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E R R A T A.

In Mie Proceedings of the meeting of Febriiaiy 24, 1912.

p. 1004 1. 9 from the top: for "even" read "just as"

,, 5 „ ,, bottom : ., "results" ,, "work"

,, 4 „ „ ,, ,, "were obtained" read "occupied

itself"

p. 1005 ,, 5 „ ,, top: ,, k read K
,, 9 and 8 from the bottom: for "reversible .. . reached"

read "reversible turning of the direction of tlie miKjnetisation,

which is nearly the saturation magnetisation, in the

elementary crystals."

1. 7 from the bottom: for "susceptibility" read "initial sus-

ceptibility"

1. 2 from the bottom: for "a toroid built up" read "the

above-mentioned toroid, which was built up".

p. loot) in the table and 1. 14 from the bottom : for k read K.

1. 9 from the bottom : for "well defined" read "accurately

tested".

p. 1007 1. 4 and 5 from the top: for "what is accepted on behalf

of experiment" read "the curve which seems to be

suggested by the e-Kperiments".

In the Proceedings of the meeting of April 2G, 1912.

!>. 11()2 1. 23 from the top: for "not a law')" read "not a law')"

„ ,, after footnote ') read "') Cf. v. HAi,ii.\x a. s. o.", placed

erroneously as footnote ') on p. 1163.

„ 1173 I. 5 from the top: for (4) -) read (4) ')

.. ,, to destroy text of footnote '), erroneously placed on this

page and to read ') instead of ') at the head of the foot-

note: "Instead of the elementarv deduction a. s. o."
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Physics. — "Considerations concerning light radiation under the

simultaneous influence of electric and magnetic forces and some

experiments therehy suggested. (First Part) by Prof. P. Zeem.vn.

(Communicated in the meeting of January 28, 1911).

/. Theoretical considerations.

1. After the discovery of the influence of magnetic forces on

radiation frequency in J 896, many physicists certainly have put

tiie question to themselves whether electric fields also influence the

emission of light. We may imagine an atom or molecule containing

one single electron, which is drawn back to its position of equilibrium

by quasi-elastic forces —hx, —ky, —kz, where x, y, z, are the com-

ponents of the displacement of the electron. This isjust as in Lorestz's

elementary theory of magnetic separation. Let our molecule be placed

in a uniform electric field parallel to the axis of A". If the force on

the electron be denoted by A', then the displacement .r,, of the electron

is given by

X = + kx,

.

In the new position there is equilibrium. If the electron performs

vibrations about the new position, then tlie coordinates may be

represented by

-'•. + §, n> ?

Si »ii ? being supposed to be infinitely small. The components A', Y' ,Z'

of the quasi-elastic force become

-^•(.^„-f|), -x-.i, —kj;

and therefore the components of the total force (A'-|-X', etc.)

-k%, -kri, —kC, (1)

In tiie new position the electron is subjected to infinitely small

forces, wiiich are independent of the direction of the displacement.

The frequency of tiie vibrations of the electron, being determined

iiy /, lias the same value as before tlie application of the electric field.

2. VoiGT developed the consequences of the hypotiiesis, which

presents itself, if the simple law followed by the quasi-elastic force

of § 1 no longer holds.

Tiie potential energy of a displacement (,?•, y, z) is represented in

tlic sup|)osilion of ^ 1 by

,p = Lk{x^+l,^-j-z^) = ^kr^ (2)

k being a constant.
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If tlie dis|)lacenient ol" the electron can no longer he regarded as

iiilinitely small, the value of the potential energy may be expanded

according to ascending powers of ,(;, //, :. In a jierfectly isotropic

molecnie we may write therefore, only retaining the first correction

term

<p ^ ^ kr + -^ kr' (3)

k' being a second constant.

If (he electron now performs vibrations (i, i„ ^) about the new

position of equilibrium, which it shall take under the action of the

force A in an electric held parallel to the axis of A, then one finds

easily with Voigt ') for the components of the total force (A -\- X', etc.)

— (k+3k-'s:-)i,-(k^k'.v„')ji,—{k+k',r;-);. ... (4)

Tlie factor by which the displacement is to be multiplied in order

to find the force, has now another value with a displacement parallel

to the lines of force than with a displacement at right angles to the

field. The frequencies of vibrations in these principal directions are

therefore different.

Applying these considerations to all the electrons contained in the

atoms of a substance such as luminous sodium vapour, Voigt comes

to the following remarkable theoretical result.

If by means of a spectroscope we examine the light that is radiated

along the lines of force of the electric field, we shall observe a

displacement of the uiqiolarized spectral line from its original position.

At right angles to the field we may expect a transverse electric

effect, the original line being separated into two polarized components.

The component vibrating parallel to the field undergoes a displacement

three times as large as that of the component vibrating perpen-

dicularly to the field.

It is easily seen that the electric change of frequency must be

proportional to the square of the electric force.

It is remarked by Voigt that, if the negatively charged electrons

are embedded in a positively charged sphere with a density rfecrea^/w^r

from the centre outward, the expected displacement of the spectral

lines must be towards the red.

In what follows I shall, in order to fix the ideas, suppose that

the spectral lines are shifted in the sense indicated, but this is not

essential.

') Voigt. Zur Theorie der Eiuwiikuug eincs eleklrostalischen Feldes auf die

optischen Eigensciiaften der Korper. Ann. d. Phys. 69 S. 297. 1899, Ueber das

electrische Analogon des ZEEMAN-etTektes. LoRENTz-bundel. Archiv. Need. 1900,

Magneto- und Eleklrooptik. Kapitel IX u. X. 1908.

1*



3. If the expression (3) for the potential energv of an electron

is replaced by

1 1 „

(pz^ — k (x'- -]-;/''+:') + —« .V*

2 4

the isotropy has disappeared.

One of the components of the electric doublet now coincides with

the original line.

We will do well therefore, not to attach too mnch importance to

the simple ratio of the displacements of the components of the doublet,

which follows from the considerations in § 2. In the following

discussion we consider a doublet, which can have yet very different

positions relatively to the original line.

4. Ten years have passed already since the appearance of Voigt's

first paper concerning an electric analogue of the magnetic spectral

effect, but till now physicists have not succeeded in verifying its

existence. Two reasons can at once be given for this negative result.

Some idea of the probable order of magnitude of the electric effect

can be inferred from observations concerning the influence of an

electric field on the refractive index. This estimate gi\'es extremely

small values for the electric change of frequency.

According to Voigt's estimate the change of frequency in a field

of 30.000 Volts per cm. would hardly amount to the V,ooo''' part of

the distance of the sodium lines. A field of 3000 Volts per cm.

would again diminish it 100 times.

Even if a source of light giving very nai-row spectral lines could

be placed in the mentioned intense electric fields, the observation of

the electric eflect would not be without difHiculiies.

A greater difficulty than the smallness of the efiect is, however,

due to the inq)Ossibility of subjecting metallic vapours to intense

electric fields. A sodium flame almost immediately equalizes a large

potential difference between the plates of a condenser.

Circumstances are perhaps somewhat more favourable with rapid

electric oscillations. During part of the period of discharge of the

s|)ark of a condensor the luminous vapour betw-een the electrodes may
be subjected to intense electric forces.

Of couise a mere displacement of the spark lines relatively to the

llanic or arc linos is not to be explained by the influence of electric

forces, now under consideration. Yet a displacement of spectral lines

is iho first tiling one may expect to observe. It will depend upon
circiinistanccs whether a polarization at the borders of the displaced

line shall be visilile. Finally this also involves the establishing of an
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extremely small displacement under rather unta\onrable circumstances.

The failure of all attempts hitherto made to observe an electric

spectral etfeet '), induced me to trv a new way for attacking the

problem. I have imagined a method which would reveal an action of

the electric field by an asymmetrical change of a magnetic triplet,

or by a remarkable variation of a magnetic doublet.

1 shall prove that the mentioned asymmetry must change its sign

if the direction of the electric field is rotated through an angle of

90°. In some of my experiments the electric field existing between

metallic electrodes during the passage of the spark is used.

The spark passes across an air space, in a longitudinal or in a

transverse magnetic field as the case maj' be. [In more recent experi-

ments the absorption lines of a xenotinie crystal were studied].

Besides the mentioned asymmetries different, delicate particularities

of triplets originating under the simultaneous influence of magnetic

and electric forces can be predicted.

Th3 observation of the whole of these particularities would give

almost as strong evidence for the existence of the electric effect as

a direct observation of the effect in an experiment made with electric

forces alone.

There is one particularity, which, if it could be observed, would

prove by itself most strongly the existence of an electric spectral

effect. I shall show (see § 10) that the components of the magnetic

doublet, observed along the horizontal magnetic lines of force cease

to be coiupletely circularly polarized, but mu>t become slightly

elliptically polarized, if the vibrating electrons are at the same time

under tiie influence of a vertical electric field. The elliplicity hinted at

must be much more easily observable than a ciiange of frequency

under the sole action of electric forces.

For some time I privately held the opinion that the asymmetry
of some magnetic triplets, first studied in detail by myself and after-

wards by Gmei.in, Dlfocr, Nagaoka, and others, could be explained

by a cooperation of electric and magnetic fields.

I shall show, however, experimentally that such cannot be llie case.

A description of the experiments hitherto made seems to be of

some interest, although at the present moment the question of the

existence of a specific action of electric fields on the emission of

light cannot yet be answered affirmatively.

The experiments certainly are of some value for our understanding

of the asymmetry of triplets, and may show the way lo better

1) Gf. Hull. Proc. R. S. p. 80. Vol. 78. 1907.
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metliods I'or investigating tlie electric eftect. A description of the

experiments follows in the second part of this paper; in the present

communication I shall explain their theoretical foundations. A ci-iterion

for a dissymmetry, governed by electric actions, can be established,

by means of which it shall be possible to tix a limit for the magnitude

of the electric effect.

5. The first problem that I will consider relates to the vibrations

of an electron under the simultaneous influence of parallel electric

and magnetic fields.

Let a system of three rectangular axes be chosen and let the

magnetic force be parallel to the axis (>Z.

Let §, 7i, 'C, be the components of the displacement of an electron,

then the equations of motion are

§ = — ^/- 5 4- r 1] n = — I''
'i
— ' 5 • • • (<J)

s=-«*-b (7)

The difference of a and b determines the electric effect, the

magnetic one is determined by r. Supjiose b ^ a and put b — a = *',

hence s positive.

(7) gives the fre((uency a ; the \ibrations corres[)onding to this

equation are always parallel to the axis OZ.

In ((J) vve assume

I = '"'"
1] = (]<>''"',

(/ being in general a complex quantity. The real motion of the electron

is obtained by taking the real parts of the expressions for ^ and i^.

Making the substitution, we get:

— 1,' =: — l>^ -\- * " ' V 1
— 11^ q ^ — Ir q — / r ii . (8)

(«- — //-)- =1 + ir r^

hence

w r=: i ± ~ = a + .! ± ^ (9)

From (8) we oltluin two values for r/, viz:

'l^-±-> (10)

G. We shall now consider Ii s|)ecial cases.

Case I. Kleclric field =0, hence ,v := 0. lJp|)er signs in (!>) and

(10). We liicn have foi- tiio mntion in the piano of A'}'.

1

V. = a -|- ^ r ,
<i
^^ -\- I.

The lower signs in (i)) and y\()) give
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1

2
q= — I.

The two solutions represent circular vibrations in the plane of

1

A' I', right-handed with the frequency '< + - '", left-handed with the

frequency a — - v. The vibrations parallel to the axis OZ ha\'e the

frequency a. In short we have to do with Lorextz's elementary

tiieory.

All this is independent of the sign of r, i. e. of the direction of

the magnetic held. If ;• be negative, the right-lianded circular vibrations

lielong to a frequency smaller than a.

Ciise II. Magnetic field = 0, hence r = 0.

Vibrations of arbitrary- form with frequency b are now performed

in the plane of X,V. Parallel lo the axis ^i'Z we still have vibrations

with frequency a.

Case III. Simultaneous electric and magnetic fields. Let r be positive.

According to (9) and (10) and taking the upper signs we find

r 1

n =b -^ - =^ a -\- s ^ -r ?= + '

representing right handed circular vibrations in the plane of A' }',

with the frequency « -|" *' H— '"•

The lower signs give

:

1 1

H = b — — r ^=. a A- s )
<7 = —- i

li 2

iieing left-handed circular vibrations in the |)lane of A', }' with the

1

frequency a -{- s r.

If r be negative, the circular motions are described in the opposite

direction.

Vibrations parallel to the axis OZ always have the frequency a.

We therefore obtain when observing at right angles to tiie fields

a dissymmetrical triplet, the relative position of its components being

determined by the following rule.

I shall suppose that the violet, consequently tlie liigher frequencies,

is on the right.

Let A and B be the lines with the frequencies ii and f>, if there

is solely an electric field.
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Let the electric field lie liovizontal.

If now the ma.s;netic field is sui»ei'posed, then

A remains.

Two components, however, originate out of 5;
r

they have displacements eqnal to — , and in oppi-

site directions. The result is the triplet A'AB'.

The electric doublet ^4i^ may still have different

positions relatively to the original line 0. In the

supposition of ^ 3 the line B coincides with the

line <>. In the supposition of §1 the original line

is at a distance A .s at the ri";ht of B.

Fig. 1. 7. We .shall now suppose that the electric

field is an oscillating one. Let B coincide with the original line. If

the electric force oscillates according to the formula a cos lit, then .?

,:
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Wlieiu-e

Replacing A hv n -j- a- we may write approximately

n = a + — (s± l/»'+«^) (14)

Aecordiriu' lo (!.')) to lliese tVequeiiries correspond two values of

the complex ;un[ilitude '/

q=i ^^ (15)
r

9. We shall again consider three special cases.

Ca.tc [. Electric tield zero, hence .s- = 0.

Using (14) and (15) we find for the motion in the plane of A V
n = a ± h r , (^ = ± /.

equations discussed in § 6 above.

Case II. Magnetic field absent, r = 0.

Now, by (14) and (15), if the upper signs are taken

n = a -{ s ^ h
, q = X,

representing rectilinear vibrations ]iarallcl to (>}.

If the lower signs are used

« = rt . (^ = 0,

meaning rectilinear vibrations parallel to (^A'.

10. Case IIJ. Electric tield vi'iiirnl and magnetic Hold liofizontdl.

This case is slightly less simple.

Let us write <i^ i (V^/-(- ,f-

—

s) and let ;• be positive.

Taking the upper sign in (14) and (15), then

« = a + i
(•' + l/j- + s') = b + i {\/?~jrs^— s) = 6 -f a.

a being a positive quantity. The coefllcient of / in

.s + l/r- + «
q - I

r

is positive and ^ 1. This represents an elli[)tic vibration in the plane

of A', )', the a.x.es being parallel to OX and OY, the major axis

parallel to OY. The motion of the electron is right-lianded.
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Taking now tlie lower signs in (14j and (15).

We have n = a + 7^ (*— ^r" -{- s"-) = a— a, and

s—V7''-\-s-
.

r

The coefficient of i is positive and <^ 1 . Tlie electron performs an

elliptic vibration, left-handed and in the plane of A', )"; the axes

are again parallel to OX and OY, but the major axis parallel to ^VA^

We now get a diss^'mmetrical triplet.

Let A and B be liie two lines of the electric doublet, the electric

field alone being present.

„ ABO B'
II "O^^' ''"? magnetic field is set up B

remains with vibrations parallel to the mag-

— v»Xt netic force. Tvvo new components are added

which one may consider as originating from

A and B by a displacement equal to a

distance a.

If the sign of r is negative, that is if the

magnetic force is reversed, then our consi-

derations still apply with but a small change.

To the frequency n= b -\- a then corresponds

Fig. 2

Tlie coefficient of / is in absolute measure > 1, but negative.

The value of the coefficient of / with the lower sign is the same

as above, only tiie sign of tlie expression is reversed.

The figure still covers the case, but the motion in the ellipses

lakes place in the opposite sense.

The product of the two values of q determined by (15) is equal

lo unity. Hence the product of the horizontal, as well as of the

vertical axes of both the vibration ellipses is always equal to unity.

It may be not inap[)ropriate to make here the remark that the

lines of the triplet considered in this ^ exert a kind of "repulsion"

upon each other; Lorentz ') proved that such nuisl be generally the

case foi' two spectral lines.

II. It' one has lo do vvilli an oscillating electric field, (cf. § 7

1) LoRENTZ. Encyclopadio il. mutli. W. V. :i. licit i2. MagiiLao-oplische Pliiinoineiie

No. 8(5 u. No. X)i.
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the lines of the triplet are broadened. If the supposition of § J con-

cerning the relative position of A, B, and holds, the width of tiie

middle component becomes — , but that of the outer ones .v. The

components are most intense in the centre.

s

12. The ratio of the axes of the ellipses in §l()isl:l-|— resp.
?•

1:1 — - if the electric effect is small relatively to the niagnetic one.
/'

Hence the intensities correspoiidino- to vibrations ]iai-al!el to (''A"

.1

.

and to (>)', differ bv an amount proportional to - .

r

If the light is examined parallel to the magnetic lines of force

and the separation of the magnetic doublet is 100 times the distance

.V, then the difference of the intensities of the vibrations parallel to

the axes of the ellipses would be V50 P'^i't of the intensity corres-

ponding to the vertical or horizontalvibrations. Moreover the difference

of intensity would have opposite sign with both components.

This method seems capable of rendering important services in

searching for an electric eflect. For differences of intensity of 2 %
can be ascertained') with certainty by using photographic-photometric

measurements. We, therefore, must be able to discover an electric

effect one hunderd times smaller than the magnetic effect traceable

by means of a spectroscope with the maximum resolving power

serviceable under the conditions of the experiments. It does not

look now entirely imjiossible to ascertain under favourable circumstances

an electric effect of the order of magnitude estimated by theory.

13. If tiie electric field is non-uniform, but gradually increasing

upwards, then the components bend more

and more towards the red (Fig. 3).

The middle component .1 bends more than

the other ones, if the case considered in § 5

is under consideration (parallel electric and

magnetic fields).

\-
\

Fig. 3.

If, however, the electric force is vertical

and the magnetic one horizontal, then the

position of the components must become

that sketched in the next figure; it is now
the middle component which gets the smaller

curvature.

-iXt

Fig. 4.

1) Comp. P. P. Koch. Ann. d. Piiys. Bd. 30. S. 841. 1909.
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Anatomy. — "The origin of the fibres of the corpus callosum and

the psaherium." By Dr. C. T. van Valkenbcrg. (Communicated

by Prof. L. Bolk).

(Communicated in the meeting of March 25, 1911).

Embryology, histology and patliological anatomy have not yet

succeeded in fixing beyond all doubt the origin and the ending of

the callosal fibres in the cortex cerebri. The comujuuications on this

subject show somewhat ditferent results.

The earlier interpretation of the c. callosum as a typical commis-

sure between the hemispheres has been rendered improbable, at

least for man, by the anatomical researches which showed asymmetrical

secondary degeneration in both hemispheres after callosal lesions.

In well-stained preparations it is possible to point out degenerated

callosum fibres through some of the deepest cortex layers ; sometimes

such elements are isolated by the degeneration of the surrounding

fibres and may be traced in the same way. But neither experimental

nor [)athological preparations enabled me to conclude with sufficient

certainty which of the cortex layers might give origin to or receive

callosal radiations.

The great difficulty in every case is the absence of myeline sheaths

in the last ramifications, viz. in the axones near their origin, the

usual methods depending upon the demonstralion of myeline alterations

(Weigert, Marchi). By means of the GoLoi-method Cajal ') showed

the probability that in the smaller mammals (newborn rat, rabbit)

pyramidal cells of different size may send their neurones between

the constituents of the corpus callosum, whereas from other cortex

cells axis-cylinders may originate which give collaterals into the same

system. KOlmker '), who confirmed these opinions, found in the

mouse axones arising from polymor[)hic cortex cells, bifurcate in the

area of the callosum fibres: one of the branches remains in the same

hemisphere (associative fibres after Kolliker), the other passes into

the collateral one.

The impossibility of tracing in a iiistological piepanvtion tiie whole

trajeet of any longer nerve liliro compelled me to have recourse to

experiments.

It is well known that tiie regressive (even temporary) alterations

in the nerve cells after cutting their axones, depend upon many
factors. The distance of the lesion from tlio ceil and the presence of

') Cajal: Textura del sisl. nervioso. Tomo II. Parte 2. Pag. 14."j seqq.

^) Kolliker: Handbuch der Gewcbelchre. Band II. S. 6(i4 flgg.
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collaterals in the cuurse of the axon between the cell and the lesion

are probably the principal of these. It is therefore even possible that

after a certain interval scarcely any cell degeneration would be found

as a result of the cutting of callosal fibres.

I experimented upon cats and rabbits. I divided the whole corpus

callosnni, or parts of it, in a sagittal direction, either in the middle

line, without injuring the hemispheres, or close to the sagittal medial

plane through the dorsal cortex on one side. In the latter case I

examined the uninjured hemispliere principally for cell alterations,

the other was stained after Weigert-Pal and van Gieson.

I will communicate in this pai)er the results of two callosum

operations: one on a cat, whose caudal callosum-half was divided,

and one on a rabbit, where the same operation was performed in

the frontal half.

I at 3. Operation: March 22"'> 1909.

In a small-sized, full-grown cat a sagittal section was made through

less than the posterior half of the corpus callosum, including the

spleniiim. The medial wall of the left hemisphere was slightly injured.

Diu-ing the first few hours after the operation, the cat showed a

tendency to turn to the left in walking. The next day the animal

was listless, it did not move with the natural agility, while the left

pupil and eye slit were larger than the right. At the end of a week

the cat did not show any morbid symptom; it was killed 4 months

later.

The post-mortem examination showed the following data:

The length of the corpus callosum is 12 mm.; it was divided

sagittally in its posterior part from the caudal end till the trans-

versal plane of the caudal border of the medial part of the fissura

cruciata (1 nim.j. The fibres of the psalterium in this region had

been equally cut; the thalamencephalon and the mesencephalon were

uninjured. 1'
.. mm. behind the frontal end of the lesion a superficial

malacia of the dorsomedial cortex of the left hemisphere began,

which extended 8 mm. in a caudal direction, i.e. 2^!^ mm. behind

the transversal plane through the posterior border of the splenium;

the underlying white substance of the gyr. splenalis was for a small

part, and then only superficially, softened.

It may be stated that in undoubted connection with the described

cortical lesion, which in its caudal part was localised in the frontal

third of the area striata — as pointed out by Brodmann Campbell e.o. —
1) MuRATOFF : Secuiid. Degonerat n. Durchschneidiing des Balkcns N. Zlrbl. 1893

Lo Monaco e Bai.di : Sulio degener. conseg. al taglio longitud. del corp. call Arch,

d. fariiiac. sperimeul. Nov. 1904.
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(lie corpus geniculatum externum of the same side had lost almost

all its cells in the frontal third only '), whereas in the corpus quadri-

geminuni anticum a slight loss of nerve fibres in the superficial

layer was visible.

The ventricidus lateralis has been drawn in a dorsal direction by

the degeneration of the callosum fibres and the softening in the gyr.

splenialis.

The tapetum, which in the human brain consists, at least, partially,

of callosal fibres, shows but few degenerated fibres. The great

majority of commissural fibres remain dorsally to the occipital strata

and spread into the dorsal (mesial and lateral) cortex ; a few pass

the sagittal strata in a more or less oblique direction and may run

for a certain distance in the area of the tapetum. This latter is

almost exclusively formed by the fasc. subcallosus (Mdratoff), sub-

stance grise subependymaire (Dkjerine).

For cell alterations the right hemisphere was used, the cortex of

which had not been injured at all. The parafifine blocks were cut

in sections of 10 /« and stained with tohiidin blue.

lat

l>'oto 1. '2

I'oto 3, 4, .J

Figure 1 represents a section through the cortex of the gyr. splenialis

of a normal cat; the exact situation is to be seen on diagram la.

The photo shows a typical laminalinn of the so-called visuo-sensory

xone (area striata), characterised by the absence of the lamina

') 1 do not insist in tliis paper on lliis sliitcinent, wliieli is iloubllcssly of im-

portance for our ijnowledge of visual localization, and which agrees, in principle,

with some of von Monakovv's fundamental observations.
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granularis externa and the complication of tlie lamina grannlaris

interna (Brodmann), which latter is donbled by the line of VicQ

d'Azir (in WF.iGEKT-preparations) ; between the two sub-divisions of

the inner sranular layer the isolated polygonal cells (stellate) cells

are found. The fifth layer (lamina ganglionaris) contains well-

developed pyramidal cells, lamina VI consists of cells of a raultiform

ty pe.

Figure 2 is a photogram of a section in the homologous level in

the brain of the operated cat, taken from the gyr splenialis. The

lamina zonalis and pyramidalis (I and III) do not show any marked

loss of cells. Nevertheless in these, and probably in the granules of

the inner granular layer, several elements are more or less abnormal.

Compared with the normal, too many glia cells are to be found

between and around the nerve cells. The latter moreover show for

the greater part an abnormal situation of the nucleus; the toluidine

staining is frequently not of the Nissltype, but several cells are

coloured rather diffusely darkblue. The impression made by the

deeper part of the supragranular pyramidal cells is that of a recovery

from a functional alteration.

The number of stellate cells within the IV (inner granular) layer

has not <Iecreased ; many of them are not coloured with the same

distinctness as in normal preparations ; satellite-glia elements, up to 6

or 8, are often situated immediately on their surface.

The lamina ganglionaris (V) shows the most marked alteration.

In normal preparations of this region, well-developed large pyramidal

cells are present in this layer, not in very great number it is true,

and not in a quite continuous row; particularly in the gyr. ento-

lateralis the series shows small gaps. On the contrary these large,

well-stained cells are for a good deal lacking in most of the homo-

logous sections of the operated cat. Nevertheless a reservation must
be made for few subgranular pyramidal cells, which are seemingly

wholly unaltered. The preparations of the left hemisphere, taken

from the most caudal part of the area striata present in exactly the

same way the above-described lack of deep pyramidal cells. These
sections being stained after v.\n Gieson show, moreover, a marked
loss of fine nerve fibres up to, and including, the inner granular

layer, which is not to be found in VVeigekt preparatiojis. The fact

that the left area striata was primarily injui'ed in its frontal third

renders it difficult to give an unequivocal interpretation to the dege
neration of the sheathless fibres.

In the multiform cell layer it is impossible to demonstrate a
veritable lack of nerve-elements. On the other hand, secondary alter-
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ations are very evident; many cells sliow anomalous form and

colouring ; the position of the cell-nucleus — though in these smaller

elements not easily to be judged — is very often excentric. Glia cells

in the different stadia of activity and inaction ') are present in great

number, particularly surrounding the nervous elements, in contrast

to their behaviour in the fourth (and third) layer, where they are

mostly scattered hetireen the nerve cells.

Figure 3 represents a section throngli the cortex of the gyr. ecto-

lateralis of a normal cat on the spot marked in diagram Jr/. The

lamination is otherwise than in the area striata. Six layers are to

be easily recognised. Lamina II and III are larger than in the layer

between lam. zonalis and lam. granulans interna in the visuo-sen-

sorv zone. In the deepest part of lamina III a row of larger pyra-

midal cells is visible immediately above the inner granular layer.

In the fifth layer the pyramidal cells are of a somewhat smaller

size than those in the area striata, but more numerous. The lamina

multiformis (VI) is well developed, and contains fusiform and angular

cells ").

The homologous sections of the right hemisphere of the operated

cat present in the 3"^, 4'*^, and 6''' layers about the alterations as

mentioned before in the gyr-splenalis. The principal anomalies are

shown by the lamina ganglionaris (V). Photogram 4 represents this

layer (normal) more highly magnified ; it is easy to identify in this

figure several of the cells of fig. 3. The infragranular pyramidal cells

are visible in an almost diagonal line from left to right.

in an almost similar way these elements are i-ituated in figure 5,

taken from a corresponding section thiough the operated brain. It

is evident that the cells mentioned in the latter have decreased in

iiumber; the few that are visible are of a well-knoAvn, abnormal

type with regard to their dark lilue colour, the absence of a distinct

nucleus and the nodosity of Ihcir surfaces. The supragranular pyra-

midal cells on the same iilmto form a pregnant contrast to the

infragranular ones, as they have on the whole (piite a normal appearance.

The non-pyramidal infragranidar cells in the fifth layer are doubt-

lessly le.sH numerous than they should be; iiistological alterations

cannot be demonstrated with siiflicient certainty. The nerve cells

of the lamina multiformis VI lie apparently closer together than in

the iiormal prei)arations; their protoplasm has mostly been stained

') See: E. de Vries : Expcr. Untfisucb. ti. die Rullc dcr Nciuol. etc. Aibciten

aiis V. MoNAKow's Inslitul 1909.

') More fronlally, In tlie liansveisc level of llie spleii. corp. callosi, many of the

infragraiiulur pyramidal cells in llie gyi. cctolat. arc of an uncommonly large size.
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ioo lioiriogeneoiis. A loss of" cells does not seem to have taken place liei'e.

RcMIt^^". 11. 26tli. Oct. 1909.

Sagittal division of tiie frontal third of the corpus callosum. The

animal, after awakening from the narcose, showed no other abnor-

nialiiy ihaii a very insufficient, and often totally absent, eye-lid

refle.x on sudden light.

It was killed on November 9tli. 1909. Besides the intended lesion

the right thalamus opticus in its dorsal part is slightly injured. The

left half of the cerebrum is quite uninjured, and stained with

toluidine blue after paraftine imbedding: the right OTie was examined

by Mahciu's method. The latter does not funiish any important data

on llie subject dealt with. The blackened granules of the degenerated

myeline sheaths are \ery fine, and not to be traced with snfficieut

certainty beyond the deepest cortex layers.

The cortex of the rodentia shows several features very dilferent

from those of carnivorous animals. Through the whole neopallium

at least the half of all the nerve cells are of a vesicular character,

even in the regions where the lamination is quite clear. These more

or less round cells have a large, bright nucleus, with a deeply

stained nucleolus, and very little protoplasm. They fill out almost

completely the 2nd.'), 4th., and 6th. layers. The so-called giganto-

]iyramidal cells of Brodm.vnn's area 4 (motor zone) are not confined

w the lifth layer, but intermingle with the more supeificial layers;

a distinct lamina granularis interna cannot be spoken of, as has

been pointed out by Bkodmann. The right corner of fig. <i shows the

condition described; the photo is taken from a transverse section in

the most frontal level where the corpus callosum fibres pass from

foto 7, 8, 9. right to left (see diagram 6a). Imme-

diately on the lateral border of the

most distal point of the giganto-

l)yramidal zone a cortex field appears,

which shows the six typical layers

in a very characteristic waj'. The

difference mentioned between the

constituents of the 2nd., 4th., and

broad 6tli. layers on the one side,

and those of the 3rd. and 5th. on

the otiier, is oi)vious.

A part of the same section is

reju'esented in figure 7 more highly

magnified. The photogram has been cut immediately beneath lamina V.

F\s. Grt.

1) Where it is present.

Froceeilings Royal Acad. Amsleiiiam. Vol. XIV.
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Apart from the difference of all the layers from those in figure

8 (the corresponding section of the brain operated u|)on) whicli is

due to a somewhat horizontally inclined plane of cutting, it is

clear tluit in both preparations laminae I to IV do not show any

considerable divergences. The nerve cells of the third layei' are

well shaped, their dendrites can often be easily traced to the

periphery. The so-called granular cells of the 4th. layer are of the

common, abo\e-described character; I was not able to detect in

either of these laminae an umisual number or position of glia-elements.

The infra-granular pyramidal cells of the 5''' layer in fig. 8, on

the contrary, appear to have undergone important alterations. Theii-

number is decidedly smaller than in fig. 7. The elements themselves have,

for the greater part, lost their ordinary shapes and seem to be absolutely

structureless clumps of protoplasm. The confirmation of the pathological

value of this anatomical finding is given by the comparison with the well-

shaped nerve cells of the 3"^ layer, (iliaproliferation does not seem

to be present; nor do the preparations permit exactly of demon-

strating changes in the intracellular position of nuclei. Except in

three or four of the infragranuiar jiyramidal cells, the noi'mally

visible peripheral dendrite has not been coloured.

The question whether these changes are of a temporary nature

or not cannot be decided ; in any case, according to my experience

gained in other experiments, the first alternative is for a number of

the injured cells the most probable. In lamina VI, which is almost

entirely represented in fig. 8, I could not state changes with sul'ii-

cient certainty.

The above-mentioned peculiarity of the so-called motor area ^zone

4 HuouMANNj with regard to its lamination, makes a conclusion on

cell-changes, and especially on a loss of cells in this region difficult.

Practically it is impossible to discern the "giganlo-pyramides" of the

I'abbil from the other cells of the same size and shajte, which are

scattered among them. LTj) till now I have not succeeded in keeping

rabbits alive long enough after the section of the bulbar |)yi'atnid, which

would cause the more or less complcle (legeiier.ilioii of the "giganto-

|ivrauiid" cells. The sagittal division ol'lli('cor|)uscallosuni having possibly

brought to degeneration otiici' chMuciils in the sauie area would, by a

comparison with the results oittained from the lii'st-meiilioned operation,

pi-rrnit an e.xaci indication of the cells connected with callosal fibres

exclusively, llilherto 1 have not been able lo draw any conclusion

beyond the slalemeni that ihc p\ i-auiidai cells /// IdUi have ajipa-

renllv decreasi.'d in iinuiber.
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nabh'd IB. Nov. 16">, 1909.

I( seems n in-inri probable I lull tlie extirpation of a part of the

neocortex will eause in the opposite hemisphere changes of the same

nature as are brought about by section of the corpus callosnm. In

order to verify this presumption the frontal quarter of the lateral

wall of the right hemisphere was extirpated, including the region,

slight faradic stimulation of which caused movements on the crossed

side (facialis and jaw ; the fore-leg reacted only slightly). The region

thus roughly defined was well extirpated (i.e. the knife was inserted

a little more distally). After the narcose the left eye-slit was 1.5 mm.
larger than the right one ; the left fore-foot did not react on an

unusual position being given to it (dorsum manus on the ground),

while I he right fore-foot did so immediately.

By the next day these symptoms had disappeared. The animal

was quite normal and died of enteritis in the night between 10'''

and 11"' Decemi)er, having thus lived 24 days. The anterior half

of the left hemisphere was treated by Nissl's method, when it

a[)peared that the injury was confined to the j-egion described abo\e.

Owing to the circumstance of the animal having been dead for

some hours and ha\ ing sulfei-ed from an infectious disease, some

caution must be exercised in judging of the colouring results, and

only such as are independent of the more specified reaction of the

cells on the colouring matter should be accepted. A few seemingly

nusformed, badly coloured, or almost colourless cells should not be

regarded. Even taking this into account, however, there is never-

theless a distinct alteration visible in the fifth layer, which with regai'd

to the nature of the remaining ce'ls does not appear I o difi'er from the

conditions in the case of the previous rabbit.

There are, however, more cells which are well coloured'), and more-

over the coloured ones are not confined to the immediate proximity

of lamina IV, but also occur, though in less number, on the boundary

of the 6th layei'.

As was stated above in the case of Cat N°. 3, the operator's

knife had come in contact nol only with the callosnm, but also with

the underlying psalterium-iihvQii. The cell changes which would

probably be the result of this lesion must be sought for in the

amnion's horn.

There the well-known, large pyranudal cells are indeed altered

|)artly in a characteristic way. While a great munber of them (on the left

side of the arrow in fig. It)) are quite normal in form and structure, as

') A study of till? wjiolc scries is needed to Judge of this.
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can he seen in fig. 11 (the same pi'ei)aration more highly magnified)

tlie cells to the right of the arrow exhibit abnormalities clearly

shown by fig. 12. Normal Amnion's pyramid-cells both of cat and

rabbit (in the case of the foi'mer they are of larger size) colonr well

with tuluidino blue; the type is polygonal, with slightly rounded

corners. The nucleus is large, and tinted very slightly or not at all

with blue ; the nucleolus is darkblne ').

If these be compared with the cells of the right half of the

Amnion's horn of tig. 10, as they are represented highly magnified

in fig. 12, hardly a single cell will be seen with a nucleus visible;

the protoplasm of the cells is homogeneous and dark in colour.

Almost all the cells have heavy coarse neurones; a few have the

characteristic ajipearance of injured ganglion cells. It is remarkable

that affected and unaffected cells do not occur together in the same

sagittal region, or only in a slight degree; the two regions may practically

be divided by a line. The boundaries are so clear as to be immediately

noticeable, even in v.\n iiiESON preparations. I shall not quote as an

example of this the left Amnion's horn of cat N°. 3, as the objection

might be pui forward that the hemisphere of this side had been prima-

rily injured. But in the case of a rabbit, where the most caudal

part of the callosum together with the underlying fibres '), the

psalterium, had been touched, the same thing is very apparent in

VAN GiPisoN preparations. The exact division between affected and

unaffected cells I hope to give later.

The other elements of the cornu Ainnionis — the fascia dentata

cells — were found to be unaltered, as were also the ammon-pyrainids

in a more ventral position in cat 3. The rabbit above-mentioned

showed, in couueclion with the abnornuU relative position of the

Amnion's formation in rodcntia as compared to carnivora — the

distribution of the cells somewluU otherwise; in principle this makes

no difference.

In judging ihe results of ex|)crimeuts like the above, one ought,

in my ()|)iuion, to lake up the position already given by von (iiDOKN.

A cell, which degenerates after cutting of an axis-cylinder, gives

origin to that axis-cylinder. The wider interpretation given to the

ticgeneraling cells, viz. that they might also be the elements to which

llio cut axis-cylinder leads, is in certain circumstances certainly correct,

l)ut only in the case of newborn operated animals, |)erhaps also in

the case of sonic long-existing lesions, or in a few exceptional cases

') I disrcgai'd licrc llic liisloioM;i(:;il (lillVrcnccs of tin' |iyniiiii(liil cells ciislin';:\iislici|

1))' GoMii, C\JAi„ Kiii.i.iKEH etc., wliicli I'dun;.'; lo llir Am n's liurii.

'^) Fornix normal on i)otii sides.
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not yet to lie explaiiioil more fully (cells of liie imcl. veiitiivlis aciisiici

wiiifli (leneucnile after lesion of tlie peripiieral ortaviis)

The iiielhod wliicli 1 used in operating on full-grown animals is

preferable, in so far as it, in general, leaves no room for doubt, at

least about the connection between the cut fibics and the degene-

rating cells.

Where, moreover, the cortex cerebi'i, examined in series of sections,

uniforndy lacks cells which are present in nnoperated animals, these

cells must be regarded as elements of origin of cut fibres of the

corpus callosnm.

A second maxim in esliiriating the cell degeneration after cutting of the

axis-cylinder is that a total even temporary "disappearance" oftlie cells of

origin is not to be expected, when important I'ollaterals arise between

the place of the lesion and the cell of origin of the axis-cylinder. It

may thus be assumed that no other cellulifugal fibres are connected

with the degenerated cortex nerve cells outside the corpus callosum.

The nerve cells in the cortex cerebri which cannot be made visible

are confined to the snbgrannlar pyranndal layer (lamina V Bkodm.xnn).

The only lesion which might influence the cells of the hemispheres

examined by Nissl's method is, in the operation performed, exclusively

the cutting of the callosum, in which the injury to the cortex might

ha\e to be included, which latter, howexer, could oidy inlluence l)y

means of the callosum-elements of the side examined. The last

is the case oidy in the operation of rabbit l(i, in which animal bul

a [)art of the cortex was removed. From the above, therefore, we
may deduce without doubt that the said sub-granular pyramidal cells

give origin to the callosal fibres.

The examination showed, moreover, that alterations of a less serious

nature occur in \arious layers, viz. changes in the cell-bodies them-

selves, — where a judgment on degeneration or approaching recovery

could not be pronounced with certainty ;
— and further a loss

of intercellidar molecular matter and a massing of active glia-elemenls.

Experiments performed in other parts of the nervous system prove

that cutting the axis-cylinders has likewise an influence on the cells

of origin, when important collaterals are given off by the axis-cylinder

between the place of the lesion and the mother-cell. The changes

which are then met with in the cell body are of a temporary nature

and disappear wholly or partially after some time M. This period of

') It is known that the giganto-pyiamids of region 4 (motor zoncl disappear

wlicn tho |iyraniid tract is previously cut. This suggests strongly that callosal

fibres wliich begin in tliis region liave tlieir origin in otlier cells than the giganto-

pyramids. I iiopc to be able to prove this shortly by means of oilier material.
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reaction and regeneration varies of course according to nian,y anatomical

and piiysiological circnms^tances. It is very probable that tliere are

cells from which a callosal fibre originates as a co//'<tovJ, among liiose

which are found to be injured. I am, for instance, inclined to include

herein some star-shaped cells between the bi'oadened lamina IV of

the area striata, perhaps even cells from the polymorphic lamina VI.

It should, however, be borne in mind that similar changes — espe-

cially the presence of glia-eleraents in dilferent stages of activity —
also occur where fibres and fibre-terminations have degenerated. The

studving of medullary-sheath jireparations, cannot fully trace the

conrse of these last. The circumstance that a clearly heightened

acti\ itv (if the neuroglia cells was met with, also where there was

but little to be seen of ganglia cell changes (lamina IV and e\en

lamina III, cat), makes it |)robable that callosal fibres also rise

as far as, or even above, the inner granular layer. That they,

moreover, on their course thither, give off end-collaterals in the

dee|)er layers V and VI, may be concluded from the same glia-position

being found in similar circumstances.

As to the manner of connection of the two hemispheres, i.e.

whether the callosal fibres run only between symmetrical places or

whether they connect dissimilar cortical regions, no certainty could

be obtained from the above experiments. Positive secondary changes

in regions which were separated by the operation from the symme-

trical tracts of the other hemisphere, I have not found, not even in

the case of lesion of the cortex. Experiments of the latter kind are

probably not delicate enough.

The results of i)artial cutting of the psalterium can be more

easily reviewed. The only absolutely clear results were the changes

ill a part of the Amnion's pyramids, as described and illustrated,

ami wiiicli w itiioiil doubl are of a temporary nature. The extremely

sliglil giia-s|)reiidiiig in the secondarily -injured region is remarkable.

It may be inferred from this that the psalterium, iu so tar as this

lies between the two annnon's formations, under the caudal and

medial pail of Ihe corp. call., consists of fibres which are collaterals of

olher lilircs (fimiiria, fornix). Where Ihey end rdiild nni bo delermined

liy Miy experiment>.

Willi regard to liie course laUcn \>\ llic lilucs oi' ilic consliiuents

of the coipiis callo.suni, the ex|ierimenls demonslrate Ihat this in llic

cat anil ralibil inclines strongly towar<ls the dorsal and dorso-laleral

regions of (hf liciiiis|iliere.

A lapeliiiii i'or|i. callosi is only I'oriiii'd on llie lau-ral vt'iilricle;

where the lallcr, moreover, also absorbs the lower Ikjhi (considered
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from ail anthropomorpiiic point of view), tiiiis forming a vertically

distended slit, on the transverse section, it possesses only on its dorso-

lateral wall any lihre layer on the '•snbstance snbependyniare" to

which tlie name of cailosal tapetnm might be given.

From this point the fibres — snch as have not already tnrned

dorsally — proceed latei'ally. Itniay clearly be dednced therefoie that,

especially in the occipital region, cell changes etc. will be found

after cutting of the corpus callosura, chiefly or solely in the dorsal

(medial and lateral) portions of the corte.v. The fact that I took my
examples exclusi\ely from these convolutions or tracts is due to the

circumstance that tlie secondary abnormalities in the ventral i-ortical

regions could not l)e shown at all, or with any degree of clearness.

The degeneration in the pinhria cannot be seen in the Pal-

[)reparations. This must l>e ascribed partly to the fact that, the

psalterium libres, some of which must of course be degenerated

in a normal state, are but slightly medullated. Their lesion is visible

in VAN GiESON preparations by the too ditfuse reddish colour of the

fimbria.

If we consider the results from a nujre general point of view we
must first bear in mind the fact that in all mammals three commissural

systems in principle communicate between the two hemispheres of

the cerebi'um. Adopting the nomenclature introduced by Edinger

and Elliot Smith, continued and extended by Ariens K.\ppi;rs'),

we can distinguish fibres running between the two secomlarv

olfactory regions (the palaeopallid) : tlie /nrrs ol/ucforiti coiiunissufde

anterior^ I fibres running between the two tertiary olfactory regions

(the arcldpidlia i.e. the amnion's formations): (he psalterium; and

fibres between the two cortices cerebri after deducting the above-

mentioned regions (the iwopallia i.e. which in the majority of the

iiuiminals is the larger part of the covering of the brain) -. pars

teinponilii comm. ant. and corp. calhsum. The archicoramissura

and the cailosal |)art of the neocommissura have been examined by

my experiments.

Both are shown to originate in cells beneath the inner granular

layer if Ivapper's (1, c.) theory, derived from lower animals (reptiles)

on the evolution of the Amnion's formation be accepted.

These two conimissura .systems, moreover, have the same horizontal

localisation for their place of origin as the projection systems examined

in this respect, but originate as far as concerns the callosum, either

1) Ariens Kappers und Theunissen, Die l^hylogenese das Rhinencephalons etc.

Folia Xeurobiologica, Bd. f.
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not at all, or only for a part (as foUateial) from t lie same cell elements

as these, while with regard to the part of the jisalteriiim situated

under the callosum, it must be assumed that all the fibres are

collaterals of the ammonal projection neurites ').

In a physiological respect, what has been found supplies an

anatomical substratum for the closely connected, simultaneous working

of both hemispheres in all functions, the inciting stinuilus of which

has its last and "most peripheral" cortical origin in the sub-granular

layers of the cortex. On the other hand, the ending of many fibre-

branches seen in higher cortical layers (in lamina III and IV) proves

that the stimulus from the other side co-operates with the higher

cortical preparation for the bodily function to be innervated.

Further," our results point to the probability that tiie neopallial

commissura, the fibres of which originate for a great part in their

own cells, has attained a higher degree of differentiation, independence,

than the old archipallial, the functioning of which appears in every

case to be connected with the working of the projection-fibres arising

from the same cells.

That, moreover, among mammals with the constantly developing

callosum — in a (piantitative respect — there is a qualitatively

greater influence of the one hemisphere on the other, is likewise

very conceivable. Even in cat and rabbit it is clear that tiie result

of callosal section can be traced to higher layers of the cortex in

the foruier than in the latter; and these changes must l)e attributed

to the degeneration of the callosal endings.

Now, whereas nothwithstanding this, with the usual methods of

investigation of cats"), not a trace of an)- disturbance is to be found

some time after the callosal section, we find such often very

clearly in man in the case of existing foci of the c. callosum.

The corpus callosum is in man larger - also relatively — thau

thai of any mammal. And in man afso a diirerentiatiiui with regard

lo the function of the two hemispheres is first found in mamiruxlia.

The great funclional value of the left half nl' llic cerebrum is

,><een, for inslancc, in Ihe fact that with foci of the anterior half of

the c. callosum fum-tioiial disiurbances of a high order (apraxia)

occur iu llic left side of llie body, which is goxerneil by the I'iglil

•) How this is willi respect to the pars lempuialis of the ;uUciii)r coiiunissura

(vcnlral c. callosum) will, possibly, appear IVom the dissei talioii Iu be iiuule hy

I. i)K V111K.S ill llie Gi'iilral Iiiijlilute for Hi'aiii Rcscaicli, wliich will be (Icm)U'iI lo

the cortex and coininissiiial systems of the mouse.

'•') Ami even in monkeys, see LiivY—VALUNsi : Le eoips .••ulli'ii.\ etc. Tiiese ile Paris

l'.l!0.
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iRMiiisplicrL'. Here, if aiivwhere, rroin a plivsiolonieal poiiil ol" view,

is it clear lliat llie eiidiiius of (he e. rallosmn are (o lie fuiiml in

lliose eorliral lavers in whicli llie preiiHierN'atoi'v aelion especially

takes place.

Wilhout (loiilil, ill the higher iiiaiiiiiials also, where the c. callosiiiii

has iieen cut, syniptoiiis of h'sioii nnist he |)resenl, teuipoi'ary perhaps,

lint iie\ei'lheless constant. Tliev lia\'e, however, not been discox'ered

as yet in t'linical investigation. The asymmetrical function of the

cerelu'iim of man, added to the possibility of applying more delicate

methods of iin'estigation, bring, in the case of disturbed co-ordi-

nation of the hemispheres, irregukxrities to light as described by

i.iKi'.MANN, Hkii.hronnkr autl Others. That anatomy too, assists us to

underslaiid the manner of the termination of the c. callosum and

especially the nature of the symplonis observed, can be assumed from

what has been fonnil in the cat. It is by no means impossible that

still more complicated comiections are present in man. A careful

cytoarchitectonic study of the cortex cerebri, in cases where the callosal

connections have been severed before death, will throw light n[)on

this point.

Anatomy. — "(h/ Ihe im'srno'/ilKi/ic nnch'ns ititd mot of llw

X . Trii/cinuutti. V>y Dr. C. T. van A alkknhuki;. (Communicated

by Prof. Ij. Hoi.K).

(Communicated in the meeting of March 25, 1911).

Among the brain nerve nuclei in man already known to us, the only

one about the functions of which we do not know anything with

ceriainty is the mesencephalic cell-gronp from which a portion of

the trigeminus libres originate. Histology, anatomy, embryology,

e.\periinent-i and clinical observations with |)atiialogical-anatomical

researches, none of these lia\e succeeded in solving the riddle of

ihc function of this nucleus.

After a period when sensiuT functions were atti-ibnteil to the

above nucleus and root (Mkkkki., Wkrnkkk, Mevnkkt), there came a

time when its motor character was universally accepted, chietly on

the base of experiments in degeneration (Fokei., Bkkuman, 11. v.

(iiDUKN, Scin zo-KiKK), but partly also owing to histological

research (Koi.mkku, Ca.iai. elc.'. while of late the sensory nature of

these cells and the allereni ciiaracler of their neurones has again

found considerable support (Jounston, v. Londen).

This being ihe case, it may be expected o. priori that the opinions
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will differ still iiioro widely regarding llic iiieaniiig, in a iiuire

resfriclod sense, of the niesenceplialic nucleus, i.e. regarding;' the

iieripiierv organs with wliieii they are eonneeted by their neurones

or which organs they nltimately act upon. It even seems useless to

discuss these opinions as long as there is no anatomical foundation

For them.

The valual)ie help of experiments was not even able to throw

light on this point. From all investigations results, that a degenera-

tion of the cells of the mesenceplialic qnintns-nncleus, if this he

not complicatsd with other lesions, causes no apparent disturhances.

And in the case of some abnormalities noted during life, whicii a

few ob.servers have connected witli a degeneration of the above-

named nucleus found on a postmortem e.xandnation with other

lesions, the dependence from a functional disturbance of the nucl.

mesencephalic, trigemini has not a|)peared to be probable (Mexdkl,

Tooth, Hagelstam, Homen).

A pathological observation which I made drew my attention to

tlie question here alluded to, and led to the investigation, tiie resiUts

of which 1 shall give here. ')

This pathological observation was as follows. A woman had suffered

for 12 years from a subdural haematome behind the right

orbita. All the nerves entering the (issura orbitalis superior were so

pressed l>y the tumoi' as to cause ophthalnioi)legia completa dextra

anil a typical anaesthesia in the region of the lirst ramus trigemini.

All the other lirain nerves were intact, except for a slight facialis

paresis of the left side of the mouth of supra-nuclear origin ; in

particulai- the action of the 2'"' and S"" . trigeminus was perfectly

noi-mal. After dealh a jiartial degeneration was seen in the

right mesencephalic ipiintus-root, and a careful counting revealed

that the number of its cells, as compared with the left, was
reduced to Vi-

The fibres f»f the mcsenc. root degenerated by the haematome could

not Hud (tullcl in liic motor trigeminus nor in Uain. II or III sens.

<»n the contrary, they were to lie looked for either in Kani. I

Irigendni, oi' at least behind IIk' orbila in such a way, Ihal the

tumor could have deslroyed lliein.

This discovery is op|)osed lo Ihc abo\('-mcnlioncil, almost generally

accepted, view of a motor lunclioii, which localises the mid-brain

fibres in the pars niol(U'ia. On the other hand, il does nol exclude

a moliu' r lion, ahl gli we do not Liimr any trigeminus consti-

') A detailed dcsciiptiun will :i|)|)uur in lliu Folia Ni;urobiulugica.
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tiients of this kind, wliirli wdiild be [iiesciit in tlie Kaiii. I. or at

least rclro-(ii'bi(ally.

1 do not consider, tlieretbrc, although there seems to he fairly strong evi-

dence of it, that my observation may be taken as a proof of the sensitive

natnre of at least a part of the mesencephalic nuciens. What restrained

me from doing so, besides the uncertainty of the peripheral coui'se

(if the degenerated fibres (inside or outside the stem of Trig. I) and

the slight possibility that there might also be motor fibres in Trig. I,

was the relationship of the mesencephalic root to its nucleus. Afterent

nerve fibres end in tlie central nervous system without a single

exception known to me, with (fine) ramifications to the periphery

of a cell, or they penetrate through it, if the theory of neurones be

not adhered to. In no case do they stand in direct relationship to

this cell in the manner of a commencing axis-cylinder, or in the

way we know of in the spinal ganglia. If indeed the mesencephalic

quiidus cells are sensory by nature, they prove an exception and

a very phenomenal one, to the regular relationships to be met

with elsewhere. Johnston'), in fact, now accepts this exception, and

he bases his belief npon the dorsal position of the cells (at)ove the

sulcus limitans of His), upon their spinal, ganglion-like appearance,

npon a supposed analogy to dorsal, giant cells in amphioxns and

other vertebrates (which he considers as sensory), and finally upon

the way in which the mesenc. root leaves the oblongata, which he

thought he could show in some fishes and mammal-embryos as taking

place with the pars major (sensibilisk

In my opinion, these arguments which, as we hare seen, have

not a convincing force, must be used with caution, and therefore

I had recourse to comparative anatomy where pathology and experi-

ments were unable to helj) me furthei-.

I examined specimens of cyclostomes. selachii, teleostei, amphibia,

birds and mamimxls, and, of these last, specimens of the orders of

monotremata, marsupials, insectivora, chiroptera, edentata, rodentia,

carnivora (fissipedia and pinni|)edia), cetacea, ungnlata and primates.

Among all these grou|is there is only one in which a mesenc. trige-

minus I'oot is not present, vi/,. the ci/rlosUniirs (Pctroini/con). This

observation agrees with Trkt.iakoff's ''), who, however, suggests the

analogy of the most frontal i)art of the quintus nucleus in the

1) JoHNSTo.N. The Railix mesencepiialica 'I'rigeiiiiiii. .luuni. nf cumpar. XeLUdl.

and Psycho] . 1909.

-) Tretjakoff. Das Nervensyslom von Aminocoeles. Arcii. I'. Mikrosk. Auat. l'J09.
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Petroniyzoii larvae to Uio inid-lirain nucleus of higher vertebrates.

As for Amjnoeoetes 1 have no experieJice, but for Petroinjzoii I eanuot

share this supposition. For the rest I cannot say anything with

certainty.

All other vertebrates which I examined, from sehichii to man,

possess a mesenc. trigeminus nucleus and accompanying root. Neither

on myeline sheath preparations, nor on carmine or v. Gikson pre-

parations is the transition of axis-cylinders from tiie corresponding

cells in the rad. mesenc. even observable. It is po.ssible to state this

fact on silver prepai'ations treated after Ca.jai, or Biklsciiuwskv, of

which 1 convinced myself in sharks (Acanthias vulgaris, '), i)irds

(hen embryos, ") and mammals (rabbit ami cat).

The root then reaches the latero-dorsal, and afterwards the lateral

boujidarv uf the central grey substance of the aqueductus Sylvii, runs

with a few e.vceptions laterally from the undecussated trochlear root

distally, till with the nerv. trigeminus it |)asses wholly or, according

to others, partly outside the oblongata (pons) — after sending off

(in most animals) collaterals to the motor V nucleus.

In the structure of the cells there are certain variations. In all

mammals — except marsupials and perhai)s monotremata — the

cells without exception are OJi cross .section round or ellij)tical,

according to the direction in which they are cut. This gives them

a slight reseml)lance to spinal gangliacells to which we have already

alluded. In all other species of animals this form is seen again,

but generally mingled with elements of a more polygonal shape

;

exceptions to this are birds, some reptiles and amphibians ^) where

only round or oval cells are found.

In marsupials ((li(le//)hi/s shows it belter than inttcroi>us) both

kinds are found together, almost in the same way as among the

reptiles in clu'loni' muhia. In fishes the polyedric cells predominate,

in carmine in- haemato.xylin preparations they freiiuently look like

heavy Imnps of prott)[)lasm.

According to (J.\J.\i-, after successful sil\ er impregnation in some cells

of the brains of young mammals (cat, rat, rabbit) several, generally

short, neurones are to Ik; found, besides the neurones whicli will

form Ihe mesenc. root. I obser\ed the same dendi-ites in a few cells

of acanthias, and in cmliryos of raja, as Hki.I) had previously done

') ill lliu AiKitoinical cabinet at Ijcydun. {I'riit Boeke).

-) III the Anatomical Laliorotory at Uroningcii. (I'rot. v.\.\ VVi.riiE).

») AcconJini,' to 1'. Hamon. Trajj. hiul. Madiid. Vol. Ill, |i, 1."j3. 1 diii not siuxeeil

in cliscovering tiicse cells in lana or salaiuaiidii

.
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in iiiaiiiuialiaii cnibrvos ami 1'. RwioN in liirils, i^eptiles ami aiH|ilii-

biaiis.

We are now aeeustoined (o apply In all llicse cells (he name of

iiucl. mesencephalicus trujemiiu, altlioiigli the name employed liy

Wat.lenburg and Edingek of nvcJ. iiuKpioci'IIylarls teoli mi^iit he a

better one.

Considering, however, thai it is fioni I he complex of these cells

tlial in any case the tibre liumlle which is generally named radiv

nu'senceplialica trigemini, originates, and the cell group itself cannot

evidently lie divided into sub-groups, there can be no objection for

the present to homologise the said elemenis of the dilferenl species

of animals.

As a necessary preparation for forming an opinion concerning the

physiological signiticance of the mesencephalon nucleus and root, I

devoted my attention in particular to determine the position of Ihe

cells in proximo-distal direction and the niannev in which the root-

tibres leave the brain-stem. For the detailed account of my results

(lists of cell-enumerations I I refer to the above-mentioned article

shortly to be published, but I may give here the chief tacts, illustrated

by figures.

Fishes. In all non-manunalian \ertebrates, the mesenc. qnintus-

cells are really confined to the mid brain, as their name implies.

The oral beginning of the nutdeus falls on the level of the commis-

sui-a posterior, the most canilal cells reach to the cross planes of

the trochlear nucleus. One very striking exception to this rule is

found in the teleo.Mei (fig. 2). If the ])Osition

of the nucleus in these animals be compared

to that in aehichii (fig. 1), two points are

noticeable.

In the first place, the position of the cells as

found in selncldi (scyll. canic, acanth. nth/.,

tinistehis vu!'/., raja clavnta), dorsally to the

aqncductus Sylvii, or to the lateral corners
Fig. 1. Scylllum caiiicula. of this, is deviated from, and moreover these

cells in tch'o.sti'/ [loplnus piaraforius, yaiiu.'i inorrliua, hippoqlo.'i.iiis,

ahrainis, tnitta) lie much closer together and form a nerve nucleus

in tiie more usual meaning of the word. They are to be found

immediately fronto-ventrally, and further ventrally, to the ventriculus

lobi optici, which in these animals is more clearly developed than

in the selachii
; thus, with regard to the brain-stem as a whole,

ihcy keep their position wilhin the dorsal part, with a lendencv

in the direction of Ihe legnienluni. (^uile in accorilance with the
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position ill selacliii, is the sitiuUiou on llie l)order of tlie ventricle

cavity on, or rather in, its ependvnia; in scyllinni especially on

V met:.

V nies.

Fig. 2. Lopliius piscatorius.

sagittal sections one can see the cells bulging out the ependynia

layer before them, whereby they almost seem to hang in the cavity

Decus.s. IV

Fig. 3. Scyllium canicula.

(fig. 3). In this last figure an idea is likewise obtained of the fronto-

caudal dimensions of the nucleus on a section situated not far from

the medial line.

The study of a scries of cross sections shows that the most frontal

cells occur in the anterior part of the tectum opticum, and that the

most caudal ones are met with in the velum medullare anticum

frontally to the level of the trochlear nucleus. The compact nucleus of

the lelcoslei, on the othei' hand, extends over no greater sagittal

distance than about 250 ;«. [lopluus). As regards the division of the
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cells ill selaciiii, liie grealu^i luimbeis on a t'i-ost< section are met

with in tlie third and fourth tit'lh parts of the sagittal dimension of

the nucleus. Tiiere are no important diilerences between the number of

cells situated before and behind it.

The way in which the respective mesenc. roots leave the brain-

stem is dilferent in these tn o orders of animals, and differs also from

that in the higher animals. In sci/l/ium canirula I found relationships

of a very peculiar nature which may in principle be of importance

in solving the problem alluded to at the commencemcul of this article.

After the axones have united latero-dorsally lo the aqiiaeducl

to a comparatively compaci bundle, and proceeded distally, we see,

frontally to tlie entrance of (lie sens, trigeminus root, where the gan-

glion Gasseri (G. G.) is visible, several fibres separate from this bundle

and pass to the periphery of the oblongata, where it leaves it (fig. 4).

Fig. 4. Scyllium canicula.

Immediately ventrally to this, Imt clearly separate from it, the most

frontal stem of the motor trigeminus root is seen in its most medial

part. This last stem is followed 4 sections further caudally by a

similar new stem of the motor V running at exactly the same height,

still accompanied by the out-going mesenc. root-fibres, which end

about 250 i( more dorsally (fig. 5). Neither of the two preparations

show any union willi the still extra-bnlbar sens. V nerve (on which

the gang, (iasseri is visible)

The following — more caudal — section no longer shows any

out-going nnd-brain fdu-es, while the motor \" stem lies relatively

at the same place. Dor.-^ally to this last one sees the residuary mesenc.

mot cut slantwise (fig. Gj. Six sections further distally, where oidy the
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Fia. 5. Scillium canicula.

Fig. 0. ScyUinni canicula.

l.tr-ost nan ..f Hir nu.K.r V sUmu lurmng lowards li.e motor nucleus

is "still visihl.>, llH' sai.l shu.lwis.. cnl l.ni.dlcs tnm latcro-vcntmll.y,

laterally to H'c .utv. .nnlor V. On lliis srrtion (lii>'. 7) ll.e sens. V
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:ll|y^-^--

Fi2. Scvllium canicula.

l)eginy its entrance. The latero-ventrally directed mesenc. fibres more

and more approach the peripliery, and tliey enter 9 sections distally

to fig. 7 through tlie pia mater, mingling between the constituents

of the sens, trigeminus root (fig. 8).

i- 5-^n4

Fig. 8. Scyliium canicufa.

The mesenc. quinlp.s root seems not to be quite exhausted.

At least some of the fibres running in its area are to be seen

turning further distally in tjie oblongata close to the dorso-medial

3

Proceedings Royal Acad. Amsterdam. Vol. XIV.
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Fig. 9. Lophius piscatorius.

pole of the radix spinalis trigeraini, from which it can no longer l)e

distinguished in the more caudal planes.

In Teleostei, especially lophius piscatorius, the case is more simiile.

The radix mesencephalica is less compact here ; it is formed by

several, 4 or 5, thin, medullary bundles, from which, at the point

where the sens, trigem. root enters,

only loosely connected fibres

separate, to leave the oblongata

dorsally from the entering sens,

uerve or between the most dorsal

fibres. Several (4) sections further

distally the nerv. V mot. also

leaves the brain stem ; this too

passes into the dorsal part of

the here entering sens. V fibres,

still ventrally to the mesenc.

quintus, and clearly separate from

it (fig. 9). Further caudally no-

thing more is to be found of

the radix mesencephalica.

Amphibia. According to Pedro Ramon (I.e.) the cells of origin of

the mesenc. quintus of these animals lie in the tectum opticum,

close to the ependyma of the ventr. lob. opt., somewhat scattered

laterally to and even round the vent. lob. opt. ; thus in this respect

they rather resemble the condition in teleostei.

The root-fibres run in the usual way distally, the majority of them

first turn towards the periphery in a cross plane where the trigeminus

already enters. Here they remain \entral, and are accompanied in

their turn by the motor V I'oot, from which the}' are clearly sepa-

rated {rana tig. 10). A small remnant of the radix mesencephalica

proceeds caudally, on the same relative place as in scyllium, and

can soon no longer be distinguished.

Replilin. Here, as regards the position of the elements of the

large-celled nucleus tecti different conditions are met with in repre-

sentatives of the lacertilia, ophidia, crocodilidae, chelonidae, which

without doubt are connected with the general structure of the

tectum opticnm of the animals, especially in so far as this is

influenced l)y the tortis semicircularis intruding lower down at

the back of the ventricle, especially in the crocodilidae. Fig. 11

gives an idea of this, and shows on a cross section the arrangement

of the mesenc. quintus cells in alligator sclerops. A few cells lie in

.the ependyma layers which surround the ventricle. The majority
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lie medial on this level, and generally form, with those from the

opposite side one nucleus. This last is also specially distinct in

Fig. 10. Raua temporaria. Fig. 11. Alligator sklerops.

t.s-c. = torus semicircularis.

chelone midas, as is shown in tig. 12, in the region of the caudal

part of the commissura posterior. The clumsy form of the cells is

clearly seen here, with a few of a rounder form; the latter are

relatively more numerous in the more distal planes.

Neitlier in lYiranus salvator nor in cunectes murmus is this united

^,

:^-

12. Chelone midas.

medial nucleus found so well represented; only a few cells here

touch both sides of the medial line. Lacertilia and ophidia possess

3*
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almost exclusively round or pear-shaped mesenc. quintus cells ; the

blunt-cornered elements of the hydrosaurii are entirely or nearly

entirely, lacking. The distribution of the cells in sagittal dimension

of the nucleus is somewhat ditTerent viz. alligator sclerops shows

the greatest development of the nucleus in the frontal jjart of the

tectum (fig. 13), eunectes murinus in the most distal part (fig. 14;,

vnriimis sdloalor (which in this respect does not widely differ from

chelone midas) possesses meseiicephalic roof-cells distributed fairly

evenly over the tectum opt. (fig. 15). The point of exit of the mid-

brain root is ill principle the same in all the reptiles examined.

It was clearest in my preparations of varanus salvator and boa

constrictor. The respective fibres of varanus begin to send a portion

towards the pei'iphery only when the sens, trigemenus is already

making its entrance. A large part of the spinal quintus root has

already been formed, and e\ en lies fully developed in the oblongata,

when the out-going mesenc. V fibres reach the periphery, or rather

the ventral part of the rad. spinalis V. Ventrally from this and

separated from it, lies the out-going mot. trigeminus root (fig. 16).

Fig. 16. Varanus salvator.

In the other reptiles the conditions are the same; only in the

case of boa did I succeed in showing with any certainty a remnant

of tiie fibres which run with the mesenc. V root jiroceeding in a

caudal direction, on I lie mcdio-dorsal boundary of tlie subst. gclat.

Rolando rad. spinalis Vi.

Jiirils. The extraordinary development of the tectum opticum, its

lateral-ventral bending and the thinning of the lamina commissuralis

bring about the lateral |)Osition of the mesenc. quintus cells above

the ventr. lob optici, as is shown by fig. 17 ; only in the most oral
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part of the nucleus a position above tlie aqueduct is possible. Here,

therefore, tlie cells reach to the medial line without, liowever, forming

Fi"-. 17. Ciconia alba.

the characteristic medial nucleus as in hydrosanrii and selachii. The

cell form is round and vesicular. It is dilTicull to judge of the exit

of the fibres. Some can be seen going from the radix to the motor

V nucleus; how the others reach the periphery cannot be stated

with certainty from the normal preparations {ciconia, c/iri/sonntis).

Mammals. Without entering into details regarding each order

examined separately, the most striking points of resemblance and

difference may be given here. The distinction made by Cajal (1. c.)

into nucleus infero-posterior and nucl. supero-anterior within the

boundaries of the mesenc. V nucleus can be kept for many of the

mammals, especially for rodentia, w^hich ha\e been principally exa-

mined by Cajal (rabbit, rat). For the two lowest orders of mammals

(monotremata and marsupialia) this distinction does not hold good.

The part of the nucleus, situated in other mammalia (mono delphia)

distally from the mid-brain, is entirely wanting in didelphia or nearly

so. In Echidna hystrix scarcely a single mesenc. V cell is to be found

laterally to the aqueduct, still less in the region of the 4''' ventricle.

A few have shifted somewhat from the middle line, dorsally to the

aq. Sylvii, the large majority lie in every cross plane on the medial

line; (of. fig. 18, plane of the trochlear nucleus). The nucleus is

exhausted before the decussation of the nervi trochlearcs.

Marsupialia show similar conditions although a very few cells

have come to lie already laterally to the most rostral part of the

4''' ventricle; in macropus this is clearer than in iJiJclp/ii/s.

In the case of the last-mentioned animal the nuclei situated dor-

sally on both sides distinctly combine to a single one near the medial
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plane in the rostral part of llie teotiim (region of the comniissnra

post). Fig. 19 gives a representation of this. It is \ery noticeable —
more than in echidna — that the nucl. magnocellnlaris tecti consists

Fig 18. Echidna hystrix. Fig. 19. Didelphys marsupialis

of 2 varieties of elements, viz. rounder, oval, vesicular and lumpy-

poljedrical. If fig. 19 (didelphys marsupialis) be compared with tig. 12

(chelone midasj the resemblance between the opossum and the turtle

is directly seen. A third marsupial of which the Brain Institute

possesses a sagittal series affords a view of the similarity in pro.vimo-

distal measurement between its tectal V nucleus and that of chelone

or \aranus (fig. 20, onychogale frenata, compared to fig. 15, ±<ile

\araiuis). The course and the exit of the mesenc. V fibres exhibit

no special feature. In the i-egion of the motor V nucleus the mid-

brain root loses to it several fibres, the others make a distal convex

bend and join to the most ventral part of the rad. spinalis trigemini

already entered into the oblongata, distinctly separate from, and

dorsally to, the motor V root {Macropus rohustus fig. 21).

All the other mammals more or less show in principle the following

features in the distribution of the cells on a cross plane as well

as in sagittal direction viz. 1, the cells fall away from the tectum,

along the boundary of the centi'al grey substance venlrally round

tiic acpieduct ; 2. the cells proceed, as it were, distally in the direction

of their neurones and come to lie more or less close to the cioss

plane of the motor V nucleus. This latter case is well seen in lii;. 22,

a .sagittal section laterally to the vcntric. quartiis, through the
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brain-stem of the rat. In man we meet with about the same relative

position ; in most other mammals the cells remain rather frontalis

Kig. 21. Makropus robustus.

to the motor qniiitiis-iuicleus : tlie micl. iiifero-posterior (C.\J.A.i,) lies

somewhat oaudally to tlie trochlear exit beside the 4''' ventricle (cat,

horse).

The position of the cells in the cross plane also exhibits but

gradual ditlerences between each other. A real medio-dorsally situated

nucleus as in didelphia is nowhere to be found. Nevertheless in one

group of mammals {cnnu>-om pinnipedia) of which I examined

phoca vitulina a tendency in this direction can be observed. The

general situation here is that the cells keep their dorsal position,

and in the region of the commissura posterior the position of a few,

well developed cells strongly recalls that of the medial nucleus

already discussed (tig. 23). Tlie cat exhibits nothing of this, although

in general the cells lie rather more dorsally on the border of the

subst. grisea centralis than in the case of rodenlia, insectivoraand man.
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Regarding llie course of the mid-brain root I may be sliort. In all

mammals it runs distally, laterally to the uncrossed nervus trochlearis;

Fia-. 22. Mus raltus.

V\y;. 21!. I'lioca viliiliii;i.

only in camivora (cat) and chir()|)tei"i (hat) does it inn mcdiallv to it"

in many rodents the trochlearis runs between the V ceils and the
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accompanviiig- til)res; according lo Hli.i.es 'i, tliis is also the case in

the pig. A well isolated exit is seldom to be seen owing to the fibres

not running compactly to tlie periphery and to their being apparently

interrupted by the masticatory nucleus. Where the tracing of the

mesenc. fibres is possible {tamaudua tetradactyla), its exit in the

ventral part of the rad. spinalis trigerainis is clear; in this animal

a wide separation from the more ventrally running motor quintus

root is easily distinguishable.

What can be seen in all the other mammals is that fibres from

the region of (he rad. mesenc. turn venlro-laterally and reach the

periphery close to the motor nerve. The latter passes through the

pia, ventrally from the sens, or radiv. spinal.; the mesenc. fibres in

any case do not come to lie ventrally from the motor root.

Summing up the results of this investigation, the conclusions are

as follows

:

1. In all animals, where the e.xit of the mesenc. quintus root

can be traced with certainty, this takes place dorsally to the motor

root.

2. In all these animals iscyllium canicula v. i.) it leaves tlie

obhmjdta betveen tlte fibres of the sens, trigeminus root, in teleostei

perhaps even slightly dorsally to them. Whether it runs extra-bulbar

for a part with the sens, root and its collaterals, is uncertain, but

it is not rendered improbable by the above-mentioned pathological

observation.

3. In sci/llium canicula the mesenc. quintus root leaves in two

ways the oblongata: one part orally to the sens, root, and one part

in the way as mentioned sub. 2. The first part is, however, accom-

panied by a more ventral motor V stem.

4. The primitive position of the mesenc. quintus nucleus is dor.ml

in the tectum opticum, not distally from it. The variations herein

in lower animals are ])aitly duo to ditferences in the structure in

the mid-brain. In the lowest order of mammals ^monotremata and

marsupials) this position is seen again in principle. Moreover in

marsupialia especially (didelphys) the nucleus consists of ditferent

kinds of cells, just as in some reptiles ; while in fishes one

form of cell (clumsy-polyedric), and in higher mammals and birds the

other (round, oval, vesicular) predominates or is exclusively present.

5. The dist(d spreading of the nucleus, most marked in insectivora,

I) HuLLEs: Vtrgl. Analomio dor corebr. Trigominuswiirzel. Obersleincrs Arboilon.

1908-



( 42 )

rodentia and primates (man), must probably be regarded as a more

advanced difierentiation, and will have more to do with special

biological functions than in general with the position of the animals

in question upon the phyletical scale.

6. Regarding the functions of the mesenc. quintus nucleus, nothing

is to be deduced with certainty from comparative anatomical inves-

tigations, although the dorsal entrance of the radix mesencephalica

in regard to the motor root might suggest a sensory function. But

as in teleostei the motor V root also does not leave the oblongata

ventrally to the sensory one, and in all animals e. g. the nerv. trochlearis

passes quite dorsally outside the brain-stem, no positive conclusions

are to be deduced from the above anatomical fact.

The same may be said of the dorsal position of the nucleus, in

view e.g. of the dorsal position of the trochlear nucleus in cyclostomes

(ammocoetes and petromyzon).

The problem of the significance of the mesenc. jiart of the nervus

trigeminus in thus still unsolved.

Chemistry. — "On the action of Oxalyl chloride on amines and

aviides." By Dr. J. Th. Bornwater. (Communicated by Prof.

A. P. N. Fr.'VNChimont).

(Communicated in the meeting of April 28, 1911).

It is well known that acid chlorides act not only on ammonia,

but also on primary and secondary amines with formation of primary

mono- and dialkylamides, and on primary simple amides and alkyl-

amides with foi'ination of secondary simple and alkylamides.

But with the chloride of oxalic acid (oxalylchloride), however,

very few experiments have, as yet, been made, although this is

now a reliable commercial article. Stauuinger casually remarks that

oxalylchloride forms with amines oxamides and cites as an instance

aniline, which he uses for the quantitative delerminalioii of oxalyl

chloride. Taskkk and Jones only mention that oxalylchloride has a

powerful action on primary and secondary amines.

At the request of Prof. Francuimont I have convinced myself, in

the case of a number of amines and amides, that the action takes

l)lacc sometimes readily, sometimes with dillliculty ; in some cases

it does not take place at all or takes another direction so that instead

of oxalylderivatives carbonylderivativcs are formed.

With piperidine in ethereal solution I obtained at the ordinary
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tcm[)t'ratiire ox;il_vl|)i[)eri(li(lo, witli aniline oxaiiilide, wilii c-niti'anilino

oxahidi(o.iiitraniline), with »Miitraniliiie oxalyldi(;/i-iiitraniline) and

with pnitraniline oxaljldi(/j-nitraniline).

With 1.2.4 dinid-iiniliiie no action was noticed at the ordinary

temperature : here it was necessary to boil and benzene was tised

as solvent. This led to the formation of oxalyldi (1.2.4 dinitraniline).

In these circumstances, no reaction was obtained with trinitraniline.

It was further shown that in tlie case of oxalyleldoride we can

also work according to the method of Hartwig Fr.vnzen and make

use of the hydrochlorides of tiie amines. On boiling these in benzene

with oxalylchloride until the evolution of hydrogenchloride ceases

oxalylderivatives are readily obtained. Apart from the advantage

that the hydrochlorides are more readily procurable, this method is

also more convenient in so far as that less of the amine is required

and that the reaction proceeds quietly and no special precautions

are necessary.

I noticed this with the liydrochloride of aniline which gave oxanilide

and with that of piperidine which gave oxalylpiperidide.

To the amines belong also the esters of the amino-acids and I

endeavoured to obtain ^) oxalylderivatives from their hydrochloric

compounds by the last mentioned method which succeeded very

readily, for instance with the hydrochloride of glycocollethylester

CONH CH,COOC,H,
when oxahidiglvcocolletlivlester

| was obtained

CONH CH,COOC.,H,

in beaiiliful needles melting at 143°. A similar result was obtained

with the hydrochloride of glycylglycinethylester. This yielded

CO NH CH,CO NH CH.,COOC,H,
oxahidiglvcvlti'lvcinethylester;

|

in

CO NH CaCO NH CH.COOC.H^
beautiful lustrous leaflets melting at 250°, which exhibit the so-called

biuretreaction.

Already a few other hydrochloric compounds of the aniino-acid

esters have been treated in the same manner with an equally good

result. Such as that of the methylester of «.aminopropionic acid

^) The above mentioned method of H.\kt\vig Franzen could also be .^iipcessfully

applied to the preparation of the chloioacetyl derivatives of the esters of the amino-

acids. On boiling < hloroacetylcliloride dissolved in benzene with the hydiochloride of

glycocoilesler 1 obtained chloroacetylglyciuetliylesler and with the hydrocldoride

of glycylglycinelhylester chloroacetylglycylglycinethylester. ISolh with a very good

yield so that this method deserves the preference to that employed by Fischer

for obtaining the cbloroacelylderivatives of the polypeptides as well on account

of the better yield as of the less complicated method of workiiig.
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CH,CH(NH)COOCH,
I

CO
when oxalyldi(«.aminopi'opioiiic metlijlester)

|

CO

CH3CH(NH)C00CH,
was obtained in delicate white needles. Further that of diglycylglycin-

ethylester when oxalyldi(diglycylglycinethyleyter)

CO NH CH.CO NH CH.CO NH ClI,COOC,H,

CO NH CH,CO NH CH,CO NH CH,C0OC,H,

was formed as silky delicate needles with a melting or decomposition

point at 302°. They give a red violet biuret reaction.

An example was also taken from the aminoderivatives of the

dibasic acids, namely the hydrochloride of the diethylester of glutaminic

acid which yielded oxalyldi(glutaminic diethylester)

.CH CH,CH,COOC,H,

CONHCOOC.H^
I

CO NH COOC,H,

^CH CH.CHXOOC^H^
as exceedingly fine hair-like crystals m. p. 94°.5.

The compounds obtained might probably become of interest as

regards the knowledge of the albumenoids. It is known that more

than forty years ago Schutzenberger obtained oxalic acid from all

albumenoids by resolving these with barium hydroxide. For instance

from

:

Egg albumen 5,7 "/„ barium oxalate =: 2,227,, oxalic ^^^^'d

12,5 „ 4,87

Casein 17,5 „ 6,82

Serum (from horse's blood) 16,5 ,, 6,43

Fibrin (from horse's blood) 11,5 ,, 4,48

5,73

3,12

1,95

8,14

7,74

4,50

3,23

4,44

3,55

Hemiprote'in
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No further attention has been paid of late to this production of

oxalic acid, which niigiit most likeh' be obtained from substances

other than oxalylderivatives, for instance, mesoxalic acid derivatives.

As the above reaction appears to take place with all the hydro-

chlorides of aminoesters as yet examined, it may be expected that

similar oxalyleonipounds will be obtained from the polypeptides in

general, which miglit be looked on as building stones of the proteid

molecule.

But little attention is also paid to the production of carbon

dioxide in tlie resolution of the albumenoids and yet — like the

oxalyhximpounds of the polypeptides — their carbonyl compounds

might also be building stones of the proteid molecule. Provisional

experiments with simple amides showed that bj' the action ofoxalyl

chloride no oxalyl-, but carbonylderivatives were obtained because

oxalylchloride behaves in some cases as a source of carbonylchloride.

With acetamide (boiling in benzene) I obtained in this way
diacetylurea and with chloroacetamide carbonyldi(chloroacetamide)

.NH CO CH, CI

CO crystallising in delicate white needles m.p. 171° C.

^NH CO CH, CI

Whith benzamide dibenzoylurea was formed but with benzanilide,

CO NC, H, COC.H,
on the otherhand, oxalvldi(benzanilide)

|

was obtained

CO NC, H, COC,H,
in beautiful needles melting at 210° C.

CON(C,H,)COCH.
Acetetiivlamide gave oxalvldi(acetethylamide)

|

CON(C,H,)COCH,
in beautiful crystals melting at 130° C.

Whereas etiiylurethane yielded carbonyldi(ethylurethane) I obtained

with methylethylurethane oxalyldi(^metliylethylurethane)

CO NCH, COOC.H,
I

CO NCH, COOC,H,

in clear white needles m. p. 67° C.

It thus appears that with mono-alkylamides the reaction leads to

oxalylderivatives but with simple amides to carbonylderivatives.

With urea, which may also be classed among the amides were

obtained (in ether at the ordinary temperature) parabanic acid and

,, , , ,,. , CONHCONH, ^.„
presumablv, the true oxalyldiureid '^ ^^,^ ^_ .^^^, different from the

CONHCONH,
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"amide d'un aoide oxahlbiiiretique" prepared by Grimaux wliicli in

the German literature is wrongly called oxalyldiureid. The oxalyl-

diiireid obtained b}- me not only shows complete insolubility in all

the ordinary solvents, but also gives no biuret reaction.

Symmetric dimethylurea whether in ether at the ordinary temperature

or in boiling benzene gave the well-known cholestrophane, whereas

with asymmetric dimethylurea, when boiled in benzene, carbonyl-

.NH CO N (CH,),

di-(as. dimethylurea) CO . V2 H^O is obtained in parti-

"^NH CO N (CH,),

cularly beautifully formed prismatic crystals melting at J 40° C.

Chemistry. — "Additive compoiind.s of in. Dinitrohenzene." By

Prof. P. VAN ROMBURGH.

(Communicated in the meeting of April 28, 1911).

The increased interest taken in the coloured compounds of polynitro-

substances with aromatic amines induces me to call attention again

to the fact that m. dinitrobenzene is also capable of yielding with

different amines beautifully coloured crystallised compounds as I

mentioned casually many years ago ').

Generally speaking, these compounds are obtained less readily, and

many are less stable than those of s. trinitrobenzene. This probably ex-

plains why NoELTiNG and Sommerhoff ") have not succeeded in isolating

such products. Kremann ') has studied the equilibrium between aniline

and m. dinitrobenzene and states that no data occur in the literature

as to the existence of a compound between these substances although

I had already mentioned having isolated the same.

If we dissolve m. dinitrobenzene in aniline the liquid turns intenselj-

red on warming and when cold, a beautiful red compound crystallises

in large crystals, which melt at 41°—42° (in a capillary lube). According

to Kreman.n the melting point lies at 40°. The compound consists of

an equal number of molecules of the components. On exposure to

the air, the crystals lose the aniline.

Analysis: Found fi4.17„ C.H^NO,).,. Calcidalcl (i4.3V„.

Dimethyl p. loluidine when heated with m. diiutrobenzene gives

an intensely coloured solution from which, on cooling, crystallises a

1) R. 6, 366 (1887).

2) B. 39. 76 (1906).

3) M. 25, 1298 (1904).
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nearly black compouml in.
i).

43°, whicli in an open vessel is com-

pletely decomposed in a few days.

Analysis: Fonnd 55.077„ C\H,(NO.,),.

Theory for 1 mol. C,H,(NO,), + 1 mol. C,H,N(CH,), 55.47„.

With «-naphtliylamine in alcoholic solution m. dinitrobenzene forms

a compound crystallising in red needles m. p. 67°. Nitrogen deter-

mination: Found 13.477„. Calculated for equal molecules 13.57„.

Dimethyl-,i-naphtylamine in alcoholic solution also gives dark red

needles of a compound consisting of equal mols. of the components

and melting at 52°—53°.

Nitrogen determination: Found: 12.627„ N. Calculated: 12.397„.

Tetramethylmetaphenylenediamine ') forms with m. dinitrobenzene

— but less readily so in alcoholic solution — a very dark garnet

red compound melting at 58°.

Analysis: Found 50.1 7, C„H,(NO.,),. Calculated for

i mol. C„H,(NO,)., + 1 mol. C.H.N.CCH,), 50.67„.

With benzidine metadinitrobenzene gives black crystals, wliich are

fairly stable, but ai-e decomposed by hydrochloric acid. The melting

point is 128°.

Analysis: Found 47.67„ CjH,(NOj),. Calculated for equal molecules

47.737"„.

With tetramethylbenzidine in alcoholic solution only a small quantity

of a dark coloured compound is obtained ; the bulk of the components

crystallise separately.

On the other hand 4.4'. tetramethyldiaminodiphenylmethane') gives

a fine garnet red compound crystallising in plates or compact crystals

m. p. 76° and containing 2 mols. of the amine for 1 mol. of dini-

trobenzene.

Analysis: Found 25.2"/„, 257„ C,H,(NO.J,. Calculated 24.857„.

4.4'. Tetramethyldiaminobenzophenone in alcoholic solution gives

very beautiful, clear red plates m. p. 91°. In this compound, however

tivo mols. of dinitrobenzene are present for 1 mol. of the base.

Analysis: Found 55.47„ CeH,(NO,),. Calculated 55.67„.

With many other liquid aromatic amines ra. dinitrobenzene gives

strongly coloured solutions ; with numerous solid amines, in alcoholic

solution, a more or less powerful coloration is obtained also. Very

probably, it will appear possible to isolate a number of these additive

products in the solid condition.

Utrecht. Org. Chem. Lab. University.

1) R. 7, 3 (1888;.

3) R. 7, 228 (1888).
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Meteorology. — "On the dlanwd runntion of the loind and the

atmo.ipherk pressure and their relation to the variation of the

gradient." By Dr. J. P. van der Stok.

(Gommunicattd in the meeting of April 28, 1911).

1. The diurnal variation of the wind, a phenomenon well known
near coast stations as land- and Seabreeze, is also observed, and

generally in a well marked dei2,ree, at land stations.

On account of the laborious work of calculating the diurnal

variation from observations made hourly or at fi.xed hours, this

phenomenon has but rarely been investigated and, after all, the

knowledge acquired is hardly proportionate to the labour.

The intluence of the earth's rotation and of friction gives rise to a

rather complicated relation between cause and effect, i.e. the variation

of the pressure gradient on the oue hand and that of the wind on

the other, so that it is not possible to arrive at well founded con-

clusions based on the results of observations oidy, without the

help of some theory.

For many places, as e.g. Helder, situated at the top of a land-

tongue, it would he difficult to tell a priori how and to what

degree the gradient varies in the course of a day, and neither

would it be possible to formulate simple aud probable assumptions

as to the gradient in the case of a land station as de Bilt, sur-

rounded hy regions of very different heat-absorption and radiation.

The variability of the periodic gradient in different seasons is a

still more difficult problem as, near coast stations, the seacurrents

and the temperature of the seawater in the surroundings, and near

land stations, the difference of physical properties of the adjacent

regions play an important part.

Only for a station situated in an extensive and homogeneous

region the simple assumption of a heat wave propagating from

East towards West, with the sun, would be permissible and only

in such a case would it be possible to deduce the variation of the

gradient from the diurnal variation of the barometric height, as

observed in loco, i)rovided the law of variation depending upon

geographical latitude were known as well.

In most cases, however, the variation of the gradient will be

smallest where the cliange of pressure is greatest and conversely, the

meciianism thus rather corresponding to an interchange of two

statlonarii sources of periodic pressure variation, situated at a fi.x.ed

distance the one from Ihe oilier, than lo a propagating wave passing

at constant velocity.
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111 geiieial il is ilicrclorc not |)(issil)le to derive anv coiicliisioiis

c'Oiiferning tiie gradient tVoiu the diurnal variation of haronietrio

pressure as observed at a liivoii [tlace, and noitliei' would it he

possible to increase the number of stations and the aceuracv of the

observations to sucli a degree, that the gradient vaiiation could be

experimental! v deduced.

The inverse wav is therefore indicated and from llie hioiim

\ariatioii of the wind we must try to derixe the '/^/v/cz/v; value and

variation of the gradient, which of course is possible only with the

help of a suitable mechanical theory of the air motion.

2. If, neglecting possible and prol)al)le vertical motions, the

rotation of the earth is taken into account, and the influence of

friction is assumed to be proportional to the velocity, the relation

between gradient and air motion may be represented by the following

expressions, the same as used e.g. by Obkrbeck ') in his well Ivuown

paper on cyclonic motion :

dv 1 dp ;

^ -\- nan -{- /i' = -—
i

at (> oy

du 1 dp
^ nav + /?< = — — r—
dt u d.v^

(1)

In llie.^e formulae y and v are considered to be dirccleil towards

North, .( and a lowai'ds East.

II = '2 co.s (f

ip = polar distance.

?i = angular velocity of the earth.

If we put:

/ =: kn

then, after division by // and for the case of a periodically varying

gradient, (1) becomes

1 dy 1 d),
^ + au J^kv^ - — - = //, co,(,,,a - ;.,)J

n at ^,n Oy
j

\ du 1 dp (

~S7 - "'' + ^'" =
A = ^'^ '"'^'i"^ - ^•»)'

n at Qn 0,0

The amplitudes //; and H^ are ]u-oportionale to the gradient

directed towards North and East, ./ is the order of the period under

consideration.

Representing the components o\' the velocity of the airjiarticles l)y :

V = ^l COK (ant — r.)
I

1^)

u = B cos (qiit — (^,) '

C^)

1) Ann. d. Fhys. u. Ch. 188-2, 17, (128— U8).

Proceedings Royal Acad. Amsteidam. Vol. XIV.
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we find from (2) and (3) ;

, i/j mi P.J = — qA cos Cj -\- aB sin C, -j- kA sin C^

//j cos P.J ^= qA sin C, + aB cos C, -\- kA cos C^

(4)

(6)

//j sin P.J = - - qBcos C„ — aA sin C^ -\- kB sin C,

H^ cos Pj = qBsin C,— aA cos C^ + kB cos C^

The quantities H and P can tlien easily be calculated by means

of the follovvinf>- relatively simpb formulae, provided the wind

\ariation and friction coefficient be known:

H, sin (Pj — Cj) = — qA— aB sin A
H, cos (Pj — C) = kA + aB cos A

H, sin (P, — C^) = — qB— aA sin A i

H^ cos (P, — C,) = kB — aA cos A I

A = C,-C, I

and further

:

jj^- _ H,"- = (P + ?' — a') (A^ — B') + A ka AB cos A
)

H," + n,°- — [k' ^ r + a') {A' + B') ^ i qa AB sin A \

Form. (3) can be represented by an ellipse, the radius vector

being the resultant velocity, and the great axis forming with the

//, V (North) direction an angle « determined by the expression :

2 AB cos A
tan<i 2 a = —— —

—

(7)
A^—B-

Likewise the gradient vector can, according to magnitude and

direction, be represented by an ellipse, its great axis making with

tiie North direction an angle it', determined by the form.

,
,

2H, H,cos{X-X,)
'"""'" = 7/^=7r^

^^^

From (4) follows

:

//, //, W« (Pj - ;..,) = (k' + q' + a-) ABsin A + qa (A' + B')\

II, 11.^ cos (P, — P,) = (P + q' — a') AB cos A — ka {A' — B')\

if then we put

:

2ak
I,ina2m = , (10)p _^ ,j- _ a'

tniiij '2 (t r- td/Ki (2(( — - '2>n) (II)

in =: (( — (('.

Alllioii^ili, lliercforc, for Ihc case of a periodically varying gradient,

ilir an'.;lc of di'vialioii bc^lweeii gradieni .nid winil (lircclioii does

niil assiiiiii' a siiii|ili' \\>\-\\\ and i- a I'allici- complicated funclioii of

ihc lime, there is (il' we udmil llie litriii. (1) as suitable foi' the

(!')
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purpose) a oonstaiil diiroreiife in diieetion /// befweon tlie maximuiii

values of those quantities, as defined by (10) and therefore dependent

u|»on the friction (^'1 and variable with the order of the ])eriod [q).

If tiie angle of deviation were known, the value of k and hence

I ho friction coetiticient In might Ite deduced from (10).

3. If we calculate the diurnal variation of the barometric height

for different places on the earth's surface, it appears that the

monodiurnal variation widely differs, as to amplitude and phase, in

the different seasons and that it shows great divergences for places

as near to each other as de Bilt, Helder, and Vlissingen.

TABLE I.

Diurnal variation of barometric height (1902—1910).

d e Bilt.

mm. mm.
Winter 0.0447 cos {ni — 178°) + 0.1805 cos (2 nt— 295°)

Spring 0.0097 cos {nt — 177°) + 2049 cos (2 nt— 301°)

Summer 0.0238 ro.y (»/ - 79°) + 0.1665 co* (2 ?if— 311°,

Autumn 0.0305 cos {at— 135°) -\- 0.2001 cos (2 nt — 296°)

Year 0.0214 cos {nt — 147°) + 0.1864 cos (2 nt— 300°)

Helder.

Winter OMSX cos (7it — 93°) + 0.1976 co.9 (2 «< - 309°)

Spring 0.1942 cos {nt— 59°) + 0.2087 cos {2 nt— 3\S°)

Summer 0.2200 cos {tit— 59°) + 0.1856 tw (2 ?zf— 324°)

Autumn 0.1391 cos{nt— 72=) + 0.2255 co.y (2 ?;;:— 304')

Year 0.1472 cos {nt — 65°) + 0.2038 cos (2 nt — 313')

\'
1 i s s i 11 g e n.

Winter 0. 1 32 1 cuy {nt— 190 ) -|- 0.2079 cos (2 nt — 315°)

Spring 0.0369 cos {nt— 49°) + 0.2268 cay (2 ni— 308")

Summer 0.0994 cos {ni ~ 55") + 0.2109 cos {2 7it— 317')

Autumn 0.0267 my (»<— 122=^) + 0.2366 cos {2 nt~ '607°)

Year 0.031 4 a'.y (nt — 1 21°) + 0.21 96 cos (2 «/ — 312')

The semidiurnal variation on tlic coulrary, e.xtonsively iinestigatcd

in well Unowii memoirs by Mann and Anoot, shows a remarkable

uiiiformily, die am|i]iliidc regularly decreasing from about I mm.
near the e(|iintor to tiic pnlc: ai lialaxia the <laiiy varialinn can be

represented by iIh' cxprossitiii :

4»
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0.B3 cos {nt —«4".5) + 1 .00 co.s (2 nt — 290')
')

As appears from Table I the pliase shows small differences in the

different seasons, and at Batavia it is somewhat smaller than at the

three Dntc-li stations, but nowhere does it differ mnch from HOO', the

fii-eatest height occurring everywhere about 10'' a. m. and. p.m.

According to a theory, first suggested by Kklvin, afterwards

mathematically founded by M.^rgcles, this regular variation can 1)6

ascribed to a free oscillation of the atmosphere as a whole in its

own period of very nearly 12'', which again finds its origin in the

semi-diurnal term of the daily variation of the air temperature.

Such an oscillation of the whole atmosphere can be regarded as

a pressure wa\e, propagating from East towards West, with a

velocity c of the heat wave and can be represented by the expression:

p ^ E cos 2nt — C -\- -

if, according to the observations "), we assume that

then

and as

dp\ _ _ ^_ ^E cos <p
^^ ^^^ _

dyJj=o_ lidcp R sin fp

dp\ -lEn
-— =: sill {2llt C)
ox ., =-. e

1

c R sin <p

dp\ BE cos (p_ cos (2«« - C)
(jyj.x = R sin <p

dp\ 2E
J-) =-~^ cos(2nt - r;-oo).
OxJ 1—0 R sin <p

According lo liiis theory therefoi'e :

;, — ;..^ = 270=

and

//, = v., //, ros
,f .

I'"()r ail places siluatcd in higher latitinlcs Ihau 41"4il', Ihcreroi-e.

//, > //.,, and, according to (8) :

«' — 0.

It appcar.s tlieu liiat, al places siluatcii in laliliides iiii;iicr lhau

') Observations. Vul. XXVill (18f;6-l«05). p. '.17.

-) Jaehiscii. Zur Tlieoiic tier Luflsciiwankung. Meteor. Zeitschr. 24, l'JU7, p. 481.
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42°, tlio ^roiit axis of the uiailiciil clliiisc is direcled (ovvards (N—S) ;

for a lalilude of 42° //, =: 11.^, and llie ellipse becomes a circle ;

more southerly tlic great axis points towards (E—W) ; at the equator

//, ^ and the ellipse is llaltencd down to a slraiiihl line dii'ectcd

E—W.
If E — as is probable — is not exactly pro|)ortionale to the

third power of sin <i , the limit 42° varies of course accordingly.

4. In two recent publications Goi.d ') has compareil this theory

with the results of the observations; for this purpose he chooses the

following method: the gradient variation, as deduced from the semi-

diurnal variation of the atmospheric pressure is assumed to be known
;

from form. (I) or, what comes to the same, form. (4) the four

wind constants .1, B, C\ and C, are calculated and the results are

compared with the wind variation, as deduced from the observations

by giving / the values (I, h and J.

Obviously this method leads to very com[)licated antl almost

unmanageable expressions for the wind variation and the inverse

way, namely taking the wind \ariation as a known quantity ^and

then calculating the barometric variation, would be a sinqiler and

ecpuilly suitable method.

Calculating GtOLd's formulae for a laiitutle of 52°, the average

latitude of the Netherlands, we lind,

V u

k = 45 cos (2 nt— 33°) 44 cos (2 nt — 1 23°)

k = J 28 cos (
-' n.f. — 343°) 27 cos (2 nt — 72°)

k = i 17 COS (2 nt — 328°) 16* cos (2 nt — 55°),

In calculating these expressions, the semidiurnal variation of

atmospheric pressure as found for de Bilt has been nseJ : the

anqjlitudes are expressed in cm. p. sec.

On the average, taken o\er the whole year, the result of wind
observations made at two Dutch stations is:

'
It

*le ISiit Ui.8 mv (2 ;^^ — 333°) 17.4 «w (2 ??/ — 65°)

'rerschellinger bank 11.1 cos Cl nt — 334°) \ 1 .9 cos (2 nt — 66°)

The agreement between theory and observation is very satis-

factory, much better than foi' the two cases as calculated by (ioLi),

') E. Gold. The relation between periodic variations of pressure, (emporatuie

and wind in the almosplieie. Phil Mag. 1909, p. 2G— 109.

1(1. Note on the connexion between the periodic variations of windvelocity and

of atmospheric pressure. Publ. Meteor. Office, 203, 1910.
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namely the mountain station Saiitis and St. Helena, wliicli pei-haps

is due to the peculiar situation of these stations.

At St. Helena, where the windvector ought to turn with an

anticlockwise motion, (to the left) the veering is to the right, as if

St. Helena were situated in northerl_y latitude. At this small latitude

{16° .S) the windellipse is, as has been noticed above, very Hat so

that the veering of the wind is a rather uncertain factor.

For the Dutch stations the theory appears to be so well in

accordance with the observation that the purpose of this investigation,

namely determining the friction coefficient from the seinidiunial

variation of wind and barometric height, ami then, with the help

of this value, deducing the inonodiurnal gradient \arialion Irom the

corresponding wind variation, seems attainable.

For such an inquiry the wind observations made during 25

consecutive years on board the lightship Tsrschellingerbank in the

North of the country, oifer an excellent material, and it is interesting

to investigate in what respect the gradient variation ditfers for two

places so diiferently situated as de Bilt and Terschellingerbank.

5. Table II shows the diurnal variation of the wind for both places.

TABLE II, diurnal variation of tiie Wind

in cm. p. sec, ^ ^ ^ Noon.

de Bilt, N. Lat. 52°(i', L. G. 5°11' hourly observations (1903—1908).

Winter v = 15.1 cos {at — 260°) + 10.4 cos (2 nt — 279°)

u = 11.5 cos {nt — 17°) 4- 12.1 cos (2 nt — 33°)

A = 243° A = 246°~

Spring V = 71A cos {nt — 256
) + 21.8 rav (2 nt — 337°)

n = 52.7 cos {nt— 14°) + 21 .8 cos {2 nt — 74°)

A — 242° A = 263°

Si nor V = 95.6 cos {7it — 261°) + 27.7 cos (2 nt— 3.S8°)

u = 86.1 cos {nt— 25°
) + 22.5 cos (2 nt — 79°)

A = 236" A = 279°""

AuluniM /• = 40.7 cos {nt — 264°) + 14.9 cos (2 7it— 316°)

V — 30.3 cm- (nt— 19°^ -^ 16.2 cos {2 7it — 56°)

A = 245° A = 260°

Year V = 55.6 cos {nt— 260°) -f- 1 6.8 cos (2 nt — 333°)

u = 45.0 cos {nt — 2f °) + 17.4 cos (2nt.-- 65°)

A = 239° A = 268°



Lio|,isln|. Teiselielliiiuvil.ank. X. l,al. 53°27', I.. G. 4°52'

watcii-dliserv. (B times dailv), luagiictir., (1884—1908).

Winter r = 3.9 cm (lit — 344°; + li.8 cos (2 7if. — 319°)

H — 3.1 my {nt— 293°) +11.1 co.9(2ni;— 56°
)

£^^51° ~ L = 263°

Spring V = 20.3 cw («/ — 249°j + 12.6 cos (2 nt — 344°)

«< = 1 8.9 cos {7U— 350°) + 1 0.1 coi- (2 n^ — 75°
)

ZL = 259° A = 269°

Summer c = 21.6 co.v («/ — 240°) + 9.3 cos (2 ut — 348'

w = 30.9 cos {nt— 354°) + 11.5 cos {2 nt ~ 94'

A =r 246° A = 254<

Autumn V = 8.0 cos {nt — 248°) + 11 .9 cos (2 ?it— 326'

» = 13.1 cos {nt— 358°) + 17.6 cos (2 7ii — 52'

~E= 250° aT74^

Year r — 12.3 aw {nt — 249°) + 11.1 cos (2 «^ — 334'

u = 16.1 C06- (Hi— 351°) + 11.9 cos [2 nt— 66

A =r 258° A = 268'

348°)

94°)

It', for the present, we leave the inonodiunial niption out of con-

sideration, it appears that, wliereas the angular values of the semi-

diurnal variation show a close agreement, the amplitudes do not

agree in so far that sometimes the north- and sometime-; the east-

component is the greatest ; on the average the east component is

somewhat greater, but the difference is so small and variable, that

a serious objection arises against calculating the friction coefficient

by means of formulae (10) and (11), when «', according to theory

is equalized to zero because

A,—;., = 270°.

If A = Ji the windellipse approaches to a circle because cos A
is also a small quantity, according to theory as well as to observa-

tion, and the angle of deviation becomes undetermined.

Dilferent other methods however can be chosen for calculating

the value of k by means of form. (5), (6) and (9), as it is sufticient

if only one quantity or relation ho assumed to be equal to its

theoretical value.

VVe might e.g. assume that the theoretical value

//, = 7, H, cos <f

were accurately true; then, putting
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2 AB sin A 2 qa
/? = •/ = ^

. . . . 12)

we find from (6) and (9)

12 cos <p ^ + YM= =
. . . . . (13)

9 cos'' (f + i 1 + /? r

In these fiM'mnlae Uie values of .1

—

J3 and cos A do not appear,

and (12) offers the advantage tliat it enables us to calcidate (lie friction

coefticient without the intervention of a quadratic equation, as when

(lOj is used.

Ti)is advanlago however is only apparent as, for A = H and

A = 27()°, /i := — 1, and the quantity -/'disappears from the

formula; in fact, for a lalitude of 52° ^f approaches very nearly to

unity (0.986), as retpiired i»y theoiy.

It is therefore necessary to have recourse to anotiier metiiod and

as, without doubt, angular values can be determined with a greater

degree of accuracy than anq)litudes and the relation

n, = -/, FT.cosq

can be only approximatively true, we assume that:

;., = C, ?., = ('+90=

or, i. 0. w. the problem is thus formulated : what is the value to be

given to /• in order to ensure agreement between the angular values

of the windvariation (C, and C',") on the one hand, and of the

barometer variation (C) on the other, for the semidiurnal variation.

As in this way not one but actually two relations are deri\ed from

theory, obviously two values of k m.ay be deduced from (5); taking

these together, I he relation

B sin (f., — A cos d.
/• = (2 ~ a)

:

^
A sin (f^ -\- B cos 6\

(f, = C-C„ (f,= C-C,
is easily found.

If / is known, llien, with Ihc help of form. (10), three diHert'ut

xalui's fur the angle of deviation iii nuvy be derixed, namely

rii,(q = 2) for semidiurnal |)eriodic winds

»?, (/^ = 1) ,, nionodiurnal ,, ,,

//?„
{(J

=: 0) ,, conslani non ,, ,,

l"'(n- the las! nanaed (pianlily form. (10) gives :

n
tiVKi in,, r=z — .

• " /

the same value as, according to < >I!1';i{B1';('k's theory, obtains for Ihc
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diilci' pari i)f a cvcloiic and also — as follows from (2) —- for

(.•oiislaul uiiids and straiglil isolian?.

In Talile III llie values of / and ///, calculated in tiiis way are

given.

TABLE III.

Values (if the friction / and the anale of deviation m.

dc i; ilt.

Winter Spring Suniiner Antunin Year

k = 0.834 0.514 0.455 0.900 0.tj27

///, = 20°.0 21°.2 J9°.y 25°.3 23°.0

/.», = 5a.°4 (J3°.5 (35°.y 5I°.7 59°.5

m,= (J2°.J 73°.0 74°.9 (50°.3 68°.3

T e r s c li e 1 1 i n g e r li a n k.

/( = J.648 0.(557 0.(508 1.101 0.940

n,^= 2(5°.0 24°.4 23°.8 26°.7 2(3°.3

///, = 39°.0 59°.3 (51°.0 47°.5 50°.(5

>»„— 44°.3 (57°.8 (59°.3 55°.(i 59°.7

The friction eoefticieni /i=iik^ly<l7My<^H)—'' then becomes:

de Hilt (5.09 3.75 3.32 7.57 4.58

Terschellingerbank 12.03 4.80 4.44 8.05 (5.8(J ' ^ ^*

Oberbeck assumes arbilraiily /= 1 2 X •<>"''
. Wien") / = 8 X it>~'

It is, of course, doubtful whether a friction coeflicient, as

calculated for the case of feeble periodic wiiuls may be u.sed also

for non periodic winds of any force; but the fact that Van Everdingpin-)

on determining the angle of deviation directly from weather charts

and for strong gradients (one mm, and morel for de Bilt and taken

over the whole year, comes to almost exactly the same value (69°)

as that given in Table III (68°), can hardly be considered as a merely

accidental coincidence.

(5. With the aid of form. :5) the (|uantities // and /, / being

known, can easily be calculated: this calculation has Iteen matle oid_\

for the mono-diurnal variation. Putting

—f= <i, (gradient), — / = G,
Oy Ox

further

1) Wien. Lehrbuch der Hydrodynainik, 1900, p. 294.

i) Fhys. Z. S. 9, J 90S. Veil., d. D. Phys. Ges., 1908.
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1 _ A'/'

Q />,>

where o is the density of the air, A' the gasconstant, Ttlie absolute

temperature of the air and /y„ the average atmospheric pressure

expressed in mm. mercury-pressure, and taking:

K= 2.87 X 10' , 2' = 283° . />„ r= 7G0 , n = 7.3 X 10"^

we have the quantities H to divide by

1.464 X 10'°

in order to obtain the gradient expressed in mm. mercury-pressure

per cm., or by 1319 if we wisli to express the gradient, as usual,

per 111 km. In oriler to avoid the use of very small quantities,

this division has not been made and the quantities // are considered

as gradients.

Table IV shows the diurnal variation of the gradient as calculated

in this way. As tiie wind observations made on board of the light-

ship Terschellingerbank are made with respect to the magnetic

meridian, the direction of the i-esulting gradient ought be counted

from the same.

TABLE IV.

Monodiurnal variation of the Gradient, time counted from noon,

//j to North, H, to .South.

R. L. Veering to right and left,

d e B i I t. Terschellingerbank.
(magnetical)

Winter H,= 4.5co.s'(h<—273°.3) /?. H, = 12.3 cos {nt—305°. 1) L.

H,^ 22.5 cos {lit— 42°.5) H,= S.lco.s{nt—21i°.S)

h = 230°.8 A = 93°.8

Spring H, = 3.1 cos {nt— 2,5°.0) li. H, = 12.2 cos {nt=300°.7) R.

H., = 92.5 COS {nt— 44°.3) H, = 23.3 cos {nt— 25°.2)

A = 350°.7 A = 275°.5

Summer //, = 30.5 cos {nt- 53°.4) A. //, = 23.5 cos (n/—346°.2) R.

//^ = 12^.3 cos {nt— 42°.5) H, = 'S2.4 cos {nt—355°^

A =T0°!9 A = 350°.7

Autumn //, = \(i.(Uvs{nf—273°.l) R. H, = 11.^ cos {nt—330°. 2) R.

II, = (Jl.U cos {nt— 46°.l) H, ~ 18.9 cos (?^i—354°i))

"'227°.0 A z=i 335°.3

Year //, = 5.5 cos{nl— 7°.8) R. H, = 14:.6 cos {nt—3i 2°.3) R.

11^ = 79.3 cos {nt— 43°.4
) II, = 20.0 cos {nt— 0°.3)

A = 324°.4 A = 312°.0
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From Table II it appears ihal, in liie iiei,ii;lii)oiirlioo(l of tiie liglit-

slii|) tiie veering of tlie wind in winierliiiie is against sun, wliereas

in other seasons it is witli sun. Near de Hill the veering is always

to the right as, in normal cases, ouiihl to he the case, owing to the

influence of the earth's rotation.

This abnormality is not accidental, due to observational errors and

the smallness of the amplitudes ; near the lightship Haaks and the

landstalion Hekler, the veering in wintertime is also to the left
;

near Hekler not only during the wintermonths but in the autumn as well.

The results tor Hekler are not givei; here because the friction

coellicient, as deduced in the manner described abo\e, does not

show reliable \alues in the different seasons ; evitlently the series of

ob.servations used for this purpose is of insuflicient duration. This

abnormal behaviour of the gradient, namely veering to the left, must

occur at every coast station where the sea is to the South and the land

to the North. If, however, the gradient veers against suji it is

quite possible that the wind still veers to the right for, if we put

i/j ^ 0, and thus assume that there is only an East—West gradient,

it appears fron) form. (.5) that the wind veers with the sun ; the

possibility of a gradient veering to the left causing a wimi \eering

to the right is, therefore, not e.Kcluded.

In fact this case presents itself in summer time near de Bilt where

the gradient turns to the left whereas the wind veers to the right.

At de Bilt also there is an important difference between spring

and summer on the one hand, winter and autuinm on the other, as

shown in the differences of phase L -. in the former seasons this

phase difference is small and the ellipse approaches to a straight line,

in the latter the excentricily of the ellipse is much smaller.

Tables V and VI, showing the elements of the wind- and gradient-

ellipses, convey a better klea of the results obtained and here they

can be easily corrected for the magnetical bearing by subtraction of

14° from tiie angular \alues for Terschellingerbank.

TABLE V.

Windellipse of the monodiiu-nal \ariation.

de Bilt.

Winter

Spring

Summer
Autumn

Year

a
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ft^ is the angle l)et\veeii tlie ladius \eeUir and the iiorlli-axis at

noon, 7' is ihe moinent at wliicli tiic radius veetoi- lias tlie direction

ft of the great axis or, wlienever the ellipse is tlattened down to

a straight line, ilie uioineni when it attains its inaximiiin value.

It appears from these tallies ihal the gradient ellipses, for both

stations and in all seasons, approach to a straight line, so that a

graphical representation could only he given on a large scale.

It would not be difficult to proffer an explanation of the somewhat

startling result that the angle of deviation varies with the different

seasons. Such an explanation could be based only on a preini.'^ed

conception concerning the mechanical meaning of the friction coefli-

cient, as introduced in the calculation, and would be prematui-e

before the results obtained have been put to the test by application

of the method indicated in this paper to other series of obserxations

made at many and differently situated stations.

Mathematics. — ''The pentaijonal projections of the re(/nlar jivecell

It 11(1 /ts .seinmyuhir ojf'spring." Communicated by Prof. Schoute.

1. Fandamental theorem. If in two circles (fig. 1) with radius Q
situated in the planes (>(A'iA'J , (>(A;|A.,) of a rectangular system

of coordinates in space .S'^ we describe two regular pentagons

(i, 2, 3, 4, 5) , (!', 2', 3', 4', Ti'), of which the first is convex ^\hiIe the

other is star shaped, the five points 1\, /^j, .., jf-'^, whose projections

are the vertices of these pentagons indicated by corresponding num-

bers, form the vertices of a regular fivecell with pj/o as length

of edge. ')

1) This theorem Is not new. l^robaljly it was given lor the lirst time by

Dr. S. L. VAN Oss in liis dissertation (Utrecht, 1894\ Compare also my paper:

"Les projections regulieres des polylopes reguliers" (Archires Teyler, Haarlem, 19041

\Vc repeat here the simple proof. If (Pu, P^^) and (Qy^, Q^j) are the projections

of the points P and Q with the coordinates ,r, and iji (/—I, "2, 3, 4) on the planes

O(XiXi) , 0(X5A\), we have

PuQ'-ii = (-'i—i/ii- + (.ti—^2)- , PsiQ-si = ('^y-y-.O- + (I'^-yj)-

aiul therefore if (/ denotes the distance PQ

Now the projections PuQu fi"*^' P:\iQxi "^ ''f^cli of the ten edges 12, ..., 45 of

the fivepoinl PiPjPaPiPr, are either side and diagonal or diagonal and side of the

same regular pentagon, etc.

Which position lias the regular siuiplex S(^u with respect to the planes of pro-

jeclion Oi.A',A'j) and 0(XgX^)y Evidently this projection is characterized by the

fad lliat earli of the live pairs of non intersecting edges

(25)^34) , (13) (45) , (^4) (15)
, (35) (12) , (14) (23)
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We indicate the |)rojeotioii of tiie reuiiiar -S'(5) ohlaiiicd in lin'. 1

as the "pentagonal projection" of that poiytope, and we try to show

in the following pages how easily the corresponding projections of

has parallel projections on either of the two pianos, i. e. that the five lines at

infinity cutting these pairs of non intei-secting edges have the lines at inlinity of

the two planes of projeetion for common transversals.

Now there are altogether fifteen pairs of non intersecting edges and therefore

also fif'ieen lines at infinity each of which cuts a pair of non intersecting edges.

Moreover it can he shown easily that these fifteen lines at infin'.ty lie on a cubic

surface, l-^or, in barycentric coordinates with respect to the regular fivecell as sim-

plex of coordinates these fifteen lines at infinity, for which the relation 5; ./•,•=!

/=!

changes into S .t"i=0, are represented by the equations
1=1

X, + .//.: = 0, XI + Xm= 0, Xn = 0,

where i,k,l,m,n stands for any permutation of 1,2,3,4,5, and these relations

satisfy the equation £ xfl= of the diagonal surface of Clebsch. So the Schl.\fli

double six completing the fifteen lines mentioned above to the 27 lines of that

surface S Xr' = consists of the lines at inlinilv of six pairs of planes 0(A'|A'.i)
('=1

and OCiTjA'j,) corresponding to the six pairs of circular permutations

(12345)
)

(I23r,i) 1 (12K5) 1 (I2i:.:i) 1 (12534)
)

(12543)

(13524) \ (I3W5) \ (11523) ] (1432.-,)
) (15-123) | (15324)

with the properly that in each pair any digit has in the two constituents different

adjacent digits. Each of these six pairs consists of two reciprocal polars with

respect to the sphere S Xr=0 nt infiiiily lominon to all the spherical spaces of

S^, as the two planes of each i«air are perleclly normal to each other. According

to a known property, found for the first time by F. Schur, the six pairs of lines

of a ScHLAFLi double six are really always reciprocal polars with respect to a

quadratic surface (compare Tii. Reve "Bcziehungen der allgemeincn Flache drifter

Ordnung zu einer covarianlen Flache drifter Glasse", 3ff////. Annalcn vol. 55, p. 257,

and G. Kohn "Ueher einige Eigenschaften der allgeuicinen Flache driller Ordnung",

Wiener Sitzungsherichle, vol. 117, p. 6ti).

If we deduce in the ordinary way the proj('cli<iii (>(A,.\V) jVom llic pidjcrlinns

OtA'iA'n), 0{X;iXi) after having rotated each of Ihc two regular pentagons over an

arbitrary angle, wo obtain the projection of the fivecell on any plane the line at

infinity of which cuts the linos at infinity of O(AiA'o) , 0(A':,A\1. This sliows that the

projeciion on an arbitraiy plane can only be got in two tempos, i. e. by passing

first to two arbitrary projections 0(.V.,A's) , 0(.\'|A| ) and by deducing a new pro-

jection OtAjAo) alter having rotated cacli ut Ihr prcijci-liuns 0| .V..\V,\ Oi.\'i.\'|)

over an arbitrary angle. Or otherwise: if /, /' arr Ilii. lin-s al iuliuily of the planes

0(A,Aj)
, 0(A;iA',l and ni,)ii lliosr- >,{ an (jjlirr pair of planes perfectly normal lo

each other, there are always two real lines //, //' intersecting /, I', m, m' and repre-
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the sciiiireirulrtr [)ol_vtopes derived bv Mi'S. A. Boole Stott ') from

the regnhii- tivecell by means of tlie geometrical operations of ex-

pansion and conti'action ran be constrncted.

Rut it will be usofni to develop tirst some general laws.

2. We ooiisidei' the projection of the tivecell .S'(5) more closely

which leads us to the following remarks

:

a. In pentagonal projection the k']i edges of .S''o) present themselves

in five directions only, any diagonal of the pentagon being parallel

to one of its sides.

h. Though all the edges of .S\5' have the same length we find

in projection two different lengths, with the proportion .•>'
: d, where

s and d indicate side and diagonal of the pentagon.

If we wish to take into consideration the length of the edge itself

we can use a very well known rectangular triangle of plane geometry

saying that when r is the radius of any circle and .s",„ and .i-^ denote

the sides of the regular decagon and pentagon described in it, .>\ is

the length of the edge itself, .>;,„ and r being the projections.

It goes without saying that the difference in length of projection

is a consequence of difference in inclination : live edges of .S'(5; make
with the plane of projection an angle (f for which t(jf(f = i (I 5— 1),

the five others tlie complementary angle with A (l/5-(-l) as tangent.

c. In projection the ten equilateral faces of .S'(5) split up into two
quintuples of isosceles triangles, one group (2.>.-, d) with an obtuse,

one group (.<, 2// with an acute vertex angle.

(/. In projection the five liuiiting telrahedra present the same trape-

zoidal form (fig. 2). We show that this is of great importance with

respect to our aim by saying that a rotation of the projection ^2345)

of the tetrahedron in the sense of the hands of a watcli around the

centre C indicated in fig. 1" to an amount of one, two, three, four

times 72° bring this projection succesively into coincidence with the

projections (345J), (4512), (5123), (1234) of the other four limiling

tetrahedia.

In order to give some relief to the single letrahedron of fig. 2 we
have dotted one of the two diauonals of the trapezoid ; by doing

senting therefore llie lines at iuliiiity of tlie planes 0(AoA;.|, 0(Ai.V",) to be used;

unless any plane tliiongli m (or m) malces with O(A'iA'j) two equal angle.* and
the lines /, /', m, m' form a hyperboloidica! qiiadiuple, in which case the planes

OfJjA's) , 0(A'4A,) may be selected from a singiv infinite system.

1) '(ieomelrical deduction of semiiegular from regular polylopes and space fillings"

(this .\cademy, Vtrhandelhif/en, vol. '.t, n". ]). In ihe following we suppose tlie

results oblaiuetl there to be known.



C 64 )

so \ve tiU'illy repi-esciit tlial liiuitiiiii- Imdy (•(insidcred as lyiiii;- in its

own tlireeilinicnsional space. F(ii-. in llii' projei-liuu of a t'oiirdinien-

sidiial j)olyio[)L' on a piano llie (piL'>li(in ot visil)lenoss lias no sense,

as tburdimeiisioiiai space surrouiK/s a i)iane situated in it in llie same

way as threediniensional space surronnds a line sitnated in it.

3. We now examine what we have to expect /// i/cnci'ii/ as to

tlie pentagonal projection of the seniireiiidar polytopes deduced from

the .S'(5) Ity expansion and contraction. Kor siiortness we introduce

for the grouji of tiiese polytO|)es the symbol -S'(5)
; moreover we make

use in future of the symbols T, O, iT, ('(),tU, P„ 1\ for the linutiiig

bodies of these polytopes.

(I. The polytopes S{h) partake with S[h) the pro[)erty of present-

ing in pentagoiuil projection edges of five directions only. For it is

easy to prove that the three operations t'l, t',, c,, taken either separately

or in combination, can introduce only new edges parallel to the ori(/i-

tial onea.

b. All the edges of .b'(5) being of the same length we tind here

in projection once more two different lengths with the proportion

.s- : (/ and the two different complementary angles of inclination

obtained aliove.

f. As the ten faces of S(p] split up in projection into two (piin-

tuples of different form, the equivalent faces of <S(5) must do so

likewise. We shall even experience in the treatment of the different

particular cases that stpiare faces always present a third form of

I)rojection.

d. In projection the limiting bodies of <b'(5) behave ditterently

according to their import. The general rule that equivalent limiting

bodies correspond in projection only holds for polyhedra of vertex

and of body import : while both the group of edges and the group

of faces of N(5) admit two diirerent projections, the liuuting bodies

of edge and of face import must do so likewise.

But what is of the greatest value with respect to the const ruction

of the pi'ojections desired is that all the limiting bodies of 6'(5) are

"arranged |)entagonally"' aromid the projection of the centre of the

original livecell, i.e. that the four rotations indicated under </. of tlio

preceding article bring any one of these limiting bodies successively

into coincidence with four others. If we assert moreoxer that the

effect of the operations of expansion and conti'action are exlremely

easily obtained in jtenlagoual projection, il nnisl Ik> cleai' that the

execution of what was planned wiih respect to the polytopes ,s'(5)

is mere children's play.
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4. We now pass to the systematic treatment of the ditferent par-

ticular case^, putting together under the ditferent lieadings, containing

the expansion and ccmtraction symbol, the symbol with the numbers

of vertices, edges, faces, limiting bodies, and the symbol with the

limiting bodies in the order of body, face, edge, vertex import, several

remarks peiMaiiiing to facilitate the interpretation of the drawings.

e, S{5) — (20, 40, 30, 10) — {otT, — , — , 57').

The result is given in fig. 3. By the operation i_\ of the moving

out of the edges the T of lig. 2 iiecomes a t7' (fig. 4) with four

hexagons of face import and four triangles of vertex import. As each

\ertex of T assumes three different positions if it moves out with

each edge passing through it, the vertices of this tT must bear two

digits, the first indicating the original vertex of 7\ the first in com-

bination with the second the edge of T moved out. By retracing in

fig. 3 the same pairs of digits one easily finds again the /IT deduced

from (2345), though for the reason stated abo\e no dotted lines have

l)een admitted. If we rotate this iT around the centre of fig. 3 to

an amount of 72° in the indicated sense it is brought into the posi-

tion with (54, 45) as bottom-edge and (13, 31) as top-edge in coincidence

with a second tT, having in common with the first — in its original

position — the hexagon (54, 53, 35, 34, 43, 45), deduced by the i\-

operalion fi'Om the triangle (345) common to the telrahedra (2345),

(3451^ of fig. 1". Or rather: the centre of fig. 3 is found by drawing

the fT of fig. 4 twice and by putting these two tT in such a way
upon each other as to get a limiting hexagon in common ; then this

centre is the \mnt of intersection of the lines bisecting oi-thogonally

the two edges (43,34) and (54,45;. Or still otherwise: the limiting

polygon of the projection is a semi regular decagon with sides alter-

nately equal to : and (/ and from this fact the circumcentre can be

deduced ').

It goes without saying that the vertices of each following tT bear

pairs of digits deduced from those at the corresponding vertices of

the preceding tT by adding unity to each digit, in wdiich process

the 5 becomes 0.

The four difterent positions J2, 13, 14, 15 of the original vertex 1

form the vertices of a 7' of \ertex import.

It is easily verified tiuit the ten limiting bodies btT,5T, now

') From fig. -2 upwaiil \vc use in all (lie liiagrams for ,s and d tlie same measures

in order to sliow by llie projection tlie swelling of the polytopes correi:ponding to

the operations of expansion.

5

Proceedings Royal Acad. Amsterdam. Vol. XIV.
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acoounted for, want as limiting faces exactly all the faces shown in

projection, each face counted twice over, a triangle always being

common, to a tT and a T, a hexagon to two tT.

The 20 vertices present themselves in two wreaths (10,10).

<'.S(h) — (30, 90, 80, 20) — {pCO, —, 10P„50).

For the result (ig. 5 may be consulted. By application of the e,-

operation the T of tig. 2 passes into the CO of fig. 6, each edge of

T being broadened out into a square, the sides of which are pai-allel

to that edge and to the opposite one. Here the particularity enters

that two of the six squares project tiiemselves as line segments, which

is due to the fact that in pentagonal projection the edges 25, 34 of

the T of fig. 2 are parallel. Here we have to indicate the vertices

of the CO by three digits, tiie first indicating the original vertex of

T and the two others, in irrelevant order, in combination with the

tirst, the face which is mo\'ed out. This CO in indicated in fig. 5

by the same triplets of digits placed at the vertices. By reproducing

it four times by means of the rotations indicated above, fig. 5 is

completed ; here any two CO ha\'e to be placed upon each other in

such a way as to have a triangle in common.

After having inscribed all the triplets of digits at the vertices

according to the rule given above about the augmentation with unity

for each rotation in the right sense to an amount of 72° we find

that the 1 is foremost in six triplets, corresponding (fig. 7) to the

vertices of an 0, i.e. we find 50 as limiting bodies of vertex import.

Farlhermore the notation shows that the edge (34) of the 7" presents

itself in fig. 5 in three positions, the triplets of digits of the endpoints

of which are found by putting behind 34 and 43 successively one

of the three remaining digits 1, 2, 5, passing — if we rearrange the

second and the third figure according to their value — into 314,

324, 345 and 413, 423, 435. So we get the P, of fig. 8, occurring

in Cwe different positions, and likewise the edge 25 leads to the

differently projected P, of fig. 9, occurring also in live |)ositions. So

[he ten I\ of edge imjjort are accounted for.

Here the circum|)olygon is a regular jientagon with sides »-|- (/; the

30 vertices appear in four wreaths (5, 10, 10, 5).

e,S{5) — (20, 60, 70. 30) — (57', 10P„ 10P„ 57').

The pentagonal projection (fig. 10) exhibits central symmetry as

does (^, ,S(5) itself. Here (21,31,41,51) is the T of fig. 2 moved out,

by which renuirk tlie 57' of body import are accounted foi-, whilst



( 67 )

liie I'uiii- ])()silioiis 12, 13, 14, 15 of the oi'i,niii;il vertex 1 are tlie

vertices of a (etraliedroii of opposite orientation, tlie rotation of wiiicli

provides us witli the 57' of vertex import. Tlie relation between these

two sets of 5 7' can be indicated liy saying, that two T of the same

set have notliing at all and that two .7' of different sets can have

only one vertex in common.

If we had followed here the notation indicated under e^ and e^

each vertex would have had to bear four digits, the digit of the

original vertex of .§(5) followed i\v the digits of the other vertices

of the T with which the vertex is moved out ; however, for short-

ness we have placed after the digit of the vertex the only digit

which does not occur at the vertices of the T moved out.

In this Jiew notation of pairs of digits, where — at variance with

the notation applied under t\ — the order of succession is of

intluenee, the ten /*, of edge imi)ort present themselves in two

quintuples, which can be obtained by putting after each of the

digits of the pair of digits of an edge successively each of the three

remaining digits ; so 43 gives the three edges (41,31), (42, 32),

(45,35) of the P^ of fig. 8 turned upside down, while 52 leads in the

same way to (51, 21), (53, 23), (54, 24), the parallel edges of the I\

of fig. n turned upside down. Similarly the fen P, of face import

are found by putting after each of the three digits of a face of T
successively one of the two remaining digits ; so 125 gives the two

endplanes (13, 23, 53), (14, 24, 54) of the 1\ of fig. 8, 134 the two

endplanes (12, 32, 42), (15, 35, 45) of the P, of fig. 9.

The limiting polygon is a regular decagon with side s\ from this

ensues the possibility of drawing the ten T immediately in position.

The 20 vertices are arranged in two wi-eaths (10, 10), of regular

decagons.

e,e,S{h) — (liO, 120, 80, 20) — {?>t 0, — , 107*,, 5^7').

in this case, for which fig. 11 represents the I'esult, the T of

fig. 2 is transformed into a tO (fig. 12); of the triplet of digits placed

at each \ertex of this t(J the first indicates the original vertex of T,

the second with the first the edge moved out, the third with the

\\\o preceding ones the face moved out. This notation with triplets

of digits differs again from that applied in fig. 5 in this that the

order of succession of the second and third digits, of no consequence

there, is of infiuence here.

If we ha\(' traced in fig. Jl the ((> of fig. 12, rotation about the

centre, accompanied by an addition of unity to all the digits, gives

5*
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tlie vertices and tlie triplets of digits of each following tO. It goes

without saving that here too the centre is found by drawing tO

twice over and putting these tO in such a mannei; upoji each other

as to have — with a diffei-ence in orientation of 72° — a hexagon

in common. In the case of the two tO deduced from (2345) and

(345J), wliicli T of fig. 1" have the face (345) in common, this

common hexagon is charactei'ized by this that the six vertices bear

the digits 3, 4, 5 in all possible permutations.

The digit 1 stands foremost at the triplets of twelve vertices, the

vertices of a tT of vertex import ; by omitting froui these triplets

the 1 we get not only in position but also in notation the ^ J" of fig. 4.

So the five tT of vertex import are accounted for. Moreover, as to

the teii P. of edge import we can refer to the development given

under p^.

Circumpolygon a semiregular decagon with sides alternately s and

d. Six wreaths of ten vertices, all of them semiregular decagons.

e,e, Sih) — (60, 150, 120, 30)— \^htT, 10P„ 10P„ 5C0).

In tiiis case — for the result compare fig. 13 — the T of fig. 2

is transformed by the ^.-operation into the tT of fig. 4, after which

this tT is moved out as a whole; as by this process each vertex of

^i*S(5) assumes three diff'erent positions we must follow once more

the notation of the triplets of digits, which can be done here hy

])laciiig after each pair of digits of fig. 4 the digit 1 not occurring

at the vertices of the tetrahedron (2345) moved out. If these triplets

have been inscribed in fig. 13, rotation about the centre and augmen-

tation of the digits by unity gives all that is wanted, as soon as the

centre has been constructed. We arrive as soon as possible at the

construction of this centre by determining the prisms of face import

lii-st. In the case e, tliey were the prisms P, represented by fig. 8

and 9 ; by applying to the 7' the Cj-operation, the triangles of the

T pass into hexagons, which includes that the P^ are transformed

into P„, which can be drawn immediately. By applying to the end-

pliines (13, 23, 53), (14, 24, 54) of the upper prism P, of fig. 10

the r?, -operation we obtain the upper prism P, of fig. 13 represented

separately l)y fig. 14. Consideration of this prism P, shows that

tlie limiting polygon is a semiregular decagon, the sides of which

are alternately *• and .s-j-(/; from this the centre can be deduced.

In the same way the ]»risni /', of fig. 10 with tiie endplanes

(12,32,42), (15,35,45) passes into the P, represented i)y fig. 15.

Farlliermore the two P, with the pairs of cjidplanes (341, 342, 345),
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(431, 432, 435) and (521, 523, 524), (251,253,254) represent two

P, of edge import, the prisms of tig. 8 and 9 upside down.

Tiie vertices with the triplets of digits where the 1 is foremost

form the vertices of a limiting body of vertex import, a CO in tlie

position of tig. 6.

Six wreaths of ten vertices, semiregnlar decagons.

e,e,e, 5(5)— (120, 240, 150, 30) — {?>tO, 10l\, Wl\, otO).

This most intlated of the polytopes »S'(5) is represented in projection

in tig. IG. According to the number of vertices ') we lia^'e to place

at each vertex four of the five digits, each of them with a meaning

as to the order of succession ; of these four digits the first indicates

the original vertex of »S(5), the second the new endpoint of the edge

moved out, the third the new vertex of the face moved ont and the

fourth — according to what was stipulated under e,S{5) — the digit not

occurring at the vertices of the tetrahedron moved out: so 1234

denotes the position of the vertex 1, after this point has been moved

out with the edge 12, with the face 123, with the tetrahedron 1235.

Likewise as in tiie case e^e^ S{5) the 2' of tig. 2 passes here into

the tO of tig. 12, traced back easily in fig. 16 if one remarks that

the moving out of this tO under the infiuence of the ^j-operatioii

demands the digit 1 after the triplets of fig. 12. While now the

lower side (4351, 3451, 4321, 3421) of the projection of this tO

assumes the same length * -\- d as the upper side of the projection

of the P, of fig. IB, i. e. the side (1523, 1524, 1253, 1254), which

P, corresponds in form and position widi that of fig. 14, it is clear

that the circumpolygon is a regular decagon with side s ~\- d. So the

jirojection is once more central symmetric as is the poly tope itself.

In connexion with this the limiting bodies of vertex import are like-

wise tO, which is immediately verified by looking for the 24 vertices

in whose quadruples of digits the 1 is foremost; likewise, not only

the prisms of tace import, but also those of edge import, are hexagonal.

Evidently the centre of the figure can be deduced from the side

.>"-}"'/ ^^^' ^''6 regular decagon; moreover it is possible to use to that

end the properly that two adjacent J\ of the ten of (ho form of

fig. 14 lying at the rim have in projection a S([uare face projecled

as a lozenge in common.

1) It is easily verilied that in each of the cases treated tlie notation corresponds

to the number of vertices, i. e. that the number of possible pairs, triplet, qua-

druples of figures is always equal to the number of tlie vertices.
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ce, ,S'{5) — (10, 30, 30, 10) - (5 0, —, — , 5 T):

This figure can be deduced from fig. 3 by moving the limiting

bodies of vertex import, i.e. the oT projected as trapezoids (12, 13,

14, 15), (23, 24, 25, 21), etc. in such a way towards the centre,

that the ten original edges of 'S'(5), i. e. the five edges (12, 21),

(23, 32) etc. and the five edges (52, 25), (13, 31), etc. disappear.

It is easily shown that these two conditions do not collide; for, if

we suppose that the trapezoid (J 2, 13, 14, 15) remains where it is,

whilst of the two adjacent trapezoids (21, 23, 24, 25), (51, 52, 53, 54)

the first experiences a rectilinear translation 21, 12, the second a

rectilinear translation 51, 15, the vertices 52 and 25 will coincide

ill the jioint of intersection of the projections (12, 14), (13 15). So

we get the simple result of fig. 17, where the limiting polygon is a

pentagon with side d, oppositely orientated with respect to fig. 1".

In fig. 17 the six points where the digit 1 is lacking form the vertices

of an of body import, the four points where the digit 1 occurs

a T of vertex import, etc.

(•e,e, 5(5) — (30, 60, 40, 10) — (5/7', — , — , htT).

This figure can be derived from iig. \i by moving the 5/7' of

vertex import towards the centre in such a way that the ten [irisms

P, of edge import disappear. Then the triplets of parallel edges of

these P^ disappear and only the two coinciding endplanes remain.

But this implies that the five tO of body import are reduced to tT
by the annihilation of these edges; so in the case of fig. 12 the

square (532, 352, 354, 534) is reduced by the coincidence of the

vertices 532, 352 and of the vertices 354, 534 to an edge with the

direction (532, 534) and the hexagon (523, 253, 235, 325, 352, 532)

passes into a triangle, while the adjacent hexagons do not change

in form. So we get fig. 18, where each vertex bears a triplet of

digits, of which the order of succession of the first and the second

is irrelevant, while e.g. 345 results from the coincidence of the

vertices 345 and 435 of fig. 11. In this figure the tT of \LMlex

import, remained unaltered, are recognized by the properly ihal al

their vertices tiic same digit occurs under the first two of the lliree

digits, whilst the live other iT of body import lie in iirojcclioii

symmetrically with these with i-especl to the centre.

It may still be remarked that the centre of the figure can also

be found by drawing the tT of fig. 4 twice and by putting these

two tT with a dincreiicc of !{()° in orientation in such a wav upon
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each other that they have in projection a hexagon in common ').

Tiie limiting polygon is a regular decagon with side (/. The liguie

is central symmetric as is the |)olytope itself. The vertices appear in

thi-ee wreaths of ten regular decagons.

5. Though we have tinished what we had proposed to ourselves

to do, the plate still contains another diagram. In tig. J 9 we have

constructed accurately the radii of the circumcircles of the diiferent

projections and — for the cases where the limiting polygon is a

semiregular decagon — also the sideof the regular pentagon inscribed

in the circumcircle. So the labour of the pure construction of the

figures is reduced to a minimum. This diagram will be clear if we
remark that OA is divided in extreme and mean ratio, that on

OB measured from are to be found the radii of the circum-

circles and on OC parallel to AD measured likewise from the

sides of the regular pentagons inscribed in the circumcircles of the

semiregular decagons. Moreover we ha\ e OE=F(,t=:, OF=zEG=zd,
whilst in connection with 16

OH = QS, 01= Q T, OK= PT
and the points e^ , e^e^ , e.^e^ on OB are obtained by letting down
the perpendiculars from H, /, A" on OJi. Finally Ee^ , Fce^e, and

Ge^e^e, are parallel to AD.

Groninqen, March 10, IStlJ.

Physiology. — "(hi the irritittion-t'ffect in liriiij/ (_)i\(janis)ns." By

Mr. J. L. HooRWEu. (Conmiunicated by Prof. H. Zwa.\kdemakk,r).

(Communicated in the meeting of April 28, 1911).

1. In this paper 1 wish to make a few remarks with regard to

an essay of HiLi, (i) intending to give an extension to Nkrnst's (2)

theory about the electric irritation of li\ing organisms.

I may remind uiy readers of the fact that ever since the year

1890 I have occupied myself with this subject, when 1 communi-

cated in the Neil. Tijihduift voor Geneeskwide (3) experiments about

the contraction of the human muscles by condensator-discharges, and

indicated in this pa[)er a simple connection between the capacity C
of the condensator used and the potential P, to which the latter

was to be charged in order to produce a minimal response. This con-

nection is expressed by the formula

1) We remember that under ej the difference in orientation was 7:2°.
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P=aR-\-^ (1)

ill wliioli 7^ represents the galvanic resistance of the cii-ciiit and n

and b two constants.

Tiiis formnia was likewise applicable (o the condensator-experi-

ments formerly made by Dubois (4) of Bern and appeared afterwards

to hold likewise for tiie nnmerons condensator-experiments made by

Weiss, Hermann (5) and others on all sorts of different organs. Espe-

cially Herm.\nn's extensive and exact investigation has confirmed the

correctness of formula (I). If only the experiments with large con-

densators are excluded, the agreement is very evident though Hermann
himself, in a later essay, still continues to deny it.

The graphical repi'esentation of this formula is a hyperbolic curve,

which, for very small values of C, mounts very high, and, for very

great values of C gradually approaches a straight line parallel with

the axis.

By means of this formula we can calculate the quantity of elec-

tricity Q =. CP that is required for a minimal contraction and find

then, that for decreasing values of C, this quantity regularly decreases:

the graphical representation of Q is a straight line. For the electric

energy E= 5CF- we find figures that reach, for a definite value

of C, a minimal value, for wiiich consequently the organ is most

sensible.

. F h
As i = -, the formula (1) can also be written: i=n-\ , and

li ^ CR
as CR re]»resents the lime-constant / of the condensator, it becomes

h
i = a + ~

t

ill wiiicli form it is at present inurli applied by La Picque and
his pupils.

La PicqrE (6) writes the formula also often thus:

C^)

and calls llicii ,i the rhJohase and r the chroivhcic of llic pivparalioii.

Ail these experiments of IjA I^icque and his piijjils proxc again tlie

correctness of formula (1)

If one iniilliplics formula (1) l)y C, it becomes

CP—aCR^h
and as (JP rcpresenis llif (|uaiility of eleclricily (i and TA' the (imi(>

conslanl / of the coiKkMisalor, the formula assumes llie follow iiii; form
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Q = at + b (4)

of which formiiUx Weiss (7) and La Picqce (4) have demonstrated,

that, at great approximation, it holds likewise for the irritation-effect

of constant enrreuts of very short dnration. Keith Lucas (9), who

made many exact experiments with constant cnrrents of short dura-

lion, tinds also the hyperbolic curve of formula (1) without exception.

So also GiLDEMEiSTER and Weiss in Pflvgers Archiv Bd. 130.

2, One can consecpiently admit that the formula (1) has so clearly

been proved by the experiments, thai a theory or law leading to

results that are at variance wilh this formula cannot be maintained.

This is the reason why I rejected already in 1891 the law of

Dubois-Reymond, which was then still generally accepted.

The law of Dubois-Reymond says, that every effect of irritation is

the consequence of a change of current-strength, and that tiie in-

tensity of the effect is proportional to the rapidity with wiiich this

chanti'e takes itlace, or in a formula f = n —

.

<h

But this formula applied to condensator expeiiments led to absolutely

wrong results, and therefore I have (10) replaced this formula iiy

the following: 8 = «/<?"'''.

This applies to the elementary elYeet f, whilst the total etfect y
of the irritation is found by :

T

11 = u iie- i^' dt (5)

ill which (( and {i are two constants dependent on the nature of

the tissues.

« is now the coefticieut, indicating the original sensibility of the

preparation.

j? is the coefticieut, indicating wiiii what rapidity the original

sensibility gradually decreases.

I consequently admit 1. that the irritation-effect is [iroportional

to / itself and 2. that every following irritation has a smaller effect

than the preceding one, that conse(|uently there is in every irritation

something that diminishes the effect.

This formula (5) furnishes immediately for condensators tiic for-

mula (1) ill the following form :

„ mS „ m 1

P=— R+^.~ (ti)

a (I (.

in which m is the constant irritation, required for the minimal effect.
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If one writes (6) in the form of (3) one sees immediately that the

rheobase of La Picqde [here represented by
J
represents the

vahie of P for very great value of C, whilst the chronaxie of

La PiCQUE is nothing else tiian the reverse of my coefficient ^i.

It may be mentioned here that at the international Congress for

electrology, held in 1910 at Barcelona, it has been resohed to apply

my condensator-method for the examination of the sensibility of nerves

and muscles, and to adopt the coeflicients a and |J as the common
measure for that sensibility. The Spanish Government has then pro-

mised a premium of frs 1000 for the best set of instrumeiits required

for those experiments.

3. For the effect of irritation by constant currents of short duration

the formula (5) furnishes

:

a formula afterwards found independently by La Pjcque (11) and

corresponding better with the experiments for constant currents of

short duration than the formula (4).

Not only for these two cases, but also for all other manners

of electric irritation, the formula (5) furnishes good results, as I have

shown once more in details in Tkijlers Archiv (2). It explains like-

wise very easily tiie so-called "Einschleichen" of a strong constant

current, and, as this j)henomenon offers great difficulties with other

theories, I shall here repeat my explanation once more (13).

Axis of time.

Be A Ti CD the graphical representation of a galvanic current,

that is shut in the time AE, remains constant during the time EF
and is tiicii i)rol<(Mi off at (\ This current, conducted into a sensible
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preparation, will cause in it an irritation-effect that is at any moment
proportional to the intensity of the cnrrent at that moment, but that

likewise, according to the term e't^'- regularly decreases in the course

of time, and can thus be represented by the curve ^4aicf/, which first

increases and afterwards rapidly decreases and sinks down to the

axis. The total irritation-ellect is now represented by the area of the

figure enclosed between the curve Anficd and the horizontal axis.

For a miniuial contraction a definite area is required. As a rule

this is part of the whole area, e.g. the piece A ah/'A, but if the

current applied is weak, it may be that the whole area Aithcil

is not sufficient. The same will likewise take place, though the current

is very strong, if the ascent is very slow e.g. aloug the line ^ii' in-

stead of along the line Ali, for then the perception-curve Aa^y,
descends a long tiuie before tiie current has obtained its constant

value, to zero, and the irritating area is too small.

For alternate currents formula (5) gives an irritation-effect, which

W'ith the number of alternations first increases and then decreases again,

consequently the formula points to an optima frequention to which

the organ is most sensible. This optima frequention now has been

distinctly found by d'Arsonval (14), Pukvo.st and Batelli (15), v. Kries

(16), WiKN (17) and others. Moreover Wertheim S.\lomonson (18)

found for very high alternations results corresponding to my formula.

4. After all these results I hoped to have founded on a solid base

the study of the irritation-process. And that was the object of my
investigation. But 1 know very well that both formula (5) and

formula (1) were afterall ouly euq)irical formulas. An explanation,

why all organisms were subject to that rule, was not given. Conse-

quently a reasonable question remaiued to be solved : how is the

irritation-effect produced ?

In 1899 Nernst, the celebrated physico-chemist of Berlin, gave an

answer to this question in a treatise in which he says: "Every organic

tissue contains electrolites, and in electrolites nothing else can occur

than motion of ions. This motion of ions must consequently be the

cause of the irritation-effect."

These bold words pronouuced by a man of authority made every-

where a deep impression.

Nernst however was in the beginning only able to work this

theory out for alternate currents and when doing so came to a formula

deviating so widely from the ordinary one, that many investigators

and myself likewise considered this attempt to be a failure. But on the

ground of new experiments of Barr.vtt (20) and Reiss (21) Nernst

in 1908 reverted to the subject again, and defended in a detailed
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essay with all the strength of his great talent the "Quadrat-vvnrzel-

gesetz" found before, applied the caleulation also to the irritadon

by constant currents of very short duration and afterwards ['22)

likewise to condensator-discharges, collected in 19 Tables all the

experiments of v. Kries, Reiss, Weiss, La Picque etc., showed how
all these experiments, well arranged, brilliantly confirmed the Quadrat-

wurzel-gesetz, and explained how possible deviations from this law

could easily be accounted for bv a certain "Accomuiodation" of the

organism.

It seemed as if all diflTiculties were solved with one stroke, and

that physiologists could do no better than admit jS'kkxst's theory

in all its consequences.

The irritation-etfect of the condensator-discharges was lo become

proportional to the lOOt of the electric energy, that of the current

of short duration to the root of the time. With alternate currents

the optima frequention was to be regarded as a tiction, in short all

was to be utterly changed. Of course I could not agree to this

situation and therefore I protested in all humility against this supre-

macy of theory over facts.

Soon however also others raised objections against the "Quadrat-

wurzel" law and exactly the three physiologists who have worked

most in this domain i. e. Hermann, La Picque, and Keith Lucas.

Hermann ^^24) has many objections against Nernst's conclusions

and La Picque very soon develops a deviating theory of his own,

whilst in his manifold condensator-experiments he constantly makes

use of the formulas (2) and (3) which ha\e \irtually been deduced

from mj formula (1). Keith Lucas, though applauding Nernst's

principle, could neither assent to the consequences, and therefore

instigated his friend Hill, a thorough mathematician, to repeat

Nern.st's calculations, starting from a more general standpoint.

In a detailed essay in the "Journal of Physiology" of J 908 Hill

accomplished this task in a most competent way.

For simplicity's sake Nernst had admitted in his calculations, that the

second electrode was removed at inlinite distance from the first and there-

fore contemplated only the concentration-changes at the first electrode.

This is a case that never occurs, and therefore Hill has made a

more general hypothesis namely that the electrodes are placed at a

distance of a c.^L from each other, and that now the concentration-

change is asked in a point at a distance of ,v c.M. from the first

electrode. For the rest the calculatiun is made entirely according lo

Nern.st's method. It is true tluit in this I'cctificd hypothesis the calcu-

lation becomes more intricate, but the result is startling. I^'or the
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"(^uadralwurzel" law has entirely disappeared, at least with regard

to the irritatioii-efl'eot of constant currents of short dnration, conse-

quently exactly for the very case for which Nernst maintained it

was to hold best. For the minimal intensity /, required for currents

of short duration Hill finds namely the formnla :

f= (8)

in which X, ft and & represent constants and ;! is the time of irritation.

At ilrst view this formula does not correspond with mine at all, but if

one observes that, according to Hill, (1. c. p. 20), 6 has the meaning

a? a'
of e and consequently 6^ is equal to the expression e , then

kit''

we see that, supposing = /J the lormula (8) only differs from my

formula (7) by the occurrence of the coefficient ft, which in my
formula =r i. Further appears from Hill's statement, that ft has a

8 4
value varying between - =r 0.84 and -^J.27, and consequently

has an average value of J .04, and tlien the diff'erence witii my formula

becomes so slight, that experimentally it will be utterly difiicult to

decide which of the two formulas is the correct one.

Kkith Lucas applies in a treatise succeeding that of Hill the

formula (8) to a great number of experiments of himself and of

La PiCQiK, demonstrates its correctness, and calculates then the

value of h or rather of log. 6 for different organs. Lucas then

unites in a table (1. c. p. 245) all the different values of log. 6,

found ill this way, and sets great value upon the signification of

this magnitude. I am likewise fully inclined to do so, for from the

above follows easily that log. 6 z= — i^kxje; consequently, but for

one factor, log. 6' is nothing else than my coefTicienf /i.

According to my ex]ieriments (26) and in my units (J= 1100,

for the motor nerves of the frog, from which follows log. 6 =
— 0.47, whilst Keith Lucas (1. c. p. 246) finds from his own
experiments log. ^ ^ — 0.33 and from those of La Picque loq. 6=
— 0.42.

For the direct irritation of the muscles of the frog I found:

;? = 88, from which fdiiows log. 6* ^ 0.038, whilst Keith Lucas

(1. c. p. 245) gives for it figures varying between 0.027—0.113.

The accordance may consequently be regarded to be satisfactory.

At the same time it appears from the great difference of 0.027 and

0.113 that the errors of observation, as I pointed out more than
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once, witli tins sort of experiments, ai'e mucli greater tliaii is usually

supposed.

For ditferent tissues Lucas gives iu rouiid numbers tlie proportion

of log & as follows: (I.e. p. 245)

nerve-tibre O.iJ

muscle-fibre 0.07

heart-muscle 0.0005

If one compares these numbers with the duration of the refractory

period (vide p. 9) it appears that the longer the refractory period,

the smaller log. S or ji. For plants that possess a very long latent

period, jJ must consequently be exceedingly small.

5. Consequently it seems possible to unite my results with those

of Hill and therefore also wiili the main principle of Neknst's theory.

But there are objections

:

a. For condensator-discharges Hill's calculations are exceedingly

intricate and 1 think it impossible to deduce from them the so

firmly stated formula (1).

b. Neither is the result satisfactory for alternate currents. Though

it ajipears from Hill's formula that i\-^n is not constant, as Nernst

pretends, the relation of the iwo magnitudes / and n becomes

exceedingly intricate.

c. Hill has cxtra-ordinarily great trouble to explain the above-

mentioned fact of the imperceptibly slow creeping in of strong

currents. Only by introducing the hypothesis that the irritation must

be attributed to the sudden explosive decomposition of an unknown

substance Hill succeeds, after a very com[)licated calculation, in

finding an explanation that can satisfy him.

These three objections prevent me from entirely agreeing with Hill.

The eiTor in Hill's calculation is, in my opinion, the same that

I pointed out formerly in Nernst's theory, namely that the irritation-

process is considered iu it as a single indivisible process, so that

irritation-effect only occurs when the change of concentration has

obtained a certain intensity. This woidd lead to the conclusion that

with condensatoi'-discharges which positively cause the greatest change

of concentration in the beginning, also only in the beginning

irritation-efTect could take place.

This is an absurdity, for then the manner of discharging indicated

by capacity and resistance, would not have the slightest influence.

Much more natural is, in my opinion, the hy|)olhesis, that every

irritation, however slight il umy be, has some efiect, but that a

visible effect is only obtained by a summation of a great number

of successive slight irritations.
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Therefore I have, like Dr Bois

—

Reymond, made a difference

between the elementary irritation f, and the total irritation-effect

ij, which is fonnd by the formula:

= I Et/< (9)H
That such a summation effect exists, is generally admitted. Bieder-

M.VNX says in his Electropliysiology, page 43 "dass jedes irritabele

Plasma zu Summation befahigt ist." Steixach (27), who has made

a very exhaustive investigation on this subject, says page 339: "die

Summation d. h. das Vermogen unwirksame Einzelreize zu summieren,

ist eine allgemein verbreitete Lebenserscheinung."

Steinach shows the phenomenon in nerves and muscles, in protozoa

and in plants.

It is likewise irrefutable, that every irritation has an after-effect

on the irritated organ, which e. g. manifests itself in the so-called

refractory period. Formerly it was supposed that this period existed

only for the heart, but the latest investigations of Gotch (28) and

of Keith Lucas (29) have proved that it occurs with every irritable

organ. There is only a difference in time: for the indirect irritation

of muscles it lasts 0.003 sec, for the direct irritation 0.02 sec, for

the heart 2 sec. and for some plants 6 sec. and longer.

As now not a single irritation is in fact momentaneous it follows

from the above mentioned facts that I am fully entitled to maintain

the formula (9).

According to Hill (1. c p. 196) the change of concentration

caused by a constant current of very short duration is:

k-n
vi fa \ ivi a ^ :ta;

If now according to Nernst one supposes tiie temporal irritation-

effect proportional to the change of concentration with the time then

we have

:

dr ivi
. ^ rtx

and supposing:

'=-^dt= -^'

4r/ CT.v /:.T*— cos—=« and —— =r ^

one obtains the formula:

and from this according to (9) tiie formula (5)
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" dtH'
Conseqiieiilly it is possible (o dediice iiij law from Hill's calcu-

lation, if only one applies formula (9), and, in my opinion, this

hypothesis is simpler and more natural, than if one must admit

with Hill, that for the irritation-effect the decomposition of a hypo-

thetical substance in a definite quantity is required.

This deduction of my formula I prefer now to the one I have

given before, because, as Hill rightly remarks, in the former reasoning

the 2"'' electrode was supposed to be at an infinite distance from

the first.

6. We may therefore admit that my formula finds its origin in

the modified theory of Nernst, and then a great many difficulties

are amoved at once.

At the same time a clear light is thrown on the meaning of the

kjt"

coefficient (i, for from the formula ,i ^ follows that ,? depends
a

on the diffusion-coefficient h.

The extinction-coeflTicient /? shows that there is in every irritation

something that diminishes the sensibilit_y of the organ for a sub-

sequent irritation. It appears now that the cause of this phenomenon

mnst be found in the diflTusion of the ions which constantly tries to

neutralise the difference of concentration caused by the electric current.

This explanation will satisfy every one.

Hii,L (1. c. p. 222) explains that by that very diffusion of the

ions the opening contractions are caused that occur at a sudden

interruption of a galvanic current. In that case the ions move in a

contrary direction.

But is not that nu)tion of the ions in a conlrary dii'ection, after

the cessation of the current, virtually the same that was formerly

called the polarisation-current ?

I do not see the difference, and in that case the explanation that

HiLT, gives of the ojxnwKj-shjcks, is no other than the one, I deduced,

as early as 1893, from my formula, and that was given, even before

that time, entirely on empirii- grounils, l>y Tigkkstedt (30) and

Grutzner (3J).

In imitation of Nernst one might also reason as follows: Every

irritable tissue can be polarised; consc(picntly in this polarisation

the cause of the |)hysiological elfect must be IoiiikI.

This is the theory among others of Tsciia(;o\vi'iv, (iTi) who dcMluces

from it directly my formula (1).
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He says: polarisalicin incan^ rliaruiiig a condeiisaloi'.

Consequently if one di.'^charges a eondensator into an oiiiaiiic tissue

it is identical to discliarging a eondensator wiili a c•apa(•iI^ (' into

another with a capacity r, and one has the formula

in which /' represents tiie numlier of volts with wiiicli ^
' was charged

and ii th? number of volts of the polarisation of the organ. For a

minimal contraction // must always he constant consequently :

cp b
P= P + - of ]> =a +~

In the same manner La Picqie and others consider the ])olarisation

of the tissues as .the cause of the electric irritation.

7. Occasion.illy I ha\e tried (33) to apply the formula (5) likewise to

other irritations than electric ones e.g. to the irritation of the retina

liy light, to the auditory organ by sound, to the organ of touch by

sensation. For the latter exist very e.xact experiments of de Frey

and Kissow (34) and the results of these could be snfTiciently e.xplained

from my formula (5).

The phenomena of seeing and hearing were then deduced from

the formula (5) but this deduction does not satisfy me any longer.

From the formula'^ found then it would follow namely that ,^ should

be extra-ordinarily great, and this is contradicted by the fad that the

1

iuii)ressiciii ot liuht on the retina continues second. 'I'his points
S

'

to a small \alue of ^1

Consequently a different reasoning must be found. We no longer

consider the influence of light as that of a quick alternate current

but as a constant irritation of varying inten.sity, /, which we can

express e.g. in Metercandles and we directly apply then the formula (5) :

-''' di1/ = (t /
j
e~i^'

but wc sup|)Osc now that the coefficient a is dependent on the length

of the wave, so that the sensibility of the retina varies for light of

equal intensity but of different colour. The formula becomes then

for very little values of 7'

//
— (t I T

entirely in coutbruiily with the expei-iments of K()M(i and Dieterici (35).

The .same result has l)een found by Bi,.\ai'\v (36) in his experiments

concerning the heliotropy of plants. Here the same curvalion is found

6
Proceedings Hoyal Acad. Ainsterdara. Vol. XIV.
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wlieii one causes light of 1255 Melercaiidles (o react diirJng see.
55

or light of 0.025 Metercandles during 15 minutes. Now, as appears
from the great length of the latent time re(|uired foi' plants to render

the reaction visible (I.e. p. l.S) sometimes an hour, ,i is e.xceedingiy

small with experiments on plants, so that we can put ^i = and
then the formula, even for reactions of long duration, becomes:

// = i' I T

which is exactly the mathematical representation of the fact found
by Blaauw and Froschkl that the product / and T remains always
constant.

At about the same time as Blaauw Miss C. J. Pekklharing made
in the Botanical Laboratory of Utrecht experiments about the curvation

of roots under the influence of gravity and centrifugal force. Hereby
it appeared that the irritation-effect was proportional to the pressure

which, under the influence of tliese forces, the cellular fluid exercises

on the protO|)lasm or on the cellular wall. If one represents this

pressui'c by ])<bin,-x then the formula (5) becomes:

y r= a D \
e~i'" dta JJ ie~'"

which, on account of the diminutive value of [i, changes again into

:

y — aDT

This is the result found by Miss Pekki.hari^g, that, in order to

obtain the same curxalion the |)ressurc uiultiplied by the time of

presentation must remain constant. C(»nso(|uently the formula (5)

holds likewise for the geotropy of plants.

At the same time it appears that Froscmei, and Bi.aauw's assertion

thai every perception and irritation is proportional to the energy

consumed, is not correct. For in the case of geotropy L> 7' represents

the product of a force multiplied by a time, and conseipiently, at

least there, the ir.'ltalioJi-elfect is by no means proportional to the

energy.

On the other hand IIi.aai'w's and Miss I'i'KKI.iiarinu's expei-imenis

are again pi-ools of the con-eciness of ihc i'orninia (!»).
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JPhysics. — ''On tlw so/iil st,(h\" VI 1. (Conclusion;. B_v J. J. van

TiAAK. (Communicated by Prof. H. A. I.orkntz.)

30. We siiall examine now to wiiat modilications some formulae

and results are subjected, wlien not two simple molecules, but

several, e.g. n, associate to a compound molecule.

In the tirst place the formula for (i, tiie degree of dissociation of

the compound molecules. Now the calculation of I (These Proc XI

p. 767—770) is modified as follows.

The condition of equilibrium :

— f 1 + w M. = " • • («)

is reduced to

:

RT (— lor, fj +H log <,) = 0,

after substitution of the values for j/, and ji., (see p. 767 loc. eit.).

In this e(| nation ii! -^^ I pdv — 2)v — 7^7' 2??;, . log !En^, C,, C.,, n^, w,, c^

and c, having the known meaning (see p. 767). Further:

because n^ ^ I—,i and ;/„ = «,?, so that llie eipiatiou of equilibrium

passes into :

(_ C,+ nC,) -^ + RTlog '-^ = 0,

or into
do'

(r —»r7 » 4-

Ion =
; , • • \")

•'(l-iJ)(l +(«-!) /J)"-'

because

«! _ 1 — /3

" ~ ^T^ ~~
1 + (n—\)ii '

'' ~
n, + «.,

^
1 + («— 1) ii

d.o'

Now tlie value of - mav be calcidaled bv means of the e(|uatuin

of state. From -.

(1 -f («-l),i, A'7' a

P~ ; -, (")

V — r

follows:

ipdr = (1 + (w - I )
/•?) RT log (.^h) -i- ^ ,

because wc kudw that the (piaulil\ ,^ nuisi be kept couslant duriny

{C,-
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this integration, as it refers to a mixture of the f/(?//'7i(Ve; concentration

,1 K^'^nly the condition of ei|iiilihrium — ii, -f-Hjij^O defines this

value more chiseh). Hence we get for i2'

:

«' = (! + {n—l)^)RTloff
i-—b

1 + (n-l) ^
-i

pv,

so that we set for

d <2' v— b—~ = (n— l) RT lo<i

di3 1 +(«-!) ^
{n—l)Rr 4-

-\ — ~ Rt{-
v — h \d{t d^

a dv

dii'

We have, name!}-, assumed the quantity a to be independent of

(J. For:

with «, = 1 — /?, n^ = n^i, a^.^ — into:

a = [( 1 -^r + 2 ( !—^) .? + ,i'J a, = a,
,

i.e. independent of (?. ((7 and a, both refer to an «-fold "molecuhir"

quantitv). In consequence of the equation of state all the terms with

di-

r- vanish, so that

:

dS2' RT
-—^(n- l)RT log —^~- («— 1) RT — 0>-f " ,.) Lb, . {d)
0|J p -r "/.-

is left, because

b = //,/;, + nj), = (1- ,?) h, + »,?/;, = />^-\- ^1{--b-\- nb,) = /;,+ ,-J^/;.

So the quantity Lb = — i, -(-
?^('>J

again I'epresents the variation of

volume, when a compound molecule breaks up into n simple mole-

cules. We know particularly from my last paper on the solid state

that it depends entirely on the (piantity Lb whether this state exists

or not. As soon as Lb becomes =r 0, there is no solid state anv
longer.

Then substitution of (r/) into (/;) and introduction of the values

of C. and C, gives:

n"/?" _ 1

~ RT
log T(log 7'-l)(/-, - nk,) +(1-^)(1 +(„-l)|S)..

+ L(«.)« — " (^,)„] - T [{.iX - " (»;,),! + («- 1) RTlog RT

— {n-DRTlogip+ n/,,) - (n-l) RT — (/>+ "/,») Lb

or also:
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loo ^:^ = (lo, T- 1) =^I±^ - -(''^)o + -i^ +

+ ~ '^°^''^^^''^° + («-!) ^0.'/ R + («- 1) /or/ 2' - (« - 1) — loy n" -
if

- (« - 1) log {„+"/,. )
- ^-^1^ Ab.

-|- (?i— 1) logR — (ti— 1) — log n" = log <

'7o

^ /oo f + V loq T U

+ («_ 1) /o^ 2' _ {n-\)log (p + «/„-0 - ^^4^— A6,

If we now put
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Finally /i-\-",\.-! does not change in tlie denominator either, as a

and r" l)ecome both )»--tinies greater and p remains nnchanged, of

course. So it follows from this that the constant c must necessarily

be independent of the quantity of the considered substance, and

consequently must not contain linearly the quantities ?• or R. In

how far is this in harmony with what (e) gives for c ?

Apart from terms which apparently do not change when the

(piantity of substance becomes ;H-times as great, the terms:

— (ri,)„ 4- «i»i,)„

R I V V .

are left, in which particularly at first sight, the term with /ot/ R
looks strange.

On closer consideration of the so-called entropy constants
»j ,

however, we see that it is not si range at all. For when calculating

the entropy of a perfect gas, we arrived at ihe expression:

by integration between the limits i\ and v, 7", and T {/•„ and T„

arbitrary initial states'). Hence

•? ^ (•<(, — /c log 1\ — R lori i\) 4- k loij T -\- R loci v,

and ill this ),„, the entroiiy constant was written for .y„ — k kxj 1\— Rloijr„; i.e.
j/o

is properly speaking = »/„ —Rlo(ji\, and so:

+ («-l) lo, R =

— {n—l)R loii i-„ f (« — 1) /,,,, /?.

in which now in the fraction of the second iiieniber both the

numerator — (>/,)„ + >iOi\)o '^''^ 'lie denominator A' become //(-times

larger, so that we may write:

R
Ion c = loii i'„ — (n— 1) log —

,

which entirely solves the apparent contradiction. In coiiscipiciice of

R and /„ the quantity c now remains really unchanged, when the

(piantity of substance is increased or decreased.

32. Let us now examine in the second place what takes place

with the formula for the pressure of coexistence liquid-solid, as we
dcii\cil it ill V (These Proc, Oct. i91()) p. 454—45S. In this we
shall assume thai both in the liipiid phase and in Ihe solid phase

only //-fokl molecules are [)resent in ihe liquid phase only to a
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slight amount, in the solid phase to a ver_y great amount, as we
saw before; onl}' in the neighbouihood of oritical points the concen-

trations approach each other.

As the functions of the temperature C, in the two members cancel

each other llie condition of equilibrium, viz. : (see also IV p. 133

—

135; These Proc. June 1909):

(fti)/i? = (f«i)soW (a)

i.e. the equality of the molecular potentials of the compound mole-

cules [then naturally (mJ/^ (f'2)sa'. "i the two cases because of

H^ = nn^^, passes into:

/d£i' \

From the expression for ii', derived in § 30, viz.

V—b a
£^ = >,«, . MT log -— -\ pv,

^n, V

follows :

dSi' v—b
= RTlog^r-

on, ^n.

^ 2n,.RT 2«,RT '
/,, -f

_i
V— b V

because the terms with -— vanish in consequence of the equation of

db da
state, while -— = h^ and -— = '2(l^. For from «^Wj\'i-(-2«,?«,«j2-f-"j'«j

follows

da— = 2n,a, + 2«,rt,, = 2
(
(1-;-?) + -^

)
a, =: 2a„

H/J

. So we act

di2'
,

RT 2a- = KTlo!j—-— - HT - b, {p -f "/,.) + -,
On, yD-f-"/,,; V

writing again a fur a.^ (see §30). In (•onse(pience of this the relation (A)

passes after division by RT into:

RT
1 1

A.,; =0,

when llie solid piinsc is indicated by acccniualed tpiantilies. So we
g(!t linally :

lor/

_p-f"/„-ii-|-{n-l/? 1— ,f" in

I 1

(29)

(piilc in iicccji'dance willi (19j in V, p. 455. Oidy, 1 + (//.

—

l)ii is
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siiltstituteil for !+,?• As ,J is mostly near 1, ,i' on tlie other hand

mostly near 0, we shall again transform (29) by means of (28).

l-'rom 28) follows viz:

%(!-,?) = /o,; ip+ "/.')'"
(l+(n-l)^J)"-'.

-loff^+'^^-Lb,

when the temperatnre function cT' " ' e ^^ is indieateil by ft*.

Hence

:

/0;7(/'4-'',>)
1-^

l+(«-l)^

»i log {p+"/cA
l+(«-l),i

and (29) reduces to

II /"(/

_/>+<'/.-^i+(«-ii,? ,?'

because loy & has the same value in the two phases, and is accordingly

cancelled. Now b, -\- t^b = nb„, hence also :

rT>-}-n/,.a (i' l-i-(7l— 1)^'''

n log

21
, 1 1- nb., -^ — -^_ (29")

analogous to J 9"; in I', p. 45G.

If only for the /i(/!/i(l state we subslitule the 2'"' member of (c)

for the J*' member in (29), we get;

o4-''A0" .i" i-(«-i),i' 1
log

p+ "/„-2 (l + («—l)(i)" 1—;? c7"/+("-')

BT
u\-\ (p + "/»0(-A&)-9,

i27'
(29^)

analogous to (19'^) in V, loc. cil.

The relation (29) can be prolliably used when ,i and ,i' are both

near 0; !29") when ihey are Itolli ni-ar 1; and (29''), when jJ is in

the neighbourhood of 1, J on the other hand not very far from

— as will in reality occur most tVeijuently. If in the last case

,i=\, ,i=z(), r =z lib,,, r' ^ A, may be pul (this is the case at some

distance Irom a critical noiut. wc max write -
(

- - j for



add to this

1

Lb

( ?0)

1 1

/), . nb

{nb,r

, and (29'') reduces to;

log

Now :

P +
{nb,Y 1

L /'

the sum becomes (see also p. 457 loc. cit.)

Lb p{—M)-q,
«"cTy-K"-i;_ RTb, nb„

Qo " _ 'Jo
«

/?r

-Lb b, . nb.

as before [see II p. ;:55, formula (10); These Proe. May 1909], wiieii

namely the coexistence curve solid-liquid is ref/'Oz/ressive (for Lb
negati\e), so that a pressure of coexistence p„ becomes possible for

2'r=:0. The second member of the precediut;- etjuation becomes then

—Lb— --^ (p—l\), i^nil we get :

P—Po
KT
^Lbl^"'' \ P -r "/i,- n"c/p -r "Ibr «"c.

/ a
quite analogous to ("20), but [I'^r-r^.—

.

n" for 2-, and y + ("— i) ^or y-\-'i-

If we put again :

log

P +
{nK 1

(h-1))/o// T

substituted for I /)

= C,

(30)

(2^,

_ /' + "lb{- n"c_

in which (J may be considered constant (i. e. independent of ]>) by

approximaliun at some distance from a critical point (p. 457 loc. cit.),

(30) passes into :

RT r
/'-/'„ = ^1 C - (V + («-l)) log T

-Lb
(^1)

analogous to (2J) on p. 458 loc. cil. .lust as before, 7',,, i. c. tiie

temperature of die triple point can be found from this, by pulling

p ^ 0. (See also p. 4()0 loc. cit.).

',V,i. Let lis now repeal tiie caiculalion on p. 4(51, \ i/,. liial of

''"/'/',' \vhicli relation is of great imporlance for the theory of llie

solid slate. Lei u,s viz. put in 1,29") :
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we gel :

/ 6/ 1 \ a
f

I I 1 1

a — A6 / "^A_ « (
— -^^r

7?r, ^TT^, I
^ 'h7j~ RT„ b' . lib.

from wiiicli

?ib.

Of course this expression also iiolds for Lh positive, if only a

triple point occurs, and this lies far enough from any critical point

to justify the just mentioned suppositions. The value of 7'„ to he

calculated from (31) only holds for the case Lh negative, for only

then there is a pressure of coexistence
i>^

at 7'=0. Moreover 7',

cannot he explicitly solved from (31\ On the other hand in (.32) the

quantity .i' occurs, of which we only know that it will he near 0.

Hut as we shall see, all the same some inferences may be made

concerning 1\ or rather concerning the relation ^"//'i-

If we suppose that at the critical temperature (vapour-liquid) the

molecules have become single for the greater part, Tc can be cal-

culated from ;

8 a.j 8 a, : iv 8 a

' ~ 27 6^
""

27 ~1>~ ~¥hi^.' ^

'11 It ^
^

(I

Hence ^^ RT, can be written for — , in consequence of wiiich
8 )ib.^

(32) becomes :

1\ 27 /LbV . //./ 1

... — , , • lo'i —- . ] . • . . (32")

Formula (32") diflers in this from (27") on p. 4(il loc. cit. that

apart from the substitution of {n/i^Y for (26.,)"-', the numerator 2ii'

has now changed into n,J'. This is very essential, and brings the

value of 7'„/7',. into the neighbourhood of the experimental value '

,,

willioiu such a large value of Lb being required for this. We saw

Lb
in V p. 4(il tiuii ,i" wi.idd siill lia\e to be ^0,37 for — = — '/,,

''i

1(1 hnng Ihc ratio 7',/7',. to '/, for /; = 2. ( >nly for still greater values

of Lb, ,i' might have been slightly smaller This is no longer the

case now.

1) AisolVom (1 -f (H— l)|3)7i'7' = „ -- , which passes into nRTc= -^ -^ willi''lib -2 I nb^

(3 = 1. (a is viz, iialcpiMulL-ut of p aud —a^ lor an « I'uld molecular quantity).
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If we, namely put TjT.:^^l^, (32") beeoines, when h^-^Lh is

substituted for nh., in it

:
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So lici'c lli(> condilions arc slill iikii'i" Ihroufalik', as we already found

ill VI p. (544; Tliese Proo. ol" Dec. l*.)l(>. Fm- ,:i' = 0,07 /Miiiist l)e at

least =2 for ,f = 0,5 ; for ,c = 0,;i at least =5; for,/==0,l at

least ^11; which would again approach to 14 for .rr^O.

If we now suppose tiiat in reality ± A /; will probably always be

"cC^Va- *ntl if we assiune e.g. 0,1 as mean valite, then from this

would follow 7/ = 17, resp. 11 - let us say 14 on an average, a

very plausilile \alue, also in connection with van der Waals' inves-

tigations.

34. To the foregoing remail<:s a great deal might be added. In

realit_^ the i-elations will probably not bo so simple as we have

thought tiiem in what precedes; pai'ticularly in the easily mobile

li(piid slate — where the situation of the compound molecules is

not fixed as in the solid state -- all possible combinations will be

conceivable ; double molecules, lri|)le, (piadruple etc. And all this in

ratios which dejiend on the constants of the substance, and moreover

on the temperature and pressure. In the solid state, on the other

hand, probably one kind of niulliple molecules will prevail. Hut

this would sim})ly render the above computations somewhat more

complicated, the essential part will remain the same. Accordingly I

have not entered inio the calculation for a special case, e. g. /i ^ 10.

The main jioinl is, and remains that on account of as.sociation,

both in the li(piid and in the solid state, the occurrence of this latter

state follows from this as a necessary consequence for not too low

values of Ah. The considertitions and calculations of the foregoing

papers have taught us this. At certain high pressures the isotherms

turn back once moir, and this is repeated for the second time

at low pressures, after which they finally rise to p = cc. And we
have seen critical points appear both in the case Lf) negative, and

in that where A/> is positive (see specially V and VI, which 1 shall

not discuss any further here).

So the whole theory of the solid state rests on tiro suppositions :

that of the association and that of the variation of volume {Ah) with

the association. The former supposition is now universally accepted,

though VAN DER Waai,s continues to s|(cak of "Quasi" association.

Yet he applies the ihermo-dynamic conditions of equilibrium to it

already in his 1*- paper (p. 121— 123), which strictly s|)eaking only

hold for "real" association. Hence I ha\e never understood quite

clearly, why quasi association is spoken of — unless it should be

that quasi association specially appears under the exclusive inllueiice

of the molecular forces and that in Ihe expression for the variation
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of enei'iiv

LE= ii {q, + ^lET) + L f ",) A F

the quantity q^ = 0. But then, this is a \ei_y special case, which is

probably only reached by approximation in reality. In any case •/

cannot be =r even then, and even though the "internal" varia-

tion of energy =0 at the absolute zero-point, it is not at tlie ordinary

temperatures (because of the term yRT).

And where for water, acetic acid etc (tilso in the vapour) real

association is assumed, it is no more than consistent in my opinion

to assume this "real" association in nil cases by analogy.

Whether we consider the matter from a kinetic or from a thermo-

dynamical point of view, we always come to the same results, in

my opinion. If at a certain moment we could fi.\ the state in the

whirl of the molecular movements — we should always see a certain

nnniber of groups, where two molecules are in each other's imme-

diate neighbourhood (and stay there for some time, however short

it be) ; where three, four, or more molecules happen to be together,

etc., etc.'j. In tlie same way the real association is thonght also

therraodynamically. The principle of the "mobile equilibrium" involves

that a certain number of the formed donble molecules break up

again into simple molecules in a certain time etc. And the known

thermodynamic principles are applied to the "state of equilibrium"

which has set in in this way.

So association ; but besides variation of volume caused by the

association. For again : without assigning some value to hb, we do

not arri\e at the .solid state. The theory developed in V and VI has

proved this conxincingly in my opinion.

And now it is, indeed remai'kable, liiul in his tlieory of quasi-

association van dkk Waals does assume contraction in the \alue of

a — which is supposed constant in our theory (see above) — but

no change in the value of I).'').

No doubt VAN UKR Waai,s will have iiad a good reason for this

contraction in the valiu! of a, — liie inattei', howevei-, has not

') In connection witli tliis we muv ruler e.g. to llie llicoiy of "Suhwariiibiidung"

of V. SCHMOLUCHOWSKI.

2) See these Proc. June 1910, p. 119-121 (with regard to // p. 121); also

Nov. 1910, p. 494. With reference to the value of Ij, van der Wam.s owns that

A/' will not be = 0, and even makes the supposition that A// will probably be

nearly always positive. 'But llien what about the melting-point lines running to

llie leflV). NotwiliistaiKling tijis lie assumes provisionally j' - 1 = 0.
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liocoine clear lo inc. Tlio uroiiiHls allejied l\v van DKH Waals for

lliis p. 1U> — 120, have not been able to convince me and at any

rate the sn|)|)t)sitioii /,• i= '/.^ is ai'ltilrarv. It niiiilit l>e asked with

some justice iiow lireat tlie value of // will have to Ite for contrac-

tion to lake place in the molecular attraction, and helow what this

con tract ion need not be reckoned with (e.g. for a=z'l, see p. 119

ioc. cit. : "It is trne") In any ease the future will show whether, and

if so in how far a chaiiiie should be made also in the value of

a — also \\\\\\ regard to the snlid state. For there is reason to

assume that — in consecpienee of the immobility of the molecule

groups — the molecular attraction in the solid state may lie dilfei-ent

from that in (he liquid state.

35. Ill conclusion I will still discuss here an important question,

which is in close connection with the foregoing, and which I thought

about already years ago: 1 refer to the dependence of the quantity

// on the temperature and the volume.

In a third paper van dkk Waals once more discusses the critical

((iiaiitities fully, and the changes to which they are subjected in

consequence of the variability of // with c. The intluence of the

teiuperature is disregarded in this important investigation. I also

occupietl myself with these questions already before — though it be

on a more moderate scale — and handled the question in a perfectly

analogous way. I need only refer to an article in the Arch. Teyler

of 1901 '), where I derived the quite general formula for Vc as a

,
fdb\ /cVb\

tiinction of o,, \~\=zb,- and — =/>",. (see p. 2), and also that

for i),:,RT,, and (i ^ ~~ (p. 7 formulae (9), (10) and (.11)). But
RJ ,.

particularly to a paper in the same Archives of 1905: (^uelques

remartpies sur requation d'etat, whei-e on p. 47 et seq. 1 gave analogous

considerations to those van der Waals gave later on p. 117—119

of his first paper (June 1910) on the (^nasi association, and more

extensively in his last paper of April 1911 (p. 1211 et seq.)-').

Two things have [)articularly struck me in this last paper. First

of all that on p. J 2 14 with too great modesty van dei{ Waai,s calls

his Ihcoivtical formula lo,i '' ==./'( ...
~ 1

)
an t'ln/iiricn/ formula.

1) Sur I'influence lies corrcclious ;i la graiuieur l> t'lc.

-) Tile foi-mula (11) on [i. \-Ili for iv agroL's wilii that already cited on p. 2

of uiy paper of I'JOl.
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For this formula can verv easily — as far as its /'"mi is conceriied

— be dei'ived from the equation of slate foinl)iiied with iMaxwell's

theorem. But in the second place that in \ irtne of considerations on

fdb\ fd-h\
the valne ot — and — on p. 1221—1229 loc. cit. he arrives

at the empii'ical formnia (in the neighbourhood of the critical point)

:

*7 = '-"(-) <°'

p. 1227, where then n^-i:^/, is found.

Now in virtue of considerations — which are in close connection

with the theory of association, developed by me in connection with

the solid state in the six preceding papers — I think we have to

arrive at the result, that tiie dependence of the quantity /i on r in

the neighbourhood of the ciitical point is represented better by the

relation

:

^-~<^J -
and this led by the foUowijig theoretical considerations.

In order to arrive at the form of the function h =z /{r.T) in tlie

equation of state (y + "AO (''

—

b) ^ Rl\ we can, namely, follow

two different courses.

The first course, which is generally followed, is this that the

problem is considered from a purely Idiu'tic point of \iew. According

to the method of M.\xwell, Boltzmann, v. d. Waals, Kokteweg,

LoRENTz, Reing.vnum, and others the vicissitudes of every molecule

separately are followed, the effects of collisions etc. etc. To shorten

the calculations we can also make use of the theorem of the Virial

(Clausius). By often laborious calculations we ai-rive in this way at

the formula of appro.ximation

/, = 4.,(l---i + etc,

the coefficient '"/sa of whicli has afterwards proved to be = '/a-

The calculation of the following coefficients becomes practically about

infeasible. In this molecular forces are still left entirely out of con-

sideration. If we wanted to include them into the considerations,

the calculations become still much more complicated, and the tem-

perature also appears as influencing factor. (Reinganum).

So the above formula gives the "apparent" change of //, when

the volume decreases. We leave aside here a "real" (iiniiuMiioii,

fully discussed by van der Waai.s some years ago.
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But there is still ;i second lueliiod, wliicli leads to llie purpose

(|nicker and more accurately in my opinion. \ iz. \\\c thi'rinoil;/)iamic

method. What can hardly be taken into accdiint in the first method:

attraction, the stayinj"- touether lor some time of tiie molecules, for-

mation of so-called clusters of molecules, etc. is here implicitly

directhj reckoned with.

The thermodynamic [ov statistic) method simply brielly summarizes,

what the kinetic method would be able to reach only in a very

circuitous way. The thermodynamic method does not occupy itself

with tiie \icissitudes of every molecule separately, but oidy directs

its attention to the most probable final state of the system. And the

collisions and the temporary molecule aggregations considered in the

kinetie theory are — from a thermodynamic point of view — nothing

but the double, triple, quadruple etc. molecules, the varying quantities

of which are only functions of v and T.

It is this method which more than ten years ago I wanted to

apply to the solution of this problem, and I repeatedly discussed it

orally, but I abandoned the attempt, because at the time the solution

was sought in an entirely ditferent — in my opinion — impracti-

cable direction. I am now perfectly justified in using the qualification

"impracticable", as I myself am more or less competent to judge

about it.

There is, however, one difference between the two methods. The
kinetic nietiiod gives some qunntitivc results, which the thermodynamic

method would never be able to give. E.g. that for r := oc the volume

V must be diminished by fuiir-times the molecular volume, to enable

us to find the correct value for the pressure. For this is a question

which is in connection with the collision of molecules considered

as perfectly elastic spheres.

But the corrections which were applied later on for the overlapping

of two. three, and more "distance spheres", can also be obtained

thernuidynamically, in my opinion, by examining how many double,

triple etc. molecules are temporarily formed. It is true that we do

not arrive at the quantitative Aalue of the coetVicients «, ^, etc. of

before, but yet at quantities corresponding with them. Where,
namely, these coefficients a, ,i, etc. were calculated from the consi-

deration of segments cut off from purely geometrical spheres, now
the quantities A,i, LJi, etc. are entered into the calculation, i.e. the

variation of the molecular volnmo in consequence of the formation

of double, triple, etc. molecules. These last quantities remain pui'ely

enqiirical, and can be considered kinetically as the apparent change

of 4A for simple molecides, when two, three etc. of them get into

7
Hroceediugs Royal Acad. Amsterdam. Vol. .XIV.



(98)

eacli others' neighboiu-hood — i. e. as far as their effect on tlie

pressure is concerned, in consequence of the "elTicient" diminution

of the available volnnie. I do not know, if I have expressed niyselt

clearly enough, but the attenti\e reader cannot fail to feel tlie analogy

of the two methods.

The Ihermodynaniic method, however, has this advantage that also

the influence of the mutual attraction of the molecules, of the variation

of energy in the formation of multiple molecule groups etc. can now
easily be taken into consideration.

We will not enter here into the accurate solution of this important

problem, in which we are also confronted by pretty great difiiculties,

but only give an approximatijig expression, which may be used in

the neighbourhood of the critical point.

36. Let us imagine instead of n^ simple melecules n^ double, n,

triple, n^ quadruple ones etc. all the molecules to be ?z-fold on an

average. Then according to (28) of § 30, when we replace

(1 +(«-!) ^)i2r
.

;. + "/,. by —^ in It:

a rr-/-\ ^iT v-b

' (t>-6)"-i,
(I -^) (l+ („-l)(i)"-> (l+(„-_l)^j«-i {RTY

holds, so that we get {c' ^ c -. E"^—^

)

,D,.
— ^l)

^" .rp/, ,.n-\ RT v-b
=^ c 1 (v— b) e e

If now in the ncigld)ourhood of the critical point li is put near 1,

i. ('. if the multiple molecules are nearly all dissociated to simple

ones, and if we further assume </„ ^ (see § 34), we get by ap-

proximation :

= C i iv— o) e

l-i3 ^
'

III this the association factor n (at the critical |)oint) can be put

iMdcpcndent of v and 7'; in general this is, of course, not the case,

as (rii iin (tverdije a smaller number (n) of molecules will bo associatccl

Id a compound molecule at high temperature and great \()lume than

at lower temperature and smaller volume.
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So if we represent tiic temperature function (c'7'0~^ ''^ «')) ^^'C get

1 — pf = «'

(y— 6)"-'

Henee for A=/.,4-,?Zi/; — or as Lh=—b,-\-nh.^, 0=nO,—{l—,i)L/)

we find :

b z=. Hb„ — a l^h
(y-b,«-^

, A6 . Lb
As is ;il)Out =— at tiie critical |)oiiit, ami will tlieretore be

I'—b b
'

eomparativelv small, we niav put e """* independent of i' as a further

ap[u-oxiniation, and write simply :

b — nb..

(V -b)•i-l
'

when <t'e
''~'-'

is represented by «. The apparent contradiction in

I he dimensions of the fraction <cLb : Iv— b)''—'^ with that of »/i..

vanishes when we consider that c' = c : R"-\ and that therefore «'

and (I still contain the factor R"-^ .

As for r ^ oc at any rate b = nb., , we may write for nb,-^ also

/>,;, and so we get by approximation in the neighbonrhood of the

critical temperature

:

I — <f

in which, therefore, (p

b = b.j

aLb

^—b
(33)

bn

From (33) the approximate expression

,, db f b„ \"
(33")

now follows easilv for T.- , when —^— =r i — b' =:\ is pnt as first
dv

approximation {b'c is about = 0,07).

Finally we find, also at Tc

:

d'b

dv'
Vnb" = — , ,, vcfb, Y'+>

. .
(33i)

1) If we do not put <in — 0, the factor e ^^ is added to c'T'.
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So for the relation — is found :

— Vrb,."
(33-)

be Vc—be

Now at the critical point about

Ve=2,20bc ; —Vebe" = 0,SS ; 6c' = Vn = 0,O7

so that we get:

0,38 _2,20

hence

5,32 = 1,83 n
,

so that for n a value i.s found which is only slightly below 3. If

we take the value 0,39 for — Vebc" (van der Waals gives even the

/'_4 2,8
value' :=— =r 0,41 on it. J227 loc. cit.), we find accurately

/ 6,8
' ' '

7i = 3. Hence it seems that in the neighbourhood of the critical point

the slight number of complex molecules which still remain, are on

an average associations of triple molecules.

Hence we may write for Tc by approximation

:

b { h
''\j=bbq \V— O^

I shall have to conclude now; the fuller discussion'of this interest-

ing problem, only just alluded to in §§ 35 and 36, I must postpone

to a fui-ther occasion.

Clarens, April 22"d 1911.

Chemistry. — "Action of sunlight on allocinnamic acid." By

Dr. A. W. K. DE Jong at Buitenzorg.

Some time ago (Ber. 35, 2908 [1902]) Ruber found that ordinary

cinnamic acid, in the solid condition, is converted by the action of

sunlight into «-truxillic acid. A number of other compounds possessing

a 4-ring have been obtained in a similar manner.

Among the acids obtained by the splitting of the coca alkaloids

occ\irs, besides «-truxillic acid, also a structure-isomer, /?-truxillicacid.

It .seemed to me very ))rol)able that this compound might form from

^cZ/ocinnaniic acid, which always occui-s among the split olf acids.

The (^?//ocinnamic acid, used in this investigation, was prepared

from the split off acids ; it melted at 41°—42°, the melting point of

Ehlenmhykr's wocinnamic acid. It was readily soluble in both peiro-
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leum ether and ordinary etlier. The substance was dissolved in a

little ether and the solution poured into a glass basin when the acid

was obtained in beautiful crystals.

After exposure to full sunlight for seventeen mornings an exami-

nation was made to sec what change had taken place.

It was \-ei'y plain that the substance was no longer the same, as

it consisted of a quite opaque mass whereas the original crystals

were beautifully transparent.

It exhibited no definite melting point; at 95° it became somewhat

soft to finally melt completely at 165°. Only a portion dissolved in

ether. The undissolved mass melted just above 200° ^iJ-truvillie acid

melts at 206°). In ammoniacal solution it gave a heavy precipitate

with barium chloride and the acid isolated therefrom melted at 206°;

when mixed with ,i-truxillic acid, isolated from the coca-acids, tiie

melting point remained unchanged.

From the ethereal solution a further quantity of ,?-lru\illic acid

was obtained and also ft-truxillic acid, ordinary cinnamic acid and a

trace of oil.

In all, 0.64 gram of |i-truxiUic acid, 0,1 gram of «-truxilIic acid

and 0.2 gram of ciiuiamic acid were obtained. The n-truxillic acid

has been formed in all probability, from the ordinary cinnamic acid.

Whether |i-truxillic acid is formed from two mols. of rt//ocinnanuc

acid or from one mol. of alio- and one mol. of ordiiuxry cinnamic

acid (generated from (7//()cinnamic acid) will be further investigated.

Physics. — " hot/ienns of diatomic i/ases ami of tlwir /i/nari/

inij:tui'es. Vlll. Control measurements tvit/i the vohmienometer"

.

By W. J. DE Haas. Communication N°. 121a from the

Physical Laboratory at Leiden. fCommunicated by Pi-of.

Kamerlingh Onnes).

(Communicated in tlie meeting of April 28, 1911).

§ 1. Introduction. With a view to the determination of tiie com-
pressibility of hydrogen vapour, Prof. Kamerlingh Onnes invited me
to nuiUe a special study of the volumenometer (see Conim. N°. 84)

with which these measurements were to be made ; the I'esults of

this particular investigation are given in the present paper, and, at

the same time I have described the improvements mentioneil in

Comm. N°. 117 which were specially introduced for the measure-

ment of the compressibility of hydrogen vapour, and to which
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reference was then made as to be described later in another pai)er

dealing with that investigation.

The nieasnrenients intended necessitated great accnrac}- in deter-

minations with the voliunenonieter. While in the researches described

in Comm. N°. 117 the vohime of the gases which were admitted

from the dilatoineter to the volnmenometer could be measured under

pretty high pressures (1

—

h atm.), and consequently those pressures

had to he known with certainty only to 0.05 mm., it is desirable

in a determination of the com|iressibility of hydrogen at very low

temperatures (— 259 to — 252°C.j, to measure pressures which maybe
as low as 10 cm. to one five-thousandth of their value, so that in

this case an accuracy of 0.02 mm. is essential. The lowness of

the pressures to be measured necessitates a very liigh degree of

accuracy in the pressure measurements. My object in the present

investigation was to see in what way these high demands could be

satisfied, ^) and to make sure that such was actually tlie case in the

results obtained.

§ 2. Con.sttmis. T. Deicrminations of the Volumes.

As has already been mentioned in Comm. N". 117 § 3, the

accurate volumenometer in use in the cryogenic laboratory ")

described in Comm. N". 84 was re-calibrated, from which at the same

time comparison.s might be made with the data of Comms. N". 88

and N". 92 and an idea of the accuracy to be reached could be

obtained. For this pur[)0se a capillary tap with a tine drawn out

nozzle was fused to the lower end of the air-trajt at I'Jf)„ 'PI. I.

Comm. No. 84). The calibrations were made with mercury with

which the apparatus was filled under high vacuum, during the pro-

gress of the calibrations the teiuperature of the volumenometer was
kept constant to within ^^jU of a degree by means of the ther-

mostat described in § 5) ").

1) A discussion of the degree of accuracy which was then readied was given by

Keecom in Comm. N'. 88 (1903).

-) The volumenometer with its auxiliary apparatus is .shd.vii uii Ihe left hand

side of PI. I Comm. N". 117 to which belongs lig. 1 I'l. I of Comin. N '. 84,

along with the modifying diagram shown on fig. 2 PI. I of this Gonununicalion.

In connection with (ig. 2 PI. I. see also § 4 of this paper. I'^or Ihe arnuigemenl

of the volumenometer, scale, cathetomeler, etc., see Comm. N". 117. Fai- descrip-

tion of the thermostat see § 5 of this Communication,

•') Before proceeding to cahbrnle the apparatus it was tlioroug'niy cleaned holli

inside and out. In this process tlie scieen Ecji (PI. I, Comm. N. 84) was replaced

by a new one, and the optical properties of the glass windows in Ihe jackcl were

investigated before the latter were replaced.



(103 )

TABLE I.

Volumes between the marks.
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t*^ Vioooo fs long as the volumes of the incrcury menisci are known

with sufificient accuracy.

§ 3. IT. Detenninntions of the optical constants.

]''-. Owing to the prismatical sliape of the windows in the jacket

through which the volnmenometer was observed, and 2'"^ to the

circumstance that their surfaces were not accurately- vertical, an

optical correction had to be applied to the height readings in the

volumenometer. The latter correction may be regarded as composed

of two distinct parts, l'^' . a correction in consequence of the deviation

from 90° of the iju-lination to the horizon of the long axis of the

apparatus in the plane of incidence, and 2"*^. a correction in conse-

quence of the angle <-(, made at any point i by the outer surface

with the long axis of the apparatus.

Of these tlie first was determined every time from the deviations

of a plumb line arranged so that when pointing at the corresponding

mai'k it is parallel to the long axis of the apparatus, or from the

deviations of a spirit level laid on a plane perpendicular to the long

axis. Both this perpendicular plane and the plumb line mark were

(irmly attached to the apparatus. With a sufiiciently careful observation

with the plumb line an accuracy of 0.01 mm in the height readings

can be attained. By reading the spirit level during this operation one

can substitute the simpler level reading for the pluuib lino. When
it is not desired to read to more than 0.05 mm. a simple reading

with the plumb line is sufficient.

The angles between the front surfaces of the windows at any point

/ and the long axis of the apparatus are constants of the apparatus,

and need to be re-determined only in the event of the windows being

removed. The correction resulting from this angle may be evaluated

in either of two ways.

T'''' Method. Tf the long axis of the apparatus is perfectly vertical

the correction to be applied to a reading for a perfectly horizontal

beam of light is, for small angles of incidence,

dA\8-
V "1.2/

in which ,1 is the length (if the path traversed by the light in water

IVdin the pdinl (in which the telescope is focusscil Id llie IVdul (if

the windows (iu the apparatus used this distance was S cm.), ^ is

the angle') between the normal Id the winduws ;ui(i the Imri/.diital

') One can easily s(;c tiiaL a diiTeixTice (jf 1' in tbo lioiizunlal posilion of llie

lelescop(! (when the distance between the olijeclivc and the Ibciispcd marli is

+ 45 cm.) can have no elTect upon an accuracy of 0,01 mm. nor can the devialiiin

of light caused by the glass of the connecting necks when tliese aic carefully

constructed.
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plane, and ?m.o is the refractive index for air-water. Tlie angle 6 was

measured by means of a combination level. For this pnri)Ose was

used a level from a cathetonieter bv the Societe Genevoise (1 scale

division =: 0,'OG) placed npon an auxiliary apparatus (PI. II tig. 1).

Tiiis arrangement consisted of an arm R turned accurately cylindrical

and attached perpendicularly to a heavy copper plate /-'. By means

of the three adjusting screws a, h and c this plate R can so be

placed against a glass comparison surface, which has been made

accurately vertical that ihe level placed on the arm R indicates a

perfectly horizontal position. The Mpiaie end of tlie level is then

pressed against the windows of t!ie \ ohimenometer jacket and tiie

level is again brought to I he hoiizonlai. From the number of turns

of the divided screw head of the screw c iiecessai-y to accom[)lish

this, from the pitch of the screw c which has been determined

beforehand, and from the known distance of the point of the screw

c to the line ah the angle 6 may be calculated. From this the error

in the reading follows at once when the angle of refraction of the

window is allowed for. (The application of the combination level

assumes that the curvature is negligible, whicii will probably- always

be the case with plate glass for degrees of accuracy up to 0,05 mm.).

The results are given in Table III, column II p. Hi;.

In our present experiments the auxiliary apparatus employed for

the spirit level has not yet allowed us to attain with sutilicient cer-

tainty an accuracy greater than that corresponding to an error of

about 0',3 (that is to say a correction of 0,01 mm.j

The 2'"' method of determining the errors in the readings consists

of ol»taining readings of the heights of the middle mark on the

screens when no water is in the jai-ket and also when the jacket is

full. For simplicity this measurement is reduced to a determination

of the change in height of one of the marks and the change in distance

of the other mark from this one. For during the measurement of the

differences in height for one mark a layer of water 8 cm. thick is

alternately interposed and remo\ed, and therefore the cathetometer

must be moved as a whole so as to allow its being focussed upon

ihe siaiidard metre witii which every care is taken to ensure its

fixed position and to protect it against any temperature change.

Absolute height measurement.-^ were rendered very tedious on account

of this repeated moving of the cathetometer, while the delern)inalion

of the alteration in the distances between two central lines was

comparatively simi)le. Tlie determinations of the changes in the

distances of each line from the fundamental one were, in order to

ensure Ihe invariability of the lengths measured, reduced in every
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case to the determination of tlie clianges in the distances between

two successive central lines.

In the sequel the glass windows, even when thej exhibit some

curvature, are regarded as prisms, and it is assumed that each of

the portions through which the screens are seen — even in the same

piece of glass — has an individual angle of refraction. These angles

of refraction «j, a., etc., (projected upon the plane which during the

height measurements coincides with the vertical plane through the

axis of the telescope) were all measured beforehand.

The next figure (in whicli the raj is projected upon the vertical

plane through the axis of the telescope) shows a window in wiiich

the prismatic character is stronglj' accentuated so as to add to the

clearness of the drawing. Let / be the incident ray which traverses

the axis of the cathetoraeter telescope supposed horizontal. The media

are represented by the indices 1, 2, and 3. Let j?,, represent the total

deviation which the ray undergoes at the mark ;h„ owing to refraction

at the surfaces 1.2 and 2.3; for the sake of simplicity this total

deviation will, in the sequel, be referred to as |i as long as there

is only a single mark involved.

Since

jj == I'l + i.^ — a

we get

/? = («1.2 — 1) « -f »'2 ("3.2 "l.s)-

Wiien there is no water in the volumenometer jacket it follows that

i^ = («i2 — !)«

Hence, cailiug tiie distance of tlie front surface of the windows

from tiie screens A, we get for tlic ojilical correction to l)e apjilied

to the reading for a line on the screens
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A r, {iifl,-} — «1.2)'

TIlis difference was repeatedly deteniiiiied for one of the central

lines, the one chosen being the central line of the middle screen, so

as to make llie deviation errors for the other lines as small as

possible. In these measurements allowance is made for the sinking

of the volnmenometer as a wiiole when water is admitted ; the

distances tlirough which it sank were measnred each time by focus-

sing a second telescope of the catiietometer upon a mark on liie

volnmenometer.

Fiirthei'. let the indices <• and /' of i^„, (>',, i^J, etc., indicate whether

they represent the corresponding angles when the volumenometer

jacket is empty or when it is full of water, and just as with ^i, let

us write ;•„,, i\^, etc., and ;„.,, r,,, etc., for the various values of

)\ and r.,: we then get for the distance measured with the jacket

empty e. g.

-I {,hc - ihe) = -I 'M.2 I (>\, - r,,) + (r,, — r,,) }
- A (a, - «,)

and when it is full

A (^1/ — /Jo/) = A Hi.2 (rn — m) -f- A «3o (i-i-i — rW) — .1 («i — «o).

Taking the measured distances -1 (jiu — ^u) and .-1 (,?;; — jJo/') in

pairs and subtracting the one from the other we obtain the following

equations in which V is the difference thus obtained.

I'oi 1

+ '•|.2

+ »•-
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indicated in § 3 of Coram. N°. 117 (June 1910) with the mercury

at the same pressure in the two communicating vessels, the manometer

and the volumenometer. For this purpose the upper portions of the

volumenometer and the manometer were brought into communication

with each other and tlie mercury was then driven u}) until the

meniscus stood in one of the connecting necks of the volumenometer

;

the clamp /., (PI. I tig. 1, cf. PI. I, Comm. N°. 117) was then closed

so as to avoid the effects of vibrations in the mercury in the bulb

Qi (cf. Pi. I Comm. N°. 117) caused by gusts of wind or by vibration

of the building. Care was always taken to ensure a good vacuum

above the two corresponding mercury le\els, so as to prevent trouble-

some expansions and too slow equilibration between the gas in the

volumenometer and the manometer. Since in the case of the uppermost

necks mercury columns about 1 metre in height had to be kept in

hydrostatical equilibrium, the greatest care had to be taken to ensure

t!ie temperature etpiilibrium of the mercury column. For this purpose

a water jacket was put around the manometer tube being firmly

attached to it by means of two rubber stoppers. In order to reduce to

a minimum the optical corrections necessarily introduced by the use

of this jacket, the holes in the rubber stoppers were bored to one

side of the centre so that the water jacket was thinnest just at the

side through which the readings were made. In order to determine

the optical corrections fifteen fine lines were etched on the other

side of the manometer tube. The heights of these lines were also

read on the cathetometer with the volumenometer jacket both empty

and full of water. Each of these measurements was repeated sixteen

times. Since both the water layer and the air layer through which

readings were made were only 4 mm. thick the cathetometer tele.scope

could he kept immovable and the difference could be determined

directly each time with the micrometer eyepiece. Parallax errors

wei-e avoided by covering one half of the telescope objective vvitli

a plate of glass whose optical thickness was the same as that of the

water layer in the volumenometer jacket. When the jacket was full,

readings were taken through the uncovered half of the objective,

and when it was empty readings were made through the covered

half. The optical error due to tiie glass jjlate was determined inde-

[)eudently. In this way the optical errors due lo the manometer

jacket were easily determined with accuracy to within 0.(K^5 mm.
PVom the results it is evident that the use of such a jacket has

much to recommend it, wuilo the optical correction appears to be

only about 0,03 mm. a \aluc that may in the majority of cases be

I'egarded as negligible.
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Tlie manometer Jacket was supplied from underneath with water

from the thermostat, (see § 5). From above the water flowed ont

through a connecting tnl)e which was well protected from heat

exchange with the surroundings to the lower portion of the volumeno-

meter jacket. Hence variations in the temperature of the jacket water

occasion errors which neutralise each other at least in part, a result

which one cannot be sure of obtaining when the water supplies are

independent or form branches of one circuit.

In the room in which readings are taken it is difficult to keep

the temperature gradient below 7-2° pei' metre; it often assumes

greater values and, in consequence, it is easy for the mercury in the

bulb and in the rubber tubes to assume a temperature different from

that obtaining in the mercury columns within the jackets ; on this

account the water which flows out from the upper end of the

volumenometer jacket is utilised to warm or cool as the case may

be the mercurj- which flows from the mercury bulb to the mano-

meter or to the volumenometer. For this purpose the short rubber

tubes are joined to the large glass T-piece. The vertical arm of this

T-piece is widened so as to obtain a greater surface for heat exchange,

and this vertical arm is surrounded by the two copper tubes shown

in PI. I, fig. 1. The water which is flowing off from the volumeno-

meter is then divided into two circuits which traverse these copper

tubes and then leave the apparatus at /j and /„. By this arrangement

are eliminated all undesirable convection currents and conduction

phenomena in the masses of mercury.

In conclusion we may mention tliat all parts of the apitaratus

were carefully wrapped up so as to be protected from heat exchange

with the outside.

After these precautions had been taken, a great number of mea-

surements were made of the heights of the meni.sci in the communi-

cating vessels. The capillary depressions were obtained from Kelvin's

graphical constructions in which a mean capillary constant was

assumed. After a proper application of the temperature and capillary

corrections the optical corrections were calculated as the remaining

difference in height. In Table II are collected the mean data obtained

from the various measurements which with the help of the method

of communicating vessels have led to one of the determinations of

the optical constant for the mark iu„. The means of all the mea-

surements arc given in Taiile III, col. IV.

Since tliere can be no doubt about the pressure eciuiiibrium a

comi)aiison of the ojilii'al coi'rections tiius determined wilii those

obtamed by the method of the combination level with the removal
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TABLE II.

Control measunnnent at mark ?h, {PL 1. Comm. X". 117).

Neck mark mg
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within 0.01 mm. ; it is therefore possible to measure mercury pressures

of 10 cm. with certainty to 1 in 10000.

In conchision it may be mentioned that tlie heights of the edges

of tlie menisci were read at the near side. As comparatively little

light could be introduced into the interior of the volumenometer jacket,

readings at the sides of tlie volumenometer tube were matters of

consideraiile difficulty, but by making them in front sharp readings

could be obtained, for, with suitable illumination from an electric

hand lamp the meniscus edge could always be seen as a sharp line

at which a number of images came (o an end. As the near edge

of the meniscus was about 8 mm. nearer the objective of the telescope

than the top the same artifice was employed to eliminate parallax

errors in this method of reading as was indicated above in the deter-

mination of the corrections for the manometer. Glasses were placed

in front of the telescope objective and were iirmly attached to the

telescope tube as is shown in PI. II. fig. 2. The optical shortening

of the path of the light rays was about 8 mm. By turning the

glasses round their axis and thus causing them to approach or recede

from each other the adjustments could be made perfectly free from

parallax. The top of the meniscus was read through the glasses and

the edge thiough the uncovered portion of the objective. Optical

errors arising from the glasses used in this apparatus and also from

those already mentioned as used for the manometer tube were accu-

rately determined beforehand.

TABLE III.

Comparison of the dijferent measurements.

Neck
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^ 5. The Thermostat. The tliermostat which was used in tliese

control measurements and also in experiments upon the compressi-

bility of iiydrogen at ordinary- temperature which have already been

made but are not yet published was essentially the same as that

described in Comm. N°. 70. For a description of the apparatus refe-

rence must be made in the first place to that paper. Certain modi-

fications have been introduced with a view to

1. better constancy of the temperature durmg a great time interval

and consequently less nseessity for constant supervision ; and

2. easier adjustment to the desired temperature.

The water vessels have renuiined the same. A small cylindrical

vessel has been introduced immediately after the large one (see

PI. III). The copper spiral with the xylol regulator of the vessel B
has been removed and in its place has been put (temporarily) a glass

spiral of three lurns going from the bottom of the vessel JS upwards.

This sjjiral is bent iipwards from below and ends in the gas regu-

lator. A side tulie with ground joints connects the spiral with a large

thermometric vessel. A rubber connecting piece allows the system

to vibrate without damage. The thermometric vessel and the spiral

ai'e filled with chloroform and meicury, the mercury l)eing shown

black in the figure. The use of chloroform as thermometric liquid

offers the advantages of small specific heat, and small compressibility,

compared with a pretty large expansibility (cf. Comm. N" 70 III § 3).

The spiral contains about 100 cc. and the thermometric vessel about

600 cc. of chloroform. By means of a tap S[)^ the total mass of

mercury present in the apparatus may be altered.

The action of the apparatus is briefly this : The glass spiral regulates

the temperature of the bath B just as the copper spiral did in the

Plate of Comm. N°. 70 III, while the large vessel C considerably

diminishes small temperature \ariations. The thermometric vessel,

which presents a relatively small surface compared with its large

volume, is not sensitive to these variations. The same applies equally

well to integral temperature variations. Should, for instance, a con-

tinuous rise in the tenqjeralure of the room cause the teii'peralure

of the vessel C to rise a little, then merciu'y will flow from the

thermometer vessel thi-ough ;S/>„ (o llic s|)iial, liic regulating flame

will become smaller, and water will cuicr the large vessel at a

teni|terature that is lower init is slill kept coustanl by the s|)iral, so

that the absorption of heat by Ihi' walls of the huge vessel is thereby

to a great extent neutralised.

The second pur|)ose for which the modifications were introduced

is, as can easily bo seen, also served. For, when once the burners.
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have lioeii lijililod, (lie llioininstal .kIjusIs itself (o a leiiiperaliiro that

is prai'tieally dotermiiiod l)\ Hie (|iiaiitity of iiiercury [)reseiil in liie

a[)|)araliis. The iitilily of liie a|)|iai-alus i,- thei-efore greatly increased.

To ii'ixe an idea of tiie eapabilities of the apparatus temperatures

taken on some of the measuring days are given below. The temperature

was taken iniuietliately before the water was allowed to flow into

the manometer jacket.

12 h. 15 m. 12 h. 45 m. 2 h. 15 m. 3 h. 5 m. 4 h. 55 m.

March 22">i 11 1(;.04 Ki.OT lB.t)7 16.07 l(i.07

oh.4()m. :^h.55m 4h.2()m. 4h.45m. 5h.25m. (ih.

March :{()'i' 11 ly.OO 19.00 15J.00 19.00 19.00 19.05

So that the teaiiierature as can be seen remains for hours at a

time constant to le.ss than 0.01°.

How far this constancy of the temperature can be utilised to keep the

temperature of the volumenometer constant depends upon the constancy

of the room temperature : its heat insulation however can still be

imi)roved. If sulTicieiit care is taken to keep the room temperature

constant, one is usually successful in keeping the gradual change of

the temperature ot the volumenometer to within O^.OS per hour' ^),

and any single temperature measurement remains certain to 0^^.02.

Physics. — ''Further Expei-imeitt.s with Liquid Helium. D. On the

Cliamje of the Electrical Resista?ice of Pure Metals at vert/

loiv Temperatures, etc. V. The Dimppearance of the resis-

tiinre of mercuri/.'^ By Prof. H. K.\mert,[ngii Onnes. (Commu-
nication N". 122'' from the Physical Laboratory at Leiden).

As was mentioned in a former Communication (April 1911) I have

made a more accurate examination of the resistance of pure mercury

at iielium temperatures, in whii-h I iuwe once more had the assis-

tance of Messrs. Dorsman and Holst. The resistance was now mea-

sured with the differential galvanometer by the method (if the over-

lapping shunts 1 l\onLR.\LscH' and also by the method of the measurement

of currejit strength and of potential difference. By this it was con-

firmed that at 3° K. the value of the resistance sinks to below

0.0001 times (he value of the resistance of solid mercury at 0° C.

extrapolated from (he melting point. But from the present measure-

ments it has also been ascertained that the actual value of the

resistance is very much smaller than (his upper limi( which I was

able to ascribe (o i( from my formei' measurements.

') For Ifie corapaiison of mcrciuy columns as in Table 11 coustancy to within

10 times this value will be sullicient.

8

Procee(lin£;s Roval Acad. Amsterdam. Vol. XIV.
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l^'he value of the meiTiirv resistance used was 172.7 £i in the

liquid condilion at 0°C. ; extrapolation from the melting point to

0°C. by means of the temperature coeftlcient of solid mercury gives a

resistance corresponding to this of 39.7 5i in the solid state. At

4°.3 K. this had sunk to 0.084 ii that is, to 0.0021 times the resis-

tance which tiie solid mercury would luve at 0° C. At 3° K. tlie

resistance was found to have fallen belovv 3Xlt)~'' --' •'•'"''' '^ '"J

one ten-millionth of the value which it would have at 0° C. As the

temperature sank further to 1°.5 K. this value remained the iip[)er

limit of the resistance.

The next step was obviously to look for the point at which I he

i-esistance tirst becomes measurable as the temperature is raised. The

temperature of this point was found to be slightly more than 4°. 2 K.

at which the resistance was hjund to be 230 micro-ohms or one

hundred thousandth of the resistance (solid) at 0° C. As the tempera-

ture was raised to that of the boiling point (4°. 3 K.), the resistance

rose once more to 0.084 5i. This change took place more quickly

than the rate of change to which the formula given in the December

(February) Communication leads — exactly how much more quickly

is not yet known but it certainly seems to be increased very much

more rapidly. A point of inflection which does not appear in the

formula given — a formula \vhicli 1 regarded as incomplete also

on account of the method by whicli it was deduced, seems to occur

between the melting point of hydrogen and the boiling point of helium

in the curve which represents the resistance as a function of T.

The more the upper limit which can be ascribed to the resistance

remaining at lielium temperatures decreases, the more important

becomes the observed phenomenon that the resistance becomes prac-

tically zero. When the specific resistance of a circuit becomes a

million times smaller than that of the best conductors at ordinary

temperatures it will, in the majority of cases, be just as if electrical

resistance no longer existed under those conditions. If conductors

could be obtained whicli could be regarded as being devoid of resis-

tance as long as their cross section was not excessively small, or

conductors of tiie smallest possible sections, either cylindrical with

diameters of the order of the wave length of light, or films of mole-

cular dimensions, whose resistance would be but small, if there had

no more to be reckoned with the Joui.K development of heat in

increasing the current in a bobbin to exceedingly high values, because

the developnienl of heat in a circuit of constant current slrcuglh coidd

bo made exireuicly snudl compared with the latent heat of vaporization

of th(j li()ui(l which can itc used foi' cooling, — then furlhei' experiments
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ill all possible direclions would give llie fullest promise, notwith-

staiidiug tlie great diflicuities which are encouulcred when working

with liquid helium. It is therefore all the more necessary to esta-

blish beyond all possibility of doubt the properly of which advantage

would be taken in such experiments. With this end in view modifed

measurements are being made.

It is further worth noting that just as the resistance of constantin

changed but little when the temperature fell fiom ordinary to liquid

hydrogen temperatures so too the change is slight as the temperature

sinks further to those of liquid helium. This property was utilised to

obtain rough contlrmalion of the value of the latent heat of vapori-

zation of helium, which can be calculated from Clapeyron's formula

using the data which have already been published concerning its

vapour pressure and \apour density. (Compare the above remarks

as to the ratio between the Joule heat development to the latent

heat of the liquid which is used for cooling).

Physics. — "Researclies on }[a(jn('tism. 111. On Para- mid

Dia-m(i(jnetism at vcnj lorn f.fnipcirifnn's." By H. Kamerlingh

Onnes and Albert Pekuikh. Communication N". 122'' from the

Physical Laboratory at Leiden.

§ I. Introduction. In an earlier research (Comm. N°. J J 6, April

1910) we investigated the magnetisation of oxygen down to tempe-

ratures close to the freezing point of hydrogen, and we found

deviations from Curie's law which seemed to us to be connected

with the problem as to how far the electrons which occasion

magnetic phenomena are frozen fast to the atoms when the substance

is cooled to \ery low temperatures"). This made it very desirable

to extend the research, especially as far as hydrogen temperatures

were concerned, to other paramagnetic substances which follow

Curie's law at ordinary temperatures. If, as we found to be the

case, it were found that deviations of the same character as those

for oxygen were encountered with these substances also: it might

well be assumed that such deviations, and also, should they be

connected with the freezinu,- of the electrons, this freezin"- itself

V This idea of which repealed use lias been made in former Communications

(cf Weiss and K.^merlingh Onnes, Comm. N'. 114, Febr. 19)0 p. 9 note 1) did

not appear to be applicable to the case of feri-omagnelic substances (loc. cit. p. !>)

as the temperature sank to tiie freezing point of hydrogen. Our experiments give

ri<e to Die further question as fo how these substances would lirliave when the

temperutuie was lowered still further.
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would lie in the verv nature oF paramagnetism. In that case there would

hold for every substance, as was shown in Comm.N". 1J6 to he the

case for oxygen, a more general law than Cirie's, which only within

a definite temperatnre region would not differ appreciably from Cirik's.

After we had been engaged upon an investigation in this direction

for a considerable time, its importance increased considerably from

two different points of view. In the first place came the discovery

by Weiss M of the magneton as forming a part of all magnetic

atoms. Should the deduction advanced by Wi<:iss that the molecular

magnetisation of dift'erent substances can be expressed as whole

multiples of the magneton hold for all temperatures, this would,

because it supposes that the constant of Curie is accessible, entail

the validity of a law which gives the means to determine this constant,

further allowance having to be made only for sudden changes in the

number of magnetons or in the number of degrees of freedom. Certain

of our measurements appear to be incompatible with exclusively dis-

continuous changes, for they even seem to indicate that gradual changes

take place. Should this be the case, then it is possible that deviations of

the values of the magnetisation from those values which Weiss's theory

combined with Ccrie's law would lead us to expect could be eliminated

by means of corrections which our knowledge of these gradual changes

would enable us to apjily. And if it should appear from further

investigation that all de\iations could be explained by discontinuous

changes, then the knowledge of the law according to which these

discontinuities occur is, by the di.scovery of the magneton, made a

matter of the highest importance. However the case may be, we
shall, in speaking of the deviations from Curie's law mean both

continuous and discontinuous changes.

In the second place the rather indefinite notion of the "freezing

of the electrons in the atoms" has taken a more definite shape since

it was found (Comm. N". 119, Febr. 1911) that the electrical resis-

tance of pure metals disappears in lii|ni<l helium and that this can

be ascribed to the coming to rest of vilualoi'^ of definite freciuencies

which are in radiation equilibrium according to Planck's formula.

The freezing of the electrons which we mentioned in connection with

the magnefisalion of oxygen may al>o be looked for in the (-(Huini;

to rest of vibrators. Perhaps then it may also be that, in general,

deviations IVoni Ci luic's law may b(> found to be connected with

tiie di.ssipalion ttf the energy of the vibrators") or of liie circular

', \\ \Vi:iss, C.R. V.Ln p f3i,ii22, 309, 1911, also: Aich. tic Gciu-vo, May l!)ll.

-) From a I'lipuiliy li'ltor thai rt-aclicd us jiisl on going to press IVoni Frot'ussor

Wki.'^s. wIiosc coniini,' to I^ficlcii gave lliL- initial inipi/Uis to our magnetic resear-

ches, we learn tliul lliis idea lias also occurred to him.
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motions accordin"- to the same formula and for the same reasons.

In the present paper we shall confine our attention (o a short

resume of the results which we have obtained up to the present

in which we shall also include those referring to diamagnetic

properties. In a further communication we hope to give the results

of the experiments upon which we are still engaged and at the

same time further details of the experimental method. To attain a

greater degree of certainty we used with the apparatus described in

Comni. No. 116, a new cryomagnetic apparatus with which it is possible

to measure electromagnetically the forces exerted upon the experimental

substance by a strong magnet, and with which it is possible to place

at unll the experimental substance at the point of maximum attraction

or repidsion as long as it occupies a space of small dimensions, or,

if the experimental substance be in the form of a cylinder, to place

it with its one extremity in the pole gap.

^ 2. Numerical results. Tiie values gi\eu below are the results

only of preliminary calculations. There are still some corrections

to be applied which have not yet been fully investigated, but these

in all probability will not, in the most unfavourable circumstance,

exceed 2 °/„. The numbers given are, of course, mean values, / is

the specific susceptibility or the magnetisation coefficient per gram,

and T is the absolute temperature.

TABLE I.

Crystallized Gadolinium sulphate Gd2 (804)3, 8 H2O. ^)

z.lO« /..T.W

Limiting values
in kilogauss
of the fields

used.

Bath

290.3
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TABLE II.

Crystallized ferrous sulphate (powdered)
(Merck's very pure "for analysis")



(
113 )

we hope to repeat this experiment late)- under more favourable cir-

cumstances.

TABLE IV.

Electrolytic bismuth (powder) supplied

by Hartmann and Braun and formerly
used by E. van Everdingen ')
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tnres at which the deviations become appreciable differ considerably

for the different substances. It is noteworthy that, in the case of

gadolinium sulphate, this temperature lies very low, and is probably

only 15° K.

Concerning tiie beiiaviour of these substances at temperatures

below that at which this deviation becomes appreciable, Z/^'m/J oxygen

can, in the first place, give us some information. In fact in this case

another well defined law, viz. — has been found to obtain over a
1/2'

pretty wide range of temperatui-es (90° K. to 63° K.). At the lowest

five temperatures reached the magnetisation coefficient of ferrous

sulphate increases somewhat more rapidly than would be in

accurate agreement with this law, but it undoubtedly approximates

to it. At the four hydrogen temperatures at which measurements

were made dysprosium oxide follows the same law as liquid oxygen.

Taking all this into account we are only justified in assuming that

for all substances there exists a certain range of temperatures differing

greatly for the different substances, for which this law to a high

degree of approximation governs the dependence of susceptibility on

temperature.

In the neighbourliood of 15° K. solid oxygen did not follow the --

law, but deviated still more strongly from Curie's law, and even

showed a tendency to attain a constant value; further experiments

which have not yet been completed, confirm this result. As none of

the three other substances have yet exhibited this phenomenon it still

remains an open question if it is characteristic of oxygen only, or

if one only needs to lower the temperature sufficiently to be able

lo invoke its appearance as a general property of all paramagnetic

substances.

On the occasion of our reseai-ch u|toii oxygen we remarked con-

cerning the theoretical exidanatioii of the increasing deviation willi

falling temperature that it might, amongst other causes, be due to

iissociatiuii. amongst the ox^'gen molecules. Some experiments which

are still incomplete upon mixtures containing equal ((uantities of

o.xygen and nitrogen seem to exclude this explanation, but these

experimenls must be continued further to be quite conclusive. From

the experiments which have already been concluded, however, we
have sufficient reason for not reverting to this explanation in ^ 1.

We must furtlier nole thai with none of the paramagnetic sub-

.slanc.es investigated we have been able to ob.serve a decreasing



( 121 )

susceptibility willi iiicrtnisiug tield, tli;it is a coiniiirnceiiiciit of

.taturniioii M.

/iisiinif/i. Il lias been shown by Cimi': and later (•(inliriiied by

Honda that for bisiniitii between ordinary letii|terauire and the

melting point liie temperature coel'licient of the nmgnetisalion may

well be represented by the formula

The fact that at ordinary temperature we obtained an absolute

value of the susceptibility wiiich is somewhat smaller may be due

to the presence of a small quantity of free iron which, on account

of the intensity of the fields used, will ha\e no intlueuce upon the

relative I'esults ; indeed, for various kinds of commercial bismuth

which were Jiot so pure as ours. Curie found the same dependence

upon temperature. The values which we obtained with our specimen

may quite well therefore serve as the basis of deductions regarding

relative values. With if = (),0()105, the mean of the values obtained

by Ci'RiE with samples which were not perfectly pure, extrapolating

to •20°.3 K. we should obtain -/ou3=r ~ 1.64.10-0
, which is a

value somewhat greater than that given by experiment. It would

therefoi'e appear that the linear change of the magnetisation of bis-

muth does not go on as the temperature falls, and this result is also

in agreement with the experiments of Fleming and Dewar, who onlj'

went as far as liquid air. The two values which we obtained in

hydrogen boiling under reduced pressure seem to indicate that when

the temperature sinks as low as this, the susceptibility becomes pretty

well uxli'peiidL'itt of the lenq)cralure ; if the law of change were still

linear at these teniperalures then l)etween 20.°3 K. and 13.°9 K. one

should have to observe an increase of 0.7 "/„, while what was actu-

ally observed was i-ather a decrease.

Hi/(lro(/t'n. With a view to the determination of the corrections

to be applied we made a measurement of the suspectibility of liquid

hydrogen, the result of which |)robably deviates less than 10 "/„ from

the true value. This determination is rendered extremely dilKicult by

the sniallness nf iho density and of the \'olumesiisceplibility of the

') Willi rcg-ai'il lo till' (litl'i.'r('iic(.' thiil \Vii> toiiiul helwcrii llie cuiistiuits for tlie

formula —„, lor solid ami lor iiciuiil oxv^cii iGomm. No. 110, April 1910, S 5),

1/7
1 . e ,1

it may bo remarked tlial cryslallisation |)lienomeiia can iiilUicncr llicui. 'flic iiivosli-

gatioii of the problems referring lo lliis point will be seen to be rurtlier eompli-

caled when we remark that on freezing oxygen Iransparcntsolid oxygen i.s liist funned

wliicli, ill lower temperatures, is trauslonued into an opaque mass.
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hydrogen. We tbiiinl f'oi' the volume siisc,>|iiiliilily A'= — 0.J86X '^^
*^

and, taking Dkwak'.s value for the densily of li(|nid liydrogen 0.07

we find 7. =: — 2,7.10—'''. Williin the linnls of experimental error

this vakie agrees witli lliat calculated by P.vsc.vl 'j •/ = — S.O.IO"*^

from the organic compounds. As we do not propose to repeat thi.s

determination for the present we think that there is suflicienl reason

for us to communicate this result here.

Physiology. — ''Tlic ijci-nK'n/ji/ifi/ of hloixl-coriinschs in jihi/sio-

loyical com]kill us, c.^pcciji//;/ to dlbdl mid etirth-ii/kull metals".

By G. Gruns.

Messrs Hamburgek and Bvbanovic reproach me in thoii' communi-

cation in the meeting of February 25, 1911, that in my criticism (Proc.

of Oct. 29, 1910, p. 489) 1 should not have taken account of the

fact, that, after the addition of water or NaCl, the original \oiume

was used again for the analyses. This accusation is unjustified.

Messrs. H. and B. said in their communication of June 25, 1910,

p. 259 : "7'i* accoivjih'.di this in an etf'icient manner, <i certain quan-

titi/ of hlood iras centrifagalized, the serum loas partly remooed and

mixed irdh the necessarij amount of KaCl, or water; then it urns

added to the rest of the blood and well mived with it"-

This seemed to me perfectly clear and rational. Relying on it I have

calculated the diluiion by the wafer on the entire quantity of blood.

Now Messrs 11. and 1). say, that they retained so much from the

serum mixed with wafer or with NaCI that, after the mixture with

the residue, the original xoluuie was obtained. Consequently they

followed another method than the one they described. I therefore

complied with their rc(|uesl auil repeated my calculations with this

new statement.

In the ex|)eriineuls with water w c must now jiol calcidate flie

(piaulity of a component of the blood that the mixture nuist contain

h\ mulfiplyinu the total (piantity by the IVaction indicating to \\\va\

pi'oporlion the entire quanfify was diluted ; but we must sniitract

1/11 of the (|nanlily <'onlaincd in the s(M-um from llial total (inantily.

For oidy from the scrum something is taken off, and there after

to 10 parts of the scrum that is still present, 1 part of water

has been added, as follows likewise from the example i;iven on

J..
220.

1) 1'. 1'asual Ann. uiiini. cL plija. (bj I XIX p. o\ lylO.
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As the addilinii of 0,2"/,, of NaCl to a sonim does not vet increase

the \<ilmue l)v 0,1 "/o' ''le nei^leel of it ean cause a< the utmost a

difference of 1 in the tlurd decimal. As for the experiments with

addition of NaCi, consecjuentlv the result does not change bv the

new calculalion.

As for the expei'iments witli addition of water, witii KlJi the

difference is reduced fron) 0,118 G. to 0,0596 G. With NaCl it mounts

however from 0,292 G. to 0,447 G. and u ilh CI from 8,5 on 10 cM'

1/10 Korm. AgCl-solution.

I aslc myself, if the gentlemen have themselves made the calcu-

lations thoy requii'ed me to do.

Geology. — "Some coiisiilerations an tJic t/ro/oi/i/ of Java''. By

Prof. K. Martin.

(This communication will not he |iublished in these Proceedings).

(June 23, 1911).
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iPhysics. — "On lite wjiui'iicc of ehrtric iiuwes upon platinum

mirrors. {Coherer action)." By Dr. J. Clay. (Coinmimicaled l)y

Plot'. M. Kamkrlingh Onnks).

((Inmmiinicateil in llie nicpting of D^fcmhei- 2i, 1910).

Ill llio present pajicr T give the resulls of some of 1113' c.\|iei'inieiil8

undertaken with a view to solving a (lilliciilty regarding coherer

action on platiniiin mirrors which, to the best of my knowledge,

has not yet lieen cleared up. Various oliservers ') have noticed that

electric waxes falling upon a platiiuini mirror cause an increase of

its electrical resistance. This was difficult to reconcile with Lodgk/s'-)

assumption that electric oscillations render the metallic particles of

a coherer better able to conduct electricity.

It ap|)eared to me that llie influence of electric oscillations dejieiided

a great deal upon circumstances. I had several platinum mirrors

consfriicted, which were not all raised to the same tem[)eratnre, so

that the platinum layer was not of the same firmness in every

case. .Mirrors N°. 1 and 2 (see Table) were heated to about 300°,

and 3, 4, and 5 to about 400°. N°. (i was a tube platinised on the

inner side so that the platiiuim could not be firmly fu.sed into the

glass. X°. 7 was a tube platinised on the outside by being kept for

a long time at red heat; from it platinum could not be removed

even with a sharp instrument.

From the table the influence of electric waves upon the various

mirrors can be seen; in 1 and 2 it is greatest, in 3, 4, and 5 it is

much less, in G it is again great, while in 7 it vanishes completely.

From this it appears that the magnitude of the change depends upon

the condition of the platinum deposit, and points, therefore, to a

mechanical action. Particularly with 1 and 2, tapping after a change

had a strongly recuperative effect on the resistance. With N°. 2 a

change of 3 ohms was observed to be occasioned even by a hissing

noise.

It was also ascertained that at largo distances from the source of

the oscillations (the S])ark of an induction coil) the waves occasioned

a reibiction of the resistance, at shorter distances, on the other hand,

they brought about an increase. It seems to nic that the latter effect

may be regainlcd as analogous to the action of an electrostatic Held

1) AsciiKiNAss. Vtrli. d. I'liys Gfscllscli. Berlin. 1894 and Wied. Ann. !i7. liuANi.Y

l,a Lumicie Klcctiiqne 40. 1891. Haga. Wicd. Ann. TjG. 1895. Mr/;iiNO Pliil. Mat;.

iO. ISIir, D. V. (JuLiK. Diss. Gionii:gen. 1896. Wied. Aun. 00. 1S9S.

2) LouiiK. Tliu Work of IIehtz and his Successors. 1894,
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iipmi ;i [(owder such as gypsum. As long as it is weak llie electro-

static tield leads to well deiined continuous lines of force, but as

the Held becomes stronger tlie directive forces become too powerful

and the powder particles are heaped together and the lines of force

arc broken. In the present instance flie effect is [n-obabh- the same.

Ill a weak Held the particles are well disposed for conduction, but

as the Hold becomes stronger this disposition of the particles is

altered in manv ])laces. The inversion of the effect of the waves

should thus lake jilace at shorter and shorter ilistances the liiiner

file binding of the |ilatiiHiin to the glass. This, loo, was observed

with these mirrors.

With lube N°. 7 not the slightest change was observed even when

it was brought to within 1 cm. of the spark.

These phenomena, therefore, support in a different wa\ Lodge's

assumption as to the mechanical influences of electric wa\es.

1 take this opiiortuiiily of thanking the Director and Prof'essoi-s

of the Debt Physical Laboiatorv for iheir kimliicss in granting me

facilities for experimental work.

Crystallography. — "M» tlw orieiitat/on of cri/slal sectioii.t mitli

till' hi'/j) of the traces of two planes and the optic e.vtinction".

Hy .). ScHMUT/.KR. (Communicated by Prof. C. E. A. Wkhmann).

iGomraunicaled in tlio meeting of May '27, I9fl).

In the problem of the orientation of crystal-sections the given

direction of the trace of a plane can be rejjlaced by the direction ')

of the optic extinction.

With optically uni-axial crystals the e.xtinclion, with regard to the

trace of a plane supposed x on the optic a\is, is always straight,

so that the problem is reduced here entirely to liiat of the uiienlation

with t!ie help of the traces of three planes.

With optically bi-a.\ial crystals the solution of the problem becomes

less simple. Be in fig. 1 the projection |)lane 7' applied J. on the

bisectrix O of the optic axes A and /I. bo further the crystal-plane

I"", given by tlio a/.imuth
f/j
= 67.7' and the height r, = /'/', of

its pole r,, 1'^ by the coordinates (t.^ = ('li(}, '".j = Qc, of its polo

v;.^, the sccaiit-|)lane -S by the coordiiuites <>=:(,'/>, o ^ /,'s of llio

pole .s', then the angles //, = /^ F<)(i and A, =i ^ IJOd, which arc

1) Proc. Hoyal Acial. Amst. 1911, 720.
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iiichuiecl by the traces of the planes F", and T., witli tlie tu-tive

trace .S: T (= OG) in tlie slide, will be given by :

cos a tg r, — sin O cos {q — n^)
cot h, ^

cot h„ =

sin (q — ftj)

cos Uj \\ — sin n coc (y — fij

(1)

(2)
sin (p — f'j)

whilst llio ()|)lic extinction i/ := / E()<J, with rei^ard to the trace

N :
7", can bo found from the relation:

1 — sin'' V cos'^ Q — (1 — sin'' V sin^ q) siir a
cot 2 V = - - (=3)

si?! 2o sin a siii^ V

in w liich r represents half the axis-angle (= ^
-^ AB).

In llie slide one can oidy nieasnre the angle « betv.ecn the traces

oi' the planes Tj and T,, and likewise the extinction-angle J with

regard to one of these traces e.g. of I",. If one introdnces for

/«, and V the xalues //. ^= /i, -\- <t, // = /;,-|-,-f, then in the C(piations

(1), (2) (3) besides o and <> oidv //, appeal's as unknow n, w liich can

be eliminated. Trying to solve the two ecpiations bj algebraic-gonio-

nietric methods in ordei- to liiid u and n, one however meets with

nnsnrniounlaltle diflicnilies, so ihal one has to I'ecnr lo a li'raphical

method.

The laller may be demonslraled by a concrete i-ase.

In tig. 2 llu' partial pi-ojeclion of an oligoclase-crystal of ISamlk

is representetl. .1 and /)' arc the loci of the o|)tic axes, a and : those

of the obtuse resp. acute bisectrix (
1':= 4l3°35T5").

Be E a plane, applied x on the bisectrix .'.O; if now one measures
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the azimuth (ii) along the great circle cR, iicginning from Iho noiiil c,

and calling positive a direction contrary to the hands of a clock

Fig. 2.

whilst tiie height (r) is measured from tiie circle cR, the direction

towards the pole a being positive, then the planes i1/ (010) and 7-'(()0i)

are given by the coordinates of their poles

M(v,):ii, — 172°58', r, = 1°6'

F{v,) : IK = 86°45', r, = — 11°53'.

Be further in a slide the angle between the ti-aces of P and M
equal to tt= h.,— A; = — 101°45' whilst the optic extinction, with

regard to llic trace of M, amounts to an angle /? = //
— Aj =: 13°50'.

In order to determine now the direction of the slide-plane S{q,o)

one combines in the lirst place the /Mliagrams for /' and M, the

diagram for M being removed over an angle ftj — n, = 8ti°13'

with regard to that for Pfcf. PI. I, 11). Then in the upper octant to the

left (PI. 1) the curve r^Aj represents the geometrical place of all poles of

secant-planes, in which the traces of P and M include an angle of

— 101°45'^A2 "//,. This cui've is found by interpolation between

the curves 8,.i^ and —.,^3 which, as appears from the shape of the

A,- and //.^-curves indicated in the figure, represent the G. P. of the poles

of the sccant-|)laues, in which ^(= //, — //,, = — 100° rcs|). —110°.

Now the curve ( rL) occurs only in 4 octants i. e. — if we call the

octant just spoken of the I'*' — in the octants I, III, VI, and Vlll. If one

regards the left-octant below on PI. I (oct. V), then here « ^ A.j !i^

slioidu have the value -t — J01°45' = 78°15'; from the (igiirc it

appears, however, that the 0, 10, 20... etc. curves of R[i\,) do not

intersect with the — 70, GO, — 50... etc. -curves of .I/(v',), so

that liorc the curve' { FL) docs not a|)pear. The same holds got )i I for

the ocl.-iuls II, 1\', and \TI.
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Now one places on the liorizontal <>< I iIk^ values (if h . and li

,

which corresnond to the secant-planes, ihe poles i)f which lie in the

cnrve ( TZ.\ as ordinate downward, in the way iis has been done

on Pi. II for the point.s F (cf. /,j and H (,cf. L,)- From the points

(/) and (A) resnlt the cnrves iJK) and (LM), indicating the mode

of change of the angles h.^ and A,, when the pole of ,S{q,o) moves

along the cnrve (TA). As A, remains <C 0, and A, ]> 0, and conse-

qnently the cnrves {IK) are drawn dotted, the curves (LM) in fnll,

one finds in the diagrams the value « := //^ — //,. hv providing with

a negative sign the sum of ilie aiisoliite \alues of liie ordinates of

the points on fK and /,.!/ that correspond to a definite abscis.

In PI. 1. II the value ^: = — I()I°45' is easily found from {IK)

and {LM\ If now one draws // to the curve {LM) a cnrve (AV>)

each point of which with an equal abscis has an ordinate surpassing

that of the correspondent point on {LM) by 13°50', and one con-

strncts further with the liel|i of the //-diagram for I"=46°35'15"

the cnrve (A)') that indicates the mode of change of the extinction-

angle with regard to the trace N: 7', if the pole of the secant-plane

5 moves along the curve (TA), then the intersection {D) of the

curves {NO) and (A'l') satisfies the condition

(AB) — {AC) = /i, — //, = « = — lUl°4o'

(AB) - {AC) = ,j - h^ = ,i= 13°o0'.

The point that on the curve ( rA) answers to {D) is consequenily

the required [lole of the secant-plane .S((j, o).

It appears now, that the curves (A"(>j and (A'}') cut each other

only in 3 octants, i.e. in I, III, and VI. These poles of thesecant-

jilanes are given according lo the figure by the coordinates

y *^

P: 305°30' 57°

Q: 123°40' 42°10'

/.': 20(5°45' —45°30'

If one calculates, for the sjike of control, from tliese coordinates

with the help of the relations (1), (2) and (3) the vahies A,,//., and//

again, then one finds

A, /(, h.,—A, error

Given: — — —101°45' —
P 5P57' —49°15' —101°I2' —33'

C^ H(P49' — 4()°5(j' 1()1°45'

a 42°32' —59°48' — 102°20' +35'

Consequently the result of the graphical solution may be called

satisfactory. If one constructs, with the help of a relation formerly

.'/
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deduced '), the figures of the erystal-seelioiis for llie section-planes

(P), {Q), and {H), then one finds tlie sections that arc represented

in fig. 3.

Fig. 3.

At the sections {P) and {Q) the traces of P (001) and M (010)

include an obtuse an^le, at (fi) its supplement jt— 101°45' = 78°15'.

Whilst between the sections (P) and (Q) on the one side, {R) on

the other side a choice can easily be made, now the sections (/*)

and (C2), at first sight looking identical, can l)e distinguished again

on account of their dilferent donble refraction.

Botany. — "A feio observations on some new and little knoirii cises

of Lei/winnostie u-ith inechaaiatlli/ irritable leaves." Hy S. H

KoouDEKS, at ISuilenzorg.

(Conimunieated in the meeting of .Muy i*7, 1911).

I u t r () <1 u c I i o n. The t)l)servati())is liei'e descril»cd were made

frtiui :{<) .laniiary lo lo February ISUl al liuitenzorg in the liotaiiicai

garden, partly at older specimens, partly al young pot-plants. Alll gli

other occupations look too niiicli of my lime lo study these cases

in detail slill I tliiids Ihcni worili pnlilishing, how incoinplclc they

may be, for from llie literalnic at my disposition I must conclude

that the occtirrcuc ' of nii'chanicaily irritalile leaves in the s|)ecies

examined by nie is cither quiie unknown or as yet not observed

at Huiteir/>org.

^1. A 1 b i /. /. i a s I i \) n I a I a liKNTii. The first observaliou on

moxemcnis of llic Icallcis iloiiola) aflcr vifiorous lapping was nuvdc

1) I'loc. HoyMl Acail. .\in>l. I'.Ml, [,. Ili:i 1.
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liv my wifo jiinl inysolF (in HO January at lialf past fivo p. m. at a

|)ot-planl til' alioiit 1 .M. high. Within 5 minutes after tapping on

the stem ail the leaflets of tiie youngest leaf folded upwards close

together: the narrow leaflets ot the older leaves (in this species

hipinnate) folding distinctly u|iwai(ls in oltlique direction. At the

beginning of the experiment all the leatlels were nearly (piite

expanded, whereas 5 minutes after the irritation the younger leaves

had assumed the nocturnal position.

When we repeated the experiment next morning at 7 o'clock with

jiot-planls of the same species, all the younger leaflets showed, it is

true, a distincl movement indicating irritation, but the older leaflets

folde',1 upwards only hardly perceptibly, the younger ones on

vigorous tapping and shaking as.suming almost nocturnal position.

Be it noliced that the irritated leaflets not only perforn; a movement

upwards, but also take an inclined position with regard to the secondary

leafstalks, in such a way that the faces of the leaflets remain fairly

parallel.

The delermination of (he sjiecies of the cxperimenl plant has

been \erilieil by me and found correct.

§ 2. P i u c i a 11 i a regia Bojek. — The hitherto unnoticed

extreme irritability of this species, not seldom cultivated on Java

as an ornamental tree, was first observed by me with regard to

mechanical stimulants (as shaking and tapping), which hitherto had

remained unknown, on 1 February last at .some very young pot-plants

grown in the Huitenzorg Hortus. When on that date between iS and

9 a.m. I slightly lapped the stem of some of these plants all the

leatlels made within few miinites very obxious movements indicating

irritation, whereas in the non-irritated plants all the leaves (in this

species bipinnale, willi narrow leaflets) remained in the normal

expanded day |)osili(in.

After the jilanls had been left some luiiirs, tlie leaflets had, at least

outwardly, quite reco\'ered from the irrilatiou. At the hand of some
simpK' initatiou experimenis with a yonnu' |H)t-planl of I'oiiiciiinia

1 will iry a to describe the (|uick and very peculiar complex move-

menls performed by the leatlels.

The experiment plant is about '25 cm. high and has 5 quite expanded

leaves. They are bipinnale and in this young specimen) have from

5— 7 pinnae. The |)inuac bear from 7-12 pairs of oval, indiaired

leatlels, of iireiiulai' width, very slioit-slalked. oliliipie at the base,

rounded oi' creuale at the lop, the topmost dark green, those at the

base pale gi-een. and aluml I cm. long. The connnon [leliole has a
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length of from .'? — fi cm. Tlie |ieliolulos jut' '
„ milliiiiclff lon^-, rutlior

thin, nearly williout luiirs, \vi(li small articiilalioiis. The leafstalk

and the coinmoii lachis are nearly hare or verv short-haired. i)0th

are, also after irritation, almost horizontal. By day in non-irritated

state all the leaflets are always in sneh a position that the inidrii)

of each leaflet is standing almost vertically on the secondary rachis,

the blade l-eiiig normally and horizontally expanded. Hence, in

nnirritated diiirnal coiiditiou all the Icafleis are lying nearly in the

horizontal plane.

As to the movements provoked on 4 and 5 Kebrnary in the above

experiment plant of Poincianlit nujiK by mechanical agency (shaking

and tapping) 1 refer to Plates J and 2 and further to the following

observations.

Explanation of the |i 1 a t e s of P o i n c i a n i a r e g i a.

Plate 1. Tlie foresaid plant in non-irrilaled stale |)hotograplied al

9.40 a.m. on 5 February 1911.

Plitc 2. The plant figured on Plate 1, 5 minutes later (9.45 a. m.)

after irritation i)y vigorous shaking. The exterior of the plant has

quite changed within 5 minutes in consequence of the mechanical

irritation, and this is most obvious when the [)lant is considered from

above. 15y the stimnlation the leaflets have in the first place

performed a rotation around their longitudinal axis with the result

that the left half of each leaflet is turned obliquely downwards,

the right one oblicjuely upwards. Secondly the leaflets make

simnltaneonsly another irritation movement. Of all the leaflets, namely,

the tops mo\e almost at I lie same lime, or at least in \ery (piick

succession, side\\ays in lujrizouial direcliou so that, owing to this

second movenuMil the midrib of ihc leallels, which |)rimili\ely was

al right angles with the secondary petiole, now is at acute angles

with it. After this complex movement, |)erformed within 5 minutes,

all the leaflets are standitig oblicpiely upright, clog-wlieellike, whilst

iti consecpience of" the; inclined position of their midrib the two leaflets

of each jiair ha\(' taken llic shape of Ihc letter V and ha\(> their

faces almost |)arallel.

!*' n r t h e r observations on the a i) o v c plant of

P o i n (• i a n i a r c i;- i a p li o t o li' r a p h e d o u

5 I'' c b r n a r y.

5 Fi'hriiai'ii, 4. lit) ji. tn The plant has outwardly (pnle reco-

vered IVoui Ihc siinndalion (of 9.4(t a. m.) and all Ihc leallets are
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aijain liorizoiitally expanded, llie inidrili of each leallef be'mjr at riulit

aiif^ics witli the jsei-oiidary raeliis.

5 /('firuari/. 8.45 pm. — The jihiiit is siaiuliim' (nil of doors at

a slieltered phu-e. No rain. No wind. Since ahoiil 2 honrs there has been

a tiiunderstoi-ni. All the leaflets have taken the so charactenstic noc-

turnal position. They all have, namely, by night their tops directed

vertically downwards, the ujiper surfaces of each pair pressed

together, the leaflets on the same side of tlie secondary rachis being

ind)ricated. Hereby the midrib of the leatlets stands vertically or

more or less inclined im ihe secondary petinle. the latter being placed

with all its leaflets in a nearly vertical plane. A comparison of Ihe

nocturnal position of Poincinnii reijia with that assumed within '-i

minutes by the strongly irritated leaflets, proves that in the latter

case the movement amounts about to the half of that performed in

from 1— I'/s hour at the jiassage from day to night position.

7 Fehnifiri/, 1 />. m. - Cloudy. No wind. — All the leaflets are

in non-irrilatetl day po>ilinii, quite e.\[)anded. About 3 minutes after our

slightly tapping with a lead-pencil on the leafstalk and the common
rai'his of the topmost leaf, all the leaflets of the iii-itated leaf had

taken the before de.seribed "irritation position", apparently, however,

the iriitation had not been transmitted to the other leaves. At least

after a quarter of an hour the latter did not yet show irritation

movements and all the leatlets were quite outspread whereas, still

then, all the leaflets of the irritated leaf were in the desci'ibed hii;hlv

interesting "irritation position .

7 Ft'hrioiri/. 4 />. m. — It has become dark since
'

', hour. The
leaves are nearly in the nocturnal position. Oidy in the to|)most

leaves each pair of leaflets has its upper surfaces closely pressed

against each other, hi the other somewhat older leaves the leatlets

are almost, but not closely, pressed together. It further appears that

the closinu' of the leatlets talces |)lace acropetally at llie secondarv

rachis.

11 Fi'lintitvji. 2 /;. ni. The exjieriment jilaut in nou-irriiaicd

condition (now wiih its leaves (piilo outspread is caulioiislv, w iiluMii

shaking, place<l in a shut ciqtboard.

Idem, 4 p. in. -- .Mi the lea\ es have the peculiar appearance

of the "irritation position", but not one shows ihe lUHMiirnal |)Osi-

lioii". This Wcxs neither the case at another date by day after the

plani had been left 5 honrs in the dark room. In the latter case

also all the leaves had the peculiar clou-wheel appearance, charac-

teristic of the '•irrilaliou position", with oliliipiely rising {'shape-

placed leatlets, whilst yet in not one leaf the downward turned
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leaflets were pressed togetlier, as takes place in from J—I'/j lumr

at tlie pei'iodical passage from day to night position.

Idem, 47. jt. m. — The plant is cautiously transported from the

dark room into the full light without.

Idem, 5 /;. ///. — The three topmosi youngest lea\es have (piite

recovered from the stimulation and are again fully expaudeil. Only

the two at the hasc are partly restored.

Finally be it mentioned that a simple "burning experiment", l(»

which another Poincldnia reyin. was submitted, proved that I he

irritation caused by burning one or two leaflets with a match was

not transmitted to the neighbouring leaflets, notvvithstanding this

species was very sensitive to mechanical stimulation (shaking).

P^irlher it may be noticed that the non-artiflcially irritated control

])lanl which was conlimuiUy kept at a sheltered place, showed all

the day <;uite expanded leaves. The delerminalitin of the species of

this biologically highly interesting plant 1 have verified and found

right.

^ o. C a 1 I i a 11 d r a spec. — A very young pot-plaut grown

in the Buitcuzorg Hoitus under the garden-name of Crdlieuidrd

li.amnta (evidently erroneous for //ra'//;^?if ce'/j/i'//a Hassk.) was subjected

to an irritation experiment on 5 February 7.30 a. m. by vigorously

lapping on the stem with a lead-pencil.

Within about 3 adnutes the leaflets of the topmost iyoungesi)

leaf had closed, the other leaves only indistinctly reacting on the

stimulation, whereas in all the non-irritated plants all the leaxes

(al.so the youngest) were then almost fully expanded.

^ 4. (' a 1 1 i a u d r a p o r t o r i c e n s i s I>i;nth. — A shrub

about o .M. liiLili Willi bipinuale leaxes and nairow leallels, iirow n

in the lldi-liis liogor. in garden-bed XV. J. (A. XIV) Number (i,

uiidcr llic said name Inimd correct by me.

When oil '2, February al ri^
I ^

y. 111. 1 iiiaile an expciiiiienl wilh

il iiy xi^ornii.s shakiiiu, all ihe leavi-- were slid 111 fully expanded

day posiiidii. DiiccIIn aflcr llie shakiuii the leallels of the iri'ilaled

branches foldeil iiiiwards and assiiuied closely pi'essed together ihe

iMicliirnal p(^siliou typical fur thai species. Meanwhile the lea\es of

Ihe noD-shaken branches remained expanded. When repealing this

experiment some days consecutively about '

'^ 1 Imnr before sun.set

] obtained Ihe same icsidls. However, the experiment plant showeil

in (he forenoon al 7 o'clock, also when vigorously shaken, only

relali\cl\ feeble irrilalioii moxeuR'nis, w hilsi in that case the nocliii'ual
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S. H. KOORDERS. 'New cases of mechanically irritable leaves".

Plate n.

I:^X>^

Poinciana regia Bojer. — The same plant after 5 minutes, in irritation-

position by shaking.

Proceedings Royal Acad. Amsterdam. Vol. XIV.
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position was not taken iiv a single leaf. Of this species there are

two speeimens more in llie Hortns Boti-. umler Nnniber 1 and

Xunilior 1.1 in uanlon-lied 1 11.

§ 5. Aden a n t h e r a ni i c r o s p e r m a Teysm. & Binn. — Tree

iiiown nnder this name in Hoilns Bogor. in garden-l)ed IB, Number
4!l. On 5 February at i* a.m. I Found that ihe leaves in this speeies

lii|iinnale\ at least the younger ones, performed rather distinct but

only feelile irritation movements after vigorous shaking of the branches.

These movements reminded of those typical for Poincianhi, liul in

Adt'vavthcra the movement is much slighter. The deterunnatioii of

the species has been verified by me and, in as much as the material

at hand allowed, found cori-ect.

§ a. T e t r a p 1 e u r a T li o n n i n g i i Bknth. — A young ti-ee

ahum 1 M. high, grown under the said name in the Hortns under

Number 14 in garden-bed l.G. The leaves aie bipinnale and remind

of Adenanthera. At 7 a.m. on 5 Febiuary, the plant was vigorously

shaken. Within few minutes the younger leaves which before, like the

older ones, were quite e.\[)anded, plainly showed irritation movements

similai- to the Poinciania type, but much less vivid.

\) 7. S c h r a n k i a h a m a ta Hh. \- Bpl. — Undershrub kept in

the Buitenzorg Hortns under that name, which was verified and

found right, in garden-bed A XXV of the Leguminosae herbs division,

under Number 2, with iiipinnate leaves and very narrow leaflets.

X"ot only in the forenoon but al.so in the aftermton, all the branches

when mechanically iri'italed hy shaking^ reacted almost as ((uickly

as Mimosa pudica.

Biiitcnzori;, February 12. 1911.

Mathematics. — ''On t/w .structun' of perfoct sets ofpoinf/' {i^evond

comnmnieation ')). By Dr. L. E. J. Bkoiwek. (Communicated

b\- Prof. KORTEWEG).

(Comraunicaled in llie meeting oC April 2.S, 1911).

§ 1.

A fiirtlwr ''d'ti'n.iion of Caiilor's fiDulinrti'iitiil thcoron.

The proof of Cantok's fundamental theorem and of its Schoenflies

extension, given in § 2 of the first communication, holds also for

the following pro|)erty :

') For tiie first comnmnieation sec these Proceedings, Vol. XII, p. 785.
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Theorem 1. .1 nwll-ordei'ed set of points in Spu each point of ivluch

possesses a finite distance from the set formed by all the following

points, is denumerable.

Out of this is obtained in tlio followiiiLi- form a generalization of

Cantor's fundamental llieoreiu, ]irnl);iliiv llic widest one of wliicli it

is eapable :

When a ciosoil set of points is repiaci'tl hy a closed set contained

in it, we shall say that the first set is luppi'd.

A fundamental series of closed sets of |)oinls will he called a

loppiiKj series, if each following set is contained in the preceding

one. The greatest common jiart of the terms of such a series is a

closed set, which we shall call the limi/iiii/ sr/ of the lopping series.

By an indurtilile propert;/ of closed sets of points we shall under-

stand a property which, when possessed by each term of a lopping

series, holds also for the limiting set of that series.

From theorem 1 now follows :

Thkorem 2. Let n he a closed set of points of Sp„ possessiiitj die

inductilile property tt; ire can reduce it hy a denwrierahle nninherof

loppinys of a defiute kind ,i to a closed set of points (<, possrssim/

still the property a, hut losing it by emy ne.ic lopping of kind ,1

This theorem can be specialized in many directions.

If we choose as property tt the simple pro[)erty of being closed,

and as lopping of kind ,? the destruction of an isolated [)oiiit resp.

of an isolated piece, then Cantohs fundamental theorem res|). its

Schoentlies extension appears.

An other special ease is obtained in the following way :

After ZoRETTi'; a continuum C is called irreductible betuven Fund
(I, if the pair of points {P,Q) belongs to C, but to no other conti-

nuum contained in (J, and Janiszewski-) and Mazukkikwicz'') have

proved the following theorem :

Let C be an arbitrary continuum and P and Q tioo of its points,

then in C is contained a continuum irreductible between P and Q.

This property appears likewise as a special case of Iheorom 2,

namely by choosing as property it the property of containing /^xnd

(^ and being continuous, and as lopping of kind ,>' the most genei'al

io|»ping.

> 2.

The structure of closed sets of pieces.

In j ;j of the lirst communication it has been proved that all perfect

') Annales de I'Ecole Normale, 1909, p. 4So.

-) Coinptes Rendus, I. loi, p. lUS.

^) ibid., p. 2<J6.
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sets of pieces possess the same geometric type of onlor, namely the

common type of order of linear, perfect, punctual sets of points. An

analogous theorem exists for closed sets of pieces.

In § 3 of the fii'St commnnicalion the set of pieces ;/, taken tiicre

as perfect, was broken up into two such closed sets ;<„ anil i/.,, that

dijti,) <(f{ii) and "{,"„, ,"2) ^ '^(f); '!"?" each <//, into two such closed

sets fj/,ii and iii,-2. that f'(fi/(/,) ^ 'J'(f</i) and «(;i/,ii, ,"/,2) > 'f (,"/i) ; !^iid so on.

In this way the 11,'^ conxcrged for indefinite accrescence of the rows

of indices / uiiifornil_\ lo the pieces of f(, and we could construct a

continuous one-one corres|ioiulence lictween the pieces of ft and a

nowhere dense perfect set of real nundiers l)etween and J, where

for each of those numbers tlic row nf liiiures in the numerical system

of base '•'> was itleutical to tlie row of indices o\' the cori'cspondiiig

piece of ji.

If, ho\\e\cr, ij is a closed, not perfect set of pieces, then the

breaking uji of an arbitrary jt^ into
,'(/ n and fi, ., can take place in

the same way with the only exception that a ii^_ consisting of a

single piece also appears as ji^
,, , whilst fi^ ., falls out. Then too the

(t^'s converge for indelinile accrescence of the rows of imlices /

uniformly to the pieces of (t, and we can construct a continuous

one-one correspondence between the pieces of ;i and a nowhere

dense closed set of real numbers between and 1, where for each

of those numbers the idw of figures in the numerical .system of

base 3 is identical to the row of indices of tiie corresponding

piece of ;i.

So we have proved :

Thkouem 3. Each clo.icd set of pli'ces in S/i„ possesses the (/eoinetric

fi/pe of order of a lineor, r/osed, p/nic/ioi/ set of' jioints.

§ 3.

The (lirisioii. of the phine into more than two regions

irith (I coiitmon houiiddrij.

On a former occasion') I constructed a division of the plane

into three regions with a common boundary, and I communicated

at the same time that by a siutable modification of the method
foUoweil there a division iuio an ariiitrary linile number, and even

into an infinite number of regions with a common lioundary can lie

obtained. That modified method I shall now explain.

') Compare "Zur Analysis Situs", Malheiu. Annalni, Vol. 08, p. 4:22 — 434.
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Our starting-point is figure 2 (Plate I) exi)laine(l i. f. p. 423 and

424 of Vol. 68 of the Mathein. Annalen, which figure in the following

will be called the primitive figure.

We first simplify the primitive figure bj leaving out the red band,

and by reducing the breadth of the black bands to zero. These

conti'acted black bands we shall call "supporting threads", and we

draw each of them through the middle of the white band determined

by all the jireceding supporting threads, as is executed here in figure 1

for the first four supporting threads (this figure is to be looked at

in the position indicated by the subscription : Fig. J).

The rectangular circumference of figure 1 we shall indicate by k,

the circumference together with its inner domain by F. The circum-

ference together with the supporting threads we shall call the •s^'c'/^'/wz

of the figure. Two arbitrary points of the skeleton possess the pro-

perty of being contained in a perfect coherent part of the skeleton.

We now consider a horizontal section / of figure 1 cutting all the

vertical line segments of the supporting threads, and we determine

the points of / by their a^^cw, i.e. their distance from the left endpoint

of /. The length of I we clioose as unity of length.

Then the abscis of the point of intersection of / with the first

1

sui»porting tiiread is — ; the abscissae of the points of intersection of

1 3
/ with the second supporting thread are — and — ; those with the

4 413 5 7
third supporting thread are — , — , — and — ; and so on.

8 8 8 8

So the set of points determined on / by the system of supporting

threads possesses as their abscissae the set of dual fractions between

and 1.

Two points of F will be called directly coherent, if they are con-

tained in a perfect coherent part of F having no point in common
with the skeleton. Two points directly coherent with a third point

are also directly coherent with each other. The points directly cohe-

rent with a given point form a set which will be called a cohe-

rence thread.

The abscissae of the points of intersection of / with a coherence

thread form a set of numbers to be called a directly coherent set of
nwiibers. Two abscissae then and only then belong to the same
directly coherent set of numbers, if either their sum or their diffe-

rence is a dual fraction.

The set of coherence threads possesses the power of infinity of

the continuum.

10
Froceediuga Royal Acad. Amsterdam. Vol. XIV.
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Of tliis figui'e 1 we sliall now construct a geneializiition ; in tlie

white band tielermined by the first n supporting tiireads we shall

namely draw the (?i + 1)''' supporting thread not throiu/h the middle;

thereby each supporting thread segment gets an arbitrary distance

from the corresponding white band edge segments; however we

take care firstly that the new supporting thread penetrates into each

segment of the corresponding white band, and secondly that each

vertical supporting thread segment cuts the line /.

In the more general figure it may happen that some segments of

coherence threads have expanded to bands, so that for this figure

we shall i-eplace the name of coherence threads by coherence .'itrips.

And if each point of F which can be joined to the skeleton by

a line segment meeting the skeleton only in its endpoint, is added to

the skeleton, then also in the skeleton, just as in the coherence threads,

certain segments may expand to bands, so that for the new skeleton

we shall replace the name of supporting threads by tmpportinff strips.

In the more general figure we assign to the points and inter-

vals in wiiich / is cut by the ?i''' supporting strip as tiieir cuor-

2k +

1

dinates the same numbers —;-;;— which in figure J appeared as the

abscissae of the corresponding points of intersection of I with the

«'•' supporting thread, and each point or interval determined on /

by a coherence strip gets as its coordinate the number corresponding

to the Schnitt determined in the coordinates belonging to the suppoiling

strips. Then along / the coordinate is a nowhere decreasing continuous

function of the abscis, and like tiie abscis it has the initial value

and the endvalue 1.

Now for a moment we abstract from the figure, and set apart a

finite or a dennmerable infinite system of directly coherent sets of

numbers. The jiumbers belonging to these sets we shall call special

numbers and we determine a coordinate function of the just now
described kind possessing each special numerical value over a certain

interval of abscissae, but each other numerical value (0 and 1 included)

only for a single abscis.

Our aim is to construct the genei-alized figure 1 in such a way
that the coherence strips corresponding to the special directly coherent

sets of numbers get everywhere a finite breadth, whilst all segments

of the other coherence strips and of the skeleton get a breadth zero.

Starting from the coordinate function just now constructed on / we
succeed in this in the following manner:

The first supporting thread we construct through the point of / with



( J4:i )

coonlinate , and eacli pair of points resp. iii(er\als cif / wiili mean

1

coordinate
;

we Join wiliiin k and ronnd al)out the first supiiorting

thread l\v threads i-csp. Ixands twice rectangidarly bent and not

meeting each other, thereby taking care tiiat the horizontal segments

of these tlireads and bands determine an everywliere dense set of

points and intervals on the perpendicular let down from the endpoint

of the tirst supporting tl)read on the horizontal upper limit of F.

The second supporting thread we construct in such a way through

1 3
the iioints ot / with coordinates - and - that it does not cross tiie

'

4 4

tlireads and bands already- constructed, and each pair of points resj).

1 3
intervals ot / with coordinates ~~> ~ and with mean coordinate --^2

4

we join within k and round about the second supporting thread by

threads resp. bands twice rectangularly bent and not meeting each

other, thereby taking care that the horizontal segments of these

threads and bands determine an everywhere dense set of points and

intervals on the perpendicular let down from the endpoint of the

second snpporting thread on the baseline of F.

The third snpporting thread we construct in such a way through

13 5 7
the points ot / with coordinates -, -, - and -, that it does not cross

o 8 8 o

the threads and bands already' constructed, and each pair of points

resp. iidervals of / with coordinates between - and -and with mean
4 2

3
coordinate - we join within k and round about the third supporting

b

thread by threads resp. bands twice rectangularly bent and not

meeting each other, thereby taking care that the horizontal segments

of tliese tlireads and bands determine an everywhere dense set of

points and intervals on the perpendicular let down from the endpoint

of the third supporting thread on the baseline of F.

Continuing in this way we secure that the "special" coherence

strips get everywhere a finite breadth and that the other coherence

strips and the skeleton get everywhere a breadth zero. The inner

domains of tiie special coherence strips form together a set of points

everywhere dense in F, and (ill these inner domains have the same
houndanj.

If we ciioose tiic coordinate function on / in such a way that it

10*
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possesses not onl_y each special numerical value but also the value

of each dual fraction not identical to or 1 over a certain interval

of abscissae, then the just now described construction of the gene-

ralized figure 1 can be repeated without modification with tlie only

difference that the supporting threads are replaced by supporting

bands. Tiiese supporting bands determine together with the rest region

of F a region G possessing the same boundary g as the inner

domains of the coherence bands.

So this continuum g divides the plane into regions with a common

boundary ; whether the number of these regions is finite or infinite,

depends on the choice of the special directly coherent sets of numbers.

Let us call two points contained in a perfect coherent part of a

not identical to g, directly coherent in g, and let us call the set

formed by the points directly coherent in g with a given point, a

nerve of q, then the skeleton of the figure and likewise each cohe-

rence thread furnishes one nerve of _</, and each coherence band

furnishes two nerves of g.

If we clioosc only one special directly coherent set of numbers,

then our construction furnishes a closed curve (in the sense of

ScHOENFLiEs) which Can be divided into two improper arcs of curve

but not into two proper ones, in which category is included the

primitive figure from which we started.

k 4.

The impossiliiUty of <t linear arrangement of the -points of an

irreductib le coiitinuum

.

By ZoRETTi lately a method has been explained of arranging the

points of an ii'reductible continuum linearly, analogously to those

of a line segment ').

His method is however inapplicable to several continua constructed

iu the article "Zur Analysis Situs" cited above.

This having been pointed out to him, Zoretti has based a method

of more reslricted aim on the following theorem ')

:

"Given an irreductible continuum C and a point c of C, tlien C
can he divided in one definite manner into three sets of points C, , C,

and r, possessing the follonnng properties : C^ and C, are coherent

and have c as their only common point; r consists of the common

limiting points of C, and C, . Both sets of points 6\ -j- Farid Cj -}- r
are irreductible continua."

1) Annales de I'Ecole Normale, 1909, p. 485—497.
i) Comptes Kendus, t. 151, p. 202.
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From this theorem would follow that, if not all the points of C, yet

a considerable part of tiiem would be capable of linear arrangement,

and that it would be possible to crumble C in the same way as a

line segment into an indefinitely large number of linearly arranged

"partial arcs", two arbitrary ones of which tlien and only then

cohere, if in that linear order the}- succeed each other immediately.

But neither this theorem can be maintained, if we try to apply

it to our primitive figure.

If namely we choose this closed curve as the ii-reductible continuum

C, then either Ci -|- r or C, + r must be identical to C, and either

C, or Ci reduces to the single point c, so that the division of C
becomes illusory.

It is a priori certain that all attempts to ai-range the points of

such a continuum linearly by repeated crurablings must fail, the

crumbling being practicable only for a single system of directh^

coherent points, and therefore the linear arrangement being I'estricted

in any case to points of a single nerve.

And even of tiiis we are not sure for the most general irreductible

continuum. For, in a system of points directly coherent in C again

may he contained an irreductible continuum C breaking u\) into

a set of the power of infinity of the continuum of systems of points

directly coherent in C". And so on.

§ 5.

^4 generalization of Jordai^'s theorem.

Jordan's theorem runs tiiat a continuous one-one image of a circle

is a closed curve, i.e. divides the plane into two regions of which

it is the common boundary.

The extension lying at hand that a continuous one-one image of

a closed curve is again a closed curve, has not yet been proved.

However, for a special kind of closed curves a partial result can

be arrived at, as we shall explain in the following.

Let C be an arbitrary closed curve, and let us represent by

ci]i the cyclic type of order of its points accessible from its inner

region. A Schnitt s arbitrarily given in cru determines two ">Sc/mi«-

continua" oi and a,., to which cm converges on the left resp. on

the right of s. The points common to <?/ and a,, form a closed set of

points a, to be called "the juncture helomjing to the Schnitt s".

Lemma. In the inner region of C ive can construct an arc of

curve lohich abroad from its ends is simple, and of lohich one end

reduces to a single point of the inner region of C and the other is

contained in the juncture o.
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Proof. Let M be a point taken arbitrarily in the innei- I'egion

of C, and let a.^, a^, a,, . . . . be a fundamental series of indefinitely

decreasing arcs of simple curve lying abroad from their endpoints

in the inner region of C, whilst the endpoints belong to c'io and
are separated by the Schnitt s. In tliis series is contained a series

b^,b^, b,, converging to a single point P of a, and in which

each b„ is separated from M by C+ b„^]. We can then join M
and P by an arc of simple curve z cutting an infinite number of

the by. in the order of their indices each in one point and passing

there from their side turned to At to their side turned to ,y. The
bx intersected in this way form a series di,d^,d^, Let z„ be

the part of z enclosed between (7„ and (4_)_i, D„ the point of inter-

section of z and (/„, An resp. Bn the left resp. right endpoint of

(in, <.fn I'esp. xf.'„ the arc of curve determined on C by the Schnitte

corresponding to /!„ and ^,,4-1 resp. to B„ and ^,,-j-i, o„ resp. t„ the

part of the inner region of C cut off by the arc of simple cur\e

.1,, Z)„ Z)„-|-i ^,.,-[.1 resp. Bn D„ D„j^\ Bn-\-\, Ua resp. v,, the part of

y» resp. i|'„ lying in t„ resp. 9,,. We then can join Z)„ and Dr-\-} by

an arc of simple curve <„ lying entirely in the part of the inner

region of C enclosed between (/„ and f/,,4.1 and moving away from

Zn + Ui + Vn 110 farther than a certain maximum distance f„ inde-

finitely decreasing for indefinitely increasing n. These arcs /„ form

together an arc of curve possessing the ]iroperties required.

Theokem 4. If the closed curve C is divided by the Schnitte s^

and s^ of (pi- into two proper (i.e. not identical to C) arcs of curve

C\ and Cj, then the points common to C\ and C^ form a non-coherent

set of points C,,.

PiiooF. Let a, resp. <7., be the juncture belonging to s^ resp. s,,

then according to the lemma just now proved we can draw from

a point M taken arbitrarily in the inner region of C to ends ^i and

e, contained in o^ resp. a, two arcs of curve which abroad from

their ends are simple, do not meet each other, and lie entirely in

the inner region of C. These arcs of curve we represent by ^j and

f J (see the schema in fig. 2), and the largest perfect coherent part

of 6'i,, containing e, resp. c,, by p^ resp. p.^. Let Qi resp. Q, be a

point of c'j]i' belonging to C'l but not to C',, resp. to f, but not to

C,. Then from M to Q^ and Q, we can draw paths m, and n\

which abroad from their ends lie entirely in the inner region of C,

and ineot neither each other nor f, or r^. In the inner region of

C these paths )v^ and ?r, are separated by r, and / ,.

About ^1 as centre we dcs(-rii)c a small circle z, which togeliior

with its inner region has no point in canimon with C, -f /', + ' ,,
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and we draw a path w\ joining the infinite with a point Q\ of y^,

and ai)roa(l from Q\ lying entirely in the outer region of C as well

Fio-. 2.

as in the outer region of y.^. Then iv\ forms together with some

parts of n\ and of the radius Q^ Q\ of >«, a patli /j joining M with

the infinite, and abroad from M not meeting C.. -\- r, -\- r„.

In the same way we can construct a path /.. joining J/ witli tiie

inlinite, coinciding for a certain initial part with a part of ii\, and

abroad from M not meeting C-^ -\- f^ -\- f^.

As in the vicinity of J/ the arcs Fj and f^ are separated h\ n\

and io„, in the complete plane c, and e., are separated hx /, -f- ].^

(whether /, and /, meet each other abroad from J/ or nol).

So, since /, -\- /, contains no point of C,,, also /); aud [k, are

separated in the complete plane by I^ -\- L_. Hence p^ and jK, cannot

be identical, and C,, cannot be a continuum.

As furthermore two finite continua whose common points form a

non-coherent set determine more than one region in the plane '),

from theorem 4 ensues immediately:

Theorem 5. A continuous one-one imacje of a cloned curve divisible

into two proper arcs of curve determines in the plane more than

one region.

1) This may be proved by breaking up the boundary of a region determined

by the common points of these continua into two closed sets r, and Co possessing

a finite distance from eacli other, and then applying tlie reasoning of Malliem.

Annalen, Vol. 68, p. 430.
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Mathematics. — "The surfaces of revolution or quadratic cylinders

of non-Euclidean space". Bj Prof. J. A. Bakrau. (Com-

niimicafed by Prof. J. Cardinaal).

(Commiinicatcil in tlic mceling of April 2S, 1911).

In hyperbolic space cacli quadratic surface whose inter-

section with the absohite ([iiadratic surface £1 degenerates into two
conies fcasuquo still farther) is surface of revolution as well as

cylinder, in such respect that the line of intersection of the planes

of the products of degeneration is cylinder axis, its reciprocal polar

line with respect to i2 axis of revolution.

In one consideration the surface is generated as locus of a conic

revolving round one of its axes '); in the other as locus of an invariable

conic, of which one of the centres describes a right line, to which its

plane always remains perpendicular, while its points describe plane

curves. It is clear, that by assuming this definition of cylinder, that

one. as cone with vertex at infinite distance, which coincides with

it in Euclidean geometry, is abandoned.

Now according to the axis of revolution being metrically real (i. e.

having a real part witiiin ii) and therefore the cylinder axis ideal, or

tiie reverse, it will be more natural to regard the surface as surface

of revolution than as cylinder (classes A and B), whilst a transition

class C is formed by the cases in which both axes are conjugated

tangents to i-.

If the surface is prqjectively real (i. e. metrically real or ideal)

then the planes of the degenerations are (projectively) either real or

conjugated complex; both axes are thus in any case projectively real.

Each plane through the cylinder axis cuts the surface along a

conic in double contact with i-', that is along a circle, after hyper-

bolical measure.

If this intersection is metrically real, then it is a (finite) circle, a

limiting circle (or circular parabola) or a line of distance, according

to the surface being ranged in class A, C or B'). So we have a

first system of circular sections for each surface.

But the general quadratic surface possesses four systems of

circular sections, namely the tangential planes to tiie four focal

cones (cones in the pencil determined l)y ii and the surface).

Of these four systems two are absorbed in our ca^e by the above-

') Comp. Story: On non-Euclidean Properties of Conies (Amer. Journal of

Malhemaiics, vol V, p. 358). Hi.s terminology is followed hero.

'') Some -surfaces fall iu more than one class.
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mentioned first system, so in general two are still to be expected,

which can however be ideal or imaginary (in which case we shall

not describe them) or they can coincide.

We shall now give an ennmeralion of the possible types of these

snrfiices, inclmling the cones of revolution, excliidiiig however the

purely ideal forms. 'j

A. Surfaces of revolution Proper.

Cylinder axis ideal (or indelinite), first system of (finite) circles.

I. Both planes of degeneration m e t r i c a 1 1 }' real.

1. Co7ie of revolution loith real vertex and real axis.

2. Cone of revolution loith ideal vertex and real axis.

Has a gorge-circle with centre in the vertex of 1 and a .system

of distance lines in tangential planes to cone J

.

3. Hyperboloid of revohiiion first kind.

Two-sheeted, non rectilinear") surface falling between 1 and the

planes of degeneration. Divides space (inside 52) into one outer

domain (in the ordinary projective sense) and two inner domains.

4. Hyperboloid of revolution second kind.

Two-sheeted, non rectilinear surface falling outside the planes of

degeneration. One inner domain, two outer domains.

5. Hyperboloid of revolution third kind.

One-sheeted, rectilinear surface between 1 and 2. Is generated by

revolution of a real right line around a real axis. Has a gorge-circle

and a system of d^iitance lines in tangential planes to 1.

6. Hyperboloid of revolution fourth kind.

One-sheeted, non rectilinear surface, outside 2. Has a gorge-circle

and two systems of distance lines, resp. in tangential planes to

1 and 2.

H. One plane of degeneration metrically real

(Z)i) one touching 52 (e. g. in P).

7. Limiting cone of revolution (vertex in 52, real axis).

8. Hyperbolic paraboloid of revolution first kind.

One-sheeted, non rectilinear surface between 7 and D^. Right lines

out of P (within 7) intersect first the surface, then Z),.

9. Hyperbolic paraboloul of revolution second kind.

One-sheeted, non rectilinear surface outside Z),. Right lines out of /'

(inside 7) intersect first D^ then the surface.

1) Of course already well known Conns are again included in tlie place where

they fit in this classification.

-) i. e. without real right lines.
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10. Hyperbolic paraboloid of revolution third kind.

One-sheeted non rectilinear surface outside 7. Has a system of

distance lines in tangential planes to 7.

TIL One plane o f d e g e n e r a t i o n metrically real,

one ideal.

IJ. Semi-liyperboloid of revolution.

One-sheeted, non rectilinear surface.

IV. Both planes of degeneration ideal.

12. Elongated ellipsoid of revolution.

Closed surface.

V. Planes o f d e g e n e r a t i o n c o n j u g a t e i m a g i n a r y.

13. Flattened ellipsoid of revolution.

Closed surface.

VI. One plane of degeneration ideal, one touching i2.

14. Elliptic paraboloid of revolution.

One-sheeted, non rectilinear surface.

VII. Both planes of degeneration touching i2.

15. Circular cylinder.

One-sheeted, non rectilinear surface. The curve of intersection with

i2 is degenerated into a skew quadrilateral, the surface belongs also

to i>. Both axes are equivalent, the ideal one bears a pencil of sections

along finite circles, the real one along distance lines.

VIII. Planes of degeneration ideal, coinciding.
J 6. Sphere.

Closed surface, go" systems of finite circles.

IX. Planes of degeneration touching f2, coin-

ciding.
17. Limiting-sphere.

One-sheeted, non rectilinear surface, also belonging to C; ex" systems

of circles, amongst vvhicii oo' systems of limiting circles.

X. Planes of degeneration real, coinciding.
18. Surface of distance.

Locus of points at fixed distance on either side of a plane. Two-
sheeted, non rectilinear surface; one inner domain, two outer domains.

Belongs also to B and 6'; oo" systems of circles, as well as of distance

lines, oo' systems of limiting cii'clcs.

B. CYMNDKR-SUUrACES PuOPER.

Axis of revolution ideal (or indefinite), first systems of distance lines.

The surfaces 15 and 18.

XL Pianos of degeneration real.

19. Cone of revolution with ideal vertex and ideal axis.
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Two-sheeted surface, one inner doiuain, two outer domains; cylinder

with directrix degenerated into two right lines.

In the pencil formed with 52 is a second cone of the same type.

20. Hyperbolic cylinder first kind.

Two-sheeted, non rectilinear surface. One inner domain, two outer

domains. Possesses a second system of distance lines in tangential

planes to one of the cones 19.

21. Hyperbolic cylinder second kind.

Two-sheeted rectilinear surface. Is generated by revolution of a

real rigid line about an ideal axis.

XII. Planes of degeneration conjugate imaginary,
but not touching i2 (compare VII).

22. Elliptic cylinder.

One-sheeted, non rectilinear surface. In the pencil with *2 is an

ideal cone, whose tangential planes cut the surface along a system

of finite circles. These planes make equal angles (on either side)

with the ])Iane of the orbit of the great axis of the directing ellipse.')

C. Transition Class.

Axes touch i2, first system of limiting circles.

The surfaces 17 and 18.

XIII. Planes of degeneration real.

23. Cone of revolution with ideal vertex, axis toucldng S2.

24. Limiting hyperbolic paraboloid of revolution, first kind.

One-sheeted, rectilinear surface lying between 23 and the planes

of degeneration. Is generated by revolution of a real right line about

an axis touching i2.

25. Limiting hyperbolic paraboloid of revolution second kind.

One-sheeted, non rectilinear surf;\ec outside 23. Has a system of

distance lines in tangential planes to 23.

26. Limiting hyperbolic paraboloid of revolution third kind.

Two-sheeted, non rectilinear surHice inside 23, yet outside the planes

of degeneration. One inner domain, two outer domains.

XIV. One plane of degeneration real, one touching SI.

27. Limiting semi-circular paraboloid of revolution.

One-sheeted, non rectilinear surface.

XV. Planes of degeneration conjugate 1 m a g i n a ry.

28. Limiting elliptic paraboloid of revolution.

One-sheeted, non rectilinear surface.

1) In Euclidean geometry this quadratic system degenerates into two linear

systems (pencils of parallel planesi.
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In elliptic space the same considerations hold, but £i is

imaginary, in consequence of which the number of cases remains

more limited.

In the first place space is now finite — so each surface is closed.

Then both axes are always real, so that each surface of revolulion

is as naturally a cylinder.

Finally (here exists only one real type of conic by means of wiiich

the surface can be generated : the ellipse. It has three centres (of which

one is in the inner domain) and three axes (of which one is in tiie

outer domain). There is also but one type of circle.

The surfaces possess — if nothing further is said — only ilie

first system of circular sections.

We can now distinguish :

I. Planes of degeneration real, differing.

1. Flattened ellipsoid of reeolation.

Non rectilinear. Is generated by revolution of the ellipse about that

axis cutting it, which measured in the inner domain is the shortest.

II. Planes of degeneration real, coinciding.
2. Sphere.

Non rectilinear. Locus of points at fixed distance of given point,

likewise of given plane; qd- systems of circular sections.

III. Planes of degeneration imaginary, not touching i2.

3. Cone of revolution.

4. Elongated ellipsoid of revolution.

Non rectilinear, is generated by revolution of the ellipse about the

longest axis in the inner domain.

5. Elliptic cylinder.

Rectilinear surface, is generated by revolution of the ellipse about

the outer axis; likewise by revolution of a right line about an other

right line, to which it is not a Clifford parallel. The tangential

|)lanes to the cone (of type 3) belonging to the pencil formed with

il form a (quadratic) second system of circular .sections.

The surface has a gorge and an equator, lying in niuluully

perpendicular surfaces.

IV. Planes of degeneration imaginary, touching ii.

6. Circular cylinder.

7. Rectilinear surface. Both axes are equivalent, the surface is

generated in two ways by revolution of a circle around the outer

axis, likewise in two ways by revolution of a line about an axis

to which it is a Clifford parallel. It possesses two systems of circles

(in pencils of planes through both axes). The circles of each system
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are equal; the surface is in two ways locus of points with tlxed

distance to a given right line (each of the axes). If those two

distances are equal, - each, the surface divides elliptic space into
4

two congruent parts').

Botany. — "On tJw, dhitvibution of the seeds of certain species of
Dischidia by means of a species of ant : Iridomyrmex myr-

mecodiae Emery." Bj Dr. W. Docters van Leeuwen and

Mrs. J. Docters van Leecwen—Reynvaan. (Communicated by

Prof. F. A. F. C. Went).

ScHiiMPER ") in his well-known work on American epiphytes, has

arranged these plants in a number of groups according to the methods

by which their seeds are distributed. Obviously it is necessary for

these plants, that I heir seeds should ultimately reach the places, in

which the adult iilants generally grow. The seeds of epiphytes may
be distributed througli the agency of fructivorous animals, and through

that of the wind. The representatives of the first group are characterized

by the possession of edible portions of the fruit or seed. Various

members of this group are known among the orders Rubiaceae,

Melastomaceae, Artocarpeae, etc. Tiie wind may distribute the seeds

if they are very light, as is the case with Orchids for instance; the

spores of epiphytic Lycopodiaceae and Filicinae are also carried

from tree to tree by air-currents. Other plants have seeds provided

with a floating mechanism such as representatives of Gesneraceae

and Asclepiadaceae.

Among well known epiphytes belonging to the last named order

are various species of Dischidia, of which D. Rafjiesiana has already

been dealt with in se\eral works. Since our arrival in Java, we
have had repeated opportunities of observing this plant, both in its

natural habitat and in our garden. Not only D. Rafjiesiana but

also D. collyris and still more D. nummidaria are especially abun-

dant in the immediate neighbourhood of our present abode. On the

1) Likewise we find elliptic space Sin-j-i of an odd number of dimensions

divided into two congruent parts by the quadratic Qi, containing the points at fixed

distance = j from a given plane Sn as well as from its reciprocal polar Sn with

respect to ri2«-

-) A. F. W. ScHiMPER. Die epipliytische Vegetation Amorikas. Bot. Mitt. a. d.

Tropen, Jena 1888.
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hills in the vicinity of Semarang, i.e. on the last off-shoots of the

Oeiigaran mountain, the nnmerous AJanc/ifera's and 7'ectonit's are

often completely draped willi these epiphytes. They are also found

in thousands in the teak woods of Mankang, Djerakah, Tempoeran

and Kedoeng Djattie. As long as three years ago when we first

found these plants in the wild state, in the forest of Tempoeran,

we noticed that trees over-grown by these Dischidia species, were

full of a small dark-coloured species of ant. At the slightest touch

the insects swarm over the trunk and the plants growing on it, and,

in spite of tlieir small size they can bite very unpleasantly. Since

then we have noticed, that in nnmerous places, where the Dischidia's

occur abundantly, the same species of ant also inhabits the trees in

large numbers. In the neighbourhood of Kediri, a small town at a

distance of a day's journey from Semarang, one of us also saw

these plants in large numbers in tlie tops of the shade-trees of a

coffee plantation. Attention was drawn to their presence by the fact

that on a certain spot the coiFee trees were badly attacked by a

small species of ant, which destroyed the bark and built channels

within it, so that a large number of coffee trees died off. It was

found to be the species of ant already mentioned in the title. That

there was a connexion between the life of the three above-mentioned

species of Dischidia and the species of ant had been clear to us

for a long time, but we were only able to discover the nature of

this connexion in the last two rain monsoons.

Some time ago there appeared a j)aper by Ridt,ey on symbiosis

between plants and ants, in which this investigator states that there

can be no question of a true symbiosis between ants and Dischidia

Rafflesiana. Possibly his opinion might have been different, had he

known the connexion which exists between these ants and the seed-

lings, although we consider that as yet there is not suflicient evidence

to assume the existence of symbiosis. We propose to publish our

own results on this point in a detailed paper, but as the lime we

have at our disposal for research, is limited and the portion of the

work mentioned in the title of the present paper, forms a rounded

off whole, we here give a brief survey of the facts we have observed.

The seeds of Dischidia Rafjlesiana and nummidaria agree comple-

tely as to shape (we are not yet acquainted with those of Z). aV/ym),

but those of D. Rafjlesiana are about 1
'/•• times as large as those

of D. numimdaria. Both have at one end a tine pa|)pns of long

white bail's. The seeds are coiiqiressed laterally and have on their

narrow side and opposite the pappus, a lliin wiiile cresi, wliicli

contrasts strongly with tiie testa, which is tlark brown or almost
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black. This crest is broadest at one extremity of the seed ; it gradually

gets narrower towards the opposite end and ceases completely about

half way. The crest is composed of thinwalled cells containing oil

and protein ; it is clearly shown in tiie drawing of the seed of

D. Rafjiesiana published by Schimpek (PL 6 fig. 6).

When walking on a quiet sunny day under tiie AJangifera's,

which are sometimes completely draped with the grey strands of

D. nummularia , one sees, when the seeds are ripe, the white pappus

floating in the currents of air. If the seeds come into contact with

a tree, they attach themselves more or less firmly, but can also be

carried on again. At first sight one would therefore imagine, that

these plants are disseminated by the wind alone. In our own garden

and in that of the High School, in which a large number of trees

are grown, we have cari-ied on germination experiments with the

seeds. They were stuck by means of a little water to the trunks

of various trees and were regularly watered during tiie first few

days. The seeds germinate extremely rapidly ; the seedling attaches

itself by the lower end of the hypocotyl and after a few days the

cotyledons already appear. (Later we hope to describe the germination

in detail). If the seedlings are now left on the trees without being

taken case of, i.e. if they are not watered regularly, they soon begin

to languish, although they are able to support much drought. The
cotyledons keep crumpling up and become again turgid after a

shower of rain. Although the past monsoon was very damp, not a

single one of all the seeds, which wei-e sown, survived. They all

died off after a few weeks of drought.

ScHiMPER writes that the seeds themselves may get down deep

into the fissures of the trunk, but we ha\e never observed anything

of the kind ; on the contrary the hairs of the pappus completely

pre\ent the penetration of the seed itself into the fissures of the

bark. It is further known that these plants, and especially D. Eaf-
fiesiiina prefer to grow on trees with slight foliage or high up in

the crown, so that they are exposed to the intense rays of the sun.

It seemed to us worth while therefore to investigate in what manner
the distribution and germination of tiie seeds really takes place.

After many abortive journeys through the habitats known to us,

we saw^ the first young seedlings appear on the trees at the begin-

ning of the wet season. They all, without exception, came up from

deep down out of the fissures in the bark. Moreover we now saw
them arise in all sorts of places out of the cliannels of the Irulo-

mt/rme.i'-ai\\, already well known to us. The seedlings were found

most numerous in those places where the ants build their very
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primitive nests. Besides building between the branches and the roots

and in the pitcher leaves of Dlschidin Raffiesiana, these insects

make their nests from enlargements of the tunnels, which diverticula

are built with the same bitten-oft' particles of bark as the tunnels

themselves. They prefer to make these enlargements on the lower

side uf a lateral branch, where such a branch emanates from a

thicker one, but also on the lower side of the point, where two

thinner twigs come off together. It would of course have been very

peculiar, if the seeds had become attached in laiger numbers just

at these places and had afterwards been covered by the ants. By

these discoveries the problem was solved and later journeys and

observations confirmed us more and more in our view.

When this fact has once been noticed, it takes very little trouble

to collect a few hundreds of .seedlings or more within a short time.

Although germination takes place very rapidly, liie further growth

is, at least in the beginning, very slow. In the teak forest of

Tempoeran we found very good evidence that we had not been

mistaken. Among thou.sands of pitcher leaves of 1). Raffiesiana we
found a single specimen which had a narrow slit in its wall. This

pitcher was inhabited by a laige number of ants, which had divided

its lumen into various chambers and passages. The peculiar thing

was that from this slit there issued the two cotyledons of a seedling

of D. nummuJaria, while the hypocotyl axis was long drawn out

and grew out from the innermost part of the ant passages.

The ants often live in large numbers on the small trees of

Prolium javanicum, which have lieen planted along the village

roads and owing to continual pruning have assumed the aspect of

pollard-willows. The widened, often half mouldered portions appear

to be excellent nesting-places for the ants. Dmhidia's indeed grow

on these small trees in large numbers. We do not know why, but

in various places one tinds numerous ants on one side of the road

and none or hardly any, on the other side. Without exception there

were in such cases numerous Disckklia's on one side of the road

and few on the other. It is indeed in these places that the dissemi-

nation by ants is readily ob.serve(i. We were moreover able to take

a large numi)er of photogra|ihs which will be leproduced in the

more detailed publication.

This point in the investigation was I'eached very rapidly Itiit the

principal evidence was still wanting. We had never dii'iH-tly observed

the ants dragging away the seeds. Experiments made in our garden

were unsuccessful, for the IridoiiiyrincM was always di'iven away

by other species of ants. But after a long and abortive search we
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wero ablo to inaUo more successful observations in the actual liabilat

of the plant.

It \va> on ilic ini)i-ninu of a sunny day, with a very gentle breeze.

All around us we saw the lijiht seeds floating in the wind. Whenever

a seed stuck to a tree at a spot, where there were ants, tlie latter

soon came runniui;- up from all sides in large numbers. The snuill

ants ai-e not aide to take hold of the seed itself. They pull it by

the hairs of the pappus. Among these hairs there are two kinds:

a large number of long ones which break off easily, and a smaller

lunnber of short ones, which are less fragile. First the long fragile

hairs are pulled off by the ants seizing them with their Jaws and

])ullinu in all direclions. Then the seed is dragged away by a small

number of ants and is seen to disappear among the leaves and

stems of the Discliidia'ft already present. If no Disclddias are near,

the seeds are drawn into the fissures of the bark and are then

carried further. Since the ants make their tunnels in the upper, as

well as in the lower parts of trees, the seedlings also are found

growing in all sorts of places. The beautiful young seedlings of

D. Rafjiesuma are found everywhere. At first they gi-ow slowly,

Init as soon as they have become somewhat arger, long, strongly

lioliotro|)ic, climbing stems arise, on which but few leaxes are

dexeloped. In this way the plant soon grows up to the higher pai'ts

of the tree, where, as is well known, it lives by preference. D. nuin-

iiialiiriii and /). cnl/i/f/s however also grow \\'.'A\ ecjnal luxiu'iaiice

in the shade.

In trees which aie grown over in this way, the ants prefer to

build their nests in between the Difcliidias. The roofs of these plants

then spread through the walls of the passages and nests, and some-

times form thick networks.

We thus arrive at the following conclusions:

1. that the seedlings which simply germinate on the trees without

further intervention have a languishing existence.

'1. that the lu'althy seedlings ai'e to be found in the passages or

nests of a certain species of ant.

3. that these ants drag away the seeds.

4. that the distribution of D. Ra/jl,'si<(n<i and iniiinnaldrin (and

also of b. ciilljiris, in which species we have not yet, however,

observed the dragging away of the seeds) cori-esponds witii the

distribution of a species of ant. In the environs of Kediri, Semarang,

Djerakali, Mangkang, Kedoeng Djattie, Tem[»oeran, Pekalongan and

koeiipan iliis s[tecies is Iriduniyninw ini/rntecodun- Emery. It is of

11

Proceedings Royal .\cad. Amstordam. Vol. XIV.
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course quito possible tlial in oilier |)liiees a difrerent speeies of ant

takes over tlie function of Iri/loiin/niicr.

The anls have been determined by professor Forkl, through the

intervention of Mr. Jacobson : professor F'ohkt, further states, that

this species of ant inhabits in large luuulters the tubers nf Jfj/nnc-

codia and Hmlnoplujlwii, a fact which we ourselves could observe

in plants troni Tjiiatjap and Bnitenzorg. Another species of /)/.sWaV/ia,

namely D. mijittntn Decaisne, which we found in large numbers on

Hibiscus tiUaceus on the sea shore at Koeripan, germinates and grows

on the trees in oui- garden more readily than the two other species.

So far we could not find here any trace of myrmecophilous disse-

mination. In addition to their being distributed by ants, the three

Discliidia's Ra fili'sinmi, col/i/iis and nviiinnihirtd agree with one

another in a variety of other points. We hope to be able to show

this later.

Physics. -- "/.v')///r;7;'.s' of uiiniatiiiiiic siilisliDuws mid of f/ieir hniari/

vn'.rturrs. X. The Ix'hiicioiir of (iri/mi irif/i ri'spi'ct to ihr lair

of corirspoiidiiiii stales." (Continued). By Prof. H. K amkumnoh

OnM'.s iiud C. A. Ckommki.in. Couiui. X". 121' fmm llir

Physical Laboratory at Leiden.

(Communicatod in the mcetini; ol May 27, 1911).

^ 4. Comparison of aiyoii isathcnns with those o/itaiiied from the

mean reduced equation of slate, and irilh those fir isni„'iilaiie.

Two tables which we have already |)nblished, one of them ')

containing the individual \ irial coellicients for argon calculated from

the experimental results, and the other ') the corresponding coellicients

deduced tVom the mean rednced ecpiation of slate \\\.\ ali'oiil, on

comparison with each other, a means of determining the i)eliavi(iiir

of argon with rcs|)ccl to the law of corresponding states. Of this

behaviour, which linds e,\pressioii in .syslenuitic de\ ialit)ns from ^'ll.l

we have tried m Plate 1 to give a comprehensive representation

wiiich seems to un a suitable manner of giving striking e.xjjression

to the characteristic deviation of the reduced ecpuilion of stale for

the monauunic substance argon from the leduced mean eipuition for

1) Pnic. Ac. AiiislnilaiN, Dir. IDlO. C, ,111111. N". ilS/> Tal.lc II.

-) I'roc. Ac. Aiii.slrriluiii, Mardi I'.Mi. Cuiiuu. X". 12(lt/ Tabic 1.
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ttie noriiiiil snlishiiicos in lieiioial and IVoiii llial fdr isdpcniaiic in

partifiilai'. '

'

Oiu- previous diaiiTain "') referred to a iniifii smaller region of

temperature than that embraced hv the present one, for it extended

only from /oi/i^i) to -}- '^-'^'i- '!"'' *"i"f*"i Jo(i).v^=— 1.8 to — 3.2.

For tiie colistrm'tion in the region above the eritioal temperature

and ill tiio region of unsaturated vapour of the diagram now given

we may refei- to § 2 of our previous paper. In these regions percen-

tage") deviations of jn- from the values of pr obtained from VII. 1

are again plotted as functions of Jog'/.v and arranged according to

loji f. In the li(inid region deviations in r at any temperature occasion

\ery niucii larger deviations in pr. so much so that it would be

im[)0ssihie to show at tiie same time in a single diagram percentage

deviations of pr in both tlie licpiid and gaseous states. This difBcuItj

has been avoided by taking Lr ^ in percent of r *) calculated from

VII. 1 in the region of small volumes' as i he deviations and plotting

1) With reference to tlie list of values of f published on page 1019 of our

previous paper (IX of this series, Proc. MarcJi 1911, Comm. N". 120ff) we may

remark that the.se values were obtained by substituting the vapour pressures and

the corresponding temperatures along with Tk and /)k of Proc. May 1910, Gomm.

N". 115 in the van der Waals vapour pressure formula, and that in these values

of f in the neighbourhood of the critical temperature errors of observation are

magnified. To diminish the influence of observation errors upon the deduction of

the course of f in the neighbourhood of the critical temperature the observations

can be adjusted by means of a vapour pressure formula which is in good agree-

ment with the real values, and from these smoothed values the value of f
for every temperature may be calculated. This was the treatment adopted in

Comm. N'. 115, Proc. May 1910, and for the critical point was then deduced

Tk (d'p \ . „, T ,
.

, , , . , . ,

/ = -^

—

\~pp) =0.(12, wliicli by usnig common logarithms in the vapour pressure

formula as was done in Comm. N". li!Oa becomes :2.481 ; it must therefore be

concluded that f between — 140° C. and the critical point gradually increases in

value from :2.415 to 2.4S1 or in natural logarithms from 5.5G1 to 5.712.

In this connection compare J. D. vax deh Waals, Proc. April 1911.

-') Proc. March 1911 Gomm. N". 120«.

*) 1 "/„ corresponds to 2 mm. on the diagram.

') Proc. June 1901, Gomm. N". 71 § G and Arch. Ncerl. (2) (5. S74. 1901.

Gomm. N". 74 § 4.

">) The symbol h will always be usi-d to represent the dilTeience between the

observed value of a magnitude and the corresponding value deduced from Vll. 1,

e. g. L,v = to — i-(j •

Ar
") The evaluation ot . Lnv liaviiii; alieadv bren calculated, is made in the

I-

following practical lasliion: the quantilv —
, / - is evaluated along the isotherms
d (pv\

11*
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these as ordiiiates taking llie coi-respondiiiti- line belonging to /w/ t

as abscissa axis.

In one strip of the diagram going from the ei'itical state towards

A{pv)
liigiier lemperatnres and larger \ohimes the graphs of . 100

pv

and — 100 are the same. On the larger \olumes side of this strip
V

the first method was chosen and on the smaller volnmes side the

second. It appears that in this way a comprehensive representation

of the dilferences between the isotherms may be obtained foi' the

whole region. ') ^).

Only bonndary cnrves and diameters') obtained from experimental

data are shown, and those which would be obtained from VII. 1

are omitted. The reason for this is that the determination of these

carves from VII. 1 necessitating a very prolonged calculation, has

not yet been completed.

eillier by drawing tangents or by linear inleipolalion between llie observations or

by calculation from Vtl. 1 ; of the three methods the last is to be preferred. It is

now assumed that the VII. 1. isolhf:rms are practically parallel to the experimental

isotherms — indeed, the last method is based upon this hypothesis — and we

may, therefore, write

d {log v) A (log v)

d(pv) " Aipv)

(see note o on page 159). This assumption is correcl to sufliiient approximation

and is legitimate at all events where it is only a question of giving expression to

systematic changes in the differences, so that rigorously care has to l»e taken only

that lliey are always subjected to the sauic pertcclly deliuili' Irealiiieiil. Tli.> above

now becomes

,/ (pv) V
At' .

h(jui whiili - - is easily obtained.
V

1) SiiU'(.' observations ui)on argon in I be region of great densities are not yet

available we shall no further iliscuss Ihi' exact shape iif ibis strip.

-) In our choice and development of this maimer of presenting the results we

have gratefully availed ourselves ot the experience gained by Mrs. van Rhkkdt-

DoRTLAND, nee Sillkvis in earlier (^alcidalions and constructions.

') For abscissae of points on llie diameters we have laki'U values o)' the ipianlily

'2?.

loll ill which volumes aie expressed in llic llicorelical liuinial/It
n 1

V"l..,. '\:q,.

vohnne as unit.
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Tlie li(Hiii(l;irv curvo for ar^on luxs heoii lenutlioiied on tlio liipiid

iiiie l\v means of Hat.y ami DonwnV oliservations in llic iieishlioiir-

iiood of tiic lioUiiig- poini.

Wc mentioned in onr foi'mer paper that the iiitiwhietion of tiio

qnantitv ?.v^^^~r') enabled us to leave entirelv (uit of account the

value of the critical volume deduced for isopentane from the diameter

/dp \ fdi, \
law'\ and \ov arpon tron' tlie erpiation

\ t~ ]
= — . The same

\oU-.v. V"'^7o„.N.ii.

principle has iteen also utilised in drawing the whole of the accom-

panying diagram with the exception of the critical points themselves

(marked I: on the diagraur! which here appear as points of contact

between the experimental lionudarv curves and the critical tempe-

ratnie axis.

From the diagram it is quite evident that the various differences

between argon and ordinary normal substances, in particular isopentane

are systematically connected over the whole region, and that we
must ascribe the appearance of this difference graph to a definite

cause common to the varions deviations. We may obviouslv look

for this cause in the hypothesis that the monatomic argon molecule

is less compressil)lc than the ]ioly-atomic isopentane molecide. This

circuuistauce is clearly shown at the smaller \olumes. Alonu the

whole of the li(|uid branch of the boumiary cnr\e the argon \olunie

1) The quantity > = >,,- (sco I'roc. June lOol Gonim. No. 71) which wns used
J k

in our foraiei- paper is connected with the quantity A',. = l)v liic simple rc-

7'ki-k

R
,

Rl\
lation A = -7^ . Ine properly ttiat is from the point of view of the law of

A
4 pvi-k

corresponding states an invariant was lirst utilised in Proc. Sept. 1900 Gomni.

N". 59f/, while in Arch, ueerl. (2) 5. 644. 1900 Gomm. N". 65 it was first applied

to mixtures. In Arch. need. CD. 5. 665. 19t)0 (Gomm. N '. 66 and Proc. Jan. 190-1

it appeared as Q along with the quantities Cj Cj C; which had been introduced

before, and which, from the point of view of tlie law of correspondiug states, arc

also invariants, hi Proc. March 1911, Gomra. 120(^ and Proc. Febr. 1911, Gomm.
N". 117 Ki is written for C4 to prevent confusion with the coeilicient (' of the

general equation of stale, and in future this change will be continued.

Gomp. also Ph. A. Guve, Ann. d. Ghim. e. d. pliys. (6), 21, 211, 1890 and .\ich.

d. Sc. phys. e. nat. (3), 23, 204, 1890.

-) As Plate II of this paper we print an improved block of the diameter graph

(see Proc. Dec. 1910, Gomm. N'. 11X(/, and G. \. Gro.mmklin, Diss. Leiden 1910)

as certain inaccuracies appeared unnoticed in the original block.
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is jrreator than the isopeiitane \oliiine, ami lliis is in aKreeniPiit witli

the values which we found for A,, and ^/\i \i/..

K^ Cargon) = 3.28 while

A", (isopentane) = 3.73 :

a ji (argon) = 0.9027 while

a.M (isopentane) = 0.8923 ').

The nio.st obvious exphination of these larger values for argon is to

asciibe them to the absence in argon of the usual compressibilitv of the

molecules of normal substixnces.") Indeed, taking for the moment the van

Re
OKK W.\ALs isotherms /^— that is to .sav, a constant (i.e. indenendeni

of the temperature) displacement of lotj /v means that h is increased

or decreased in a detinite ratio. Looked at from this point of view

the accompanying diagram gives immediate experimental expression

to the fact that th(! argon molecule is less compressible than the

molecule of an ordinary normal substance. From this it is probable

that the differences between the values of A', and of ny\ must also

be ascribed to the same cause.

The question still remains if we are here dealing with an actiuil

1) It is worth noting the appearance of the vapour branch for argon which, in

tliis diagram, almost coincides with that lor isopentane. If we imagine a reduced

GiBBS surface on the one liand for argon, on llie other for isopentane, then for

argon the liquid crest is displaced towards the side of larger volumes, and in the

vapour region the surfaces take a dill'erenl form on account of the deviations of

the isotherms. The two causes, therefore, in conjunction v.-ilh a raising of the

liquid crest must so operate tliat a coincidence of the vapour branches of the

boundary curves is obtained.

-) As will be shown in an article by H. K.^mekllnch O.n.nes and W. H. Keesom

on the equation of state and its graphical treatment which will shortly appear in

the Encydopaedie der mathcmalisrhen Wissenschuflen, dillerences between

the surfaces of slate for various substances such as have here been found to

exist between argon and isopentane may also he brouglit about by a dlll'erence

in the distribution round the molecule ut the mean attraction potential, for

example, by a dilference in the ratio between llie huhuKj difstunces (i. e. distances

over which the potential is diiniMislied by half) to the radius of the molecule

supposed spherical with which, accortling tu the latest considerations put forward

by VAN UEU Wa.\ls, should be connected a varying degree of apparent association.

On the other hand such a difference in distribution of the attraction potential could

depend on a dill'crenci! in the molecular shape; it might, for instance, be that

with spheroidal molecules either prolate or oblat(> tlie possibility of clcser packing

may give rise to an overlapping ol' iikiic ciniccnhalrd pails of (he corresponding

lields of force, which would eondiicr In Ihc drvrlopiiii'iil of a irrcaler attraction

virial (and conse(|U('nlly also Ui a hi;;lii'i' value nt Ihc iriliral h'Uiperalure.)

CI', also I'roc, March IDll, Couini. .N '. ll'.i.
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snialloi- molecular ((iiii|>r('s>il)ilily, or with |ili("noinena wliicli would

result fVoiii approciaiilc ijeviatious tVoui Iruo spheres in the siiapc of

the molecules, which could therefore, at higiier densities, be packed

more closelx ihaii wouhl be |)ossil)le witii spheres, of which the

radius is 0()Hal to the a\era,iie radius, \vliicli is to be ascribed to the

molecules in the gaseous state. Foi' isopentane, then, a [)rolato molecuh^

might be assumed. But since carbon dioxide also Itclongs lo tiie

substances under consideration which agree well with VII. i. and a>

it is not necessary to assume for it a molecide which is eitiiei'

particidarlv prolate or particularly oitlalo, the diagram seems to show

that in tliis case it is really molecular incompressibility which deter-

mines the behaviour of arson.

Physics. -- " /sothcriDs of ii>o))af(»i)i(' siifislniices ami of their hinarii

mirturi'.-;. XI. Remarks upon tlw critical tum/ieratiira of neon

and upon the mellin<] point of o.ri/gen." By Prof. H. K.vMKRi.iNfiii

Onnks and (". A. ('l!o^rMl•:l,l^^ Conim. N". 12 I'' from the physical

Latioratory at Leiden.

(CommuniLiitud in tlic inecliiig nf May -11. 101 1).

For some time past we have been busy with an investigation of

the e(piation of state foi' neon in which a phu'c of importance is

taken by the isotherms for the temperatures whicli are repeatedly

used with licpiiil oxygen in our cryo.stal, viz. —182° C. to —217° ('.

It is obvious that for the purpose of this branch of the investigation

one should be able to take advantage of a knowledge of the critical

temperatui'e.

Before, therefore, proceeding to determine a .series of isotherirrs

which would be specially arranged with a \ iew lo the deduction of

the critical teni|)erature from these isotherms — which is the obvious

method of obtaining a reliable estimate when the direct determination

camiot be made with a bath of liquid oxygen — we have first

ascertained if the critical temperature of neon lies above oi' below
the melting point of oxygen. Such an investigation is necessary because

the critical temperature of neon is not yet deliuitely known, and the

estimates which have been made of it dill'er widely. Tuavkks, Senti';:;

and .i.vctiii'-.Koi) '

, who start with the assunijttion that the critical

temperature of neon must lie below -213°('. obtain the value

— 223° C, while A. O. R.v.NKiiNK foinid a short time ago from two

1) M. W. Travers, G. Senter aad A. Jaujuekud, Phil. Tiaiis. A. l'UU, 1U5, 1902
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flitrerenl iiiotluMis tlic Iwo values — 210''.4C.') and — 212'.Or. -)

For tlie melting point of oxygen EsTRKiniKK ") gives — 227° C.

Relying upon tiiese data, therefore, one slionld be able to determine

the critical constants for neon iiy using a cryostaf containing oxygen

cooled by means of liquid hydrogen to the neighbourhood of its

melting jioint. Indeed, if Rankine's estimates are correct we should

be able to attain the desired temperature by means of oxygen boiling

under greatly reduced j)ressure, by means of which temperatures are

usually obtained down to about ± — 217° C.

Experiment has shown that both deductions are incorrect.

A cryostat ') consisting of a partly silvered \acunm glass and

containing not only the piezometer reservoir full of neon but also a

platinum resistance thermometer and a vaived stirrer was filled with

liquid oxygen and was connected to a Biiukhardt vacuum pump of

great capacity. To minimise as far as possible heat exchange with

the surroundings this ciyostat was surrounded i\v a vacuum glass

containing liquid air.

When the pressure in the cryostat had been diminished to 1 mm.

we noticed that the liquid oxygen was covered with a crust of solid

oxygen. A small increase in the pressure caused the solid oxygen to

distribute itself throughout the liquid in the form of small transparent

pieces (crystals?). As long as these pieces were kept in continnal

motion in the liquid by means of the stirrer a constant temiieratuie

of — 2J8°.4 C. was oiiserved. Gradual compression of tlie neon to

fiO atni. did not give rise to any trace of liquid in the neon })iezo-

mctcr iK)r iliii a firadual expansion from (iO atm. to atmospheric

pressure From this we nuiy conclude tiiat the critical Icinpcralurc

of neon lies at least .some degrees below — 21S°(\. .unl that there-

fore the <lelcrniinalion of the critical teiu|ierature had, in the ineanliine.

better he made from the isotherms below — 200° C
The result obtained for the melting point of o.xygeii is surprising.

The difference between our valnc ' and that given by Esthkk iikh

can, however, be simply cNiilaiiicil iVuni llir description of his experi-

ment iii\en bv Estki.k mkh in which he himself morcdxcr doi'lares

that it is (|iiilc possililc liial his i-esnlt lie> soniewhat too low. In

his experiment half ollhe lieliiini thermnmeter reservoir was in oxygen

') A. 0. Rankink, I'n.c. W. S. A. 8i. p. 190.

2) A. 0. Ranki.nk. Fhii. Mag. Juii. 1911.

') T. EsTiii:if:Hi:n. Liiill. A. Sc. Cracovie. Doc. l'.K):i.

') Vvoc. Febr. March 1903. Comin. N'. 88.

) We hope to .sliorlly communicate tlie i-esiiils ol'a (letLMiniiialidii nioru accurate

Ihau liiis preliminary measurement.



( lfi5
)

frozen sdlid owi liipiid livilroi^oii. li is (|iiitc prolialilt' iliai llic tein-

peraiiiro ol' lii.-il Milid jiliasc lay iniu-li lower than tlio true iiiollni<:-

j)oiiil of oxv^eii.

We gratefully ackno\vledi;e oiii- indebtedness to .Mr. (t. Hoi.st. who

was kind enoiigli to nndertaUe the measurement and caU-ulation of

the above temperatures.

Physiology. — "On dlifrrnit rinjits ,'nccts uimn t]w heart iuri'stiijiilcil

hij means of I'lecfrncardioi/raji/n/." Hy W. Kintiiovkn ami

.1. H. WlKRlNGA.

\ nuuiber of electrocardiograms give evidence, that ilifl'ei'eni ctfects

on the heart action can be obtained by vagus stimulation in dogs.

Not only the frequency of the heart beats is diminished by stimulation of

a \'agus nerve, bin at the same time the auricle contractiiuis are

weakened and often modified.

There can be pi-oduccd a partial block, i.e. that not eveiy ani'icle

((Hitractiou is followed by a ventricle one, as in normal circumstances,

but tiial two or more auricle contractions precede a single ventricle

systole.

Tliere eau appear a complete block, auricles and \ entricles beating

in iheii" own rhythm.

The conduction through the right branch of the auriculo-ventricular

bundle can be impeded, effecting an aty|)ical systole. In these circuni-

siances the ventricle electrogram shows the shape of the atypical

electrograms, which are produced l)y stimulation of the left i)ranch of

the bundle.

ll also hajipeus. that the c(Uiduction through the left branch of

the bundle is impeded, atypical elect I'ocardiograms being recorded

of the opjiosiie foiiii.

Tliei'e finally can be pi'odnced impediments thai either affect one

(if ihe branclie'- of the bundle i)artially or that are not purely isolatc<l

in that branch. In lhe.se ca.ses there appeal- \enfricle electrograms,

the >hape of which dill'ers from those dex rilied.

The diliereni ellecis (if \ai;iis siimnlatiou are explained in the

siinplesi way by assuming, that there ar(> various knots of fibres in

the trunk of that nerve, some of which being connected with the

auricles, sume dihers wiih ihe node (if .\scnoi'K-TA\v.\RA and again

others wiih ea(di braiudi of ihe bundle, if some fibres react more

strongly ili.iii nlher fibres npoii a siimnlns. the heart action will

be niodilied in a special way, every kiiol of libres pi-ndneing its

own peculiar effect.
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ll is |ierlia|)s aho p()Ssil)le to explain tlio pliomiinoiiii in an nthor

way. It niiglit lie assumed, lliat onl\ one knot ol' similar fibres con-

nects tlio heart with the hnlh. If llic liearl wei'c exposed to no

other inlhuMK'cs, llie stimulation of these fibres wonid al\\a_vs ha\'e

the same ell'ect, i.e. u decrease of the frecpiencv of llie heart beats

or a standstill of the heart. But we ha\e to take into consideration,

that as a matter of fact in normal condilions there are slill other

inflnences which affect the heart, e. ix. those, which are bi'ontiiif

about l)_v the accelerator nerxes. And the variations in the excitatoiT

state of these nerves migiit perhajis prodnce all the difTerences in

the effects of vagns stimnlation.

This explamition, which in onr opinion is a less piobable one,

can be tested, if oiii- experiments are repeated with this difference,

that prexionsly the nn. accelcrantes are sectioned.

'I'lie dclailcfl .iccoiuil of onr investiuation ivill be pidijished elsewhere.

Microbiology. — "7'/ii'niio-/oI,'irni/ /ipitsr". P>v Dr. N. L. Sohxgkn.

(Coinmnnicated by I'rof. S. HoocjkwkhkI').

Thermo-tolei'ant li|)asp means in this commnnication a fat-S|)littinK

en/,\ini" alile to resi.•^t a lemperatiuc nf lOO'^'t'. dnrinu' -^ minnles

wilhont being- dccomjiosed.

Thernio-tolcrant li])ase is secreted by the microbes of the lironp

of /)'. ihiiifi'si-riis li(jii('J'lirii'iis, lo whicli in this relation are also

reckoned 11. //iiiic/d/iiin , B. pi/nci/in'iiiii and />. //'/in'/iic/i'iis alhii.s.

The enzyme is not formed by the gronp of li. ///ki/i/I/c/uii, ]>. slatzcn,

/>. ihidi-i'siu-iis ii(iii-li(jni'J'<tci<'ns, neilhei' by Oidiiini htflis, A.^'j)i'ri/////is

/iii/i'i\ I'cnlcilliniii iiliincinii, and ( '/(K/nsjinriinii //iifi/r/\ all of which

secrete a faf-splitling en/.yme which decomposes already at ^^0° C
The most con\enienl medium for ihe aboxe melting bacteria is

broth wilh '.'> "
„

peplone, the ridli\alion being snccessfiilly elfecled

ii} lMn,i:.N.MKvr,i( flasks under ai'robic c(niditions al + "23° (.'.

When such a niedinm i> inocnlated with one of tin' saiil mellini;

bacteria the microbes will .iflei- six days' cnlli\ation have seci-eieil

a considerable qnaiitily of lipase so that ihe enllnn" licpiid in a

faffed lube al ."iO" (
'. shows the lipase rearlion already afler I lioni'.

The following inx'estigalions are made wilh cnllures aged <> 1"

days.

Expc'rinKMils on Ihe decomposition of ihe nnciobic lipase by influences
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of toniponitni-o proved tliat ll:o fal-splittinp- en/.yiiio of tlic liioup n{'

the moltiiiq: (liiorcsrents i'^ able to re^<ist vorv liip,ii teiiipciatiiros.

The (laantity of lipase wliicli is still active after hccXtinp; at a ji'iveii

teiiiperatinc ami for a tixed time can ho quantitatively estiinated

by litratioii of tiie fatly acids splittcd olf from tlic fat by this lipase.

By means of fatted tubes the qnantity of lipase still active in the

cnltnre can i)c eompnted by comparison with more or loss heated

preparations as the deiiree i>f decoloration of the fat in the fniies

corresponds with the \iii,onr of the lipase preparations, |»rovided

their alkalinity lie the same.

The first experiments on the decomposition of the lipase by the

action of Iiin;Ii temperatures were made at 75° ('. and were con-

dncted as follows.

In a water-bath of 75° C. sterile test-tnbes wore placed lilled wiih

10 c.M' of a cnltnre containing lipase. The nivcan in the tubes was

abont o cM. below that of the water-bath.

After 2 minntes the liquid in the tubes has a<lopted the lenqiera-

(iire of the water-bath." so that from that moment the heating is

reckoned to begin. The heating of the culture liquid in the series

of test-tidies lasted respectively 10, 20, 30, 40, 50 and fiO minutes;

llie contents were then, after quickly cooling, poured over into a

fatted lube which was subsequently kept at 30° C. for 24 hours.

When conq)aring the intensity of the decoloration of the fat in

the tubes we could slate that the lipase was only slightly decom-

po.sed. Even healing of an hour at 75° ('. cau.sed but a slight decrease

of activity of ihc lipase. Analogous experiments at 84°—85° C.

showed that after an hour's heating a considerable ooriion of the

lipase hail still remained active; after 40 minutes, however, a

<listincl decrease of the action of the enzyme conld be stated.

These facts show already that the lipase of the group of li. ilimr-

t'scens liqai'faci'ens resists higher temperatures than other en/.vmes,

snch as diastase, calalase, urease, trypsiue. e.'c.. all of wiiich are

decomposed after beinu- heateil during 30 miunles al 75M'.

The following experiments will pro\e liiat the en/.yme of the

melting lluorescents resists slill considerably higher temperatures.

//r„U,i</ ,>/ (hr lii„tsr /rou, tUi°^ 97°.

On 13 May 1911 a .series of tidies wiih culture liquid were placed

in a water-balh a: !•(!"' ;t7°. .U'ler a lixed lime lliey were (piicklv

cooled and ihe liipiid was poun-d iiiin failed lubes. .\fiei- 24 hours

al 30- ihe action on ihe fat w a- smied.
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Conseqiieiillv tlie lipase is iiol (locoiiiposod when lioilcd one iiiiimlo ;

this is tlie case after 5 mimilos' ixiiliiit;-.

It is iiotewoi'tlij tliat the quantity <<( t'ai spliilcd liy iion-heated

and liy boiled cidtures is the same, tVoiii wliicli tact il niav be

iiit'eri'ed that the microbes of the gi'oiip of moltiiiif lluoresceiits produce

only one lipase, namely thermo-toierani lipase.

Deferinination of the ri'lociti/ of tlw di'cflitt/)(>siti()ii of /ijnisc />//

Iwatimj at 99°- 100° C.

These experimeiil- were etfected Just in the same \v;iy as those

with iioiled lipase on I May.

(^hiaiilily of fatly Decoloratiou

7 June 1911 acid formed, i'.\pi'es,-ed t)f the

in cM". '
,„ N. faltcti tidies

N. 00. Non-heated lipase 25 white

„ 0. Heated 1 minute 24 white

,, 1. ,, ") minute- 22 white

„ 2. „ 10 ,, 19 less while than 1

,, 3. ,, 15 ,, 12 much les.s white than 1

„ 4. „ 20 „ 3 still distinctly decoloured

„ 5. „ 25 „ percej)tibly attacked

„ 6. „ 30 „ unchanged.

Consetpiently therino-tolerant lipase resists hoatinij- at 99°—100° C.

during- 5 minutes without losiun' a considerable part of its activity.

If the healiuii is prolouiicd ihc \ elocily of the decom|iosiliou inci'cases

very much so liiat afler '17i miuules' healing the enzyme is (pntc

destroyed.

Iiuhirnci' ()/ (irids on tin- /iit-spldthni hij tlwriiio-loliTunt I'uHtse.

l''i(un a series of in\eslinalions couducled in the sami' wav as

tho.se with ordinary Hpase described in a previous commiuiication,

followed that ihermo-toleraul lipase is still more sensible to acids

than the former. Ali'cady m a medium of '

|„^ N acid the enzyme
splits hardly any fat, whereas ordinary lipase splits still feeblv in

a Vio ^ 'i*'itl liquid.

Nentrali.salion of an acidilied lliernu)-tolerant lipase culture renders

the enzyme again active; bul when the lhernu)-t()lerant li|)ase is

boiled in a very feebly acid medium the enzyme is quite destroyed.
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Tt is \cry per-iilinr tluil liiioly divided iKiii-volalilo acids, e.g.

stearic acid, lender ilie lipase already inaclixe in a cidlnre lifjuid.

If llius we add tiiiely dixided steaiic acid to a boiled fluorescens

liqiiefacieiis culture it splits no more fat. Wlieii we now filtrate the

fatty acid, the filtrate contains very little or no lipase, lint it is

liound to the fatly acid on the filter and can again heconie iicti\e

by neutralisation of the acid.

liipase can thus be almost (piantitati\ely removed from a liquid

by means of finely di\ided fatty acid.

The lipase is not, however, bound to the fatty acid if the liquid

which ciuitains it reacts feebly acid. If then the fatty acid is filtrated

off, the filtrate contains the lipase, wliich after neutralisation of the

former again becomes active.

From this investigation follows that the group of the melting

flnorescents secrete a fat-splitting enzyme wliich tolerates heating

from 99°—100° C. for 5 minutes, or a minute's boiling without

being perceptibly decomposed. This enzyme is called tlu'rmo-toh'rnnt

lipase.

It is by this property distinguished from the enzymes known till

now and likewise from the lipase formed by the grouj) of B. /ijin-

/i/t/r/ini, B. stutzei'i, B. fluovi'scfiis iioii liqwfdcli'ns, and fVoai that

of the moulds : (yidlinn lactis, /*i^/)/ri//iuu) i/I.aucAiin, Aspi'n/i/Iiis ))/i/i'r

and (Jlndosporiuin Jnttyri.

The properties of the lipase of the latter micro-organisms and those

of the thermo-tolerant lipase e.\hibit for the rest a great similarity

as is shown by the way of diffusion through agar and gelatin media,

and by the behaviour of [loth enzymes towards soluble acids and

non-volaiile fatty acids.

Chemistry. — ''On. irlivi/rcsslrc /ii>'/t/iii/-/i(i/iit /liii's." (Second Com-
municafionj By Prof. A. S.mits. i^Comnnniicated by I'rof. J. 1).

v.\N DKR Waals.)

(Coiiiiiiiliii<'ali'(l ill till.' inocliii!^- uf M;iy '21, 19H).

Intivdaction.

Ill my lii-st paper on this subject') 1 stai-ted the di.scussion of

retrogressive melting-poini lines in the sysleni II,O Na.SO,, which

discussion will now be compleled, and improved in a single point.

To reach a stricter accurac\ in my reasoniiiii I will now derive

') Tliose Fro.;. Sept. (lilOy) p. 227.
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tlio ivpiatinii of tlio inrlliii^-|'niiil liiu^ al \;iryinu- \:ipmii- pressure

iViiiu ihc ililleivntial cipiaiinii- diawii up liv van dkk Wwi.s for

t\v()-pli;ise eqiiiiihria in a binary system.

If we conihinc the foilowiniL!: two eipiati(iii> -.

(1)

'•07/'/' = (''/-'/.) '''•/.+ '-(;.'"•

i.e. if we seel< llie inler<ecli(in i\[' liic two li(pii(l siu-faces, we get

an C(iuati()n tor tlio iliree phase equilibrium > -(- A -|- G. If as

here, we wani m tint! the iMpialion of --. we eliminate . which

qnanlilv for the e(|uilihrium lietween liquid and \apnur in the case

under consideration is eipial to that for the equilibrium between

solid and licpiid.

So from the ecpiations J and 2) follows:

'"i

dT

-J
''/'

".9/. ,,r''T './/.

%L "SL~ ^iSL^)iL

If finally instead of the decrease of entropy we write the develo|>-

ment of heat divided by the absolute tenqierature, we get the

ecpiatioii which will be a|)plied in the further discussion.

As we wish to apply this equation np to temperatures at which

critical phenomena appear, it deserxes recomuHMidatioii In write tv
and /r,/ instead of i\/ and u\^j , st) that Ihe etuialiou takes the

following form :

...
'/'•/. 1 %A • V - "V • ^/.

,IT
(^)

f
t)> ^ ('•. -w,) i\^f^ — (.'•,/— .'7.)V

Now with regard to the sign of the (piantities i\/ and tis/-, we
must refer to the relation indi«"atod by the ecpiation :

deA

in which (?.«/), denotes the loss of euergx thai takes place when

1 gr. mol. of the solid jjhase is dissolved in an inlinilely large

(f-/).- (-t)
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quantity of llie coexisting finid phase, the volnnie reinaining constant.

It may l)e said of this quantity that it is negative as a rule, and

so, that during tiic process mentioned no loss of energy, but increase

of energy takes place, and that tliis negatixe \aiue is generally so

great, that it far exceeds the tirst term of the second member of

equation (4), which is geuei'aily negative, hut wliich can als(» be

positive, so tliat //'.,/ is negali\'c.

Yet tills is not a/inii/s the case. In the first place an exollici-mal

chemical reaction may take place during the solution of llie solid

phase in consequence of wiiicli the energy at constant volume does

not incri'asi', but decrease, so that (?../),: becomes positive, and when

thi.s term exceeds the negati\'e \'alue of the first term, //•.,/ is positive.

As the reaction is here an exothermal one, the chemical equilibrium

will be shifted in the endothermal direction with rise of temperature,

in consequence of which (?,,/)„ will become less strongly positive, and

can finally become negative again. A consequence of this it will be that

H',,/ {lasses through :er() at rise of tein|)erature, after which it becouios

negative again.

Ill the second place, as van deh W.\.u,s Sr. ^) showed, it may be

derived from the conrse of the isobars
( | that llie line /\, ^

gets outside the connodal line in the neiglibourhood of the plaitpoint

{L :^ (J -\- S). As now this quantity is negative outside the locus

/,/•= U, whereas it has a positive value inside it till the line

r— = is reached, where it increases up to x and becomes again

negative inside this latter locus, we can predict that in the neigh-

bourhood of the mentioned plaitpoint llie (|iiaiilily r,/ can assume

I'ather high positive values ni the stahle region.

Of/'"

In this case the term
Or/'/:,

v^i w ill begin to prcpondei'alc,

and this too may bring aiiout that the (pianlity a\f becomes /.ero,

and I lieu negative, ///// litis eerers(tl of si<iii is eoiijined la llie erilieal

/leiijli/xriirliood, irherens ihe ren-rsul diseiissed in llw jirsl place is mill/

[wssible, when llie jilieiioiiieinni af solution is accompanied //// an

e.nitlierinal elieinieal reaction.

Let us once more coiisidei' after this inlrodiiclioii how to explain

the phriiMUiciia oliscrvcd lor llie system II, (> Na,S(>,

1) These I'loc. Utt. l'.K):i, ).. 12:50, iNov. 1903, p. :i57.
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If we licu'm witli the melliiig-point line of Na,S(), . JO H„0, we

observe lluit the quantity v,,/ , which stands iiere instead of 1-4 ,
is

7W% J/aSC
Fig. 1.

negative, whereas »•,,/ and v^i are positive, and as iCg/- v,ft^ ir^iVg,-,

the numerator of equation (3) is positive.

In the denominator .Vg—xt is negative, but in spite of this the

denominator is positive because of the great value of i;,i

.

positiveNumerator and denominator are positive, and -.: is

\d.viJpT

in the stable region, so that 7 is positive.
(It '

Proceedings Royal Acad. Amsterdam. Vol. XiV.

12
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At the Ir.insition temperature of the hydrate Na.^ SO^ . 10 11,0

intersection takes place of the melting-point line of this hydrate and

that of tlie anhydrous salt and now tlie remarkaliie fact occurs, that

the melting point line of the anhydrous salt is a i-etrogressive one.

If we now for the present fix our attention on the temperature of

the transition point, Ihe hydrate and the anhydrous salt are in equi-

librium Avith the same solution and with the same vapour: so v^f

refers to flie same thiid phase for these two solid substances, and

now it is the question whetiier tiiis quantity lOsf can have anotiier

sign for (he anhydrous salt than for the hydrate.

It is natural lo assume tiuit the solution in equilibrium with the

solid hydrate, contains hydrated molecules, and when this is so, the

quantity u\f may greatly deviate for the anhydride from Ihat for

tlie iiydrate, for then as was said before, (a../),, can become positive

in consequence of the chemical reaction, on account of which vr,/ too

can assume a positive value.

In this case the numerator is negative, whereas the denominator

has remained positive, in consequence of which T —;- has become

negative.

So tlie fact that tlie melting point line of tlie anhydrous salt is at

first really retrogressive is an indirect proof for the presence of

hydrated molecules in the solution discussed here.

Now we see further that the melting-point line of the anhydride

bends again to the right at higher temperature, and so it takes a

course to the right.

This too, might be anticipated, as was set forth in the intro-

duction, for at rise of temperature the hydration will decrease,

and with it (e,,/),, will become smaller and smaller positive, pass

through zero, and finally assume again a negative value. So lo
^f

too will pass through zero, and become negative again, and a

consequence of this will be that for a certain ?2(;^(7<tt't' value of ?r,sy the

die I

numerator becomes zero, and so also T^^ , so that the melting-point
at

line gets a vertical laiigent.

Above this tenqierature T- is again positive, and it would have
dt

been i)ossible that as far as the sign ol / — was concerned, no
dl

more cliangc iiad occui-rcd up to Ihe melting point of Na^SO,. If

however, like here, we aiu dealing with a system of the type of

ether—antkraqiimone, we must get the case already mentiojicd in
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the iiitroduotion, and the melting point line must approach the plait

{G ^ L) with rise of temperatnrc. lint we know that r.,/- passes

through zero at this approach and becomes greater and greater

positive, which has the consequence tliat also ir^f can pass through

zero, after wiiirh it continually increases in j)'jsitive value.

Now it follows from cipiation (4) that ir^f becomes zero for a

positive vahie of i\f. So if r.,/- ^ 0, i(\f has still a negative value;

so at tiiat moment numerator and denominator are still posiiive.

This is also still the case when Vsf is posiiive and lo.f still negative,

but on a|)pioach to the piaitpoint v^f continually increases in positive

value, in consequence of which /r,,y also becomes positive, and then

for a certain positive value of r,/- and coriesponding positive value

of w^f, the numerator will become = zero, in consequence of which

the melting point line gets a vertical tangent for the second time.

Above this point h',/ . i^^l begins to exceed more and more the

first term )r,,i^ . v^f, the denominator becoming smaller, so that

d.i'/

T —^^ becomes larger and larger negati\e, and the melting point line

becomes more retrograde, till the piaitpoint has beeji reached, at

which numerator and denominator become := 0. But as then also

. ,, — U,

1 —~ will be = — OD .

dl

It is of importance to point out here, that the positive sign of

v\f at the critical end-point p also follows from the circumstance

that for a critical end-point, for which :

and — ^=
Xj XL Xg XL

follows from e(iuarions (1) and (2),

dTsi,, \dTsfJj. Vsf

or in words, that tlie line for the equilibrium between solid-fluid at

constant ./ touches the three-phase line just in the piaitpoint p.

.rdl\i, . . . . ,

As now 1 —- is positive in this point, while r,y is also positive,

it follows from this iliat also //•,/ must have a positive value in the

12*
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point p. I mentioned tliis Iiere because for the

same reason ?".,/ is generally negative at the

second critical end-point q.

So Avhen no other complications had made

/ L? their appearance, the melting-point line of

/ / Na,S(), woidd have had a shaoe as has been

7"
I / given schematically in fig. 2.

/
/ The found melting-point line, however, de-

,' / viates from this, for before the point R„ has

been reached the rhombic modification of Na^SO,

has changed into the monoclinic one, in conse-

quence of whicli a very interesting part of the

melting-point line disappears and already below
^ the point R„ a new melting point line joins

l''ig. 2. the first; the new line immediately runs back,

which proves that iVs/VgL is already stronger positive than «',/,?; ^y for

the new modification.

If we now proceed to discuss the second critical end-point q,

where also:

we see at once that if— as is the case for ether-anthraquinone — the

expression T (
—

] in g is negative, Wsf will have to be negative,
\dTjsLG

because v,f is undoubtedly positive in that point. So it follows from

this circumstance, which is the normal one in my opinion, that the

positive value of Vsf in the point q does not suffice to make also

w;.,/- positive; so the locus w,./ ^ seems already to have retreated

inside the li(pii(l branch of the connodal line at (/.

So somewhat above the point (/ the numerator of the second

member of eipialion (3) is positive, the denominator also being

positive, SO:

J — = positive

liine of temperature does not bring about any change in ihis;

when tiic temperature falls to the second critical end-point q

dxj
T becomes r= -I- oo .

dT

So if also the poiiil 7 iiad lain on Ihc ascending bi'ancii of Ihe

dp
Ihrec-phase line, so liial in this case 7' would have been positive

dl
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in q, v\f and ?/'.,/ wonld still have had tlie same si<in as for y/, Iml

it will never occur thai ii^f has such a larae positive value there

that in conset|uence of this the numerator will become negative.

So the second part of the nielting-

|ioint line must always have a shape

as is schematically represented in iig. 3.

This second branch of the melting-

point line, which has been determined

for the system ether-ant/iraquinone, conld

not be investigated for the system H^O

—

Na, SO discussed here for want of

suitable mateiial.

I hope to discuss the course of the

melting-point lines under constant pres-

sure in a following communication.

T

K

Fig. 3.

Amsterdam, Mav, 1911.

Anorg. Chem. Laboratory

of the Unirersiti/.

Chemistry. — "On retrogressive vapour-Jim's" . (First communication).

By Prof A. Smits. (Communicated by Prof. J. D. van der Waals).

In connection with the discussion of the J!i'-prqjection of the liquid

line of the three-phase region of a system that belongs to the type

ether-anthraquinone we shall now proceed to the discussion of the

vapour line corresponding to it.

We may arrive at the equation of this vapour line Ijv combination

of the following two differential equations:

'•s7 <h^ = {'"s - 'hi) ~z-r d.v,, -f r,„, dT .

^dx-,jJpT

and

'7.7 dp — {.VI

''K^)i^p'
+ nh dT

(1)

(2)

in which we come to the tbllowing expression for the said va|iour-

line

:

1

• (3)dT / d'-C

UHq • Vsf — tl-sf l';<7

UrJ
{Vs — Xg) Vtg {.VI— .Vg) Vgf

PT

if we, namely, write Vs/ and iVs/ instead of v^^ and iVsg-
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In order to be able to ai)|)Ij tliis equation, we must know the

sign of the different quantities in the point where the line solid- fluid

intersects the vapour branch of the border-line, both for the same

value of X.

If we apply the equation

\dl\f)r V,f

to the line for solid-fluid 'Fig. 1) and the analogous relation:

dp \ _ il-Ui

to the vapour-branch of the border-line (Fig. 2) as far as the plait-

point K, the quantities iv;^ , /'„/, to^f and r/, have the sign indicated

in the figs. (1) and (2) in different places.

u,->
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If we bear in mind tiiat "V - iv,, ^ »'/,,. r,/-, and tliat

{'•s ~ •'•./) I'/f/> (!/ — ^^;) 'Sf

we come (o (lie conclnsion that:

T -^ = pos.
(IT

If we now proceed to greater valnes of ,;•, the situation of the

two PT-lines changes in this way that the points of intersection on

the liquid and the vapour branch of the border line shift to higher

temperature and higher pressure, at least when we are on the

ascending part of the three-phase region, whereas the said points move

to lower pressure at higher temperature, when the PT-section passes

through the descending part of the three-phase region.

If tiie three-piiase region approaches the plaitpoint curxe till it

finallj meets it, this means for the (Pjr)2:-sections this that the second

point of intersection changes its place in such a way that it finally

coincides witii the critical point K. The vapour coexisting with the

liquid phase and the solid substance has then become a critical

phase or in other words the concentration corresponding with this

section is that of a critical end-point.

If we now suppose that the concentration approaches that of the

critical end-point, we shall have to take the fact into account that

the locus for v^f-^^O enters the stable region so that for a certain

concentration y,/ is equal to zero exactly on the \apour branch

of the comiodal line.

Then the line for solid-llnid just possesses a vertical tangent in

the second point of intersection, while this is not yet the case for

the vapour-branch of tiic border-line liquid-vapour.

At this moment the tirst term of the numerator and the last of

the denominator becomes zero, but as the sign was already before-

hand determined l)v the other terms, this does not bring about any

<Uv,i

change in the sign of 1 -7^ , which remains positive acconnngiy.

If we advance still further in the direction of tiie concentration

of the critical end-point, v^f is already positive ') in the vapour point

G, as Fig. 3 indicates, and so we get tiie following value:

- + - -
W'/9 Vsf Wgf . Vlf,

(iVs—a;.,) via — (xi—x^) v^f

+ - -f- +

(5)

V Fig. 3 points to a double rctrogrndo plicnomcnon, which has really been

observed for the system eiher-anthraquinone.
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Fig. 3.

fi'oiii wliieli appears that now too numerator and denominator are

nep:ative, so 1 —- =: pos.

Xow it is clear that wiien we proceed fnrtlier in the same direction

with our concentration, the point of intersection G will coincide with

the point where the vapour branch of the border-line possesses a

vertical tangent, so where r/^ ^ 0. At this moment, too, numerator

and denominator are negative, so T—'- is positive.

Beyond this concentration y/, will have become positive, in conse-

quence of which, liowever. the fraction considered here, \iz.

- + - +

(*.

+ +
{a-i - w,,) Vsf

+ +
(0)

will certainly- not change its sign in the neighbourhood, because now
the tirst member of the numerator and the second of the denominator

j)redominate now.

Now we know that comparati\eI_y for below the iirst critical end-

poinl j) the positive value of ?•,/ becomes so great, tiiat soon ic,,f

l)asses through zero, and becomes also positive.

Then we get the following value

- + + +

{.rs

+ +
(xi— .r.,i)

+ '

(7)

from which it appears that numerator and denominator ha\e remained

negative and the vapour line has kept tiie same direction.

If ?«./ is positive in the point (1, this means that the maximum
pressure point of the line solid-lluid has now also got into the stable

region, as tig. 4 indicates.
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The following cliangc which now will lake place con^isls in the

quantity toig passing through zero, because the point H will have

Fia-. 4.

T

to pass the point whei'e the \apour branch of the border-lino has

its niaxiniuni pressure.

So beyond this point all the i|uanlities of the fraction which then

govern the vapour line, are positive, so

+ + + +

(.r,

—

x„)vi,, — {xi — Xf,)v,f

+ + + +
but ihe sign of numerator and denominator is negative, because the

second member of the numerator and the second member of the

denominator predominate, and this remains the same up to the

critical end-point p, so that in the point where G and K have

coincided :

. dXn
-f CO.T

(IT

So the vapour-line of the first part of Ihe three-phase region need

not ]iossess a vertical langenl.

If we now proceed to the vapour branch of the second part of

the three-phase region, it is noteworthy that the order in which the

quantities ir,f and »'/, become zero in the point (i is the reversed

one of that which exists for the vapour braiu-h of the first part of

the three-phase region. Even by a graphical way it is easy (o see that

now first ir,,, and then >i\f passes through zero.

It is further worthy of nolo ihal in the critical end-pdini

^'_ A _ 'V

When now, as for cfher-anthracpiinone, ,-, of the three-jjliase line

is negative in y, it appears from Ihe above relation that, r,,/ undoubt-

^"^
SI.G
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edly having a positive value, the quantity ?/'.«/• must be negative in

that point.

From this it follows again, what also grapiiicali}' appears a necessity,

that in this case lOgf does not pass through zero once, but twice,

before the critical end-point q is reached, and I will at once add

that this also follows from the course of the determined (P7^c/)j:-lines,

as will appear from the following communication.

In this way we come to the conclusion that the locus ?(',/•=

gets outside the plait only on the vapour side of the latter.

So on the vapour braiicii of liie second half of the three-i)hase

region state (6) is succeeded by state ((ja)

:

+ + - +

(.«,—.»,,) VI,, — {Xl — W,,) Vsf

+ + + +

(I5a)

In this change the numerator has passed through zero and has

changed its sign (has become pos.), so that now 1 ~^- is negative.

Now on approach of the plait tiie point is indeed reached where

iVsi = and then becomes positive, so that we then get state (8),

but the second member of the numerator can never predominate,

because the positive value of »'.,/• remains too small for this ; moreover,

as we remarked just now, for ether-anthraquinone we meet here

with the case tiuxt /r../ soon passes through zero again, so that this

(|uantity has become negative again before the second critical end-

point q is reached.

In the immediate neighbourhood of this point the signs are as

dXq
iiidicalid in ((vO and so 7' will lie -- j in llio iioinl q.

,11' ' '

So Ihc pi'oJL'clion of lli(Hi(iiiid and ihe \apour lines of llio intcrrupled

threu-|iliase I'cgion will have a shape as has been indicated in llie

ligures 2 and .'i of the preccdmg connnuiHcation "'>» retnuircssive

ineltinij-pohit lines" .
')

In the case that the plaitpoint (-nrve only takes a part out of the

ascending branch of the three-phase line, this projection cannot

undergo any essential modifications for the reasons mentioned above.

It is true that vr,/- is then positive in the critical eiul-j)oiiit y, but

this can never give rise to a change of the sign of the numerator.

Amsterdam, June H)li. Anorg. Chem. JMboratory

of the University.

1) These Proc. p. 170.
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Chemistry. — "(>« the course of the I'T-lines for conslnnt cmi'

ce)itratioii in the system etlter-anthraquinoiie." By Prof. A. Smits

and J. P. TiiF.iB. (Comiiimiioated bv Prof. J. D. van der Waals).

Already in 1903') Van der W.\.\t.s indioaled by means of PT-
sections for constant concentrations how in the neighbourhood of

the critical end-points p and q the meeting of tlie lines for .s-«//V/-/A//V/,

and l/qtcid-rapour would have to take phice.

Theory, however, was in this respect far in advance of experiment,

so that a perfectly unexpected peculiarity found afterwards by one

of us iS.), in consequence of which the said lines must partly have

another position with respect to each other than van der Wa.\ls

had supposed, could not be taken into account in these considerations,

and for this reason it was very desirable to investigate this point

more closely experimentally.

The jnst-raentioned peculiarity consists in this that for some mix-

tures lying on the ether-side of ihe critical end-point p, far above

the critical temperature, which was of course observed here for

unsaturate solutions, three-phase equilibrium (-?-|-/y-|- 6^) appeared again.

This behaviour points to the fact that the line solid-jiuid for a

concentration on Ihe left of the first critical end-point does not meet

the border-line liquid-vapour twice, as van der Waai.s supposed, but

/our times, so that the PT-ligare for this concentration becomes

about as indicated in Cig. 2, which is of course preceded by contact

on the right, as drawn in fig. J, which contact of course takes place

for the \apour most rich in ethei' of the second part of the three-

phase region.

Since in the case that the critical phenomenon is observed for

an unsaturate solution, the plaitpoint K lies between the liquid point

L and the vapour point G, we see that Ihe peculiar ])henomenon

discussed here is in connection with the enormously large difference

which must exist for this system between the plaitpoint temperature

and the maximum temperature.

As one of us (S.) has set forth in his first communicaiion ) on

the (/-'7')^-lines for solid-fluid bv means of the formula:

ydT.fJr d>
01'-

1) These Proc. Oct. 1903, p. '230; Nov. 1903, p. 337.

2) These Proc. May 1906, p. 9.
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these lines possess two horizontal and two vertical tangents in normal

cases, and with regard to fig. 1 we may now observe that as we
have assumed to be near (he concentration of a critical end-point,

Vsf is positive not only on the connodal line, but also fai- outside

it, so that the liquid branch starting from L and the vapour branch

starting from G possess vertical tangents in tlie stable region.

If Ave now go to greater concentrations of anthraquinone, the

border curve moves more to (he right with respect to the line solid-

fluid, i.e. towards higjier temperature. Moreover both curves move
upwards, so towards higher pressure, but the left-side branch of

the line solid-fluid moves quickest in this respect, so that the left-

liand meeting changes into coiilaci a( a ceilain concentration, affer

which this contact is quite broken off.

Before this takes place, however, (he discussed ciifical end-point

appears, for tlie plailpoint moves to the rigiif, and when this at

last has coincided with the point G, the end-point of (he firs( three-

phase pressure line (Fig. 1), (liis implies that the liquid- and vapour

phase coexisting with solid aniiiraquinone, have become identical.

This case, which is indicalcd by (ig. 2, presenls also this peculiarity

that the three-piiase line /7AA' and the line for solid-fluid yj/yj/^ 6^//.^

touch in K, for as van ueh Waai.s proved

:

holds for liiis point.
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For greater concentrations of antliraqninone the plaitpoint lies on

the metastable branch of the l)order curve, so that not a single

critical phenomenon is to be observed in stable state.

When we have arrived at that concentration for whicii contact

takes place on the left, we have the case that at a certain temperature,

with compression of the three-phase system iS-\-L-\-G), the solid

substance and the \apour disappear simultaneously, while this was
the case at two different temperatures with smaller concentrations.

It is of importance to point out here that this contact does not

take place in the point where Ws;= 0, but where this quantity has

a positi\e value. (See the communications on retrogressive melting

point lines ^)).

If we take a greater concentration of anthraquinone, the line for

solid-fluid has got detached from the border line on the left, and

as we now proceed to still greater anthraquinone concentrations, the

plaitpoint K approaches the point G^, and finally coincides with it.

If tiiis takes place, the second critical end-point q has been reached,

which case is indicated by fig. 3.

P

If now with our concentration we pass the point g, the plaitpoint

K will lie on tlic light of the line for solid-fluid, and again critical

phenomena are observed for unsaturate solutions.

The following figure 4 shows what the investigation of the system

ether-anthraquinone has yielded on this point.

Ill this fig. 4 we see the two parts of the three-pliase line and
further the iT-sections of the surfaces solid-jluid for different

constant values of .r, (mol. 7o anthraquinone), while for some very

slight anthraquinone concentrations also the section of the Uquid-

vapour surface is indicated, which however is ratlier indistinct in

consequence of its being so small.

If we begin with the PT-sections corresponding to the vei-y slight

1) These Proc. p. 17U and p. IS'J.



(
!Bn )

anthi-aqninoiie concentrations of O.J and 0.2 mol. °/„, it is note-

worthy that, whereas the point wiiere the border line for liquid-

vapour possesses a vertical tangent, so where u/, = 0, still lies in

the stable region, the line for solicl-tluid under the three-phase line

ahead} shows a maximum ])ressuie and a maximnm temperature

in the stable region, from which follows that we find here », double

retrograde phenomenon

.

At the same temperature i-etrograde condensation and retrograde

solidification may namely be successively observed with increase or

decrease of volume, (See fig. 3 of the communication "On retro-

gressive vapour lines" in the Proceedings of this Meeting p. 180).

At the concentration 0.3 mol. "/„ ilie retrograde condensation has

just disappeared, but the retrograde solidification under the three-

phase line continues lo exist. This phenomenon of retrograde solidi-

fication must also exist abo^ e the three-piiase line, but the point

where the upmost branch of the line .io/id-jfuid possesses a vertical

tangent lies at such high pressures that up to now no i-etrograde

solidification has been found above the three-phase line.

If we now consider the (PT)j- section corresponding to the con-

centration 0.9 mol. %. i- e. the concentration of the first critical

end-point, we notice that the line for solid-jlidd passes for the

second time through the border line with this concentration, and

that in such a way tliat the upper section takes place at about 46
atmospheres, from which follows that the same phenomenon must

be found already for smaller anthraquinone concentrations, as was

found indeed.

A consequence of this second meeting is this that the righthand

branch of the line for solid-fluid no longer runs on uninterruptedly,

but is stopped by the three-phase line, where it becomes metastable

resp. unstable, as was already shown schematically in fig. 2, after

which it appears again in the stable region at lower pressure.

For the concentration 1.3 mol. "/„ the first branch of the three-

phase line is still cut, and the line for solid-fluid just shows still

a pressure maximum in the stable region, but it is so faint, that

we may be justified in saying that this is tiie greatest aiitlna(|uiuone

concentration, at wliich tiiis piossurc-niaxiniuni still occurs in the

stable region.

So up to this moment the meeting of the solid-tluid line with the

three-|)hase lines has taken place in the points where lOy^ is neg.,

but for greater concentrations this is changed.

If we now consider the concentration l.i) iii(d. "„, we observe thai

h c line for soUd-jluUl has already got detached from the first branch
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of the three-phase line, so tliat now the pressure-minimum has got

into the stable region ; the pressure-maximum., on the other hand,

has disappeared, and now the meeting with the three-phase line takes

place in a point where iv,f is positive, from which follows that

Wsf has passed through zero on the three-phase line; and if we now
consider that this holds for an anthraquinone concentration which is

smaller than that corresponding to the second critical end-point q,

it follows from this that the reversal of sign of ?t'.«/ takes place on

the vapoiu'-branch of the second three-phase region.

If we then proceed to the concentration 2.6 inol. 7o> ^^6 see that

the line for soUd-jiuid has mainly the same shape as that of the

concentration 1,9 mot. "/„, Imt it has moved pretty much upwards

and to the right, the pressure-nuwimiim having become less deep.

For the following concentration of 3,(5 /hc/. "/j, the latter takes place

in a far greater degree, and for 4,2 inol. °'„ the minimum is only

just pi-esent, and for 5,7 mol. °
„ it has quite disappeared. So we

see from this that the meeting with the three-phase line for this

concentration takes jjlace in a point where ?<;.,/ is negative, so that

we come to the conclusion that the quantity iVsf has passed through

zero for the second time, and as the concentration of the second

critical end-point has not been reached as yet, it follows from this

that all this takes place on the vapour branch of the second part of

the three-phase region.

That this is a necessity is at once to be seen when we consider

that the line for solid-liquid possesses horizontal tangents in two
points, so two places where Wsy-=0, which will lie inside the connodal

line for systems without critical end-points, but which here have got

outside it for a series of concentrations lying between p and q.

Now we know that foi- the concentration of the second critical

end-point q -.

rj,
dp_

^,
rdp \ _ «v;

dTsLG \dTs/Jj: vsj
'

and 7 — being negative for the system ether-anthraquinone,
d^SLG

ui,f will also be negative in the point q.

We know further that this point q must lie on the upper branch

of the line solid-liquid, from which follows that before we have
reached the second critical end-point, first the maximum, and then

the minimum will have entered the metastable resp. unstable region,

in consequence of which »',/ must twice pass through zero on the

vapour branch of the border line.
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We may also express this as follows : the locus for uKf = gets

outside the conuodal line only on the vapour side.

If the plaitpoint curve had oid^- cut a portion out of the

ascending part of the three-phase line, »',/ would still have been

positive in q, and the locus n\f = () would run quile round the

connodal line near the plait.

Fig. 4.

If we return to fig. 4, we see that when we e.xceed the concen-

tration 5,7 mol. 7o. tlje line for mlid-fiuid sinks more and more into

the metastable and unstable region so that the portion remaining in

the stable region becomes steeper and steeper, and when at last the

concentration of the second critical end-point has been I'eached the

three-pham; line and the line for solid-fluid touch each other in the

point q. As is to be seen from the figure, this concentration lies

between 9,4 and 13 mol. 7o-

When the concentration of anthraquiiione becomes still greater,

the upper branch of the line for solid-lluid will even have to change

its direction entirely, for this branch must pos.sess a point where

the tangent is vertical, and this point must move to smaller pressures

for greater anthraquinone concentrations, till at last it will enter

the metastable region, at which moment the liquid branch of the

line solid-fluid runs to the I'ighl from the beginning.

Before this moment has been reached, and so when the point

where v,f=i still lies in the stable region, the phenomenon of

retroi/rada soiidi/iadion above the threepkdsf linr, must make its

appearance, which has not been found as yet, and will scjon be the

subject of an investigation.

Amsterdam, June 1911. Aiioiy. C/iem. Lab. of the University.
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Chemistry. — "'>» n'troi/fi'ssi/y iin'ltiihi-poliit liufs." Hv Prof.

A. Smits ;iii(l .1. P. Thkl'B. (Tliini ooiiuinmication). (('oimun-

iiicaled liv Prof. -I. I>. van dkk Waals).

It has appeai'ed from the preceding communication on the (/*7')j-

liiics for the o(|iiililirimii solid-fluid tlial in the system ether-anthra-

i|iiiiioii(' lint onlv llie locus tor /\/= 0, luit also that for //',/-^

enters the stalile region in the neighbourhood of the plait, which

iiivohes the phenomenon already predicted by one of us (Smits),

tiiat when tiie melting-point lines under cmistanl pressure are deter-

,:L

mined, a poini where —1^0 can occur twice.
\dJ Jp

From VAN dkk Waals' differential equation

follows for constant pressure:

ITJp fdK

r' > — •-'

(,r,—.r/) -^
\d.r-fy;.!

Now II follows from this relation that when in the stable region

twd lines for so/id-j/iu'd touch a plane for constant pressure projected

in the y', 7\A'-ligure of the system I'ther-nnthraquinone, winch contact

must take place in its maximum for the line for small anthraquinone-

concentralions, and in its minimum for that for greater concentra-

tions, the melting-point line will have to [lossess two remarkable

points, because in the said |)oints of contact //\/ must be = 0, so

Ti - I zzz 0, and so the tangent must be vertical.

Now it follows from ihe sha|)e of the found {PTsfyhncs that the

melting-poini line will not present this particularity for all pressures,

but that this phenomenon remains restricted to a certain region of

pressure, outsidn which only the lower, resp. the upper point will

still possess a vertical tangent in the stable I'cgion for some time,

while for greater, resp. smaller pressure it will vanish from the

slal)le region.

In the annexed 7'-,r-fig. Ihe projection of the liquid and the vajionr

line of the Iwo parls of llii' inlcrriiplcd lliree-|)hase region, and

i:i

ProcL'eiJing> llujiil Acd. Amsterdam. Vol. XIV.
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fuilliei" some 7',.''-sections oorrespoiidiiij^ to different constaiil |iressures

have been indicated.

When we consider tiie niellinii-])oint line for the pressure of 45

alinosj>heres (in the tignre the pressure lias been gi\en for evei'j

melting-poiiii line , we observe that this melting-point line reall^'

possesses two \ertical tangents, and that it rnns strongly back

between the two points where the tangent is vertical. Below the

lirsi, and aiiove the second point the direction of the melting-point

line is normal, however, so at higher temperature it luns to the

side of the component with the highest melting point.

Il is easy to prove that this is in perfect harmony with the theory,

for below and above the points where »;.</ is zero, i(\f must be

negative (this follows from the intersection of the (/'7',y),,-luies with

the plane for constant pressure), so that / (
— I is i)osili\e. Between

the said points, on the other hand, w^f is positive, from which

follows that T\~\ is negative.

If we now [proceed to higher pressures, we see that at 50 and

52.8 atms. the melting-point line has still the same shape in the

main; two |)oints may, namely, be indicated where the tangent is

vertical, but in concentration tliese |i(jints lie further apart than for

lower pressure.

At 54,3 atms. the melting-point lino presents this peculiarity that

tlie upper point, where the tangent is vertical, lies exactly on the

vapour line of the three-phase region, from which accordingly follows

that there u\f = 0.

The melting-point line under the |)iessure of 59 atms. shows that

the vapour line of the three-phase region is already met at a place

where in,j is positive, so that the melting-point line now possesses only

one vertical tangent.

At the pressure of 61 atms. the melting-point line no hmger pos-

sesses a vertical tangent in ihe stable region, for where ii meets the

xajioui' branch of the lhree-|)hasc region, »',y is negative. So it appears

b(»ni this loo, that the quantity //y on the vapour branch passes

from negative through zero, and becomes positive, after which it

soon passes through zero for the second time and assumes again a

negative value. As was already set forth in the connnunication on

the (/'7'y).,-lincs, this is to bo ascriiiod lo ihis lliat the hicus for

/r,^=:() gets outside the \apour branch on ils apjuoach o\' llic plail,

but nol oulsido llie li<{iii(l branch.
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At the pressure of 61,5 alms, the melting-point line runs strongly

to the right, i)ooaiise ii\f is pretty strongly negative here.

Finally it is still worthy of note that there are two pressures for

which the niellinn-point line jiresents another, not yet mentioned,

|ieciili:\rily ; they are the pressures of the two oi'itical end-j>oints

ji and ([.

The melting-point line corresponding to the pressure of the first

critical end-point ji (39,7 atms.) touches the continuous liquid-vapour

liranch of the first part of the three-phase region in p, and the melting-

|)oiiil line for the pressure of the second critical end-point </ (62 atms.)

touches the continuous li(piid-va|)Our line of the second part of the

three-phase region in (/. In these points I --^
j
= 0, from which it

follows that I he melting-point line must possess an horizontal tangent

there, which van der Waals Su. ') already pointed out. So the

melting-point line at the pressure of the critical end-point p not only

possesses two vertical tangents, but moreover a point of inflection

with horizontal tangent.

The melting-point line at the pressure of the second critical end-

point (/, however, only possesses a point of inflection with horizontal

1) These Proc. June 1905, p. 193.

13*
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tangent, ImiI no vertical laiigenis, hul it may still be remarked of

this nieiliiig-poini line tliat i( is liie lii'St that pnrsiies its course

undistui'bed np to the meniiig-|K)int of aiithraqninone. Tiie uiehing-

point Hues corresponding to iiigher pressures also proceed nninter-

rupledjj from the eutectic point to the melting-point of anthraquiiione,

but they present a point of iiiliectidn as sole peeuliaVily.

, , , , ,,, ,, Anon/. Clu'iii. Liiljoi-dlnni
Aiitstcnliiiii, June 1911.

. , ,, . .

()_/ the i iHVtnsiti/.

Chemistry. — "On tlw si/sf,')ii ir<tli'i--plit'noI." ^y Fi'of. A. S.mits

and J. Maahsk. (Communicated by Prof. A. F. Hoi.lkman.)

Tliough the system \vater-|)iieu(>l has already several times been

the subject of investigation, and already many peculiarities of the

mutual conduct of these substances have been revealed, it yet seemed

worth while once more to take this system in hand, and determine

the melting-point figure, the more so as we had come across a

hydrate of phenol that iiad ilrawn L'ai.vi'.kt's ') attention already long

before, but had not been met with by Patkkxo and Ampoi.a ) in

their delcrmination of the nielting-|ioiiU line of phenol in the system

water-phenol.

In his paper entitled " ('I'/n'r cin kri/stnll/sirti's Jfi/dnii.-' </cs

j'lii'tidls" Caiakkt writes as follows: Srhiittell man 4 Theile Phenol

mil 1 Tlieil Wasser gut durch einander and kidill man das Ge-

menge anf 4° ab, so bedeeken sich die Wiinde des (iefasses mit

feinen sechsseitigeu rhombischen Prismen. — Dieser neue Korper lost

sich in Wasser, Alkohol und Aether und schmilzt bei 1(5°. Die

Analy.se der zwi,schen Fliesspapier abge|)ressten Krysiaiie fidirtc zur

Formel C.,H,U., + HO" »).

After all ('ai,\ kkt, howcvei-, seems not to ha\e been pei'fectly

cominccd of the existence of this hydrate, for in the title* lie placed a

note of iiileri'ogation after the word Uijiivdl. - Now it will appear from

what follows, that Caiakkt I'eally had come across a hydrate of |ilienol

and that Patkhno and Ampoi.a have quite overlooked this componml

in conse(|iience of the circumstance thai the formation of this hydrate

\tMy oflen (hies not lake place, so that very easily metastable slates

1) /.ilsclir. t'. Clicmic 1, r.:5l) (LSGa).

-) Gazz. Cliiiii. ilal. 27, 523 (18')7).

' HiNKES (Tlii'sis for llic doctorate Ain.-lrrilaiii I'.MO ami lie. -Vri) lias availi-il

liimsoir (if till.- (ii(aiiiislaiicc lor llii' ]irc|iaiati()ii of |iimIccII\ |iiiii' |iIiciiiiI, as tlic

lioinoluyiie- uf iilii'iiul do nut jjivi' liyilialis, as t'ai' as \vi' know.
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make their uppearuiu'e here II is ilierefnic iiol iiii|in)li;ilil(' liial

Cai.vkut's (ionlit tiiids its oi'iuiii in this circumsiaiire.

In the adjoined 7'.V-ligure tlie lines ;//'/, and />,<, i-('|)rcsent the

two parts of tlie niehing-point line of phenol in the svsteni inttcr-

phenol, which are separated l\v the region of non-niiscibility.

Now the most remarkable thing in the system mentioned is this

that notwithstanding this part (jd, appeared to he metastable, we
can jnst as easily determine this part as the part zij, becanse as a

rule it is exactly points of solidification of the part ijd^ that are

observed when watcr-|ilienol mixtures of concentrations corresponding

to tills line are cooled without any prejantion.

So this must be the reason tiuit I*ati:uno and Amtoi.a found

exactly tliis line, or rather that they only got deposited solid p/n'iiol.

The melting-point curve they found, agrees, indeed, with the curve

:;/d^ witii regard to its shape, but on the whole they found lower

temperatures: at some places rhe difference is even 1°.

It is clear from the fig. that for concentrations lying between the

points f/j and fj^ at a certain temperature solid phenol must deposit

from the two layer system, whereas the aciueons liquid layer must

be formed at the same temperature for concentrations lying between

n and d.. — On cooling the conversion />., —^ A, + -S,,/,,,,,,,/ takes

place on the line iidj>,, so that at last the iiipiid layer A,, which

is richer in phenol, has (juite disappaared. So long as the three

phases are present the temperature remains constant, and this exjilains

the fact that pArKKSO and xImpgi.a have found a somewhat oscillating

temperatme of solidification of ± i,74° in a certain range of concen-

tration. The temperature of the three-phase equilibrium /^i-{-L„-\-Sfjiie„„i

was accurately determined by us by means of tiie resistance thermo-

meter, and found at 1,7°.

As it was expected that the eutectic point lying under it. where

ice, solid plwnol, and liquid coexist, would diller little in teni|ieiatur(>

from the just mentioned three-pluise equilibrium, this |)()int too was
determined with the resistance thermometer, when the temperature

of 1,2° was found.

As was already oi)served before, the melting-|)oint line of phenol

is only stable up to the point </. for it appealed in oiu' in\esiiiiaiion

that in the stable state not the continnation v^/,. but the nieltini:-

point line ///'"' i- found with a nia\iininu in /', which maxinuim

corres|)onds to the ciinccinraiioii iX', H
,

< Ul ., . H., ( >. In this case,

where mixed crystals play no part, this |)oints to the fact that in

stable state a conqmnnd of the concentration mentioned above occurs,

which, as appeared to us, was easy to obtain by sudden cooling of
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the liquid mixtures in a I)atli of solid earbou-dioxvdc and alcoliol.

When tiie solid coiiipound had once been oi)laincd in this way,

the different points of the stable melting-point line were determined

bj- seedins>- the undercooled nuxtures with solid hydrate, and by

determining the temperature, in which the last trace of solid substance

vanisiies by slow heatins-

Instead of the luetaslable three-phase e(|uilibriuui between two

liquid layers and solid phenol discussed just now, we now likewise

get such a three-phase equilibrium in stable state, but now between

two liquid layers and solid hydrate. For this stable three-phase

equilibrium inilicated by the points hlh the temperature 12,2° was found.

If we now go to lower temperature, we get the continuation of

the melting-point line of the compound Avhich lies very much to the

side of the component, water, and ends in the eutectec point for

ice, liquid and soVkI hi/drati', the teuiiieratui-e of which a]»peaie(l to

lie at —1.0°.

In conclusion we may still mention (hat to get perfect certainty

that the top of the melting-point line of the hydrate really lies in

the stable region it nuist be examined if there exists a eutectic point

of solid hj/drak', liquid, and solid plwnol, which in this case must

lie below the highest melting-point observed on the melting-point

line of the hydrate. This question was settled beyond all doubt by

the following proeediu'e: we started from a mixture lying in concen-

tration between </ and h; this mixture was entirely melted, then

undercooled by coolijig to ± 15°, and then seeded with a con-

glomerate of the solid compound and the solid phenol. Then the

temperature rose to I5°.S and remained constant there for a consi-

derable time, from which follows that the to|i of the nielling-poiut

line of the hydrate really still lies just in the stable region, as has

been indicated in the 7'-,t-(igiire.

Aiionj. Clieiii. Labontlorii of tin' Lliiifer.si/i/.

Ainsti'fddiit, June 1911.

Chemistry. — "On dw system hydroijcnsuliikidc-iriilcf.'" \\\ Dr.

F. K. ('. Sc'UKFfkk. '^Communicated by Prof A. F. fk)i,i,i'.MAN.)

1. In a previous cominiuiicalion ') I ali'cady mentioned the prin-

cijtal part of the results of my investigation on the system hydrogen

sulphide-water in the neighbourhood of the (juadruple point hydrate-

two liquid layers-gas. From the deiei'miuatiou of the /-'-^'-projection

of the four three-phase lines tiie behaviour of the said system could

') These Proc. Jan. 1911.
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already be examined in iriain lines. H_y tiie aid of these determina-

tions 1 liave already sclieniatica'.lv given the shape of the /'-(-section

tlirongii tiie spacial figui'e for about 20°, which is reproduced in

flgui'e 1. From the slight differences in pressure between the tension-

line of the liquid liydrogensulphide on one side {<i. in Fig. 1), and

the two three-phase lines SL^G [b] and L^L^G{c) on the other side

it was already very probable that the concentrations of A, for the

two mentioned three-phase pressures would lie neai- the hydrogen

lis,

\
S.L,
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the aid of sealed ttdics. A lulio provided witli a eapillan" was

weighed lirst cmptv, tiieii wiili water. After condensation of Iiydroseri

sidpliide the tnhe was scaled at the constriction, and llic weiiiiit of

the condensed gas was easily found l>y weigliing- of ilie tiilic witii

tiie melted off part. Then the tui)e was slowly heated in a water-

bath, and tiie teuiperatnre was determined at which the last crystals

disappeared. It will he clear that this observed tenii)erature will lie

on the liquid branch of the three|ihase line only when the vapour

phase disappears at [\iv same moment as the solid substance. This

can, of course, no; be carried out in practice: it is, however, possible

to choose the quantity of vapour small, and then the observed tem-

perature differs in general oidy \ery little from the i-eal one. This

latter precaution, which will luue little, if any, influence for the

determination of the litiuid |ioint> on SL^(t. must, however, be

carefully observed for the determination of the discussed points on

SLJt. We can easily see this in the following way. If the last

crystals di.-^appear, the observed temperature agrees entirely with the

liqind point of the mixture, the quantity of vapour being neglected.

If we now are on SL^d, the vapour consists for the greater part

of hydrogensnlphid?, the substance which is present in the mixluie

in great excess: so a neglect of the va|iour space i> uudouhiedly

justified, when it is small. For the line .S"Z/./r, however, the situation

is just the rexerse: the vapour which remains at the observed

vanishing point of the solid sidistance, consists for the main \mw\ of

hydrogensulphide, the substance which is present in a suiall qiuiutitv.

and wiiii appreciable vapour space the erroi's can reach here a

high value, .\ccordingly in the first place the vapour space should

be chosen small; to enhance the accuracy, iiowever, 1 ha\e determined

the vapour space by calibration with water at the end of the

determination. The quantity of hydrogensulphide in the vapour

could then be roughly calculated i>y the aid of the iliree-jjliase

pressures from the preceding conunuincation, and the law of Boyi.k,

wliicli lliough probably not holding strictly here, can yet be used

in the determina'.ion of the correction which is alreadv small.

;\Ioreovei- it appeared thai af'ier Ihe said correcliou the points <leter-

mined with great gas volume, agreed satisfactorily wilh the ob,ser-

\aiioiis with small gas volume. The observed liquid points have

been colh^Med in the followinu- table;
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So we can derive rrniu the table that Lj contains about 1,3 mol. %
H^O and />„ 3,4 nioi. "

„ H^S at the quadruple point. So it appears

really that non-niiscibilitj extends almost over the lull width of the

figures of concentration.

2. Ill the preceding coniniuiiication uncertainty cdutiuued to prevail

about the constitution of the hydrate. The lirst anal} sis of the hydrate

found by Wimi.ER in 1840 was made by de Forcranu. In reference

to these analyses, which first led to the formula H.,S lo aq ^), after-

wards to H,S '['2 (iq ), DE Forcranu remarks that it is difficult to

obtain this compound in dry state; generally in the formation of

the componnd a quantity of water remains excluded from the action

of the gas owing to its being enveloped by a layer of solid substance.

To this difficulty, which presents itself in a perfectly analogous way

for other gas-hydrates, it is owing that the most divergent formulae

have been proposed for the concentration of the hydrates, which

possess the smaller ratio of water as the investigations were repeated

with greater caie. Thus in an analysis carried out later on by de

FoRCRAND and Villakd the concentration //.^.b' 7 uq appeared to be

the most probable one '), but of this analysis the two investigators

state that also in this case the ratio of water is probably still too

high. Villard*) conies to this conclusion on account of the great

analogy between this hydrate and the numerous other hydrates

e.vamined by him, foi' which his extensive investigation has made

the general formula ,1/ . <> f/.,0 probable. Besides in virtue of this

analogy Vh.i.akd thinks he has to ascribe the analogous formula

H^S . 6 H„0 to the hydrate of H..S, also on account of the possibility

of seeding a mixture of ^^,U and //,(> with the hydrate of H^S,

so that XJJ.^HJJ is deposited. Vili.ard has, however, not made

any direct detei-minations to prove this constitution.

De Forcrand arrives at the same conclusion by another way.

From some rcgulariiies foiuid empirically between caloric quantities

and the lenq)eratiue, in which the line SLfi reaches the pressure

of one atmosphere, de Forcrand finds a means to calcnlate the

concentration of the hydrates. This calculation, which I shall not

discuss any furiher iierc, has yielded the va\\\q H.,S .ofi'd aq for the

hydrate of hydrogen sulphide";, which led de Forcrand to conclude

to the formula H^S.Qxiq.

1) De Foiu:nANi). C. r. 94 1)67 (1882).

-) De Forcuand. Ann. cliim. phys. (5). 28. 5 (1883).

S) De Forcrand and Villard. C. r. 106. 1402 (1888).

) Villard. Ann. chim. phys. (7) 11 i>8'.) (1897).

•') De Forcrand. G. v. 135. 959 (1902).
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Tli(iu2.ii ill this wnv the two investigators concur in considerinp:

the t'onnuia H.S (^ H'/ tiie most probable, neitiier I'easoning seems

to nie to !)e concbisive for tiie L!,iveii composition. In Ihe tirst ph\ce

ViT.i.ARo's argnments can at most make the said tbrmiiia |ii(ibabie,

while we cannot attacii alisoliite ceitaintv to de Forcu and's calculation

ill my opinion already for the reason that an analogous calculation

applied to the hydrate of -S'(/, yielded the value -S'O, . 8 //,(>, whereas

the analysis of Bakhuis Roozeboo.m already made 7 H„0 probable,

and Vii.lard's later determinations, which were carried out with

great care lia\e proved with certainty in my o[nnion tliat Ihe content

of water cannot be higher than G molecules.

For this reason a renewed analysis seemed desii'able to me. I have

carried it out in a way which the spacial figure naturally suggests,

and which was already applied before for the determination of the

composition of gas hydrates by different investigators, among others

a single time by Bakhiis Roozkboom and repeatedly by Vii.lard.

Tn the spacial figures of the gas hydrates in general a large region

is found where the solid hydrate occurs by the side of a gas phase,

which |M-actically consists entirely of the most x'olatile component.

So when we first realise the state mi SL^<t, and then evaporate the

liquid phase />, , we shall retain the pure hydrate by the side of gas.

The determinations were made in wide tubes provided with stems

with two ca|iillary constrictions; after the tidie had been weighed

emptv and with a cerlaiu quantity of water an excess of /LS was

condeused, and the tube was fuscMl to at the u|)per constriction. By

first heating the mass to the quadruple point and then cooling it

shaking it violently the mass was converted into hydrate '). Afler the

state S/jJr obtained in this way had been preserved for some days,

the lidie was cooled in I'aiiionic acid and alcohol, and opened ; then

wo either evacuated the hydrogensulphide at — 80° by means of

the water-jet circulation pump, or removed it by boiling about

— 13° (ice and salt), in iiotli cases we are in Ihe .S'-^r-region, as

will l)e (dear from the /'-7'-projection of the preceding pa|)er. Three

weighings, Ihe last al'Icr ihe tidie has been sealed at the lower

constriction, yield Ihe data ie(piired for the calculation.

1 have carried onl some lhirl\ analys(>s of ihis kind; Ihe values

obtained thus oscillate round 5,0 mol. water; almost .all lie between

5,3 ± 0,2 mol. water (28 ob.servations) so that 1 think I may conclude

that the foi'inula II.^S.hlIJ) is the most probable. I think 1 am

Justified in this because ihe found os<'illalions ciui only be accounted

'I 111 s()in«; aii;ilyses this was; promoted by glass inds cir small glass spheres,

wliieii, liuwever, had uo influeuce ou the result.



( 201 )

for hy iM('oiii|ilete cmnbiiialioii of llie Iwo conipoiieiils, so tluit ,i

small quaiifit_\ of wafer escajics fm-llioi- aclioii of ilic ua^^ l>v liciiiu

enveloped in solid livdrate. A I'lnllici- prodf of lliis is fiu'iiisiied liy

the fad llial some prelimiuarv experiments, in w Ircii little eare was

tlexoted to the eomplete formation of the hydrate by shaking, yielded

far more oscillating- values, whieh wi'rc all higher than those men-

tioned above. So it is beyond douitt that the values found can only

indicate a too great content of water.

So the hydrate H.^S . 5 H.,() differs from the many hydrates

M.QHJ) examined by Vii.lard.

3. Wiien in conclusion we surxey the results of the inxesligation,

it apjiears that the system //.,.S'

—

I-I.J> presents great analogy to the

.system -SY.',—HJK one of the gashydrate systems investigated by

Bakhuis Roozkijoom. The sohiiiility of the hydrate of ,SV|, under the

three-phase pressure in the condensed gas is only small, like that

of the hydrate of //,,S', because m both cases the pressure of the

line SL^Ii lies oidy little lower than the vapour tension line of (he

li(piid, most \olatile component. The other systems examined by

IjAKiiiis JfoozKBooM deviate more or less from this system, either in

consequence of the fact that the concentration of L^ on SL^(t lies

iniich less (m one side, or because this line shows higher pressure

than the two components, so that the />-tr-surface presents a maxi-

mum in the isothermal sections.

Anonj. Clu'iti. Lti/in/'ii/orj/ o/' f//,- riiircrsitii iif Aiiisto'ildiii.

Physics. - "(}ji the liicniisisti'iicii of mil heal thcon'tii uiiil van t)KU

Waai.s" c(/Ni/fi()ii (1/ rrri/ loir /nii in'rn/inrs." \',\ Prof, W.
Nt'.KKsT of lleiliu. (Communicaled by Prof. II. A. Poukntz).

(CommLinicaliMl al tlic iiiccliiig ut May -7, I'.lll.i

ih'ssrs. Kounstamm and ( )i;n.stf.i.\ ') have jxiblished a criticism on

my theorem of heat'-') in these Proceedings, which is based on ciearl\'

mistaken premises, and which therefore calls for a refutation.

Everybody who has studied Thermodynamics, knows the form,

in which IIki.mudi.tz and dlhei's have expressed the second theorem
of heat

:

dT
(I)

1)' These Proc. ut -24 iJcc. I'.ilo.

-) Neknst, Tiii'orcl. Cliciii. VI Anil. 8. (ill!) (IHO'.I): cf. alsu Ih.- litiTaliiri'

nieiiliuned in my paper, Juuni. ik- Chuu. I'liys. 8 22M (I'JIO;.
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Now the question rises liow iiudei' certain conditions the two ther-

modynamic functions U and A (variation of the total and the free

energy) behave at \o\n temperatures, and in the discussion of this

question I pointed out that when gases are present in the considered

sj'stem, we cannot reach the absolute zero of temperatui'c wilhoiil

discontinuities making theii- appearance, Imt ihat when only solid and

liquid substances occur, the following equation holds:

dA dU
Urn — = lim — = U, for T = ("J).

dT dT ^
'

The question what is the relationship I letween /"and /I for very low

temperatures, has, moreover, already been treated by dilferent authors');

hence it seemed superfluous to me to give fui'ther explanation about

this problem itself.

In the strange way in which they treat the i>robleni the two

authors write that "it may be assumed" that the meaning is that

the limit is approached with constant volume, because otherwise

the whole problem would be indefinite.

It appears from this remark that the authors do not quite under-

stand the meaning of equation (2), and though it seems hardly

necessary, I shall illustrate the question of the way in which

the limit is reached by an examide. Let us consider the i-eaction

S {rhomb) —^ S(inon)\

independently of the pressure undei- which the two modifications

of the sul|ihur are, A possesses definite values, of course variable

with the pressure. As equation (2) if it is correct, must also hold

for the case of compression — and we come here to the conclusion

that for low temperatures the heat of compression A — U becomes

e(|ual to "') — we need not impose any restriction on equation (2):

only the differential (|U()tieut of A must of course in each special

case he formed in the way that classical thermodynamics requires for

ecjuation (1). I can, however, not be expected to set this forth more

fully here.

The authoi's now come to the conclusion in a rather circumstainial

way, some points of which are by no means indisputable that when

we consider van der Wa.m.s' formula to hold for fluids down to

any temperature however low, equation (2j cannot hold.

This result, which, of course, 1 had known for a long time, may

be arrived at \\\ ilic lollowing direct and exact \va\'.

') Van 't Hoff, Boltz.ma.n'N Kfst.sclirilt 11)04 S. 283; BrunstiHJ. Zeilsi'lir. pliy^

Ghem. 56 645 (I'JUO).

-) Nernst, Journ. dc Cliim. I'liys. 8 ^IWQ (1910).
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As a case lo wliicli \\t' will applv ('(luatioii (2 wo consider tlie

expansion of a liqnid from ihc xolunic /, to llie \(iliinio /•, at constant

teniiieraturo. Wlien \an dku Wa.\i-s' foiniula

/' i^ ][r-h) = RT (:5)

liokls for lliis, we got

:

/ i?„— h a a

while

follows for r. These relations are of course in harmony with

ecjualion (1), ol' which one can easily convince oneself; on tiie other

haml we lia\e

:

dA c,—h dU
Urn = Rln , Urn— = U (for 7 = 0',

dT r^-b dT ^

relations which are incompatible with e([uation (2), i.e. the new

theorem of heal.

Now, howexer, it would be entirely injustitiable lo consiilei- the

new theorem of heat refuted on this ground; it is intleed oidy

experiment which has to decitle this (pieslion. And as we Jviiow,

experiment proved long ago that van dkk Waals' formula and even

the general theory of corresponding states too are often in flagrant

opposition to experiment ') ; it is further easy to see that es|)ecially

at low temperatures the deviations become paiticularly striking. The

new theorem of heat, on the other hand, has already been confirmed

l)v a great number of examples, an<l in many hundreds of cases, in

which we could not yet prove it with perfect exactness for want

of a more accurate knowledge of sj)ecific heats at low temperatures,

at least certain approximate results were contirmed, which I could

derive from it.

For the rest it is also easy to derive from molecular theory even

without having recourse to the new theory of indivisible units of energy

which is of course incompatible with formula (?>), that this formula

caimot possibly hold for liquiils at low temiteratures. For it is known
that strongly nndercooled liquids assume a rigid glassy slate at low

temperatures according lo Ta:mmann's inxestigations, and nobody but

I) Cf. e.g. my Tiicorut tHifm. p, liljti ami paitii'iihul) iviislinc .Mcycc, /fits

physik. Clieiii. 32 1, (1900).
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Messrs. Kohnstamm and Ohnstkin would evei' lliink oi' applying Van

DEK Waals' foniiiiia U) aiiior|ilioiis (^iiarz and similar siihstanfes.

For licre lliere is in) loiiticr |)i'eseiil nncli('cl<ed niovcnient oi' tiiL'

molec'ides, and lliis is entirely in conllit-t with tiie jii-eniises on

vvhieli VAN DER Waaes' foi'inula was deiived. Indeed, tlie new theoi'eni

of heal is intended to acconnl for tiie enlii'ely dilferent circMnistaiices

I'ound heie; for the rest it necessarily follows from the theory of

indivisible units of energy ').

Messrs. Kohnstamm and Ornstein therefore try to refute my theo-

retical considerations by evidently inaccurate, nay even inadmissible

formulae "').

It is known that when Tait questioned the second theorem of

heat on the assumption of Demons, Cl.vusius could point out with

perfect Justice that hi> formulae did not refer to the question how
heat behaved with the aid of Demons, but what it did of its

own accord. In the same way the attention of Messrs. Fvohnstamm

and ((liNSTEiN might be drawn to the fact that equation v^i does not

hold for substances which oidy e.vist in their imagination, and that

the real behaviour of substances at low temperatures should be

taken into account.

In conclusion we may point out that the formulae ^2; e.«^press the

whole of my theorem of heat, and that particularly the applications

which 1 have made to (//u-t^ius systems, with which remarkably

enough, the authors exclusively operate, consist only in a combina-

tion of these formulae and the already known theorems of heat.

Physics. — "Furthi'r Ecpcriiiii'iils iri//i LiquitI llcliiini. H. . I Urliiiui-

(
'r>/oslat. lu'inurks ov, t/ic prcccdiiu/ ('i>iiiiiuii)i<-(i//ii/is." l',\- Frof.

H. Kamerj.inoii Onnes. Comm. N". 123" from the Physical

Ijaboratory at Leiden.

^ 1. Introductiiiii. In ihc .lubilee xoiiime prcNenled in October

lt)l() to J. M. VAN I!e\imei,i;.\ a deM-iiplion was Mi\,.|, ,,( j^,, ai'ran-

gemenl by means of whi<'li liipnd liolinm had been snccessfullv

transferred from the apparatus in which it had been prepared to

another vessel in which the measuring apparatus could be immersed
in liquid helium, .\d\aiitage was then taken of this arrangement to

') Neknst, .Iuuim. lii- Clilm. Pliys, 8 2:il il'.tlJ); F. JiirrNKii, Zcilsclir. t. li:irk

troclK'iii. 17 1.39 (1911): O. 8ackiii(, Ann. d. F>liys |4| 34 45."^ (U»ll).

-') Willi all iinalo[5<jus roasoiiiiifr llic .said aulliuis iniglit also havi- 'icfiitL'd"

Fla.\i:k'.- loriuiila ul ladiatioii, llic wiiulc tliLury ul indivisible units of ciifigy etc.
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investip;ate how far liquid lielium could lie cooled hetbcc solidification,

and lo reach the lowest temperatui'e hitherto atlaiuod. But, as was

pointed out in that Paper, this arranji,enient did not appear to afford

the requisite certainty in its action.

Experiments upon liie eleclrical resistance of metals at lielium

temperatures and upon the thermal properties of helium were, there-

fore, again made (December 1910) In intro<iuciiig the necessary

apparatus into the chamber of the helium licpielier, in which the

liquid formed by the ex|)ansiou of the gas collected, liul, as long-

as a stirrer camuil lie used in the lielium bath, and with this arran-

gement its introdiictiou would be a matter of the greatest dil'ticulty

one cannot be sure of Ihe uniformity of the tem|)erature of the bath

which, iieverthele.ss, is a si/i,' <//iii iii'ii for accurate temperature

determiiialions. There was cnii.se((ueii(ly urgent need for the con-

struction of a cryostat'i which, although still closely connected with

the liquetier, would yet allow the apparatus which one wished to

place in the helium bath to be introduced and still have free and

independent e.xit above. In the ])resent paper a description is given

of a cryoslat which fid tills the necessary conditions. With this cryostat

various ex|)erinieiils have been made including those u[)on the dis-

appearance (if the resistance of pure mercury (Comm. N". 120 Proc.

April l'.)ll and Comm NM22'^ Proc. May U»il).

Now thai this cryostat is available it is possilile to measure llie

resistance of a mercury thread (C.vi.lend.\r's bridge inethod, ordinary

differential galvanometer method, method of overlapping shunts,

measurement of fall of potential and current strength) whose four

leads connecting with the measuring instruments are also (glass tubes

filled with in the lower jiart solid) mercury up to the point at which

ordinary lempeialuie is reached. Moreover, the difticulties attending

an investigation of plieiiomena connected with electrical conduction

are diminished, and in this connection an investigation is proceeding

vvfitli a view to ascertaining how far one can, in measuring all kinds

of very small potential ditfereiices, lake advantage of the increase

of sensitivity experienced by the current carrier (e.g. fixed coil'),

suspended coil, current circuit or siring) of the galvanometer when

brought to the lein|)erature of liipiid hydrogen. Finally, one can

attempt ti) obtain baths giving temperatures between the boiling point

of helium and the melting point of hydrogen, which must be regarded

as of the higiiest importance for resistances (and perhaps for specific

1) Cf. also Comm. N". 119. Pioc. March lit 11 A § G.

-) When llius cooled tlio resistance of a fine wire coil is diminished to lliat of

a thick wire coil.

14

Proceedings Royal Acad. Anisterdani. Vol. XIV.
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heats as well), and which are essential for an accurate determina-

tion (alread}^ once nnsnccessCully attempted) of the critical tempera-

ture of helium 'j.

A short description of tiiis cryostat, therefore, is desiral)le.

^ 2. Description of the (ippurntiis. Tlie ciiief dilTerence i»etwecn

this and the apparatns described in tiie van BEMMEi>EN-Jubiiee volume

lies in the separation of the helium liquelier from the cryoslat chamber

by a valve, and in the siphoiiing over of the liquid helium tliiounh

a cooled siphon. For the rest, the apparatus on the one side resembles

tiie apparatus described in tlie van Bemmklen volume, and on the

other the liquefier with enlarged reception chamber described in

Comni. N". 119 Proc. March 19J1. Reference may be made to

Comm. N". 119 for a description of all that is common to the

earlier and the later apparatus; the same letters are used to indicate

identical parts, while, where one of the parts has been moditied, the

letters are distinguished by accents. As in Comm. N". 119 reference

must be made to the earlier Communication for a detailed description

of the parts common to the helium liquefier there described and

that given in Comm. W. 108, while the plates given in Comm.'s

N". 108 and N". 119 should be consulted along with the figure

given with the present paper. -)

') For a criticism of the thermal proj)erties of helium an accurate knowledge

of this temperature is essential. In this connection we may remark tliat circum-

stances other than tliose brought forward in § (J of Gomm. N'. 119 (Proc. Marcli

I'Jll) may influence the deviation of hehum from ordinary normal substances in

the sense opposite to that in whicli associated substances deviate from them. An
increase in the elongation of the vibrators would bring the attracting particles

closer to the surface of the atoms, and this could lead to an increased association

at higher temperatures. But, in particular, a peculiarity in the equation of state,

ascribed to the change of a and b, may just as well be brought about by the

non-appearance of changes occurring in ordinary normal substances (and perhaps

too ni substances sucli as argon and oxygen whose critical temperature is not

yet too low) which had not been allowed lor in the examination of the changes

undergone by their a and b. Fur it is the comparison of helium and ordinary

normal substances, that is leganli'il. An increase ia the value of b lor helium

would, therefore, correspond with the total or partial absence of a diminution of

b (compressibility) of normal substances, and similarly an increase of a with tem-

perature for helium would correspond with tlie absence of an increase in a a I

temperatures down to those usually reached with ordinary normal substances.

((Jf. too the note on the compressibility of argon atoms in Comm. No. I'Jl'' by

Kamehli.n«h O.nnes and Chommklin, Tliese Proc. p. 16'J).

-J In the construction of this cryoslat as well as of the apparatus placed in it

during the various experiments 1 owe nrnch to the skill and ingenuity of Messrs.

Flim and Kessklbi.nu, instrument maker and glass blower respectively at the

Cryogenic Ijaboratury.
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Tlie silveroil si|)hoii tiilie Eah (see accompanying flgnrel wliich

transfers llic li(|iiid lieliiini from tlie vacnum glass /vif" of llie li(|ii('lier

in which i( collects to the vacunm glass of the crjostat S. — the

cryostat glass — is fused to the under part of the vacunm glass

E(i!'li^. The lower portion of the \acuum glass ol' the liquefier as well as

the rising limh of the siphon Eah^ are surrounded with li(iuid air

in .S, from which they are se|)arated Ity a germau silver case .S'^

cemented and conseipiently immovably attached to tlu' licpielier glass

at .S,,. To tliiN case the ring S^ which carries the cryostat glass >'. is

also tixed imnidvalily. When the cryostat glass with its rubber ring

6'; is attached to this, and ihe co\er >„ with its rul)ber ring -S,,; is

|»laced over the cryosiat chamber, this case forms witli the connecting

tube iS, and the cryostat glass S. (ine closed whole. The same

method of connecting by means of rublier rings as was useil in the

earlier cryostats was again em})l()yed with the liquetler, at /S,. above

the cemented junction N,,, and this connection was also provided with a

safely envelope, thus ensuring an air-tight sealing of the whole

enclosed space. A helium thermometer whose german silver reservoir

Xb-^ is placed in Ihe litjuid helium space indicates the accumulation

of liquid helium which may be transferred to the cryostat chamber;

its steel capillary A7;, passes along by the spiral A of the helium

liquefier and is connected to a stem Xl>^ and a barometer lidie:

this thermometer is placed alongside the thermometers which indicate

the level of Ihe li(|uid in the hydrogen chamber of Ihe li(|uetier X
and Mil (cf. Ihe plate of Comm. N°. 119).

Along the upper end of the siphon I'^hIl, is laid a co[iper capillary

Eal through which is flowing liquid air and which is wrapjied up

with the si|)lion tube in a layer of insulating material: l>y this

means it is ensured that when the li(pud helium flows (piickly over

it takes up but little heat. At the extremity of the siphon l-M.lt^,

which opens into this cryostat glass is a valve Enk, consisting of a

stopper plate />//l, which turns about a horizontal axis and is pressed

against the opening of ihe vacuum lube by means of the large-

pitched worm gear Enl:.,. The worm is operated from aboxe the

cover of the cryosial by turning ihc handle E(ik\ to which is

attached the shaft E(tk,^ (made partly of glass) passing through the

stulKing bo.x Enk\.

The stirring ariangemeni consists of a german silver punq) Sh,

with valved piston M, and outlet \alves .^7;, ; by means of a wire

Sb^ and a soft iron cylinder .S'A„ inside the glass tube Sb. the piston

follows the course of a magnet Sd, which is nmved u|) ami (k)wn

14^'
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by ail electric motor '"). By tliis means a powerful ciicnlation is

olitained.

Only ihc uppor portion of the cryoslat glass is silvered. At tiie

level of llic inlet valve the silvering ceases, so that one is able to

conirol ilic action of the valve and to observe the level of the liqnid

meniscus in the cryostat glass. A \ertical strip on each side of the

\aciinni glass A"'A which contains liquid hydrogen and suri'ouuds the

the cryostat glass is left nnsilvered so that the position of the liqnid

helium in the cryostat glass may be seen. The \acunm glass E"'c

with liqnid air which protects the liqnid hydrogen is treated in the

same way. Vaporization is chielly due to entrance of heat from

al)ove by conduction and iiy absor|)tion of radiation by nncooled or

iiihulliciently cooled j)oili(ins of the apparatus (e.g. cover, resistance

thermometer leads, etc.). The radiation, too, which is admitted

through the transparent parts of the walls as well as the radiation

from aiinvc can be absorbed by objects which are in contact

with the liquid helium (this seems to be particularly the case witli

the opaque or metal parts of the apparatus), and can give rise to

considerable evaporation '). For many e.\|)eriments the rapid evaporation

occasions great difficulty.

In the case represented by the acconqianyiiig ligure ^experiments

of April 1911) the cryostat contains a. the helium Ihei'mometer I'/u"

(with capillary Th^"): h. the gold resistance thermometer ii^,, (an

insulated gold wire wound on a glass cylinder): c. the mercury

resistance i-//,,'). To make it possible for the mercurv to solidifv and

1) It is peculiarly charming to see thit; little pump ejecting the light liquid over

its upper edge when the level of the liquid helium sinks a little below it.

) The whole of these radiation and absorption phenomena at extremely

low temperatures le-.d to the conviction that in bringing a measuring instrument

that receives radiation to a low temperature, a wide field of investigation is made
easily accessible. In this connection it may be mentioned that according to the

well known formula Am 3—0.2!'4 cm. des;., at the lowest helium temperatures

Xm becomes approximately 2 mm. (at the melting point of hydrogen a value of

0.2 mm. is already realised); the heat radiation, therefore, given by the wave-

length Am is almost itlontical with the actual Hf.ktz oscillations of small wave
length (4 mm.) realised by Lamp.*. We may also mention that at 4° K. at which

temperature vibrators of wave length 0.5 mm which seem to play an important

part in clectiical resistance come to rest, ;,„, becomes 0.7 mm approximately.

'') The estimate of the frequencij of the resistance vibrators in mercury (which

gave a = 30, see Gomm. N''. 110 B, § 3 note under table, Proc. March 1911)

was obtained by paying due attention to the fact that the situation of the chief

points on the curve defining resistance as a function of temperature seemed to be

determined by the melting point — a fact already commented upon in Comm.
N". 99'-, Sept. I'.iO/i. 1 thought it clearly suitable to apply the law of corresponding
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liquefy again without division and uiliiont injiiriuii' tlie glass the

last resislauce consists of a scries of u-slia|ieil glass capillaries filled

with nieri'Miy arranged in a ciirlo aial connected liy expansion

reservoirs; there are four platinum leads for coupling it to the

measuring instruments.

states to metals, wliich has been done repeatedly since, and to regard tlie melting

point as a corresponding temperature. I also tliouglit that when it was a (|uestion

of concluding from elastic phenomena, the principle of mechanical similai'ity conld

well be applied, as 1 had already done in explaining the extended validity of

VAN DER Waals's law of corresponding states.

Metals, thc'efore, in corresponding states are regarded as mechanically similar

systems tl'.e various properties of which, expressed in units depending upon length,

mass and lime, are, when in corresponding states, given by the same numerical

values by using units which are obtained for each metal from its own funda-

mental units [1^1, [M], [T]. The natural units of mass and volume arc the atomic

weight M and the atomic volume, so that [L'] = M'kp-^lz where p is the density.

The particular unit of time for each metal is the reciprocal of the frequency here

required, i. e. the period of the resistance vibrators. According to the dimensions

[L-3TT—-'\ of kinetic energy which determines temperature, we get from the cor-

responding melting point temperatures 8,, and 6's and the expression for
f

[r\ : [7"J = [L]M'!-^&,-'l-2 : [IJ\M":^ft','''^ =

from whicli it would follow that taking the Irequcncy for lead such that « = 5i

the frequency for mercury should be such that a '-= 87. As comparison with

platinum would give a value 47, we can regard the results of this method as

only a rough approximation, and a further reduction to 30 which promised to

give better agreement seemed quite permissible.

I have more recently seen a formula for the hequency deduced by Lindemann

as tar back as IfllO (Physik. Zeitschr.) from more specialized assumptions, from

which the expression just given follows at once; this is not surprising since the

principle of similarity may be applied to his assumptions. While 1 wish to lake

this opportunity — as 1 should have done in my first paper on llie siuiji'cl — of referring

to these important calculations of Lindemann it is perliajis loiUniate that 1 had

not seen them sooner, for they give a- 46 for mercury, while it was just from

the estimate a = 30 that 1 was able to forecast tiiat at snuu' of the heliinn tem-

peratures the resistance of mercury could be measured and at lower temperatures

it would disappear, and it was this Icirecast that made experiments with mei'cniy

so particularly inviting joined with the pnispecl u{ woi'king with a pure metal.
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Astronomy. — "Pre/iiniiKir;/ invfst'Kjdfinii into the motion of the

/to/e of the earth in 1907." By Dr. H. J. Zwiers. (Coimuuni-

ciilod bv Prof. E. V. van dk S.vndk B.vkuuyzkx.)

Ill 1910 I started investigations into the motion of the momentarj

ntlatioii-polc of the earth since the beginning of the year 1890.

Besides tiie general scientitic importance of such an analysis, especi-

ally for the future explanation of the rather complicated phenomenon,

aiuithcr reason prompted these investigations, i.e. the desire to arrive

at a safe basis foi- a quick reduction of some observations of

declination with the Leyden meridian circle. For often enough

slarplaces must be reduced soon after the day of observation,

even before anytiiing is known about the momentary value of the

latitude, which is one of the most important elements of reduction.

The neneral results of these investigalions I hope to publish before

long. At j)resent I desire only to communicate some preiimiijary

results al)out a j)erturbation in the regular motion of the pole, which

must have taken place in the course of 1907.

Early in my investigations 1 found, that, while the motion of the

pole up to the liogiiMiinsi' of 1907 could be represented by simple

formulae willi tolerable accuracy, later observations showed great

deviatit)us. Originally only the results of the observations up to

1908.5 were known from Prof. Albrecht's different puhlicalions,

and the lapse of time after the moment of the perturbation was too

short to determine accurately its nature and the orbit described

afterwards. In N°. 4414 of the Astronoiiiis-cht' NacIiricJiten Ai.brkcht

gave the polar co-ordinates for the period 1908.0 until 1910.0, and

in the fust days of June 1911 in Astron. Xachr. X". 4504 a cou-

tiunalioii of the table of these co-ordinates was published by him,

as far as the commencement of 1911. This enabled me to investigate

more closely into the time and the probable nature of the disturbance.

Without dealing with it in detail, 1 must first give here some

results of my earlier investigations.

It appeared, that from 1890.0 until early in 1907 the motion of the

pole could be analysed into a yearly ellipse and an ajtproximately 14-

monlhly circle, ilie motion in both being from W. to E. The polar

co-ordiiiales may lie thus re|)resented by :

X =r ^ -{- ,fj -)- .v..

in which the indices 1 refer to the co-ordinates in the yearly ellipse,

tlie indices "2 to the 14-monthly circle, while ^ and r^ represent the

co-ordinates of the mean pole.
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1 commenced my calcuUitioiis L\y deducing also for the period

1890.0 to 1899.8 the value of the yearly c-term, found afterwards bv

KiMURA, as far as the published observations would allow it. The

.separate results came out with considerable uncertainty, but taking

the mean of the values, found for z for the corresponding tenth

parts of the ditierent years, 1 arrived at 10 mean values, which

were represented as well as possible by the following sinusoid:

Z— + 0"0043 sin If' + U"0221 cw if

in whicii (|' is being counted from the beginning of the year.

From the values of i\(p, corrected for this r-terni, I computed

the rectangular polar co-ordinates .r and // for that period, so that I

obtained a continuous, and liomogeneouslj' reduced series of these

co-ordinates, from 1890.0 up to 1908.5. From this 1 deduced in

first a|)pro.\imation the elements of the yearly component for three

periods

:

a from 1890.0 to 1897.0

b frum 1895.5 to 1902.5

c from 1901.0 to 1908.0

taking each time 7 years together in order to eliminate the second

component, whose period was thus in tiii-< first approximation sup-

posed to be exactly 14 months.

For these three periods 1 found a yearly ellipse, showing slight

variations in size and shape, and in the position of the axes. This

need not to be a cause of wonder, however, when we accept changes

of mainly atmospheric nature, e. g. varying distribution of atmospheric

pressure, accumulation of snow and ice in winter, as the chief factor

in i)ringing about this component.

A single result of this investigation deserves to be shoi'tiy men-

tioned here.

Wiiile for the periods a and li the zero-values of ^ atui ^ proved,

that the adopted origin of co-ordinates coincided practically exactly

with the real mean pole, I found in this first approximation for the

central co-ordinates in the period r

:

^ r= + 0" U09 Vi = f U".032.

These values indicate, that for the later years the adopted origin

deviates sensibly fVoni the mean poU'. The oliservatioiis of this jieriod

have all been inailc at the six iiilcnialional laliiiidc sialioiis, and

have been reduced unif'oiiiily by I'm!'. .Vi.hukciit in iiis Ri'snllntr

Bnd. 1, II and HI. The origin of co-ordinates chosen Uy him. and

adopted as "mean pole", coincides fairly accurately wiili ihc centre

of the orliit of the [)ole resulting froui llic obsi'ivatioii> from 1899.9
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until the heginninji- of tlie year UM)1, wliich wore first discussed.

Ai.brecht's nietiiod of reduction miisl then fur subsequent \'ears

always conduct to tiie same "mean pole" and could not give any

answer to the (juestion of ils secular motion. Only an analysis of

ihc loial motion can ^ive a crileriuni for this quosdoii in liie con-

stancy or otherwise of I he co-ordinates of the centre found after

suhlracting the periodical component?.

From the three yearly ellipses, combined with | and »;, I calculated

three series of values of ^ -(-
.''i

and )< -f- //i
frcnn 0.1 to O.I year.

The first series was used for I lie period J 890.0— 1893.5, liie second

for J899.0— 1899.9 and the third for J904.5 and following years.

The values for the intermediate years were oi)tained by simple

interpolation. Subtracting these values from ,/ and //, I obtained a

continuous series of values of x.^ and ;/.,, which served as a first

approximation of the second com|)oncnt. Tliis series I dixided in two :

.1:1890.0 to 1899.8 7^:1899.9 to 1908.0

and first of all I deduced the length of the jieriod fVom transits

through the axes of co-ordinates. I found :

from .1 : P, = 1.198 year

from B : P, = 1.174 year.

Provisionally 1 decided on adopting a general mean value, and

computed from A and 7i together:

I\ — 1.188 year = 4341 days.

1 examined the siuipe of the second component for three parts of

the whole interval, and found three ellipses, which agreed inter .se

so closely, that there was no objection to taking them together in

one mean orbit

:

.i\ = + 0."123 sin \p^ — 0."057 cos i|;j

V, = -f 0. 061 nin tf', 4- 0. 126 tw t[v,

in which x\\ has been counted from 1890.198, and increases yearlv

with 360°
: 1.188 = 303.°03.

Taking the two periodical terms toirether, we find :

.c, = 0."136 sin (ifv^ ^ :335.°1)

y, = 0."140.s/«(«f".. - t>-f.°2)

Praclically both amplilndcs are eipial and ihc phases differ^ 90°,

so that the second compoucnl apjjcars lo be a circle wiih a radius

of nearly 0."14.

The co-ordinates ,/•, and //,, compulcd from ihe above formulae,

were now used to in\-esliiiale llie yenrly c
| I'ul in second

a[iproximation. For the present 1 shall only mention the result I
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obtained fur the period J904.ti to J 907.5, vvliieli period i in mediately

precedes the perturbation in 1907. As co-ordinates of tlie mean pole

I found ;

§ = + o."uoi n = + o."04o

ill Hood accordaiicc witii lliose mentioned al)0ve. The clHplical co-

ordinates liccame

./, = — ()."07.'3 sin If, — "0 ! 9 (w (|-j
I

;/, = \- 0."001 .v//( t[v — 0."053 ros i|',
i

' ' '

in whicli i|-j has lieen counted from the l)e<>imiing of the year.

Tiiis yearly comjioneni of the niolion was su|iposed lo lie constant

for the wiiole period 1904.0 till 1911.0 and I diminished the ,r and

1/ resulting- from the observations with these .i;^ and y,. From the

residual values for I + '^'a
^"d 'i + y, I computed, adopting for the

length of the period the value found above: 434.1 days, two ellipses,

1" for the period 1904.0—1907.0 and 2° for 1908.0—1911.0. I found :

= 1= -f i'."o oj .r.^ = 0."115 sin (l|^ -f 199.°2)

yt= + 0."044
;/.,
— 0."121 sin (if,, + 288.°3)

if'.j being counted from 1904

I 5 = -f r."uOS ,i:. = U."252 sin (rij, + 286.''1)
190.= . 1911.0 ) * ^ ' ^^

'

^
I Ji— + O."037 v., r_z 0."249 sin (if, + 10.°4)

i\\ being counted from 1909.0.

Both orbits are so nearly circular, that I substituted for them the

two following circles;

= O.'llS sin(i^\ H- 179.°3)
,

1904 - 1907.0

1904 0—1907.0 ,

y,= 0."n8cos(x^K + 179.°3)
( ... (3)

i
.(•, — 0."250 sin (ifK f 188.°7) 1

1908.0— 1911. U ' '
^^' '

'
\

I //.^ = 0."25() cos (i|j, + 188.°7)
]

i|\^ being counted for both from 1907.5.

For these formulae (3) I have not yet derived the mean error

Ub.serv.—Coniput., but when we consider, that Ai.hkkoht estimates

the mean error of each of his polar co-ordinates ,(• and // at ± 0".02,

the results I found. Justify the following two conclusions:

1. the co-ordinates of the mean pole have remained unaltered

since 1904.0;

2. the compntcMl dilference in phase of 9°.4 is too slight to be

answered for, tin; more so, as a somewhat smaller value of 7''.,
') seems

not improbable.

Therefore 1 accejited for liolh periods :

1) Of. the last parugrapli of this paper.
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Epoch
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I = +0".00() ,., = r^ sin (i\,, + 184°.0))

7^=4 0.040 ;/, = tf., fo« (tfj, + 1 84°.0)
I

^'

wliere iigaiii if'„ lias been (•(Minted from 1907.5, and t'lutlier:

from 1904.0 to 1907.0: r, = 0".ll8

from 1908.0 to 1911.0: <•, = .250.

From 2) and (4) I now comimted, accordinjii- to (1), the tlieoretii-al

values of .v and i/, and compared lliem willi Ai.bukcjht's results from

the observations. Table I gives tlie rosult of this comparison, the

adopted unit being ^
,„(,„ second of arc.

The ditferences —C (Observation—("ompulalioii) give as mean

error of my computed xahies:

1904—1907 : //(, = ± 0".0204

1908—1911 : ± .0237

while, as I said before, the mean error of an observed co-ordinate

is estimated by Albrecht at ± 0".020.

I think, that from this I may conclude, that within the admissible

limits of error of tiie observations the polar motion is represented

by a yearly and a 14-montlily component, as expressed by the formulae

(2) and ^4).

From this it follows

:

1. that a change in the 14-montiiiy motion must have taken place

in the course of the year 1907 ;

2. that the perturbation did not cause any apiireciable change of

jiliase, or displacement of the mean pole ;

3. that the change in the motion is wiiolly owing to a gradual,

or more or less sudden increase of the amplitude of the 14-monthly

motion from 0".12 to 0".25.

In the following manner 1 have attempted to determine more

precisely the very moment and the nature of the perturbation.

From the formulae found for the period 1904—1907 I deduced

the co-ordinates for 1907.0—1908.0, such as they ought to have

been, had the motion of llie pole remained undisturbed, and com-

pared them with the observed positions. Tiie numerical results of

this comparison are contained in Taide 11.

The columns —C yield as mean error ±0".046l, wliicii is far

more tlian the accuracy of the observalioiis allows for. Moreover a

glance al these dilfcrenccs makes it clear, thai although the agreement

up to 1907.3 or 1907.4 may be satisfacloiy, the differences found

afterwards are decidedly not admissilile.

Secniidh 1 (Dnipaicd llie oliscrxcd co-drdinalcs with those which
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TABLE II.

Observation I Computation

Epoch

0-C

ty

I'.HIT.O



( 218
)

As mean value of the differences between observation and eom-

pntation we iiere tind ± ()".059J, an even less admissible result

from cliance errors than the value, derived from Table II. Here it

is the dilferences 0—C from 1907.0 np to about 1007.(5, tiiat

reach very abnormal values. Fi'om 1907.7 the aureement may be

considered satisfactory

.

This would seem to leail up lo the ((niclnsion, that the clianne

in the second coniponeiit of the polar uiolion must have taken place

rather rapidly, and somewliere between 1907.
.

"5 oi- 1907.4 and 1907.7.

On closer examination, howe\er. it seems to me, thai the obser\a-

tions do not sufticieully justify this conclusion. We luay rather say,

that the real ])ath of the pole during the year 1907 deviates more

and more from the former orbit (1904—1907;, to approach to that

deduced from the elemenis fdund foi- 19(IS— 1911.

Better still than by the Tables II and HI, this is shown by the

annexed figure, uhich re|n'esents the observed |)alh of the pole, and

the two computed ones from Tal)',e II and III. The curve drawn

continuously shows the displacement of the ])ole according to the

observations; the computed curves have been represented by dotted

lines. The inner one results from the elements found for 1904— '07,

the outer one from those for 1908—'11.

It had already appeared from Table I, and the mean errors deduced

from it, that the elements (4) represent the observations before 1907 and

after 1908 with sufficient accuracy, and the figure shows, that the

observations in 1907 indicate a gradual rather than a sudden transi-

tion from one orbit lo another. Thus 1 simply supposed, that the

amplitude c.^ of the 14-monthly circle gradually increased iji the

course of 1907 from 0".118 to 0".250, and the computation on this

basis corresponds so remarkably well with the observed co-ordinates,

that I tlioniilit il unnecessary to e.xlend the researches still in other

directions.

l'"or a closer investigation moreo\er, il would hu\e been necessary

to go back to the original observations of the several stations.

Ai,hi{|«,'iit's coordinates have been obtained by a process of adjust-

ment, and this lurns cNcn rather siul<len changes into smooth transi-

tions. In the lirsl place llic lime for such an iii\estigation was

lacking, and secondly il remains lo be ([ueslioneil, whether the accuracy

of the separate residts woidd admit of a decided conclusion.

hi turunda 4i I subslilulcd llicrel'orc for the year 1907:

f, "0".118 4- ' ''.1:32 < - lUoT.O) (.-,)

Combining the residling values of ,r,j and //.^ with the yearly com-
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ponoiit, ;iiiil llio constunl (H)-()i'(liii;iles of tlio iin-ai: pole, I oblaiiicd

tlie coiiiiiMii'ii values of ,c and // ol" Taltle 1\'.

T A B L E IV.

Epoch
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easily explained Itv flie causes mentioned almve. So the question

regards more [larticularly the agreement in lenirili nt' [)eri()(i and in

phase of the 14-montiih- component.

In the Archives Neerlandaises, Serie 11, Tome II p. 479 Dr. K. F.

v.\N DE S.\NDE Bakhuyzen gives a summary of deduced transits tliiiiiiuli

the positive axis of x, i e. through the Greenwich meridian.

Kroni my computations mentioned on p. 213 1 have added lo

this list two new epochs, one being deduced from the obsei-vations

of 1890.0 up to 1899.8, the other from those of 1899.9 up to 1907.

I compared tiie whole series with tiie elements obtained liy E. F. v.\n

DE Sande Bakhuyzen :

Epoch = J. D. 2408567 /\ = 431'i.l4.

Re{)resenting the corrections of these elemeiMs respectively l)y

u and r, we arrive at tiie following ecjualions :

1.
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Alilioii;^li tlii> i'(im|)ii(;ilii)ii nf /'. Iia> only ;i preliiiiiiuii-v cliiii-acter.

s^liil I lliiuk I ;iiii tVrc III cuiicludc, thai ilic ajireeiiieiit between tlie

new and I lie old ubservatioiis is as salisraeloiT as may l)e expected

fioni llie delicate natnre of this i-esearcli. The period we ha\e now
t'dund Tor the so-called 14-nionlhly niolion, con-esponding with a

yearly increase of phase of H()4°ltr>, even hriiiLis onl a closer aiiree-

nienl lielween ihe idiases tVir lilOT.Ti as deduced IVoni tin- motion

before 1907 and after JVIOS. Wuh /', = -i'.U'A we had fonnd

a difference of 9°.4
: redncinu ihe phases fonnd for 1905.5 and foi'

J909..1 with the abo\e mentioned \alne of to 1907.5 we obtain:
>/t

from 1904-1907: .(•,, for J907.5 — J.S3°.J4

from 190.S ]911: tl-, for 1907.5 = 184°.89.

This re^nll strenjilhens the conclusion ai'rived at on p. 216, that

the jieriurbalion of 1907 diti not canse any appreciable chaniie ot phase.

When we try lo lind the canse of the decidedly ralhei- sudden

clianjie in ihe i4-moulhly inolion. ii seems natural lo seek il in

the influence of rapid (lis|iiacemeul-- of mass cau.-ied for instance l>\

volcanic eruptions or earthquakes. Prof. Hki.mkkt has already develo|)ed

their influence in his •" Hiihcrc (iciuh'isie" , II Teil, S. 416—418, but

the details of ihe observed phenomenon are not in accordance wilh

his resull>. After his analysis a sudden displacement of mass mu>i

chielly cause a channe in ihe direction of the axis of greatest momeni

of inerlia, the direction ol' ihe instanlaneons axis of rotation re-

maining imchanged. I'he angular distance bolween the two axes is

allereil, and ihe axis of rolatlon conlinues regularly its motion in

a circular cone around the new jirincipal axis of inertia i.e. around

the new mean pole. A phenomenon of iliis eharacter would there-

fore alter the position of the mean pole and ihe mean \alne of the

geographical la'iiudes. while the analysis of the observed facts did

on the contrary indicate an unaltered position of the mean pole,

and a spii'al displacemeni of ihe jiole of rotation.

S(i the cause of the phenomenon must be songhl elsewhei'e, and

there is anolhiM- problem to be solved by the dynamical theory of

the polar niolion.

I.i'i/di'ii (>hst>n-(tlorii, June 1911.

15
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Geology. — "Xa/rs nil llii' Sojioi'/fiii-Moiinfnins in ihi' Mlmilmssdy

(First part.) Bv Mi-. M, Koi'ukhkkg. (Oommiinicatcd li_v Prof.

C. E. A. WjrHMA>N.)

Since tlie last ^:reat oiMi|ili()ii of Sopoetan in 1833 ') great iran-

quiililv has prcvaileil in the so intensively voicanie eenti'al-dislricl

of llie iMinaliassa, wliicli in ;ni area, liardiv as large as ihe Diilrii

province of Drente, nnmbers al least 18 eruptive seats. Only Sopoetan

itself and the crater-lake Linon continued to shovs^ some activity,

thongh limited to fumaroles and as for Sopoetan possibly also lo

sporadic slight ash-eruptions-'). The tendency to diminution of vol-

canism seems likewise to lie indicaicil l>y a siradnal declining- of the

hot springs.

In the last vears however a series of phenomena has proved a

reanimation of volcanic activity. On 2il March 1893 at about ti.'iO

p.m., according to a communicalion of Mr. E. Goeublokd, (Nat.

Tijdschr. v. N. Indie Vol. IdV p. 20C)), and the description of the

Sarasins (Dr. P. and Dr. F. Sakasin "Kniwnrf einer geologisch-geo-

graphischen Ucschrcibung i-Un- Insel Celebes"'') p. 28— 35) in the

saddle between die Lokon and the smaller volcano Empong suddenly

an old bocca resumed activity, and in the neighbourhood some new

fumaroles were formed, withonl du> least seismic motion.

This was followed in 1901 by lln' formation of a new solfalara

in the Sopoetan-monntains, under strong seismic disturbance all over

the Min.ihassa, which was reported by us in the "Verslag van liet

Mijnwezeir' of the lirsl (|iuuier id' that year (appendix of the

Javasche Conrant of 1(5 Jnli 1901 X". 55, p. 13—14), and in the

"Yerslaii' over de Geologisclie eu Mijnboiiwkundige onderzoekingen

ill de resideutie Mcnado" during the year 1901. (.laarboek \. h.

Mijnwezen 31'' jaargang. 1902, p. 147—148).

AccordiiiLi- to a statement by Mr. A, l.i.Mnnio of Tomohou, (Nat.

Tijdschr. V. X.-lndie, Vol. l^XV p. 125), in 1904 the Mahawoe-volcauo

showed a soiiicw hal iidensified acli\il\. .M'ler the last eriiplioii of

I) Ndl in 1S:!S; id'hT i'lot. Di. A. Wiciimann, (M<iii. 1!<t. d. 1). ( umiI. Ccs. Vol. (^J,

I'.IK), II.
.".'.1-2).

-). Ill 1st.-,, (Naluurk. .V (Iciirr.k. .\nli. v.M.r Nr(l(>il;nulscli in.li... 11. I Si(i ,, CO:!),

;„|i| ill III., iii-1,1 <il' liO lo til iiiiil nil 'j'l .liiiir IS'.III, ill 111,' n>|M.il ;i1hiiiI |Ii;iI year

ill 111,. Nal. nj.lM'hr. V. N liiilir Vnl, 1,1 p. :i-Jl l.nill-hl illlo ninilr, li,lll willi llir

,,i,|,li,,ii of Ihr Makian-vnlraiic. .m tW and :5(i .Innr, lull |ir.,|.al,ly lidiily alliilmlnl

In Siipoc'laii iiy \\'ii;n\i.\NX anil lln' Saii.\.sins.

:'.) ()„ acrniiiil .,1 lliis wnrk c'diil aiiiiriiJ- an clalinralc iMiin|H.|i(iiiiiii nl' ll liln

cuinmniil.alinns almnl lli,. vnlraiin.s of llir Minalias^a, iv|',.|ru,rs may ,ninniinilly

be lufl mil lii'iT.
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1 7?^!' llii-- iiimnilaii: --rciiis In li.ui' Ikn'ii i|iii('l. luil had reslai'tcd

siiii)kinu a cdiiiilc of vcars hack.

Ill l!t()() .mil 1907 fnllowod al last lli(> criiptioiis in the Sopoetaii-

iiKMiiilaiiis, to he discussed afterwards.

The new solt'atai'a of 19(Vl is located in a kind of atrio l>etweeii

S()|ii)eiaii |ir(i|ier and the more nnitheni Rindeiigan-raiige, evidently

pari 111' an older crater-edge. The further course of this edge is

not so disiinci. In general the relief of the Sopoetan-monntains is

not easily to he understood. Froni the reports of the various visitors

it is evident tiiat they feel that Ihey \entni'e on uncertain ground

whenever they have to discuss the surroundings of the Sopoetan-cone.

Hven with reganl to the names of tliese mountains the different

travelling-re|)orts do not agree. This confusion is oliietly caused by

the fact, that the natives themselves, who must decide in this respect,

are no longer snUiciently acquainted with them, on account of the

steadily increasing inlluence of Europeanisation ; they sometimes

iiappen to look for information in these refiorts, most certainly a

surprising result of the work of civilisation, hut not e.xactly favour-

ahle to correction of former errors. Moreover names are given to

spots, which, according to our ideas, had not the least claim

to separate denomination, e. g. the name Ketengen for the part of

the Rindengan-wall, where the path descends towards the Pentoe '),

and which links it to tlie southern Sempoe-edge. For mount Sempoe

the name ' Kinaalidan"' was also mentioned to me: this means the

|)lace wheie a tree lias been rooted up'), and so originally might

not have been the name of the whole mountain or range. What is

indicated on the maj) as Sempoe is called by the Sar.vsins, according

to their description, "Kelelondei" (= reversed canoe), which is some-

what applicable to the oblong rounded profile. Their Sempoe or

Keleloeak") is the craggy range south of (he path coming from the

settlement Kelelondei and on the north of the old volcano Manini-

porok. For the reasons above-mentioned 1 must leave undecided

which of ihe denominations ai'e the correct ones.

.More important than this simple (piestion of names is the exact

conception of the grou|i of volcanoes itself. That this is so ditlicnll to

gel al is in ihe (irst place due lo the fact, thai in llie rather small

culiniualing area, nearly coinciding with our nui|), several laige

Acconliii'^ til iiifdrnwliiiii kinilly forwanli^d hy Dr. TIichiI. S. Scnoi:ii vic;ir

of Tomoiion.

-) Loinhi is one of tiic manifold types of rowing- or sailing-boats, locak the

Indian wood-cat, the moesang or moerimvg of the Malays.

15*
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oi'iiters are Iviiig close tugetlicr, partly e\eii nvei'la|ipiiig each otliei\

and haviiiii' disturbed each other's relief. As a further cause ol"

transformation erosion look place on those sides that were favourable

to it. At last Qvvvy thing is covered bv the ejected coarse sand or

grit and lapilli of the youngest, now all-dominating Sopoetan s. s.

;

the great lines of the relief woidd of coui'se not have been effaced

by this cause only, liui it has contiibuted to make discrimination

verv diflicult ; the smallei' rugosities were levelled, the contrasts

between crater-bottoms and walls liecame less manifest, especially

where the latter had already lumbled down, and at last the uniform

grey sheet of gravel, only locally interrupted by spare bluffs, renders

it next to impossible to discern on mere eye-sight the volcanic

formations of various kinds.

In such cases a detailed topographical survey of the volcanic system

is still llie best means of unravelling the intricate relations, and of

|)ro|)erlv inter|ir('ting the licological observations. Though the survey

of 1901, made under my superinlcndeuce, chiefly by Mr. W. v.\n

UKN Bos, topographer to the Miiung-department, remained restricted

to the immediate neighbourhood of the newly formed solfatara, yet

the map borrowed from this surveying allows of (•om|)leting in

some respects the opinions of former investigators.

KooRDERs was the first to ju'onouiice the correct view that the

mountain-ridge north of Sopoetan s. s., the Rindengan-Tonderoekan-

range, forms an old crater-edge. He took the Sopoetau-mass to be

the remains of a single old \oleano, his Riudengan-volcano, on vvhi(di

the Senipoe — in his summary identical with Kelelondci, — and

the Sopoetan are secondary and consequently younger cialers. It is

less clear wdiat he understands by Sempoe or Kelelondci.

The SviiAsiNs resume their observations in this way I.e. p. 59)

thai ihev range Sojioelan s. s. as a chief cone Kelelondci and .Alanim-

poroki. I am of opinion liiai by doing so, they allow loo great

independence to the mouiicide desigualcil by them as Keleloudei. liul

apart IVom this wc uci'd uo louiicr doubt of the e.xisleiicc of a Ini'uc

old edge, called by them Kelelondei-souniia, of which their Sempoe

foi-ms a southern pari, whilst liic pari of Kooudkrs' ivinilengau-

'J'onderoekan-wall i-uuuinu- alony,- the bi-ook .Masem toriu> a uoitlicrn

and western pari.

Slai'liug IVoui uiv own (ibscrvalions and ihc evidence alloi-dcd by

the survev. I liiink I mav conclude ihal liolh reprt'sciilal ions have

to be combined, and thai in reality besides .Mauiuip(U-ok, two old

craters e.\is|, as iudicaleil on our uia,|i in dolled hues. In order lo

agree as far as possible vvilh the loi'Uier e,\|ilorers the soulh-vvesleru
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crater iiuiy l)t' inciilidiicil as /i'lii'/(//</ini.-ci'ii/n\ lln' iinrlli-isolcni nno

as St;iitj)iii'-rrti/ir.

A[)piii-oiitly llii-- \ iow (liK'N not ilill'er iiiiii-!i IVoiii lluil of the

S\KAsiN> as ii is c'\|hx'ss(.m1, if ii(_)i ill iln' ie\l, al all cvlmiIs mi llicir

ma|i 1)1' tin' Aliiialiassa I.e. Tat. XI,;, wIumx' around llu.' Soiioelaii-coiic,

U) liie sdiilli-, wesi-, and iiDrlhwrst-sidc a wide encirt-liiiL;' wall is

indicated. Tliex t'diinded llieniseUes for it I.e. [i. (iO and (>l (Millio

proniontorv that intermits the couc-prolile on the sonlh-west-side

and lias been reeogiiized by Iyinne ') as a tVagiiiPiilarv soniiiia. Tliis

induces them lo admit of an old Sopoetan-cnxter eoneentrie with ihc

present one, and so behnigin.u' to this companitixely younu; volcano,

consequently not to the okl tVagmeiits ot (he crater-edge, which have

doubtless lieeii |)i-eser\ed in the I'anges lo ihe noi'th of lliis coii(\

Indeed towards this side their older Sopoetan-eilge remains open, and

even they guess, on acconni of that sonuna, tliat oft he three volcanoes,

Sopoetan, Manimporok, ami Kelelondei, the former might be the

oldest.

On my tirst ascent of Sopoetan in May JSili) tVom Tombatoe, 1

intended, after having reached the crater from the soutii-east, also to

visit tiie mentioned somma, known as So/ioi-/ini Puleitam/aii. A dread-

ful rain-shower however made the descent to degenerate into a wild

flight of my men to the bivouac, and compelled me to give up this

plan; later on I have neither found time for it. So 1 cannot aiiduce

a proof for my supposition thai we have not to do here with a

prior stage in the history of the ori;^in of Sopoetan proper, but really

with a soulh-weslern part of the old Rindengan-edge. It is cerlainlv

remarkalile that further round that mountain, i. e. o\er the greater

part of the circumference, this |)resuined So|ioetan-somma cannot be

pursued, not even by any irregularity in the slopes, and remained

intact exactly there where it completes in a natural wa\ the part

of the Rindengan-wall situated diametrically opposite, with which it

also agrees pretty well in the estimated sea-le\'el. hi in\ opinion

consecpiently in the sonlherii part of the Kindeiiuan-crater the Sopocian-

volcano has originated, the eruptions of which liave erected this

volcano-cone which is to be regarded as not composite, in an un-

interrupted series of eruptions.

Within the Sem|)oe-crater alsn ihcre i> a mountain. - ll e Sem|)()c

of the map. — however without a crater. ( »n the photogram in

KiN.NKs afore-mentioned notice (Heilage-blatI \'ll top-ligure', taken

1) Prot. Dr. 1''. ItiN.NE : Sl<izzfii zur (u'dlo^'ic dor Mliialias.-ia in .Ndid-Celoiics.

Zeitschi-ift li. Dl'uIsi-Ir'ii Cluol. Casullsclialt I'l. Lit IDOU, .Sept. |i. .S ami Ucilage-

blatt 11 auci 111.
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fi'Oin llie soiilli->i(le, this niOTintain lies to tlic rinlil of the Walt'Iaiig

(= Waliraiig). Hnk the greater western part is to lie seen, hut the

missing eastern part corresponds ahnost witli tlie other extremity. Tiie

shape reminds of that of the hill in the huge recent crater of Oona-Oejia

(Tomini-bay) said to lia\e arisen during the erupt ion of 1898
;

(Verslag over de Geol. en Mijnbouwlvundige onderzoekingen in de

residentie Menado van liet jaar 1900, Jaarb. v. h. Mijnvvezen in N. Indie,

30"'^' jaarg. 1901 page 118). Probably the central monticule, which

in Oena-Oena is covered lil\e the surrounding crater-landscape with

masses of .sand, at the Sempoe witii gra\ei, is in both instances a mass

that has uio\ed outward, sometliing like wliat was formed in 1904 in

the crater of liie \oIcano-island of Roeang (1. c. 38''' year 1909 page 222

v. v.) and has been stated already to have occurred also in the

immediate neighl)ourliood of Sempoe in the Sopoetau-cruplion of

1906. With such a mode of formation both at Sempoe and at Oena-

Oena the opeiung through winch the mass has emerged must lie

directly below the highest part of the top, in this I'cspcct differing

from what occurred at Roeang, where the emerging mass \ery soon

filled the whole crater-cup.

Both somnias, as reconstructed on the map as far as possible

from tiie present course of the walls, extend for a short distance

over each other to a maximal breadth of about 150 M. Since these

craters have come to rest they must have widened however l)y the

tumbling do\vu of their walls, which consist, as far as can be seen,

of a tufaceous mass, decomposed, wiiilened iiud softened by acid

\apours.

This receding of the walls however cannot have been of great

amoimt, as appeai-s clearly from the boundaries of what still now
can be recognized as true crater-bottom, indicated on the map by

thinnei- striped lines. The walls of the solfatare Walelang teach us

that there the old bottom of the crater does not consist of ern|ili\'e

grav(>l, or oul\ to a slight depth, and eniise(pienll\' at the end of

the activity it did not lie lower than at the present nionienl, so

that this period cannot be so lonii' uone by.

These considerations, I'oi- wliich on the map abstraction should

be taken of the sollat;ire Walelang and the surrounding iulleclion

of the level lines, probably dating not farther back than the beginning

of Ihe 19''' centui-y, ma\ acciMuil linlh for the nose-shaped spins

projeciiuL; iVdUi the moinilain-w alls inln the conniiou /.one of ihe

bi-circulai- system and I'oi- ihe somewhat vaiiiie features of the relief

in the uiiddle p,-ni of this /.(inc.

I<"niiii liie lai-l Ihal of llie I w n craJer-walls, iii so far as the\-
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are still extant, that of Riiidciinau iiutwitiistaiidiiij;- its greater lieigiil

lias reiriaiiicd in better eoiidition, and that tiicre the eonti'ast between

edge and liottoni is niorc marked than that at tiie Senipoc-cniler,

we may eojielnde that tlie former erater is _\ oiinger, or at least has

come to rest later than the other one. In tiiat part of the system

where the two cratei-s as it were interfere tlie Uindengan-waii, the

spot in(Healeil on the ma|) as K'tcniifn, is conlinned almo.-t without

interruption, and the iineertaiu relief is turned towards the Sempoe-

side. The oircniar plain is here at the side of the solfatare still

iiiterru|ited by a low irre^idar elevation. (_)f course the fart that on

the whole the bottom of the Sempoe-crater lies more than 100 .M.

higher than the IJindengan-botlom may ha\e some inlluence in this

respect; but I think thai the relief in the central |iart would >how

a ([nite dilferent aspect if the former had come to rest at the same

time as or later than Rindengan.

The Sempoe-crater has an almost circular shape with a diameter

of 2,8 to ;> K.M. The dimensions of the Rindengan-craler cannot be

given because the ^outli- and west-side are made uncertain by

So|)oetan, and the map is iucomjilete towards those sides. It seems

that this crater had an elongated shape extending from NNE—SSW.

k'rom the ma|i we lind a minimum length of 2,8 and breadth of

J= J,S KM. These are tor the Indian .Vrchii»elago not excessive dimen-

sions : but they are of sufficient importance to conclnile, that the

ejected mass, if nearly adequate to the size of these vents, mu>t to

a great distance |)revail in the petrographical composition of the

surronnding territijry.

Now the central part of the Minahassa consists, as far a> visible,

chietly, and southward of tiie S()|)oetan-nioiiiitains under the thin

covering of Soi)oetan-sands even entirely of [)iiniice-tnfa, [)arll\ m
strata. The igneous rocks of the Aliuahassa-volcaiioes belong clnelly

to andesite ') and their dark colour, also in the slaggy or pnmiceons

varieties, often also the presence of chrysolite |»oint to basic com-

position. This is especially true for the material produced by the

volcanoes in the historical period; (Sopoetan s..s., IJatoe Angocs and

Hatoe Angoes baroe). The material of Sopoetan projier is distinguished

from all the other igneous rocks by the constant i»resencc of much

chrysolite, thereby showing great allinity to basalt. The rule that if

in dilferent periods of the eruplixily. dii> magma is varyinn' in

composition, the youngest iiiagma is the more basic, may not always

') Gom|Kue I'lul'. I_)i. 11. IJiiuKiM: : LJeilriigc /.ur Oculoyie vnii (JcJL'iirs ; S.uiiinlimgoii

des Geol. Kciclis-Museuius iu Leiden. Ser. 1, Vol Vll, part 1, page lUU—:2U^.
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lidld. ill till' Sii|MK'taii uioinitaiiis it is iniddiihlcdlv cuiiliniKMl. Wliut

I saw in llic Miiialiassa sti-(iiit;l_v iiiipresscd me that iIiltc i,s a

certain (-(1111 last between tliese andesitic ij^neous rocks and the lifiiit

pumice-tnta, and at least for the sti-alitiod Inl'a it is (dear that its

deposition belongs t(j a now-closed |)eiiod. Hence on ,n(jod grounds

we may coiiclude tliat Sopoetan proper lias nothing to do with the

deposition of these beds of tnfa. In how far that external contrast

answers to more essential petrograpliii" anil chemical differences and

if perhaps other \olcanoes of the JMinahassa may thus be shut out,

these (piestions 1 must leave now nmliscnssed, the data oFoiir iMenado

exploitation still awaiting their tiiial composition and for the present

not being at my disposal.

If for \alid reasons the conception of the Tondano-plateau with

its comb-shaped eastern margin and the adjacent tnfii-layers dipping

and shelving towards the sea as a gigantic \olcano, might in the

end pro\e to be untenable, as I am inclined to believe, it will not

be difficult to find any othei' of the neighbouring eruptive seals apt

to he held res[)onsible for these tufa-deposits.

On the southern Hanks of the plateau it is dill'erenl. The tiifa-

layers occur here in ground that belongs unmistakably to the common
volcano-foot of the group Sopoetan-]\Ianimporok. So their presence has

here the demonstrati\e power that we must as yet deny to those

of the just-mentioned Lembean-chain. Once induced to conclude

that the ohler volcanoes of that group have given vent to the

material for the pumice-lufa, in so far as this forms thcir own
mantle, we may readily admit thai the eruptions t'rom these large

craters have also spread the |minice-lufa to a great distance in the

surrounding country, if it is confirmed that the circular walls and

bottom of the Ilindengan- and Sempoe-craters are compijsed of the

like material, then a nuire direct proof is given of the par! that

has been assigned lu'i-e to tliese \olcauoes.

With regard to the details of lot-ation there is an almost perfect

congruence between the solfatnre of 1IH)| ami the lieighbiiiiring

VValelaiin'. In both cases the solfatare lies upon the chaiinel loiini-

tiidiiially ciil by the brook in the \ alley-llat, Walelaiig on ihe bi'ook

Maseni, the solfatare id' IMOI lie renine, Kelating to Walelaiig

we ina\ remai'k thai by some aiillini--- the name of .Maseiii is like-

wi.se given to the sulfalare ; ihe ."^\i; \sl\s even speak of .l/,/.sv;//-r/'u7i'/-
;

this mnsi be :i iiiislake ; tlu' name of Mas,m belongs e\(diisi\ely to

the brook. ( 'hissing these solfalares with the craters may only be

allowed for. if the so-called e\plosioii-eraler> are ranged under this

calegor_\ . Indeed one may speak as well of w aler-\ (ilcanoes as of
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mud-volcanoes, I>ul ilion a m-eat riiiiiiber of geysers belong to the

volraiioes. ( »iir Milfaiaif iiiiik'> iIh' clianicteristics of tlie explosion-

craters, the iiuKl-ciaters and the geysers. A heightened rim, the sign

of continued i-eal eruptive action, fails however, as also at the older

Walelaiig; eruptixe acti\'it_v took place miiy at liie breaking out imt

not afterwards.

Whereas the authors repreMMil the Walclang as a lake and

mention that it has no oullet, it may be stated that this small

basin is in reality a rather abrupt expansion of the upper di'y part

of the Masem-ravine. On the photogram by Rinne o.c. Beilagebl.Vl),

this gully can be seen both upward and downward ; on the down-

wardside the solfatare is however barred by a low saddle, rising

until 4: '-*^ -^^ above water-level, as it were a low dam, which in

case of highly increased water-aftlu.x evidently might serve as an

overflow. It is only at some distance downward that the creek itself,

fed by small branches, becomes water-bearijig. The name of the

brook however indicates already that in it, underground at least,

part of the tart, acid-loaden water of the solfatare assembles. Muddj'

half-dried tongues of land, especially on the left bank, show that the

level of the water must have been higher in former times than it

is now, whereby the formation of the overflow may be explained.

At the solfatare of lilUl the chasm is situated in the left bank a

few meters a[)art from the brook; the basin is not open in the

direction of the brook, but in the downward corner there is a narrow

connection with the bed and through this the emerging mud-water

discharged itself as a rather i-apid stream into the clear water

of the Pentoe. It was observed at Amoerang, where this mountain-

stream reaches the coastal plain thai the water suddenly turned

muddy, and if the exact moment had been noticed, this might have

been of use to give some information on the initial history of the

solfatare.

The hot spring Roemcrega on the Pentoe downwaril, which gives

evidence of being an old solfatare by at present only faint vapours,

smelling somewhat of snl|iliur, is again in the immediate neighbour-

hood of the brook-bed.

The SviiAsiNs mention a second soll'aiare also on lln' Sempoe-side

northward of the central elevation and thus here also inside the

circidarwall. Whether it lies also on the fiaidc of the brook, here

the .Alaseni. 1 do not know. Thai >nch is however the case with

all three solfalares under iliscussion most surely cannot be attributed

to mere chance, and rather seems to indicate that the pro|)er seal

of the acli\il\ of which ihc .solfatares are the results must lie in
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sliallmv ileplli. Id lie ahle 1i_) react so locally on lln' local ilill'cri'iicos

of llie sui'l'ace.

Near tiie solfatarc of 1001 llic lviiiUeiii:aii-alrio is inlei-rnplcd hy

a steep hill-ranne, on account of some uronps of hiocks found on

its hack, a ratliei' cons|iiciioii^ Icatnre in the wholly p-ravelons or

sandy snn-oundinLis, most likely an nld covered sli-eain of lilock-lava,

ha\ing' issned from ov at the foot of the Sopoetan-cone and being

moved radially onuard towards the circular wall. Above (page 2'2(yi

we have already allnded to the fact that in the iinmediate iieigh-

lioiirhiiod such a shnv eniptiou was realized in litOti and I!I07.

The considerable ernplive mass ihat was pnidnced on that occa-ion

is sketched on the map according ti.i iiulicalioi!^ for which 1 am

indebted lo Dr. Schoch. 1 intend to revert to this ernplion in the

second part of these iioles.

Tiie solfatare lies e.xai-ily there where the hill-ranue in (|iiestioii

ends against the Pentoe. The left-bank of the lirook-channel which

does not exceed two metei-s in width ami in depih, can at pre-eiit

only bo recognized with ditlicalty ; that channel-wall now gradnally

passes over into the adjacent foot of the hill by the rognlar covering

of nind ejected by the solfatare. This sloping niud-lieid had a peculiar

[)arallel-striped a])pearance by tiie downward rnnning fnrrow> made

in it iiy the rains right through to the under-lying Sopoetan-gra\el.

The solfatare itself, a pool estimated at three to four meters wide

and at that time in a \'ioleiitly boiling condition, lies in a hole witii

steep walls, which must Jiave been formed at the initial outbnrsl. had

enlarged it.self afterwai'ds iiy the tnmbling down of the wall at the

higher side, and at tiie time of our visit may ha\e lieen abonl

twelve meters wide, measured along the edge. There was no pos-

sibility of gelling down into this hole and to llie sides of ihe hot

pool. So the dimensions gi\eii here are but rough eslimatioiis.

.•^taiiding on the outer edge I <'oiild not I'liUy accouiil f(.ir what

really occurred under the tiense clmid of vapours, lint from the

iiardly three meter long connection nf that hole, sliding olf obliquely

to the Pentoe-ltcd, we could observe that liie boiling was attended

by the throwing ii|) of perpendicular iet>. the lieiglit of which until

their vanishing into ihc dense steam-cloud, uiiglit Ik' olimalcd at

about one ineler; iheir formation is doubtless comieclcd with the

viscosity of the boiling mass, biil likewise indicati's the great

pressure vvilli which this mass was driven oiil, mosi likclv through

several narrow canals. in the nearcsl viciiiily a smell nf >ul-

|)huret(e(l iiydrogen was easily, sometimes even >ironL;lv. lu be

observed.
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For waul of a (lii'cct dcteriniiiatioii of teiiipei-alurc we iiuiv iiicntidii

thai ill a liutlle of miid-walei', lakeii IVoiii the outlet to the I'cnioc

anil already cooled dt)wii liy I'aiii- and l)rookwater, the theniioiiieier

still showed 75° ('. The voliiiiie-ralio of snspeiideil solid matter of

this mud-watei' anioinited t(j J2,2 7o-

III a saiii|ile sent for cheniical examination to Ihc Head-oflice

of the Jliniiit;-])e|)arlmeiit, were found - liv the iiiininn-ciigiiieer

E. C. AhI'.ndano.n, (Versia^i; \aii liet Mijiiwezen van hel 'J' kwartaal

van 190J, hijiage der .lav. Ct. van 15 iS'ov. 19()i N". 91 p. 1-2):

.1. Mnd, dried at 120° C:

Insolul.le ill IK'l 83,35",,,

in which SiO.^ 73,95 7,, (|ierliaps meant of the resi<liie. then in

reality til.tU "/„) ;

Soluble in IIC'l:

Fe,(), 0,0455 gr. = 2,27 ,,

AIJ), 0,1 G80 „ = 8,40 „

CaO 0,0555 „') = 1,44 „ ')

95,46 7„

Whether the remaining 4,54 "
„ has hecii controlled liy direct deter-

mination does nut appear. This remaining [lart shonlil conlain especiallv

the amount of alkalies and perha|is of colloidal sol\ed silicioiis acid,

to which as well as to the possible presence of free 8i()^ no attention

seems to have been paid.

J!. I'er iiOO cM" of the water obtained :

A1.,U, 0,0205 gr. = 0,<S8 gr. p. T. longht to be 0,088 gr. p. L.)

CaCO, 0,1575 „ =0,714 „ CaSO, p. L.

HaSO, 0,6540 ., =0,96 „ H,S(), ,. ,, ^in reality 0,917 gr. p. L.).

HCl, HNO.,, Mg and K-salts absenl, strong acid reaction by free

sulphuric acid.

The conlradiclions in I he lignrcs (pioted allow only of presuming

thai iIk' water conlained |ier liter:

lioimd by Al^O, 0,253 gr. sulphuric acid

,", CaO 0,514 „

0,7(57 gr.

and coiise(pieiilly per liter 0,917 0,7(i7= 0,l50 gr. free sulphuric acid.

Sidphiirelled hydrogen conld not be detected at Hatavia, but at

the S|)riug it could be very dislincily by the comparatively roiiuh

') If IllGse liguii'S icli'i- til the saiiir i|ii;iulily of l' yiv. nC niiul nscil [<ii III

(lelruaiiMliuii uf Ft' ;iiul Al, they iiolmI (.(urcction.
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reaction of the lilackoniiiL; nl' >il\ci- ruiii>. The \ aiii-liini; of H,S,

a|)|)iireiillv less hv ('M'a|Mii,i;' lliaii In cliaujj.L' into ll.SO, has alreiidy

liecii ()l)ser\c(l by lli;uiN(;.\ ').

As far as llic (iclenniiiatinns uo, llio \\ater iiiav Ik^ taluMi lo lie

iiiiuiTali/.eil only Ity the ordinary |no(•e-^ i. e. li\i\ iaiiiin of vm-k liy

ne\\l\ formed --ul|ihinie acid. .Most likely this wunld he inoir (»li\ mii--

if I he in\ esli^alor had also delerniiiied iron and especially nairiinn,

instead of radier strangely restrictinji' himself to kalinm, the absence

of whicii is striking bnt for the rest not so astonishing, as we have

to do here chictly with jilagitdvlastic rock.

Without proper analysis it i> impossible to enter into a discussion

of the ipieslions connected wilh the chenncal compiisilion nl' the

solfatare-inateriai ; howe\er imwillinuly I must restrict mysidftohint

at them oidy to indicate thai they are not dexoid of interest. Thus

the composition of the mud might be of use for the soluli(_)n of the

question to which phase of \(ilcanisni the formation of the solfatare

corresponds, to the basic Sopoetan-ernptions, or — as after-effect —
to the Rindeugan-Sempoe-aclivity with its more acid products. The

high amount of silicions acid if irrefutable aud oi'iginal unght ha\e

led us 1(1 look for some co-relation with the dacite found by Rinne "j

near the Walelang, and so possibly to the unveiling of an ern|)tive

|)hase of still more acid material aud presumably higher anticpiity.

Conlirmation of the supposition just \entnreil about the mineralization

of the water nught on the c(uitrary be an iiulicaiioii that we have

to take the solfatare oidy as the result of the contact of infiltrating

atmospherical water with hot masses containing sulphides, a pheno-

menon of only |iartial volcainc nature. This conclusion would be

supported by the circumslaiice that many of the stones ejected wilh

the mud are I'ich in pyi'ites.

In .Martdi UUd llie mud-lield around the spring extended o\er an

area, the length of which I estimaleil at more than 25(1 .M. in the

direction along lln' I'enloe upwards. Downwards the coating of mud

did not i-each so tar. hai'dly oue huudrcd uielers ; oii the right bank

of the I'entoe wher(> the K<'tengcu-Kiudeiigau-wall hiudei'ed liu^

extension sideways, it was however likewise i-esiricted iu the upward

') Jou Hekinca; "Uink'rziick van cciiivie Ijriiiiiicn rii nuiiidriwclk'U in ilr .Minaliassa."

Nat. Tijilsciir. v. N. hufii- 1)1. blV p. 98 .-I .s(,m|. Sm liis npiiiimi lli;;t tlir sinoll (if

siilphiircltiMl liycii-ogoii might be lucally peculiar In Ilic aliiinsnlicrc niilv. ami llu-

w:iter itscir woulil hv frci; IVoni il, is iicil valii! fm mir cisi'.

~) I'rof. Dr. K. Hinnk: Bc'itra;_' /.in rilio-iapliir iln- Minaliassa in Xmil Olrlies.

Silz. Bcnc.iile dor K. I'reu.-isisclirii .\kai|rii,ir i|,r Wissciisrlial'lr, I'liys.-.Matli. (.:lasse,

19(XJ XXIV p. 482/483.
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and ilowiiWiird direction. Tiic sjirin.ti' liiis consequently :i \er\ excontric

siliuition ill the niiullleid lliut li;is iieeii t'uniied in ii. il w :i> ck'Hi-ly

x'isiblc on liie spot llial Inwards ilu' lii^licr side a lii,!;- piece ot

ii,roiind had Iteeii i-eiiio\ed liy llie iireakin^-mil of the sdll'atare;

now il is reiiiarkahle thai w"c fniind liic ehasin separated tVoni the

adjacenl l'enl(ie-h(>d Ity a narrow sirip (if iindi-l iiriied ground, only

inlerriipied \n llie ehaiiiiei ('\idenlly ciii ni hy the escaping nind-

water, whilsi il iiiight have been expected thai the great hydraulic

pressure woidd ha\e had the greatest etl'ect towards the weakest

side i.e. towards the lied (if ihe lirook. Ilnili pheiioiiK'iia eau. in my
opinion only l)(> explained, if we admit that ihe lirst l)reak-oni was

not \el•ti^•al Imt in a iliagoual and iipwai-d direclion, away from the

Pentoe, tending nearly towards the 8o|)()etaii-a\is.

1 found tiie last-mentioned peculiarity likewise at the lloemerega.

This spring is situated to the right of llie I'enloe, here already a

rather strong though still >iiiall moinitaiii-sircaiii, oiil\ a few meters

ajiart fnnn the lied of die hrook, at ihe foot of a wall showing

the ravinaled Miperposition of the lilaek So|ioelaii sand on llie greyish

tiifaceons material. The liolloiii of the iiole. enclosed li\- that wall

anil the liltji' dam at the side of the lirook, is covered with luke-

warm clear water, which again has its oiii-tlow to the brook on

the downward side. ( >f snp|ily-orilices notliing was to be seen.

About 40 M. ahead, nearly one kilometer below the new solfalare,

the niud-stream still formed ;i sepaiate central \eiii with a tem|ieratnrc

of ± 70° in the here about 1'/, .M. wide and 0,1 M. deep water-

lied of the Pentoe. That as yel no mixture had taken ]ilace mav
lie considered, in my opionion, as another indication of the viscosity

of the mud, resniling again from the presumed presence of colloidal

free >ilii-a. The presence of sulphuretted hydrogen conld be ascertained

ill the mud and also by the smell in the atmosjihere. On either

side of ihe b(>d there was a fringe about 1 M. wide of the soft,

grey mud, apparently dating from former stronger jieriods in the

el'tbix. when llie slreain of mud may have tilled the whole bed.

Even on the edge of the new chasm, notwithstanding the violent

boiling inside, we could not observe any spirting of the nuid. This

iiiii>t have occurred during still niov (> powerful initial activity, wliicli

in the very iieginning must liavt' shown a paroxysmal character.

This hardly •> cM thick slieel of uind would certainlv not have

stood against such lreineiidon> rains as one can onlv enjov on tlK>

mountains in our tropical aichipelago-idimale, during the couple

of weeks that had elapsed at the lime of onr visit, siiic(^ the fornui-

lioii of the spring. 1 think this entitles mc* to coiudiide that such
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))aroxvsiiial iiirrease of uclixilv iiiusl l:;i\o i-0|)e;ile(ll,v occurred. It

uiav indeed lie e\i)erted tliu( willi siieli newly tunned .si)riii<z;s a

state o\' peniianeiil e(|uilil)nuiii ensues only after a perhaps rather

long lapse of time. It seems even llial tlie Walelang, dating from

before 1821 ^), was not yet in a state id' regnlaiized activity wiien

ii was visited l^y Kinnk in J8il*J. This is peiliaps the canse that the

desei-iptions (if its appearance are lireatly at \ariance. Even now

this solfatarc had not yet qnieteil down. We oliserved some Imlililing

near the north-east coi-ner and now and then in a little ninml

|inddle in the half dried ii|i western part (in the sidphnr-crnsled

land-tongnes.

Notwithstanding the apparent contrast lietween the miinile lioiling

chasm of lilOl, the comparatively gently steaming but 300 hy 160 M.

measuring lake of Walelang and the lukewarm pool of Roenn r ga

the ditferences are in my opijiion I'atlier of a gradual natuie with

regard to size as well as to intensity. Numerous more or less radiat-

ing rents at the foot of the Kcteng.n-wall, in which the white under-

o-round and some sulphur was visible, and ^vhich gave some idea

of the great subterranean pressure that has caused the eruption of

the mud-stream, in the mean-time enforced the impression that with

undiminished powder the chasm would enlarge itself still considerably

also towards this side.

These crevices must be well distinguished from the long, narrow

crevices, almost hair-ilssures, observed in the gravel-tield to the south

of our Sempoe, and on the top of the Sopoetan-cone from the crater-

edge to about fifteen meters down along the northern and north-

eastern slopes. Hei-e they follow pretty well the level lines. The

vapours constantly issueing fr(jm this highest parr of the volcano-

mantle, now mostly rose from these crevices, which did not exist at

the time of my former visit, ,'^outh of Sempoe the direction of the

crevices was about N. 40° East. In my opinion they are of seismic

origin and as such likewise known from other places. The pretty

com|)act coarse sand has snlYicienl coherence to prevent these traces

of the eifecls (if the cartlKpnikes from disappearing again inunediately

after the sho(d<s. I'"resli landslips in the Sopoelan-crater proved that

the loosening uf the mass of the edge along concentrically running

lines had Hdue a little iui'lher. Su(di slips of iiand-shaped, conceiilric

nnisses from the upper edge inside the ci-ater are not reslricl(>(l Id

the latest earlli-(piake-peri(id ; llicy ha\c alsd been dliserxcd by the

S.\l(.\siNS (I.e. p. <)<)); and lia\c left at the Udi'lh-easteru wall m a

ij Mrjiitioiifd by I'.kinw.uiht, wlm visili'd lliis .s(jllalan' in ISlM.



( 235 )

finiiiei-slui|)C(l wideiiiiii!,' (owanls the riv>\ ;uiil ;i slr.iiulitly (Ic-^cciidiiii;'

striping a p;i-aiid rcmiiiisceiife.

The (•(iinmiiiiicaiioiis about liie volcanic plieiioiiiciia of 19()J in

tlie East-Indian Archipolasio (Nat. Tijdsclir. \-. Ned. -Indie, vol. LXII,

p. 170; conlain Iwo repoils alxml Sopiiclaii. In ono id' llicni, dated

14 FeluMiarv . hv llie disli-icl-nt'licei- (if TuiKJand. die plienonienon i>

in llie main c(iri-eclly slaled. ( >f a second nind-sprini;- mentioned

thei'C I have liowever not discoveied any li-ace on the spot, its

existence is in tact contradicted liy the other commnnication, issued

Ity Mr. I/i^tiii !!(,. in winch oidy one new iiole is recoiiied.

Tiiis hole mnsi ha\'e iieen lormed before 4 Felirnafv, the date ot

this latter comninnicalion. 1 conld no lonuer asceiiain whether, as is

mentioned in the report, in the iieuinnino, an ernption of ash hatl

taken ]ilace. which would ha\e uixeii to the ontlircak of the solfatare

in reality the charactei- of a lillle \oli-anic ernption. For the rest

it is characteristic to thi> nature of the phenomenon, that in the

begiuniiis sainl and gravel may, as it were, ha\e been blown

up, — though we need not yet think of a real ash-eruption, —
unless the mnd immediately made its a|ipearance at the initial

explosion.

The re|)orls published aboni the earth-cpiakes, il. c. ]). 188 et seq.)

do not give a coiujilete picture of the sei.smic disturbance prevailing

in the Minahassa from "2 February as late as March, possibly even

in April. In February hardly a day passed without earth-quakes,

which especially in the lirst half of the month almost constanllv

were felt in swarms so as to make it rather arduous to notice the

separate shocks. In a sense the re|)orts may be regarded as rather

signalling the critical ilays. None of the movements was of e.xcessive

intensity; most of them renuiincd between degrees III and VI of

the scale of iJossi

—

Fokki.. In the southern part of the plateau of

Tondano a few sluudvs seem to have reached the intensity VII (or

\ 111 Mercallii. In the Sojioetan luonnlains the crevices indicate a

greater intensity, especially in the southern Sempoe-ali'io. less on

Sopoetan itself, where the relief must have facilitated their fornnition.

In the whole district no accidents have occurred, and during mv
investigation 1 did not hear of any damage. Il was not so much
the violence a- the tVeipieiicv of llie ^lio(d<s. ilial, connected with

ihe phenomena near Sopoetan, troubled the natives, and even caused

the begimdug of a panic in Ihe southern selllemeuts of the plateau.

The fad of our investigation ne.xt induced tlu> fugitives to return lo

their homes and to show thenisodves more or l(>ss ash;iined of iheir

anxiety. Il was ciuious for us Kuropeans to hear by wav of excuse
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that only tlie viilid iiilialiitaiiN had lied, thus leaving the siek and

the old to their fate.

In my qnielinj;- report ^conip. the already cited annual and

quarterly re|)ni'i was based in the main on the dearly discernihle

connection between the seismic disturbance on the one hand, the

formation of the Pentoe-soltatare on the other hand, and on the total

absence of any other symptom of increasing local acti\iiy. The

Sopoetan-cratcr. from which in the first place an eru|)tion could be

a|)prehended. the more so as according to tradition its former eruptions

had always been preceded by some earth-quakes, was in the same

state of calm and feeble fumarole-activity, as I had seen it about

two years previously. From two boccas in the southern part of the

bottom of the crater the rising of steam seemed even to have

somewhat diminished. As likewise the e.xisting solfatares, and hot

springs, in so far as we could observe, or gather from reports,

did not show any marked change in their iictivity, the formation of

the new solfatare, also taken as a hydro-thermal phenomenon, could

be considered as entirely isolated and of a local nature.

After it was ascertained that there was no other cause for the

seismic disturbance, the coincidence of its beginning and maximal

violence with the formation of the Pentoe-solfatare got a primary

importance. Tiie causal (•onnection which thereby had become very

probable \vas, as we have alreiidy indicated, further supported by

the fact that the pleistoseistic region proved to agree with the nearest

surroundings of this solfatare. At Tombatoe the earth-imlsations were

not stronger than on the Tondano-plateau, and at Amoerting the intensity

and frequency must have agreed nearly with those at Menado. It

seems that on the whole the seismic phenomena, south and west of

the Sopoetan-mountains, were somewhat weaker than in the iKnlh

and the east.

UU:x-ht, Mav 191 J.
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K 1{ R A T r },].

p. 88 1, H t'nuu the U)p tbi- cases, read phases.

„ 89 ,, JO— 11 ,, ,, hotloni ,, we stihstitute the 2'"' ineiiiber

of {() for the 1^' member in (29),

read we substitute in (29) tlie 2'"' nieinber etc.

,, 92 ,, 14 from tlie bottom for — o:^, read — (),:i

„ 99 „ :^ „ „ top

for — or as LI' = — /-, + /,/-,, /. =: ///,.. — (1— ,i) Lh —
read — or /-, = «/', — (l-,i) Lh. as Lh = — h^ -r "h, .

,, 99 „ (i from llie bottom for in w iiich therefore, read in which.

,, 99 ., 5 ,, „ „ ,. 1— //= ! is [lilt, read 1— // is |hiI =1.

,, 99 ,, 3 ,, ,, ,, ,, also at 7',, read also near 7', .

(August 28, 1911).



KONINKLIJKE AKADEMIK VAX WETENSCIIAPPEN

TE AMSTERDAM.

IMUH'EEDINGS OF THE MEETING
of Saturday September 30, 1911.

(Translated fioni : Vcrslag van de gewone veigadoiing der Wis- cii Natiiiirkundige

Afdeeling van Zaterdag 30 September 1911, Dl. XX).

GO^sTTEisTTS.
.1. 1) V iN iiK.u Waals Jr.: "Enei'jiy uiid mass". (Communiciiti'd by rrulM. D. van dk.h Waai.s),

|). 2311.

Jax ue Vuies; "A bilinear ooiii;nicnpe uf i|iiavtii.' twisteil curves of the first species", [i. 'I'lo.

Jan de Vries: "A iiuanic sitrlace with twelve straight lines', ]i. 23'.l.

A. S.MiT.s: "The application of the new theory of allotropy to the system sulphur". (Coniinu-

nicatcd by I'rof. A. F. IIollejiax), p. 263.

Ph. Koiixstamm and J. CiiR. Reedf.rs: "On the phenomena of condensation for mixtures of

ciirbonic acid and nitrobenzene in connection with double retrograde condensation".

(Communicated by Prof. J. D. vax der Waals), p. 270.

J. J. VAX La\R: "The variability of the quantity /) in vax der Waals' ciiuatiun uf state, also

in connection with the critical i|uantities''. I. (Communicated by Prof. II. A. Lorextz),

,,. 278.

T. VAX DER l.iXDKX: "On the benzenchc.xachloridcs and their splitting up into trichlorebcn-

zenes". (Communicated by Prof. A. 1'. IIollemax), p. 298.

Physics. — "EiiL'rijn <au/ ///r/.v.v". l!y ,1. ]). van dkr \Va.\ls Jr.

(Coiumuiiioated by Pi'of. .1. D. van dkk Waaks).

§ 1. Inlnnliiflitin. In clussical merliaiiics tlie mass of the bodies

was considered lo l)e eonslani and ihe force was delined as the time

deri\ati\'e of tiie momentum; in conse(|neiice of this the law of

(•oiiser\ation of monieiilnm, ihe law: llie action is et|iial to tin'

reaction, and Ihe law of lln- nniforin motion of (lie centre of inertia

of an isolated system were considered to be three dilferent ways to

state Ihe same hxw of iiatnre. At present many |)liysicists consider

this nol lo be the case. They assninc ihal ihe law of ('oiiscr\alioii

of nunnenlnm holds n'ood in nalnri'. I'dr tjiis assnm|ilioii, iiowevei,

it is necessary to generalize the nolioii of moinenlnm, so llril A\e

ascribe also a (|nanlity of n'onienlnin lo Ihe elecironiaiiiielic Held.

The law aciion -= reaction Iiowcmt, ino^l |(liysicists consider not

17
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10 he fulfilled. It is easy to generalize also the notion "foire" in

such a way that this law is satisfied. The only thing that is required

for this purpose is that also the time derivative of the electroniagnelic

luonientuni is railed "force".

To this the objection has been raised that we must consider the

ether to be stagnant, and that it is therefore, meaningless to speak

of a force which is exerted n|i(iii il. But we speak of the momentum

of this stagnant ether and 1 do not see why we cannot as well

speak of the force which acl> on il. .Moreover we may axoid both

expressions and attribute t!ie inomenluni not to the ether, but to

the electromagnetic energy, and in the same way we may take the

force to be exerted on this energy. Thus we also attribute the entropy

not to the vacuum or lo the ether, but lo the i-adiating energy.

These are after all mere questions of nomenclature. More important

is the question, whether the motion of the centre of inertia of an

isolated system is really uniform. It is evident that we may assume

this to be the case if we conceive the electromagnetic momentum

to consist of a mass which is in motion. As an instance we will

consider a stationary body with a mass Jl/ and a ray of light which

is absorbed by it. The ray represents a quantum of momentum which

we will denote by iiic, the radiation propagating with the velocity c.

When the ray is absorbed, the total momentum must remain constant.

Now we can make two different assumptions. In the first place that

of Poincakk'i, who assumed that the mass .1/ obtained a velocity r,

so that Mr = inc. The uniformity, howcvei', of the centre of ineitia

required the following rather slai-lling assumption about the mass //^:

when the radiation i> absorbed the mass /;/ is stopptnl. il is however

not annihilated, iiut becomes stationary at ihat place where the

energy has been absorbed. The body which has absorbed the energy

however moves in the mean lime away from lliai place. Poinc ark

himself declares thai a jihysical meaning cauuol be ascribed to llli^

iheory.

.\uolher possible assuuqilioii was proposed by ihc preseul writer

also in JliOO in defendiui;' his Ihcst's on du' occasion of hi~ pi-oniulion

to llie degree of docioi'. This a>snuqpiioii consisis in ilii>, ihal we

imagine the mass /// lo I'cmain in Ihr body whicli has absorbed llir

(•ncr;i\'. 'i'his body would ihcn ol>laiu a \ elocil\ /*, w liich is dclermincd

b\ llic e(|ualion .]/ '\- m r' ^ ii>c. Tlii^ a>siiiiqil ion iii\(il\i's a hypo-

llicsis wilii a very decided physical nicauini:, namely ihal llic mass

of a body tiepends on ils energv . In 1110(1 howc\er llicre seemed lo

') II. PoiNCAiu':. l/ivrc •luliilaifc di'ijii' a 11. \, Lukk.ntz p. '_'5l' Aiiiki I'.tOO.
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l)p lillle rc'^isdii lo (Idiilil the cdii^iaiu'v of tlie iiuiss ctl" llie liodies.

1 llierofore fell oliliiicil to reject tlii> li\ [lotliesis and with it the law

t)t" tlie iiiiitbrmitv of the motion of the centre of inertia, and the law

action r= reaction.

The electron theorv, howexer, has since that time given rise to

doubts as to the constancy of the mass of the bodies, aiid El^sTEI^ ')

has moreover shown that Lorkntz's theory of relativity requires in

some cases that we ascribe to the bodies a mass varying with their

energy. It seemed therefore tlesirable to return to the idea rejected

in 1900 and to ascribe a mass to the energy, and that as well with

PoiNCARE for the ease that the energy moves in the electromagnetic

field"-) as with Einsti:i.\ for the case that it occurs in ponderable

bodies. Laue") has given a general theory for this latter case. Although

my results partially coincide with those of Lale the following

considerations \\ill |ierhaps uui bo superfluous.

§ 2. In ihe lirsi plai-e we may deduce from the formulae:

The current of energy =: c

1 ^
The momentum per unit \olume ^ — fc

c,

1

liial ihe mass ol a (|uaniity ot energv f is e{pial to e. The velocitv

of this mass in the electromagnetic Held mav be assumed to be

IV ^ - IF= ^
((£"-

-f
.ip-) representing the density of the energy. I

say it ///(/// bo assumed to have that valtio, for we may alsd introduce

another supposition namely that at a point several parts of the energv

have (lilferent velocities.. And in connection with § 5 this assumption

has some advantages.

So if a ray of light moves in an electrostatic Held, the al)o\o value

t)f a' is different from c We may however also assume that the

light energy moves with the velocity c, and tiie other (puintilies of

energy move with ditl'eronl xohicities or are sialionary. It is however
imiaaterial which supposition is introduced, if only care be taken

1) A. EixsTEi.N. .Vim. d. i'liys XVlll p. 639, l'.JU.j. aiui XXIII p. 371, f907.

Compare lli^u ti. Nordstrom anil M. .Abr.^ham Pliys. Zeil.sclir. X ami XI Anno
(190!) ami 1910) ami H. A. Lore.ntz. Versl. Kon. Aka<l. Amsl. Juni 1911, p. S7.

(Still to be publislieil in Ihcsu Pioceetlings).

-) H. PoiNi:.\RE I.e. Compare also A. Einstki.v. Ann. il. Pliys. XX p. 6:27. 1906

ami M. Pl.\.n.:k. Ann. d. Pliys. .\.\V1 p. 1. 1908 and Pliys. Zeitsehr. IX p. 82S.

1908.

*) M. Laue. "Das Ri'lativitiilsprinziii." Vikwei: nnd Soh.n. lirannscliweis;- 1911.

Also Ann. d. Pliys. XXXV p. 5'i4. 1911.

17*
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lliat 2: ll'ii^ =^ ^S. The iiiuiiieiitiiiii li;is llien also the riji'lit aiuomil

— *?. Ill this paragraph 1 will assuuie fur simplicity that at a given

point all elect roniagiietic energy has the same velocity.

It is important to point out that c is the niaximuni value which

can be assumed by a\ This \'alue is reached if ti" and p arc equal

and perpendicular to one another. In all other cases w i.s smaller

than c.

Finally I point out that the essential property of mass according

to our considerations is that ;//0 =r monienlum. That moving mass

involves a quantity of kinetic energy is not to be considered as

es.sential ^). It is not even generally true. When a body radiates

energy in all directions, the energy (and therefore a part of the

mass) which was originally in rest, is set in motion. This motion,

however, is not connecteil with any kinetic energy, for the energy

is constant. The fact that the motion of a body is accompanied with

kinetic energy must therefore be considered as a secondary [)lieiio-

menoii. The energy is then not only set in motion, but also augmented.

So the energy of an electrically charged conductor is augmented

with an amount of magnetic energy when this conductor is moved,

and something of the same kind must happen in other cases where

kinetic energy occurs'').

We will now put the <pieslioii ; what are the forces which are

exerted on the electromagnetic energy? We will start tVoui (he well

known e([ualioii

:

(/(oAF. IV

)

1 dS,.

Here A I' is an element of xoluine, o the density of the material

r)

mass i> its \elocit\ and ' the I'ovntiiiii' xector. The s\ inbol ^
•

'

'

dt

indicates a partial dill'ercnlialion with I'l'specl to the lime with

conslaiit value of Ihe coordinates, and

,/ (I cl d r)

,// dt. ().;; ' ' d;/ ^ ' dz

Finally represents

') 'I'liis lias alrraily Ikvm leiiiaikcil liy Laui:.

2) l''ar IVuiu ilciiyiiiK Hi" rxislencc nl th • i-llicr, I should hr iiiclinrd hi .icdiiiil

for all llic iiirilia liy tlic acli t llic inciliiuii ( If. I'liys. /.ilscln-. |i. (illO. I'.ljl.

*) III acconlaiirc willi L\i:i'; a |iri'ssiiic is iv|iiTscrilri| liy a |iiisilivi'. a Irnsinn

by a iK.'galivo value- nl //.



( 24a )

')/'.... ^J'j;/ dp_r7

d,v d?/ dz

P„ =h{^-' + .0=) — S=.,. - ^v,

P,, = - (^, €, + .D.,. -^^ )

/>,,, = - {(p., li:, + .p., jp, ).

In order lo iiitroduce the foi'ces wliicli art on llie medinni encM-av

we will Iransfoi'ni llic riglitliand menilicr of e(|ualion (1) in siicli

.0
a \\a\" iliai llic dilterential i|iioli('iit with no longer occnrs in it,

<l' d d d
l)Ml a dilloronlial iiuotiont with --r=- A- tOr h \v„ [- \V- —

'

'it df ^ d, '
d,, ^ • d;

Tills can ho done as follows. \Ve pnt

1 ^

Then e<|nation (1) can he wrilter.

:

-- Li I IJir II,- r=: —'
dt

^
(I't

d'AV { dp'a^ do'ivt do'iv.— oa>,

—

~ AT ai,—̂ |-a->„ ^ • - ^

ft" we now put :

/ -<'n-^-^-—'1-

;>., = y a>., av = ~^-r = ^-fp

/"'
,; : = p a\, a\- ^ —

-j-

c' q c- IT'

and /* — /'' = ' ('• C"- /V.i

—

l>'u.,- = t.i-x etc.), and we add A I' AV //^

lo hoih nicnihers of the equation, then we get ;

%ivATO
,
./V'VVAF)

dt
^

d't

d' A I'— Q a\,- -
\- {}' av A V I)!f w

.

d'L V
As however ~ =Al l)ir\\\ the last two terms cancel each

d't

Other. So we gel an e(|naiion liie left hand nieniher of which niav

III' inlorpreted lo represent the foi-ce which is exerted Iw the tensions

/ on ihe vohune element A T, wiiereas the righthaiid member represents

(he increase of Ihe momentum of llie masses oAT' and o'Al'.
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Tlins we arc led lu consider llie elenieiils of / as Ihe (|iKuililies wliicli

determine tiie tensions in the niediuni. In the electroslalic and in liie

pui-elv nia^^iietic field llicse expressions agree willi tiiose given liy

Maxukll. Bnt iji the general case they differ from those values. In

a plane wave for instance the tension in the direction of propagation

becomes zei'o. At first sigiit this may seem strange. For Max\vejj>

deduced the existence of the pressure of the radiation from his value

of the tensions, and it appears that in |iMlliiig !,,=() [.r being the

direction of propagation) we deny the existence of that, pressure.

Yet this is not the case. For often we deduce the existence of the

pressure of radiation from the momentum of the electromagnetic

field without making use of the tensions. Properly speaking these

two explanations of the pressure are contradictory; or at least one

of them is superfluous. If lioth the tension and the momentum existed

in the medium, the effect of these two causes ought to be added

and we should find the double value for the pressure.

This difficulty does not exist if we ascribe the above values to

the tensions. According to tliem a force exerted on a liody is to i)e

ascribed either to a tension or to the momentum of the medium.

And if they both exist, their effect must be added, r^et usconsidera

ray of light reflected on a perfect mirror. In the ray we do not

assume any longitudinal tension, bnt at tiie surface of the mirror the

normal component of 5 is zero, and our expression for the tension

is by no means zero, but coincides with that of Maxwki.l. The effect

of a I'ay of light on a mirror is therefore qiute analogous to the

effect of a jet of water on a surface by which it is thrown hack.

In the jet there need not be any pressure, but on the surface where

the water is thrown back, a pressure does exist.

The tensions t, which we introduced, are therefore (piile analogous

to clastic tensions in bodies; the tensions of iManwk.i.i, on the other

hand are analogous to the dhsnlnli' tensions, as \i\\\', calls Iheni, i. e.

of those (luantities whose divergence is ecpial to the change in

momentum of a .stationary clement of volume. This change is occasioned

by two causes: !'*' the tensions t, 2'"' the tianspml (if momcnluni

thiough the surfaces of the volume element.

The result of our general considerations is lliis, ihal we it is

true — dcnv tiic existence of bodies with a constant ma,ss, and that

our assumptions dilfcr in ihis r'cspecl from those of classical nicchanics.

i'.iil on the (itlii'i- hand the law of C(ins(>r\ alion of cnei'gy warrants

llial liii' lolal amount of mass is constant, so that tiic only

difference is llial we assume that the mass can be transfei'red with

the ener"y from one body to audtiici'. .Moreoxer we ha\e reassumeu
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tlio law anion ^ r(\i('li(>ii ami llie law (if the iiiiiloriu iinilioii oI'iIil'

centre n[' inci-iia. ('(jinpariiii; lliese a>suMi|)li(ins with (hose of the

older tlieor\ of flcM'trons. where the total mass was a \arial>le

(juaiililv. it appeafs thai we liy no means dexiate fai-thei- tVom classical

mechaiiii--. I>ut fathei- that we retiifn to it.

§ 'A. Let us now consider a special case: a liody is set in motion

liy a force ii. We will assume

(fm 1 dv dm
- =; lOv and i\ = vi — + VI

—
.// ,- dt <lt

From this as&nin|ition follows:

1

dm c'

m «^

or

Wrilin.ii, / '"„; t'or r, we liiul

:

m.
- (^)

]/
Without making use of the theory of relativity we <ind therefore

the well-known expression derived by Lorf.ntz V) in his ingenious

paper in which he drew up that theory. Perhaps we may be astonished

to liiui this relation without introducing the Lorentz contraction,

whereas 1>urkntz derived it for bodies which do undergo this con-

traction. In order to explain this fact we observe that the above

deduction is always ai)|)licable, if the force H represents the only

change of the energy of the body. And this is the case, 1'' if the

shape of the body is invariable, 'i'"' if the body undergoes the Loukntz

coutractioii accordinu to the theory of relativity. For according to

this theory the contracted form is the form of etpiilibrium for

the moving body. A virtual change of form, therefore, does not

require any work, and if a body is accelerated cjuasistalionarily, no

work is expended for the change of form. For an electrically charged

body e. u. the negative work done by the electrical forces when the

bo(l\ coniracis will be ctnnpen.sated by positive work of other fon-es

(^which we will call elastic forcesi.

') 11. .\. LoKE.NT/.. These piotucdiugs VI, p. 80it, Anno 1904.
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This observation throws a new light on tlic sigiiilicatioii of the

well-known experiments oF Kaufmanx (Bucherer, Hupkaj. These

experiments arc carriod oiii w iih a pnrpose to in\'estigate whether

tlie electrons contrai'l wlien mo\ iiig. We here see however that, even

if the accLiraov of fornuila (2) is perfecllv i-onlirmed by experiments

of this kind, tiiis liy no means proves the existence of the contraction.

Wiiat really can be decided \)\ the.se experiments is wiiether we
have rightly attributed mass to the energy.

In order to deduce eqnation (2) we have assumed that the increment

1

ot the mass is e((nal to .,
the increment ot the energy. We are

1

jiow inclined to ask whetiier also ;»„=:;?„ (?,, = the energy ot

the body when its velocity is zero). Specially we will put this

question for electrons with surface charge. For the electromagnetic

energy and the electromagnetic momentum w-e find respectively :

1

4 V.

and W r=

e'„ representing the electrostatic energy of the stationary electron.

These values do not agree with the formulae

:

6„
, ,. 1— and v^) = - EV

.

V
but it does not follow that these formulae would not be satisfied if

we had taken tiie total energy and the total momentum instead of

t' and OV. It is namely known that an electron lias besides its electro-

magnetic energy, still energy of another kind ') (elastic energy), in

consequence of whicii its mass and its momentum must be augmented

by a positive term. But there is another reason why ©' must be

diminished by a certain amount in order to find the total momeutum.

For inside the electron is an amount of momentum whose direction

is opposite to the direction of the motion of the eleclnm. To prove

this we will iM\(^sligale the \ector of I'oyntino when the electron

moves in the direction (d' the positi\(' .\-a\is. At the half (d' the

electron lui'iied lowai-ds the |iosili\e .V-a.\is this vector is directed

inward, at llic half direided lowai'ds A it is directed untwai-d :

') Cloin|). i. ;i. II. A. Louf.nt/.. TIk' theory ot clcclinns p. 113 and 114, wliirc

also the itnuuks ot I'oincabe and Abuaham rofeirinii; to this ai'e discussud.



( 247 )

ill the ('li'clroii il is /.oro. Tin' (•(iiiliiiiiil \ t)[' llic iihiImhi uf llic riK'iji'v

r(M|iiii\'s iIkiI ill llic clcclroii llic truiisport of eiicrtiv in llic (iireclioii

-- X lakes place, aiul thai liierefore alsn an ainonul of iiuiiiieiiliiiii

ill that (lireclioii exists, 'i'his lraiis|i()rl dI' ciicriiv in the eiei'tron is

oeeasioneil liv the ehislic t'di-ces. In the ciccliDU cxisls iiaii;ely a

tension, and lliis is always acconiiianied willi ;i Iransporl of eiier,uv

opposite Id the motion of Ihc ImkIv, in ilie same \\av as a pressure

is aecompaiiied with a tianspdri in tlie dii-eclion nf the motion.

So \\e see thai CV and <' must li'.' anymented liv several amonnis

which are at present nnkiidwii. It is therefore iiii|idssii)le lo decitle

1

whetlier the e(piati(in ///„ i= ?„ is satisfied. It is not even cerlaiii

that tliis cpiestion has a real nieaiiiiij^'. For in mechanics the energy

is ne\er perfectly deterinined, hut contains an arliitrary constant.

And thonti'li for some kinds of energy no reasonable doubt can exist

as to the absolute amount, as for the kinetic, the electric, and the

magnetic energy, il is by no means certain that for all kinds of

energy we lia\e a sufficient reason for the determination of the zei'O

of energy. So we must content our.selves with observing that it is

certainly also impossible to prove that the e(piation does not hold good.

The explanation of the relation belween the energy, the mass, and

the momentum of a moving body given here dilfers from that of

EiNsTKiN '), who assumes that the energy (if a moving body varies

if a system of equal and opposite forces is applied, although they

influence neither the velocity nor the shape of the body and accord-

ingly do not change the energy when evaluated from a system of

coordinates which shares the motion of the body. According to

LoRENTZ ) these forces bring about also a variation of the momentum.

It a])pears however lo me that this \ iew cannot be maintained.

Ill the lirst place the existence of a rigid body is assumed, and the

existence of such a body wouki be at variance with the fundamental

hypothesis of the theory of relativity ''). Hut the increase of energy

and momenlum would not be found e\eii if \\(' assumed the existence

of such a body.

For a body cannot be rigid with respect to exery system of

coordinates. If it has that ipiality with res|i('ct to a coordinate system

which shares its inotiini, it caniidt ha\c il with respect to other

coordinale systems. A disturliance which propagates with infinite

velocity when evaluated from a system w hieh shares the motion of

1) A. KiNSTEiN, Aim. il. Phys. XXllI, p. 371. 1907.

-) H. A. LoRKNTz. Vers). Kon. Ak. Amst. Jmii IVdl, [j. 9.1).

«) M. Laue. Phys. Zoilschi'. 12, p. 48, Anno 1911.
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the liodv, will propaiialc willi olhrr \cl(icilic^ when cvahialed IVoiii

a svsleiii i-elati\e Ui wiiit-h ih'j liodv iiioxcs \\ilh a \eli»cilv i\ Hvahialed

tVoiii sncli a svslciu Ihe \eh)('ily ot' propagatidii in the (hrectioii of

(.•''
(.'"

the motion is , in ihe oiiiiosite (hrection it is .

I;et lis now taive a rod whose ends wdl he called .1 and />. In

.1 and II Iwd e(|ual and opposite forces are applieij. These forces

ai'e applied at the same time when exalnated tVom a s\ stem relative

to ^vhich tiic rod is in rest. An ol)sei\er relati\e to whom the rod

moves in the direction from ^1 lowai'ds B will find iliat the foix-e

in A is applied earlier than that in B. Call /' tiie moment in wliicli

the force in A is applied, then he will find that the force in B is

ap])iied at the moment 1' -\- ,.;;'. The enei-gy and Ihe momentum

calculated liy Einstein and In Lokentz are those quantities imparted

to the l)od\ l>\- the force A duruig the interval ./', dui-ing whicli

the force in Ji was not vet applied .and could not cancel it. We
have here howe\er not yet taken into account that the effect of the

force in /> propagates in the rod with a negative velocity and that

it is felt in .1 before it is applied in 11. During Ihe interval .,
.?',

during which it is not yet applied, the force in />' imparls notwith-

standing energy and momentum to the body which exactly cancel

those amounts which are imparted by the force in .1.

We see here again that the assumption of the existence of rigid

bodies leads in the theory of relati\ity to unacceptable conceptions.

We are therefore induced to assume that every body is elastically

compressible and that in such a way that the same law which hokis

for the propagation of lighl in nio\iug media also applies to the

propagation of elastic distnrl)aiu-es.

Let IIS apply to a body a system of e(|ual and opposite forces, by

which it is compressed, and if we then set it in motion, in consequence

of which it contracts farther, then the forces will again do a certain

amount of work when this contraction takes place. This is perfectly

analogous to ihc case thai we apply llrsi a set of foi'ccs ,1, which

compi'ess a body, and aflcrwards another set />', which compress il

still fnrfher. .\t this second compression the set .1 will aiiain do

some work. So il proxcs to be line ilial a sel of e(|iial and opposite

foi'ces changes ihc t'nergy of a mo\ iiig and also of a slalicmary)

lH)(ly, bill lliis energy is e,\clusi\ ely I he c(inscipience of the corilraclion

and change of f'orni of the bod\ .



( .>41> )

So ii appears lo inc lliai iln' fir(Mini>iaiK'cs niv iiiiu'li simpler tliaii

we should coiicliide tVoiii the lallici' -tarllii u coiicliisioii ofEiNSTKlN,

tliat forces which do nol imparl aiiv (diange ol' xelixdlv or shape lo

a bodv, yet would chaiiLie its euei',u\

.

I lay some sti-ess ujion ilii> poim liecause it ajipears lo me llial

everything in the theorx ol' rehttisity may lie interpreted in a nuadi

more rational and inteiliiiilile way tlian many peopji' imauine. So the

fact thai accorthng to the liieor\ ot' rehitivity two \elocilies canimt

be added in liie ordinary way hy means of tiie parallel Uigram is

often thonghl lo necessitate a new doctrine of kinematics. We must,

liowe\er, take into account that velocities, measured liy the same

observer, may he added in the usual way. <)nly for \elocitios eva-

luated friun ct)Oi(liuate systems moving with tlill'ereut velocities this

is not the case. Those velocities, howexer, are measured with dilferent

units of length and time. And velocities measured with dilferent units

cannot directly he added. This was already the case according to

the olil doctrine of kinematic^. l'"or diat reason we do not want a

new one.

Neither is the Lorkntz contraction a suflicieiil rea.son to speak oi

a new doctrine of kinematics. Il appears to me that the best way to

formulate the discovery of l.out'.NTZ is to say, that when a body is

set in motion, it experiences forces which try to make it contract in the

wellknowu manner. It is however possible that those forces are

cancelled by other forces, and then the contraction does not take place.

So the contraction cannot take place when a body rotates ; a begin-

ning contraction is in this ca--e opposed by elastic forces.

In the same way we formulate the law of Xi'.wton by saying,

,m,m.
that two masses at a distance y attract each other with a force A .

r"

Whether ihey will obtain the corres|)ondiuti- accelerations depends

upon the |)ossible cxislonce of other forces which perhaps cancel the

Newtonian force. So it appears lo me that the law of LokI'.ntz con-

cerning the contraction no more beloiiiis to the region of kinemalics

than the law of Nk\vh)N concerning gravitation.

§ 4. Mutual Muss. Let us imagine two electrons with e(pial

(diarges c but of opposite sign, and both with a total mass m. Thv'w

distance be /•. Then we may distinunish tiiree masses : ;;/ in the

centre of each molccuk', and a ma.ss ,ii^.. = , w liich reallv resides
4.Tr

ill the tield, biu which tor many jiurposes may be ihoughl to be

conceiilrated in its cenire of inertia i. e. in the point halfway between
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llic Iwo clfclrdii^. If w r iiii|i;iil In lliis s\ siciii ;i \el(.)ciry r, llioii

llic inoiiienlmii '.vill 'he i'lni -\- in ^.,! v ';. If one of ihc electrons is set

ill UKiiioii and llie other remains in rest, tlie nioineiilnni will he

(?/? -f- 5 »/,3^ v\ lor the nmss ;//,.,. remaining lialfwav between the two

electrons, moves witii a velocity i v. This however is only true for

quasi stationary motion, and we mnsi kee|i in \iew that the requirements

for quasi stationary motion ai-e in this case liy no means so easy to

be fulfilled as in the case of a sinoU. electron. If e. ji'. the electron

vibrates wilh a waveleniitli <C ''- dieii the mass residing in the tield

and conti'ibuting to m^. caniiol lie assumed to have everywhere the

velocity h v. This mass therefore may not be thought to be concen-

trated in the centre of inertia and the mass of I he electron may not

be augmented with i in^.,.

Let us consider electrons on the sun. They have a greater poten-

tial energy than those on earth. Are we justified in ascribing a greater

mass to them and in e.\|)ecling that the period with which they

\ibrate will accordingly be greater ? ^) In order to answer this question

we must investigate whether this potential energy shares the motion

of the electrons or not. If we assume tiiat gravity propagates witii

infinite velocity, we shall have to assume that the gravitational energy

moves with the electron, and then the mass of electrons on the sun

would really be greater than I hat on earth. If on the other hand

graxitalion propagates with the velocity of light this conclusion would

not be justified.

If the shifting of tiie spectral lines in tiie light of the sun as

expected by P^instein therefore does not (H-cur, this fact does not

prove that we are wrong in ascribing a mass to the energy. But it

proves that gravitation propagates with finite velocity. If on the other

hand the effect did occur, it would show Ihat iiravitaliou propagates

with infinite velocity or at least with a velocity which is very great

compared with that of light. The effect would therefore be indirect

coiilradiclion to liie liypollie>is of i-elativily.

§ 5. We will still consider the following special case. A rod of

1 cm'-' cross section experiences a pressure tjj in the direction of its

leiiuth. We will call the ends of the rod x'l and /^ and choose the direc-

tion i'ldiii .1 to /> as positive ,\-axis. The rod moves with a velocity

u ill this direction. 11 be ihe densily of llie energy of the rod. The

amonul of energy which passes Ihroiigh a stationary |ilaiie of unit

') Tlii.s iigroe.'; with llir ciili-iihilions of L. .'<ii.ukiisti:in, i'liys. Zcilsclir. Xff,

p. 87, 1911.

-) A. EmsTEiN, .lahrl>U(:li dcr liadioukt. u. Elektr. IV, p. 459. ^
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area perpendiculai' to the .V-axis, would accordinii- to clahisical mcclia-

nios be :

e,- = ( If ^- I,,,) IV

According to our considerations the (|uestion would l)e a little less

simple. Wo shall have to conceive IT to be separated into three

parts: ir, iiKning along witii the roil with the velocity i.\ H'^

moving uiili ihe velocity \v. in the -)- A' luul 11'., moving with the

velocity ii\, in Ihe - A-direction. We are inclined to suppose that

II 5
-j- n '„ will lie the elastic energy which is a consequence of the

compression, and thai \\\. and i\v, are the velocities with which a

perturbation [tropagates in the movinu rod according to a stationary

observer. If we put o ^ 0, we get u\^ ^ a\, and the assumption, which

I introduce here is, ihal also in this case the elastic energy is not

in rest, but ihai we cannot ascertain its motion because two eipial

currenls of energy nuue in op|)Osite dii'i'clions. If we again imparl the

velocity u , both curi-ents will be changed, but in a dill'erent degree,

in consc(pience of which a ciu-renl of energy in a deiinite direction

can be ascei'tained. These considerations are confirmed by the fact

ihai the energy transported by the tension through the moving rod

cannot moxc with a velocity v. .'>o it cainiol be transformed into rest

together with the rod.

For (lur |iurpose howexer it i- ikM necessary to determine the

values of IT.^, IT;,, a\j , au<l m\^. We certainly may put;

&r= It'iV-H- '''=».V, — ll'.,H\, (3)

The forci' exerted by llie rod on a body against which its end

Jj rests, may nol simply be put e(|iial to /j., , For we must take

into acctiuin that Ihe rod contains two (|uaiililies of nionientinn: a

([uaiHily with a density 11 ,av, moxing with the relatixe x'elot-ity il\,— v

towards the end /I, and a (pianliiy with a density " V^':. mo\ ing

willi a relative velocity av, -|- ^ away IVom il. The force exerled lui

the end of the rod is therefore:

1 1

T.,/) = >:, + ~ |u\,— o) ir,a\, + „
(iiv, h>-'') "',,a\ .

1) It is obvious that In piinciplu (,-,, has the closest jinulogv to wliat is ordina-

rily railed clastic tension. I'iie quantity /,,.,, Iiuwever cannot be measuicd and in

so tar T.,.1, wliicli represents the lorce as it is measured, is a more important

(juanlily. An easy caleulation shows that fxr is the same quantity as llie (|uantily

/„ of Laue. Till' lensoi- / is syiuMii'liical, wlu'reas r |/ in lln' nolalion of i,,.\uK)

is an asyninietrical Icnsoi'.
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Tliereroi'i.' \\i' liiiil fur liic eiierii) wliicli |i;is.ses llie .slalidiiarv |ilaiiO:

We will iiiln)iliice in this equation the (juaiilily //j_^ wiiirh is

e(|ual lo;

P,, = !.,,,+ -- ( H>^ f n-jv/ + n\M\')
c

We Oiisilv Hud :

Takiii,!i' e(|uali(.)ii i'A) into accouul and [lutiiiig' - ^ |-J' we liiid :

3,(l+p-=) = (ir+y^„,),, (4)

It is iiii|i(irtaiit to reniark iliat tliiis eqiuitioii, dediieed liere without

uiakin.n use ot the liieon of rehilivity, eau also he derived from llie

e(|uatious (102) of I.ArF,'):

t.,.=

ir =

/'.,

1 - tr-

ir nauii'lv we iuia<^iue liie rod to rest I'elalix'e lo liie accenluaU'd

sysleu:, llieu c',=z(). We liiid tlien ei|ua(ion (4) i)y ehiuinaliuu'

//,, and II".

Ill Ihe sauu' way we cau disruss (he case thai Ihe i-od lies paral-

lel Ui ihe )'-a\is aud llial a I'm-ce iu ihe -j- A direcli(Mi is applied

ill the middle (if llii' rod. In ihe cuds (if (he rod Iwo eipial forces

ad iu ihe .V-direcli(iii, which lordlier (.'xaclly lialancc Ihe force iu

Ihe middle. This syslem moves willi a \elocily i' iu ihe ,\-dirccliou.

for lliis case lidlh ways df calculaliiiL;' yield

So We see llial il is possilil(> lo dei'ivc stweral c(iiicliisi(iiis IVdiii

ihe law of llic iiiiifdiiu iiidliou of ihe ceuire (if iiierl iaw liicli iisiiall \

are deri\i'(l iVdiii the ll v\ of r(.'lali\il \ . Iu principle (he Iwdways
df deiliiciiii;' llieiii are e(pially jiislilied. Iu IkiIIi wc slaii IVdiu laws

wliicli are pr(e.'ed Id lidld Liddd for sdiue rei^idus df dliserx alidiis and

'j .M . liAUK. Das lli-laliviluls|iiiii/.i|i |i. X7.
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apply thom to phenomena belonging to I'Cgions for which their

applicaiiilily has not been ex|)erinienlallv proved. A generalization

of this kind is of course hypothetical. The fad that the two dednclions

here yield the same results will probably be considered as a confir-

mation of the validity of the hypotheses.

The rpiestion suggests itself whether the hypothesis concerning the

mass of the energy is not only in the special cases treated above,

but with perfect generality in agreement with the theory of relativity.

The most general method to solve this question seems to l)e that

suggested by LAn:. His argument conies in principle to the follo\\ing.

We will lake the Ui quantities

i ^
/'.,u- /'.,// p.,, -- >ir.

Pn^
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Iniiisroiiiiatinii of ^r is ilelermiiicd. Tlie considerations of Late,

therefore, are only Jiistilied if lie can show that it is possible to

attribute to the different kinds of energy a velocity whose valne is

such that the transfornialion of o and \v yields for — oiv, the same

forniida as he poslulales for the liMiisfornialioii of '3. Considerations

of the same kind ai)|ily to liie (|iiantilies /ij^ and W.
Postscript. Perha|)s I iia\e not always lieen consistent in the nse

of the woids fitrci' and ti'i/sin//. 1 have tlionght for a inomcnt lliat

we conld do wiihoul these notions altogether, and that we conkl

acconnt foi' e\eiy change in the njoinentum in a volume-element by

means of the (ranspurl of nioinenliini Ihrougii its sui-faces. lliil Ihen

we are che(d<cil by some diflicuities. The nomenclatnre most accurate

in principle is of course to nse the word force oidy for that change

of momentum for which we cannot account l)y a transport of

momentum. Ibit it seems lo be impossible lo |ierform the separation

between the "llet-t of forces and of transport in an nnanibignons

way. In § 5 eg. I called t,
, the force e.xerted on the rod. This is

accui-ate if the ipiaulilies of energy IT., and 11',, are |iartially reflected

at the ends of the rod. If lliey, however, pass the ends and flow

into the other body. /,, would i-e|n-esent the force and r.(j—^j-.,- would

rej)resent a ipiautity of momentum which is imparted to the rod by

means of transport. It seems lo l>e imiiossible to find good i-easons

for a choice between those two conce[itions. It is after all immaterial

to which of these qnantities we will apply the name of force.

In the same way we may ask whether we will detine the force

by the equation

do dm

dt dt

oi' by

</o

A ^ ni
,tl

The force adds energy and so also mass to the body, and llic

value which we ascribed to the foice will depend on the momentum

whieli tills new mass had, before it was added lo tin' body, if we

think that it was then staliouarv, we shall iiiidoiibtedl\ call ///

.//

llie force exerted on the 'old mass and li lliat exerted on tlu'

"new mass". Kill it' this new mass had a \eloeily IV before il was

absorbed \\\ the body, we shall ascribe aiiollier value to the force

properly speaking, biil say that tlie momentum of the bo<ly is also
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elianged in oonseqiience of tlie nionientiim of llie "new mass", wliicli

is added to it. The value of i» being nnknown in many cases it will

be iui[)0ssible to perform the separation between force and transport,

and we will simply call il the force exeited on the body.

In some cases however it will be nsefnl to take tiie dilierence

between force and transport into acconnt. An electrical condensor

e. g. sharing the motion of the earth is suddenly charged, heat is

generated in a wire according to the law of Joule, or a bod}- receives

heat from another body. The niomentnm of these bodies is increased.

Is a force required in order to keep the motion of these bodies

uniform, and will they sulTer a retardation when this force is not

applied r The answer to this question will undoubtedly be : If they .

receive their energy froiu a stationary source, this will be the case,

but not if they receive their energy from a source moving along

with the earth.

Mathematics. — "^4 bilinear congruence of quartic ttvisted curves

of the frst species.'' By Prof. ,I.\n de Vries.

1. If we allow each quadric Q^ of a pencil {Q-) to bisect each

surface of a second pencil (Q")', a congruence F is formed of biqua-

dratic twisted curves, q\ of order one; for through an arbitrary

point P jiasses one q\ tiie intersection of the two Q^, which is

determined by P in the two pencils.

An arbitrary line / is cut by the pencils into two quadratic in-

volutions, wdiich ha\e, in general, one pair in common ; the con-

gruence r is thus of class one Can arbitrary line is bisecaut of one

curvej.

2. The base-curves ^* and ,3'^ of the pencils are singidar curves;

each of their points bears oo' curves q*. As ,i^ and q^ lie on a Q^,

they cut each other in eight points. So we can determine r also

as the system of the q* cutting each of two given biquadratic twisted

curves in eight points.

Each bisecaut b of ^* is a singidar line. For the surface Q' detei'-

inined by a point of /; contains b and the pencil {Q-)' cuts /; in the

pairs of an involution, so that b is bisecaut of x' curves q*.

3. Besides the two congruences (2,6) of singular bisecants deter-

mined by ,i' and ,?', the congruence r has a congruence of singular

bisecants on whicii {Q') and {Q-)' describe die same involution.

18
Proceedings Royal Acad. Amsterdam. Vol. XiV.
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Tlio double poinis of siicli an iinoliitioji are liariiioiiieallv sepaiatcd

liv iwo siirt'aces elioscii ailiitiai'ilv out of ((^'J and two surfaces

taken arbitrarily out of {(2')'- Tlie locus of tliose double points is

therefore the surface of Jacobi belonging to those four surfaces. If

a'v = 0, //\^:=0, c^,=0, d'',= are the equations of the indicated

surfaces, then lor a pair of double points A, }" we iiave

a,a,i = 0, b,,l>;, = 0, c,rCy = 0, cldy = 0,

SO that the surface of Jacobi is represented by

a^cix h^bj; c^Cx d,d

(1)

bA

d^dj,

dAx

= 0,

To find the nninber of pairs X,Y Ij'ing in a plane we put in (1)

.1*4 = 0, y, = 0. By elimination of j/i, J/,, 3/3 we then find the conditions

a, a,- h.hx c.Cr d.dx

bj>r dJ:r (2)

«3«j.- b^hj. CjCj. d^d.

The determinants arising from this matrix, if one omits the third

or the fourth column, disappear for the points of intersection of two

twisted curves; to these belong the three points, for which the matrix

of the first two columns disappears. The four twisted curves indicated

i»y v2) have thus six points in common forming three [tairs of A', Y.

In an arbitrary plane lie therefore //f/rt' ^'m^zt/a?' 6we'Cfl?i/.s- of the second

species.

From this ensues that the (piadruple involution in which F is

cut by any plane contains fifteen singular lines; this corresjionds to

a result obtained by me in another research ').

4. We consider the bisecants sent out by the curves r,^ through

a given poiut P and we determine the surface 77 on which their

poinis of intersection lie. Tlie p^ passing through I' is projected out

of I' \)\ a cubic cone of which the generatrices touch Tl in P; so

/' is a three fold point i^tricouic point) of 77. An arbitrary line through

I' is bisecant of one (>'; so II is a surface of order five with trl-

runie point /'.

The enne (if cniilaci lor /' can have with //', besides the {t^

through /', onl}' straight lines iu conniion. Hence through /* pass

eleven sini/uhir bisecants.

') Scu my paper: 'A quadruple involution in llic plane ami a triple involution

connected with il" (Proc. of Amst. Vol. Ill p. 84).
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To lliese belong tiro bisecaiits of ,i' and tiro of ,-j'^; the renuiining

seven are singular bisecants of the second species.

So the siiKjulnr bisecants of r form tiro coiujnumces (2,6) and

one congruence (7,3).

5. The scrlion of U' with a phuie throngh /-• is a curve with a

triple point, hence of class fourteen sending eight tangents through

F. The tnHijents of the (j^ form therefore a complex of order eiijlit.

The points of contact of the tangents drawn oui of /' lie evi-

dently on a twisted curve of order nine.

This can be confirmed as follows. The points of contact of tiie

tangents out of P to the surfaces Q- lie on a cubic surface, the "polar-

surface' of /* with respect to the pencil {Q-). A second cubic sur-

face contains the points of contact of the tangents out of P lo the

surfaces of (Q°)'. Each point of intersection of the two jiolar

surfaces determines a q*, of which the tangent passes through P; so

the points of contact of the tangents drawn out of P lie on a o'.

6. The quadrics {Q-) and {Q-)' are arranged in a correspondence (2,2)

when two surfaces intersecting each other on the line / ai-e made

to cori-espond. This causes the points of a line m to be arranged in

a correspondence (4,4) ; so m contains eight points each bearing two

surfaces intersecting each other on /. From this it is clear that the

curves q* intersecting / form a surface J*.

On a line intersecting ,3" the (4,4) is replaced by a (2,4); we con-

clude from this that ,i^ and li'* are nodal curves of J^
The o', too, having / as bisecant is a nodal curve of A^.

7. A phine 7. through / cuts A' still according to a curve '/.'

passing through the points of intersection of the nodal cur\e o',

having / as bisecant, with this line. In each of the remaining iive

points of intersection of / with /" the plane P. is touched by a o^

The locus of the points of intersection of a given plane with curves

of /' is liierefore a curve of order pve, X^.

Evidently ).^ is the curve of coincidences of the quadruple involution

determined by r and it passes throngh the eight points, in which

(5^ and fi'' are intersected by X ').

This involution containing fifteen ipiadruples in which three points

coincide ''), an arbitrary plane is osculated by fifteen curves of r.

Furtheron four quadruples consist each of two coincidences");

so each plane is hitaiu/ential plane for four curves of r.

') See loc. page 82. -) Sec loc. page 83.

18*
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If wo a!lo\v ;. to revolve round /, then the curve ).' describes a

surface on which / is a single line. For llirough each point of /

passes OJir? f>\ and one of the planes through the tangent of that point

contains /. From this ensues that the locus of the points in which

curves q* can i^e touched l\v planes of a pencil with axis / is a

surface of order six.

8. The curves p', touching the plane / in the points of the curve

}.\ intersect ). each in two points; the locus of those pairs of points

is a curve of order fourteen ') (branchcurve) with quadruple points

in the points of intersection of the base-curves ji* and ji'^ The surface

containing the curves q* meant here, has thus with ;. an intersection

of order twentj-four, is therefore a surface A-^ with quadrisecant

curves /J^ and /?''.

With a plane ft the surface A'* has a curve jt" in common con-

taining quadruple points in the points of intersection with /J' and ,i' ^;

these eight points lie on the curve fl^ which is the locus of the points of

contact of ft with curves of r. The two curves have 24X5—8X4=88
points in common besides the base-points. So there are 88 curves q*

toiicldng two planes.

9. To r belong oo^ curves 6* which contain a nodal point, because

they are the intersections of two surfaces touching each other.

According to a wellknown property'-) the locus of the points of

contact of two quadrics belonging to two given pencils is a twisted

curve (>'^ cutting each of the two base-curves in 16 points.

On an arbitrary surface Q^ lie therefore 2X^4— 16 ^ 12 points

of intersection with as many surfaces Q'^ The locus of the curves

rf' is therefore generated by two quadratic pencils in corres[iondence

(12,121; consequently it is a surface A" on which /3' and ,i" are

tioehe/old curves.

JO. The inlerseclion of (J- and Q"' Itreaks up into a line and a

(j', when they pass through a common bisecant of ii* and ji''. The

tiisccauls of these curves forming two congruences (2,6) the number

of ihc comuion bisecanis is 2 X -^ + ^^ X ^ ^= 40. So to /'belong

tirly tigiircs cousistiug of a cubic curve with one of its bisecants.

Through a q' can be laid four cones belonging to the quadratic

pencil having <>' as basis. The pencils delcrmincil i>y Ihc oo" curves

1) C. loc. p. 83.

-) See a.o. Mineo, Rendiconli del Circolo matematico di Palermo, XVJI, 297.
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of r form a system oc" of quadrics; liie correspoiidiiiL!,- eoiics have

tlioif vertices on (lie surface of Jacobi of the system. This surface

contains ten line<, which are double lines of as many pairs of planes

belonging to the system. From this ensues that /^contains ^^« figures

consistino; each of two conies cutting eacii other twice.

Mathematics. — "A qunriic nurface with tioelre slntiijht lines."

By Prof. Jan de Vkies.

i. We regard as given tlie three pairs of straight lines r7,a': /), //

;

c, c'. Let ta denote a transversal of a and a' ; and let tt, and tc have

an analogous meaning. Tiie points P sending out three transversals

ta,h,fc lying i'l :^ plane, form a surface (P) of which we intend to

determine the order.

First we notice tliat tlie six gi\en lines belong to (P). For, if P
is a point of c and (2 the point of intei'section of c' with the plane

through the transversals t„,ti„ the transversal tc^ PQ lies within, ti,

in a plane.

We can designate six other lines lying on (P), viz: the two trans-

versals tah,f„i, of the pairs (t,<i'-, /;, 6' and tlie analogous lines /«,,-, ^'4,.
;

tact'ac- tor, ti, coincides with („ for a point P on t,;,, so that t„,

it, and tc are complanar.

Let tc be an arbitrary transversal of c, c', in a plane t through <,..

The lines ta and i;, lying in r determine on 4. two points A and B
which describe projective series of points when r revolves; the two

coincidences ^4 and B are evidently points of {P). The points of

intersection of /,. with c and c' also belonging to (P) the locus to

be found is a quartic surface.

If we allow tc to describe a pencil, whose vertex C lies on c,

then the above mentioned coincidences describe a curve of order

three; for, if C is the point of intersection of <' wilh the plane of

the lines ta, to through C, then one of tlie coincidences ,4 ^^ B or

tc^ CC lies in C.

2. The surface is entirely determined by the ten lines a/i' ; />,// ; c,c';

tab,t'ab\ tact'r.c- For, if ou each one of the lirst six lines we take

arbitrarily five points and on each of the remaining tour lines one

point then the quartic surfixce determined by those thirty-four points

will contain the ten lines mentioned.

Being moreover as locus of the point /' eniirely de(crniined n

quartic surface throuyh tJie above-inentioiwd ten lines nuist contain

two other lines {viz-.' tic, t' be)-
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Siu'li a .siu't'iice can ho I'egarded in two ivnys as surface [P). Foi-

Ihe six lines a,a' ; bj)' ; c,c' can be found out of the six the, i' be;

t.,r,t'ac; f-nh, t'ab, >» tlic Same way as the second six out of the first.

For, a,n' are the two transversals of tab, t'ab; tac, t'„,., etc. So the

surface is at the same time the locus of the points P, which send

out three complanar transversals to the p^ii'S tab, t'ab; tbv> i' be; tac, t'ac-

The points of intersection and the connecting planes of the 12 lines

form evidently a configuration (24., 24.). Each of those planes inter-

sects (P) in a conic; so the surface contains 24 conies.

3. The plane .t of the transversals t.,, tb, tc envelops a surface of

class four containing the same twelve lines. For, each plane through

c contains a ta and a tb; the line connecting the point tatb with the

l)oint in which c' meets the plane is the corresponding transversal

t,.. For a plane re through tab the corresponding |)oint P lies in the

point of intersection of tab with tc lying in .t.

The following confirms the fact that .t is a surface of class four.

If we let a plane v revolve about the line /, the point of intersection

X of the lines ta,tb lying in r describe a twisted cubic which, con-

sidered as the intersection of the hyperboloids [laa') and {Ibb'), has

/ as bisccant.

The transversal 4 lying in r describes a hyperi)oloid passing through

the points of intersection of the above mentioned twisted cnbic with

llie bisecant /. In each of the remaining four common -points three

complanar lines ta, tb, tc meet; hence the line / bears four planes rr.

4. We now regard four paii's of lines a, a' ; b, b' ; c, c' ; (7, (/'

and we determine the locns of the points P for which the fonr

transversals tn, tb, t^, tj lie in one |)lane.

The surfaces {P)abc Jmd {P);bd luive evidently the six lines a, a'
;

b, b' ; tab, t'nb ill common.

For an arbitrary point of a the transversals tb, tc and td are not

complanar; this is the case for the four points of intersection of {a)

and {P)bcd- Conseqnently a,a,' \b,b' are (puidrisecanls of Ihe twisted

curve Q^° which {P)abc a'"' {P)abd bave still in coninum.

Moreover, tab, i'ab iii"e bisecanfs of (/"; for, on each line, hence

ahso on tab, lie two points for which Ilic plane /",/,/ parses thiongh

that line (see § J).

Hence we may cdnciude ihat lln' locus of Ihe poinis bcai'ing fonr

(•(unpianar transvcr^als is a lin'sli'il cnrrr of ordi'r si.i having Ihe

four given pairs of lines as qiiadn'sri-a/ds and their six pairs of

transversals as bisecanls.
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5. We finally regard live pairs of lines ami delerniinc how many
points <ii\e five oomplanar transversals.

Tiic surface (P)„6c lias forty points in common with llie t\viste<i

curve o,,;,,,/ found above. Sixteen of these lie on the four (|iiadrisecanls

a, a' ; h, 1/ ; in each of those points ta, to, U, td are coniplanar, but

their plane does not contain tg.

Then to those forty points belong the four points of intersecliou

of the bisecants tac, fab of q with that curve; in such a point the

plane tctj passes through the bisecant, but not through 4.

Hence there are ticenii/ points for which tiie jin' transversals lie

in one plane.

This result can be confirmed as follows by applying ihc law of

the permanency of the number.

If we substitute for each of the live pairs of lines a pair of inter-

secting lines and if A, B, C, D, E are the five points of intersection,

«, ;J, y, (f, 8 the five connecting planes, we then find one of the points /'

in the point of intersection of the plane ABC with the line 6i; for

the lines PA, PB, PC are to be considered as transscrsals t„, t/,, t,.,

the traces of d and f as transversals 4/, 4. Analogously the point «,i

satisfies the question ; td and 4 connect it with Z)and E; t„, //,, t,- are

the intersections of «, ,?, y with the plane through «|J/, D and E.

In all we evidently find twenty points P.

6. In connection with § 2 we have still to notice that we can

bring a quartic surface through six arbitrarily chosen lines and four

of the thirty quadrisecants which they possess four by four. I!ul

such a surface will contain in general not more than these ten lines.

We can determine quartic surfaces also passing through a hisci:-

tuplc of a cubic surfnce. For, each 0* through the thirty points of

intersection of the' two sextuples must contain the twelve lines, as

each line contains five points of ()\ Thus through a bisextuple pass

Qc^ surfaces 0\
So we can find surfaces with thirteen lines: the thirteenth line

must then intersect one of the lines of the Itisexluple.

An C with fourteen lines is found by drawing two lines, each

of which rests on three of the twelve gi\'en lines a]Kl by niakiirg

the surface to pass still through four points, two of which lie on

each of those transversals.

If the lines of the bisextuple in wellUnown noiaiioii are indi-

cated with rtt, /;^ and if / is a line in the plane (<ij>..) cutting />,,

then an O* through two arbitrary points of / will contain not oidy

this line, but moreover a fourteenth line complanar to /, k^ and A.^
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iiml interceding a^. As we can let 0* pass ctill througli two arl)ilrary

points, there is a possibility of bringing tlirougli the bisextuple an

0* with sixteen lines. To tliis end we have bat to repeat the above

consideration for e.g. tiie lines n„ h^, b^-

7. An (J^ throngh a hi/perboloidical quadruple contains a second

quadruple consistijig of four qiiadrisecants of the former. For, through

an arl)itrary point of tlie intersection of (/' witii the hyperboloid

containing tiie given quadruple we can draw a line of the second

system of the hyperboloid, which then contains five points of 0^

and lies therefore on 0''
; the intersection of the two .surfaces con-

sists then of two hyperboloidical quadruples.

Let us suppose an (/' to be laid through six lines nt of which

r/j, a„, «3, rtj and at the same time a^, d.^, a^, a^ lie hypei-boloidically.

The iiyperboloids bearing these quadruples have still two lines /and

i' in C(nnmon which are evidently inlersecletl by the six lines a

and are therefore situated on (J\

Besides these two transversals 0^ contains still two transversals of

the lirst quadruple and two of the second. In all O^ contains there-

fore twelve lines ; they form a configuration in which the six ti-aiis-

versals api)ear in the same manner as the six lines (t. For, the

six transversals form two hyperboloidical quadruples with a^,it^ a.s

trans\er.sals to si.x lines.

It is evident that again go" surfaces 0* can be made to pass

tlnough this configuration of twelve lines. So we can obtain an 0^

with fourteen lines by drawing a transversal of (T,;, aJj, ois and a trans-

versal of a^, a,„ (In, and by assuming on each of these lines two points

through which we make ()' pass.

The six lines at can be chosen also in such a way that they form

t/iree hyperboloidical quadruples. Let a^, a,, u^, a^ be such a qua-

druple, «j an arbitrary line. The Iiyperboloids {a^ a.^ (1^) and {a^ a^ a^)

have still two lines t and t' \n common resting on the five lines a.

The Iiyperboloids (a, (7„ ^/J and {asfi^a;) have now the lines a^, t

and t', therefore one line ii„ more, in common, resting on /,
/'.

Consequently also the (piadruples a,, '/.^, ^'j, f'„ and "s, 'if, (t^, ((„ lie

hyperboloidically.

Each surface 0^ containing this sextuple of lines passes at the

same time through the two Irausvei'Sals t, t' and through the three

pair of fpiadrisecanis belonging respectively to the three (|ua(b uplcs

;

tiie surface contains therefore at least fourteen lines.

If we do not take /, t' into consideralion we have a conliguration

of twelve lines, showing the same structure as the conliguration of J 2.
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lint ill couseqiieiice of the special position of the lines a, ilic locus

{P) now consists of the three hyparboloids {a^a,(t,a,), {a^a,a^a,)

{a, ir, (?. (1^).

8. Two triplets of planes <(,,«,, rtj and i^i, ti^, 3, determine a

pencil of cubic surfaces of which the nine lines {a/- ii,) form the

basis. If these surfaces are conjugated projectivel\' to the planes

through ail arbitrary line /, the surface 0', generated by the two

pencils coiilaius besides the already mentioned ten lines six lines

more of which each of the given six planes furnishes one.

These sivtren lines form a configuralion, in which each line is

intersected by si.x: others; it is identical to the figure which is

generated when four arbitrary planes «!.• are intersected by four

other planes ,;,'... For, the planes through /, conjugated to the figures

(«,,«.j,f(.) and (i?,,i^2.i^s) c^" be called successively ^^ and «^.

Let t be a ti-ans\'ersal of the lines /, («, ^,), («, ^^), («, (J,). The

projcclivity inilicated above can be arranged in such a way that

the plane (//) is conjugated to the cubic surface passing through a

[)oiut of /, hence containing t. In an analogous manner we can deal

with two other lines, each of which rests on / and on three not

intersecting lines {cth tii). Then the prqjectivity is determined and

the surface 0* generated in this way evidently now contains

ninek'i'ii lines.

We finally note that E. Tr.wnard [BuJlSoc. Mat. de France, vol.

38, p. 280) has described an 0* with thirtu lines.

Chemistry. — "Tlie application of the new theory of allotrop;/

to the sip-tem .nilphur." By Prof. A. Smits. (Communicated by

Prof. A. F. Holleman).

Tlio^e who have been occupied with the sulphur problem up to

now, have always thought the pseudo system to be binary, i.e. they

assumeil that they had to deal with two pseudo components or two
kinds of molecules, which can be converted into each other, and
one of which gives rise to the formation of the well-known crystallized

modilicalion. ihe monoclinic and the rhond)ic sulphur, whereas the

oiher would produce the amorphous sulphur, called so because attempts

to make this form of sulphur crystallize have not been successful

as yet.

Though in my opinion the above view is not the correct one, 1 will

begin w;:!i treating sulphur as a pseudo-binary system, and show
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wliat relation there would have to exist between the equilibria in

the pseudo-binary and the unary system to explain the observed

^
Fig. 1.

])liciioniena; especially because in this way it appears the more

clearly how rational the |)sendo-ternary view is.

The 7'A'-figiire, arrived at in this way, has been given schcniatically

in jig. 1.

The lines y/j and ///, arc ihc melling-poini lines of the nionoolinic

and the rhombic sulphur, the I'ornici' of which is made to meet the

region of non-miscibility at MJ° and 4"
„ S,j, because it was thought

that from lliis coiicentralion of S„, the point of solidification did not

change any more on adtiilion of Sy .

The same thing has been assumed in this figure, hence the mela-

stable melting-point line of the rhondiic modilicalion meets the

metaslable region of non-miscibility at </, .

As in accordance with the theory mixed crystals had to be assumed,

lo which also some experimental data point, as I already demon-
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stnited, llic mixed crystal lines /'c uiul iii\ corrosiioiKliiin' lo llic

meltiiig-pdint lines have been drawn.

The existence of tiie latter mixed crystal line, which at e^ passes

into the line i\m with a break, involves the necessity of two mixed

crystal lines starting from the transition point 0, which rnn down-

ward, because as was found by me in collaboration with Dr. de Lekuw

and was also stated by Dr. van Fvlooster"), the transition point is lowered

on increase of the /S„-coneentration. At the point where tlie lower,

the rhombic mixed crystal line oq, meets the other rhombic mixed

crystal line e^in, this latter line becomes stable. So the point r/ indi-

cates a stable rhombic mixed crystal phase, which coexists with the

monoclinic mixed cr^'stal phase p, and at the same time with the

liquid I).

So the monoclinic mixed crystal phase must al.so coexist with the

liquid J>, and the point h being the point of intersection of the melting

point lines of the monoclinic and the rhombic sulphur, the said

monoclinic mixed crystal phase must lie on the line ep, or in other

words the mixed crystal lines en and ov meet in p. Below the

three-phase equilibrium hpq the rhombic mixed crystals qm are in

equilibrium with the liquids along ha in the pseudo-binary system.

It is not difficult to see now what must be the relation between

the pseudo-binary and unary equilibria, or in other words how the

lines for the internal equilibrium must be drawn in this figure.

The line for the internal equilibrium in the monoclinic sulphur

starts from /S'„, and that for the internal equilibrium in the rhombic

modification from ,S'j.

Above 95.°45, the unary point of transition, the monoclinic modi-

fication is stable, below it the rhombic modification. At the tem|)e-

rature of 95.°45 tlie first line, which starts from -S,, must intersect

the monoclinic mixed crystal line up, and the second line, which

starts from .S',, must intei'sect the rhombic mixed ci'ystal line o </,

so that S.' and ,S',' are two coexisting solid phases, which are in

internal ecpiilibrium, one of which is monoclinic and the other rhombic.

Below this unary point of transition the rhombic modification is

stable, its internal equilibria being indicated by the line S' S,.

According to the new view, howevei', the 7'A'-iigure given here,

is illogical, for to account foi' the observeil phenomena it had lo be

assumed here that the pure pseudo-component S, possesses a point

of transition, and the theoiy of allolropy says thai the phenomenon
of transition implies non-misfibilily in the solid slate For the phos-

1) See communication of Knuvr Clioniisch VVcekblad 34, G47 (1911)
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phonis tlie transition iihcnomenon could be indicated also with tlie

pseudo-binary conception of the s> stem according to the new con-

ception, but this being impossible for the sulphur, we are compelled

to reject fig. 1 and to consider the system sulphur to be ^jwiif/otoviar?/,

as has been done in fig. 2. In the T, A'-diagram drawn by Dr. De

Leeuw according to my directions, the three pseudo components are

indicated by ,Sa', Sm, and ;S'„. Further melting-point figures have

been assumed for the three pseudo-binary systems, which have been

represented in the three side planes of the trilateral prism.

In the pseudo-binary systems Sm -\- »S'« and Sr + /Sv a region of

non-miscibility has been assumed which comes in contact with the

melting-point line of Sm resp. Sr ').

The only complication which the pseudo-ternary figure displays is

exactly this meeting. If we start from the three-phase equilibrium

between the moiiocliaic mixed crystal phase and the two liquid layers

Fig. 2.

1) When this paper had already been written it has been found by me in colla.

boralion with Dr. dk Leeuw thai the supposed region of non-miscibility does not

exist, so that it slicmld lie rcinovcd I'nim figs 1 and 2.
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ill (lie system -S'.i/ + S,,., wliicli equilibriiun is indicated by the points

/", //, /, we see that (he temperature of this tiiree-phase equilibrium

is lowered by addition of Sr till the eutectic line Cf/„ is reached.

At this meeting the liquid layers are also saturate with regard to

the rlioiiibic mixed crystal phase, and a four phase ecpiilibrium

invariant at constant pressui-e occurs between the two mixed crystal

phases /., and /''.,, and the two liquid layers
f/.^

and /i^. It is clear

that we get the same four phase equilibrium starting from the three

phase equilibrium between tiie rhombic mixed crystal phase and

the two liquid layers in the plane for Sr -\- Sy. indicated by /", //i/i-

and so we see that the eutectic line which meets the region of non-

miscibility at //.,, skips to //.,, from where it pursues its course to the

ternary eutectic point indicated by /,..

After this explanation we can jiroceed to the discussion of the

lines for the diiferent internal equilibria.

The line kl^ in the plane for S^ -\- S.,/- indicates the internal liquid

equilibria in this pseudo-binary system; ^ and S^ are the liquid and

solid phases which coexist at the unary meltingpoint temjieralure

;

from /S'2 starts the line for the solid internal equilibria, which meets

the mixed crystal line of the pseudobinary system in .S',', so that at

this ])lace the transition point in the system Sr -\- Sm occurs with

unary behaviour. Then ,S/ is formed by the side of S/, and below

the transition temperature the solid phase, which is in internal equi-

librium, moves along the line >§/<§„.

So it is supposed here that in the pseudo-binary system Sr -)- S^i

a point of transition occurs, hut not iietween the pure pseudo-

components, but between two mixed crystal phases, one of which

is rhombic and the other monocliiiic.

Before we proceed it may be pointed out here that the points

/; and (S'l represent the metastable unary melting-point, and that,

as was mentioned before, the line for the internal equilibria in the

rhombic modification, which does not become stable until below the

transition point, starts from .S'j.

In the other two pseudo-binary mixtures (he li(iuid and solid

phases which are in internal equilibrium are also indicated, but

transition points need not be assumed in these systems.

The question which called for a solution first of all was this:

"what shall we get when to the system Sr -\- S_\{, which is thought

to be continually in internal equilibrium we add S„, of which substance

we suppose for a moment that it cannot be converted to rhombic

or monocliiiic sulphur, and which, accordingly, behaves as a real

component.
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If we now take tlie .simplest case, the stable iiiiaiT melting eqiiili-

brinm will be lowered in temperature by addition of ^S.,, so tliat

lines can be drawn over the melting-point surface and over the mixed

crystal surface of Sm, starting from /, resp. from S^, which indicate

the liquid and solid phases which coexist with internal equilibrium

between (Sy^and /S,i/ on increase of the <S„. -content. The same thing

holds for the metastable nnar}' melting-point equilibrium. Here too

we get two lines starting from l^ and S^, which traverse the meta-

stable part of the melting-point surface resp. mixed crj^stal surface

of Sii. And finally we get .something of the same kind for the

transition equilibrium. If this too is lowered by addition of Sa ,

lines will start from the points >S/ and *S/, which traverse the mixed

crystal surfaces of Sr and ,S.\j

.

If we now consider the case that there is always internal equili-

brium i)etween -Sj/ and S.j, and that iSr behaves as a true component

or in other w"ords is not converted, we assume here that also the

unary melting-point equilibrium indicated by the points /„ and -S'j, is

lowered by addition of Sn, so that lines will start from these points

/\ and /Sj running o\er the melting-point surface and the mixed

crystal surface of »S'.i/.

At the point where the liquid lines stalling from /, and /.,, meet,

we shall have a solidifying liipiid, in which the three pseudo-

components are in inlernal ecpiilibrium with each other, so that this

])oint indicated by L in the drawing, is tlie liipiid point of the stable

unary pseudo-tei'uary melting-point e(piiiibrium while the point of

intersection of the lines starting from ,S', and .S'3, gi\es tlie mono-

clinic sulphur, which is in internal equilibrium and coexists with the

liquid L at the unary melting-point temperature. This point is denoted

by S.

We liiid in the same way thai L' and S' dciiDte llie li(iiiid and

the solid phase, which are in equiliiiriuui uilli each (illier in the

metastable unary melting point of the rhombic sidpliur.

In the same way as the line for (he iulcr'na! LMpiiHbria w Inch exist

in th(! licpiid [)hase at higher tcnq)eralures starts from L, the line

for the inlernal equilibria in the solid monoclinic sulphur starts in

S, and this line runs to smaller concentrations of S„ with fall of

tenqjeralui'e. The same holds lor llic line for the metastaitle internal

C(pulibria in the .solid rhombic sulphni-, which starts from S'.

When a meeting of these lines and the transition surfaces lakes

place, as di'awn hei'e, this means liiat a point of Iransilion occurs

in the uiuxry pseudo tci'iniry system. The monoclinic, mixed ciystal

phase S, is converted into the rhombic mixed crystal phase S,, with
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generation of heat, and wlieii this conversion has been corapleted,

the temperature tails on further withdrawal of heat and with internal

ec[uilibrinni the rhombic sulphur moves along the line S.^ Sj, which

is tiie continuation of S'S,.

It is easy to see that the course of these lines for the solid

substance in internal eciuilibriinn, is in agreement with the obser-

vation.

The fact e.g. that the rhombic sulphur melts at a higher tempe-

rature according as it is heated rapidly from a lower temperature

can just as well be accounted for when we take this view of the

matter, as when we take that indicated by fig. 1, for according as

we start from a lower point on the line S, S,, we shall reach when
heating rapidly either the melting-point surface S'L'-S^^, or the

melting-point surface S'L' SJ^ at a higher temperature.

It may finally be pointed out here that if we assume Sn and

Sm to be always in internal equilibrium, and Sy. to behave as a

true component, some more conclusioiis may be drawn from the

figure for this case than have been already discussed.

Then the liquid line of the melting-point surface starting from

/31S3 will meet the region of non-miseibility at (/, and a second liquid

kg will make its a[)pearance. The solid substance /", will coexist

with the two li(iuid layers, so that a three-phase equilibrium prevails

here, which is invariant if the pressure is assumed to be constant. On
withdrawal of heat (/j is converted to fs-^-h^, and at lower tempera-

tures the melting-point surface will be formed by the line /\Se for

the solid phases and l)y the line /jj^ for the liquid phases.

An analogous remark may be made with reference to the melting-

point surface starting from ,S,/,. The litpiid line of this surface meets

the metastable part of the region of non-miscibility, which starts on

the plane for Sn + Sa, so that also here we get a three-pliase equi-

librium, which is metastable, and which is indicated by f^ilji^.

lielow this three-phase temperature the metastable melting-point

surfiice is indicated by the lines tlial run from f^ and h^ to lower

temperatures. If now the li(|uid lines intersect each other, as is

assumed here, this means that a li(|uid which coexists both with mono-
clinic and with rhiunbic mixed crystals, is found in this point of

intersection. Ii Idllnws IV((ni this that also these mixed-crystal phases

are in equilibrium with each other, and so that they uuist lie on

the transition surface.

So, as is at once clear, the three coexisting phases are found by the

meeting of the two melting-point surfaces and the transition surface.

Of the two melting point surfaces the liquid lines meet; this
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gives I lie point L, and the transition snrface meets of each of the

melting-point snifa<:'es the line for the solid phase, and thus we find

the points ,S's and S^.

So we get a second stable tiiree-phase equilibrium, but now be-

tween rhombic and nionoelinic mixed crystals and a liquid; the tem-

perature of this three phase e(]uiiibriuni we might call the transition

temperature lowered by ;S«.

With witiidrawal of heat the transformation «§„ —^ ^Sj + 4 takes

place, i. e. the nionoelinic mixed crystals disappear, and the two-

phase equilibrium between rhoml)ic mixed crystals and li(juid, which

was metastable before, .now becomes stable.

Though the pseudo-componeiits Sr and Sm ^'^'•11 not always be

in internal equilibrium under all circumstances, and So. never

behaves as a true component, it will appear later that the view of

this case, discussed here may be of some use.

Remark. The reader will perhaps have seen already, that the

new theory of allotropy for the first time gives a rational explana-

tion of the rule, found by Ostwald, that with the appearance of a

new phase the metastable state occurs fii-st. I hope to treat this

question in a separate communication later on.

Anorganic Chemical Laboratory

of the University.

Am^tenhvn, September l!)il.

Physics. — "On the phenomena of condensation for mixtures of

carbonic acid and nitrobenzene in connection n-ith double retro-

grade condensation" . By Prof. Ph. Kohnstamm and J. Chr.

Reedeus". Van dku W-wi.?,-funds researches. N". 3. (Commu-

nicated by I'luf. .1. L). VAN DKK Waals,.

In These proceedings April 23, 1909, (Vol. XI |). 913; we
demonstrated by means of some exporimcnts how great the influence

is which slight quantities of urethane exert on the phenomena of

condensation of carbonic acid ; we further showed that at our smal-

lest concentration of 3'///oo we were still very far from that con-

centration for which donble retrograde condensation will be found.

We shall proceed to give some similar ob.servations on the .system

carbonic acid and nitro-benzene. These observations were mulertaUen

in the hope that we might succeed in pi'oving the existcnco of double

retrograde condensation for this system. This hojie has proxcd \aiii;
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but ycl llie.se observations; seemed im|)0i1aiit enough to us to com-

nuiuieate sonietliing about them ').

Tlie arrangement for the filling with carlionic acid was the same

as that used in our former experiments; the nitro-benzene could not

be conveyed tiuantitati\'el_v in the same way as we followed for urelhane

i.e. in solid state. For greater quantities this conld be done in small

bulbs fused together, jiiaced in a pear-shai)ed apparatus, which was

fused to the capillary of a Cailletet-tube. For smaller quantities it

appeared to be unfeasible to make the bulbs small enough and fill

them, and to convey in this way a quamity of some mg. quan-

titatively into the tube. For this purpose we have used very narrow

glass capillary tubes ; the extremities were drawn out still fuither to

an exceedingly small dianneter. These tid)es, open on either side,

filled themselves when one end was immerged in the liquid, by the

influence of the capillary [>ressure. They were not closed because the

liquid appeared to char by the high degree of heating required for

this. Moreover it proved to be unnecessary to close them ; it appeared

to be impossible to ascertain any loss of weight, even after they had

been for some time in a space which had been exhausted by means

of the Gaede-pump. By cautious heating of the filling apparatus, the

liquid was expelled from the tube, after the wdiole space had been

exhausted of air, and fused to, and the dro]) was conveyed from the

filling-apparatus into the Oailletet-tnbe, which had already been placed

in the pressure cylindre, provided with a stirrer.

Then the lilling-apparatus was cut off, and the capillary of the

tube was fused to the glass capillary, which was attached to tiie

steel capillary of the high pressure cock by means of sealing wax,

so that then the carbonic acid could be added.

In our foregoing communication we could [iraisc our tubes of

borosilicate glass, but a new supply of this kind of glass, Avhich we
had to use now, proved very unsatisfactory. At least some ten tubes

burst during the experiment, both uiuler the influence of the pressure

anil under the influence of local heating during the preparation of

the tubes or of cooling during the filling. Hence the occurrence of so

many gaps in the observations given by us. Of many mixtures with

coiu-enlrations between those given by us e.g. with .r:=i4:0,01,

0,004, 0,003, it could only be stated that the required concentration

had not been reached, but definite observations could not be made,

because the tube burst. We passed at once (o another concentration

1) Our attention was drawn lo this system by the communication of BiicHNER

(Diss. Amsterdam 1911 p. 1-22) about the unmixing of raixtm'es of nitrobenzene

and carbonic acid.

19
Proceedings [\oya\ Acad. Amsterdam. Vol. XIV.
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(hen. In tlie same way some mixtures are wanting between ,?== 0,476

and ,^r= 0,121. It is further worth mentioning that for the last

tubes we have replaced the Cailletet-cement, used by us foi-merly to

cement the Cailletet-tubes into the brass flanged tube, by ordinary

sealing wax, which melts at much higher temperature, for it had

happened a few times at the very high temperatures of the room

of tiiis 3'ear that the gas had escaped from the tube in consequence

of the cement melting in spite of uninterrupted cooling with water.

We have experienced no disadvantages in consequence of this change.

Further we have put in practice what we alluded to in our pre-

ceding communication, viz. the modified form of the Cailletet-tube.

The upper part of the tube was widened, and had a capacity of

more than 2 cm' for a length of 2 a 3 cm., i. e. about double the

capacity of the other part of the tube, which was + 30 cm. long.

Our mixture IV e.g. has been investigated in such a tube ; it appeared,

however, to be attended with some experimental difficulties, so that

we can consider the experiment as only very partially successful.

Temperature and pressure were obtained and observed in the same

way as in the investigation of the system carbonic acid and urethane.

Our first mixture contained a slight quantity of nitrobenzene

+ 30 mg. X = 0.015*; for we intended in the beginning to demon-

strate the double retrograde condensation.

The system proved to come up to the requirement ') that the three-

phase pressures. A, lie below the pressures of carbonic acid at the

same temperatures. For at 31°. 2 we find A = 71.50 KG. p. cm.,

while we found 75.30 KG. for the critical pressure of carbonic acid

at rr=31°.05.

As the concentration of this mixture was not so very small yet,

we could still easily distinguish the different phases. At each of the

obser\ ed temperatures there was always a slight amount of the pale

yellow li(|ui(i fphase 3) present by the side of the vapour phase, if

we made the volume as large as possible. So we were all the time

on the righthand side of the vertical tangent of the liquid Inanch,

the point for which r,, = 0. On compression we brought about

unmixing at all temperatures lying between two critical end-poinls.

At 7'^ 29°.9 we found the lower critical end-point, where the

loop 2— 3 has contracted to a point of inflection with horizontal

tangent (plaitpoint phenomena between the two li(piid phases in

coexistence with jjhase 1 (vapour). At somewhat higiier temperalure

') Double retrograde condensalion can occur even if this condition is not fiiirdlcd,

but it presents otlier properties tlien; cf. van der Waals. These Proc. Vol. XI

p. 828. One of us will soon discuss these systems more at length elsewhere.
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afler iimiiixiiig liad taken phu'e, the phase iJ <lisap|)eare(l on Furlher

diminution of the volnnie, so that we might conclnde tiiat we were

on the leflhand side of the point 2. After this tiie pi-essure began to rise

appreciably again, we always found ordinary end-condensation ; we
always finished with phase 2, so we were on the righthand side of

the liquid-vapour plaitpoint. The (|iianliry of phase I tiuxt was left

when 3 had just disappeared, at the temperature of + 30° a pretty

considerable quantity, rapidl}' decreased with rising T, so that this

quantity was very slight for T^ 39°. An increase of pressure of

0,10 KG per cm^ was sufficient to make it disappear. At a somewhat

higliei- T 1 and 3 vanished simultaneously, so we knew that with

rising 7^ the point 2 moves to the left and passes the point x =^ 0,015"

at 39°.l.

At higher T the gas-phase had disappeared before the viscous

liquid, .'io we were then on the righthand side of 2. At ascending pressure

this quantity decreased rapidly, and at last disappeared. So we were

on the left side of the liquid-liquid plaitpoint of that T.

At 7'= 39°.9 we found plaitpoint phenomena between vapour and

thin liquid phase in coexistence with phase 3. So this temperature gave

us the upper critical end-point. On further compression the phase 3

disappeared again and the mixture was again homogeneous.

At temperatures above that of this end-point we found the retro-

grade condensation of the phase 3, which must always be the case

when we are on the lefthand side of the plaitpoint.

Then we proceedetl to mixtures with snuxUer x by adding car-

bonic acid.

For mixture II, ,i' := 0,0081 we were now quite- on the left side

of the point 2 at all temperatures below that of the upper critical

end-point. We further found exactly the same phenomenon as we
observed in this case for our former mixture. At the temperature of

the upper critical end-point or at a temperature just a little lower

we happened just to come still in the point 2, which therefore almost

coincided with 1 there. So we may safely assume that this mixture

indicates the concentration of the upper critical end-point, the x of

the |)oint of inflection with horizontal tangent, from which the loop

1.2 will have to form witji descending temperature. So from this

observation and from that at 39.1 for the preceding mixture we
can determine the displacement of the point 2 with the tempera-

ture, and bv appro.xinuilion we tind then for {~\ the amount:
\dTJ„

0,015—0,008 _ 0,007 _
39,8—39,r ~ 0,7 "~

^''"'^'

19*
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Also mixtui'e III has been investigated bv ns in a tube witliout a

widened i)art, and this accounts, no doubt, for the bad agreement

of the vahies found by us for this mixture and for tiie preceding

ones. For it was, indeed, possible to ascertain that there was some

liquid in the tube, w'hich was for the rest entirely fdled with

the gas-mixture, but wliether it split up into two layers could not

be ascertained. We thought, however, that we might state that

there was a region for which the volume did greatly decrease

and the pressure remained nearly constant, wiiich wouhl, therefore,

pdint to the existence of more than two phases, but tliese pressures

do not liarmonize very well wilii tiie A's for other mixtures.

Our mixture IV, ,( = 0,0022, is the only one that we could watch

in a widened tube for a short time. This enabled us to use not too

slight a quantity of nitrobenzene, a little more than 5 mg., in spite

of the small x, and thus to demonstrate the unmixing very clearly,

whereas tiiis had been impossible for the former mixture with

± 3 m.g.

In view of the weakness of oar tubes, we wanted first to examine

the three-phase line and then if i>ossible determine the end-conden-

sation pressures, so as not to be obliged to expose the tubes at once

to those higher pressures. When, however, also this tube burst before

we had been able to follow the whole three-phase line, and it appeared

from the observations that we were still very far from the point 1,

which, accordingly, will not be much displaced with the temperature,

we resolved to abandon the research of the double retrograde con-

densation also for the system carbonic acid and nitrobenzene, liO|)ing

to i-esume it afterwards with more favourable components.

It seemed, however, of importance to us to determine the con-

centration of the lower critical endpoint ; we expected that this would

lie at much larger x.

Our next filling, however, now again in a straight tube with

',1! =r 0,476 showed that the region of non-miscibility will lie entirely'

in the left half of the .('-figures, and so did some following mixtures,

tlie tubes of which gave way at the first observations.

So we have not succeeded in fixing the utmost limit of the region

of non-miscibility, the place of the point 3 at the temperature of

the upper critical end-poinl.

We could conclude from the mixture ,/:= 0,121 that we were

still on llic i-ighthand side of the lower end-point, and also on the

righthand oi' all the plaitpoints at higher tenq)eratures, because every

time after llie vapour phase had disappeared at the end of the A-region

we saw the phase 2 disappear on compression. Though the required
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increase of pressure was slight near the temperature of the lowev

critical ejid-point, we could nevertheless not conclude that the con-

centration of the latter must lie in the immediate neighbourhood,

both because we knew nothing about the shape of the loops 2.3,

anil because we thought that the liquid-liquid plaitpoini would, no

doubt, move to the right with increase of temperature, and we
found it si ill lying on the left side at our highest temperature of

unmixing.

Hence that our following filling has an .i- which is still con.siderably

smaller, viz. .i'= 0,090. Now howe\er, we were undoubtedly on the

left hand of the lower end-point, and also of all the plaitpoints. It

appeared from the increase of the pressure with the condensation

at which phase 3 disappeared now, that we were now again further

from this end-point than for .r^ 0,1 21.

In order to find the accurate concentration w^e have a few times

allowed some mg. of carbonic acid to escape from our tube, and

then only examined if we were still on the left side of the lower

end-point. In this way we have closely approached it in three steps,

and we thiidv we have got the right one in our mixture .i' ^ 0,114.

If we then compiUe the displacement of the point 2 with the

temperature, we find that it takes place very regularly. In the

temperature range of ± 10° between the critical end-points it is

/£iw\ 0,106
displaced from .r= 0,008 to .c= 0,114, which vields ( = r=

' - y^Tjo 10

a little more than 0,01, which we also found over the temperature

range of 39°.1—39°. 8. It appeared from the further of)servation of

these mixtures that the liquid-liquid plaitpoint continues to lie about

at constant ,« '). We could raise our temperature to a little more than

46°, and we always observed plaitpoint phenomena on compression.

At temperatures above 35°, howevei', the meniscus disappeared

somewhat lower down than halfway the total volume; so this pointed

to retrograde condensation of the phase 3, accordingly a slight dis-

placement of the plaitpoint to the lefthand side took place.

If we now suppose the liquid-liquid plait to be about symmetrical,

point 3 must mo\e just as far to the right as 2 towards the left,

and we should find for the extreme point of the region of non

miscibility a concentration ,c=±0,22. We may finally remark that

we have tried as much as possible to observe the different mixtures

at the same temperatures. As the thrce-i>hase pressures rise pretty

1) So this is the same thing as Timmebm.\.ns found for the niixtures examined
by liini. These Proc. Xlll p. 507.
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I'capidly with the temperature, it proves howev^er, that it is not cpiite

sutificient to keep the temperature constant to a tenth t)f a degree.

Hence the agreement in the different values is not so very great

(see table).

Moreover we sometimes found a slight deviation of the temperature

of the critical end-points. We have been able to ascertain tiuit a

trace of air has a ver^' great influence on that temperature. Witli

one of the fillings, during which somehow some air had got into

the tube, we found the whole region of non-miscibiiity about 5°

lower. Possibly this may account for those deviations.

If in conclusion we draw the three-phase pressures and those of

the liquid-liquid plaitpoint as functions of the temperature, we find

nearly linear functions for them. The inclination-; of the lines amount

fLp\ _ ^, . f^P^ .

resp. to -— = i,v5 Iv.G. p. cnr per degree and -— = 3,5 k.G.
\LTJ 1-2.3 \LTJpi

fLp\
p. cm' per de"ree. Also ontside the region of non-miscibilitv |

I'emains almost invariable.

TABLE of the observed three-phase pressures and end-condensations
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VIII, .,; = 0.114

T
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the increasing associalion, on diniinution of llie volninc r o. i>\, can

be considered to be a real (Hminulion of lliat nioiecnlar volume, l)nl

also as an (ipparent diminntioii acconipaii^ying it. The qnanlity

Lb^i—
''i -i- '^'j inti'odnced in our theory need namely not Jiecessariiy

indicate exclusively the real' change of the volume of a molecule,

but can al-;o include the apparent change, in so far as it is manifested

in its cifecl on the pressure in consequence of the tem|)orary aggre-

gations of the molecules (see p. 96 and 97 loc. cit.) ').

The degree of variability of /ms then further exclusively deteiinined

by the degree of dissociation ,^ of the compound niolecule-complixes.

As this i|uantily being a function both of v and 7] the quantity fi,

given by /> = (!

—

^)b^ -{- riib.^, i.e. by

b = rb„ — (1 —i})Lb,

will depend besides on r, also on T, though the latter will be the

case oidy to a very small degree, as we shall show presently.

Ir is this way of considering the problem, which I dimlj' conceived

already some ten years ago, and which I have practically never

quite abandoned, though 1 adopted other points of view for a time.

Now after the completion of my theory of the solid state, I am
more than ever convinced that my original point of \iew must be

the right one. Already the course of the quantity ,? as function of

V and 7' made me see the great probability of this point of view.

The way, namely, in which ji for v and 7'^ approaches asymj)-

totically (so that only complex molecules are then present), and

approaches 1 asymptotically for r and 7'= a (all the molecules

simplci ; while the critical point ajipeared to lie exactly at the beginning

of the abrujjt inllection from 1 to () — which pointed to an a])pre-

db
ciabic \'alue there ot l> =^ — , and to a rather ct)nsideiable \aluc of

dv

d-'b— v/j" z^ V— — all this convinced me more and more ihal llie

di>-'

variability of b was on/;/ and e.vc/usivel;/ to be attributed to the

varying degree of association of the molecules, toi/et/ier with die

variation of volume A6 (real or apparent) attending it.

Whereas in the paper of van dkr Waai.s presently to be mentioned

(loc. cit. [>. 1227 and 1228), only an eiiipin'ca/ lelatiou could be

" Exai'lly ill llic sairc way as anion;,' olheis Hkingaxum, when lie comes to the

conclusion thai lliu intluence of the tcniperalure on the pressure which the mole-

cules of a non-idciil gas exert on the wall, is nian i tested in a ficiitioits enlarging of

tlie molecule: it seems "as if'^ the molecules arc enlarged with rise of tempera-

luie ; etc.
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given for the variability of h, liolding only in the neighbourhood of

• • , •
^ f^i ^''•^^

tlie critical point, viz. — = 1 — «— , now a thi'oretkal for-
h,, \v J

inula can be derived for this variability, which just as my theory

for the Solid State, has a purely physical foundation.

Already in my Solid State VIl I derived (p. 98—100) from the

general formula an approximate formula, viz. —=1—
'^|
—~\,

I',, V—bJ
which in my opinion is preferable to van dkk Waals' empiric for-

mula, though of course (tur approximative formula is not accurate

either. Hut in what follows we sliall make use of the original quite

accurate formula l> =z f{v,T).

llie same quantities [3 and Isb, which play so important a part in

the transition of the liquid state to the solid state, and the reverse —
so that we may safely say : no solid state loithout these quantities—
must also necessarily play a part in the theory of the liquid (and

of the solid) state considered in itself.

So this furnishes one cause, both for the deviations of the beha-

viour of liquids from the original ideal equation of van dj;r Waals,

and for the solid state appearing at lower temperatures. And so in

tliis way the whole behaviour of a substance, also the appearance of

the three states of aggregation with their gradual transition at c/yV/cv//

temperatures, can be brought under one point of \iew.

This solves at the same time the question repeatedly put by van

DER Waals in his last paper but one (These Proc, April 1911) on

the critical quantities (see among other p. 1212 at the bottom;

p. 1222 in the middle; p. 1228 at (he bottom^ "What is, after all,

the cause of the variability of b".

As principal causes he seems still to accept the real diininulion

by compressibility (p. 1212 loc. cit), and the apparent diminution in

consecpience of the partial overlapping of the distance spheres (see

p. 1225 and 1226 where the coefficient « = '/a occurring in this

case is mentioned). The so-called quasi-association would play only

a negligible part (at least at the critical temperature) (see p. 1213

at the bottom).

In our theory, on the other hand, the association, with which the

(piasi-association is practically identical (see p. 93— 94 of my last

paper on the solid state), is the onli/ factor — and it will ajipear

from what follows that the critical quantities are also perfectly

accurately determined by Ihe sole assumption of associatioii, with the

variation of rolume Lh accom|)aiiying it. We shall find that at the

critical point llic couqioiiud molecules are decomposed to an amount
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^ = 0,95 into simple molecules (so only '/,„ pari is still complex),

while on assumption of an association to double or triple molecules

in tliL- noi:ilil)()urhood of the critical point the value of A6 is found

to be such that the limiting volume {h„=:rh„ for r =r x) has duly

decreased to half its original size [b^^h^, where h^^'^/.,vb,), when
>: has lieconie ^ fr

To tiiis is added the circumstance that the minimum molecular

volume h„ for v^h proves to be the same for every temperature. For

however hiah or low the temperature may be, (3 will always be =
in tlie expression (1) for ,? (see § 2) for v = b ; hence /;„ = /'),, in

which A, is I he molecular volume of the complex molecules, on

acconui of i!ie above expressions for b and Ab. And reversely the

valcc of /)„ will again be = 6j for T^O for every volume, because

also for 7' = () the degree of dissociation ,3 will approach to 0. Hence

there is not only one limiting volume for great volume and high

temperature, but also only one limiting volume for small volume and

low temperature; the latter about half the first.

The ditferences which continue to exist for different substances in

the reduced equation of state, and which van der Wa.vi.s p. 1212

pointed out, can now also easily be accounted for by a somewhat

divergent value of (J (and possibly also of A/>). For it is clear that

the degree of dissociation of the complex molecules will not be (he

same for every substance. It will of course entirely depend on the

constants of the equation of dissociation yl). And thus substances

will also be found with abnormally greatly divergent values of j?, the

so-called anoitidluus substances.

Also the value of r can be different. It will namely also depend

on the constants of the substance, hoiv )iiani/ molecules wil combine

to a conq)lex molecule at different temperatures and volumes. I have

already pointed out in my last paper on the solid state (p. 98 at the

bottom) thai also v will be a function of v and T, and Uiat on an average

a greater number of molecules will associate at low temperature and

small volume than at high temperature and great volume. But in our

following considerations we shall for the present neglect //<w depend-

ence, because we shall confine ourselves exclusively to the critical

quantities. And at this volume and this tenqierature i' will appear

to be about from 2 to 'A, i. e. the few molecules which are still

a.ssociated then (about Vao) ^^''" ^'c on an average associations of

double or triple molecules. [At 7':^ x and i'=r ao tiie exceedingly few

couiplix molecules, still present then, the number of which a|)proaches

to 0, \\ ill oidy be double ones of I'ourse].

In my last paper I came to the conclusion p. lOOi lluil r is about
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3 at the critical point. But this was only an approximative calculation :

a more accurate calculation makes us find a value of 2 a 3 for r.

But now we proceed to derise the critical quantities from the

equation of state on the supposition of the variability of i exclusively

in consequence of the dependence of the degree of dissociation |?on

the volume v\ wliile 7^7' has to be multiplied by the factor 1 + (1'— l)i^>

because in all there are i— ,i complex molecules and r/3 simple

molecules, in which r will denote the number (for the present

considered constant by us, see above) of simple molecules which are

on an average associated to one complex molecule.

Also the quantity a will be assumed to be constant by us (see

Solid State VII, p. 94 at the bottom, so that the contraction introduced by

VAN DER Waals in the value of a is not introduced in our derivations.

The number of molecules associated to one complex molecule (on an

average 2^/.,) is not great enough for it at the critical temperature,

so that no reason whatever would exist for this contraction, (see

also VAN DER Waals, Quasiassociation. These Proc. XIII p. 119

—

121). So we consider the formula

as valid, which parses into n := a^ with .'?, = 1 — ,?, n.,^n^3, a^,^^

= -^ , «., = —
, in which (and this will henceforth be the case when

w ' 11'

the contrary is not asserted) always r-fold molecular quantities of

the substance are considered.

The formulae following here were already derived by me in 1908,

and published in the Arch. Teyler (2) 11, Troisieme Partie: "T/ttw/e

de I'association etc.", where (see p. 25—34) comparati\ely simple results

were obtained. But these formulae only hold for the case r = 2,

and we shall, therefore, give the derivation here once more for the

perfectly general case that not 2, but r molecules are associated to

a complex molecule, in which at the same time some siuqdicalions

will be applied in the derivation.

2. The general formula for ,-f was already derived for the case

of r molecules in uiy Sniiil Siale VII p. 84 —86. We found there id.

:

(i-/S)(i +(i'-i)^r-'

~

(p+"A')"-'

If wo substitute for p-{-"l,-"- the expression which follows for it

from the equation of state

(/> fA-) {"-i') = (1 + (^"-1) .^)
^^'.
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we get :

On AA

cT e ^^e '—

*

(1~^) (l+(r-l)i3)-i (l+(,,._iy)v-. (flr)--i

or putting i' — 1 = v :

{v-by-

,J^-+i e T' e lire ^'"^'''^'-/'

If now Z.A is i)ositin', i.e. if tiie complex molecules (I'eal or ujiparent)

oooupy a smaller volume than tiie simple ones, the degree of disso-

eiatiou ,? will get the value for v = b, and the value 1 for

v^ s-. 1)1 the same way the quantity ,i will approach to at

J'= for positive values of </„ and y, and at T=^<x> to 1.

In order to facilitate the following calculations, we put:

Lb
(1+../?) -r=y, («)

I'

—

b

in consequence of which (1) passes into

(1—,5)(l+A-i?)-~"^
(1")

fLh\ V ^-^
in which ^ represents the temperaturefunction c — 1 T e i^T,

The equation (1"), combined with the equation of state

{p+"l.-^)(v-b) = (l+x,i)RT (2)

will now represent the total amount of the considered substance, to

which then b = (1—,?) b^ -\- r,? 6^ can be added, i.e.

b = vh^ -{l—;l)Ab,

or vO.. being the limiting volume for ?; r= oo Qi = 1)

:

b = b., - ji-^) Ab

,

{^)

in which ,:? is gi\en by (1"), and Lb by Ab = — />, -|- rb,.

Now in order to find the values of v, RT and /; at the critical

fdp^ /(/7A
point, we shall onlv have to put — and — 1 equal to 0.

\drji y'lvy.

From the equation (2) in the form

_(l+.xi3)RT a _<fRT a

^ ~ v^ V^~Ab V
follows (for T constant) :

dp 2rt RI' dtp

d^~V^Abd^ ^^^
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dip

which we must therefore calculate — . from («) in the form
dv

follows

{\+.,-,i)Lb-=if{v-h)

d3 f d,i\ d'p

dv V dv J dv

dh d^i

because — =^ Mi —- according to (o).

dv dv

Hence :

(v—b)-^ = -ip -\-{x^^)Lb-
dv dv

dS

(r)

So we have to calculate — , and that from (1"). This relation, dif-
dv

ferentiated logarithmically, yields

.v+1 1 .), d,i dip w dtp

dv <f dv

X -{- 1 d^ ,x ~\- (p dtp

l3 {l—li) (I +.vl3) dv (p dv

If in this we substitute the value (y) found just now for

dtp

dv
, we get

:

d^

x-\-\ ap •';+ y " '

^{l-i3){l+ x^)dv <P V—b

;-\-l (,v-{-<p)' £xb

or also

j:f(l-i?)(l+..,i) ' <p v-b

v— bd^ x-\r(p

x-\-ip

7-^

/i 1-ii) <p v—b

i. c. taking («) info account :

v—b d^ x-^ip

\-\-x^dv A-+1

iH^-ii)
+ (^+9')'

for which we may also write
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v— b d^ X+ I

1 +.C/5 dv 1

So we find liiially, substituting- (d) in (y)

:

(l(f no .v-\-i

dp 2a RT
dv u' Lb (v—b) 1

.v-{-\

As also — must be ^ 0, we have, when the equation
dv-

v— b RT (c

A6 1

('»)

x-\- 1

A/>
or lis (l-f.'-,i) 7 = '/-:

I'—

o

rf* (p
(^-^')~= ^ .... (a)

.r+ 1

dp
Now we get for — , bv substitution ot this value in (,i)

:

dv

(4)

is logarithniicallv differentiated :

1 / db\ 3 _ 1 rff/) 1 dy

V—b\ dv) V <f dv \-\-ii dv'

when for shortness we put the exj)ression ,i(l

—

^i) {x -\-
(f)'- for a

.(;-[-

1

db ^ d^
moment =^ u. Hence, as — :=: L\b — :

dv dv

1 - fc^) - A. 1^ = - J- - L (_,,^/

,

v dv 1+.'/ 1

—

y dv

dtp tf

because (r

—

b) — is equal to accordinc; to (e). Hence we get

.

dv M".'/

dri dii

I'

—

dv dv
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or also

di3 dy

V— Z av do

i-ty
i'f)

cl^

For {l-{-y) Lb — we find according- to (()), taking into account tliat

dv

Ab

V— b

/J
1

dy
Tlie value ot ^ is found irom

dv

.V i-

1

from wiiicli follows

:

dy 1

dv A'4 1 dv dv

With (r-6) 'i^ = — -^ ^see tj), and (t— 6 ^=—-p'(l -t^)(l h.''iJ)

(.f+ y) : 1-|-?/) (see {(!)) this becomes:

(«-6)
dv

(^+l)(l+y)

Hence

-2,i(l-,i)7:(.f+ '/)+ —-.i(l-,i)(l f .«,?)( l-2,i)(r f'/)"
.(,•4-1

{v-b)~f ^{l^y)Lbf
dv dv

1

{.v+l)(l+y)
-2ii{\ -,?) 7(.'.'-| '/) - (1 +,'/) (Al—<>') '/(''-I '/) -f

so that we find

:

v—b _ 2 1

~r ~ 3 (Hl^r
(H-iv) (!+.'/) +
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1

+
1 1

'-" + >

•2(.v-^l]

as (l+.r,i) (1-2^) = (l-2,i+ 2,f,:f-3.i#) - .r,^(l-ii).

Now we get further for the faelor hetweon
[ ]:

2 .f-f 1

2(.(;-l-l)' .'-;+ l 2(,<.'+l)

2(.i!+l)^ 2(.e+ l)-

In this we have

:

2 A'+ l 2(a;+ l) 2(.v-hl)

so that the factor mentioned becomes

:

ill whicii the supplementary piece >' is represented by

^=57-^1 ;/i(l-(:J)y('+ '/)- -^ i:J(l-/J)7(.H-^/')+ ^7-r,- ,
i:J=(l-.i)M.'''+ '/r-

Z(x+1) ,v+l 2(,/;+l)-

.V 1 -I- //

2{.v+iy ^ ^> ^ ^f"' 2(.v+\y^ '"^ *^

The lirst two terms ii,ive ii{l—t'i) t
(''+ 'P) llie two following

2(,r+l)

1

ones ii-(l—i^y'f{-''+'py ; so thai the iirst lour terms can be
2{.v+ 'iy

representeil by

1
i?(l—^)y(,r+ r^)

[' " .i.
*1(1 -,:?)(•'• -I- ^r

2(.«+ l)

and this is evidently the tlflh term apart from the sign. So the

supplement .S is = 0, and we linally t ;et

-b_2 J

If we hcnceforlli |tul :

Piocebdiiigs Royal Acad. Amsterdam. Vol. XIV.

20
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c+l
I

3. 1 i'''^

2(.c+l) 2(.i'+l)-

we find the simple expressions

v/c 3jn* vjc 3ot'

fj(.

—

b/; 2n bi 3m"— 2?!

For !' = 1 (r := 2) the expressions for in and // pass into tiiose

whicii ;vre to be fouiul in the cited [)aper in the Arch. Tevi.er (p. 29).

If |i ^ or 1 (one kind of molecules', /;/ and ;/ duly become ^ 1

''A-

and the old value 3 is found back for - .

l>h

,jp

Now the value of RTk is easily found from (4) bv putting —= 0.

Then we get:

•laLbiv—b)

?'
(p

Ab
or ff being =: (1 +.f/?) :

V—b

1 2a
RTi, = (i-— '')' '"•

)•— b 2.11 b 3m^

—

'In

Willi —= --;
1
-= — :—„— the last expression becomes:

c Sin^ r 'Sin"

1 2a 3m^— 2« 4«"
Rll, — . - . . ^—- . m,

l-f*-|i b 3/n- 9m^

hence

:

1 8 a n'i'dm''— 2w)

8 <(

If f=rO, Ihis becomes (/;/ = i, // ^ I j
/.'7'/, = .Andil,i= l,

-7 bi,

1 8 a
we get c. g. h)r ,/= 1 (r = 2), A' // =: • ^ ,

• 'hit as llicii the (|uaii-
"

2 "J 7 />/,

titles (/ and A refer l(MA'"//A'-moiccnlar (|iiantilies, we ha\ e </ ^= 4'/' and

s ,/

A = 2 //, licncc /,''/)=: -
,

as before, whei'c a' and // now refer

In single miileculai' (|uantilies.

l-'oi'innla (7) occurs (for ,f ^ I) in Tkvi.kh oii |i. 'A\ iformula i Hi) ).

Al last the expression for /)i- follows from the c(pialioii of slate

(2). The latter yields:
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8 « M" {•im.- — '2n)

•J7 h

h
i' — 2h JS/n' — 2n \Srh

•In

f) =— ;
/), as iiiimediatolv follows from (5. Hoiice

3?H' — 2)1

4 a n (3»«"— 2h)- 1 a (3m-— 2w)"
PI-
^

27/.' »».' ()/)' m'

i. e.

1 rt (3m-— 2w)=(4«—3m)
/'/.• = .y,^,' ^ (8)

identical with what we found in Tf.yi.kr, p. 32 (fornmhi fJT)).

1 a
Here too pi- := -- — is dulv found l)olh with ,i ^ and witii

27 bk"

,:? ^ I on ^ 1/ ^ 1). Just as in tlie formulae for vi- and RTi-, t> is

then constant, and hi- is either = /^, (if (3 =: 0), ov^=h, (if /?^1).

Of the greatest inijiortance is particularly the knowledge of the

Pki'k „ ^, . ,. ,

(piantilv ij :r= —— . for this we imd now:
Rli-

1 n (3/n'—2«)-(4«— 3m) Sm"

27 6i= m' 3»n'— 2w
'''

fi =
1 8 « ra*(Bm»—2w)

1-L.rj327 />/, m=

3 m-(4«— 3m)

3
For ,3 ^^ (> this becomes ,"^— ; for ,i=:l, and e.g. .r=zi {r^'2)

3
we find 2 V

,
• ''"^ '' "i"^' 'I't'n aaain he borne in mind that then

for the calculalion of i< the critical \olnme of a '/"//A/c inolecnlar (pian-

lily of substance has been taken foi' f/,-. Hence if ,:? ^ J , so tliat we
only have simple molecules, the value — if vi- refers to a single

mol(>cular ([uantity as usual — must still be divided by 2, and we
3

get auain - .

'"
' 8

Formula \% corresponds with (18) on p. 32 in Tkvi.kr.

3. Of just as great imporlauce is also the knowledge of the

(pianlity



From

( 290
)

v—h
follows :

dTj,, v-h '^ ,—l\dT)^ •' {v—by- " \dTj,

hence

.' + (1 + ^^
\dTj, V ^'V v—b\dTjc

or also, ill virtue of («) :

So we must cak-ulate ,,) I'l'om (1") tollows immediatelv by

logarillimic differentiation (see for tlie tirst memher also tlie ealeu-

latioii tor -
J

:

\dvji

,}( 1 — iJ)( 1 + .r,i) <77'~T^ RT' ' dl' <f
,77'

%+ YliT ,-+<fd,y

RT- <p d'l

Lb
Now from <f

^ (1 -f .v^) follows:

Idif d3 1 1 d;i

(fdT \+.v'^dT ' r-b dT l+,r/?(/7'

hence also

1 dif x-\-<P dii

(fd7'~l+xiidT'

So we gel, as (j^ -\- yRT^= q -.

+ (1 + .T,i) -Lb\

dT

RT-
-i-.^(l-.i)(l+,r,?)

J^^.^
;+

1

IxJ

lB-\-\ (.vA-kpY 1
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For f we ina\ now write

1 +
pv

a x-\-\

^ irr :

^,l_i)(,,^y)

.r-f 1

,'J(l-.?)(,M-r/)-^

• (1<J)

We obsei-ve llial ilie I'aclnr ul' —^ aeeording to (rf) is also
R2'

_v-b d,i

Formula (10) agrees with (28 on ji. 42 in Teyler (.c^l .

We see at once that when ,5 is near 1 or 0, the factor of —-^
Rl

will be very small. If now q itself is also still small, as may be

assumed in case of association under the intluence of the molecular

forces (see also Solid State VII p. 94 at the top and 98 at the bottom),

we may safely neglect the correction term /L, in

and write, just as van uek Waals does :

(I

./= 1 ^ --
/"•"

(10-)

at least in the neighbourhood of the critical point. But we should

bear in unml that strictly speaking this can never be quite exact so

long as tlie state of association is also influenced by the temperature.

If (10'') should practically be sutKiciently accurate, we should of

course also be able to calculate the cjuantity a from it.

Before proceeding to calculate the quantities j? and ^ from fi and
/"

at the critical i)oint, we ?liall first ilerive the value of a few quan-

tities, which arc of importance at fe critical point. We mean the quan-

titles ()' = — and
dr

d/'
d'b

,1?'
'. It is self-evident that we do not

lind the values now, found for this before l)y van uer Waals and

by myself. For if we start from the etpiation of state

RT a

V-—V r'

without the factor 1 -\- .ifi of RT, we find l>' from

dp _ RT{l—l,')
^

2(1 _
^; = ~ 7;::^^ ,'

-"•

and A" from - =0, whicii after eliminalion of (/ and /? 7' yields
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(see also Tevler iWo: C^tuelqiies reuiarqiies snr I'eqiiatiou di'tal, p. 46; :

c 'i\ vb" 3
n— b') 4- ~—r = —

.

But the \'alues of // ami l>' resultiiiii' from this w\\\ of course be

slightly dilFerent from those which we shall now calculate from the

same experimental data ; and so we are not allowed to draw any

conclusions from the deviation of the values of h' and b" calculated

by us just now from those found before. They remain simply secon-

dary values, which can never be found by direct ex|)eriuient, but

only by the calculation hosed on certain supposition!^.

Now in the ilrst place tiie value of // can be found from (3),

viz. h^h^— (I

—

ii)i--h, from which directly follows:

db J,i

di- dv

Lb
Takinji- {&\ and (i + .v^i) = <f into account, we get :

- V— b

X-T-1
(11)

;^/?{l-,:?){.r4-r^)

The calculation of !>' from this expression is about as elaborate as

that of — from - (see \N 2 the calcula(io]i of - ' ). The easiest
</(•= dc V '-•/,--/'/./

way to reach the result is the following. The numerator of tlie

'/' f 1

second member ot (IJ) being =: // we put y lor ,j(l-,i)(.i'-}-Y)^

«+'( 'V
' •'+!

for shortness' sake, above in i^2
|, we liave:

hence
, dll II diJ .'• d'/>

b" {! + >/)
4- // ^•l=—l- -'-

-I
,,

'-,

dv x-\-(pd.o (.v-j-y)' ' dc

'p ,, 'P 'f 11 'P 1
,

But as — b =i - = , we have
.v--fp •'••-r'/'' •«+ '/' 1 ;-,'/ •''•+ 7'1 + .'/

also

;

(f> 1 dil xil df
{,,-/-) // (1+//) = * (r-d,) + _/ (.-/,)
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Now according to .ifv, we liave:

1

I, (,.+ ini_,,)
(l-^j)rf{.v-\-.f)^

.); -4-

1

while accordiiiii- to (e)

Hence :

^,. -/-)//(! +.'/)' =

dtp

l-.v

_(.«+ !) (1+//) I

!-L>i(l-,:?)y(,<;-f/)

+ - n\- ,J) (l-.,;,i, (1-2,:?) (..-</)"
j

^-

k-^')^'"(l + .'/)" = '/

•+ 1

'(1-.^)'/= +

1 .-;'/(l+ «)"

+ (:;;TTr
''^'-''* ''"'^''^ ^'"'''^ ^""'^^^ ~ T^^.

Alter jiiibstituliitn of

1

we get further:

(,_/,, /," (1 + ,,)' = '/

,

.i(l_^-)(,,;-r^)= +
^

^r-i\-^iY{,.^,pY.— 1 (.i-'^l)-

.'•—

1

,i^l_,i)(,,_o,^)

"-Vv. .-" (1-.3) (.«^<?)-^ [( 1 ^.'•^) (1-2.:?) - .<',i (1 -.i)]
(.i;-^l|- L -I

hence liiiallv (|iutting- il-[-y = //;, see (5));

V <p 1

_r/;'= -^— .^(1~,')
('—6m'.c^ 1

{x^-l(p) + ---(.fi-^+ 2^-l)(..+ qD)-' a-2)

Finally the value of - can he foniRl from
'';

from which follows

= l-(l-i)--
/.

,

b„

Of the now derived (luanlities onl\ \i ami /' are of use

calculation of the two unknown ([uantilies J and <p at the

point. Then the value of .c can he assumed to he such, that

(13)

for the

critical

we get
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Lb M>
a suitable value of calculated troui ^ z= {l-\-,t\f} . H we

V - I V — li

wanted to consider .v, ,?, and '/ as unkuown (|uantities, so that the

value of was of course deteruiineil, the knowledc'e of a fJiinl

r-b °

quantity woukl still he recjuired at tiie critical jioiut. This third

quuntitv could be no other tiiau the dii'ection of the so-called "straight

diameter" in the critical point. But as the discussion of this calls

for a separate study, wiiich w'e iiojie to gi\e in a following Paper,

w^e shall now content ourselves with the knowledge of ft and/, and

Al>
siniplv exainiue at what \alue of ./ a suitable value ot is

r— b

obtained with the calculated values of ,i and '/.

4. Let us in the lirst place examine what tJie approximate formula

(10") for/' teaches ns concerning the values of the quantities ;/; and ?ii.

From /= 1 -| follows:
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in ^ ,, ^ 1-1
Witli —= — It follows from this that

/, 7

b-io 14-.-;

96 l+.v^

If ill this we substitute the value 0,2()5 for »(, which \alne almiit

agrees witli our substance for which /'^ 7, we gel:

l + .f 8
n = 0,947 —— ; m — ^ „ U)

As according to (5)

2(.7'-f 1)

^ .i(l-;?) (1 + 2 (,«-!) ,i-3,.,i=) (,,-!,/))» '
, (5)

2(.f+ l

m = i + -— /i (!-/?(..+ r/-r

we can lind the values of /i and '/ from the above e(|uati()iis with

an arbitrary value of ./'.

Thus e.g. with .(' = 1 we find the values:

<i= 0,9.547;
(I
— 1.2i;7.

For then n becomes =l),;t47 V—"— = 0,y(i9: nt =' i, = 1,107,
^1,955 7

«=! + -,? (1-iJ) {\-\-<r) + - ,y (l-,i) (l-3.i=) (1+r/))'

=:: 1 _(. JL X 0.04325 X 2,227 — ^ X 0,04325 X 1.7344 X (2,227)»
4 b

= 1 + 0,0722 — 0,1036 — 0,9(;!i.

also follows from (5).

And as to ;/; :

m = 1 + _- ,i(l_i}) (1-f ,/)-^ = 1 ^ - X 0,04325 X (2.227)=

= 1 + 0,1072 = 1,107.

1.227 Lh
'llieii we lind lurlher Ihe \aliie — 0.628 tor. from

1,955 — (•— /'

A/.
7-=(l+.^) ,-—b
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This \';ilue is pi-oiiubiv loo high. For if we piil ' ;il uiioiil 2,1,

then r/.. = <S,4 9, liccaiise ht is bv approximation alioul ecjuai to

A,, = 4p (o ^ tiie vohinie proper of tlie inolefuies). Hence 1 lie limiting

volume A„ for r^}>i= that of the complex molecules A,) is ahont

1

y^^An^2A 0, liecanse in niosl cases a value is tound for this
4 ^ "

limiting volume in the neighhourhood of '/^ of the critical volnnie.

As now //,^ ^ r/i„ = 4:0 and A„^Aj:^2,lo, so A// = — ''', +
-\- rA.j = 1,9^*, and hence

A/> 1,9—=^ = 0.475.
b, 4

Lh LI' Lh
So we find for — , supposing -=—

:

0,475
0,43.
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cators led hy other considerations. Tims we may say tiiat the vahies

of {i and fp, wliicli we originally calculated from/^7 and ,u ^0,2(35

arc also reversely able, to redm-e tv.- :/'/.• from .S to 2,1 ./'from 4 to 7,

and ,'i from 0,875 to 0,"i(i5. Tiie ordinary theory of the a|)|)areiil

iliminiition with the coerticients a, ,i. etc. in the expression

b = b^
I

1

—

n — + (if —
I

— etc.
I

has always tailed to do this, (see also

Tkyi.kk, 1901, -Snr Tinflnence des corrections etc.", p. J— 10, spe-

cially p. 10 at the top\

If in formula 7 n and A/, are made to refer to siiujile muleciijar

quantities, the second memlier has to ite mnlliplied by the factor

1 -|- X {=: v), and we get

:

_ 1+,): 8 a /i'(3m'—2;i)

'• ^
l+.«i? 27 Ik ^'

.8a ,1,1
bo it we put =: r^ the tactor or -~ — , we lind tor x z=: 1 , as — ^ —

:

. _ 2 / 7 Y 3 X (1,107)^ — - X 'J'969

•'~
1,955 ^ys) 0.107)"

'

hence

49 1,740
/, z= 1,023 X — X = 1.U04.

b4 1,35 (

This is in perfect accordance with v. d. Wa.vls' observation, tliat

— even if r/,^ ^ 2,1 /;; instead of 'Sbi — A*7),. yet becomes again

8 a^ --_ - with a high degree ot approximation.

Further we have, according to (8):

_ 1 a (3»i'—2«)-(4«—3m)

. 1 "
and ilui- the tactor ot becomes:

27 bk'

(1,740)= X 0.5536 1,67(5

1,226 X 1,357 1.664

1 "
Here too it appears once more, that /;/, remains = ^„ ,, approxi-

mately.

C/'irais. Aug. 22 1911. (To be continued).
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Chemistry. — "On the hencenehc.mc/iloridi's mifl f/icir splitfmi/ up

into tricldorebcn:enes'\ By Dr. T. van der Linden. (Coiii-

iiniiiicalcd liy Prof A. F. H()I,lem.\N).

i^Tliis coniuinnicalioii will iiol lie imlilislied in these l'roreG(linji's).

(October 26, 1911).
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Mathematics. — "Continuous one-one transformntlons of surfaces

in themselces." (4''' communication ^)). By Dr. L. E. J. Brouwer.

(Commnnicated hy Prof. D. J. Korteweg).

(Communicated in the meeting of May 27, 1911).

In tliis communication as in the preceding one we shall occupy

ourselves with continuous one-one transformations witii invariant

indicatrix of a two-sided surface in itself.

If for such a transformation there is an invariant arc of simple

curve, it contains at least o?i(? invariant point ; more than one invariant

point need not appear.

If, however, each of its two sides is invariant, then the arc contains

at least tioo invariant points; more than two invariant points need

not appear.

Of the former of these two evident theorems we have sliown in

§ 2 of the third communication that it can be extended to the most

general circular continuum (of which the arc of simple curve can

be regarded as the simplest type) ; to the latter theorem we shall

give the same extension in the following.

A segment of the circumference formed by the accessible points

of a circular continuum will be called a complete circumference

segment, if the set of its limiting points is identical to the circular

continuum itself.

As the generalization of the arc of simple curve with two invariant

sides we can consider a circular continuum rp' whose circumference

can be divided b}' (wo "Schnitte" into two complete circumference

segments, both invariant for the transformation.

Of ((' together witli a certain vicinity tp' we construct a continuous

one-one representation on a finite region of a Cartesian plane, where

they pass successively into <f and if^, and we draw in that Cartesian

plane a simple closed curve y. lying together with its image and its

connterimage in il>, whilst its inner domain contains 7.

.\il figures to be constructed in the following and likewise their

inuiges and their counterimages we suppose to lie in t|'.

According to the third communication 7 |)OSsesses a point 7 invariant

for the transformation; we shall suppose that this point /is the only

invariant point of (f

.

The two Schnitte determining on 'f the two invariant complete

circumference segments w, and 0., , we shall represent by S^ and *b,

.

1) See these Proceedings Vol. XI, p. 788, Vol. XII, p. 286, Vol. XIII, p. 767.
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/\ii air of simple curve joining two points of tiie ciicuniference

of <f, and for the I'est not meeting 7, will he called a skeleton arc.

We suiTound
(f bv a fundamental series of polygons ^P^, ^\/P,

apjiroximaling y at distances fj, a^- f.i
(
f'.+i <C ^ f/.- ) • The side

of the largest srpiare whose inner domain lies between V,, and 7,

we represent bv e„; for indefinitely increasing /? we find that e„

converges to zero.

Each polygon % we divide into segments in which the distance

of the eiidpoints lies between 4f/; and 12f/ , and the distance of two

arbitrary points does not exceed 246^., and we draw from the points

which separate these segments, to if paths <; 'if/, not intersecting

each other, and cutting each polygon "P,, [n > k) only once. Each

two of these paths which immediately succeed each other, form

together with the segment of ^k connecting them a siceleton arc.

We first suppose that the Schnitt ,S', is not determined by an

accessible point, and we choose on a fundamental series of polygons

^1-V . ^'-i > ^ fundamental series of slieleton arcs s^.^ ,av., , . . . , not

intersecting each other, converging to a single point P, and all

containing between their endpoints the Schnitt .S'l . The arc of 'Ij^y

J'

belonging to s.^ we shall represent by q.y. .

We then construct an arc of simple curve 6 ending in P, inter-

secting each element *•- of a certain fundamental series .•>>, , .s-„ , . . .

(contained in the series of the Sy, ) once and only once in a point

P- of Or , and passing there from the outside of ,v- to its inner

side. The part of /j contained between P- and P- we represent

by b- , the part of ^- preceding resp. following (Jt , and lying inside

s- , by /- resp. i\ . Then it is impossible that as well the part
/.—I •'

J' ' p ^ '

of /- Iving to the right of //- , as the part ofi-- Iving to the left of

b- , converge to zero ; for, in that case P would be an accessible point.

So out of the series of the t^ we can select such a fundamental

series p, , li, , . . . (preceded in the series of the t^ successively by the

elements y, , 7,, ,...), aiid determine to that series such a quantity c

that for each (},, is attained on e. g. the part of (3 lying to the right

of 6.3 A maximum distance ]> 32f from P bv a certain point Qi
'/' • f^ V.

whilst neither s-, , nor ,:>=
, nor h.i reach a distance "> c from P,

and 6/ as well as e-, are <^ c.
',, 'p ^

Then on i'= lies a point R3 which can be joined with Qi inside
' /' ' " ' /'

21*
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^i bv a path <e-, 1^2, whilst farthermore Qs and /?? may be

3
connected with (t bv imths Qi Hi and R^ A's <iT:fi , Ivin";

p ' /^ ' u
' /' 2 ' '^ '

outside '|\; , and not cutting- .y? , thus containing <Si between theui.

These three patiis form a skeleton arc Ha Qi Ri Ki whose size

for indelinitely increasing /; converges to zero, and which we shall

represent bv <>= •

•
• ,,

So ont of the series of the (J^, we can select a fundamental series

Fj, Fj, . . , in such a way that for indefinitely increasing p the skeleton

arc Op converges to a single point V not identical to P.

We shall now suppose that the Schnitt Si is determined by an

accessible point P. I^et in that case tv be a path leading to P, and

let .s"i,.v,, ... be a fundamental series of skeleton arcs separating 5,

from X, and whose size converges to zero. Then as soon as p has

exceeded a ceitain \'alue, all s^, must cut w, and that in points which

for indefinitely increasing p uniformly converge to P, so that 5^ con-

verges for indefinitely inci^easing p uniformly to P.

So if iSj resp. 5, is not determined by an accessible point coin-

ciding with /, we can construct a skeleton arc t/, V^ resp. f/, V^ as

small as we like, separating S-^ resp. S^ from x, and not cutting its

image U\ V\ resp. U\ V\, so that either the circumference segment

Ui T'l resp. U^ V.^ is a part of the circumference segment IJ\ V\
resp. l"'.V\, or the circumference segment f ^'j F', resp. U\V\isti

part of the circumference segment l\ l\ resp. U,}\.

Farthermore it is impossible that S^ and S, are determined by

accessible points coinciding with each other, for, in that case Ihe

derived sets of p, and o., would have only that chie point in common,

so tiiat (*, and o^ would not be complete circumference segments.

On (', we choose a point P not coinciding with /; Ihe image of

y-* we represent by P', the image of P' by P", the counterimage

of P by Pi. From x we draw to P,P',P", I\ paths ii\:,n,v not

meeting each other, and containing such endsegments e, e, e", ei that

/ is Ihe image of e, e" the image of e',ei the counterimage of<?, and

we (•(inslriici an aic of simple curve k starting in /-•, not passing

through 1, culling o.,, and not meeting iv ; the image of /; we repre-

sent by k', tiie image of k' by X", the counterimage of k by ki, tiie

size of I.-, /,',/.", ki successively by g,g',g",g{, the largest resp. smallest

one of liie latter four quantities by /;/, resp. gi. We describe circles

a, a!, a", a, containing in their inner domains /,/,/',_/, at a distance

gu succx'ssively the arcs k,k',k",ki, and we take care to choose k
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so small that two arbitraiy ones of the sets of points )c-\-J, z +./>
u-\-j", r-\-j; possess a distance ^ S (//, from each other, tliat tlie

parts of w, z, u, v contained in j,j',j",ji belong entirely to e, e', e", ei,

and that h cannot contain a skeleton arc separating a Schnitt S^ or

<S, determined bv an accessible point coinciding with /, from the inlinite.

Either k or Z' contains a point Q of o^ accessible from /. along a

path not cutting
(f -\-k-{-k'. In the following we shall assume (^

to belong to k ; if it were to belong to k', we might consider instead

of the given transformation its inverse, and then follow the reasoning

of the text.

From X to Q ^ve lay a path m not cutting rf -{- k -\- k' -{- ic.

The part of k contained between P and Q we represent by r,

its image by r, the image of ?' by r". If we then approximate c/ -\-

r

at a sufficiently small distance by a polygon V, this polygon ]^ con-

tains two arcs p^ and p.^ both connecting w and m, and having no

point in common. Together with certain parts of ir + '' + '" these

arcs p. and p., form two polygons '^.\ and ;^, whose inner domains

have no point in common, so that the inner domain of e.g. ^P, does

not contain the point /. We then determine the positive sense of

circuit of the circumference of q by a circuit from Pto Q inside ~^\.

The circumference segment PQ contains one and not more tluin

one of the two Schnitte S^ and S^ -. we may assume tiie Schnitt

S^ to belong to the circumference segment PQ.
Then .S'l cannot be determined by an accessible point coinciding

with /: for, in that case r could not contain a skeleton arc separating

Si from the infinite, so that the point / would be accessible inside

^^,, which is impossible, / lying outside 'P,.

We represent the image of Q by Q, and according to the manner

of succession of the points P, F, Q, Q for ii positive sense of circuit

we distinguish four cases.

First case: P precedes P, and Q' 2)recedes Q.

In this case / contains a skeleton arc d .separating Q from the

infinite, and aece.ssible from the infinite without a crossing of Y+'"+r'.

Let M be the endpoint of (/ preceding Q on the circumference of

cf,ta segment of </ containing J/, c the part of /' that remains after

destroying in r all skeleton arcs separating Q from the infinite.

Between the image //' of //' and t we construct a |)oiygona] line

p',, and between t and the image m' of m a polygonal line '^\ which

both approximate q -\- c -\- r' -(- '"" at a distance f.

The segment cut off from tv' resp. t by '15', we represent by
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f' resp. t', ; the segment cut olt' IVoiii / resp. m' by ^^'4 we represent

by t'^ resp. ft' ; the part of t contained between the endpoints of

^\ and ^P'^ we represent bv t'. The arcs r\ f', ^P',, t' ^\, [i! form

together a polygon 'V ; J lies outside this polygon. For the lengths

of the transformation yector and of the in\'erse transformation vector

inside *^V tliere exists a certain minimum /.. Let /' be a quantity

1

smaller than gi and smaller than /;; then we take care to choose

s so small that

32 3-2 3;

\Ye divide 'P., and 'P\, into segments in whicii the distance of the

1 . 3
endpoints lies between — A and — /.and the distance of two arbitrary

3
points is smaller than - /'. From the points separating these segments

4

we draw to 7 -\- <- -\- 1' -\- r" rectilinear paths whose lengths lie

1 3
between — f and — ?, but among lliese paths we retain only those

whose endpoints do not lie on r, /' or r". These remaining paths

determine together with «•', //(', r\, and x\ skeleton arcs lying

against *p', and '^V^, and not meeting their couuterimage skeleton

arcs, whilst these counterimage skeleton arcs can meet neither /• nor ?•'.

The last point of intersection with '^v, of the connterimage skeleton

arc s separating Q' from the infinite, we represent by L ; the image

of L we represent by L' , the image of s by s' , the first point of

intersection of / with '^' by E, the image of E by E'

.

A), s' is separated by s from the infinite.

Our aim is to tind the total angular varia-

tion tUj of the inverse transformation vector

for a positive circuit of the polygon ^',

and we represent by -/i
^^^ total angle

described by the inverse transformation

vector from P' to L' along ^P'; by X2 the

total angular variation of a nowhei'e

vanishing vector of which the origin runs

from /" to L' along ^^V, and theendpoint

as a continuous function of the origin

from P to L along path arcs nowhere

passing outside *P', constructed according

Fig. la.
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to § 2 of the tliird communication').: by y, tlie total angle described

by the inverse transformation vector along the segment L' E' of '^'

;

bv
(f . the total angular variation of a nowhere vanishing vector of

which the origin runs from L' to E' along ""^'^ and the endpoint as

a continuous function of the origin from L tot E along a curve p
lying inside 'i^'"); by if'i the total angle described by the inverse

transformation vector along the segment E' P' of /'
; liy \]-„ the

total angular variation of a nowhere vanishing vector of which tlie

origin runs from E' to P' along r' , and the endpoint as a con-

tinuous function of the origin from E to P along a curxe obtained

by replacing in the segment EP of ?' each part lying outside *!>' by

tiie segment of '13\ joining the same endpoints.

Then tlie following equations hold

:

X, = /, -f 2«.T {» > 0)

V', = If.

t«i = Xi + ffi 4- ^f-i
-

Now Xj + Vq + V'a represents the total angular variation of a

nowhere vanishing vector of which the origin describes the [jolygon

ip' in a positive sense, and the endpoint as a continuous function

of the origin a closed curve nowhere passing outside '^\', so (hat

we have:

"/. + '/', + v. = 2.T.

Hence

:

— 92»n:{n^ 1),

Fig. lb.

1) See these Proceedings Vol. XIU, p. 770.

-) If L' lies not on
^P',

but on one of the paths connecting ^' and w, we must

take care that 2^ does not meet this path.
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so that we arrive at the absurd result that hiside ^' must lie an

invariant point.

B). s' is not separated hij s from the infinite. Then the two end-

points of .9' as well as the two endpoints of s lie on 0^. Defining

<^ii Xu X21 Ti> T'si ^p ^3 in the same way as just now, we arrive here

at the following equations :

-/j = -/i -r 2«.T {n ^ 1, because between P' and s' lies the Schnitt «S',)

v. = v,
W: = X, + 'I I + M'l

X= + Tj + 4'. = --T-

Thus again tOj =: 2?lt (?« ^1), so that inside ^^' there would have

to lie an invariant point.

Second case: P' foUoios P, and Q' precedes (}.

A). Q' is separated hy r from the infinite. We construct the

polygonal lines ^V^ and ^\, and the polygon ^' with its skeleton

arcs in the same way as in the first case. Then the counterimage

of ^P'
is a simple closed curve p bearing skeleton arcs which, like

those of ^', cut neither r nor r' . We want to find the total angular

variation
/>-i

of the transformation vector for a positive circuit of iV

We represent by E' the endpoint of ^',

on t; by E the counterimage of E'; by Xi

e total angle described by the transforma-

tion vector along the segment PE of 'iP ; by

Xj the total angular variation of a nowhere

vanishing vector of which the origin runs

from P to E along \p, and the endpoint as

a continuous function of the origin from P'

to E' along path arcs nowhere passing out-

side ''P; by \\\ the total angle described by

the transformation vector along the segment

EP of 'ip
; by ifj^ the total angular variation

vector of which the origin runs from E to

/* along ip, and the endpoint as a continuous function of the origin

along a curve obtained by replacing in the segment A'' /" of ^3' each

part lying outside '^ by the segment of r joining the sai:ie endpoints.

From the e(|ualions

X, = X. + 2«.T (/, > 0)

tpi = i\\

*, = X. + M'l

X> + ^« = 2:1:

Fig. 2«.

of a nowhere vanishin
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then ensues l'^, = 2?i.'t (» > 1), so that inside ^ there wnnld have to

lie an invariant point.

B). Q' is not separated by rfrom the injiniie. We construct between

w' and m' a polygonal line approximating 7^ -t-r-t-r'-j-r" at adistance

6, cutting off from w' resp. m' the segment h' resp. ft', and forming

with h', ;•', and ji' a polygon 'P'. The deter-

mination of f, and the construction of the

skeleton arcs of '))' take place in the same

way as in the first case. We want to find

the total angular variation l>j of the trans-

formation vector for a positive circuit of the

counlerimage 'l^ of ^^', and we understand

by T>-, the total angular variation of a no-

where vanishing vector of which the oi'igin

describes ^P, and the endpoint as a continuous

function of the origin runs tirst from F' to

Q' along path arcs nowhere passing outside

'P, and finally describes ;'.

Then we have

:

d-^ = d; + 2)ijt (n ^ 0)

9, = 2jr

Hence »>i =1 2».t (« _^ Ij, so that inside 'P there would have to lie

an invariant |)oint.

Third case: P' follows P, and Q' follows Q.

V\s- 'lb.

In this case / contains a skeleton arc d separating Q' from the

infinite, and accessible from the infinite without a crossing of (/-)-r-)-?''.

We determine c, t, and f, and we construct "P'a/i^'j, *P', 'P, and the

skeleton arcs of these polygons in tiie same way as in the second

case under ..l).

The last point of intersection with ^ of the skeleton arc .v' of

^|.Vj separating () from the infinite, we represent by L' ; the counter-

image of L' we represent In /., tiie counterimage of s' by s, the

endpoint of ^\ on t by E' , the counterimage of E' by K.

A), s is separated by s' from the infinite. Our aim is to lind the

total angular variation ih.^ of the transformation vector for a positive

circuit of ^, and we represent by -/, the total angle described by

the transformation vector from /' to L along ^ ; by •/, the total

angular variation of a nowhere vanishing \ector of which the origin

runs from P to L along 'ij), and the endpoint as a continuous function
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Fia. 3a.

of the origin from P' to L' along paili

arcs nowhere passing outside ^ ; by

9)j the total angle described by the

transformation vector from L io E
along ''P; by

<f .,
the total angular

variation of a nowhere vanishing

vector of which the origin runs fi'om

L to E along 'f', and the endpoint

as a continuous function of the origin

inside "V from L' to E' along an

arc of simple curve /i\ by i]\ the

total angle described by tiie trans-

formation ^•ector from E to P
along 'T': by if-., the total angular variation of a nowhere vanishing

vector of which the origin runs from E to P along 13, and the

endpoint as a continuous function of the origin along a curve obtained

by replacing in the segment E'P' of '^' each part lying outside ^P

by the segment of / joining the same endpoints.

Then the following equations hold :

/: = •/, + ^nji (n ^ 0)

Vi = <f, + 2jr

Va = f»

^1 = X, + 9'i + ^J'l

Xj + y, + ifj = 2jr.

Hence ^i = Swjr (;/ ^ 2), so that inside ^ there would have to lie

an invariant point.

73). s is not separated by s' from the

infinite. Then the two endpoints of s

as well as the two endpoints of s' lie

on (), . Defining *,, Xp X^i V^i' V'^' 'J'l' V'j

in the same way as just now, we arrive

^j^ p' \ q' k\ here at the following equations:

/j z= -/.^ -(- 2n;r (n^ 1, because between

P and s lies the Schnitt aSJ

</, = Vs

v. = ^f,

'^ = x, +y. + 'l'i

X, + 'c^ -f »l'-.<
= 2.T.

Thus again ^, = 2«.-r (»i ^ 2), so that inside ^ there would have

to lie an invariant point.

Fig. 36.
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Fourth rase: P' jirecedt'.-i P, tind Q' /ollow.-i Q.

A). (}' is separated by r from the infinite. We construct the polygon

"V with its skeleton arcs in tlie same way as in the third case. We
want to find the lolal angular variation <i\ of the inverse transfor-

mation vector for a positive circuit of |^', and we represent by Xi

the total angle described by the inverse ,

transformation vector along the segment P' Q'

of ''P' ; by -/j 'lie total angular variation of

a nowhere vanishing vector of which the

origin runs from P' to Q' along '^)', and

the endpoint as a continuous function of the

origin from P to Q along path arcs nowhere

passing outside 'V' ; by \\\ the total angle

described by the inverse transformation vector

from Q' to P' along ;•'
; by il', the total

angular variation of a nowhere vanishing

\ector of which the origin runs from Q' to Fig. 4a.

P' along r' , and the endpoint as a continuous function of the origin

from Q to P along a curve obtained by replacing in r each part

lying outside 'V by the segment of '^.v, joining the same endpoints.

From the equations

/, = /, + 2«.T (« ^ 0)

A\ = ^\

<"x
— Xi + 4'i

X, + tf^, ^ 2.1

then ensues w, t= 2?«,t (n ^ 1), so that inside i^' there would have to

lie an invariant point.

/ / B). Q' is not separated hy r from the

infinite. We construct the polygon p' with

its skeleton arcs in the same way as in the

second case under B). Wo u ant to tind the

total angular variation coj of the inverse

transformation vector for a positive circuit

of 'P', and we understand by to, the total

angular variation of a nowhere vanishing

vector of which the origin describes p', and

^\\ 1/ the endpoint as a continuous function of the

origin runs first from P to Q along path

ai'cs nowhere passing outside ''13', and finally

Fig. ib. describes r.
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Then we have

:

w, — w, 4- 2;i.T (« ^ 0)

O), = 2.T

Hence tOj = 2)!.t (n > 1), so that inside ^' there wouhl have to lie

an invariant, point.

With this we have completely proved the following

Theorem. For a continuous one-one transformation unth invariant

indicatrix of a tioo-sided surface in itself a circular continuum with

two separated invariant complete circumference segments contains at

least tiro inrariant points.

E R R .\ T A.

In the 3"i coniinuiiication on this subject, these Proceedings Vol. XIII

p. 767, 1. 6 from top for: indicated, bnt read: indicated but

I. 20 from top for: paraboli read: parabolic

Physiology. — C. A. Peket.haring reads a ])aper on: " The e.vcretion

of creatinin in man under the influence of muscular fomrs"

,

after experiments by Mr. J. Harkink.

(Communicated in the mealing of September 30, 1911).

Some time ago I re|)orted here on an investigation by Mr. Van

HooGFiNHUYZK and myself, proving that in vertebrates the content

of creatin in the voluntary muscles increases during the tonus, but

not during simple contractions of the muscles. We may therefore

expect that by increase of the muscular tonus more creatin passes

info the blood than in other circumstances. Moreover a later inves-

tigation showed us that creatin, when gradually introduced into the

circulating blood, is partly excreted by the kidneys as creatinin
'J. So

we may conclnde thai an incr(>ase(l tonus will lead to a larger

excretion of creatinin.

A series of estimations by Van Hoogenhuyze and Vkki'Lokcui

showed indeed that less creatinin is excreted per hour during the

night when the muscles as a rule arc relaxed in sleep, than in the

daytime, when the muscles are now in a tighter, now in a less

intense tonus. Besides thev stated that a smaller amount of creatinin

') Onderzoekingen Physiol. Laboiat. Utrecht, 5de R. XI. p. 236.
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was excreted by old people and by those suffering from considerable

muscle-paralysis, than by normal, healthy persons ').

However all tiiis is no inquestionable proof that these tluclnations

in the excretion of creatinin are necessarily caused by changes in

the muscular tonus. For it may safely be granted that, althongh the

muscles contribute mostly to the formation of it, yet creatin is formed

in several other organs. People that are asleep, as well as persons

weakened by old age or other causes, show a greatly reduced meta-

bolism, not only in the muscles but also in other organs. Under

these circnmstances we might be inclined to attribute the diminished

excretion of creatinin not entirely, nay perhaps not even in the first

place to the muscles, but to the weakened function of other organs.

Therefore I tiiought it desirable to examine whether a larger output

of creatinin can be stated by purposely intensifying the muscular

forms, while all othei" causes of changes in metabolism are excluded

as much as possible.

It stands to reason that in this case vertebrates have to be ex-

perimented upon, no creatin being found in invertebrates. However

it seems impossible in animals simultaneously to cause a protracted

tonus of a number of muscles without producing at the same time

other, unreliable changes in metabolism. On man, however, the ex-

periment may be satisfactorily performed. Therefore I invited Mr.

H.\RKiNK, who had shown genuine interest in the problem, and who had

distinguished himself by accurate and careful work in the laboratory,

to subject himself to a number of experiments, proposal with which

he fell in most graciously.

Our plan of research was a very simple one. Leading a scru[)u-

lously regular life and passing the greater part of the day in the

laboratory, engaged on work that required little muscular exertion,

JMr. Harkink took every day the same amount of food, which con-

tained neither creatin nor creatinin. On some daj'S, however, the

muscles of the trunk and the limbs were maintained in tension as

much as possible by assuming the so-called "stramme Haltnng" every

time during four hours. Then we had to ascertain whether this

intensified muscular tonus led to a larger output of creatinin.

The experiment began on Jiuie 20 and ended on .luly 20. Every

day his food consisted of:

8.30 a. m. 200 gr. wheaten bread, 20 gr. butter, 50 gr. cheese,

400 cc. milk.

1) Ned. Tijdschr. v. Geneesk. 1908, 111, p. 1689.
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J 2.30 p. m. 350 gr. poialoes, 50 gr. rice, 20 gr. butter, 100 gr.

sugar, 300 cc. milk, 300 cc. water.

7. p. 111. 150 gr. wheaten bread, 50 gr. cheese, 20 gr. butter,

300 cc. milk.

During the rest of the day he took neither food nor drink.

From June 20 to July 5 the urine was collected in 3 portions,

from 8 to 3, from 3 to 10 and from 10 to 8. From July 6 till

July 19 the morning-portion was divided into one of 8 to 12 and

one of 12 to 3. In each portion the content of creatinin was stated

after the method of Fot.in by means of the colorimeter of Van

HooGENHUYZE aud Yerploegh, first in the unchanged urine and next

after the urine + 2 Vol. n. HCl had been heated at 115° C. for half

an hour in order to ascertain whether any ereatin could be found.

The total output of nitrogen was stated after the method of Kjei.dahl.

Six times, viz. on June 30, on July 3, on July 9, on Jidy 15

and on July 18, each time from 8 to 12 a. m. the muscles were

kept in tonus as much as possible. In order to compare this to the

influence of muscular labour Mr. Harkink took a walk of 20 K.M.

from 8 to 12 a.m. on July 12. On June 20 he weighed 72.5 K.G.,

on June 29 73, on July 10 71.7 and on July 20 72 KG.

The examination of the urine pro\ed that on the days of the

tonus move creatinin was excreted than on other days. On the other

hand the performance of mechanical work — a four hours' walk

over against a four hours' tonus, which was kept up as much as

possible, yet not continually — had uo perceptible influence on the

amount of creatinin excreted on that day, in accordance with the

statement of Van Hoogenhuyze and Verpi.oegh. Also on the day after

the tonus the creatinin-figure was ever}- time comparatively high

and no wonder. For ereatin introduced into the circulating blood is

not immediately nor entirely removed in the shape of creatinin, as

far as it is not decomposed, as cx|)eriments on animals have shown.

The average excretion |)er day was:

normally (18 days) 1.493 max. 1.527, min. 1.3G1) mgr.

tonus (6 days) 1.G14 ( „ 1.G40 „ 1.573) „

next day (6 days) 1.525 ( „ 1.545 „ 1.454) „

walk (1 day) 1.534 mgr.

The minimum of the normal days regards the first day of the

whole series of experiments. For the rest it never fell l)elow 1.444 mgr.

Creatin was not once found in the urine.

On the tonus-days there soon was an increase of the excretion.

This was especiall} evident, when from July 6 onward, the mine
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was daily examined from 8 to 12 and from 12 to 8 separately. On
those days (8—12) remarkably little creatinin was excreted during

the tonus, while the quantity in the period of 12—3 increased con-

siderably. On those days the average amount per hour was:

July 6, 8—12 (during; the tonus) 51.7, from 12—3, 82 mgr.

„ 9, „ „ „ „ 48 „ „ 85 „

„ 15, „ „ „ „ 52.5 „ „ 95.5 „

„ 18, „ „ „ ,, 55 „ „ 78 „

on the other days the average excretion was: .Inly 6—19, from

8—12 60.6, from" 12—3 75.6 mgr.

More than the ordinary amount of urine (235 cc.) and at the same

time more creatinin (74.3 mgr. per hour) was excreted in the first

period of July 12, after a wallv from 8—12, but during the rest

of that day the creatinin did not exceed its usual limits, as the

above tigure of the total excretion shows.

Corresponding to the series of experiments by V.4N Hoogenhuyze

and Verploegh the average excretion of creatinin per hour was

found to be less during the night than in the day time. And as a

rule the figure of excretion was still low in the first period of the

day from 8—12. For the whole series, from June 20 to July 20,

excluding the toniis-days, it amounted to

:

from 8— 3 on an average 65.6 mgr. per hour

3—10 „ „ 67.6 „

„ 10— 8 „ „ 57.7 „ „ „

Undoubtedly a considerable part of the creatin, formed during the

muscular tonus and passed into the circulation, was not changed

into creatinin and excreted as such, but was further decomposed.

However this is not evident from the total amount of excreted nitrogen

which is sui)ject to fluctuations, dependent on numerous imaccountable

circumstances, notwithstanding the uniform nourishment and the

regular way of living.

If we compare the products of decomposition of creatin to the

nitrogenous matter of the urine being of an other origin, they occupy

but a secondary place. In this series of experiments about 1.5 gr.

creatinin was excreted ptu- day, ecpii\'alent to about 0.5 gr. nitrogen,

i.e. a small part of the total amount, about 13 gr., which was per

day found in the urine. Over against the nitrogen ])roduced by the

protein, that is digested in the alimentary canal and afterwards is

desamided, the increased production of creatin in the tonus cannot

possibly be of much influence, even though we must take it for
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granted that tlie creatinin excreted by the kidneys, represents only

a part of this creatin. Yet, staling the average excretion of nitrogen

and creatinin per hour, the fact is remarkable that on the toniis-

daj'S the proportion of the amount of nitrogen to that of the creatinin

is largest in the afternoon in the period of 3—10, after the creatinin

has reached its maximum in the preceding period.

So the above experiments confirm the conclusion, drawn from the

content of creatin in the muscles of vertebrates, that chemism in the

muscular tonus is totally different from that in the contraction of

the muscles. In the first case a nitrogenous metabolite, creatin, is

formed, in the second non-nitrogenous products are consumed.

In performing meciianical labour the influence of the tonus is

greater proportionally to a more or less careful control of the move-

ments. Consequently we might admit the supposition that intense

muscular labour will produce an increase of the excretion of nitrogen,

if not only powerful contractions are called forth, but the movements

are regulated with great care by tonic contraction of the antagonists,

as is often the case with athletic performances.

Physiology. — ''The efect of sub.'itances which dissulve in fat on

tin; tnohility of Phagocytes and other cells." By Prof. H. J.

Hamburger and J. de H.\.an.

The investigations which will be described in the following treatise,

are a continuation of those [jublisherl in the Proceedings of March

25th 1911 ').

It will be remembered that their starting-point was formed by

an investigation relating to the favourable effect of Iodoform on the

treatment of wounds, and that we arrived at the result that even a

slight quantity of this substance (a dilution of 1 to 5000000) has the

faculty of accelerating the amoeboid motion of the white blood-

corpuscles and of promoting at the same time their phagocytarian

capacity. In order to explain this pro|)erty of Iodoform we assumed

that the outer layer of the |)hagocytes consists of a fatty (lipoid)

substance. Now when Iodoform is dissolved in il, this fatty substance

is softened and the amoeboid motion is facilitated. If this view was

the correct one, then other substances, solul>le in fat, such as Choro-

form, Chloral, Henzene, Camphor, Turiioutinc iiiiist likewise increase

') Hamburgkr, de Haan and Bubanovic : On liie inlUience of Joiiofunn, Chloro-

lonn and otlier substances dissoluble in fats on Phagouylosis.
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the mobility of these ceils and consequently their phagoeytarian capa-

city. This was indeed found to be invariably the case.

In oi-dei- to test this view by means of further experiments we

have continued our investip;ations in three directions.

In the first place the effect of other substances, soluble in fat, viz.

of Alcohol, Butyric acid, Propionic acid and also of Peru\ ian Balsam

on the phagocytarian power was investigated.

Secondly we examined to what extent the amount of these sub-

stances, necessary to bring about a just perceptible increase of Phago-

cytosis, is governed by and proportionate with the degree of solu-

bility of these substances in fat.

And finally we asked ourselves whether olher cells namely plant-

cells were affected, as regards their mobility, by the substances soluble

in fat.

I. Effect of alcohol, butyric acid, pkopionk; aciu anu pkklvlvx

B.\LSAM ON PHAGOCYTOSIS.

The experimental method adopted here was identical with the one

we had applied before. We investigated namely the percentage of leuco-

cytes whicii had taken up carbon from a suspension, to which slight

quantities of the substance to be investigated had been added in one

case, and not in another.

First preliminary experiments had to be carried out to establish

how much of the substance would have to be added.

Table I may serve as an answer as regards alcohol,

a. Effect of Alcohol on Phayocijtosis.

TABLE I.

The leucocyte-suspension has been in contact for one hour, at the ordinary room-

temperature, with the fluids to be investigated. Thereupon the leucocytes have been

enabled to take up carbon-particles for 25 minutes.

PI
• ..

!
Percentage of leucocytes having

*'
;

taken up carbon.

NaCl 0.9% ^^ X 100 = 48.4%

1 cc. Alcohol to lOccm. v^mn— n n

NaCl-soluticn 322 X "JU _ u ,„

1 cc. Alcohol to 100 ccm. 168 y^,on_'3nfii
NaCl-solution 543

Xl0U->iU.9 „

1) This quotient denotes that 834 leucocytes were examined and that of these

404 had taken up carbon.

22
Proceediugs Royal Acad. Amsterdam. Vol. XiV.
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Hence we see that Alcohol in a dilution of 1 to 100 has still a

pernicious eflfect on phagocytosis. Therefore it was advisable to expe-

riment also on weaker alcoholic solutions.

The following table gives the result of this experiment.

Eject of Alkoliol on Phagocytosis.

TABLE II.

Fluids.
Percentage of leucocytes having

taken up carbon.

NaCl O.OVo
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Wo see fiom this table tliut in a dilulioii of 1 to 100000 butjric acid

has a pernifioiis effect on phagocytosis; in a dilution, however, of

1 to 500000 the phagocytarian capacity rises I'rom 38.1 to 46.9, to

return again to its normal value at a dilution of 1 to 1000000.

.Similar results have been acquired with pro|iionic acid, as is seen

frou) the following fable.

Ejject of Propionic acid on I'hiii/oct/tosi.s.

TABLE IV.

Fluids.

NaCl 0.97,,

1 propionic acid to lO^^O NaCl sol.

20000

100000

500000

Percentage of leucocytes having
taken up carbon.

201

432

256

3Id

3

256

1^
375

X 133 = 46.
5'^

'o

X100=

X100=

XlOO:

X 100 = 27.2'

As we see from the [U'eceding table the phagocytosis in NaCl 0.97„

amounts to 46.5 "/o- Already, an addition of propionic acid of 1 to

100000 prevents it almost entirely, and a dilution of 1 to 500000

still causes a considerable decrease. Therefore experiments were also

made with slighter amounts of propionic acid. The following table

contains the results of these experiments.

Ejfect of Projnonic acid on Phagocytosis.

TABLE V.

Fluids.
Percentage of leucocytes having

taken up carbon.

^^-5xiOO = ?8.1»/„
933

314

NaCl 0.9 Vu

1 propionicacidto 500.000 NaCl sol. ' ^"X100 = 31.6%

1 » » 1000.100 »

1 . » 5000.000

1 . . 10.000.000

g|xi00 = 47.in„

456X 100 = 52.8"

gg^X 100 = 41.6%

673

389

22*
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Here too it appears that a solution of propionic acid 1 to 500000

has still a deleterious effect on phagocytosis. A solution of 1 to 1000000

causes it to increase from 38.1 to 47.1, which value rises even to

52.8 "/o when the solution is 1 to 5000000, an increase therefore of

52.8 - 38,1

38,1
X 100 = 38,5°/,

Hence it appears that fattij acids impede pliagocytosis even in a

venj slight dilution, viheveas still weaker dilutions have a direct l)/

opposite effect.

On comparing the effect of fatty acids, with that of ordinary

mineral acids, on phagocytosis, the fact loill he impressed upon us

hoiv poisonous the fatti/ acids are. For as we saw before '), in a

concentration of 1 to 7000 the impeding effect of sulfuric acid has

already become very slight, whilst in a dilution of 1 to 500000

propionic acid has still an even more hurtful effect. To some extent

the cause of this difference will have to he traced to the greater

penetrative power of the fatty acids, owing to their solubility in the

lipoid surface. In this connection we are reminded of the symptoms

of autointoxication which characterize acidosis, so well known in

pathology.

c. Effect of Peruvian Balsam on Pliagocytosis

Considering that also in Peruvian Balsam an organic acid is found,

viz. cinnamic acid, we asked ourselves if perhaps Peruvian Balsam

might not likewise increase phagocytosis.

The experiments have fully confirmed this supposition.

Therefore the following experiment was carried out : a big drop

Effect of Peruvian Balsam on Phagocytosis.

TABLE VI.

Fluids.

I. NaCl sol. 0.9
'A,

2. Extract of Peruvian balsam
in NaCl sol.

3. 1 vol. extract (2) and 3 vol.

NaCl sol.

4. 1 vol. extract (2) and 49 vol.

NaCl sol.

Percentage of leucocytes having
taken up carbon.

470

1057
X 100 = 44.4',,

11X100 = 63.2-,.

622

1062

521

1089

X 100 = 58.5"/,,

X 100 = 47.8"/,,

1) Hamburger and Hekma. Un Phagocytosis, Proceedings of June 29 1907.
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of Peruvian Balsam was shaken with 50 cc. of a XaCl-sohition of

0,9 "/„ and then liltrated. The filtrate had a nicely aromatic smell.

Then various dilutioiis were made of this filtrate with 0,9 % X^^CI-

solution, viz. dilutions of 1 to 4, 1 to 10 and 1 to 50 NaCl-solulion.

We subjoin one of the series of experiments.

This table ^liows liiat whilst in NaCl 0.9"',, the number of white

blood-corpuscles having taken up carbon amounts to 44"
„, (his value

has become 63.27o under the influence of the undiluted extract.

This means a considerable increase of phagocytosis. This increase is

still plainly observable at a tenfold dilution: even in a fiftyfbid

dilution a slight increase could still be established.

There is no doubt but the remarkably favourable residis obtained

with Peruvian balsam in the treatment of infected wounds, which

has hitherto not been explained, must be attributed, partly at least,

to an increase of phagocytosis '). Undoubtedly chemotaxis will be

promoted likewise, based as it is upon an increased mobility of the

phagocytes. Indeed we have observed before, wdien studying the

results of the action of calcium, that promotion of phagocytosis and

promotion of chemotaxis go hand in hand. But the salutary effect of

Peruvian balsam will jirobably not be restricted to the phagocytes

only. It will very likely also affect the granular tissue, and the

activity of other cells, which play a part in the healing-process.

II. Phagocytosis and DisTRinrTiox-coEFiicii'.NT.

In order to test by further oltservalion our views on the cause of

the greater mobility of cells under the influence of substances dissol-

ving fat, we have asked ourselves whether there is perhaps some

connection between the (piantities of these substances to be added to

the watery suspension, and the solubility of these substances in the

lipoid membrane of the cells. If for instance a solution of Iodoform

in NaCl-solution is added to leucocytes, then the Iodoform will soon

distribute itself between the lipoid of the leucocytes and the NaCl-

solution. The proportion between the coiu'entration of Iodoform in

the fat and in the NaCl-solution (water) is called distribulion-coellicient

as we know. It is obvious that the greater the solubility in fat and the

slighter the solubility in water, the more of the Iodoform will ])ass into

the cells. In general it may, therefore, be expected that of a substance

which is not so \cry well soluble in fat, but more so in water, a

greater quantity will ha\e to be added to the watery solution, if

1) More detailed communications on this subject will bo publislu'd in the "t'eesl-

bundel voor Prof. Hector Treub".
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one wishes a sallicient amount of this snlwtance to enter into the

exterior of the cells.

Now the question is : Is this corroborated (in the present instance)

by experiments? In otiier words is a weaker solution of Iodoform

than of Alcohol sufficient to bring about an increased phagocytosis?

For we know, that Alcohol is dissolved in fat much less easily than

Iodoform. This is indeed the case. It was found for instance that

a solution of 1 Iodoform to 5000000 water promoted phagocytosis,

whilst the amount of Alcohol necessary to do so should certainly

be no less than 1 to 20000.

Camphor dissolves easily in fat or oil, but in water with some

ditliiculty. Hence the fatty surface of the phagocytes will be able to

extract from a very weak, watery camphor-solution the recpiired

amount of camphor. It is indeed found that a watery camphor-

solution in a dilution of 1 to lOOOOOO greatly increases phagocytosis.

Chloral dissolves pretty easily in fat, but also in water. And what

do we find? That a much stronger solution of Chloral in NaCl-

solution is necessary than of Camphor. And like this we might

continue. The greater the distribution-coefilicient of the substance

between oil and water, the weaker the concentration of the watery

solution may be.

It goes witliout saying that a mathematical proportion cannot be

expected iiere. In the first place it is very doubtful whether the

same molecular amount of different substances dissolving fat, brings

about the same weakening of the lipoid membrane. And secondly

another fcictor comes into play, viz. the noxious effect of the pene-

trating substance on the movement of the protoplasm, which effect

will most probably l)e dilforent in the case of ditferent substances.

Moreover the exterior of the cells is a fatty substance, but no fat.

XevertlLC'less a manifest relation if found to exist between the relative

solubility [distribution coefficient) of the substances in oil and loater

on the one hand, and the concentration necessary to bring about a just

perceptible increase of phayocytosis on the other hand. We shall

revert to this subject more explicitly elsewhere. Vm' the present we
would point out another remarkable phenomenon deserving mention

in the same connection.

]\'hen the iveakest concentrations are souyht of the substances dissolriny

fat, which cause paralysis of the phayocytes, then it appears that

these concentrations correspond inith those, a^hichaccordiny to U.Mva'I'.r

and Overton are necessary to cause narcosis, consequendy to paralyze

the yanylion-cells. And it has been established by these in\estigators
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that tlie concentration of the lliiidts, necessary to produce narcosis,

runs parallel to the distribution coefficients between water and oil.

We shall give a few examples.

Paralysis of Narcosis.

Piiagocytosis. (ganglioncells.)

Chloroform ^'eooo Veooo

Chloral V.50— 'Aooo 7,00—V:,oo

Alcohol Vio Vioo Vso

III. Effect of Chlokoform on the Germination of wiiEATfiuAiNs.

Already in our former paper we pointed out tliat the facts, discovered

with respect to phagocytes, correspond entirely with various phenomena,

observed in other cells. Hence we remarked that just as phagocytes

show a greater phagocytarian capacity when a slight quantity of a

narcotic is added, (and are paralyzed by a greater quantity), the excite-

nientstage in narcosis will probably have to be explained by an

increased activity of the ganglion-cells.

Eggs of star-fishes and sea-urchins can be brought to a

parthenogenetic development, according to J. Loeb, by an addition

of slight quantities of substances which dissolve fat. This too agrees

with our views of what has been observed in the case of the

phagocytes. For according to our interpretation this development

may be explained by a softoning of the egg-membrane, of which a

more rapid cell-division must be the consequence. If moreover we

bear in mind that ciliated epitiielium is stimulated by traces of

alcohol or ether, then we are inclined to think that the inthience of

substances dissolving fa(, on the mobility of cells is a widespread

phenomenon in luiture. For this reason we have investigated

whether this inthience might also be traced jicrhaps in p/mit-cells.

For this purpose we chose the germination of seeds, a jji'ocess in

which a considerable division and growth of cells manifests itself.

The seeds we chose were grains of wheat, and for llic substance

dissolving fat we took chloroform.

A number of wheat grains (seed corn) were selected and soaked

for some time in watery solutions containing slight (luantities of

chloroform. Another numbei- of wheat-grains were left for some time

in distilled water. Then the swollen seeds were allowed to germinate.

For this purpose they were placed on a horizoulal |)iece of gauze,

which is used for dust-filters, and which was stretched over a scjuare

aluminium frame. This frame was placed in a square glass basin
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oil the surface of the distilletl water with which this basin was

parti}' filled. The grains were therefore placed, as it were, on the

surface of the water. They were just moistened by it and were yet

SLifficiently at the surface to get plenty of air, necessary for their

germination. Now it was observed regularly, after certain intervals,

how many of tiic wheat-grains showed distinctly that their germination

had set in.

The seed was considered to iiave germinated when the white

germ became visible through the broken seed-coat.

We shall not detail the particnhirs we had to take into account

in these experiments, but summarize one of tiie experiments in a table.

Ejfect of Chloroform on the Germination of Wheat-grains

TABLE VII.

The seeds have been
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Hence we see that the Chlorot'cii-m-soiiitioii '/jio '•'^'^ worked unfa-

vourably on the germination. Evidently the protoplasm has been

paralyzed to a certain extent. In the weak cliloroform-.solution 1 to

100000, however, the germination has been promoted. It appears

that in this Cldorofbrm-sohilion 72 grains have germinated after 16

hours, whilst in the same time only 51 grains have germinated of

those which were soaked in water. After 28 hours this accelerating

effect of the Chloroform-solutions is still visible, but by no means

so plainly as after 16 hours. After 40 hours, as was shown by

othei- experiments, no traces of this favourable effect of Chloroform

were any longer j)erceptible.

We shall not add any more of these experiments. It need otih/ be

observed that the same residis loere obtained if the grains ivere alloired

to germinate not on ivater, but in humus. Also in plant-cells there-

fore, we are led to think of an increased mobility of the cells, caused

by Chloroform ; for without such mobility no division and germination

can be conceived.

It may be expected that also other substances dissolving in fat,

will Itring about the same phenomenon in plant-cells. We are extending

our researches in this direction. It has already appeared, however,

that various factors have to be considered. First the rapidity with

which the substances dissolving fat, enter tiie seed and leave it again.

Secojidly the noxious eflect of this substance on the protoplasm. In

other words, care should be taken that the amount of tiie substance

dissolving fat, which enters the cells is just sulilicieut to increase

their mobility, but not large enough to impair, seriously at least,

the vital functions of the protO|)lasm. On the other hand it should

be contrived that the fat dissolving substance which has penetrated

into the cell, does not pass too soon into the watei-,' leaving (he cell

entirely before it has had time to elfect an acceleration.

We may add that our experiments lend sup|)ort to the supposition

of CzAPEK, that the superficial layer of the protoplasm of plant-cells

is of a lipoid luiture ':.

Sunvnarji.

The opinion jiut forth in the preceding treatise, that the acceleration

of [)hagocytosis by substances dissolving fat, must be attributetl to a

weakening of the fatty surfixce with the result that the amoeboid

1) F. CzAPEK, Leber die OberlUiclienspaiiimiig unci ilen LipoTilgeliall tier Plasma-

haut in lebenden Pfianzenzellen. Bei-. d. Deutschcn Botan. Gesellscli. Vol. 28 Dez. I'JIO.
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motion is facilitated, finds an addiiioiial support in the following

3 arguments:

I. Also other substances dissolving fat, taken at random, and wliich

were formerly not experimented upon, viz. Alcohol, Butyric acid,

Projiionic acid and also Peruvian Balsam, were found to accelerate

phagocytosis.

Alcohol was found to increase phagocytosis' in a concentration of

1 to 500—20000; Propionic acid in a concentration of 1 to 10.000000.

On comparing these results with the effect of mineral acids such

as HCl and Hj SO4 we are struck by the noxious eifect which mere

traces of Propionic ai-id and Butyric acid have on phagocytosis. For

whilst the bad effect of Propionic acid conmiences already at 1 to

J 000,000, that of H, SO, manifests itself only at 1 to 7000.

That Peruvian balsam sliould increase phagocytosis was to be

exj^ected, as it contains cinnamic acid, likewise an organic acid.

Tlie remarkably favourable, hitherto unexplained, effect of Peruvian

balsam on infected wounds, may be explained, partly at least, by

an increased mobility of the phagocytes and of other cells playing

a part in the healing-process.

II. If the toeakest concentrations of the fat dissolving substances

are sought in lohich the phagocytes show a plainly perceptible acceleration

of phagocytosis, then these are found to run parallel to the degree

of solubility of these substances in fat; in other words to the

distribution coefficients of these substances between water and oil.

Moreover the remarkable fact is observed that the same concen-

tration of substances which dissolve fat, necessary to cause paralysis

of phagocytosis, also effects narcosis of tadpoles and of mammals.

As we know tlie concentrations necessary to bring about luxrcosis

are, accordhig to the investigations of H. Mkvkr and (Jvkkton goxerned

by these dislribulion-coefticients.

III. Not only animal cells (phagocytes, ganglion-cells, eggs of

lower marine animals, ciliated epithelium) show an increased mobility

under the effect of slight quantities of substances dissolving fat., but

also in plant-cells the same fact is observed. Under the effect of

Chloroform 1 to 100000 an important acceleration in the germination

of wheat-grains was ol)scrved. Chloroform 1 to 1000 on the contrary,

impairs the genei'alion, evidently because a second factor makes itself

felt, viz. paralysis of the protoplasm.

Groningen, September 15)11.
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Chemistry. — "The essentia! oil of Litsea odorifern Val. {Traions

oil)". By Prof. v.\n Romburgh. (Preliminaiy communication,.

(Communicated in the meeting of September 30, 1911).

Some years ago I received from Dr. Book.s.m.\ of Biiitonzorg- a

small bottle of an essential oil obtained by distilling willi water

trawas leaves which are sold at the "pasar" (market) at Buitenzorg as

a medicine. The quantity of oil was only snfKicient for a preliminary

investigation. Having been since in Java myself, I was able to purchase

the whole of the leaves from some trawas trees, whilst Dr. de Jong

was kind enough to prepare for me the essential oil in the agri-

cultural chemical laboratory at Buitenzorg. Meanwhile Dr. Valeton

had taken in hand the determination of the tree which belongs to

the family of the Laurineae and given it the nsxme oi' J.itsen odori/era

Val. I am much obliged to these gentlemen for their trouble.

The trawas oil has a pale yellow colour and a disagreeable odour.

The Sp. Gr.i5 of the different specimens of the crude oil varied from

0,836 to 0,846 whilst the rotation in a 20 cm. tube amounted to

from — 10' up to — 7°. Under the ordinary pressure the bulk of

the oil passed over at 233°, under 10 mm. pressure most of it

distilled between 120° and 125°.

The oil does not give aldehyde reactions. If it is shaken with a

solution of sodium hydrogen sulphite, a solid compound is formed,

which after washing with ether and decomposition with sulphuric

acid yielded a liquid which showed but a faint left-handed rotation.

An aqueous solution of potassium permanganate is decolourised by

the crude oil; if so much of the oxidiser is added that tiie violet

colour no longer disappears and the mixture is then distilled m a

current of steam, an oily liquid passes over with the water \apours,

which gives with sodium hydrogen sulphite a crystallised compound.

With semicarbazide and a little acetic acid the crude oil gives a

crystallised semiearbazone ; a portion of it, however, does not combine

with the reagent but gives a crystallised plienylurethaiic with phenyl-

isocyanate.

An elementary analysis of the fraction boiling at 233° gave results

which showed that it might be a mixture of compounds of the

composition CnHj^O, CuH^O and C,,H„/).

In order to separate the ketones froin the alcohols a large quantity

of the oil was treated with semicarbazide and acetic acid. The semi-

earbazone formed melted at 114°. The melting point increased a

little on recrvstallisation, but could not be got higher than 116°.
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On treatment with dilute sulphuric acid the ketones were again

liberated from the carbazone. A liquid was obtained which appeared

to be opticall}' inactive. Potasyiuni permanganate still had a strong

action, therefoi-e so much was added that the permanganate colour

no longer disappeared. If now a current of steam was passed through

the liquid, a colourless oily liquid distilled over with the water

vapours (m. p. 12^, Sp. Gr.;. 0.829, b. p..„„ 234°) which, on treatment

with semicarbazide, gave a compound melting at 124°.

The elementary analysis led to the formula C^iHj^O, the properties

mentioned quite agree with those of methyl-ii. nonylketone (2-undeca-

none) the main constituent of the essential oil of RiUa yraveolen.s.

From the o.\idised liquid coidd be isolated an acid which melts at

49° and has according to the analysis, the composition Ci„H,^03.

This proved to be 2-ketodecanic acid CH3.C0.(CH,)..C00H, which

on oxidation with chromic and sulphuric acids yielded suberic acid,

whereas on treatment with sodium hypobromite azelaic acid and

carbon tetrabromide were formed.

CH3.C0.(CHJ..G0UH ^' COOH.(CH,)„.COOH suberic acid

N:iO Bi-

CH3.C0.lCH,)..C00H -* COOH.(CH,)..COOH azelaic acid

From the results obtained it follows that to the unsaturated ketone

must be attributed the formula: CH, = CH — (CHj)^ — CO.CH,. II

is, therefore, nonylene-(l)-metIiylketone or undecene (1) one (10).

As no separation of the semicarbazones from the ketones could be

effected by reerystallisation, another course was taken to isolate

the unsaturated ketone and it was endeavoured to convert it first

into a bromine addition product. Methylnonylkelone however, is

attacked readily, wilh evolulion oF hydrogen l)romidc, when acted on

by a .solution of l)romine in chlorofoiin or (ari)on tetrachloride. On

the other iiaud a methyl-alcoholic solution of bromine ') acts very

slowly on this saturated ketone. A solution of bromine in methyl

alcohol is, therefore, allowed to run into the mixture until tiie liquid

just assumes a yellow colour. The alcohol is distilled off and the

residue washed with sodium carbonate solution to remove traces of

hydrogen i)roniido. On now liealin.i;- in vacuo at JtJO^, the saturated

compounds pass over, leaving the bromine addition product behind.

At 204°,,, the greater portion of this distils as a colourless liquid

which, however, becomes dark on keeping.

1) According to Lobry de Bruyn (B. 26, 272 [18')3|) bromine aclis very slowly

on metliyl alcohol ; for Ibis reason a melhyl-alcoliulic sobitioii of bromine i.s much

to be prelViTed to an etliyl-alcoliolic one.
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Oil boiling tlic dibroiiiide witli zinc dust and alcoliol (he bromine

is eliminated and the unsaturated lietone can then be readily separated

by distillation in a current of steam. After purification via thescmi-

carbazone it is oiitained as a colourless liquid which melts at —7°')

and boils at 235° SG,,., 0,848. MR = 52,47 (calculated for

C,„H,,0|=,52,51).

The alcohols from the trawas oil obtained in the treatment with

semicarbazide may be isolated in a similar manner. In this case a

solution of bromine in carbon tetrachloride may be used.

The saturated alcohol proved to be methyl-n.-nonylcarbinol. It has

a left handed rotation") a ~ - 5°.40' (/ = 1 dM.). On oxidation with

chromic acid in sulphuric acid solution methyl-n.-nonylketone is

formed which was identified by the semicarbazone melting at 124°.

The unsaturated alcohol also has a left handed rotation (« ^ - 5° 10°

/= 1 dM.). The boiling point was situated at 233° ; Sp.Gr„ = 0,835.

On oxidation with chromic and sulphnric acids a ketone was obtained

the semicarbazone of which melted at 113° whereas by oxidation

with potassium permanganate 2-ketodecanic acid was formed. This

alcohol therefore, consists of undecene (1) ol flO).

The results of this research will be communicated more fnlly

elsewhere.

Utrecht, Univ. Org. Chein. Lab.

Botany. — "Inve.ftig'Jtion of tlw transmission of light stimuli in the

seedUnijs of Avena". By P. C. van der Wolk. (Communi-

cated by Prof. F. A. F. C. Wknt.)

iGoramunicatod in the meeting of September 30, 1911).

§ 1.

Tiie investigations, which are recorded in this preliminary com-

munication were carried on in tlie Botanical Laboratory at lUrecht,

in a i)hototropic room whicli, in order to eliminate the harmful

constituents of the air, is isolated from tlie laboratory building and

forms part of the grou|) of hothouses in the Botanic Garden. Accord-

ingl} these experiments ha\e in general been carried out at higher

1) This melting point must be given with some reservation as llie iinsaturaled

ketone may possibly contain traces of the salurated compound formed during the

action of tlie zinc dust. These cannot atTect to any extent the other properties.

-; Power and Lees (Soc. 81, 1593 [1902]) found in Algerian essential oil of

Rue an active methyl, n. nonylcarbinol a = — I^IS' (i = 0.25 dm.).
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temperatures aii<l with greater degree of moisture than is usually the

case, but all this with favourable results to the experimental material.

A further great advantage as regards technique was due to the

quicker course of separate experimenis, a point lo which in this

paper farther reference will be made.

By means of a ventilator fresh air is introduced directly from

outside, so that the atmosphere in the pholotropic room always

remains pure; at the same time the temperature can be maintained

more or less constant, for without ventilation the temperature would

be raised as a result of the burning of red lights. The lighting is

done electrically so that, briefly, this phototropic room is entirely

arranged in accordance with the requirements of modern investigation

on the physiology of stimulation.

In this section I must at the outset call attention to an important

phenomenon that has not yet been observed by investigators of

stimulation-phenomena and that can give rise and doubtless has given

rise to faulty or at least to unreliable results. I refer here to the

great sensitiveness of the coleoptile of A vena to contact-stimulation,

an observation which may perhaps in the future be extended to

other seedlings. This sensitiveness to contact-stimulation was first

noticed when it was found that phototropic curvatures can be

inhibited by rut bing with the finger on the non-illuminated side.

Since I was fully occupied with other experiments, a further investi-

gation of this newly-discovered phenomenon was postponed, and I

limited myself to a few very preliminary experiments, with the

intention of obtaining a rough idea of the nature and degree of this

sensitiveness to contact-stimulation. With some objects of widely

differing degrees of hardness the coleoptile was rubbed on one side,

in red light, while light stimulation was excluded. The following

table shows the results obtained.
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Naturally the lii>t thiiig that strikes one is the great rapidity

witli whicii, (o tlie naked eye, the reaction sets in; the next thing

Avortiiy of atleiition is the strongly marked parallelism between the

amonnt of energy applied and the time of curvatiu-e, which hitherto

has not really shown itself in the physiology of any stimulation elTect

at one and the same temperature of 18° C. Fnrther we see that the

softer the object is the longer must it be rubbed in order to obtain

corresponding times of curvature.

It is also certainly worthy of note that one can quite well obtain

a contact curvature with soft gelatine, although after rubbing longer

and wailing longer; we here recall the studies of Pfeffer on tendrils.

In short, although these facts give only a cursory and very imperfect

representation of the sensitiveness to contact-stimulation of the

coleoptiles of Avena, they are doubtless remarkable enough to be

worked out in a further investigation.

Now this sensitiveness to contact-stimulation plays a very important

part in experiments with the coleoptiles of Avena and when it

is neglected may lead to all kinds of erroneous and unexpected

results.

A knowledge of the sensitiveness to contact-stimulation and of

the typical contact curvatures was of the greatest importance in those

of my expei-iments where it was necessary that the coleoptiles should

be touched in various ways, either by cutting them, or by placing

on them little cap.* or by covering them with closely fitting little

cylinders; every investigator in this field must above all make the

necessary preliminary studies of this point. For a few striking cases

this paper may be referred to.

At the same time the investigation of the susceptibility of the

coleoptiles of Avena to stimuli has been enriched by a new field of

work, which iji certain respects raised the importance of this plant

for the physiology of stimulation, yet, on tl.e other hand, experi-

mentation with so extremely sensitive an object thus becomes extra-

ordinarily diflicult.

In the second place a few words must be said in this introductory

section with regard to the determination of phototro[)ic sensitiveness,

as it has been carried out in the present investigation and as it might

perhaps be carried out with advantage in all future phototropic

experiments. The earlier view adopts as measure of sensitiveness, the

quantity of energy which is necessary for the crossing of the threshold

of stimulation ; the smaller the amount of energy required for this,

the greater the sensitiveness of the plant. Hut the recent investigations
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of Arisz') have made us somewhat sceptical vvilh regard lo tlie

existence of a threshold of stimidation ; fairly conclusive experiments

have rendered its existence very doubtful. On the other hand there

certainly exists a definite maximal cui'vature which appears after a

definite time and at any definite teniperature corresjwnds to a definite

cpiantity of energy.

The more sensitive a plant is, the less liglit is necessary to produce

one and the same definite maximal cnrvatnre. Now in order to be

able to conipare plants of ditt'erent sensitiveness with one another

it is necessary to have a standard to indicate that the different

quantities of energy all correspond to one and the same definite

maximal curvature.

For practical considerations (he angle of cnrvatnre cannot be taken

as this standard, seeing that its determination presents great ditriculties

and would demand mnch time. Further, just as little can we accept

the maximal cnrvatnre which is still just visible to the naked eye,

because we can observe exceedingly small curvatures with the naked

eye ; and this would be a source of individual errors ; bnt this

method is moreover especially objectionable, because these curvatures

only arise after a long time and the longer an experiment lasts, the

more nnfavonrable it is for the object and for the result, especially

in the case of seedlings which are operated upon by one or another

method.

We must indeed above all nse a method in which the duiation

of the experiment shall be as short a$ possible. And seeing that the

above described maximal cnrvatnre occurs after a definite time and

it being so remarkable that, when two seedlings of different sensi-

tiveness get .snch a quantity of light, that they produce the same

maximal curvature, this maximal curvature is attained in the same

time, this is also an indication, to express the measure of maximal

curvature in terms of the time in w liicli it arises. We are then able

to make this time as small as possible, in which endeavour we are

helped by carrying out the experiments at higher temperatures.

In this investigation I have worked with maximal curvatures which

occur at 25—27° C. after half an hour, an interval which inigiit

even be somewhat shorleucd in ihc favourable condition of high

temperatures. In order to obtain this maximal curvature aftei- half

an hour, a definite quantity of energy is necessary. If now a plant

is more sensitive than the object with which it is being compared

1) W. H. Arisz. On tlie r.onncctiou belwct'ii stimulus and cflVct in the photo-

tropic curvatures of seedlings of Avena saliva. (Frotecdings Kon. Akad. v Wetensch.

March 1911.
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we seek for llic (|Maiililv of cniTiiv whicli i> auaiii ncccs-ai-v in ordoi-

to give a iiiaxiiiial ciiix almc. after lialf an Ikmii-. 'I'lioo Iwo maximal

curvatiii'cs will llion i)e of ilic same manniliido, Inii lli° (iiiaiility of

energy necessary, will lio less in ilic case of the more sonsilive plant.

Further, whenever llic scnsili\ ene>s is mentioned, the temperature

slionid always he ui\en, as this is of \ ery areal inlliience on the

sensitiveness.

Observation of the maximal cnrvatnre takes place in means of a

glass plate provided with a millimetre scale on which an image of

the coleoptile is projected by means of a lens. Nevertheless, with

some experience it is possible to observe with the nake;! eye the

maximal cnrvatnre by repeatedly looking at and comparing the

experimental objects. Of conrse led light is always nsed.

It so happens that Ib.wiw and Fi!('psrHEi. have always worked

with the qnantity of energy, wliirli is neeessaiy to prodnce a maximal

curvature after 1" „—2 honrs, just visible to the naked eye. Hut as

they did not pay special attention to the maximum of cnrvatnre,

the vabies they obtained for the (|nantity of energy are somewhat
divergent.

Finally, it mnst be specially remembered that the coleoptiles

execnte their strongest nutation in the median plane, i.e. the plane

passing thrtmgh the loimitiidinal axis of the grain'), so that stimu-

lation should always lake place in a direction perprndicnlar to this,

in the transverse plane therefore.

§ 2.

It is fairly intelligilile that, now when the physiology of stimulation

has developed more and nioie in every direction, renewed interest is

taken in investigating the problem of transmission of stimulus, at

the same time with some hope that from this side also a step might

be taken towards the solution of the problem of stimulus, a problem

obviously beset with great diflicnlties.

Various investigators have already had the stndy of the trans-

mission of stimuli in |)lants on their i)rogranime of work, but for

all that it has remained in many aspects an obscure (piestion and
unfortunately the pouils at issue ha\ e (pule recently again increased

in number.

Thus in this section I wish to criticise the recent investigation of

BoYSEN Jensen ;, whicli, by its remarkable and somewhat unexpected

') A. A. L. Rutgers. De invloud tier Icniiioiatiiur op den praesenlalietijd bij

geotropie. (Diss. Utrecht 1910

)

-) P. BoYSEN Jensen. La transmission de rirritation pliototropiciue dans I'Avena.

(Acad. roy. d. So. el. des lolt. de Daiiemaik, 11)11. \". I.

23
Proceedings Royal Acad. Amsterdam. Vol. XIV.
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results as well as bv ils violent contlirt with the results of Fitting ')

offers ample indnceinent to subject this alleged localisation of the

transmission of phototropic stimuli to a new inquiry.

So far as concerns experiments in the atmosphere of a room of

usual humidity and temperatui'e, my experiments were carried out

in Just the same conditions as those of Boysen Jensen; the_y took

place ill the phototropic room of the laboratory building, at a

temperature of 17° C. and a humidity of 70 "/o- The illuminalioii

was always with the very suitable amount of energy of 400 candle-

meter seconds.

The jthototropic curvature effect which was produced by unilateral

illumination of the apex, transmits itself in the course of a certain

time to the base, a phenomenon that since Dakwin is interpreted as

the transmission of the phototropic stimulus.

Now if BoYSEN Jensen makes a transverse incision on the illuminated

side, which I will always speak of as the front or anterior side of

the coleoptile, then he sees that a bacsal curvatui-e nevertheless,

arises in unilateral illumination of the apex. If on the other hand,

an incision is made on the posterior side he observes that in the

atmosphere of the room, only the apex curves phototropically, while

the base remains erect ; in a space saturated with water vapour the

base indeed curves phototropically in the latter case, but the curvature

remains absent, when a mica plate is introduced into the incision. These

results cause Boysen Jensen to conclude that the stimulus is only

transmitted along the posterior side. Even in my very lirst experi-

ments I found that the influence of the incision is much greater than

might be concluded from Boysen Jensen's paper. When a unilateral

incision is made I perceived a really considerable curvature directed

to the side of the wound; this curvature must probably be in part

put down to some traumatic stimulus, seeing that a curvature also

takes place in air saturated with water vapour; since in that case,

however the curvature occurs in much less degree, this is an

indication that in the ordinary room air the curvature is in the first

place due to the great amount of evaporation from the wound. This

view is still further contirmed by the following experiment. If we
make a unilatoial incisit)n and leave the coleoptile thus operated

upon for about half a day in a space saturated with water-vapour,

il will gradually recover from the curvature which had arisen;

various coleoptiles then resume their normal erect position; nut that

the wound itself doses through the apposition of the parts separated

-I 11. t'lTTLM;. Die Leiliin« Irdpislischi'r liri/.i^ in |iaiiill('l(ilr(i|)cii I'llanzriitL'iicn.

(Jiirb. f. \vi.ss. Bui. Ud. 4i. U)07j.
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l>v the ciil : llii> never luippeiis: ilie cui iiiider all cireiiiiij-taiices

heroines specdilv a gaiiint;' \v(hiih1. If wo now bring a coleoptile

wliicli lias once more heeonie ererl. iiilo ilie ordinary air of a room

which by conlinuons veniilation is kept as pnre as possible, then

we again see a strong cnrvatnre iake plaee towards tiie wonnd.

Evaporation donbtless pia\ s a predominant jiart oi-. generally

speaking, the inllnonce of the wound is \ei\ great in the ordinary

atmosphere of the room. Is it therefore to be wondered at, that

with a eut on the posterior side and with unilateral illumination of

the apex in front, the base does not curve phototropieally in the

ordinary atmosphere of the room 'r

As will follow from further experiments, the only right interpretation

is that through evaporation from the wound the base has an inclination

to cnr\e backwards, so that its pholotropic cnrvatnre is annulled.

That the apex itself under these circumstances indeed curxi's |)hoto-

ti'Ojiically, is one juoof the more of its extraordinary sensitiveness

to light.

These experiments em|)haticully show that any experiments in

wiiic!) incisions are made must per se take plaee in a space saturated

with water-vapour: this requirement has not always been fulfilled, so

tiiat we have data in plant physiology on so-called traumatic stimuli

and their transmission, which prol>ably must be ascribed more to

an evaporation-effect than to the effect of a stimulus; this applies

for instance to the transmi,<sion of traumatic stimuli by dead elements.

When BoYsEN Jensen finds that the base, in a space saturated with

water-vapour, and with a jjosterior cut, ciu'ves phototropieally when

the apex is illuminated I call the illuminated siiie the anterior), then

this is causeil by the fact that on account of the great decrease of

evaporation, the force directed backwards is also much smaller and

therefore the phototropical effect is hardly counteracted at all. But

we must at once add, that in the latter case the extent of the basal

phototropical curvature is dependent on the size of the wound but

above all on the time, during which the incised coleoptiles remained

in the atmosphere of the room before being brought into the space

saturated with water-vapour. A few minutes, exposure to the air of

the room can indeed be sufiicient to prevent the phototropic curvature

of the base in the atmosphere saturated with water vapour. Alike

in the experiments of Boysex Jensen and m my own the incision

was always made in the ordinary air of the room, because of the

very considerable iliflicullies that atteiui the performing of the various

operations ami preparations directly within a space saturated with

water vapour.

2:3*
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Therefore it is again easily understood wliy ItovsuN Jknsen

obtained no phototropic cnrvature of the base in air saturated

with water vapour when he introduced a mica plate into the posterior

incision. It always takes some time to introduce a mica plate into

the very fine incision, when working in a weak red light with an

avei'age of 8—10 seedlings, and taking care not to handle the objects

more than is necessary ; above all great care is necessary in placing

the little cylinders round the bases. The result of this is, that the

seedlings have already been exposed too long to the air of the room

to give a phototropical curvature of the base, because tiie intliience

of the evaporation from the wound has already become much too great.

This is my reason for repeating Boysen Jensen's experiments in such

a way, that special precautions were taken to avoid making the cut

needlessly large and that the seedlings operated on were only exposed

to the influence of the air of the room for a minimal time.

For this purpose each seedling is treated separately and finished

completely ; the cut on the posterior side is only made in the coleoptile

and in particular does not extend (o the leaves since these by an

eva|)oration curvature counteract any curvature which might occur

in the base of the coleoptile. Hence a semi-circular cut is made, into

which a crescent-shaped piece of tin-foil is introduced, so that the

wound is really com])letely shut oif. Next tlie base is covered with

a little cylinder of black paper and the coleoptile so treated is at

once covered by a bell-jar saturated with water vapour. Thus, from

a box of seedlings, each coleoptile is separately worked through

;

specimens, in which the operation does not succeed readily, are

definitely excluded. When all tlie seedlings have been thus treated,

unilateral illumination is admitted.

The result of this experiment was according to expectation, but

nevertheless equally surprising and convincing: for in these conditions

the base actually executed a clear phototropic curvature. Willi this

not only is the interpretation of Boysf.n Jensen disproved, but it is

moreover shown that his results must really be ascribed to some

influence of the evaporation from the wound.

l»ut also in a quite different way, I have succeeded in showing

llie inaccuracy of Ijovsen Jensen's interpretation. As has already

been mentioned, when a cut is made on the posterior side, the base

shows a strong curvature towards the wound. Yet if the apex is

illuminated on its anterior side then I he base remains erect, and

does vol curve towards the wound as indeed Bovskn Jknsen found.

Tiie (piestiou wiiicli at once presents itself is »'////, in liiis last case,

the liase do(!s not curve towards the wound, lor il' Uoysi'.n Jknsen's
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lOL-ali 8:11 ion liypothesis is correct, if by the cut on the posterior side,

provided with :i mica phvte, tlie phototropic connection between the

base and tlie apex is indeed broiven, tiien it must still be a niatter

of indifference to the base, whether the coleoptiie is iihinnnated or

not. Now, however, since we see tliat on illuminating the a\)e\, the

base does not cui-ve towards the side of the wound, the suspicion

arises that there is still, along the front side of the coleoptiie, a

transmission of the phototropic effect. This suspicion was confirmed

when in addition to that on tlie posterior side, an anterior cut was

made and was provided with a mica plate, so that the alleged

transmission in front would be inhiliited. I have carried out the

experiment in such a way that I uuide first a cut on the anterior

side, after which I let the plant reco\er from the operation as

described above, for about three-quarters of a day in a space

saturated with water-va])our, so that it again became erect. Then

on the posterior side a cut was made and provided with a mica-

plate; immediately afterwards the apex was illuminated, while for the

rest I allowed the plant to remain in the ordinary air of the room.

This is therefore really the fundamental experiment of Boysen

Jensen, only with the difJerence, that by taking special precautions,

transmission on the front side is also prevented. The result of this

experiment was again completely convincing ; the base now curved

indeed towards the side of the wound in spite of the illumination

at the apex. The cut on the anterior side indeed exerts an influence,

but the fresh cut on tlie posterior side preponderates and over-rules

also the transmission of stimulus which possibly might have taken

place from both incisions. This result furnishes proof that by the

cut on the front side "something" is really held back which before

])reveuted the base from curving towards the side of the \v()und.

What can this "something" be other than a phototropic cur\ature

effect? Therefore here also on the anterior side transmission of

stimulus takes place.

The following ex[ierimeut furnishes direct proof that the trans-

mission of stimulus can take place anywhere. In contrast with the

foregoing experiment a cut with the arrangement of mica-plate was

made both in front and behind, whilst the seedlings during the

whole experiment remain in the ordinary air of the room, this

again being an experiment, similar to Boysen Jensen's initial experi-

ment, with the difference that the unilateral influence of the cut on

the posterior side is inhibited by a cut on the anterior side. Control

experiments indeed show that in such an experiment, without

further illumination, the base remains erect. Suppose we now
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illiuiiiiic tlie apex uii the aiilerior side, then we see uiiei|iii\ orally

that the base executes a phototropic curvature, although it is some-

times necessary to wait longer. This therefore is again proof that

BoYSEN Jensen's hypothesis cannot be accepted, hut also, that the

stimulus can transmit itself past the two wounds which often overlap,

that is to say, it does not necessarily take a straight course.

In short, all these experiments sufTiciently show that Boysen

Jensen has not interpreted liis results correctly. There is no question,

of localisation of the transmission of phototropic stimulus. The

stimulus is transmitted, from the apex to the base, along any

arbitrary line, so that the results of Fittinc; are thus upheld

once more.

§ 3.

A second problem of the phototropic transmission of slinudus,

with which I have occupied myself, and shall deal in this section,

is the polarity of phototropic stimulus transmission and some newly

discovered facts in conuection with it.

The polarity of phototropic transmission of stimulus was first of

all discussed by Rothert, but as he himself truly says, was not

deuionstrated by iuni with complete certainty. Since then no one

has further concerned himself with it.

When the coleoptiles of Avena are illuminated at the apex

unilaterally, then the plant executes a phototropic curvature effect

towards the base. If we now wish to investigate the polarity of

this transmission of stimulus, we have only to illuuiinate liie base

in oi'der t"urther to trace to what extent any basal curvalni'e is

transiiutted towards the ajjex. It should lie clearly undersiood (hat

henceforth the base and apex i-efer to the basal hdlf antl the

apical lull/ of tiie coleoptile. Accordingly l)efore I adjusted the

necessary little cylinders or caps, a \ery line Hue of ink was made

at the middle of the coleoptile, wiiicli mi.nlil ilms always serve as

a guide. In order to be able to observe clearly llic ciirvalui'c of llie

apex, I fast('ii"d liie liasal pari alicr ilbnuiiialing il, by means of

a closely lillinu', nnln'ndablc cyliiider of Ihi-foii, made by rolling

the foil several limes round a lillli' ulass-lnlie, of the same widdi

as the coleoptile. During lln' illiiiuinalion of the liase llie ajiical

portion was always covered by an accnralcl) lilting cap of tin-foil.

A i-eally great ex|)erimental diflicully arises lioni the si-usilivcncss

ol" the coieoplili' to contacl slimulns, ^Ve uiusl proceed wvx
carefully, and a knowledge of contact-curvatures as such is of liisi
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iniportaiicc. Tliii>, lor instance, wo niiisl take special c-are tliat the

little cvlimter or cap does not, by being placed oblitpiely, rest with

its edge unilaterally against the eoleoptile, as may so easily happen;

this canses very troublesome contact-curvatures, which might lead

to error. We luay probably conclude that the reason for Rothert's

failnre in his experiments on polarity, must be ascribed to these

contact-curvatures, which were unknown to him.

If we now set Id work to discover whether any basal phototropic

curvature elfect can lie transmitted to the apex then in any case

we must first apply to the base such a quantity of light that it

really curves, in (unler to be sure that the light has been perceived

there. One is at once struck by the tact, that the base is veri/

much li'ss soisit/n; tluni tlw api'.r, in spite of the former not being

inferioi- in rate of gi'owtli to the latter, especially at the higher

temperatures at which these experiments were made. I made a

determination of sensitiveness as described in the first section and

so found that the (piantity of light which is necessary to cause

a just observable maximal curvature at 25—27° C. after l'/, hours

is for the base about 20000 candle meter seconds, whilst that for

the apex, at the high temperature employed reaches a value of

only 13 candle meter seconds. A very distinct basal curvature was

oidy obtained with 50000 candle meter seconds, a quantity of energy

with which my lirst experiments were performed.

The result of this first series of experiments was to show that

after an illumination of the base in this way a phototropic curvature

of the apex can never be observed. Now since for a possible apical

curvature it might not be indifferent, with what quantity of light

the base was illuminated, a large series of experiments were arranged,

in which the base was illuminated with very different quantities of

light, starting from J 00 candle meter seconds and gradually mounting

to several thousand candle meter seconds. But iu)t in a single one

of these cases coidd curvature of the apex be observed. This is

therefore a clear proof of the existence of a polarit;/, of an iri'ever-

sibilitij, in the transmission of a pliototropic stimulus.

In order now to trace how far this polarity Avas de|)ondent on

the influence of any external conditions, esjiecially having in mind

gravitation, we nuide two new series of experiments, in which

first of all suitable coleoptiles were kept in an inverted position

during the whole experiment, and in addition experiments in which

the coleoptiles were fastened to a clinostat with horizontal axis.

But in neither of these two series of experiments could any

transmission from the base to the apex be traced.
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ISeariiiii' in luiinl llie ureut ilili'eieiii'c in sensilixeness [)et\\een tlie

apex and tlie i)ase, I considered to what extent tiie gi-eater sensitiveness

of the apex miglit be caused by its being in general more trans-

parent to light than the base, since the leaves which are found

within the coleoptile, frequently do not completely till the apex and

since they are also narrower and thinner than those in the base

;

hence at the apex more cells of the coleoptile receive direct unilateral

illumination than at the base, where the leaves are much thicker

and broader and, in addition to being more opaque, offer a greater

resistance to any curvature?. In order further to decide this question

the leaves when very young were removed fi'om the coleoptile, so

that the base was then as trjinsparent as the apex. However the

great trouble which this gave was not rewarded by a positive result

:

the leafless coleoptiles behaved in exactly the same way as the

normal ones.

We will now pass on to the description of some experiments,

of wliicli the results may be able to throw new light on the

physiology of stinudus.Tliis jiaper has always been concerned with

the polarity of the transmission of phototropic stimuli; but it must

be specially l)orne in mind, that our terminology is only i)ased on

the outward visible effect, which we shall speak of as the phototropic

curvature effect: and it is the jiolarity nr rallier the irreversibility

of the phototropic curvature elfect wliidi has been deuujnstraled in

the course of this investigation. Tlie quesiiun will now lie answered

as to how far the apex, even though it does not curve when the

base is illuminated, is nevertheless influenced by the illuminated

basal portion. Here we obtain the result that the darkened apex

is indeed influenced by the illnminaled base, namely in the sense

ihai ilic base rendei's the upi'.v. more si'iisilive. For this experiment

llie apex is shut olf by means of a closely fitting cap of tin-foil,

and snbsequenlly the base is illnniinaleil ; ininiedialely aflerwanis the

a|)ex is freed and the base made immoveable by means of a closely

lilting cylinder of tin-foil; then the a|)ex is illuminated in order to

delermine the (puintily of lii;lil which is necessary in order to

esla!)lish after half an lionr a maximal cin\ aline and at llie same

time control plants are starleil in wliieh ihe lia>e had not been

ilbiniiiiated before, Imt wliii-li, Im- die >ake of more accurate

comparisfin, had been lilted wilh lillle caps and cylinders jnsi as the

actual plants of the cxperinienl. The icmiIi now v.as thai the (|nanlily

of light necessary to give a maximal apex ciir\alnie afler half an

hour at 25°—27° C, anwnints to about Mo candle nicler seconds

for the control-plants, whilst for the .sceillings in which the base
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lui'l lu'eii |M'('\iousiv illiimiiuitcil, I lie aiiiuimt was oiilv alidiit 12

raiidlc luetei' seconds. Through llliuiiuKitioii of the base the apc.v

therefore became more sensitive-

This fact is very remarkable; tbi- let us at once lay emphasis on

the tart that the adequacy oF a small amount of light necessai-y to

make the ajiex curve, when the base is illuminated, is not at all a

question of summation; for an effective summation only occurs in

unilateral stimulation, whilst in the present case the increase of

sensitiveness is on every side; summation does not therefore come

into consideration.

This diffuse enrichmeut with light energy might to some extent be

compared with an all-ruuud direct illumination of the apex, but, and
hen- 1 irisli to lay special emphasis, we know from phototropic

attunement, that on the contrary an all-round illumination diminishes

the sensitiveness ; the conception of sensitiveness in the present investi-

gation is therefore completeli/ opposed to the notion of attuning and

mag in no toag be identified irith it.

What has been established with regard to the influence of the

illuminated base on the apex was also found to lie Iriic of the

influence of the illuminated apex on the darkened base.

Since in the latter case we have the difliculty of the photoli'opic

curvature effect l)eing transmitted to the base, the t0[) half of the

coleo[)tile was cut off, three minutes after the illumination of the

base. Three nunntes, and most ])robably even less, wei'c sufHicient

for the base to show already the intlnence of the illnniinated apex,

again in the sense t/iat tin' basr becomes more sensitire. Control

experimenls ]H-ove ihal by means of the current of sensitiveness

alone, hence without the lUrect illumination following upon it, a

curvature of the base never occurred. All that we know of the trans-

mission of the curvatui'e effect from the a|)e.x makes it im[)robable,

that in the ihive miiiules (a time which in all probability might be

further diminishedi, the curvature effect would have already reached

the base. We can coulldently say that there is al.so here, as in the

case of increased apical sensitiveness, a current of sensitiveness which

as it were travels like a shock through the plant at the moment of

ilhunination.

§ 4.

As a result of the expei'imeuls described above, we can sa\' that

il is here \ery clearly found llial piM-ce|)li(ni and reaclion are two

wluilly dill'erenl prot-esses. Wt' have si'en hnw chi iilumiualiou a

cnrnMil of sensitiveness traxels almosi iuimediaU'lv ihroimh ihe
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coleoptile and in it we therefore see the perccjjtioii retiected. liiit

this current of sensitiveness in itself never gives rise to curvature

eftect ; for that, direct iihiniination is necessary, a second physiological

principle, as it were of light which calls into existence a distinct

process, namely the curvature elTect, whicii thus manifests itself to

some extent as independent of the perception process. When we
seek to explain the facts described above we are thus justified in

expressing in our hypothesis, the iiide|)endent course of these two

photo-physiological processes, and so the results of the present

investigation have perhaps brought us a steji nearer to the solution

of the process of phototropic stimulation. I shall now attempt to

construct with the facts mentioned a hypothesis which may perhaps

lead to further investigations in the field of the physiology of stimulus.

Let us first of all take the really striking fact that the base is so

very much less sensitive than the apex. We must duly consider

that we are dealing with the following phenomenon : in one and

the same small organ two parts are in proximity, only separated

from each other by about 1 cm. and differing in age only by about

one day, and these parts show a difference of sensitiveness to light

to the extent of the apex being 1500 times more sensitive than

the base. The cjuestion is whether such a difference of sensitiveness

coi'responds to a normal condition ; can it be regarded as true under

all circumstances? is it a predisposition, independent of any illumination,

a difference in the constitution of the protoplasm existing apart from

any effect of light ?

Is it probable that the [)lasma of one and the same young tissue

growing vigorously and healtliily in every part, can in the course of

one day decrease so enormously in sensitiveness that the apex possesses

an almost proverbial sensitiveness, while with respect to the base

liiere has even been a time (I am thinking of Darwin) when the

latter was regarded as insensitive to light?

Such a |)lieno)nenoii must be l)ased on something else than a

decrease of sensitiveness in the ordinary sense of the word. It points

to a certain definite inlluence whicli the il/iimi/iation (i.i such exercises

on the coleoptile, and suggests a certain change which the plant

undergoes by means of the illumination. If in this polarity of the

sensitiveness of apex and base, we wei'e inclined to see a suggestion

of the p(jlari(y nf ihc hansniissidn of slininlus, the admission of a

change wiiicii is bi-ought aluml b\ the /ii/ht itself corresponds with

tiic lad thai ihc polarity of pholotropic transmission of stimulus is

al.so not inllueuccd i)y cxlerna! circiinislances which lie outside the

actual illumination.
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The specific clianiic wliirli tlie |)l;iiit iin(lcr:;(ii'> muler llio iiitliience

of illumiiiafioii, we will call ii/mtufo/nis. The pliutotomis is tlicii seen

to bring abont the (liHerence in sonsilixenoss between the apex and

base and by reason of this in ilie last resort, the polarity of the

transmission of stimulns also.

In the foregoing section em[>hasis has been laid on the fact that

this pholotonns can absolntely not be compared to the "attnning

plienomeiion". This phototonns expresses itself as a wave of sensi-

tiveness which in a short time runs tiirongh the plant organ and

must, on the giound of experiment, be regarded as distinct from the

phototropic curvature etfect. From the experiments on the sensilisation

of the base when the apex is illuminated, it is clear that the process

of sensitisation is primary, and the curvature etfect secondary. The

rapidity with which the phototonns spreads through the coleoptile,

taken in connection with the \ery remarkable polarity in sensitiveness

of apex and base, gives rise to the surmise that we have here to

deal with a ]H)lar displacement followed by a polar massing of ions

;

in the apex an accumulation of ions specially sensitive to light, in

the base of those less sensitive to light, and it is this process which

first shows itself on illumination; this phototonns would therefore

be the actual process of perception-, experiments prove that this

process is an independent one. We then get as a secondary process

the specific influence of direct light on the two accumulations of ions:

this also is an independent process and is very probably of a chemical

nature, a photochemical process therefore '). This photochenucal process

causes the curvature etfect; to what extent the actual curvature is

directly causeil by any change of permeability which might be set

lip photochenucally is left undecided. The ions in the apex which

are \'ery sensitive t(t light eause there alsd a very intense j)liolo-

chemical proc3ss, which in its turn brings about an eipially powerful

transmission towards the basal portion, while in the base the ions

which are slightly sensitive to light cause a weak basal |)hotochemical

process with a correspondingly weak transmission of negligible

magnitude; it is thus that the phenomenon of irreversibility of the

transmission of |ihototro|)ic slinudus arises.

If we take the general stand|)i)int dl' the piiysiology of siimuliis,

that w liei'e there is aiisence of or little sensiiiv eness, absence of or

slight transmission of stimulus is to be ex|>ected, then the well-know n

slowness ol' iransmission of \egetable phdlotropic stimuli is explained

by the fact that the base is so slightly sensitive.

1) A. H. Blaauw. Die Poizuptioii ilcs Liclitcs. (RcciR'il ik's Tiuvaiix liotaniciiii's

Needandais. Vol. 5).
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To Slim lip, we have been able to analyse tlie process of pliototmpio

stimulation into tiie primary electro-plivsiological perception process

which causes the remarkable polar division of sensitiveness between

the apex and the base and by this means has liecome the actual

cause of the irreversibility of tlie jihototropic curvature effect and

in addition, secondarily, the photochemical process which brings about

the curvature. Possibly we may be able to refer the decrease of the

phototropic curvature effect by means of greater quantities of energy,

as also rectipetality, to the origin of polarisation currents, to which

the polar accumulations of ions in their turn give rise.

Utrecht, September J91I.

Chemistry. — " The photochemieal transfurinations of Ferri-lrichloro-

acetate solutions". By Prof. F. M. Jaeger. (Communicated by

Prof. v. Rombukgh).

(Goimnuuicaled in the meeting of Soplembor 30, 1911).

^ 1. When carrying out some few years ago a series of investi-

gations relating to the photochemical transformations of certain

iron-salts by exposure to the light, I noticed that the almost

colourless solution, which forms, if freshly precipitated ferric hydro.\ide

is shaken for some days, in the dark, with an excess of an aipieous

solution of trichloroacetic acid, — rapidly deposits, when exposed

to the light, a white crystalline substance; while, simultaneously,

a colourless gas collects in the closed limb of the U-tube employed.

Although a more fully detailed article on the many questions which

present themselves, will appear shortly, a few preliminary communi-

cations are already following here, regarding this remarkable photo-

chemical reaction.

§ 2. ( )rigiiially liio solntiiins were ]ire|)ared by shaking fresldy

precipitated ferric hydroxide, afler prolonged and com|)lete washing,

in stoppered bottles with an acpieous solution of thrichloroacetic acid

for some days in the dark. The colourless solution may be kepi

unaltered in the dark for an indefinite time; but when exposed to

daylight, it sjilils olf, aflei- some lime, a wiiite crystalline subbtance

with a peculiar odour. If an e.rct'ss of J'l'.O^ is taken, the solution

obtained is oroni/e-i/elluir; it is then not sensitive to light, but it

regains I his |(ro|)erly as soon as the solution is again I'ondored

colourless \>\ addition of an excess of Ii'ichloroacetic acid.
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AftorwiXi'ds till' sdlulioiis ro(|iiireil wcvo always ])re|inieil l\v doiihle

decomposition of the pure haiiuin-salt of tiicliloroacctic acid with

ferric sidphato. Tin- pure aeid, Iwico dislilleil in vacmiin (h.p. 94°,8

under 12 m.ni. i)ressiirej was converted hv nieaiis of harvinndiydroxide

into the barinni-sall, wliidi crvstallises with varying quantities of water.

A preparation with 25,3 7„ of IJit was precipitated with a ferric sulphate

of 22.5 "/„ of Fi' and the solution was filtered several times in the

cold. It has a pale yellow colour and gives no precipitate either

with Jilt'/., or If^SO^ : it is, moreover, not sensitive to light, but

can he brought in such condition ity means of an excess of trichloro-

acetic acid.

Another time it was tried to obtain a solution of the salt as

concentrated as [lossible. A solution of the barium-salt containing

4 mols. pro litre, was mixed with a solution of ferric sulphate

containing 1.33 niol. pi'o Id re. The BnSO, now separates in a

colloidal, very viscous mass, which prevents a complete decomposition

from taking place, even when one of the solutions is poured in a thin

stream and with constant stirring into the other. The fdtered liquid

is always rich in Ba-BuXx, whereas the brownish precipitate, on

washing with water, yields a reddish-brown solution, which contains

an excess of ferric sulphate. The direct filtrate is almost colourless

and very viscous ; after being analysed it is treated cautiously with

ferric sulphate until it gives no precipitate with BaC/^ or dilute

H^SO,. On repeating the experiment such incomplete decomposition

was noticed constantly.

Although the quantity of the highly concentrated soiulioii thus

obtained, amounted only to 200 cm", many of its properties were

studied just because the phenomena observed with these very strong

solutions were much more simple than with the diluted ones. A
solution containing 32,33 "/„ '^y weight of iron salt, corresponding

to about 0,06 gram-molecule of salt in 100 grams of solution was

especially enqiloyed.

§ 3. Proin'rtii's of the solution. It has a brownish-yellow colour

but gradually turns a little darker on exposure to the air; by an

excess of water it turns more of a yellowish-brow u, and by an excess

of trichloroacetic acid it becomes colourless.

With a little H^SO^ it becomes nearly colourless; with dilute

H, SO, also, but with a very faint tinge of sea-green.

Willi a lilllc II S(>^ S.g. 1,4 il turns almost colourless; with an

excess, pale yellow. With a little strong //(7 it turns greenish-yellow
;

with an excess intensively orange-yellow.
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Witli acetic acid il liiriis yellow, willi alcohol yellowisli-lirowii,

with ether lilood-ied and aflei- shakinti' rejiealedlv with ether all tlie

t'eriic salt may he extracted. The dried ethereal solution yields on

evaporation, besides a little trichloi'oacetie acid, a reddish lirown

crystalline mass which, on analysis, appears to ha\e a varying

composition and contains abont 10 "!„ of C, 56 "/o of ^'^ ''I'ld 1** 'o

11 °/„ of Fe. It always contains too little C for a normal ferric

trichloroacetate. Undoubtedly it is a mixture of two hexalrichloroacetato-

derivatives.

A freshly prepared solution aives with Aij .\<
>:, a scarcely perceptible

Aij CV-reaction ; old solutions yield more Ay CI. Indeed, the same

phenomenon is also found with strong solutions of the acid itself:

it is based, as we shall see, on an oxydat ion by atmospheric oxygen.

The solution exhibits all the reactions of the ferric-ion : with

potassium tliiocyanate a red, with potassinm ferrocyanide a blue

colouration; with XHJ)H and alkali-hydroxides a precipitate of

colloidal lu'J-K; with H„S a separation of sulphur, with JK a

liberation of iodine; with Xn.,HPO., a white precipitate soluble in

excess of trichloroacetic acid : with {XHt)^S a black precipitate of

FeS. The solution has an acid reaction. The analysis shows that the

relation of Fe : CI in the solution is exactly 2 atoms of i^^ to 9 atoms

of 67. There is no doubt that the behaviour is that of a solution

of a true ferric salt.

§ 4. Hi'ltiiriour hi the lii/hf. The

concentrated solution is soon decomposed

in daylight with evolution of a colourless

gas and separation of a heavy, white

crystalline precipitate with a peculiar

odour.

The gas, on analysis, proved to consist

of pure, carhon-dioxide. The white

substance was filtered off, sharply dried

and repeatedly recrystallised from ether

and alcohol. On slow^ evaporation the

crystals shown in (ig. 1 were formed.

They are rhuinbic-bijii/ramidal as could

be pioved also by etching figures.

A.au/ irhttioii : ,1 : h : C = \ ,im'2 :

1 .:},l7i:{.

lumiis: r/=jl()()j, predominant and

very lustrous; »/ ^ jllOj, also yielding

y ^
sharp rcllcxes; /• =r {101 j narrower and
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roflecfiiifi' but dnllv; llie planes a and r arc IVo(|uenllv slrijicd parallel

to tlic A-axis.

The ciTslals are soniewliat cldiiiialed alon^ llie r-axis ; llioy do not

possess a decided clcavaliilitv.

accoi'dini"' according

.\ll(/!l/nr rii/lics : Measured

:

Cdlcilhtteil : \o a.- 1o /).:

a : tu — (100) : (110) = « H0°56' — (;0°54' 01° 0'

a : r = (100) : (101) = * 29 34 - 29 35 29 40

w: /« = (M0) : (TlO)=: 58 4 58° 4' 58 12 58

;:;• =r (101) : (Toi) = 120 54 120 52 120 50 120 40

;h : r =3(110):(101)= 64 58 65 64 57 65 5

In comer.uenl polarised light, the t\vo branches of a dark iivjier-

bohx are noticed on a; the axial plane is probably parallel to JlOOj.

Strong double refraction and everywhere normal extinction.

From these determinations it follows that the substance is nothing

else but jnire he.nic/i/oivethnne C.jCl„, studied by Brookk ') in 1824

and later, in 1904, by Gossnek "), who obtained his crystals from

carbon disulphide. Gossnkk finds as optical axial plane jlOO}, with b

as acute bisectrix; the double refraction is strong and negative, the

dispersion: q<^v. Sp. gr. of the crystals: 2,091.

The measurements of Brooke and of Gossnek are placed next lo

mine for the purpose of comparison; in those of Gossnek, the i- and

c-axis ha\e l)cen inlercliangcd, but from his axial values — using

the plan adopted here — the axial relation is readily calculated as

rt :/; :c = 1,7965 : 1 :3,1649.

This leaves no doubt that the two preparations are perfectly identical.

A chlorine-determination after Liebig's method gave 89,757o CI

;

calculated 89,877o CI. On account of incomplete decomposition,

C.^RiTJs' method always ga.\'-e too little CI. The melting point is situated

at 186° C. ; the sid)stance then begins to evaporate almost at once ; so

its triple-point-pressure can differ but little from one atmosphere.

§ 5. It soon Itecame evident, that the splitting into CV>„ and CJ.'I

needs not to be the oidy reaction, tuiless special precautions are taken.

First of all it was noticed that the same solution gave C'C, -f-6',C'/

in one vessel, whereas in other apparatus the liquid turned yellow,

and free chlorine, readily detectable, was formed together with a

very little chlivo/oi-ni; in the absence of an excess of free acid i'>„C>

1) Brooke, Ann. of Phil. 23. 364. (18'2i).

-) Gossnek, Zeits. f. Ivi-ysl. unci Miner. 38. 151. (I'JUt).
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was also deiiositcd. After a loii.U' scarcli il was foMiid tluit llie cause

of the reaelidii cunld iiol lie ti-aced lo the diirerent kinds of glass

used, but was diiectlv cdniieeted with the [ircsenee of free oxygen

above tlie surface of the liquid. This pi'exeuts tlie separation of

liexachlorocthane, but on the other hand, causes the formation of C/,

,

HCl, and FeJ)^. In this and in other cases — as will be shown

afterwards more in detail — it has been proved that trichloroacetic

acid in a(|ueous solutions acts in a remarkable manner as an oxvgen-

carricr. and that the i'ree acid itself is o.xidiscd with elimination

of tree chlorine. Such can be proved by the catalytic oxidation of

.//v-solution by air if ('CI, . C(KH is present; a reaction which also

takes place in the dark with measurable velocity. Further by the

auto-oxidation of 2N.- and. 4K.-acid solutions, if they are kept in

contact with air; by the auto-oxidation of ferric-chloride-solutions,

which all begin to get charged with f 7-ions etc.

These oxidation phenomena explain why. from a solution prepared

from 240 grams of ci'ystallised bariumhydroxide -|- 250 grams of

trichloroacetic acid and decomposed with 100 grams of anhydrous ferric

sulphate, after seven months, a quantity of bexachloroethane was

obtained which amounted to only 427o of the theoretical yield. In the

solution was still found, by titration, 0,118 gram-atom of chlorine as

ion ; besides about 25 grams of free trichloroacetic acid, which were

obtained by direct extraction and then identified. The solution gave

all the reactions for nrnms-iow besides these for the ;Vr/'/V-ion. As

these reactions had taken |)lace in three opeii bottles the cause must

be attributed to the action of the air. In the study of the photo-

chemical decomposition it is, therefore, neces.sai-y to carefnI/i/ cirlude

every trace of free o.vyt/e)i.

§ 6. I^iijht absorptiun. A solution of IH grams of ferric salt in

100 grams of the liquid exhibits in a layer of 10 cm. tiiickness the

complete absorption of the visible violet, of the blue and of about

'/a of the green in the visible spectrum. If then to the solution are

added 16 grams of trichloroacetic acid, the now colourless solution

has a much smaller absorption-|)ower ; still, with a 10 cm. thick

layer, about 7s of the visible violet also disappeared.

The solution was now placed in four troughs which were covered

with glass plates as monochromatic as possible
;
yellow, green, red

and blue '). As might have been expected, no action whatever was

obser\ed, even after several weeks, in the red and yellow troughs
;

on the oilier hand, aftoi' a slioi't lime, action occurred in the blue

') From ScHOTT & Gen, Jena.
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aiiil xiincw lull laliM- also in tlie iii-eei: (roiiiilis. Tlic fleconiposilioii in

tiic Miic lii;lit prdcec'dcd altuiil '.] or 4 times more rapidly tlian in

the gi'een one.

A similar sohiiioii was placed in tubes and tronjilis conslrncted oi"

u\ iol iilass. and the lifilit of three u\ iol lamps was concentrated

therenpon bv means of a uviol lens of 120 mm. diameter. After 8

hours' expos\ire a measurable qnantitv of C.X'1„ had already deposited.

Quantitative experiments in a soiall uviol thermostat and also in a

quartz apparatus with the aid of a quartz lamp are now being

carried out ; they prove anyhow, thai the decomposition-velocity

depends disiinctly on the concentration of the solutions. Generally,

the action of the ultraviolet liiiht is auain a pai'licniarly strong one.

§ 7. Further decomjiositions are caused by the electric current

and by an elevation of temperature. The latter tirst causes a brown

colouration owing io increased hydrolysis : afterwards evolution of

C( Kj and a turbidity due to a dejiosit of /V.^ ( ).,. and liberation of

chloiv/ofiii. (iJuite analogous, for instance, is, as I noticed, the decom-

position of a solution of thallous-tribromoacetnte into iJ(J^ and CHBi\
when heated at 70°, and the yhotocheniicnl transformation of a solution

of ferric-tribromoacetate, which always yields CO,, Fe, 0, and

bromoform.

The electrolysis of the ferric salt shows nothing much in parti-

cular. The specific resistance of the solutions is great and at first

they always turn brown. At an increased current-density, an evolution

of gas takes place at the anode and this gas is nothing else but

free chlorine. Simultaneously we can observe at the cathode the

formation of a ferrous salt, also the presence of much HC/ wdiich

causes the resistance to gradually decrease. Hence, both the thermic

and the electrolytic decompositions of the ferric salt are different

from the photochemical one.

In regard to the above stated comparisons between the three

transforraation-forras of the ferric solutions, one might also imagine

that it was [)ractically a question of a photochemical splitting of

tricddoioacetic acid, in which the i'Vion would exercise its wellknown

photocatahjtic action. It is, therefore, obvious to also compare this

splitting of the CCl, . 6'0',-coni])lex with the thermochemical and

its electrolytic decomposition.

The thermochemical decomposition has been thoroughly studied ;

(,'(>., and ('II Cl^ are always the main products in the desintegration

of the trichloroacetic acid molecule. This happens, for instance, on

boiling th'_> solution of I he alkali, barium, ihallous and of the ferric

24
Hrocoeiliugb lidyal Acud. Ainsleidam. Vol. XiV.
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salts. This form of decomposition is therefore, quite distinct from the

photochemical splitting. The (ju estion is what the electrolysis of the

acid might be able to teach us r

§ 8. Ill the study of the photochemical decomposition of the ferric

salt of trichloroacetic acid we found C, Cl^ and CO., as tiie main

products. This splitting of the acid is apparently quite analogous to

that observed in the electrolysis of the carboxylic acids and their

salts '). KoLBE found that the acetates, in favourable circumstances,

give mainly C^ H^ and CO., ; Kauflek and Herzog, however, get

with monochloroacetic acid different results, namely, always a

liberation of CI and formation of formaldehyde; Herzog (Diss.),

howe\'er, also founil in addition metiiylene-chloride (in the case of

bromoacetic acid, methylene-bromide and with iodoacetic acid, me-

thylene-iodide and also iodine) ; Crum Browx and Wat.ker obtained

from ethylpotassium-malonate the diethyl-ester of succinic acid ; also

from succinic acid, adipic acid ; from adipic acid, sebacic acid and

trom the latter suberic acid. K.vufler and Herzog succeeded, moreover,

ill proving, by means of an anode charged with iodine, that the

formation of C^H^ from acetic acid does not take place according

to the mechanism suggested by Kekile and Bourgeoin (Ann. d.

Chem. 131 79. (1864j and Ann. de chiiu. phys. (4), 14. 157 (1808)

neither in the manner represented by Sch.\ll (Z. fur Electrochem.

3. 86. (1896)), but simply according to:

2 CH, . CO . O + 2 -^ 2 CH, . CO . = 2 CO., + 2 CH, - 2 CO., + C,H..

The intermediary formation of the CZ/j-groups was proved by the

generation of CH^J, which was fixed as phenyldimetliylammonium

iodide and determined as such.

Hence, if, in the electrolysis of trichloroacetic acid, 6', CV, could

indeed lie obtained besides CO.,, the photochemical splitting of the

iron salt would be (juite analogous to an electrolytic process.

This fact is of great tiieoretical significance. With our very imper-

fect knowledge of the mechanism of the photochemical reactions several

theories as to its nature have originated which each have their pro

and contra, according lo llic |iaiiicular cases in which they are ap|)lied.

1) KoLBE, Lieb. Ann. 69. 257 (1849); Jaiin. Wied. Ann. 37. 4u8. (188(1); Crum

Brow.n and Walker, l.ieb. Ann. 261. 107. (1890): Kaufler and Herzog, Ikrl. Ber.

42. 385S. (1009); Feist, Berl. Bcr. 33. 2094. (1900; von Miller and IIofer, Bcrl.

Bcr. 28. i2t27 (1895); Elbs and Kuatz, Jouin. I', prakt. Chcmie, N. F. 55. ."j02.

(1897); Elbs. ibid. (2). 47. 104; C. Herzog. Inaug. Diss. Ziiiicli, 1909; Troeger

and Ewers, J. f. prakl. Cbuin. (2). 58. 12/. (1898).
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For a iimulier of voars the o|»iMioii has gained ground in dillorent

([iiarU'r,-. tiial tiie photochemical reaction wonld he quite analogous

to the thermociieniical one at a much liiglier temperature of tiie

system; that, thei-efore, the light chiefly increases in a high degree

the "teniperatui-e" in the system of the reacting substances, which

would explain the great reaction-velocity and the small temperaluiv-

coeflicient thereof, etc.

Opposed to this view in a certain sense is another theory, lately

defended especially by Bancroft, in which the great analogy between

the photochemical reaction and the |)rocesses, occurring in the electro-

lysis at the cathode or the anode is pointed out. In particular, the

analogy with cathodic reductions occupies the first place. It cannot

be deined that the comparison is, in many cases, strikingly correct.

The decomposition-form of ferric-trichloroacetate might serve in a

certain sense as an argument in favoui- of this theory, if the electro-

lysis of the acid actually pioceeded in the sense of Kolbl's synthesis.

The following may ser\e to prove also the incorrectness of this

presuni[)tion.

^ 9. If a dilute (N/,„) aqueous solution of trichloroacetic acid is

electrolysed between platiuum electrodes, a current of about 0,05 amp.

and 5 volts l)eing used, the only result is an evolution of 0^ at the

anode and double the volume of //, at the cathode. Yet, a little

CI, may be detected towards the end at the anode besides some
C'/'-ions in the liquid itself ').

Afterwards a N/j solution was taken and sidmiitted to electrolysis,

a current of 0,17 amp. and 8 volts being used. At the commencement
most of the gas is being evolved at the negative pole; the potential,

however, slowly falls to 7,6 volts and after an hour the proportion

between the volumes of the two gases has undergone but little

modification. After four hours, however, both volumes have become
equal: at the anode the evolution of the gas becomes more and
more rapid whilst at the cathode a more and more retarded evolu-

tion lakes place. The liquid itself gets rich in 67'-ions, owing to

which the resistance gets less and the intensity of the current a little

greater. Aftei' auolher 3'/, hours, the volume of gas at the positive

pole is already much larger than that at the negative one, and con-

1) This fact lias always I'scaped notice in experiments ou the determination of

the electrolytic dissociation constant of liichloioac'elic acid. It is very much the

question, whcllicr the well-known extraordinarily large value of K for this acid, as

deduced from Ostwalu's experiments, is not to be altiibuted in part, to I he pre-

sence of HCi in the sohilions.

24-
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tains L'lilorinc to a large extent. The poteiilial tluctnates, with shoeks,

between 7 and 7.4 volts.

Next a 0.68 N.-solution was taken and electrolysed with 0.3 amp.

and 7.75 volts; the matter is now quite different and tiie same as

that observed in the electrolysis of a 2 N.-solution witli 0.46 amp.

and 7.6 \olts. In this latter case wei'e formed /)iuvi-(J/'(it,>/i/, at the

p()siti\e pole, large gas-bubbles, which ascend /ij/ fits und starts,

while a continuously and slowly ascending stream of small gas

bulibles is noticed at the cathode. At the same time is formed at

the liqnid-meuiscus above the anode a turbid looking drop, which,

gradually increasing in size, detaches from the meniscus and falls

down on account of its much greater density. Later, it w^as found

tliat an 8X solution of the acid gives 67,, CO^, COCl^, and H^ and

Cj, but no liquid product.

After 50 minutes the volume of the gas at its negative pole had

increased to 15 cc, that at the anode, however, to 88,3 cc. The

anodic gas was practically colourless and contained C/,, CO, and

CO but also to a very large extent phosgene COCl.^ as was proved

by its various properties and by comparison with phosgene-gas,

expressly prepared for this purjiose from CCI, and fuming sulphuric

acid.

In order to have a survey as to the relative velocity of the evolu-

tion of gas at both poles, a few observations taken from one series

of experiments are communicated in the table below :

Time:
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The iiii;ilv>is of tlie anodic ijas showed that its comiiosition is not

constant, paiticnlarly as i'e<'arfls the chlorine-content. For instance,

of the 88.3 c.c. mentioned above only 6,7 c.c. consisted of 6V., ;
the

remainder consisted of COC\., and CO, with a little free ^>,, and CO.

The heavy, tiirhid li(|uid was collected; on being washed with

water it generally at once soluHjh'.f. Yet, it seems as if the prodnct

is not always the same in all conditions of tempei'atnre, for instance,

the mass resniting at 0° remained permanently liqnid nnder water

whereas the [irodnct prepared, as nsnal, at 22° generally solidified

snddenly like a strongly nndercooled melt. This prodnct, however,

has always the horrible odonr wlii.ch reminds at once of chloral

and phosgene, and experimenting with this snbstance conscipiently

becomes a veritable torment.

It is decomposed by water; after some time it disa|)pears in the

liqnid of the electrolyte. In that decomposition it yields volnmes of

[)hosgeiie. The melting point of the snbstance, after repeated pressing,

when determined in a capillaiy Inbe, was 32°—34°. With water, it

yields COCl.,, trichloroacetic acid and C7'-ions. Hence, when heatetl

with KOH and aniline it gives the carbylamine-reaction, tluis [iroving

the presence of CHCl, which has formed from the CCL^COOff on

boiling with potassinmhydroxide.

Aiuili/si.^-. The snbstance was prepared l)y electrolysis of a 27.7 7o

trichloroacetic acid solntion, a cnrrent of l,li! amp. and 17 volts

at 22°.5 being nsed. It deserves notice that the liquid formed in the

electrolyte has always a somewhat lower temperature than the

surroundings. The substance was pressed many times and then dried

in a vacuum desiccator; 0.943 gram of the substance lost 0,370(> gr.

in weight thereby.

The residual mass was then analysed in duplicate according to

Cakius. Found 75,62 "/„—75.59 "/„ average 75,61 "/„ of CI.

The compound is, therefore, nothing else but tric/i/oivacatic-tric/doro-

)ii.et/u/l-e.ster : CCt, . CO, . CC/,, — which requires 75,8 "/„ of CL

This substance, 1 noticed, was indeed obtained by Elks and Kk.\.\tz

as electrolysis-|)rodnct from the solution of the >Va-, and /^//-salts of

trichloroacetic acid. They, however, could iml analy.se it as it was

always obtamed by them contaminated with water and consequently

in a continuous state of decomposition. For this ester is decomposed

even by traces of water according to the e(piation :

CCl, . CO . OCCl, + H,() = dCh, . CO . OH + IICl +C0C1.,,

which also fully e\|ilains the foi'matioii of Ci^i^l.^ at the anode and

that of IK 'I in the li(|iiid. The m(>lting point is given as 34°, therefore
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quite analogous (o 1113' own determination. The tart iiowevei-, that

the ester is formed principally at the surface of the liquid, also if

a 4 N.-solution of the TJa-salt is electrolj'sed, seems to indicate, that

tlie COClj plajs some role in its formation. Periiaps:

CCI3 . CO .
0' + HCl + COCl., :^ H,,U + CCI3 . C( )0CCl3 ?

As this substance lias always been previously described as a liquid,

we must assume that it remains readily in the condition of an under-

cooled melt; this also in connection with the low melting-point and

the depression thereof caused by the HJJ and the decomposition

products '). Indeed afterwai-ds I found, that the pure ester, prejjared

by chlorination of ti'ichloroacetic-methylester in the sunlight, remains

liquid in a closed, evacuated vessel for several months!

In dry ether it dissolves readily; in alcohol or moist ether wirh

violent evolution of gas. With J^H, it forms a white crystalline

substance of a comparatively high melting-point, which appears to

be trichloroacetamide.

I also wish to obseive that catalysis such as A/.,t'/„, lor instance,

readily split the ester into CX'/g -|- C<f^. It would nut be a nuitter

of surprise, if also the catalytic action of the light could do this.

In that case the photochemical decomposition of the ferric salt, the

formation therein of C0.„ C.,CU, HCl, and free CCl^ . COOH, might

be explained by assuming an intermediai-y formation of this substance;

we should then have a complete analogy of the photochemical reac-

tion with an electrolytic process. If, however, this slioidd not be the

case, — ami up to the ])resent, everything pt)iiits to this, — the form

of the said phoiocheuiical reaction docs not seem to tally either with

the one or the other of the two theoretical views.

§ 10. The fact that this singular conqiouud is given in liKiLsTias's')

manual as being ideulical with the /n'lit'ich/orot'lhi/t-L'stcr of chloro-

foniiic ifciiJ induccid me to uiorc carefully study both substances.

During this iiivesligatiou I caine across a short treatise of Anschiitz

and Emkuy'), vvhicli aiilhois had already |)repare(l both couqiounds

in 1893 for exactly llie same piir|iiisc. Allhough my rcsulls agree

1) It slioiilil 1)L' ob.sorvod that the I'ormalion of a compound : Ct'/j . CO . OCC/3 in

llic L'lccli'olysis (if U-iciiloi'oauetic acid is in complete accord willi the experiences

of C. Heh/.og (Diss. Ziiricli 190111, wlm obscivcd with nionocliloi'o-, nionobi-omo-

aiid dicliloroacelic acid liie forrnaliim nl Ihe analogously consliluted cslcis diu'ing

the electrolysis of llie sodium sails.

2) Beilstein's Manual, Vol. I. 171. (181):i); corrcdrd in Suppl. Vol. I. p. JUT.

(1901).

''j ANScmirz and Emeuy, Ann. der Ciicm. 273. oli. (189^).
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witli theirs, a tew parliculais of tlie I'oeairli may he coiniimnicaled

liere because, at the end of their treatise, they seem to want further

contlrmations of their data wliich are opposed to tiiose of H. MCi,-

i.er'). ^loreover, a few additional dutn may lie mentioned liere.

The idea tliat C'C7, . CO^ . CC7, and (7. CO . . C,Cl, siionhl he

identical is derived from CLoiiz'). He bases his view chietly on tlie

fact that both esters lead, with HJ> , XHJJH, alkalis, alcohol etc.

to the same end-products.

Like CCl, . CO. OCCl, , the compound CI. CO. OC.Cl, is also

converted by water into trichloroacetic acid, carbon-dioxide and

liydrojren-chloridf^: the phosgene formed at fii'st is decomposed by

watei- into CY^, and 2 HCI.

The reaction with XH,. which in both cases leads to trichloro-

acetamide, also seems to pro\e such. It is, however, plain that by

accepting, — according to Ci.ot;z, — the splitting oil" of CY-^CY., as the

first reaction-stadium, we can obtain from l)Oth esters the same

products, although they are differently constituted.

CI NH,

C =r + XH, = C()CI., -f HCI + C =
\

' '

\
OCCl,. CCl, CCl,

and

CCl, CCl,

/ /
V = + NH, = ('( )C1, + HCI + C =
\ \

iO.CCl, NH,

and something similar applies also to the other reactions he has given.

If therefore, Ci.oi:z's arguments camiot at all be considered as

linal, tliey may now, after the experiments of ihe (lerman authors

and those of myself, be considered as totally unsatisfactorv.

Pure, repeatedly distilled chloro-formie ethyl-ester was, with exclusion

of all moisture, chlorinated in bright sunlight 'j. From the vellow,

very heavy liquid the chlorine is expelled by CO^ and tlie product

distilled under reduced pressure. As the main fraction was obtained

a colourless liipiid having the same odour as CCl, . CO . OCCl^.

which boiled at 129° under 80 mm. pressure, at 116° under 50 mm.
pressure and at 104° under 22 mm. pressure. After fractionating

') MiiLLER, Ann. der Cheraic. '258. 01. (IS'.)U;.

-) Cloez, Ann. de Ghim. el phys. (3). 17. 300 (1S4G).

S) In tliese experinaenLs I have been zealously suppoiled by r,->y as.-^islanl Mr.

J. B. Menke, to whom I again bring my best thanks.
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twice, the ester a|ipe:u'0(l to hoil willioul (Iccoiiipositioii at 205^,2

under 758 mm. pressure. The soliditying point was constant at 23°,7.

The compound, like tiie triciiloroacetic-trichloromethyl ester, has a

strong tendency to undercooling; after inoculation it crystallises

immediately, but with little linear velocity. The heat of crystallisa-

tion is rather considerable. The sp.gr. at 23°,5 was 1,7336.

From the melt, the substance crystallises in thin, colourless, mono-

clinic i>lates or needles with rectangular limitations. They are frecpiently

blunted at the angles and show right extinction. The crystals exhibit

a strong double-refraction ; the smallest elasticity-axi.s coincides with

the longitudinal direction, which direction is also that of the optical

axial plane. In convergent light an optical axis is visible at the border

of the field of view; the bisetrix is of a negative character, while

the dispersion is exceedingly feeble so that it could not lie ascertained

for what wave-length the axial angle is the largest.

With NHJ)H it gives trichloroacetamide with strong evolution

of heat. It differs from CCl, . CO . O . CCI^ although the esters are

so analogous that they may almost l)e mistaken for each other. The

penetrating odour of phosgene and chloral, which both esters possess,

is however much more pronounced with the CCf . CO. ()CCl,\\vAn

with the pentachloro-derivative, a fact, which is no doubt directly

connected with the other point of difference, \'va. that ClCC^C^Cl^ is

evidently decomposed by cold wafer much more slowly than the

trichloroacetic acid derivative. Moreover their melting points differ more

than 10°. According to Anschutz and Emery the substance obtained by

chlorinatioii of trichloroacetic-inethyl-ester boils at 96° under 22 nnn.

pressure; the pentachloro-derivative obtained by myself at 104°.

The difference between the two substances, therefore, admits of

no (loul>t ; a (|nanlifativ(' comparison as to their I'eacfiou-velocilies

is in progress.

§ 11. As regards the mechauism of the studied photochemical

decomposition if has been shown, by the 'experiments made up fo the

present, ihal lln' (li'coui|»osing subslaucc can be considiM-ed a-^ llic normal

ferric-frichloroaccfate: [C CI. CO . ()]., /•>.

^\'illl \cr\' couccnfraled solutions coiiiaincd In M\iol-glas'< Inbcs. a

separation of <'..('!„ fakes already |)lace af'fci- eight hoiu's' expt)snre

to the lighl ; wilh dilute and coiiseipienfly brown-coloured solutions

a little frichloro-acefic acid should be added firsi I'oi- flic |inrposc of

decolonrisaliou, llial is to say for modilicalion of llir liuhl absorption.

Still it is donbif'nl w iii'f lii'i' I lial addilion rcall\ arcclci-alcs I lie process
;

from the dala al di.sposal 1 should feel more inclined fo conclude
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tu ;i i-('l,-iriliii2: ;irlii)ii; which iiiiuht liien porhaps he exphiiiieil in that

sense, that it is really the [CCl^CO . (>')-\on, previously oomiiiiied

with the F''"-ioii in some very definite manner, ami split off from this,

whic'ii i-. resolveil. All this is still problematical. One should rather

feel inclined to put this photochemical reaction quite on a level with

that of ferric oxalate

:

and :

Fe, [C CV, . C(K), -^ 2 Fc (C C/, . CO,)., + 2 CO, + C, CI,

or if we assume a splitting of ions;

2 Ft'- + (t; OS -^ 2 Fe- + 2 CO,
and :

2 /•','• + 2 1

6' 67, CO . OY -» 2 F,- + 2 CO, + C, ( '/„.

h is, however, still the <piestion whether this conclusion is fully

ju>lilied and whether it is not probable that several more intermediary

stages occur; this will have to be elucidated liy further research.

§ 12. l*"iually we may mention a few experiments with sululions

of /erric-jK'nt'ic/i/oropnijiionKti', of whitdi a sensiti\eness to light was

fully to be expected on account of the experience, gained during this

investigation.

The acid for ihi-; purpose was handed over to me iiy my colleague

BoESEKEN to whom I again bring my thanks. The melting-point is

situated between 21(P and 215°; the chlorine-content, according to

l)."s sialemeul lias been found as 72.05" „— 71.78"
„ ; theory : 72°/(|.

The preparation of the Ha-sali by neutralisation at the temperature

of the room, |)reseiiled difficulties in so far that a sweet smelling oil

separated even in the dai'k. Nevertheless, the neutralised solution was

precipitiited with the calculated (piantity of ferric sulphate and by

repeatedly filtering in the dark and in the cold a clear greenish-yellow

solution was obtained. This is very sensitive to light and gets very

soon decomposed into ('().^aud a hea\y colourless oil with formation

of large cpianlilies of Cl'-ion in the solution. The oil was separated,

|)urified and dried and identified as C!.A.'lj. The |)hotocheinical s|)litting

of ferric-|)entachloropropionate is therefore |)erhaps represented by:

/C0.,.CC1,.CCI, /'CO,.CCI,.CCI,.

Fe—CO,.CCl,.Cei, ^Vi), + C,C1, + Fe—CO,.CCK.CCI,.
\C0.,.CCL.CC1, \CI

etc..

until, probably, l^'eC'l, alon(> linally remain-; llie coloni' of the licpiid

is brownish vellow.
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From tliis it appears tlial tliis pliotocheinical transformation is quite

analogous to that wliicli the acid itself, according to BoiisKKEN, under-

goes bj' lu'itt. From what has heen stated above, this reaction cannot

be put on a level with the photochemical decomposition of the tri-

chloroacetate, without further evidence.

Labor, for Jiioiy. mul Plujs. Cheiit.

15 September 1911. of the Univ., Groniiu/en.

Chemistry. — "^4 rcmarlMliIe case of isopo/ymurijhi.sm ivilh <alls

(if the alkah-inetals' . By Prof. F. M. Jaeger. (Communicated

by Prof. P. VAN Romburgh.)

(Qommimicaled in tlie meutiug of Sept. 30. 1911).

§ 1. The numerous researches wiiich have been made to ex])lain

the morphotropic relation of the alkali-metals, may be said to have

led to no other view but the conviction, that the problem of the

mutual replacement of these metallic atoms is one of an almost

hopeless complexity.

The most accurate researches in this dominion, — those of Tutton,

— lead the author, with complete negation of all other well esta-

blished facts, to the conclusion that anyhow the metals K, Rl> and

6's' possess plainly an isomorpiiotropic relation, which numerically

runs parallel with the rise of their atomic weights, and that (xV/Zj

and Tl are, in many respects, to be placed outside the series; but

that with an eventual form relation the (.V//J-radical exerts an

influence which stands between that of I'h and <'.<. As to the optical

properties, no regularities seem to occur. As is well known, Tutton's

beautiful researches only relate to the alkali-sul|)liales, the alkaii-

selenates and the monoclinic (hjulile sul|)hales and double selenates

of the formula: R'.JIe" {SO,),, C//, (> and A", Me"{Se<J,\, 6H, O.

Even in these I'esearches it seems here and there, that the con-

clusions drawn must be considered as being <(W general. For instance,

with the selenates, the 77-c()mpound is very analogous to the Rh-

sall ; the diU'ercnce in molecidar volume is here only (>,47„, iis

against 1,4"/,, between the /ih- and (A7/,)-salt. With the sulphates

this dilfer'euce between the />/>- a,u<l '/'/-salt is about (»,M" „, botvveen

77- and (A7/,)-sail ou!\ 0,(>''^"/„, and a similar li'iliiug difference

between {Nil,,)- and 77-sall is also observed willi animonium-zinc-

sulphale and thallous-/,mc-sulphatc ((),0;i7„), so that the place of
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tlie [XH, belwecii llie /.'// niul the Cs. is in those respeds less

correct tliaii in tlie proximity of the 17.

That iio\vc\er, as soon as we consider the great nnniber of facts

wiiich have lieen collected by other investigators besides Tutton, —
but little is left of these supposed general rules may be seen from

a short recapirulation :

1. The nckl tniiratcs of A', /.V^ L's, A7/, and 77 arc rhonibo-

bisphenoidic and form an isomorphons series. In this the /^o and the

T/-salt are placed the neaiest to each other, then follows the (XH^)-

salt, the A'-salt and linally the r.s-sali.

2. On the other hand, the llli- and ^!v-salts of the ui'utral

tiirtrati's are trigonal ; the 77-salt is monoclinic and trigonal, whereas

the (A"//J-salt, although also monoclinic with comparable parameters,

is certainly not isomorphons with the monoclinic form of the 77-salt.

In connection with the following it should be observed that with

the r/-salt the angle i?=.S(3°43'; with the i.V//j-salt, ,i = 87°37'.

3. Now, proceeding to the complete series, which are related to

inorganic acids, we may mention here, besides the sidjihates, sele-

nates and double sulphates investigated by Tutton, the A'-, [N H,)-,

Rb-, Cs- and Tl-nhims, derived from ahuniuium (Pettkrsson), those

from ranaiUum fPicciNil and cliromlum, those from (/allium, and

iroji (SoKKET). those from I'liiuVniiit, Indutiii and iriditnn. There is

here nowhere any indication of polymorphism, but with the oi'dinarv

alums for instance a (piite regular modification of the physical pro-

perties has been noticed, which gives no occasion to assign to the

(A'^/Zj-salt a particular position in the series.

4. Of the ctdo mil's the A'-, Rb- and C^'-salt are probably isomor-

phons : the 7V-salt is isodimorplions and has one form which is

isomorphons with the A'-salt; the (

A'
//,)-salt, however, is trigonal-

psendo-cubic, like K-bnniiittr. The latter is isodimor|)hous with

AT-clilorate.

5. In the series of the in'irklor'tli's whicii is isomoi-plious, ihc

Tl is also placed nearest to the Rb.

6. K-persiilp/uttc : K.yS^O^ is triclinic-pinacoidal : the Rb-, Cs-,

{X H,)- and 7V-.salts are monoclinic and isomorphons. Here we have,

therefore, an isodimorplions series.

7. The A'- and /i/i-/tl(ifiniiiii-nitritt's are monoclinic: ^ !s-plaliiiuiii-

iiitrite is also monoclinic, fnit totally dillers from the two others ;

finally, the 7V-salt is again monoclinic biil -till again dili'erent from

all other salts, so thai wc ha\e licie a veix interesting ca.se indeed

of an isotrimorphons series.

Of the same compounds, but crystallising with 2 //,(>, the A'-salt



( 358
)

is trirliiiic, the /iV>-s;ilt moiiofliiiio, the (.V /7j-s;Ul rhoinlnc, iUlhonuh

so imalogous to the AVj-salt, that it should lie regarded as pseudo-

symmetric. Finally in the series of the alkall-platinum-jodo-nitrite.i,

the /iL-salt is tetragonal the Rb-saXi triclinic-pseudorhombododecaedric,

the CVsalt inonoclinic, with a pseudorhombododecaedric iiabit.

8. The K- and 2i6-chromates are rhombic-bipyramidal ; the 6!v-salt

is dimorphous, namely rhombic and ditrigonal-scalenoedric ; and finally

the (A^//j-salt is monoclino-prismatic, l)ut certainly dimorphous, — as

it can form with [N'H^)., SO, mixed crystals of great concentration.

The K- and Cs-dichromntes are isomorphous: the (iY//J-salt is

monoclinic and totally different from the two other salts ; the AV>-salt

is dimorphous, namely monoclinic and triclinic, whereas the mono-

clinic form is probably isomorphous with the (iVifJ-salt.

Still more complicated is the matter with the ti'ichroiantes. The

/v'-salt is monoclino-prismatic; the 7^/;-salt is hexagonal and rhombic;

the Ci'-salt is trigonal and quite different from the hexagonal /^6-salt;

finally the (A^i?J-salt is rhoml)ic but quite different from the second

form of the Rb-%A\t. We must therefore assume here an isoti'i- or

isotetra-morphous replacement of the alkali-metals.

9. But by far the most complicated of all is the behaviour of the

alkali-metals in their nitrates I

The /v-salt is dimorphous: rhombic-p.seudo-hexagonal and trigonal;

the itft-salt is rhondjic but not isomorphous with the A'-salt; at 161°

it becomes cubic and at 219° trigonal, while all the conversions are

reversible; the CVsalt is rhombic and cubic; the 77-salt is trimor-

phous, namely rhombic, cubic and hexagonal. Finally, the (A' //,)-salt

is tetramorphous : rhombic, monoclinic, tetragonal and cubic, whereas

according to Wallkr.\nt the tetragonal form again returns at — J6°C.

Here we have a rich field for the study of the i)inary systems

concerned, which is still very incomplete.

§ 2. The above summary, which could be easily extended by

quoting oilier examples, for instance, from the nitrides, polyhalogenides,

hexafluosilicates, tetrachloro- anil fefrabromoaurales may prove our

contention, that the mulual morphotrjpic relations of the alkali-rnetals

form an e.t:cecdin(//i/ Kiniji/lcdfcd problem, and thai it is unwarrantable

to lay down rules, which are uol siip|)(irt(Nl by a sufticieni number

of facts.

A peculiar contrilmtion to Ihe above (|ucstioii is uixi'u here.

During an invest igal ion coiicerning Irichloi-oacetic acid, I oiitaiiunl

the acid potassium-salt of this acid; it forms exfi'aordiuarily beaulifid

crystals, which on invcsligation showed a few peculiarities of
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imporlance. I tlien prepared also ail iIip (ttliei' s-alls (»(' the scries,

whose fjeneml foritmla is roproseiiteil liv Ii' ('<},. CCI,-\-JICO„. CC/,.

The results of the invostijialioii are .iiivon below. A detailed description

of these comiKiiiiids. also thai of ihe acid thallhim-trihroinodretuU'

(investigated l\v wav of comparison will be given (irsl.

§ .S. I. POTASSIVM-SALT : KCO.CCl, . HCO^CCU .

The analysis gave 10,60 "/„ A': calculated 10,68 %.
Sp. (-ir.: at IS^C, -i-OOo: molecular voluiuc: 182,04.

Large clear, very lustrous crystals, which are generally tlattened

along two parallel planes. Small isonietrically developed, colourless

octahedra also occur. The crystals are re[)resented in fig. 1.

Ti'tragonnl-trdiu'zoliech'ic.

a:c= I : 0.7808.

Potassium-salt.

Fig. 1.

Fo7-m.i observed: ()=!lil!. large, with a high lustre and well

developed; .i' = {3Jli, with four planes above and foui' below in the

alternate spacial-octanis, but often wanting, and in all cases small

and rather dull; c^-Srij, very small and narrow, dull and mostly

ipiite absent.

Anijuhn' values:

: = (111) : (111) =r«

():c) = (lll):(lll) =
: ./• =r (111) : (311) =:

fl:.r = (]Jlj:(311) =
,r : .(• = ;3H) : (131) =
.1- : = (311) : (111) =

"asured

:
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AiKjuldr values: Measared: Calculated:

: X =z [in) : {^\1) = 29 55 29 57

0:.i- = (lll):(3li) =
\ X = (111) : (311) =

J- : : = (3lT) : (511)
—

C:() = (5lT):(llJ} =

86 49
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Awjular Values: }[easared : C(i!ci(htti'd

:

0:0 = (1 11) : (111) = 94 41 \ .,
94° 427,'

():(- = (lll):(lll)= 85 IHV^ 85 177,

x\ distinct oleaviige was not tbiiml.

The compound is isoni()i-|ilK)iis with the |)Otassiuin-sah.

The crystals are optically nionaxial ; the character of the (hnihh-

refraction is positive. They exihibit no circular polarisation.

Topic parameters : •/ : ip : m = (3,3197 : 6,3197 : 4,8522.

III. licuiDIUM-S.VI.T: libCU.,CCl, . HCO£Cl,.

The analysis gave: 20,68 7„ Rb; calculated: 20,65 7„.

Sp. iir. at 18° C, 2,150; molecular volume = 191,21.

The tirst crystallisation-experiments showed at once, thai we were

dealing here with crystals of a quite dilierent habil. Further inves-

tigation proved indeed that the 7iV/-sall has a form quite (litferenl

from that of the two former ones.

Colourless, very Ihiu, elongated-liexangular little plates which

often form on the surface of the licpiid, or deposit on the walls of

the vessel.

The crystals are shown in Fig. 3.

J.U)riii.s observed

Rubidium Salt.

Fig. 3.

MonocI'mic-iu'i.fmatic.

A :c= 1,4649:1 : 3,1596

(J — 86° 35 7/.

= jOOlj, large, lustrous and strongly predonu-
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Mi'dsiuu'il : (Jalcahtti'il:

72° 24'/.,' —

iiaiil : '/ ^ {01 1}, well developed niid vieldiiif!,' siiarj) reflexes ; )n = \V\0\

also always presenl and Itelter reikvtiiifi,- : /r:^jll2}, narrow, some-

what dull and sometimes wauling- allo^iiether.

Ill the orlliodia.iional /.one the tonus: !i.().lH|. jl()5S and |J()2! were

sometimes met with, in a \er\ riidiiiientary form. The crvstals are

elongated along the rliiio-a.xis.

Ati(/it/)ir fiihtcs:

c:<i =(001) :(()11)=«

C:;/^ = (001):(110)=«

m-:-,n = (110): (110)=-

m:q = (110): (Oil) =
q:q = (Oil) : (Oil) =
C:a> = (001):(112) =
«o: /H = (I12):(110) =

Probably, a not very distint-t cleavage is present along jOOlj.

The substance is optically biaxial: the exact situation of the axial

plane could not, however, be traced microscopically.

Topical parameters : / : il- : w = 5,0670 : 3,4590 ; 10,9290.

88 4V',



( 363 )

o = \Hl\, very broad and very lii-slrons ; /». = }ll()j, l»ri;L'iilly

reflecting, but much narrower than o ; w =:
\
lll\ very narrow and

mostly wanting. The crystals are thin or tlatteiied upon {OOl}, and

sometimes elongated along a side c : o.

Amjiibtr values

:
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MonocVmo-prismntic.

rt:^»:C=r 1,5515:1 : 3,3007.

i?=87°48'.

Forms observed: c ^ |001j, large, very lustrous and predominant

;

jlOll and r = \W\\ about equali^^ stronglj' developed, and giving sharp

reflexes; r^=r{011j reflecting very perfectly, broad and never want-

ing; ^:=J013S, very narrow and mostly absent ; to = jri2| yielding

good reflexes; o^|112} even reflects better still.

Angular values: Measured: Calculated:

C :q = (001) : (Oil) = *73° 8' —
c
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that of ihe Rb-sah; the anaK)^y with the second form of the 6'.v-salt

is, however not so eonspieuous.

By these reUxtions it has been clearly demonstrated how complicated

the family-relation of the crvstal-buildiiiy- alkali-molecules is, and

how much the expected isomorphism ma^- be confused by the occurrence

of [lolyuiorpliisui.

§ (i. ElForts to fiud definite transition-points with tiie acid of the

crystallisation-microscope, were without result. On heating, an

apparent melting-phenomenon occurs in the crystals, to be attributed

to the fact that the split-off trichloroacetic-acid-molecule, causes the

occurrence of a liquid phase in the pores of the crystals, which then

becouie porcelain-like and opaque, while they are crossed with

innumerable cracks. On account of the decomposition of the substance,

it is not possible to pn»\e the occurrence of anolher uiotlilication by

a thermic method.

§ 7. Miving-experiments.

Although a more complete iiivestigaiion of the mi.\ing-phenomena

of these salts must be postponed till later, still a few experiments

have been made, for a first orientation, whicii already have brought

to light some very peculiar phenomena.

1. Thallium-, and Ammonium-salts.

From mixtures of the tliallous- and the ammonium-saXi crystallise

small, well formed quadratic octahedra, afterwards larger ones of the

type of the (A'i/,)-salt. The first crop of crystals are optically ^^asvV/tv.

In the last fractions there were found small crystal-clear, tetragonal

double-pyramids, which were faintly negative; the axial image was

normal. In the very last fractions there were found similar crystals, which

however, possessed a strongly negative double refraction. Their angular

values agree with those of the Tl- and the (^V//^,)-salt. There can

be no doubt as to the complete isomorphism of the two compounds;

probably, their mixing-series is an uninterrupted one.

2. Potassium-, and Rubidium-salts.

From mixtures of the potassiian-, and Ihe rubidiu)n-salf are first

deposited crystals, which are quite analogous to those of Ihe pure

Rb-s&lt. Later, small little plates appear with hexagonal limitations.

Measurements showed that they were well built, possess monoclinic

symmetry, and that their angles differ but little from those of the

Rb-salt.

(001) : (Oil) = 72°35' (measured) (110) : 110 = 111°10' (measured)
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The fust ano'le is 11' laroer, the latter 6' smaller than that of the

Rh-sah. From the last fractions however, — which, of coarse, are

very rich in potassium-salt, — both monoclinic crystals and tetragonal

double pyramids are deposited. They are monaxial and faintly positive.

3. Potassium-, and Cnesium-snlts.

Up to the present the most peculiar phenomenon, however, was

found with mixtures of the iiotassiuin-, and the caesmm-sa\L The

latter is exceedingly soluble; from the mixed solution are deposited

first mixed crystals, richer in potassium. Although possessing a

somewhat difterent habit (Figs. 7 and 8), these crystals, which.

Fig. 7. Fig. 8.

Mixed crystals of Potassium- and Caesiiim-=,a.\t Tliey exhibit the form of

the Rubidiuin-s&\t

though small, were irreproachably built, appeared to exhibit the

monoclinic form of the Z^6-salt I The remarks made in the description

of the thallous-iribronwricetdli' also apply here : the monoclinic form,

which was the more stable one in the Rb-sah, appears to also occur

by preference in the mixed crystals as an exceedingly stable struc-

ture. If we adhere to the princi|)al dilFerence between Rb- and Cs-

forms, there must, probably, be three hiatus in this mixing series.

That indeed the form of the monoclinic Rb-sa,]t and not that of

the monoclinic C'.s'-salt was present is proved by the following mea-

surements :

r/ =(001):(OH) = 72°32'

m = (001) :(110) = 88°2r

m : m = (ilO) :(11())= II 1^40'

m : q = {iio) : {on) = 'sn:v

<l
:<! =(0J1): 1,011)=: 34°52'

m :(7 = (TJ0):(011) = 38°21'

The angles in the different mixed crystals of this scries diverge

about -|- 4' and — 5' from the above values.

Up to the present, no tetragonal mixed crystals have been observed
;

also no monoclinic ones in the second form of the C'v-salt.
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4. Potassium-, and Ammonium-salts.

From mixed solutions of K- and (NHj-trieliloroacetalc, on slow

evaporation, mixed crystals are deposited wliicii exhibit solely tiie

tetragonal-bipyramidal form, and often possess a pronounced layer-

structure. They are optically positive, — even the crystals deposited

later; the interference image is often a little distorted, which points

to a not quite homogeneous structure.

5. Rubidium-, and Thallium-salt.

From mixed solutions were obtained the mixed crystals of the

form of the Hb-sah and chiefly in the habit of Fig. 7. The angle

(110): (110) was 72°42\.; (Oil; : (Olf) = 111°41'. Up to the present

no individuals of the 7y-type have been noticed.

6. Caesium-, and Tlialliuin-.^alts.

Even with a very small J7-salt content, mixed crystals of the

form of the AVz-salt are deposited from the solutions of the two

trichloroacetates. At a very large concentration of the t^'-salt,

however, there w-ere also found — besides thes aid monoclinic forms, —
monoclinic, rectangular thick plates, which were cleavable towards

{001| and exhibited in convergent light a beautiful axial-image, with

a very small axial-angle, a strong dispersion : o ^ v, and with the

first bisectrix nearly J. upon {001}. The character of the first diagonal

was negative. The following measurements were taken : (001) :

(111) = 53°51'; (111) : (IlO) =: 37°!'; ("llO : (001) = 89°9'. The
mixed crystals, therefore, |)0ssess the first form of the pure caesium-

salt ; those with Ihe second forui ha\e iie\cr been found as yet.

7. Caesium-, and Rubidium-salts.

As in the case of the caesium-thallium-salt-mixlures, mixed crystals

of the AV;-type appear first ; these possess chiefiy the iialiit shown

in Fig. 8.

The following measurements were taken : (110) : (110) =:r 72° 247^';

(Oil : (Oil) =: 111° 20'/., 001) : (111) = 61° 4'
; (111) : (110) = 27° 21';

(001): (110) = 88° 25'.

At a very great concentration of the caesium salt, however, one

finds very thin, scpiare, little plates, which appeared to be mixed

crystals of the first caesium-type, which are deposited alongside

with the other mixed crystals. They are biaxial, with a very small

axial angle and negative character of the bisectrix. The dispersion

is weak: 9 <C '" '^"id with rhombic symmetry. Mixed crystals of the

second C!v-type have neitiier here been met with as yet.

Inorg. Chem. Lab. of the Univevsitij.

Groniugen, Se|)tember 11)11.
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Botany. — "The action of the re.iijinitory enzymes of Sauromntum

venosum Schott", Bj Dr. Th. Weevers (Communicated by Prof.

F. A. F. C. Went).

(Gomtnunieated in the meeting of September 30, 1911).

The production of heat in the spadix of Aroideae has been long

known; it was first observed by Lamarck in 1777. Since it has

been repeatedly investigated') and was found to be a process invol-

ving absorption of oxygen. Kr.ws ") sliowed that in the tissue starch

and sugar are used up, whilst CO, and sometimes organic acids are

produced.

In 190J Hahn '), in a short paper, stated that in the press juice

of Arum maculatu/ii an enzyme is present, which decomposes glucose

^vith formation of carbon dioxide. After removal of the CO, by

boiling, the liquid still had an acid reaction. He observed neither

formation of alcohol in the air, nor in a hydrogen atmosphere, al-

though in the latter case also the glucose was decomposed and C0„

was formed.

Tliis short note was not foHowed by any detailed communication,

so tl]at it seemed to me desirable to investigate whether tiie interest-

ing results of H.\hn's inquiry were confirmed with other objects.

Sauromatum. venosum Schott appeared to me to be suitable for

investigation OJi account of its size and the ease with which it can

be obtained.

For the purpose of orientation, 1 rubbed u]) in a mortar tlie fertile

as well as the stei'iie part of a spadix, and made the pulp up to

250 c.c. witii water. (>ne half of this was at once boiled for 5

minutes; to the other half a few drops of toluene were added and

after the tlask had been closed by a plug of cotton-wool it remained

for 48 hours at lt5° C. Its contents were then boiled, a certain

amount was filtered off from both halves and the reducing sugar as

well as the organic acids were determined in tlie filtrate. (Indicator

phenolphtaleine, which gave a sharp endpoint.)

lu the flask in which autolysis had taken place were found 10 mg.

glucose and 8,0 c.c. 0,1 N. acid, in liie conlrol flask 80 nig. glucose

and 0,5 c.c. 0,1 N. acid.

^) Saussuke, Ann. sc. nat. 18:2:2.

VnoLiK and de Vriese, Ann. Sc. uat. 1836.

Garreau, Ann. Sc. nal. 1851.

8) G. Kraus, Abh. nalurf. Ges. Halle, 188:2. Ann. Jaid. but. 18%.

«) M. Hahn, Ber. cliem. Ges. Bd. 33, I'JOO.
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So (liis preliminary experiment sliowetl, that in the autolysis sugar

was decomposed and organic acid formed. In further experiments

however a different plan was adopted. After the tissue had been

rubbed fine in a mortar, 1 strained the pulp through the finest

plankton gauze; the fluid thus obtained, which was ainiost'perfectly

clear, was healed with a threefold quantity of 957„ alcohol, the

precipitate filtered, washed out witii alcohol and dried in the air

in the dark till all the alcohol had evaporated (about 12 hours).

The powder then obtained i.e. a crude enzyme or a mixture of

enzymes was used for further experiments and was found to have

a strong glucoclastic action; sindlarly the pressed-ou(, dried mass had

this action, even after treatment with acetone.

The former result was unexpected because Hahn, with a crude

enzyme prepared in the same way from Arum maculatum, only

obtained a very weak action and because moi'e investigators in this

field hold the view, that destruction of cell-structure and treatment

with alcohol weakens the action of the respiratory enzymes in tissues

rich in water, and even desti'oys it.

Z.\LESKi ') says : "Ueberhaupt kann man sagen, dass die Zerstorung

der Struktur am starksten die Atmung deijenigen Objekte vermin-

dert, die im Zustande tatigen Lebens sich befinden, oder wasserreich

sind. Noch starker wird die Kohlensaureausscheidung zerriebener

Objekte nach deni Behandeln derselben mit organischen LOsuiigsmit-

teln wie Aceton uiid Alkohol verniiiuiert, uml manchmal hort diese

ganz auf."

This cannot thei-efore be generally valid; at least not for the object

here investigated, which is licli in water and is in coiidition of

active life.

In exactly the same way 1 have been able to obtain fi'om the

fresh leaves of Sauromatum a crude enzyme, that decomposes glucose

while forming CO. and oi-ganic acid. The action was however weaker.

The dried preparation of the enzymes was generally used at once

for the experiments, after some days ihe activity diminished, although

it did not completely disappear.

If I made the preparations by treating (he |)ress juice with acetone,

I obtained a precipitate that was similarly active after removal of

the acetone.

The experiments were made as follows.

The enzyme preparation was mixed in u flask of 750 cc. capacity,

with 1 % glucose solution sterilised by boiling, and with some

!_) W. Zaleski Atuiuugsenzyme der Pllunzen. liioch. Zeilscli. Bd. 31. 1911.
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drops of toluene. In experimciils with access of air, a regulated

current of air sterilised ') and free from carbonic acid came into the

closed flask, and tlie issuing current of air passed first through a

calcium chloride apparatus and then through a potash-bulb (with

CaCl, tube). The increase of weight of the potash bulb indicated

the amount of carbonic acid formed, wiiilst in some experiments

this was also shown qualitatively with baryta water.

For tlie experiment in a hydrogen-atmosphere the flask was first

filled with hydrogen that had been purified with dilute-potash,

after whicii, with the necessary precautions the enzyme, a solution

of sugar and a few drops of toluene were introduced. Then during

the experiment a purified curi'ent of hydrogen passed through the

flask and carried the CO^, which had been produced, into the potash

bulbs; at the end aii- free from CO, passed through, in order to be

able to determine the increase in weight of the bulbs.

The experiments always lasted 48 hours ^), only once did 1 deter-

mine the COj produced in successive periods of 3 and 6 hours, but

found no great differences. Indeed the method was not suitable for

successive determinations with small intervals, since after terminating

the experiment by heating the liquid in the flask abo\e 70° C, one

ought to pass the current through for a short time longer in order

to get all the carbonic acid into the potash bulbs ').

The liquid in the flask was always boiled for a mouient at the

end of the experiment and the first distillate was tested by means

of the iodoform reaction for alcohol, the result was always negative,

both in the aerobic experiments and in those in a hydrogenatmos-

phere ^).

Then the liquid was cooled, made u|i to a definite volume and

filtered. I determined tlie quantity of organic acid in the filtrate,

equally that of the glucose, the latter one before and after boiling

with dilute hydrochloric acid '). Control e.\])crimcMts, in wiiich the

liijuid was boiled immediately after mixijig, gave tlie total (juautities

') For this purpose the air passed through strong caustic potash, to which

some toluene liad been added.

-) The e.xperiment witli a preparation from the spadices took place in dayliglil;

since organic acids in aqueous solutions are gradually decomposed by liglit, the

quantities found are somewhat too small.

^) If traces of CO^ should remain behind, the result would naturally be too low.

*) Only a few drops were distilled over. Generally the odour indicated traces of

butyric acid.

'') Tlie glucose deterir.inatious were made according to N. Sciioorl's method.

Ned. Tijdschrifl voor l^liarmacie IS'J'J. The quantity after boiling with Hill was

generally as great as before boiling, the former values are given.
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of reducing sugar and organir aciil at the beginning of the experiment

;

the hitter in ihe experiments with the ak-oiiol precipitate from tlie

spadices amounted to 0,1 cc 0,1 X at most.

Below are given some of tlie experiments.

I. Experiment in CO, free air.

400 mg. crude enzyme, acetonic preparation.

Decrease of ghicose from 437 to 360 mg. = 77 rag.

Increase of the potash bulbs bj- CO, production 34 rag.

Increase of organic acids 9 o.c. 0.1 N.

II. Experiment in CO, free air.

750 mg. pressed and dried tissue powder, that had been

treated with acetone.

Decrease of glucose from 457 to 217 mg. = 240 rag.

Increase of potash bulbs by CO, production 140 mg.

Increase of organic acids 25 cc. 0.1 N.

The glucose can he more strongly decomposed, so that after boiling

with HCl only traces of reducing sugars remain ; in these experiments

K^HPO^ was generally added, which according to the investigations

of Zalkski and Reinhardt ') stimulates the action of the enzymes.

This made a determination of organic acid difticult, because the

potassium [diosphate had an acid reaction and the quantity added

perhaps partly entered into combination during the experiments
')

IK. Experiment in H atmosphere, potassium [)hosphate added.

800 mg. crude enzyme (alcoholic pre[)aration).

Decrease of glucose from 437 mg. to 2 mg. = 435 mg.

Increase of potash biillis by CO. production 105 mg.

IV. Experiment in air free from CO., [)otassium i)hosi)hate added.

1.500 gr. pressed out material, which had first been dried at

60° C. ; then acetone had been poured over it and it had

again been dried at 60° C.

Decrease of the glucose from 485 mg. tot 5 mg. = 480 mg.
Increase of potash bulbs by CO, production 187 mo-.

Finally two more experiments with the crude enzynic from the

leaves; no potassium phos|)hate was added.

1) W. Zaleski and H. Rei.nhardt Biocliem. Zeitschr. Bel 27. 1910.

-) Compare the investigations of A. HAnriEN and W. J. Yohnc. Biocliem. Zeitschr

1911.
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V. Experiment in air free from CO3.

1.200 gr. crude enzyme (alcoholic preparation).

Decrease of glucose from 375 mg. to 340 mg. = 35 rag.

Increase of potash bulbs by CO, production 27 mg.

Increase of organic acid from 1 c.c. to 3.2 c.c. = 2.2 c.c. 0.1 N.

VI. Experiment in iiydrogen atmosphere.

1.200 gr. crude enzyme (alcoholic preparation).

Decrease of glucose from 375 mg. to 343 mg. =^ 32 mg.

Increase of potasli bulbs by CO, production 14 rag.

Increase of organic acid from 1 c.c. to 3.5 c.c. = 2.5 c.c. 0.1 N.

Decomposition of glucose has taken place in all my experiments,

in those in the air, as well as in those in a hydrogen atmosphere,

carbonic acid and oi-ganic acids are always formed, but no alcohol,

an enzyme identical with zymase cannot therefore have acted in this

case, the more so because in the experiments of Kostytschew and

Palladin ') the production of organic acid never occurred at all.

In the anaerobiosis of Agaricinae Kostytschew -) also found production

of CO; without formation of alcohol ; Palladin and Kostytschew ')

pointed out, that in the absence of carbohydrates carbonic acid is

similarly formed by old etiolated shoots of Vicia Faba, but without

alcohol.

Indeed in all these experiments, which were for the most part

conducted with intact parts, killed by freezing, formation of acids

never took place, at least it is never mentioned. Only in the much

discussed experiments of Stokl.\sa c.s. ') is there any question of the

production of acid. In these the press juices of sugar-beet, barley,

peas and lupin seedlings were treated with alcohol and the precipitate

was used for the experimenls. On addition of glucose the latter was

decomposed and there resulted CO, and organic acids, but also alcohol.

The organic acids were cliietly lactic acid, then acetic acid and

formic acid, whereas it will be shown below, that these acids were

absent in my own experiments.

The above described action of the rcspiiatory eir/.ymes of Sauro-

matum seems therefore to be very speciiic and shows much agreement

with the action of the press juice of Arum macnlatum only ; the

considerable foruuition of acid reminds us of the melaholic processes

') Pall/.din lV; Kostytschew. Ber. d. d. bot. Gcs. 1906.

2) Kostytschew. Ber. d. d. bot. Ges. 1907.

•') Palladin & Kostykchew. Ber. d. d. bot. Ges. 1907.

••) J. Stoklasa, Adolk Ernest, Karl Ghocensky. Ber. d. d. bot. Ges. 1997.
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of Funpii in whirli t^o often acids are formed and of tlie nocliirnal

production of acids in Crassnlaceae, in which according to more

recent investigations the formation of acid may be connected with

the decomposition of cai-bohydrates ';. The question now is, what

acids are formed in the decomposition of ghieose by the enzyme of

Sauromatiim venosnm 'r

The qiiaiitily of ii(iuitl which was not reipiired for the other

experiments was evaporated, extracted with etiier and tlie ethereal

extract used for further investigations. Tlie small quantity avaiU\ble

was not sulTficient for macrochemical investigation, I therefore

made the analysis in about the same way as that described by

H. Behrkxs ").

The ether was distilled off and water added. First of all I tried,

whether the acid was volatile with steam, this turned out not to be

the case, only a minute quantity passed over, too small for further

investigation. Moreover the liquid had already boiled for a few
minutes as described above, and the odour then indicated traces of

butyric acid.

The acid reaction is therefore not caused by formic, acetic or

propionic acid, nor by higher f;xtty acids.

By sublimation on a microscopic slide a subhmate was only obtained

at a fairly high temperature, when the substance was coloured brown.

The sublimate was not crystalline even when breathed on, so that it

cannot be oxalic or succinic acid. The test with lead acetate for

malonic acid yielded an equally negative result.

On the other hand the aqueous solution gave distiiunly Bkrg's

test ";> i. e. a yellow colouration with a solution of two drops FeCl,
45° B and two drops HCl 22° B in 100 c.c. water. This reaction is

peculiar to organic acids with one or more CHOH groups, oxyacids

therefore of which the best known are lactic, tartaric, malic and
citric acid.

The test for cobaltolead lactate as well as for potassium and
silverbitartrate gave a negative result, the two first mentioned acids

are absent. On tli(> oIIk^:- hand, testing with AgNO., , there was proof

of the jiresencc of cilric acid, as shown bv the crvstals of silver

1) Hugo de Vries. Verb. Konink Akail. v. Wet. 1884.

G. Kr.ws. Abhandl. naturf. Ges. Halle 1884.

0. Warburg. Unters. bot. Inst. Tubingen 1886.

A. Mayer. Landw. Versuchsst. 1887.

K. Puriewitsch. Bot. Centr. 1894.

-) U. Behrens. Anl. ziir mikrochem. Analyse 4e Heft 1S97.

^) Bekg el Gerber. Bull. soc. chim. 1896.
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citrate (see Behkens). CitraconJL- acid must tiierefore be present in

the sublimate and after adding NH,, evaporating and redissolving in

water, crystals of" the thallous salt of citraconic acid were actually

obtained on adding thallous nitrate.

Once I obtained crystals of silver malate, after the addition of

AgNOj, it might therefore be possible, that malic acid wtis here

formed as well as citric acid.

Both acids are known to be final or intermediate products in the

decomposition of sugar, I have already mentioned malic acid ') in

this coimexion and Wehmer') has shown that Citromyces spec,

Penicillium luteum and Mucor pyriformis, when grown in sugar

solutions 'produce citric acid; this acid also frequently occurs in

Phanerogams (comp. Czapek. Biochemie der Pflanzen).

Whether in addition to citric and perhaps malic acid, other less

known acids are also formed by the enzyme in the decomposition

of glucose is of course still an open question.

If we calculate the quantities of acid found as citric acid

[C\H,OH(C00H);+H,O, mol. weight 210] we find:

I experim. for 77 mg. glucose 34 mg. CO^ and 63 mg. citric acid

n „ „ 240 „ „ 140 „ „ „ 175 „

V „ „ 35 „ ,, 27 „ „ „ 15.5,,

VI „ „ 32 „ „ 14 „ „ „ 17.5 „

It is my intention by using more material to determine the quantity

of citric acid formed, for only then can it be asceilained whether

the decomposition of sugar to CO^ and citric acid is complete. It

seems natural at the same time to investigate what enzymes are

present in the crude enzyme, whether ox^-gen is absorbed in the

process and how the object beliaves after freezing by Palladin's

method, questions which the method explained above leaves un-

answered.

The results of liiis iuvestigalion can be summarised as follows.

By pressing out and precipilaling the picss juice with alcohol or

acetone, tiiei'e can be obtained IVom the spadix o!' Sauronialum

venosura Schott. a crude enzyme, that decomposes glucose willi the

') A prcleminary experiment was cariied out in onJer to oblaiti froni the leaves

of Echevcria spec, in the same way as here from Sauromatum a criule enzyme

that produced COj and malic acid from glucose, but with negative result.

The malic acid of Crassulaceae, which has been investigated by J. H. Aberson

(Bcr. chcin. Ges. 1898) yields in sublimation little or no fumaric and maleic acid,

but gives an amorphous silver salt.

sj G. Wehmer. Ber. d.d. bot. Ges. 1893.
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formation of Ciirboiiic and organic acids, but witliout anv ])rodnction

of alcoiiol neither in the air nor in a hydrogen atinospliere.

Destruction of the cellular structure and treatment with alcohol

or acetone do not therefore iiiacti\'ate the respiratory enzymes in

the present case, their power of decomposing sugar remains verj'

marked.

In the same way a crude enzyme is obtained from tlie lea\es of

Sauromatum, which is similar, hut lias a weaker action.

In the etlier extract of the acid liquid citric acid was demonstrated,

which acid very probably must be formed by the respiratory enzymes

at the expense of the glucose.

Aniersfoort, September 1911.

Zoology. — " Ph'is/ophorit giijiniti'.i Tlu'lohan a parasih' of Crenila-

hrus melops." By N. H. Swellexgrebel. (Communicated by

Prof. Max Weber.)

(Communicaled in the meeting of September 30, 1911).

Among the neosporidia tiie microsporidia distinguish themselves

by their spores, which are smaller than those of the allied myxo-

sporidia and do not possess such distinct polar capsule and polar

filament as the spores of the latter group.

According to Minchin (1903) the microsporidia are divided into:

1. Polysporogenea ; the trophozoite (i. e. the vegetative generation")

forms many pansporoblasts, each of which contains many spores.

2. Oli(/osporo</t'nea ; the trophozoite transforms itself entirely or

partly into one single pansporoblast. Each pansporoblast contains 4,

8 or many spores.

The parasite that I wish specially to describe here has the following

life-history. Trophozoites with one or more nuclei are found in

the connective tissue of the skin and in the mesenterium of Creni-

labnis melops. After encystment the trophozoites form by successive

division an unequal number of sporoblasts, each containing two
nuclei. These sporoblasts become spores by Ihe formation of a

thick membrane. The spores have one or two nuclei, whilst there is

nothing that points to the existence of a polar capsule with polar

filament.

Thet.ohan (1895) described a microsporidium, Ghujea gigantea,

found in the abdomen of Cnniilahvus me/ops. He has not been able

to investigate the development of this parasite, but only states that
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by none of the expedients known the polar filament could he indicated

in the spores. It is diflicult to decide whether the parasite described

here is the same as that of Thei.ohan, but as in neither of them a

polar capsule is found, and tliev have the same host, in whom,
according to Aierbach, (1910) no other niicrosporidium lives, it is

very likely that these two parasites are identical. The microsporidium that

I intend to describe here is however no Glugea, because the trophozoite

is directly transformed into a pansporoblast, and produces an unequal

number of spores, consequently it belongs to the genus Pleistoplwra

and I propose to call it Pkistophora gigantea. If P. gigantea is

identical with Glugea gigantea then the latter name must be dropped,

if not, the two names continue to exist beside each other. It will

however be hardly possible to decide if this identity exists or not.

For this Thelohan's description is too incomplete.

2. Material ami metliods.

The different stages of the development of P. gigantea were found

in a big tumour, situated at the ventral side of the head and the

thorax of Crenilabrus melops. The tumour extended from the posterior

margin of the gills along the pectoral tins to the ventral fin. The

tumour was caused by hypertrophy of the connective tissue ; it did not

show any inclination to infiltration, neither the gills and the organs

of mouth and thorax, nor the parts of the skeleton were effected by

it, it was a pure outgrowth of the skin. The tumour was so heavy

as to deprive the fish of its hydrostatic equilibrium.

Portions of the periphery and the centre of the tumour were fixed

Fig. 2.
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ill corrosive ulcolinl of Sihmdinn; wasiicd in walcr. alcolin! ami

iodine, iianloiioi-l in alisohite aicoiioi, mouiiU'd in |iarat'linc, and i-nt

into sections of .'5—5 it, w liicli w lie re coloured willi liaeniatoxyline

of Ehki.ich, Dklakikld or Hkidknhain or witli Gikmsa's solulion. In

Older 111 discover polar filaments living spores were examined. With

none of llie reagents used (caustic soda and potasli, sulpluiric-acid,

liydrocliloric acid, nitric-acid, niethvl-alcohol, ether, iodine, distilled

\vater\ was it possible to demonstrate a |iolar tikunent.

3. y/ii' Hfi'-lustorji of Ph'istopliora (//</antea.

The youngest stages of the development of the parasite thai I

could discover, are uni- or multi-nucleate cells 9.8—11. 2 it long

and 4.6—6.3 ii broad, situated between the connective tissue of

the tumour tig. 1). Probably these cells multiply by schizogonv,

it seems at least that stages as those of tig. J point to this fact

:

they are each surrounded by a thin membrane. These cells represent

evidently the vegetative stages of the development, they are the

trophozoites. In the lieginning these cells are quite diflusedly spread

between the fibrils of the cellular-tissue. Afterwards thev unite into

smaller or larger groups (fig. 2) and surround themselves at last

with a membrane, which, though very thin, is after all thicker than

that of the separate individuals.

Fig. 3.

Ill the individuals tiiat have united into groups and are surrounded

y a cysi-wall ;;ihc pansporoblasts! the nuclei range themselves

26
Proceedings Royal Acad. Amsterdam. Vol. XIV,
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into groups of two miclei. Tliis is occasioned l»j the division

of tlie nuclei whilst the daughter nuclei continue to lie against

each other. The encysted individuals are now divided into a

number of smaller cells (tig. 4— 5) containing each two nuclei

lying close together. The formation of these cells does not take place

bv schizogony of the originally encysted individuals, they separate,

by the formation of buds, repeatedly part of their protoplasma from

Fig. 6.
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ilie uiollicr i-ell, and willi il at the same time one ol" tlie groups of

two nuclei.

The cysts Ibrmed in tliis way containing the hi-nncleate sporo-

blasts are of very different sizes. The smallest have a diameter of

11—49 ;i, the largest which usually contain only ripe spores and

show only at tlie periphery a layer of sporoblasts (fig. 6 represents

part of the periphery of such a cyst), can become 0.49 by 0.36 mm.
to 1.44 In 3.82 mm. and even reach still larger dimensions.

By the formation of a thick cyst-wall the sporoblasts, i.e. the round

hi-inicleate cells change into the real spores, which have also

two nuclei. Besides the bi-nucleate spores some are found with

a single large nucleus, so that it is prfibable that the latter

is formed by the fusion of the two sporoblast-nuclei. If this

were the case, then we should have to regard this phenomenon

Fis. 7.

as an autogaiuy. The spores are 5—6 .u long and 4—5 ft broad.

l>esides the single or double nucleus no other organs as polar capsules

and the like are to be observed in the plasma ; in and beside the

nucleus however sometimes chromatoid granules are found, which

show in tiieir microchemical reactions distinct affinity to volutine.

As 1 remarked before the spores formed in this way are united

into smaller or larger cysts. Besides tliese however spores are found

that are diffuscdly spread between the connective tissue. It is likely

that these spores originate in trophozoites that were not united

into groups and surrounded by a cysl-wall. As I ha\e however

never been able to observe the formation of these difl'usedly spread

spores in particulars, 1 cannot decide with certainty on this point.

The reaction of the host's tissue against the parasitic invasion is

26*
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very different. Small isolated individuals containing few nuclei are

sometimes found surrounded by thick layers of multinucleate connective

tissue. Round larger aggregations of multinucleate trophozoites only

an insignilicant growth of connective tissue is to be observed, and round

the larger cysts the connective tissue is paucinucleate. On the

spots where spores are diflusedly spread between the connective

tissue frequently multinucleate giant-cells are i'ound. They contain

2- -15 nuclei and obtain a dimension of 28—43 (i.

Sometimes a large cyst is found surrounded by many smaller

cysts; this phenomenon is most likely to be regarded as a secondary

infection, of which the large cyst is the primary seat.

It is a pleasant duty for me to pay my sincere thanks to Dr. Kerbekt,

Director of the "Kon. Zool. Gen. "A'atura Artis Magistra", for his

kindness of placing the material for this investigation at my disposal.

EXPLANATION OF THE FIGURES.

Fig. 1. Trophozoites in diffased infiltration (nuclei of connective tissue between the

parasites).

Fig. i. The trophozoites unite into small aggregations.

Fig. 3. Encystment of small aggregations of trophozoiles.

Fig. 4. Pansporoblasts divide into sporoblasts.

Fig. 5. Small cysts with sporoblasts, pansporoblasts and spores.

Fig. 6. Periphery of a large cyst with sporoblasts and spores (in figs, a and 6

only the circumferences of the spores are sketched).

Fig. 7. Ripe spores.

The figures liave been drawn with Zeiss's camera : fig. 1—C with oil

immersion 2 m.m. ocul. 4 ; fig. 7 with ocul. 18.
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Geology. — "On pi'ciiJiur sicrc xti'iuiuri'.'< in ii/jiroits rarl-s, rich in

alcalies" . By Dr. H. A. Hrouwek. (Comiiiimioated liy Prof.

G. A. ¥. Moi.engraakk).

(Communicated in the meeting of September 30, 1911).

Tlie following j)oicilitic striu'tures, occiirring in iicplieliiie-syeiiilir

rocks from the Pilandsbergen (Transvaal), are \ery instrnctive with

regard to the insight whifii they allow into the order of succession

of the crystallizations in magma's which are ricli in alcalies.

1. Jnteiyrvivt/is of dark tuinerals ivitli felspars

find /('Ispiitoiils.

A tardy crystallisation of the alcalipyroxenes and alcaliamphiboles

is known in alcaligranites, alcalisyenites and nephelinesyenites.

Sieve structures in which the crystals of the dark minerals are

ramificated between the colourless ones are found e.g. in the paisa-

nites and the alcaligraniteporphyries from Zinder (Sokota) '). This

structure is \ery common in rocks from the Pilandsbergen and is

beautifully developed in aegirineamphibolebiotitenephelinesyenite-

porphyries from Wijdhoek (701), in which principally the alcali-

aniphibole is ramificated in skeletons of equal optical orientation

between the elements of the groundmass : nepheline, sodalite, felspar,

biotite, fluorspar, iron compounds and traces of apatite "). 3Iacros-

copically those crystals are visible as rouiKl spots of a few m.M. in

diameter contrasting with a grey, medium- to finegrained "ground-

mass". The larger crystals of biotite and aegirine, wdiicli are very

subordinate, show the same poiciiitic structure. The biotite also

occurs in small crystals in the groundmass, whilst the pyro.\ene,

amphibole, and larger crystals of felspatoids are only ci-ystallized

after the colourless minerals.

The same sieve structures enclosing the colourless minerals, arc

found in crystals of molengraalHile and astrophyllile.

In lavenitebeai'ing lujauritcporphyries from Wijdhoek (701), the

larger crystals of molengraaflite and aegirine arc speckled with small

crystals of nepheline'), whilsl Ihe felsparcrystals are coni|)letely free

from inclusions.

1) A. Lacroix. ''Siu' lus niiei'ograniles alculins ilu lerritiiiie ile Zinder." (J. R.

Ac. des Sciences, t. CXL, 1905 p. 22..

-) See PI. iV, fig. 1 and 2 iu H. A. Brouvvek. 'Oorspiong en saniensteliing der

Transvaalsche nepliclicnsyenielen." Tlie Mague. Moiiton and Co. I'JIO.

1) See^ibid. fig. 9, p. 158.
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Poicilitii' intergrowths of astrophyllite with felspatoids occur in

atijaceiit astrophvlliteliijaurites, where numerous idioniorphic pseuflo-

niorphoses of zeolites and anaicime after nepheline, and also aegirine

are enclosed by large crystals of astrophvllite. In the lujauriteporpliyries

from Wijdhoek (701) which are rich in pectolite, strongly pleochroic

crystals of eucolite iioiciliticaily enclose nepheline and sodalite, whereas

sometimes they are intersected b}' lath-shaped felspars as is found

to occur with the augites of the diabases.

2. MnttKil intei-iiroii'ths of felspars and felspaloids.

Ill the aegirineamphibolebiotitenephelinesyeniteporphyries mentioned

snb I, we find besides the interlaced crystals of the dark minerals,

numerous large crystals of idioniorphic nepheline, which only between

crossed nicols contrast with the linegrained mixture. Sometimes

this nepheline is free from inclusions, sometimes it is tilled with

short laths of felspar. Some of the crystals of nepheline are enclosed

by an amphibole skeleton and themselves enclose numerous small

crystals of fels|iar and biotite. All transitions from nepheline free

from felspar to nepheline rich in felspar can be seen; in an inter-

mediate form the inclusions arc limited to tiie marginal parts of the

crystal.

Consequently in this rock real phenocrysts of nepheline must have

been crystallized iiefore the finegrained mixture was formed.

In a lesser degree the enclosing of felspatoids by felspars, and the

crystallization of nepheline with angular forms in the spaces between

the felspars, is a common phenomenon in the rocks of this region.

In these rocks also occur large felspatoid crystals, enclosing the

smaller ones.

Macroscopically the i't)ck is uicdiMnigraiiied with liglitgreen felspars

and lightbrown nepheline; aegirine is very subordinate. Under the

microscope we see the peculiar structure between crossed nicols : the

crystals of idioniorphic nepheline and sodalite which arc xcvy abundant,

the micr()|)erlhitic felspar, and the aegirine enclose inininierahle small

idiomorphic and rounded crystals of nepheline (and sodalite): the

crystals which arc I'ich in inclusions are reduced lo skelclons. The

felspatoids arc parti\ (Iccnuiposcd Id cancriuilc ; we lind c()ui|)Icte

pseiulomor|)hoses, with the I'lirni dl' the original crystal, which consist

of one crystal nf cainTiniti' willi si(<\e sliMictiirc. ll is intcresliMg

that the enclosed sinnll cryslals (if I'clspaliMfis arc not altered at all;

there uiiisl Ik; a cause why llicy could resist tlu> ('(), ln>aring

agencies, may hi' as a I'csull of chaiii^cd cliciiiical <'oiupositi()u of tiic

magma durini'- the cr\slallizalioii.
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3. hifertp'OirfJis of otiier mini'rnls.

In astrophyllitelnjaurites we mentioned the poicilitic intergrowfh

of astrophyllite witli felspatoids. In schistose lujaurites from Tiisschen-

komst (3311 which are very ricli in aegirine, crystals of astrophyllite

which are allotriomorpliic with regard to felspars and felspatoids,

enclose innumerable needles of aegirine with different orientation

:

the aegirine can fill np more than lialf of the crystal.

Thus in these rocks astropliyllite is the latest product of crystal-

lization, wjiereas it is one of tiie first crystallized minerals in aegirine-

amphibolefoyaites from Wijdhoek (701), where its idiomorphic

crystals lie scattered in the other minerals. The eucolite mineral

which is strongly altered to catapleite, is iiliomorpliic in these rocks,

whereas in a lujaurite from Kruidfontein (649) it is allotriomorphic

with regard to felspars and felspatoids, and encloses innumerable

small crystals of aegirine.

In this rock eucolite is the latest product of crystallization just

as in the astrophyllitebearing aegirineamphibolefoyaites from Wind-

hoek (701), where it has been formed simultaneously with aegirine-

spherolites, which are younger than all other minerals.

In the molengraafTitebearing lujaurites from the southwestern part

of Wijdhoek (701), crystals of a pectolite mineral occur, which are

crystallized in angular forms between the other minerals, and enclose

numerous needles of aegirine. Between crossed nicols the aegirine

contrasts against a strongly birefringent back-ground showing equal

optical orientation over a large distance whereas the connection

between different parts of one single crystal is often Oroken.

In a lujauritepor[ihyry from Wijdhoek i701) which is rich in pectolite,

this mineral is either jammed in angular form between the other

minerals, or it encloses poicilitically the felspatoids and aegirine of

the groundmass, whilst lath-shaped felspars occur in them with

idiomorphic forms. Especially with the felspatoids it is often interlaced

with sieve structure. In the same rock both the felspatoids are en-

closed by eucolite, and tiie sodalite principally is enclosed by the felspars.

The crystallization of the pectolite already belongs to the pneu-

matolytic period in wliicii the material for the growth of the minerals

was partly given l)y reabsoiplion of these minerals which had been

crystallized previously. According to this we see it accompanied by

abnormal aualcime, spherical aegirine, albite and fluorspar.

All that has been said above, tends to prove tliat the order of

succession of the crystallization is not constant in these rocks, and
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gives an illustration of the strong Force of t-rvstailization of some

minerals under certain circumstances, wliicli enables tliem to crystal-

lize in large crystals still in a nearly comjiletely solidified magma.

For the development of large crystals, the circumstances must have

been most favourable shortly before the end of the crystallization,

because the same minerals wei'e often already formed in small crystals

before. Further the richness in jjueumatolytical and thermal minerals

is characteristic for all the rocks of this region; according to this the

loss on ignition is always very considerable.

Probably under certain detinite pressures and temperatuix'S tlie

above described structures can be formed in magma's which, in conse-

quence of their richness in pneumatolytical gases, are very fluid,

whilst the changes in the succession of crystallization are |irincipally

determined by the ciiemical composition of the magma.

Iji connection with tliis, we find tiiat in. rocks I'icli in nt'|iheline,

altiiough they may have widely different structures, neplieline is

constantly the lirst mineral to crystallize, whereas in rocks |)Oorer in

nepheline this mineral has ciystallized after the felspars. This we
see as well in rocks in which the felspar encloses the nepheline, as

in rocks in which the nepheline encloses the felspar. In lujaurite-

porphyries from Wijdlioek (701) the fels[)ars enclose numerous needles

of aegirine, wliilst the felspatoids contain those sometimes, but only

in the marginal zone. After the crystallization of the larger felspatoids,

a mosaic of small idiomorphic crystals of felspatoids was formed,

still later the crystals of molengraaffite and aegirine enclosing the

small felspatoids poicilitically.

These rocks are relatively rich in neplieline; after a period of

crystallization of larger crystals of felspatoids followed the crystalli-

zation of the larger felspars and small needles of aegirine, while

the crystals of felspatoids grew on slowly. Then the principal part

of the felspatoids crystallized as a mosaic, prolialily under suildeidy

changed conditions, and at last the larger pei-foiatcd crystals of aegirine

and molengraaffite vvei'e formed.

In the aegirineain|)liib()iebi{ilil(Mieph('linesyeniteporphyries which are

rich in nepheline and pdiir in dark minerals, a period of crystallization

(if l('ls|)atoids IVee IV(ini inclusinus, and of some felspar was followed

by the crystallizalion of small sliorl I'eisparlalhs and souic biotile,

w hilc the larger crystals of ne|)lielin(' grew on siniullaneously
;

smaller crxslals of lliis iatlcr mineral were not fornicd, which is

evident iVoui llic (icciirrencc of perforated ci'ystals of ne|iheline

englobing llie felspars only. The iuelusions are t)ften limited to their

marginal />one. The amphil)oles and pj ro.\enes have been formed
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()iil\ ill larue crvstals, and cxt'hisively after the colourless minerals.

Ill tlic aesiiineneplicliiiesyeniteporpliyries from Olivenfontein (145),

wliicji are verv ricii in neplieline, the llist crystallized mineral is

the apatite; it was followed by small crystals of neplieline and

sodalite, still later hy larger crystals of perforated neplieline, sodalite

and felspar, simultaneously with the enclosed small needles of

aegirine : finally the ]ierforated aegirines could still be formed in

large crystals.

On account of liie tardy crystallization of the larger crystals the

order of succession of the crystallizations can be studied more easily

in these rocks than in their normalgrained equivalents.

The sieve structures described above, can be distinguished from

those of the contactrocks and crystalline schists by the occurrence

of exclusively idiomorjihic or rounded inclusions, according to their

relative age. Krom the real plienociysts of the porphyric rocks the

larger crystals here described dilfer in this respect that the inclusions

are not ranged after the laws of crystallization of the enclosing

crystal.

As the perforated crystals usually show a perfectly idiomornliic form,

we see tiiat the rule according to which the relative age of the

crystals in igneous rocks is proportional to their idiomorphism, does

not hold good here.

Mathematics. — "An I'.vtension of l/w inti'i/ml i/worem o/Fovriym."

By Mr. J. Drostk. (Communicated by Prof. J. C. Kllvver).

(Communicated in the meeting of September 30, 1911).

As is known, fur an extensive class of functions /[.r] the e(piation

becomes an identity in ./•, if we put /t^ — a^cc and \p[.c,i/,(t)=
=: cos ttU— I/] ; in this way we liiid ihe integral theorem of Foirikr

which can be regarded as a limiting case of the series of Kourikr.

Ill llie theory of the integral e(|uations Hii.hkkt and Schmidt have

proved developments in series of which those of Foukikh are special

Ciises. The following is a theorem which is in such a manner an

extension of the integral iheoreiii nf Foiuikk.

Let A'(.r.y^ be a conliiiiKius syinnieli-ical kernel. 7 j .c, . . . ,ff ,{!'), . . .

a complete syslciii o{' ndiinali/.cd nriiid^^diial I'linctions of that kernel

and belonging to the limits of integralion <i and A, and >.,,...,;..„...

the corresiionding roots ("Eigenwcrte").
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As

we find

5, '/ v(.i') f/:v(,v)

v=l J v=l >

and tliere is with given .v and positive e sucli a number lliat for

n greater tlian that number and a<y<b we have

'/v(*-)Vv(;'/)|

h-
<^

If q ^ 0, then as a matter of course

n-\-m

V
Uvl'-'+'Z

<^

liet rf>0 and //(^^) be such a function of «, that for ((>0 we have

.^7(«)

besides

then we find

j

;/(«)] < M aud

p7(»)

«l+°
<iV,

da^A;

<N
l+c

and consequently the series

;.vP+'/
t|, (.«, .V, fO = ^^

Yv(.'') ^/v(,'/)—,^7T7^ I

;.vi
(-+'/'<'"

v=i An^-t"

converges absolutely and for constant ,/; uniforudy in (//, <(). So if

/'(y) is a continuous function of y and if /»/>(). ive find:

„ a

and llici'cfore

m h h

dtt
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if liotli sums appearing liere converge. If we put

«

we timl

m

( _^_^ ;...;^+?

Ml

Let /y now be an integer, salistying the condition

1 +C2^,;)rf</><(2 + ,;)rf+2 (2)

We tiiici liien, it'

/•(.r) = \K<.p\.v.,^j) h(n) Jji

tt

and hi!/] is coutinuous.

/, ', b

i'l v(.'/) ./I") '/,'/ = JY v(.'/) '/,'/ ( /v ''
(,'/ ^) l>(i) dl

a n a

b b b

= {Hi) Ai) j
A"'' (.'/,^) 'fA.'f) </'/ = .- JHi) '/-{i) 'li

rl (I a

anil so the ^ei'ond nieMd)er of (1) is ecpial or smaller than

c". 4

'I'lie sum a|i|i(\iriui; here converges accoi'ding \o § 2 of Schmidt's

paper on integral eipialion^ in tiie Math. Ann. \(il. iVA. wlnlst from

the given suppositions about /(//) follows thai the sum in the first

member of (1) is ei[nal to /'(''•)• I'l^i" /"" '" = 3c follows therefore

out of (1)



( :w() )

z idai\^ix,y,fi,\.c)— Ida jm.v,y, ft) An) dy (3)

n

From (2) follows that the smallest value of p is two. If we fake

e.g. q=zO, (i=\,(j{u)=:sin^it, then 1/^1, ]Sf<i\/jt and

/sin- a

If therefore f{x) is a continuous function in .r, for which the

integral equation of the first kind

h

f{£) = ^K''X){x,y) h{y) d;.

lias a continuous solution hiy), then (3) holds if we put

If however we put q =i 0, 6= I, (j (a) = .sin" a, then il/^^V=:l

and

and therefore

2 « 1

1}) = — 2? ;.-/'/v(.'')Yv (,'/) — «" w>-/).
-T v=i tr

whilst p = 3.

It is easy to see that after a choice of q and rf we can always

suffice i)y taking

1+!

,/ (a) = («•/«'«) 2
,

or also, if / is an integer and

1 + rf ^ / < 2 + ff,

il{(() = sin'' <t.

Another exam|)le is

2 - 'fA-^)'iA.v)

which is I' d for y = and d =:: 1, il' we lake
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Mathematics. — "Homoyeneous linear differential equation oforder

tiro with (jiren relaticn hetireen tiro particular integrals"

.

^1" Comiiuniicatioii;. l!_v ,M. .1. van L'vkn. (Coiuiiiuiiicatcd by

Prof. W. IvAPTKYN.)

(Communicated in liic meeting of Seplemlicr 30, 1911).

We cdiisidiM' the luiningeneoiis linear (litlereiitiivl equation ofoi'der two

d'.v dx

^ir + ''^'^^ '-'^^'''=^' (^)

If \vc replace tlie iiidcpendeiit \aiiable t iiy an other 7'conneeted

with / by llie rehilioii

T=f(t] (1)

then on aeeount of the tbrnuilae

dx __d.r, dj (/-,!• d-.c (dfX- dx d\f

dt~'d2''dt ' ~df-~dT-''\dt J '^dl' ''di^

the ditfereiitial equation (^-1) passes into

d\v r+pt'dx
,

,;

when we init - = r ana — , = ; .
'

dt di-

The new coellicients are therefore

If we nut

we have

df^^ ' ;^ = ^'

d(2 dt ^\^ ,IQ ^ >/;~2qf "
_

dt
' dT f dt /"•

/

Q+2PQ _ q'+ 2pq _^
3^ — a —^ y-^)

Q- g^

The diiferential form / remains tlierefore invariant when one

independent invariable passes into the other.

and

so that
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Oul uf the .secuiul e(iuatiuii (2) we still liinl

f dl

or

\/Q . dT T=\/q.dt = dT (4)

The function t remains likewise invariant for tlie above mentioned

transformation apart from an irrele\ant additive constant.

The form / written as function of r has thei-efore the form wiiich

is indei»endent of the chosen independent variable ; it will therefore

be characteristic for the connection existing- between two particular

integrals.

All functions built up exclusively of / and t or deduced from

dl dU r
these, as — ,— ,-, I /rfr, etc. will be equally proot aoainst trans-

dr (7r' J
formation of the independent \ ariable.

If we now choose r as independent variable then according to

(4) /' := I '/, hence according to (2) Q = l and in consequence of

(3) /= 2/^, hence P^^hl. The differential eijuation {A) assumes

in this way the following standard form :

d\v lit) dx

dx-^ 2 dr^ '

As in this equation only / and t appear, all invariant functions

(built up evidently oul of the coefficients and the independent variable)

can be expressed in / and r.

Let us now consider the so-called canonical form of the differen-

<;,<

tial equation, i.e. the form in which the coeflicient of — is zero:
^

dt

(If
J

we then notice that out of (2) ensues

and

--^^ 1 = K J or <//, =11'-' d.

dt
(')

7,-7" (6)

The expi'essions (5) and ((J; for (//, ,\\n\ </, will be characteristic

for llie connection existing between the particulai- integrals and will

therefore be invariant, that is
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-Ij'dT —I Hi
ilT = e

and

2
I
PdT 2

I

pdt

Let lis moreover still slinw this.

d'T dT

de ^ ^ dt ,^,PdT = dr —

\dt)

d /dt\ dtl „„ \d7 J

dt\^lT)^^dT\ dl
'

dt \

df)

dr
iT

dt^ — d loq r pdt.

Furthermore we have

whilst

-J''"'^d^-J'"'
dT

'

i I'dT —i pdt

^ dT—e ^

=[dT)
'

fdty ^ Q_

ydTJ 1
'

dt.

pdt

SO that

q,

li PdT -2^pdt

= qe

To set (//, and (/, expressed in / and t we ha\e but to

start from the standard form {B), i. e. io imt in [5] and (ti)

p = — , (^ = 1, (// =r (/t. So we find

Jr.

dr. =

'ii=«

(7)
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Inslcad lit' / ami r we might luivc taken >/, ami /, as standard

fmietioiis. We tiiid the expressions for / and r in (/, and /j most

easily out of (3) and (4). These expressions fniMiish

dT=]/q,.dt^ (9)

'='"^t ""'

If we now start from the diflerentiai equation given in the general

form (/I) iheu the definition of / as function of t does not make an

integration necessar^ , whilst to gel t as function of / we have

hut to integrate once. The formation of / as function of t ii)y oliiua-

iiatiiin of requires therefore but otn' integration.

Tlie construction of q^ as function of t, recpiires on the contraiv

(see (5) and (6)) two integrations. It will therefore be in general

easier to find /(t) than jiC^J.

Let us now suppose a relation between two particular integrals,

we can then make it our task to find the form of Pj) or of q^{i,)-

It will then often be easier to deternjine j(t) than q^iti). Hence we

shall work in manv cases with the standard form (/>*). Hut also the

canonical form will often be able to serve us by its greater conciseness.

We shall now suppose the connection between two particular

integrals .r{i) and //(/) of (.4) to be given in one of the tVvo forms :

.'/ = '/('•) (11)

or

F{.r.,,)=() (12)

The lattei' equation will serve in particular as basis when F [-r, //) =:

is an ah/i'hntica/ ecpiation of order n. In this case we shall make it

homogeneous by introducing the factor of homogeneity c (where after

the operations have been performed c is put equal to i) and we

<liall then write it

/'^ (,,,,/, ~) = (l:^)

Our first work is to express the fuiirlidus / and r/, in one of the

twii integrals, e. g. .v. We commence with equation ri'J) and we

introduce the following abridgments :

d(( d^q d,v
,
d'x

,1
dy

,
d^y

^,
dq^

^

d^
~

''"''
dx'
~ ''"''""

' (^7
~ '^

'^ " ''
' 5i^ ~ •''

'
rf«7

~~ ^ ' dt^~'^' ^
'"'

dx d'x d'l d-y dl

^ ~ ''^
' -77-

~"'
' dT~'' ' >h'~ "' d^^

The two funclioiis ,/•(/,) and //7,) satisfy the dillcrential equation

which we shall write in the canonical foi'm :
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-"" + 71 ' = <•
• • (('i)

/4-'/i.v = 0. . . . . . . . . (Q
I'^roiu ihis ensues

>/" .V ,r'' (/;=()

or

//',(; — X ij ^ c (14)

If we hike ./ an<l // to l»e (rectangular) coordinates then (11)

represents a certain curve. To eacii point of this curve belongs a

certain -r, hence a cerlain /,. If we now consider the radius vector

connecting a point of the curve with tlie origin O, ilien it will

describe an area whilst describing the curve of wliicli the elenient

(IS is equal to i {-v (/>/ — if dv). So for equation i 14 we can write:

dS
2 = (.'

.ft.

or

2
-•^ (IS)

when the constant of inlegralion is put equal to zero in connection

with the choice of the direction zero of the radius vector.

The equation (15) now expresses that the. canonical variable t^ w
proportional to the area descriheil hj the radivs vector out of 0.

If we keep in mind that

//=:./,,// , ii'
= (l,,y' -\^ <!_,.,.r'-,

we then iiave according to (14)

{,:,,— ,,),—,, (K!)

whilst from (C'J ensues

'Ixx" + r/ .„.«'» -^ q^(i
— 0.

Elimination of ./" witli the aid of (Ci) furnishes then

•'"- -^^^- 7: . (17)
'fxx

\\\ eliminating ,/' out of (16) and (17) we tinallv arri\e at

7.=, ---., (18)

Kor r//, we lind the exjiression

1

'II.
.

('•7.-7 )'/•'•- (19)

from w liii-li we conclude {hix{ the (lij/','i'eiitial eqaalioa [(') can be solved

by one sinf/le quadrature as soon tfs is kiioion lohich connection there

is hetireen lirn p,irticiihir iiile,jriils.

27

I'rocfuiliii'iS f'lOyal Acad. ALiisteniiun. Vol. XIV.
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We shall now liiid ih aiul / as t'liiictioMS of x.

Out of (9) follows

, ffix'
az z= c — (.P'/x—/) dx — d.v . \/ '

«'fx—'l

or, if we pnl

—'^^^ = »!'(.<•) C-iO)

X(fx—<1

we tind

,/t =: J/V . */.'• ........ (21)

According to (JO) holds

or on account of ilSi and (19\

2 d fx<i,—t(\ c —2 d
\

, .-1}

c dx\ 1 J .rtf ,- f( .->!(( :r—q d.v
( ]

1 _J^
,/ / _ N 2i(r ^ rf ^ 2i|) 2

d.r\ J .-:'{.,— 'I
d.r •''/—'/x

3 1

hence
t|v-2^'

,
3

' • • • • \ I

or ai-cdidinii' to (20:,

3 1

^^

'/...- ('•7.-—7)-

if now we lake llie e(|ualion /•'i.r.yi^O or /•'(.(,//,:) ^ as

basis of onr considerations, we lind lirsl of all

/•, y -{ /•'„;,' = II.

if we nndersland In o a fnnclidu fnr llic |hvsimiI ikiI closei'

detined (if /, we can |iul

.,;• = ,^,F,,
,

y'=:- y/'.. (24
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Tlie e((iiatinii (14) tells iis llicii

— ,,(/<> 4- /-;,/»/) = (-.

or willi the aid of llie lioiiiogeneoiis equation (13)

thus

and

dx i-Fy

(25)

(26)

,It, = F~d.i
(27)

where the I'actor c has been introduced in tiie denouiinalor for tiie

sake of homogeneity.

Ditferentiation of (26) a(TOrdin,<i' to t^ gives :

F-F,;-FyF:' F,(F^,/+ F,,,,:,•)— F,,{F,,.- -^\-F„,y')

F~' F,'

=^ {F,(F,,F,-F,,FA - F,(F,,F,,-F,,F,)]

= !^, \F,{F,,nF,-F,,,F,) ~ F„(F,-_F,-F,-F,)\.
r -'

By application of the formulae

(n-\)Fr = .r/',,j. + t/Fjf, + Fr, etc.,

„{„—\)F = .v"-F,^r + 2.vyF^,, + n'F,,,, + 2xF,, -f 2,/Fy, + F,, =
the form between [ J

can be reduced to

F,„ F,.„ F,,

^x:, F,,„ F,,

{n-\r-

Lel us put

we then Imd

; F.r.r, F,,, F,,

Fjip F,,ii, Fy. =: //,

F,:, F,,, F,,
I

(«-l)'/V

(28)

27*
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so tlial IVoni {(_') follows

rz'H
'h
= (29)

(w— 1)=F-'

The factor z^ serves to iiiako the order of llie iiuinei-ator equal

to that of the denominator.

We dednce from (9), (27) and [2^1)

3 1

1 cz^^m F-dx
''r = 9.'dt.= ^._

I 1

cli (30)

For / we find

' = -^tI'.

{7i—\)F-JF,,

:

'" ^'^^ '-
o \F,{IFF,-II.,F,) - :iIf(F,J',-F,J-',)] =

w—

1

[F,(II,F,,^H„F,) - 31I(F,,,F,-F,,,F,)],
1 3

or, if we pnt

:

/-': (//. /;,/ -//// /'..) ~y''^ (^''..r F^—F,i, F,) — G,

_(«-!)(?
1 f 3

'

-2/'. 2//

2

(SI)

(32)

where the factor :- taUes care thai the degree of the deiiouiinalor is

as high as that of tiie numerator.

liefore passing (in \n a, disciissi if special e(piations i/=i/{.r) (ir

F{.r,y):={) we wisli Id make a few general (iliservalions.

As the function.'^

I = a.i: -I- ^1/
j

i;
— y.i; 4^ (fy I

salisiV likcwist; llic given dillcrcnlial ciiiialinii, ihc cpialion

h ^ 'I (i)

01-

(WW)
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y.v -f (ftj = 7 («(.(• + .:?//)

will liave to determine tlie same fiinctioiis [{r) and r/i(<,) as// = r/(.r).

Kow tlie curve i/ = ff(.f) undergoes on account of the substitutions

(33) a liomogeneous linear translbruiatidn. where therefore the line at

infinity and the origin I'eniain iu\arialile. It is tliei-efore a matter of

course that the bearing of the curve willi respect lo these einvariant

elements will come i)articularly to the fore. The form of the func-

tions /(r) and (/,(/, 1 will therefore i)e generally governed bv tlie

mutual position of the points of cunlaci nf the tangents out of the

origin. In.deed, we retul from (21): 1. ihal (j^ gets an infinile value

in the points, for which at the sa'ue lime hokls /"^ and /\ ;^ 0,

i. e. in the points of conlacl i)f the tangents out of the origin, 2.

that Yj vani>hes in the points which satisfy at the same timei'^=0

and : ::^i), i.e. in the points lying at infinity whilst 3. //, tends

to zero in the points indicated by F^O and H = 0, i.e. in the

intleetional points. Ecpiation (32) on the other hand shows us

that y becomes infinite in the points lying at infinity, in the points

of contact of the tangents out of the origin and in the intleetional [)oints.

That the jtart played by the |)oints at infinity can be studied more

conveniently out of (2il) and 32i than out of 18) and (23) is one

of the chief reasons why we have included the ecauition i^(.t',//)=:()

in our considerations.

Geology. — "'y^otes uii tin' Sopoetan Moioiddiis in the .Miiiiihus.-iii''

.

(Second part). By Mr. M. Koperbiuu;. (Comiuuidcated by

Prof. C. E. A. WiciiM.vNN).

tCominunlcaled iu the meeting uf Sept. 80, 1911.)

77/(' I'viiption of l9(Hi.

According to the official telegram of the Resident of .Mcnado and

a communication of .Mr. -A. l.iMitrm., the meritorious oUserver of

the seismic phenomena at Tonidhon, both (pioted in the Natunr-

kundig Tijdschrifi voor Xedcrlaudsch-ludit', \ ol. i.XVll, p. 55/58,

the symptoms of new xolcanic acli\ity in the Sopoelan-nutnntains

were first observed on ihc 17''' of .biuc early in the morning, in

the form of a dense column of smoke, afterwards accompanied by

occasional showers of ashes and nnni, among others at Amoerang and

at Tonilano. .\fter information from the natives a new crater had opened

at about 800 M. distance from the Sopoelan-crater, about '/, bomv

i.e. ±1750 IM.' in cxleni. measuring 45 to 50 .M. in width, the

contour taken as a ciicle, i'roni which sand or gril and su)ncs in redhol
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conililinii were ejecleJ to a lieight of alxml IJOO .M, anil in falliiifi-

hat'lc had been ]nled up to a wall around the hole, whicli on the

21*" of June was already about 300 M. wide and 10 M. iiigh.

In July to September the i)lace was occasionally visited by Dr. theol.

S. ScHOCH, then curate of Sonder. An account of one of these visits,

inserted in the weekly paper Tjehaja-Sijanj;- of Sept. 15 1906, published

at Menado in the Malay language, and information kindly forwarded

by Dr. Schoch, enable me to complete those reports, though all the

circumstances are not yet cleared up.

The atrio of the old Rindengan-\olcano to the north of the So|)oetan-

cone was again the scene of the phenomena, Iml whilst in 190J

the activity showed itself at the abrupt end of tlic formerly First

parr p. 230) mentioned hill-range iri'adiaring from Sopoetan Just

where this range is i)reaking otf at the Pentoe, it occurred now in

the upward part of the atrio cut off by this spur into a separate

basin. Tuere two new scoria- or cinder-cones have ai'iseii surrounded

by a field of i)locks, all sketched on the map in the tirst [)art of

these notes (Proceedings of the meeting of .lime 24 p. 222i from

the indications of Mr. Schoch. The height of the north-western cone,

indicated on the map by 4, above the level of the valley is estimated

at about '

, of that of Sopoetan, i.e. at about 150 M., that of the

south-eastern cone at 40 M. and that of the edge of the block-lield

to the side of the Keteng /n-wall at ± 15 M. Xearer to the cone the

block-stream was much thicker. Among the single scoria-flakes some

were seen of dimensions of more than two fathoms (3.5 M.).

In the beginning of -June there was not a vestige of this entire

mass of grit and stones, which may safely be \alued at a \c)lume

of more than ten million cubic meters. It has emerged in the second

half of .lime and in .Inly, and has gradually moved on 'in lln'

shape of a wide black and lOil stream" in the direction of the

solfatai'e of 1901'), wlncli it hail reached alfeady at the time of

Di'. ScHocn's first visit in the midilL' of .bine. Sinee llial time il

seems to have cotne to a stand-still, so that the solfatare itself has not

been covered over. On IS''' of August Mr. Schoch stood there against

"the high separate mass", but the stones were then still so hot and

steamed so \ehemently that he had to abandon every idea of scaling

the talus. Not before September he succeeded in doing so, "after a

iionblcsome ascent, because the stones lay so loose", (bi ilie surface

') ... .laloo (libofong duiigaii ;iajiali ku sabulali liaral laout saiii|)ai kepaiia

,ka\vali jant; muletocs paila taiion IDUl, iiiaka loepanja soeatoe kin-ala liitaiii

,i.lail iiifrali aiiiat li'i)ai' jan^;' krl)aliic halocaii iliiijalaiinia"'. Df. Siiliuiai in 'richaj.i-

Sijang i.e.
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iMr. Sciiocn oI)sei'\e(l o.\teiisi\e furrows in ilit> ilircctiuii nf and

uiidouhtedly caused hij the onward movenieiii, as ii were, a desolate

crag-landscape in niiiiiature. wiiii hills ami valleys directed towards

the solfatare of 1901 ".

In accoidaiii-o with I he \ iew expressed before, (lirst part [lage

226), that the oj)ening tiiroii<5li which such a mass has gradnally been

shoved out, must be located under the highest point, the mass of 190(5

must have taken its point of issue at the cone 4, which is also Mr.

Schoch's final impression, and is clearly indicated by a photograph

of the sidiie- and ^rit-mass sent nie al the lime by .Mr. Schoch and

now in the records of lln' .Menado-exploratioii al Hatavia. The state-

ments of ilie iiaii\('> alford fnrllier al'liruiation thai ihis cone worked

tirsi. Evidently this is the new crater menlioned in llie Resident's

and Mr. Limbvrg's first reports.

In the beginning a real eruption took place on the spot of cone

4 from a new crater, which surrounded itself in a few days with

a wall. l'>nl as early as Jnne 21 the redhol cinder- and grit-mass

showed itself: so at lea-<i 1 thiid< we have lo comment the passus in

the last-menlioned report that ihe crater "seems to consist of two

orifices which will cerlaiidy become one, as between these vents

there is but a redhot mass as separating-wall". Hereat we must

observe that likewise at the Roeang at the verge of the cinder-

mass and of the crater here anil there powerful fumaroles indicate

the e.Kistence of canals or less tightly paclced spols (C'omp. my
quoted repoit. .laarb, v. h. ^lijnwezen J 909 PI. 12).

Whether and in how far llie cone 5 has also conliibuletl \o llie

formation of ihe block-stream cannot lie decided with certainty from

the reports. In ihe middle of .lnl\ and on August 18 Mr. Schoch

found (his cone in strong eruptive action. From a iiole al the soulhern

side of the top redhot stones and Lirit were ejected amidst a column

of fire and a large dense column of smoke, as hiuh as perhaps

100 M. abo\e ihe crater, and fell down on Ihe tianks, so that this

mound became gradually higher. In the nieaiiiime detonations were

heard, as is likewise reported by .Mr. Limiu kc; of the crater that was

first in action: on .\nunsi IS however lliese detonations were con-

siderably less violent than a mouth before. It seems thai previously

the material was ejected from (his crater, or from cone 4, to a greater

distance: Mr. Sciiocn al least found on hi^ relurn, when ascending

not Ketengen bul one of the .Sem|Kie-lops iiself. on the slope (wdiich

on our map niusi be the adjacent hill-spur on ihe east-side) many
obviously new stones. Kvery now and then the activity of cone 5

seemed to shifi. Mr. Schoch repeatedly saw that towards the south,
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i. e. behind the culiiinn of (ire and siuulve, a n(>\v cloud of siiioivc

appeared and stones were tlirowii np, a plienomenoii tlial was, lin\ve\cr,

e\erv time only of short dnration.

The activity of cone 4 was at liiat lime restricted to I lie piishin.n'

out of white and blue smoke at the outside, whilst a noise was

heard "like the rundiliug of near thunder or heavy breakers on a

coral-reef". (The Malay itinerary mentioned above). It was then

comparatively quiet, and it is not to lie wondered that in the

beginning Mr. Schoch regarded not this cone but cone 5 as the

principal seat of the activity and the point of issue of the block-

stream, the more so as the height of this pinnacled mountain, then

sloping down smoothly by being covered with sand and grit, was

over-estimated. l\elating to these facts Mr. Schoch wrote nie moreover;

"By the violent winds in August and September hovvevei all the

"sand and grit was blown away and only the naked blocks of rock

"were left, so that it had the appearance of a high benteng. That

"it was higher in September than in August was an optical delusion

"caused by the greater serenity of the atmosphere in Septend)er, and

"because I was then in the immediale viciiuty". < )u all sides dense

clouds of smoke escaped then from this skeleton of blocks, whilst

the stones taken from the slope were still very hot. done 5 on tiie

contrary was entirely extinguished; the bottom of its funnel-shaped

crater was "perfectly dry, sandy and without any smoke". Its

activity, however important and imposing it may have been, has

consequently only been a transitory e|)isode of the complex, of phe-

nomena of jyut'.

It would certaiidy be remarkable if the masses of blocks and grit

had emerged from two separate crater-vents and had iniiled into

one single stream, without leaving behind in its relief any trace of

that twofold origin. It is only by a further local investigation that

the desirable certainl_\ in this res|)ect may be obtained. 1 must con-

secpiently conline myself lo jioint — if need be as a hypothesis —
to llie possii)ilily, iii my o|iiui()u v\r\\ liic probalulilx , llial the coui'se

of events has been a> follows; ( )n ihc spiil of c-one 4, where, as

Mr. LiMBiJKc; was infoi'UK'd, as early as the cud of May some activity

in the earth ciiidd be observed, uinsl likely coiisisliuL;' in a slight

upheaval, and oul\ lliciv llif uril- aud scoria-mass has emerged,

iintially by e.vphtsinn, so llial an cucircliu,!;' wall was pili'd iq),

which aflcrwards. as llie mass was puslu'd ou more (|uiclly, \n as

lilled in ;uid |)rop|icil u|i, had become irreiMiguizable as a. crater, and

tlui'iug the further process of pusliiug on and e.Mending of the mass

to all sides, (Mr. Seuo( ii couqiared the spicading out of llie field
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ol" rueks Id llial of tlu' cii-cK',-^ in llic waliT w Ik'Ii a -Idiic i> |iluii,ue(l

into il;. could i)e preserved as a liiglier |iail oidv. In \\\r lime of

or shoiilv afler tlie beginning anotlier (•ralei--oi-ifice hail Ikmmi formed

at 5, and the gases and vapours egre^sing there with explosive

strength, when tlie mass of stones had readied the spot, eaught the

material and piled il up, liul here liy way of rearrangeiiieul, lo an

eneireling wall. whi(di now coulrai'v to whal happened at 4. was

preserved as a \\('ll-de\elop(>d rr.iler-cone, because ihe force dimi-

nished only allei' the mo\inL:- on had ceaseil and conscipieiuly the room

wilhin the encircliiiL; wall could no more be tilled up neilhei- from

below nor from the sides. Mr. Schoch's before-cited informalion about

the state of this crater comes apparently to the support of this

hypothesis.

It might e\eii lie that liie formation and the acti\ity of the crater-

hill 5 shouUI have to be taken entirely as a secondary phenomenon.

There was here at the foot of the Sopoetan-cone, to Ihe left of the

uppermost, now wholly co\ered gullies of the Pentoe, a moist spot

in the dry and barren grit-plain, a jiool a few centimeters dee]),

kiu)\\ u as Uanoe Meuono, and alreatly mentioned by Kookokks, who
had a cauip in the immediate neighbourhood. Exidently there i.s

here some |ieiinanent aftln.x, perhaps oi'iginating from infiltrations

in the So|)Oetan-ci'ater. but lo a hydrostatic level of only a few

cenlimelers abo\e the lironnd. When Ihe red hot mass of rocl< reached

this spot a sudden e\a|)oration was to start with eruptive foi'ce, by whi(di

the loose material tif Ihe ciudei'-sireaiu may Just as well have been

re-arranged as a craier-wall. as it could Ik> done liy erupli\e agein-y

fr(Hn a true crater. To pre>er\e this mound in its |)lace, it was in

this course of evenis oidy necessary that as long as (he moving or

Ihe mass was ~lill going on ihe re-arraugiiii;- action liad not decreased

loo much, i.e. that Ihe arriving material had not loo unu-h cooled

down. And lids may readily be adiiutted, as siill on the 18''' of August

Mr. Scuocn saw the stopped stream steamiuL:' also at its enti near

the solfalare of I'.tttl. aboul bOO .M. away from ihe slarlinn-point,

and found the mass lliei-e still too hot to allow of iryiui;- au ascent,

wliiist the cone 5 is oidy 200 M. reuioveii from the ponit of issue.

In my opiui'ui die irregularity observed in ilie iMupiixc activity at.

cone .") tallies iietler with this e\pianaliou tliau with the supposed

e.visieuce of a real primary crater there. If this explanalion is correct,

then ihis ipule |)arasilic cr.aler would only ha\(' op(>rale(l with material

of tlie stream, wliilst cone 4. like the solfalare of IbOl, iuoreo\t>r

mils! have ejected m;itei-ial of a diU'ereiit nature, amonij,' others the

liiiht-coloured material of the old craler-liotlom. iudeeil among the
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cinder or scoria speciiucns sent me at the tiiiie by Dr. Sciiocpt tlicre

were also gi'ey, white, ami yellow pieces which are exclusively taken

from cone 4. whilst the stieaiu antl cone 5 ronsist entirely of the

dark cinder- or scoria-material, reniiiidiiiL;- Dr. Scuocii of cokes, which

in petrographical nature seems to agree wilh liic material of Sopoetan

proper. Want of lime prevented my fiu'ther examination of these

specimens. A serious argument against sucii a secondary, [)nrely

hydro-ihermical mode of origin nught he drawn from the fact that

fire-phenomena have been oliser\ed. l^r. ScHocn sjieaks even of a

mass of tiames which was occasiciually >ecii : this uiay howexer lie

occasioned i)y the red-liolgril thrown up by the \iolenl ebullition.

Something of this iiaturf likewise might have taken place on a

smaller scale al the solfatare of 190J, if it had also been submerged,

and the stream of blocks had not couie to a stop a few paces back.

It seems that this solfatare has gradually subsided, but in 1901,

according Id Dr. Schoch's Malay itinerary, it was again in activity

with the (lid strength, S(i that for liim too il was impossiitle hi

descentl iutd the hole on accdunt (if the sulpliur-\ ajiours and the

e.xcessive heal of the boluini.

With sufticienl certaijily we mav conclude tVom the information

in hand thai llie cokes"-niass was udt in a li(|uid stale at the tiuie

of ejection. The ciiicralidu has laken ]ilace undergi'Oiuid. Holli in

this respect and in llie niannci' of eruption and moving onward,

which is td be cdnceixed rather a^^ a td[iplinu o\er each dllicr tliau

as a moving on by pro|iellinu-, llie phenomenon t'ornis a repeliti(.in of

that of Roeang in 1904 ft ). c. p. 223/224 and 256/258). The dilferences

originate iu Ihe pre-e\isling relief of the surface and the relative

(luantity of ilu' ("jccicd luailer; n/ Itiii'iiuij a cdinparatively small

craler which was filled and tVdU) which the mass descendeil along a

I'dld df the mduntain-llank, hcri' a comparatively large valley-basin, in

which llic mass rt.ilk'd down iVdUi one or twd eruption-seats ami

e.Nlended iNcll' iVeclx. and was ikiI large' eudiigh td jiile itself up lo

a .soniewhal impdrtani heiglil agaiusi Ihe walls, so thai ihe cducs

risen (in and niiind llicsc crii|ilidii-scat-< could relain their ddininaliiin'

relief, whereas al Kneaiiu. if (iriuiiiail\ I hey lia\-e likewise been foi-ined

in the space (if ilie craler. .-il'ier llie lillini: up lliey could iki more

be delecled. In mi far as I can remember iVoui llie |iiididgrapli sent

In Dr. Si iidiii, llie relief tiirui (if llie shipped mass is wlial il dUght

Id be under ilie-e CI rcn uinLiiicc^. a ;:i'adnally shiping heap (if clones

ciilminalini! in llie Iwo cone->liaped ele\alioii-. and l(i\\ar(l> lliefi-ee

sides a cdui|iaiali\cly hiw and iiol Ido sleep laln>. roniid which

still sonu^ Iddse malerial i> spre.id. Il i- Id be presuiiie(l llial in llic
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ii(irtli-\\ L'^t, aiiaiii^l llio lilllc i ui.iie i-ailialiiiu' tVoin tlic So]inetan-c()iio

the e-ii'cnmrei'eiice of tlie mass cit' slones ada|)ts itself more lo tlie

level-lines lliaii llie sketch on the map imlieates, and thai the Pentoe-

hed on detailed Mii'\e\ inii' would prove to in' more suiimei'jied : in

this wav tlie (illier\\ise rather pu/.zlinii- stream-shaped exti-emity near

the solfatare of liKII will prohaMy liave lo he amended. I have

however foimd no freedom to depait fiom Dr. S( iiocn's indications.

If at any time a 'Xachschul)" of Lireat imporlaiirc is cominu on.

then lirstly the remaininii' part of the ali-io will he lilied, and then

a stream of blocks will ^o down into the Fentoe-ravine. The sinularily

with lloeaiig wonld then, or even now if the ipiantity of the Jiew^

material had been lii'eater, lie leadiiy jjercej.lihle. .Another sli'sam might

spread itself then in the jirit-tlelds between Sopoetan and Manimporok

rnnniiig tlowii southward to Tombatoe. With volcanoes however, and

especially here, il i'- to be kept in mind that : "le \ raisemblablc

(•"est rimpre\u", antl it might \ery well happen that in that Ccise

the ciniler-hearth wonkl seek its outlet in the ring-wall of Seinnoo

and then streams of blocks woidd lake the way of .Maseni or the

direction towards Kelelondei.

Later reports are still wanting; we may assume thtit since September

mOH cone 4 has gradually ceased to smoke, which was in fact the

only after-eltecl. Not niiiil .")'!• or 7''' of .luiie IMl)7 a iieu activity is

rej.orted. ,'Nat. Tijdschr. v. \. I. Dl. LXVllI p. 12(t with a \ iolence

"siunlar to that of ihe year before", (A. Limbukg) ; from the crater

that was tlien formed, — unfortunately it does not appear which of

the t\\o crater-cones is meant. — "dense columns of smoke emergeil,

and at night a glare of tire was perceptible". (Controller of Amoerang).

A great "Nachschnb" did not occur then; this appears from what

lias been said. Presumably e\eu little ov iio material has been

ejected, otherwise the solfatare of IHOI would most likely ha\e

become partly oi- entirely choked, and lliis would sonn have been

|)ercei\ed. The slalement of the conlroller of 'I'oiulaiio, (hat on 25"' of

.blue after the earth-(|uake ot' that day '> increased acli\ ity iif Sopoelau

could be observed, makes us suppose that at tliat time the activiu

had already been abating again. Passing and \\itiu)ui lasting coiisc-

qnences a- the phenomena of that yeai' evidently were, they are

however in my opinion of im[)ortance as a prt.of that the aclivitv

') III tlie reports of ihv eartli(|ii;ikt's iNat Tijilsciir. I.e. p. 174) only a shock

al 1'' I'"- loc. t. at Hatalian cm that day and an (itlicr in the nigiil ut -J") to M
about !'' loc. I. aic iccoiiIimI lidm tlio .Minaliassa. Il is not clear wliicii shock is

meaul.
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of the licartli lias nut yet been elosed and at a repditinn would

most likely choose the same way.

After thai time no more xoicanic |)hi'noiuena are rejiorted from

the Sopoetan-monntains or from the Minahassa. Prof. Dr. Wich.m.vnn

was kind enough to call my attention to a lecture by Jon. Ahlhi lu;,

(Monatsberichte der Deutschen (ieologischen (iesellschafr, J91() X". 3

p. 191 and N". 11 p. VAi5), who visited N. Celebes and the Minahassa

in 1909. Afier a nolice about the pre\ ions history, i-educed already

by VVirniMANN to its exact \ahie'j, we read there as follows:

"Noch vor einigen Jahren ereignete zich eiii neuer Ausbrnch; liei

"diesem gan/. unvermntelen Ausbruche trat in der Senke zw-ischen

"Soputan und Kelelondei eine gewaltige Lavamasse aus, die noch

"heute" (so 1909 or 1910), "im Innern gliihend ist und in Be-

"wegung zu seiii scheint. Dieser Lavaausbrnch ist um so bemerkens-

"werter, als grossere Lavaergiisse in der Minahassa, wie iibei-lian|it

"im Indischen Archipel zn den Seltenheiten gehoren" ; (I.e. p. 19;ji

and "... Die Senke (zwischen Sopiilan mid Kelelondeii steigt etwa
"150 m. (gerechnet vom Kessel zwischen Soputan, Manimporok mid

"Sempoe, deni Lagerplatz der Gebriider Sarasin) empoi-, und m
"ihreni obereii Telle gewahrt man — vom Soputankrater ostrand

"besonders schon zu sehen — einen tlaclien, langgestreckten La\a-

"kegel. Der Kegel liegt dem .Soputanhang zu ; die Obertlache zeigt

"deutliche Einbriiche und klaffende Spaltenrisse naeh der Soputan-

"seite (dem Steilhang des Kegels) zu ; der Strom (nach Siiden ge-

"riohtet) teilt sich an der Ustboschung der Senke (am Kelelondei) ;

"die Oberllache zeigt typische Blocklava: aus dem Innern aufsteigende

"Diimpfe (die im Verein mil der ausstrahlenden Hitze ein Niiher-

"kommen verhinderten) farben die Kruste weisz und gelb. Der

"Ausbrnch laud statt am IS Jmii 1908'-') (nach Angabe des Hukum
"tua von Langowan:, ohnc \i)rhei'ige Erderschiitterungen. Bemer-

"kenswert ist, dasz der ncue Kegel unterhalb der Hauptfumarole

"des Sopulaid<ralerraniles (^Ostseite) gelegen ist, dasz in derseli)en

"Richliing der lali^'e Masendcrater und die Schlaminuliihlc bci

1) Ibid. 1910 N". 8/10: Uebof den Vulkaii Sn|)uliui in der Minahassa, and HUl

N". 4 : Leber die Ansbriiclie des So|Hilan in der Minahassa.

1 lio|H' to revert allerwanls to some geological iiilornialion about N. Celebes by

Mr. AiiLBiKii llial is at vaiianee with my observations. Merc 1 only want to remark

that \vliei<- ll'O antlioi- lakes the volcano-nninnlains U> cun.sisi of Manimporok,

Kelelondei and Sopoelan, Uii- inrllier indication "von diesen ist besonders der

"Soputan in neuerer Zeil wieder in Taligkeit -•lielcii", is in solar incoriiil that

Hie So|)oetarieone has nothing at all to do willi these eruptive phenomena.

-) A clerical or printer's eri'nr Inr I'.tOi)
; as also In he indiiei'd honi the iirsl

words ol these quotations.
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"l,;ui.ii()\\;iii, ciKJIii'li ilic hi'is/.i'ii (^tiu'llcii lu'i I'asso mid uaii/. iiu

"Osleii (Iff iieiincliildck' l'al;l^il lialii Anuiis iiani (Slcasf^r yow l.ciiibe)

"lie,a;en
"

••llin/.iit'iiycii will icli iidcli /,ii flic-i'iii llci'li-lilo, ilasz ii'li^iiiicli dei'

"La\ aiiiassa aiif ca. 4(10 in. uciialKi'l iiiid mil ciiiein Zeiss<ilas moino

"Heoliaciitniiii-oii audi kleiiu> Ski/./.eii daiiacli uemadil lialir." (I.e.

|). (5()7 ()G8|.

Ill ordi'i- to riLilillv midcrslaiid lli(>sc (•iimmimicalinns and in

((inneclidii with uiir iiia|i, \\c' (iIixm'vc in llic lii>l place llial inslead

of east (_'\L'ry where imrih-easl shmilii be read ' i, and I'lirlher thai

the name of Keleloiidei i> a|i|ilie(l in the sensi^, of the Sarasin's,

for the elevation called on I he map Sempoe. That the depression

between those two mmnilains is divided by an edge into two basins is

then hovvever not noiiced by ihe aiillmr, unless since 19(M) the new
mass should ha\e been piled up more- than a hundred meters higher,

and fonsequently llie Keleiiiicn-wall should have ceaseil to be a

characteristic line in ihis moniilaiii-laiidsca[ie. lliii then jirelty surely

the solfalare of lUOl would liaxc been submerged and Ihrongli the

two oxeillows the mass would ha\c been ponred out of the basin.

That i)iil for Mr. Ani,BUiui nothing should iiave transpired of such

indeed enormous changes, where there are established in liie Minahassa

and ill the nearest surroundings exact European oliservers, who willi

scientillc zeal are giUhering information, is certainly most unlikely.

From what is told and still more from what is not lold, I suppose

that in reality Mr. A. has not seen and coidd not have seen anvthing

more than what is described above according lo Mr. Schoch's itidications.

Only some more material might perlKi|is have been added in 1907,

and the cone 5, lo which in my opinion only an ephemeral e.xistence

may be attributed, luiglit have disappeared. 1 can, however, imagine

that when looking from the lofty iiorlh-eastern Sopoetan-crateredge

only llie c<uie 4 was perceivt'd, and ihal llie so much lower cone

5 as an nnini|)orlaiil knoll remained unobserved.

') The veiy liisl iiiaii uf llie Miiialias.su leaches llial (lie line Sopoelan— Baloe

aiiLides baroo run.s N.K. h souiilLs somovvliat singular that Mr. A. connects Sopoetan,

over the neiglibouriiiL,' bangovvan and Passo, then however skijiping nearly the

entire Middle- and Norlh-Minahassa and llieir niuneious volcanoes and groups of

volcanoes, with Batoe aiigoes baroe. In a more discreel way that hydro-tlicrmal

line has been indicated, I'or the first time, 1 believe, by Koohders. in a country, so

full of volcanoes, hot-water- gas- and miid-springs, such alignments arc of course

possible in every ilircclinn !t is singular also that Batoe angoes baroe is called

here shortly a paiasil'', sn Ihal an ^)llt^idor niiglil easily believe lie liad lo dn

vvilli a paiasilc iif Sip|iiirlaii. .\ paiasilc il is liul nl .-i (piile dilVeronl syslr-m of

Vdlcaiiiies, I'ai- away in lln- uliuosl iiorlLi ea^leni pari of the Minahassa.
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l-"r lln' ycv\ cii-ciiiii.^l.uicc liial .Mi'. .Vlll.iu i;(, liclu^lfl llir wcw

mass IVuiu the .Supoetaii-CTak'i'-iini, lliii^ iVdiii aimilicr >i(lo than

Mr. ScHOCH, lliese roniiiiuiiicalimi^ hnii-dw liowevcr a cerlaiii xaliic

as ail amplification ami coiiliniiulioii of llmse (if iiiv corrcspondeiil.

The mass showed itself as in our opinion it must show itself fconi

that elevated point, from all sides turned towards the valley slightly

a.scendinf>- to the ratiier eccentric momid of crater 4, at the back of

wliicli llie Sopoetau-liaiik [irccluded free development, whilst the

princi|ial mass moxed of coui'se towards the "Thalwea", so that alon.n-

side the Sopoelan-llank a steepei' talus and I he original irregularities

could remain preserved. It is not astonishing that the uppermost

part has not been recognized as a crater-cone, if we consider that

here — at variance witli Roeang — the crater and its stuffing do

not differentiate. On the other hand the directions of the current-

like extension, indicaled on ihe map by arrows, seem to have been

more distinct in the bird's eye view, than they were to Mr. Schoch

looking from points in much lower levels.

It does not a[ipear whether the internal glowing, the egression of

vapours and the radiating of heat related to the whole extent of the

mass, or whether they were limited to the highest part, and what

has led to the opinion that the mass should still be in motion. If

this remark is correct, then it seems to me much more likely that

a slight "Nachschub" had taken place, a short time before Mr. A.'s visit,

and without additional phenomena observable in the neighbourhood.

In one respect the communications seem to be at variance with

what 1 felt allowed to deduct from those of Mr. Schoch, where

Mr. A. speaks of la\a or block-lava and even of a lava-cone, in .so

far as this, in distinction from cinder, can be taken to signify that

Ihe mass has been emerged in a melted slate, and has only after-

wards congealed to compact blocks of rock. His further annotation

that he has made his observations by a field-glass makes me believe

however that i)y tlio.se terms not precisely such a narrower

N'arielal limitation is meant. So 1 can find no reason to modify my

view, that as at Uoeang cineration has been at work, which I

regard as real for this kind of eruptions, consisting in the slow so

not cxplosisc moving out of solid material in blocks and grit. \

real lava-erii|ilion here would lie remarkable enough lo nuvke us

hope, llial further infoinmlion lV(un the Minaliassa may soon obviate

the risen uncorlainly.

Sopoctan pi-opcr has ^liow n no phenomena of increased activity,

neither during ilir phenomena of I90t), and as may be <leducled

from the ijuotalion till li)0!), nor during the so much less importaid
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|ilu'ihinicn;i ol' IMOl. 'I'lic iK'L;;ili\c lad lluit this im|i()^iiij;- aiid not

at all I'xiiiicl Inukiiii:' ci-aliM-
'

', rcmaiiicil (_>iilii-ely passive (iiii-iiia' all

llu' xdlcaiiic |ili(.Mi<)iiii'iia llial lnuk place al ils fdoi is perhaps iki

K'ss reiiiarkalile lliaii llie sei'ies nl' piisilivc facls llieiiisehes, andean

lull eoiilii'in niir opiinim llial llie real cause of llie rec-'nl aclixilv,

tlie niaii'ma-lioartli, pre-umalile in ilsclt' alreailv mil pi-in]arv, is

seated al sliallo\\ deplli. il is not less reniarl<al>le llial, whilst on

acconni of llie toponraphieal situation niitiiit lie said that Ihe old

Rindengiui-volcauo has resumed its acli\it\, Ihe emerged material,

as has alreadv been said, seems Id ein-respdnd petrographicallv to

liiat of the ernptions of Sopoelan proper.

Now il is (|uile natural that we should trv lo liud a co-relation

between the |iheuoiueua <il' lilOJ and those of 190(V-1909. Hut the

nature of this cd-i-elation is uot sd easilv delected and at all events

not so, ihat the fiirmei' of necessity .should have been directly

precursory to the lattei': therefor the occurrences wei'e each lime

too much localized, lo s[iols that for the two cases are (lOO M. apart.

We might account foi- the connection in the following way: About

or in 1901 part of the magma penetrated by way of apophysis into

the humid zone, — the real character of which may remain undis-

cussed here, — and by local incalescence caused the bursting forth

of the solfatare. The magma on the other hand cooled gradually

down, contracted ard left free sjiace which alforded to a new
supply df magma abdiH J9(>'.> the (ippiirlunity ui' cdiigealinn under

I'educed pressure. This lalt(>r initially (pu(d-;ly progressing process,

caused Ihe eru|)tive formation of the craler-cone 4, through which

al the further progress the formed cinder-material, in consequence

of Ihe increase in \olume, coniinueil lo move lo the oulside. So a

new fact, the posterior at'llux (if niagina, was necessary to cause the

|iheiiomeua of JilOl, after some years of continual cooling down
and contractidu. In be I'oIIowimI by the outbreak df l!>0(), and what

was further counecled with it. A similar co-relation misiht perhaps

be established belweeu the sdlfatare Walelang and the eru|)livo

nidiind within the did Sempde-ci-ater and liet\\'eeu lloenierega and

i|
I laiUKil fully admit Mi'. .\iii.iinu;'s view (\.v. p. IHH and 66G), tliat llie

l)olt(iiii id' tli(> ci-ator .should have ii.<cii lid!!! unknown depth lo 200 and 100 M.

Iicncnili llir rdgi' sinci- llir I'luptiiin of 1S;!8C:'I liy the cnimliling down of Ibe

walls. In ISD'.l and lllOl I was able, like Mr. A. in 11)09, to see at llie loot of

the goaf the in my npiiiiun evidently original boltom willi its boccas at llie

soulhside, wlieicver llic "limitir v.anii" and the profile of the eralerwall did not

prevent me IVcnn hidkini; down. Il seiaiis In me thai Rixne's clause lo which A.

releis, ipiolrd also li\ Wnai.M.WN in his (a'itir.al notice (I.e. page i)\K\]. does not

mean what A. has appaieiilly read in il.
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tlic liill-runii'c radialiiiL;- iini-|li\\ai-(l IVoiu Sii|i()('laii : liiit liv doiiiif so

we are .liiniiL; still farilicr asirav in ilir ilaiiLiei'oiis lielil ot'eoiijectiii-e

without even liaviiiu- the siipiiort of clii-oiiolo^ical tlala.

The sending ont of an apo|)h_vsis liv a hearth of inagina will be

hai-dlv conceived otherwise than along a newly opened fissure, or

by the sudden widening of an existing fault, both facts wiiich,

according to the current views, may be causally connected with

earth-quakes, so that we need not lonk any butlier for the primordial

cause of the series of \olcanic aiid seismic |)lienonieua. I must repeat

here however, thai the comjiosilioii of the earlli(piakes in llie Alina-

hassa for the lir>l lialf year of llKtl in iho appendeil table A does

not reveal such ciinncclion with any certainly.

We succeed still less in discovering for 19()(i any co-relation between

the volcanic and the seismic events in the Minahassa. At the time

when the out-break beuan. the reuion was. as appears from the

composition A, in a state of seismic calm whii-li continued for almost

four month?, ami the fact that the only eaith-motion between April 29

and August 22 took place ^m the very ilay that the break-out began,

loses all further \alne, because this shock was of no greatei' signifi-

cation than the slight pulsations that repeatedly occur here e\er and

anon also under ordinary circumstances.

It i^ (|uite different in 1907. The month nf .June in which the

cratei- of 1906 resumed it-- activity shows, with 6 earthquakes in

about 20 days, a rather high frequency, whilst the most violent

shock, about mid-night of 25 to 26, with an intensity of VII to VIII

(Rossi-FoREi.) at Tomohon ^), Tondano and Menado"), was followed,

as also observed on the spot, by a strengthening of the volcanic

action. Consequently we are fully entitled to regard this pulsation

as a real \'olcanic one, and then it is not unimportant that it has

also been recorded at Bata\ia. Besides this surely not accidental

coincidence, the recognisable connection is restricted to an increased

frequency of earthquakes especially in June. As long as the move-

ments of volcanic origin cannot systematically be separated from the

real bathu-seisniic commotions nothing more may be expected.

As ap|)ears from the comparative synoptical table B such a more

or less evident coincidence of greater seismic agitation in the Mina-

hassa and increased >>v icnewetl activity of not too far removeil

') '•Cloiiis lying on tiie table slid down; clocks stood still; tlio water spurted

••oiil of the ewers Rumbling he/'ore and uf'ler the shock. The violent sliock was
Tollowed liy llirw lighter ones In the neighboniing Tondano the church bell began
'to loll by the slinking of the earth." (Gominunication of Mr. A. LimbukiO.

-) 'Tiecs weie distinctly nccm to swing, hanging lamps oscillated more than

'O.-'j M. out of the p('i|icndi(iilar ^p^'ndulunl-lt•nglh ± ^'/j iM.) . Amplitude conse-

"quently ± 2-2^. "Fissures in walls'". ^Comnlunication of Mr. F. A. J. Keuchenius).
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volcanoes, hesidcs the one just diseiKssed ami llial in Felivnar\ .Marrli

]90i, i8 slill to l)e slated: for 1889 with regard to lloeang and

beginning of Septemlier for tlie sidmiaiine voicanie plienonieiia near

Mahengetan, perhaps 1893 for Lokon and J 898 and 1904 again for

Roeang; bnt quite as often even this \agne co-reialion cannot be

recognized; so that in the end oidv so nnicii can lie adinilted as

irrefutable for the Minaliassa and ueighbouruig islands, ll)at in general

an increase of the seismic agitation is accompanying the increased

volcanic activity of the last years.

Before concluding these notes, I have to add some observations

about Mr. Ahlburg's statement, on the authority of native informers

that Sopoetan, at the last or perhaps at a former great eruption,

siiould lia\e lost its summit ami that then the great crater should

have been formed. (I.e. page 193). In the liist place the cone as

seen from the north-side does not give tlie impression of having

formerly been more pointed. With many of the so regular volcanic

mountains, with Sopoetan it is the case from the south-side, the

truncation of the crater-edge gives the impression as if the top of

the cone has been broken off by x'iolence. Indeed of most of these

mountains a story may be heard here or there, that sucii a cata-

strophe has really taken place, as with us so often a legend is to

explain wiiy there is no pinnacle on a sti'ikingly obtuse tower. A
real si rato-volcano however begins its existence by the crater-orifice,

not by the cone, and this is certainly the case with Sopoetan with

its fine alternation of horizontally outcropping layers of coarser and

finer agglomerated material visible in the crater to great depth. If

in a strato-volcano the crater should oidy be chiselled out of an

existing cone by an ertiption, then this implies a long previous

history, during which a former crater has entirely disappeared ihroii'di

collapse and erosion. This however will not make the mountain

more pointed but rather more obtuse and llul. Of course at everv

great eruption a crater may be swept clean, and shaky |)ieces can

be blown off. In this sense some value might perhaps be allowed

to the communicated story, which had remained uidviiown to me, if

it is really founded on liaditioii; though it is entirely exchKleil that

it can relate to an erii|)tion that took place after Reinwardt's visit

to the volcano. The crater has certaiidy an iinliroken appearance,

tliis needs iiowcxer not jdead a recent origin, luit only proves that

the time of the last great eruption is not yet long ago. (I.e. p. (360).

The structure of the crater and the great thickness over which the

shell-like superposed strata are visible therein, show on the contrary

that this volcano, as late as 190(5 still the youngest of the svstem,

nevertheless may look iiack on a venerable duration of its activitv.

28
Proceeding!- Hoyai Aciul. Amsterdaui. Vol. XiV.
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A. Coniposilioii of the eiii'tli-(|iiakes of llie Miiialuissa during ihe first

lialf year of 1901, 1*JU6, and 1907 ; in the main from llie records in

the Natunrkundiii,- Tijdschrift voor Nederiandsfh-Indie.

Date
Time of

[

Batavia
Place of

observation
Observer or

^^l^'
'ePort^''

in sec.

Direction Particulars

2/11

2/11

2/II

3 11

6/II

7 11

8/1

1

6/II

to

8/II

FIRST HALF YEAR OF 190 1.

Oh 47m

4h 18m

Id.

4h 38m

41i47m

41' 49""

23h 49.n

OhSm

Oh ISm

01.24 m

!

01.3m

[Qh 22,3m

12h 18m

to
22h 48 '"

Menado

Tondano

Tomohon

Menado

Kelelondei

Kelelondei

Tomohon

Tondano

Masarang

Tontoli 3)

Batavia

Tomohon

Tomohon

I

Tomohon

121. 19m I Kelelondei

4- 121'

Koperberg

Government

Goedbloed

Limburg

Koperberg

Veen

Limburg

Government

Goedbloed

Government

Observatory

Limburg

Veen

60
i

SWb.S/NEb.N

SWNE

+ 30

E/W )

ESE/WNW

S/N

SWb.S/NEb.N.

SW/NE

Mostly
vertical

One single shock.

Horizontal; important; little

damage.

Rather violent

Rather strong ; more verti-

cal than horizontal '}

Long vibrating motion.

Rather strong; of long dura-

tion; undulating.

Rather strong ; of long dura-

tion ; undulating.

Horizontal.

Light shock.

Seismogr. Milne; beginning.

Almost uninterrupted move-
ment. Twenty separately

observable shocks, some
rather strong.

After 2 o'clock at night (loc.

t. ?) the phenomena (comp.

under 6 IIj gradually abate.

Only a few tremors more.

Heavy continuous jolts, all

vertical ; often accompanied
by subterranean rumbling.

ij "A very complicate earth- quake; a series of almost uninterrupted upward and sideways

shocks, occasionally an oscillating movement from N. to S." (Limburg).

2) According to the slight but distinct oscillations of the lamps.

3) Besides Batavia also some other places outside the Minahassa, where the earth-quakes were

observed, are inserted into the composition.
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Date
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Date
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Date
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^^*^ Batavia
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Date
Time of Place of

Batavia observation
Observer or
reporter

Dura-
tion

in sec.

Direction Particulars

28 VI 12' 47'" Tomolion

2V11 12M8">

3/VII 12h2'i'"

Limburg Some

7VII
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H. Comparativo Synopsis of the frequency of (lie earth-quakes

in I he .Minahassa, and the volcanic jihenoniena in this

and in tiie neighbouring regions during the period

J887—1908; from the repoi'ts in the Natuurknndig

Tijdsciirift voor Ned. Indie.

Year

I Entire
number
of earth-

quakes

Distribution o\er the vear Volcanic phenomena

18S7
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Year

Entire

number
of earth-

quakes

Distribution over tlie year Volcanic phenomena

1899 2 On 21 May; and on 30 Sept.
01' 17"' Bat. t. 'Heavy

,

shock of rather long dura-
I tion vert, and horizont.

: W/E" (Goedbloed). Possi-
bly connected with the

great earth-quake of Ce-
; ram on 2930 Sept.

1900 i 12 I Jan. 2; Febr. 2; April 2'i;

May 2'); June 2; Sept. 20.

1901 morethan;Swarms from 2 u.a.i. 8 Febr.;

20

1902

1903

1904

1905

1906

1907

1908

18

212)

25

Since still 17 or more ; viz.

6 from 9 u.a.i. 24 Febr.;

2onland 16 March; 4 from
6 u. a. i. 7 April ; 3 from 10

u.a.i. 21 Sept.; 2 in Oct.

and Nov.

Febr. 4 ; March 2 ; May, July,

Sept. Oct. and Dec. each 1.

Jan. 4 ; July 1 ; Aug. 3; Sept.

1 ; 8 from 28 Oct. u. a. i. 26
Nov.; Dec. 1.

1 on 24 Febr.; 5 from 1 1 u.a.

i. 29 March; 1 on 19 May;
1 on 31 July; 10 from 18

Aug. u. a. i. 27. Sept.; Nov.
1 and Dec. 2.

3 from 22 u.a.i. 26 Jan.; on
16 Febr.; on 5 and 23 May;
on 21 June and on 17 Aug.

On 13 Jan.; 5 from 24 Jan.

u.a.i. 7 Febr.; on 25 Febr.;

on 22 March; 25 and 29
April; 17 June; 22 Aug.;
5 Sept. and 18 Dec.

6 from 26 Jan. u.a.i. 1 1 Febr.;

5 from 19 u.a.i. 30 March;
12 from 10 June u a.i. 23
July ; on 3 Oct. and 26 Dec.

In Jan. 2; in April 2; in

May 2; in Aug. 2; Sept. 1

and Oct. 1.

Eruption Siaoe on 21 Dec.

Formation of the new soifatare on
Sopoetan, beginning February.

Submarine volcanic phenomena near
Mahengetan on 17 and 18 April

and 27 Aug. Roeang since 23 April

especially on 1 16 Sept. Mahawoe
beginning Oct.

Siaoe 21 and 22 May ash-shower.
Roeang 21 29 May sounds and vibra-

tions and on 23/24 May eruption?
and stream of water.

Sopoetan-mountains : Middle (17)

June beginning of the out-break
from the new crater.

Sopoetan-mountains. Resuming of

the activity of the new crater since

5 June (and on 7 June and 25 June).

') One of which recorded by the seismograph at Batavia ; the one of April perhaps

originating in the neighbourhood of Karakelang, (Sangi- and Talaoet-islands).

2) On 20-21 Sept. midnight, on 21 Sept. ± 12i' and on 22 Sept. 13i> 30"' and 16i'

repeatedly dull sounds observed bv me.

Utrecht, Mci 1911,
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Physics. — "Some remarks on the direction of the binodal curves

in the V—x-diagram in a three-phase-equilibrium." By Prof.

.1. P. KUENEN.

ProfesHor Schreinemakers has privately coiniiiunicated to nie tlie

following rule which he has derived from the general theory of

plaits and which occurs in a joint paper about to be published by

him and Professor D. J. Korteweg:

In a three-phase-equilibrium the two binodal curves ivhich pass

through an angle of the three-phase-triangle lie either both inside or

both outside the triangle.

For the special case of the ij--surface for binary mixtures this rule

nuiy be proved as follows. Choose one of the angles, say 1, and

start from the condition where the phases 2 and 3 coincide, a con-

dition which we may always imagine, even though it may not be

physically realisable: at this moment the two binodal curves through

1 form one continuous curve. If now 2 and 3 separate the two

curves meet at an angle and obviously in the beginning they both

lie outside the triangle. As the surface continues to change one of

the binodal curves (say the one of the equilibrium J, 2) may pass

into the triangle by its direction at a definite moment coinciding

with the side 1—3 of the triangle. But it may be shown that at

the same moment the second binodal curx-e coincides with the side

1—2, in consequence of which this curve also passes into the triangle.

The equation which expresses the si)ecial ]>osition referred to of

the binodal curve 1,2 is as follows ')

:
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Keeping this rule in view and consiiieriiig llie diagram in tlie

neigh bonrliood of a critical point for two of the phases, where a

plaitpoint makes its appearance (or disappears, we at once ai-rive

at the following important law:

When (I plait touches a second plait in its iJait/ioinf the curralures

of the tiro are of the same sign.

An independent proof of this law may be given nsing the [ii'o-

perties of the cur\es of constant pressure, the isopiestics. It is well

known that the isopiestic which touches a plait in its plaitpoint is

curved in the same direction as the plait. At (he point under con-

sideration the three curves (viz. the hinodal with the plaitpoint, the

second binodal and the isopiestic) touch each other. But the isopiestic

cannot touch the second binodal curve simply on the outside, for

that would mean, that the point was also one of maximum vapour

pressure on the second plait, and it is well known that this is not

the case. The isopiestic and binodal curves mu.st therefore intersect

as well as touch, i. e. they have the same curvature, from which it

follows that the second binodal is like the isopiestic curved in the

same direction as the plait which it touches.

Analytically the lasv is expressed by (he equality ot the two

fd*v\ /'^'v\
expressions |

—
1 and (

-— 1 which mav be easilv confirmed bv^
\d\vjtiu \d.v'J,,

calculation. I find that some lime ago a proof of this relation

was given by van nvM Waai.s \), but I must add at once that I

do not agree with the view expressed by him that the value

of these coefficients should be zero at the point in question, in

which case the two curves would have a point of inllexiou there.

d°-v

The condition ^ holds at a point where a plait separates

into two parts with a plaitpoint on each. Van der NVaals assumes

a separation of that kind, Init it occurs inside the second binodal

curve, not on it "), and the condition does not hold at the point

where one binodal curve with a plait[)oint emerges from a second

binodal curve. If I am right some of I he diagrams in van der Waat.s'

paper would need modification.

The literature on the subject shows again a number of diagrams

which are not in harmony with the law enunciated concerning the

curvature of the two plaits. The figures in my own treatise on

1) J. D. VAN DER Waals. Proceedings XL p. i)UO, 1909.

^) Gomp. the paper oa plaits liy Kortewes (Arch. Neerl. 24), and e. g. van

DER Waals, Proc. X p. Ml. 1907.
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mixtures ') will be found to be correct in this respect : in di-awing

those 1 was guided partly by experimental results partly by another

law 'j which was deduced from the theory and which comes to this,

that the se[iarated two-liquid plait lies outside the vapour-liquid plait,

if the two comj)onents, as liquids, mix with expansion and vice versa.

It stands to reason that this law and the new one must essentiallj'

be one and the same.

As regards the dii'ection of the two binodals which meet in an

angle of the triangle it was mentioned that they always form an

angle and naturally such that the curves enter the metastable part

of the surface. A proof of this may be given without directly using

the theory of plaits by means of van der Wa.\ls's formulae. If ihe

two directions coincided at any moment we should have :

d-\j; d-ip

-^ X / ; \
('"=—''1) pTa" + ('^-'''i) JT^

d.vdv ' d,«^ y.v^— ip, i?r,

—

x^Jdxdv

(.•.-.,) ?l + («•.-..•,)''* ^'-'' °-—^*'*

d.t

«,— ;», A'j— .rA djtjj

r,— Vj I!,— Vijd.vdv

If the common factors in numerator and denominator are not equal

to zero we may divide by them and we obtain the condition for a

plaitpoini at 1, a case wiiich we may exclude. If the factors are

zero the three phases are in a straight line : this has a practical

meaning oidy, if 2 and 3 coincide and we already know tliat the

two binodals at 1 tbrm one continuous curve in that case. Under
other circumstances therefore the curves must meet at angle, q. e. d.

For the special case that the point 1 lies at the extreme limit of

the plait, in the so-called critical end jioint, the proposition was
proved and used iiy \an deu Waai.s. ')

In conclusion it may be pointed out that by taking into account

the last proposition one may easily deduce from the v—,v diagram

1) J. P. KuENEN. Theorie u. s. w. von tieinischen, liuilli. Leipzig p. 153. el .se(|. 1900.

») 1. c. p. 158, 159

») J. D. VAN DKit Waai.s. Proc. XI p. 822. 1909.
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the plienonieiioii of double retrograde condensntioa predicted by

VAN DKH Waai.s by a different method '). The phenomenon occurs

when the vapour is about to form a critical point witii one of the

liquids while its representative point is still on the vapour side of

the plait, (wiiich involves that it has to turn tlie corner of tiie plait)

and this condilioii is certainly fulfilled, as van der Waals pointed

out, if there are two liquid layers below the crilical temperature of

the lower component and this is nearly always the case. But the

phenomenon is not limited as might be supposed from his paper )

y- to the case that the three phase

pressure is lower than tiie vapour

pressure of the lower component.

In order to show this I will con-

sider the ease not discussed by van

DER Waals wliere the three phase

A l\ / pressure is above the vapour pressure

of both substances, as with ether

and water (Fig. A). The vapour

1 must come together with the

liquid 2 : therefore either 1 must

move round the e.xtreme point of

the plait towards 2 or 2 comes

round to 1. In the first supposition (Fig. BCD) the maximum in the

vapour pressure which lies hidden inside the triangle appears outside,

at the moment when 1 and 2 ha\e the same composition k [B],
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by VAN DKR Waai.s. The necessity of double retrograde condensation

(fourfold intersection with a line /./ w-axis) is seen in figure D.

In the second supposition (Figs. EC) 2 passes through the critical

end point {B') and immediately after we again obtain the configuration

which involves double retrograde condensation with this peculiarity

^ 3

d. x.c.JT

however, that the tirst retrograde condensation which occurs on

compression is retrograde condensation "of the second kind" owing

to the position of the plaitpoint on the vapour side. The phenomenon

as a whole might therefore be called double retrograde condensation

of the second kind. The maximum vapour pressure disappears inside

the triangle itself in consecpience of the transformations which we
know from Kortkweg's investigations take place inside the plait in

this case. Whether the first or the second supposition is the correct

one, say for ether and water, I shall not try to decide.

Mathematics. — "77t(? characteristic numbers of the prismotope."

Hy I'rof. P. H. Schoute.

1 . Mode of generation. Let /S„, , S,,., , . . , S„ represent a certain

numi)er p of spaces respectively of n^ , n, , . . . , n.^, dimensions having

by two no point in common but the point O common to them all.

Jjet us assume in each of these spaces a definite polytope with

as one of its vertices, and let us denote the polytope in »S'„, by (P„|
,

that in S„.j by (P),,., , . . . , that in S„ \)y (/')„. Now let us move

(-P)n., , remaining equi|)(illcnt to ilself, in such a way tiial the point

coinciding originally with coincides successively with each point

within (/')„,; then the locus of all the |X)sitions of (P),,^ is a pris-

motope with two constituents (/*)«, , (/')«, which may be represented

by the symbol (A, ; /*,,.,). Now let us move i/'i,,, . remaining equi-

pollent to itself, in such a way ihat the point coinciding originally

with coincides successively with each point within (/'„,;/'„.,);

then the locus of all the positions of {P)„, is a prismotope with three
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eoiistitiienls (P)„, , (P)„, , (P)„j which may be represented by the

symbol (P„, ; I\ ; l\^. In the same way we find by combining:;

(P)„, and (P„, ; l\ Pr,) a prismotope (P„, ; P,,^ P„, ; /^„,) with four

conslitueiils. and linaliy, after iiaving used (P)., , a prismotope

(P„, ; P,.. : . . . : J'„ ) with ;; constituents.

It is not dit'ticult to show tliat the result is independent of the

order of succession in which the constituents are introduced in the

process mentioned. To that end we have only to demonstrate that

the interchange of (P)„, and {P)n, in the generation of (P„, ; P,J

does not influence the result. Let P be an arbitrarily chosen

point of the position (P)',,^ of (P)nj in which the point of (P)„,

coincides with the arbitrarily chosen point 0^ of (P)„, , and let

O^ be determined by the vector equation O^P^ 00^, i.e. let 0^

be the point of (P)„„ corresponding to the point P of (P)'„.,. Then

OO^PO, is a parallelogram; so P may be considered quite as well

as the point of a new position (P)'„j of {P)„^ corresponding to the

point (>j of {P)„^ , this new position (P)'„, of (P)„, being obtained

by moving (P)„i equipollent to itself in such a way that the point

O of (P),, coincides with the point C\ of ^P) „. Or, in connection

with the remark that (>, and 0, are arbitrary points of (P),,, and

(P)r5 , whilst OP is the resultant of the vectors OOi and 00^ : "if

Oi and 0, are arbitrary points of (P)„j and (P)„„ , the end point P
of the resultant OP of 00^ and 00^ is an arbitrary point of the

prismotope with the two constituents (P)„, and (P),,, ". This can be

extended immediately to: "if O^, 0, , . . . , 0,, are arbitrary points of

(P)„, , (P)„,, . . . , (P)„,, the end point P of the resultant OP of

OOi , 00, , . . . , OtJi, is an arbitrary point of the prismotope

(P„,;P„,;...;P„p-'.

This mode of generation shows clearly the irrelevancy of the order

of succession of all the constituents.

The prismotope (P„, ; P,,.^ ; . . . ; P„ ) is a polytope with ^iii dimen-

sions; the space with this number of dimensions containing it is

completely determined by the spaces -S„, , -S;, , . . . , «§« with the com-

mon point (>.

The aim of this paper is to deternn'ne the characteristic numbers

of the prismotope (P„, ; P„, -.
. . . : J\ ).

2. Xotdtion. We indicate (he numbers of the vortices, edges,

faces, . . . , limiting polytopes (/)„._i of a polytope Pn by the same

letter, say a, with the subscripts 0, 1, 2, .... , n—1 and represent
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moreover b_v r^, the unit ourrespoiiding to the poljtope itself. So,

if the polytope Ijelongs to the group of the EuLKRiau poljtopes,

what we suppose to be the case, tlie relation holds

ff„—0,403—«,+ .... +(— l)"o„ =z 1,

what we express by saving that the EuLKiiian form A, i. e. the left

hand side of the equation mentioned, is equal to unity.

For the different constituents (P)„,, (/'')»„,.., {P))i of the prismo-

tope, all of them supposed to belong to the EuLERian group, we
introduce for n and A ditferent letters a, h, . .

. , p and A, B, . .
.

, P.

3. We now prove the following lewina ;

"The number of limiting elements 'J\ of q dimensions of the

prismotope (/-'„, ; /'„„ : . . . : P„ ) is equal to the sum of the terms out

of the product AB . . .
1* of the Eri.KRian forms of the constituents,

for which the sum of the subscripts is equal to q, with the positive

or the negative sign according to q being even or odd.".

Example. In the case of three pentagons as constituents we find

by developing («„—«,+«,) (1^0

—

^'^-{-^h) {<'<>—Cj+cJ where

ii' q^, q^, . . . refer to the prismotope,

5„ = 125, q, = 375, q, = 450, q, = 275 q, = ;•(», q^ = 15, ,;, = 1

and therefore a sixdimensional polytope with the symbol

(125, 375, 450, 275, 90, J 5)

of characteristic numbers; this symbol satisfies the law of EuLiiR.

Proof of the lemma. Let us represent the prismotope (P„, ; P,,^ ; ... ; P„ )

under consideration l)y Pt for short and let pt = («,,, ; ,?,., ; . . . ; jt^
)

represent a new prismotope, the constituents of which are definite

limiting elements «,, of (/^)„, ,;i., of (/^)„., , . .
. , .t, of (/^)„ , where

it is allowed to take vertices for some of these limiting elements in

which case the corresponding dimension number .sv is zero and the cor-

responding {P„.) inactive in the lorniiUion of pf. TIumi /)/ will be a

/'

limit (/),, of I'f undci- the condiliou 2£.'ii = (/. Reversely each element

{l)g of Pt can be generated in this manner. So the number of limits

(/),/ of /-*/ is equal to the number of the dilTerenl ways in which

we can gather a set of limits ftc,
, (h^ , , -t--,. the nund)ers ,v, satis-

fying the ('(indilioii ^'.s-,= y, which lasi luuubcr is represented e\idently
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;>

by ^(is Ik.. . . . jk for ^^^v = '/, ami in its iiini ihis oxjirossioii re|iiTseJils

the alxoluic value of tlie mimher indicated in llie staleiiieiit of the

leimiia, where il is airected by tlie sign (— i)?.

4. If we hiing the polytope (P)„ with the symbol («/,, a,, a,, ..., a„_i)

of characleiisiie numbers in relation witli tlie polynoniitim

((„ -f-
((,,)• -f- a..!-' -^ . . . -^ «„_].!•"-• -|- ,r"

which may be called the "En.ERian function" of the polytope, the

connection lielween the cliaracteristic numbei'S of the prismotope and

those of its constituents can be expressed very simply by:

Theorkm I. "The Eui.ERian function of a prismotope is the product

of the En.ERian functions of its constituents".

Corollaries. "The Eri.KRian function of the simplex »Sv»-l-T) of /S'„ is

(n+ 1), + (« rl)= •' + ("+ 1)» ^'- + + («+ l), «"-' + «",

for wliicli can he wi'itteii K-('-|-'J)"+' — Ij-"
,r

"The Ei'i.ERian function of the siniplotope (compare p. 45 of vol. II

of my textbook ".Melirdimensionale (4eomeirie", Leipsic, Ooschen,

1905 with the constituents N ;», -|- J), (/ = 1 . 2, . .
. , ii) is represented by

1 !(.,.+i).-+. - jj j(,,+i)v..+. _i|...i(,,+iyv+'_i|."

"The EiLERiaii fniiclinn of a prism of rank /• is divisible by (2-|-,r')^'.

So (2-)- .(•)'' is the En.i.Kiau rnnctiou of an /Miimensional parallelotope

(I.e., p. H9, \ol. 11 and as for the cluirai-teristic numliers line B„ . .

.

of p. 245, vol. II).
"

So the characteristic numbers of the |)arallelotope of S,, are con-

nected in a simple way with the digits of the nund)er representing

the 7i''' power of 21, if in this evolution the ordinary reduction

to higher units is suppressed, i.e. if we write 21' = 8 (12) 6 1,

2r = (16)(32)(24)8J, etc.

Eioinple. We consider the sixdimensional prismotope {tC();tCO)

with two fCO (see the last polyhedron of tig. 55, l.c, p. 189, vol. II)

for constitueiUs : as ihe >yMd>ol of cliaracleristic numbers of tCO is

(48, 72, 26) we find

(48+7J.r+2t).r-+.'-')'''=-^yu-l+tJiU2,r+7r)80.r-'+H840.r'+820.t'+o2.(-'+.B"

as Eui.ERian fuuclion and therefore (2:^04, 6912, 7680, 3840, 820, 52)

as symbol of cliaracleristic numbers.

Rejnnrk. Theorem 1 is not rexeisibie, i.e. tlie decomposability of

tlie El i.ERian fuuclion iulo jiolynomia which represent Eui.ERian

fnnclion- of polylopo w idi ,-iualler imiiilK'i> tif diuieii!.ions does not

29
Froct:t;diui;> Kuyal Acid. AuisleiiJaiii. Vol. \IV.
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imply that tlie polytopc under poiisideration is a ])ri8i)iotope. So (lie

poljliedroii tO (tlie last pohliedroii of the tirst row of lip;. 55, I.e. p. 189,

vol. II) corresponds in sviidiol (24, 30, J 4) of characteristic numbers

with the prism 1\„ ;
liierel'ore its Eui.KKian function 24-|-36.('-|-14.r'-|"''''''

is decomposal)le inio the Eui.KRian fiiiiclions 12 -|- 12.;; -|- ,r' and 2 -j-.r

of the base and tlie upright edge of l\,, though /^> is no prism at all.

By putting ,; = — 1 we deduce from Iheorein I that the product

of the EuLERian forms of the constituents is liie Eci.ERJan form of

the prismotope. So we find

:

Theorem. II. "A prismotope satisfies the law of Euler, if and

only if this is the case with ail its constituents'".

If we denote as "sum of limits" of the polytope (P),, with the

symbol {a^, a^, . . . , (i„-\) of characteristic numbers the expression

'''o+^'i + • • • + "«— 1 + 1' where the last unit corresponds to the

polytope itself, the first theorem gives for ,i-=l

:

Theorem III. " The sum of limits of a prismotope is the product

of the sums of limits of its constituents".

Corollaries. "The sum of limits of the simplotope mentioned above

is (2„,+, - 1) (2„,+, - 1) . . . (2v+, - 1)."

"The sum of limits of the ?z-dimensional parallelotope is 3".".

Example. The sura of limits of the prismotope (/CT^; <C(^) mentioned

above is 147= = 21609.

Physics. — "The rariability of the quantity h in van der Waals'

equation of state, also in connection loith the critical quantities." II.

By J. J. VAN Laar. (Communicated by Prof. H. A. Lorentz),

For b' we find with .v = l according to formula (11);

, _ V,ij(l-|j)y(l + y) ^ .02162X1.227x2.227 ^ 0.05908
^^^53^"^

m
"

1,107 1,107 —

This value is — as was to be expected (see also I, p. 292) —
somewhat lower than that which was formerly calculated with the

c(iuation of slate iriliioiil /i7' being uiulli|)lied by Ihe factor 1 -f- ,c,?.

Before about — was foiind, bul now about—.
18 ly

For — vh" we calcnlale wilh ./• = 1 according to (12);

(1 r^^) f .7(.iM-2,i-l)(H-7)'
V—b ot' 2

= .^1-^:^1:^ X 0.OJ1G2 r.;.4.-)4
1

O.OIOI X (2.227)']
1,114 1,357

^^
L

'

J

= 1,898 X 0.9038 • 0,02102 ,v 7,9(39

=: 1,715 X 0,1723 = 0.^.
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Tliis \;ilii('. Inn. is l(i\\ IT lliaii llial ri)iii|inlO(l hclnre (in oilier

, .
—'-b"

supiiiisilions ; now ().."i(). Iiclnrc 0,40. liul loi- llic n'lation

U,3yG _ 0,295
alionl lilt' .-^amc \alue is roiiiul ; het'ore = 5,2 : now = 5,5,

0,076 0,0534

so only sliLi'lilly hio'her.

l'"inally we lind foi- hi- : li,, according to (13):

'' = 1 — 0.0453 X 0,700 = 1 — 0,031 7 = 1 .

/)„

'

31,5

A/; Lh:hu
For as we tonnd the \aine 0.fi2S for -

, ue uct =r (),fi2<S,

'7: l>l

'

'/,•

h
~

Lh Lh
and hence ~-^ — = 0,628 X 1-1 14 = 0.700.

/)/,. h,,

h-
So roniarkahlv enonaii we tind for the same value as van dkr

,. . . 30 1

WiiM.s i>ave for it, viz. — ^1
.

31 31

The above may already snflice to establish the conviction that the

ordinary theory of association in itself gives a fnnction of v for b

(through ihe (piantity jJ), which already on the supposition ,7; = 1,

i.e. association to dovhli' molecules on an average, I'epi'esents the

critical data lu'i-ft'ctUj rovri'i'tlij. Of Ihe said double molecules only

0,045 = '

.j5 are still present in this form ; "'/,, lias already broken

up into simjile molecules, .\nd yet in consequence of this Vk : h^

falls from 3 to 2,1, ft from 0,375 to 0,265, / rises from 4 to 7,

hk 30 — vh"
, , . , 8 a

while — =—, —-,— =: 0, and the factors /, and f. of ttt-t- ."^nd

0^ i\ b
^ ^ 21 h

---- in the exj)ressions for RTu and pi- are both very near unity.
27 o'

. „

5. When .r = 2 instead of .r= l, i.e. r = 3 (association to triple

molecules), we lind from

;

m 8 1 A-x
- = „ and // = 0,947 ~—

,

n 7 l+«^

calculated from f^"' and ft := 0,265 (.see I, p. 295), in connection

with the expressions (5) (loc. cil.l for f)i and // ;

,?— U.9."iS!4 ; -/ ~ O.m.'iS.

29*
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3
For then n = 0,947 X = 0,974 : m = V.n = i ,1 1.3, wliile :

2,917

« = 1 + ,^(l-,i)(2 + (^) + ^ i?(l-.:?)(U-2.-?-6,f)(2 + ,/)'

= 1 + 0.03984 /^^ 2,916—0,00221:5 > 2,595 X 24,79

=: 1 + 0,1162- 0,1424 = 0,974

follows from (5), and

m = 1+1^^(1 -,J)(2 + ./r

= 1 + 0,0132 8 X 8,502 = 1 + 0,1129 r= 1,1 l;S

is found for m.

It is worthy of note thai |^ again gets into the iieighitourhood of

0,955 just as for ,(==1 ni order to bring/' from 4 to 7, and ii from

0,375 to 0,265: we no.v find a value which is oidy <*,3 "
„ higher.

Ihit foi- '/ a much lower value is found fnr .r =z 2 than for ,r=zl.

when we calculated qB = l,23.

Lh Lh 0,9158
From Y =(l+ 2,i) we calculate — w^rrw = 0,314.

f

—

h V—b 2,91 I

Hence exactly half (he \alue of that for ,r^ 1. And as we saw

Lh
in 1, IK 29(i, that must |irolialilv bo ^0,43 tor then the

Vk— ^->k

limiting volume A„ for r ^ h becomes about half h,, for r^x, i.e.

a fourth of the critical volume), x=Ti^ would perhaps be most

satisfactory ; for then Lb ; (/•/,— bk) would have become about

=^ Y^(0,31 -j- 0,63) =: 0,47. However, tins conclusion is not inevitable,

as we already remarked loc. cit. p. 296; for in the neighbouriiood

of the critical point Lb -. (v—h) can very well be =0,63, Lb decreasing

gradually at lower temperatures, where x will become gradually

greater in the liquid phase.

17.- om"
<or - ^= we now lind ;

hi: -Sm'— 2w

3va.ll3>' 3.716 = 2,102,

ht: -Sm'— 2w

3X(1,113)' _ 3,716

(f/.- 2X0 974 ~ i7768

only little less than for ,r =r: 1

.

l''or /', and /'^ , loo, values are lunnd which do\ iatc (inl\ slightly

We llnd, namely

:

3 49 1,768 49 1,768
/', = X - >' = 1.029 X • X ;

— 1,010,
•' 2,917 •^64 (1,11:;)' 64 1,378

wiiile
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(l,768fx0,55()5 1,73^
1,010

l.:239xl,(i78 1,707

is obtained (For ./ i= 1 we Ibiind resp. 1,004 and 1,007).

The formula for // now "ives

:

b'

'',l3{l— ,i).7 (2+ r/.)_ 0,01328X0,9158X2,9158 _ 0,08547

1,113

1= 0,0319 =
31

Tliis value is auaiii eonsiderabiv lowei' than tiiat for

1

0,0534
19

: 1, Vi/..

whieli was ah-eadv lower than llie value found before

on othei- suppositions 'no factor 1 +•',? for liT), viz. — . Also

— (•//' is found lower. For

- ri" = — ^, . - ,i(l -i) (2^-2/.) -^ - (2,i»-f2.:f-l) (2-f'/)'
r — b m o o

yields

:

2.102 0.9158 r „ T— i-b" = X X 0,01328 3,832 - 0,9180 X (2,916,'
1.102 1,378 L

' /\ V '
' J

= 1,908 X 0,0644 < 0,01328 x 11.64 = 0.196
,

whereas 0,295 was found for ,(==1. Bur for the ratio — rh" -.

/>' we
0,196

now lind - =6,1, i.e. an oidv slinhtlv lni;lier value than tor
0,0319 .- , -

,c^i, when we found 5,5 foi' it.

Finally we have :

b/. Lb
- = 1 — (1—(i)/,— = 1 —0,0416 X 0,314 X l.!02,
bf, bg

Lb Uk b/; VI; b/; bl;

because was =0,314, and —-— = -—--=: 1,102. Hence —
I'k-b/- bg bk b,j

1

becomes ^1 — 0,0144 ::= 1 —
• — , so that the \obiiui' ol the niole-
69.4

cules at the critii-al leni[)erature is still neater the liniiliiiii \olunic

/>,, for ,c^2. Vet kiu account of the .ureal value c)I7/',i the conse([uences

of this are so great that ilie dillerent critical (inaiilitie.s accord per-

fectly with the e\[)erimenlal \alues also now, i.e. ''/.•./>/. iicls from

W the value 2,1, y' iVoiu 4 the value 7 ami [i from 0,375 the value 0,2G5.

We shall now consider the str<ii<ihl iHiiiihii-r more closely, and

then make a few remarks aboin ihe >o-calliMl ••aiiuiuaious substances".
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6. The straight diameter. In (inli'i- lo luue ai (un' di^pusal

some material lo u>e for a lyajpurlsmi in the derivation of the

coexisting liquid ami vapour [tliases, and also with a view to a

methodical treatment of the iiroblem which is very difticnll in the

case of non-constant h, I will begin with the derivation of the

equations I'eferring to the problem for the case that /i is cni/s/in//.

Then van ijek Waai.s's equation of state holds in its original form, viz.

ET a _ RT a

in which r refers lo I he liquid phase, v' lo the vaiuinr phase.

Then we have further for the coexistence :

V

1 /• RT I'—b a
t = I pdv = -, loa ;

)'—r^ (•

—

V " V— /' vv

After substilulion of /; ^ ?/>/, ,
T^^niTt,, r = //r/,, in which

1 a 8 a

'"
21b'- 127 b

we get the well-known reduced relations

8;re 3 8?« 3 8m 3w'—

1

3

3n— 1 /(- 3«'—1 n- .S{n'— n) ' 3n— 1 iii}'

or also, after introduction of the deniitics d and d' d^ and </' = —
V " "

d d' dd' fd o-d!\

3-rf 2,-d' 3(d-d) \d'S-dJ

Equalisation of the first two etpiations (^0 for f now \ields:

,/ d' __ 3 d'-d"

S—d 3 (/' 8 m

For this eijualion we can also write:

3 {d-d'} _ 3 d'— d"

(3— d){3 — d')
'~

8 m
or

(
3 ^(/) (3 -(/')(,/ J-./') — Sin (1")

If we equalize Ihc lirst and the third, anil also ihe second and

llic third of Ihi' oi-i,L;iual eiinalion- .<r for i-, we gel :

/ dd' d \

{•A{d—d') 3—r/y f

that is, after division of llir lirsl ((pialuni by r/. and the second h_\ (/':
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,/' IN,
3 \;A{d—d') - 3—dJ

S / d I \
,

I

'

— m I loq , = d—d
I

3 \3{d—d!) • 'd—d'J ]

or by iidditioii

:

d-\-d' 1 1 6— {d-\-d')

3{d-d') • 3—(/' B—d' (3-rf)(3-<i')

If relation (i°) is taken into consideration, this becomes:

/d 3-</'\ 3 d-d'

^"n^s:id)-^^-nr^'^'^^^ ^'^

As we shall see in what follows, we find back the two equations

(1) and (2) in about the same form for non-consta)it h ; only some

numerical values are slightly different then.

Division of (1) by (2) makes m disappear, and gives the following

relation between the two coe.vistiwj densities :

d ,
d!

loq — loq
^ 'd—d ^ 3—(/' 6= 1 (3)

d d' dA-d' '
^

'

d—d~ 3^'

which enables us by approximation to calculate for any ariiiirarily

assumed value of (7 the corresponding value of the vapour density

,/ </'

(/'. If we viz. put = .land ^A\ the calculation from the
^ S—d 3-./'

perfectly symmetrical ecpiation

loq A-— loq A' 6~ ^— = 1 (3")
A— A' d^d' ^ '

is very simple indeed, and >o it is not necessary for the solution of

this problem to introduce goiiioinetric or other auxiliary variables,

as Plasck and others did.

When the density of the vapoin- phase </' can be neglected by the

side of that of the litpiid phase (/, which is the case for values of

m <^ 0,4, it follows immediately from this, that

(rf = 0) ,„ = -i,/(3_6?),')
(4)

while it follows from ^3) for </', that

3 / ( / " 32 \
1) Reversely (/= — I 1 — 1/ 1 »« 1 follows trom this, which passes

8
ito rf = 3 ^ m for very small values of m.
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lo<i

{d! = 0) loq - =
a

d
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l!v means of (I") and ('A
)

ilu- lasl c<iiialii)ii lor llic calcnlatioii

of //^ after (/' has been falnilateil from tlie firsr — or of (4) and

(5), when in <^ 0,4, we now easily ealcuhite the jji-ecedinti,- table.

1 — m
In tlie eoliinin with the headinu, J + — , we have ealeiihited

llie value of the ab>eissae of the .%•//<//(//// /iiir which eonneets ilie eritical

1

point wilh the point
_

(</ -f ,7) ^ 1 ,5. The deviations are so slijiht

the urealesi deviation at about //? r= l),77 amounts oidv to 1 °'
•

3

thai in a ^laphical lepresenlation made at the orilinary seale the

1

deviations of the curve
_^ {</ -\- d') z= f (i,i) from the straight line

woidd be hardly perce|ilible. Ili'nce the above I'epresentation is

greatly exagge rat e( I

.

As we shall immediately see, the coeflicienl of direction of the curve

in die critical point is =0,4, while dial for »/ = 0, — (r/-|- r/) := 1,5

4
gets the \alue of (U-0,44. The coeflicienl of (brectiou of the s|i-;uo|it

line being ^ 0,5, the roi/ "sirai.iiht" diameter will have moved
somewhat to the side of the niptnir at the critical point, and some-

what to the si(li> of the lii|uid at ;// = 0. About al /// ^ 0,.S5 it

l)as.s©s the straigiit line. As is easily derixed from the aboxe table,

tiie eoeflieient of direction of the curve in this latter point is ^ 0,5l).

Near /»= we derive fnnu the table 0,46, which will pass into

0,444 exactly at »; ^ 0. It fcdlows namely from (4j (see the note', that

IV.-V, (^+ <^') IV,— 7,'/
' = -"- approaches to '' at m = 0. If we wish

7n III

also to derive the dii'ection near the critical point frcnn the table,

we camiot make use of the tu-st vahies, because the calculation of
(/' from (/ by means of {'A) is not accnrate enongh. Hut IVom the

\alnes foi- d^lM and 1,5 we calculale the value 0,405 for </ = 1,4,

whiidi comes alreaily very near lo liie limiling xaiiie 0,4. h'inallv

we poim oul dial for </ =r 2 the coeflicienl of direcli<in <if the curve

amoimis lo 0,4!l. so ihat lliere al lln> place of llie ma\imum<leviation

from die siraighl line liie cur\e run~ almosi par.dlel wilh the

straight line.

So it follows fnmi the above dial the faci thai (he curve '/,j >;r/-(-f/') =r

= /{ill) is almost s/r,ii,//i/, nin-l iiol be a>cribed lo a \ei-\ special

form of the eipiation of stale, as (' \i;i)oso does amoiiu uilieis, who puts
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the question in one of iiis last papers : irlml is thr I'ljiintinii of stutc,

ttfU'r 1(11, tltut coi'i-f'spouils to ihe fact of the "stntii/ht i/iaiiieter" —
lint tiiat this faet already follows from the simple equation of van

DER Waalss with h constant, as a special partieiilaritj that the coefli-

cient of direction of tiie curve ^/^{d -\- (/') = /{m) does not deviate

much at its initial and its liiial point from the coetiioient of the

direction of the stnii<//il line connecting tiieni, so that the curve, as

it were, winds ahout the straight line, and nowhere moves awav
from it considerably.

T/iis alone is the reason of the said curve lieing almost straight, and

it is (pute unnecessary to look for a very special equation of state

which was to account for this fact. And for this reason we took the

trouble to demonstrate this in the above with respect to the "ideal"

VAN DER Waals' equation. For there already we meet with the

so-called "stmii/ht" diameter. And this fact continues to e.\ist also

for the ecpuition of state modified by us when the molecules of the

substance have joined to greater molecule-complexes by association.

Only the coetiiicient of direction will then not be 0,4 !o 0,5, but

about firice as large, viz. 0,9 to 1, as we shall prove in a following

communication.

Very near the critical [)oint i/ and d' (,see also the above table)

will be represented according to the ide<d e(piation of state l)y

,l—l-,-2l 1 -m ; J = I - -2 ^T— m ,

whereas in reality a much greater divergence of the two phases is

found, when in becomes slightly smaller than 1. Then the coeflicieiit

2 should be replacetl b}' about 3,6, as follows from the values (/

and d' for the standard normal substance tluorbenzene, and also

from that of SO... wliich latter \alues very recently were determined

by Cari)o,so witii gi-cal accui-acy in the innnediate neighbourhood

of the critical point.

With respect to UJIJ' we lia\e the following table (p. 437)

(see al.so Kuenex, Die Zustaiidsglcichuug, p. !H)).

So the de\ialions IVoni tin' sli-aiulil line between '

., \d -\- d'] =z I

and 1,274 are in reality own i/n'o/i-r than acciu'ding to the ideal

ecpialion ol' state of van ih'.r Waai.s : further llic cuisc miw winds

about the stTaight line in exactly the re\ersed way iVoni that in Ihe

ideal case -. near llie critii-al point the curNc dexialcs to Ihe liijuid

side; furllirr on to the \a|inui' side. 'I'lie slraiiiht line has O,!) as

coeriicicnl of direclion ; llie ciir\e al the critical pninl 1,1. The

so-called •slraiiiht' diameliT (Ahibits even a pcrccpiililc ciirvatun'

close to the critical point, where it turns its cou\i'\ side to the \aponf
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FLL'ORBENZENE (Younc).

(/' J (rfi d) straight line

1
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We shall namely see in what tVillows ihat thfon'tirnlhi ,
Ixjtli

according io the ideal ec[uation of state of van der Waals and

according to the equation modilied by association, the first term in

the expansion of d— i or i — d' is always of the order 1^1

—

m
and not (see among others van dek Waai.s, These Proc. Vol. XIII

p. 1259 and Vol. XIII p. i 16 and J 17; of the order I'T-^i. Bnt in

order to raise the coefficient of 1^1— //( from 2 (according to the

ideal eqnation of state) to abont 3,6, it will lie necessary to assume

association at the critical point to an amount of on an average

1-^3 to 4 inolecides :./•:= froui 2 to 3. For substances where the

coefficient is found greater than 3,6, a smaller mean complexity will

suffice; it may be observed that these complex molecules are always

decomi)osed at the critical point to an amount of about 0,95, so that

only Vso P'^''^
^^' '^'l ''"^ molecules is still complex. But these com-

plexes are then on an average (at TjA triple or quadruple ones.

Before, however, proceeding to the determination of the coefficients

(/ and I) in the abo\e expansions into series for n'ol substances, we
shall lirst carry out the operation — in order to .serve for a later

comparison — for iili'iil substances, \vhich wduld tnlhiw the simple

unmodilied ccpiation (if van dek Waat.s.

7. Wo can follow three courses for the determination of the

i-e(|iiiiX'd expansion into series in the neighliourhood of the ci-itical

piiini. In the lirst place the so-called asymmetrical method by making

use of the otpiations (1) and (2), of which only the second contains

the logarithmic function. If we |)nl :

rf =r 1 -j- -lar + 'Ibt'' -f- -cr'' + -dr' -\- 'lex'' 4- . . . I

d' = 1 — -lax -\- 2bx- — -lex' -f -Idx* — l.'x' + . . . I

in which T ^^ \—m, we ha\c? onl}' to substitute these expressions

in the mentioiied e(pialions to determine the coefficients d, b, etc.

immediately. That lirrr </ 1 and 1 ~ '/' are of the order II

—

in

is immediately clear from 1"'. .\n<l llial ilic cocfticicnls of the

ex|iansions of */ ami '/' will be quite liic same, with the exception

(jf the sign of the coeflicieni^ of the ndi/ powtM's of t, is also clear

from the perfectly roiitiiiiioiis course of the saturation ciu'vc '/=/,;//

1

through the ci'itical point. For values of x begiuniiiu ,ii the critical

point are mea'-ui-ei! both ai '/ ami al (/' in llie >anie dircclion. x'v/..

in boih case> from llie crilical |ioinl, lowai'ds smaller \alncs of ///

;

while ihe values of </ aiiil '/' are mi'asni-eil m oppo-iie dircclion;

llio.se of (/ from lower toward- higher \uliies, those of (/' just the



reverse. In conseciuoiice of lliis (<(/r/(liirL'reiilic:il (iiiiiiic^iit
, , , ,

etc. ill .Mac-Lavrin's e\[i;uisi(iii iiilc> series, hence also the coefllicMeiits

n, f, etc. for (/ ami '/'. will get opposite signs.

If we liegiii liv assuming the coefilicients in </' \o he liilicienl from

those in '/. tiie calcnlatioii gets oiilv much more elai)orate, but

linallv we get also a ^ <i' , h ^ h' ,
< ^ <'

, etc., of which we have

convinced ourselves for the greater security.

With

.< = ,tr + it' + /'t' + . . .

_;/ = ^t' -i- >lr' -L . . .

we get

:

d = 1 f -Ix -r -lij
I

8 — ,/ rr: 2 (l-.r— v) (/ + <f = 2 (\^2y)

J' =1 — 2.V -1- 2.V :? — d' — 2 (1-f .e-//) d - d = 4a-.

And so (1"), viz. (S — (/) (3 — (/') {d -j- d') = 8»/, passes into

or also, becan.se (I—.(—//) (J -f •''—,'/)^ (i

—

!/Y—''•" = 1

—

'2i/— (x'—y'),

into

(1—4//^) — (1 ---Jy) (,/-—//') = w.

Now suiisiitiiliug the values of .r and y in this, we get:

1— 4(//-T*4-2/"/r")— (I +26r'-L2(/r^) [(aVM- 2oct'+ c'V"4 '^f"''"') —

— (//-r'-f 2/u/r'')] = 1 - T^

when in the expansion into series we take onlv the terms with t'

i]ilo consideratioji. Ast= ' 1 — ///, di is =r 1 — t".

Working this out, we get:

1 — U-r' — 8/n/r" — (1 - 2/<t'-'- 2'/,-*) Trr- -f (2«c - Ir) t' +
4- (c-+2,v--2M) t'I = 1 — T^

i.e.

1 - a'-r"- - (2<r/) -)-:«,- + 2a,-) t' - (l(i/<e-2/)'-l-r'+ 2a-fl!+(iWf 2,(/')t" = l-T^

So it follows from this that

a' = 1 2a'b+ :W t 2ar = 4ol,r — 2/<' H- <•' \- ^(rd + 6bd + 2ii,- = 0,

ami ue tind already immcdiaiclv fi-nui e(|uation il"' alone:

a =r I.

Hence the two other above etpialions pass into:

2h 4- 3/-' -1- 2c = U : 4/.f — 20' f c- + 2d ^ (jhd -r 2e = . . («)

I'Or the determination of the other coellicicnts we nnisl now use

the second eiimition, vi/.. (2). This becomes after substitution of the
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aho\'e gi\cn wnlnes of d, </', etc. (expressed in .r and //:

1 —2,v-\-'lij 1

—

X— y ^

If we now put .r -\- ij ^ ji and .v — ,'/^'/- '" >iniplifv llie further

eaiculiition, we gel for (lie logarillun

:

l+2pl + <?^

loq
l-2,/l-/-

= 2/.~-(4;.>^)+ .,(S/^')-- (1%')+ r(32/-M- ].
(64/,")+ l(l2?;r)-..

2 o 4 o (j (111111
+ P^zi''' +.^?'' T- Y ''' -!-^/^' -t;-' +-7/'' +••

2 4 o b 7

+ 2^4- ^-(4,')+ 1(8^')+ ^(16^^) + _^(32v') -f ^-((54-^") + ^(128^^+..Ill 1 1 1

+ 1~T,r +37- -11' +v7^ --7" +y5^ -..

111111 1= 3;._ ^ . 3p'+ -
. Pp'-

J
. 1 5p'+ - . 33/,^- - . 63p' + ^ . 1 29 ;v

+ 3^+
J-

. 3,= + ^ •V+ T • 1%^ - ^ 33^^+ i
. 63,/ ^ I . 129 9^

2 o 4 o b /
;

or

rp+7 1 r-r .

p°+5' 5 ;.7^—5^

=^L^-2"T- + ^2 4-~2^ +

^\lp' ^q' 1 p'—q' 43 p' +9'"

"^ 1 2 2 ^r~
"^ y ~2

_

Hence we have after re-substitution of ,r + // and j; — y for ^; and g:

X-\ {2a,y) + (.r'+ 3,rv=) - ^ (4;*»^+ 4<ry') +
2 4

11 7 . 43 , .r(l-'/)

'Z I m

in which llic expansions have not l)een carrieti further tlian is

necessarv for liie determination of tiie terms with v. After division

of liolli llic memliers by .'• nvc get:

/I \ 43 1—

y

(l-;/)^-(..M-3»/=)-5(,<H-//')i 11 ..''^ -:- 2,.V-2L.V+ -„.'•"=-^
\^o J 1 in

Suiistiluling inio this llio expressions witii t for ./ and y, we get

after sublra(;tiou ol' 1- // from both members;
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|«VH-(2a.' f 3;,')t'^-(.M •>"
1
(>M)r'\--:>\o^r^- \-2arT'){l,r-- { Jt') \-!>'t'\ f

+ 11 -((('t' + 4(!\t''')+-_'-('t'./''t' -21„'r'.AT-'
4:;

"r« = (l-V)„T= + TM-T').

because — = :; ,
= 1 + t' + t' + . ., in w Inch (1—

//) X i '^ «"''-

7/1 1— T

trarled in the second nienilier. So we a,el finally:

/43 44 \

T' + (1-/-)T^ + (1-/— ,/)T«

From tliis follows atiain

r = l

11 143
^a' — ba'-h -+ Sh" + 2ac — I —l,\ ^- a" —2\ a'h + 22rtV>'— 5^'+
5 7

44
_| a'c - 10a/;f + c" — 5«'(/ + Qhd + 2a« = 1 — /' — </.'5

So it follows also from Ihc logarillnuic e((nation ("2) alone that

while the two others pass accordingly into

6

1
36

20?) 4- 22i= — 56' 4-

7 5

. 4/, 4_ 3/,= + 2c =:

44
lOZx; 4rf4- 6?>(/+2« = 0\

(,i)

Now the two first equations of («) and (|i) yield immediately:

1 18
h =

50

Sultstitiition of lliesc values in the \\\o last equations of (*() and (ji)

yields

:

1(3

d + 2.
391

2500
;

from which

cl
— G4

875

14 4953
- (/ -1- 2^ 4 = 0,

5 17500

1359

35000
'

So in this \\a\ we lind (>very lime two coefficients at the same

linii'. It is soll'-c'\ idcnl thai if \\c (inly want U\ dclcrmine a and h,

the expansions need Udl he canicd Cnrlhcr lliaii r', which sinq)lilies

the above cousideralilv. IJul \vc wished to determine also the coelli-
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c'ient '/ for the t'urtlier course of Ihe "straiiilit" diameler in llie

iieigliboiirliootl ot 71 for li coiishiiil.

In tliis way we liaxe linally:

2 VA

5 25 875 17500
<i = 1 + 2r

128 1350
:. T^ - ^_~ T-' + ...

(/'- 1

and we iiiui

and lieuce

:

2 13

5 ^ ?5

128 1359
__ _ r* J^ .

875 17500
\

(7)

1 2 128
__-(,/ + ,/) r=l+ . T' + ^-^_ T^ + ...

1 — m
64

175
(^-"^^ (8)

In- wliicli the direction of Ihe "slraij^ht" (liaiiieler in the ideal case

is completely delerniined. lleiicc the liniilini^- \alue ol Ihe coefficient

of direction for 7/,- is =0,40, \\'hicli \alue u'radnally increases a

little, as we saw already above (cf. also the figui'e adjoined to the

table). P'or 1 — lii ^= 0,1 (/ has iirowii to 0,415.

In Ihe following paper we shall try to determine d and /> from

the rt'd/ e(|nation of state, when we shall see that already the deter-

mination of the coefficient </ gives rise to great difficulties. With

regard Ici /> we may say ilial it \\ill have to rise from 0,40 to

about 0,;tO. (Argon O.ilO ; Isopenlaiie (),S9; l-"luorbeiizene 0,91:

O.xygen 0,81).

{To he cull tinned)

Clan'iis, October 24, 1911.

Chemistry. — "Su>/(ir ^o/ulidii.s mid l/nue'. l>y Dr. 1'. .). H. v.

GiNNRKEK. (Communicated by Prof. v.\n Romhuiuuii.

iComiminiealeii in tlir meeting of Sept. 30, 1911).

The solubility of linic in saccharose solutions and the phenomena

occurring in sugar solid ions whicdi have been treated with lime

have been many limes ihe subject of investigation. The investigation

then generally had a purely techiucal |)urpose and the investigators

(lid iioi rcallv slri\c lo carry out scicidilic worU but rather to explain

Ihe |)li('U(Huciia occui'ring in Ihe sugar indnsiry. That the subject has

not as yet been investigated according lo Ihe methods placed at

disposal by modern physical chemistry may be attributed to the

ficl thai il oilers so liiiie cliaucc of success. The tliflicuKies present-
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iiig themselves at such a research are so great tliai a really i-oni-

plete investigation with a satisfaotoiT scientific result can liartily be

expected. The motive and object of this research wore also of a

technical chaiacter ; the method aitpiied necessitates, however a

theoretical explanation.

The results as yet obtained are generally ii.^t capable of satis-

fying the critical reader ; on one hand they have rarely led to con-

cordant results on the other hand it is not possible to get from

the known observations a good insight into the connection of the

phenomena.

And still this insight is a matter of great technical importance.

One might perhaps remark that in the course of years, a modus

operandi has developed in the sugar industry which, on the whole,

yields satisfactory results and that a scientific and accurate investi-

gation of the phenomena is not of any great importance for technical

purposes. I wish to be allowed to briefly answer this often quoted

remark.

A fact is that, although there exists a fairly satisfactory working

process, there occur not unfrequently difliculties and confusions of

which one does not know the cause and for which no satisfactory

remedy is known. The chemical industry has two methods of expe-

rimenting at its disposal; the practical experiment at the works, and

the laboratory experiment.

The practical experiment generally takes the following characte-

ristic course. If a process does not work smoothly and if difliculties

are experienced in the ordinary method of working the latter is

altered but in such a manner that 1. the usual method is departed

from as little as possible, so that there is no risk of a serious failure

involving great financial loss. 2. Tiie experiment has its limitations

depending on the nature, the size and the construction of the api)a-

ratus at disposal. For instance, it will often be impossible to attain

a temperature considerably higher tiian the normal one because the

capacity of the heating arrangement at disposal is insuflicient.

If now the experiment carried out in this manner has a not

unfavourable restdt, thi circumstances are remembered and these

are again ai)plied another time. Should the result be again favourable

a rule is gradually inti'oduced : If under certain conditions some

difficulty or other arises, act according to the particular recipe given.

Some of those rules have obtained the significance of laws whose

di-scovery has meant a real industrial progress : but there are many
others whose applications have done more harm than good. The

practical experiment, although \ciy useful, is not suflicient.

30
Proceedings Royal Acad. Amsterdam. Vol. XIV.
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()n the otliei- hand we have the laboratory experiment. This is

not afiected by the limitations and the dangers which render the

practical experiment so difficult, but can be freely pursued. Now,
it is striking how trifling, in some works, is the inlluence which

the laboratory experiment can exert on the process of manufacture.

The cause of this unfortunate state of affairs is, in my opinion,

brought about by the fact that those who conduct the investigation

make too little use of the peculiar advantages which the laboratory

experiment offers over the practical one. They imitate far too closely

the actual process of manufacture. This, certainly gives more chance

of an immediate success, but on the other hand they rarely attain

to more than what has already been found out by the practical

experiment.

The laboratory experiment ought to be put on a broader basis ; when

once the scientific principles of the questions involved are under-

stood, one may proceed to experiments which are connected more

closely with a particular manufacturing process. For instance, only

a somewhat broadly conceived investigation of the system lime,

sugar and water may elucidate the many phenomena occurring in

certain processes in the sugar industry. Not in every case, howe-

ver, for it has been proved of late, owing to the experience gained

in the modified method for obtaining the "raw juice", that the influence

of the non-sugars occurring in the solutions obtained must not be

neglected. But this does not alter the fact that the behaviour of the

three chief components of the complex present must be known first

before a further investigation can take place in a rational manner.

Ill this communication there is only a question of lime, sugar, and

water. The intention really goes further and aims at investigations

in llie system of these three substances and carbon dioxide. Of the

i-iiemislry of the i)rocess taking place when treating the mixture of

sugar solution and lime with carbon dioxide but very little is

definitely known. The investigation communicated here is, however,

limited to a portion of the diagram of lime, sugar and water at the

temperature of H()°.

The investigation was based on the following view of the phase

rule. When deducing the same a start was made from known facts

and the result of many preliminary experiments. The latter are not

communicated as they were, quantitatively, but roughly carried out.

The definite experiments for upholding the argument set \\]yn priori

are communicated further on.

Saccharose, calcium oxide, and water form a ternary system and

as is well-known many more or less stable compounds in which
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sugar and lime occurs. For this investigalion, only the Irisaceharate

is of importance. This compound when preci|)itated fVom aqueous

solutions has according to many investigators, the formula C,^ H^, (),,,

3CaO, 3H., 0. On warming sugar solutions treated with lime'), at

the ordinary temperature, the trisaccharate is precipitated.

The trisaccharate, however, is not stcible, at a higher tempei'ature,

in the presence of water and sugar solutions (those of a very iiigh

concentratioi\ perhaps excepted). If we take into consideration that,

in the cases to be investigated, the trisaccharate separates in tii'>

solid state, but that the definite equilibrium between the compound

and the components is attaijied but slowly, and that the phenomena

occurring before the equilibrium has set in must be investigated

also, the necessity arises to look ujion tlie system as being pseudo-

quaternary. ')

Fis. 1.

In the equilateral triangle SWC (tig. i) the apexes represent the

pure components, saccharose water and calcium oxide, respectively,

and the points T and A' indicate the composition of the trisaccharate

and the calcium hydroxide respectively. The temperature is taken as

80°. If now no trisaccharate occurred cither in the solid condition

1) Many investigators speak wrongly of solutions "saturated" with linio at the

ordinary temperature.

2) Compare H. R. Kbuyt, (Chem. Weekblad 7, 133 (1910)). The nomenclature

there given is used here.

30*
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or ill fohilion a line AB migli! indicate the solubility at 80° of

calcium hydroxide in sugar solutions of varying eoncentratiuns ').

If there were no molecules of calcium hydroxide in the complex a

line like DE would indicate the concentration at 80° of the trisac-

charate in sugar solutions of different concentrations. That this line

is situated at higher lime concentrations than the first line is probable,

bur not certain. If now we start from a complex P, and assume

that this consists of a liquid of the concentration H and a solid

phase T we can trace what will happen if, in the solution H,

the molecules of trisaccharate present are being converted into

calcium hydroxide and saccharate. The concentration of the molecules

of the trisaccharate then begins to decrease, causing the equilibrium

between the solution and the solid phase to be disturbed ; this

phase-equilibrium will endeavour to restore itself.

Let us now suppose (and this supposition governs the whole argu-

ment) that the equilibrium of phases sets in more rapidly than the

inner reaction-equilibrium in the liquid, then the following will

happen in the process of the decomposition of the trisaccharate. In the

solution in which molecules of trisaccharate are being decomposed,

fresh quantities of the solid phase will dissolve. The composition of

the liquid will now be represented by a point which moves along

the line HT in the direction of /. This will continue until in the

solution so many mols. of calcium hydroxide liave formed tliat this

is on the point of precipitating. If this happens, for instance, in the

point /, the composition (or to be more correct, the point indicating

the same) will move along a line which does not coincide with the

prolongation of the line HI, but intersects this in /. This eutectic

line, which indicates the composition of the liquids whicli are in

phase-equilibrium with the two solid substances, trisaccharate and

calcium hydroxide will have a course like the line IL, and in anj'

case be situated to the left of IT, because the Ca 0-content is less

than that of the liquids to which the line IT relates. Whereas on

further decomposition of the trisaccharate the composition of the

iifjuid will, therefore, move along the line /L, the average composition

of the solid phases will move along the line TK from 7Mo\vards A'.

When the composition of the liquid has arrived in L and, simulta-

neously, that of the solid phase in K, all the solid trisaccharate

') It is almost superfluous to point out that, for ttie sake of clearness, the

solubility of the lime has been drawn far too large. For the same reason the

figure has been drawn complete although little or nothing is known about the

behaviour of the comjionenls and eventually occurring compounds at very high

sugar concentrations.
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is used up and only the molecules of this coni])Ound still iusoiutiou

will go on decomposing.

As hence calcium hydroxide only is precipitated from tiie solution,

the composition oF the liquid moves along L3/. This, however, will not

continue mitil tiio point M is reached because, however greatly in

favour of the calcium hydroxide the reaction equilibrium in the solu-

tion maybe, a few mols. of trisaccharate are sure to remain in solution.

The equilibrium will be attained, for instance, when the liquid has

the composition indicated by Q.

In the same manner as stated for the complex P we can set to

work for any other complex containing trisaccharate. So long as the

point of equilibrium for that complex has not been reached the

saccharate will be decomposed in a way similar to that indicated

for the complex P. On closer consideration it appears also that the

lines which indicate, for ditferent complexes, the composition of the

liquids which are, simultaneously, in phase-equilibrium with both

solid substances, are all |:arts of a same eutectic line FG. For if

in the ternary system there is an equilibrium of phases, the phase

rule may be applied with this understanding that the number of

degrees of freedom is here increased by one on account of the

changeable inner condition of the liquid which is represented by an

equation with two variables. In this case, the number of degrees

of freedom will then be equal to one so that the possible conditions

are, as a rule, to be indicated by one continuous line.

' Up till now there was only a question of mols. of trisaccharate

and mols. of calcium hydroxide and no mention was made of mole-

cules of other compounds (such as monosaccharate etc.) possibly

in the liquid. The existence of such molecules in the solution does

not, however, interfere with our explanation. For this it is not at

all essential that the decomposition :trisaccharate = sugar -f- calcium

hydroxide takes place according to a simple equation. We certainly

have started from liquids which merely contained mols. of ti-isaccha-

rate and of calcium hydroxide, but these only represent hypothetical

initial and terminal conditions.

The lines which represent the composition of the liquids containing

only mols. of trisaccharate and calcium hydroxide and coexist with

these solid substances, respectively (the lines AB and DE) are,

therefore, purely hypothetic and cannot be determined ex[)erime7itally.

The line FG, however, may perhaps be determined experimentally

on the condition that the phase-equilibrium sets in more rapidly than

the reaction-equilibrium. We found above that the point of equili-

brium must be situated in a point Q. The line indicating the point
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of equilibrium for ditferent degrees of concentration might then have

a course as represented by ANO. AN indicates the composition

of the liquids which find themselves in a definite equilibrium with

calcium hydroxide as solid phase; liquids with a composition on

NO will coexist in definite equilibrium with solid trisaccharate.

All this might also be deduced — and more rigorously so — by

lirst looking on the system as a purely quaternary one and then to

pioceed by a suital>le way of projection to the ternary system. In

the quaternary system, tlie section of a plane indicating the inner

equilibrium in the liquid with the solubility surfaces of the solid

substances uould then, when projected, give, in the ternary system,

the line of the definite equilibrium represented here by AN ^).

Meanwhile, the view stated above appears to us to be satisfactory

and preferable, especially as it is difficult to obtain a satisfactory

knowledge as to the inner equilibrium in the liquid on account of

the complicated nature of the reaction.

Our experiments now had their object (1) to control the compo-

sition of the trisaccharate; (2) to decide in how far the above view

agrees with the facts : (3) to determine (at least in part) the line of

equililu'ium.

It was obvious to try and prove the exact formula of the tri-

saccharate by applying Schreinkm.\kers' "residue method". This,

however, did not appear possible as we did not succeed in getting

by subsidence or liltration a "residue" of which the content of liquid

phase was not very large. In order to obtain at 80° complexes which

consisted of solid trisaccharate and liquid, we always started from

solutions treated with lime at the ordinary temperature. When such

a solution was shaken for some time at 80° in a thermostat so as

to precipitate trissaccharate and then allowed to settle, it frequently

happcn'^d that the liquid cleared up very well. The analysis, however,

always pointed out that the "residue." still contained a very large

iiutintity of (he liquid phase. We have tried in different ways to

obtain better results, but in vain. We constructed, for instance, an

apparatus which rendered possible a filtration under pressure, at

80°, l)ut this also led to no better result. "Residues" obtained under

a pressure of 5 atm. and higher had no higher content of solid

substance liian those obtained by settling, iiy way of illustialion

we give the results of two of these experiments in Table 1. (The

') Comp. BakiiuisRoo/.euoom and Aten, Zeitsdir. f. Physik. Cliem. 53, 449 (1905)

also Zeilscli. f. Physik. Cheni. 75, 687 (1911), wliere I have woikc.i out a similar

idea for anollicr pseudo-quaternary system.
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TABLE I.

Number

of

exp.
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far the above view tallied with the facts, as it was, of course, not at

all certain that the idea as to the velocity of the reaching of phase-

and reaction-equilibrium was even approximately correct. If a definite

complex were shaken for a long time at 80°, we ought to find results

fur the composition of the liquid, which in the graphic repre-

sentation would be represented by a point moving along a line of

the form HILQ in fig. 1, whereas the analy.sis of the "residue''

ought to point to an increase of the quantity of solid calcium

hydroxide in the solid substance. It was a foregone conclusion that it

would really not be possible to realise the part HI thereof, as we
started from a cold liquid, whose equilibrium appears to be situated

fairly near the side of the saccharate, but which surely does not

contain trisaccharate only. The experiments were carried out as

follows: A sugar solution wiis shaken at the temperature of the

room with (|tiick lime and then tiltered rapidly so as to prevent the

disturliing action of the atmospheric carbon dioxide. The sugar used

was pui-e saccharose, the calcium oxide and the hydroxide were

commercially-pure products. The solution was shaken in small bottles

in a thermostat at 80° (±0.2°). Aft<;r shaking for a sufficient length

of time the suspended matter was allowed to settle which sometimes

proved to be very tedious.

The long time required for the subsidence of a mass which is not

in perfect equilibrium and of which afterwards both solution and

deposit are tested raises, of course, some suspicion : but, as stated

above, we have not been able to find a method which did not

present some still greater difficulties.

When the mass had subsided suflicientl}' a little of the clear

supernatant liquid was blown out of the bottle by means of a

slight pressure. For lliis purpose there had been placed beforehand

on the bottle a stopper through which two little tubes had been

iulroduced. One of the tubes allowed the introduction of a little

pi'cssure ; to the other was sealed an enlarged piece which, filled

with culton wool, dipped into the liipiid and served as a filter.

This little filter was heated l)eforehand in a drying oven to fully

80° '). We were nearly always successful in obtaining filtrates

which (at 80°) were quite clear. Of the liquid, about 13 grams were

collected in a weighing bottle. The liquid still present in the l)ottle

was carefully but rapidly poured oil", thus leaving the "ix-sidiie" l)eliiu(l.

1) Tills precaution was l)y no means superlluous. During llie course of llie

research I have noticed many a time thai the least cooling of a solution which

at 80° contains a little suspended lime or saccharate may considerably increase

llie lime content of the liquid phase.
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Wlieii cold, the filtered liquid wixs weighed and then titrated with

1 1—— N and —— N sulphuric acid with pheuolphtalcin as indicator : the
2,8 28

neutralised liquid was then rinsed into a 50 cm. flask, diluted up

to the mark and polarised. The "residue", after weighing, was

titrated in tiie bottle itself with N and — N hydrochloric acid,
0,28 2,8

•

the neutral solution transferred to a 50 cc. flask, made up to the

mark and ])olarised. The amount of "residue"' varied from 6 to 15

grams. As relatively strong hydrochloric acid solutions were used in

the titration, the calciuiu chloride foi'med may influence the polarisa-

tion, and as sometiiues only about 6 grams of "residue" (+ V4

normal weight of the polarimeter) were dissolved to 50 cc. and as,

therefore, the result of the polarisation had to be multiplied Dy about

two, tlie analysis of the "residue" was not so correct as that of

the liquid. As, however, the analysis of the deposit only served to

control the progressive change of the process it was snflicient for

our purpose.

Of some series of determinations the first of whicii served for

orientation, we give the last series. A cold solution which contained

9.90 ",0 of sugar and 2.20 7, of Cat) served as a start. The results

are given in Table 2. In Fig. 2 the values obtained are given in

a graphic representation.

TABLE 2.

Number

of

experi-

ment
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As will be seen, a line can be drawn (dotted in the tigure)

which connects the ])oints found and agrees fairly well in form with

that of 1 LQ in Fig. J

.

The alkalinity of the liquid phase increases but very little, or is

almost constant (0.483, 0.580, 0.610, 0.604), but the polarisation

increases strongly (7.00, 8.00, 8.90, 9.30), up to a detinite value

(9.68, 9.63), after which the alkalinity begins to decrease (0.464,

0.336). At tlie same time the analytical results of the "residues"

and the figures for the "/o of trisaccharate in the solid phases cal-

culated with the aid thereof show that the quantity of the trisac-

charate in the deposit is decreasing.

Fig. 2.

The polarisation of I he Tupiid phases ought to rise to the same

value as that of the original liquid, namely 9.90, whereas only 9.68

is reached. This deviation is probably due to decomposition of the

sugar. The contents of the bottles which had been shaken for a long

time were of yellow colour: N°. 3 slightly so but N°. 4, 5 and 6

quite distinct.' In fact the line which, in fig. 2, connects the liipiid

phase with the residue, deviates in N», 4 and 5 from the i)()int of

intersection of the otiier lines.
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The form of tlie dotted line in fig. 2 now shows that tlie course

of the decomposition is grosso modo that one which may be expected

on the strengtli of our views stated above, which may, therefore,

be applied in general to the system investigated.

As regards the velocity of decomposition of the saccharate, it

appeared at first sight difficult to notice any regularity therein. With

a definite complex the velocity was fairly regular even though it

is strange that in experiments 1 and 2 (table 2) where the shaking

lasted the same time, the decomposition had advanced to such a

diflfereni extent. Strong deviations, however, occurred when other

liquids were in\estigated. A -complex with a sugar content of 9.30 %
and a CaO content of 2.40 7o ^^^s shaken at 80° for 5 and 8 hours

and gave results as shown in table 3.

TABLE 3.

Number

of Expe-

riment
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TABLE 4.

Number Time of

of Exoe- 1

shaking

ritnent i sidence

Lime

addition

Liquid phase

Pol: ! % CaO

Residue

Pol. »'n CaO

"/,, trisac-

charate
in the

solid

phases

5 hours Without
'/j hour lime

7.40 0.620 11.40

5 hours with 3" o

"V, hour
I

Ca(OH).

5 hours, with 5''
o

3/4 hour Ca(OH).,

8.40

9.20

0.720

0.715

4.70 76.7

of the lime. The vahics for the jiolarisation of llie licjuid phases

e.xhibit this clearly. The caleinni hydroxide pieseiit, therefore, exerts

an accelerating inthience on the decomposition of the saccharate

which; increases with tiie amount of lime present ^). Other experi-

ments also confirmed this observation ^).

The behaviour of the sugar solutions which have been treated

with lime at a low temperature and heated, after filtration, to 80°

may now be explained in this manner. In the cold solution are

found molecules of calcium hydroxide, trisaccharate and other sac-

charates richer in sugar. On warming, trisaccharate but also calcium

hydroxide may |irecipitate. Now we have observed that a lime-

containing, clear solution behaves differently in accordance with the

time it has stood at the ordinary temperature. The liquid used in the

experiments (table 2) iiad been freshly prepared, whereas that of

. 1) In the experiments, to which table 2 relates, we have in tlie same manner

added calcium hydroxide to bolljo ,N". in order tliat the equilibrium miu;ht be

attained sooner, as a prolonged shaking did not seem advisable on account of

the perceptible decomposition of the sugar.

) That the presence of solid calcium hydroxide has an induenci; on the pheno-

mena occurring on warming sugar solutions treated with lime has been commu-

nicated by Pellet (Bull. ass. chim. 13, 700 (181)6)) and was recently confirmed

by experiments of H. Glaassen (Zeitschr. d. Vereins dcr Dcutsclien Zuckerinduslrie

(1911) 489). Glaassen (I c. p. r)04) remarks: "Dass der iingelosl gebUcbene

Kalk eine derartigo Wirkung auf den gelosten Kalk ausiibt ist jedenfalls eine auf-

fallende Erschoinung ; der ungeloste Kalk wirkt liier iilmlich wie Anregekristalle

in einer iibersiiltiglen Lcisung desselben Stoffes, gloiclizeilig aber audi zersctzcnd

auf die Verbindung des Kalks met Zucker". Glaassen, therefore, has already

observed the phenomenon in principle ; to us it seems, however that he was not

fully aware of its significance.

Pher.oniena of an analugnus Maluir are known to oci'ur in sugar solutions

treated with strontium hydioxide.
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the experiments recorded in table 3 iiad been kept for two weeks

in a closed bottle at the onliiiarv temperature. It is not improbable

that in the latter li(iuid the qiianlity of saccharate was a larger one
;

on heating the same no, or but very little, Ca(OH), was copre-

cipitated with the saccharate, so that the decomposition velocity of

the saccharate was but trifling.

On the other hand the liquid of the experiments of table 2 con-

tained less sacchaiate and more Ca (OH), in the cold solution so

that, on wai-ming, calcium hydroxide was at once coprecipitated

which, by catalysis, promoted the decomposition of the saccharate.

This is also continued by a comparison of the results in table 3

and n°. 1 of table 4. The experiments of table 4 were carried out

with the same liquid as that of table 3, but a week earlier. The

quantity of trisaccharate precipitated in n". J of table 4 was smaller

tiian that in n°. 1 and 2 of table 3 as is also shown plainly from

the polarisations of the liquid phase.

This we will also connect with another phenomenon which we

have observed. When, in a cold lime-containing cleai' sugar solution

we determine the amount of lime by titration and then repeat the

same after the solution has stood for some time, it appears that the

alkalinity has diminished although the solution is still perfectly clear.

Probably, in the case of cold solutions, the inner equilibrium in

the liquid sets in very slowly ') and the quantity of saccharate

influences the results of the titi-ation.

The decomposition of the dissolved saccharate by dilute acid

would consequently not take place immediately at the ordinary

temperature. A further investigation of this phenomenon is very

much to be desired, as it is of great importance to known in how

far the usual technical lime titration process is correct or not. Very

probably, the titration of a dilute solution only just cooled gives

correct results, but the alkalinity determination in more concentrated

solutions and juices deserves in this respect a closer investigation.

We intend carrying out further supplementary researches as to the

decomposition of the trisaccharate at 80°. Particularly, the deter-

mination of the line FG (fig. 1) is for several reasons of great

importance. We have, however, postponed these experiments when

we noticed that the condition of the cold lime-containing liquid

exerted an influence on our results.

Hence, we will first endeavour to gain some knowledge, as far

1) In fact, by repeated treatment of sugar solutions, of average concentration,

wilh lime, solutions of a very high alkalinity may be oblained. But we cannot

pretend that such solutions are saturated.



as this will be possible, as to tiie inner condition of the cold lime-

containing sugar solution ; on the other side, the insight gained in the

phenomena at 80° will, perhaps, facilitate our investigation as to

the conditions at a lower temperature.

From the experiments mentioned (table 2) it appears that the

definite condition of equilibrium of the complex investigated consisted

in the coexistence of calcium hydroxide and solution.

In the above cited treatise, Ci-aassen comes to the conclusion that

on warming solutions treated with lime at the ordinary temperature

("saturated") "stets audi nach vielstiuidigem Riihren, erheblich mehr

Kalk gelost (bleibt), als sich bei der hoheren Temperatur unmittelbar

losen wiirde". This conclusion does not seem to us justified. Ci.aassen's

determinations occupied only 5^/.^ hours; moreover, from his figures

it is evident that the alkalinity at that moment ^namely, after 57,

hours) was still decreasing. To us, however, it appears very probable

that on shaking for a sufTiciently long time (in our case more than

30 hours) the condition of equilibrium would have set in. As, how-

ever, both the yellow colour of the solution and the results of the

analysis indicated that the sugar commenced to decompose perceptibly

it was obvious to start for the determination of the condition of

equilibrium, from a complex, the composition of whose phases was

removed less from the condition of equilibrium.

In a small bottle were placed 5 grams of calcium hydroxide and

10 grams of water, the whole was heated to 100°, boiled for a

moment and then suspended in the thermostat at 80° (±0.2°). In

this was also introduced a small bottle containing .so much of a

sugar solution of a definite concentration that, after mixing with the

10 grams of water in the other bottle a desired sugar concentration

(of 5, 107„ etc. respectively) was approximately obtained. After it

could be taken for granted that everything had attained the same

temperature, the contents of the bottles were mixed (cooling being

carefully avoided) and shaken for the time desired. The results of

the analysis of the li(piid phases are communicated in table 5.

The figures for a 10°
„ solution agree well with those found by

Claassrn at the same temperature. The time of his experiments was

60 minutes; evidently the e(|uiiil)rium was thereby attained somewhat

more rapidly, which can be attributed to the calcium hydroxide and

the whole modus operandi. Yet it appeared to us still a little doubtful

whether in Ci-aasskn's experiments the equilibrium had been fully

attained, because after one hour the lime content of the 10 and 13%
solutions was still falling while after tiiat time that of the l(i.7 and

33.37(1 solutions was still rising.
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TABLE 5.

Sugar
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The line an (fig. 3) (the figures of table 5 respectively) indicates

the stable composition of tiie liquids which coexist with calcium

Fig. 3.

hydroxide : It foims at I he same time the lower demarcation for

the "solubility of lime in sugar solutions" ot different concen-

trations at 80°. The line /'(/ gives the composition of the liquids

which coexist with calcium hydroxide and rrisaccharate in phase-

equilibrium ; the line forms the upper demarcation for the "solubility

of lime in sugar solutions" of difiTerent concentrations at 80°.

We will now apply the above nuxtter to some known facts and

data : Where-as, when starting from sugar solutions and lime, we
will attain finally, by various means, the same condition of equili-

brium, the solubility of lime in yugar solutions is, practically, depend-

ent (Ij on the nature ot the lime added, i2) on the manner of

adding the same and the temperatures, (3) on the amount of lime

and the time of action.

1. When lime is dissolved in sugar solutions at 80^ no trisaccha-

rate will be precipitated (if the sugar concentration is not too high)

(see table 7) but a certain amount of saccharate will always be

formed and, in the case of sugar concentrations below ± 15 7o'),

nearly always more than cori'esponds with the definite reaction-

equilibrium. The more free calcium oxide is present in the lime used

the more saccharate will be formed in the solution. Free calcium

oxide is not only present in (piick lime, but also in so called slaked

lime and even in milk of lime so that special precautions nuist be

taken to ensure comi)lele hydration ').

If now the lime content is determined of sugar solutions which

have been treated with lime of a diilcrent C'aO-conient ((piick lime.

') This limit of + 15 "/„ is ileduccii liom the ligurcs found by Claassen.

*) Compare the above and also Claassen's paper.
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slaked lime, luilk of lime etc) a |iliase-(>(|uililiiiiiiii >eis in at not

too low a teiiip(>ratiire sa_\ NO" wliili^ the react ion-equililiriuni sets

ill sd sldwlv llial the eoniposiiinn of llic li(|iii(l (iiirinii- llie eXpei-i-

nient niav lie eonsidei'ed as eonstant.

2. When the lime is added at a lower lein|ieratnie oi- when a

tenipdiaiv eudlinL; of the nuxtine has taken place, also more lime will

remain in -olnlinn al'tei- hcatinu In SO^, than coi-resj)oii(ls with the

eondiliipii nl' (•(|iiililn-iiiin.

If the lempei'atiire was, at liisl, considerahly lower Irisaccharate

will |)ieeipitale at 80° (the lower the tem|)ei'atnre has been the

largei- the deposit!, 'i'he dejiosit will also he increased when the

lime added contains much frei' ealcinm oxide and when'the addition

of i\\uvk lime lakes place mori' caiiiioii>l\ >o a> to a\ oid local

heatinji-. In this case also, the reaction-e(piilil)rinm in the liipud will

alter linl very slowly so that I he phase-erpnlihrinm present appears

to be stable. If Irisacharate has precijiitated a lime-content is fonnd

correspondiiiu' with a [loint of r' i/ in tii:-. 'A.

'.]. Theoretically, the dni-ation of the reat'tion will exert il> inflnejice

imtil the delinite eqnilibrinm has set in. In practice, however, (as

was a.ssnnied in i and '2 the dnratioji of the reaction onlv exerts

an iiiflnence nntil tiie ]iha>e-e(piilibriinn ha> set in. This, however
only applies when no larue (piantities of .solid ealcinm hvdroxide

are |)resenl. These, at a higher lem])eratnre an<i a not too liifh

sujiar concenti-alion promote the attainment of the reaction-eqnili-

brinni so murh that the latter will make its intluenee felt even with

a shorter duration of the experiment. Ci..\.\ssf,n's experiments fnrnish

a aood illnsiration of this. He fonnd ') that (lie solidiilil\ , when
iisin^- milk ot' lime •/.nnachst ndl der ^Menue des anfiewandten Kalkes

steigl, niid bei niedrigen Temperatnren starker als bei holieren. \'on

2— 2'/., "
„ Kalkznsatz ab bleibt die Meiige des geh'isten Kalkes nnuefahr

gleich oder sinkt bei hohen Temperatnren nnd JO "/„ Trockenkalk/.nsatz

sogar etwas''.

The duration of Ihc ex|ieriments concerned was (iO minutes. That,

at a lower temperature, the solnbility increases with the amount of

lime added is i\\\(> to the fact that during ihe time of the experiment

the pliase-e(|nilibrinm was not altaiiied, which in onr opinion is also

confirmed b\ sinne other of (
'i.\ assivn's experiments (\.v. p. 499); at

higher lem|)eratnres howfxer, a large excess (10°/,,) of lime caused

the solnbilily to diminish, but this is owing to the fact that the

reaction-equilibrium made its intluenee felt.

1) I.e. p. 496.
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The iiiniiencc of the time of action at H()° is therefore practically

dependent on the amount of lime, and in liie case of not too high

siig-ar conc.entrati'ons a large excess, at this lemperatiire, will in the

long rnn lessen the "solnbililv".

It appears lu us that in the decomposing inlluence of a large

excess of lime must be sought the explanation of the fact well known

in sugar manufacture that in many cases a bad filtering of the mix-

ture treated wiih cartiou dioxide may be prevented by previously

adding more lime. It is generally held that the excess of lime renders

the filtered, oif mass more porous, bul this mechanical explanation

seemed to us a little far-fetched.

In our opinion, the cause will lia\e to be looked for in the fact

lliat the large amount of lime has a decomposing action on small

quantities of eventuallyformed trisaccharafe or on other gelatinous

compounds of lime, sugar and non-sugars jjresent.

Finally, the following experiment may be communicated In order

to ascertain by the "residue method" wliethei- in the ordinary tech-

nical manner of adding the lime, calcium saccharate is precipitated,

a :15 7„ sugar solution was kept in a thermostat at 80° in a vessel

in which a small sieve made of copper gauze was mechanically

moved upwards and downwards On the sieve was placed 27.//0 (of

the liquid) of quick lime in the form of course lumps. After 20

minutes the lime was completely suspended (slaked). After allowing

the whole to settle, a little of the liquid was drawn off by means

of a pipette carrying a small cottonwool filter. The remaining liquid

was then decanted from the deposit. The same experiment was

repeated with finely divided quick lime, which was placed care-

fully in small quantities on the sieve.

As will he seen in table 7 no irisaccharule had precipitated, so

that, in this way, it has been conlirnK^d once more that in Ihe

ordinarx leclinical pi'dccss of ad(bnLi' lime, no Irisaccharate is prcci-

tated at <S0°. A f'oiilur/ Uiis will a.ls( I be ihe case when milk

of lime is used. Thai llns, houcM'r, applies only (o high temperatures

and thai one has to be carefid at lower lcui|)eralures was shown when

the same e.xperiinenls were cariied out at 50° (with a 13 "/o sugar

solution). Even aflei- subsidiu.u lor a loui;- time, no clear liltrale could

be obtainiMl m) Ihat the ( 'a( )-contcnt of ihc liquids has Ixmmi foimd

too high, liut this has lilllc iiHlucncc in the calcidation of the "/„

of saccharat(; in Ihe solid phases, 'i'he results (labl(> 7) point to a

lathei' iuq)orlant saccharate |»recii)itale.
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TABLE 7.

V ,

~

i

'

I

I «> S 'ii

3 ' Time Liquid phase Residue -gsj

2 Kind of lime and way required for ' a.En.

§. of adding same'. " slaking the ^ -. ^ , „, ^ ^ C <u'2

E lime. Pol. ",CaO Pol. o/„ CaO -^-^-g

21 V/„ coarse lime 20 minutes 15.8') 0.52 11.0 23.1 I
0.4

°" introduced all at once I

80°
2' .;'

,
fine lime

carefully introduced
20 minutes 15.0 0.61 10.8 21.3 |-0.5

tioo'
21'., /o coarse lime

r.
, hours 13.0 1.55=) 12.0 22.0 16.0

" introduced all at once - i

500 1 2/,»*?"f 'i,"'^^ 20 minutes 12.8 l.OO'). 11.8
:

22.2 '
15.8

I
carefully introduced

,
i

S r M M A R Y.

After some remarks on the manner of exiierimenling- in cliemi(.-al

works it was shown ihai. in manv cases, a not too narrowly eon-

ceived, more scientific invesiigatioii of the qnesiions not yet solved

is a (lesiderahtni.

Afterwards an explauatioa was ^iiven, based on the phase rnle,

of the relation of the phenomena tiieoretically to be expected in

complexes containing- lime, sugar and water.

Experiments were then commnnicaled on the decomposition of

the trisaccharale and the situation of the entectic line at 80°; and

tliose that served for the determination of the line of e(piilibrium

(Sohihility of Ca(OH), in sugar sokitions at 80°).

Finally, the matter communicated was applied to some well-know n

()i).servalions and facts.

Chemistry. — •(hi ikf si/deni .iu/ii/uir". By I rof. A. Smits and

Dr. H. L. OK Leel'w. (Communicated by Prof. A. F. Hou.km.^n).

iGoinmunicated in llie meeting of September 30, 1911).

As was shown by one of ns (S.mits ') the study of the system ,s7///>/((//-

has revealed facts which support the theory of the phenomenon allotropy.

The facts alleged up to now only re-ferretl to the intluence of the rapidity

of heating on the melting-point: Inil it was certain that snlphnr would

yield more evidence in supporl of ihi-; hence the continuation of

1) In the lirst uxperiinenl some wak-r." had evap.iralod; in tlie t'dilowing ones

this was avoided.

-) The liquid was a little turbid when filtered.

3) These Proc. Vol. Xlll p. 7G3; Zeilschr. f. pliys. Cliem. 76, l-.'l (UHl).
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the exauiiuivtion ot .sulphur seeme(J of gi'cal iuipoi'laiiro, Hil' more so

as in ihis way a liettei- iusigiil could pi-ohably he ohtaiued into the

complexity of the system.

In the very lirst place the iutluence was examined of the previous

history of the system on the point of transition, because as was

mentioned before, the theory oi" allotroi)y predicts such an influence. ')

This investigation yielded an indubious result, for it appeared that

the point of transition can be niodilied to a great (legree.

,Sulj)luir was heated to a iiigii temperature in a dilatometer, and

then rapidly cooled. When the sulphur had reached the temperature

of the room, the dilatometer was tilled with the liquid indicated by

RmcHKH, ') a solution of sidphur in turpentine, and the transition

])oint was determined.

It was always found thai the point of transition was at lirst greatly

lowered, and we succeetled in one of our expei-iments in tinding this

|)oiiif lowered i)y more than lO"" shortly after the tilling. This |)oint

of transition, which is, of coui'se, a metaslaltle transition point, rose

continually with decreasing rapidity, so that the unary transition point

was not reached until after 4 a 5 days. We found 95.45° as tem-

|)erature of the unary transition point under the pressure of 1 atm.,

which value tallies with that found by Reichek, viz. 95. (>° at a

pressure of 4 atmospheres, corrected 95,45° at a pressure of 1

atmos|)liere.

If we now consult tig. 2 of the communication, of one of us in

these Proc. of Sept. 1911^) it is easy to see, what happened in this

experiment, at least if to simplify the matter as much as possible

we assume for a moment that there it always internal ecpiilibriuni

between Sji and .S'l/.

Starting from a point on the line LK we have reacheil the binary

melting-point surface below the teiujieratnre of the unary melting-

])oinl, so in a point on the line L;/,, and while the li(|iud follows

the line '/J/.J.,, the solid phase wouhl follow the course indicated by

the luK' /',.v,,. When .v,. and /, ha\e been i-eached the transformation

.s;. —*..v^ -[- /, will take place, so that only i-iiondiic mixed crystals and

iiipud can coexist at lowei' tempeiatiires.

Now ihis would only be liie case when S„ really bchaxt'd as a

com|ionent, which is not the case; but if we assume that ihi' cooling

has taken place so rapidly that S„ has pi-actically not been able to

coin'ert itself, then when tin' i-apid cooling no longer takes place,

I) boc;. lit.

-) Disscrlatie, Aiiisteniaui dWHi.
•'; ). c. p. 260.
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e.,"'. wlieii tlie tempemture has descended to tlie ordinary iempera-

tiire, the conversion >'„ -» .S„ will show its inflnence.

So the liquid phase will disappear, which is attended bv a dimi-

nution of volume and the solid phase moves from the line S^S-

towards the left. If we begin to heat again liefore the line for the

internal equilibrium S,S., has been readied, we shall reach the tran-

sition surface somewhere between .S', and S.^, and at a temperature

below that of the unary transition point rhombic sulphur will be

converted to monoelinic suljdiur, which transformation is accompanied

by an increase of volume. In consequence of the continued conversion

of >S,„ however, which takes place in the mixed crystals, the total

concentration will continually shift to the left, which causes the

monoelinic mixed crystal phase to disappear again with diminution of

volume after some time, in consequence of which the a|i|>earance of a

new monoelinic phase cannot be found until at a higher temperature.

The transition phenomenon will, therefore, be continually shifted

towards higher temperatures, till at last the unary transition tempe-

rature is reached. The phenomena described here were observed in

a very distinct way and in the expected succession. As at about 85° for

the tlrst time at constant temperature a very clear increase of volume

was observed, which was followed by decrease of volume, we are

justitied in assuming thai in this experiment the transition point had

been lowered by + 10°.

That when starting from sulphur perfectly free from (S., we tind

a too high iraiisition point, as among others Gerxez and Reicher

mention 97,0 and 97°), this too follows from fig. 2 and also from fig. J .

The second part of our investigation concerned the lowering of

the point of solidification which can occur in consequence of a large

S,y-content obtained by rapid cooling of liquid sulphur heated to a

high temperature. This investigation was chiefly undertaken to find

out whether the point of solidiiicntiou of the monoelinic sulphur

remains eonstantly 111°, as soon as the solidifying phase contains

more than 4"/„ S.,. To ascertain this seemed of great importance,

because if this was really the case, this would render the existence

of a region of non-miscibility highly probable.

As Sock's method, which we shall call the capillary method, was

not very promising in this case, we adopted a method analogous to

that of Smith and Hoi, mi;s with the application of the resistance thermo-

meter used ai this laboratory, wliicli indicates with exceedingly great

rapidity and cleariiess suiall \ariations of temperature down to 0,001°.

Now it was, however, to l)e foreseen that we should meet with

|)eculiar difticnlties during this investigation, for concerning a series
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of investigations, .vliicli Smith and Holmes ') made with a view to

determining the points of solidification of mixtures which contain

mucli S,y., which series is called by them "Zweite Reihe", it says :

"Die zweite Reihe nmfasste nur vier Messungen. Nach deren Ans-

ftihrnng warden mehrmals versucht, Beobachtangen zn erzielen an

Proben, in welchen noch grossere Mengen amorphen Schwefels dem
Riickgang wtihrend des Abkiihlens entgangen waren, und welche

entsprechend niedrigere Gefrierpunkte zeigten. Von diesen war nur

ein Versuch, No. 5, erfolgreich. Um iibermiissiges Abkiihlen und

stellenweises Gefrieren zu verhiiten, musste nilmlich mit dem Abkiihlen

sorgfaltig vorgeschritten werden, und es verschwand notweiidig immer

der Hauptteil des gebildeten amorphen Korpers".

In the cited fifth experiment they observed a point of solidification

of 112°.45, and the S,,-content amounted to 5.29 7„ by weight.

Ill our investigation sulphur was heated in a glass tube of a dia-

meter of ± IV2 era- "P fo 400°. At this temperature first NH^ was

led tiirough the tube to accelerate the establishing of the equi-

librium, and then S0„, to facilitate the freezing of the equilibrium

with rapid cooling. Then the sulphur was cooled as rapidly as

possible in a strong cold current of air down to some degrees above

the unary point of solidification of the monoelinic modilieation. Then

liie tube was placed in another, whicii was 1 cm. wider, which was

in an oil-bath of a temperature ± 5° lower than the expected point

of solidification. In the first experiment no S<)„ was passed through,

and the cooling took place slowly by simply leaving the tube exposed

to the air for some minutes till the temperature had fallen to ± 117°.

After it had been placed in the bath of 110°, the sulphur was seeded

with inonocliiiic sulphur after a slight undercooling of ± 0,5°, after

which the temperature rose to 114°, and remained there till the whole

mass ^vas solid.

So the nnary temperatures of solidifit-aliou had been reached except

for a half degrees. After iiaving repeatetl this experiment a few

times, we proceeded lo I he method of working described abo\e,

and we tried to get a point of solidification as low as possilde by

"freezing" the equilibrium at higher lemperatuic.

Quite in accordance with earlier investigators we found that in

this way lower points of solidilicatiou could indeed be obserxcd, but

that they always remain aliove JJO°, hiil wiiat others possibly did

not see so cioariy in (•()iise(iuencc of their too rough method ol" inves-

tigation was lliis lliiil the point of soliditicatiou is always lowest at

') Zeitschr. f. phys. Gliem. 42, 476 (i'.)03).
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the beirinning, and that a leiuloiu-y can Ite observed dtivm/ the soli-

dification (o roach the unary temperature of solidilication. As, iiow-

ever, the coiivoroence teniperatnre Hes (oo low tor this in these

experiments, and tlie degree of undercooling with respect to the unary

point of solidilication is too great, this latter temperature cannot be

readied.

Already in these tirst experiments we got the impression that we
must not ascribe any greater importance to the temjierature 111°

(han to any other point between 111° and 114°, G, but that the lowest

point of solidification that can be found by this uielhod of working,

is about 111°, because we do not succeed in obtaining a solidifying

liquid with a greater ,9,,-eontent than corresponds with this point of

solidification.

It really appeared thai it we modify the experiment somewhat,

still lower points of solidification can be observed. This modification

consisted in this that the sudden cooling is brought about i\v pouring

out the sulphur in a thin h\yer on a china dish. The crystallised

mass was then detached from the dish and put in the melting point

ajiparatus. After the resistance thermometer had also been placed in

it, the mass was quickly but cautiously melted, after which the

vessel Wixs again placed in the bath of constanr high temperature,

which was now kept at 1(16", just as in the preceding set of expe-

riments. The temperature of solidification rose after grafting with

monoclinic sulphur to 109°, and remained constant for a time, after

which it fell again. When then the solidified mass was melted cautiously

again and the liquid had again been made to solidify, we observed

the temperature of solidilication at 112°. Another observation, in

which pure ^'a was started from, yielded the temperature of solidi-

fication 108° at first solidification. It appears very clearly from these

experiments that the rate of conversion of S^ in the two phase system

Sm -\- L, by which is meant monoclinic mixed crystals and liquid,

specially when this system is very metastable, is much quicker than

was supposed, and that it is most likely owing to the increase of this

rate of conversion with the metastability that it is so exceedingly

difficult to realise considerable lowerings of the point of solidification.

As the phenomena described here seemed to deprive the assumption

of a region of non-miscibility of an important support, we now
examined wiiether the phenomena observed for licpiid sulphur neces-

sarily point to the existence of an unmixing in the pseudo-system.

For this purpose we heated sulphur in glass tubes of different

diameters resp. of 20, 16, and 5 mm. to a high temperature, and

then cooled it, sometimes rapidly, sometimes comparatively slowly.
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A rapid cooliiis was effected hv lilowiiiu,- a strong iMii-reiit of cold

air against tlic tul)e. the comparatively slow cooling by simply leaving

the tube exposed to the air.

This experiment, in which the tube ^vith its contents was projected

on a screen to facilitate the observation, now proved that the phe-

nomenon of a layer of a lighter colour which all at once appears

at the bottom of the tube, and which rapidly increases in volume,

a plane of demarcation which moves upwards being clearly observable

all the time, has notltimj to do with the jihenomenon of inimlring.

In the tirsi place ii appeared that it was not necessityi) to cool

the liquid very rapidly by blowing to bring about the |ihenomenon

of the two layers. If care is not taken to blow especially against

the lower part of the tube, blowing is even undesirable; the pheno-

menon in question is very clearly observed when the tube is simply

left exposed to the air.

In the secontl [ilace it was fouml that the |)henomenon is much

more di>tincl when tlie narrow tube (diameter 5 mm.) is used than

with the wide one (20 mm.), especially because in the latter case

the two layers diifer much less in colour.

Ill the third place it was found that when during the cooling, botii

with blowing or without, the sulphur is stirred till the temperature

has fallen to 170^, and if the further cooling is made to take place

Avithout stirring, the two-layer-phenomenon does not appear any more.

This already pointed to the fact that the said phenomenon is not

to be ascribed to the existence of a region of non-miscibilit\- in the

pseudosystem, but that it is simply brought about by the difference

of temperature which arises in the badly conducting column of liquid

sulphur at comparatively I'apid cooling.

If, namely, a small dilterence of temperature occurs i)etween

liipiid layers which lie comparatively (dose to each other in the

range of teiii|ierature where of the line for the internal li(|iiid

ei|U!libriiim is large, such a large dilfereiice in ,S'v-content can exist

between tlie two layer> that in consequence of the dilference in

physical properties, as spec, wcighl and colour, attending tiiis, the

two la\ers can se|tarate, and can mine alonu each other to Hud the

position which corresponds wiiii llieir diU'ereuce in specific weight,

in order lo lind oui wlielher really considerable differences in tem-

perature can appear during the two layer phenomenon, the tempe-

rature of the two layers was dcicrmined, and though the investigation

in this direction leaves still room for giealer accuracy, the restdt

was not doubtful. A centimeter alio\e the plane of demarcation the
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temi)ei'atiire was tVoui JO" to 'M)' hi^lici- iliaii a ceiiliiiieter below

the plane of deuuuratioii ; thus in one of ihe experiments e.g. 160°

was found for the teniperatuie of the upper laver, and 130° for

that of tlie lower haver, l)ut as was said rliis ditt'ereiice can also

amount to 1()\ tliis depends on the metliod of experiinentinji-. In

any case, however, a great ditfereiu;e of temperature is found, and

.if this ditference of temperature is maintained, the two layers can

be made to coutiune al pleasure.

It is clear that the found dilfereuce of temperature [)erfectl\'

explains the distinctness of the phenouienon, \\iiich seems to come

about chiefly in the following way.

The liquid layer which is in contact with the glass wall, is of

course cooled most rapidly. If the temperature of this layer has

fallen below nfa 160 , it differs so much in specilic weight from the

layers that lie <Jeeper, thai it Hows downward, and collects at the

bolloni, in which the sulphur of higher lemj)eralurc, darker colour,

and suialler specific weight is forced upwartls.

It must, however, be noted here that if the specifically heavier

liquid did not flow downward along the wall, yet tiie lowest part

of the liquid colnuiu wmdd get clear first, for even then the cold

air which rises upward roiuid the hot lube, would bring about a

fall of tenqieraturc in the >ulphur in vertical direction, in consequence

of which the lowest tenqjeralure would always be found at (he

bottom; but that in this case the phenomenon of the layers does

nut make its appearauce, could be made clear by the experiment

as will appe u- presently.

Probably the two pheuoinena take |)lace side bj side; the former

will preponderate when wide tubes are used, the latter in the case

of narrow lubes. When the colder liquid flows dow uward theie will

be a iii'cat chanct' of uiixiug, specially in case of wide tubes, and

this is Ihe reason that the two-layer piienomenon is much less clear

with a tube of a diameter of 20 mm. than with nari'ower tubes

bolh with rcfiai-d to ditference of coliuir and sharpness of ilemarcalion.

It is not \ eiy dillicull ikiw to account for the fact that slii-i-ing

(low II to 17(1' pre\(>nts ilic occnrrenci' of tlir t wo-layer phenomenon,

l-'or as ihf mass had thron^hont the teuq)erature of 170"' al the end

of the stirrinii. the ditlereuce of temperature which arises lK't\\een

tlie ditl'ereiU layers wiihout slirrinu- on further cooling, is not sul'licienl

to brinn' about the ithen(niuMi(Ui in (pie.-~tioii.

\N ilh a \ lew to augmenting the experiiutMiial malerial at our dis[iosal,

some moie experimenis were made, w Inch all without excejilion cou-

lirmed oiu- \iew. When using the lube of It) mm. diameter we placed a
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tightiv rolled piece oF plaliiiuui uauze in llie sulphur: it had aluiosl

the shape of a nail, and rested with its iiead on the bolloni of (he

tube. Onr pnr|iose was to diunnish the differences of temperature in

the cooling sul|)hur in this way, and really under tliese circumstances

there was no question of the ajjpearance of a second layer, at least

decidedly not in the immediate neighbourhood of the metal ; at greater

distances, however, streaks were now and then observed, as was to.

be expected.

Further the e.\|)eriiuent was made with capillaries. A current of

liquid along the wall was out of the question here, and so it was

found that the phenomenon of the layers occurred neither in case

of rajiiil cooling down from 450° in a paralHin bath of 100°, nor in

case of cooling in the air (with or without blowing). We could

however see the liquid assume a lighter colour first at the bottom

as was to be expei-ted, but the transition fron; light to dark was

always continuous here.

Ill the experiments mentioned up to now the sul|)hur was continually

ill contact with S( >5-containing air, and as it staiuls to reason that

the a^iplicaliou of a positive catalyser according to our views will

rather intensify than prevent the two-layer phenomenon, some experi-

ments were made with sulphur catalysed by XH^. (^uite in accordance

with what was expected it appeared that the two-layer }>lieiiomenon

manifests itself in this case in such a splendid way that we can

urgently recommend the blowing through of XH, during the period

of cooling for a demonstration-experiment.

In conclusion it may be pointed out that Wigand • has fouml that

in agreement with the regularity found l)y S.mits and Aten -) the

equilibrium in the li(iuid sulphur is shifted to the endothermic side,

i. e. to greater S.^-concentralious by illumination. How great this

shifting IS at different lemperaiures has not been stated as yet, luit

it liiis been ascertained at this laboratory, that there is no (juesti(_)n

of unmixing then.

Remark. If it appears in further i'iin estigatituis as is to be expected

that as S.Mtrn and C.auso.n think (^Zeilschr. f. |»hys. C'hem. 77, 6tiJ

(19Jij), a third crystallised moditication is to betaken into account,

figs. I and 2 will have 'o be modilied in accordance with this.

.\ii"iyiiiiir ('hiiiiiriil Liiljoiitlory of the ('iitvcriiitij.

Anisti'nhnii, ( »ctobei- 1911.

1) Zeilsdir. f. piiys. (_:iiciii. 77, i:!;J il'.tll).

•-') These I'lor. Otlobei- 30 (I'.lUlh.

(November 22, 1911).
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Physics. - "Sammntional diid dirfercntidl rihrnliniis in liii.i' spcc/ni"

.

By Dr E. E. MoGEXDORFF. (Communicated hv Prof. P. Zk.kman).

(Communicaled in the meeting of Oct. 28, 1911.)

The supposition that in line spectra comliinatioual vibrations occur,

analogous to the well known combinational tones, which have been

fully investigated bv von Helmholtz '), is not new.

To account for the great number of pairs of lines (doublets) with

constant frequency difference, whicli have been observed in many
spectra, V. A. Julius ") has assumed the existence of summational and

differentional vibrations.

If in the infra-red lines occur of the frequency:

they can give the combinations:

n^ + n, , w., + /(, ; n, + «, , ?i, -|- n., ; «, + h, , ii^ + n^ He.

in the visible spectrum, and evidently these lines show the difference

of frequency n^— n^.

The hypothesis of Julius is not tenable because no intense lines

have been observed in the infra-red which could give rise to sum-

inalioual vibrations of so great intensity as the first doublet of a

princi|ial series (e. g. the well-known />lines of Xa). Shortly after

it was shown by Rydberg, Kayshk, ami Rungk that in many line

spectra series occur, while it has appeared from the ZKEMAX-effect

that we have to do with pairs of series v/hich run parallel.

After a great many lines had been measured in the infra-red by

Moll"), Bekgmann '), and Pascmen*), the sitiuxtion of these lines was

accounted for by Rrrz b^- the aid of the spectral formula given

by him °).

RiT/"s c()ml)inations consist for the greater part in taking sum-

mations and dilfercnces of ob,served frequencies, as Ritz himself

') Helmholtz, Poggend. Ann. 99, p. o'M. 185(1.

") V. A. Julius, The linear spectra ol the elements. Verh. diT Koii Ak. v. Wot.

te Amsterdam, Di. 2().

•') W . J. H. Mull, OndiMziiek van ulliu-roode s|)ectra, Tiiesis i'ur llie dnctorate,

Ulecht, 1907.

•*) A. Bkbgmann, Beilriige ziir Kennliiis iler ultiaroteii L'anissionsspcklra dor

Alkalien. Inaug. Diss. ,Tcna 19u7.

'') F. Paschkn, Kennlnis ullraruter Linienspectra, Ann. d. Piiys. Vol, 27, p. 537

—

571, 1908.

'') VV. UiTZ, Ann. d I'liysik. 12, p. 264, 19():i (Inaiig. Diss.) and I'liysik. /eit-

schrifl, 16, 19U.S, p. 521.
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observes for some values'). That Kit/ lias ii(iMli(ni;'li( of llie cliaiaeter

of summational and ditferential vibrations apjjears from the fact tliat

no attention is paid in his pajter to the //(/en*-/)'// of the lines wiiich occur

in the combinations. Rrrz thinks that in tjio observations of the new

lines he finds a siipi)ort for the view that the spectral formulae

must be written with two order numbers. It is, however, evident

that every spectral formula which correctly re^jreseiits the fundamental

lines, also holds for these new lines, so that the combination prin-

ciple must not be consiilered as an advantage of RiTz's spectral

formula. It is better to account for these lines without using a spectral

formula. That Ritz thinks of something else than summational and

differential vibrations appears further in his paper: "Das magnetische

Feld im Atom kann bei alien Spektren befrachtet werden als erzeugt

durcli zwei Pole entgegengesetzten Vorzeichens; jedes der zwei Glieder

von (»?,,«,(-?) — {n,a\(i') stellt je den EintUisz eine.s Poles dar
;
jeder

dieser Pole kann im Atom verschiedene Lagen annehmen, die z.B.

bei Wasserstoff aquidistant auf einer Geraden liegen. Vertauschung

dieser Lagen untereinander eiilspricht dem Kombinalionsprinzip. All-

gemeiner kann man wold die Vermutmig aussprechen, dasz sick die

einfachen Gesetze an/ die Ijitjen dieser Pole im Ato))> bezieheii." ^)

I have found that it is llic iiitensj'st lines of a spectrum (especially

the first doublet of a principal series, which give a flame its charac-

teristic colour) that give rise to the existence of cond)inational

vibrations. The intensity of the summational and dilfi'rential vibratitms

is, however, comparatively slight; uncertainty may prevail with

regard tu the liiu'S lying in the infra-red; for a number of lines in

the visible s|K'ctrum the slight intensity a|ipears alreiul_\ from the

tact that they have not been scimi liy earlier obsi'rvi'rs.

The iiresence of combination lines points to the cxisleiu-e in the

1) Pliys. Zeilsclir. ]6, 1908, p. 523, -'bei den oben sub 1, 3, 4, angcfulirten

Fallen hat man sogar aus.schlieszlich Dirfereiizen oder Suramcn beobacliteter Wellen-

zaliJen zu borechnen." The combination •" = (-) pi -f) — {m, ]>, .t), in = -5, 4, 5, ...

e.g. is to be considered as i' = !(1 , -J, «, ") — ('w- /'. -t)! — |( 1 ,
>, -S <'>) — (2,/', .t)|

loc. oil. p. 521. However also the cases 6 and 7 (>. 'rl-i must be eonsidoied as

summational and ditrerential vibrations:

v= (2,p,.-T)—(m,;.,-/>.,,.T,-.T.,)=;(2,/.,.T)—(3,,/,rf)i4i(:3,./,rf)—(w,/.,-/.„.T,-.T,)»

loc. cit. p. 521 and o22.

" = ("^.Pi-Psi ^y-^,) — ('"' ''i-y.' -T, --T.) = i(3,</,ff) — ('«,/), -/)j, .T,-.T,)i —
—

S(3, </, (f) - (4, jw, -/),,.T,-.T,)| loc. ,ii. p. 522.

The signification of case 5 is lurlber elucidated in this paper.

3) Loc. cit. p. 523 and 524. Also W. Ritz, Magnetische Atoinlelder ii. Sorien-

spektren, Ann. d. Pliysik 25, (iGO, 1908.
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viliiiiliiiii,- sysk'in of soiiio oscillations of so gival an ani|ilitii(U' lliat

I lie law of the simple pendulum that the force which re[)els the

vibrating particle (system) to its slate of equilibrium is equal to the

deviation, does not hold for them. This force now depends also on

higher powers of the deviation. If as Hei.mholtz did for the combinational

tones, we assume also in this case that the force which causes the

motion, also depends on the square of the amplitude, a new system

of combinational vibrations may be expected from two such vibrations.

Of all the series known up to now (principal series, first and

second subordiiuite series) the first lines have the (jrentest intensity,

these lines occur, as will appear fi'om what follows, in combinations,

and it is clear that the above remarks apply to these vibrations.

When in what follows we speak of the difference or the sum of

two lines, the difTerence resp. the sum of the frequencies is meant

corresponding to these lines.

Lithium: In a paper on a new empirical spectrum formula')

a number of lines of this element is mentioned as third subordinate

series. We have here to do with a dijferential series, the terms of

which represent the diff"erences in fi'equency between the I'*' line ot

the principal series and each of the following ones. In the subjoined

table the first column contains the observed wave-lengths of the

principal series in A- U. '), the second gives the difference of the

frequencies, the third the wave-length '/.h calculated from it, the

fourth the observed wave-length P.^- . After this the observer's initials

are given with the possible error of observation given by him. It is

clear that ;./. must be followed by a ± A, as this wave-length has

been calculated tVom observed lines, in which an error of observation

is very probable.

3)

6708.2

3232.77

2741.39

2562.60

2475.13

16026

21571

24116

25495

6240.1 6240.3 (S0.4)

4635.9

4146.6

3921.4

4636.3 (S0.4)

4148.2 (Sl.O)

3921.8(E.H.?)

') E. E. Mogendorff: On a new empiric spectral formula. These I'liic. Viil. I\

p. 434. Cf 'I'liesis lor the doctorate, Amsteidaui I'.tOO.

-) These lines are the interifii'St of the Li'-spcclmiii. Kay.siiu and Hunck, Ihindh.

del- Spcctr. Vol. II. p. 517.

') S = Saundkrs, v.. 11. is ExNKR anil llAsiaiiiii (3'J:21,.S lia.s been oh.scrved in the

spark sptclruui).
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The {\v>\ lint' {6240.1 <<( ilns (lillctviilial scries ui\os again ditTei-

ential vihrations with lie lirsi lines of the Iwo siibordiiiaU' series.

The first eoluinn eoiilains the lines of ihe sultordinale series; (1, I S.S.)

denotes the 1~' line of the i'wM snluinlinali' sei-ies ; the 2'"' column

gives the fie(|neney diU'eicnce with ti.e line ()24n. 1, ihe lirsI line ol'

the (litlerential si'rii's.

(1, IS.S.)
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and 12794. The observation gave 18697,0(1'. 3) and r2782,2 (P. 8).

The lirst line of tlie first subordinate series gives summational vibra-

tions with the lines of B.S. :

(IB. S.) + (1,1 S.S.) = 21732,5 ;./, = 4B()1,4 ;„. = 4601,6 (S).

(2 B. S.) 4- (1. 1 S.S.) = 24207 ;.„ = 4131. This line is not sepa-

I'ated from (3, I S.S.).

The lines of B.S. give a frequency difference

:

(2, B.S.) — (f, B.S.) = 7813,6 i) — 5348 i| = 2465,6 /^ = 40558 /„. r=
J ^Jj^gg

(P. 10)

Natrium: Just as for Ta, the first line of the princijial series

h /-,<

7510.5
S 5896. 16

(» 5890. 19

i
3303.07

(•3302.47

2852.91

2680.46

2593.98

2543.85

2512.23

13314.68

13303.0

18091.74

18074.55

20366.84

20329.65

21590.6

21573.4

22350.3
22333.1

22845.07
22827.87

7517.2

5527.3

5532.75

4916.0

4918.9

4631.7

4636.4

4474.2
4447.7

4377.2
4380.6

not observed

1)5527.1 (K. H.)

^5528.2 (S.)

S 5531. 7 (K. H.)

* 5532.7 (S.)

4914 (S.)

4918.4 (S.)

i 4629.4 (K. H.)

M625.5 (S.)

S 4633.1 (K. H.)

M629.5 (S.)

J

4472.5 (S.)

; 4372 (S.)

gives with the following one a differential series, which Lenard,

and also Konen and H.\GENn.\cH, S.M'nders observed as a series of

diffuse doublets with constant frequency difference. The preceding

table corresponds with the first for Li

This differential series with the first lines of the subordinate series

(just as for Li) gives again rise to new differential vibrations

(doublets). The first line of the differential series is indicated b_y (1, D.S.)

influence, as Ritz iiimsclf observes p. 523 : * diese Seiien enirmien sicli alio

N
nur wenig von A — —-

; besoiideis bci Li, Na ist dies der l''all, wahreiid bei K,
m

Rb, Cs, die Beobachtungen zu ungonau sind, um einige SiclicibiMl zu gewiiinen".

From observations in Th, Al, /a Cd, Mg and Ca spectra I'ascmkn comcIiuIcs tliat

tills combination of \\m is not (piite coriecl. Ann. it. I'iiys. '211, HJU'J, |). (J4U.

') The ^\ is of much imporlaucc in these Ina^.
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(1,D.S.) — (l.IS.S.) =1096,21,/,, = 91224 |9,()48

(1, D.S.) — ,1,1 S.8.) = 1100,5 , U = 908H8
'""

1 9,085 ^ '^

(2, I S.S, - (1,D.S.) = 4281,97, ;.,, = 2:W54 . ;,, = 23:i(il (P.8,0)

(2. IS.S.) — (1,D.S.) =4277,07. ;,, = 23381 ,;„= 23391,3 P.IO)

(3, 1 S.S.) — (1,D.S.) =(i7fi8,4(i, ;.,, = 14774

(3, IS.S.) — (1,D.S.) =fi7fi3,l ,;.,, = l478ti

(1, D.S.) - (1,11 S.S.; = 4529,08, ^ = 22080 ;.„. = 22084,2(P.2,5)

(1, D.S.) — (1,11 S.S.) = 4534 , h = 22055,5 /„ = 22056,9(P.2)

l,44fi (AIoij,*)

1

34165 (P)

' 3,42,* (Moi,i *)

1 34203 (P)

l,57/( ^Moi.i*) ')

(2, II S.S.) — (1 ,D.S.) = 2933,28. ).,, = 34092

(2, II S.S.) — (1,D.S.) = 2927,74. ;.,, = 34156

(3, II S.S.) — (1,D.S.) = 6105,85, h = 16378

(3, II S.S.) - (1 ,D.S.) = 6100,48, h = 1 6393

Also (2, D.S.) gives combiiKxtions :

(3, 1. S,S.) — (2, D.S.) = 1991,4 //, = 50217 ;,. = 5,023 ,t (P.)

(2,D.S.)— (2,II.S.S.) = 1S43,7 ;.6 = 54240 /,, = 5,430ft (P.)

Bkugmann's series is represented by 2 lines. The root of tlie 1 S.S.

is 24491,1'). For B.S. we timi the formula:

109675
n = 12272,63 — , in = 1,2

(OT-L3)-

m T= 1 oi\ es h = 18457 /,, = 18459,5 (P. 2) 1,85 [}loLh)

w = 2 „ ;,, = 12684,6 ;.,, = 12677,6 (P. 8) 1,27 (Moj.l)

m = 3 ,. Xi, = 10838,8 has not been observed.

(1, B.S.) means llie first line of Bergm.axn's series.

(1, I S.S.j -j- (l.B.S.i = 17620,17, h = 5675,30 ;„. = 5675,92

(K. and R. 0,15)

1 , 1 S.S.) + (1,B.S.) = 17635,72, h = 5670,38 ;.„. = 5670,40

(K. and R. 0,15)

1, I S.S.) + (2,B.S.) = 20090,59, /;, = 4977,50 ;.,, = 4976,1 (K,H.)

(1,IS.S.) + (2, B.S.) = 20106,14, /./. = 4973,55 X,, = 4973 (K.H.).

(l.IS.S.^ + (3,B.S.) = 21429,02, ')/.,, = 4666,6 near 4665,2

v-i, I, S.S.)

(l.IS.S.) + (3,B.S.) = 21444,57, ' h = 4663,2 ;.,, = 4660, (K.H.).

4660,2 (S )

1) Moll's observations niarked lluis * could not be measuioil aciuialuly. Diss

p. 50.

"-) These Proc. IX, p. 443.

') The line (3,B.S.) has been calculated, not observed
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The two first lines of 15, S. ^ive a (iili'eienlial \ iliratioii

1 4U391

(2.B.S.) — (1.B.S.) = 2470,42 ;,, = 40480 4,0(j m (^^Joi-l). 40449 (P.j

(40572

(The calculated liner; give the IVeqnencv diflerence 24B5,(j and

Xi = 40558).

Moll's line 2,90 fi is probably a ditferentiai vibration:

(1,1 S.S.) — (l.IIS.S.) = 3432,37, ;.6 = 29135.

Potassluin. In this eleniciil and Ihe following Rh. and Cs. with

greater atomic weight a differential series formed from the ])rinoipal

series has not been observed. Willi increasing atomic weight the

intensity of the principal vibrations does, not seem great enough at

the temperatnre used to give ri.se to differential vibrations of sufficient

intensity to be observed. At any rate the circumstances of their

formation seem to be such that their energy is distributed over

combinations with Ihe first lines of tiie subordinate series; such

combinations namely, have in fact been observed, (,'ah-uialion gives

for K. as first doublet of a diiferential series;

85t31 and 8533 ;

.' 62(i2 and (i242,9.

Paschkn gives as first doublet of the I S.S. 11689.8 and 11771,7.

The first lines of the (calculated) differential series give differential

vilirations with the first lines of Ihe subordinate series.

(l.D.S.) -(1,1 S.S.) =3164,9 ',, = 31598 '„ = 31596,8(P. 4)
,

(l.D.S.) -d.lS.S.) =3186,2 .,, = 3138T -,,=31395 (p. 5) ^

-^.i'* I™oll)

(2,IS.S.) -d.D.S.) = ? ') ', ? '.•=31075,6(P.3)
,

(2,1 S.S.) -(1,D.S.) =2676 1)/^= 31369 ',, =3^370,7 (P. 5) \

"' ''^ """'-'-'

(3,1 S.S.) — (l.D.S.) =5484,9 /;, = 18232
,

(3, 1 S.S.) -(1,D.S.) =5465,1 -^ = 18298 S

not observed

(l.D.S.) —(1,11 S.S.) =3695,5 '„= 27060 /,„= 27065,6 (P. Ij
, ,

(l.D.S.) —(1,11 S.S.) =3677,0 -=27197 ',,.=27215 (p. 2) ^
-' '^ "^o^l)

(2, IIS.S.) — U,D-S.) =2730,7 -,,=36621 /,„= 36614,3 (P. 4J

(2, IIS.S.) -(1,D. S.) =2750,0 /,. =36364.2/,, = 36372,7 (P. 4)

(3, 11 S. S.) — (1, D. S.) = 5554,4
,f^
= 18003. 7

,

(3, II S.S.) — U, D. S.) = 5573,8 /^ = 17941 .3 \

not observed

not observed
(2, D. S.) -

( 1 , 1 S. S.) = 7464 //, = 1 3398
^

(2, D.S.) —(1,1 S.S.) =7474,9 .^ = 13378 )

(2, D.S.) -(2, IS.S.) = ? 'i ? ',,= 6.236y(P.)

(2, D.S.) —{2, IS.S.) =1612,7 'i = 62010 '., = 6.203 y (P.)

(3,13.8.) —(2, D.S.) =1185,8 'i
= 84332 ',, = 8.452 ,7 (P.)

(3,IS.S.) -(2, D.S.) =1176,4 '^= 85004 >„=8.510 v (P)

h Of tlie 2"'i doublet of llic 1 S.S. A = 6904,4 u=]435: has been observed

by HiTZ This value seems licllci- llian Saundkus's U9GG,3. Tiic oilier euinpunenl

lias not been observed ; il cm be found from the coinbiiialioii by rccakulalioii.

It lies in Ihe iiiiinediak' lUMfediljourlioud of 0938,8 (2. 11, S.S.I.
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(I,D. S.)-(1,IIS. S.) -3583,4

(1,D. S.) — (1,1IS. S.) 3661,5

(1, D. S.) - (2, ILS.S.) 1) :--- 2599,1 'i
--

21906,3

21311,3

38474

. 27909,8 (R. 2)

- 27319,8 (R. 2)

.= 38511,4 (P. 3)

(2, D. S.) - (2, 1 S. S ) — 2166,2 -^ = 46163,3 /„.— 46190,1 (P. 4)

(2, D. S.)-(1,11S.S.) ^7739,9 /,, = 12920,2 ',,.= 12924,1 (R. 3)

(2, D. S.) — (1,I1S.S.) =7704,7 //,
-- 12979,3 ',,.= 12986,6 (R. 3)

(2, D. S ) (2, il S. S.) ) = 1554,2 i^ ^ 64343 '„^- 6,436 ;/ (P),

(2, D. S.) - (2, 11 S. S.) ) = 1518,4 /^ = 65859 ',,.= 6,567 y (P.)

The lines 13442, 10069, S,S72, ami H271 form a B. S. Tlie 2tir5t

lines, which are tiie intensest here too, Ibrm a differential vibralioii

:

(2, B. S.) - (1, B. S.) = 2491 ,9 'n = 40130 ;.„. = 4,03 (Mou.).

The line 5165,35 (R.) is probably a summational vibration of the

first line of the P. S. and (1,IS. S.). It corresponds to 4642,5 for

potassium.

Caesium. Paschkn ') gives as first doublet of the principal series

8521,2 and 8943,6. A differential series was not observed ; calculated

are the values of the frecpiencies 10216 and 10589,0 (1,D. S.),

14059,1 and 14533,0 (2, D.S.).

34892,5 and 36127,7 form the first doublet of the I S.S., 14694,8

and 13588,1 the first of the II S.S. The following combinations have

been observed

:

tl,D.S.) —(1, I S.S.) =7350,9 /,, - 13604

(1,D.S.) —(1,11 S.S.) =3412,7 /i =29320

(1,D.S.) —(1,11 S.S.) =3231,0 '4 = 30959,5

(2,I1S.S.) -d.D.S.) =2369.8 'i= 42198

(2, II S.S.) - (1, D.S.) = 2552,2 '^ = 39182,5

(2. D.S.) — (2, II S.S.) = 1472
>ft
= 67934

(2, D.S.) — (2, II S.S.) = 1391,8 '4 = 71850

'„.= 13605,8 (P. 1)

',,. = 29318,2 (P. 2) 29317,4 (R.2)

',,. = 30962,9 (P. 3)

',,. = 42202,3 (P. 10)

',,^ = 39180,1 (P. 6)*

',„= 6,807 /' (P.)

',„= 7,193." (P.)

The lines of the I S.S. are accompanied by satellites. In connection

with this is that Bergm.\nn's series consists of doublets with constant fre-

1019" 'tn
8^*^2>^2(L.> 7280,5 (S.)

<iucncv difference. The il"ublets ,/..^' ^(^' ; 8019,62(L.): 7228,8 (S.)
;

10028 (P.) ^^^..^ ^g, 7227,46 (L.)

6872,6 (S.) 6630,5 (S.) 6475 (S.) 6359 (S.) , ,. • ,,

6826;9(S.); 6588 (S.) 6434(8.) 6325 (S.)
'"^''^^ '"''"'

'^
^^'''^'^ ""^

') (2, 1 S. S.) is licie A = 7757,9 acTurcling to Saunders. {-2, II S. S.) is not

nndoubludly known.

^) llfre the doubli'l 7400, lit and 7:277,01 nl Lkiimann have bi'cii takrii into

CDiisideialion in the caluidation.

^) K I'ASiJIIEN, \Mn. d. Pliys. Vol. ;^3, I'.IIU, |i. 731.
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root of whii'li is fotiiid in the w.iy iiieiitionod of llie first sub-

ordinate series ') Tlie first SMhordinale series, liovvevei', not liavinj;

been measured accurately, the root of Hkrgmann's series can also

only be determined by approximation by this method. The fact tiiat

this series consists of doublets is in connection with the satellites,

which accompany the I S.S. ).

For this line Hicks ') calculates the conslanis in lvvnni',m;'s formula

and in the empiric formula given by me. The errors of ob.servation

in these lines are too great to allow us to decide which formula is

to be preferred. It has appeared to me Ihat a change within the

possible error of observation of the lines on which the calculation

was based, has a considerable influence on these constants, and also

on the calculated deviations of the other lines.

The first two lines of the above series give again a differential

vibration, Moll's line 3,97 fi ; the difference of the observed lines

gives 3,89.

Hydrogen. Balmer's formula for a hydrogen series may be written

109675 109675
thus : n = (1), w = 1, 2, . . .

It is remarkable that the root of this series amounts to exactly 74

of the universal constant. This phenomenon is accounted for when
we considei' this observed series as a differential series which corre-

sponds to that discovered by Lknard and others in the spectrum of

109675
JSla. If we assume the formula ii ^ A (II), »( = J,2, ...

for tlie principal series of H, which lies in the ultra-violet, formula

(I) represents the lines whose frequencies are equal to the differences

of the frequencies of the first line of formula (II) with each of the

following ones. The root of the differential series is »»^m, = .4

—

n^

and this is the root at which we arrive for a subordinate series

1) R.4.ndall's measui'emeiits (Ann. d Fliys. Vol. 33, IDIO, p. 743) are more
accurate.

^) W. RiTZ, I.e. p. 52'2, case 5.

') W. M. HiCK.s, A iiilical study of s| cclral scries, Phil. Transact, of lliu B.S,

London, Ser. A, Vol. '21U, p. 85, 1010. Hicks assumes tlie formula

;, — A —

("+'' + -^)

Probaljly Prof. Hicks is not acquainted with the Proceedings of the Meeting of

Nov. 27. 1906 of this Academy. An abstract of this paper and ot my Tlicsis for tlic

doctorate Am-sterdam ajipcared in tlie Beibl. 1907. Hicks does not mcniion thai

this formula lias been treated already elsewhere.
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according- to Rvubkro-Schustk.h. So a difTerential series makes llie

impression of a subonlinate series, hecansc it (oiiver<>:es to the same

root (see Lithium).

The fact that H^ consists of 2 components wiiose distance is 0.14

— H,; of 2 components wiiose distance is 0.08 A. U. according to

MiCHELSON points to the fact that we have not to do with a constant

frequency difference, and pleads against tiie cliariK-ter of a sub-

ordinate series ').

The lines of this differential series again give differential viljrations

namely (hose measured by Paschkn 18751,3 (1) and 12817,6 (1,5).

Within the possible error of observation these lines are represented

li)9G75 109675 109675 109(175
by )i = —- —~ and n =

—j^
—— and may, there-

;.Ar= 18751, () /i— 12818,7

fore be considered as differential vibi-ations between the first line of

the differential series with tlie second and third line of this series or

also as differential vibrations between the second line of the [irin-

cipal series with the third and fourth lines of the jirincipal series.

RiTZ ") concludes from the presence of these lines that Bat.mkr's

formula must be written with two whole order numbers thus

71 =r 109(5/5 ~ «=:2 and /»^3, 4 etc. and /i^3, ///^4, 5 etc.

No objection can l)e made against lliis \vay of representation');

for an e.\|ilaiialion of the speclial phenomenon, lio\ve\cr, it is desir-

able to draw attention to the presence of differential \il)rations.

In this connection it is also very remarkable that the line 1216,0

one of the liih'nsi'st lines measured l)y Lyman ^) in tlie extreme ultra-

10'.)(J75

violet, is the first term of the series yi^ 109675
(m+l)=

For III = 1 we find ).i = 1215,6.

Of late F. Paschkn has conlinued to contribute to our knowledge

of the line spectra by giving a number of excellent measurements

ill the iiifia-re(l 'i. In Paschkn's papers atiention is drawn to a

number of comliinations in the spectra of Thallium, Aluminiuni, Zinc,

') Gt'. Kayskh und Rungk, Handbucli clei' Spoctroscopie, lid. II, p. h'i2.

") W. RiTZ, Piivs. Zeitschr. 16, 1908, p. 5-24.

") Except this that only the turms m = 4 ;uul m -^ 5 luivu buuii observed.

'j Tu. LvMAN, Aslropliys. Jouiii. 23, 1906, p. 181. ilrrz draws attention to

lliis line in his paper on Maynelischo Atomluldci und Soriciispeklri'n Ann d.

I'liys. 25, 1908, p. 667.

") V Paschkn, Ann. d. I'liy.-^' 27, 1908, p. .-);i7 ; 2',l, 19ii'i, p. (;2")
; lio, I'.iuii,

p. 746; 38, 1910; :!:"), 1911, p. siiU ; 'iG, I'.Ht. p. l'.)l.
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C'ailiniimi, .MaiiiiL'simii, ('ulciimi ami Mert'iiiT. Moreover llie |)riii-

ciple of eonibiiiation appears to point here to siinimatioiial and

dillerential vibrations of the intensest (first) lines of the already known
series, so that we can account for the new lines without making

use of a s/Hrtral formula. In Paschen's recent paper on the systems

of series in the spectra of Zinc, Cadmium and Mercury it is parti-

cularly the i;',y intimse lines Zn 2138,6, Cd 2288,1 and Hg 1849,

which occur in combinations; they must be considered as first line

of a principal series, lying in the ultra-violet. This principal series

is indicated ') by 1,5 S—mP, a second subordinate series being

indicated by 2/'— //;,S. The series 2,5 ,S"—/»/•' is a differential vibration

of tiie lines of the principal series with the first line of the 2"'" S.S.

2,5 ,S—mP= 1(1,5 S—mP) — (1,5 ,S—2/^)| — (2P—2,5 S)

=z /»•'' line F.S. — 1*' line P.S. - 1'' line II S.S. =
= ;»•'• line D.S. - 1*' line II S.S.

In this I have called 1*- line II S.S. '//; =^ 2,5 , what is con-

sidered the 2'"' line bv Ritz.

Mathematics. — ''On tlw conoiihhelomjinij to an arhitranj mrfacer

By Prof. Hk. «k Vkiks. fl"' part).

^ 1. Among the examples current in Descriptive Geometry of

non-developable scrolls we meet the so-called riijJiJ sp/iere ronnid^-.

formed by all the lines 'which intersect a given directrix, run parallel

to a plane perpendicula' on tiiat directri.x, and touch a given sj)here:

it is a surface of ordei four, which has the given directrix as well

as the line at infinity of the director plane as nodal lines, and the

points of intersection of these two straight lines with the sphere

as cuspidal points; the generatrices passing through these points coincide

namely in so-called torsal lines, distinguished from the other genera-

trices on account of the tangential planes coinciding in all their points.

If we substitute for the sphere an arbitrary surface of order »,

then the right conoid appears belonging to this arbifrai'y surface,

which conoid seen from a mathematical point of \iew does not differ

from the scroll formed by all the lines intersecting two arbitrary

directrices ;•, , /•, , cnjssing each other, and touching a surface •/*"

of order n; on this surface some observations follow.

§ 2. We suppose the surface '/"' to be point general. A plane

1) F. Paschek, Aiiii. a. I'hys. 35, I'Jll, p. !>ti3.
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liroiiglil through a jioiiit .1, of /, and tliroiioh r^ , cuts out of '!»' a

curve /" of order n and class ii {n— 1), from which ensues tliat

the two directrices ?•, , r, are n [n—1) fold lines of the scroll ii

under examination.

A plane through r^ contains the n [n— 1) fold line /-, , likewise

the n {n—1) single generatrices through the point of intersection of

that plane with r, -. so Si is a surface of order 2n [n—1).

Let 5, be a point of intersection of Tj and *P. The plane S^r^ now cuts

'P according to a /", containing the point »S'i itself, from which ensues

that two of the n {n—1) generatrices of i2 through S^ coincide with

the tangent in .Sj to k" ; through each of the n points S^ passes

therefore a torsal line of £2, and the tangential plane belonging to it,

lokich for convenience' sake loe shall call "torsal plane" , is evidently

the plane S^r^ . The same holds of course for /',

.

There are however more cuspidal points on Tj . If namely we

imagine a tangential plane through r^ to '!>, then it will intersect *
in a ^" with a node in the point of contact; the line connecting this

point of contact with the point of intersection C'l of the indicated

tangential plane and r, counts for two coinciding generatrices of ii

through (^1 and is thus likewise a torsal line; so the points C\

are also cuspidal points of £i. Their number is equal to the class

of *, thus n [n— 1)°, and the corresponding torsal planes are the

planes C\r^ . The same holds of course for r,

.

Other cuspidal points (in /, or r^ are not possible. For, if for a point

Aj of r^ two tangents to the curve k" lying, in the plane .-l,/', are to

coincide, then this is only possible either in one of the manners

described Just now or because an inflectional tangent or a double

tangent of k" passes through .1, . These last cases appear in reality

(comp. ^§ 4, 6), however, they evidently do iu)t lead to torsal lines,

but to cuspidal edges and nodal generatrices. The complete iiumher

of ruspidiil points on r, lor r^) amounts therefore to

n -f- n {n— 1)" = n (;r

—

2n-\-2).

^ 3. As each generatrix of ii is a tangent of </» the scroll i2 and

the surface * will touch each othei' along a certain curve, whilst

both surfaces will possess in general a proi)cr curve of intersection

besides; for, of the n points of intersection of a generatrix of H
with * in\\y two (coinciding ones) belong to the curve of contact,

the remaining n — 2 to the curve of intersection.

The order of the curve of contact we can liud in the following

way. A plane through r.^ and a point .1, of /•, intersects </' in a

curve k", and the points of contact of the tangents drawn out of
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yl, to lliis cui'\c, ai'C (lie points of inlei'scclioii of k' willi the tirsi

polar curve />/'~' of ^1, willi respect to t'. The locus of all tiiese

curves /?,"~' is a surface, wiiicli for convenience' sake we shall call

"first polar surface of )\ with respect to * and 7\"
; the intersection

of this surface and *& is the curve of contact to be found.

It is easy to see that the first |)oiar surface of >\ with respect to

<? and /•, is of order n and contains I lie line )\ as single line. A
plane through r, namely contains the first polar curve /^"~' of the

point of intersection ^li of that plane with i\; if now the plane

rotates round )\, then the points of intersection of /^,"~' and i\ will

travel in general along the line /•,, from which ensues that /, itself

lies on the polar surface to be found ; so the qnestion is only how
many ditferent polar curves />,"^' pass through an arbitrary point

of r,j. We choose as this point one of the points of intersection .S'.^

of >\ and <l>. If the first polar curve /',"~' of a certain point J, of

;, is to pass through ,S'.,, then one of the tangents drawn in the plane

A^i\ to the curve k" lying in that plane must have its point of

contact in .S,, and it must tiierefore touch the snrface '/> in S^. Now
the tangential plane in S„ to '/* intersects the line r, only in oiw

l>oint ; so only uiie eur\e /',"~' passe-^ through .S'„, aiul so also through

an arbitrary other point of r...

Each plane J,/-.^ contains thus of the surface to be found a curve

/>;"—' and the single line r..: fhe surface is thus of iD'd'r n. We
shall indicate it by the symbol /7,". It intersects '/* in a curve of

order if, and this is the required curve of contact c"^ oj il and
'!>. Also r,, possesses of course a fii'st polar surface, U^", but now
with respect to 'I' and r, ; it intersects '!> according to the same

curve (''". It is clear that c"'' contains the n points of intersection

.S'l of /", and * as well as the // points of intersection .S', of r, and

'/' ; the torsal lines through the.sc points touch here t'"', because they

touch '/' as well as /7, and n,. In a point ,S', namely the torsal line

touches a curve t', thns *, and a curve />,"-^ thus //,, and therefore

also the section c"" of these two stirfaces.

We control these results analytically. Let r, coincide with the

edge j1j.-1 ,(.(', ^ Xj = 0), and r.. with the edge Jj-'lj (.r, =.(•, =rOl of

the fundamental tetrahedron, and let '/• be a homogeneous polynomium

of order n in .i\ v,, and lei <!> := be fhe e(piation of the

surface '/'.

For a plane through /•, ^^'l,.!.^ the two homogeneous coordinates

I, and are zero, so the equation runs:

§,.r, + i,v, = ;



( -t«4 )

it' this plane is to pass iliroii.uli a point {'',, y,) of A^A^, then wo

tind

SO that tinallv the equation of this plane rnns:

If we now take of the point {,i^\, x\) the first polar surface

with respect to <P, then the section of this surface with the plane

.v\.»,

—

ir'j.r^r^O is the polar curve /:»,''"'; the locus of these, hence

the surface H^", we find by elimination of .v\ and .v\ out of both

eqiuuious; so tlie equation runs:

d<i> a*

really a surface of order )i containing the line )\ (.'•, = .v^ = 0) as a

single line.

The equation of 'I' can be written in tiie. form

so the coordinates of the points of intersection with /•, (.v^ =z .»•, = 0)

satisfy

d'I> d1>

i.e. the equation of /7,.

In the case of tiie right sphere coiioitl one of tlie I wo polar surfaces

is a parabolic cylinder, the other a cylinder of revolution. Let us

call the director line i\, the line at infinity of the director plane r,,
,

then each plane through a |)oint .1, of /•, and through r.,, intersects

the sphere according to a circle, so that the first polar ciu've of .li

becomes a line normal to the plane through r, and the centre of

the sphere; this line as well as r.j„ form the complete intersection of

the considered plane with /7,. If however we consider in jjarticular

the plane at infinity we have to take the polar line of the point of ;•,

at iulinitv with resjject to the absolute circle, which coincides

with r.,, ; so 7/, is indciMl a i»aiabolic cylinder whose generatrices

are normal to the jilane through /-, and the centre of the sphere.

In the planes llitdiigh i\ on the other hand we have to take the

vertical diameters of the circles of intersection with the sphere lying

in that plane, from which ensues immediately that n^ becomes a

quadratic cylinder with vertical generatrices. The points of intersection

of i\,. with the sphere are isotropic points; the circle lying in the
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plane thi'oiiuli suoli a point aiifl i\ passes itself lliroii^h that jioint

and touches here the absolute circle, so that the polar line of tiiat

point becomes a tangent to the absolute circle ; S(j the cylinder touches

the absolute circle twice and is therefore a cylinder of rotation. The

sphei-e and these two cj'linders intersect each other according to a

twisted curve of order 4 and tlie 1*' species, containing among others

the isotropic points of intersection of i\^ with the sphere ; on the

plane through )\ and tlie centre of the sphere it projects itself as a

parabola, on a horizontal [ilane as a circle.

§ 4. We again iuuxgine a point A, of )\, then a plane Aj',, and

the section with //, lying in this plane and consisting of the curve

;)," ^ and the line ;,. We take this system as a curve of order n

and we determine the first polar curve q^""^ for the pole ^4,, which

is of order n—1, and contains the ii—1 points of intersection of

p,"~' and i\, but moreover the points of contact of the(n— i){n—2)

tangents which can be drawn out of A^ to p^"~- . We now look

for the locus of the cnr\es qi"^' and show that this is again a

surface of order n, having )\ as a single line. The first polar surface

of the point {.v\, d'\) with respect to 17^=0 has for ecpiaiion

,
dn, ,

d/7, ^

Ox, O.F,

hence (see § 3)

:

O.c, o.c
,

Ox,Oa;^ 0.1% Ox/

a surface of order )i—1 and which, cut by the plane .r',.r,— ,r',.r, ^ 0,

furnishes the curve y,"-'. The locus of this curve, found by elimination

of .r', and ,r\ out of the last two equations, is therefore the surface

d<I> d'<P 6'* 0* d'*

it is indeed of order n and contains r., {.r, = ,r, = 0) as a single line,

just as /7j . The section with U^ is therefore a curve of order «', of

which ;•, forms a part ; it is however easy to show that r, must be

counted twice, so that there remains a residual section of order ?i'— 2.

The section of /7j and K^ lies namely evidently also on the surface :

Ox, Ox.o.r, 0.1

K* = .r^'—J + 2.r..r, ^-^- + .r,' ^-7 = 0,
J.r, Ox.o.r,

which has evidently the line .l,.!, as a double line. For the section

of //, and A',*, or A', and A',*, the director /, counts double; thus

it must also count double for the section of FI^ and K^, with which

33
Proceedings Royal Acad. Amsterdam. Vol. XIV.
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is shown that these two surfaces have in each point of /•, the same

tangential plane.

d'P
The equation ot can not only be written in the form Xr, —= 0,

1 d'P)'
but also in the symbolic form -S'.r, -— ^0. Let us put in it

I o;Cj \

,r, = .v^ = in order to determine the n points of intersection 5,

with )\, then exactly the equation A'j* ;= remains, from which

follows that the n points »§, lie at the same time on A"!* and therefore

also on A'l ; it is even easy to show that each of these points counts

double among the number of points of intersection of the three

surfaces <P, 17^, K*. In a plane S^1\ lie namely, as intersection with

0, a curve k'\ as intersection with /7, the first polar curve of these,

/)i"~', and these curves touch each other in S^. Now however the

curve i/i""' is again the first polar curve of <Sj with respect to the

curve of order n, consisting of />,""' and i\; so </,""' touches in /S,

the two other curves. The tangential planes in »S, to the three mentioned

surfaces intersect each other according to the same line, namely

file torsal line of 52 through (S, (§ 2); each of these points counts

thus indeed for two points of intersection of the three surfaces. Now
outside ?', (.see above) lie n{n'' — 2) of these points; if moreover we
subtract still the 2/? jioints /S, then n [n'' — 4) points remain, lying

neither on i\ nor on i\. If we suppose a plane through such a

point r and i\, which is intersected in A^ with r,, then the curves

^!", ^)j"—
',
^j"— ' lying in this plane (and therefore also the second

polar curve /^,"^- of JJ all pass through P, from which ensues that

I' is for /," an inflectional point and therefore A^P one of the two

principal tangents (osculating tangents) of «P in P. With this we
have shown, that in the congruence of the principal tangents of the

general surface of the n'* order n (jf — 4) of tlCese lines rest on two

arbitrary lines, or in other ivords, that the principal tangents intersecting

an arhitrary line form a scroll of order n {n^ — 4).

Through an arbitrary point of space pass n (n—1) {n—2) of those

lines'); for we have but to take the points of intersection of the

surface itself with the first and the second polar surface of the chosen

point ; the surface just found has thus the right line on irhich all

generatrices rest, as an n {n—1) {n—2)-fold line.

A jilauc through this line contains, besides then(n—1)(7J—2)-foldline,

a curve of intersection of order n (?i'—4)— n {n—1) (n—2)= 3h (n— 2),

') Crkjiona—CuRTZii: "Gruiulzuge einer allgemcinen Theorie der Oberfliiclieu",

p. 64, or Salmo.n— Fikdler: 'Anal. Geoni. des Raumes", 11. Theil, S. 24.



( 487 ,

of which it is easv to show that it consists of 3« (u— 2) lines; for,

through an arbitrary point of this section a principal tangent of the

surface must pass resting on the multiple line, therefore lying entirely

in the plane. The 3« (?z— 21 lines are evidently the intlectional tangents

of the section of the plane under consideration with the surface of

order n.

An ordinary point of contact of a generati-ix of i2 with * is a

single point of the curve of contact c' (§3); in each of the ?ifH°— 4)

points P jnst now found, however, the generatrix A^P has with *
a three point contact, with 77, a two point one, and therefore

also witli c ' a two point one ; so there are n {n''—4) (jenei-atrices of

i2 touching c'\

§ 5. A generatrix of i-* touches 0, and .has thus, besides the

point of contact, still {n—2) points in common with this surface; in a

plane J,?', lie therefore n{n—l)(n—2) such points, namely on each

of the n{n— 1) generatrices in this plane every time n—2. All these

points lie on a curve of order [n— 1) [n— 2), the satellite curve of

the first polar curve /*i"^l of A^ with respect to k". If the plane

revolves around r^ , the satellite curve will generate a surface which

we shall call "the satellite surface" of ?\ with respect to «i» andr,,

and which will evidently cut out of 'P the residual intersection of

i* with 'P.

The intersection of the satellite surface ^, with a plane J, r, consists

of a satellite curve a\ of order {n — i) (n — 2), and of the line ?,

;

the question is how many different satellite curves pass through an

arbitrary point of r, . In order to answer this question we shall

consider again in particular a point of intersection S, of /•„ and <I>.

If the curve .?, lying in a plane A^r^ is to pass through -S., , then

A^S^ must be a tangent to <7» without the point of contact coinciding

with /Sj . Now the plane ?',5, cuts <!» in a curve of order ?i

containing the point 5, itself and to which ?i («— 1) — 2 tangents

can be drawn out of N, , not touching in 5, itself; in the planes

through these tangents and r^ the curves *-, will pass through S,

.

So toe find for the satellite surface ^, a surface of order

{n—\) (n—2) + 71 {n—\) — 2 = 'In (n— 2), loith an \n (n—1 — 2]-fold

line r,. The satellite curve of c"", the ititersection of 'P and .2',, is

thus a curve of order 2 ?<' (n— 2), irith \n {n— 1) — 2\-fold points in

the n points of intersection 5, of *P and r,

.

Now however it is clear, that just as tiiere is only one curve of

contact c''% immaterial whether we start from the polar surface of

j'l
or of /'j , there is also only o7ie satellite curve; for the curve of

33*
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contact is simply the locus of the points of contact of (he generatrices

of a with 0, and the satellite curve is the locus of the points of

intersection of the same generatrices with 'P. However, if we start

from 7\ , we find as satellite surface -S, a surftice of order 2?i(w— 2)

with an \n{n— 1) — 2{-fold line r^ , from which ensues that the

satellite curve of c"^ has also \n{n—1) — 2{-fold points in the n

points of intersection <S, of r, and 0. This result is also easy to

control with the aid of 2^; this 2'j namely does not contain the

line r, , but it does the points /S',, and it has in these points a

contact with <P of higher order, and inversely ^, does ?iot contain

the line r, , but it does tlie points S^, and it has likewise in these

points a contact of higher order with fp.

Let us imagine a point ,Si and the section k'' of the plane S^)\

with */». The point .S, lies on k" ; so through Si pass, besides the

tangent in /S, itself, 7i {n— 1)— 2 tangents more, from which ensues

that the satellite curve .s-j of >§! has in this point with ^:" an {n(?j—1)— 2j-

pointed contact. If we allow the plane under consideration to revolve

a little about /•, in one sense as well as in the other, then 5, passes

into a point A^ ; the tangent in S^ itself passes in one case into two

different real ones, in the other into two conjngate complex ones; on

the reality, however, of the other tangents the slight difference in

position of the plane will have no influence, and so we see by

direct observation that throngh *S, pass ?z (??— 1) — 2 branches of the

satellite curve of c"'. So the points 5, must lie also on i, ; the

remaining points of i\ however lie in general not on it, because the

satellite curve .s'l of an arbitrary point A^ does in general not pass

through Ai itself; so the points S^ must thus be either singular points

of i^,, or i-i and <i> must have in those points a contact of higher

order. If /S, were a singular point, thus a multiple point with a tangen-

tial cone of order n {n—1) — 2, then each plane through this point

would have to cut U, according to a curve with an {h(?j— J)—2|-fold

|)oint in S,_ ; we saw, however just now that the plane «S,r, cuts

the surface i\ according to a curve, which has in -6', an ordinary

I)oint, but with k" au \ii [u— J) — 2|-pointed contact; so <S, is also

an ordinary point of i",, but an \n (n—1) — 2j-fold point for the

intersection with '/'.

We control the preceding results in the following way. The complete

intersection of ii and */> is a curve of order 2»,^(»—^1) ; it consists

of the curve of contact r"° , counted double, and of the satellite curve;

and 2ja' -|- 2h' (n—2) really furnishes 2«' {n— 1).

§ 6. The surface Si contains in general a certain number of
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double generatrices, i.e. double tangents of *, cutting r, and r,

;

we determine their number bv determining the order of the scroll

formed by all the double tangents of «P which intersect ?•,. A plane

through r, cuts «P in a k'' and tliis possesses ^ n{n—2) {n^—9) double

tangents, and through an arbitrary point of
?'i

pass | n{n—!)(?»

—

1){n— 3)

double tangents;') the surface to be found is therefore of order

i n{n—2) («•-—9) + i n {n—\) («— 2) (n—3) = («+l) {n) (?z—2) (n—3),

and it has /, as an i ?i(n

—

\){n—%{n—3)-fold line. The number of
double generatrices oj £2 is equal to the number of points of inter-

section of this surface tvith r,, so equal to (h+1) ('0 ('*— 2) (ji—3).

With the aid of the points of contact of the double generatrices

with tp, likewise of the n {n'' - 4) points found in ^ 4 on principal

tangents of *, we can now entirely survey the mutual position of

the four surfaces il, <P, IJ^, r,, likewise of their intersections. We
fix our attention in particular on the curve of contact C' and the

corresponding satellite curve. According to § 4 there are n («' — 4)

generatrices of S2 touching c '; if P is one of the points of contact,

A^ the point of intersection with r^, then P is an inflectional point

for the section t' with <P lying in the plane A^r^, A^P the corre-

sponding inflectional tangent, and it counts for two of the 7i{n— 1)

tangents which can be drawn out of A^ to k", so that besides the

inflectional tangent only n{n — l) — 2 tangents pass through .-1 .

Each of these intersects k' in ?i— 2 points, altogether thus in

\ II {n — 1) — 2
j
(« — 2), whilst tlie complete number of points of

intersection of the satellite curve of 7^,""' with k" amounts to

?i (n

—

1) {n—2); the missing 2 (« — 2) must thus be furnished by

the inflectional tangent. Now it is easy to see, that by a slight

change of position of J, the inflectional tangent would break up

into two separale tangents; by attending iu this position to the

satellite curve and then by returning to the inflectional tangent we

convince ourselves that the satellite curve of /^,""' touches t' in

the n — 3 points of intersection of the inflectional tangent.

Now but two points are missing and these can lie nowhere else

but in P; so the satellite curve of p,"~"' touches in P the curve/,".

Now this satellite curve lies on the satellite surface i:,, which inter-

sects * according to the satellite curve of c"' ; so this one too must

touch in P the line AJ\ just as c"', so that then In' — 4) points P
mentioned above represent 2 ?/

(«' — 4) points of intersection of c"'

with its satellite curve.

Let us further consider one of the (/i+1) («)(?«— 2) (n—3) double

generatrices of ii with the points of contact P,, P.„ and the point

') Cremona—GuuTzE, 1. c. p. 64. Salmon—Fiedler, 1. c. p. 25.
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of intersection .1, with i\. In the plane Aj)\ now pass also through

Aj, besides the double tangent, only 7i {n— J) — 2 tangents to ^", so

that now again on the line A^P^P^ must lie 2 (« — 2) points of

intersection of A" with the satellite curve of p,"~'. In tiie n — 4

points of intersection of the double tangent with X,'' the satellite curve

of 2^1""' will again touch t'; the missin^^ four points must be divided

regularly among the two points of contact P^ and P,, from which

ensues that the satellite curve of p/'"' touches the double generatrix

of ii in P, and P,. The satellite curve of c"' will thus also have

this property ; however as regards c"" itself, it passes also through

P, and P,,. but without touching the line A^P^P^ in these points;

so on all the double generatrices of il together lie 2 {n-{-l)in\n—2)(n—3)

points of intersection of c"' with its satellite curve.

Now c"- and its satellite curve have more points in common still,

but these lie all on i\ and i\. The surface /7, has j-^ as a single line

(^ 3), on the other hand r, has r, as an \n{n—1)—2 |-fold line, so

the intersection of the two breaks up into a curve and the line ?,, the

latter counted \n{n — 1) — 2| times. The surface «?» cuts r„ in the

n points *S, ; so these count for n\n[n — 1) — 2} points of inter-

section of the three surfaces *, 77^, 2;,, and therefore for as many

points of intersection of c"'^ with its satellite curve. We saw further

in ^ 5 that the satellite curve of c"', thus the intersection of '/> and ^j,

has in the n points »Si on i\ again [niii—l]—2i-fold points; as *P

contains these points also, they count for n \ n {n—1)—2
j
points of

intersection of c' with its satellite curve.

We now add the different amounts found, thus '2n («' — 4),

2 (« + 1) (73) (n—2j {n—3), 2n \
n[n—l) —2 |

together, and we find

2ii' («— 2), just the complete number of points of intersection of the

three surfaces '/», 77,, .2', of order n,n,2n{)i—2).

§ 7. Through a point .4, of r, pass n («^1) tangents to the

curve k" lying in the plane A^7\ and these intersect r, in )i{n—1)

points A^; inversely to such a point yl,, n (n—1) points A^ cor-

respond, from which ensues that we can regard the surface £i

as generated by (he lines connecting the corresponding points of two

series of points lying on i\ and r,, between which there is a

\n{n—1), iiiji— l)i-correspondence. If we pi'ojcct these two series out

of an arbitrary line /, then two coUocal pencils of planes are formed,

between which there is likewise an \n {?i— 1), ?* {n— l)!-correspondence

;

the 2n{n—1) coincidences are [)lanes each containing the line con-

nectiiig two corresponding points, thus a generatrix of iJt, out of

which follows 2« {n— 1) for the order of Si (^ 2).
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On each of the two bearers lie 2)i(n-l)i?i(?i-l)—Ij = 2n(7i'-2n'+l)

branch points'), i. e. points of whose coi-responding points on the

other bearer two coincide, which coinciding points are then called

donble points; we shall now investigate how in our case the branch

points put in an appearance. We consider therefore in the first place

the n points of intersection S^ of
;'i

with </>. In the plane S^i\ lies

a curve k" passing through ;S, ; so through 5j pass n {n—1) —

2

tangents which do' not touch in /Si, and two coinciding ones which do

touch in »Si ; so evidently »S, is a branch point on i\, and the [Joint

of intersection of the torsal line passing through ,S, with /•, is the

corresponding double point. Number n.

Ttirough i\ pass nyn—1)" tangential planes of '/>, and each of these

cuts 'P in a curve I" with a node. If the point of intersection

of such a plane with ;•, is a point .1,, then out of J, start

n{n—1) —2 proper tangents to k', whilst the line connecting .4 ^ and

the node counts for two coinciding ones; so J, is also a branch

point. Number n{n—J;'.

Further in § 4 we found n{ii''—4) generatrices of i2 which are

at the same time principal tangents of *P. If the point of contact of

such a principal line with * is P and .4, the point of intersection

of the plane Pi\ with i\ , then from A^ start n{n—l)—2 ordinary

tangents to k" and moreover the intlectional tangent A-^P to be

counted twice; so J, is again a branch point. Number n (?*'—4).

Finally in § 6 we found (?i+l) (n) (n—2) {?i—3) double generatrices

of i2; it is clear, that also the points of intersection of these with

1\ and r, are branch points. Number (?i-|-J
)
(n) (n—2) (w— 3).

Other branch points there are none. If e. g. a point .4, is to be

a branch point, then two of the tangents out of A^ to k" must

coincide, and that is only possible in one of the four ways described

above. If now the four mentioned numbers are added up we do

not find the required complete number of branch points 2«f«'—2rt'+l),

but only n{n'—2?i'— n + 4), i.e. for very great values of n only

half; on the other hand we find the exact number, if we bring the

h(,j5__4) points of the third group three times into account, and the

(,i _^ 1) (/() {n — 2) (« — 3) of the last twice. The question is how

to explain this.

If we bring a plane through an aibitrary point O of space and

a generatrix b of i2, and likewise through an adjacent generatrix

b*, and if we then let b tend to b* to coincide with it finally, then

at the limit tiie line of intersection OBB* of the two planes passes

') Emil Weyr "Beilrage ziir Curvenlchrc", S. 3.



( 4<J2
)

into an edge of the circiimsciibed cone of ii having as vertex;

B becomes the point of contact of that edge with 52, thus a point

of the intersection of ii with the first polar surface of 0. Let us

imagine a point j1, of 1\, lying in the immediate vicinity of a branch

point, then from this point among others two generatrices of 52 lying

very close together will start; the planes through those genera-

trices and are two tangential planes of the circumsci'ibed cone

lying very close together, and OA^ is therefore a line lying in the

immediate vicinity of that cone. At the transition to the limit the

branch point becomes, just like the point B mentioned above, a point of

intersection of il with the first polar surface of 0. This inter-

section, however, in our case breaks up into a number of separate

parts. Through a double edge of 52 e. g. pass two sheets of 52 and

passes one sheet of the first polar surface; the double edge forms

thus a part of liie intersection of the two surfaces, counts however

double, and it furnishes therefore in its point of intersection with

7'i
two coinciding branch points. Of course likewise for ;,.

Suchlike considerations hold also for the n{rf — 4) cuspidal edges

of 52. Each plane through cuts 52 according to a curve having

cusps on the cuspidal edges, and it is well known that the first

polar curve of with respect to tiiat curve contains the cusps and

touches the cus|)idal tangents. Erom this ensues that the first polar

surface of O, witii respect to 52, contains the cuspidal edges, and has

ill each point of such an edge the tangential plane in common
with 52 ; each cuspidal edge counts thus three times for the

intersection and furnishes also three coinciding branch points on

r, and r,.

All brand) points have been accounted for in this way.

§ 8. The apparent circuit of the surface 52 out of an arbitrary

point O of space on a plane e.g. is the section of that plane with

the projection (out of (J as centre) of the intersection of ii with the

first polar surface of 0. This intersection consists however, as we

already saw in §7, of a luunber of separate parts. For 52 the directors

r^ and i\ are n{n— l)-foid lines, for the polar surface
j ?« (?i

—

\) — 1}-

fold lines; for the intersection of both they count ?<(«— 1)S«("— 1)—Ij

times. Each of the (n-f-l)(n)fn

—

2\n—3) double edges counts twice,

each of the niji'—4) cuspidal edges three times, and as the complelc

inlcrseclion is of order 2n [a—1){2«(«— 1) — Ij, there remains a

proper curve of intersection of order

2/i(«-l)|2«(n-l)-lj-2H(Ml)|w{«-l)-lj-2(/i \ l){n){n-l) n-'i) - '6„(n-'-A) =
2n* — 9«" -f J(J;r -)- 10« — 12. This is thus at the same tiuie the
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Older of the projecting cone out of O or of tiie apparent eireiiit on

a plane, or the class of a plane section of Si.

For the class of the apparent circuit we must know the number

of tangents through an arbitrary point P of the plane of projection.

Now ()F cuts the surface £2 in 2h (n—1) points; through each of

these passes a generatrix, and the plane through these and OP is

a tangential plane through OP, so the ti'ace of tliat plane is a

tangent to the apparent circuit : the class of the apparent circuit is

therefore 2n [n—1).

Let us bring a plane through O and a torsal line whose cusp lies

on i\. It cuts £i according to a curve of order '2n (n— 1) — 1, and

as the complete intersection, consisting of this curve and r^

,

must have n (ii—l)-fold points on )\ and i\, the curve itself

has on the directors \n {n— 1) — Ij-fold points. These points lie at

the same time on the generatrix; the only still missing point of

intersection with this generatrix coincides with the cusp, and in

projection the apparent circuit touches in this point the torsal line.

A plane through and a double edge of i2 contains as residual

section only a curve of order 2n («—1) — 2 with [n {n—1) — 2j-

fold points on i\ and ;,, and which thus cuts the double edge in

tw^o points more; a plane through a double edge is therefore a double

tangential plane and the two points just mentioned are the points

of contact. The projection of the double edge is a double tangent

of the apparent circuit; the points of contact are the projections of

the two points just mentioned on S2.

In a plane through and a cuspidal edge the latter counts

likewise for two, so that here too remains a residual section of

order 2n {n—1) — 2 with \n {7i—1) — 2j-fold points on r, and /•,

;

the two missing points of intersection with the cuspidal-edge coincide

here and the projection of this edge becomes an inflectional tangent

of the apparent circuit.

Let us now imagine a plane through and 7\. Let S, be the

point of intersection of this plane with ;•,, then to this point correspond

7i{n—1) points on >\, and the projection of i\ touches the apparent

circuit in the projections of those points; the apparent circuit has

therefore the projections of ;•, and ?•, as n{n—l)-fold tangents. If

we now reduce these mnliiple tangents to double ones and if we
then suppose that the double tangents and the inflectional tangents

just now found are the only ones that the curve possesses, and if finally

we remember that the class of the curve is 2«(«— 1), then the Pi.ucker

formula to determine the order becomes identical to the formula at

the beginning of this paragraph, and so we find for the order the
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exact number; so we also possess the exact numbers of the double

tangents and the inflectional ones, so that only those of the double

points and cusps are missing. The PlDcker formula t — x= 3(i-

—

n)

furnishes us with js = t -|- 3 (,a—r) ; if we introduce the values, we
find x = 6 11* — 26 n' + 24 n' + 32 n — 36. Finally the formula

D =r (i (u— 1) — 2rr — 3/. furnishes us with the double number of double

points : 2(f= (1 {n— 1) — i' — 3/{, hence :

2ff= (2?i^—9«'+10u'+10«— 12) (2«^— 9/i'4-10/r+ 10«-13) —
— 2n (/?—1) - 3 (6h.'— 26H'+24M'+32rt—36).

Summing up we have thus found: the apparent circuit of ii on

an arbitrar;/ plane is a curve of order In*— ^n^ -{-\0n' -\-lQn— 12,

of cl'i.ss 2/i (n— 1), irith a nu'.nber of double points ^ cf (see above),

a number of cusps =z y. (see above), with {n-\-l) (?i) {n— 2) <n—3)

double tangents, the projections of the double generatrices of Q, with-

n (7j'—4) inflectional tangents, the projections of the cuspidal edges

of Si, and with tiro n (n—i)fold tangents, the projections of the two

directors ?, a?id r^

.

^9. U £i is really a conoid, i. e. if r, is the line at infinity of

a director plane, then as a rule the latter is chosen as plane of pro-

jection, and so the projection of the surface on a plane through one

of the two directors becomes of importance. In the numbers men-

tioned at the end of the preceding § no change takes place; so in

the case of the conoid the apparent circuit on a director plane

possesses n {n— 1) parabolic branches. It is a different thing, however,

if the conoid is a right one, i. e. if r, is normal to the director plane;

if then the latter is horizontal, and if the apparent circuit of i2 is

required for (he point Zt. as centre, then we have to project out

of a point of the surfiice itself, and that one lying on the 7i {n—1)

fold line /•,. It is now immediately clear that the apparent circuit is

entirely modified; for a line through Z^o cuts i2 besides Z^ only

in 71 {n— 1) i)oints, and only the generatrices passing through these

points give rise, when projected out of /^co, to tangents of the apparent

circuit; however, Ihey all pass in projection through the point of

inlorseclioii /i', ol' r^ with the director plane, from which ensues that

the peiu;il round A', is discarded and (hat n {n—1) times.

The plane through Zx and one of the n {n— 1) generatrices of ii

(lying entirely at infinity) is indcfiiiito, i.e. each suchlike plane is a

langenlial iilanc through Z^,, of Ihe apparent circuit we have to

discard n (u— 1) ])encils whose vertices are the points of intersection

of the generatrices through Zac with r^^. These pencils ajid those
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round /?,, the latter counted ii{n— 1) times, form the comi)lete apparent

circuit, indeed a degenerated curve of class 2n (n—1).

For the vertical projection the centre Y^ lies on j-.^^; the apparent

circuit on the vertical plane consists therefore of n (?J—1) pencils

round points on the projection of )\, and of a pencil whose vei-tex

is the point at infinity on the .i"-axis and which pencil must l)e

counted n [n— 1) times.

Mathematics. — "Surface.'', tirisfed curves and //roups of points

ns loci of vertices of certain sijsteuis of cones" by Prof. P. H.

Schocte'). First paper.

1. We consider as given («-f-2), pairs of straight lines crossing

each other, (a,-, a', ),(/;, 6'), where /assumes successively the values

1, 2, . .
. ,

^H(?i-|-3). We represent by t„. a transversal of (a,, a',), by

tb a transversal of [l>, h'). The points /'' emitting (n -(- 2), trans-

versals t„.,ti lying on a cone ('" of order n form a surface (P) of

which the order is to be determined.

However we remark first, that tiie 2(/<-|-2), given lines ('?,,«';),

[b, b') are lines of multiplicity n on (P). For, the cone 6'
" with an

arbitrary point P of ^ as vertex and the transversals t„. emitted by

this point as edges, cuts the line // in n points and is therefore to

be counted n times among the considered system of cones C", i.e.

once for each of these points of intersection.

Moreover it is immediately evident, that each point of each of

the two common transversals //,t and <';,fc of the pairs ("<."/) *"d

{(th<i'k) is vertex of a cone of the system, as we find for this point

(n-j-2),— I edges only. So these lines, ()(/i-|-3)^ in number, are single

lines of (P).

2. In order to determine the order of (P) we try to find the

number of points P satisfying the conditions of the problem lying

on an arbitrary transversal 4 , by means of a figure lying in an

arbitrarily chosen plane -t connected with our figure in space in the

following way.

We consider the transversals t„. emitted by the points P of (•>

and remark that they form a regulus {tb,ai,a'i) of which tb,ai,a'i

1) Suggested l)y the last comaiunlLatioii of Prof. Jan Dii Vriks (Tliose Proceedings,

XIV, p. 259).
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are directrices. The quadric bearing this regnlus cuts -t in a conic

cr and on this conic the reguliis itself marks a series of points, in

projective correspondence with the series of points P on ti. So we

get in jr a system of {n-\-2)^— 1 series of points on conies, in mutual

projective correspondence, with the parlicuiarity that tlie point of

intersection B of ti, and -t is a common corresponding point of all.

As often as a point P of ^, different from B furnishes {n-{-'2)„_—

1

points Pi of these series on conies lying on a curve c' of order n

passing through B, as often ti, cuts the surface {P) in a point not

lying on one of the lines b, b' ; in oilier words, if the first number

is p, the order of [P] is i}-\-2n. Now the number p can be easily

determined. If we assume in .t a triangle of coordinates of wiiich

B is the vertex .x\ = 0, .r, = 0, the (n4-2)2— i series of points can

be represented by

where /i2,,- and //,?,, will have to disappear for all the values of i if

we stipulate that P. = corresponds to the common point B. So the

equation of the curve rj through the n+2),— 1 points P, corre-

sponding to ;. is obtained by putting a determinant of order {u-]-2)^

equal to zero, of which

1
'

1 2 '
1 3 '

1 2 '
1 2 3 3

is the first row, whilst the other rows can be deduced from this one

by substituting for a,', , x\ , x^ successively the quadratic forms in i. of

.iC) , ,r(') , fl/') corresponding to the different values of/. Substitution of

1,0,0 for a.'i ,.),, r, in the iirsi row furnishes then the equation of

condition deteruiiniiig ;. If L is the minor of the determinant with

res|)ect to .V . the eipiation of condition is A^O, the substitution of

1,0,0 in the first row annulling all the elements of this row with

exce|)tion of the first. The order of this minor in P. would be

_ u (n-i-'S) times '2ii, or 7i' (?i+3j, if //l.., and /i3,i did not disappear

for all values of /. But on this account the order has to he lessened,

as we can diviile the elements of columns 1 and 2 of the minor

by ;., those of the columns 3, 4 and 5 by r-, those of the columns

(;', 7, 8 and 9 by /', etc. and those of the last n + 1 columns by

;. , whilst the value zero of ;, corresponding to the [)oint of coin-

cidence y> of the seiies, has to be discarded. So we have to diminish

?z' {ii-\-'S) by
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2.1 +3.2 + 4.3 + ... +(« n)« = y«(«l I)(«r2) = 2(;zf2),

and find for /* tiie value ?i' («+3) — 2 {n-\-2), and therefore for tlie

order p -\- '2n of {P)

«'(«
i
3)—

—

«{«+l)(n+ 2) + 2nr=— «(„+l)(n + 2)= 4{n + 2),

So we have got ')

:

Theorem I. "The locus of the point F emitting transversals Ijing

on a cone C' to [n-{-'2), arbitrarily given pairs of lines is a surface

(P) of order i:{n-{-'2), , of which the given lines are lines of multi-

plicitj' 11 and the pairs of transversals of the given pairs taken by

two single lines."

For n = 1 this result is contained in the paper quoted above

;

for n = 2 it admits of a simple check. In the special case of si.x

pairs of intersecting lines any quadratic cone of the system nuist

fiiltii with respect to the combination of the point of intersection

Ai and the connecting plane «, of each pair {ai,a'i) one of two

conditions, i.e. either pass through A; or have a vertex lying in«/,

in which latter case the cone is to be counted twice, once for each

of the two edges lying in «,. So we find in this case the generally

known surface of the vertices of the cones passing through six given

points .4,- and besides this snrface 0* with 25 straight lines the six

planes ai counted twice, i. e. an 0" as the theorem requires.

Inversely we find by means of the corresponding case for an

arbitrary n, i.e. of the case of [n-\-2)., pairs of intersecting lines:

Theokem II. "The locus of the vertices of the cones C passing

tlirongh («-[-2), arbitrarily given points is a surface of order (/i-|-2),

of which the given points are points of mnitiplicity n."

In the special case of C?i-|-2), pairs of intersecting lines the 0-*y"-\--)i

of the vertices of cones C' consists of the (n-j-2)j connecting planes

«,• counting n times and of the surface of the second theorem. So

the order of this surface is

4 («+2), - n {n+2\ = 4 («+2), - 3 («+2), = («+2),

.

As the lines connecting the (?i-|-2), points of intersection Ai by two

lie on 0(''+-)s each of these points must be an /i-fold point of this surface.

I) We remark that the number of points of the locus lying on an arbitrary

line can be found quite as easily by means of the method used above : in that

case the determinant itself, with its (n + 2)j rows each of order 2« in A, would

have been of order 6(«+2)3 in A, and diminution with 2{n-\-2\ would have

given the same result i{n^2\. This confirms that the given lines are «-fold

lines of the locus.
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3. Have we been able to deduce iiiilil now theorems holding for

an arbitrary value of n, in proceeding to the determination of the

twisted curve q forming tiie locus of tlie point P, emitting transversals

lying on a cone C to — ?i(?<-f3) + 2 pairs of lines («,,«',), {b,b'),

{c,c') we are obliged to treat the cases ?j= 2, ?i^ 3, etc. separately.

We will indicate first what is the cause of tliis and restrict ourselves

then in this communication to the case n = 2.

The surfaces {P)b and {P)c, corresponding in the manner indicated

in theorem I to the systems {ai,n'i), {b,l>') and {a;, a-,), (c, c'), admit

as such the — ?i (?i+3) pairs of lines (7;, a',- as common lines of

multiplicity n and the — n («+3) — n (m+3) — 1 transversals

cutting these pairs by two as common single lines. So these

surfaces intersect each other still in a curve of order

4 1^ „' (n+ 1)^ (« + 2)^ — n' (n | 3) — ~ n {n \ 3) («^ + 3«-2)

— — n (n+ 1) (16K^ + 80«'-f 83n'— 53« + 54).

If now we had the certainty that each point P of this completing

intersection was the vertex of a cone C" with the transversals emitted

by this point to the — n {n-\-^) + 2 pairs of given lines as edges,

the number indicated jnst now would represent the order of the

curve Q under discussion. This however is only the case for n=^l

where the obtained result passes into a p", as it ought to do (see

the paper quoted). For in the case of higher values of n the com-

pleting intersection found above consists of two or more parts, one

or more of which do not belong to the locus. In order to show this

we must treat the two cases n^2 and n > 2 separately.

For ?i = 2 the two surfaces 0^^^ and O'J^ hax'e still in common

besides the ten common double lines and the twenty common single

lines the five twisted curves q^" — as we shall see immediately not

connected with solutions of the problem — vvhicii form the loci of

the point emitting complanar transversals to four of the five pairs

(a,-, a',)- Let P, be a point emitting to the four pairs ('^,'^'',), {'?,,o',),

(a^, rt\), (^5, a'j) four transversals lying in the piano «, and let /i, and

y, represent the planes of the |)airs of transversals from P^ to

{a„a,'),{l>,l>) and [a,, a\),[c.c); then («,,/?,) and («,, y,) represent
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quadratic cones degenerated into pairs of planes with respect to the

two sextripies of pairs of lines (a,, a',), {0,h') and {oi , a'i), (c,c') and

therefore P, lies on 0!^ and 0'^ without being vertex of a quadratic

cone with the transversals to the sevoi pairs («,•,«',), {h,b'), {c,c')

as edges. So each of the quadruples out of the five pairs of lines

(a,-, a',) furnishes a o_'° common to 0'^ and (7'^ but not corresponding

to solutions of the problem; so the curve p"' found above consists

of these five ciu-ves o"^ which are to be discarded and the locus

proper 9'^'.

The result q'" is easily checked as follows. Starting from seven

pairs of intersecting lines for which Ai and «,-, (« = 1,2, ..,7)

represent the seven points of intersection and connecting planes, the

locus consists of:

1. the locus 9' of the vertices of the cones conlained in the not

of surfaces (P through the seven points A;,

2. the section c" of an^y of the seven planes «, with the surface

O* forming the locus of the cones through the six points A with a

subscript dilTerent from i, counted tirice,

3. the lines of intersection of the seven planes «, by two, counted

foui' times.

So we find 6 + 7. 4. 2 + 21. 1 .4=r 146.

The necessity of discarding a part of the completing intersection,

on account of the existence of a locus of points P for which the

cones C'l and C" corresponding to the systems {<!i,a',), ibj/) and

{ai,n'i), (c,c') break up into a common part C'' and two dift'erent

completing parts C'i ^ and C"~', pre.sents itself in the case n =:
'2

only. For this locus puts in its appearance under the condition

[IMp+ 3)+ 21 + l{n-p){n^p^'6) = [A„(« + 3) + l]

only ; for then the locus of the point P for which iy/yj-)-3) _[_ 2

transversals lie on a cone C'' furnishes a curve common to Oj*' and Oc**

the points of which do not satisfy the conditions of the problem.

As this e(piation reduces itself to p{n—p)^l the only possible case

is /)=1, /i=2.

We now pass to a consideration of the cases n > 2 and take

?z = 3 as example. Here the two surfaces (Pjj and (P),, corresponding

to the systems (fi , a'i), {b,h') and {ni , a',), (c,c'), where i goes from
one to nine included, admit besides the 18 common threefold lines

and the 72 common single lines a common twisted curve not con-

nected with solutions of the problem, i.e. the curve formiii" with
the two groups of J8 and 72 lines the locus of the point /-"emitting
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to the pairs (a,, a',) nine transveisal.s forming the base edges of a

pencil of cones 6'^ instead of determining a single cubic cone. Tliis

particularity presents itself also for larger values of n. So we can

say in general that for ?z > 2 a twisted curve occurs forming witli

the two groups of lines corresponding to the value of n the locus

of the point Pfor which the ti'ansversals to the {n-\-2)^-—1 pairs {m, n'i)

determine a pencil of cones C". If tlie order of this twisted curve

is found we also know the order of the locus q» of the point emitting

transversals lying on a cone C'' to (?j-|-2),+l given pairs of lines.

Though the theoretical determination of the order of the first curve

implies no difficulties the practical execution requires more room

than we have at our disposal here ; this is the cause why we restrict

ourselves now to the case n = 2.

4. Now that we have experienced that the curve q^° of the case

n = 1 plays a part in the investigation of the case n = 2 we may

conjecture that the twenty points with complanar quintuples of

transversals (see the paper quoted) will do likewise.

Let Z) be a point emitting five transversals tj. lying in a plane

d to the five pairs (a„ a/), and let / be a line through l> not lying

in d. Then the method indicated in art. 2 furnishes in d with the

aid of the six reguli (/, «„ a',), {/, b, b') six series of points in mutual

projective correspondence of which five lie on lines r,- and the sixth

on a conic passing through D. So the number of points common

to / and Of and different from D is equal to the order of the equation

I

(M|,,- X-\- V 1,0' , (M|,t A -|- n,,-) (m-.,, ;. + ?J2,i) (W.5,i ^ + ^'3.!-)'

I
_

j(/,;.^+^:^- +/'>)% (./;^M-;7.'- + /',)(./;>-Hi7,;i I /',),.-, {.t\^-' ^ ih^^Kvl
~

in ;., i. e. 14. So Z) is a node') of 0""^. As the five curves p^!**

corresponding with four of the five pairs («7/, a',) pass througii D
the tangential cone of O'f in D is determined by the langents in

D to these five curves; so not only the point D itself but also the

tangential cone of O'f in D is entirely independent of tlie sixth

pair (/;, b'). .So the surfaces O]^' and <>|'"' admit in tiie common node

D a common tangential cone But this implies tliat the conq)lete

intersection of O'*^ and 0""^ passes through D with six brunches.

For, if 1) is the origin and 4 a homogeneous form in .?,//,; of

order k, the equations of thi' two surfaces assunu' the form

1) This result could have been predieled by remiirking tbiU the qimdiatic eone

with vertex D is indctermiimtp, as it consisls of 'i and an arZ^iVrar.y piano tin'ough

the transversal U-



( 501 )

^ + ^ + ••• + «,. = , t, + t\ + ...-{- t\, =
from wliich ensues that the total intersection lies on the snrfaoe

(«.
-

1\) + ('.
—

1\) 4- . •
^- ('>,

—
1\,) = 0,

admitting a threefold point in tiie origin. So the completing curve

(f'-"' mnst pass once through D, the curves q^.^ doing this together

five limes; moreover the tangent to q''*^ in D lies on the common

tangential cone of 0]^ and 0^^ in D.^ c

Besides the twenty common nodes D each of the two surfaces

admits 100 nodes more, which we will represent by Ei, and E,.

Tiie 100 points Ei, corresponding by 20 to the pair y^h.b') and four

of the pairs {(ii,a'i) lie on the curves (i!" and therefore on 0\'^;

for the same reason 0\^ contains the 100 points E^. So the total

intersection of the surfaces 0''' and 0""' passes twice through the

200 points iii and E„ these points being nodes of one of the surfaces

and ordinary points of the other; as the live curves p!" pass together

once through these points, the completing intersection 9'^" must

contain the 200 points ').

5. In order to be able to determine the number of points emitting

transversals lying on a quadratic cone to eight pairs of lines crossing

each other we still want to know how many points the curve o!''*'
' "• o,c

has in common with each of the 14 given lines {a;, a'i), [b , U), (c , c')

and wiili each of the 42 transversals of these seven pairs by two.

Evidently the first number is l(i ; for the surface 0" corresponding

to six of the seven pairs is cut by each line of the seventh pair in

16 points. Moreover by means of the method of art. 2 we find for

the second number, represented there in general by /;, for n=i'l

the result 12.

6. We now pass to the determination of the number of points

P, emitting transversals lying on a quadratic cone to eight given

pairs ('/,,«',), / r= 1, 2, 3, 4, 5, and [b ,b'), {c , c'), {d , d'). To that end

we consider the three systems

1) It is quite natural that the points Ei, and Ec lie on p'-»6_ pgr if Ei lies on
f
'"

the cone with respect to 0'* consists of the plane a through the transversals

tn^,i-^,t«^,t„^ and the plane (3 through the transversals t„^,tc, whilst tin- cone willi

respect to OJ^ consists of a and an arbitrary jiiaDC tlirough /„ , for wliich we

can take (3 as well.

34
Proceedings Royal Acad. Amsterdam. Vol. XIV.
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{ai,a'i), {b , h') {ai,a'i), (c , c) (« , a', ), (d . d'

)

and tlie corresponding surfaces 0'^, O^^ , O'^J',
in order to propose

the question how many of the 2336 points of intersection of 0^^

and oj-*'' satisfy tlie conditions of the problem.
^ 6,c

'

Here we must fix our attention upon the following groups of points

which are to be discarded

;

a. the twenty common nodes D of 6*!^, 0'^, 0^}

,

•> bed
b. the hundred nodes Eij of 0]'^ and the hundred nodes E^ of 0^'',

c. the sixteen points F common to (>'•*'' and any of the ten lines o,-,

(1. the twelve points G common to q''*^ and each of the twentj'

transversals of two of the live pairs {ai,a'i),

e. the forty points H common to any of the five surfaces 6**
^

i ' '

and the corresponding curve q]°.

We consider each of these five groups separately.

a. The 20 points JJ count thrice among the points common to

p'*'' and ()\^, for the curve touches in the node of the surface the
^ byC a

tangential cone of the surface.

I). Each of the 200 points £'i , E,, counts 07ice.

c. A point F common to a, and q^^'^^ counts for four points of

intersection ; for the cone with vertex F corresponding to the six

pairs («5 , a\) , . . .
,

{a^ , n\), {b , b'), [c , c') cuts a\ twice and F lies

on a double line of 0'^.

(I. A point G common to ti^i and q]^^ counts 07ice.

e. A point H common to 0^
, and o'o lies on p!'*^, as it emits

three coraplanar transversals to (a,,a'i), {b,b'), {c,c') and four com-

planar transversals to the other pairs {a^,a\),..,{a^,a\^. As the tan-

gential plane in H to 0'^' cuts the common tangential plane of 0^^

and 6'"' in H according to the tangent in i/ to p}°, the point //counts

for one point of intersection.

As all these groups of points admit the property that the cone

for O"* dilfers from the cone corresponding to (P^ and 0^^^, they

nnist l>e discarded. So the reijnired number is

2336 — 3 . 20 — 200 — 4 . 10 . 10 — 20 . 12 — 5 . 40 = 996.

We can check easily tlie obtained result. In the special case of

eight pairs oi interseclimi lines, where (yl,-,«i), « = 1,2, ...,8 indi-

cate point of intersection and connecting plane for each j)air, we

find the following solutions:
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1'". the Ncrtices of ihc t'o'ii' cones llirougli the eigiil points .1,,

2'"'. ill each of liie cit/Iif planes (t, tlie vertices of tlic si.r cones

througli the seven points Ai not lying in that plane, counted twice,

3"'. in each of the tirenty eight lines of intersection of the eight

planes «, by two the vertices of the four cones through the six

points ^1, not lying in either of the two |)lanos, counted four times,

4. each of the ./(/"/// v'.'' points of iiiterseclioii of the eight planes

cti by three, counted eiijlit limes. This gives

1 . 4 . 1 :rr 4

8.6.2= 96

28 . 4 . 4 = 448

56 . 1 . 8 = 448

996

7. We unite the results found for /; = 2 in:

Theorem III. "The locus of the point P emitting transversals lying

on a tpiadratic cone to six arbitrarily ') given pairs of lines is a

surface 0^\ This surface [lasses twice througli the 12 given lines and

once through the 15 pairs of transversals of the six given pairs by

two; moreover it contains the 15 twisted curves o'° forming the

locus of the point for which four of the six Iransversals are complanar.

These 15 curves cut each other i)y live in 120 points for which

tive of the six transversals are complanar; each of llii'se points is a

node of (J^^ with a tangential cone determined by the tangents of

the five curves 9'° passing through that point."

"The locus of the point /•'emitting transversals lying on a quadratic

cone to seven arbitrarily given pairs of lines is a twisted curve p''"

cutting each of the 14 given lines in Ki and each of the 42 trans-

versals of the seven pairs by two in 12 points; it passes through

the nodes of the suifaees (7^" corresponding to six of the seven pairs

and touches in these points the tangential cones of these surfaces."

"The number of points /-' emitting Iransversals lying on a (piadratic

cone to eight arbitrarily given pairs of lines is 090."

In following communications we hope to extend these consider-

ations to the cases n = 3, 4, etc. and to give polydimensional

generalisations of the problem.

1) We do not wish to enuincrate different special cases here. It may only be

pointed out Ihal I he .surface 0'" becomes indeterminate if in order to obtain six

pairs of lines we borrow tlirec pairs of reciprocal polars of each of two linear

complexes.

34*
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Physics. — "Contribution to the theory of the binary mixiures XVI."
Bv Pl-Of. .T. D. VAN DER WaALS.

In the Proceedings of Oct. 1911, p. 421 Prof Kuenen says that

lie cannot agree with the view that in the point in which a plait

splits off troni the transverse plait, the value of — should be

equal to 0.

The equality
I y^ = yi I

lie admits as valid, but he objects

to the assumption tiiat the double point at the same time would be

a point of inflection of an isobar. Now in the double point the equality,

which he wants to maintain, has strictly speaking ceased to exist.

In such a double point ( —
^ J

is infinitely great, because there the

binodal curve consists of two line elements, which enclose an acute

or an obtuse angle. But leaving this aside as self-evident, it seems

d' V

of importance to examine whether his opposition to —^ ^ is

d.Vf,

well-founded. This equation has namely enabled me to indicate the

place where such a splitting up is possible — and it has even been

one of the reasons which led me to examine where points of inflec-

tion can occur in the isobars and to occupy myself with the locus

of these points of inflection ').

KiENEN thinks he can justify his objection to the theorem that in

7- r

the said double point —:,
^ by the observation that this splitting

d.u'j,

up is assumed to take place inside the binodal curve. And this

observation is by no means conclusive. Inside the binodal cur^e the

surface is only partly unstable — there is also a stable part, in

which the surface seen from below, is convex-convex. And for the

circumstauco that the splitting up be such that in the double [loint

— =0, it is now oiilv ie(|uircd that it lie (to express it briefly)

d.v'^p

Oil the convex-convex part of the surface — or expressed more

sharply, that a moment after the splitting up there exist a convex-

convex part between. The very consideration that properties of the

)) If the four bianclies of the binodal curve in the double point arc reduced

to two branches, (
—

) =
f

^—
) can be maintained also in the double point

and wc are naturally led to llie insight that the value is there =0.
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surface at that place must decide about llie possihility of the existence

of the assumed splitting up, whereas the position of the binodal

curve is also deieruiined by properties of the surface in sometimes

very remote parts, makes us see that the circumstance whether a

point lies inside or outside the binodal line, cannot be decisive.

The first, and I think I may say the well-known case of such a

splitting up of a plait, occurs for mixtures with a minimum value of Tk

(for mixtures taken as homogeneous). In this case also the binodal

curve of this transverse plait splits up, and both parts of these binodal

lines can be realised. But it is by no means an absurdity to sujipose

that in consequence of j)roperties of the surface in parts lying very

far to the left this double point was covered, and unrealisable.

Then the binodal curves at the temperature at which the splitting up

takes place would be quite different ones and the already existing

one would also have remained covered for a great part.

d'v
That at this well-known splitting up — ^ in the double point,

is, I think, also accepted by Kuenen, — and the admission that after

the splitting up the plaitpoints lie in such a wav that for one
d-v\

- is positive and for the second negative, leads to the conclu-
Jbiu

d'v
sion that in the double point — must necessarilv be equal to 0. Such

d.v-f,

a splitting up of a transverse plait into a I'ighlhand side and a left-

hand side exists and can be demonstrated experimentally for a number

of mixtures. Now for an explanation of other phenomena I was

confronted by the (juestion whether a plait could also split \\\i in

such a way that after the splitting up there can be question of an

upper and a lower part — or rather in a part with greater and in

one with smaller volumes. That in this respect ex|)erimcntal investi-

gation is still very incomplete, is readily admitted.

Now with regard to the place of the double point three different

suppositions can be made; 1. outside the binodal curve of the trans-

verse plait; 2. inside the binodal curve; 3. just on tiie binodal curve.

At the temperature at which the splitting up takes place (71,^,) the

transverse plait still extends over the whole breadth.

In the first case the splitting up can be observed experiineulally.

If we inquire into the properties of the binodal curve for the ecpii-

librium liquid-liquid and licpiid-vapour, we get 1. in the double point

two intersecting curves, 2. the already existing liquid branch of the

transverse plait, of course slightly niodilied, and running througii

the unstable part of what I will call longitudinal plait.
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At somewhat higher temperature, so above tliat of the splitting

up, the convex-convex pai-t of the t|>-surlace has made its appearance

in the double point — a separate curve has split off either quite

closed or open towards the side of the limiting volumes, concerning

which I refer to former observations. And moreover the transverse

plait has got a branch plait with a plaitpoint at the side of the

small volumes. To close this branch plait a hidden plaitpoint is required

— also in reference to this I may refer to former communications.

At still higher temperature the branch plait has i-etreated more and

more towards the transverse plair; the plaitpoint reaches the binodal

curve of the transverse plait, and then the liquid branch of this

binodal no longer runs through an unstable region.

But, and for this I also refer to former investigations, then too

the hidden plaitpoint still exists. And not before the temperature is

still higher does the hidden plaitpoint unite with the plaitpoint of

(he branch plait that existed before. From the temperature at

which this plaitpoint lay on the binodal curve there existed inside

the binodal curve a pair of heterogeneous plaitpoints. But strictly

speaking if we do not confine ourselves to that part of the surface

lying inside the transverse plait, there exists such a pair of hetero-

geneous plaitpoints already, at 7^^, . And if the longitudinal plait on

the side of the small volumes is closed, there exists such a pair of

plaitpoints already before the splitting up. Only then at the spitting

up all at once substitution of quite another point takes jilace for

one of the points belonging to the pair of plaitpoints, to which subject

1 shall return in a following communication.

This first case for the place which may be possible for the double

[)oint, is not known, and is certainly not realized in the mixture

examined by van der Lee. And now it was my puipose to cx|)lain

the 2'"' case in Contribution XV.

Not that there is a great dilference with what I described above

— there is oiily a difference as f;xr as the place of the double

point is concerned.

This double [ioint might happen to lie exactly on (he l)inodal

curve of the transverse plait, which I have referred to above as (he

third case. This would certainly have to be called a coincidence.

As I remarked above the jjroperty of the surface which leads to

splitting up, and the property on (he vapour side of (he transverse

plait which governs the place of the binodal curve of (he transverse

plait (o a higii degree, would have to answer very s|)ecial (Iciiiands.

I consider the chance (hat (his (akes place as about zero.

Moreover (he dill'ercnce between this iiarticular case and the 2'"'
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is so slight that if tlie hitter has been discussed, also the parlioidar-

ities of the particular case are easily seen.

In the adjoined tigiire I have represented the position of the

spinodal and binodal curves at a temperature somewhat above Tg^.

AB and CD denote two portions of the binodal curve of the trans-

verse plait, for so far it is (o lie realized. EBP^CF represents the

binodal curve of that part of the longitudinal plait that has split ofl'

and moves towards smaller volumes at rising temperature. /-', is the

plaitpoint moving towards smaller volumes. By P^ the plaitpoint

moving to greater volumes is represented. At Tg^, I\ and P, coin-

cide. But now we know from former considerations and I refer

among others to these Proc. VIII p. 184 that there must also still

exist a closed binodal curve, of wiiich P^ is a plaitpoint, and that

there must be found one more (third) plaitpoint to close this binodal

curve. The jioints P, and P, together form a pair of heterogeneous

plaitpoints. At Tgf, this hidden plaitpoint already exists, but P. and

/-"a
do not coincide until at a temperature that lies higiier (but how

nuich higher cannot be indicated here any moi'e than in tiie cited

paper).

At a temperature above that for which the above tigiu-e holds,

the longitudinal plait moving to smaller volumes has the jilaitpoint

Pj on the binodal cur\e of the transverse plait, which can then be

realised over its full width, and at still higher temperature it has

no longer any points in common with this binodal curve.

If figure 47 of Contribution XV (These Proc. XI p. 904) is

compared with the result of this discussion, we see that the tem-

perature of the point C of figure 47 is 7s,,, and that of the point

D the temperature tit which the pair of heterogeneous plaitpoints

Pj and P, coincide. Already in contribution XV I remarked about

fig. 47 that the righthand branch between E and F may be omilted.

Then, however the point E must be thought to lie at p =r oo, and

the point F at T=0. Since then I have not been cournnied in ilio

opinion that this branch should be omitted.

In fig. 47, how'ever, a mistake has slip[)ed in, with regard to the

closed curve which represents the concentration of the two liquid
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phases of tlie tliree |)liase equilibrium ; it will certainly not have its

highest point in C. My attention was drawn to this circumstance by

KoHXSTAMM immediately after the appearance of contribution XV.

And this same error is expressed in words on p. 900, where it says

that the point C lies on the binodal curve of the equilibrium liquid-

dp d-p
vapour, ai:d that — and — arc equal to zero in the point C. So

d.v d.v^

these two sentences ought to be omitted, and when Kuenen does not

mean anything by his remark but this, I entirely agree with him.

But I read more in his remark, and this is the reason why I think

I should make these observations. It namely seems to me that

KuENEN I.e. means that the double point of the spinodal curve

(which is naturally always also a double point of the binodal

curve) would always have to lie outside the binodal curve of the

transvei-se plait. This will, indeed, be probably possible; then the

point where the plaitpoint line ECDFK intersects the line of the

three phase equilibria, must lie between C and D of the fig. 47 of

contribution XV. Only by way of exception it could have i-isen as

high as the point D. Compare also these Proe. VIII j). 184,

where 1 slill harboiu'cd some doubt, but finally arrived at the con-

clusion that I had to locate the intersection of the plaitpoint line

with the binodal line before D.

But at least as often, if not oftener, the case will occur that tlie

double point lies inside the binodal curve of the transverse plait ; in

this case the endpoint of the three-phase pressure lies on the branch

CE of the plaitpoint line. The foregoing remark may also be expressed

thus. Korteweg's theorem that the coincidence of two heterogeneous

plailpoints must always take place inside the binodal curve, is- inter-

preted by Kuenen thus, as it seems to me: "The coincidence of two

homogeneous plailpoints must not take place inside the binodal curve.'"

This would mean in fig. 47 : "As the point where the plaitpoint

line enters the binodal curve, cannot lie on the right of Z>, it cannot

lie on the left of C cither". This would have certainly called for a

proof, for these two theorems arc certainly not identical.

Or if I had to comprise my defense against the objection in one

phrase, it would i-un ; When a theorem is true, it does not follow

that the reverse of this theorem is true. Koktkwko's theorem is true

and can be considered as self-evident, namely if we understand by

binodal line a line which can be realized. I!ut il docs not follow

from this that every double ])lait|)oint inside llio liinodal curve is a

heleroi/eneoits double plaitpoint.

Besides 1 have nowhere asserted that the binodal curve could be
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entirely realised at T^f,. This is only the case a( liigher temperature.

At T below
2\i,

there is eoiineetion between the unstable part

of the transverse plait and of the longitudinal plait. So the liquid

branch of the binodal curve of the transverse plait has a nietastable

and an unstable part. This is also the case at Ts^. Not until higher

temperature, i.e. when the plaitpoint of the longitudinal plait lies on

the binodal curve of the transverse plait, this binodal curve is entirely

to be realised. But Kdenen's objection makes me doubt whether I

have expressed my meaning clearly enough.

A simple proof for the theorem that —- ^ at (he double
\dx-J,.T

point, is furnished when the spinodal curve is represented by the

aid of the s function by

:

^^\ =0.
d.v'J^T

The differential quotient is then

:

'i-i-y,,r \dp-iipjf,r d.v

fd%\ f d% \
In case of splitting up both — and ( is equal

\d-v'Ji,T \d.v'dpJpT

dp
to zero, and then — cannot be determined from this equation, but

d,x

must be found from a quailratic equation. Now I — ) =v, and
\dpJxT

rd';\
at a double point the two relations — =0, i.e. the condition

^d'v\
of a piait[)()int, and (

— 1 =0 iiold. At an ordinary |)laitpoinl
\d.v'-Jj,T

fd' v\ dp— is not equal to 0, but then — ^0.
\dx'J^T dx

My conclusion is this. At the temperatures at wiiicli tlie splitting

up takes place the double point can lie inside the joint realizable

binodal curves of the longitudinal plait and the transverse plait. That

this is impossible has never been proved as yet, and is not to be

proved in my opinion.

Above Tsi, the leflhand and the righthand convex-conve.x: part of

(he surface that lies within (he liinodal curve, have uni(ed.



( 510
)

Mathematics. — "General conudeyadons on the curves of contact of

surfaces with cones, with application to the lines of saturation

and binodal lines in ternary systems." (Communicated by

Prof. D. J. KoRTEWEu and Prof. F. A. H. Schreinemakers).

Introduction.

It is a known fact that in the study of tlie ternary solutions

which for given temperature and pressure can be in equilibrium

with a solid substance a great part is played by the curve of contact

of the tangential cone of the S-surface with a given point as vertex.

If namely we project the vertex of the cone and its curve of

contact on the horizontal plane, then the projection of the curve of

contact represents a ternary line of saturation, namely the series of

the solutions, wliich for assumed temperature and pressure are

saturated Avith the solid substance indicated by the projection of the

vertex of the cone.

The form of the line of saturation of a solid substance being

thus determined by the form of the curve of contact of a cone, it

was our aim to investigate which peculiarities this curve of contact

could display in some points of a given surface and in particular

of the 5-surface.

We choose as origin of (he system of coordinates a point of

the surface. We assume the X- and }"-axis in the tangential plane

of the surface in point 0.

For the ec[uation of the surface in the vicinity of point we can

then write

:

z = c,a:'
-i

c,xy+ cy-Vd,.v'^ d,.v'y+ d,xy'+dy+ ey-^e,x'y + ••(!)

The equation of a tangential plane in a point ,f, y, 2 of this surface

becomes

:

dz dz

If we wish to let this tangential plane |)ass through a point

P{p.(]) of the A'. )'-plane, then we must have
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(2c, p + c^q)x -I- {<-^p 4- 2c,q)ii \- (M,p + rf,7 — C,U" +
+ (2^5 P + 2t^37 — c^)wy + (<i,p + 'Sd^q — c,)y' +
+ {4e, p-^e.q- 2</J,r» + (3<',p + -e,q - 2^,) .r=y +
+ (2e,p + 3.,<7 - 2d,)xy' + («,P 4 4.,^ - 2d,)f +.... = . (2)

The above form (2) is tlierefore the equation of the curve of

contact of a cone touching Ihe surface and having point P[p.q)as
vertex.

We shall now distinguish three cases :

I. is not a parabolic point.

II. is a parabolic point.

III. is a point of osculation.

/. Point is not a parabolic point.

As is an elliptic or a livperbolic point, it follows tiiat

1 \
c^c, r ''2^ ^ ^' ^^ '^•^^^' '^^^I'li'e the line OP as A"-axis, so that

q:=Q. We can now distinguish two cases according to OP being

an asymptote of the indicatri.v or not.

1a- The line OP is not an asymptote 0/ the indieatrix.

We assume OP as A'-axis and the conjugate diameter of the

indieatrix as T-axis ; so q^Q and c, ^ 0. From ("2) follows then

:

2e,px + [^M,p—c,)x- + 2(i/«.y -^ (,d,p ~ c,)y°- + . . . = . (3)

The curve of contact touches therefore the F-axis in point 0.

As the A-axis (the line OP) and the I'^axis are conjugate diameters

of the indieatrix, it follows that the line OP, connecting the vertex

P of a cone with a point (> of its curve of contact, and the tangent

in point to this curve of contact are conjugate diameters of the

indieatrix of point O.

In general the curve of contact in fhe vicinity of point is of

tinite curvature and determined b}":

2c,;« +(,/,/.-.,)</' = (4)

If p is chosen in such a way that d^p — c, ::= then the equa-

tion is

2c,px -f {,>^p--2d,)r/ = Q (5)

so that the curve of contact has a jioint of inllection in point O.

Several ternary lines of saturation with one or more points of

inflection are known. We tind e.g. on the line of saturation of tiie
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nitril of aiubric acid in the system : water — alcohol — nitiil of

arabric acid ') at 4°.5 two points of intleetion.

Ijj . The line OP is an asymptote of the indicatrix.

We assume OP as X-axis, the other asymptote as F-axis so that

q^O, c, ^ and c, = 0.

Then the curve of contact is determined by:

'''.Py + ^d^px^ + (2(f,p— c,) xy 4- d^pif- + . . . = . . (6)

So the generatrix OP of the cone touches the curve of contact

in O"-).

We have here thus the case that throngii point P we can draw a

tangent to the line of saturation of the solid substance represented

by P. This point of contact, however, being a hyperbolic point, this

case can appear only on the unstable part of the line of saturation.

II. Point is a parabolic point.

1

As is a parabolic point, it follows that CjC, —c^''=z 0. Point

O lies thus ou the parabolic or spinodal line of the surface.

IIA The line OP does not coincide ivith the direction of the

axis of the parabola.

In tig. 1 let aOb be the spinodal line,

cOd the section of the tangential plane in

with the surface; OY is the tangent in

the cusp of this section and at the same

lime the direction of the axes.

We now assume OP as A- and OVas
}'-axis, so that 5= 0, c^^O and c, = 0.

Then we lind for the equation of the curve of contact:

2c,p.v -i (Sd,p—c,) .v' + id^pxy + d,py'- + . . . +

2c,x + d,y' = (7)

So the curve of contact touches in the line OY. The direction

of the curve of contact in (he vicinity of its point of intersection

with the spinodal line is therefore independent of the position of

the vertex P of the cone.

1) F. A. H. ScuHEi.NKMAKEHS. Z. f. Phys. Ghem. 27 114 (1898).

2) See also : H. A. Lorentz. Z. f. Pliys. Ghera. 22 523.
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We can express this pro[)erty also as follows: all the lines of satu-

ration passing through a point of the spinodal line touch each

other in this point 0.

We have drawn the curve cOd in fig. J in such a way that the

tangent OY intersects the spinodal line in (). That this is true in

general is evident from the following.

The equation of the spinodal line is:

, = (8)

If now we calculate out of (1) the values of :—- , :^ and r——

,

after having put there c, =: and c, ^ 0, we find for (8):

(2c-,+ 6<i,.f f 2rf,y f ...)(2rf,.f f 6'/,y f .•) - {M,.v ^2d,y+ ...f = 0.

As L\ is not zero, we find by first approximation for tlie equation

of the spinodal line

:

2rf3,« + 6,/,y = (9)

From this ensues therefore that the tangent in to the spinodal

line nOb forms an angle with the line OY, unless (/_, = 0,

If however d^ = 0, then it follows from (9) that the tangent in

to the spinodal line coincides with the line OY. As then at the

same time

c, = 0. C-, = and d, =
point under consideration is a plaitpoint '}. Hence: only in a

piaitpoint the spinodal Hue and the curve of contact of a cone can

touch each other.

JIa.x- Point w a plaitpoint.

As Cj = 0, C3 = and d, = "-), the equation of the curve of

contact becomes

2c,.f + f/,yM- • • = (10)

So all the curves of contact passing through the plaitpoint touch

each other there and their curvature is independent of the distance

from the vertex P of the cone to the plaitpoint.

Tliat this curvature is also iudependent of the direction of the line

OP and therefore quite independent of the situation of P will soon

be evident.

From (8) follows for tiie equation of the spinodal line:

1) D. J. KoRTEWEG Arch. Neerl. (1) 24 60 (1891).

2) D. J. KORTEWEG. l.c. 63 (1891).
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{2c, + Gd,.v^2J^yj- ..) {2d,.v^2e,.v'-^6e,.vy ^)2ey- -f ..)
-

- (2d,,v+ 2d,y+ 3e,.v'^4e,.vy f 3.y+ . .)' =
or at first approximation for the equation of that line in tlie vicinity

ot the plaitpoint

:

4c,d,.x + {2ic,e,-id,'-)f- = (11)

The equation of the binodal line in the vicinity of point O is^):

dyx + 2e,ir = (12)

We now write (10), (11) and (12" in such a way that the coefficient

of X is the same for these three; so we find:

for the curve of contact : 2ci(lyV -\- d,'i/ = (13)

,, „ spinodal line: 2c,dyT -{- 2 {Gc,e,—d,"-) y' = . (14)

,, binodal line: 2cidyV -\- Acie^y'' ^^0 .... (15)

We shall now restrict ourselves, as only this is liable to realisation,

to a plaitpoint of the first kind '), so that

^c,^.-fh'>Q (16)

thus also c\e^ >> and 6c,e,—d," > 0.

From this ensues immediately that in the vicinity of the plaitpoint

the curve of contact, the spinodal line, and the binodal line are curved

in the same direction.

Out of (iQ) we can deduce:

2 (6cv3-rf,=) > 4cv% > </3^ (17)

If we call the radii of curvature of the spinodal line, the binodal

line, and the curve of contact R.,, lit,, and Rr, it follows from (13),

(14) and (15):

c,d. c,dn c,(7, )

Rs = ~
, Rb = M-- , i?,. = —^— . (18)

(12Cie5—2d,') sin B 4c, (^^ sin d^' sin 8 \

where 6 represents the angle between the line OP and the tangent

in the plaitpoint to the binodal line.

In connection with (17) follows from this that the spinodal line

has the smallest radius of curvature and the curve of contact the

largest.

From (18) we can furthermore deduce:

2 3 1— = (18"
«, Ih R,

.

Out of this relation it is evident that R^ is also independent of

the direction of the line OP; for Ri and R^ are quantities, which

depend exclusively on (he shape of the surface at point 0.

1) D. J. KoETEWEG. I.e. 61 (1891).
' -'-
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^ ^

If we introduce instead of tiie radii of cnrvatiire A' liie cui'vatures

K we find

2A', = 3A'(, - A', (ISi)

For (lie rest tlie cnrve of contact lias nothing remarkable in tiie

vicinit}' of the phxitpoint except that its course theie is in a iiigh

degree independent of the situation of the vertex P of the cone, if

but this vertex is not too close to the plaitpoint or not too close to

the tangent to the spinodal line in the plaitpoint.

In fig. 2 sijs' represents tiie spinodal line,

hOh' the hinodal line, and rOr' the curve of

contact of the cone P, or in other words the

line of saturation of the solid substance P. As

ensues out of the curvatures (18" and 18'') of

these three lines, these must have a position

with respect to each other as in fig. 2.

If we draw in this figure a line ?»«/; parallel

to and in the vicinity of OP, then np must be

equal to 2mn. If namely we calculate .tv, Xs, and .vij out of (13\ (14)

and (15) we find for fi same value of //

:

2 (.ci— .r,.) = ,1'^. — .ci .

In so far as the binodal line has been drawn in fig. 2 the con-

jugated pairs of fluids represented by it are metastable ; ihey all

break up into the solid sub.stance P and a solution of (he line of

saturation rOr'.

In fig. 3 the point P lies on the other side

of the tangent in as in fig. 2. Line rOr' is

the line of saturation, !>()/>' the binodal line;

the spinodal line has lujt been (lra\\'ii.

In the vicinity of the plaitpoint the line of

saturation must be curved, as has been repre-

sented in fig. 3, in the same direction as the

binodal line. In its further course two or more

points of inflection can of course appear. If e. g.

solid substance, so that the line of saturation is a curve enclosing

point P, then at least two points of inflection must appear, as has

been assumed in fig. 3.

If now we change the tem|)eralure or the pressure, then the S-

surface changes according to position and form; jxiint /' rises and
falls. Now the binodal line and the line of saturation of course also

change their form.

lig. IS.

P is a ternary



( 516 >

b^ig. 4.

We now imagine temperature or pressure

changed a little in such a direction that the

two curves of tig. 3 move away from each

other. We then obtain fig. 4, in which the

line of saturatioji has been represented but

pai'tlj. It is clear that it now likewise has

to show two points of inflection. If both curves

move still farther from each other, then of

course both points of inflection can vanish.

If we change temperature or pressure in opposite direction, then

we cause both curves of fig. 3 to overlap somewhat. We then find

fig. 5, in which haa'b' represents the binodal line and raa'r' the

line of saturation of P.

On the part aa' not represented of the binodal

line lies the plaitpoint; the part aa' of the

line of saturation lies between the part aa' of

the binodal line and the straight line aa'. The line

of saturation of P is only partly drawn.

As long as a and a' lie but close enough to

each other, ar and a'r' must lie as in fig. 5,

they must run namely from a and a' to that
"*"

side of line aa' , where the stable part of the ^S' "'-

binodal line lies. In their further course the lines ar and a'r' can of

course intersect the line aa'

.

We now have besides a series of solutions saturated with P {ar

and a'r') and a series of conjugate solutions {ah and a'h') also a

conjugate pair of fluids />„+Az' saturated with solid P.

As the pieces aa' left out of the binodal line and of the line of

saturation lie inside the three-phase-triangle Paa' , the fluids repre-

sented by them separate into P -\- La-\- La'

Examples of lines of saturation with two points of inflection,

between which a curvature in the same direction as the binodal

line, we find e.g. in the system'): water-AgNO, ethylene, cyanide.

At ± 11° the line of saturation of 2 C,H, (CN), . AgNO, . H,0

touches the binodal line in its plaitpoint and two points of inflection

appear as in fig. 3.

With a rise of temperature both lines move away from each

other; the lines of saturation determined experimentally at 12°, 20°

and 25° show distinctly the type of fig. 4.

1) W. MiDDELBERG. Z. f. Pliys. Gtiem. 43. 305 (1903).



( 317 )

If we lower the temporaliiro l)clow

I 1°, tlieii the isotheiiii.s in the x'icinity

(if liie three-phasc-tiiaiigle show a foi-in

as in fig. 5. Lines of saturation are

also known wliich turn in their whole

course their coucave side to the plait-

[loint of the binodal line; thev have a

form as ;'/•' in fig. (i.

In the system ') : water (6^)—ether

^'S- {A)— malonic acid {P) sucli a line of

saturation and binodal line are determined at 15°.

In the system"): water (C) — ethylene cyanide (^4) — henzoic

acid (7^) we find above 51° likewise isotherms as in fig. 6. When
lowering the temperature the two curves of fig. 6 approacii each

other; at 51° the line of saturation rr' of the benzoic acid touches

the binodal line in its plaitpoint 0. At still lower temperatures a

three-phase-triangle appears and the isotherms in the vicinity of that

triangle show a form as in fig. 5.

Also in the systems ')': ^^ater-phenol-alkali lines of saturation appear

of the type as in fig. 4.

IIn- The line OP has the direction of the axis of the parabola.

We assume OP as )'-axis, tiien p = 0, (\_ t= () and c, = 0. So

the equation of the curve of contact becomes:

{d,q—r^y + 2d,q.v,i + M^qf- + .... = . . . (19)

So the curve of contact has in point '^^ a node ; therefore it consists,

as is drawn in fig. 8, of two intersecting branches rod and r'ab.

By a variation of parameter (on the S-surface temperature and

pressure come into consideration for this) out of fig. 8 are formed

fig. 7 and fig. 9. So fig. 8 is the transition form between fig. 7

and fig. 9.

iMg. 7.

1) E. A. Klobbie. Z. 1. Phys. Chom. 24. G25.

-) F. A. H. SciiREiNEMAKEHs. Z f. Ptiys. Ulieiii. 26. 240 (1808).

Proceedings Royal Acad. Amsterdam. Vol. XIV.

35
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In fig. 7 .«' represents tlie spinodal lino; rah and r'fil are (wo

branches of tlie curve of contact liavinfj- in a and i' a tangent passing

tlirongh point /'. In lliese points n and r we have the case considered

suli I J]-, a and c lie therefore liolli on the h_vpeii)olicall\ curved

pari of the surface.

If we pursue the liranches (tli and cd, these can of course pass

into each other'); in fig. 7 this continuation is rej)resented b}' the

dotted curve bed.

In fig. 9 the curve of contact consists of the two brandies rr'

and abed, separated from each other bv the spinodal line ss' ").

The equation (19) can, however, also represent an isolated point;

the curve of contact then consists of a single isolated point, lying

on the spinodal line. For a small change in jtarameter this point

then vanishes or a closed curve of contact is generated.

Inversely the closed curve of contact abed of fig. 9 can thiis

contract so as to disappear in a point of the spinodal line.

To investigate whether the curve can possess other nodes or isolated

points (in ordinary not conical points), we cause the J'^axis to

coincide with (JP. This is of course always possible and then we
have

J)
= 0.

From (2) follows now as condition for a node c.//= and 2c3g= 0.

So we find

:

1
Cj T= o-j ^ and therefore also c^ r, <=% ^= 0.

4

This is just the condition for the generation of case 11b- ^o we

find the iiodes and isolated points only in case 7/^ , except of course

in the points of osculation which can be regarded as a special case

of it, where c, = 0.

So we can say :

"Nodes and isolated points of the curve of contact always lie On

the spinodal line.

"

There would be an exception only if point P were on the surface

itself; then of course there would always be in that place an isolated

point or node; this however we do not discuss.

Hd.j.- Point is a [dititpoint.

We assume (fig. 10) OP as F-axis so that besides /> =: 0, c^ =
and e, = 0, we find also d, = ').

1) Gomp. F. A. H. ScimEiNEMAKEiis. Z. f. I'liys. Gliein.- 22. 532 (1897).

-) Comp. F. A. H. SciiuEiNEMAKERS. Z. f. Pliys. Liiic'iii. 22 581 (1897).

8) D. J, Kom-EWEG. Arch. iNwil. (1). 24 61. (1891).
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Out (if 11^ niiw t'olliiws ihal tlio |)lait|i(>iiit

is a node (if the ciiive of contact and at tl)e

same time that liie lino <)]* itself is one of

tiie tangents. To investigate this curve of

contact further we write (2) (after liaving put

there // = 0, c, = 0, r, = and d, = 0; in

^' tlie form ;

Fig. 10.

vl,r^ + B.v;i + C.v' + Ux^n + E.vi/ + /;</' + ... = 0. . (20j

To satisfy tiiis by

we umst ha,ve Bk -\- F =i{y From this ensues now, as li^2<l,(j

and i*^= 4 (/t% -.

(11)

thus reproducing the e(|uation ^12) of the liinodai line in the vicinitv

of the jilaitpoint.

Therefore the curve of contact coincides in the vicinity of the

plaitpoiiit with the binodal line.

Tills coincidence does not hold for the higher terms, as is natural

and as is shown still more clearly liy the following.

We put namely :

and we substitute this value in (20). As will immediately become

evident, we must include in (20) still the term ^'. We write for it G'?/\

So we lind

:

{Bk + F)y' + (Ak' + Em -\- Ek + G) y' -\- . . . = 0.

From this ensues

:

Ak^ + £/(•+(?

Now follows out of (2): A^d^q— c,, B:=2d^q, E=3eiq— '2d,.

If we calculate the coefficient G of i/' in (2) we find

:

G = (J\p + b;\q-3e,),

so here, as p = -.

G= 'of,g — 3fj.

So we tind, if we put for the curve of contact in = m,-:

{"i-'l.'j) -JT -t- (— 2(i, + '-ie.q) — + 3e, — b j\q

m, = —~ —
;^-^ ? . (23)
2d.y

35*
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For tlie second term 1111,1/ of tlie biiiodal lino we liavr :

')

2 {e.e, - dj\)
,. ii^)

SO that the curve of contact and tlie Itinodal line differ in the term y'.

We now write:

.B, = ky^ 4- nirf H- . . .

.ri=%' -f miy^ + • • •

from which ensues:

,f,. — .)/, = (m,. — TO4) ?/' + (25)

Out of (25) it is evident, that the lunodal line h(jh' and the curve

of contact rOr' must have with respect to each other a position as

in fig. 10. In this figure the part rO of the curve of contact has

been drawn outside, the part r' inside the binodal line.

If we calculate with the help of (23) and (24) ?h,.— '»i we then

see that the sign of this diiTerence depends on q, thus on the position

of P. It is therefore also possible that for the same surface rO lies

inside and r' outside the binodal line.

The curve of contact

:

x = --~y^ ^ . . .

and the spinodal line (11):

6 c,e, — fZ,

, •'' + •••

differ already- in the coefficient of if. Hence for a plaitpoint of the

first kind the curve of contact will ahvays fall as in fig. JO, just like

the binodal line, on the outer side of the spinodal line.

As w^e have seen above the curve of contact consists of two

branches intersecting in the plaitpoint; one is the branch rOr'

,

considered above, the other the branch i\Oi\'

.

Kig. 11. Fig-. 12.

If in i\'^. 10 wo roslrici oiirsoUcs lo ihal purl of the lines repre-

senting stable conditions, we linil lig. 11. Also the case represented

') D. J. KOUTEWEG, I.e. 09, 70.
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ill n,n'. 12 cjin dl' cnui'sr ;i|)|ie;ir, so lliul tl::' liiinnlal lino vuiiislios

bccaiusr it falls inside tiio scotor I'Or'

.

RemarUalile in liotli raises is tiiat tiic stalile part of tiie lino of

saturation of /', allliougii it represents an unbroken series of solntioiis,

yet shows a disi-oiitinuity. Tliis makes its appearance in the critical

solution saturated with solid /\

III. Point () is a point of osculation.

As in a |)oint of osculation we have Tj = 0, l\^0 and (\^0,
we get from (2) for the equation of the carve of contact:

{:M,p f ,/.// . x^ + {2d.,p + 2,1, q) ,.: V + (rf,p 4 MS ,/^ + . . . =
01' if wo make the A'-axis to coincide ^ith OP:

3d,.v' + •2d,.r,i + d,;r + . . . = (26)

So the curve of contact consists either of an isolated point or it

shows in a node. Fi-om (_26) it is evident that the directions of the

two tangents are independent of the distance from point /"* to point

(); they depend only on the direction of the line OP.

The aliove-niontioned pro|ierly that the curve of contact and the

l>inodal line are curved in the same direction in the vicinity of the

j)laitpoint {IfA.y) caused us to surmise that this also would be the

case with a s:cond branch of the binodal line, should such a one

pass through the plaitpoint ')•

This surmise can be aflirmed in tho following way and it can also

he shown that the cnrvation of such a branch corresponds entirely

to that of the curves of contact passing through the plaitpoint.

,, To that end we assume again as I'-axis the

tangent to the spinodal and the binodal line

of the plaitpoint O^ (fig. 13); for the A'-axis

we choose the line of conjugation i\0.^ and

we put (), O, = p.

The tangential [jlane in a point .>\ , //, , j,

in the vicinity of 0^ is

:

dr, dz.

Fig. 13.

Z

the one in a [)oint .r.. , i/.^

,

d.r,
' '" '"'d/y,

'

;, in the vicinity of (>, is:

') Gomp. llie paper of Mr. Kuenen (Proceedings of Oct. 1911, p. 4:20).
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Tlic coiKiilicns that ./-,,//,,;, and .r,
, y, , c, are (-(Mijngated points

thus become:

p =p (27)

"f^^p (28)
0.'/, oj/,

ds, dz, dz, dz,

0.'-, 0!/, a,!.', dy.

In oonseqaence of the choice of the i'-axis we find:

z^ = t'l.^' + d,.T,' + (f,.i','^, -f '/j.Vi^/,' + ''!*•/ -r • • •

If we pnt .i'j = p-|-C2, so that §, is a small quantity we have:

^2 -- ^"'is^' + ^'S-iV-i + «'>.!/>' +
We now write the equations (27) (28) and (29)^ in full ; we then

directly leave out the terms wliich are certainly small with lespect to

those written down, setting; aside of what order r, //i ^3 ^^^^
il-i

"^^'11

pro\e to be with res])ect to each other. We then find

:

•lc,x,-^rd,y.: + ... = -lc,%,+c,y,-\- (27/

d,.r,' + 2d,.^•,y, + 4«,^,' + . . . = c',§, + 2c>, + . . . . (i^Sy

c,.r,' + 2J3.r,y,= + ^e,y,* + ••.• = V^, + P<-'.y. + • • • (29)'

If we solve out of (27)' and (28)' 5, and y, at first approximation

we find

:

c^ = «,Cj -)- ^11^' and y., = «'.;-, + (i'y^^

where a, ^i, a and ji' have definite values.

From this ensues that I, '^"'^ .Vi
^^''" t)^ "^^ '''^ same order of

magnitude as .r, and ^/,-, wlien namely those two correspond in

order. If on the contrary .t, and y/," are of different order, then §2

and
//.J

must be of the lowest order as one of them (namely .r, or y,-).

From (29)' however ensues that '2pc\' §^ -\- pc, 1/^ and so also

'2c\ i,,-\-c'„ i/^_ are of higher order than .r, or i/^'- or both; hence out

of (27)' nuiy be concluded at first approximation:

2,v., ^ ^3,/,-^ = (30)

The e(|uation of the branch hO^b' of the l)ino(lal line (fig. 13) is

therefore represented at first approximation by (oOj. This equation (30),

however, corresponds entirely to (10) representing a curve ofco)itact

which touches the binodal line dO^n' (fig. 13) in Ihi' plaitpoint.

In an entirely similar way as in ll.\., we can now deduce:

'an accidental branch of a liiuodal lini' jia-^sing ihrough a plaitpoint

is in this point always ciii-nim! in the same dircctinn as the binodal

line 10 which the plailpnnii bchmgs."
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Between tlio radii of curvature Rij, li\ and Rs exists of course

also the relation

2 _ 3 1

in which 7^i represents the radius of curvature of the biiii)dal line to

which the plaitpoint belongs and A'';, (he radius of curvature of the

accidental branch of rhe binodal line passing through the plaitpoint.

We now snbstifute in (28)' and (29/ :

2c,

and we liiul

:

... (31)

,
.,,.... (32)

From this now follows

:

(«'. 5. + 2 c\ ji^Y = a (2 c\ i, + c-', y,,' .... (33)

in which :

64 4 c. e-d,'
,

27 -,
'

The equation (33) represents at approximation the curve c C, c'

(fig. 13); its tangent in point is determined by

2 <-•':
>?. + <-•',

.'/. = <» (34)

The line determined by (34) is the diameter conjugated to the

A'-axis of the indicatrix in 0,; so we tind that the tangent in (>„

and the conjugated line in (>, 0.^ are conjugated diameters of the

indicatrix in 0.,. This property however has been known already

for a long time ').

We now take that tangent in ()., as new j'-axis, whilst we
keep the line (>j (A^ '^^ t'"3 A'-axis.

Equation (33) now changes into:

where )., ii and r have dellnite values. From this ensues as a tirst

approximation of the binodal lino in the vicinity of |)oint 0.,:

,,')•' =irX'
,

or

y — KX' (35)

If we calculate the radius of curvature in point t>, we then find

1) D, ,1. KORTEWEG. 1. C. p. 'I'M).
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iliat it is zeio Tlie l)riuicli <()./:' of llie hiiiodal line lia« tliiis in

point 0„ a somewhat aiigiiiar sliape, without however an angular

point being really formed.

This shape is, indeed, the preparation to the wellknown

form shown in tig. 14, generated in (>., when the con-

jngated hi'anch hOJj' in fig. 13 liegins to inlei'sect llie

plait iiO^a'.

Moieover it is evident from the fact that B,^ and y, in

the \ icinily of the points 0^ and 0^ are of the same

order of magnitude as ;yj' and therefore much smaller

'''''• '^' than //,, that the connode 0^ will displace itself there

nnich quicker than the connode (J^.

Astronomy. — "The Milltj n-nij hikI the star-strenms." By Prof, J. C.

Kapteyn.

In a lecture, delivered before the Congress of Physicists and

Physicians in the month of April, I arrived at the conclusion that

"in passing from the stars of the spectral type B^) (Helium-stars) to

those of the type A (Sirius-stars) and from these to those of the

type G (solar-stars) there is a gradual change in the direclion of

the streams.

The stream-velocity was also found to be diiferent. Owing to want

of materials, however, the latter result was still even moi-e ujicertain

than the former. Partly by .the publication of Campbell's radial

velocities of B stars'), partly by (not yet published) observations made

on Mount Wilson, I have been able this summer materially to

diminish this uncertainty.

It is true, that the increase of our data represents but a small

fraction of what is urgently wanted. Still however, so much seems

to have been gained already, that there is a pretty strong probability

in favour of the conclusion that : not only the direction but also

the velocity of the two great star-streams gradually changes in

passing from type B to type .1 and thence lo type (1.

In these circumstances I I'eel justified in no longer sup|)ressing a

conclusion which was not yet communicated in my April lecture.

In what follows, stream-direction and stream-velocity will mean

direction and velocity relative to the solar system, unless the contrary

') 111 what tolluws the iiolalions of llAUVAUDcollego ubsorvatciiy liavf been

adopted.

-) Lick BuHetin N'. 19a.
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is ex])retssly luciitioiied. If ilii' uiolidii <>{' dilVcii'iil classes of slai's

relative to the solar system is di Herent, the absolute motion iiiusl be

different too.

How can we imagine such a different motion for our star-classes?

Are we to iuiagine, thai instead of the two star-clouds whicli were

assumed up to the present, there are six — I conline myself to the

three spectral classes really investigated — of which three move

permanently in slightly different directions, and three others approxi-

mately in another? Of the three former of which the first would

contain only B stars, the second only .-1 stars, the third only (r stars,

whereas for the latter set of three there is a similar distribution?

Six wholly independent streams between which there would be

differences in velocity, number and amount of the peculiar velocity
')

gradually changing with the age of the stars.

All this seems hardly admissible. It seems infinitely simpler to

assume, as 1 did in my April lecture, that originally there were

only two stai'-clouds. That in course of time the stream-direction

and the stream-velocity have slightly changed in such a way, that

the oldest stars have deviated most, the youngest least, but all in a

higher or lower degree from the original direction and velocity.

In that lecture I also tried to show how we can imagine such a

change in motion to have taken place.

I do not wish to enter again into this explanation, but 1 wish to

draw attention to the fad that, unless we adopt the hypothesis of

the six permanent streams, alluded to just now, we have to admit

that the matter which origiiially composed the two star-streams is

cwpLUidiny.

For a better understanding- of this expansion, it is necessary to

know the elements of the two streams separately for the stars of

the different classes of spectrum.

The most reliable elements, which u[) to the jjresent 1 have been

able to derive, are as follows: (see p. 52(5>.

In this table the galactic latitudes and the velocities relative to

[hi sun of the two streams have been denoted by the letters ,i, i\ ff, i\.

The reliability of these elements is very different and for the

greater part ratiier snuiU. Those for the G- and B-stars of stream I

are the most trustwoi-thy. For the second stream of the B-slars, of

which we still know but a few members, the position of the vertex

is particularly uncertain, the stream velocity practically unknown.

For the change of the second stream with lime, we have therefore

ij See the lecture quoted above. Gougix's of physicists unci physiciaus Aijnll'JU.
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Apparent vertices (convergents) and stream-velocities.

Str. I.
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investigation I found an inclinalion of two doijrees. P]dd]ngton in

his last investigation, based on tiie superior, newly puhiisiied, catalogue

of Boss, is led to a value of exactly zero degrees. It now ap|)ears,

from the results of the present paper, that both the star-clouds exi)and

in that same plane or at least in directions only slightly deviating.

It would seem to me that we ha\e here a vera causa for the

origin of the Milky way. Even if originally the two star-clouds had

been spherical and matter had been evenly distributed in them, this

matter must have expanded in the neighbourhood of a definite plane,

the plane of the Milky way.

At the same time, we have at least the beginning of an explanation

of the two following facts:

1. That the Milky way has not been scattered long ago as a

consequence of the divergence in the proper motions of the stars.

For, the expansion of matter, now under discussion, must be at work

even at the present moment.

2. That the phenomenon of the Milky way is shown in both the

star-streams.

It is true that H.\lm and Hoigh have assumed, at least for a time,

that the Milky way coincided with one of the two streams, but after

Eddington's work, such a theory seems hardly tenable.

Our Conclusion tacitly assumes that what observation has taught

-us about the nearer stars, also holds for the more distant ones. If

we consider how small the part of the universe is, about which we
possess more or less adequate data, we feel that necessarily the

bearing of our conclnsion is restricted. As applied to the whole

system it must necessarily be considered as only a provisional hypo-

thesis. In order to give it a more solid foundation, it will have to

be based on more ample materials and il will have to be extended

to the greatest distances accessible to our observations.

How necessary an extension over the greater distances is, appears

from the fact, that even now a totally different explanation of the

phenomenon has been given. The abo\e results for the A-slars were

not yet known to its author. But it had l)een evident for some time

that, whereas all the other stars investigated show the phenomenon

of the two star-clouds, the helium-stars practically move in a single

stream. Its motion does not agree with that of one of the two main

streams but with the motion of the centre of gravity of the two.

This fact led Hai,.m to assume the existenee of three streams ').

Eddington '), adopting this theory, conceives the matter to be as

') Montlil. Not. Juno 1911.

-) Obscrvaloiy Oct 1911.
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follows. It is a well-known fact that tiie astronomical proper motions

of the helium stars are small. We conclude tliat their distance must

be considerable. The mean distance of (he stars of different spectral

type, .for which the existence of the two star-streams has been

demonstrated, is undoubtedly much smaller. He concludes: "The

"two star streams probably involve at least half a million of the

"stars around us ; but there has never been any evidence that they

"prevail in the extremely remote parts, where the helium stars are

"thinly scattered."

He thinks that the helium-stars must he almost entirely at rest.

The stream-motion wiiich they show, when the velocity is considered

relative to tlie sun, is entirely due to the motion of the solar system

itself.

The theory is very attractive. The more so because it furnishes a

natural explanation of the fact, already mentioned, that the motion

of the helium-stars coincides, at least approximately, with that of the

centre of gravity of the two streams for the other stars. In our

theory this fact is not so easily explained.

It is for this reason, that I kept back the preceding remarks, till

I should have found an occasion of testing Eddington's theory. Such

a test which .seems to me pretty decisive, is j)0ssible in the following

way. From the same materials which served Eddington for his last

investigation, i. e. from the stars of Boss' Preliminary Catalogue (the

helium-stars being excluded) I extracted the stars the proper motion

of which lies between 0".030 and 0".079. The average proper motion

is equal to that of those helium-stai-s — 40 percent of the total —
which have a proper motion ^ 0".()30. There is every reason to

assume that the two classes of stars are approximately at the same

distance. We thus have to find out whether or not these stars still

show the phenomenon of the two star-streams. The execution of this

plan led to the conclusion that the phenomenon is clearly shown;

it [is but little less evident than for the whole of the stars. That it

is someivhat less evident is probably sulliciently accounted for by the

greater influence of the errors of observation. Graphical representations

show the matter at a single glance. They are however too extensive

for this communication.

Meanwhile we may demonstrate the nuitler almost as well i)y

giving the (piantities

"i H^ "«
(0 — log -L2 ?

"•i + "4

for the several parts of the sky. The letter », represents the nund)er

of stais for a determined region of the sky, for which the proper
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motion iiiakes an angle of hetiveen 0° antl 00° with the parallactic

motion i », similarly represents the nnmher between 90° and 180°

etc. If there were but one stream, the (|iiantities (> wonid be zero

for the whole of the sky.

The results obtained are shown in the following tal)le. For the

sake of comparison I add, in the last column but one, the value

0j computed from Eddixgton's numbers for the whole of the stars.

In the last column have been given the values of as computed

from the numbers yielded by his theory. The fact that the accidental

deviations of column 0, exceed those of the next one, will cause no

surprise, if we remember that for the former we had to confine

ourselves to a small part — the least reliable part — of the materials

that served for the latter. Moreover we neglected the corrections

due to the deviations from a plane of the several regions. The region

of the Pole was left out. simply in oi'der somewhat to abbreviate

the work.

Centres of ttie regions

« <i (t (I
0,

Oh
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A secoini tcs( was ohiainod from an invcsligalion of tlic .1 stars,

made for another ])nrpose some time ago. In this investigation the

materials for each region of the sky, were diviiied in two approxi-

mately equal parts, the one eontaining the greater proper motions,

the other the .smaller. In no case however, proper motions exceeding

0"06 were admitted in tlie latter group. Vet this group still shows

the two streams with perfect clearness.

It would seem to me. that the conclasion towards which these

results lead, is decisive.

The two slar-stream-system is not confined to the nearest neigh-

bourhood of the sun, but it extends at least to those parts of space

whicii contain 40 procent of the observed helium-stars. We therefore

need an explanation for the exceptional behaviour of the helium

stars, different from that of Eddixgtox. ,

In Hai.ms theory the third stream is not confined to the more

distant parts of space. Unr theory difiers from his in so far that it

does not lead us to distinguish thvi/.' sharply defined streams, but to

conceive tiro stream-systems each consisting of a series of streams,

gradually merging into each other. Halm's third stream is one of

the extreme cases of our first stream-system.

In an extensive investigation of the helium- and early A-stars,

undertaken by Adams, Babcock and myself, we intend to collect

and discuss the materials necessary for a fully satisfactory determina-

tion of the elements of the two streams.

The present paper is to be considered as part of that joint labour.

Chemistry. — " The sj/steiu Iron-Girbon'. By Prof. A. Smits.

(Communicated by Prof. A. F. Holleman).

After Bakhiis Roozeboom '), led by his theory of mixed crystals,

had set forth his view about the system iron-carbon, attention has

been drawn by \arious scientists to the fact that though Bakhuis

Roozeboom's considerations have contributed considerably to get a

better insight into this so important system, his views are in op|)Osition

to practice in a single significant point.

Bakhuis Roozeboom had namely thought he was justified in con-

cluding chiefly from experiments of Roberts Austen, that the mixtures

with more than 2 7o C. must be subjected to a radical change in the

neighbourhood of 1000" with stable equilibrium.

Roberts Austin had namely found that the line indicating the

') Zeilschr. f. physik. Cbem, 34, 437 (1000;.
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soliiliility of comcnlite in iron cniilil iiol Ix' pursued l)oy()ii(l ± lOOO"

and Bakhiks Ixoo/khoom tlinii>>:lil thai lliis was owing to llie deconi-

po^itioii of ciMueiitile. \Vith snpplv of heat this eoiivei'sioii would

viz. take ph\ce ;

ceiiieiitile ^^ iiiaiteiisite -j- graphite,

ill coiisequenee of whieh undef ± lOOO' two more Iwo-plia^e regions

would be added to liial of uiartensitc -J- grajjhite, viz. a region for

martensite -|- cementite and a region for cementite -{- grajihite.

So under ± 1000° cementite would be able to occur as a stable

phase and the formaiion of cenientile would have to take place the

more completely below this temperature as the system cools more

slowly. Practice, however, teaches just the contrary, so that the

assum[)lion of cementite ap[)earing as stable phase in the system

iron-carbon, has been resolutely rejected by men of practice. Hence

I think I may assume with Ch.\rpy, Beneuicks and others that when

cementite occurs in the system iron-carbon, this I's always metastable.

On this assumption, the 7', A'-diagram, as may be considered

known, becomes as is schematically represented in the .subjoined figure.

i~^ia \K

^
X

I
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Bill this does not solve tlie i)rol)lem vet, for it is a fixct that

cementite can be formed in the snUd iron-cariion mixtures by heating

them to temperatures l^ing even some hundreds of degrees below

the eutectic temperature. So we can only accept the new 7\Y-figure,

when the phenomenon mentioned just now has been explained.

Before proceeding to this explanation, I wdl tirst mention Royston"s ')

very interesting experiments, from which the said formation of

cementite appeared with the greatest distinctness. Royston worked

with malleable cast ii-on, which had been obtained by heating cast

iron up to 850°, and then allow it to cool exceedingly slowly in

an atmosphere free from oxygen. In I his process, which is called

the Blackkeartprocess, a conglomerate of ferrite and graphite is obtained,

and so the cementite has entirely disappeared as phase. In this it is

-to be expected that ferrite will contain besides a little carbon a

trace of iron carbide in solution. We may now assume with great

probability that this conglomerate is a tixed condition, which was a

state of equilibrium at a temperature under that of the mixed crystal

eutectic point (so under about 700).

Now Royston found that when this malleable cast iron was

heated at 720° for three hours, and then comparatively quickly

cooled, cementite had formed, which api>ears clearly from the following

analysis results.

graphite. Casi^^,6'

composition before the heating 3.5 "/o trace

after „ „ 2.65 0.85

In a following experiment a new quantity of malleable cast iron

was heated to 1030°, and appeared, as is shown below, to possess

a greatei- (pumtity of bound carbon.

graphite. C'as Fe* C-

concentration before the heating 3.5 % trace

after „ „ 2.0° 1.5"/,

In perfect agreement with the above analysis results perlite, ce-

mentite, and graphite was found on micrographical investigation. So

these experiments show with perfect clearness that when a conglo-

merate of iron and graphite is heated, a formation of cementite may

take place at temperatures wider the initial melting-point of the

mixture. This fact, which at first sight is in direct contradiction

with tiie assumption that cementite is always metastable, has not

been accounted for up to now, and yel in my opinion it is not

1) Journ. Iron and slccl hisliiulc 1, 100 (18'J7).
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diflioiilt to show that this contradiction is only appaieiil, and (liat a

very obvions explanation may be given foi' it.

Already in my theory of allotropy ') I pointed out tiiat if \vc can

get dilferent. suhslances as new pliases ft-oni an homogeneous i)hase

dependent on the method of working, it will in general have to be

assumed that the kinds of molecules whicii give rise to the formation

of these difTerent substances were already present in tiic homogeneous

phase beforehand.

As from a detinite liquid mixture of iron and graphite grapiiite can

deposit in case of slow cooling, and cementite in case of rapid cooling, we
shall have to assume that not only carbon, but by the side of it

also iron carbide is present in the liquid mixture, which substances

form the following internal equilibrium with the iron in tlie homo-

geneous liquid phase

:

3 Fe + C ;± Fe, C.

Let us assume that we start from the state P and cool the homo-

geneous liquid phase, tlien the depositing of graphite will begin at

L'g when the cooling takes place slowly. It follows from this that

at this temperature the internal equilibrium of the liquid phase is

such that the carbon lias just reached its saturation concentration,

and not the iron-carbide.

On decrease of temperature the internal equilibrium will be shifted

in consequence of two influences. If we consider these influences

separately, we observe that in the first place the homogeneous equi-

librium is shifted to tiie left by tlie decrease of the carbon concen-

tration, in whicli therefore the iron carbide dissociates more and

more, and in the second place tlie decrease of temperature will bring

about a shifting.

If the formation of iron-carbide in tlie liquid is cndolliermic, the

decrease of temperature will also bring about a dissociation of the

iron-carbide, so that in this case it may be expected, though not

with perfect certainty, that the homogeneous phase will not be

saturated with respect to iron-carbide at any temperature. )

If the formation of iron-carbide in the liquid was exothermic, it

would be possible on the contrary, that the influence of the temperature

begins to predominate, and at a given temperature the liquid became

saturate not only with respect to graphite, but also with respect to

1; Tliese Proc. XII, p. 763.

3) The contrary, however, remains still possible, for the decrease of the solu-

bility might prevail, and then saUiration with regard to the iron-carbide might

occur.

36

Proceedings Royal Acad. Amsterdam. Vol. XIV.
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cc:nontile, so that then at lower temperatures cemeiitite instead of

graphite would deposit as stable solid phase. From the fact that

this does not happen, however, we must not conclude to the endo-

thermic nature of the discussed reaction, for first of all it would be

possible that the said phenomenon failed to appear because the for-

mation of carbide was too feebly exothermic, and secondly it might

be tliat the said phenomenon could be realised only in metastable

stale in consequence of the too early appearance of the eutectic

point. So the question whether the formation of iron-carbide in the

liquid phase is exothermic or endothermic cannot be decided from

the observed phenomena, nor is it indispensable for our subsequent

reasoning to assume either the one or the other. Up to now it has

been assumed that the liquid mixture P was slowly cooled ; let us

now, however, consider the case that the cooling takes ])lace rapidly,

then it is possible that no depositing of graphite takes place, and

cementite deposits as solid substance. And now it is the question

how to account for this.

But for the hypothesis made by me on the existence of an internal

equilibrium this phenomenon would be just as puzzling as it is nosv

easy to explain. If, namely, the deposition of graphite fails to appear,

then the internal equilibrium in the liquid phase will lie more to

the right at the same temperature in consequence of the greater

carbon concentration than in case the deposition of graphite takes

place, and this renders it possible that the liquid phase becomes

super-saturate also with respect to cementite and that this can

deposit at L^.

The reason why the liquid wi)ich is supersaturate witii respect to

graphite and cementite, will deposit not graphite, but cementite, is

in connection with the fact that the undercooled liquid shall be soon

more supersaturate with respect to cementite as to graphite ')• So

we see from this that the assumption of an internal equilil)rium

in the liquid can give a very plausible explanation of the discussed

phenomenon.

In the theory of allotropy I have further made the very obvious

supposition that when in case of coexistence of a liquid phase with

a mixed crystal phase or in case of coexistence of two mixed crystal

phases there is reason to assume that one of the coexisting phases

') 1 touch here upon a froqucutly observed pliciiomenon, from which Ostwald

wanted to derive a "Gesetz der Umwandlungsslufen". This important question

being the siibjoot of a subsequent communication, I shall not discuss it any

further here.
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is ill iiilenuil eqiiiiii>riiim, there will also he internal e(|iiilil)iiuni in

the other coexisting phase.

If we apply this consideration to the system iron-carbon, we may
observe tiiat as tlie liqnid phases on the line AB coexist with the

mixed crystal line Aa, these latter solid phases will also be in inter-

nal equilibrium. But this holds then for the whole mixed crystal

region, and then martensite mixed crystals are nothing but solid

solutions of graphite and ceraentite in iron, and these three substances

will be able to form an internal equilibrium also in the solid phase.

It follows from this that internal equilibrium can prevail also in

the mixed cr} stals on the line Sa and in those on S'a', and this

conclusion now furnishes a clue to the explanation of RorsTON's

observations.

Let us, namely, suppose that malleable cast iron has been heated

to 1030° for a long time, so that the stable equilibrium between

martensite mixed crystals S^ and graphite Cj has set in. If. we
now do not cool slowly enough, it is possible that the deposition of

graphite fails to appear entirely or partly, in consequence of which

the mixed crystal pliase does not follow the line as, but another

course, e. g. Sg Sc and now in consequence of the greater carbon

concentration in the solid phase the internal equilibrium may lie so

much more to the carbide side than in case of stable equilibrium

with graphite at the same temperature, that the solid phase becomes

supersaturate also with respect to cementite, and the latter deposits

in Sc-

Now it is of course possible that also the deposition of cementite

can be retarded, but as this does not give rise to the formation of

new phases, this is of no importance here.

If the cooling is not too rapid, the raetastable mixed crystal eutectic

point will be reached at about 690°, where the convei'sion :

martensite —^ ferrite -|- cementite

takes place, and the original concentration of the martensite mixed

crystal phase -S"^ lying on the right of that of the eutectic point S',

the structure elements perlite -f" cementite must be found, and by

the side of them of course graphite, so exactly what was observed.

It is clear that this is peculiar about the just discussed phenomenon

that though the martensite crystals are in contact with graphite, no

graphite, or not a sufficient quantity, deposits with not very slow

cooling.

It has, however, been stated already several times that a super-

saturate liquid in contact with the substance with respect to which

the li(|uid is super-saturate can sometimes remain so for a comparatively

36*
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long time. T have observed this in the investigation oF the system

ether-anthi-aquinone; but only in the case that the hquid pliase was

very viscous.

When we have not to do with a viscous Hquid phase, but as

here, with a soHd sohition, the said phenomenon of retardation will

be able to appear the sooner.

It will, no doubt, not require any further elucidation now why
RoYSTON, when he did not heat up to 1030°, but to 720°, had to find

less cementite after cooling. It is possible that he did not reach the

line a's' , then, but sf on the line ss' , so that first «-iron deposited.

Further I think that it is clear why up to now the temperature

of the melastable mixed crystal eutectic point has, indeed, been

observed, but not once that of the stable mixed crystal eutectic point.

To enable us to pursue the stable equilibrium between martensite

mixed crystals and graphite to the point >S a so slow cooling is

required, that a thermic determination is quite impossible. The only

method which may possibly yield a reliable result is the dilatometrical,

when an active catalyser shall have been found for the transformation

under consideration.

These considerations do not seem devoid of interest to me because

they are of general application, and give a plausible explanation of

the mutual relation between the internal equilibrium in a homogeneous

phase, and the heterogeneous equilibrium that may arise from it.

Anorcjanic Chemical Laboratory of the Univeriity.

Amsterdam, Nov. 19, 1911.

Chemistry. — "Determinations of vapour tensions of nitrogen

tetroi'ide." By Dr. F. E. C. Scheffer and Mr. J. P. Treub.

(Communicated by Prof. A. F. Holleman).

1. In 1884 R.\MSAY and Young published a paper on vapour tension

determinations of ice and camphor'). They demonstrated that statical

and dynamical methods yield concordant results, and that therefore,

just as the P-T-\ine of liquids can be determined from boiling-point

determinations at varying pressure, also the /*- 7-line of the solid-

gas-e(|uilibrium may be found by the observation of sublimation

tempeialures at varying i)ressure.

In a later investigation, however, it appeared that solid substances

which dissociate at their transition to vapour, in many cases according

to the dynamic method') furnish values for the vapour tension which

~)~Phir Trans. 175. a? (1884).

9) Phil. Trans. 177. 71 (1886).
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deviate from the statically determined ones. A full discussion and

explanation of this behaviour is found in van Rossem's thesis for the

doctorate ')• In tiie evaporation of solid substance we have in this

case a superposition of two velocities, the velocity of ex'aporation of

the molecule as sucii, and the velocity of dissociation in the vapour.

If the first velocity is small with respect to the second, stable equili-

brium will exist at any moment between the solid substance and tlie

vapour surrounding it, and the same values will i)e found according

to the two methods of determination. If, how^ever, the lirst velocity

is great with regard to the second, the solid substance will be sur-

rounded by a vapour which is little dissociated, at least less than

is the case for the stable coexistence. Then the substance can be

heated to a higher temperature than in the former case. Hence the

dynamically determined 7'- T-line, whose situation will depend on tlie

rapidity of the heating, will lie at higher temperature, resp. at lower

pressure, than the statical one.

A similar deviation between P- 7 -lines determined statically and

dynamically, is however not known for liquids. We disregard here

the generally very small differences which may occur in consequence

of a certain excess of pressure which tlie boiling (or sublimating)

substance must exert to emit its vapour to the surrounding space,

which must cause the substance to assume a somewhat higher tempe-

rature corresponding to the somewhat higher pressure in the immediate

neighbourhood. The differences described above are of an entirely

different order of magnitude. Nitrogen tetroxide, which Ramsay and

Young also included in their above described investigation, gives

concordant results in the determinations, made according to the two

different methods; this conclusion is based on the observations col-

lected in the following table, (p. 538).

The statical values given in the above table were obtained by

making use of the compressibility of a large glass reservoir, filled

with mercury and provided with a narrow capillary ; the displace-

ment of the mercury meniscus in the capillary tube furnishes a

measure for the pressure exerted by the nitrogentetroxide against

the reservoir. The two observations marked witii an asterisk, have

not been measured directly, but have been found by determining

the difference of pressure between 0° and the temperatures 13,9 and

19,6, in which it was assumed that the pressure determined stati-

cally and dynamically would agree at 0°. A difference which might

eventually exist between the values at 0° obtained by tiie two

1) Van Rossem. Thesis for the doctorate ami Z. ph. CM 62, 257 (1908).

See also Z. ph. Gh. 72. 458 (1910).
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TABLE I.

T
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Lately, however, a paper bv Guye and Drouginine ') appeared, in

whicli some vapour pressure determinations of nitrogen letroxide

are mentioned These values, which were obtained by a statical

method, iiowever, deviate perceptibly from the values found dyna-

mically by Ramsay and Yoixg ; GrvE and Dkoiginine's line lies at

lower temperature, resp. higher pressui-e than that of Ramsay and

Young, and these deviations come particularly into the foreground

in the temperature region where onl}' the two statical values marked

in the above table with an asterisk, have been given.

If, accordingly, these two values, which have both been found

indirectly, were not correct, and if those of Giye and Drougimne

on the contrary, were, we should have found an example in the

nitrogen peroxide for which the velocity in the homogeneous equili-

brium is not (as is usually the case) ver\- great with respect to the

velocity of evaporation.

This last consideration led us to seek a statical method which

would enable us to determine the vapour tensions of the nitrogen-

tetroiide accurately, and to remove the said contradiction.

Such an investigation was the more attractive as the P- 7-line

of the nitrogentetroxide possesses a point of inflection according to

GuYE and Drocginine's determinations. Vapour pressure curves of

simple substances have, as far as is known, without exception P-T-

lines which are all convex seen fi-om the temperature axis. For a

dissociating substance, however, as nitrogen-tetroxide, whose internal

vapour equilibrium between the molecules X.,0^ and NO., is accu-

rately known by numerous investigations, the existence of such a

point of inflection does not seem impossible iiowever. If we namely

consider the system NO^—^\(^K as a pseudo-binary system, we
shall expect that the vapour pressure curve of the NO^, which

would indicate the coexistence between liquid and vapour, which

both consist exclusively of molecules NO^ lies at higher pressure,

resp. lower temperatures than the tension curve of the ^V,0,, as is

indicated in the figure 1. The vapour curve, which indicates the

stable coexistence of the equilibrium liquid and vapour, will lie close

to the N^Ot curve at low temperatures; at higher temperatures,

however, the dissociation taking place endothermically, it will approach

the xVO, curve, and in this way it may give rise to a point of

inflection (r. Guye and Drouginim'.'s line actually shows such a point

of inflection between 0° and the boiling-point. Also for tiiis reason

it seemed important to us to repeat the dclermiiialions of the vapour

1) Journ. de Cli. ph. 8. 473 (1910).
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tension with great care, becanse with aocni-ate knowledge of these

values it is also possible to cah-nlate the change of the degree of

FIG.l

dissociation of the vapour along the line of coexistence by the aid of

the data concerning the internal \aponr ecpiilibrium, as will appear
further on.

2. The reason lliat our knowledge of the vapour tensions of

nitrogen tetroxide is still small is to lie fonnd in the first place

in the violent action which takes place between NjO^ and mercury,

even when both have been dried by phosphorpentoxide. Hence the

use of a mercury manometer in which the mercury of the mano-
meter comes into contact with the N^O,, is excluded. Guye and
Drouginine have evaded this difKicuIty by applying an air cushion

between the mercury manometer and the vessel with nili-ogen tetroxide,

so that ihe pressure of the nitrogen tetroxide was transferred by the

air to ihe manometer. This method is, however, certainly attended

with drawliacks. Even apart fi'om the solution of air in the nitrogen

tetroxide, an eventual mixture of air with the gaseous tetroxide

produces already an increase of pressure. The determinations can be

correct only when the vapour in the immediate neighbourhood of

the liquid (resp. solid substance) is pure tetroxide, i. c. when the

air has not penetrated so far.

For the above reason we have rejected the use of a mcicury

manometer. As we mentioned above, Ramsay and Young carried out

their statical determinations by making use of the compressibility of

a thin-walled glass reservoir. When in May of this year' wo were

endeavouring to find a similar method of ineasuring the pressure,

which rests oji the deformation of a thin glass wall, a paper appeared
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by Jackson '), in wliich a glass manometer was described whicii had

enabled him to determine pressures below one atmosphere accurately

to tenths of millimeters of mercury. This glass spring, founded on

the principle of the Bourdon metal barometer, which different from

the before proposed models can be made easily and rapidly after

some practice, yields a \ery efHicient apparatus for measurements of

vapour tensions of substances which attack mercury, like nitrogen

tetroxide. We have varied the shape, sensitiveness and size of the

glass manometer in numerous ways, and have at last succeeded in

modifying the method in such a way that it is possible to carry out

determinations of the \aponr tension also at higher pressure. In this

communication we will discuss the determinations made up to three

atmospheres; the description of the experiments at higher pressure,

which ha\e already been carried out to about 60 atmospheres, and

which if possible will be continued to the critical pressure, will be

postponed with the determination (by another method) of the critical

temperature (158°,2) to a following communication.

3. Glass manometer for pressiu-es below three atmospheres.

The shape of the glass manometer which was used by us, has

been represented in iig. 2 ; it is the same as that of fig. 2 of the cited

paper by J.vckso.n. A glass tube of about 5 mm. external section is

drawn out on one side; near the drawn end the tube is blown up

and drawn out to the shape of an ellipsoid, which is then reduced

to the shape of fig. 2 by one-sided heating. If now an increase of

f:o.2

1) Journ. Ghem. Soc. 99 1066 (19] 1).
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pressure of some millimeters of mercury caused a definite deviation

of the needle-shaped prolongation, the glass spring was fused into

a wide vessel A, as will be clear from fig. 2 witliout further

description. On the wide tube A two marks have been made in

such a way that in case of equal internal and external pressure

the end of the needle is exactly between these two marks; we may

also make a mark on one side, and a scale on the other side

to be able easily to determine eventual deviations from the zero

position after the scale has been gauged. As for our purpose an

accuracy of about 1 mm. of mercury sufficed, we have not made

any attempts as yet to make the manometer more sensitive. In our

opinion it is, however, certainly possible (among others with improved

arrangement for reading — see Jackson^ to raise the accuracy to tenths

of millimeters of mercury.

4. The preparation of nitrogen tetroxide and tlie filling of the

apparatus.

The substance was prepared according to the method described

by GuYE and Drouginine by bringing NO, generated from a solution

of natrium nitrite by means of moderately diluted sulphuric acid

and dried by sulphuric acid and phosphorpentoxide, into contact with

oxygen dried in the same way; then ths N^O, vapours are condensed,

after a repeated contact with phosphorpentoxide, in a tube placed

in carbonic acid and alcohol. Generally two such tubes were used

in (he preparation; an inner tube fused into the two reservoirs then

afforded an opportunity to treat with oxygen the obtained substance,

which is coloured green or blue for the case that NO should be

present in excess in the gas mixture for a moment. The green or

blue hue e\entually present is easily and quickly removed, when

ihe substance has melted.

Then the reservoirs tilled with nitrogen tetroxide were melted off

(for which purpose beforehand capillary constrictions had been made

in the apparatus) and thus severed from the remaining part of the

|)re|)arative api)aratus, which was quite made of glass. In (his care

was taken, that the reservoir continued to be provided with a tube

with ])hosphor pentoxide.

In fig. 2 such a reservoir C is representetl, which was sealed at

J) to the rest of the apparatus, after a capilUiry point had been cut

open; in this operation the tetroxide is frozen by carbonic acid and

alcohol. A represents the manometer already described in § 'i, /!

(he vessel whicli serves for receiving the tetroxide. The whole ap-

paratus was tiien connected with a GAEDK-pump at E, and evacuated
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while the reservoir remained cooled to —80°. After (he capillary

constriction at E had been fused to, part of the nitrogen tetroxide

was distilled o\er from C to B, and after the two vessels C.and B
had been cooled again down to —80° tiie connection at I) was

melted off.

Now we had still to break the capillary constriction at £ in a

rubber tube connected with the GAEDE-pump and exhausted, to melt

off the constriction at F, which was made possible by the glass

spring G, and to admit with slow heating of B continually so much
air through E that the pointer does not move too far from the

marks to prevent breaking of the apparatus.

5. Pressure measurement.

For temperatures below the temperature of the room the pressure

was determined by surrounding B with a large vacuum vessel tilled

with alcohol, which was brought to and kept at the required tem-

perature by the insertion of small pieces of solid carbonic acid. A
stirrer ensured uniformity of temperature throughout the vacuum

vessel. The temperatures \vere read from an ANscHUTZ-thermometer,

which was controlled by the aid of thawing ice and mercury. The

pressure was determined by the aid of a mercury manometer con-

nected with E (fig. 2) by rubber.

For determinations at temperatures above the temperature of the

room the whole apparatus was immersed in a large waterbath up

to F, and the pressure, obtained by pumping air by means of a

cj'cle pump into the righthand part of the apparatus, was read from

a mercury manometer 2'/, meters long, when adjustment of the

pointer between the two marks has been obtained.

It may tinaily be mentioned that as a control experiment a not

tilled apparatus, in which F and G were connected by means of

rubber, was brought at different pressures and temperatures, and it

was ascertained that no appreciable change of the position of the

pointer on the scale could be ])erceived, so that the zero position

appeared to be independent of the temperature and pressure.

6. Results.

The obtained results have been collected in the following table;

the pressures are given in millimeters of mercury of 0°, and if

necessary corrected to 45° N.Lat.

It is clear from the above table and the corresponding graphical

representation (Fig. 3), that the /'-7' line of the nitrogen tetroxyde

presents a perfectly normal shape; there is no question of the
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TABLE II.

Equilibrium solid-gas Equilibrium liquid-gas

T
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Fig. 3.

vations had really been made with luuiercooled liquid, not with solid

substance ').

^ U has been stated bv Guyc and Drouginine (loc. cit. 498), that Ramsay

and Young in agreement with them have found no break between the hnes o the

Uquid-gas. resp. solid-gas equilibrium. This conclusion is erroneous on account of
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When Ramsay and YouNG'y observ;iiions and onrs are ropresented

graphically, a slight difterence appears to occur between the two
series; the deviation, however, is in our opinion too small for any

importance to be attached to it. The line found dynamically (R. and Y.)

mostly lies at somewhat higher temperature resp. lower pressure than

our statical line ; the deviations may perhaps be explained by the excess

of pressure already mentioned in § 1 in the dynamical determinations.

So we conclude from the above that the setting in of the homo-

geneous equilibrium takes place so rapidly that on distillation the

homogeneous equilibrium continues, and so we can perfectly' agree

with Ramsay and Young's conclusion about the results of the two
methods.

The dynamical determinations have all been made below one

atmosphere; so that at higher pressure a comparison between the

two methods is not possible.

The above mentioned slight difference between the dynamical and

statical determinations reveals itself of course also in the value of

the boiling-point. While Ramsay and Young found 21.7° for the

boiling-point, our line yields 21.2°. The deviation between these two
values is small in comparison with the greatly divergent oscillating

values which are found in the literature and which have all been

determined by a dynamic way. A survey is furnished by the

following table.
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equilibrium solid-gas. The appearance of the first slight quantity of

liquid took place at — 10°. 8. The melting proceeding very slowly,

we have kept Ihe mass for a long time between — 11° and — 10°.

At last we conkl observe that also the last quantity of solid sniistance

disappeared at — 10°. 8. So no appreciable molting range appeared

during the melting. A comparison between the melting point found

by us under the saturation pressure and the melting points given in

the literature is found in tlie sulijoined table.

TABLE IV.

— 9° (Pelicot) — 10°.95 (Bruni and BertO

— 9°.6 (GuYE and Droi'ginine) — H°.5 to — 12° (Muli.er)

— 10°.14 (R.i.MSAY) — 13°.5 (Frietsche)

-10°.8 (see above)

From the above survey it appears that our vahie foi' the melting-

point agrees with that of Bruni and Berti, and that it lies lower

than the two melting-points of Ramsay and Guye, which have also

been found in recent times. Though as a rule decidedly the more

importance is to be attached to the melting-points the higher they

lie, at least for so far as the formation of mixed crystals is excluded,

yet the value found by us does not seem less probable to us than

the two last mentioned for the following reasons. -Guye and Drouginine's

determination was carried out with a pentane thermometer, for which

a correction of about two degrees was necessary for tlie emerging

part, which can account at least for part of the found difference.

Ramsay determined the mehing-point with a view to an investigation

of the constant of the lowering of the melting-point which is, of course,

independent of the absolute value of the melting-point ; also in the

apparatus used for this it will, probably, have been inevitable, that

a part of tlie thermometer emerged fi'om the apparatus.

Moreover we have prepared a quantity of nitrogen peroxide in

the way indicated by Ramsay by addition of ^.fi,, prepared from

strong nilric acid and arsenictrioxide, to strong nitric acid and

phosphorpentoxide. The decoloration of the N,(), soon appears when
a suflicient quantity of the N^Oj formed from the nitric acid and

phosphorpentoxide is present. The obtained liquid was poured ofT

from the phosphoric acid formed and the rest of the PjOj, and tive

fractions from this were received in tubes provided with capillaries

by distillation through a phosphor pentoxide tube. With none of

these fractions a final melting-point was found that lay higher than
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— 10.9°, even when the observable melting range only amounted to

some tenths of degrees. In these determinations, which were made

in a bath of carbonic acid and alcohol, which could be kept constant

for a long time by insertion of bits of carbonic acid, the tubes were

heated very slowly^ while they were continually shaken ; the tempe-

rature was read on an Anschiitzthermometer, the mercury thi-ead

of which was quite immersed in the bath.

If the heating took place at the rate of about 0.1° per minute, a

melting point which was appreciably too high was found in spite of

the shaking of the tubes. Whether the melting-point of the N^O, can

depend on the circumstances to which it was subjected previously,

and the deviations can possibly be explained by the formation of

mixed crystals of N,0, and NO.^, will have to be decided by a

further investigation by Prof. Smits and one of us.

§ 7. The nitrogen tetroxide may .justly be called the classical

example of dissociation. Numerous scientists have been engaged with

the experimental determination and specially with the theoretical

considerations and calculations. As basis of these calculations serve

the determinations of the vapour density of dissociating N^^O^ under

varying tenhperature and pressure. From these determinations among

which those of the two brothers Natanson ') are the most accurate,

different theorists have derived several expressions for the constant

of dissociation as function of the temperature. The great variety in

the proposed formulae is owing for the greater part to the different

values ascribed to the specific heats of the NO, and N.^0,. As these

are not sufticiently known in their dependence on the temperature,

it is only possible to determine this relation roughly.

Among the calculations carried out with the greatest accuracy,

those by Schreber ") deserve a foremost place.

With the aid of his recalculated expression:

4 .«' P 2866.2
Ion — = 9.13242 -
•'1 -.3 '/'\—.e T T

which represents the observed densities with sufficient accuracy the

degree of dissociation can, accordingly, be calculated for given

temperature and pressure.

We have carried out these calculations for the values of the

pressure and the temperature along the P-T line to get an impression

of the change of the degree of splitting up of the N^O^ along the

1) Wie<l. Ann. 24 454 (1885); 27 00(3 (1886).

2. Z. ph. Ch. 24 651 (1897).
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vapour pressure curve. Befdieliaiul little is to he said about this

course; an iucrcase of teuipei'atnre al constant pressure will promote

the splitting- u]), because the dissociation lakes place endotlierniically,

increase of pressure on the other hand will oppose it. Now increased

temperature always accompanies increased pressure along the P-T

line, and it remains the (Hicstiou which intluence is the greater (me.

This consideration had already ic<i us, in connection witli tiie

reasoning of § 1, to the possibility of a point of inllection in the

P-T lino. The absence of a point of inflection in the P-T line

(according to § (ii I'll the temperature region examined by us here

corresponds to a gradual change of the degree of dissociation as

function of T along the P-T line ; it ajipears from the subjoined

table that the degree of dissociation increases with the temperature,

that in other words the ascending temperature exerts a greater

influence on the splitting tiian the increasing pressure on the formation

of N,0,-molecules.

TABLE V.

T
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Mathematics. — "The theory of bilinear complexes of conies." By

Prof. D. MoNTESANO. (Coraiiiunicated by Prof. Jan de Vries).

1. The definitions given by me for tlie congruences and for the

complexes of the conies of space can be transferred to the analogous

systems of curves of any order.

We. then find

:

A doiibl}' infinite algebraical system of curves of space of the

same order )i forms a congruence. The order of the congruence is

the number of curves of the system passing through "an arbitrary

point; the chiss, for n'^1, is the number of curves of the system

meeting in two points any straight line of space. A congruence of

order 1 is linear; it is bilinear if order and class are equal to 1.

A triply infinite algebraical system of curves of space of the same

order n forms a complex.

The order of a complex of plane curves of order n ^ 1 is the

number of curves of the system belonging to any plane of space;

the class is that of the cone enveloped by the planes of the curves

of the system passing through an arbitrary point of space.

The complex is linear if it is of order 1 ; it is bilinear if order

and class are equal to 1.

2. In 1892 I developed thoroughly*) the theory of the bilinear

congruences of conies, showing in the first place that a congruence

of this kind is formed by the intersections of the planes of a sheaf

with the homologous quadrics of a homographic net "). 1 immediately

completed the study of the bilinear complexes of conies; it had to

form one of the chapters of my book ; "La Geometrie des coniques

de I'espace", to appear shortly.

Mr. GoDEAUX, who was already informed of my works and of the

coming publication of my studies relating to the bilinear complexes

of conies, occupied iiimself in 1907 with llie same complexes of

which I had provided him with the definition.

') Su di un sistcma lineare ili conicln; iiello spazio. Alti dclla R. Accacicmia dcllc

Scienze di Torino, vol. XXVll, i8'J2.

-) Mr. GoDEAUX Sriys that this theorem is by M. Veneuoni (Recherches sur les

systumes de coniques dc I'espace, Meinoircs de la Sociele royale des Sciences de

Liege. 3""^' s. I. IX, 1911, p. 17). The demonstration of M. Venehoni (Sopia alcimi

sislemi dl cubiche gobbe, Rendiconti del Clircolo matem. di Palermo, t. XVI, 1902,

p. 21.^J is ten years posleiiur tu mine!
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The results of llie reseairlies wliicli lie luvs imhlislied ') can be

gathered in the t'oHowiiig theorems A), B), C).

A) There are four types of bilinear complej-'es of conies according

to the conies of the complex lyinij

\. on the quadrics of a linear system ex' 2l';

2. on the quadrics of a net P

;

3. on the quadrics of a pencil '/»,•

4. on. a single quadric.

In the first case the correspondence (1,1) hetiiven the quadrics of
2£ mid the planes of die conies sitaated on these quadrics is projective ').

15ut this theorem:

is incomplete for the 2'"' and the 3'^' tvp^' tvs the correspondences

(l,x), (J,oo'') Itetween the quadrics of the net P or of the pencil*

and the planes of space are indetei'ininate; it is not true for the

complex of the 4''' type which, formed by the [)lane sections of a

quadric, is of oriler i and of class 0; it has finally no foundation

as the four types are reduceil in all cases to a single one. In fact 1

have demonstrated that

:

Every bilinear complex of conies (of space) is formed by the

sections of die planes of space with correspondiny quadrics of a

triply injinite linear system, projective to the space as locus of the

planes.

3. After this the two following theorems B and C'of Mr. Godeaux

are no more of inqiorlance.

B). Every bilinear complex of conies is generated by the inter-

section of die homologous elements of tiro varieties in birational

correspondence; one of these varieties consists of the planes of space,

the other of a homoloid triple infinity of quadrics belonging to a

linear system dc\

C) Every bilinear complex of conies is birationally equivalent to

the complex generated by the intersection of the planes of space and
the homologous ipiadrics of a linear system ex' in birational corre-

spondence ").

But we can still observe that these two theorems do not express

characteristic properties of the bilinear complex, for they hold for

1) Notes 1*' ;ukI 2"^': Bull, dc I'Acad. roy. lie Belgiquc, Giassc des Sciences

1908, p. 597—601; 81-2—813; Note 'i^<^: Ibid. 19C9, p. 499-500; Note -I'l':

Nouv. Ann. de Malhem. 4« serie I. IX. p. 312—317.

2) Note ^''Jp. 599 et 600.

3) Note "i"" p. 813.
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.any linear coiinjlex of conies. More precisely we can slate instead

of theorem C) this general proposition :

// ^6" (tliiviys possible to arrnngi; a hivational correspondence between

the conies of any two bilinear complexes. This correspondence can

be constructed by ji.riny a birational correspondence between the planes

of space and by regardiny as homologous two conies of the complexes

which are lying in two homologous planes of this correspondence'

With respect to theorem 6^) we must still observe that

:

^1 birational correspondence between the planes of space and the

quadrics of a linear system x' is necessarily projective, if the curves

^of intersection of the homologous elements form a bilinear complex.

Indeed, it is evident that the complex generated by the inter.sections

of the homologous elements in a birational non-projective correspon-

dence [/», n] between the planes of space and the quadrics of an

arbitrary ') lineai\ system oc' is of oi'der 1 and of class id ^ 1 '').

Hence the correspondence of theorem C is projective besides

birational.

4. The proposition on which Mr. Godeaux depends for the

demonstration of the theorems B), C) consists at bottom of the

fact, that two conies of a bilinear complex cannot have two points in

common ').

This proposition has no foundation. Indeed I liave demonstrated that:

(Jn any conic of a bilinear complex exist 10 pairs of points

A^A\,... J,„j4',(,, in such a way that all conies of the complex

passing through a point Ai pass also through ^',(/= 1, ... 10).

On the cubic surface (f,{AiA'i)", locus of these conies, the

one passing lluouiih an arbitrary point of the line ^/ = ^l,^'l', exists

and it is determined, contrary to the statement of Mr. Godeaux.

This conic is situated in the tangential plane to the surface r/„(')

') Tlie cliaracleristic ULunljcrs m, n of the coiTe.s|)oiuli;ni;e are respectively the

class of the surface enveloped by the planes corresponding to the quadrics of an

arbitrary net of the system and the class of the developable enveloped by the

planes corresponding to the quadrics of a pencil of the system.

-) We also find : A birational correspondence being given between the quadrics

of a net and the tangential planes of a homoloid surface of class v, if to

the (fuadrics of any pencil of the net the tangential i^lanes of a developable of

class m are homologous the congruence of the conies generated by the homologous

elements of the correspondence is of order m and of class \.

If V = m — 2 we find the congruence considered by Mr. Jan dk Vries : A con-

gruence of order tivo and class two formed by conies. (Proceed, oflhe H.Acad,

o. S., Amsterdam Nov. 28, 1904).

») Note and p. «13, N". 4.
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ai-conliiig lo !lie line '/. iuul il hroaks n|) iiilo lliis line ami inln

the other line of inlcrseclioii of the surface with the plane.

5. Amongst the niuneiou.s partieular oases of the l)ilinear com-

plex of conies, the one consideied h\ Mr. Humbkrt is of special

inipoilance. Tliis complex is determined hv a complete skew pentagon

in the sense that the conic of tiie complex situated in an arbitrary

plane of space is the one with respect to which the intersection of

the edge of the pentagon has as polar the intersection with the

opposite face ').

This conic breaks up only if the plane passes througii one of liie

vertices of the pentagon.

Mr. GoDE.MX states that flie complex of Mr. Hr.MBEHT is iden-

tical to the complex generated by a projective correspondence

between the planes of space and the quadrics having an autopolar

tetrahedron'-). Neither is this true. Indeed, in the complex of Mr.

GoDEAix the planes of the conies breaking up into two lines envelop

a single surface of class live, whilst in that of Mr. Himhert they

form five pencils.

(3. In a bilinear complex /" the planes of the conies [)assing

through an arbitrary |)oint J' of space form a pencil of which the

axis j) describes, if P vaiies, a rational complex in a perspective

one-one correspondence with the system of the points /* of space. ')

The rays p passing through any point correspond to the points

P of the director-curve of the bilinear congruence of conies of the

complex r contained in the planes of the sheaf {0); so they forma

conic of order six projecting the director-curve of point 0.

From this ensues that the complex of lines p is not a cubic com-

plex, as Mr. GoDEAix slates'); on the contrary it is of order

six. And it is with the complex F in such a relation that every

property of the former transforms itself into a property of the other.

I have mentioned these properties in a |>a|)er read at the inter-

natiojial congress of mathematicians at Rome (April 1908) ').

1) Siir un complexe remarquahle de couiques . . . (Jomnal do I'Ecole Polylech-

nique, Cahiei- LXIV. 1894).

-) Note 1st p. 600; Note 4'i>
p. 317.

*) We say that a complex of lines is rational if il is, possible to establish a

birational correspondence between its rays and the points (or the planes) of space.

This correspondence is perspective it every ray of tlie complex passes through

the corresponding point (or if it is situated in the plane).

n Note 4"' p. 315.

'') Atti del IV Congresso internazionale del Matematici, Hoina I'JUO, p. :231—233.
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7. I wisli still to observe that the Dwt/iods followed in the .studi/

of the congruences and the bilinear complexes of conies can also

serve in general for the congruences and the bilinear complexes of
plane curves of any order.

In particular: An entirely arbitrary bilinear complex of plane

curves r is in relation to a complex of lines K and ivith, a birational

and perspective i-epresentation H of the complex K on the system of
points of space i.e. that to the rays of K contained in an arbitrary

plane correspond in the representation H the points of the curve of
r situated in this plane.

Finally : a rational complex of lines cannot always be brought into

a h .rational and perspective correspondence toith the system of points

or loith the planes of space ; for it may happen that neither the one

nor the other of these correspondences is possible, or that only the

frst can be possible, or that only the second ii- po.ssible or that both

of them are possible.

Hence we find four different types of rational complexes of lines.

So e. g. in the most general case the quadratic complex of lines

is of the lirst type ; but if it contains the lines of a sheaf (or of a

plane) without showing any other particularities, it belongs to the

second (or the third) type; finally if it has linear congruences of

lines with rectilinear directrices, it belongs to the 4''' type ').

The linear-) complex and in general any complex containing a

rational i)encil of linear congruences witii rectilinear directrices is

also of the 4''' ty|)e.

Capri, October JiUl.

1) Compare Montesano : Su le trasformazioni univoche dello spaziu che deter-

minano eomplessi quadratici di rette. (Rendiconti del R. Instituto lombardo.

Serie II. Vol. XXV 1891
; g 1).

2) Compare Mostesano : Su la curca ijobbu di n^ ordine e di genere 1

(lieiulicunii dulla 1>. Accadcmia della Scieir/.c di Napoli, liiiiguo 1S88
; § 12).
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Geology. — "On (jt'olot/icn/ n'curds on the soiitli-ircst roast of N^on-

(riiinea". By Pi'of. K. ^Iaktin.

(Tliis; fomimmicatiou will iiol he piiblislied in these Proceedings).

Chemistry. — 'Contribulio)! to f/ic knoirh'diii' of tlw natunil sa/fo-

antiinoiiiti's" I. By Prof. F. M. Jak(.k,k. (Conniitiiiicated by Prof.

P. VAN ROMBIRGH).

(TIlis coiuiviuiiicalion will iK»t be [uibli^liod in lliese Proceedings).

Chemistry. — "Conlrilnition to the knoirleihie of gulfo-antimovites" II.

By Prof. F. M. Jakgku and Mr. H. S. van Ki.ooster. (Commu-

nicated by I'rof. P. VAN liOMIU UCilli.

(This conininnication will not be [)ul)li.shed in tliese Proceedings).

(December 28, 1911).
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