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Physics. — "Note on the interpretation of .fpectro/ieliot/r.ijih results

and of iini'-.shifis, and on anontaloiis scattcriiu/ of litjht."

By Prof. W. II'. Ji'MUs.

(Communicated in the muotinK of April 29, 1010).

The puzzling character of solar probieius is well iilustriitcd liy ilic

fact, tliat llie images olitaiued witli the spectiolieiiograpii give rise to

widely diti'erent explanations, and that it seems ini|)Ossil)le as yet (o

answer in a satisfactory way even the fundamental cpiestion : what

is the principal cause of the very uneipial distrihutiou of diU'erent

kinds of light over the sun's disk ?

Hai.k and Km.kkman, in a paper "On the nature of liie iiydiogen

tloccnli and their structure at different levels in tiie solar atmos-

phere" ') reject the hypothesis advanced by Vf . J. S. Lockyer, thai

the dark liydrogen tloccnli indicate regions where there is a deficiency

of liydrogen. They also refute DeslandkI'.s' argument, according to

which those dark floeculi are not mainly due to a particular distri-

bution of tiie emissive or absorbing power of hydrogen, but to a

simple instrumental cause, an inherent defect of the spectroheliograph.

In their own opinion, the best way to account for the observed

phenomena is the hypothesis, that the dark hydrogen tloccnli are

produced by increased absorption (probably resulting from greater

depth and decreased temperature of the liydrogen gas in these regions

of the solar atmosphere), while the bright tloccnli represent regions

of increased radiation. Finally Halk and Ellejoian state, that the

results obtained in the iiigh dispersion work with the hydrogen lines

are also in accord with certain inferences which I deduced ^) from

the hypothesis first advanced in 1904 '), that the distribution of the

light in photographs, taken with the spectroheliograph, is mainly

caused by anomalous dispersion. They wish to defer a general dis-

cussion of the effects of anomalous refraction in the solar atmosphere

until many more observations Iia\e been made ; but a preliminary

survey of the results already obtained induces them to believe that

the principal phenomena of the ilark hydrogen tlocculi may be

explained more satisfactorily as absorption effects, and that the

evidence can hardly be considered favourable to my theory.

In the present note I wish not to combat the absorption iiypo-

1) Hale and Ellerman, Proc. Roy. Soc. 83, 177, January 1910.

-) Julius, Anomalous refraction phenomena investigated with the spectroheliograph.

Proc. Roy. Acad. Amst. XI, p. 213 (1908).

*) Julius, Spectroheliograph results explained by anomalous dispersion. Proc. Roy.

Acad. Amsl. VII, p. 140, (1904). Astroph. Journ. 21, 278, (1905).
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thesis proposed by Hai.k ixiid Ellehman, Iml oiilv to show, that iheir

objections to an exphTnatioii on the basis of anoinalons dispersion are

easily refuted, and tliat tlie resuhs so far obtained are by no means

less favourable to the theory which ascribes the tlocculi in tlie main

to anomalous dispersion, than to that which explains them as mere

absorption effects.

The intensity and width of the hydrogen lines, especially of H^,

differ groatly in difterent regions of the sun. If the widening of these

lines is caused by increased absorption only, there is no reason to

expect them to be asymmetrical (except perhaps by local displacements

in consequence of motion in the line of sight). If, on the other hand,

we are chiefly dealing with dis[)ersion bands ij, enveloping the real

absorption lines, so that the widenijig results from the fact that the

strongly refracted waves bordering the central lines, have their oi'igin

on the average in less luminous regions — then, at first sight, it

seems as if a marked and variable asymmetry must be the general

appearance. Indeed, when comparing waves at equal distances from

the centre of the line on the red and violet sides, we must find the

rays curved in oj)posite directions by the same density gradients of

the solar atmosphere Hale and Eelerman think it improbable that

equal amounts of light would reach the observer in both cases, and

therefore conclude that, if anomalous dispersion were the principal

cause, the spectroheliograph should, as a rule, give very different

images when set on the one or the other side of the same line.

They tried the effect of photographing the flocculi simultaneously

with light from opposite sides of the H^ line at equal distances from

the centre. In general the two images proved to be almost identical

in their principal features, though small differences of detail were

often visible. In the case of what they call "eruptive phenomena"

the images wei'e very unlike, as the distortion of the H^ line would

lead one to expect. It stands to reason that, if such distortions are

satisfactorily explained on the basis of the DorrEEK effect, a corre-

sponding explanation can be given of the unlike parts in the images

just mentioned.

These are the considerations, adduced by Hale and Ellerman in

support of their conclusion, that the results hitherto obtained are

unfavourable to the anomalous dispersion theory.

On closer examinalion, however, the consequences of anomalous

dispersion lurn out to i)e in harmony with the observed phenomena.

', Julius, Proc. Roy. Acad. Amsl. Vll, p 134 -t40: iX, p. 343-3u9 ; Astropli.

Journ. 21, p. ^71-291 (1905), 25, p. 95—115 (1907). -^

1*
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It will indeed prove very probable lliat R-li^dil ami V-light ') selected

at equal distances from II:< should, in spite of their opposite curvature,

]»roduce images which are in general almost identical in their principal

features, and that differences of detail should chielly ap|)car in much

disturbed regions, where sleep density gradients occur.

In a paper on "Regular consequences of irregular refraction in

the sun"') I attempted to obtain a general idea of the optical elfect

which local condensations and rarefactions in the solar atmosphere

must produce, if only the incurvation of rays is taken into account.')

The result was as follows.

Let us first consider light for which the refracting pow'er (?i— l= RL)

of the solar atmosphere has a certain positive value. Somewhere on

the central part of the disk we imagine in the gaseous envelope a

region of any shape, only satisfying the condition that, from the

outline inward, the density of the gases either diminishes or increases

continuousi}', so that the region includes either a minimum or a

maximum of density. In both cases the region will show a dark

rim. If in these two cases the density gradients, though opposite in

sign, were equal in magnitude, the optical images, presented by the

rarefaction or the condensation, would be almost identical in their

principal features. This is due to the fact, that the light, transmitted

by our region, comes from a source, extending nearly symmetrically

round the line of sight. As soon as the latter condition is not ful-

filled, if e. g. some of the rays, before entering our region, had

already- suffered strong dex'iation in a neighbouring yevj marked

density gradient, the symmetry of the apparent source of light would

be disturbed, and then the aspect of the rarefaction might sensibly

differ from that of the condensation of the same shape.

Let us now consider light for which the refracting power of the

solar atmosphere is e(|ual in absolute magnitude, but negative. Such

1) By R-liglit and V-light will be denoted waves on the red and violet sides of

absorption lines within the limits where anomalous dispersion is perceptible.

-) Julius, Proc. Roy. Acad. Amsterdam XII, 266, 1909; Memorle della Societa

degli Spettroscopisti italiani 38, 173, 1909; Pbysikalische Zeitschrift 11, ."i6, 1910.

5) It may he well here to remark, that in the jiaper referred to as well as in

former publications on anomalous dispersion 1 never thought of denying the pro-

bable efTects of selective radiation, absorption, scattering, radial motion, pressure,

radio activity, masnetism ; but because in solar literature full attention is generally

paid to most of these subjects, whereas refraction and anomalous dispersion are

little noticed, 1 wished to consider the latter agencies separately, and to inquire

which solar phenomena may be produced or influenced by them. The object in

view was not a theory of the sun, but a study of the cosmical consequences of

anomalous dispersion.
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waves behave in a rarefaction just like the othei' waves, first con-

sidered, would do in the condensation that would be obtained by

revertjing the gradients. The optical effect is generally the same in its

principal features.

Consequently, confining our attention to the central parts of the

disk, and excluding the much disturbed regions, we must expect to

find only small ditference between spectroheliograph images taken

with R-light and V-light selected at the pioper distances from an

absorption line.

Hale and Ellkrman admit that the small differences frequently

observed when we compare images given by opposite sides of H,. are,

perhaps, due to anomalous refraction ; I see no reason why the same

principle should be inactive in the pi'oduction of the remaining,

almost identical, parts of the images.

As we approach the limb, the conditions of refraction are however

modified.

When seen projected on the disk at a sufficient distance from the

centre, a region with a minimum and a i-egion with a maximum of

density will appear different. Willi ll-light the rarefaction shows (/(«//•

on the side opposite the centre of the disk, and nvAy be. brighter \\\&n

the surroundings on the side faciiui the centre, whereas the conden-

sation shows dark on the side /(tciixj the centre, and may come out

hrii/ht on the opposite side. With V-light these effects are the reverse,

rarefaction and condensation optically changing parts '). So we have

reason to expect that between speetroheliograms, taken with light

from the red and violet sides of a line, some systematic differences

of detail — increasing as we proceed from the centre toward the

limb, and relating to distribution of brightness rather than to structure

— will be observed.

It will prove necessary, liowever, to check the latter expectation,

because there is a physical law, not hitherto considered in our argu-

ment, which tends to efface the differences just mentioned, and to

promote similarity of the corresponding R-light and V-light images

all over the disk. I mean the fact, discovered by Rayleigh, that the

light is scattered by the molecules of a transmitting medium.

Effects of scattering on the character of the total radiation trans-

mitted by stellar atmospheres were first considered by Schuster in

a most interesting article: "Radiation through a foggy atmosphere"*).

It would lie beyond the scope of the present note to discuss the

general bearing of the remarkable results, there described, upon

1) Proc. Roy. Acad. Amsterdam XII, p. 269 and 274—276 (1909).

2) Schuster, Astroph. Journ. 21, 1—22, 1905.
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coiicliisioiis (Icdiicod IVoin tlio anonuiloMs (lispprsinn liicoi'y. One poinl,

liowcver, which may prove very iiiipoiliUil with lospecl lo (htM'X|)ia-

nation of S|)Oflroheliograph rosiills, icipiiios our s|)ociai iiolicc, viz.,

Ihal scattering is a selective i)rocess. This |)eciiliaril.v was aliinicd li>

oil p. 17 of .Sciusti'.r's paper, but not further coiisidcnMl there.

Indeed, if we acc'.^pl 1{ wlkkjii's foriinila, tlie (•ocl'licieiit of scalicring,

called .v ill Scihstkh's paper, depends luii only (Hi llic nuiiilier N
of scattering pi'.rlich^s per unit \nluiiie, and iii Ihe wave-lengtii ) (tt

llie light under (•onsid(>raii(ni, Inii also on liic index id' refraction //

of the luediiini

:

.s-= - ^ '
(1)

The terms "anomalous dispersion" and "anonuxloiis refraction"

were until now used iiidiscriiiiiiialely. We shall in future distingnish

between the two expressions. I>y anoniaious dispersion we denote

the general property of matter, thai its refracting power ± («— 1)

varies rapidly as we approacii an ahsorplioii line. This property, of

course, subsists even when tiie density of the inediuni is perfectly

uniform, and the propagation of light in it rectilinear. Whenever the

density is not uniform, it may cause very different deviations of

neighbouring waves. That etfect of anomalous dispersion — which I

exclusively studied in former papers on the subject') — will be

called anomnlous refraction. Another effect, dependent on the same

property, and now considered fort lie first i'lme, is (inomahms scatteriiu/.

Equation (1) shows, that the coellicient of scattering passes through

a sharp maximum in the neighbourhood of every value of / which

corresponds to an absorption line, because there Ihe factor {n—1)-

increases rapidly as we approach the line from either side. In the

nearest vicinity of the absorption lines of a mixture of gases

Raylkigh's formula is perhaps not rigorously applicable, but we may
use it as a first approximation.

Even absolutely monochromatic absorption would thus, in an

extensive atmosphere, give rise to a line of a certain width. If a

group of neighbouring waves are absorbed, the width of the resulting

') 1 am very much indebted to Prof. Lorentz, who, at my request, was

kinil enough to subject my preceding work on tlie consequences of anomalous

dispersion to a thorough criticism. According to him the weak side of my conclu-

sions was, that I had uol duly noliced the diminution of the light by scattering.

I intend to discuss this important point more fully on a later occasion. The
resulting new aspect of the anomalous dispersion |iroblem will render necessary

certain modifications of the theory (e.g. regarding the explanation of prominences),

and may thus perhaps serve to reconcile opposite opinions on this matter.
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dark line will always exceed lliat of the spectral region of real

absorption. Everv absorption line of a stellar atmosphere is, tliercfore,

enveloped in what we may call a dispersion band, hecnuse it depends

upon anomalous dispersion. In an atmosphere of perfectly uniform

density, the dispersion band would be caused by anomalous saittering

only; but if irregidar density gradients occur, anomalous refraction

adds to the etfect in two ways: 1 by directing back toward the

luminous surface some of the strongly refracted rays '), and, 2, by

lengthening the paths along which the beams are subject to loss of

intensity by scattering.

These notions may gain clearness if we imagine ourselves to be

placed somewhere in the solar atmosphere, looking ontvvard. Then a

spectroscope, if directed on the "solar sky", would show us the

Fraunhofer lines bright on a less luminous ground, not only on

account of luminescence or of selective temperature radiation, but

also because the scattering is more intense in the vicinity of absorption

lines than in blank parts of ihe spectrum. The energy which thus

returns to the sun by the scdtteruKj process, is wanting in the

Fraunhofer spectrum as seen on earth. Besides, the irregular density

gradients of the .solar atmosphere would give rise to "mirage" on a

large scale, also of a selective character. Distorted images of parts

of the brilliant solar surface would appear everywhere in the sky,

different in shape and extension for kinds of light that are dift'erently

refracted. This is the jiortion which anouuxloiis /-(^/Vac^/o/i contributes

to the returning energy, aii<l withdraws from the radiation leaving

the sun.

Applying our ideas on the combined consequences of anomalous

scattering and refraction to the interpretation of spectroheliograpli

results, we must remember

:

1. that anomalous scattering darkens the solar spectrum almost

equally on both sides of a strong absorption line"), thus reducing the

differences which photographs made with R-light and V-light at equal

distances from the same line would have shown, if anomalous

refraction were the only agent ;

2. that the width of a certain Frauidiofer line would be a mini-

mum at points of the sun's image corresponding to regions of uniform

4 This process was more fully treated of in my paper on 'Regular consequences

of irregular refraction in the sun", Proc. Roy. Acad. Arast. XII, p. 279.

-) It will be menlioned farther on, that especially the weaker Fraunhofer lines

are asymmetrical by anomalous dispersion. So long as spectroheliograms are only

made witii light from the domain of strong lines, we may, in interpreting them,

neglect that systematic asymmetry.
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(Icnsily and (•(iiii|i(isili(iii in llio solar atniospliere, because tliere ano-

malous scaltoriui;' would ho llie only cause of (lie disjioision hand ;

3. that the same liiu' will he wider and, iu general, darker in the

speetrum of I'cgions where irregular gradients disturb the rectilinear

|)ropagatioii of the light. i^Iu this way we explain the yarying width

of //,, as shown in Fig. 2 of I'l. 1, I'roc. ixo\ . Soc. Vol. 83 p. 189.

If, therefore, the camera slit of the specti'oheliograph is set e.g. between

the centre and the edge of Hj, but nearer to the edge, the dark

tloceuli indicate regions, where density gradients with large compo-

nents perpeiulicular to the line of sight are in e\ idence. Almost the

same structure nuist be revealed, if the camera slit is set on //,5 or

7/y, provided flie distance from the centre of these lines be taken

smaller than with //;,, in order to catch waves that are refracted to

the same degree as those in the formei- case. This connection between

spectroheliograms obtained with different hydrogen lines was predicted

in m\ paper Proc. Roy. Acad. Amst. XI, on p. 221, and afterward

found confirmed by H.\i,k and Ellerman) ; ')

4. that gradients of exeeplit)nal magnitude and extension may (by

refraction) produce marked irregularities in the distribution of the

light within the range of a dispersion band
;

5. that the composition of the solar atmosphei'e very probably

varies with the level, but that convection currents lend to efface local

differences of composition as well as of temperature.

If these statements ai-e ke[)t in mind, it will be fouiul possible to

explain, on the basis of anomalous dispersion, at least as many

particulars of the spectroheliograms, as were explained by Halic and

Eli,ekmax on the basis of their temperature and al)sorption hypothesis.

We will not, on this occasion, enter into a comparison of the advan-

tages of both points of view, the principal aim of the present paper

only being to prevent a premature criticism of either of them.

With a similar object in \iew we shall now consider another

important solar phenomenon — systematic displacements of Fraun-

liofer lines — which was also explained according to two entirely

different theories.

I showed elsewhere') that anomalous refraction by irregular density

gradients causes the Fraunhofer lines to be asymmetrical, the nairouer

ones generally to a higher degree than the wider ones, thus ()rodncing

an apparent displacement of the lines toward the red. The displa-

1) The optical eO'ect produced by the systematized density gradients near vortices

requires spcciil treatment.

-) See the paper on "Regular consequences etc." refenod to above.
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cement must increase when we pass tVuni tlie cciilro of ilic disk to

tlie limb. These effects depend upon the rnle, tiiat the refractin"'

power of the mixture of gases, constituting the solar atmosphere, is

on the average greater on the red side of an absorption line than

on the violet side. Anomalous scattering also being determined liy

the values of the refracling power on both sides of the absorption

lines, it co-operates in producing those systematic displacements.

From a recent remarkable investigation of the displacements of

the spectrum lines at the sun's limb, by W. S. Adams '), it appears

that out of a total of 470 lines only one or two are shifted unmis-

takably toward the violet ; the other lines all show displacements

to the red, ranging from 0,000 to 0,014 Angstnun. The various

characteristics of the list of these lines will have to be studied in

detail from the point of view of anomalous dispersion. I must defer

that inquiry to a later date, and now confine myself to a few

remarks on prominent statements made in Adams" papei-.

Adams concludes that pressure is the effective agent in |)rodncing

the displacements observed. He evidently paid very little attention to

the possibility of explaining these phenomena by anomalous dispersion,

for although he refers to the explanation which I recently published

in the Memorie della Societa degli Spettroscopisti Italiani, and rejects

it, the clue of my argument entirely escaped his notice. Indeed, he

writes

:

"According to his (Jui.ii's') point of \ iew the photospheric light is

anomalously refracted in the vicinity of the absorption lines produced

by the metallic vapours, and, since in general the density-gradient

decreases outward, the widening will be upon the red side of the

lines producing the observed displacements. The fact that the sodium

lines D^ and D^ are not displaced, although they show the largest

amount of anomalous dispersion of any which have been investigated

for this effect, is rather strongly opposed to this view".

In the first place I do not quite understand, why the decrease of

the AQnsi\\'-gradient should be material to the case. This, however,

may be a lapse ; probably the author intended to say : "since in

general the density decreases outward." But then the inference expressed

in the sentence as a whole is erroneous. A little reflection will easily

show, that in parts of the disk near the limb the regular radial

density gradient assists R-light and hinders V-light in curving from

the photosphere toward the observer. The result would be an apparent

displacement of the dark line to the violet, not to the red. The radial

1) Adams, Gontrib. from the Mount Wilson Solar Obs. No. 43; Asliopli. .loiirn.

31, p. 30—61, 1910.
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!;r;ulioiit, lliorcluro, if il i-> (if aii,\ iin|iuilaiic(' in lliis inallci', (•(iiiiilcr-

acls liio ellective ageiil wiiicli luodiiccs llic ohserved sliifls (oward

tlio rod.

Tlio piiiicipal jioiiit ovoHooUed l>,v Ai)\ms is thai, affording to my

cxi)lanali()ii, tlie etreetive agent in itrodiiring tlie ulienonicnon is the

general asymnietry of llie dispersion hands enveloping the absorption

lines of the solar spoclrnni. It <loes not depend upon the inciuvation

which ravs nnd(>rgo in tlie regnlar radial density gradient of the

solar atniosphei-e, but is canseil by anomalous scattering, and refrac-

lion in irregular gradients, combined with the fact that the refracting

power of the mixture of gases is on the average greater for IMight

than for \'-liglil.

If we keep this in mind, we shall have a nseful base for inves-

tigating ihe relationship between anomalous dispersion and the results

of Adams" measurements. That a simple comparison of Gkisi.kk's

observations on anomalous dis|)ersion of .uetallic vapours in the arc

with displacements at the limb — as given by Ad.vms ') — could

not possibly serve the purpose of linding such a relationship, is

evident; for the amount of that pai't of the displacement which is

due to anomalous dis[)ersion, is determincvl by the degree of asym-

metrv of Ihe Frauidiofer line under consideration; and this asym-

metry is not a mere property of the corresponding element itself,

revealable in laboratory experiments, but de|)ends upon the concen-

tration with which that element is represented in the solar atmosphere.

No shade of proportionality between the results of those two inves-

tigations could be expected. So it is not at all opposed to our view,

that the winged lines of sodium and calcium are little or not displaced

at the limb, although they show strong anomalous dispersion. On

the contrary, that result might have been foreseen; for if the wide

wings are really owing to that cause, the wave-length corresponding

to the zero value of the refracting power of the mixture, which

always lies on the violet side of a Fraunhofer line, must be at a

rather great distance from the absorbed waves '), thus making the

asymmetry of the dispersion band imperceptible. The central part of

the line, the true absorption line, cannot be displaced by anomalous

dispersion.

A peculiar feature of our explanation is. that buth very strong and

very weak anomalous dispersion make the displacements small,

whereas intermediate values give larger displacements. Indeed, with

decreasing width of the dispersion band, its asymmetry increases;

1) Adams, I. c. p. 28.

-) Cf. fig. 8 on Plate I, I'roc. Roy. Acad. Amsl. Xll p. :2S"2. 1909.
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but tlie resultiiig a|i|»;ireiil liisplaceiiiLMit can never i^urpass hull' tlic

width of tlie line. (Whenever greater shifts are observed, pressure or

magnetism or Doppler-effect certainly come into play).

The largest displacements observed by Adams occur with many

lines of iron and nickel. From the point of view of our hy|tolhesis

this means, that near these lines the amount of anomalous dispersion

of the mixture is most suitable for producing the phenomenon,

neither too great, nor too suiali. Considerably smaller are the dis-

placements for titanium, vanadium, and scandium -- perhaps because

those elements are less in evidence in the mixture of gases. That

those iron lines, which are most strengthened at the limb, show

smaller displacements than the average iron lines, also perfectly fits

our point of view, for their asymmetry must be less conspicuous on

account of their greater width. That the lines of the elements of

xery high atomic weight, such as lanthanum and cerium, sliow very

small displacements, is easily accounted for if we assume their vapours

to be extremely rare in the solar atmosphere. This explanation is

certainly not less simple than the one proposed by Ad,\ms on p. 17

and 18 of his paper, ') where he has to tind a way out of the

discrepancy to which in this case the pressure hypothesis seems

to lead.

Various other characteristics of Adams' interesting list of displace-

ments (e. g. the special beiiaviour of the enhanced lines as a class)

will be discussed on a later occasion, together with liis ecjually

valuable observations of the spectrum of sun-spots.

Geophysics. "C/< the determination of the epicentre of earth-quakes

liy means of records at a siufjk station". By Dr. C. Bkaak.

(Communicated by Dr. J. P. van dkr Stok).

(Communicated in the meeting of April 29, 1909).

In working out seismograms of the WiKCHERT-seismograph I was

repeatedly struck by the fact that the aziiniitli of the epicentre could

be determined with satisfactory results from the two components of

the motion of the ground.

As informations relative to other stations are generally received at

Batavia some time after the occurrence of earth-quakes, I have often

used this method to come to a preliminary deteriuination of the

epicentre from the Batavia seismograms only. In this way e.g. infor-

mations concerning the Korintji earth-quake of June 4, 1909 could be

1) Astroph. Journ. 31, 4(J-47, I'.UO.
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givoM •wlion from Sii)ga|)()i-o and HaiiUa Iclogranis atioiil expcrieiired

earlli-qiiakes were received.

The mosf important qnakes of 1909 have now been worked oul

witli a view of ascertaining the accuracy to he obtained in deter-

mining the azimuth.

In tiie mean time (tALITZIN ') has applied llie same mclhod to

nn-ords obtained by mean> of two seismographs set up at rigiit angles

to each other, the records being strongly magnified and the (lam])ii)g

such as to make tlie vibrations aperiodic : in this way \ery satis-

factory results were obtained.

As has been remarked above, the WiECHERT-seismograph may be

used with success for the same inquiry.

The two components must be independent of each other, a coiidil ion

that can be fulfilled by an accurate adjustment.

It is no inconvenience that the damping ratio is only 5:1 if we

lake this circumstance duly into account when calculating the period

of vibration.

The most serious difliculty is experienced by the small magnification

so that only earth-quakes of large amplitudes have been worked out.

This difHiculty can be overcome to some e.xtent by measuring out

not onlv the first, but also some of the next deflections, in so far

as the two components show a perfect congrnify.

When the free periods of the two pendulums are equal, or nearly

equal, then we may, as a lirst approximation, apply the same

calculation to these values as to the first deflection.

In order to calculate the true motion of the ground we have u.sed

the formula given bv Wiechkrt

II':

i^i-(e'r-G5-j(g
where

and

T„ \-' (log nat. s)'

2nrJ rr' -f-
(log nat. tf

r ^ indicator-magnification.

7\ = free period.

7' = period of the motion of the ground.

e = damping ratio.

1) Fiirst B. Galitzin. Zur Fraije dor Bestimmung ties Azimuts des Epicentrums

eines Bebens Bull, ile I'Arafl. Imp. d. Sc. de St. Pelersboiirg, 1909.
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The value I" was determined by direct measuring; this value as

deduced by means of small weights being put on the pendulum and

by determination of the period of vibration is hardly accurate owing

to the sluggishness of the instrument, unless the weights remain on

the cylinder for at least half an hour. During the whole year I''

has been equal

for the E— W component to 234,

for the N—S component to 186.

For T^ and s monthly mean \alues have been used as given in

the following table.

'W 'N

Jan.
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the Jinival iif lln' line iiii|Mils('. 'I'lic Iv -\V. (•(iiiipniiciil of X". 124

floarlv nIhuv.s thai ihc sliarp liirniii.i'' ((iiTespiiiids wilh ihc lic^^iiinin;;,

(if ilic Inio tirsl iiii|>iilso.

Ill liealiiig' tlie first corrospDiidiii^ waves in oilliei' (•oinpoiR'iil,

llio (lisiaiicos of stibse(|iient extroiiic positions being nieusured out,

the t'oliowin^- (iellcelioiis wece fminii.
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either method is found to lead to identical results widiin the limits

of the preciseness of the observations. The latter method, which is

serviceable also when the deflections are small, will in future be

applied exclusively.

The true azimuth has been deduced, partially from earth-quake-

informations from the Archipelago, partiall}' by means of the records

taken at Batavia, Manila, Zi-ka-wei and Osaka

:

N". 29, from the Lampong-di.stricts, according to earth-quake-informations.

N°. 58, near Tokio, according to the papers.

N°. J 24, in Korintji, according to earth-quake-informations.

N°. 211, in S.-Bantam, according to earth-quake-informations.

N°. 237, in the Carpentaria-gnlf, according to records at Batavia,

Manila and Zi-ka-wei.

N°. 242, near Kioe-sioe, according to records at Batavia, Manila,

Zi-ka-wei and Osaka.

N". 262, near the Caroline-islands, according to records at Batavia,

Manila and Osaka.

Owing to incomplete informations, inaccurate data concerning the

time of the first and second forerunners, and the total failing of

indications about the time of the second forerunner, both methods

often leave much to be desired. In calculating the distances from the

available data the curves given by Wiecheut and Zoppritz were used.

It may be noticed that the quadrant, whence the vibrations travel,

may, in by far the most cases, be indicated without ambiguity. It is

an exception when the first impulse conies from the direction of the

epicentre; in by far the most cases it came from the opposite side.

In tJiis way the azimuth has been determined for a number of

other earth-quakes; the results are given in the following table.

The deviations between the calculated and the true azimuths can

be put only partially on account of errors in the azimuth as calculated;

for tremors which have travelled over a great distance the deviations

are small; for the quakes N°. 4, 27, 52, 114, 203 and 243, all

coming from places situated not far off, the deviations are great, but

they are, without doubt, principally due to incomplete informations

concerning the true focus, and the locus of the epicentre, as calculated

from the diagrams, is more reliable than that based on informations

received.
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Geophysics. — "(>m the semi-duinial lunar tide ((-f deduced from
records of die astatic seismograph at Bntnvia" . By Dr. C Braak.

(Communicated bv Dr. J. P. van dkr Stok).

((Communicated in tlie meeting ol' Api'l i29, 1910).

1. Since the beginning of December 1908 an astatic seismograph

of the WiECHERT pattern with a mass of abont lOOO KG. lias been

in working order at Batavia. This instrument being very sensitive to

change of inclination, it was rational to inqnirc whether the tidal

motion of the earth, investigated by Hkpker '), coidd be deduced

from the records, because tidal forces at Bataxia are considerably

stronger than at Potsdam.

A preliminary inquiry haxing afforded satisfactory results, the

records obtaijied during the half year July to December were used

for this investigation which, for the present, is restricted to the

E-W component of the principal semi-diurnal linear tide.

The seismograpli consists of a cylindrical heavy load of 900 KG.

weight, resting on a foot of 70 cm. length, and is pivoted on four

steel lamels by means of whicii a Cardanic freedom of motion is

ensured. The masonry column is free from the floor and rests on a

broad foundation. The building is situated with its longer dimen-

sions in the N-S-direction and is sheltered from the sun's rays by

galleries on the east and west side.

The influence of the undulatory motion of the ground due to the

sun's heat is evident in the diagrams, principally in those of the

E-W-coiTiponent ; this disturbance is so strong that only the records

at the hours 7 p.m. to 8 a.m. can be used for this in<|uiry ; on

days of strong disiurliance even some of these records had to be

omitted.

As there is no basis-line, the distances between the records at

7'' and 10'', 8'' and U'' etc. were measured out and, in order to

eliminate, at least partiall.y, variations of the zero-point and other

disturbances of long duration, the differences were taken between

the distances at 13'' to 10'' and 10'' to 7'', which differences, but for

a small correction, correspond to the tidal motion at 10'' with twice

the amplitude. The tidal motion is evident in these data even at

first sight.

"2. For the half year July to December 1909 these data were

1) 0. Heckek. Beobachtungen an Horizontalpendein iiber die Deformation des

Erdkoipei-s unter dem EinfUisz von Sonne und Mond. Verotl'entl. des Kon. Preuss.

Geod. Inst. Neue Folge n«. 32. 1907.

2

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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arranged according to lunar liours. The records for the months

April, May and .lime might iiave heen used too, hut they have been

discarded because the determination of the sensitiveness of the

instrument during these months seemed to be insuHicienttly accurate.

As a control the data wore arranged separately for each hour

;

in this way eight independent series of numbers were obtained for

10'' p.m. to 5 a.m., from wiiich llie following rcsidls foi' the lunar

tide have been deduced ; the amplitude is expressed in uini.

10" p.m. 0.605 cos (2 t -253° 52') 118

11 0.748 cos (2 /—261° 9') 134

12 0.501 co^^ (2/—266° 2
J

'j
146

1 a.m. 0.500 tuv (2 <—277° 28') 159

2 0.451 cos (2 <—256° 19') 167

3 0.625 fOA- (2/—239° 41') 167

4 0.650 cos (2 <~234° 10') 154

5 0.732 cos (2;- 245° 57') 98

The numbers behind the formulae denote the corresponding number

of observations; taking the weight of each result proportionate to

these numbers in calculating the average value of amplitude and

argument, we find

0.5913 cos (2^— 254=33').

To the amplitude a correction must be applied because the

variation of the argument within 3 hours is not 90° but 3 >< 28.^98;

therefore the amplitude must be divided by

1 _ cos (3 X 28.^98) = 0.9465.

As the deflections have been measured out corresponding to the

hour-signal, and this is given 5.5 minutes before Batavia mean time,

the argument has to be diminished by 2"40', so tiiat the final

expression becomes

0.6248 cos {2t^ 251°53').

3. The sensitiveness of the seismograph has been determined after

two different methods.

1. From the weight and the dimensions of the different parts of

the instrument the total weight and the height of the centre of

gravity above the pivot were deduced, and the deflections of the

pointer, caused by small weights being put on the upper side of the

bob, were measured out.



2. By determination of the period of vibration and direct measure-

ment of the indioator-magniiication.

The deflections were determined twice monthly ; for tliis purpose

a weigjjt of 5 grammes was placed at a distance of 342.5 mm,
from the vertical passing through the centre of gravity, first on the

east side, then on the west side and then again on the east side.

The apparatus does not assume immediately its equilibrium position

but shows some sluggishness. Therefore in eacii experiment the weight

was left on the bob for half an hour in the same position. In this

way the following values were obtained for the double deflection

given ni mm.
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60.3, 60.2, 60.1 and 60.2 min.

mean valne 60.2 mm.

correspondinp; witli 0.25 of the screw's (liivad

= 0.3517 mm.
The adjiislinji,- screws are 122.5 cm., the centre of gravity is

89.5 cm., above the pivot; hence the indicator-magnification becomes

60.2 X 122.5 = 234.3
0.3517X89 5

and (he change of inchnation corresponding witii 1 mm. :

20(3265 = 0".03661
234 3 X 24040

For the N—S component the two methods gave respectively

0".04515 and 0".04376

For either component the second method leads to somewiiat smal-

ler values than the first, on the whole the results are fairly con-

gruent.

The systematic difference might be ascribed, on the one hand to a

remaining influence of sluggishness in determining the deflections, on the

other hand to a small increase of the pei'iod of vibration with the

amplitude. Neither effect could be proved practically.

If the small weight is left for some time on the pendulum, disturb-

ances of different kinds occur which are large in proportion to the

small differences to be measured, on the other iuxnd there is a limit

to the accuracy to be obtained in determining the time of vibration

owing to the |iretty rapid decrease of the amplitude ; the effect

of the two influences is however in an opposite direction. It has

further been proved that the deflections for the amplitudes as used are

proportionate to the applied weights.

E. g. for 5 grammes the deflections were:

15.4, 15.5, 15.3, 15.2, 15.5, 15.6 mean 15.42 m.m.

for 2.5 gr.

15.40
7.7 7.7 7.6 7.6 7.8 7.8 mean m.m.

2

Probably of the tw^o methods of determining the sensitiveness the

second is to be preferred. The fact that for the E—W iienduliiin,

moie sluggisii than the N—S pendulum, a difference is found larger

than for the latter, seems to indicate that, in applying the first

method, the effect of sluggishness was not (piite eliminated.

Moreover, the determinations after the second method are the less

complicate ; therelore the value 0."03661 has been taken as a base

for the neat calculations.
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The E-W component of the senii-diiirnal lunar tide is then

represented by the foi'nuda

0."01144 tuv (2< — 25r53').

4. The amplitude of the theoretical tide, on the assumption that

the earth is perfectly rigid, is

3?/i (a\ I f h
1 — 1 cos i^. cos'' —

I
1 — — e

2M\rJ 2 V 2

m and M denoting the mass of moon and earth, a and r the radii

of the earth and the moon's orbit, <P the latitude, / the obliquity

of the moon's orbit to the equator and e the excentricity of the

moon's orbit. The assumed values are:

m 1 a 1

-T7=7r:r- '
-=

• <P = «3°11'
, J = 25°35'M 81.4 r 60.27

and 6 = 0.055.

The lunar hour corresponds with the time of the moon's upper

transit.

Finally we find for the theoretical tide :

0."0155 cos {It - 270°)

and for the real tide :

0."0114 cos {2t — 251°53').

Mathematics. — "Injinitusiinni itcrdtion of ri'ciprocnJ functions."

By M. J. VAN UvEN. (Communicated by Prof. Jan de Vries).

(Communicated in the meeting of April 29, 1910).

^1. A function <p{x) will be called a reciprocal function of order

n, when it satisfies the functional equation

,f„{x) — <p[y>\... <f{.v) ..\\=a;.

The solution of this equation is known by the name of "the problem

of Babbage" ').

In what follows we shall occupy ourselves exclusively with the

reciprocal functions of ortler 2 which therefore satisfy

(p^{j;)
— <p\q{x)\ = a,' (1)

and which for short we shall call reciprocal functions.

The solution of the problem of Babbage shows us that the func-

tional equation (1) must be satisfied by all the functions i/ = y(.ij

1) See inter alia Laurent: Traite d'analyse t. VI, Paris 1890, p. 243.
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I'oimct'ted lo .r l\v ji syiiiiiicliicivl L'(|ii;ilioii

%<;>/) (2)

We now iiiako it our lusk to hiiild up these t'linclioiis Ity iniiiii-

tesiinal iteration.

Let ns call tlie index of iteration ii, we iiave tlien to find ,i rimetion

/ in such a way tiiat

/(,/) =/(.v) + 1 , /(.v„) =/,*•) + n,

where ;/„ is put equal to y,i(.i')-

If we still |)ut /'(.r) = r, we find

.V =/. 1 (V) = ff{v) , If = .'/ (r + 1) . //„ r= ;t (r + 7i).

From (1) and (2) follows tiiat //„ and i/„^\ are counected by the

relation

"SO/h 1 .V"+i) — 'J-

As v/, ^ g (r -)- 2) ^ ,i: =: (/{v), then //{v) must depend exclusively on

a jKM'iodical fiiiictioii with period 2 for wliicli fuiictioM we shall choose

o — r'^" (3

The function y(r) can therefore be written as a function of o, in

other words:

,'/(»') = Ko).

Consequently we have

.ry(rH- !) = /.( -O),

SO that the function h is determined by the ecpiation

S\h{a),h(~a)\^^}.

§ 2. A reciprocal function // = </ (,t) is evidently determined by

the equation S[x,y) ^=0. We have therefore to examine the various

symmetrical equations N (.c, y) ^ 0. We begin with the equation

S{x,y) = x + y -2k = ^ (4)

This equation passes on account of the substitutions

X — h(a)
, .y = /'( o)

into

h{a) + h{—o) = 2k

or

h{a) — k=: — \l>{ -a) — k\,

which is satisfied by choosing for h{o) — / an arbitrary odd fimction

a . a:{a''). So we put

h{(i) — A- r= o . w{a-) (to arbitrary, but univalent).

In this way we arrive at

,v z= h{a) := k -\- a . io(a-) = /• |- e'''' to((?2''^>),

1/ = /<(— <J) — k — a . (xi{o-) = k — e>-' io{f-'^-'\
'

. (5)



( 23 )

In order to huild up the function y =z <f{.e) = 2k — .v by iiWini-

tesimal iteration we have only to let n increase gradually. It is as

easy to interpolate between x and // a cei'tain number of functions.

The indefinite elements in the solutions are 1 the quantity v, 2

the function lo.

If we ha\e once chosen a function lo, then by the choice ofrwe
can assign to the variable x a given value. If we start e. g. from

an initial value x^ then we find v out of the first equation (5). It

goes without saying that this initial value r„ of v can turn out

complex. If e. g. r„ = X -\- iii, then by iteration the real part will

increase, the imaginary one will remain constant.

If lo give an example, we wish to interpolate one function between

X and // and if we choose for to

u){a-) = 1,

we find

,x = II =z L- -{- e'~'
, // = k 4" ««'"''

,
:'/ = y ^^ ^' — <i"''

5 ,'/ = '^' — if^'^' •

If X is to have the initial value ,(;„ then v„ is determined out of

or

1
v^= — log {x„ — k).

ijt

For the relation existing between i/ and x we find

y ^ k -\- i [x— k) ^= (1

—

i) k -\- i.v,

and in generalo^

y^^_^=z{l—i)k + iyn

§ 3. It is easy to see that all symmetrical equations of the form

S{.v,y) = ^p(.v) + lp{y)-2k = Q (6)

can be treated in the way followed in § 2.

We have but to put

xf}{.v) = i- 4- (T . to (o") , rpiy) — k—a.<o ((J'),

iience

iv = t{j_i {i- + <J . to (<;=)j , y = ifj_, {k — a.ui {a')],

or

,v r= tfj_i \k -\- «'"' to(e2''^')} , y = -\p-] {A—e'^'to {e'^'''%

i/„=ijj_i {i + «'<•'+'') to (e2'"(--'+n))j ^7)

If we write the symmetrical equation in the form

S(.v,y) = K,
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llioii il is |»erliii|)S pu.ssihio lo rc^iird N (,(,',//) as a ruiiclioii of llic

expression i(j(,i') + «r(.'/), so that

S{.v,y) = F\tfi.,-) + ^{y)\=K, (8)

from wliicli ensues

And with tiiis we have returned to the preceding case.

If S{x,i/) is lo be regarded as a function of tiie cxj)rcssion

l(i(.i-) + ^,{y) = T{.x,y)

it must satisfy a certain dill'erential equation. Let iis now trace this

equation.

It is clear that T{x,y) satisfies

d"-2' = U.
dxdy

Let us put

we then lind in the tirst place

S^F(T),
S, = F'2\ , S,=F'T, , S,,, = F"T,r,,^ F'T,,, = F"2Viy,

hence

or

"Sjry = GSjSy,

and therefore also

Sxxf/ = G'S/Sj -f- tr<Sxa:'Sy-i- GSjSjy , Sj;,yy = G'S^Sif -f- GSj-,/S,i -\- GS_iS,f,/,

from which ensues by elimination of tr and Cr'

SxSy (SySj^xi/— SxSxi/y) =^ Sx^(SxiSi)^— SyyS/). . . . (9)

Let us still put

we then lind

P? (?" — /'^') ^^ * (*?''" — f'O {^«)

So each integral (SV'.y) of this differential equation can be regaixled

as a function of 7'= if? (.r) -)- »|' (y)-

The function F is determined as follows:

F"(T)—A-Z — G(5) = G{F)
r- (7') ^ ' ^

^

or
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d' T

dfl\_ dF d (<IT\_ dF'' _ ,

~dl\F) ~ ^If'dFXdF) ~ ~^ ~ ^^ '^'

Tlie solution of this is

(10)
so

^

F — 0_;. .1

As example we choose

S {x,y) ^ x;i =r K= h'-

or

S («,!/) := ("'o? ^'+ '».'' .'/ == <;2% /.

^

consequently

/ogr .r -j- log y = 2 % ^,

from which ensues

log ,v ^=. log k -\- a . uy (<j'), log y = log k — n to (o-)

or

« = A- e' '<=-), y = ke-^- '"'''-»,

or

This result we can express somewhat dilTerently. We put

a . w (o-) = X (<J) — X(-'J)

and we then arrive at

,v = X' ^z(')— z (-') = k—-—-- = k =. k

therefore

y„ = k ^
.

, ,
\ (11)

We now put ^' = 1 and ii (o) := 1 — o and we find in I hat way

1 — a I — e'--' 1 — ("-(•'+")

*' ^ r^~o^FT e^' '
'''" ^ 1 + e'-(-'+'o'

consequently

«/„ — 1

i .-T (r + w) = log -— + i.T,

y« + 1

.« — 1

a- + 1

and

v„ — 1 -v — 1

iog^-^^—r^ = log——^i.'cn (12)
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If (111 iIk' (•oiiIihiv wo pill / ^ 1 and 12 (o) :^ i'- , we find

.V«
— «•

llierotbre

and

Lt ( r -f- n) ^= lo(j lo(i y„ ,

Lti' ^ /o(7 /oof ,i;

Ion lop y„ =: /o^ lo(i ir -\- i:tn (13)

Now we have formerly') shown that tlie equation (12) delerniines

1 "
1

tlio ilcralion nt i/ = - , wlien is taken as a iinoai'-brokcn function

of ./', whilst (J3) indicates how //=:.' ' is iterated when .(-' is

regariled as cx]ionential function. From the above-mentioned it is

1

evident that these two solutions ol ihe iteration problem ot y^ —
.V

are but two of an infinite number.

§ 4. If a certain symmetrical relation is given between .c and y, eg.

it maj' happen that by a symmetrical transformatioji

X = V(§, n) . y = U-(n, I) (14)

of the equation S {,v, y) =: we can arrive at a likewise symmetrical

equation 2 (5, r,) =r of the form

In this case we have

§ = if)_.i \k + o- . to {6-}\ , ij = i|,'_i {k—(j . to (o')|

,

X — f[|/; + e'^' CO (e-i'''-')j
, {/t— e'^' to (e5'^>)j],

ij = ¥-[{A— e'"'^-'
to (e2>^')j , {A-i-e''^' to (e2'^»)j],

We shall dwell particularly on the projective transformation

"
rf(§+»2) + E ' ^ rf(§+^)+ f' ^ ^

where for abbreviation we shall put

6{?,+ii) + B = ). (16)

If S{x,y) is a symmetrical algebraical function of order m, then

1) M. J. VAN Uven: 'On the orbits of a function (ibtaiiied by infinilesimaliteiation

a lis comple.K plane. Pioceedings of the ton. Akad. Vol. Xll, pages 503—512.
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S{.i',y) will pass after the siibstitiitiuii [lo) iiilo an expression /S [!,»/

of the form

Tiie ('(/nation S{.c,y)=z:0 is then transformed into the equation

^(5i 'i) = 0. The function m, ?;) must now satisfy

2i. = 0.

So the differential condition becomes

or

A»% + md;. (5. + .S,) + m {m — 1) ff-5 = . . . (17)

We now have

(«-j3) (fi; + («£-(f7) - («-i?) dii + (i?6-dy)- =
^^

, :'/.--
J.

_-(,<_^)tf§ + (^f- dy) («-|j)d§+(«£- d-y)

..,_
^^

, y,-
^^

—,

(«-iJ) d(§-r;) - !(«+ 5) e - 2(fy|

x;, = rf
^^

,

- (u-,i)6(i-rt) - \(cc+ i3) e - 2dyj

From (15) ensues

, ^r-^ ^ ^ -j(«+i3)8-2dv}

rf(«+y) — («-i-;5)

_ _ - (t(t -dy) .V + (i?g— rfy) .'/ + («— i^j y^~
(a-l3)\d{,x-]-y)-{a-t^)\

If we now put

(«+|?) 8 - 2dy = c,

we finally tind after reduction

I I I I

c c c c
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wliilsi a( tlic same (iinc liolils

c'=-!
The equation (17) now passes into

S.,^(d'.i— «) (d.t— ;J) 4- S,„\((f.v-a) (ify-a) + (d.r-/?) (*/-^)i +
+ S,„, (dy-a) (rfv-/?) + ffS, {2ff.r - («4 /3)i + ,!S„ j2rf;/ - (« f (J)} -
— mdSj: \2d.v - (n+ ii)\ - mdS,, \2(U/ — {((+^}] -f m (m—l) ti'S = 0,

or

rf' [A-'-S^.r + 2.ryS^y + y'-S^y - 2 (m-1) (.tvS^+y5,,) + m (m- 1) S| -
- («-l ii)<f[xSr, + {.v+y) S^,, + ySy„ - (m-1) (Sx+-S^n +

In order to give to this c(|nation a more concise form we sliali

make the equation *S homogeneous by introduction of a third

variable, z.

We then have

m {m — [) S ^ .v'Sxx + 2.vySx,/ -\- y^S^y -\- ^xzS^x + 2y,xS,i- -\- z^Szz,

{m—l)Sx = irSxx -\- ySxfi 4- zSx; ,

{in — l)Sy = .xSx;, + yS,,,, -f zS,,: ;

so

x'Sxr + 2.vySx„ + y'S,,,,-2{m~\) (.rS^ + yS,,) + m(,«-l) 5 = z\S,„

xSxx + (a- + y) Sx,, + yS,/,i — (»«— 1) (Sj- + S,,) = — z (S^-. + S,,,).

If we now put c^l we find for the differential condition

^'%z + (« + ,i) diS,: + S;,,) + [«,?.S:,,, + {a' 4- iT-) S^,, i- fqiS,„,\ = 0. (18)

If we exclude for the present the case dz=0, corresponding to

the afjine transformation, we may put into the equation (18) without

any objection ff ^ 1 : by this (18) takes the form

5-, + (« + ^i) {Sr-. + «,/--) + \a^S,; 4- («^ 4- ^') Sx,, + «i?5y,/] =0. (18a)

We can now dispose arbitrarily of the qiiantitie;? « and |i.

If S{x,y) is of order two, then all second derivatives are constant,

so that the equation (18a) forms a connection between the constants

of the equation and the constants of the transformation. So we
can say ;

The general symmetrical quadratic equation can be brought b^'

an infinite number of projective trnnsformatious into the form

If e.g. is given

S(.f, y)— a,(x + yf + 2b,.vy + 2«,(.<' + y) -\- a, = 0,

then we have

Sxx = 2a, . -Sj-y == 2(«„ -j- l>^) , S,,,, = 2rt, , 8x; = 2rti , 8,^- = 2<i^ , .S;; — 2a,.
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The condition (I8a) now runs

«„ + 2«,(« 4- iJ) + {a, + b,) (a + ,?)- - 2h.a,i = U . . (10)

Consequently if we choose « and ^i in such a way that (19) is

satisfied, then .S is brought to the form

(.45^ + Bi) + (^7^' + Bii) = 2C,

or

(5— 2 6'5 + C) + {n'-2B'yi + C) = 2k.

or if we choose C" =; B'^

(^-B'y- + Oi -BY = 2k,

so that

^{^) = (5-5')^ = .(• + a . (o(a^) = yt + e'^'^(«2^-'),

or

1 = 5'+ l^A + e"''(o(e2«^.

7j = iJ' + l//; — e''^''to(e5t>v)^

whilst

a\B' -^\/k+^^^M^''^\ +iJi-B'+ I/A— e«-'(o(e2!''^j4-v
)

d'|25'-t J/^-|-e'''-''a)(e2rav) -f l/yi;_e.-^vty(g2;7rv)j_|_5

«j5'+l/A4>RH=^iM^2?=7^^
(20)

rfi25'+ V/yt-t- eK-'+")co{e5'<H-")) + Vk-ei<-'+'')vi[e^M-'-\-»))\ f e

If S {,(',)/) is of order ^/^w, then the two derivatives are of order

one, therefore of the form p^ {.v-\-y) + />„. The equation (18a) becomes

tlierefore likewise of order one, e.g.

As this relation must hold for all values of ,r -j- //, we have to

satisfy

P, = , P„ = 0,

so that we have now obtained iivo relations between the constants

of the equation and tlie tiro constants k and ,i of the transformation.

So we conclude from this :

The general syinnietrlcal cubic ei/uatioii- can be brought by a

finite number of projective tnmsjonnations into the form i|'(.«)4-i|'(»/)^2A.

If we put e.g.

S(.v.%j)=aJ^.n 4- yY-\-'Sb^{x- [-!i)xij + 3a,(.« -|- yf -f 66,A7/-t-3rt,(,c + y) + «„ = 0,

we have

Sxx = 6 {a, {x-\-y) + Ij^y ]~a,\ , S^.y = 6 {(a, 4-6,) («+j/) + «,+i,},

5j,y = 6 jrt, (x+y) -f ia^'+Wjl , S;,, — 6 ja, (.«-!-//) + l\y-\-a^\
,

S,, = 6 |a, (,r+.v) + />,*• + «,{ , 5,, = 6 |a, {.v+y) + «„{.

So equation (18a) now becomes
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l"> + (^", + /',) (« \ i1) + (", T '',) ("4 .^.' - /',VJ (•'• r .V) i-

-- |„„ + 2a, {a+ [i) + (o, + l,j(u\-liy ll.^a.i] - U.

so llial ('. and ,)' aw (Irleiiniiicil liv

a, + {2a,-\- 1>,) („ + [i) ^ («, ^ /-,) (« ( ,-if ~ /', <(,i :rr U , . {'2\)

n„ J -2,,, (»f,^) + («, r /,,)(*< + ,?)•- -.7<, ,;,i=:rO. . . . (I'.i)

Oiil of llit'so eiinations wo (iiid two values for «4 ,-? aixl Iwo

oorrespoiuiiii^" values of ft,'?, llnis iwo sels (<?.,?) or (,^.^0. So in fieiici'al

lirn |)rojei'li\ (' Iraiisrornialions are possihic lraii>rcniiiL;' ihc svnnnclrical

riiltic e(|nalioii into llie standard form desired li\ us. I'liis is

Wc eaii modify ihe constants in such a way that we find

so that

If- (S,— B'} = (I— i^')' + 3.« (5- V/) = /• 4 <> . to ((i-^) = k+e'^-^ w (e"-'^')
,

If. (»/- ^')= (ij— 5')' + 3fi (IJ-/J') = X- - a . (o (rt») = k-e''^' CO (ea'^--)
,

hence

§ = JS' + »fj_i
{^•+*"^' w (e^'-)! , 'i

= 5' + <f-i {^— e'-' u> («2'-')i .

;-.'3;

It' we now regard the afpiw transformation, we have but to put

in equation (18) tf^rO; we then ilnd

or

= — - cond. . . . . . (24)

P'or the (piadratio equation this can always be satisfied and that

by Iwo values of the ratio «:ji; hence:

the (jeneml symmetrical quadratic equation can be brougiit by ticu

a/fine transformations into the form i|'(,70 -|-
V'(i')

=^ 2/'.

For the cubic equation, the ecjuation (24) demands

(«s + *3) (•«•+ ^) i- a, + ^s

therefore

or

{la
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The (jeneml si/mmetrical cuhic lymifion can be brought by an

offi7ie tratisformation into the (bnu iK.c) -j- x]-{y) =i 2k only when
condition (25) is satisfied.

This condition expresses tliat tiic three asymptotes of the cubic

curve represented by the given equation pass tiirougii one point.

In connection with this we might have obtained equation (25) also

in a geometrical way. Of a cubic curve which lias as equation

.45= + B%-^ + Cg + A,i' + 5»f + Cn = 2D,

the tliree asymptotes pass namely through oz/c point, a property which

can stand an aftine transformation.

Chemistry. — "On the appearance of a maxinuun and minimum
pressure vnth heterogeneous equilibria at a constant temperature"

.

By Dr. F. E. C. Scheffer. (Communicated by Piof. A. F.

HOLLEMAN.)

(Communicated in the meeting of April 29, 1910).

In the spacial figure of a binary system in which occurs a complete

miscibility in the liquid condition, a complete separation in the

solid condition and where the vapour pressures of the liquid fall

continuously from .*• ^ to .i' = l, two three-phase lines appear at

the place where one of the two components in the solid condition

coexists with litpiid and vapour. Whereas the pressure values on the

three-phase line of the first component increase continuously with

the temperature, this is not the case with the line of the .second

component; Roozeboom suspected that the latter in its P-T-prqjection

always possessed a maximum ^) Later, Kohxstamm ^) showed that

this maximum need not ap])ear always; from the equation of the

three-phase line deduced in 'J897 by van der Waals "), the condition

could be deduced when a maximum appeared and when not, because

in the former case the value of (»/„

—

j/.,)
—— {tji— '/«) must be 0. This

condition, however, may point to the appearance of a minimum as

well as that of a maximum.

The appearance of a minimum pressure on the three-phase line of

the second component becomes even very probable when a minimum

occurs in the F-.i:-\\nes of the liquid-vapour plane. For this case the

') Bakhuis Roozeboom, Heterogene Gleichgewichtc. II. 331.

2) KoHNSTAMM, Pioc. 1907, Febr. 23.

8) Van der Waals, Proc. 1897, April 21.
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/'-'/'-projcctioM of I lie spnrial ligure li;is l)ceii indicated in li^-. 1 and

the yVc-projeclioii of the two tlii-ee-piiase linos in (if;-. 2. The lin-ee-

piiase line ^^.t/v is always situated aiioM' the sidiliniatioii line of J ;

the lino O^E always above that of 11. in |»oinl A' the ininiinnin

lino meets the tlu-ee-pliase line: litpiid and va|)oui', nnder thi-ee-phase

pressure, get Iioiv tiio same composition wiiich, in (if;;. 2, amounts

to an intei'sectioii of ii(|nid- and vaponi' i)i-aiu'hes of tiic Ihn'c-pliase

line of the second component. If we ari'ange the three phases according

to their />'-contonl, the order in which thov follow at temperatures

above that of A' is LGSn, below A', (ILSi;. We now see thai at

temperatnres below A' the ai»o\e condition may be fnlfllled (iv- ^ .'•/

where these values relate to llie lirst component), so thai the value

of — becomes 0, wiiicii, liierefore, in our case causes tiie ai)pearaiu'e
dt

'

of a minimum.

The condition for the appearance of a minimum is, iiowever, not

depeiulcnt on liic presence of a mininnim pressnre line on tiie li(piid-

vapour plane; of this it is totally mdepeiidenl, so that there exists

the possibility thai a mininium |iressiu'e may ap|)ear in tjie P-T-

projection of the three-pliaso line of Ihe second component while

the li(pnd-\aponr plane is still falling continuously b'om .(,' = to

x= 1.

In the case of a line of maximum |iressure occurring on the

li(|uid-vap()ui- plane, this line will, in (piile an analogous manner,

come in contact with llie three-|)hase line of the tlrst component

'//' f Qlr \
(lig. 3 and 4). In ])oiut A' the value ot - is positive := — ^7-;

at \ Vv — Vl J
between A' and '>_( Ihere is now a possibility of the appearance of

a maximum which has lieen mentioned previously by Kohnstamm.

In this case two maxima may therefore occur, although neither of

them need ne.^essarily appear at all. It appears from the 7-.('-prqjection

that at temperatures between li and Oj (fig. 4) the condition

.«', ^ '.' is com|ilied with and that the value ot - may become

nought.&'

Now whereas in the spacial tigure of Ihe above mentioned form

only maximum and mininium |)ressnre lines can appear on the

liquid-vapour plane, because the concentration of the solid matter

never differs from i or 0, it becomes possible that maximum and

minimum pressure lines for the coexistence of solid and licpiid and

of solid and gas also appear when Ihe conccnlialion of the solid

matter is not limited to 1 and 0,
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In liie first pliu-e lliis may liaj)|ieii wlicii one or more coiHiiomids

occur in the spacial ligiire; as to tiio presence of niiniinniii pressure!

lines on the S(t and SL pianos, wiiieh come in contact widi Iho

maximum sublimation point and minimum melting point on'the three-

phase line, several communications have appeared in these Proceedings

from VAN DEK Waai.s, Bakhuis Roozeboom, Smits and others.

In the second place similar lines may occur in systems where the

solid matter is a mixture of the components in varying proportions

(mixed crystals). If we suppose that complete mixing takes place in

the solid condition we can readily observe the possible cases from

fig. 5. In this figure is drawn a circular curve of which the three-

j)hase line forms a part ; tliis gives us a simple means for observing

all the possibilities. We conclude from this figure that six types are

possible in which one line of maximum or minimum pressure comes

in contact with the three-phase line {ab, be, cd, cle, ef, fa, where

these letters indicate each time the triple points of the components).

We can also distinguish six cases where two contacts occur {a{b)c,

b{c)d, c{d)e, d(e)f, e(/)a, /{d'b) and six, where three of the said lines

have a point in common with the three-phase line (a{hc)d, b{cd)e,

c{de)f, d{ef)a, ,i/a)b, f[ab)c) ').

The other conclusions may, I think, be passed over, but it should

be pointed out that it is shown, from fig. 5, in the plainest manner

that when on the three-phase line occurs a point in which .i-,. = ,17

and another in which ,17 ^ ,!,,, there must also occur on the three-

phase line a point in which solid and gas have the same composition,

a condition which we notice occurs in (piite an analogous manner

in the appearance of a dissociating compound.

Let us consider more particularly the case in which three lines of

minimum pressure occur in the s[)acial figure (fig. 6). We then obtain

a 1^, T projection whic-h exhibits a great analogy with that of a

dissociating compound which is less volatile than both components.

The line where S and L have the same composition meets the three-

phase line in R^ , the one where -S' and (t have the same composition

does so in R., : in analogy with the corresponding remarkable points

of a dissociating compound we may call these points the minimum

melting point and maximum sublimation point of the mixtures behaving

as a simple substance; both these points which in a dissociating

compound exhibit one composition in their positions occur herewith

diflferent x. This causes also the R,T line for the constant x to pass

») In this communication it lia.s been assnmed tliat the soliti matter, on melting,

always increases in volume.

3

Proceedings Royal Acad. Amsterdam. Vol. XIll.
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throngh /<*, (which therefore, possesses a cusp) and not tliroiif^h

/>*, and rcvorsodiv, so that tlie two cusps of tlie l\T line of the

compound occur in our case no longer on one but on two dillerent

lines ').

The 7',,'-projection of the three-phase line represented in l-'ig-. 7

exhibits the intersections of the liquid and solid branch in A',, of

the solid and gas branch iu II.,, (if llio liipiid and gas branch in

/i', ; the three said points correspond with the homonymous ones in

the 7-*, 7'-prqjection (tig. (i).

F'inallv, it should be mcniioiicd that liic appearance of a maximum

or a minimal pressure on the tiireo-phasc line may be readily ascer-

tained from the equations given b^y van dkk Waai.s in 1897.

(ij.- — ris) — — ^ ivi — 'tis)

dp .VI — Xs

at Xy — Xs
(«u — Ve) (Vl — »s)

XI Xs

has the value when the numerator becomes 0, for this we require

Xc — Xs~^ xi — Xf-, this condition is fidiilled on the three-phase line

between Oa "and E^ where, consequently, a maximum pressure may

appear, whilst between On and /i", a minimum pressure may occur.

It will be a simple matter to deduce also the possible forms for

the other cases; the collection of facts at our disposal, is as yet too

incomplete for us to be certain as to the occurrence of the above cases.

However, the melting point lines of the system Hgl.^ — HgBrj,'')

d- and /-carvoxime"), monochlore-monobromohydrochinondiacetate "),

^^azoxypheiietol-y)-methoxyeiniiamic acid *), ^;-azoxyphenetol-eholesteryl

benzoate^) and of many others point to the appearance of maximum
and minimum lines on the (S£-plane and a good many examples are

already known of maximum and minimum lines on the Z^r'-plane,

although in the latter cases there is generally no complete certainty

as to the nature of the solid phase.

1) Smits. Proc. 1906 April 27.

-) Reinders, Disserlalion, Amsterdam 1899.

3) Adriani, „ „ 1900.

*) KusTER, Zeilschr. f. Pliysik. Chcmie 8. 583.

") A. Prins, Dissertation, Amsterdam 1908,
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Physics. — "The iintiinctir aejxiration »/ ahsdrpliiiu lines In (mi-

nection irilh Sun-spul sjieclra". (Second Pari)'). By Prof.

P. Zekma^ and Dr. B. Winawek.

(Communicated in the meeting of April 29, 1910j.

21. Tlie outer components of a nuisnetioally divided line, if observed

in a direction inclined to tiie lines of force niider an angle ,'>, are

elliptically [lolarized.

In our experiments of § § i2--17 we fre(juenlly I'eferred to this

elliptical polarization. In § P2 were resumed the simple rules, which

relate to the ellipses characterizing the state of polarization of the

outer components, if vei-;/ navroii} spectral lines are observed in a

.strong field.

The linear vibrations of the central component of a triplet lie

according to the elementary theory in the plane passing through the

ray and a line of force, and the amplitude is proportional to sin ih.

RiGHi's theoretical considerations in his paper cited in § 1 also

agree with this conclusion.
-'o

22. In Voi(iT's') theoretical investigation of the magnetic effect

in a direction inclined to the lines of force, the remarkable con-

clusion is drawn that also the central component of a triplet may
execute an elli|)tical vibration. This result is most closely connected

with the taking inloacconnl of the muliial aclion between neighbouring

molecules.

LoRENTz's considerations concerning our present subject (cf. § 1

above) give residls which we may be permitted to summarize here

briefly.

For arbitrarily chosen values of the angle »> between the i-ay

and the magnetic force for every frequency two elliptical vibrations

of opposite directions can be transmitted.

In the case of the outer components of a sharp triplet one of the

two elliptic vil)rations is absorbed.

If we have not to deal with a shaip Iriplel, i.e. three absorjtlion

bands that are completely separated, we can still say something

about the vibration ellipses of the outer components.

Let axes OY and OX' be chosen, the one normal to the plane

1) Continuation of the paper published in these Proceedings. Vol. XII. p. 584. 191U.

-) W. VoiGT, Weiteres ziu' Thoorie der magneto-optisclien Wirkungen. Ann. d.

Phys. I. (.1900) p. 389.

3*
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passing through the ray and I he inagnetic

force, the other |ior|K'n(licMhvr lo Ihe ray

and lying in Ihe plane jnst nienlioncd.

Then one of the characteristic; vibration

ellipses can be considered as the reflected

image of liic dther with respect lo aline

. bisecting the angle A' (-')'. This rul'^also

..— •' applies to the direction of niolion in ihe

two ellipses.

The nature of the piienoniena thai will

be observed for niys of a frequency

corresponding to Ihe centrnl line of the

triplet, depends upon the value of ») being greater or smaller than

a certain angle iS-,. This latter is determined by the equation

Fig. 1.

tamj d-j Mil d-j -^
9

The quantity (j may i)e regarded as a measure of the width of

an absorption lino and depends upon the constants of the vapour;

V is determined by the change of the frequency of Ihe free vibrations

of the electrons and has a value proportional to the strength of

the field.

If i^^v^i, then two linearly polarized l)eams

with equal indices of refraction and different

absorption indices can be propagated. The recti-

linear vibrations make equal angles with the line

OL bisecting the angle XOY'. The absorption

is strongest for the beam whos*^ vibrations make
'° the smaller angle with the direction of the field.

Pig. 2. lu the figure the most strongly absorbed vibration

is indicated by a thicker arrow.

As t)- decreases the vibrations of the two principal beams approach

more and more to iJL, so that far ^ = »>i both directions coincide

with the bisectrix. The two principal beams are now e(|ually

absorbed also.

When i><^d',, the state of things is wholly different.

In this case two elliptically polarized beams can be propagated;

they are equally absorbed, but have different velocities of propagation.

For liolh beams Ihe characteristic ellipses are the same, but described

in opposite directions. One of the axes of the ellipses coincides with

the line OL in Fig. 2.

The ellipses become less and less eccentric as the wave becomes
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less inclined lo liie diieclion of llie liuld. For !h = f) Ijio ellipses

become circles described in opposite directions.

A further approximation lor .'> = {>j shows, thai in lliis case the

two vibrations do not coincide exactly. As in the general case

there are two distinct beams with different characteristic ellipses,

both deviating somewhat from the line OL of Fig. 2.

The regions of the longitudinal and the transverse magnetic effect

overlap to a certain extent and are not .sharply separated from each

other at the angle 9',.

23. There are three results of Lorrntz's theory that probably

admit of e.'xperimental verification.

Let us imagine the absorbii g vapour placed in such cii-cumstances

that the elementary theory cannot be applied. The components of

a divided line are now not neatly separated by practically transpa-

lent regions. The vapour density mnst be chosen relatively great and
the magnetic intensity rather small. Ah always in the present paper

we suppose the lines of foi-ce to be horizontal ; we examine the pro-

pagation of the light also in a horizontal plane.

The three predictions i-eferied to and which apply, if we exclude

the cases of the true longitudinal and transverse effects, are:

l^' . the major axes of the vibration ellipses of the outer com-

ponents deviate from the vertical line.

2"'*. the vibrations of the middle component (c.q. components) are,

depending on circumstances, either linear and not horizontal or

elliptic, the axes of the ellipse being inclined to the horizon.

3"'. there exists an angle *, separating the regions of the longi-

tudinal and the transverse magnetic effect.

Oblique position of the vibration ellipses of the outer components.

24. We succeeded establishing experimentally the oblique position

of the vibration ellipses in the inverse magnetic effect of the

X>-lines ; the amount of the slope of the axes we could measui-e.

The obliquity is far from striking.

When .*> was already such that the ellipticity was very marked,

we first only after some difiiculty could make sure of the obliquity.

Some details of a definite case may be given. With i^ ^ 69° and

a field of about 18000 gauss the first observations were made.

Attention was given to D„, the vapour density being regulated so

that the outer components of the sextet could not be seen separately.

Before the slit of the spectroscope a Nicol was placed with its plane
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of \ilir;ili(iii undiT ;ui ;i/,iniiil of suy .35° willi llic lioii/.on. 'I'Im'

ceiilnil |iiul (if the resolution lij;iiro is now vorv dark, llie oiilci'

I'onipont'iils of i1k" |)soM(io-lri|ilc>l iiowever are only lainlly \ isihic.

Tliis \\-A> the advanlafie lo increase llie visil)iiily of small 'ciiangcs

of (lie iiilensily of (lie onter eoniiionenls.

'I'lic direelioii of the (ield we denote as licld direclion I.

W if/i the )rf('rsi'</ jidd '/li'rc/inii 2, tl/r inilci' com jinhi'iils lii'CdDic

(Jarh'r.

This experinienl was repealed several limes wilh llie same resnil.

I'he Nieoi llien was |ilae<'(l in a posilion synimeliical lo Ihe one

just nienlioiied. Now wilh licld diiecl'on J, llie ouler coniponeiils

were darker. 1^'rom Ihese experinienis we mnst conclude that a

vertical line is not an axis of synnnetry of Ihe vibration ellipses of

the outer components, hence thai llu^ posilion of these ellipse'^ is obli(pie.

25. The direclion oi Ihe smailei axis of the xihralion ellipse we
measured for {) = 69°, the vapour density l)eing between the first

and second phase (§ 13). Before the slit of the spectroscope a Xicol

was introduced, mounted upon a divided ciirle, which gives the

rotation of the Nicol in degrees. The vanishing or reappearing of

the outer components gave a good criterion for the detei'inination

ol" the smaller and therefore of the major axis of the \il»ralion

ellipse.

The measurements gave the result ihal under the circumstances

of the experiment the major axis made an angle of 5 degrees with

the vertical. The obli(piity was ihe same in amount and direclion

for the components towards the red and towards the violet. The

diagram Fig. 3 illustrates the relation between the slope of the ellipses

and the direction of the field.

p ]jQi US be the beam, which

traverses the source of light

placed in O and OF the direc-

tion of the magnetic force. For

an observer looking in the

direction SO, Ihe upper part of

the vibration ellipse is inclined

Fig 3. towards the right. The plane

FA'' coidaining Ihe ellipse is normal lo the ray and in the figure

has been i-olaled round the dolled line uulil brouiihl into coincidence

with the i)lane SUM. That side of the plane which was visible

from N, can now be seen. Both the ellipse towards the red and

the ellipse, described in opposite direction, towards the violet have the
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same slope with a given (iii-(M"(i(»ii (if liie niagiielic Held, as was

remarked above.

2lj. The .s<ime sodium llame investigated as to tiie inverse effect

in the direction OS, we studied in the direction i)I* (i.e, for an

angle F(JP= MOS—\SQP—») for the phenomenon of partial

polarization, discovered by Egoroff and Georgiewsky. A small telescope

focussed upon the tlame was used and |)rovided witli a Savakt plate

and a Nicol. This polariscope is mounted upon a divided circle

graduated in degrees. The direction in which the fringes were most

brilliant was detei-nnned in order to detect a possible deviation of the

plane of maximum polarization from the vertical. It was easily seen that

there was such a deviation. Tiie fringes were most clear if for the

observer in P their direction was from the upper left to the lower

right quadrant, the direction of the field being always as indicated

in the figure. After reversal of the magnetic field the fringes became

indistinct. They became distinct again if the principal direction of

the polariscope was from the upper right to the lower left quadrant.

The result of these observations at least proves that the whole

phenomenon is asymmetrical with respect to the vertical and hence

proves the presence of oblique vibrations. In a conversation with

one of the authors Prof Lokentz had kindly communicated that he

observed phenomena of the kind descrilied in this §.

27. In the experiment of the last § the axis of the telescope must

be placed carefully in a iiorizontal plane passing through the poles

of the electromagnet. If the observation is made in a plane which

is not horizontal an apparent slope of the axes of the vibration

ellipses becomes manifest, as is easily seen from a geometrical con-

sideration.

28. The position of the plane of maximum polarization can be

determined rather accurately. The obliquity of the major axis of the

onter ellipses of sextet and quartet in one experiment was 5°
; with

the very same vapour density and the same strength of field the

plane of partial polarization made an angle of 21° with the vertical.

At first sight it seems rather startling that the polariscope of

Savart is so sensitive to the obliquity of the ellipses.

The phenomenon of the partial polarization of the emitted light

is very complicated and the complete theory still outstanding.

It seems not doubtful, however, in what direction we have to

look for the explanation of the remarkable difference between the
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iiiilicaliuii.s of llu- Iwo insliiiinciils. TIr'v inciisiuc (liUcrciil (|Uiuililies.

As Idiif^' as IIk- iiicliiiiilioii oi'dic vihmlioii

ellipses oi' llie iMnillcd liiiiil is zero, llio lolal

^ light also vibrales sviiiiiiclricallv rclalivcly

10 tlie vertical.

If the inciiiialioii is not zero, however, linl

has liic \aiii(> ((, llic |)laiie of iiiaxiiiiuiii

resultant inniinons motion is inclined at an

angle <t -{- jf, which may ho occasionally

much greater.

The light cuiitlcil hy the sodinni llanio

contains:

1. horizontal \il)ra1ions of intensity r".

(We neglect lieie a change mentioned in § :!(• iielow).

2. elliptic \ilirali(in>. the major axes of which form an angle tt

with the vertical, i.el the |)riiicipal axes of these ellipses be r/ and />.

The intensity /, in a direction <> -V becomes

/, = c' sin- (tt 4- (3) -f rt' cos-' ii -\- Ir sii,^ [i . . . . (1)

This expression becomes a maximnm for a value of j? satisfying

c- sin 2[(i -^- ii) + {/,-— a') shi 2r; =1 (2)

Hence it follows already that (/ cannot be zero, for otherwise «

ought to be zero also.

From (2) we obtain

«m 2 (« + /?) a-— i'

Fig. 4.

sin 2i3

(3)

Hence the value of ti depends upon the intensities of the horizontal

and vertical vibrations. Always a > b ; in the emitted light the

vertical vibrations generally preponilerate hence also a > c. We
conclude that ;? can only be positive.

If we take <r = 5" «-}-;? =21" h=0;i <i (cf. § 29) equation

(3) gives

«"

- --=
1 ,4.

This is a plausible value. Hence there is no conlradiclion between

the observations made with the polariscope and the residls obtained

with the Nicol alone.

29. We made, with the inverse effect, some measurements

of the ellipticity of the outer components at different angles of

incidence. We used for this investigation the well known method

of the (piai'ter wave plate and Nicol. The axes of the ipiarler wave
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plalc l)eiiig placed parallel lo I lie axes of llic original ellipse, llie

resulting light is plane polarized. Let h and n i)e (lie liorizontal and

vertical or the nearly hnrizimtal and llie nearly vertical axes then

b
~ = tami a.
a

The mica qnarter plate used pi'oved to lie \er3- accnrale for liglil

of the I'efrangibility of the sodinni lines, when tried In the method

described on a former occasion 'j Thiee determinations gave for

the deviation tVom an exact ipiarter wave plate the valnes 1,8, 0,1,

1.0 v„.

For onr present determinations this accuracy of the plate is (puie

superfluous. The measnremeiits are verv diliicnlt, I'elating as they

do to the mean of the outer components of the se.\tet, hence to an

extremely narrow part of the spectrum. Moreover the density of the

vapour can be defined oidy approximately (10).

The following table emlnjdies the results concerning the ellipticity

of the outer components of the sextet obtained in a somewhat ex-

tended series of measurements.

9- h/a Remarks

0.31
j

69° 7, 0.31 ().30 VaiKHir of intermediate density (§ 10)

47°

0,45

1

0.47)

0.50

0.45

0.47 \'a[)0ur somewhat denser

39" 0.64 0.(5(5 \cv\ dilute vapour (§ 10)

The ratio of the axes at a certain angle undoubtedly somewhat

depends upon the vapour density. Part of the oscillations of the

results obtained at the same angle must be described to this cause.

At ,'>^69^V, and with dense vapour the inclination of the major

1) Zeeman, These Pioceedings Oclohoi- 30. 1909.
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iixis (if llie clJipse was (r; wiili \v\\ liiliitc \;i|iniir ilii- \,iliii' y.ci'o

was oblaiiiod.

At »'>=:47" iuul with vapour of intonncdialc density tlio inclination

was 4° 7g- Tlie Savakt fringes tlien made an angle of 28° with

I lie vei'tiral.

(Jbluiur iidsitiini of the rihrdtioiis nf the iiiidtlh' ciiinponi'iits.

30. Whereas the inclination of the viln'ation ellipses of the outer

coinponenis cmild he dcuionslraled lirst for tiie sextet, it was for

the cpiai'tel on tiie conlran' we first succeeded in xcrifving the

second of Ii0Ki',NT/."s above mentioned conclusions (23).

The deviation of tlie \ilirations of the middle comjionents of the

quartet from the iioii/.oiiial lint' can be shown in the same manner

as the inclination of the elli|)ses (24).

The principal section of the Nicol befors the slit was placed at

an angle of about 30° with the hori;.on. The outer components of

the quartet of D^ are then hardly visible. The inner conqjonents

are rather dark. The direction of the Held lie indicated as direction 1.

Under the iiiliuence o\' the rex'erse field 2, the middle components

become more black. If the Xicol be placed in the symmetrical

position then it is with the field direction I that the middle com-

ponents are most distinct.

The angle i'> in this experiment was 47'^.

Two different attempts to measui-e the angle between the vibration

and the horizon gave the results 4° \ .,, resp. 5° 7j- These measure-

ments are very difYicult, however and perhaps indicate only the order

of magnitude of the inclination. The vicinity of the outer compo-

nents largely interferes with the accuracy of the adjustment of the

Nicol, for while it is moved about near the position of extinction

and approaches to a \ertical direction the greater intensity of the

outer components distracts the eye.

i^

The

Nicol 1

31. We have made yet another experiment which

confirms the result of (30) for both the sodium lines

and also exhibits the relation between the inclina-

tions of the ditlerent components. This connection

is for a triplet diagrammatically shown in Fig. 5.

For the result obtained with the middle components

of the quartet and the sextet certainly can be applied

qualitatively to the triplet,

experiment was the following: the principal section of the

nade an angle of -|-40 with the vertical ; the positive direction

Fig. 5.
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ill Fiii'. 5 he aiiti-clockwi.se. TIilu llic Nirol was |)laco(l at 320° (i.e.

in the svinmefrical position). Tlie last position We indicated as position

B, the fii'st mentioned as jiosilion ,1.

The direction of the field remains nnciianged.

In position .1 all lines were weaker than in position li.

Hence we conclude that the ellipses as well as the vihrations of

the middle components are inclined, moreover that the relative

position of the \ilirations must be that shown in Fig. 5.

32. In the important iiaper already frequently mentioned Righi (Note

p. 291 of the paper cited § I above) says that Voiot's theoretical iiivestisia-

tion of the general case of |)ropagation of light in a direction inclined

to the lines of force was published loo late to guide him in his

investigation. Riom expresses the opinion that if is rather improbable

that in the course of his nnnieroiis observations particulars in the

behaviour of the noddle components as indicated by \'oi(;t could

have escaped him and that Lorkntz's elementary dieory is in accor-

dance with all the observed |)lienoineiia.

This seems in contradiction with our experiments. This contra-

diction vanishes, however, if we assume that the vapour in Righi's

e.xperiments was very dilute, or the field so intense that the components

were neatly separated. Under such circumstances also our obser\atioiis

are in complete accordance with the elementary theory, at least as to

the polarization of the components and the direction of the vibrations.

Neither was it in IIighi's experiments a matter of course to reverse

the direction of the magnetic lield, the procedure which most easily

exhibits any oblicpiity of the \ ibrations.

AppUctdioii of till' ri'sit,U.-< iif §§ 24—31 In tin- /lUrrprt'/ntinii of

sunspot spi'clrii.

33. The vibrations of the middle component of a triplet are parallel

to the lines of force. The outer components \'ibrate linearly at right

angles to the lield. These rules also apply to dense vapours, if only

the pure transverse magnetic effect be under consideration, if we

assume that the direction of observation is oblique to the lines of

force then only in the case of very dilute vapours the projection of

the magnetic force on a plane normal to the line of vision can be

found according to the rules of the elementary theory from the

direction of the vibrations. If, however, the components of an inverse

triplet are not neatly separated iiy practically transparent parts, — and

the sun-spot lines seem to belong to this class of lines, — the parti-

culars diagrammatically illustrated by Fig. 5 are to be taken into

consideration.
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III (IrawiiiL; cliarls of the iiia;;ii('lic liclds in siiii-spols, slinwin;; the

inl<Misit_\ , llic (lirocliuii and llic |)oiiii'ilv of llic nia^iiflic rorcc, llic

(icicnninaliiin of the direction of the force will jj,i\e some diflicultics.

The value of the correction to the indications of the elenienlary

llieorv necessary in some cases shall be given on another occasion.

The rule, wliich dclcrmiiies the direction of tiie dexiation, mav
be indicated here.

The direction of rotation in the \ii»ralion elli|)ses of the outer

components towards the red and towards the violet shows whetlier

>> is acute or oliluse. If ,'> is obtuse (Fig. 3), then the relative

position of the directions of the magnetic force, of the major axis

of the vii)ration ellipses and of the vibration of the middle component

is shown in Fig. 5.

From aiiv point l> draw a line <>!> parallel to the majoi' a.xis of

the \il)i'ation ellipses of llie outer components and a line ( >M |)arallel

to the vibration of the middle component, the angle iiOM being

always chosen acute. The jM-qjection OF of the magnetic force on a

plane nc)rmal to the line of sight then makes a positive acute angle

with OB, the angle BOF being greater than BOM, the positive

direction being I'eckoned from OB to OM.
By ascertaining whether or not the majjor axes of the ellipses and

the vibrations of the middle component are perpendicular to each

other we can make sure whether the elementary theory may be

applied or not.

Mathematics. — ''On linear [wlar groiips belonging to a hiqundratlr

plwii' curve'\ By Prof. Jan de Vries.

(Communicated in the meeting of April 29, 1910).

1. With respect to a biquadratic curve y*, with the symbolic

equation a/ =^ 0, the points X,},Z,W form a polarquadriiple when

the relation aj,a,faM,„ = is satisfied. If we take A', F..^" arbitrarily

on a line / and if we take as fourth point W the point of inter-

section of r witli the "triple polar line" p,,,,, of A', Y,Z, we get a

"linear'' polarquadriiple. The linear polarquadruples on r evidently

form an involution /,\ its "principal points" (fourfold elements) are

the points of intersection of y* with r.

If we assume for the points on / such a parameter representation

that two of its principal points are indicated by ^ ^ and P. ^ oo

we find for the groups of the /,' the relation

2).,k,).,^ p2X,k,-iqS?.,^0 (1)
4 C 4
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by which to each triplet P.j, ;.,, ;.„ one vahie ;., Iielongs, unless at

the same time

;.,;.j.3 + p{x,x, + ?.j, + ?.,x,) + q{)., + ;., + ;.,) = o

and
(A^;.^ + ;.,;,, + ?.,x,) + p()., + ;, + ;,,) + ^ = o,

are satisfied.

So thei'e is a "jieairal" involution I^', the groups of which arc

completed by each point to quadruples. The right line / is thus

triple polar line for oo' triplets of poles lying on it.

2. If we put Ci = .f/; + /'A- and «'/t = .ti -f- /i///, we tint! for the

linear polarquadruples on the line AT the relation

axa,i{ax + P.a,,) (a,,- + jai,, ) nz

or

a^iil 4- (;. -f ii)a^y -{- ).iia^ay — 0.

If we choose X aiul }' in such a way, that at the same time the

three relations

a^o = 0. a2„2 _ 0, a a? —
I ij X y X !i

are satisfied, then A' and Y form a "neatrdl pair" of the /,^ ; i. e.

a pair forming with each two points of r a quadruple of the f,^ ').

In this case the points of intersection of y' with r are indicated by

a' + ;.^,4 =r 0.

So for them the relation ')

holds, so that the principal points form a harmonic group.

The neutral points of such a "harmonic" /j" we shall call "asso-

ciated!' with respect to •/'. They form with each point of their

connecting line r a triplet of poles, of which ; is the triple polar line.

The line connecting two points U and V of y^ intersects it in

two points more determined by

3 2 2 3
4rt„«„ + Q^Ma<i'o + 4^"-a„a„ ^ 0.

They lie harmonically with respect to //and T when au\<,,':=0

is satisfied.

For a given point U this ecpiation represents a polar conic of U.

As this conic touches the curve y' in U and intersects it in six

') Since (ti {o(h -\- c7«j,)' = has the same scope as p^ == 0, A'Fis the tangent in the

point of inflection Y of the polar cubic of A'. So XY forms a part of the pohir

conic of A' and Y and it is therefore polai- line of any point Z on A')'.

-) We have namely

>.^-?., k,-?., i-i 1+i _(i-ir
A,-.^,'^, -;., -1-i -1+i (i+if

= — 1.
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IMiints r, t';icli |iuiiil of y' licjirs six fitiiil liin's ciil liv •/' into

hiinnoiiif j4r()U|)s. Willi lliis wo luxve |)r(i\c'(l liic known |ir()|i(;rl_v

ticcordiiifi' to wliicli llicro is a curve of c/r^.v.y .y/.(; of wliicli llic laii;j,ciils

lire cut hv y' into hannonic fi-roiips.

3. If we wiile llie c(|Luili()ii (1) in the lorni

it is evidcnl thai /.,' will have a iifulnil /mir when at the same

lime the three relations

(/, +;.j -! /, = 0, ;., '.., 'r pi)., + /,) I- ,/ = 0. /,;.,;., -f -/(/.. + ;.,) r= u

are satisfied, so when we have 2/)(/ =: //.

If n = 0, the neiilral pair is deleruuned l)V /" = (/, it' (/ =r Ip^,

we have for it /.' + />'' -\- iy/' = 0.

From tiiis ensnes that the neutral pouils coincide when we have

jt:={) and (/^=0. But then we lind Ihe [)rincipal points out of

/.•' = 0, the neuli'al points out of ?.' = 0. Two associated points can

therefore only coincide in a ]ioini of inllection of y', and the 24

inflectional tangents are the only rii^ht lines on which the /.,' of the

polanpiadruples have a neutral double point.

The degree of the locus of the associated points must therefore

be a multiple of six.

To determine that degree we make A' to describe a line /. Out of

the relations found above

3 2 2 'i

(/,
((,f

rz: 0, ilj; a',1 := 0, Oj. fly ^ ... . . {-)

is evideni, that ihe polar cubic /),' describes a pencil, the ]iolar conic

j)/ a svstem with index 2, the polar line y>,. a system with index 3.

From this it is easy to deduce that the points of intersection of

p/ and p/ describe a curve y" which has double points in the 9

basepoints of the pencil {})/), whilst the points of intersection of//.,;'

with />j describe a curve y'° possessing in the basepoints just men-

tioned threefold points.

In each point of intersection of /• with y' the curves p/, p,/, and

/>,, touch each other: those four points are therefore at the same

lime points of contact of y' and y'". As those two curves have 54 points

of intersection in the 9 basei)oints mentioned above there will be

J 8 points Y, where three cori-espouding polar lines p/,p/, and p,^

concur.

The locus of the associated points is therefore a curve of order

18 which osculates y' in its points ') of inflection.

') According to a wcllkuowii inle wo find out ol' (2) by elimination of /y< an

equation of order 26 in .n. l-'roni the above follows that this can be brolvcn u|3

iulo an eiiualion of order IS and tvvo times the eijnation of yK
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4. Tlie principal points uf a Z,' oaii in jieiieral not i)e iniil("l to

a gTOiij) of the involution. If again I,^ \h represented by (1), then

i''-^ -{- 6/)).'- -}- -iip. ^ funiislies its principal points; so these are

determined by /j^O, P., = » , /^ -j- ^^ = p, ).^ ).^ ^ q.

If we put ill (1) ;.j =^ and P.,, = cxd , we find

K K + p iK + K) + '7 - 0.

This is satisfied bj- the principal points )..^ and ).^ , when we ha\e

3j//- = 4g. Rut then the four principal points form an equlankiirinvnic

group, as is easily evident by substitution into the wellknown condition.

]f i' and 1' are two principal points of such a particular I^\ the

other two are determined by

4a„a„ -j- &).a,fl's + 4;.^a„a„' = 0. ..... (3)

with the condition

«„«„ (a„ 4- P-itty) (a„ + ).^av) =
or

.3 2 2 3
«»ai; + (^-j + -^.i) ««"c + ^i^2«««y =r . . . . (4)

Out of (3) follows however

1 /, + /, ;., ;.,

2M% - 3 b\,h\. 2 h\,h.

By substitution in (4) we now find

4 a^, a„ Z»„ 6\, =: 3 d\ a% 6",, 6^ (5)

This relation can be interpreted in a peculiar way. The points

of intersection of the polar cubic of (J, a,,'/,,."' = 0, with the line

througii /' and the point V taken arbitrarily, are found out of

3 a'u a^. -|- 3 ). d'„ a- „ -~\- ).^ (i,i a'l- ^ 0.

If now (5) is satisfied, this equation has two equal roots / and

UV touches the polar cubic of U.

The tangents out of the point IJ lying on y* to its polar cubic are

therefore cut by y' into equianharmonic groups.

With this we have likewise proved the wellknown propert\'

according to which the lines divided equiankarmonicidhj by y^ envelo[i

a cur\e of chisa four. The tangents of this cur\e cut y^ into liaeav

polarquadruples.

If besides (5) also rt^, a-c = is satisfied, we have either a'„ a„ :=

or (lu a'c = 0.

In both cases the equation (//„-)-/ r<..)' =i lias three equal roots

(;.' ^ or ;.^ ^ go). By this the well known property is confirmed

according to which the 24 injlcdioiml tniKjents of y^ are the common
tangents of a curve of class 4 with a curve of class 6.
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The |Kilar conic of ;i point of inlleclioii possessinf!; (lie inHoclioniil

lanii'onl as coiii|io!umiI pari, lliis i'C|tlaces according to ^ 2 twoofllie

laniicnls oiil of llic inllectional point to tiie envelope of the liaimonic

(piadruples: litis cnrvc liierofore toiu'lies tiir inlicclional laiigents

of v' in liio inlleclionul points.

Indeed, liiis follows also from the faci, llial no tanjient of y' can

bear a harmonic j;roiip nnless its point of contact is inflectional point.

5. If /'and T are the points of contact of a donble tangent

of •/', then as (,/„ -f /.rr,)' = shows, a'„'A,= and r/„a',.= () arc

satisfied; each of those ])oints is then the point of intersection of

the polar line and the polar cnhic of the other jioinl

If we allow /' to describe (he onrve y' then pa and //"„ tonch

each other in l' and tlwir point of inkisectian describes n cui'Vi' of

order 32. Vow /',, and yr\, describe respectively systems with inde.v

12 and 4, since the poles of the polar lines and of the polar cubics

passing throngh a point V are generated on y' by />% and />,.. On

a right line the two systems determine a (4,36) correspondence and

as y" belongs twice to the generated locns, the locus of the point

of intersection of /;„ and y>\, is a curve y".

In each point of contact of y' the line p^ and curve /;'„ have

tliree points in common ; therefore y' is osculated there by y". The

remaining 56 common points of the two curves are evidently the

points of contact of the 28 double tangents of y'.

Physiology. — "About ex-ckatuje of cjascs In cold-blooded (tnuimls

in connection n-ith their .sice.'' By F. J. J. Buytendijk. (Com-

municated by Prof. H. Zwaardk.makkr).

Ill a previous communication ') I have been able to prove that in

fishes as well as in a number of invertebrate sea-animals the con-

sumption of oxygen of the smaller individuals is considerably larger

than that of the larger ones of the same kind.

Through the kindness of the Director of the IJoyal Zoological

Society "Natura Artis Magistra" at Amsterdam 1 have been enabled

to examine the gas-exchange of a great number of cold-blooded

animals, in order to see u hether the |)lienomenon slatetl in sea-aniinals

occurs also in amphibia and rejililia.

The oldei' investigations of Rkig.nai'j,t and IIeiset "'), Moleschott,

1) These Proc. XII p. 48.

-) Reig.n;vult and Reiset, Annales lif Cliimie et de l^liys 1849. Vol. 26. p. 289.



{ 49 )

Pott and others ') L-om-eriiiii<^- the e.xoliaiige of gases in tiie lower

vertebrata include only few kinds of animals and had not been made
in connection with my ((uestion. A series of experiments made with

animals of different weiuiit, is given by Krehl and Soktbeku -),

who examined calorimetrically the warmth given off by some animals.

They found at a temperature of 25,3' C.

Lacerta weight 110 gr. produces per hour and K.G. t).8 calories.

Rana mugiens ,, 600 „ ,, ,, ,, ,, „ 0.5 ,,

Alligator „ 1380 „ „ „ „ „ „ 0.3

Uromastix „ 1250 „ „ „ „ „ „ 0.26 „

They thought they had to explain these contradictory values and

especially the change of the numbers with the tem{)erature from

the differences in the kinds of the sample-animals and thought they

ought to attribute the higher production of warmth in the first two

animals not to their smaller dimensions but to tlieir manner of living

in the temperate zone, while they found that the protoplasma of the

tropical animals works more economically, especially at a higher

temperature.

With the smaller animals examined by me I determined the change

in the composition of *he air of a space in which the saniple-aiiiuial

had found itself for a cei-tain time. This time was chosen so as to

make the air at last contain 3—47,, CO... In this case the CO^ (piantity

did not disturb the intensity of the respiration of the animal and the

error in the experiment, arising from the analysis of the air, had

been diminished '). The analysis of the air was made according to

Hempei, '). The CO^ absorption took place with concentrated NaOH,,

the 0. itinding in a gas-pipette tilled with phosphor (the temperature

of the room was always ai)Ove 15' C). Biggei- animals I put in a

space through which the current of air was led. The iiir that entered

was made free from CO,, of the air that was going out the CO,

was kept back in bottles by means of baryte-water, and the quantity

was determined by titrating the remaining Ba(0H)2.

In the different .series of experiments I have brought together

animals agreeing as much as possible in their bodily shape, and

most of which belong to very closely related species. By this it

seems to me that a comparison of the results is possible and the

differences that show themselves are to be attributed to the difference

^) See ZuNTZ in Herm.\nn's Huudbucli dei- Fhys.

-) Krehl and ^^oetbeer, Plli'igers Archiv. Bd. 77 p. 611— 638.

') For warmblooded animals, see Fiedi'iicq in Diction, de Pliysiologie Vol. II p. iV.K

*) Hempel, Gasanalytisclie Methoden.

4

Proceedings Royal Acad. Amsterdam. Vol. XIU.
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in size. That (lie orifiin of tlio aiiiiiialis from dinerenl iiot rlimates

is not of det'isivo iiillnence, as Kukhi, ami Soktukkk think, a])i)ears

from llic regniar course of the numbers in the tai)ics. I'^uiliirr, in

counec'lion witii tliis, 1 draw atlention to liie fact tlial liie i'ialvd.

nuiur. (experiment II, Table 1) of North Africa produces much more

('().j p. liour and K.(i. Ilian tiie aliif2;ator species and liic crocodile,

which also originate from the torrid zone.

TABLE I

Temp. 18-19° C.
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tlie 8aine result as the experiments in Tal)le I. In tiiese animals 1

conid not trace the intlnence of motion on the exchange of gases.

Uneasiness, however, betrays itself in the toads by the so-called

blowing up (air-swallowing). A Bubo marinus in this state produced

60.7 ccCO, instead of 22.1 cc. CO, p. hour and K.G.

TABLE Ilia

COj p. K.G. Bodily
and hour i Weight Temp.

I Angius fragilis (moving)

II Amphysbaena alba (very movable)

473 cc

-ir.8

22 21

373.4

2t° C.

20^

TABLE Illb

292 cc
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Thus far nearly all the experimeiils i)a(l heen iriade ii|)oii Inll-

grnwn animals; in the following experiments on the exchange of

gases in tortoises a dilference in bodily weight is accompanied by a

difference in age.

TABLE Va

CO.p.hour
and K.G. 1

Bodily
weight

Temp.

1 Chelodina longicoUis

11

TABLE Vb

III Chrysemus chineria (var. belli)

IV „ „ „ (very movable)

TABLE Vc

V Testudo graeca

VI „ tabulata

Vll „

TABLE Vd

VIII Emys orbicularis

IX „ „

^' n I)

53.3 cc

39

ASA

.^)0

115

62

68

220

74

33

-18

.505 Gr.

805

273

•1570

630

1099

1650

71

135

589

1190

19" C

20°

19°

19°

19°

20°

23°

19°

19°

19°

19°

1 :i7

Besides the phenomenon already mentioned we may, from this

table, also observe the inthience of the growth upon the meta-

bolism, the excliange of gases in the growing Emys orbicularis

increasing more strongly with the fall of bodily weight than in

full-grown animals.

In the Emys orbicularis an increase of bodily weight

in jn'oportion of

gives a decrease in the production of CO, p. KG.

and hour of

In the snakes with an increase of

is found a decrease of CO, production p. KG. hour

in the amphibia of Table II an increase of

shows a decrease of CO.^ production per K(J. hour

In the am|)hibia of Table I these figures are: increase

decrease of CU,production 2.3 :

1

12
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It follows, tiiereforo, fVoin Hip e.xperinients and invostiniitioiis

described here, wliicli, moreover, liavc forinerlj' been made upon
waiiii-blooded animals by other investigators, that of similar or

closely related animals the smaller ones have a relatively much
stronger metabolism than the larger animals.

It seems to nie that the explanation of this general phenomenon
is not to be found in the iutluenee of the size of the body on

metabolism, as neither in the experiments mentioned here, nor in

those formerly made upon sea-animals, anything of a proportion

between exchange of gases and the size of the body (equalled to

K^' weight") has appeared to me. Therefore it also seems to me
that the theory, projected by von Hoesslin ^), should be put to the

test by means of experiments. His supposition that metabolism of

cold-blooded animals, just as that of warm-blooded, is proportional

to their size, does not seem to be con-oborated by experiments.

Further the writer thinks, that the alimentary matter with which

the blood supplies the textures in die different animals, is proportional

to the size of the animals: at which of the many moments at least

a few have been left out of consideration.

Besides, in the animal organism the degree of the supply of food

foi' the textures is determined by the degree of metabolism, and

not the reverse : metabolism by the circulating quantity of blood.

Moreover the influence of the movements of smaller and larger

animals on their metabolism cainujl be calculated without any in-

vestigation.

It may, however, be concluded that the law of dependence of

consumption of oxygen on the size of warm-blooded animals, as

has so irrefutably been proved by Rubnkr ") for dogs, finds its origin

in the general \ital phenomenon mentioned here. According to this

principle the regulation of the temperature in the smaller warm-

blooded animals does not take place by a relatively decreased giving

off of warmth (thickei- skin- or skin-covering, narrower vessels, etc.),

but by a relatively stronger production of warmth.

Utrecht, 25 April.

1) V. HoEssLiN, Archiv. f. (Anat. u.) Physiol 1888 p. 323—380.

-) RuBNER Zeitschr. f. Biolog. Bd. 19.
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Physics. " Isntlwriiis tij iiiiHKdi'iiiir (/asi's uml nf llifir hiiniry

mixtiwes. I \'. Ili'inarks on the preparation of anjon. I'. \'<ipi>iii-

pri'ssiiirs ahovc — 140" C., cri/Ica/ Iciujii'raliirc and critical

pressure of ari/ori." By C. A. ( 'hommklin. (.'oiimi. N". 115

IVoiii llie |iliysic;il laborator}' at Lcideii. (ConiiiiiiiiicakMl l)y

I'ldf. II. K AMi'.in.iNGH Onnes).

(Coimiiunicutccl in llie Meeting of Ajtril 2\\ IDK')-

/ r. Remarls on the preparation of anjoii.

§ 1. Purelji clieinical metliods. The most iiiiportant prohleiii

eii('Ouiit(M'P(l ill tlie preparation of argon is llic removal of nitrogen

from a mixtnre of argon and nitrogen. Tlie chief substances that

have up to the present como into prouiinence as absorbents of nitrogen

are calcium, a mixture of calcium c.nbide and calcium chloride and

a mixture of (piick lime, magnesium and sodium.

a. Cak'iuin. According to Moissaiv and RuiArT ') calcium at a dark

rod heat readily unites with nitrogen to form calcium nitride (CajN^),

while according to Soddy
'J calcium unites with nitrogen (and also

with all other gases except the monatomic) only at temperatures far

above those that can be reached with the ordinary chemical com-

bustion furnace.

According to my own experience calcium at a light red heat in a

chemical combustion furnace unites but sluggishly with nitrogen. For

this experiment I used an apparatus built upon the lines of that used

by Raylehjh aiitl Ramsay ') in which the gas was passed in a cycle

through the furnace by means of a continuous action mercury cir-

culating pump. That nitrogen really united with calcium was shewn

not only by the diminution of the pressure in the apparatus, but

also by the calcium nitride that came from the tube after the experi-

ment, a yellow substance (not brown, as is stated in some chemical

text-books) that in moisty air smelt strongly of ammonia. This method

did not lead to satisfactory residts.

h. MiMure of 90"/o calcium carbide and lO'/o calcium chloride.

Fischer and Ringe ^) have interested themselves in this method. It

has the great advantage that oxygen and nitrogen are absorbed at

the same time. In collaboration with Mr. H. Filippo, (,'hem. Docts.,

') H. MoissAN and A. Rigaut. Ann. de Chim. el de ph. (8). :2. 433. 1904.

=) F. Soddy, Proc. R. S. Nov. 15"' 1906, excerpt in Nature Jan. 24'i> 1907.

) Lord Raylf.igh and W. Ramsay, Phil. Trans. R. S. (A) 186. 187. 1895.

+) V. FistiiiER and 0. Ri.nge, Ghem. Ber. 41. 2017. 190S.
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to whom I take this o|)|)ortiinity of expressing my warmest thanks

for his invaluable assistance, I constrncfed an apparatus which enabled

us to prepare a large quantity of crude argon in a short time. A
description of the peculiarities of this apparatus may well be omitted

;

it was arranged so (hat larger quantities of air could be treated than

was possible with that of Fischkr and Ringe. With 1 K.G. of the

mixture we treated about 216 L. of air, while Fischer and Ringe

only managed about 180 L. I can well recommend this method for

the preparation of large quantities of crude argon.

('. A niLvtitre of 20 parts by weight of qidck-line, 4 of magnesium

and 1 of sodiinii. This mixture recommended by Hempel ') as a

modification of the Maquenne -) mixture 1 shall call the Hempel

mixture; if [)repared with great care it will be found to be of great

service in the separation of nitrogen from crude argon. I used it for

the tlnal purification of the argon that was to be used for quantitative

measurements.

The analysis of the gas obtained ') shewed the excellence of this

mixture as an absorbent.

As far as I am aware, there are no determinations of the disso-

ciation-pressure of magnesium- and calcium nitride at the temperature

at which we worked. By heating the residue left from an experiment

with Hejipel mixture in a porcelain tube with ground joints, and

attaching to one end a mercury-manometer for low pressures and

to the other a T6ppt,er pump I was unable to find any evidence of

a dissociation-pressure with a cathetometer on which Vso "i'^- could

be read with certainty. The dissociation-pressure is, therefore, certainly

smaller than 7„„ mm. Hence, under the most favourable circumstances

there must not remain more than Visooo nitrogen in the mixture.

§ 2. Electrochemical methods. The union of nitrogen with oxygen

under the influence of electric discharge which was employed by

R.wleigh and Rams.w ^), R.^yleigh '), Becker 'j, and others in the

preparation of argon is especially useful for removing the last traces

of nitrogen. The great diflficulty inherent in this method — its

slowness — is partially overcome by the use of a transformer for

high tension alternating currents instead of an induction coil. Fol-

1) W. Hempel. Gasanalytische Methoden St^ Ed. p. 150.

2) L. Maquenne. G. R. 121. 1147. 1895.

*) See V, § 4. of this communication.

•*) Lord Rayleigh and W. Ramsay, Phil. Trans R. S. (A.) 186, 187, 1895.

5) Lord Rayleigh, Jouin. Ghem. Sou. (Trans) 71, 181, 1897.

6) A. Becker, Ztschr. f. Eleclrochemie 9, 600. 1903.
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lowing (lie |>iiiici|i!('-' nl" lli.il used li\ K \> i.kkiii ainl lv\\i-i\^ 1 cdii-

sli-iirted an appariXtiis willi Icansrornicr w illi fii-cat care lor lliis purpose,

and used il several limes lor a lasl pm-ilifalion. A llanie arc lielween

two lixed plaliiiinii eleclrodes was nsed as it was found in praolice

to Ite inofe suited to this purpose lliau tlie long nai'fow sparks ')

wliicli one would from a tlicorctical jjoint of view probal)l\clioosc ')

in |)i-eference to a llame arc. To gel an idea of the efliciency of the

apparatus I made several lueasnremenls of the ratio between the

watts consumed and the nnnd)er of voIl-am|)eres in the low-lension

circuit. This ratio is praclicallv the same in hotli circuits of a well

constructed transformer.

I found :

25 volts,

44 amps,

480 watts,

wiien the llame burned qiiielly. The ratio is therefore

480
0.4^.

25 X44
Seeing that 1 had no oscillograph availaiile 1 had to leave un-

answered the question if this unfavourable ratio was due to a large

phase difference between current strength and potential (high inductive

resistancel, or to oilier causes (deformation of the current and [)Olential

curves as indicated by Scheukr ") elecli-omoii\e forces at the electrodes,

etc.). Leaving this factor out of account, the efficiency of my apparatus

gave an absorption of ii.8 L. per K. V. A. hour from a mixture

of oxygen and nitrogen in the correct |)roportion to form nitric acid.

Raylrigh ^) absorbed 17.5 L. per K. V. A. hour.

§ 3. Separation of argon anil neon bij fractioncl distillation. Tiie

quantities of Icrypton, xenon and helium slill present in the argon

prepared^) according to one of the above methods could not influence

the measurements (isotherms, vapour pressures) that were to be made

with it. It was desirable, however, to get rid of the 0.1 or 0.2 "/o neon.

This was done by fractionation at the temperature of licpiid o.xygen

. 1) C. S. Br.\dlev and R. Lovejoy, Zlschr. f. Eleclrochemie, 9, SG8. l'JU3.

-J l'\ H.ABER, Thermodynamik lechnischer Gasteaktionen (Miinclieii anil Berlin

Oldeiibourg, 1905).

Ph a. Guye, GonI'. Soc. Ghini. de France May 24:lh 1909.

*) 0. SuHEUER, Zeitsclir. f. Electroch. 11. 565. 1905. Thesis for the (lucloiale,

Geneve. 1905.

*l R.4VLEIGH, Journ. Gheni. Soc. (Trans) 71.1S1, 1S97.

*•) M. \V'. TiiAVERS, Experimental studies of gases.
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l)uilin,L!,' iiikIci- greatly I'ediicfil |iius.>iirc ( ^ "2 17^ ( '.). This l("in|»'raiiiro

is above liie critical temperature ot' neon wliile e\lra|i()lati(iii of tiic

vapour pressures of solid argon iiieasiuvd bv IJwisav and Tkavkks ')

by means of an equation of llie foiin

B
l(„i /> = A + -

gave me an estimate of 3 mm. as the \alue of llie vapour pressure

of solid argon at tlie temperature of — 217^ C. Tins result which is

in agreement with what the analogy of oxygen would lead ns to

expect was confirmed by the experiments themselves.

V. Vapour pressures above — 14(V (J., critical fciiipc/'iifjin' and

critical pressure of ari/on.

§ J. The object with which these measurements were undertaken

was two-fold: 1. 1 wished to control the vapour pressure deter-

minations of Ramsay and Travkks and also the critical quantities

found by Ramsay and Tkavers') and by Olszewski "); and 2. 1

wished, before proceeding to determine isotherms, to get an idea of

the purity of the argon used by an application of Keesom's") theory

of the condensation of substances with small (piantities of admixture.

§ 2. The apparatus with which the measurements were made was

designed and u.sed by Kamerlingh Onnes and HYNDMA.^l for some

unpublished researches on oxygen, and it has already been noticed

in a few words ^).

To a great extent the ap|)aralns corresponds with liie [)iezometers

of variable volume for low temperatures already described by

Kamerlingh Onnes and Hynuman'), with the exception that an

alteration has been made in the small glass reservoir that was used

for low temperatures and in the steel capillaries attached to it. This

reservoir is 8 cm. long, has an internal diameter of 3.4 mm. and,

particularly with a view to the observation of the critical phenomena,

contains a glass stirrer. This stirrer can be moved up and down by

means of a glass thread passing through the glass capillary and

attached to a similar stirrer enclosing a piece of soft iron that can

be moved by means of a small electromagnet up and down in a

1) W. Ramsay and iM. \V. Tuaveus, Phil. Trans. R. S. (A) 197. 47. 19UJ.

2) K. Olszewski, Phil. Trans. R. S. (A), 180. 253. 1895.

3) Proc. E. A. Amsterdam, April 1902, Gomm. Phys. Lab. Leiden. No. 79.

i) Proc. April 1902 Gomm. No. 78 and Proc. March 1908 Gomm. No. S3.

-) Pioc. April 1901 Gomm. No. 69.
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small i-os(>r\(iir of llic same (linuMisioiis ii!ii»\(' llio cniiillary (wliere

it i)rojefts above tlio ci'voslal). The lower reservoir is divided so

llial llic position of llic li<|iii(l nipiiisciis may he read off and the

motion of liio meniscus may ho followed.

As this piezometer was not intended for volume measurements

and one is therefore not eontined to one definite known (juantily of

gas (tiie normal volniue) the steel capillary is provided with a steel

T-piece to which a second capiliaij is soldered; in the middle of

this capillary llieic is a steel high pressure \al\'e; il connects the

piezometer with a glass reservoir of argon, llic pressure in which

can be raised to ± 1.5 atm. by mercury. In (his way the range of

densities that can be investigateil with a single piezometer by the

addition of gas is greatly extended.

At the time llic dimensions of the piezometer were calculated for

oxygen. Seeing that this substance lias about the same critical

constants as oxygen the piezometer (an be used for argon without

alteration.

The cryostat used was that constructed by Kameki.ingh Onnes in

J9()2 for apparatus of small dimensions and has already been d9.scrii)ed ')

The temperatures desired were reached by means of li(|uid ethylene

boiling under reduced pressure, and the constancy of tiie temperature

was regulated by a platinum resistance thermometer').

The pi-essure was measured by a closed hydrogen manometer ')

that had been calibrated with the KAiiiiRLiNOH Onnks ") open mano-

meter. The accuracy of this pressure determination reached 1 in 3000.

The temperatures were measured by a platinum resistance thermo-

meter constructed wholly of glass and platinum according to the

directions of Ivamerlixgh Onnes and Clay °). This thermometer was

compared with a standard resistance thermometer at a large number

of temperatures between —103° C. and —140° C. The standard

thermometer was very carefully compared with the hydrogen thermo-

meter at various temperatures including — 102^ C. and —138° C.

and a formula giving good agreement was calculated. Errors of a

few hundredths of a degree may indeed occur in temperatures in

the neighbourhood of —120°C. and —130^ C. where there may be

M Pioc. Febr. and Maich 1903, Comm. No. 83, where a drawing of the cryoslale

is to be found on plate IV.

-) Proc. Febr. 1903, Comm. No. 83, § 5.

3) Proc. April 1902, Comm. N«. 78. § 17 and Proc. March 1907, Comm.
N". 97a. § 3.

') Proc. Nov. 1898, Cumm. N'. 44.

'•) Proc. Sept. 1907, Comm. NO. 'Mj.
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some doubt as to the inagiiiliule of the deviations tVoin the I'oriiiula;

but the temperatures are uii(h)ublediy accurate to 7in°- '''c tempe-

ratures calculated in this wav on the scale of the hydrogen thermo-

meter Avere reduced to the absolute scale by means of the corrections,

given by Kamerlingh Onnes and Braak '). The thermometer was

calibrated and the temperatures were measured and calculated by

Miss G. L. LoREJiTZ, phii. doct-\, to whom 1 take this opportunity

of expressing my heartiest tliaiiks for the valuable assistance she

kindly gave me in my measurements. I am also indebted to

Mr. W. J. DE Haas phil. docts. for his help in my determinations.

§ 3. The ineasuremenfs were made in the following fashion. After

the formation of a small i|uantity of liquid the apparatus was left

alone for .some time to ensure tempei-ature and pressure equilibrium,

and then tiie position of the meniscus in the reservoir, the mano-

meter, and the position of the meniscus in the glass stem of the

piezometer were read otf. The pressure wns then raised sufficiently

until the reservoir was almost filled with liipiid when the measure-

ments were repeated.

As is usual the critical temperature was approached gi'adually and

then by steps of 0.1°. The fact that a temperature was below the

critical was shewn by the occurrence of condensation with extremely

slow compression (so as to make the adiabatic warming as small as

possible and thus remain on the experimental isotherm). Being above

the critical temperature was shewn by first raising the pressure above

the critical and then lowering it by small expansions, of which

the adiabatic cooling could be only a few iiundredths of a degree; if

while doing this no meniscus appeared liion it was certain tliat the

temperature was above the critical.

The pressure at whicii the meniscus disappeared at about the

middle of the reservoir was taken to be the critical pressure.

For various reasons I gave up the idea of a searching investigation

of the critical phenomena, and of a very exact determination of the

critical constants. In the first place I suspected that my argon was

not pure enough for that purpose, and this was confirmed later on

by my measurements. In the second place since the description of

the apparatus of Kameri,in<;ii Onnes and Fabius ") the piezometer I

used may be considered too anticpiated for the purpose. The cryostat,

too, left something to be desired in the constancy of the temperature.

1) Proc. Dec. 1907, Comm. N». Wlb.

-) Proc. Sept. 1907, Comm. N". 98. More elaborate in G. H. Fabius, Thesis for

the (luctorate, Leiden 1908 wliere drawings of the apparatus are to be fountl.
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§ 4. Ciilciiliitiiuis. Till' |ire.s.sures iiiid Iciiiprraliircs wcir lirst

I'iiliMiliilod, ;iii(l llu'ii l>v nicaiis oC Kkksum'.s ruiiiiuhi ') I'nr llic diaiige

of cuiKleiisiuidii prt'SMiic of ;i siihslaiice willi small (|uaiilitios ol'

adini.xliiiT an idea of tiie |iiirity of tlio argon was ol)lainc'd. 1

assunied, ihal liic adniixliires, wliicli could produce a perccptilile in-

crease of pressure, niusi be nilrogeii, for by far the greater pari.

Tlie experience collected in tlic preparalion jiislify this assnin|)tion.

Kkk!so.m"s forninla gives

(
,;.- ,.

, ) (/., - /.,) = M RT .,: (.'<•• + e -A- - 2) . . . (1 ).

in \\ iiii-li

'=)% ,7r-'M ^JfRJ^-

p is the vapour pressui-e of the pure substance at an absolute tem-

perature 7'; />, and />5 are the pressures at tiie beginning and the end

of condensation respectively, r, and i\ are the molecular volumes of

the vapour and li(|uiil respectively ; ,r is ilie requii-ed molecular pro-

|iortion (if admixiure, anfl finally a and ;i are the two constants

introduced by Ivamerlinoh Onnes -j, viz:

1 rd2\

2'i- \ d,x J J,—

a

and

/'/. V dx ^t^^.

This formula, however, is \alid tor the beginning and the end of

condensation, that is, for two corresponding points on the boundary

curve (;>i;-diagram), while for experimental reasons I had arranged

that my observations should i)e made just after the beginning and

just before the end of condensation, that is, on two points on the

experimental isotherm within the boundary curve.

To obtain a formula applicable to my measurements following a

friendly hint given me by Dr. Keesom, I derived from the two

equations

{i\—v,) (p.-p) — M RT . X . (1-et) \

'

the difference between which gives equation (1), two other equations

for points on the experimental isotherms in the neighbourhood of

the boundary curve. These were

1) Proc. April 1902, Comm. N". 79.

'-} Proc. Dec. 1901, Gomm. No. 75.

») Proc. April 1902, Gomm. N«. 79.
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in which

1 +2/6
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coexisliiif;' li(|iii(l and vji|i()nr <loiisities. To ;i|)|)l_v this ('(niiiiiLi I

cstiiiialed llie crilifal (leiisily (Vom (lie li(|iii(l densities ofarf^on fi'iveii

iiy H.\i,v and Donnan ') iisinii' I'l*^ l<iw ol' liie diameter of Caim.ktkt

and Matiiias'') and the "hii dn liei's" of Matiuas"); the resnits given

in liiese two nietiiods wore in satisfactory agreement.

In this way 1 ealeulaled tlie following valncs of ./ from tiiree

observations of the vaponr [iressiire:

Vol"!,

().()()()()() O.OtiG

58 58

72 72

Considering how a|)|)roximate vahies mnst be taken for varions

(|nanlitics occurring in equation (3) we may be well satisfied with

this correspondence, and we may consider it as highly probable that

the admixture is less than O.l"/,, •

Making use of equations (2) and of the mean of the values given

above for .i; I was able to reduce the observed vapour pressures to

those of the pure substance.

Tiiese corrections are extremely small, and are oidy very little

outside the limits of experimental accuracy. The critical quantities

observed (true plait-point quantities) were corrected by means of

the following two e(piations deduced by Keesom ^)

:

( i-J""^"
1 'El' _ „ _ V

"^^ J
7'/j d.v d^jt

dtudjr

and
'i

5 (4)

I (?— a ^—
1 dpi^,l 031 \ ot^_

in which (\=^ '- and the Greek letters as usual refer to reduced

quantities.

Assuming now with van der Waals ^) that for all substances

— = G.7
or

1) E. G. G. BALy and F. G. Donnan, Journ. Ghem. Soc. 81, 911. [90±
-) L. Cailletet and E. Mathias, Journ. d. Phys. (2). 5, 549. 1886.
S) E. Mathias, Ann. d. 1. Fac. d. Sc. Toulouse (6). 1892.

') Proc. Dec. 1901, Coram. N'. 75, p. C
') J. D. VAN DER Waals, Proc. Apr. 1901.
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and with Keesom ^) that

C, ^-^ = - 32.2,

and also that we may write

and
da;

dppi Ppl — Pk

dx x

and, tinally, writing for 2\ and pt the observed quantities (lience

I'eally 7),/ and ppi), which assumption will only very slightly alter

the very small coi-rections Th— l],! and pt — p^i , equations (4)

take the form

:

^
ii-a

'i\— 'fpi =^ — 'l',,i X

C
'jr

'dtodi

and

Pk—Pi,i= — ]>,,i-'- ^

Li -a
djtX- -1

dr

C.
•n

From these equations I calculated the (very small) corrections fur

the critical quantities (^-f
0'.02 C. and 0.009 atm.).

§5. Results. After reducing the observed results to those for the pure

substance by the method showji in ^ 4 I obtained the following results.

Date
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Tliese obsei'v alidiis arc shown jira|iliic.illv (in llic accfnnpanyiiig

lignr(> on wliich llic pi'cssiire.s and i-iilical f)oin( (Iclci-nnni'il by

H.VMSAY and 'I'havkus 'i and tlie Oi.szkwski ) crilical jioinl aic shown

Tor comparison.

The Ramsay—Tk.wkus critical poinl esi)ecialiy (— 117°.4('. and

52.9 atni.) deviates iarfiely from mine, and liiis may perhajjs be

explained in Ihc primilixc nielhoii in wliich ihcsc e.xpcrimcnlers

had urniiiged their temperatnrc batii.

§ (i. Jli'piy-scnUtfidii of iJw raixnir jifcssurc curri' Ay I'liijitricul

fonniildc. I altcmplcd to re|Mvs(Mit the ivsnits given in the prvvions

section by K ankink's ') I'ormnlae.

A two constant t'ormnla, vi/,.

;

B
Ufji /> =z A ~\~

,

identical w ith the well-known \'an dku Waai.s ') vaponr |ircssnre

formula, in which lint one of tlie constants is determined by the

vaponi- jiiessnres in order that the fornnda may give tlie observed

critical pressure for the observed critical temiieiatnre did not give

very satisfactory resnits; this may lie seen from the following tal)le

in which p{()) represents the observed pressures and />((') tlie calculated :

Series



^ 1

O o

a





bv a three-constant formula:

log p

(
P-^

)

B C
(5)

which is identical with tiie vapour pressure formula given by

Keesom ') and has two constants to be determined by the vapour

pressures. Calculating the constants by the method of the least

squares 1 found

.4 = + 4.661764 i

B = — 524.3169 ') (6)

C= + 11343.28 '

which give the following correspondence with observation

:

Series
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Physiology. — "The influence of small amounts of Cakiiui) on flu;

motion of Phagocyte^'. By Pfof. 11. .1. II\MitrnGER.

Former iiivosligrttioiis liavc shown (liat siiuill amounts ol' aik-iimi

are able (o |)romote phagocytosis rcmsiderably '). An addition for

instance of 0.005 % Ca Clj to tiic sei'um caused an increase of

about 22 7„ in tiie phagocylixrian power. This favourable effect of

cliloride of calcium l)ecomes even more strongly manifest when,

instead of being added to the serum, it is added to NaCl-solutions.

These investigations have been continued now in two directions.

In the first phice we have asked ourselves whether the influence

of Ca would also manifest itself in the liinm/ body. All experiments

had hitherlo been made outside the body. If - we argued — the

phagocytarian |)ower, heightened by (Ja-Ions, is based upon an acce-

leration of the amoeboid motion then it may be expected that by

Ca chemotaxis will be promoted likewise. And therefore we deter-

mined tlie chemotaxis vnth and ipithout the addition of chloride of

calcium in the manner described below.

At the same time this investigation would furnish an answer to

a question raised in another quarter. In the Zeitschrift fiir Balneologie

of August 15, 1909 we read that the Prussian Ministry of Public

Worship, Education and Medical Affairs has addressed the following

question to the Kaiserliclie Gesundheitsamt : "1st ein Mineralwasser,

das eine isotonische Kochsalzlosung darstellt, durch einen Gehalt von

0.1 7o Clilorcalcium geraass den Untersuchungen des Prof. Hamburger

in Groningen geeignet, dem Korper Stoffe zuzufidiren, die in dem

Serum die Aufgabe haben, den Verdauungsprocess der Bakterien

vorzubereiten, die Phagocytose erheblich zu steigern ? Sind einschliigige

Untersuchungen in staatlicheii Instituten mit einem Mineralwasser, das

jene chemischen Vorbedingungen erfiUlt, zu empfehlen ?"

Prof. Dr. H. Kionka (Jena) sent in a report on the matter, setting

forth the great desirability of these investigations.

With a view to the interest from balneological quarters I have

therefore at the same time made some experiments with a mineral-

water containing much Ca; I took for it the water of the Yirchow-

(^)uelle at Kiedrich near Eltville (Wiesbaden).

Still in another direction we have carried on our investigations.

We have namely made attempts to penetrate further into the nature

of the remarkable influence exercised by calcium.

1) Hamburger and Hekma. These Proceedings Vol. X p. 144.

Biocliemische Zeitschrift 9, 275, 1908.



( «7
)

A. Ixt'LlENCE Of CAl.CR-.M ON Till', ( IIK.MOTAXIS.

To test the inOuence of calcinm ii|ioii the clieiuolaxis two iiietliods

were applied.

The first method consisted in placing- under the slvin of a I'altbit

small capillary tubes, closed at one end, and filled with a sus|)ensi()n

of B. coli commune in NaCl solutions, containing or not containing

CaCij. After some time tiie lengtlis of the leucocyte columns whicli

had entered were measured.
The second method consisted in CaCl, being introduced into llio

intestinal canal of some rabbits and not in that of others; and

investigating after some time to what extent the capillary tubes filled

with the coli-suspension had attracted in the first rabbits a longer

phagocyte-column than in the second.

Besides cultures as such, we also put into the ca|)i!lary tubes instead

of them, the liquid without bacteria, that is to say the products of

the bacteria.

For the technical details we refer to the Biochemische Zeitsciirift.

Here we may mention that the capillary tubes were fastened into

small tlal pieces of corlv, in which holes had been pricked before-

hand, and further that foi- the experiments rabbits were used viz.

the inside of the thigh. It is easy to make a pocket in the skin

there, in which the piece of cork with the capillary tubes can liml

a place. This iiaving been put in, the wound was closed.

We will now mention the result of some of the experiments.

First Met h o d.

Expei'hnejifs tritk bdctrrlit. stispeiisions irif/i ii/ul irilhont cd/ciniii.

F^or the following experiment Ihree pieces of cork were eacii

provided with two capillary tubes. In the two tubes of the first

cork we put a suspension of V>. Coli in NaCl 0.9 "/n- In the two

tubes of the second cork the lluid was NaCl 0.9 pCt. + 0.01 »/„ CaCI.,

and of the third cork NaCl 0.9 "/„ + 0.05 "/„ CaCl.,. The first and

tlie third cork were placed under the skin of the right leg, the

second (the one with 0.01 7o <-'iitJlJ. under that of the left leg.

They remained there for 24 hours. Then the lengths of the leucocyte

columns which had entered, were measured.

The following table gives the results of one of the experiments.

It is seen that by the addition of CaCl, to the bacteria suspension,

chemotaxis has increased.

5*
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TABLE 1.

Influence of calcium upon the clicniotaxis.

SuspciisiDii of B. Coli commune Lengths of the phagocyte columns

in a solution of NaCl O.g'",, in
\

which has been dissolved: > in two capillary tubes:
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0.9 »/„ ; the second 60 cc. NaCl 0.9 "/„ in wliicli 0.1 Gr. CaCl, liad

been dissolved; tlie tliii-d received in tlie same way 0.2 Gr. CaCl,

and the fourth 0.5 Gr. CaCl,. In each case a cork-slice with three

capillary tubes containing a filtrated culture of B. coli commune had

been placed nnder the skin. The result is found in the following table.

TABLE 111.

Influence of calcium upon chemotaxis.
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llie Iciiciicvtc colimms were lonucr in llii' ciipilldiT fiibcs willi tlio

nitrated ciillurc. It is not clil'liciilt lo ('\|ilaiii this, socinj^' llial the

white hh)0(l corpnscies whicli lia\e entered, are partly tilled up witii

a considerable amonut ol'coli-liacteria and are destroyed in eonse(piencc.

//. Mineral watei- rich in calcium (Vircho\v-(^>uellc).

riic e.\|)erinionts wore ideiilicul with those made on the iiifliieiice

of NaCl sol. coiitainiMg (.'aCl^ . First, however, it had lo i)e calculated,

how much mineral water had lo he injected into (he reoliim. According-

lo the analysis of II. h'uKsuNirs it contains about 0.1"/o CaCl, . To

adndiuster therefore O.l Gr. CaC'l, , as in the above e.\[)erimenls, it

would be necessary lo lake 100 cc. of the water per day. In doing

this there was no reason lo expect that part of tiie water would be

thrown out, but yet the Milunie coidd not be called small. Guided

by the amonni which is given to man, we come to a smaller volume

for a i'ai)bit than 100 cc. For in the case of men an average quantity

of 1 L. of the water is |)rescribed per day. Calculating the weight

of a man at fi5 K.G., that of the rabbits at 3.5 Kii., the I'abbits

3.5
would have to receive in proportion — X If^O ^= ^4 cc. Therefore

G5

we have given to the aiumals 60 cc. per day, distributed over four times,

that is to say 15 cc.every time. So llimj ,/ot O.OS Gr. CaCl^per ilaij.

Let us now communicate some of the results. It need hardly be

said that to control the experiments rabbils were also injected with

pure NaCl-soI. 0.97,,.

Results: The total length of the (3 leucocyte-columns (2 legs)

amounts to:

7.25 ui.M. in the NaCl rabbit.

9 m.M. in the Virchow-Quelle rabbit.

Similar results are given by the following experiment:

Result; The total lengtJi of the 6 leucocyte columns (2 legs)

amounts to

:

8.4 m.M. in the NaCl rabbit.

12 m.M. in the Virchow-Quelle rabbit.

IViese cvperlinents shorn that an uUroduction of on/;/ O.OG <lr. CaCI
imniioics cheviotaxis considerably. Even without measuring the lengths

of the i)hagocyte columns, one may convince oneself that this conclusion
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is the correct one. Wlien oi)ening tlie skin wound, it is immediately

seen that in the Virchow-ntbbit a much thicker mass of ph.miocijtes

has .gathered round the tuOcs than in tlie JS'aCl-rabbit. The same tiling

we observed in\ariablj in ail experiments where NaCl-solntions

containing CaCl, were injected.

After some reflection one is surprised at the great influence of

this exceedingly small amount of Ca. The increase of Ca-percentage

in the lymph must be very slight indeed. Let us assume for a

moment that the 0.06 Gr. CaCL^ have been distributed equally over

the blood- and tissue-fluids of the animal, then the increase in

Ca-percentage can only be very small. A rabbit of 3500 Gr. contains

3500 2

^^ X 8 (ir. = 280 Gr. of blood i. e about 280 X - = 185 fc- of

serum. If further we assume that the animal contains 100 cc. tissue-

fluid, then the C'a percentage of the tissue-fluid will have been raised

100
by -— X 0.06V„= 0.027„. As has been said above we take for

2oo

granted, that tlie Ca has been distributed entirely and exclusively

over the 285 cc. of fluid, in other words that nothing has penetrated

into the tissue-cells or into the blood corpuscles ') or has left the

kidneys. This calculation is very arbitrary, but still it gives some

idea of the slight increase of calcium concentration, necessary to

raise the chemotaxis from 7.25 to 9 or from 8.4 to 12 i. e by

12-8.4
-^j-X100 = + 40"/„.

And this increase represents only a minimum value. For when a

column of leucocytes has entered the capillary tube it impedes a

further entrance of the movable cells, chiefly by the fact that now
the liquid contents of the capillary tubes cannot diffuse freely into

the surroundings. This furnishes an explanation why the influence of

calcium is not so manifest when the capillary tubes are left under

the skin for a longer time, for instance for 48 hours instead of 24.

From this point of view it would have been advisable to leave the

capillary tubes for a shorter time than 24 hours. Then the difference

in percentage between the leucocyte-columns in normal and in calcium

animals would undoubtedly have been greater. A technical drawback

would have been, however, that the absolute lengths of all columns

would have been smaller, and not so easy to measure accurately.

1) VAMiich is indeed the case with the red blood corpuscles. Compare our treatise

on the permeability of blood cells to ions of Ga. These Proc. XI p. 718.
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It is obvious tliat liiis rcuuirk also liolds good as regards the results

with Na C!l-soliilioiis, contiiiuing oi' not contaiiiiiig caloium.

All thcsi' I'.rjk'riiiii'nts slwir pliduli/ thai rlnuiNda.vis i.s con.sttli'rtihhi

l>roni(>ti'(l i-rcit hi/ sli<ilit (/uantitics of culciiim.

We now come to the se'-ond question: how to account for this

promotion of choniolaxis and for the increased piiauocylosis observed

liefiire r

B. Why ark rnACiocvTARiAN powkk and cmkmotams iikkmithnkd

HY CAIX'lUM?

As regards chemotaxis the answer is pretty obvious. The entering

of a hxrge nunil)cr of phagocytes into the capillary tubes can scarcely

be explained in any other way than by a greater mobility of the

cells. Ts the increase of phagocytosis to be explained in the same

'vay? Or are we to think of a greater development of force, mani-

festing itself by the presence of calcium in the phagocytes, and enabling

cells which under normal circumstances would be too weak to take

up particles, to do so now. There are grounds for thinking of this

possibility, if we remember the way in which the phagocytarian

capacity was determined by us. To a suspension of leucocytes, carbon-

particles wei-e added, and now it was investigated which percentage

of leucocytes, both with and without calcium, had absorbed carbon.

It seemed not difiicult to establish which of liie two factors must

be held responsible for the favourable effect of calcium : the accele-

ration of the amoeboid motion or the increase in force of this motion.

All we had to do to investigate this, was to take two equal sus-

pensions of leucocytes, add calcium to one and not to the othei',

add carbon particles to both and to e.xamine if the suspension without

calcium after sufficient lapse of time would develop as great a

phagocytarian capacity as the one with calcium. If this was really

the case, then the favourable action of calcium had only to be

attributed to an increased velocity of the amoeboid motion.

The following experiment may serve as an answer to the question.

The method we adopted is shown in the following table.

To form a correct idea of it, it must be observed thai before the

addition of carbon the suspension had been heated to 37" and further

that when the time of action was finished, the leucocy re-carbon

suspensions were immediately placed in cold water to cut short the

phagocytarian process as soon as possible.
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TABLE V.

Influence of the Time on the extent of Phagocytosis •)

Time during
which the
phagocytes

could take up
carbon

:
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Repetition of the Experiment.
TABLE VI.

Effect of the time on the extent of Phagocytosis.

Time during
which the

phagocytes
Cduld take up

carbon-
particles :

Percentage of Leucocytes having
taken up carbon

:

The leucocytes are in: The leucocytes are in:

NaCl 0.90,, NaCl(i.'t"„+CaCl,0.(5"o

Increase
of

Phagocy-
tosis

by Ca

10 minutes



( 75

)

Tlie resiiills olitained in the ( .rin'i-tincnts on (Iiemota.c'is and in those

ON phac/ocytosis show uni/onnli/ that the injhience of Ca ii based

iipon an acceleration of the avtoeboid motion.

It may further be asked ivhi/ calcium accelerates the amoeboid

motion of the phagocytes. We might suppose a modification in the

agglomeration of the colloid protoplasm-particles. This might be

occasioned by a modification in the electric charge o\^ing to the

entering of the bi-valent kation. If this were the case then it would

not be imjirobable that the other bi-valent metal-ions such as barium,

strontium or magnesinm would promote phagocytosis likewise. The

experiment has taught, however, that this is by no means the case.

1 shall mention here only one of the many experiments made on

the subject.

To three solutions, viz. NaCl 0.9V„, NaCl 0.97„, + ().11";„ Bad.,

-|- 2 Aq and NaCl O.Q"',, -f 0.05" „ CaCl., equal quantities of a leuco-

cyte suspension were added. After the tluids had acted upon it for

2 hours, carbon was added and half an hour after, it was investigated

what percentage of the leucocytes had taken up carbon. The following

table gives the results of the experiments.

TABLE Vlll.

Influence of Barium and Calcium.

Solution

:

Percentage of leucocytes

having taken up carbon

NaC10.9'>;,

NaCl 0.;>'
,, + 0.1 1" „ BaCl. 2 Aq

NaCl 0.90/,, -f 0.05% CaCl,

-^ X 100 = 24.8%
234

54
X 100 = 23.4,,

229

68
X 100 = 25 1 „

270
'^ '

09— X 10) = 2f.7 „
'279
^

192— X 100 = 50.9,,

This experiment shows that barium has exercised no determinable

influence upon phagocytosis, calcium on the other hand in a very

high degree.

This result is confirmed in the case of the same leucocytes, after
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lliey liavft been let! Id llicmselves for 24 hunrs in a. O.O"/,, NaC'l-

sohttloii. After liiul liiiic u lixed amdiini ol' ilic Icncocvte.s is added

lo a IVesh soliilic.ii of MaCI 0.9,7,,, «'' NaCI ().9"/„ + 0.117,, •^aCl,

and of NaC'l 0.9";,, + 0.()57„ CaCl,.

TABLE IX.

Influence of Barium and ('akiurn.

Solution

:

Percentage of leucocytes
having taken up carbon

:

NaC10.9"/„
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From these e.vperiments a greater number of which, vvitli more
detailed descriptions will be found in the Biochemisehe Zeitschrift,

it may be concluded that the considerable increase of phagocy tarian

capacity efifected by calcium, cannot be explained by the electric

charge inherent in Ca as a bi-valftiil ion, i)nt that we have to deal

here with a specific, biochemical properti/ of this element.

To throw more light upon the special signiticance of calcium we
may incidentally mention that it is especially this element which

represents the favourable effect of Ringer's fluid on phagocytosis.

The following experiment may serve as an illustration.

Equal amounts (0.15 cc.) of the same leucocyte-suspension were

mixed with equal amounts (2 cc.) of a sol. of NaCl 0.9 %. of Ringer's

thiid without Ca (viz NaCI 8, NaHCO,, KCl 0.075, 1000 aq.) and

of Ringer's fluid containing different quantities of CaCl,.

The leucocyte-suspension having been exposed to carbon for 30

minutes it was determined in the usual way what was the per-

centage of leucocytes containing carbon. The following table gives

the results of an experiment.

TABLE XI.

Importance of Calcium in Ringer's fluid.

Solutions

:
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at llu' |iix'fieiil iiKuiK'iil. Alioul llic rciil oaiiso of the iimoel)oi(l

motion of living iirotoplasin \vc know ;il proseiil iiolhirm uilh ;iiiy

aiiiomil of cerlaiiil\ . We luvve only suppositions; so we iiave (iioiijiiit

for instance of liie possil)ility that calciiini wonld brinj^- al)out a

decrease in tiie surface tension of the phatjocvles. Now the surface

tension or raliior \Uc uidh-ciihir coiislaul of two coulitiuous layei'S is,

as we know, expressed l)y llie formula A,.?. = A'l -j- /^ — /li-.,

A', represenling here llie molecular constant of the extreme layer

of pliagocytes, A'.^ tiie molecular constant of the snrroundinfr fluid,

and J, .3 represent iuu,- llie energy resulliug from the contact of the

two surfaces, ll wonld i)0 of importance to he able to demonstrate

that under the inlhicuce of calcium A",. ^ decreases. Hitherto, however

we have failed to determine this value, even approximately. The

only thing' we could do was to establish whether the surface tension

of the surrounding medium (fluid) viz. A'^ underwent any change

under the influence of calcium. Bui we have not been able to

discover any such change, neither in a positive nor in a negative

sense.

We are still occupied with a further investigation concerning the

nature of the effect produced by calcium. Perhaps in its turn it

lays open a road to penetrate inio a more general and more importaid

problem viz. the cause of the motion of living protoplasm.

S U M M A R Y.

The following are the principal conclusions derived from the

above described experiments.

J. Chemotaxis is con.siderabbi proinoteil hij slight (nnoinifs of
calcium.

This was demonstrated in two ways:

a. by placing nnder the skin capillary tubes containing bacteria

cultures (B. Coli) with and withont calcium and comparing the

lengths of the columns of leucocytes which had entered into the

tubes.

/i. by injecting NaC'l solutions with anil without Ca into the in-

testinal canal ami measuring subseiiuently in both cases the lengths

of the columns of leucocytes which had been attracted into the

capillary tubes filled with the bacteria suspension.

The experiments .sub (/, aud sui) b were carried out with bacteria suspensions

as such, and with tillrates obtained by means of Ghamberland's filters.

The results were similar in both cases.

The fluids containing calcium which were brought into the intestinal

canal were

;
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1. XaCl-solutioii containing CaCl,

.

2. The water of tlie Virchow-spring (Kiedricli near Pjltvilie, Wies-

baden) which contains a great amount of Ca. The inthience of botii

fluids turned out to be very considerable:

If only 60 cc. of the above mineral water was injected daily

into the intestinal canal of rabbits, a quantity corresponding with

O.Oti Gr. CaClj , the chemotaxis increased by about 40 7o- It nnist

be observed that this increase represents only a minimum value.

2. These chemotnctic investigations have proved that calcium increases

the activity of phagocytes to a very considerable extent, not only in

vitro but also in the living organism.

During 48 hours this influence remained imdiminished. Very pro-

bably it extends over a much longer period. The way in whicli the

experiments were conducted, however, did not admit their being

continued for a longer period, with the same animal.

3. This increased activity of the phagocytes cannot be accounted

for by an increased intensity of the cell contractions, but finds its

cause in an acceleration of the amoeboid motion.

As regards chemotaxis this needs no further proof; as regards

phagocytosis this could be demonstrated by the following experiment :

when suspensions of leucocytes without calcium are left only sufficient

time to take up carbon particles, the percentage of leucocytes having

taken up carbon becomes equal to that which is observed, in a

shorter time indeed, in suspensions with Ca.

4. If we ask ourselves what may lie tlie cause of calcium acce-

lerating the amoeboid motion of phagocytes, we might be inclined

to think of a modification in the agglomeration of the colloid proto-

plasm-particles as a consequence of the electric charge, caused b} the

entering of a number of bi-valent calcium ions. This explanation

however can hardly be the correct one. For the experiment teaches

that other bi-valent kations namely barium, strontium, magnesium

do not cause an acceleration of the amoeboid motion.

It must be assumed then, that the action of calcium, in this ca.se,

is based upon a specific, hitherto unknown, biochemical property.

As another example of the great influence of calcium we may also

mention the fact that the favourable effect of Ringer's fluid, on

phagocytosis, must be exclusively attributed to this metal.

(June 23, 1910).
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Mathematics. — "A quadruple involution in tJn; plane and a triple

involution connected n-ith it." By Prof, i.vs m>. Vries.

(Communicated in ihe meeting' of May 28, l'.)10).

1. In a paper entitled "An arrangement of the pointfield in

involutor;/ (/roups" (Vcrsl. van de Kon. Akad. v. Wet., series 3

vol. VI, p. 92—102, 1888; Archives Neerlandaises, vol. XXIll, p.

355— 366) I have considered the involutions, the groups of which

consist of basepoinis of pencils comprised in a net of ])lane curves of

degree 7i with — n{:n-\-'6) — 2 fixed basepoinis. Lately Dr. W. van

PER WocDE (These Proceedings of March 26''' 1910) has investigated a

special cubic involution of the first rank in the plane. In the following

paper I shall treat the involution, each group of which consists of

the points of intersection of two conies n' and [i- belonging to two

pencils («) and {^i) with the ba.sepoints Ak and J3,, (^- =: 1, 2, 3, 4).

Let this (juadruple in\olutioii be indicated by (,P)^

2. The eight basepoints are evidently singular points of [Py.

For on the conic /fjt which can be brought through ylyt Ihe conies «^

describe a cubic involution, of which each triplet forms with Ak a

quadruple of (P)^ ; 1 call irk and a^k the singular conies.

On an arbitrary right line («) and (/?) determine two involutions;

their common pair belongs to a quadruple (P). The lines a/,/^ ^i-^;

and b/ci^ BkBi contain an infinite number of pairs; on a^^ we find

that ((J) determines an involution of which the pairs are completed

to qutidruples by the pairs which (j?) describes on a^^ . Lateron (§ 4)

it will be evident that these 12 lines are not the only singular lines.

Each a" contains 6 quadruples with a double point (coincidence

Pj ^ P,) belonging to the biquaaratic involution which is described

by 031 ; the points Pj , P^ which still appear in such a quadruple

I call branchpoints of {Py. In each singular point we find such a

coincidence, where the corresponding singular conic is touched by a

conic of the second system. The locus of the coincidences has there-

fore with ir ten points in common ; the curve of coincidence is

therefore a curve of order five, y% passing through the eight singular

points.

The cubic involution on the singular conic B~k has four groups

with a double jxiint; so -.4/j is branch])oiiit in four quadruples, so

the locus of the branchpoints passes four times through each

singular point. As an arbitrary f.^ contains in six (juadruples twelve
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branchpoints, the branchcurve is a curve of order fourteen, f/;", witii

eight fourfold points in Ak and Bk-

3. If we regard A^ , A^ , J, as principal points of a quadratic

transformation, then («) passes into a pencil of lines {A\), (j?) into a

pencil Q?') of biquadratic curves through the four points 5'/;, with

double points in A^ , A^ , A^. Evidently the curve of coincidence v'

is transformed into the polar curve rr" of A\ with relation to [B'),

i. e. the locus of the points of contact of the curves B'^ with lines

through .4', .

In .42 the polar curve .t' has a threefold point, of which a tangent

passes through A\ , because ihe curve ,'?'^ touching -4'i/l2 in J, is

touched there at the same time by the polar cubic of ^'i ').

In B'l the polar curve rr" touches the line A\B'k- It is easy to

see that in A\ 15 tangents of .-" concur ; these right lines, inflectional

tangents of curves i^'*, are changed by the quadratic transformation

into conies «', each osculated hj a ^-.

The quadruple involution (P)' possesses consequejitly fifteen three-

fold points P, = P,^P,.
In each of these points y* and y'" will have to touch each other.

So besides their 32 sections lying in the singular points, the}^ have

8 points more in common. These must form four pairs /I't, 2?"i-, each

consisting of tivo coincidences; i. o. w. (Py contains four quadruples,

where P^ ^ P, and P^^ P^. Evidently R'k and P"/.- are the points

of contact of two conies o", jS^ touching each other twice ; the contact

chord R'k R'k is indicated by Ck

4. If we make a line / to rotate around a point T',, the pair

Pj , P.. of {Py lying on it describes a curve t* with threefold point

J",, the tangents of which are directed to the points forming a qua-

druple with 1\ . This curve passes through the singular points ^4t , -Bfc

and through the points which T^Ak and T-^Bk have in common with

the singular conies ji^/, and rt\-. Each of the eight tangents t which

r* sends through 1\ bears a coincidence P^^ P^. The lines t, con-

taining two coincided [)oints of P\ envelop therefore a curve of the

eighth cJoss, t, .

A.S each t is conjugated to a definite point of y^ we find that t^

is of genus six just as the form.er; so it possesses 15 double tangents.

To this belong the 12 singular lines aki and hki indicated above

containing each an involution (Pj , P,), hence (wo coincidences.

1) The other two tangents of the thieefokl point are the tangents to both 3'*i

containing a cusp in ^2 •

6*
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If (I is one of tlic rcinaiiiiiig lliree doable laiigciils tlic (iiiadmlic

involutions defcrniiiiod on (licni l\y {<(] and (,?) have l!ic douiiie points

in common; so tiiey are identical. Tlierel'ore tlie tkree lines (/ are

singular loo and [P)" possesses jiftem simpiJuv Jim's.

If \vc conjugate to eacli oilier anv two ccpnicH a' and ,>" cutting

d in the same pair of points /',, I'.,, the pencils (c) and 09) are

projective and generate a cubic curve >f on wiiich they describe

a selfsame central iinolulion {l\ , 1\). The lijies /-•, P^ concur in

the opposite point I) of the groups .1/, and Hk-

The locus t' of the pairs lying coilinear with D evidently breaks

up into ft' and a conic with double point D not passing through

Ak, Ih:, consisting therefore of the other two singular right lines (/.

The three points I) are therefore the vertices of a triangle having

the lines d as sides; (his is lateron condrmed in a diflerent way (§ 7).

5. We find that («) and (;?) detern>ine on f^,.j and ^/,^ two projective

involutions in half-perspective position; for the point of intersection

.4,5,3,;^*$ of '/,, and ^/„ appears in two pairs belonging to one and

the same quadruple.

From this ensues that tiie lines connecting the points of a pair

/',, P., with the points /',, /', of the corresponding pair envelop

a curve of class tkvee having a^ and r^j^ as tangents. If Q,_j and 7^i ,

are the coincidences of the involution described on a^^, Q^, Q, and

R,, R^ the points of a,, forming with them two quadruples, then

QsQui i'' *''- bingent in Q^, etc. As the indicated curve is cut by

^3^ in Q,, Qt, R,, Ri and is touched in the point S^ belonging to

*Si,3, it is a curve of 07rlsr six.

The lines P^P, and PJ^^ are conjugated tangents; P^P, and P^P^

form a pair of the same system. From this ensues that the locus

of the diagonal points iV^' = (P,P„ P,/'J and iV^" = (P,P,, P,P,)

of quadrangle (P) is a cid)ic curve, "'j,,,^,; its points of intersection

with a, 5 are Qi,,, Ri,2 and *S, j.

The line n^N'N" describes a pencil; for, the lines n are the

polar lines of S^,^ with respect to the pencil (/?). The pairs (iV',iV")

form thus on the curve «'i2,s4 a central involution. Where in future

we speak of one of the three points Aki^mn and the cubic curve

«"«;;,mn Conjugated to it, these will be indicated by ^4* and «*; an

analogous signification have B* and i3*.

6. When l\ describes the line /, the points P,, P^, P^ describe a

curve o/' order seven, P." ; with / it has in common the pair lying on

that line besides the points in which / cuts the curve of coin-
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cidence /^ As / has two points in common witli eacli of the singular

conies |i'i, «-;., A/c and B^ are double points of X.'. Witii tlie curve

X' belonging to /' it has 32 sections in the singular points; of the

remaining seventeen three form a quadruple with tiie point (//'),

14 belong to 7 quadruples, each having a point on /, a second on /'.

To find the class of the curve enveloped by the lines I\P,, I'^P,,

PfP^, we determine the number of the lines passing through A^.

In the first place belong to these the lines through P^ and P,, which

form triplets with the two points P^ of ii'\ b'i'ig on /. As A^A;,-

contains a pair of {Py lying with the point of intersection of / and

A,„ A„ in a quadruple, A^Ah is also one of the indicated tangents.

The lines p^P/^Pi envelop therefore a curve of dn^s seven, :t.,

having the 12 singular lines akiJ>ki as tangents, the three singular

lines (/ as threefold tangents; for, / has with d' three points

P; in common. The curves .t. and .t'. belonging to / and /' have

thus ill the singular lines 39 common tangents; of the remaining

ten three belong to the point of intersection of / and /', 7 to as

many quadruples, of which one point lies on /, an other point on /'.

If / passes through a singular point /' breaks up into the cori-e-

sponding singular conic («"/,• or ii"/,) and a /'. F'or l^^a^.. we find

that /.' consists of the conies ^i'-, and ij%, the line rtj, and twice the

line a, 4- For IzzzA^B^ we And the conies /i'j and «\ with a cubic

curve through the remaining six singular points. For l^d we find

that /.' consists of d and twice d\

The system consisting of / and /" is invariant with respect to the

transformation which makes the points of a quadruple to correspond

to eacli otiier. In general we shall iiave an invariant curve b^" as-

suming a correspondence {//(, n) between the pencils {a) and (ji).

Willi projective conjugation we find a general biquadratic curve.

7. The conies which can be laid through the quadrr.ples (P) form

a linear system of order three ( go') which can be represented by

an equation
ua\ + (iby,- + yc\. + fM^, = 0.

A pair of lines with double point in 0^ belonging to it has as

equation

(:^ua^^) x\ + 2 (-Sttaj,) x^.v^ -\- (-2'«a.,,) x\ — 0,

4 4 4

where the parameters «, t^, y, rf are connected by the equations

"«« -r ^'ssi^ -h «23r + d^^6= 0,

"33« + ^33^ + "337 + d,^<^ — 0,

which furnish in general but one solution.
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We iiuiv cDiU'liuli" IVom lliis lluil uii aihilrary |iniiil licai's hut

OHi' |vair of opposite sides of a (|uaLlraiigle (/*) so liial llio (liaj^ouai

points JSr, N', N", of the (piadraiiglos (/') can he arranged in the

groups of a triple iiivoliilioii vvhieii will he indicated iiy (.V)".

The Hnes .v= P/,P/ and i' ^ 7^,„ /^, are consecpienliy conjugated

to eacli oilier in an involutonj correHpondence, of wliich \vc can

easily show that it is //uailrafic. For, if we make s to rotate round

a point 0, then s' will pass in two of its jjositious through O,

namely when it coincides with one of the lines of the pair of lines

(.V, s') having O as donhle point ; i. e. s' envelops a conic when ,s-

descrihes a [lencil.

According to § 4, the quadratic invo/utioi/. {s,s') has the lines d

as principal lines; for d forms a pair with each line through D.

From this ensues again that the three points /) are the vertices of

the triangle formed by (he lines d.

The coincidence's (double lines) of the involution are the chords of

contact cic indicated above (^31. According to a wellknown property

of the quadratic inxolutioii tiie principal lines d arc the diagonals

of ihe quadrangle formed by the double lines. In connection with

this we put (/. c; iz: Cw and 6t/ C'„„ 3: (4/.,„„. Apparently Cut is the

centre of an involution of rays, having Ck and c; as double rays.

8. The triple involution {Ny has 6 singular points inCt;; for,

Ck-i bears x' pairs of rays {s,s'), so it is a diagonal point iV^ of go^

quadrangles [P). Lateron it will be evident, that the locus of the

corresponding pairs ^Y',A'^" is a biquadratic curve (^ 10^.

Also the j)ole3 Ct of the four lines a- with respect to the pairs

of conies a", ^- of which they form the chords of contact, are

singular points of (Y)'. Each point C: is as diagonal point JV con-

jugated to the pairs A", J\^" of an involution placed on ct having

R'lc and R"t (§ 3) as double points.

Finally A^ and B~ are also singular points. As was evident in

§ 5, the corresponding singular curves o* and j?* are of order three.

The involution (^V)' has thus sixteen singular points.

Singular lines of {Nf ai'e evidently the three right lines d and

the four right lines c.

The triplets [N') determined by the quadruples [P) of a conic «',

lie on a cubic curve r', which cuts «" in the six coincidences of

the biquadratic involution {P)^. For the singular conic irt (passing

through Bi) r" has a double point in B/,, of which the tangents are

directed to the branchpoints of the coincidence lying in Bk-
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9. When y^ss' describes the line /, then s and s' envelop a

crtrve of class three touciied b}- / in the point ^V which it has in

common witli the line /' conjugated to it. This curve }-^ intersects

/ on the four riglit lines c, is thus a curve of order si.v.

We now determine the order of the locus of the quadruples (P)

lying on the pairs of tangents of }.\. The curve i' belonging to a

definite conic a- determines on / three points N^, so it contains

three quadruples of the locus. This passes three times through each

point At, because the rational v^ belonging to ;?'/, determines on /

three diagonal points A' of cpiadruples, in which A/- appears. It passes

tin-ough the eight points R't,-, li"/; lying on the lines ca- and touches

there the lines CkH'k, ChE"h-

The curves .Ti'= and .t/'-" belonging to /, and /, have 8X9=72
sections in Ai-, Bk, 4 X •! = 16 in the points R'i_, R"t and 4 in the

quadruple (P) for which (/,/,) is one of the diagonal points. The

remaining 52 sections form 13 quadruples (P), of which one diagonal

point lies on /,, and a second on /„.

From this ensues that to the points ^V of a line / correspond the

pairs N', JV" of a curve of order thirteen, ;.". With'/ the curved"

has five ]joints of the curve of coincidence y' in common, which is

at the same time curve of coincidence of the involution (A^)' ; the

remaining eigiit form four pairs (^V, N'). Each line bears thus four

pairs of {X)'.

10. The curve /.^' passes three times through each of the six

singular points /!*, B*, because / has three points in common with

the corresponding singular curve n*, respect, i?*. It also passes through

the four singular points C'k and with a number of branches to be

determined more closely through each of the six singular points Ci,i

.

The curves P./' and ).,", belonging to /, and /„ have 6 X 9 ^ 54

sections in A* and B*, 4 in the points Ct; fartheron they have in

common the pair of points conjugated to >y=: /,/„ besides the 13 points

xV forming each with a point of /, and a point of /, a triplet of (xV)'.

As the remaining 96 sections must lie in the 6 points d-i , we find

that ).'' passes foui- times through eacJi point C/ci To the singular

point Cid belongs therefore a singular biquadratic curve -/"hi.

When / coincides with c,, we find that V breaks up into the

line Cj and the three singular curves y^o^y^^17^4• These pass all

through the singular points ^4*, B*, because these points are three-

fold on P.". As the three curves 7^/,. pass together four times through

the points C„, , €'.,, and C\^, we find that y^uc has a double point in

C',,,,. That y'/j must have at least one double point, was deducible
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IVoni iho lad, lliat on a general lii(|iiinlraiic curve no involnlions

of pairs apiiear. On tlie nninodal y^./ exists hut one involnlion of

pairs; llie jtairs {N',N") belonging to i\^ :.. 6i( lie tlnis collincar

with the double point 6',,,,, of y\-i

.

As y\., passes through 6',.j we liml liial (\„ is a coincidence of

(A')' and at the same time of (/')'. Tlio Ihii'd point TV" of the

corresponding triplet must lie on Ci^C,^ se^ (/i2,34- From this ensues

that C,a is one of the double points of the (|uadi'aiic involution

determined by («) and (,?) on (i-2,vA ; then the second double point is

C,^. The curve y' cuts (/lo.s^ in C',2,6'„ and in the three points

which f/',o.34 has in common willi fr;2,34-

The curves y\^ and y',^ have six points of intersection in A*, B*,

4 points of intersection in (\, , ('i., , C.., , Cl_, and 4 |)oinls of intersection

in Ci, and (''.,, (for, C,, is double point of y''). The remaining two

points of intersection are diagonal |)oints of two quadruples having

each a diagonal point in 6',.2 <i"d in C,^ ; the lines connecting these

two points A' with C",,, are a|)parently the tangents in the double

point fa, of y\,.

The curves y"*,., and y' , have 8 sections in the points C'//, 6 in

the points vl*, /J* and both of them pass thi'ough d ; their ifi"' point

of intersection is a point iV forming a triplet with 6',„ and C\,. We
see that X as ]>oint of y\, uuist, lie on the line Ci,C„,, so this

point must coincide with C,,. So the two curves nnisl touch each

other in C,,.

11. As Y^i-i passes through the singular points .1* and B"- the

singular points Qj lie on the singular curves «* and ,^®. The curves

«"i2,3» and '!'i3,24 intersect eacii other in the 6 points Ckt and in the

3 points B* ; the last follows from the consideration of the quadru[)le

that is determined bj the right lines hu , h,^,^ on the right lines «,„/, «„ .

The curves «* and /i* have therefore in common the 6 points

Cki, the two points ^4*, 7j* and finally the point .V forming a triplet

with the last two points.

For the singular iwints and Vuics we have therefore the following

orientation

:

Ck contains the three points (Ju;

""ki.mii contains A/d,mn, the three points B* and the six points Cw

;

i^'ki,m,i contains Bki,mn^ the three points A* and the six points Cw;

y'ii has a double point in C,„„ and passes through the remaining

points 6),y, through the points C/. and C/ and through the six points

.4*, 5*;

<4/,»iH contains the points Ch and C„,„.
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For the sinp;ular line (7i2,34 (he curve /" consists of 'i\.,,Y\i find

a curve d' 12,34 passing through the points A*, B*, Cj, and 6',^, and

having double points in the remaining four points Ch . It is a curve

of genus two, so it contains only one involution of pairs ; the

pairs (xV'.iV") are determined by the conies containing the four double

points, and the lines n^iSf'iSf" envelop a conic f)% touching d' in

five points ').

We find that (/i2,34 is cut by fl\?,34 in C^^.C^^ and in (he tliree

points which di2,:n has in common with d''ii,34; these live points lie

also on the curve of coincidence y* (§ 10).

12. If A" describes the line (:/i2,34, tlie line 7i envelops a

figure of class four composed of the points 6'i,,Cj, and a conic

<f''i-2,3i- From this we may conclude that n will envelop a curve oj

class four, /.^ , when ^V describes the line /.

Between X and 71 tiiere is no biiational correspondence ; iV does

determine in general one right line 71, but on a non-singular n lie

{§ 9; four |iairs {X', X"), so that to n belong four points N.
The lines si^P^P^ bearing the coincidences of (/-'/'' envelop

(§ 4) a curve of class eight, t, , having aki,J>;d and the principal

lines d of the quadratic involution {s,s') as double tangents. There-

fore the line s' ^n F.P^ envelops a curve of class ten, t',„, possessing

three fourfold tangents d and six double tangents aid and hi^i {aid

corresponds in the involution to «,„„). The point of intersection of .«'

with s is the branchpoint A'" belonging to the points X and xV
coinciding with Pj and F^ . As none of the lines s coincides with

the s' conjugated to them, the locus of the point {s,s') is a curve

of order 18. The branckcui've of the invoiution UV )' is therefore of

order ei<jhteen, has double points in 6'/., fourfold points in A*, B*
and of course passes through the fifteen threefold poijits of {Nf.

13. If the basepoints A^ and B^ coincide in the point E, then the

quadruple involution {Pf passes into a triple involution with the

singular points At , Bk {k = 1, 2, 3) and E. If to each conic tr the

conic ii' is conjugated which it touches in E then the biquadratic

curve t^ containing the points of intersection of corresponding curves

has with an arbitrarily chosen a" three points, Ai, and two points

P^ , P^ , in common ; so it passes three times through E. So to the

singular point E belongs a singular biquadratic curve with threefold

») See my paper "Ueber Curren fiinfter Ordnung mit rier Doppelpunklen"

.

(Sitz Bcr Akad. Wien, CIV, 40).
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point in A' bearing (he pairs of points forming triplets with K\ it of

course passes througli the six singular points Ah-,Bi;.

The curve of coincidence y" possesses now a threefold point \\\ E\

for, with an n" it has in common the three points Ai- and the four

coincidences of the cubic involution lying on <t''. Tiic curves -/' and

i* have in E the same three tangents.

On an arbitrarily chosen «' lie four branclipoints; as /s is branch-

point for trijilets, in which the two coincidences lying on e' appear,

and also tlie points .-1;- and Bk 'i-re each branchpoints for two groups,

the branchcurve is of order six, «/% luni it has (loni)le points in the

seven singular points.

The curves 7^ and </" iiave in tiic singular points 18 sections; as

farliieron they can only touch each otiier {I'f has six threefold

points.

14. The pairs {P^ , I\) lying coilinear with a point 7', form a

curve T* with double point 7', where six tangents t concur. The

bearers of the coincidences of {Pf envelop therefore a curve of class

six, T, . As t' has still 5 points in common with y^ besides tlie 6

points of contact of the tangents concurring in 7', and the 7 singular

points, the lines which connect each a point of coincidence with the

corresponding branchpoint envelop a curve of class fve.

The curve t^ is, like 7% of genus three, so it has seven double

tangents. To this belong the six singular lines aici,ljid; also the

seventh indicated liy (/, is singular because («) and (,i) detei'mine the

same involution on it; tlie tliird movable point of intersection of two

curves «' and ji" conjugated in this way describes a cubic curve d'

with double point in E.

If P^ describes the line /, tiien P„ and P^ describe a curve /",

passing four times through E, twice through Ai; , B;; and cutting /

into a pair and into five coincidences of [P'f.

The line p^ ee P^P^, envelops a curve of class four, .7^, for the

positions of p^ passing through E are furnished by the lines to the

points P,, which form triplets with E and the points of ijitersection

Pj of / and f\ This .-r" has aii and bki as tangents; for, on au lies

e.g. a pair P^, P^ belonging to the point of intersection P, of/ with

AinE. The singular line d is threefold tangent of rr^ ; the three pairs

P2, P, lying on it correspond to the points of intersection Pj of /

and rf'.

The curves .t, and Tt\ belonging to / and /' have therefore in the

seven singular lines 15 tangents in common ; the 16''' common tangent

I)
is conjugated to the point of intersection of / and /'. Hy the
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biralional traii'^foniiatioii {P./') a pencil is tlierefore transformed info

a curve of class four.

When p rotates around 7', the pair T*,, P, lying on it describes

the above mentioned curve r\ possessing with /.' sixteen sections in

the singular points; four points of intersection form each a pair with

a point of /; the remaining ones belong to four pairs P.,, ]\, for

which P^ lies on /. To a pencil described by p corresponds therefore

a biquadratic curve t^ described by P.

As T^ has with s' in common besides the singular points a point

lying on ET, and three pairs P^ , P^ placed on lines through 7",

for which P, falls in E, this E is a threefold point on :t\ In an

analogous way is evident that Ak , Bt are points of Jt\ Two curves

JT^ have thus 15 sections in the singular points; the 16''' common
point corresponds to the common ray of the two pencils.

15. Finally we note the case, in which (o) a^'id (|ij have in common

the basepoints E^ and E.^, thus determine an involution of pairs

(P. I\)-

To the siivjidar points A^, A^\ B^,B^ conies /3"i,/3%; «''i, n% are

conjugated, of which the points form a pair with the corresponding

singular point.

If we conjugate again each a" to the p" touching it in E^ its

movable point of intersection describes a figure of order four, passing

three times through E^ and twice through E^ , thus composed of

the line e ^^ E^ E.^ and a cubic curve t",, having E^ as double point

and passing through E.,, A,, A„ B„ B^; it contains moreover the point

of intersection C of A^A., and B,B,.

As evidently C belongs also to the singular curve e%, of which

the points form pairs with E.,, therefore C is also a singular point;

it corresponds to each point of e.

The cuwe of coincidence has double points in E^ and /i", ; it is

biquadratic and passes through the four points A/c,Bi,.

If P, describes the line /, then 1\ describes a )." through C with

four double points Ai,- , B.; and two threefold points E\ , E.,., So we

have here a birational involntor;/ transformation of order six and

class one (a pair on an arbitrary rigiit line), with 7 principal points

of which 2 are threefold, 4 twofold and 1 single.

The pairs on rays thi-ough E form a cubic curve t' through the

7 principal points; two curves t" have besides the principal points

in common the pair on the line connecting the corresponding points

T. As four tangents of t' pass through T, the bearers of the coin-

cidences envelop a curve of class four.
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Physics. — "On the scattering oj Vujht by molecules". Hy Tiof.

H. A. LORENTZ.

(Cominuiiicalod in llie meeting of January 20, 1910)

§ 1. It was pointed out many years ago by Lord II.\yi.kh;ii ') tliat

a beam of light can be scattered to all sides not only by particles

of dust, but also by the molecules of the medium in which the

propagation takes place. According to his theory the coeflicienl of

extinction due to this cause iu the case of a body of small density,

a gas for instance, is determined liy the formula

32V(^_n-

in which
f«

is the index of refraction, ). the wave-length and A' the

lunnber of molecules per unit of volume, the meaning of the coef-

ficient li itself being that the inlensily is diminished in the ratio of

1 to f~''' when a distance / is travelled over.

R.\YLEIGH has deduced his equation by calculating the energy

radiating from the molecules whose particles are put in motion by

the incident rays, and by taking into account that the (piaudties of

energy traversing two successive sections of the beam must dilfer

from each other by an amount equal to the energy that is emitted

by the molecules lying between those sections.

The problem may, however, also be treated in a different manner.

In many theories the ordinary absorption of light is explained by a

resistance opposing the motion of the vibrating particles and giving

rise to a development of heat. Similarly, the extinction which we

are now considering may be ascribed to a certain resistance which,

however, is not accompanied with a heating effect, but is intimately

connected with the radiation from the molecules. According to the

theory of electrons ') a force of this kind acts on an electron whenever

its velocity v") is variable; it is represented by the expression

e^ d- n
io\

6.-rc'de
' ^"^

in which e is the charge of the electron, and c the velocity of light

in the ether.

1) Rayleigh, On the transmission of light through an atmosphere containing

small particles in suspension, and on the origin of the blue of the sky, Phil. Mag.

(5) 47 (1899), p 375 (Scientific Papers 4, p. 397).

2) See, for instance, Lohentz, Math. Encyklopadie, V, 14, § 20.

2) German letters represent vector quantities.
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In tlie case of a simple liannonic motion the sign of the second

differential coefTicient of o is opposite to that of v itself, so that, like

the resistance assumed in the theory of absorption, the force (2) is

opposite to the velocity. As to the connexion between this force and

the radiation from the \ibrating electron, it becomes apparent if we

remark that during a full period the work of the force which is

required for maintaining a constant amplitude, and which must be

equal and opposite to (2), is exactly equal to the amount of the

radiated energy.

In a recent paper Natanson ') has shown that Rayleigh's formula

can be obtained by introducing the force (2) into the equation of

motion of each vibrating electron.

§ 2. This result is very satisfactory, but still there are some points

which require further consideration.

In Rayleigh's theory it is necessary to take into account the inter-

ference between the vibrations which are produced, at some definite

point of space, by all the molecules in the beam, and, on the other

hand, a consideration of the resistances will be incomplete if one

does not keep in view the mutual action between the molecules.

Whether we prefer one course or the other, it may be shown that

a scattering can only take place when the molecules are irregularly

distributed, as they are in gases and liquids; in a body whose

molecules have a regular geometrical arrangement, a beam of light

is propagated without any diminution of its intensity.

Let us begin with the second method, and let us observe in tlie

first place that, according to (2), the resistance per unit of charge

is given by

e ,Pr>

6jtc' dt"

If r is the displacement of an electron from the position of

equilibrium which it has in a molecule, this expression may be

replaced by

e d'v

for which we may also write

1 cZ'p

(brc' 'dF

if we put

(3)

1) L. Natanson, On the theory of extinction in gaseous bodies, Bulletin de

I'Acad, des Sciences de Uacovie, dec. 1909, p. 915.
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e r = p .

This Latter quantity is the electric moment of the molecule, if

e is the only movable electron contained in it.

The above expression contains the t/iinl difFerentiai coel'licicnt of

r or p with respect to the time, and it is easily seen that terms of

this kind, or, in general, terms of odd order, are tlie ordy ones in

the equations determining the pi'opagation of light wliich can give

rise to an extinction of the beam. This circumstance will enable us

to distinguish the terms with which we shall be principally concerned,

from others which determine, not tiie extinction liut liic velocity of

propagation, and which it will not be necessary to consider in

detail.

§ 3. It is im|)ortant lo remark that the Held belonging to a molecule

with an alternating moment p acts with a force like (3), not only

on the electron e in the molecule itself, but also on electrons lying

outside the particle, at distances that are very small in compari.son

with the wave-length.

At a point {x,y,z), at a distance r from the molecule, the scalar

potential y and the vector potential a are detei'niiiied by the equations

1 [Vj
ip = — -T- div— , (4)

4.T r

_ I

; JtC»' ll «
in which the square brackets serve to indicate that, if we want to

know the potentials for the time t, we must use the values of the

r
enclosed quantities corresponding to the time t — —

. Hence, [.•"Jisa
c

function oi x,ij, z,t, and we may write for the vector potential

4.TC?- d<

Now, if r is very small with respect to the wave-length, we have

r df r" (P'C r' d'\>

[p] = p 1 'r . . . .

'
-"

c dt ^ 2c' dt' 6c' de ^
For our purpose it will suffice to consider the pari of <; corre-

sponding to the fourth term of this series, and the part of >i corre-

sponding to the second term. In equation (4) ihe (|nanlil\ —

!

r

may therefore be replaced by
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r' d'\>

a vector whose components are

r- d'Pj: ?' d'p,/ r" cZ'p,

~ 6^' ~de ' ~"6? ~dt^ '
~ 6? ~d^

'

and whose divergence is

1 / d'P:, d\\, rf'pA

3c' V de ^ -^ df ^ dt' J
if the point from which / is reckoned, is taken as origin of coordinates.

We have therefore

denoting by the symbol (=) that terms irrelevant to our purpose

have been omitted.

The ditferential coefficients of the quantity within the brackets

witli respect to .i', y, z are

dh\ d'Vj, d^
~de ' lie '

dt'
'

so that we find

1 (i'p
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Again, if liir two vibrations iuivc o|)[)osite pliases, tlic aiDplidides

still being equal, the two forces acting on one of tlie electrons

according to onr formulae — one produced by the Held of the

electron itself and the other by the field of the other molecule —
will annul each other. Hut in tiiis case the system of the two mole-

cules does not lose any energy by radiation.

§ 4. The j)receding considerations show tliat a coi'rect explanation

of the extinction of light, by means of the forces acting on the

vibrating electrons, can only be obtained by examining the mutual

actions between the molecules. In order to take these into account

I shall follow the same method which 1 have used on previous

occasions.

We shall start from the fundamental equations by means of which

the electromagnetic tield between the electrons and even inside these

small particles can be described in all its details. Let b and [) be

the electric and the magnetic force, q the density of the electric

charge, and u its velocity. Then

div b z= Q ,

die !;
—

,

1 .

rotl} = -(.-> + Q v).
c

1 .

rot b = b .

c

Any electromagnetic state which satisfies these conditions may be

represented by means of a scalar potential t and a vector potential

ii. These are determined by the equations

-^J' dS, (6)

« = ;j- ^^^dS, (7)

in which the integrations are to be extended over all space, and we
have

b = r qrad w .

c dt

We may now pass on to the equations tiiat may be used for a

description of tiie phenomena in which the details depending on the

molecular structure and inaccessible to our means of obser\atioii

are omitted. We obtain these by simply replacing each term in the

above formulae by its mean value over a space S surrounding the

point considered, whose dimensions are so small that, in so far as
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it can be observed, the state of tlie inediuin may be regarded as

the same at all points of S, and at the same time so great that S

contains a large number of molecules. A space of this kind may bo

called "inlinitely small in a physical sense" and the mean value of

any scalar or vector quantity A is defined by the ecpiation

u A d S
,

in which the integration extends over the small space S.

We shall suppose the medium to contain neither conduction- nor

magnetization-electrons, but only polarization-electrons, i. e. charged

particles whose displacement from their positions of equilibrium

produces the electric moments of the molecules. Let ^13 be the electric

polarization (the electric moment per unit of volume). Then ')

Q z= — div ^,

Qv = '^,

and, if we put F=(j; (electric force), (»; -f ^N c= i^ (dielectric displace-

ment), ]) = .n, y = $ . n = 31,

div D := 0, \

div -C = 0, I

rot .^ = — £), : (8)
c

1 .

rot ^ = .f),

c

1 031
'i:=-- — -rjrad<p (9)

c ut

In those cases in which the Held is produced by polarization-

electrons only, we have by (6) and (7)

$ = - —
I
-^ — dS,

r4^J

, , , ,,
dS (10)

ijicj r [_dt

In the first of these two equations it has been tacitly- assumed

that there is nowhere a discontinuity in the polarization ^. Whene-

ver such a discontinuity exists at some surface a, the equation must

be replaced by

^=-4
1 r\divm 1 ri

, „

t.T^ r iJiJ r

1) Math. Encyklopadie V 14, § 30.

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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uiiere n means (lie normal to Ihe siirl'acc a, drawn from tlic side

J towai'ds llio side 2.

^ 5. The I'liiidamenlal equations siiow tiiat the Held may be con-

sidered as produced by tlie electrons contained in llie source of light

and in liie media traversed liy tiie rays. I^et r> be a closud surface

in the medium wilh wiiicli we are concerned and lei tiie value of

if at some point on the inside of a be decomposed into two parts,

the first of which (f,) is due to all the electrons lying outside tiie

surface, whereas (he second part (^,) has its origin in tiie slate of

tiie medium within a. This latter part can be determined by the

equations (9), (10) and (11), if, for a moment, we coidiue ourselves

to the matter enclosed liy n, witii the values of '-^ existing in it.

'riicii, drawing the nnrinal to n towards the outside, we iiave V,., =
and we may write

(^= X^J^da, (12)
A:nJ r

if we on\\\ llie index 1 in ^„^ and if we take for granted that the

vilirations are transverse, so that din y> = 0.

Confining the integration in (10) to the space williin a, we find

for tiie second part of ^"

1 031
€•„ — c grad (13)

c at

As to the first jiart

ir represents the value which b would have at a point within the

surface, if we removed all the particles contained in it, without

changing anything in the state of the matter on the outside.

In what follows we shall conceive the cavity made in this way
to be infinitely small in a physical sense. But, nevertiieless, we shall

suppose its dimensions to be very great in comparison with (hose of

the space S tlial has been mentioned in the definition of the mean

values. Under these circumstances and if we except those points of

the cavity which are very near the walls, there will be no diffe-

rence between tiie mean value of b and this vector itself. Hence,

(JTj may be considered as the real value of i> within the cavity.

§ 6. In order to find the laws of the propagation of light, we
have lo comljine the equations (8) with the relation between 2)

(or It*) and (i", wiiich can be deduced from the equation of motion

of the electrons vibrating in the molecules.
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We shall simplify by assuiniiig that each iiiuieeiile contains no

more than one vibrating electron. Let ns llx our attention on a

single molecule U and let us denote by i" the displacement of its

movable electron from the position of equilibrium, by p ^ t' r the

moment of the molecule, and by m the mass of the electron. The

forces acting on the electron are: J. the quasi-elastic force, for

which we shall write — fc , 2. the resistance (3), and 3. the force

e b, if ^ is the electric force produced at the place of M by all the

surrounding electrons. Now, after having described around M an

infinitely small surface <t, such as has been considered in § 5, we
may conceive b to be made up of two parts, the vector Cj that has

already been mentioned, and the part that is due to the molecules

Q surrounding M and lying within the surface a. Let c,^ be the

part contributed by one of these molecules, and let the symbol i
refer to all the molecules C}. Then, the equation of motion becomes

d°r
.

e d'pm— =-/, + —^—-}-e((i-tv.J+ e:i^b, . . . (14)

and here, on account of what has been said in § 3, we may put

if we confine ourselves to the resistances.

The determination of the sum occurring on the right-hand side

would be a \'ery simple matter, if the molecules were arranged in

some regular way, if, for example, they occupied the points of a

parallelepipedic net. In such a case, the moment p, of any one of

the molecules Q may be considered as equal to that of the particle

M itself, for which we want to write down the equation of motion

(because the dimensions of a are very small with respect to the wave-

length). On the contrary, in a system of particles having an irre-

gular distribution, uneqnalities may arise from the mutual electro-

magnetic actions ; this is easily seen if one considers that the dis-

tance to the nearest particle is not the same for the different mole-

cules.- On account of this circumstance, it would be very difficult

accurately to calculate the sum for a liquid body.

In the case of a gas the problem becomes more simple. Indeed,

it can be .safely assumed that in such a body the influence of the

molecules on the propagation of light is rather feeble. It is only in

a small measure that the state in a definite molecule depends on

that of the surrounding ones ; it is chiefly determined liy the state

of the ether, and this may be taken to be nearly the same that could

exist if the beani were propagated in a vacuum. Consequently, in

7*
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llic eqiialioii of inotioii of llie electron belonging to a delinitc mole-

cule, the terms expressing the action of the other molecnlcs are

small in comparison willi the remaining terms, and vvc shall neglect

only (juaiililies lliat niav he said lo he of the second order, if, in

calculating the terms in (picslion, we reason as if tiio moments of

the molecules (2 and that of M itself were wholly independent of

the mutual action between Ihese particles. But in this case all these

moments would be eijual to each other. Therefore, in calculating the

sum in (15), we shall lake each v\, to be equal lo llic mean value

of p for all the molecules M contained in an infinitely small space.

Distinguishing mean values of this kind by a double bar above the

letter, and writing v <br the number of the molecules Q, i. e. for

Ihe number of particles, with llie exception of .1/, lying within the

closed surface (>, we may replace (15) by

^^^'' ^^^
6ji? dF-

^ 7. It remains to consider the electric force ^„ determined by

(10), (12) and (13). Let us put for this purpose

[f] = ^ + D.,

and let each of the three quantities <p, '3t and S\ be decomposed into

two parts in a way corresjionding to this formula. The first part of

^., depends ordy on the values of ^ which are found, at the definite

moment f, on the surface <^ and inside it, and even if account had

to be taken of the changes of 'P from one point to another — which

can be represented by means of the differential coeflicients of '^ with

respect to the coordinates, it could be shown that the part in question

contains diflferential coefHicients of even order only, at least if the

form of a is symmetrical with respect to three planes passing through

^f and parallel to the planes of coordinates. It will therefore suffice

for our purpose to consider the second part of S,, and to substitute

in (13) the values

1 r O.n

ijlj r

and

^ _ 1 rl do

ijtcJ r dt

In the following ti'ansformations, whose object is the determination

of €,, the coordinates of the point M for which we want to know
0, 21 and tJ", are denoted by x,y',z', and those of a point on the

surface o or within it, by x,y,z.
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It may be remarked in the first place that (16) may be ^vridcJl

in the form

4.-r ,/ \d.v r dy r dz r J
and that here tlie difierential coefficients with respect to x, y, z, may
be repUxced by those with respect to x\y',: with the signs inverted.

In order to show this, [nit

?x =/, (*•, y, z, t), <^,, =/; {.V, y, z, t), \\, = /; (.<•, y c. /)

and write /^^ (.r, y, :, t) etc. for tlie partial derivatives, taken for a

constant /, of these expressions willi respect to .r,y,:. Tlie \ibrations

being transverse, we have

/v. (.-r, y, z, t) 4- /\_y {.V, y. z, t) + /',, {.V, y, z,t) = 0, . (19)

and also

f'\A '. y, z, t fi;i [
x,y, z,t 7 ) +

H-/3;
I

v,y. z.t — = 0.

because (19) is true for any \'alue of t

Now,

— = — )/. 1
'^'^ .'/, -, <

—-
]

-
,/, (.I-, y, ~, t)

r r

0., 1

(20)

[/, .V, y,z,t /; (.1-, y, z, t)

r
I V

,y,z,t - fi (-"'Ih 2. t)

and, if this is substituted in (18), we get two groups of terms, some

. Qv
depending on the explicit occurrence m — etc. of ,r, y, : and the

r

remaining ones arising from the variability of ?•. E()uations (19) and

(20) show that the terms of the first group annul each oilier, and

we may replace (18) by

because

1 r/d 0.x d 0,, d O-^
(21)

dr dr— = —— , etc.

Ox O.V

Let us next substitute in (21) (cf. § 3)
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wlieie the (linVM-eiilial i-ocflicicnls ^' elf. :iie iiKlependciil of,/,//,;'.

Aflei- this expansion none of the lenns in ' eoiitains a negative
' r

power of /•, and in dili'erenlialiiig (2 1) witii respect to .f', v/', i', as is

necessary for the determination of (/jWcp, we may effect the operation

nnder the sign of integration. Tims

or, conliniiig onrselves to the part of tliis expression corresponding

to the last term in (22),

i. e.

1 fd'»

As to the term , it will sullice to sid>s(ilnte in (ITlthetirst
c dt

term of (22), so that

c dt ^ Uttc'J de

The result of our calculation is

01-, since ^r— may be considered as constant throughout the small
at'

space enclosed by o, if the magnitude of that space is denoted by U,

1 d'^P

Finally, the equation of motion (14) takes tlie form

where several actions of which we have not spoken and which are

not to be reckoned among the resistances, are taken together in the

term g.

^ 8. We have now to distinguish two cases.

a. Let the molecules have a regular arrangement in such a manner

that each occupies the centre of one of a system of equal parade-
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lepipeds which are fovmod by three groups of planes. In tliis case

= 1

there is no difference between p Jtnd i>. Further, it — is the volume
N

of one of the elementary parallelepipeds, and if we take for the

space U a parallelepiped consisting of k elementary ones,

kU= — .N
By this the expression enclosed in brackets in (23) bcH-omes

But, V -\- 1 being the total luunber of particles in the space V,

we have

v + \ = k,

so that, after all, there is no resistance, and there can be no extinction

of the rays of light.

I). The case of an irregular distribulion of the molecules is best

trealcd by applying equation (23) to each of the molecules within an

inlinilely small space and taking the mean value of each term. Since

N being the number of molecules per unit of volume, we get

m^=-/7+ev^-^(l+r-A/L^)^ + ^. . . (24)
df b.Tc Of

Now, the number of particles in the space U considered in § 7

was 1 + r, and therefore it would almost seem at first sight as if

the mean value 1 + r were equal to xV U. In fact, howe\er, we

have, in the case of an irregular distribution

1, = NU. (25)

In order to see this, we must remember that 1 + " represented

the total number of particles lying in a space U thai had bam chosen

around a molecule M on n^Iuc.h toe had previously fixed our atlentkni.

Let us imagine in the gas a volume V very great in conq)arisou

with the infinitely small space U, and let us conceive the N I

molecules which this volume is to contain, to be placed in it at

random, no difi'erence being made between one part of space and

another. After having assigned its position to the first molecule, we

choose around it the small space U and we ask how many of the

remaining XV— 1 particles will, in the mean, come to lie in that

space, if the experiment of placing the NV—1 molecules in the
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Volume r is repeateil nuiiiy times. Obviously, this mean uumbei',

wliieli we mav take for i', is

U U
--(iVF-l) = A77-^

U
and this may be I'cplaced by (25), because „ is a very small fraction.

Our ponclusion' must (lierefore be that the coefficient l-\-v—NU
in (24) has the value 1, and we may express this by saying that

among the terms in (28) which represent resistances, one only remains,

namely the term that is due to the field belonging to the molecule

itself which we are '•onsidering.

Finally, in order to give a more convenient form to the equation

eN
of motion (24) wo shall mulliph it h\ -, replacing at the same time

m
the vector .V <' r =r A'v' by ^. We shall also put

eN.

m
'^ = yf,

where, with suflficient approximation, y may be considered as a con-

stant coedicient, and

V = «o •

m

In this way we are led to the formula

-^ = - »/ \\ + — <l- + p---^ .

av m b^c m or

from which, if it is combined with (8), R.wleigh's extinction coeffi-

cient can be deduced.

§ 9. We shall conclude by briefly showing that, like the method

which we have now followed, that of R.wleigh, namely the direct

calculation of the energy emitted by the molecules, leads to a scat-

tering of the light, onl}' for a system whose molecules are irregularly

distributed.

Let us consider a bundle of parallel homogeneous rays, and let

Zr be a line or a very narrow cylinder having the direction of the

rays, AB a part of L very long in com()arison with the wave-length,

AP a line making a certain angle with AB, and P a point of that

line whose distance from A is many times greater than .17?. We
shall take the axis of .r along AB and we shall simplify by assuming

that, for each molecule situated on the line L or in the narrow
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Cylinder, the electric luoineiit may be representee! by an expression

of the form

a cos {n t-\-p),

in which p is a linear fiinction of .i'. The amplitude a may be

regarded as constant, if we neglect the nneqiialities that may arise

from the mutual action between the molecules of a gas or a liquid

(comp. §6), and if we suppose the extinction along the length of J iJ

to be very feeble.

For one of the components of the liglit vector at P, so far as it

depends on one molecule, we may now put

b cos {)it-\-q),

where b is a constant, and q a linear function of .i', and we have

to calculate the sum

s ^ 2: b cos {n t -\- q), (26)

extended to all tlie molecules.

Suppose in the first place diat k molecules occupy equidistant

positions on the line AB. Tlien the values of q form an ariUiuietical

series q^, q^ -{- h, q^ -\- 2 A, etc. and we have

s = ^ .\. [sin [ut + ^, + (^ - i) Aj - sin \nt + ^^ - iAH =
2 sin ^A

sin hkA
, ,, , A

1

= b ^-y-^ cos {nt + q, + k (^—1) ^1-
sin ill

It appears froui the first form tiiat the resulting disturbance of

equilibrium can be conceived as consisting of two vibrations emitted

by points near the extremities of the row of molecules, and the

second form shows that, wlien tlie length of tlie row is increased

b

constantly, the amplitude of .9 remains comprised between -|- -r—— and
''

"^

sin iZ\

Though there is a certain residual vibration, its intensity

sin^A'

cannot be said to increase with tlie length of AB.

§ 10. This conclusion also holds when the molecules of a gas are

distributed in such a manner over the cylinder L that equal parts

of it, separated from each other l)y normal sections, contain exactly

equal numbers of particles. Then, for an element dx, the number

will be /dx, with a constant /, and we have instead of (26)

s = bf cos {nt + q) d.c = bf -r—;
[sin {nt + q") — sm {nt -\- q)\,

I beino- the length of /I /A and q, q the extreme values of (j. Wiiile
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/ increases, (lie ratio -— remains constant, and, like in (lie foiinor

q -q
case, the resulting vibration may be considered as made up of I wo

coni|)()iionls emitted by the extremities of AB.

Ill order not to enciiiiiher our Ibriiiulae with this small residual

vibration, I shall suppose the diliereiiee 7" — 7' to be a iiiultipie of 2.t.

When the distribution of I lie molecules is an irregular one, equal

parts of the cylinder L will not. contain exactly the same number

of particles, and we shall now show that these differences must

cause a real scattering of the rays. For this |)urpose we begin by

dividing the cylinder AH into a number of parts AA', A'A" etc.,

such that along each of them ij ciiaiiges by 2jt. Next, always using

normal sections, we divide each of these parts into a great number,

say k, of smaller ones, all of equal length dv. Having done this,

we take together (he first part of AA', the first of A'A", etc., con-

sidering their sum as one part of the cylinder AB ; in the same

manner we combine into a second part of it the second part oiAA',

the second of A'A'', and so on, so that after all the whole cylinder

is divided into k parts of equal volinue. For all liie molecules lying

in one of these parts the phases of the vibrations which they |)roduce

at the point /-*, may be taken to be equal. Let the k phases be

determined by the quantities </i, q., . . . qi., which form an arithmetical

series.

Now, if (j^yfi^,
. . . gk are the numbers of molecules contained in

the k parts of the cylinder, we have

.s =; h [(/, COS {nt -\- q^) f g., cos {nt \- Q,) {-••+ 9k cos {nt + (//,)] . (27)

According to what has been said, this would be zero if all the

numbers 7,, //,, ...^t were equal. Consequently we may also write

.s = 6 [/ij COS {nt -\- q^) -j- /(j cos {nt + (?,) + ..• + /(/; cos {nt + -7/,.)],

if we understand by li^Ji^, . . hk the deviations of the numbers

<J-i, <Ji, (Jk from their mean value. We shall denote this mean value

itself by g.

The radiation across an element of surface lying at the point Pis

determined by the square of s, and our problem may therefore be

put as follows: What will be the mean value of a" in a large number
of experiments in which, all other things remaining the same, the

distribution of the particles is different, a numlicr X'</ of molecules being

each time distributed at random over the k parts of the cylinder ?

In considering this we must keep in mind that, among the num-
bers /ij, A, . . . lik there must always be negative as well as positive ones

;
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since h^ -{- h, -\- . . . -\- hi, =Q, neither the positive nor the negative

values will predominate.

Now it is clear that the mean value of any product of two difi'erent

A's, relating to any two definite among tlie /; parts, nnist of necessity

be zero, in as much as there is no reason for a dilferent probabi-

lity- of equal or unequal signs of those two deviations.

Hence, the mean value in question becomes

6^ [V cos'- {n t + r/J + /77 cos' {a t -\- q^] + . . . + ht' cos"- {a t + yOj

.

and on an average, for a full period,

UMV + V + • • • 4 "^)-

But, by a well known theorem in the theory of probabilities,

V = V = - .=T^= fi,

so that our result becomes

showing that, in order to lind the intensity of the radiation issuing

from the cylinder />, we must multiply the intensity i l>'' that is

produced by one molecule, by the inimber laj of particles in the

cylinder. This conclusion can easily be extended to a part of the

beam of any size. Indeed, the k vibrations occurring in (27) mutu-

ally destroy each other for the greater part by interference, an<l the

vibration of which we have calculated the intensity is no more than

a small residual disturbance of equilibrium. It may ha\'e any phase

whatever according as the molecules happen to be disseminated in

one way or another. Now, if a part of tiie beam of any magnitude

is divided into a number of cylinders L such as we have considered

in the last paragraphs, there will be no connexion between the

distribution of the molecules in these several cylinders. The phases

of the residual vibrations due to each of them will be wholly inde-

pendent of each other, and it will be allowable, simply to take the

sum of their intensities.

Physics. — " Quasi-association or inolecuk-comphrcs." By Prof.

J. D. VAN DER Wa.\LS.

(Communicated in llie Meeting of May 28, 1910).

In the Meeting of this Academy of January 1906 I delivered an

address on wliat I then called "Quasi-association". I demonstrated

that the phenomena, particularly in the liquid state, led to the

RT a
conclusion that ihe equation of state p = was not \n har-

V— b v'
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niony with wluit experience (eaclies, even if the qiianUty iis assumed

to be variable wilii the volume, but tiiat with the great density of

liquids, and at temperatures below the t-rilical temperature, a circum-

stance must be taken into account which hardly makes its inlluence

felt with slight density of the substance and at higher temperatures,

but tiie influence of wlucli can become so considerable with very

great density that it quite decides about the course of the phenomena.

In the above form the equation of state has been derived by taking

the cohesion of the substance and the space occupied by the molecules

themselves into account, but for llie rest it is assumed that the

molecules are distributed homogeneously throughout the space occupied

by the substance. Already repeatedly, among others by Rkinganum,

the thought has been expressed that there is reason to suppose that

the distribution in the occupied space is lieterocjeneous, that molecule-

complexes are to be expected, the number of which will certainly

depend on the temperature and the degree of density. If this is the

case this circumstance will make its intluence felt on the value of

p if J?' and v are given, and something is liierefore to be added to

the equation of state.

For myself I had formed a fairly clear general idea in what way

the heterogeneous distribution of the molecules in the given space

would make its influence felt on tiie forui of the equation of state

— but I was still doubtful about different particulars. This was the

cause that I did not publish the contents of my address, and occupied

witii other investigations, I did not take up Uiis subject agai"ii for a

long time. Since then Dr. G. van Rij discussed the contents of my
address fully in his Thesis for the Doctorate "Schijn-associatie etc."

He was enabled to do so by Dr. Hallo's kindness, who had given

a sliorthand account of my address in the Academy.

As regards what I said in my address of 1906 I might refer to the

above-mentioned Thesis, and confine myself here to communicating

what renewed investigation has taught as probable. But as I cannot

take for granted that van Ru's Thesis is sufficiently known, I shall

have to enter into some repetitions for so far as this is necessary

for the true insight into my reasoning. That I have resumed this

investigation was due, among oilier causes, to the circumstance that

in the investigation of the Brown motion and allied phenomena it

has again appeared of late that large molecule-complexes behave

kinetically as a single molecule. I had already assumed this a priori,

but the mentioned new investigations have made me the more con-

fident in assuming that the number of molecules which can combine

to a complex is great.



( 109 )

in
I. The erpiatlon: p := ; is not sufl'icient in the liquid

V— b

state ivith a and I) independent of T, and h a, function of volume.

From the thermodynamic equation

coexisting liquid and vapour phases

:

From the thermodynamic equation T\ —,)

—

p^ follows for
\dTJ dvT
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— cj^i) l)c directly derived Iroiii tlicso obscrvjitioiLs, iiiid so the

P dT

anproximative character of — may be avoided. The value /, namely,

increases slowly with falling temperature.

Near 7'/. the value above unity can lie rojiresented by \ 1

—

m
with a high degree ol approximation, and pcrliaps still better b}^

|/l m for lower 7. It is to be regretted liial I'or much

lower temperatures the observation i)ecomes impossilile l)y the appear-

ance of the solid stale. But Judging from the given values the \aluc

above unity seems to verge towards a limiting \alue. 1 shall leprcscnt

this value above unity by the symbol (p.

II. Is the asstnnplion of a and h as function of the temperature

suf/icie?it to explain this deviation?

On account of the existence of this value above imity which

increases with decreasing temperature we might think that the

assumption of a as temperature function or also of b as temperature

function would be sufficient as an explanation. We have tlien (See

among others Lehrbuch der Thermodynamik p. 76 etc. or van Ru's

Thesis)

:

(

f Tdb„\ Tdb^ T da

m bgdTJ bgdl a dl a

^ '^KbgdTjkr Kb^dTji-r {adl-Jh-

In this equation b,, represents the limiting value of b for v = oo.

rp

That the assumption of Clavsils' value for a, viz. a — is altogether

insufficient, appears immediately. If =:0, we find with this value
by dT

of a for —
- tlie value of — 1 and

(7 J dl

\m J '
' 2 1 1

/— 1
' 2 ni m

The value above unity, which near 7), is equal to 1 — in, and

not to 11

—

m, and so too small, is much too great for low 7', and

would even rise to oo. But we need not examine other fuuctions

for a, which change continuously with the temperature for 71. From
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t(a,„

m
dTn

: 1 + l/l — 7«
dak

dm

follows by differentiation witii respect to in:

d''ain— m
dm" 1 1

dak\ 2 1/(1 — m)

dmJ

an expression, which is equal to oo for /» := 1, and slicAvs that only

a value of a which is dependei)t on the temperature and would

show a sudden discontinuity at Tk, would be able to account for

this value above unity. To accept this as possible would be tanta-

mount to rejecting everything on which the equation of state rests.

dp d-p
Then the critical temperature would not be that at which and

dv X dv" T
can be equal to 0, and which has nothing remarkable for the rest.

Then e.g. the characteristics of CO.^ also in the gaseous state would

change discontinually when we pass from 30° to 31°.

A similar investigation reveals that the assumption that b would

be a function of the temperature, cannot account for the value above

unity either, unless Ave assume a sudden discontinuity in this function

at Tk, and also that other assumptions about the value of the molecular

pressure are unable to account for this value above unity, for these

too would always require a sudden change at Tk.

III. Turn empiric formulae for the determination of liquid and

vapour density for coexisting phases.

Before proceeding to the explanation of what in my opinion causes

the extent of this value above unity, I will just discuss the result

obtained in one of its signilications.

According to the empiric rule, known under the name of Mathias'

rectiliniar diameter we have, calling the density in the liquid state ^i,

and the density in the vapour state o,

:

The quantity y is slightly different for different substances, but in

the following discussion I shall assume y =^ 0,8. According to the

above formula

:
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/—I pi- Vic"- ^

or

a^-^y
Qk^ (/-l)(l+9>)

Tliis may he considered as a second empiric Inriiiiila wliicli jrives

tiic product of tlie reduced densities. As now botli tlic sum iiiid tlic

product of the rechiced densities is known, fhey arc given by the

(|uadratic equation

:

./

(

— 1

QkJ \QkJ (/— l)(l + y

At T/c tiie factor of ^ = 2 and the known term = I, and so we

tind both — = 1 and — ^ 1. But at lower temperatures the factor
QIC Qk

of — becomes greater, the factor of tiie known term, on the other
Qk

hand, much smaller, chiefly on account of the quantity -t, which

may be represented approximatively bj' e ' m .

The relation wliich has served to form tiie known term, viz.

{pdT
1 jpi\i\

(/- '^)PkVk-

gives occasion for the following remarks for lower temperatures. If

we think m decreased to within the neighbourhood of V2 > i" which

case the vapour phase follows almost quite the laws of Boyi.'e and

Gay-Lussac, i)i\=z RT =imETk. If we substitute this value of pv,

in the above equation, we find

:

\pdT J— = 1 + y-

RTk
The quotient has been determined tor a number ot substances

PkVh

hy Sydney Young and others. Henceforth we shall dejiolo tiiis relation

by s. By introduction of this quantity the given relation becomes:
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p (IT / -: ,
,

/—I vk

According to the rule of the rectilinear diameter the ^•alllc of

v^
,

1— is then equal to witli a high degree of approxi-
Vh 2[1+7(1— jn)]

niation, because the vapour-densit\' ma}- be neglected by the side of

the liquid density; and writing tor (

—

~ — I \ m the value/'

—

m,

choosing the symbol /' to denote that at lower temperatures the

value of / has risen somewhat above that which this quantity has

at Tk, we get

:

> = 1 + y/- 1 2[l+y(l-,n)]

So we have here a relation which must exist between the 4 (juan-

tities, viz. f',s,y, and (f at lower temperatures when the rule of the

rectilinear diameter holds. If we use this relation with /' little above

13 3.7

/ (/=7), .y = 3.7 and 7 = 0.8, we lind the value =1.43
"^

12 2.8

1

for 1 -|- if\, m being -. The calculation of (p from the value

(p ^= vl— 711 yields 1 -|- y^ = 1.447. This equation for the

calculation of <p however, cannot be used to predict the course of

(f with certainty for still lower temperatures. To do this we should

have to know among others /'. If for ?»= the value of y should

1

still corres[)ond to the given equation, and be equal to -
,
/' would

have to have risen to nearly 9 for in = 0.

In passing I draw attention to the equality or almost perfect

equality of .s' and 2{^ -\- y). So the rule holds either with perfect

validity oi' with a high degree of approximation that as man^' times

as in the critical state the density is greater than would be the case

according to the laws of the perfect gases, the limiting density of

the substance would be greater than the critical density.

The relation :

^-1
m——Y itv.v^ = 1 + (f

does not only draw our attention to some properties of the coexisting

8

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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phases of s\ substance wliicli we sliould else hardly notice, l)n)

enables us also to calculate beforehand the temperature at which

they occur. As an o.vanipie I point to what follows. For 7\. of

course ni\i\ = [. If we put the tjuestion what this product is for

other temperatures it appears tiiat with decreasing temperalure this

product rises at first, reaches a maximum value at a certain \'alue

of 7',, has descended again to 1 at a certain other temperature 7",,

and falls below, with fiu'lhcr decrease of the temperature.

Let us first calculate T,. For the determination of the value of

III belonging to this temperature we have then

:

^-1= (/-I) (1 +y) = ( /-I) + q, (/-I)
m

or

or

or

1—m (
1

—

vi]

f = (/-I) U/l-m ^m I 2

/ t/(l-m) 1/(1-

/-l m

(.: ^i^j^--^
1

I'\)r ;» = 0,75 the first member is CI,541)— , and so somewhat
1,0

greater than the second member, and for m = 0,7975, for which

1— »? r= 0,2025 and I
1— ;« ^ 0,45, the first member is appreciably

smaller. So for in somewhat greater than 0,75 Jtv^v^ will have to

be equal to 1.

Now for in — 0,7371 we find for ether -t = 0,088465, r, = 0,4033,

and r, = 28,3.

and for in = 0,7798 we find -t— 0,14744, r^ = 0,4209 and r, =r 1 7,1

.

The \alue of -Trjrj is equal to 1,02 for m =^ 0,7371 with these

data, and equal to 1,06 for ?« ^ 0,7798. So according to the obser-

vations the temperature, at which m'^i\^=:l, would lie somewhat

below 0,7371. But according to the observations for ??i = 0,6866 the

product .-TriVj has already far decreased below 1, viz. to 0,93.

As to the determination of 7\, the temperature at which the

product .TTjr^ has a maximum value, this lies at about in = 0,9.

The observations for ether give for the value of this product:

m 0,9728 0,9573 0,9277 0,8923 0,8472

mv, 1,14 1,16 1,165 1,173 1,13

It is easy to see that it can be calculated with a sufficient degree
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of approximation by determining at what value of /// tlie i)ro(]uct

m{l-\-'p) has a maximum value. That a maximum value for /h(1-|-7
)

exists, is to be seen a priori. Witli decrease of m below 1, 1 -\- <p

increases comparatively rapidly, and though m decreases, the product

becomes greater. Afterwards 1 -|- //' remains almost constant, and tii

continuing to decrease at the same I'ate, the protlucl decreases. If

we now calculate m {l-\-(f), we tind for:

1—m 0,01 0,04 O.Oi) 0,1(1

m(l+r/j 1,08 1,13 1,14 L09

So sufticient agreement.

Now if we reverse the roots in the <|uadratic equation, which

o
serves for the calculation of — , the new equation serves for the calcu-

lalion of i^ and r„. We tind then e.g.

v,+i\ /-I
2 /—

m

In the .TV diagram — ' is the abscissa of the point which lies

halfway on the straight line of evaporation, and -t the ordinate of

that point. For the critical point both members of this equation are

equal to J, but there exists a value of in, for which also the second

member is equal to unity, and so the point belonging to this tempe-

rature lies on the same hyperbola as the critical point. For ;»,= 0,64

the second member is equal to 1,09, and for ;/i =r 0,51 equal to

1 , v,+v^
Between m^l and the value ot ///, tor which m = is

1,08

again equal to 1, the point lying halfway the nodal line lies inside

the hyperbola — at lower tenq)cratures on the other hand outside

it. More such particulars might be observed. But the particulars

mentioned are certainly sufficient to set forth the significance of the

discussed equation.

If we know ^^—^ and -!-^, of course ^^^—^ is also known, a
2Qk gk'' 2Qk

quantity for which it is often necessary to know how it depends

on m.

Then we tind

:

-o,\' (f— m) jr

2Qk J (/-I) m(l+,f)

Oj— p,
I have calculated the value of ^ from this formula with y^0,8

Qk

8*
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and fz= 7 tor ;i low vaiiies of w, ami <'(Mniwiicil lliciii willi llie

olisorvatioiis.

Tlius wo find for 1—?» = 0,09 the value 1,7.*{ IVoni llie foniniia

for
^' "'. ulicreas ^^^—^ = 1.83 would follow from liic observations

i)k/ ok

at m = 0.89, so at slii>;htlv lower value of
!?'

///.

For 1— »/, ^0,16 we tind the value 2,1 bv caleulation, while

observation yields the value of somewhat more than 2,0 for in = 0,8472.

Pi + p,
Of course at very low temperatures the difrerencc between

Qk

and ^-^^— — is not worth mentioning, and entirely neglecting — for
Qk Qk

m = Vi' ^^'® sliould liud 2,8.

For values of ;/; very near 1 we might draw up the following

approximative formula

:

l/l— TO -\- f{l- m)

For 1—m = 0,01 this formula yields

;

2Qk

or

= 1/0,17

^-11-^=0,82
Qk

the observations yielding the value of 0,775 for ;/i = 0,9915, so for

somewhat higher value of lu. For 1— ??i = 0,04 this approximative

formula gives — '= 1,384. The observations gave the value 1,345
Qk

for m = 0,9573. So there is sufficient agreement.

In my thermodynamic theory of capillarity I came to the conclusion

/p,— j?j\'
that the capillary constant is proportional to I

—
j

— I in the neigh-

bourhood of the critical temperature, and not knowing the quantity

(f at the time, I ascribed the form ^1—m to —^—^ . Now we have
pi-

found a more complicated form for ^-^
, which however passes

Qk

info ^^1

—

m if 9^^ = 0. For exceedingly small value of 1

—

»i ~—

^

Qk

apjiears to be proportional to (1

—

111)'!* , but then the amount of the

capillary constant is so small that it cannot be measured accurately.
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For soraewliat higher value of 1 — m also the term /(I—?») begins

to make its influence felt in the expression :

~^~ = [y^-^^ + /(I - »0]V-.

and then the capillary constant is neither proportional to (1^1—??i)'/4,

nor to (1 — mf!-^, as would be the case for </) =: 0. Over a great

range of temperature there is found proportionality with

(1 _ ,,i)1.23

so with an exponent which is greater than Vi and smaller than '/„.

So that what was inexplicable about the exponent 1,23 lias been

solved for the greater part. But really this whole calculation would

now have to be revised, which, however, I shall have to put off.

IV. T/ie criticiil quantities.

If in the equation of state a and b are put constant, and if we
do not admit any other influence on the behaviour of a substance,

we find :

o, p7, 8 a la p,vu 3 RTj, fT dp\
27/>'^' 21b^' KTu 8'

p/, KpRTJur
a _ 9 VI, _ 3

vkRTi~Y' vi.-l~Y'
A change takes place in this if we put A variable with the volume.

Then there is question of b,,, by which I shall denote the value of

b
b for infinitely large volume. The value of — is derived bv means

of tlieoretical considerations, and found to have the form :

t, V ••

but this function is not entirely known. If we develop ^^( '^
I in

bn
a series of ascending powei-s of -^

, there are at most a few coefli-
V

cients of these therms known. Enough however, to show that the

factor of v/: =r rb„ is not 3, but lies much nearer to 2 than to 3.

But then also the other coefficients occui'i'ing in the value of the

critical quantities, must change. Thus we find from
| )

{v—b)kn ydTji,^

in the critical point; in this expression v is much smaller than 3,

and b only little smaller than bg-, and if in the equation of state we
/dp \ dp

substitute — \ , for which —- can be put as the value of tension
ydlji'i; dT
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of llic satiira(o V;i|)()iii- in llie crilical iMiinl, uc lind />/;:=- -— —

,

6,2 »• (./ — 1)

if /' I'cnrosonis liic \iiliio of
/. • '' '"^'^ already 1r!C1i remarked

V/' ''J Jkr

liiat /' will have to be inueli larger than 4; biU il is remarkable

thai r"{f— 1) will be found exactly or almost eipial to 27. As/
is known ihroniih the observations, and may be put e((ual to 7, we
find liien {4.5 or slightly moi'c than 2.124 for ;•; anil this hardly

changes if _/' is made to descend to (i.7 then we lind /=:2.17.

It was, indeed, to be expected a priori that the factors occurring in

the two quantities which are generally used for the calculation of a

and /;,, , viz. /y/, and A' 7'/,, will lia\e the same value, or almost the

same value as was originally given by me. For the values of a and

/;,, thus calculated appeared to be satisfactory. Using the factors r

and /, and the above-mentioned factor s, we have:

Vk =
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1 8
mean to assert that the factors — and — will always hold with

27 27

perfect validity; this would require a further investigation, also an

experimental one. But 3'et I found in the above remarks an indication

pointing to the fact that if I would explain the whole behaviour of

liquids, and wanted to assume the existence of molecule complexes

for this purpose, I ought to examine whether the number of molecules

which combines to a complex, might not be such that, e^en if there

is quasi-association in the critical state, (his ciuasi-associalion is without

influence on the critical quantities. For the above list of quantities

has been drawn up by assuming the equation of state as [terfcclly

valid in the critical state without any further addition.

According to the above the wiiole cause of the deviation of ihe

critical constants is to be found in the existence of the variability of

h with the volume. This law of variability may perhaps be different

for the ditFerent shapes of molecules, and then this might give rise

to the deviations fron) the law of the corresponding states too. If

according to a somewhat different law of vanabilit_y r becomes smaller,

/' and .y must become greater. Above we concluded to the constancy'

of /'(/"— J) and rs — without my feeling justified in considering

this perfect constancy as convincingly proved. Else we might add

.s' 64= — , wliicii of course would yield .v=3.77 again wilh/ = 7.

/-I 27

V. QiuLsl association.

I have tried to account for the existence of the (piaiitily >( by

assuming that molecule complexes may form in the substance, which

behave as a sinqjle molecule from a kinetical point of view without

their being simple molecules from a chemical standpoint. The quantity

of lost energy in the conqjiex is then entirely due to the ordinary

molecular attraction, and is equal to the limiting value of the internal

latent heat. So much smaller than when real chemical combi-

nation to double or multiple molecules took place. By way of

distinction I speak of r/?<<'?.«'-association, though from a physical point

of view there would be little reason for this distinction.

If we put the quantity of substance we deal with = 1, and

assume the fraction 1 — x to be present as simple molecules, and

the fraction x as molecule complexes, formed by combination of n

simple molecules to a complex molecule, the number of molecides

has decreased from 1 to 1 x from a kmetical point of view.
n

So a first change must be made in the equation of state by multi-
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w-1
. ,

l)licatioii of RT h\ tlic Caclor 1 — — a,'. I-mllier il n is \{iv<^o,

n

tlie (iiuviitilv n will luive lu lie subjecUHl lo a change. It is Inie

that I preserved the (iiiaiitily a uiR-haiif^ed in (Theorie Molcciilaire

\ 29 Cont. 2, p. 29), wlicrc 1 treated a siindar prubiem tor real asso-

I'iation to double molecules.

There 1 started from tiie consideration liiat it' in part of the space

a
occupied by liie substance the quantity of lost energy is = ,

b

liiis lost energy is to be considered as a middle value, lu this space

the substance moves. One moment a point of the considered space

is em[)ty, the next moment il is tilled. If the molecules suddenly

all passed into double molecules, the time during which a point

may be considered as fUled would be twice as small, but filled with

double the quantity of substance. Accoi-dingly the forces which have

come into play to form the double molecules, are new forces, and

are not derived from part of the molecular forces. But this consi-

deration holds no longer for the case considered now, where n

will have to be taken as large, and where the forces forming the

complex, are the molecular forces of attraction themselves. I shall

come to the conclusion that n approaches somewhat to the number

for which one molecide is surrounded in all directions by another,

— so llie iiuniber of spheres that can touch a given sphere at the

same time. And then i)art of the molecular forces of the molecules

of the covering Uxyer is directed inward, and so this serves to keep

the complex together, only the forces of the outer layer working out-

ward remaining active to serve as internal pressure, to keep in con-

junction with the external pressure p the moving substance together.

So 1 shall multiply a by the factor \1 — (1

—

k) x^— and put later

1

on 1 — k^ — as probable.

In this way we get the form a [1 — (J

—

k)x]-. The contribution

to the cohesion constant of (1—-.(;) simple molecules is a (1

—

x)". The

attraction between the complex molecules -and the substance in simple-

molecule form is equal to akx (1—x), in which k is smaller than 1.

And the inverse attraction is just as great, while the complex mole-

cules attract each other with an amount equal to ak'-x". Together

this gives the indicated amount. ')

Is I) also to be modified? Already the consideration that the com-

') Now that we always deal with the same substance, and j;© I lie specific

qualilles iiave disappeared, we may assume OiW^ =^ On"-
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plex molecules may be considered as the same substance but in a

more condensed state, and that in a more condensed state h is

smaller, shows that there will be question of a value (
—

), and that

this quantity will be negative. But the difficulty to find the exact

form of b if the complex molecules should not exist, and which is

fdh\
greatlv exhanced it they do exist, have led me to neglect - I at

\dxj„
least for the present. So this is one of the causes wiiy this investi-

gation cannot be considered as quite completed, but I think that

this will only exert influence on some details. Hence the equation

of state used will have the tbnn :

RT (1 - ^^ X
I

_ V n J rt{l — (1— /t)A'|'

in which b is an unknown function of r and x. But the dependence

on X will be neglected in the applications.

VI. Determination of the value of x for given v and T.

If we determine the value of i(' (Tiieorie Moleculaire § 14 Cont. 2,

p. 28 et. seq.) for constant values of x chosen arbitrarily, we find

the value of x, which corresponds in the state of equilil)riuni to

given value of v and T, bv putting — ^0.
\dxJcT

We have successiv ely :

^=-RT 1- )x —J-- ^ ~-^ +
L \ "" J _ J "

—

" "

+ Rt\{1-x) I a-x) + ~ lv\ 4- E, (l-.r)+ £, x-T [//, (l-.t.)4-//J
I

n )

and

n-\ r dv ,
1 - (\-k)x

,= RT ;: + 2(1 -/.) n !^ -~ +
n J V — h V

+ i^r I-
- z ( 1 -,r) - "^

j + j?,-£, - r (fL-B,).
[71 n ]

The quantity E^— E^ is equal to the limiting value of the internal

latent heat, but we shall represent it by — E. The quantity H.,—H^

T^ .
,

?dx\^\
mTist be considered as unknown. If it were known, —

]
^^ ^

\dx J„j
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might serve to determine the viilue of x for any value of v and T.

So also the value of .ct^ by putting T= Tk and v = vk. llevcrscly

this constiint can l)o oalculalcd if c is Uiiown in any volume for

given 2\

Let us on the other hand determine the values of T - — p for
dl

- - f

,

\vc must becoexisting phases. Then this value being ccpial lo -
V I'a 1

able to express the value of the energy 5 in the cpiantities dc^duiug

tills phase. If there was no quasi-assoeiation, the energy would be

equal to , to which a funclion of T would have to be added,

which, however, would ilisappear again in the dilierciu-e e„— f,.

Kow that there is (piasi-association, the value of a for this phase

must be used, viz. (»[1— (1

—

k)xY, to which —£!« is then to be added.

We get then

dT

E{x,-x,)-^
a\\—{l—k)x,Y aY\-{l-k)x^Y

or

E

pdT J a ^2— *'i
^2— ^1

or

\pdT

or

pi\c^ Evk'V^-

9^

jii-(i-%-,r-'-[i-(i-%^r +

+ -{[1-(1-A-K]= + [1-(1-%J1

\pdl J a Qi—Qi {
n Qh

{i-ky
+ 1 - (1 - ^) (,v, + ..,) + (.r,» + x/).

+

In the absence of association the second member is sinqjlilied to

1, and so the quantity </) disappears.

Let us take the extreme case. For 7* x^^=,i\^.c/^ and i\=:v,^=^Vk

.V —X /dx\
or o, = o, = p*. For we must then take

\ -r \

V:—9= \dQjk,

We have then :
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P
l"\

PkVk^ fdx^ iEvk MillTdp

J)dT

H- l-2(l-k).vk-\-{\-kf.vk

Then too the secont] member is equal to i in tiie absence of

association.

This would also be the case if in the critical state .(> and
d.c\— should be equal to zero. But though it is probable that .vk is

small, — == f* argues agaiust the assumption d'k = 0. In this case
\d^v J,.T

Nep.logxb is equal to — x, and this equation caunot be satisfied.

I then asked myself whether it could be possible that all the terms

which occur iu llie second member besides 1, could be together = 0.

ih a
Theu — is equal to .- in the critical point, both when there is

dvT >-k'-

^f dp\
association and when there is not, aud in the same way T\ — |

^ \dT)
a Tdp rt , a— p is equal to — , or — 1 r= and so (/ — ^) =
vk" p dT pi^k"

'

pkr^'b/

or ;; :=: — . Though the (luautities )', s, and /' should be

slightly changed in consequence of the existing a.ssociation, the before

discussed relations between them, and their relations with the critical

quantities would continue to exist. Only in the quantity
|

-),
\v—bjk

which is little known as yet, a change comes in case of association,

which change 1 will discuss later on, after I shall have shown what

follows \vith regard to n from the mentioned assumption.

VII. Possible value of n.

Let us examine the obtained formula tor -—1 = moi'e closeh',
\d.V Jkr

It can be written in the form

:

dp

i dV
1 77.

RT \n '
' \ RT

and leads to the differential equation
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\d.vj„r
, , , 1 , 1 ld,v\T

I ,

d'^
\

^

or

dv\n—\ V 2a(l-A)[l-(!-%]) + t^A-

=

nx 1 — .« rYi 7'V j n «'— b vRT

^_ 2a(l-/-)Ll-(l-^-)-^']

J —

/,/,/• \ A/.i; \
To tiud (,'0'' — "

] '
"'^ iHiist put dl = ill lliis diUc-

\dQ Jkr \dr Jkr

rcntial e(|iiatioii, and lake (lie critical values for the otlier <|uanlitios.

We liiid then the fbllowiiig' intricate e(juation :

Ei'k in-\\Mf-l)\\-(\k],x\- 1

I

^--^'^
\_

s nx /-I

\-iV s

= 2(l-/t) + .r(l-if

.

To get an idea about the value of n from this equation, as ,r is

no doubt small in the critical state, we may put this ([uantity = 0.

Ill the denominator nx does occur, and if we put x = 0, it may
nx wA'2(l --*•)"

seem as if nx was neglected. But (/ — 1) may be

probably also neglected if nx should not be small. Then this equation

becomes

:

ft

or

^^•_2(]-t)t |(«-1)/-2(1-A:)M/-1) = 2(l-A-).s

2{i—k)

—l-.2{\—k)
a

As for E the limiting value of the internal latent heat is to be

expected, so — , and the smallest value of v is 2(1 + y) times
^minimum

contained in vk according to the rule of the rectilinear diameter,

Evk Evk= 2(1+7). Hence is always greater than 2(1

—

a). Now in
a a

this last e(|ualion all the cpiantities are known except n and I—k.
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But at an\ rate a relation lias been found between these two (|uan-

tities, which will have to be fulfilled approximately. The value of

2(1

—

k) cannot be larger than , for then n would be negative:

for 2 (1 — /) = we should have )i = (x. For 2(1

—

k) = l we
/-I
s 3,77

find : n ^= t -\- — or n =: 7 -] —
. We had concluded to 1

—

k

a

= — for such a value of n, and therefore this value of n seemed
2

probable to me. At any rate I concluded to n^f. This conclusion

.
Tdx

approaches to certainty when we examine the value of — —r-,^' •' X dT
which is found from the same dift'erential equation at low tempe-

ratures for the vapour phase. If v is put very large, the equation is

simplified to

:

T dv n— 1 Tdx 11 X E
+ -77F - +

V dT n X dT { n \—x

Evb

A = 0.^ RT

E a /—I Evk Tk
For the third term --—- = ^--— = -^ may be

inKl k niKlkVk * a 1

written. Supposing the value of x to be very small, because we

examine the behaviour of normal substances, and so assuming the

Tdp Tdv ^ ^ ^

equation rw = RT or - -r;7, ^ 777=^ lor the vapour phase, we get
' '

/) di V dl

for the above formula

— 11 Tdp\ Tdx 1 /—I Evk Tk

'^
[
~ p d2'\'^ ^ df n ^ s a Tn { p dT \

' X dT n ' s a

or

Evk_

Tdx Tk ,. 1, « ^* , n

Already before I pointed out the equality or almost equality of

Evk

a
2 (1 -|- y) and ,•,-, from which follows = 1.

From this follows

:

^% = [(«-!)/- n (/-I)] ^ - (n-l)
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And as we must conrliide (o a course of .v witli 7' as drawn in

Tda;
fie. 58 (Lehrbiicli dcr Therniodynamik) ——, will he posilixc hir the

.V dl

vapoui' iiliase a( least ibr low temperatures, or {n—1)/> /<(/—!)

or // >/
The formula shows the possibility of reversal of sign at higher

tempcralnres, and so a course for which the .r of the coexisting

vapour phases shows a maximum value and a minimum value, for

dx— will at any rate have become positive again before 7 it is reached.
dT
So if we wish to make an accurate determination of the molecular

weight at temperatures below Tk by means of the density of the

vapour phase, not only a correction is to be applied for the existence

of a and A, but it must also be investigated whellier also x has an

appreciable value — which we can do by heating in constant volume
;

then the n and the h retain tiie sanie value, but the value of x

decreases rapidly with rising temperature. As I pointed out before

only in tiiis way the too great density of saturated vapour of J 00°

can be accounted for.

It appears with certainty tVoni the foregoing remarks that if

we wish to ascribe the existence of the quantity rp to molecule

complexes, which behave from a kinetieal point of view as simple

molecules, we shall have to put the degree of multiplicity n greater

than /', and that we shall have to make a decrease at the same time

in such a way that 1

—

k is not very far from Ya ; whether we might

also explain the existence of <p by another kind of complexes, in

which the number of molecules, present from a kinetieal point of

view, remains unchanged, or changes in another way, i-emains an

open question. But the difKiculty to tind an accurate form for the

equation of state in this case has made me relin(|nisli such an in-

vestigation. If it had only been our purpose to give values for

Evk
and ti", and .i-, satisfying the equation

:

a

Evk

(Tdp \ v,v,
^'"'~'''^^

„ ^-./U'J-t'./K)
[-^r~^ ]P = l-\- <P = — — Qk -T

\pdr J a (Qi-Q^) «,—
t'l

we might e.g. choose /(.i-J ;=/(.i'j=l, so unchanged values of a,

and further:

Evic .r,— .Bj

<p = Qk
a Q,— Q^
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If tlie value of <f were = ^{1—m) — —^— up )o iii = 0, tiieii

follows :

Evk

' 2(1 +y)
or

^^ = (i+y)
a

and .I'l
— x„ can then be calculated at any temperature by the aid

Evi^ 6, — o.,

of this value of and the knowledge of ^^^ ^
. Then for Tk

dx
however — = tollows, a value which is highly improbable. But

d^

there must exist a fixed rule, which indicates in what way x depends

on V and T. And this law must be satisfied, if the reduction of the

explanation of the value of y to the existence of the quantity x is

to mean anything. This it is what T have attempted to do, though

numerous questions remain. We will just give a single instance of

such questions. It follows from our assumption on the cause of the

existence of the quantity y, as i\ is infinite, that:

1 + (y)«=o = 1 + -fc^

or

(y);n=0 == ^"•

/- 1

—

rti

As according to our assumption if ^V 1

—

m ^— , and so

1 1

9),„_o would be =: - , and P^-, we have here a contradiction.
2 4

But that this contradiction should be of sufficient weight to reject

our explanation, does not seem true to me. Of the course of the

quantity </) we do not know anything more than between m = 1

and m about 0.6. This is only almost perfectly certain that for very

small value of 1 — m, the value of (p is chiefly given by 1^1

—

m.

But the theoretical, the real value will no doubt have quite another

1

form, and whether it has been reduced to — for m = 0, cannot be
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denied wiili any cortiiinly. Iiuleed, llic value of I /// caiiiiol rise

iiiiu'li above - for li(iiuds. Then the solid stale sets in.

Tdx
To the derivation of n>/' irom tiic sign ot -

, \\\ liie gas-

T dp
phase tiie objection might be made, Ihnt in tliis proof - was

put ennal to -, and not to '—
, as we ourselves j)ut before. In spite

of this 1 have retained this proof, because it seemed suggesti\e to

me in many respects. Hut to e.\clude doubt about the great value

of n I shall indicate a strict course of reasoning.

/'

—

m s

According to the definition of <f :

' r-—-— = 1 -\- </,„

at temperatures for which the vap(»ur phase does not appreciably

deviate from /Wj ^ RT, as we already indicated before.

Td.v
The condition that —- be positive, is:

,vdT

n—
n \p dT J s am

or

(./
— '«) > ^~ '

n s a

And so

:

«-l
E-

2[l+7(l-m)]

As the value of '— will certainlv have to be positive for /« ^0
a dT

E-
n—

1

a

n 2(l-|-y)

Now we found above for the value of the second member:

E-

2(i+r)
Hence

n—

1

1 + '/O - ^^'

(1 + <ro) > 1 + 9'o - k'
n

or
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n—l P
>1

1+ Vo

or

01-

1 1

must hold. Witli r/„ = - and /.".-=- tliis relation l)eoomes:
2 4

w>6
/(//A

Neglect of — lias no influence on the derivation of the amount
\d.vJoT

of n liy means of properties of the gas phase. On the other hand the

fdb\
existence or non-existence ot — has influence on the derivation of

\dd:JoT

the value of n from the critical phase. Negative value of ( —
| makes

n decrease in this derivation. The fact that these two I'esulfs agree

so closely gives rise to the supposition that this quantity, if it exists,

will lie small.

I will add here a single remark about the value of the quantity

Evk ,— . I have called h the limiting \alue of the internal latent heat,
a

Evk
and derived from it that — is equal to 2(1 -j-y). From the equation

:

Evk

follows, if we continue to assume (f =z i/l

—

m

Evk

a 5

2 '

2(i+r) 4

For a moment I have assumed the appearance as if 1 agreed that

this implied a contradiction. If we, however, consider that the internal

latent heat is greater for a mass of spherical shape than for one

bounded by a plane, and that this can and will become noticeable

when the sphere has such a small radius as is the case for our

y
Proceedings Royal Acad. Amslerdaiu. Vol. Xlll.
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cniiiplex molecules, it appears that wo iniglit liavc cx[)ccicil bcforc-

Evk
hand thai - would be > 2 (1 + r). In Ihc csiiinalidiis al)()ut iiioie-

rt

cular (linicnsions (Chapter X ("ontiiiuitv) 1 have ai'iivcd at the con-

elusion tlial Ihc ratio is of the same value as tiie diameter (if a
k

molecule. According to the usual t'oriuula tor the niolcrulai' jMessure

I -I
K A— = A" i 1 -J I , if we should also preserve it unchantired for

R \
' Tl'

the case that It has decreased to ^o small an amoMul, hut now that

these comi)lex molecules are surrounded by matter of normal density,

//

we need not wonder liial 1
+

'
^ '-i^s increased to ''/<•

Vlll. Fovmulae indkatiny tin' rdatlon hetiveen j\ and x„ at given

temperature.

In the case that there is no (|uasi-association, there are only two

unknown quantities, viz. i\ and r., at given temperature, and we
have two equations to determine these unknown quantities, viz.

:

P — P'

and

(-'2

This latter equation may also be written :

H — [I

In case of quasi-associalion there are 4 unknown cpiantities, viz.

v^, i^j, ^^'l,
and .r„. If we thought it feasible to solve the value of x

from (
— 1^0, and express it in v and T, that value of x could

\dx J X

be substituted in /* and then [i could be integrated with respect to

V, and then there were again only two unknown quantities, and two

equations for the determination. Since this elimination of x is not

possible, we must I'etain the 4 unknown quantities, and so we also

require 4 equations to determine them. Indeed, there is now question

of the thermodynamic potential of the simple molecules, and of that

of the complex molecules. Let us call the former fi^ for the liquid,
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and (fti)' for the vapour, — in the same way the latter ft, and

(ft')'. Tlien we have for the determination of the 4 unknown quantities:

fti = (Ml)'

ft, = (fi,)'

to which we add as the 4"' equation I —-
J

=: or fjj
^ ft, or

('<,) = (M.)'.

Then there still remains an obstacle to the accurate determination

ill the unknown constant whicli occurs in ( — ), but tiiis would also
\dxJ„X

be the case if we could have solved x from (
—

)
=i 0. The matter,

however, is simplified in so far that we may consider the two

quantities v, and v„ as known b}' the two given empirical formulae,

and so there are only ,t', and .r, left to be determined.

The functions which then can be used for the determination of

a-'j and a-, are:

fdy^\
1. --

^ ^ or ft„— ft, ^ 0. When we put
\dxj

(ft,— ftj = (fx, -ft^)'

the unknown constant disappears, and we get

:

'•i

^„ /«— 1\ rdv /d.a\\ \lx
]

V n JJv-b [dxvJJ \n ^ '\,

«— 1 r dv /da 1 \ I Ix= RT _f+ir/'-- /(I -,<,•)

n J V— o ydx V
J., (

It

2.
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4. 'w, = ("f'.j)'

As bolli ill /I, and in iiii.^ Ilic (iiiaiilil.y I _ occurs, vvliidi ciiMiiol

be replaced hv /{r A), and which tlicrefore prevents an accnrate

application, we can make tiiis (|uantil,v disappear by ctilcnluting

n fXj — M, ; so we use

:

5. K«,-f«i) = ("fi— f'lV

We find ibi' the value of nit^—ii.,, or (n—l)(<i:

dtx dox

(n- !)/>!' --(;(-!) ^Jl.n''^+RTl—-RT.,-l)
V V l-.r

H-1 "

1 .V

.V

Each of these forms can of course, also be used to calculate

(^] , e.g. the last form by diiferentiating witli respect to x and v,

and keeping 7' and j) constant. Of course we then llnd biick the

value obtained iiefore.

The given relations may particularly serve to calculate the ratio

of ( and .(', in coexisting phases. We shall use the last equation:

(«."2— f^i) = ("f'j— f^l)'

to demonstrate that for temperatures for whicli the vapour phase

may be considered as a perfect gas the value of .i\ has decreased

to an exceedingly small amount. For the gas phase pv =: RT may

then be put. We iind then :

dttx

dx .

(dax\
dx)

l-,r., « l-?*i n vRT

The value of:

(«-l) ( a.-.f—^ + «^ = a \\- {l-k) *•] in-l-2n (\-k) + {n-\) (\-k) .rj ,

' dx J dx

or with 1 — A: r= - equal to aV-i
n-\ '

With this the relation between x^ and ,v„ becomes:

I

1-

1-JB, .t!j

+
(«-ir

(/-l)2[l+y(l-m)]

A first conclusion to which this equation leads is that for such

/ 1 \ n— \

values of 7// I e.g. m = — the quantity — 1 -| -— x^ must be
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We miii-t come back to tliis later on, and

will only state here that for ?h = — , and lower, x, >> —
2 2

With x\ = 0,6 and m
1

we iind tor .v., a valne of tlie order

of 10—'. So when for water-vaponr a nincli liigher degree of

abnormality of tlie density is found, tliis must be ascribed to still

other causes. Accordingly all that has been ob&er\ed here refers

only to the so called normal substances.

IX. Approximatf relations between x^ and x, at gwen tenrpi'vaturex.

If wo integrate the differential equation

:

dQ .n -I V 2x(\—k)[l—(l k)x\.

It I n V— b

dx I nx

^-V +
^nx \
1

—

X

vRT +

dT
E-

vRT
2a{\— k)[l—(l-k)x]

+

RT
=

whicli at the critical point can be simplified to:

do in— /) dx dT

i>k [
s ) Xk 1

Evk— I
Lzl

s

we get the approximate equations

:

Xk

and
Xk

Xk

Xk

n-.fQi~Qk

« Qk

n—,fQ.,—Qk

« Qk

+ (l-OT)n

-f- ( 1 — rn) n

Evk

(I

Evk

a

f 1

./-I

By adding tliese tuo ecpiations, we get

«,+-^2 'Xk "—./"Pi+Cj— 2p^

or

2xk s
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and for low value of m wlicii ./', may bo (|iiilo iiouloclod,

.,;,
=-- 2.«* -t- (1 -2.r*)(l - ,n)

or
,)•; =; 1 — m 4- 2.r;t '«•

Tliat liiis \aliip of .i-, is the pcM'foctIv acciit-alp one I .should do!

dare 10 assert, but tliat it holds b^' approxiiiialioii for leiiiperatures

i>i <^ h>
^"^'1 '*•-' sliowi) :

but tliis does not prove its approxiinativo

aceurac}- over (he whole range of teniperalui'o. To culculalc ,r at

lower temperatures, we may make nsc of the ('(luaiion wliicli Imlds

as deliiiition of the quantity </ ,
viz.:

(a-,— .V.)

fTdp \ v,v, g '

, f, 1 Y
\
--— > p^-^^i + 'r = — 9* + 1 — IT '-'i\pdT J^ a 9, -('. V 27

Tf we take i\ very large, and neglect -
, this is the form wliich

holds for lower temperatures. If we also neglect (/^ or and ,/., in

this form, we get

:

a iij 4 ^

or

-^2(l+r).r,

.'. + -^ = \/\-m
2!'.+;. (1—w)! '

' 4 2 '

1 — m = 0,49 for
,f
= 0,455

I —m— 0,64 „ 'f = 0,48

1 — OT = 0,81 ., <f = 0.495

1 — m =: 1 ,, '^ = 0,5.

We find for the value of x, successively :

.t'l = 0,0 .i;j=r0,71 A-, = 0,85 .r, = 1.

These values, however, point to a greater value of .r/, than was

.V -\-.v

assumed above, and so too to a non-rectilinear diameter for —
,

60 that the value of .r* still remains doubtful.

A'j+ a;,— 2a;k

If we assume a form for of the following shape:
2iCk

w, -j- X. — 2.«i „
' ^ ' —A(\—m) — Bi\ -m)'

2mic

1.4 0.4
the values found are satisfied with ^4 = 3 and B^ 1.

2a-k 2xk

And then ,Vh would be equal to 0.015. [To he covtinued).
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Physics. — "Determination of the pressure of a gas by means of

GiBBs' statistical inechanics." By Dr. L. S. Ornstkin. (Coiuimi-

nicated by Prof. H. A. Lorentz).

(Communicated in Ihe meeting of February 27, 1909).

Dr. 0. PosTMA lias niaile some remarks on the way in wliicli I

have calculated the pressure of a gas by means of Giniss' statistical

mechanics.

The first objection relates to formula (5) of my dissertation

d W

where .1 is the average in the ensemble of the force corresponding

to the parameter a which is exerted by the system, and where Vis

given by tlie relation

©re— I e it/.,, d).,i ;

in this equation s in the energy, iD-i, an element of the extension in

velocity and f/^., an element of the extension in configuration. The

energy e depends on the momenta, the coordinates and also on the

parameter a. The force exerted i)y a single system is given iiy the

relation

bs
A=-- -—

,

Offl

the coordinates and the momenta being kept constant in the ditferen-

fiation. Assuming that Ihe kinetic energy does not depend on the

coordinates and integrating with respect to the velocities, we obtain

:

e = C
j

f! dl^.

The magnitude of the |)art .S' of the extension in configuration

where systems can be I'cpresented and over which therefore the

integration has to be extended, depends on the parameter a ; this is

easily seen in those cases in which a determines the position of

walls within which the system is confined. We may say that in the

parts of the extension outside S the density of the distribution is

zero because s,, is infinite; and this is also true at the boundary of »S.

e
Let us now consider the increment of e when a increases by

an intinitely small amount <\(i. The integral on the right-hand side
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elianges for two reasons: 1 hceause e,, chaiif^cs in llu' |i.ut .Sdl'llio

extension over wliicli tlio iiilci,Mal h.is lo he liiUeii wlicii I he para-

meter has the value (t : 2 hecause there must be added an inle.^ral

taken over a i)art of the extension -S' wliicli suri'ounds ,S' as an

irilinitely thin kiyer. We ol»tain therefore

.S .S'

The second inte<j,rai liowcver is zero because f,^ is intinite every-

where in llie layer S'. We olilain tinally

— — A"s-^my-'-

Treating the integral, wiiieli wc found iVir e © as an ordinary

nndliple one whose limits depend on tiie parameter a, and differen-

tiating tliis integral in the usual way willi respect to a, we obtain

the same result. There arc uo objections against this dilferenlialion,

as the integrated function has no singularities within the limits of

integration. The theorem in question is now proved quite generally

and we may immediately apply it to the particidar case in which

a is the volume v of a gas.

The tirst objection of Dr. Postma being removed in this way, his

second objection amounts to this that 1 should have calculated W
by a wrong method. 1 caimot however, admit the truth of this

remarlf. Dr. Post.m.v says that I have limited myself to the most

frequent system. It may be that page 62 of my dissertation makes

this impression; but in llie more detailed calculation which I have

given page Til I have not at all confined myself to the most

frequent sjstem. On the contrary, I have considered systems dilfering

greatly from it. It is true that not all the systems of the ensemble

have been taken into consideration, l)ut the systems that were

neglected fill only a very small part of the extension in configuration

and the density of their distribution in the ensemble is very small.

The value found for T by formula (131) difters by a factor from

that found by (43), but I have shown on page 127 that we may

replace this factor by unity. The objection that fj and f.^ have been

supposed to be discontinuous can easily be removed. Indeed, we

may begin by considering b^ and f, as continuous functions of the

coordinates q and the parameter a; the case of discontinuity may
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then be- treated as a limiting case. The validity of tiii,s method is

shown on page 91 of my dissertation, where I have determined the

virial of repulsive forces in this way. The forces on the walls admit

of a similar treatment.')

It is al.so possible to ealcidate e,, f.,, and e, for the most frequent

systejn either directly or by means of the virial, and to detern)ine

—~
( which diflers from - |. Tiie result is A^ and we find that

di- \ dvj

Ag = A. A direct proof of this latter theorem is obtained if after

having determijied ^1 for each group of equivalent systems (of the

^ 2:,{Ai) „„
number <) we calculate the mean value ^-1 = . llie sum mustN
be taken for all possible groups of equivalent systems contained in

the ensemble.

I hope to have shown by the above considerations that my deter-

mination of the pressure is free from the objections raised by

Dr. POST.MA.

Geology. — " DUwinl bonlih'i:^ froin tin' ishiniJ of Borhim." P»y

J. H. RoNNEMA. (Coumiiiuicaled liy Prof. (i. A. F. Molenoraai'f).

Some years ago foni- boulders which had been found by Dr. Louie

on the beach of the island of Borkum were sent me with the request

to ascertain their age. They excited my interest in a degree that I

resolved to go to the island myself with the result that I found 21

pieces more. These 25 l)oulders are the subject of this short com-

munication.

IfOth Dr. Lorie's boulders and those I have collected are from the

northern beach of the mi<ldle part of the above-mentioned island,

which part is called Tiisskendoor. In accordance with their locality

the surfiice often shows the [)eculiar gloss produced by tlying sand.

They are all of sedimentary origin, and consist of limestone,

dolomite, or sandstone.

So far as they consist of one of the two first-mentioned substances

they usually show long and narrow holes at the surface somewhat

tio-hter in the middle, so that they resemble the shape of an 8. These

holes are mostly about 2 mm. long. Their length, however, varies

from 1 to 6 mm.

1) An equation of state may also be establlslied if, williout passing to the

limiting case of discontinuily, we legard fi and e., as ceiiain given functions of

llie coordinates and liie parameters.
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Not very doop clianncls coiTCspoiid (o lliese liolos, which channels

are generally sliglitk cnrvcd and more or less at right angles to the

snrf'ace. These channels arc IVc(iuontly cnvorod on the inside with a

thin skill of lime.

Tiiese channels, I felt sure, had hocn made hy some horiiijj,- aiiiinal.

Since I oiiiv knew of llic lioiing- of sponges, sea-nrchiiis and laiiudli-

hraiK'hiala into slone, 1 snspccled that on account of their «inall size

they had to be ascribed lo boring sponges. 1 sent some pieces to

Prof. VosMAER to obtain certainty, and was informed thai my hypo-

thesis was wrong.

Meanwhile Dr. Gronwai.i, of Copenhagen, whom I luui sent a photo

of one of these boulders wrote me (hat similar boulders are frecpiently

found on the Danish coasts antl that the bore-holes are attributed

by Danish geologists to a worm viz. I'ohjdorn ciliatn.

With the assistance of Prof. Vosmak.k, whom I herewith tender

my cordial thanks I found some treatises on the boring of worms

into stone '). By means of these publications I could ascertain that

the bores had really been made by Polydora {Leucodore) cillata Johnst.

In several pieces the months of the channels are foi;nd at the

bottom of shallow funnel-shaped holes as also appears distinctly from

the picture added. In my opinion these holes have been caused by

the circumstance that when Polydora ciliata had bored slight holes

into the boulders they were rubbed to and fro at the bottom of the

sea for a longer or shorter period. Thus the sand could develop its

erosive force most effectually at the mouths of the channels.

The boulders that show the finest bore-holes have been left intact,

so that their age could not be ascerlaincd. The others may be

arranged as follows.

1. Scolithus-sandstone ').

Two pieces of this rock are among the collection. The one is

light-gray with yellow spots and has thin tubes, 1.5 mm. in diameter.

The other is yellowish-brown, somelimes slightly leddish, and the

lubes occurring in it are 3 mm. in diameter.

As is sufficiently known this boulder is of the lower cambrian

1) E. Rat Lankester, On Lithodomous Annelids. Ann. and Mag. of Nat Hist.,

1868, Ser. 4, Vol. I, p. 233—238.

W. G. M' Intosh, On the Boring of certain Annelids. Ann. and Mag. of Nat.

Hist., 1868, Ser. 4, Vol. II, p. 276—296.

-) H. G. JoNKEB, Beitrage zur Kennlnis der SedimentargeschiebG in Niederland.

Mitteil. a. d. Mineral.-Geol. Institut zu Groningeu, 1905, Bd. I, Holt I, S. 91.
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age, has been proved to occur in tlie diluvium of the Netherlands

and Gernaany, and is found as firm rock in the neighbourhood of

Kalmar.

According to Prof. Depx'KE ') the tubes have originated in the rising

of air-bubbles through the sand of which tiiis rock consists. According

to this hypothesis the air through the strong dashing of the waves

got under tlie sand where it remained, till the sand at the surface

was dry. I have not yet had an opportunity to observe the pheno-

menon described by Deecke, although 1 have seen at Scheveniugen

how after low tide air-bubbles rose to the surface every time a wave

flowed over a dry pai't of the beach, leaving behind vertical tubes

in the wet sand.

If Deecke's explanation is correct 1 think it highly remarkable

that sandstone with similar tubes occurs only in lower cambrian

strata both in America and Europe.

2. Sandstone with brownish-violet strata

crossing each other.

JoNKER -) wrongly calls this boulder "Sandstein mit discordanter

Parallelstruktur". This would be correct if the two systems of strata

only touched, but here they cross each other.

This rock of which I found one piece corresponds in age with

the former and is also frequently found in the diluvium. As firm

rock it is unknown, but presumably it is present as such at the

bottom of the northern part of the Kalmar Sund, as it is often found

as boulders on the west coast of Oeland.

3. "JBacksteinkalk." ')

Of this species too I found one piece. The internal unweathered

part consists of compact, splintery, bluish-gray, silicious limestone,

which is rich in spicules of siliceous sponges. This boulder also

contains rests of a Cyclocrmiis-species. The external part has

become brownish by weathering. Further weathering would doubt-

less make it assume the structure of "Backsteinkalk", as 1 think 1

1) W. Deecke, Einige Beobachtungen am Sandstrande ('mil 6 Testfiguien).

Gentralblati f. Mineral., Geol. und PalaoiUol., 1906, S. 726.

-} H. G. JoNKEH, Beitrage zur Kennliiis der Sedimenlargeschiebe in Niededand.

Mill. a. d Mineral.-Geol. Inslilul m Groningen, 1905, Bd. I, Heft 1, S. 94.

*) H. G. JoNKEB, Beitrage zur Kennliiis der Sedimenlargeschiebe in Niederland.

Milleil. a. d. Minerai.-Gfol. Inslilul zu Groningen, 1905, Bd. I, Heft 1, S. 132.
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am entitled (o oonchide fniin observations made in tlic island of

Oeland. Boulders of tiiis rock weathered more or less inio typical

'Backsteinkalk" I found there in great nnmbers on the east coast

near Segerstad. This lower silurian rock therefore is probably present

as firm rock at the bottom of the Baltic to the east of Oeland. It

is most likely that llie age of this rock comes nearest that of the

Ifter stratum (C,) of the Russian Baltic provinces.

4. Phaseolus-limestone. ')

The piece of (his rock that I found consists of yellowish-gray,

nearly compact limestone with dark ciTstalline parts, which on exa-

mination proved to be stromatopora and corals petrified into calcite.

Because it also contains rests of Proetus conspersus Ang., Beyrichia

protuberans BohL, Priinitia mundula Jonks en Spiri/er elevatm Dalm. sp.,

it appears snfliciently that this stone corresponds in age with the

upper Oesel stratum (K). In various parts of our diluvium, however,

I found boulders of the same rock, which besides the above-mentioned

fossils also contained such as are peculiar to the lowest (yellow)

zone of the above stratum, e.g. Merlstina diilyma Dalm. sp. For

this reason I do not hesitate to consider the age of this stone to be

the same as that of this zone (KJ.

5. Chonetes-limestone (Beyrichia-limestone).

To this species I consider to belong in the first place a piece of

bluish-gray limestone, which consists almost entirely of valves of

Ovtliis canaliculata Lindstrom {Orthis orbicularis v. Schmidt). Besides

this piece also contains fish-scales, some specimens of Ftilodictya

lanceolata Lonsdale and a glabella of a Ca/(/??ieHe-species. This

limestone was already classed by Roemer '') under d as one of the

species of beyrichia-limestone.

Further a piece of liglu-gray, sometimes yellowisli, liue-grained

crystalline limestone which in the process of disintegration appears to

contain many rests of little organisms, must be assigned to this

group. Smooth shells and valves of Ostracoda especially belong

here. By the occuri'ence of Kloedenia Wilckcnsiann Jones, Fhclidops

antiqua Schloth. sp., and fish-scales (e. g. of Thelodus parvidens

1) H. G. JoKKEn, Bijdragen lot de kenuis der Sedimenlaire zwerfsteeneu in

Nederland. Verhand. Kon. Akad. v. Wetensch. le Amsterdam, (2e scclie), 1906,

Dl. XII, No. 3, pag. 25.

-J
V. RoEiiER, Lethaea erralica, ISSo, p. 93.



J. H. BONNEMA. -Diluvial boulders from the island of Borkum."

Fig. 1.

Fig. 2.

Fig. I. Boulder from Borkum, bored by Polydora (Leiicodore) ciliata Johnst.

Natural size.

Fig. 2. Right valve of Kirkbya (?) Lorici Bonnema, X 30.

Proceedinscs Roval Akad. Amsterdam. Vol XIII.
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Agassiz) it is siifficientlv proveil tliat this rock as well as the preceding

one belongs to the gray zone of the Upper Oesel stratum (K,).
[

In the bonlder described last I also found a valve of an Ostracod

still unknown, which has received the name of Kirhbya (?)

LoriM and is represented as ligure 2 on the annexed plate. The

valve found I consider to be a right one. It is 0,9 mm. in length

and 0,6 mm. in height. Its shape is nearly oval. Along the hinge line

there is a narrow dorsal plane. Along the rounded edge which

separates the dorsal plane from the lateral plane this has~a flat

part. Otherwise the lateral plane is equally and slightly convex

except that it has a little round pit about the middle which certainly

indicates where the adductor muscle was attached inside. Very

characteristic are narro\v ridges which are separated from each other

by nearly as broad furrows, and are absent at both ends of the

valve. Continuations of (he furrows sometimes penetrate a short way
into the ridges, which run nearly from the posterior part of the

hinge line to the anterior part of the ventral margin. This valve of

which too little can be seen to ascertain to what genus tlie animal

belonged to which it pertained reminds one of those which Jones ')

assigns to Kirkhtja (?) Walcotti and comes from the Devonian beds

of Canada. Still stronger does it remind one of tiie lower-carboni-

ferous Kirkhya (? Barychilina) costata Mc Coy *).

6. Dolomite with fish-rests.

Of this I possess two pieces. One is a yellowish-brown, in some

parts dark gray, fine-grained dolomite with many cavities, the sides

of which are set with dolomite crystals. The other is different, its

colour being more reddish while there are hardly any holes.

As regards the age of this species of dolomite it must be assigned

to the youngest Silurian strata, certainly not younger on account of

the presence of fish-rests. It is even possible that they are not

older than devonian.

7. Eocene lime-sandstone.

It is a boulder of soft gray, fine-grained lime-sandstone partly

1) T. Rupert Jones, On some Oslracoda from tlie Cambro-Silurian, Silurian and

Devonian roclvs. Contributions to Canadian Micro-palaeontology, Part 111, 1891,

p. 96, pi. XI, figs. 12a, 12b.

2) E. 0. Ulrich, New and little known American palaeozoic Oslracoda. Journal

of the Cincinnati Society of Natural History, 1890, p. 208, pi. XVIII, figs. 2a,b.
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lliiii-lamiiiivU'tl In weathering, and containing grains of j^lancomlo

and little laminae of mica.

Mesides indcicmiinalilc rests of moilnscs, many zoaria of Vin-

cularia antl shells oi' tbraminifera (presnmal)ly Rutalia) occnr. Not

having found a similar boulder before, and taking it to i)e tertiary,

I sent a piece to Dr. Gronwai-l, asking him whether a similar boulder

was known to him. He was kind enough to inform me that such

boulders are of frequent occurrence near Ystad in the south of Sweden

and assigned to the Eocene period.

From the occurrence of boulders on the northern beach of Borkum

I think 1 may conclude that boidder-clay is |)resent in its neighbour-

hood at the bottom of the sea. As regards the nature of Ihc i)oul(lers

found there this boulder-clay bears a close resemblance to I Iiul wliich

I ') have become ac(iuainted with at Kloosterholt (Heiligerlee) in the

province of (ironingen and at llemelum in Friesland, and not with

that of Groningen (at least not with that of the upper part of

the Hondsrug). We have therefore here another instance of the West-

Baltic type, which is met with almost everywhere in the westei'u jiart

of the North German plain.

Boulders with tish-rests, it is true, do not occur as lirm rock

in Sweden, but are found in Russia. Boulders of dolomite with

fish-rests, however, I also found in the boulder-clay of Hemelum
which has a western lialtic characler. 1 believe therefoi'C that I am
right in supposing that this boulder formerly occurred also farther

to the west as firm rock.

Beyrichia-lime with Orthis canaliculata Lindstkom, Ptilodicti/a

lanceolata Lonsdale '') and fish-rests is not known to me from

that locality. At Groningen, where the boulder-clay (the upper part

at least) has an Eastern Baltic character, I have often found this

rock. It is possible that this boulder has been taken from older

boulder-clay.

') J. H. BoNNEMA, Garabrisclie zwerfblokken van Hemelum in '1 Zuidwesten

van Friesland. Proceedings Acad. Amsterdam, Vol. V, p. 140.

2) H. G. JoNKEE, De oorsprong van het glaciaal diluvium in Nedeiland. Delft,

1907, pag. 16.
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Anatomy. — "Xucleus facialis dorsalis, nucleus irigemini posterior,

nucleus trochlearis posterior". By Dr. C. T. van Valkenburg.

(Communicated by prof. L. Bolk.)

Studying some fetal human brainstems, my attention was drawn

to the constant presence of a few groups of cells — nuclei — not

yet described, which I could demonstrate too in the neonatus, and

in tlie fullgrown man. They are the following :

1. Xucleus facialis dorsalis: By Kollikkr') and Zip:hen^) the

existence of a dorsal facial nucleus in monotreraata (ornithorhynchus,

echidna' has been demonstrated (normal brains). In other mammals,

inclusive man, it has not yet been found. Experimentally Kohnstamm ")

and Yagita and Hatama") have shown a number of more or less

scattered cells dorsally (o nucl. VII, degenerated after resection of

the subn:axillary nerve resp. chorda tympani.

The ji'.panese authors localise these cells closely to the medial

part of the substantia gelatinosa Rolando of the descending trige-

rainusroot. According to the periferal lesion, the cells are supposed

to represent a nucleus salivatorius nervi facialis.

The brainstem of a fetus of 27 cm. length, cut transversally, was

first examined.

Near the frontal end of the nucleus facialis, 1.4 mm. in front of

the caudal ending, a cell-group appears dorsomedially from this

nucleus, lateroventral ly from the nucl. abducentis. This cell-group

has a length of 200 .u (fig. 1).

The number of the cells is about 70 ; they are of the motor type,

show distinct dendrites in the direction of the common facial nucleus

(fig. 2). The staining with haematoxylin does not permit us to distin-

guish the cylinderaxis. 200 /< frontally to the rostral end of the

cellgroup, the ventral nucl. VII disappears.

The brainstem of a fetus of 14 cm. was examined in the same

1) Kolliker: Oblongata u. Vierhiigelp;egend von Ornithorhynchus unci Echidna.

Leipzig Enuelmann 1901.

2) Ziehen : Das Centralnervensystem der Monotremen and Marsupialier 2'"' Theil,

2«'' Abschnltt. SeMon's Forschungsreiscn 1908,

3) Kohnstamm: Vom Centrum der Speichelsecretion etc. XX Congress fur innere

Medicin.

Debs, und Wolfstein: Versuch einer physiolog. Anatomie der Vagusursprunge

etc. Journ. f. Psychol, u. Neurol. 1907. S. 190 flgg.

*) Yagita und Hayama: Ueb. das Speichelseci-etionscentrum Neurol. Ctrbl. 1909.

W. 14.

Yagita: Weitere Untersuchungen tib. das Speichelzentrum. Anal. Auz. 1909.

N». 2 H. 3. -
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wtiy. 950 n hcl'ore llic '.'audiil begiiiuiiig of llic iiucluii.s liiciulis a

cell-group appears at the same place as mentioned above; the

longitudinal dimension is 150 (t. the nunihor of cells al)()ut 66.

The protoplasmatic dendrites extend ventrolaterally in the path, also

taken by the ascending axones of the ventral nucleus. Frontally

the cellgroup ends in the same transversal plane with the ventral

nucleus VII.

A fetus of 7.4 cm. showed principally the same features. The

sections being made in a more horizontal direction, it was impos-

sible to nuxke (piite exact and comparable measurings without model-

ling. About the relation of this cellgroup to the unci. VII, it

must be mentioned that the foi'uier was situated somewhat more

laterally. The frojital endings of both were visible in one and the

same plane ; the horizontal length of the little nucleus was about

20 ft: it was impossible to determine exactly the iiiimbor of cells in it.

1 think it to be in a high degree probable that the indicated

little nucleus is a dorsally situated cellgroup belonging to the facialis.

The quite constant situation above the most frontal part of the

nucleus VII, amongst the ascending rootfibres of this nerve, which

after Kappers' ') description indicate the way phylogenetically and

ontogenetically taken by the facial nucleus, is a strong support to

this interpretation. Moreover the cells are of a purely motor type,

and I am not able to find a relation with any other bulbar nucleus

or root, particularly not with the nucleus abducentis, whose ascending

way from the base to the fourth ventricle lies far more medially.

Of course it is desirable to indicate exactly by means of appro-

priated methods (silverimpregnation) cylinderaxes passing from the

described cells into the nervus facialis.

To complete my observation I looked for this nucleus in the

brainstem of a child of 14 chv/s, and in that of a fullgrown man.

Both showed the cell-group in absolutely the same situation. The

former was stained with the PAL-method and it was due to the

accidental colouring of the nerve cells by the chrom-haematoxylin

that I could identify the elements in the ascending facialisroot

(fig. 5). By the incompleteness of the series it was impossible to

make trustworthy measurements.

The series of the fuUgroum, stained after the method of von Gieson,

was strictly without gaps ; the characteristic local coiuiexions above men-

tioned were easily to be seen (fig. 6). In 14 preparations I counted 59

') See e.g.: Ariens Kappf.bs u. H. Vogt: Die Vcrlagerung dcr molorisciien

Oblongatakcrne in pliylogcnetischci- uud teratologischcr Bezieliuiig. Neur. Utrbl, 1908.
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cells, ill very satislactory iicroni with the iiiiiiibcrs ohtaiiied in fetal

brains. Siimmai'izing I believe I am qualified to coiicliide that a dorsal

nucleus facialis occurs in man with great probability. The situation

of this nucleus, during ontogenesis, changes no more, or at. best

very little, with respect to the neighbouring elements, |)articularly

to the ventral nucleus facialis, as soon as the latter has reached

its definite ventral place (in every case before the 3'' month). It

seems to be very probable, that the described cellgroup may be

considered as a nucleus salivatorius giving origine to the secreto-

inotor fibres in the chorda tympani; my investigations cannot decide

this question. The fact of the dorsal situation gives — in refe-

rence to ^rii;ns-Kappers' neurobiotaxis-doctrine — a hint to a close

connexion with the dorsal part of the substantia gelatinosa Rolando

nervi trigemini '). After the examination of Wallenberg '1, Eisenlohr '),

wiiicli I could confirm in a pathological case, it is highly probable

that this part receives mandibular rootfibres. Therefore it is obvious

to localise in this nucleus a function, closely connected to the sensi-

bility of the oral mucosa. It is clear, that the action of the glandulae

submaxillaris and sublingualis must be considered in the first place.

Security will only be obtained by cases of degeneration, which

at the same time will indicate or explain the apparent difference

from the experimental results in the dog.

The nucleus described here is most likely the same as van Gkhuchten

believed to have found in a hen-embryo, and which afterwards was

lirought to degeneration in the rabbit by this author. He considered

it as a nucleus abducentis ventralis (See: Les nerfs moteurs oculaires

.loiirn. de Neurol. 1898). Lu(iAHO confirmed the existence of this

nucleus (SulF origine di ale. nerv. encef. Ai'chi di Ottalinol. 1894),

and also Pacetti (SulT origine dell' abducente. Ric. fatte nel Labor.

d'Anat. norm, di Roma 1896). SIemerling and Boedekek contradictcii it

(Chron. fortschr. Augenmuskellahm. etc. A. f. Psych. Bd 29).

My preparations are contrary to v. Gehuchten's interpretation.

Moveover I am able to confirm Siemeri,ing and Boedeker's obser-

vation, who did not find — in a case of abducens-paralysis — any

cell-degeneration out of the region of the nucleus VI. In a case of

atrophy of the eye muscle-nuclei the little cellgroup in question was

undamaged.

The results of Kaplan and Finkelnburg (Beitr. z. Kenntn. dcs

') And with the frontal continuation of the nucleus of the fasc-solitarius ?

2) Deutsche Zlschr. f. Nervenheilk. 1897, p. 400.

«) Arch. f. Psych. 1892, p. 314.

10
Proceedings Royal Acad. Amsterdam. Vol. Xill.
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sogeii. vciilf. Aliiliiceiiskernes. A. f. I'sycli. I'xl '.V,i) are buiiiewliut

uncertain.

2. yticleus tri(jeinlni posterior.

Fetus 27 cm. 200 ji frontally lo tlic roslcal Ixji'iIlm- of llie desi'i-ibed

niu'lcus, a oelljiroiii) ajipears in a soiiiewhat more lateral situation,

l)iit in the same horizontal plane. I'roxinially it continues dircclly

into the nucleus trijioniini, wiiich has a much larger dorsovciitral

dimension (fig. 7). 1( would he uiuiccessary to take this cellgrotip as

a separate nucleus if in younger stadia clear limits did not exist.

Fetus 14 cm. shows the little nucleus in the middle between

nud. fac. dors, and nucl. trigcniini; tiie number of its cells is about

96. As in the former fetus, it lies more laterally tiiau the dorsal

facial, dorsoniedially to the trigeminus nucleus (fig. 8). The dendrites

run partly in a lateral direction, liut most of them are not visible :

this is due to the plane of section, w'iicii cuts the cells vertically on

their longitudinal diameter. The common nucleus motorius V lies,

as said above, more ventrolaterally, increasing in fidiilal direction

especially to the ventrolateral side, approaching the enil-nuclens of

tiie sensory trigeminus ').

Fetus 7.4 cm. In consequence of the more horizontal sections, the

connexions are not distinct enough to permit any conclusion. Therefore

I examined an embryo of 6.5 c.m., where the] plane of section

through the stem was more strictly transverse. Here the existence of

the same cellgroup in quite homologous connexions was esaiiy to be

seen. I was not able to make a sufficient photogram.

In the neonatiis, nor in the full-grown man the described nucleus

was to be found. It is true that a remarkable diminution in the

number of cells is obvious in the distal parts of the nucl. V motor,

which is followed behintl and before by a rather sudden increase.

But it is difficult to \alue exactly such a grouping, which occurs

in other parts of the same nucleus too, and in a similar way in

several other nuclei.

In every case we have to do with an ontogenetical confluence of

two parts of the trigeminal nucleus between the 3' en the 5''' month.

It cannot be stated with absolute certainty whether the nucleus

posterior shifts forward, or the nucleus principalis goes backward.

The connexions with other nuclei which could serve as points de

repere are not reliable by the fact that the latter have not yet —
1) In teleosls and some reptiles a distinct cellgroup belonging to tlie motor V

nucleus, behind this latter, occurs ; it remains in this place during the whole life

(Ariens-Kappers).
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at least in all details — obtained their deliiiite sitnation and form.

The sagittal direction of the greater pai't of ceil dendrites gives a

strong snpport to the presumption that nnel. posterior is "drawn"

to the nucl. principalis. The cells of the latter send their pi'Otoplas-

matic projectures mainly ventrolaterally, in the direction of the

sensory V nuclens, where the stimnli arrive, by the iniluencc of

which the motor nucleus descends.

I am not able to give any interpretation of the initial separation

and the later confluence of the two nuclei. Nor do I know anything

of the functional nature of the nucleus posterior.

3. JSfucleus trocldearis posterior.

Fetus 27 cm. 1.5 mm. behind the caudal jiole of the nucleus

trocldearis a cellgroup a[)pears in a quite analogous [lart of the

fasciculus longitndinalis posterior. It consists of large, motor cells,

about 26 together, and measures sagitally 200 [i (left side). On the

right side the distance between the caudal poles of nu. IV and nu.

IV post, is 850 fi. De cell-corpuscle with its dendrites,^is generally

stretched from medioventral to laterodorsal, sometimes sagittally.

Fetus 14 cm. On the right side the same little nucleus as in

fetus 27 cm. is present. It continues, with a few cells directly in

the nucl. IV propr. ; its length is about 250 ;«. In the left half it

appears already 600 ;< behind the nucl. IV and measures 200 n.

The horizontal dimension of the nucl. IV is no more than 250 n,

whereas the right one measures 500 f*.

The left nuclei together are 550 //, the right ones 750 ft. (llg. 9

and 10, 13, and 14j.

Fetus 7.4 on. could not give any information because it was cut

in a too horizontal plane.

The same occurred in fetus 6.5 cm.

In the brainstem of a neonatus and of a normal fullgrown no

nucl. trochl. post, was lo be found.

In a case of ophthalmoplegia comj)leta dextra 1 found behind the

atrofied trochlearis nucleus another smaller nucleus equally ati'olied

On the other side this nucleus was unimpaired (lig. 11). The root-

tibres go off in e.\actly the same way as from the nucl. IV princi-

palis, which lies 1.680 mm. frontally to tiie posterior one. The
sagittal length of the latter is 1.260 mm.

The nucl. trochlearis changes phylogenetically ') and ontogeneti-

cally its place in a frontal direction ; a result of the frontal migra-

tion of the nucleus is the caudal situation of the point, where the

root leaves the brain.

^) Tretjakoff : Das Nervensystem voii Amraocoeles Arcli. i. mikiosk. Anat. Bd. 74.

10*
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It is evident tiiiU certain, still unknown influenees canse in some

cases an inconiplolo migration, in conseiincncc of wiiicli a f^ioiip of

cells remains on its way at a smaiiei- or greater distance from (lie spot,

(hat slionid be reached. Highly characteristic with regard Id the

inconstancy of this i)henomenon is the above mentioned asymmetry ').

The canse can oidy be spoken of in genera! terms. The prin-

cipal gronnd for the migration of the niicl. IV lies in the fact, that

it acts nnder the influence of stimnli by which the nnci. oculomol.

is stimulated at the same time. Regarding the very predonu-

nant role of the ocnloinotorins it is obvious, that the common
stimuli of both nuclei, and the coordinated action of musculi inner-

vated by them, draw the trochlearis nucleus forward more than tiie

oculomotor one backward. Of course the stimuli received by nn. IV

together with nn. V^I for a common action, must be regarded loo,

though these may be of much less importance than the above men-

tioned ones. Now it seems possible to see in the caudal staying of a

part of the unci. IV the anatomical e.\[)rossion of the influence of

common stimulation and common action with nucl. VI.

Only in a minority of cases this influence, which of course always

exists, can be demonstrated in such a striking way.

EXPLANATION OF THE FIGURES.

Fig. 1. Transverse section througli the oblongata of a human umbiyo 27 cm.

Fig. 2. Tlie same, stronger magnif.

Fig. 15. Section on the same level, embryo 14 cm.

Fig. 4. , , , , „ , 7.4 cm.

Fig. 5. , , , , , child U days.

Fig. 6. , , , , , fullgrown man
Fig. 7. Transverse section through the pons of human embryo, 27 cm.

Fig. 8. , „ , , , „ , ,14 cm.

Fig. 9. Transverse section through the mesencephalon of a human embryo 1 i cm.

Fig. 10. , „ „ , n » 1. , , -7 cm.

Fig. 11. , , , , , , , fullgrown man.

Fig. 12. , „ n » » u the same 1.300 mm.
frontally to fig. 11.

Fig. 13. Projection on a sagittal plane of nucleus VI, VII ventralis, VII dorsali.s,

V posterior, V principalis, IV posterior, IV principalis; embryo 27 cm. Magnif. !20 : 1.

Fig. 14. The same projection, embryo 14 cm. In tigs 13 and 14 only the

sagittal distances are exact.

V = ventralis. d = dorsalis. p = posterior. pr = principalis. de = dexter-

si = sinister, o.-s. = oliva superior. «e — nervus. air. = atrophicus.

1) In a rabbit 1 saw the same nucleus occurring only in the right brainstem

ha'f. Westphal described (A. f. Psych. Bd. 18, p. 846) a group of little cells,

lying dorsocaudally to the trochlearis nucleus. The cells of the nu. trochl. post,

mihi are neither little nor do they lie more dorsally than the ny. trochl. prin-

cipalis.
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Meteorology. -- "Prelunlnanj report upon the investigation of the

upper air-layers begun at Batavia in 1909". By Dr. W. van

Bemimelen and Dr. C. Braak.

In the beginning of 1909 tiie necessarj- funds for the purchase of

apparatus for an aerological investigation at tlie Batavia observatory

were placed at the disposal of the iirst named of the authors by the

Colonial Secretary.

As it seemed desirable not to proceed to liberating registering

balloons before having acquired some more knowledge about the

\vind in different atmospheric layers above the island of Java by

means of pilot-balloons, a number of pilots witli instruments were

sent out.

With [liiot-bailooijs of the Continental Caoutchouc & Guttapercha

Company of Hannover no lieights greater than 5.5 K.M. could be

reached and a great number burst already during inflation.

In September 1909 pilot-balloons were received (45 gr. weight)

from the tirm Paturel of Paris, which gave much better results.

In 124 experiments 11 balloons burst during the process of in-

flation but, almost without exception, considerable heights were

attained; e. g. 25 times a height of more than 10 K.M., 14 times

of more than 12 K.M. and once a height of 15 K.M. was reached.

These ver^- satisfactory results are due to the circumstance that

in the early morning hours at Batavia the sky is mostly clear, and

that the \'elocity of the wind above Java is suiall, so that it was

possible to give the balloon a buyoancy of onlj half that of the

amount usual in Europe.

Up to April 1**' the last named of the authors conducted the

experiments ; afterwards the tirst named, on his return from Europe,

resumed the management.

A most valuable assistance was offered by the naval lieutenant

A. E. Rambaldo who, in the beginning of September 1909, arrived

at Batavia with an equipment for kite and balloon work, and was

detaclied at the Observatory.

Ascents of kites and captive balloons were organised and on

November 22 the first experiments took place on the "Koningsplein"

at Batavia.

The balloon had a capacity of 30 M." and reached a height of

1800 M., the kites a height of 2200 M.

Three new balloons of a capacity of 36 M.' and two registering

apparatus with ventilation, sent out by Prof. Dr. R. Assmann, the
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Director of tlie Aeroiitinlical ( )list>rv;it()iv ;it Liiideiiberg, luvvo just

been I'ceeived.

We are iiiuler iiro.il obligations lo Prof. Assmann for liis assistance,

as well as to Prof. Dr. H. Hergkski.i, who, on tiie occasion of onr

visits to Strassbnrg, gave us his valuable advice.

In .lannarv 1910 the last named of the authors made a voyage

with Mr. l\.\.Mi!.\i,Do to the Naluna isles in tiie South China-Sea, and

then found an opporlunilv to coiiduci nine successfill kite-ascents

;

the greatest heigiit, attained with a team of four kites, was 3075 M.

Twice a kite was lost in a scjuall.

Not till December 1909 some registering balloons (of the Continental

Company at Hannover) were sent out; six registering apparatus, of

the tirm Bosch at Strassburg, were received some weeks previously.

The diameter and weight of the balloons were 1.5 M. and 1.5 K.G.

As we were afraid that the balioc^ns. wiien lilierated so near the

seaside as Batavia, would fall iuio the sea, the first were sent up,

tandem-fashion, at Depok, half way between Batavia and Buitenzorg.

The tirst tandem attained a heigiil of 12 K.M. and was soon

brought back ; the registration was in good order. Two tandems

subsequently liberated were soon lost in the clouds and have as

yet not been recovered.

Twice during the month of May a balloon provided with a para-

chute was sent up at the Observatory.

Both balloons have been recovered, but of llie first the diagram

was lost, having been wiped out by an inijuisitive native and, owing

to a cloudy sky, the trigonometrical measurements fiiiled.

Measures have now been taken against the spoiling of instruments

and records.

The second balloon, sent u|> on May 19 during the passage of the

earth through the tail of Halley's comet, was immediately recovered.

Its position was measured from a basis line of 1.5 K.M. and the

diagram is in perfect order; the balloon however burst at a height

of 7 K.M.

Once a 1.5 M, balloon w^as let up without recording instrument

and as a pilot balloon ; this balloon could be followed from two

points situated at a distance of 4.5 K.M. and attained a iieight of

more than 18 K.M.

The considerable amount of data obtained up to the present time

has been nearly all worked out.

We found very variable circumstances, which make it difficult

even lo draw preliminary conclusions, but nc\'ertheless we will try



( 151 )

to give some of our I'esiill.s whicli, to a considerable extent, may
be considered fairly accurate.

Temperature-Gradient. The temperature-gradient of the lower 2 K.M.

of the atmosphere has been determined in three ways, namely

:

1. above the land with the captive balloon and light wind.

2. above the land with a moderate westerly wind and with

kites.
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.'}. above llie .seu (14 20 Jan.), Ilic sky being elondy und

the weallier rainy, willi kites.

Tliese tliree series of gradients are not immediately' com-

pai'able as, above the land, the observations witii tlie captive

balloon took place in earlier morning honrs than the kite

observations, whilst the kite experiments at sea were made

in the niorninf;- as well as in the afternoon.

For the sake of comparison the valnes of the gradient, as fonnd

by Prof. Hekson during his aeronautical expedition to Ea.st-Africa

above the coast and littoral, is given in the last colunni. The gradient

for tiie first 500 M., as slated l>y Ukkson, is still larger than that

found here.

Teinperature-imj('Vf<i()n. At a height of ul)onl 1 K.M. the gradient

t'oumi by means of kite- as well as by means of balloon-

ascents shows a sudden decrease. The reason of this is to be

found in the inversion often found at tlii'^ height, occurring

in the so-called tine weathei' cumuli.

Owing to the rising air currents the formation of these

clonds is seen to commence about 10— 11'' a.m. ; sometimes

they pile up to high cumidi, hut often they remain floating

as small white clouds.

In the latter case an inversion of temperature and humidity

has repeatedly been observed, commencing at the cloud base.

Thus a confirmation is here afforded of what has been

found and communicated as a still unknown phenomenon by

Prof. RoTCH (Nature Oct. J 4, 1909, p. 473). Aitken (Nature

Nov. 18, p. 67) ascribes this increase of temperature to diffuse

sun's radiation within the cloud. The radiation on the rather

thin cumulus layer is very important at Batavia, owing to

the high position of the sun. In the interior of larger cumuli,

where an active air motion exists and the influence of the

sun's radiation is unimportant, this inversion does not occur;

on the contrary, during the passage of these clouds a decrease

of temperature was always observed and the humidity approxi-

mated to saturation as the apparatus entered the cloud.

During kite ascents only once, on Januai'y J 9, inversions

have been found to occur, as shown by the following data.
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Height Tempeiadiie Hmnidity

374 M. 23°.2 i

567 23 .1 100%
741 23 .2 1

1235 19 .5
I

1300 19 .4 73

1381 19 .5

2040 14 .7

2198 14 .7
78

Southerhj Winds. As to the direction of the wind, it can be noticed

that, besides the south wind which can be regarded as a

land breeze, often another sontli wind is found, the origin

of which is probably to be sougiit in a pushing forward of air

layers from the Indian Ocean; the height of these layers

is 1.0 to 1.5 KM.
They were not observed on January and February : perhaps

the west-monsoon was tiieii too strong to be pushed aside.

A synoptic summary of the wind's direction from kilometer

to kilometer for the period September to May clearly shows

that the general air-current has easterly components up to

the greatest heights attained (10—15 K.M.) and how during

shorter or longer periods the west-monsoon thrusts itself below

it. Nothing is to be seen of an anti-trade wind ; the east-

monsoon consists of one mighty air-current.

Tiie rapid increase of the wind's velocity with increasing

lieight in the lower layers is remarkable.

Whilst at the earth's surface during the night a perfect

calm always reigns and during the day the motion of the

air (at least at land) is slight, the wind's velocity increases

to about 3 M. at a height of 100 M.

The small gradients which at this height are capable of

causing motion in the air are evidenty too small to overcome

friction at the earth's surface.

At the division between easterly currrents above and westerly

currents in the lower parts alto-cumuli may often be observed

which explains their general occurrence in the west-monsoon

and their absence during the east-monsoon.

The average height of the Alto-cumuli above Batavia,

determined at 5.4 K.M., during the international cloud year

1896—97, from numerous measurements by van uek Stok
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uiid KiGKh is ill peiruci ugrcoiiiciil willi llic avei'iif^o iK'ij;iil ol'

tiic division of west- and east-nioiisoon as t'oniid by llie authors.

Ill llic following 19 experiments llie division could he

delerinined willi considerahlo accuracj.

Date 1909



( 1-^5
)

a siTuill quaiility, tlie sine hciiig not more than 0.1 J, bnt, on

the other liand, the force determined by tlie pressure gradient

is also ver}' small. Therefore the intluence on the direction

can become important : it must be noticed however that

veering to the riglit occurs as well, althougli much more

rarely

.

Iiiri'i-.-iums. Sudden turnings of the wind within small intervals of

height, mostl}' accompanied by a notable reduction of velocity,

have been observed in many cases up to a height oflOK.M.
Probably these are also accompanied by inversions of the

temperature.

ir. wind at 17 K.M. During his expedition to East-Africa, Prof. Berson

found the unexpected occurrence of strong westerly winds

at heights from 10—20 K.M., between or above the general

easterly current, a phenomenon which is still waiting for an

explanation.

It is very remarkable that, on the first occasion upon

which a balloon attained 18 K.M., at Batavia a wind of the

same description was encountered.

As the balloon was followed by means of theodolites from

two points favourably situated at a distance of 4340 M. apart,

(the angles of inclination being still 54^ and 53° at tiie

moment of the bursting of the balloon), tiie following data

are certainly quite trustworthy.

Height



2.0-
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Local time. Height Tein[). Temp. Relat.

in meters. gradient liiimidity.

per 100 m.

8 h. 50 m. a. m. 'J5 27^0 C 79 "/„

0°.67

53 869 21 .8 83
.54

3072 9 .8 66
.47

8 5415 — 1 .2 67

.63

J4') 6740 - 9 .5 79
.60

20-1 8J50 —18 .0 73
.44

26 9370 —23 .4 59
.74

33') 10711 —33.5 52

869
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Chemistry. — "(hi Ihc aniUiuious ciiiuiir/inii. /ic/irirj/ llic lliree-

l)ha.se /iiii's which Indiai/e the ('i/iu7i/)ri>i hchiuu-n the lina coiii-

ponents in the solid condition iiu'th /iqiiid iiiid vaiioiir rcs/iectivci;/,

in If binai'n si/stcni." By Dr. V. E. C. SciiEi'fiiK. (Coinmiinicated

I.V I'l-ot. .1. 1). VAN DF.K WaALS).

Ill coiiso(|ii('iico of llie llieorolical essay of I'rof. van dku Waai.s on

tlic equilil>iinm lictut'eii a solid siihslaiicc and a fluid pliaso, jiarli-

onlarly in die noi.niilionrliood of die critical condilion ') Smits sindied

in 1!)(>5 die hidden ((|uililiiia in die /'-.c-secUoii.s of Bakhuis Roozk-

iu)()m"s s|)acial tigui-c Itclow die eulecdc point "). The two lines for

the lluid phases which coexist with solid A and solid /-, respectively,

interseel each other in the isotlierinic sections below the entectic

point at two thi-(H'-pliase pressures: -S i (S'fi L and >Sa S/; f! which

,lp

indicate stable conditions for the case that ot the soliddiipiid line
(It

of the conipoueiits is negative, which was snpposed to l)e so in the

above mentioned paper.

As a fnrther study as to the course of the lines ^',i-Fluid and

^'/j-t'lidd can enlighten ns as to tiie continnons connection of the

two said three-phase lines in the spacial lignre I will trace its

position for the most simple case : complete miscibility in the liquid

condition, separation in the solid condition and gradnal fall of the

coexistence pressure L— G from the one component to the other.

If for this purpose we consider the condition at a temperature situated

a little ai)ove the quadruple point, the constant pressure lines will

show in the \—x figure a course as indicated in Fig. 1, where the

pressure continuously increases along an isometric line from x =
to ,(;:=1. Tiiese isopiests have a vertical tangent on the lines ehf

and ///', the geometrical place where on the y]n-x plane of the
dv

tluid phases is zero.

The points H and G, S and II situated on the binodal line ab

and cd indicate the liquid and vapour which under three-phase

pressure can coexist with Sa and Sb, respectively.

Let us now imagine that all the i|' values belonging to the v—x

points are deposited perpendicularly on the plane of drawing. Tlie

tangent plane turning through tI'5^(F) over the surface of the

tluid phases will describe a line LGEDBAK indicating the fluid

1) Proc. 1903 Oct. 31.

S) Pioc. 1905 Dec. 30.
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pluxses which may coexist with tlie first coinponeiit in the solid cdii-

(litioii. In complete analogy herewith, by the moving of the tangent

plane through ^Spi^V'), a line QRPOXJJSK is formed indicating

tiie fluid phases coexisting with Sb; on LG and QR solid A and

solid B, respectively, exists with a gasphase; on HK and .S'A' with

a liquid phase ').

The two lines have eacii a |ioint of maximum and a point of

minimum pressure at the place where they intersect the spinodal

line [ei/f and iiiik). Tlie fact that in the intersecting points with the

spinodal line the isopiest really touches the coexistence line solid-

thud is obvious from the equation deduced by van van der Waals ^)

:

(i> dp _ i(rii>(i> / <ini' Yi
dv^f ' dxf

"

" {dxf^ dvf \dxfdvfj \

On the spinodal line, the factor of .t's
— ./vis zero ; as the other (|uaii-

dp
titles in this equation have generally all a finite value — will beO,

dwf

which consequently points to (he appearance of a maximum or a

minimum pressure and which, therefore takes place in the points B
and ^1/ (minimum) and /"* and D (maximum).

In the points .1, E, N, and O where the nodal line Solid-Fluid

tiiuches the isopiest, ;;,/•=: 0. From the above equation it, therefore,

dp
follows that in the said points the value of — is infinite.

dxf

If, now, we observe the progressive change of the pressure values

on file two coexistence lines AS'.i-Fluid and ASfi-Fluid, and by the aid

of this construct the corresponding P-x figure (Fig. 2j, tlie P-.c lines

will show a vertical tangent in A, N, E, and 0{V^f=zO), in D, P, B,
and M a horizontal tangent (points of the spinodal line) and in the

I)oinls K, 1, and F an intersection (three-phase pressures). From a

joint examination of the V-x and the P-x figure it will then appear

that the other numerous intersections are only incidental and do not

indicate a coexistence of *S'^, Sn and one fluid phase, because the

intersecting points do not represent one but two different fluid phases

with a different volume.

At the temperature to which Figs. I and 2 refer five three-phase

pressures may occui- : SaEG, SuLG and SaSbL (stable), SaS/jG
(metastable) and SaSbFI labile ').

1) It is assumed here that thesolid substances increase in volume on beiug melted.
-) Gent. II. 13 and !. c.

3) For clearness' sake tlie lliiid phases between the spinodal line have been
indicated here by "Fl".
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If, iKiw, we oliscrxi' wlial cliiiiij^eM occiii' al xarioiis l('iii|ii'ialiiii's,

il will lie luiliccd liial tf's, wiiicli \aiur is sitiialcii midci' llic

i('-]ilane t'oi llu^ lliiid phases, talis willi elevation ol" Icinitcraliiro

^ —
>i, ill winch (( IS (aken as |)OSitive

|
uiid as 7j(j and

?;^?;,, shows a smullcr fall than ihe i)v|)lane for tiic same increase

of tenipcM-atiire. Tiie points of the solid substance, therefore approach

the i|'-p''^"^ ^*' '''*^ ""'•' phases: consecpiently the line described by

the tangent plane turning over the surface will shift more towards

the side of the solid phase: the line LirEDBAK therefore, shifts

towards the left : QRPONMSK towards the right.

The consetjuence of this shifting will, therefore, be that the ])oinls

1 and F approach each other linally coinciding in a point where

the two curves of the fluid phases, coexisting with Sa 'M\A Sb ,

come in contact with each other.

in (|uite an analogous manner, it will be obvious, that on lower-

ing Ihe temperature Ihe poijils / and A' approach i>ach otlii^r and

finally coincide also in one point. Before, however, 1 and A' can

meet, A' will have to arrive within the binodal line and therefore in

the metastable region; just at the moment that A' passes the i)inodal

line, F will pass from the metastable region into the stable one

:

this transition takes place in tlie quadruple point, where the stable

coexistence of four phases is possible.

We, therefore, conclude that there exists a temperature traject

where three three-phase pressures may occur which is limiteil at the

higher temperature by the coincidence of / and F, at the lower

temjierature by the coincidence of A' and 1. The consequence of

this will be, that the two three-phase lines SaSbL and SaSbO
are continuously connected in their P-T- |)rojection. In order to be

able to judge about the shape of this connecting line w^e will observe

a little more closely the transformation at temperatures where / and 7^

approach each other.

When we consider that in ]J and P (points of the spinodal line)

the isopiest touches the coexistence lines Solid-Fluid and that there-

fore when DandP coincide the two branches must necessarily have

a common tangent, it is evident that the two intersecting points must

necessarily coincide on the spinodal line. If this is to happen I will

have to mo\e through <), and F throngh E, a necessity which we
read at once from the l"-,(-(igure and which acconnts for the fact

that in the /'-j;-figure, just before the contact takes place, a situation

occurs as indicated in Fig. S''. ^In the V-^e and P-x projection of
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Fig. 3^' and 3'' tlie correspomliiig points are indicated by the

same letters). Tlit- point T is here a point of incidental inter-

section; tliis will be clearly seen bv looking at the line ^0,

(Tip
which is indicated ni Fig. 3". The point where =: intersects

dv"

the line IDF lias a higher pressnre than the points of equal x of

(/'if!

the line IFF, and in the intersecting point of — = with the
dv"

latter, the pressure is higher than in the point of equal x on the

line J DF. It will be obvious, that somewhere on IDF there will

be found a point where the pressure is equal to that at a point of

equal x on IFF; tins point is the intersecting point T.

At an elevation of temperature I shifts more and more towards

the line -— ^ 0. When it has reached this line, / and T will
dv"

so there is a contact in this point have coincided ; as indicated in

Fig. 4' and 4''.

If now, on a further elevation of temperature, the point /arrives

between the line —- := and the spinodal line, the points / and T
dv'

will have exchanged their places (See Figs. 5" and 5'>). It will be obvious

that the point of incidental intersection T again corresponds here

witii a point in the figure 5' of the line OV and UW of equal x

and also lying on the same isopiest.

If the temperature is still further increased the points / and

will finally coincide in D and /-*. As now pj and p.,<Cl>p and

dpp-—
- is always positive (because P moves along the spinodal line

towards the side of higher pressnre and the pressure in each

point rises with an elevation of temperature) ') the coincidence

of / and F with P will necessarily cause — and to be
dT dT

positive also.

dpi dpp
<)n the coincidence of / and F, — and will moreover become

dT dT
dp W,f

equal, because in —-= ^,
' the quantities Wsf and Vsf then relate

dTx TV.f

dp I^ «/
1) This is also shown from ~^ = Tfof-, because Vsf in P is negative and

dlx 1 rsf

W.f also.

11

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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lo one and llu> saiiio lliiid pinvse. On continued elevation of tempe-

niliM'e only incidental intersections in the l\r projection remain.

In tli(> /'-7'-i)ro.jeclion tlic llircc-pliase line -S'.i --S/^ -Fluid will,

dp

therefore, have always positive values for ') ; there exists a tem-

perature traject where the pressure at constant tempera! uic is tri-

valent; the stahle-metastable branch is connected with the labile

branch bv means of a cus|». The connection is indicated in the

/'-r-prqjecliou of tig. (5.

Physics. — " The magnetic separation of (ibsor/iflon lint's in connec-

tion ivitk sun-spot speclni." (Third Part)'). Wy i'rof. P. Zeeman

and Dr. U. Win.vwer.

Demonstration of oblique portion of vibrations

by means of half wave-length plate.

34. The observations published in our two preceding communi-

cations relate to the region between » = 90° and 0- = 39°, the two

|)rincipal directions inclusive. We now intend to describe in this

third, conclusive, part of our paper experiments relative lo the

remaining region between >> = 39° and 0^.

This region seemed very interesting because under suitably chosen

circumstances it probaltly \vould contain the angle i>j of Lorentz,

separating the regions of the longitudinal and the transverse magnetic

etfect. The princii)al object we had in view in undertaking this third

part of our investigation was to prove experimentally the existence of

an angle of the kind mentioned. We think we attained our purpose.

Before proceeding to describe these experiments, we shall mention

a method for verifying the results (24—32) relating to the oblique

position of the vibration ellipses of the outer components and that

of the vibrations of the inner components, but without commutation

of the current in the electromagnet.

Whereas in our former experiments the difference of the intensity

of the components by commutation of the current gives the proof

for the obliquity of the components, the half wave-length plate

demonstrates it at once.

A half wave-length plate with one of its principal directions situated

horizontally and limited by a horizontal line is placed near the source

1) A quite analogous view may be applied to the coincidence of / and li.

"-) Continued IVoni tliesc Proceedings Vol. XIII p. 85, 1!)10.
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of light. Vibrations from the source, making a definite angle with

the edge of I he plate, after traversing it are rotated through twice

that angle. The plate covers only half of the field of view. The

directions of the emergent vibrajions make the same angles with the

horizontal edge as at first, but upon the further side.

An image of the edge is focussed upon the slit of the spectroscope;

before the slit a Nicol is placed.

In one of our experiments, »> being 39°, the plane of vibration of

the Nicol was under an angle of 35" with the horizon. The magnetic

components are now seen unequally dark in the two halves of the

field of view. It appeared possible to photograph the phenomenon
;

small variations of vapour densitj', which may possibly introduce

errors with other methods of observation, are now without influence.

Revei'sion of the direction of the current, changes the sign of the

difference of intensity of the two hah'es of the field of view.

Connection betiveen the inclination of the ellipses in particular cases.

35. The direction of the magnetic field, and that of propagation

of the beam, traversing the magnetized source of light, determine the

sense of the inclination of the vibration ellipses (25). If the direction

of the field be reversed, the sign of the inclination of the vibration

ellipses also changes. In fig. 3 (§ 25) the connection established by

our e.xperiments, between the three mentioned directions is given.

Let OF be the magnetic force, and let fiie

beam, traversing the magnetized flame 0, be

propagated in tiie direction from to S. The

inclination of the ellipses in this case is indicated

in tig. 6. The plane normal to the ray and

containing the ellipse has been rotated round

the dotted line until brought into coincidence

with the plane of the paper.

What is the inclination, if the source of

light be tra\ersed by the beam in the direction

OS' ?

j,.j^ y This question is easily answered by applying

the well-known method of reflected images.

The geometrical outlines of all things composing a given system,

together with the physical processes in the system, which we suppose

may be all represented by geometrical figures, we imagine reflected

at every instant in a plane V- The new system obtained by reflection

ami which we call the image of the original system is a possible

II*



( 104 )

one, as soon as the last nicnlionod one lias an olijeclive existence.

Applying- lliis lo oni' c.xiicriincnt (tif>-. 7) and phicinji; tlie plane K
parallel lo OF and por|)cndictdar to tlie plane of tlie paper we
obtain from system I, the system 11.

FlK. 7.

S>'

Tiie magnetic field in the second s^'steui is the inverted image ot

tiie field in the first one; indeed, before taking the image of the

field we have to snbstitute it by the equivalent Ampere currents.

Hence in II the nirow F' 0' is drawn from F' to if.

Reversing afterwards the field in system II, the inclination of the

ellipse changes its sign.

Hence we conclude that (fig. 8), if OF be

F the direction of the magnetic field, the incli-

nation of the major axes of the ellipses, as

observed from »S as well as from S' , is always

from the lower left to the upper right quadrant.

By means of Savart's polariscope all this

could be experimentally verified.

We come to the same conclusion by using

the experimental result of § 26, concerning

the inclination of the ellipses in the beam

emitted in the direction OP (see fig. 6).

The close connection, existing between emis-

sion and absorption, enables us to predict the

"^S

V\s. S.



( 1^55
)

phenomena to be seen if liglit traverses tlie sonroe in tlie direction

OS', (cf. § 44).

Investigation concerning the existence of an angle ^^, (§ 36—^ 46).

36. It seems possible to give by different ways experimental proof of

the existence of an angle »>, , separating the regions of the longitudinal

and of the transverse effect.

The most direct proof wonld be given, if, with a clioseii magnetic

force, the vapour density could be changed in such a degree, that at

last the direction of the vibrations in the issuing beam were inclined

at an angle of 45° with the vertical. Then one would oliserve at

tlie angle d-^ itself, the values of density (^width) and magnetic intensity

cori'csponding. The following up of tiiis plan gives rise however to

serious diiriculties.

The significance and the particuhirity of liie angle 0-^ become

however manifest also, if it be possible to establish the existence of

the characteristic phenomena only observable for a direction of

observation which forms an angle with the lines of force lying between

0' and iVj. We have experimentally verified the theoretical inference.

We made many experiments belonging lo each of the two classes

of experiments mentioned and intend lo give a few examples of each.

37. Observations at i> ^ 32'. Soft iron cones with a vertex

seiniangle of 32° were made and adapted to a du Bois-electromagnet.

The intensity of the magnetic field proved sufficient to establish the

character of the resolution in (he first order spectrum of the large

Rowland grating.

The middle components were especially watched. It is easily esta-

blished that the vibrations of these components deviate from the

horizon. In order lo demonstrate an inclination of 45°, a quartz plate,

cut per[)endicidarly to the axis, and exactly 2 mm. thick, was intro-

duced in the beam. This |»late rotates the plane of polarization for

sodium light 2X21-7^43.4^. Vibrations under azimut 45°, after

traversing the plate, become either horizontal or vertical.

Between the plate and the spectroscope slit a calcspar rhomb was

inserted and a horizontal slit placed near the source ; two contiguous

horizontal images of tiie slit are now formed on the slit. The one

contains the vertical, the others the horizontal constituents of the beam.

The middle com[)onents, which at the angle .'> under consideration

are rather weak, are, dependent upon the direction of the current,

visible eitiier only in the upper or only in the lower of the two

stripes, if the vapour density be properly chosen.
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This oxperinioiil iloes not proNt' liowovcr (Irliiiilcly llial the middle

coiiipoiionts may vii)rale under an anu;le of 45^ willi the veilical.

The raliici' limited sensitiveness of the niellioil must lie taken into

acconnt.

The experiment ccrtaiidy proves that llic vibrations are inclined

relatively to the horizon, at an angle of perhaps 2(P or 30'.

It is shown by an obsei-vation with the calcspar rhomb alone,

after removal of llie qnartz plate, that the vibrations are not per-

formed under 45°. A diUercnce between the upper and the lower

iniaji;e is now manifest. This wonld be impossible, if the inclination

of the vibrations were 45'. The dilference of intensity in the two

stripes decreases with increased density of the vapour.

All experiments undertaken in order to measure more accurately

the inclination gave no decisive results. The weak intensity of the

middle components, the feeble separation (just wanted according to

theory for tlie observations in view), the perturbation by the vicinity

of the outer comi)onents, and also the fact that the vibrations become

|)roliably slightly elliptic, account for the difficulty of the measurements.

We also investigated the emitted light wilhuut the aid of the

spectroscope, with a Savakt polariscope alone; the endlted light

ap|)eared to be nearly unpolarized. The fringes in (he polariscope

were very weak. This is clearly due to the light containing equal

portions of right-handed and left-handed nearly circularly polarized

light ; the intensity of the light of the middle components is relatively

very small and therefore scarcely perceptible in the resulting total

intensity.

The indistinctness of the fringes made only inaccurate determina-

tions of the position of the plane of polarization possible. An in-

clination of 42° relatively to the vertical was found.

38. The method of the nonuniform field') seemed to open the

possibility of a direct reading of the field intensity corresponding

to d-j, the vapor density (i.e. the width of the spectralline) being

given. At d =: 39^ a diminished image of the cones of the electro-

magnet was focussed upon the slit plate of the spectroscope. The

magnetic separation is different at different heights ami in the spec-

troscope the spindle-shaped resolution figure, a photograph of which

was given on a former occasion, is seen; but now, as the inverse

effect is under consideration, rather dark lines on a luminous back-

ground are seen. A Nicol with its plane of viltraliou uiuler 45°

J) Zeeman. These Proceedings April 1906, November 1907
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witli the horizon is placed before the slit. If the vibrations occur

under 45° somewhei-e in the divided lines, the components must

become black at such a place. Width and field intensity, belonging

to the mentioned part of the components, correspond to a value of

d. equal to 39°.

No clear result was obtained however by means of this method,

which was tried with se\eral vapour densities.

The change of the state of polarization in the resolution figure

apparently is too gradual to prove the existence of S-^ by direct

observation.

Our following e.xjieriments (39—46), indeed, seem to leave no

doubt as to the real existence of such an angle.

39. In order to extend observations to still smaller angles .*>, the

second order spectrum of tiie great Rowland grating was employed

for all following observations. The brightness is still largely suflicient

and more details are seen. E\en with cones with a vertex semi-

angle of 26' the characteristic phenomena may now be advantage-

ously observed. With \apour of intermediate density (lOj now only

the outer components of the quartet and sextet are visible, the

phenomenon closely resembling the pure longitudinal one. Middle

components only make their appearance after the density is largel}'

increased. Tiie nature of these components appears (40) however to

have changed, as is proved by an examination of their state of

polarization.

The latter is more easily ascertained, if the components are more

widely separated. This is the case in the experiments described in the

next paragraphs and therefore we prefer to give some details of the

observations made with the more efticient ari'angement.

40. A still smaller angle between the directions of the beam
and of the tield may be employed and moreover wider separation

obtained than in § 39, by looking through axial holes and deviating

the beam in the field by means of two small prisms. A remark of

Prof. Wertheim Salomonson induced us to give prisms a trial.

The arrangement for v> = 16° is shown in the next figure.

The prisms are fixed to copper tubes, which are put into the

bored cones of a du Bois electromagnet and may be turned about

their axes. It is therefore possible to adjust the parallelism of the

planes of prisms and to arrange vertically the edges.

A drawback inherent to this method is, that after some time the

interior surfaces of the prisms become covered with some white
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Fig. 0.

precipitate. Willi very dense vapours lliis iiicoiiveiiieiice is raliier

troiibiesonie.

Immediately after introduction of the tlanie into llie interferriun

aqueous vapour condenses upon the prism faces, soon disappearing,

however, when the temperature of the prisuis has increased. In order

to avoid the danger of cracking, the prisms liave been disposed at

some distance from terminal planes of the cones.

Even with very dense vapour (third phase of § JO), tlie field being

of the order of 20.000 Gauss, the phenomenon closely resembles the

pure longitudinal one. No trace of middle components is visible.

After an increase, however, of the vapour density to the limit

obtainable by the introduction of a glass rod, charged with melted

salt, into the gas-oxygen flame, two new black lines appeared in

the vicinity of D^ ; they were clearly visible against the rather

dark background formed by the broadened outer components.

These new lines, lohich have the same period as the middle com-

ponents, are unpolarized (see 41—44).

41. We have come to this conclusion after trying in vain to

detect any trace of polarization phenomena of the Jiew components.

In tlie first place rotation of a Nicol, placed before the slit of the

spectroscope, gave no change of intejisity of the lines; only the back-

ground formed by the nearly, but not accurately, circularly polarized

outer components was slightly changed.

42. After removal of the Nicol a quarter wave platu with its



( K^'^ )

a nroadprincipal direction under 45° was inserled in the beam and
horizontal slit placed near the field. By means of a calcsparrhonib

two stripes are obtained, separating the oppositely polarized circnlar

vibrations.

With vapour of intermediate density

hg. 10* gives (he appearance for D^.

The vertical line represents the revei'sed

.-; line due to the arc light.

With very dense vapour, we get the

phenomenon represented in fig. JO^'. New
components appear in the initially bright

\^m parts of the field of view.

\^m The positions of the new compoiienis

I^P ^ corresjiond to those of the inner compo-

Bni ^ "''"''^ "' '^"^ quartet, at least as far asH
I

can be judged by eye observation. This

II I
obsei'vation is confirmed by measurements

Fig. 10. made on i\ photograph of, it nmst be said,

only moderate quality.

As to the polarization of the new lines a few remarks niav be

made. From an inspection of fig. iO'^' alone, one might conclude

to a circular polarization of the iimer components, of a sign opposite

to that of the outer ones.

One might be tempted to infer that, under the circumstances of

the experiments, the inner components are due to the motion of

positive charges.

Tliere is no need discussing the degree of probability of such a

conclusion, as it is refuted by the next observation.

42. If the (puirter wave plate be rotated in its own plane so

that the [)riucipal direction more and more approaches to the hori-

zontal position, the intensity of the outer components decreases. The
inner components, which at first are invisible in two of the quadrtints,

being entirely hidden by the black, broad, outer components, are

seen, already soon, as continuous bands crossing at right angles tlie

horizontal separation line.

Finally, when the pi-incipal direction of the quarter wave plate

has become horizontal, there is, as far as concerns the inner com-
ponents, no difference at all between the upper and lower fields, and
only a slight one as far as concerjis the outer components.

43. From the observations recorded in ^§ 41 and 42 we cannot
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lull I'oncliulc tlifit under llio circumslanccs of tlie experiment the

inner components of the new (luartet are unpolarizcd.

Tliis result seems paradoxical, because one now lias become

accustomed to expect polarization of all magneticall}- separated and

displaced lines.

Tlie result, however, seems to he in perfect accordance with tlieoiy,

at least if it be permitlod to apply to tlie middle components of the

quartet, tiie theoretical inference drawn for the central component

of the triplet.

LoRKNTZ has proved that in the case of a triplet for a frequency

11 ^ ?«o 'I'l*^' * <C ^i> '^^'0 oppositely elli])ticaliy polarized beams may

be transmitted, having the same index of absorption, but une(iual

velocities of propagation. The characteristic vibration ellipses for the

two beams are the same, but described in opposite directions, (see

also ^22 above).

Since the indices of absorption of the two beams are equal, we

may expect that, under the circumstances mentioned, a magnetized

vapour can produce in a continuous, unpolarized, spectrum only

unpolarized absorption lines.

44. The consideration in ^ 35 of the reflected image of a system,

was made in order to show that the inclination of the ellipses remains

unaffected by a change of sign of the angle between the line of

force and the ra^'.

45. Quartet for x> ^ 0. By increasing slill further the vapour

density necessai-y for the § 43 experiment, we were able to observe

even in the direction v)-^0, the two unpolarized lines, corresponding

to the inner components of the quartet. The outer components,

however, have become then extremely diffuse.

It is certainly remarkable, that the two new components are still

relatively narrow. The theoretical reason for this feature of the phe-

nomenon has still to be worked out.

It is, however, in accordance with theory (always on the suppo-

sition that it does apply directly to the quartet) that for i> ^ 0° the

density of the vapour must exceed tiuU for y- = 16°, in order to

render visible the new lines. Indeed according to the formulae (42)

and (26) of Lorentz's paper (cited in § 1 abo\e) the absorption index

decreases with decreasing v>.

The experiments (39—43) seem to give conclusive evidence that

an angle d-^ really exists.

Indeeii, phenomena of the kind described in the last §§ are to be

expected in a region only between O-j and 0".
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The experimental vcrilicalioii of Lorentz's deductions, formulated

ill § 23 above, gives a new proof of the rational connexion established

by Voigt's theory of the inverse magnetic etFect between diverse

phenomena.

A more accurate measurement of i>,, the vapour density and the

field being chosen, must be postponed.

46. Tlie new type of magnetic separation, with some components

polarized, the other ones unpoiarized, which returns to the ordinary

separation by decrease of vapour density, we were able to observe also

with D.^. Since the density of the vapour must be great in the present

experiment, the effects observed with £),, which splits up into a

pseudo-triplet, are less clear and characteristic than with i>,. We,

therefore, restricted the delailed description of our observations to

the case of D,.

Mathematics. — ''On contininnis vi'cto)' distribatlon.s on surfaces"

(3"i communication)"). By Dr. L. E. J. Brouwf.r. (Communi-

cated by Prof. D. J. Korteweg).

(Commiinicatotl in the meeting of May 28, lyiO),

^ 1.

The irrigating field on (he spliere.

In order to get an insight into the structure of an arbitrary finite

continuous vector field with a tinite number of singular points on

the sphere over its entire extent, we begin by investigating a parti-

cular case characterized by \\\c absence of simple closed tangent curves.

Ill a field which possesses this property, and which we shall call

an irrit/ating field, no spirals can aii|iear as tangent curves and no

rotatioji points as singular points. As farthermore a singular point can

neither possess elliptic sectors or leaves, it is either a source point

without leaves, or a vanishing point without leaves, or it possesses

exclusively hyperbolic and parabolic sectors without leaves, in which

case we shall speak of a sti'oking point.

The singular points of an irrigating field cannot all be stroking

points. This follows from theorem 8 of the second communication ) in

1) For the first and second comniunication .see these Proceedings Vol. XI 2, p. 850

and Vol. XII 2, p. 716.

2) 1. c. p. 734.
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coniioctioii widi llie observalicm, lliat (lie rciliu'liuii of stroking points

can lead only to retlexion points.

So there are rertainly source points or vanishing points; to tix

our tlioughts we shall start IVoni I lie existence of souirc points

/)', ,/>',, B,n.

In /i, we start aji arbitrary tangent curve wliicli when |)ni'SMc(i

indefinitely can neither close ilseif, nor become a spiral. So it nuksl

slop at a singular |)oint, which can be nothing l)nl a vanishing point T,.

If possible we then start in A', a second tangent curve, not crossing

the llrsi and slopping at an other vanishing point V.^.

If possible then in each of the two sectors generated in B^ a

tangent curve not crossing the two already existing ones and stopping

either at a third vanishing point T,, differing from I'', and I'^, or,

if iIkU is excluded, stopping e.g. at I'l, but then in such a way

that in A'l a sector is determined limited by two tangent curves

stoi)ping at I", inside which we can draw a tangent curve not

crossing the existing ones, starling from />', and stopi)ing at T,.

We continue this process of insertion as often as [)ossible, where-

by every time in each sectoi' is inserted a tangent curve not crossing

the existing ones which either stops at an other vanishing point

as the two tangent curves limiting tiie sector, or, if that is excluded,

determines a iievv sector, in which such an insL'rtioii is possible.

In this way it is impossible that at some iiionient a sector should

appear limited by two tangent curves stopping at the same vanishing

j)oint, and within which no other vanishing point should lie.

So the number of tangeni curves slopping at one and the same

vanishing point, and aiipeariug in this process of biserliou, must

remain smaller than the lotal number of vanishing points and from

this ensues that the process of insertion ends after a finite number

of insertions.

Of the then constructed finite system of tangent curves starting

from B^, wliich we shall call a si/.stem of skeleton curves of B^, no

two consecutive ones have the same vanishing point as their end-

point.

Let for a certain sense of circuit those skeleton curves be conse-

cutively
j'l , r.^ ,

/•„, stO|)piug respectively at the vanishing points

V^ , V, ,
1^,1, wliich of course need Jiot be all different.

We then if possible introduce between every /;, and r^^i a tangent

curve starting in B^ and stopping at a certain vanishing point, not

crossing the already existing ones and reaching a distance as great as

possible from r^, and r,,-|-i. In each of the sectors thereby generated at

B^ we repeat such an insertion, in each of the sectors thereby generated
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again and so on; liiuillv afier liaviiig repeated this process of inserlioii

tu times, we add the limiting curves, which are likewise tangent curves

starting from B^ and stopping at certain vanishing points. After tliat,

as ensues from tlie reasoning followed in § 2 of the second communi-

cation '), no ne-iV tangent curves starting from B^ can be inserted,

whilst the constructed tangent curves cover on the sphere a closed

coherent set of points, to which belong all possible tangent curves

starting from B,, and which \\e»\vA\\ c&\\ tlie Imgation territory of B^.

The method according to which the skeleton curves have been

constructed implies furthermore that between every r^, and r^j^\ two

tangent cur\es r"p and /'^,_|_i appear, between which no further tangent

curves starting from B^ can be constructed, whilst all tangent curves,

which have been constructed between r^, and r"^„ end in 1"„ and

all tangent curves, which have been constructed between r ^j^x and

;V+i, end in V,,j^\ .

From this ensues tliat these curves /""^j and r'^jy-x coincide from

B^ up to a certain stroking point S^, beyond which they diverge

for good.

For, when diverging either in a non-singnlar point or immediately

ill yjj , insertion of new tangent curves starting from B^ would be

|)Ossible.

And also when rejoining after having previously diverged, an

insertion of a new tangent curve starting from B^ would be possible,

namely of such a one that had with /-"^ as well as with r\,j^i an

arc in common.

So the irrigation territory of B^, consisting of n sectors 22^, each

limited by a tangent curve r\, and a tangent curve r"^, possesses

an outer circumference 1^.^,1", F«/S„ T^ , consisting of 2« tan-

gent arcs, which we shall call its "sides". It may happen here, that

an even side S,, t>+i, and an odd side S^ Vq {p and (j different)

touch each other outwardh/ along an arc FV^+x resp. BV,/ (which

can expand to an entire side S^,V,,+i or -S, 7,^, or reduce itself to

a point l';,+i resp. V<,) but not in an other way.

For, when two such sides .S); I>+i ^^"'^l ''''/ ^^? have collided some-

where outwardly, they cannot leave each othei- any more before

r,j-i resp. V,, has been reached. Otherwise a tangent curve coin-

ciding partially with ,S;, F,,+i and partially with -S, V,j might be

inserted, which would separate -S,, I^^+i and Sq Vq, so that these

could not have collided with each other, but only with the newly

inserted tangent curve. The sectors 2p connecting in this way i)\

1) 1. u. p. 723.
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Fig. 1 . Irrigation territory.

witli one and the same vani-sliing point possess rnmid al'oiil lliat

vaiiisliing point (lie same cyclif order as about /?,.

Let us consider a sector .5"^,. The limiting tangent curves r'^, and

?",, can collide inwardiv in an arliitrarj closed set of |)oints (which

in particidar can entirely cover those curves). Fartherniore it is not

necessary that the entire inner domain determined by ;•';, and r",,

belongs to 2^. However for each region ^f
f,

between >'
,, and r"^, not

belonging to 2i_, (he property holds that it is limited by two tangent

curves ^^o^ and ,,0'^, nmning from i>\ to l^,, (between which no

further tangent curves starting from B^ can be constructed), wiiich

coincide from i?, up to a certain stroking point
y<'>i„

(hen diverge,

and tlnaily after rejoining in a [loint jHi, (whicii can also coincide

with V)) remain united to their end in 1'^,. If namely liie latter

property were lacking, then a new tangent curve starling tVoni li^

could be inserted. As finally the stroking point k.'?^, must give inside

the region J
f,

two (and not more than two) hyperbolic sectors,

only a finite niindier of points ^fT,, can coincide in one and the same

stroking point, and from tiiis ensues that there is only a finite

number of regions J p.

The preceding shows that the residual regions determined cm the

sphere by tiie irrigation Icrritoi'y of i>i , are each bounded by a
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single inner circumference V.^^ S^^ V,^ &„ .... Fa S^ \'\ , whose

sides eacii join a stroking point and a vanishing point, in snch a

way that two successive sides concurring in a vanishing point Vx

can touch each other inwardly from a certain point /-* up to Vy.
,

but other inner contacts are excluded, and farthermore that each

stroking point S^ possesses in the considered residual region ttco

hyperbolic sectors.

The irrigation territory .f, of B^ possesses a finite distance from all

the remaining source points.

If we construct for B„ the irrigation territory analogously as for

i?i , these two irrigation territories can partially penetrate into each

other. This can however, when constructing the irrigation territory of

B^ , be prevented by enforcing on its tangent cur\ es starting from

B^ the condition that they may neither cross each other nor any
tangent curve starting from i>, , whilst for the rest we act in the same
way as before.

In that manner we have the irrigation territory s^ of B^, indepen-

dent of B^, containing all those tangent curves starting from jS, which

do not cross any tangent curve starting from B^. The structure of .9,

is entii-ely the same as of i\ . Between s^ and s^ outward contact

may take place on account of the coincidence of an even (resp. odd)

side SyVy of .s'j and an odd (resp. even) side SsV^ of .s-^ along an

arc PVy, which can expand to an entire side S^Vy or /V? F^ or can

reduce itself to the point ]"y
. Farthermore .t^ lies entirely in one of

the residual regions determined by .s'l , however in such a way, that

between two successive sides of tiiis region which are inwardly

pressed together, .s\ can very well penetrate to the vanishing point

in which those sides concur. Together s^ and .s% contain all tangent

curves starting from B^ or B, . For the residual regions \\ hicii are

determined on the sphere by .b\ and .y, together the same properties

hold as for the residual regions of s^ alone.

In one of those residual regions lies B, at a finite distance from

5, and s.,, and in tiiat region we construct the irriijntion territon/ s,

of Bs , independent of i>i and B, , containing all those tangent curves

starting from B^ which do not cross any tangent curve starting from B^

or B^. Together s^, s^, and s, contain then all the tangent curves starting

from B^, B, or B^. Outward contact between .93 and a\ or .v, can take

place in the same way as between .Vj and s^

.

In a quite analogous way we construct .s-^ in one of the residual

regions determined by .s'l , s^ , and s, . And in this way we go on.

When we have constructed .s\ , .<., ..... 6-,„_i , then the sphere is not

yet quite covered. For, the system of the tangent curves starting from
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B^ , /)., , . . . . /),„-i oaiuiot iipproat'li /)',„ williin a (•cilaiii (iiiilo (lislaiire.

But after insertion of .s„, tiic spiiero is coMiplolciy coveicd, for

llie set of the tangent curves starting from B^, H^ Iin~\, B,,,

is identical willi the set of '/// tangent curves, so must cover llie

sphere entirely, and we have proved :

Theorkm 1. An irriijatbuj field divkles l/u; sphere into a Jhiite

number of irr'ujation territories each of lohich contains in its interior

one of the source points.

A clear example of an irrigating field is the force field of a finite

number of positive and negative divergency points ').

The notion of irrigating field can be extended in llic following manner

:

Let be given on the sphere a multiply connecled ivgion y, bounded

by a finite number of coherent boundaries, and in y a finite, continuous

vector distribution, which continuity is uniform with the exception of a

finite number of points. We then can construct of the region y

exclusive of its boundaries a continuous one-one representation on a

sphere /? in such a way that to the boundaries of 7 correspond on 3

single points. The tangent curves of y are thereby represented on a

set of simple curves <> described in a certain sense. If among these

curves q no simple closed curves a])pcar, they determine (»n ii the

structure of an irrigating field. In that case we shall call the given

vector field in y likewise an irrigating field.

This more general irrigating field differs thereby from the [larticular

kind first considered that a boundary can play the part of a singular

point. We accordingly distinguish source boundaries, vimisliing boun-

daries, and strokuu/ boundaries. From this ensues that in the more

general irrigating field also spirals can appear as tangent curves,

namely such whose windings converge uniformly to a source boundary

or to a vanishing boundary.

§ 2.

'The most general Jietd irith. a jUdle number of siii</i(hir points.

Let there be given an arbitrary finite continuous vector field on

the sphere with a finite number of singular points. Let /V be one

of the singular points, then we shall say that a closed tangent curve

jiou)s round ahout N, if it does not contain a singular jioint, and

encloses a region in which lies N but no other singular point.

Farthe^ron we shall say thai a closed tangent cur\c //c^rv round

') Compare my \y.\\Kv: "The force field of the nan-Euclidean spaces with

positive curvature", these Proceedings Vol. IX 1, p. 250.
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against N, if it contains N but no other singular point, and encloses

a region in wliicii no singular point lies.

If there is neither a tangent curve flowing round about JV nor a

tangent curve flowing round against jV, then we shall call N a

naked singular point, otiierwise a wrapped singular point.

We sliall assume tiiat N is a wrapped singular point and we
shall distinguish two cases:

First case. There is no tangent curve jioiving round about JSf.

Let then p be a tangent curve flowing round against A^ and let us

agree about an arbitrary tangent curve r inside o, liiat, when it

reaches q, we shall pursue resp. recur it along q, until it reaches

^V ; in this way / also becomes a tangent curve flowing round

against N. We can thus till the inner domain of q witli tangent

curves flowing round against N and not crossing each other in tlie

same way as in the second communication p. 727 was executed for

an elliptic sector.

If we now construct a well-ordered series continued as far as

possible of tangent curves flowing I'onnd against ^V, enclosing q and

bounding outside q an ever increasing area, then it converges either

to a tangent curve flowing round against N, or to a circumference

consisting of simple closed tangent curves which can contain besides

.V still other singular points and which possesses all the properties

deduced in the second communication p. 720 and 721 for the limiting

Fig 2. Circuinlluence territory with (shaded) additional territories'

First ca.se.

12
Proceedings Royal Acad. Amsterdam. Vol. XIII.
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(•ire 11 inference of a spiral langent curve. Tlie inner rej^ion of llial

circiunforence, wliicli can be entirely lillcd wilh laiif^enl cmves

(lowing round against N and not crossing each olliei', we shall call

a ciirum/hience sector of N.

The singtdar point A"^ can possess an inliiiiic nuiiilicr of circuni-

fluence sectors lying outside each other, Iml anion^.st ihese lliorcare

only a (inile number, which reach an arbilrarily assumed finite

distance from .V.

The set of regions covered by tiie diilerent circuniliiience sectors

of N we shall call the circumjiuence territonj of .V.

We shall now regard of this circumtluence territory those residual

regions which are bounded by a tangent curve flowing round against

an other singular point X^, and we shall fill them with langent curves

flowing round against A^, and not crossing each other. The set of

regions filled in this way with tangent curves possesses at each of

the points X^ entirely the structure of a circumfluence territory,

ami we shall call it an addition<tl circuiiifliumce terrltofj/ of X.

The point X possesses then only a linitc number of additional cir-

cumtluence territories.

The circumfluence territory of iV determines with its additional

territories together a fbiile number of residual regions on the sphere.

Second case. There ejisls a langent curve flowing round about N.
Let Q be that cur\e, we then construct from q outwards a well-

ordered series continued as far as possible of tangent curves flowing

round about -V, enclosing q and bounding outside {> an ever in-

creasing area. The limit r^ to which this series convei-ges is either

a tangent curve flowing round abouX. X, or s^ciixumference coniaming

singular points, consisting of simple closed tangent curves, and pos-

sessing all the properties deduced in the second communication

p. 720, 721 for the limiting circumference of a spiral tangent cur\e.

Let us construct likewise from q inwards a well-ordered series

continued as far as possible of tangent curves flowing round about

N, enclosed by q, and limiting around X an ever decreasing area,

then the limit t„ to which this series converges is either the point

X, or a tangent curve flowing round about X, or a circumference

consisting of a finite or countable set of tangent curves flowing round

against X.

If T„ is a circumference containing ^V, we can fill up its inner

regions with tangent curves flowing round against iV and not crossing

each other.

If r.^ is a tangent curve flowing round about X, there can exist

no tangent curve flowing round against X and having with a t^
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point in common. For then in the terminology of § 3 of tlie

second communication we siionld possess between ^^ and t„ a

positive as well as a negative curve of the third kind, from which

we could start to till the inner region of t„ with tangent curves

not crossing each other. We should then have to find there the

number of elliptic sectors equal to the number of hvperbolic sectors;

so there would have to be at least one hyperbolic sector inside t^ ;

tills would however give rise to tangent curves flowing round about

^V^ and lying inside t„, wliich is e.xcluded.

So if T„ is a tangent curve flowing round about X, tlien there

e.xists inside t„ at a Unite distance from t„ a circumference t'„ con-

taining N', consisting of a finite or countable set of tangent curves

flowing round against A^ and inside which lie all existing tangent

curves flowing round against A^ If t'„ does not reduce itself to the

single point y^, its inner regions can be fdled with tangent curves

flowing round against ^V and not crossing each other.

The tangent curves not crossing each other with whicii the annular

region between r„ and t'„ can be filled, must on one side either all

enter into t„ or all convei'ge spiiciUj' to t,, and on the other side

either all enter into t\ or all converge spirally to t'„.

In order to fill up the annular region between t„ and r^ with

tangent curves not crossing each other, we construct in it a tangent

curve ?"j flowing round about ^V^ and reaching from t, and t, a

distance as great as j)ossible. Between t„ and ?'j we then if possible

insert a tangent curve n flowing round about JV and reaching

from r„ and rj a distance as great as possible; likewise between

?'j and T, if possible a tangent curve rj flowing round about y and

reaching from n and r, a distance as great as possible. This inserting

process we repeat as often as possil)le, eventually' <u times, and

finally we add the limiting curves. We an; llusn sui'C that no more

tangent curves flowing round about .V can be in.serted, so that even-

tually the regions between t„ and r^ remained empty of tangent

curves must be annidar i-cgions.

Let « be such an annular region bounded by the tangent curves

7), and r,j flowing rouiul about y, then « can be filled with tangent

curves not crossing each other, whicli on one side either all enter

into I), or all converge spirally to i),, and on the other side either

all enter into r,j or all converge spirally to /Vy.

The inner I'egion of Tj, in this manner entirely tilled with tangent

curves not crossing each other, we shall call the eircumjiuence territory

of N.
Wc shall farther of this circumflueuce territory fill each residual

12*



( 180 )

Fig. 3. GircumfluiMicc tenilory with (shaded) additional leiiitorief.

Second case.

region, iu)iiiide(l by a tangent curve llowiiig roiiiul against a

singular point A'a, witii tangent curves flowing round against iV«

and not crossing each other. In this manner we add to the circum-

lluence territoi\v of A a finite nuniiicr of (iddiilotial circuiiiffiumce

territories, after winch iliere remain on the sphere oniv a linite number

of i-esidnal regions.

Ijct us now consider on the s|)here a finite and, with liie exception

of a linite lunnber of points, uniformly continuous vector distribution

in a niu!ti])l_v connected region y with a finite number of coherent boun-

daries. By a closed tangent curve we shall understand here, besides

each tangent curve to which we have formerly given this name,

each system of n simple tangent arcs not meeting each other and n

cyclically ordered boundaries or singular points not contained in a

boundary X^ , X^ , N^ . . JV,, , between which those tangent arcs run

consecutively from X^ to ^Y, , from N^ to JSF, , . . . and from N„ to

iVj. In particular thus a simple tangent arc whose endpoints lie on

one and the same boundary forms together with that boundary a

closed tangent curve. Fartheron we shall understand by the Ijoundaries

of such a field for shortness' sake also the singular points which are

not contained in a boundary. Finally we shall call a closed tangent

curve not containing a boundary, and enclosing in y a region in

which lies N but no other boundary, a tangent curve jloioing round

about JV, and we shall call a closed tangent curve containing N
but no other boundary, and enclosing in y a region in which lies

no boundary, a tangent curve Jloioing round against N. Xaked and
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ivrapped boundaries we then define analogously as before naked and

wrapped singular po'nts.

For a wrapfied boundary the circunilluence territory can be con-

structed in the same way as was done above foi' a wrapped singular

point ; tiie whole of its structure undergoes in this more general

case no change, we only have to replace closed tangent curves in

the narrower sense by closed tangent curves in the wider sense.

The filling witli tangent curves not crossing each otiier and the

completion of the territories by means of its additional territories

needs no modification either.

We shall understand by the 07'der of the field twice the number

of" its naked boundaries plus three times tlie number of its wrapped

boundaries.

We shall now start from a finite and, with the exception of

only a finite number of points, uniformly continuous vector field

in a region of the sphere with a finite munber of coherent boun-

daries, each of which either reduces itself to a single point, or

consists of tangent arcs turning one of their sides to the field, whilst

in the latter case we assume that each fundamental series of conse-

cutive points in a segment of a boundary determines only one

limiting point, which property we e.xprcss by calling the boundary

.siiiip/r. So the appearance of spirals in the boundaries is excluded.

We shall indicate two operations, both of which reduce this field

to a finite number of fields of the same kind but of a lower order

:

First reducing operation : We construct in the (jiren /ii'ld such a

closed tam/eiit curve which together with each of the two partialfields

determined bg it contains at least two of the bowulai-ii-s of the given

field.

Then namely each of the two partial fields is of a lower order

than the original field.

Second reducing operation : lue construct to a ivrapped boundarg

the circumfiuence territory with its eventual additional territories.

Then namely each of the residual fields is of a lower order than

the original field.

It is clear that after a finite number of ap[)lications of these

reducing operations either nothing of the original field is left or

there remain only such fields to which neither of the two operations

can any more be applied.

27ien however in these residual fields there exists no closed tangent

curve, so that they are irrigating fields.

If these last remaining residual fields are lacking, then the original
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Hold ciin be divitled li_v siiiipli- lioiiiidiirics ('(nisisliiig of liiii^ciit iUcH

iiilo ti (iiiite iiuinl)oi' of cifcimilliiiMico loi'ritofi(>,s wiih addiliniial

territories wliicli in-opcrlv we sliill cxiircss hv calliiii;' il .'i c/rriini-

f/iumt field.

Tlie cii'dunHiient field can be regarded as the couiitei'piecc to

llie inij^ating liohi anaivscd in § 1.

A clear example of a (•ircninlluciil Held is the I'orcc; Held willidiil

divei'gcjifcs (d' a liiiik' iimiibcr ol' jiositive and iiegali\e I'otatioii

l)oiiits. ')

We now lia\ e proved :

Theouioi 2. A jbiiti' conliitamis vector field on, the sphere nnth a

finite miinber of siiujular poiiiLi can be divided Inj simple boundaries

consistiiui of laiupmt arcs info a finite niunber of iri'if/iiling fields

and a finite iniod)er of circinnjhience territories.

At the same lime we uotiee that among the tangent curves not

ciossing each other, with which in the preceding pages we have

filled the field, spiials cannot appear in the Ao?H?,(Zar<V.y of the irrigating

lields or ciicnmllnene(' terriloiies meant in theorem 2, and in their

interior exclnsively in the following two ways :

J*^ . A circnmflncnce territory of the second kind can contain

annnlar regions filled with spii'als.

2'"'. An irrigating field can possess source boundaries or \anisliing

boundaries I'oiind abinil which all tangent cur\'es ari-i\e resp. depart

sjjirallv.

§ 3.

'J'he theorem of the uiriiriant point on the sphere.

In the first communication on this subject (these Proceedings Vol. XI 2)

we have on page 857 brought an arbitrary- continuous one-one trans-

formation of the sphere in itself into relation with the vector distri-

bution for which in each point the vector direction is determined

by the shortest arc of priiu-ipal circle joining that point with its

image point, for which distribution appear as singular points : l**'. the

points invariant for the ti'ansfoi'mation. 2"'^. the poijifs having their

antipodic points as their image points. The singular points of the

latter kind form for trausfornuxlions with inversion of the indicatrix

as well as for transformations with invariant indicatrix a (dosed set

of points of the most general kind which makes il pretty well

') Compare my paper quoted above: '"J'lic force field of the non-Eiiclk/ean

spaces with loositive curvature".
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impossible to deduce out of the properties of the vector distrihntioii,

either bj means of theorem 2 of the first commiiiiicalioii, or by

means of theorem 8 of the second communication, tiie existence of

at least one invariant point for transformations with invariant indicatrix.

The difficulty caused by this inconvenient set of points disappears

however for an other vector distribution deduced from tlie trans-

foi'mation.

To construct this distribution we bring througii eacli point P a

circle containing its image point P' and a tixed point (>, and we

determine the vector direction in P by the arc of circle PP' not

containing 0. Let Q be the point having as its image point,

then as singular points of this vector distribution appear 1*'. the

point 0. 2'"'. the point Q. 3"'. the points invariant for the trans-

formation.

If this vector distribution has an infinite number of singuhxr points,

then there are certainly points invariant for the transformation; so

we assume in tlie following that Ihe number of singular points is

finite, and we investigate first the nature of the singularity in 'A

For a point P in sufficient proximily of the vector dii'cction

differs indefinitely little from the direction of the geodetic ai-c of

circle OP. So by a circuit of a small circle about the total angle

which the vector turns with respect to tiie tangent to the small

circle is zero, so that njlicn reduced tlie sinffulariti/ i/ires rise to a

radiating point.

To investigate the nature of the singularity in Q, we represent

the sphere stereographically on a Euclidean plane in such a way

that represents the infinite of the plane. Then in (his plane the

vector distribution is determined in each point by the straight line

segment joining the point with its image point.

In the Euclidean plane the image of an infinitesimal circle about

Q is an infinitely large circle; the infinitesimal circle and the infinitely

large circle possess for transfornialions with invariant indicatrix

opposite senses of circuit ; for transformations with inversion of the

indicatrix equal senses of circuit.

In the former case the vector describes in a circuit of the infi-

nitesimal circle an angle 2.t in a sense opposite to the circuit ; in

the latter case an angle 2.t in tlie .same sense as that of the circuit.

So uilien reduced the sinijularity in Q gives rise for transformations

loith invariant indicafrLv to a reflexion point, for transformations

with inversion of the indicatrix to a radiating point.

Thus the two radiating points, which according to theorem 8 of

the second communication (p. 734) must be present in the reduced
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(Jislributioii, appear for a (raiisroniialioii willi iiivorsion of the imli-

c-alrix in the points and Q\ for a Iranslbrniation willi invarianl

indioalrix however llic second radiating point can be rnrnislicd oid^y

bv a point invariant lor the li'anslbi-nialion, loldck tlwirforc timsl

neceasarily exist.

§ 4.

77/6' mh'x relation on the sphere for a finite number of

simjuhir points.

We shall now discnss Ihc qnestions whellier liie nmnl)er of singular

points of a Unite continuons vector distribution on the spliere, which

according to theorem 2 of the first coinniunicatioji (Mnnol be zero,

is arbitrary for liie rest, and farther whether the structure of the

singular points, winch according to theorem 8 of the second commu-

nication is not entirely free, is liable to still other restrictions than

those expressed in that theorem.

These questions can be fully answered by means of the following

reasoning, which is analogous to the proof of Ei'lkk's law, and

which was indicated to me by Prof. Hadamard.

The total angle which for a Unite stereographic representation of

the inner region of a simple closed curve enveloping only one

singular point on a Euclidean plane the vector describes by a cirenit

in the sense of that circuit, and which according to theorem 5 of

the second communication (page 731) is equal to .t (2 -|- n^— n„),

where n^ represents the nnmber of elliptic sectors, n„ the number

of hyperbolic sectors of the singular point, can be written in the

form 2k.-t, where k is an integei-, which we call the index ') of the

singular point.

For a simple closed curve, enveloping n singular points with

indices /•, , k., , k^ , kn, the total angle wdiich, for a finite stereo-

graphic representation of the inner domain of that curve on a

Euclidean plane, the vector describes by a circuit in the sense of

that circuit, is equal to 2.t [k, + ^'^ + ^n), as is immediately

evident when we divide the inner domain under observation by

means of arCs of simple curve into n inner domains of such simple

closed curves, which each envelop only one of the singular points.

1) This expression is used (not for the singular point itself but for a curve by

which it is enclosed) by Poincare : "Sur les courbes definies par itne equation

differentielle" ,
!<=' memoire, Journ. de Math. (3) 7, p. 400. The univalent conti-

nuous vector distributions treated there are of a particular algebraic kind, so that

only indices + 1 and — 1 appear for llie singular points.
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We now iiiaUe on the sphere u fiiruit along a oerlaiii pihR-ipal

circle on which lies no singular point; the total angle, which in the

sense of a certain indicatrix on the sphere the vector direction

describes by that circuit with respect to the tangent direction, is equal

to 2/t.T, where h is an integer.

The sense of that circuit is with respect to one of the hemispheres,

into which the sphere is divided by that principal circle, the same

as the sense of the indicatrix, with respect to the other opposite to

the sense of the indicatrix; so for a circuit of the tirst hemisphere

the \e(;tor describes with respect to the tangent direction an angle

2/ijr in the sense of the circuit, for a circuit of the second hemisphere

an angle 2/i-T opposite to the sense of the circuit.

The total angle which, for finite stereograjihic representation of

the first resp. the second hemisphere on a Euclidean j)lane, the

vector describes by a circuit in the sense of that circuit, is thus

equal to 2 (J -j- li) -tt resp. 2 (1 — h) .t.

If in the first hemisphere lie m singular points with indices

k^,k^, . . . km, in the second hemisphere n — m singular points with

indices k„i-\-\, /i.',«+2, • . . k,,, we have

^'i + ^'i + • • ^'m = 1 + ^'.

k:,i-{-\ + km-\--l - ... A.',, =: 1 — li,

^'i + ''-'J -f- • • • -j- ^«— 1 + ^'.1 ^ 2,

so that the .'>um of the indices of the siiKjuhir points is ('qunl to 2,

a generalisation of the relation deduced by Poincaue for the particular

case treated by him '), whilst the structure of the singular points is

submitted to the following restrictive property

:

Theokem 3. Twice the numher of singuhir points plus the number

of elliptic sectors is equal to the niioiber of hijperbolic sectors plus four.

The necessary existence of at least one singular point before reduc-

tion as well as of at least two radiating points after reduction lies

included in this theorem and finds there its simplest proof.

We shall finally show that the set of singular j)oints (supposed finite)

is submitted to no other restriction than the one expressed in theorem 3.

Let us namely assume an arbitrary finite set of points as singular

points, let us enclose them each by a suchlike simple closed curve

that these curves do not intersect each other, and let us give inside

and on these curves to the vector field a structure satisfying theorem 3

but for the rest arbitrary. We must then show that the outer domain

'j I.e. p. 405.
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of these curves can be filled up witli a finite continuous vector

disfrihtilion inithouf singular points ami passiiiff into liie already

existing ones.

To tliat end we take lor llie closed curves a certain cyclic order

and join each of llicni willi llie succeeding one hy such an arc of

simple curve that these arcs do not intersect each other, so that on

the sphere two free regions y, and y^ , bounded by simple closed

curves, are determined. We then construct along the inserted arcs of

curve suchlike finite conlinuous vector distributions witiiout singnlar

points and passing into the exii^ling ones that the total angle, which

for finite stereographic representation of y, on a Euclidean plane the

vector describes in a circuit, is zero. Then 7, can be filled, in the

manner indicated in the second communication p. 732, 73.'5, with

a finite continuous vector disl'-ilinlion iritliout singular ])oints and

passing into the existing ones.

As now however the singularities have been chosen in such a way

that they satisfy theorem 3, the vector describes in a circuit of the

complementary dcunain of y,, slereogra|)hically represented on a finite

region, a total angle 4.t in the sense of the circuit; thus by a circuit

of the region y.^ itself, when stereographically represented on a finite

region, a total angle zero. Therefore y, also can be liilcil wiili a

finite continuous vector distribution ?t;iV/iOzt< singular points and passing

on its boundary into the existing ones, with which the lack of other

reslrietioiis than those expressed in theorem 3, has been proved.

As for ihe singular points (su])i)osed to form a finite set) of a finite

continuous vector distribution in the Euclidean plane, neither iheir

number, nor their structure is submitted to any restriction.

E U R A T U M.

In the first communication on this subject, tiiese Proceedings Vol. XI 2,

p. 856, 1. 3 and 7 from top

for: recure it, meets read: recur it, it meets

Zoology. — 'Till', sacras rusculosus of finhes a recepiice itenotis

oi(jan (I lid not a f/land". jly Prof. J. BoKivl': an! K. W.
Dawmi;uma.\. (C'o)iir.iunic;ited by Prof. A. A. AY. IIubri.cjitJ.

(Communicated in the meetiug of May 28, 1910).

In 1!)()1 one ol us cnnic to the conclusion, based 011 tlu' s'uiy

of the il(!vcl'ipnuMir an! of ilie iiistologicil strucruic of th'; sic.-us
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Vasculosus in embryos and larvae of Teleosteans '), that in the

saccus vasculosus of fishes we must not see a gland, as it is done

generally ("Infundihulardriise" of Rabl-Ruckhard), but a sense

organ, a nervous structure, that is stimulated by a distinct stimulus

and reacts upon this stimulus in a certain way ("Infundibular

organ"). In the following year (1902) in these same proceedings

were published further observations on the saccus vasculosus of

larvae and full grown specimina of Teleosteans, which seemed to

point to the same conclusion "), and a similar organ was discovered

in the ventral wall of the brain of Brauchiosioma lanceotatum ^).

In 1902 Johnston came to a similar conclusion for the saccus of

Acipenser rubiciindiis *) after studying the nervous fibers and the

form of the cells in the saccus. According to this author the saccus

vasculosus is stimulated by variations of the pressure of the blood

or of the ventricle-fluid inside the brain-ventricle. In response to

this stimulus however the saccus may secrete some specific consti-

tuents of the ventricular fluid (comp. Johnston 1906). Two years

ago ('1908) the development and the structure of the infundibular

sense organ of amphioxus were described more fully by one of us 'j,

and its homology with the saccus vasculosus of fishes was more

clearly defined.

But although several authors ") acknowledged the value of the

hypothesis of this homology, yet it is always (with the exception

of Johnston in the nervous system of vertebrates 1906 and Kappers

in 1904 and 1906) taken for granted, that the saccus vasculosus

is only a glandular structure"), secreting the whole or a part of the

fluid, filling the ventricles of the brain.

Renewed investigations in this direction showed us, that this is

not right, that the peculiar elements, which form the epithelial

lining of the wall of the saccus of all the forms which possess a

saccus vasculosus in its developed state, are not glandular cells

(Studnicka), but that their interpretation of sensory cells, receptive

') J. BoEKE. Die Bedeutung des Infundibiilums in der Enlwickelung der Knochen-
fische. Anal. Anzeiger Bd. 20, 1901.

•) J. BoEKE. iu : Proceedings K. A. VV. Matli. phys. cl. Meeting of January 25, 1902.

3) J. BoEKE. in: Proceeding K. A. W. Math, pliys. cl. Meeting of April 19, 1902.

*) J. B. Johnston. The Brain of acipenser, in: Zool. Jahrbiicher Bd. XV 1902.

'^) J. BoEKE. Das Infundibularorgan im Gehirn von Amphioxus. Anat, Anzeiger

Bd. 32. 1902 and Proceedings K A. W. Meeting of May 1908.

") Among others by Wiedeesheim, in his "Vergl. Anatomie" 1909, Johnston
1906, Edinger 1909.

"1 WiEDERSHEiM, B. Hallee, Edikgee, etc. Even Johnston attributes a secretory

function to the saccus epithelium, but does not say to which part of it.
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nervous clomcnts, set forth in the publications mentioned above,

is right, and that theij are to be looked upon as sense cells, able to

be stimulated by a distinct stimulus, and able lo carry that stimulus

alony distinct nerve-tracts to sharply defined parts of the brain, cells

which do not end with a rounded base, as gland cells icould do, but

are there prolonged each into a fine nerve fVjcr, all these fibers finding

their way into and constituting a nerve tract, in the same u((y as

the neurites of the olfactory cells f'trm the fila olfactoria.\

Typical gland cells are not to be found in the saccus vasculosus.

As far as ice could gather, the saccus utsculosus has no secretory

function.

In this communication we intend to j)ul)lish the f^vneral results

of the renewed investigations we undertook in connection with the

previous investigations mentioned above. A more detailed description

will be found in the inaugural dissertation of the last-named of

us two.

These general results may be laid down and summarised in the

f(dlowing points :

1. As to the infundibular organ in the biaiu of Amphioxus

( Branchiostoma lanccolatum), we cannot add much to the descrip-

tion of I'JOS, mentioned above'), and we will here only call

attention to the interesting fact, that tii!' cells of the iid'uadibukir

organ are j)i'oloiig(Ml into liiK! nerve (i'lers, and that the two bundles

of nerve libei's, f)nii(!d liy these cell prolongations I'un cauJad at

each side of the median plane and then show a lather typical

decussation of the fibero in the median line, after which they are

nut to be followed any farthei'. In connection with the fact, that

in many fishes the fibers of the nerve tracts, formed by the neurites

of the cells of the eaccus vasculosus (the tracti sacci vacculosi),

cross each other at a certain point of the mid-brain in the median

line, it is of a high importance, that this decussation obviously is

already to bo found in Amphioxus, not only so for the proposed

homology of the saccus vasculosus of fishes and the infundibular

organ in the brain of Amphioxus, but also for the interpretation of

the amphioxus-brain not as an archencephalon (Kupffer), but as a

degenerated brain with a number of rudimentary fiber-tracts, to be

') [It gives me great pleasure to uote, that Edinger (in a letter to the author)

has taken back entirely his statement of 1907, that in front of the infundibular

organ there should be a real infundibular cavity in Amphioxus so that now he

agrees in all points with the description given by us iu 1902 and 1908. See also

Edinger and Wallenberg Bericht iiber die LeisUingen auf dcm Gebietc der

Anatomie des Ccntralnervensystems. Vierter liericht 1909. Scite i299. (Boeke)].
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compare 1 in niiiiy p)ints with the iclithyopsi'laii bfaiii, defended

some yeai's ago by one of us 'j.

2. In all fishes, which are studied in this direction, the saccus

vasculosus is found at least in "Anlage", as a hollow outgrowth of the

brainwall in the bottom of the diencephaloii, directed ventrally and

growing out caudad. Still found in a developed state in Acipenser,

Amia, Lepidosteus, it disappears in amphibians and is looked for in

vain in terrestrial animals.

In a number of bony fishes howerer the "Anlage" of the saccus

vasculosus is not developed any farther or it becomes rudimentary

afterwards, so that in the adult animals only scanty traces of it are

found (or none at all, cf. Gentes). These farms, in nearly all the

cases (with only a few exceptions), appear to be freshwater fishes.

3. There where the saccus vasculosus attains its full development,

it appears in Elasmobranchii as well as in Teleosts as a sort of

bladder or sack with a thin wall, Avhich is more or less folded and

wrinkled up and often much branched ; this wall is composed of

the epithelial lining, the prolongation of the primary brain-wall, a

layer of nerve fibers, glious fibers, a layer of flat endothelial cells

which line the bloodvessels and lastly the bloodvessels themselves,

chiefly a very highly developed system of bloodsinus, giving to the

saccus in the living animal a red or purple colour (s. vasculosus).

During the whole life of the animal there remains a communica-

tion of the cavity of the saccus with the ventricles of the brain.

The structure of the wall is identical at all points of the saccus.

4. The description of the elements of the epithelial lining of the

saccus, given by one of us (1901 and 1902), after examination of a

great many forms appeared to be perfectly true.

The epithelial lining of the saccus wall shows two kimls of cells,

in the papers mentioned above distinguished as '"sense cells" and

'''supporting cells'".

The sense cells, which we may call "crown cells" after the form

of the fully differentiated elements, are large, bulky and more or

less bottle-shaped. The broader basal part contains the large round

nucleus , upwards the body of the cell gets more slender to end in

a pear-shaped head, which is crowned with a large number (20—25)

of stiff hairs ending in small knobs or vesicles. This part of the

cell is protruding beyond the line of the supporting cells into the

cavity of the saccus. It reminds one strongly of the receptaculum of

1) J. BoEKE. Proceedings K. A. W. Matth. Phys. CI. Meeting of May 31, 1908.

Page 6.
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a (laiulelion (oinixiioum) with thti seeds on it. Tlio hiiirs tlifins.'lvcs

may bo best comparetl in form to n cherry on its stalk. Thesi! knobs

are describeil by LuNDBOKO and especially by Studnicka as tlrops

of fluid secreted l\v the cell. This however is not the case. In the

first place they develop out of common hairs, which first tak(> the;

shape of a club and then by further differentiation grow out to the

stalked structures described above (c f. BoKKB 1901). Of this diffe-

rentiation we couhl study all the intermediate stages, so as to leave

no doubt whatever as to the course of the process of development.

In the second place they arc implanted in the cell-protoplasm on

small basal bodies (''Rasalkorpcrchen"). These arc connected with a

fine system of very thin fibers running through the cell tow.ndsthe

base. In the third i)lace they may be seen on the living cells in

transparent larv.ie («' ft)r example in the exceedingly transparent

larvae of the Muraenoids, in which they ciuld l>e stu lie 1 for hours

at a stretch in the same larva'), and in small ])ieccs cut out ('f the

wall of the saccus of large adult fishes. In no case one of the small

knobs was seen to fall off, to alter its fonn, to grow larger or form

itself anew, even when the living saccus is studied with a high

magnifying power for hours in the same larva.

They are nothing else but hairs swollen at their ends into small

knobs. With a secretory process they have nothing tj do.

And above all, it was possible to show by means of the m thods

of Apathy, Ramon y Cajal and Bii:lsciiowsicy, that these cells

contain a very fine and regular neuiofit)rillar structure, the fibrillae

beinf connected, as far as could be made out, with the basal l)odie3

of the tuft of hairs, and running through the protoplasm of the

cell as a bundle of very fine wavy threads, which passes the nucleus

and on arriving at the basal end of the cell condensing itself into

a bundle of finest neurofibrillae, leave the ce'l as a nerve fiber, a

ncurite which neurite could be followed in an uninterrupted cnurse

to the bundle of nerve fibers running along the bases of the epi-

thelial cells and from there into the tractus sacci vasculosi.

The cells take the Golgi-stain with difficultly, but nevertheless

we succeeded in impregnating them in a number of preparations, and

in several sections cut in the right direction (we imbedded the

pieces in celloidine and cut them into sections of 100 ;i) we were

able to follow the nerve fibers from the impregnated cell-body as a fine

non-varicose thread through the saccus as far as in the bundle of

1) c.f. BoEKE. Proceedings K. A. W. Meeting of .January 25, 1902, page 8.
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nerve fibers connecting the saccus with the diencephalon, the tractus

sacci vasculosi (cf. Johnston 1902).

B)^ tliis fact, which coulJ be established several times with great

clearness, the nature of these cells as nervous elements, as sense

cells, seems to us to bo proved beyond doubt.

The siipportinci cells, lying between the crown cells, are small

cells, which fill up entirely the little room left between the bottle-

shaped sense cells, and contain a curiously shaped threecornered or

pyramidal nucleus, which often seems to fill up the whole cell,

leaving room only for a very thin layer of protoplasm. At their

basal end these c^^lls seem to be prolonged into slender feet, which

(as it is the case with the ependymal cells and glious cells) envelop

the bundles of nerve fibeis, springing from the crowu cells (c f.

Johnston 1906).

5. These nei-ve fibers, being therefore (for by far the greater part,

see under 6) nothing else but the axones of the sense cells of the

saccus, all lun through the saccus towards the point where the

walls of it are connected with the diencephalon, and there they

condense into two bundles of nerve fibers, running in the dience-

phalon in the same direction at each side of the median plane, the

tr'arti sicci vascid.isi. This points to an orhjinally bilateral origin

of the sacciia vasculosus, just as it could be established for the

infundibular organ of amphioxus.

These tracti sacci vasculosi, seen and described more or less

clearly already by a number of investigators (Goronowitsch,

Edingei'., Kupffeu, BiCKFORn, Johnston, Ariens Kappers, Gold-

stein) run at both sides of the recessus inferior, from the point of

entrance up through the walls of the diencephalon obliquely and

forward, through the corpora mamillaria to dorsally of the recessus

inferior. Here they miiy decussate in the median line (trout), or

they remain independent, running each at a side of the median

plane (Anguilla, Zoarces) to end, in Elasmobranchii as well as in

Teleosts, in two nuclei, lying at the end of the tuberculum posterius

close to the median plane just over the aquaeductus. Ariens

Kappers has first described these nuclei in Galeus. Goldstein saw

them in Teleosts. Here we found them in a great many forms. These

nuclei contain large nerve cells from which fibers grow out mostly

caudad. In BiiOLSCHOWSKY-preparations the connection of the terminal

branches of the neurites of the sense cells from the saccus with these

cells was clearly to be seen.

6. Eferent nerve fibers are also to be found in the saccus, coming
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tVoin tlio (lioncophalon, from tlio lobi inferiores ; these fibers end

probably all or most of thoiii in the walls of the bloodvessels of

the saceus.

It woiiM tak(! us too far to describe here the details of these

different tracts and fibers, the secondary connections of the nuclei

with each other and with the other parts of the bra-n, ami to enter

into a discussion of the results of our investi_q:ations in connection

with the facts, found by previous writers. It would be impassible to

enter into these things without the aid of a great many figures

and in the few pages these proceedings allow us. All these things

will bo discussed at proper length in the pul)lication of the last-

named of us two, mentioned above. ') Here we only w.mted to

show, that renewed investigations convinced us of the truth of the

hypothesis, put forth seveial years ago, that the saccus vasculosus

of the lower aquatic vertebrates is not a gland but a receptive

nervous structure, bilateral in oiigin, finding its homologon in the

infundibular organ of amphioxus.

Leiden. Anatomical Cabinet. April 1910.

Palaeontology. — "A further Inveatujation of the pliocene, flora of

Teyelen." By Clement Reid, F.R.S. and Mrs. Eleanok M. Reid,

B.Sc. (Communicated by Prof. It. A. F. MoleiNgraai'I').

The results obtained from our first examination uf the Pliocene

deposits of Tegelen^) pointed to so rich a flora, tliat we considered

it advisable to make further researches. Accordingly in the summer

of 1908 we asked Messrs. Canoy, Herfkens and Smulders to send

us a further quantity of the fossiliferoiis brick-earth from the bottom

of their pit. They most kindly carried out our request, em|)loying

the same men who had assisted us to collect the samples in 1905.

The amount of loam sent was nearly 300 Kilog., and we must

thaidv Messrs. Canoy and Co. and their workmen for the great care

taken in its collection. Recent seeds were quite absent, except for

a few grass seeds, which tly everywhere and are almost impossible

to exclude. This large quantity of material has taken us a long time

to examine, and we have been interrupted by otiier work which

could not w-ait; hence the delay in publishing our results.

The new matei-ial was not quite so prolific as our former gathering,

1) Appearing in the "Zeitschrift fiir wissensch. Zoologie."

=) Verhand. Kon. Akad. v. Wetenscli. (Twecdc Sectie). Deel Xlil, N". 6 (1907);

Proceedings Acad. Amsterdam 1908. Vol. X, p. 860.
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for only a botanist can select on the spot the thin seams wiiicli

contain most of tiie land-plants; but this new gathering yielded in

profusion the aquatic species. The results are of great interest, both

as confirming our previous conclusions, and as extending our know-

ledge of the Tegelen flora. The additions to the list number about

40, thus bringing the complete list to about 135. Most of the seeds

found belong, as one would expect, to species we have already

recorded ; but in many cases we obtained much better specimens,

enabling ns to make more definite determinations.

Among the novelties loss than half are now living in the Nether-

lands. Some we are unable to identify either specifically or generi-

cally. In a few case? we feel confident that our species are extinct,

but the specimens we have are too few to permit us to make the

necessary dissections before describing and naming them. Others

belong to very large orders or genera, the seeds of which are not

well represented in herbaria, e.g. Labiateae and Hi/pericwn. Others

affain belong to genera which have their cliief or only development

at the present day in Eastern Asia. Tiiis is the case with snch genera

as Staphylea, Prunus, many genera of Aniliaccdc and (Jonuta'ae,

Viburrmm, Carpinus, etc. Tn view of the fact that the fruits of many

of these eastern species are quite unknown we again hesitate to

describe our species belonging to these genera as new.

The newly discovered exotic forms are mainly rekited to species of

Eastern Asia, a few are European. Thus we have, l)esides the Eastern

species mentioned above, Crataegus cuneata now living in China and

Japan and a species of Hipponiantthrnin, a genus now distributed round

the shores of the Mediterranean and in Western and Central Asia. We
have the Central and Southern European species Valeriana trlpteris,

Phi/salis AIkeke)i(/i, and Eqiiisetiun i-aiiiosissinuDn. It may be noted

in passing that all point to .somewhat warmer conditions than at

present prevail in the Netherlands.

Our present investigation of the Tegelen flora brings out one fact

very strikingly. We have already mentioned, both in this paper and

our former, that the living species agreeing with, or most closely

related to many Tegelen species are now living oidy in Eastern

.Asia. It would seem therefore that there is a clo.se affinity between

the Pliocene flora of Tegelen, and llie existing flora of parts of

Eastern Asia ; and that the more we learn about the Tegelen flora,

the more marked does this alHnity become. It is at present too

early to consider what this means; whether it implies that the fiora

of the Far East is a sui'vival of one which originated in Western

Europe but was driven eiistward ; or whether it may rather point

13
Proceedings Royal Acad. Amsterdam. Vol. XIII.
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lo ;i wide-spread Palaearclie (lora, now exienninaled in llie WesI,

iiut snrviving in llic East. It will rc(]nire much lalmrious research

both in East and West to settle lliis inlereslinii' iioiiit.

Ill the Tegclen hiicU-carlli we have discDvered, mixed with the

seeds, various remains of small vertebrates; these Mr. E. T. Nkwton,

who lias so carefully studied the similar remains of liie Cromer

Forest-bed, has now determined for us. Il may be remarked (hal

the spociniens from Teu:elen, like those from (!romer, are usually

very fra^incnlary, but in neither case is there any reason lo doubt

that these small mammals and fishes were contemporaneous with

the plants. .Mr. Nkwto.n's delerminatioiis have already Ikumi |)ublished ')

;

and it will be seen that we iiave obtained since 1907 several

novelties. The complete list is as follows-.

.\bramis brama Linn.

Ang'Liilla vulgaris Linn.

Carpinns rutihis Linn.

E.SOX lucins Linn.

Gasterosteus aculeatus Linn.

Lcuciscus cephalus I;Inn. ?

„ erytliro|)lithalmiis Linn.

Perca tbiviafilis Linn.

Tinea vulgaris Cuv.

Cypridoid teeth (not determined).

Minute curved spines (unknown).

Rana sp.

Talpa europaea Linn.?

Microtus fMimomys) pliocaenicus F. M.\jor.

,, ,, intermedins Newton.

(Jdsterosleus and AiiL/uilld have not j^et been found in the Cromei

Forest-bed ; Microtus intennedin.s is abundant in that deposit

;

Microtus pliocnenicns is found in the slightly older Weybonrn Crag,

in the Norwich Crag, and in the Pliocene deposits of the Val d'Arno.

Notes on the Plants.

Clematis Vitalba Linn. (Fig. 1).

Three well-|)reserved carpels undoubtedly belonging to this species.

Ranunculus repens Linn. (Fig. 2)

Two well-preserved achenes.

1) Bull. Soc. beige de Geologie. Memoires XXI, 591(1907); and Proces- Verbaux
XXIV, 231 (1910).
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Magnolia Kobiis DC. (Figs. 3, 4).

The beautifiilly-preserved seed sliowii in fig. 3 lias been plioto-

graphed side liy side with a recent seed (fig. 4) gro\vn at Kew. For

other specimens, grown near Tokyo, we have to thank Dr. ToKiT.Mto

Ito. There seems no doubt as to the determination of this Japanese

plant.

Euryale limbnrgensis C. and E. M. Reid (Fig. 6).

This specimen siiows the embryotega in place and is figured to

show this curious organ, and its e.xaot resemblance to the recent

species (Fig. 5).

Stellaria aqnatica Scor, (Fig. 7).

Numerous seeds of this species were found in 1908, though none

occurred in our former collection.

Stellaria nemorum Linn. (Fig. 8).

A single broken seed evidently belongs to this species. It shows

the attachment, and the characteristic tubercles with their digitate

sutures.

Lychnis Flos-cuculi Linn.

Three more small seeds agreeing exactly with this species, but

rather small, were found in 1908. They are slightly stipitate; but

on coni[)aring them with good series of recent seeds this stalk is

occasionally found ; it would probably become more prominent in

the fossil tiirough shrinkage of the testa.

Scleranthus aniiuus Linn. (Fig. 127 of former paper).

We can now identify this fruit with S. annuus, which occurs

also not uncommoidy in the Cromer Forest-bed.

H^'pericum sp. 6 (Fig. 9).

Two more species have been found. Fig. 9 shows a minute seed

resendjling H. nioiitnnuin in size and shape, but the sculpture seems

finer and more irregular.

Hypericum sp. 7 (Fig. 10).

A short thick seed evidently belongs to a seventh species; but

(he genus is so large, and our collection of recent seeds is still so

incomplete, that we cannot match it.

Staphylea sp. (Figs. 11, 12, 13).

We have now found a few fragments of seeds of this genus.

The piece figured shows the very characteristic base and attachment

;

13*
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hill il belongs (o no llvuiv apecies willi vvliicli wo Iiave been able

(() foiiipare il. Il is a larger seed than c'lthov S. phiiiiittt ov S. colc/uca

and dillors also in various dclails. Tiie allaciinieiil is round or ovate

with longer axis |)arallel lo llie (iatloned sides. In llie rcceiil .S'. yy/////^//^/

the attachment is transyersel,y ovate. It may be cxtincl; but several

new species of Stapliijhm have been collected by l)i'. Aiku'stinr

Hknky in China, and of some of them no frnits are in the Kew
herbarium.

I'i'unus spinosa Linn. (Fig. 14).

We have found only a single worn stone of this species, and il

looks as if il might have travelled some distance.

I'rnnus cf. lusilanica LiNN. (Figs. 15, 16).

Two fragments of Ihin-walled plum-stones, showing sharp a|)ex,

somewhat tlaltened. They seem to be close to J'niiius Insitimicn,

but the endocarp is much smaller.

Primus Maximoviczii Ri prkcht (Figs. 17, IS).

We have now several more specimens of these small globose

plum-stones ; but most of them seem to have been digested by birds,

oi- have travelled far. One (fig. 18) shows the highly characteristic

loops or folds belonging to Primus Maximoviczii, and has been

photographed side by side with a recent specimen (fig. 17, from a

specimen sent to ns from Yokohama;, to show the exact correspond-

ence. None of our European species show loops of this character.

Rubns sp. (Figs. 19, 20, 21).

Two or three broken and much decayed entlocarps and a few

im|)erfecl prickles are all the remains of liubus we have yet found.

They are quite indeterminable; but the endocarps are nnnsually thin

and of a tlifferent shape from any recent species we have seen.

Unfortunately ripe fruits of Itubus are seldom to be found in herbaria,

and there are many species fruits of which we have not yet examined.

Crataegus cuneata Sieb & Zucc. (Figs. 22, 23, 24, 25, 26).

A single bony carpel, the inner faces meeting at less than aright

angle, agrees exactly with this Japanese 5-car|ielled Craiaciius. We
have photographed the fossil and recent specimens side by side in

two as[)ects.

Hippomarathrum n. sp. ? (Fig. 32).

Two well-preserved but somewhat flattened inflated niericarps,

showing 5 broad strong ribs and numerous small rugosities. They
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are greatly rounded dorsallj and hollowed ventrally, bringing llie

curious triangular base into close proximity to tlie large triangular

beak. We find this same very curious form of mericarp accompanied

by the same large triangular beak in iwo spa^ies of Hippoinarathmtn,

H. vaginatum, and an unnamed species from Turkestan. We have

no hesitation therefore in referring our species to this genus, though

it does not agree with any living species. It has the shape and size

of H. vai/iimtnii), but this species is almost without ribs, whereas

ours is strongly and broadly ribbed. Other species have ribs such

as ours, but do not agree with it in shape or size or in having the

large beak. We do not describe our species as new as we cannot

make a section to show the vitteae; we require more specimens.

The genus Bippomnnithnnn inhabits the Mediterranean region.

It extends in Asia as iar east as Soungaria.

Cryptotaenia? (Fig. 33).

One specimen, somewhat crushed and torn, but otherwise in a

fair slate of preservation. Ribs 5, very strong, merging into a beak

Vs Ibe length of the fruit ; vittae 3 between each pair of dorsal

ribs, those nearest the ribs being in close contact with (hem ; ventral

face somewhat damaged. Length 2.5 mm., breadlli 1.5 miii., length

of beak 0.4 mm.
The only genus showing these characters appears to be the Japa-

nese (Jri/ptotaenia; but our fossil fruit does not agree with the living

species, being much smaller.

Genus? (Fig. 34).

Possibly a lai'ge umbelliferous friiif, biil not sufficiently well-

preserved for delernnnation.

Cornaceae or Araliaceae. (Figs. 27, 28, 29).

We have several minute fruits irregularly 5 or B-angled and

indehiscent. One cut ti-ansversely showed 2 complete cells and

apparently 2 or 3 with abortive seeds. Indehiscent fruits of this

character are found in the Cornaceae (cf Torici'llia) and in the Ara-

liaceae (cf Heptapk'unun)

Viburnum sp. (Figs. 30, 31).

Two endocarps of Viburnum belong to no recent species we have

bsen able to examine, but correspond exactly with an uidiuown

Vihurnum found by us in the Cromer Forest-bed {Linnean Journal-

Botany, XXXVIII, pi. 13, figs. 75, 76, 77). Three species of rZ/wrazOTi

now live in Europe; but the fossil is quite uidike any of these.

There are various species living in Asia, and of most of them we
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tliis fossil ixs an extinct i'orni.

Valeriana triptcris Linn. (Mf^-. 35).

A single specimen seems to correspond exactly willi this Mid-

European species; but as the fruit is nmcli llattoned it is diflicnif

to |)iiotofirai)ii.

iiidens tripartita Linn. (Kig. 36).

Several fra^iucnts evidcullv licl(ini>' to this species; but we have

found no u'ood specimeu.

Cardiins jialuslris Wii.i.i). fFig'. 37).

We have found three fruits, al)out two-thirds (he length of our

recent specimens, but otherwise agreeing. Fossil composite-frnits have

always shrunk considerably, and it is therefore useless to lay much

stress on difference of size.

Physalis Alkekengi T.tnn. (Fig. 38).

Three seeds show the very pecidiar sculpture of this species. They

are somewhat small and have |u-obably shrunk in carbonising, as

happens with all fossil seeds belonging to this order.

Prunella vulgaris Linn. (Fig. 41).

One well-preserved nutlet has been found.

Stachys longiflora Boiss. & Bal. ? (Fig. 43).

Two small nutlets, oval, somewhat truncate, narrowed below with

a small terminal attachment, surface rugose and pustulate. Strikingly

like S. longiflora, i)ut somewhat small.

Genus? (Fig. 42).

A fmely-tubercled nutlet of a labiate, which we are unable to

identify.

Teucrium Botrys Linn. (Figs. 39, 40).

We have only a single nutlet, which we have photographed from

above and below. The irregular rugosity and large basal aperture

are very characteristic of this species.

Polygonum minus Hudson. (Fig. 44).

A few small nuts seem to represent this species.

Polygonum Convolvnlus Linn. (Fig. 4.5).

A single somewhat damaged nut corresponds exactly and shows

the very characteristic granulation of this species.
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Polygonum Bellardi All.

Fig. 68 of our previous paper by mistake was only niagnilied "/,

,

not "Vi as stated, like other species of the genus. The nut is large.

Rumex n. sp. ? (Fig. 46).

Several nuts, often with remains of fruiting sepals, and one good

fruit. This exceedingly minute Rumex shows short triangular fruiting

sepals, one of which bears a longish-oval tubercle; sepals somewhat

waved at margin with strong looped reticulation; nut small, broadly

triangular, with rounded base, so that the greatest width is at one-

third of the height, surface rugose. We can find no recent species at

all like this; but we hesitate to give it a name, as we ha\o only

one good fruit.

Carpinus n. sp. ? (Fig. 47).

Three minute nuts i-epresent a second species of this genus ; hut

they are much loo small to be referred to the European forms.

There are several small-fruited species of Cui'inmis in Japan and

China; the one which corresponds most closely with our fossil is

C. IcLvijiora HI.; but the ribs in our fossil are more prominent.

Poiamogeton crispus Linn. (Fig. 48).

Numerous fruits have now be3n found, though we saw noiu' in

our former gathering.

Cyperus sp. 1 (Fig. 49).

These minute nuts seem to belong lo a species of C'l/jX'rus ; they

are veiy abundant.

Cyperus Sp. 2 (Fig. 50).

This form of Cyperus is almost as abundant as the last.

Dulicliium vesiiiforme ('. and E. M. Ri'in.

This species has been found aliun<lantly in our new colleclion

from Tegelen, and one specimen distinctly shows 9 selae, though

the usual number appears to be 7 or 8. In other respects the fruits

show but little \'ariation. A closely allied form was (ignred by

Dr. J. Stoller in 1909, from Fried richshagen am iMiiggelsee and

Lauenburg a. Elbe ').

Scirpus 3 sp. (Figs. 51, 52, 53).

The three species of Scirpus we have not been able to identify.

The setae are not preserved.

1) .labrb. Konigl. Pieuss. Gcol. Landesanstall fui' 1909, bd. XXX, t. 1. hcfl 1.
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Scirpiis Talicrnacmonlaui (iiMKi,. (Fi}>;. 54).

We have only one rml of tliis s|)CPies.

Inccrla scdes.

Fig. 55 appears to be a iiiiimle hard seed or eiidocarp.

V\gs. 56, 57 represent the inside of the split carpel, of which the

outside was (ignred in 1907 ((ig. J 25). We arc still unable to

identify it.

Fig. 58 is. a minute globular seed sculptured like Papaver; but

we ha\e been unable to refer it to any genus.

Fig. 59 is a hard endoearp with remains of succulent pericarp.

It is probably unripe, but seems unlike anything else we have found.

More specimens have been found of the uidviiowu seed fig. 124

of our former paper. The same species has also been sent to iis by

Baron Okkindi. from Raevels; but we are still unable to suggest its

botanical position. The seeds are small and hard, with thick bony

tesia, often facetted by mutual pressure, and an external curved

''germination groove" along which the .seed burst. The embryo was

pendent, but has left no impression on the smooth interior of the testa.

Equisetuui i-auiosissinium Desf. (Fig. 60).

A fragment of Equiselum showing a hexagonal stem with irregular

transverse rugosity, a six-toothed sheath, each tooth with a central

rib, and two opposite buds. These characters are found combined

in E. ramosiisimuin and we may refer our specimen to this

species. It is probably a portion of a branch close to the rhizome.

We have found such a branch on a specimen from the Canton Yaud,

in Switzerland, which agrees in every detail with our fossil. The

species is widely distributed throughout Southern Europe, Asia, and

Africa, but does not now extend so far north as Tegelen.

DESGPdPTlON OF THE PLATE.

Fig. 1. Clematis Vilalba Linn. Acheue. '''\.

„ 2. Ranunculus repens Linn. Achene. i-/i.

, 3. Magnolia Kobus DC. Seed (fossil). Vi-

, 4. „ „ Seed (recenl). s/i-

„ 5. Euiyale ferox Salisb Seed (recent), ^/j.

, 6. , limburgensis C. and E. M. Reid. Seed. ^i.

„ 7. Stellaiia aqualica Scop. Seed. i-/j.
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Fig. 8. Slellaria nemorum Linn. Broken seed. 'Vi-

, 9. Hypericum sp. 6. Seed, -'/i-

, 10. , , 7. Seed. ^Vi-

11. Staphylea sp. Interior of broken seed. Vi-

12 . Side view of altacliment. 'Vi.

13. , „ Base of seed. '/j.

14. Prunus spinosa Linn. Decayed stone, s/^.

15 16. Prunus cf. lusilanica Linn. Interior and exterior of broken stones, ^'i-

17. Prunus Maxiinoviczii Ruprecht. Recent stone. 'Vi.

1 o , Fossil stone. Vi-

19. Rubus sp. Lxterior of endocarp. "
i-

'20. , , Interior of endocarp (anollier specimen), "/i-

[21. , „ Prickle. Vi-

2-2. Crataegus cuneata Sieb. i^- Zucc. (fossil). Inner face of carpel. Vi-

OQ ,
u''ossil). Outer , , , =Vi-

24. , ,
(recent). , , , , Vi.

c.r-. (fossil). Side view , , -Vi-

26. , ,
(.recent). , , , „ Vi-

27, 28, 29. Gornacae or Araliaccae. Three specimens, showing interior, side

view, and apex, ''/i-

30. Viburnum sp. Dorsal view of endocarp. Vi-

[31. , , Ventral „ „ ,
(another specimen), c/i.

3.'. Hippomarathrum u. sp. V Mericarp. «i.

, 33. Gryptotaenia ? Mericarp. i-/i-

, 34. Umbelliferous Mericarp. V -'/i.

35. Valeriana tripteris Linn. Fruit, '^j.

'^ 3G. Bider.s tripartita Linn. Damaged fruit. V,.

, 37. Garduus palustris Willd. Fruit. Vi.

„ 38. Physalis Alkekengi Linn. Seed. i-/i-

39, 40. Teucrium Botrys Linn. Top and base of nutlet. '=
'•

^ 41. Prunella vulgaris Linn. Ventral face of nutlet. '3/^.

42. Labiate, genus unknown. 'Vi-

] 43. Staciiys longiflora Boiss & Bal. ? Nutlet, i^/j.

41. Polygonum minus Hubs. Nut. 'Vf

A", convolvulus Linn Nut. 'Vi-

„ 46. Rumex n. sp. ? Fruit, "/j.

, 47. Garpinus n. sp. ? Nut. \.

, 48. Polamogelon crispus Linn. Fruit. Vi-

, 49. Gyperus? sp. 1. Nut. '-/i-

, 50. Gyperus? sp. 2. Nut. is/i-

, 51, 52, 53. Scirpus 3 sp. Nuts. '2/1.

54. Scirpus Tabernaemontani Gmel. Nut. 1-/1.

„ 55. Unknown, -'/i-

, 56, 57. Inside of unknown carpel. i-/i-

, 58. Papaveraceae •? Seed. -^\x-

59. Unknown endocarp with remains of pericarp. Vi-

„ 60. Equisetum ramosissimum Desf. ^j.

/!•
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Mathematics. — "Infinitesimal iteration of reciproml fiinrtions''

(2'"' Tart.). By Dr. M. J. van Uven. (Coiiiiriiinicatod by

Prof. W. Kaptkyn.

(Communicated in llie meeting of May 28, 1910).

^ 5. In ^ 4 of ray first jKiper (Proceedings of tlie Kon. Akad. v.

Wclcnschaiipen, May 28, 1910) we have tried to let tlio syminotric

equation

S{.v,y) =
pass l)v means of tiie symniclric iirojcctive Iransfoi'nialioii

«§ + ^'i + y /?5 -r «'2 + y
,

, ,
^

rf($- + 7/) + f •' rf(§ + -.;) + ?

into liie oqualion

i|'(^") + «!•('/) = 2^-,

and we have found, that the fnnclidn >%r,i/) had to satisfy tiie difle-

rential condition :

rf'S.-: + (« -\-
i^) f^i^sz + S^.) 4 \«i^S,: -f {,r + ft') S,,, + aftS.y] =z 0, (18)

wliich equation was obtaijicd after by inlrodnclion of llie fiiclor of

iiomogeneity : we iiad made the expression i%r,i/) honmgeneotis.

When exclnding the afline Iransloi'uialiou we migiil piil *f = 1

,

l)v wiiicli (18) would have passed into

Sz-. + (« + l^m. + Sj,) + [a^S,, + in' + ft'-)
S., + aftS,,,] r= 0. (1 8«)

As (18a) had to be satisfied independent of the value of tiie coor-

dinates, this equation represented a series of relations between the

constants « and ft of the transformation (15) (with rf=l) and the

constants of S'x,y). If we chose for S[.v,y) = the symmetric qua-

dratic equation

^\ = a,{.v + yY + 2b,.Ty + 2a,(.. + y) + «„ = 0,

then there proved to be one condition, namely

«„ + 2a,{a + ft) + {a, + l>,) {a + ft)'
- 2b,aft = 0, . . (19)

whilst wiien for SU%y) = we chose the symmetric cubic equation

5, = a,{.v f 2/)'+ 3b,{a^ i y).vy + 3«,(.t; f yf + ^Kxy -f-
3«,(,t- + y ) + a„ =

we arrived at two conditions, namely

a, + {2a, + b,){a + ft) + {a, + ?^,)(« + !?)^ - b.aft r= . (21)

o„ + 2a,(« + ft) + {a, + h,){a + ftf
- 2b,aft = 0, . . (19)

of wdiich the last was the same as that of the quadratic equation.

We shall now point out that with an efficient notation of the

equations the conditions which must hold for the symmetric equation

of order ni — 1 are all conlained in those belonging to the symme-
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trie equation of order m, so that (lie reappearance of the condition

(19) ensues for the cubic equation from a general principle.

Beforehand we shall make the symmetrical function of order 771.

Sm{x,i/) homogeneous with the aid of the factor : and then we shall

arrange it according to ascending powers of :. We then put

-S',,, = s,„ -\- ms,,11—

\

tn [m— 1) + ... + 7n«,.-'«-i +..„-«, (2G)

where Sk represents a homogeneous function of x and // of degree /i;.

The notations cliosen by us for the quadratic and cid)ic equation

are evidently in accordance with this precept.

We introduce the following notations

:

as a^5
^ r= D,S ,

—- = D,,S, etc.
0.x d.cOz

J
Sdz = D, '5,

(27)

so that when intcgraling D-—^S no term appears independent of 2,

therefore no term exclusively dependent of .r and //.

From llic e(|nation (26) now follows immediately

D,S,,. = mS,„ _
1 (28)

and

S,, = s „ + niD7^ S,n-i (29)

Fartheron we find, as a result of (29),

DyySnl T= I)y,iSi,i -j- ThD —^ D,j,jSi,l-

From (28) follows moreover

DxzSui = mDxSm-\ = mDjc \s,n-\ + ('«—!) l>-~^S,n~<i\ =
=1 !nDjS,a—i -\- m {in— 1) Jjj_D:—^Si,i^2 •

Now holds

JDAi-i = ('« — !) '%,-2

,

therefore

i^xzSm-\ = (m—l) -D.,'S,„_2

and

D,-Wx._S,n-\ = ('«-!) D-W,,S,n-2 ^ (m- 1) DrD,-^S,n^. ,

SO that we find

and likewise
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Dip- S,n = mDy s,„_i -f //( i>j-' JJy;: S,n—\ .

Fartheion we have

l>;A=ml):S,n-\ =m(«j-l)5,„_o =m(m— l)\s,n-2 +(m— 2 )£»,-' S,„_3! =
=r »l (m — 1) S,„_2 -f "' ('/I -1) (/«— 2) Z>;~' 'S,„-3,

whilst

-D--^ Sm-i = (»«— 1)A -Sm-a = ('«-!) ('"-2) -S,„_3,

iind Iherefore also

D-^ I),, .S,„_i = (m -
1 )

(m - 2) A-' -S^-s

;

consequently we find

Dzz S,n = m (m— 1) s„i-2 + mJJ—^ D., .S,„ - i
.

When reducing DxzS,,, and D.-.S,,, we have had lo niakearound-

aluiut wav, because the S3inl)ols /)- and /A-"' do «<'< annul each other.

Tlie dill'erenlial condition (18«) we can write as follows symbolically :

\Dzz 4- («+ !') {D,..^D,,z) + [a^D,, -\- (n» + ^=) Z>,.„ + «/?i)„,]| S=0, (18a)

or if we represent the differential operator by L
LS—o (186)

From the reductions found Just now is evident that

AS,„ z=m{m-l) s...-i 4- m (« hi?) (A- f i>-/) s,.., - 1 +

The expression A,S,„ is of order ?h—2, A;S„, . i
is of order m—3,

i)--i LS,„—\ is m X and y likewise of order in—3. The term i!„-2

contains therefore all expressions, which are in .f and y of order ?/;— 2.

The condition A<S,„ = 0, which must be satisfied independent of

.r and y, now demands that the coetiicients of ^/// terms with .i- and //

are zero. From this ensues that the coefficients must vanish from

all terms out of which t,„-i is built up, as well as from all terms

out of which AS.,,— I is composed.

This last condition, however, is also expressed by

SO that the conditions ensuing from A,S',„_i =: are included in the

conditions following out of LS,,, = 0.

Let us consider the affine transformation ; then we must put in

(18) ri= 0, in consequence the differential condition runs

:

[aiiDxx^{a-^i3')Dxy-^a^D,jy]S„, = . . . (24a)

or

A'-S,„ = 0, (246)

for which we can also write

A's,„ J m D-^ A'S,u-i = 0.

Also for the affne transformation the conditions ensiuni/ from
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L'S,n-\ = are included in the conditions which are consequences

of A'S,n = 0..

We shall now find the number of relations between the constants

« and i3 of the projective transformation (J 5) (d^ 1^^"*^ the constants

of S,„{x,y).

With respect to the terms t„t,, etc. the following holds:

h = P, (* + i/Y + 29,*7/,

t, =p, (a- + yf + 3?3('« + y) ^.'/,

t.,H=P2h (* + y)-'' + 2A qu (.* + y)2(/'-0 .^?/ + . . + (...) (.i-.v)'',

SO that

to/, contains h -\- 1 terms,

hh-\-i ,, h -\- 1 „

U ni is even, hence m = 2k, the number of terms of

!=»i-2 h=k-\ A=A—

2

AS,,, = AS-^k — 2 ti— 2 hh + 2 «2/,+i

i=0 /i=0 h=0

is given by

h^k—\ h=k—1 h=k-2 „i»V ^/.+ 1)+ 2 (A + l) = 2 ^ (Af 1) + X; = P = -.
/i='j /i=ij A=n -1

If on the other hand )a is odd, hence m^2l--\-l, then the

number of terms of

i=?/t— : ii=k—\ h=k-i
hS,n = ASik+i = 2^ ti = 2 t-,n + ^ i2h+\

is determined by
l,=k—l h=k~\ //=*-! 7n'—

1

V (A-fl)4- ^ (A-fl) = 2 V (/,4_1) = X:(A4-1) =——

.

A=0 /<=() A—II 4

For even values of m, the condition LSm ^ as well as the

m''

condition L'S,u= represents — relations between « and /} and the

constants of Sm-
w'—

1

For odd values of m this numlier ot relations amounts to .

4

As the expression A,S,„ is heterogeneous in « and ;? there must exist

c
'»'

between the coefficients of the equation ,S',„ ^ resp. — 2 and
4

OT=—

1

2 relations for that equation to be brought by projective

transfox'mation into the form ip (5) I- ^{'l) = '2k.
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As llie oxiiicssidii A'5,n is homogeneous in u and [i, llicrc must

in' m'— 1

exist between the ooefiicients of b„i^=0 resp. land 1
4 4

relations, if this ecpiation is to pass l)v means of rt/yZ/^c traiisfoi'rnation

into the form i^s) ^ tH>/) = 2/:.

§ (i. If we consider the conic represented !)>• ,S,(,r,r/) = and the

cubic curve I'epresented bv ,S',(.r,//) := 0, it is evident tlial these are

symmetric witli respect to the line // = .>•.

Whilst in ^ 5 we have found for the coordinates x and y of a

point of a curve S,{'V,y) = 0, resj). S,{a;,y) = expressions, wliich

were irrational with respect to the odd function r = a . to ((f), we
can also express tiie coordinates of the conic and of the unicursal

cubic curve in rational functions of r.

For the conic we have only to put

P,t' + p,r + p, py — p,x + p„

and for the rational cubic curve

;>,t' 4- p,t' + p^x + /'o — P,t' + p^x' - pj + p„
.V — —

, y = ^— . (31

Elimination of t out of tlie equations (30) furnishes

(Po<7. - P^qoY ('" - liY + /':'[7oO« 4- ?') - 2p„][q,{.v + ;i)
- 2y,J ^ 0,(32)

wh'lst after elimination of t out of the expressions (31) we arrive at

ih\'h - i\%YiqA-'- + y) - 2y',](.« - nY +
+ [?»'•' + Z/)

- 2/'„] [(/','?, -P,q,){'>= + y) - -'(?',/', - /'„/',)]" == 0. (33)

The equations (32) and (33) can now very easily be identified

with the standard forms S, = and .S', = 0.

Chemistry. — "The eqiiilibriuni soUd-Uqakl-cjas in binun/ si/stetns

ivliich present mixed cnjstals." (2'"' Communication), iiy Dr. H.

R. Krcyt. (Communicated I)y Prof. P. van Rombukgh).

(Communicated in the meeting of May 28, 1910).

In a previous communication *) I showed what forms the line

of the monovariant three-phase equilibrium solid-liquid-gas can assume

in systems in which a continuous series of mixed crystals forms the

solid phase. The appearance of the three possible forms (maximum.

1) Proc. Vol. XII, p. 537.
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iiiiniimini or willionl max. ami miu.) proved to be dependent on the

ditferenee of the triple point pressures of the components and of the

form of the melting diagram.

I ha\e started tlie experimental investigation of this kind of equi-

libria with the system imradlchloro- and paradibroniobenzene, a

system in which a complete series of solid-gas equilibria and the

boiling point lines have already been determined liy Kuster '). That

system had tiie great advantage that both its components could be

determined analytically in a mixture.

The investigations have been carried out by means of an apparatus

the principle of which is the same as that of Kuster's, but in which

a number of technical impro\ ements have been made in consultation

with our mechanician Mr. de Groot, thus removing many difiiculties.

Fidl details of the experiments will not be given here, but later in

the "Zeitschrift fiir physikalische Chemie". The Figures 1 and 2 will

be understood suflficiently after a slight explanation.

In Fig. 1 is shown the section of a diving-bell which plunges into

the thermostat A (also indicated in Fig. 2). Both the air and the

partially fused substance contained in the small basin 1 are stirred

by means of the stirrers {G and F) which are connected with the

bell by metallic mercuryseals (C and D). If after a number of

hours the saturated vapour has formed in the bell, some litres of

this are drawn off through the tube L. In Fig. 2 it will then be

seen that this gas passes through a tidie placed in the furnace m and
tilled with calcium oxide which decomposes the p CgH^Cl, and n

(JjH.Br, and retains the halogens as CaCU and Ca Br,, which may
be readily determined quantitatively. The amount of gas wliich has

passed out of the bell is ascertained b^- measuring the water which
has run from the aspirator flask s.

(h'/ii is a constant level arrangement and / a steam jacket to

prevent condensation of the saturated vapour between the thermostat

and the combustion tube; < is the appertaining boiler.

The extra pressui'e in the bell is (iually read olf on the watcr-

fllled manometer (Fig. 1).

The water drawn from the aspirator gives us the volume of the

gas drawn from the bell in the following manner

:

Let us call V-^ the volume wanted, V^ that of the water passed

out; Ti and P^ the temperature and pressure in the bell, T, and
Pj that in the aspirator; jr, the saturated water vapour pressure at

7;°, -T, that at i;°, then we have:

») Zeitschr. f. piiysik. Gliein. 50, 65 ami 51, 222 (1905).
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P, - Jr, T,
J •"!

' P, - ^. 'J\

But this ]^, (loos not yd i'('|)i'esciit (he exact voliiiiic. For (hiring

the passage through tiie tube tlie molecules of the substituted ben-

zenes have been discomposed and iiave used the rc(|uisite amount of

oxygen for tiieir combustion '). Therefore, T, will have to be increased

with

T, 760
7i X —^ X X 22 43 c cm.
^ 273 ^ 1\

for each millimol. which, according to the analysis, has been destro^'ed

by the calcium oxide.

Now, if we know the volume drawn out and, from the analysis,

the number of molecules of the compounds present therein we can

calculate the pressure exercised by the saturated va])Our in the bell.

This indirect determination of small vapour pressures suffers, of

course, from tlie defect that no notice is taken of any association of

molecules. But this is of very little cdnsofpience in liicsc experiments.

J refrain from giving, in liiis coniMiunicalion, lull details as to

the purification of the various materials, the preliminary experiments

made to see whether my experiments were in accoid with those of

KfJsTKK and the experiments made to find a siin]ile analytical method

for the determination of Hr and CI in presence of each other; also

the results of blank experiments. I will only state that the melting

points are: p-C,H,Cl„ 53^0 and /)-C„H,Br,, 87°,2. My preparations

had, therefore, a higher ni. p. than those of Kustek and were, there-

fore, presumably purer and in fact, on repeating one of Kuster's

experiments I found a somewhat higher vapour pressure. The

analytical method employed consisted in dissolving the calcium oxide

in dilute HNO, and adding an excess of N/ 10 AgNO,, the precipitate

consisting of silver chloride and bromide was weighed in a GoocH

crucible and the excess of silver in the filtrate was determined by

Vot.hard's method. From these data the two halogens may be readily

calculated

.

The branches of the melting jioint line were delci'miiied iji the

usual manner. It should be observed here thai the luauch ol' the

composition of the li(|iii(l may be determined very sharply (initial

solidifying points) but, on the other hand the delemiinalion of the

end solidifying points and the initial melting points is Iwset with

ij The GO2 formed is retained in a vvaslibi^llle conlainiiig strong IvOH (l''ig, 2)

and also by Ihe liquid from (he aspirator which has been rendered alkaline with

KOH.
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great difficulties so that tlie accumey of the figures for those branches

is not so great. In tahle I are found (lie results of the respective

determinations.

In table II are given tiie results of the determination of the two

triple point pressures. From this we notice that they differ but very

little and tiiat one of the conditions for a course with a maximum

or mininmni in the three-phase line has, therefore, been complied with.

Finally, we find in table III the results of the three-phase tension

and gas-composition for mixtures. In Fig. 3, a combined [it and t,v.

projection, all the results have been united.

From this graphic representation it is shown that we are dealing

here with a case which, in my previous paper, I have called case Ila.

In addition to the demand for about equal triple |)oint pressures,

it is also necessary to comply with the demand that, at the side of

p-CsH,CL, the branches of the melting point line shall diverge widely.

Now, this is not exactly what takes place here and at the beginning

of tins research, after finding that the tri[)le point pressures were

nearly the same, I fully expected to find case 116 (minimum), because

from the line of the initial solidifying points, tis found by Kustek

a closed figure at the side of the dichloro-component was to be

expected. Nevertheless, the remark on pg. 544 of i\\\ first commu-
nication explains these results; because in the expression

(l-.«/.)Pr,« ' +Jt>/y</Vp

the term x^—.)/, occurs as an exponential, even a very small \alue

of that term will cause an increase of the pressure proceeding from

the triple point along the three-phase line.

The three-phase line with a maximum is therefore remarkablv

enough, ihe normal case in the systems with mixed crystals, as well

as in those with pure crystallised components. I may add (and indeed

this will be readily noticed) that such is also the case for systems

with a limited miscibility in the solid phase; the study of the spacial

TABLE I.

Melting point line branches.

gr.pQH.Cl.
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diagrams of those systems, also of llic iicciiliar propcitio.s ol'tlie (liree-

pliase line, i:as engaged my atteiilioii (or a considerable liinc 1 hope

to refer (o lliis later.

TABLE II.

Triple point pressures of the components.

Component.
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On treating an acid decoction of these leaves with sodium carbonate

he obtained small crystals which lie thonglit might be quinine

sulphate

JuNGUUHN proceeds: "Although Dr. J. E. de Vkij has already

analysed cincliona leaves from Tji-Bodas and stated in his report

that he has not found a trace of alkaloids therein still I have thought

it necessary to test once more carefully the leaves of all our local

cinchona species as to their possible alkaloid content, and this was

carried out in exactly the same manner as the assay of the barks."

Junghuhn's process was as follows

:

The leaves with the stalks adhering were cut up into small pieces

and dried at 100^ until no further loss of weight took place. 40

grams of the dry sample Avere now boiled gently for an hour with

10 times the w-eight of acid water (1 part of sulphuric acid to 300

parts of water), the water lost on evaporation being constantly

replenished.

The decoction was filtered through tlanel and the mass boiled

once more with acid water and then twice with plain water. The
united fdtrates contained in a cylindrical glass were neutralised with

ammonia and treated with a solution of tarmic acid and the preci-

pitate was collected on a tilter.

JuxGHUHN was of opiuiou that the precipitate consisted of a bitan-

nate of quinine and chinchonine and treated it with calcium hydroxide

and alcohol. The alcoholic tiltrate was evaporated in a little basin

and the residue dissolved in water containing sulphuric acid and

tillered. The acid liquid occupying not more than 7 or 10 cc. was

collected in a beaker and rendered alkaline with ammonium car-

bonate which caused the alkaloids to be precipitated as white tlakes.

The precipitate was collected on a weighed filter, dried and weighed.

The alkaloid content found by Junghuhn in this manner amounted

in the leaves of C. Palmdiana to 0.420 7o> of C. lancifolia to

0,220 7„, of C. Calisayn to 0.587 and of C. succirubm (fallen,

partly green, partly reddish-brown and withered} to 0.520 "/„.

After Junghuhn, it was de Vrij who was engaged in the investi-

gation of the leaves of the cinchona tree.

De Yrij first attempted to extract the powdered leaves with dilute

hydrochloric acid but the results obtained were very unfavourable.

He then operated as follows :

')

The powdered leaves were raised in a spaceous porcelain dish

with one-fourth part by weight of calcium hydroxide and then made
with water into a thin paste which was left for some days with

1) Kinologicol sluclies: Ned. Tijclschr. Pharm. Chem. and Toxic. 1896.

14*
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oocasioiiixl stirring uiilil llit' uliole niixUire had afssmiied a darU-red

colour.

Tlio object of (Ills tedious repeated stirring was to convert I ho

iai-.no (|iianlil_y of kinolannic acid present in tlio leaves, wliich was

pi'ol)alily tlio canse of the failure of the hydrochloric acid extraction,

into cinchona red by the action (if the aii' and the excess of calcium

liydnixide and this object was fidly oiilained. The niixlure was now
dried and oxtiacted with alcohol which was afterwai-ds recovered

by disiillalion. The residue was then warmed with dilute acolic

acid and (lie calcium precipitated with aniuKiniuni oxalate, 'i'ho

licpiid was liltered, a larp,e quantity of chlorophyl being left on the fdter.

The |iorfectly clear filtrate had a very pale yellow coloni- and yielded

\\ilh atumonia an abundant, voluminous, but very light |)r('ci|)ilate,

the weight of which, al'ier washing and drying amonnk'd lo only

0.162 %• II "'1^ '-^ deep yellow powder which did not melt on

the wateiliatli, but dissolved in alcohol to a brown solution. This

was again evaporated and the residue converted into acid snl|)hate;

a comparatively large quantify of a reddish-brown substance remained

insoluble and was i-omovcd by filtration. To the almost colourless

fillralo was now added a solution of iodine in potassium iodide,

which yielded a fairly abundant precipitate. This was collected on

a filter, washed, dried and dissolved in a little warm alcohol.

In Ihis li(piid Prof. Ukhrens could not observe microchemically,

a trace of aijy kind of crystalline herapatliite ') from which it fol-

lows that the said precipitate is a compound of amorphous alkoloid

with .IH.l and H,SO,.

The conclusion arrived at by DE Viu.i from this investigation of

the cinchona leaves is that they contain one (or more) amorphous

alkaloids which are afterwards converted in the living ])lant into

crystalline alkaloids such as occur in admixture with more or less

amorphous alkaloid in the cinchona barks.

According to Moens") the leaves contain very little or no alkaloid

and .1. ('. Howard") found once a little in ^S'McaV/<6rrt leaves, but after-

wards none in 20 pounds of the same.

From fresh Svccinihra leaves Broughton '') also obtained only

t).()041 7„ of alkaloid of which 0.0016 7„ was quinine; from the dry

leaves 0.019 "/„ of alkaloid of which 0.008 "/„ was quinine; from

Li'dgeriana leaves Moens obtained only traces.

I) Kinological Stucfics. Ned. Tijdsch. Pharm. Ghcm. and Toxicol. 18U9 p. lUl

-) The Ciucliona culture in Asia 1854—1882.
S) Ph J. 1878 p. 541.

*) Blue book 1870 p. 278.
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In fresh C. officinalis leaves, Broughton tbuiid 0.0035 7,, of alka-

loid of which 0.0015 7o was quinine.

Owing to the very divergent resnlts obtained in the analysis of

the cinchona leaves, Lotsy') decided to investigate the loaves of the

cinchona tree once more and to ascertain whether these' organs play

also a role in the formation of the alkaloid.

The modus operandi: employed by Lotsy is described as follows:

The parts of the leaf (to the left and the right of the midrib) were

cut up into very small squares and boiled for half an hour in alcohol

containing 72 7o of HCl (20cc. of strong hydrochloric acid per liti-e).

This took place on the waterbath in small Eulenmeyek flasks closed

with a cork fitted witii a long tube serving as a reflux cojidenser.

The alcohol was then poured into small porcelain dishes placed on

the waterbath and e\aporated nearly to dryness. Water was poured

into the dishes and the solution again evaporated nearly to dryness

in order to be certain that all the alcohol had been expelled.

More water was again added, the solution was filtered and the

filtrate collected in a separatory funnel. After being rendered alkaline

with KliO, the liquid was shaken with chloroform, which was then

evaporated in a watchglass on the waterbath.

The residue was then taken up with water containing 7^ 7o of

HCl and thoroughly rubbed with a glass rod to detach the resinous

matters from the watch-glass. The solution was passed through a

miniature tilter and the filtrate then ustd for the alkaloid reactions.

LoTsv (I.e.) now arrives at the following conclusions.

3. The amount of alkaloid present in the leaves of a Cinchona,

succiruhra and in those of a Chinchona Ledgeriana is many times

more than sufficient, when transported to the bark regularly, to form

the amount of alkaloid present therein pg. 8.

2. Cinchona succiruhra leaves can part with the whole of their

alkaloid supply in 12 hours p. 99.

3. The extent of the formation and migration of the alkoloid is

influenced by the weather.

4. The alkaloid disapfjearing from the Siiccirubra leaf is trans-

ported to the stem pg. 18.

5. The alkaloid which is found afterwards in the same leaf has

been generated by the leaf itself.

And on pg. 19 it is further stated.

"We may, therefore, come to the final conclusion, without being

unduly speculative, that in the cinchona trees the alkaloid is formed

1) J. P. Lotsy. Pliysiological e.xperiments carried out witli Cinchona Succiruhra.

Gommunicalion from the Government Botanical Gardens 36 1899.
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ill iho loaves and from tlioiicc ininrales lo the slcin, wlioii^ i( is

retained eitluM' in its oriji,inal ronii or in lliat of a new coiiiikiiiikI

(tlms forniiiif; an alkaloid di/lercnl (Voiii that derived fVoin (!:• leaves)"

and fnrllior

:

'•it stands (o reason that llicse e.\|)oriinenls do not yet exclude I he

possibility of a formation of alkaloids in the haiU itself but —
looking at tiie experiments and the arnninents iield — we may

safely assume that it is insignificanl, in comparison to what is formed

in the leaves and from tiience transported to the stem.

Experimental.

In my own investigation the above mentioned process of Lotsy

was tried lirst but this ditl not prove satisfactory, for if, according

to Lotsy's directions, potassium hydroxide is added to an acid solution

of cinchona alkaloid still containing impurities the first drops throw

down no alkaloid, but all kimis of impurities and, considering the

large number of substances occurring in the leaves, which pass

together with the alkaloid into the different solvents, this separation

of impurities is not trilling. It would have been better (and the

results obtained would have looked quite dilferent) not to have used

an acid solution for testing of alkaloids, but to have neutralised

the liquid (or rendered the same faintly alkaline) in order to get

rid of the impurities.

Then, there would have been no risk of failing to obtain a preci-

pitate by adding an insufficiency of alkali to a too strongly jicid

solution, and all danger of a coprecipitation of foreign matters would

have been avoided.

The following process was therefore employed.

24 gi"ams (or less) of the leaf powder (sieve B 40) were mixed

with 12 grams oi calcium hydroxide and then made into a coarse

mass with S grams of IS'/o sodium hydroxide and 12 grams of

ammonia. This mass was shaken for 3—4 hours with 600 cc. of

ether and from the clear, green solution 500 cc. (= 20 grams of

leaf) were taken. Before proceeding to distillation iO cc. of I7o sul-

phuric acid and 20 cc. of water w^ere added and the mixture was

thoroughly shaken.

The ether was now distilled olf very slowly.

If the ether is evaporated before addition of the acid water, the large

quantity of vegetable fat prevents a thorough contact between the

acid and the alkaloid; and a loss occurs.

When manipulating like this in the analysis of leaf rib and leaf
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stalk all the impurities were separated in a piilverous foi-m, and the

washing caused no trouble whatever.

When testing mesophyll particularly that of the Ledgeriana leaf,

in which occurs more vegetable fat, this did not go so readily, and

traces of alkaloids were i-etained.

The acid yellow coloured liquid was thoroughly shaken in the

tlask with a few pyropes and filtered.

The filtrate was collected in the separatory funnel and the flask

containing the insoluble impurities washed repeatedly with water,

until the washings were no longer acid.

After being rendered alkaline, the liquid was shaken four times

in succession with 50 cc. of ether, and each time, the tlask, in which

the extracted liquid was collected before being returned to tiie

funnel, was rinsed with 50 cc. of elher.

The ethereal liquids were collected in another separatory funnel

and left at rest for some time to allow any alkali and suspended

impurities to deposit.

The deposit formed was then removed with water and the washing

continued until the water was no longer alkaline.

The pale yellow coloured ether, containing the alkaloid in solution,

was first shaken with 10 cc. of A7,o hydrochloric acid and a little

water.

After the two layers had separated, the acid aqueous solution

containing the alkaloid was collected in a beaker and the ether was

again shaken four times in succession with pure water.

After the etiier dissolved in the acid water had evaporated spon-

taneously the excess of acid in the licpiid (measuring about 250 cc.)

was titrated with ^\7,„ alkali, using haematoxylin as indicator.

The observation of the change from yellow into green requires

some practice, but still the end reaction is plainly perceptible.

The above method, though tedious, gave good results and the

following analyses of bark show that the alkaloid is completely

extracted. Assay A is made by the method described and B by a

totally different method of iiark analysis.

Sample 1.

A. 7.70 Yd of quinine sulphate.

B. 7.60 7„ „

Sample 2.

A. 5.00 7o "f quinine sulphate.

B. 4.98 "I,
I "
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Sample 3.

A. 5.40"^ of (|iiiiiiiio siilnliale.

/>'. 5.40 7„ .,

Siiniple 4.

A. 6.85 7(1 of (|iiiiii'iio siiljiliale.

11 6.84 7„ „

Tlic subjoined figures were obtained, In \\w nietiiod doscribod, in

liie assay of ('. sticcirubra leaves wiliioul mid-iib.

1^' analysis 0.739 "
„ of (olal alkaloid.

2"'i „ 0.721 7„ „ „

3"i „ 0.739 7„ „ „
4t'' 750°/

Now, in order lo ascerlain ulicllior llie results obtained by Lotsy ')

were correct, the process described by iiiin was followed, that is to

say, that two lialves of the same leaf were always used for the

researcii. These halves were always longitudinal ones.

They were obtained by cutting exactly along the mid-rib of the

leaf. In tiiis manner the leaf was divided iido two uiie(iual parts

one with and one without mid-rib.

The piece without mid-rib was tested at once, that with the mid-

rib remained attached to the tree. At the end of the experiment the

nnd-rib was removed and the remaining lialf of the leaf was then tested.

The pieces of leaf to the left and the right of the same mid-rib

were in this manner compared with each other and Lotsv obtained

the following results (I.e. pg. 9).

6 p.m. 18 Sept. '99 G a.m. 19 Sept. '99.

N°. 284 full empty

,, 285 ,, ,,

„ 286 „ . . . . „

,, 287 ,, ,,

,, 288 ,, ,,

,, lou ,, ,,

j; ZyX ,, JJ

,, 2iJ2i ,, ,,

6 a.m. 21 Sept. '99 6 p.m. 21 Sept. '99,

N". 305 full empty

„ 308 ,, ,,

„ 310 )>

1) I.e. p. 4.
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In order (o ascertain the possible intlnence of light and darkness,

I placed on J 9/8 '08 a Ledgerinna tree about five years old entirely

under a box lined with lead foil but first of all, from a large portion

of the well developed tree one half of each leaf was removed, leaving

the mid-rib attached to the other lialf.

After removing the box on 3/9 "08 the second half of the leaves

was examined.

Result

:

I. .1. Investigation of the part without mid-rib viz. that removed

from the leaf before covering with the box.

1^^ half. Total alkaloid 0.4U)"/„

.

B. Investigation of the other half of the leaf viz. that which had

been excluded from the light for 16 days with its rib.

2'>'' half. Total alkaloid 0.4307„

.

II. A. Investigation of the part without mid-rib, viz. the part

removed from the leaf before covering with tlie box.

l»t half. 0.-H2°/„ of total alkaloid.

B. Investigation of the other half of the leaf, viz. the part excluded

from the light for 16 days with the rib.

2-"' iialf. 0.4107„ of total alkaloid.

Leaf rib and leaf stalk 0.695''/„ of total alkaloid.

In addition to the above experiments the following comparative

experiments were made.

A cultivating bed planted with Ledgeriana seedlings was divided

into two plots A and B.

The plants in plot A were on 19/8 '03 excluded from the

light by means of a box lined with lead foil, but beforehand one-

half of the leaf was removed and investigated.

Plot B remained uncovei'ed and, therefore, kept growing under

normal conditions but one-half of the leaf was also removed and tested.

On 4/9 '08, or 16 days afterwards, the box was removed and the

other half of the leaf was tested, also the 2'"' half of the leaf from

plot B.

Plot A (leaves, the first half tested 19/8, the 2"'! half after having

been in darkness for 16 days).

Plot A. i^' half of the leaf. Total alkaloid 0.5087„

.

2"^' „ „ „ „ (darkness) Total alkaloid 0.530"/„

.

Plat B. 1^' half of the leaf. Total alkaloid 0.4477„

.

2"d „ „ „ „ (light) Total alkaloid 0.4607„.

If now, Lotsy's theory were correct that the alkaloid in the Cinchonas

is a product of assimilation, therefore a substance formed like ainylum
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ill (lie leaf and ready (o be conveyed lo llic slcin, (lie leaves wliicli

luive been excluded from llic light for a considoral)le time ought no

longer to contain alkaloids or, in any case, much less than llie leaf

under normal conditions.

The above results, however, show the reverse. Moreoxer, according

to the said theory, none or little alkaloid ought (o be present in the

fallen leaves and this should have been transporled previously to the

foil either entirely or for the greater part.

The subjoined analyses, however show (he reverse.

Mesophyll of

plucked, still living,

green Succirubra-

leaves.

I.

Mesophyll of fallen

Succirubra leaves

of the same tree.

II.

Leaf stalk and

mesophyll of the

still living green

leaf.

111.

Leaf stalk and

mesophyll of the

fallen Succirubra

leaf.

IV.

Total alkaloid
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I.

C. succinibra leaves.

a. 1*' half removed at 6 p.m. Total alkaloid:

0.197 gram in 50 half leaves.

b. 2'"' half removed at 6°'clock next morning. Total alkaloid:

0.212 gram in 50 half leave.s.

II.

C Succinibra leaves.

a. 1*' half removed at 6. p.m. Total alkaloid:

0.248 gram in 50 half leaves.

b. 2""^ half removed at 6 "clock next moniing. Tolal alkaloid:

0.254 gram in 50 half leaves.

111.

C Succinibra lcave.->.

a. l**' half removed at 6 p. ni. Tolal alkaloid :

0.233 gram in 50 half lea\es.

b. 2'"^ half removed at 6''clock next niorjiing. Tolal alkaloid:

0.207 gram in 50 half leaves.

This experiment was also made in a reverse sense ; the entire

leaf was first wrapped in tin foil for 14 days and Ihen the first

half of the leaf was removed along the mid-rib and tested ; the 2"*^

half was then exposed to the light for 14 days and also tested

without mid-rib.

IV.

C. .fuccirubra leaves.

a. 1^' half, after the entire leaf had been wrapped in tin foil

for 14 days. Total alkaloid 0.213 gram in 50 half leaves.

b. 2'"' half after the same had been again exposed to the light

for 14 days. Total alkaloid : 0.198 gram in 50 half leaves.

Now, if alkaloids had formed in the leaf by the assimilation pro-

cess, these values should have been reversed.

From these investigations it is now evident that when the plant

is excluded from the light for ten days (or even a month) this has

no injiuence on the alkaloid content of the leaf, whereas Lotsy

thought he could even notice a change after 12 hours.

The conclusion arrived at by Lotsy that the alkaloid in the Cin-

chonas is a product of assimilation is also incorrect.

If this theory were correct, none, or but ver^^ little alkaloid should

occur in the leaves which ha\e been excluded from the light for a

considerable time, or in fallen leaves; in the latter case the alkaloid
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oiiglil lo liiive been (ransported ciilircly, or Cur llie greater part,

before the falling of the leaves. The investigjitions show, however,

tiiat the niesopliyli of plucked, still living, green leaver contains as

mucli anior|(hoiis alkaloid as the niesoi)hyll of fallen, brown, no

longer living leaves.

It is, therefore, obvious that I lie alkaloids are products of meta-

bolism which are formed in the leaf or in other organs and remain

accumulated there without being of im[)orlance, in ordinary circum-

stances, for the metabolic change.

In order to test the correctness of Lotsy's thesis (\. c. p. 18)

:

"The alkaloid disappearing from the .mccirubra leaf is transported

to the stem", the following additional experiments were made.

Twenty well-developed branches of C Ledc/eriana were decorti-

cated, that is to say, a strip of bark 4 cm. in width was removed

from the branches and submitted to analysis. The part laid bare was

well cleaned to remove all the cambium so that a fresh formation

of bark was impossible on that spot.

Eishteen davs after the decortication the branch was sawed off at

the stem and another 3 cm. wide strip of bark was removed from

both below and above the decorticated piece.

As a new tissue (callus) was beginning to form at the injured

surface a strip of a few ni.m. wide was left betvvee]i the injured

surface and the new sample, so as to avoid liie inlhience of fresli tissue.

For, it might be possible that the alkaloid content in this new

abnormal tissue was also not normal.

1^' Experiment.

a. Analysis of the first circular stri[)s of bark tested at once

after removal.

7.20 7o of quinine, or in 10 pieces of absolutel} dry bark 1.G9

gram of quinine (alkaloid).

b. Analysis of the sample of bark situated below the circular

strip and tested about 14 days after the decortication.

7.35 7o of quinine, or in 10 pieces of absolutely dry bai'k 1,69

gram of quinine (alkaloid).

c. Analysis of the sample of bark situated above the circular strip

and tested 14 days after the decortication during which a supply of

alkaloid from the leaves might ha\e taken place.

6.60 7o of quinine, or in 10 pieces of absolutely dry bark 2.89

grams of quinine (alkaloid),

2"fi Experiment,

a. Analysis of the first circular strips of bark tested at once.
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8.66 7„ of quinine, or in 10 pieces of absolutely dry bark 2.89

gram of quinine (alkaloid).

h. Analysis of the sample of bark situated below the circular strip

and tested about a inontli after the decortication.

9.01 % quinine, or in 10 pieces of absolutely dry bark 3.17 grams

of quinine (alkaloid).

c. Analysis of the sample of bark situated above the circular strip

and tested about a month after the decortication, during which time

a migi'afion of alkaloid from the leaves might take place.

7,53% of quinine, or in 10 pieces of absolutely dry bark 2.79

grams of quinine (alkaloid).

The difference in quinine content, in both experiments, of the

samples of bark above and below the ring must be attributed to

age, for the bark of the pieces belo\v the decorticated piece is older

than that of the piece situated above it, nearer the top of the branch.

The ring test was also applied in a different manner as follows.

A tree about 20 years old with perfectly sound bark was decoi'-

ticated b^- removing a strip of bark 137-.. c. m. in width at the

height of a man's chest.

The wood deprived of bark w'as well scraped thus removing not

only the candiuni but also a part of the young wood, which totally

excluded the formation of renewed bark.

At the same time a strip of bark 47 c. m. in lenirtli and 2 c. m.

in width was removed from just above the decorticated part and

also a similar strip from below the same.

First 14 days, then 6 weeks, and finally 3 months after the

decortication a second strip next to the first was removed from above

and from below the decorticated part and all the four strips were

examined.

The result obtained was as follows

:

(/. Weight of ring bark 236 grams (moist) ^ 89 grams (air—dry).

Content 7.53 7o of quinine (alkaloid) or 2.30 grams of quinine in

a strip of bark weighing 34 grams.

6\ Weight of strip of bark from above the ring 88 grams

(moist) = 34 grams (air—dry).

Content 8.10 /„ of quinine (alkaloid) in the absolutely dry bark

or 2.40 grams of quinine in a strip of bark weighing 34 grams.

b'. Weight of strip bark from abo\'e the ring taken 14 days after

the first sample.

90 grams moist =: 34 grams air—dry.
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Content 8.20 "/o of (iiiinine (alkaloid) in ii1)soIm1(Iv dry or 2.55

grams of (ininine in a sti'ip nC liarU weighing 34 grams.

h'. Weiglit of strip of hark from aliove (lie ring taken 6 weeks

after tiie first sample.

10(i grams moist = 34 grams air-dry.

Content 7.85% quinine (alkaloid) in ahsolnlclv drv liark or J42

gram of ([uinine in a strip of hark weigliiiig 34 grams.

b'. Weight of strip of bark from above the ring taken 3 months

after the first sample 104 grams moist = 4177 r?'"^'"'? air-dry.

Content 6.67 7o (jninine (alkaloids in absolutely dry bark or 1.98

grams of quinine in a strip of bark weighing 34 grams.

C]. We.'ght of sirij) of bark from above the ring tested at once.

90 grams moist = S-i^/„ grams air-dry.

Content 8.40 7o quinine (alkaloid) in absolutely dry bark or 2.61

grams of (piinine in a strip of l)ark weighing 34 grams.

c\. Weight of the strip of bark taken 14 days after ihe tirst sample.

90 grams moist ^ 34 grams air-dr}.

Content 8.23 7o of quinine (alkaloid) in absolutely dry bark or

2.60 grams of quinine in a strip of bark weighing 34 grams.

(•,. Weight of the strip of bark from belo^v (he ring taken 6 weeks

after the first sample.

105 grams moist ^ 34 grams air-dry.

Content 8.54 7o quinine (alkaloid) in absolutely dry bark or 2.60

grams in a strip of bark weighing 34 grams.

Cj. Weight of strip of bark from below the ring taken 3 months

after the first sample.

92 grams moist = 30 grams air-dry.

Content 9.09 7o of quinine (alkaloid) in absolutely dry bark or

2.70 grams of quinine in a strip of bark weighing 34 grams.

From these inxestigations it is obvious (hat there can be no question

of a migration of alkaloid from the leaves towards the stem; in fact

we notice that in the strips of bark from abo\e the ring (see b„ and

bf) a decrease in quinine has taken place from 7.85 "/„, six weeks

after the decortication to 6.67 "/„ after 3 months of the same or,

from 2.42 grams of quinine to 1.98 grams in a strip of bark weighing

34 grams, respectively.

No explanation has been found as yet why the decrease of (punine

takes place just in the strips of bark from above the ring while the

strips from below the ring show hardly any dili'erences.

One would feel inclined to attribute this lo the inlhicncc of the
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irritation caused In the intlicted wound, althougli the tree kept to

the last fairly health}' as regards the leaves, but in every case it

appears that this is out of the question.

In N°. 10 of J. E. DE Vrij's Kinological studies it is stated that

Behrens did not succeed in obtaining a trace of a crystalline herapa-

thite when adding a solution of iodine in potassium iodide to the

colourless tiltrale obtained in due course from the leaf powder.

In order to ascertain whether any crystalline alkaloids are present

in leaf mesophyll, the following modus operandi was employed.

100 grams of C. suceiruhra leaf deprived of leaf stalk and mid-

rib were dried and treated in the manner described. The acid solution

finally obtained was again purified by adding alkali and shaking

with ether; the ether was then evaporated and the residue dissolved

in water, sulphuric acid being added to acid reaction.

The filtrate was evaporated on the watei-bath to a syrupy con-

sistency and then dissolved in alcohol.

The alcoholic filtrate was evaporated and the I'esidue dissolved in

water and again filtered.

The acpieous fairly colourless solution was rendered alkaline and

shaken with ether; the ether was evaporated and the residue subjected

to sublimation.

The very small sublimate was taken up with a trace of HCl-

containing water, evaporated to dryness in a desiccator and the residue

dissolved in a drop of water and filtered.

On heating this filtrate with a trace of a strong solution of sodium

hydrogen carbonate, a crystal of chinchonine was obtained.

The presence of a crystalline alkaloid in the mesophyll could also

be shown in another, indirect manner.

Attacks of cinchonas by Atlas caterpillars are not rare and as

they principally feed on the mesophyll and the leaf stalk and leave

the mid-rib untouched both the contents of the stomach and the

excreta') of the Atlas cater|)illars were examined chemically and

in each case cinchonine could be detected but no other crystalline

alkaloid.

In the analysis of leaf stalk and mid-rib cinchonidine could be

detected as well as chinchonine and judging by the fluorescence,

quinine was also present.

In order to compare the results obtained in the analysis of Cin-

chona, I think I ought to mention briefly the results of the investi-

') When startins from 200 grams of excreta, the other crystalline alkaloids

could also be detected.
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gation of Daliuui atrammonium ') bj Julius Fkldhaus, and of lea by

DU Pasqiikr') and Tii. Wkf.vkrs ").

On p. 88, Feldhaus arrives at (he following result in liis investi-

gation of Datura strmmn07iium.

Bliitter: Die Zeit der Einsaminlung ist oline Einfinsz aiif den

Alkaloidgehalt, denn in einem Falle entliiclten die Fnde .lull ii nd

die Elide August uiid in eineni anderen Falle die Anfang Seplemhcr

und Anfang Oktober gesammelten Blatter derseiben Pflanzen eine

nil-lit wesentlich verseliiedene Menge Alkaloid. 0,4()''/„ respektive

0,46"/„ Alkaloid und 0,.307„ respektive (),39"/„ Alkaloid.

Der Geliall jungcr, an der Basis nocli gelbgefarbter, elua 5—JO em.

langer Bliittelien mit 0,48°/„ Alkaloid war niclit wesentlieli verschie-

den von deni voUentwickelter, zu gleicher Zeit von dcnselben Pflan-

zen gesanimeller Blatter, der 0,49°/(, .\lkaloid bctrng. Daniit ist die

Ansiclit Sum-.Iknskns, zu der er auf Gruiid seiner inikroclieniisclien

Betrachtnngen bei Hyosc^yainns gelangt war, niclit bestatigt, dass in

jungen Blattern der Alkaloidgelialt relativ grosser zu sein selieine

Die weiteren niikrochemisclien Unteivsuelmngen von Sum-,Ik,nskn

sowolil die von Ph. Moli.e zeigten, dass die grosste Alkaloid menge

in den Gefassbiindeln, wenig oder gar niclit iin Mesopliyll der Blat-

ter zn finden sei.

Icli fand im Assimilationsgewebc 0,48''/„, in Mittel- uud Sekundar-

nerven 1,39°
,,
und in den Blattstielen derseiben Blatter 0,69''/o Alkaloid.

Bei Hyoscyaiiiusblattern liatte E. Schmidt eine Trennnng in Blatt-

flachen und Blattstiele vorgenoinmen und tand in den Blattflachen 1)

0,27267,, und 2) 0,28617„ Alkaloid, in den Blattstielen 1) 0,36% und 2)

0,365°/o Alkaloid. Also audi bei Hyosoyamus ein holierer Gelialt

an Alkaloid in den Blattstielen als in den Blatttlaclien.

Eine ergiebige Chilisalpeierdiingung ist oline Einfluss auf den

Alkaloidgelialt. Blatter von Pflanzen, die auf ungedtingtem Beete ge-

waclisen waren, batten 0,497„ Alkaloid, von Ptlanzen, die auf dem

Salpeterbeete gewaclisen waren, 0,507o Alkaloid. Sainen von PHaiizen

der ersten Sorte batten 0,347o Alkaloid, von der zweiten Sorte 0,34o/„

Alkaloid.

Assimilation. VerdunkeUins; ist audi von keineni p]iiiflnsse auf den

1) Quantitative Untersuchung der Verteihuig des Alkaloides in den Organen von

Datura stramonium. Inaugural Dissertation von Julius Feldhaus, Marburg 1903.

-) Bcitrage zur Kennlnis des Tliees. Inaugural Dissertation von Paul A. DU

Pasquiek, Zurich 190S.

^) Die Physiologische Bedcutung des KotTeins und des Tlieobromins von Th.

Weevers. Annates du Jardin Botanique do Baitenzorg (Volume XXfi 2e Serie.

(Volume VI) l*" Partic.
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Alkaloidgeliall. Iiu Diinkelii ixnrgewaolisene Keiiiipflanzen liatten,

(),Gt)"/„ AlUaloid, imi-iiial aufgewaclisene dei'selbeii Samen 0,677o

Alkaloid.

E[)ciiso kouiile Ci.ai'tkiau keiiien UiiterSL-liied iiii Alkaloidgelialte

liell inid dimlad cfwacliseuer Koiinpflanzoheii \on ColFea- uiid Tlica-

Arten beobachteii.

Blatthiilt'ten am Ai)eiid gesanunelt hatteii 0,48 "/o Alkaloid, die

ztigeliorigeii Blatlhalflen am tblgeiiden Morgeii gesammelt hatten

0,40% Alkaloid. Blatlhalftcii abends gesammelt hatten O.ril"/,, Alkaloid,

die ziigehorigeii Blatfliall'teii, nacli dreitagiger Verdunkelung gesammelt,

hatten 0,51 "/„ Alkaloid. Es lindet also wiihrend der Naeht oder

kiinstlicher VenJiinkehmg keine Ableitung des Alkaloides statt.

Es tritt aber ancli bei Tage keine wesentliclie Vermehrung des

Alkaloidgehaltes in ausgewaclisenen Blattern ein, ioh miisste sonst,

da ja keine Ableitung staltdndcl, in den an verschiedenen Tagen

gesammclten l-JlattliHlflen derselben Ijlutter einen wesentlich hoheren

Alkaloidgehalt in den spiiter gesammelten Halften gefnnden haben.

Ifh fantl in Blatthalflen 0,33 7o Alkaloid, in den ziigehorigen, nach

di-ei Tagen ohne kiinstliche Verdnid<elung gesammelten Blatthalt'ten

fand ich 0,33% Alkaloid.

Die Verlelznng des Blattes veraidasste also audi nieht eine starkcre

Alkaloidprodiiklion.

Ans alien \ersncheii gelil liervor, dass das Alkaloid kein direktes

Prodnkt der Wirknng des Liehtes auf die Blutter ist, also aiieh kein

Assimilationsprodnkt.

On pg. 36, Du Pasqi IKK arrives at the following result in his

investigation of tea.

"Alle drei Wege I'iihrlen mithin zum selbcn Resultate: Koltein

spielt in der Theeflanzo die Rolle eiiies Abfallproduktes."

Du Pasquikr found in 50 fallen tea leaves (weighing when dry

11.000 grams) a total weight of O.IOOJ gram of caffeine = 0.91 "/„.

On pg. 12 he further states

:

Vergleicht man diese Zahlen mit meinoi' friiheren Reihe (Seite 21,

Tabelle VIII), so sieht man, dass sie sicli aiifs schonste an jene Zahlen

angliedern wiirden, sodass also ein Riiekgang oder sogar ein Ver-

schwinden im Koffeingehalt bei den abgefallenen Blattern niclit zu

erkennen ist.

This result, however, does not agi'ee with that of Weevers, who
does not liml any calfeine in the fallen tea leaves.

In regard to this w Pascji ikk otlers the following explanation :

Es war mir demi audi iiidit sehwierig, die P]rklaruiig fiir das

Niehtaudlnden son Kolfem durdi Weevers—de Gram' zu geben.

15

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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Dieselbeii verwendetcii /.in- Kofreinbestiinmiing cine Mclliodc, in dor

die Blallcr iiiit iin^elusclilcm Kallc boliaiidolt wcrdoii. Nun Iiat iil)ei'

A. Hkittkr 1901 in seiiiei" Arbeit "Nenerc Ei-ialii-ii:i,:jcii liber Koircin-

bestimmuiiji," narligewiesen, class beim Beliaiidoiii mil Kailc dio ilaifle

des ganzeii KofTeins zersct/l wird. Uedenivt iiiaii IciiiL'r, dass Bhittkr

seine Beobaclitiingen an nielirere Prozent Koli'ein ciiliiallenden Tiiees

machtc iind dass der Prozenlgclialt der abgel'j'iicnoii Hi;itter an KolTein

nic-bt einnial J "/„ belriigl, so wird man leitdit oinsohon krumcn, dass

die gcringe Menge Koirein ieicbt iibersehen wiirdc, iind Wkkvers

Begriindnng milliin nicht stichliaitig ist. Dazn koinnit, dass sie keine

qnanlitativcn Bestinininngen niaclilcn, soiuiorn iiur den finaiita1i\en

Nacliweis zn fiUiren snchten.

By way of" comparison the leaves of a (ea slirnb were also in-

vestigated. The results obtained agree with those of nr Pasqiier in

so far that caffeine could be plainly detected in the leaves of a tea

shrub which had been excluded from the light for 14 days.

Owing to the waul of material no investigation could be made as

to the presence of caffeine in the fallen leaves.

I wish to give my best thanks to Dr. A. Rant, botanist at the

Government Cinchona e.xploilation for his suggestions and advice in

this investigation.

C N C L U S I O N S.

Tlie conclusions arrived at in this research are as follows:

1. The contention of J. P. Lotsy that an exposure of the leaf

to light or darkness affects the alkaloid content is incorrect.

2. His view that the formation and migration of the alkaloid is

affected by the weather is also incorrect.

3. The alkaloid is not an assimilation but a metabolic product.

4. The mesophyll and the veins of both C. Ledgeviana and C.

auccinibra leaves contain most decidedly cr^-stalline alkaloids and

also quinine.

5. The leaf stalk and the mid-rib of C Ledgeriana and 6'. suc-

civubra contain besides cinchonine also quinine.

EXPLANATION OF THE ILLUSTRATIONS.

Fig. I. Cinchonine from leaves of G. succirubra.

Fig. U. Cinclionine crystals obtained with sodium hydrogen carbonate from

the excreta of the Atlas-caterpillar.

Fig. 111. Cinchonine crystals obtained with sodium hydrogen carbonate from

the contents of the Atlas-caterpiJlar.
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Fig. IV. Giuchoiiiiie crystals obtained with sodium hydrogen cai-bouatc h-om

the chrysaHs of the Atlas-caterpillar.

Fig. V. Sublimate of theme recrystallised from water (dark).

Fig. VI. Sublimate of theme recrystallised from water (light).

Fig. VII. Theme (dark) with sodium acetate.

Fig VUI. Ginchoniue from mid-rib and leaf stalk.

Fig. IX. Ginchonine from mesophyll and veins.

Fig. X. Ginchonidine from mid-rib and leaf stalk.

Physiology. — ''The temperature optimum of plnj^iological

processes". By Miss J. van Amstel and Prof. G. van Itehson

Jr. (Communicated bj' Prof. M. W. Beijerinck).

(Communicated in the meeting of May 28, 1910).

The destruction at high temperature of the active principle, so

('(mspicuous in physiok)gical processes, has been subjected by

Tammann ') for a few enzyme processes to a nearer research, which

led that investigator to the result, that destruction of the enzyme by

heating takes place after the equation of monomolecular chemical reac-

tions. In accordance with this view the relation between the quantity of

enzyme //, which after heating at a constant temperature during a

time t, is still active, and that time, would be represented by the

fonnula : /; = — log — , where a represents the originally present

(luantity of enzyme and /.,• a constant.

DuCLAUX ') suggested a relation between the destruction of the

active agency by high temperature and the optimum of enzyme

action, and explaincid the occurrence of this cardinal point by admit-

ting that the velocity of the reaction continually increases with the

rising of the temperature, whilst the bending of the curve, which

represents the relation between velocity and temperature, should

exclusively be ascribed to a steadily increasing destruction of the

enzyme by the heating. The views of Duclaux were absolutely

theoretical and he made no experiments to test them.

The idea which forms the base of Duclaux' theory we tind

back in a treatise of Blackman '), but here the views put for-

ward a priori are tested by observations and in particular by the

results of studies made conjointly by this investigator and Miss

Matthaei *) on the relation of the carbonic acid assimilation with

the temperature.

•) Zur Wirkung ungelVii inter Fcrmente, Zlf. f. Physikal. Ghem., Bd. 18, J 895, S. 426.

2) Traite de Microbiologic, T. II, 1899, p. 193.

•. 8) Optima and Limiting Factors, -Annals of Botany, Vol. XiX, 1905, p. 281
') I'liil. Trans. Roy. Soc, Vol 197 B, 1904, p. 85.

15-
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Bi.AOKMAN also tiikos into account tW duration of tlio heating,

a factor whicli, as Tammann's rcscarelics show, is of much weight

and which DucLAUK had quite neglected.

From the ()uautities of carlmnic acid, assimilated during four

consecutive Imurs at diUcreut temperatures (aft(u- I'/a imurs' heating

before the heginning of the first observation), were a])])roximated by

extrapolation the velocities of the carbonic acid assimilation which

would have been observed if it had been possible instantly to bring

the leaf to the desired tcmpcratui'cs ami tlu'u imuu'diately to measure

the initial velocity. The thus estimated velocities would then, after

Blackman, quite like those at low temperatures, follow th(> rule

of VAN 't llOKK after which for every rise of 10°C. the rate of

reaction velocity is about doubled or trebl(!d, a rule applicable to a

great number of chemical reactions.

In the year 1909 the theory of Blackman was tested by

KuiPKR ') for the process of respiration of the higher plants. For

diflfcrent low and high temperatures he determined the quantities of

carbonic acid absorbed during each of G consecutive hours. The

main impression which Kuiper obtained from these observations was

that Blackman 's theory holds also good for the respiration function,

yet he noted that a somewhat improbable course ought to be given

to the extrapolation curves in order to find values for the velocities

in absence of destruction, which would be in accordance with

van 't Hoff's rule.

When now^, as here, there is little known about the nature of

the function, or when it actually represents a logarithmic curve,

extrapolation is a rather dangerous means to approximate the sought

for quantity. This will especially be the case when the times during

which the observations of the reaction velocities must be made, are so

ong hat already considerable modifications may have appeared.

Moreover, in such long periods as were required in the described

experiments, adaption to the high temperature may occur. Lastly,

cells of quite different nature were subjected to the heating and it

is a well known fact that the resistance to heating for differeut

tissues differs also very much.

Hence we thought it desirable to submit the above views to a

renewed research for physiological processes which may be studied

on a large number of equal cells at a time, and which go on

1) Influence of temperature on tlie respiration of higlier plants. Tliese proceedings

Vol. XVm, iy09/1910, p. 210. See also tlie dissertation with the same title, Utrecht,

1909.
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so rapidly that the periods between the successive observations need

but be very short. As such we considered various physiological

processes proper to alcohol yeast and a short survey will be given

of the results obtained bv the investigation of alcohol fermentation

and the inversion of cane sugar by that yeast. The detailed des-

cription of the experiments and of observations concerning other

functions will be given at another place.

Although it now proved possible for these processes to study

with fairly great precision the course of the reaction at heating, here

also some incertainty continued to exist when applying the extra-

polation method. In order to remove it, a somewhat modified method

of observation was followed. A determined quantity of yeast was

heated during different times at ultra-optimal temperature and after

quickly cooling the velocity of the process for this yeast was observed.

Thus could be calculated to what portion of the original quantity

of yeast at a noxious temperature the observed velocity was to be

ascribed, and with a simple and eertciinly permitted allowance could

then be estimated what velocity would have been read if all the

yeast at that temperature had still been in possession of the function.

Hence, by this way the sought for relation between the velocity

of the reaction and the temperature, in absence of any destruction,

could be estimated.

Once this relation established it was possible to ascertain whether

the thus found values might also have been expected with sufficient

probability after the extrapolation method.

I. Alcohol fermentation ').

§ 1. Arranrjeweiit of tlip. experiments. As a criterion for the velocity

of the alcohol feimentation was taken the quantity of CO, in cM'.

which is evolved per second in the fermentation of a glucose solution

by pressed yeast, which was regularly put at our disposal by the

"Dutch Yeast- and Spirit Works" at Delft. The yeast was rubbed

up with a known quantity of water and fore-heated by tlie side

of the sugar solution. Not before both solutions were at the tempe-

rature of the bath they were mixed together ^). To obtain a homo-

geneous medium the suspension was moved during the whole of the

experiment by a shaking apparatus. The temperature was kept

constant within limits onlv differing 0.05° C.

1) Some eight years ago this process was studied by us in the Laboratoiy of

Prof. Beijerinck; by making use of more exact methods of observation we have

now obtained definite results.

-) See for precautions to lake at noxious temperatures: § 4.
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Only after 20 to 2") cM" of j^Mrf li.ivo 1)l>oii formed the evolvini?

of gas (at least at harmless temperatures) beeomcs sufficiently n!";"!^-''

;

therefore the observations were not besi-un before this (|iiantity

had escaped. Then a volume of at most 100 cM° was still caught

and the periods determined which elapsed by the evolution of the

eonscclitive 2-, 5-, 10-, or 25 folds of cM', aooordins" to the more

or less rapid gas evolution.

It should besides be noted that the concentration of the sugar

solution was constantly made so strong that the quantity of glucose

wanted for the development of 125 cM' caused no actual mollification

in the concentration of the sugar so that we always determined the

initial velocity.

§ 2. Tlis rrlniion hetire>!n the initifil vclociftj of thn frrmentation

and flie concentration of the yeast at consiant snyar concentration. The

obtaining of a constant sugar concentration with varying quantities

of yeast gave some trouble by the circumstance that the pressed

yeast, such as it was supplied to us, always contains water between

the cells, which will take part in the dilution of the sugar solution.

By determining the fall of the concentration of a known glucose

solution after mixing with a certain quantity of yeast (which took

so short a time and was effected at so low a temperature th.at no

sugar was fermented), this quantity was found to be about 35 %
of the weight of the yeast.

For each experiment was now used 10 cM' of a 30 "/o glucose

solution; the yeast was mixeil with so much water that it was finally

suspended in 47 cM' of liquid which quantity must be calculated

for each experiment taking into account the above mentioned 35 7o

of water. By this arrangement the sugar concentration for all the

300
experiments was constant and amounted to = G.4 % AH the

experiments were carried out at 45° C, at which temperature during

the periods used, no destruction of the function is observable.

Fig. 1, Plate I, represents graphically the relation of the fermen-

tation velocity to the sugar concentration and shows that at low

concentration there is almost proportionality, whilst at a higher rate

rather considerable deviations arise.

§ 3. T/ie relation between the velocity of the fermentation and

the concentration of sugar at constant yeast concentration. Although

the knowledge of this relation is not strictly necessary for our
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further research, still it seemed suitable to elucidate this point too.

This relation (6 gr. of yeast with 35 cM* of water and 10 cM' of

various g-lucose solutions, temp. 45° C.) is represented in fig. 2 of

Plate I by a parabolic curve so that there is no question of propor-

tionality of velocity to sugar concentration. Indeed, as we intend

to demonstrate elsewhere, this relation may be represented by the

well-known adsorption formula.

§ 4. The relation between the initial velociti/ and (he tempera-

tiire at constant yeast and sugar concentrations. For the experiments

to determine the optimum curves were always taken 16 G. of yeast

and 31.5 cM' of water with the addition of 10 cM' of a 30%
glucose solution. The yeast suspension and the sugar solution were,

beforehand, lirought to the desired temperature.

It resulted now that the observed fermentation velocities up to

45° C. are independent of the time of fore-heating if, at least,

as in our experiments, it be taken maximal 20', whilst moreover

these velocities were constant during the fermentation experiments.

From this it follows that at a temperature of 45" C. and lower

during these heating-periods there can be no question of destruction

of the function. The observations hereabout are to be found in the

last column of Table I and led to the construction of the curve in

fig. 1 of Plate II for temperatures below 45° C.

Above 45° C. the velocity of the fermentation depends certainly

on the duration of the foreheating and besides, it also falls during

the fermentation ex[)eiiment. We have for this reason fore-heated

the yeast suspension at various noxious temperatures, respecti-

vely for 5, 10 and 20 minutes, then mixed it with the sugar solution

(of the same temperature) and determined the fermentation velocity.

Now, various points should thereby taken into consideration.

Firstly, the yeast suspension, when introduced into o, thermostat

of high temperature, will not immediately have adopted this temperature.

If no account were kept herewith the fore-heating at the deleterious

temperature would be shorter than desired. To prevent this t'o sus-

pension was first heated in a separate thermostat to the highest

temperature that was not yet noxious, and this reached, instantly

placed in the definitive bath, where, owing to the shaking apparatus

and the thin glass walls, it attained the noxious temperature within

Vi minute.
')

1) The little error still existing is also made at the determination of the "destruction-

curve" and thereby removed.
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Tlie second difficulty is that iiUvnys 20 (o 2") cM." of rras imiyt

escape bot'ore tlic readin,:^' can begin. Duiin^' the time therefor

required the (k'strui'tion of the ferniontalion function go(!s on, and if

this circumstance were left out of account the heating before the first

observation would be longer than was meant. This ditliculty was

removed by determining by a preliminary experiment tlu^ time wanted

for the evolution of these 25 cM." and by mixing the yeast suspension

and the glucose solution so much earlier, the reading; being com-

menced only after the 5, 10, 15 or 20 minutes had elapsed ').

Thirdly it should bo observed that where the velocity of the

fermentation during the experiment at a noxious temperature is

seen to fall, even the first observation made of the fermentation

velocity does not give the value wliicli must have existed immediately

after the fore-heating. Now, this latter velocity, for this it is we
want to know, could with some precision be estimated by extra-

polation from the (lilfercnt observations made at one and the same

fermentation experiment, owing to the circumstance that the velocity

thereby regularly falls. In order to demonstrate this in an example

the observations for 52° C. for the four various fermentation ex-

periments (for 5, 10, 15 and 20' of fore-heating) are graphically

represented by fig. 6 Plate I, wdiere on the ordinate axis the fermenta-

tion velocities are marked, calculated from the times wanted for the

evolution of the 1^', 2"^ etc. tenfolds of cM'. We now find that

the points of our figure for each of the four series of observations

lie on rather straight lines so that the fermentation velocity, which

wdl set in immediately after the foi-e-heating, can easily be read.

Still it should be noted that the course of the four lines in the

different graphic representations for the different temperatures gives

an interesting insight into the pi'occss of dying of the function. At
45° C. they fall together and form one horizontal line; at 46° C.

they lie very close together and still have a rather horizontal course;

at higher temperatures they diverge more and more, get lower and

have a steadily increasing inclination.

Be it moreover stated here that these graphics showed us that

the destruction after the mixing with the sugar solution proceeded

with less rapiiliiy than before but that the difference was not very

great. We shall later return to this point.

The initial velocities found in the above way by extrapolation of

1) As it will be shown, the destruction in the sugar solution occui-s less rapidly

than in the aqueous suspension, but the hereby caused error falls within the limits

of observation.
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the fermentation after 5, 10, 15 and 20 minutes of fore- heating arc

represented in Table I and were used for the construction of the four

TABLE I.

Temperature

in degr. C.



( 2.^4 )

tures is considerably smaller than for low ones, only for the latter

it attains the value which was to be expected in accordance with

the rule.

But also from the graphic figure the said fact can at once be

read. For low temperatures, we know, the optimum curve; has a

convex course with regard to the axis of temperature and after

VAN 't IIoff's rule a similar course might bo expected for higher

temperatures too. Instead of this, however, we see the curve become

concave already at ± 3.")° C. According to the theory of Duclaux

and Blackman this concavity, respectively the said deviation from

tiie rule, below the optimum, should be explained from a

deleterious influence on the agent caused by the heating. Of such

an iniluence, however, at temperatures below 45° C. during heating

periods as used by us, nothing is to be seen. This follows already

from the fact that below that temperature the four optimum curves

fall together, but moreover from direct observation.

Hence it shoukl be emphalically stated that also in virtue of the

course of tiie optimum curve bolow injurious temperatures the theory

of Duclaun: and Blackman must be refuted.

§ 5. Relation bdtvcen Ihe dec/rce of di/ln;/ mid the teinpprature.

For the study of this relation 1(5 Gr. of yeast were mixed with

31.5 cM'. of water and then during h, 15, or 20 minutes heated to

a noxious tempei'ature. By fore-heating to the highest possible tem-

perature the required degree could very quickly be reached. The

cooling was now effected with the gre.itest possible rapidity and

the fermentation velocity determined at 45° C. after mixing with

10 cM'. of a 307o glucose solution. As it was known for the used

quantity of yeast what would have been its fermentation velocity

in the hero obtained concentration in case nothing had been des-

troyed, and as furthei-more by fig. 1, Plate I, the relation between

fermentation velocity and concentration of yeast is given, it could

be calculated what percentage of the yeast had lost the function by

the heating. The icsult of these calculations are graphically shown in

fig. 3, Plate I.

We must by the bye observe here that these curves, which we

shall call destruction-curves, exhibit an interesting resemblance to

the so-called disti-ibution-scheme of Galton, a resemblance which,

as will be demonstrated later, must probably not be considered as

an accidental one.

§ 6. Calculation of the optimum curve for [^ minutes fore-heating.
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From fig. 3, Plate I may now at once be read to what percentage

of the original yeast an observed fermentMtion velocity at a certain

noxious temperature and with a determined period of fore-heating

is due. Fig. 1, Plate I, shows furthermore what velocity that yeast

would have at 4b° C. as well in its original state as after having

been destroyed for the found percentage; the relation of the former

to the latter velocity can thus at once be calculated. If it is now
admitted that the relation between the fermentation velocity and

the concentration for temperatures above the optimum is represented

by the same curve as we gave in fig. 1, Plate I for 45° C. '), an

admission based on great probability, then the velocity, such as we
read it for a noxious temperature from fig. 1 Plate II, multiplied

by the just now mentioned proportion, will produce the value

which the fermentation velocity would have had if nothing had

died at that noxious tcinporature, i.e. at 0' fore-heating at that

temperature.

It is now possible to make the liere meant calculation for the

different points of the 4 opfimuni curves and then by four ways to

find a curve which represents the relation between the initial velo-

city of the fermentation at 0' fore-heating and the temperature. If

our view is right the four curves must fall together. This is actually

not the case but the corresp )nding points of the 4 curves come so

closely together that the abei rations must be ascribed to observation

errors In our graphic repr(>sontation fig. 1, Plate IT, these points

are respectively marked with 1, 2, 3, and 4 and the dotted hne

more precisely represents the probable course of the optimum curve

for 0'.

§ 7. The relation between the fermentation velocity and the time

of hcalincj at constant noxious temperature. In the method followed

by Blackman for the approximation of the said curve, the

relation between the reaction velocity and the time of heating for

constant temperatures was graphically represented and by extra-

polation the velocity for 0' heating was found.

For the reasons mentioned before we have restricted ourselves to

demonstrating that this relation, when using the values found in

the preceding paragraph, displays a very regular course. The hereby

concerned curves for different temperatures are those of fig. 4 Plate I.

If we assume that the initial velocity is directly proportional to

1) Here is also the explanation why we chose for our observations for fig. 1

a temperature so near the noxious one.
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the yoast concentration — an assumption only true for the lower

concentrations, — these lines, according to Tammann, represent

logarithmic curves and they may indeed be fairly well rendered by

such a formula.

Although the graphic extrapolation was thus not used here as a

means to determine the optimum curve for 0' fore-heating, yet the

fact that for tlie relation between velocity ami tinr; of heating a

very probable curve is found may he eonsidered as a strong argument

for the exactness of our views.

§ 8. Relation between time of forc-Jirafinr/ and temperature at

constant fermentation velocity. Also along another way than that

followed by Rlackman the optimum curve for 0' fore-heating might

have been found by extrapolation, namely by graphically representing

the relation between the time of heating and the temperature for

different constant fermentation velocities. We shall again not effect

that extrapolation but demonstrate that the values calculated for our

optimum curve for 0' give a quite natural direction to the curves in

question. These curves are seen fig. 5 Plate I. This circumstance

also argues for the accuracy of our calculated curve.

II. The inversion of cane suoak.

Our experiments on the inversion of cane sugar have been carried

out with a preparation made by piecipitating pressed yeast with

alcohol and quickly drying that precipitate. This powder, after

prolonged keeping in a well-closed bottle, preserved its full activity.

The velocity of the inversion was determined by colorimetrically

establishing the quantity of inveit sugar in a similar way as

Kjeldahl followed for his experiments on the actitm of diastase.

About the various precautions to be taken in these researches we

cannot be long and will only observe that for the inversion the

same determinations have been made as for the alcohol fermentation.

Fig. 2, Plate II, shows the relation between velocity and tempera-

ture for constant enzyme- and sugar concentration and we see that

the observed and the calculated curves show a course similar to

that of the alcohol fermentation.

Of the other results we shall only give a few particulars.

The inversion velocity of the invertase concentration used was in

perfect proportion to the quantity of invertase, a circumstance

whicli makes the matter much simpler than for the alcohol fermen-

tation where this relation is rendered bj the curve fig. 1 , Phite I.
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The relation of the inversion velocity to the sugar concentration

was afrain reprcsentcil by a curve showing resemblance to a para-

bola. The destruction-curves showed as to their form the greatest

possible likeness to those we found for the alcohol fermentation, but

deviated in so far as they were displaced to the higher temperatures

and (on the same scale) also displayed a less steep slope, so

that the destruction region of the invertuse (at the same duration

of fore-heating") extends over a much larger and higher temperature

interval than that of the alcohol fermentation.

The curves which indicate the relation between the velocity of

the inversion and the time at constant noxious temperature, when

adopting the values of our calculated optimum curves for 0' fore-

heating, proved to have a very probable course and the same holds

good for those which represent the relation between the time of

fore heating and the temperature at constant inversion velocity.

Lastly it should be remarked that the optimum curve below the

noxious temperatures, now again shows a perceptible deviation from

VAN 't Hoff's rule :

^ = 1,75 ^ = 1,G3 '^ = 1,50 ^==1,46.
^'jo ^'25 ^"30 ^'as

Yet the divergency is less pronounced here and the curve does not

even become concave before the noxious temperatures are reached.

III. Final considerations.

The chief result to which our researches have led is, no doubt,

that the curve related to a fore-heating period of minutes is a

distinctly pronounced optimum curve, as much in the case of the

alcohol fermentation as in that of the action of the invertase. To this

may be added that our investigations on the reduction of mcthyleneblue

by pi-essed yeast have convinced us that the same is the case for

this function although here complications arose which cannot now

be discussed. Hence it may be considered as highly probable that

the same conclusion will also hold good for other physiological pro-

cesses. Tiie reverse results at which Blackman arrived, and with

some reserve Kuiper also, should, in our opinion, be ascribed to

the circumstance that the velocity of the physiological reactions,

measured by these investigators, was small when compared to that

of the destruction.

Two important points still deserve attention. In the first place it

might be that the still living portion of the yeast which has been
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boated to noxious tenipcniturcs and then cooled liail cxporionccd a

pernicious influence, so that in reality a smaller portion had boon

destroyed than we supposed. Nothing can be said against this con-

sideration, but, accepting it, our curve for 0' must lie lower than

we found it ami consequently the optimum would still more strongly

be pronounced. Secondly, it might be observed that we have here

studied the influence of the temperature on the agent suspended

in an aqueous solution and that this influence might be quite

difiFerent if the agent had always been active in a sugar solution. We
found indeed that the alcohol function in the glucose solution is more

resistent to heating than in an aqueous suspension and the same

holds good for the action of invertase. Yet we have not made our

studies with such solutions because the rate of resistibility depends

on the degree of concentration of the sugar, and there is no degree of

concentration, excepting 0% , which deserves the preference. Moreover,

the theory of Duclaux-Blackman is independent of this conside-

ration and ought also to be found true after our method, which,

as we saw, is not the case.

That the theory of Duclau.k and Blackman must be refuted

follows already from the fact of (he stated deviation from the rule

of VAN 't Hoff below the noxious temperatures, wliich some-

times becomes so great that the curve grows concave, which is

inconsistent with the hypothesis.

It is interesting to observe how also Eulek ') has come to the

conclusion that, at least for the invertase action, van 't Hoff's

rule cannot unreservedly be applied even at temperatures that

"(+10
do not destroy the invertase. He states that the quotient —

—

for the invertase action is always found smaller than for the

splitting of cane sugar by acids. So Tamsiann found for the enzyme

action: —=1.4, Kjeldahl: — = 1.5, O'Sullivan and To.mpson:

f'so

V
= 1.4, Visser: 2, Euler and af (Jgglas for the temperature

interval 0-20°: 2.0 (compare to this our results). For the splitting

of cane sugar by acids Spohr, on the other hand, found this quo-

tient to be 3.6 for the temperature interval 25— .50°. Now Euler

remarks that this considerable difference might be explained by

accepting that the invertase at rise of teraporatuie is not only

irreversibly decomposed but, besides, rendered reversihly inactive.

') Allgemeine Gliemie der Enzym^n, Wiesbaden, 1910, S. 175.
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EuLER accepts the views of DucLAUX and Blackmann and,

besides, the said hypothesis. According to our results the said

theory must now be rejected : also without destruction the function

shows an optimum curve. "We have thus to admit that if heating

above this optimum wTre possible without destruction a reversible

inactivation of the enzyme would be observed, but there is no

cause to speak with Eulf.r of such an inactivation already below

that temperature and therewith to explain the deviation from

VAN 't Hoff's rule.

The obtained result also throws light upon other observations :

the occurrence of the "Warmestarre" to explain which the hypo-

thesis of Duclaux-Blackman meets with great difficulties, is now
easily explained by considering that in cases where this phenomenon

takes place, the destruction proceeds extremely slowly so that the

optimum curves for different (not too long) times of fore-heating

actually fall together with those of 0' fore-heating.

Moreover, the influence of the temperature proves now to follow

the same law as was observed for other influences on physiological

processes, by which the process is accelerated to a certain degree,

then slackened and finally stopped.

Lastly we bring our best thanks to the Direction of the Dutch

Yeast- and Spirit Works here for the readiness with which the

yeast for the described experiments was supplied us.

Delft, May 1910.

Astronomy. — "Researches into the structure of the yalxxy." By

Dr. A. Pannekoek. (Communicated by Prof. E. F. van de

Sande Bakhuyze?;).

\ 1. The researches into the structure of the universe propose

to ascertain the star-density (quantity per unit of volume) as a func-

tion of their place in space, i.e. for any direction the star-density

as a function of the distance to the sun. If all the stars had the

same absolute luminosity, the apparent brightness m expressed in

magnitudes would be a direct measure for tlie distance / according

to the relation 0,2 m =. log r. The number of stars of a given mag-

nitude A{rn)din would then indicate immediately the density A for

the corresponding distance r, according to A{m)dm =i A (/•) . ?'V/r.

The stars, however, are of different luminosity and therefore the

number of stars A{ni) is in a more intricate way dependent on the
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density A. If llic fiinclion expressing the niiinhcr of stars of diircrcMt

luminosity is known, inversely A can be concluded from tlic values

of -I. For tiie present \vc must assiime that the function expressing

the distribution of stars over diflerent luminosities, is the same every-

where. Tills function has been determined by Kapteyn. The values

of the logarithm of the mimber of stars per unit of volume log ip as

a function of the logarithm of the luminosity loij L^) can be re-

presented by a parabola with a maximum for hxi L ^= 8.2, if for

the sun we put L^i. If the luminosity is expressed by the apparent

brightness II in magnitudes which the star would show at a distance

jr^O".l, then we find if^ 5.5

—

2.5 log L (the sun having the

magnitude 5.5 at this distance), so the maximum lies at //^lO
and the function tp can be expressed thus:

logy\^ = c- 0.025 (//—iO)= or if> = CJO-oo25(ff-io)».

All researches into the structure of the universe must start from

the knowledge of the function A[iii\, the number of stars of a given

magnitude. In practice we do not as a rule use A, but I^{m), the

total number of stars down to a given limit of brightness, and so

related to the former that di\{in) = A{ni)dm.

Our want of knowledge of N{m) was mainly due until a short

time ago to the deficiency of good photometric measurings of the

fainter stars on account of wliich the value of the limiting brightness

7)1 for a given numbering was unknown. Only these last few years

this want has been to some extent removed. In N. 18 of the

Gvoningen Publications the measurings extant have lieen collected

and discussed; the results thus attained form at present the only

reliable and firm basis for researches into the structure of the universe.

For the whole of the sky N{n!) is at present known to the 14'''

or 15''' magnitude. From the brightest stars down to about the

11''' magnitude the function is almost linear and w^e may put

^(m) :^ C-|- 0.50m; after this the increase is less rapid. We know
that a linear function N{m)=r-. c -\- hn, independently of the function

tfj (if) determines the distribution of densities; this distribution is

then expressed by A (j-) =r r "~ ^ ^o-^" ~^). If the linear function men-

tioned with the coefficient 0.50 held good for the whole i-ange of

magnitudes, then we might conclude that Ar:^r^i, i.e. our star-

system is densest in the middle and decreases in density towards

the outsides, about inversely proportional with \ ^r. That the fainter

stars increase less in number than indicated by the formula, shows

1) On the luminosity of the fixeel stars. Public. Giouingen N. 11. p. 10, 19.
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tlial on the outside of our system the density decreases in a degree

even greater than 1 : [/'r.

Rut as it is the iinirerse has not to be regarded as one whole

nor the stellar system as a globular mass. The Milky Way forms

a girdle across the sky where the star-density is greatest and from

where it decreases to both sides. In second approximation X is no

longer a function of m only but of b as well, the gtilactic latitude.

Kapteyn has given this function in N. 18 of the Gnmim/e.ii Pahl.

in a tabular form : N[m, h), genei'ally as well as ]Sf{'m) for three

different parts of the sky, for the galactic zone, for the vicinity of

the galactic poles and for an intermediate zone between 20° to 40°

galactic latitude. The analytical functions deducted there do not, how-

ever, give an easy insight into their numerical values and these may
be represented about as accurately by simpler and more easily man-

ageable functions. For the galactic zone a linear function suffices:

log Nl° = 9^70 + 0.49 (m — 7)

For both the other zones the addition of a quadratic term is required

and we may put

:

log Nto = 9.48 + 0.49 {m — 7) — 0.007 {m — 7f

hg N% = 9.40 + 0.47 {m — 7) — 0.009 (m — If

By these formulae the structure of tiie universe is determined as

a figure of revolution, a flat disk, its axis at right angles with the

Milky Way. The star-density depends on two co-ordinates, the distance

to the central plane z and the distance to the axis ^x-\-y'^, or in

polar co-ordinates: on the galactic latitude b and the distance to the

sun r. These formulae show that the density decreases from the centre

to all sides, fastest in the direction z at right angles with the plane

of the giilaxy, slower to all sides of the same. In the gala.xy itself

there clearly exists a rapid and regular decrease of density with the

distance, according to the law r
— "-ss.

This conclusion, however, is in direct opposition to the appearance

of the galavi/. We see the galaxy as a belt of more or less circular

masses, patches and drifts designating a totally different structure.

Progressing in the direction of such a star-cloud we first expect an

increase on this side of the cloud and then a decrease on the other

side, which differs ai)solutely from what K.^pteyn's result for the

galactic zone leads to. The appearance of the galaxy shows too

that the zone between +20^ and —20° galactic latitude should by

ntt means be treated as one whole. In that way parts of the universe

of really great diversily of structure would be mixed up ; the galactic

16

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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zone eonsisls [larlly (if slar-clouds, roiiuiiiu llic real pliciioiiioiioii of

ilie Milky Way, partly of iiileriiiediale and adjaci'iil celeslial re^noiis

possibly agreein^^ in formation with tiie galarlii- poles. It may be

necessary to take all these diHerent parts tojictlier for arriving at

an average representation of ilic dislrihiiiion of llin stars in space,

but this is ol)scnring the especially sirikinu' clutvucter of this

distribution, which shows in 'lie aggregation of stais into clouds and

drifts; and it is giving a false impression of the real iMilky Way if

the star-density is represented as a siniplr function of / and li.

In order (o obtain a true represonlalion wo must go on to a

W'^ approximation; treat the special parts of the zone, the great

patches and drills in the Milky Way individually, determine for

thera separately .V as a function of /// and derive from this the

value of A as a function of r.

The investigation communicated here is a lirst attem|)t to determine

these functions for some parts of the galaxy, |)articularly to see what

conclusions may be drawn to this purpose from the available material.

Three regions were chosen to this end

:

1. part of the lai-ge, bright Cygniis-patch, reaching from ;? to y Cygni

and forming the largest and brightest patch on the northern sky;

this was chosen partly on account of its peculiar position '), partly

because Herschei/s gauges are most ininierous here. As these do not

as a rule reach farther than 36° declination, only the region below

this was taken. For limits were chosen parts of parallels at 1°, and

parts of declination-circles at 4™ distance from each other, following

as well as possible a boundary line on Easton's raap'j. The sketch

in fig. 2 designates these limits (region A).

2. part of the other branch of the galaxy in Aquila and Sagitta

between 10' and 20'' declination ; the boundary line was taken from

my own maps of the galaxy. This region was taken on account of

its being a characteristic part of the main-branch in IS'^—19'> RA.

as well as because Herschel and Epstein') found here their richest

fields. For this region too a broken line was assumed for boundary,

as sketched on fig. 3 (region .4).

3. For comparison a region on the other side of the sky at 6'>

RA. was investigated, though less minutely. There is less contrast

here between well defined smaller patches and a background of

faint ditfused light, and owing to this phenomenon larger regions

1) See Easton, La distribution de la lumiere galactiquc, p. 45. (Verb. K. A. v.

W. Vlll, N. 3. 1903).

-) loc. cit. Carte isophotique.

3) Mitth. der V. A. P. Vol. HI, p. US.
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were used cori-esponding to tlie trapezia counted by Si<;kt,igek, viz.

the areas 0^-5\6''40-- 7i'20"; 5"—10^ 6i'0"—6'"40'"; 10^—25\
5'.20^—6''40".

^ 2. Let us fuot consider how a structure such as is to be expected

from the aspect of the patches of tiie Milky Way, must present itself

in the distribution of the stars ^^(/h)- The luminosity-function is

log ip = c ~ ('.H-, assuming H=0 for a star of magnitude 10.0 at

a distance corresponding with - = 0". 1 . For the distance r we introduce

a new variable r, so that ,c = 5 Io(/ r and x^=0 for nr=rO".'l; so

the scale of .7' corresponds to the scale of magnitudes. We assume

an agglomeration of stars at the distance r„, the density of which

decreases to both sides of r„ according to the law

—;i.(x—.rof

A = 10

Then the number of stars of bi-ightness m is represented by

+ CC

/•
i>fix—ci{m—x)-

A (*) I dr.

CO

From this we conclude
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wliich is most iiiunerous I'or tlie dislaiice of \\\r cliisler; iiol in t\\o.

centre, liowcver. but 0.3 rrX '^i^'-c of llie chislei- r.-irlhci' away; lliis

is owiii;^ to the increase of (lie scclor-voluine with the distance. The

dispersion of the A is the square snni total of tlie dispersions a

and T of tlic curves of density and iuniinosity : tlie accuniulalion

of L is considerably lessened iu tiie .1.

Now the dimensions of the galactic clouds in the radius vector

cannot be very great, the largest patches, wliich seem to be round,

stretch across the sky from 15°—-20°, and if they have just as much

depth ill the radius vector as breadth in the perjiendicular plane

then their depth must be about V.i of their distance; for r^"/,i[.nd

Vs A- becomes — 0.9 and -|- 0.6. So o^ is not much greater than 1,

whereas r" =: 40. The dispersion of the luminosity-function is therefore

of considerably more influence in .1, than that of the density. The

great diversity in the luminosity of the stars causes each aggregation

of them to be reflected ordy very faintly and diffusedly in the dis-

tribution of their numbers over different magnitudes.

The function A' has then the form I

J

,5(m—;no)2

10 dm and can be

calculated numerically. The function /o^iV iirst goes straight upwards

and then approaches asymptotically the logarithm of the total number

of stars of the cluster; the iiiaxiuium ?h„ lies where the curve is at

a distance of 0.3 below this maximum (curve 1 in fig. 1). Now another

Fig. 1.
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mass of stars, lying between iis and the cluster, perhaps reaching

even farther is added to the latter. The values of ^V for these stars,

the same as for regions outside the Milky Way, may be represented

by curve 2. So the total number of stars will progress like curve

3 ; first it will coincide about with curve 2, then it will continually

rise above it, get a larger gradient and finally, past the maxiinuni

of the cluster, it will again go down to curve 2 and show a smaller

gradient than this one.

If the density is the same along the whole of the radius vector

the gradient of function X will be 0.60. If the density decreases

regularly the gradient is <^0.60, if the density increases it is ]> 0.60.

If this happens only in parts of the radius vector, the different gradients

will be mixed up and strongly levelled, but still the general rule

will be that a gradient below 0.60 indicates decreasing density and

a gradient above 0.60 increasing density.

§ 3. The following material of star-countings could be used for

our investigation :

1. The Bonner Durchmusterung. For magnitudes 6.55, 8.05 and

9.05, which we used as limiting ones, the photometric magnitude is

known exactly. We could partly use the numbers of Seki.iger and

Stratonoff, partly they had to be counted anew. The total number

9.5 incl. was of no use, as its limiting brightness could not be sutfi-

ciently determined.

2. The gauges by W. HEiiscHia. as published by Holdex in the

2"'' vol. of the Washburn Observations. As nothing has been done

during the whole of the 19''' century to correct or complete Herschei/s

gauges, they still form by the low limit to which they reach the

most valuable, indeed an inestimable and indispensable material for

researches into the structure of the universe. But owing to this,

each want of homogeneity in these countings becomes an impediment

to accomplishing such an investigation. Some parts of the Milky Way
— especially the Cygnus-patch at /? Cygni — are vei-y rich in

counted fields, while not a single gauge occurs in the most northern

parts of Cygnus towards Cassiopeia and Auriga. The gauges by

J. Herschel at the Cape are of no use for our purpose, as the

results of the separate fields have not been published. The limiting

magnitude has been computed by K.vpteyn on the photometric scale

and found to be 13.9 ; through this determination only Herschfj/s

star-gauges have realized their full value.

3. The gap between the B.D. und Herschel being considerable

I
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it is of the uliiuisl importance lo liavc slar-comilinj^s lil<c IlKRSCHia.'s

for iiiteriiicdiale liiniliiig iiiagiiitiules as well. These have been cxeculed

by Til. Kp.stiun al Krankfiirt on the Main. From J877 till 1888 he

has gauged about 2700 (ields distributed over the whole sky with

a fiin. telescope. It is much lo be regretted that the outcome of

this interesting work lias not been published and it is certain that

the great value of such an investigation fur ihc knowledge of the

distribution of the fainter stars in the sky can only be realized by

a detailed publication of its results. Mr. Epstkin has kindly comniuni-

cateil to nie the results needed for my researches and it will ajjpear

below how valuable they were.

4. The pliotographic (Jnvte da del as far as it has been published.

This furnishes two sorts of data: for a brighter limit in the catalogue-

plates, for a fainter one in the chart-plates. The limit not being the

same for all parts of a plate owing to tlie curvature of the field

— which has been found out to exist particularly in the plates of

Oxford and Potsdam — these plates have always been taken ^/.s- one

whole; only the total numbers of stars on a plate or chart has been

used as data.

In how far these data for the celestial regions examined are

available, may l>e seen in the following sketches, fig. 2 and tig. 3,

-where the limits of the areas have been represented by broken lines.

Herschel's gauges have been indicated by dots, those of Ep.stein

bv crosses.
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Fig. 3.

The fields of 2° length that are covered by eatalogne-plates have

been designated b\' small squares; those of which chart-plates are

extant by bigger squares with rounded corners. For the Cygnus-region

only catalogue-plates of Potsdam can be used, since by the strict

equality of kind of plates and of time of exposure these form a

homogeneous whole. The Oxford plates below 32° I dared not use;

although the total number of stars is given for those plates that have

not been completely measured, the diversity of kind of plates and

of time of exposure made me fear a want of homogeneity that might

be absolutely fatal here. For the Aqui!a-region I could only tind

catalogue-plates of the zones at 16° and 17° declination and chart-

plates with centra at 14° and 16" declination, all of them from

Bordeaux.

This is the weak point in our method of investigation : for

with this irregular distribution of data the accidental irregularities

in the distribution of tiie stars may not be sufTiciently neutralized.

The results for the number of stars xV cannot be absolutely com-

parable unless they stand for the same region. If Herschel's

or Epstein's gauges have been spread in a satisfactory number over

the examined area then one may expect that from their average

the irregularities have sufficiently disappeared. This is more doubtful

for the plates of the Qirte du del. The outcome will have to show

whether this want of identity of the regions examined has a more

or less obnoxious influence.
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^\ 4 Now lliere reinains lo he (Iclcniiincil I lie liiiiiliiifj,' iiiaffiiidide

Tor llie iiiimliers of slars per S(|iiai'e degree roiiml IVoiii cicli of lliese

sources. For (lie l>D it may be eoiiipiiled IVoiu SKioi.i'-iKu's coireetion-

t'onmdae of the />/>)-magiiitiides as a I'liiictioii of tlie star-density.

For Herscmki, it has ah'cady Ijocii delcrmiiied liy Kai'TKYN to be

i;5.i)(>. For the other soiirees it lias been cuinpnted in tiie same wa}'

by nsing Kaptkyn's Table I in the (Inui. I'lihl. N. J8 where kuj N
is given as a function of l> and ///. l'"or eacli of the sources used N
was deduced for as many different parts of tlie sky as possible;

for ihc nnniliers found and the li of larh of these; j)arls tiie table

then furnished ihe corresponding iii = the lindting magnitude. So

these magnitudes and with them the whole of our research is based

on the piiotoniclric measures and on tlie countings on charts and star-

[ilates that ha\e been collected in .Sun)mary 1 1 of Ihe work mentioned.

Before commnnicaling the luunbers thus found we must first face

some difticnllies. The irregularities of density are greater inside the

Milky Way than outside; this is of the more importance as each

division of the Carte du del comprises oidy a narrow zone, and the

average of both places where this zone crosses the Milky Way may

differ considerably from the average 0'' the whole of the galaxy.

From this point of view it may seem desirable to use only the

regions outside tlic Miiky Way for Ihe determination of the limiting

magnitude.

On the other hand it is possible that there exists a systematic

difference between the regions inside and those outside the Milky

Way. The photometric scale on which Kaptfa'n's tables arc founded

is a visual one, and his numbers though counted on photographs

stdl indicate the numbers for visual magnitudes, supposing that the

stars taken as standards have everj'where the same average colour as

the great mass of the other stars. If the average colour of the fainter

slars inside and outside the Milky Way is differcnl — when the

stars of small luminosity are on an average yellower than those of great

luminosity, the average colour of the fainter slars in the Milky Way
must be more blue than that of those outside — then iV [m, b) must

be different for visual and photographic ///, and Ihe limiting magni-

tude deduced from the photographic numbers with the help of

Kapteyn's tables will be found ditfcrent for the inside of the galaxy

and for the outside. In the hypothesis mentioned above m must be

found greatest in the Milky Way. Such an error will be e\'cn more

striking in the brighter patches than in the average galactic zone.

By using all data, including those of the Milky Way itself, the error

will be somewhat less than by using only the extra-galactic regions.
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The visual rounlings by Hekschel and Epstein are free from sucli

an error, and this fact together with their homogeneity determines

their great value even now that we have the photographic Carte du

del. But here another difticulty arises. Can it not be that the limiting

brightness lies deeper in poor regions because in richer lields not

all the fainter stars are counted? l>y the great influence of this error

the numbers of the B.D. are, as we know, of no use for investiga-

tions such as ours. In so far as this error is occasioned by the fact

that in rich regions many stars are neglected, it is a priori probable

that it does not occur in simple rountiih/s. In the B.D. the stars

were not counted but measnreil and tiiat was the chief i-eason whj-

very faint stars were taken in poor fields and omitted in richer

ones. Kapteyn's research has already shown that in Herschei, such

a divergency from, lioraogeneily camiot be indicated for certain.

Such a ditference may also be due to the use of too low a power,

while the emerging pencil of light is larger than the pupil; each

increase of light in the field of view owing to a greater amount of

stars then causes a contraction of Ihe |)upil and therefore a diminu-

tion of the actual aperture, hence a brighter limiting magnitude. In

the introduction to vol. 8 of the Boimer Beobachlungen Scik'jnpei.d

communicates the constants of the instrument used at Bonn for the

northern Durchmnsterung: Aperture 78 nun., magnifying power 9

times, diameter of the emerging beam of light 8-/3 mm., diameter of

the diaphragma oflen put befoi'e it 8 mm. "Dieser lelztere ist immer

noch gr()sser als die Pupillenolfnung der Beobachter unfer mittleren,

vielleicht selbst grosser als unter den giinstigsten Umslanden." So it

is very likely that this circumstance has played some part in the B.D.

The aperture of the instrument used by Epstein was according to

the communications of the observer 16 cm., the magnifying power
used was 80 times, so the diameler of the emerging beam of light

was 2 mm., which cei'taiidy is always smaller than the pupil.

Here of course there can be no question of such a systematic error.

The question may be put if an error like this can occur in the

photographic Carte da del owing to stars having been neglected in

the richer fields. According (o Prof. Scheiner's communications in the

introduction to the I"' vol. of the Potsdamer (Jatalog der ithotoqra-

plusclien HinuneUkarts p. xx.\, this is quite impossible; the reverse

should rather be feared, because in poor plates where there are many
squares devoid of stars faint traces are more iikel}' to escape obser-

vation than in rich plates where each square keeps the eye much
longer. This cannot be, however, of great significance.

For the determination of the limiling brightness for Epstein 48
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fields were used wliioli were taken at I'andom from (lie mass and are

distributed over the whole sky. Each field gave a value for iV^()H, A),

from which the m was found for the f>iven ft. Divided accnrdinjj,- to

the zones the averages are

b 40°-
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The 9 results belonging to tlie galactic zone give an average of

11.77, the 8 for galactic latitudes above o(V give 11.68; so there

does not appear a systematic dillerence of any importance. The great

abundance of stars in the (Jygnus-regions happens to be so counter-

balanced by the poverty of the Auriga-Perseus-region, that their

average agrees with the general average. The average of all the

plates together gives as

Limiting brightness of the Potsdam catalogue-plates 11.73.

The catalogue-plates of Bordeaux have been measured belt-wise

and in the first two volumes of the caialogue all plates with centres

at 17' declination and ail those with centres at 16° declination appear

complete. In each belt we have grouped the plates together by fives

in the order of RA. then computed for ihe average the b, the 4A^
and from this the m. Taking the results together again in 3 zones

in the order of the f), we tlnd :

^» 40^—90" Zone 17= m = 12.13 (14) Zone 16' w = 11.74 (15)

20—40 ll.\)2 (14) 11.71 (12)

0—20 11.76 ( 8) 11.72 ( 9)

11.97 (36) 11.73 (36)

In the first belt tliere seems to be a considerable difference between

the pole and the Milky Way, which does not occur at all in the

second one. More striking still is the evident difierence between the

two adjacent belts (partly covering each other) although the instrument

and the observers at the measuring-apparatus were the same. That a

systematic difference does exist here, which does not find its origin in

the sky, appears from the fact that the smaller fluctuations of richer

and poorer fields in both bells run parallel with nearly always the

same systematic difference. The explanation must be found in the

observers at the measuring-apparalus having been unpractised in the

beginning, so that they took the utmost care to discover each almost

imperceptible star-spot and measure il ; while after more practice

they regularly left out the faintest traces as uncertain and took

only those that were more definitely Aisible. The tendency to

take into consideration even the faintest s[)Ots being likely to

have been greater in poor legions than in rich ones, this explains

at the same time the systematic difference between the pole and the

Milky Way in the first belt. If this explanation is right then the

later parts will show about the same results as zone 16° and we
may assume as

Limiting brightness for the Bordeaux catalogue-plates 11.73.



( 252 )

Tlie plates of zone 17° miglil be reduced to (lie \aicr inediod of

measuring by subtracting an average of =/,, fioin tiie number of

stars. But as we iiave oidy to do with plates of llie Milk^- Way
wliere the number counted is not too great it seems best to reduce

also tliesc ])Iates of zone 17° witii the same iimiliug briglitness.

On llie Bordeaux cliarts tlial lia\'e Itecu published llie total uuiriber

of stars appearing on the cliche has bcfwi printed at the bottom; we
assume these to stand for an area of J 30' length and breadth. These

charts have not been distril)uted so regularly over the whole sky.

We have arranged them, just as mentioned above for the Poisdam

plates, in the order of the RA., taken them in grou[)sof2— 7 plates,

and computed the in for these groups. Thus we found for

9 groups with h 40'—90' m — 13.03

(3 „ „ 20 —40 13.30

6 „ „ 0—20 13.35

As a general average computed from 83 ])lates we tind :

Limiting brightness of the Bordeaux cliart-plalcs 13.20.

An increase of the m towards the galaxy seems indicated.

§ 5. In the following list the results of the countings in the

regions examined have been collected

:
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Now tliere remains the limiting brightness for tlie B.D. to be

reduced to tlie pliotometrio scale. From the total number per square

degree we find

:

Cygnus Aquila-Sagitta Monoc-Taurus

D (Seeliger) 1.39 1.17 1.12

6.5 DM= 6.50 6.51 6.51

8.0 „ = 8.02 8.03 8.04

9.0 „ = 9.03 9.08 9.10

Putting together the numbers found as functions of the deduced

limiting magnitudes and computing the /t>^ ^V and their gradients

we find the following results to which Ivapteyn's numbers for the

average galactic zone have been added.

The values of the gradients — log N have each time been formed
dyn

from the value of Jog N on the next higher and the next lower line.

Cjgnus-regJon Aquila-Sagitta-region

d d
m JSl Ion N — loq N m xV log JV — logM

-^ dm ''
^ dm ''

6.55 0.29 9.46 6.56 0.28 9.45

0.59 0.54

8.07 2.25 0.352 8.08 1.84 0.265

0.67 0.60

9.08 10.74 1.031 9.13 7.91 0.898

46 0.52

11.73 182 2.260 0.4(; 11.73 177.5 2.249 0.49

12.51 426 2.629 0.68 12.51 361 2.557 0.65

0.80

13.90 5461 3.737 13.20 1603 3.205 1.00

1.06

13.90 8871 3.948

Monoceros-Taurus-region Average galactic zone

d dN log N — log N m log N — log Nm

6.56 0.21 9.33

8.09 1.35 0.131

9.15 7.27 0.862

11.73 137 2.137

12.51 262 2.418

13.90 1981 3.297

.J'^"-'
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At first sight the gradients show :in irregnlar n|) .iih! down niove-

menf; past (he 8'' niagnilndc tiio.v rise, then llioy go down from the

9"'' to the 12''' niagnilnde to a niucli lower vahie oidv to rise again

rapidly after liie 12"' magnilnde. Tiiis course appearing in all three

regions the supposition seems obvious thai it does not correspond to

a real phenomenon in the sky, nor that il is the conseipience of

accidental error, bnl I hat il is caused by syslematic errors in the

7)}. It might be explained if the magnitudes in the vicinity of the

9"' magnitude were all taken too low and in tli(^ vicinity of llio

12''' magnitude too higii.

Now the limiting magnitudes for the iM). have been found in a'

ditl'crcnt way from those for the countings of tiie fainter stars;

and Kai'TKVn has already observed that the magnitudes accepted for

tiic B.D. do not correspond with his tables; for these magnitudes

he found the numbers diverge from the tables in tiie same sense as

here, viz. they are 12% too great. With regard to this he says

:

"Tiiat the irregidarity must be looked for not in the sky but either

in the photometric determinations or in the countings, seems probable

from tiie fact that for the most strongly diverging results the

deviations for the zones 40—90, 20—40, 0—20 have the same sign

and, speaking roughly, liie same amount" '). If inversely one com-

putes the limiting magnitude from the numbers reduced to 9.25

with the help of the tables, one will find not 9.25 but 9.36. Without

looking into the reasons for this difference it is plain that for the

sake of greater homogeneity it will be better to base the limiting

brightness for the 9''' magnitude also on Kaptkyn's tables. We shall

therefore add 0.11 to all magnitudes of our table, standing for 9.0 B.D.

The ijuestion whether the magnitudes in the vicinity of the 12"'

are too high, is moi-e difficult to answer. Taking into account that

for the Polsdani catalogue-plates 11.0 on Aur.ELANDiiu's scale is meant

for limit and that therefore the time of exposure, 5 min., was chosen

in such a way as to first determine empirically the times of exposure

for 7.0 and 9.0 K.D., after which the latter was once more enlarged

in the same proportion, then one can expect at most 11.5 on the

photometric scale. On the other hand Kapteyn's tables correspond so

well to the photometric measurings of the fainter stars that no error

of great significance can be assumed here. Of course it would be of

the utmost importance to control the accuracy of the deducid limiting

brightness independently of IvAPTiiYN's countings. This might be

done by finding among all the series of fainter stars that have been

1) Groningen Publications N. IS p. 89.
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measured at Harvard or In Parkhurst as coitiparison-stars for

variables, those that occur in the Potsdam zone and by simply

finding out which do and which do not occur in tlie Potsdam

catalogue. This control I could not execute because it appeared that

in the four volumes of Potsdam published till now there happens to

be only one of the series of comparison-stars. As soon, however, as

more volumes will be ready this course may be taken. For the

present we have not a single definite indication that the magnitudes

in the vicinity of the 12'''' are systematically too high. To remove

the whole difference between the lower and the higher magnitudes an

error of half a magnitude had to be assumed and this seems improbable.

So for the 12''' magnitude we keep to the magnitudes given above.

After correction of the magnitudes in tlie \iciiiity of the 9^'' the

gradients become

Cygnus
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give rise lo greater errors than the slight (lifTorences we (iiid l)elvveeii

the gradients computed from tiic magnitudes 11.73 and i'2.51. Here

it appears how vahialtlc Kpstkin's countings are: without this

material it woidd have been impossible to stale if the res\dts from

the photographic Carte, clu del did not lead to an al>solutely wrong

outcome and false conclusions.

Now what are the conclusions liiat may l>o drawn fioin liiese

numbers?

In the Cvgnus-region as well as in tiiat of .\(|uda-Sagilta the

number of stars down to (he 9''' magnitude increases more rapidly

than in the average galactic zone (gradient 0.50). (iranting the accidental

uncertainty in these numbers to be great on account of the smallness

of the areas used still the difference will seem real; in- further in-

vestigation it has <o be decided whether the same holds good for

all bright parts of the galaxy. Past the 9''" magnitude the gradient

for Cygnus goes very low down, just as low as for the average

zone, while the decrease goes less far for Acpiila-Sagitta. Past the

12"' magnitude the gradient increases rapidly to far over 0.60.

From tins it appears that in the direction of the briyJit galactic

patches the star-density decreases at first and then increases again at

a greater distance so that there occurs a real star-clustering, the

injluence of which is not felt before the numbers after the 12'''

via(/niti(de. This cluster is separated from the dense mass of stars

surrounding us by an intermediate poor region that is especially

perceptible in Cygnus. The increase is still greater in the Aquila-

drift than in Cygnus ; evidently the cluster is denser there. On the

Monoceros-Taurus-side of the galaxy there occurs an increase in the

gradient past the 12''' magnitude lint it does not or hardly reach

over 0.60; so here there seems to be after a poor region a very

slight, hardly perceptible aggregation.

In the same way we have also treated some regions of the sky

on the eastern boundary of the regions in Cygnus and Aquila, so

that the first is situated between the two branches, the other outside

the Milky Way. Their limits have also been indicated in fig. 2 and

fig. 3, where tiiey form the regions B. The last named region has

been examined because in Hekschel as well as in Epstein and in

the Bordeaux plates the richest fields are not found in the middle

of the galaxy, but towards the eastside and because they even con-

tinue till outside the bright light of the Milky Way. The results of

these countings and computations have been put down in the

following tables

;
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rormiii^- llio Milky Way, ivml in order to ascorlaiii more ahoiil liicir

slriicMiires and distances we iiave lo jio on lo slill lower nia<;iii(ndes.

Thai is wiiy we do not veiilni'o liere a eoniparisori belweeii our ninnhers

and tlie liglil of the Milky Way. We only want lo observe I hat the

views based on former invesli<;ations have been ratlier eontradicled

than corroborated by liiis research. What has been found here indi-

cates tliat no oiyank: rein/ion iwi-sts between the (jiwdt vuim of atars

of the J>"' maijnUwle and perhaps as far as the U''', and the star-

clusters foritihuj the Mill;/ IT'///- i'>efore |inttinfi' this down as a

certainty, Iiowever, it is desiral)le that we slioidd wait till we have

more material available.

The completion and the pnblicalion of the photographic Carte dii

Ciel promises important resiil.s; it will be some time, however,

before the charts tully cover the regions that are to be examined.

But however much may be expected from a syslemalic treatment of

the thus com|)Ieted material, throngh combining the B.D., the catalogue-

plates and the chart-plates of the Carte du del and the star

countings by Hk.rschki. and Kpstein for dilferent parts of the sky, still

there remains tiie lack of homogeneity and of exact identity of the

celestial regions for which the;5e numbers stand. Another time I

hope to describe a method free from these drawbacks.

Physiology". — "The pennea.biJiti/ of red blood-corpuscles la pht/sl-

ttloijtca.1 couditiorts, especially to a/kali- and earth alkali metals'^).

By Prof. H. J. Hambukgek and Dr. F. Bubanovic (Croatia).

Introduetion.

In a former communication one of us ') has demonstrated by means

of qnantitatixe chemical determinations that red blood corpuscles are

in both directions permeable to Ca. At the same time the conditions

were nivestigated under which this permeation took place. We have

now extended our investigaliojis to other Rations viz. magnesium,

potassium, and sodium, and have lliially coimected with it the (piestion

whether, under the same physiological conditions under which the

permeation of calcium, magnesium, sodium and potassium, was inves-

1) More explicit communications on this subject will appear in llie Archives

Iiiteniafionales dc Phijsiologie piilil. par I^eon Frederico.

2) On the Permeability of blood cells le Calcium. These Proceedings of March 27

1909. See also a more detailed account in the Zeitschrift fiir Physikalische Ghemie.

Bd. G9, S. 6(53, 1909. (Feslband f. Arrlieuius).
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ligaled, it would also be possible lo demonslrate a perniealioii of

anions, such as clilorine and alkali. In order to promote the perme-

ation of the above-mentioned ions, the same modifications were made

in the composition of the serum, as had been made in the former

experiments on Ca. Thev simply consisted in the blood being made

li^'perisotonic or hjpisolonic, and that, to an extent corresponding to

the fluctuations which ma^' daily occur in normal life. These investi-

gations were also made with a \iew to collecting data which after-

wards might serve perhaps to explain a phenomenon, noticed by

Hedin ') several years ago and which has hitherto been left un-

explained. We mean the fact that the volume of red blood-corpuscles

is equal in isosmotic-isotonic solutions of dilferent salts, but une(pial

in isosmotic-anisotonic solutions. Also on former occasions our atten-

tion was drawn by this phenomenon^)

Method of Investigation.

As has been said the permeability of the blood-cells was investi-

gated by modifying the conipositicm of the serum within physiolo-

gical limits. The modification consisted in the bh)od-serum being

made anisotonie, that is to say hyperisotonic by an addition of 0.27(i

NaCl, hypisotonic by an addition of J07o water. To accomplish this

in an etlTicient manner a certain quantity of blood was centrifugalized,

the serum was partly removed and mixed with the necessary amount

of NaCl, or water; then it was added lo the rest of the blood and

well mixed with it. The suspension thus acquired was left to itself

for an houi', to eiuible the blood corpuscles to get balanced with

their new surroundings. After that lime the suspension was centri-

fugalized, and the serum which was thus removed, could be examined

as to its percentage of magnesium, potassium, sodium, etc.; this

percentage could then be com])ared with the relative amount of these

substances in the original serum. To control the result of the expe-

riment we have in most cases made a quantitative iletermiiiation of

these substances as found in the red blood-corpuscles, aiul thus we
could easily verify whether a decrease in the amount of certaiji

serum substances was accompanied by a corresponding increase of

them in the blood corpuscles or vice versa. For an exact determi-

1) Hedin, Skandinavisclies Archiv. f. Physiol. 1895 S. 377.

') Hambukger and Hekma, Ziir Biologie der Phagocyten III, Biochem. Zeitschr.

9, 281, 1908.

Hamburger and De Haan, Zur Biologie der Phagocyten V, Biochem. Zeitschr.

g4, 317, 1910.

17*
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iiaiiori of tlio increase or decrease il was neccssarv In know in all

cases the volnnies (»f tlie scrum and of tiic iiiood (•(ir|)nsclcs, as they

were niodilieil by anisotonv, I'ov it is oljvionsly impossiliic to obtain

and analyse <i// llie sernin of a certain anionnt of blood. Kor,

however stronfi;ly we may ccntril'ngalixe, yet it remains impossible

to remove all the serum IV(mu the sediment; a thin layer is always

loft behind. Whenever il was necessary, we have thereibrc determined

the rehitive volumes of blood corpuscles and serum by centrifugalizing

e.g. O.OB cc blood in our funnel shaped tubes, nntil the volume of

the sediment remained constant.

Finally it must be observed that all the blood, nseil for those

experiments, had been shaken with 5 volume percent carbonic acid.

This was done to render eventually a more e.xtensive interchange of

substances possible, thus causing permeability when present, to mani-

fest itself in a more marked degree.

Pi't-meabdlty to I'otasmun nnd Sodium.

The permeability to potassium and sodium was investigated in the

following way. As has been said above, a great volume of blood (3

litres) was shaken with 5 vol. perc. carbonic acid and left to itself

for three hours to enable the carbonic aciti to act, then 3X12 tubes

were each filled with 75 cc. of this blood and closed at the top

with India rul>ber covers; at the .same time 0.06 cc. of the same

blood wore put in 3 funnel shaped tubes provided with well-fitting

stoppers in order to determine the relative volumes of blood cor-

puscles and serum. Then in 12 tubes, part of the clear serum was

removed, and Na CI was dissolved in it. To the serum of the 12

other tubes water was added, then these sera were replaced in their

original tubes and well mixed with the rest of the serum and the

blood corpuscles. The amount of salt added was just sufficient to

cause an increase of 0.2 "/„ NaCl in the serum. The amount reqinred

was calculated by means of the comparative volumes of blood cor-

puscles and serum, as they appeared from volumetrical determinations

in the funnel shaped tubes. In the same way the amount of water

was determined which had to be added to the serum in the 12

other tubes.

Now the blood corpuscles were left for an hour to gel into a

state of eipiilibrium with the surrounding fluid. This fluid was centri-

fugated and the clear serum was removed as much as possiide. The

volume of it having been measured, it was evaporated in a platinum

basin at 110° and the residuum was exposed to a soft glowing heat.
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Then distilled water and HCl were added to tnrii the metals into

chlorides. The solution was fdtrated and washed, and BaCl., and

BaHjO, were added to the fdtrates to remove sulphui-ic acid and

magnesium. Then the filtrate was mixed with (NHjjCO, to remove

the surplus of barium and also the calcium. These having been

removed bj tiltration, the filtrate could be evaporated in a platinum

basin and glowed to remove the superfluous (NHJ,^ CO,. What was

left behind now was only KCl and NaCl. The total amount of it

was weighed.

In this mixture the potassium could be determined. HCl and aq.

dist. were added; then an excess of H^PtCle, and the whole was

concentrated on a water bath into a semi fluid mass, 80
"/o alcohol

being added. In this way sodium chloroplatinate (Na^PtCl,) remained

in solution and yellow crystals were formed of K^PtCI,.. These were

placed on a filter, which had previously been dried and weighed

;

the crystals were washed with alcohol, dried at 120^ and weighed.

To determine the auiount of sodium we had only to subtract the

amount of KCl froui the total amount of KCl and NaCI.

In the blood corpuscles the determination of potassium and sodium

was carried out in the same way as in the serum. As a matter of

course we had to take into account that there was still serum left

among the red blood corpuscles. The amount of it was established

in the usual way liy centrifugalizing the tliick suspension in fuimel

shaped tubes.

The results which we obtained may be sumnuxrized in the fol-

lowing table, (p. 262).

From this table it appears:

1. that ivlien serum is made /ii//)ei--isotimic by the addltiflii of XaCl
to an amount which is also observed in normal life, sodiaiii enters

the bhiod Cdrpiiscles aiul jiiitassmui /eaves them (Conip. the first two

numbei'S of column Aa, of column 4A, ha and 5b.

2. inhe?} mater is added to the serum to an amount which is also

observed in normal life, sodium likewise enters the Mood eorjmsclcs

lohilst potassium leaves them. (Comp. in all cases the fii-sl and third

numbers of the above mentioned columns).

The entrance of sodium into the blood corpuscles appears not

only from a decreased percentage of this metal in the serum but

also from an increase in the blood corpuscles, whilst the fact that

K leaves the blood corpuscles not only appears fi'om a decreased

percentage of this metal in the cells, but also from an increased

percentage of this metal in the serum.
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with those made on tlie determination of K and Na. The ash was

treated in a diit'erent way, of course. After it had been moistened

with some HCl and dissolved in hot water, it w^s dihited to 100 cc.

in a beaker and neutralised with (NHJOH till a precipitate was

formed. Then it was acidified with acetic acid and a concentrated

solution of ammonium acetate was added. After being- boiled the

precipitate was filtrated and washed.

In the acetic acid filtrate tlie Ca was pi'ecipitated bv ammonium

oxalate at boiling-heat and the whole was left to itself for 4 hours.

The filtrate was tlien mi.xed with ammonia and some Na.HPO, and

the mixture was left to itself for 24 hours at a low temperature.

The resulting Mg(NH JPO, could now be washed, dried, and glowed

in a platinum basin.

The following table contains the results obtained.

From this table it appears that if the serum w mule lujperisotonic

by (III addition of 0.27„ N'aC/, the amount of magtiesium decreases

(from 0.1445 to 0.1385) and that accordingly the magnesium increases

in the blood corpuscles (from 0.0166 to 0.0221 gr.) inhi/st if the

serum is made hypisotonic by an addition of water, inngnesiuin acts

'just the other loay, that means to say that it leaves the blood corpuscles.

(Cpmp. the lirst and third numbers of column 2a and of column 2/;).

TABLE II.

Permeability to Magnesium.

\a 16 2a 26

In the 1200 cc blood are

serum
blood

corpuscles

Amount Mg_P;0- indicating the

amount" of Mg. in

blood
corpuscles

a. 2C0 normal blood

b. 200 cc blood (a), to

the serum of which was
added o.2f'l„ NaCl.

c. 12<:0ccblood(a),to
the serum of which was
added 10"/,, water.

708 cc

80-4

7:-i(;

432 cc

31)0

404 „

O.t 45 gr.

0.1385

0.1319

0.0;OG gr.

0221

OlfiO
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Pii'iiii'tihililii to ('(ilcniiti.

As we .SJiid above, roriuer exiiciinu'iils ') liail sliovvii lIuU ralciiiiii

can bolli enter and leave llie blood corpusi'lc.-^. This motion of cakMiim

was discovered to fnid its cause in a disluihance of tiic ((|iiililiiinni

between blood coi'i)uscles and scrum. Tiiis distnrbaiice was, amongst

olliei- causes, brought about by au addition of some NaCl or of a

siigiit amount of water to the serum. We nam ivlshcd to iacestigate

to inhat er,lent a dlstuvbdiice of the <'(/iii/i/)riuni rau.'i^d by 5 vol. perc.

carbonic acid would likewise cause a transfer of Ca.

As we know an addition of 5" '„ CO.^ to arterial blood falls within

physiological limits.

After what has been said, it may be esteemed supei'lluous to enter

into technical details as to the method of investigation. Let us only

stale that the Ca was determined in the ash by ammonium o.xalate,

that after being heated the o.xalate was weighed as CaO, and further

liiat in this case only the seruui was examined as to its amount of

Ca. This seemed suHlcienl after the detailed in\estigations formerly

made on Ca 'j.

The result of the experiments now made was that under the in-

fluence of 5 vol. perc. CO.^ , calcium had entered the blood corpuscles

and that owijig to a further disturbance in the equilibrium, caused

by the addition of NaCl to the blood after it had been shaken with

carboiuc acid, a new amount of Ca had entered the blood corpuscles

TABLE 111.

Permeability to Calcium.

In the 910 cc blood are

Amount of CaO indica-

ting the amount of Ca
in the serum

a. 900 cc blood

b. 900 cc blood shaken
with o vol. perc. CO.

900 cc bkiod shaken
5"/iiC0., to the serum
of which o.2'V„ NaCl
has been added

600 cc serum and .'00 cc bl. corp.

588 cc

GOi) cc

312 cc

294 cc

0.1592 gr. CaO

O.ir.26

0:i3S3 „

1) These Proceedings of Moj-ch 27 1909; Zoitschr. f. physik. Cliemie, t'eslband,

Arrhenius Ic.
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If we compare the 3 miiubers of the thiid coIliihii, // becomes

vianifest tluit riiiih'r the injluence of Cth calcium enters the blood

corpuscles, and that this is the case to a much (freater e.rtent if to

this blood a phi/siolo(/ical amount of NaCl has been added.

We may add to this that in connection with these experiments we
also investigated the efi'ect of an addition of NaCl to blood which

had not been treated witii CO^. Tiie amount of CaO now found in

the serum was O.J 444 gr. whilst liie volumes of serum and blood

cells had become 618 cc. and 282 cc. respectively. This may serve

as a confirmation of what had formerly l^een observed in the above-

mentioned investigation concerning the permeability of red blood

corpuscles to Ca-Ions.

Pertneabiliti/ to Chlorine.

Though at the pi'csent moment there is {)robably no one wiio

doubts the fact that red blood corpuscles are permeable to cldoiine,

yet we have thougiit it expcdiiMit, in coiineclion wilii the aliove-

mentioned experiments, to investigate whether a motion of chlorine

could be demonstrated under the same conditions under which tiie

kations K, Na, Mg, and Ca passed through the blood corpuscles.

Hitherto, indeed, we examined the jiermeability of red blood corpuscles

to this anion almost exclusively by allowing physiological amounts

of CO., ILSO, and KOH to act upon the blood'). Would it be

possible to establish likewise a permeation of chlorine if the normal

equilibria m between red blood corpuscles and serum was broken by

adding to the latter 0.2"
„ NaCl or 107„ water?

For this purpose we iiave experimented in exactly the same way
as above, that is to say a known volume of serum as well as a

known volume of blood corpuscles were dried, made into ash and

in the ash tiie chlorine was determined. This was done after the

method of Volhard.

It need hardly be said that to obtain an estimate as to the absolute

amount of chlorine in blood corpuscles and serum the volumes of

both had to be established.

1 Litre of blood was again shaken with 5 vol. perc. CO,. Of this

quantity we took 3 times 300 cc.

To one of these 3 quantities NaCl 0,2 »/„ was added, to another

1) Hamburger, Zeitschr. f. Biologic 1891, S. 405; Archiv f. (Anal, u.) Pliysioiogie

1892, S. 513; 1893,8.153; 1893,8.157; Zeitschr. f. Biologic 1897, S. 35^

;

Arcliiv. f. (Anat. u.) Physiol. 1898.

Hambukgek und van Lier, Archiv f. (Anal, u.) Physiol. 1902, S. 492,
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water, whilst the third as such was examined us lo its amount of

chlorine.

TABLE IV.

Permeability to Clilorine.

2a 21) 3a 3b

a. HOii cc. normal blood

b. 300 cc. blood a, to the 1

serum of which O.'i/, '

NaCl had been added I

c. 300 cc. blood a, to the

serum of which 1 "/„

water had been added

In the 300 cc blood are

Serum |
blood corp.

ISO cc.

197

1*^1

•lOI!

Amount ''i,i n. AgNO;, indicating

the amount of CI in

110 OG cc.

110 3'i „

ll'J.?,il

serum blood corp.

33.34 cc.

M 10

31.18 „

From these experiments it appears that by the addition of 0.2 "/»

NaCl to the serum a certain amount of chlorine enters the blood

corpuscles, and that conversely by the addition of water to the serum

chlorine leaves the blood corpuscles. (Comp. of the same columns

the first and third numbers).

So it npiiears that under the same circumstances or in other loords

by the same eqidUbrium disturbances ujhich cause blood corpuscles to

be permeated by kations, also a permeation of chlorine takes place.

Finally we shall examine whether the same holds good for alkali.

Permeabditi/ to Alkali.

Already on the occasion of former inxestigations as to the permea-

bility of red blood corpuscles and otlier cells to chlorine and other

anions, the permeability to alkali has been set forth. In this

paper we have investigated to what extent an addition of slight

quantities of NaCl or water to the serum caused the blood corpuscles

to yield or to take in alkali. The amount of alkali in the serum

was determined by means of lacmoid paptir. As wc know, in this

way the total amount of dijfusible and nou dilfusible alkali is titrated.
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We snmniai'ise the results in the following (able, allowing for the

raoditication of the volumes, mentioned before.

TABLE V.

Permeability to Alkali.

In the 10(» cc blood are

Amount of 1/25 norm, tar-

taric acid correspotiding
with the alk. of the serum

a. 100 cc. normal blood
(with .".'7i, CO.,)

b. 101' cc. blood (a), fo

the serum of which
o.ti'Vi.NaCl had been
added

c. 10(1 cc. blood {a), to

the serum of which
101';;, water had been
added

61 cc serum -|-:iO cc bl. corp.

07 cc

01. .Tec

-f
3-? cc

+H8.7CC

£8.8 cc

27 5 cc

2 1 1 cc

These cvpenmenls slunr th.il Inj uMklng the .serum liyperisotonic hy

the addition of NaCl, (dkaJl enters the blood corpuscles, ivhilst hy

the (idilition of inater to the serum the same thimj takes place, hut in

a higher degree.

Summary.

The investigations described above have chiefly led to the following

results

:

1. If in the composition of blood we bring about a disturbance

in the equilibrium between blood corpuscles and serum, falling within

phj'siological limits, a redistribution of the anorganic components

takes place over blood corpuscles and serum.

2. Tills redistribution relates to kations as well as anions.

a. As regards the kations it has been seen that by the addition of

O.27o NaCl to the serum, Na, Mg, and Ca enter the blood corpuscles,

ivhilst K leaves them.

When the serum is diluted loitli lO'/a vmter Na enters, whereas

K, ,\lg, and Ca leave the blood corpuscles.

A survey of these movements may be given in the following way

:
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Serum with

0.2% NaCI

Serum uilli

10°/, water

-Nil

-Mg

- ('a

K

Nil

Mg

Ca

K

As regards Ca, this result is a i-onlinnatiou of wiial iiail previously

been found as an outcome of detailed investigations.

In this paper it lia^ moreover been demonslrat('(l thai Ca enters

tiie blood corpuscles too when the blood is shaken with a slight

quantity (5 vol. perc.) of CO, and that this transfer becomes more

considerable still, if to this blood containing CO, some NaCl is added.

Ii. The addition of Na CI or water to serum as mentioned sub. a

caused not only a movement of Rations, but also of (udons. By the

addition of some yaCI to the scruii', chlorine irns found to enter

the blood corpuscles ; In/ the addition of luater to the serum chlorine

left them.

The alkali {CO,) likeioise participated in this movement. An addition

of NaCl to the serum caused alkali to enter the blood corpuscles,

whilst an addition of water had the same etfect, but in a somewhat

higher degree.

A survey of these movements may be given again in the following

way:

Serum to which 0.2 7„ NaCl

had been added

Serum to which 10 7o water

had been added

CI

CO,

CI

CO,

These observations have proved again, and thai by methods entirely

different from those formerly em|)loyed by us and by others, that
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red blood corpuscles in physiological conditions, are penneable to

anions.

3. The conclusion concerning the permeation of Na, K, Mg, Ca

and CI is based upon the results of quantitative-chemical analyses of

these substances in the serum; these results were in all cases con-

firmed by the quantitative determiualions of these substances in the

corresponding blood corpuscles.

4. Briefly the results described above justify us in asserting

that blood corpuscles under physiological conditions are

permeable to kations as well as to anions, or if we do not

wish to view the matter in the light of the ion-theory, to metals

and acid anhydrids.

As to the kations (metals) this result is opposed to the current

view.

The latter is based upon an in\'estigation of Gijrbkr according to

which the serum retained its amount of sodium and potassium when

blood was saturated with cai'bonic acid; and tacitly the impermeabi-

lity to potassium- and sodium ions has been extended to calcium

and magnesium. If, however, we examine Girder's experiment more

closely, it is seen tiiat the blood used by this investigator for his

analyses, amounted to only 100 cc, a quantity much too small to

arrive at definite conclusions as to the permeability to K and Na.

Tlie amount of polassium indeed, contained in the serum of 100 cc.

blood (0.018 gr. K,<)), is so small that it is impossible to demonstrate

with certainty an increase or a decrease of 5 7o- In order to get

results which are at all reliable, it is necessary to experiment upon

a much greater quantity of blood ; besides it is necessary to analyse

as a further test not only the serum, but also the corresponding

blood corpuscles; this was neglected by GOrber.

More explicit critical remarks are found in our treatise in tiie

Archives Internationales de Physiologie. In the same article the

grounds may be found which induce us to look upon the permeation

of substances as an interchange of ions.

5. As to the conditions under which the permeation of kations

occurs, we assume also on account of former investigations on Ca,

that it takes place only where an exchange is possible with equi-

valent kations on the other side. And this possibility occurs when-
ever the equilibrium is disturbed in the normal chemical composition

of serum and blood corpuscles. If further we investigate by what
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canses again tins (iistiii'baiico may \to 1)i()m<;1iI alxuit, llioii il appcius

tliat ill (lie firsi place tliis becomes possible by a cliaiigo in the

osmotic pressure of the blood, by which the dissociation is modilied.

'I'liis dissociation occurs, in the bhiod corpuscles in another way

than ill liic scrum. Likewise tiie eqniiibriiim is dislurbci! wiion sub-

stances are added lo the serum such as (J(), and different salts. Of

these two causes for the disturbance in the eqnilibriuni the change

of osmotic pressure was found, at least as regards calcium, to have

a paramount inlluence (i.e.).

6. That the movement of kations and anions through cells is of

importance lo life has been plainly set forth for instance by com-

parative investigations on the influence of KCI, NaCl, NaBr, KI,

Nal, NaFl, and also of Ca on phagocytosis.

(jrroningeii, June 1910.

Physiology. — "Experimcnt/il researches on the sei/nicntal inner-

vation of the skin in doi/s." By Fi-of. C. Winklkr from

researches made in collaboration with Prof. G. A. v.\n Rijnberk.

(Vph Communication). ')

Qn form and sitnafion of the (lernottnuiata of tlie jiosterior eiiremiti/.

It has been for some years now that we have been occupied

by attempts to obtain some insight into the ii!anner in wiiicii the

dermatomata are ranged on the posterior extremity in dogs.

These researclies have been made partly at the Laboratory for

Neurology in Amsterdam, partly at the Laboi-atory for Physiology

of Prof. LiciAM in Rome.

Albeit we were acquainted witli the work of Tii«'K, Shkkrinoton,

boLK and others, and though we took from their researches the

startingpoiiit for our e.X[)eriments, still il has taken a long time

before we obtained any reliable result, because we were not prepared

foi" so great a variability in the innervation of the skin as we
foimd.

The first difficulty that presents itself, is of course the definition^

of the boundary between the posterior e.xtreinily and liie liiiiik.

1) The 5 preceding notes ;u'e priiiteil in Prnc. Kmi. AlcoiL r. ^'lii'iisrh. te

Amsterdam 1901, vol: iV. p !266, p..308, 11.508, ami 1!I03 vol. VI p. 347, p. 302.
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Ventrally tlie uroiii iiKirks a natural hoiindaiy. Tliere, if from

the highest point oi I he inguinal fold, which advances far cranially

on the abdomen, a line is drawn, joining the mid-ventral line at

the cranial border of the symphysis, this line will follow almost

precisely the groin.

Dorsally tliere is no natnral boundary. There a line may be

drawn from the highest point of the inguinal fold, over the top of

the crista ilei, joining the mid-dorsal line at the upper border of

the sacrum.

The extremity being thus confined f>-om the trunk by two boun-

daries, it becomes necessary to mark on it for topographical purposes

a few fixed points.

Besides the salient vertebrae, the crista ilei and the symphysis

pubis, there may be taken as such in the first place salient bones,

which can be felt thi-ough the skin. Tuber ischii, trochanter femoris,

the lateral and the medial epicondylus femoris, the patella, the

tuberositas tibiae, the capitulum fibulae, the malleolus lateralis (fibulae),

the malleolus medialis (tibiae), the calcaneum. Also sinews or muscles

forming a distinct relievo, were made use of to this purpose.

Our dogs were operated with rigorous aseptical precautions, in

deep morphium-chloroform-narcosis.

The vertebral canal having been laid open, after the method of

Shekiunoton, the nerve-roots silualed cranially and caudally from those

ciiosen for examination, are cut through externally from the dura mater.

As the normal dog possesses seven lumbar nerve-roots, three sacral

roots and from (bur to seven coccygeal roots, orienteering is ordi-

narily very diflicull.

This difficulty is connected with the relatively great variability of

the sacro-lumbar vertebrae and nerve-roots.

A normal dog possesses seven cervical vertebrae, thirteen thoracic

vertebrae (with tlieii- costae) and seven lumbar vertebrae ci'anial

from the sacrum. It is however not at all uncommon to find dogs,

provided with only twelve thoracic vertebrae at which ribs are

surely inserted. Such dogs still possess seveii lumhar vertebrae,

but the most cranial of these often bears a rudiment of a rib

and then is signally a thoracic vertebra. In such cases therefore the

most caudal or seventh lumbar vertebra, has been absorbed wholly

or partly in the sacrum.

As the nerve-root leaving the vertei)ral canal between the 21^'

and the 22"<i vertebra (reckoned from the foramen occipitalis) is

always reckoned to be the fii-«t lumbar root, it is evident that in

these cases the 7''' lumbar nerve-root possesses in reality through the
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mo?t cranial sacral hole. Sncli dogs present always (li(TicnllicK in the

orienteering. For localisation depends for a great part on the accuracy

of the estimation of tiic 7''' Innihar nerve-root, on ils size and its

relation lo the first sacral root, which is always thinner, i»nt often

onlv sliglitly so, and which is often closely allied to the 7''' liniii)ra

root.

After the operation the dogs generally thrive very well. Dnringthe

first days following it, the intensely hyperalgetic areas honiiding the

analgetic ones, are easily defined by pinching the skin with nippers.

In this manner is found on the sUin the hyperalgetic area corre-

sponding with the uninjured nerve-root, and at tiie meantime the

caudal border is defined of a dormatoma situated crainally, and

also the cranial border of a dermatoma situated caudally.

These boundaries are markeil on the skin. As soon as they have

become constant, they are photographed, their coiu'se I'elative to the

fixed points mentioned above is carefidly described and lastly a

design of them is taken on a model in plaster. After this the animal

is sacrificed. The skin of the posterior part is cut open along before-

hand indicated ventral or dorsal lines, then it is tanned, varnished

and preserved, the hyperalgetic areas iiaving been made distinct by

some striking colour.

At the autopsy it is settled how many cervical, costal thoracic and

lumbar vertebrae the animal possessed. Afterwards preparations

are made of the sacro-lumbar medulla with all the nerve-roots. The

connection of the intact nerve-roots with their inter-vertebral ganglia

is not severed, this naturally being impossible if they are cut through

during the operation (even if only posterior roots were cut through).

The entire preparation is then fixed on cardboard by means of pins and

hardened in formaline. After a few days the pins are taken away.

The preparation then preserves its form and it may be distinguished

at first sight, which nerve-roots have been left intact.

In this way we have at our disposal for each nerve-root ; 1. photo-

grams showing the area on the skin from that I'oot ; 2. a description

of the boundaries of that area; ;i a model in plaster on which this

area is designed; 4. a tanned hide on which it is coloured and 5.

the preparation of the sacro-lumbar medulla corresponding to it.

Besides a certain numlier of combination-experiments, we defined,

after the method of Sherrington the following radicular areas:
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Plate I.

Z.I. Dog Nr. 3.

Isolation of the skiii-area of L\. To the right are cut through: TIk. Thxi. Thxii.

Th\u\. III. Lui. Liv and Z.V. To the left Li has been cut through.

Thus the caudal boundary of TVmx, the cranial boundaries of Lvj, Z.V11 and Si

have been partly defined on the right side, together with the isolated skinfield.

1 lateral portion of the extremity. 2 medial portion of the extremity. 3 ventral

part of the do?. 4 the skin cut open along the mid-ventra! line, i.e. the mid-

ventral line is followed unto the symphysis; from thence the section passes over

epicondyUis medialis femoris, malleolus medialis, the palmar surface of the foot,

divides the great trigonal plaiita pedis, and the planta of the second medial toe.

Along this line the skin is cut open and stretched.
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tongue into the groin, and bending again cranially, it comes to vvitliin V2 cm.

distance of the mid-ventral line at the top of the prepuce. Then it turns caudalward,

runs parallel to the mid-ventral line on the prepuce, and is caught within the

cranial boundary of Sii.

Evidently the intluence of tlie extremity is already felt on the

caudal border of L\. This skin-area advances with a narrow tongue

towards the groin. But this influence is as yet only slight. The first

nerveroot that partakes distinctly in the innervation of the skin of

the groin and the medial crural region is Lii.

The skinarea of Zii.

Plate II.

Z.11. dog 4.

Isolation of the skinfield of In. To the right are cut through: Thwi, Thxiii and
L], and Liu, Liv, Lv, Z.vi and Lvu.

On the right are defined the caudal boundary of Thw, the cranial boundary of
Si and the skinfield of Ln. 1 lateral portion of the extremity, which however is

turned in part medially, 2 medial portion of the extremity, 3 the skin, cut open
along the mid-ventral line, and stretched

J
8*-
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The skiniuoii oT L\i tlial leiniiins between llie two analgetic areas is bnnnded

in the following way: (sec lig 11).

The cranial boundary leaves tlie mid-dorsal line at the second lumbar vertebra,

passes in the middle between (costal arch and crista ilei towards the cranial third

of the inguiiial fold, crosses and then takes a turn straight towards the mid-ventral

line. It does not reach this latter, but comes to wilhin 2.5 cm. distance of it at

about 5 cm. above the symphysis, then it bends cranially and pa.'^ses parallel to

the mid-ventral line in the caudal boundary of Tli. XI.

The caudal boundary leaves the mid-vcnlral line at the (ourtli lumbar vertebra,

and goes 2.5 cm. cranially from the crista ilei towards the anterior crural surface.

It crosses in caudal direction the inguinal fold in its posterior third 3 cm. above

the patella, reaches the mc;!ial crural surface, and takes a sharp cranial bend

3 cm. cranially from the epicondyUi.s medialis femoris. After making this tongue

it passes through the groin without reaching how'ever the mid-ventral line, as it

meets within the cranial boundary of til at 5 cm. laterally from the vulva.

The skinarea of in which is loft here (incom|)lete y) in the analgetic area

is bounded in the following manner (see lig. Ill): The cranial boundary leaves

the middorsal line at the second lumbar vertebra, and I urns in caudal direction

towards the upper third of tlie inguinal fold, crosses it, and goes straight towards

the mid ventral line, without reaching it however. Opposite the middle of the skin-

fold of the prepuce, it turns in caudal direction at somewhat mure than 3.5 cm.

distance from the m.v.l. running parallel to this latter, and so passes into the

caudal boundary of the area of in.

This caudal boundary leaves the nidi, at the 4^'' lumbar vertebra, running over

the lateral crural surface, 4 cM. above the crista ilei, towards the caudal end of

the inguinal fold, crossing this lal er 3 cM. above the patella and goes, taking a

cranial bend 4 cm. above the epicondylus medialis femoris, through the groin to

the m.v.l. It does not reach this, but passes into the cranial boundary opposite

the caudal third of the prepuce, at 3.5 cm. distance from the m.v.l.

The connexion with the m.v 1. therefore no longer exists in this case. The

radicular area is incomplete. It is a caricature that has lost its ventral portion,

such as we have found the "ventral area" in trunk dermatomata in our former

communications. If the boundaries are continued along the dotted lines, the area

of in is equal to the one described before.

Consequently Lii commands a skinfield situated cranially and

basally on tlie extferaity. Tlie medial third of the inguinal fold

is innervated by it. In males it contributes to the innervation of the

medial third of the skin-fold of the prepuce, in females to that of

the cranial half of the mons veneris. The ventral portion o\'erlaps

that of Lui, of Liv, in such a manner lliat it is at the m.v.l. even

connected with that of Si. It will be shown by other isolations that

(lie "crossed ovcrlapses" of Lii, Liu and Li\ on the otiier. side are

not large enougli to bring about the complete innervation of the

crossed prepuce or of a band, broad 2.5 k 3 cm. above the crossed

mons Veneris.

Consetjuently the area of Lii is at the m.v.l. in connection to the
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Plate III.

In. dog V.

I

Imperfect isolation of the skinfield of Lu. On tiie right arc cut through: T/i. xii,

Th. XIII, Li and Liii, Iiv, l.v, Lv\.

Consequently to the right are defined the caudal boundary of Tli. xi, the cranial

boundary of Ivii and of Si and the skinfield of L\\. The isolation is not com-

plete, for the sensible area does not reach the mid-ventral line. 1. lateral portion

of the extremity, 2. medial portion of the extremity, 3. the skin, cut open along

mid-ventral lines and stretched.
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field of S\. Al llie in.d.I. Iliere is no ooiiiicclioii l)el\vcoii (lie (ieid

of fji and lliiU of S\. Tiie lalcral portion of liic area of Lu trends

out a neck lirancli tiiron!.'ii the fi;roin on the anterior surface of the

extreniitv. passing' at the niiddlc lliird of Iho sivinfold of the iiroin.

The skiidicld of Lm.

Tills root lias liceii isolated tlireo limes.

1. on dog 8. To tlic right, between Tli. Xlll, L\, Ln and Liv, Lv, Lvi, Lvu.

The sensible area is bounded in the followiiig manner:

The cranial bonndary leaves the in.d.I. to 1 c.in. distance, about the 4"' liiinhar

vertebra, going in caudal direction 1 cm. above the crista ilei. towards tlie mi'dial

part of Ihe inguinal fold, and crossing this al 7 cm. above the patella. Having

reached the interior crural surface, it continues at first in caudal direclion, and

turns cranially tlirough the most medial portion of the groin, towards the inferior

mammilla. There, 2 5 cm. from the in. v. I. it bends cranially parallel to it and

passes into the caudal boundary of Th.Xll.

The caudal boundary leaves the m.v.l. to 1 cm. from it ul the cranial end of

the sacrum, and goes between crista ilei and trochanter towards the exterior

crural surface in the lateral furrow next the m. quadriceps to the patella; having

crossed this, it takes a turn towards the symphysis on the medir.l crural surface,

cranially from the epicondylus medialis.

When arrived at the middle of the groin, without reaching this, it goes some-

what more cranially, and at 4.5 cm. distance from the symphysis, it lakes a

caudal bend, parallel to the m.v.l., into the s. bicip. int. and so passes into the

cranial boundary of Sj.

•2. on dog 15. To the right, between 2//XIII, L\, Lu, and Liv, Lv, ivi, Lvii

and Sj. (see tig. IV).

Plate IV.

Lm. dog 15.
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.Ituivt

Isolation of the area on the skin from Z,iii. To the right are cut through : Thxiu,

L\, Ln, and Z-iy, Lv, Lvi, Lvii and Si. Consequeutly on the right side are isolated

the caudal boundary of 77ixii, the cranial boundary of 5j, and the skin-area of

Z.III. 1 the lateral portion of the extremity, 2 the medial portion of the extremity,

3 the skin cut open along dorsal lines. This means that tlie mid-dorsal line lias

been followed on to the sacrum; the section then passes over trochanter, epicondylus

lateralis femoris, malleolus lateralis and the dorsum of foot towards the dorsum

of the 2nd medial toe (the 3rd lateral one). The toes are cut open in the same
manner as was done on the fore-leg in former experiments, /.in passes into Sn
both at m.d.l. and at the m.v.l. Fixed points are : 1 costal arch, 2. crista ilei.

3. trochanter. 4. tuber ischii. 5. patella. 6. tuberositas tibiae. 7. epicondylus lateralis,

8. capitulum fibulae. 9. malleolus fibulae. 10. malleolus medialis. 11. epicondylus

medialis.

The sensible area of iiir is here bounded in llie fullowing manner: The cranial

boundary leaves the m.d.l. near the 4th lumbar vertebra, and goes cranially from

the crista ilei in caudal direction on the exterior crural surface towards the ingjiinal

fold, crossing it 4 cm. above the patella. Arrived on the interior crural surface,

it runs on to the middle of the groin, and there takes a cranial turn to the 4th

mammilla (beginning to count from above). At somewhat more than 3c.m. distance

from the m.v.l., it passes parallel to it, into the caudal boundary of Th. XII.

The caudal boundary has its origin 2.5 cm. lower, near the sacrum, and passes

between crista ilei and trochanter, 1.5 cm. cranial from the lalter, to the patella,

crossing it. Arrived on the medial crural surface, it goes straight towards the

conus genitalis, approaching this to 3 cm. distance and returns caudally parallel

to the m.v.l., encircling the anus, as the cranial boundary of .S'li, between tuber

ischii and trochanter to the m.d.l.

3". On dog 16. To the right, between Tli. JTiii, Li, in and Taw — Cocc. II.

(See plate V).

The sensible area of iiii is here bounded in the following manner: The cranial

boundary leaves the m.d.l. near the 5th lumbar vertebra, crosses in caudal direction



( 280
)

Plate V.

Z.I1I. dog 10.

Isolation of the skinfield of Z-iii. To the right are cut through: Thxm, Ii, Z.n,and

Z.1V, Z.V, Z.VI, /.vii, 5i 5ii, -Sill- On the right side are defined the caudal boundary

of TViXii, the cranial boundary of Cocc.n and the area on the skin from Am. 1 the

lateral portion of the leg, 2 the medial portion of the leg, 3 the skin cut open

along dorsal lines and stretched.

the crista ilei, goes to the middle of the inguinal i'okl, and having crossed

it, takes a cranial turn towards Llie middle of the groin. l''ioai thence it turns,

describing an angle of 45 degrees, towards the ni. v. 1., where il is joined by tlie

caudal boundary of Th. Xll. Tiie caudal boundary leaves the md.l. i c m. beneath

the cranial one, 3 cm. above the root of the tail, at llic middh' of the sacrum,

and passes between trochanter and tuber isclii, o" Ihe lateral criu'al surface
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parallel lo the cranial boundary. From the centre of this surface it converges

with the cranial boundary, goes caudally from the epicond. lat. femoris to the

inferior border of the patella and crosses it ; then it goes strongly convergent with

the cranial boundary (the sensible area is here narrowed to 2.5 cm.) towards the

middle of the vulva. There it joins the m. d. 1. continues along with it over the

anus, and joins finally, as cranial boundary of C'li, 3 cm. under the root of the

tail, the m. d. 1.

The skinfield of Fau varies as to situation and extension. Dorsally

it may be found from the 4''' lumbar vertebra to the sacrum,

and likewise from the 5*'' lumbar vertebra to tlie naddle of the

sacrum. The cranial boundary may cross the inguinal fold either

above or below the middle of it. The caudal boundary may pass

either cranially or caudally from the trochanter, and also either above

the patella, over it or just below it.

This area is connected with the area of Si at the mid-dorsal and

at the mid-ventral line, more cranially it overlaps Lu and Liv and

only when all the sacral nerve-roots are cut through, it may be

isolated completely. The area is extremely narrow in the medial

third of the groin (as was liliewise the case with /ai), and in cases

of incomplete isolation il is frequently discontinued by analgetic zones

in this region. The area on the skin fi'oni Jau may be counted, like

that of Lit, to belong lo the cranial marginal dermatomata, and among

these il is the largosi area.

The skiiilield of Ziv.

This area has been i.^oiated nine limes. The description of some of our results

may follow here.

"1. On dog Nr. 13. To the right aie cul through Li, Lu, /,ui, further Lv,Lv\,

ivii, Si, also Sui and the ujipei- rad. coccygei, consequently fA\ together with

Sn have been isolated.

The sensible area of Liv is bounded as follows:

It does not reach the m. d. 1., but remains 2 cm. distant from it. The line con-

necting ils cranial and caudal boundaries has a length of 2.b cm. and runs parallel

to the m d. 1. 2 cm. distant from this latter. The cranial boundary goes right

under the crista ilei transvcrsally over the exterior crural surface towards the

inferior border of the patella, it crosses there the ligamentum interarticulare and

goes straight towards the symphysis over the medial crural surface, distally from

the epicond. med. fem. It reaches the m.d. 1. 3 cm. above the symphysis opposite

the root of the prepuce, and passes cranially along the lu. d. 1. into the caudal

margin of iiii. The caudal boundary originates 2 cm. distant from the m. d. 1.,

opposite the middle of the sacrum, caudally of the trochanter and goes between

this and the tuber ischii (4 cm. above ibis latter) right over the cap. fib., distally

from the tuberositas tibiae towards the crista tibiae, crossing it. On the medial

crural surfac il converges with liie cranial boundary (the narrowest region oi the
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Plate VI.

Z.IV. dog 14.

Isolation of the skinfield of Z.iv. To the right are cut through: Li, Lu, Liii

and Lv, ivi, Ivii and Si. Consequently to the right are defined the caudal

boundary of Th.wn, the cranial boundary of Sn and the area on the skin from,

iiv. 1, the lateral portion of the extremity, 2, the medial portion of the extremity

3, the skin cut open along ventral lines and stretched. Liv passes into Sn both at

the mid- dorsal and at the mid-ventral line.
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area) and turns towards the symphysis. Just below this it joins the m. v. !.. leaving

it again immediately, as cranial bomidary of Sii.

This area is incomplete. The dorsal portion fails entirely and the ventral is too small.

More complete is

:

2. On dog 14. To the right are cut through: Li, Lu, Lm and Lv, Lvi, Lvu

and Si (see plate VI).

The sensible area of iiv is here bounded in the following manner : The cranial

boundary leaves the d.m.l. at the 5'i> lumbar vertebra, goes over the crista ilei to

the inferior third of the inguinal fold and crossing this, continues in caudal direction

into 1 cm. proximal from the epic. nied. fem. There it takes a cranial turn and

goes through the inguinal fold to llie middle of the prepuce. Going upwards along

this latter, parallel to the m v. 1.
i/., cm, distant from it, it passes into the caudal

boundary of Th. XIII. The caudal boundary has its origin not at the m. d. 1., but

at a point situated somewhat lateral from the line connecting trochanter and tuber

ischii (the dorsal connection between Liv and Sii), it pisses over the lateral crural

surface as an arch opened distalward, between epicond. fem. lat. and capit. fibulae,

crossing the crista tibiae 2 cm. below the tuberositas tibiae. On the medial crural

surface it returns to its origin, running distally (at IV2 cm.) fiom the epic. fem.

med., almost parallel to a line connecting this with the tuber ischii. Consequently

Liv and .S'li are connected both at the mid-dorsal and at the mid-ventral line.

Still more complete is the isolation of the radicular area of Liv, in the dogs

n». 26 and n". 24.

3. On dog 26, where to the right are cut through: Th XllI Li, Lu, Lm and

Lv, VI, ivii, Si, Sii, Siii and the upper Coccygei. (see Plate VII 1 and 2i.

The area is bounded in the following manner: The cranial boundary originates

at the m. d. 1. at the 0"' lumbar vertebra op|)osite the crista ilei, it goes over the

Plate VII.

Liv. dog 26.
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Isolation of the skinfield of Iiv (dog 26 and dog 24). On dog 26 to the right

are cut through: Thxin to Z-iii including this and Lv to Coccn, including this.

1 and 3 the lateral and dorsal regions of the extremity. 2 and 4 the medial and

ventral regions of the extremity.

On dog 26 the isolation of Liv is complete. On dog 24 Iiv is still connected with

5ii, but the area is a caricature, the dorsal portion fails almost entirely, the ventral

one is very narrow.

lateral crural surface towards the anterior surface crossing this latter 2i/o cm.

above the patella, continues in a straight line over the medial surface to the sym-

physis, approaching there the m. v. 1.
i/j cm distance at the root of the prepuce,

and turning cranialward parallel to tlie m. v. 1. it passes into the caudal boundary

of ThXlU.

The caudal boundary has its origin 4 cm. lower at the m.d.l. on the middle of

the sacrum, at an angle of 45°
; it passes between trochanter (1 cm. caudally from

it) and tuber ischii (3 cm. cranially from it) and goes in a straigbt line over the

lateral crural surface, between epic. fem. lat. and cap. fib. It crosses the crista

tibiae one cm. below the tub. tibiae. Then it goes over the medial crural surface,

4 cm. below the epic. fem. med. straight towards the conus genitalis, and passing

over it, reaches the m. v. 1. and along with this, over perineum, anus and tail, in

caudal direction the cranial boundary of Cocc. III.

The radicular area of L\v is I'eeblest dorsaljy. Contrary to what we found for

the dermatomata of the trunk, its caricatures are most easily found at the m. dors. 1.

Sometimes disappearance (dog 13), sometimes also the narrowing (dog 24) of the

dorsal portion is found for instance.

4. On dog 24 tiie radicular area of Liv has been isolated. (See plate VII fig.

3 and 4). To the right L\—Lin inclusive, also Lv—Si inclusive, have been cut

through. The radicular area is bounded in the following manner: The cranial
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boLindary onginatcs al tlic IV'' iLiinbai- vertebra at the m.d.l. goes 1.5 cm caudally

from the crista ilei over the hiteral crural surface towards the upper border of

the patella, then taking a cranial turn, it is directed to the symphysis. In the

inguinal fold it goes towards the root of the prepuce and comes there to within

3 cm. of the m.v.l., goes upwards parallel to this line and passes into the caudal

boundary of Li.

Tlie caudal boundary leaves the m.d.l. immediately below the cranial boundary,

and apparently an insensible quadrangular area lies between two sensible fields.

(It ought to have been a great sensible area of the connected fields of Liv and

Si, and it has become such a field after a few days). It goes 1.5 cm. caudally

from the trochanter over the lateral crural surface, between epic fem. med. and

capit. fib. to the crista tibiae, crosses this and turns on the medial surface, con-

verging with the cranial boundary towards the basis of the scrotum. There the

area of Liv has become very narrow (Va cm.). The boundary then turns caudal-

ward // to the m.v.l, 3 cm. from the perineum, encircles the anus and passes

into the cranial boundary of .S'li, which m its turn passes on the back into the

caudal boundary of Liv.

Still more remarkable becomes the radicular area of Liv as soon as the dog

possesses only twelve thoracic vertebrae or when the 7''' lumbar vertebra has

become a part of the sacrum, as was the case for dog 19. Then there is, what

has been called by Sherkington: prefixion of the extremity. In such cases the

radicular area of Liv has its utmost variety.

5. On dog ly to tiie right are cut through: Li—Liii inclusive and Lv—Silt

inclusive. The radicular area of Liv is bounded in the following manner (see

|)late VIU): The cranial boundary leaves the m.d I. 1/2 cm. below the cranial

border of the sacrum, goes 2.5 cm. below the crist. ilei over the lateral crural

surface towards the cranial border of the patella, and crossing this bends in a

cranial-concave arch to the root of the prepuce where it nearly reaches the

m.d.l. and runs parallel to this latter upward, passing into the caudal boundary

of Th XIII.

Plate VIII.

Liv. dog 19.
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Isolation of the skinfield of Liv, made on a dog with 7 cervical vertebrae,

12 thoracic vertebrae bearing ribs, 1 thoracic vertebra without rib, 6 lumbar

vertebrae whilst the Ith of these is entirely caught into the sacrum. According

to Prof. BoLK, by whom the plexus was examined, the animal has a double

N. furcalis. (Ihering). All this is on the right side. To the left it is less

complete. To the right are cut through : /.i— Z.in inclusive and Lv—S^ inclusive.

1. latero-dorsal portion of the extremity. 2. medio-ventral portion of the extremity,

with the linguiform prolongation of the area on the medial surface of the fore-part

of the extremity. 3. the skin cut open along dorsal lines.

The caudal boundary originates ].5 cm. lower, and goes just below the trochanter,

along the longitudinal axis of the lateral crural surface, between epicond. fcm. lat.

and cap. fib. to the crista tibiae below the tuberositas. On the medial surface of

the fore-part of the leg it continues caudally along the crista tibiae to the malleolus

tibiae med. Between tibia and tendo Achillis it returns cranial wards to the upper

leg, and crossing the flexors of the knee it bends to the m.v.I. reaching it on the

middle of the scrotum, and then takes a caudal tuin parallel to the m.v.I.

Like the areas of Lu and Lni, the ai'ea on tlie skin from Ziv

presents a connexion both with the mid-dorsal and witli the mid-

ventral hne. Like these therefore it may be reckoned to belong to

the basal or marginal dermatomala of the posterior extremity. These

three are the cranial of the marginal dermalomata. Together with

those of Lu and Lui the dorsal and ventral portions of lliis radicular

area arc situated one upon another, at the sacnini and al llic sym-

physis. The conuectioii willi Ihc iiiid-dnrsal line has lu'Cdiue loss

solid for /a\ llian il was for /ji and Ani. This coiniccliuu is the
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first to fail wiienever tlie isolation was defective. The area is verj

variable in extension, i.e. its lateral portion is subject to veiy great

changes in form, and the most remarkable manner of extension is

shown, when the area sends out a long tongue on the medial surface

of the forepart of the leg. An instance of this is presented by dog 19

;

where with a so-called prefixion of the extremity, the area of the

Plate IX.

Z.V. dog 10.

I

I
^y^

Isolation of the skinfield of Z.v. On dog 12 to the right are cut through L\—L\\
inclusive and Lvi—5ii inclusive. 1 dorso-lateral portion of the extremity. 2 ventro-

medial portion of the extremity. 3. skin cut open along ventral lines and stretched.

I
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skill innervated li.v Ia\ assume'^ piii'll.y 'I'c placi" wiiirii generally is

taken by that of Ia.

Both these hxst (acts siiiiport our 0|)ini()ii, that the dciinatoniala

send their lateral portions on (he extremity. Itiil do not pass on it

as a whole.

The skin Held of L\

.

To this area a very particular place must be assigned. II lias liccn i.solatcd by

us six times, a few instances among tliese follow here.

fs'. On (log 10. To the right are cut through: Ia—Lw inclusive and Lvi—5i

inclusive. (See plate IX).

There is an insensible zone boundeil in the following manner: laterally by the

m.d.l. from the 5''' lumbar vertebra unto halfway the sacrum; medially by the

m.v.l. from the orefic. urethrae over the scrotum and the perineum unto halfway

the anus; cranially by the caudal margin of ii; caudally by the cranial margin

of Sri; within these boundaries the sensible area of L\', detached both from the

m.v.l. and from the m.d.l., is situated, whilst the rest of the extremity is insensible.

At a point, situated 4 cm. lateral from the trochanter on the line uniting this

with the epic. fern. lat. originates a line which, passing between patella and tubero-

sitas tibiae over the lateral crural surface in an arch opening craniahvard, crosses

the ligamentum interai licuUue. Ariived on the medial crural surface it takes a

turn towards the symphysis, approaching this to 4 cm. (this part of the line may

be called tite cranial boundary). Then it takes a vertical bend dislalward, and

follows the m. biceps, along the pO|ilitcal space, unto the medial siirl'ace of the

forepart of the extremity. Between tendo Achillis and mall, raedialis it passes on

the lateral surface of the foot, unto the solitary (I't) medial nail. Right above this

it returns over the middle of the dorsum offoot in proximal direction, goes upward

between boh malleoli along the crista tibiae unto the anterior surface of the calf

opposite the tuberositas tibiae and then turns laterally, distally from the cap.

fibulae, // to its first part and reaches its point of departing again by taking a

vertical bend. The here isolated area on the skin from Lv is excessively small, if

compared with others.

2"''. On dog 17. To the right are cut through: Lu. L\\\ and Ziv and Lvi— Sii

inclusive. (See plate X).

The boundary originates at a point somewhat above the lateral third of the

line uniting the trochanter to the epic. lat. femoris, goes in distal direction on the

lateral crural surface towards the tuberositas tibiae, crosses this and passes on

the medial crural surface. Then it goes cranially over the epic. feni. med., parallel

to the groin, directed towards the symphysis. At 5 cm. distance from the m. v. 1.

it takes a vertical turn caudalward unto near the poplideal spaces. Going along

the medial surface of the forepart of the extremity, it passes between malleolus

med. and calcaneum ou the medial border of the foot, and along the media

border of the great planta pedis it reaches the ])lant of the most medial (2'"i) toe.

Returning then craniahvard on the dorsum of the loot (llic solitary nail, of the

(pt) medial toe, situated more proximally, is found within the sensiMe area) it

passes between the malleoli, slowly crosses the anterior surface of the forepart of

the extremity, the crista tibiae and goes towards the can. libulac. 1 cm. distally
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Plate X.

Iv. dog n.

I

Isolation of the skinfield of Z,v. On dog 17. To the right are cut through:

L\\—Iiv, inclusive and Z,vi—5ii inclusive. I. dorso-lateral portion of the extremity.

2. ventro-medial portion of the extremity. 4. the skin cut open along dorsal lines

and stretched.

from this latter, it diverges suddenly lo the m.d.l. and runs parallel to its begin-

ning, but remaining 3 cm. distant from it nearly along the line uniting the cap.

libulae with the tub. ischii. <»pposite the point of departure, it takes a sudden
cranial bend and returns into- its origin after a course of 3 cm.

19
Proceedings Royal Acad. Amsterdam. Vol. Xlll.
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In onloi- In f:iiililnlc tlio survey of llic situation occupied by 7vV on tiie medial

and antciior portion of the foot we still add the following experiincut.

S--". the skinficld of L\' on dog 25 (See plate XI, fig. 1 and 21.

Here to the left were cut through: Ia — Ta\ inclusive, also L\'i—S\ inclusive

and lastly S.^—Coccm inclusive.

Its boundary goes from a (dorsally ainl proximaliy) poiul, siluali'd on the lateral

crural surface ncAr the epic. fem. let., along Ihe cranial maruin of the cap. fibulae

over the lig. intorartic. patellae towards the medial crural surface It passes just

above the epic. fem. med. cranialward towards the sympliysis, in Ihe longitudinal

axis of the upper-leg, right between Ihe central and the medial third of the line

connecting the ep. fem. med. with the symphysis and attains its highest point

(ventrally and proximaliy) on the medial crural surface. Then it takes a caudal

turn over the llexoros of the knee describing an arch open on the posterior side

along the flexores and the popliteal space on the medial surface of the forepart

of the extremity, between maller)lus med. and calcaneum it reaches the medial

surface of the foot, passes on the sole, divides in two the large sole, and reaches

the dorsum of Ihe foot over the sole of the most medial (2"'') toe along the nail.

Turning now cranialward, it crosses the dorsum and reaches nieilially along the

malleolus the lateral portion of the extremity, following its longitudinal axis, but

continually diverging laterally. Having reached the sulcus bicip. lateralis, it continues

to below the dorsal and jiroximal point of departure, and then takes a sudden

rectangular bend towards that poiul, rejoining it after 3 cm.

But the radicular area of Lv has not always completely lost its connection with

the mid ventral line of the trunk. Sometimes it reaches the m. v. 1. ; a connection

with the m. d. 1. however we found in no case.

As an instance w-e give the following:

4. On dog 30 arc cut through to the right: L^—Liv inclusive, Lvi—S'l inclu-

sive and Siii, whilst to the left are cut through So, -S',, and Coi (see Plate XI,

fig. 3 and 4).

Within an insensible area on the extremity, bounded by the caudal margin of

i, and the cranial margin of .S'li, there is a sensible area bounded in the following

manner: The boundary originates at a point situated on the lateral crural surface

nearly at Ihe midie of the line uniting ep. fem. lat. and trochanter. It bends

cranialward to the superior margin of tlie patella, and at 5 cm cranially from the

epic, meilialis it goes linea recta to the superior margin of the vulva, where it

meets the m. v. 1. (cranial boundary).

From the same (dorso-proximal) point originates the caudal boundary. It goes

caudalward on the forepart of the extremity, lateral from epic. fem. lat. and capit.

fib., and descends along the crista tibiae to the ankle-joint. Having crossed this

between the malleoli, it continues on the limit between medial margin and dorsum

of the foot towards the sole of the most medial toe, passes between nail and sole

of this toe and running over the middle of the large sole it takes a bend proxi-

malward and goes along the limit of plantar and medial surface of the foot, to

wa'ds the fore part of the extremity. Having reached this belwoeu calcaneum and

malleolus medialis, it continues along the medial margin of llic lendo Achillis and

over the medial surface of the peroneal muscles, along the iioplilcal space and

crossing the medial crural surface it goes straight to the inferior border of the

vulva, wlici'c it niecls the cranial boundary of Su.
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Plate XI.

Z,v. dog 25.

Z.V dog 30

3 4

Isolation of the skinfield of L\i on dog 25, where to the right are cut through:
Z-i

—

Lw inclusive and Z,vi—5| inclusive. 2 On dog 30 to the right are cut through:
Li—Liv inclusive. L\n—Si inclu.sive and 5ni, vvhilit to the left are cut through 5ii,

Svui and S\.

Dog 2<- 1 dorso-anterior portion of the foot. 2 ventro-posterior portion of the
foot (plantar surface)

Dog 30: 3 lateral portion of the foot. 4 ventro-medial portion of the foot. On this
dog the radicular area of Lv reaches the mid ventral line.

1^*
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The skiiifieltl oC /.v is llie most (lilliciilt In mulcrstand, but at tlic

same lime ilio mosi iiitercsliiic,' ot" tlio skiii-areas of llio poslerior

extieuiily.

It may he rept-esenled as a large triangle, wliose base is stretclied

between two |)oints. One of these points (the proximo-dorsal one) is

situated on the lateral crural snrfiice in the midst between trochanter

and epic. fem. lat. The other (the proximo-venlral one) is found on

the medial crural surface in the inidle between symphysis and opi-

condylus femoris uicdialis. Its apex on the contrary is iixed against

(lie sole of the most medial (2"'') toe. The proximally and medially

situated solitary nail (really the first medial toe) is constantly to be

found within this area on (he skin.

In this way the area is sitnaleil "a ciioval" on the ligamentum

interarticnlare patellae. Its extension may vary considerably. The

proximo-dorsal point sometimes may be in (he centre of tiie lateral

crnial surface, and it may approach very closely the epicond. fem.

lateralis. The proximo-ventral point may be found in the centre of

the medial crural surface and it may appear removed unto the sym-

physis. In the latter cases the area on the skin from />v is connected

with the m. v. 1. A similar connection with the m. d. 1. however

was never found. Consequently this area cannot be conceived as one

(if the cranial marginal dermatomata like L\\, L\n and Xiv,

it rather shows a greater affinity with the apical or top-dermatomata,

examples of which we shall learn to know L\\ and Lvii. Though a top-

dermatoma, it nevertheless has also affinity with the basal or marginal

dermatomata, because it still shows a propensity to retain its connection

with the m. v. 1. As it was already observed in Li\ — (viz. its feeble

contact with the mid-dorsal line of the trunk, causing the dorsal

portion to become insensible before the ventral portion and in this

wav inverting the rule, that we found in trunk-dermatouiata), here

the contact of the dorsal portion of L\ with the mid-dorsal line

of the trunk now is definitely lost. There is no longer any connection

with ilie uiid-dorsal line. Incidentally however the connection with

the m. V. 1. returns, though this likewise failed in most cases. This

behaviour of the skinfield of Lv indicates that, whenever there is

spoken of axial lines or differential-lines, separating the cranial

maginal derniatomata from the caudal margiiuxl dermatomata, they

must be \ ery short at the ventral i. e. medial crural surface, nuich

shorter than the dorsal ones, situated on the lateral crural surface.
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The skiiifield of L\\.

This skinfiekl has been isolated 4 tiniM by us, ami we give again a few instances

of isolation.

1. On dog 9 are cut through lo the right: Jai to L\ inclusive r.nd ivii to Siii

inclusive (see Plate XII).

The sensible area of 7>vi, enclosed within the analgetic area on the extremity,

which is bounded by the caudal boundary of L\ and the cranial boundary of Cocci,

Plate XII.

Z.VI dog 9.

Isolation of the skinfield of ivi. On dog 9 are cut through to the right: Z.ii to

Lv inclusive and Z.vii to 5iii inclusive. 1, latero-dorsal portion of the extremity.

2, ventro-medial portion of the extremity. 3, skin cut open along dorsal lines and
stretched.
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l:rcscnts llie following asjjecl: On tlic hiU'iil ciir.al suilhcc a line may he iliawn

from the crista ilei lo tlic patella. About 1 cm. liistally from tin? miildli- ol' lliis

lino originates tlio area that is slrctclicd into a |)oiiilc'(i form. From this point of

departure llie boundary goo.s // to tlic lino just mentioned towards tlie crista tibiae,

reaobing tbis distally fro-n llie lubcinsitas and descending along wilb il, it goes

on tbe medial surface of the forepart of the extremity at the downmost third then

following the medial side of the tendo Achillis, it goes between maleolus mod. and

calcancum on the foot, passes on the medial margin of the palmar surface of the

little (most lateral) toe and arrives on the dorsal surface of this toe.

Then it lakes a cranial bent, returning over the dorsum of the foot along the

malleolus lateralis, and along the lateral side of the tendo Achillis, over tbe peroneal

muscles and the m. biceps lateralis, and converges towards its point of departure

on the lateral crural surface This area is smaller than the area on tbe skin from

Lvi is found in most cases.

2. On dog 18 the area is already more extensive.

Here were cut through to the right: Lui to Lv inclusive and 7>vii to Stu

inclusive (sec Plate Xlll).

Within the analgetic surface of the extremity, bounded by tbe caudal lioundary

of Lu iind the cranial boundary of Cotci, a sensible area is found.

From a point on the lateral crural surface, 1 cm. caudal from the epicondylus

femoris lateralis, originates a boundary which runs parallel to the line connecting

the crista ilei with the patella It passes between capitulum fibulae and tub. tibiae

and follows in distal direction the longitudinal axis of the forejiart of the extremity,

continually diverging medialward, until il arrives at 1 '/j cm. distance from the

malleolus medialis on tbe dorsum of the foot. It passes tbe isolate medial nail (of

tbe hallux) at 1 cm. distance and lakes a turn towards the medial surface of the

foot on the lirst phalanx of the medial toe, crosses the large sole of the 4''' and

Plate XIII.

ivi. dog 18.
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Isolation of the skinfield of Z,vi. To obtain this, on dog 18 to the right are cut

through: lui—Z.V inclusive and Lvn—Sni inclusive Consequently we defined the

caudal boundary of Z.11, the cranial boundary of Cocci and the sensible area of Z,vi.

1 latero-dorsal portion of the extremity. 2 medio-ventral portion of the extremity

3 skin cut open along ventral lines and stretched.

the 5"' (lateral) toe, and then follows its course on the dorsal surface of this latter. It

then takes a sadden proximal turn, goes on the limit between the dorsum of the fool

and the kiteial margin, over the malleolus lateralis, follows the longitudinal axis

of the forepai-t of tiie extremity, along the lendo Achillis, unto the popliteal .^pace,

and returns converging with the cranial boundary to the point of departure

Still larger and extending further medialward on the foot than usually is Lvi

in the following case.

3. on dog 27, where to the right are cut through : Lui—Lv inclusive and

Lvii— .S'ln inclusive, (see Plate XIV fig. 1 and 2).

On the analgetic surface of the extremity of dog 27 the area is bounded in the

following manner : Originating at a point situated just distally from the epicond.

med. fern., it takes between this point and the cap. fibulae a I urn towards the

Plate XIV.

Z.VI. dog 27.
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i.vi. dog 32.

3 4

Isolation of the skinfield of Z,vi. On dog 27 Z.vi has been isolated by cutting

through to the right iiii—Z.v inclusive and Z.vii—Siii inclusive. On dog 32 Z.vi

has been isolated by cutting through to the right Z,i—Z,v inclusive and Z-vii—5ni

inclusive. On dog 27 the area of Lwi covers besides the dorsum of the foot a great

part of the medial portion. On dog 32 the area of Ivi covers nearly the whole foot.

1 and 3 latero-dorsal portions of these extremities. 2 and 4 their ventro-medial

portions.

anterior surface of the forepart of the e.Klremity, crosses this 1 cm. distaliy from

the tub. tibae, and goes 1 cm. distaliy from the epic. fem. me.iialis towards the

middle of the medial crural surface.

It then takes a rectangular bend distahvard to the popliteal space and goes over

the tendo Acliillis and the calcaneuni on the palmar surface of the foot towards

the middle of the large sole, reaches along this the second lateral (really the 4"^)

toe (whose lateral portion is analgetic) and passes on the dorsum of the foot.

Continuing proximally over the malleolus lateralis on the forepart of the extremity,

it diverges towards the popliteal region, goes to the middle of the lateral crural

surface, ascends 2 cm. capitalward and returns to its point of departure along the

line that was drawn from the trochanter to the epicoudylus lateralis.

Still more extensive and encompassing the whole of the foot, is ivi in the

following case.

4. On dog 32. Here to the right are cut through : ii—iv inclusive, Lvii— Sill

inclusive, Cocc II and to the left Si, Cocci and Cocc ii. (see Plate XIV fig. 3 and 4).

Within the analgetic surface of the foot there is a sensible area boi^nded in the

following manner : From a point, situated on the line connecting tuber ischii and

epic. lat. femoris, in the midle between these, 6 cm. distaliy hum the trochanter,
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Uie boundary goes // to the poplitenl space, on the Intcral suifarp of tlie forepart

of the extremity, along tlie lateral part of the lendo Achillis, between nialleolus

ext. and caicanenm on the lateral surface of the foot, takes a rectangular bend

on the palmar surface of the foot, then another rectangular bent, continuing for

3 cm. proximahvard over the medial side of the calcaneum and along the medial

side of the teudo Achillis. Then it returns // to itself distalward to the raalleol.

med., crosses this and goes now proximahvard on the anterior surface of the

forepart of the extremity, crosses the tibia, goes pn the lateral surface of the

forepart of the extremity between cap. fib. and tub. tibiae and passes at 1 cm.

from the epic. fem. lat. into the line connecting this point with the till:er ischii

and so returns to its point of departure.

The ykinfield of L\\ is a true top-deniuxtoiiia, and the most

cranial one of these. It has no longer any connection neither

with the nnd-dorsai nor with the niid-\entral line. It covers the

anterior surface of the forepart of the extremity, the dorso-medial,

but also the niedio-palmar snrface of the foot. Tims it appears

wound spirally around the extremity. Moreover its extension and

likewise its situation are very variable. These apparently enormous

alternations however are less capricious than they appear at first

sight. They leave on the proximo-medial portion of the foot a space

lor the skintieid of l.\ that supi)lies the medial covering

of the foot. The florso-latcrai and the latero-palmar portion of the

foot remain to be covered hy tiie area of Zvu. Even in cases, when
this radicular area, beginning from the dorso-medial side (as e.g. on

dog 82) encompasses the whole foot, we still may tind the extrance

of L\' on file medial surface of the foot and of L\ii on its lateral

and palmar snrface, expressed by the peculiar bayonet-shaped lines

of the boundaries. The radicular area of Xvi is a very variable

one. It swings as it were from one side to the other perpendicular

on the longitudinal axis of the forepart of the leg.

It retains a relative fixation at the lateral crural side, and swings

over the anterior part of the foreleg and the medio-dorsal part of

the foot. In most cases it covers the foot far to the medic-

palmar side, sometimes passing llience on the lateral side, and in a

few cases on both sides, thus encompassing the whole foot. But in

its swinging across the foreleg and foot, it is inseparably united

witii its neighbours L\' and Zvii. Its variations are limited by the

boundaries set by Lv and Lwi, even as the variable areas of them
both, which swing from one side to the other in the same way, are

limited by the variations of L\i.
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The skinlield of Lvii.

This area lias been completely isolalcd by us 5 limes, aiul we will a^aiii in llie

first place give a few instances of its isolation.

Is'. On dog 12. Here to the right were cut tluuugli: Jai—L\i inclusive, >S'i

—

Cocco inclusive. (See plate XV).

On tiie analgetic surface of the extremity we find a sensible area bounded in

the following way: On the line drawn between tuber ischii and epic. fern, lat.,

Plate XV.

Z.VII dog 12.

Isolation of the skinfield of Lvii. On dog 12 to the right are cut through:

jLii— Z.VI inclusive, S), ii, in and Cocc. i and n. 1. dorso-lateral portion of the

upper-leg and the dorsum of the foot. 2. ventro-medial portion of the upper-

leg and palmar surface of the foot. 3. skin cut open along ventral lines.
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there is a poinl situated at the limit between its central and lateral third l.oc.m.

dorsally from the femur. The boundary begins at this poinl, goes towards the

epic. fern. Lit. and at 1.5 cm. distally from it, takes a turn to the forepart of the

extremity, 1 cm. distally from the capitulum it reaches the fibula, follows this

and after crossing the mall, lateralis reaches the dorsum of the foot, crosses this,

directed towards the 4"' (most latci'al) toe, passing over the lateral border of this

Plate XVI.

Lvii. dog 20.

Isolation of the skinfield of Lvn. On dog 20 are cut through L\v—Lv\ inclusive,

and 5i-Cocc.ii inclusive. Defined were in this way the area on the skin from

Z.V1I. 1. lateral and dorsal portion of forepart of the extremity and of the foot.

2. ventral portion of both. 3. skin cut open along ventral lines and stretched.
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toe, it icaclios llio plantar bortlor of llic loul, and goes ovi'i- llic large solo straight

over the plantar suilace of the loot to the ralcanoum. It then goes along the

teiido Acliillis towards the popliteal space and returns over the lateral crural

surface to its starting-point, coming to 3 cm. distance of the trochanter.

2'"'. On dog !20 to the right are cut through: Liv

—

Ia'i inclusive and .Si—

Gocc. I inclusive. (See plate XVI).

On the analgetic surface of the extremity there is a sensible area, bounded in

the following manner: The starting-point of the boundary is in the middle of

the line connecting tuber ischii and epicond. fern, kit, ij cm. distant from

either. From this point it goes on the lateral crural surfa('e to within 2 cm.

distance of the epic. fern. lat. and goin^- 2 cm. laterally from the cap. fib. it lakes

a turn distalward between fibula and tcndo Achillis, crosses the mall, lateralis,

and when it has reached the boundary between the dorsum and the lateral portion

of the foot, it follows this unto the -i"' (most lateral) toe; then crossing the

dorsum of the foot, it diverges medialward (all the webs are sensible) to the

medial portion of the foot on the plantar side; and goes medial from the large

sole over the plantar surface to the calcaneum, along the tendo Achillis through

the popliteal space to the lateral crui'al surface. About 3 cm. below its origin

it takes a sudden bend and returns to it.

3"'. On dog 27 to the left are cut through Ta\'— Lvi inclusive and .Si—Cocci

inclusive. (See plate XVII fig. 3 and 4).

On the analgetic surface of the extremity, which is bounded cranially by the

caudal margin of Xiv we find a sensible area bounded in the following manner:

From a point, situated on the dorsal surface of the extremity, near the capituhun

fibulae, the boundary goes medially towards the anterior surface of the forepart

of the extremity, descends over the calf of the m. tib. antic, passes the ankle-

Plate XVII.

/.', ii. Jog 33 to the left.
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Z.VII. dog 27 to the left.

'^yt-

Isolation of the skinfields of ivu on dog 33 and dog 27.

On dog 27 to the left are cut through Z.iv—Z.vi inclusive and S\~Cocc\ inclusive.

On dog 33 to the left are cut through Z.111-Z.VI inclusive and 5i—Corn inclusive.

Fig. 1 and fig. 3 the ventral portion of leg and foot.

Fig. 2 and fig. 4 the lateral portion of the extremity with the plantar portion of

the foot turned towards the reader.

joint between the two malleoli, crosses the dorsum of the foot mediahvard and

near the basal ossicle of the 2'"' medial toe, it takes a definite turn to the medial

surface of the foot, medially from malleolus medialis along the medial side of the

tcndo AchiUis, follows the popliteal region unto the inferior third of the medial

crural surface, then it takes a rectangular bend and returns to its origin on the

femur.

4. On dog 33 to the left are cut through Lni— Lvi inclusive and S3— GoccS
inclusive. (See Plate XVII, fig. 1 and 2).

On the analgetic surface of the extremity, bounded by the caudal margin of in,
there is a sensible area bounded in the following manner : The boundary originates

from a point 1 cm. distally from II1& middle of the line, connecting trochanter and
epic. fem. lat., 5 cm. distant from either. It turns distalward on the lateral surface

of the forepart of the extremity, 3 cm. from the cap. fib., between fibula and

tendo AchiUis. Arrived on the anterior surface it passes the ankle joint medially

from the mall. lat. It crosses transversally the dorsum of the foot, goes along the

most medial toe on the palmar surface, takes a proximal turn medially from the

large sole and follows the medial margin of the foot, the medial side of the cal-

caneum and the tendo Acbillis to the knee. Arrived on the medial crural surface

it takes a turn, goes in the direction of the anus towards the middle of the femur,

passes the posterior crural surface, takes again a bent and returns to its point of

egression along the line connecting tuber ischii and cap. fib.

Thus the skinficld of Z/Vir, like that of Zvi is a top-

derniatoina. Whilst Zvi covers the anterior surface of tlie forepart

of (he extremity, and tlie dorso-medio-phmtar surface of the foot,
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Ihe skii)liol(l ol' Avii covers tlio posterior Mirl'acc of llio Coi-epiirt

of iho e.vli-c'iuily, and llio clorso-liilero-pliUilar surl'ace ol' (lie foot,

ll is llie caudal top-dernialoma. Even us in coveriiit;- Ihe media!

portion of Ihe foot Lvi is supported by L\, wliich in liiis regard,

niav be called ihe cranial marginal dermaloma ihal advances far-

thesl, so L\n is supported by the nearest, most advancing rdiuhil

marginal dermaloma S\ and this laller aids in covering completely

Ihe lateral portion of the fool.

Onlv afler haviini' treated the skinlield of Ni loo, it w illiie possii»lc

to give a survey of the dilfercnt ways, i)y which L\\ l.w, L\\\ and

S\ sn])port each other in covering tlie fool.

What distinguishes however the top-dermatomala IVoni the basal

or marginal ones is the manner in whicii they swing from one

side of the foot to tlie other jjerpendicularly on the longitudinal

axis of the extremity. From Lv and Li\, Lui and Lu we see longer

or shorter tongues or fla|)s projected in distal direction. When in

L\ appears its significance as a marginal dermaloma, we observe

the shorter or longer tongue issuing towards the l"*"^ medial toe (the

solitary nail), but we also see L\ displacing itself Iransversally over

the forepart of the leg ("a cheval" on the knee). In this way it

has also a significance, and a much greater one as a to[i dermaloma,

Tlie skinlield of *S'i.

This skinfield has likewise been isolated several times, and we will first give a

few instances.

1. On dog 33 to the right were cut through: iiii—Lvii inclusive, Sii—Gocc. Ill

inclusive. (See Plate XIX, tig. 1 and 2).

On the buttock of the extremity, that is analgetic, as is likewise the tail, we

find a sensible area, connected l)otli with the mid-dorsal and witli the mid-ventral

line. This area is bounded in the following way

:

The cranial boundary begins near the sacrum forming willi the m. duis. line

an angle of 60° opening caudalward, passes over the troclianler, follows on the

lateral crural surface the line connecting trochanter and epic. fem. lat. unto the

middle of it, takes a turn towards the popliteal space, passes likewise in the middle

the line connecting tuber ischii and cap. fib., reaches the popliteal fold at its

highest point, goes linea recta through the groin towards the symphysis, 2 cm.

above this latter it comes to within 2 cm of the m. v. 1. and ascending / with

this it reaches the caudal boundary of Lu.

The caudal boundary leaves the mid-dorsal line at the root of the tail forming

with it an angle of 45° opening caudalward, encircles llie anus at a distance of

3 cm., passes in the middle between anus and tuber ischii, reaching the perineum

1 cm. above the anus. In the mid-venlral line ^to the lelt all ncrvc-rools, IjVii

excepted, have been cut through) it goes siraight over llie srrolnni. Ihe skin-l'uld

of the praeputium and passes there into the left caudal boundary of Jai.

2. On dog 21 are cut through Lui to Lwil inclusive, Sii to Cocci inclusive

(see Plate XIX fig. 3 and ll.
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Plate XIX.

5i. dog 33 to the right.

3 4

Isolation of the skinfielcl of 5i. On dog 33 to the right are cut through
Liii—Lvii inclusive and Sn—Coccm inclusive. To the left are cut through Z.111

—

Lvi
inclusive, and Sj - Corcm inclusive. So to ti.e right the caudal margin of /.ii and
the radicular area of Si have been defined. This area is very small but the caudal
margin of in also descends very low. The area of Si is connected ventrally with
that of Z.11, dorsally it is not the case. On dog 21 to the right are cut through :

Lin—ivii inclusive, Sii~Cocci inclusive. Here the area of Si is larger, at the same
time the caudal margin of in remains higher. Fig. 1—2 both sides of the extremity
on dog 33. Fig. 3—4 both sides of the extremity on dog 21.
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On llic posterior slilc ol llie analgelic extremity is a sensible area, bounded in

the following way.

The cranial boundary starts from the ni. d. 1. forming with it an angle of

nearly 45°, passes over the trochanter, thence to the middle of the line connecting

tuber ischii and cap. lib., into the lateral sulcus of the biceps, along the lateral

margin of the popliteal space, goes on the lateral border of the tendo AchiUis,

along the lateral border of the calcaneum, on the |)lanlar surface of the foot,

stretched to a fine point advancing on the middle of the foot. Then it takes a

sudden proximal turn, diverges towards the medial border of the calcaneum, and

Plate XVIll.

ii. d.g II.

hrr'; >rr'^.<^i^^^'^^^s^te

Isolation of tlie skinfield of Si. On dog II to the right are cut through /.in

—

Lvii

inclusive and all the Coccygei. The skinfield of 5i covers the lateral plantar portion

of the foot. Fig. I dorso-latcral portion of foot and extremity. Fig. 2 ventral portion

of both. Fig. 3 skin cut open along ventral lines and stretched.
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goes along llie medial margin of (ho Icndo Achillis, along the popliteal space

towards the medial sulcus of the biceps, passing transversally over the medial

portion of the upperpart of the extremity, over the adductores and the groin,

towards a point 2 cm. above the symphysis, it comes to within 1 cm. from the

m. V. 1. and ascending // to it, passes into the sensible caudal border of L\i.

2 cm. below this line the caudal boundary departs from the m. d. 1., a little

above the root of the tail, forms with the m. dors. I. an angle of 40° opening

caudalward, passes just below the tuber ischii and reaches the perineum V2 cm.

caudally from the vulva, bends along the m. v. line, along the anus, and goes

straight over this latter and the m. v. 1. on the tail unto the 3''^ Cocc. vertebra

wliere it takes a rectangular bent towards the m. d. 1.

In the following case the radicular area from Si appears still larger.

3. On dog 11 to the right are cut through Lui to Lvii inclusive, .S'li and the

Cocc , to the left Si (see Plate XVIII).

The cranial boundary departing from the m.d.l. departs at an acute angle

oppning caudalward, and goes over the trochanter and along the femur unto the

middle of the lateral crural surface. In the s. bic. lateralis it crosses tliis muscle

and the peroneal muscles, goes laterally from the tendo Achillis near to the mall,

lat. on the dorsum of the foot unto the lateral toe, and lakes a turn on the

plantar side uf the foot, along the linea interdigitalis, between fourth and third

toe, an I even over this. Then it returns proximahvard, diverging laterally over the

large foot-sole, over the plantar surface of the foot, and reaches the medial surface

of the underleg between calcaneum and malleolus med. Having reached along

tendo Achillis, peroneal muscle and poplileal space the medial crural surface, it

goes straight towards the middle of the scrotum, encircles this and ascends

1.5 cm. from the mid-ventral line and from the praep., passing towards the orefic.

urethrae into the caudal boundary of Lu. The cranial boundary leaves the m.d.l.

under an acute angle opening caudalward, near the root of the tail, passes over

the tuber iscliii to the perineum, and having reached this right in the middle

between scrotum and anus, it takes a turn along the m.d.l., straight over the

anus, continues along the tail and returns at its end (9*^ coccy.\-vertebra) to the

m. d. line.

The skinfield of -S'l is the most (ruiiiai of the CfiiKbd marginal

dermatomata, tiie one atlvancing farlliesi on tiie exireniily. It is

connected hotli willi liie mid-dorsal and ihe mid-venlral line. At

the niid-\eiitral line tlie ventral |iiirtions of the dermalomala are

lying one upon another and overlap very much. Therefore at

the m. V. 1, liie ventral cranial margin of S\ is still connected with

the caudal margin of Ln. At tiie mid-dorsal line such is not the

case: There is a gap between Ln and (Si.

Tlie area of aS'i provides in Ihe innervation of liie external genital

skinfolds, but it does not reacii tlie anus.

This becomes most evident when all the nerve-roots caudal from .S'l are cut

through on both sides.

On dog 29 all roots below Sj have been cut through, in order to isolate

Si -i~ Lvii (see plate XX).
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Plate XX.

On both sides 5i + Lv\i. dog 29.

On dog 29 to the left and :o the right the skiiifield of ivii i- Si have been

isolated by cutting through Z.iv— Z,vi inckisive, Sii. Siii and a few of the Coccygei.

Around the anus there is an analgetic area.

There is a caudal analgetic area, encircling the tail that is very short, and the

anus This area louches Ihe perinaeuni at 1 cm. from the anus, passes in the

middle between anus and luber ischii 2 cm. distant from both, anil ends 4 cm.
above the anus, above the root of the tuii.

Tlie extension of Ihe radiculai- area of S\ varies very mnoh.

Sitnated on Ihe hullocU il is iingiiilbrm, and tlie stretcliing of its

tongne may he very different. !l may be found extending nnto Uie

popliteal region, or nnto the poslei'ior surface of the forepart of the

extremity, or unto the palmar and lateral portion of the foot or

even unto the sole of the lateral toes. Evidently Si aids Jau in

covering the latero- plantar portion of Ihd foot, just as Lvi is aided

by Lv in covering the medio-iilanlar ])ortion of the foot.

It can never however cover together with L\ or with Zvii the

whole of the foot, because tlie dorsal portion of Ihe dorsum of the

foot needs Lvi to cover it.

As an instance of this will serve the joint isolation of Lv and .S'l.

On dog 28 Li—Liv inclusive, Lvi, Lvii, Sii, Sin and a few of the Coccygei

were cut through (see plate XXI).

On the exU'emity there is a sensible area covered in the following manner. The

cranial boundary leaves the m. d. 1. -i'/j cm. below the crista iiei describing an

angle opening caudalward, it goes over the trochanter on the lateral crural surface

towards the popliteal space, passes in the middle between cap. fib. and popliteal

fold on the lateral surface of the forepart of the extremity, then medially from the

mall. lat. fust on the lateral and then on the medial surface of the foot, in the

direction of the most medial toe. Along the webs it then continues proximally
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Plate XXI.

Si + Lw. dog 28.

1 2

Joint isolation of tiie skinfield of Lv and 5i. To obtain tiiis L\—Liv inclusive,

Z.VI, Z.VII, 5ii, 5iii and a few of the coccygei were cut through on dog 28, fig. 1

dorsal portion fig. 2 ventral portion of the extremity. Si + Z,v cover completely

the palmar portion of the e.xtremity.

over the medial side of the foot and passes medially from the malleolus medialis

on the medial surface of the under-leg, then to its anterior surface and having

crossed this, it returns between cap. fib. en epic. fem. lat. to the medial crural

surface and goes through the groin to the mid-ventral line. Opposite the vulva

there is a dubious zone, through which it becomes tliificult to follow the line when,

ascending // to the ni. v. 1. it passes into the caudal boundary of Tli XIII.

The caudal boundary originates at the d. m 1. near the root of the coccyx,

describing an extremely acute angle towards the tub. ischii, passes above this

latter, encircles the anus at a distance of 4 cm. going to the perineum wliere it

remains separated from the genital tuberosity by another dubious zoiu'.

On the coiitrafy Lv -\- Lxi is capable of covering the whole of

the foot, and even tlie single skinlield of L\i may do this.

Zv -|- -'^vii may nnder circuuislances be capable of doing il, iuit

not so L\n -\- S\ (see dog 29).

It follows that the covering of the foot is provided for by the

two top-derniatomata, L\'i'-[- L\\\ aided by Lv and by *Si; it may
oftentimes occnr that S\ does not take any part in it.

For the covering of the foot Zvi is of the greatest importance.

It covers the foot <lorso-medially. Next to il follows L\u, which

covers the foot dorso-lalerally. The manner in which both partake

in the covering of I lie plantar surface, may vary. In most cases the

part taken by L\i in this, is of more importance than that of Xvii.
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Generall\ L\ aiils more ov li-ss to ihc iiiedio-vcnlial covciiiij^. Tlie

latero-voiilral covering is oi'len sii|)|)<)rto(l li}' .S'l, Iml iiol in all cases.

The sk'injield of Sn und S\\\.

The area skiiilicid of Sii has been alhided to already a few times, and

in Plate XI on dog 25 and dog 30 a design has been given of it. II is presented

now, photographed under a somewhat dilTerenl aspect on dog 2u.

On dog 25 L\—Li\' inclusive, L\i, Lvii, Si, Sin and some of Ihe Coccygei

have been cnt through. (See plate XXII fig. 1 and 2).

On the analgetic extremity we find, besides the sensible area of L\', a small

sensible area near the nates, bounded in the following manner:

The cranial boundary originates near the root of the tail and forms with the

m. dors, line an exceedingly acute angle that opens caudahvard, it goes to the

tuber ischi which remains "t cm. dorsal from it, 5 cm. from the anus it sends a

small tongue on the nates and then taking a turn it goes straight towards the

Plate XXII.

iiii. dog 25.

Siii. dog 23.
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Isolation of the skinfield of Sii and of Sni. On dog 25 to the right are cut

through: Li-Liv inclusive, LviSi inclusive, Siii and a few of the Coccygei.

In this way 5ii has been isolated. Fig. 1 and 2 dorsal and ventral portion of the

e.xtremity. On dog 23 to the right are cut through: Z.i—5ii inclusive, and a few of

the coccygei. In this way Siii has been i-olated. Fig 4 and 5 dorsal and ventral

portion of the extremity; fig. 3 aspect ot anus and vulva.

symphysis, thus passing into llie mid-venlral line (the wliole ot tiic vulva is sen-

sible). Tiie caudal boundary originates on the dorsum of the tail near the first

cocc. vertebra and turns rectangularly on the m d. 1. towards the mid. ventral I.,

reaching it 1 cm. distahvard from the anus.

2"d. On dog 30 to the right have been cut through: ii—iiv inclusive, ivi—Si

inclusive, .S'lii and a few of the Coccygei (on both sides).

On the analgetic extremity there is, besides the sensible area of Lv, (see dog 30

Plate XI lig. '.i and 4) a caudal sensible area of Sii on the nates.

The crania! boundary leaves the m. d. 1. near the root of the tail under an angle

of 30^ opening caudalward, it goes in caudal direction 1 cm. below the tuber ischii,

between this and the anus, remaining 4 cm. distant from it. It passes between

tuber ischii and vagina about 5 cm. on the posterior surface of the upper leg,

takes a rectangular bend, and 1 cm. farther another, then going in the direction

of the symphysis it approaches the genital tuberosity to within 3 cm. distance and

a little above the symphysis it passes under an angle of 45^ into the m. v. I.

The caudal boundary of the zone of .Sii oiiginates 1 cm. distally from the cranial

one at the m. d. 1. describing an extremely acute angle opening caudalward, it

first goes somewhat caudally, and then takes a turn straight towards the anus,

where it passes into the m. v. 1. The cranial border of the anus is sensible, the

caudal border analgetic. The mucous membrane is sensible everywhere.

The skinfield of .S'lii has likewise been designed already a few times. A few

more instances follow here.

1. On dog 23 to the right are cut thiougli: Li—S\i inclusive and the two

nearest coccygei. (See Plate XYH, fig. 3, 4 and 5).

On, the analgetic surface of the extremity and the tail there is a sensible area

bounded in the following manner

:

The cranial boundary originates at the inferior border of the sacrum, leaving

the m. d. 1. under an angle of ± 25°, it goes caudally from tuber ischii and anus,

and takes a bend towards the. mid-ventral line halfway the perineum between anus
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and vulva, tliuii it ascends again and roaches near llu^ vulva llie ni. v. 1. (the

genital tul)ci(isity).

The caudal boundary originates at the -2'"^ coccygeus '/s ••'"• I'"'" "'c mid-

dorsal line and takes a rectangular hciul towards the ni. v. I., which it reaches

2 cm. distally from the anus.

2. On dog 22 to the right are cut through: Lvi, /ah Si and S'li, Gocc. i, a

and HI.

There is a sensible area on the buttock.

The cranial bouudary originates at the m. d. 1. near the loot of the tail, leaving

it under an extremely acute angle opening caudalward, it passes between tuber

ischii and anus, 1 cm. distant from the former, and then in a straiglil line towards

the scrotum, where it meets the m. v. 1. in the inferior third. The caudal boundary

leaves the m. d. 1. between the "2"'^ and the 3"^ cocc. vertebra at V2 cm. distance,

describing a right angle, encircles the tail and reaches tlie m. v. 1. 8 cm. distally

from the anus.

6^11 and *Viii are the two last, most caudal iierve-i'ouls thai parti-

cipate in llie innervation of the skin on the exiieinity. Their areas

on tlie skill, togetlier with that of Ni form the liiree caudal speci-

inina of basal or marginal deriiialoiiiata. Following the indications,

furnished by tiic preceding re.<carclies, wc intend erelong to publisli

some conclusions about the manner in whicli tliCHc diflerenl areas

are ranged on the skin and their reciprocal variations.

E R K A T U M.

In the Proceedings of the meeting of May JDJO:

p. Bo, 1. J5 from the bottom: the fraction in the second iiiembcr

d.-t

of the e(piation has to be mulliplied by -— (cl. p. 62 equation (4)).
dr

(September 1, 1910).
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Physiology. — '• I'kysioloyicalncleromelrii" . llv Di. A. K. M. Noyons.

(ComiiHinicaled h\ Prof. H. Zwaakdkmakek).

(Cominuiiicaluii in llie nu'Oling of March ii(J, I'.UO).

Already in a former eoiiiiiiiiiiicalioii ') I foiind an ()|i|i()rliiinty to

di'aw (lie alteiilioii (o llic (|ualil_v of llie i)liysiological luudiicss .so

little studied, in oasn the hardness of the miincles. Then it was

pointed out how hardness is a collective idea, coni|irisiiig and

ly|)ifviii,i;' in niineralouT an anionnt of qualities such as cohesion,

elasticity, plasticity, gliding, splitting, and fracture. For physiological

purposes it is only the three cpialilies: elasticity, plasticity and

cohesion uliich ii.itmailv come under discussion. Hence the definition

of physiological hardness and the method of determining it must be

based upon the three above mentioned (pialilies. Therefore it appears

on second thoughts that Aukubacu's ') definition of mineralogical

hardness cainiot unaltered be transferred to the physiological hardness,

when he says: "Hiirte is eine Art von Festigkeit niimlich der

Widerstand gegen die Bildnng von Unstetigkeifen oder dauernden

Deformationen beim Driicke zweier spharischer Oberfliichen gegen

einandiM' und kann Hiiidringungsfestigkeit genannt vverden . . . Sie

ist (piantilativ dnrch den Cirenzeinheitsdruck im Mittelpuidctc der

Dj'uckllaclie bestinimt."

Definition and method of determination start from the principle,

— wliicli is hardly ever desirable for physiological cases — that

the moment at which a permanent deformation appears, is nsed

as a criterion. This permanent deformation is in nnneralogy rerpnred

for the determination ol' dbso/ate hardness. F"'or physiological objects,

therefore, w'e have to look out for another principle.

In the above communication I described a snitable apparatus, by

means of which difTerences of hardness in muscles under different

circumstances could be pointed out. The oscillations of a little falling

hammer beating a muscle, is nnder certain premises a measure for

the hardness. In judging about the hardness of the object that is to be

e.xamined, various data in the photographs may be taken into account :

1. the total number of I'everberations

;

2. form and height of each reverberation separately;

3. amount of the heights of all reverberations

;

4. the process of penetration of the hammer into the oliject, which

is dei'ived from the situation of Ihe lowest points of the sclerometric

figure.

') Noyons, A. Iv. M. About the dctcimination of hardness in muscles. Kon. A kad.

V. Weli'iisch. Aiiistcrd.im. Proceedings of the meeting of June 13, 1908.

-) AuERBACH, Fel. KanoH der Physik. p. 119. Leipzig 1899.
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Witli Hie aid of the above-mentioned apparatus, for wliicli I choose

the name of "ballistiL- sclerometer" to discriminate it from another

apparatus that I am going to describe iiereafter, changes of hardness

were proved among otlier in muscles through wiiich passed a galvanic

current, in muscles moistened wilh different isotouic salt-solutions,

in m. gaslrocnemii excited to tetanus without being capable to contract,

lastly with muscles exposed to ditferent temperatures. Also objects

of quite different nature and harduess present, at au exauiination

with the ballistic sclerometer, tine differences of hardness. The subjoined

figures may throw some light upon this. The objects were examined

with a hammer of the same weight, falling constantly from the same

height, whilst in the perpendicular position the convex surfixce of

the hammer at rest just touched the surface of the object. Fig. 1

gives the ballistic sclerogram of an Hirudo medicinalis, killed by

being kept for some hours in ethervapour. Fig. 2 gives an image

of the hardness of the m. gastrocnemius of liana esculenta an hour

after its death cut out. Fig. 3 is the ballistic sclerogram of the eye

of the hog some hours after death.

Gelatin-plates of the same size and the same thickness but each

time of a different concentration, and which at digital touching

show quite certain sensoric differences of hardness, may be tapi)ed

with the ballistic sclerometer. In accordance with the concentrations

we then find differences in the ballistic sclerograms of those plates.

The disk-shaped gelatin- [)latcs have an area of 47.3 cM" and a

thickness of 2.1 1 cM.

C.ELATIN-PLATES DETERMINED WITH BALLlSTfC SCLEROMETER.

Gelatin-
, Tronc:r.o,-ono<, n 1

Numbcr of
concentration

'ransparency
j Reverberations

Amoutit of the Average height
heights of all

\

of a
reverberations I reverberation

^%
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Tlioujili, as appears aiiioiig otlicis from tlio above tabic, llie

scleroniclrio curves denote the imiliial tiillcrences of lianlness very

accMiiatelv, vet tlie ballistic inetlioil cannot be used lu determine tlie

absolute hardness, as it occurs that objects of dideront structure,

which seem to be ccpiallv hanl b\ digital loucliinii. make a deviating

impression with the ballistic sclerometer. This is because in (he ballistic

sderomeler it is especially the elasticity of the object that comes to

the front. If this is taken into consideration, the method is suitable

to the circumstances of the case.

Yet this fact made me look out for another nielhod which was

perhaps to show proportionate data at digital touching on the one

side and at the sclerometrical examination of the same object on

the other.

Mineralogy lias at its disposal numbers of methods of a static

nature which are not to be used for physiological purposes, so long

as one sticks to the permanent deformation as a criterion for hardness.

However, another criterion may be used and as a measure for the

hardness may be taken the depth of the penetration of a certain

object into the object that is to be examined, whilst this penetrating

object is charged in a deliiute way.

This principle somewhat reminds nf the principles applied at the

determination of hardness in mineralogy according to Brinell and

LuDwiK '). In this method we maj" also speak of absolute hardness,

provided the data are every time reduced to the corresponding

results arrived at in a material which is considered as unity t)f

hardness. In the static sclerometer the principle is applied as

follows. A coue of ebonite hangs by means of a little bar which

can move without any incorrect movement, ou one arm of a little

lever. This same arm (if the lever bears a hook in order to hang

up (lili'erent weights, and further a weak iron plate, which by

means of an electro-magnet, fed with 4 a (i volt., can be held fast,

so that the cone is prevented from indenting the object. When the

current is broken, the cone sinks into the object that is to be

examined and the extent of this indenture is indicated by tlie other

arm of the lever magnified 30 times, either by simple reading of the

position of the lever along a measuring-lath or by registration on a

kvmographioi* or by fixation by means of photography. The registering

part of the apparatus with the cone can be moved up and down

by means of a metal ring, so that at the determination we first

bring about and start from, the condition in which the cone just

touches the surface of the object to be examined without any

ij See Dr. Vikt. Poschl, Die Hitrte der festen Korper. Dresden 1909.
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pressure at all. The object it^^elf lies on a tirin siibstniUim. In order

to be rertaiii that always the same point of the surface is examined

this may be marked with colouring matter.

In order to trace whether the form of the indenting object

exercises influence upon the degree of indenting 1 ha\e caused

the identure to be brought about by balls of ditrerenl radii, e\ery

time with .the same series of weight. When a curve is projected

of the size of the indenture, got at dilferent loads, this curve

shows, especially at the harder objects, a peculiar course. At

the outset the curve has an irregular form, wliicli afterwards

passes into a linear course. Now according as the indenture is

brought about with balls of greater radii, this linear cour,se shows

itself earlier, but at the same time the absolute amount of the

indenture is smaller, because the acting force has to spread over a

larger surface.

By tlie analogy of this we should a priori expect that a small

|)lale which might be considered as a ball with an indnitcly large

radius as jjcnetraling object, must yield a curve, on the whole with

a well Jiigli linear course. Indeed the experiment proves this, pro-

vided the condition that the plate has a sutKicient size, be satisfied.

But as soon as, on the other hand, this size becomes somewhat

considerable, so small an indenture is got that the method conse-

quently becomes practically loss fit. The subjoined curves obtaiued

from static sclerograms by plotting the depth of the indenture

and the corresponding weight, clearly show the influence of the

length of the radius of ball or disk. From this it appears that the

conus remains the fittest penetrating object, at least in this case,

where as an object to be examined was chosen a ± r> "/^ gelatin

plate, which, as for its hardness, borders upon the hardness of the

M. gastrocnemius of R^na.

The conus may be considered as a little ball with a very small

radius. If e. g. the conuspoint is measured under the microscope, it

is seen that this point has a certain roundness, for which a radius

may be fixed. The indenture got with the conus at a definite weight,

but introduced into the system of coordinates as being caused by a

ball with 0.4 mM. radius at the same weight, gets a place in accord-

ance with the theoretical plan, on the curve of the conus, which

was determined experimentally-.

By means of the static sclerometer, with the conus as penetra-

ting object, I have as to their hardness examined gelatin plates

of different concentration with the intention, to take as unity of

hardness a definite gelatin plate. Gelatin namely is a pretty constant
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material, easily obtainable for every one (lii^-. 5). On llic wlinlc, il'

we woi'k Willi iu)l too large weights, we get regnlai- curves; only

the 2 "/„ gelulin proves not to be able to carry a conns loaded

witli JOO nigr. Evidently llio conns at a given moment destroys the

coherence of the gelatin, which manifests iLself by the snddcn

steepness in the cnrve. At this moment we have reached whal in

mineralogy is called tiie 'Grenzeinhcitsdrnck'.

From the cnrves may be derived :

1. With how mnch weight the conns nnist be loaded in order to

make a gelatin plate of a definite concentration undergo an inden-

ture resp. 1 mm., 2 mm.. ',i mm. deep.

2. How dee|) a gelatine plate of a delinile concentration is indented

ut a weight on the conns of resp. lOO, 200, 300 and 400 mgr.

[n the snbjoined tables these amounts have been given.

WEIGHT OF THE CONUS FOR A DEFINITE INDENTURE OF THE

GELATIN PLATES.

I

Concentration of
Weight necessary

]

Weight necessary Weight necessary

the gelatin plate
'' ^°^ ' ^°''

'
^°'"

1 mm. indenture 2 mm. indenture 3 mm. indenture

;!

5

8

''I'.l mgrm.

G6

10:>

•141

210

337

88 mgrm.

131

229

300

439

735

till mgrm.

10.-,

3;;7
.

/i87

:35

I
10-,

INDENTURE BY A DEFINITE WEIGHT ON THE CONUS.

Concentration of

the gelatin plate
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Lastly we may communicate here the results got by means of

the static sclerometer with the three objects, of which the ballistic

sclerogi'ams ha\e already been represented.

Tiie Hirudo medicinalis, at a weight on the conus of 94 nigr.,

showed an indentui'e of 3.3 mm. and consequently possesses a

hardness smaller than a gelatin plate of 27o gelatin.

The results for the m. gastrocnemius of Rana are found in tiie

following table

:

DETERMINATION OF HARDNESS
M. GASTROCNEMIUS OF RANA.

Weight
on conns

Dept of

indenture

j
As to its hardness

agreeing with
gelatin plate of:

75 mgr.
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of llio cornea verv peculiar opiic changes show themselves niicro-

sco|)ir;ill\ iiiiilor h)\v nuignilication.

l*'i(ini what precedes it a|)peais that in Ihe Iiardness of plivsioio-

gical ohjecls we siionkl distinguish well iielween relative and al)soiiile

deterniinalion of iiardness. Tiiis is unndslaUabiv connected with the

fad tliat one of tlie tiiree (pialities whicli are implied in iiardness,

viz. elasticity, plasticity, and cohesion, conies to the front. Which

part each of these cpialities has in definite cases and how they are

perhaps to be separated in sclerometrv, I hope to show later on.

Chemistry. - "On tlw. mianj tri-molcculnr pseudo-h'iiinrii sj/sti'm

ncetr, jxir-, and met-ahle/ii/di'". l»y I'rof. A. Smits and Dr.

II. L. Di', liKK.rw. (Communicated by Prof. A. I'\ IIoi.i.km.xn).

(Communicated in the meeting of June 25, I'JIUJ.

Dining the investigation of the system acetaldehyde-alcohol a great

quantity of melaldehyde, which dejiosited in the shape of needles,

was foriiicil in one of the uiixtiires during the cooling wilhoul our

being able at I lie tiisl nioinent lo indicate the reason.

This phenomenon, which I'ccalled to our memory the many contra-

dictory accounts which are to be found in the literature about the

behaviour of metaldehyde, induced us to undertake the following

investigation ou the connection between acet-, par-, and met-aldehyde,

in which we were lortuiiate enough to find a solution, which brings

unity in the work of many and makes apparent contradictions con-

form to a perfect harmony.

In 1872 Kekule and Zinckk') found that the formation of met-

aldehyde from acetaldehyde, just as that of paraldehyde from the

same substance, takes place in the presence of certain substances, but

that while the formation of paraldehyde takes place at tlie usual and

higher temperatures that of metaldehyde is generally to be observed

at lower temperatures. The paper by Kekule and Zincke cited here

is distinguished by the great accuracy of the description of the

observed phenomena, and contains a passage, whose meaning has

been evidently overlooked by others, as it witli great clearness points

out the direction in w^hich the solution of the problem is to be found.

The passage in question runs as follows:

"Fiigt man zu reinem Aldehyd kleine Mengen von Salzsaure-gas,

Chlorkohlenoxyd, Schwetliger Saure oder verdiinter Schwcfelsiuire

nnd kiihll dann sofort, am besten mit einer Kaltemisclinng ab, so

>) Ann. d. Ghemie u. Pharm. 162, 125, (1872).
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scheiden sich feine lange Nadelii von Metaldehyd ab, die bisweilcn

die ganze Fli'issigkeit wie eiii feines Netzvverk dmrlizielien. Stets

Avird mu- ein kleiner Tlieil des Aldehj'ds in Metaldeliyd verwandelt

iind die Menge des letzteren nimmt bei liingerem stelien nicld zu

;

sie kann sich vielmekr verminderji wul der Metaldehyd kami ganz

verschioindeii, namentlich tvenn ein eiiergischer loirkendes Ferment in

einigermassen betriichtlicher Menge zugegen ist und loenn die Teinpe-

ratur nicht niedrig genug gehnlien loird.

Neben Metaldehyd entMeht inimer Paraldehyd in inehr oder minder

grosser Menge." ')

Tiiat metaldeliyde originates from cooled acetaldehyde in the pre-

sence (if a katalysei-, in which paraldehyde is also always formed,

and the statement tliat this metaldeliyde can disappear again when

there is enongh ])resent of an energetically working katalyser, this

result, which has been left unused up to now, joined to the fact

stated by Trogkk "}, Frikdkt, '), Okndorff and White ^), that graihialiy

metaldeliyde is converted inid |)ai'aldeliyde and a little acetaldehyde

at the usual temperature, and at 3 20' almost exclusively into acet-

aldehyde, as Kekui.k and ZiNCKE state, all this leads us to suppose

thai we have to deal here with a |)seud()-teruary system, wiiich

passes into a unary -trimolecular system in case of internal etjuilibriiim.

This supposition suggested itself, for it was found that metaklehyde

can be formed from acetaldehyde at lower temperature, whereas the

reversed reaction takes place at higher temperature.

So this poinl'i to the following reversible conversion:

acetaldehyde ^ metaldeliyde.

In the second place it was found that metaldeliyde is converted

into paraldehyde. If we assume revei'sibilily also here, we get as

second reversible reaction:

metaldeliyde ^ paraldehyde.

It was further known that acetaldehyde is easily convertible into

paraldehyde, and also reversely paraldehyde into acelaldehytle.

Now it might naturally be supposed that in this latter reversible

conversion metaldeliyde always appears as middle-product, but as

we have not the slightest reason to suppose this, and the supjiosition

that also the reversible reaction

1) The italics are curs. In a still earliei- paper by Fehling [Ann. 27, 319 (1838)]

it is also menlioued that metaldeliyde disappears again after some time.

2) Rer. 25, 3316 (1892>.

3) Bull. 9, 384 (1893).

*) Americ. Ghem. Jom'n. 16 43 (1891).
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acetaldehjde ^ paraldehyde

exists, leads us to an exceedingly plausible explanation of the difrerciit

plipuouieua, we do not hesitate for a moment to insert this hitter

assumption. In this way we arrive at the existence of a great

ecpiilibrium '), whicii is composed of three others, viz.:

1

acetaldehyde ^ paraldehyde

2 <^ O '\

nietaldeiiyde.

Now it is cieai' lliat iIipsp three reaclions of e(|iiiiiliriMni will in

general be intlnenced in a dilfei'eul way by one ami the same

kalalyser which may convey the impression lo us as if cxclusiNely

01' nuiinly only one reaction takes place.

This is illustrated by an experinieui, which we arranged in ihe

same way as K^kul^ and Zinckk's experiments.

If acetaldehyde is cooled in ice, and a very small amount of

strong HjSO^ is added, e.g. 1 nigr., solid metaldehyde is formed

when the solution lias Ijeen shaken for some time, wJiich metaldehyde

does not seem lo change at the temperature of the room, but which

in reality disappears very slowly.

This slow disappearance may be accelerated by the addition of

more sulphuric acid.

This points to the fad that for the equilibrium reaction acetalde-

hyde t~, metaldehyde H^St), is a much stronger katalyser than for

the other two conversions, .so that a very small (pianlity H.,.S(),

mainly causes metaldehyde to be formeil at 0'.

From the fact that metaldehyde deposits here in solid state follows

that the internal equilibrium in the system acetaldehyde—metaldehyde

lies in the supersaturate region of metaldehyde.

So if the other two reactions were not at all iidluenced by this

small quantity of HjSO^, the whole amount would of course be

converted to solid metaldehyde, but this is not the case. Though

much less qiuckly a small quantity of H.^SO^ makes also the other

two equilibrium reactions proceed towards their state of equilibrium,

this explains the fact that by the side of metaldehyde always paral-

dehyde is formed, as KekuiJ and Zincke observed.

It is clear that also with an exceedingly small quantity of sulphuric

acid, but then only after a very long time, internal equilibrium will

be established; if however, we add more sulphuric acid, every equi-

1) Bancroft, Journ. phys. chem. 5, 182 (1910) arrives at the conclusion, wliicli

is erroneous in our opinion, that melaldeliyde is always melaslal)le.
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librium will set in with greater rapidity, and if at last the quantity

of sulphuric acid has become so large, that each of the three equilibria

sets in monientaneously, the three aldehydes will be in equilibrium

in all possible circumstances, so internal equilibrium will prevail,

and the trimolecular system will behave as a unary system.

Now we observe that the solid metaldehyde, which has originated

from acetaldehyde with a little sulphuric acid at a lower temperature

disappears again when more sulphuric acid is added with a rapidity

which is the greater as the tem[)erature is chosen higher.

Thus it appears among others tiial at the ordinary temperature the

unary liquid phase cannot be in equilibrium with solid metaldehyde,

or in other words, that this liquid is unsaturate with respect to

metaldehyde.

Now it would be natural to siqipose that the internal equilibrium

in the pseudo-binary system acetaldehyde-metaldehyde already lies in

the region unsaturate with metaldeliyde at the usual temperature,

but this is certainly not the case, as it appears from an e.xperiment

by Fehling '), which was repeated by us, that when acetaldehyde

is brought into contact with some pieces of CaCl,, at the temperature

of the room crystals of metaldehyde deposit on the CaCl, after some

hours, the quantity of paraldehyde formed being very slight.

This is an experiment wliicii does iiol succeed with a trace of

sulphuric acid, because H,S(), at I lie ordinary temperature already

too greatly accelerates the conversion of metaldehyde to paraldehyde,

whereas the intluence of C'aCl, on this conversion is exceedingly

small at the ordinary temperature, as appears from the very slight

formation of paraldehyde.

Now il nia\ he clearlv shown in the following wav that it is

P a
FlK. 1.

1) Ann. 37 319, 1S38.
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very well possible that whereas Ihe inner e(|iuiibrium in the pseudo-

binary system acelaldehyde-nietaldchyde lies in tiie region thai is

sMpersaturate with respect to nictaldcliyde, the great trimolecidar

inner equilibrium is imsaturate with respect to metaidchyde.

The adjoined tigni-e 1 holds lor constant temperature and pressure,

and nol lo complicate the (piestion needlessly it has been further

assumed, thai no mixed crystals are formed. If we choose the

ordinary lemperatnre, metaldehyde is tlie only suiistancc which

appears in the solid state, and y>r/ represents the nielting-|ioinl isollicnn

of this substance, the points <i, h, and c denoting liie inner e(|iiilil)ria

in the three pseudo-binary systems.

The point b lies as follows from 'J'rKii.\ii.\'s ') investigation at alioul

16 mol. 7„ of acetaldehyde, and iS4 mol. "/„ of paraldehyde.

In accordance with the observations the ]i(iiiil a lies in the region

which is supersaturate with metaldehyde, and if we take only these

two points as (piite certain, the following I'emarks may be made.

Let us suppose that w^e slai't from tlic point n, and tliat we add

paraldehyde', lo this supersaturate solution, wiiich is in inner c(|uiii-

briiim. Then if we assume tiiat tiie inner ('(iniiil)rium continues to

exist, and the paraldehyde is not converted, the ctiiicentration would

proceed along the straight line a l\ at least if the law of mass-

action continued to hi>id perfectly.

>Jow we know, that the law ol' mass-action will certainly not

continue lo hold perfectly, and that consecinently the line aP will

in I'eality be curved, but this does not affect the essential part of

our reasoiung, and therefore the line (d* has been taken straigiit

for the take of simplicity.

If we then start from h, the concentration will proceed along

bM with addition of metaldehyde on the above conditions.

Now we see that the two lines a P and b }[ intersect in tlic

point K, and it is now easy to see what this intersection means.

In K we have a liquid in which inner eipulibrium jjrevails, not

only between acet- and ;/(f'^aldehyd, but also between acet- and

prt?"-aldehyde, from which also follows that there is also equilibrium

between met- and pa/--aldehyde, and thai the line cA must also

pass through this same point K.

So we see from this derivation that it is possible that while a

lies in the supersaturate region, the great inner equilibrium K lies

in the imsaturate region.

Thus Kekule and Zincke's observations have been explained in a

rational way.

-) Tomsk. Verlag- d. Tcclin. Hochschule 1901. Aus dcm Gebict der Katalysc
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As we may say now with certainty that the great inner equilibriiiin

K contains dissolved metaldehyde at the ordinary temperature, we
may predict with a high degree of probability, that this will still

be the case in an appreciable degree at the unary boiling-point,

more than 20° higher, whicli lies at 41.6° according to Hollmann ').

In order to investigate this the boiling liquid was suddenly poured

into w-ater of 18^ in which the metaldehyde, if it was found in the

boiling liquid, would certainly deposit in solid state in consequence

of its slight solubility in mixtures rich in water.

In this way a slight but very distinct deposition of metaldehyde

takes really place, which proves that Hollmann did not deal with

a unary bimolecular system, as he thought, but with a unary tri-

molecular one.

If we ask what will be the change in situation of the point AT

when the temperature is raised, the answer is easy to give.

In gaseous state and dissolved in phenol paraldehyde consists of

mol. (CHjCOH),, and metuldehyde dissolved in the same solvent

consists of mol. (CH3COH), ''), so that metaldehyde is the most com-

plicated substance of the three aldehydes.

If we now assume for sim|)licity that the size of the molecules

of the ditferent aldehydes dissolved in each other does not diifer

from that in the phenol solutions we have this inner ecpiilibrium

:

(1)

12 CH, COH ^ 4 (CH, COIl),

(2) ^^ 3 CH3 COH), ^ (3)

With rise of tenq)erature each of the three unary bimolecular

equilibria will shift in the endotliermic direction, or in other words

the dissociation will increase for these three inner equilibria.

The equilibrium (2) will move more considerably with the tem-

perature than the equilibrium (1), whereas (3) is ju-obably not very

susceptible to variations of temperature, at least in comparison with

the other equilibria (2) and (1).

So if the temperature rises, the point n will move to the left, the

point b downward, and the jioint c will be slightly moved to the

paraldehyde side.

If we now consider that the melting-point isotherm retracts with rise

of temperature, it is clear that a will soon lie in the un.saturate region,

and that therefore no katalyser will be able any more to make

1) Zeitschr. f. phys. Ghcm. 43, 157 (1903)..

2) \V. BuRSTiJN. Sitzungsberichte Wien (l'.i02), 511. H.-vntzsch. Ber. 40, 434

(1907;.
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solid iiK'laldclivde dejioisil from iicelaldrli^dc, wliicli is in agreement

Willi tlio lad ascertained l»v us llial CaCl, does imt do so any

l''ig- 2.

more above 40°.

It further follows from all this that the mixture in the state ot

internal equilibrium becomes richer in acetaldehyde as the temperature

rises, as was also found by Hollmann.

To give a survey of the whole system with all its peculiarities a

spacial figure has been constructed in an equilateral prism, on each

of (he side-planes of which the 7'-A'-projection of the Ihree-phase

regions of one of the pseudo-binary systems has been given Clig. 3).

.1 represents acetaldehyde, P paraldehyde, and M melaldehyde.

In agreement with what was predicted already before by one of

us it was Ibinid that none of these pseudo-binary systems possesses

a eutectic point, which has i)een taken into account in the diagram.

On the plane APT the 7',A'-projection of the three-phase regions

in the system acetaldehyde-paraldehyde has been indicated.

a„ is the triple-point of acetaldehyde situated at — 123°3.

The temperature of the four-[)hase equilibrium vapour -4- licpdd

-f- solid acetaldehyde -|- solid paraldehyde, which is denoted by the

letters h,c,d,e, in the ligure was found to lie at about — 123°. As

is known, 4 three-phase regions intersect on this line hcde.

If we denote the mixed crystals which chiefly consist of acetal-

dehyde by Sa , those which chiefly contain paraldehyde by Sp

,

and the mixed crystals of melaldehyde by *Sj/, we can easily indicate

the intersecting three-phase regions.

Thus we have in the first place the three-phase region of

Sa -\- L -\- G mdicated by the lines ad, ac, and (th. In the second

place the three-phase region of Sp -\- Sa-{- (x indicatetl by ge, fd,
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and h'h. In llie tliiid place the tliree-pliase region ior Sp -\- L -\- G,

which is indicated here by eb^, cb„, and hb„, in which 6„ is the

triple-point of paraldehyde, lying at 12,55°. In the fourth place the

three-phase region for >S'
i
-|- ^Sp -\- L, but this has been omitted in

the figure.

On each of the three side-planes of the trilateral prism such a

figure is found, of wiiich in each case the three most important

points have been determined, viz. : the triple points of the com{)onents,

and the four-phase temperatures. Thus the temperature of the equi-

librium between -Sjy -|- .S'.i -\- L -\- (r, indicated in the figure by the

letters e^, d^, c^, h,, was found to be —122.8'. The temperature for

the four-phase equilibrium between S.u -\- Sp -\- L -\- G, which in

the figure is to be found on the line t^,, c/,, c.^, A, was found to be 12°. 9.

So it ap])ears from this that the four-phase temperatures in the

three pseudo-binary systems lie only little higher than the tempera-

ture of tiie triple-point of the component with the lowest melting-

point, from which follows that the 2'A',-projections will show a

very one-sided situation.

In the figure this one-sidedness has not been made too pronounced,

because this would have inqjaired the clearness of the figure.

The attem|)ts to determine the triple point of metaldehyde had

failed up to now in consequence of the conversion of metaldehyde

into paraldehyde and acetaldehyde. Now this point has been determined

by us by the method of Soch'), wliicii consists in this that a sub-

stance is placed in a thin-walled capillary molted together at the

bottom, after which it is examined at what temperature of a bath

the contents of the capillary when immerged in this bath, show

melting after a few seconds (here 2).

As the trii)le-point-pressnre of metaldehyde lies above 1 atmos-

phere, the capillaries had, of course, to be fused together, in which

the vapour volume was always chosen as small as ])0ssible.

The result was that under its vai)Our })ressure metaldehj'de melts

at 246°.2, whereas Bakhuis Rooseboom") gives 18-1-° and Hoij.man 167°.

The spacial figure has been made clearer by sections.

Above the triple point of paraldehyde 6„ = 12,55° this section is

exceedingly simple.

If we take tiie section ^/, , l\ , W^ as an example, we see there

a continuous melting-point isotherm L,L^, a continuous vapour line

Gfi^, and a continuous mixed crystal line >S'4*S5

.

If, however, we get below the triple point of paraldehyde, the

>) Journ. Phys chem. 2, 364 (1898).

*) Heterogene Gleichgewichte.
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soclioiis fj,el more iiili-icale, spcciivlly on accoinil ol' llic (liscoiiliiiiiity

ill tlie mixed ciTstal series orparaldeliydc-iiiclakleliyde. In coiiseciiience

of lliis wc gel two nieltiiig-poiiit isolliernis, tlirce vaponr-liiics, and

rone mixed cryslal lines iji liie scclion (, T, IK.

Before piwcediiin, however, lo llie discussion of Iliis seeiion, we

will poiul onl, liial ol' llie I'onr eoe-xisling piiuses ,S'.i/, -S'/'
, A, ^r',

which are denoted by the |>oiiits e, , d^ , c.^ , h, , four lines proceed

into spac-e. The lirst two are mixed crystal lines, the third is a

melting-point line, or ratiier a entectic line under the vapour pressure,

and the fourth is a vapour line.

Four such lines also start from the points i',il,c,h and e^,(l^,c^,k^.

At the ternary eutectic temperature, to vviiich the base corresponds,

the solid lines, the eutectic lines, and the vapour lines which belong

together meet, and .so we get the coexistence of five phases, three

solid ones aS^ + N/'+ '^J/' ^ hqniil one Le, and a vapour one Ge-

If we now return to the section UVW we may remark that the

line S„,„S,n indicates the metaldehyde mixed crystals which coexist

on one side witii the paraldeiiyde mixed crystals S^^Sj,, and on the

other side with the gases <_/\(j^.

The line S^^Sp indicates the paraldehyde mixed crystals, wiiich

coexist with the liquids LR, and the gases G(t^, and tiie line

Sm^Sm indicates the metaldehyde mixed crystals which coexist with

the liquids LJi and the gases (r,G,.

It follows from this that at this temperature four phases can coexist,

viz.: <S',„ + »S'/^+ R -\- G^, i.e. mixed crystals which consist chiefly

of metaldehyde, mixed crystals which contain chiefly paraldehyde,

a saturatetl solution, and a gas coexisting with these phases.

These four phases lie in the angles of a (puulrangle, which is

composed of four three phase triangles.

If we now assume that the temperature of this section agrees with

the unary melting-point, we are certain that the liquid in which

internal equilibrium prevails, will have to lie on one of the liquid

lines LR and LJi.

HoLLMANN, who thoughl he had to deal with a pseud(.»-liinai'y

system, found that the liquid which behaved as a unary one deposited

solid paraldehyde at (3°, 75. If we now correct this result by means

of the newly-acquired knowledge, wc arrive at the following result.

If the temperature of a liquiil, wliich is in inner e(|uilibrium,

decreases, and we assume that this liquid is in equilibrium with its

vapour, which is then, of course, also in inner e(|uilibrium, the liquid

will move with decrease of temperature along the line L^ , L'„ , L";,

,

and tlie coexisting vapour along the line G„ , &„ , G",

.
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If we have now desL-eiidetl to the iiiuirv itioltiim' tem|)er;itiire, the

liquid line has reached the melting plane of the paraldehyde mixed

crvstals ill Li , and the vapour the vapour plane coexisting with

it in Gj , at wliicii moment solid substance deposits, which is a

mixed crystal phase Sj , which is also in inner equililu-ium, as one

of us showed already before.

This unary three-phase e(pdlibrium can only exist at one temi)erature

and pressiu'e, so that below this temperature we get two-phase equilibria

between soliil |)hases and vapour phases both in internal eipiilibi'ium.

The solid phases move along ihe line S;S., and the \apour phases

along G,G.

.

A representation which is in closer agreement with the investigalions

which have been made up lo now, is obtained when the 7', A-sectious

for constant |)ressure, e g. for one almos|)heie, are indicated on the

sides of Ihe prism.

If we do this, we gel the 7',A'-section for the [)seudo-bi]iary system

acetaldehyde-paraldehyde on the .l/''7-plane, as it was determined

by Hoj.LMANN, only with ihis dilference, that the euteclic |)oinl has

disappeared (lig. 4).

This 7', A-seclioJi is indit'aled by Ihe melling-poini ligure d, c, It,

(',(1,(1, J, and by the boiling-point lines //. The temperatures of the

most imporlani poinK are indicated in Ihe ligure, so that this section

does not require any furlher elucidalion.

We get a more complicated ligure on the plane for paraldehule-

metaldehyde, the /\1/7'-plane, because metahlehyde sublimates under

the pressure of 1 aim. In coiise(iueuce of ihe conxersion of nietal-

dehyde into txcetaldehyde and |iaraldehyde it is inqio.ssible lo determine

how high this sublimation [loint is, for ihe method followed for the

determination of the triple-jioint caiuiol be applied here.

The only thing that can be said about il al present is this thai

this sublimation point probably lies lillle un<ler Ihe lri[)le-poinl tem-

perature, as Ihe triple-point |)ressure probably does not lie much
above 1 atmosphere.

The 7,A'-section of this system is indicated by // , c.^, n., I , m^ , a ,

p-i ,i^i ,<Ji ,<li ,/r We determined the tempei'ature of the three-|)liase

equilibrium N.i/ -\- L -\- <i, indicated by the line p., , n., , in., at about

124°, when we worked very ipiickly, from which il therefore follows

that the boiling solution which coexists with aldehyde mixed crystals,

contains comparatively little metaldehyde.

On the front plane, Ihe plane for acetal(lehy«le-melaldehyde, we
have the 7',A'-section for this system, indicated by a, c,, /i,, /, ///_ ,

21

Proceedings Ruyel Acad. Amsterdam. Vol. Xlll.
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, />, , (', , '/, . '/i , t\ . \viiicli sortidii, ill its iialuic closi'lv atrrees

witli that for panildeliyile-ineluldelivdc

We foiiiid tlie tliroo-pliase e(|iiilil>i'iuiii Sm + A -f ^', or in oilier

words tiie lM)iiiii,n-|)oiiil of tlie solution wliicli is in o(|uililiiiimi with

nietaUlciivdo-inixod crystals, at 21 .0, so only (T/i hif^iicr liian tiic

lH)iling-|)oint of acetaldehyde, IVoni wliich follows that the solubility

of liiis solid |ihaso in acelaldeliydo is oxccedinuly slij-hl at 21°.

Willi ivii'ard to the most important parts of llio spacial limine,

|Ir'\' are clncidaled l>y scelioiis here loo, wliicli will iiol r('(|iiire any

further explanation in conneclioii willi what precedes.

The onlv tliinu' that calls lor explanation is the situation of the

nnarv system in ihe Irimolecnlar, psendo-ternary system.

Hoi.LMANN found 41 ".() lor llic lioilin.n-|ioiiil of llie unary system,

and now we shall assume llial the section T, T, H', holds exactly

for this temperature.

This section is perfectly analogous to the .section //.I'll', which

holds for a higher temperature.

In the section Ui\\W^, however, the jwints of the three-])hase

triaufile have shifted so c-onsiderahly towards the front-plane, that

Ihis triangle could no longer he indicated clearly, whiidi, however,

is of minor imporlance here.

What we waul to draw attention to in Ihis section is tin coexisting

phases which are in inner e(piililiriuiii, so ihe lioiling li([nid jihase

L,, and the vapour phase G,.

HoLLM.'VivN thoughl that lliis liquid consists of 5114 mol. 7o "*

paraldehyde, and 46. ti mol. "
„ of acetaldehyde, hut our investigations

have taught thai this licpnd also contains metaldehyde, though this

(piantitv is very small ; the same remark holds of conr.se for the

vapour phase G,.

If we now examine what we liiid at temperatures above and

below the boiling-temperalure in ihe uuai-y system, we see at once

that only vapour can exisi abo\e ihis lemperalure, and so that only

vapour phases in inner e(piilibi-iinn are possible : these vapour phases

are indicated in Ihe spacial figure by Ihe line G,G„, Ihe direction

of which shows that these phases gel richer in acelaldehydc with

ri.sc of temperature. Below the boiling-lemperaliire of the unary

system onlv licpnds in imier e(piilibrium are po.ssible, so Ihat a

li(|iud line runs from L. lowards lower lein|K'ralure, till ihe melting

point plane of paraldehyde is reached in L., al Ihe lemperalure of 6°. 75.

At this temperature the mixed crystal phase S., deposits, and from

there another line runs again towards lower temperatures, \ i/.. S,S,,

which curve denotes the inner e(piilibria in Ihe solid phases,
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So it lias appeart'd t'roiii w lial pn'ceilcs lliat lln' uliserved iilii'im-

tueiiii live ill perterl lianiioiiv with llie coiR-eptiuii tliat the lluee

considered aldehydes really form a unary, trimoIeeuUir, pseudo-

ternary system, the coiineetions of whieh have been examined theore-

tically liere for the lirst time.

Anorji'. Chenr: Lal>oratory of the I'liiversity.

Aiii-itcnldin, June 17, 1910.

Chemistry. — "i_hj tin- si/stent KrdK/de/ii/dc-n/co/to/". By I'lo

A. SMns and Dr. 11. L. dk Leeiw. (Communicated l>y Pro

A. F. HoLLEM.VNl.

(Communicaled in the iiicclins,' ut June 25, 191U).

Perkin ') was tlie tirst who ob.served that there exists a close

analogy between the beha\ iour of the system aldehyde-water and

aldehyde-alcohol.

He found for both systems (hat when the two li(piids are mixed,

first an absorption of heal appears, and then generation of heat.

Perkin naturally ascril)ed the absor|)tioii of heat to the physical

process, the mixing, and the subsequent generation of heat to a

purely chemical reaction, the formation of a compound.

Also Miss Ho.MEitAY and ('olles-; found indicaiions by different

ways for the existence of different c(jmpounds in the system aldehyde-

water, so that a systematical investigation of the system n/de/u/ile-

alcohol promised to yield a positive result.

An important question, which had first to be answered was this:

when compounds are formed, are these comjxtunds addition products

or are they bodies which form from these substances with separation

of water.

It is clear that this is an imjiortant (piestion, because the system

can be considered as binary in the case of the existence of addition

products, whereas in Ihe other case the system is much more com-

plicated viz. (pialeruary.

1) Journ. chem. soc. 51, 820 (1887).

2) .Journ. chem. soc. 87, 1434 (1905).

„ 89, 1249 (1906).

21*
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To decide llii^ inixtures ol' aldoliyde and ak-oliol were |ilin'cd in

glass tnbes, whioli were Uieii Inscd logetlier.

At'ler tlie lapse of diflercnt times (liese tnbes were opened, and

anhydrous co])|)er snlpliate was added.

The resnlt was lliat niixinres wliich had lii-en preserved at llic

ordiiiaiT temperature tor n i/oir. do mil assume a i)lue colour

with CuSO^ even after a (juarler of an hour's contact, tlie same

result being obtained with ndxtures which iiad not i)een kept for a

year at tlie oi'dinary lem|)erature, linl liad liccn healed to KM)^ for

some hours.

In this way it was pru\ed ihal no water had split oil', and that

when a compound is foi'med wiicn aldehyde and alcohol are

mixed, this must l»e no acetale, imt an addition product, an aldehyde-

alcoliolate.

In the above-mentioned experiments another remaikable pheno-

menon was found, which is worth mentioinng here.

It appeared namely that when aldehyde-alcohol mixlures are left

in contact with CnSO^ for a /on;/ time, a blue colour does really

appear, and that this is to be ascribed to the ftict that CuSO^ is a

katalyser for tiie formation of acetale iiccording to the equation

:

CH, Cf +2('. HJ»1I-»CH, C^-OC, H, + II,()

^« ^H

To show this clearly a mixture of 1 niol. of aldehyde and 2 niol.

of alcohol was plai-ed \\itli CuSO^ in a glasS tube, which was then

fused together.

After a few days the tube was opened, the litpud lilteretl otf

from the copper sulphate, which had become fj/uc, and then the

liquid was distilled by fractions during which process a great (piantity

of acetale could be isolated. In this way a very convenient method

of preparing acetale was found at the same time.

As the strong contraction wiiich occurs when aldehyde and alcohol

are mi.xed, led ns to suspect, that the determination of the specitic

weigiit nught give some indication about the existence of a compound,

the systematical iinestigatiou was opened with these deteiMuinations.

The dil'ticnlly we met with here, was this, thai Just as I'khkin

had found for aldehyde and water, the spec, weight was /u>/ constant

for some lime after the mixing, as the contraction continues for a

long time.

To ascertain how lona after the nnxinu ihe siicc. weiuiil vields
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reliiililc ri'sulls, ii was rxaiiiiiicd liv urmiis uf a \er_v seiisihk' dilalo-

nieter, wlieii ilic volume ol' a mixture liad become constant, lor

wliicli we found at 18° one day at'ler tlie mixing.

So before tlie specific weight conid be determined, every mixture

was placed in a glass tube whicli was fused at tlie end, in a thermo-

stat of 18° for more than a da,y.

The result of the determinations carried ont in this way, was

as follows:

mol. "A, of aldehyde
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100. y
Aldehyile

j<»l)0

mol. "/„ aliichyil

Fig. ].

After lia\ iiig oblained some indications in tliis way, wo prooooded

to the determination of the hoiiing-|(oints of dilferonl nii\luies, and

llio conrenlralion of tiie coexisting phases at dilferent pre>snres.

The followin"- resnits were obtained :
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Pressure 699 ni.iu. Ilg.

temp.

20.
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Pressure 97 iii.iii. Ilg.

temp.
concentration

liquid

concentration
vapour.

m ill/

AUIehvile

— 23.09
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If we re|)rosciit tlie^c lesiilts in tli;i!ii';uii.s, we gel ligs. 2, 'A, and 4.

Aldehyde

Aldehyde mol. 0/(1 akloliydc

Fig. 4,

Alcohol
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l"'ig. 2, wliicli i('|>r('S(Mil^ liif 7', A-scclioii of llic li<|iii(l-\ a|Miiir

Siirliicc C'oiTCSjtoiKliiiii In llic iucsmhc of (ill'.) iiim. 11,^., ddcs luil |)ic.-ciil

aiiv |iiuliciilai'i(y ; llie li(|iii(l and llic xapoiii- ciirvo lio very liU- apart,

wliicli is a conso(|iiciicc of llic |)ivlly larjfc (liirereiice in vapour

leiisioii liohveoii aldehyde and alcoliol.

Fig. 'l. llic 7', A'-seetion al llic jiicssurc of IJil.S mm. I|i;. shows

a conslriclion at abont 50 niol. "/„, which as is kiiuwii, points tea

compound, whose existence was ali'cady suspected on the gi'ound of

the (lensil\- delerminalions. The vapour which coexists wilh the liipiid

of .50 luol. 7n i*^ much richer in aldehydi , conlains, namely, about

95 mol. 7„ of aldehyde, as a prool' thai ihe compoiuid is already

greatly dissociated al 29°. 2.

This is in perfect aecordance wilh ihc lad thai the i)oiliiig-point

line at the |)ressuie of lilHt mm. lij;. does not show anything of a

coiiipt)und.

The most intei'esling is tig. 4. in which Ihe 7'
, A'-section has been

drawn which corresponds to the pressure of 97 mm. Hg., for this

figure not only points to Ihe existence of a compound of 1 mol. of

aldehyde to 1 mol. of alcohol, but also to a second compound of

1 mol. of aldehyde and 2 or 'S mol. of alcohol, because in its neigh-

bourhood the licpiid line also .shows a conslriclion, which is, indeed

faint, but withoul doubt essential.

This seconil compound, whose existence is made probable in this

way, must be still more greatly dissociated than the lirsl, which is

in accordance with the fact thai the boiling-point line of 398 mm. Hg.

does not exhibit anything that would point to its existence.

The third method which was followed to get to know the character

of the system aldehyde-alcohol was the ctiJorinu'tiic one.

As was said before when aldehyde and alcohol are mixed, first

absorption of heat occurs, and then generation of heal.

Now it is clear that the lieat-elfect of Ihe first period is not to be

accurately determined from Ihe fall of the temperature, as the exo-

thermic reaction also goes on during this time, the endothermic

process, however, at first predominating.

Besides, this fall of the temperature is very greatly dependent on

Ihe completeness of the mixing, which is certainly not reached with

equal rapidity in the different experiments. So this is the reason that

oscillating values are obtained for the negative heal of mixing, and

that calculations could be based only on the rise of temperature.

The heats of reaction calculated I'rom this rise of temperature are

represented in the following (able.
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Composition of the mixtuie,

obtained by mixing, in

mol. "/ii of aldehyde.

Mol. heat of reaction

in gr. Cal.

SI 10

()7.17

(14. 7S

:,HA-2

5-4.70

52.85

51.14

49.73

44.22

42.44

42.11

39.0(1

34.22

30.59

29.10

27.00

24.75

16.21

see. 2

516.2

5.54 5

675.3

7.37,1

859.9

962.8

1000.8

S98.2

980. G

987.2

949.5

897.4

781.2

788.5

711.8

657

385.5

If \vc reproduce this icsiilt gia[)liically (Fig. 5), we get a eiirve

wliieii shows a niaxiiiiimi for the (•(iiiceiiliatiou of 50 mol. "/^, and

Aklilivde inul. "/„ nlilelnde

Fig. 5.

Alcohol
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I'lirllicr |ii('M'iils lliis |i('cnliiiril_\ ili.il lln' course on the Icriluiiid siilc

(if llic iii.ixiiiMiiii is vcrv (lill('i'cii( IVoiii llial nii llic i'i::iit.

'IMio ciirvo lies liiglicr on llio alcohol side, Ihiiii on the aldehyde

side, which proves that special hcal-etrecls are aclixe on llic alcohol

side, which may find an explanalioii in the fbrmalion of a second

eonipoiind which is richer in alcohol.

To obtain perfect ccrtaiiil,\ we procecilcd lo llic delerininalion of

the nieltintj-point line, which invcstifiation re(iuirc(l nnicli li<piid air,

for which Ihe arrangement was not yel ready at the heginning of

oni' experiments.

Thongli we I'eally met with the anticipated olislacles, the diflicult

erystallisalion of the licpiids, \c\ we sncceeded in determining the

most important parts of the melting-point line, producing in this way

the most striking proof for the existence of firo compounds in the

discussed system.

Concentration

in mol. "/o aldehyde.

Final melting-point.

100
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Tlie iiiNcstigation, wliicli was earned nut with a very sensible

resistaiiee tlierriioiiieter, made by Messrs. de Ltiirw and Zkhmkk,

yielded the results gi\e]i in the table on p. 338.

These results enable us lo draw alsd the 7',A'-seeli()n of the

/', 7' A'-s|>acial figure eoiTesi)onding to the pressure of 1 aluiosphere

in so far as the equilibria with solid phases are coneerncd or in

other words the melting-point lines.

From the course of tlie.se melting-point lines (lig. <j), in wliirli

m <)o Sc -p br 5o i/c sc

Aldehyde mol. "/o aldeliydc

Fis. 6.

IC 10 o

Alcohol

tiro maxima ocnir, one at 50 "/„ and one at 33 "
„ aldehyde,

follows with sidlieient certainty the existence of the two compounds

CHjCOH.C.H^Oll and ('H,c6h 'iaH^i )1I, whicii are considerably

dissociated even at ilie low melting-poini temperatures — 122' and

— 123°.

Ainntt'j'dniii, June J8. .luoiy. ('In'iu. Lnh. of lln' I 'nicei'.fUi/.

Chemistry. "On the si/stein, ch/orin.e-.si(li)hHn/iuxi/(li'" . l!y I'rof.

A. SMns and W. .1. nr. Mooy. CCommunicated by I'lof. A. F.

Hoi.t.k.man).

((.loramiinicaled in llii' uieotiug of .June 1^5, IftlO).

In oui- search for a clear exanijile of the intlnence of light on

helerogeueons e(|uilibria we have iixed upon the abo\'e-menlioned

system, of which it was alreatly known lliat the conversions

SO., + CI., !:; S(),^ CI. do //"/ lake place in ihe dark and in Ihe

absence id' a kalalyser, wiiili- liiilil nr a katalyser as camphor, aiumal
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carlMiii. elf. Ciiiisos llic ('(|uililiriiiiii lictwccii miI|iIiiii\ l-cliloriilc ami

il.s (lissocialioii prodiicls lo scl in cdiiiiiaraliM'lv (|iii('l<l\ .

'I'ho purpose was (ii-st |u sliiilv I he 7', .\-(igiire corfe'spoiidiii;; lo

the pressnro of I aim. in liic dark and m llu' absence ot'a katalyser,

and iIkmi lake liie same experimcnls in llie iiulil.

Tlic iiiveslij!;ali()ii in llic dark and in (lie al)sence of a kalalvser

is over now, and lias yielded liie I'esnll we aniieipaled, as appears

from llie snhjoined ti<>nre, wiiicli onlv rcpresenis wiial lias been

loniHl al and below llie melling-poini U'liiperaliires of liie componenls,

the delerminalion of llie lioilinu-poinl curves iiein^ poslponed lill

afterwards.

'I'lie determinations, which were made with a very sensible resis-

tance-thermoineter, made after a device of Messrs dk Leeuw and

Zernikh gave for the iiieltinji,|ioint of (Jl, the temperature of — 1()()°.45,

and — 75°.(; for llial of SO.,.

On addition of very small (|uaiililies of SO., to ('1.^ a lowering' of
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the end-iiieltiiig-|Hiiiit was f(Miii(l, sd this pioxed that Ihe inchiii^-

poiiit Hues t'onii a euteclic poiul.

Il appearctl lliat tliis euteclic point hxy at — J()2'.o and at a

concenlralioii of ahoiit 1.5 M)oh"/„S()_

As tliis euteclic point Hes \evy neai- the Cl^-siile, and so not \e\y

fai' beh)\v the mehing-point of SO.^, tlie shape of the melting-point

Hue of S(),^, which presents a (hstinct point of intlection is ratlier

level, tVoin which it appears at the same time that if the experiment

is made in tiie dark, there is no (pieslion of the formation of a

compound, which, however, is easy to verify after the experimeni

is linished. As is known, S(),('l.j hardly dissolves in water, so that

its presence is at once betrayed when the mixture is poured into

water.

Further the diagram shows that mixed crystals veiy dearly ap|)ear.

As it, liowever, appeared, tliat probably on accoimt of the low

temperature, the conversions may be easily letarded, the mixed

crystal curves are dotted, because it is [.o.ssible that when the expe-

riments are repeated with baths of low lemperature specially arranged

foi' the pur|)ose, small dcvialions will be found, though, of course,

the ty|)e is lixed already now.

The experiment in the ligiil, lor which snnlight and also a

(piai-tz-merciiry hun|i was used, has already |)roved thai rapid for-

mation of sulfuryl-chloride lakes place under these circumstances,

in consequence of which the melling-|toint tigure undergoes a con-

siderable modification.

For the |»resent we >hall I'online ourselves here lo Ihe statement

that a mixture of 47.1 mol. 7o '^Oj, in which eijuilibrinm had been

c-stablisheil in suidight, presented an initial point of .solidilication of

about — 80', which point, therefore, lies considerably above Ihe

melting-|ioinl curve, as a proof thai we have to deal here with

another system.

What the shape will be of Ihe whole 7',A'-tigure of the .system

in ecpniibiiuui in the light, will be communicated on another occa.sion.

We will investigate also the heterogeneous ecpulibria in the dark

and in the presence of a katalyser, in which probably results will

be obtained, deviating in some regards from those obtained in the light.

.\ii/s/,'n/(i/ii, June 22, IDIO. Aiioiy. Clu'in. Liihurdtufii

of tlw (^luri'rsiti/.
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Chemistry. '"(In, critiai/ rn(/-jiiiiii/s in lefiKirji si/.t/mis'' . \\\

\'\{)l'. A. Smits. (Cuiimmiiicaled l>_v I'rul'. .1. D. \ an di.h W \AiiS).

(Commiinicaleil in lln' moctiii;; ol Jiiiif L'5, I'.UOi.

Ill ;i proN it)iis paper ') sonic remarks were made alioiil (he Iciiiaiv

system wliieli is ohiaiiied wlieii a lliird siihslaiice is addeii lo ellier

and anllll•alplillont^ wlijch dot's not \ ieid crilical eiid-poiiils /; and >/

either with oilier nr aiillira(|iiiiioiie. and is iiii->cilili' with llic (illier

two eoniponeiits in all piopdrlinii^ in lli- li(|iiid state.

It was then pointed out thai willi a<ldili()n of lliis third siihsiance

the two critical end-points /* and </ at liisl conliime to exist, iuit

llial at last with jyreater ipiantilies of ihe lliird siilislaiice tliev dis-

appear ill coiise(pience of the fad that the |P(iiiits ji and 1/ iiientioned

ajiproach each other more ami more, and at last coiipcide.

It was demonstrated on the same occasion that interesting pheno-

mena must precede this coinciding, which was another incitement

lo iin estimate experimentailv the case under consideration.

This investiiiation though not quite completed is far enough advanced

to be lit for publication and in order to set forth clearly what has

been fonnd, some theoretical considerations ninst lie premised.

At the beginning of the investigation the surprising phenomenon

occurred that with increase of volume the three phase eqiiilibrinm

,S-|- /, -\- (r could form from a mixture which was at a tem|ieratiiie

a few degrees iibove the critical tem|)eralure.

This phenomenon seemed so surprising to me ihai I thought at

first that it was to be ascribed to impurities, but it soon ajijieared

to be es.sential. It is very significant that the r,,/.-diagram, which

also solved so many questions in the system etlier-antlira([ninone,

showed the true connection of the ecpiilibria in the clearest way

here too, and indicated the necessity of the above siir|iri.sing pheno-

menon with great clearness.

This has again proved the athanlage of this way of representation,

and this is the reason why the figures discussed here will be derived

from the P'-i-'-diagram for the ternary system.

The adjoined figure holds for the system alcohol-ether aiilhru(|uinone,

and for a temperature lying between that of the two crilical end-

points [I and (/ of the system ether-antliraipiinone, so between 20;^°

and 247°, e.g. 23(r.

In the front plane of the trilateral prism the r,A-ligure of alcohol-

anlhra(|uinone has been drawn. The critical point of alcohol lies at

243'.! ; so pure alcohol is still below its critical icmperatiiri' in this

1) These Proc. Sept. 1909, p. 182
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figure, and this is tlie reason why the liquid point (/ and liie vapour

point a still lie comparatively far apart.

The field ahde is the region for the coexistence of unsaturate

liquid and vapour, and the points e and h indicate the liquid and

the vapour, which are in oipiilibriuni with solid anthraquinone, lying

in /. So the triangle ebf is tlie three-i)hase triangle, which is bounded

on the right by the region for solid anthraquinone -|- fluid, which

latter phases lie on the line he, which is one of the stable branches

of the continuous solubility isotherm cAcV^, of which the second branch

eh indicates the liquids coexisting with solid anthraquinone.

In the plane for alcohol-ether the drawing is exceedingly simple

for, as 230" lies far above the critical temperature of ether, li(|uid

curve and vapour curve have continuously flowed together, and so

w^e have got a continuous binodal curve with a plaitpoint in K.

(>n the plane for elher-anthra{piinone the F,A'-figure is equally

simple; there we have tlie continuous solubility isotherm c/t,, which

is stable over its full length. Further we see in this plane the line

gK^P, which indicates the raetastable continuous binodal curve,

which may be realised if the solid substance did not apjjear, so

if the critical phenomenon, as has been found already, is to be

realised for a supersaturate solution.

If we now start from the three-phase equilibrium S -\- L -\- (r in

the system alcohol-ant hracpiinone, and gradually add more ether,

the quantity of anthraquinone always exceeding that of ether, the

j)oints I) and c will move in the space, because the liquids and

vapours which now coexist with solid anthraquinone, will contain

also ether, and the vapour of course more than the litpiid.

Hence the three coexisting phases no longer lie in the same plane

for a constant proportion alcohol-ether ; such a section can contain

only two of the three coexisting phases, S -\- L or S -\- G, or in

other words on each section lie two pair of coexisting phases, but

to !< -\- L belongs a vapour, which contains more ether than L,

and to S -\- G belongs a liipiid, which contains more alcohol than ^/.

Thus the ihree points /'/, (/; form a three-|thase triangle, and it

is evident that (j^ lies farthei- back in the figure, consequently it

contains more ether than /j, and the same thing is to be obsei'ved

for the succeeding three-[)hase triangles.

Now it is clear tiiat this ternary liquid and vapour line cannot

proceed to the plane for ether-anthraquinone, for in this plane no

stable liquids can exist at the temperature under consideration.

So we see that before this time the lines mentioned will have to

merge continuously into each other, and so that the critical pheno-

22
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iiienoii will a|i|pcar Inr a -aliiralo snliilioii at llic iiicuiK'nl ol" lliis

i-()iiliiiii()iis Iransilioii, jii-'l as this can he the case in tiie system

elher-uiitlira(|iiiiiniie.

So if A' is Iliis ternary critit'al end-point, the li()iml point / and

the vapour point g coiiieide (liere and the spacial solnhilily isotherm

touelies tlic tliree-phase eoexistence enrve bKJ exaetlv in A',.

Ki2. 2.

Before we proceed it is ncccssarv to mention w lial are the principal

modifications wliich the lif;;nre undergoes, when tiie temperature is

varied.

These modifications are f)bvious; for it is clear tiiat at the tem-

peratures of the critical end-poinis p and q the three-|iiiase coexist-

ence curve hKJ will Just touch the plane for ether-anlhraipiinone

iKvmelj in the critical end-points p and q.

Hetween tiiese temperatures \w contact with tlie |)lanc for ethcr-

antluaipiinone can occnr, because then a stable solution cannot

occur in this system.

So it is to be expected in the simplest case

that tiie ternary plaitpoint curve jiUq in pro-

jection on the concentration triangle has a

course as is indicated in the adjoined drawing,

and from which it is to be seen at the same

time that the concent I'at ion R is the last at

which a critical end j)oint still occurs.

So it is clear from what precedes that the

three-i)hase coexistence curve bKJ between the two critical end-

temperatures beginning at p will tii-st recede into the space, and

approach the ether-anthraquinone plane again afterwards, and finally

touch it again at q for the second time.

It follows from this tluit it is easy to derive from the Z/"-j;-spacial

representation what will have to be observed when a mixture of alcoluil

and ether .i\ with an excess of anthraquinone is studied at different

temperatures, for the phenomena must on the whole agree with

those which would be met with if at constant temperature we first

made the alcohol-ether mixture richer in alcohol, and then poorer

in alcohol, till the original concentration was reached again. In this

case, however, we get exactly to the same \m\\\, whereas this is

not tlie case with change of temperature.

So we shall begin with projecting a ])lane through the axis of

anthracpiinone and the licpiid point /j ; we then get the following

section, it being noteworthy, however, that now /,, _/', and </ are

no -coexist ing phases now.
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P

/, wilhiiiil vapour, can indeed be in e(|iiiiil)rimii

with /, and also g, when there is no iiipiid

present, but the three phases cannot be in e(iui-

iibrium together, because there behings a vapour

phase to the liquid /, which contains more ether

than (/.

Nor do the coexisting liquid and vapour pliases

lie on the line J^Kg, for they contain different

(puiniities of tiie three components, and can

therefore, never lie in the same section.

Fig. 3. The lines gc-^ and IJi represent vapour and

liquid phases which can coexist with solid anthra-

quinone.

If in accordance with this ?'-,(,'-section we project

the corresponding ^^-.I'-ligure, we get this.

The point g corresponding with a liquid which

contains less ether than /,, the three-phase pres-

sure in g is smaller tium in /,, and this is tlie

reason that we now get a p-*'-figure with a three-

|)hase region l^S^giS, and the boundary between

tiiis region and that for (r -\- L is formed by the

line gj,.

As to the continuous curve f^Kg^, no more

I

than in tiie v-a,'-figure do coexisting liquid and

vapour phases lie on this line here, so tiiat we
nuisi regard it as a mere line of demarcation.

The liut'> ///, and (/,t\ are also bouiidai-y lines,

but I here lie phases on these lines wliich cau

coexist with solid antluupiinone ').

If we now project a plane tliroiigh I he axis

for anlhraquinone and the liquid point 4, then

llie />-.('-ligui'e corresponding with this y-.i'-section

is as indicated in tig. 5.

Tiic region for G -\- L has become smallei- and

the |)oints /, and g liave risen.

If we now think a plane projected through the axis of anliira-

quinone and the critical endpoint /v, , the p, ,v figure corresponding

with this v-A'-sectiou has the following shape (tig. 6).

We see that the plaitpoint K has coincided with the point /

Fis. 4.

V\<j

'j The continuity is indicated schematically in all the figures.

22*
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Fig. 6.

and M) iliai llio cnlical plienonieiion is observed

foi- a .soliilioii salurate willi solid aiillira(|uiiioiic.

The particularities wliioli present liiemsclves

liere for a ternary system, are now very evident,

for we see that al llic leniperaluro of tliis crilical

end-point no region lias disappeared as yet, and

so lliat no continuity exists as yet between the

region for L -\- S and G -\- S, wliidi is the

case in a binary system at the corresponding

critical end-temperature.

If we now proceed to still greater concentra-

tions of ether, tiie point / moves downwards along

the vapour branch, </ upwards, and if we now
project a plane ^^hich, passing through the axis

of auliiraquinonc just touches the three-piiase

coexistence line 6/^6% the points / and ;/, which
'' past 7^1 maj' be most appropriately called two

different fluid phases, and at first differ very much

in density, have coincided. For this case we get

then the p, .v diagram, which has been drawn in

fig. 7.

Ill tiie ])oinl g, where the curve for solid-

tluid just touches tlie ^;-.i'-loop, a three-phase equi-

librium is possible for the last time.

If we now take a section, which corresponds

with still more ether, equilibrium in stable state

is possible only between fluid phases and solid

anthraquinone, as the />.i--Ioop for liquid-vapour

has no longer any point in common with the

curve for solid-fluid, as fig. 8 shows.

If we now pass to greater contents of alcohol,

in wiiicli the just-discussed sections, but in reversed

order, are obtained, this succession gives us an

ick'a of what we get when a liquid mixture ,v

(see Fig. 2) with an excess of anthraquinone is

studied for a series of temperatures, if we also

take into account what will generally be the influence of the tem-

perature on the concentration and the pressure.

If we now indicate these sections in a perspective spacial repre-

sentation, we get figure 9, from wliich follows that the curve which

coniiecis I he liquid points or the maximum three-phase points I and

Fig.

Fig. 8.
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llie line on wliicli the vapour points ij or tlic m'tnimuin ilircf-phase

points lie, are two curves wiiicii continuously merge into cacli otlier

at the maximum three-phase temperature, so past the (irst ternary

critical end-point )>.

Above the maximum liiree-phasc temperature we find Cor a series

of temperatures oidy tluid phases or equilibrium between tluid phases

and solid anthi-aquinone, till at a certain tempeiature, which we
may now call a uiiiiinnim three-phase temperature, the jnst-raentioned

phenomena repeal themselves, but now in reversed order.

It is now easy to derive from this spacial figure what will be

observed when mixtures of ether and alcohol of the concentration

,i\ (Fig. 2) are examined with varying quantities of anfhraquinone

at different temperatures.

If we now assume that the anthraquinonoconcentralion is not

sufTicient to reach the ternary first critical end-point, the (PT'jj-section

which we stiidv, will lie bevond p, and have the following shape

(tig. 10).

If the concentration of the anthraquinone just suffices to realize

the critical end-point, the (P7').j-section is that of fig. Jl from which

follows that the plait])oiiil A' and tlie niininiuni-lliiee-pliasc point ij

T

Fig. 10. Fig. 11.

have coincided, and that a liquid saturate with solid anthraquinone

shows the critical phenomenon.

In the mean lime we see that the three-phase equilibrium S-\- L-\- G
can occur with increase of volume above the critical temperature.

If we now take a mixture with still more anthraquinone, the

points / and </, the latter of -which is now also a maximum three-
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phase point draw nearer and nearer to each other, and lliey linally

coincide, the niaximinn and miniinuin three-phase-curves merging

continuously into eacli other, and giving rise in lliis way lo the

following (P7'),-section (tig. 12).

?

/

Fig. 12.

For a still greater quantity of antliraquiiione (he conliiitious three

phase line of demaroalioii and the line for solid fluid get detaclied.

For a certain content of anthraquinone the second three ])hase

region will now be reached. At this moment, i. e. with this content

of anthraquinone a (Pjr)j.-diagrani will he found as is sliown in

Fig. 13, consisting only of a continuous curve of soiid-lluid touching

the metastablc loop li(|uid-\a|ioiu'.

P

Fig. 13.
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If wo tlicn clioose a oonoeiilrnlinn wliicli still ('(mtains loo lillle

anthraquinone lo realise tlio socniHl criiical (MMl-itnint, \vc gel Fig. J4,

(if which il. is iiolcworlhy llial Ihe |ilaii|i(iinl A' >lill lies in llio

mola>tabIe ro"ioii.

F

T
Fig. 14.

For a sliglitly greater content of anthraipiinone the critical end-

point can jnst be reached, and the (P7').,-section has the foUowing

siiape, / and K having coincided.

?

oL +2^

T
Fis. 15.
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If we liiially lake a eonecnlralidii of aiillira(|uin()nc, vvliioh is

slighth' greater than lliat wliicli eorre.sponds with the second critical

end-point, the rorresjionding (/^7').,-section is represented in Fig. IG.

P

JT

Fig. 16

For a mixture of alcohol-elher with more alcohol, we siiall be

able to realise two t-rilical CMd[)oints, as appears from lig. 2, till the

alcoliol-elher concentration has become .r.^, for if we join this point

x„ with Ihe poiiil which repruseiils aiiliira(piiiione, tiiis joining line

just touches liie line />/t,(/, and tiiis is the line cm which Ihe points

lie of the maximum liiree-pliase temperature, so that we should gel

a contact of the three-phase regions for this alcohol-ether concentration,

which, however, changes into intersection, as fig. 17 shows.

Fig. 17.

If we have a mixture alcohol-ether, lying between .e„ and x^ com-

munication has been brought about between the two three-phase

regions, as Fig. 18 shows.
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Fig. 18

And'y>i and [t.^ coincide tor llie ale. "luii-etiier concentration ,r,, and

all llie peculiarities have disap[)eared except this one that there still

exists one saturate solution which shows the critical phenomenon

(Fig 19), but this loo disappears, when we lake a mixture with

still more alcohol.

Fig. 19.

In how far this theory has alread}' been corroborated hj the

experiment, will appear from the communication of Dr. Ada Prins,

who has not studied the system akohoJ-ether-anthraquinone, but the

system naphthalene-ether-anthraquinone.

Amstterdam, June 24. Anovii. Chem. Laboratory

of i/ie University.
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Chemistry. — "Critical phenomena of the ternar;/ system ether-

anthraqiiinone-naphthnlene." By Dr. Ada Prins. (Communicated

by Prof. A. F. Holleman).

(Communicated in the meeting of June 25, 1910).

Ill a communication to this Academy ') Prof. Smits has pointed

out what changes may be theoretically expected to occur in the

system ether-anthraquinone ou addition of a third component.

As an experimental study of such a ternary system was still

wanting, Prof. Smits suggested to me the reseach, an account of

which will now be given.

As a third component we chose naphthalene, because the melting

point of this substance (79,3") lies considerably lower than the

critical point of ether (I93"J and its solubility in ether is pretty

great; therefore the binary system naphthalene-elher will show no

critical [ihenoinena for saturate solutions: nor is this the case for

the biliary system naphthalene-aulhraquinone, and so we may expect

a similar behaviour as Prof. Smits I.e. gave for ether-anthraquinone.

The experimental invesli<.'a(ion has contirmed the theory ])erfectlv.

(_)n addition of a small ainomil of naphthalene to the system ether-

anthraquinone the two critical end-poinis p and (j continue to exist,

draw near to each oilier on addition of a greater percentage of

naphthalene, and so have already disappeared for a quantity of

"^V//.. o' naphthalene. So a spacial interval is formed which does

not extend very far, and a jirojection of which in a concentration

triangle has just the shape of tig. 2 in Smits' paper. As, however,

^Jtf a^o Z50

Fi2. 1.

') See the preceding paper.
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I have not determined the antliraquinone concentrations of the liiiid

phases, the exact shape of the curve cannot be given; we can

only say that the line anthra(|iiiiioi!e — ,v, takes such a course that

X, is smaller than 0.045 of naphthalene.

If, however, we think the triangle as basis of a trilateral prism,

the erect side of which serves as an axis of temperature, and if we
then project j) and q on the side plane naphthalene-ether, we get

tig. 1, from which we can also sec, how the point /; and ^^ approach

each other with an increasing proportion of na[)lithalene, and iinally

coincide.

. Besides the temperatni-e I also determined the pressure of the

critical end-points ; from this we can draw up a y>-/-projection of

the ternary plaitpoinf curve (see fig. 2, and the table below):

6S

bO

55

:o

h5

ho

T

,T
loo 10 10 do to 50

Fis

Percentage of naphth. with regard to ether T
IV, V 210.0

IV,

3.8

p 209.4

q 244.7

p 216.3

q 240.8

p 222.5

q 238.0

P in atm.

42.0

41.8

57.4

43.8

54.9

46.2

53.3
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Then this curve indicates the temperatures and pressures at which

ternary liquids and vapours become critical in the presence of solid

anthracpiinone. This line too connects the two critical points p and q

of the binary system ether-anthraquinone continnously. The pressure

of the point p does not rise at once; on the addition of very little

naphthalene (1 °/J it falls somewhat, so that the curve shows a

minimnm lying near p.
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I'lic (liireroiit |)oiiils of llicso (\vu curves were toiind liy ilctiTmiiiiii^-

llic /'-7'-seotions of mixtures witli dillerent qiiaiililics of iuii)lilliiilciie.

Tliese 7'- 'Ascftions will in general present a shape as drawn in (ig. 16

in Prof. Smits' paper. It is nolewortliy that A', i. e. the critical point

/>-)-Cr—> llnitl moves more to the right on increase of tiie quantity

of anthra<:[ninone. On the left of K the meniscus disappears in the

top of the tube, i. e. the gas-phase becomes smaller and smaller,

whereas on the rigiit of K the meniscus disap[)oars at tiic bottom,

because the (piantity of li(|ni(l |)hase decreases here. On the other

hand on the right of the critical endpoint q at the ti-ansition

^9-|- L-j- tr—»,S'+ fluid we shall see the meniscus disappear at the

top, on its left at the bottom in the tube.

The mixtures with a ratio of I'/s. 3, 3,8, and S"/^ of naphthalene

with regard to the quantity of ether were studied, and gave rise to

the graphical representations drawn in the figs. 3, 4, 5, and 6.

None of them have been com|)leted, as the trouble required for

this would be too great in comparison with the increase of knowledge

it would yield us: for the essential part of the problem is perfectly

represented by the determined curves.

Fig. 3 gives the y-*- 7 -projection of a section witii i'/VVo of naph-

thalene. The quantity of anthraquinone is so great that the point q

can be realized, viz. 25% of the total quantity of the mixture taken.

The region of coexistence S-\- L -\- G is bounded by the regions

S -\- fluid, and L -\- G. On the upper loop-line S -\- L -{- 6^^»S-|-

fluid lies the point q. So at this temperature and pressure the meniscus

disappears just in the middle of the tube, solid substance being present.

The line AB indicates the transition -S' -f- fl"''l ^ fluid ; tiie line JC
the transition L-{-G^^ fluid. So when this figure is completed the

line AC would have to meet the continuation of AD, and the loop

AE would have to terminate at the same point. Fig. 4 represents

the behaviour of a mixture of the same ratio of ether and naphthalene,

but with a smaller content of anthraquinone. This content, viz. 207„

is too small to reach the point y. 1 succeeded for this mixture to

demonstrate the point K in a supersaturated solulion.

Figs. 5 and G give the confirmation of the possibility mentioned

by S.MiTs that there exist still two critical end-points without the

P-7-figure showing a hiatus (see fig. 18 in the cited paper).

For the mixture with 3.8 "/o of naphthalene (fig. 6) p and q

approach each other more than in the 3 % mixture, though their

distance apart remains comparatively great: the S -\- L -^ G region

for the fii'st-mentioned mixture is wider than for the last-mentioned,

and in both ilie mininiuui and the two maxima are to be observed,
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:'fj 27 iv jj jj ij5 jy jj •-// '»j i'to '// 't^ 5* Si ta sj in ki hi t;t;

Fig. 4.

though faintly, in the continuous & -^ L -\- G ^ S ^ fluid curve

between the points /> and q.

It appeared convincingly from the observations of the 5 ;7„ mixture,

that the critical end-points have already disappeared here, so that a

graphical representation would present nothing particular.
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Mixture 57o of naphtlialeiie

T P
241° 45.fi S+L+G
237° 43.7 S+ L+ G

cooled down to 200" remains S -\- L -\- G

The experiments were arranged in the well-known way ^). The

pressures were read on a manometer of SfH.U'FER and Bidknburg,

and provided with the re((uired correction. The heating was brought

about bv means of ff-monobroraonaphthalene boiling under low

pressure.

Anorg. Chem. Labor, of the University.

Amsterdam .June 23, 1910.

Chemistry. - " Intw.'itMjiit.lons on the radium content 'oj^ rocks" \.

V>\ Di-. E. H. BtjcHNER. (Communicated by Prof. A. F. HollejTan.)

(Communicated in the meeting of June 25, 1910)

Introilaction. The fact that everywhere in the atmosphere radio-

active emanations are found, in connection with the observation —
at dilFerent places of the surface of the earth — of a very pene-

trating radiation, suggest very clearly- that radio-active substances

are found everywhere in tiie earth's crusl. As far as radium is

concerned this conclusion was e.\|)eri mentally confirmed for the first

time by Strutt^), who by means of the new methods of radium-

determination could ascertain not onl^' that a number of typical

rocks contain radium, but even succeeded in measuring how great

the content of radium was. The quantitative character of his results

gave a still greater significance to his investigation in another respect,

namely with reference to the question whether radio-acti\-e processes

can be tiie cause of the internal heat of tlie earth. It was already known —
from calcidations by Rctherford— that the presence of a quantity of

radium of 4.6 X 10—'* gr. per gramme of the earth would be sufiicient

to keep the surface of the earth at a constant temi)erature, in otlier

words to maintain the thermal equilibrium of the earth. And now
Strutt arrived at the sur[)rising result, that on an average about

1.5 X 10—'- gr. of radium is present per gramme of rock, consi-

derably more than the quantity calculated by Rutherford. It appears

I

1) See Smits, Z. phys. Chem. LIl, p. 587.

2) Proc. Roy. Soc. A 77, 472 (1906) and 78, 150 (190G),

23
Proceedings Royal Acad. Amsterdam. Vol. XIU.
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iiimiciliiilciv IVdiii lliis viiliii' llial cjilciihilioiis nl' llic ai!,c of llio

t'iU'lli ov of llie lime during wliicli life on cailli \\;i> been pusHihie,

as tlu'v liave been given aniDng otliors by Lonl Kki.vin, nmsl lie

liioi-oniililv revised; on acet)niil of liie |)resence of radium, liie earlli

can liave liad ilN present (eiiijieraliire lor a vcrv long lime alrea<l\ .

Bill leaving tliis on one side, tlie loo great amount luund by Stkutt

brings ns in a great difYicnlly, a solution of wliicli may be looi<ed

for in dillerent directions; a i)erfeclly satisfactory exi)lanalion, llioiigli

has not yet been gi\'en. 'I'lial llic carlli slKinld gel lidllcr, as has

been asserted, is of course out of the (pieslion, if il \\i'i-c only on

ground of ihe Cdiisideration that the cooling, in cousiMpu^nce of

radiation of heat, can never have gone beyond the point at which

the radiation was in eiiiulibiiiim with the heal which was generated

in the interior of the earth and llowed lo the surface. So we shall

have to take recourse to other siijipositions, e.g. that radium is of

cosmic origin, or that the desinlegration proceeds more slowl_\ under

the conditions of the interior of the earth high temperatnre and

pressure — and accordingly generates less heat, or that the radium

accnmnlates in the earth's crust, in other words that the ditferent

rocks at the surface of the eai'tli contain more of it than the interior.

1 will not enter as yet into what is to be said in favour or

against these hypotheses, as lirsl of all the tact itself re(pdres coii-

lirmation. Also some English investigators have seen this; thus Evk')

has investigated some ten I'ock varieties from the neighbourhood of

Montreal, and shortly ago Colkrtdgk Fakk and Florance") rocks

from New-Zealand. It is further particularly .Ioi.y ") who has oecnpied

himself with these questions; among others he examined the radium

content of the ditferent rocks through which the St. (xotthard and

Simplon tunnels have been bored. Though the values found by Joly

are on the whole much higher than those of the other investigators

mentioned, yet they all arrive at the same result in so far that

really the radium content is of the order of magnitude of !()—'- gr.

l)er gramme of rock as was found by Stkutt. So we luw^e investi-

gations of rocks from England, Canada. I>riiish India, ami New-

Zealand; the continent of Europe is, however, hardly represented.

As however e.xtension of experimental material is very desirable in

view of the far-reaching conclusions which may be attached to the

results of these investigations, 1 have taken up ihc inve.stigation of

a number of European and Dulch-liidian ro<-ks.

') Phil. Mag. [6] 14, 231 (1907;.

2) Phil. Mag. [6! IS, 81-2 (1909;.

•) Phil. Mag. [til 18, 140 (1909); also liadioaclivily ami (ieoloyT, l.oiiilun 1909.
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The results may ((inli-iliute at the same time to tiie solutiui! of

tlie question it' the railium conteiil, which may (hlt'ei- prelly eoiisi-

(ierabiy for (HfTerent rocks, is connected with otlier |)n)|terties, e.g.

chemical composition or age.

As a first series tiie results of tiie investigation of ten rocks of

the West-coast of Sumatra are given in this conuinniication. I|gladly

avail myself of • the opportunity to express my cordial thanks also

here to professor Molengraaff at Delft for the kindness with which

he placed tiie required material at my disposal.

Metliod. The methods to determine such slight (piantilies of radiuui

quantitatively, have been given by Stiutt and Ijoi,t\vooi) and others.

The principle on which they re«t is this: the solution containing

radium is stored till the eciuilibrium ([uantity of enianalion has formed ;

then it is expelled by boiling, collected, and conveyed to a so-called

emanation-electroscope, in whicli the measuremeiU takes place in the

well-known way. As is known, the quantity of emanation is pro-

portional to the radium which is present in the solulinn, and so we
can calculate from the accelei-ated movement of the gold leaf in the

electroscope, how much radium is present. The easiest way to do

this is by subjecting a solution with a known (piantity of radium

to the same process: e.\pelling the generated emanution b\ boiling,

conveying it to the electroscope and measuring it.

Starting from these principles, I arranged the experiments as follows:

25 grams of the rock which had been ground to a tine powder

beforehand was fused in a platinum dish together with 80 a 100

grams of potassiumsodiumcarbonate in a fnriuice during four ov six

hours. Then the melted substance was chilled, after which it easily

separated from the dish ; it was then reduced to powder in a high

mortar, and digested on the waterliath in a beaker for some hours,

the mass being continually stirred by means of a hot-air-engine.

Then it was fdtered at the pnnq>, and the filtrate was poured

into a flask, which was kept fii-nil\ closed. The remaining carbonate

mixture, which still contained silicates') was then evaporated to

dryness with hydrochloric acid: after having been moistened again

with hydrochloric acid, and after having stood for twenty nunutes,

lK)t water was poured over it, and it was filtei-ed again. Thus an

acid solution was obtained, which was also preserved. A remaining

residue of silicic acid was dissohed in bniling sodiiimhvdrox\de, and

1) Washing till ail I lie sodium silicate lia.s disappcaix'd fruin the precipitate,

talie.s very long, and often gives a lurlsid filtrate: therefore llie melliod indicated

in tlie text was chosen, as a much shorter one.

23*
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tlie solution was added to the liefore mentioned alkaline lillrate. So

the total (|nantil_v of the roek is fonnd hack in two solutions, an

alkaline and an aeid one, wiiich were separately preserved and

boiled to prevent preeipilalion of a volnniinotis silieie arid |)re{'ipilate.

After the solutions had been set aside for at least a nicintli, the

emanation was expelled in the way as will be eleai- I'loin llie siib-

Fisr. 1.

joined figure. In A the solution is boiled ; the water-vapour con-

denses in the cooler ; the generated gases with the emanation

collect in the flask B over a saturate common salt solution'); after

25 a 30 minutes the boiling is stopped ; the gas is sucked from the

flask B into the bottle C, which had been beforehand exhausted,

and a clip is opened at d-. air flowing in from outside drives all

the emanation which might still be found above the solution in the

flask or in the cooler in this w^ay into the bottle C, again over a

salt solution. Finally the emanation is now transferred from C into

the electroscope, for which purpose the latter had been first exhausted.

Then gas and emanation flows through a tube with lime, a tube

with phosphorpentoxyde and at last a tube with cotton wool into

the electroscope; when the contents of the bottle C have been cjuite

1) At 20"' the absorption coefficient of emanation in water amounts to 0,28 in

saturate salt solution to 0.04.
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transported, the electroscope is furlher filled with air, so (hat wiiat

still remains in the drj-ing tubes, also flows in.

The electroscope w^as of the Wilson typer[it is I'epresented

schematically in fig. 2. It consists of a copper cylinder, 16 cm.

Fig. 2.

high, and with a diameter of 12 cm., so that the capacity is

± 1700 cm'. By means of two corks tiie air can be sucked out,

and the gas charged with emanation athnitled -, further two glass

windows are adjusted diametrically, ou a level with the leaf system.

This consisted of a fixed copper strip, and a movable alumiuiuui

leaf, and was attached to a piece of amber, which tightly iiited in

a copper tube, soldered to the lid ; it was charged by means of llie

copper wire (/, which turned airtight in an ebonite stopper .s'. Kor

this purpose the knob k was connected with the negative pole of

a storage battery of 160 cells'), the wire (/ being in contact with

the leaf system. By turning the handle h. which was also made of

ebonite the connection between (/ and the leaf system was broken
;

then that of k with the battery was interrupted, and finally d was
turned so far till it was stopped by the wall of the electroscope,

which is connected with the earth. The reading takes place by means

of a telescope, the eye-piece of which is supplied with a scale;

the time is noted that the movable leaf requires to pass a definite

number of scale divisions. These were the same in all the measure-

1) This battery was placed at my disposal lay the "Amsterdamsche Uiiiversiteits-

vereeniging". 1 will once more express my sincere tlianks to the directors of this

institution here.
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iiiciils, s(i iIkU iIic iikmiiii\ uli-'iicc tit ihncrciil |i(iiiils (if iIk^ scale

has im inlhuMico. I5_v means of llic y-i-avs of' 1 niLi. (if ladiniii

liroiniili', w liicli was plat'cd al a lixcil |)lac(' and \v\v\ alxivc llie

(di'clr()sc()|iL\ il was asfcilainiMl wlicilici- tlip cajiacilv \aiMed. Sliulil

\ariations aclnallv now and iIumi occnrred ; llic-i'd'orc llic nieasuie-

uients were all cori'ccted to one and llic same (•a|)a(Ml\ . The normal

loaU was rt'i>nlail\ delcrniini'd and sidilraclcd : ihc uicasiircments

did nnl lalio place nnlil 2'
. a '•> Imurs aflcr llic inli-oduclidn of the

emanation, bceaiise as is known, in conse(|iienec of ihc I'oi'ination

of the aetive preeipilale iJaA, 11. and (', consianl values for the

veloeilN' of ilischarn'i' ai'c iiol olilaincil nnlil then.

Ill conclnsiiin a word on the fjanfiing of the elect roseo|)e. This

was generally done In- dissolviiii;; a nraninm mineral, and expelling

the emanation by boiling, and coiueying il into ilic electroscope;

if then l>\ chemical analysis it i> delei-mined how iiiiich nraninm llie

solution c<iiiiaiiis. the content of radium may be calculated by the aid

of the ratio of nrainnm and railinm, wliicii is known by P>oi,t\vood's

investigations. 1 jireferred a direct mellifid to ihis, \i/,. a comparison

with a soliili(ni of a known (|naiilily of radium bromide. For this

|ini'pose I'rofe.ssor K. Kithkhkori) of Manchester kindly sent me a

solution, which according to his slatemenis contained 0,157 ^s
10~''

grammes (if lui per cm."'). 4 (•111.' of this solution were nsed

for the com|)arison ; the emanation which had generated after

three weeks, was conveyed into the electroscope. It was found in

this way that a velocity of the leaf of 10 scale divisions an honi'

corresponded to 1.08x10-" gr. of Ua.

Jiesiil/.':. The values obtained by the described method lia\e been

compiled in the subjoined table, which indicates the (jnantit\ of radium

per gramme of rock.

(Quartz porphyrite, river Malakoetan l.-^ X 10 '- gr.

Granite, Siboemboen 2,5

Basalt, volcano of Asar 13,0

Andesite, Padang 5,1

Angite andesite, Soengei Landei 1,3

Angite andesite, AJer Kolbing 0,56

Granitite. river Pasier 1,5

Granilite, Soengei laimani 3,1

Diorite, Alioer Tampoeroengo 0,30

Diabase, Siboemkang 0,34

'I 1 sl^^illy oxpros.s my licarly tiiantLs Id rri)lr.ssor RuTiiKiti'di.u for the reailiness

with whicii ho complied with my request.
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ll iiia\ I'mllier lie meiilKnicd licrr llial all llic cliriuiculs used were

e.xaiiiiiK'd sc|iaratelv in (lie t^aiiie wav to aiseei-laiii whether they

eonlaiiieil I'adiiini ; this :i|i|ieai-ed nut Id he llie ease. It is I'nrthei'

noteworthy that every solution, Ixilh the acid and the alkaline ones,

were boiled two or three times, and that the values inserted in tiie

table are the average ones of the results obtained in the different

experiments. l:>y tar the greater part of the radium is found in the

acid solution ; it was even often, — particularly for the n)cks poor

in radium — not to be demonstrated at all in the alkaline liquid.

It is seen that this investigation yields a similar result as the

preceding ones: the rocks from Sumatra ha\e a same i'elati\ely high

content of radium of the order of magnitude 10 '- gr. per gramme.

We shall not yet draw any conclusions concerning the problems

mentioned in the introduction, but postpone them till a number of

rocks from llonico ha\ e been discussed in a following commiinicatii

Aiioj'i/. (_'h('i)/. Lnlmnilorii I lud'rsitii of Anistcrifnii).

Botany. — - "<)// //if s/rnc/urc of //"' iiiic/ciis anil /.urj/okiut'sis in

(Jlosteriuin I'J/iri'ii/x'ri/il Aleu.' Hy P'rof. C. v.w Wissklingh.

(Communicated by Prof. .1. W. Mou,).

iCommunicalril in [lie meeting ot .tune 25, I'.UOl.

While the structure of the nucleus and the karyokinesis of -b)j/yy(////v^

have been I'epeatedly examined, the nuclei of the genns Closteriam

have rarely been the subject of investigation. This is the more

remarkable, because the nuclei attain a considerable size. The few

statements made in the literature about the structure of the resting

nucleus of Closteriwn. cliietly amount to this that the nucleus agrees

with that of other algae, especially Si)lrogyra \ thus for instance

i)K B.ARV ') states: Kin Zellkerii von der fiir ,S[iir()(iyni, Zi/i/iiema

beschriebenen Structur nimint die .Mitte der Desmidieenzelle ein.

De Wildkman ') says: Le noyau des Closteriuiii est dn rneme type

que celiii des Cosmarlum et des Spiroyyra. The latter also gives

some particulars of the nucleus. According to de Wildeman the

nucleus is formetl by a rounded or rectangular mass, containing

a large nucleolus at its centre. The nucleus contains liardiv any

1) A. DE Bary, UntersLichungen uljer die Familiu der Conjugaten, 1858, p. 40.

-) E. DE Wildeman, Recherches au sujet de I'influence de la temperature sur la

maiclie, la duree et la IVeqiience de la caryokinese dans le regne vegetal, Extrait

des Annales de la Societe beige de niierosc, t. XV, 1891, p. 47 and following.

i



( :}(i(;
)

cliroiiialin, wliile llio iiiicleoliis sl.iiiis \eiT doeplv. lui niHllor wliat,

reagent is iisetl. ll is rcmarl<altlo, tlial Di', Wh.dkman in iiis inv(>sli-

s^alions of living material, came to restills somewhat (liUci-enl from

those oblainod with lixerl material. In the livinu maloiial lie found

considoi-ahle \arialion. In some cases Iho nucleolns was rounded, as

in llio tixcd material, in other eases, however, Ihc ccnti'al mass was

of a granular substance, and missed delinile shape. Dk Wilurman

could often distinguish small globules, which were separate or nniled.

The number of these siuall bodies decreased b_y fusion.

The accounts in the lileralure of llie nuclear division of C/o.S'to"m??i

are as scarce as those of the structure of Iho nucleus. Some investi-

gators, especially Kischkr '), 11.\cpti'leisch "j and LiJTKKMui.LKii ") have

examined the division of C'/osfi'/'/mii in detail, but their in-

vestigations refer almost exclusively \o the cell-wall. Several investi-

gators, including Fischer") and dk Wii.dkm an ') have directed attention

to the division of the cliromalo|)liores, which begins before or during

ihe nuclear- and cell-division, and to the movement of the daughter-

nuclei along Ihe cell-wall to the places where the chroniatophores

are divided into two. Fiscuek fuither mentions that several nuclear

bodies occur iii the daughter-nuclei.

The most important data concerning the nuclear division have

ccrtainl}' been furnished by Klebahn '). His investigations refer to

the germinating zygotes, in which he observed the union of both

iniclei to one, the mitotic division of this nucleus into two equal

daughter-nuclei and the subsequent mitosis of these daughter-nuclei,

which by that process each produce tw'o unequal nuclei. The figures

of Klkbahn clearly show that the nuclei divide by mitosis, and that

in this division spindle formation takes place. The nuclear- and cell-

division of the vegetative cells was not examined by Klebahn.

It^ is evident from the above summary of the results of various

authors, that our knowledge about the nuclear structure of Closte-

terium is still very incomplete. The accounts of some investigators

of the resemblance of the nuclei of Closteriwii to those of

1) A. Fischer, Ueber die Zellteilung der Glosterien, Bol. Zeilung, 1833, N". 14,

p. 225.

-) P. Hauptfleisch, Zellmembi-an und Hiillgallerte der Desinidiaceen, Inaugural-

Disserlatinn, 1888.

•') J. Li'iTKEMiiLLER, Die Zellmembran der Desmidiaceen, Reitrage zur Biologie der

Pflanzen (Gohn), Vlll. Bd., 1902, p. 347.

') 1. c. p. 226, 232 and 233.

') 1. c. p. 50, 51 and 52.

"I H. Klebahn, Studien iiber Zygoten, I, Die Keimung von Giosteiium und

Cosmarium, Pringslieim's Jabib. fiir wiss. Botanik, XXII. Bd., p. 420 et seq.
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Spirogyra and other Conjui/atae have especially little value, because

there is not even a definite consensus of opinion anions botanists as to

the structure of the Spirof/>/m nucleus, which has been so frequently

examined. For instance, how different are the views about the nucleolus

of Spirogijra. Some take it as identical with the nucleoli which

occur in the vegetable kingdom genei-ally, while others regard it as

a small nucleus lying in a larger one. Hence the mere slalement

that the nucleus of Closteiiuiii agrees with that of SpiriH/i/ru means

but little. Further investigations will have to show whether the

nucleolus of Clo.'iterium indeed agrees with that oi Spivogyra; i.e.

whether it is an ordinary uucleolus, or something corresponding to

a small nucleus, or something else. The variations in the nucleus of

Closteriuui, mentioned by de Wii.deman certainly heighten the interest

in this point of investigation.

The investigations of the vegetative nuclear division in Closterium

have brought but little to light. Thus it is not even certain, whether

tiie nuclear division is a mitosis. This may only be thought probable

in connection with the results which Ki.ebahn obtained with germi-

nating zygotes and because the nuclei also divide by mitosis into other

Conjuyatae. Whether chromosomes arise, whether a spindle is formed

what changes the nucleolus undergoes, of all these cardinal points

in the investigaliou of the karyokinesis of Cktsteriuin nothing is

known as yet.

Many years ago 1 intended to examine the nuclear and cell division

of C/osteriwn. More than once I had to give up my attempts for

lack of siifticient material, until in March and April 1910 I was

able to cultivate Closterium Elirenbergu Men. for some time success-

fully so that at last I had at my disposal a very abundant and

healthy material with numerou!; stages of division, which enabled

me to examine repeatedly- all occurring stages of di\ision.

Fixed material had to be used for the investigation because not

much is visible of the nuclear division in livnig material, even less

than in Spirogyra; Fi,emmin(;'s mixture was used for fixation (1 g.

chromic acid, g. glacial acetic acid, 0.5 g. osmic acid, 120 c.c.

distilled water). To bring the nuclear figures into prominence a

solution of chromic acid was u.sed. With the help of this (he cyto-

plasm with the chromatophores and the starch was dissolved. When
this has happened the flat nuclei turn over, which is of great advan-

tage, because it enables one to examine microscopically the same

nucleus in a horizontal and in a vertical position ; this applies to

the resting nucleus as well as to the various stages of division. After

more prolonged action the chromic acid also dissolves the nuclei.

I
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Iml ilir (liU'crcMl |p;u-|s arc ilisscilxril hi an iiiir(|iial cxlcnl. 'I'liis

ciicimislaiirc iiiav llicrclbrc also coiiliilinli' In a wider kiuiwled^'e of

iIk' iiiiclcai- sli'uclurc. .Somoliincs llii' malL-rial was oxaiiiiiied after il

luul l>eeii aclc'd on liv cliioiiiic acid lor some liiiic, washed ami

stained willi "ISrillanlliiaii cxlra li'ninlich ".
I will innil llic details nl'

this nielliod beeanse 1 have already de>ci-ilied ii ni an earlier |inlili-

cation '
. I onlv wish In jioinl onl thai liie nialenal has lo lie \('r\

earet'idh tivated wiili I''i,I'',mmin(i's solution. \\\ this tr'.'alinen! llie

nuclei nmsl olitain a iireal resislance lo (•lir(nnic acid; on the oilier

hand the cytoplasm willi the chronialo|ihores and the slarch niiisl

slowlv dissolve in the chromic acid solution, widioni contraiMmg or

losing their detinilc ontline. Voy this |inr|iose the mateiial \vas fixed

\\itli a small i|iiaHin_\ ol' l''i,iv\nnN(.'s nnxtiire and was daily e\annne(l

to see whethei' the action had lieen sid'licieni and if necessary more

ol' the l''i,K.M,MiN(;'s ndxlnre was added.

In this iiaper llie results of my investinalion will lie ineiMioned,

as far as liiey concern lln> slriiclnre an<i the di\ isioii of llie iiuclens.

Before doing so I nmsi hrielly indicate my stand-point with respecl

lo the dill'erent views of the nuclear structure and tiie karyokiiiesis

ill Spiroiiiirn, for otherwise il would not be clear what I mean by

such expressions as coiTespoiidiiig to w diUcreiit from Spinh/i/ni.

After my last publicalions on ilie karyokiiiesis of ,SpiiV(/t/iti 1 have

more than once returned to the subject, iiol only with spei-ics

about which 1 had written before, but also with others. In no

case tlid these investigations raise doubt as to the earlier results.

On the whole the newly examined species diifered very little from

those that had been examined before. The investigation of a species

received from England alone led to new results of which I ho|ie

to give an account later.

Nevertheless all the sfiecies e.xamined agree in this, that the

nucleolus or the nucleoli must be regarded as small nuclei inside a

1) Ueber den Nucleolus von Spirogyra, Ein Beitrag zur Kennlni.'; tier Karyokincse,

Bot. Zeilung, 56. Jahrg. 1898, 1. Abt. p. 199.

Ueber das Kernge'-iist, Zweiter Beitrag zur Kenntnis lier Karyokinese, Bot. Zci-

tung, 57. Jahrg., 1899, 1. Abt., p. 155.

Ueber Kernleilung bei Spirogyra, Dritter Beitrag zur Kenntnis der Karyokinese,

Flora Oder Allgem. Bot. Zeitung, 1900, 87. Bd. 4. Heft, p. 356.

Ueber abnormale Kernleilung, Fiinfter Beitrag zur Kenntnis der Karyokinese,

Bot. Zeitung, 61. Jahrg., 1903, 1. Abl. p. 210.

Ueber die Karyokinese bei Oedogonium, Sechster Beitrag zur Kenntnis der

Karyokinese, Beihefte zum Botan. Cenlialblalt, Bd. XXllf, 190S, Abl. 1, p. 138,

139, 148 el seq.
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hu'ge (Hie, a .\ ifw winch agrees willi llic u|uiil(iii ni' ('ahnov'i, wIio

lirst (li'ew alteiiliou lo the iiilei-ebtiiig slnieliire of ihe iiiieleoliis of

tS/jiiV(/i/rii. Ay I ha\e tbmid,'"') all the tlelaiU which can he (listiiigiiished

in a luieleiis can also, bv snilable means, he ilemonslraled in the

luicleolns of Sjiiroi/i/ni, namely : a wall and contents, containing

one or two threads, or a network, snch as nuclei usnally iiave,

in addition to a substance which may be compared to that of

oi'dinan nucleoli. As a rule these elements of the contents do not

entirely till uj) the space inside the nucleohis and cavities containing

lluid may fui'tiier be distinguished inside it. Also in theii- dixi.sion the

inicleoli iif Sj)/n></>/r(i siiow x'ery im[U)i-lant |)oints of agreement with

nuclei, for instance the dissohing of the wall and of the substance

agreeing with that of ordinary nucleoli and the longitudinal splitting

of bodies which are com[iarable to chi-omosomes.

The nuclei of ,^/^/;w/y/v^ are, as far as Ihe research extends,

distinguished from all vegetable nuclei by their remarkable nucleoli.

It is self-evident therefore that in examining the nuclei of 6V(W^m»m,

which are still so little known, 1 paid special attention to the

nucleoli, the peculiar appearance of w hich had already attracted the

attention of investigators. The answer lo the ipieslion, whether

C'lo-'itcrifiiii |)0ssesses as remarkable nncleoli as those of Sinroyyrn

and whether therefore both these Coiijugatae agree in this respect,

was thus an im[)ortant point of investigation for me. In other respects

also I have, however, endeavoured to bring to light as much as

possible concerning the nuclear structure and karyokinesis.

lu'sthu/ niicleiu. The unicellular |)laiils possess a single nucleus.

As a rule it is found near the centre of the cell, i.e. it is about

equidistant from both apices of the cell and everywhere about

equidistant from the cell-wall, which wilii regard lo the nucleus is

concave on one side, convex on the opposite side. Often, however,

the nucleus is .somewhat nearer lo one end than lo the other and

it occasionally lies considerably Jiearer to that part of the wall,

which turns its concave side towards the nucleus.

As far as its shape is concerned the niudeus of Closteiiuiii agrees

with that of Spiro</yra, for it is flattened, a})pearing oval when
viewed from above and circular when \'iewed sideways. The
position of the micleus in the cell also agi-ees with that seen in

Spirogyra. The tlattened poles are turned towards the apices of the

1) J. B. Garnoy, Biologic cellulaire, fasc. 1, p. 'iciti.

-) Ueber den Nucleolus von Spirogyra, 1. c. p. 220 ct seq. Ueber Kernteilung

bei Spirogyra 1. c. p. S7i et saj. p. 859 ami 3iJU. Uebei' aiinormale Konitcilung,

1. c. p. 21.0 et seq. and '241.
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cell. The size of the nuclei surpasses (hiil of tlie nw\c\ oi' Spirogyra.

Observations on Iho diameter of nuclei of Closterium Ehrenbergii

and of some thick species of the genus Spirogyra are given below.

C/ostcriiini Ehrenbergii Men. from \M to B6 it, average 53 {i,

found near Groningen.

Spirogyra crassa Kt:. from 40 to 44 fi, average 42 ti, found

near Utrecht and determined by Mui.l ').

Spiroqyrn ma.rima (Hass.) Witt:, from 31 to 40 //, average 3(w^

found near Groningen.

Spirogyra triformh n. sp. (wilh (> chromosomes in the C(|ualorial

plate ^) from 27 to 31 ,/', average 2<S,5 u, found near Steenwijk.

SpirO(/yra .iefifornii.'i (liot/i.) Kg. from 27 to 31 ti, average 27 ii,

found near Steenwijk.

In the nucleus of Closterium AVn-czjic'A/M there may be distinguished

the same component parts, as generally occur in nuclei namely'

the nuclear wall, the network, the nucleolus or the nucleoli and

the nuclear tluid. The wall of the nucleus is thin ; it seems to be

thinner than tiiat of Spirogyra. It cannot long I'esist the intluence

of chromic acid. The network has a delicate, regular, reticulate

structure. The nucleolus has a peculiar ap|)earanee. It consists of a

collection of more or less rounded polyhedral bodies, which are

mostly attached to one another, but still may quite well be

distinguished separately. When the network has dissolved in

chromic acid, it may easily be observed that many of the small

bodies are joined. Each body may be regai'ded as a separate small

nucleolus and the whole as a collection of small nucleoli, .\mongst

these occasionally one or a few occur which are considerably larger,

and also more or less spherical. It seems to me that the small

nucleoli lie in the meshes of the network which probably

'prevents their fusion to one great nucleolus. In dealing with the

karyokinesis we will show that there are good reasons for this

view, as well as for the conclusion that they consist of a tluid

substance. The small nucleoli agree with those which are generally

found in the vegetable kingdom and not with those normally occur-

ring in Spirogyra. They are not at all to he compared with small

nuclei. They have no wall, neither is the collection of nucleoli

surrounded by a wall, nor can threads be distinguished in it as

integral elements or be liberated from it by means of chromic acid,

as is the case with the nucleoli in the nuclei of Spirogyra.

1) J. W. Moll, Observations on Karyokinesis in Spirogyra, Verhandelingen der

Koninkl. Akact. van Wetensch. to Amsterdam, 2e sect. D. J. N". 0, p. IG.

-) C. VAN WissELiNGH, Leber KenUeilung bei Spirogyra, 1. c. p. 356 and SG2.
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In Chsterhan Ehrenberyu 1 liave imt found iinportaiil variations

of the nucleoli in different nuclei, such as should occur according to

DE WiLDEMAN. It IS true that the small nucleoli in the nucleus seem

to form a more compact mass in the one than in the other which

probabh' has led de Wildeman to distinguish two difTerent types.

I have not however found essential points of diiTerence.

Karyokinesis. When in Closterium Ekrenbergii division is about to

take place, modifications occur in the cytoplasm as well as in the

nucleus. At some distance fi'om the nucleus both chromatophores

show a constriction as the beginning of a division into two. Cytoplasm

collects near the nucleus and the latter also shows considerable

modifications. The nucleoli become distributed in the nucleus. The

nuclear wall is dissolved and the network forms visible threads.

The most striking of these three processes is the distribution

of the numerous nucleoli in the nucleus. The threads arising from

the network are at first rosary-like. They slowly contract to

form a great number of short tiiick threads or chromosomes.

Meanwhile many nucleoli unite so that often large globules arise.

The modifications which the network undergoes, seem to go hand

in hand with the union of the nucleoli. By the contraction of

the network to broad threads the nucleoli seem to have more oppor-

tunity for fusion. The numerous nucleoli sometimes prevent the

distinct observation of the chromosomes. When the action of tlie chromic

acid somewhat disintegrates the nuclear figure the chromosomes become

distinctly visible. The fusion of the nucleoli to globules shows that

they consist of a fluid substance. A large proportion of the nucleoli

get outside the nucleus; in consequence of this a great number of

globules of different sizes are seen on either side of the nucleus.

Gradually these dissolve in the cytoplasm.

When the nucleus has undergone the above mentioned modifications,

the formation of the eijuatorial plate begins. The chromosomes move
to the plane passing through the equator of the nucleus and finally

they all lie in that plane. Thus the equatorial plate has been

formed. The latter has the following peculiarities. It is fiat, seen

sideways it is almost round. It is of a considerable size. The dia-

meter is from 26 to 40 '/ on an average 35 //. Although the

structure of the equatorial plate is rather favourable for the deter-

mination of the number of chromosomes, the latter are so numerous
that I have not succeeded in counting them exactly. There are more
than sixty. Just as in other cases [Spirogyrn '), embryosac^) of

1) Ueber den Nucleolus von Spirogyra, I.e. p. 209.

*) Ueber das Kerngerust, I.e. p. 168.
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Fri/i'/ltirlii uml Li-nrDJinn, Ochii/oiiiiini/') llic clii-oiiKisoiiics air iiul

qiiilc t'lve in the cn l()|ilasiM Inil foi'iii a ('(iiiiicclcil wliolc li\ nicaii^ of

dclicak' tilires. 'I'lir ex l(i|)lasiii nia\ l)c dissoKi'd ami liic entire ciinaloiial

|iialf isolated ii\ lieatiiiu inat(^i-ial. lixed wilii Fi,K.\iMiN(i's niixtnre,

with i-lininnc acid solution. 'I'lic (p\crtMrncd ((|iialorial jilatc is I'onnd

lloatiiii>' and at lirst the ehioniosonies keep their oi-iniinii |K)silion with

respoci to eaeli other. Onlv after prolonged action they become loose

anil separate. The cln-oinosonics diU'er in leniith. in ^eiiei-al they are

short, most of them \ery sliorl ; the longer ones jn'olrnde IVom one

of tiie sides of the equatorial jilate. Their shape varies ; some, especially

the smaller ones ai'C straight or slightly licnt. Others are bent in

diirerent ways and form J-. S-. L-. V-. V-shaped and other ligures.

Longitudinally they show a line winch indicates (he place where

llie\ will split into two.

As follow> from what has been saiti ai)ove, (Jlosteriuin again

supplies an example of a nucleus with chromosomes of xaiying

lengtii. Formerly tliis phenomenon attracted little attention in the

vegetable kingdom. In 1(S98 I '-') pointed out thai in Sjiiri't/i/ra two

of the twelve chromosomes diirer IVom the otliei's in lia\ ing a thinnei'

eiul from which a small thread-like body could be isolated which

was rather resistant to the action of chi'omic aciil, when the lest

of the chromosomes had already iicen dissolved. The two aberrant

chromosomes were often a little longer than the others. Later on I

noticed two corresponding chromosomes in a Spiro^/i/ra-speciea in

which the whole number of chromosomes was six ''). In Closter'mni

the chromosomes only ditfer in length. In 1905 this phenomenon

was noticed in the vegetable kingdom by RosKMii';K(; ') namely in

L'tMcrti and in 1908 by myself'') in (A'doijoniuin : later it has also

been noticed in other [jlants.

The division of the equatorial plate into two hal\es and the separation

of tlie.se halves takes place in the ordinary way. The chromosomes split

longitudinally. When the halves of the plate sepai'ate the ends of the

chromosomes remain together longest. Conseipiently both halves often

form rlioud)oidal tigui'es and later on when sepai'ated V-formed ones with

the arms pointing to each othei'. This especially occurs with the smaller

chromosomes. AVilh the longer chromosomes first the parts that are

1) Ueber die Karyokiiiese bei Oedogonium, I.e. p. 140.

-) Ueber den Nucleolu.s von Spirogyra, I.e. p. 205 et seq.

') Ueber Kernleilung bci Spirogyra, I.e. p. 147.

•') Zur Kcnntnis der llrduktionstcilung in Pflanzuii. LlDlan. Notiser, 1905, Sepa-

ratabdr. p. 0.

) Ueber die Karyokinese bei Oedogonimn, I.e. p. 141,
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uiiilod wilh utlier clii-niud-^dines splil uml al'tcrwanls (lie free iirolrii-

(iiiig purtions. Wlieii the halves of the e(iual()rial |)hite separate llie

halves of these ohromosomes remain connected for a longer time nt

their free ends than at the ends which are not fi'ce. Finally these

lialves of the chromosomes also separate completely. Dnring the

action of the chromic acid the ahove mentioned pai'ticidars arc

readily observaMe. The rhomboidal, V-shaped and other fignres which

arise from the s|)litting chromosomes become entirely free.

The halves of the eqnatorial plate become smaller while they separate.

At the same time the free parts of the longer chromosomes tnrn

more or less outwards ; thus there is alsoydeveloped in Closteriam

the typical aspect peculiar to the phase known as diaster.

As I have remarked above, the nucleoli get into the cytoplasm,

where ihey form on both sides of the niiclear-tigure a number of

greater and smaller globules. It not infrequently happens that at lirst

a portion of the nucleoli remains behind attached to the ecjuatorial

plate between the chromosomes and sometimes considerable globules

and masses are found between and on the separating halves of the

equatorial plate.

When the equatorial plate has been formed the formation of the

transxerse wall also begins. The transverse wall develojis in a way

corres[)oniliiig In that of Sp'trixjiii'd. The process begins at the cell-

wall and continues inwartls until the cell is di\ideil into two daun'htcr-

cells by a Hat diaiihragm. In i'lusferiiua this jjrocess is followei_l by

another one, namely by the splitting of the cell-wall. There where

the transverse wall arises, the cell ac(piires a constriction, which

becomes deeper and deeper and is acconi|)anied by a tlssion of the

wall of the mother cell and with a splitting of the transverse wall,

the halves of which develop strongly after splitting.

The e(|ualiirial plate is surronndeil by the spindle. This arises fidin

the cytoplasm surrounilint; the nucleus. In accordance wilh the size

of the nucleus and of the eipialorial plate the S|)iiidle is wide but it

is not strongly developed, far less than in Sjilrogyra. The spindle

tibres are delicate and lliiu I have pointed out before') that the

spinelle (if the nucleus in SjiiriKijini most pi'obably ciiiilribules to llie

regulation and acceleration ul' the separation of the daughter-nuclei
;

that when no s|jin<lle or an imperfect s|iindle is formed, this sei)a-

ration goes much more slowly and that through the development

of the spindle the daughter nuclei are also driven apart, when the

nucleus has been forced from its |ilace by centrifuging, and with

1) Ziii- Ptiysiologie tier Spirogyrazelli'. ni'iiid'te zuin l^otnn. Cciitnilbliill, l!il

XXIV U'J08), Abt. 1, p. 147.

I
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cliromatopliorcs and |)roloplasm lias been pressed against llic wall.

On account of what lias been said above I am inclined to connect

the iidofior devolopinent of the spindle in Chsti'riiiui, wiili the way

in wliidi the dan<>liternnclei \x,o to their appointed places in I he

danghtercells.

In SpirO(/i/ra the daughter nuclei are widely- sepaivated by the

development of the spindle, so that each almost ininicdiately

takes up its aiipointed place, while in Closleiium, in whicii the

spindle does not develop as strongly as in S/ilrni/i/ni and dissolves

more (piicklv in the cytoplasm, the daughter nuclei at lirst do not

separate so far. After the transverse wall has been formed, the

daughter-nuclei in Closterium are at a small distance from this

on either side. Ne.xt they move along the cell wall to the places,

where the chromatophores divide into two. First they move along

the transverse wall and next along the wall of the mother-cell, on

that side which is bent most. In the daughter-nuclei they take a

place between the two chromatophores, which have arisen by division

from a single chromatophore of the mother-cell.

As a rule the nuclear spindle in Closterium is develo|)ed regu-

larlv. If, however, the nucleus is not situated in the middle of the

transverse plane of the cell, but more on that side which is most

stron"'Iy curved, the spindle-tibres extend more on the opposite side.

The halves of the equatorial plate develop to daughter-nuclei in

the following way. They become surrounded by a wall and the

chromosomes gradually develop to a fine network. At first these

get a looser structure and more and more resemble threads

of beads; soon they can no longer be distinguished from one

another; they seem to form a tissue of tine threads of beads and

in the end they constitute a delicate network. It is difHicult to indi-

cate the exact moinent at which the young daughter-nuclei become

surrounded by a wall. Very soon numerous little nucleoli appear in

the daughter-nuclei between the thrcadwork. They come nearei' to

each other, form some small masses and liually one great ceniral

whole or a collection of nucleoli. When the young daughter-iuiclei

are still found near the transverse wall, the nucleoli are still spread

in great quantities all over the nucleus. When the nucleus arrives

between the two chromatophores of the daughter cell, they form a

few masses. This has led to the conclusion that at first the daughter-

nuclei have not one, but several nucleoli. The daughter-nuclei are

ilat, like the resting nucleus. On their way along the celhvall their

shape more or less adapts itself to the circunislances ; in uiaking

curves the nuclei are bent.
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Above I have brietlj described the structure of the imcleiis and

the details of tiie karyokinesis in Clostamiw Ehrenbinyii As appears

from what lias been said the nucleus, as far as the nucleoli are

concerned, does not agree with the nuclei of SpinH/i/ra, as earlier

investigators have supposed. In this respect the nucleus of Closte-

rium dilfers on an important ])oint from those oi Sptivgi/id, wdmcly,

it does not possess a nucleolus which may be identilied as or

compared with a nucleus. The nuclei agree with nuclei, which are

generally found among plants, especially the higher plants. Never-

theless they show one peculiarity: the nucleoli which are indeed

present in great numbers, form in the middle of the nucleus a con-

glomeration.

The nucleus divides by karyokinesis or mitosis. All phenomena

which generally occur, also take place in Closterinm . In Closteriam

the nuclear division presents the following particulars : the distrii)ution

of the nucleoli in the nucleus and their extrusion into the cytoplasm,

the great tlat e((uatorial plate, the great number of chromosomes

which is more than (!(), the different length of the chromosomes,

which in general are short and of which the longer ones only have

free ends, protruding sidewards, the wide, feebly developed spindle

and the translocation of the daughter-nuclei along the celhvall.

Later I hope to give a more detailed account of the karyokinesis

in Closterluin and t(» illustrate with figures the above mentioned

results. In this paper hardly anything has been said about the

cell division and the growth of the celhvall. To this I also lio[)e

to refer later.

Mathematics. — "<>ii tlif rcltilitiii hi'tn-i't'ii. thf vcrtici's o/' c (/c/iiute

slvdiiiiensioiiti/ /jo/i/fo/if mid tin' lines of a cubic surface".

IJy Prof. P. H. SciioLTE.

1. In his investigation about sennregular ])olytopes and polytO[)es

possessing a higher degree of regulai-ity Mr. E. L. Ei/pe, whose

dissertation is to appear shortly has met with a si.vdimensional

3
polytope of degree of regularity with 27 verlices. Our aim here

is to point out the complete <-(iri'es[)oiidence in relations of position

between the 27 vertices of (his polytope and the 27 lines of a

cubic surface.

The symbol of the characteristic numbers of this polytope is

(27, 216, 720, 1080, 432 + 216, 72 + 27),

24

Proceedings Royal Acad. Am.sterilam, Vol. Xlll.
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i.e. Ilio i)()l_vl()|)0 lias 27 vertices, 21G edges, 720 ('ac(>s, lOKO limiliiifi

bodies, ()48 foMrtlimcnsional iimitiiiK [lolytopes and '.)t> livodimeiisional

ones. Heie tiie iiuml>ers 27, 216, 720, 1080 l)elvvecn tlic hraokels

are left undivided, as llic corresponding elonieiits are of tiie same

kind: all llie edges iiave the same length and willi respect, to

tiio whole liguro — tiie same position, all the faces are eijiial cqni-

lateral triangles in the .same position, all the limiting bodies are eqnal

regular letrahcdra in the same position. On liie other hand the 648

equal regular (Ivecells fornnng the fourdimensional liniiiing polytopes

split up according to their position into two groups, while the 99

iivedimensional limiting pol\iopcs consist of 72 regular simple.xes

»S'(6) with si.\ vertices and 27 regular ci'Oss polvtopos 6V(l()i with

ten vertices: of the 648 livecells 432 are common to an .S(6j and

a Cr{^0), the remaining 216 to two 6V(10).

2. In order to be able in enter into our .subject immediatel\- we

start from the 27 points with the coordinates

4
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the |>olytope ami llie 27 lines of the ciibio sui'liice Iwo itdjucciil

vertices (edge distance =2l'2; al\va\s correspond to Iwo cross!luj

lines, two remote vertices (diagonal distance := 4) always correspond

to two intersecting lines. We will show that this correspondence

leads to simple geometrical residts; but to this end we have to

know the projections of the new poly tope on dilferent axes of

symmetry.

4
3. All the 27 vertices are al the same distance 771^3 of the

13

origin. So the origin is the centre of the polytope and all its axes

of symmetry pass through this point.

The projection of the polytope on the axis UA\ passing through

the vertex (/„ can be deduced immediately from the coordinates. It

has been given in the known manner in tig. 1. Moreover the List I

gives the names of all the edges, faces, etc.

From this projection (1,16, iO) it is evident that a limiting cross

polytope Cr (10) is oppositely placed to the vertex a,,. We say that

tiiese elements are i-u/htly opposite to each other, as the line from

the vertex to the centre of the polytope passes if produced through

the centre of the opposite cross polytope CV(IO).

4. We repeat in tig. 2" the |)Osition of the 27 vertices in the

projection (1,16,10) and indicate now how the other projections

(2, 10, 10, 5), etc. given there have been obtained. We thereby enter

into detail with respect to the lirst new case (2,10,10,5) of 2'',

where the axis passing through the midpoint of the edge (i^a, is the

axis of projection.

The coordinates of the midpoint of the edge a^a.. are

0, 0, - 1, -1, -l,--i/3.

So

(e, + •(•4 + '"s) 1/3 + .1;

count.

t/10

is the standai'd ecjuation of any space ^Sj perpendicular to the axis

under consideration. The constant of the second member takes for the

groups of vertices («,«.,), («„«,rt^«5(;,3(;„,e„5C,,c35C,5),(6,6,f„jC„,fi,fi,c,5C,,(;„c,,),

{^'J'J'J'i '-12) indicated in tig. 2'^ successively the values -—
-,

y Ov

4 2 8
)y means of these values the [)0.sition of the

j/30 j/30 |/30

24*
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points (if llio axis \\ hciv llie 2, 10, 10, 5 voilices iirojocl llit'iiiseivos,

with respect lo llu' oriniii iiidiciVU'd liv llic dulled verlie'ul liin', is

easily found.

The cciilio of griivilv of liie rcLLidar liveccll [l'J'J'J'-/i.i), lying

opposite lo (lie edge («,«.j), i.e. tiie poiiil with llie coordinates

4 4 4 4
", 0, ,

- , -, , 1/3,
5 5 5 lo

is situated on llic axis df inDjeclion. Sn llie edge («,".;) and llie

livecell (f'J'J'Ju'-'i^) '^''C ''')//''('/ ojjposite lo each otliei'. From Hn'

nnnd)er 216 of the edges it follows, that eacii of the opposite li\c-

cells must be connnon to two cross pol.ytopes CV(I()); really tlie

fivecell opposite lo the edge ("i«.J is common to the two 6V(10)

opposite to the vertices <t^,it.,.

5. In an analogous manner the other projections arc found.

So fig. 2'' deals with the case of the axis passing through the

centre of the face Wirt/'j. Tiie standard e(piation

.^•: + ^•. + .", + 3 (.-., + '\) + 'vy?, = conH.
2|/6

corresponding to this case gives for the groups of \erticcs

4 2 2 4
successively the values — ^,, tt,, 0, —~, —^^ of the constant. So

j/b yb |/6 [/b

we tind the projection CS, 6, 9, 6, 3), showing that the faces of the

polytope are placed in pairs rightly ojiposite to each otlier. For

the centre of gravity of the triangle liJ'J';, lies on the axis of

projection.

So fig. 2'' treats the case of the axis through the centre of

the tetrahedron a^a^a^a^, by means of the standard ec[uation

—

=

^ ^^ = const, and ot llie \alues
2 1/7

7 4 12 5 8,
,

.

, , . ,
--— ,

-—— ot the constant, the pro ec-
1/21 1/21 1/21 l/^l 1/21 l/Jl

'

tion (4,3,8,6,4,2). Here the edge /'„/'-, corresponding lo the \alue

Q

is i)laced nhUqih'hi oiniosite to the tetliraliedron a^'Kj-t^'ti, for

the midpoint of the edge does not lie on the axis of projection. A

closer examination siiows that in this manner each edge is placed

obli(piely opposite to /r'rc limiting totrahedra, i.e. to tiio five limiting
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telralifdra uT llie fivecell placed rightly o|ip()sitc to the edge. In

ai'conhiiiee Id this ijie iiuiiilier 1080 of tlie liiiiitiiig tetrahetlca it^

live times that of the edges.

Farthermore fig. 2" gives the projection on the axis passing through

the centre of tiie livecell "i<'2"/'4('.-, conmioii to the simplex a,/t^a.,a^n^a.

and a cross pol,ytope (/'(lO). The standard equation is

3(.6', + .!;, + .K, + .(;, + x^) 1/3 + 5.r„ ^ cond.,
41/10

8 5 2 1 7 10
the values of that oonsfant are

|/30 1/30 1/30V30 1/30V30
4

the fact that in this arithmetical series the term is laekinK will
1/3U

"^

be accounted for in a natural way later on. The opposite point A(,

lies obliquely opposite to the fivecell from which we started. A
closer investigation shows the following. There are — we have

already slated this — 21(i tivecells, each of which is common to two
6'/'(10); i.e. of the 27x32 limiting livecells of the cross polytopes

432 cover each other by pairs, while the 432 remaining ones are

covered by the 72 ; 6 limiting livecells of the ,S(6). So the 32

limiting tivecells of each 6'r(l()) are coloured alternately white and

black, if we call a tivccell in contact with an S{(i) white, a fivecell

i]i contact with a ^V(l()) black; iu)w each \ertex is oblicpiely opposite

to the It) white limiting tivecells of the 6V(10) i-ightly opposite to

it. Indeed the number 432 of the tivecells common to two five-

dimensional polytopes of difierent kind is Ifi times the number of

\ertices.

Finally 2' represeids the case of the axis through the centre of

gravity of the simplex <i„a^a,a^a^a;^. To this corresjyonds Ihe standard

*'i -f -i^j+ •''3 +'''4 +*"5 +'''« |/3
equation =: const, with the values — 1^2, 0,

i '2 of the constant and the simple projection (H, 15, 6) of the points

a,c,b given in tig. 3, while the Fast II gives the names of all the

limiting elements'). This projection shows us that the 72 limiting

*S'(6) are placed by pairs rightly opposite to each other.

6. Before we consider Ihe obtained ])rojeclioiis in connexion with

the 27 lines of a cubic surface it will be well to extend our termi-

nology by jiutling side by side the simpler corresponding properties

of the two systems of 27 objects. In this comparison "the polytope"

1) Here the subscript has been replaced by 6.
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-lamls for llic lii^iirc w illi iIm'
'*

llie 27 lilies of llic ciiliic siirrace.

']"lu> |)()l\l()|>i' li;i>

2I() ("diics anil 135 diimoiiais,

hiiiu tlir(^(> 1>\ llirci' ill 4.'> nianes
;

Ihi' liiiurc willi llii' 27 MTliccs, "llir i'(niri;;iiralioii

'rii(> cnnliiiiiralidii lias

21(i Iwocrosseis and 135 (\vo-

iiilersoclcis, llio iMiinls of iider-

scclion (ilWliicli fnnii 45 (riiuif^ios ;

720 I lin'ccrosscrs, lorniinf^

!5()0 pairs (if llireccroissei's lying

on llie same (|iia(lrali(' sni-tace;

1080 f'oiircrossers

;

(i4S IJNT'crosscrs
;

72 sixrrossers, runiiinii' 31!

doniiio-si.xers

;

720 Iriangular facos, foiining

3fiO pairs of riuiilly opposilo ti'i-

anglos

;

J080 liniitinj;- tclralicdia ;

64H liiniling livocells;

72 limiting siniplexes 'S'(fi),

tbrniiiig 3() pairs nf riiiiiliy oppo-

site N(());

27 liniiling jiolvtopes ('r{lO), 27 teiilinos adiiiilling oiio of the

placed rightly opposite lo the oilier lines as (•oinnioii I ransvei'sa!
;

verliees;

27 sixteenliiies admittiiig one

of the other lines as common
crossing line

;

of the 048 fivecrossers 432

belong to half a double-sixer.

27 fivcdimensional sections willi

sixteen vertices;

of the 648 livecells 432 belong

(o the limits of an S(Q).

7. We now consider the obtained projections in connexion with

tlie lines of a cnhic surface and distinguish the element placed in

the diagram at the lefthand side as the "starting element", the

element placed at the righthaml side as the "end clement". In tliis

comparison we immediately tind this particularity that the property

— following in fig. 2" from the assnmed relation between the vertices

of the polytope and the lines of the cubic surface — i.e. thai the

10 lines of the end element intersect the line forming the starting

element, maintains itself u]) to fig. 2« in this form that all the lines

of the end element are common transversals of the lines of the

starling element, while in tig. 2/ each line of the end element cuts

only live of the six lines of the starting element. It is easy to express

this by a rule withont exception indicating the relations of position

much more accurately, if we measure as in fig. 4 on a horizontal

line ^^A' from the origin equal segments, mark the points of

division by the row of numbers 0,1,2,3..., place under () the

lines of the different starting elements') and wi'ito undei- 0, 1, 2, 3 . . .

') As lo tills poiiil, according to tiie last sentence of llii.'; arliclc. the process

has lo iinilort'i) a small aiiiplilicalion, whicii will be porfccly clear lo llio reader

ir lie lias a'one llirou^'li tlu' whole aclicle.
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the groups of lines, iiiiv line ol' wiiicli eiils ie.s|)eeli\oi_v (),J,2,o...

of tlie lines foi'niin<j; the starling- element. We then really fall back

on the ])rqjeelions (J, JG, 10), (2, 10, 10,5), etc.

The cases in which the starting element contains one, two, three

or fonr lines, give al most rise to the remark, that we tind back

in fig. 4 the old projections represented on a ditferent scale; for the

mulmtJlji ccpial segments of each projection have really diperent.

length for the (liffi'vcnt projections of tig. 2, while nil ihe segments

have been taken eqnal to each other in tig. 4.

For the fonr remaining pi'ojections of tig. 4 tiie starting element

is in the langnage of the conliguration successively:

a tivecrosser not belonging to half a donble-sixer

;

a fivecrosser belonging to half a double-sixer;

a sixcrosser

;

a tenline.

Of these foui' cases still lo be discussed the lirst is that of tig. 1'>,

the last that of fig. 2", liolh taken reversely, i.e. with interchange

of starting and end element, while the second and the third corre-

spond to tig. 2<' and fig. 2f.

We treat of the second of the fonr cases, that of the prqjecdon

(5, 1, .5, 10, 0, 5, 1) in the first place, in order to Wyi the attention on

the |ioint bearing no projection iiidicaled by the nought. Wherefore

has this empty |)lace (fig. 2') to present itself? Because the number of

lines cutting respectively 0,1,2,3,4,5 of the five lines n^^n^^a^.a^^a.^

forming the starting element is 1,5,10,0,5,1; in other words any
of the 27 lines cutting three of the live lines d; at least cuts four

of them. I>y this rational explanation of the mentioned hiatus the

three other projections are also explained. If we take the projection

of fig. 2* in the reverse sense, we find that each of the ten lines

(^1 ''2 ''oi ''02 • • ''35) fids three, each of the two lines {n^a,) cuts five

of the lines of the starting element (/'„ /'., b^ b^ Ci,\ The third of the

four eases, that of the projection (6,15,6) of fig. 2./', can be explained

in the same way. Finally we have still to remark that in the last

case the displacement (jf the starling element, the tenline, over one

segment to the right of the origin, is no mistake; it corresponds to

this that the ten lines do not cross each other altogether, but that

each of tliem intersects one of the nine others.

8. So the sidiject proper of this communication is exhausted.

However we will finally move the question if it may be possible

that considerations analogous to those mentioned above lead from
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nlliLT Iviuiw II cc>iili.i;iir;ilinii> ol lines hi inikiinwii |)(il_\ (liiiK'iisidiial

polytopes with a crrlain degreo of rejj,iilaiily and reversely newly

diseoxereil |iolyl(i|K>s of lliis cliaraclcM' lo unknown conlij'iiraliuns of

lines. Aeeording to our oiiinion llicrc I'an lie im doiil)! aiionl llie

answer to this (pieslion.

]>iit instead of enlerin.t;' inio lliis new sniijcci jnsl now we will

only point out llic configuralion of the K! lines crossing one of tlie

27 lines, to whieli eorresponds the li\('diniensional poly (ope with

the 16 vertices (5(^ , !>„, \{)c,i,). As is known this coiilignralioii

presents itself on the (piailic siirtaees with dmilile conic ( >ii the

other hand llic jii points (f)//, , A^^, 10c,/,.j are the vcrlices of ihe

half measure pol\Ii>pe [1 1 J 1 J] of the livedimensional s|)ace

1 .
,

.r„ = ^ -— 1/3. So we ha\e liei'c Itetore us a second example of a
o

correspondence as the one treated abo\e. In older to enalile the reader

to study this correspondence we have re|)eale(l iii the lig. 5 and 6

the part of the tig. 2 anil 4 which relates to these systems of 1(5 objects.

I.LST I.

Vertices.

«»— 5"i' ^0' lOf,.,— 5/»,, 5(;„j.

Edges.

5rt„ai,«„^'„, 10o„c,,— 10a,a,, 30rt,c,,. 10;*„e,,, SOc,.,,',,,—

5a,i„ 20«,<'„, 5/-„/>„ 30/.,c,„ 20c-„,.,,- 10/,^,^, 20/,,,.-„,, l(V,„,v^.

Faces.

10((„(ijrt^, 30a„((jO,„ 10«7^/<„Cj,,. 30(f„c,.,c,„—
10a,fl,a„ 30a,a,<.-,,. 60rtjC„c,,, 30/v\./\„ 20.',.^,',,t',^. 10c,,f,,f„—
30a,rt,c„„ 30rtj/*,c„, 60a,c„,(;„, 30/<„/<;(,'„, 00/',r„c,„ 30(;„,f,,ri,—

20rtj&jf„„ 30rt,c„c„3, lOh^hJi^, 3 hj>,c,^, 00/-,(;„c„, 10f„,c„..c,„—
I0bj,,b,, 30^V„„ 30/v',„e„. 10(,vc'„.„,v

Tetrahedra.

10a„rtj«.,a„ 30ti„aia„C3„ 60a^a^c,,c,^, 30«„/*„fj,fi„ 20rt„«,..(.'j.,«j,,

10a„Cj.,c,,c„ — 5rtja,a,a„ l()a^a..a^c^^, SOo^a^r^^c,., 20a^c„,e„^e..^,

20a,c,3C„c,„ 20/'„c,,c,,,c,,, I0l>„c,^<\,r,,^, ^'^^,,'\,'\,<\, —
20a,n,a,c„,, 60rtjrt./'„f„, 60ajijC,,c,,, 60n,f„,--.,,,'j^,

tJ^''o^'iC,3''„' 20/>iC„f,,c,3, 206,f„r„,f,,, 20c„,Ci,Ci,f,, —
30n,a/„3C„,, (JO((,/-,c„,c,,, 31rt,c„,c',3C,,, aOA/*, /<,<,,, 30ft,/».,<',^c,,,

GOiiC„c„c,, — 30(1, /-,(•„,,(„,, 20aiC„,f„c„„ 10bJ>J)Ji„ I0bj>.j>,'\,,

60Z'i/^.'„f,,,30^>,c„,<-„c„ — ohJ,^bJ,,,, 20bJ>J>,c„„ 30/.,/.,.-,„,-„,,

Fivecells common to .S'(6) and 6V(10).

5a„rt,rt,rt„rt.„ 30a/f,a,f,,<,-„„ 20a„fl,,'.^,<>.^^,-,„ 20./„/.„<',,^r,,,',^,
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l^"i'' = "5''n4^-05' ^'-'"i"2''«-,<''o.,'':m-
'J0r«/';C„,'',3'-,„ SO/./)/*,.',,.'.,,,

bb„b^b,bj>,, 2^}bJ>,b,C„,C,„ '^^)b,b,r„,c,,r,„ — bj>j>,bj>,,

Fivecells common to I wo T/dO).

10«0«l«2«3«4o' 20«„rt,.-^,C^^C,., 10-(„/'„Cj,(_^,,''„— 5a,«,((3«,c„,,

I'^^^'i^'-i'S'^.' •^•>''iVoj'':<.,''35' 10"i"5'',a''n/5o' 30a,/<j,-„„r„,f,, —
ab^b.,b,b^c„.^, 1 0/'i/',.-„.,c„ ,<„., <-„,c„„c„,<--„,c„s.

Simplexes >S'(fi).

Cross poly topes 6V(10).

^^.^/'•/'.i^'4'"05''l.-,''25C,sC4.-, — ''l'''2^A'!'5''ol'"o2'"on<'"o4''u»-

3^0 4 05'

LIST II,

Vertices.

Goj, 66p 15cjj

Ed-ies.

Peaces.

20rt^a,a, :90rtjrt,r-,;i80nj(;,,c,,,j,„ Ig^

20i^/',6,!90/»,^/,-'3, 180/<,<-,,c,, " >» '*j '"• " "

Tetrahedra.

15aja,a,a^ '^'^"if's'S'^s! l^'^<J'i"3''s4^'3s' 120rtjC.,,(;.,^"j5
j

15/>,;»>,6j60;^/-X''4s!l80/./v,4^'»3'120^,,c:;o;,c,,!

"""l -23 :i4'-34 I

30c,,<;,,Ci,'',,,,

Fivecells common to >S'(6) and 6r(10).

Fivecells common to two 6V(J()).

li'-iV 25'U»
l"-j''J3";4'3S'

15«l«J«3«4'-5 6
60a, fl, (',(•,,(,. ..,, ,

L
fiO/i /, , / , 1

;'23';4'34 "' 1
q"^

1
3*

1
4*

1 i' 1

Simplexes ^{'o).

«/',«,«4«5«»

b,b,bj>^b,b.

Cross poly topes 6V(J()).

6b b b b b I- G c (' c
\^'"'^'^^"i"i''>*'-!'--'''»'i!'^'i' ">
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Mathematics. /I'lri/inn-ili/ In (inuir.i-Kn/ inlh .<finii'C(iii!iir /mii/-

toju's itiiil iii'ts." l>v Mis A. IJooi.K Stott and I'luT. V. II. Sc iioiti',.

J. 'riu' tables added In llie inenioir "Geoiiielrical dcdiiciioii of

s(Miiir('i;nlar IVdiii reiiular |i()lvlO|)CS aii<i space (illiiifi's", reeeiiliy

liulilisiied l>\ lliis Academy { \''r/iiiiii/i'/i>ii/r>i. eerste seclie, deel XI,

N". I) ')• ^li"^^' 'li"' '1'*^ saiiH> seiiiireuMdar ixilylopc oi' net may some-

times be derived from diU'erent ren'idar |miI\ l(i|>i-- or iicl> by (liUcreiil

operations. It was slated there (p. Hi) that lhi.> is liiie to the "reci-

procit\ of llic liii'iires". We propose to e.xamiiie here the iiillncnce

of this reciprncil\ on the miiliiai relalionsliip bclwccn the results of

the dilfcriMii (iperalious of evpaiision explained there. Before doing

so it will be \\(>ll Id fiixe a delinilion of \\ hat is nndcrstood here

b\' recipnicih of two polytopes in space S,,. where these polytopes

have either a Unite ov an inlinile niimbei- of linnlini;' elements /„_i ,

the lirst case referring to two polytopes in >S„ and fhe second to two

nets of pohtopes in S„ _i considered as two polytopes in Sn-

'2. l)('jiiiif/ii/i of I'cciin'ociti/. Two re^nular polyiopes in S„ are

reciprocal to one another if the nnndi(^r of limitinii' elements Z^, passing

throngh a limiting element /,, of the one is equal to ihe nundier of

limiting elements /„-/,_ i
lying in a limiting element /„--,/ -\ of the

other, where p ^ </.

We illustrate this by some examples which we divide into two

groups, the first a) dealing with /m/rs of polytopes of diO'erent forms,

the second f>) with se/f reciprocal polytopes.

//. In -S', we have two pairs of I'eciprocal regular polyhedra, (^

and (), I and I), in N, we have once more two pairs of regular

polytopes, (.'s
and t',„, C'l,,, and ^',,,,0- ^i-'id one pair of regular nets,

XCi„ and NC^i- So for ?t:=4 the number 8 of faces passing through

an edge in C, (see the "Table of incidences" in the memoir quoted)

is equal to the number of edges lying in a face in (\f. So for

n = 5 the number 8 of faces passing through an edge in XC^^ (see

the same table) is equal to the number of faces lying in a limiting

body in ^VC,^, while the numbei- 12 of limiting bodies passing through

an edge in NC^„ is eipuil to the nund)er of edges lying in a limiting

body in NC^^, etc.

h. In S, we have only one self reciprocal regular body, T, and

one self reciprocal regular nef, the net of cubes, in 5^ we have the

1) Tiie figures alluded to in the following pages will be found in the memoir

quoted.
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Iwii SL'ir ivriiirociil ivnular |iul\ I(i|il's (!,^, (J.,, ;iii(l (HU' self ivrijirncjil

regula)' net, the net X(\. In passing we may remark thai in space

S„ flic net .y^f„ of ineasnr(> p(il\tii|)es .]f„ is self reeiprocal.

3. l!y tiie applicaliim of the o[)eration of expansion ('„_i to a

regulai- polvtope .1 in S„ eacli vertex, eacli edge, each face, etc. is

replaced i)_v a limiting polvtojie of // — 1 (iimensions. filling up tiie

C/'//w caused In the ex|>ansion ; these polvto|ies will he indicated

respectively l>_y the s\-ndH)ls //„, _'/i,//c. flc, the last one _(/„ i
being

the orii/iiKi/ limiting ii — 1-dimensional polvtope itself in an other

position. The subscripts (t, 1, ...,/; — 1 of these symltols //„,//,... ,'/„_i

represent the imiiort of the limiting polvtopes Now, if we apply the

o|teration c,,
i

to two polarly related poly topes .1 and A' of N,,, the

gaps
'/„,(/ J , . . . '/„-! of (',,-1.1 arc respectively e(pial, in form — and

in number as lonu' as this remains finite — , to the gaps //„_i ,

'/» 2, '/„ "»f i'n—\ A' , ill oilier words the polytopes (',,-1 A and

i'„—\ A' have their gaps of irrijti-oru/ import eipial (p. 9 of the memoir

qnotedl. We will try to make this clear by a few examples ').

In the simple ca.se of (' and (> in S, the r., expansion applied to

both gives an RCO (fig. 3" and 'S'^), where the ga\)S //„,'/,,//„ of

the one are ecpial to the gaps ij2,<Ji,y,i of the other. In the case

of the cells (\ and <\,, in 6', the c, e.xpansion leads up to the

same form (^lig. ti" and ()'); here we have ii„e^ C^^ if^i', C^^t=T,

(see the numbers indicated in the diagrams). In the case of the nets

J\X'i„ and NC'.,, (fivediinensional reciprocal (lolylopes) the two polytopes

'%'^"^'i8 1^'kI e^NC^, (fig. 26) show the relations 5'„«,iVC,„=9,fl,AX\,=r.,^,

(h «4 NC., ^ ./, e, NC,, -^ Po , ,'/, ''., NC,, = <,, <; \C,, = (3 ; 3) ,

.^'s «< XC,, = <!, <\ NC^, — Ft. .'/„ '', A'C„ = c,„ e^ NC^^ = C,,.

4. We have shown above lliai Ihe apjdication of the operation

c?„— 1
(with the highest snbscripl) lo two reciprocal polytopes y[ and y4'

in (S„ produces the same form with i-eciprocal imports. If any second

ojieration e/c be applied to i'„-\A, will it be possible to find an

operation r^.' by which (',._i .4' may be transformed so as to make
ei;'e,i-\ A' = ('/ct'„-i A ?

The answer to this question is very simple : in order lo obtain

the same result in both cases we have only to take care that the

two operations ek and e/,' act upon \\\e sdiiie subject. Now the limiting

1) An analylic'il pinof of this llioorrm ;niil llio followiiiu; 0110 will lie |iiililislic(l

later on.
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|Hil\ lo|it's of / iiii|purl III llii' lir>l arc llii' ^aiiic as tliosc {>{' n. / 1

imporl ill llic m'coikI ; so /' lias lo he ('(|iial In // / I, i.e. we
have / + /' :=/( — ]. So we gel

<'l.-''n— l -1 = <'ii-lc-\ Oi— i

^1'.

i.e.: II' we apply rcspeelivcly lo r„
i
.1 and (,-^i .Tany two nc'ijir(ic((l

opcralioiis c/- ami /'„_/,•_; liie resiill is ihe same luii ilic imporls are

leeiproeal.

Tills .simple general liieoreiii accoiiiils tor liie eipiality of all I lie

pairs ol' jioiylupes (and nels) indicaled in llie lahles added lo (he

memoir (pioted.

Ilt'ver, Ki'iif, ICiKjIiiiiil. Sepleini>cr, liHO.

Physics. '• All improved seinlcirciilm- I'li'draiiKKjiii't." II. liy

Prof. 11. Iv .1. (> 1)1 liois. fCoiiimniiicalioii IVom llie liossclia-

Lal)oratory.)

Recently I deserihcd a new type of seiiiicireiilar eleelromagnet

togetlier with some results obtained wilii it.') In the present paper I

beg to oommnnieate a few more measurements; and also its adapta-

tion to special [lurposes, which lately have come to prominent notice.

l)iffiieiiC(' "/' iio/'ir ii-iniliii</s. The reproduction given previously

exhibited the windings as split into two divisions by a rectangular

flange: a. jiolar windings, which are in the neighbourhood of

the pole-]iieces, the eliliciency of which can be increased by supple-

mentary loose polar coils: />. circuital windings round the other

parts of the magnetic circuit. A second instrument was wound and

connected in a somewhat different way ; the tield was determined

again under ditferent circumstances by means of a ballistic mo\'ing-

coil galvanometer; this was standardised by means of a normal

solenoid, and the proportionality of the readings ascertained. A small

test-coil was made with a diameter of 3 m.m. and a thickness of

0,3 ni.m. ; the thickness of the bare copper wire used was 0,025 m. in.,

silk-covered 0,07 m.m.; it was wound in coUodium. The equivalent

area of the 45 windings was 1,544 cm"., determined by comparison

with a slightly smaller normal coil of 1,530 cm'., measured geometri-

cally. The results are given in the subjoined table:

1) H. DU Bois. These Fioc. 18 p. 189, 1909.
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End planes

Polar distance

3,6 mm.

Field (Kilogauss) with:

a) 135 K. A. T. «, 6) 255 K.A.T.

6 mm.

Field (Kilogauss) with :

rt| 135 K. A. T. : a, 6)255K.A.T.

mm.
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iiiiiiiliL'i'> III l'"ii;. I. I'liis i^ ill ucciirdancc Willi l\ hk himm i > siliiialioii-

livw I P. Wi'',li"s alsd drew alli'iilimi In lliis lad. < >ii llic dllicr hand

.). HoPKIX.soN did mil iio-liilalc sncli a diircrciicc in lii^ wcll-kiiowii

llieorv of tlie iiia.iiiR'lii' circiiil ; in spile of lliis micIi views liaxe

also been ^radnallv inlrodnccd iiilo clccliMcal praclice. As dynamos

and motors were more aii<l iiKire salni-alcii and llie air-sliis liecame

miri'ower -— llic value of llio indiiclion sometimes rcaelies 20000

C. G. S. - IIh' lieid-wiiidiii.U's were moved as near as |)0ssible to

the armaliire-s|)ace; lliis lendeucv is tiiiallv rheeked l)v the fad tiiat

a given iinnilier of acciiinnlaled wiiidiiijj;s has a higher resistance

liiaii wiion ihev are iinifdrndy distrihiiled, so that llieir peripheiy

on an average is evidently smaller.

Gradient-iiolc-iiii'rcs are n.sed for investigations in a non-uniform

field: tliis is tiie oppiu'lniiily to describe the arrangement, albided

to in a previous communieation '). The test-piece takes up a position

in the equatorial plane such that both .p., as well as llie transverse

gradient d P^/'X'/. :iud also the |irodurl J>.. ().p,,/d// I'ctain values as

great as possible; this product determines the atlraclion or repulsion

exerted. Besides this chief condition, some practical reciuirements

concerning the necessary space etc. must be fultllied. The calculation

of an optimum would be exceedingly diflicult, and even if feasible,

might prove more laborious than the empirical method, by which

the conllguration represented in Fig. "2 was developed after much

experience. The axes of the polar pieces form an angle of 25°; the

pole-tops are |)ro\ iiled with conic cores slightly rounded and just

iirotruding. The field was determined by means of a standartlised

spherical test-coil of diameter 3 mm. Inside the smaller angle (direc-

lioji _j_ y) the maximum of -O., t^'P.r/t^,'/ '" general lies further away

and is flatter than in the opposed direction (
— //); as the axial angle

increases the maximum moves away from the origin A towards

-\-y; the distance between the pole-tops and the strength of the

current have less influence on its position.

In Fig. 3 some curves have been traced referi'ing to this, and

correspontling to the configuration of Fig. 2 ; the abscissae ± y

j'epresent the distances from the origin on a ten-fold scale. The

ordinates of I represent the field -px in kilogauss (right-hand scale)

those of II the value of •C'.?d.^.,/d^ in millions of C.G.S. units (left-hand

scale). This ex|(eriinent was made wilh a ilistancc between the pole-

tops of 0,3 cm. and 50 kiloampere-tiirus. So it a|)pears possible to

1) H. DU Bois and Kotaro Hond.\, These Proe. 18, p. 59G, 1910. CC P. Curie,

Ann. Chim. A Phys. (7) 5 p 295, 1895; Oeiivres p. 237, Paris 1908,
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make u.se of a iioii-miiforni Held of lutire lliaii 25 kilogaiiss willi a

perfectly sutHieieiit grailieiil. Now the [)ole-lo|)s may be insulated

from the shoes e.g. by means of horn-discs, or by surrounding them

with a somewhat pliable leather case, so that e.g. immersion in licpud

air can take place; thus we can easily work within a temperature

range of — 200^ to -|- 200°. In addition a similar arrangement was

made for pyromagnetic investigations at high temperatures up to

1300°, in which case the available Held amounted to only 15 kilogauss on

account of the larger space required.

Obliqui'-rlslon i)ok'-j)iec<'s. By E(;okoff and Geokgiewskv, and after-

wards by RiGHi the ZKKM.\N-elfect was investigated in directions

forming an arbitrary angle >> with the direction of the (ield '). The

last-mentioned physicist already pointed out the necessity of special

electromagnets for this purpose, and could observe within a range

42" <^ t> <^ 90' with Ihe aid ot pointed coiucal polar-pieces and coils.

When recently this pi'oblem again came under consideration in con-

nection with the spectrum of the solar spots, it was treated theore-

tically by LoRENTZ, experimentally by Zeeman and Wi.sawer '
). They

extended the interval from 90^ to 2(i° ; with such pointed polar-pieces,

however, the field is very much weakened; with the aid of glass

prisms inserted within the polar-pieces") it was also possible to

observe with one single smaller angle {> = 1(3°. In consequence of

a conversation with Prof. Zeeman I have lately tried to design an

arrangement which allows of gi'adually varying the angle of obser-

vation » from 0^ to 90".

Within the range 0° <^ {> <^ 4:5° the rays must pass inside the iron ;

these small angles are of the greatest importance because the critical

angle 0-, of Lokentz will probaitly always lie within this interval

for a strong field. The pole-tops Qi ;^"d (2^ (I^'ig- 4) as usual have

a half vertex angle of 55° gradually increasing to 57°; they are kept

separate by a strong, nnmagnetic moulding V, which is provided

with openings. At the back they are spherical and ground into the

. hollow cups of Ihe |)ole-shoes /\ and P.^, whose half vertex-angle

amounts to 59'. Tlie bore />' had Ihe sha|)e of an excentrical rect-

') N. Egorokk i N. GEOiuiiEWSKY. Gorapt. Ueiid. 124 p. 9i'J, 18!»7. A. Righi,

Mem. accad. Bologna i_5) 8 p. 277 (Fig. 3.) 1S99. Ur. A. (>otton, le Phiinom.

Zeeman, "Scientia" No. 5. p. 48, 74, Paris 1899.

2) H. A. LoRENTZ, These Pioc. 12 p. 3-21, 1909. W Zeem.\.n \; B. \Vi.nawer,

These Proc. 12 p. o84 ; 13 p. 35, 1910.

•'') For this artifice proposed by Wep.thei.m Salomo.n.son the u.se of a inagneto-

optically inactive ceriteborosilicate ciowngla.ss may prove eHicient; cf .H. du Bois i)^-

G. J. EuAs, Verh. D. phy.s. Ge.s. 11 p. 710., 1909.
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iiiij;iil;ir |nraiiiul, w liirli Ills idiind the ronical I)imiii as ilrlciiiiiiicil

l)y tlie usual conic prolongalidii of llir Ixuvs />" in iiolc-slioc and

Curllier coi-e. Now il ap|»ears snriicicnllv clear Iiomi l''i'j. 4, Ikiw \\c

can arliilrarilv clian<i;c tlie an.iilc itcl\v(>en llie liekl-axis ,/•',(•' and tiic

direction of tlio iigiil .r.r and road it on llie (li\idc(l circle (
'. For a

definite polar distance tlie conical faces as well as the sejj:ments of the

two |i(ilc-l(i|)S are cunccnli-ic and so also those of the iiolc-shoes

;

for other dislauces these sjiherical sni-faces can always he made to

coincide liv a slight lateral shifting of the cores carryin*!,- the cnp-

sliaped pole-shoes.

This arrangement proved satisfactory; the suiijoined talile gives

some measurements of the Held (in kiloganss), firstly before boring and

Polar distance
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angle & it will be advisable to fill up the superfluous parts of the

bores B with a set of loose wedge-shaped cores; then the tield can

be only sliglitly weakened and strained.

Angles 45" <[ ;>• <;W are easier to realise, because the course of

the light remains outside of the pole-pieces, the half vertex-angle of

which must, however, be smaller than {>. If this were the case, we
might e. g. already go lo 45" in Fig. 4, the line of vision LL going

alongside the truncated pole-flange F^. For this work the ball-

frame with the divided circle, on which the whole electromagne

rests, pi'oves convenient ; it was, in fact first used by Righi (loc. cit.) for

similar purposes.

With the arrangement described Dr. Elias investigated the oblique

emission-effect for some spark-spectra "). It may also prove serviceable

in other cases, e. g. for tiie KERR-effect.

If we now consider Fig. 4 as normal section of pole-tops, bounded

by truncated bi-planes and cylinders, we iiave a configuration that may

be useful e. g. for string-galvanometers, for the observation of the

transversal bi-refringency and for similar cases. We can, in addition,

prove that the normal optimum-value of the bi-plane angle amounts

to 2 X 45° in this case, instead of to 2 X 54°44' for the cone vertex.

I am greatly indebted to Mr. Morris Owen for the measurement of

the masnetic fields.

Physics. — "Oh the Zii]iMi\.ti-ejf'ect /o>' eiaission-Unes in a direction

oblique loitli reyanl to the lines of force." By Dr. G. J. Elias.

(Communicated by Prof. H. E. J. G. du Bois.)

The modifications to which emission and absorption lines are sub-

jected in a magnetic field, have been studied up lo now chiefly in

two special cases, namely those for which the direction of tiie mag-

netic field coincides with the direction of the rays of ligiit, and

those for which it is normal to it.

The theory of tlie phenomenon for the case that the rays of light

form an arbitrary angle with the direclion of (lie mai^nelic field,

was developed by Lorkntz -).

Experiments of Zeeman and Winawer ') refer to the modifications

to which the absorption lines of natrium vapour are subjected in a

magnetic field with oblique passage of the light.

1) Comp. the subjoined communicatiou.

2) H. A. LoRENTz, Tiieae Proc. 12 p. 321; 1909.

3) P. Zeem.ajj and B. Winawer, Tliese Proc. 12 p. '584. 1909; 13 p. 35. 1910

25
Proceedings Royal Acad. Amsterdam. Vol. XIII.
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III this paper I will cDiiiitiimicatc tlie results of some prrliminary

experiments on emission lines in a maiiiiclic field.

As source of light I used a condeiiseil eleclnc spark of an iiidiic-

toriiun capable of giving- a 30 cm. spark maximimi willi VVkhnklt-

inteiTuptor.

Tiie primary ciirrenl aiuoiinled about, to 10 amperes, the length

of the sjiark was 2 m.m., lour Jjeyden jars being connected parallel

to the si)ark. I Ciirther used du Bois' first improved semicircular

cleclromognct ') with the pole-pieces described ai)ove "), by means

of which the angle i> between lield-direction and ray-dire •tion can

be varied from 0' to 45^ at pleasure. For greater angles the magnet

was rotated round a vertical axis, and the light did not issue through

the borings, but on the outside of the pole-pieces. 'J'lie polar distance

amounted to 4 m.m., with which for »'> :^ 0° a field was reached

of 27 Kgs., for <> = 45' one of 20 Kgs. As spectroscope the large

Rowland grating was used, belonging to the University laboratory

at Berlin, and kindly put at our disposal by Geheimrat Prof. Rubens.

The observation was made in the spectrum of the third order; for

so far as the polarisation by the grating was ti'oublesome, it was

eliminated by bringing the light always back to the same plane

of polarisation by means of a -mica plate. This was, however, only

the case in the first experiments, when the incident and the issuing

light made a large angle with each other; in later experiments this

an"le was made much smaller by rotation of the grating, and the

grating appeared to have no influence on the plane of polarisation.

The state of polarisation of the emitted light was investigated with

X

a nicol, cither in connection with a - mica plate or not. For the

investigation of elliptically polarised light the plate was placed with

its optical axis normal resp. at an angle of 43°, and in both cases

the position of the nicol was determined, in which the intensity of

the emitted light was a minimum. If the two components of the

elliptically |)olarized light, which are normal to each other, are resp.

uz=Fco.'^{vt—/) and w =: 6r CUV (r i

—

g), a simple calculation teaches

that the position of the nicol, at which the intensity of the radiated

2F G .

light is a minimum, is given by tg 2 •/ = ^;73j7 ^"^ (/—</) ^^^' t'le

case that the optical axis of the mica plate is vertical, and by

1) H. DU Boie<. These Froc. 12 p. 189. 1909.

2) H. DU Bois. These Proc. 13 p. 388. 1910.
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fil2if'=i — cot if—//), wlien tlie axis makes an angle of 45° degrees

F
with tiie vertical line. So /

—

q and — can always be calcnlated

from this, and llie state of polarisation of the light is detei'niined.

^"'irst I made some experimeDls with electrodes of coppec, and

chose the line 510.575. As, however, the splitting in the magnetic

field is comparatively small for cojiper-lines, I nuxde most experiments

with the line 520.(520 of the chrome-spectrnm ; for this line Millek')

made some measurements about the transversal ZEEMAN-effect.

For the copper-line 510.575 the middle line of the triplet was

exceedingly dimly visible for i> = 10°, roo dindy to determine ils

state of polarisation. For i> = 20° it was more clearly (though still

faintly) visible, and the direction of the vibrations appeared to be

pretty nearly horizontal.

In the same way the middle line for the chrome-line 520.620 was

very faintly visible for {> = 12", the direction of vibration made an

angle of about 30" with the horizontal direction. Even for ^= 10^ the

middle line was still exceedingly dimly visible; the angle between the

direction of the vibrations and the horizontal line seemed to amount

to about 40°. For angles i> smaller than 10" the middle component

could not be observed on account of its slight intensity. ¥ov d-= ll^

the angle between the horizontal and the vibration direction amounted

only to 15°, and for the greater values of r)- the direction of vibration

was found to be pretly well horizontal; it is (rue that there were

still .some devialions, but most likely they are due to the unrelia-

bility of the observation.

Hence the angle i>^ nnist amoiun to about 10".

For the outer components values were always found for </. of

about 90^ resp. 180' when the axis of the mica-plate stood under

45°, from which accordingly appears that the axes of the ellipses of

vibration are situated horizontally and vertically. l''or values of*') up

to {()" the light was foinid to be almost circularly polarized.

For if =: 40° the ratio of the length of the axes was O.SO; for

^>- = 67.5° 0.39 ; when we consider that cos 40" == 0.77 and

tu? 67.5° = 0.39, we see that the agreement with the theory is

pretty close.

The ratio of the intensity of the components inter se does not

quite conform to the iheoiy. The intensities of the outer and

. ,
-1-1- wr ^

nnddle components are proportional to resp. and
2.9

1) \V. Miller, Ann. d. Pliys. 24 p. lOu; 1907.

25*
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g + 2(q + l^o» _ 1) r cos * .„ ,, , ,
2 '), if ih IS not ton small, so that /;// may

4 D" -|- (Jf'

q cos {)• sin' i>

be iictileclcd by the side of iij- h\ this case =: may
r //

be put for the second expression, as r is pretty larsc compared witli

g. The angle »*>, for which the intensity of the outer and middle

components is the same, is given by

2 sin' ,•>=!+ cos' », which gives {h = 54°,

whereas the e(|nality of the components was observed at about

(!7/5; at 45" the middle component was clearly fainter than tiie

outer ones.

If tlie observation is made with a uico! wiiich transmits Iho hori-

zontal vibrations, the outer components will unly ha\e the intensity'

cos' {)• 14- cos' d cos' ih

X
1 + cos' & 2,7 2,1

The angle th tor equal intensity is tlicn given l)y ros' v> =r 2 sin' &,

which yields 0^ = 35°, whereas in this case equal intensity' was

observed at 27°; at 35° tiie middle component was already stronger

than the outer ones. The observed diiferences are undoubtedly in

connection with the fact that with purely transversal observation

(»> = 90 ) the ratio of the intensities of the middle and the outer

components amounts only to about J. 32, instead of 2: \vith obser-

vation by means of a nicol the components were nan)ely seen with

equal intensity when the direction of the ti-ansmitted \ibrations made

an angle of 49° with the horizontal direction. In another respect,

too, the e.xamined chrome line is not perfectly normal : the middle

component is distincth' broader than the original line, so that it is

possibly, double.

Physics. — "Dirjrdction of a single pulse ware throiir/h a slit according

to KiRciiHOFf's theorg." By Prof. C. H. Wind.

1. Some years ago Prof. H.vga in conjunction with the author

of this paper studied experimentally the image which is formed of

a slit lighted by R()ntgen-rays on a photographic plate placed behind

it.") By comparison') of the obtained photographs with the known
ditfraelion images which we get when lighting the slit with homo-

') H. A. LoRENTz loc. cit.

2) H. Haga and C. H. Wind, These Proc. I, p. 4"20, 1899, ami V, p. t>.i7, 1902.

8) Id. ibid., 1, p. 423, 1899; cf. also Physik. Zschr. 2, p. 265, 1900.
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geneoiis light of different wave-leiigliis, it was possible, by appi'oxi-

mation to find the region of wave-lengths, inside whicii liie R-i-ays

considered as a mixture of rays of different wave-lengths, hut homo-

geneous in themselves, possess their greatest energy.

Such a conception of the nature of tiie R-rays was not inconsistent

with the supposition advanced then already on different sides, that

these rays would owe their origin to impulsive disturbances of the

equilibrium of the ether, following each other irregularly. For also

a radiation arising from sucii "single pulse waves" may be

conceived as a mixture of homogeneous rays, though it be of an

infinite number of wave-lengths '). Tliis was elucidated by me at

the "Deutsche Naturforscherversammlung" at Aix-la-Chapelle (1900)

and afterwards more fully in the Physik. Zeitschr. '), It was then

also pointed out, what connection there exists between what on this

latter supposition may be called the "length"') of the single pulse

waves, viz. the distance between the first and the last wave-front

in one of them and what we had found, starting from the experi-

ments, as "iiKivelength of maximum eneryy" in the mixture of homo-

geneous radiations.

The latter conception renders it possible to reduce the problem of

diffraction of R-rays through a slit to the problem already fully

worked out by Kirchhofp of diffraction of homogeneous light thi'ough

a slit. ') l>iit it is, also possible to derive the diffraction of a single

pulse wave through a slit dircctli/ from Huygkns-Kirchhoff's principle.")

This will be done in the following pages. Where the problem of

the diffraction of I he R-rays is still actual even now, ") this new
treatment cannot be considered as superfluous. It may serve at ihe

same time as an introduction to a re|)ly to the objections brought

forward by Wai,tkk and Pohl ') to Haga and Wind's conclusions

from their experiments. It is true that about simultaneously with

these investigations Sommekfei.d has devoted an extensive study to

1) G. JoHNSTO.NE Stoney, Phil. Mag. (5) 45, p. 532, and 46, p. 253, fS98.

-) C. H. Wind, Physik. Zsclir. I.e. and 2, p. 18'J, 1900, p. 292, 190i.

'') It seems more in liarmony with the denomination "wavelength" ibr periodic

disturbances, to call the distance between front and rear wave-front ''length of

the single pulse wave", than to speak of its "breadth" ("Breite des Impulses")

with SoMMERFELD) (Phy.sik. Zschr. 1, p. 105, 189'J, and 2, p. 55, 1900).

*) G. KiRCUHOFF, Vorlesangen iib. math. Physik, II, 7te Vorl., p. 129, 1891.

'") G. KiRCHHOFF, Ibid, 2te Vorl., p. 22, 1891.

") CJomp. i. a. E. Marx, 'Zweite Durchfuhrung der Geschwindigkeitsmessung der

R.-strahlen" (Abh. math. phys. Kl. k. sachs. Ges. d. Wiss. 32, N'. 2, p. 156, 1910).

7) B Walter u. R. Pohl, Ann. d. Physik 25, p. 715, 1908, and 29, p. 331, 1909.
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the same suhjecl '). Hut lie took a (lili'crcul coiuvse, liy tlic side of

whicli it may once more be shewn that the orif;i)ial way indicated

by KiRCHHOFi-' leads Jnst as well lo ihc |inrj)ose. I''mlhor I liave

been eiial)led, thanks to llio cdlhiboralion of oui- fellow-memhei-

W. FvAPTKYN '-'), I'or which I am greatly indebted to him, to carry

out the mimcrical calculation of tlie intensity of radiation foi- every

point of nur special dillVaction image, and so to get to know the

distribution of this intensity over liie image in ail the details required.

This is of importance on account of the doubt whicli has again

risen ')
') wiili I'cspcct to the interpretation of our experiments of

diffraction.

2. According lo Kikciiiiofi' ') in any point () behind an opacpie

screen, which is jjrovided with one or more apertures, but which

for the rest extends into inlinily (fig. 2), and receives on its front

side a radiation dctcrnnned by a function (p, whicli outside the

sources of radiation satisfies the equation

:

^•^-oVa| = <^ (1)

the value of this function at any time t may be expressed by:

ds\^f^ A • • • (2)
4jr,

.S

In this expression the integral is to be taken over a surface S con-

sisting of as many parts as there are apertures in tiie screen and

bounded by the edges of these apertures, while in every point of

this "slit plane" N denotes the normal to it directed backward, i\

tiie distance to the point 0, a)id (f the value which the function (p

Avould have in the point in the case of presence of the same soui'ces

of radiation, but absence of the screen.

In the case of a single pulse wave emitted by an elec-

trical point charge d u i- i n g a change in its state of

movement, we are free to take for <f either the electromagnetic

potential or the electromagnetic vector potential SI ''), or e. g. tlie

electric or magnetic force.

1) A. SoMMERFELD, Zschi". f. Math. u. Physik. 46, p. 11, 1901.

-) See the following commuuicalion in these proceedings p. 405.

*) See note 6 and 7 p. 395.

•') G. KiRCHHoFF, I.e. 2e Vorl..

) M. Abraham, Elektromagn. Th. d. Strahlung, § 6, Leipzig, 1905.
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3. If the disturbance in the source is accomplished fi'uin the

moment t' to the moment t" , then cp in tiie point F of the slit-

plane, at a distance /, from the point L, differs from zero only from

t^t'-{-- to t=:t"-\--. If the greatest absolute value which this

c c

function reaches there during this period be — and the flux of energv

may be put proportional to the square of the function y, K may

K

Fig 1.

evidently be considered as dependent on the source but not on the

place of the point P in the slit plane.

Then if we put

:

<P{t) = -->^(t-~i (3)

If" is a fuiiclion, of which for all the points of the slil-plaiio (cf. fig. 1,

in which for a reason which will become clear later on t' has

been taken negative and t" — /' is indicated by t) we know already,

that

(4)

for t < t'
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ir 0^ and ^, (lonolo llic angles whicli rcsp. Ilie radius voclor r„ from

P (0 () and (lie coiitiiuiuliuii of the radius vector i\ from L to I'

form witli tlic normal N' (fig. '2),

Fig. 2,

and equation (1) is changed into:

^1'('-^)
+

'I''
t

+ (ro.5 (9„ + CO, 6,)
c

(5)

4. For ever}' point of the slit-plane the length of path r„-{-i\

from L to 7' over P has a definite length. It is shortest for the pole

Q of the point 0, the point of intersection of the slit-plane with

tlie line LO; for this point it is (>„ + <?i f<'-f- notation indicated in

fig. 2). We put

:

9o + 9l = ^
and term

S = r„ -f r, - R
the difference of path for the point P of the slit.

We now^ consider in the slit-plane those lines which are loci of

points with definite values of this diilerence of path?, and term these

lines 5-curves. Two such curves (fig. 3), belonging to values of C

which differ from each other an infinitely small amount dZ, inclose

an infinitelv small region of the slit-plane, the whole of which,

bounded as it is by the limits of the slit-plane, and often consisting

of as many separate pieces as there are apertures in the screen, we
call a rf^-zone. The area of such a f/?-zone we may denote by hlC,

in which / is a function of y.



( :-!i)i»
)

We now inli'oduce such a (/-'-zone as surface-element (/<S' into the

integral of (5), noticing that under the integral sign in the denominators

Fig. :{.

wo may substitute llio constant distances o^ and Oj for the distances

r„ and /,, varying from point to point in tiie slit plane, and likewise

the constant cos a for cos 6^ and cos 6^ , behaving in the same way,

provided we consider the radiation only in such points 0, for

which the values r„ and r, are very large compared
w i t li the dimensions of t li e slit plane, in other w 1- d s

at great distances from the slit.

By these snbstilutions and simiililicalions (5) becomes:

u

if be put

:

/r/C, (^)

and therefore

1 2
+ - = -,

Po?! = 4 9^^

5. To get a better understanding of the quantity / we imagine

the confoeal revolution ellipsoids, which n)ay be described with the

ascending values of R-\-l as lengths of the major axis, round L and
as foci, and which meet the slit plane in the ^-curves.

Excluding cases in w h ich the augle « comes very near
90° we may for those values of S which are of importance for us

consider the projection of the C-curve on the plane, brought ± LO
through Q, to be an arc of the circle along which this plane is

intersected by the same ellipsoid which meets the slit plane in the

?-curve. If we call the radius of this circle § and the extent of that

arc, iii radiaus, (>, then, whidi a sufficient degree of approximation.
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^ = -
(7)

(.'

Considering finally the area of the projection of the dy-vAWO on I he

])lane nionlioncd we have

cos a . i f/s r= ^- . (1% = i ^ids,'- =
J,

[iQcl^,

from which follows

Z COS (t

By snbstitution of this value (6) passes into

:

u

tj. As i|'
(

' I at every definite moment differs from zero only

between two values of C lying c (i"— t') from each other, and as it

is then = 1 at the utmost, whereas ^ cannot exceed 2:t, it is

clear that

Kc{t"—t')
^ (9)
It Q

is an upmost iiuiit whieh connot be exceeded in any case by the

value of the first term of (6). Hence so long as

c («" — t')

Q

is a very small value'), that term may be neglected by the side of a

K
term of tlie order of magnitude of — , and it is allowed to write

R
for (8) :

'f

1) For Rontgeii rays c{t' — t") is of the order of magnitude of 10—i", and in

the diffraction experiments p is of tlie order of 10- cm.

-) That it appears to he allowed to neglect the first integral in the second

member of (8) is of much interest in connection with the application of Huygens'

principle in its more primitive form to the problem of diffraction : it proves that if

one forms a conception of the propagation of radiation aggreeing with this principle,

one must bear in mind that the (secondary) emission of elements of disturbance

in ether which one then imagines to issue from every element of the slit plane,

does not depend on the amplitude which the disturbance itself possesses in the

considered element, but only on the rapidity of change of this amptititdf at that place.
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We assume — to take a special case — liiat ij* (/) increases
within a very sliort time from zero to its value 1

(fig. 1), then preserves this value unchanged, and
afterwards decreases again as rapidly to zero, and

tiiat in such a way that it is allowed for the values of 5 corresponding

to the periods of cliange of i|', to take no value for /i but that cor-

responding to the begiiming or ejid of these periods. Tlien (10) becomes

simply :

'/'o,( = .,^ (i3'-r), (11)

when we put for :

and for
J

... (12)

S= 5"£h:c(«-0- «
i^ = f-\

7. Now if the slit is lioiinded by parallel edges, if

the distance from the point <^ to the nearest edge be denoted by ji,

to the furthest by ?», n being taken as negative when Q falls

outside the slit, then

/ ni
.

>i\
.

*

(:? =: '.i j
arcsin-^ -f- arcsin^^ . lor Z,o ^ m',

(13)

|i = -•
I

— -f arcsrn -- 1 , „ in" > So > ri\

?• + ^ ) . " «' > Sp > 0. " > « ,

''=-(^~?)' 1' M 11 11 11 ^ '^ ^ •

All these expressions for |-?, holding in the different cases, may be

united lo a single one, if we consider that in general

for a' ^ I and a > , air sin a ^ h sr i Inai (<« + ^^a^— 1),

11 11 11 11 11 « <C ^ '
'"' ••*''« « — — 4 ^ — « l„ni (—a — '^a'—V^

and ,, «' <^ 1 , arc sin a r= real.

Then we may write in each of the 4 cases considered :

r, ^^ f '"' " \
|i r=: 2 ;'i: I an: .nn -—

\ arc sin — 1 (14)

Even for moments for which (1) yields a negative value of g, this

Therefore, if a single pulse wave of the tyjie represented in fig. f, traverses the

element, two periods of secondary emission of radiation are to be ascribed to the

element, one during the "immersion" of the element in the single pulse wave, the

olher (liiriii';,' the "vnu'iHion" (cf. f(jolnote f p. 403).
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expression accurately indicales the value of j?, which then ofcourse is

in

zero. Indeed S being negative, 5 (according to (7)) and also _ and

n
will 1)0 i)nrelv imaginary, while, generally, for imaginary values of ^r

s

arc sin a = — / hai {i'l + '^^l—«')

and hence

5y}o arc sin a = 0.

li ^= 2\i I arcsiti \-a7V.mi I (15)

If we now take (14) as the general expression for /i and substitute

V^Q^ for § (cf. (7)), we get :

m

and so, according to (11) and (12)

A' ^ / _ 711
.

m
(f>n I = . 2 ic I arcsin — arcxin —^z= +

n _ n \
A- arcsin — arcsin | (16)

or, introducing the values of §' and b" indicated in (12):

K f in
.

m
fpot z=z — it; arcsin -_^zr^= - arcsin -j-

tli \ V''^c(t-t')-QR ^Qc{t-t")-QR

n n \
-f arc sin —=zr^=:=^^ — arc sin —-

. . (17)

^Qc{t-t')—QR ^Qc(t-t")—QRj

If in this formula we put

R/= -- (18)
c

which means that time is reckonned from the moment at which,

in the absence of the ditfracting screen, the beginning of the distur-

bance would reach the point O : if turther we put

t'-f^r, (19)

CT = ?., (20)

indicating by y and ?. the duratinu and the "length" of the single

pulse wave, and finally :

—- = //,—= = !', .... (-21), C^-i)

we get

:





C. H. WIND. 'Diffraction of a single pulse wave through a slit ac

cording to KIRCHHOFFs theory. I'ig. i.

Proceedings Royal Acad. Amsterdam. Vol. Xlll.
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K f .
[I

. t*
,

tfot ^ ?v,C arc sin arcsm —

;

-h
• .tr V I/'

' y^t/T -

1

-f arcstn —^^ arc sin—
^

I. . . . (23)
' /t — 1/

arc sin—^z
Vtjr \/t/T

The phenomenon observable in 0, by which we may judge of

I he intensity of the radiation produced by the single pulse wave,

may be of different kinds, e. g. photographic action on a sensitive

plate, or generation of heat in case of absorption by matter, or

ionisation of a gas and the resulting discharge of a charged body.

With phenomena of this kind it is usual, and to a certain extent

justifiable, to put the intensity of the action produced during a definite

lapse of time proportional to the rpiantity of energy which, with the

wave, anil per unit of area, traverses a surface element placed in

the point of obser\ation normal to the direction of radiation. Per

unit of time this cpiantity may be put i)roportional to 'f'^o^i, whence

for the whole duration of the disturbance in () it will be ad-

equately represented by :

This becomes, by introducing (23) and putting

-r
= ' <24)

in which :

y ^ I Ju arc sin arcstn ^iz harcsm arc sm I

This expression essentially agrees with that which Sommekfeld
arrived at in his lastly mentioned pai)er anil which has also been

there numerically evaluated. These calculations, however, have been

confined — at least as far as is seen from the paper — to values

in points situated along certain special curves, and, moreover, have

1) In connection witfi footnote 2 p. 400 we may point nut that in the expres-

sion t23) the first and the third term between parentheses jointly correspond to

the 'immersion" of elements of the slit plane into the single pulse wave the

second and llie fourth term jointly to the "emersion" from il.
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not been piislied lo ;i very liigli degree of acciiracj. For ilic |iiii|K)sc,

pursued liy Mv. SdMMi'.in'KU) at tlie tinio, of course they vvci'e (|uil('

.sullioieiil.

The present autlior in tlie contrary, having grown anxious to

learn fnrtiier particulars on tlio distribution of intensity, found him-

self in the necessity of a|»proxiinating the expression with some

accuracy, and that not only along curves, along wliich the integra-

tion of the expression can be obtained in finite form, but also in a

great number of points arbitrarily chosen. i!y the series expansions

deduced by Prof. W. Kaptkyn ') this was rendered possible, though

it remained a laborious business.

The result, l>eing a nearly complete survey of the way in wiiich

the energy of radiation of tiie single pulse wave in a delinite point

de|)ends on /' and r, or any other couple of i)aramcters e(|uivalent

to these, is graphically represented in fig. 4. In tliis diagram every

section normal to the axis PR indicates the distribution of the energy

in the horizontal section of the dilfi'action image of a parallel edged

slit, for a definite value of ^{u-\-i-). For some of the sections the

value of this (luantity, viz.

m 4- n breadth of the slit

is indicated liy the numbci's put along the axis /'/!.

The points of equal intensity in the successive sections are couuected

by curves, and this enables ns at once to form an idea also of the

distribution of intensity which may be expected in the diUVactionimage

of a slit with edges not parallel, but slowly coinerging towards

the base ). When using the diagram in this way for single pulse

waves of very small length, we must, bear in mind that in the

direction normal to ]^R it is represented at a much larger scale than

in the direction of PR itself.

What the diagram, looked u|ion from this point of view, represents

is the distribution of intensity over one half of the slit image, the

broken line FQ indicating in it the projection of one edge of the

slit from the point L on the plane of observation.

This distribution of intensity presents a number of note\vorthj'

particulars. To some of these I hope to draw your atlcnlion on a

following occasion.

1) See the follo\ving communication in these proceedings.

2) In the slits, used by Haga and Wind iu their experiments, the angle formed

by the edges never amounted to more than C^.OS.
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Mathematics. — "On the jbutl Inkyral occwrhitj in Prof. Wind's

[xtper: ''Diffraction of a siiu/le pulse inave by n slit, according

to Kikchoff's theury." By Prof. W. Kapteyn.

1. In Prof. Wind's paper tlie problem is reduced to tlie integral

^ =
I

\ lie «* --7= — lie «* —— — Re "* ^^ -\- l^e "^' dx
Vx Vx-\ V.V Vx—\_

wherein — b is written instead of v. lie means tiie real part of

the function wiiich follows and as represents the function ,«"/«—
'. Tlie

object of this paper is to reduce the preceding integral so that it is

ready for numerical computation.

Let

Vc„ as —- ^= A, Re as —i^::^ ^ B R. as —^ =^ A' R„ as — =: B'
Vx \/x-\ Vx l/.r 1

we have

dxi=Hn , b) — C{A—By dx -\- C(A'—B'y

— 2 CiAA' — AB' — A'B + BB') da (1)

For /; =3 ami u = this reduces to

00

l(ic,0) = l
(f,) =J

{A - By- dx

u

00

7 (0 . 6) — / (0 ,
— /-) = / (b) := fiA' - By- dx

lluis, if we put

K= A A' — AB' - A'B ~\BB'

the equation (1) may be written

<x>

Ii[i,b} = I(n) + I(b} — 2(Kdx (2)

If we call {t,b and n, — b corresponding points, it is evident that

the values of the integral in corresponding points may be deduced

from one another by the relation

I((x,-f>) = 2I((i) + 2 1{b)-l ((1 , 6) . . . . (3)
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for, / {fi) being the same .as / (— h), we have

! Ch'd.r/(,,,- l>):^.I(ll) + J(l>) + 2

and this equation together with (2) gives the e(|'.iation (3).

We may therefore limit our investigation to positive values of h

only.

2. We must now distinguish the following eases

I. ir < 1 A' < 1 |u= < />' + 1

II.
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1 1

•' = y (M + I') y — -^ (/' — '') ''.';
'f>-

The limits

H'
— \ A' :=r 1 ,.-• =: //= 4- 1

may therefore be represented liy tiie lijies

4 (.« + // t,t <p)=\. 4 (,( — ,f t<i f/-) = 1

and the hyperbola

1 ti xij t(l y =: 1

.

These limits divide the plane in different regions wliicii are repre-

sented in onr figure liy the iniinbers eorres[)oinlinu; witii the preceding

eases. The aeeentnated niunbers are inscribed in the regions where

b is negative.

'^. In the first place we shall consider the integral l[ii).

If - > 1, we have

so

2

Therefore, according to the values of /«

M < 1 M > 1

j; A B .V A />'

untd n" - U iiutil 1
'

2 2

/j' ,, 1 as— 'O 1 „ 11-

1 -fft" 11 "JO (IS -—as — 1 '

'

So if fi <^ 1 tiie value of the integral reduces to

and if ft ^ 1, to

I(u)= jtlas -— 6?^ -(- 2 I a*' —i: dx - 2 I as as dx
2 J ]/x J\ Vx) J y/x Kr-l

In both tiiese eipialions liie second and third integrals of the second

members are infinite, their sum however is finite. Wo may escape

26
Proceedings Koyal Acad. Amsterdam. Vol. Xlll.

(5)
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\\n^ di/liciillv liv considenii^ tlie iiiliiiilc liiiiil^ df llioso iiiUgrals as

Livi t'oi' f approaching to zeio.

Differentiuliiig bolli nieuilicijs ol' (4j we liiid

(,s -^ dx — 2(1 a« -^=.-33 + 2 - 2l/l_,t=

CO

1 ( a* y- j
(/.(• = —

\^ fx + 4fi — 4fi / fjf

I rt« -^- «« ,
</.'• =: — JTfX as — +

We sliall now transConii llie two last iiilegrals. Iiitegialing hy

|)arts we obtain

00 00

J
ft die / Vm—^^

as -
,

= -H — -T -|- H I zr:^z dw
Vx—i Kc-fi' J (.e_l)l/.t_l— ,1=^

00 CO ___ _

I OS —

^

= 2f-i + f< I _
dx

J Vx Vx—\—[r J .iVx—ii"
l+y-^ 1+.-

where

r Vx—ii' r dx
j

^
dx = —=-=—==: +

J(.«-l)|/(.r-ft')(.c- !-,!=)

1

QO

xJ X

dx

,i/(.r- ,*')(.— 1-,.')
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and

if _^ =,'-

J(.1!—

]

1+/-

dx 2
= a«l/l— ft'

(.1!— 1)^^(a-—fj'X.B—1— fl') f^t/l— ft=

r ci.c 2

c/ .(-K (.«— (i^)(«— 1 — (X ) (iKi-ffi-
1+,-

Hence liiuilly

-—- = — 8fi / 2fi + 2ii V 1— ,i' — 4l/l— u' a.v Kl— u' +

or

-f^ = — 8jn / 2fj + 4 l/r^/i- <« ;x + 41/1 +f? I (l/r+ft'+ fi).

(<f4

If now we infegrate tliis e(|iiation again we shall obtain l\n) in

the required form. For

J ft / 2,t <Zft = '^ Z (2(i) - 'i"

I
Vl—ii' as u du —

j I

-
. + -~r; -11 ]

"- M '/ft =
J f I- t- JV2l/]-,i^ 2l/l-,tV

1 1 , 1= — ("« iiY -}- — (iV I —ft" «« ft — J ft-

I

i/r+f7 / (i/r+f? + ft) (/ft =
/•/ 1 l+ 2ft' \

j (27rT,7
" o:^^T^J '

^'^i +'- + '*> '^'^ -

= - r^ (i/i+f? + fi) + Y '^ ^^+'^' ^ (»/i+(^^ + fO - J fx^

So because / (Oj :=

/ (ft) = — 4ft^ I 2ft + 2fi I/I— ft^ «*• ft + (a.v fi)'' +
+ 2,1 ^/^+ftW(,,+l/ft'+l) + r (ft+i/f^-^+i) (,t < 1) (0)

In the same way differentiating (5) we get

^ = - 8ft / 2ft -T- 4l/f?-l / (ft+ l/fi^T) + 4l/ft' +T/ (ft+ ^/ft^+ 1),

2H«
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which gives bv integration

rr'

4

4. in order lu sini|(iity Ihc coMiiiiilalioii ol' the iinnicrcul, \aliic,s,

it t<eeins iinpoi'luiit to expand / {(i) in a convergent, scries.

Writing tlierel'ore in eqnalion (6)

/</{fi— l/l+fi') — ia«
f*

we may inlroduce tlie known expansions of as z and (rwc)'. In tiiis

way we easily obtain, if (ii <] 1)

8
/(,<)=- 4/.' / 2,« + 6fi'

15

>« 4.G u" 4.6. 8.10 «>^

3 ^7.9 5 ^7.9.11.13 7 ^ (8)

a series which is sufficiently convergent for all values from ft ^
to /x = 0.7.

1

It fi>l, we have, |)utting: ft =z —

^(f*)

.t' 4 2 2 ,/ 1 I l/i+w'

4 m wi m- w

+ -. l/l
l + l/l-m'^ l + l/l— m' l+ l/l+m'

m m
and ditferentiating this eqnalion

<Z/(fi) 8 2 41^1 -hm' l+ l/l+m= 4^''l— m'^ l+ J/l-m'
- ~ t — ~

v — t

dm m' OT

or

m

dJ(u) 4 2 , ,

4
,/i +;;? ,

'+'"'+-•
+ ^/T^l;^. rii±:L-_^

Writing

y (?«) ^ Z

l+ l/l+ »i'

i|> (j/i) = ^

1+ Kl— m''

we get by differentation

, ^
1 / 1 ^ 1 1.3 1.8.5

m^ J/I+T;^; 2 24 ' 2.4.6

1 1

1.3.5 7

2X6^8
m' -\-.

m\ l/l— m-

1.3 1.3 5 1.3 5.7— m m
2 2.4 2.4.6 2.4.6.8

and by integral ing, the constants being zero
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<p (m)

i(? (m)

Thus

1 i ,„' 1.3.5 m' 1.3.5.7 m'

2 2 2.4 4 ' 24.7 6 2.4.6.8 8

1 ot" 1.3 m' 1.3.5 w" 1.3.5.7 jn

2 2 2.4 4 2.4.6 6 2.4.6.8 8

dm
dm

m

1.1 1.1.3.5 1.1.3.5. 7. 9

2.4.6.8 2.4 6.8.10.12

2

m
1 59 1417— m -\ m' -| to' -|-

32 3072 122880

ct" fm^ 5 21 \ 2

4 ^V2 96 ^1280 ^ y-m^
1 13 238

+ - to' m" TO,'» +
' 8 768 80720 ^

and finally

.V /I 5 21
/ (ft) = - +

\

1

" ' 4 ^ \2.iv 96ft«
^

1280ft^"

1 13

.y,ri(i

233

+

8;^^ 768?^" 30720ft"'

This series is sufficiently cnnversent for all values of
fj ^ 2.

(9)

.5. Pi'oceedin* now to the integral \ K il.r in the dilFerent cases we
J

immediately get the following i-esults.

Ca>ie I. /r<C\ /<' < 1 f«''<^' + l.

u7itU b^

B B

1 1 + 6'

1 4- fc' „ 1 + fl^ (7.>

1 + ft' ,, 00 (U

Jl

'2



( 412 )

i'.! 1 1

00 CO OJJul' r '' /* r i^ ^
as (IS d.V— I rt.« — :: (/.v -_ (/,;•— I <is - lis ————: da

Vx V'x J Vm Vx-\ J Vw Vx.-\

until Jr

A

It

.1'

St

9

/r

— as —
2 {/',

.T /;

1 ., 1 -|- /' ^ f'-'* ".^

1 + «-' „ ft'

3t

~2

ft

b

h

H' ,, 14 fj-
((S —^- as

2

2

1 + fl' „ CO

h

bft /' (i

as —- as —:.- as — as —
[/.v V~x Vx—\ Vx— l

« 1 1+"- '+'-

r , .t' .t r b jr r h ji r b
I Ktl.v ^: - b' -\ I as dx I as dx -] I as dx -\-

4=

00 00 00/n b r f' ft r (^
as- as dx — I as as — dx — I as as

^x Vx J \/x i/.^;3i J I/-.

Ca.<ie 111 h' < 1 ;<•' > 1 j*'^ < 1 + //^

i' .1 A B B

until b'

b' „ 1

l/.r-l
rf.r.

I ft'

TT
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fX. b
It' until 14- b''

((X ((.-;

l+ A'^ „ 1+fx' «.-^ «.A

1 I
:< f ^

l-j-Jj ,, TO as ^ as —:: as

JT
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.,; A A' B li'

initH ' I "^ ^ "^

b-

1-f //

jr JT jr rr

2^
2 2 2

2 l/.T 2 2

M-/'=
..•I _- as —

.

— as -—
f

2 l/.r 2 l/.r-l

1 -Lii' ((•"• — rt« -—- _ as -——

—

l + (r „ CO

1+."- 1+,"-

a.s «s —n rt« —

^

as —

is:</.r = - , - - n.^ - _- rf.r + ^- as——— r/.''+
." ."

00 cr> X

4- 2 I «s —^ «.« —r a-i' — I «•« —r OS —^^— rf.r — I as —- as — .

J l/.r |/rr ./ l/.r l/.f-l J \/.v. Vx-\

6. The integrals containini;- only one riuiclioii hk iii:iy he easily

determined. We shall therefore consider only ihose inleiirals which

contain the product of two functions ax.

In the first place we havt-

r u b ft /' jt

Mils ~^as—-zd.v :=.! as —-as^— -f b l/j._/,2 as ~— -\-

J Vx Vx Vx Vx Vx
: b

_+ ft l/,i;— ft" «« 77^ + 2V {Vx—^C + Vx-b-") —
V X

ft Vx—b'- -t- ^ l/,«—u"
- (/r + f,')

Z
— ^^-^

V X

so in encii case

{" u b 2 rr 1> :xb
<,s -— as-—rf.r = 3/>;( -(- 2(');t /a — ft' as l/,,-— /," f

J J/7' l/.r 6 2 ft 2 f^

-I
——- / (ft- /.) ^— /

(f( t- '')•
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Tlie scCDiid iuU'gi-iU coiilauiiii^i; iIk' [irotlucl of two t'liiicliuiis us is

ditferent according to the value of />.

If /><;i, as in the lliree cases 1. II, III.

r b II I) (i b
I as a.<—^^^ dx = x as a,s U u as . 1/ ,. _ i „«

J [/-, V^c^X Vlr. Vx~\ ^ V~x ^

+ ^'««—=. Vx-l)' + -b{il{\/x--h^ + Vx-X—^-)
V X— 1

l/l^T» Vx—\—u^
+ h V\-lr as ~=^

\/l+{i'—h-\/x—l

+
ft r b

2J ^x {-v

dx

Putting

-l)l/.t— 1-jr

.. = 1 + -f*:

we have

u r 6 rf*' r - b sin V— las^—, - = j <(s -
f/i-

-- 2"
2 J j/.B(;r— l)l/,r_i_^'' J l/(i=+sm=t;

l+ v-i

so introducing tlie limits

/^ b (i 2 .T
as —-as—— dx =: 'dbu 4- 2hu I b l/i _i_ ,,« ;,»

JIT , . b ,— j/y^^'_ (1 + n^) „,, _^ + /, 1/1 _i
-? 1/1 1 ..:

If />>1, as in tlie cases IV and V

b n b n b
as—- as—^rzzz: dx = x as as— -j- u as . V^,. i ,,

+ /, as J__ . \yj-^^ + 2V ^ (l^^^Tft' + K„_l_„n
'^ X—

1

J

l>^x— b' + ^b-— l Kr—1—u=
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2 J 1/;^. (*— l)T/ar-l-ft'

and

r"

/( u 2 JT

Kr Kr—

1

a 2 ^f

1+."

jj 6 6 V^ 6^— 1 , u + l^6'—

1

(1+M')ag ,
.

,
/ 5—!

2 I -T+fx'-/'

Tlie third integral containing two fiuictions tis. wliicli has different

limits in the two eases 11 and \, may be easily dedueed from the

[M-eceding integrals.

When It <^ 1 we lind

/u b 2 .t

as-^as— dx = :U>ji -f 2/>ii I ^-f'!'''! +/-'— «'

l^ar l-"^— 1 f 2 ^
•

2 1^1 4. ft' +f,

and when f* ^ 1

/[lb 2 .T

««

—

=as— d.c = 3?»f( + 2/7« / -— n V'l _L/,= _,,2

"" n . ;.^ i^ f,l/f,'_l ft + V-f,'-l

ft 1^14-/,= 1-^14-fts i„^1 Ji^^ - ft,, / (1 + ft'-f,') + T
2 T-"l_|_ft'_fj

wherein

as—— m
II

Similarly we get

I
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r II

I as as (/,/ =1: ."i/iu 4- 2hit
,
2 rr

ft^V— 1— 2/>ft

where

— ^^- V-^ 31 ,,= as h
7"'

2 f,_ 1/1+6^ 2' l'V_l

I ^ — i as —
.

2 J i/^.(.r-i)i/,^r:riiii,?

This iiiteoTrtI mav be transformed as follows

Putting

we obtain

6 sin V

1 as \

(fr— siji'f)l^fi=—(l4-6')sm=r J ^^t'—sin-v

ft'— 1 J ^fi'—sinh'

J = — as-
2 l/r

or

where

.-r b
T — as— U

2 V^-^ZTi

r- b sin V
L ^= I (IS— (/);.

t/ l^fi^

—

sin'v

7. It is evident from the preceding article that in all cases (K dx
J'

may be i-educed to the thi-ee definite integrals 7', 7" and /'. Intro-

ducing tiiese we obtain, after some slighl reduclions, the followino'

results
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Gm; I. ir < 1 /'' < 1 -r </.' + !

00

T — T + ^
as I, -i- '^ as [i^2 2

4- h I 1 -/,' a. --^==r=r^ + ,x l^l-ft' a.9
-

H (,, - /.y I {,1 - A) - (M + i>y I ill + I')

.1 /,,,/(! ^ ir - b') -\- h,i I {\ H-/r -,r)

/A'dr = [r—T' + ^ as h + Al/r^/*" «-« ^
l/l_|_(^=_/,=

Case III <<'^>i // < 1 fi'^</>^ + l.

00

J
a'- jr It

Kdx = -- - 7'-r i-- as h
-I-

ftl -!_/,» a.s—=^=r=

+ (ii-bf l(i,~b) - (,x+ /-)' %+6)

6V^l-f 6= l^l+ b' + jLt f*^"l^-ft= t^l+f*' + ^

2 PfTF^ "*

2 l^r+(i' - 6

ftt-"^^
^

6 + t-"f?^

C'a.s'e /F ,1= > 1 A' > 1 ,r < /,^ + 1.

00

Kd.'>; ^'L.— T — T

+ ((t-^-)' I iix-b) - iii+ by- I in + h)
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2""
,1-1 773T 2 b-l-fi^Zl'

Case V ,(' > I // > J ,y > //' + i.

CO

Kdx — ~
J 4

+ t' - T

2m- i-i^:^-!
"^

2 V-'lTfi' - /'

6V"6' -1 fi -}- ^"6'-l ii^^l ^ij^-\ + i

2^ ,7- i/^;^zrr + 2 i>,?:rT _ /,

*

8. After tliese redm-tioiis it seems to be iiecessaiy to ex[)aiKl tlie

tliree integi'als 7', 7", and U in oonvergeiit series '). It is however

K lie luid

J {n , b). To tins we sliail now proceed, beginning with tiic two cases

II and V which are different from tiie rest.

u

6 "''"'

Case U.
Dillerentiating U and 7" with respect to h, we have

dU_r^ sinvdv _ 1 n-i^V^lJ^b-

d 7" r 2"
.s j,t „ c/j, 1 1^1^'

.-— — I -zhtt^z: = as

u

thus generally

d

dhj--=:^''+-:^^^+-^-.. "

i^i-ffi'-j'

- 2(ii-b)l{ii-b) - 2(,t-(-/-)/(f« + Z.)

1) The expansions Ibi- T anil 7" arc lo oe toiind: Meuw Arcliiet voor \Visi<uiide

('2) Vol. IX,
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X()\\ llir (lill't'iTiil Icr'in^ of this ciiiiiilioii iiiav litM'X{.nui(ii'il as follows

// /.T

= .Tl/l_/;» —

"l+H'— b'J

r
u — tl^i /,'

1/1_6> fi + jl^l—6=_

i
^

,, _ ii^r-b'
~

^
f*

3 fi* ^5 ^t' 7 "ft- "^ "'I

I'^r+z/ /

,,Hi,'+ l-b"-)^

= i^M //' + ~

•S ,.'

1— // 1 (1— 'y 1 (1— i')" 1 (i—b'y

2 m'
+ ;

4 fi'

+

= 2m In -
l+ lr 1 (l+ b'Y 1 (14-6=)-' 1 (l+ Z^')'

II 2 ,.'

- •2(M-/') lilt - /') - 2(M+ «') /(fi+^') -

4f( /f(

3 n' 4 fi"

2 //^ •! 6" 2 t»6'

2

fi 2.3 ft' 3.5 ;i* 4.7 ft"

tiius by addition

dL 2 W l + 6b*

66
^

^3fi" ^-5 ft' 4.7,

r

56^+ 10// 1 + 156^+156'
+ 2 . -^ 1- 2 .

^I — V-^
5.9 fi' ^ 0.11 ft"

or hy arranging tins series according to ascending powers of b

dL
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Filially integrating and remarking tliat the roii^taiil is zero, we have

this result

=
j
Kdx = -- (n« b -{- b 1-^1—6')

1 1

+ 2/. JS
1 (2?i)(4m— 1) fx4"-i

\ 26' 00 1 1
-J ^

3 1 4n4-l fi*"+l

2/5 1 4«+ 3fj4n+3

26'^ (2«+2)(2n^l) 1

8/7 1 4n+ 5 ft-i-'+s

26' » (2k+ 3)(2«+ 2)(2w+1) 1

"1 0,7;
-^

3/9 1 4?i+ 7 ff«»+'

+
Tliis series is siiHicientlv etnivergeiit for values of h between

and 0.4, and for values of f* from J. 2 upwards.

Case V.

aiii we iiave the same value foi'

66
Here again we have the same value for v- as in the |)reeedinf.

and further

67" _ 1 (i-hl^b^ZIi

db ~2l^f^^l fi-l'ftT^

thus

dL (i+ h'b' + l . ii-\-\yb^zr\^ = 1^1+6=/ --—=^ + l'^6'-l /' 'L^

- 2 (fi-6) / iii-b) - 2 (,t-l-6) / (,,+6)

+ ,1 /(,*'+ 1 -6-0 + ,t / (,r-l_6>

, li-\-l^l,''ZIi

Expanding now l-"'6=— 1 / j:=i:=^ vve get the same series as

that tor ; / — in the former ease; therefore we

mav write
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1 .

1

(2«)(4// -1)' /('" 1

+ :?^i- '

3 1 4n-!-l ;("'+'

2

+
2// » 2«+l 1

2/5 1 4«+3ff"'+3

26" » (2«+2)(2«+l) 1

^7 7 "4« + 5 ?«•>"+•'

+
-|- conM..

It is eviilciil llial ihis series and llic sei'ie.s for /. in casi^ II ninsl

^''

aurce lor I) ^ \ . Thcrerorc liic \alu(' nl llic con^lanl ninsI he
4

so tliiit linallv

00

1 1JJJ- »

1
(i:n)(4n-l)fj'J"-i

2b^ "> 1 1
J 2^ 3 1 4w+l fi-"'+i

2b' >=, 2n+l 1

"^2/5 7 4n+ 3ff»''+3

26' » (2;i+2)(2n+l) 1

3/7
I

4«+ 5 fx^"+s

26' 0. (2«+ 3)(2?j+ 2)(2«+l) 1

4/9 I
4w+ 7 (i*'>+~

+ • • •

The values of tliis series have been eomputed for/' = 1.2 f«>1.8;

h=:2A fx>3.4; 6 ^ 3.B ft>3.8; it has been found to lie sulTi-

(•ientl_y convergent for these values.

9. In the three cases I, III, IV we will try to expand at once

] {(ij)) according to ascending powers of /t — /' = '/.

Let

/(f«,/') -h WI2b+ 4irl2,,+ 2(n-by'l(ii~l>) - 2 {n-{-by I {iii-b)=/{it)

and

/(,,) =/(/-) 4- af (b) + 'i/" (b) + ''-/"
(/>) + ....

ilien it is evident that /(/») = () for / (h,/)) = aud {ii—h) l(n~/>)^{)

if tt = /,.



{ 423
)

Dividing' /'(,") ill Iwo ]);irts <i(ii) ;iii(l i|' (;0 we may wfite:

Case I.

'/ (f) = 2f. 1 'I^f7 «»• fi + («,. ,0' + -\" ' i+ft' ' (ft + i >Hi) +
+ /- (;t+ » "}7+T) + 2b l'^r^/r= rt.. i + (as by 4-

+ 2b 1-^1+6" / (fi-i-i'^ft^+T) + r- (/»-(- i-^i^l)

^ 6
t|' ((() = 27' + 2r' — jr a.s ft — .-r.as b - 2»< '' 1— ,n» a«

— 2h l-^l—b^ a,v— '^

—2biiin 4-,r- b') —

^^l + li--b

^ l,\^\j^b'l -T—ZJl
i-'T+fc'- -

fi

-^ = 4 1-^1+ «' ^ (//+l^//M^) -L A^T^^" as 1/ + Au
da

— _ 2V'''l +/r Z
'

4 l'"l- «-
rt.v

dfi ' l^lJ^u^—b l-^l+6=_<y»

— 2bt{l + tr— P} — 2bl(l-{-b''~ir) — ib

. d<f d^i d(/), di|) dip, dip,

and if ^- = 5 -f-
\— 1 c- = ^ h .-—

Oei Off Oil oa oit Oil

~^— 4 V^r+TT' / {a + l^/7+l) + 2,/ ; r^ = 4 1^1— ,</' o.^ // + 2/<
dii

' '

o//

— = — 4 V-'T^? a« - — 2b I {\-^b"— u-) — 2b

Hence

d>. '^V-
,
V^T+fiM-i a>, 4(1 b—

* =:r= , ^ ;= —:=z:^ «•«

,j (M^-i) (I +6^-m') yr + *i +/''^-f^') yr + '^^."' = *^

27

Procuedings Royal Acad. Ainslerdam. Vol. XIII.
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so tllill

^M /OVA
^ ^^ + ^^^^=^4.

Tims in tlir i("(|iiii('il cNiuinsion llic coerticieiits of n and a' will

ho wantiiiii and llie coellicicnl of ^^ will lie 12. We will deffr the

(lolerniinalion of llu' ruitlici' cocl'licients until we have coiisidorcd also

the three first coeiru'icnls in the two case;- III and IV.

Here we liavc

f(y/) r= 2ii •'"//'— 1 /(/^ + > //''- 1) — Z' {„-\^V^n'— l) +
-f 2iA^l-^ir /(//+ ' ,"M-1) + I" ('/4-l'>'+l)

,|.(,,) — ._ : - 4- 22'
-i-
2T — jt as /> — 2/A' 1— ft"

4 l/i^^,2_7,«

2/v' ' (l-h."'— ''O — -/'/' ' (l-\-lj''—fr)

^-'1 +/>-—// ' l^l-i-^/'+ Z^

_ nV^a'— \ I

h-^-y-f.-'-i

^ = 4l^;i?^l / (//+ l'"/7^1) + i^l + u' I (u4-l^^7i>+:i) + 4//

— 2h I {l+fr— lr) — 2b I (1+ //-—//') — U>.

Putting now

^ — 4^''T+"/7' / (//+ 1-^,7?"+!) + 2^1

,

dft

dtp
^ = 41-"/^— ! I (u-^^,u'— l) + 2//
0//
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we find

d^ft, dit,

(!+/'=)^ - /' . ~ - (4."=+ 6) = ,

an on

0//- on

8-i|>, _ 2u l'^['+77-' + L dM-, _ 2 1, /'4-l--"^^-l

//(I 4-//=) (l+^,--_6-^) _^^ _ (14-,,'_/,^) -fl - ibu' = ,

Oil' On'

On' ' ou-

'tt Jbdn Jij \ da /j \^ dn Ji,
' \ du Ji,

thus

btrjij \dirjij \dft'-Ji, \dn'' //,

and evidently the expansion in this case will agree with liuit in the

preceding case.

Case IV.

In this case we may write

<i{u) z=z 2 ^-^Ji^—v I (n 4- '-'/?—
1) -r-{n f y^Ji^^i)

+ 2 1^^-^1+1' I {b + V-^/y' + l) + /'('' + ^b'-l-l)

_)_ 2 6 l^6--l Z (i!< 4- l'^.-— 1) — /-^ (b + 1^6'—
1)

i|-(a)= _lL 4- 2T J- 2T— 2bu /(I + ^,^_y^)— 2^^/ Z(l 4- (T-— /^')

1^14-6'-// l^i+tr-b

— i I/6-_l / — i,V „-— \ I

a — '^b^— i b — I/,//'—

1

<^/'

-1 — — 2 •• l + n- I
^' — 21^ //'— I / -~ :

</« l-^i^ir—h
'

b — 1^ir— \

— 2 /, / ( 1 f ,ir — /--') — 2 /< / (1 4- //- — /,-) — 4 /»

what IS in perfect accordance with tiie preceding case.
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Tims wo luivc Ihc siiiuo (>\|);iiisi(Mi \\>v ;ill llic llireo Ciises.

10. To (ielorniinc the cocnicieiils of tins cxpiviisioii we mu>l (lillc-

rentialc repeivlodlv the tiilleroiitial e(iiiatiuiis olMaiiicd.

From

^
' ' dii- Oft

we derive sueccssivcly

^
dii" 0//- Oft

(1 + f,-^)
Ji + b It^ i-3 -^ =^
d//" 0//' o,w'

and fioni

the following

(.M-1) O'^+i-''^) 3^ + 15..»^(5-3/.>j -^^ -: ^.' - i .'6 ,. =.

{fr+ l)(.r + l-l>^)-^ ~r l9/''+ (9-5^-"-)'0^ +

-L [15/r-r(3—36')]^ — 126 =
0//

(,,»+ !) (,,»^1_6')-^ ^ [13/,M (13—7n"J^;;r +

^r mtt'+ ( 12- 86°-)] -^ + 30« ^^ = U etc.

If now in the latter equations we put // = h and write

we obtain

{p) 6(6= + l)i>'i|^—i>=if.':—46^ =0
{q) (6'H- 1) iy^).J-{26M-56) lJ'^\>—2D•'t\^,—\2^r =
(r) (6'^-l)i'^^|^ + (46M-96)Z»^V^^-(126^+3)Z>'.f^—126.^ U

(.s) (6M l)i>'^a |-(66' + 136)i>"if^,+(346-^+ 12)i>^i|',J-3U6y/'iI', =
(«) (6=+l) 7?'iiJ,+(86»+176) Z>".f,+(666^+25) T^^'iPj+n 46i>'ih+30Z>»V', -- "

etc,
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Miilti|)l\ inii' (he ('(|u;ilioii {/)) by 2 and sulilrncliiif; this urodncl

IVdiii llic e(|ii;vlioii
{(i)

we aiTi\e at

(/> -- 1)i>'t|-i -i- SbDh}'^ = 12/--— 8/.'.

Now imiltiphing tliis e((ualioii bv 4A and siibtracliiif; it fi'oiii the

equation (;) we obtain

(ly r l)-0°»f\ + bbD'ip, + UD'if^, = 12/'— 48^' + 32b\

Miilliphiiig again tliis equation li_v GA, the preceding one bv 4

and subtracting tiiese tVoni the eipiation (.y) we find

(A=
-^r l)i>'i|', T- 7W>U|>, - 8i>^tf', = — 120/r ^ 320//— 192//.

Ill the same way we may deduce the Ibliowing ecpiations

(6- -- l}D-tp, ^^ 9bD'tp, 4 1 bD'ip, = — 1 20/, f 1440//—2880/,'
-f- Ib'Mb'

(6=-f-l)i>'*,|., ll/,Z>'i(j, + 24i>''if', =3360/)-—20160// j 322566"— lo:i60/,'

(6' J- l)X'»tpi -h 13/,i>>, -f 35i>'i(>, = 3360/, — 80640// +
J- 322560/,^ —430080// -j- 1 84320/,'

([>' -f l)/;'"!!', -r 1.36i?'-'iJ.'^ + 48i>»if.', = — 604806' 4-

+ 19353606^ — 5806080/," -f 6635520// — 25804806'"

etc.

Aihling lo tiiese

(1 + I,-') DUf^ J^ 6bD\p^ — e =
(I -j- b')l>Uf^ -r bbJJ*tf^ + 3-^-^'v, = "J

(1 -f b-') n'<f, 4- ibijuf, 4- sz*^^, =
(1 + 6') Z'-y, J- g^X'^/j + i5i;%/ , =
(1 + b-)D^(p^ + llbBUp, + 24i'''</5, =
(1 + b-)lJ\p, -{- 136Z'«y)j + 35i>'y, =
(1 -L b')D"'<f, + 156i>V, + 48j9'>, =

etc.,

we get

4- b') D' (,/', + V'J ^ -i^i^' ('/•, r I)'J =^ 8 ^ 1
26'^ — 8//'

J- //)i^'^ (Y, ^ If,) ^ 'obir (,/, -:
.f-,)

^^ 3i>" (,;:,, 4- if,,) =
= 12/'— 48/,'

-i-
326"

- b--) D" (,/. - ,|,J
- 7/,7>^ (7, + i|,-J -i

87V' (Y, ^- ,|,,) =
z= — 1206' + 3206' — 192 6«

-, Ir) in,, - i(..,) + 96i>« {,p^ + V;J
J-

1 5i>^ (,/ , + x^^) =
— _ 1206 + 14406" — 2880// + 15366'

-1 l>') l>' (./: :
i|",) -.- I l/'i>^ (</): H- «f,) H- 24i>« 0^, 1^ If,,) =

= 33606- — 201606' 4 322566" — 1536"6''

. /'^) ^>"
( / .

-
tf,',) ] 1 36ir

{,f, 4 ,f,,) 4^ 35i?^ {,f,
-^- vg =

= 33606 — 806406" -,- 3325606' — 4300806' -\^ 184320 6»

- 6-') y/" (Y, V i|',) n- 156i>» (-/, i .f^)
J 48i>' (r,,,

; ,f,,)
=

— _ ks 1 440//^ _|_ 19353606'— 58060&06" -f 66355206" —2 5804806'"

c.
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I-!of\vccM the second iiumiiIkmn of llicse (M|iia(i()ii> /',/',... /',,,

there exists a reciiireiil rclalioii wliicli iVoiii // =; 7 iipwanls is

given In

/'„ = — 2 («—3) br» -1 — (ii- -1) (n~h) F„^^2.

From the pfecediiig relations the following valnes are eusii v lonnd

Z»> (,^, ^- ,|,,) = - 86 (5 - 4/>')

j9« (T: -t- «l',)
= —3-2(2 — 9/r + 6I>')

D- (v, -!- If',) = 96ft (11 — 28ft- -i'
106')

i?" (y, ^ If,) = 192 (8 — 87 b' 4 160 ft' — 80 ft")

ir {(r,
J

if',) = — 192 ft(279- - 1480 ft' { 2160 ft' — 960 ft")

I)"'i<r, J tf-,)=— 4608(16 —325 ft- + II 50 ft' — 1400 ft" + 56(1 ft')

etc.

In (he same wav the tnnctions f/, and if, give

^'(y, n-»^',) = — 4ft

^^ (y. + 'I',) = - 8 (1 + ft^)

D' {<p, + xp,) = — 8ft (5 -} 4 ft')

D' (,r,
- i|-J = - 32 (2 J- 9 ft' -i- ft')

I)' {'/•, + If',) = — 96 ft (1 1 + 28 ft' + 16 ft')

O' (yj -f »(',) = — 192 (8 -j- 87 ft-^ + 160 ft' + 80 ft")

Z)' (,f,^
_ ,[..,)

— __ 192 ft (279 -f 1480 ft- -}- 2160 ft' ~f 960 ft")

i>'"(^r, -.- V',) - — 4608 (16 + 325 ¥ + 1 150 ft' + 1400 ft" -f 560 ft")

etc.

the resultijig expansion is therefore

/ (t/,h) = — 2aUa — 4:14- 1 lii — 4ft- / 2ft + 2 (// + ft)' l(i, ^ ft)

2 2 8 16
I 6a= ft-^ a' ha' (1 + 3ft') a" ft" a'^

3 3 45^ ^ 15

ft-= ft

(87 + 80 ft') a-' (31 + 240 ft') «'

105^ ^ '
105

^

^
(8 + 575 ft' + 280ft')«'" (10)

1575

Tliis series has been computed for the following values

,/ = 0.()4 A = 0.2 to 3.6

,t = {).m ft = 0.2 „ 2.4

a = 0.14 ft = 0.2 „ 2.4

a = 0.2 ft = 0.2 „ 2.4

a = 0.4 ft = 0.3 „ 0.8

a = O.i; ft = 0.2 „ 0.4

The convergence for all these values proved to be tolerably we
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Chemistry. — "(hi <t ntiihui/ fur f/ir iiiiitii/i/ii//i-(' iiitu/i/.ii.-> d/ti'mnri/

inivtures." B_v Prof. A. V. II(M.i.kman, T. \ \n ukk Lindkn and

.1. J. P. Valeton.

(Communicated in the meeting of Febiuaiv 26, r.llUi.

Chemistry. -- '-Tlw un'ltiiKj <//a(/nnii of tlw siistmn of the three

isomeric nitranilines." Hv .1. .1. P. Vai.kton iCoiiiiimiiicated hv

Prof. A. F. Hoi.LK.MAN).

(Communicated in the meelintr of Kebruary 2fp. 1910).

Chemistry. — "(hi the introduction of halogen nioms into the core

of phenols." By Prof. A. V Hoi,leman and I. J. Rinkes.

(Communicated in the meeting of May 28, 1910).

Chemistry. — "(hi the introduction of hnlixjen atoms into the core

of th'' monohalogenfienzols." \\\ Prof. A. V. Hou.kman and

T. van DEK LlNOEX.

(Communicated in the meeting of June "23, 1910).

These papers will not appear in those Proceedings.

(October 27, 1910).





KONIMLIJKE AK.VDEMIE VAN WETENSCH.VI'PEN

TE AMSTERDAM.

PROCEEDINGS OF THE MEETING
of Saturday October 29, 1910.

(Translated from : Verslag van de gewone vergadering der Wis- en Natuiirkiindige

Afdeeling van Zaterdag 29 October 1910, Dl. XlXl.

C02srT'E3SrTS.

C. WiN'KLEK and G. A. VAN RiJXBKKiv; "Experimental researclicsun the segmental innervation

of the skin in dogs". VII, p. 431. (With one plate).

W. P. C. Zekm.*s : '"Lens measurements and Emmetropisatiou". (Communicated by I'rof,

T. Place), p. 446.

J. J. VAN Laar: "On the solid state", V. (Communicated by Prof. H. A. Lohemz i, p. 454.

(With one plate).

A. A. L. RvTGERS : "The influence of temperature on the presentation-time in yeotropism".

(Communicated by Prof. P. A. P. C. Went), p. 476. (With one plate).

A. WicHMAXX: "On the volcanic eru|tion in the island of Te'on i^Tijau) in 16.")9", p. 48').

ft. Grijns: "The permeability of red bloodcorpuscles in physiological conditions especially to

alkali- and earth-alkali-metals", p. 489.

Errata, p. 491.

Physiology. — " Ecperimentdl rasen/rches on the m/menta/ innerm-

tloit. of till' fihln ill. do(js." By Prof. C. Winkleh from researches

made in collaboration witli Prof. G. A. van Rijnberk. (VII'''

Commnnication).

(Communicated m the meeting of September 24, 191U).

On the ooinner in /rhich thr deniiotoooito of the posterior extremity

are rain/ed, inn/ on their voridbiUty.

In our VI''' communication we gave an elaborate description of

form and situation of the skin-areas of the seven lumbar and the

three sacral jiostorior nerve-roots. Tiiese researches led to the following

results

:

J. The (5 inferioi- lumbar I'ools and the 3 sacral posterior roots

contril)ute to the innervation of the skin of the posterior e.xtremitj.

2. The skin-lields of Lw and of L\'\\ have always lost all con-

nectiun with the mid-dorsal and the mid-ventral lines of the trunk,

28
Proceedings Royal Acad. Amsterdam. Vol. Xlll.
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thill ol' L\ lias lost, this connection in most cases. These areas covcm'

the apex of the extreniit}', this latter beiiifi' considered as a cone.

Tiiev were therefore called apical or /(<//-d( nnatoniata.

3. All other skin-fields on the contrary retain a connection Ixdii

with the mid-dorsal and (lie mid-ventral line. They are situated on

the basal margin of tlie cone, to which the extremity was compared

and were therefore called inaiyina/ dcrmatomata. The sUin-dolds

situated craniallj from the top-dennatoniala — Aiv, /a\[ and An -

we called cranial marginal (lermatoraatn, as opposed lo those

situated caudallj from them, which were designated as caudal

marginal dermatomata

.

4. The skinlield of L\ (and in some cases even that of Ja\)

must he ranged between the marginal and the apical dermatomata,

generally it behaves like an apical dermatonia, occasionally however

it retains a connection with the mid-\enlral line of the Iruidv, and

whenever such is the case, it presents in this respect the characteristics

of a marginal dermatoma.

What now remains to be elucidated is the reciprocal relalion

between these areas.

The three cranial marginal dermatomata cover together a smaller

zone of the skin on the (lorso-latcral surface of trunk and extremity

than on the medio-vcntral surface. With the caudal marginal der-

matomata exactly the opposite is the case. At the same time however

the caudal marginal dennatomala cover a larger held on the dorso-

lateral surface of trunk and extremity than that covered by the

cranial marginal dermatomata. On the ventro-medial surface these

conditions are reversed.

If Lvii. L\\, and IjV are cut through, the sensibility of the apical

dermatomata being consequently destroyed, sensibility is retained

along the mid dorsal and mid-ventral lines of the trunk.

The sensible zone along the mid-dorsal line of the trunk extends

far on the dorso-lateral surface of the extremity, nearly unto the

epicoiidylus lateralis femoris. The remaining sensible zone along the

mid-ventral line is far less extended on the ventro-medial surface of

the extremity, it continues only unto a few centimeters laterally from

the symphysis pubis.

After eai'efiilly comparinji- the coudal lioiin.darics of the cranial

marginal dennatomala \\'\t\\ the i-ivminl houndarics of the caudal

marginal dermatoinafa we tiiid at the mid-dorsal line of llu^ trunk

the following coii*Utioiis :

The caudal boundary of the skin-tield of Ja\ goes from the \
'•'

vertebral along the upper margin of the crista ilci; the cranial bouii-
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dary of llie skiniield of <Siii goes from llie infcrioi- marniii of the

sacriuu between tuber iscliii aiul anus towards tlie perineum. These

boundaries therefore do not touoli one another anywhere.

The caudal boundary of the skinfieki of Liu originates near the

sacrum, and [)asses between crista ilei and trochanter just above this

latter in the direction of the epicoudyius lateralis femoris ; the cranial

boundary of the held of .s'li originates on the sacrum and goes from

thence towards the tuber ischii. Between sacrum and trochanter these

two boundaries run together for some extent.

The caudal boundary of the skintield of Aiv originates at the

sacrum and goes towards the capitulum libulae, either Just above or

just below the trochanter: the cranial boundary of iSi has likewise

its origin on the sacrum, and goes either just above or just below

the trochanter in the direction of the e[)icondylus lateralis femoris,

diverging to the popliteal space.

In this manner the joint caudal boundaries of the cranial marginal

dermatomata /au and Liv form a line from the sacrum to the

epicondylus lateralis femoris passing over the trochanter, as is like-

wise done by the joint cranial liouiidaries of the caudal marginal

dermatomata <S'n and »S'i.

The skin-tields of />iu and /,iv, of .Sii and Si only slightly

overlap one another here, I hey only are i)ounded by one another,

whilst Lii and Siu are absolutely unconnected together.

As far as it is bounded by margin: 1 areas, the line leaving the

mid-dorsal line of the trunk at the sacrum and passing over the

trochanter in the direction of the epicondylus lateralis femoris, may

be considered as Sherrington's mid-dorsal-line of the extremity or

as Bolk's doi'sal i)Oundary of differentiation.

At the mid-veiiti'al line of the truidc the relation between tlie

boundaries of the marginal areas is different. There, the caudal

boundaries of the cranial areas An, /jii and Ja\ all converge

towards the short line, measuring only a few centimeters, which may

be traced from the .sym|)hysis to a point situated in females along-

side of the genital tuberosity or even cranially from it, in males

alongside of the root of the prcjuice.

The cranial boundaries of the caudal mar'ginal areas Si\i, ,S'ii. and

(S'l likewise con\erge to this line.

At the mid-ventral line of the tniidc, the line along which the

cranial and caudal marginal ai-eas are boundeil l)y one another is

accordingly very short. This short line going from the symphysis

towards (he point alongside of the genital tuberosity and cranial

from it, may be considered as Sheukinuton's mid-ventral line of the

28*
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extreinil_> or as Bot,k"s ventral liouiKlan of (iilicivniialioii, (as I'ai' as

bounded by marginal derrnatomata).

The dorsal axis-line (if (lie extremity, or llic dorsal lioundai-y of

difiereiilialion, coi'rospondiiig to marginal dcrnialomala is llici'cfore

much longer than the equivaleiit ventral axis- lino.

The subsequent course of these axis-lines however can only be

demonstrated, when scnne insight is obtained into the manner in

which the a|)ical dermalomala are langed and when their reciprocal

variability and that of the marginal dei'matomata have been treated

at some length.

In ordei' to give an instance of the way in whicii the skin-lii^lds arc

ranged on the posterior extremity, the same image may servo that

we made use of already when treating of tiic antei-ior extremity.

There we compared the ranging of the skin-fiekls with that of

floral leaves covering a flowerbnd. The marginal dermatomata, like

the basal floral lea\'es, perform this covering by pairs.

In applying this comparison likewise to the posterior extremity it

nnrst be kept in mind however

:

a. that the hindleg is larger and longer than the foreleg;

b. that the posterior extremity, growing in caudo-cranial direction,

suffers a greater rotation than the anterior one, the most cranial toe

(the solitary nail) becoming situated thereby far medial ward.

The greater length of the extremity finds an expression in the

fact that 9 posterior nerve-roots contribute to its innervation {against

8 for the fore-leg), and still more in this, that three apical der-

matomata — L\', L\i and, Lvii — cover the nether-leg and the

foot (against 2 covering the top of the fore-leg).

That this extremity suffers a greater rotation finds an expression

in the fact that at the mid-ventral line of the trunk the ci'anial and

caudal marginal dermatomata overlap one another so much with

their ventral portions, that in this region the areas An, Iaw. Ia\\ Ni,

*Sii, and <S^ni ovei'laji one another. Such is in no wise the case at the

mid-dorsal line of the trunk, wliere the caudal margin of /.u in that

region does not join the cranial margin of *?ui.

Moreover the remarkable behaviour of the area An, is in accoi'dauce

with this fact. It sometimes occurs thai this skinlield does nol join

the mid-dorsal line of the ti'unk. In all cases however, where we
observed this variation, it had to be ascribed to so-called formation

of caricatures'), as it Jiever pei'sistod. Xolliwilli.si.-xjiding that, the

1) In former cuiiiiminicalioiis we docribetl liow skinfields, isulalcd iiiuliir

unfavourable auspices (pvoCuse hcmorrhagy, prolongated nai'cosLs, shock etc.) sutler

alleralions in form, appearing in a regular way. but not persisting. We called

this 'tornialion of caricatures", and made il an object of research.



( -135
)

sUin-tiehl tif Li\ beluuctl (illiciuiso lliaii llic dermatomata oi' iUo

Iniiik, where llie lirsl signs of a caricature was never i'ouiid in (lie

i/orsii/. l)ul always in the vf.iUrnl region. It is likewise in accordance

willi ^lli^ line of thoiighi, llial ihe sUintield of L\ never [iresents a

coiniexion with llie mid-dorsal line, whilst il not rarelv presents

a connexion wilh the niid-venlral line. Apiuuenllv both skiiifields

are dislocated farther from Ihe mid-dorsal than from the inid-venlral line.

Still Oilier facts may also be considered as an expression of the

intense rotation of tiie extremity, in which the skin takes part.

Firstly the situation of the cranial marginal dermalomata, which occupy

much more territory on Ihe ventro-medial surface of the extremity

than on its lalero-dorsal surface ; then the behaviour of the skintield

of L\ which, lieing tixed to the tirsi cranial toe {solitary medial nail),

has Kirned almost compielely on the medial surface of Ihe extremity

and presents only a small lop on the dorso-lateral surface; further

ihe manner in which are situated (the topdermatonia L\ii and) the

caudal maiginal dernnxtoniala, whose extension, contrary to that of

ihe cranial areas, is much larger on the latero-dorsal surface of

Ihe extremity ; and lastly the shape of the topderraatomata, among
which IjM occu|)ies a middle position. They are wound spirally

around the forepart of the extremity, in such a maimer that Ihe

longitudinal axis of eacli of these skinlields is placed in latero-medial

direction.

Taking all this into account, the following scheme may be designed

for the ranging of the dermatomala on the posterior extremity.

The areas of Lu and >b'ni represent the most basal floral leaves,

leaves, joined together at the mid-venlral line of the trunk, but not

rejoining one another at Ihe mid-dorsal line.

The second pair of floral leaves is formed by the skin-fields of

/.III and -Sii, joined together both at the mid-ventral and at the

nud-dorsal line, but covering a larger porfion of the basis of the

cone at the latter.

Still more clearly expressed are these relations in the third pair

of floral leaves, the skin-fields of Lv\' and S\, which are still connected

both at the midvenlral and mid-dorsal lines, but whilst they encom-

jtass the dorso-lateral crural surface unto past the mitldle of it, this

eiicompassraent on the ventro-medial basis of the extremity, continues

at the utmost to the medial fourth of the inguinal fold.

This deficiency of the marginal dermalomata in covering Ihe ventro-

medial surface of the extremity is filled up by the skin-field of L\,

which has been removed almost entirely to the ventral (medial) surface.

The apex (iji casu the foot) is covered then by the skinfields of
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/,vi and /,vii. The skiiilield nl' /,\i is sidialcd in Ihc luiiidlc and lor

(lie coverini; of llie Cool it is snpiioitcd on I lie iiifdiul side !i\ ilial

of /yV, on the hitero-|ilantar side hv llial oT /-\ii.

Tliese (iiflerences in liie coNerinji- of thr doiso-ialeral and i>\' liic

medio-vcnti'al liasis of iIr' (-one. llie medial ovorlappinji' of the area

of />v and the spiral windinir of the areas of Av, Avi, and /a'U are

alike expressed In tiie inia{i,e of a hiid wrung- sideways (see the scheme).

On such a hud it may easily he demonstrated, how the skinfields

of the nor\e-roots ha\'e maintained Iheii seuinental successive ordei',

if a line is drawn thron,u,h it, crossing- one after another all radicular

areas in their successive order.

This line begins at the origin of the inguinal fold, au<l continues

in pni\inio-<lislal dircctitui oxci- the patella, lielweeu tuberositas tibiae

and e|)icondylns femoris mcdialis, o\ei- the solitary nail to the medial

second toe, crosses the fool along the dorsoplantar linnt-line of the

toes, and goes in disto-proximal diicctiou !)etween calcaneus and

malleolus lateralis over ilic popliteal space to the tuber ischii. In

following this line in the direction here indicated we find that it

pas.ses successively the tips of ihe dilferent tongues, by wiiich the

areas of Ln, Ami, Aiv, and /,v are characterized, crossing trans-

versally the top-dennatomata Avi and /.vii, and returning over the

tongues of the skinfields of Si, Sw. en S\\\. ( iJed line on the scheme).

The skinfields are ranged along this luie.

The skinfields, covering in this manner the e-\treniily, though bound

to fixed rules as regards their situation and the way in which they

are ranged, are nevertheless within certain limits subject to important

variations concerning their situation, extension, and shape.

The cranial marginal ai-eas L\\ and /.ui still behaxe partly as

trunk-dermatomata. In their \-ariations ihcy are dislocated more or

less far in cranial or caudal direction, and are thus lying opposite

a higher or a lower vertebra. As far as they i)artake in covering

the extremity, their dislocation is combined with their liuguiform

prolongation being drawn in or protruded distalward.

The variations of the caudal marginal areas <S'iii and .S'a are different.

Their doi-sal cranial boundaries are lying very near to one another,

between sacrum and root of the coccyx, but the angle opening caudal-

ward, described by these boundaries in leaving the mid-dorsal line is less

acute for Sn (± 45°) than for Sm (± 30'). Their variations present

no dislocation in caudal or cranial direction but the angle opening

caudalward at their (u-igiu is reduced or eidarged, and at the same

time the liuguiform prolongation is displaced either a little or further
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di>lah\aril. hi tliis wav il inav dccur llial tlie luague ot'llic skiiificl<l

of Nil adxaiiccs on llie siii't'ace of llie iiafes between anus and Inher

iscliii, unto some ccnfinieters past this latter.

The inai'f>inal dermatoniata Liv and Ni, which ai-eali-ead_v of tiirsii'eater

importance in covering tiie extremity, sntVer liardly any dislocation, but

follow in cianial or caudal direction lines which are called Sherrington's

axial lines or Bolk's boundaries of differentiation. On the other

hand, in their variations, variability of length and the ad\ancing

distalward of t!ie linguiforLu protrusion are an essential moment. The

tongue of the skin-field of Liv may extend unto the tuberositas tibiae

and in extreme cases ir may even reach the medial surface of the

foot. Still more forcibly this is expressed in the skin-field of ,S'i, where

the tongue sometimes extends to tiie popliteal space and in extreme

cases, along the posterior surface of the nnder-leg, even to the lateral

portion of the foot and the lateral toes.

The skintield of /,v varies again in a different way, along the

medial surface of the uiuier-leg it sends out on the medial margin

of the foot a tongue of variable length, now reaching not farther

than the solitary nail (!*' medial toe), then again e.xtending unto tlie

medial sole of the foot and the 2'"' medial toe. So far this area

behaves in the same manner as that of L\\.

Kut at the same time this skintield, fixed at the medial surface of

the foot, extends transversally over the knee and the nnderleg.

In medial direction this may continue so far, that the mid-ventral

line of the trunk is attained, in lateral direction it varies likewise.

The dorso-proximal head of this sJiin-field may extend from the epicon-

dylus lateralis unto far on the latero-dorsal crural surface, whilst its

lateral boundary may reach the front margin of the underleg, some-

times crossing this and even extending unto tiie malleolus lateralis.

Here therefore we observe two differently directed variations. The

marginal areas advanced tongues along the direction of the line

above described by us, they varied accordingly in the direction of

this line, whilst the skin-tield of />v varies (likewise in the direction

of this line) partly as Liv, partly perpendicularly on the direction

in which succeeds the variation of the marginal areas. The variation

perpendicular to the variation of the marginal areas is characteristic

for the true top-dermatomata ; corresponding to this fact the described

line takes upon the paw a course rectangular to itself.

The skin-field of L\\ is situated laterally on the thigh, on the

underleg on its front-surface, on the foot dorso-inedially, and from

thence it may encompass the plantar surface of the foot and all the

toes. Accordingly this .skintield lies around the leg like a spiral
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woiiikI around il, ami it is .siil'jccl lo (lie lulluwiiig vaiialions

:

J. llio sjiiial aioji iiroimd llio foot mav Ik- (lisln<'a((>(l in tolo, soiiio-

liiuos more iiiedially, in oIIht cases more laterally, and 2. lliere

nia\ he .some terrilorv added lo it, oiliier niedially or laterally or on

liotli sides, and Jliis nuiv ^o so far that the whole of the foot is

encompassed by it.

The doiso-proximal head of this area is relatively lixeil in place,

tlionfi'h il may vary f'l-eatly in breatlth. The ventro-proximal head

suffers more im|)orlant displacements, and it may even fail allogelher.

According'h the \ariations of this skin-field consist in a dislocation

(especialh' on the foot) in the direction of the deserihed line,

which takes here a rectantjniar hend, i. e. reclangidar to the direction

of the variation of the marginal areas

The skin-lield of /yVii is sitnatcd dorsallv on the llii)i,h, dorso-

lafcrallv on th(> nnder-leg, ventro-lateiall\ on the foot, it encompasses

the doi'sal side of the toes, ami a larger nr smaller portion of the

soles of the toes and of the large plantar sole. Accoidingly this

skin-field, laterally from that of />vi and paiallel lo it, is woimd

as a spiral zone aronnd the under-leg and the fool.

Here again it is the distal part that varies most. The lateral snrface

of the foot indeed always belongs to Avii, hnl the toes and the

plantar surface are covered by this dermatoma farther or less in

different eases. This sktn-field varies liivewise recfangnlarly to the

direction of the variation of the marginal dermatomata.

Remarkable is the manner in which behave the |>i'oximal territories

of the topdermatomala, which we calknl llieir heads. In this regard

the topdermatomala differ between them, for the area of Av, placed

"a cheval" on the knee, has a large ventro-proximal head and a small

dorso-|troximal one, that of Avi a large dorso-proximal one and a

small ventro-proximal one, whilst in that of Avn the ventro-proximal

one is failing, The proximo-dorsal heads of L\ and Avr overlap one

another, that of />vii approach nearer to the mid-doi-sal line of the

trunk, whilst of all three, the ventro-proximal head of /a', if il does

not (piile reach the mid-ventral line of the trnnk. approaches nearer

to it thati that of L\i.

Accordingly it may be said, that the three top-dermalomala

originate at the same point of a suliliciently well-defined region on the

lateral snrface of the thigh. Subseqnently the\ extend next to one

another, like the divisions of a fan, wound spirally round the nnder-

leg atid the fool, and in cases where there are variations, they swing

to and fro in this region together.
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Wc will now liiiji our ;illc]ilioii af^ain lo I lie ;i\i;il liiU's iSiiKUiifNaTON)')

and llie Ixiiiudafies ot (liUbiL'iilialioii ^HoLK) on tlie posterior exlreiiiil v.

As we observed, llie oriiiin of the three lopderinatoiiiala on (lie

lateral tliigli-surface is liiiuletl lo a [iretty well dcliiied region, situated

nearly at the point inito which the line was draw ii, where the caudal

boundaries of the cranial marginal areas reached doi-sally the cranial

boundaries i>\' die cjiutlal marginal areas.

It would not be justitiable to continue tlie dorsal axial line of the

extremity farther tiian this [loint. Three successive areas Av, Avi

and /aw, oxerlapping one another in a large measure, extend from

this [ilace, like dixisions of a fan.

The dorsal axial line therefore does not continue farther than the

middle of the lateral thigh-surface.

On the medio-ventrai surface of the extremitx the case is ditfereiil.

We found here that the region where cranial marginal areas {Lu,

Jau, and Aiv) and the caudal ones (<Siii, /S'n and »S'i) rejoin one another,

is a very short one. Here however it is possible to draw between

the marginal dermatoma .Si and the lu|iderniatoiuata /,\ and A\i, a

line answering to the definition given by Shkkki.n<;ton I'oi- the axial

line oi' by Uoi.k for the boundary of dilferentiation.

For oui- dilferenl ist)latioiis of the skinfields of A\ and A\i all

showed u> medial boundanes, situated on the medial surface of

the thigh and of the nnderleg nearly at the same place as is occupied

thei'e by the medial bouiularies of Ni and Avii. Furthermore we
have seen that in the importani \ai-iations, characteristic for the

skiniields of An and /.v, the medial margins of these are tlislocatcd

in different directions along that line, ll is along this line that the

skinfield of Av reaches the mid-ventral line, and along it too that

the skinfield of /a\ extends a distal tongue on the medial surface

of the under-leg. The same condilion^ ju'evail in the exceedingly

great variations of S\. Whether the tongue of this skinfield extends

to the po|)lileal space or to the toes, it is always this line that forms

its medial lionndary.

Accordingly, the ventral a.xial line must be drawn further from

the middle of the genital tuberositv over the medial surface of thiiiii

and under-leg unto the malleolus medialis.

') Sherrinoton's axial lines of the extremity are ctiaraeterizetl by ific very sfiglit

degree in whicli the areas f)uunde(l by it ovedap one anntfier. In tfiis it remiiids

the "crossed overla|)se", at the mid-dorsal and midventraf fines on the trunk, of

the homonymous skin-fields of both halves of the body.

Bolk's boundary of differentiation is a lioundary between dermatomata, wliieli

originally do not follow one another in the serial order, bul are pfaeed next

lo one another by the devefopment ot Ifie extremity.
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As tlu' skiii-licMs \;ir\ in llii' ilireclidii (if llic line \\f li;i\r

(lesofilteil, llic vaiialinns of llic inar^'iiial licMs arc I'diiiKl In

move more cir less in llic (lircclimi (if llic l(»ii;;ilMiliiial axis ol' llic

exIreiiiilN . Tlic I(i|i(lenMal(iiiiala swiiiii Id ami IVd rcclaiiL;iilai- Id ii,

whilsl /,\' varies in lidlli (lirccliniis.

Still anoliicr cii-ciinislaiicc nmsl he added. As soon as a skinlicld

cliaiigcs as Id |(lace and exiensidn, ils I'drin clianiics likewise, and

in siieii a manner llial il slidws an iiiclinalion In take liie I'drni of

the Held, wliose place il usurps. Tills I'ael is illustrated l)v the fields

dl' /,\ and /.vi,

i'liat dl' /-\ \arics in two directidiis. '{'he tdiiniie extends iiidre nr

less far dislalward alinii; the incdial lidrdcr dl' the foot (from the

solitary imil Id the sole of the secdud medial toe), the heads are

dislocated in ddrsd-\eii1ral diiection, and the \enlro-pi'oxinial one

mav even I'cacli the mid-\eiilral line. Iliil thai of Aiv Ido presents

soinewiiat similar conditions. If the tongue, v\liicli in most cases does

not )iass the tuberositas tibiae, extends fai'ther, it may go along the

medial nnderleg unto the solitarv nail, in such cases the skinfiehl of

/,i\' may be on the puint of lea\ing the mid-dorsal line (formation

of caricatures), and Ai\ has then completely taken the form of A\',

just as /a whenever il extends \n the mid-ventral line, resembled

/viv ill its form.

However great the variability of the single skiii-lields may be, —
still in their variations they are collectively bound to certain rules.

In every individual there is a constant correlation between the topo-

graphical characteristics of all the skinfields situated on the extremity.

This correlation is expressed especially in the behaviour of the

cranial and caudal marginal derinatomata and in some cases it can be

demonstrated how a reciprocal corrclntlon. prevails in their variation.

For an instance of this we refer to the isolation t)f the skinfield of /Si,

which was found on dog 11') extending a very long tongue unto the toes,

whilst on dog 33') the tongue was very short, only extending to the

popliteal space. In both cases the caudal margin of An is known.

In the tirst case (tongue of >S'i very long, protruded far cranial ward),

the caudal margin of An is likewise shifted cranialward, passes

above the crista ilei, and extends a tongue that goes unto 2 centi-

meters' distance from the patella. The further (St advanced on the

extremity, the farther Ja\ drew back. These two skinfields, situated

far from one anothei', show therefore a reciprocal correlation, or

what may be called also a dislocation in the same direction, both

cranialward or caudalward.

ij Cf. VP'' Goinmunicalion p. 804 and p. 303.
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II iiiuy only Ik^ (Icuionsti'alod in an indirccl way, that llu^ saiii(>

lidlds nooii {\iv l()|i-ik'nnal(iniala, silnaled ncxi lo one aniiUici-. Slill

a ooiiiparison belween nexoral isolalions sonu'linics lends lo |ii()\c

tliih. On do^- '27 for insianco the skiidield of Avi is isolaled lo llie

let'l and llial of Avii lo llio riulil '), whiisi llie licdiavionf of

tlie cundal lioundaries of Am lo llie Icfl and /,i\ lo i1k> ri^iil indi-

cale syniiiietrifal relalions holwi'en the two halves of the l)od\ . In

this ease llie sUinlield of />vi ^lo the left) leaves nneovered a large

portion of the dorso-lateral border of the loot, it has aecordingly

been displaced somewhat crainalward, ajid that of Avii (lo the right)

tits completely in Ihis uap and has accordini:iy bi>en dis|ilaced in

the same direction.

Wiihont pretending to inclndi' all possible \arialions, we still have

fomul a few fixed rnles lo which they are snbmilted.

J. The variations of the single skinfiekis lake place in deter-

mined directions. The nnirginal dermatoniata \ai-\ nearh- in the

<lireclioji of the longitndinal a.xis of the extremily ^Imgniform pro-

trusion). The top-dei'inalomala vary in a direction rectangidar lo

it. IJolh of lliein however alonn Ihe "ranging line", ai)Ove described

by ns.

2. Each siiij',ie skinlield m an ni<li\i(.lnal may occupy, wholh or

partly, in seveial gi'ailations. Ihe place that is occupied in oilier

individnals by the adjacent skintiel<l. Whenever a skiidield does

this, it changes form al Ihe same time and it Itears the greater

resemblance to this adjaceni area, the more completely it usurps its

place. We never met with a case, where a nerve-root undertook

the innervation of the w liok' area, which in individual one or ant)iher

got its innervation from the third nerverool in cranial or caudal

direction.

3. However greal may be Ihe separate variabilities, these varia-

tions orilinariiy do iiol concern only one sejiarate skinlield. Appar-

ently ill most cases they vary collectively, and then in such a

maimer that the whole series of them is displaced along the ranging

line and the direction of the collective dif-pLaeement is in most cases

cranialward.

III J856 TiKCK 'j
proved, that in (_iogs the posterior nerve-roots

following on one another, su|»p|y the innervation of skin-fields,

1) Gf. Ibidem p. 295 and p. 301.

-) L. TiJRCK, Vorliiufige Elrgebnisse von Experimentaluntersuchungen ziir Ki-

mittelnng der Haulsensibiliilsbezirke dor einzelnen Riickenmarksnorvenpaare. hil/chcf.

der ^kalil, Nat. CI. dci- K Ak. dei' Wi.ss. Wien ISoU.
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successive order, iiml llial llic serial raiij^inj;' of liic iiervi;-

I'ools iiia\ be discovered also on llie exireiiiilics. Willi llic, aid of

the material colk'cled liy Tuiick in liis lesearclies, VVkdi. desif^iii'd in

lSfi9 sclieniata lor llie areas of iMuervalioii, also for Uiose of llie

poslcrior exireniilv. Vel I'dtek had not j^iven anv special opinion

abonl varial)ilit\ , and we are inclined lo seek even in his silence

heren|Hm ihe reason why these sclieniala came into existence. Vin-

if Ti'iUK could have righllv valued the vaiiabilily, as it was made

possible for ns lo value it by Ihe experiences of later anatomists,

ihe (lifliculty of compressinji' llie varying configurations ofthederma-

tomala wiihin the bounds of a scheme, would have become siill

more evident to Weui, ') too, than he found it already.

Since I hen however' Ffhbrinoek and llKiiiUNGiiAM have lii-st put

forth the principle, which was afterwards amply elaborated by the

researclH\s of Lancjlkv, .Smkriunoton niid lloi.k, and which has led lo

the modern conception of the segmental \ariatious as l)eing serial

\ariations.

The nieaniiiii of this is, tlial the composition of the peri|iherical

ner\e-plexus of the extremity, and ol' ihe innervation of muscles and

skin of Ihe extremity is dependent on the dilferent segmental level

on which the extremity was developed. It may be displaced cranial-

ward or caudal ward for a segment.

If the origin of Ihe extremity has been displaced one segment

cranialward, it gets the material for us innervation from a region

of the medulla situated one seguient more cranialward, and the

innervation of the periphery corresponds to more cranial elements of

root-fibi'es. In such cases a segment is added cranially, caudally a

segment falls olf, l>ut the successive order of the iimervation areas

for skin and muscles is maintained (cf. Langi.ey'), Sherrington's")

') Wedl, weiland I'rof. 1... Tuuck, Ueber die Haulsensibiliilsbezirke etc. Abhand-

luugen der Math. Nat. CI. der K. Ak. der Wiss. zu Wieii, 1869, writes in his

preface to the publication of researches left by Tuudk: 'Die Varianten der Sensi-

bilitiitsbezirke hat der Verfassei- .... auf die Schablone transponirt. Es ist hierbei

allerdings der missliche Umstand eingetreten, dasz einzelne Figuren an Klarheit

eingebiisst, und es seli)st iiiir Irolz Zuhilfenalime der cinzelnen Experimente niclit

immer moglicli war zu entscheiden, ob so manclie Variante zu dem Bezirke des

einen oder underen Nerven gehore.

^) J. N. Langlev, On tlie course and connection of the secretory fibres supplying

the sweat glands of the foot of the cat. Journal of Physiojogy. London ISiU.

Vol. XII. N«. 4, p. 84:7.

•') G. S. Sherrington, An experimental investigation of the nerve-roots which

enter into the formation of the sacro-lumbal plexus of Macacus Rliesus. Abstr.

of liie I'l-oceedings of the Royal Soc. of iAindon 1893, Vol. 53, p. 45i), Vol. 54,

p. i213.
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prefixed type). Mutatis luiilaiidis llie same holds unoil tor cases, vvliere

tlie extremity orio-inales one segment more oaiidally (Sherrington's

postfixed typeV Indepeudeiidy of SiiKi;i;iN(iTON, Holk ') arrived at the

same eoiiohision, when lie represented tiie series of dermatomata on

the extremity as the links of a chain, whicii may lie drawn hither

and thither round a fixed har.

(hir results again are for tlie greater pari in accordance with the

I'ldes set down by Shekkington and Boi.k. A great many of tlie

variations we found, fit perfectly in the frame of the serial dis-

placement of the dermatomata.

The ajipareiit contradiction lielween the direction of the variations

of marginal and of apical dermatomata, the former nearly following

the longitudinal axis of the extremity, the latter rectangular to it,

means only a variation along the course of the "ranging line"

described by ns (see jjage 43ti), and accortlingly ills in the frame

of the serial displacement.

Bolk's image of the linked chain in\ol\es likewise, that the

direction of the \ariations of the marginal dermatomata musi be

placed rectangular to that of (he a]tical ojies.

Less obxions appeared the fact, that with serial displacement the

form of the skin-lields shoidd chajige so completely. Still this _was

found to be the case, but the remarkable beha\iour of S'l, where

the extension of the tongue may alternate from Ihe pojiliteal space

to the lateral Itorder of the foot, or that of /a\, where this extension

may alternate from the Inb. tibiae ttt the malleolus medialis, fits

nevertheless perfectly iiilo the IVame-woi-k ol' a serial displacement.

If the more distal region of the origin of the extiemily is represented

by an exceedingly sleep cone, then a very slight displacement of this

steep cone (the nerves growing into it, being imagined as a series

of parallel fascicles} may be the cause that the extremes of this series

may penetrate either \ery little or very far dislahvani into Ihe cone.

When the displacement is caudalward. ,S| advances far distally on

the caudal border of the cone, when it is ci'anialwai-d, .s'l advances

less far, but insiead of it Aiv, situated at the cranial border, goes

farther. And as the basis of the cone is broad and shoi-i, this relation

becomes less evident than it is for /jv and Si, Ibi' J.u, Jaw, Sim and

Su, which sujiply Ihe imiervaiion of ihe broad and low suj)erior part

of the c-onic circund'erence.

Finally Ihe behaviour of the cranial and caudal niai'ginal

dermatomata, showing a ]-eciprocal correlation (as described li\ us

') l>. BoLK, l^t'ii I'll :ui(lcr uil (|i' seguicnlaiil-analoinic' vail liet iiienscjiciijic lic-iiartiu,

VVeekbl. van iiel X. T. v. Geueosk. 1897, Uoel 1 '2i, p. 982, Dcel 11, j.. JriGti.
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I'or /.111 -Awil S|, A\i and /,\ii) lends likewise Id jirdxc a serial

variation, de|iendenl nn llie ihllerenl seL;ineiilal le\cl of llie (ii'inin of

tlie exnemitv.

MosI iiii|)oi'lanl of all in (leinonslralinu lliis is |)eilia|is ilie lendencv

of llio skin-lields lo lake also one aiioilicr's Corni whenever lliey

lia|)|ien lo lia\e laken one anolher's |ihu'e.

Wo have (U'si-i'ihed this for /j\ and /,\. The skinlield oT /,iv

may show an almost |ierf'ocl or e\eii perfect likeness lo tiial of /a

and the rcxcrse.

Hnl in eases who it' /j\ look the plaee, and to^^clher with it the

form of /.\. still other eharaclerislie alterations were found in tiie

soiiinenlal relations of other organs (vertebral column ami plexus).

Whenever /,i\ sends its loim tonnne inediaiward (we found this

in three eases), we alwavs fonnd oniv 12 thoracic vertebrae with

llieir fostae. The KJ''' wilhont costa tluMi appears as i^' lumbar

vertebra and the se\eiitli Inmbar \'erlebi'a has been absorbed entirely

or parth in the sat-rnm. Accordinnly the verteliral column presented

a reason for assnminii' thai it had been sliorl(^ned by one vertebra,

a fact correspondinii' to a cranial displacement of the origin of the

extremity ').

Dr. Fdets, who has made researches on ihe sacrodninbar plexus (tf

our and olher eases, obiaiued accor<lanl residls. They will be pul)lishe(l

by him se|)arately.

Hut the here nientioneil obsei-vations, that appai-ently it is decitled

b\ ihe peri|)liery what form the skin-lield will assume; that it seems

lo be (piite indittereni lor iN foi-m. whelher the material for its inner-

vation has been supplied by a more cranial (u- a more caudal level

of the medulla; ihal an identical form of the skinlield may be realized,

indejiendeid of its iunerxaliou being tierived either from /.w ov

from Av, if only the |)eripher\ pi-esents an altitude fa\oui'able to siudi

a form, — seem lo us of the grealesl importance.

Though a great many of the aboxe described instances are in

accordance with the lheor\ of Ihe serial displacement, still there

1) We aix' iijcliiR'd Ici tliiiik that llie e.Kprcssion in a scheme/ of these ilerinalu-

nuila by Wedl and Tukck was jjased upon their reckoning without lliese variations.

There is sullicient reason lor this. If TritcK thoujihl to cut llirougli on a praetixed

typi.' witli e. g. six true lumbar veilebiae (Ihi' 7''' being absorbed in tlie sacrum)

the .")"' hnnliar nerve-rool, il is evident that lie cut through in reality the 1-"\

but I'ound none the less a skinfield, corresponding lo that of V-v in not prelixed

individuals. Ti'p.cK did not vidnate rightly the exheuies of the variations, because

in such cases Ihe 1'!''' llujracic veiiel)ra I'requentlv iiears no eosUi. In such cases

however, llie root thai seems lo be Lvn is Lvi etc
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Trochanter.

_1

Sacrum.

Scheme of the skin-areas of the posterior extremity which is represented as a
o.ne. The red line is the ranging-line described in our paper. This line runs
between patella (+pat), tuberositas tibiae (+tub) and ep;condyhis medialis femoris

(-l-ep. med), towards the back-side of the malleolus medialis (4- m m.). It crosses

the toes, returns on the fore-side of the foot and passing the maleolus lateralis

(-|-m. laf) it regains the fossa poplitaea and goes to the tuber ischii (+ tub. ischii).

Proceedinss Hoval Acad. Am^'erdam. Vol. XIII.
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remains a certain nuniliei- of oases, tiiat will not til inln liiis llieorv.

We will imlic-ate two groups of them.

It max lia|i|)eii, that Lw advances verv far (in the exlremitv,

assumiiiii' the plaee and likewise the form (if /,\, a ci'anial displa-

cement of the cranial marjiiii (if the exlremitv lieiiin' I herein appa-

renllv indicate'! (and aflirined moreover In ihe verlehi-al column),

whilsl _\el Ihere is no reciprocal correlaticm with the caudal marginal

(iermalomala, and Ihe skin-field of Cocca is parliv sifnaled hetore the

anus. This indicates a caudal displacement of the caudal margin of the

extremilv whose cranial margin was displaced craiiialward. In oilier

wor(_ls, in these cases the origin of the extremilv appears to he not

displaced hut enhirged.

We foimd also, in examiniui;- the dill'ereul mednllae operated ujioji,

that the dorsal ner\'e-r(i(ils nuiy \arv \ery much in Ihickness.

For instance llio relalixe thickness of Lvii compared with .S'l is

subject to much variation. Lvu indeed is always thicker than ,S\,

sometimes however they are almost eqmil in thickness, whilst in

other cases <Si appears oidy as a ihin thread ct)mpared with /a'\i.

Freipiently the two Jierve-roots have a common course, and it even

ha|)[)ens that their intervertebral ganglia are partly grown together.

A similar, but never so strongly expressed reciprocal relation exists

between /.iv and />v. /,i\ too is always thinner than Av. Avi is

the thicke.^l of the lumbar nerve-roots. We did not always lind.

lunvever, that a large skin-field correspcmded to a thick isolated

nerve-root or vice versa. We found indeed ,m sometimes exceedinglv

thin. /,\ii exceedinglx ihick, and al the same lime /a\ \ery thick

compared with Av,, a relation which. -if a larger skinfield coi-responds

to a thickei' nerve-root) indicates a reci|irocal con-elation and conse-

(jnently a sei-ial displacement.

l>iit we did obs('r\e still \-ery dilfercnl i-elalioiis in ihe thicdviiess

of single nerve-i'oots, i-elations we will not insist upon ai present.

Whether besides the \ariations that may b(> considei'ed as based

upon serial dis|)lacement and that ma\ be iIkmi observed in numerous
gradations, even extending to one segmeni), oilier variations may
occur, dependeni on enlarged origin of the (.'Ntrcniiu or liased on

nnitnal interchange of rool-fibres, or la-llv bas(jd on ihe possibililv

of nujre or less obli(pie onl-growlh of ihe oriuin of ihe extremit\ , —

a |)ossibility ue did iiol Ireal of in liii-- paper liiese are (piestions

for ihe elucidation of which the maleiial we dispose of al present,

is nol sufficient. It is our purpose to resimie lliciii laid- on.
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Physiology. — "Lens jiwasuirineii/s mid Eiinin'/rniitsii/ldn" \'>\ Dr.

\V. I'. (". Zkkman. (Coiiiiniiiiicalcil liv I'roC. T. I'i.ack).

((Jommiinicaleil in llio mccliTij; of Scplcmhei- "21. I'JlO).

Since Dondv.hs" piDiioor writiiims on llie I'dVactioii nl' ilic liuiiiaii

eye, a great aiiiniiiil o\ ri'scarcli lias lifcn (ievolcd lo (lie siiidv dl"

(lie relVacliw anomalies, imi (•(ins|)icii(iiiN|\ lilllr allciilioii has been

given to emnielropia.

Nevertlieless tlie (inestioii of llie origin of e ninu'iioiiia is nt' llm

greatest iniporlance, not onlv to |ihvsiologv Iml also lur a ri<ilil

nnderstanding of llie retVai'tivc anomalies.

Stu.mu has repeatedly pointeil this ont, and has endeaxoined 1(»

give an explanation of Ihe origin of emmetropia. From a point on

the illuniinaleil relina. a liuiidlc of rays of light goes ont with a

certain divergence. The divergence of this bnndle is modified by the

optic system of Ihe eye. which has a ccrlain converging power.

The pecnliariiy o\' emmetropia now lies in the fact that the con-

verging power of the o|plic >yslcm is jnsl eipial lo the divergence

of tlie retina handle. .\n explanation of how this eipialily comes

abont has been gi\en l>y Stu.mb in his theory of eminelropia.

At'cording lo this theory the lone of the cdiary muscle gives lo

Ihe lens the e.xaci form to attain this eipiality. 'J'he lens form, or

tone of the ciliary mnscle is, therefore, the factor wherein in every

eye emmetro] ia can be reached and maintained.

The ophlhalmometric measuremenls. which I made and the residls

of which 1 shall give here, do indeed show tlial ihe prDiliicliiMi and

maintenance of emmetro]iia is the \vork of the lens. Measuremenls

of the eye!< of hypermelropes and myopes pro\e that in these eyes

there is also a tendency towarils emmelroi)ia, that in them Ihe lens

has such a curvature as to les.sen Ihe degree of refractive anomaly.

My researches extended o\er 7.") persons i 2.5 emmelro|5es, 25 liyper-

metropes, 25 inyo|)es) of about the same ai:c.

The refraction was determinetl by means of Ihe shadow lest,

spectacle glasses or by the direct method of ophihalmoscopy ; the

radius of the cornea was measured with .Ia\ \i."s ophthalniomeler

("Kagenaar" model), the accuracy of which was tested by means of

a cpiartz ball with a radius of J5.4 mm.: the angle «, the position

and ciu'vatui-e of the anterior and posterior surfaces of the lens were

determined by Ts(HKUm.n(;'s o|ihtlialniopliakometer. the meihod of using

which inslrnmeul is described miinitelx in the l']iicyclopcdi(^ IVanc.

d'Ophthalmologie.

We inlroiUiced oidv a few sliiihl modilii-alions ui the meihod; a
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cross-shaped fixation mark, illuniinated from beliiiid, for vvliicli a

lens was set up, forced the subject to relax his accommodation.

The depth of the anterior chamber was measured bj means of

Tschernixg's ophthalmophakometer, but according to the method of

v"ON Helmholtz, by fixing the point of convergence b^y two lines

intersecting each other in the centre of the pupil.

With the exception of finding the depth of the anterior chamber

of the eye, the measurements were ttiken after the pupil had been

dilated by a mydriatic.

From the results we calculated the position of the principal planes,

principal foci and nodal points of the optic system, and finally the

length of the axis of the bulb.

After fixing angle a, it appeared that a good centering is a great

rarity. In accordance with Ehrnrooth the centre of the cornea

appeared to lie at the temporal side of the axis of the lens.

Properly, therefore, we cannot speak of an principal axis. We
shall therefore give the name of principal axis to the connecting

line of the centres of cornea and anterior surface of the lens. Further

we found that angle « was smaller in the case of the myope than

in that of the emmetrope, and in the latter smaller than in that of

the hypermetrope. Considering that the size of angle « is dependent

on 3 factors, viz. the position of the nodal point, the position of

the retina, and the distance of the fovea centralis i-etinae, from the

principal axis, it was of importance to investigate the influence of

these factors further. For this purpose I calculated the position of

the nodal point in respect to cornea and retina, and the distance of

the fovea from the [)rincipal axis.

From the curves formed with these results the following conclu-

sions could be drawn.

1. The differences in angle a in refractive anomalies are dependent

upon the differences in the length of the axis.

2. The differences in angle a in persons of one and the same

refraction are exactly proportional to the distance of the fovea from

liip principal axis.

3. The distance of the fovea from the principal axis has no relation

whatever to the refraction.

The radius of the cornea was found with Javal's ophthalmometer.

The myopes proved to have a shorter, and the hyperraetropes a

longer cornea-radius than the emmeti'opes, which is in accordance

with the results of earlier investigators (Schiotz, Plantenga etc.).

The peculiar fact that the investigators who took their measure-

ments with Javal's apparatus as a rule obtained figures larger than

29
Proceedings Royal Acail. Amsterdam. Vol. Xill.
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those taken willi IIiu.mhoi.t/," (i|)lilli<ilmomeler (no gooil reason tor

wliioli I'ould 1)0 found) was evident in my case also, as was seen

in coniparinp; my uicasnroments with a series whicii I had loinierl^'

made with tlie ophthalmometer of IIklmiioi.t/. I obtained then as

averages in emmetropes, hypermetroi)es and myopes respectively

:

7.8, 7.(51) and 7.()i) mm. against 8.07, 7.92 and 7.87 mm. in the

present case.

By means of a quartz ball with a radius') of 7.7 mm. both instru-

ments were subjected to a new test, which revealed that our Helmholtz

ophthalmometer had indicated too low values. The averages of our

first series were after correction, therefore, 8.1, 7.9B and 7,96 mm.,

and thus practically agree with the averages of our new cases

examined with Javai.'s apparatus.

I therefore venture to express the supposition that the low values

found by some early investigators for the cornea ladius are to be

attributed likewise to similar inaccuracies of the instruments employed.

The depth of the anterior chamber was originally determined by

TscHERNiN&'s method. Tiiis method requires the greatest care if

.reliable results are to be arrived at. In my opinion it is of the

utmost importance to repeat the examination after the interchange

of lamp and glass, a point also mentioned by Gullstrand in the

3'''i edition of Helmholtz" "Physiologische Optik". The depth of the

anterior chamber was generally determined by fixing the point of

intersection of the two lines running through the centre of the pupil

(after the example of the method indicated by Helmholtz).

The (ieplh of the anterior chamber proved, in accordance with

the results of former investigators as well as with ray own, to be

smaller in the hypermetrope than in the emmetrope, and in the

latter smaller than in the myope.

The differences in the depth of the anterior cliamber are undoubt-

edly for a part the direct result of the differences in curvature of

the anterior surface of the lens.

Tiie radii of the anterior and posterior surfaces, and the thickness

of the lens were determined by the method indicated by Tscherning

with his ophthalmophakometer.

The examination !of the curvature of the lens surfaces, especially

that of the anterior surface of the lens, showed considerable differ-

ences in persons with dissimilar refraction, in the hypermetrope a

') The diameter of the (|uartz hall was found with a pair of adjustahle com-

passes to be 1-5.4: mm. and the regular concavity at different point.-; was conlrolled

with ttie opbihalmometer. Finally, by very careful weighing, Prof. Zeeman fixed

the diameter al 15.42—15,43 ram.
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more decided, in the myope a less pronounced curvature of the lens

surface.

The tldchiess of the lens did not vary in persons with ditferent

refraction. The errors, however, of measurement, are rather considerable.

The result of our measurements is, therefore:

Emraetropes, hypermetropes and myopes differ in respect to the

curvature of the cornea, the size of angle «, the depth of the anterior

chamber and the radii of the surfaces of the lens. The differ-

ences in the curvature of the cornea are snch as to increase the

refractive anomaly. The differences in tiie other measures are of

such a nature as to lessen the refractive anomaly, in how far this

is the case will be clear from the following computations.

P'rom the data we possess at present we are able to estimate the

strength of the lens as a whole. This proved to be greater in the

hypertrope than in the emmetrope, and in the latter greater than

in the myope. The importance of these figures is at once seen in
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looking ;il tig. 1. Wc iiavo computed tiie h^vpcrmelropia wiiicli cacii

of tlie eyes examined should have IVom the curvature of tiieir corneae

and lengtii of axis in tiie absence of liie lens, and have arranged

the ejes according to this hypertropia, after which we indicated, in

dioptres, on the ordinates liie refractive power of tlie lens.

Assuming that it is tin- work of tlic lens to correct the hy|)er-

metropia occasioned by the curvature of the cornea and the length

of the axis, the eyes are classed according to the work requii'ed of

the lens, while the ordinates indicate in how far the lens has answered

to these requirements. Where tiiese two figures are the same, there

is emmetropia, where the lens has supplied more dioptres than are

desirable there is myopia, where it had a relatively weaker i-efractive

power there is liyi)ernietroj)ia.

Thus, ill a hypermetropical eye .* tiie refractive power of the lens

amounted to 31 dioptres, the eye was 4 D. hypermetropic, so that

the lens would iiavc had to supply 35 D. in order to reach emmetropia.

Now ill this figure we see a regular ascension from left to right,

that is to say the more there is required of the lens the stronger

is its refractive power. The lens has thus apparently the tendency

to retluce the refractive anomaly. It goes without saying that the

emmetropes lie on one line, as the refractive power here invariably

answers to the demand put upon it.

The hypermetropical lens supplies more, and the myopical len^

fewer dioptres. This clearly points to a tendency towards emmetropia.

Without such a tendency, without an emmetropisation, we might

expect to find in hypermetropes and myopes a lens of equal refractive

power, and in our figure all these would have to be arranged on a

horizontal level.

If we know the position and curvature of the refracting surfaces

and the refraction of every eye, we are able to calculate the position

of the retina.

[n doing this it is assumed that the refractive indices of aqueous

humour and lens are the same in the various eyes.

In the emmetrope the distance from the posterior principal focus

to the cornea is equal to the length of the axis, in the ametrope we
can determine the axial length approximately by placing the retina

for each 3 dioptres 1 mm. before respectively behind the posterior

principal focus.

Ill the emmetrope it has been seen that the length of the axis

fluctuated between wide limits. If, nevertheless, emmetropia is

present in these eyes the cornea or the lens must possess an accord-
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ingly diminished or increased refractive power, i. e. a greater or

less curvature. This is seen most clearly in fig. 2. The cornea

radii and principal focal distances of the lens increase regularly as

the length of the axis increases. In the case of a greater lengtli of

axis we find, therefore, a greater focal distance of the lens. The

greater fluctuations of these two lines are invariably in contrast.

This contrast is a characteristic of emmetropisation. The eyes with
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a relatively greater cornea radius have been ke|)t eininctroi)ic, by a

weaker lens relVaclion.

The leiiirtli of the axis is closely related to the refraction. To

demonstrate tliis unambiguously we must endeavour to exclude the

influence of the dilferences in size. For this purpose the different

measures of eacli eye must be reduced to one and the same cornea,.

From the actual axis length of each of the eyes examined, I have

determined the axis length which each should have if the cornea

radius measured 8 mm. If now these axis lengths are brought

together in curves, it will be found that the axis length of the

emmetrope can vary very greatly, that at the most, howe\er, it

measures 23.5 mm. while in hyi)ermetropes and myopes an axis

length of 22 mm., and 24.5 mm. respectively are most frequently

met with. It seems to me that we may consider the 9 emmetropes,

in whom the reduced axis length amounts to 23.5 mm., the 10

myopes in whom it is 24.5 mm., and the 11 hypermetropes in whom
it is 22 mm., as types of emmetropia, myopia, and hypermetropia.

We have, therefore, reduced the other measures also of these types

to a cornea radius of 8 mm. and then found

:

(/)
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focal distance; possible deviations from this line must be attributed

to errors of measurement.

The end points of this line give us the limits between wiiich in
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their lens. Tlic lirsl iaclor causes the I'elVaclivc anomaly, ihe second

factor tends to diminish ii.

This arrangement of our figures also shows in the clearest possible

way that the lens tends to diminisli liic refractive anomaly, and thai

it is undoubtedly the lens which, by adapting itself to the axis length,

reduces so many eyes to emmctroi)ia, so that Stralu's theory of

Emmetropisation by the lens is coiilirmed by our measurements.

The nature of emmelropia is best seen in tig. 4, in the varying

course of the lines representing the axis length and the refractive

power of the len.'f.

axis length
'24.5 m.m.

23.3

2'2.5

'21.5
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what simpler form. According to {a) and (h) on p. 133, is namely in

case of equilibrium :

RT log Cj — (ul.),oihl («)

In tins (see p. 134 above)

:

^ii! „ ,
RT—- = RTlon

d«, p -]- a/^,

when namely v- b is replaced by

RT - b, (p + "A=) +
2a

.RT

P + "h^
, and a^ by a (see I p. 769).

Now Cj being ^ («) passes into

log
P+°h-' +
p-f"/V:. RT \i'

a a 2a /l

Wt[^

after division by RT, when the quantities which refer to the solid

state are accentuated. So we find finally :

lo'i

p^al^, 1-/J1+A 2(1-1 I-'.,
r V

1 1

,(19)
,P+«/«-i+/?i-jr; RTl

whicli form is simpler than (Kj).

The relation derived just now, however, has the drawback that

when ^ or /}' are very near 1 (almost complete dissociation of double

molecules), it becomes pi-actically useless. So the equation (19) can

be successfully applied, when ;? and {i' are both near (slight

dissociation).

If I? and ,i' are both in the neighbourhood of 1, (19) may be

easily reduced by the aid of tlie equation of dissociation (loc. cit. p. 136)

52
.-/+!

l-l^'

P'rom tills follows namely :

log {l-,i) = log\{p + oi^.,)
'l+|i_

RT

log 6 + (p + "/v") Ai

RT
9o

when for brevity d is substituted for cT^ e ^^. So we have also

:

log (p + "!v< — 2 loq ip + "AO
i+i?

^,o+'-l±1^.W

so that (19) passes into (a perfectly identical relation holds namely

for the accentuated quantities)

:
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Now b, 4- hh = />, + (— A, + 2 f>,)

2 Ux]

a

RT
1 1

,-
. - 2 i

2A.J, hence we gel finally

I 1

r'
~

r"
(li»")

ir ill llie (leriviUiuii nf llie LMjiialion (li)) we liaii ilircctly slarted

fVoni siinpio molecules, and iiol fVoni doiihie ones, we should at once

have found (li*"), wliicli eijiialioii is only distinguished from (19) in

liiis thai A, lias been replaced by 2l)„ c^ = \-ii
hj c.

2^
, and

1+.'? " '
1 + /J'

c\ by c', . Fui'ther the whole leiin iiiidei- the sign A*// is in the second

power, in accordance wilh liie dissociation relation c^ : r, =: etc.

Now in reality the case that (i is near 1 (the molecides of the

licjuid almost entirely dissociated), and /5' near (the molecules of the

solid phase almost iindissociatcd) occurs most frecpiently, and so we

shall have to transform tiie equation (i!l) w ith a \iew to the latter case.

If we, namely, only substitute in (19) the second member of (;3) for

(P + "A-) ' '^'i'' leave the accentuated quantities unchanged,

we get:

log

log

_ p + "/«'» +/3<'l _|?'c7-/+i_

a

RT L V V
l>,

RT
.(19')

So far this equation is jierfectly accurate. When however /? is

near enough 1 and /?' near enough 0, so that also v is in the neigh-

bourhood of 2i„ and v' in that of b^ , it is possible to simplify (19')

very considerably, by putting

That this is really allowed in many cases, appears from the plate

and the tables of III. Even at 100", where — for the hypothetic

substance supposed by us — the pressure of coexistence is about ^0,
and hence the 2)-T line solid-liquid intersects tiie axis p-=zO in the

neighbourhood of the triple-point solid-liquid-vapour, /? is = i and

(3' is about = 0,06 (between 0,093 and 0,041) for p = 0, according

to the table on p. 122. So at all temperatures between 0° (absolute)

and 100° i3=:'i and /J' =: may be put a fortiori in our case [for

T=0 it is exactly so (see the plate of III)].
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-A6
If we add to (liis

So the eciiialioii (19^) passes into

( i-^' )

- ~T~ we niav then write .

Ai , —Lb
-, the sum is :;—;:;^-, as b^ -|- Ai =: 26,.

^0(/

P +
(2^r

_ P + Vv 4c7' ''+'. i^2' 6, .26

26.

-A6 p(-A6)-7„

2?T

Now (see IV, p. 136) the pressiu'e of coexistence solid-liquid for

r=Ois:

Po
9o a

f

J.J.

1o

—A6 rr' —Lb 6, .26/

so that we may write for the second member of the above equation:

—A6

Hence we gret finally

RT
^^b

loq

P +
46,

/' +

1

4f7-v+T
(20)

wliich equation will onl}- hold, when really /? == 1 and ,?' ^ may
be put, i.e. if we do not approach the critical point solid-liquid (see

farther on) too much. If this is no longer exactly the case, (20)

will hold in any case as an approximation. In the neighbourhood of

7'^0 the equation found may be considered as quite accurate.

If we write

loif

a

p +
c, (y)

C is a variable quantity on account of p. In practice, however,

C will not greatly vary when p decreases from p, to 0, because p
occurs under the sign lor/. In many cases we may, accordingly,

consider C as practically constant all over the line /(/7,T) = 0, and

we shall thus have obtained an exceedingly simple form for the line

of coexistence solid-liquid. In our example, where «=: 2700, 6; ^ 1,
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^ ,
(10800)'

2b,=y„ c=2, wc have e.g. for /) = tlic (piantily 6 = log
^^^^ g

=
^ % 5400 = 8,594, wliei'eas tor y> = 1100 (the iiiaxiiiiiiiu pressure

(11900)'

close 1o 7'— 0) this qiuvntily =% ^^^-^-^ = % 4658 = 8,446, so

not quite 2°/„ smaller.

Equation (20) now reduces to the very simple form :

p - p^ ^ _|'^^ \C - (y + 1) lo,> T\, . . . . (21)

ajid it is this which we shall subject to a closer examination.

18. So the expression found t\n-

p

—/;„ is of the order « 7'

—

a>Tlo(/7,

dp
which agrees with what was found in W p. 137— 138. For -—

we find

:

— =r (it — a> loq I ) — w =— 10 . . . . (ZJl
dt

'

7

For T=0 tins approaches to + a. Tiie maximum of pressure in

(//)
, ,

the neighbourhood of T=() is found from — = 0, trom which°
dt

follows

:

/-I

Zo<7T„,r=" -l=r—--1, (23)
(o v+ l

hence

Pm — Po = w 7',, (24)

on account of « — a> log 7',,, = w. Thus the temperature of the maxi-

mum of pressure will be about independent of the quantity — Ai.

With C= 8,446, y + 1 = 'l\ we find % T,,, = 2,378, from which

T,„ = 10°.8.

As oi= , CO will be =10, when —hb = '/., and thus
—Ab

p,„ -p^ = 10T,„ = 108. So with p„ = 1000 we find
;;„.
= 1108').

Let ns also calculate tjie temperature at which p = p„ for the

second time (point L in fig. 14 of the plate). Then not 7'=0, but

«—aj/t>(/T=0 in the expression p
—p„=zT{a— vilogT), hence:

1) With regard to the units in whicli all tliese quantities are expressed, com-

pare II p. 27.
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« C
(25)

to yfl
So lliis temperature too is almost ijidependeiit of the value of

— txh. As f^8,45<) for /* = lOOO, we find in our case iov log T'

the value 3,382, from whioh T = 29\4 .

We may point out here tliat also from the general expression for

dp

dt'
VIZ. (see IV, p. 137; Z. T^ is ^= v— v')

dp _ LE _l
Tt " YEv ~ T

dp

u \ 3—3'
/' +-+— (? + yiiT)

J
the equation (22) for — derived above follows. Now the expression

dt

ip-] ,

J
(( — (•') has been derived from I !-/'') — ( ; + /""'

)

.

In this, however, \- pb -\- 2>.n^. RT may be written for

—

~
-\- pv

b
'

V

[see infer alia p. 219 of my paper on the melting-point lines in the

Z. f. physik. Ch. 63 (1908)], so that the expression mentioned

becomes

:

d'+i)P + ~](b~b') + ui-ir)RT,

a
because the same holds for ,+/"'', and 2)i^z=i-\-^i,^ii\=zl-\-ii'.

V

Hence

:

dp_ 1

lt~l' P
a\b— b' 3—3'

00 ) V— V V —V

b-b'
]W approximation =r 1 in lliis. Further v— v' = o — 6':=:

V— (

= {b, + ,iLh) - (/;, + ii'Lh) = 0? - /J') a>, hence ^^j= ^^ ' ««

that we get:

dp _ 1

di ~ f P +
b, . 2h^

+ ^J'7„ + (7+ 1)^^^'

as b=z2b, and h'^h^, by approximation. And as

b,.2b,^Ab
^'

(see above), it follows that

dp 1

dt ~TV ~^'" ~ '"^'j — P—Po — to
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(y+l)/2
because u) =— (see above). And so (22) has been romui hack.— A6

Equation (21) may be successfully used to determine the icinperalmc

T„ of tlie point where p^O, i.e. the 7??f?///?^y-^)o/«/ at small pressure

(to be identified in most cases with the triple-point). If we namely

write

:

p — Po = ^' (« — t" /"." 'n '

it follows from this, when /y = 0, Ihat:

— J»o = ^'o (« - w ''«.'/ ^'o) (-*>)

EC
from which J\ can be found. As « ———= 4X 8,594 and w i= 10— ilo

7'„ = 92', 1 with our data. The second member is then

92,1 (34,38 — 45,23) = 92,1 X - 10,85 = — 999,6,

and the first member = — 1000.

As the critical temperature =: 400^, in our case

7; = 0,23 2\.

In general the value of T„ : Tc will depend, besides on that of

Ab, also on the values of y and c (the constant of the dissociation

equation), so that the above-mentioned ratio can assume very different

values. That for this ratio a value is so often found in the neigh-

bourhood of ''5, is certainly to be attributed to an accidental con-

currence of circumstances. We intend to return to this very important

subject later on, viz. when we shall discuss the influence on our

formulae of the association, not to double, but to multii)le molecules.

dp
It moreover follows from (22) that for 7„ the value of— is given

dt

by the expression — I -^ -j- w |. So tins duly gives a negative value

dp
in our case. That for negative vakies of Ab — can never be positive

for T =: T„ , the possibility of which was erroneously assumed in

fig. 7 of the plate of IV, follows from the fact that then necessarily

a vertical tangent would have to be present somewhere in .1. This is

impossible, for then the denominator would have to be A T"= v— v'=0
dp

in the general expression for — . But if r := v' , it follows from
dt

the equation of dissociation that also /i = [i' (for equal p and T).

For in the equation mentioned (see p. 455), ^? occurs only in the

first member, in the form , so that only one definite value of
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(J belongs to every value of v. If, liowever, v^v', ji^/i', also all

other (luantities (energy etc.) are the same in A, and we should

have to deal there with a critical end-point. Such a critical point

solid-liquid can, indeed, occur, as we shall see presently; but first of

dp
all — need not necessarily be x then, and secondly the coexistence

dt

curve terminates then in the point A.

In order to find an expression, froui which 1\ can be derived by

approximation, we may also start from (19''). With p=^0, v=L'2b,,

w' = ij, ii=l, ji' rrr 0, thjs equation becomes:

2 ha
b,' 1 1

4V 2"^
a / 1 2- 26„

1 1

1. e.

RT^
a

2h„

-Lb
2 lor,

K' 1

Now as a. U a, = \U a, RTc =

4b^°-2lS'

8

27 ' ^ 2 2&,

(27)

27 b:
= 27

^
-2 i;,

('^^ ^"d6,

refer namely to a simple molecular quantity, a, «,, and 26, to a

a 27*

double molecular quantity). Hence :rT-= -r ^^t> ^^'id so we may
26, 4

also write for (27)

:

= ^f: -Lh

7'c 8 \ b.
: bu\ . —

\46/ 2/37
(27")

In this it is supposed that at T, (here about 400 ) all (he mole-

cules are entirely dissociated (according to the table in 111, p' 131

this is really the case, viz. ,'3 ^ 0,9975 for K), so that we may write

RT - - ""

Now we can determine from (27") the value of ^3', so that the value

of 7'„ : Tc may become e. g. = Vi for given values of — t^b : /;;

.

Thus e.g. with A, = 1, — Z./^ = 0,5, 2/;, = 0,5 we should find the

2
value 0,733 for %'",, from which ,r = 0,37.

From this we see that

—Lb
as ^' must be near 0, — only very

great values of
,
greater than 0,5 ^), can gi\'e a value in the

') As we shall presently see, there is no longer a coexistence curve solid-liquid

whicli runs on to p — Q for values of — ^l> < 0,45, but it terminates in a critical

end-point for a higher or lower positive value of p.
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iieighbourliood of '/j for T„ : 1%. lint as \vc already said (lie number

of molecules associating to one will be of inlluonce on tiiis — vviiich

we shall investigate more closely in a following paper.

If, however, T„: Tc is smaller than 7j> e.g. 7^. i^s in oui' exani|)le,

the value of /c//" becomes larger for — A /; = 0,5, viz. 1,466, and

we lind a nuicli .smaller \aiiio for ,?', viz. 0,07, agreeing with what

we found before. Even for 'J\:Tc=^lt, 'o'' which lotf becomes

=: 1,100, we still find a rather low value for [V , vi/. 0,15 with

—A h = 0,5.

The calculation of formula (21) for different values of p no\y

gives the following corresponding values of T. In this ^ L b = 7,,

y =r V, and p, = 1000.

p=
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"^ —7.6 e

1-,J' if

or

%'°-YZl^
= %'''

^- - (V. %~ + 0' 4^^^ -^ + ('^ ^343 <p - %•» y), (a)

cqJ RT
in which A =——{—Lb) , 6 m , different values being successively

assumed for y=

—

t?t^^
— ^^^' "^^^^^ *''® value of v is determined

by (see p. 773 loc. cit.).

v=b,-(^:i-'^-^\-Lb) (b)

the corresponding value of p being found from

:

RT a

'' = -^Eb''-? (•')

On p. 774 loc. cit. we find for P. the value 64000X72- Now
with —Lb =r 0,1 this value is only 6400.

For r=0 (see Fig. 15) we fmd pe=-^
a_ 3200_

' —Lb (2b,y 0.1

_ ^1^ = 32000 — 3333 = 28667. Further p^=— - =
3200 2700= "51 ^= 32000—2700= 29300. The pressure of coexistence

q„ a 3200 2700
P^'^ =i:Z^-^2X =^- 0:^ = 32000-3000 = 2900a

a 2700
Further pc =— — = —- = — 2700.

Oj i

1
As 6 =z , the equations:

800
^

log" -!—^ = — 347,984 + 0, 4343 tp — lof/'" cp
1— j5-

hold for T=2.
If we examine only the course from E to Z), so if we conline

ourselves to such values of </> that log^" varies between about

-f- 2 and about — 2, we get the following table.

:

30
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1 = 2

(p
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I!el(i\v lliis point there is, therefore, a continuous transition from

the liquid to the solid state, when the temperature is lowered. The

liquid will gradually become more viscous, finally assume the glassy

amorphous state — and in this it will entirely depend on the mutual

situation of the particles, whether eventually cnjstaUisation sets in,

i.e. whether the irregular situation of the mtilecule-complexes passes

into a regular crystalline structure. But however it be : there is no

abrupt change in the solidification, it takes place quite continuously.

According to the abo\'e this behaviour may be expected for all

substances where — Lb has a low \'alue. No distinct melting-point

is then found for the ordinary pressures with abrupt changes of the

properties.

For higher value of —Lb, e g. 0,2, 0,3 etc. this critical point

solid-liquid moves to ever lower pressures, but yet there remains a

considerable region of pressure, where continuitij of the solid and

liquid state exists, as we shall see in what follows.

The temperature of the critical point can be calculated by approx-

imation in the following way. According to I p. 778, we lia\e

approximately in the points D and E, when viz. <p is great enough

to allow us to write 'UH^—?)f' for 1 + V, i:?
(i—(5) (i—y)-

:

2a RT

So the two values of ,'? may be calculated from

:

/J(l— /J') _ RT
(b^+^Aby " a(—Aby '

when namely v= b may be put, while b^b^-\-^Lb. With R= '2,

a = 2700, 6i = 1, — Lb = 0,1 this becomes

:

(I— 0,ljJ)' 27

Now the two values of (i, which can be solved from this for

diiferent values of T, coincide when the first member has reached

its maxinnim value, i.e. when /i = 0,612. The fraction then becomes

27= 0,463, and we have Tc = —X 0,463 = 6°,25. If we take the

neglected influence of (p into account, this value becomes only slightly

less, \iz. 6°, 2.

For — A 6 = 0,1 we now find {p = pressure of coexistence solid-

liquid) :

30*
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- Ai = 0,l

T
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For T=20 we have with 6*^ — the equations:
80

^

loo'" ——- = — 33.491 + 0,4343 <f
— log'" <f ; ;> = 200 <p

1—

p

V

From this follows

:

T = 20

f
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— 1066? — 3857 = 68JO. iMiillicr />/^= J0667 — ——^- = 5157
;

(o,7r

2)D = 10667 — 2700 = 7967.

For 7'= 50 wc have willi 8 = ~
32

V° jZ^,
= -- 11.872 + 0,4343 <p - lofj

»
<f\

/ l+a\ 1000 «l'

from wiiicli we calculate:

7' = .'.0

'ip
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— A J = 0,3

T
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The ilislaiicc between E and /) lias decreased from 4800 niiils

at T=i) to 20(j8 units.

1

For r=JOO we tind willi 6 =
16

log'o -A_. =: _ 4,347 4- 0,434;{ <j) — log" ip ; p = 500 g) — ^
from which we calculate

:
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So the critical point solid-liquid is found onlj very little above 128''

Now we have the following survey for — Ab ^ 0,4-

— Ah — 0,4

T
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Inttor case the curve /V3A.9 (see fig. 14 and 20), however, will not

lenninate in the point where this concurrence D, C takes place, but

already before (at negative pressure) in a point P, where the coexis-

tence curve 17— I" would still jus! Inuch tlie branch DC 'u\ tlie

point ('. [Something similar takes also place with the prolongations

of the curves OS and K,S through the point O].

This triinsition takes place very near — A b =: (J,455, as we shall

show in what follows.

— Lh = 0,46 (t, = 1, 2^., rr:0,54).

The value of X is here (;4(X)t) X 0,4(5 = 29440. Let us determine

the values of ^y of tiie isotherm of 1()(F, i.e. those values whicii lie

in the neighbourhood of the itoinls E, D, and C. With 6 t= =-

,

the following formulae huld :

/«(/'

1— i?'

— 1,374 -f 0,4343 </ - %" (f

= 1 - 0,46 r,J - ^-t^")
; p 695,7 <p

from which we calculate (see fig. 19)

:

T = 160

y>
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and from this follows the subjoined table.

T=i 170

(p
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W ^
l-§!

- = — 0,948 + 0,4343 <p — log'' (p

. := 1 - 0,455 U - y \ r = 769,2 ip-
^

and (Iiis yields (lie following (able.

T— 175

*p
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—U, = 0,454
,

for which at tlie crilioal (eiiiperatiii-e 177°,0 tlie points E, D, and 6
will coincide at a pressure of —676 units.

Finally summarizing what has been found wifii regard to the

critical points, we have the following survey :

- Lb
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Botany. - "Tin' injliience of Wmperatnre on lh>- pn'sentatlon-tlmi',

in geotropwn." By Dr. A. A. L. Rutgkhs. (Commniiicaled by

Prof. F. A. F. 0. Went).

(Communicated in tlie inouling of Sopt. 'J4, 1910).

^ I . Introdiictory.

In Ji)().5 and IMO.S tlicrc appeared Iwo pai)ers') by 1!i,a('KMAN in

wliioli lie dealt with tlie intbience of tcmperatnre on physiological

processes in general, while in addition in I lie lir^l of these papers

lie tested on a special case his new views on this subject and showed

tliat the resnlts arrived at by Miss Mattii.vei on assimilation as a

function of temperature') confirmed Jiis theory.

One of the chief points in Bi.ackman's argument is the proposition

that VAN 't Hoff's law of reaction velocity as a function of tempe-

rature must also hold good in the field of physiology. According to

this law the reaction, for certain chemical transformations increases

two- to three-fold for every 10^ C. rise of temperature. The connec-

tion between temperature and a physiological process is in general

represented by a curve with an invei'sion-point, the so-called optimum

curve. Blackman maintains that the inversion-point owes its origin

to secondary influences, that in consequence this optimum does not

express a primary relation which universally holds good between

temperature and a physiological process.

With the aid of the figures available for this purpose, Blackman

shows further that in general the law of van 't Hoff applies in the

field of botany for temperatures roughly between i(V C. and 27^ C.

Above 27° C. a quick falling otT takes place, so that at higher tem-

peratures the values obtained do not nearly reach those which

might be expected, if calculated by van 't Hoff's law.

Blackman in his explanation of this phenomenon lays stress on

a new point of view, calling attention to the time-factor which

here comes into play. With higher temperatures too low a value

is found iji consequence of the harnifiil iiilliience of such tempe-

ratures. The longer the plant remains exposed to these harmful

temperatures, the greater is the damage. So also conversely the

shorter the time they remain at this temperature, (he less is the

1) F. F. Blackman, Optima and Limiting Factors, Annals of Botany, \'ol. XIX, 1905.

F. F. Blackman, Opening Address of the Botanical section of the British Asso-

ciation, Nature, Vol. 78. 1908.

-) 0. L. G. Matthaei, Experimental Researches on Vegetable Assimilation. Phil.

Trans. Series B, Vol. 197, 1905.
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harm done. Blackman holds that according to van 't Hoff's law

the theoretical vahie would be found, if only an observation could

be made after an exposure of minutes to the higher temperature.

This value after time cannot however be experimentally determined

and so Blackman has recourse to extrapolation from the curve which

can be drawn through the points representing the ^•alues obtained

after an exposure to the higher temperature of shorter and shorter

duration. In this way by extrapolating the time curves obtained by

Miss Matthaei for assimilation at high temperatures, Blackman indeed

finds values which fairly well agree with those calculated according

to van 't Hoff's law.

From these considerations it also follows that the optimum must

vary with tlie time of observation. If the subject of the experiment

is warmed for a short time only before the observation, the optimum

will be found at a higher temperature than after longer warming.

Although the author is evidently convinced that his theories will

have to apply over the whole field of plant physiology, there are

nevertheless processes to which he has not yet been able to extend

his conclusions, at least at the end of his second paper he says:

"Finally superposed upon all this comes the first category of pheno-

mena that we are content still to regard as stimulatory." "From our

present point of view vision does not extend to the misty conceptions

of stimulation upon our horizon".

In the investigation of which a preliminary account is here given,

an attempt is also made to apply the ideas developed by Blackman

to the field of pure physiology of stimulus and to test their general

validity experimentally.

^ 2. Methods.

In order to determine the intluence of temperature in connection

with the time-factor, the experimental objects i^coleoptiles of Avena

sativd) were kept before and during the experiments for a definite

time at that temperature of which the inlluenee had to be determined.

After having been warmed for a certain time the oat-seedlings were

stimulated for some minutes by means of gravity at an angle of

90^ and were afterwards placed vertically at a temperature at 20" C.

In this way the presentation-time for temperatures between 0° C.

and 40^ C. was determined after various periods of warming. The

warming look place in a thermostat specially constructed for this

purpose which was electrically warmed and kept at a constant

temperature by means of an electrical regulator, so that there was

no need to use gas for the experiments as it considerably impairs

the power of geotropic curvature.
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All llie experiments took place in tlie excellently litted dark room

of the Botanical Laboratory at Utrecht undei- the direction of Prof.

Wknt. The most important sonrce of error was in the diillicnlly of

keeping the air in the laboratory quite pure and in the individual

variations of the objects of cxpei-iment. Great care was bestowed on

the elimination of these sources of error, in the first place by keeping

the atmosphere as pure as possible and further by nsing for every

experiment as great a number of |)lants as possible.

Determinations were made at temperature-intervals of 5° C. and

at each temperature after warming for J, 2, 4, tS, 12, and 24 hours,

unless it was evident from the experiments that the time-factor was

absent, when two determinations sulliced.

§ 3. liesulis.

The results of this investigation are summarised in the following

table. The horizontal rows give the values of the presentation-times

SUMMARY OF PRESENTATION-TIMES.
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corresponding to the teiii|MT,uiirc al Ihc beginning of the row. The

length of wanning is given at the top of the vertical columns.

According to this table the presentation-time shows a clear depen-

dence on temperature, while at higher temperatures, the length of

warming is evidently of great importance.

If we now ask how fai- van 't Hoff's law holds good, we cannot

simply take tiie ratio of tlie presentation-time for the determination

of the temperature-coefficient. Tiie presentation-time is not itself

a chemical process, but can serve as the measure for the perception

process. If the rate of this process is greater, then the presentation

time will be less, and conversely.

B'or the determination of the teinperature-coefftcient, we shall there-

fore be obliged to take the reciprocal values of the presentation-time,

or, whicii conies to the same thing, instead of —p , the reciprocal

We then tind :

^0 72'
, ^ R\ 16' K,„ 10'40"

ir,„ 10'40" 'A',, 6' ' A',„
~ 4'20" ~ '

A',, 6' „ , K.,„ 4'20" A' 2'2Q"
-^ = = 2.6 ,

—^"= = 2.6 ,
-^ = = 0.93 ,

Ar„ 2'20" ' K,„ r40' 'a;, 2':W'

Ar,„ 1'40"
-i° = = 0.0064 .

Ar„ 260'

As is evident from tiiese coeflicients van 't Hoff's law for the

presentation-time holds good in geotropism from 5° C. to 30° C. At

0^ C. we notice a sudden inci-ease of the presentation-time, through

which tlie temperature coefficient between 0' C. and UT C. reaches

the unusually high value 6.8. Possibly this is connected with the

cessation of growth at 0^ C.

The above table also gives a very good idea of the significance of

tiie length of the previous warming. From 0° C. to 25° C. no

intluence of the length of warming can be ti'aced, at 30° C. and

higher the time-factor, in Blackman's sense, plays an important part.

The accompanying figures represent graphically the change in the

presentation-time at 30^ tJ. and 35° C, as a function of the time

f warming. The most remarkable thing about these more or less

ogarithmic curves, is the fact that the presentation-time at 30' C.

ecreases and at 35° C. increases. This therefore means that at

31
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oO'' ('. Ihc |iri'sciil;ili(in-liiiir (Iccrrascs iimlrr tlic iiillnciici' ol' tlio

Idiifior waitniiiii, nl •'>ri ' ('., Iiowovcr, il increases.

The lerii|iei'jUui'e of .'{5" ('. lias, llierelbre, a distinctly injiirions

inlliicuce, while the ra\ oiii'altle iiilliieiice of tlie leni[jei'aliire of ^iO" ('.

apjiears to be a fuiiclion of time.
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4'20" at 2(r ('. to ^VAO" al :5(l C. Tims tl.ere.is here clearly a
liai-mfiil iiiliueiice at work wiiicli was only gradiiall\ overcome by
tiie tavourable influence of liiis temperature.

We mi.ulit represent this influence in the following way, that

for the greater rate of fransforinalidn at 30° C, a greater quantity

of an enzyme is recpiii'ed. The first effect of this temperature

is the destruction nf a (piantity of enzyme and only gradually

a sufficient quantity of the enzyme is formed, in order to accelerate

the jii'ocess and so to obtain a suialler presentation-time. Whether
we are indeed concerned with the action of an enzyme, cannot,

however, be made out.

One may readily assume that not only at 30° ('., but also at

higliei- lenqieraturesi, the f'a\oural)le influence of these temperatures

which expresses itself by a shortening of the presentation-time, acts

only gradually. Only at 35° ('. and higher temperatures this phe-

nomenon can no longer show itself in consequence of the mucli

stronger oiiposite influence of these temperatures. In one way alone

can the fact still be traced that the shortening of the presentation-

time at increased temperatures does not immediately occur, namely,

that after one or more hours previous warming, those values which

we should expect according to Blackman's theory, are not found.

This is indeed the case. Extrapolation from the time-curves does

not here give the values for time 0, which, according to van 'tHoi'f's

law, we could calculate for it from the \alues found at lower

temperatures. Nor can thi.s be, if the favourable influence of the

higher temperature is a function of time, for then this theoretical

vahie after a time does not exist, but the starting-point of the

time-curve for a time lies at a higher value of the presentation-

time.

The same circumstance ex[)lains also the fact that the optimum
here is only in very slight degree variable with the time of obser-

vation. After J hour's previous warming, we find a not very distinct

optimum at 22° C, after 12 hours' previous warming it is shifted

to 30° C.

The whole course of the presentation-time as a function of tem-

perature and of time of previous warming, is represented in Plate I.

The thick continuous line is the presentation-time at varying tempe-

ratures after 1 hours' previous warming.

From 30° C. upwards this line is continued by an interrupted

line which connects the points calculated by van 't Hoff's law,

starting from the values found at lower temperatures. The above

plate also gives the time-curves which, for temperatures of 30° C.

31*
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ii|n\ anis, >lio\v llic ((nim'clKni licluci'ii llir |ncsciilaliiiii-liiii<' ami

tlu' period of |ir(.>\ioiis waniiiiiif. For iliis |)ur|i(isc llic abscissae axis

has l)oeii laUoii as time axis and lor each leiii[)enitnie the ordinate

of lliat teniperalnre us starting-point. Tiic dotted lines willi whieli

these lime-cnr\es begin eoniiect the values, found after 1 liour's pre-

vious warming, with the values calcniated according to van 'tHofi"'s law.

^ 4. ('(inijiiin.foii iritli the rcsnils of jH'i'noiis /itri'sfij/tifors.

In two dii-cctions the residts of this investigation lead to a com-

parison with previous work. In ilii; lir>t place we must consider to

what extent earlier papers on the inllueiicc of Icniperalure on the

presentation-time in geotropism are conlirmed In this investigation

and in the second place the results of this in(piirv must be used to

ascertain the correctness of Bi.ackman's theory.

Cz.\PKK ') and l)\(n'. the fniincr with germiiialiiii; roots of 1 upinns

albns, the latter with seedlings of \ icia Faba,, have examined the

intltience of temperature on presentation-lime. (J/.ai'Kk found in this

wa\ a falling of the presentation-time fi-om 0° (\ to J 5° C, from

lo° C. to .'iO' (". it was con>lant. aller which up to 4(_P ('. there

was a rise. B.\(;h found from 14' C. to 'Aif V. a continuous decrease

above 30^ ('. a rise in the presentation-time. Thus both found in the

main the same curve, because the stationary character of the presen-

tation-time between 10" C. and 30 ('. in Czapkk's experiments must

no doubt be attributed to secondary influences.

In Czapkk's and BArn's work there are also a few indications

that VAN T Hofk's law a|)plies. although their observations are

not complete enough to allach great value to their ligures from

;his point of view. From Czapek's figures we can calculate :

K 45' A',,, 7'..j

- - = — r= 2,25, and from 1!a( ii's ligures:-~" = — =r 3.75, values
a;, 20' '

'

" A„ 2'

which make it ajipear not improbable that al.so with the objects of

experiment used by them, if the investigation were more complete,

VAN T Hopir's law would be found operative.

There have been only a few investigations since the ajjpearance

of Bi.ackm.\n's first published paper, in which his above-mentioned

views have been taken into accmint. In 1907 Smith") mentioned in

a few lines that in Hydi'illa verlicillala the intensity of respiration

') V. (JzAPEK. Weilere Beitrage zur KeniUniss iler geotropisclicn Reizbewegungen.

Jahrl). f. wiss. Botan., Bd. XXXII, 1898.

-) H. Bach. Ueber die Abliiingigkeit der geotropisclien Priisentations- undReak-

lionszeil von verschiedenen Aussenbediugangen. .laliib, f. wiss. Botan.. Bd. XLIV, 1907.

*) A. M. Smith. Respiration of Hydrilja verticillata. Proceeding.^ of llie Cambridge

Phil. Soc. Vol. XIV, 1907.
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rose from 7° C. to 50° (J. according to van 't Hoi't's law witli a

ooeflicient 2.2 for every K^ C. rise of temperature.

In I9()<S H.vT.Ls ') |)ul)lislie(l figures on tlie growth of fungus li\[)hae,

from wliich lie concluded tliat between 15^(1 and 30' ('. tiie growth

in this case followed van 't Hoi'f's law.

In 1909 KuypKR ) |>ul)lislied a detailed account of the iuHiience

of temperature on respiration and came to tiie conclusion that IJt.ack-

man's theory is only partly applicable to respiration.

Up to 10^ C. the same quantity of (J0^_ is expired in successive

houi'S and from 10' (J. to 20' C. there is a sligiit increase during

successive hours, then there follows a period in whicli the itroduction

of CO^ oscillates, while above 40^ C a regular decrease takes place

which graphically represented gives an almost logarithmic curve.

Van "t Hoi'i "s law holds good for Pisum and Triticum at O^- 20° (1,

for Lupimis up to 25° C. ; the coeflicient for a rise of KPC. of

temperature lies between 2 and 3. The optimum is variable with the

time of observation. Extrapolation from the time curves in order to

obtain the values after time, did not give the values which should

be obtained if Blackman's theory applied fully.

The results of the above-mentioned investigations were all more

or less a conllrmation of l)T,Af:KMAN's theory ; Ihei-e is therefore no

need to discuss them in further detail. This is, however, not the case

with a paper which appeared in 1910 by \'an Itkrson and Miss

VAN Amstki. '), in which the writers come to the conclusion that

Bl.\ckman's theory must be rejected. Since, on the ground of my
own investigation, I have come to the opposite conclusion, I will

briefly explain to what extent, in m\ opiidon, v.\n Itekson's tigures

can be employed agains!; Blackman's theory.

In the determination of the iidluence of temperature on alcoholic

fermentation the writers find the following values for the temperature

coeflicient at temperatures below the optimum •

V V V V
-'-" = 2,3, - " = 2,0, ~'^ -^ 1,8, - ^' = 1,5.V V V V'30 '35 3 II '35

On account of this decrease of the temperature coefficient with

rise of temperature, the writers conclude : "it should thus be |)ointed

1) W. L. Balls. Temperaliii-e and Growll], Annuls of Botany. Vol. XXll. lUOS.

-) J. KuYPER. De invloed der temperatiiur op de ademhaling der hoogere planten.

Diss. Utrecht. 1909. Also puljlishcd in Recuell des Trav. Botaii. Neerl. Vol. VII,

1910.

s) G. VAM Iterson Jr. and Miss .1. yan Amstel. (Jn llie teniperatuie optimum

of physiological processes. Proc. Royal Academy Sciences. Amsterdam. 1910.
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out very ciiiphaticallv tliat alrcadv on acruiiiit of tlie course of the

oplinuim curvo below liaruifiil temperatures the theory of Duclaux

and Hi,ArKM.\N must be rejected."

This conclusion is not justified, because tiiere is also the same

decrease of the temperature-coefficient to be observed in vitro. Thus

Pi.OTMKOW ') found the temperature-coefficient 6.2 for the reaction

between ethylene and bromine at — 78' C. Traltz and Volkman ''),

for the saponification of ethyl-acetate by baryta, ^ivc the following

values for the temperature-coefficient :

10° 20° :50^ 40' 50° 60^— = 1,96 — r= 2,04— == 1,90 ^^ = 1,75 - = 1,60 — = 1,45.
0° 10° 20° 30° 40° 50^

Vox- the saponification of propylacelate the corresponding values:

1.63, 2.00, 1.81, 1.70, 1.55, J.43.

Cohen') also points out that the temperature-coetlicicnt in a choniical

reaction is in general liable to vary with cliange of teujperaturc.

At high temperatures the temperature-coefficient decreases, at low

ones it rises. The other ground on wliich van Itkrson believes

Blackman's theory to be untenable, is that the curve which n'])reseuls

the connection between the alcoholic fermentation and the temperature,

is also a pronounced optimum-curve for a previous-warming time

of minutes. In my opinion, the authors iiave attached too great

weight to this objection also. Various points can be brought forward

to explain ihis phenomenon.

In the first place, there is the fact already mentioned, thai the

temperature-coefficient decreases with a rise of temperature.

Further it must be pointed out that van 't Hoff's law applies

less strictly in the field of botany tlian in that of chemistry, for the

living organism may not be regarded simply as a homogeneous system.

Moreover even in this case a special factor comes into account,

through which an important deviation at higher temperatures is

a priori probable. The reaction takes place here between the zynnise

which is enclosed within the cell-wall and the sugar solution outside it.

Thus the transformation only lakes [)lace when the sugar diffuses

inwards and the reaction products diffuse out in the opposite direc-

tion. Now, since after Hr C lise of temperature the velocity of

1) J Plotnikow, Reaktionsgeschvvitidigkeitun bei tieleu Temperalureu Zeitscli. f.

phys. Chemic LIU, 1905.

-) M. Trautz, und K. Th. Volkmann, Der Temperatuikoefficient cliemisclier

Reaktionsgeschwiudigkeiten- Zeilsclir. f. phys. Chemie LXIV, 190"^.

') E. Cohen, Vorlriige fiir Aeizle iiber Physikalische Chemie. 2e Aull. Leipzig,

Kngelraann. 1907.
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diffusion only I'ises aboul "iO"/,, ') ;iii<l ilie velocity of t'erniciitation

150—200"
„, it is to be expected that at higher temperatures the

velocity of fermentation will leniain considerably under the theore-

tical values, in consequence of the dilfiision not pi'oceeding (|uickiy

enough.

Finally, the possibility must be considered that also in alcoholic

fermentation the favourable influence of higher temperatures first

makes itself felt as a function of time, in the same way as was the

case in this inquiry at 80' C, ajid that hence also there the llieore-

tical values according to van "t Hoi'f's law have no real existence.

For if it takes a certain time for the reaction velocity to reach the

value belonging to that temperature then this value will never be

reached, because, before that happens the harmfnl influence of the

high temperature will already have made its action felt.

The values obtained for the reaction velocity at high tenqjeratures

will then, especially after a short time of previous warming, be

lower than ought to l)e Ihe case according to Blackman's theory.

The values when extrapolated for time will also be fonnd too low.

Summarising our results, we can therefore say that Black.man's

theory in the investigation of the influence of temperature on the

presentation-time in geotropism is in the main confirmed, while the

investigations which ha\'e hitherto taken this theory into account,

give no reason to reject it.

(_)n the contrary, in this investigation it is clear, that also in the

fiekl of the |)ure physiology of stimulus the laws of physical che-

mistry hold.

For the ])erce[itioii of the stimulus of gravitation it follows from

this investigation that, with reference to temperature, perception

behaves as a chemical process.

Geophysica. — "(_)n tlie colcauic eraptioii in ikf islniid of 7\'oa

{Tij(tu) in 1659". By Prof Aktii. Wkhm.vnn.

(CoiiimuiiicatfiJ in the meeting of Sept. 24, KtlO).

Ill his criticism of RiMi'Hits and V.u.k.nti.in as historiographers of

Ambon F. de Haan says: 'We do not intend to express by this the

"desirability of publishing before long the History of Ambon (by

"RuMPHius). V/\LEiNTi,TN has plundered it in such a degree, that only

"a scanty gleaning of details of little importance is left foi' a later

^) \i. Cohen, Vortruge t'lii- Aeizte lil.ier Fliysil;;ilisclic Cliemie. 2e Aufl. Leipzig.

Engelmann. 1907, p. 126.
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"investigator" '). Now when a few weeks ago llie inaniiscripl in

question was puliiislied bv liie Koninklijk Instiliint vooi- de Taal-, Land-

en Volkenkunde, it was immediatel_y evident lii.it on a great number

of details it ailbrds information wiiii-li had iiitherto been looked for

in vain. What follows may serve as an instance, how it is (he details

that are of the greatest consequence.

Only a comparatively sliort time ago Ihe attention was directed

to the fact that Valentun describes a volcanic eruption in ilie island

of Teor (Tior or Tjor) '1 in the following terms: "A little S. E.

"of Koerekofe lies the little island of Tewer, situated 35 or 3(i miles

"to the East of Banda "). It is very niouiitainous 2 miles in circum-

"ference and full of cocoa-trees yielding much oil. Here is likewise

"a high burning mountain which burst asunder with great violence

"in the year l(i59" '). Though Valentun distinctly indicates the

situation, and the map added to his work (vide fig. 2) neither admits

of the least doubt thai the island of Teor (Tior or Tjor) was meant

P. A. Leupe started, as early as 1871, the question, whether the

mentioned report could not have related to the island of Teon,

belonging likewise to the South-Western Islands, but situated at a

quite difterent place '"). Attention was moreover attracted by the fact

that, whilst the range of islands, ('(instituting the inner girdle by

which the Banda Sea is bounded (ui the East, consists entirely of

islands of volcanic origin, we find in the following range, i-unning

parallel with the former, only two to which a similar origin is

ascribed viz. Moa and Teor "). This pretended fact even suggested to

E. SuESS ') the idea of a Northeni continuation of the volcanic range

of the South-Western Islands (Roma to Nusa Manuk) towards New-

Guinea between which consequently Teor was to serve as a link

(vide fig. 3).

1) RuMPHius-Ge(ienkboek. Amstei'(iam, 1902, biz. 25.

-) This report was known to Junghuhx but, by mistake, he has set down this

eruption to the island of Koerkaf (Java. III. Leipzig 1864, page 834). Though

5 eruptions are known of Tt?on, as will appear hereafter, this island is not

mentioned in any of the volcanic catalogues.

"^) The distance is in reality 27 geographical miles (20U km.j.

*) Oud en Nieuw Oosl Indien. III. 2. Dordrecht—Amsterdam 1726, page 38.

(ed. S. Keijzer. III. 's-Gravenhage 1858, page 32'.

^) T(20r (highest mountain) is situated 4'4o' S. Lat., 131°4i' E. Longt. T(3on

r'\ S. Lat. 129=9' E. L.

8) Gesleine von Timor uud einiger angrenzender Inseln. Beitriige zur Geologic

Oslasiens. II. Leiden 1882—87, page 200. — Der Wawani auf Amboina und seine

angeblichen Ausbriiche. Tijdschr. K. Nedcrl. Aardr. (len. (2) XVI. 1899, pag(^i;]().

') Das Antlitz der Erde. II. Wien 1888, biz. 208.
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R. D. M. Vehbeek ') succeeded liovve\er in 1899 in (leiiioiistratin^'

in tlie most convincing' manner, that in tlie island ol' Tcor there is
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in iIk- islaiiil of 'IV'OII, or In llie :i|p|ic;ir;uicf of ;i lU'W isljiiid IkMnvccii

Tajaiiilii aiiil Kaiincn' in li)4'.>'i.

Ili'MPiiirs <:;ives an answer lo liii.s queslion. "On llic 1 i''' (if Novonilier

"[lli5i)l in lUiuia a noise was iieard like llie delonalion of ca n

"and nuiskots wliieli were conlimially and regnlarly (ired, this made

"all tiic |)e(i|ile crowd iin liie walls, supposing llial sonic ships were

"(iglitin{j;- at sea, as liie}- nsnaily Iieard sneli a noise on Anilioina

"[sielj; on llie same day llie waler began to rise and lo fall so

"rapidly that it was. like a miracle, and people could hardly escape,

"afterwards ihey nnderstooil Ihal al the same liuie ihe islam! of

"Teeiiw consisting chietly of a high mountain had sprung u|) amidst

"great noise and a dreadful creaking wliich had been Ihe cause of

"those false cannon shots, the islander.-, (having been warned two

"(lavs pre\iouslv by sulilcrrancan rumblinii' and irend)ling of Ihe

"earth) having lied lo Ihe nearest islamls Xila and Damme ' ').

V.VT.i'.NTi.iN gathered all his infin-malion concerning earlh-cpiakes and

volcanic phenonn'na in the (iival-KasI from Rimphus' manuscript in

so far as ihev look place before hi< arri\al in Amboina. Cousecpiently

it remains nne\|ilicable how lie could write instead of 'I'eenw (read

Teon) Tewer i^read I'eorj for, as ajipears from the ma|) (see fig. 1

and 2) the dilference between Ihe two islands was also known to

him. The idea of a clerical error is likewise rather iiiadnussible,

because Mumphius expressly mentions the vicinity of Damar and Nila.

He excerjtted perhaps incompletely during his residence in Amboina,

and committed the mistake afterwards, when working out his notes.

At all events we may admit as irrefutable that the erufjlion of 1659

took place in the island of Teon. On the other hand it is decidedly

not the same as that of i()(50, which was considered possible by

LeUPK and VERBEliK.

Regarding the eruption of IGCO the tiovernor of Banda wrote, dated

4 May 1660, as follows: "In February last the burning mountain in

"the island of Teeuw burst and ex|)loded entirely, so that the little

"villages lying in the vicinity and at the foot of the mountain were

"entirely overwhelmed, nay all men, with the exception of 2 or 8

"and all Ihe cattle were sulfocated and killed under it. A most

"deplorable spectacle to behold, the iidiabilants of Nilla were in deep

"alilictiou about it, as by their marriages, many people are related I
i; J. S. WuRFFBAiN. Vierzchenjahrige O.st-lndiaiiisolie Kriegs- unil Obcrkaufiiianns-

diensle. Niiniberg 1G86, p. (J:2.

2j De Amijiiusclu' Historie behelsoiule ecn kort verhaal der gedenkwaardigste

geschiedeuisscn door Geuugius Eveiuiahdus Rumphius. Twecdo dcel. ISijdr. t.

de T. L. en Vk. (,1) X. 1910, p. 131—132.
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"to tliem" '). Whereas in November 1659 tlie iiiluiltilaiils, wariR-d liy

trembling of the groiuid. coiihl i\\ in (hie time to Nihi ami Damai',

they were in February itiliO unexpeeteLliy o\ertaken i)y Ihe eruption,

so that nearly all of them lost their lives.

During the seventeentii century two more eruplioiis Collow. Aliout

the first, that of IS''' January KiiiO the then governor of Banda

JoHAN VAN Dam reported only briefly that Teeuw was "blown up""^).

The second in HiiVA was likewise reported only incidentally by

Nicolaas Wit.skn" who, in addition to a report of an eruption in the

island of Serua, says: "others have begun to open themselves and

to cast out Fire, as in the Isle Chiaus" ').

It is true that Leopold von Buch was of opinion thai this report

must refer to the island of Siau [Sijan] '') belonging to the Sangi

islands. But it is evident that Tjau or Tijau (Teon) can be transcribed

in English as Chan, i)ut Sian cannot. Besides in the mentioned report

there was oidy question of islands in the Banda Sea.

During the 18''' and the J if' century nothing whatexer is heard

aiiOLit \olcanic activity of the island. ( )nly on the I^"' of .lime 1904

a new eruption took place on which occasion, as the short report

says, the gardens of the village of Mesah, situated on the westside

were destroyed ').

The name of the \dlcano of Teon is said to be \ iiuuwcri (read

Funuweri: ").

Physiology. — " '/'/n' permenhilifi/ of n'd //luod-cofpusclcs ni /ihj/sio-

/oj/tca/ (\jiu/itu»is, I'spi'fi'iUi/ to iilhili- itmJ I'artli-alkdli iiiflals."

By Dr. G. Gryns.

(Communicated In tlie Meeting uf September ii. 1910).

In the meeting of the Kou. Akademie van Wetenschappen tif

25 Jime 1910 (iiroceedings p. 258) H. .1. Hamburger, also in the

name of F. Bubanovic, communicated about the above subject and

came to the conclusion, that the red blood-corpuscles in physiological

') P. A. Leupe. Uitbarsling van den brandenden berg up het eiland Teeuw
Bijdr. t. de T. L. en Vic. (3) VI. lis?!, p. -231.

•) W. E. VAN Dam van Isselt. Mr. .Iohan van Dam, Gouverueur van Banda

1661 en van Amboina 1665. De Indische Gids. XXX. 1. Amsterdam, 190S, p 187.

') Account of the sad Misschief befallen the Inhabitants of the Isle of Sorea.

Philosoph. Transact. XIX. London, 1695, p. ol.

+) Pliysicalische Beschreibung der Ganarischen Inseln. Berlin, lS2.j, p. 376, also

Gesammelte Schriften HI. Berlin, 1877, p. 580.

') Nieuwe Rotterdam.sche Gourant, Dinsdag 17 Januari 1905, Tweede Blad p. 3.

"; J. G F. FiiEDEL. De sluik- en kroesliarige rassen tusschen Selebes en Papoea.

's-Gravenbage, 1886, p. 466. - Zeemonsgids voor den Oost-hidisclien Arcliipel V.

'sGravenhage, l'J08, p. 14.
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I'uuililldii^ ari' |hmiihmIi1i' In k.ilions anil anions, nr if one docs not

wisli lo place oiK'scir on llic slandpoint ol' the docli-inc of ions, lo

metals and aciilradicals.

This conclusion, as Ma.miu luii'.u rcniarUs liinisclf on pajic 2(59, heiiiK

opposed lo llie cui-renl view, slionid lie lonndcd on very sonnd

bases. Now Hamhurgkh coniiniinit'ates, asusnallv in the "l^'oceedinj^s",

for every ion Imt one experiment, .so lliat onlv lot- I hose experiments

in wliich both in the sei-nm and in the blood-corpnscles, tlie (piantity

of tlie invest ifi,ated ion was ascerlained, ihe accuracy of tlie analysis

can be controlled.

If we do lhi> lor Table 1 and i'oi- Table 1\', we come lo pecnliar

results.

Table 1 rermeabilily to Kalmm ami Nalrinm.

In the first e.\i)eriment (/>) O.'i"/,, NaCl is added lo Ihe sernm, and

the latter is afterwards united again with ihe blood-corpnscles. The

percentage of KCl in the nnxlnre must conseipienlly have remained

constant.

In the s?cond expei-imeni c l<>7„ "' \\ater (according to Ihe text;

in the lable stands (1,2" „ wliich is evidenllv an en-or) is added to

the serum. The sernm amounted to (iO"/o of the blood, the (pianlily

of water added was coiise(|ueiitly b"/,, of the blood; therefore in

900,00 of the diluled blood there must be found 1,5858 : J, 0(5 or

1,49(5 Cv. KV\.

II. found however:

ill the serum in the bloodcorj). tolal

normal ().;U79 1,2:579 l,585H

with 0,27„ NaCl. 0,44:58 1,07(31 1,5199

with 10"/,, H,() 0,400(5 1,2132 1,(51:^8

Still more peculiar are the results with luitrinm chloride.

H. fouiul here :

in the serum in the bloodcorp. total

normal 4,(532::! 0,4198 5,0524

with 0,27„ NaCI 4,4885 0,(5905 5,1790

with i07„ HJ» 4,51(54 0,5(523 5,0787

The quantity of serum was 594,00 ; 0,27„ of it is l.i)S8(;r. Of

these 1,188 (ir. NaCl added only

5.1790 — 5.0524 = 0. 127 (ir.

was found back again.

Ill the second cxperimenl (c), as we .saw, (57,, of water was added

to the blood. The total amount of common salt in 900 cc. of the
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iiiixinie ^lidiild cuiispfiiiciillx lie ."),(l.">'j!4 ; I.Oii nv 4,7()() (4i'., i.e.

0,292 (xr. less than was louiid.

Table IV. Permeability to Cliloriiie.

<2iiantity of 1,10 n. AgNOj solution as nieasui'e lor tlie [lerc-ejitage

of chloride in

:

the serum I lie bloodcorp. lotal

normal i lO.OO :];i,34 143,40

with 0,27,, ^^^-'l- li".:^-i 34,i(J 144^50

uith i07„ H,0 112,20 3J,18 143,88

In experiment /; 0,2"/,, of NaCl was added to the serum. The
quantity of serum was 189 cc, consequently 0,378 (h-. NaCl was
added. Out of this H3 cc. i/10 normal salt solution could have been

made, equivalent to as much 1 10 normal AgNO, solutioji. For the

blood-corpuscles and the serum together i^onsetpiently also (i3 cc.

solution more would have been required, H linds howcvei' onlv

1,1 cc. more.

In experiment c 10",, nf water was added to the serum or 18,9 cc.

For 300 cc. of the diluted blood 1 43,40 cc. AgNO^ solution were
required. For 300 cc. of the diluted blood consequently 300:318,9
times 143,40 or 134,9 cc. are i'e(|uired i.e. 8,5 less than H found.

Consequently we see Ihal in ihi-ee of the four experiments that

can be controlled the erroi's in the analysis are much greater than

the dilferences on which the conclusions are based.

We do not doubt but both inxestigators have made more than

one experiment with regard to each ion, but we may likewise admit

that an investigator who in his publication communicates onlv one

single experiment out of a series, will certainly choose such a one

as he classes with those that have oHered the best result. Conse-

quently there is no reason to siq)pose a priori, that the experiments

that are not mentioned, had more exact results.

Therefore, in my o|>iui()u, one will act wisely iiy jutt modifving

one's views aboui I he jiermeability of the red blood-corfiuscles on

the authority of the investigations discussed abo\e.

E R I{ A T A.

In the Proceedings of the Meeting of April 29, 1910:

Vol. XII. p. 813 1. 2 and 9 from the top: for fil°.9 read 64°.9.

,, „ ,, 832 1. 14 from the top: for 5 read 0.5.

1. 10 from the bottom: for 1.3 read amply 1.3.

„ XIII. ,, 382 plate: to interchange the subscripts Fig. 4 and Fig. 5.

(November 24, 1910).
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Physics. — " Quasi-associatio7i or molecule-complexes." //. By Prof.

.1. D. VaN dek Waai.s.

(Communicated in the meeting of October 29, I'.tlOj.

IX. A aubstaiice in quasi-association considered as a hinanj system.

Wlien a substance is in a state of qua&i-assoeiatioii, it consists of

molecules witli (lifferent properties, viz. simple ones and complex

ones. Wc have simplified in so far tiuil we have only supposed two

kinds of molecules, simple ones and «-fold ones, tlioui^di it is pro-

bable, especiallv- when ii is great, that it may have a varial)le \alne.

In this case ;/ must be considered as a mean value. Of the com-

plex molecules we have to consider the volume n times larj^er than

that of the simple molecules, and wc have come to the conclusion

that the attraction which exists between the molectdes has a twofold

effect then. First of all it brings about the aggregation to molecule-

complexes, and for another part, but then to a diminished amount,

it lemains present as molecular pressure. For that molecular

pressure a is diminished In ^/ I 1 —
_^

I . That this aggregation is to

be expected when the molecular attraction diminishes exceedingly

rapidly, and only makes itself felt at distances which ai'e compar-

able witii liie mean distance of the molecules, had already been

foreseen by Bot.tzm.ann, as Debye remarks. (Ann. der Physik J 910).

IJul then it should also be accepted, in my opinion, (hat this is

accompanied by a decrease of the molecular pressure.

That such an aggregation, called by me ({uasi-associalioii, exists,

I derived in the preceding first part (These Proc. June 1910) from

the (iifferences which the experiment presents with every equation

of stale for which such an association is not assumed. For it was

demonstrated there that the assumptioii of a as temperature function

is not to be reconciled with the course of the existing differences. I

It has also been shown at length that the assumption of h as tem- i
peralure function cannot account for the existing differences either,

though 1 referred for the proof to van Rij's thesis for the doctorate.

That also other suppositions concerning the value of the molecidar

pressure are insuflicieni to do so, 1 have stated, though 1 have

oniilled the proof. And to increase the confidence in the existence

of this quasi-association I will prove this here first of all. To a

a
\alue of the mole^'ular pressure of — corresponds a value of the
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1 a
energy of , and a value of

(i— 1 f."—

'

a a

T dp \ 1 r/-' V~' 1

2'^^P jAp^',''. „ 1 Pi''-'-?/-'

p (Z2' J a ft—

1

9i
— 9j

while

\pdT Jkr a

By division of the two last equations by each other we find

:

1 + ¥) z= 1 + [/l—m — = —
2 fX

—

1

/^M_/^!

Tlie last term has a value of ^ 1 for fi r= 2, a value of

i
1

1 — 4- ~
I

[ for [i = 3, or a value of 1 -(- y (1— ??i"i as — =
I KQic Qi-J

)

Qk

= 2!l + y(J-;H)S-

So the rapid increase of the quantity <f, whieli already amounts

to 0,1 for i — ??i = 0,01 according to the observations, is not even

explained by ft = 3, but would then amount to no more than 0,008.

7
A value of ft ^ — , which was put by Kleeman (Phil. Mag. Oct.

1910) would even be less adequate to do so.

For a value of ft between 2 and 3, <y also has a value

between and y (1 — m). Wo can namely show that for equal

value of 1 — 111, the quantity </ increases with ft.

(>a - • - {*'

Putting — = 1 n Aj and — = 1 — A,, we have namely:
Qk Qlc

1 (L + A,)/'-i- (I -A,)."-i
'""'^^.^ a:ta;

'

and from this follows :

dip 1 (l+A,)."-'7%7%(l+A,)-(l-A,)^-"AVp%(l-A,)

(l+'/)rfft (ft-l)= (1 + Ajy-i - (1 - A,)."-i

If we confine ourselves to small values of 1 — m, and so also to

small values of Aj and A,, we find

:

32*
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dtp 1 1 (1— 2

Moreover, if we confine ourselves lo small values of L^ uiid /L,

we find for I -{- <p tlie value:

(ft- ])(A. H- A.) + ^^ ~
^- ^g

~ ^^
(A/ - A,')

or

(,t-l)(A, f A,)

1 + '/ = M- '-'^ (A, - A,) = 1 + (fx _ 2) y (I - m).

1
.

7
So y- would be = — 7 (1 — m) lor ft = — , so \\\w\\ too small, at

least for \'ery small value of 1 — rii.

So we come to the conclusion, that tlie observations in the neigh-

bourhood of llie critical ])oint and a fortiori at lower temperatures

and greater density lead to the assumption of (piasi-association —
and if we then take a single value for n by way of siuiplificalion,

we have a binary system.

If we now determine the value of t(' at given temperature for all

possible values of x, representing the fraction present as simple

molecules by 1 — x, such a value of tp as function of x and v

represents a surface. It is true that on account of the possibility of

the transition of the substance from the simple to the ?i-fold molecular

stale i\v no moans all the points of such a surface represent slates

which can really occur. A second equation holds for the determina-

tion of those points of the tj)-surface which represent really occurring

slates. If the value of if- has been determined for constant weight,

fd%\i\
this second equation is given by I

— \=r-.0. If on the other hand we
\dx J„T

have determined the value of if' for 1

—

y simple and y complex

molecules, this second relation must be found by putting the molecular

thermodynamic potential for a comi)lex molecule n limes that of a

simple molecule. But, as immediately follows from the e([ualion

given in These Proc. October 1902, p. 30G, this may immediately

he reduced to the preceding form, if in the second case the value

of t|5 is first divided by the weight of 1 — y simple molecules and

y complex ones, so by 1 -j- («

—

J)//-

But whatever form we may choose for if>, we get a second e(|ualion

— and it follows from this that only a single curve lying 011 the

t|j-surlace indicates the really occurring states. This curve nuxy be

considered as the intersection of the tf'-surface with another surface
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ydxj
; and so we find the points of this curve by seeking the

dw J
smallest value of ij? in every section of the t[;-surface for v =
constant. Now too coexisting states will be given by points on the

tp-surface, for which the tangent planes coincide. If the double tangent

plane is rolled when there is a spinodal and also a binodal line on

the xji-surface, only one single position will be of significance for

really occurring states. The points of contact are then the points in

which the curve under consideration intersects the binodal curve,

the intersection with the spinodal curve giving the points between

which unstable states are found. When the temperatui'e has risen

to above the critical temperature of the substance, and so when no

coexisting states are possible any longei-, the discussed curve must

pass throughout its course, so between r = oo and v ^ b, through

points of the tfvsurfacu representing stable phases and so neither the

spinodal nor the binodal line can extend over the wiiole breadth of

the i|,--surface. At the critical temperature, the two points of inter-

section of the curve with the binodal, and also with the spinodal

line coincide, and so the critical point is a plaitpoint on the ip-surface.

The conditions for stability of a phase on the i|--surface of a binary

system are

:

^^ >0

and

or

dx^ J„T

d''}f\ fd-\\^ ( d'''i|j

dv' JzT\dx" Ji-'i' \dx dv

dv ),T^

dx'' AJ

and

\dvjx/xT

The last form mav be written

:

\dx)o

/d^\
\dx^)

'>o
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and so can assume the simple form wliicli liolds for a simple sub-

stance, either with or without association. For

dp
-.['^^ +(—^ —

dvT \dvJiT \dxj„'i'dv

From I
—

]
:= lollows by (liflei'culiation :

yd.vdvjr \d-v'J,.T \dxdT)^

("A "
\dxJoT

or

-^ dv ^ 1
—

1
<l'^ -

I
—

1
dT=z\)

or

^dxJ,T \d.v' JoT \d,vJ^T ^'

dp

r ,

d'^ V (^^ ) OT
So tor coustaiit value of 7 wo have — = ; if we sub-

dv fd'fp^

dx'' J:cT

d'V dp
.

stitiite this value for — iu tiie equation for — , tiie third eoudiliou ot
dv dvx

stability becomes:

dp f'^P^ V '^^ / »2

dv \dvJxT fd^^\

[d^JvT
as we had derived from the theory of a binary system.

So the limits within which unstable states are found, lie further

apart than would follow from I
^

)
=0. They are detei'mined by

CA'
\dvJxT d'xp

dx^

those

Only for the case that also (^| is = 0, they coincide with
\dxJi,T

or (A =0.
\dvJxT
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In harmony witii all tiiis is also the circurastanee that the oritioal

point of llie binary mixture for oonstant \alue of x slill lies in the

unstable region. In the critical point for a mixture with constant ,/'

dp\ dp
z^

I

=0, and so also — positive. Accordingly the critical point
dvJxT d'l

of the substance in association is a plaitpoint, as we saw above.

More similar remarks might be made, but all following fi'oni and in

agreement with the consideration of an associating substance as a

binary system.

X. Shape of the %p-surface.

For the i|'-snrface for constant weight we must assume for p the

form :

P

RT l~.x + all--

(v—b),:

if I—X represents the fraction of the weight that is present in the

form of simple molecules, and x the fraction which occurs as complex

molecules.

For the ifj-snrface for constant number of molecules we must put

;

n

_ RT L -^ ^ 2
-^

if 1

—

ij represents the fraction which is present as simple molecules

and y the traction which occurs as complex molecules.

Between the quantities x and // exists the relation :

1 — y 1—x

For both the terms of this equation represent the ratio of the

quantities by weight in the associated and unassociiiled form. Then

we tind

:

ny

1 - .K =

1 — y -\- ny

1 — .7 + «y

2
~

1 — y -t- ny
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Prom the equality of />, wlietlicr this quaiilitv is expressed] in ./ or

in y, follows

:

X
!-.. + -

n 1

of (y-/').y = {^—y^-ny) {v—b)j.,
{v—b).v {v—b)'y

ami

-^

—

-.— = 2
—^ or

'V/
= i^ — y + "y)'^i

"n

And so we find, what, indeed, mii;;ht have been pnl at once

''// = /' (1 —y + «.'/)

and so

:

nr
a 1

'> — bx{\ — y + "y) J'^'

The quantity hx is not dependent on x, and may be written without

index. In the last form we can apply with the greatest certainty the

criteria which have been found in the theory of a binary system to

determine whether we have a mixlure with decreasing or increasing

value of Tk or perhaps witii minimum value of T^. The latter

appears to be tlie case. The criterion for minimum Tk requires that

a value of // can be determined between and 1 which satisfies

the relation

:

1 da^i 1 dh^

a,J dy bij dy

With ay = all — y -\- —y] and ty = b (\ — y -{- ny) we find for

the determination of y the equation

:

n—

2

n — 1

1 ,
n I — y + ny

For y = the first term viz. ?« — 2 is smaller than the second,

Avhich then becomes n — 1. For j/ = 1 the first term is equal to

ti—

2

«—

1

.

2
, and the second to . So if 2n—4 > ?«— J minimum 7^.

n n

y ^
is present, so if ?j > 3. For the value of we find , and

1

—

y n{n—3)

a;
o

SO for the value
1

—

a;
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Fi-oin (he form of p as function of x we might also have arrived

at the same result bv investigating whether the quantity

:

HI
l-.r + -

n

can assume a minimum value for values of .i' between and 1. So

we might determine x from :

or
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Later on (These Proc. March 1902, p. 548) I thouglit I had to

conclude that tlic form;

I da,j f—2 dbif

( T <ip \
in whicli / = ( ,.„ , is more acoiiiale.

KP'i-'Ar

Then \vc have for the determination of // (ho eijualion:

n—2 /— 2 n —

1

n /—I 1—y + ny

The value of y satisfying this e(|nation is:

f—n 2

y =
f („__])(„_ 2)

If n>/, to which 1 have tiionglit I had to conclude, then >/ is

negative. In other words, then the jjoiiit of contact of the plaitpoint

line anil the curve of the crilical points does not occur. Hut this

does also awa}' with the principal reason why in the drawing of

the two /j,7-cnrves, viz. that of tiie plaitpoints and that of the critical

points, for mi.vtures with minimum critical temperature, the distance

of the two curves has been chosen so small.

The /^7'-projection of the ci'itical points begins at a temperature

given by in\ — -y^-'--, ends at A' 71= -7—-— t , and has a

s a /({« 2)
,

minimum temperature given bv RTkm = • bo whereas
»'(./— !)%(«- 1)

the final temperature is about or a little more than twice as high

as the initial temperature, the temperature has first run back, and

has fallen to the

«(n—2) 1

part of the initial temperature, so only a little lower than this, for

2 2
X =r —— or w = . The \alue of pk has continually

n—\ -^ (n—1)(«—2)
'

a 1

descended. In the initial point this value amounts to 7-^-^—7->

/n—2Y
at the minimum temperature it amounts to the I r I part of

a Cn—2\ 2
r—

I
, so to somewhat more than - ot the original amount —

bcf\n-\J 3
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and the tinal value is the - part of the initial value. The temperature

for the curve of the plaitpoints of course coincides with that of the critical

points for 7^., ii'id for T/,-^ , but is higher for all intermediate values of .t or

y. Only if there should be a mixture for which the two curves are in

contact, the^' will of course again coincide. If this point of contact

exists, which if we start from the initial point, lies before the point

where minimum temperature exists, it follows from this that also the

plaitpoint curve must begin with retrograding to lower temperatures.

But this cogent reason for the retrogression of the plaitpoint line is

wanting here. And so the question may be raised, if when this

point of contact is absent, the plaitpoint line may perhaps begin

with running to higher temperatures. For the particular ij^-surface

of an associating substance the answer to this question is of no

or rather of very little importance. But for the theory of the binary

systems in general it is of greater importance. If the question should

have to be answered in the affirmative, the 7',,r-projection of the

plaitpoint line need not present a miiiiniuni for 7),/ , and the existence

of double retrograde condensation, which I discussed (These Pi-oc.

March 1909) would not be necessary. Then we meet, however, with

other difficulties, which 1 cannot discuss here.

For the tfj-surface of an associating substance the matter would be

settled if it was possible to prove that the value of Tk for the

substance when there is no association is just as high as or lower

than the value of T^i in the case of association.

If we seek 7';. for the case when :

ET a

p
V-—b v'

we find for the determination of 7\ :

(v—by- \ dv)
~~

v'

and for the determination of v :

d'b

db\ dv^ 3

or

(y

—

b)\ dvj db

dv

d'b

V

V

V—by dvJ

db\ V dv^ 3''^

X'-^)
'
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l^nt even tliougli we restrict ourselves to llie simplified form :

the determination of v requires tlie knowledge of a, and also the

determination of r becomes uncertain and so also the deterniiniitioM of

:

2a {v—by 1

RTk
db

1 —
dv

MRT v' — 2a{v-b)-

a 1

ll ai)|)ears that /r/\. differs verv little from —-—(p.llSThese

Proc. June J910). But whether this difference is positive or negative

is not to be stated with certainty.

For the present I shall have to leave tiiis an open point.

In the equation

2 ^ \a,j di/ dy

(of § 2i Cont. II) there is, indeed, a means to be found to get

information about the different circumstances in the course of the

spinodal line in the immediate neighbourhood of the axes .r ^ and

x = \, at least qualitatively, for mixtures for which the minimum

value of Tic lies at very small value of //. The iibove simple

equation namely holds, if ^,(7, :=«,,', wliicii will be the case for

quasi-association.

Let us put the value of 7' equal to Tu for // =: 0, and so

MRTv^^ ^2a^ ^Vi—6,)% anJ further, what has always been assumed

dbu , 8 ttj

in the derivation of this equation —^ = and MRTk^=-—T- and
dv 27 Oj

Let us now seek how many points of intersection a line v= v.^

( n—2 \
,

possesses with the spinodal line. As a^ =: r7i (
1 -| ~^y\ ^"^

i,,= 6i[l + (?2—l)y]. the above equation becomes.

2/(1—2/)

2

or if we divide by 8 n^h^-

:

/ n—2 \'
/ 36,(n—2) , l

'

+ -T-^ \
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If for ( =: or .V = 1 we had just minimum critical temperature,

then :

'1 da,f\ _ /I db,,\

^«v dyj, \b,i dy),

would he, or n— l^n — J, which might only be put for ?? = co

;

if the above mentioned point of contact of plaitpoint line and critical

line was just there, then would be:

or

3(«—2) = 2(n-l)

which would hold for n = 4. Assuming intermediate properties for

the initial point, we must put

:

1 da,/\ _ ,
/l '%

2 2

in which k lies between 1 and -
. That I put here —

, and not as
3 o

j' 2
above is in accordance with what I have said about the

/-I
simplifications which have been applied in the derivation of the

discussed equation.

So we have here:

(n-2) = ^-(«—1)

So k approaches unity in connection with the high value of n,

and the minimum critical temperature lies only a very little distance

from the axis x = 0.

Now we have to examine the value of // in the equation:

For y = this equation is satisfied, and so the critical point for

X ^0 is a point of the spinodal cur\ e. It is self-evident that the

line iJ =: r, can only present points uf intersection with the branch

of the spinodal line which lies on the liquid side. If we divide both

the members of the equation by y, we get a third-power etjuation

appaicntly, which, however, simplifies to a 2"'' power equation, because
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llie iiuantitj —
1/ occurs in holh incml)ors, wliicli quan-

tity' accortliiigly is cancelled. Tliis quadratic equation can either lia\ e

two positive roots, or one positive root and a negative one, which

depends on the value of 11.

Hut without ascertaining the significance of the different points of

intersection in connection with the number of the roots of the equa-

tion we iuiniediatelj find for small vdlaes of y an answer to the

question which ha^ been put here, if we replace the ecpiality of the

two members of the equation Ity, what is the criterion of stability,

/ n—2 X / M—1 \= ^ y(l—v)

or for small \alue of ?/ bv :

(~7>2/> -r- y

So when I
j
^1, the spinodal curve extends over the whole

breadth, and the temperature must rise above Tu from the very

beginning.

We might make this result more comprehensilile by observing that

for a mixture with minimum critical teniperatuie splitting up of the

line = takes place at (7/,)„„„; but that splitting up ot the
dv°

spinodal line does not take place until higher tenqierature, and

then at another value of y, too. So the doidile point sidfts, and

according to our result, to the side from which (T*),,,,,, is not far

distant. For I

J

= 1 the double point reaches the edge. For

smaller value of n it does not reach the edge yet. On account of

the approximative character of the equation under discussion all this

can of course, not be considered as a conclusive proof, and the result

will not be numerically accurate. But the result is in such close

agreement with what we could expect a priori, viz. that it must be

possible that the plaitpoint line rises at first even for mixtures with

{Tk)„,in, that I think tliat we may safely assume this possibility. But

all this can only occur if the value of //, for which 7> has nunimum
value, is very small. If y for (7)),„,„:= 0, this would be self-evident.



( 507 )

Physics. — -"The critical pheiwniena of dissolution of mixtures

with normal components examined under variable pressure.""

By Dr. Jean TiMMERMANS. "Van der WAALs-fonds" researches. I.

(Communicated by Prof. J. D. vander Waai.s).

(Gommiinicated in the meeting of October 29, 1910).

J. I'urpose of the irivesti</iifion. (Jhoice of the examined mixtures.

As a continualion of a preliminary ^vork undertaken kxst year^),

I have now taken in hand the detailed quantitative examination of

the critical phenomena of dissolution under variable exterior pressnre
;

in this llrst paper I shall examine the particularities w^hicli the study

of mixtures of normal substances with an upper critical temperature

of dissolution offers from this point of view; 1 think I shall have

to enter into details concerning the mode of working and observation

of these phenomena, which ha\'e not been studied as yet with so

muc(i care as the critical phenomena of evaporation.

I have fixed my choice oji the three following mixtures : cyclohexane

4- aniline, whose critical (emperatiire of dissolution (C.T.D. = 3 1°,05)

rises on compression, and which therefore belongs to the type of the

splitting up of the plait[)oint line; nitrobenzene-(-hexane(C.T.D.=21°,00)

and -|- isopentane (C.T.D. = 32^,20), mixtures whose critical tempe-

rature of dissolution falls on compression, and which therefore belong

to the lype of the retrogression of the plaitpoint line; the similitude

• of composition of these two latter mixtures will enable us eventually

to draw comparisons between them.

To obtain reliable results in the determination of the critical

temperature of dissolution, great i)urity of the components is absolutely

necessary, as former invesligatioiis have sufficiently shown ^), (cf. e.g.

Ki'enen's experiments ").

The five com[)onents used in llie course of this inxesligalion

have therefore been purified with much care; the details of the

methods followed are found in a preceding publication"); it will

suffice to say here that the specimens used were provided by

Kahlbaum. and that they had been subjected to fractional distillation

till their boiling-|>oint was absolutely constant. The isopentane and

the hexane had previously been sulijected to the chemical treatment

recommended liy S. YoiNO; the aniline was almost colourless after

distillation, the nitrobenzene pale yellow; the cyclohexane had been

prepared by reduction of pure benzene by the method of Sabatier

.and Senderkns; then it was purified by repeated treatment with a
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mixture of sulpliiiric and iiiliir ucid iiftcr which the lawt Iraces ol'

benzene were extracted l)v repealed crystallisalion, til! the temperature

of solidilication was perfectly constant.

Tlie pure substances thus obtained posscvssed the constants given in

table N°. 1; in the successive cohiinns are found: the name of the

examined substance, its temperatures of boiling and of solidification and

its density at 0" compared with water taken at its maximum density 4°.

TABLE N° 1.

Examined

substance
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fixed; for tubes longer than 20 cms., like those I used, this protect-

ing range would be excee^ded, and the resistance of the tube would

be greatly reduced.

Another cause of the fragility of the glass tubes of larger bore is

found in the phenomena of tension, which are the inevitable con-

sequence of the manipulations to which the tubes are subjected in

the course of the experiments and during their preparation ; it is of

course the abrupt variations of temperature that are particularly in-

jurious from this point of view, bnt the influeuce of tangential pres-

sures makes itself also often felt, chiefly when the tube is no lon-

ger sutficiently rigidly fixed in its mounting of copper on account of

a' local loosening of the joint, either in consequence of a rise of

temperature, or by the action of a solvent.

A last difficulty arises from the necessity of subjecting the whole

of the mixture to the action of the stirrer; therefore it is impossible

to use as usual tubes drawn out to capillaries, which are easy to

fuse firmly together; part of the liquid would stay behind in the

capillary, escape the action of the stirrer, and vitiate the apparent

concentration ; on the other hand, if the tube is fused after being

filled, not at the capillary, but at its termination, it is impossible to

make the cooling of the glass take place regularly; such a tube will

always break under a weak pressure, often even at last the point

will burst spontaneously at the ordinary pressure.

To avoid the diiiereut difficulties which have just been

(/^S indicated, I have finally adopted, after endless fruitless

l|( attempts, a mode of filling which is at the same time

"^^
' simple and rapid, and meets all the requirements men-

tioned before. The Caiij.etet tube is drawn out at its up-

l)ci- part to a long very narrow capillary bent double

iu a semi-circle downward, parallel to llie test tube (fig.

1 ) ; the bore of this capillary passes by an abrupt change

into that of the test tube, to avoid the stirrer from

sticking fast in the monfli of the ca[)illary.

I| To fill the test tube with the li(|uids which are to be

I
examined it is first completely filled with mercury, which

I is on a level with the free end of the capillary ; then a

small dish containing one of the liquids is placed in such

a way that the extremity of the capillary is exactly on

a level with the surface of the liquid, and then by slowly

lowering the pressure, we siphon a fixed quantity of

this liquid into the tube ; slight alternative variations of

33

Proceedings Royal Acad. Amsterdam. Vol. XIll.

Fig. 1
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pressure llion enable us (o drive ou( the las( air-lmlililc thai had adiiered

between the tube and the stirrer ; Ihon we preserve (lie coiistaiit pressure,

wait till the level has become conslant, after which we ean take awa^'

the dish to determine the quantity of this first eomi)onent brought

into the test tube, from the diliercnce in weight. This operation is

repeated for the second component of tiio mixture; the latter, which

is tlie lightest, is generally- also the least viscous and lakes along

with it the traces of tiic first litpiid, which had adhered to the ca-

pillary ; it is easy to regulate at pleasure the (juantify of the second

component, whicii is thus brought inio the tube. At last when the

proportions required for the mixture have been reached, a small

quantity of very pure mercury is siphoned through the capillary which

washes its walls; when the capillary is full of mercury, wo stop;

freeze the mercury with a piece of solid carbonic acid soaked with

alcohol, and fuse the capillary full of mercury together without any

difficulty : the adherence to the glass suffices to keep the mercury

further in its place. In this way we have obtained a mixture of

known proportions, placed in a tube excluded fn mi the air,

which is kept between the meniscus of the mercury in the lower

part of the test tube and the drop of mercury in the capillary ; so it

can be energetically stirred everywhere.

A tube filled in this way can resist a pressure of about 250

atmospheres over a length of 50 cm. with an inner diameter of 2

ram. and an outer diameter of 10 mm.; when the tube breaks un-

der the action of high pressures, it is not in consequence of a local

flaw, but because the limit of elasticity of the glass has really been

exceeded; the rupture of the tube simultaneously all over its length

and into very numerous fragments proves it convincingly.

3. Methods of measurement.

When the apparatus has been mounted, the temperature of mixing

under different pressures must be exactly determinetl.

The regulation of the temperature was obtained by iuinierging the

test tube into a heating bath of a capacity of 40 liters, which

was rectangular, and two opposite sides of which were replaced

by glass, allowing the observation of the tube, which was lighted

from behind by means of an electric lamp. The Caillktet tube

reaches the bottom of the bath through a circular aperture left foi-

this purpose, which is closed by means of a metal lid or a

rubber stopper; escape of luke-warm water must be prevented here,

for the mastic of the glass-copper joint might melt and the tube,
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subjected to tangential pressure, runs a risk of breaking; tirially

the batli is provided wilh a mechanical stirrer and a thermo-regulator

of OSTWALD.

The temperature is indicated by a Beckmann thermometer, which

allows us to distinguish the thousandth part of a degree with a

magnifying glass; the thermometer is incapable of following very

rapid variations of temperatiue, but when we keep within a narrow

range of almost constant temperatures oscillating between some hund-

redths of a degree round the critical temperature, its indications are

exact on condition that it is subjected to some abrupt shakes every

time before the reading to overcome the inertia of the colunm of

mercury ; what shows this clearly is that the critical temperatures

read both with cooling and with heating of the mixture, coincide

absolutely. The absolute value of the temperatures indicated by the

Beckman!S thermometer, has been obtained by comparison with a

1

normal thermometer which gives — degree; for this purpose the
D U

two thermometers have been placed side by side in the heating bath,

their columns completely immerged.

The pressure was measured on a metal manometer of Schaffer

]

and BuDENBERS, graduated in — atmospheres allowing by means of

a mirror in which the image of the needle is reflected, the obser-

1

vation of — atmosphere up to 25t) atms. ; ihe indications on this

manometer have been corrected by means of the Schaffer and

BuDENBERG "pressure-balance". Here too it is necessary to overcome

the inertia of the manometer by repeated shakes, and we must avoid

as much as possible variations of the pressure however slight in

the course of the measurements for fear of causing errors in the

critical temperature as a consequence of the van dek Lee effect (§ 6).

The constancy of the indications of the manometer is proved by

the concordant values of the critical temperature observed several

times for a same mixture and under a same pressure. We must

remark here that the data of the manometer have not been corrected

for the pressure of the mercury coUimn in the Cailletet tube, a

correction which may be neglected, and is moreover, almost constant.

The stirring of the mixtures was brought about by Kuenen's elec-

tromagnetic stirrer; the circuit of which was immerged in the

heating-bath itself, and was guided there by two \ertical rods, lest

its irregular movements should bring about shocks, and cause the

rupture of the tube. The electric circuit is provided with an intev-

33*
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riiptor, without wliicli llie caloric radiation einitfcil hy llic magnet

iiiiuiit locally \iiialc llic iiiilicalioiis of llie lemperaliu'c ; during tiie

few moments necessary for stirring the mixture, the rise of tempcraturo

is too slight to inlliionce the phenomena which take place in the tube,

of whiidi I have been able to convince myscll' b)" conti'ol experiments

al constant lemperatnre and closed electric circuit without slirring.

Another cause of error already pointed out by Kuenen in the use

of the stirrer proceeds from the momentary elevation of the tempe-

rature, which takes place after the movement of the stirrer inconse-

quence of its friction against the glass tube; if e.g. we keep the

mixture at a temperature only very slightly below its critical tempe-

rature (some thousandths of a degree), it has the appearance of a

white, opaque, and homogeneous cloud (see § 4), and if we then move

the stirrer, we see very distinctly the liquid get clear for a moment

after its passage, which accordingly is marked by a kind of trans-

parent streak, which, however, disappears again almost at once. The

stirring has, tlierefore, brought about a local elevation of the tem-

perature to above the critical temperature. So to avoid this cause of

error, it will be necessary to avoid the use of the stirrer during the

measurements themselves; moreover it would be useless, for if we
make the temperature oscillate round the critical temperature, the

mixture always remains homogeneous, even below the critical

temperature.

4. General aspect of the critical phenomena.

Let us now in detail examine the aspect of the critical phenomena

observed in this case, in such a way as to be able to define very

accurately what we understand by the critical tenqierature. When
the temperature is sufliciently high, the mixture is homogeneous

and oflers no visible particularity ; when the temperature is lowered

gradually the critical opalescence is seen to appear at a temperature

of about half a degree above the critical point; this opalescence

increases gradually, it is very intense al I or 2 hundredths of a

degree above the critical temperature, though the liipiid remains

entirely transparent; then all of a sudden the liquid is invaded by

a white, opaque cloud, which prevents us from seeing the wire of

ihe electric lamp placed at the back ; this cloud does not break up

or only very slowly (5 minutes or more) into two phases if we
keep it at a temperature a few thousandths of a degree below the

critical temperature; when we then raise the temperature again we
see the liquid suddenly become traiisjiarent and homogeneous again
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witliout slin-ing being nccessarv ; tiiuilly when tlie temperature falls

still more, we see drops of the two phases clearly separate, beginning

at a hundredth degree below the critical temperature; soon these

drops re-unite, and the two phases appear separated by a meniscus,

which is flat at first, but which curves more and more downward,

when we get further from the critical point ; the curvature is not

appreciable before some degrees below the critical point. In this

succession of phenomena I have chosen as critical temperature the

temperature at wliicli the white cloud appears in the transparent

liquid; it is, indeed, this temperature that can be fixed most accurately

in the succession of states observed.

The critical opalescence is very distinct in the examples which I

have just studied ; it is impossible to indicate the exact temperature

at which it appears, but an experienced eye already recognizes traces

at I degree above the critical temperature ; it is visible by reflection

looking like a bluish cloudiness long before traces can be perceived

by transparence ; by transparence it can hardly be perceived before

1— degree above the critical temperature, owing to the orange colour

which the electric light assumes on its passage through the Cailt.etet

tube; then the intensity of the opalescence increases rapidly. At a

hundredth degree above the critical temperature the aspect of the

liquids is really beautiful: by reflexion the liquid emits a greyish

blue very intense light, and appears quite opaque; by transparence

on the other hand, it is still clear, but has taken an orange-red tint

with green reflections due to the movements to which the liquid is

subjected in its mass; when the liquid becomes opaque, the cloud

which forms when it leaves the walls is on the other hand white ; 1

have not been able to observe anything resembling a rnaximuui of

intensity of opalescence at a temperature somewhat above the critical

point, as Travbrs and Usher did for pure ether*). This diiference

may be owing to a difference of opinion about the e.xact delinition

of the critical temperature.

Here follows the description of an experiment : the \'u[uu\ was

lirst brought to a temperature above the critical region, and long

shaken, till it was quite homogeneous, and till the equilibrium of

the temperature had set in; then the temperature was slowly lowered

degree a minute
) , without shaking, and once a minute the

100 J
temperature of the bath and the aspect of the liquid was noted

down; when the critical temperature had been reached, half a minute

generally sufiiced for the opaque cloud to pervade the liquid
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complotcly. am] tlio orilical l(>Mi|)ci;iliire was taken as moan of th6

teni|ierutnre.s at wliicli llic clund l)c;i;an lo ap|)ear, and at wliicli the

liciiiid was perfecll^v opaque. From tliis moment the lemperatiiie was

made to rise slowly, and the temperature was observed o I which the

li(|nid got clear; these variations of temperature were repeated several

times keeping them between very narrow limits [— degree); then

the li(|nid always remained homogeneous without the intervention

of the stirrer, the tem|)eratnres of opaqueness and of clearness obtained

in this way generally agreed down to some thousandths of degrees

without it being possible to detect an effect of retardation of the ther-

mometer in cooling or heating; this is also in haruioiiy with the

theory of van dek Waai.s, according lo which phenomena of super-

saturation are impossible at the critical point.

So it follows from these experiments that it is easy to determine

in these conditions the critical temi)erature to 2 or 3 thousandths

of a degree; the repetition of the experiments really furnishes

absolutely concordant results, and shows once more the extraordinary

sensibility of the critical phenomena to the influence of the tem-

jierafure.

5. The critical concentration and the Cagniard de la T'our phenomenon.

The phenomenon of Cagniard de i,a Tour, known with regai-d

to pure fluids, is here found baclv very cleai'ly : the meniscus ajipears

and disappears not always halfway up the tube of tlie mixture, but

at the top or at the bottom of the tube; the critical opalescence is

also often irregularly distributed in the liquid. The same causes which

bring about the phenomena in the pure liquids: great Aariability of

volume and influence of gravity, are found back here; their action

must be greatly increased by the presence of traces of impurities

(dissolved air and moisture), which it is particularlj^ difficult to prevent

during the long process necessary for the preparation of the mix-

tures. Besides the existence of the Cagxiard de la Tour phenomenon

alone permits the exact determination of the critical temperature of

dissolution under variable pressure ; for the preparation of liquids

of exactly the critical concentration would be exceedingly laborious

if not impossible.

To bring mixtures of a determined concentration into a test tube

is, indeed, exceedingly difficult on' account of the small quantity of

liquid with which we must work : the loss of 1 mgr. on 200 mgr.

of substance already represents an error of 7//o • Indeed, if we trv
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to prepare mixtures of tlie same concentration, we always observe

variations round tlie critical concentration in spite of all precautions,

as the various heights at which the meniscus disappears in the

Cagniard de la Tour phenomenon prove. It is, after all, at least as

difficult to realize exactly the critical concentration of a mixture as

to measure the critical volume of a pure liquid; so it w^ould be

better in the two cases to take an indirect course for fixing these

constants and make use of the law of tlie rectilinear diameter. The

feeble variations of the critical temperature (less than 0^.1) which I

observed when I successively examined ditferent quantities of the

same mixtures are perhaps solely, due to inevitable variations of the

concentration.

On the other hand too only the phenomenon of Cagniard de la

Tour enables us to study the variations of the critical temperature

of dissolution with the pressure for a single mixture, for strictly

speaking there exists only one temperature corresponding to one

pressure for every mixtui-e of a definite concentration. Indeed if we
consider van der Waals' iWA'-diagram for the simple case of the

retrogression of the plaitpoint line (fig. 2), and project the course of

^



( -"'le )

iiif^ly line siiiglo, well ilcliiicd crilK-ul coiicciiliiilioii .'„ currc s|i((1h1s

to every critical volume />„ ; it is evident tluU lliis holds too lor tlic

critical temperature and pressure. So wiihoul llie plienomenoii of

Cagniaiu) 1)k la Tom it would only be |)ossililc to observe a siuglc

critical temperature for every uiixturc; forluualely the critical phe-

nomena are measurable over a pretty large range of concenti-alions,

and the inclination of the plailpoint line 'o the axis of the con-

centrations being generally slight, \vc can delernnnc a considerable

portion of it with a single mixture. (This is not always the case

when the critical phenomena of dissolution lake place in the neigh-

bourhood of the crilical temperature of the components — compare

on this subject Kik.nkn). ")

So if the theory of van uv.r Waai.s, which lakes the critical line

of dissolution as a |)art of the ordinary plailpoint line, is correct,

we must be able to ob.serve variations of the relative volume of the

two phases in e(piilibrium in the critical region, when we vary the

concentration; it is this, indeed, that I have observed when comparing

the volume of llie two liquid layers of a same mixture under very

different pressures; the following table 2 gives some examples where

the volume of the layers is expressed as function of the number of

cms. which they take u|) respectively in the Caii.i.ktkt tube.

TABLE K°. 2.

Isopentane + Nitrobenzene (S^d
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the second, on the oilier li;iii<l. we ,i;,et furlher fVoiii il, i( coulaiiied

too litile cyclohexane. In the two cases the iiiclinatio]! of tlie |)hut-

point line takes place in the same sense: the critical concentration of

the lightest and the most volatile component increases with the pressure.

This fact proves that a theory drawn up on this point by Ostwald ')

in opposition to van der Waai.s' views is erroneous, as Buchner ")

had already pointed out : Ostwalu distinguishes between critical

points of the 1^' order for pure liquids, which would not vary with

the pressure — of the 2'"' order for mixtures whose critical tempe-

rature of dissolution would on the other hand vary with the tem-

perature. This conception implies a constant critical concentratioji

under difterent pressures, which is in contradiction with the preced-

ing data; so it is only improperly and by extension that we can

speak of the influence of the pressure on the critical temperature

of dissolution; properly speaking there is for every mixture, as is

the case with the critical temperature of vaporisation only one critical

temperature corresponding to a definite pressure and volume.

6. Tlie VAN DER Lee effect.

I will now describe some new observations concerning a very

curious phenomenon, which I propose to call "the van der Lee

effect", because when prei)ariiig his thesis for the doctorate ') in the

physical laboratory of this university, van der Lee was the first to

notice this phenomenon : his observations referred to the system

water-phenol, and have not been repeated as far as I know. The
VAN DER Lee effect consists in this: when this mixture, after having

been first compressed, is made to expand suddenly, being kept at a

constant temperature very little above the critical temperature, we
ought simply to observe that the licfuid, already homogeneous under

high pressure, remains so equally under low pressure, because this

mixture belongs to the type of the splitting up of the plaitpoint line,

and that its critical temperature falls with the pressure. The ob-

servation, however, yields an altogether different result: we see on

the other hand the liquid, which was clear at first, get very turbid,

a white cloud appearing as precursor of the separation into two

phases; but this period of opaqueness is short, and soon the liquid

becomes clear again, and remains so definitively.

To explain this strange phenomenon van der Lee justly points

out that the work of expansion must produce a passing cooling of

the liquid ; if the thermal changes with the thermostat are not

instantaneous, this cooling may be sufficient to reduce the mixture

to a temperature below its critical temperature; but soon the equi-
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lil)riiiin will yet in ayaiii, uikI the li(|iiiil will reliini to tlie region

above the cnlieal leiiiperalure. So the Van dkh Li'.k effect would be

due to the cooling which accompanies the expansion of a compressed

li(|ni(l near its critical point, the eirect oi" which is used in the com-

mercial production of liquid air.

Van ukr Lkk has set forth this theory as a purely provisional one,

and without supporting it by decisive jiroofs, which I tliiidc I can

now furnish. At (irst when the opaque liquid reassumes its trans-

parency, we see very clearly the region of transparency proceed

gradually from the walls towards the centre of the tube, according

as the wa\e of heat |)ropagates. In the second place besides tli6

preceding phenomenon, I have often been able to observe the reverse

for the system cyclohexane + aniline. Starting from an opaque liquid

kept at a temperature very little below the critical one, 1 abruptly

raised the pressure; the liijuid should remain opaque because here

the critical tenqierature rises by compression; but quite on the con-

trary, it began by getting temporarily clear, and it is only after-

wards that it got turbid again beginning at the walls; this phenomenon

is, however, not so pronounced as the reversed one, but it is e\i-

dently due to the same cause: the heat of compression.

Finally, and this seems to me a decisive proof, in the course of

my numerous experiments on more than seventy mixtures, 1 have

often observed the van dek Lee effect in the case of the splitting up of

the plaitpoint-line (water + phenol, cyclohexane -f aniline), hardly

t

P
Fig. 3.
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ever in tlie case of retrogression (iiilroboiizene -|- liexane or isopentane).

This opposition is easily explained when we compare the shapes of

the two following lines in the p^diagram (fig. 3—6) : the plaitpoint

line AB and the curve CD, which represents the succession of states

P
Fie

t

P
Fis. 5.
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tliroiip,!) wliicli llie inixliirc passes wlicii subjecicd Id nil c\|)aiisimi

(fig. ;{ and 4) ov to an al)iii|il ((iin|)rt'ssi()ii ((if--. 5 and (!).

t

P
Fia. 0.

If there is splitting np of the plaitpoint line, the line ^-li? descends

slowly beginning with high pressnres, the onrve CD being greatly

concave ; so these two lines have every chance to intersect twice,

once in M, when the litpiid will get tnrbid, the second time in N,

when it gets clear again, it is snfficient for this phenomenon lo take

place that the initial temperature is very little above the critical

temperature of the mixtTire under this pressure, and that tiie expansion

is sudden enough, and consequently the concavity of the curve

CD pronounced enough ; moreover in the case of splitting \^\^ the

line AB descends only very slowly (less than 0',03 per atmosphere),

which promotes the effect. In tlie case of retrogression of the plait-

point line, on the other hand, the abrupt expansion has the effect of

making the liquid turbid starting from the point M, much quicker

than when the expansion had been isothej-mal (cloud only in ^V),

but when the liquid has once entered the infra-critical region, it will

remain tliere, and the van der Lee effect cannot take place. The

consideration of the two following figures, which deal with the

reversed phenomenon, will sutHice to show that the facts are of the

same order.
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The VAN DER liEE effect is eas}' to obtain ; reduction of tho iiressiifc

b\' some atmospliei-es suffices to bring it about when (he expansion

is sntKicientlv sudden, and tiie initial temperature favourable. So it

will be necessary to take this phenomenon into account in ((ualita-

tive observations, when the pressure is made to vary rapidly to

prevent our contbundinsj,- cases of splitting up of the plailpoint line,

complicated by the van der Lee effect, with cases of retrogression.

The remarKs noted down in table 3 show how clearly the effect

was observed.

Table 3. System cyclohe.xane + ^T^^'ii'ine- C. T. D. under JOG atms.

of pi-essure =r 4^,05 (Beckmann thermometer).

Fall of pressure at 4°,0*^ Intensity of the van der Lek effect.

J 00—90 atm. \'ery great.

100-95 „ „ „

100-97 „ great.

J00—98 „ weak. j

100—99 „ hardly visible. !

7. Course of the phtltpoiiit litw under variable pressure.
j

In the tables 4, 5, and 6 I have collected the experimental data

obtained for the variation of the critical temperature with the pressure;

these tables are composed as follows : in the first column the pres-

sures are indicated in atmospheres — in the next the critical tem-

peratures observed under these different pressures for the different

examined mixtures: at the head of each of these columns the number

of the exannned mixture is indicated. The critical temperatures

observed under higher pressures are expressed in thousandths of

degi'ees, with the number of times that the measure has been repeated

between parentheses; to facililair the comparison we have reduced them

to the same scale of temperatures, representing by 0^000 the critical fem-j

perature examined under the feeblest pressure. In the last column but one

the mean of the ol)ser\'ed critical temperatures is given for every

pressure, with in thousandths of degrees the maximum difference

between the various observations — and the last column contains

dt

the value of —-, the variation of the critical temperature for a change
dp

of pressure of 1 atm., measured separately between the different

limits of examined pressures.
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At the licad of every luble (and under il) some remarks are

found on tlie parlicidaritios ollered by evei'V niixlnrc (|)OHilion of

the meni.seus, intensily of (lie eritieal opaleseenee, etc.), beside.s tlic

total weiglit of the examined mixture, the coneentratioii of the 2'"'

component, c.xjjressed in percents by weight and the absolute vabie

of tlie critical temperature reduced by extrapolation to the pressure

of one atmos-phere to facilitate comparison.

T A H L E N° 4.

System Cycloiiexane -|- Aniline.

N" of the mixture
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excess of aniline, for tlie meniscus disappeared at the top of the

test-tube, but we were in tiie critical region with its tine opalescence.

TABLE N^ 5.

System Isopentane -)- Nitrobenzene.

N° of the mixture
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T A K L E N°. 6.

System Ilcxaiio -(- Nitrolicnzene.
••

N\ of the mixture Total weight

1
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line gradaally ascends. So we are probably very far I'rom tlie point

where the plaitpoint line passes through a maximum temperature

(point /), before it finally descends, and it is even ver}' well possible

that this point is not yet reached, when the plaitpoint line cuts the

line V = b. So in this case it would be impossible to make the

components miscible even at the highest pressures.

The two examined cases of retrogression (nitrobeiizene -{- hexane

Fig. 7.

and isopentane) lead to a similar statement: the value of — which
dp

is pretty high at feeble pressures descends very rapidly : for the

system nitrobenzene + isopentane, it reduces from — 0°,0413 to

-^ 0°,0200 (at 250 atm.); for the system nitrobenzene -|- hexane it

falls from — 0^0186 to — 0^0122 (at 200 atm.). So it seems that

the plaitpoint line tends to become parallel to the axis of the pressures

and in this case the mixture could not be rendered homogeneous
either at every temperature, even by the highest pressures. It would

he interesting to verify this latter point for a mixture the — of
djj

which is already very feeble under feeble pressures (the system

aniline -f decane has for its — value: — 0°,001j ; this I hope to be
dp

able to do later on.

The ciitical temperature of the first mixture is reduced from 32°,2

under Ihe tension of saturated vapour to 24°,25 under a pressure of

:i00 afms. — that of the second from 21°,0 to 18M5 at 200 atms.

—

Hence both in consequence of the absolute value of the critical tem-

peratures and in consequence of their variation with the pressure,

34
Proceedings Royal Acad. Amsterdam. Vol. XIII.
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lliose Iwo ciirvos are almost each otlier's corilimialiuii. liotwcoii 1

ami 200 alms,, (lie system nitrobenzene -j- liexane preseiils a plait-

poinl line wliicli is almost identical witli tiiat uliicii liie mixture

isopcnianc -|- nitrobenzene woulil lia\e from 'A(H) alms. So we meet

lici'e again with llie plienomena of gradual increase so often observed

in a homologous series wiien we pass from one term lo the next.

The whole of the results thus obtained is in accordance with

the theoretical investigations of Prof. Koiin.stamm, the first part of

which will shortly be published in the Zeitschrift fi'ir phys. Chemie

and which chiefly refer to the relative fVo{|uency of tiie dilierent

types of the saturation curve for the mixtures of normal substances.

The systems of a completely closed saturation curve with two critical

end-|)oints, a higiicr one and a lowei- one, would be im|)ossible (as

yet indeed no mixture of normal substances is even known whci-e the

vsaturation curve presents a minimum of solubility at given temperature)

;

on the other hand the systems with a lower critical end-point, the

plaitpoint line of which enters the critical region proper would be

possible; and finally the systems with a higher critical end-jioint would

be very frequent, but the plait-point line would reach the 7'=0
axis both in ease of retrogression and in case of splitting up.

Conclusion: In the course of this paper, I have described in detail

the precautions necessary in an exact quantitative investigation of

the critical phenomena of dissolution, and I have drawn attention to

some interesting particulars which these phenomena present: the

Cagniakd de la ToiK phenomenon under variable pressure, the van

DKR Lee effect etc. ; I have then made an exact determination of

the position of the plait-point line of three mixtures of normal sub-

stances up to a pressure of 250 atmospheres.

Physical Laboratory of Amsterdam, October 1910.
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Chemistry. — "On mtrotjen{ornitvilo)- triinethylnilraminomethi/Iene".

By Prof. A. P. N. Franchimont.

(Communicated in tlie meeting of October 29, 1910).

Many times 1 have pointed out the analogy, and also the difference

in belia\iour between hydrogen cyanide and methylnitramiiie. The

analogy renders it probable that the nitramine reacts as CH, .NH. NO,.

The following is a striking instance.

EscHWEiLEi{ has allowed hydrogen cyanide in aqueous solution to

act on hexamethylenetetramine furotropine) and on using six mols.

of CNH for one of urotropine, he obtained iminodiacetonitrile. He
advises the addition now and then of a little hydrochloric acid to

neutralise the ammonia which is also formed and yields brown

coloured products with the hydrogen cyanide. On using a larger

quantity of hydrochloric acid he obtained nitrogen-triacetonitrile.

If methylnitramine and urotropine in aqueous solution are allowed

to react on each other in the same proportion nothing happens

apparently, but, on warming, formaldeh^'de is at once liberated. If

the solution is exposed to the air (not in a desiccator over sulphuric

acid) there are formed after some time splendid pillar-shaped crystals

melting at 116°. If these are removed when they no longer increase

but actually seem to be disappearing and are then pressed dry, or

recrystallised from boiling chloroform, which is the best solvent, their

analysis agrees with the formula N CH, . N 13 which is nitrogen
V NO/

(or nitriloVtrimethylnitraminomethylene.

This formula is confirmed by a molecidar weight determination

and by determining the products of decomposition by acids and

alkalis which are formed according to the equation.

/ CH, N . CH, X

N CH,.N +3H..0 = NH, + 3CH,0 + 3( NH
V ' NO,/, V NO,^

On lioiling with solution of barium hydroxide barium methyl-

nitramine could be obtained, but the two other decomposition products

coidd not be isolated quantitatively, as a portion of the formaldehyde

and the ammonia recombined to form urotropine, which is not

decomposed by the alkali. On boiling with dilute sulphuric acid the

formaldehyde could be distilled off and determined as such while

the methylnitramine is decomposed into methylalcohol and nitrous

oxide, which latter was measured; the ammonia is retained by the

acid from which it is afterwards liberated by alkali and collected

in standard acid.

34*
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The ro>ull ol' tlu'sc lliree deleruiimitions agrees vvitli llie Inrniiilii

and the aliove e(|iiiUi()ii nf (locoiiiposition.

Tlie yield, however, wtvs verv bad and, IhereCore, it was endeavoured

in llio first place not oidy to efFeet an improvement, iinl also to ^ain

an insigiit into the progressive change of the reaction.

It appealed thai the addition of hydrocidoric acid, at least if care

was taken to a\(iid an excess, caused each lime the formation of

the nitrilo-derivative. provided the product formed was removed

each day before the adilition of a little more acid; in this mannei'

the yield finally amonnted to altont 70°/o-

If one took less than six mols. of nitramine for one of iirotropine,

the latter crystallised from the solntion. If eight mols. were taken a

little more of the nitrilo-derivative was formed bnt only a trifling

amount. If the solution is ])iaced in a desiccator over sulphuric acid

crystals of ammonium sidphate are noticed on the wall of the

desiccator when this has been moistened with sulphuric acid ; the

liquid has an odour of ammonia, although it is acid to litmus, but

yields no nitrilo-derivative.

Wlicn nrotropine and methylnitramine are mixed in the dry

state, the nnxture, after a few moments, turns liquid and becomes

very cold but nothing further takes place; on addition of water,

however, a little separation of crystals may sometimes occur.

Obviously, nrotropine in aqueous solution is deconqiosed by the

feebly acid methylnitramine, but the compound of nitramine with

ammonia is strongly hydrolysed in water and, therefore, the addition

of a little hydrochloric acid to fix the ammonia promotes the forma-

tion of the nitrilo-derivative, which is decomposed by ammonia in

aqueous solntion, in which the latter acts as a base.

The nitrilo-derivative which is not soluble in water is, however,

decomposed by water after some time, and the products of decom-

position ]iass into solution which has a distinct odour of formalde-

hyde. If that solution is allowed to evaporate spontaneously, the

nitrilo-derivative is reformed when the three components are present

in the exact proportion.

As in the decomposition of nrotropine, four mols. of ammonia are

formed for six mols. of formaldehyde, two more than required,

I therefore added to the urotropine solution another six mols. of

formaldehyde and twelve mols. of nitramine. After half an hour,

the nitrilo-derivative comnieuced to crystallise and after 24 hours

•.•47^ of the theoretical yield was already obtained ; further crystals

were obtained from the mother liqiior, so that the final yield was

a quantitative one.
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A still simpler procedure was to add to commercial formal-

dehyde solution as much ammonia as corresponded with one niol. to

three mols. of formaldehyde, to cool the solution in water and then to

add three mols. of nitramine which caused a strong coolinj^. A quarter

of an hour after tlie liquid had been brought to the ordinary tempe-

rature by warming with the hand crystallisation set in. The yield,

in this case, was also a quantitative one.

The reaction is, therefore, analogous to tiie one which I connnuni-

cated in 1897 for piperidinometliyl alcohol with niethyinitramine and

to which I liave recently added another viz. piperazine formaldehyde

and methylnitramine. Like some other aldehydes, formaldehyde

yields with ammonia and some amines amino-alcohols 1.1 wiiicii

behave like bases and on which methylnitramine acts as an acid,

so that a kind of salt (or ester) is produced with formation o['

water. These compounds are all decomposed by water, owing to

hydrolysis.

The reactiim of mclliyluitramine is quite analogous to thai of hydrogen

cyanide; the aminonilriles 1.1, hoAvever, are \eiy permanent, because

in them the carbon is linked to carbon, as in the case of theeslers

of hydrogen cyanide.

Usually, however, the aminonitriles are prepared from the oxynitriles

1.1. with ammonia or amines; this has not been found to ap|)ly to

the nitramines for attempts to obtain compounds of aldehydes with

nitramines have proved unsuccessful up to now.

It appears to me, however, that one goes too far when looking on

the process of the formation of aminonitriles, -~ as often happens —
as represented by the equation

R R
IICOH + NH, = H,0 + HCNH.,

I \
CN ON

as if a double decomposition between the oxynitrile and the ammonia,

with formation of water, took place. For, if we wish to consider

the oxynitriles 1.1. (cyaidiydrins) as alcohols, that reaction with

ammonia in aqueous solution is very strange and hardly probable.

The acid character of the OH-gronp of the cyanhydrins must have

been strengthened by the adjacency of the cyano-group, so that they

ma}' be rather looked upon as feeble acids. One might then expect

the formation of an ammonium salt which will be strongly hydro-

lysed or dissociated in water, but not so much the elimination of

water and the formation of an amide-like substance in the aqueous

solution.
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It' we consider, however, lliai (he cyanhydrins, like their analogous

halogen conijmniuls, are readily decomposed by bases with loss of

hydrogen cyanide and formation of (he aldehyde, and that an)monia,

not oidy in aqueous solution reads as a base, but even without the

presence of water can, Hke amines, abstract the acid, the reaction of

ammonia (and amines) on the cyaidiydrins may be reduced to (liat of

iiydrogen cyanide on llie amino alcohols I A.

Tiic e(|ua(ion tiien cerlaiuly iiidicalos the cndproducts, but (lie

progressive change of the reaction, considering the properties of the

substances, would lie that NH, I'emoves CNH from the cyanhydrins

to form ammonium cyanide, which is for tiie greater part hydiolysed,

while with Nil, the liberated aldehyde yields the amino alcohol,

which then reads with ('Nil.

Geophysics. — "On the application of Daravin's metliod to some

compound tides." By M. II. van Berestkyn. (Communicated by

Dr. J. P. VAN DER Stok).

(Communicated in the mccling of October 29, 1910).

Sir G. H. Dakwin has given a method for reduction of tidal obser-

vations, which in the case of 24 hourly daily observations has been

fully descril)ed in his "Scientific Papers" Vol. I, p.p. 216— 257.

Briefly the method consists of evaluating a special hour corresponding

to 12'' m. s. time of any day; taking the speed of the tide equal to

15° j; (/; ^ 1.2 ... ) for the hours J2 . . . and J2 . . . 23 ; summing

the observations arranged under the same special hour; then by

harmonic analvsis from those sums (24) both components of the tide

can be found.

It appears from the table on p. 241 1. c. that this method is also

applied to the compound tides J/,S', 2SM, and 2MS. As no mention

has been made of disturbing influences, which these tides may undergo

from others, it is of some importance to show, that these tides, when

calculated after Darwin's method, need a correction. JMoreover as may

appear from what follows, the two combining tides }f^,M , are in the

same manner influenced resp. by MS 2SM and 2MS.

Suppose the speed per m. s. hour of a tide to be ^ p.a.

Then the speed of a compound tide [R^, ?ri) consisting of one of

the tides of this series and one of the S series. (52. 4. c) is generally:

(;,= ±1±2...
5 = dbl± 2...)
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For a special hour r = t' — t we have after Darwin's assumption :

15°(p + ^)(r+ n) — (j3a4-15Vy) 12 — 15° (p-f ^/) t + 24j.oi — «.2.t
, (1)

if t' be the special hour corresponding to mean solar time: 12'', day

i; «= — 0.5... -|- 0.5 spec, hour and ?i= J.2...

The observation entered in the column of this spec, hour t is now

that of m. s. time: (12 — t)'*, day /.

At this date (he iniiuence of another compound tide (/?,, C,o) with

speed per m. s. hour o^ = k r .a -j- ks . 15°, where
/• = ± 1 } = ± 1 ± 2 . . « = ± 1 ± 2.

is

R^ cos
{
[kr . o + /fcs . 15°) (12 — <) + 24 kria - /t?,..

{

In connection with (1) this can be written

R, cos [15° (p + q){r i- «) + [fJ {kr^p) + lo° (ks — .^) j
12

+ [15° {p + q — ks) — k r . a \
t

+ 24 (T i {kr— p)

If b'=2) i.e. the two compound tides R^,R, are composed of

the same tide li^ and one of the tides /S'...4,g >his infhience of li, at

special hour t becomes.

R,cos[lb° (p+ g) (r+ «) + {ks—q) .t + {15° (p+q- ks) — p6 \
t—k;,.^ ].

The number of observations being great, « varies from — 0.5. ..-[-0.5

and t will assume all 24 integral values between — 11 ...-[- 12.

Therefore the influence of R^ on the mean sum of the /i, arrange-

ment at T hour special time is :

u.^=-\-0 5

i- ''^^ "

fi?, CO.S [ 1 5 -(/, + 7) (r 4- «) f ! 1

5

"(p f q-ks) - pa\t+ [ks - ry).T - K,,l-/«

24(,=_nJ
2,=—0.5

or

24
sin[l h^(p -^q—ks) —pa\—

=—
Y
R. '^OS [1 5- (/, + q) T 4-

"+' 24 sin [\h\p-Yq-k'')—p')\~

+ i
{ 1 5 °

(p + ^— fo) — P« i + {ks — q) .T — a;,., J.

Where

If we put

''+^ sin{p + q)7'.b'

24

^
sin [1 5°(p + q—ks)—pa\—

Ti
''+' 24 sin

{
1 b°{p + q—ks)^paj—

(y,,= ,ui5°(^ + 5-A-*)-/><jj
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the intluence of ^^2 on the components of I lie tide /i, arranged

according to Darwin'h method, that is, on

is then

lir 15° {p -j- </)f

sin

COS

ffBpj^q :=. sin I I

For the compound tides MS. 2 S^f. 2 MS. we lia\c

a— 14°.4920521

Now for the required tide :

M„ p = 2 qz=0
; 7l/,S',

i}
= 2 </ = 2 ; 2 SM, 2; = — 2 </ = 4

;

disturbing tide :

MS,k=l r=2 .y=2; M„ k=l )-=2 s=0; M„ k=—'i r=2 s=0;

2SM=—1 =r- 2 =4 ; 2.SJ/= -J =—2 =4 ; MS=—i =2 =r 2
;

required tide : 2 MS, p = -i q= —2; M„ p = i q = 0;

disturbing tide : M, ,k=\ r= 4 .y— ; 2MS ;
/(= 1 /•= 4 s= —2

;

wliilst : Ls — q= ± 2n , n ^ J , 2.

With these data the values of «,.^ and Or., for these tides are as

given in the following table.
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each other more or less. Equally, the ooiubininu- tiile is distur!)ed by

them and inversely, independent of tiie hourly motion of the tide,

provided the absolute daily motion be the same. When M^ is great,

compared with jV*? and 253/ the disturbance caused by it on the latter

is important and a correction is necessary. These are for the com-

ponents obtained from 24 hourly observations of

MS: — 6A^ ^rr icos. 1

— 0.0314 /?m, (?m, — 15^5)

— 6B^ = 'sin .
!

0177 A'./.,
'

(sm, + 29".
.5)

— (SB, — — '
Isin.

\

where R,„^ and ^m^ represent the amplitude and pliase at the begin-

ning of the treated year, which can be calculated with sufficient

accuracy from A,„^, B,,,.,- In the table the influence of the tide of

long period MS/, on the other tides with the same daily motion has

not been inserted. On account of the smallness of this tide the dis-

turbance ma\' be neglected by the side of M^.

Again, the tides M^ and 2.175 can only be separated from each

other by solving A,,,^, B,„, , A-2.ns, find B-ims from the 4 equations:

A, -rr A„„ + 0.' 595 (2MS) cos (Co„„ - 1 G.O)

B, = B,,.^ + 0.0595 (2 J/5) mn (5o,„s - IG.O)

A, = A-,,„s - 0.0704 M, cos (?,„, + 14.0)

B, = B.2,„s — 0.0704 M, sin ($„,, + 14.0).

where A^ B^ A, and B, are obtained from harmonic analysis of the

arrangement of M and 2MS.
It follows from what lias been said above, that Darwin's method

of calculating these compound tides is not very suitable. A simpler

and theoretically more accurate way for evaluating their components

and those of the M series can however easily be computed from

Dr. VAN DER Stok's arrangement of the observations at a same solar

hour. In this way by a single arrangement all compound tides and

principal tides are to be found.

Unally it may be noticed that only the mutual intluence of the

tides MS, 2SM, IMS, M^ and }f^ has been determined. For, though

more compound tides of M and S may be proved to exist '), only

those above mentioned have been frequently evaluated after Darwin's

method.

1) Dr. VAN DER Stok's Etudes des Phenomenes de Maree sur les cotes neerlan-

daises. IV.
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Chemistry. — "The velocity of the Ring opening in connection

with the composition of the unsatU7-ated Ring .si/steins." By

Prof. J. HoESKKEN and A. Sciiweizer. (Comiinmicatcd liy I'rof.

A. F. Hoi,LEMAN.)

((Jommunicaled in llie mecling of Oct. 29, 1910).

AUIiough llie iiivesligatioiis of this subject ii;i\c only just com-

menced, the commiiiiicatioii by Rivett and Sid(;wi('K (Ti-ans. Cliem.

Soc. 1910, 1677) forces us to make a preliminary cnnimunication

as to the object of the researcii and of some experiments. As is

known vo.n B.aeyeh has pointed out that the stability of the five-ring

systems is, accordiiii^ to the idea of van 't Hope, a consequence of

the distribution of the attraction centres or a/Tfiuity directions on the

quadrivalent carbon atom; it is, however, obvious that, even with-

out accepting these attraction centres, but assuming that the atoms

attached to the central atom distribute themselves as evenly as

possible in space (Werner, Neuere Anschauungen), we must conclude

that a ring composed of five quadrivalent atoms must possess a

lesser shifting tension than a corresponding four or six-ring. This,

however, only avails in so far as the ring-forming atoms are not

attached by a mulliple linking to other atoms.

If a quadrivalent atom is only attached to three others i^to one of

them, therefore, with a double bond) and if we assume that these

arrange themselves again as evenly as possible in space around the

quadrivalent atom they will place themselves in the same plane,

while the connecting lines between them and this atom will form

angles of 120^. This is the angle of the regular hexagon; if now we
are dealing, as in the case of benzene and pyridine, with a similar

six-ring system its stability must, probably, be attributed to the

absence of the ring tension.

Reversely, the occurrence of a double bond in a saturated five-

ring will cause an increase of the ring tension.

As a first orientating investigation we have compared the velocities

of hydration of succinic and maleic anhydrides with each other; in

the latter this is indeed much more considerable than in the former;

the unsaturated five-ring is more quickly opened than the saturated

one. To this single fact we must not, of course, attach an absolute

value. In the first place the five-ring does not entirely consist of

carbon atoms, the oxygen will no doubt cause a tension and, moreover,

the double bonds of the carbonyl groups will probably e.xercise a

loosening influence.
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But as the oxygen-containing part of the two moleoules is equal,

we thought (his dififionlty had been greatly avoided.

There is, however, another matter whicli demands consideration :

the double bond will cause, in ad<lilion tn tlie change of equililirium,

also a modification in the aflinily, which may also intluence the

velocity of hydration in a marked degree. This influence is, up to

the present, quite uidvnown and will only be elucidated when a large

variety of saturated and unsaturated systems have been investigated.

Provisionally, we mention, thercfDre the f;ict that the hydration

constant of maleic anhydride at 2.'3 was (no large to admit of CJDrrect

measurement, whereas we have found it at 0° = 2.3025 X **1"^'^'

and that of succinic anhydride at 0'= 2.3025X 0.0088. The constant

is calculated for a unimolecular reaction with the minute as lime nnit.

VoEKMA.N (Rec. 23 279 (1904)) found for the latter at 25° =
2.3025 X 0.0736.

RivETT and Sidgwick (1. c.) found at 25' for sncchiic anhydride

2.3025 X 0.0693 therefore considerably less than Voerman and for

maleic anhydride = 2.3025 X 0.690.

The method whicli we, like the English investigators have followed

is the one employed by Yoer.man, namely, that of measuring the con-

ductivity in given intervals of lime and ascerlaining in ihis way the

concentration of the acid molecules formed and consequently the

anhydride molecules which have disapi)eared ; (lie conductivity for

difteient concentrations of the acid had l)een lirst determined. The

end value of the conductivity then also indicates the initial concen-

tration of the anhydride. This concentration was very small so that

we could feel sure of dealing with a unimolecular reaction. After

every half minute a reading was taken. When calculating the reaction

constant of succinic anhydride at 0^ we had to disregard the first

twelve observations, after dissolving the anhydride in the resistance cell.

For a concentration 0.027 N, K = 2.3025X 0.00868 ; for C= O.OOJ 5 N,

K = 2.3025 X 0.0082 average, therefore, 0.0088 X 2.3025.

The maleic anhydride was prepared from malic acid with PCI5

and after a few dislillalions recrystallised from dry chloroform.

The opening of the ring was already completed at 25' after 2^/„

minutes; notwithstanding violent shaking before taking the readings

no constant could be obtained. Rivett and Sidgwick, who took an

observation every 5 or 7 seconds have been able to calculate, there-

from, a constant ; with them the opening of the ring was also com-

pleted after about 27., minutes.

At 0^ we succeeded in getting very concordant values, namely,

for the concentrations 0.037, 0.027, and 0.0356 N were calculated

:
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K = 2.3025 X 0.124

X012-1

X 0.1 2(5

Wliereiis the Eiigii.'^li invesligalors foiiiul that at 25' the liydratioii

of nialeif aiiliydride proceeds about ten times more rapidly than

that of siurinio anhydride, we found at IV the relation of 14.2 : 1.

Delft. <>rt^. C'heni. Lab. Teehnieal University.

Botany. — "Tlw cause, detenniniii;] the selection of food in some

/lerbivorons iiiiects'. By Prof. En. Vkkschaffei.t. (Commu-

nicated by Prof. Moi.i.).

(Communicated in llie meeting of October 29, 1910).

I. Pieris Brassicae L. and /'. Ii'ipae L. In agriculture ami hor-

ticulture, experience has shown that caterpillars of the above

mentioned species of the genus Pieris, the greater and the lesser

cabbage butterfly, are fairly strongly specialised in the choice of their

host plants. Whilst various Cruciferae, especially cultivated ones,

constitute the ordinary food of these caterpillars, plants of other

orders are only exceptionally attacked by them, the most noteworliiy

of the latter being species of Tropaeohun and Reseda '). Yet it is

exactly the nature of these two genera which furnishes the answer

to the question, by what chemical constituents of its pliint-food tiie

choice of the P/crw-caterpillar is determined.

The glucosides, from which by hydrolysis the mustard-oils (alkyl-

isosulphocyanates) are formed, are iiighly characteristic of CV;/c(/Vra6%

but are also found in Tropneolaceae and Resednceae *). This is shown

by the pungent odour perceived after bruising these plants Experi-

mental investigation completely conlirms, as will be shown, that these

insects are to a great extent guided in their choice of |)lant-food by

the presence of such glucosides.

So far as concerns the Cruciferae themselves, both species of Piei-'is

appear to be able to attack all sorts of plants belonging to this order.

At any rate leaves of the following species given to caterpillars in

captivity were all eaten. Among these species are representatives of

various indigenous subdivisions of the order.

1) Compare for instance Sorauer. Pflanzenkrankheiten. 3e Aufl. Bd. 3. 1910

p. 398.

-) Literature on the point in Czapek. Biochemie der Pflauzeu. Bd. 2. 1905. p.

232; and Robert. Intoxikationcn. 2e Aull. Bd. 2. 1906. p. 539.



( 537
)

Cocldearia Annoracia L.

Sisipnhrium officinale (L.) Scop.

„ strictissimum L.

Sinapis arvensis L.

Brassica oleracea L.

Cramhe conUfoUa Stev.

Barbarea vulgaris R.Br.

Cardamine hirauta L.

Capsella Bursa Pastoris (L.) Mncli.

Aubrietia deltoidea {L.) DC.

Arabis alpina L.

Erysimum Perofshianum Fisch. et Mey.

Alyssum saxatile L.

Hesperis mafronalis L.

Biinias oricntaiis L.

Nevertheless all species were not equally readily eaten. Capsella

Bursa Pastoris even, whether offered alone or with another Crucifer,

wfis only very slightly attacked by the caterpillars. Other plants of

this order which are also less welcome food, though more of them
was eaten than oi s\\QT^\\evA's,\i\inie, Ave Aubrietia deltoidea, Erijsimum

Pero/skianum and Sinapis arvensis. With regard to this phenomenon,

I ha\e observed no difference between P. Brassicae and P. Rapae.

The reason for their distaste, which probably may be looked for in

the presence of subsidiary constituents, is still to be explained.

Not only the leaves, but also the flowers and young fruits of the

species mentioned are eaten ; in the case of Cocldearia Annoracia

even the root was not rejected ; the caterpillars however refused

to eat the pounded and moi'^tened seeds of Brassica nigra L.

Glucosides of mustard oils are in general widely distributed in Cappa-

ridaceae. Capparis spinosa L., Sterip/ionia parado.vum Endl., Cleome

spinosa L., species of this order which were investigated, appear

very attractive to P/^rt:>-caterpillars. Indeed, during this summer,

the Cleome's, cultivated in the Amsterdam botanic garden, had suf-

fered greatly from the cabbage-butterfly. Kesedaceae and Tropaeolaceae

have already been mentioned. Out of the former of these two orders,

Reseda lutea L., R. luteola L., R. alba L., R. virgatu Boiss. and

Rent., were given to the insects, with the result that the plants

were always gnawed, although not very eagerly. Tropaeolum 7najus L.

and 1\ peregrinuin L. belong on the other hand to the plants which

are most quickly eaten up.

There are still three orders known to be characterised bv the

possession of mustard oils : the Moringaceae, the Limnantliaceae,
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ai)il llie Caricaceac. 1 liail no representativcK ol' llic Cirsl iwo orders

at iiiv disposal: out of llio lasl named Citrirti l^ipivjn L. could lie

investigated : the leaves of tins plant were indeed refused.

Afterwards the beliavionr of both s|)ei'ies of /Vc/v'.v was observed

in relation to a succession of plants, chosen at I'andoni IVoui ditrcrent

subdivisions; there were species belonging to the following orders:

Lillaceae, Chenopodiacene, Cari/ophr/llnceae, Papnveraceae, Saxifra-

)/nceae, Rosaceae, Leguminosae, (reraniaceac, Afah^acc.ne, Viobtceae,

Uinbelliferae, Gentianaceae, Itorra/jinaceae, Ltifnatac, ('apr/fa/iaceae,

Cucurbitaceae , and Compositne. In general the parts of the afore-

mentioned were avoided; in some instances Ihcv were gnawed to a

small extent, though even then usually very slightly. This was the

case with the root of Dducus Cavota and with the leaves of some
species of Lathyrus, namely L. sylvestm L. and L Intifolius L.,

whilst L. iiiberosus L., and oilier Leguminosae experimented npon

remained unattacked. As thei'o was nothing in the odour perceived

after bruising such Lat/u/rus-\caves as were eaten, to lead one to

suspect the presence of mustard-oils, and the existence of them in

the carrot may l)e excluded, it follows from these observations that

both /Vrt'w-cater[)i liars occasionally, and to a small extent, attack

plants in which these substances do not occui-.

To what extent indeed these insects are attracted by mustard-oils

is clear when the leaf of a species not otherwise eaten by them, namely,

Aj'ios iuberosa Monch., is smeared with a paste or the juice obtained

from the leaves of a Crncifer (Bunias orientalU) and is offered them as

food. It was at once attacked and in a short time devoured. The same
occurrence with the leaves of other plants needs no further explana-

tion, though it will easily be understood that every species cannot

be used for such experiments. Thus the leaves of Salvia o/fici-

nalis, Primus Laurocerasus, Mmyanthes trifoUata, also rubbed with

Bunias-^wwa, remain nntonched, doubtless because they contain con-

stituents which are distasteful to the cateqiillars.

It is however unnecessary to place the Criicifcr-juice on a living

leaf. Wheat-flour or material of slill simpler composition, maize-

starch, for example, which is rejected by both /''/Vrw-calerpillars

when dry or moistened with water, I saw eaten with avidity when
soaked with some drops of Bunias-imce. The excrements of the

caterpillars were almost white in colour and consisted of a mass of

starch grains not appreciably attacked. The insects behave inasimi-

lai- manner towards tilter-pajier saturated with ^Mrt/a.s'-juice. A
microscopical examination of the excremcids showed scarcely any

other constituent in it than the matted paper fibres.
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These experiments are also of interest liecaiise tliey prove ti)at ihe

Pi'em-caterpillars are not only attracted bv (lie uiisplit gliicosides

as these occur in living |)lants, bat that they also seek the fission-

products themselves. For in bruising the fresh leaves the glucosides

are hjdroljsed, and the mustard-oils set free. There still remains

the question vvhelher the [)r>3sence of a very small quantity of

free mustard-oils in the leaves is not the reason why the cater-

pillars are attracted. In some Crucifers, for instance \n Bunias orien-

talis, a faint yet distinct odour of mustard-oil .can be perceived in

the unbrnised leaf !t is very possible that the larvae of Plerls per-

ceive the same odour in Crucifers which are odourless to our

organs; and since caterpillars do not as a rule taste other plants,

it is fairly clear that they must be informed as to the nature of

food offered by its odour. This is to a still greater extent necessary

for the butterflies, which only lay their eggs on Crucifers or on

plants chemically related to them, and will doubtless recognise

these by the odour.

Now in all the foregoing experiments plants or juices are used

in which all kinds of substances occur, and thus there is no

guarantee that it is exactly those constituents which are more

noticeable to us, that so specially attract Pieri.i. This is proved by

welting leaves of Apio.^ lubeivsa and Rosa with a fairly strong

solution of pure sinigrin (potassium myronate), the gUicoside from

black mustard '). Such leaves are eagerly eaten by the larvae.

Whether therefoi'c the caterpillars fiiid also the sinigrin as such

agreeable, or whether the glucoside is split up in their mouth by

their own saliva, it is proved by this that these insects ai-e specially

attracted by the presence of this or of like constituents in their food.

We can draw a further coiu-lnsion from the foregoing experiments.

Cabbage-butterflies wei-e found to eat widely different species of

Crucifers. Chemical investigation has moreover shown that not all

the plants of this order contain the same glncosides, but varions ones

differing according to the nature of the mustard-oil which can be

set free from them. While ont of sinigrin from black mustanl the

allyl-compound is obtained, other Crucifers yield an isosulphocyanate

in which another alkyl-group is present. Also the mustard oil in

Tropaeohnn is peculiar to it (conqiare Cz\pek, I.e.). It is thus clear

that the i-'2mA--caterpillars seek out various mustard oils, just like

the various glucosides derived from them. They are clearly attracted

by the whole group of substances.

ij This substance was kindly placed at my disposal by Dr. N. H. Cohen of

Amsterdam.
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Finally lliis observalioii led lo llio (|ue.slioii wliellicr perhaps plants

which possess more or less closely related constituents would also

1)0 eaten hy J^ieri.'t. S|)ecial attention was given lo the species of the

genns Al/iuw, in which no isosidpiiocyanates occur, although there

are various alkylsulpliides, whose pungent odour shows some likeness

to that of the oils of tlie Crucifei's. Exi)erinients indeed showed that

P. Bra.mcae and P. Rapae both eat fairly readily the organs of

various species of Allhini. I mention for instance the bulb-scales of

Allium Cepa L., the leaves of Allium Porrum L., and those of

Allium azureum Ledeb. The caterpillars therefore probably do not

distinguish the odour of these plants from that of the (!rucifers,

although they refuse other sti-ongly smelling plants such as Salvia

officinalis and Mentha piperita.

II. Priophorus Padi L. The larvae of this leaf-wasp live at the

expense of the leaves of various Rosaceae, especially species of

Pnmus, Sorbus Aucuparia I>. and americana Pursh., Crataegus

(Jxyacantha L. They are not uncommon in gardens.

The following species were eaten by larvae in captivity

:

Cotoneaster tomentosa Lindl.

Mespilus germanica L.

Amelanchier vulgaris Monch.

Crataegus Oxyacantha L.

,, Pgracantlia Pers.

Cydorua vulgaris Pers.

,, japonica Pers.

Sorbus Aucuparia L.

,, americana Pursh.

Primus Persica Sieb et Zucc.

„ avium L.

,, Cerasus L.

„ Laiirocerasu.>! L.

,, Padus L.

Leaves of Eriobotrya japonica Lindl., Pliotiniaserndntn Lindi., and
species of Pirus [P. Mains L., 7^. .va/Zci/b/ifl' L.) were always refused.

Once a little was gnawed from a leaf of P. Ringo Wenzig. No single

species out of the subdivision Roso'ideae could be utilised by the

larvae, nor out of that of Spiraeuideae. All experimenis with plants

belonging to other orders yielded negative results ').

') Some handioooks give still other plants for this insect, as for example the
birch. (Hensghel. Die schadlichen I'"orst- und Obslbaiim-liisekten, 1805, p. 244).

My larvae, however, refused to eat from these.
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In going over tlie coniposiiioii of llie above lisl, we see quite clearly

that the plants which l'i-Wj)liorn..-> I'luli wiilingl}' uses for food, all

belong to species in which a glucosicle like amjgdalin is ])resent,

nay, in which such a glucoside is so abundantly present that on

bruising the leaves the odour of lenzaldehyde and HON can be

perceived. Although other Rosaceac, including some of the species

refused, possess a little prussic acid, as for instance species of -S/»r(76'a,

Kerria, and Pinis ''), they are very much less rich in this constituent

than most forms of Primus, Crataegus, etc. i^lso the numerous other

plants, from which pi'iissic acid has lately been obtained, usually

only possess traces of it. I have not had the opportunity of placing

before Priopkorus the species of exotic plants which are rich in

HCN. But the larvae did not eat species of Tkalirtrnin, Samhucus

and Ribss, all of which are known to contain a small (luantily of

the same substance.

In order to furnish proof that the glucosides, from which by fission

benzaldehyde and prussic acid oi'iginate, represent indeed the consti-

tuent that determines the choice of food of the PriophorusAai-MX,

various leaves of non-edil)le sjiecies were moistened with a solution

of aniygdalin from bitter almonds. The experiments were by no

means so uniformly successful as those of Pieris with sinigrin. partly

because the larvae were found to eat unwillingly leaves I'overed

with fluid ; when liuully, ho\>'o\'ei', the leaves wei'e simply smeared

with diy amygdalin, the insects were seen to attack /l^;/(Ay-leaves

thus treated, albeit only after waiting for some days.

Leaves of Apios, Frac/aria, Rosa, smeared with a paste of bruised

leaves of J'runus avium, were similarly eaten, as soon as the paste

had somev/hat dried.

III. Gastroklea viri'lula Goerz. A little beetle of which both

larva and imago feed on the leaves of species of Rume.v. During the

past summer this insect occurred in the Amsterdam Botanic Garden

on Oxyria dujynn Hill, and Rumex sculatus L. In previous years

the damage in the Polygonaceous bed was often of greater extent

;

and in addition to Rume.v, the leaves of cultivated species of /?/<m»i

\vere also occasionally eaten full of holes by this insect.

The well-known acid pro|)erties of the cell sap of the above-

mentioned Poh/(/onaceae justified the question whether Gastroidea

would not specially seek ])lants which were rich in oxalic acid or

acid oxalates. Indeed, although the beetles show a special predilection

') See, for instance, tlie list of cyanogonetic plants published by M. Greshoff

iu Bull, des Sciences pliarmacolog. tome 13, 1906, p. SUS et seq.

35
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foi- loaves of Hunn'.v, O.ri/rla and RJti'ina, yel tlicy also cat a little

iVoni the leaves and tlowers of Begonia (manicata Cels., Inherom

Lam., ricini/olin A. Diclr. and others). liCaves of (\raUs {jiorilyunda

Ijehni., Di'ppei Lodd.) were on the other hand always refused. It

shoiild however be stated tiiat on acconut of the far advanced season

the latter experinients conld ordy be done with the imago, wliicli

also rejected species of Portulaca, CeJosia, and Sedtuii, and oidy eat

slightly from Poli/goiiui)) {(•uspidatinn Sicb et Zncc. for instance).

Also in the case of this insect direct proof can be adduced tiiat

the occurrence of a definite substance in tlic plants determines

whether they shall or shall not serve as food. Leaves of Jjalhyrus

si/lvt'stris are never eaten fresh, but it was repeatedly observed that

the beetles gnawed at them when for some time they had been

immersed in a normal solution of oxalic acid In the absence of

material, through the disappearance of the last beetles, it was

impossible to investigate further whether they are attracted by the

acid reaction in general or whether they are exclusively dependent

on oxalic acid. Next summer I hope to be able to decide this point

and also to trace the behaviour of Gastroidea towards plants in

which other organic acids (malic or citric) occur in considerable

concentration.

Botany. — "The mechanism of the absorption of water />;/ the

seeds of the Cucurbitaceae" . Q\ Prof. Ed. Verschaffklt. (Com-

municated by Prof. J. W. Moll.)

The seeds of the Cucurbitaceae are in general distinguished by

the rapidity with which they take up water. This property is

strongly developed in the ordinary cultivated varieties of the species

Cucurbita Pepo L. and Cucurbita maxima Duch., our gourds and

pumpkins. In the accompanying figure (fig. 1) one curve represents the

increase in weight, during the first hours, of the air-dry seed of a variety

of large yellow gourd, "Grosser gelber Zentner", when placed in water,

and the other curve shows the same for a variety of Vicia Faba L.,

the Mazagan beau. The determination was made by taking the seeds

out of water from time to time, drying them superficially with

filterpaper, and weighing them. The estimation was made with a

small number of seeds, so that, on aceouiii of the individual difte-

renees, a repetition of the experiment gives curves which do not

agree completely with the one reproduced here. It is, however,

easy to convince one's self that the general shape of the curv
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remains uiiallered, ami tlial tlie reiiiarl<al)le diiibreiR'c between llie

cnrves of [)nnipkin-seeds and beans always appears.

Willie tlieretbre in Vicia Fdba the increase of weight is at first a

very gradual one, it begins in Cucurhita Pepo so rapidly, that al-

ready at the end of the first hour water to the extent of 347„ of

tlie dry weight was taken up, in the experiment of fig. J ; this is a

tliird of the total quantity which the seed was found able to retain.

Even in the first few minutes the absorption is specially marked.

It is represented grapiiicaily (fig. 2) for the same yellow variety of

gourd ("gelber Zentner"). As will be seen, in twenty minntes

water was taken up to the extent of more tiian "iS"/,, of the air-dry

weight of the seed.

It is natural to hold the seed-coat responsible for such a rapid

and considerable absorption of water, and we find indeed that the

seed-coat of Cucurhita, in contradistinction to that of many other

seeds, especially that of Vicia, is immediately wetted. If a drop of

water be placed on the seed, one recognises by the darkening of

the white surface round about tlie drop of water, that the liquid

has been sucked up by the tissue, as if by blotting paper.

This is therefore the cause of the rrz/^V/ imbibition. But that such a

large quantity of water is taken u[) in a short time, is also a result

of the propei'ties of the seed coat, as is evident from a comparison

between the absorption of water by a pumpkin-seed as a wliole

and that of the interior of the seed, freed from its hard testa. The
35*
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former ciin easily bo disseolod (ml anil llieii consisls |iriiiciiiiilly of

the germ suirouiuletl hv a lliiii j^|-oyisli green membrane, wliicli is

(irmly connected with it.

Sncli seeds of the large yellow gourd, after being deprived of their

testa, absorbed :

during II' 41' 24'' 50''

wale.' 87„ 20»/„ m"/, 427„

whereas in the same times, the entire seed took np:

:U7„ 487„ 8(i7„ 9B7„

and afterwards this considerable difference was maintained. If we

consider that the lesla only oonslilntes 7o 'o Vs of the weight of

the seed, it follows from this projtortion that the testa must be very

rich in water. Direct determinations indeed showed that a testa,

separated oil' and placed in water, finally underwent an increase in

weight of 194° /„. This was in the variety Conrge ganfree of Cwcitr^ita

Pepo, a variety which takes np less water than (he large yellow

gonrd ("gelhor Zentner") previously experimented on, where the

increase in the testa was 228''/„. On comparison of the absoiu(e

quandty of water taken nj) by the seed freed from its testa, with

that absorbed by the testa alone, the latter quantity is found to be

the larger. In Conrge gaufree, where some seeds took up on the

average 0.25 gram of water, the testa of a single seed contained on

the average 0. l(i gram of water.

We will now consider by what peculiarities of the anatomical

structure the testa in Cucurbita is able to hold so much water.

For this purpose (he accurate description by F. v. Hohnel (Sitztmgsber.

K. Ahnl. TI7.W. Wien, Math. Nat. CI. Bd. 73 Abt. I. 1876. p'. 297)

can be used. As this paper and the plates attached to it can be

referred to for (he details, here only (he anatomical arrangements

which may have significance with regard to absorption, will be

dealt wi(h.

The (hit) (ransparen( peliieule of which single pieces are frequenfly

found still a(tached to the seed and which represents (he inner

layer of (he frni( wall can here remain unnoticed, because i( is so

easily loosened and is without importance in (he imbibition of the seed.

On (he other hand the structure of the epidermis is in a high

degree adapted (o increase (he absorpdon of wa(er. This layer consis(s

of elonga(ed ()risma(ic cells wi(hou( cuticle or conteids, whose walls

swell very gready in wa(er, so (hat according (o v. Hohnei/s

measurements (he iengdi of (hese cells in a i\v\ condidon is only

30 II while in wa(er it increases to 301) -/.

The presence of tliis epidermis explains how the seed so easily
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becomes moistened. Aiiollier (|uesii(iii is moreovei-, wlietiier uli tissues

\\ liich compose ilie teslii in lii\L' measure lake pari in this storiiii>-

up of \val6r.

Apart from the innermost thin membrane, consisting of inner inle-

gument, perisperm and endosperm, whicii surrounds liie germ and is

firmly fixed to it, the testa of C. Pepo and maxima is divided into

five layers. The two outer ones we are now acquainted with. Next

within these there is a tissue, 4 to 6 cells thick, built up out of

small elements with fairly thick walls (layer III). Layer IV is the

schierenchy ma-layer, composed of a single row of hard, tiiick-walled

and very irregularly formed cells; this gives hardness to the testa.

Finally layer V is a strongly developed spongy tissue composed of

cells filled with air, separated by numerous intercellidar sjiaces.

Tins spongy tissue at once gives the impression of being specially

fitted by capillarity to hold a large quantity of water. In how far

this and the remaining tissues of the testa partake in this phenomenon,

we shall endeavour to determine quantitatively.

By scraping with a knife, layeis II and III are easily removed

from the seed: thereupon the brownish schlerenchyma comes into

view. If this is done partly with air-dry seeds partly with seeds

soaked in water, then the change in weight will show how much

water these two layers together take np. In the same way the spongy

tissue (layer V) can be removed from a pealed testa and by a

comparison of the loss of weight in the diy and soaked testa the

w^ater content can be deduced. Finally also layer IV, the schleren-

chyma must be isolated and its absorption of water determined

separately.

With seeds of the variety Conrge gaufree I obtained in this way

the following results.

Layers.
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soon as llie (|iiaiilil_\ of water alisurhod aiiioiiiil.s (o 50—('O'/o of (lie

air-dry seed.

Now its seems very likely n priufi (liat (lie air linds an outlet

through llie liilmn of the seed. There is indeed an ()|)e.'iiiig by means

of which the inlorcellidar spaces commnnicate with the ontside air;

the schlerencliynia is interrnpted at the level of the hiiiim (v. Hohnel

1. c. p. 315'. Bul)l)les of air are .seen to escape lidin llie hilnm of

a seed immersed in water, although slowly and not very profusely.

Thus F. Noll has also pointed out that this arrangement may assist

the water-absorption in the seeds of 6'»CM)'/;i;Va (Landw. .iahrl). Hd. 30,

Erg. Bd. Ill, 1902 p. i50; footnote). But in how far this actually

takes place remained to be investigated experimentally.

For this [turpose a comjjarison was made i)etween the increase

of weight in water of seeds with the hilnm open (iroiiencd slill further

where necessary, and seeds in which the liihim had been clo.sed by

means of scaling w'ax or bees wa.\. In this way it was found that

the significance of the hilnm is not specially great. The water-

absorption was but little retarded by the closing of the hiluni; the

differences between seeds treated in this way and those not so treated

frequently ftiUs within the limits of individual variations; and also in

the case of carefully selected and apjiarently c()mi>arablc seeds the

difference is indeed generally in fa\our of those with open hilnm,

but it is always relatively slight.

A single example is quoted

:

3 seeds of Courge gaufree untreated, weigh air-dry 0.76 gr.

,, ,, whose hilnm was closed with beeswax weigh

air dry 0.77 ,,

after lying in water for 24 hours they weigh respectively 1 .1 7 and 1.15 ,,

„ „ „ „ „ 48 „ „ „ „ 1.35 and 1.24 „

Thus there is water absorption after 48 hours of

respectively 77.6 and 61.0 "/o

The difference which occurs here is among the most notable of

those observed.

It is thus in the highest degree probabh thai ihe air, which is

driven out of the spongy tissue, finds an outlet through the testa. This

is also undoubtedly the reason why seeds vviih closed hilnm do not

in general remain floating longer than seeds which are not so treated.

Moreover one can observe directly that water does not penetrate

through the opening in the hilum to an appreciable extent. Even if

this mouth is made somewhat wider, and it is immersed in a solutitm

of a colouring matter, for instance 0.1°
„ methylene blue in water,
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so llial the i:.|)ongy tissue may come into eoiilucl witli tlie iluid at

tlie hiimu, Ihe fluid is only imbibed extremely slowly by capillarity.

After 24 hours it has scarcely risen in the testa. On the other hand

the coloured solution is quickly taken up by the surface of the seed,

and it also dilfuses very soon in the deeper layers.

It is different if the seed is immersed with the hiUim in a iluid

whose surtace-tensiou is less than that of water, as for instance ifi

alcohol. Such a Iluid is soaked up much more quickly by capillarity

(See inter alia L. Errera, Bull. See. belg. micr. t. 13, 188(j, no. 3 and

Rec. Inst, botan. Univ. Bruxelles, t. 2, 1906, p. 111). A solution of

methylene blue in alcohol penetrates almost immediately into the

hilum and in a very short time fills the whole spongy tissue. This

can be seen very well if in a dry seed a piece of the testa is cut

away from the extremity opposite to the hilum, and the latter is

held in the solution. After a few seconds the blue fluid penetrates

to the top, wiiile the outer layer remains nncoloured and dry.

For the same reason a much quicker stream of air bubbles escapes

from the hilum of a seed thrown into alcohol than when it is thrown

into water. Also the weighings show important differences. A gourd-

seed held with the hilum only in alcohol takes up in one minute

0.04 - 0.05 gr. of alcohol, whilst in the same time barely 0.01 gr

of watei' is absorbed, and then moreover partly by imbibition of the

outer lajei'. The outermost tissues of the testa only slightly imbibe

alcohol ; a seed immersed in alcohol so that only the hilum protrudes

from the fluid, takes up in one minute 0.01—0.02 gr. ; in water,

under the same conditions about 0.05 gr. is taken up in the same

time.

Along the narrow border and the whole way round on the outer-

most edge of the spongy tissue in the testa of C Pepo and C. maxima

there runs a canal filled with air that on its inner side contains the

vascular bundle and opens out at the liikim, on the left and right

(v. HOHNEL 1. c. p. 317).

In the experiment with coloured alcohol described above it is along

this canal that the fluid first rises, in order to spread thence through

the spongy tissue. It is therefore conceivable that the circumambient

canal plays a donnnant role in the capillai'y ascent. In order to decide

this question a piece of the testa was removed half way up on both

sides in such a way that the canal was interrupted on the left and

right. As in the former experiment a piece of the testa was also

removed from the round end of the seed and the hilum immersed

in blue-coloured alcohol. Although now the fluid could penetrate

to the top only through the spongy-tissue it did this about as quickly
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as ill sccils in wiiicli tiio canal was niiinleiinpled : iki ini|i(iilaiil

(liU'erenecs could bo observed.

ill order lo give an idea of llie rale at which water is iiiibilied

by seeds of oilier Cuc((rliiluci-iu>, liie increase in weight is given

in ihe following (able for a nninber of species, expressed as a percen-

tage of the dry weight, whicii the seeds iimiergo when lliey lie in

water for one hour:

Acnndiosici/os horiidu Weiw. 14.0 "/»

Momordkn C'h(iniii/ia Ij. '•'.') „

LujI'a ci/lindricd Koein. 4.1 „

Citrullus indi/nris Sclirad. (with liiacU seed) 25.0 ,,

(Willi red seed) 14.4 „

,, ,, „ (American ieiiion) 16.4 ,,

Cucwnis salivus L. (Excelsior) 13.9
,,

„ „ „ (Indian giant net-cucinnbci) 24.4 ,,

Cucumu Melo L. ("canlalou|)'" from Algiers) 20.4 ,.

Benincnm cenfera Savi. 7J.4 „

Latienaria clavata 26.1 „

Trickosanthes Anguina L. 13.8 ,,

Cucurbita Pe/)0 L. ("gelber Zcuinei" 33.7 „

„ „ ("Miracle") 18.2 „

,, nn/i/rosperma 82.5 „

,,
meliino.sperina A. Br. 16.3 „

It is seen from tins table that the iinbibition-velociiy of different

species varies considerably. The peculiarities of the structure of the

testa, which explain these differences, will not be dealt with here

for all the species inentioned. Atleiilidii will only be calleil to a few

of the more notable cases. Only two species equal Ciicurhila Pepo

as re^'ards the rate of absorption of water, viz. Beitiiicasn cerifera

and Cucurbita aiyi/rospenna. Both these seeds finally take up very

considerable qiianlities of water ; after 4 or 5 days Benincasa in-

creases in weight by 1307,,, '^'i*^' ^'- (inJlP'Osperma even by 150'^ of

the original weight.

The seeds of Benincnsa are found on iniciosiopic iiivesiigaiioii to

possess an exceptionally tiiick layer of spongy tissue of ihe same

structure as that observed in (\ Pi'j)!> ). The spongy tissue in this

case is most strongly developed on the ["//cr side of the schlereiichyma

instead of on the uincv side; it is, in other words, laver III of

') Gumpare H. A. IjOth.\u. Anatomie comparee des Cucuibilacees Lille 1881 p. '215,
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VON HoHNEL which iu respect of thickness as of power orinihihiiioii,

is the of most importance in this seed. A result of this is, liiat if the

seeds are peeled down to the sehlerenchyma and are tiien placed in

wiiter, they then take np much less water than seeds not so treated:

3 entire seeds weighing 0.18 gr. took up iu 24 liours U.J3 gr. of water

or 72»/„

3 peeled „ „ 0.15 „ „ „ „ „ „ 0.05 gr. of water

or 337„
The great ([nantity of air |)resent in tlie intercellular spaces- is the

reason why the seeds of Beniiiaisd reuiain floating for a longer

time on water than those of Cucurbitti Pepo. OH ten Bcwncasa-seeds

which were placed in water, two were still tloaling after 5 days,

notwithstanding the increase in weight of the whole batch then

already amounted to 132"/„.

The seeds of Cucurbita argyrospeniia are very light and spongy

to the touch and are specially characterised by the great development

of the projecting edge of the seed, which, just as in C. Pepo and

mai'inid, is divided by a groove from the body of the seed.

Especially this edge, which has a grey-blue colour while the rest

of the seed is white, has a spongy structure, which appears very

well adapted for taking up much water. Under the microscope it

is found to consist of the sauie tissue with strongly developed air-

spaces which constitutes layers HI and V in 6'. Pepo. The sehleren-

chyma is not however present in the edge, which must therefore be

considered as an e.\crescence of the testa whicli is formed by layer III

and runs round the seed.

Its importance with regard to absorption is clear from the following

observation :

3 entire seeds, w^eighing 1.22 gr. in 19 hours took up I.IU gr. of water

or 97"
„

3 seeds without edge; weighing 1.05 gr. in 19 hours took up 0.58 gr. of

water or 55°/^.

The edge of the 3 seeds last mentioned was cut away beforehand.

And tliis difference could still be observed three days latei- when the

seeds which had been de|)rived of their edge had oidy taken up

78% of water, while on (he other hand the entire seeds had taken

up 1317„.

When we now turn to the Cucurbitnceae whose .seeds saturate

themselves less thoroughly with water than (hose of 6'. Pepo, our

attention is specially claimed by Lujj'a cylindrica, whose seeds, as

will be seen from the above table, take up in the lirst hour eight

times less water than those of the pumi)kin and twenty times less
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lliaii llie seed nt ('. iiri/i/nisprniiii. Ne\ itIIicIcss iIh" siriicliiic of llic

(eslii of Liijfd is not so strikingly diderciil IVoin llial of CHciirhitu

as miglil ho cxpecird froin ilic above-iiieiilidiicil fad. 'I'lic tcsia of /w^//"'

possesses, under a liaiil and lldtdc scldeixMudiynia layer, a fairly vvell-

devclopeii spongy tissne. '). Tiiis contradiclion is only apparent ; the

seed of Litjrn indeed lakes np water vei-\ slowly, hnt in tlie long

iMiii it absorlts a fairly large (|naiilil\ of water, more tliaii H()"/„ of

its own dry-weiglil.

TI1& dillcrenee in the ral(! of imbibition l)etween Cucurhitn and

Lrt^hi is explained by a ronsiderahle difference in the strnctnre of

till' outermost layer of the seed. This has a strongly developed

cnticle, as ap|)ears on treatment with strong sniphiiric acid, and nii-

donbtedly on this account becomes moistened relatively slowly. The

same reason does not account for tlie slighter absorption o^ Cuntmis

sativus and C- Melo. These seeds becouic (piicdvly moistened, ItuI they

cannot store np ninch fluid, because the spongy parenchyma is more

or less completely absent from the testa. ') Indeed the total (piantify

of water absorbed by the species of Cucumis mentioned does not

exceed 60 "/o of the ilry weight.

One word finally about the variety of C- Pepo included in

the above list as "miracle", which possesses a low capacity for

imbibition. The seeds of this variety are distinguished by their

testa consisting only of a thin, soft, grey-green membrane that very

easily becomes saturated with water, yet can only store np a small

quantity of it. Spongy tissue and schlerenchyma are both entirely

absent from this membrane, and the "miracle" seeds, when thrown

into water, sink at once to the bottom. Finally their increase

in weight amounts to no more than 50 "/o ; it is therefoi'e compa-

rable with that of the peeled seeds of Curcurhlta Pepo.

Microbiology. — "IndividuaUty and Jieredity in a lower mould

fungus, Tnchophjton nlbiscicans" . By Prof. A.W. Nieuwenhuis.

(Communicated bij Prof. M. W. Beijerikck).

Introduction

.

One of the most striking observations arising from a prolonged

residence among the still primitive tribes of the East-Indian Archipelago,

for example among the Dajaks of Borneo, is certainly that our dark

fellow-men are endowed with so good mental dispositions, of

the same nature as ours, that they may in general well be compared

1) Compare Lothar 1. c. p. 219 and K. G. Barber, Bot. Gaz. vol. 47, 1909, p. 305,

-) Descriplion and figures in von Hohnel, Lothar, and Barber.
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to those of the Europeans. Tlio conditions of life of those tribes,

however, unfavorable for their piiysieal and |)s_ychical develop-

ment, prevent in the iirst plac-e tlie increase of their very small

number of 1-3 per KM.' ^on Java 230), and fuithermore, in

combination with the hence arising social relations, they largely

contribute, in spite of the good intellectual powers of these tribes, to keep

up among them a great want of knowledge, particularly respecting

relations between natural phenomena. As to these their conceptions

are so childish that to us, Europeans, it is very difticidt to com-

prehend ihem. To a stranger in their surroundings and to one

who does not positively reflect on them, the details of their society-

are the more deceiving as these primitive tribes know, of course,

many particulars about their own milieu, so strange to a European,

that the latter wants a long time to get acquainted with them.

The connection and causes of those facts remain notwithstanding a

closed book for the natives.

A proof for their power of observing visible phenomena which

struck me particularly when I resided as a physician among the Dajaks

of Middle Borneo, gave their diagnoses of parasitic skin diseases,

so frequent among them, and about which their views differed from

those common among the European physicians in the East Indies.

They consider the decoloring of their hand-palms and foot-soles and

contiguous parts of the skin, as the consequence of an independent

cutaneous disease and separate it from other parasitic skin diseases,

which, for the rest, they divide into groups, as is done in off'icial

physic.

A five years' practice among them, during which I was able to

work out a treatment of that skin-disease, showed me that their

diagnosis may be clinically well defended and that thera|»eutieally

much may be done against the disease by parasiticids as iodium

and chrysarubine. After my returji I found in litOi in the Laboratory

of the Department of Agriculture at Buitenzorg, Java, Trichophyton as

pi'obalile cause of the disease and I then described this disease and the

mould by the name of Tinea albigena in "Geneeskundig Tijdschrift voor

Nederlandech Indie", Dl. XLIV Atl. G. Since this first treatise on this

subject in 1902, Tinea albigena has been recognised as an indepen-

dent skin disease, occurring iji Soulh East-India, as its appearance

and clinical character has been established, besides by myself among the

inhabitants of Java, Borneo, and Lombok, also on Java by Kievit de

JoNGE, on Sumatra by .Sat.m, on Ceylon by Castei.lani, on New
Guinea by van der Sandk, and in the Bismarck Archipelago by Siebert.

On mv return to Holland I succeeded at Leiden to cultivate this
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Ti'ic'lio|)liy(i)ii uiul |H)iiil out ils |i:ir.isilic |ir(i|)erti('s liy |irovul<iii;;

Oiivt'lioiiivcosis, ocniiTiiig iii Tinea iilltigfiia, l>y inociilaliiig a nail

Willi a ciiiliire of liie iiKinlil-Cimgns IVoiii a diseased nail, containing

niinierous siiorc?. L'liler tlio lille of "Tinea alliigciia imd die Ziiclitiiiig

ilires I*il/.cs", llic then obtained resnlts ivere pnblioliod in llie "Areliiv

fill- Derniatologie nnd Sypiiilis" lid. LXXXIX, Hel( I and in "Geneesk.

Tijdscdirift vi.or Nedcrl. Indie" Vol. XLVIII, All. 1. The nionld

foniid and cidlivaled 1 named Tricho|ihyton alliiscicaiis as its growth

and the strong pignienlalrophv in a dark coloured skin, attacked

li\ Tinea alliigena, jnstify this denomination.

Cullun', of Trichophi/lon nlbiscicans mid its forms.

As I already showed more in detail in "Tinea albigeiia nnd die

Ziichtung ihres Pilzes", .so many circumstances influence the macio-

and microscopic form of this mould-fungus, that its (lescrij)tion can only

be given with a complete enumeration of its conditions of life, i. e.

of the medium and its quantitative composition, the reaction of

the lattei-, the shape of the culture vessel and the temperature of

the growth, furthermore, the age of the cidlure, the illumination,

the aeration etc. I have besides found that even the origin of the che-

mical ingredients, such as glucose, is not indiflre"ent, and that pure

while glucose of Kahlbaum gives iputc another result than a light

yellow one of Merck. That also peptones of different origin produce

difl'erent results is a matter of course.

While working on solid media with various stocks of Trichophyton

albisjicans, obtained from pathogenic material and otherwise, I have

further found, that these distinct but pure stocks then only assume the

same form, when growing on a favorable medium, and that their forms

begin to vary Aery much as soon as modifications are introduced

unfavorable to their functions, for instance, glycerine instead of sugars

as source of carbon. The association of these changes will be sliown

below.

Though so large a variety of mycelia may be obtained by culti-

\ation under varying conditions, it should be well kept in mind that

this variety of forms does not exist when the mycelia have originated

by inoculation of pieces from one and the same stock ; also under

imfavorable, but for the rest similar circumstances, they develop in

quite the same way. This constancy in form of the same stock, which,

as we shall see below, also shows itself in other biologic properties,

is of great weight for the subsequent research and should therefore

be kept in view.
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As to its morphology this monld shows macrosoopicallv what follows.

A thallus of Trichophyton albiscicans, cultivated during 6 weeks

on 4 Kahlbaim glucose, 1 Chassaing peptone, 2 agar, and 100

water, in a cotton-plugged Ehlknmeijer flask in ordinary day-

light at 25—30'' C, has the form of a flat round disk of ± 2'/., cm.

diani., and the color of dirty-white velvet. The mycelium hardly

penetrates inio the medium, and develops so that the whole thallus may
be removed from (he still smooth agar surface. The spore-bearing

hyphae appear later as a white, plushy substance, spread over the

whole surface, especially when the nutrition grows uorse by desic-

cation or other unfavorable conditions of assimilation. As said before,

the forms vary ity a change of medium, especially when this becomes

worse. As (ransplanlalions show, the thallus is very coherent and a stiff

iron needle siiould be used instead of a flexible platinum wire (o cut

off little bits.

Microscopically the hy[)hae are not very characteristic : they are

mostly threads with walls and transverse septa of 1 Vs f diameter,

branching dichotomically. The length of the cells of the hyphae varies

veiy nnieh ; there are round as well as oval ones, measuring from

15—20 ;i, and more. Already at a very early stage, and later, (here

appear at the end of the hypluxe spherical highly refracting corpuscles

of 5 II diam.. with or without a short stalk. In cultures on a poor

substratum, there appear, among the long hyphae cells short and

nearly round ones, almost ten times larger, which are perhaps spores.

More characteristic than these parts of the thallus are the white,

spore-bearing air-hyphae. The spores have the same o\al or pear-

shaped form as those found in the diseased nail substance in Tinea

albigena. Like these they are seated immediately on the side of the

air-hyphae, but they also occur terminal; they remain either single or

(hey develop ccntrifugally to rows of from 2— 8. Besides these rows of

conidia, (here appear on the air-hy])hae grape-shaped groups, which

consist of numerous rows of spores starting from one point or |)acked

closely side by side. Other s[)ores I did not find in this mould. The
above has much in common with what is known of other corre-

s|)onding lower moulds, in particular of those which were found in

Europe as the cause of other trichopliytic and allied skin diseases,

cultivated afterwards.

Such was the state of my research in the publication "Tinea

all)ig( na und die Ziichtung ilires Pilzes" in 1908. At the "Cono-ress

Deulscher Katurforscher und Aertze" at Dresden in 1907, I could

demonstrate these results with cultures in the section for "'I'ropen-

krankheilen". I then also exposed my method for the culture of
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iiiici'otn'naiiisms tVoiii (iiic s|ioro, wliicli has reii(loie I possililc llu^

followiiifj; ill vest i^,alii)ns, ami to wliicli I lirielly rcferrcil in "Aiciiiv

fi'ir I)cniuilolo}j;ic iiiui S\|iliilis" IJd. LXXXIV p. 20, hut whicii

will more elal)oratel\- bo ileserihed at Die end of this researcii.

Investi(jation on Tmlividuality.

Wliile 1 was making the above observations, the cultures of Tiiclio-

phvlon proved to possess the following biological properties: 1 On

a favorable nutrient medium, for example of 4 glucose, 1 peptone,

2 ao-ar and 100 water (Sabourald) at 25' C. an acid is soon formed,

which, by addition of litmus to the medium may already be pointed

out after 10 «lavs when the thallus has attained a diameter of 1 cm.;

2 such a medium witlioui litmus becomes more and more gray after

a few months, and finally, after (i months, it gets a blackish color;

3 on a medium of 4 glucose, 1 peptone, 10 gelatin and 100 water

already at I'/j—2 cm. diameter of the culture liquefying of the

gelatine occurs, which later increases, whereby the gelatine, like

the solid agar, assumes a brown color; 4 already after a month

a white spore-bearing air-mycelium is formed, when the above

agar is used at the places where, wilJi an inclined surface, some part of

the border of the thallus dries up ; if the moisture is sufTicient, however,

it appears later: 5 ihe hyphae of the cultures show a strong catalase

action.

H S is not formed, amylum not attacked; the fungus develops

with much difiictdty on an alkaline medium.

Though all the stocks possessed these various properties, they

possessed them in different degrees; still, in a same stock certain

forms and biological properties are fairly constant. The stocks with

which I had operated had successively, from 1903—1904, originated

from diseased nail tissue; moreover three stocks had each origi-

nated from one isolated spore. These three showed the same properties

as the other stocks.

All this induced me to test the above mentioned differences of

the properties in the mycelia, originated from a single spore,

and thus representing one individual. The stocks obtained in the

ordinary way by sowing of which it may be supposed that they

consist of a mixture of mycelia, are unfit for investigations on

individual i)roperties. In order to be able to forauilate the results

with the greatest possible sharpness, the spores destined for the investi-

gations, were taken from one individual, grown from a single spore.

Moreover to simplify as yiuch as possible all the circumstances
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of llie rc-earcli, neccssarv riuiilly lo apiireciato llie (iillrrcnoes ohsei'veil,

the media were prepared (if luilrieiil suhslaiices of (piite tlie same

quality, consisting only of glncose, agar, peptone and gelatine. The

research ran as follows. Of a cnltnre of Agj, (lllh generation of A)

were successively isolated in September 1909 a number of 50 spores,

which were put to develop in drops of nutrient li{piid in moist

chambers at ± 25° C. ; from these 13 mould-fungi (numbered 1 to 13)

developcii. After a fortnight they had each grown sufficiently to be

transferred from the liquid ^4 glucose, 1 peptone, 100 water) to a

27„ agar medium of the same composition, where they grew out to

vigorous mycelia. After plant N°. 2 had formed spore-bearing air-my-

celium, it was selected to procure the spores for the individuals to be

examined more particularly. From forty spores isolated in November
1909 were obtained JO mycelia which shall be called I, II, III...

X. Each of these, issuing from one and the same mould-fungus, was
now examined with respect to the following biological properties:

1. characteristic form, 2. acid formation, 3. production of proteolytic

ferment, 4. coloring of the medium and the thallus, 5. formation

of spore-bearing mycelium.

For the preparation of the media, use was made of a kind of

white glucose, peptone of Chass.ving in Paris, and always of the same

agar or gelatine, sometimes colored with litmus or eosine and

neutralised with KOH. For a same series one quantity of nutrient

liquid was always boiled, which was filled into equal vessels, either

Petri dishes or Erle.nmeijek tlask';, and the series of cultures put up

side by side in the same cupboard, kept for those on agar at

+ 25°, on gelatine at +20'. Perhaps it is not superfluous to add that

I effected myself all the manipulations, also the cleaning of the vessels.

In each series only one mycelium of the different kinds was
cultivated, so that the judged ones are not picked out from a series

of the same kind.

In the beginning of 1910 the cultures I, II, III—X, had suffi-

ciently grown to be transplanted, and accordingly, on 3 January 1910,

in order to compare the forms, pieces of about 2 X '^ mm., of each

of the mycelia were inoculated into media of the composition: 4

glucose, '

10 peptone, 2 agar and 100 water, in Eki.enmkijer flasks

of 100 cm', filled with a quantity of 60 grs.

By its small percentage of peptone this medium was unfavorable

for the mould.

2. To compare the acid formation pieces of mycelium of equal

size were at the same date transplanted to a medium of the favorable

composition : 4 glucose, 1 peptone, 2 agar, 100 water, colored with
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litiims iind iioulraliscd willi K(H1 alinost luil nnl (|iiil<', in 40 grs.

Pkthi dishes.

3. To ooiii|)aro llie tbriiiaiioii of |)rol('oivlic t'eiiiieiit, w liicli li(|iic(ies

gelaliiie, a iiiediiiiii was iisod of 4 gliK-ose, I iteploiio, 10 ^iclaliiic

100 water, into which were al the same lime iiKn-idaleil small l)ils

of tlie diflcreiit myeelia, in a 100 ^|•s. Ehi.kmki.ikk llask receiviiifr

6(1 grs. of the medium.

The other cluirarlers, viz. the eoloriii^ of liie medium and the

origin of the while sporidaling air-myoelinm, couhl also be studied

in these three series.

1. Regarding the form the following was observed during the

growtii: In the (irst three weeks not much can t)e perceived in the

first series of cidtnres of mutual dilferences in quickness of growth

and in form, and on all the substrata a while, slightlv wiinklcd,

fleecy thallus of i'/j f'"- diameter has grown, witii here and there

a small, white, 1— 2 mm. long erect "needle". On the J ' of

JMarcli 1910, however, so alter 3 months, the stale was as follows:

I,j (2"'' generation of 1;: The dirty-white, + 3 mm. thick lliallus

has covered tiie whole surface of the substratum (+ 6 cm. in diam.),

and consists of a centi'al disk with a border of + 1 cm. width. The

disk is flat but here and there covered with small while, straight

needles or itent threads from 1— 3 mm. long. The border, liowevei",

is undulated with radiately directed ridges and grooves, without any

needles, but the ridges have at their greatest height a radiately

stretching fissure, enclosed by elevated margins (plate 2).

n„„: the thallus colored like I,, has a central disk of only 2 cm.

with some single needles of 2 mm ; around it a smooth, only

slightly undulated border.

III,,.,: the thallus like II,;.„ but the needles are distributed over the

whole surface;

IV^„ : the central disk of the thallus colored like the preceding,

devoid of needles

;

V,,„ became useless by infection
;

A'^I,,,: the whole central disk colored as before, without needles

but the smooth surface is raised in folds as a five-i-ayed star:

VII,,2 : the thallus = II,,.,, only the border is fissured nearly as

strongly as I,,,
;

VIII,,5 = VL,j, but the border fissured on the ridges;

IX^, : the thallus, colored as before, has its central disk densely

studded with needles, the border undulated and smooth:

X,„ = VIII,.

Consequently I,„, l\,,^ and IX,
.^

difler most in form.
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As is generally the case the diilerences in form increase in the

course of time.

On 2/7'10 these differences had become stronger and were still

multiplied by the more or less dark coloring of the substratum (see 4'~)

and the irregular formation of white air-mycelium (see 5°).

2. Regarding the acid production in stocks I,„, llg,—Xy,, it

should be noted that not only the above described litmus media were

used, but, on account of the often slight differences in this respect,

also a substratum of the same composition colored with eosine.

After addition of eosine tincture to the substratum the reaction was

rather strongly acid, which, by partly decoloring with KOH, was

reduced to a very feeble acid reaction.

On this medium the production of a minimal quantity of acid by

the mycelium caused a distinct increase of the red color, and the

degree of this red-coloring can often be better fixed thus than on a

litmus medium. The coloring of the substratum with litmus has little

influence on the growth of Trichophyton albiscicans, that with eosine

retards the growth the more strongly as more eosine is added. Still

these two substrata form a good mutual control.

Already on 19 Januari 1910, thus after 16 days, the acid forma-

tion and the mutual differences were very well to be seen. After the

acid titre the followuig series could be established : VIII^,, IV^^,

II,;,, X
J,

lIL/j, VILy,, VI,,j V,;,, IX^, and I,,, in decreasing rate. A
marked difference was thus observed between VIII and I, the tran-

sitions of the others were often very regular.

On 1/3'JO the state of the cultures had quite altered as the pro-

duced acid was then o.xydised, which on the red litmus sub-

stratum caused a return of the deep blue color, on the eosine

medium a return of the red to light-yellow. This occurs regularly

through the whole mass, for although at first formed in the vicinity

of the culture, the acid diffuses during the slow growth of the

organism throughout the substratum and in the same way it

disappears. So, at the said date, VllI and IV had turned again

quite light-yellow orange, whilst IX and I continued deep red and

only later passed into the more yellow state. Still all the cultures

had grown into a vigorous thallus with of 4 to 5 cm. diameter. In

the rate of acid formation and the disappearance of the acid the

above order had continued to exist.

On a medium with lead carbonate for the detection of 11,8 (after

Beuerinck) the mycelium developed only slowly, but dissolved in its

vicinity the carbonate so that a round transparent spot appeared

;

later, however, by the disappearance of the acid, the lead precipitated

36
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fii^ain as a wliile sail and iIk' s]iot, lraTiH|(areiil hclure, grew again

(i|)a(nie.

.'i. Tlie tbriiialioii of proteolytic t'erinent was exaiiiiiKMl also on

8/J'lO by transplanting the stocks I—X to 100 grs. Eiu.knmkvku

flasks in 60 grs. of a substratnni of the composition : 4 glucose, 1 pep-

tone, JO gelatine and 100 water, so a favorable medium At

+ 20° I,', the culture soon develops to a while thallus besot with

many needles, fairly alike in siiape and size.

It was later found, on 1/3'JO, that its diani. of 2'/,—3 cm. had

much increased, and that the litpiefaction of the gelatine could already

be well observed. The most obvious piienomenon was that the

thallus, where the li(piefaction had first set in, had most sunk down,

by the evaporation of the water, so that the surface of the cul-

ture was concave. Most of the thalli were soaked witii the liquid

and had a moist appearance. None of tiiem siiowed any trace of

the formation of white air-mycelium.

Although mutual difTerences in the degree of liquefaction of tiie

irelatine could be notetl, it was difTicult at that moment to fi.v their

precise succession. This diflirully continued by the troublesome cir-

cumstance that some mycelia or portions of them were immersed

in the liquid, and by deficient access of air began to grow more

feebly than the floating parts.

It was found after some time that especially I^j and ll,, began

to form strong contrasts. At a for the rest etjual development,

the whole surface of the substratum in the ERLENJiEYKR-flasks

being covered with the thallus, I found the gelatine in 11,,, to be

liquefied and when kept in an inclined position, it flowed out from

under the culture, whilst in I,,, the liquefaction had only taken

place in so far that the thallus had strongly sunk down in the

centre. For the rest the gelatine of I^j was still solid. The other

mycelia showed phenomena between these extremes, but a pro|)ortioiial

succession in \igour could not be stated.

After 6 months, however, the gelatine of all the stocks had lique-

fied and all the mycelia sank down in the liquid, by which excepting

the phent)menon mentioned under 4., they, all presented the same

appearance of a white, gelatinous layer, immersed in an amber-

yellow li(|uid. In none of them wi\s as yet formed a white, spore-

bearing air-mycelium, which in the course of time does take place in

some cultures.

4. Already in the beginning of my researches on Trichophyton

albiscicans I had observed as well liquid as solid substrata of the

composition : glucose -\- peptone to color darker and darker in the
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course of time. In this sei'ies of investigations tiie dark-coloring

occurred first in 11^., on tiie gelatine medium. After two months the

top border at the wall of the flask began to darken, at first only

from 2—3 mm. high, wliich later, however, extended over the whole

surface and downwards. The hitherto light yellow gelatine grew

more and more dark and finally brown, wiulst in the beginning

the other cultures preserved their colors. Onl^' after three months

this rather sudden change of color appeared in the gelatine culture

of IX,j , and later and in different degrees in the others, least in

I^,„ ; I^., and Il^„ thus formed here the extremes of the series.

Also in the cultures of these stocks on agar media of4% glucose

and Vio "/„ peptone, appeared this darkening of the color, which

here passed into gray and here also it was strongest in stock II.

Over the whole extent of the medium the dark-coloring was

quite regular as likewise that of the tliallus. As for the gelatine

culture, IX followed II, then the others, I also here being the latest.

For the first time after 2 months there appeared in II an obvious

decoloring which after 5 months had given a lead color to the

medium and the thallus. The other stocks had likewise darkened

in different degrees, Ig^ least.

5. Especially on a solid medium a white air-mycelium is formed

on the thallus after a certain time, bearing the spores. The originating

of (his air mycelium highly depends on various circumstances, which

act on the state of nutrition of the mould.

On a substratum of 4 glucose, i peptone, 2 agar and 100 water

the hyphae are formed already when after a month by desiccation

the assimilation becomes unfavorable. On any other part of the

thallus, where the humidity is still sufficient, this spore-bearing

mycelium is not yet present after 4 months. This appears, for

example, in phials where the medium is solidified obliquely; the

topside near the plug is then already after a month covered with

white air-hyphao, whilst near the bottom in the moist part the thallus

still remains spore-free for months. On the said favorable medium
I could observe no individual differences in the cultures representing

the different stocks.

Still these proved really to exist, which became clear in cultures

on media of the composition: 4 gluco.se, 7io peptone, 2 agar, 100

water, that is as in series 3 . Here all the conditions of growth were

the same and the several parts of one thallus were not exposed

to dilferent influences, and yet the spore-bearing air-mycelium of one

culture appeared at quite another time than that of all the others. In

this stock the IX"' generation was the earliest and, when it was kept at

36*
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± 25° C , llie white air-injcelium was present afler 5 montlis on

llic frreatoi' part of the culture. As llic hillei' had then already assumed a

dark ludor ihc ai>|)eariiin' ol' Ihw while air-niyoeliiini was very olvions.

The second which then followed was stock II, where after 5 nionllis

a trace of ihe while niycelinin began to develoj) on the central

disk, then showinj^ a stroiifr contrast with tiic still darker color of

Ihe ihalhis. The others did not yet jiossess any spore-bearing air-

hyphae. Later, however, tiiey api)eared in all.

Surveying all the results of this investigation on the individual pro-

perties of the descendants, oblained by fructification from a single

mould-fungus, it appears that no |)roperly is fdiind not possessed

by any of the otlier stocks, but that each of lliem shows these

|)roperties in more or less degree.

The first qiieslion now arising in this connection is; are ail these

j)roperties in each iiidiviibial mould regularly fortified or enfeebled?

and nuisi those dilferences be considered as the utterances of the

ereatei' or smaller intensitv of the functional activity in for the rest

like individuals'" Or do ilie examined jjropertics appear in the

various individuals irregularly fortified or enfeebled?

Basing on the above researches the second of these questions siiould

be answered affirmatively. For if we arrange the results of the most

cliaracleristic individuals in such a way that the lowest degree of a

property is represented by 1 and tlie inghest by 5, we obtain the

following survey.
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among the fructifieative descendants of a single mould-fungus. Of

the innumerable spores produced by one mould, the number of ten,

used for the experiments, was much too small. Remarkable are not-

witlistauding the relatively great differences occui-ring among these

t«n descendants.

As pains were taken to render the conditions of growth as favo-

rable as possible, aud no strongly irritating means were applied in

the research, which so often occur in biological isolations l)y using

chemicals or by healing, we certainly have to do here with

phenomena of normal individuality.

Among the \'aria(ions proper lo nucro-organisms, noted by Bkuerixck

in the Meeting of the Academy of 27 Oct. 1900 they can hardly

be ranged, as degeneration, transformation and common varialion

all appear in the course of some generations, which is not the case

here. Here neither occurred, what at the same place is stated

as characteristic for "ordinary variation" : "Here the normal form

continues unchanged but now and then throws off individuals,

variants, which from the very first are likewise constant and renuxiu

so, but at times again throw otf other variants, among which ihe

normal form may occur as an atavist."

It is possible that in Ihe course of time Trichophyton, too, is subject

lo such alterations. It is already established Ihat it degenerates in

form by prolonged culture and by repealed re-inocuiation into unfa-

vorable media and thereby slackens its growth.

The above individuality may be compared to the inconstancy of

buds and .seeds in the higher plants, in wdiose descendants, however,

the ditferences in form are much more easily observed than those

of their biochemical properties.

One weighty objoclion might be made against this iudividualily

of the spores, namely : Ihe spores which germinated did not originate

from the same portion of thallus II; hence it might be that we had

not to do here with a property possessed by the spores themselves,

but with one springing from the dissimilarity of the various parts

of Ihe thallus. For it is accepted that different parts of a same

mycelium can possess different properties.

As to Trichophyton albiscicans I have perceived noUiing of this

during the years I have observed this organism. But it is possible to

prove the equality of all the parts of its mycelium by examining

them in relation to form and properties. This was done in Sept. 1910

when culture II was 12 months old and hence had had every oppor-

tunity to deviate in any of its characters.

Parts of the mycelium taken at random were now examined on
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the various above differences in form, acid foi-mation, proteolytic

ferment etc., by transplantation on a medium as used before.

Although such old cultures are less active than much younger

ones, all of theui taken from II grew well and develo[)ed as usually.

The result was that in the lirst six weeks nothing was to be perceived,

neither in form nor in the production of acid or of proteolytic ferment,

of the relatively great differences seen at multiplication by spores.

This vegetative luullipliculion thus shows in this resj)ect a strong

contrast as compared wiili liie fructificative.

Hereclity.

The relatively great differences in individuality among the de-

scendants of Trichophyton albiscicans, made the question arise whether

these graduated properties of I he species would be hereditary in

vegetalively obtained descendanis.

To answer this question, from the ten slocks, obtained from one

spore, those were selected whicli in tiieir different biological proper-

ties showeil the strongest contrasts, namely I, II, IV, VIII, and IX.

Of these was vegclatively cultivated from the 2'"! generation a 3"',

from this a 4''', and from this again a 5'''. The same precautions

as to similarity of giowih conditions were taken as before. Each

generation was grown from the preceding by taking small bits from

the mycelia on litmus substrata, as on this medium the cultures

preserved their full vigour of growth. This was not the case with

cultures on agar of the composition: 4°/„ glucose, V-.oVo pepton, on

account of their small protein percentage. As our object was the

examination of normal descendants, the same way of re-inoculating

was also to be followed for the cultures on an unfavorable medium.

From the litmus culture of the related stock, bits of about the same

size were cut off with a flat needle and transferred to the said

media. All the generations were begun on the same day and ex-

posed to the same conditions as to heating, illumination etc. So,

after preparing the media, generation 2 was set up, as said above,

on 3 January 1910, the generations from this on 7 March, genera-

tion 4 on 7 April and generation 5 o/i 18 May.

These experiments carried out with care, confirmed what I had

already seen for years in Trichophyton albiscicans concerning the

form, that vegetative multiplication of this mould produces equivalent

descendants, also as to their biological properties.

1. Regarding the form the circle of fissures on tlie border of I is

very much developed in opposition to II and IX, where these fissures

do not or only sporadically occur.



A. W. NIEUWENHUIS. 'Individuality and Heredity in a lower mould-fungus.

(Trichophyton albiscicaus)."

Plate 1

Gen 2

(ien.

(it'll. 4

IV VIII

Erlenmeyer flasks with cultures of the five st Kks I, II, IV, VIII and IX of Tricho-

phyton albiscicans in 2d, 3d and 4th generations. The stocks are placed under-

neath each other, the generations side by side, to show the differences in

de coloring of the media.

Proceedings Royal Acad. Amsterdam. Vol. Xlil.
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In all the cultivated generations of 1 this particularity was trans-

mitted as well in I as in II and IX, as is shown by Plate 2, where

the 2'"^ and 3"^ generations are given, the latter in a stadium of the

5t'> month, the 2'"' is one month older. After two months already

some fissures at the border appear and then grow more and more

numerous.

In the thallus of II, contrasting in .so many respects with I, these

fissures do not at all occur in the border of the 2'"' generation,

only in the course of the third month they appeared at a few spots

sporadically and developed but to a small number, in the 4''' gene-

ration they were absent. For IX the same may be observed on

the plate.

Besides this, the distinct partition into central disk and outer

border affords a useful distinguishing mark ; likewise the presence

or absence of threads or hairs which give the surface a velvet like

appearance. That partition is most pronounced in IX and its descen-

dants, least in II where of this character not much is to be seen,

neither for the 3''', 4'" and S'*" generations. There the central disk is

entirely covered with Jiftle hairs as is also the case in the descendants.

This is clearly seen in the 3"' generation of IX, plate 2, for the

2"'' generation it has become less distinct by the prominence of the

air-mycelium. The indistinct division into disk and border and the

small number of haii's in the middle are best seen in the 3"' gene-

ration of II, as in the 2"'' it is eliminated by the stronger growth

of the air-mycelium.

Whereas already after a month the central disk of IX is closely

beset with hairs, they appear in the centre of II only after 4 months

and remain very rare.

2. The rate of acid formation for the \egetati\ely obtained des-

cendants was traced in the same wa}- as for the above described

research on individuality on media of4 glucose, 1 peptone, 2 agar and

100 water and then neutralised with KOH to a very feeble acidity. The

greatest difference was here between I and \TiI, the intervening II,

IV and IX were, however, also cultivated. Each of the following^

generations was obtained vegetatively from the preceding one and trans-

planted to PETRi-dishes on the same days as the series arranged for

the observation of the differences in form.

For the generations Ig,—Vlllg, to Igj— Vlllg; the same order

continued to exist in the acid production. After six weeks it was

at its highest, then passed slowly into an alkaline reaction, indicated

by the deep blue color, which also took place on the eosine me-

'

dium. Where the acid production was first strongest, as in VIII, this
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conversion of the acui, and in relation to this tlie change of color

also set in first in all the cultures.

The rate of acid formation, too, proves thus as an individual pro-

perl}- to be hereditary in the vegetatively obtained descendants.

3. The rate of produclion of proteolytic ferment also was observed

in the vegetatively obtained descendants in a similar way as

above; the medium then used of 4 glucose, 1 peptone, JO gelatine

and 100 water was also used for the successive genei-ations, in quan-

tities of 60 grs. in J 00 grs. Eiu.enmeijer flasks. They were inocu-

lated on the same days as under 1 and 2, whereupon each series

was continually exposed to the same conditions.

Respecting the diiricully to determine the degree of li(|uefaction,

enough has been said already; at the estimation of the results for

the successive generations the same trouble as before arose, but

still, after 6 weeks, wlien the liquefaction was nearly complete, it

could be stated with certainly, that the vegetative descendants of

II always caused much stronger liquefaction on the gelatine media

llian those of I. Hence, the moment when the substratum of Ig, and

its descendants was liquefied, was reached a few weeks later than for II.

So the heredity of the degree of vigour in the formation of proteo-

lytic ferment is not doubtful, but can be fixed accurately.

4. The dark-coloring of the substrata and the mycelia, so ii'regular

for the various individuals, occurs as well in the solid agar as in

the liquefying gelatine media. For the estimation of the degree of

coloring, agar media should, however, be preferred, as the licjue-

faction of the gelatine sometimes affects the growth and might

render it very ditricult rightly to judge only one culture of each

species as was done here. The agar medium is moreover quite

regularly dark-colored just as the liquefied gelatine.

Of the results obtained in the cultivation of three generations of

the five stocks, plate 1 gives a good image. The stocks are placed

side by side in this order: I, 11, IV, VIII, IX, next each other and

in the 2"^\ 3"^ and 4'*' generations one under another; the first two

killed after 6 und 5 months and preserved with forniol, the third

still alive and 4 months old.

In all the generations it could distinctly be stated in the flasks

that in accordance with the darkness of the decoloring the order

of succession was: II, IX, VIII, IV, I, of which II was the darkest.

On the photography this can be seen with some difficulty by the

colors of the media, but very distinctly we see there the continuous

contrast of the series of I with light colored and that of II with a

dark colored substratum.
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This well proves (and it is slill better seen in the cultures in

the tlasks) that bj vegetative mujiiplication the dark-coloring, as

yet so mysterious to us, is transmitted (o the descendants, even

with the same degree of intensity.

5. The form, tion of white, spore-bearing mycelium which, as

said in the research on individuality, showed such great diiferences

as to the time of its appearing for the various individuals on the

medium: 4 glucose, '/lo pep'one, 2 agar and 100 water, produced

the same riBsults at the invcsiigation liere described.

Only after 5 months th^ white liyphae began to form in IXg_,

fn-st iu the middle, and after H months they covered a great part

of the culture, as plate 3 shows; its contrast with the state of II

and I is less pronounced, as bj' the insolation of the light, also

other parts have become whiter. Yet II has only produced spore-

bearing mycelium in a slight degree, I hardly any. In the three

figures of the second generation, only 5 months old, this inherited

particularity is more marked. IXg, bears in the middle the disk

covered with white myceliuui, iu opposition to the smooth border;

Ilg^ has remained nearly quite suiooth and only begins to produce

spore-bearing organs, whilst I,, possesses hair-shaped, prominent pans

but, as the culture shows, no spore-bearing hyphae.

Consequently as all the growth conditions were the same for thefe

cultures, the results point out that also the spore-bearing air-mycelinm

of (he vegetative descendants, which appears in the various individuals

at ditferent periods, comes in the same order as in the preceding

generations, so that this diftV-rence iu the individuality too proves

hereditary.

This research on heredity shows that vegetatively obtained des-

cendants from the examined individuals, had inherited the relative

degree of the properties of the original cultures. In connection with fJie

investigation on individuality follows from this, that l)y the cultivation

of spores of a single mould of Trichophyton albiscicans, not only

individuals are obtained with special properties, but that stocks with

sucli properties also take rise by common propagation.

So for an inferior organism as this mould-fungus the same laws

prevail as for the higher plants, namel}', that individual properties

are transmitted to the descendants especially by vegetative multipli-

cation and that, by fructification, a variation in biological properties

is observed, moving within the limits of the species and coniprising

also the form-properties.

It is not improbable that this will prove also to be the case for

other moulds, albeit perhaps more troublesome to trace in the quickly
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growing species. The conception "species" would then comprise all

the individuals possessed of all the variations in niorpiiologic and

biochemic properties, stated in the sporogeneous descendants of a

single individual. Several moulds, hitherto considered as belonging to

diirerent species, will probably find their place between tiie limits of

variation of other forms. It may furthermore be expected, that many
cases of pleomorphy, and the doubt respecting the aflinity of the

Trichophyton group and the Favus moulds, will lind Iheir solution in that

direction.

. A particular attraction will be lent to sucli researches by the fact,

that the chemical properties of the examined organisms can iriuch

more easily be observed than in the higher plants

Besides the fungi there are, however, many other low organisms

which multiply partly vegetatively (by division), [)artly sporogenously

(by fructilicati(in). To these the bacteria belong, and here much has i^een

discovered aiiout the variability of properties, which has given rise

to a sometimes very doubtful dislinclion of stocks, varieties, related

forms, etc, and moreover to a great uncertainty as to the affinity

of these forms and the possibility of their mutual transition.

If a nearer research might prove thai, just as for the lierft examined

lower fungus, also for bacteria and other organisms multiphilioii

by spores produces stocks with another combination of properties

than by direct division, an extensive field of investigation niisht

possibly be opened.

A practical, simple method of arranging one-cell cultures, whereby

the organisms remain vigorous and possessed of their normal properties

is therefore required.

For that reason I will describe the method which enabled me to

make the above observations.

Microbiology. — "Method to culticate micro-organisms from, one

cell." By Prof. A. W. Nieuwenhuis. (Communicated by Prof.

M. W. Beijerinck).

(Communicated in the meeting of October 29, 1910).

Among the charactei-istics of the present period of investigation of

micro-organisms and the application of the thereby obtained results

in behalf of the life of modern society, this is certainly a salient

one, that by the more profound study of the properties of those smal-

lest of beings a great uncertainty regarding the constancy of their

life functions becomes prevalent, in connection with doubts about
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the independence and the more or less narrow afihiity of certain, for

instance of pathogenic and non-pathogenic species. To cite only a

few examples, I mention, on account of their practical importance, the

donbt about tiie constancy and affinity of many yeast species, of

typhus and paratyphns bacilli and bacterium coli, and in mycology
the contest as to the unity or |iliua]ity of the Favns- and Trichophyton

moulds, especially in relation to their geographical distribution in

the temperate zones.

Since the parasitic diseases in the tropic- have been scieniifically

studied the existing uncertainty concerning organisms, such as typhus-

and dysentery bacilli, still increases.

The important results obtained notwithstanding, which have become

so valuable for industry, public health and physic, have somewhat
broken the conviction tliat a solid, scientific insight into the mor-

phological and biological properties of micro-organisms is necessary.

The great technical difficulties accompanying an investigation into

the life conditions of some smaller microbes, have still more weakened

that conviction.

For those, however, who seek the solution of the theoretical

cpiestions which are to form the lirm base for important social

measures, the study of the organisms themselves and of their

properties continues to be a prominent demand.

Only recently Professor Dr. D.A. de Joxg, in his treatise "De Tuberkel-

bacillus", publislied as special number to the 4''' year of "Tuberculose,

het orgaan van de Cenlrale Vereeniging tot bestrijding der Tubercidose"

pleaded eloipiently for a conscientious investigation into the proper-

ties of the tubercle bacillus. How mauy important problems are still

to be solved thereabout is shown even by some heads of this

treatise as: 2. Properties of the tubercle bacillus in relation to the

diagnosis; 3. Pseudo tubercle bacilli; 4. Culture of tubercle and

pseudo tubercle bacilli; 5. Morphology of tubercle and pseudo

tubercle bacilli ; (3. Dilferences of tubercle bacilli mutually ; 7 Tubercle

bacilli of cold blooded animals. From the contents we further see,

that also for these questions, touching the very heart of the matter,

the differences of views are still very nuanerous.

For attaining our present standpoint, Pastelr in the first place

showed us the way by his evolutionary researches, and the great

progress dates from the time when Koch introduced his solid medium.

According to many, however, this expedient does not afibrd the

support, wanted for the following step to take on the long way

before us of bacteriological and mycological research. Numerous are

hence the other methods of investigation, whereby use is made of
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biological properties of the organisms lo state I heir independent

existence or their aflinity, for instance of serum reactions (a^;ghili-

nation, precipitation, etc.) together with color methods. Hilheito

these mctiioiis could not, however, solve very grave rpiestions, and,

by their iiunilier, Ihcy prove in some way Iiow litllo eiTTicacious they

are in certain cases.

A long time already Ihere have been iiopcs for the gi'oal sii|)port

of a practical mclliod to carry out a one-cell cnltiuc under most

varied circumstances, not only lo observe tlie pr()|)C'rlips of liie

individuals among the micro-organisms, or their allinily or similarity

10 oihers. iuit also lo culliNale organisms, whicii are dilTicult lo study,

because ihey i-aiiuol i^iow on solid media and shouiil llieicfoi'e be

transferred from liquid to li(|uid. How much llie want of such

a means is felt, is proved by a few cilatious, referring lo uiolhods

for one-cell culture already ])ublishpd before. When describing

the method of S. L. JSchoutkn. Iv Kiistkh declares in liis "Kidtur

der Microorganismen, Leipzig uiid IJeiliu 1907" : "Eine ingeinose

Methode, welche die KocH'sche zu erganzeu berufen scin kouule ...."

and when discussing a similar melhod of M.\1!shall A. B.mirkr,

H. PiuNGSHi'.nr declares in the "Zentraiblatt fiir Bakteriologie, Para-

sitenkunde und Infektionskrankheilen", Bd. 23, N. 6/9, Abteilung

11 : "Yielleicht ist die Methode Bakbkr's in noch lioherem Grade,

als der Autor annimml, dazu bestimmt von den Eiuzelzellen

ausgehend zu Reiidvulturen soldier Microorganismen, wie z. B. man-

cher Flagellaten, Algen und Diatomeen zu kommen, die wegen ihrer

Empfindlichkeit nur schwer in Anhaufungskulluren zu gewinnen

sind und die sich deshalb von Bakterien und Schimmelpilzen uur

schwer trennen lassen".

Such researches about the properties and affinities of cerlain

organisms, cullivated strictly from one cell, were carried out by

E. B. Hansen in the Carlsherg-Laboratory near Copenhagen, rela-

tively to some yeast species. They iiave given much insight into the

properties of these yeasts and exerted a great influence in the

brewing industry. With his method of working, whicli reposed on

tlie detecting and noting of separate yeast-cells in a liquid medium,

the I'elatively large size of a yeast-cell enabled him lo apply a

microscopical magnification of + 60. Also for the modification de\'ised

by Lindner such a lai'ge organism is required. Much smaller orga-

nisms, such as mould spores and bacteria cannot be found in this

way and for these another method is necessary.

A practicall}' good method to arrange one-cell cultures should

answer the following requirements:
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It must be fit to be applied witli magnifiCcitions of 300 and higher

;

this needs no fiu-lher explanation.

2. The organism to be isolated must be injured neither bv chemical

nor physical stimulants.

This is a demand which for other methods of research, too, is

by no means generally recognised. It rests on the fact that as well

higher plants as lower organisms react on even apparently insigni-

ficant stimuli, for e.vample on a slight modification in nutrition,

with a considerable deviation in their functions. Especially in biological

isolation methods this principle is sometimes earnestly sinned

against. As soon as temperatures to even 80" C, or chemical substances

are used to kill other organisms present at the same time, it

must be accepted that the remaining individuals are no more normal.

3. The greatest possible simplicity in the application is required,

so that the method is within the reach of every experimenter, not

exacting too much of personal dexterity, patience or time.

4. An easy maintaining of asepsis in the research. This, also, is

sufliciently clear.

These demands are not satified by any of the hitherto pulilished

methods of research with one-cell culture. S. L. Schouten (190J),

i.solates tiie cells from suspensions in hanging drops at large

magnification by means of two needles. Marshall A. Barber (1907),

does the same with fine glass capillaries and R. Birri i1907) nses

little drops of East-Indian ink.

The very ingenious method of S. L. Schouten is for a general apjili-

calion much too complex, as it requires too much from the dexterity

and patience of the investigator; on account of the long time, too,

wanted in the application it would be troublesome, even for a

skilful experimenter, frequently to use it. Moreover, it has the draw-

back that the extremel}- fine, artfully made glass needles must be

sterilised. How ditficult this is with fretpicnt use without stimulating

and enfeebling the concerned micro-organisms by chemicals, the

inventor himself proves on page 113 of his treatise.

Marshall A. Barber substituted capillaries for Schouten's needles;

with these he draws by suction some organism from a hanging

drop. Especially when working with impure material the sterilisation

of these capillaries must occasion still greater difficulties than Schou-

ten's needles.

The "Tusche-method" of Burri is again a culture method on solid

substrata, in so far as it is used for the multiplication of an organism,

whereas it does not properly effect the isolation of a single individual.

The above research on the "Individuality and Heredity of Tricho-
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phyton albiscicans" I carried out In means of a one-cell culliii'e

melliod, whicli possesses all the above reciiiirciiienls. I( can be a|)|)lie(i

with large niagnilications (I used those of :5()() and 450), aiui requires

a glass needle of easy make and every time a new one, which

renders disinfeclion unnecessary. The management does not require

much dexterity and time, nor very complex instruments, whilst

avsepsis can easily be maintained.

Likewise as by the methods of S. L. Schohten ami iNlAKsiiAi.i, A.

Barber, I isolated the concerned organism from a drop of the sus-

pended material hanging under the cover-glass, only with one needle,

to sulsetjuently transfer it lo a drop of nutrient liquid in wliich the

preliminary or the whole further development can take place. The

two drops are hanging side by ^ide under the cover-glass. The glass

needle a is fixed on a stand b on which it can be moved mechani-

cally in every direction by three micrometer sci-ews (Plate 3).

As Plate 4 shows this stand can be placed beside every micros-

cope /; the needle a should be so long that the point can be placed

in the axe of the microscope. The end of the glass rod wherewith

the isolation is effected, is a glass globule which may differ in size

in accordance with that of the organism to be isolated.

At the previous research, whereby mould-spores of 2—27^ (J and

mycelium cells of 1—IVif* thickness, but of greater length, were

transferred, I used globules of 20—30 fi diameter.

As to the execution of the isolation the following observations

may be made.

a. The material from which the organism is to be isolated is

distributed in a sterile liquid, in such a way, that it is suspended

very finely divided, so that the spores in the drop under the micros-

cope do not get too near one another, or too near strange ones.

How this is to be contrived depends on the concerned material and

may be arranged at will. I did it on a sterile object-slide in a flat glass

box, likewise freed from germs. On the slide a drop of nutrient liquid

was laid and with an iron needle a number of spores were distributed

in it. To divide a bit of mycelium two iron needles wei'e wanted.

b. The cover-glass on which a little of this material must be put,

may be of the usual form, for example 22 X 2Hnim.; it is, after a

careful cleaning, very thinly smeared with pure vaseline on one side,

and subsequently freed from germs by quickly- passing that side a

few times through a gas flame. The layer of vaseline should be

extremely thin, as it only serves to prevent the di'ops from flowing

over the glass surface.

It is advisable to prepare beforehand in a sterilised glass box a
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sufficient nmnber of these cover-glasses, for example for one day.

c. As nutrient liquid I used that wliicii had [iroved most favorable

for the organism. In order to exert no weakening influence I used

the same \u[\\u\ for mixing; in the above research 4 parts of glucose,

1 peptone, iOO water.

d. A copper rim must serve as support for tiie cover-glass under

the microscope, for as the experimenter works witli the glass needle

under the cover-glass with the lianging drops he wants a rather

large free space. The most practical 1 found to be a copper rim

8 mm. high of the sliape of three sides of a rectangle, having a

side length of 18 mm. and from 1.5 to 2 mm. thick. Tiie foui'th

open side serves for tiie inti-oduclion of the glass needle and for

its movement.

To easily move tiie cover-glass I cement the copper rim with

some vaseline on an ordinary object-slide lying on the stage. By
greasing the fiat top side of the copper square witii a little

vaseline, the coverglass adheres somewhat to it, which is desirable

though not necessary

.

e. The glass needle with which the isolation of the organism is

effected is so simple of shape, and can so easily be made, that it

implies the possibility of an extensive application of my method and

much advantage over other needles. The part of the needle properly

used is its terminal portion, which has the shape of a globule, in my
investigation of 20—30 ;i diameter, which dimension may, however,

be \aried according to the size of the organism. The foremost part

was drawn out to ± 10 ft thickness and over a length of from

4— 5 mm. bent upwards, with the globule at the top.

The making of su'^li a needle is done as follows : two ordinary

glass rods or tubes + 4 mm. thick and + 15 cm. long which

toucii each other with their ends, are melted together in a gas

flame, then the still soft middle part is drawn out to 1 mm.
thickness. After cooling the rod is divided into two by breaking it

just in the middle.

To make the fine points a microbiirner is used and the tlame

lowered to a height of 2—3 mm. so that no yellow central part is

seen. In this low tlame the ends of the two glass rods are held

in contact with each other. When half liquid they stick together

and are drawn out to a tiiread of ± 10 ;< thickness. After cooling

and breaking in the middle, one luis two of the desired needles but

without ternrinal globule As the extremely delicate points must not

lie in the axe of the rods but should be directed upwards, the

drawing must be contrived so as to bring the needles in the same
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plane at angles of ± J20'. Tlic liiiest portions of llie poiiil llieii get

also tins (liret'lion.

Tiie terminal globnle is simpU made by passing tiie hrnUen end

of the iO ft tliick glass thread so (piiekly through the niicrollame,

tiial it Just for a mmiKMil has a yellow blaze. If it is done loo slowly

the hair-thin glass thread melts into too large a globule.

Wlien drawing out the glass to a thread of about 10 ;< it often

breaks or the ends get a somewhat irregular shape, partic-ularly

when (he drawing goes loo far. Afier liie glol)ule has been formed

the point sometimes needs improvement on account of an abnormal

bent. A very simple manner is then to keep the end of the needle

for a moment over the tlame, it grows soft and the rising current

of hot air may place it in the rigiit j)Osition.

After a few trials the making of the needles is (piite easy for

every experimenter.

Now that every one is al)ie after a little trying to construct the

desired needle witiiin some ten minutes or less, without any other

implements but a few glass rods and a microburner, it is in the first

place possible to repair a needle that has become useless by refounding

it, instead of by disinfection, further it may be replaced by others

easily made in store.

f. There are diverse stands with which the thereon adjusted objects

may ^ ery slo^^ly and regularly be moved in three directions by

means of micrometer screws; if they have only about the height

of the stage of a microscope they may be rendered serviceable

to this method by supplying them with a giassneedle. As Plate 4

shows, such a stand b is placed quite free beside a microscope /,

only the needle a must reach to a certain height over the table that

it may be placed with its point nnder the objective.

The stand used by me is shown on Plate 3 in all its parts, ami

consists of a foot j, on which a column /* may be raised by screw

d; on table i, adjusted on this column, is a sliding-piece destined

for the fixation of the needle-holder and movable to the right and

the left by screw c. The mo\enient backwards and forwards is

effected by screw e, which makes the whole upper part of the

foot turn round on its base. All these movements are regulated by

spiral-springs, which counteract the movements of the screws. The

needle holders of which two, with their needles fixed by means of

gypsum, lie beside the stand, are placed loose on the sliding-piece

and are fastened by two pins in corres])onding holes. The whole is

made of copper. The up and downward mo\ements, caused by

screw (I, were accompanied in liiis stand with a slight rolalion; for
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the rest the movements of the point of the needle a, as seen under

the microscope, were quite-regular, so that the apparatus proved

very useful.

g. Any microscope, either with or without a nose piece may be

adapted to this isolation method if oidy the room between the ob-

jective and the stage is large enough to place in it the glass slide,

with the copper square and the cover-glass with the two drops. If

the stand is not constructed for the microscope in use, the desired

height can be obtained by placing disks of the required thickness

under the base.

As may be seen on Plate 4, a movable stage of Zeiss was

adjusted on the microscope /, by which the slide / and thus the

copper square m, too, and the cover-glass n may be quite regularly

moved in the horizontal plane. The movements of the Zeiss instru-

ments I applied later instead of those of the stand as the screws

ran more gently. With the stand only, without the movable staged

the method can still be \evj well carried out.

h. Finally, for moist chamber I made use of the following simple

arrangement which can easily be sterilised. An objective is sterilised,

in a gas tlame and subsequently placed on a + 7 m.m. high glass

ring of 20 m.m. diameter inside and 1 m.m. thick. By holding such

a ring with a forceps in the flame, it is soon freed from germs, and

in that warm state gi'eased with vaseline on one side it adheres well

to the glass slide and prevents the air from entering. In a sterilised

glass box a whole series of such moist chambers may be kept in store

for some research. To cultivate in it the organism in the hanging

drop, the top edge is also rubbed with some vaseline and the cover

glass pressed so much that, also here all access of air is excluded.

At first, as is often advised, I put a drop of liquid on the bottom

of the room to prevent evaporisation of the culture drop. This,

however, gives some trouble by the condensation of vapour on the

under surface of the cover-glass, which does not occur when the

drop at the bottom is left out. When a hanging drop of for instance

4—5 m.m. diameter and IV,—2 m.m. thick is used, the slight

evapoi'isati on wanted to saturate the small room I never found

injurious. Vapour at the bottom of the chamber is sufficiently

prevented by placing it on a solid object in the warmed room by

which the glass-slide becomes warmer than the ccverglass.

. The isolation and subsequent cultivation of an organism are

managed as follows

:

First the objective, with the copper square fixed on it with vaseline,

is placed on the stage of the microscope so that its axis passes

37

Piocecdiugs Rojal Acad. Amsterdam. Vol. XUl.



( •'^'-l

)

tlirougli tlie centre ol ilie s(iiiare and the open sido is (liroctod to

one of the sides, as on IMale 4 to the left.

Now tlie stand b wilii the needle a is placed on the left side of

the stage, in snch a way, that tlie needle reaches over that side,

its point being placed nnder the objective within the copper square

(lig. 4). It is further desirable already now to bring the head of the

needle in the axis of tiie microscope, ivhich after some practice nnder

control of magnifications of for instance 50, may be done witii llie

hand or by means of tlie micrometer screws. When tiie iiead of the

needle is in the desiretl position, the glass rod a is so far lowered

by the corresponding screw, that its head is .somewhat below tlie

top edge of the copper square, whereby the head, of course,

continues to move in the a.xis of the micrcscope. When now the

cover-glass with the hanging drops is put in position the drops do

not touch the head.

The cover-gla.ss under which the organism is to be isolated, has

been described before (see h). The hanging drops are transferred to

it with the following precautions. With a sterilised glass rod a drop

from a tube of germ-free nutrient liquid is laid on the fatted side,

which drop is to serve for the cultivation of the organism and will

therefore be called culture drop. Its size is best at 4 mm. diameter

and J'/,—2 mm. thickness. With the same glass rod a small quantity

of the suspended material can now be taken up and placed at lit4le

distance, for instance 1

—

I'/s mm., as second or "material drop"

beside the culture drop. It is best to give the material drop an oblong

shapie, so that a long side may be turned towards the culture drop.

Micro-organisms situated near the edge are most easily isolated, and the

small distance between the drops is desirable to make the way for

the organism to be isolated as short as possible. This cover-glass

supplied with two drops is now removed with a forcejis from under

tlie sterile cover glass under which they were formed, then quickly

inverted, so that the drops do not coalesce which, however, does

not easily occur on the fatted side; the cover-glass n with the

two now hanging drops is placed on the copper square in such

a way that the drops are in the middle and do not touch the

edges.

By removing the glass slide /, eventually with the movable stage,

it is possible to bring the space between the two drops in the axe

of the microscope, which is easily controlled by ti.xing the edges of

the drop.

After these prepai-atives the transference of an organism must be

conducted as follows : The simplest way is to pick up the indivi-
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dual to be transferred at the side of the material drop wliich is

turned towards the cultnro drop. Then tiie needle is screwed up by

e so mueli that the rounded point is vaguely visible and fonsequently

lies beneath the field.

Tiie transferring itself reposes upon tiiis, that, wiien tiie point of

the needle is ])laced in the material drop, just against the greased

under surface of the cover-glass, and the needle is then horizontally

moved by screw e out of the drop, it carries along with it over the

cover-glass a small quantity of the liquid, and at the same time the

corpuscles present in it. The size of the droplet depends on that of

the glass globule, the nature of the liquid, the degree of greasing,

etc., but with the above given proportions of a globule of 20—30/7,

the quantity of liquid, when moving slowly, is large enough to carry

along a suspended spore of V'^ ;/. By the greasing the liquid will,

soon after its exit from the edge of the material drop, contract at the

cover-glass into a droplet, in consequence of which it does not

flatten out on its way. If now by means of screw e the globule is

continually moved in the direction of the near culture drop, the

latter and the droplet containing the spore will soon coalesce.

If thus the point of the needle is placed in the material drop in

contact with the organism to be transferred (for easily working it is

best in the centre of the field), it can in the way described be con-

veyed to the "culture drop" and there develop uninjured.

That the particles to be conveyed should be as far fi'om each

other as possible in the "material drop" is evident and explains the

necessity of strong dilution.

The eiisiest way is to isolate an individual from a pure culture
;

however, from a mixture it is also very well possible, and as all

can, to a certain extent, be controlled, at any magnification, con-

tamination of the culture drop seldom occurs after some practice.

Continued suspension of the organism during the transference is most

desirable, but when the way becomes too long the quantity of the

li(pii(l diminishes by the lagging droplets, and a spore, for instance,

will adhere to the under surface of the cover-glass. By placing the

point of the needle behind it, then moving again, such a particle is

carried along, but the less frequently this occurs the better on account

of possible injury. This explains why the two drops are placed

as close as possible to each other. Especially long, slender organisms

are strongly apt to adhere.

The greasing with vaseline has also much influence in this respect,

the thicker the layer the more trouble it causes. Contamination of

the needle bv the vaseline cannot be wholly avoided and cleaning;

37*
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is very tioiiblesoiiie. lienoe a >iiii])k' n'roiiiidinf; (if llio iicfdlo lo

ohiaiii a new |)iirc one is (iesiral)lc.

As soon as the organism is arrived in the cidlnre droj) liie glass

needle a is lowered bv means of screw e, and the transported oi-ga-

iiisni now lies free in the cnltnre drop. Hcfore llic cover-glass

can be placed on the moist room for further dexelopment of Ihe

germ, the material (h'op mnst be removed. This is done \n means

of a piece of filter paper, sterilised by being passed throngh the gas flame.

The cover-glass is removed with a forceps froiM the cop|)er stpiare. ami

then a point of the fdter paper is cautiously held in ihe l)Otl()m part

of llie material drop, wiiich is quickly sucked up. Minimal rests of

moist do no harm. By placing the cover-glass with the hanging dr0|>

in the moist chamber, as aforesaid, willi ad<lition of some vaseline,

one has an oppoitunily to make the development proceed either

with or without control of the microscope.

When working with strongly contaminated material, so ihal it

is hardly possible to isolate the wished for organism from the

material drop, it is convenient to i)lace a "washing drop" closely beside

the two others. With the greatest care, the spore is then first con-

veyed from the "material drop" to the sterile "washing drop" in

the above manner. With the point of the needle tiie spore is con-

ducted through the latter, whereby other accompanying organisms

may be left behind and, with the same needle, or if this is supposed

to be contaminated, with a new one, the spore is led into the

culture drop. Material- and washingdrop are removed with the filler

paper before the organism is placed in the moist chaml)er.

The relative simplicity of this method renders it possible to modify

it according to cii'cumslances, which will certainly furtlier an

extensive application.

vSuch a modification of the foregoing manipulation I have devised

myself by using the movable stage of Zeiss k. With this it is easy

to move the slide e, and hence the cover-glass 71 with the hanging

drops, in the horizontal plane. For the isolation proper of the

oiganism it is the same if either the needle or the cover-glass is

moved. It depends cliietly on the fine workmanship of the used

instruments which method is to be preferred. On Plate 4 we see

the micoscope and stand with the movable stage of Zeiss.

1 now wish to bring my kindest thanks to my colleague van Itai.i.ie

for his receiving me in his Laboratory, and for his help and sympathy.
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A. W. NIEUWENHUIS. Method to cultivate micro-organisms from one cell."

Plate 4.

Microscope and stand for the separation of a microorganism and the culture from one cell.
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Physiology. — "On the consumption of od-i/(/en lnj the nervous

s//stem." By F. J. J. Buijtkndijk. (Commuiik-ated by Prof. Dr.-

H. Zwaardemaker).

(Communicated in the meeting of October 29, 1910).-

By mean? of a method tliat I demonstrated at tlie 8"' Internafional

Physiological Congress I succeeded in determining the quantitv of

()„ absorbed from a fluid by a removed animal tissue. In tiie below

mentioned experiments the brain, the spinal cord, or some other

peripherical nerves were phxced in a Ringer solution, of which after

some time tlie percentage of O^ was determined. By means of the

method applied and the apparatus used, the experimental error could

be reduced to 2—3 mm.'^ (),

.

WiNTERSTEiN M determined the consumption of (9, of the frog at

260—300 mm.' per hour and gram,^ whilst at an equal temperature

muscles of the same experimental animal consume 80— J 00 mm."

(>5 per gram and hour (Thunberg")).

I can also verify this strikingly high consumption of 0, by the

central nervous system. So I found that the spinal cord of a frog in

a Ringer fluid consumed 180—250 mm.' 0., whilst for the muscles

likewise + 80 mm.' was found. Fishes proved to be very lit

experimental animals for the study of the assimilation of the brain.

Kvi.iABKO ') succeeded in transfusing such a fluid through the brain

of fresh-water-flshes so that the respiration motions continued. Conse-

quently this fluid is especially flt to make life continue in the removed

brain of fishes.

1 used for my experiments fresh-water-fishes as Esox hiciiis, Lucio-

perca sandra, Tinea vulgaris, Idus melanotus, Perca tluviatilis, for

whicli 1 could always find a solution of salt which, during the trans-

fusion through the brain, according to the method of Kuliabko,

caused the motions of respiration to return. For the consumption of

0, by the brain of salt-water-tishes I simply used a solution of

NaCl with an osmotic tone like that of the experimental animal

(according to the indications of Botazzi) '), 1 had at my disposal

specimens of Gadus morrhua, Gadus merlangus, Trigla etc.

The figures for the brain originating from newly killed animals

do not differ much. Some of the results are mentioned in the first

1) WiNTERSTEiN, Zeitschr. f. Allgem. Physiol. 1907 biz. 315—392.

-) Thunberg, Scandin. Archiv. fiir Physiol. Bd. 17.

-) Kuliabko, Archiv. intern, de physiol. IV p. 437.

*} Botazzi, Ergelnissc der Physiol.
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coliinin {A) of Table I. In (lie second t-oliinin (/i) are mentioned the

qnantilies of 0, consnincd by the brain of lislies tlial had died in

the aquarium a few hours previous to the ex|)orinionl.

TABLE 1.

Quantity of 0^ consumed per gram and hour by the brain of fishes.
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In fig. 1 I have given a graphical representation of two oftiiese

experiments.

Fig. 1.

290
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to be considerably smaller lliuii hv tiic remaining pail of I ho liraiii

The duration of the experiments was always the same (20-25 min-

utes) the final percentage of (/, 3—4 cc. per liter.

TABLE II.

Quantity (per gram and hour) consumed by ttie radix cerebri (column A) and by

the remaining part of the brain (column B).

A.
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Some eleclrodes had been placed in llic glass vessel in which the

brain respired in the midst of the fluid, so that, during the experiment

the tissue could be irritated bv induction currents.

In the first place I can communicate that in the controlling experiments

the solution of salt only or with tiie pieces of blottingpaper immerged

in it did not show a reduction of the percentage of 0, worth

mentioning, if during 30—60 minutes induction currents (of the

strength used for the irritation) were conducted tlirough the fluid. It

was however diffei'ent, if the fluid contained brain. In table IV is

shown that brain respiring strongly consumes considerably more when

irritated. On tiie contrary hariily any inciease is obser\ed with brain

respiring feebly (dead brain). In the tirst tiiree experiments tiie con-

sumption of O2 after the irritation is stated.

TABEL IV

Quantity of O, consumed (per gram and hour) by the brain (column A) with

irritation during 20—30 minutes (column B) and afterwards (column Q.
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(juaiilitj of O.^ consumed is greater, and lias increased in proportion

as the quantity originallj- consumed is greater ').

By the kind cooperation of the Director of tlie Kon. Zool.

Gen. Natura Artis Magistra, to whom I beg to pay hei-e ni>' sincere

thanks, I was able to execute these investigations.

1) For tbe frog-nerve 1 could not possibly show an increased consumption of 0^
during irritation. In the following table stands under column A the quantity ofOj

consumed by Nervi ischiadic! of Rana, under column i> durine irritation.

! A.
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Zoology. — "A new case of [xirental cure among /hhes." By

Prof. Max Wkber.

Cases of parental care are some of the remarkable phenomena

among lower animals which have attracted vevy little attention— though

amongst tishes they are so numerous that the well-known American

naturalist Th. Gill has devoted an extensiv earticle to : "Parental care

among fresh-water fishes" '). But this phenomenon is also found among

sea tishes, although in these cases it more easily escapes observation.

The usual idea is that fishes are inditferent to the fate of their eggs

and off-spring, that their care for both, if it does exist, generally does

not extend further than a search for a suitable place for their develop-

ment and that only in rare cases more care is bestowed, for instance

by fastening the eggs on a suitable place, or by building a nest

for them or by taking care of them in some other way.

Closer observation teaches us that such care can be shown not

only in a more active but especially in a more lasting way.

It is known for instance that the male of the marine stickleback

weaves a nest as large as a fist of ^•egetable parts and threads of

slime, a secretion of its kidneys, which hardens when in water— in

which nest the eggs and afterwards the fry are kept and bravely

defended. In fact many cases are known of guarding and defending

the brood and generally this is done by the male. But he can also

concern himself in another way with the fate of the eggs and can

give them what the Germans so aptly call: "Brutptlege". The male

of the lumpsucker [Cyclopterus /«;»y;(w), whilst taking care of the large

cluster of eggs, keeps the water round them refreshed and in circulation

and also keeps poking his snout in the cluster of eggs so that the

surface changes. In the same way ihe freshwater fish Leucaspius

delineatus keeps the plants on which he has fastened the eggs, in

constant motion by beating his tail against them so that the eggs

may have enough oxygen.

Still more intimale is the connection between parents and eggs in

a number of fislies (Cichlidae, Sihwidae, Apogonidac). Sometimes the

female, sometimes the male, more often the latter, hatches its eggs

in its month cavity and when in danger even the young fishes can

safely hide there.

No less- peculiar is the phenomenon of the eggs being stuck to

the skin of the abdomen of the male. In the male of the Aspredidae

it grows in such a way round the eggs that these come to be

pedunculated.

1) Th. Gill. Smithsonian. Report 1905. p. 404.
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Somelhing like lliis is sliowii by (lie males of the sea-horses and

needlefish {Syncjnathidae). In (he simplest cases the eggs are stnck

by slime in two or more rows to the ahdomimxl snrfaoe, in other

cases the female t)rings the eggs into a brood-poiicli wiiidi is deve-

loped during the time of propagation along the ventral sui-face of

the male's tail.

In this short sketch the dilTercnl methods of parental care (gene-

rally by the male) ha\e not by a long way all been described.

The knowledge of one of the most remarkable cases is dne to the

(wo glorious expeditions to Dutch South New Guinea under leader-

ship of Mr. H. A. liOKKNTZ. Holh e.\|)cditions had (heir woiking

basis in the Lorentz (Noord) rivci-, which was navigated up very high

and which had its fish fauna Ihoroiighly investigated. It was then

I hat the Kurlus GiiUiveri de Castcluau which is remarkable as well

for its shape as for its internal build, was discovered in that river;

formerly it was only known from the Norman and the Strickland

River, a side stream of the Fly River in Hrilish New Guinea. A
second species Kurtus indiais, which is much smaller, (specimens

of 430 mm. length were brought home of Kurtua (ruJIii^pri.) lives

round the coasts of the Indian x\rcliipelago and Britisch India.

Together they form (he small family of Kurtidac wilh (he single

genus Kuiiiis, one of whose characteristics is that the male, when

fullgrown, has on its occiput a bony hook which is bent forwai'd (Fig. 1).

It comes from the supraoccipital and carries (he remains of rudimen-

tary dorsal spines. The females have no sign of this apparatus ; in

the male it developes gradually during the growth of the individual

and appears only to reach its full size during propagation when (he

Fig. 1.
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skin round tlie liook swells in a lind-like way. At any rale in

Kurtus Gulliveri, the end of the hook becomes in this way so

large that, as it bends downwards and forwards, it nearly tenches

the head and in this way forms an eye in which the eggs are

cari'ied. This is done by a round string which is held fast by the

eye menlionod above and which branches off on either side, lirst in

coarse branches, then in finer ones and finally in very fine fibres,

at the ends of wiiich the eggs are fastened, each in its strong but

transparent membrane.

All the eggs together form a more or less round mass which

rests on either side of the male's head. In this way the eggs deve-

lop till they are hatched. In one of the two clusters of eggs which

I had at my disposal the eggs had nearly reached this stage — the

young fishes had eyes, a well-developed tail and the yolk sack

was on the point of disappearing.

There are more cases known of fishes' eggs being stuck together

by some stuff formed by oxarium or oviduct and secreted in a

more or less fluid or slimy condition with the eggs, but which har-

dens in water.

Probably in Kurtii.s (rullireri the united ends of the two oviducts

secretes the connecting string, and its collateral continuations with the

i-amificating branches that carry the eggs, are formed in the respective

oviducts and ovaries. Then it must be supposed that at a certain moment
this apparatus is discharged as a whole by the genital porus after

which by the contact with water, those parts that carry the eggs harden.

Before trying to answer the ditilicult question of how this appa-

ratus comes underneath and behind the male's hook I must point out

that during the expedition of J 907 on October B''' the fishing net

brought to the surface a specimen of Kartii.f (Jiil//teri of 390 mm.
length with its hook i)ut slightly open whilst the net also contained

an egg-apparatns. Mr. J. W. van Nouhuijs, Mr. Lorentz's companion

then suggested that the cluster of eggs had possibly Iieen carried

behind the hook. This was confirmed by the capture on March o'^

1910 of a specimen of 420 mm. length, that in fact still carried the

eggs, as the accompanying illustration (Fig. 2) shows. On this specimen

the hook and the head form together a nearly closed eye.

After removal of the thickened skin the hook is seen to consist of

a sickle-shaped process of the supraoccipital which is composed in

front of a \ery narrow, laterally compressed bone. Its appearance

leads us to suppose that it had its origin in ossification of the sub-

cutaneous connecting tissue and gradually gained in measurements

during the growth.. of the fish. Tlie first indication of the hook in
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the young male is only visible as a slight protuberance, lliat in older

specimens slowly takes the shape sketclied above.

It will be superfluous to mention particularly that further inves-

tigaiion confirmed thai only the uuilos possess llie hook.
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This curious apparatus first reminds us of tlie frontal clasper in

males of different kinds of Chimaera. But tiiis is movable and provided

in front with dermal teeth and supported by a piece of cartilage tiiat

can be retracted into a tiermal pouch. Though its function is not

known, it certainly has nothing to do with the carrying of eggs. So

functionally the two apparatuses are not to be compared either.

It appears lo me one might sooner draw a comparison with the

crestlike elevation of the occipital in Sekne which gains in height

with the growth of the individual : also with ynseus {Acant/iurus)

nadcornis, whose skull sends out a bony horn above the eye, which

grows longer as the fish grows older.

A question not easy to find an answer to is how the hook in

Kurtus GuUiveri is set to work, how in fact the short string with on

either side its cluster of eggs, comes to lie under the hook in such

a way that the two clusters hang symmetrically on the head of the

male, Tiie only line of action I can imagine the couple concerned

in the laying of the eggs to take, is that the male should take up

a vertical position undei' the female's genital porus. As soon as this

ejaculates the string with its two clusters of eggs — the string now
being still soft — it is caught by the male's head and pushed under

the hook, possibly by a forward movement on the part of the male.

This is a purely hypothetical explanation — but I know of no

better one for the intricate manoevres necessary to bring the eggs in

the desired phxce. The advantage for the eggs, when once in that

])Osition, is apparent especially in a stream as the Lorentz River,

which is a quick flowing stream and even more so as it fioods its

banks whenever there is a heavy fall of rain. When carried by the

strong parent, there is small danger for the eggs of being swept

against tiie banks or buried under mud and stones or of being harmed

in some other way.

Rut this is not an answer to the question what the origin was of

this strange line of action and many other questions in connection with

this. It is not known if Kuiins indiciis uses his hook in the same way.

Physics. — "7'Ae electromotive force of the Weston iVory««/ 6V//".

By Prof. H. Haga and .). Boerema.

At the international Conference on electrical Units and Standards

held in London in Oct. 1908, some directions were given for the

construction of the Weston cell, as a standard of electromotive force.

For its E. M. F. at 20^ i.0J84 international volts was taken pro-

visionally, till furllier measurements shall give a more accurate value.



Tlio usual way of delerinining the E. M. F. of a cell consisls in

ineasiirinn- llie sirciigtii of llie cnrreiil, wliicli ftives rise (o a (iin'ercnce

of potential l)ol\vcen the lenniiiuls of a known resistance ecjnal to

the E. M. F. of the cell.

The various determinations differ in llic niclhod of measuring the

cnrrenl. Reslriclinir ourselves to the dctorininalions of the five last

vears, in JDUtJ al the Jiun'iui of Standnnls at Washington ') the current

was measured bv means of an electrod^namomeler, consisting of two

coils, whose axes were placed horizontally and at riglil angles to

each other. The smaller of the two coils was suspended by a

phosphor-bronze wire inside the other. From the dimensions of

the coils, the modulus of torsion of liie wire and the torsion

required to keeji the inner coil in the original position during the

passage of the current, the strength of the current was calculated.

In 1907 at the National Pkijsical Laboratory at Teddinglon ^) a

current weigher was used, which had a coil with vertical axis sus-

pended from each end of the beam inside of a fixed coil; the movable

and the fixed coil hanging coaxially. The torque arising from the

passage of the current was com|)ensated by weights. From the amounts

of these weights and the dimensions of the coils the strenglh of the

current could be found.

In a similar way the E. M. F. was determined at the Ldboratoire

central d'clectriclte at Paris') in J 908; the coils of the English

current weigher, however, were long and wound with a single layer

of bare wire lound marble cylinders, those of the French instrument

were much shorter and wound with several (12—18) layers, which, no

doubt, rendered the accurate measurement of the effective area of

the coils more difficult.

The following values of the E. M. F. of the Weston Normal Cell

were found at 1 7° :

Bureau of Standards 1.0J8(34 Volts

S^ational Physical Laboratory 1.01830 ,,

Laboratoire Central d'electricite l.QlHCyi) ,,

the current being expressed in C. G. S. amperes, the I'esislance in

international Ohms.

It is in principle much simpler to measure the current by means

of the tangent-galvanometer than by these methods, which require

1) Bulletin, Bureau of Standards vol. 2. Nr. 1. p. 33.

3) Phil. Trans. Roy. Soc. A. Vol. 207. p. 463.

S) BuHetin de la Soc. iplernationale des Electriciens, 1908, IfllO.
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rather complicated expressions for the forces acting on the coils.

The Physical Laboratory of the f/yu'we7"5% of Groningen being very

suitable for these researches, and the importance of determining a

quantity so essential for electrical measurements by different ways

being great, a new measurement was undertaken by means of the

tangent-galvanometer, lli(uigh this method has the drawback that an

error in the value of the horizontal component of the earth's magnetic

field occurs in the value of the E. M. F. S'/j times increased.

2. The adjoined figure represents the arrangement of the circuits

diagram matically.

In the main circuit a current of about Yj ampere was produced

by a battery of It) accumidators; this current passed through a I'egu-

lating resistance of manganine wire of about 60 ohms, and two resi-
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stances of 1 ohm ; its strength was measured by two tangent-galvano-

meters. These two resistances of 1 ohm had been constructed for this

purpose by Otto Wolff, Berlin, from manganine wire of such a

section that a current of 1 ampere would cause only a slight

rise of temperature; so the current of 7^ ampere used in the expe-

38

Proceedings Royal Acad. Amsterdam. Vol. XIII.
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riineiil will only very sligliil\ iiKMiify llio ioiii|)oiivliire of llie two

resistances, wliicli were immersed in a large tank willi iiaradin nil

provided willi a stiri'ing-a|)|iaratn,s. Tiieii" resistance lit iiitcnintioiKtl

ohms was found by comparison with two standard resistances of

1 olim, wliicii had been tested with special care before and after

(he invesligalion at the PliijsiknUsck Technische Reirhs(ntsl<ill.

Tlie comparison was made by means of the Whkatstonk bridge;

the fonr branches being formed by a ratio coil (100, 0,05, 0,05,

J 00 ohms), the two resistances of 1 ohm, and the two standard

resistances of 1 ohm. The gahanomelei- used was the .Iaw.kr galva-

nometer, made by Sikmkns & Hai.skk, with a movable coil with a

resistance of 9,5 ohms; a deflection of i nun. with a distance of the

scale of 1 meter was obtained by a current of J .4X 10""^ '^'^ip^'"®'^

;

the resistances could be determined to one millionili (if an olini.

Tiie two tangent-galvanometers were the same as had been used

by Messrs. G. v. I)i.ik and J. Klnst in their determination of the

electro-chemical equivalent of silver'); they were placed one to the

north, the other to the south of a bitilarly-suspended magnet, so that

the horizontal component of the earth's magnetic field could be deter-

mined immediately before and after the measurements of the current,

the variometers for the declination and the horizontal intensity being-

read during the lattei'. The horizontal component of the earth's magnetic

field was determined in the same way as has been at length explained

in the above-mentioned paper. An improvement was only made in

the method of the determination of the distance of the magnetometers

from the bifilarly-suspended magnet, which consisted in this that in

the frontside and in the backside of the glass tubes, containing the

suspension threads of the magnetometers," holes are bored, 3 mm.
wide and 1 cm. high, so that the place of the suspension threads

could be accurately determined on a horizontal graduated glass scale

l)laced behind it. Except in this determination the holes were closed

by a paper tube. Moreo\er the wooden 3-metei" scale, serving for

the measurement of the scale-distances, was replaced by a brass

one. The thick copper strips: the leads of the southern tangent-

galvanometer, had been replaced by two thin copper wires, which

were placed close to each other in a jilane normal to the magnet i(!

meridian.

By means of Raps' potentiometer the difference of potential

between the terminals of the resistance of 2 ohms was compared

with that of the Weston Normal Cell N, for which the element

') Arch. Neerland. S<5rie II, Tome IX, p. 442.
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marked C^,, was taken. By means of an auxiliary battery of 3

aeciiniulalors, a regulating resistance W, the fixed resistance ]V of

10190 ohms, the Wkston cell E— a current was obtained of about

0,0001 amperes in the well-known way, and the potentiometer resi-

stance K was determined, reipiired to make the current in the circuit

of N zero.

Tlien the resistance in the main circuit H was adjusted so that

with the same resistance A' no current passed through the circuit

P. When this was obtained the simultaneous reading of the two

tangent-galvanometers gave the intensity of the curren*.

As, however, perfect equality of the potentiometer resistance in

the two cases could not be obtained, part of the measurements were

made with a somewhat smaller, part of tlie measurements with a

somewhat greater potentiometer resistance in the circuit P than in

the circuit of the normal cell, so that the accurate value of the

current could be found by interpolation.

The galvanometer used willi the potentiometer was an Edblmann

galvanometer with movable coil of 240 ohms; a deflection of 1 mm.
for a distance of the scale of 1 meter was caused by a current of

3,6 X i^*^'" amperes; by means of this galvanometer it was possible

to determine the potentiometer resistances occurring here with an

accuracy of one tenthousandlh percent.

On account of the field-magnets of tlie two galvanometers the

circuits P and C were placed at a great distance from the tangent-

galvanometers.

3. The Weston Normal Cells w ere constructed by one of us

(J. B.) according to tiie procedure at the jYational Physical Labora-

tory'^): the mercury was distilled in a space of rarefied air, small

air-bubbles being led through it, and then a few times in vacuo;

the cadmium amalgam was prepared electrolytically, pure cadmium
of Kahlbaum being used as anode. A hundred parts by weight of

the amalgam contained IVj^ parts by weight of cadmium. The
cadmium sulphate furnished by Kahlbaum, denoted in his catalogue

"zur Arsenbestimmung", was recrystallised a few times. We obtained

the mercurous sulphate i»y preparing an acid solution of mercurous

nitrate from strong nitric acid and mercury, and by pouring this as

a finely divided stream into hot dilute sulphuric acid, while shaking

it vigorously. The precipitate was filtered, washed twice with diluted

sulphuric acid and then several times with a neutral solution of

cadmium sulphate.

') Phil. Trans Roy. Soc. A. 207, p. 393.
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The colls wore jirepared at diirerent times; they were sealed by

the h!()\v-|)i|)e, aiul placed in a paradiii oil-halli. It appears from llie

subjoined table 8 that the E. M. F. of the cells dillered little from

each oilier: their E. M. F. was 38 X l*^"*^ ^olts higher than the

E. M. F. of three cells which were kindiv |)iii at our disposal by

the National I'/ii/xical Lahor,ilorij in <)clol)e)' lUOS: -S,, ,S',, and ,S;, ')

so that the experience obtained in other laboratories that the Wkston

Normal Cell, if prepared with care, can be reproduced, is fully

confirmed.

4. The dimensions of tiio instruments required for the determina-

tion of the current, the radii of llie tangent-galvanometers, the length

and the distance of the suspension-threads of the bitilarly-suspended

magnet, etc. were determined by oi!e of us (J. B.) by comparison

with a standard invar-meter, whose errors of graduation \A'ere found

by comparison with a double decimeter of invar, which had been

examined at the Bureau international des poids et mesures at Breleml.

5. Tiie course of the measurements, whicii were made with the

assistance of i\fessrs. E. Oosterhcis and R. Palsma, was as follows :

a. Determination of the horizontal component of the earth's

magnetic field by simultaneous reading of the positions of the bifilar

magnetometer, the two magnetometers of the tangent-galvanometers,

and the variometers for the horizontal intensity and the declination.

b. Determination of the deflections of the two tangent-galvanometers

at the moment that the circuit P was without current, the potentio-

meter resistance li also being read. This measurement was made

an odd number of times (generally 11), always after reversal of

the current in the tangent-galvanoiueters. At the same time with the

tangent-galvanometers the variometers were also read.

('. Determination as under a.

For tiie final determinations ten such series of measurements

have been made; so the number of measurements of the current

amounts to fifty for every tangent-galvanometer.

On account of the disturbing influence of the electric tram on the

positions of liie magnetometers and variometers, the ineasiireiuents

had to be made in the night; between half past eleven and two

o'clock two series could be finished.

The results of these measurements are given in the tables 1 and 2.

In tabic 1 the 2"' atul 3''* colniuns give the values of tlie three

determinations of the horizontal component nf the earth's magnetic field

^) Tliese cells contained cadmium amalgam with 10% cadmium.
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foi" every day, derived respectively from tlic dedcrtioiis of llic .sokIIhtii

magnetometer : //:, and from those of (lie nortiiern mafinetonielL'i- :

//,, ; the 4''' and 5''' ciiliinins give tlic value t)f //, corresponding

with ihc mean position of liie intensity-variometer, resp. dnriMg liie

1*' and 2"^ mea^nremont of the current, as they are derived from the

three //-determinations. l>y application of the necessary corrections,

the strength of the cnrrent in ani|)ei-es was determined IVoin the mean

of the values of // ohtaineil in this way, the known radii of the

tangent-galvanometers and the angles of deflection; the 6-'' column

gives the strength of the current of the 1'*' and the 2 "' measurement

of the current dei'ived fi'oni the southern tangent-gahanometer for

every day, the 7'' column the same from the northern tangent-

galvanometer.

T A H I. H

Differences in ttie E. M. F. witti ttiose

of Ciy in microvolts (III—u K),

C,3

C,4

C,5

Cn

C,8

Ci9

Qo

C21

C02

C23
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Tlie E. M. F. of (lie cell <'..^, at tlie leiii])eratnie mentioned in

R\
the 5"'' ooliimn was now Ibninl as llie pioduet i . R . ~^. From

R p
tlie value found in this way the E. M. F. for 17^ is calculated by

the aid of the temperature formula. It is found in the last column.

As according to table 3 the mean E. M. F. of all the 31 cells is

only 1 microvolt higher than the E. M. F. of C.,„ the result of this

investigation is that the E. M. F. of the Weston Normal Cell at
17' is 1.0183., Volts (intern, ohm; C.G.S.-ampere), which value

may be considered as accurate down to the fourth decimal.

This value is in close agreement which that found in the XationnI

Physical Labonitori/

On account of the leinaining doubt as to the accurate value of

the electro-chemical equivalent of silver the ratio between tlie C. G. S.-

ampere and the international ampere is not yet accurately known,
so that it is not yet possible to express the above result in interna-

tional volts.

(December 22, 1910).
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