat strongly

branched shoots and thick fleshy roots. Only the extreme tips of the

shoot-branches bear flowers ; of these the two or three lowest flowers

are female, the upper ones male. The latter are present in larger

numbers, but the uppermost generally remain buds. The perianth of

the male flowers has six lobes and the latter are provided at their

top with a few long fine hairs, resembling cilia; the filaments of the

three stamens have more or less grown together. While the male

flowers have definite, albeit short peduncles, the female flowers may
well be described as sessile in the axil of a bract. Most characteristic

are the pistils, which, as Beccari indicated, are sigma-shaped, while the

upper part of the ovary and the style are more or less papillar; the

description might perhaps still leave some doubt as to the identity,
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but the figures of ovary and fruit : 10, 11 and 12 are quite similai

to the specimens in the Utrecht museum, as indeed all the other

figures. Only the cilia at the top of the perianth leaves are figured

sonjewhat shorter; this is, however, intelligible, as Beccari had dried

plants to work with and I had excellently preserved alcoholic material

at my disposal.

My conclusion is therefore that the plants found in Tjiomas belong

to Sciaphila corniculata Beccari and that the distribution of this

species is consecpiently not limited to New-Guinea, as Beccari had

imagined.

If we may now assume that the figures of *S. ?irt?2a given by Blume

are not very accurate — an assumption which does not seem to me
to be very hazardous — , and if we further eliminate from Blume's

description the unbranched shoot, which was probably due to an acci-

dental property of the specimen described, then it seems to me, that

we may well assume, that ^S'. nana of Blume and S. corniculata of

Beccari are names for one and tiie same species, especially as so

far no other species of this genus have become known from Java

except the so widely different S. tenella Bl.

There is iiowever no complete certaintj'^ on this point, and as

long as this is not the case, it will be best to affix the name of

the accurately described Sciaphila corniculata Beccari to the specimen

in question, and for the present to regard the name of Sciaphila nana Bl.

as not sufHciently well characterized. Possibly a future monographer,

having many more data at his disposal, will be able to restore this

name, but at ])resent it is better to reject it.

Utrecht, December 1908.

Astronomy. - "7hi>Solar l^o/7/(V'.v o/Hale". By Mr. A. Brester Jz.

Communicated by Prof. W. H. Julius.

On the more or les« cyclonic conliguiation of the hydrogen flocculi

around the spots on the upectrolieliograpiis of the solar atmosphere

ami on the shifting and the liecoming invisil)le of one of these

ilocculi at a short distance from a spot, Male recently founded the

hyiKilhesis that the spots arc vortices, whicii from the solar atinos-

piierc continually absorb the hydrogen, which iImmc! comes buck

every limo oh new protuberances or flocculi outside the spots. ')

b Halk; A»lro|»li, Jouiii. St'pl. I'.OH — Conliib. from Die Ml. Wilson Sol.

Ob«. No. 86.
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At the outset I think I ought to observe that this hypothesis,

which is considered by Hale himself, with tiie laudable caution

characteristic of him, as still very uncertain *), is in a hardly explicable

contradiction with the equality of the angular velocity of the hydrogen-

flocculi in every latitude, which Hale has made probable in an

earlier investigation ').

For if, between these flocculi and the spots there is the connection

that Hale supposes, we should not expect the same angular velocity,

at each latitude, but rather very different angular velocities, which

would have to answer to the great aequatorial acceleration of

the spots.

But the hypothesis that the spots are absorbing vortices, has often

been proposed, but has always turned out very improbable. For a

vortex leads us to expect first of all that it rotates. But generally

nothing is seen of this rotation in the spots. CARRrNGTON, SEcciy and

Young have more than once intentionally set this forth. According

to these observers some indication of a cyclonic configumtion is

shown in only 2 or 3 per cent of the spots, and this configuration

is most times such that it would prove a rotation in opposite

direction in different parts of a same spot and consequently an

impossible rotation for the whole spot. ') Moreover Mitchell *) as

well as Hale and Adams, ') in their investigations of the spot-spec-

trum, have found the gaseous substance of the spots generally in

almost perfect rest. Besides the spots, as a rule, do not seem to be

concave, but convex. *)

Although these clear facts, which have been known a long time

already, make it very improbable that the spots are to be considered

as absorbing vortices, in Hale's paper on "Solar Vortices" this

improbability is demonstrated also in other ways. If there were in

reality absorbing vortices above the spots, it would be impossible

1) Hale: Gontrib. 26 p. U.

2) Hale : Astroph. Journ. April 1908.

3) Young : The Sun 1895 p. 126 — SECcm : Le Soleil I. p. 89.

*) Mitchell: Astroph. Journ. 22 p. 38.

^) Hale und Adams : Astroph. Journ. 25 p. 87.

6) Already at the first discovery of the spots Christophorus Scheiner drew
the attention to their often occurring convexity and to their origin as through the

bursting of bubbles. (Rosa Ursina 1626—1630 p. 461, 493, 518 etc.). See further:

Howlett: M. N. Dec. 94 - Sidgreaves M. N. March. 95 — Wilson: M. N. 55
p. 458 — Frost : Astr. a. Astroph. II. p. 784 — Maunder : Journ. Br. Astr.

Ass. 17 p. 128 — GoRTiE : Astroph. Journ. 7 p. 248 — Moreux : Bull. Sec.

Astr. de France Janv. 1907.

40
Proceedings Royal Acad. Amsterdam. Vol. XI.
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of coui-se that their absorbing action would only be shown by a

single one among the many floeculi which Halk saw floating above

the spot studied by iiim. Yet we should have to believe in that

impossibility, for among all the other floeculi above the spot Hale

could not observe one, not even among the smallest and nearest to

the spot, that showed the slightest advance towards the spot ^).

In my opinion it is not at all certain even tiiat this single dark

flocculus, which Hale thought sufficient to jn'ove the absorbing action

of the Solar Vortices, actually disappeared in a spot. It is also

quite possible that this flocculus, amidst other incessantly^ renewing

and shifting floeculi, has been covered up by them in consequence

of which it has become invisible. On very close and unprejudiced

inspection, to be sure, we see that much of the quasi-absorbed

flocculus is left on the cliches obtained after the supposed absorption.

But even more clearly than by the hydrogen floeculi the non-

existence of material vortices is proved by the imperturbable rest of

the calciumflocculi, which never show the least trace of a cyclonic

configuration '), although according to Hale and also as appears

from their angular velocity "), which Fox found to be somewhat

smaller, they are probably even a little nearer to the spots than the

hydrogen floeculi.

So it is on account of all these old and new direct evidences that

I liave come to the conviction that the spots are no material vortices.

Neither the spectroheliographs of Hale, nor his discovery that there

are lines in the spectrum of the spots, which most probably show

the Zebman effect *), have been able to indirectly weaken my con-

viction.

So, if, according to me the spots are no material vortices, but

when the cyclonic configuration of the hydrogen-floceuli still reminds

us in some degree of such vortices (vortices to be sure, according to

Halr "so complex", I should prefer to say "so impossible" that,

not unfrecjucntiy tiiey show opposed motions in neighbouring places) ')

we liave now to explain iiovv, also without material vortices, such

a qurtsi-eyclonic configuration can originate.

A few years ago already I showed a way to come to that expla-

') Hali : Contrib. 20 p. 16.

*) Halk: Aslroph. Journ. April 1908. — Fox: Astroph. Journ. Sept. 1908.

«) Halk . (iontrib. 2fi p. 1, 6; Plate XXXVI.

«) Nature, Aug. 20 1 90S.

*) Halk: Contrib. 26 p. A "Although mout of the points in a given region

appear to mow together, tltore arc a sufHcionl number of apparently opposed

motiottM to weaken Mcriously the value of tbe evidence".
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nation, when I pointed out as follows how the Polar Auroras

originate on the earth through the spots on the sun. *) If we want

to follow tliis explanation, we must suppose that there are radio-

active substances on the sun. This supposition is surely not in the

least extravagant, since we know how generally such substances are

found on the earth and also take in consideration, how as a rule

the same substances which we know on the earth, are also found

on the sun. Moreover it is probable, also according to Ruther-

ford, that on the sun the radioactivity of matter will show itself

even more energetically than on the earth, which is so much cooler. ')

If now there are radioactive substances on the sun -^ and also the

presence of Helium is in favour of this — such substances will

remain hidden under the photospherical shell, owing to their

great weight, just as all other elements of great weight. So, under

this shell their «, /J and y rays will originate. But for the greater

part these rays will be prevented by this comparatively thick shell

from escaping from the sun. Only where there are holes in this

photospherical shell and so especially where we see spots, this

impediment will not be so great. And so, out of each spot just as

out of the leaden vessel in the investigations of Mrs. Curie a bundle

of more or less parallel ^ and y rays will come forth, vertically

going out into the wide world. If now such a bundle, which is often

many times thicker than the earth, comes in contact with our atmos-

phere, it will bring here about all these electric and luminescence

phenomena which have already been considered by Birkeland,

Paulsen and Arrhenius 1 as caused by kathode rays of the sun

and 2 as the cause of our Polar Auroras and of our magnetic

disturbances. ')

If, by means of these supposed strong bundles of rays there is

such a simple connection between these earthly phenomena and the

cavities of the solar spots, we understand at once:

1. why these earthly phenomena have the same period of 11

years as the spots;

2. why also every year these earthly phenomena show maxima

1) De Nieuwe Gourant 19 Febr. 1907 — Bull. Soc. Astr. de France Join. 1907

p. 283 — Essai d'une Explication du Mecanisme de la Periodicite dans le Soleil

et les Etoiles rouges variables. Verb. Ken. Akademie van VVetenscbappen te

Amsterdam IX. 6 p. 19-21 (1908).

3) Rutherford: Radioactivity 1904 p. 344 — Maunder: Knowledge Nov. 1908
p. 255.

3) Arrhenius: Lehrb. d. Kosm. Physik. p. 152 — Paulsen: Bull. Soc. Beige
d'Astr. Oct. 1906 p. 381. See also my Essai of ^908 p. 20—23 referred to above,

40*



( 596
)

in Marcli and September and minima in June and December. (For

the axis of the sun is in such a direction that in March and

September those bundles of rays whicli are surest to reach us, are

most numerous because then they are emitted from the parallels of

774° respectively soujhern and northern latitude, which are compara-

tively rich in spots, while such bundles occur most rarely in June

and December, because then they must proceed from the equator

which has very few spots).

3. why these earthly phenomena also have a period of 27 days

which agree with the synodical rotation of the spots, and

4. why also these earthly phenomena often become more powerful

suddenly, when a great spot appears on the sun.

My hypothesis that Polar auroras will originate here when bundles

of ^ and 7 rays thrown out by the solar spots reach our atmosphere,

is considerably strengthened by the important fact discovered by

Sir and Lady Huggins, that when also here in our laboratories the

rays of Radium come in contact with our atmosphere, they cause

in it a luminescence, which spectroscopically show the same four

nitrogen lines, which have also been found among the most important

of the Polai- Aurora by Paulsen ^).

Though the Polar Aurora shows many distinct phenomena, which

agree very well with ray explanation of its origin, it also shows

many other phenomena, which, although very mysterious still, are

also of the highest importance for the theory of the sun. Such

mysterious phenomena are the rapid motions which the light conli-

gurations of the Polar Auroras so often show. What it is that in

the Polar Auroras causes their bows to wave, their curtains to fly,

their brilliant sea of flames to trill, their bundles of rays to flash

out suddenly, we do not know. But we do know (and that is the

thing really of the greatest importance for the theory of the sun)

thai all these rapid motions cannot be ascribed to material changes

of pla<e. In the time of von Humboldt, who tells it to us"), the

inlmbilaiil« of the Shetland Islands may have considered such motions

as caused by a "merry dance in Heaven"; the astronomers may still

go on taking rapidly appearing rays on the sun for "terrible

eniptions'*, here on our calm earth such fantastic speculations are

I) Sir W. HuooiNH a. Lady Huooinb. : A.slroph Journ. Sept. 1903. On the

tpecirum of \ho RpontaiH>oiiK luminouH M.uiintion of Hadium tit ordinary tompcrn-

turef. — The fuur nitrogen lines pholo^ruphcd in this investigation nnd found

among the moxt important of the Polur Aurora by Paui.skn are the lines

8872, 3576, 3918 und 4285. Akkhkniuh : loc. cil. p. 910.

*) V. Humboldt: Kosmoa b^ vol. !2ud part p. 200.
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too naive. For us it is impossible to see material eruptions in the

bundles of the auroral rays which often shoot up as quick as light-

ning. In all such sudden shiftings of light the molecules of our

atmosphere remain comparatively at rest and probably it is only

electrons or ions that move.

But if our Polar Auroras are such movable electric contigurations,

which originate when bundles of ^ and y I'^^-ys, sent out by the

solar spots, come in contact with our atmosphere, then it is quite

conceivable that analogous movable configurations will originate also

in the solar atmosphere itself around the spots, if there these same

bundles, just escaped from the spots and consequently much more

powerful even than here, pass through the solar atmosphere. Thus

the Protuberances of the sun and the rays of its Corona would have

the same cause as the Polar Auroras of the earth and the "Solar

Vortices" of Hale would be "Solar Aurorae". In all these phenomena

only ions would move, and, as I have already maintained these 20

years *), the matter would remain at rest.

For that identical origin of on the one side the Protuberances and

the Corona of the sun and on the othei- side the Polar Auroras on

the Earth, which identical origin I have already discussed in my
last Essai "), pleads also the remarkable agreement, which Stassano

1) As the fundamental principle of my theory of the sun I have always demon-

strated the impossibility of the dogma of tho solar eruptions. That demonstration

will be found and will be seen to become more and more powerful in the following

papers : Verklaring van de Teranderlijkheid der roode sterren p. 9— 11. (Mei 1888)—
Essai d'une Theorie du Soleil el des etoiles rouges variables p. 20 (Dec. 1888) —
Theorie du Soleil. Verhandelingen Kou. Akad. v. Welensch. le Amsterdam I. No. 3.

p. 1—80 (1892) — Astron. a. Astrophysics Dec. 1903, March '894 p. i> 18, Dec. 1894

p. 849. — My last Essai of 1908 referred to above p. 1 — 31. Het 17de Jaar-

verslag van het Technologisch Gezelschap te Delft, p. 87— 124, Eon theorie van

de zon.

~) Essai d'une Explication du Mecanisme de la periodicite etc. 1908 p. 20—23,

84, 125. In this my last Essai I have shown on p. 21, that, if the solar spots

throw out the bundles of rays which I suppose, it is very clear why the same

period of 11 years of the solar spots is also observed in the 3 following lumines-

cence-phenomena ; 1. in the protuberances and the corona of the sun, 2. in the

Polar Auroras on the earth and 3. in the Comets. Thus it appeared in the inves*

ligations of BERBEmcn that during the maximum period of the spots (so. when the

Comets have the greatest chance of being brought to greater luminescence by the

bundles of rays meant by me) the radiance of the Comet of Excke is greatest and

that then also the discovery of very small Comets is most successful. (Astron.

Nachr. n'. 2836 and 2837). The sudden variations of light, which the Comets

sometimes show and which now have been seen again so distinctly in the Comet
of Morehouse, may also be explained perhaps by their temporary contact with the

bundles of rays thrown out by the solar spots. On the same page 21 of my
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discovered in tlie spectra of these three sources of Hgiit. Stassano

2
has found, that while — of the lines in the spectrum ot the Polar

Aurora must be ascribed to Neon, Argon, Krypton and Xenon, also

the light of the Protuberances and especially of the Corona greatly

emanates from the same newly discovered elements of the Zero-group,

Among the spectral lines, which have been found in the Protuberances

by Deslandres and Hale, there are, according to Stassano, 44 which

belong to this Zero-group and nearly all the 339 corona lines, photo-

graphed by Humphreys during the eclipse of 1901, are also lines of

this group. ^) And so it is the same elements which (according to

me also for the same reason) cause the same light to shine on the

outside of the sun and the earth.

If there is therefore great reason to take Hale's "Solar Vortices"

for Solar Aurorae, the configurations and the motions of the hydrogen-

flocculi in these Vortices do not at all clash with the improbability

of the existence of material vortices.

F'or these tlocculi then agree with the electric light conligurations

of our Polar Auroras and like these they will move without any

change in the place of the molecular matter.

Hale's Solar Vortices instead of weakening my idea about the

rest of the sun, give on the contrary unexpectedly a splendid

support to this idea. For they help to remove the principal

objection, which has always wrongly been raised against this idea

and has been derived from the shifting of the spectral lines.

For if, for the many reasons developed above, we consider these

Vortices as Aurorae, they lead us to the conclusion that, although

a gas is at rest, yet it will show shifted spectral lines, if only it

contains enough ions rapidly moving in the line of sight. The

correctness of this conclusion, at which, on other grountls also

ScHUSTKR has lately arrived, ') was a few years ago ex[)erimentally

proved by Stark, when, in examining the light of hydrogen in the

Ecsai if also illustrated the characteristic change of shape of the corona with the

period, and the rays of the corona are not taken for real eruptions |,as SciiAKUERLt:

does), but for luminescences, analogous to the rays of the Polar Aurora. In my
Essai (p. 84—88) has also been treated the repartition of the Protuberances, little

Agreeing with the repartition of visible spots. Openings, too small to he seen as

•pots throw out nevertheless their bundles of rays which form their l^roluberances.

If DOW these openings, as my theory tries to demonstrate, arc smallest at a latitude

from G(J to (iry, ibon with that the constant minimum of the Protuberances at

Ibis latitude is explained too.

I) Abrhenius: Lebrb. d. Kosm. Pbysik. p. 911.

•) SouuiTiB : Nature 29 Oct. 19()K.
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direction of cliaiiiiel rays which he led through it, he photographed

at the same time 1. the normal lines of the hydrogen at rest and

2. the strongly shifted lines of the hydrogen-ions in motion. ')

And so finally it appears that the relative tranquillity of the sun,

never disturbed by terrible eruptions, as has been proved so clearly

by numerous important solar phenomena and has been demonstrated

especially also in the last year by the rotation-investigations of Adams,

Hale and Fox, ') is not even in contradiction with a Doppli-ji shifting

of the spectral lines of the Protuberances. '

Delft, the !«' of January, 1909.

Physics. — '^On the course of the isobars of binary mixtures''

By Prof. Ph. Kohnstamm. Communicated by Prof. J. D. van

DER Waals.

1. In these Proceedings of June 27th 1908 van dek Waals
dp dp

showed that only if a'*^^<^a^ao the curves — =iOand — = can
dx dv

touch for volumes larger than 3i, the critical volume of the mixture

taken as homogeneous. On the supj)osition a^a^ = a'\^ the point of

contact lies at a value v = b. Now at higher temperature the well-known

diagram of isobars (These Proc. IX p. 630) leads to the intersection

dp d^p
of the two branches of — = on the line = 0, which takes

dv dv d,e

place at the minimum critical temperature of the system under dis-

dp
cussion. Then the line — =0 divides into two branches, which we

dv

can now denote as the lefthand branch and the righlhand branch.

The lefthand brancli necessarily intersects the line — -tz in two
dx

dp
points, and as it contracts more and more, while the line — =

dx

moves towards the right with increase of temperature — the asymp-

da db
tote of this locus being given by =^MRT— — contact must

dx dx

take place, and that for a volume larger than that for which the line

1) Stark : Astroph. Journ. Dec. 1906, p. 362.

2) Adams: Astroph. J. November 1907, April 1908. — Hale: ibid. April 1908.

—

Fox: ibid. Sept. 1908.
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dp—= has its tangent parallel to the r-axis, and which is therefore
dv

larger than 3b. So it would seem to follow from this diagram of

isobars, in connection with the just-mentioned theorem of van der

Waals that the possibility of a minimum critical temperature is

excluded on the supposition a^a„= a'^„. However, already in his

Theorie Moleculaire van der Waals derived the condition for the

existence of a minimum critical temperature, viz. :

?n<!^ and '^<:"i
(1)

*,= * *= «.

It is clear that it is easy to satisfy this condition also in the case

of a', J = a^a^, e.g. — if we assume ^) 26^0 = (6, + ftj — by the values

6, = 36i and a, = 3a, , from which 6^^=261, a^^ = a^[/'d, so that

the two conditions (1) become:

Now it is true that the case will not easily occur that of two

substances which have the same critical temperature, the one has

molecules three times as large as those of the other, and a physical

theory which does not intend to investigate all mathematically possible

combinations of as and b's, but only those which really occur, need

perhaps hardly consider this point. It would indeed be very desirable

for U8 to have an insight into the way in which the a's and ^'s

of simple substances are connected, and for mixtures into the way in

which flTj, is connected with the a's of the components, so that the

theory of the mixtures need only reckon with realisable combinations.

Now, however, we do not possess this knowledge, and it seems

liardly possible as yet to indicate in what direction such an insight

might be gained. Under these circumstances it seems to me most

advisable to develop as completely as possible the conclusions which

proceed from the different possible suppositions for the dependence

of «,, on a^ and //,, and to compare these results with the rotsults

of observation, in order to try and gel an indication in this way

of the last-mentioned dependence. No doubt we shall treat a great

many 8up()08ition8 and combinations in this way which will a[)pear

to be of no physical signiliculioii, but it seems to me that under the

given circiimHtanccH this diniculty is unavoidable. In this sense the

following investigations concerning diagrams of isobars, deviating

from those cxaniincd up to now and cited above, are to be considered.

>) In ikct we must do 10, because the theorem of van der Waals mentioned

only bold* for thii nuppofilion.
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2. It appears from the fact mentioned in 1 viz. that the diagram

of isobars of fig. 1 loc. cit. in connection with the theorem of

VAN DER Waals mentioned exchides the possibility of a minimum

critical temperature for the case a,, = a^a.^, whereas after all also on

this supposition a minimum critical temperature is not impossible,

that the diagram of isobars mentioned is not the only one possible.

Now the shape of this diagram is in the first place controlled by

dp
the line — = 0, and the question suggests itself if in general jinother

dx

shape of this line is also conceivable. In the determination of its

course it was derived from the equation

:

da

v' da

^ ^ MRT—
dx

that an asymptote must exist for the value of x determined by

:

da dh
- = MRT—
dx dx

and that to the right of this point everywhere a positive value of v

greater than b is to be found satisfying this equation. In this it has

da db
been tacitly assumed that for the value of .r, for which — ^= MRT —,

dx dx

b is still positive; for if b were negative at this place, only a high

negative value of v could satisfy for the values of x somewhat larger

, , „ ,
c?a db

^ ,
dp

than that lor which -y- = MRT — , and hence the course of -^ ^
dx dx dx

would become an altogether diffeient one. So though naturally that

value of X for which b becomes ^ 0, can never lie within the

realisable part of the diagram of isobars, it yet appears that the situation

of this point can determine the course of — = and with it of the
dx

isobars in the realisable region.

3. In the complete (extended) diagram of isobai-s such a point

nmst probably always occur. This is self-evident if we should be
justified in considering the dependence of b on x as linear, and it is

also easy to show it if we assume Lorentz's well-known formula
for 6 J,. For then

:
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and we ha\e to prove that this value is larger than V'bJ)^. If we
now put 6j = w'6i, the condition which is to be satisfied, is

:

w'+ Sn^+Sn'-f 1

8 >"'

or

n" -f 3n^ — Sn'' -f 3n' -f 1 >
or

(n — 1)' (n* + 2«' + Qn- + 2n -f 1) > 0.

It is clear that for positive values of n this condition is always

fulfilled, so that b^„- ]> 61^2, and the equation

:

6, (1 — xf + 26^2 ^ (1 — ^) + ^>, X' =
has always real roots.

4. It has now been assumed in tlie general diagram of isobars

(loc cit.) that these roots always lie on tlie leftside of that value of

da
X for which — =0. To what change will this diagram be subjected

dx

in the opposite case ? We begin with determining the course of

dp
, . ^ da

,— = in this case, bo as is positive, according to our suppo-
dx dx

sition, for that value of x for which 6 = 0, we can always tiiink

the temperature so low that for this value of x, wliich we shall

call x^

:

db
MRT —

dx

da
^

dx

dp
Then we get for the course of - = in the neighbourhood of ii'

dx

v—b
- = ±: \/n or i'(l ± \/n) = b (2)

V

Now the value of h is positive for somewhat iiighcr value of x

than ./•-. wliercas b becomes negative for somewhat smaller value of

dp
X. ."?«j \\<' ><•«! iliat two branches of =:0 pass through the point

dx

X = X,, v = 0. 'I he two branches lie on either side of the line v = A,

and have both positive v iovx'^x^, negative v for x<^Xg. Neither

of the branches (ouch llie lino v = b, but as follows from (2), both

form an angle with it, which is the greater as n approaches closer

to i. This last result may be veriUed by a direct determination of

the direction. For

:
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MET
d' " '

dv\ dx

'p 2MRT/dby dx^ a.r'

^ {v—hf \dx) "^
{v-hf ^

dx)dp d'^p da
'^'^~

dvdx 2MRTdb dx

(v—bydx V*

d'b

fdby {v-bfd\i Ix-

\dxj V dx' do

dx

db da /'v— b\*
2MRT 2

dx dx(^7
d'a d'b

db n V l/'n dx" 1 dx^

rfA- 2M/«:i'' rdhy "^
2 db^ ^ db

\dxj dx dx
(3)

because the second and the third member of the numerator vanish

when we approacli v =: 0.

dp
It is clear that —= has again an asvmptote for that value of

dx

da db dp
,i\ for which — = MRT— , while no points of — =0 are found

d.v dx d,c

da
on the leftside of — = 0, at least as long as we are on the righthand

dx

db
side of the point —= on the supposition of a quadratic function for b.

dx
dp

Now too — = will approach asymptotically to the line v = h on
dx

the righthand side of the diagram, when we assume the linear form

dp
for b. If we accept the quadratic form for o, — = approaches

dx

asymptotically to a line found from v = b by multiplying all the

coordinates by :

1

^_^MRT{b,-Yb,-2b,,)

dp
From all these data follows the form for — = indicated in fig. 1,

dx ^
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If we take the temperature higher, so that for .c = x^ :

dh
MRT

dx

da
>1

this shape is reduced to a shape which, as regards its realizable

part, agrees perfectly with the ordinary one. For then there is an

cfa-Ljifi^^ ^

Fig. 1.

Fig. 2.
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Fig. 3.

da db
asymptote on the right of x^, viz. where —r=zMRT~. The course

da da

in the double point x = x^, v = now follows again from (2), pro-

vided it is borne in mind that now n]>l. (See fig. 2). For comparison

we reproduce the complete diagram for the ordinary case in fig. 3,

which will not require any elucidation. Only the transition temperature

da db
between fig. 1 and 2, for which — =z MRT— just at x=:x,, calls

dx dx

for discussion. To simplify the calculation we introduce as origin oi

the coordinates the point .v = x^, v = 0; in its neighbourhood we
may put:

da db db~ = MRT — -\- MRT — C,x
dx dx dx

and

where

and

dp
so that the equation for — = becomes

dx
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if we neglect the second powers, from which follows for the two

roots:

V 2 V ^2
2MRT{ —

2C, \d.tj

d^^

2 2

So we have one finite root and one root equal to zero from which

dp
follows fig. 4 for the course of — =0.

dx

A

Fig. 4.

5. In the second place we have to examina the course of

-T = in the ease now under consideration. We may wrile the
dv

equation of this curve in the form

:

MRT v" — 2a{v-by = 0.

It is very easy to separate tiie roots of this equation. For, when

a is positive, the first member is negative for v = 0, positive for

v = h, and positive for ?; = oo . So there is a root between and

/;, and either two or none for v'^b, as is known, according as the

critical temperature is boh)w or above the critical tenjporatiiro for

(he mixture under consideration. When b becomes e(|ual to 0, both the

product of the three roots and the sum of the products uiUon by

twos beeoniep equal to zero. So there are two roots r = i) in this

2a
case. And the third root assuming Ihe value -rrzrz,, (he two branches
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passing tlirougli tiie point ,v = j;^, v = 0, appear to be the liquid

branch and the branch v <C^b, which has no physical signification.

These two branches touch the line v =zh m the point mentioned as

appears from the fact, that the product of these two roots is in the

neighbourhood of this point //, and the sum of these roots 2b.

Besides we can also prove this directly from the direction of the

tangent. For

:

(:

do\
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dp dp
tigation, in what way the lines — = and— = get quite detached

dx dv

in this case. For this purpose we must ascertain what the relative

position of these two curves will be at the temperature, at which

da dh
-— = MRT -— just for x^
dx dx

and for which, therefore, fig. 4 holds.

Now slightly on the right of x^, where b has vevy small values

without a approaching to zero, the critical temperature is very high,

dp
SO the two branches of — = well certainly still exist on the right

dv

of ar,. But this curve will be closed towards the righthand side, i.e.

passing from x^ to the right we shall first have mixtures which are

below their critical temperature at the temperature considered, then

mixtures which are already above it, and still further to the right

we may sometimes meet with mixtures which are again below their

critical temperature, sometimes not.

6. It is very easy to prove this on the supposition b^^=z ^[h^ ^ b^.

In this supposition we can give a very simple construction for the

mixture with minimum critical temperature. Let the curve on which

A lies (fig. 5) represent .the values of a, the right line BD the

Fig. 6.

values of b, then

:

in the point A.

tg ABC = r^ DBC

As tg DBC is constant, Uj ABC is minimum if - is niiniinuni ;

hence we find the mixture with minimum critical temperature by

tracing a tangent to the curve from B. For this point of contact

:

\dm)c 8
'"

</«
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According to a well known pr(>|KMi\ of the parabola the point B
(hi

lies halfway between E and C, (fig. 6), and — being equal to zero
dx

in E, and increasing linearly with x:

ydx/B 2 \dxjr 16 dx

dp f^\ r n^ ^
So for the asvmptote of^ = to be found in J5, so I t" I

= -"^^ 7-
dx \da/B dx

27 ^we must raise the temperature to ~ -/»!• A fortiori the thesis holds,
16

of course, if, instead of <?,,*= a^a., as was put here, a,./ ^a,«j. For

instead of the combination of the curve with the right HneA^^Cwe
get then the combination of the first-mentioned with the right line

through B\ and H' lying to the right of /I the temperature will

da ' db
have to be raised still higher than just now, tor - to be = iWiiT—

dx dx

in the point B'

.

Also in the general case for h we can demonstrate the property

mentioned, and it will appear afterwards that for these general considera-

tions it is desirable not to replace the quadratic form oih unnecessarily

by the linear one. We treat the case a,,' ^ a^a^ at once, so that

f/ = has two real roots. We choose the point B^ as origin ; we
db da

call the abscissae of the points where —^
== 0, -- = and a = in

dx dx

absolute value resp. x^, x^, x^, then we can write the equations for

a and b (see fig. 7)

:

d=±a^{x -\- x^y — aj (.iTj — *,)* =± ft, (x^ -\- ^xxj -{- ^x^^^ — iU,*)

b =^1 (•^' -j-
'^'i)*

— 6, iCj* = 6, X* -f~ 2^1 ^\ ^

dp
The temperature at which the asymptote of — =^0 reaches the

dx

point B* is determined by :

41

Proceedings Royal Acad. Amsterdam. Vol. XI.
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MRT

r- da —\

dx

~dh

dx

h^x^

.1 =

Now we must investigate if there exist mixtures for which this

temperature is the critical one on the right of B' . And so:

a^^i _ ^jij^_
S^a^_S a, {x'-{-2xx.^-^2x^x,—x,')

b,x^ 27 h 27 b^ {x- + 2^^,)

So for the determination of x we find the equation

:

"'("^-A"0
38

If for the sake of brevity we call the coefficient of .f" A, the

roots are

:

19 x^a^

27 "X
1 i /19* 8 ^— I / x.-x^^ A A x,x^ {2x.,—xAaV 27-27 1

»
^ ^ »'

If A is positive, the roots are real, as according to the supposition

.7'2 is > .r,, and the expression under the radical sign being lai'ger

19
than — x^x^, we get a positive and a negative root. So this means

6k t

that one mixture on the right of B' has its critical temperature at

dp
the said temperature. Hence the line — =0 has a direction // y-axis

dv

dp
at this X, and — := does not exist any longer on the right of this

dv

mixture.

If A is negative, both roots remain real, for then we get under

the radical sign

:

19* 8 128 64
- ar,X« + — A',«,«, (2«,— .r.) — —- «/«,«, -f -— «,»«,•

27 27 27' 27'

As J.', > a', the second term is positive, and the third is smaller

than the first. So the ox|)re88ion under tlie radical sign is positive,

19
but MriJillcr flinn - X.Xt. The (Irsi (cnii <>l llic cxnicssidii (or IJie

27

rcKJiH now bring positive, we luivc mow two posiiivc vaiiios of

./', i. c. on th<* loft of /i' wo have lii'st a region of mixtures

which are bch)w their critical tomperaturo, then a region of

niixtiirofl which arc already above if, and on this follows again n

rc|j:ioii of mixtures below their <*ri(i('Hl Icniporalnrc So ihc line
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1=: has? split up into two branches. We need not concern ourselves
dv

dp
about the righthand branch at least now, for the detaching of— =0

dx

dp
and — = 0. For the point with minimum volume of this branch—

dv

d'p
which has the well-known shape — lies on the line = 0, and so

dvdx

dp dp
at greater volume than — = 0. The line — = can, therefore, inter-

dx dx

sect this rightside part only in the branch of the two curves where

— ]>0, and this intei-section does not offer anything noteworthy for
dx

dp
our present investigation. So we have only to examine how —=iO

dp
intersects the leftside lialf of -=0 and detaches itself from this

dv

left side half or the only one that is left at' this temperature in the

case just discussed that A is positive.

dp
7. Now we saw before that in fig. 4 the point where — =0

dx

intersects the line x z=.x^, lies at a value of v :

2 MRT i —
1\dxj

'

d^a

dx^

dp
At a temperature somewhat but very little lower, — z= will

dx

have nearly the same course on the right of x = j.\ as in fig. 4,

then, very near the value .i'=:^'y, r= Vj^ it will abruptly turn upwards

and pass through the point x = x^, v = 0. This follows also from the

coefficient of direction, which approaches x according to formula ^,3).

At somewhat higher temperature the first part will remain almost

unchanged, but the curve, having got very near x = x\, v =z v^ will

now turn abruptly downward to an asymptote lying somewhat to

the right of .t„. So the question whether for this temperature a

dp dp
double intei-section of — = and — =0 will exist, which will

dx dv

necessarily lead to a contact afterwards, before the curves get quite



( fi12 )

detached, is entirely dependent on the fact whether the point

.x= .Vo,v= i\ lies outside or inside— = tor the temperature con

-

dv

sidered, as appears clearly from the figs. 8 and 9. Now as we saw

dp
before the point where — =;: intersects the line x = uj^ is deter-

dv

mined by :

2a

MRT

Fig. 8.

Fig. 9-
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Accoi'fiingly tlie ((ueslion wIic'IIkt tor u lein|)eratiire somewhat

ihi db
higher than that for which \'ov .Vo= MRT— , there will be double

dx da

intersection and then contact, or no intersection of the two curves,

wilJ depend on tiie fact whether the expression :

2MR2
ydx)

'I

d^a

dx*

V, 2a

MRT
da dh

or, since we have here ~ = MRT—
di(' dx

\dx) _ \dasj

~d^
"

7da\

will be smaller or larger than 1. So for the case a^a.. = a*^^

there is no longer any ([uestion of intersection above the temj>erature

da

MRTz=w X=:Xa

because then i\ is twice as large as v.,, and a^.. must have conside-

rably descended below this value, before there can be question of

this. Just as van der Waals derived (These Proc. June 1908) we
get contact if v^ = v.^, and so

\dxj

d'a
a
dx^

h
It appears that the value of — , which belongs to the point of

V

contact (loc. cit. fig. 32) becomes equal to zero in this case, not

because the denominator becomes infinite, but because the numerator

becomes zero.
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In a subsequent communication I hope to indicate the course of

the isobars in the case given here, and to examine by the aid of

a general survey of the possible combinations of a's and ^'s„ whether

besides the diagram of isobars given by van uer Waals and the one

treated here there are other diagrams of isobars possible for mixtures

of normal substances with a's and b's which are quadratic functions of a'.

ERRATUM.

p. 294 line 20 read &\badc, for Q\bcda.

„ 22 read S\dcba, for ^\dabc.

(February 25, 1909).
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Chemistry. — "llie system: Copper sulphate, Copper chloride.

Ammonium sulphate, Ammonium chloride and Water at 30°".

By Prof. F. A. H. Schreinemakers.

(Communicated in the Meeting of January 30, 1909).

Although the above mentioned five substances take part in the

construction of this system only four need be considered as components,
as between the four salts exists the relation

;

CuSO, + 2NH,C1 = (NHj,SO, + CuCl,.

The system constructed from the four salts only ought, therefore,

to be looked upon as a ternary one; we will now see first of all

how we may represent such a system.

42
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Let us take the four substances: AB, AC, BD and CD between

which may take place the double decomposition;

AB-\- CD= AC-\-BD
If we represent the substances AB, AC and BD by the angles

of a rectangular isoxeles triangle the rectangular side of which has

the length 1 [fig. 1] substance CB is represented by the point CD
so situated that the four points representing the four substances form

the angles of a tetragon. What will now be the composition of a
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of the four assumptions leads to the same composition. This may be

explained also in the following manner.

If, for instance, we calculate the quantity A of this phase in the

four ways described. we always get the same result: According to

1 the phase contains y Mo]. AC and l—.v—yMo\.AB, therefore

1—^ Mol. A; the same is found according to 2, 3 and 4.

We also find in each of the four cases that that phase contains

1—7/ Mol. B, y Mol. C and x Mol. D.

If we draw from [i the perpendicular lines z and u these are

also significlint. For we find

:

zz=--{\-x-y)\/2 and u = ~{y-x)\/2.

For the composition of the phase {) we may write according to 1.

X Mol. BD, y Mol. AC and \—x—y Mol. AB.

As, however, between the four substances exists the relation

AB^CI)=AC^-BD
we may express the composition also in the four substances, for

instance

:

x—n Mol. BD, y—n Mol. AC, 1—x—y + n Mol. AB and n Mol. CD.

From this it follows that 1

—

x—y represents the number ofMols.

AB minus the number of Mols. CD, while y
—x represents the

number of Mols. ^C minus the number of Mol. BD, Therefore:

2 = - (Mol. ^5—Mol. C/)) V/2 , u=(Mo\.AC-Mo\.BD)V^2.

The half diagonal of the square is now - |/2 ; if, however, the

half diagonal is taken as f we have:

2=:Mol. ^J5— MoL.CZ) and ?« = Mol. ^C— Mol. ^Z).

The composition of the phase represented by point p may, therefore,

be deduced in two ways.

1. From the situation of p in regard to one of the four triangles

whose angles represent the solid substances. The length of the sides

of the square is tiien called 1. We then obtain the composition

expressed in those three substances which form the angles of the

observed triangle.

2. From the situation of
i^

in regard to the two diagonals of the

square. The length of the half diagonals is then taken as 1.

If we now add a fourth component, this may be placed on an

axis in the point perpendicularly to the plane of the square; if

42*
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on this we take a piece 0W=1, point TF^ then represents the

fourth component W. The different phases occurring in the system

will then be represented by the points within the prism W . AB . AC .

CD . BD.
As in the system now investigated tlie relation

Cu SO, 4- 2 NH, CI = (NH,), SO4 + Cu CL
takes place between the four salts we will, in the case of ammo-

nium chloride, take the double molecule (NH, CI)., and not the single

one. If we pi'oceed along the circumference of the square in a

constant direction the angles represent successively the components

:

CuSO,, CuCl^, (NH.Cl), and (NH,)2S04 the water will then be indicated

by point W in space.

We may now project the different points in space on an arbitrary

plane ; for this we choose a projection on the square and then obtain

something like what is represented in Fig. 2. As the drawing would

become too large the diagonals have only been drawn as far as

necessary; the sides and angles of the square have been omitted.

We will now consider first the different ternary systems.

1. The system: water, CuSO,, (NHJ,S0,.

In this system investigated by Miss W. C. de Baat three solid

substances occur at 30" in equilibrium with the liquid, namely,

(NHJ,SO„ Cu SO, . 5 H,0 and Cu SO, . (NH,), SO, . 6 H,0.

The isotherm therefore consists of three saturation lines, namely

:

h I

cu

CitCL,
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dc the saturation line of the (NHJ, SO^

cb „ „ „ „ „ Cu SO, . ',NHJ, SO, . 6 H,0 •

ba „ „ „ „ „ Cu SO, . 5 H,0.

If we unite the point with the point representing the double

salt CuSO, . (NHJ^SO, . 6 H.^0 we intersect the saturation line of double

salt the latter being, therefore, soluble in water without decomposition.

2. The system : water, Cu SO,, Cu CI,.

Only two solid substances namely CuSO, . 5HjO and CuCl, . 2 HjO
occur in this system as solid phases by the side of liquid

;
point k is

the solution saturated with both salts, ki is the saturation line of the

CuCI, . 2 H,0, ka that of the CuSO, . 5 H,0.

3. The system: water, CuCl,, NH,C1.

The isotherm of 30'' has already been determined by Dr. P. Meerburg.

As solid substances occur, by the side of liquid, CuCl, . 2 H,0, NH,C1
and CuCl, .2]SIH,C1.2H,0. The saturation line of the CuCl,.2H,0
is lepresented by zA, that of the CuCl, . 2 NH,C1 . 2 H,0 by Uy, and

that of the KH,C1 by fy. The line uniting point O with the point

representing the double salt intersects the saturation line of the double

salt the latter being, therefore, soluble in ^^ater without decomposition.

4. The system : water, (NH,),SO„ NH,C1.

In this system only (NH,;,SO, and NH,C1 occur as solid substances;

the saturation line of the lirst salt is represented by de, that of the

second by ef-, e represents the solution saturated with both salts.

After this short review of the four ternary systems we can now
discuss the quaternary system.

At 30° the following substances can occur as solid phases in

coexistence with liquid

:

CuSO, . 5 H,0, CuCl, . 2 H,0, (NH,),SO, NH,C1, CuSO, . (NH,),SO, . 6H,0
and CuCl, . 2 NH,C1 . 2 H,0.

As the solutions, which in a quaternary system are saturated with
solid matter are represented by a surface, there must be six saturation

surfaces ; their projections are indicated in the figure, namely

:

abmlk is the saturation plane of the CuSO, . 5H,0

iitiii ,, ,,

fgope „ „

dcpe „ „

hhnoy „ „

bmopc „ ,,

, CuCl, .2H,0

, NH,C1

> (NH,),SO,

, CuCl, . 2NH,C1 . 2H,0

, CuSO, . (NH,),SO, . 6H,0
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In order to facilitate the survey, I have indicated on each of the

saturation surfaces the solid. substances with which the solutions are

saturated ; for the sake of brevity Cu, stands for CuCL . 2H,0.

The lines in which the surfaces intersect each other two by two

represent the solutions saturated with two solid substances. They are

the following:

ep, the saturation line of (NH,),SO, + NH.Ol

cp, „ „ „ „ (NHJ.SO, + CuSO, . (NH,),SO, . 6H,0

bm, „ „ „ „ OuSO, . 5H,0 + CuSO, . (NHJ,SO, . 6H,0

Ik, „ „ „ „ CuSO, . 5H,0 + CuCl, . 2H,0

Ih, „ „ „ „ CuCl, . 2H,0 + CuCl . 2NH,C1 . 2H.,0

og, „ „ „ „ NH.Cl + CuCL . 2NH,C1 . 211,0

mo, „ „ „ „ CuSO, . (NHJ,SO, . 6H,0 -f

+ CuCl, . 2NH,C1 . 2H,0

po, „ „ „ „ CuSO, . (NHJ,SO, . 6H,0 4- NH.Cl

Ini „ „ „ „ CuSO, . 5H,0 + CuCl, . 2NH,C1 , 2H,0

The points in which the saturation lines meet three by three are

the saturation points; they represent the solutions saturated with

three solid substances. We have;

p, saturated with CuSO, . (NH;;,SO, . 6H,0 + (NHJ,SO, + NH.Cl

0, „ „ CuSO, . (NH,),SO, . 6H,0 + CuCl, . 2NH,C1 . 2H,0 +
+ NH.Cl

m, „ „ CuSO,.(NHj,SO,.6H,0 + CuCl,.2NH,C1.2H,0 +
+ CuSO, . 5H,0

/, „ „ CuCl, . 2NH,C1 . 2H,0 + CuSO, . 5H,0 +
+ CuCI., . 2H.p

We can now see plainly from the figure the solid substances by the

side of which a defined solid substance can exist in saturated solution.

\V( notice that CuSO^ . (NHJ.SO< . 6HjO can exist in coexistence

Willi (NH,\S()„ NII/'l, CuSO, .511,0 and CuCl, . 2NH,C1 . 2H,0 but

not together with CuCl, . 2H,0 ; C'uSO, . 511,0 can exist by the side of

CuCl, .211,0, CuCl, .2xNlI,Cl. 211,0 and (^iSO, . (NHJ,SO, . 6ll,0

but not together with (NH<),SO^ or NH^Cl. ll further appears that

both double Halts behave in regard to each other and to water as

Bingle substances ; at 30' we may have a scries of solutions

8atura(c<l with CuSO^ . (NHJ,S(), . (;n,(), a series sahiniUMi wi(h

CuCl, . 2NH^C1 . 2H,0 and one solution saturated wiih itoiii ui liic

Hame time; the latter is represented by point ^^

Many other coni'lusions may bo drawn from tlio f]|.!:iiic, bui iJijsT

must leave to the reader.
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Physiology. — ''Contributions to tlie Study of se^'umanaphylaxis*'

(l^f communication). By' J. G. Sleeswijk, Foreign Member of the

Pasteur Institute at Brussels. (Communicated by Prof. Spronck).

(Communicated in the meeting of January 30, 1909).

Of late the problem of anapiiylaxis has attracted the particular

attention of more than one investigator of immunity. On the one

side the purpose is to answer the purely scientific question, iiow

hypersensibility has to be explained, which in an organism may
appear with respect to xery different albuminous substances after

such a material in some way or other has formerly been assimilated

by the organism in question. But on the other hand the practical

serumtherapy wishes to be delivered from the difliculties of the

serumdisease, and tries to find means of preventing the dangers which,

already with the first injection, but still oftener with an injection

that is repeated not too soon, threaten the patient.

In the meantime the sphere of investigation has been examined

in many a direction, the literature is increasing, but theory has still

too frequently to complete what is wanting in a useful supply

of facts. Therefore an extension of the latter is very desirable, if

new points of view offer themselves there. This communication is to

furnish a contribution to this. It contains in a few words some

results of the first part of an investigation which was made in the

Pasteur Institute at Brussels and which had the phenomenon of the

serumanaphylaxis for its subject.

The literature will only be referred to, as far as this is strictly

necessary to elucidate my explanation *).

It was Theobald Smith who had observed that guinea-pigs which

had served for the titration of diphtheria-serum, and which accordingly

had been treated previously with small quantities of diphtheriatoxine

and antitoxic horse-serum, after a certain period of incubation had

become extremely sensitive to a second injection of horse-serum,

that they reacted thereupon as upon the administration of a strong

poison and — in proportion to the dose — ver^^ often perished.

Otto proved that with nothing but horse-serum (without toxine) this

hypersensitiveness was also obtained, whilst RoseiNau and Anderson

proved that also with the aid of other sera such an anaphylactic

state could be called into life, and that for each serum in a specific

1) For an ampler discussion about the present state of the problem I beg to

refer to a critical study from my own hand, which is shortly to appear in the

"Zeitschrifl fiir 1mm unitatsforschung und experimentelle Tlierapie"'.
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sense. Since that time the guinea-pig has become the fit test-animal

for such investigations.

I have provisionally confined myself to the study of horse-serum,

also because the kjiowledge of this in connection with the origin of

our therapeutic sera has the most practical importance.

While a normal guinea-pig bears an intraperitoneal or sub-

cutaneous injection of 5 cm" horse-serum w^ithout any perceptible

symptom of disease, such an animal (of 250 to 300 grammes) mostly

perishes however under typical symptoms of intoxication, when about

12 days before it has been treated with a small dose of the same serum

(©• g lb Vioo cm'.). Instead of immunity (/>?'(?phylaxis), which usually

follows on the administration of a larger dose, here a state of hyper-

susceptibility or a?2aphylaxis (Richet) has arisen. The horse-serum

completely harmless in itself, plays in this case for the sensitized

guinea-pig the part of a heavy poison. The first sensitizing injection

must therefore have caused such changes in the organism as to

change the second serum-injection into a toxic one.

This process of reaction no doubt belongs to the symptoms of

immunity, and consequently it ought to be studied with the aid of

the methods that the doctrine of immunity has procured. It was
therefore a matter of course that the question was asked: Is in the

process in question alexine fixed?

Otto') answers this question in the negative, in my opinion

wrongly. For repeated observation taught me that a sensitized guinea-

pig, which reacts upon the second serum-administration with symp-

toms of intoxication some time after that injection produces a serum

that is exceedingly poor in haemoly tic alexine (sensitized red corpuscles

serving as test-object). A short time (5—10 min.) after the toxic

injection the alexic power of the [)ig-serum is still the sauie; after

tliis it decreases gradually and rather rapidly, so that after Ya—

A

hour it has become minimum. In this period the auimal mostly dies.

If it recovers, however, the alexine is also seen to increase again,

80 that IVj—2 hours after the injection it has returned again to the

normal level or even higher. This course of things might be graphi-

cally represented by means of a curve. In anormul, not ajiaphylactic

guinea-pig the alexine-quantity of the serum remains constant under

the same experimental circumstances.

Now, if the blood is not examined at the right moment, or not

at several moments during the stage of intoxication, the chances are

tliat one is too early (when the alexine has not yet disappeared) or

1) Mdncb. med. Wocb. 1907, no. 84.
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also too late (when it has recovered itself again). I presume that

Otto has thus been led astray.

I have still to add here that, if the second toxic injection is applied

not in the abdomen or subcutaneoiisly, but in the circulation — in

consequence of which the symptoms of intoxication show themselves

very soon and pass very quickly — these symptoms may already be

present even before the alexine has disappeared from the serum of

the animal. From this may be concluded that the symptouis of

poisoning are not the consequence of the loss of alexine, but that

these two are processes running parallel, independent of each other, but

both having a common cause. And this can be no other but the

reciprocal influence of the horse-serum administered (the antigen)

and the reaction-products, specific for this, of the sensitized organism,

arisen after and in consequence of the first injection of the alien

serum.

This being settled, we continue asking ourselves: where are these

reaction-products to be found — probably a particular kind of anti-

bodies? Where do we meet with such materials as show a particular

and specific afllinity to horse-serum?

In order to answer this question, of course the first thing done

was to examine the serum of sensitized guinea-pigs, but without

any special result. For in not a single combination such serum

gives a precipitate with horse-serum. Another possibility for the

disappearance of the alexine from the serum of the intoxicated ani-

mals might still be found in the presence in their circulation of

antialbuminoid sensibilisators of Gengou. But also these seem to be

wanting; 1 have repeatedly been able to convincie myself that ana-

phylactic serum, again in not a single combination with horse serum,

is able to fix alexme. On the other hand I have been able to prove

that the serum of the sensitized pigs reacts antialexically with respect

to fresh horse-serum, and especially during the stage in which after

the toxic injection the original alexine has disappeared from the

circulation. Although I now reserve to myself the duty to revert

to the meaning of this fact on a future occasion, yet it seems to

me that this formation of antialexines (which we also meet with at

the usual serum-immunity) does not bring us much nearer to the

explanation of just the anaphylactic complex of symptoms.

But if not the fluids, it is perhaps the cells that can bring us a

step onward? — 1 have applied to the erythrocytes of the guinea-

pig, and it has appeared to me that washed normal pig-blood,

brought in contact with horse-serum, whilst a sufficient quantity of

physiological solution of sodiumchloride is present, is able to fix
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from the serum the substance that is (oxic for sensitive animals. ^)

This procedure was already for another reason known in the

immunity-literature, because in this way also the alexine from the

horse-serum is fixed upon the blood of the guinea-pig. ')

Serum treated thus has for anaphylactic animals lost its poisonousness,

and this fact seems to me to open a new point of view. For it

proves that there exists affinity between the toxic principle of horse-

serum and cellular elements already of the normal pig-organism.

The supposition does not seem to be too bold that also other elements

of tissue or organs of the guinea-pig are subjectable to such a fixation,

and that this affinity is Btill enhanced in the anaphylactized animal.

The reaction between the horse-serum and the sensitive elements —
especially those of the central nervous system — would then give

rise to the action of the anaphylactic shock, whilst by the side of

this the secondary fixation of the alexine would be the consequence

of this reaction to be observed in the serum. Starting from these

facts and considerations I continue my investigation in this direction.

In the meantime it is worth while to point out here that already

some time ago v. Behring drew the attention to the paradoxical fact

that a horse containing abundant diphtheria-antitoxines in its blood,

can yet react upon a relatively small dose of toxine with symptoms

of poisoning and even with death. Therefore v. Bkhring presumed

tiie existence of an huttogeneiic hypersensibility, which hypothesis, in

connection with what precedes, grows more probable.

To the many attemps made by different investigators with varying

results, to deprive horse-serum of its toxicity by the help of physical

or chemical means, I have tried to add another, which had a satis-

factory result. 1 have namely submitted to dialysis horse-serum in

so-called "Fischblasencondome". From this it appeared that the arising

preci|)itation, dissolved in a physiological salt-solution, shows no

trace of toxicity with respect to sensitized guinea-pigs, whilst the

scrum floating on the surface and free from salt (before the animal-

expcrinient reduced to isotonical proportions), gradually loses its

poisonouHnnss during the process of dialysis.

Now the [)roof for the non-jwisonousncss just of the tiltrale is not

devoid of imi)ortancc, bccauso former investigations have shown that

in dialysing antitoxical horso-sorum the diphtheria-antitoxines (which

*) Take for 1 vol. serum: I'/t vol. blood and 2 vol. salt solution. — On simple

dilution with lalt'iolution in the same proporliorus, the scrum retains its toxicity.

*) See about the meaning of Ibis plionumunun: Ehrlicli .md Suchi>, lierl. Kilo.

Wocb. 1902, DO. 21 aod Bordel and Gay, Aimalcs i'asluur HK)G.
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are fixed to the soluble globulines) are to be found back quantitatively

in the filtj-ate. Thus the way has been paved to obtain an antitoxical

solution, at the same time free from anaphylactic by-actions, —
which might be of great usp to the serum-therapy. Erelong I hope

to be able to give further information about this subject.

Malhematics. — " 21ie tupes of bilinear (X)' -complexes of Mr—2 in Spr"

V>y Mr. LuciKN Godeaix. at LiPge. (Communicated by Prof.

Schoute).

(Communicated in the meeting of January 30, 1909).

I have been recently ^) investigating which were the essential charac-

teristics of the most general type of the bilinear complex of conies

in Spi ; it is now my purpose to extend my work to the linear

space Sp, with r dimensions.

Let there be gC" varieties jW"_2 with ?•—2 dimensions and of orders.

Any one of these varieties is entirely situated in a linear space Spr~\ of

the fundamental space Spr. Let us say that these oo'" varieties form

a oo'^-complex.

The characteristics of such a complex are:

1. The number jli of the Alr—o situated in a general Spr—iOfSpr.

2. The number v of the 3/!'—2 passing through a fixed point and

the Sp,—] of which passes through a Spr—2 containing the chosen

fixed point.

The aim we have here in view is the determination of the essential

properties of the most general cc,.-complex L having the charac-

teristics 11 = 1, 1' = 1

.

Let us notice that all the varieties .I/"—? of Spr are the sections

by the Spr—i of the varieties V,L.i with r— 1 dimensions and of

/^n -{- r— l\
order )i ol a Imear system 1 — 1-times infinite K.

The MjH-i of L are evidently situated on the F"_i of an oo'-system

K' contained in K.

1) Determination des varie'tes de complexes bilineaires de coniques. Bull, de

I'Acad. Roy. de Belgique 190S.
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Theorem I. — The Mr—2 of L situated in the Spr—i passing through

a fixed Spr—\ generate a variety Vr—i of r— 1 dimensions and of
order n -\- 1.

Let d be a linear space Spr-2. Each Spr—i passing through d

contains a Afl'-o. Space d belongs to the variety generated by these

Mr-Q^ for v = l. We deduce from it the above theorem.
t.

Theorem II. — A VrLi of the system K' contains generally but

one M"-2 of L. Let us suppose a F/'-i of K' containing two i/"_2

of L and let us denote by a, ^ the Spr—\ containing these two iVZ/Lo.

The i/r-2 of which the Sp,—\ pass through the Sp,—2 common to «

and /J generate a F,_i on which the points common to a, ^ and to

the two Mr-2 are multiple of order two.

From this ensues that through a point of the Sp,—2 common to

«, ^ generally no 3/,"—? of L will pass of which the Spr—i would

pass through this Sp,—2, which is contrary to the hypothesis v = 1;

hence the theorem.

Conclusion : We see that

1. An Spt—\ contains a single 3/"_o of L, thus to an Sp,—i

corresponds a single Vr—\ of A''.

2. A Vr-[ of K' contains a single Mr-2 of A, tiius to a

Vr -i of K' corresponds a single Spr—\.

Hence

:

A o^^'ccnuplej! of Mr-i n^ith cJiaracteristics fi = l, r == 1 is the

mtevHeciion of the elements of tioo varieties in birational correspond-

ence; one of these varieties is composed of the Spr—\ of the sj}ace,the

other is a liovialoid system of Vr—\ r-times infinite.

Liege, Oct. 1908.
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Mathematics. — ''The plane curve of order 4 witli 2 or 3 cusps

and or 1 nodes as a projection of the twisted curve of

order 4 and of the 1*' species." By Prof. H. de Vries.

(Communicated in the meeting of January 30 1909.)

1. If two quadratic cones are situated arbitrarily with respect

to each other, they intersect each other in a twisted curve r* of

order 4 and of the 1" species. If we suppose the plane t to be brought

through a point of the nodal curve of the developable belonging

to r* in which plane lie the two tangents of r* passing through

0, then this plane must intersect the two cones according to conies

^'i, 1%, touching each other in the points of contact O^, 0^ of

the two indicated tangents with r*. We shall now suppose the fii*st

cone to be determined by the base-curve ^'% and the vertex R, the

second by X% and the vertex S. The plane t is a double tangential

plane of r^ so it must be a tangential plane of one of the four

quadratic cones passing through r* ; i.e. in t, and on the line OjO^,

lies the vertex H of a third double projecting cone of r* ; and finally

the vertex T of the fourth cone must then lie in the common polar

plane of H with respect to the cones [/?] and [*S], and this plane

must pass through 0, because the double curve of the developable

of ;•'' consists of four plane curves of order four situated in the faces

of the tetrahedron RSTH, and 0, as a point of this double curve,

must thus lie in one of those faces, namely in the polar plane R S T
of H, because the points 0^^ and 0^, whose tangents intersect each

other in 0, lie on a straight line through ^. The cone [T] intersects

T in a conic /•%, likewise touching in 0^ and 0^ the lines OOi,

00^; the cone [H] on the contrary has with t only the line OjO,
counting double in common.

2. If we project r* out of on an arbitrary plane n, then the

projection is a plane curve k* with two cusps in the points of inter-

section of this plane with 00^, 00^; it is convenient to take for

this plane of projection the polar plane of with respect to the

cone [^J, because then 0^, 0^, together with two other important

points — of which we shall soon hear more — coincide with their

projections; the cuspidal tangents are nothing but the traces of the

osculating planes of 7-* in 0^, 0, with .t.

The plane rr intersects the cone [^J in two generatrices

;

one is 0^0^, the other intersects r* in two points Dy,D^ coinciding

with their central projections on :t, and in which k* touches the
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line B,D._, because the plane through this line and is a tangential

plane of [H] ; so D^D^ is the double tangent of k\ and H is the

point of intersection of this double tangent with the connecting

line 0^0^ of the cusps').

Each generatrix of [H] contains two points of r\ lying harmoni-

cally with respect to the point H and the point of intersection with

the polar plane RST of H; so if we call h the line of intersection of

this plane with jr, it ensues immediately that each line of rr through

H contains four points of k'^, k/ing harmonically in two pairs ivith

respect to H and h ; each pair originates from two points on a gene-

ratrix of [H\.

If we consider 0^, 0^,D^,D^ as base-points of a pencil of conies,

then for each curve of this pencil H is the pole of h ; each curve

containing the cusps and the points of contact of the double tangent

of k*, it cuts this curve in two more points P^, 1\, whose connecting

line passes through H. These pairs of points determine on k* a

fundamental involution in such a way that on each ray through H
lie two pairs, originating from the two pairs of points of r" on two

generatrices of \_H] situated with in one plane; the conies of the

pencil are thus arranged by the rays out of H in pairs of a

quadratic involution, whose double elements correspond to 0^0^ and

the double tangent d; the former consists of the conic of the pencil

touching in 0^ and 0^ the cuspidal tangents, a curve which together

with h forms the first polar curve of ^ with respect to ^-^
; the second

must break up into the lines OiO^ and d, because this conic must

touch the line d in D^ and D^. By the pencil (H) and the pencil

of conies {Oi,Oj, D^,D^) paired involutorily conjuj»;ated to it k* is

generated as the locus of the points of intersection of corresponding

elements, where besides k* also the line d appears. ').

However, k* can be generated in still another way. Let us imagine

through OJJi instead of n another plane; this will intersect r*

besides in 0^,0^ in two more points Pi, P,, whos^ connecting line

passes through // and is divided harmonically by these three points

and the plane H S T \,
so the central projections /*',, /^'^ are situated

likcwi.sc on a line through //, and lie harmonically with respect

to H and //. Let us now consider the pencil of conies (^1,0,, P,, Pj.

The different conies of this pencil are likewise involulorily |>aired by

the pencil (//) ; the branchrayH are again O^O.^ and d, \\n\ double

conies conjugated to them arc the conic of the pencil touching in

Sm the paper of Prof. Jan de Vrirb (Proceedings of Amsterdam of Dec. 1908

p. 499): "On bicuipidal curves of order four".

•) J. Di Vims, 1. c. p. 600.
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O^^XK t^*® cuspidal fangents and the one passing through D^, D^.

The locus of the points of intersection of corresponding elements

consists of k* and the line P^P^-

We can finally allow P^, P^ to coincide with the cusps, we can

thus consider all the conies touching the cuspidal tangents in 0^,0.,;

these too are paired involutorily by the pencil (^) whilst the branch-

rays are again represented by d and O^O^; fo d is again conju-

gated the polar conic of H, to 0^0. a conic having in each of the

two cusps four coinciding points with k* in common ; so it can be

nothing but the line 0^0^ counted double. As the locus of the points of

intersection of corresponding elements of both pencils appears this

time besides k* still the line 0^0^.

3. Among the planes of the pencil {0^0^) are of special impor-

tance those containing the cone-vertices R, S, or T ; the former

e.g. is the polar plane of with respect to the cone [R] and contains

therefore the two generatrices RO^, RO^. Each of these cuts r* in

one point more, e.g. R^ and R^ ; the tangential planes along these

generatrices to [/?] pass through however; and from this ensues

that the central projections of RO^ and RO^, cutting each other in

the projection R' of R lying on h, must touch k* at the points

R\, R\. We can, however, also bring through O two tangential

planes to the cones [aSJ and [J*], so: out of each of the two cusps

three tam/ents can be drawn to k*, the traces of the tangentialplanes

through to the cones [/?], [S\ [7^]; these tangents intersect each

other in pairs in three points R' , S' , T' of h^) (this also follows

from the harmonic position of the .whole figure with respect to

.ff and h), the projections of the three cone-vertices R, S; T.

Remark. If we take for k^^, k^ (see \ .1) two concentric circles,

and if we then project the figure in space on a plane :x (§ 2) which

is parallel to t, the oval of Descartes is generated and R' , S\ T'

pass into the foci.

The twisted curve r* can be generated in six different ways as

intersection of two of the four cones ; let us take in particular [R
and [//]. If we make to pass through the line /^^ two planes ftj, /(i,,

harmonically separated by 'the planes RHS and RHT, the points of

the two quadruples of points lying in these planes are situated two
by two on four straight lines through each of the four cone-vertices

;

we now take for n^ the plane passing through the points 0^, 0^, R^, R^,

and we shall call the four points in the other plane aSi, «S„ T^, T^. The

1) J. DE Vries, 1. c p. 501 ,
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latter four points lie thus with the former on four straight lines through

S and on four others through T; let us now suppose e. g. that

Oi*Si passes through S. The tangential plane along the line SS^O^

to the cone [S\ has then as trace with t the tangent in 0^ to k^',

i. e. the line 00^, and from this ensues that the four points S^, S^, 7\, T^

are nothing but the points of contact of the tangential planes through

of the cones [S] and [7] with r* ; however, we know now that

these four points lie on two lines through R, so in projection

tlie points of contact S\, S' ., T\, T\ of the tangents out of the

cusps not passing through B.' lie on tioo straight lines through R', namely

S\ with T\, and S\ ivith T\. ^) That they lie also on two lines

through H follows moreover again from the harmonic position

with respect to H and h.

The polar plane of R with respect to the remaining three cones

is simply the plane STH; it intersects the plane RST in the

line ST (whose central projection falls on h), and the two lines

of intersection with ^l^ and ii^ lying in this plane in two points

R*, R**, lying on ST, and situated harmonically with respect to *Sand

T; R* is then the point of intersection of O^R^, O^R^, R** that

of S^T^ and S^T^. If we transfer these results to the projection, we
find: of the complete quadrangle 0^0^ R\ R\ tivo of the diagonal

points are R, R*' {the third is H), and of the quadrangle S\ T^ T^S^
likewise R, R**' ; the points R*' and R**' lie harmo?iically luith respect

to S' and T. A similar property of the same points holds if

we combine S\, S\ with the cusps and then regard the other four

points; or finally if we couple T*i, T^ to 0^, 0, and join the other

four to a complete quadrangle. And finall}' all six points R\ . . . T\
lie on a conic in consequence of the harmonic position with respect

to h and H, whilst the points of intersection not lying on h of the

six tangents out of the cusps lie likewise on a conic and at the

same time in pairs on three straight lines through H.

4. Besides the group of 8 points just considered consisting of the two
cusps and the points of contaci of the six tangents passing through

these points, there lie on k* still an infinite number of other such-

like groups wliicii liave witii respect to R', S', T, II the same

properties. Lot us for instance suppose that the plane /jj (§ 3) is

Btill passing ihrough HH but for the rest arbitrary, and let us

suppose ^, again as harmonically conjugate to fi, with respect to

H R St H H T, then on r* a new group of 8 points is generated

>) J. DB Vriu, I. c. p. 498.
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lying in pairs on four lines tluougli each of the 4 vertices, and whose

central projections thus possess the same property with respect to

the points R', S', T, H. If we divide the 8 projections into two

quadruples, in such a way that one belongs to the four points of

/ii, the other to those of ft,, then the two quadruples form two

complete quadrangles with the common diagonal points R' and H,

whilst the others, R*' and /?**', lie harmonically with respect to S'

and T \ the pairs of points R*' , R**' on h form there/ore a quadratic

involution luith the double points S\ T. Similair properties hold

for the two other possible divisions of the group of 8 points into

two quadruples, namely with respect to the points S and T.

A special group of 8 points is found by choosing for the t\yo

planes n the tangential planes through the line RH to the cone

[//], for these are likewise harmonically separated by HRS, HRT,
but they furnish instead of 8 points 4 pairs of coinciding points of

rS namely the points of contact of the 4 tangents out of R to r\

These points of contact lie in the polar plane q (^ 3) of R and on

two generatrices of the cone [S], and likewise on two of the cone

[T]; the tangents themselves pass in projection into the four tangents of

i^;^ through R' not passing through the cusps, so: the points of
contact of the jour tangents of k* through R' not passing through

the cusps are the vertices of a complete quadrangle lohose diagonal-

points are the points S' T' , H; the corresponding points R*' , R**'

are the points of intersection of the two sides of that quadrangle

passing through H with h.

Another special group of 8 points is generated if we choose for

the planes ft the tangential planes through RH to the cone \_R^
;

we then find the four points of r* in the plane RST, and therefore

in projection the points of intersection of r* with h, whose tangents

indeed pass through H, in consequence of the harmonic position of

k* with respect to h and H.

5. A group of 8 points of k* must be determined by owe of these

points; for the connecting line of this point with intersects r" in

one point, which determines with the line HR the plane ft^ ; and
by f/i at the same time [i^ is determined. Planimetrically we can
deduce out of one point of a group the other ones with the aid of

the following property. The cone [/^] intersects the plane q = STH
in a conic r', and we find that r" lies harmonically with respect

to this and the point R, in that sense that the two points of r*

on a generatrix of [i?] are always harmonically separated by
R and the point of intersection with r^ ; in particular r' contains

43
Proceedings Royal Acad. Amsterdam. Vol. XI.
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the four points of intersection of r* with q, whose tangents pass

through R, and also the points harmonically conjugate to R with

respect to the pairs 0^, R^ and 0^, R^ lying in the polar plane

OiOjR of with respect to the cone [R'\.

By passing to the projection we find out of this the following

property of k* : through the jmnts of contact of the four tangents

out of R' not passing through the cusps, a conic r' can he brought

touching the two tangents lohich do pass through the cusps in the

points hannonicaUy conjugate to R' luith respect to the cusps and the

corresponding points of contact; h* now lies harmonicaUg ivith respect

to R' and r'^ in such a sense that the four points of intersection of

k* luith an arbitrary ray through R' ai'vange themselves into two

pairs, each lying harmonically loith R' and one of the points of

intersection of that ray with r'*.

Of course also the points S and T possess such a cojiic, but the

point H likewise, namely the line h counted double; for, the polar

plane of H with respect to ;* is the plane R S T, and the section

with the cone [^J lying in this plane is projected out of into

the line h to be counted double.

With the aid of the conic ?•'' it is easy to deduce out of owe point

of a group the seven other ones. If point 1 is taken arbitrarily, we
find four others by the hai'monic position of k* with respect to the

points R', S, T, H and the corresponding conies ; on the line i?'l

e.g. are lying besides 1 still 3 points of k*, but among these is only

one forming with 1, R, and one of the points of intersection oi R'l

with r" a harmonic group. The three then still missing points we
find by simply combining in proper fashion the already found one

with R, S, T, or //.

Just as in ^ 2 by rays out of Hnow, too, a fundamental involution

is generated on k* by those out of R' (or S, or 7^) in such a

manner that on each ray lie two pairs, originating from the two

pairs of points of ;•* on two generatrices of the cone [R] lying with

in one plane ; each pair is harmonically separated by 7^' and 07ie

of the two points of intersection of the indicated ray with r'^. If

now in two points of r* lying on a straight line through A' we draw

tangents, then these intersect each other in a point of the plane

STU, and the locus of this point of intersection is a plane curve

of order four, double curve of the developable of r\ with double

points in »9, 7', H and having with r* the four points of intersection

of r* with the plane STIJ in common.

V. I. Di Vnm, I. e. p. 498.
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Let us consider in particular tiie points O^, R^ (^ 3), lying on a

straight line through R, and let us remember that the tangent in 0,

to r* passes through 0; we shall then find on 00^ a point of the

double curve of order four, whilst the tangent in that point is the

line of intersection of the osculating planes of r* in 0^ and /?i ;

that one of 0, passes through and furnishes in projection the cus-

pidal tangent in 0, to k* ; so the central projection of the double

curve will contain the cusps of k\ and will touch the cuspidal

tangents here.

So, summing up we find : the point of intersection of the tangents

to k* in tivo conjugate points of the involution generated by the pencil

{R') generates a curve of order four loith double poinU in S', T, H,

situated harmonically with respect to h and H and having with k*

in common the tangential points of the four tangents out of R not

passing through the cusps and likewise the cusps and the tangents

in these.

The new curve of order four cuts k* besides in the cusps (count-

ing together for six points of intersection, and the tangential points

of the four tangents out of R' not passing through the cusps, in

six points more, of course again situated two by two harmonically

with respect to h and H; now these six points lie twice with two

of the four above mentioned points of contact (those namely whose

connecting line passes through H) on a conic. For, the conic through

two of those points of contact touching in 0^ and 0^ the cuspidal

tangents of k*, contains 2X^ + 2 = 8 points of intersection of

the two curves of order four ; so the other eight must also lie on

a conic.

Also to the points S' and 7" belongs such a locus of order four

;

as to the point H we can observe that in space the locus belong-

ing to H lies in the plane R S T and passes through 0, so it

passes by central projection into the line h counted three times,

because each line passing through and lying in the plane R S T
intersects the curve besides in in three more points ; indeed, through

each point of h pass three pairs of tangents to k\ whose chords of

contact pass through H. The central projection of itself however is

undetermined, and so h is covered with points for the fourth time;

the locus belonging to //consists thus of the line A counted four times.

Remark. The pi-operties found in this ^ hold in a some-

what more general form also for k* with two nodes, because they

have been simply arrived at by centrally projecting the complete figure

of the tetrahedron of Poncelet ; the points R, S', T, U have then

however not such a simple position as for the bicuspidal k\

43*
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6. If we bring the vertex S of the cone [/S] on the surface of

[^], then T coincides with S, whilst the point S= T becomes a

node of r* ; so k* possesses besides the two cusps a node and in

this point S' and T' lie united. Out of each cusp only one tangent

more can be drawn to k*, and these two tangents intersect each

other in the point R' lying on h. Through this point pass two more

tangents to k\ the projections of the two generatrices of the cone

[K] touching r*. The points of contact of these two tangents with

r* lie in the plane q {§ 4), the common polar plane of R with

respect to the cones [aS] and [H], and so on the conic r' which

has this plane in common with the cone [/?]. This conic contains

the vertex S; so now k* is hamionically situated loith respect to the

point R' and the conic /•" passing through the double point and the

points of contact of the two tangents out of R' not passing through

the cusps, and touching the tangents out of R' which do pass throiigh

the cusps in the harmonically conjugated points of R' loith respect to

the cusps and the points of contact.

If we bring through the line HR an arbitrary plane n*i (see ^ 4),

then the harmonically conjugate jij always coincides with the tangential

plane HRS to [i/J, which plane contains no other point of ?'" than

the node ; of each group considered in § 4 of 8 points there are four

coinciding in the node, whilst the four remaining ones form a complete

(juadrangle with the diagonal points R, H, R*. The tangents to r" in

two points on a straight line through R intersect each other in q and the

locus of this point of intersection is a plane k^ containing the node

of r*, having in this point a cusp (with cuspidal tangent in the plane

RST), passing through H and having with ?•* two points in common,

whose tangents pass through R. So if we pass to the central

projection of r*, we find that by the rays of the pencil {R') on k*

again a quadratic involution is generated in such a way that the two

poinUf of each pair fonn with R' and one of the two points of inter-

section of the ray under discussion luith r'* a harmonic group; the

point of intersection of tJte tangents in the points of a pair moves

along a cubic curve lying harmonically loith respect to h and H,
containing the cusps of k* and touching here the cuspidal tangents,

passing through the points of contact of the two tangents out of R'

not pansimj through the cusps, passing through II and having in the

node of k* a cusp with cuspidal tangent h.

The cubps, the point of contact of the two tangents out of R'

and the node represent all the twelve points of intersection of the

cubic curve with k*.
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7. If, still imagining that the cone-vertices >S and T are united in

a point of the surface of [i/], we suppose the cone [«S'J to be such

that it touches the tangential plane in S to [//], then r* gets a cusp

in S and R coincides with S and T, so that through r* pass but

two quadratic cones; the plane RST remains determined, as the

polar plane of // with respect to the cone [/^] = \S] = [7'J,

and in this plane lies the tangent in the cusp R. The central projection

now becomes a k* with three cusps, and the cuspidal tangent in

R' is the line h. The double tangent through H remains determined

as a trace of the plane of projection with the second tangential plane

through to l_H\ ; however, as is easy to prove from the stereometric

diagram, the points of contact must necessarily be imaginary.

As k* is situated harmonically with respect to h and H, the tangents

in the cusps 0^, O., must intersect each other on k; however, h is

the tangent in the cusp R : so the three cuspidal tangents pass

through one point.

The point H forms with the cusps 0^, 0,, and the point of

intersection of the line C\0., with h a harmonic group; but now
the s^me must hold for the two other sides of the LO^O^R' of the

cusps; the double tangent d is therefore the so-called hannonical line

of the points of intersection of the three__ cuspidal tangents with respect

to the triangle of the three cusps; and the points of contact of the

double tangent are the nodes of the elliptic involution on d, of which

the points of intersection of d with the sides of that triangle and

luith the cuspidal tangents in the opposite vertices are three pairs.

With respect to each cuspidal tangent and the point of intersection

of the opposite side of the triangle with it the curve li^s- harmonically

with itself.

Zoology. — ''On Ptilocodium repens a new Gyninoblastic Hydroid
epizoic on a Fennatidid." By Miss Winifred E. Coward B.Sc.

Victoria University of Manchester. (Communicated by Prof.

Max Weber).

(Communicated in the meeting of January 30, 1909.)

Order. Gymnoblastea — Anthomedusae.

Family. Ptilocodiidae. fam. nov.

Ptilocodium repens : gen. nov., sp. nov.

"Siboga" Expedition Stat. 289. 9" 0,3 S. 126" 24,5 E. 112 metres.

Among the Pennatulids sent to Professor Hickson from the Siboga
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Expedition were two specimens of Ptilosarcus sinuosus (Gray)., and

growing over ttie tips of the leaves of tlieni a small epizoic hydroid

was discovered. To a description of this new hydroid, the present

paper is devoted.

The occurrence of an epizoite on a Pennatulid is in itself an

interesting fact as tlie Pennatulids have usually been regarded as

being peculiarly free from any such growths. Only two specimens

of Ptilosarcus were received from the Expedition and the hydroid

occurs on both of them. The other Pennatulids of the collection

have heen carefully looked over, but on none of them has an extra-

neous growth of any kind been, found.

Ptilosarcus belongs to the Pennatuleae, the section of Pennatulids

which are distinctly bilaterally symmetrical and have the autozooids

in rows, with their body walls fused to form leaves.

Along the free edges of the leaves of the given specimens of

Ptilosarcus, the hydroid Ptiiocodium grows (tig. 1). It is quite visible

to the naked eye, though in a cursory glance over the leaves of the

Pennatulid, it probably would not be noticed. The hydroid affects

the free edges of all the leaves of the Pennatulid, even those at the

free extremity. It is suggestive that it does not spread over the rachis

of the Pennatulid nor even over the main surfaces of the leaves,

but grows only over the oral ends of the autozooids.

The hydroid is devoid of any kind of skeleton and spreads over

the distal par's of the autozooids composing the leaves of the Ptilo-

sarcus (figs. 2, 3). The colony grows by means of spreading stolons.

These stolons run singly over the spicular projections of the autozooids

and alopg their tentacles
;

(figs. 2, 3, 4) but over the part immedia-

tely below this, they branch and closely anastomose forming a more

or less continuous sheet of basal coenosarc.

The hydroid exhibits the phenomenon of dimorphism, the gastero-

zooids and dactylozooids being quite distinct. The zooids are sessile,

arising dirodly from llie stolon or basal coenosarc as the case may be.

* The dactylozooids arise at very short intervals along the stolon

and arc far more numerous than the gasterozooids. Oonozooids occur

at frequent intervals. They are much fewer in number than the

Note by Professor Hickson. The hydroid desciibcd in this paper was found on

the only two specimens of Plilotiarcus in the Siboga collection. As llicy appeared

to be ot very groat interest, and I could not part with the I'ennalulids wliicli arc

theroselfes under invcMtigation, I considered it to be advisable, in the interests of

science, that a description of thcn\ should be prepared in my laboratory without

undue delay. I wiith to express my hearty thanks to M. Billaru, to whom the

description of the Hydroidea of the Kxpedition has been entrusted lor kindly giving

his sanction to the publication or this paper independently of bis memoir.
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gasleiozooidb but in ever} case tlie gonozooid arises, not from the

stolon but from the base of a gasterozooid (tig. 7) in close proximity

to tlie stolon or basal coenosarc.

Stolon.

The stolons are tubular in structure (^tig. 3). Their walls consist

of superficial ectoderm and a lining of endoderm separated by a

structureless lamella, the mesogloea. The ectoderm exhibits no traces

of a perisarc. It possesses a few scattered nematocysts of the smaller

kind .008 mm. X -^^ '""f*- (^i<^® infra).

Baml Coenosarc.

The basal coenosarc is formed by the anastomosing of stolons

running over the parts of the autozooids immediately behind the

tentacles. When two stolons ran together or cross, the ectoderm of

the dividing walls disappears so that the upper ectoderm of one stolon

becomes continuous with the upper ectoderm of the other and the

lower ectoderuj of the one becomes continuous with the lower ecto-

derm of the other. Thus the basal coenosarc of the hydroid consists

of superficial ectoderm and lower ectwlerm separated by endodermal

tubes (tig. 5). The structure arrived at is thus the same as in the

coenosarc of Hydractinia except that Ptilocodium has no chitinous

skeleton.

Nematocysts.

The hydroid possesses two sets of nematocysts. The larger kind is

found in the dactylozooids. Here the nematocysts are oval in shape

and measure .0J7 nmi. X -^^ ™'^- 1"^*® smaller kind occui*s in the

ectoderm of the basal coenosarc and of the gonozooid, the size of

these nematocysts being .008 mm. X -^^5 mm.

Gasterozooids.

Gasterozooids occur at frequent intervals on the basal coenosarc

and are sessile (fig. 7). They vary in size from .213 mm. high and

.106 mm. broad, to .373 mm. high and .026 mm. broad. They are

much reduced in structure. There are no traces of tentacles. The

zooid is simple and sac-like ; the mouth is a simple pore leading

from the exterior into the cavity of the zooid. The gasterozooids

show no nematocysts. The endoderm cells near the mouth of the

gasterozooids are comparatively short whilst those lining the remainder

of the gastral cavity are long and narrow. The material is not sufli-

ciently well preserved to make out clearly the histological structure

of the cells but it seems probable that the digestive functions are

preformed by the long, narrow cells of the basal half of the gaste-

rozooi^ls.
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Dactylozooids.

The dactylozooids are very numerous compared with the gastero-

zooids. They occur at irregular intervals ; there seems to be no defi-

nite relation, as regards arrangement on the basal coenosarc, between

the dactylozooids and gasterozooids such as we find in Millepora or

Sty laster.

The dactylozooids are short and broad and each bears four capi-

tate tentacles crowded with large nematocysts (fig. 6). The zooids do

not vary much in size, the average size being .186 mm. X .i06mm.

The smallest zooids measure .106 mm. X -053 min. Tlie capitate

tentacles are .038 mm. in length and .033 mm. broad. The nema-

tocysts of the tentacles are of the larger of the two kinds possessed

by the liydroid and measure .017 mm. X 008 mm. The ectoderm of

the remainder of the zooids shews no nematocysts. The endoderm of

the dactylozooids and tentacles is solid and scalariform, there being

no trace of a cavity or oral opening, (fig. 6). Judging from the

preserved specimens the dactylozooids seem little, if at all, contractile.

Gonozooids.

The gonophores which are adelocodonic, arise in each case, as

before describe'!, from the base of a gasterozooid. Thus the base (>f

a gasterozooid functions as a blastostyle (lig. 7).

The gonozooids vary little in size, the average being .373 mm. X
,186 mm. They are considerably reduced in structure, having the

form of closed sporosacs. All the gonophores on the two specimens

received are female. The ova are borne between the ectoderm and

endoderm of the manubrium and have a diameter of .017 mm. They

are practically all of the same size but it cannot be said whether or

not tliey are ripe.

The superficial ectoderm of the gonozooid and the ectodorni lining

the cavity corresponding to the sub-umbrella cavity of a medusa, are

seoarated by an endoderm lamella, which siiows traces of radial

canals (figs. 7 and Bj. There is no velum and there are no sense

organs and only traces of four rudimentary tentacles. Nematocysts of

Ihc smaller kind occur in the superficial ectoderm of the gonozooids.

The HelatioJi hetuwen the Hi/droid ami /'filosmrns.

The specimens of I'lilosarcus sinuosus on which the hydroid is

growing seem practically unalfected by it. The antozooids are well

develo|K;d, showing no signs of dcgcMicration.

The hydroid spreads only over the oi-al cmkIs oi' the aulozooids,

that is, it keeps near the lenlaclos of the same, and docs not run

far over the lea\' "i tlio Pemuilulid. Correlated wiih this is the
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fact that the gasterozooids of the hydroid are devoid of organs for

catching food. These facts at once suggest that the Ptilosarcus bene-

fits the hjdroid by helping it to secure food.

On the other hand, on looking at a preparation of the hydroid,

one is struck by the great number of dactylozooids which are so

well provided with large nematocysts. Such a protection as these are

capable of affording is probably more than is required by the small

hydroid. The large projecting spicules of the autozooids of the Penna-

tulid also, would protect the hydroid. Therefore I would suggest

that the Ptilocodium is of use to the Pennatulid in the warding off

of enemies and in stinging prey by means of its batteries of large

nematocysts and that the Ptilosarcus by means of its projecting

spicules, protects the Hydroid. Thus the Ptilosarcus and Ptilocodium

are mutually benefited.

Systematic position.

Ptilocodium seems to have some affinities with Hydractinia, Podo-

coryne and Millei)ora, as sliewn by the sheet-like, encrusting basal

coenosarc from which the zooids arise independently ; but even in

this character Ptilocodium stands alone in having no chitinous or

calcareous skeleton to protect it.

In other respects Ptilocodium is unique. The dimorphism of Ptilo-

codium is quite distinct from that of Hydractinia and Millepora, and

probably originated independently. In the first place, the gasterozooids

of Ptilocodium are extremely unlike those of Hydractinia and Mille-

pora. Tiiey are short, sessile, sac-like structures, without tentacles.

Those of Hydractinia are long, filiform structures, provided with a

crown of tentacles. The gasterozooids of Millepora are also much
longer than bi-oad, not at all sac-like in form, and are provided with

knob-like tentacles.

The dactylozooids, also, are very different in structure, in the three

genera. Those of Ptilocodium are short and broad, and are furnished with

four characteristic capitate tentacles. The endoderm of the body of the

zooid and of the tentacles is solid and scalariform, giving the dactylo-

zooids a marked appearance. The dactylozooids of Hydractinia are long

and slender and very muscular so that they are capable of coiling and

uncoiling themselves. They have also a central cavity and according

to Miss CoLcuTT ') are provided with a terminal mouth. The dactylo-

zooids of Millepora are very similar to those of Hydractinia. In

possessing a solid scalariform endoderm, Ptilocodium resembles the

Stylasterina. All the genera,except one, of this group, have the

endoderm of the dactylozooids solid.

ij Quart. Journ. Micro. Sci. No. 157, 1897.
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In all other points except the dimorphism, however, Ptilocodium

differs from the Stj'lasterina, and on the importance of dimorphism

as indicating close relationship too much stress should not be laid.

The old group Hydrocorallinae affords an illustration of the result

of laying too much stress on this factor In this group, the Mille-

porina and the Stjlasierina were formerly united, but it has since

been pointed out that differences of more importance necessitate their

being classed as separate orders.

The next point to consider in discussing the relationship between

Ptilocodium, Hydractinia and Millepora, is that of the gonophores.

Ptilocodium resembles Hydractinia in having adelocodonic gonophores

but differs from it in having the gonophores arising from the base

of the ordinary gasterozooid and not from a specialised individual or

blastostyle. In Millepora there is no blastostyle and the medusae

arise independently of the gasterozooids, from the surface of the colony.

In Perigonimus, which, in the important respect of the structure

of the basal coenosarc does not closely resemble Ptilocodium or Hy-

dractinia, the gonophores arise from the hydrocaulus bearing the

gasterozooid or from the hydrorhiza. This case may therefore be taken

as an indication that too much stress must not be placed on the

position of origin of the gonophore in the colony.

Ptilocodium stands quite apart from other genera of Hydroids with

epizoic habits.

The epizoic Hydroid Stylactis minoi described by Alcock ') was found

on the lish Minous inermis, but differs considerably from Ptilocodium. It

has liydranths crowned with numerous tentacles rising from the

hydrorhiza. It is not provided with dactylozooids of any kind and

its gonophores are in the form of sporosacs arising from specialised

individuals which bear tentacles.

Ptilocodium also differs considerably from Ilydrichthys mirus, a

Hydroid described by Fkvvkks ') as epizoic on the lish Scriola zonata.

This hydroid exhibits structures of two kinds arising from the basal

piate. In the first place there are long, filiform hydranths, which

are looked upon as degenerate gasterozooids and secondly clusters

of bolryoidal gonosomes. Dactylozooids do not occur.

Plilocodium has obviously no aflinities with the hydroid Nudiclava

described by Lloyd •), nor with Mocrisia lyonsi, a Ilydromedusan

from Lake Qurun, described by C. L Boulknoer ').

>) .Alcock A. Ann. ic Mag. Nut. Hist. 1892 vol. X p. 207.

*) Fkwku. Bull. Mu». Coiiip. Z06I. vol. Xlll p. S224.

*) Lloyd R. E. Recordit of Indian Muuuiini. Vol. 1. I'uil IV.

*) BoouMn C. L. Quart. Journ. Microv. Sci. Vol. Hi Jan. 1908.
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In consequence of these considerations the only course to adopt

is to regard Ftilocodium as the representative of a new family.

The above piece of work was undertaken at the suggestion of

Professor Hickson, to whom 1 wish to express ray sincere thanks

for his most generous advice and assistance.

EXPLANATION OF PLATE.

aut — autozooid of Ptilosarcus.

< bas coen. — basal coenosarc of hydroid.

dact. — dactylozooid of hydroid.

ect. — ectoderm.

ect. man — ectoderm of 'nanubrium.

end. — endoderm.

end. can. — endoderm canal.

end. lam. — endoderm lamella.

end. man — endoderm of manubrium.

gast. — gasterozooid of hydroid.

gon. — gonozooid of hydroid.

mes. — mesentery of autozooid of Plilosarcus.

nem. — nematocyst.

ov. — ovum of Plilosarcus.

rad. can. — radial canal.

spic. — spicule.

stol. — growing lip of stolon.

8uh. ect. — ectoderm lining the cavity corresponding to the sub-

umbrella cavity of a medusa.

sup. ect. — supeiticial ectoderm of gonophore.

lent. — tentacle.

t. p. — tentacles of Pennatulid.

Fig. 1. External view of parts of two successive leaves of the Pennatulid,

shewing the extent of the surface of the leaves, affected by the hydroid.

Fig. 2. Drawing of a microscope preparation of part of the free edge of a

leaf of Ptilosarcus, shewing the hydroid running out over the spicular

projections of the autozooids X 20.

Drav/ing of a preparation similar to 2. X 68.

Longitudinal section of a Pennatulid leaf r?hewing the hydroid growing

over the free edges of the leaf.

Vertical section of basal coenosarc of the hydroid shewing superficial

and lower ectoderms, and endoderm canals.

Optical section of dactylozooid of hydroid shewing solid endoderm, and

the characteristic four tentacles.

Longitudinal section of gonozooid arising from base of gasterozooid.

Transverse section of gonozooid.

Fig.
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Zoologie. — "On the spinispirae of Spirastrella bistellata {0. S.)

Ld/d." By Dr. G. C. J. Vosmaer, Professor at the University

of Leiden.

(Communicated m the meeting of January 30, 1909).

Some years ago (1902) I drew attention to the fact that there is

confusion with regard to the terminology of certain sponge-spicules,

and tried to clear this up. I arrived then at the conclusion that the

spicules, which are generally called "spirasters", far from being

a sort of "asters", i. e. polyaxon spicula, ought really to be

considered as monaxons, the axis of which is a helix screw. I

proposed for that kind of monaxons the term spiraxon (I.e. p. 105

and 112). In order to avoid further confusion I called the spined

forms: spinispirae. I had some doubts about the supposition of some

authors, that transitions between true asters and spinispirae really

existed, because I never found them and failed to And any proof in

literature (I.e. p. 105). On the one hand authors make a certain

distinction between true asters (euasters) and "spirasters", but on the

other hand consider both forms as belonging to the same group.

Thus TopsENT (1900 p. 21) distinguishes the genera. Hymedesmia and

Spirastrella on account of the fact, that the microscleres of the

former genus are "euasters", of the latter "spirasters"'. It is generally

accepted that the microscleres of Hymedesmia stellata are euasters;

but with regard to H. bistellata there is diversity of opinion and

confusion. I believe this to be due to an erroneous conception of

the spicules under consideration. Although I was convinced for myself,

that these spicules were by no means (polyaxon) asters, but (monaxon)

spinispirae, I have tried nevertheless to produce proofs for my
statement by carefully studying the spicules treated in various ways.

More especially I was led to do this in order to settle the {juestion

between Lknuenfkld and Topsent about the sponge, which Osc^ak

Schmidt tirst described under the name of Tethya bistellata. Is it, as

Lkndknfkld suggests, a species of Spirastrella, or, as Topsent

believes, one of Hymedesmia :* Of course it is no Tethya; so far

everybody agrees.

Schmidt (1862 p. 45) described a sponge, which he called Tethya

bistellata, a name which he altered himself into Suberites bistellatns

(1864 p. 36). Now LENnENKEU) believed to have traced the sponge

in his collection from Lesina and called it Spiraslrc/ht histellata

(1897 p. 55). From this Topsent dissented in 1898, alleging that
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Tethya bistellata 0. S. must be transferred to Hymedesmia, and

consequently he called it Hymedesmia bistellata (1900 p. 125) ^).

Now I possess in my collection from Naples a sponge, which is

beyond reasonable doubt Schmidt's Tethya bistellata. I can aflirm

this especially because the spicules absolutely agree with those of

a preparation I made at the time in Graz and which is labelled

*'Subentes bisiellatus 0. S. Origin. Schmidt." We may suppose,

therefore, that Lkndenfeld, Topsent and myself really examined the

same sort of spicules, albeit that I must acknowledge that there is

no absolute proof.

Topsent says, that the microsclera under consideration are euasters

;

he writes (1900 p. 123) that they are "spherasters de forme parti-

culiere . . . Chacuiie d'elles resulte de la congrescence laterale de deux

spherasters a actines nombreuses, coniques, pointues et lisses." And

later (p. 127): "les spherasters sont doubles. 0. Schmidt a insiste sur

ce caractere important, auquel I'espece doit son nom." The question

arises whether Schmidt's statement is of great value. In 1862 he

said (p. 45) that some are "ganz eigenthiimliche Zwillingsgestalten";

and further: '-es sind also Doppelfiguren, welche einige Aehnlichkeit

mit den Euastern haben." It must, however, not be forgotten that

Schmidt at that time was unconcious of the sort of spicula which

he called later (1868 p. 17) "Spiralsterne" or "Walzensterne" of

which he mentions as characteristic *'dass ihre Strahlen nicht Radien

eines Centrum sind, sondern in Spiralstellung sich folgen."

According to LeiNDEnfeld (1897) are the spicules under consider-

ation "spirasters" and he gives some illustrations (1. c. PI. VI fig. 59)

which clearly show his conception of the thing. Both from his

illustrations and from his description it follows that the axis is

sometimes longer, sometimes shorter. Lendenfeld does not believe

that "euasters" occur and suggests that Schmidt was perhaps misled

by an optical illusion. If spicules are examined "deren Axen im

Praeparat aufrecht stehen und daher verkiirzt gesehen werden" they

simulate euasters.

In spite of the fact that Topsent himself remarks, that in minute

microsclera it is much more obvious that the centre is a line and

not a point, this author does not consider them as spirasters but as

double euasters. "Plus elles grandissent, plus la tige d'union se rac-

courcit. Sur les plus grosses, les deux centrums sont directement

1) Actually the course of events was this: Topsent (1900 p. 113) writes with

regard to Tethya bistellata O.S.\ "je I'ai raise a sa place naturelle en 1892."

However, in that article nothing is mentioned but the name Hymedesmia bistellata

without reference to Tethya bistellata.
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accoles . .
." Of course Topsent has not overlooked that spicuhi have

a different appearance whether seen "de profil" or "de face" ; but

evidently he did not pay attention to intermediate positions such as

can be seen if one allows them to turn over. I drew attention

(1902 p. J 70) to the fact that in almost all cases the twisted character

becomes plain enough by applying the above device.

However, there are some more methods to make out the shape

and the structure of spicules (Cf. Vosmaer & Wijsman, 1905 p. 745),

One of these methods is heating. In using this method it is,

however, not indifferent in what way it is applied. If isolated

spicules (e. g. styli of Tethya) simply dried in the air, are heated

-on a platina spatula immediately above the flame, a brownish colour

soon becomes visible. If they are further heated the brownish tinge

turns into white. It then frequently occurs that a ciackling noise is

heard and that spicules or portions of spicules jump off from the

spatula. Such spicules, seen under the microscope, generally appear

to be cracked or broken'; they are brown or black, some were

quite misshapen as if the spicopal had been partly melted.

How can these phenoma be explained? Bowerbank ascribed the

brown or black colour to carbonised organic matter, but Kolliker

proved that the colour can certainly not wholly be explained in this

way. Indeed, in some parts the colour is brown only in transmitted

light, whereas it is white in reflected light; consequently Koli-iker

declared those parts to contain microscopical aii'-bubbles. Quite correctly

BiJTScHLi (1901 p. 240) remarks that Kolliker where he speaks of

"Luft", in fact means "Gas". Wijsman and myself have demonstrated

(1905 p. 28), that spicopal is a form of hydrated siliceous acid,

which can give off water in an atmosphere dried by P,Oj . It is,

therefore, very likely that when the spicules are treated as described

above, a portion of the water becomes water-vapour. The tension of the

heated globules of steam of course can be g^'eat enough to nuxke

the spicule explode. This explains at the same time the crackling

noise and the jnnii>ing off from the spatula. Still, it need not come

to this; hence we see some spicules only slightly cracked, not l)roken

or deformed.

If, however, spicules are not simply dried in the air, but, by

slowly warming on asbestus for several days or by P,0, , water is

taken from them, and tiiey arc afterwards very carefully honied,

then it is possible to prevent any cracking. Spicules tn^iicd in this

way show quite other details. First of all the carbonised central

thread is clearly visible. In some spicules the rest of the spiculum

remained quite transparent ; in ulhcru a brownish colunr is to be seen
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on special places. Seen with reflected light these places are white

;

on the whole those places have a granular or frothy appearance. ^)

As a rule the lamellar structure is very conspicuous. In certain

cases the carbonised spiculura sheath is likewise visible. It also

happens that the carbonised and shrunken central thread is seen as

a flexuous, continuous or broken, black string lying within the central

canal (fig. 20—21). Of cours? the best microscopical figures are

obtained if the spicules are examined in a medium the index of re-

fraction of which is equal to or comes very near that of the spicopal.

Controlling experiments sufficiently prove that no artefacts or any-

thing of that sort come into play through which no conclusion can

be drawn about the structure of the spicule. The spicopal being in

slowly by dissolved the method published by Wijsman and myself, the

microscope reveals facts which are in perfect accordaikce with those

obtained in the way described above. One may also combine the

two methods — heating and dissolving; again the results are the

same if one follows the process under the microscope. Suppose one

observes in heated spicules a black central thread with a brownish

surrounding; suppose the object is mounted in glycerine of about

the same index of refraction as the spicopal, the external limit is

clearly visible as a delicate dark line (fig. 22). Some time after the

action of the hydrofluoric acid the spicule appears as drawn in

fig. 23. The silica begins to be dissolved as soon as the hydrofluoric

acid has penetrated the spiculum sheath; the external delicate line

remains visible but at some dist.mce the limit of the spicopal, now
thinner, becomes visible. The distance between the sheath and the

limit of spicopal becomes gradually larger, the brownish surrounding

of the central thread disappears and finally nothing is left but the

carbonised central thread and the likewise carbonised sheath (fig. 24).

This proves, that the brownish colour arround the axial thread does

not originate from carbonised organic matter.

1) BiiTSCHLi admits as is well known, that in spicules which are not heated

likewise little holes occur and that these holes simply become larger by the process

of heating and consequently better visible. He says (l.c p. 248) : "Das Auftreten

der feinwabigen Struktur beruht darauf, dass eine solche auch schon in der nicht

gegiiihten Nadel besteht, jedoch zu fein, um mikroskopisch sichlbar zu sein. Beim
Gliihen tritt eine Verdampfung des in den VVabenhoUlraumchen eingeschlossenen

Wassers ein und darait eine Erweilerung derselben bis zur Sicblbarkeit. Kiir diese

Ansicht spricht vor Allem die Beobachtung, dass wenigstens in einem Fall auch
eine nicht gegluhte Nadel .... den wabigen Bau der Schichten deuUich zeigte."

Apart from the question whether in unhealed spicules a frothy structure really

occurs or not, it is certain that the dark colour of heated spicules is due to little

holes, void of air or filled with some gas, say water-vapour.
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The experiment can be modified in the following way. Isolated

spicula are brought into acid fuchsine; if the hydrofluoric acid is

now allowed to act on the spicules the spicopal will be dissolved,

whereas the sheath and the central thread will be sta,ined red. In

both cases the silica is dissolved; in the former case the thread and

the sheath are visible because they are black (carbonised), in the

latter case because they are red. In the original experiment the

spicopal is only optically dissolved.

What has been said for the styli of Tethya holds true m.m. for other

spicules of Deraoterellida. The structure of several spicules — monaxons,

tetraxons or polyaxons — is fundamentally the same; in details

there are important differences. However, I do not wish to speak

about them in this paper. I have only mentioned as much as seemed

to be necessary to show that by the described methods we are able

to demonstrate most plainly the central thread. This can be done

also in those cases in which the thread is not visible under ordinary

circumstances, e.g. if the spicules are very minute or irregularities

of the surface prevent it. Thus, for instance, in Tethya no central

threads are visible in the oxyasters or at any rate they are not present

beyond doubt *). If these spicules are heated with great precaution

they look under the microscope like fig. 19. It depends, as in other

spicules, on the grade on heating whether the thread will be blackened

only or with it its surroundings. Independently of this it is evident

that the axes originate from one point.

Applying the heating method to the spicules in question of Spir-

astrella bistellata (0. S.) Ldfd. the microscope reveals pictures as

drawn in fig. 1— 3. It is most evident that we have here an axis

exactly like that which unquestionable spinispirae possess. Such images

are entirely unexplainable if the spicules are considered as congrescences

of two euasters. They fully exhibit their true nature of spicules

belonging to my group of «-spiiaxons (1902 p. 1 12). Although I

suppose this to be convincing, I applied moreover the dissolving

method. It seems rather a paradox that the shape and the structure

of a siliceous spicule can be cleared up by dissolving the silica.

Still it is a fact, as I have frequently learned. Wijsman and myself

(1905 p. 18) confirmed BfjTscHLi's observations of 1901, that the

dis8(jlution of spicopal may proceed in more than one way. Only

we have given another explanation of the fact. According to our

1) On the whole spongiologisls spcuk about the cctitiul thread as a constant

feature of »piculci. As a matter of fact stands Dial the presence of a thread is

proved only in some cases and that in numerous micrusclcres nobody saw it.

As fur as i know only KOlliker found it in oxyasters of Tethya (\'6iS\, IM. IX, iig. !2).
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conceplion the spicopal wliicli limits the central canal is more easily

dissolved than that of subsequent layers. It seems that this is likewise

the case for the radii of oxyasters of Tethya. It is probable that this

depends on a difference in the quantity of water the "gel" contains.

Now we observed that in pointed undamaged spicules, where conse-

quently the central canal is shut, the funnelshaped dissolution is not

seen, at any rate not at the very beginning of the process. The apex

simply becomes thinner and thinner till the dissolving agent reaches

the neighbourhood of the central canal, in which case the "funnel"

often appears. Consequently we have herein another method to prove

the existence of a central canal.

On the other hand we may conclude from this, that, if a funnel

never appeirs there is no central canal resp. no special layer of

spicopal in the centre. Thus, for example, in spicules with spines,

the latter disappear gradually an<i the spicule becomes gradually

thinner. I have observed this phenomenon very distinctly in acan-

thostyli of an Ectyon from Naples.

If the latter method is now applied on Spirastrella bistellata (O.S.)

Ldfd. we see, that the pointed processes of the spinispirae become

thinner and shorter, and finally disappear whereas the rest of the

spiculum later becomes thinner (fig. 4—18). The microscopical images

one sees during this process leave no doubt with regard to their

structure. The more the spines dissolve, the more it becomes evident

that we have to do with spinispirae.

Moreover, it follows from the above experiments that the spines of

these spinispirae are of quite another nature than the ac tines of the

Tethya-siSiers. In the former case (Spirastrella) we have to do with

local extuberances of spicopal destitute of any centml thread or

canal. In the latter case {Tethya) we have organic axes. Indeed,

the former spicules are monaxons, the latter are polyaxons.

Consequently the microsclera of Spirastrella bistellata (O.S.) Ldfd.

are indeed spinispirae. Since Lendenfeld, Topsent and myself believe

to have found sponges, which are identical with Tethya bistellata

of Oscar Schmidt, the species belongs as little to Hymedesmia as to

Tethya. For the moment there is not sufficient evidence not to bring

it to Spirastrella. The name for Tethya bistellata 0. S. has to be,

therefore, Spirastrella bistellata (0. S.) Ldfd. I believe with Topsent
that it is identical with Spirastrella cunctatrix 0. S.

44
Proceedings Royal Acad. Amsterdam. Vol. XI.
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EXPLANATION OF THE PLATE.

(Fig. 1—21 are drawn 500 limes magnified; fig. 22—24 still more magnified).

Fig. 1—3 Spirastrella histellata; spinispirae carefully heated. In 3(/ only the

central thread (carbonised) is drawn, lying in the central canal.

Fig. 4—18 Id. Influence of hydrofluoric acid. In figs. 4, 5 and 6 the acid has

acted for a short time; only the spines begin to be dissolved. In fig. 7—12

the process is advanced; the "axis" becomes more and more obvious. In

fig. 13—16 this is still more the case.

Fig. 19 Tethya Irncurium; oxyaster after carefully heating; distinct, (carbonised)

central thread.

Fig. 20 Id. Middlti piece of a stylus, carefully heated. Black (carbonised) central

thread, entirely filling up the central canal.

Fig 21. Id. Id. Shrunken, bent and broken central thread in the somewhat

brownish central canal.

Fig. 22—24 Id. Id. Slightly more heated and brought into the hydrofluoric camera

of VosMAKK & WuHMAN ; tt. central thread, h. brownish layer around the

central canal, 8. brownish spiculum sheath. In fig. 22 it is seen at the begin-

ning of the experiment; the sheath lies immediately on the external spicopal;

ihc little granula are adhering particles, not belonging to the spiculum. In

fig. 28 the hydrufluoric acid has penetrated the sheath and dissolved the

peripheral layers of spicopal, the limits of which arc marked c; the sheath

remained in its place. In fig. 24 all spicopal is dissolved; only the carbonised

fbeath 8 lies an a very delicate cylinder around the central thread.

/.eiiim, 2 Juu. IDOU.
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Botany. — Prof. J. W. Moll presents tlie dissertation of Mr. K.

ZiJLSTRA, Assistant at the Botanical Laboratory, Groningen,

entitled: ''Kohhnsiluretransport in Blattein", Groningen, 1909,

and with reference to this he communicates the following. ^)

In 1877 the speaker published the results*) of investigations, which

proved, that the carbon dioxide, which is found in considerable

quantity in soils containing much humus, and which is at the

disposal of the roots, cannot lead to starch-formation in the leaves,

when the latter are in a space, free from carbon dioxide; nor can

this carbon dioxide appreciably accelerate starch-formation in the

open air.

From the experiments, which led the speaker to this result, he

further concluded, that a leaf or a portion of a leaf cannot form

starch in a space devoid of carbon dioxide, even when parts, organ-

ically connected with, and bordering immediately on the portion in

question, are placed in an atmosphere which is many times as rich

in carbon dioxide as ordinary air. The experiment, which appeared

to prove that starch cannot be formed even from carbon dioxide,

which is ottered to immediately adjoining parts, was the following.

A starch-free leaf was placed between the greased edges of two

similar crystallizing dishes in such a way, that the apex was within

the space enclosed by the crystallizing dishes, and the base was
outside. The lower crystallizing dish contained potassium hydroxide

solution ; over the apparatus there was placed a bell-jar, containing

air to which about 5 percent of carbon dioxide had been added.

After the leaf had been exposed to the light for some hours, the

base was found to contain much starch, but in the upper portion,

even right up to the edge of the crystallizing dish, which was 3 mm.
thick, no starch whatever had been formed.

From this the speaker concluded that when carbon dioxide is

abundantly present in any given part of a leaf, this can nevertheless

not lead to starch-formation in an immediately adjoining portion,

when the latter is in a space free from carbon dioxide.

This result was remarkable, for the stanch-formation in the basal

portion proved, that the carbon dioxide, offered to the leaf had indeed

been taken up, and the presence of many intercellular spaces in the

1) This dissertation will appear in one of the future numbers of the Recueil

des Travaux Botaniques Neerlandais.

~) J. W. Moll. Ueber den Ursprung des Kohlenstofifs der Pflanzen. Land-
wirthsch. Jahrb. VI. 1877. p. 327—368.

44*
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mesophyll led to the supposition, that the transport of the carbon

dioxide so taken up, need not be impossible.

A want of further experimental data made tliis question remain

unsolved up to the present. The necessary data have no"^ how^ever,

been collected in the investigation of Mr. Zijlstra, who has shown

that the facts, previously observed by the speaker, had indeed been

correctly described, but that other results may also be obtained,

provided one works with different plants from those which the

speaker happened to have used, or arranges the experiments in a

different way. Mr. Zijlstra was able to show that in the experiment

described, starch-formation may sometimes indeed occur in the space

free from carbon dioxide. The above conclusion as to the impossibility

of starch-formation at the expense of carbon dioxide derived from

the immediate vicinity, has therefore been found to be incorrect.

The other results formerly obtained by the speaker, and especially

the chief deduction, regarding the impossibility of starch-formation in

the leaves at the expense of carbon dioxide, taken up by the roots

from a soil rich in humus, were, however, completely confirmed and

further elucidated by Mr. Zijlstra's investigation. An explanation of

the experiment described above, was also suggested and generally

speaking Mr. Zijlstra succeeded in solving pretty completely the

question of the possibility and occurrence of carbon dioxide transport

in leaves. How this was done the speaker wishes to communicate

.

below.

No*: unnaturally it seemed desirable to begin the investigation with

a repetition of the above described experiments.

This was first done with (he leaves of Poli/(/onuin, Bistorta and of

Cucurhita Pppo (experiment LIll and LIV)'), which were also employed

by the speaker in his above-mentioned investigation. In these and in

all later experiments Mr. Zijlstra demonstrated the formation of

starch by tfie so-called Sachs-Schimpkr method, according to which

the entire leaves, after decolorisation, are examined for starch content

with the help of an iodine-chloralhydrate solution. Tliis method was

unknown in 1B77, ho that the speaker used microscopic sections,

which is very cumbrous and gives less complete, albeit equally

certain results.

The speaker limited himself to applying the starch reaction to

sections of the apex of the leaf, which was in the space free from

carbon dioxide, and to the base, which was in \\\o air ricli in carbon

*) The*numbers of the expcrinientH arc here and in what follows the same as

tboM hi Mr. ZiJUTHA*s paper.
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dioxide. He did not, however, examine the strip. 3 millimeters broad,

which was in the grease between the edges of the crystallizing dishes.

Now when Mr. Zijlstra examined the entire leaves, it became

apparent that starch-formation extended continuously from the leaf

base upwards over part of this strip, in an area bounded by a

sharply defined line, somewhat like a zig-zag, but that it nowhere

extended so far, that starch had also been formed in the space, free

from carbon dioxide. The speaker's observations were therefore

confirmed, but were found to have beon incomplete.

When, however, Mr. Zijlstra repeated the experiment with a

Dahllii leaf (exp. LV) the result was different. In this case also the

starch-formation was found to extend into the greased strip, but in

addition it extended here and there for some millimeters into the space

freed from carbon dioxide. The border line of the starch reaction

was here also somewhat zig-zag, but not everywhere equally sharp.

Finally, when the experiment was performed with a leaf of

Pontederin cordata (exp. LVI) starch-formation extended uniformly

for 0.5 centimeters into the carbon dioxide free space. The limit of

the starch reaction was in this case not zig-zag, but bent regularly

and was not sharp, since the dark colour of the reaction disappeared

towards the leaf apex by a gradual transition. Stahl's cobalt test

showed, that the stomata of the apex were closed at the end of the

experiment.

The possibility now existed that

in these experiments the greased

join had not been absolutely tight,

although it was not very probable

that this fault should have revealed

itself in the experiments with

Dahlia and Pontederia and not

in others. In order to exclude

this possibility two pieces of appa-

ratus were constructed, which,

with the aid of mercury, per-

mitted of a completely airtight

separation being effected between

the space free from, and that rich

in carbon dioxide. Both pieces of

Figure 1. apparatus were used in the inves-

tigation, but here the speaker will only describe the better of the

two. (See fig. 1).

In a Petri dish a, of 15.5 cm. diameter a smaller one b of
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9 cm. diameter was fastened down with resin and wax. Mercury

was poured into the annular space q and conceutrated caustic potash

into the small Petri dish /. A glass bell-jar A of 3.2 litres' capacity

was placed in the mercury, so that the air inside the jar was kept

free from carbon dioxide. It was now possible to introduce the apex

of a leaf, which had been freed from starch, into the carbon dioxide-

free space through the mercury. The leaf base and the petiole thus

remained outside the bell-jar h, and the petiole was always immersed

in a dish of water in order to keep the leaf fresh throughout the

experiment. A piece of metallic gauze was always placed over the

small Petri dish b in order to prevent the leaf from coming into

contact with the caustic potash. The base of the leaf could now be

left at will in the open air with its unlimited supply of carbon

dioxide at great dilution, or the base could be surrounded with an

atmosphere richer in carbon dioxide. For the latter purpose the whole

apparatus was placed on a tripod in a lai-ge porcelain dish, partly

filled with water. A large glass bell-jar of 38 litres' capacity was
placed over the appai-atus containing the leaf, so that the space in

the large bell-jar was cut oif by the water in the porcelain disli.

Into this space any desired quantity of carbon dioxide could be

introduced. Finally attention may be drawn to the tubes i and k,

which connected the interior of the small jar with the free atmos-

phere. This prevented differences of pressure between the interior

and the exterior from raising the jar and establishing a communicalion

between the outaide and the inside. Moreover a stream of air, free

from carbon dioxide, could be passed by these tubes through the

inner jar. For this purpose the tube k was connected to an aspiratoi-,

and the tube / to absorption tubes for the carbon dioxide of the

atmosphere.

With this apparatus a number of experiments were carried out,

ill some of which the base of the leaf was in the ordinary atmosphere,

and in others in an atmosphere with much carbon dioxide. The

|>orlion of the leaves which was undernealh the mercury had in all

iho experiments a lenglii of 3 centin^eters. Tiiese experiments led to

the result, that not only in Dtihiui ain\ J*ontederia leaves but also

in all the other leaves investigated, a narrow strip of starch was formed

in the space free from carbon dioxide at the border of tiie mcicnry.

ThiM strip was generally coloured jet bla(!k by iodine.

The following table snnunari/es a number of experiments performed

in this nnuiner.

Ill all these experiments the small starch strip was of course l)()rdcre(l

on llic side of (he mercury by a straight line, but towards the apex



( 653
)

TABLE I.

Plant.
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2—3'/o of carbon dioxide, and the otiier in ordinary air, containing

tljerefore very little carbon dioxide.

If the hypothesis just brought forward were correct, one might

expect that owing to a more copious supply of carbon dioxide, a

wider strip of starch would be formed in the former case than in

the latter. It did not seem probable that the increased supply of

carbon dioxide would manifest itself by a stronger iodine reaction,

for, as we have seen, in most of the experiments described abo\'e,

the reaction, if it appeared at all, was as strong as possible.

These comparative experiments were carried out with two sets of

apparatus of the kind described, both of which were provided with

a large bell-jar, including therefore the one in which the leaf-base

was in ordinary air. This was done in order to maintain as far as

possible the same temperature in the two smaller jars, for it was

found that in these experiments the temperature had a great influence

on starch-formation.

The result of these experiments varied considerably in diffei'ent

plants. In some cases it could be definitely shown, that carbon

dioxide, supplied to the base, had influenced the manufacture of

starch in the upper part of the leaf, but this could not be demon-

strated for other plants.

The speaker first considers the experiments with a positive result,

summarized in the following table:

TABLE II.

Name.



( <555 )

In the above experiments the leal" l)ase in the space with much
carbon dioxide was exposed to the Hght and accordingly this part

of the leaf was full of starch at the end of the experiment. We
might now expect that on darkening the leaf-base, more carbon

dioxide would remain available for transport to the apex, and that

a wider strip of starch would be formed than in the former case.

If this expectation were realized, it would be an additional proof,

that carbon dioxide is transported from the base to the apex. An
experiment, carried out with the two longitudinal halves of the same

leaf of Eichhornia (exp. LI I) indeed gave proof of this. Here both

bases were kept in air with 2 "/o carbon dioxide, but one was

darkened, the other not. In the latter case less carbon dioxide

remained available for transport on account of the consumption

of carbon dioxide for starch-formation in the base, and in the coui*se

of 4 hours a strip of starch ,
2—5 mm. wide, was formed in the

upper part of the control half, as compared with one 5—8 mm.
wide in the other half of the leaf, of which the base had been

darkened.

In these experiments the strip of starch never had anything' like

a sharp edge on its upper side, nor was there any connexion between

the limit of the reaction and the veins. The reaction simply became

weaker and weaker at the edge of the strip and soon stopped completely.

A series of experiments with other leaves yielded, however, a

totally ditferent result. Here the strip of starch in the two leaves

experimented on was always equally wide, no matter whether the

leaf base had been placed in ordinary air or in air with a high

carbon dioxide content.

In some of tliese experiments leaves of the same plant individual

were taken, in each case as nearly as possible equal. The subjoined

table summarizes them.

TABLE HI.

Plant.
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The negative result thus obtained, could now, after the experience

with the influence of darkening on the leaf base of Eichliornia in

experiment LII, be attributed to the fact, that the carbon dioxide

absorbed by the base, had been wholly used up for starch-formation

on the spot. Experiments were therefore also made, in which the

leaf bases were darkened with black paper right up to the edge of

the mercury, and therefore remained free from starch. But these

experiments also gave exactly the same result; the strips of starch

were equally wide in the leaves with bases in air containing much
carbon dioxide, as in those with their bases in ordinary air.

A .survey of these experiments is given in the subjoined table

:

TABLE IV.

Plant.
Number
of exp.

Duration
of exp.

Width of starch strip

in both leaves.

Triticum vulgare

Zea Mays

Dahlia Yuaresii

Aesculus Pavia

Tradescantia virginiana

XXIV

XXV

XXVI

XXVII

XXVIII

6 hours

6 „

5 >

4 „

4 „

1.5 mm.

25 „

4 „

< 0.5 „

1 »

In order to eliminate more thoroughly possible inequalities between

the leaves compared than could be done by careful choice, a few

experiments were also performed, in whicli the longitudinal halves

of the same leaf were used for comparison, and were darkened at

the base. These experiments yielded the same result, as given below

:

TABLE V.

p. . i Number Duration Width of starch strip in

of exp. ' of exp. both halves of leaves
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if it were at all possible diirnse into ihe siu-roundiiig space, which

remained pennaiientlj' free froru carbon dioxide. This, however, did

evidently not take place so fast, but that in all experiments starch

was formed near the mercury.

Nevertheless the possibility was not excluded, that a wider strip

of starch might appear, if the carbon dioxide absorbing {)otash were

absent.

Such experiments were accordingly undertaken, and in order to

make it possible that there should even be some accumulation of

transported carbon dioxide, the inner bell-jar of the apparatus, which

hitherto had been of a capacity of 3.2 litres, was replaced by one

of only 0.8 litres' capacity.

In both experiments two halves of the same leaf wei'e taken in

each case. The two bases were placed in 3 " /, carbon dioxide, one

being exposed to the light and the other darkened. The two halves

gave exactly the same result and the starch strips were not wider

than in all the previous experiments, as is shown by the following

summary :

TABLE VI.

p. ^ j
Number Duration ' Width of starch strip in

of exp. of exp. both halves of leaves.

Dahlia (Cactus) Thuringia XXXI 4 hours 3—4 mm.

Heliopsis laevis i XXXII
j 4 „

j

0.5-1 „

It is obvious from all these experiments that with a number of

leaves frouj widely ditferent Monocotyledons and Dicotyledons a

totally different result is obtained from that of the experiments

described tirst. Carbon dioxide, even wlien abundantly supplied to

the leaf base of these plants, cannot bring about the formation, at

about 3 cm. distance in the apex of the leaf, of a wider strip of

starch, than would have been formed without the addition of this

carbon dioxide. Attention may further be drawn to a difference,

which again clearly showed itself in these experiments, between the

reticulate Dicotyledons and the parallel-veined Monocotyledons as

regards the edge of the starch strips on the side nearest the apex.

In all leaves with reticulate venation these edges were zig-zag and

in most places sharply defined, owing to the presence of small \'eins.

In the leaves of Grasses, of Acorus and of 7mc?^.s'c«w^/a on the other

hand there was a gradual transition to the starch-free apical portion,

without any >relation to veins, and there was no zig-zag border.
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It would certainly be going too far to deduce directl}' from these

experiments, that the carbon dioxide, which is supplied to the base

of these leaves, cannot at all contribute to starch-formation in the

apex. Nevertheless the results obtained gave a clear indication as to

further experiment, intended to show, beyond dispute, if possible,

what was the state of affairs in these leaves,.

The way in which such experiments should be performed was

now clear.

The base of the leaf must be deprived of any supply of carbon

dioxide, and the question was whether, as might almost have been

expected from the above, a strip of starch would be formed above

the mercury. If this were to take place, and in the same way as

before, the proof would have been given, that the part of the leaf,

placed under the mercury, itself produced the carbon dioxide, required

for starch-formation in the adjoining, part, which was exposed to light.

The experiments which supplied an answer to this question were

made by Mr. Zijlstra in various ways.

In the first place an experiment was made with the apparatus

described above, but without tiie large bell-jar. A small leaf ot

Dahlia Yuarezii (exp. XXXII 1) was placed in the apparatus in the

ordinary way, but the base and the petiole were immersed in water

which had been poured on the mercury outside the small jar. In

the space free from carbon dioxide the aoex now produced a strip

of starch, similar in all respects to that in the experiments previously

described, and in addition, a starch strip was formed under water

in that part of the base which adjoined the mercury.

Similar experiments were also made with a simpler apparatus,

which moreover permitted of the water, in which the leaf base was

placed, being kept quite free from carbon dioxide.

IJ P'ig 2 gives a representation of this little

apparatus. It consisted of a rectangular

glass box, measuring 9 by 4.5 cm., and

5 cm. high, which is represented in the

figure in section, the wall being indicated

by 7'. With resin and wax a vertical plate

yff
of glass was (Ixcd longitudinally l)nl it did

not reach to the bottom. The box was

\\h filled with mercury to slightly above the

lower edge of tlir ^^I.iss plate (r. The leaf

Figure 2. /^ was introduced niKlciiuruth the vertical

plate, 80 that its base was on the right side of the figure. There a

layer of boiled water W was poured on the mercury, so that the
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base was completely submerged. The apparatus was now placed under

a bell-jar with air, free from carbon dioxide, and the whole was

exposed to the light.

After some hours starch had been formed in this apparatus in

Dahlia Yuarezii (exp. XXXIV^ and in Populus iji/ramidalis (exp.

XXXV); there was a strip of starch in the apical portion along the

mercury, quite like that of the previous experiments; there was a

similar strip in the basal portion under water, also along the edge

of the mercury ; and finally a narrow strip of starch had appeared

in the mercury itself, at the place where the leaf had been in contact

with the lower edge of the vertical glass plate and had therefore

received light.

The carbon dioxide, which in this case had been used up in starch-

formation, could only have been derived from the portions of the

leaf under the mercury and could scarcely be anything but carbon

dioxide of respiration from these parts.

When this had once become evident, a still simpler arrangement

naturally suggested itself. For this purpose pieces of leaves, free

from starch, were placed on a layer of mercury, were partially

covered with black paper, and finally pressed under the mercury by

means of a glass crystallising dish with flat bottom. The light could

now reach those parts of the leaves which were not covered by

black paper, through the bottom of the glass dish.

Such experiments were made with Dahlia Yuarezii (exp. XXXVI,
XXXVII and XLI), >SambucHs nigra (exp. XXXVIII), Si/ringa vul-

garis (exp. XXXIX) and Tilia plati/phi/llos (exp. XL). In all these

experiments, which lasted about 5 hours, strips of starch were formed

in the ordinary way at the border of the black paper in the lighted

poi'tions of the leaves ; the border of the starch on the side opposite

the paper was again sharply defined in many places by veins.

W^e may hence assume, that in all the experiments of the second

group, in which the result was negative, starch had been formed

exclusively at the expense of the carbon dioxide, resulting from the

respiration of the parts of the leaf under the mercury, which carbon

dioxide had been transported a certain distance to those parts, which

were exposed to light.

In this case the supply of carbon dioxide from outside was
prevented by the mercury, which also kept off the light. The re-

spiratory carbon dioxide could therefore not be immediately reduced

on the spot, but could spread and thus reach the lighted portions of

the leaf in fiiirly large quantity. It should further be noted, that the

epidermis of the darkened leaf-fragment was closed hermetically by
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the mercurv, so that tlie carbon dioxide formed could not escape

from the leaf, but had to move sideways.

The question now arose whether this closing of the epidermis

was a necessary condition for tlie success of the experiments. From

the nature of things this might be considered probable, for otherwise

the respiratory carbon dioxide would follow the line of least resistance

through the stomata and epidermis. Experiments made with this

abject in view have completely confirmed this opinion. A leaf of

Dahlia YuavezU was introduced into the apparatus first described,

with its apex in the small bell-jar without caustic potash. One

longitudinal half of the apex was uncovered, but to the other half

a strip of black paper was fastened, by which a transverse strip of

this half was darkened; this strip measured 17 mm. from the mer-

cury in the direction of the tip (exp. XLIl). In the same leaf it

was therefore possible to com|)are : a lighted portion adjoining a

darkened one, the epidermis of which was shut off by the mercury;

and a lighted portion adjoining one darkened by paper, the epidermis

of which was therefore not shut off. A starch zone was indeed

formed along the edge of the mercury, but not aloJig that of the

black paper. When tlie experiment was repeated (exp. XLIII), with

the portion of the leaf under tiie paper smeared with a mixture of

cocoa-butter and wax (according to Stahl), the result was quite

different. This mixture is known to close the epidermis almost

completely to carbon dioxide, and the well-known starch zone now
also appeared at tlie edge of the paper.

The use of cocoa-wax finally led to some experiments which may

be called extremely simple, and which once more confinned the

result obtained.

lieaves of Aescnlvs Pavia (exp. XLIV) and of Juijlans regia {exp.

XLV), free from starcii, were completely covered with cocoa-wax,

in which condition, according to Staiii/s experiments, extremely

little or no starch is formed during exposure to light in the open air.

The leaves were, however, exposed 1<» the light by Mr. Zut.stra

after they had been partially covered with black paper or tin-foil,

and now, as was to be expected, black borders of starch were formed

along the edges of the paper and of the tin-foil.

A rather pretty inodification of these experiments was finally

obtained l»y using variegated loaves, of which the colourless portions

were quite white, and di<l not Ihcroforc coulnin any cnrofin, by

means of which carbon dioxide might be decompo.sed, even in the

at)«em*e of chloroiihyll. It is further ncc(;ssary that such leavers, in

order to bo suitable for the experiinonls in ({ucstion, should possess
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in their colourless parts a well-developed parenchyma, capable of

producing by respiration a proper amount of carbon dioxide. If such

leaves, after having been freed from starcii, are smeared with cocoa-

wax to prevent the escape of the carbon dioxide formed by respiration

and are exposed to the light, borders of starch are developed in the

green portions, at the edge of the colourless patches, in the same

way as in the earlier exj)eriments, but without any portion of the

leaf having been darkened. Such experiments were performed with

leaves of Cornus tartarica and Elaeai/nus Fredericl (exp. XLVl)

and the best result was obtained with Pelargonium zonale {Mad.

Salleroi) (exp. XLVII).

It appears from the above, that in all the leaves investigated a

transport of carbon dioxide was possible to a greater or lesser extent,

and that this might lead to starch-formation in the portions of the

leaf exposed to the light. The experiments were aiTanged in such a

manner, that this starch-formation generally showed itself in more

or less broad strips of the leaf. But the carbon dioxide whicli led

to the formation of these starch strips was found to be of dual origin.

In the majority of the leaves investigated, and in all the experiments

of the various tables, except those of table 2, we had to assume,

that the starch strips were exclusively formed at the expense of the

respiratory carbon dioxide, which had been formed in the neighbouring

darkened portions, iiermetically shut olf by mercury or by cocoa-wax.

In the experiments with water plants, mentioned in table 2, the

respiratory carbon dioxide must no doubt have also contributed to

the formation of starch borders. These experiments did show, however,

that another source of carbon dioxide also cooperated, namely the

supply of carbon dioxide, which had been added to the air surrounding

the leaf-base, which was absorbed by this base, and which was trans-

ported through tiie 3 cm. long portion of the leaf under the mercury

into the space free from carbon dioxide, and was assimilated there.

In other words: in most leaves, of Monocotyledons as well as of

Dicotyledons, only a very limited transportation of carbon dioxide

is possible. But in these leaves one has an excellent method for the

study of this transportation, by utilizing the respiratory carbon dioxide

of the adjoining parts.

In a few parallel-veined leaves of water plants on the other hand,

a much wider transportation is possible, which can be demonstrated

with the relatively rough apparatus employed.

The question now arose, how these two varieties of carbon dioxide

transportation must be imagined and on what the ditference of the

two categories of leaves referred to, depended.
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Mr. ZiJLSTRA succeeded in giving a complete account of these

phenomena by the study of the anatomical structures of the various

leaves used in the experiments.

The speaker begins with those cases, constituting the majority, in

which starch-formation only took place at the expense of the

respiratory carbon dioxide.

Tlie carbon dioxide of respiration, produced by the living cells,

will of course diffuse into the intercellular spaces, and as these are

connected up for longer or shorter distances, we may indeed assume

that a transportation of carbon dioxide will in the first place take

place by diffusion along this route.

Further we must consider, that the veins generally have far fewer

intercellular spaces than the parenchyma; indeed, they may have

none at all.

In this connexion a fact deserves notice, to which repeated attention

has already been drawn in the above, namely, that the starch strips

were generally sharply defined by veins on the side opposite to

the carbon dioxide supply, so that it gave the impression, as if these

formed a barrier across which the starch-formation could not

extend. The edge of the starch strip was therefore frequently toothed

in an irregular manner. In the Dahlia leaf, vvhich is coarsely

reticulate, the strips of starch came out largest in all experiments

;

especially in those places where the veins happened to be a little

more remote from the border-line between carbon dioxide production

and carbon dioxide consumption, the starch had spread furthest, and

then there was often no sharp delimitation. In leaves with very fine

nreshcs between the veins, such as those of Aesculuti and Acer, the

starch zones were correspondingly narrow.

In parallel-veined Monocotyledonous leaves on the other hand,

as for instance in the experiments with Acorus, Zea, Hordeum,

Triticum and Tradt'scanfin, there was no relation between the edge

of the starch strip and the small transverse veins. On the contrary,

in these leaves the starch strip was generally seen to be straight on

the side facing the apex of the leaf and not sharply defined; it faded

away gradually, albeit fairly rapidly.

These observations led to an anatomical investigation of the various

leaves used in the experiment.s, especially with a view to answering

the question, to what extent their veins, in the absence of intercel-

lular spaces, fornKMJ barriors, across which tin; carbon dioxide could

not move at ail, or only very slowly. Should this really prove to

he the caM* with the halves eniployetl, then the simplest inlcrprelation

of the ohMcrved facts would be, that the carbon dioxide can indeed
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be readily distributed through the intercellular spaces by diffusion,

but that this distribution can be limited by the wholly or partially

closed tissue of the veins. In that case one would come to the con-

clusion, that such leaves are divided up by smaller and larger veins

into areas, within which carbon dioxide transportation can readily

take place. The passage from any one such area to another is

difficult however, or quite impossible. The distance across which

carbon dioxide can be transported in such a leaf will therefore depend

very largely on the average size of the transport areas in the leaf.

The anatomical investigation showed, in the first place, that in the

case of net-veined Dicotyledonous leaves, the conception which

has been worked out above, completely explains the phenomena

observed. Mr. Zijlstra indeed found, that in these leaves veins, which

take up the whole thickness of the leaf, are devoid of intercellular

spaces. A leaf such as that of Dahlia, in which similar transverse

veins occur only at comparatively long intervals, will have large

transport areas, and will be able to form relatively wide strips of

starch. On the other hand in leaves like those of Acer and Aesculus,

in which numerous vein branches occur close together, and take up

the whole thickness of the leaf, we can only expect to find narrow

starch strips such as indeed occur.

The transport areas, even in the Z)a/i//a leaf, which is in this respect

in the most favourable condition among reticulate leaves, are neverthe-

less very small, certainly much smaller than 3 cm. in diameter,

as simple inspection of the leaf shows. It is therefore evident, that

in the first apparatus, in which the part of the leaf under the mercury

measured 3 cm., these leaves were bound to give negative results,

as regards the conduction of carbon dioxide supplied to the leaf base.

In all experiments with these leaves, an idea of the carbon dioxide

transportation could, however, be obtained from the starch-formation

which took place at the expense of respiratory carbon dioxide,

derived from other parts of the same transport area. It is also

evident that in these leaves the edges of the starch strips must often

follow the irregular course of the veins and must suddenly cease at

the veins. Only in those cases, in which only a small portion of the

leaf area was in the dark and so could produce but little carbon

dioxide, it might be expected that the large lighted portion could not

fill itself completely with starch, and that the edge of the starch

strip would not be sharp. Places in which this could be observed,

were indeed pretty frequent in Dahlia leaves.

An important question now arose, as to the condition of the various

parallel-veined leaves, which, in the experiments described above,

45
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also formed rather narrow and not very sharply defined starch strips.

As regards the grass leaves of Hordeum, Tritlcum and Zea Mays^

the transverse veins, which connect the longitudinal veins, are here

indeed insignificant ; the vascular bandies by no means fill up the

whole thickness of the leaf and much parenchyma remains above

and below. Investigation showed, however, that in transverse section

the intercellular spaces of this latter parenchyma are very narrow,

although they extend pretty far longitudinally. When passing through

this parenchyma above and below the veins, the carbon dioxide is

therefore checked very much more than in the general parenchyma

between the veins, and its course must be much less rapid, although

it is not stopped completely. In accordance with this, only narrow

starch strips were formed in these leaves in the limited duration of

the experiments, which lasted generally for 6, or at most for 7 hours.

In other words, the carbon dioxide transportation was very limited,

so that a transference of carbon dioxide across a greater interval

than 3 cm., in the apparatus first described, was an impossibility.

The transverse anastomoses of the veins did not however, sharply

define the starch strips.

The leaves of Acorus and Tradescantla behaved similarly in the

experiments performed. In the green parenchyma of ^C07'w.s' on 1}^ small

intercellular spaces occur and here some veins moreover take up

the whole thickness of the leaf, the colourless central parenchyma of

the leaf contains it is true many large spaces which extend longi-

tudinally, but at frequent intervals they are shut off by transverse

cell-layers, diaphragms without intercellular spaces. Lastly Tradescantla

has a very spongy assimilating tissue, but in it many vein-anasto-

moses (jccur, which only have minute intercellular spaces. In these

cases too therefore the agreement between the anatomical structure

and the experimental result was sufTicient to warrant the acceptance

of the above view.

Finally the question arose how the intercellular spaces are distri-

buted in the leaves of Pontederia, Eucomis and Eichlwrnia, which,

«8 is evident from the experiments of table 2, are much better

adapted for carbon dioxide transportation, so that in the a|)paratus

employed this ^as coidd he carried from the leaf base to the aj)ox.

The anatomical investigation of these leaves yielded the following

result. The leaf of J'Jucomvt is parallel-veined, the whole of the

leaf-paronchyma is very spoiif^y, and the longitudinal as well as

the transvcrso veins are very insignificant, so thai curbon dioxide can

everywhere pass freely. There are still bcttei- gas passages in the

curved-veined leaves of Eichlwrnia and Pontederia. In both these
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species the parenchjina contains air-channels, running continuously

from the base to the apex and taking up from one third to one half

of the area of a transverse section. In these channels there are, it is

true, diaphragms of one cell thick, but these are themselves also

provided with many wide intercellular spaces.

It is therefore merely a matter of course, that in these leaves

carbon dioxide can be carried over much larger distances; indeed,

it is clear that this carriage could extend from the lowest part of

the base to the very tip, given a sufficient duration and suitable

arrangement of the experiments.

It is likewise quite natural, that no veins form a sharp boundarj'

to the starch strips on the side towards the leaf apex.

These observations therefore also completely confirmed the view,

that the above conception of carbon dioxide transport in leaves is the

correct one.

At the same time it will be clear that fundamentally this repre-

sentation is the same for all the leaves examined. In net-veined

leaves the transport areas are small and very sharply defined; in

the parallel-veined leaves of Grasses, Acorus and Tradescantia

they are small but less sharply defined; in the leaves o^ Eichhoraia,

Eucomis and Pontederia the whole leaf is one transport area. If it

were possible to make experiments with the two first-named categories

of leaves in an apparatus of the first type described, but of much
smaller size, positive results as regards carbon dioxide transportation

would then be obtained as readily as has now been the case with

leaves of the third category only.

Lastly there is the question over what distance the carbon dioxide

transport can extend in various leaves.

We have seen that in Eucomis, Pontederia and Eichhomia carbon
dioxide can be transported tiirough a piece of leaf 3 cm. long under
mercury and then even 1.5 cm. farther through the apical portion,

which was placed in air, free from carbon dioxide and of which the

stomata were closed. As has already been said, we may assume that

this distance is by no means the maximum one, but that it might be
increased at will, on condition that the duration of the experiment
were also increased as much as possible.

In all the other leaves, however, it was found that the carbon
dioxide could not reach the apex through the 3 cm. long portion.

With some of these leaves experiments were now made in order to

determine the maximum distance, through which carbon dioxide could
be transported during the course of the experiment. These experi-

ments were arranged as follows. The leaves, freed from starch, were

45*
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completely covered with cocoa-wax and then, here and there, with

strips of paper of various widths ; between these strips portions of

the leaf remained exposed to the light.

Borders of starch were then formed along both sides of the black

strips of paper, since the respiratory carbon dioxide, formed under

the paper, escaped on both sides. The width of these starch borders

was slight in the case of the narrowest strips of paper, because

beneath these but little carbon dioxide was formed ; it increased

with the width of the strips and of course reached its maximum as

soon as the half-widtli of the black strip of paper corresponded

more or less to the maximum distance through which carbon dioxide

could pass during the time of the experiment. The half-width of

that strip of paper, at which the starch borders just reached their

maximum width, was therefore a measure of the distance through

which the carbon dioxide in the leaf could pass under the given

conditions.

Such experiments were tirst made with parallel-veined leaves, in

which the carbon dioxide transport was only limited by the small

dimensions of the intercellular spaces. The result was, that in Triticum

(exp. LVII) the carbon dioxide could be transported in 6 hours over

at least 2.5 cm., in Acorus (exp. LVIII) in 6 hours over rather

more than 1 cm., in Tradescantia (exp. LIX) in 5 hours over less

than J.5 cm. There is every reason for the assumption, that in

these leaves, in experiments of longer duration, somewhat higher

values might have been obtained.

In net-veined Dicotyledonoux leaves the case is somewhat different,

for, as we have seen, in consequence of the absence of inter-

ccilular spaces from veins of a certain order, the carbon dioxide

transportation is strictly limited to definite areas, the size of which

may be very different in different leaves. If these areas are minute

we observe with the narrowest strips of darkening paper also the

maximum width of the starch borders, the absolute dimensions of

which arc likewise minute.

This was the case in JiKjlans, Aesculus and Tilia, in which the

distance of the transport could not be a,ccurately determined, but

certainly did not exceed 2—3 mm.
In Dahlia and in Siiinbucus the transport areas referred to are

relatively very large, the starch borders along the narrowest strips

of paper arc narrowest, and they increase to a certain maximum
width along the wider strips. Here, however, this method cannot

give very accurate results. For if a transport area is darkened over

its greater part, then much carbon dioxide is indeed formed in it,
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but this can only cause starch-formation in a small part. Conversely,

if only a small part of the area is darkened, the starch-formation

can be observed at a relatively large distance, but then too little

carbon dioxide is formed in the small darkened portion to give rise

to starch-formation in the more distant parts. With this reservation

an experiment may be mentioned, which was made with the leaf

of Dahlia {Cactus) TkuriiKjla (exp. LX), with the result, that the

carbon dioxide can here be carried over through at least 0.5 cm.

In sunnnarizing his communication, the speaker points out that

Mr. ZiJLSTRA has shown that transport of carbon dioxide is possible

in all the leaves examined, and that it takes place through the inter-

cellular spaces. The transport is completely dependent on the size

and extent of these spaces in the leaf.

In some parallel-veined leaves, such as those of Eichhoimia, Pan-

tederia and Eucoinis, the intercellular spaces are very wide and

extend in an uninterrupted series throughout the whole length of

the leaf. By the use of suitable apparatus the leaf base can be made

to absorb carbon dioxide, whicli moving on through the intercellular

spaces by diffusion can give rise to starch-formation a comparatively

long way off in the leaf apex, when the latter is exposed to light.

In the great majority of leaves however, carbon dioxide transport

cannot be shown with the relatively crude apparatus employed. In

such leaves the carbon dioxide transport can be studied by another

method, which utilizes the fact that respiratory carbon dioxide, which

is formed in a darkened and shut off portion of the leaf, can diffuse

from there through the intercellular spaces to neighbouring lighted

portions of the leaf and can there cause starch-formation.

Such leaves possess limited transport areas, which are formed by

spacious and connected intercellular spaces, and which are either

connected at their margins through much narrower intercellular

spaces, greatly retarding carbon dioxide transport {Grasses, Aconis,

Tradescantia) or the areas are completely cut off by veins, which

have no intercellular spaces (net-veined Dicotyledonous leaves). In

these leaves with limited transport ai-eas a carriage of carbon

dioxide over a distance of from 2—3 mm. to at most 2.5 cm. is

possible.

Finally the speaker draws special attention to the impossibility of

carbon dioxide transport being of any advantage to the plant in

nature, in the first place, because this transport is so extremely

limited in the majority of cases, and in the second place especially

because for transport it is necessary that the conducting part should

not itself assimilate, and also, that the epidermis should be impervious
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to carbon dioxide. These conditions will doubtless never be fulfilled

in land plants, in water plants perhaps very exceptionally.

It has therefore been established by Mr. Ziji.stra's investigations,

that the speaker was wrong when, in his above cited paper, he

came to the conclusion, that a leaf or leaf fragment cannot form

starch in a space free from carbon dioxide, when parts organically

connected with it, or even immediately adjoining it, are placed in

an atnosphere very rich in carbon dioxide. Mr, Zijlstra's results are

however, in complete agreement with the main result, formerly

obtained by the speaker, according to which the carbon dioxide of

the soil, even if it should be absorbed by the roots, cannot appre-

ciably contribute to the synthesis of organic matter in the leaf.

Groningen, January 29'^', 1909.

Microbiology. — ^'Investigations on the subject of dinnfection".

By Prof. C. Eijkman.

Last year 1 communicated results of experiments ') from which it

appeared that the resistance against high temperature of bacteria

of the same pure culture is individually very different. While for

example the majority die off in a few minutes, some may remain

alive after ^j^, ^j^ hour, etc. If the times are noted on the absciss

and the corresponding numbers of survivors are drawn to it as

ordinates, we get as "curve of survivors" a line which in general

has the form of a X. In a slow process, as it occurs when the

mortal temperature is taken relatively low, the lirst part of the curve

shows itself clearly as an horizontal line and therefore represents a

latent stage of incubation. Notwithstanding this the period within

which the first half dies off, is much shorter than the following, in

which the second half passes away.

In a quick process, as is observed when the temperature is far

above the physiological limit, the duration of the incubation will

become so brief that it easily escapes notice. In connection with the

inevitable circumstance that the number of observations in this kind

of experiments cannot bo increased arbitrarily, but is confined within

a rather definite period, the curve may, instead of the \ form,

assume the siiape of a ^.
The latter has also come to light in investigalions published the

other day by Maiwkn & Nyman, ') which ditfercd from mine in so

*) biochem. ZeilMchrift, Bnd. Xi, Hft. 1—^, Festband Dr. II. J. IIamuuroer

gewidmet.

» 7 ' H-/. u. lijf. ICi. iJnd. LVH.
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far as they were not made in vegetative forms of bacteria, but in

(anthrax) spores and that the dying off for the greater part was not

brought about by heat, but by a chemical means of disinfection,

viz. sublimate.

The said investigators think that they are able to give a mathe-

matical formula for their curve. They assert namely that the

same formula is applicable here, which holds good for the so-called

monomolecular reactions, e.g. for the inversion of cane-sugar by acid:

dx
-=i:(a-.).

In this formula a represents the number of living anthrax spores

that was originally present, x the number that has died off after

a space of time t, and K a constant, expressing the velocity of

reaction, i. e. the velocity of disinfection. In other words this formula

means that during the entire process the number dying off at any

moment, is in a constant ratio to the number of living individuals

present at that moment.

Therefore this K would yield a very suitable measure to judge

about the action of a disinliciens under certain circumstances (of

temperature, concentration, etc.). A much better measure than the one

customary up till now, viz. the space of time necessary to destroy

all germs. For it follows from what precedes that this space of time

is to a high degree dependent on the number of germs which in the

experiment has been started from. With this number the chance

increases that there are some among them which otter resistance

extremely long. On the other hand K is not to that degree dependent

on the number of germs used in the experiment *) and in order to

calculate it, the experiment need not even be continued till all germs

have died off, but two determinations of x at arbitrary points of

time would sufHice.

For

These experiences of Madsen and Nyman have been not only

corroborated by an English investigator. Miss Harriett Chick '), for

anthraxspores and sublimate, but she has stated a similar course of

the curve also for the action of three disinfectants on vegetative

^) Our experiences render it probable that a great number of germs per unit of

volume somewhat retards the process of dying off.

'-) See the text-books about physical chemistry.

^) Journal of Hygiene, 1908.
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forms of bacteria, only with this deviation that towards tlie end

the velocity of reaction was decreasing, instead of remaining constant.

On the score of her experiments she is inclined to attribute this

deviation to a difference in resistance between the individuals of

various ages in the same culture. There would exist, as it were, an

old and a voung generation by the side of each other, the latter of

which dies off slowest. Such a difference in connection with the age

does not exist in spores to the same degree.

Of the curves published by me, it is, however, not only the tail,

but also the head that shows a deviation. The course is here, still

apart from the incubation, much slower than according to the

formula. At the most the middle part is, stating roughly, in accord-

ance with it.

Meanwhile it seems to me that this kind of investigations is hardly

fit for a mathematical treatment.

Madsen &; Nyman, for example, avail themselves of means, resulting

from numbers of three values found, which deviate 25 "/o ^"d more

from these means.

An example from many ^)

:

found: 193, percentage of the average: 74.5

„ 330, „ „ „ ,. 127.4

,, 254, ,, ,, ,, ,, yo.l

average: 259 100

And if the numerical results of Miss Chick are looked at somewhat

more closely, they, too, do not appear to be more exact. Sometimes

the errors in the observations are so great that, instead of the expected

gradual decrease, here and liiere an increase of the number of

survivors was in course of time to be noted*).

It may be called objectionable, as Madsen &, Nyman do, to rid

oneself of the deviations between Ihe numbers determined experiment-

ally and those calcidated according to (he formula, by remui'king:

"Wenn man die grossen Versuchsfehler, die an dieser Art von Unter-

suchungcn kicben, in Betracht ninnnt, ist die Uebereinstimmungeine

recbt gute". It is true, a line may be drawn between a number

of points determined cxj)erimentally, leaving one [)oinl to the left,

another again to the right, but when, as is not very seldom the case

here, the doviations from the regularity are considerable, imagination

and arbitrariness will get too large a sco[)e to ins[)ire confidence in

Ibe correctness of a curve construed in this way.

>) 1. c Table XII.

>) 1. c. Table 111 and X.
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Seeing that my results did not well agree with those of the above

investigators, and this difference might possibly be based upon the

fact that the dying off of the microbes was brought about by heat

and not by chemical means, I have extended the investigation in

this direction. Again bacillus coli communis was made use of, a

bacterium forming no spores, while as disinfectant was used phenol

in a concentration of at most 1 Vo. generally only Va "/o- The use

of higher concentrations would make the process of dying off pass

so quickly, that the time for a sufficient number of determinations

would be too short, and among others the stage of incubation, if at

all existing, would easily escape observation.

In order to have no great differences between the individuals and

accordingly to render the conditions as little complicated as possible,

as a rule a fresh (broth) culture, only a few hours old, incubated at

37°, was taken for the experiments, which culture, in its turn, had

also been obtained by inoculation from a fresh culture. For the same

reason the broth culture was slowly moved to and fro in a tube

specially made for this purpose, which in an apparatus moved by a

time-piece had been placed in the thermostate. Consequently all

individuals were in well nigh equal conditions of development, so

that the results of the experiments were more likely to be equivalent.

Before we used the culture for the experiment, it was centrifugal ized

in order to remove the clots of bacteria, which were probably to be

found in it and for obvious reasons would have a disturbing effect.

Besides it was strongly diluted (Hh 1000 timesj with physiological

common salt-solution. It would be necessary, in order to prevent

sowing too many bacteria, to take of the non-diluted broth culture

such small samples that, in measuring these, inevitably relatively too

great mistakes would be made.

The vessel with the diluting fluid, provided with the necessary

quantity of the disinfectant, had already beforehand got the required

temperature in a waterbath with a toluolregulator and an automatic

stirring-apparatus. After the inoculation with the broth culture the

mixture was constantly kept in motion by a glass stirrer, in order

to make the disinfectant work as equally as possible upon all germs.

As it is of great importance, to take the samples in rapid succession

and just in time, I availed myself for this purpose of a peculiar

kind of pipettes, which in case of immersion fill themselves automati-

cally to the required height, so that the measuring, which takes

up so much time, was avoided. The samples were put in Petri-scales

and sown in melted, lightly alkaline reacting meat-agar. The develop-

ment took place at 37°. The phenol put in the culture-plate together
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with the samples was bound by the alkali and, also because the

the quantity was relatively small, it did not disturb the development

of the colonies, as appeared from control experiments.

In the graphical representation of the results, to render a mutual

comparison easier, a number of 1000 living germs has been started from

and the values found experimentally have been reduced accordingly.

As proceeds from the figures, the type of the "curves of survivors"

is in our disinfection-experiments with phenol quite similar to the

one which was found in dying off by heat; very clearly the \.

form is again to be recognized in it.

Bac. coli

1000

c
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As ill our former experiments, when the bacteria were killed by

heat, we now also experienced, while using phenol as a disinfectant,

that, though cultures of one stock are used at every time, yet we did

not succeed in coming to somewhat equal results. This is taught by

a look at fig. 1, in which a number of eight curves have been drawn,

referring to experiments, made at different times each with fresh

cultures of the same colistock. The concentration of the plienol and

the temperature at which the disinfection took place, were in all

cases the same and yet for the greater part quite different curves

were obtained.
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ence of some factor or other, as, the concentration, the temperature,

on the course of the process.

Madsen & Nyman and also Miss Chick derive from their obser-

vations that the influence of the above factors may likewise be

expressed in formulas. Thus the well-known formula of Arrhenius

in which the relation between temperature and velocity of reaction

is expressed, would also hold good in this connection. It seems to

me, for reasons already mentioned, to be prudent not to follow them

on this path. Therefore we refer, with regard to the points meant,

to the figures 2 and 3, without commenting on the subject.

Geology. — ''On a long-period Variation in the Height of the

Ground-water in the Dunes o/^oZ/dTic/." By Prof. Eug. Dubois.

(Communicated by Dr. J. P. van der Stok).

Unmistakable and obvious is the lowering that the height of the

ground-water in the dunes of the provinces of North- and South-

Holland has undergone in consequence of the lowering of the level

of the water at their east border (the making dry of the Lake of

Harlem and of a large part of the IJ) and of deep cuttings in the

dunes themselves (North-Sea Canal), furtheron, not less, by the

collecting of large quantities of water supplies for some cities and

towns.

From these causes there resulted a lowering which may be called

a permanent one, inasmuch that soon they have brought about a

new state of equilibrium with the supply by tiie part of rainfall

which soaks in, and the flowing oif. This really did take place in

each case in which certain limits were not transgressed and as long

as the collecting of water did not increase.

Side by side with these artificial changes of the height of the

ground-water in the dunes, there exist also changes by natural, viz.

cliroatal causes. These, in this as in other cases, are not continuous,

but they do occur in periods. Indeed, in the latest historical past, as

far OS data are available, very clearly dry and wot epochs alternate

with one another.

The Commission which, in 1891, inquired in the supplying of water

from the dunes to Amsterdam pointed out, in their report, (hat from

1849 till 1856 there was a period of much rain, from 185B till

1868 a dry period, again followed by tiie rainy years of 1HG9 till

1882. They showed also (for Utrecht) that under the combined in-

fluance of rainfall and evaporation such wet and dry epochs are
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found, with maxima about J 855—56 and 1882—1883 and a mini-

mum about 1869—70.

In his "Hyetography of the Netherlands" Mr. Engelenburg *) inquires

if there exists any relation between sunspots and rainfall. He finds

that we can admit that such a relation, if it exists at all, does not

appear very distinctly.

It is the merit of Dr. Laurens Vuyck, in his elaborate treatise on the

vegetation of the dunes, ') to have submitted the problem of the

change of height of the ground-water in the dunes, as it also appears

from older writings, to a close investigation. He however thinks of

a progressive drying up of the low places in the dunes, having

slowly taken place from as long ago as the end of the eighteenth

century. From a careful consideration of the problem he arrives at

the conclusion that the cause can only be found in a continuous and

imperceptibly slow filling up of those low places with eolian sand.

The earliest intimation of the dunes drying out, which ought once

more to be quoted, is from the end of the 18'^ century. In the

report of a committee from that time to the Government, the reporter,

Jan Kops ') makes mention of the fact, that at the time of his

inquiry, in 1797, ihe obstacle to the culture of the dunes arising

from an excess of ground-water has been removed for a great

deal. "In all our inspections, in the North as well as in the South,

the most experienced people told us unanimously that during the last ten

years, from year to year, less and less water than before is found

in the plains amidst the dunes. They showed us places which for-

merly stood two or three feet under water and became extensive

icefields for winter-sport, but now were only somewhat muddy in

winter. In other plains, only four years ago, there stood still water

in spring, from which nothing now is to be seen, and so it is with

almost all the dunes. This particularity has raised our highest atten-

tion and surprise, as on account of the well known and alarming

rising of tha level of our rivers and inland water, we should expect

the sinking down of the water of the dunes to be checked and
prevented by it. Nobody was able to explicate to what cause this

decrease of the dune-water should be imputed and we too could not

trace out the true cause of it. But where it is to be sought for, this

circumstance is most favourable for all following undertakings in the

dunes." (p. 114 and 115).

1) Physical Transactions of the Kon. Akad. v. Wet. Amsterdam 1891.

2) Laurens Vuyck, De plantengroei der duinen, Leiden, 1898.

') Rapport van de Goramissie van Superintendentie over het onderzoek der

Duinen van het voormaalig Hollandsch Gewest. Leiden 1798/99.
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So it cannot astonish us that in 1805 A. P. Twent^) makes mention

of great dryness, making the birches in the plains amidst the dnnes

die at the tops, and_^that for three years there had been no water

in places where in earlier times it always had been found, even in

summer. "Considering that the sea does not be lower now than before,

as shown by all circumstances, of which not the least certain

is that the outlets of the inland waters are not improved in this

part, this matter deserves double consideration by the naturalists".

In 1816 and still in 1823 a quite different state of things prevailed,

as appears from the prize-essay on the making accessible of the valleys in

the dunes along the coast of Holland by D. T. Gevers, ') an answer to

the question : where and how to drain the water from the plains

in the dunes and at the same time facilitate the access to them, in

order that they may no longer lie useless and uncultivated. This,

namely, was imputed for the most part to the want of the necessary

evacuation of the water. This inconvenience then was very great,

and its removing indeed was the chief purpose of the large treatise.

Concerning a following dry period in the dunes no direct infor-

mation has come to my knowledge. It appears however that from

1831 till 1840 the rainfall at Zwanenburg (Halfweg), that is very

near the dunes, has been considerably below the average. ')

Certainly the level of the ground-water in the dunes of the com-

munes of Zandvoort, Bloemendaal and Velzen, as well as in the dunes of

the province of South-Holland (of. Vuyck, 1. c. p. 184) was very high

about 1845, so that for instance people skated in the dune-plains

near Zandvoort.

On the contrary, about 1860, the ground-water in the dunes stood

only little higher than in the present period which is get very dry ; the

water holes which contain now but little water were sufficiently but not

abundantly provided. Though after J 858 the water supplies to

Amsterdam, from the dunes, became less than in the former years

and remained so till 1864, yet it was necessary to make new water

collecting canals.

Then again follow.s a wet period, (hniii^ which many plains and lower

places in the dunes bcciinic marshy or were drowjiod in winter,

frequented by a number of waterfowl (ducks, pool-snipes) and in some

spots remained occupied by water even in summer, so that water-

*) Waadding luutr de Zeeduinen van Wassenaar tot digl uan Schevcningen, p. 5.

*) D. T. Gbvbbs. Vcrhanr|r>ling over bet tocgangbaar maken van (h; (iuinviilleion

Uuigf de kuft van iiulluiid, uilgeguven door de Maatscbappy Icr bcvurdcring vau

den Laodbouw te Aimtlerdam opgcrigt. Dec! 18, Amsterdam 1826.

*) NederUndMh Meteorolugivcb Jaarbock voor 1878, p. 288.
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plants could flourish tliere. And such a state of things obtained

in all the dunes, outside the influence of the large water works,

arriving at a maximum about 1880.

A few years later the present dry period commenced, by which,

also independently of each artificial cause for a lowering of the ground-

water in the dunes, its height decreased so much that in the present

winter water is only found at 2 M. below the level surface of plains,

which about 1880 were flooded in winter. Certainly no less than

2 to 27^ M., in some places probably more, the ground-water is

now lower, by nalural causes alone, than it was in those wet years.

The periodical changes of the level of the ground-water in the

dunes, thus appearing during more than a century, agree in striking

conformity with Ihe thirty-five-year period discovered by Prof. Ed.

BRtJCKNER, according to which, in almost all the countries of the earth, the

rainfall and the height of the water of lakes changes. Really between

1786 and 1805 a dry period occurs (for the Netherlands too this

appears from the rainfall as determined at Zwanenburg). So in the

beginning of the 19^'' century a minimum of rain and the lowest

watermarks were reached. Then follows an epoch of much rain

between 1806 and 1825, again a dry period from 1826 till 1840,

a new period of nmch rain from 1841 till 1855, a dry period from

1856 till 1870, with a minimum about I860, the latest period of

much rain from 1871 till 1885, with a maximum about 1880, finally

again a dry period, with a minimum about the end of the nineteenth

century. A few years ago we still were in this dry half of the cycle.

Since, some years ago Dr. William J. S. Lockyer M proved, that in

the amount of spotted area of the sun also, a thirty-five-year period

could be traced, from 1833 till 1900, the discovery of Brijgkner surely has

still gained iu importance. On the other hand we now understand better

what may be the cause of the few temporary or lasting deviations

of some countries. If the better insight we now have got in the

cause of the phenomenon discovered by Brijckner is well adapted to

increase our confidence that we have to count with it in future, we
also need not suffer ourselves to be prevented from this by the

deviations in question.

Lately, from the extensive study of the rainfall in Germany by

Dr. G. Hellmaimn *) and its discussion by Bruckner '), it again appeared

how in our vicinity wet and dry periods, and pretty well simultane-

ously with those in the dunes of Holland, alternate with one another.

1) Proceedings of the Royal Society. Vol. 68. (1901). p. 285—300.
2) Die Niedeischlage in den norddeutschen Stromgebieten. 3 Bande. Berlin, 1906.

^J Meteorologische Zeitschrift. Wien 1906, p. 565.
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In the accompanying (able I tried to make clear the alternations

of dry and wet periods of rainfall for some stations in the Netherlands,

by the decadal sums, progressing from year to year, according to

the method made use of by Bruckner. In the first place we take

Maestricht having the most continental situation of all the meteoro-

logical stations in the Netherlands with many years' determinations of

rainfall, and being nearest to the basin area of the lower~Rhine in

Gennany (Cleves, Bonn, Triers, Nancy), then Utrecht as intermediate

between that station and Helder and Leiduin, which most of all the old

stations may approach to the conditions obtaining in the dunes. The

fifty-years' average rainfall of the three lirst-named Dutch stations

is computed over 1859 till 1908, the average of Leiduin over 49 years

only, beginning with 1860, the averages for Germany are over the

years 1851 till 1900. The double years indicate the middle of each

decade.

Now, what we observe is a close agreement and conformity to

the rule of Bruckner, generally, till 1882. In the last (dry)

period, Jiowe\er, Helder and, in a still higher degree, Utrecht

showl important deviations. Maestricht, on the contrary, agrees very

well
I
and ;Leiduin tolerably with Germany and at the same time

wUh by far the majority of all the countries of the world. Also after

1896, till 1900, also in the basin of the lower Rhine in Germany,

just as at Maestricht, the rainfall remains considerably below the fifty-

years average. About the beginning of the twentieth century the expected

change took place every where. In the lower basin of the Rhine in

Germany the rainfall in the years J 896 till 1900 exceeds the fifty-

years' average by 4, 8, 10, 6 iind 4 7o» *"J •" the latest lustrum

the rainfall at Maestricht was nearly 10 7o above the average, but

not 80 at the three remaining stations, where deficits of 5, 11 and

12 •/• were observed, the wet period evidently not yet having com-

menced. On account however of the agreement with regular regions,

dttring 80 long a time, as well as of the circumstance, that anticipation

or retardation of an epoch is accustomed to bo regained in the next

pfrricKl, the probability must not be called small, that for the whole

of the Netherlands an epoch of increased rainfall and of higher

gmiirtd-wator levels is at hand, and that especially in the dunes too

the gronnd'Water will soon be rising.

Undoubtedly not only the annual raiiitull, but also the evaporation is of

conHOf{iien('e for that rising. But wc know (hat evaporation is relatively

Bmnll in |)erio<lK of much rain an<l that, generally, (he groun<l-water

riHOH and falls with the amount <)( rainfall.

VariatioiiK In the rainfall are vc^y strongly indicated by the height
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of the ground-water in tfie dimes. Tliis not only is >a consequence

of this, that water enclosed in sand must rise three tinnes as much

as in an open basin, the supply being equal ; but also of that

circumstance, that the sand in question is particularly loose and

composed of grains with equal dimensions, thus readily absorbing

and giving way to the downfalling water. Further favourable conditions

are that the ground is very uneven, not admitting of superficial

flowing off, and only thinly covered with mosses, grasses, shrubs of

Hippopliae rhariino'ides, Salle repens and Ligustrum vidgare and

with loose-crowned trees, especially birches. Really Mr. de Bruyn

found that, even during the dry years 1895 till 1902, at least half

the rainfall served as a supply to the ground-water *). Moreover

the geological constitution of the dune region, where eolian sand

reposes upon the very little permeable fine clayey marine sands

(Old Sea-clay and Sea-sand of Staring), favours very much the accu-

mulation of the excess of rainfall.

The circumstance that so many low plains amidst the dunes,

having subsisted during centuries, have undergone simultaneously

quite the same up and down variations in the height of the ground-

water, proves, as it seems to me, that we should not, generally,

impute the becoming dry of the dunes to a successively filling up of

those low places with eolian sand.

Another proof of no less strength 1 find in the phenomenon, already

observed and rightly explained by Gevers, that, on the whole, the

surface line of the plains in the dunes runs parallel to the line of

the ground- water, descending toward the sea and toward the polderland.

It is indeed unconceivable that those remarkably fiat and pretty

well horizontal, often very extensive low grounds amidst the dunes,

commonly called in North-Holland "vlakken" and "velden", have

had another origin than the sand being blown off — before the time

that such blowing off was prevented by the planting of sand-binding

grasses — till the level was reached where it was moistened by the

ground-water, raised by capillarity to about thirty centimeters above

its free level. Really we observe, as far as natural influences prepon-

derate, that generally only where the character of the underground

changes, making the water sink down accumulate in such places, in

other places, these modifications in the geological structure modify

the line of the ground-water, but at the same time, in consequence

thereof, that of the surface of the dune plains.

1) Handelingen van het 9de Natuur- en Geneeskundig Gongres, 's-Gravenhage,

1903, p. 148.
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Astronomy. — "0/i the i^'riodlc .solutions of a special case of the

prohletn of four bodies''. By Prof. W. de Sitter. (Communi-

cated by Prof. E. F. van de Sande Bakhuyzen).

The special case considered in this paper is tiiat of a central body

and three planets, or satellites, whose masses are small compared

with the mass of the central body, and whose orbits are all situated

in one and the same plane, the mean motions (in longitude) being

roughly proportional to the numbers 4, 2 and 1. This special case

is realised in nature by the three inner Galilean satellites of Jupiter,

if the inclinations, the influence of the sun and of the fourth satellite,

and tlie compression of the planet are neglected. This latter restriction

is not essential, since the compression does not disturb the periodicity,

provided only the motions take place exclusively in the plane of the

planet's equator.

Neglecting at first the relation between the mean motions, we will

consider the periodic solutions of the problem thus generalized for

the case that the masses of the satellites are zero, i.e. for the unper-

turbed problem. These may be divided into two kinds, analogous

to PoiNCAR^'s well known classification of the periodic solution of

the problem of three bodies. In the solutions of the first kind [sovte

premiere of Poincare) the (unperturbed) orbits of the satellites are

circles, in those of the second kind they are Keplerian ellipses with

arbitrary excentricities.

The solutions of the first kind exist, if the differences of the mean

motions are commensurable, thus

:

Vj — V, = pv, v., — r, = (jv,

p and q being integers, rputually prime. This condition can also be

expressed by saying that the mean motions must satisfy a linear

equation of the form

«»'i + (iv, -f yv, — 0,

where i(, ^i and y are mutually prime whole numbers, satisfying

the relation

« 4- /? -f r = 0.

The mean motions <'an then be expressed thus:

u, = <!, p — X r, = Cj r — X v, = <\ i' — x,

where c^, c„ f, arc again whole numbers. Wo have then:

ar=e, — c, (i = c, — c^ y ~ ' , '

:

/> = <;,—(}, 7 = «•, — r,

Then, if we put

r< = T xi = V,
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and if we count the time from the instant of a conjunction of II

and III, and the longitudes from the common longitude of these

satellites for that instant, we have

A, = C,T — V

A, ^ C,T — V

A, = CjT — V -\- K

After the lapse of the period

T =—
V

the relative positions of the four bodies are the same as for the

instant / = 0, the whole system being rotated in a retrograde direction

througii the angle x7'.

By a reasoning entirely similar to that used by Poincare ') for the

solutions of the first kind of the problem of three bodies, we find

easily that the condition, that these solutions shall remain periodic

if the masses have small finite values, is

K=0° or 180°.

In other words, there must be a symmetrical conjunction or opposition

of the three satellites at the beginning of the period. ')

The reasoning by which the existence of these solutions for small

values of the masses is proved, fails in only one case, viz. when

— ::= or a whole number.
V

This exceptional case is analbgous to the well known exceptional

case for the periodic solutions of the first kind of the problem of

three bodies.

For the special case of Jupiter's satellites we have

«= 1, ^= — 3, y = 2, K=z 180°

A, = 4t — V + 180°

X,=z2r — v

>l, = T — V

T = ^, — A, V z= X^ — 2 P.,

In the system of Jupiter we find that v is small compared with t.

We have roughly (in degrees per day)

:

v = 51°.0571

x= .73^5.

1) Les methodes nourelles de la mecanique celeste, tome I, § 40.

3) See also Leg methodes nourelles, t. I. § 50.



( 684 )

It is owing to this particular circumstance, that the motion of the

satellites can also be considered as a periodic solution of the second

kind, as will now be shown.

In Ihe periodic solutions of the second kind of the unperturbed

problem the excentricities are arbitrai'v, and the mean motions (not

only their differences) aYe mutually commensurable. In other words

we have here x= 0.

If the masses are not zero, these solutions may also remain periodic.

In the perturbed motion we must then distinguish the mean motions

in longitude and those in anomaly. Let
^

^i"
= w,- < -|- lio be the mean anomaly

Xi = Vi t -\- Xi: , , , longitude,

if then jt,- be the longitude of the pericentre, we have

;.,• = li -f m
djti

Vi = «,• -|—— w, z= a V
at

Inquiring into the conditions that these solutions shall remain

periodic for small Unite values of the masses, we find again that

there must be a symmetrical conjunction at the beginning of the

period, i. e. for t = 0. The angles

^10 ^JO ^JO

must all be 0* or 180^. One of the angles //« (e.g. /,„) can always

be made identically zero (or 180°) by a convenient choice of the

2^ro epoch. There thus remain 4 angles, each of which can have

one of two values. We have thus 16 combinations which may a

priori be expected to give rise to periodic solutions.

djti 23r
Now if — were zero, then at the end of the period T=—

dt V

the condguration for / =: would be exactly restored, as it is in the

un[)eriurl)ed problem. It is, however, sullicient to insure the periodicity

dni
of the solution, that the value of integrated over a comploto

dt

period Hliall be the sainc for the three satellites. In addition to the

conditions of symmetry we have therefore the conditions

r 1 1

/dn.
. C d^t , C dn.

^—-*<&=
I
-^dt=\ ^dt=z-xT

dt J (U J <U
(1)

I)

After the completion of llic jxTiod the whole system is then

rotated through the angle — yt2\ us in the solutions of the ilrst kind.
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The mean motions in loiujitmle are tlie same as in the solutions of

the first kind, viz.:

Vi = c, V — X,

The mean motions in anomaly remain rigorously commensurable.')

I will now restrict the discussion to the special case represented

in the system of Jupiter, viz.

:

Ci = 4 , c, = 2 , c, = 1.

For the general case similar results will be found, which 1 do not

however at present propose to investigate.

Moreover I will limit myself to the consideration of small excen-

tricities, which is the only case that is of immediate practical value.

Whether the conditions (1) do also admit solutions with large excen-

tricities, is a question which can only be answered by a special

investigation.

Under these restrictions we find that out of the 16 copibinations

satisfying the conditions of symmetry, there are only 4 which also

satisfy the conditions (1\ For two of these x is positive, and for

the two others it is negative. Further, if the quantity

;i, - 3 A, -f 2 ;i, = Jf

is formed for each of these solutions, it will be found that one of

the solutions with a positive x has Ar= 0^ and the other has K=i J 80°,

and similarly for the solutions with a negative x. Of these four

solutions that with K=i 180° and x positive (the case of nature) is

the only stable one.

These solutions of the second kind thus appear, on both sides of

the exceptional point x = 0, as the natural continuations of the two

possible solutions of the tirst kind (/v = 0° and /v == 180°). In the

solutions of the first kind the unperturbed orbit is circular, the

perturbed orbit is alFected by a "great inequality", with the argument

c,T. In the solutions of the second kind this inequality appears as

an equation of the centre *). In the solutions of the first kind we
have the condition that the unperturbed excentricity must be zero

;

corresponding to this the excentricities in the solutions of the second

1) These solutions are based on the same principle as those investigated by

ScHWARzscHiLD (Astr. Nachr. 3506). Schwarzschild, however, only considers the

case of two planets, one of which has an excentricity, and at the same time an

infinitely small mass. Consequently the orbit of the other planet, which is a circle,

is not perturbed.

-) In the integration by the usual method, this inequality presents itself as a

perturbation of the excentricities and pericentres.

Besides this "great" inequality there are, of course, a number of others, whose

arguments are multiples of t, which are the same in the two solutions
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kind are not arbitrary, but must be determined from the equations

(1). When the vahie of x is the same for both cases, the two solu-

tions are entirely equivalent.

In order now to investigate these solutions according to the theory

of PoiNCARE, we must write down the conditions of periodicity

where for Ei we must take successively each of the elements of

the system. If further /J, be the small correction to be applied to

the value of Ei (for /= 0) in the unperturbed orbit, in order to

retain the periodicity in the perturbed orbit, then the stability of the

solution depends on the roots of the equation

dt^O

A(.) =

+ 1

d̂/?.

+ 1-

d^n
+ 1-

=: (2)

If we put .<i= e''^ (or, approximately, 1

—

s=— ccT), theu the

condition that the orbit shall be stable, is that all the values of «*

are real and negative (with the exception of one or more, which

may be identically zero).

I will introduce the elements

Li, Hi, li, jii,

of which the meaning is

Li = mi y^ai Hi = Z,- |/1 — ^,'

li = mean anomaly

jti = longitude of pnricenlre.

Supposing the units to be so chosen that the constant of Gauss

and the mass of the central body are uiiity, the ecpuUions of motion

are:

dLi _ dF

1t~~~~ bli
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In the unperturbed motion we liave

m." 1

li =z m t -{- lio ,
iii— —-— ——-,

and the constants m must be such, that

7ij = 4 r /ij r= 2 I? w, =r I'.

The integral of areas is

= //j -f //, -f //, = const.

By means of this integral we can eliminate 77,, and diminish llie

number of degrees of freedom by one. For this purpose we introduce

G, = n, (t, = n,

ij, = .Tj — jr, g^ = jt^ — .T,

The equations then preserve the canonic form. ')

In forming the equations ypi = we need only those terms of R,

whose integral over a complete period does not vanish, i.e. (hose in

whose arguments the mean anomalies do either not occur, or occur

only in the combinations

1 = 1,-21, I' = 1,-2 I,,

of which the mean motions are zero. The constant term will not

be required in what follows. Of the others, we only require the

terms of the lowest degree in the excentricities. Thus, introducing

the further notations

jt, — 7r,—g, - y, = o)

^, — ^, — 9t = to',

we tind that R can be replaced by

R' = ^''—
{
— Ae,cos{l-{- 2a>) + Be, co« (/ + o>) | -f-

-h
^*^*

I

— Ab, cos {I' -f 2to') + Be, cos {I' -}- w')
j

. . . (3)
a,

where

A=ia'{i A(V -f ^j(2))

B = a'{d Ak^) + ^,(0 - -?=),
yaa

The symbols Aji' have the usual meaning (Leverrier, Annales de

Paris, tome 1, p. 260, 262), and must be computed for the value

M The integral of aieas still exists, if the conaprcssion of the planet is taken

into account, provided only the motion takes place in the plane of the equator.

Also those terms of the perturbing function which are here used, remain the

same. The conclusions reached below, thus can be applied unaltered to the case

of a compressed planet.
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The coefficients .4 and B then are pure numbers. Tlieir values are

A = -\- 2.381

B=^ 0.964.

The meaning of the symbols 8, occurring in R' is

or approximately

1

The expressions of the various differential coefficients of R are:

dR _2[/ai dR cos<pi 1 dR
dLi mi da{ 4 m,- l/aj 8,- dct

dR _ I 1 di2'

d/7/ 4 m,- j/a/ f ,- dc/

di2' _ dR dR dR _ dR dR
W,~ dn^~ dn, W," dji,~ dn,

dR _dR dR_ dR dR dR _ dR
dL.^'ln dl^~~^'df'^W dz7^~^dF

dR _dR dR _ dR dR
dg^ dv} dg, dio dto'

The quantities ,?, and ij'i will be supposed to be correlated to the

different elements as follows:

To: L, , L, , L, , (r, . (r, ,/,,/,,/, , g^ , g,

correspond: ,^^ ,
/J, , ^i,

, ,?^ ,
^i^

,
,i,

, /?. , i?. ,
jJ,

, ^,.

and: tp, , ip, , tfj, , i|>, , V\ , tp, , ip. , ip, , »|'. , i|',o-

If in H' and its dijferential coefficients the elements are replaced

by their unpcrturl)ed values, these funlions become constant. C/On-

8e(|uently tiie first terms of the developments of the functions tpi in

powers of the masses arc of the form

T

Ddt= T . D,s
where D represents a differential coefficient of R' in which, after

the difTerentiation, the unperturbed values of the elements have been

sul>Hiitu((?d.

Now wo have
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dLi _ dRi dGi __ dR,

dt dli dt dgi

The functions i|>i , tp, , tf>, , ^^ and ifjj therefore contain only

sines of linear combinations of the angles i, I', <o, to'. Further we have

dir dK dR

and therefore tlie equation t|>, = is a necessary consequence of if*, =
and ij>, ^^ 0. The four remaining mutually independent equations

tp, = »l^.
= t^4==V^. = (4)

correspond to what has in the beginning of this paper been called

the "conditions of symmetry". If we put

I, = {l,-2 I,), = a l\ = {I, - 2 /,). = «'

(the subscript indicating the unperturbed value, or the average

value over a complete period in the periodic solution), then the

equations (4) are satisfied, if each of the angles

is either 0^ or 180°.

These conditions being satisfied, we can, in the differential coefli-

cients of R' (after the differentation) replace the angles /, l\ co, co' by

«, «', /?, ^'.

The developments of the functions i|Ji , . . . t|>, in powers of ^, are

i
d'R d*R d'R i teterms of

er orders

and similar formulae for t|^,» t|?„ i|>^ and ip,. Then we find easily

i|j, = T |3. ^—— -}- terms of higher order,

and similarly ifj^ and jp^. These equations gi\e t*i
=

f^,
= ^, =: 0,

in other words the mean motions in anomaly (w,) are not changed.

Finally we have

T
'dR dR dR

dn.

rdR dR

dR dR

The equations t|?, = tf'j^ = are thus found to represent the

conditions (1), since
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J.

s
dni dR'

dt dni

From the value (3) of R' we find easily (lemembering that

rt,-*/j= «,• = c,r (c"i = 4, c, = 2, c, = 1) and vT=z 2n)

T
1 rdjty^ ttj A

m, cos a^
a. f

,

r
1 rdn, 1

i
^ ««^ J

, = — i -— dt = ^ \m^ — COS {a +^?) — m, cos a
,

' 2jrJ tf^

= y/n,- cos {a + ,i).

4 6,

The conditions (J) can thus be written

Collecting now the 16 different possible combinations of values
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of «, «', ,;? ami ,i', ue tind the following siimmarv. Onlv those eonl-

biiiations can give. rise to periodic solutions, in which ii. , <i, and ii,

are of the same sign. The letter stands for undeteniuned.

Out of these 16 combinations there are only two, (6) and (16),

for which the perturbed orbit can remain periodic for all values of

the masses. There are four: (2), (7), (12) and (13), for which the

|)eriodicity is oidy possible if a certain condition involving the masses

is satisfied.

Koi- mII solutions we find from the equation if', =
f

1 «i •'1^

' = 4 - :=: 6.225.
f

,

«, B
It needs hardly be pointed out, that this is only a ix)ugh approxi-

mation, the higher orders of f/ having been neglected. In the system

of Jupiter's satellites we tind ac'tually (see these Proceedings, March

1909 »)) fj/f, = 6.77.

Further if we put

m. m.

P= li,^A-{.ii,B.

then we find, for the solutions (6) and (16), from ip^^^ =
'^= 2^ ^^1«.^
€, B f^ 2n^A

If the longitudes are counted from the apocentre of III, and the

time fi'om a passage of HI through this apocentre, we have, for

/ =z 0, .T, = 180^ /, = \m\ therefore A, = 0°. For the corresponding

values for II and I we tind, for / = 0, for solution (6):

JT, = 0° n, — 180**

/, = /, =
;i, = ;i, = 180

K = X, — ^X^^ 2A, = 180°

and X is positive: the mean motion in anomaly exceeds the mean
motion in longitude. This is the case of nature.

For the solution (16) we tind

:

^, = 0° n, = 180°

/, = 180 l^ = 180

A, = 180 A^ =
^=180° 'K negative.

1; The expressions there given are based on Souillart's theory. The quantities

.,, which here appear as excentricities, are thus there considered as perturbations,

and are called Xj, Xo, x%.
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The possibility of the solutions \^2), (7), (12) and (13) depends on

the sign of i2, . In all these cases cos (« -}- ^) and cos «' are of the

same sign. Thus if we put

we find that for positive values of Q the solutions (2) and (12)

can exist, (7) and (13) being impossible; for negative values of Q
(2) and (12) become impossible, but (7) and (13) are possible. We
find for these solutions:

Solution (2)

jr, = 0" Ji, = 0°

/, = l, =
x, = o x, = o

X positive.

Solution (7)

jt, = 180° jr, = 0°

Z, = 180 l, =
X,= ?., =

X positive.

All four solutions have K= 0°.

For the solutions (21 and (12) we find

and for (7) and (13)

Solution (12)

:t, = 0° :r, = 0^

I, = 180 I, = 180

X, = 180 X, = 180

y. negative.

Solution (13)

jr, = 180° jt, — 0'

l,= l,^ 180

;, = 180 ;ij = 180

X negative.

l.a,Q

2 a, .1

i'=r-2^ ^=-i^?.
*i B 6, 2 a^ A

For Q = (or, if higher orders of s, are taken into account, for

A value of — in ihe neighbourhood of the value for which (2 = 0)
/'»

\v»' have h, = 0. The solutions (2) and (7) then become identical,

and Hiniilarly (12) and (13). We thus find that (he (wo cases (2)

and (7) form together one continuous family, which exists for all

values of ~ . The same thin^ is true of (12) and (13).

Thus all (hat has tieeii said above regarding (he existence of the

|)criodic* solutions has now l)Con proved. I( remains to inves(iga(e

their stability. For that purpose wo must form the cipuition (2). We
introduce the notations

1 d*H' __

m,' dady ' dpdq
M 1
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where ./ and y represent two of llio \ar"uibles /,,
(f,

aiul /> and q

two of llie variables L;, Gi. The quantities (./y) are of the order

zero ill the masses, the quantities [_pq\ are of the lii*st oi*der.

With tlie ajd of the values of i|\ , which have been derived above,

it is now easy to write down the determinant A(.v). The ditferential

coet!icients such as r— = t^. ^^'dl have m, in the denominator. To

remove this, and to make all terms of the same tyj)e al-jo of the

same order in the masses, the five lower rows have been multiplied

by m, . Then the live upper rows, have been divided by l/7«,, and

the last five columns by m^Vm^. Finally every term has been divided

by T. The equation then becomes

—p
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clearness 1 will, however, contiime to indicate the remaining columns

by their original rotation-numbers.

Now we have')

ih h) = (ilh

{IJ,) = - 2(//),

{l,g,) = - 2(Za>),

iff i9i) = {^^)y

i9,9i) = ft^to) + (to'to'),

{l,g,) = 2{la,) + {I'oy').

By means of these relations the determinant can be still further

simplified. We perform the following operations

To (7) add 2.(6), From {VI) subtract 2.(F/i)

„ (//)„ 2.{/j, „ (1) „ 2.(2)

„ (10) M (9), „ {IX) „ (X)

„ (F) „(7F), „ (4) „ (5).

If now the remaining rows and columns are rearranged in the

following oi'der

1, 2, 6, 7, 4, 5, 9, 10,

I, II, VI, VII, IV, V, IX, X,

then the equation becomes

{I'l')

A,. A,

L{Q) =

—Q {II)

—Q

Ax ^M -9

A,, A„
(/to)

Q A

{lay)

(toto)

(/'to')

= 0, . (6)

(/'to') — ^ (to'to')

A,, A,, U A„ A,, -Q
A,, A,, A,, A,, ~Q

where the meaning of the cocllicients is as follows (I mention only

those coeflicients that will bo used below, those omitted all contain

Iff
J

ixii a factor):

i4,, := i^i -f"
4 A", -f-

t<-'iius of higher oiders

-4,, = ^, -}- 4 /f, -f . ,, „ ,, „

A,, = ^„ = - iO,G,\ i- [G,G,\

A,, = - [GM
1) TbCM formulnu HiippoHC {ll') = (uu') = (I'm) = (lm') = 0. This is oiily true if

llie third ami higher urderH or ti are neglected.
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The expressions [pq] all contain m, as a factor. Thus, in order

to derive the term independent of ?», in the development of q, we
take all those expressions = 0. The determinant then becomes divisible

by Q*, and is reduced to its first four columns and rows. Four of

the eight roots of our equation thus appear to be divisible by [/m^.

The first terms of the other four are the roots of the equation

:

= 0,

or

Q*-{A,,s-\-A,,s')Q'-{-{A,,A„-A\Jss' = 0,. . (7)

where we have put, for brevity

:

(II) = , ,
{I'l') = s'.

The solution can only be stable, if the equation (7) has two real

and negative roots. Now ^1,, and A,, are negative, and ^n ^„—^%,
is positive. The necessary and snfTicient condition that the equation

(7) shall have two real and negative roots is therefore, that both

s and s' are positive. Now we have

-Q
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The solutions (16), (12) and (13), i.e. those with a negative value

of X, are thus certainly unstable. For (2) s will be positive if

Ae.—Be^yO.
8

By using the value of —

Q<2

found above, this leads to the condition

a. A' = 7.41.
a.

Similarly we find for (7) that s' will be positive if

1 B-

For the family consisting of the solutions (2) and (7) we thus find

that s and s' are both positive for all values of Q between the

limits — 0.46 and -f 7.41. For the Jovian system we find Q=: -|-4.14.

For the solution (6) both s and s' are always positive.

This is, however, not sufficient to prove the stability of these

solutions. We must also consider the lour remaining roots of our

equation (6). To determine these I divide the last two rows and the

h^^ and 6''^ columns of that determinant by Vm^. Introducing then

6, (/;=
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where we have put

We thus find that q' is determined by an equation very similar

to (7). For the coefficients Bij we find easily

where

d'/2' 1 I ^
//, =: — = — -— — C09 a,

* dn\ 16fi,a,a,a\

0/7', 16 {a't^ t <*«<*»*«

d'i? 1 1 J3
, ^

d/T, 16 (i,a', 8',

For the cases (6), (2) and (7), which are the only ones that we
need investigate, all these expressions are negative. For H^ and //,

this is at once evident. For //, we find

:

H. = -

Sol. (6) Sol. (2) Sol. (7)

P Q Q
16a',6*/ 16a\€»,' 16a%e»,'

which is also negative in all three cases. The equation determining

the first term of (*' now becomes

The condition that this equation shall have two real and negative

roots is again that a and a' are both positive. Now we have

a = (wo)) ——^, a' = {io'v}') — -—^.
s s'

It is only necessary to investigate those cases where s and s' are

both positive. The conditions of stability thus become

«.(a>a>)> (lu})\ s'. (to'to') > {l'oj')\

The values of .v and a' have already been given above (8). For
the other quantities we find

47*
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(coco) = — ] A A s^ COS a — B s^ cos (« -|- i^) |

,

(tu'a>') = — \ A A 8^ cos a' — B 8, cos (a + 1^')
,

{lm) = ^ \2AE,cosa — Bs, cos (« -f ^) ,

(Z'o)') z=^ \2AB,cosa' - Bs, cos («' + ^') ,

from which

a.
8.{a)io)=:— \ 4A'e,'^B'B,'-bABe,s,cos^\,

(ItoY —^ 4: A' 6,* -^ B- s,' - 4ABs, e,cos^

Therefore

S. (T r= AB 6^ S^ COS ^,
a'.

and similarly

s .0' = — —ABe,e, cos ^'

<
The only stable solutions are thus those in which |i and ,?' are

both 180°, and the only solution which satisfies this condition is (6).

This solution, i. e. the case actually occurring in nature, is thus

found to be the only stable periodic solution.

It needs hardly be mentioned that all the proofs given above

suppose, that the developments in powers of fj and )tti converge so

rapidly, tiiat the sign of the various quantities used is determined

by their first term. What the upper limits of f, and ini are satis-

fying this condition, cannot be stated without a special investigation,

but nature teaches us, thai for the values occurring in the system of

Jupiter the solution (6) still exists as a stable solution.

Physics. — "Contrihution to the t/n'ori/ of l>iiL(tni iiii.rti/iYs, Xill."

liv Prof. J, D. VAN niij Wwi.s.

We have considered the closed curve, discussed in the |>ieceding

Ointrihutions, as the projection of tJK! section of two surfaces, viz.

,—=0, and — ^0, constructc*! on an .c-axis, a ?;-axis and a 7'

a#' do*

axi». I/et tho x-axis be directed to the right, the /'-axis to th(> front

and tho 7-axi» vertically. Tho projection of these sections on the

ofh'r projection plane.H will now also be a closed curve, in general
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with a continuous course. We siiall here chietiy consider the pro-

jection on the T, o-'-plane. Tiiis proje^'tion will possess a lowest and

a highest point, and be enclosed on the right and on the left between

a minimum and a maximum value of x, which two values of arare

the same as those between which the i;,.i-projection is enclosed. But

the highest and the lowest point of the 7',vr- projection is no special

point in the z',.r-projection. Only in this v.r-projection the points

mentioned have the property that a line :^ and also a line
dv*

-— = touches this v,a^-projection at the minimum or the maximum

temperature. At all temperatures between this minimum and this

maximum temperature the i;,a?-projection is intersected by a line

— = in two points, and also by' a line — =: 0. But this contact
dv^ dx^

can take place e. g. for the minimum temperature in a point that

lies either on the left or on the right of the point in which v has

the minimum value, and even, but in special cases, exactly in that

dv
point. So the quantity — e^n be both positive and negative for the

dx

point in which 7' is maximum.

This holds also for the point where T is maximum, but generally

the iii'st mentioned point is of greater importance.

dv
If for this first-mentioned point — is positive, this is also the case

dx

dv d*^
with — for the point in which — =r touches the closed curve,

dx dv*

d'lp d*^ dv d'tp
and as ttt" + ~r^ t" ^ ^j the quantity will be negative in the

dv'dx dv* dx ^ "^ dv*dx

point in which T is minimum. In the same way the quantity —
dx*

d*p
is positive, and— is positive tor that point because also the line

dx*

d*y^ d*\p d*\\> dv—- = touches, and so ——
-f-—

———-^0, and the contact takes
dx dx* dx dv dx

place in such a way that the whole closed curve lies inside— = 0.
dx*

If the minimum temperature should just happen to be in the point

dv
of the closed curve where — = 0, we have at the same time

dx



(700 )

d*» d*\p ,
dv d*p—^ == and — =0. If, on the other hand — is negative,

dxdv dx* dx d.vdv

d*%p
is negative and also —- .

dx*

If the whole curve has contracted to a single point, this applies

also to the two other projections — and for this case it is easy to

express these projections in the value of f i and f , and ?i. Then, as was

found before, :v= , and 1 — .t = . Then the value of
n — 1 fi — 1

V 1 _ V (w-1)' l/s, [/b,
is equal to or equal to 1 -\-B, or - =: 1 -|-

b
^

I—

A

^ '

b ' n {)/e^J^[/e,y

v-b {n-iy ]/e, 1/6, , ,

or — = ; ; 7—r . Both for f , = and for s„ = is

b n (l/fj + [/e,Y

V—bz=0, and as we have to do with a point lying on the line

dp— =: 0, 7^=0. A maximum value of v does not occur, but a
dv

V

maximum value of - does. The easiest way to find this is by retaining
b

the form

:

V (n~\y x(l—x)

b
^ ^ (l—o- -I- nxy

Jf V could be maximum, then

:

db dB

dx dx

or

(l_^)>_n'.r;'

n-1 /"^^[l + (n-l)f]^ .

"^
[l+ (n-l).^]'

After reduction we should lind 7^ =: 0. Hut the maxinium value of

— or of — - = requires wj?= j — x or x =
h dx n-\-\

If for X and 1 — a; we put the value ^/e, and «|/e, , we lind as

condition !,=:«,, and so pk\ = pkt • Then the value of - is equal

to 1 -J-
— -- = -—> . When n is suiall, is only little greater
An An b

than 1, and 80 7' much smaller than 7a . Hut for very high values

of n, e.g. about 10, the critical volume can be reached, and so T
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can be = 7V • With constantly rising value of n, the quantity
h

can, indeed, increase indefinitely, in which, however, T becomes an

ever smaller fraction of Ti- . The value, however, which f , and

V
f, will have, and consequently the value of .r, -, and 1\ cannot be

b

chosen arbitrarily. Besides that f^ and f, must have such a value

that the point denoted by them, lies on the parabola OPQ, the

condition must also be fulfilled that rr^^ =: Pa^a, . F'or the case that

/^ = 1, the values of fj and f, are easy to calculate. Then the point

(f
, , f,) must also lie on a second parabola, congruent with FQO,

and shifted by an amount 1 along the f^ and f,-axis in negative

direction. These parabolae having their axes parallel, there will only

be a single point of intei'section. The equations which are to be

satisfied, are tlien

:

(8, -n'6,)' = 4n'(r,- !)(f^_„f,)

and

(fj - n' 8, + n» — 1)' = 4 n (n - I) {e, — n s, -\- n — 1).

Then we find

:

n +3
4 (n+ 1)

and
3n4-l

4(n4-l)

n4-3 3nfl ^
or X= and 1 — x = -—

. The value of T obtained in
4(n + l) 4(n-hl)

this case is smaller than the one calculated above if we takee, =«,.

If /• <[ 1, ^1 increases, of course, and 8, decreases and reversely. A
value of /^ might be chosen so that T assumes a maximum value,

but to this we come back later on. But in any case the values of

d''\p d^ip

8, and 8, may be such that the two surfaces — = and —
*

* '^ dx^ dv'

touch only at one single temperature, without intei*secting further.

And if n is not very large, this temperature lies very low. Thus from

the formula MRT=2 —~ ^ and the supposition P=:l wecal-
J / -.. X •

T 1

culate for w = 2 the value of 7;r = tt about, and for other values
Ifc 14
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T
of /- this value of — becomes but little higher. But tj and t., might

Th

be such for higher value of n, that v approaches to "db and J' to

7t; this might be the case for 11 = 10. So we see here the following

possibilities for the phenomena of non-miscibility, dependent on the

value of 72. For low value of n, contact of the said two surfaces may take

place at so low a temperature that observation is impossible on account of

the occurrence of the solid state. For increasing value of ?i this tempera-

ture rises, and for a certain value of n, it may have risen to 7i or 72 Tk

and so the observation will no longer be prevented by the appearance

of the solid state. As, if contact takes place of the two surfaces at

certain temperature, two plaitpoinis make their appearance already

at lower temperature, which vanish again at higher tempei'ature than

that of the contact, three-phase-pressure will exist between two tempera-

tures. A precise determination of the value of n at which this is the case,

is not possible, if it were only on account of the fact that we have

not been able to determine what relation exists between the tempe-

rature of contact and that at which the double plaitpoint begins to

appear or disappears, and moreover because we have not been able

to determine how long the double plaitpoint must have been present

before the plaitpoint appears or disappears on the binodal line. But

for small value of n the lowest temperature at which non-miscibility

sets in, can certainly not be observed, at least not if the cause of

non-miscibility is to be ascribed to the circumstance discussed here.

So in the 7',a?-projection there is only a single point for which

the value of x will be found in the left half, in the case discussed

here. But if we besides draw the 7'a?-projection of the plaitpoints

which are the consequence of the existence of the point of contact

of — = and — = 0, we obtain again a closed curve. Probably
da* dv*

the projection of the point of contact lies, especially as regards the

value of X, very eccentrically with regard to this curve — possibly

even to the right outsi«le it. The lefthand branch of this curve is the

projection of the irrcivlisable plaitpoinis, and these will always have

considerably moved to smaller values of x. But if the projection is a

closed curve, they must rapidly approach the points of the righthand

branch at higher tern f>cratu re. However, another case may be expected.

In the case that the projection of the plaitpoints remains below the

curve indicating the course of 7;, the closed fiirvc i.s to be expe<'led —
but if the vrthn! of 7' should rise so high liuii the curve Tk^=f{x)

would be cut, the lefthand branch of the projection would meet the

ordinary plaitpoint, wlii«h approaches from the side of Iho component
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with the lowest value of 7/. The result is tjjen that the projection

of the plaitpoints forms a curve which begins at .c = and T= 7Vi,

rises from there to the highest double plaitpoint temperature, then

falls to the lowest plaitpoint temperature, and ascends again from

there to Ti.. This last case has been treated more extensively

These Proc. Vol. VII. The transformation of a branch plait etc.

Figure 39 gives a schematic representation of the 7V-projection

for the first case. The point F represents the point of contact of

the two surfaces — = and 0. The full line represents

I he locus of the plaitpoints, the point Fab is the lowest double

plaitpoint, and Fed is the highest. In the points Qi and Q, the

realisable plaitpoint appears or disappears on the binodal line —
and then there is three-j)hase-pressure between the temperatures of

Q^ and Q^. The dotted curve, which has its lowest and its highest

-f

%^

T^O
Fig. 39

r--/
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point in Q^ and Q,, denotes the concentrations of the coexisting liquid

phases at every 7', and the curve Q^, Q, indicates the concentia-

tion of the third coexisting phase (vapour phase). The curve Tic=^/{x)

has been drawn higher in the figure.

It follows, however, from the remark, Contribution XI, p. 440,

Vol. XI, that the point P need not even be present, and that yet

the remaining part of the figure, but then between narrower teni-

{)erature limits, may continue to exist. We might even imagine the

circumstances to be such that the points F„i, and Pcd coincide, but

then (2i and Q, and Q\ and Q\ would have coincided already before.

The second case is represented in fig. 40. Again 7^ is the projection

on the T,a:-plane of the point of contact of the two surfaces =
d'tb

and --^ =: The full curve A Q, P,u P^u Q, B etc. is that of the
dv*

x.o X»i
Fig. 40.

piuiijHMm.-,. The pointH H^h and Pd are the double plaitpoints. So
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there are three plaitpoints between tlie temperature of .1, viz. 7V,

,

and that of l\ji, unless l\,ij should lie higher than A, in which ease

Pab would talce the place of Ti,^. The curve 7V•=/(.^') is also

inserted in the tigure. It will have to intersect the plaitj)oint curve

at x<^\, and that twice. The tirst point has not been indicated by

a special mai'k, but the second point of intersection is supposed to

be in the neighbourhood of B. If we draw a />,u^-section of the

surface of saturation, and add to it a line indicating the pressure

at which there would be coexistence if the mixture behaved as an

homogeneous substance, the extreme point of this line would lie at

the same value of x as that of the plaitpoint, at the value of T of

the second point of intersection just mentioned.

For higher value of T we have then again the rule that for a

given mixture T^.i^ 2\, which is generally considered as the normal

case. This being really the case for x very small, and x nearly 1,

when there is intersection of the curves 2\ = f (i*) and Tyi= <fi {x),

this will have to take place twice. For the points Q^ and Q.. the

plaitpoint lies on the l)inodal line, and between the temperatures

Qi and Q.^ there is three-phase-pressure. The concentration of the

three coexisting phases is indicated by the dotted line QiQ^QiQ^-
We might call the part Q^Q^ of this line the vapour branch. The

vapour branch presents a particularity in the drawing which has

escaped attention so far, viz. that it can contain a point in which

X has a minimum value. I have not drawn this particularity in the

vapour branch of tig. 39, because it is less probable there. This

applying to a circumstance which has not been noticed as yet, and

which is yet not devoid of importance, a digression to show the

possibility of the existence of such a point with minimum value of

X, may be useful. The more so, because in the discussion properties

will be mentioned the knowledge of which is necessary if we want

to understand the full meaning of different particularities occurring

for the three-phase-pressure.

Let us call the concentration of the point representing the vapour

phase, x^, and let x., and x^ denote the concentrations of the liquid

phase — and let us put Xi<Cx3<^x^. Now the following equations

hold:

v,,dp = {x^ — a,) I -^ j
(Lv^ + f],, dT

and

Vu dp = K — '^iM ^.^ J
,
^^^ + ^'i ^^'
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, For the three-phase-pressure both equations hold, and we get the

val

dp

dp
value of — for this three-phase-pressure which we shall indicate by

dT,,,
, by eliminating dx^ from these two equations. If we divide the

first equations by x^ — .i\, and the second by x^ — x^, and if we
8ubti-act the quotients from each other, we get the well-known formula

:

n^ — nx nt — ni

dp a^ — w^



( 707 )

indicates the sign of (h\. In the same way if we change 2 into 3.

Now it is true that the surface of saturation has been greatly modi-

fied by the existence of the three-phase-pressure. But this modifica-

tion is restricted to values of T, between those at which this pres-

sure begins and ends, and also within these limits of temperature,

the surface of saturation consists only of a lower sheet and an

upper sheet, if we leave the metastable and unstable coexisting

phases out of account. So every section for given value of x, is

again, except for the modifications inside the said limits of tempe-

rature, the well-known figure in which the lower branch passes

continuously into the upper branch. Let us now think the line pj,,

as function of T traced in eveyy section. Only for so far this line

lies between the upper and the lower branch of the section of the

modified surface of saturation, the mixture of the chosen value of

X can split up into three phases. If this line intersects either the

upper branch, or the lower branch, and if therefore part of the

line pjo, lies outside the surface of saturation, this must be considered

as a parasitic branch, at least for the mixture chosen. So the dotted

lines of fig. 39 and fig. 40 represent the values of T for which the

line />!., intersects a chosen section of the surface of saturation.

And so the question whether in fig. 40 the situation of point Q\
is such that another point occurs in the dotted curve for this value

of X, coincides with the question whether there exist sections for

V
which the line p,,, intersects the saturation curve twice. As

" -

and —— are negative on the vapour branch according to the formula
«.—«i

for the calculation of -7:, a negative value of this quantity is attended

dp f^P\
with a positive value of—

I 7^1 1
^^' ^^^'^ ^*^® ^i"® Pu» entering

the heterogeneous region with increasing T. Reversely a positive

da;

value of — shows that the line p^^* enters the homogeneous region

with increasing tsmperature, and therefore appears further only as

parisitic branch. Now in the point Q'.. the value of
f
—

) is

/"dp\
equal to the value of I — ), as it is on the section of the surface of

\dTyx
saturation for the x of the point Q^, as follows if in the formula

dp
for —— we put X., -\- t/x^ for a-,, V,-\-d V^ for F,, and ri., -\- di]^
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for 7j,. Then we find namely

ap oar
2

For — and — we may write I
—^ and I

—
| because the

dx^ dx^ \dx^JpT Kd^i/pT

phases 2 and 3 then have equal p and T. Now the point Qi is a

liquid phase, and so a point of the upper sheet of the surface of

saturation. In general the value of ( r— 1 for such a point is not

great at low temperatures. But yet it is larger on the whole than

the value of ( r— I on the vapour sheet, even for sections for which

X is smaller. At least for temperatures which lie pretty far from

Tk, so that there are therefore two possibilities chiefly dependent on

the temperature: either the value of
( ^, ]

in the point Qi may be

/dp\
lai^er than I — 1 for the point Q\, or smaller — and so the value

of X for the point Q\ may either run back or proceed.

Over the full width of the three-phase-curve on the right of (3j

the line /),2, leaves the upper sheet of the surface of saturation with

rising temperature. This is also still the case for points on the left

of Qj ; but a point will soon occur where the three-phase-curve

passes to the lower sheet. So this point must lie on the "contour

apparent" with regard to the 7', i-surface ; or in other words: it

must be a critical point of contact. Then too the three-phase-curve

still passes to smaller value of x. And only afterwards a point can

occur where x has minimum value, but this only on the lower sheet.

And if the temperature of Q is comparatively low, the vapour

branch of the thro(»-phuso-cnrve will certainly run again to the right

with falling temperature. Accordingly I have drawn the vapour

branch in flg. 39 in this way, though there too the circum-

stance may occur that ./• runs back. Besides, the circumstanco occurs

there that x shows minimum and maxinuim value for the li(|uid

phaM6. The condition for .r, wh(>lher maximum or minimum is

/dp\ /dp\ dp
I T^ I = I v=7 I =-,%,. , il we iiouole the pluise whore x runs

back, by 1.
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But let us return after the discussion of these particuhirities, to

the treatment of the T, d'-projection of the closed curve.

We have already observed that the point P is not found when

the surfaces — = and — = do not intersect. Reversely P
dx^ dv*

extends to a curve if the surfaces do not only touch, but intersect.

We obtain the equation of this closed curve, if we solve the value

V
of - frona the equation

:

d*^ d}yp
and substitute it in -— = or — =0. It is simplest to do this in

dx^ dv*

-— =zO, or MRT^2- ^-;- ; or to substitute the value of
dv*

b
- in
V

form

:

and

G)"
MRT=2-{-\{\- -\ . If we write- in the following

6 _ 1 =p \/A—B-^AB _\ zp \/X

V
~~

\^B "" 1+5

b _B dz \/A—B-\-AB _B±[/X
~'v~ 1+"^ ~ l+B

we find;

a (B*—2BX-\-X) rb {2B~B*-\-X)[/X
MET = 2-^ ^^—^ ^^

' — . . (1)
b (1+^)* ^

When X = A — B-\-AB=zAb\-^-~^\\ is positive, T is
\B A

)

real, and there are two values of 'T for every value of .v. For the

same values of .c for which in the v, .i*-projection the two values of

^
• •- coincide, the two values of T coincide in the T, or-projection.

The values of T assume a simple form for these limiting values

a B^
oi X, because then A = 0, i.e. MRT=z2 --—-— ; of course this

b (1+J5)'

value must also hold for the case that these limiting values of x
coincide, which we treated above. We can even simplify this form
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of MRT for the Ccalciilation and obtain the form

:

2c 1

MRT = — [1 + (n— 1) x]
K(n-1)' "-

' ' 'Mil n' 1

\{n—\)' a;
^ (n— 1)^ 1-

1 «(1— A-)

V^ . b^ cb B ^ V

hj writing 6—- = 6 —- = -—— - for -.
1 A" (1

—

a) fdby A bm
If we seek the maximum value of T, we tind for the determination

of ^ an equation of the 3'<* degree, viz.

:

3n—

1

3

—

n
(1 -xy -\- X {l—xf n^x^ —^ nV =

nx
and putting ;

1 X

3n— 1 3— n
1 + k k-" k* = 0.

For 11 = 1 we should have k=zl, for n = 2 |-=1,22; but for

^
,

1 ,

very high value of n - approaches to -. This implies that forn= l

the maximum value of MRT lies at .c= -, and for n= Qoata'= -.
2 8

For all other values of n x lies between - and -
. By the aid of

2 3 "^

this value of x we can then calculate the highest value of MRT
for the points where ^^=0. But the conclusion is not dilferent from

that at which we arrived above: viz. that only with n appreciably

larger than 3 the value of the temperature cau rise to Tk or even

to 1\.
The value which we found in general in equation (1) for the tem-

perature of the points of the closed curve is too inti-icate to be fully

discussed. We can, however, foresee what in general the shape of the

7*,j;-projection will be. For a curve of sniaU dimension the point P
of flg. 39 and fig. 4() is to be replaced by a smaller chosed curve

which extends ju'cordinj; as tlie former curve itself assumes greater

dimenHJonH. Of course the other lines experience the inlhicnce ol" this.

ThuH in (Ig. 39 the point Pni, will descend and l\d ascend. For

every value of or, so of a, b, B and X, the first part of MRT in

a B*-^Xi\-2B)
eiiufilion (1), viz.: 2*; -

—

jrT~iM indicates the value ol thcarith-
6 (1+-0)
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metical mean, so half the sum of the lowest and the highest tem-

a
perature; and the second part, viz. 2 — (2jB—& -\- X)VX Aenoies

the amount that the really occurring temperatures lie above or below

this middle value. This second part is imaginary outside the limiting

values of x. For between these limiting values of x, X is positive,

and beyond them negative — but the first part exists over the full

width. The course of this first may be given in the main points.

Beginning with J'=0 and x =: it ends also with this value at

x=:\. But for very small value of x or 1

—

x, provided it be

outside the limiting values of x, this first part is negative.

For the limiting values of x, where X=0, it has the above treated

a B^
positive value MRT = 2 - —— . But just beyond these limiting

values of a* a value e(|ual to must occur; we conclude to this by

noticing that if x or 1

—

x is very small, fi' and A'5 may be neglected

by the side of /i, while A' is negative beyond the limiting value of

X. The curve which represents the fii'st part begins with an ordinate

equal to zero, then descends below the axis, but intersects the axis

again before the smallest value of x is reached for which Jf is equal

to zero, then rises to a maximum value, after which it descends

below the axis, and finally terminates with a value zero.

So if we draw the curve JV as in fig. 39, this curve is of course

the limit above which T cannot rise for any point of the closed

curve. The closed curve being the section of two surfaces which

have each a ''contour apparent" on the 7',^-plane, the projection of

the sections cannot fall outside this outline. So the T,a;-projection can

have either one or two points in common with the curve Tk, in which
V

points it must touch this curve. In these points of contact - = 3.

V
If there are two points of contact - is > 3 between these points.

b

V

The observation that - =: 3 in the points of contact enables us to
b

show that this circumstance cannot occur for low value of n. First

of all not for n <^2, because, as we saw before, v must there be

smaller than 6, = 26i. If we introduce into the equation:

(^-J(l-A)- 2i + (l + 5) =
V

the condition - = 3, we get

:

b

4 = 9^-5.
48

Proceedings Royal Acad. Amsterdam. Vol. XI.
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1^="1—i n^ i
'

_ J . 1
{n—iy-x ^ {n—\y l—x

_ 1

"=
1+f, 1

,
n^(l+f,) 1 _^

{n—\yx {n—\y l—x

Let us take twe extreme cases: 1. the case that e^ and e^z=0;

2. the case that -—77;- + ^ t^-. = ^-
{n— \yx (w— 1)'' 1

—

X

In the first case B=^ A, and so B = -, or it must be possible to

11 n" \
find real values for x from the equation

:

; —- - + — = 3,yn—\yx {n—\y\—X

which values must, moreover, lie between the limiting values of .r,

in this case a;= and .t- = 1. For the roots to be real

\/\.-\/\
1 must be "> —

\
n—

1

n—

1

or

n—

1

or

1/3+ 1

if the sign > is changed into =, there is only one root at

K 3 n
I /\ V

n = -- and \—x = -I X -. So for n about 3.75 - will be
n— \ n—Xy 3 h

= 3 for a;= —— , if Cj = e, = 0. Then the closed curve touches the
4.75

curve Tk in the 7V-project ion. But then the lower branch of the

TVr-line will have descended to 7'=0. Then we have to expect

fi^. 4(), however with this modillcation that /*,/> lit^« at a height =
jiihI ih»' tli?«M'.phaHe-|>r<"<^iir(' is already found at all low lempiMatiires.

«! 1 x'f, 1

in the Hccond case, in which the supposition ?—rrr +7 t;--,— = 1
'

'

(w-1) X (w-1) l-«

however, involvijs the ansumption that the point tor which r= 3,
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lies at a value of .v which is just one of the limiting values of a*,

B
-—D=^ and the equation 4=9.4

—

B yields tiie value 2 for B.
1 -\-B

1 1 n' 1 3
So . ,v, -+; 7-^:; = w must then yield real values for ;c, and

[n— lya,' (n— l)'l— or 2

so
I /3 n-[-l

I
X - must be >— , or n > 10.

K -5 w— 1

Now, however, if we assign values to f, and f, the condi-

tion of the second case will in general not be fulfilled, and

e, 1 n*6, 1

; T7Z—

h

z~z will not have risen to 1 — but we shall
(n— ly n {n—lyl—x

have to put ; —r—h ; TTz- < 1, or equal to 1—«, in which
' (n— lyn {n -ly 1—x

n will have a value between 1 (that of the fii-st case), and (that

of the second case). And the result will then be that the condition

V
— = 3 will require a value of n which is greater than 3.75, but
b

which need not rise to 10.

But I shall not continue the calculations required for this. If we
review what f)recodes, it appears sufficiently : 1 that the case that

three-phase-pressure exists between temperatures that differ little,

may occur for all values of n — but that if n is small, these two

temperatures lie too low to be observed. It is not possible to give

the exact value of n for vvhich these temperatures if they exist, can

be observed, before the ratio is known between the temperature at

which the two surfaces — = and — = touch, and the tempe-

rature at which the double plaitpoint has appeared or disappears.

2. That for the case of fig. 40 the required value of n may be

estimated as at least 4. 3. That as fj and 63 descend below the

parabola OPQ, the two temperatures between which three-phase-

pressure can exist, diverge further, and that only if e^ and b^ (we

only deal with positive e^ and f, here) have become equal to 0, the

lowest temperature has descended to the absolute zero point.

If we further take into consideration that the point «i, b^ lies on

the curve a%j =: /* a^ a^, which represents in ^i and f, an ellipse, a

parabola or a hyperbola according as /' <[ J or > 1, and that of

this curve only those points which lie in the triangle OPQ (below

the parabola) yield a closed curve which we have treated, we see

that the phenomena discussed do not only depend on n, but that

besides special relations must exist for a^ and a, and a^.,, which are
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ttj l + fi
represented by f i and f, positive in the equations — = and

c (n— 1)'

— := and n — 1 ]> \e^ -j- n l^s^. By far the greater part of
c {n-\-iy

the curve a'j, = Pa^a^ lies outside this region, and the occurrence

of the discussed phenomena will, therefore, have to be considered

as comparatively rare. If we descend in the region OPQ, so that

either 6, or 6, or both become negative, then (but the consequence

of a negative value of e^ and f, has not y^t been discussed) three-

phase-pressure is to be expecte 1 already at T=0. If we go upwards

along the curve /i\, = l^d^cii, and if we get above the parabola

with fi and »=2, there is perfect miscibility. (For the values of f, and

e, required for perfect miscibility consult Contribution XI p. 443).

As the upward movement along the curve a%, =: l^a^a^ is attended

with decrease of — , it follows from this that if in analogous cases

the ratio —-^ decreases, we pass from non - miscibility to perfect

- Ph
miscibility.

The conclusions in the derivation of which we have supposed to

treat only normal cases, viz. such for which no chemical action takes

place between the two components, or for which each of the com-

ponents behaves normally, are (piite corroberated by the observations.

I know only of one exception, namely that the case of fig. 40 occurs

also in the observations of Kuenen for mixtures of ethane and aethyl-

alcohol, etc. In this case we have to put n either below or just

above 2. How it is that the abnormal behaviour of alcohol has here

an inlluence as if w were increased, cannot be accounted for as yQ{.

But in the cases of BCchner for mixtures of carbonic acid and organic

liquids, tor which also fig. 40 gives the course schematically, n will,

no doubt, have the value found by calcidation. (Hijciinkk, Thesis for

the doctorate 1905).

In conclusion a few remarks.

1. In flg. 30 of Contribution VI I have already given the course

of (htt plait{)oint line for (he case of fig. 39, and also of the three-

phase-pressure of T.

2. The upper and the lower sheet of the siiiluc<! of saturation

are subjjected to some moditU'ation in the case of tig. .'^9 only between

the two temperatures between which there is three-phase-pressure.

The modification for the upper sheet consists in what follows. Between

the limiting values of x of the dotted closed curve of fig. 39 the
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upper sheet is raised. At the limiting values of .v this rise is still

equal to zero.

But for values of x, which differ from these limiting values, the

rise assumes certain values, at first, however, only between tempe-

ratures which differ little. But this is accurately rendered by fig. 39.

The consequence of all this is that if a certain increase of pressure

is applied, e. g. if we observe above the maximum pressure of the

modified liquid sheet, the total non-miscibility has disappeared. If

we lower the pressure, the non-miscibility may reappear but at a

pressure which is only slightly less than the maximum pressure

it exists only over a very small range of temperature. In other words

there the dotted curve of fig. 39 has greatly contracted. In this two

cases will no doubt occur, either real minimum pressure occurs, or

the pressure in the point Q is the highest. At higher temperatures,

however, splitting up into vapour and liquid is still possible.

3. If in fig. 40 the circumstance occurs of minimum value of ./•

on the vapour branch, there exists for some mixtui-es, if we take care

to follow the three-phase-pressure, retrogression of the condensation.

For the mixtures which show the above discussed non-miscibility

between two temperatures, both «',, may be > a, a-i, and a',2 may
be <^ a^ «,. However if a*^., y> a^ a,, the chance to non-miscibility

is smaller. In this case the points fj, f, lie on a hyperbola which

intersects the space OPQ below the parabola close to the point Q,
and as the intersection takes place nearer to Q, the distance between

the parabola and the f,-axis is smaller. And as soon as the value of

would become so large that the intersection of the hyperbola
Ml

a,

a

with the f,-axis takes place past Q, non-miscibility will be quite

excluded. So if ^^ > — ,-— —
-. For the full discussion of the

a^a^ 4 n -\-{n — 1)'

intersection of the surfaces — =:0 and =iO it now remains to
dx* dv*

examine the cases with negative values of s^ and f^.

(March 25, 1909).
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Phy iology — "The permeability of blood-corpuscles to calcium."

Bj Prof. H. J. Hamburger.

(Communicated in the meeting of October 31, 1908).

It is beyond doubt at present that red blood corpuscles are

permeable to anions. This was first established for chlorine by

quantitative chemical determinations ^), and also with respect to other

anions no reasonable doubts exist as to their power of permeating

the blood corpuscles '). This is not the case with metal ions or

kations. It is generally believed that blood corpuscles are absolutely

impenetrable to these. This opinion seems to be founded on an ex-

periment by GtJRBER '). This investigator led carbonic acid through a

suspension of red blood corpuscles in a NaCl solution, and found

that chlorine penetrated into the blood corpuscles, but that the amount

of potassium and sodium in blood corpuscles and liquid remained

the same. The blood corpuscles thus would seem to be impenetrable

to both these kations, and this supposition has the sooner found

belief as in normal conditions the potassium is found chiefly in the

blood corpuscles, the sodium in the serum. Tacitly the impenetrability

of erythrocytes to Na and K seems to have been extended to the

other kations and various authors have even quite recently expressed

themselves to this effect *).

Investigations, however, carried on jointly with Hkkma, concerning

the influence of various substances, and especially of small quantities

of Ca on phagocytosis have shaken my belief in the truth of this

view. The fact that phagocytosis and, as I afterwards discovered,

chemotaxis as well are greatly increased by traces of (^a suggests the

question whether Ca does not enter into the white blood corpuscles.*)

The strict proof of this could only be given by (|uantitative chemical

determinations. But the diflficnlty is that white blood corpuscles are

hard to obtain in great quantities. This does not apply to red blood

') Hamuuiiuku. Dc peiineubiliteil dor roitdc blocdiichaampjes in verband met de

iholoniscbe coeiliciOnlcii. I'ron'cdiiiKS (if llic Koyal Ac.uh'iiiy of 8ci<ni(!i'. Scries III,

Vol. VII, 188W, - Over dfii invloeil drr adriiibaliiit? op (U; |M'riii(Ml)ilil<!it dor

blw<llicliuam|>jcs. Ibid. V(.l. IX, 18'.)1. — Zeitsclir. f. biologio 26 18S'.) S. Ill;

ltJ«2 H. 405.

*) Hamiiukukii. Hqiorl of the meeting of llic Koyal Academy of Science. Oct. 27,

HMN). llAMiitmiMi iind van Likm. Arcliiv f. (Anal, ii.) I'liysiol. I0()2 S 1*^2.

*; iJUiiUKH. Silznng»b<T. d mod. pbysik. (JchcIIscIi. zu Wilrzburg 'J5 Kebr. \>>\)T^.

*) Cf c. g. H/iiiKii in tb<.- Handbook of von Koh aNyi and Ricutkh, 1007. p.p. 287

and 2KK.

•) llANMUHOKh ami llikstA I'iMci'i'iliiiL's of the Hoyal Ac. of iscicUCC. Junc 2U, 1907,
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corpuscles, and as these have never shown themselves difTerent

as to permeability from the white ones it seemed advisable to make

our investigations on the former.

Various methods have been chosen for this purpose. In the first

place red blood corpuscles after being mixed with an isotonic cane

sugar solution were washed with NaCl solutions, and it was then

found that Ca had entered into these salt solutions. It might however

be objected to these experiments that the red blood corpuscles, after

being washed in a sugar solution, are no longer in a physiological

condition and on account of that had become permeable to Ca.

Therefore the experiments were repeated in another way viz. by

adding slight quantities of substances to the serum occurring in it

also under normal conditions. First we added to the blood 0.0247o
and 0.01 27o ('aCl,. Then serum and blood corpuscles were examined

as to the amount of Ca they contained, and this was compared with

the amount of Ca found in serum and blood corpuscles of the blood

used in our first experiment. If no Ca entered into the blood cor-

puscles, all the Ca added would be found in the serum. If part of

the Ca passed into the blood corpuscles, this would be discovered

as Well, and as a test it might be investigated to >vhat extent the

joint increase of Ca in blood corpuscles and serum corresponded

with the Ca added.

We subjoin a table which will need no further explanation. This

table also contains the result of an experiment answering the question

whether erythrocytes, having absorbed Ca from a serum containing

Ca, lose their Ca again when brought back into their normal serum,

in other words whether blood corpuscles also are extrameable to Ca.

In explanation to this table must be added that the Ca determina-

tions have been made by burning the dried masses and extracting

the ashes with dil. HCl and adding alcohol and H, SO^ to the clear

tiltrate, Ca being thus precipitated as CaSO,. Finally we must
add that iji these experiments 80 ccm. of cow's blood were used

consisting of 32.4 ccm. blood corpuscles and 47.6 ccm. serum.

(1). 32.4 cc. blood corpuscles of blood mixed with 0.024°
„ OiCl^ supply

after being washed with a canesugar solution 0.0458 gr. CaSO .

(2). 32.4 cc. blood corpuscles of blood mixed with 0.024"/, CaCl,
supply after being washed with serum and afterwards with a
canesugar solution 0.0361 gr. CaSO,.

3). 32.4 cc. blood corpuscles of normal blood supply after being

washed in a canesugar solution . . . 0.0354 gr. CaSO,.

(4). 32.4 cc. blood corpuscles of blood mived with 0.01 27„ CaCl^
supply after being washed in a canesugar solutioji 0.0398 CaSO,.

49*



( 720)

(5). 47.6 cc. Serum of the blood mixed with 0.0247„ CaCl,

supplied 0.0492 gr. CaSO,

(6). 47.6 cc. Serum of the blood mixed with 0.0247„ CaCl^ sup-

plied 0.0492 gr. CaSO,.

(7). 47.6 cc. of the normal original serum supplied 0.0369 gr. CaSO<.

(8). 47.6 cc. Serum of the blood mixed with 0.0J2''/„ CaCl,

supplied 0.0437 gr. CaSO,.

9). 47.6 cc. Serum to which the same amount of CaClg had been

added as to the corresponding 80 cc. blood as sub (J) and

sub (5) and (6) supply ...... 0.0596 gr. CaS04.

Comparison of the values in this table shows

:

1. that Ca has entered into the blood corpuscles (Cf. (3) with (1)

and (4);

2. that the blood corpuscles give up this Ca when brought back into

normal serum. (Cf. (3) with (1) and (2).

3. that the entire amount of Ca added to the blood is found back in

blood corpuscles and serum.

Moreover this table demonstrates that in the blood corpuscles of

normal blood Ca is found (Cf. (3)).

This last result clashes with the general opinion that in blood Ca

is exclusively found in the serum. In the well known tables of

Abdkrhalden on the quantitative analyses of various kinds of blood,

for instance, we find that everywhere Ca is being stated as absent

from the blood corpuscles, and in Frankel : "Descriptive Biochemie"

p. 557 we read : "Das Calcium ist lediglich im Serum eiithalten."

What may be the cause of this contradiction? We think that it

is to be found in the method used for the (jiuintitalive (ielerniiuation

of Ca. We know the metal has l)een determined as a sulphate oi-

an oxalate, and it was tacitly taken for granted that these compounds

arc quite insoluble in the fluids in which they are found or very

nearly so. This is by no means the case, especially not when the

volume of the fluid is considerable. Close determinations of the

Holubility of CaSO^ in aci<l alcohol have shown me that, besides a

siiglif precipitate always visible after 24 hours, a great pari of the

CabO, remains in solution.

When we lake this solubility into consideration it is fonnd that

the blood corpuHcles contain a by no means negligible (juantity of

(ja, 08 is plainly shown by tin* Jigun's in the preceding table.

Siill iiiiollier nicllnxl \va^ ii|>pli('(| to inv('sligat(; tin' in'rincability to Ca.
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If the view expressed by J. Lokb and otiiers is a correct one, viz.

that when a NaCi sohition is added to cells an interchange takes

place between Na-ions of NaCl and oilier kations of the cells, it

may be expected that an addition of NaCl to the bloodserum will

bring about a transition of Ca-ions from the blood cells to the serum.

To investigate this, 0.1 7, and CIG'/^ NaCi were added to the blood

serum 01 a known amount of blood, increases also occurring in

normal and a fortiori in pathological life and leaving mtact the life

of phagocytes (Hamburger and Hekma, 1. c). Next the amount of Ca

in the serum was determined and compared with that of the original

blood. The Ca amount was determined by adding ammonium oxalate

and measuring the volume of the Ca oxalate in funnelshaped capil-

lary tubes.

The result of theso Ca-determinations however by no means

answered our expectations. Instead of increasing a decrease was found,

as shown by the last column of the following table.

Na CI added to

the serum.
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1 100 serum + 0.1 gr. NaCl.

2 too „ „ 0.2 „

3 100 „ „ 0.3 „

4 100 ., ,, 0.884 „ eanesugar

5 100 „ „ 1.76 „

6 100 ,, ,, 2.55 ,, ,,

Of these 6 solutions and for tlie sake of comparison also of normal

serum, 20 cc. were added to 20 cc. of the same bloodcorpuscles.

After being mixed, the suspensions were left to themselves for an

hour, after which the amount of Ca in the serum was determined.

A summary of the results is found in the following table :



( 723 )

power is considerably impaired already by a slight increase of osjuotic

pressure of the medium, and that the nature of the substance occa-

sioning the increase of osmotic pressure is not without importance

indeed, but plays a subordinate part.')

More explicit communications on the investigations discussed in

this paper will appear elsewhere.

Physiology. — ''About OhseiTatioiu on the electro-inyogvam and

form-myogram under the injiuenr.e of fatigue." By Di*. A. K. M.

NoYONS, assistant in the Physiological Laboratory at Utreclit.

(Communicated by Pi-of. H. Zwaardemakkr.)

(Gommunicatecl in the meeting of December 24, 1008).

As a consequence of my investigations in which the independence

of the electro-cardiogram wilh regard io the form-cardiogram *) «'ame

to light, the (piestion rose whether also for a skeleton-muscle a

similar independence exists between electric changes and changes

of form under certain definite circumstances. In order to get data

with res[)ect to this I started from the principle that in the course

of a process of fatigue, arisen by regularly repeated stimulation,

dilferent forms of contraction with changes in crescente and different

forms of contraction-state as tetanus and tonus can be revealed.

It is the mutually deviating physiological conditions in the coui-se

of a process of fatigue which, as might be expected, with the

existing independence of mechanical and electric reaction upon the

same stimulus, would sooner or later break the congruence of these

reactions prevailing at a given moment. Not long ago Brucke '),

testing the data of Martius, Waller, Garten and Durig pointed out

cases of troubled parallelism. These investigators, in order to make
the action-current visible, have made use of the capillar-electrometer,

whereas I regularly availed myself in my investigationsof the string-

galvanometer of EiNTHOvTiN (Edelmann's Small model).

In order to cause contraction of the muscle both mechanical and

1) Hamburger en Hekma. These Proceedings June 1907.

2) NoYONS., A. K. M. About the Independence of the electro-cardiogram with

regard to the form-cardiogram. These Proceedings October 31, 1908.

'^) BbCcke., E. Th. V. Ueber die Beziehungen xwischen Aktionstrom und Zuckung
des Muskels im Verlaufe der Ermiidimg. Archiv f. d. ges. Physiologic Bd. 124, 1908.
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electric stimuli have to be considered. The stimulation takes place

indirectly with the M. gastrocnemius of Rana. The electric and

form-changes are registered by means of photography. The muscle

is with the knee fastened to a substratum ; the M. gastrocnemius

is prepared free from the other muscles, whilst the Achilles-tendon

by means of a thread is connected with a small lever bearing

a counterpoise which is moved up and down at every muscular

motion along a pulley. The muscle acts at a distance of 2,6 cm.

and the weight to be lifted at a distance of 5 cm. tVom the ful-

crum of the lever. The long lever-arm moves past the slit of tiie

registration-box and thus throws a shadow on the sensitive paper

of the registration-box, while at the same time the string-movements

and the time-writer are photographically registered. The M. gas-

trocnemius is carefully kept free from the other muscles to a\'oid

the influence of the contractions and electric phenomena of the

otfier unencumbered muscles. The M. gastrocnemius is led to the

string-galvanometer by means of the unpolarizable magazine-electrodes

with moveable cotton-seeds. One electrode usually finds itself on

the thickest part of the muscle, while the other is placed more

proximally. In the last series of experiments the electrodes-seeds

with an alteration in Samout.off's maimer, were, by means of a

thin thread, drawn through the nuiscle-fascia, fixed to the surface

of the muscle, in order to be sure that always the same points

wei-e led to the string-galvanometer.

§ 1. Mechanical stimuli.

The mechanical stimuli have been obtained in one series of

experiments by falling drops of mercury from the mercury dripping

apparatus of Schafkr'), whilst in another series of experiments the

ta|)j»ing hammer of the tetanomotor of Hkidknhain piodiu-os the

mechanical stimulus.

a. ExperiinenL^ with /alUmj drop of mercwy.

Schakkk'h apparatus is placed in such a way that al lii-sl, the

drops are lot fall on a sheet of glass, inserted between nerve

uiid (i|MMiinK of the drip-tid)c. At a given moment when a soine-

wlial rc^^lar dripping has been obtaiiuMl, ihc sIk^'I of ghiss is

') S«;iiXrKi<., K. .\. .\. Simple apparalnn for I lie mechanical stiiiuilatioti. Pru-

ce«dinys or llic phyMiul. Society. Jan. l'*ol.
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drawn away and tlie nerve itself i< hit bv tlie drops, whilst then

the registration takes pUu*e.

Along a somewhat sloping substratum, on which the nerve rests

in a groove, tlie drops of mercury rapidly flow away. By

changing the freipiency of the drops and altering the height of their

tailing, often also spontaneously without any alteration in the external

conditions for the experiment, all kinds of discongruencies may be

seen to show themselves between the mechanical and electric

reactions of the muscle. I5eautifull\ regular curves of fiitigue, are in

this way ditlicult to obtain, as it is not always possible to bring

abour an always equal fall of the drops of mercury, as to frequency

uiid direction. The curve in llg. 1, got in the above way, proves

that the electric phenomenon of the succeeding contractions in the

case in question every time has the same course and the same

aiuplitude. In contradistinction to this the mechanical effect is repeatedly

unequal.

b. JJ.rj)ntm«')its irtt/i llie Uipiniuj liiinnnt'r.

The tetanomotor of Hkiukxhain is thus linked in a chain with a

chronoscope as interru[>ter that only twice a second the hammer
\\\\s the nerve in the isolated ivory groove. To preserve the nerve

as much as possible from loo rapid lesion, a bit of muscle tissue,

to break the thrust of the iKimmer, is laid across under the nerve.

The nerve itself is, by meauj of a little windlass, slightly strained.

On the whole it is very diflicult to regulate the fall of the tapping

hammer and the tension of the nerve so as to make the stimuli

every time follow by a regular series of mechanical and electric

reactions. Now and then, howevei*, it is possible to make a good

series, as fig. 2 subjoined shows.

It is seen how the series in fig. 2 begins with a large, initial,

mechanical and electric reaction, followed by the others which are

directly much smaller. At the same time there takes place after the

first reaction a removal of the zero-position, first in one direction

and then in the opposite direction. On the whole the form- and

electromyograms are well nigh congruent. Now and again we see

how the muscle with a compound contraction reacts upon a single

stroke of the hammer.

To dose exactly and administer a better, always the same, local

stimulus, the electric stimulus was in the coui-se of the further inves-

tigations made use of.
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^ 2. Electrical stimuli.

As electric stimuli were used the opening- and closing-currents

eitlier of a faradaic or of a galvanic current, which was interrupted

either by means of an interrupter fixed to Kagenaar's chrono§cope

of Va second with swinging platina-contacts, or by means of the

rheotome-apparatus of Engelmann connected with a kymographion.

With this rheotome-apparatus the stimuli were on the whole less

frequent and the contactstoppers were placed so as to make the

closing- and opening-stroke follow each other with well nigh equal

intervals of 2 seconds. The following objections, however, can be

raised to these methods of stimulation. In the course of the process

of fatigue the muscle sooner or later, owing to the weight to be

raised, the size of the stimulus, its frequency and the previous history

of the muscle itself, comes into such a condition that the muscle is

perhaps still potentially able to execute contractions, but is accidentally

prevented from doing so by tetanus respectively tonus. Further we are,

especially with the rheotome-apparatus, at which the stimuli as a

rule cannot nearly be deemed equivalent, not entitled to make

comparisons between the respective mechanical and electrical reactions

at different periods of the process of fatigue. Therefore another series

of experiments was made, in which the muscle, it is true, in the

manner described just now was tired by means of opening- and

closing-stimuli of a constant current, but in which during the

whole course of this process of fatigue the muscle was at regular

intervals examined in its mechanical and electric reactions by means

of a single closing-induction-stroke. Every time, however, before

this closing-induction-stimulus was administered, the muscle was

tlrel allowed to become perfectly lax. In making the experiment

a Poiii.-swing without a connecting cross was made use of, by

which the nerve could be stimulated at will, either by the periodical

interruptions of the constant current, or by the single closing-

stroke, obtained by the falling-apparatus of Bernstein, in the

primary chain of an inductorium. The usual [)rovisions were made,

see Gartkn '), to prove that the electric phenomena do not originate

in artificial current-loops.

As a demonstration I give here a short review of one of the

experiments from the last series.

Brains and spinal marrow of a liana fusca have been destroyed.

The M. gastr(K'ncniius, arranged lor I ho cxporimcnl in ilie above

manner, in stimulated indirectly, allcrnately with a breaking galvanic

I; Uahtck S. Eleklrupliyitiologiu. Handbuch cler Physiologiuche Melliodik p. 470.
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current of 2 volts, or with u liinidiiic i-iiireiit of 2 volts at a distance

of secondary bobbin on 57. The weight to be raised amounts to

75 grammes.

The string-galvanometer with permanent magnet is used at moderate

strain of the string (15 from 60 degrees).

The experiment is begun by stimulating the muscle with a single

closing-ijiductionstroke, after which the periodical galvanic stimulating

follows.

In the beginning ©f this galvanic stimulating the muscle answers

with separate contractions, but is soon in tetanus. After some time

the muscle is again stimulated by the closing-inductionstroke. The

mechanical and electrical effect hereof has inci-eased. The photo-

graphic registration shows how the electric ])henomena as an answer

to the stimulus by means of the interruptions of the galvanic current

in general have increased, also how the reaction on the single

inductionstroke begins to decrease again in size. The tetanus is

atteiided with a total removal of the rest-position of the string.

In tig. 3 it is seen, how the muscle under the iniluence of the

fatigue now shows a slight electric phenomenon as a reaction upon

the periodical opening and breaking of the constant current, besides

how the electric phenomenon as an answer to the closing induction-

stroke is pretty considerable, but is not accompanied by a mechanical

reaction which is not even to be observed as tetanus at the galvanic

stimulus. The muscle namely has entirely become slack. The electric

phenomenon of the induction-stimulus has become complicated and

stretched.

Vj^ hours after the commencement of the experiment the muscle

shows neither mechanical nor electric reaction either on galvanic and

on faradaic stimulus. Only when the faradaic stimulus is strengthened

the electric reactions become visible again.

Summa summarum, the following, with respect to our subject,

most important facts may be gathered from the series of experiments

mentioned before and partly described there. In the first place it

appears that under definite circumstances, in this case fatigue, also

for a skeleton-muscle like the M. gastrocnemius, an independence

comes to the front of electric and form-changes of the muscle. It

further appears that the more or less congruency of the above reactions

is dependent on different factors, among others the strength of the

animal.

In general I got, even with the slack M. gastrocnemius of Rana,

the same results, as to change of length and mechanical reaction, as

BRtJCKK found for the M. sartorius, as to change of thickness and



( 728 )

eleetric reaction expressing: himself as follows: "Walu-end der Ermiidung

nehnien Zuekung und Aktionstrom ab, und zwar ging die Abnalime

der Aktionstrorae bei wenig kraftigen Muskeln der der Zuckungen

annahernd parallel, wenn man die Zucknngslir)lie und die eleetro-

motorische Kraft der Aktiojistrome dem Vergleiche zii Grunde legl.

Bei besondei's kraftigen Tieren war dagegen dentlich zu erkennen,

dass diese Parallelitat keine strenge Gesetzmiissigkeit darstellt, denn

in diesen Fallen hielten sich die Aktionstrome audi dann noch auf

ilirer urspriingliclien Starke, wenn an den Zuckungen schon deutliche

Erniiidungszeichen zu eikennen waren".

The grade-formations of the electric and mechanical phenomenon

are not identical. It further appears that the eflect of an induction

stimulus working now and then upon the slack muscle is changeable.

In the beginning of the process of tatigue namely the effect increases,

to decrease later on again. This decrease in size is attended bv a

stretching both of crescent and decrescent. The electric phenomenon

now and then yields a complicated image. Fig. 3. Already Durig ^)

knew such a complicated reaction on a single stimulus; also Garten,

HoFMANX, Bruckk '), and Samowloff ') have observed this in a normal

muscle.

It appears that in the course of a i)rocess of fiitigue the |)roportion

of KS ^ AG as to the electric reaction offer undei'goes a change,

and that in such a way, that as a rule the difference between KS
and AG gradually becomes smaller so that KS and AG are equal,

which generally does not happen before CYGvy separate mechanical

rcju'tion of the muscle has entirely left olf. It sometimes happens

thai the KS under the influence of the fatigue is in the end <] AG.

If we make experiments with rather weak currents, it may happen that in

this way, both the electric and mechanical reaction on the opening-stimu-

luH do not show themselves fcu' some time, to appear again towards

the end of the process of fatigue only with an electrical reaction.

Some of the above mentioned facts have in passing been indicated

by SA.MOIJL0FK. These i'twAa might be considered as the numifestation

of an "Kntartnngsreaction". In the same way the slackened ci-escent

and detrreweut (of the ujechaiiical as well as of the electric n^iction)

may bo looked upon.

Further we often see that in the course of the process of fatigue

•) I>unio A. Uebor die olpklromotorlsclioii Wirkiinf^cn dcs wassorarnicn M uskols,

PrUJuruV Arrliiv. Ikl. 97, 1JK)8.

*} HkOckk K. Th. V. I. c.

') SftMouLorr A., Einige KleklropliyHiologische Voi'suclie. Lo Pliysiolugislc Uusse

19U6. Vol. V, N». 86-W.



A. K. M. NOYONS. "About Observations at the electromyogram and form-myogram

under the influence of fatigue.
"

Fig. 1.

0.5 sec.

electr

mech.

Fatigue-curves of mechanical and electric reactions as answer to stimulation by means of

falling drops of mercury. The time is given in '/s seconds. The middle line gives

the electro-myogram, the third curve the form-myogram.

Fig. 2.

elect.

mech.

Fatigue-curve of mechanical and electric reactions as answer to the mechanical stimulus of the

tetamotor-hammer. The upper line gives the electro-myogram, the next curve the form-myogram

and the lowest line the time in '/j seconds.

Fig. 3.

a b
0.5 sec

eleclr.

mech.

Fatigue-curve of mechanical and electrical reactions on the faradaic stimulus (a) and

on the galvanic stimulus (6). The second curve gives the electro-myogram, and

the third the form-myogram.

15'/2 minutes after commencement of the experiinenent.

*i\n eodings Royal Acad. Amsterdam. Vol. XI.
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the original diphasic character of the action-current gets lost and is

replaced by a monophasic image. We see as it were one top of the

electromyogram wear off, whereas the other top increases, as already

Lee*) observed for the M. sartorius. Also Bernstein and Garten-)

saw this.

Tiie peculiar fluctuations that are often seen at the end of a

mechanical fatigue-curve, also show themselves in the electric fatigue-

myogram, even in those moments when every mechanical reaction

has already disappeared. These fluctuations appear sooner and are

much more intense, when the whole animal is narcotized with

chloroform or ether. In narcotization the action-currents on the whole

remain longer in existence than the mechanical effects. Warming the

whole animal with due regards to provisions to prevent even the

slightest desiccation, make the mechanical as well as the electric

reactions on the periodical stimulus increase strongly in size, notwith-

standing the fatigue ought already to manifest its influence on the

size of both the phenomena.

Lastly it may still be mentioned here that, after a short fatigue

of muscles at weak electric reflex-stimuli and a small weight to be

raised, I saw, when stopping the artificial stimulus, spontaneous

contractions appear, which continued for some time '). What was

striking here was that these spontaneous mechanical phenomena were

as large as those at electric reflex-stimulation, but that at the same

time the accessory electric [)henomena were much smaller compared

with those obtained by artificial stimulation.

1) Lee F. S. Archiv. fur Physiologic 1887.

2) Berstein, Garten e. a. Handbuch der Physiologic dcs Menschcn von W. Nagel,

2e Halite, Erster Teil, 4c Band, 1907.

^) It may be provisionally mentioned here that to complete Samoyloff's work I

succeeded, also in a retlectorical way, in obtaining considerable mechanical and electric

reactions from the M. gastrocnemius, both in consequence of chemical and mechanical

reflex- stimulation.
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Chemistry. — "A contribution to the photo-chemistry of silver {sub-)

haloids''. By Mr. A. P. H. Trivelli. (Commanicated by

Prof. S. Hooge^iirff).

(Communicated in the meeting of January 30, 1909).

Introduction.

Previous investigations into the photo-cliemical decomposition of

silver haloids led to the following formula:

2 AgHal -^ Ag^Hal -» 2 Ag.

It is true the great variability in the chemical composition of the

piioto-ehemically formed subhaloid has given rise to doubts as to the

correctness of the formula Ag.^Hai, so that J. M. Eder ^) even thinks

it possible that the subhaloid lias the formula AgjHal,, Ag^Hal, or

perjjaps Ag,(,Hal,9 , but a satisfactory explanation of these deviations

was found by Glntz '^) in the j)artial and only superficial photo-

chemical decomposition, so that when quantitative deternjinations

were made, the subhaloid dealt with was never pure, but always

contaminated with AgHal and Ag. It is a fact that with continued

light action the photo-chemical decomposition of the silver chloride

never reaches the formula Ag,Cl, but approaches it "). Thus Riche ")

found, after silver chloride had been exposed to the action of light

for IV, yeai*s, a composition corres|)on(ling to the formula Ag,Cl,.

In 1895 O. WiK.NER *) discovered the colour formation of the

Seet)eck-Poilevin photo-chromics by mechanical colour accommodation,

which can only set in, if there are a nundier of mutually diU'erent

subhaloids. E. li.vrKR *) look these to be four "modifications" of one

and the same subhaloid. A little more than a year afterwards

J. M. Kdkr ') in his excellent investigations as to the substance of

the hilont image came to the conclusion that there exist a number

of HiibiialoidH, which consecutively originate photo-cliemically one

from another, yciu'X differently on developers, sodium thiosulj)hate,

ammonia, etc., and arc formed anew by oxidation (nitric acid) in

iho 0|»|»OHitc order (aw compared with the photo-chemical decompositon).

ThcHC ruHuits, however, require a slight correction, because J. M.

Kdkk Hturtnd from the idea then still gcMierally held, but now anti-

(pialcd, that the process of development was nothing but a simple

rcthiclion of the nnslable subhal(»id-boaring silver haloid grain, whereas

according to iIk; more recent view, enunciated by W. Ostwai-d "),

K. y<;ilAiM and W. Hkaun •), and conlirme<l microscopically by
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W. ScHEFFER '"), every development consists in the precipitation of

the reduction products from a dissolved silver compound upon the

germ-subhaloid. Making use of this, in an investigation into solari-

zation and further properties of the latent image, I ^') have arrived

at the result that the « subhaloid of the latent image passed, with

loss of halogen, into another, the /? subhaloid. Soon afterwards

B, Walter ^'), without being acquainted with my work, concluded

from fresh investigations into solarization, that his experiments are

best accounted for if tnw really dilierent "Zerfallstufen" (stages

of decomposition) of silver bromide are assumed. Although,

consequently, the existence of a number of subhaloids differing in

chemical composition and having different properties, has been proved,

E. Bauer's modification theory may still be maintained by tlie side

of it, for one of these subhaloids might possess the power of forming

a modification by the action of light, through which its absorption

spectrum might change, as e. g. white P^ is transformed by light

into orange-coloured P^. Only if it were proved that this change of

colour of the subhaloid was accompanied by a change in the chemical

composition of the subhaloid, would the modification theory have to

be relinquished. I shall revert to this question later on, and assume

for the present that every subhaloid of a definite chemical composition

is characterized by its absorption spectrum.

During the last few years Luppo-Cramer ^'), on the ground of a

number of chemical relictions and physico-chemical phenomena, has

drawn the conclusion that silver subhaloids, with the exception of

subtluoride, do not exist, and are nothing but absorption compounds

of collodial silver and silver lialoid, and he has maintained the direct

photo-chemical formation of silver from silver haloid. A short time

ago 1 '^) succeeded in showing in a paper on silver subhaloids that

all chemical reactions and phenomena upon which Luppo-Cramer

founded the above-mentioned conclusion, can even be accounted for

in a simpler way by assuming that the subhaloids are chemically

defined compounds, so that it has not yet been proved that it is

correct to i\Q\\\ the existence of silver subhaloids. K. Schaum^*), too,

has pointed out that the direct photo-chemical product of decompo-

sition of siher bromide cannot be silver, for if silver bromide is

ex[)Osed to light by the side of bright, metallic silver, Ag Br

becomes dark, but at the same time the silver assumes a violet

colour; "es ist thermodynamisch unmoglich, dass in dem namlichen

Systeme gleichzeitig AgBr in Ag und Ag in AgBr ubergeht". Hereby
it was proved, not only that the conception of the silver subhaloid

as an absorptioji compound, was untenable, but also that the formula
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of the stable silver haloid could not possibly- be Ag Hal, but uiust

be Agu Haln, in which n is a figure as yet unknown.

Quite independently of K. Schaum I ^^) have arrived at the same

result by the explanation of a few developing phenomena in the

case of exposed silver haloid free from binding substance.

Let us indicate the sensitiveness to light of a substance generally

by placing the letter / before the name of it, thus

:

/AgJ>/AgBr
This is also applicable to the substance of the latent image, the

a silver subhaloid

:

/Ag„Jn_a >/AgnBrn_a.

Now the remarkable case may occur that seemingly

1
^AgJ

/(AgJ AgBr)> and
I / AgBr

i.e. the rediiclbleness, which is pretty generally erroneously identified

with sensitiveness, increases by exposure more rapidly in the case

of iodide silver bromide than in the case of silver iodide or of silver

bromide.

This is to be accounted for by the circumstance that iodide silver

bromide produces a substance of the latent image less sensitive to

light than is yielded by silver iodide, while at the same time this

sul)stance is formed more rapidly than by silver bromide, in other

words, while at the same time iodide silver bromide is really more

sensitive to light than silver bromide. In the most favourable case

the latent image may consist of Agn Br„_,i. As iodide silver bromide

wa« obtained from the synthesis of the subbromide with iodine, it

follows that the formula of the silver bihaloid must be Ag,, Br„_uJa.

Oil iho analogy of this Ag„ Br,,, is obtained, if bromine is taken

instead of iodine, .so tiial Ihc general formula of silver haloid becomes

Ag„ I lain.

If we now assume that the pholo-chcmical decomposition of silver

liHloi<l, rcHp. subhaloid, jigain .uid again forms a new subhaloid,

each time by the loss of one halogen atom, we obtain the following

8orie»

:

Ag„Hal„-»Ag„Hal„ i-^Agnllaln-a-* . . . -Ag„IIal.j^Ag„llal-^nAg . (I)

it l)oing, of course, not impossible that one or more of these sub-

haluids do not exist.

R. Luthkr'') observed no diflbrcnce between the oxidation potentials

of the HiibliuloidH of the latent and of the visible photo-clKMiiical

decomfK^HJiiofi'., find therefore assumed the formation of the same
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siibhaloid in both eases. In order to determine the chemical com-

position of this subhaloid, he added at intervals to a known quantity

of silver a chlorine solution containing \/^„ of the quantity required

for the formation of Ag CI, and then each time determined electro-

motorically the oxidation potential of the remaining chlorine. In the

beginning it remained constant at 0,55 Volts, but when the composi-

tion Ag, CI had been reached, it suddenly became 1,45 Volts, and

after that remained fairly constant. In the synthesis of silver bromide

he also observed a rise of the potential at Ag,Br. E. Bauer ^*) con-

firmed this in the case of Ag,Cl, and could further demonsti'ate a

slight rise of the potential in proportion as the percentage of chlorine

increased, from which he inferred that Ag,Cl forms with silver

chloride homogeneous mixture series (absorption compounds). On the

ground of the existence of a number of subhaloids it follows from

this just as well that the subhaloids with an increasing amount of

halogen show a very slight rise of the oxidation potential without

there being any need to deny the formation of absorption compounds

of these subhaloids with silver haloid. At the same time it appears

that for the present a more exact determination of these subhaloids

by this method does not promise much success.

If, however, these results are considered in connection with series

(I), it appears that the tirst subhaloid formed synthetically, and con-

sequent poorest in halogen, is Ag,Hal, and the following improved

photo-chemical decomposition series is obtained:

Ag2nHal2n -» Ag2nHal2D-l -* Ag2nHal2n-2^ "^

-^ Ag2uHal„_|_i -^ Ag2nHaln -> 2nAg (IIj

This series is in harmony with the opinion already expressed by

J. M. Eder^') some time ago: "Vielleicht bilden sich auch Silber-

subchloride, welche als Zwischenprodukte von Ag,Cl und AgCl
aufzufassen sind."

One of the most prominent peculiarities of the silver subhaloids,

by which they were even discovered, is their absorption spectrum.

As these subhaloids have the power of rendering the whole visible

spectrum (the subchlorides do this best of all), I have endeavoured
to determine experimentally the colour sequence of series (II).

Method of Investigation.

The method of procedure might have consisted in photographing
the sun's spectrum by the Seebeck process and in subsequently

controlling the colour changes by means of a sun spectrum placed

50
Proceedings R»yal Acad. Amsterdam. Vol. XI.
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crosswise. If e.g. -the red subbaloid originates after the green, the

latter will have the power of yielding the red subhaloid, but it will

never be possible for the green subhaloid to be photo-chemically

formed out of the red subhaloid. This experiment already made by

0. Wiener-") yields: J^', doubtful results, because the primary

rendering of the spectrum already leaves much to be desired, and

this is, consequently much more the case with the secondary rendering;

2"^, unreliable results, because in this way the chemically pure

subhaloid is never experimented with, but by the side of it there is

always an admixture of silver haloid. It is true, the Poitevin process

yields a better colour rendering, but the results are not any more

reliable, because, as Luppo-Cramer ") has proved, in this process

photo-oxidation takes places by the side of photo-reductioiL I, there-

fore, selected another method.

According to H. Luggin ") and R. Luther '^) the photo-chemical

decomposition of silver haloids in a closed space gets with a definite

light intensity ijito a state of equilibrium owing to the halogen

pressure which sets in. Guntz"^) determined the equilibrium pressure

with various light intensities by exposing silver chloride under different,

known chlorine pressures, in small glass tubes sealed in a blowpipe

flame. This method produces decomposition in these tubes, in which

the pressure is too small for the state of equilibrium, but is not

suitable for determining the colour sequence, because the colour of

the subhaloid can only be observed through that of the halogen,

consequently very inaccurately. Therefore it is better to proceed as

follows.

If silver haloid is emulsionized in a binding substance (one might

also say : "if it is placed in a half-closed space") the photo-chemically

liberated halogen cannot escape immediately, but with a definite

light intensity a halogen pressure D per unit of time will sot in,

which is dependent upon the halogen pressure D^ which the photo-

chemical decomposition process would produce, diminished in the

first place by the pressure D.^ which is lost by ditfiision, and in the

second place by the pressure />, which is lost by the chemical

combination with a halogen absorbent (chemical sensitizer).

/;=A-(A-I-A) (Ill)

hi il»»rt lorniulii I), and />^, in (lif second member, and c()nse(iuently

I) l(M), may Ik; modiluMl.

Now seeing thai a rise? of halogen prcsHiire is accompanied by an

increase of difruHion and of \\w nipidity of reaction of chemical

combination, a fairly constant halogen presHiire may continue to exist
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for a definite period during the decomposition, if the chemical

sensitizer is present in not too small a quantity. (Compare the result

of the experimental inquiry into the intluenee of the size of the grain

upon D, below, with the accuracy of this reasoning). Practically it

is not even so very simple to take too small a quantity of chemical

sensitizer, because the fii-st visible decomposition of the silver haloid

already sets in, when a quantity of halogen, too small to be weighed,

has been photo-chemically liberated, which is undoubtedly owing to

the intense colour of the subhaloids.

The cause of the more rapid photo-chemical decomposition of silver

haloid in the presence of a chemical sensitizer has been attributed

by GuNTZ "j to the development of heat, which accompanies the

chemical combination of the liberated halogen, because this photo-

chemical decomposition is attended with heat absorption. If this

cause really had such a great intluenee upon the decomposition

process, formula (III) would have to be considerably modified. This,

however, is not the case. Ltjppo-CRAMER ") has demonstrated experi-

mentally that the chemical sensitizer only accelerates the decomposition

process, if the silver haloid is emulsionized. Silver haloid precipitated

in a test tube does not show a trace of accelerated photo-chemical

decomposition, neither by the addition of silver nitrate, nor by the

addition of ammonia. I must, however, observe that the colours which

appear are not the same. Consequently the thermic influence of the

chemical sensitizer, referred to by Guntz, is so small that in practice

it may be ignored, and may at most be taken as a theoretical correc-

tion of formula (III), especially if it is borne in mind that the total

amount of halogen that is liberated and reacts in my experiments,

is extremely small.

On the analogy of the more or less regular changes of properties

in the case of other chemical series, as e. g. the fatty acids, it may
be assumed that the subhaloids according to series (II) will show

an increased or decreased atlinity, however small the differences

may be mutually. As with a constant light intensity the photo-

chemical decomposition of the subhaloid gets, at a certain definite

halogen pressure, into a state of equilibrium, we may say that the

equilibrium pressure in the case of the subhaloids according to series

(II) undergoes an increase or a decrease. Even the measurements of

E. Bauer ^) mentioned before, who observed a rise of the potential

with a higher proportion of halogen, point to the fact that with a

constant light intensity this equilibrium pressure will decrease if the

amount of halogen in the subhaloids is smaller.

If now formula (III), in which, cojisequently, D is practically

50*
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constant for some time, is applied to the assumed subhaloids «,/?,y...,

in which each subsequent subhaloid is poorer in halogen than the

preceding one, and which with the same light intensity have respec-

tively the equilibrium pressure D^, D^i, Dy, then we get

Da > /),5 >A > If D = B^, then the photo-chemical

equilibrium will set in with the ^ subhaloid, recognizable by the

colour of this subhaloid, that is to say, the photo-chemical decomposition

does continue through the loss of halogen, but the state of decom-

position will not proceed beyond the ^ subhaloid, as long as Z),5 does

not decrease. Thus first a definite colour is seen to constantly increase

with the photo-chemical decomposition till a maximum has been

reached, after which, sometimes after a very long exposure, a change

of colour becomes noticeable. In the case of A)^5 ]> 7) > Z)y a blend

of the colours of the ,i and the y subhaloid will appear. Consequently,

by giving to Z) a higher or a lower value, we have it in our power

to determine the colour sequence of the subhaloid according to (II);

by decreasing the quantity of chemical sensitizer or by preventing

diffusion, subhaloids richer in halogen, in the opposite case subhaloids

poorer in halogen are obtained.

The graphic representation clearly shows this. If on the abscissa

(see fig.) at mutually ecpudistant points A, B\ 6", .... we indicate

the Kubhuloids «, /^, y, in e(pial molccidar (pinntities, and on

the ordinate ihc C(piilibriuni pressures A'A, Ji'B, C'C, , corre-

Hfionding to them with a delinito light intensity, then the connection

of the points AtB,C,... must yield u line which apj)roaches the

abscissa from () in a poHilivc direction. If we assume now that the

amount of one of the Hubhaloids, say (i, docroasos in such a way
from /i both ir» the positive and the negative direction on the

1

atww'i.HMa, lh<ii ul <»t tli.' disiancc (Vom />' lo ,1' or (!' tiiei'e is the
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«—

1

th part of the quantity of j? subhaloid (which is in B'), then

the quantity of ^ subhaloid will be zero both in A' and in C. If

now we further assume the same distribution in the case of the other

subhaloids, then beginning at the point 0, a series of coloui-s will

successively appear on the abscissa, among which there are mixed

colours composed of at most two components between the points

A', B', C. . . . , The equilibrium pressure at any point is then deter-

mined by the ordinate from this point to the intersection with the

line ABC.... Suppose that with the photo-chemical decomposition

a constant halogen pressure D= OP" prevails, then the state of

decomposition will not progress beyond P', because the equilibrium

pressure P' J* corresponding to P' is equal to OP". Consequently

in P' a mixture of the ji and y subhaloids will appear, the quantities

of which are determined by the proportion N^. N-^^= P'C : I^B'

.

A mixed colour will then appear, in which, according to the ligure,

the colour of the ^ subhaloid will be predominant. If D becomes

greater, say D' = OP", then the state of equilibrium will set in at

P/, where, according to the figure, the colour of the /5 subhaloid

is predominant. Now by slightly modifying D between the equili-

brium pressures of two photo-chemically consecutive subhaloids, it

must be possible to obtain all transitional tints from one subhaloid

to another, and this could actually be demonstrated in all those

cases in which it was experimentally possible.

To obtain these results, the subhaloids must, of course, be sutTi-

ciently sensitive to light. Still with a few experiments, as those with

subiodides and subbromides, phenomena are observed which cannot

be accounted for as yet, and require further, separate investigation.

We shall not enter into them here.

From the graphical representation it furtlier appears that D can

never become greater than the highest position of the line .^i^C . . .

above the abscissa. If D is smaller than the equilibrium pressure

of the subhaloid poorest in halogen, then silver begins to separate

out photo-chemically.

If we assume that the line ABC.... is continued still further

towards the 1^-axis, i.e. that the silver haloid is placed in before

the (t subhaloid on the abscissa, then the ordinate belonging to it

will correspond to the lowest halogen pressure at which the photo-

chemical decomposition of silver haloid still takes place with this

light intensity, and which answers to the above-mentioned chlorine

pressure determinations by Guntz.

Now suppose these results to be incorrect, because the continuation
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of ABC ...' //OX, or from onward recedes in positive direction

from the abscissa, then it will never be possible to obtain by varying

(i>j-}-Z)j) the colour of one or two of the snbhaloids, but the photo-

chemical decomposition will always progress more or less rapidly

in the same way in all cases. However, the results of the experiments

mentioned below cannot be reconciled to this supposition.

T/ie influence of the size of ilie grain. As the photo-chemical

decomposition of silver haloids is restricted to the surface of tlie grains,

it is easy to understand that the size of the grain must influence the

decomposition process. The finer the grain, the more "saturated"

the colour, the coarser the grain, the weaker the colour will be.

As in formula (III) D becomes greater owing to the finer grain,

Z), and jD, will therefore also increase. Consequently by exposing

coai-ser and fiuer silver haloid grains emulsionized under as much

as possible the same circumstances, it can be determined experimen-

tally, to what extent D changes through an increase of i>i, and an

increase of (Z),-{-jDj) depending upon it. I have made this experiment

with a fine-grain silver chloride gelatine emulsion, and silver chloride

gel emulsionized in gelatine, but found, except in the saturation of

the colours, a very small difference, which might even be put down

to an inaccuracy in the experiment, viz. s\, slight difference in the

amount of chemical sensitizer.

Control. If in formula (III) Z), is made smaller, D will become

greater, and the colour of a snbhaloid richer in halogen will appear.

The same thing may, however, be obtained in another way. The

equilibrium pressure is smaller with a weaker light intensify (approaches

zero in the dark), but in this case D^ will also decrease a well

08 the term (Z^j-J-/),) dependent upon if, and, as has been shown

by the enquiry into the influence of the size of the grain upon silver

haloid, D thereby changes little or nothing. The consequence of

making the photo-chemical decomposition take |)hu'e with a smaller

light intensity, will therefore consist in the appearance of subhaloids

richer in halogen. Therefore, by lowering 1) as well as the light

intensity, llic same subhaloids richer in halogen, in the opposite case

the same subhaloids poorer in halogen, will be seen to aj)pear.

Another means of control is afforded by increasing I) after the

photochemical decomposition has been interruj)le(l by introducing

halogen into the preparation ; in (his case tli^ siime snbliuioids richer

in halogen must be obtained back again. This method, however, has

the drawback, 4hat owing to the absorption s|)ectrum of the halogen,

the colours of the subhaloids are to be observed in a less |)nrc

condition.
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TJiP colour value. Seeing that side by side with the subhaloid we

always have the coloured halogen, altiiough in a less than equivalent

quantity, tiie colours of the subhaloids will never appear so clearly

as in the case of the preparations prepared chemically by M. Carey

Lea's and Luppo-Cramer's"*) method.

The place of the a-suOhaloid. My investigations as to the substance

of the latent image'*) and its preparation") show that in ftie case

of iodide as well as of bromide and chloride the «-subhaloid has a

green colour. As the assumption of a subhaloid still richer in halogen

to account for Bunsen-Roscoe's photo-chemical induction'^) and for

auto-sensitation ") is superfluous, I have attempted to trace this

possibly extant subhaloid by the photo-chemical method indicated.

If silver bromide with an excess of potassium bromide is made to

precipitate from a silver nitrate solution, dried, and exposed under

carbon tetrachloride to moilerately strong daylight, it soon begins to

show a green colour. In this preparation the diffusion of the liberated

halogen is extremely slight, and potassium bromide is a very weak

chemical sensitizer, with which the reaction product KBr, with the

subhaloid partially shows a revei*sed reaction in the dark. Under

these circumstances the «-subbromide is, therefore, obtained photo-

chemically in visible quantities, and hitherto this has been the simplest

method found by me of preparing light-proof preparations from this

substance. The halogen pressure can, however, be increased still

more by omitting this weak chemical sensitaiion as well. In a dry,

pure collodion coating pure silver bromide yielded a grey discoloration

with the lowest light intensity with which decomposition is still

to be observed. Iji the dark the light yellow silver bromide appeared

again after some time; consequently an almost complete re-formation

of the silver bromide takes place, from which it may be inferred

that the loss of bromine has been reduced to a minimum, and the

subhaloid richest in halogen may have appeared with the photo-

chemical decomposition in a visible quantity. But even now the grey

colour need not be attributed to a subhaloid richer in halogen than

the «-subhal6id, for the equivalent amount of brominm may mix its

brownish red colours with the green of the «-subbroniide so as to

yield grey. As, therefore, the green «-subhaloid is to be considered

the one richest in halogen we know at present, we may say that

every other colour mu.st be ascribed to a subhaloid poorer in halogen.

Use of the a subhaloid. If in these experiments we start from the

green rr-subhaloid instead of from silver haloid, a dijf'erent sequence

of colours is obtained. With silver nitrate the green preparation very

rapidly turns grey or black through the formation of mixed coloui'S
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with the subhaloids poorer in lialogeii, and with the exception of a

single case mentioned below, it is tlierefore unfit for controlling

purposes. So the best plan is to start from silver haloid only, which

owing to its white or light vellow colour has little or no influence

upon the colour of the subhaloids that are formed.

Tke binding substance. In most cases gelatine was used for this

purpose. In a perfectly dry condition it does not absorb free halogen

;

it does, however, in the presence of water.

Tke chemical sensitizers. As it appeared desirable to me, in connec-

tion with these experiments, to obtain as much as possible results

that could le compared with each other, 1 have made as little as

possible use of different chemical sensitizers. Besides alkali-haloid

and moist gelatine, silver nitrate was selected as being a powerful

sensitizer. The photo-chemical reduction in the presence of gelatine

has, as appeared from a parallel experiment without silver haloid,

no disturbing influence upon the determination of the colours of the

subhaloids.

Description of the experiments.

The silver subiodides. The cause why hitherto nobody has succeeded

in demonstrating the iodine liberated photo-chemically, is no doubt

to be put down to the very unfavourable conditions of diffusion

(higii atomic weight and low vapour tension of iodine), and to

absorption by silver iodide with the formation of an absorption

compound "), Moreover the visible photo-chemical decomposition is

always very slight, notwithstanding the high sensitiveness of silver

(Hub)iodide, to which I have already referred more than once, in

other words, only very little iodine is liberated, which has been

asso<*iatcd by H. Luooin *^) with the low cnuilibiium potential of

silver iodide. This makes silver iodide togellici- with iodo-silver

bromide, mentioned above, the most suitable silver haloids for

daguerreolypy, in which the destruction of the ^-subhaloid, upon

which the reduciblencss depends, would otherwise be much stronger

a» compared with the emulsion processes. (Jonseciwenlly it is unneces-

sary to cinuJHionizo tho silver iodide.

If silver iodide with an excess of potassium iodide is precipitated

from u silver nitrate solution, then a vcit slight discoloralion appears

on exposure"), witiiout a subio(li<le (•(ijoiir becoming observable. The

cause is probably that during the prccipitaticn of silver iodide potas-

sium iodide is separated out as well. Now in photo-chemical decom>

fKisition the lilieralcd iodine is abs<»rbed in a less degree by silver

iodide, but largely by potassium iodide, potassium h-i-iodide being
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formed, which with subiodide gets into a state of photo-chemical

equilibrium, which is nearer to silver iodide than that of subiodide

and adsorbed iodine. The sensitiveness of potassium iodide, by which

iodine is photo-chemically liberated, may also have some influence.

If silver iodide with an excess of silver nitrate be precipitated by

potassium iodide, it is free from potassium iodide. The photo-chemical

decomposition now proceeds much further; a greyish green colour

sets in, which points to a high amount of «-subiodide. This seems

at variance with the observations of Hkrschkl's effect, and the

solarisafion in the case of the silver iodide daguerreotype plate, where

with much shorter exposures a decrease of reducibleness undoubtedly

pets in, owing to the photo-chemical splitting up of «-subiodide into

/?-subiodide and iodine. This contradiction is solved, if it is borne in

mind that, to render the exposed silver haloid reducible, the presence

of the «-subhaloid alone is not sufllicient, but that, moreover, it must

be at the surface of the silver haloid, so that through molecular

attraction the reduction products of the dissolved silver salt or the

mercury vapour may be able to settle on it. The greyish green

discoloration may, therefore, be atti'ibutable to a high amount of

«-subiodide, but it may itself be covered by an extremely thin layer

of subiodide poorer in halogen.

If we endeavour to remove the halogen pressure of iodine altogether

by conducting the photo-chemical decomposition under a silver nitrate

solution, then the reductions become very complicated. The acceleration

of the visible photo-chemical decomposition appears to be hardly

appreciable, while the substance assumes a grey colour, and yet in

the silver iodide collodion process silver nitrate behaves as an excel-

lent chemical sensitizer. On a formei' occasion '*) I already pointed

out that in the light silver nitrate must exercise a strongly oxidizing

influence upon subiodide, silver oxide being formed, and accounted

for the more rapid increase in the reducibleness (i.e. more rapid rise x

of the amount of ^-subiodide) by this oxidation, which can act only

then in such a way that ji-subiodide is more rapidly oxidized into

«-subiodide than the latter into silver iodide. Consequently when
silver iodide in a silver nitrate solution is exposed, two opposite

actions take place : a progressive reaction, the photo-chemical decom-

position, and a regressive reaction, the oxidation, the former taking

place a little more rapidly than the latter, which reactions probably

even with the subiodides poorer in halogen perfectly neutralize each

other. With oxidation, however, silver oxide is separated out; I

therefore surmise that the grey discoloration mentioned before n)ust

be ascribed to this silver oxide.



( 742 )

This photo-chemical decomposition might consequently be accelerated

1« by taking an iodide more sensitive to light, and 2"^ by decreasing

the oxidation by silver nitrate (ex}>osiire with smaller light intensity).

Both these conditions have been * complied with in the extremely

rapid photo-chemical decomposition of «-subiodide in weak twilight

observed by me'').

Beside these reactions others set in, as the probable formation of

iodates, oxidation through one of the reaction products of the chemical

binding of iodine and silver nitrate, etc., the investigations into which

are partly incomplete as yet.

As subbroraides and subchlorides oxidize far less rapidly, as is

well-known, the deviations occurring in the case of subiodides, are

much less likely to occur with them.

Further a red subiodide of M. Carey Lea'®) is well known,

which, consequently, must contain a smaller amount of halogen than

a-subiodide.

Of the colour sequence of series (II) we accordingly know only

green, red, (IV)

The silver subbromides. In the following table the observations have

been arranged in such a way, that D constantly increases.

Ag2n Bron

Fine-grained. Discoloration in daylight

In gelatine. (October, 11 to 2 o'clock)

[}). with 10'/, aqueous AgNO, sol. yellowish, reddish or

brownish violet

(2). with much H,0 brownish violet

(3). with little H,0 red

(4). moist reddish violet

(5). less moist bluish violet

(6). dry bluish

Without binding substance

(7). with Klir under ether, CCI^ green

Tbeee diHColorations were not observed simultaneously, but always

when the colour was most intense without passing into another.

The dccoin|)OHi(ion takes place so unequally that, when o\])()scd

mmultaneously, (1) and (2) already have a clearly pcrce[)lit)Ic colour

afler a few tens of seconds, wiiilst the others siiow hardly any

risible decomposition. Compared with each other, the latter prepara-

liont show little diflfercnco in tiic rapidity witii which the colours

appear. Wo sec hero a deviation IVum LCito-CIkamek's observation
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referred to above, that photo-chemical decomposition is accelerated

by chemical sensitation only in an emulsion.

If in the case of preparation (7) the ether or carbon tetrachloride

is allowed to evaporate in the dark room after exposure, then the

bromine is liberated, which is distinctly perceptible by its smell

and the potassium iodide starch reaction.

Between the preparations (3), (4), (5) and (6) all intermediate

tints from blue to red could be obtained by increase oi decrease of

the amount of water.

The })reparations (6) and (7) still contain a trace of adsorbed

water.

With the very rapid photo chemical decomposition already referred

to, the preparations (1) and (2) show the violet colour anew. This

may be accounted for by the fact that D was so small, that no

constant equilibrium pressure was to be reached in the photo-chemical

decomj)Osition series.

When the experiment was repeated a number of times, preparation

(1) showed a different colour each time, probably through changes

in J) and the light intensity. In direct sunlight especially the yellowish

brown colour appears; sometimes it was even blue-black through

the silver separated out. The yellowish brown mixed colour points

to the formation of a yellow subbromide with the ultimate products.

Tests have been made by observing the same photo-chemical

decomposition with weaker light intensities. Then (2) yielded a red

colour, and (3), (4) and (5) showed a distinct shifting of the colour

towards blue. Pi'eparation (7) assumed a greyish ^vQen colour in

direct sunlight. Further the red preparation rapidly developed a blue

colour in bromine water, which colour then entirely bleached into

silver bromide, without my being able to observe the green sub-

bromide with certainty. Of the gi'een, blue, and red preparations,

the size of the grain being the same, and free from binding sub-

stance, the red one reacted most rapidlj- upon sodium thiosulphate,

HjCrO^ , HNO, and (NH^jS^Og, and especially the green preparation

showed considerable resistance. By putting the «-subbromide in a

neutral 10 7o sodium thiosulphate solution I was able, even by the

light in the room, to observe distinctly a colour change through

bluish green to blue.

The colour sequence of series II is consequently in the case of

subbromides:

green, bluish green, blue, violet, red, . . . yellow. (V)

Jlie silver suhcidorides. In the following table the same arrange-

ment has been observed as in the case of the subbi-omides.
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Ag2n Cl2n Discoloratlon in daylight

Very fine grain (October 11 to 2 o'clock)

In gelatine.

(1) with 10 7o aqueous AgNO, sol. reddish orange

(2) with AgNO, dry red.

(3) with NH.Cl moist violet.

(4) with NH.Cl dry blue.

Without binding substance.

(5) with NH.Cl under CCl, bluish green.

By variation the amount of water all intermediate tints can be

obtained between preparations (3) and (4), while by decrease of the

amount of AgNO, preparation (2) becomes reddish violet to violet,

and has for this reason been placed before (3).

The preparations (2), (4) and (5) still contain a trace of adsorbed

water.

In Piitf.vin's photochromies there also occurs a yellow (more

orange-like) subchloride. Preparation (1) already yields a colour

which inclines from red to yellow; therefore the yellow subchloride

is probably foriped after the red. In direct sunlight this preparation

assumed a yellow colour. However, I found no indications that this

was a subchioride, for neither in ammonia nor in a 10 "
„ sodium

thiosulphate solution did it undergo any perceptible change, while

the red and the reddish orange preparation became yellow and

yellowish brown in these two solutions. So it may just as well be

photo-chemica,lly formed collodial silver. However, the yellow sub-

cliloride cannot be classed anywhere between or before the other

coioui-s. In analogy with what is similar in the case of the sub-

bromides it may therefore be assumed, that after all, it comes after

the reddish orange preparation.

The green a subchloride is known to be the subchloride richest

in halogen, and preparation (5) already inclines to it, so that in the

case of the subchloridcs the colour sequence of series (II) is

green, bluish green, blue, violet, red, orange, yellow. . . (VI)

The Hilver suhjlaorides. Silver tliioridc is hygroscopic and too

insensible to light for these experiments. Still there is a yellow sub-

fluoride of GuNr/ ••) with the formula Ag,Fl.

Tke silver Hubct/anide.s. Their existence is still doubtful. A chemi-

cally pure silver cyanide preparation of K. im Wa'v.n, showed the

same bluish violet discoloration both without and with a binding

sutmlance, and even under CCI^. In the case of silver cyanide the

plioto-chcmlcal dccomposilion therefore lak(;s place according to other

laws than with the foregoing silver (subjhaloids.
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Tlie diver subrhodanldes. Their existence, too^ is still doubtful.

On account of its very slight sensitiveness to light silver sulpho-

cyanide is unsuitable for these experiments.

Results and conclusions.

Let us now return to E. Bauer's moditication theory, already

referred to before, which owes its origin to the assumption of the

existence of only one subhaloid, which view at one time obtained

universally. As has been demonstrated experimentally, new colours

only arise consecutively, if J) decreases, in other words, if more

halogen is liberated photo-chemically. Every new colour, therefore,

belongs to a subhaloid poorer in halogen. The modification theory is

not to be associated with this, and the assumption adopted of

ascribing a definite absorption spectrum to each subhaloid, can still

hold good.

If we compare the colours series (V) and (VI), we see that even

with the exception of the place of the yellow subhaloid, which has

not yet been fixed with absolute certainty, they show the same

sequence of colours, while series (IV), as far as it is known, runs

parallel with it. If we now bear in mind that, barring slight varia-

tions, the «-subhaloid is green, both with subiodide and subbromide

and subchloride, we may account for the parallelism of the colour

series by the fact that subhaloids of analogous composition have

analogous absorption spectra.

The colour sequence itself, too, shows regularity : the colours oj-

the silver subhaloids, arranged according to the photo-chemical

decomposition series, follow Nietski's rule, in which halogen behaves

like a bathochromic group, in other words, with the decrease of the

molecular iceight of the silver subhaloids the maximum of the absorp-

tion spectrum is shifted from red to violet. Although the structure

formulae of the silver subhaloids are still unknown, it may be

inferred from this that they all contain the group Ag-jp Haln, which

behaves like a chromophore or contains it. 2^he cause of the sensi-

tiveness to light of the silver subhaloids is, therefore, to be relegated

to electro-magnetic light resonance.

As according to Nietski's rule the maximum of the absorption

spectrum of a subhaloid still richer in halogen than the a-subhaloid

must be situated in the infra-red, and may therefore be colourless,

the above-mentioned experiment for the detection of this subhaloid

by increasing D appears \o be perfectly worthless. Still this does

not alter the conclusion drawn from this experiment, that every
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other colour than green appearing in photo-cheniical decomposition

is to be attributed to a subhaloid poorer in halogen.

If this subhaloid actually existed, it would have to have, in analogy

with the other silver subhaloids, a maximum sensitiveness to light

in the infra-red in accordance with its absorption spectrum. It would

then have to make its influence strongly felt in spectrum photography,

if the silver haloid plate previously received an exposure below its

liminal value. H, Lehmann *°) in his experiments as to the infra-red

spectra of alkali metals has actually observed that through a previous

exposure and an ammonia bath a highly sensitive silver bromide

gelatine plate increases its sensitiveness via A into the infra-red

near Fraunhofer's line Z, but, and this is the great point, a conspicuous

rise of sensitiveness in the infra-red appears nowhere from his expe-

riments. Consequently what H. Ljihmann observed was nothing else

than the well-known auto-sensitation of the plate. So we may say

that a subhaloid richer in halogen than the «-sublialoid does not exist.

According to Nietski's rule silver haloid would have to take the

place of the colourless subhaloid assumed above, but it shows the

deviation that the maximum of its absorption spectrum is not situated

in the infra-red, but in the blue or violet, i.e. where the number

of vibrations is about twice as high. Consequenthj in tlie case of

silver haloid, too, the cause of the sensitiveness to light is to be relegated

to electro-magnetic light resonance.

In the synthesis of silver haloid from silver and halogen, through

the series of subhaloids, the electio-magnetic resonator undergoes

changes which show a striking resemblance to the following well

known phenomenon in acoustics. If we take a small, thin bar with

a fixed and a detached end, it will resound at a tone corresponding

to its key-note; by constantly lengthening this bar, the key-note is

lowered, and the resonance will set in at a lower number of vibra-

tions, until, after it has reached its maximum length, the next leng-

thening will at the same time fix the detached end, by which the

key-note will get one octave higher, and accordingly the resonance

will set in at the double number of vibrations.

NiRTSKi's rule pointH to a yellowish green subhaloid as a subhaloid

still poorer in halogen than the yellow one. In numerous experiments

repeated under various circumstances, by endeavouring to keep D
low and constant, I have not been able to observe a trace of it.

It U Inic, the appearance of the mixed colours of tlic subhaloids

poorest in halogen points to the formation of a yellow subhaloid as

the last one formed photo-chemically. Consequently the Ibrunila

Agts Haln may be assigned to it.
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In the simplest case all the colours that appear, inclusive of the

green of the «-subhaloid, may be reduced to 4 different ones, with

the subhaloids belonging to them. If these subhaloids are indicated by

the letters a, /i, y, and d respectively, then series (II) becomes

:

Ag2uHal2u ^Ag2i.Hal2i.-i -*Ag2nHal2a-2 -^-AgjnHabn-;! -^Ag2nHal.'n-4 -^2nAg.(VlI)
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"An integral-tlieorem of GKGf:NBAUER." By Prof.

(Communicated in the meeting of February 27, 1909).

Gkgenbauer has proved a theorem according to which the product

of two functions of Bi-ssel J''((juv) and J''{hx) with the same para-

meter r > — ^ can be given the form of a detinite integral ').

In a former communication ^) I have applied this theoi'em for the

case V = when reducing some discontinuous integrals containing

functions of Bessel. 1 shall now give in the following a direct proof

of the indicated theorem and shall use it to extend former results.

1. In order to find the [)roduct of two functions of Bessel

A=o

we ran multiply the absolutely converging power series. It is then

evident, that (supposing h <^ a) we find for the coeflicient of an

arbitrary power of ,v a finite hypergeometic series with the fourth

argument —

.

a*

We get*)

J' (ax) J" {bx)=
/'abx-\

^^hfr{v-^i)i\v+h+i)
oT-f'F -v-h,-h,v f 1, - .

To transform the hypergeometric series appearing here I shall use

the notation of Riemann for the general hypergeometric function

a b c

a ^ y, z

a' ^ y'

(« 4- «' + ^ + ^ 4- r 4- y = 1)

{z-ay [1 -f A,(z-a) + A,{z-ay ^ ].

1) Nielsen. Handbuch der Theorie der Gylinderfunktionen, page 182.

•) Proceedings 1905.

•0 Nielsen, page 20.

Proceedings Royal Acad. Amsterdam. Vol. XI.

51
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It is then evident that for two of the singular points the differences

of the exponents are equal, so that besides the ordinary substitution

of order one also substitutions of order two as

—1 +1

a ^ ^, z

a' ^' ^'

= 2-/3 p:

00 1

a

2

«' 1

2 2

i?, z'

and
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-06V^Y



( 752 )

a' b' X' f ( X \^-^ ^ "'
V 2 y

J" {ax) J' hx =z I siw-^ (p dtp — > ^—
,

A=
or

a" h' X' rj''(i2x)
J" (ax) J" ibx) =z ;

I sin^" (p dwy

by which the indicated theorem of Gegenbauer has been proved.

2. With the aid of this theorem we can extend some well-

known resuhs concerning discontinuous integrals, in which functions

of Bessel appear
;
particularly do the two following theorems )

'-/J-'+J (uc) J' (ua) du =
j for a^^ c.

cv+2 rl ,^, ^ ^ ^ du 1 i {c^-a^) for a<rc,

a" J » 1 for aj^c.

lend themselves to this extension.

The theorem of Gegenbauer namelj allows on the ground of these

results to determine in certain supposition the value of the disconti-

nuous integrals

<?*+> /•*
.

du
VT, ^ .Z-^+i (uc) J^ (ua,) J^ {ua,) . . . J^ {na„)—-- ,

rtj'a,'. . . a„'J ?/«<"-'/

(;'+2 r , ^ du
W, = —— ./>+-' (uc) J^ (ua,) J" {ua,) . . . J^ {ua„) —,-tttt ,

fl/a,". . . a„\J n^C"-U-|-'

in which llie number of /-functions is arbitrary and r is ]> — i.

Let U8 think the positive numbers a^ , a, , . . . an to be successive

bides of a broken line OAiA, . . . A,„ let us put / OAkAk-\-\ = fpk

and OAk = iik, then we find successively

1 1 /"./"(w^)
. „

1 1 /VMwa.)

VV"' 2"!/^ r(r+4)J V ^' '"

I) NiBUKN, p. l'J8.



( 753 )

1 1 rJiusn)

80 that we get

It IC Tt

<x.

It it n

X \J^Huc)Jius,)-.

Let now in the first place be

then c is certainly greater than s„, and we find

,= 4 (c» — « ' — fl
' — t/-„) -—

;

Isin^'ada .

As

|/^r(r+i)

r(v+i)

we find as final result

cH-» r* du 1

Vrj= JH-i (mc) J" (uoJ J^ {iia,)...J- (uan)
a\a\...a\J

TT,= JH-s (wc)J>'(waJJ''(uaj). ../-(Ma„)

M-<n+i) [2^r(l+v)]"-i'

du c'-aj'-a,'...-a„'

'

M<"-i)+i~'2[2>' r(l+r)]n-i

*

(C >« + « + •••• + «n)-

Still in a second case the values of the integrals W^ and W, are

known. Let a^ exceed all other numbers a and let us put

«i > c + a, + -1- a„.
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It is necessarr then for all values of ^i, y, , . .
. , y„_i that the

closing side of the broken line be greater than c and taking into

consideration the two integral-theorems, serving as starting point, we
conclude that the integrals W^ and W^ have both become zero.

3. We might ask whether results as arrived at above are also attained

when the functions J{ita) behind the sign of integration have not

all . the same parameter. The following operation shows that this is

partlv the case. Supposing that fij, fi, , . . , fi„ are numbers greater

than r, then under a definite condition the evaluation of the integrals

W.—
I
JH-i(wc) Jf^iiua,) J.'^^htaA. . . J'''"(ua„)

"

gw-f-2 /» ^^

can be reduced to that of the integrals W^ and W^.

For the reduction of IT, and W^ we can repeatedly apply the

formula*)

{uay—' r^

We obtain in this way
TT

1 2 r^
• 2S,"-"-' r(fi,-v)J

'
' '

2 c
I fO«2>'+l «„ sin 2Mn-2v-l andUn X

'2

X ; ;:

—
-7 r I

•^'"^' ("<^) ^'' ("«i cos a.)... J" (ua„ cos «„) -—
,

u

n

1 2 rsi^

Vr = . -~
I

C0«2H-l o „'„«;,,_2v_l „ J^

J
2

I) NinjM, page 181,
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00

X ,
v> t Tv

•^'+-(«c) J'{ua^ COS «J . J' {ua„ cos «„) , •

(« J cos a
1

)
' . . . (a„ oo« ««)

V

uV '^-r » ^

If now is given c'^ a^-{- a^-{- . . -\- an, then during the integra-

tion the inequality

c > «, cos «j -|- a, ca§ rtj -}-... + ^„ CO.? «„

will continually hold and the results concerning the integrals IF, and TF,

can be applied.

Remembering that we have

'ili-v)j
cos^''^^ a «m2,"-2v— 1 fji^f^

-—

r(i+f*)'

-v)J

2 r^ . r(24-v)

r(,i-i>)J r(2+i')

we Anally tind

r(i-fv)

2^"-^ r(M-,i,)r(i+M,) .. /^(i+fi«)

cH-2 /* _ _ ^ _ _ <i«

uS/'-H-i

cH-2 r
.

/ v+1 v+1 v+1 \
c« - -^ a,' - -^ a,' ... - -I- a„' r(14-r)

gSA'-^+i
r{\-\-(i,) r(i+^,) ... r(i+^)

(<•> «i +«, + ••• + «»•)•

In particular we find out of the obtained value for TT, for

fsin uc sin ua^ sin ua^ . . sin ua„ n

j ;;;+;
<*" = ^ «,<>.•• • «..

for fi = —
i, r = — ^

/
sin uc cos ua^ cos tia^ . . . cos Ma„ n
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Mathematics. — ".4 famihi of differential equations' oj the first

ordei'." By Prof. Jan de Vries.

(Communicated in the meeting of February 27, 1909).

1. The tangent in (.v, y) to the integral curve of

ax

is represented by

Y ^ y ^\P{a^y ^ Q{.v)\{X - ,^.

For the points of tlie line .v = m we have thus

{
Q,n{X -m)-Y]Jr V \ Pm{X - m) + 1

I
r= 0.

The tangents indicated by them form therefore a pencil of rays

having the point

= -— =-^
p ' "o p

as vertex.

I call this point the pole of the line x = m.

By a projective transformation the linear equation is transformed

into a differential equation, determining a pencil of rays of which

each ray has a definite pole. Each line, connecting the vertex

S of that pencil with a pole, having to touch in ^'an integral curve

.< I- a singular point, i.e. a |)oint where ?/' is indefinite. To confirm

this we transfonn the linear equation by the substitution

a^u -\- a^v -f- <'t
« ^1^ + ^a*' 4' ^j ^

a — . . = _
, y = . = _.

On account of that

y' = P{x)y-{-Q{x)

passes into

where

dv^ (a,Y - e,a) (^P* + vQ*) - (^Y - c,^)y

du {h.^Y - c,^) y - (a,y - c,«)(/JP* + yQ*)

Th« iKJncil .r = TH Ih then transformed into the j)eii('il of rays

K = my.

(h
For « = 0, y = wo really find =-.>)

»i \liiO Ihf puiiils ,'. ", •,
(I anil V

i, /" 'I air i-ingiilar.
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A i)ericil of rays with the indicated pioperry I call <-rf'ticaI.

From the following ensues the property :

When a singular iiolnt of a diferentml equation of tke first order is

the vertex of a critical pencil of rays, then this equntion can be

reduced by a projective transformation into a linear one.

If X =: x^
, y = y^ is the vertex of a critical pencil, then the

substitution

1 u
X — ir^=—

, y —y^ — ^
V V

leads to the aim in view.

Example 1.

The e(|uation

dy _ x* -]- 2.r'y -[- xy* -f y*

dx X* -\- x-y^ -\- xy*

has in x z={)
, y =^0 a singular point.

The tangent in a point of the line y= mx is indicated by

{m-{-l)m*x-^2m-^l
I mX =

;;
(A X).

{m -f 1) m'x -hi

By reduction it is evident that the parameter x appears here only

linear; so the pencil is critical.

For the locus of the poles we find the cubic curve

1 2m 4- I

y =
(m + l)m* -" {m-\- 1) m'

By the substitution

1 u
X = —

, y = —
V V

y =z iiix passes ijito u = m, and the given equation into

dv V

\

1- w' = 0.
dii M -f" 1

2. Let us treat in particular the equation

-^ = P(x)y .

dx ^ ^^

Here the locus of the poles of x = m isiheline y = (polar line).

As the homogeneous equation

dri_ .fn\
d^~ yu

has the critical pencil of rays ij = mS, with the line at infinity as

polar lint', the question arises whether it is possible to transform the
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homogeneous equation projeetively into an equation of the form

y' = P{x)y.

If we put

1 «

y y

then the right line at infinite distance passes into y ^ 0, the pencil

of rays t] = ??i§ into the pencil x = in and the differential equation

into the divided equation

dy dx

Also the equation

y X — f{x)

has for the critical pencil x= m a polar line, namely the line at

infinity. So here the vertex of the pencil lies on the polar line.

As we can always regulate a projectivity between two point-

fields in such a way that a point and a line of the first field are

conjugated to a definite point and a definite line of the second, the

property holds:

If to a singular point belongs a polar line, the differential equation

can be transfoimed projectively into a divided equation of the form

dy— =! P [x) dxy

y

unless tfie polar line passes through tlie singular point. In this case we

arrive by projective transformation at a divided equation of theform

dy z=z Q (jx) dx.

EXAMPLK II.

The equation

dy y*— X

da ay-\-x

has two critical pencils of rays:

y= ma with the polar line x -\- y= 0,

y -^-Is^m (x—1) with the polar line a; = 0.

For the former |)encil (he vertex lieu on the polar line. By the

tnuieforinatioii
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this line is tlii-own to infinity, whilst y = m.c passes into u :=\ : {m -\- 1).

We find

dv u—

1

—=—-^
, u— I' z=z Iq u -\- C

du u

and finally from this

iV— 1 X

To make use of the second pencil we determine a projective trans-

formation, wiiich transforms (y -\- I) : (u,- — J) into a linear function

of u and .r = into v = 0. These conditions are satisfied by the

substitution

V u~v~\-l y+ 1 2M-fl

We now find

dv n du

3. When the linear equation

y' = I\x)y -f Q{x)

has a polar line we can transform this projectively into the line at

infinity. The linear equation is then transformed into a homogeneous

one, or, where this is not possible into an equation of the form

dv

In the latter case u =: in is the critical pencil ; in the former

where

dv

duO
the point u = 0, v = is the vertex of the critical pencil of rays.

Let

ax -\- by -\- c =
be the polar line of

y' = P^x)y -f Q{x),

thus the locus of the pole

1 Q,
X ^ m

If we put

X ^ m , VP • P

1
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then

^ _ «yw + c

and the linear equation obtains the form

b{w - f{x)) y' z=ihy -\- af{x) + c.

It is clear, that bj the substitution

1
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By the transformation

x =: V -\- u , y = t7 — u

the pencil ^l•— y =^m passes into the pencil 2m = m, the polar line

into V = 0, and we iind, as we ought to, the divided equation

dv u du

'V~ u'—l

Finally we find as integral curves the conies

touching one another in the singular points .f = ± l,y=z qr J. The

point of intersection of the lines .c — y = m is the double point of

the pair of lines {.v—y)* = 4.

2 2v
When applying the transformation .i* -f- y = — , ^—y = — we find

u n

that X—y = nt passes into v = i^ mu, whilst the polar line is brought

at infinity. We liud then, as we ought to, a homogeneous equation,

namely

dv u

dn V

Foi" a ray of the pencil

y -j 1 z=m{x—l)

we find

' = (-^-1)^/- (.V-2)(y+ l)^ y-m(^-2)_(m-l)nuc-f(l-2m-m')
^ {x— l){x-{-2) — a:(y+ l) x-\-2—mx {m—l)x—2
thus for the tangent

[{m-\)x—2] rir=[(m— l)m.T: + (l—2m-m')]X+ 2(m+l).

Therefore this pencil is also critical. The poles lie on the line

y-.r=2.

FjXAMPLK IV.

The equation

x^—xy—y-\-l

has X = 0, ;/ = 1 as singular point.

The pencil //— 1 =: mx is critical and has y = as polar line.

By the substitution y — 1 = ux,

1 V

y =
U-\-V M-fv



( 762 )

we find the divided equation

dv u-\-l— =z du.

EXA3IPLE V.

The equation

has a singular point in a; =zl, y =zl, which is the vertex of a

critical pencil with the polar line jj -]- y -\- 1 = 0.

By the substitution

3 3m
a—l:= , y-1

V— V— 1 V—u— 1

this pencil passes into u = const., whilst the polar line is transformed

into V = 0. We then find

dv u—

2

— ^ du.
V U*—M-|-l

KXAMPLE VI.

The equation

«yy' = '^ 4- ^'

has the critical pencil y = mx with the polar line .c = passing

through the vertex. In connection with this the substitution

1 u
x = — , y = —

V V

furnishes the divided ecpiation

udii -\- dv =z 0.

The integral curves

y^ -\-2x=z Cx^

are conies having in a contact of four i)uints with x = as

tangent.

dy
ExAMiMi \ II. X* -j- = x^y -\- y\

da

Thi« equation of Hkknoi'M,i has a critical pencil yz=zmx with the

polar lino « = 0. By the Hubslitulion x = l:v, yz=u:v it is trans-

formetl into u-^(lu-^<lv=0. Out «»f tliis wc^ (iiMJ r' -//-{- C'x'y^O.
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5. When each ray through a singular point determines a system

of tangents with index two, then the equation is projectively reducible

to an equation of the form

dy ^ Nia,)y' + F{x)y + Q{x)

dx R{^)y -\- ^'^)

For, this equation determines for x =: in the tangents of a conic

and by the substitution

A' = — y = —
y y

(see ^ 1 ) it is transformed into an equation liaving in « = 0, y =
a singular point, whilst each ray of the pencil « = my possesses the

above indicated property.

The equation

dy_ x* -\- y* — 2x^y^ — xy

dx y' — 2x^y — x

is in this case, for each ray y= mx furnishes a system of tangents

with index two. By the substitution

_ 1 _ u

V V

it passes into the equation (of Riccati)

dv— = 2u — u* t; -f- v^.
du

This can be reduced with the aid of the solution v = u^ to the

equation (of Bernoulli)

dto

du

where to = v — u^. By iv = z—^ we then arrive at a linear differen-

tial equation.

Botany. — Mr. van der Stok presents in behalf of S. H. Koorders

a communication entitled : ''Polyporandra Junyhulinu, a hWierto

undescribed species of the order of Jcacinaceae, found in 's Rijks

Herbarium at Leiden by S. H. Koorders" (Plantae Jung-

huhniamie ineditae II) ^).

(Communicated in the meeting of February 27, 1909).

Polyporandra Junghuhnii, Kds n. spec. Frutex? scandens, ramidis

teretiuscu/is novellis pubescentibus. Folia opposita, oblonga, basi acuta

vel obtusa, apice sensim acuminata; 12—13 cm. lonqa et 4—5 cm.

lata, petiolo 1—1^ cm. longo, subcoriacea, supra praeter costam

1) Continuation of Plantae Junghuhnianae ineditae I in Proceedings of the

Mathematical and Physical Section, of June 27 1908, p. 158—162.
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sidcatam pubescentem glabra, subtus puberula et trinervia, nervis

lateralibtts utrinque 5— 7 adscentibus in margine exeimtibus, neiwis

seciimlariis inter primario^ transversis atque vents reticulatis, subtus

distincte prominentibus. Cirrhi in specimine Jungh. desunt. Flores

dioici; masc. nondum aperii, cijmoso-paniculati ; feminei ignoti.

Inflorescentiae axillares Ituvae folium subaequantes
; peduncidi pedi-

celUque piibescentes ; bracteae caducissimae (?), in specimine Jungh.

de/icietites ; pedicelli alabastris oblongis breviores ; calyx sub-campanu-

latus b-partitus, 2 mm. longus, laciniis lanceolatis scariosis, erectls,

ncuminatis 1— J.2 millim. longis, extus appresse pilosis. Petala 5

crassiuscida , calyce breviores, extus pilis longis appressis albui. Stamina
5— 6 rarissime 1 filamentis brevissimis, teretiusculis, glabris ; antheris

oblongis vel Unearibus S—10-locularibus. Pollen globoso-tetraedrum

laeve 10 n diam. Ovarium rudimentum subnullum. Fructus ignotus.

Sumatra: '' Hochangkola-Tobing'' (leg. Junghuhn anno? 1839. —
Plantae Junghuhnianae ineditae n. 542 in Herb. Lugd. Batav.J.

The species described above is the third representative of the genus

Pohjporandra Becc, belonging to the Jcacinaceae and related to

Jodes Bl. This species, Poh/porandra Jung/udinii, was found bj nie

in 1908 in 's Rijks Herbarium at Leiden {Plantae Junghuhnianae

ineditae N°. 542) and had been collected by Junghuhn in the Battak

country at "Hochangkola-Tobing". It differs /. a. from the two

already known species of Polyporandra in the structure of the

calyx; in P. scandens Beccari (in Malesia I (J 87 7) 125 tab. 7)

and P. Hansenianni Engler (in Engler Botan. Jahrb. XVI, Beiblatt,

NV 39 (1893) 13) the calyx is cup-shaped and has short teeth,

wlierea8 in Polyporandra Jujighulmii it is 5-partitc, with |)oiutcd

8^rnent8 1 niiilim. long.

Superficially the flowei*s of Polyporandra Junghulinii somewhat

resemble these of Natuatum herpeticum Buchan, but our Polyporandra

18 Hhar|)ly difrerentiate<l from thoir species by the characteristic struc-

ture of the anthers, described above.

That our simh^Ioh must he included in the above-mentioned genus

I'ttlypornndra Bkcc, sooms to mo to be highly probable. Since however,

all the nuitcrial, which has as yel been found, consisls of a single

(lric<i branch with young, not completely developed male flowers,

floral bud and three leaves, I consider it possible that aflerwards,

when the a« yet unknown fcnuile flower, fruits and seeds of Poly-

fwnindrn Juvghnhnii shall have been foiiiid, this species will prove

to be Uio type of a new sub-gonus of Polyporandra or of a now
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genus, direct!}' intermediate between Pohjpornndra Becc. and Nat-

slatum BucHAN. Because tlie material is so incomplete, I have, however,

tliought it advisable to refrain even from proposing a new sub-genus

and to assign to this species a place in the genus Polyporandra.

In the Herbarium of the Royal Botanic Gardens at Kew I last

year coinjiared authentic specimens of the only hitherto described

species of l^olijpornndni {P. scandena Bf-ccari and P. Hanst'imuinl

Encjlkr) with Junghuhn's unicum of the Leiden Herbarium, in so

doing I have become convinced that Poli/porandra scnndens and

Hanseumnni are very closely related but that, as was indicated above,

our species [Poli//K>rtii)<fi-it ./mni/i/i/nni) is sharply njarked olf from

these specifically.

In conclusion I wish to tender my best thanks to the Director of

the Royal Botanic Gardens in Kew, for the facilities given me for

the comparison of the above-mentioned authentic specimens of Beccari

and of Engler.

Leiden, February 26^^, 1909.

Physics. — "On the solid state'. By Mr. J. J. van Laar. (Communi-

cated by Prof. H. A. Lorentz.)

(Communicated in the meeting of F'ebruary 27, 1909).

1. In a recently published paper ^) I treated the complete theory

of association, not only for gases and vapours, but also for liquids.

If we assume that only two simple molecules combine to a

double molecule, the formula

:

^ '^ ' ^T
(«)

holds univei-sally, in which c is a constant to be determined, and

further

:

So the quantity yR is the change of the specific heat for infinitely

great constant volume, when 1 Gr. mol. of double molecules passes into 2

Gr. mol. of single molecules, while Lh is the change of the volume of the

molecules in this transition. The quantity </„ = —
(<?,)„ -f- 2(t?,)„ repre-

1) In the Arch. Teyler (!2) T. 11, Troisieme partie, p. ^235—331 (1909).

52
Proceedings Royal Acad. Amsterdam. Vol. Xi.
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sents the absorption of heat for 7'=0 taking place in this transition,

and in tlie first member i^ f? the degree of dissociation of the double

molecules.

Besides various other things I demonstrated that the known discre-

pancies between the experimental critical data and those derived

from VAX DEB Waals' e{[uation of state in its usual form can be

accounted for bv the assumption of an association, which would

even be still noticeable at the critical point.

I believe that this opinion was already expressed by van der Waals
some years ago (1906) ^), and elaborated by van Rij in his Thesis

for the doctorate (1908); it was, however, demonstrated by me in

the paper mentioned, that quantitative agreement can be obtained

only when Lh is )iot = 0. Accordingly this quantity Ah plays an

important part in my theory, which 1 drew up as early as 1902

on the occasion of a paper by the late Prof. Bakhi is Roozeboom. ^)

But it is not about the above matters, however important, that I

intend to speak now. I may be allowed to return to what I said

on p. 259 of my paper in tiie Arch. Teyler (p. 25 of the reprint),

namely that the isotherms — if Ah is not =0 — present very

"remarkable particularities" in the neighbourhood of v = h. (See

fig. 1 of the plate).

These particularities now consist in this, that the isotherms,

[for Lh positive only below a certain limiting temperature (critical

temperature)] after having first risen to comparatively high pressures

in the neighbourhood of v = h, bend back again as far as in the region

of low (even negative) pressures, after whicii the)' rapidly ascend

again for the second time to the highest pressures. We shall

namely see lluit if e.g. Ah is positive, the degree of dissociation ^
of (he double molecules approaches rajudly to in the neighbourhood

of V = h = h^ -\- ;»Ah in conso(|uonce of the relation (a), which

caii.ses r — h, afier having first greatly decreased, to increase again.

In consequence of this the pressure will decrease, and it will only

increase again when v— /; begins to diminish again in the neigbourhood

of the value fl
= 0. If Ah is negative, ,i will draw near to the

limiting value 1, and we shall evidently see the same course appear

in the values of v — b and /f.

•/ In an a<lclreKS dpjivered in the Meeting of this Academy ol .Ian l'.K)G, which

addnto' Iijim unfoi Itinaltfly never been printed, so Ihal only the fad uiul lli(> subject

of the uddreiM are known to rae. (Uf. also lln-- Tli<'<ix Trir iIh' Doclorale of

Dr. fAH Rij on •Scliijna»«oeialie etc", p. 3 (l^M).S)

») 'F/iuilihria of plmni'M in the HVMliMn ucelaldeliydc
|

paialdrliydr cU;.'" (Tliese

Vroc. Vol. XI, p. 2h3), (jonipai-i' also van uv.n Waals: "Soiik' ohscrvalions etc,

Th«M I'roc. Vol. XI, p. U0:<
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It is clear that this may cause a new phase to appear, and that

besides equilibrium between the vapour phase and the liquid phase

as in the ordinary theory of van dkr Waals, under particular

circumstances equilibrium may occur between the va[)0ur phase and

the third phase, or between the liquid phase and the new phase.

This phase, the molecular volume of which is somewhat less for

positive Lb than that of the liquid phase, and for negative Lb
somewhat larger, cannot be anything but a solid phase (amorphous

or crystalline), which distinguishes itself from the liquid one in this,

that the degree of dissociation of the double molecules (see § 3) is

found in the neighbourhood of 0, so that the molecules are for tlie

greater part in the state of double molecules; in the liquid state,

however, this degree of dissociation can lie between the values 1

and almost 0, depending on whether we have to deal with so-called

non-associating or with strongly associating liquids.

It is self-evident that formation of triple or multiple molecules

is not excluded in this, but for the sake of simplicity I shall only

work out the theory for partially dissociated double molecules in

the following pages. The phenomena will not show any quantitative

change by the occurrence of multiple molecules.

2. Before proceeding to a fuller discussion of the above formula («),

we shall tirst brietly repeat its derivation, and also set forth the

influence of pressure and temperature on the equilibrium '),

In the condition of equilibrium

:

-fi, + 2fi, = (1)

in which ftj =r —- and fi, ^ -— represent the molecular thermody-

namic potentials resp. of the double and of the simple molecules,

we must substitute the well-known values for ftj and ft,

.

Now:

d
\

H,—C^ — ^-Yi> — RT 2n, . log JS^nJ + RT log c,

On
J I

d ('

fi, = C, — -- [fi — RT 2n^ . log .2'nJ + RTlog c,

in which the functions of the temperature 6\ and C, are given by :

C, ^-k,T {log T - 1) + L(^,).
- T{s,),]

j

C.= - kj {log 7' - 1) + [(..). - T(.,)J i

'

while

1) Cf. Arch. Teyler, I.e.

52^
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52 =r=
I
pdv — pv ;

2n^ 2n^

Hence substitution in (1) gives:

(- C, + 2Q -\- ^^2^\ + RT{-lopc, + 2 log c,) = 0,

when <>' = £>— RT^n, . log 2n,

.

If ^ is the degree of dissociation of the double molecules, we liave;

di2' bi>' dn, dSi'dn, di2' di2'
-^ \ 1 ! —

-

|_ 2

because n^ =: 1 — ^, n,=: 2j5, so that we may write

:

(-^ C, -f 2C,) - ^ 4- i2r%^ = 0.

or as:

also

1-iS 2iS

'"-1+?' "•-1+^'

dii'

4y _
(C.-2C.) +^

bo we must determine the value of -rr— . From
0^

follows

:

i

_ (1 + ^)RT a

V — 6 v'

V

80 that we find for Si' (1'/^, = 1 + /i)

M In thi« integration llu- (|uanlily 3 >""«l namely be kept constant, becanse an

eventual eqnilibriiim between the cv)m|)onents exerts no influence on the determination

of the valueK of £2', < ant! ,, for the two components, hi llic calculnlion

of the thcrmodynamical potentials of the dilTercnl components of an arbitrary

mixture wo have nnmely not l«) take accomit of a later cvonlnal occmrence oi'an eqiiili-

hriuni. Thu« we calciiluli! here fx^ and //n (|uite independently, and simply inlroduce

for the equilibrium the additional condition — /Kj 4- 2/»9 = So we must imagine the

iDicgralion I pdv for a perfectly urbitrary ratio of mixing /:, wliicli quantity 3'/'

<\iic% not tK'come the degree of dissociation of e<|nilibrium until aflvr the introduc-

tion of lla* condition M| =^ ^h • (^e also Arch. Tcyler p. 4).
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a' = ( 1 + jJ) fir foy^ + " - pt,

,

1-4-
fj V

hence {a independent of ^, see further below):

d/i l-{-ii v-b \d^ d^J v*d^ ^ d^

But in consequence of the equation of state all the terms with

dv
r- disappear, iience we get:

dQ' , RT / a\
a^^
= ^^-'<'^^»^-^^-(^ + „-;)^* W

db
when we represent — = ~ i, -f 26, by Lb. For 6 we naay namely

write

:

6 = 6, (1 - ^) -f 6, . 2^= i, -f ^(- 6, 4 26,) := 6, + ^A6.

For a may be written :

a = (I - /J)' a, + 2 (1 - i?) 2^ . a„ + 4^»a. .

But in case of simple association evidently a^ = ^l^a^, a^,=:'^/^a^,

so that

:

a = (1 - ^)' a, -f 2 (1 - /J) ^ . a, 4- ^a, = a,
,

independent of ^.

For the relation {a) we may now write

:

log ^^ r^ [c, - 2C\ + RTlogRT - RTlogL + ^^^
-

-RT-L^-^LbXRT,

or after substitution of the values of C^ and C,

:

% j3^ = ^ (% T - 1) (- ^, + 2^,) - (- {e,\ + 2K).) +

i- T (- (.,), + 2(.,)„) + RT log R -^ RT log T - RT - RT log 4 -

If we now put:

— ^, + 2X:, — (s,), + 2(s,)„
• —

1
—

\r
logR-~\ — log A—log c

R
we get.:
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lop ^,=logc + rlog T --
^^, ^ hg T - log(^p ^''^^-^-^ A b ,

or finally:

1-^ ^4- a/,,

being the raost general equation for the binary dissociation in arbitrary

state of aggregation. Tiie term witii A/> disappears in the gaseous
p-{-o/,« i-f^ Ab £\b

state, for then ^^ = -, so that then , =: — verges to 0.
KJ V— b V— b V

But for liquids (and solid bodies), it is by no means allowed to

neglect this term (as was nearly always done up to now). For it

would be very accidental indeed, if Ah =r-. —
/>i + 2/>j = 0. It is

just this term with A/;, which exerts a very great influence on the

value of ^, and is one of the main causes for the occurrence of the

solid state.

a
For perfect gases p -\— may also be replaced by p, and (2) passes

into GiBBs's well-known formula for the binary gas dissociation, e.g.

of N,0, into 2N0,

:

l-^« p

For the further discussion of the equation (2) we refer to the

original Paper in the Arch. Teijler; we may only be permitted to

make the following general remarks.

If we vary the pressure at constant temperature, the second member

of (2) will a|)proa(!h to oo for p=z() {^vz= (x>) in consequence of the

denominator p, hence /? to 1. So in the perfect gas state everything

18 in the state of simple molecules.

Hut for hujk pressures the behaviour will be of two kinds, depending

on whether Lh is positive or negative. For A/> posif/'ve, i.e. when the

volume of two simple molecules is greater than of one doul)le molecule,

the Hecond member of (2) will evidently a)>proach toO, when /> approaches

to X. For then this member becomes = = 0. The \aluo of ,:?

00

then approm'hcM also lo 0, i.e. there is complete association lor

ps=cc. If, however, Lh is neyative, so tji.u lli<> voliniic orilic double

molcciilcH in larger, the limiting value becomes = oo, and {\\v\\ li

00
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approaches again to 1, after having passed through a minimum value

at a certain pressure (i.e. a maximum association), hi the Arch. 2'eyler

(p. 9) I demonstrated that -- changes its sign in this case, when
op

V has become =z 2 {b^ — b^) = b, — Lb. {Lv given by formula (8)

on p. 8 loc. cit. is namely = then).

With regard to the influence of the temperature for constant

pressure, it is easy to see that for 7'= od as well as for pz=0 the

dissociation is complete (/i = 1), because y -j- 1 is always positive.

But for lower temperatures the behaviour will again be different,

depending on whether </o + ( p + y:, )
^6 i:v approaches then b, so that

a/Z»' may be substituted for a/y") is positive or negative. If this quantity

is positive [where Lb can be as well -f as— {q^ is always positive)],

the second member of (2} approaches at 7'= 0, so also f? approaches

(complete association). But if ^, + (^ + 77)^^ is negative (which

is only possible for Lb negative), f? becomes again = 1 for 7' =: 0,

so that then a minimum value of the dissociation (maximum associa-

tion) is passed through. I showed on p. 16 of the Arch. 2'eyler that

-, changes its sign, when (see also p. 15 loc. cit.) gf = </„ -j- yii^jT-j-

hi) Lv=zO. The value of T for this minimum will depend

on the pressure.

As for ^=zO, b = b^-{-iiLb approaches to b^, while for ^= 1

the limiting value of b will be 26,, we may also say that for

^^ _|_
j
p _[- —-

j
A6 positive ^ approaches to at 2'= 0, while for

q^ ^(p -\
J
Lb negative ^ will approach to 1 at 2"=: 0.

For all this compare the figures 1 to 4 on p. 6 and p. 13 loc. cit.

3. Let us now examine the course of an isotherm in a jj-w-diagram

at a not too high temperature, and that first for the case that Lb

is negative. Then, as we saw above, the value of ^? approaches to 1

for p =z (X), i.e. b to 26„ the volume of the simple molecules. So

this is smaller than b^.

The said course is (schematically) represented by fig. 1. (See the

plate). Besides the usual maximum at B and the minimum at J^ of

the ideal isotherm, according to tlie original equation of state of
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VAN DER Waals, another maximuin at 1) and a minimum at 6'have

now made their appeai-ance. To ^1 as vapour phase coiiesponds the

coexisting .'iolul phase A. To P' as solid phase the coexisting liquid

phase P". [cf. also the y>7'-diagram of iig. 4 (I), where the line SM
runs back in consequence of the fact that Lb is negative, which

implies that also Av is negative for the transition solid-liquid (P P").

Bv approximation the quantity Lv is namely = (/?/— i?.«)
A6, in

which ^li,/, is always ^ (io/it/J. The pressure of coexistence at P'P"

will always be much greater than that at AA", when the temperature

is considerably lower than that of the triple point S (see fig. 4).

For not too low values of 7' we may also have a metastable coexist-

ence gas-liquid QQ' (cf. figs. 1 and 4). If the temperature is very

low (as in the following calculation), ^ will draw near to 1 only

for exceedingly high values of v, whereas for all values of v between

A and D the value of ji is practically =: (association is complete),

as will api)ear from the following calculation. The minimum value

of f?, which was mentioned in § 2, then lies in the immediate neigh-

bourhood of 0. Only between the points D and E does ^ increase

rapidly from ji=z(=t)0 to ii= (db)l, and this in consequence of

the rapid decrease from y = (dr) ^i to v = {±)2b^. From E to the

highest pressures ^ remains then in the immediate neighbourhood

of J, and becomes exactly := 1 iov p = ao {v = 26,). It is self-evident

that for higher values of T the values of ^i for P' and P" will

approach each other more.

At the temperature of the triple point /S the three transitions

AA', QQ' (metastable), and FP" will coincide. There is only one

pressure of coexistence (three-phase-pressure).

For temperatures above that of S (comp. (ig. 2 and fig. 4 (II))

the coexistence QQ'\ which was first metastable, has become stable,

whereas AA has now become metastable, Just as P'P". (These last

transitions, of course, at not too high values of T). Now only a

liquid phase coexisis with the vapour |)hase.

For liigher temperatures the minimum at C and (he maximum at

IJ will draw nearer to each other, and they will finally coincide in

an horizontal |>oint of inflection C,D (comp.. fig. 3 and fig. 4 (III)).

From this moment we have, therefore, the original isotherm of

VAN DRR WAAr.H with tlic simple coexistence gas-liipiid.

At last at Hiill high(!r lem|Kjrature (the critical le!iq)eralure in A)

also the last maximum (7^) and minimum (E) will coincide.

How all this is modified when Lb is positive, and so the line SM
limn to llie ri^ht in Wii;. 4, will bo easily s(;on l»y (he reader. We
shall revert i«» ilii-. in a following j)apor, and mention now only that
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then (see (ig. 1) v=i2b^ lies on the right of ?;= /^j , and accordingly

the solid phase not on the right but on the left of the liquid one.

Not C and D, but D and £ will then coincide in an horizontal

point of inflection ^critical point solid-liquid).

4. After the above digression we return again to the shape of the

isotherm in tig. 1, and we shall carry out a simple computation

to prove our statements. For this |Mirpose we shall first modify the

principal equations somewhat.

If we put

:

we can write equation (2) in the form :

1. e.

when

is put.

For

^ =.Xe'e-'h'\ ....... ,3)l-^ f

^' {-Lh)
/2-'+'

inay evidently be written

:

RT
^ = (-A6J^-^ ' (^)

and the value of v can be calculated from

:

v = h + {v-h)=:b^ —^(— A6),

or as 6 = ^1 -[- i^ ^by from :

^• = *.-('»-^)(-'^'') (5)

So if we successively assume different values of ip for given values

of ?.,y,h„ — Ab and <9(7'), we may calculate for each of them the

corresponding values of /i?, «' and p.

If we assume:

= 21 Gr. CaL); q^ = 3200 {Gr. Cal.) ; 6^ = 1 ; 26, = '/, ; « = 2700,

so that



and [with R= 2 (Gr. Kal.)]

X = ^ ^ (^^^^)'^'

X V, = (1600)»/. X V, -= 64000 X 'A = 32000
2 /»

becomes; while for T is taken 9° (absolute), yielding:

1 / a\ 9

the equations (3\ (4) and (5) berome:

.s icoo I coo

*^ = 32000 X I -Tr;::^ I
^ - = -tt ^

i-fT vi6ooy </ 2 <p

1 / l-f/?\ ^, 2700

2 \ <p J v

For (f = cc we get evidently :

^=1 ; «=zl- V,|?=:V,(=26,) ; p = oo

For (f = 185 we find :

— _ 76,077 -h 80,343 — 2,267 = 1,999,

because:

27 1600
log^> X 0,43429 = 1,130 - 77,207 ^ — 76,077,

in consequence of which

:

= 99,77 ; ii=: [

l—^'
' '

199,54

So between y = oo and tp = 185 /i is practically = 1.

So we find for v:

while:

= 1 - — /^l - -^^ —\ = 1 - 0,492 = 0,508,
2 \^ 200 185y

2700 270.0
p = 6060 — = 6660 — — ==: — 3800,^

(0,508)« 0,i58

(6)

/o^ 10 J?_— _ 76,077 + (1,4343 y) — %^> . . . (6")

1-i?'

H being expressed in Gr. Cul. Ji=i2) in the equation of state,

a
also fw und uru expressed in caloric units, so that if v, b etc.

are given in cM* (per Gr, inol), (he values of /;/' uiid in ergs
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a
are found by imiltiplication hv 41,74X10*. Then /> and —are

expressed in dynes per c.M-. But as 1 atm. =r 1,01325 X 10* dynes

a
per cM-., we find tlie number of atmospheres of p and — by

41.73
multiplication of the found values by ———=r 41,20.

The found pressure which will lie in the neighbourhood of the

point E in fig. 1, amounts therefore to — 3800 X 41,20 = — 156600

atm., from which appears how enormous the distance is of the points

I) and E at such low temperatures. (At higher temperatures both

the term — 76,08 in the equation for /? and the factor 36 in the

equation for p will become considerably higher).

In a similar wav as above we can now calculate for

q)— 180

/oo»»-^ = - 76,076 4- 78,173 — 2,255 == — 0,160

^ = 0,692 ; -i = 0,640
l-/i'

ip= 170:

1 / 1,640\
r = 1 1 0,640 — -— ^ 1-0,315 = 0,685

2 V 180 y
2700

p = 6480 — = 6480 — 5760 = 720.
' 0,469

log^^ ^11^ = _ 76,077 -f 73,829 — 2,230 = — 4,478

**' — 0.0000331 ; /? = 0,00575

«p — 160:

1-^'

1 / 1,0058\
v=\ I 0,0058 — —— I

= 1 -1- 0,0001 = 1,0001

2700
r>=:6120 - = 6120—2700^:3420.^

1,0002

log'o _J^ ^ _ 76 0, 7 + 69,486-2.204 = - 8,795

^=0

« = 1 -^ = 1,003^ 320

2700
p = 5760 r^z 5700-2680 := 3080

.

^
1,006
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y — 100 :

2700
V — 3600 = 3600— 2670 = 930.
^ 1,"10

ip r=z bO

y= 10

V = l:

y = 0,l:

1
ij=0 ; r = l-| =: 1,01^

' 100

2700
p = 18u0 = 1800— 2650 = — 850.^

1,020

1

3=0 ; V =: 1 -f — = 1,05^ 20

2700
p = 360 = 360 -2450 = — 2090.^

1,103

1
^ = ; v=l+- = l,b

2700
» — 36 — 36—1200 = — 1160^

2,25

.^:=0 ;
.^1+_L:=6

2700
« = 3,6 = 3,6 — 75 = — 71.'36

y = 0,01

^=0 ; „=1+1- = 51

2700
p = 0,36 -

^-g^-^
= 0,36-1,04 = - 0,68.

y = 0,001;

/J=0 : tf=lH = 501

2700
p = 0,080 = 0,036—0,011 = 0,025.p — V, ou

251000

y= 10-^*
;

% r^-^- = - 76,077 f ( 74 = - 2,077

•J— = 0,00838 ; ^— 0,0911

• = 0,646X1^'* ;
y;^:J6 lO-'\
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P = 0.

With regard to the course of the values of we see clearly from this

calculation, that between the points F {p =z co) and E{p = — 4130)

in fig. 1 ,i is practically = 1 (|J= 0,983 in E). This is due to the fact

that between rp= oo and (^= 185, %"7—7 in (6") lias a compara-

tively high positive value (at <^ = 185 still ^ 2), in consequence of the

value of 0,4343 y, which is then >— 76,08 (this value holds for

/?«

7'rr:9), SO that —— is large, and ^ will lie in the neighbourhood
) —j^

of 1 (for <p = 185 ii is still as great as = 0,995).

But between E and D, i.e. between y =: 185 and (p = 170, a

very rapid change in the value of ii takes place. The value of

0,4343 (f becomes then namely <[ — 76,08, in consequence of which

3'

log^'' decreases from a positive value to a comparatively large

negative one (for <^ = 170 already = — 4,5), so that ^ changes

rapidly from 1 to 0. In the point D we have ^ = 0,027, while

^ z= 0,006 for <fi
= no. For <p = lSO at about V, of the distance

between E and D, we have the intermediate value 0,64.

So the entire change of ^ takes practically place between the

points E and D. Past D ,i remains practically =1 0, till at about

<fi
= 10''\ at an enormous valiie of v (v := 0,55 X^O'*), the value

of ,? gradually rises from to 1. In equation (6°) the term

—

iog^'^ <p

begins then to approach the term —76,08 in absolute value, and it

exceeds this term for values of </ <[ 10""'*. For tp^\0~^* ^ is

already 0,09, while for (p =:0{v =: oc) ii will have become = 1. So

this transition takes place beyond the limits of the diagram (fig. 1)

(for T=^).
What was said above, gives a clear idea of the course of the

values of ,i, and we see at the same time from it, that in the

transition solid-liquid {F' F") the value of illiquid is practically = 1,

and that of i^soUd practically =0. For the point F" lies between E
and D, and the point /*' beyond D.

The corresponding values of p have been indicated everywhere

in the figure, while those of u appear from the above calculation.

5. In connection with what was discussed before, we will finally

give the calculation of the different maxima and minima in fig. 1,

viz. of the points B, C, D and E,
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From the equation of state:

_ (1 -f ji) RT a

V— h V'

it is easv to derive for T constant (keeping in mind that /; =: /->, -[-

dv {v-by- V dvj v—bdr>'^ v''

.,,
(14/i)(-A6)

I.e. with , =z<fi:
V— o

dp 2a {l-\-i3)Rr v—b d3_ (1— (f) ^
dv w' (v-by L 1+i? <^i'_

But from the equation (2) for ^, viz. in the form (written

r~ ^^^ /^ + -i) =

»

—

b u

from which /> has been eliminated, follows by logarithmical dilTe-

rentiation (7' constant) after some reductions (see p. 36—37 loc.cit.)

:

v-b d^ v^^i(i_.?)(i_9,)

1+i? dv H-V,^?(l_^?) (!_,;,)»

I in the express

dp 2a {l~\-^)RT

dp
Bv substitution in the expression for — obtained above we get now:

dv

. . (7)
dv V* {v-by i^v,^(i-^)(i-y)«

This expression passes into the ordinary one for /^ = and 1.

dp 2a 2RT
.

fit is true that for jJ=:l we obtain ~ = — — -— ,^ . but a,v and
'

(iv V (v—by

b referring to double-molecular quantities, «= 4a', v= 2?/, h=z2h'

will have to be substituted, in which the accentuated quantities now
dp 2a' RT

refer to single molecular quantities. We get then — -
^ -^r — 7-;—-rrr,

dv V ' [v —by

as we ghouid get.
J

I>et us now first examine the points J) and A' (lig. 1). There?;

—

b

is small, ho tp large. In this we notice that thejust introduced quantity

y in the same as our former «|nnntity <p. Vov in (3) etc.

"^- (-A6) = y was put, 80 also _
-' = y. Now</)= 185

)) See alM Arch, iiyicr, I.e. p. 26—27.
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for E a,nd <p=l170 for D (see § 4), so that we may write Vj»^(l~<*)y*

instead of 1 + y,^i^— ^){^— <P)'
— if namely the value of ^i and

1 — 13 is not too small. It will presently appear that this is not the

case.

So in the points D and E we have got by approximation

:

2a_(l-{-^)RT 1 _ RT

{v—by

Now in D (see fig. 1) v is in the neighbourhood of />,, whereas

in E the volume v is in the neighbourhood of 26,; hence if we put

1 — /? and 1-4-/^ = 1 foi' ^? where /? is near ; and i?= 1

,

1 -f- ^ = 2 for ^, where ^ is near 1, we get by approximation (/? = 2)

pfz> = ; 1— ^£: =
a fl .

So with T=9, a = 2700, b, = 1, 26, = 7„ —A6 = V, we
find

:

18 2 *J 1
3j)=~ = — = 0,027 ; 1—3e= = =0,0017.
^ 2700 XV« 75 ^ 2700 X8X 7* 600

So above at D we have neglected 1 by the side of circa

0,0133 X 170' =400, and at E we have neglected 1 by the

side of circa 0,00083 X i85' = 28,5 ; so that the above values of

j?o and 1

—

i^E may be considered as permissible approximations.

It is now easy to calculate the pressure in the points D and E

from the equation of state. With =: y the latter becomes
V— b

(see equation (4j and (6)):

RT a 2700
P =—xry — ^ = 36y -.

Hence we find

:

PE= 6700 — 10530 = — 3830,

1

as according to (6«) y =: 1 86 and v= 0,506 corresponds to /?£=1———

.

And as <p = 173 and Vi> =: 0,99 corresponds to ji/j =: 0,027 :

pn = 6230 — 2750 = 3480.

As to the points B and C, for them ^=:0 for T^ 9, as we saw

before. So there is simply

:

2a RT
;» {v-by'
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i.e. with h = b^ = 1

:

= 300
,

{v-iy

yielding r^= 298 and !)(>= 1,063.

Hence from

:

18 2700

V— 1 V

we find

:

'pji
— 0,0606 - 0,0304 = 0,u302

J5C
— 280 - 2400 == — 2120.

So reviewing what has been said, we can account for the

appearance of the different maxima and minima in the following way.

RT a RT
In the expression p =:

,
— - the term will increase more

t'

—

u' V—

rapidly than — between the points A and B, in consequence of the

decrease of v, so that p becomes larger. Between B and C, on the

a
Other hand, the increase of — will predominate, so that p decreases.

RT
But bcjyond C, when v comes near h, —— will again increase more

than — , and the isotherm will now ascend very rapidly. It would
V*

proceed to p := oo (according to the original theoi'y), but in consequence

of the ahmpt chanr/e of the value of (^ hetireen I) and E from

into 1, the value of "/t-j will increase ra[)idly from "/i-- to ^46^2- l^'or

E, where this increase of /i has ceased, v — b will begin to decrease

again from this moment, so that p can ascend indefinitely.

Hence, when only the atate of association (i of the molecules for

smali volumes is taken into consideration, in connection with the

vmnatian of volume Lh attending it, not only the liquid e.tatc, but

also the solid state Ccrysl aliized or not) is (piite controlled by

VAN DKK Waaijs' e(|iuiti()n of stale.

Further particulars, referring to the case Lh positive, to the formation

of niultiple complexes, to different modifications of the solid state, to

thn ratio ^
*, whero T„ i« tlic tiiplc-pctiiil temperature, aiid 7'. the

ordwuiiy critical temperature, etc. etc., will be discussed in a subse^

(piciil paper.
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Physics. — ''On the calculation of the pressure of a gas by the

aid of the assumption of a canonical ensemble." By Dr.

0. PosTMA. (Communicated by Prof. H. A. Lorentz.)

(Communicated in the meeting of February 27, 1909).

To the different existing methods for the derivation of the pressure

of a gas (or the equation of the isotherm), Gibbs has of late added

another, namely the method by the aid of the theory of a canonical

ensemble. According to this method we take for the force exerted

by a system on an external body in the direction of one of the

df 6b
coordinates a of that body, the value , the mean of taken

ffa 6a

over a canonical ensemble. Dr. Ounstein was the first to apply this

method ^). He shows that

6a J 6a 6a

in which i|> is determined by 6? ^ = t e '^ dX. Suppose the gas

to be in a cylinder, closed by a piston at a height a, A repre-

sents the pressure exercised on this piston. The pressure pro

cM^ will be represented by p = and by means of this formula

Dr. Ornstein arrives at the known result. If, however, we examine

the method somewhat more closely, we are confronted with different

difliculties. In the first place it should be borne in mind, that if

6e
A = is to denote the force exerted on the piston, the coordi-

6a

nates of the molecules must be thought to be constant in this diffe-

rentiation ). Apart from the energy of gravity, the e consists of four

parts: f , = the potential energy of the repulsive forces acting between

the walls of the vessel and the molecules, 8, = the potential energy

of the repulsive forces between the molecules inter se, c, = the

potential energy of the attractive forces, e^ = the kinetic energy.

Only the first is a function of a, and it determines the A, which is

1) Gf "Toepassing der Statistische Mechanica van Gibbs op molekulair-tbeoretische

vraagstukken". Leiden 1908. Further: "Galculation of the pressure of a mixture

.of .two gases by means of Gibbs' statistical mechanics," These Proc. Vol. XVII,

p. 116, and "Statistical theory of capillarity", These Proc. Vol. XVII, p. 526.

2) When we substitute at once V for a, there is some danger to overlook this.

53

Proceedings Royal Acad. Amsterdam. Vol. XI.
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reallv — —\ but which is now also represented by — . Now we
ffa da

notice that the energy of the repulsive forces is taken into account

in the calculation of tp by simply excluding that j)art of the exten-

sion where the molecules would have penetrated into the wall of

the vessel or into each other. We may also say f, and f, are put

= when the molecules do not yet touch the walls, and if they

do, put as 00.

So the fi and f, have a discontinuous course, and yet it is just

d^E,

on the assumption that a certain extension exists with finite —

,

da

with respect to which it is integrated after multiplication by the

density e '
, that tlie method is based. So it is certainly desirable

to question the validity of this method of calculation. Disregarding

the repulsive and attractive forces between the molecules inter se,

we have to calculate:

.4 = — \e dX^=. — Ce \e — dx^ . . . dz,i

J da J da

when we have integrated with respect to the velocities. So also:

JL _ii— T ^ C TA= CTe — \e dx^ .... dzn .

daJ

Is it now allowed to take for this integral \dx^. . . dzn integrated

with respect to the extension limited by the walls of the vessel?

Let us consider the simplest conceivable case of an ensemble of one

_.Ji

molecule with coordinate of height x. In fig. 1 e ^'
is given as

/{x). AC indicates the distance at which the molecule still repulses

the wall. When now the piston is moved over a distance La, the

\'\T\Q AB moves to A'B' (with or without change of form). The limit

, area ABBA' *f T^^ , t o « . ^•
of _ novv represents — le * ax. In ng. 2 the distance

AC is re<lncod to 0, so that f , = oo if .r]>r/, and e, =Oand <• '^=1

if jr<[a. Ti»e (Igurc ABBA' now becomes a rectangle, whicli therefore

also represents A extension with basis A«. When the area of these

two figures becomes c<|ual with decreasing La, we mny lake

-J- I
dW = —

I
e (then both ^1). This is the case wlien in (ig. 1

oaj daj
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AB is moved parallel to itself, and it is easy to see that this will

not be the case if simply s^=/(,v,a), but it will if 8^=f{a— .t).

This may be assumed here, so the reduction is permissible.

When there are more molecules the reasoning continues to be

valid if s^=f(ri—x^, a—.r^ etc.), at least for so far as only the

piston is considered.

We meet with a second difliculty, if we take also fg and f, into

account ; now we may put

:

^= — \e — dXz=. — Ce \e — dx^...dzn =
J (fa J da

=

—

Ce \e — dx^... dz,i := CTc — \e dx^....dzn.

^J da da J
Now we may take account of e^ and t, by regulating the limits

in accordance with them in th« way discussed, and further by

it

putting fj and f , = within these limits, while C—— may be put

for f, . It seems, however, to me, that this method comes to this

that for f, and f, not /{^\ . . . z„) is taken, as should have been done,

33^
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but /(F) or /{a)y as instead of all possibilities only the most probable

distribution is considered. When, however, e^ and 8, are /{a), the

above reduction is not allowed, since there — =: '

has
pa Ca

been put.

So it seems to me that two errors have been made in this reduction,

which have yet made it possible for us to arrive finally at the

correct reijult. First of all f, and f , have been taken constant over

the ensemble, which would have the result that A would be the

ds
same as if f , and f, did not exist, because A = ^ is independent

(fa

of 6, and Fj for a certain phase. It is just in consequence of the

change in phase-distribution which they cause, that s^ and e, have

h_ fs

influence. In the second place e ^ and e ^ should now have been

(f

put as constant factors before the sign — , in consequence of which
<fa

we should, in fact, have again obtained the same value as without

e, and f, . At all events I think I may be justified in calling in

question the strictness with which the method has been applied up

to now.

Physiology. — "Contributions to the study of serw)hanaph(/Ia.m."

By Dr. J, G. Sleeswijk, Foreign Member of the Pasteur

Institute at Brussels. (2'"^ Communication), (Communicated by

Prof. C. H. H. Spronck).

(Communicated in ihe meeting of February 27, 1909).

To experimentally bring about the phenomenon of serum-anaphylaxis

(RicHKT) — which with oilier related forms of ciianged power of

reaction of the organism is denoted by the general name of Allergy

(v. ViHiiw.T) — consequently at least two scrum-injections are neces-

«iry. For the first, liic sensitizing injection, spores of serum are

HiifTicicnl, whilst, however, at the end of the incubation-slage a larger

doee 18 wanted to bring al)oiit intoxication (which, however, is

cliflTercnt again, according as the injection is given intra|)cril()iicaliy

rcfip. Hubcutancously, or into the circulation res|). into the brain).

It has of course been asked, whether these two functions, the

fiensitization and the intoxication, have to be attributed to the same

material or to two di/Toront constituents of (he serum. Now without
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entering into the detailed theoretical considerations put up with

reference to this, I only wish to point out that in more than one

way serum can be deprived of its toxicity for sensitized animals,

without at the same time losing its sensitizing power. This also holds

good especially for (he thuds described in my last communication:

serum treated with washed guineapig-blood and the filtrate of dialysed

serum, which have both lost their toxicity for sensitized guinea pigs,

are nevertheless able to render normal animals sensible to a later

injection of horse-serum.

The same is the case with the new method, to be described here

after, to deprive the horseserum of his toxicity with the aid of

bariumsulpliate. Therefore this may be laid down as a general rule.

A priori there is no doubt something to be said for the opinion

that the sensitizing and the intoxicating principle of horse-serum are

represented l>y two ditferent substances, which apparently may be

dissociated with the help of divers biological and physico-chemical

processes. I myself, however, should for the present prefer to take an

ether standpoint, and that for the following reason : taking for granted

the fact that for the sensitizing action ojdy traces of serum are

required, we may safely assume that in the different methods of

destroying the toxic serum principle so much of the active matter

is destroyed or fixed, that intoxication can no longer be brought

about, but that there is a sufticient (piantity left to cause sensibility.

Because (and here we have' a parallel): for not a single immunebody,

whose function can be made to disappear from the serum by heat,

there exists a limit for which holds good that after a certain time

and for a definite temperature the substance should be altogether

destroyed. Even though we can no more prove the presence of such

a material by a reaction in vitro, yet the curve, of which the ordinate

represents the time and the at)scis the temperature, theoretically never

reaches zero. x\nd such theoretical possibilities ought to be taken

into consideration (as moreover experience has shown in heating

horse-serum), when — as appears from serum-seusitization — we
can cause a biological reaction with such extremely small quantities

of a substance. Therefore I do not see why we should in this respect

depart from our generally accepted opinions and why we should

not identify the sensitizing antigen with the toxical, if only we bear

in mind that the organism reacts upon small doses otherwise than

upon large doses. But in this communication we do not want to

enter into a more detailed description of the theoretical part of the

problem and we will now revert to the facts.

The serum rendered atoxic in one of the above mentioned wavs
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has now, besides its sensitizing power, retained another quality : it

has remained vaccinating, i. e. that sensitized guinea-pigs, treated

with it, are ah-eadj within a few hours immune against an other-

wise raortally large dose of horse-serum not treated beforehand. Also

fresh serum itself, in the usual toxical dose (4—5 cM') has vaccinating

action, but this is a two-edged sword, because in the majority of

cases the animals are killed thereby. Besredka, ^) however, was able

lo prove, that already with a very small dose of serum (e. g.

0,05 cM'), injected into the abdomen, a sensitized animal could be

vaccinated without showing symptoms of disease. Now (his fact

— it seems to me — may be said to be, on a par with the vaccinating

action that I found of larger doses of serum rendered atoxical, and

at the same time it suggests the following explanation : for the

dissensitizing (vaccinating) of an animal rendered sensitized a definite,

very small quantity is wanted of a substance found in fresh horse-

serum. The latter, administered at once and in larger quantity, acts

moreover toxically (sudden dissensitization, shock); a small dose of

sertim, however, ;Besredka), or — as we have seen — a larger

quantity of serum from which the greater part of this substance has

been eliminated, contain still enough of it to dissensitize gradually

and without toxical by-actions. In passing it may be remarked here

that for a probable j)ractical applicalion in the re-injection of thera-

peutic sera only such a method is practicable, iji which is obtained

an atoxical and dissensitizing serum, which at the same time has

retained a suilicient quantity of antitoxine-units

Further 1 have asked myself whether it would be possible, in a

simple way to get a closer determination of the generally chemical

nature of the antigen of anaphylaxis (by this I mean the toxical and

vaccinating matter which 1 consider identical with the sensitizing

principle). Does this matei'ial belong to the proteins or to the lipoids?

I have tried lo answer this cpjcstion by means of a method wliicli

by lioKDKT and the present writer in a still unlinished investigation

about the causes of specificity is applied in the sj)Ii(ting of antigens

into a soluble part and another part insoluble in absolute methyl-

alcohol free from tu'cton. IS'ow we lake 5 cM" of horse-serum (conse-

quently a toxical dose for sensitized guinea pigs), it is dried, rubbed

in(<» |M)wdcr and repeatedly exlraclcd wilh methyl-alcohol The

alcoholic exirai't is then, by its being lukeu iq> uguin into a suiall

quantity of alcohol - in wliich iIh" salts do not dissolve — almost

>) (.:. R. Soc. de Uiul. 23 Jan. IVOi^.
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entirely freed from it. Both the extract and the residue are now,

each in tlieir (urn, treated with 5 cM' of physiological salt-solution

and thus reduced to the original volume. The extract yields an homo-

geneous fatty emulsion ; the residue with the water forms into a

thick liquid, jelly-like mass*). Now the first is quite indifl'erent to

sensible guinea pigs; not only is it absolutely unpoisonous, but the

animals remain also afler the injection of it as sensible to an injection

of fresh serum as before. Meantime the part of the serum not soluble

in alcoiiol, wholly injected into sensiti/ed animals, does not give, or

hardly gives, rise to symptoms of poisoning, but vaccinates against

a later, in itself toxical, injection with normal serum. For this viicei-

nation, however, very small doses of the residue, as Bksrkdka found

them sullicient for intact serum, do not sutfice Therefore the active

part of the serum has, through the action of I he alcohol, lost together

will) ils toxicity also a part of its vacciiuiting jujwer. At any mte

the proteine-nature of the antigen of anaphylaxis seems in my opinion

to be well proved by what is said above.

In continuation of the methods explained in my former coujiuu-

nication to eliminate the toxical principle of horse-serum for sensitized

guinea pigs (fixation upon pig-blood, dialysis), I am now able to add

to them a third process.* It is based upon recent and very important

investigations of Gengou *). The hitter proved among others, that,

while water possesses no capacity of suspension for bariumsulphate,

in consequence of which this powder mpidly subsides, this sedimen-

tation changes into a dissemination in the presence of some stable

colloids. This dissemination is based upon a molecular adhesion, a

real adsorption of the colloid by the powder. To the colloidal solu-

tions that show this quality, belongs among othei-s the serum. From
an oral communication of Gengou which has not yet been published

it further appeared to me that this investigator had succeeded, by

contact of fresh serum with BaSO^ in salt-solution, in depriving this

serum of its alexine. This led me to try if perhaps also the toxical

principle of horse-serum would be absorbed by this powder. It really

appeared to be the case. For this purpose is used a suspension of

bariumsulphate in physiological salt-solution containingabout70m.gr.

BaSO^ per 1 cM'. Three parts of this (or the sediment of it) are

treated with 1 part of serum. If, however, instead of physiological salt-

solution, distilled water is taken as vehicle for bariumsulphate — or

the dry powder, when there is no salt-solution — then the serum

1) Neither is able to fix alexine in vitro, in the presence of anaphylactic pig serum.

-) ''Contribution ii Tetude de I'adhesion moleculaire et de son intervention dans

divers phenomeues biologiques." Arch, interuat. de Physiol. 1908, Vol. Vll.
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remains toxical. The presence of NaCl-solution is therefore necessary,

though a very small quantity (some tenths of 1 ciVr to the 5cM'

serum) appeal's to be sutlicient. Some titi-ations of diphtheria-serum

treated thus, taught me already that the quantity of antitoxines

deci-eases thereby only to a very low percentage. (Conversely, barium-

sulphate, which as a dr^- powder leaves tiie anaphylactic powder

intact, is able, in this same form, to fix the antitoxines). So where

the serum-principle, toxic to hypersensible individuals, and the anti-

toxical power of antidiptheria-serum can be dissociated according to

this process, it seems to me that a priori a practical application

thereof is not impossible. It is a pui-ely teclmical problem to ^vork

out these data more closely.

About the reactions of immunity, which are enacted in the hyper-

sensible organism, I hope to be able to give further information on

a followin": occasion.

Mathematics. — "Continuous one-one transformations of surfaces

in themselves." By Mr. L. E. J. Brouwer. (Communicated

Prof. D. J. Kortkweg).

(Communicated in tlie meeting of February 27, 1909).

We shall treat in this paper an arbitrary surface, which in the

sense of analysis situs is equivalent to a sphere, i. o. w. which is a

continuous one-one image of a sphere. We shall submit that surface

to an entirely arbitrary continuous one-one transformation in itself

and we shall investigate whether this is possible without at least

one point remaining in its place.

To simplify we shall consider a continuous one-one image, of the

surface in a Cartesian plane; the infinity of it then of course forms

an exception, because (here the continuity of the correspondence

18 disturbed, and because it must answer as a whole to a single

fioini; for that point w(; choose a point not remaining invariant in

the tranHformalion.

In the Cartesian plane wc; iiidicalc the points of the untranslbrmed

figure hy IcttorH without a dash, the corresponding point of the

tmnHfonned llgin'C by etpial letters wilh a dasli. In particular we
Hhail indii'jilo infinity by // and K'

.

Wo now construttt in the unlransformed figure the system of the

circletj around K m their centre. These closed curv<!s /• lie outside

ea4'li oilier, expand from A' to // and to cacli of Ihosc cmves there
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is uniform convergence ^) by the preceding ones as well as by the

succeeding ones.

In the transformed figure to this answers a system of smgle closed

curves ") k\ wliich, lying inside eac^h other, contract from K' to H',

whilst there is again uniform convergence to each of the curves k'

by the preceding ones as well as by the succeeding ones.

Let us now regard, starting from K and stopping in H, each curve

kci together with the corresponding curve ^'a; here a represents the

radius of the circle kj. .

We shall assume that the transformation in the surface leaves the

indicatrix invariant ; then in X; and k' opposite senses of circuit

correspond to each other.

For values of « under a certain limit «i the curve k lies inside

k' ; beyond a certain value «, however the curve k' lies continually

inside k. Between «, and «, there can be values for which the inner

domains of k and k' lie entirely outside each other; these then have

an upper limit «, , situated between a^ and u,.

Between a certain nethermost limit «„ (which with a, existing

coincides with a.^, otherwise with "J and an upper limit «, , the

curves k and /' must continually penetrate each other.

If I'.g and a. coincide, k^ and k\ do so too, and, opposite senses

of circuit corresponding for the transformation on this curve, we
lind two points invariant for the transfornuition.

We now assume that «„ and u^ do not coincide. Then Lj^ and

k'o^ (ouch each other in one or more points or arcs, without pene-

trathig each other, whilst for the rest they lie either outside each

other, or k.j^ lies entirely inside I'oa • In the former case one domain

is determined lying outside k:^^ and inside k'i^ , in the latter case one

or more domains.

We can now choose among the domains determined by k^ and

k'^ in the following way for a certain segment of values «, starting

at «„ and stopping at a^ , every time a domain y^ lying outside

hj_ and inside k' y,, in such a way, that to the boundary of each y*

inside there is uniform convergence by the boundaries of the succeeding

Ya's, so that the domain y^ continually contracts until at a/- it vanishes

and its boundary is reduced to a point or arc of single curve.

To this end we choose in y^^ an arbitrary point, and fartheron

we choose y^^ in such a way that this point lies inside it; this will

be possible up to a certain value «'; we then stop at 7, («o + «') = «"•

Next we choose inside the domain y^", determhied' in this way, an

1) ScHOENFLiES, Jahrcsber. d. D. M. V. XV, p. 560.

'^) id., Matliem. Ann. t)2, p. 305.
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arbitrary point and for values of «, consecutive to a", we determine

Ya in such a way, that the latter point lies inside it; if this is

possible up to yC'), we stop at 7» l«" + ^^^^) = ^^*K ^^^ we continue

this process in the same way until it leads after a denumerable

number of steps to an end.

This series of y^'s can in general be chosen in different ways;

the value ajr, where it ends, lies then eittier before «„ or it coin-

cides with a^.

We shall now investigate such a series of domains y^ more closely

and we shall suppose that from «„ as far as and inclusive of a, no

invariant point is situated on the curve kx resp. k'x-

If we describe the boundary of a domain ya in opposite direction

of the hands we find it consisting alternately of arcs and points

belonging to both k^ and to k'x and which we shall call dividing

arcs (which are of course closed sets of points) resp. dividing points,

of arcs belonging only to k^ (being not closed sets of points) which

we shall call iji7ier arcs of kx, and of curves belonging only to k\,

which we shall call inner arcs of k'oi. To the above mentioned circuit

of v« corresponds an order of succession of the inner arcs of k^,

belonging to a circuit of ko, with the hands, and an order of succes-

sion of the inner arcs of k!,,, belonging to a circuit of kU in opposite

direction of the hands.

The part of ky, resp. A'a, not belonging to the dividing arcs, dividing

Fig. 1.
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points, and inner arcs, consists of arcs (not closed sets of points),

whicli we shall call outer arcs of k^ resp. k'oL. Between the end-

points of an inner arc of ^a runs an outer arc of ^'«, and inversely.

Each inner arc of k-x encloses with the corresponding outer are

of k\x a domain lying inside 1:^. and inside k'^, tlius outside ya-

Each inner arc of k'x encloses with the corresponding outer arc

of k,j, a domain lying outside kx and outside k\, thus likewise

outside Vy. To this however one inner arc of k\ forms an exception:

it encloses with the corresponding outer arc of hj. a domain con-

taining the inner domain of Aa and also the domain y*.

We shall now i-nn along the boundary of y^ in opposite direction

of the hands, starting somewhere on that si/ecial inner arc of X,'a:in

this way the row of dividing points and dividing arcs, or, as we shall

call it, the row of elements of y^ gets a first and a last element.

Accordingly in tig. 1. (which is special in as far as the elements

aj^pear only as dividing i)oints and only in finite number) the elements

are nnmberetl from 1 to 8.

We look upon r.ll those dividing points and dividing ares as

elements of ky, and we determine their images on X'a. After that we
suppose each outer arc to be laid along the corresponding inner are

by a continuous one-one representation ; in this way all the images

of the elements of y tind their phices on its boundary and we inves-

tigate for each element of ya, whether when describing the boundary of

y^ in the opposite direction of the hands we find it gaining or losing

on its image on k'x ^). (That a dividing arc as a whole gains or as

a whole loses, follows from the absence of an invariant point). To

an element of the first species we assign the sign d ; to one of the

second species the sign p. These signs are unequivocally determined,

except in the case, that all the elements should have to have the

same sign, for which we can then take either p or d.

We divide this row of elements into a succession of groups as

extensive as possible, containing each only equal signs ; then before

tliQ first and after the last element of each group k^ and k'^^ lie out-

side each other during arcs, whose extension does not fall below a

certain minimum.

If such a group lies between two inner arcs of the same curve,

1) True, the difference in argument between an element and its image is deter-

mined only save an entire number of circuits ; however a fixed choice for one

of the elements includes a fixed choice for all. We can arrange that difference

to be for all elements in absolute value smaller than a circuit; this is possible

either in one or in two ways. In Ihe first case is determined unequivocally, which

elements gain on their images and which lose. In the second case they may be

regarded arbitrarily as all gaining or as all losing on their images.
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we call it an even group, and we represent it by two signs; if it

lies between two inner arcs of different curves, we call it an odd

group, which we represent by one sign.

The number of the groups must of necessity be finite; thus be-

longs to each a a row of signs containing an even number of signs

p or d, of which not more than two equal ones follow on each other.

Let us now first consider a value «,, for which the curve Icy.^ possesses

in the immediate vicinity of each of the dividing points and dividing

arcs points on both sides of L^^ . On either side of such a value «i

there is a segment of values of «, to each of which belongs the

same row of signs as to «i. For when (t converges to «i, the

corresponding set of dividing points and dividing arcs converges

uniformly to the whole set of elements belonging to a^.

Let us next regard values a^, where

/ y^"^ in the immediate vicinity of the

^««-' ^ elements which do not possess the

just-mentioned property, the boundary

If ^^ ^^ of y^j belongs exclusively to hj,^ or

^^^ ^ exclusively to k'^^ (see fig. 2). For

values It ditfering sufficiently little

from that «, the corresponding set of

elements uniformly differs indefinitely

little from a part of the set of elements corresponding to n^ (which

part can be difTerent for different «'s). However, in such a part

only even groups can be non-represented, and farther even groups

belonging to that part are approximated by even groups and odd

ones by odd ones.

Thus for the two regarded species of values rt, within a certain

vicinity each row of signs is obtained out of the row of n^ by

suppression of a certain number of pairs of equal successive signs.

We shall now understand by the reduced row of a given row of

signs that one, which is obtained out of it by checking off a pair

of equal successive signs, and repealing this process, until it is no

longer possible. ')

Tims e.g. of p d /> d d p d p p
the reduced row of signs is p.

A
Fig. 2.

') Thai IhiH reduced row of signs is delerniiiioil uiiwiiiivocally is ovidciil e.g. as

followi: Let in n plane with rectangular system of coonliiiuli's p inejui : 8emi-

revolutUm about the point (-f 1,0). and d: aemi-revolution ahout the point

(—. 1,0), and let an arbitrary row of signs represent the product of the opera-

tions indicalod by the Higiis. DifTerent reduced rows of sign then ruvtiish (lilloicnt

rwulla, and an arbitrary row uf «igns is e<iuivalciil to its reduced one.
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We can now resume our results concerning the two regarded

species of values a^ as foU.ows

:

For each of these values a^ the reduced row of signs is invariant

within a certain vicinity.

We have now still to investigate a thii-d species of values a^,

namely those for which dividing points appear, in whose immediate

vicinitj- k^^ and I'^j do not intersect each other, whilst the boundary

of y-y, belongs on one side of that dividing point to kj,^ , on the other

side to /.'«,

.

Such a dividing point may be endpoint of a recurrent arc, i. e. of

an arc along which X^'a, and k'a.^ coincide, but in a direction, which

corresponds for one of the two, but not for the other, to the sense of

circuit of y^, .

We shall now confine ourselves first to such values o, of the

third species, as for all dividing points characterizing thera as such

possess that recurrent arc, and that in such a manner that in the

immediate vicinity of it X:-,, and Xr'a, come on either side of each

other (comp. fig. 3, where P Q is the recurrent arc and to the

left of P the curves k^^ and /,'«, can

\ be supposed to wind an infinite

number of times round about each

other, when approaching to P).

For values « differing sufficiently

little from «, the corresponding set of

elements uniformly differs indefinitely

little from the sum of a part (with

the same properties as for values a,

of the second species) of the set of

elements corresponding to rr, and a part of the recurrent arc. On account

of the absence of an invariant point on that arc here again the

reduced row of signs must within a certain vicinity of a^ be the

same as that of a^.

There remain still the values a^ of the third

species having dividing points characterizing them

as such, which either possess no recurrent arc,

or such a one that in its immediate vicinity the

curves k-^^ and k\^ lie only on one side of

eacii other (See fig. 4).

We here see clearly, that the proof for the

invariability of the reduced row of signs does

hold for a segment of values a folhwing on

«i, but not for one preceding a^.

Fig. 3.

Fig. i.
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We can however regard in this case of exception the domain y^i

as belonging to a set of domains Gy_^, whose character is that of a

domain y^, not being in that case of exception, on who've boundary

in one or more points or arcs an inner arc of ky, and an inner arc

of /'a touch each other without intersecting each other. An example

is given in fig. 5, where y^i with y'^j and v"j:i composes the indicated

set of domains G^^.

Fig. 5.

In the same way as for a domain y^ we can define for a G^y, the

row of signs and the reduced row of signs.

For values of « preceding a^ and converging to ^^i
the boundary

of y« converges uniformly to that of 6^«i, and for a certain segment

of values a preceding a^ the reduced row of signs of y« is f/ie same

as that corrrs/xmdijig to <?«,.

The end \\< lii\i m view is to prove that we can choose the

Buccessive domains y« in such a way, that for not one of those domains

the reduced row of signs becomes /> d.

If Xtb, and k\ strike against each other on tiicir outside, then we
have for y«, only one choice, for which the row of signs is pp
(or dd) and the reduced row of signs zero, thus vol p <L

If ifc., lies entirely on or inside k'.^, then there is among t lie choices

p066ible for y,„ rorlninly one whoso row of Higns is eitluM- pp
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or dp, and the reduced row of signs either zero or dp, so again

not p d.

We can thus at all events take care that for y-^ the reduced row

of signs is not p d.

We now continue the succession of /«'§ in an arbitrary way accord-

ing to the method given above, until after a certain Unite segment

of values « a first a appears, for which the reduced row of signs

changes. Then we have certainly there a value a which is in the case

of exception, and which we call «uj . We there have a Gx , which

breaks up into a set of domains y^ , and with each of these we

may continue the succession of the y«'8. We know that the reduced row

of signs of Gu is not pd, and we shall show how from this ensues

that for at least 07ie of the y^ 's the reduced row of signs is wo^/> </.

As a breaking up of G» into several y^'s by contact points or

contact arcs can always be reduced to divisions into two y^'s by

contact in a single point, we have but to show that if in the latter

case the two composing domains ya possess the reduced row of signs

pd, Gz must also have that same reduced row of signs.

Let to that end in tig. 6 R be the point of contact which makes

the division ; let / be the composing domain whose boundary with

the assumed sense of circuit passes in R fi-om kx to I'a ; then in 11
it passes in R from k'^ to Xa-

On the boundary of J two elements I\ and P, can now be indi-

cated, whose images on k'^ lie between P, and P,.

Fig. 6.

Likewise on the boundary of IJ we can choose two elements Q^

and Qj whose iniii^es on k'^ lie between Q, and Q,

.
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The element P^ cannot coincide with R; for then it would be

evident when describing the boundary of Gx as a whole, that all the

elements of II had their images on k'a on the same outer arc of//.

Neither can Q^ coincide with R.

Now the image of R lies on ^;'« between F^ and Q.,, thus within

the arc P, i? as well as within the arc R Q^ of k',,. So R gets for

the domain / the sign d and for the domain // the sign j)-

We must now distinguish three cases : the special inner arc of k'x

namely appears as such either in / or in II or (if it contains R)

in neither of the two. We shall continue the proof only for the

first case; the other two can be treated analogously.

By the point R the row of signs of Gx is broken up into three

successive parts, which we shall call q, a and t; then the row of

signs of I becomes

Q d r,

and that of II

p G.

The reduction of the row of signs of II, i.e. of p n, having to

give
J)

d, the reduction of (J must give d.

Thus by substituting in an arbitrary row of signs a fi for a d,

its reduced row of signs remains unchanged.

However, j^d being the reduction of the row of signs of I, i.e. of

Qdt, it is also the reduction of QOr, i.e. of the row of signs of

Ga, the property which we had to demonstrate.

So we can choose /« in such a way, that its reduced row of

signs is not pd, and, starting from that, we can continue the succession

of Va's arbitrarily unlil in this way after a certain segment of values

a the row of signs would change for the first time for rf„.j . However,

we CAn then again ciioose 75, in such a way that its row of signs

is not pd, and we can keep going on in this way. If an a^ is

reached as the limit of the «,/s, then if the case of exception appears

also for that, it can he treated similarly ; we can choose 7« thus,

that its reduced row of signs is 7iot pd, and we can continue the

succession of y«s with this property till a value «„ is reached.

The whole set of «„'s must, however, he (Icunmerable, uiid liiuilly

af is reached with a y« „ , wiioso reduced row of signs is riot

p d, thus whose row of signs itself is riot p d.

On the other )uui<i : of a y« on whose bounchiry lies no invariant
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point, the row of signs must precisely be /)c?. Thus the assumption, that

from «o lip to and inclusive of a/^ no invariant point appears, leads

to an inconsistency, and we have proved

:

Theorem 1. A continuous one-one transformation in itself with

invariant indicatrix of a sinyly connected, ttvosided, closed surface

possesses at least one invariant point.

The above given proof fails for a transformation with inversion

of the indicatrix; on the contrary, according to that proof we can

show how such transformations may easily be constructed without

invariant point.

For then the curves Xv and k'^ have the same sense of circuit,

and with the aid of a method of representation of Schoenflies ^)

we can arrange them to possess for all values « between «, and

«, only two points of intersection whilst originally kg^ lies inside

k\. Let us now regard the part of the boundary of y* belonging

to kui, then fig. 7 shows how the image of that arc can begin to

Fig. 7.

1) Mathem. Ann. 62, p. ol9— 324.

Proceedings Royal Acad. Amsterdam. Vol. XI.

54
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have its endpoints on the boundary of y«, but how it can lateron

withdraw its endpoints from that boundary and fartheron remain

entirely outside it, without an invariant point hiiving- to appear.

We thus formulate:

Theorem 2. A continuous one-one transformation in itself ivith

inversion of the indicatriv of a singly connectecL twosided, closed

surface does not necessarily leave a point invariant^).

An elementary special case of theorems 1 and 2 is furnished

by a sphere in ordinary space, having always two invariant points

for congruent transformations in itself, but not necessarily one for

symmetric transformations in itself.

In the formulation of theorem 1 the restriction implied in the word

closed is not superfluous; for, an ordinary Cartesian plane has in an

arbitrary triinslation a continuous one-one transibrraation in itself

with invariant indicatrix, without an invariant point.

Neither is superfluous the condition of single connection ; for

the ordinary tore of Euclidean space has in an arbitrary rotation

about its axis a continuous one-one transformation in itself with

invariant indicatrix vnthout an invariant point.

The restriction of twosidedness, however, can be cancelled.

We can, namely, bring the points of a onesided, singly connected,

closed surface into a continuous one-two correspondence with those

of a twosided one; to an indicatrix on the onesided surface then

correspond two opposite indicatrices on the twosided one. On the

ground of such a correspondence answer to a continuous one-one

transformation in itself of the onesided surface two such transfor-

mations in itself of the twosided one, so that for one of them the

indicatrix remains invariant, whilst it is inverted for the other one.

As for tlie former at least one point remains invariant, for both

at least one pair of points and for the transformation of the

onesided surface at least one point remains invariant.

As fartiicrinore for that transformation of that onesided surface

We cannot speak of remaining invariant or inversion of the indica-

trix, we can formulate:

T11KOHK.M 3. A continuous one-one tjransforniation in itself of a

singly connected, onesided, closed surface leaves at least one point

invariant.

An ejeincntury special ctise of theorem 3 we find in an arbitrary

plane, roal-projcctivo trunHJ'ormation having at least one invariant point.

') For a cloied line of theorems 1 and 2 exactly the contrary holds: here a

transformalion with invariant Indicatrix can exist without an invariant point; but

with inverted indicatrix Huch a transformatioD is iinpossiblo.
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Physics, — ''On the course of the isobars for binary systems II"

\^\ Prof. Ph. Kohnstamm. (Communicated by Prof. J. D. van

DER Waals).

(Communicated in the meeting of February 27, 1909).

8. Tiie point x= x^, v = 0, the signification of which for the

dp dp
course of the lines — =0 and — = we set forth in the preceding

dv dx

paper (These Proc. 599), is also an exceptional point for the isobai*s

themselves. If we approach (his point along the line x= a,*,, coming from

large volumes, the pressure is first zero, ascends then to a maximum,

at least for positive a, after which it passes again through zero, and

continues to descend to — oo, as appears ea-siiy froiu tiif fonmila

MRT a ^^. , , , ,
.

.—
. If, on the otiier hand, we arrive ai the puiiu .< =: .r^,

V v^

V z=0 along the line v = b, we find for the pressure the value -}- oo.

Also all the intermediate isobai-s pass through this point, as appears

db 1 d'b fdv\ 1 A/'y\
when we substitute b ^ — x -[- - ——a-' and v = I — H + ;7 I r^ x*

dx 2 dx* ydx/fj 2 \dx*J^

in the equation for the isobar, so assuming the point a?= a?„ z; =
fdv\ db

as origin of coordinates. If further we put (—=:—, we get,
\dxjp dx

disregarding the higher powers:

_ 1 I 2 MRT a 1

V d*h fdb\\
?'~d7' [d^J' dx

and so, however small x be taken, we can find a point for every

value of J)
satisfying the equation. When a is positive the condition

db dv
for this is that -— 1= -—

, so that the isobar touches v = b, and
a.P dx

d'v^ d*b
further r—:^-r-i so the isobar has a smaller radius of curvature than

dx dx*

V = b, and so has greater volume with equal x.

9. What was said in 7 and 5 enables us to indicate the course

of the isobars in the neighbourhood of x= x^, v = 0. Coming from

dp
the said point and touching there v = b (and so also — =r 0) an

dv

isobar for a high negative value of p will soon intersect the line

54*
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dp dp— = 0. For as was proved in 5, — =0 lies here at smaller volumes
dv dv

dp dp
than — =r 0, and so in the region where — is positive. The line

dj; da)

dp

dx
= gives the minimum value of the pressure for every definite

j;, and so this minimum value becomes constantly higher towards the

right, or in other words an isobar of a certain negative value of p
cannot penetrate further to the right than that x, for which this

dp ^ . . dp
value is reached on — = 0. At the intersection with — =r0the

dv dx

isobar is // the .r-axis,. and afterwards it reaches the line x = x^.

The course outside this quadrant has no physical significance. So we
get a course as fig. 10 presents for an isobar very close to ,v = x^.

Fig. 10.

But not all the isobars originating from x=zx^^ v=zO will present

this course. The question, however, what the shape of the others is,

and where the limit lies between the different kinds, can only be

discussed when we have gained a complete survey of the points of

dp dp
intersection of =0 and — = 0, also of those lying at a great

dm dv

distance.

10. The rcfiult>< obtiiinod up to now are pretty well irnlependcnt

of the (|iiCHlion whether h is a linear, or a ({iiadralic fiirictioii of

or, biiJ now we must distinguish between those two suppositions.

For it is clear that for points lying considerably to the right many
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quantifies will get an entirely different value tlependinf? on whether

Ij increases with x or with ^^ Thus the critical temperature becomes

infinite in the first case, in the second it approaches a finite amount,

the critical pressure becomes finite in the fii*st case, zero in the

dp dp
second, and also the situation of — = with respect to —

- ==
dv dx

is quite different in one case from that in the other. For if we
substitute in the equation

:

_ dp __ MRT 2a
^^""^ "^ ~dh~~ ^^' ~ 7

dp
the value of v— h, as it holds for — = 0, we get

:

da

^(^)= .. .

da

dx • 2a

~db'~ V*

V —
dx

Now we may put a^ x* for a for very great value of x, '^a^x for

— , and Ib^x or b^ for — depending on whether we assume the
dx dx

quadratic or the linear form for b. In the latter case:

-w^^'Cv")
dp dp

so positive, so that — = is found in the region where — is negative.
dx do

In the former case we get :

, dp dp
so that -- = is found in the region were — is negative (the stable

dx dv

region of the mixtures taken as homogeneous) only if r > 2/>, which

according to the known properties of llie isotherm comes to the

same thing as that the pressure in the minimum (
~ =: ) is positive,

\dv J
27

or the temperature higher than — of the critical temperature.

il. Let us for the present confine ourselves to the supposition of

a quadratic function. So in the case which is still under considera-

tion that there is minimum critical temperature and yet <i^y,^^ a^n.^,
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dp
, ^P

no point of intersection of — =: and — =0 will occur fov very
d,v dv

low temperature in the region on the right of x^. For, as van der

Waals has demonstrated (These Proc. June 1908) for such a point

of intersection the equations

MRT a b
2 --

b V

b
1

V

da

dx

db

dx
2a

da \'

dx I

~db [

dx

2a
db

(1)

dx

da

dx

iiold, so for very low temperature a paint of intersection is only

da
possible in the neighbourhood of an x, where either — = or the

dx

critical pressure is stationary. Both these possibilities, however are

not realised here, for as we shall show later on, a minimum critical

temperalure at the same time with a'l, ^ a^a^ is only possible for

a relative position of the lines a and b as indicated in fig. 11, i. e.

/
,

/
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a
is zero ; also for x =z-{- <x> and x=— oo. The equation p/^ = — being

of the fourth degree in x, no more than 4 values of x can ever be

found for a certain value of pic- So no maximum or minimum of

the critical pressure can occur on the ri^ht of b^.

Here we interrupt the train of our reasoning for a moment, to

show that in the case considered a minimum critical temperature

must occur. As the equation

:

da dh
b a —

dTjc das da:

~d^
"~

b*
~

gives an e(piation of the third degree, we might expect that 3 values

of x which make 7\- stationary, could be found for every system in

the complete diagram of isobars. But as for very great values of x

, da dh
always h — = a —=aib^x, one root appears always to he at

das da;

infinity, and there are at most two roots for finite x: One of them

lies between a, and </,, where 7\ becomes = 0, the other lies on

the right of b,. For in our case we may write the equation for

a and b

a = a^ {.V — ar,)' — a, ft =: b^x* — ft,

so

da db— = 2a, (x — ^,) — = 2ft, .r .

da; dx

dT]c da db—— has the sign of b a — , and so of:
dx dx dx

2a, ft, .f» {x — .v„) — 2a, ft, x {x — x^)' = 2a, ft, .*•' .«„ ~ 2a, ft, xx\

dTk .

so ~— is positive for high values of x, which proves the presence
dx

of a minimum critical temperature in connection with the value

+ 00 for ft = 0.

12. Let us now return to our diagram of isobars. We can now
represent it fully for low temperatures, now that we have seen

that there will be no intersection of — =rOand — = in this case.
dx dv

We have only to add the observation that the value of the pressure

dp
on the line — = approaches indefinitely to zero for verv great

dv .

' "

value of .1", however small the value of T is, if only not quite zero.
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MRr
_,

«
tor is in inverse ratio to a\ and — to x". So it follows from

V— v^

this that all the negative isobars starting from the point x = x^,

vz=zO will have the shape we indicated before. The line ^9= will

dp
intersect the line -— = at infinite distance. To this isobar, however,

av

also the branch belongs starting from the point /? i= on the line

X= .r„, and also the line v = oo. For a positive pressure the isobar

consists of two separate branches. One of them, starting from the

point X = Xq, V ==0 remains confined to smaller volumes than p = 0,

the other starting from a point on the line x = x^, arrives some-

where on the vapour branch of — =: 0, with ascending value of v
dv

and X, has a tangent there parallel to the v-axis, and returns again

to the line x = x^, now on the other side of the maximum pressure.

So we get fig.. 10 for the complete course of the isobars.

13. How will this figure be modified with increase of temperature.

27
Let us consider the temperature which is — of the minimum critical

temperature. From equation (1) on page 802 follows that we may expect

27
a point of intersection at a volume v = 2b and a temperature - 1\.

.... • . 1
/ db da

for the mixture with minimum critical temperature where a—- =zb —
\^

d.v dx

dp dp
The line -— = lying at smaller volumes than the line -^ = for

dv -^ ^ dx

very great values of .r, as we saw in 10, there must be another

point of inlersection more to the right. It is clear that these points

of intersection have arisen by a contact of ==0and--- = 0, and
dx dv

that tlie two points of intersection have moved from this j)oint of

contact in opposite direction. For as the ecpiations for the points of

intersection are of the first degree with respect to T and v, it is

not possible that two points of intersection lying beside each other

move in the Hame direction; for then we should find different values

of T for the same value of ./. In the point of intersection lying

moHt to the left the pressure is 0, from which it already follows

thai there must bo anotiicr point of intersect ion ; for the pressure

niuilly verging again to zero towards the right, there must be a

point bohvceii whore the pressure has reached its lowest value on
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the line —=0. So this point is really a minimum of pressure. Now
dv

the diagram of isobars has changed in this (fij^. 12) that a loop-line

X

iM-r. H.

lias made its appearance, as we see immediately from the fact that

the direction of tlio tangent of the isobar p=:0, passing through the

ilu dp
point of intersection ot ~= and -

dc dx
becomes indeterminate

in this point. The two branches of this loop-line start, of course,

one from the point x =d\, v = 0, the other from the point on the

line .1' = d'a, where p = 0. They pursue their course through the

double point towaixls inlinity, just as the branches of ^^ = in

figure 10. Now too, the positive isobars have the same course as

indicated there. The negative isobars, however, at least part of them,

have broken up into two i)arls, a brancli on the left of the mixture

with minimum critical temperature, which has again the same course

as hi tig. 10, and a branch on its right, forming a closed curve round

dp dp
the second point of intersection of — = Oand— =:0. Only for isobars

d.v dv

for a larger negative value than that in the last-mentioned point

there exists only one branch.

It is clear what will be the course for intermediate temperatures.

It follows then again from the given equation that the pressure will

be negative in the double point lying then at a value of x where

, da db
y> a -~. So we have a loop-line, which itself runs again as a

d.c dx
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closed line round the second point of intersection of —- = and —- == 0.
ax dv

27
14. At a temperature higher tiian — of the minimum critical

temperature, there is positive pressure in the double point. For

the double point continuall}^ proceeds in the same direction ; so

da
h—
da , . , . 1 ,

or - constantly decreases durmg this movement and now the
db V

a—
dx

expression

da y da

MRT 27 dxi dx \ 27 /^ n

da y dax '

dx
I

dx
I

~^l db I
a — \ 2a— /
dx V dxy

n
MRTic ^ db\ ^ db § 8 V 2

a —
dx

2 ^
has a value for 7i = and 7i = 2, a maximum for n = -

; be-
o

2
tween n = l (the .v of the minimum critical temperature) and « — -

1 27
the righthand meml)er is, therefore, greater than - and so T > ^^lo

2
so that the pressure in the double point is positive. For n =-the

o

double point lies exactly at T= Tk or v = 36, so in the point of

dp— = where this line, which then has split up, has its tangent
dv

// v-axla. At still higher temperature the double point of p gets on

dp
the vapour branch of — = 0, and disappears at the temperature at

dv

da db
which - ^= MRT \\n- .v=:x^, as is indicated in lig. 9. So long as

dx '/'

the double jxiini contiiiiieH to lie on the li(piid branch, that branch

of tlie isobar, which comes from ./;=:./•„,?; = 0, passes through the

dp
double point, meets the vapour-brunch of --=0 at larger x, where

dv

its tangent bccoincH // ?;-axi8, and then runs back to a point of the

line ar^T, for greater value of v tlian that of the uuixinium pressure

on the straight lino mentioned. The other branch of the loop-isobar

comes from a point of this lino with Binaller pressure' llmu tlu^

maximum pressure, and having passed the <louble |H)iut it remains at
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U/D

smaller volumes than — = 0. The course of the other isobars only
dx

undergoes modification as regards the isobars which intersect the line

dt)— = on the right of the double point. Near the double point posi-
d.v

tive isobars are found at this temperature. They come from a point

on the line x=zx^ at larger volume than the largest that the loop-isobar

has in common with this line. They are // v-axis on the vapour

dt)
branch of — = 0, then they run back to smaller x, they are again

dv

dp
, .

dp
II v-axis on the liquid branch of — = 0, and // .I'-axis on — = 0,

dv dx

after which they proceed towards infinity between the last-mentioned

line and the loop-isobar. So we have again got isobars here as in

the rigthand part of Van dkr Waals' diagram of isobars (Fig. 13).

Fig. 13.

dp
When we ascend above the critical temperature, so that — =

dv

breaks up into a righthand part and into a lefthand part, this involves

only that part of the isobars no longer possess the retrograde portion,

dp
because the two points of intersection with — = have coincided,

dv

and then have become imaginary. The last isobar which has the

shape described here, is that for p = 0, the line at infinity included.

dp
It then runs from the line .v = ,v„ to the vapour branch of — =

dv
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on the extreme right side of the figure, returns to a point on the

dp dp
liquid branch of — =0, and then intersects — := The negative

av d.v

isobars, which have their point of intersection with the liquid branch of

dp— ^0 still further to the right, again form closed rings round
dv

dp dp
the second point of intersection of — =: and —

- = 0. These closed
dv dx

rings do not disappear until the temperature has been raised so

27 a. -[- a, - 2a,,
, , ,

high that the value —-
; has been reached, which may

^ 32 6, -f 6, -26,,
^

take place either above the minimum critical temperature of the

system or not above it, in the first case again either at higher tem-

perature or not at higher temperature than that at which the point

of intersection of — =0 and — = has shifted from the liquid
dv dx

branch to the vapour branch. So different combinations may

present themselves, which, however, do not differ in essential points,

and which the reader can easily imagine for himself.

15. At temperatures at which the double point lies on the vapour

branch, the loop-isobar, starting from v = 0, x = .z\ passes first

di)

through the liquid branch of — — 0, where its direction is // v-axis,
dv

then through the double point, after which it reaches the line a; = .I'o.

The second branch of the loop-isobar comes from the line x =. a^,

and after having passed through the double point, it pursues its

dp dp
course always at smaller volumes than --= Oand-— = 0. In the

dv dx

isobars with higher value of the pressure only this change has come

that now a retrograde |)art apj)cars in the branch at the small

volumes for a number of isobars, vvlicreas part of tlie isol)ars with

lower value than the loop-isobar fail to have the retrograde portion

in the bitineh starling from the line x= x^. They do not get it

until the value of the pressure has fallen so low that the righthand

dp ^i ~l~ ^1 — 2aj,

part of-- = is intersected. When the temperature r ——^-
'^

dv 6, — 6, -f 26,,

dp
baB been reached, this part of ~ == has vanislied, and so also the

dv

retrogression of all these isobars, (fig. 14).

The last modification which our diagram may (iiially undergo, is
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da db
when the temperature at which — =: MRT — foi- x= .v^, is reached.

da; d.v

Our diagram then passes into the usual one, when this is drawn

above the critical temperature, and as we have now to deal with

the case of iig. 9, into the usual figure after the intei'section of

Fig. U.

dp dp— =: and — = has disappeared.
dv dx *

^

16. Now the course of the isobars for the case that a minimum
critical temperature occurs at the same time with «,,']>«,«, is

completely determined. Only this complication might possibly be

met with — 1 have at least not succeeded in proving that it is

dp
that besides the discussed contact of — =0 and

dv
impossible

dp— = 0, by which two points of intei'section arise, another contact
dx

is found. As we saw before the points of contact which then arise

will again have to move to opposite sides. Of the four points of

intersection which there are in this case, the two inner ones will

again coincide at still higher themperatnre, and give rise to contact. So

the difference is coiitined to the region between the two temperatures

of contact, and it has only influence on part of the isobars at

small volumes. Thus of the series of isobars which pass round the

dp
point with minimum pressure on -—= as closed curves, there will

dv
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e. g. be one which assumes tlie shape of a oo , and the isobars of

still smaller value of p will have broken up into two branches

each closed in itself (apart from the closed portion starting from

a,'= a?o, v = 0). C and D (fig. 15) are then the points of intersection

which have newly appeared; the complication vanishes again in

Fig. 15.

consequence of the coincidence of B and C. If the second point of

contact should arise on the left of the point of intersection lying

to the extreme left instead of on the right of i5 a similar result would

be met with.

17. At first sight the diagrams of isobars obtained above seem to

deviate considerably from the figure given by van dkr Waals. This

dp
is of course partly due to the different course of — = 0. Partly,

dx

however, also to the fact that the figure loc. cit. only holds for

27
temperatures, lying between — of the critical tcmperalurc and llio

Oil

critical temperature itself. Therefore we find the closest rescnil)Uince

with the figure loc. cit. in our figures for higher tcniperalures. That the

resemblance also continues to exist at lower temperatures is imme-

diately seen wjjcn we examine to what changes the figure I. c. is

subjected with lowering of the temperature. First of all we have

then the temperature:

27 a, -I- a, — 2a,,

32 6. + 6. - 26„
dp

As we saw above another point of intersection of — := and
da
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dp

dv
=: is found on the right below this temperature, round which

point of intersection branches of isobars with negative value of the

27
pressure pass as closed curves. For — of the minimum critical tem-

perature the loop-isobar will hold for the pressure 0, as we saw
dp

above. So it reaches the vapour branch of — ^ only at infinity
dv

(fig, 16). For still lower temperature also the loop-isobar in the case

X

Fig. 16.

of VAN UER Waals is uo longer closed round the point of intersection

dp dp
of — = with the vapour branch of — = 0, but round the third

dx dv

point of intersection. Of course closed rings continue to run round

X

Fig. 17.
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the first-mentioned point of intersection, which continues to distin-

guish the figure from the figures given by us. At still lower tempe-
dp

rature the two points of intersection with the liquid branch of
dv

maj coincide. It is true that this clashes with the thesis concerning
dp dp

the contact of — = and — = 0, mentioned in the beginning of
da; dv

the previous communication, which gave rise to this investigation,

but then this thesis holds only if 6 is a linear function of x

and in this case the said point of intersection on the right does

not make its appearance. If the two points of intersection have

coincided, the loop-line and the closed rings at small volume have

disappeared and only those at large volumes remain, (fig. 17). It is,

however, also possible that the points of intersection continue to

exist down to the absolute zero point, viz. when n minimum and a

maximum occurs in the critical pressure. That this is possible for a

quadratic function for b is shown by fig. 18, if we bear in mind

/
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Mathemathics. — "On a class of difiermtial equations of the first

order and ttie first degree." By Prof. W. Kapteyn.

1. In the last meeting of this Academy Prof. J. de Vries gave a

geometrical criterion for determining whether or not a given differen-

tial equation of the first order and the first degree may be reduced

by a homographic substitution to a linear equation or to an equation

of the form

dy ^ N{x)y'-\-I\x)y+Q{a,)
^^^

dx R{x)y-\-S{x)

The object of this paper is to examine the general form of all

those equations which by a homographic substitution may be

reduced to the equation (1). It is evident that this general form will

give at the same time all the equations which are reducible either

to the general equation of Riccati, or to the linear form.

2. Let the substitution be

X := = - y = = — . . (^)

where a, b, c are constants, then the equation (1) is

where

and

du y5[jiir+y5*]-i>[^W+|JyP'+y'Q*]

Az=zb^y — <5j ^ C = a, y — c, «

(3)

Transforming now to parallel axes, taking as the new origin o

coordinates the point where the lines « =: and 7 = meet, we
find the new equation by substituting

u = -f M , u = + V

{a,,c^ = a^c, — a^c,, etc.

In this way, we get

a = a^u -\- a,v' , ^ =z b^ u -\- b, v' -\- q = ^' -\- q , y = c^ u' -f c, u'

Q being a constant, and

55

Proceedings Royal Acad. Amsterdam. Vol. XI.
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^ = ih c,) «' — c, ^ C = (a, c,) v'

-B— — (61 Cj) m' — c, 9 D=z — {a^ c,) m'

where N^Po etc. are homogeneous functions of z*' and ?;' of degree zero.

Hence, if we arrange according to the degrees of u' and v' the

numerator takes the form

+ ^(a,c,)«'[2iV,^4-P.y]

— 9(^1 c,) Ro «'r

+ 9' c, i2o y

and in the same way the denominator may be written

(a,c,)M'LiV„^"4-P„^'y4-Q.y'] *

+ if
{a, c,) u' [2 N, ^ + P. y]

— Q (K c,) ^0 w' y

+ P' («x c,) N, u'

— q' c, R, y.

If we examine these values it is evident that tlie equation (3) reduces to

dv' ^ K,+M,J^v\N,-\-c)

du' H,-^L,-{-u'{N,i-c) ^
^

where c represents a constant, Hi and H^ homogeneous functions

of the first degree and L, J/, N, homogeneous functions of the

second degree.

From the values

H, = - Q\R,y

K, — <>'c,i2,y

wc may readily induce that if, in (1) R{x) is absent //, and A',

nni8t 1)0 7x;ro and if in (1) N{x) is absent, wc have t? = 0.

The prc<!C(ling considerationH furnish the inference that every

hoinographic substitution applied to an equation (1), followed by a

tranKformation to parallel axes through the point « = y = gives

necessarily an equation of the form (4).
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3. Now we will show that where a differential equation of this

form (4) is given, there always exists a homographic substitution by

which this equation may be reduced to the form (1).

For let

y y

then we have

K, = K, (uV) = K,{^,-^-=z-K,{\,x)

if. = if.(uV) = if,g,^) = i3f,(l,.r)

etc. Thus (4) reduces to

dx \xH,{\.x)-K,{hx)\y-^rxL,{\,x)-M,{\,x)

which is of the same form as the differential equation (1).

4. Therefore we have proved this:

Theorem. The necessary and sufficient condition that a differential

equation of the first order and the first degree, having a singular

point in the origin of coordinates, may be reduced by a homographic

substitution to an equation (1 ) is that it may be written in the form

dx n,-\-L,-{-x{N,+c) ^ ^

Corollary 1. The necessary and suf!icient condition that a diffe-

rential equation of the same kind may be reduced by a homographic

substitution to an equation of Riccati is that it has the form

dy ^ M,-\-y{N,4-c)

dx L,-\-x{N,-]-c) ^ ^

Corollary 2. The necessary and sufficient condition that a diffe-

rential equation of the same kind may be reducible by a homographic

substitution to a linear equation is that it has the form

dy ^ M.^yN,

dx L^-^xN, ^ ^

5. With respect to the equation (8) we may remark that it is

equivalent with

%__ ^1 -\-y^i

dx L^ -\- X N^

as the numerator and the denominator of tlie second member may
55*
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be divided by the same homogeneous function of the first degree.

In the special case that L^ = a^x -f b^y, M^= a^x -f b^y, N^ = c^x -{-d.y

the tangents to the integral curves in the different points of the line

y z= mx, meet in the pole

X — — ^1 ~^ ^1 ^ Y— — ^2 + ^2 ^
c^ -\- dy^m

<'i + <^^i
wt

Hence the locus of these poles for all the rays of the pencil y =: mx
is the polar line

X Y 1

-c. ="1 "'a

This is the case in the examples II—VI given by Prof, de Vries.

As I'O the examples I and VII we have respectively

L, = a: M,=x^2y iV, =^4^

L, = <) M,=y A\ = -
y

Physics. — ''Contribution to the theory of binary niuvtures." XIV.

By Prof. J. D. van der Waals.

(Double retrograde condensation).

Before proceeding to the discussion of the significance of negative

value of fi and t,* ^ shall make a few remarks to elucidate what

was mentioned in the preceding contribution — and that chiefly on

the shape of the surface of saturation in the cases represented by

figs. 39 and 40, and the relative position of the threo-phase-prcssure

with respect to the sections of that surface for given value of x.

In case of complete nnscihilily such a section of the surface of

Katuration consists of a vapour branch and a liquid branch, which

have a continuous course, in which the pressure gradually increases

with ascending T, and which for certain value of 7', which may

be indicated l)y Tr, pass into eacii other continuously. TJic pressure

must then before have had a maximum on the li(]uid branch, and

Ihcii decrease. It passes into the pressure of the vapour bianch at

Tr. This grmbial luorging of I lie two branches into each other con-

tinues to exist also for non-com])lcte miscibility.

In the case of flg. 39 tlio upper sheet of the surface of saturation

undergoes, however, first of all a modillcation, which, however, is
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confined to values of x between (a?,)^ and (.r,)^, when {x^)g denotes

the value of .v for which on the righthand side of the closed dotted

curve the tangent is normal to the A'-axis, and in the same way
(a?j)^ the same thing on the lefthand side.

For a section between {a;,)g and {x^)g the modification remains

restricted between the two values of T which are determined by the

closed dotted curve of fig. 39 for the temperature. Outside these values

of X and T the upper sheet is, if not quite unmodified, yet of the

usual shape. If we call the concentration of the vapour phase u\,

and that of the coexisting liquid phase a?,, this usual shape of the

upper sheet is determined by the equation :

»i, dp = {a, — a;,)
I ^-, I ^fa + ^1,^^'-

And if it were our purpose to determine the situation of the sheet

of the three-phase-pressure with i-espect to the metastable and un-

stable sheet of the coexisting equilibrium between vapour and liquid,

the above eipuvtion might serve this purpose. For along the circum-

dv
ference of the closed dotted curve of fig. 39 the value of —- is^

(IT

known. Thus to give an example, this quantity is positive in the

lower part on the right hand of Q^. And i\.^ being positive and

a?i—a,', negative, we find from:

I -^, 1 <C I ^.7, I . Hence in the righthand part the sheet of the three-

phase-pressure lies below the metastable sheet — which, however,

might be considered as having been known beforehand from the

shape of a ^,A'-line at constant temperature for the equilibrium

vapour-liquid. In the lefthand part the sheet of tlie three-phase-

pressure lies on the other hand above the metastable sheet.

In a section normal to the A'-axis just through Q^ the sheet of

the three-phase-pressure begins at Q^ touching the metastable sheet,

and in a section just through Qj t'»ere is contact at the end. But

it would lead us too far to include ail the metastable and unstable

sheets in our consideration. To examine what the shape is of the

stable part of the liquid sheet inside the dotted ring, and so of the

upper part of the surface of saturation is, however, very necessary

indeed.

If we take two points of the dotted ring lying on a level and if

we call the value of x for the point lying on the right .f, and for
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the point lying on the left x.^, tiien

or

v^idp = (A\ — .V,)
( —^ I dx, -I- 7i.,dT

a.r, jpT

dp f^P\ ^^8 f^P

m.
holds for the equilibrium between these two liquids for the point

lying on the right.

/dp\
In the second member the second term I

-— holds for the section

for constant value of .v, the shape of which section we will determine

— in the first term of the second member we have omitted the

index T' to avoid great complication in our notation. The shape of

the line of equilibrium between the two liquids is known of a

p,:c-seQtion of the surface of saturation, if three-phase-pressure occurs.

It is a curve which ascends steeply in the points 2 and 3, and

reaches a maximum value between them. In the point 3 —
- has a

d.v^

high negative value, and if— is positive, which is the case on the
dT

dp
lower side of the righthand half of the dotted curve, is smaller

dT,.^

/dp \ da,
than It— • On the lefthand part of the lower side —— is negative,

Vd^'Aa dT
/dp\

but there I is positive, so that we arrive at the same result

there. On the upper side we come to the opposite conclusion. So if

we draw the upper branch of the section of the surface of saturation,

such a modification must be a|)plicd between the limits of the tempe-

mtiire, which are to be derived froui the dotted curve of llg. 39,

that the ihree-phase-pressure lies below this curve— wliich was, iiulced,

a priori to be expected. And by a comjiarison of tiie two ecpiations

:

and

dp _ /dp\ (Iv., ,(^P\
dT,,, Kii^JudT'^KpTj^J

from which follows:
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not only the sign, but also the value of the abrupt change of direction

in the course of the upper branch is determined. But tiiis modification

remains restricted between the two indicated temperatures— and

neither of the lower sheet nor of the remaining part of the upper

sheet does the shape change in any respect. Only the lower sheet

undergoes some modification, but in sections of quite different values

of A', namely those which are found between the values of .i' of the

points Q\ and Q\. And this modification occurs only for one single

value of T, at least so long as the curve Q'iQ\ has the property

of being cut only once b}' a line normal to the .r-axis.

The modification in the course of the lower branch consists in

this that for certain value of T, to be derived from the curve (2'x^i»

tiie lower branch begins lo rise less steeply. The three-phase-pressure

ascends tiien even more rapidly than the fii*st direction of the lower

branch did. Below the temperature af which this chai)ge in the couinse of

the lower brand) appears, tlie three-phase-pressure is already found,

but for the considered section it may be considered only as a parasitic

branch. The part of the three-phase-pressure that belongs to higher

temperatures lies and terminates in the unstable region, i.e. above

the lower sheet of the surface of saturation. At least if QiQ^ is not

intersected for the second time at the same value of x. In this case

a second, higher temperature occui-s, for which the thi-ee-phase-curve

runs below the lower sheet, and again a part of this curve becomes

a parasitic part. But for all the sections between Q\ and Q^ the

upper sheet is not subjected to any change. The proof of what was
said here about the modification of the lower sheet, is ago in found

in the equations, which now with change of the indices, assume

the forAi

:

and

^ /^^ da, /dp\

If, as is the case on the curve Q, Q\ the three-phase-pressure

comes inside the heterogeneous region with ascending temperature then

dp /dp \ /d/)\

df-^Kdrl' ^"^
\dv) "^ negative on the whole lower sheet

now that the second component is assumed to have higher Tk than

the first component, —— is necessarily negative, as was drawn for
di

the curve Q\Q\. But as we see from the properties of a ^;,.i' or
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i',a'-section of the surface of saturation at given temperature, (
—

)

/dp\ dp fdp \
is in absolute value greater than s:- • Hence —-

\ T7.A is

greater than . ,

So the section of tiie surface that holds for the equilibrium 3,1

ascends less rapidly than the section 1 for the equilibrium 2,1. And

in consequence of the retrogression of .v to smaller value at rising

temperature the sheet 3,1 comes in the place of the sheet 2,1. If at

a second, higher temperature the three-phase-curve should again leave

the heterogeneous region, and become a parasitic line below the

dp /dp \ d.v^

lower sheet, then <C^ • Hence the value of — is positive,

^-'ijs V^V^ dT
/dv\ ^ ,

dp /d/>A
because -^ continues to be negative. Then both - ^^ — -— and

\d.vjT dl,^^ \d-ljx,,

dp /d» \
-— ^, ^''c negative ; but the first difference is greater in
dJ i^i V«^A«

absolute value than the second. So
( tt;: ) is then smaller than! ^--

) .

Tliere is then another break in the section of the lower sheet, but

yet in consequence of this this section begins to ascend less rapidly,

because on account of x^ ruiming to the right with rising temperature

the sheet 2,1 takes the place of the sheet 3,1.

But though it is good that these circumstances have been examined

in detail, all this is not necessary if we only want to know what

will be the shape of the line at higher temperatures with regard to that

at lower -temperatures, if a break appears in the lower bi'anch. The

simple remark that the two branches which meet, must have such

a position with respect to each other that their continuations repre-

senting metastable branches may not lie in tlie stable homogeneous

region, is then suHicient, and evidently this rule could not be satisfied

if on the lower branch the lino occurring at higher tem[)erature8

ascended more rapidly than the preceding one. But for the upper

branch this rule leads to the conclusion that on tlie contrary a

branch appearing at higher tein|)cratures, must ascend more nii)i(lly.

The systematiciilly sustained application of this rule, therefore, does

not present any dilDculty in the ctvse of llg. 40, and does not reveal

anything now so long as J*„i, lies higher tlian A, as in the case

with the mixtures of ethane and aU'ohols. But in the cases of

BCciifiKR, mixtures of CO, and organic litpiids where Pad lies lower

than Tk,, n will have to give rise to what we nuiy call: double
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retrograde condensation. So long, namely, as Pai continues to lie

higher than Tk^ the three-phase-line Q^Q^Q^Q.^ can lie entirely on

the upper sheet of the surface of saturation, and can then give only

rise to the more rapid ascent of the upper branches of the sections

at given value of x. Above the temperatures at which this more

rapid rise sets in, the section has then its usual shape, merging

continuously into the vapour branch, there being only one point

where the tangent is normal to the T,a?-plane. The temperature at

which the upper branch suddenly' begins to rise more rapidly is

given for every section by the value of T for the points of the

dotted curve, which, however, must then be broken off before the

point with minimum value of x. Sections on the light side of Q^ and

the left side of Q.^ present the wholly unmoditled shape. Sections

between Q,' and Q^ get the break in the upper sheet at ever lower

temperature as the point Q^ is approached. In each of these sections

part of the line of intersection with the three-phase-sheet, i. e. a part

that belongs to lower temperatures lies above the upper branch.

The higher part of this line of intersection lies and terminates in the

heterogeneous region. For the section of Q^ this line of intersection

lies . over its full length in this region, and the initial direction at

Qi then touches the upper branch of the section of Qi. as it proceeds

unmodified at lower temperatures. For sections between Qi ^'^^ Q.^

the point of intei'section of the upper sheet with the three-phase- line

lies at ever higher temperatures as we approach Q^. The lower part

of the three-phase-line then lies below this upper branch, and the

upper part would project above it; but the abrupt change of direction

taking place at the intersection is so great that even the upper part

of the three-pliase-line remains in the heterogeneous region. So if

we want to keep a section between (2i and Q, in homogeneous

liquid state, the pressure must always be greater than the three-

phase-pressure with the exception of the liquid represented by the

point of intersection. For the section of Q^ the three-phase-line lies

entirely in the unmodified heterogeneous region, and in the highest

point it touches the upper branch. For the sections on the left of

Q^ the upper part of the three-phase-line lies again above the upper

branch, and as such it has lost its significance. Then these sections,

too, have the sudden change of direction, at which they begin to

ascend more rapidly, but at ever lower temperature the more we
go to the left. For the section of the point Q^ the whole of the

three-phase-line lies then above the upper sheet.

So when the three-phase-line over its full width intersects only

the upper sheet, there is no further complication ; and this may be



( 822
)

the case if Pab ]> Tk^ • Also in this case, however, the possibility

remains that on the lefthand side the intersection takes place in

points of the lower sheet. But the latter must take place if Pnj > 7\-j

.

A.nd in the transition of the point of intersection of the upper sheet

to the lower sheet we meet with the complication which I am now
going to discuss, but which will perhaps be easier to understand,

when I shall discuss the properties of the p,a?-sections of the surface

of saturation, so sections at constant temperature.

If we think such a |),ti'- section at a temperature only little lower

than Tjt, , the upper branch has, leaving the line of the equilibrium

between the two liquids out of consideration, the known shape with

a minimum and a maximum between x^ and x^, because the three-

phase-pressure exists, Pah being <[ T^^ . The third phase then lies on

the lower branch at .i\ <[ a?2 <C -^s* ^nd if at higher temperatures

dp /dp \ dx^
——— <^ -— , the value of — is then already positive. At a tempe-

rature somewhat above Tk^ the />,.z'-curve has got detached from the

dp
axis {x= 0), and has a point where — = oo , and so v^^ = 0. But

dx

then the point 1 still lies on the lower sheet. Now we might suppose

and I have held this opinion myself, and I think I have given

diagrams in accordance with this view, that on further rise of the

temperature the critical point of contact for the equilibrium 2,1,

would proceed so far towards greater value of x^ that it would

coincide with the coexisting vapour phase, but that then at the same

time this third coexisting phase would be critical point of contact

for the equilibrium 3,1, to render it possible for the metastable branches

to be contained in the heterogeneous region. If this were possible

the third j)hase would have come on the upper sheet at still

higher temi)erature — and in this case there would be no (piestion

of complication. But that this concurrence of circumstances cannot take

place we see when we examine its signification. First of all 1 observe

that we cannot put that v,, = coincides with v,, =: without proof,

and that "else we get other complications" cannot be accepted as a

proof. But we may also directly sec that v,^=zO cannot exist in the

t>,— V. /dv.^
same point as v.. = 0. Then 1 -r- =0 would have to hold,

Vm—V, f^^\\
and at the same point also

(
7— I =0. Or the tangent to

the iflolMr Id the point a^ would have to pass l>utli through the

point u;, and through the point x,, and this isobar would have to be

at the flame time the isobar of those two latter points, and the three points
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1, 2 and 3 would have to lie in a straight line in the r.y-diagrara.

If we follow the course of the isobar separately for the condition

v,i = 0, the possibility for this ^condition to be satisfied at temperatures

above 71 follows at once. In the same way separately for the con-

dition 17,1=0. But for these two conditions to be fulfilled simultane-

ously the isobars would again have to possess points of inflection,

which we should certainly have to consider as quite abnormal cases.

dp
but there is more. Then would have to be = od, for the deno-

minator is then equal to zero ; and if we wish to avoid this, we

should have to make again an entirely arbitrary supposition, viz.

that then also — would be = ^' \ Therefore I do not hesitate

to reject the thesis that t',i==0 coincides with y,, =0 as entirely erro-

neous. Then there remains no other possibility than to assume that

the sheet of equilibrium 2,1 when contracting with rising tempera-

ture, passes through the critical point of contact of the sheet of

equilibrium 3,1, before having got hidden under this sheet. Then the

third phase passes from the lower part to the upper part of the

sheet 3,1. But this implies that at still somewhat higher temperature

for a value of £ which is somewhat higher than that of the critical

point of contact of 3,1 a vertical line can intersect the whole sheet

of saturation 4 times. And if the circumstances are chosen in such

a way that the chosen value of x is also smaller than that of the

plaitpoint of the equilibrium 2,1, retrograde condensation must occur

twice.

In fig. 41" I have drawn the /j,.i-line in Ihe neighbourhood of Tk^

schematically. The discontinuity in the two vapour branches inter-

secting each other in the point 1 is such that the branch which

belongs to the equilibrium 3,1 descends more rapidly than that

which belongs to the equilibrium 2,1.

Now f*V^^. -d a'^o f|L)= kfiV^.

' W^'iAi
has become 0, I

—— has got equal to — oo , and

then a large negative value. Or in other words if

t?ji =: 0, Vjj has still negative value, though it be a small one. But

then it is exactly this that follows from the known course of the
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Fig. 41.

48obars. The isobar which passes througli tlie point 3, has its convex

fiide turned towards the v-axis in this point, has a point of inflection

in its course to the point 1, and touches the line joining? the points

3 and 1 in this point. But then the point 2 lies in such ii way that:

as*— to.

is n^ative. In tig. 41* the /;,ar-line is drawn for the temperature for

which this is the case. At again a somewhat higher temperature the

^>^-Iinc haH tlic sliape of fl^^ 41''. Then mixtures for which the value

ar^.r, can show the double retrograde condensation. A favourublo,

if not the most favourable case occurs if the points for which

V,, =0 and r„ ^ 0, lie in tho same line normal to the a,'-axis.

At somewhat higher tem|M'ralurc, i. o. when the />,.i'-line has the

position of fig. 41'', the opporlujiily is past. 'J'hen y,, = 0, mid
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v.. /"dv ^ v^— v. r. V.
. , . . r, . ,— — I

—— I = IS then positive. So the denominator
•c, iCj \dx.^/pT ^i "^1 "^j x^

dp
of -;— has always the same sign, and does not pass through zero.

dT,.,

(But now that is positive, I
—

) has also become positive.

The figs. 41« and 41./ do not call for further elucidation.

Whether the experiment will succeed in showing this double retrograde

condensation, the investigation will have to prove. The fact that it

only undoubtedly exists for such small values of x which do not

only lie below x^ but must moreover be smaller than the value of

X of the plaitpoint of the equilibrium 2,1, and the cii-cumstance that

for such small differences in the value of x the condensed part is

exceedingly slight, will certainly impede the observation greatly.

Moreover we shall have to find cases in which the occurrence of

the solid state is no impediment. We might begin to try and show

that after the termination of the fii*st retrograde condensation of the

equilibrium 3,1 another condensation makes its appearance with

further raised pressure. The very appearance of this new conden-

sation after the fii-st is finished, might be considered as a not unim-

portant addition to our knowledge of the complex phenomena of not

perfectly miscible binary mixtures. And it must be called surprising

that if the possibility of splitting up into two phases differing so much
in concentration as the states 1 and 3 is past, at still higher pressure

the possibility of splitting up reappears for phases differing as little

pki 1
as the states 1 and 2. A value of 7i= 4 asid —=— might be

pjc, 2

serviceable.

To attain these results we might also have made use of the

properties of the p,2^ sections of the surface of saturation; and it is

even by the consistent application of the rules for the change in

direction when such a />,7-section is intersected by the three-phase-

sheet that I have arrived at these results. The complication only

occurring in sections on the left of Qy, we shall confine ourselves

to the discussion of these sections in what follows. Thus at a value

of X somewhat smaller than that of Q., the upper branch will be

cut by the three-phase-curve, and that at a temperature somewhat

higher than that of the plaitpoint of this section. In such a point

is either small, or perhaps already negative. But whateverm.'
may be the value of this quantity, the upper branch will suddenly

change its direction at the temperature of the intersection with the
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line Pi28, and that in such a way that Iv^J is greater after the

intersection than before the intersection. If I — I should be equal to

zero before the intersection, this quantity is again positive after the inter-

section. If it should be negative for a section of still smaller value of

X, it is negative but smaller in absolute value or perhaps even positive

aftei' the intersection. If the intersection should take place in the critical

point of contact, and so I ^ I be — oo, so that the whole of the

upper branch has been entirely completed when the break appears,

then — and the properties of the following sections depend on the

conclusion at which we arrive — the following direction either

coincides with the preceding one, so that I ^ J
remains = — oo, or

it is negative. Now the former supposition is excluded, for it requires

that in the same point v,i = and i;,i = 0. But for following

sections the point of intersection with the three-phase-line must then

lie on the lower branch of the sheet 2,1 and on the upper branch

of the sheet 3,1. This continues till the value of ( ^- | = oo in the
KdrJ-

point of intersection. So there are sections for which a line normal

to the T,^-plane can intersect the surface of saturation 4 times.

If fig. 42 I have drawn the quantity T—7\ as function of .v on

a large scale for the plaitpoint line, for v,^ = (the point of contact

line for the equilibrium 2,1), for v,, =0 (the point of contact line

for the equilibrium 3,1), and for the vapour phase of the three-

phase-curve. Only for the value of .v contained between the points

in which v,, = and z;,, := intersects the dotted curve (vapour

phase), the discussed phenomenon occurs.

Where the curves v,, = and Vt^ = intersect the value of .r

is (he same, but the value of the pressure is different for the value

of T—7\ belonging to the point of intersection. For i\^ = 0, p is

larger than for v,i = 0. And this is in perfect harmony with what

is known of the course of the isobars, which I shall set forth at

dp
some length. As the line -=0, because we are dealing with tem-

dv

peraturee above 7\,, is closed in a critical point, (here is a locus

for the points of inflection of the isobars which passes thiough this

critical point, and speaking roughly, about coincidos with the critical

points of the mixtures with smaller value of ./•. If wo now think
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successive isobars drawn, starting with that of the point in which

-" ^ is closed, they all have their points of inflection at ever
dv

0^=Q

Fig. i±

smaller value of x. If we now take the point in which v,j = 0,

and if we draw the isobar of this point, and the tangent to this

isobar, this tangent must pass through the point 3, which is only

possible when the point of inflection lies between 1 and 3. If we
then take the point in which v,i = 0, so on a higher isobar, and if

we again draw a tangent to that higher isobar in that point, this

taJigent will point at a point 2 which lies nearer 1 than 3 lies near

it, the point of contact now being nearer the point of inflection.

It appears from the diagram of the considered case that the three-

phase-pressure is always smaller than the vapour tension of the first
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component at the same temperature. Observations, however, have

repeatedly been made vv^hich would on the contrary give a greater

value for the three-phase-pressure. If this result is real, and not the

consequence of errors of observation, the circumstances must be

different from those supposed above. Accordinglj I have tried if it

could be possible to account for such a phenomenon. If we think

three-phase-pressuie also possible for a system with minimum value

of T]c, /^ijj must really always be larger than the vapour tension of

each of the components at the same temperature. And though objections

might be advanced against this possibility which I do not consider

as entirely devoid of importance, I have set these objections aside,

and examined what would be then the further circumstances of the

course of the three-phase-pressure.

The first representation of the ip-surface, which I gave already in

my Theorie moleculaire etc., supposed this possibility, and in figure 11

of these contributions I have expressly pointed it out. 1 will, how-

ever, immediately state that then the highest temperature at which

three-phase-pressure is' still possible, must lie below 2\ .

At lower temperature the p,x-i\guvQ consists of two branches which

start from p^ and point upward. In the same way of two branches

starting from p,, in wiiich p^ must be thought much smaller than ^>j.

At the point where the two vapour branches intersect, the coexisting

vapour phase is found. Let us again call the concentration of this

phase x^ . An horizontal line drawn through this point of intersec-

tion, contains the points which represent the two coexisting liquid

phases with concentrations ^, and .x-j. Then we have a;.^ <[ .I'j <^ .r,

.

Let us complete this figure by tracing the rapidly ascending line for

the equilibrium 2,3. We always have then ]> .

^1 ''^'2 *'j •'''s

Witli rise of temperature the branches starting from p^ contract,

and close to 7V, they must have almost entirely retracted into the

axis a?= 0, and so have got clear from the other part of the p,x-

figure. So there is a temperature and that below jfV, , at vvliich the

three-phase-pressure has vanished. Wliat lias been left on the right,

18 a continuous curve for the cquihbrium 3,2. If we examine the

circumstances occurring when the branches get detached more in

details, we observe that if the line for the e(iuilibrium 2,3 is vertical,

»,, /dp N
and 80 v.. =: 0, is positive, uiid hence -, i^ positive.

Where the curve retracting into the a?-axis, is vertical, the vjihic of

dp
.~ 18 negative for the equilibrium 2,3. And when the two [)oints 2

as
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dp d'p
and 1 coincide, there is again a point where — = and — =:

dx dx*

in tlie righthand part, but in contrast to what took place before this

point now lies on the lower branch. At a temperature somewhat

higher than that of the branches getting detached, there are now
again values of x, for which a line normal to the .f-axis has four

points of intersection in common with the two detached branches.

At lo\ver pressure we then meet with phenomena of condensation

for the equilibrium 1,2 and at higher pressure for the equilibrium

3,2. Then there is homogeneity l)etween these pressures.

If we also inquire into the course of the 7^,.i'-projection of the

I
laitpoint line and the three-phase-line in this case, a difference can

immediately be pointed out compared with tig. 40 that on the left

side the vapour branch does not belong to smaller but to greater

value of ,v than the li(|uid bianch. I have drawn a schematical

representation of the two lines in fig. 43, assuming that the three-

phase-pressure <loes not continue to exist as far as 7^=0. The full

line which begins in A, descends to Qj, »"ises again to Pc,/, then

descends to 7'„6, after which it rises to the critical point of the

second component, is the plaitpoint line. So compared with fig. 40

the ascending part APcd of this figure has still a minimum, and

further it litis been considered as possible that the descending branch

of this figure has a maximum and a minimum value of .v. The part

AQ, contains the I'ealistible plaitpoints of the branch which retracts

into the u,*-axis, after it has got detac'hed from the righthand part

of the />,,/'-lines. At the temperature indicated bv Q, the two parts

join, which, however, may not l)e called contact. Then the spinodal

curves and the binodal curves intersect in one point, whereas above

Tq.^ these lines remain at a distance from each other. So here the

same circumst-ance is met with which occurs for mixtures with

minimum 7;, but for another value of T and x. With rise of the

temperature from below Tq^ to above it two realisable plaitpoints

appear. One of them was mentioned before, but the other lies in the

considerably larger righthand part. Though we have called it realisable,

it does not show itself but remains covered under the more stable

equilibrium 3.2. If phenomena of retardation could appear, it would

be realisable — a circumstance which always occurs if splitting

up of the spinodal line takes place for three-phase-equilibria. These

plaitpoints lie on the branch Q^Pcj-

For the discussion of the remaining part of the plaitpoint line we
shall begin with Pab- At the temperature of this point an heteroge-

neous double plaitpoint arises and with rising temperature these plait-

56
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X=0 X-1
Fig 43.

points get further apart. This yields the hraucli wiiich runs upward

on the right of 7*,^ and terminates in (he ci-ilical ju)int of the second

component, and tlie lefthand hraneli whicli coniains (he hidden plait-

point. At first we can consider (his hiihU'n piai(p()int as l>ehnigiii^

to the realisable part of (li(> righthand lM'an(*h, (ill the teinperatnre

is reached at which occurs what I have called : "Transformation of

of a branch i)lait into a main plait and vice versa" (These Proc.

March 25 p. 021). Now at the beginning and long after, the liquid

shcot 2,3 iH the branch plait, and ilicti .i hidden piaitpoint always

belongs to the piaitpoint which lies ui the (op of (his Hhoct. Htit at
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temperatures which draw near to 1\ tlie equilibrium 2,3 will have

become the main plait, and the sheet 2,1 must be considered as a

branch plait and then the hidden plaitpoint belongs to this sheet, and

the plaitpoint lying on the branch Q^ P,.; and the hidden plaitpoint

form together a pair.

So at the temperature of the splitting up of the spinodal line the

[Mjints forming this pair must still be a certain distance apart. At

higher temperature, in the drawing at T of Fed, they coincide. A

consecjuence of this transformation of the lefthand part to a branch

plait, and reversely of the righthand part to a main plait is among

other things that at higher temperatures on the lefthand side the

metastable and the unstable branch of 2,3 form a line which pro-

ceeds continuously, with a minimum pressure on the side of 2, and

a maximum pressure on the side of 1, whereas these branches have

for the equilibrium 2, J the intricate shape known of a branch plait,

and on which a hidden plaitpoint then occui's.

The three-phase-pressure is represented by the dotted line Q^'Q^QiQ^'
in ilg. 43. The bi-anch Q/ Q.. is the vapour branch. With regard to

some particulars, a dilference must be made depending on whether

the 1st component, viz. that for which 7'it, <^ 7t, , has also the

smalleiit value of h. But as far as these and other particulars are

concerned, it is perhaps better to wait if direct experimental inves-

tigation yields data for this.

With i-egard to the />,d.'-projection of the plaitpoint line and the three-

dT , dP
pluise-line it suffices to state that if — ^0, also — = 0. While

da: dx

moreover a maximum for P^.i can occur on the side of the 2"** cora-

dPui
ponent, if ^^— =. 0.

dT
And now in conclusion this remark. If the three-phase-pressure

begins above Tk^ , it depends on the following circumstance whether

double retrograde condensation occurs or not. Let us think the well-

known looplike /^,A'-curve drawn at 7q,. If now the three-j>hase-

pi*essure appears on the upper sheet in a point that lies lower than

the critical point of contact, it must occur at higher temperature.

In the other case not.
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"Physics. — "yen- methods of stereoscopi/" . By Dr. P. H. Eykman.

(Communicated by Prof. K. F. Wemckebach).

In a paper of mine, which was recently published, entitled : "stereo-

Ront^enography" (Nederl. Tijdschr. voor Geneeskunde, March 13,

1909), I pointed out that from a mathematical point of view stereos-

copy by means of the Rontgen rays is much simpler than ordinary

stereoscopy by means of a photographic camera with lenses. With

Rontgen rays both the object and its projection are on the same side

of the centre of projection, whereas with the camera they lie one on

either side of the centre of projection and moreover the image is

revei*sed. With the camera owing to the relative position of the

conjugate foci the ratio of the distances is fixed. With the Rontgen

rays this is not ihe case. With the camera the photographic plate

must be perpendicular to the principal axis, otherwise the image

will be hazy in parts. Witli the Rcmtgen rays the plate may be at

any angle, but I have only considered the "normal case", so as to

simplify the construction. I pointed out the mistake of applying the

laws of lens ^stereoscopy to Rimtgen- stereoscopy, whereas in m}'

opinion the better way is to derive ordinary stereoscopy from R()ntgen-

stereoscopy. The so-called "pinhole-camera" is a transition between

the two, as in this case the law of conjugate foci does not apply,

and there is no principal axis. Van Albada understood this, and

when treating the theory of stereoscopy, placed the object and the

picture on the same side of the centre of projection, e.g. the observer

looking out of a window, the window-pane representing the plane

of projection. For the mathematical reconstruction, the two J^ontgen

plates or their virtual images must be superimposed exactly at the

same spot, and in the same position with regard to the two anti-

cathodes. Further since the anticathodcs must be replaced by the

eyes, the distance between the two anticathodcs (base of ex[)osure)

must be e<|iial to the distance of tlie optical centres of the two eyes

(visual-base). In practice this distance may be llxed at 65 millimeters.

The following conditions are requisite for the normal stereoscopic

exposure

:

1. In the two exposures one plate must be |)laced exactly in Ihe

same place as the other, in other words, the plates must be congruent.

2. The base of exposure must be 05 millimclei's.

3. The nearest point of the object must t)e a( least 25 centi-

incttirs from the aniicalhode, since at a lesser distance the eyes do

not sec HiercoHcopically.

4. Thn base must be parallel to the photographic plate, the middle



( 833 )

point of the base being opposite the middle of the plate. We may

call the perpendiculars from the extremities of the base the principal

axes, and their intersections with the plate the foot-points.

All other cases may be considered as deviations from the normal

exposure and may be easily derived therefrom.

For the mathematical reconstruction the mirror-stereoscope is the

best. The double mirror-stereoscope after the model of the Helmholtz

telestereoscope is to be preferred, since with this instrument the

illumination of the plates is the most equable.

When viewing the reduced pictui'es of the original negatives, a

lens stereoscope is best, fitted with plan-convex lenses of 10 Dioptries.

This is to be recommended, because simple formulae are obtained for

the mathematical reconstruction. From these formulae, which I have

already 'given, it ensues that there exists a simple connection between

the length of the principal axis (exposing-distance) and the number

of times the original image must be diminished. If for instance the

exposure has been made with the normal base, the number of times

the picture is to be diminished is exactly one more than the length

of the exposing-distance expressed in decimeters. Thus with an ex-

posing-distance of 5 decimeters the size of the original exposure

negative is reduced to —^ . From the degree of diminution we

can calculate the distance there must be between the image and

the lens.

For convenience' sake I have always spoken of the left half-image

as belonging to the left eye, and the right half-image to the right

eye. Properly speaking however this applies only to landscape-

photography, since we never require to view a landscape upside

down. With ordinary objects however, and this applies both to

common light as well as the Rontgen rays, it is often of advantage

to view an object upside down. This is easily accomplished with

a lens-sterescope by simply turning round the plate on which the

two half-images are impressed, so that the so-called left half-image

is placed in front of the right eye and the right half-image in front

of the left eye. The same thing of course occurs with the original

plates, if they are turned round in the same manner. Mathematically

speaking, the image is not altered by turning it upside down.

Psychically however this is not necessarily the case, and in some

cases this distinction may be of importance. In what follows I shall

regard the matter exclusively from a mathematical stand-point,

the two half-images being considered as a single stereo-image.
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I. Polyphany.

The images we have to consider are central projections. The

connection between the two stereoscopic half-images is expressed by

the fact that the exposing-distance is the same for both, the centres

of the two projections being separated by a definite distance which

we call the base length. It will be readily understood that we may
make any number of half-images, from any number of points which

satisfy these requirements. Any given half-image is not limited to

only one corresponding half image, but the number is unlimited.

The question thus arises, whether it may not be of advantage in

practice, to make a stereoscopic exposure from more than two points.

A simple experiment will answer this question in the affirmative.

If we hold a cylindrical stick in a horizontal position at a short

distance before the eyes, both eyes receive one and the same image

of the stick and that what is hidden behind the stick from one eye,

is also hidden from the other eye.

It is quite different however, if we hold the stick in a vertical

position, for then the left eye sees behind the stick what is hidden

from the right eye, and the right eye sees what is hidden from the left.

A similar phenomenon may be observed with the Rontgen rays. If

in taking a skiagram of any object we place a thick wire parallel

to the base, there will be no representation on either plate of what

is situated before or behind the wire. Hence it is impossible to decide

whether this wire is placed before or behind the object. If however

we place the wire perpendicular to the former direction, one is

able to see with perfect clearness, at what depth the wire is situated.

Figure I shows a skeleton hand, in which the fingers are placed

in a very unnatural position. Four exposures have been made, the

respective projection-centres making a square of 65 millimeters in a

|)lane parallel to the plate. Under the hand in a transverse direction

18 a metal staff. Uolding the plate so that the fingers point upwards

and examining the two lower images through the stereoscope, one

cannot distinguish whether the metal staff is behind or in front of

the hand.

Likewise if we look at the two uppermost pictures, one is also

in doubt a8 to the position of the metal staff. Mathematically speaking

we has oblaiiHMJ all the information (Uu-ivablo from tiiesi> four pictures.

l*Hychicttlly s|)euking however this is not the case. When we turn

the plate on itfl Hide and examine the upper pair of pictures by

the hforcoscope, wo obtain at once an accurate impression of the

position of the metal staff. We may in the same way examine the
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other pair, with a like result, and we shall find that other details

such as the shape of the fingers, are also shown much more clearly.

In my opinion such series of four skiagrams, which may be viewed

two by two in various ways, has a decided advantage over the

usual pair of stereographic pictures. I have given the name "Tetra-

phany" to this method.

The result is almost as good if we make three such negatives

as in Figure 3 with the centres of projection at the angles of

an equilateral triangle (Triphany). In practice a threefold exposure

will probably be sufficient. Having regard to the usual oblong shape

of the photographic plate, it is advisable to place the foot-points of

the principal axes in the position shown in Figure 4.

It may in special cases be advantageous to place the three anti-

cathodes in a straight line instead of a triangle. We may thus

obtain a stereoscopic view of any two of the negatives. The

outer pair give a stereo-image of half size and at half the original

distance.

With the ordinary mirror-stereoscope, the breadth of the plate

should not be more than the distance of exposure, whereas the length

of the plate is not limited. In Tetraphany (in the form of a square)

the length as well as ilie breadth of the plate is limited by the

exposure-distance.

In Triphany (equilateral triangle) the mirror-stereoscope may easily

be adopted for viewing the negatives. A third set of mirrors is

added, so that each pair of images may be examined without having

to interchange the plates. If the exposure has been made according

to figure 4, the length of the plate must not exceed the exposing-

distance, whereas the breadth must not exceed ^ ^^3 of the exposing-

distance. (This number is the ratio of the vertical to the sides of

an equilateral triangle, i. e 56 : 65).

For the examination of the images it is simplest to have a lens-

stereoscope with three lenses, the centres of which make an equilateral

triangle having sides of 65 millimeters.

The principle of Polyphany which I have thus described for

Rontgenography, may also be made use of for any other variety of

stereoscopy.

II. Symphany.

In drawing the mathematical reconstruction of a mirror-stereoscope,

the virtual images must coincide with the original position of the

negatives. The stereo-image appears on the exact spot where the
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object lay of the same size and in the same place, so that we
may say that the stereo-image is congruent with the original

object. Figure 5 is a representation of the course of the rays in

the double mirror-stereoscope corresponding to the Helmholtz tele-

stereoscope. It is evident that the eyes at L and R are unable to see

the object lying before the plate P, firstly because the small mirrors

S^i and >S^r are opaque and secondly because the photographic plates

Pi and P, obstruct the view. The first diiKiculry may be obviated by

using semi-transparent mirrors of thin" plate-glass. The second difficulty

may be obviated by making the plates somewhat narrower, or

placing them farther apart. By this means we are able to see at

the same time the original object and the stereo-image on the same

spot. In the human body one may see the bones through the skin

in their exact relative position. This may serve as a guide to the

surgeon during an operation, since he is able with mathematical

accuracy to apply his scalpel to the actual spot. The course of the

rays is represented in fig. 6. The great drawback for the surgeon

from a practical point of view is that the two plates P,- and Pc impede

the field of operation. This may be easily remedied however, for

the mirror-stereoscope admits of all sorts of variations. For instance

in fig. 7 the negatives are situated above the observer instead of

below, and at such a distance apart as not to interfere with the

surgeon's head. This has another advantage in that the photographic

plates lie horizontally above the surgeon and are therefore well lit

up since the operating-theatre is as a rule lighted from above.

It depends merely upon the degree of illumination, wiiether the

R()ntgen-image is more visible than tiie part to be operated upon, or

whether the reverse is the case. The degree of illumination may
easily be regulated, by diminishing the transparency of the small

mirrors by a screen of smoked glass, enhancijig the relative clearness

of the ROntgen stereo-image. This method, i. e. tiic contemporaneous

presence of the object itself together with its Riuitgen-iiruige may

be termed Symphany.

An important province of Roentgenology is stereograniniet ry, the

mca8uremcnt of the depth of a foreign body. For tiiis j)iirpose I

have designed an instrument which 1 may call the Symplumor,

fig. 7. Let us suppose, that we cannot get at tiic object itself but

thai in its stead we have tlie virtual storeo-imagc. Wo may place a

divided rule across any diameter of this virtual stereo-imago, and

thus measure the exact distance between any two points. This method

I call Symphanometry, a mclho<l, which should prove of use for

the record of 8(*iontinc measurement as for instance in craniometry,
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if we have a pair of stereoscopic skiagrams of a cranium we mav

measure Hie diameter of tlie stereo-image in various directions by

means of the symphanator. We thus possess in tlie stereogram a

means not only of reproducing the general psychical impression, but

also a means of registering its mathematical properties. An orthogonal

jiarallel-projection of this virtual image, which in Rontgenology would

corresj)ond to the orthodiagram, may be made by tracing taking care

to hold the pencil vertically. Similarly a wax or clay image may
be modelled by placing the ulastic mass in just a position with the

stereoscopic image and this either under the Rontgen skiagram or

an ordinary stereoscopic image. These iSymp/ianop/dstics w'lW oi' comse

recjuire a certain amount of technical skill, but it should be possible

to guide the stylet in this way, so as to shape a model in all respects

identical with the original object.

In certain cases it may be of advantage to superimpose a siereo-

skiagiam and an ordinary photographic stereogram. To do this

effect ually, the centre of projection of the Rimtgen rays must coincide

exactly with the centre of projection of the photographic camera.

This centre may be taken as the optical centre of the lens-system.

Fig. 8 is a diagram of the Symphanator. A is the anticathode,

DH the otuject and P' the Riintgen-plate. S is a reflector, making an

angle of 45° with the principal axis. The photographic camera with

the lens L is placed at the side, at such a distance that Lm is equal

to Am. The image on the plate P' is smaller than that at P', but

corresponds exactly with it in perspective. The Rontgen exposure and

the photographic exposure may be made simultaneously by making

the mirror S of a material which allows the passage of the Rontgen

rays. If preferred one exposure may be taken at a time, by

using an ordinary mirror, which can be temporarily moved on one

side. After the first set of stereoscopic negatives are taken, both the

anticathode and the photographic camera are moved to one side over

a distance of 65 millimeters. In the figure this displacement is in a

direction perpendicular to the paper.. We thus obtain two stereoscopic

pairs which will give us an ordinary photographic stereogram and

a R()ntgen stereogram. These may be used in various ways. We may
magnify the ordinary photographic negatives to the natural size of

P^ and then place, the Rontgen-plates at P, and Pi and the photo-

graphic pictures at P, and Pl of figure 7. Of course in that case

the large minors S' and S'l must be transparent, whereas the small

mirrors may be opaque. In this way we get the two stereo-images

superimposed at P so that we may compare one with the other

with mathematical accuracy. The Rontgen and the photographic
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negatives need iiol iiecessiuily be Uikeji with the same angle of

aperture. The skiagram may be taken of only a small area, while

the photographic picture may comprise the whole surroundings. We
are thus enabled to use small Rontgen plates, a matter of some

importance from an economical point of view.

Syraphany may also be carried out by using skiagrams that have

been reduced in size, the photographic negatives being reduced in

the same proportion. By using a "Verant lens-stereoscope" these

reductions may be reconstructed of the original size. This is done

by placing one pair of pictures behind the lens, and the other pair

on the upper part of tiie stereoscope (see Figure 9). The symphany

is effected by means of a transparent mirror placed at an angle of 45°.

It is evident that we may combine symphany with polyphany.

We may now proceed to describe the methods suitable for radios-

copic exaniination with the fluorescent screen.

III. Metaphany.

It is often too much trouble for the Rontgenologist to make two

stereoscopic pictures. Davidson's method is but seldom employed in

practice, probably because it is too laborious and requires a separate

a|>paratus. According to this method the light and the left half-iuiages

appear alternately on the screen in rapid succession, the eyes being

alternately eclipsed in syncin-ony, so that each eye sees only the

corresponding half-image. This appears to be the only method suitable

for stereoscopic vision on the screen, if we adhere strictly to the notion

that the . stereoscopic sensation consists of two slightly different central

jMojections. We have already shown that this definition is too narrow,

since tiie impression of relief is enhanced if we take more than 2

centres of projection. This is also the case in ordinary vision, where

the sensation of relief is produced by the movements of the head.

It is not however, the only way in which an impression of relief is

brought about psychically, for a one-eyed person is also able to gain

the sensation of relief by moving his head to and fro, so that the

object may be viewed from more tuan one side. These different

impresMons are translated psychically into the relief-inuige. This

reHembioM to the monocular sterooscopy described by Straub. It may
also Ihj observed in the kiiiematograph, where an image, such as a

hhip, is nut Hhown up in good relief, until it is seen turning round

on Ihe iH^reen.

ill figure 10 I have depicted the formation of the stereoscopic

image on the Hereon. In DAViDsoN's method tlie eyes must be exactly
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opposite the anticatliodes and the same distance in front of the

screen, as the anticathodes are beliind it. In this way we may
obtain a complete mathematical reconstruction with this difference,

that the stereo-imaj^e is a mirror-image of the original object.

A little consideration will show that using one eye only when this

eye moves from L' to R' to and fro, while the anticathode R
follows the movement from L to R, the eye receives the same

impression, as if there were a relief-image on this side of the screen.

Psychically one receives a correct impression as to the position of

objects, which lie in front and which behind. The distance between

R and L, which we supposed to be 65 millimeters may be varied,

the displacement may be increased in any direction, transversely, or

vertically, backwards or forwards, so long as we are careful to keep

the eye exactly opposite the anticathode and the distance of them

from the screen identical. When one has realized the fact that we
are not looking at the object itself, but at the mirror-image on the

screen the appearance of depth and relief is really surprising.

The simultaneous movement of the eye-piece and the anticathode

would require a rather complicated apparatus, but the matter may

however be simplified, if we restrict the forward and backward

motion and permit the anticathode to move only parallel to the

screen. The ordinary orthodiagraph may be adapted for this purpose.

In the orthodiagraph the focus tube always moves parallel to the

screen. The eye-piece may be connected to the focus tube in such

a manuei- that its aperture is always opposite the anticathode, both

focus-tube and eye-piece moving together.

The apparatus may be still further simplified by restricting the

downward movement and simply hanging the focus tube by two

strings, which only permit a pendulum movement. By this device one

may obtain a good impression of the depth and of the relief, when

the head follows this pendulum movement of the focus-tube and

eye-piece. In figure 11, S is the screen, A,, A^ and A, are the anti-

cathodes and (),, 0. and 0, the eye-piece in various positions. It is

evident that whatever the position of the anticathode the point B
which is in contact with the screen, always retains its position. The

point D however, which lies nearer, is projected in turn at d^, d^

and </, and the eye, following the movement, receives the impression

that whereas B is situated on the screen, the point D lies at a

dilFerent depth viz. at D'.

This method serves not only for making a psychical relief-impres-

sion, but also for the stereogram metrical determination of distance.

If we suppose the eye to be at 0, and we direct the line of vision
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to a point d^ on the screen, then the point D' which is the image

of the foreign body D, will be in the line of vision. We may now

bring two points P^ and P., on a wire to coincide with this line of

vision. If now the eye is moved to another point, 0,, these two

points Pj and P, will no longer be in the line of vision directed to

^/j . If now the wire PjPj be moved parallel with itself so that

Pi touches the new line of vision, then the point P will indicate

the position of the foreign body. Whei-ever the eye moves, so long

as the anticathode follows the movement, the point Pj will coincide

with the image of D' and is, so to say, closely connected with it.

We have now only to measure the distance of Pi from the screen,

in order to know with mathematical accui'acy, how far D lies behind

the screen. This method I have called Metaphanometry.

We may go even further. Let us suppose D to be a foreign body,

a bullet for instance. We may place a similar bullet at D'. If now
we replace the screen S by a plate-glass mirror, we shall see the

reflected image of the bullet D apparently in the patient's body at

D, that is in exact coincidence with the bullet in the body, so that

the surgeon can proceed to operate as if he had the bullet actually

before him. This method we may call Metnsymphany.

1 have come to the above conclusions on theoreticiil grounds but

I have convinced myself by simple models and experiments that the

method holds good in practice. 1 made my first experiments in

j)olyphany and metiiphany in Frikdric;h Dessaukr's laboratory at

Aschaffenburg, the first symphanator exposure in Prof Wknckebach's

laboratory at Groningen. How far the method may prove of service

in practice,can only be determined by long experience and the

atiapfation of R(»iitgcn inslrumenlation for the |>urpose.

(April 22, 1909).
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Geophysics. — "On Lockyer's ^f>-year period in the solar activity
.''

By C. Easton. (Communicated bv Dr. J. P. van der Stok).

(Communicated in the meeting of March 27, 1909).

In These Proceedings Vol. XI p. 674 the results were communi-

cated of an investigation bv Prof. Eug. Dubois on the oscillations in

the subsoil water of the dunes of Holland.

From his well known investigations on the tlora of the dunes

Dr. VuiJCK had concluded that almost the whole region of the dunes

on our coast is considerably more arid than it was formerly. He
supposed that this fact must not be attributed to modifications in the

climate, but to several other influences ^) ; Prof. Dubois, on the contrary,

thinks that we are justified in assuming a periodic rise and fall of

the subsoil water. The period of these oscillations would agree in a

remarkable way with that which was found by Prof. E. Bruckner

in many of the meteorological phenomena and which seems to extend

over 35 years.

Dr. W. J. S. Lockyer tried to show, in 1901,^) that a similar

period exists in the fluctuations of the solar activity and in terrestrial

magnetism. He derived the period mainly from the form and ampli-

tude of the sunspot-curve since 1834: 1. from the moditications in

the interval between minimum and maximum in consecutive 11 year

periods; 2. from the changing frequency of spots as expressed by

the "total spotted area". As the curves for the elements of the

terrestrial magnetism are fairly parallel to the sunspot-curve, we
have to see in Lockyer's period merely the oscillation in the solar

activity. The data, used by Lockyer, arc the following: before J87()

those of R. Wolf ; then, up to the sunspot-maximum of 1894, those

of EiJJS and finally the observations of the Solar Physics (Observatory

near London. From the epochs of the minima and maxima of the

1) L. VuTCK, The tlora of the dunes, Leydcn, Adrioiii, 1898, p. 18G and p. 301 sq.

In this dibcu-ssion I think that too little weiglit is attached (even by Dr. Vuyok

himself) to Ihe dilToience, fully cslahlished by V., between the duiie-iegion of onr

coast (on llie inainlund) and that of the North-Sea islands. The former is nmcli

thp more arid. It .seems likely that the chokinj^ up with sand of tli(? pools in the

durieH, which is considered by V. as the main cause of the desiccation of the dunes

(m»t att tile only one, as Prof. 1). thinks), as well as the climatic (-hanges, musl

have nearly the same influence on the two regions. — Docs not, lherefor(<, this

difTcrcnce rather lead us to consider such technical works as canals, a(|ueducts

He. a« beuig the main cause of the greater desiccation of the coast region, as

comparefl with the inlands?

•) W. I. S. LocKYFB, The Solar Activity 1883-1000. Proc. Roy. Society LX VII U,

1901, p. 285.
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solar activity he derives a period of 34.4 years. From the maxima

of the magnetic curve this period is found to be 35.25; from the

total spotted area 35.5. The total mean is 34.89. For further particulars

Lockyek's article must be consulted.

The result agrees fairly well with the most probable period

derived by Bruckner ^) from several meteorological phenomena, viz.

34.8 +0.7 years.

Now it would certainly be extremely important if Bruckner's

period were confirmed by the lesulti> of an independent investigation.

For, though this |>eriod — after havmg been long contested — lias

become rather popular of late and has been adopted by a great

number of meteorologists, particularly in Germany, it still cannot in

my opinion be considered as being tirmly established. Investigations

such as those of Prof. Dubois are certainly important for this reason,

though of course there may be a ditference of opinion about the

question whether a 35-year period can really be made out in the

series communicated by Prof. Dubois.

The 35 year period found by Lockyer in the solar activity seemed

very remarkable therefore. So, for instance, prof. Julius Hann writes

in his excellent text-book ') : "Durch die neuerdings aufgestellte 33 bis

"35-jahrige Sonnentleckenperiode scheint nun auch eine Ursache fiir

"die 35-jahrige BHUCKNEHSche Periode gefunden zu sein." Similarly

prof. Dubois*) writes: "Since W. Lockyer proved, that in the amount

"of spotted area of the sun also a 35-year period could be traced,

''from 1833 till 19()0, BrOckner's discovery surely has still gained

"in importance".

Now, however, we can prove clearly, not only that the 35-year

period, which Lockyer thinks to be traceable in the solar phenomena,

is ill founded — this was already pointed out by the author some

years ago *) — but that the facts which have become known in

the last few years have already shown that the English astronomer

must be in the wrong.

We will consider successively the two elements : (A) M—m (interval in

time from a minimum to the next following maximum) and (5) T.S.A.y

from which Lockyer derived his period. For the reasons mentioned

above, the magnetic curve can be left out of consideration. There is,

of course, a relation between ^1 and B. In general the intervals

1) Ed. Bruckner, Kliraaschwankungen sell 1700. Wien. EM. Holzel, 1890, p. 272.

3) Jul,. Hann, Handbuch der Klimalologie Bd I, 3e Aufl. (1908) p. 863.
S) Dubois I.e. p. 677. See also Sdpan, Grz. Phys. Erdk. IV Aufl. p. 232.

*) G. Easton, Oscillations in the solar activity etc. Proceed. Amst. 26 Nov. 1904.

p. 368.
^

57*
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between miniiimm and maximum become shorter at the time of

greater solar activity (highest ordinates of the spot-curve, i.e. greates.

Total Spotted Area), and conversely. It is W. Lockyer's merit to

have pointed out the importance of the former quantity M — m for

several phenomena that may have some connection with the solar

activity.

A. — In figure 1 the abscissae represent the years, the ordinates

the values of M—m. So for instance the ordinate 5.0 for the year

1884.0 represents, according to Lockyer, the interval between the

minimum of 1879.0 and tlie maximum of 1884.0. A similar "mini-

mum to maximum curve" is given by Lockyer for the period 1834

—

1890, in a figure agreeing with our diagram. L. prolongs his curve,

beginning from 1900, by a dotted line, in the expectation that in

conformity with the course of the curve between 1867 and 1870 ^)

the fluctuation will rise to a maximum soon after 1901. The real

coui'se, however, of the solar activity since the time (1900) at which

L. established his period, is contrary to his expectation. I now make
use of Wolfer's results based on all the principal series of solar

observations^). It needs no demonstration that the results of these very

carefully compared observations — lately 22 series obtained at places all

over the earth have been included — funiish the best, or rather the

only leliable basis for discussion and cannot be superseded l)y any

single series of observation, such as that of the Solar Physics Obser-

vatory. For the rest Wolfer's results agree in the main with those

obtained independently in another way and fiom difierent materials

by Glillal'ME in Lyons*), by Mascari and Ricco at (.'atania^) and

by Epstein at Frankfurt on the Main").

Now the mean values of Wolfkr for the years since 1867, lead

lo the following values of the intervals of time M— in in the loin-

la»t sunspot-cycles

:

') LocKYCR*8 diagrams in Knowledge and Scientific News Vul il. Jun. p. 35,

and Fe p. 7, 1905, may be consulted: the predictions quoted above are still more

clearly get forth in these passages.

-) A. WoLKBh. Astron. Milleilungen XCIII (V. J. S. Naturf. Gesells. Ziirich XLVIl,

1902) tablcx II and IV and diagram.

*| J. (jiuiiXAUMe, successive volumes of the GompteS'Rendus <le I'Ac. d. Sciences,

Paris.

*) A. Mascaiu, afterwards A. Hicc6, Memorie della Societa degli speltroscopisti

Italiani, successive years

') Til. Epmtkin, V. J. S. AslroM. (Jrsellschul'l 1 880 8(), and Astr. Nachrichleu

4237 (I9()H). For Epstein's important an*! loo little noticed "Inlcnsiv^ahlon" see

Mptoially: Die Suuuenflecken, Frankfurt a. M., Oebr. Foy. 1904, p. 139.
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rain, to rn£ix.
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the curve M—m for about a century ba«kwards. « Though the relia-

bility of the observations of the sun before the time of Schwabe's

countings must be relatively poor, we are yet justified in expecting

that, if the 35 year period really exists, it must still be traceable

with some approximation before 1833. The lowest points of the

curve ought therefore to coincide approximately with the crosses at

the bottom of our diagram, which crosses indicate the epochs of

Lockter's period, As I have shown already on a former occasion ^),

however, there is no trace of such a coincidence.

B. In considering what precedes we feel some surprise at the

fact that it has been deemed possible to derive a 35-year period

from mutually dependent series of observations, which do not even

extend over fully 70 years, i. e. over rather less than two periods.

The same remark holds, still more strongly, for the other element:

the total spotted area. For even in the diagram of Lockyer himself

the curves for 1847—56 and 1879—90 show but little similarity.

Meanwhile it would have been significant (although this would not

have demonstrated the existence of the period) if the period 1901

—

1912 (?) had imitated in form and height those of 1834—1843 and

1867—1879. We have already shown that such cannot be the case

as far as the slope of the ascending line is concerned. Further,

though the 11 -year cycle is not yet complete, the fact has already

been established that the curve representing the present period agrees

least of all with the two just mentioned ones (as would be required

by the 35-year period), nay thai it resembles more nearly any

other earlier 11-year period.

In order to show this I have reproduced the curves of Lockyer

on the same scale and 1 have completed them in accordance with

Wolfer's curve in the A. M. XCIII ') — "ausgeglichciie Kelativ-

zahlen" — further for the years 1901 to 1908, the cinve has been

drawn from the yearly averages, which have been published afterwards

in the A. Mitt. The ordinates thus represent Wolkkh's Relalivzahlen

(1(K) Lof;KYKR = 118 W()i,FKR). For the very latest period I have

made use of comuuuiications scattered in difibrent papers.

The Hmoothed yearly "RZ" since 1901 (2.7) are as follows:

1902: 5.0 1904:42.0 1906:53.8

1903 : 24.4 1905 : 63.5 1907 : 62.0

*) Ci. Eaiton, Zur PeriodizitHl d. solaren und klimatischen Scliwaiikungcn, Puterm.

Miltcilungen 1906, 8, p. 169.

•) Alto in the Monlbly Weather Review, Apt. 1002.
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In 1908 (3d quarter of the year) another strong increase of

tlie solar activity has taken place, which almost reached the highest

monthly averages of 1907 (Wolfkr I.e.). On the other hand accord-

ing to GuiLLAUMK the 4'*^ quarter of the year showed less than half

the spotted area of the preceding three months.

Along with the dotted curve 6—7 (tig. 2) obtained in this wa)

which thus represents the (sufficiently established) true coui-se of the

solar activity in this century, I have given a curve (7) consisting

of separate dashes. It represents the course which the curve would

have shown, if, as re(|iiirod by a 35-year period, N". 7 had agreed

with N^8. 1 and 4. ')

I need not insist that there is not the slightest agreement.

This shows sufficiently that Lockykr's opinion, according to which

a 35-year period sliould bo traceable in the materials now at hand,

is untenable.

Mathematics. — "A family of dijj'erential eqwitlom of the first order.'*

By Dr. Z. P. Bouman. (Communicate<l by Prof. Jan db Vries).

(Communicated in the meeting of March 27, 1909).

Prof. Jan dk Vries has pointed in These Proceedings Vol. XI

(Febr. 27, 1909 p. 756) to a family of differential equations of the

first order which are reducible by a projective substitution to a lineal'

equation

ax

Such an equation has the property that the singular point is the

vertex of a "critical" pencil of rays, which means that the tangents of

the integral curves in the points of each ray meet in one |K)int, the

"pole" of that ray.

The general form of the equations

dy _f{.«^y)

dx g {x, y)'

belonging to the indicated family can be found in the following

manner, in the %i\^\iO^\{\oi\{\\^\f &j\6.g &xq integer algebraicalfunctiomi.

1) "As we are now approaching another maximum of sunspots, which should

correspond with that of 1870.8, it will be interesting to observe whether all the

solar, meteorological and magnetic phenomena of that period will be repeated"

(LooKYER, Froc. R. S. LXVIII, p. 300).
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1. Let x= 0, y= be a singular point, so that we have

/(0,0) = and g{6,0) = 0.

The tangent to the integral curve in the point {a;, mx) is represented bj

Y— mx = — (X— .r),

9x

where fx =f{sc, mx), gx = g (^, mx).

If tins tangent is to pass for each value of x through a fixed

point, it must be possible to determine x,^ and y^ in such a way,

that for all values of x

-'^o fx — yo9x + {mgx — fx) a; =
is satisfied.

The left member of this equation must therefore aftei* division by

a power of x be linear in x. So we can put

fx = ^«'*-i + A'a:\

gx—Bx^-'^ + B'x^,

and we have then still the condition that {ingx — fx) may contain

only af^^

.

As fx and gx originate from f{x,y) and g{x,y) by the substitution

y= Twj;, we can put

f=A,y--{-A, t/"-l .r -f . . . + ^„ .r" + jy/n-l)
{y, .r),

g= B, y» + B, yn-\
.tr -f . . . -]- 5„ .r" -f

^,("-i)
(y, x),

where U^ and i/, represent homogeneous polynomia of order [n—1).

Then mgx — fx becomes equal to

{(5,m«+> + B^m^ -f . • . -f B„m) —

As (m^x

—

fx) must be, independent of m, of order (?i— 1) we
have the conditions

i?. = 0, 5A,_|_i=^A(0^/:<n), ^ = 0.

So

g={A,y«-^ + ^,^-2 ^ -f . . . -f ^„_, a"-l)./r -[- //,("-0 0/,.r).

So we can put

dy _yHy- ^)(y,a)^H,i»-^)(y,a,)

dw a>H,r-^){y,w)-\-H,(«-^){y,w)
^'^

Now that tiio general form of the differential c<j nation has been

found, we can easily give the Hubstitution indicated by Prof, im Vuiks.

We call replace (1) by
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Let us divide numerator and denominatoi* of the last fraction by
j.n—\

^ y^Q ji^jgji f^j^(] j^,, equation of the form

-4)

Now
''©-'e)

dx it X

.<y

so

'© '(')

<y '•(')*;'--e)
B}' the substitution

y 1

- = //,. p

tlie e(|uati()n \\) pusses inU) the linear emiuiiou

d^ /\(u) -f r/',(a)

du
'

fVu)
= (2)

3. Out of (2) we find at the same time, when the original equation

is separated by the substitution

:

a. If /^,(M)zrO, we have //, ^eO, therefore

dy ^ H,^^^~^){xf,x)

dx //,(«-!) (y,^)'

i. e. a homogeneous equation.

h. If FJ^u) = 0, so i/, =EE 0, we liave

cit/ H^^n^^y,x)

dx -^
^ //,("- U(y,^)'

and

d-o Fau)

du F^{u)

c. If jPi(m)^0, we have simply
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4. If we approach along the raj y = inx the singular point (0,0)

then the tangent of the integral curve is indicated by

dy l\{m)

dx ^ s(w») + ^F,{m)

So in (0,0) we have

dy
.
F,{m)— =z m -\ .

da F^{m)

5. If the differential equation has the singular point .v = a, y = b,

with critical pencil, then the investigation is reduced to the preceding

by a substitution x = x -{- a, y = y -{- b.

Mathematics. "On continuous vector distributions on surfaces". By

Dr. L. E. J. Brouvvek. (Communicated by Prof. D. J. Korteweg).

(Communicated in the meeting of March 27, 1909).

dy
The theorem, that a differential equation — ^ / (a; y), in which we

dx

suppose / to be univalent and continuous, possesses through each

point [x^, yi) one integral curve was proved for the first time by Cauchy ')

for a field, in which / possesses a continuous partial differential

quotient with i-egard to one of the two variables, and then by

LiPscHiTz') for a field in which the difference quotients of/ with

regard to one of the two variables for increases of that variable

below a certain maximum do not exceed in absolute value a certain

maximum.

Pkano *) finally has done away with all restrictions for / with

the exception of its continuity, and has proved, that then still through

any point at least one (but now in general more than one) integral

curve exists. It is this result of Peano of which we shall make use

to deduce a property of continuous vector distributions on a sphere

(or on a surface equivalent to it in the sense of analysis situs, after

it has been made measurable by a net of curves which is continuous

one-one image of the net of principal circles of a sphere).

*) Ex«rc. cTanal. i, 1840, p. 327; comp. also Moiono, Le^. mo- Ic, culc. diff. et

inL, Tm 11 (Parii 1844), ie^. 20, 27, 28, 33.

*) Bull, det ic. math. 10, 1876, p. 149.

*) Ma^httn, Aim. 87, 1890, p. 482; the proor has considerably been simplified by

kuaUf 8utttti8inua degl'integrali nelle c(juuziuHidi/leren2ialiordinatie, Memo-

rit driU Ace. di Bologna (6) 6, 1896, p. 83.
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We shall suppose that the veeior becomes nowhere zero or infinite;

in any point the direction is then univalently determined, and that

direction varies continuously from point to point. By placing the

sphere into a Euclidean space and by projecting there an arbitrary

spherical shell upon its base plane, we then deduce from the theorem

of Peano that in an arbitrary point of the sphere we can at

least start one single curve, which is tangent curve to the vector

distribution. Let r be such a tangent curve; we shall then say, that

we pursue r if we describe it in the direction of the vector and thai

we ''recur' it, if we describe it in the direction opposite to the vector.

We now introduce a spherical distance ^i with the property, that

within an arbitrary' circle described on the sphere with radius |?the

angle ') of any two vectors is <^ V« ^- ')•

Let us now start the curve r xa .4, and let us pursue it up to a

point P in such a way, that all points of the described arc A^F
have a distance <:^ ^ from .1^, then the radius vector drawn from A

^

to an arbitrary point of the arc A^P ivili enclose tvith the direction

of the vector in A^ an angle <^ Vs ^- I'or, if one of the two arcs

of principal circles, which in .4, make an angle '/» -"*' with the vector,

were transgressed by r between A^ and F, then according to the

supposition the vector is directed in that point of intei-section to the

inner side of the angle formed by those two circular arcs; so if we
pursue /• from A^ to F, it can enter the just-mentioned angle, but

it cannot leave it ; then however it must always remain inside that

angle.

It is likewise evident, that, it T is an arbitrary point on the are

A^F, the radius vector drawn from T to an arbitrary point of the

arc TF encloses with the vector direction in T an angle <::^ V, x.

Let Q now be an arbitrary point of r between A^ and P, we
then know that the vector direction has in Q a component in the

direction of the radius vector A^Q; thus, if Q moves along /• from

1) For the definition of the angle between two vectors not starting from the

same point in an arbitrary non-Euclidean space, comp. these Proceedings Vol.

IX, 1906, page 121, 122. To determine that angle here on the sphere we transfer

the two vectors to a point of the principal circle, which joins them, maintaining

their angle with that circle.

') That such a spherical distance ^ can always be indicated, is evident as follows:

If a point D approaches indefinitely to a point C, in which the vector is not

zero, then on account of the continuity of the vector distribution also the angle

between the vectors in D and C converges to zero, and farthermore that con-

vergence takes place for different points of convergence C uniformly, the vector

distribution being uniformly continuous on account of the sphere being a closed

set of points.
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A, to P, the length of the radius vector A^Q and likewise that of

any radius vector TQ (if T is an arbitrary point already passed)

increases continually.

From this we conclude in the first place that between A^ and F
the curve r cannot meet itself and then that, when pursuing r from

At, certainly a point B^ is arrived at, possessing a distance ^from A^.

For, if such a point were never reached, we could point out on

r a series of points

G'l , (t, , . . . (tw , G'w-f-i , . . . G« , . . .

.

which would not end at any number « of the second class of

numbers, which points would possess from A^ the distances

which would continually increase in this order, but remain smaller

than /J. This however is impossible because the set of the differences

must be denumerable.

Any point A^ is followed by a well-determined point B^; such an

arc A^B^ we shall call a ^-arc; the distance between the end points

of a i^-arc is j?; its length lies between ^ and (31^2, as is easily seen.

Now in the first place it can occur that the pursuing branch and

the recurrent one after a finite number of ,'?-arcs tiave met either

each other or one of the two itself.

In that case we possess a closed single tangent curve to the vector

distribution.

If not, the pursuing branch and the recurrent one can be continued

over an infinite number of ^-arcs without a meeting taking place;

this case we shall investigate more closely.

Let y be = Va/^ ^^^ 1©* A^ , A^ , A.^ , . . . . be a series of points on

r in such a way, that each arc A„A„^\ is a y-arc. We are now

sure that this series of points can reach each finite index. Let fartiier-

on /> be an integer greater than the (juotient of the spherical surface

by the surface of a circle of radius Vjy O" the sphere.

Let U8 pui-sue r from ^'l, and let us describe round each

point An a circle with radius V»7. then iwo consecutive ones of those

circles touch ea<'h other on their outJside, and any four consecutive

circles lie entirely outside each other; however, when Af^ is reached, two

ctrclee intersecting each other must have appeared, and at the same

time or already before, a first point P' on r must have been readied

pOMeating a distance y from a point ^r lying more than Uj^arc behind

It If lies between Ah—x and Ah, then Au^i and Ah^2 have a

distance from G which is ]> y, whilst Ah is separated t)y loss than
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a ^i-eiiv from G; so G and F are separated on /• by at least tliree

points A.

Let FE be a ^?-arc, then on FE lies a point //not coinciding with

K in sucii u way, that no other point of that arc has a smaller distance

from (r. The arc of principal circle GH is then in H perpendicular

to /', and as the vector directions in G and H form with each other

jin angle <^ Vs -*''» *''^y ^''^ directed to the same side of that arc of

circle. The arc of circle and the arc GH of r have farthermore

only their endpoints in common, and they form together a closed

single cw've k, of which the length w snuiller than {p-^3)y\/2, and

which divides the sphere into two domains.

If we pui'sue /• from G, it tirst runs to H along the boundary of

those two domaijjs, and then at H enters one of those domains g^,

and will leave it no more, for it no more meets, its own arc GH
according to the supposition, and if it were to meet the arc of

principal circle GH, that would be at a distance <[ f? from H,
thus with a pursuing tangent direction, which would lead it iJito

g^, but could not make it leave that domain; so this meeting will

never be able to take place either ^).

And analogously, if we recur /• tVoiu //, it first runs to G along

1) On the same grounds it is clear that for r, independent of the choice of A^,

G and H, certainly a minimum distance 5 can be pointed out, under which,

after the /a-arc beginning in H, r will never be able to approach, between the

two p arcs beginning in G and in H, the arc of principal circle GH.
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the boundary of the two domains, to enter at G the other domain g^

and leave it no more.

Let now y' be = i y and A\ (coinciding with H), A\, A\ , . . . .

a series of points on r in such a way, that each arc A'nA'„^\

is a y'-arc. In the same way as w^e have constructed the curve k,

we now construct a single closed curve I' consisting of an arc G'H'

of r, and an arc of principal circle G'H\ which is smaller than y'.

This curve k' lies entirely inside g^ ; for after the preceding the

only way in which it might still leave it, is that the two arcs of

principal circles GH and G' H' should meet in two points, which

is impossible, both arcs being <^jr.

So the curve k' divides g^ into 1. an annular domain (which

only in the special case that H and G' coincide becomes singly

connected), in which lies the arc HG' of r, and 2. a singly connected

domain g\ , within which lies the pursuing branch of r past H'.

Repeating this process indefinitely and taking every time y("+')= ^ yOO^

we construct a type of order o) of single closed curves, of wliicli

each following one lies within the preceding ones, and it is easily

proved, that as soon as y(") has fallen under a certain maximum '),

the following curves ^•(") have all a length smaller than (/?-|- 3) y|/2.

Hence the lengths of all curves K") lie below a .same finite limit.

We can now regard the place on the sphere of a variable point

of it^") as a function of the length of arc s between 6*^") and that

point. The different A<"'>'s are then represented by a system of

uniformly continuous functions. Thus according to Arzela ') a

fundamental series

«(^i), hk'i), hf'^t), . . .

can be indicated, converging xmiformly to u continuous limit funclion ^"("1

The differential (juotients of the functions determining the curves

i^T) ai-e in a,iy point indicated by the vector direction in that point:

they are uniformly approximated by the functions of s determining

the difference quotients with respect to s, and they aie themselves

uniformly continuous functions of .9.

So they converge uniformly to a continuous limil ("miction represent-

ing the differential quotient, i. e. the tangent diroclion of /W.

') Such a roaximum is the quantity i mentioned in tlio preceding note. For if

we then take Oi") aa Aq, and if we construct the corresponding curve A;, then

the length of the arc between ^('0 and the point If belonging to llml curve k is

imaller than (
/) -f 2) y

^
'2. We know here however for sure, that, if hel'ort' this

point H no point on r has been reached possessing a distance smaller than h tVom

0('X ttieh a point will not appear further on either.

*) .iWlwiMii Ui linee'\ Rendiconti Lincci (4) 5, 1 (1H8U), p. 84t2; "Sulk fumioni

di Mnm", Menorie dcUa Accademia di Uoiogna (5) 5 (ib95), p. 225.



( .^55
)

So, as any point of M^'^^ is limit point of points of X:" lying on r,

the limit cwve k'") is (t tam/ent curve to the vector distribution.

Farthermore .s' also represents the length of arc of i^'") and as the

lengths of the ^•^^)'s remain below a same Unite limit, K**) also

returns into itself after having described a Unite length of arc.

The curve l-*^"') cannot reduce to a single point, for then the

whole of the directions of the tangents to a curve contracting to a

single point would converge to a single direction, namely the vector

direction in that limit point, which is impossible.

Neither can a point of K">' belong to two different values of «,

unless after a whole circuit; for otherwise ^<^') would consist of a

single closed curve plus [joints in its "inner domain" (if we call

its "outer domain" that in which all curves /l<") lie); which is

likewise impossible.

So it is evident that k^*^^ is a single closed curve to which the

pui-suing branch of / spirally converges uniformly.

In the same way it is evident, that also the recurrent branch of r

spirally converges uniformly to a single closed curve yl'H lying

entirely outside k'"'h

The tangent cni:ve r h<is therefore for analysis situs the character

of n (lonhle circular spiral circuit, whose two asymptotic closed

curves are likewise tangent curves to the vector distribution.

So we possess for continuous vector dUtributions having in any point

a definite direction, at any rate a single closed tangent curve.

Possessing now such a close*! tangent curve /•,, we can start

another tangent curve in one of the domains determined by the former,

which domain we shall <'all its "inner domain". This curve can

behave in ditferent ways

.

.1. Wiieii sullicieutly pursued on one side and recurred on the

other side, it finally returns into itself without having met r,.

In this case we possess a single closed tangent curve r, bounding

a singly connected "inner domain" forming a part of the inner

domain of r^.

B. It does not return into itself inside ;\ ; here the following cases

are possible

:

«. When recurring we find it starting somewhere on r, ; when
we pui-sue it, it does not meet r,. Then according to what precedes

it the pursuing branch converges spirally to a single closed tangent

curve r,, bounding a singly connected "inner domain", which is a

part of the inner domain of r^.

^. When recurring we do not find it starting on r^ ; when we pursue

it however it ends somewhere on ?•,. Then the recurrent branch
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furnishes a single closed tangent curve r, with the same property

as above.

y. Neither when we pursue, neither when we recure it meets 'i\ .

It then convei*ges on both sides to a single closed tangent curve.

One of these can coincide with i\ ; the other however is a single

closed tangent curve r, with the same property as above.

(f. When we pursue as well as when we recure it meets 7\. The

arc lying between the first meeting-points on both sides forms then

with an arc of r, joining those same points a single closed tangent

curve r, with the same property as above.

In the same way we can now again enclose a part of the inner

domain of r, by a single closed tangent curve r,, and we can

construct in this way a fundamental series of single closed tangent

curves

* ^l> ''i' ''i' ''4' ^'s' • • • •

for which we show, in the same way as above for the curves B"\

that there exists an upper limit for their length of arc and

fartheron, that they converge uniformly to a single closed tangent

curve /w, whose inner domain is a part of that of any curve r„.

But we can still again let ?•„ lose a part of its inner domain by

a single closed tangent curve r^-j-i , and again )\,.^\ by ^^4.2, and

this process can be continued after any index of the second class

of numbers.

On the other hand, however, this is an absurdity, as the system

of those losses of domain must remain denumerable.

The supposition, that the vector direction should be determined in

any point, has thus proved to be impossible, so that we can formulate:

Theorkm 1. A vector direction varying continuously on a singly

connected, twosided, closed surface must be indeterminate in at least

one point.

And from this follows directly

:

Thkorkm 2. A vector distribution anyiohere univalent and continuous

on a singly connected, twosided, closed surface must be zero or

infinite in at least one point.

If wo represent the coiiiplex iduiu; .stereogniphically on the Nkumann

sphere, a coniplex function beconuvs a vector distriljulion on the spiiere.

9o we can also interpret our result as follows:

1 1! f OH KM 3. A univnlerit, continuous function of a complex variable
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being nowhere zero or infinite and without singular points cannot

exist ^).

Between tlie above theorem 2 and the property deduced in a

former communication ^) that every continuous one-one transformation

with invariant indicatrix of a sphere in itself shows at least one

invariant point is a close coimection. At first sight one might even

suppose that they can be directly deduced out of each other. However

this is not the case ; on the contrary : they complete each other.

Let us namely suppose on one hand the theorem about the vector

distribution to be proved. If then is given a continuous one-one

transformation of the sphere in itself, we can join each point

P with its image P' by an arc of principal circle PP', and consider

that arc of circle in size and direction as a vector in P. But

the univalence and the continuity of such a vector distribution is

now assured only, if for no point P the image lies in the anti-

podic point ; and as this may not be assume<l for an arbitrary

continuous one-one transformation, a direct appearance of the

theorem of the invariant point is excluded.

Let us on the other hand regard as pi-oved the theorem of the

invariant point, and let a continuous vector distribution be constructed

on the sphere. If we then make the points of the sphere undergo

intinitesimal displacements proportionate to the vectors, and if we may

suppose these displacements to generate at the limit a one-one trans-

formation (of itself continuous and leaving the indicatrix invariant),

we can conclude from it that the vector distribution must of neces-

sity be somewhere zero or infinite. We are, however, sure of the

one-one correspondence of that transformation only if by inde-

finite decrease of the vectors we can make the vector variation

anywhere smaller than the corresponding point variation, thus

if the intinitesimal difference quotients of the given vector

distribution do not exceed a certain maximum. And as in general

this condition is not satisfied, the theorem of the vector distribution in

its general form does not appear directly as a consequence of the

theorem of the invariant point.

A continuous vector distribution on the elliptic plane through a

one-two correspondence determining a continuous vector distribution

on the sphere, the two following theorems also hold :

1) For monogenous complex functions this is a well-known theorem; for, a

constant has in the point of the Neumann sphere representing the infinite a

singular point.

2) These Proceedings, page 797 of this volume.

Proceedings Royal Acad. Amsterdam. Vol. Xi.
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Theorkm 4. A vector direction varifmij continuously on a singly

connected, onesided, closed surface must he indeterminate at least in

one point.

Thkormi 5. A continuous vector distribution anyirkere tmivalent

on a sinyhf connected, onesided, closed surface must vanish or become

infinite at least in one point.

By the following eleineiitary example theorem 4 is illustrated :

If we wish to adjoin in the pjojertive plane bv linear relations

between the respective coordinates to any point P a straight line

passing through that point, this is only possible by taking for that

line the line which joins F with a fixed point Q. Theorem 4 informs

us that if we wish to select in any point P one of the two Iialf

lines joining P and Q, this cannot be done continuously.

We really see that if P moves along a straight line and if at the

same time the half line PQ varies continuously, after a circuit of 7^

that half line has not remained the same.

Finally we notice that theorem 5 has as a direct consequence the

theorem of the invariant point for the elliptic plane. ^)

For, for a continuous one-one transformation of tiie elliptic plane

in itself the two straight line segments, which join I* and its inuige

P, determine, it is true, two oppositely directed vectors, but a

selection out of them for one point determines a selection everywhere,

varying continuously in the wliole plane. This is immediately proved,

if we let P move along a unilateral curve; P' describes then like-

wise a unilateral curve, and the selected segment PP', after having

varied continuously during the circuit, has remained I he same as

before.

As farthf^rmore the vector distribution, construcled in this way,

becomes nowhere inlinite, it must vanish at least in our point; this

|M)int is invariant for the transfornmtion.

M These F^roceedings, page 79S of itiis vol.
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Physiology. — ^'Contributions to the stmh/ of serum-anaphylaxvi''

(3"* Coraniunication). By Dr. .1. G. Sleeswijk, Foreign

Member of the Pastel r Institute at Brussels. (Communicated

b} Prof. V. H. H. Spronck).

(Communicated in the meeting of March 27 1909).

J A/)/// /nrtnnnifi/-ira('fions in seinim-anaphylaxis.

It may l»c jvssnmed on sure grounds that only an intentional

ji|)[)iic'ali(»n of the metiiods of the doctrine of immunity will serve

to give us some insight into the mechanism of anaphylaxis. Already

in my lirst communication I said something about this subject:

among others, thai, with the reaction of sensitized animals on the

toxic serum-injection alexine is fixed in the organism, and also that

already normal blood of the guineapig is able to fix the toxic prin-

ciple of horserserum. 1 then thought I was entitled to put forth the

assumption that also other tissues or organs of the guineapig should

he ca[)able of such a fixation, a supposition that had also occurred

to other investigators, but for which they had found no proofs in

their experiments.

However, it is tpiite possible that the blood corpuscles in this case

take up a peculiar j>osition, and that for the supposed fixation of the

toxic matter on other organs (e. g. cerebral tissue) the intervention

of the bodily tluids of sensitive animals is necessary. Such experiments

— as far as I know — have not yet been made. Yet they promise

favourable results, especially now that in the meantime I have

succeeded in giving a more firm experimental basis to the supposition,

likewise put forth in my tirst communication, that in the sensitized

animal the cellular aftinity for the here active elements of horse-

serum should still be enhanced.

Here we had namely to do with the part of serum and corpuscles

of sensitive guineapigs in the anaphylactic reaction. I have herein

applied the toxic seruminjection directly in the circulation (carotis;,

one or a few minutes later I bled the animals to death, and left the

blood to itself for some length of time. I surmised namely that,

seeing that with this treatment the animals react much quicker and

much more violently than with the intraperitoneal injection, probable

changes in the biological qualities of the cells or fluids would then

also be most striking.

Now if we compare the bloodserum of a sensitive guineapig, treated

thus, before and after the intravascular injection with that of a

58*
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nunnal animal treated likewise, we see that in the former a strong

haemolysis has manifested itself, which in the latter is hardly percep-

tible. The hypersensibility, therefore, of the organism is really —
and that by the intervention of the anapiiylactic guineapig-seriim —
localized in the red corpnscles, a fact by which a localization also

upon other bodily cells is of course by no means excluded, on the

eonti'ary rendered probable.

By the side of this haemolysis we now meet with another pheno-

menon. I have already pointed out 'before that the disappearance of

alexine in vivo can be proved oidy in intraperitoneally intoxicated

animals which do not die, or survive at least half an hour; in other

words, to bring about this process some time is necessary. For

guineapigs getting the second injection directly into the circulation ')

and perishing within a few minutes show no loss of alexine. If,

however, the blood of an animal treated thus, — defibrinated or

not — is for some length of time left to itself in the incubator,

the complement ma^', also under these circumstances, be seen to

disappear. In the norn^al guineapig this process is hardly present,

but in the sensitized animal it is much more distinct. This reaction,

therefore, if commenced in vivo and set going, also spreads in vitro,

only somewhat more slowly.

Now the following (piestion may be asked: does, while these

phenomena are coming about, the serum of the hypersensitive animal

play an active or a passive part? In order to study this question 1

wm in a position to avail myself of an immunity-phenomenon —
the so-called Conglutination-reaction — of which I may as well

point out in a few words the origin and the signitication.

FIhrlich and Sachs') were at the time the tirst who drew attention

to a peculiar reaction, which takes place between red corpuscles of

th3 guineapig, fresh horse-serum and inactivated catlle-soruni. Herein

the erythrocytes show a peculiai* coiigloincratiun, whicli can be

distinguJHhed t'voiw the ordinary agglutinationtype (ro?iglutination),

foliowefl by a haemolysis. The explanation of this phenomenon has

Iwl to a controversy between the schools of Enklicii and Boudkt

at>oul lli(5 action of amboceptors (sensibilisators) and complement

(alexine) n (piestion with which we do not wish to meddle here.

From the publicationn concerning this subject, by Hokdkt and ( Jay ^),

*) ± 1 cM''. - IIk- iiij<Tlii)iiliilMr willi llic sorum lias proviously hocn brought

10 87*.

') Bvrl. Klin. Woclieii«clii-. 1U02.

*) Ann. Hauteur, 1906.
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Sachs and Haikk '), Bokdkt and Stkkn(; -) (the last gave tlie pheno-

riieuon tlie name of" "Conglutinationieactioji") it has meanwhile appeared

that for the inlluence of the conglntinating cattle-serum on the

guineapig-blood a previous fixation of the horse-alexine to this blood

is necessary. Accordingly e.g. the relatiye complementary power of

a horse-serum may in this way be easily detei-mined. But besides it

will also be clear that, if in some way or other this fixation of the

horse-alexine to the guineapig-erythrocytes can be influenced (either

furthered or checked), the course and the i-esult of the whole process

may thereby be altered. Now where the just mentione«i elements

play such an important j)art in the anaphylactic complex (»f symptoms,

and where we wanted to trace the importance herefor of the serum

of sensitized animals, it was also a matter of course to study the

influence of such a serum both f)efore and after the toxic injection —
on the course of the conglutiniu-reaction. For it was to be expected

a priori that the bodily fluids of the guineapigs specifically hyper-

sensitive with respect to hoive-serum also in reference to this serum

would show some alterations in their (pialities.

To bring about the reaction discussed just now, we add together:

7io <^M.' fresh hoi*se-serum with about the double volume (7io) of

the guineapig-serum, then a little physiological solution of sodium-

chlorid (VioJ- Vio ^vashed normal guineapig-blood and finally 7io

cattle-serum (during V2 ^^our warmed to 55—56°).

Merely through the presence of normal guineapig-serum the reaction

is now somewhat retarded ; but important for us is only the comparison

of the course of the reaction in the tubes with the anaphylactic

guineapig-serum before resp. after the toxic injection. In the main

the following facts may be observed

:

After the intraperitoneal injection of a toxic dose the serum of

sensitive guineapigs gets a strong antialexic power with regard to

horse-serum, i.e. ; it hinders the fixation of the horse-alexine on the

guineapig-blood, which is necessary to bring about the conglutination'

reaction. Now it is a well-known fact — which 1 pointed out in

my previous communication — that a sensitized guineapig which

remains alive after the second intraperitoneal serum-injection (and

this depends only on the dose), is rendered immune against a following

injection. It may therefore be surmised that the explanation of this fact

lies in the just mentioned quality directed against the horse-serum,

with which the serum of the animal defends the sensitive elements

1) Arb. a. d. Kcinigl. Inst. f. exp. Ther. zu Frankf. a. M. Heft 3, 1907.

2) Central). 1 f. Bakl. D.l. 10. 1009.
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of tlie orij.iiiism (of which the red coriyiisclos ;iro lor iis Ihc |»;ira«li,U'm)

against a loxic injection of the antigen.

After the injection of the iiorf^c-scriini diieclly liilo ike clrcaloUon

the serum of the sensitized giiinea|)ig shows just the reverse. In the

above proportions with tlie other ingredients brougiit logetlier to the

conglutination-mixture it aj)pears — compaied with its action before

the toxic injection — to further the fixation of the horse-alexine

upon the guineapig-blood. Wiience that sharp contrast ^) in the results

of the injections into the abdomen or into the circulation? The con-

tradiction, however, is only a seeming and a relative one. For, it

has further appeared to me that, if the last mentioned serum (viz.

that of a sensitive animal after the second injection into the circu-

lation) is previously for some hours left in contact with the horse-

serum before guineapig-blood and cattle-serum is added — the re-

action in this mixture is then strongly retarded in comparison with

another mixture, in which all these, ingredients are directly added

together without any previous mutual contact. It appears therefore

that also in this serum after the intravascular injection there are

still slumbering unneutralized antihorse-serum qualities, which can

he brought to light only in the way just pointed out.

The principal theoretical conclusion which I should like to draw

from the above investigations is, that ir the (serum-)anaphylaxis we
have to do with two contrasting ])rinciples : one is the basis of the

iiypersensibility, the other represents the immunity-principle, and

both play a part in the mechanism of the ana])hy lactic complex of

symptoms.

Ulendf'ication of blood-spots frith the aid of miaphyhi.vis.

Finall\ I ;im in a position to communicate here the foundations

of u new method to distinguish the blood of man from that of

animals and that of dilferent kinds of animals from each other.

I came lo this on the ground of wiuit follows. Hy foimei- investi-

^aloi's it hiul been proved that with nil kinds of scia a specilic

hy|M;i*sonsibility conhl be brought about : the same thing in general

iiolds g<HMl for the most dilferent proteins, among others also hacino-

glohin. IkM'auw* moreover traces of these substances are sunicicnl,

inid aIho gmntiMl tlio fm't that the sensitising principle r(\sisis iu-

') ThiM do<!M not MH'm ho nivixn^v if it is homo in mind llial li-oiii llir alitloiucii

llie rMorplion Inktf* pinci; grndiiitlly, whilst with injc^clion inio llic c.iioli.s llir

rirculalion im suddenly ov(*Hlowed by u rcliilivoly laiKc qiianlity ul tlic :ili«'M sciijiii.

Hence al»o tli<' dilT'Tcnl reucliuti of lliv orgunisiii.
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tliioiires from witlioiil, i( stood lo ivasoii for mo lo liv \vli«'|,li('r

lliesc (lala were fo be used for the ideiititieiition of blood-spots.

Kow J li;i\e first dried some drops of blood from diJTerent animals

(horse, cattle, rabbit) iipoji small pieces of linen, then extracted

them In means of salt-solution and injecte<l the extract subcutaneously

into gnineapigs in (piantities e(iual to one drop of blood per animal.

After the lapse of the usual incubation-staf^e of 12 or 14 days or

longer the animals - as was indeed to be expected — had become

hypersensitive to an intraperitoneal injection of 4 or 5 cM.'' of the

corresponding serum, an<l that in a (pnte specilic sense. A guineapig

e.g., which has been sensitized with the extract from a ro?rbloodspot,

and does not in the least react upon an injection of 5 cM.' oi' horse-

serum, is as sensitive to an injection of the same quantity of cow-

serum the day after, as a test-animal — likewise sensitized with

extract from a cowbloodspot — but which previously has not been

tried with another serum.

Then I have also ana[)hylaetised guineapigs with the extract from

spots of human blood. Now as for trying these animals in the sub-

cutaneous 01- intraperitoneal way rather a great deal of human serum

would be necessary, 1 have examined them upon hypersensibility in the

intracerebral wa\ or by jn-eference In intravenous injection. Thus

they can very well stand \ ^ cM.* of serum from horse, cattle or

rabbit, but the same quantity of human serum, injected into the

carotis, kills these animals certainly within a few minutes.

I am busy continuing tliis investigation, in the hope of rendering

the method simpler and more practicable. Meanwhile I have already

now intended to point out the principle of this method, because i

think it may perhaps find a place by the side of the well-known

methods of judicially medicinal investigation of blood.

Physics. — •' Hesntrclies on the io\Jhv.-Kv.\.\\s-tiJect, rspeclally at loir

temperatures. I. Calculations for hydroyen.' By J. P. Dalton,

M.A., B.Sc, Carnegie Research Fellow. Communication N". 109«

from the Physical Laboratory, Leiden.

(Communicated iu the meeting of March 27, 1909).

§ 1. The piesent calculations form part of a research which was

undertaken ') with a view to devising an apparatus for determining

the JoiLE-KKLviN-etfect obtained iu expanding helium at the temperature

of liquid hydrogen, and thus to lead to some decision regarding the

') Tlie beginning ol Ihe research was already referred lo in Comm. N". 108

<Proc. Aug. 1908).
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|K)ssibiIity of liquefying hcliiiiu — an open (|iiesti(>ii at that, time.

To test the apparatus, ex])ansioii experiments were tiist to be made

with air at ordinary temperature, and with liydrogen at the temperature

of liquid oxygen ; but in the construction of the apparatus it had

always to be kept in view that it was exentually to be used in

liquid hydrogen. Preliminary ex[)eriments showed that the apparatus

in its- original form did not give a true JouLE-KELViN-efFect, and thus

led to a special investigation of the thermodynamics of expansion

through a valve and how a valve apparatus has to be arranged so

that the enthalpy ^) before and after expansion remains the same.

The results of this investigation will be published in this and following

communications, for they lose none of their interest by the circum-

stance that the original object of the research has been disposed of

by the liquefaction of helium. ')

^ 2. Since the experiments of Joule and Kelvin ') of 50 years

ago very little experimental work upon similar expansions of gases has

been published. This lack of contirmation is rather surprising when

we consider the importance of the Joule-Kelvin experiments in gas-

therraometry and the frequency with which their results are employed

in various theoretical thermodynamical investigations. With the

exception of some rough experiments by Regnault *) upon various

gases, and the work of E. Natanson ') and Kester *) upon CO^ , no

further measurements of the Joule-Kelvin effect seem to have been

made. Regnault did not obtain results sufTiciently definite to lead to

any theoretical conclusions, and the results obtained by the other

experimenters are not in agreement.

^ 3. Although Joule and Kelvin began their experiments by

allowing the expansion to take place through a small aperture, they

800n abandoned that form of apparatus, and used insteail a porous

plug 80 08 to ensure, by friction in the plug, the immediate conver-

>) This name has been suggested by Kamerlinoh Onnes to indicate the function

(•-j-pp) — the •Heal function" of Gibbs. H. L. Gallendar (Phil. Mag. [6]. 5.

p. 48. (1903)) calls this expansion "Adiathernial".

«) H. Kamcrunoh Onnes: Gomtn. I'liy.s. Lab. Leiden. N'. 108. (1 'roc. June 1908).

») JooLC and Kelvin: Phil. Mag. [41. 4. p. 481. (1852); Phil. Trans 143. p. 357.

(1853); 144. p. 321. (1854); 152. p. 579. (1862).

) V. Rkg.nault: C. R. 69. p. 780 (1869).

*) E. Natanhon: Wied. Ann. 81 p. 502 (1887).

*) K. K. KEHTKh: Physlk. Zeils. 6 p. 44 (1905).

Phys. Rev 21 p. 200 (l'.K)5;.
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sioii into liciit of (lie eiicrj^y ^ieneruted, uikI also to ensiiio that the

expanded i^aa should issue in a "qniet" tran(|nil stream without jets

or rapids". (See § 6, note 1). Natanson and Kkster also used a

porous plug.

More recently (^lszkwski has deterniined "inversion-points" for

various gcases, and luis returned to the original reduetion-valve form of

apparatus; hut while Joile and Kklvin's highest initial pressure was

not greater than (i atmospheres, Olszewski expanded from considerably

higher pressures. Since the apparatus to be used in my research

resembled that used by Olszewski, a careful exauiination of his

experimental residts and of the criticisms concerning them which

have been published was necessary.

§ 4. Olszewski's first determination *) was of an "inversion-point"

for hydrogen. This result was subsequently used by Porter ") as a

means of discriminating between the validity of certain equations of

state. Later ()i>>zewski investigated ') the dependence of inversion

temperatuie upon initial pressure in the case of air and nitrogen,

and found that the inversion temperature decreased with falling initial

pressure. The results of this research have been criticise<^l in a

theoretical investigation i*ecently published by H<amilton Dickson. *)

Dickson leached the conclusion that Ofjszewski's experiment differs

fundamentally from that of Jollk and Kklvln. This difference he

attributed to tlie different kinetic energies possessed by the gas in

the O1.SZKWSKI experiment before and after expansion. It will be shown

in a subsequent [taper that conduction of heat and loss of pressure

in Olszewski's experiments are probably much more important factors

in the result than the change of kinetic energy.

§ 5. Dick8(>n's criticism wa« based upon calculations made from

VAN DER Waai>*'8 equatiou of state, but, as this equation is not

(juantitatively correct, the results obtained are of doubtful value.

But if we calculate from the real isothermals of the experi-

mental gas, we ought to obtain close correspondence between the

calculated and experimental values of the Jolle-Kelvin effect, in

so far as no uncertainty is introduced by errois in the experimental

1) K. Olszewski: Phil. Mag. [6]. 3. p. 535. (1902).

Ann. Phys. 7. p. 818. (1902).

2) A. W.Porter: Phil. Mag. [6]. 11. p. 554 (1906).

3) K.Olszewski: Phil. Mag. [6]. 13. p. 723 (1907).

*) I. D. Hamilton Dickson : Phil. Mag. [6J. 15. p. 126. (1908).
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(iatii. To effect such caloii hit ions Ka.mkim.incjii Onnks *) lias ,i>ive!i

empirical equations of state, nliicli, if s|KH*ialise(l for tlio c.\[)criiiieiilal

gat*, and, if necessary, between definite limits of teniperaluie and

pressui-e, represent the actnal isotherms of the gas to the limits of

accuracy of the observations, and in a form easy to manipulate. In

this equation the product pr is expressed as a series of live powers

of the density : thus

B C D E F
/>.:=^+ -^+-, + ^+ -e+ ,-

.... (1),
V V V V V

where p is expressed in atmospheres, v in terms of the theoretical

normal volume as unit, and the "virial-coetHicients" A,.B,C, etc., are

calculated as#functions of the temperature from the experimental

isotherms of the gas in question, in conjunction with the isotherms

of other substances which are brought into relation with the one

investigated by means of the law of corresponding states. On this

account the equation is usually given in the so-called reduced form

:

rn

where ). is equal to —-, p and v» the reduced pressures and volumes
PhVk

respectively, and

A ^ B C
* = -jT? ^ = ^^pic'" ^ — y .

, VI- ;
etc..

§ 6. If the two following experimental conditions are fultiUed, viz,

:

1. that the difference between ihe kinetic energies of the gas

before and after expansion is negligible; and

2. that the conduction of heat from the apparatus lo the expanding

ga6 is also negligible;

tlien the expansion process will be represented by the equation

*i +/'!'•. '. h /V^ (^)

(where h = internal enei'gy of the gas, and the subscripts I and 2

refer to llie initial and linal states res|)(»ctively) (juilo independently

of whether the expansion has taken place through a valve or a

plug'), or from a liigii or low initial pressure. Equation (I^) repre-

') H. Kamkrlinoh Onnb8: ThcHC Proc. Juiu' I'JOl. jukI Arch. N.'wI. S. 11, '1'. VI,

Itrjl. Oiitim. Pbyit. l^ub. Luidcii. No. 71 anil 74.

*) III fZpniiNiun thruiigh a vulvt*, since in |>arls ul° llic jul I lie kitielic energy

t<iii|>urarily reaclicif valiiex which arc not negligible, inlorinediule stages of the

priiciiMi an; not cliaraclcM-iHed hy equal values of the enthalpy; in expansion

llirougli a plug the prorcs>%. if it .-t^i-iTs uiih till' llii'oiflicul suppositions, lirconirs

unnthulinr.
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sciifiii'j: all cxpaiisioii wliicli is cliarack'riscd l»y equal values of

eiillialpv ill llie iiiilial and Dual slales iiiav l>v llie usual iiielluxis';

be ti'ansfoi'iiie<l iiilo

C:.(7\-7' ^jTy/^^V J^ . . (4)

or

where

c;(^'.-r,= -/[T(|) dp . (5)

/'I

C(l\-T^=CcdT.
r.

Since 1\ and 7', never (litter much in value, and since, in any

case, C varies very slowly with temperature, the difference between

C and C must be extremely small.

For the present calculation equation (4) seems at lirst sight more

directly applicable than (5), but the evaluation of r, would necessitate

the use of successive approximations; it is, therefore, better to use

equation (5). For this pur|K)se, the following ti-ansformation, valid

as long as excessive densities are not reached, may be applied to

O(|uation (2^; this equation may bo written in terms of reduced

pressui'c as

;. po = ^}|(/')
-I-

'^(/')p -f (i'
/'^p»

-I- r^(/vp'
-I- Ci-(/')p< 4- etc. . (6)

if

^?l(^) — i)l (7)

Sb'^/'.' = (8)

2i5'—3 1\m

2)3l»— 5 S*— 2 5l'g»+10}l'?«^e

etc. it'

Equation (5) in reduced magnitudes becomes

<v'('A-^'.) = '"/[Or- do

(9)

(10)

(11)

(12)

^) See: .1. l\ Kuenen Die Zustandsgleichuhg, pp. lOG—9 Vieweg 1907.
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Since

r- — 31 = (13)

equations (12) and (6) give the relation

Tkf dip) ^ \ Tic f d^(f) \

(14)

Hence, if we return to tiie original eoefYicients by means of (8),

(9), (10), (11) and (13), we obtain an expression for the heat-etfect

in terras of the virial-coefficients, and the initial and final pressures;

and if the expansion takes place against atmospheric pressure, this

relation becomes

d:b

{T-2\) = .^^-(p -1) +

+ -^ ^-^ ' ^p.<^'-'' ^

+ -^— ^-^r^?
^ --^.'^•-'' +

f d^ \ / d(i \ / d^ \
20( t

— -2jo K'21^li--i)»)+( ( .--3g j(10^;b'-43i«(i)4-^3iM t^-5i))

•5" (/>/-!) (>5)

wliich iw llic ('(iiialion to be iised in c'llcuhiliii^- llio hciil-cllW'ls.

^ 7. As a Hrst example I have taUen hydrogen, and from equation

(16) have calculated the heat elfecls produced when hydrogen is

expafided iigainHl atmospheric pressure under various coiidilious of

initial lenq»eruturc and j)rcssure. The values of the virial-cocllifienis,

B|>eeialiMxJ U> Ht the JHothcrmB of Kamkki.inoh Onnku and Bkaak ')

down to -217 **C. and not yet published, were kindly |)la('ed ui

my dispOHal by Pnjhssor Onnk^. These coefficient* are

I II. Kamkmukoii Onnf4! and C. Bhaak: (jomm- PhyH. Lab. Leiden. No*s 95—101.
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11 =:0-U03G018t

10" ^:5 = 168-982 : — 435-381 — 722-848 - +
t

-h 420-696 118-456 —

10'^(i = 50-3923 t + 131-386 + 131-2531 - -1- . ^^
t ;(16)

1 1

+ 199-2748 50-6347

lO'^B = 434-680 t — 131-462 — 903-004 - +

1 1
4-367-7055 178-5625— '

The values of tlie critical constants used in the reduction were

jfi^=zl5 atin. and 71 =: 29° abs. ; but as the reduction is ultiniately

reversed the accuracy or otherwise of these constants is immaterial.

The Wiedemann value of 6^, = 3.41 cal. has been used. An estimate

of the change of Cp with temperature was obtained by combining

equation (2) with the well-known thermodynamical relation

dp dv

^o-'— ^-l.dTv
<"'

and regarding C„ as independent of the temperature. *) This showed

that down to —190° C the variation in Cf, at 1 atm. was less than

17o; lience it appeared that a sufficiently high degree of accuracy

was reached by retaining the constant value 3.41 throughout these

calculations.

For the calculations four terms of equation (2) were found suffi-

cient, for the greatest influence of the D-term on tiie values shown

in Table T of 1\— 7.^ at 100 atm. pressure was not greater than

0°.15. Table I') contains the results of the calculations; from it has

been constructed the series of {T^— T.,, p^
—

'^)T=const. curves shown

in fig. 1 and also the series of (T^i

—

7\, T^),,^ = const, curves of fig. 2.

') Gf. A. W. WiTKOwsKi: Bull, de I'Acad. d. Sciences de Grac. Oct.-Nov. 1895.

The comparatively great change of Co and C,, with temperature deduced by

H. LE Ghatelier and E. Mallard. (Seanc. Soc. de Phys. p. 308. (1888)) from ex-

periments at high temperatures cannot be applied to low temperatures without

further investigation.

2) The calculation is not extended beyond the limits of density at each

temperature at which powers higher than those occurring in (15) must be taken

into account.



( 870 )

8



( 871 )

§ 8. Considering the <( of liis e(|ualion as a function of the teni-

l>eratuie, van dkr Waals ') deduced the following expression for the

Joule-Kklvin effect

:

(18)T, -'J\^^'^ X 273 p' |2 f{2\) - 1\ f (7\)| - ^^] . .

and (hew attention to the fiu't that "at a given value of 7", we
may give /y, sucii a value that the cooling has a maximum value".

The foregoing calculations, tiie results of which are embodied in

Table I, lead to the same conclusion, and show that as the initial

pressure increases, the cooling effect (if any) increases, reaches a

maximum, diminishes, and finally at high pressures (as long as r.^l)

clumges into a heating ellect. They show moreover that except in

the neighbourhood of temperatures determined by the relation

d%
X 2 55= (19)
dx

or at very high pressures, the subsequent terras of the right-hand

member of etpuition (15) are very small compared with the first,

and it is therefore only under these circumstances that the progressive

change from cooling to heating could be experimentally realised

;

but if the critical pressure of the gas is low, as in the case of

hydrogen, high reduced pressures are easily attainable, and these

changes become of importance. In fact, this warming effect obtained

in expansions fi*om high pressures explains the fact that Travers ')

fojind hydrogen "a perfect gas down to very low temperatures";

for, in his experiments expansions were made from the comparatively

high initial pressure of 200 atm. And in this connection it is also

uorth remarking that in the liquefaction of helium Kamerlingh Onnes')

found that if the expansion pressure exceeded a certain value, the

expanding gas no longer showed a cooling effect. The curves (fig. 1

and 2) further show that at lower pressures and at temperatures

not in the neighbourhood of those defined by equation (19), the

cooling effect remains practically proportional to the pressure-difference,

and decreases in magnitude as the temperature of the compressed

gas is increased. It was under conditions such as these that the

Joile-Kelvin experiments were carried out, and their results embodied

in their well-known empirical equation

1) J. D. VAN DEB Waals. Proc. Kon. Akad. van Wetens. Amsterdam II. p. 379.

(1900).

2) Morris W. Travers : Experimental Study of Gases
; p. 197 (1901).

') loc. cit.
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'A-T.. = y,ip-p,) (20)

are in agreement with the foregoing conclusions. Tlie value of A
for hydrogen at +5° C. was given by Joulf, and Kklvin as — 0.03

which is somewhat greater than the above calculated value of

— 0,023 ; but numerical non-correspondence is in this case of no

gi*eat importance seeing that Joule and Kelvin's results for hydrogen

were very irregular, and the authors declared them to be less trust-

worthy tlian those obtained with other gases.

^ 9. With regard to "invei'sion-points", it is at once evident that

the inversion temperature is a function of the initial pressure, and

that it does not reach the value T{„„^=7Tk (see table I). From the

curves of fig. 2 have been read the following inversion temperatures

corresponding with various initial pressures.

TABLE II.

Pressure-difference Inversion temperature.

1 atm. — 72\6C.

5 „ - 73 .2 „

10 „ - 74 .1 „

20 „ - 75 .8 „

30 „ -77 .8,,

40 „ - 79 .9 „

50 „ —81 .9,,

60 „ -83 .6,,

70 ,,
—85 .9,,

80 „ —88 .3,,

90 „ —90 .0,,

100 „ —91 .7,,

ThuH llic relation between inversion-temperature and pressure-

(lifrerencc i8 firaclicully linear (fig. 3), and vvitli increasing initial

pressure the inverHioii temperature falls. If we extrapolate (he above

lahlc we obtain for a presHure of 115 atm. an inversion temperature

of — 95* C. where Olszewski found 80°.5 CJ. It is worth noting

that N\kamuka') c.'dcuhuing from Kein(jani'm'h (Mpiation of state found

>) S. Nakamuha : refer. Jouru. de I'hysique (4). 2 p. 704. (1908).
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a value of — 79° C. for tlie inversion point; hut in his calcuhxtion

he seems to liave taken no account (jf the intluence of initial pressure

and his result is valid only for 1 atmosphere.

The results obtained by Olszewski for air and nitrogen are in

marked contrast to those here obtained for hydrogen. The <liagrams

l)y which he shows graphically the relation between inversion-

temperature and pressure, are lines that are strongly curved, and

they exhibit, moreover, an inversion temperature increasing with

increasing initial pressure. The calculations given above throw some

doubt upon these results. For Jollk and Kklvin found for air at

oi-dinary temperatures a linciir relation between cooling-effect and

|>ressure difference; this, compared with the foregoing result for

hydrogen at — 215° (.'. rendei*s it highly probable that air and hydrogen

follow the law of corresjjonding states in the .lori-E-KEi,viN effect,

as was to be expected from the facts that their equation of state

follows that law, and that both gases are bi-atomic without any

chemical complication in the molecule*).

Keeping in view this thermodynamic similarity of hydrogen with air

or nitrogen it may be inferred from eqnations (4) or (5) that the

inversion temperature curves for all three gases must have the same

general properties, and exhibit a relation between inversion temperature

and |H'essure approximately linear; and it can be seen that the small

uncertainty in the changes of specific heat with temperature for the

different gases cannot ticcount for Olszewski's finding an opposite

effect of iiiitial pressure.

Thus we must coni^lude that expansion through a reduction-valve

of the same construction as that used by Olszewski does not satisfy

the conditions embodied in eipiations (3) and (15) governing a

process at the l)eginning and end of wliich the enthalpy has the

same value.

A subsequent paper dealing with the experimental portion of this

research will show that the cause of this discrepancy can lie in the

conditions under which the expansions in Olszewski's experiments

were carried out.

1) Gf. H. Kamerlingh Onnes : Zilt. Versl. Januari 1896, Gomra. Phys. Lab. Leiden.

No. 23.

Daniel Berthelot : Journ. de Phys. Mars (1903) ; and

Edgar Buckingham : Bull. Bur. Stand. (3). 2. (1907).

59

Proceedings Royal Acad. Amsterdam. Vol. XL
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Physics. — ''Researches on the Joule-Kelvin effect, especially at

low temperatures. II. The Joulk-Kelvin e^^ect for air at 0° 0.

and at pressures up to 42 atmospheres." By J. P. Dalton,

M.A., B.Sc., Carnegie Research Fellow. Comniiinicatioii 109^

from the Physical Ijaboratorv, Leiden.

§ 1. In the preceding communication the conclusion was reached

that the conditions under which Olszewski's expansions took place

were not those whose fulfilment is necessary for the realisation of

a true Joule-Kelvin process. The present communication offers further

justification for that conclusion ; it shows that special precautions are

necessary before a reduction-valve apparatus, such as Olszewski used,

will give a true Joule-Kelvin effect, and deals with the experiments

leading to, and with the construction of, a reduction-valve apparatus

particularly adapted to a determination of Joule-Kelvin effects at

low temperatures. The results obtained with this apparatus in the

case of air at (F 0. are in good agreement with those calculated

from the isotherms, and also with those experimentally determined

by Joule and Kelvin.

^ 2. The calculation from the isotherms was made in the same

maimer as that for hydrogen (see § 6 Comm. 109"). Three terms of

the empirical equation of state seemed suflicient for the present

purpose. It may, therefore, be written

/>. = ^ 4- ^ -f ^ (1)

and leads to the relation

1

(/'.'-/',") • • • (=0

The values of (he vinul-cocrricicnls (of uii vver(! kindly |iliK*o(l al

my dinposul by Profe.ssor KAMKiiLLSiiH Onnks; at present they arc

known only for individual isotherms, und, therefore, lln^ evaluation

of their mlc of chan^i; with leniperature cannot Ix- \\un\o. with the

HJinif* dcgn'f uf u<*<'urjicy ',{<• \\;v^ iIh' casr with liulrogen; it is,
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however, siifllciently accurate for Ihe purpose of checking the experi-

ineiitul results. The data employed in the calculatiou are

(p c. —0.57440 +2.9594

20" C. —0.40495 +3.0178

99'.4C. +0.25075 +3.5669

If the vahie of C), = 0.2389 cal. is used, and if expansion always

takes place against atmospheric pressure, equation (3) gives for the

cooling effect in air at a teinpeiature of 0° C. the relation

T— T, = 0.273 {p, — 1) - 0.000208 {p,' — 1).

This is in good agreement with the Joule-Kelvin experinients which

were carried out with pressures up to 6 atm. and satisfied the relation

• /273\''
7\-7'.^ 0.275 (;,-

^ 3. A diagram of the first a|)paratus used is shown in fig. 1,

and it can he seen that it did not differ much from that described

by Olszewski '). Two spirals of copper tubing, s^ and 6-,, joined in

series served to l>ring the gas to the required temperature; .v, , in

front of which was coupled a manometer, was 5 m. long and of

3.5 mm. bore; .v, , 7 m. long and of 1.25 mm. bore'^), ended in

a reduction valve K, which opened into a small silvered vacuum-

vessel, (/. This vacuum glass was enclosed in a german-silver box,

y>\ , having free communication with the outside through a wide

tube, B^, and was protected from radiation from above by felt

faced with nickel-paper. Instead of a resistance thermometer as used

by Olszewski, a thermoelement served to indicate the difference in

temperature between the conqu'essed and expanded gas. One junction,

J7ii , was in the liquid bath surrounding the spirals, and the

second, T/i,, the wires of which were insulated by short glass

tubes, /vj and b., , soldered into the top of the box, was in the

expansion chamber, y. By this means a direct measurement of the

heat-etfect was possible.

M K. Olszewski: Phil. Mag. 16]. 3. p. 535. (1902;.

Ann. Phys. 7. p. 818. (1902).

-) This ciossst'ction was taken so small on account of the low temperature of

the liquid hydrogen in wliich the apparatus filled witli helium was lo 1m> placed,

and because at thai lime pure helium was still very difficult to obtain.

59*
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^ 4. The thermoelement was Plalimmi-C^onstantin, tlie wires of which

had heen carefully annealed '). The Platinum-Copper junctions were

"protected" by copper caps, according to the method generally adopted

in this laboratory '). The electromotive forces were measured by

compensation against a battery of tive standard WESTON-cells in

parallel by means of the potentiometer arrangement already published.')

The thermoelement was calibrated in steam, oil bath at ordinary

lemperatni*e, liquid nitrous oxide, liquid air, and liquid hydrogen ; in

N,() and liquid air by comparison with a gold resistance thermometer,

and in liquid hydrogen by comparison with a platinum resistance

thermometer. Both these resistance thermometers had been previously

calibrated with the standard hydrogen thermometer. '•) The sensitivity of

this thermoelement is greatly diminished in the neighbourhood of

liquid hydrogen temperatures; but at higher temperatures it proved

sufficient for the present purpose.

^ 5. Fig. 2 shows the arrangement of the appa,ratus used for

producing tlie gas-stream and maintaining it at constant pressure. A
HROTHKKHOoD-compressor, capable of compressing 10,()0p litres |)er

hour kept the cylinder 6\, (capacity 25 1.) Idled with dry air at a

pressure of 70—80 atm., the pressure being indicated by a mano-

meter M. The pressure in the expansion apparatus was regulated

by means of the valve K, and its vahie was indicated by a

second manometer attached immediately in front of the first copper

spiral.*) To intercept any nuiisture that might have found its way
inside the connections, a drying-tube, /i, tilled with solid /\()H

was inserted after the valve K. A small pressure cylinder, C',, of

2—3 litres capacity, siirrounded with ice, j)roved of considerable

advantage in keeping the e.\|)ansion presstue constant and in mini-

inJKing the dislnrbing influence of possible irregularities in the How
of gas. Aflcr 6', was coupled the expansion apparatus of lig. 1 with

tt manometer. The cooling spirals wei'o immersed in water contained

in a gliiss vessel, and this was conq)letely surrounded by ice in a

lai*ge earthenware |)ot. Before making a series of experiments, the

apparatus was allowed to stand in ice for 8— 4 hours, so as to take

I) For experiineniM with heliuin ul tiie temperature of li(|iii(l hydrogen, the

tlicrmorouph* gold-silver would be prefcrubje. (See Comm. N". 107).

•j Comm. Phyn. Lab, Leiden N*. 27.

•) Comm. Phyu. Lab. heiden. N". 89 (These Proc. Feb. 1904).

) Comm. N'. 95^ on W^ (TlieKe Proc Sept. 1W06 and Sept. 1007).

') U will In* neon Inter thni the preHsure indiculed by this nianonioter wns not

the actual prexiture al which cxpauuion luuk place.
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lip tlie sjirne toinperadiro tlinm}!;lioiit ; the uhsenoe of I'urreiit in tlie

galvMjiumeler showed wlieii the teiiipGmtiiic within the expansion

('iianil)ei- was the same as that of the surrounding bath.

When an expansion was commenced, the deflection caused by tlie

thermoelectric current in a Hartmann and Brain dead beat galvano-

meter (Comni. N". 89, Proc. Nov. 1903) was watched; when the

detlectioji became constant — usually in 3—5 minutes — showing

that a steady state was reached, the electromotive force was measured

by the potentiometer, accurate compensation being obtained by switching

in an astatic Dibois and Rubkns jjrotected galvanometer (cf. Comm.
N". 89). When one measurement was completed, the valve A' was

altered until the next pressure in the series was reached, and the

series of operations was repeated.

^ 6. Expansions made with this apparatus were, however, some-

thing unusual, as is at once evident from

Series I. Brass valve A. Air at 0°C. 12/12/07
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AHLK 1

Series II. Brass valve .1 Air at O'C. 12/12/07

TAHLK 11.
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t'roin this it was evident that heat was being conducted along

the metal valve during the formation of the jet, and that as long as

a valve made of conducting material was employed the |)roj>er adia-

batic conditions of expansion could not be fu I til led.

^ 8. It remained to repeat the experiments using a valve ofnon-

conducJing n)aterial. Preliminary attempts to construct a wooden

valve failed, for the wood used was too poious to withstand a

pressure of more than a few atmospheres without leakage. Glass was

next tried, and gave considerable trouble, for though very carefully

annealed, the glass valves frequently broke before a pressure of 20

atmospheres was reached. Glass pins ground so as to ^lose the valves

proved quite useless, for the points got constantly broken off and

plugged the valve. Eventually a glass valve closed by a wooden pin

was used ; it was tested uj) to 70 atmosj)heres, and although not

(piite pressure-tight, it closed sutliciently well for the purpose. The

metal valve. A', was remoxed, and the glass one soldered in its place.

The glass-copper junction was made according to the method of

(yAii.i.KTKT ^j, by first platinising the glass in the blowpipe, then

coppering it elect rolytically, and finally, soldering it in the usual

way. The junction proved most effective, and successfully resisted

a pressure of 70 atm.

^ 9. It is evident from the following results which were obtained

with this form of apparatus, that the warming effects previously

observed at low pressures have been eliminated by the use of a

non-conducting valve.

Series XII. Glass valve. Air at 0°C. 30/3/08.

TABLE
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nor with tlie resulKs calculated from tlie isotherms in § 2, is due to

the fact that the spiral s., was so narrow as to cause a considerable

fall of pressure along the tube; and at this temperature the pressure

fall is too great to allow of the correction being calculated with

sufficient accuracy.

This correction became smaller when the narrow tube, .s^ , was

replaced by two of 2.5 mm. bore in parallel. The following results

were thus obtained

:

6/4/08.
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(Iclniniiu'd enters (lie ji|»|)aialiis In the tnl>c s, wliicli is well pro-

teeted IVoin exteiiuil soiiives of lieut ; it passes tliroiigli the s[)iral .>',;

coiisistijij^ of" l() III. of copper liil>iiig of 3.5 iiuii. bore, doubly wound,

and is tliere cooled bv the vapour arisiiiji; from the liquid »as in

the eryostat : thence it passes to be spiral .v,, which is in the liquid

bath at the ex|>eriinental temperature ; this spiral is also of 3.5 mm.
bore, and is 5.3 m. long. The tube m leads to a manometer bv which

the expansion pressure of the gas is indicated. From the spiml .v,, the gas

entei's the expanision valve, A", the flow being regulated by the wooden

pin, p, and, expanding into the vacuum vessel, g, it escapes through

the wide tube B^ . As before, the vacuum glass, </, is enclosed in a

gennan-silver box, /ij, and is protected from radiation from above

A thermoelement, one junction of which, 7%,, is in the liquid bath,

and the other, 7'//,, in the expansion chamber gives the difference

between the temperature of the gas before and after expansion. The

method of insulation has been altered, for the glass tubes (^i and

h:^ in fig. 1) gave continual trouble by breaking at inopportune

moments. In the new apparatus the thermoelement wires, enclosed

ill glass capillaries, are led down through the german-silver tubes

A. and h^, from the top of the apparatus. By means of a stirrer, H,

worked by a string, /, passing over a pulley, X, the liquid bath is

agitated and the temperature kept constant. Heat conduction to the

upper portion of the ap|)aratus is minimised by enclosing it in a

german-silver cylinder, c.

^11. A new series of experiments was made with air at 0° C
using this apparatus and the arrangement of fig. 2.

TABLE VI.

Series XVIII. Glass valve. Air at 0°C. 15/3/09.

(/>,-!) 7;-^7;

2.29 atm. ().H21°C.

4.19 „ 1.207 „

9.(M) „ 2.410 „

14.G3 ,, 4.030 .,

18.45 „ 5.136 „

23.33 „ 6.410 „

28.09 „ 7.643 „

28,93 „ 7.888 „

32.66 „ 8.894 „

37.46 „ 10.026 „

42.21 ^ 11.300,,
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The resulty of this ami the pioviouts series of exj)eFiniehts are

showji graphically in fig. 4, where the ordiuates represent cooling

effects and the abscissae observed pressnre difference. Valnes calcn-

lated from equation (3) are also plotted, showing good agreement

between observed and calcidated eifects.

§ 12. The question still remained if to the observed result;? a

correction should still have to be applied for possible heat conduc-

tion to the gas during expansion. Further experiments were therefore

made with a view to determining the inlluencc upon the ol)served cooling

effect of the (pumtity of gas issuing from the valve. At verj' small

valve-openings, when the (pu\ntity of gas expanding was small, the

thermoelement registered a leuq)erature that was markedly higher

than that obtained with greater \alve openings; but as the valve

opening increased, the cooling effect rapidly became greater, and a

state was soon reached when further increase in the (piantity of gas

passed through the a|)paratus had lu) further measurable influence

upon the observed cooling effect.

For instance, with air at O^C. expanding from a constant pressure

of 5.16 atm. the following results were obtained :

Litres per minute. Cooling. °C p. atm.

5.5 0.244

8.2 0.258

11.4 , 0.272

12.0 0.273

12.8 0.273

14.0 0.273

That too small a cooling effect was observed at small valve ope-

nings may be result of conduction of heat along the glass valve,

and of insnrticient cooling of the thermoelement (which must constantly

receive some heat from outside by radiation and hoat-couduction),

although, even with the smallest valve openings used, the air in

the vacnuni glasa is swept out in less than a secon<l. The fact,

however, that a final condition is reached which is indei)eiulent of

the velf)city seems to show that the corieclion to be applied for

heat conduction decreases very rapidly with increasing velocity *),

and does not come into account in my experiments. The explanation

of thJH circumstance can be ^iven only after further cx|)oriment8.

\ 13. From the foregoing it is apparent that:

1. For ex|)erimenfal determinations of the .Ioui.k-Kki.vin effect

') Al tlic abi)vu prc«Kure, the vaIvc <li<] not alluw greater velucities lo ho used.
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with a roiliK'tion valve apjmialiis special idrcaiilicms imisi Ik- lakeii

to observe the true expansion pressure, and to ensure al)senee <)f

heat coiuluetion to (he expan<liiig jet

.

2. The s[)ecial apparatus here descrihed gives a Joli.k-Kkxvin effect

for air at (fC agreeing with the ex[»erinieiital results of Joi lk and

Kki.vin, and with those calculated from the ex[>erimental isotherms.

It is perhaps worth noting that in the practical application of the

Jol'lk-Kklvin effect in tiie Lindk-Hampson process for liquefving gases,

in wiiich a reduction valve which is a good conductor of heat is

used, heat cojiduction from the valve to the expanding gas becomes

of much less importance than in an mrurate determination of the

Joulk-Kki.vin effect, for in that case the valve and the tube which

conducts the giis to it are tiiemselves cooled in t he process of regene-

ration by the expanded gas.

in conclusion, I gratefullv lU'knowledge my indebtedness to Prof.

11. Kamkklin(;h Onnks, who invited me to undertake this research

and to Prof. .1. V. Kik.nkn for their continued interest iu my work

and for their hel|)fid atlvice, and also to the Carnegik Trust foi- a

grant in aid of the expenses of the research.

Physics. Methods and apparattis used in the cryogenic laboratory.

XV. An apparatus for the purification ofgaseous hydrogen'by

means of liquid hydnujfn. Hy Prof. H. Kamkrun(;h Onnes.

Communication KH^'^ from the Physical Laboratory, Leiden.

(Communicated in the meeting of March 27, 1909).

In Communication 94/ (These Proc. Sept. 1906) a liquid hydrogen

cycle was described, and attention was drawn to the fact that a

continuous action of that cycle was possible o!ily when a sutiicient

quantity of extremely pure hydrogen was available ^). la section XI

of the commujiication referred to the method of obtaining this supply

was giveu^ The commercial gas was puriiied by cooling to — 205° C

1) It can easily be seen that obstruction of the regenerator-spiral must neces-

sarily occur when a little air (or oxygen) is present in the hydrogen. The tempe-

rature at ditTerent heights of the spiral varies with changes in the velocity of the

gas stream, which can scarcely be avoided, and, in any case, occur when the

circulation is temporarily stopped. The result of this is that the air is alternately

frozen, melted, carried lower down in the spiral and again frozen, until finally the

opening of the lube is completely plugged.
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aiid *) by iiieiui-s of a liqiiid-air (oxygen) sepanilor to siicli ;iii exloiil,

that, when |wissed throngh (he hydrogen liijuelier it, gave a (inantily

of liqnkl hydrogen (althongh eoni[)araiively small) before the

liquefier l^ecanie choked, and this li(|nid, by vaporisation, gave pnre

hvdi-ogen. When the hydrogen liqnelier liad again been put in a

workable condition, the operations were repeated vvitli a new qnantily

of gas wliicli had undergone preMniinary purification in the li<piid-air

separator, and the various yields of pure hydrogen thus obtained

were carefully collected and united, until the required quantity Was
available.

This method of operating was rather troublesome, and when once

I was in possession of a sullicient quantity of pure hydrogen to

keep the cycle in continuous action it was an obvious advantage

to avail myself of this cycle for the purification of commercial

hydrogen. In Suppl. N*. 19 the connnunication was already made

that an apparatus was being constructed, in which the purification of

the hydrogen was effected by means of its liquefaction, while another

appai*atus had already been constructed in which the impurities were

frozen out of the gaseous hydrogen to be purified, by means of the

pure liquid hydrogen of the cycle.

The suitability of the latter apparatus has been proved by long

use; it is represented in PI. 1 and a description of it is here given.

The chief portion of the apparatus is the spiral a^, in the lower

en<l of which the liquid hydrogen is vaporised ; it is placed in a

vacuumvessel b, which is closed by means of a eap^/. The hydrogen

which is to be purified Hows through the tube t*,, between the

vacuum glass b, and the cylinder r/j, and along the cooled spiral in

the oj>posite direction to that in which the gaseous hydrogen flows

away, which is formed by vaporisation inside the spiral. By this

means the air contained in the hydrogen is deposited on the windings

of the »|Mral. The purifie<l hydrogen escapes through the paper

I'yiinder //, the copper tubes d.^ and ^/^, and the regenerator (l^>

The li(|'iid hydrogen is supplied through n^, and the insulated

lnlK3 ////,, to the lower end of the va|»nrising spiral ^r,. To ascertain

how much liquid hydrogen must b(» sup|)lied, liic iciiiiicraliirc of

liio piirincd gas us it ciilcrs the cylinder </, is determined by means

') The air separator usuully works ul a |»i«'s.smt' of tt() ulin. and with a velocity

' .M.* |H!r iiour; the impurities remaining <lo not then umoiuil to more lliaii

,^ ,., ami lh«f ciuanlily of litiiiid air usixl is iiboul 2 litres per hour, hi (lomin.

1»4 Ihc value '/a«"'„ waii niven: to rcaeli this value, however, the velocity iiiiisl

be much Nmaller, in order that nr>ne of the liquid llial separates out should Im

otnied along with th'^ eurrfnt.
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of a liv(lrog:en tliermometei". (A resistance thermometer f', is also used

;

t\, tlie cylinder on whicli the platinum wire is wound, e^, the leads).

The hydrogen thermometer is arranged exactly the same as the

helium-tilled control thermometer in the apparatus for liquefying

helinm. ((Jf. Comm. N". 108 Suppl. to the Proc. June '08) /', is the

german-silver reservoir, f^t\ the steel capillary, /\ the stem, f\ the

manometer reservoir. The pressure of the hydrogen at 0^ C. is

chosen so that at the boiling point of hydrogen, the mercury reaches

a mark at the upper end of the stem. (The pressure is then 7 cm.).

The sinking of the mercury in the thermometer stem gives warning

when there is not sufficient liquid hydrogen in the spiral ; the supply

of litpiid hydrogen is so arranged that the mercury oscillates between

two tixed marks.

The german-silver ca|), </, is altiiched to the vacuum vessel by

means of a rubber sleeve, and projects so far over the vacuum glass

that the rubber does not become cold. The upper portion of the

cap, //, and the regenerator are protected from external sources of

heat by capoc.

As a rule the velocity, with which the hydrogen to be purilied is

supplied, 's so regulated that 5 M'. per hour tlow through the

apparatus. In that case 4 litres of liquid hydrogen |)er hour are

needetl. This rate of production, however, cannot l)e kept up con-

tinuously on account of the fall of j)ressure in the cylinders con-

taining the hydrogen to be purified, and of various preparatory and

auxiliary operations, such as analyses, the coupling and changing of

vessels with li<|uid hydrogen, etc. The time necessary for the manu-

facture of the liipiid hydrogen and for compressing the purified

hydrogen into cylinders must also be taken into account. The puri-

fication of 10 M*. as a general rule is the work of one day i. e. 8

working hours. On such a working day 25 litres of liquid air

are used.

Of course, the |)urer the hydrogen supplied to it the longer can

the apparatus i*emain in action. Hence, if commercial hydrogen') is

to be purified, the liquid air separator of Comm. No. 94 sect. XI

is coupled to the apparatus here described. If that be done, the

apparatus can be worked for hours without stopping. The gas which

issues from the apparatus is practically perfectly pure.

It has now become an easy matter to obtain pure hydrogen

suitable for liquefaction in the hydrogencycle, if the precaution is

taken that a certain minimum store (in Leiden 10 M'.) of pure hydro-

') The percentage impurity changes very irregularly, being sometimes quite

small and sometimes very considerable in amount.
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gen is ahvavs available, which with the present a|)paratiis is now a

matter of no diflieulty. Formerly, when <|uite pure hydrogen was a

costly commoility, many experiments were obstructed by the precau-

tions necessary to properly collect the hydrogen that had evaporated

;

but now one need no longer be afraid of sacrificing pure hydrogen,

if necessary, and since this is the case, the great objection to its

being sent away is removed.

Physics. — ^'(hi the motion of a metal iinre throitijh a (nece of lee."

By Dr. J. H. Mekrblrg. (Communicated by Prof. H. A. Lorentz).

(Communicated in the meeting of March 27, 1909).

II.

A paper by G. Quincke ^) which had escaped my notice at the

time of my first communication on the above-mentioned subject ')

and which I happened to come across only some time ago, induced

me take the subject up again. In this paper by Qlinckk the phenomena

are dealt with, caused by occlusions of salt in the ice and it is

shown that even with ice, formed from distilled water, these play a

part. From this j)oint of view the i)henomena are also studied, that

are observed when a metal wire slides through ice; the turbidity

where the wire has cut thi-ough, is ascribed ''j to occluded salt-solution

with a diHerent refractive power from the ice between which it lies.

If this view is right, differences must be expected in the velocity of

descent with ice of different origin. For then the slower descent

— slower than theory would lea<l us to expect — is also a consequence

of the fact that probably the salt-ct)ntaiuing water does not re-free/.c

above llie wire and this cause would be the more effective as the

fKjrccnfage of salt is greater.

So I rcpoafcd part of th(; experiments with ice, Ibnncd iVoni

<listillo(l water. Boiled distilled water was frozen by means of a

inixliirc of snow and common salt in a glass tube of about 4 cm.

(liaHietcr, the freezing progressing, al'lcr Binskn's jul vice '). from above

(lownwardn. If the freezing look place sunicienlly slowly a (piite

rl«.jif rod of ici. \\.\<. fniiiM'd in this way'). I'lidoiiltlcdiy cxcu this

'j li. (.11 I Ki Ami il. I'liys. lb. |». 1.

') Tlu-wf j)i "1. •.•(lings Vol. IX, p. 718.

*) (J. (^IdCKK I. C. p. 4«.

) V, (,h)iJ<cKr I, r. p. li.

i) SoiiM'iiiiu'H a liirbiilily uppt>ar«!(l In the niiddle uf iIk* tulx', sliulinK as u plunic

in llie axM, lltv fiiii' rainilicttliuiiit extfiiding upwards in gentle curves. It is curious
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ice contained some salt-soliition (dissolved from the f^lass), according

to (^uinckk's observations, bnt certainly less than the common arti-

ficial commercial ice. One experiment was made with ice, formed

fiom water which had been distilled directly through a metal cooler

into a vessel of sheet copper, had next been boiled for an hour and

then been placed at once outdoors during a frosty night. Of this

ice a layer near the wall was clear as glass; nearer the middle it

contained small bubbles. Hence the water had not been sufliciently

freed from air by boiling or had taken up air again. In the experiment

the clear part only was used.

The experiments were made as in my former communication, with

a steel wire of 0,4 mm. thickness, cut from the same piece from

which I liad taken the wire, used in the former measurements. Tliis

steel wire had been greased and kept since; it showed no perceptible

changes, also under the microscope.

The results of the dilferent measurements are given in the following

table »).

Remarks

:

Ice frozen from distilled water

in glass tube, perfectly clear.

Ice frozen from distilled water

in glass tube, jjerfectly clear.

As before ; had lain outdoors

during the morning with thaw

and so was certainly at 0' at

the interior.

As number one and two.

Louver part of the piece ofnumber

4, not quite clear, descent

irregular.

6. 2150 0.71 91 82° 0.027 Ice from distilled water, frozen

in metal vessel.

1.





( 889 )

and no ice. Although a network of ice is formed in the immediate

neighbourhood of the wire, a great part of the water does not freeze.

It is exactly for this reason that empty spaces are formed.

Also in the following manner I convinced myself that above the

wire much liquid is found. By slightly pulling the wire sideways,

putting some cotton-blue on it and then letting the wire go back

again, some colouring substance is carried into the block of ice in

the immediate vicinity of the wire. If not too much has been intro-

duced, one only sees those spaces coloured where the empty bubbles

occurred ; the network between them is colourless, since by the

formation of ice the colouring substance is excluded. Sometimes a

space in which a bubble occurs is seen to shrink near the wire, so

that the freezing process can be directly observed. To be sure the

introduction of the colouring matter will interfere with the freezing

of the melting-water, but very little of the colouring substance is

already sufficient for the experiment.

If there are empty spaces above the wire, then — contrary to

the former supposition — a flow of water in the piece of ice must

be expected from the sides inwardly. In fact I could state this

inward flow in a few cases by observing the small solid particles

that had entered with the colouring substance. (Experiments with

fine chalk particles gave no result). Where a narrow channel existed

in the network of ice, the particles were forced through with great

velocity and in an inward direction.

. The path of the wire consequently consists for a great part of

liquid with a network of ice. The liquid is enclosed in this network,

for a little cotton-blue, put on the piece of ice where the wire had

sunk in, does not penetrate, whereas otherwise this colouring sub-

stance enters through the finest channels. If a piece of ice is taken

which is not perfectly clear and if then a little of the colouring

substance is put on it, the whole piece is in a short time coloured

blue all through.

The heat necessary for the melting under the wire is consequently

only partly furnished by the solidification above it. The question arises

whence the rest of the heat is derived. We may not assume that

it is by conduction through the ice. It is not impossible that radiation

plays a part here. The following experiment supports this view. If

a strong solution of cotton-blue is made to freeze not too slowly in

a freezing mixture, the ice which is formed is not clear and has a

red-violet tint ^), the colour of the colouring substance when dry.

1) When the freezing is slow the ice is in this case also perfectly clear and
colourless.

60
Proceedings Royal Acad. Amsterdam Vol. XI.



( 890 )

Hence tlic colonring particles are occluded in the ice in a dry con-

dition. Now if this lump of ice is taken from the freezing bath in

which it certainly had a temperature of several degrees below zero

and is placed in a heated room, it is coloured blue in a few minutes.

Hence the colouring particles have caused the ice round them to

melt and have dissolved. This change occurs so rapidly that we
cannot think of heat conduction. If now a metal wire is present at

the interior, this wire will also receive heat through radiation. (At

the same time it then becomes clear why a siher wire, as was
found in the former experiments, sinks less quickly through the ice

than a steel one ^}. 1 must add that in my experiments an incan-

descent gas-burner was placed at a short distance from the piece of

ice for illumination.

Quincke sees in the spots with different refraction above the wire

solid masses of foam and oily salt-solution. My experiments show

that if it be allowed to speak of salt-solution, it certainly is not

solid. But these experiments do not support the view that we have

salt-solution here, for then a difference in the rate of descent would

certainly have been found between the ice from the salt-solution

and the ice from carefidly distilled water. The difference in refraction

between water and ice is great enough to render the separating

surface between them visible. Of course this does not affect the

whole of Qlinckk's theory which is founded on an extensive experi-

mental material of wliich the phenomenon dealt with in this paper

is only a subordinate part.

Physics. — *'Contnhution to the theory of hinarij midures", XV.

By Prof. J. I>. VAN \m\{ W.aals.

Splitting ir of the spinodal line.

In the two preceding contributions I have given a description of

some shapes of plaitpoini lines for not perfectly miscible liquids. 1

had suHpcndcd the investigation how those sha|)es depend on possible

values of f, ixni\ h, in order to describe more fully the shapes

of plaitpoint lines obtained by the aid of the theory. And in this

doN'ripiion I iuivc for a nioi!ient, especially in the castr of lig. 41,

nu loiif^or anxiously questioned whether this phiilpoiut line can actually

occMii nil ilif» MuppositioTi of positive ^, and i,. So I shall have to

revert to this question later on. Hut as another very iin[)ortant case

Th«M Proceedings 1907, p. 728.
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of not perfect miscibility can occur, and is at least partially known,

I shall, before returning to the interrupted subject, first describe this

form, and subject it to a closer investigation.

The case that the spinodal line splits up into two parts, is fre-

quently met with for binary mixtures. In this case two homogeneous

plaitpoints arise, according to Korteweg's terminology. And the first

example of such a splitting up we met long ago also for perfectly

miscible liquids, if minimum Tk occurs. I may consider this case as

perfectly known. Then there is also minimum plaitpoint temperature

which does not lie much higher than the minimum value of Tk,

and occurs for a value of x and i' which diifers little from that for

which this minimum value of Tk occurs. At the moment at which

these two plaitpoints originate, we may consider them as a pair,

but further there is no reason whatever to consider them as conjugate.

dp d*v
Then —- for the plaitpoint line is equal to oo, because =

;

dT d,v*p

dT dp dp dT
further — = 0. But --= -—— is equal to X o^* ^"^^ phas neither

dx dx dl dx

minimum nor maximum value. I shall leave undiscussed the case

tiiat T would have maximum value, in which case the plait would

contract to a single point, as this case is unknown for normal

substances. As the differential equation of the spinodal line, as I

showed in Contribution II, may be written in the form:

^ _ (dv\ \dx^J

Jspin \dX/p=,

WJf
'spin v*'*'//^=9

\dx^yp

/dv\ fd^^\ Cd*v\
and in the double point I

—
^ I is undetermined, both I

—-
j
and! —

^ J
\dx/gfjin \dx Jp \ax J

q

will have to be equal to 0. The condition for a double point of the

spinodal line is therefore, that in such a point both the ^-lines and

the (/-lines present points of inflection. And so, if we wish to know
the cases in which splitting up of the spinodal line can take place,

we must know the course of the points of inflection of the ^- and g'-lines,

(d''v\ {^^\
ascertain where the loci represented by I — 1 = and (

— =0
\dx''Jp \dxyq

intersect, and solve the question whether also the spinodal line can pass

/'d^v\ /'d^v\
through such a point of intersection. Both — =0, and (

—
1 = 0,

\dxyp \dxyg

has, expressed in r, r, and T, such an intricate form that it seems

60*
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hardly possible to me to derive the course of these curves from

them; but if our purpose is only to form an idea of the points in

which these curves intersect, fig. 1 of these Contributions in which

the general course of the p-lines is represented, and the following

figures, in which the general course of the g'-lines is represented,

yield sufficient data for this. Most of the properties which I have

to discuss, have already been discussed somewhere in these Contri-

butions, and for my purpose it is now only required to collect these

scattered observations and perhaps define them a- little closer here

and there.

With regard to the curve I —^ I
= ^ i* is known that the point in

\(IX /

p

fdp\ fdp\
which — =0 intersects the line ( — =0, viz. the point of inter-

\d.vJo \dvjjc

section with the smallest value of /;, is a double point for this curve.

From this point starts a branch to the left and one to the right,

which remains inside — =0, but which also passes through the
Kdvjjc

fdp\
double point of —

1
= '^ ^^^ temperature is equal to the minimum

\dvjx

value of 2\, and also continues to pass on regularly if T is higher

fdp\
and

I
- =0 has broken up into two separate branches : in this

\dvjx

case it passes through the critical points of (
—

) = 0. At not too
\dvjx

/d*v\
small a distance from the double point of |

— =r the branch
\da!'J,,

which we discuss here, passes about through the critical points of

the mixtures taken as homogeneous. But from this same point of

/dp\ ,
/dp\

intersection of (
—

) = and — 1 := two more branches proceed
\dayv \dvjx

to Iho side of the small volumes. These branches lie on the right

and on the left of the curve
(
—

1 = 0, and this curve will finally

cause them to move to the righthand side.

The righthand branch always passes through the itoiiil in which

I

—
J

has minimum volume. A line p = c turns its concave side to

the j;«axi8 t)etwer'n the points in which it intersects these two branches

/d*v\
of f

, J
) = 0. lini if for sullicionlly high value of /> these two points
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coincide, in which case the part of I
—-

1= which runs from the

double point towards smaller values of v, forms a closed curve —
this coinciding depends on the shape of the line v = b. If the latter

is a straight line, as we have assumed in our calculations for the

sake of simplicity, coincidence is either excluded or at least very

d'b
doubtful. But if, what is really more probable,— should be positive,

d.t*

the whole />-line over its full width turns its convex side to the

j-axis for p=z(x>, and it no longer intersects the line — 1^0.
ydx-Jf,

We then conclude that the part of — z= which runs from the

double point to smaller volumes, is closed, and that the whole curve

/d'v\
I , ;j=0 forms one continuous curve, with a double point in the

above mentioned point. With rise of the temperature this curve

undergoes a change of shape, which it is not necessary for our

present purpose to examine in details.

/'d^v\
Let us in the same way describe the course of (

— =0 in its

general features. Also for the course of this curve the presence of

I
-

1 = is of the highest importance. If this line is present, and

mtei-sects (
-- -

J
= 0, which then takes place in two points, the

lefthand point of intersection is again double point for (
—

) = 0.
\dw'y,,

From this double point two branches start, which remain in the

/'dp\
region m which — is negative. So the lefthand branch, which

\divyt,

runs to the high values of r, continues on the righthand side of

dp
, ,
= 0, and moves further apart from this line, and the righthand

day,.

branch passes through that point of [ —^ j
—0, in which this latter

curve has maximum volume, and continues to follow the line

/"dp^

(
— =: in its course at a certain variable distance. The two other

\dxy„

branches, which start from the double point of (
—

J
r^ 0, again

\dw^J
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form a closed carve, which lies on the left of (
—

)
=0 and which

\d.vjv

must pass through the point in which I
-—

I r= has its minimum

fd-tb\ f'^P\
volume. In fie. 25, in which = lies on the left of -- =

\dx'' Jv \dxj^

fd'v\
the case has been drawn, in which (

—= no longer torms a

loop-line. The closed curve, the loop, has then got detached from

the other part. This latter part, which, however, has not been

i-epresented in fig. 25, then forms a continuous curve in the region

/dp\ fdp\
in which (

— <C ^' alwavs following the line [^ == at a certain
\dxj„

•

\dxjc

variable distance. The loop then passes through the maximum volume

fd-}\}\
and the minimum volume of (

—
I = ^j, and probably closes on

\dx^ Jv

the lefthand side of this curve. In fig. 44 I have drawn the course

fd''v\ ^
^
rd^v\

of the two curves — := and — = for the case that

\dxj„

dx^Jp \dx^/q

/dp\ d'xp
intersects both —

]
= ^ ^"d — ::= 0, wliile in fig. 25

ydvJx dx^

fd''v\
the double point of I

— = has disappeared, and so a closed
ydx'^Jq

portion of this curve has detached itself from the other pari, and

lies entirely on the lefthand side of I
—

-
]
= 0.

If we now ask where — ]
= ^^ and — == intersect, we see

dx^Jf, \d.v-y
q

that this can only take place more or less in tiie neigh bourliood of

/dv\
(-- |=:0, on the loft of the point in which this cui-vo has mini-
\dxJo

mum volume. And tiiis being also the jdacc where niininiitm value

of Tk occurs, we may expect the sj)litting up of the spinoclal line

for mixtures which have minimum value of Tk.

A first possibility of intersection of the two ctirves we have below

b Id flg. 25, however, this particularity has been overlooked, and
( ^ J

—Of

has bten drawn erroneously on the right of (—-)=: 0.
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the upper branch of (
—

)
=r on the righthand side of [

—
)
= 0.

\dvjx \dxJo

And this occurs in the case whicli has long been kuowji of minimum
plaitpoint temperature for perfectly miscible substances. Thai also the

spinodal line can pass through this point of intersection, and so the

/>-lines and the «/-lines can touch each other, we see when we cojisider

that in that point the </-lines run almost vertically, and that the

fdp\
/^-lines in the neighbourhood of I

—
)
=0 also run almost vertically.

But also tpr not perfei'tly miscible substances this case occurs, viz.

in the case of the preceding contribution represented by Hg. 43. By

assuming a great value of ti in connection with fj and f, below

certain limits, we had non-perfect miscibility, while further minimum
value of Tk was assumed. I have already pointed out, that the figure

gixen there might undergo some modification according as the com-

ponent with the smallest value of Tk was also that with the smallest

size of the molecules or the reverse. The given figure remains

unmodified if the substance with the smallest value of Tk is that

which possesses the largest molecule, and might, therefore, serve for

mixtures of ether and water. As with increase of the size of the

molecules the value of Tk decreases, we must choose from fig. 1 a

region lying to the left and as we still assume minimum Tk, we
have to put it at a value of .r which is only little smaller than 1.

AfiA fd'-v\
Then the discussed point of intersection of

| |
= Oand| — 1=

\dx^),, \dx^J,
gets very near to the component with the smallest value of Tk- I-'Ct

us take ether for this. The splitting up then takes place in such a

way, that, as is drawn in fig. 43, the small portion that has got

detached contracts into the axis {x = 1) with increase of T So the

double point now too almost coincides with the a; at which Tk is

minimum and lies near the value of I'k for that mixture. Accordingly

it would have been better if I had omitted the words (Contribution

XIV p. 829) "but for other value of 7' and j:". It is noteworthy

/dp\
that in this case, in which the line — 1=0 has been quite forced

\d'Vjy

back to the neighbourhood of .t' = l, the closed detached portion of

/d'tA /dp\
the line — =0 lies far apart from - =0; it lies viz. at

ydx^Jtf \divja

d'xp
small value of j', because the curve — =: must be found in the

d.v*

Jefthand half. So a point of intersection of — =Oand (
-— 1 = 0,
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on the left of (
—

) =0 and whicli has been drawn in fig. 44, is

\dxj„

not to be expected here. A third point o

also drawn in fig. 44, on the right of

not to be expected here. A third point of intersection of these Unes,

dx
= and for smaller

volume than

/^'i>,

/^j^^

\dvjx

Fig. 44.

is of no iniporlance for the splitting up of

the spinoila! curve — because no points of tliis line can be present

there. Tliere the /j- and ^-hnes can, namely, not touch. The y;-lines

run there almost parallel to the .t-axis, and the y-lines, on the other

hand, almost parallel to the r-axis. It, follows from all this that if

Tk lias a minimum value, the splitting up of the sjiiuodal line will

take place into what we might call, a righthand branch and a lefthand

branch — at hnist in the case in which the component with the

greatest value of h ])ossesses the smallest value of 7/^. Hut this will

also be so in the opposite case. Then, however, we must lirst make

the observation that lig. 43 must be modiiied, or rather that we have

then almost entirely the case of llg. 40 back. Then we have to choose

a region from the general fig. J, which begins just before the point,

in which Tk has minimum value and further greatly extends to the

right. Of course wo have also to choose the values n, i^ and a, in
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such a way that not only minimum Tk , but also the intersection of

(Py\> ^ fdp\—— = and (
— =0 takes place, and so incomplete mixture is

dx' \dv)x
^ ^

found. If for such a case we draw a p,x-Q\\i'\'e, for given 7', we are

already past the maximum pressure at a? ==:: 0, and the pressure ah-eady

decreases at x= 0. On a cursory examination we might think that

7\ continually increases. So the /?,j?-curve has the same shape and

the same properties as for the case of fig. 40. But a difference appears

in the neigbourhood of the minimum plaitpoint temperature; then

the figures 41" etc. must be modified. Thus e.g. fig. 41/ is the shape

of the lighthand part at the moment of this temperature, but then

there still exists a small closed branch starting from x= 0, and only

at 7'/[-j , which is higher than (T^i) minimum, this branch has entirely

retracted into the axis. Then the 7',^-projection of the plaitpoint line

has, indeed, the descending portion AQ, , which belongs to the little

branch which retracts hito the axis .i'=:0, but the three-phase-pressure

has been modified in so far that the vapour branch, just as in fig. 40,

possesses the suiallest value of x, and that, therefore, the pohit of

intersection of vapour and liquid branch does not occur at lower

temperature. As for x= we approacii nearer to the x of the

minimum plaitpoint temperature, the line AQ^ is smaller and the

value t»f ./', at which the splitting up of the spinodal line takes place,

is smaller. Not until the initial value of x lies beyond the point with

minimum plaitpoint temperature, we get back fig. 41« etc. The obser-

vations made for the mixture CO, and urethane suggest the question

if for this mixture the initial value perhaps coincides with (7^/)
minimum.

In the discussed cases the spinodal line always splits up into a

right hand part and a lefthand part, and the splitting up takes place

rd''v\ /d^v\
m that point of intersection ot -— =Oand -— =0, which is

\dx'J^ V^V?
denoted by A in fig. 44. As mentioned above the intersection

of these curves in the point B never gives rise to splitting up

of the spinodal curve, because the latter cannot pass through in B.

But the intersection in the point C can give rise to this, but then

into what we may call an upper and a lower part. After the

splitting up the lower part surrounds the space inside which —- is

dv*

d'^
negative, and the upper part the space, inside which — is negatived

dx'

/^dp\
But as a spinodal line can never mtersect the curve (

—
1 = 0,



( 898 )

unless in a point in which either = 0, or = 0, it is required

d'lp
for the possibility of the splitting up that the curve — = lies

dn*

/dp\
entirely on the same side of -- =: as the point C, which liad

already been taken into account in fig. 25. It is true if the position

d'tp
of — = should be as drawn in tig. 44, a verj complicated course

da*

for the spinodal line might be imagined, in which this line passes

/dp\ ^ d^^
twice through —-1 = 0, every time touching = 0, but besides

\dxjy "
dm"

with other ditliculties, we meet then with the following objection.

Cdv\
In this case there must be a point in which -r-

I
= oo on the right

d*^ /d^v\
of —- = for the spinodal line, which would require ( —^ j

= 0.

And such a point cannot be pointed out there. At all events we
shall assume, if it were only for simplicity's sake, that the position

of —7 = is as indicated by the small figure J* in fig. 45 ^). In
d,T'

tliis figure C represents the double point. At liigher temperature the

two parts of the spinodal line are (juite separated, and they behave

independently of each other. On increase of 7' the spinodal line which

(a=»belongs to I , )
= moves to greater volumes, and the spinodal

e
'

'

'^ To the solution of the question whether, if llie spinodal line belonging to the

equilibrium liquid-vapour, is found at a certain value of x, there can occur again

a point of a spinodal line for smaller volume, the following equation may

contribute

dp ydx'j'^.T

Following the line x= constant, \ dp\ I must be =0. If dp is always

potilivtr, the quantity
(

)
must icvcrsc its sign between two sucli points.

ydir^J/.r

From tbif follows also that n dctaclitd closed longitudinal plait can only occur in

/d'c\
t region of flg. 1, where the circum-slance occurs llial for small volumes —

]

\d.v'J,,T

is nef«(Mre..
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Fig. 45.

line which nms in the neighbourhood of
d'^

0, contracts.

It' the i»oiiil ^' is to exist, in tlie llrst place the point A, the point

UtJc

df
(»r iiiii'iscciKtii (tl I

'

I

=3 and
I

1 ^rr must occur; and from this

follows that the value of .r, in which Tk is minimum, is not too

small. In the case that we supposed above, the value of x for Tk

minimum was so small, that the point A did not exist for it, or

would have to be sup|)Osed to occur for negative values of ,v. In

other words: this splitting up of tiie spinodal line is only possible

if the value of x, for which Ti: is minimum, is not very small.

Moreover, the condition is, of course, that — = shall disappear

outside the region in which — is positive. But this splitting up of

the spinodal line again recpiiring that Tk has minimum value, we
may put as a general rule that o\\\\ if Tk shows minimum value,

splitting up of the spinodal line can occur.

But not only the point A must be present, if the discussed splitting

up of the spinodal line is to take place, but of course also the point

C itself; and the existence of the entire detached closed portion of-

the spinodal curve even demands that the point C shall occur for

not too small a value of x — though the limiting value is not to
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be indicated, and though it will diverge greatly for the different cases.

At the temperature of the splitting up the point C lies on the

binodal line of the equilibrium liquid-vapour. This point is then at

the same time the plaitpoint of the detached plait, wiiicii we may

call longitudinal plait, and which also possesses a binodal curve for

the equilibrium of two liquids. It —; > 0, in accordance with which
dx

I have drawn the line v ^=.h curvilinear, this longitudinal plait is

closed. Then the spinodal line of this longitudinal plait, which has

also been drawn in fig. 45, has a point with minimum volume,

fd^v\
where it passes through (

—
)
= 0. There are also points where

\dx^Jq
{dv\

,
('d-v\ {dv\

I
--

I
= X , i.e. where it cuts (

—— ^ 0. The sign of — I is

determined by the given differential equation, and quite corresponds

dv fd^v\ /d'v\
with the values of --

' vr I
= and j

-—
- = in fig. 45. The

fdv\
value of

I
-T- I is always positive, because this spinodal curve lies in

\dx)v
the region where (

—
) > 0. And the signs of tiie two other quantities

are negative inside and positive outside tiie limits for which they

are 0. For this longitudinal plait there is indeed equilibrium between

two liquids, but not with a third phase. So it lies altogether outside

the region of three-phase-pressure.

If we trace the ij,x-\mQ for the equilibrium liquid-vapour, both

dp drp
-— and -- is equal to for the point C. At somewhat lower tern-
da djc*

perature, viz., longitudinal plait and transverse plait overlap slightly^

as they both extend with decrease of temperature. Then there is,

indeed, three-phase-pressure; then there is coexistence of 2 liquids

and vai)Our. The nietastable and unstable branch, which exists for

this eipiilibrium between the two coexisting liquids, has a minimum

and a maximum. In the |)oint (' not only the two points of equal

pressure coincide tuit also the minimum and the maximum pressure.

Ill the v^a'-projection of the binodal curve for the eiiuilibriiiin liquid-

vapour we have in the point 6':

aiid

(dv\ _ /dv\

ydwjiiu \dx),,

\da*Jl,in \dx^Jp
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Though these equations liardlj require a proof, I may point out

that they can also be directly derived from

:

ydxjlin \dvjx \dxjbin \d.vjv

and

\d.cyii„ \dvjx\d.xy(,in [_dv\d.Tjbi„ dx dv \d.vJ bin dx*
\

As

\dvjx \dxjp \dxj„

and

\dvjx\dx'jp [jlv^\dxJij d.fdv\dxjp dx*j

\dxjbi,~ ' \dvJj:\_\dxJ bin \dxjp \

~
/dv\ ^ ^dv\

^^^
^d^p\ ^ /dp\ r/dy\ _ Az^A

-

\dxjbin \dxjp \dxyi,in \dvjx Wdx^Jiin \dxypj

/d'p\ /'d'-v\ /'d''v\

If I
"^ =: 0, then , . = ---

, and as the latter quantity
ydx'Jb,» \dx'Jbiu \dx'/p ^ ^

is zero in the point C, also — = 0.

\dx*ybin

In the point for the equilibrium liquid-vapour, in which the two

/dp\
. _, ^ ^ ^ /d'p\

phascci have equal concentration, I
—

)
is indeed = 0, but

|
— I is

\d.V/bin \dx^Jbin

fdv\ fdo\
noA^ativo. For this point - = - ; but taknig into account that

\dxjbin \dxjp

fd^v\ fd\\
is negative, we lind for this point (

~ 1^1 ~ I
•

' •'P /bin \dx J

p

dv)
^ "^

\dA

But at the same time we may now also draw attention to the

following important property. The point in which for liquid and

{dp\
vapour the concentration is the same, so where I —

)
=r 0, or n

\dxjbin

maximum, lies at smaller value of x than that of the point C. This

property holds certainly if we may assume it to be of general

validity that if a />-line touches a binodal curve of a plait, the curva-

ture of this />-line is always such (hat the plait lies on its concave

side. For a plaitpoint this is certainly the case. But the question

is whether we may also accept it as valid for that point of a binodal

line in which the value of p is maximum. Then I —
J

and a fortiori
\(tX J

p
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I
—

J
is positive on the side of the small volumes. On the side of the

ydx'Jbin

great volumes — is also positive, and so turned from the plait,

but
I

—-

I
is negative there. For the proof it woidd be necessary to

examine how a cone differing little from a plane, resting with its

apex in an horizontal plane, and the generatrices of which ascend

towaixis (he side of the small volumes, envelops two convex-convex

parts of a surface. The points of contact give the value off — j.
\dxybin

If we examine besides how a cylindre the generatrices of which run

parallel to the generatrix of the cone, as it is in the plane parallel

to the t'-axis, envelops the two parts of the convex-convex surface,

we find the value of — . I draw attention to the fact that for

the mixture water and phenol Schreinemakers has experimentally

shown that at the temperature at which the point C exists, the

relative situation of tlie two points is, as is given here as a rule of

general application. On the liquid side (
—

) is so large negative that
\dvjx

unless
I

—-
I

is also very great negative, the difference between

/drv\
,
/d'v\

I

--
I
and 7— is scarcely appreciable. And the first of these

\dx Jbiu \dx^J,,

quantities being positive, this is also to be expected for (he second.

But yet thermodynamically or purely mathematically this property

is not to be generally proved. It follows, however, if the equation

of state is applied. If we namely draw the locus of (he points of

intersection of (he two curves ( |
= and (--)=:0, we find

\dvj^ \dxj„

1 dh

r=2-— , a!('l for llic lonis of (he immmIs mi the iMiKKlalliiic, \n hcic
o I da

a dx

I dl>

p 18 maxitntiro, we find for very low temperatures - = —-.
1 da

(I (l.r

In fig. 46 /'I lopresenta the first-mentioned locus and /M'
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llie Itist-iiieiitioiied. A.-, iri kjiuwji liom ilie properties of mixtures

with minimum 7a, ilie point P lies at a value of x for which

rjC^i

1/

Fig. 46

1 da -1 1 db
-r = }r , -r- It is true that I have shown t)eforo that if we also

a do) So dx

2
take the variahililv of h with v into account, the factor — must be

3

increased. But foi* our invcs(ijj;ation for wiiich we do not lay claim

to quantitative accuracy, this is not essential. Let us now also draw
the locus of the points where the binodal line is intersected by

fd\\
( ,~

J
= 0. At very low temperatures, when r is almost equal ioh.

the loop of
d'v\ _
dx')~

is either contracted to a single point or has

disappeared altogether, as will be the case if ^ is a quadratic function.

Hut if if originates, it takes place in the neighbourhood of a point

of PA. Therefore I have made the dotted line which is the locus

L
/'^'«^

ot the points in which -—; = intersects the binodal line, start
\dx-J^

ill a point of J\i. As may be supposed as known, it also passes

through P. That this locus before arriving at P, would also intersect
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PA', is not to be expected. If this intersection took place, the

demonstrated property only holds at lower temperatures.

In fig. 47 I have represented the J'jr-projection of the plaitpoint

XO OC-J

Fig. 47.

line. The point C again indicatevS tiic double point of tlie spinodal

line and so also of the binodal line. So at the leinporadno of (' a

COnple of homogeneous plaitpoinls arise. So al higher (ciiiporaliirc

there arc two, (ho loflhand itoint of which belonj!:s to Iho (IclacJMMi

clOMd longitudinal plait, and th(; rip;hlhand point of which remains

hidden under the equilibrium licpiid vap(Mir, and vanish(>s only at

the temperatilro of thf poini /) in consequence of i(s coinciding

with the hidden plail point. At lenq)eraluros below 7',, when the

longitudinal plait intersects the trafisvorso plait, Ihcrc is of course

a plaitpoint which does not vanish ut the suuie time as Ihu point
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C is formed. So here again we meet with a circumstance to which

I had directed the attention already before, also in the previous

Contribution.

The part CDF yields the whole series of hidden plaitpoints. Here

too we have again assumed that not T:=0 for the point F; but

also in the description of this [)laitpoint line I have not anxiously

questioned whether it can occur for positive f, and f.^. The. line CE
contains the j)laitpoints of the longitudinal plait which lies closest

(Ph
to the ccjuilibrium liquid-vapour. As we have assumed — ]> 0, the

point A' will lie at the highest temperature at which the longitudinal

plait still exists, and at a value of r larger than b. The line EK
contains the plait|)0inls of the longitudinal plait on the side which

is turned towards /• = b, and at temperatures above Tc and KF
these same plaitpoints below Tc. The sup])osition that the longitudinal

plait should not be closed on the side of the small volumes, would

therefore, cause the whole line EKF to disapi>ear.

The three-phase-pressure lies between Tc and Tjj; the coexisting

licpiids form a closed curve, and the vapour branch always lies on

the left of this curve. This has been drawn thus in iiccordance with

the supposition that also at the lowest temperatures the maximum
pressure on the />,.i'-line will occur, and will not have got hidden

under the three-|)ha.se-equilibrium. Though I incline to this view,

and then the objection which I mentioned in the preceding contri-

bution to the assumption of three-phase-pressure for mixtures with

minimum 7a would have l)een removed, this particularity requires

contirmation. The vapour branch has been drawn in such a way
that with incretise of temperature the value of x becomes larger and

approaches the value for which Tk is minimum. The first component

has namely the smallest value of b.

Besides in tig. 47 the coui*se of Tk=^ j\v) and Pj,i= F{a;) has also

been represented. The points of intersection of this curve with CEK
must not be considered as rctil points of intersection because the

value of /> will dilfer.

Anil now in conclusion this remark. Just as tig. 39 passes into

tig. 40 if we make Pai increase till this point gets in the neigh-

bourhood of Ti:=:/{x) — tig. 47 will pass into tig. 43 if we make
the point C rise, till Tk^f{x) is reached or approached. Whether

this is only a mathematical particularity, however, will have to be

settled chiefly by experimental data.

01

Proceedings Royal Acad. Amsterdam. Vol. XI.
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Physics. — "0;i the course of the Uobai's in binary si/stems" III.

By Prof. Dr. Ph. Kohnstamsi. (Communicated bv Prof. J. D.

VAN DER Waals.)

18. We showed in § 3 of the lirst communication (These Proc.

of Jan. 1909, p. 599) that the equation b = has always two real

roots; whether the equation ^ = will have real roots or not will

depend on this whether a'\^ is greater or smaller than ^1^/. We
shall get all possible cases for the isobars when we give the line

which represents d as function of .r (and which we shall briefly

call the re-line) all possible positions with respect to the 6-line. Let

us first investigate the supposition (f^^<^a,a.,. We first consider the

case that the minimum of the a-Vme lies on the right side of b^.

(We call the two points where b = 0, from llie right to the left h^

and ^2, and shall afterwards apply the same notation also for a).

Then we have the position of the two lines represented by fig. 18^).

That in this case there is always a minimum critical temperature,

dl\.
follows from ihe considerations ot vS 11. For these teach that

d.v

iiiubi always be positive for .z; r= -j- x, as soon as the minimum of

the a-Vme lies on the righthand of that of the />-line. We need not

dwell on the conrse of the isobars in this case; it is the usual case,

further illustrated for low temi)eratures by the figs. 16 and 17.

If the //-line moves lo the left, so that the minimum gels on the

left of b^ but still continues to be on the right of the mininuim of

the h-Une, we shall only notice a difference in (he shape of the

isobars at lower temperatnres. There vve shall namely get the course

of the figs. 12 and 10 instead of that of fig. 16 or 17 according as

the maximum and the minimum of the critical pressure drawn in

fig 18 is present or not. At higher temperature — viz. that tem-

dh da
iKjmture for which MHT , — • - for the |)oint b, the modilica-
' dx da

dp
tion in tlie coni'se of the line -— = sets in, in conseiiuence of

dx

which these figures pass into those of ilic lirst case. 'I'his Iriiusilion

may tal<c place botli above the minimum critical lempcralnrc of lii(>

Mysteiii and not above it, hence figures as ligs. \\\ and 14 will be

po'i'.iM" bill it i*^ jii-l as well p<»ssib|(' IIimI Mlroidy bcjorc llic line

U (^i. |J^l'<-il||||^ (.(luituiiiiKtation. In tlii' iliaKCiin Uic iiiiniiniiiii of a lies niuro

lo llw jrfl llinn wi* inlfiitjfil ; Ihjy is, Idwrvcr, nol «if inlliiv'Ki' (in llic coinso of

liio utb«r lincf.
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dp dp
-" = splits up, the line — = assumes the shape as drawn in
dv dx

fig. 16. This will depend on how far the a-line has been displaced

da
to the left, and the degree in which — increases with .v.

da?

If at last the ^i!-line has moved so far to the left, that the minimum
has got on the left of that of h, no minimum critical temperature

will occur in the system under consideration, however far we may
think the diagram of isobars extended, provided not for negative /;.

We need Jiot give a separate drawing as an illustraiion for this

course, for it is clear that tins figure is obtained when fig. J 8 is

turned 180' round a line x = (J as axis. So in the region to be

considered no stationary values will occur in the critical pressure.
')

So we shall have the course of fig. 10 for the isobars at low tempera-

27 ttj -(-a,— 2tt,,

tures. At a temperature ot - -— -— a point of intersection of
32 6, -f 6.,— 26^,

dp dp dp
---=Oand ; :=0 appears, as according to ^ 10 -^0 enters the
da dv dx

stable region at this temperature. So we get the course of fig. 19.

At the temperature
a, -|- flj— 2a,

J
dp

the curve — =: closes on the
U^ _|_ b,-2b,, dv

Fig. 19.

') It will not require any further explanation that we need only examine the

portion on the right of the negative I/s as we have fixed by definition tlial b w\\\

increase with x.

61*
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righthand side and we get the leftliand part of fig. 13 and then

fig. J 4 or one of the corresponding figures derived from the original

figure of isobars of van der Waals according as we are below or

dh da
above the temperature for which MRi — ^=— for the point b^.

19. Let us now examine the different possibilities ensuing from

the supposition r?i," ^ a^a^. Here we shall have to distinguish a greater

number of cases because we have now not only to reckon with the

situation of the minimum of the a-line, but also with the two points

where a = 0. When we think a%.^ onl}' little larger than a^a., these

points will lie close together, at least closer together than h^ and /;,.

As fii*st case we assume that c/, lies on the right of h^. Fig. 20,

Fig. 20.

which does not call for any further elucidation, shows that in the

r^on of positive <i and h no stationary pcMiil of 7V- and a maximum
of pk occui*». yy. = foi- <i^. So at very low temperature Iho lino

dp = will already be closed on (he left side, while ;i poiiil of
dv

iljt lip

intersectioii of =0 and - = will be IoiiimI near llic .r. where
dai do

pk iHM'omeH iria.xiinum. This is in acrcordance wiih whai we showed

du
ill i U), that viz. for low tomperaturo -0 lies in iIk- nnslable region

dw

lit very gix'ul ./•' So wo gel fig. 21 for ihc conrse of ihc isobars, i.e.



( 909 )

tlio right Imir of flie (liagiaiii of isolmis of van dkr Waals, when

we think it drawn above the minimuui critical temperature and

below the temperature

Fig. 21.

27 a, -f a,-2a„

32^-1-6,-26,,
(ef. §17). At the latter tem-

dp dp
perature the point of intei-section of — =0 and — :=0 has vanished,

dx dv

«i + a.— 2a„
and so also the closed isobars round it; at the temperature

dp
the line — = itself has left the region under consideration moving

dv

continually tt) the right.

2"'^ Case. If the rt-line is shifted to the left, we get fig. 22,

from which the course of 7\ and />^ follows naturally. This case is

distinguished from the precedijjg one only in this, that we get tig. 23

instead of fig. 21 at low temperature. This tigure presents a close

resemblance to the right half of fig. 13 ; we have reproduced it

separately here to draw attention to the fact that now none of the

isobars of high pressure, as is the case in fig. 13, reaches the point

V = 0, .f == .r„. All the isobars of fig. 23 reach the line x = x^ for a

positive value of r. This is in accordance with a remark which we
already made in § 8. For iji the case now under discussion the a

is negative for .c = .i\ and this involves that —^ ) <^ ,— for the
\dx'Jp dx'

isobars passing through the point v = 0, .r = a?,. So these isobars
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Iho loft part of lit?. 13 and tig. 14. The detaching of -' = and
d,v

( 911 )

The ininimnin in llio critical teniperatnre \aiiishes again from llio

region which has physical signitication, r becoming negative for
cLv

X = -\- CO. We have now decrease of the critical temperature with

increase of the size of the molecules. It is again unnecessary to

give a separate diagram for Tic and pk , as the required figure is

obtained by revolving iig. 11 1H0° round an axis .r z;= 6'. At low-

dtp dp
temperature there is no intersection of — =0 and — = 0; we have

d.c dv

27 a^-\-a^— 2aj,
the course of fig. 10. At the temperature a point of^ ^

S2b, + b,~2h,, ^

intersection arises, so we get again fig. 19, which passes again into

the

dp— = now always takes place according to tig. 9 in contrast to the
dv

other case mentioned for which fig. 19 holds, in which case either

fig. 9 or fig. 8 can hold.

5'* and 6'* cases. If we think the a-line displaced still more

to the left, we get for the course of />/. and T/c the figures originating

by turning fig. 22 and fig. 20 180° roujid an axis x = C. For the

region of physical signification this coui-se is the same as that of

the 4'*' case, and this holds also for the isobars.

20. if we make ti^.. increase a little more without making this

quantity reach the value i('^ -h <^J ^^^^ points a^ and a., will move
further apart. If the distance between them has become greater than

that between h^ and f).^ , it is clear that the situation of the third

and the fourth case of the jireceding ^ is no longer possible. Instead

of fig. 22 we gel then fig. 24, which, however, presents the same

thing as fig. 22 in the region on the right of a^, and so leads to

the same results. A new feature, however, appears when we think

the (j-line still somewhat more displaced to the left, or in other

words if we think tig. 24 rotated over 180\ For the minimum of

. , <iTi:

a now Iving on the lett ot that ot h, becomes negative for
d.c

x=z -{- CO, and so a maximum of 7 ^ must appear, a circumstance,

which I think had up to now been always considered as insepa-

\rably bound to a negative value of ((^ •{- a., — 2«,,.

Of course the diagram of isobars will undergo a modification also

now ; it will constitute the transition to the figure holding for a
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R-^"'^-.
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unstalMlitv tire always fiirtlicr apiul lor llie real mixture than those

lor the mixture taken as homogeneous, except lor the ease u\^=::.i:,,

in which ease they coincide. So long, therefore, as not a single

mixture has been found with a maximum plaitpoint temperature, it

is unnecessary to examine the different cases for the course of the

isobars, with wliicli a maxinnim 71- might be accompanied.

In ^ 10 we have mentioned a number of points in which the

supposition that /> is a quadratic function of x is distinguished from

the supposition of a linear function. After the foregoing it will,

however, be easy to apply in the given figures for the course of

the isobars the comparatively slight moditications which would be

the consequence of this second supposition.

Physics. — ''On the p/ienomena of condemsation for mivtur'eji oj

carbonic acid and urethane, in connection witli double retrograde

condeumtiony By Prof. Ph. Kohnstamm and J. Chr. Rkkders.

(Communicated by Prof. J. D. van der Waals).

In these I'roceeclings of March 27"' JUOi), p. 8JH van hkr Waals
showed that under certain circumstances the phenomenoii of double

retrogrjuie condensation must oci'ur. We iiave set oui-selves the task

to test this result of the theory by the experiment. For this purpose

we chose carbonic acid and urethane as a first system. For according

to BfcHNKK ') a solution of 4°/„ *) urethane splits up into two layers

at 3()\5 *), and according to p. 29 loO. cit. the succession of the

phases is (jL^L, *). So the three-phase-pressure will certainly exist

1) Thesis for the doctorate, Amsterdam 1905, p. 1 13.

^) Percentage by weight according to an oral communication from Ur. Buchneh.

'^) This temperature depends, of course, on the degree of filling of the sealed tube

used, ami tiie pressine in the tube which depends on this ; it does not imply by

any means, that w mixture of 4 percentages by weight of urethane could not split

up below 3C>\.'». (lumpaie Uic table of three-phase-pressures at the end of this

communication.

•*) It is not quite clear un what ground BiicHNEK arrives at this conclusion ; it

does not follow from his experiments, as it seems to us. But it is undoubtedly

plausible to assume that the gas phase consists here of almost pure carbonic acid,

which will really appear to be the case. We may point out in passing that the

existence of a lower critical point of mixing to which BiiCHNER concludes on

p. 113, is proved neither by Buchner's experiments nor by ours. As this point

is not to bo reached directly (we too always found crystallisation of the urethane),

this would only be possible by an accurate investigation of the change of x^ and

X3 with the temperature.
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ul>ove the critical temperature of carhuiiic acid, and nlso I lie second

condition iiieiitioned by van der Waals, is fidlilled.

Our carbonic acid was pi-epared from commercial carbonic acid

bj a process of drying by means of PJ)^, of condensing by liquid

air, and of removing the volatile components (air) by blowing off at

low temperature. For the urethane we used conimei'cial urethane

;

the quantitj' of it being so small compared with that of the carbonic

acid, it seemed superfluous to purify it further.

As it is of the highest importance in these experiments, as will

appear, to regulate the concentration of the mixtm-e very accurately,

we must give a description of the way in which our Cailletet tubes

were filled. A quantity of urethane shaped into a rod by melted

urethane being sucked up in a capillary tube, was weighed off (once

we used about 15 mg., the other times about 5 mg.). The rod was

put in a Cailletet tube and spread over the wall by being melted

,

after a stirrer had been applied the tube was placed in a pressure

cylinder as usually ; then the mercury was pumped up in the tube so as

(ill it half, and then the cock which led to tiie pump, was closed

so that the mercury got a constant position. The Cailletet tube passed

into a narrow capillary at the upper end, to which a steel capillary

was fastened by means of sealing-wax, which led to a steel high pres-

sure co<'k of a model specially prepared with a view to (luantilative

conveyance of measured gas quantities for the Amsterdam Laboratory

by the firm Sc'Hapfkr and Hidknrerc;. The two requirements (aj)art

from the ordinary requirements which are in connection with perfect

closure) which such a cock must fulHl, are: 1. Absence of all

recesses or places where gjis might be left behind. 2. Absence of

all that might contaminate the passing gas. The model represented

ill fig. 1 meetx both requirements, as all packing material has been

avoided for the joints of the leading tid»es .1 and H. A steel cone

C, which is soldered') to the leading capillary tube is tightly pressed

Of^aiiiKl the conical wall of the cock by the nut I), and thus forms

a iMjrfectly tight closure of steel on steel. As the borings of the

crK*k arc made perpiMulicular to each other, in which care is taken that

when the liori'/,(Uilal boring is being ma<le, the borer does not pene-

trate into the wall of the vertical one, u cock is obtained, in

which the ^aK linds nowhere an opportunity of entering a recess

•) To prvvctil Ihc Kohltrr from bciiin ulliickcd by the ineiTUiy a rai.scd liiii is

|i?ft when the ilwi coiiuk G is piercod (scm- 11^.), again.sl which the capiUary is

tightly pr«Med. So the iioldor which w poiiriHl hclwoon the capillary and the cone

etnoot eome into contact with the mercury.
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from vvhicli i( cannot l)e removed l»v niciciirN . Of conrse tlie cock

miisl he used in ii vertical position, i. e. willi the pivot E turned

upwards and the cavity F turned downwards as indicated in the

Fig. 1.

figure. The cock t>eing tilled with mercury before use, the cavity

F is filled with mercury up to the horizontal tube, and the

passing gas is thus entirely shut off from the inexitable packing

material at (J. The handling of these cocks is greatly facilitated by

the construction of the pivot F. Instead of consisting in a single

cone, as it generally does, it consists in a broader cone, which

terminates at the top in a very steep, truncated cone, which is

almost as wide as the bore of the cock. In this way we achieve

that when turning the handle, the opening only very slowly increases,

which renders a very tine regulation possible. Particularly when
first mercury is to pass through the cock, and then gas which has

much less friction (this takes place in different manipulations see

below, p. 916) it is of grent importance that the width of the

opening can be very accurately regulated
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Hv means of siieli a cock (.1, tig. 2) and
p^a.r,.u.n,

(|,g
'

^.j.^y^ ^^^^^^,[^ i> ji,^3 Oaiiieiel tube is in

carbonic «cid coniiectioii witli tlic Calibrated space D,

which according as the mercury reservoir

E is raised or lowered, is closed by mer-

cury or is brouglit in connection with tlie

tube F, which leads with a T-joint to the

airpump and the carbonic acid reservoir.

We now start with exhausting the whole

space, then close B and introduce a quan-

tity of carbonic acid into D, which is

measured by the difference in pressure in

D and F, and the temperature of the

waterbath, in which D is found (omitted

in the figure). Now the Cailletet tube is

cooled by means of liquid air ^) and the

cock B opened, which causes all the carbonic acid to be distilled

over, and the whole conduit C, with the cock .4 and the steel and

glasy capillary to be filled with mercury in consequence of the dimi-

nished pressure. To prevent the mercury from filling the whole

Cailletet tube, the glass capillary ') has also been cooled with

liquid air, so that the mercury congeals in it, and does not fall.

Now A is closed and the carbonic acid thawed. To prevent the

mercury from no longer adhei-ing to the steel and the glass ciipiliary

and from falling in consequence, if is kept frozen in the glass capillary

till the carbonic acid is thawed, and a sulKicient pressure in the tube

is ensure<l. As it is very easy to enclose a desired (]uantity of car-

bonic acid by regulating the pressure in the measuring vessel I),

we can in this way easily obtain every recpiired concentration with

grciil a<*cnra<*y. Moreovei* this arrangement has the advantage that

wf can increase or decrease the ()uantity of carbonic acid without

being obliged to take the apparatus lo pieces. To admit more carbonic

acid we have only to open .1 yevy slowly so that the compresses!

ga« driveii the mercury before it almost to the cock B ; then .1 is

cIownI again. We then measure the reepiired (]uantity in /), Join the

two ipiantitics of carbonic acid, which are still se[)arated by the

mercury alKive B, to each other, and lead all the carbonie acid into

•) WUh a view In llu.'^c ii.'j)i'ali'(l yiciil iflVigcralioMb liuc (Jaillclel lube lias

been made 'if boroxiiicatu glaKS (Scliolt 59 III); bur.stinK of these tubes hardly

pter <K'<:iir».

') Nut beroii! ait the ciirhonitf acid has panHed, to prevent the capillary from

btlnf ftopped
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the Cailletet tube as above. If we wish to diminish the quantity of

carbonic acid, we leave A, after it has been carefully opened, open

till the vessel D has filled with carbonic acid under the desired

pressure. We then close the two cocks, exhaust D, and deliver the

carbonic acid above B again into the Cailletet tube.

The further method of observation does not call for a detailed

discussion. We shall only remark that the temperature was obtained

by an ordinary waterbath with toluol regulator, and the pressure

measured with a spring manometer of the model constructed by

ScHAFFER & BuDENBERG for accurate measurements for the Amsterdam

Laboratory. As we intend shortly to publish a separate communication

on the experiences with these instruments, it may suffice here to state

that they are excellently adapted to reach the required accuracy of

no more than 0.1 per cent, provided they are used in connection

with a pressure- balance which enables us to test them from lime to

time with very little trouble.

As a rii«t mixture we investigated a mixture of the concentration

j; 1=0.042. It appeared already at the outset that the system urethane-

carbonic acid fulllls the condition that at equal temperature the three-

phase-pressure lies below the pressure of saturation of carbonic acid.

For a tenqjcrature of 26M we find a three-phase-pressure of (55.15 Kg.

per CiM*. := ()2.95 alms., while Kej<-som gives t>4.4 atms. as pressure

of saturation for 25°.55. At 32''.05 we found 74.35 Kg. per cm'

= 71.85 atms. Kekso.m gives 72.93 for 30°.98 (critical point). The

purity of the prepared mixtni*e appeai-ed from the constancy of the

three-phase-|)ressure which from the beginning to the end of the

existence of the three pluises only increased about 0.25 Kg. per cm*.

Also for the other mixtures to be discussed presently this condition

was fu Hilled. Perhaps even a better warrant of the absence of

impurities (air) was furnished by the fact that the different values

for the three-phase-pressure obtained for different mixtures at the

same temperature, harmonized perfectly. Thus we found:

Kg. per cM.'

I 74.10 mixture III 74.20 IV 74.20^)

III 79.15 VI 79.10

I 80.80 III 80.85 VI 80.85

II 82.85 III 82.80

1 ) Gf. the table containing all the three-phase-pressures noted down by us. They

always give the mean value, i. e. the value for which none of the three pliases

has almost disappeared. In th^ text we have taken those values for a comparison

which could be reduced to the same temperature with the slightest inter-,

or extrapolation, ui which 0.15 increase per 0°.l is assumed. But also for nearly

at 3r.9
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But at the same time this mixture taught us that we had taken

the concentration still much too great. For with increase of the

pressure the topmost of the three phases always disappeared first, so

that two liquid layers remained. Instead of on the left side of the

point 1 of VAN DER Waals' fig. 41, (which we reproduce below) as

is required for the observation of the double retrograde condensation,

we were all the time on the right side of the point 2. This appeared

also to be the case, at least for higher temperature (I regret to say

that we have neglected to observe this condensation at tlie lowest

tempei-ature to be reached before the solid substance makes its

appearance) with the mixture II of concentration .^• =: 0.0245. With

this mixture we determined the point of maximum three-phase-pressure,

i. e. the point, at which in the presence of the third, dense phase

all the other valiicK a similar concordance is found by intorpolation, except lor

Ihe lhre«; pineal between parenlhe.ses in which llie stirring has apparently not

bctfti Miiflicifnl lo reach complete v(|uilibriiun, or for whit;li unotlier error of obser-

vation made ilaelf fell.
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the meniscus vanishes between the two other phases in tlie middle

of the tube under critical phenomena. So it is this temperature and

pressure which are indicated by fig. /. These appeared to be 37^.3

and 83.15 Kg. per cM*. The x of the point with horizontal tangent

is, therefore, smaller than 0.0245.

As mixture III taught us, however, this x is greater than 0.0100.

For this mixture of the concentration mentioned yielded the three-

phase-pressures mentioned in the table up to 37°.1, but at 37*.

2

three-i)ha8e-j)ressure was no more observed. The dense liquid (3),

(which distinguished itself so greatly from the other liquid by its

viscosity, colour, and refractivity that they could not possibly be

confounded) which formed already at very low pressure, increased

to a maxinnim, then decreased, and had entii-ely disappeared at

83. (M). Then the mixture remained homogeneous up to the highest

attainable pressures. So at 37°. 2 and x =z O.OKX) we are clearly in

the case <»f llg. e, on the left side of 1. At 37°.1, however, three-

phase-pressure appeared again, so the point 1 moves from left to

right between 37 .1 and 37°. 2 past the concentration .r = OX)l. At

37°. 2 no double retrograde condensiition can, of course, be observed,

because then the line for the eciuilibrium 1, 2 no longer hiclines to

the left, which is by Jio means astonishing, as it has alread}' entirely

disappeared (P.I higher. The point with horizontal tangent of fig. /
lies, therefore, evidently between ,i' = 0.0100 and j' = 0.0245, and

that probably much closer to the fii*st-mentioned than to the last-

mentioned value, as already at 37°.l with increase of the pressure

the uieniscus disappears in the top of the tube, i.e. the plaitpoint lies

already on the left side of .c = 0.0100.

As a fourth mixture (.t- = 0.(X)765) did not reveal anything new,

we immediately passed on to a fifth of ./•= 0.00540 and then to a

sixth of w = 0.00375. In both we could very clearly ascertain the

retrograde condensation of the dense liquid observed already for the third

mixture, but we did not succeed in linding double retrogade con-

densation. For in order not to get on the line of the three-phase-

pressure, the temperature had even to be raised above 36°.15 for

the mixture of .v =z 0.00375. Then, however, after the dense liquid

had disappeared everything remained homogeneous up to the highest

pressures. At 36°.10 the three-phase-pressure reappeared. The point

1 of figure li, where the tangent to the branch plait is vertical for

the three-phase-pressure is, therefore, still on the left of 0.00375.

We have lesolvod, at least for the |)resent, not to continue our

investigalioiis at still smaller .c. Not because the [)reparation of

such mixtures would gi\e rise to ditiiculties, in the way described
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we shall easily be able to reach the value 0.001 and smaller. But

the maximum quantity of the dense liquid, which was even diflficult

to observe for our last mixture, gets so small at still smaller aj that

it is lost to sight. Alread}' for quantities as they are found in our

mixture VI we were in danger of being misled about the appearance

of the homogeneous state by the exceedingly slight quantity of liquid

being s|)ead over the wall of the tube by the stirring, which is

necessary for the equilibrium. Only when after violent stirring we
waited a long time, we saw a trace of liquid slowly collect again

on the bottom of the tube. Perhaps - we may succeed by special

experimental contrivances (e.g. by increasing the quantity of sub-

stance without eidarging the wall of the tube in the same proportion

nor tlie diameter of the tube at the place where the liquid

collects) to surmount this dilhculty. For the present we prefer to

try and ascertain the double retrogade condensation in other systems

where it may not take i)lace with such a small j' as in the

investigated one. As such, systems of ethane and nitrous oxyde with

little volatile substances suggest themselves in the first place.

If the phenomena described up to now are in perfect concordance

with the theoretical anticipations — and not (he least in this that

double retrograde condensation is a |)heiu)nienon exceedingly ditHicnlt to

observe — in one respect the obtaJDcd experimental result was

diHerent from what we liad expected. On |). 825 loc. cit. van der

Waai-s says: "We might begin to try .uid show that after the

tcrminaticm of the lirst retrograde condensation of the etpiilibrium

3.1 another con<lensation makes its ap|)earance with further raised

pressin-e." This sentence and the precciiing one: "The fact that

il only undoubtedly exists for such small values of ./ which do

not only lie below ./•, but must moreover be smaller than the

vahic of ./' of the plaitpoint of the eipiilibiium 2.1 etc.", suppose

— a HUpiiosllion which naturally suggests itself — that it will

Ikj comparatively^ easy to realise the retrograde condensation of

ihe WM'oiid li<pii(l, but very didicidl to realise the (;ircumstances in

whicli ttflci' this the condensation of the lighter liipiid takes place in

a rctrognuic way. To our sur|)rise it apix^ared, how(^ver, thai for

the ('on<lcnKation 2.1 tiic retrograde phenomenon appears with a

(liHtinctucHH OH Ik only met with for very concentrated mixtures as a

rule. No! only did it appear that for the mixture .r = 0.00375 the

|Niint of conliu'l and the plaitpoint were still about I°.()5 apart (or

more; the |Mail|MMnl luy at 34*^.5, and il is Ihe (piestion whether wo
have really itMU'licMl the loniperalurc of llic point of coniad. this may
reninin in llic niutOHlablc region); but also liic increase of the liquid,
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wliich may be obtained in a veiy large quantit\% and its subse(|nent

decrease, were to be ascertained witli exceeding clearness. This may
l)e in connection with the fact timt in this case the p,.v-\oo\y is very

steep and very narrow, so that comparatively high above the plait-

point still a very great qnantity of liqnid is to be found. At any

rate these phenomena prove again, how enormous an influence

a small quantity of admixture may have on the behaviour of a

substance. A quantity of not (|uite 0.47o admixture first gives three-

j>liase-prcssure, then a very pronounced retrograde condensation, and

thus modifies the phenomena of condensation of the pure carbonic

acid altogether.

THREE-PHASE-PRESSURES OF THE SYSTEM URETHANE-CARBONIC ACID.

(The Roman figures denote with which of the above-mentioned

mixtures the determination was made).

T
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