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ADVERTISEMENT. 

The Committee appointed by tbe Royal Society to direct tire publication of the 

Philosophical Transactions take this opportunity to acquaint the public that it fuU}^ 

appears, as well from the Council-books and Journals of the Society as from repeated 

declarations which have been made in several former Transactions, that the printing of 

them was always, from time to time, the single act of the respective Secretaries till 

the Forty-seventh Volrune; the Society, as a Body, never interestmg themselves any 

further in their publication than by occasionally recommending the revival of them to 

some of their Secretaries, when, from the particular circumstances of them affairs, the 

Transactions had happened for any length of time to be intermitted. And this seems 

principally to have been done with a view to satisfy the public that them usual 

meetings were then continued, for the improvement of knowledge and benefit of 

mankind : the great ends of their first institution by the Eoyal Charters, and which 

they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 

numerous, it was thought advisable that a Committee of their members should be 

appointed to reconsider the papers read before them, and select out of them such as 

they should judge most projier for publication in the future Transactions; which was 

accordingly done upon the 26th of March, 1752. And the grounds of their choice are, 

and will contmue to be, the importance and singularity of the subjects, or the 

advantageous manner of treating them ; without pretending to answer for the 

certainty of the facts, or propriety of the reasonhigs contamed in the several papers 

so published, which must still rest on the credit or judgment of their respective 

authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 

the Society, to which they will alwmys adhere, never to give them opinion, as a Body, 
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upon any subject, either of Nature or Art, that comes before them. And therefore the 

thanks, wliich are frequently proposed from the Chair, to be given to the authors of 

such papers as are read at their accustomed meetings, or to the persons through whose 

hands they received them, are to be considered m no other light than as a matter of 

civility, in return for the respect shown to the Society by those communications. The 

like also is to be said with regard to the several projects, inventions, and curiosities of 

various kinds, which are often exhibited to the Society; the authors whereof, or those 

who exhibit them, frequently take the hberty to report, and even to certify in the 

public newspapers, that they have met with the highest applause and approbation. 

And therefore it is hoped that no regard will hereafter be paid to such reports and 

public notices; which in some iustances have been too lightly credited, to the 

dishonour of the Society. 
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List of Institutions entitled to receive the Philosophical Transactions or 

Proceedings of the Royal Society. 

Institutions marked a are entitled to receive Philosophical Transactions, Series A, and Proceedings. 
Series B, and Proceedings. 

Series A and B, and Proceedings. 

„ Proceedings only. 

America (Central). 

Mexico. 

Sociedad Cientifica “ Antooio Alzate.” 

America(Nortli). (See United States and Canada.) 

America (South). 

Buenos Ayres. 

AB. Museo Nacional. 

Caracas. 

B. University Library. 

Cordova. 

AB. Academia Nacional de Ciencias. 

Demerara. 

p. Koyal Agricultural and Commercial 

Society, British Gniana. 

La Plata. 

B. Museo de La Plata. 

Rio de Janeiro. 

p. Observatorio. 

Australia. 

Adelaide. 

p. Royal Society of South Australia. 

Brisbane. 

p. Royal Society of Queensland. 

Melbourne. 

p. Observatory. 

p. Royal Society of Victoria. 

AB. University Library. 

Sydney. 

P 
p 

P 
AB. 

AB. 

Austria. 

Agram 

Australian Museum. 

Geological Survey. 

Linnean Society of New South Wales. 

Royal Society of New South Wales. 

University Library. 

p. Jugoslavenska Akademija Znanosti i Um- 

jetnosti. 

p. Societas Historico-Naturalis Croatica. 

Austria (continued). 

Brtinn. 

AB. Natui’forschender Yerein. 

Gratz. 

AB. Naturwissenschaftlicher Verein fiir Steier- 

mark. 

Innsbruck. 

AB. Das Perdinandeum. 

p. Naturwissenschaftlich - Medicinischer 

Verein. 

Prague. o 

AB. Konigliche Bohmische Gesellschaft der 

W issenschaf ten. 

Trieste. 

B. Museo di Storia Naturale. 

P- Societa Adriatica di Scienze Naturali. 

Vienna. 

p. Anthropologische Gesellschaft. 

AB. Kaiserliche Akademie der Wissenschaften. 

P- K.K. Geographische Gesellschaft. 

AB. K.K. Geologische Reichsanstalt. 

B, K.K. Naturhistorisches Hof-Museum. 

B. 

P- 

K.K. Zoologisch-Botanische Gesellschaft. 

Oesterreichische Gesellschaft fiir Meteoro- 

logie. 

A. Von Kuffner’sche Sternwarte. 

Belgium. 

Brussels. 

B. Academic Roy ale de Medecine. 

AB. Academic Royale des Sciences. 

B. Musee Royal d’Histoire Naturelle de 

Belgique. 

p. 

p. 

Obsei’vatoire Royal. 

Societe Beige de Geologic, de Paleonto- 

logie, et d’Hydrologie. 

p. Societe Malacologique de Belgique. 

Ghent. 

AB. University. 
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Belgium (continued). 

Liege, 

AB. Societe des Sciences. 

p. Societe Geologique de Belgique. 
Louvain. 

B. Laboratoire de Microscopic et de Biologic 

Cellulaire, 

AB. Universite. 

Canada. 
Hamilton. 

'p. Hamilton Association. 

Montreal. 

AB. McGill University. 

p. Natural History Society. 

Ottawa. 

AB. Geological Survey of Canada. 

AB. Royal Society of Canada. 

Toronto. 

p. Astronomical and Physical Society. * 

p. Canadian Institute. 

AB. University. 

Cape of Good Hope. 
A. Observatory. 

AB. South African Library. 

Ceylon. 
Colombo. 

B. Museum. 

China. 

Shanghai. 

p. China Branch of the Royal Asiatic Society. 

Denmark, 
Copenhagen. 

AB. Kongelige Hanske Videnskabernes Selskab. 

Egypt. 

Alexandi'ia. 

AB. Bibliotheque Municipale. 

England and Wales. 
Aberystwith. 

AB. University College. 

Bangor. 

AB. University College of North Wales. 

Birmingham. 

AB. Free Central Library. 

AB. Mason College. 

p. Philosophical Society. 

Bolton. 

p. Public Library. 

Bristol. 

p. Merchant Venturers’ School. 

AB. University College. 

Cambridge. 

AB. Philosophical Society. 

p. Union Society. 

Vi ] 

England and Wales (continued). 

Cooper’s Hill. 

AB. Royal Indian Engineering College. 

Dudley. 

p. Dudley and Midland Geological and 

Scientific Society. 

Essex. 

p. Essex Field Club. 

Falmouth. 

p. Royal Cornwall Polytechnic Society. 

Greenwich. 

A. Royal Observatory. 

Kew. 

B. Royal Gardens. 

Leeds. 

p. Philosophical Society. 

AB. Yorkshire College. 

[ Liverpool. 

i AB. Free Public Library. 

p, Literary and Philosophical Society. 

A. Observatory. 

AB. University College. 

London. 

AB. Admiralty. 

p. Anthropological Institute. 

AB. British Museum (Nat. Hist.). 

AB. Chemical Society. 

A. City and Guilds of London Institute. 

p. “ Electrician,” Editor of the. 

B. Entomological Society. 

AB. Geological Society. 

AB. Geological Survey of Great Britain. 

p. Geologists’ Association. 

AB. GuildhaH Library. 

A. Institution of Civil Engineers. 

p. Institution of Electrical Engineers. 

A. Institution of ^Mechanical Engineers. 

A. Institution of Naval Architects. 

p. Iron and Steel Institute. 

AB. King’s College. 

B. Linnean Society. 

AB. Loudon Institution. 

p. London Library. 

A. Mathematical Society. 

p. Meteorological Office. 

p. Odontological Society. 

p. Phaimaceutical Society, 

p. Physical Society. 

p. Quekett Microscopical Club. 

p. Royal Agricultiu’al Society. 

A. Royal Astronomical Society. 

B. Royal College of Physicians. 

B. Royal College of Surgeons. 



England and Wales (continued). 

London (continued). i 
P- Royal Eiigiiieers (for Libraries abi’oad, six 

copies). 

AB. Royal Engineers. Head Quarters Library. 

P- Royal Geographical Society. 

p. Royal Horticultural Society. 

P- Royal Institute of British Architects. 

AB. Royal Institution of Great Britain. 

B. Royal Medical and Chirurgical Society. 

p. Royal Meteorological Society. 

P- Royal Micro-s’copical Society. * 

p. Royal Statistical Society. 

AB. Royal United Service Institution. 

AB. Society of Arts. 

P- Society of Biblical Archaeology. 

p. Society of Chemical Industry (London 

Section). 

p. Standard Weights and Measures Depart¬ 

ment. 

AB. The Queen’s Library. 

AB. The War OflBce. 

AB. University College. 

P- Victoria Institute. 

B. Zoological Society. 

Manchester. 

AB. Free Library. 

AB. Literary and Philosophical Society. 

jp. Geological Society. 

AB. Owens College. 

Netley. 

p. Royal Victoria Hospital. 

Newcastle. 

AB. Free Library. 

p. North of England Institute of Mining and 

Mechanical Engineers. 

p. Society of Chemical Industry (Newcastle 

Section). 

Norwich. 

p. Norfolk and Norwich Literary Institution. 

Nottingham. 

AB. Free Public Library. 

Oxford. 

p. Ashmolean Society. 

AB. Radcliffe Library. 

A. Radcliffe Observatory. 

Penzance. 

p. Geological Society of Cornwall. 

Plymouth. 

B. Marine Biological Association, 

p. Plymouth Institution. 

Richmond. 

A. “ Kew ” Observatory. 

England and Wales (continued). 

Salford. 

p. Royal Museum and Library. 

Stonyhurst. 

p. The College. 

Swansea. 

AB. Royal Institution. 

W oolwich. 

AB. Royal Artillery Library. 

Finland. 
Helsingfors. 

p. Societas pro Fauna et Flora Fennica. 

AB. Societe des Sciences. 

France. 
Bordeaux. 

p. Academie des Sciences, 

p. Faculte des Sciences, 

p. Societe de Medecine et de Chirui’gie. 

p. Societe des Sciences Physiques et 

Naturelles. 
Caen. 

p. Societe Linneenne de Normandie. 

Cherbourg. 

p. Societe des Sciences Naturelles. 

Dijon. 

p. Academie des Sciences. 

Lille. 

p. Faculte des Sciences. 
Lyons. 

AB. Academie des Sciences, Belles-Lettres et Arts. 
AB. Universite. 

Marseilles. 

AB. Faculte des Sciences. 

Montpellier. 

AB. Academie des Sciences et Lettres. 
B. Faculte de Medecine. 

Nantes. 

p. Societe des Sciences Naturelles de TOuest 

de la France. 
Paris. 

AR. Academie des Sciences de ITnstitut. 

p. Association Fran^aise pour I’Avancement 
des Sciences. 

p. Bureau des Longitudes. 

A. Bureau International des Poids et Mesures. 

p. Commission des Annales des Ponts et 

Chaussees. 

p. Conservatoire des Arts et Metiers, 

p. Cosmos (M. l’Abb:^ Valette). 

AB. Depot de la Marine. 

AB. Ecole des Mines. 

AB. Ecole Normale Superieure. 

AB. Ecole Polytechnique. 

AB. Faculte des Sciences de la Sorbonne. 

AB. Jardin des Plantes. 
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Prance (continued). 

Paris (continued). 

p. L’Electricien. 

A. L’Observatoire. 

p. Revue Scientiuque (Mens. H. de Vartgny). 

p. Societe de Biologie. 

AB. Societe d’Encouragement pour I’lndustrie 

Nationale. 

AB. Societe de Geographie. 

p. Societe de Physique. 

B. Societe Entomologique. 

AB. Societe Geologique. 

p. Societe Mathematique. 

p. Societe Meteorologique de France. 

Toulouse. 

AB. Academie des Sciences. 

A. Eaculte des Sciences. 

Germany. 
Berlin. 

A. Deutsche Chemische Gesellschaft. 

A. Die Sternwarte. 

p. Gesellschaft fiir Erdkuude. 

AB. Konigliche Preussische Akademie der 

Wissenschaften. 

A. Physikalische Gesellschaft. 

Bonn. 

AB. Universitat. 

Bremen. 

p. Naturwissenschaftlicher Verein. 

Breslau. 

p. .Schlesische Gesellschaft fiir Vaterliindische 

Kultur, 

Brunswick. 

p. Verein fiir Naturwissenschaft. 

Carlsruhe. See Karlsruhe. 

Charlottenhurg. 

A. Physikalisch-Technische Reichsanstalt. 

Danzig. 

AB. Naturforschende Gesellschaft. 

Dresden. 

p. Verein fiir Erdkunde. 

Emden. 

p. Naturforschende Gesellschaft. 

Erlangen. 

AB. Physikalisch-Medicinische Societat. 

Frankfurt-am-Main. 

AB. Senckenhei’gische Naturforschende Gesell¬ 

schaft. 

p. Zoologische Gesellschaft. 

Frankfurt-ain-Oder. 

p. Naturwissenschaftlicher Verein. 

Freihurg-im-Breisgau. 

AB. Universitat. 

Giessen. 

AB. Grossherzogliche Universitat. 

Germany (continued). 

Gdrlitz. 

p. Naturforschende Gesellschaft. 

Gottingen. 

AB. Konigliche Gesellschaft der Wissenschaften. 

Halle. 

AB. Kaiserliche Leopoldino - Carolinische 

Deutsche Akademie der Katurforscher. 

p. Katurwissenschaftlicher Verein fiir Sach¬ 

sen und Thiiringen. 

Hamburg. 

p. Katurhistorisches Museum. 

AB. Katurwissenschaftlicher Verein. 

Heidelberg. 

p. Katurhistoi’isch-Medizinischer Verein. 

AB. Universitat. 

Jena. 

AB. Medicinisch-Katurwissenschaftliche Gesell¬ 

schaft. 

Karlsruhe. 

A. Grossherzogliche Sternwai’te. 

p. Technische Hochschule. 

Kiel. 

p. Naturwissenschaftlicher Verein fiir 

Schleswig-Holstein. 

A. Sternwarte. 

AB. Universitat. 

Konigsberg. 

AB. Konigliche Physikalisch - Okonomische 

Gesellschaft. 

Leipsic. 

p. Annalen der Physik und Chemie. 

AB. Konigliche Sachsische Gesellschaft der 

W issenschaf ten. 

Magdeburg. 

p. Naturwissenschafthcher Verein. 

Marbui’g. 

AB. Univei’isitat. 

Munich. 

AB. Konigliche Bayerische Akademie der 

Wissenschaften. 

p. Zeitschrift fiir Biologie. 

Munster. 

AB. Konigliche Theologische und Philo- 

sophische Akademie. 

Potsdam. 

A. Astrophysikalisches Observatorium. 

Rostock. 

AB. Universitat. 

Strasburg. 

AB. Universitat. 

Tubingen. 

AB. Universitat 
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Germany (continued). 

W Urzburg’. 

AB. Physikaliscla-Medicinisclie Gesellschaft. 

Greece. 
Athens. 

A. National Observatory. 

Holland. (See Netheklanos.) 

Hungary. 
Buda-pest. 

p. Konig-l. XJngarische Geologiscbe Anstalt. 

AB. A Magyar Tndds Tarsasag. Die XJngarische 

Akademie der Wissenschaften. 

Hermannstadt. 

p. Siebenburgdscher Verein fiir die Natur- 

wissenschaften. 

Klansenburg. 

AB. Az Erdelyi Muzeum. Das Siebenbiirgische 

Museum. 

Schemnitz. 

p. K. XJngarische Berg- und Forst-Akademie, 

India. 
Bombay. 

AB. Elphinstone College. 

p. Royal Asiatic Society (Bombay Branch). 

Calcutta. 

AB. Asiatic Society of Bengal. 

AB. Geological Museum. 

p. Great Trigonometrical Survey of India. 

AB. Indian Museum. 

p. The Meteorological Reporter to the 

Government of India. 

Madras. 

B. Central Museum. 

A. Observatory. 

Roorkee. 

p. Roorkee College. 

Ireland. 
Armagh. 

A. Observatory. 

Belfast. 

AB. Queen’s College. 

Cork. 

p. Philosophical Society. 

AB. Queen’s College. 

Dublin. 

A. Observatory. 

AB. National Library of Ireland. 

B. Royal College of Surgeons in Ireland. 

AB. Royal Dublin Society. 

AB. Royal Irish Academy. 

Galway. 

AB. Queen’s College. 

VOL. CXC.—A. 

Acireale. 

p. Accademia di Scienze, Lettere ed Arti. 

Bologna. 

AB. Accademia delle Scienze dell’ Istituto. 

Catania. 

AB. Accademia Gioenia di Scienze Naturali. 

Florence. 

p. Biblioteca Nazionale Centrale. 

AB. Museo Botanico. 

p. Reale Istituto di Studi Superioi’i. 

Genoa. 

p. Societa Ligustica di Scienze Naturali e 

Geografiche. 

Milan. 

AB. Reale Istituto Lombardo di Scienze, 

Lettere ed Arti. 

AB. Societa Italiana di Scienze Naturali. 

Modena. 

p. Le Stazioni Sperimentali Agrarie Italiane. 

Naples. 

p. Societa di Naturalisti. 

AB. Societa Reale, Accademia delle Scienze. 

B. Stazione Zoologica (Dr. Dohbn). 

Padua. 

p. University. 

Palermo. 

A. Circolo Matematico. 

AB. Consiglio di Perfezionamento (Societa di 

Scienze Naturali ed Economiche). 

A. Reale Osservatorio. 

Pisa. 

p. II Nuovo Cimento. 

p. Societa Toscana di Scienze Naturali. 

Rome. 

y). Accademia Pontilicia de’ Nuovi Lincei. 

2). Rassegna delle Scienze Geologiche in Italia. 

A. Reale Ufficio Centrale di Meteorologia e di 

Geodinamica, Collegio Romano. 

AB. Reale Accademia dei Lincei. 

p. R. Comitato Geologico d’ Italia. 

A. Specola Vaticana. 

AB. Societa Italiana delle Scienze. 

Siena. 

p. Reale Aceademia dei Fisiocritioi. 

Turin. 

p. Laboratorio di Fisiologia. 

AB. Reale Accademia delle Scienze. 

Venice. 

p. Ateneo Veneto. 

AB. Rcale Istituto Veneto di Scienze, Lettei'e 

ed Arti. 

h 



Japan. 

Tokio. 

AB. Imperial University. 

p. Asiatic Society of Japan. 
Java. 

Bnitenzorg. 

f. Jardin Botauique. 

Luxembourg. 
Luxembourar. 

p. Societe des Sciences Uatui’ellcs. 

Malta. 

p. Public Library. 

Mauritius. 

p. Eoyal Society of Arts and Sciences. 

Netherlands. 
Amsterdam. 

AB. Koninklijke Akademie van Wetenscbappen. 

p. K. Zoologiscb Genootschap ‘ iSTatura Arti.s 

Magistra.’ 

Uelft. 

p. Ecole Polytecliniqne. 

Haarlem. 

AB. Hollandsclie Maatschappij der Weten- 

schappen. 

p. Mnsee Teyler. 

Leyden. 

AB. University. 

Rotterdam. 

AB. Bataafscb Genootschap der Proefonder- 

vindelijke Wijsbegeerte. 
Utrecht. 

AB. Provinciaal Genootschap van Kunsten en 

W etenschappen. 

New Brunswick. 
St. John. 

p. Natural History Society. 

New Zealand. 
Wellington. 

AB. New Zealand Institute. 

Norway. 
Bergen. 

AB. Bergenske Museum. 

Christiania. 

AB. Kongelige Norske Frederiks Universitet. 
Tromsoe. 

p. Museum. 

Trondhjem. 

AB. Kongelige Norske Videnskabers Selskab. 

Nova Scotia. 
Halifax. 

p. Nova Scotian Institute of Science. 
Windsor. 

p. King’s College Library. 

Portugal. 

Coimbra. 

AB. Universidade. 
Lisbon. 

AB. Academia Real das Sciencias, 

p. Sec^ao dos Trabalhos Geologicos de Portugal 
Oporto. 

p. Annaes de Sciencias Naturaes. 
Russia. 

Dorpat. 

AB. Universite. 

Irkutsk. 

p. Societe Imperiale Russe de Geogi’aphie 

(Section de la Siberie Orientale). 
Kazan. 

AB. Imperatorsky Kazansky Universitet. 

p. Societe Physico-Mathematique. 
Kharkoff. 

p. Section Medicate de la Societe des Sciences 

Experimentales, Universite de Khai'kow. 
KiefF. 

p. Societe des Naturalistes. 

Moscow. 

AB. Le Musee Public. 

B. Societe Imperiale des Naturalistes. 
Odessa. 

p. Societe des Naturalistes de la Nouvelle- 
Russie. 

Pulkowa. 

A. Nikolai Haupt-Sternwarte. 

St. Petersburg. 

AB. Academie Impei’iale des Sciences. 

B. Archives des Sciences Biologiques. 

AB. Comite Geologique. 

p. Compass Observatory. 

A. Observatoire Physique Central. 
Scotland. 

Aberdeen. 

AB. University. 

Edinburgh. 

p. Geological Society. 

p. Royal College of Physicians (Research 
Laboratory). 

p. Royal Medical Society. 

A. Royal Observatory. 

p. Royal Physical Society. 

p. Royal Scottish Society of Arts. 
AB. Eoyal Society. 

Glasgow. 

AB. Mitchell Free Library. 

p. Natural History Society. 

p. Philosophical Society. 

Servia. 
Belgrade. 

p. .Academie Royale de Serbie. 



xi ] t 
Sicily. (See Italv.) 

Spain. 

Cadiz. 

A. Institute y Observatorio de Marina de San 

Fernando. 

Madrid. 

p. Comisidn del Mapa Geolbgico de Espaaa. 

AB. Real Academia de Ciencias. 

Sweden. 

Gottenbnrg. 

AB. Kong]. Vetenskaps och Vitterlicis Samhalle. 

Lund. 

AB. Universitet. 

Stockholm. 

A. Acta Mathematica. 

AB. Kongliga Svenska Vetenskaps-Akademie. 

AB. Sveriges Geologiska Undersokning. 

Upsala. 

AB. Universitet. 

Switzerland. 

Basel. 

p. hlaturforschende Gesellschaft. 

Bern. 

AB. Allg. Schweizerische Gesellschaft. 

p. Naturforschende Gesellschaft. 

Geneva. 

AB. Societe de Physique et d’Histoire ISTaturelle. 

AB. Institnt Rational Genevois. 

Lausanne. 

p. Societe Vaudoise des Sciences Raturelles. 

Reuchatel. 

p. Societe des Sciences Raturelles. 

Zurich. 

AB. Das Schweizerische Polytechnikum. 

p. Raturforschende Gesellschaft. 

p. Sternwarte. 

Tasmania. 

Hobart. 

p. Royal Society of Tasmania. 

United States. 

Albany. 

AB. Rew York State Librai'y. 

Annapolis. 

AB. Raval Academy. 

Austin. 

p. Texas Academy of Sciences. 

Baltimore. 

AB. Johns Hopkins University. 

Berkeley. 

p. University of California. 

h 

United States (continued). 

Boston. 

AB. American Academy of Sciences. 

B. Boston Society of Ratural History. 

A. Technological Institute. 

Brooklyn. 

AB. Brooklyn Library. 

Cambridge. 

AB. Harvard University. 

B. Museum of Comparative Zoology. 

Chapel Hill (R.C.). 

p. Elisha Mitchell Scientific Society. 

Charleston. 

p. Elliott Society of Science and Art of South 

Carolina. 

Chicago. 

AB. Academy of Sciences. 

p. Field Columbian Museum. 

p. Journal of Comparative Reurology. 

Davenport (Iowa). 

p. Academy of Ratural Sciences. 

Ithaca (R.T.). 

p. Physical Review (Cornell University). 

Madison. 

p. Wisconsin Academj'^ of Sciences. 

Mount Hamilton (California). 

A. Lick Observatory. 

Rew Haven (Conn.). 

AB. American Journal of Science. 

AB. Connecticut Academy of Aids and Sciences. 

Rew York. 

p. American Geographical Society. 

p. American Mathematical Society. 

p. American Museum of Ratural History. 

p. Rew York Academy of Sciences. 

p. Rew York Medical Journal. 

p. School of Mines, Columbia College. 

Philadelphia. 

AB. Academy of Ratural Sciences. 

AB. American Philosophical Society. 

p. Franklin Institute. 

p. Wagner Free Institute of Science. 

Rochester (R.Y.). 

p. Academy of Science. 

St. Louis. 

p. Academy of Science. 

Salem (Mass.). 

p. American Association for the Advance¬ 

ment of Science. 

AB. Essex Institute. 

San Fraucisco. 

AB. California Academy of Sciences. 
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United States (continnerl). 

Washington. 

AB. Patent Office. 

AB. Smithsonian Institution. 

AB. United States Coast Survey. 

B. United States Commission of Fish and 

Fisheries. 

AB. United States Geological Survey. 

United States (continued). 

Washington (continued). 

AB. United States Uaval Observatory, 

p. United States Department of Agriculture. 

A. United States Depaidment of Agriculture 

(Weather Bureau). 

West Point (U.Y.) 

AB. United States Military Academy. 
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Adjudication of the Medals of the Royal Society for the year 1897, 
by the President and Council. 

The Copley Medal to Albert von Kolliker, For.Mera.R.S., in recognition of 

his important work in Embryology, Comparative Anatomy, and Physiology, and 

especially for his eminence as a Histologist. 

A Royal Medal to Andrew Russell Forsyth, F.R.S., for his Contributions to 

the progress of Pure Mathematics, and especially for his work in Differential 

Equations, and the Theory of Functions. 

A Royal Medal to Lieut.-General Sir Richard Strachey, F.R.S., for his 

Researches in Geographical, Meteorological, and Botanical Science. 

The Davy Medal to John Hall Gladstone, F.R.S., for his numerous Contri¬ 

butions to Chemical Science, and especially for his Important work in the Application 

of Optical Methods to Chemistry. 

The Buchanan Medal to Sir John Simon, F.R.S., for his Distinguished Services 

as an Organiser of Medical Sanitary Administration in this country, and as a 

promoter of Scientific Research relating to Public Health. 

The Bakerian Lecture, “ On the Mechanical Equivalent of Heat,'’ was delivered by 

Osborne Reynolds, M.A., F.R.S., and W. H. Moorby. 

The Croonian Lecture, “ The Mammalian Spinal Cord as an Organ of Reflex 

Action,” was delivered by Charles S. Sherrington, M.D,, F.R.S. 
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I. The Total Solar Eclipse of August 9, l^^Q.—Eeport on the Expedition to Rid 

Island. 
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I. Preparations for the Eclipse. 

Although this expedition failed in its main objects, because of unfavourable weather^ 

I think it desirable to place on record an account of the arrangements which had 

been made to secure observations, more especially as a new feature was introduced 

in the training of a large number of observers. 

The weather chances in Japan and elsewhere, from accounts which I had received, 

were not very promising, and it was determined, therefore, to occupy a station in 

Lapland, where the chances were certainly better. One of the most convenient 

places of observation was Vadso, but as another section of the expedition had selected 

this station, it seemed desirable to observe from some other point, so as to multiply 

the chances of obtaining results. I accordingly made representations to this effect 

to the Admiralty, and H.M.S. “ Volage” was placed at my disposal, with instructions 

4.9.97 VOL. CXC.—A. B 
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to select a station on the south side of the Varanger Fjord. The final choice of a 

place for observation was to depend upon examinations of suitable sites near the 

central line of eclipse, which as a result of local inquiries seemed to show the 

greatest probability of a fine morning on August 9th. 

The Norwegian Government readily granted permission to land, and instructed the 

authorities at Yadsb to render assistance. 

The party consisted of Mr. Fowler, Dr. W. J. S. Lockyee, and myself. Being a 

delegate to the International Conference on Bibliography, I could not leave London 

before July 22nd. Mr. Fowler and Dr. Locky^ee, therefore, went on in advance, and 

joined H.M.S. “ Volage ” at Hammerfest on July 22nd. 

Objects of Expedition. 

The success Avbich attended the use of the large scale prismatic camera during the 

total eclipse of 1893, indicated that spectroscopes of this form were the most 

important instruments which could be employed on an eclipsed sun. In the report 

on the results obtained in 1893"^ I have given a full account of the appearances 

shown on photographs taken with prismatic cameras, and have indicated the special 

points to be considered in interpreting them. It may be remarked, however, that 

among the special services rendered by the instrument are (1) the separation of the 

true coronal spectrum from the apparent one produced by reflected chromospheric 

light when a slit spectroscope is employed ; (2) localisation of the different radiations, 

so that we get a complete separation of coronal from chromospheric light, and 

information relating to the distribution of any particular radiation ; (3) the special 

facilities for photographing the phenomena in the loAver parts of the sun’s atmosphere, 

in the region of the so-called “ reversing layer.” 

Profiting by previous experience, prismatic cameras of the highest available power 

formed the chief part of the instrumental equipment. These were the 6-inch pris¬ 

matic camera employed in Africa in 1893, and a 9-inch which had recently been 

purchased for the Solar Physics Observatory. The work of each of these instru¬ 

ments was arranged to supplement that of the other in as many particulars as 

possible. 

As long ago as 1871 I had occasion to lay stress upon the importance of securing 

a record of the integrated spectrum of the light proceeding from every part of the 

eclipsed sun. The use of an integrating spectroscope is now more necessary than 

ever, for the reason that the prismatic cameras define what part of the total 

light proceeds from the chromosphere and prominences, so that a simple subtraction 

gives us the spectrum of the corona. A large spectroscope, which will be described 

later, was accordijigly prepared as an integrating spectroscope for use during the 

eclipse. 

‘ Phil. Trans.,’ A, 1896, vol. 187, pp. .151-618. 
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Another observation, which it was very important to make, was to note the 

presence or absence of indications of carbon and other substances in the corona. For 

this observation a 6-inch telescope, giving a small bright image, and a spectroscope 

with a silvered glass grating, were provided. 

To supplement the work of the photographic spectroscopes, a number of prisms and 

small slit spectroscopes were taken out for use by such assistants as might be 

available. 

When it was ascertained that an almost unlimited number of helpers was forth¬ 

coming, the programme of the expedition was extended so as to include records ot as 

many as possible of the attendant phenomena, and sketches of the corona, with or 

without the disks introduced by Professor Newcomb in 1878 to protect the eye from 

the glare of the inner corona. 

Selection of a Station. 

Leaving Hammerfest on July 23rd, the “ Volage” proceeded to the Varanger Fjord, 

and, after twelve hours’ delay on account of fog, arrived off Kio Island on the evening 

of July 24th. The observers, and a surveying party of officers and men under the 

command of Lieut. Martin, E.N., were landed here, with tents and other requisites 

for camping out, while the ship went on to Yaclso for mails and provisions, and to 

make inquiries of the Governor as to. the local meteorological conditions. 

The exploring party first landed on an island in Bras Havn. On July 25th the 

weather was so bad that little progress was made, but towards evening the island of 

Kib was visited and several possible sites were marked out. On the following 

morning' another visit to Kib Island resulted in the final selection of a site, and the 

places for the various instruments were provisionally prepared. 

H.M.S. “Volage” returned on the evening of July 26th, and operations were 

seriously commenced on the following morning, leaving very nearly a clear fortnight 

for preparations. 

The island of Kib lies nearly north of Bras Havn, at a distance of about a mile 

and a quarter. It is but small, and consists chiefly of moiitonneed gneiss rocks, 

which are in many places covered with peat to the average depth of a foot. AVith 

the willing help of bluejackets, the actual site was levelled and covered with pebbles 

from the beach, to minimise the ill effects of the soddened peat. 

There was a perfectly clear horizon in all necessary directions, and a sea horizon to 

the north of east, where the eclipsed sun would be visible. 

The nearest safe anchorage for the ship was Bras Havn, so that the observers and 

working parties had to travel by boats between Bras Havn and Kib Island every 

day. The inconvenience of this was greatly reduced by the tents which had been 

lent by the War Department, in which the observers could rest and take their meals 

as occasion required. 

The latitude of the observing station was 69° 54’ 55" N., and the longitude 

B 2 
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29" 46' 10" E., so that it was a little less than five miles south-east of the nearest 

part of the central line of eclipse. 

Local Conditions of Ecli'pse. 

The apparent semi-diameters of the sun and moon at the time of eclipse were 

respectively 15' 48‘4" and 16' 17’8", while the duration of totality was 105 seconds. 

Assuming the chromosphere to be 10" deep, a portion of it would thus be visible for 

18 seconds after the commencement of totality, and another portion for 18 seconds 

before the end of totality. 

The sun’s altitude at the time of totality was a little over 14°, and its amplitude 

about 7° N. of E. 

The calculated Greenwich time of the commencement of the total eclipse was 

August 8d. 15]i. 57m. 42s. First contact took place at the approximate position angle 

70° west of the north point, and the last at 111° east of the north point. 

Erection of Huts and Instruments. 

To secure proper foundations for each of the instruments, the surface peat was 

removed, and concrete bases laid down on the solid rock. The wood framing for 

the huts had been brought out from England, each piece carefully marked so that no 

time was lost in erecting them. The large hut for the 6-inch prismatic camera, as 

well as that for the siderostat, were almost completed and covered with ATillesden 

canvas at the end of the first day, owing to the zeal of the chief carpenter, 

Mr. Martin, and his assistants. 

July 28th, like the preceding day, was fortunately fine, and the huts were then com¬ 

pleted and made to safely withstand the violent wind experienced. 'The photographic 

dark-room was also finished. 

The following two days were wet and cold, but the huts being erected, it was 

possible to continue the erection and adjustments of the instruments, unpack and 

attend to various small matters. A tent, consisting of spars and sail cloth, was also 

fitted up as a shelter for the large integrating spectroscope. 

During the next few days all the instruments brought from England by the 

“ Volage ’’ were completely mounted, and by the time of my arrival on August 2nd, 

they were in adjustment and ready for the eclipse. 

The remaining instruments which 1 took out with me on the s.s. “ Garonne " were 

also put In position without delay, so that almost a whole week was available for 

rehearsals and general training of those members of the ship’s company who volun¬ 

teered their assistance. 

Trial photographs with all three instruments, taken on August 6th, at the same 
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time in the morning as the eclipse would occur, showed all to be in perfect readiness 

and adjustment. 

Organisation of “ Volage" Observers. 

In response to a general call for volunteers made by Captain King Hall, It.N., 

officers and men to the number of 74 volunteered their assistance for securing observa¬ 

tions of the eclipse. To utilize this help to the best advantage, demonstrations and 

lectures were given bj Mr, Fowler and myself in the Captain’s cabin, which was 

willingly placed at my disposal for the purpose, and on deck. As a result of these, 

selections were made for the different branches of observations. All the volunteers 

were well prepared for the eclipse, and full}^ capable of using the instruments 

entrusted to them, assisting with the large instruments, or recording the phenomena 

for which they were told off. 

The complete muster roll of observers and their division into parties was drawn up 

and handed to me by the Eev. E. J. Vaughan as follows :— 
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Personal Assistant to Mr. Xoeman Locktek. 

ilr. Hugh B. Mgllexeux, ]Midsbipinan. 

F to-inch Prismatic Camera. 

Mr. Fowler. 

Lieut. Beal. 

Geo. Robert.'?, A.B. 

Private Feas. Huskissox, RAI.L.J. 
Private Joseph Briggs, R.jM.L.I. 

2. 9-inch Prismatic Camera. 

Hr. Lockter. 

Mr. FitzWILLIAMS, Mid. 

Mr. Bruce, Mid. 

Patrick Sullivan, Lg. Sliipwrt. 

Harry Feoud, A.B. 
Alfred Woollaed, A.B. 

3. Integrating Sgoeciroscojpe. 

Ijieut. Martin. 

ilr. SiLVERTOP, Mid. 

Mr. Brendox, Mid. 

Mr. WoODBRiDGE, Mid. 

I>isles 3' and 5'. 

Capt. King Hall. 

Mr. Parker, Mid. 

Fredk. Hesch, P.O. 2 Cl. 

William Bowden, P.O. 1 Cl.j 

Thos. Bridgeman, P.O. 2 Cl.|., 

John Hilyard, Qual. Sig. Y 

Sketches of Corona. 

j\rr. Constable, Mid. 

Mr. Greene, Mid. 

Mr. Warton, Mid. 

4 

l-r 
I 

■3' Eclipse Island. 

3' Sig-nal Island. 

Eclipse Island 

Thos. Sutherland, S. Corpl 

Archd. Wright, 2 Yeo. Siw 

Edwd. Marshall, Boj 1 Cl. 

Robert Roberts, Boy I Cl. 

"William Hicks, Qual. Sig. 

Chas. jMiles, P.O. I Class. 

Chas. Bennett, S.B. Attendant. 

Edward Miller, P.O. 1 Class. 

James Biss, Boy I Class. 

WiLLM. Barton, Ord. 

Joseph Gale, P.O. 1 Class. 

Edward Pegler, Lg-. Sis-. 

Cuthbert Davis, Lg. Sea. 

G. Colours of Landscape. 

Lieut. Sinclair. On board “ Yolao-e.” 

Staff Surgeon Whel.\n. Signal Island. 

Lieut. Yelterton. 

Harry Beresford, Yeo. Sigs. 

Harry White, Cb. Stoker. 

Geo. Bennett, Lg. Seaman. 

Herbert Gambler, A.B. 

James Harding, Stoker. 

Eclipse 

Island. 

7. Shadow Phenomena. 

Private Geo. Allen, R.M.L.I. 

Private Frank Blanchard, R.M.L.I. 

Private Thos. Gauntlett, R.M.L.I. 

Richard Collixgs, Blacksmith. 

8. 6-inch Equatorial with grating. 

Mr. Fowler. I First and last 

Lieut. Clinton Brown. / contacts. 

Mr. Norman Lockyee. 

Lieut. Clinton Brown. I 
Mr. Brooks, Asst. Paymr. f ^ 

Rodney IMuxday, Sig. Boy. J 

9. Sj-hich Telescope. 

i^Ir. Norman Lockyer. 

Lieut. Hodges. 

Henry Lewis, 3rd Writer. 
10. Slit Spectroscopes. 

Lieut. Law. "I 

Chas. Smith, Boy Writer. / 
TlIOS. klAKEPEACE, Cb.E.R.A. 
WiLLM. WeSTACOTT, Sio-. 

11. Prisms for Bings. 

Alex. Duncan, E.R.A. 
Thomas Brown, E.R.A. 

Eclipse Island. 

12. limekeepers. 

William Smith, P.O. 1 Cl. 

Alfred Saunders, P.O. 1 Cl. 

Mr. C. E. Lloyd Thomas, Mid. (Chronometer). 

13. Contacts. 

1-4. Staff Paymaster Ramsay. "( Signal 

Staff Engineer Underhill. / Island. 

1-4. Mr. Fowler. "( 

Lieut. Clinton Brown, i 

2nd. Mr. Norman Lockyer. 

3rd. Mr. Norman Lockyer. 

14. Polariscope. 

Rev. E. J. Vaughan, M.A., Chaplain. 

Rowland Allison, Armourer’s Crew. 

15. Meteorology (Thermometers). 

John Yardley, P.O. 2 Cl. 
Chas. Symes, P.O. 1 Cl. 

Fred Faizell, Stoker. 

WiLLM. Thripp, Stoker. 

Ernest Hurst, P.O. 1 Cl. "i o- it. . 
m ri TO- I oignal Island. 
T. Cannon, Lg. Sig. J ® 

16. Stars. 

>Eclipse Island. 

Rev. E. J. Vaughan, j\r.A. 
Lieut. B. Yelyerton (Dup.). 

Lieut. Hugh F. Sinclair (Dup.). 

17. Landscape Camera. 

Marquis of Graham. Eclipse Island. 

IS. Observations of Shadoiv Bands. 

Staff Surgeon Whelan, M.D. Signal Island. 
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The following were the intructions to the observers ;— 

“One volunteer in each subject to collect results and see that everything- is 

signed. Also these must see Mr. Locryrr in the course of this morning 

(August 9) to report all ready, &c.” 

Disks (F. Hesch, P.O., 2nd CL, to report). 

Disk observers, besides dictating what they see, should afterwards give a sketch 

if possible (small sun). 

Sketches of Corona (Mid. Constable to report). 

Sketchers, besides making drawings, should hand in a written statement of what 

they have seen. Both this and the sketches should be signed. 

Colours of Landsca]pes (H. Beresford, Yeo. Sig., to report). 

Besides filling up the form, each observer should hand in a signed statement of 

his impressions. 

Shadow Phenomena (Private G. Allen, and B,. Collings, Blacksmith, to report). 

(1.) Note shadow approaching from westward. 

(2.) Give an idea of the apparent velocity. 

(3.) Give an idea of the effects on colours, &c. 

(4.) Give an idea of the effects on birds, &c. 

(5.) How long visible before totality ? 

Slit Spectroscopes (Lieut. Law, and T. Makepeace, Ch.E.R.A., to report). 

(1.) What was the nature of the spectrum ? 

(2.) Was it a continuous, or a bright line one ? 

(3.) What were the colours of the bright lines ? 

(4.) What were the colours of the brightest lines ? 

(5.) General remarks. 

Prisms for Observations of Rings (A. Duncan, E.R-. A., to report). 

(l.) Were there any bright rings ? 

(2.) If so, what colours were they ? 

(3.) Which ring was brightest ? 

(4.) Which ring was broadest ? 

(5.) General remarks. 

Timekeepers (Mid. Thomas to take charge of Admiralty chronometer). 

(1.) Warn Mr. Lockver 5 minutes before G.M.T. of first contact. 

(2.) Note times of first and last contacts as called by Mr. Fowler, 

(3.) Warn Mr. Lockver 10 minutes before G.M.T. of commencement of 

totality. 
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(4.) Note the time when Mr. Lockyer calls “ 180°,” and call “1 minute” after 

the lapse of 6 m. 50 s. 

(5.) Note the times of beginin'ng and end of totality, as signalled bv l\[r. 

Lockyer. 

S^MiTH and A. Saunders (1st Cl. P.O.’s) to take charge of stop-watch. 

(1.) At signal “go” from Mr. Lockyer, Smith, with back to the sun, to 

announce “ 105 seconds” and afterwards give the time reiuainingf every 

5 seconds by such calls as •' 95 seconds more.” 

Saunders meanwhile to observe general phenomena, 

(2.) At “65 seconds more,” Saunders to turn his attention to stop-watch and 

to call “ 60 ” simultaneously with Smith, afterwards continuing the calls 

every 5 seconds. During the last 45 seconds Smith to note the general 

appearances. 

Contact Observations (Staff Paymaster PvAmsay, and Staff Engineer Underhill). 

(1.) Select coloured glasses to enable you to comfortably observe the sun before 

the eclipse begins. 

(2.) Note time of first contact, as indicated by the chronometer provided. 

(3.) Similarly note times of 2nd, 3rd, and 4th contacts. 

(4.) Compare chronometer with ship’s chronometers. 

(5.) Note general impressions of phenomena. 

Thermometers (C. SYaiES, P.O., 1st CL, to report). 

(1.) Prepare forms for entering observations. 

(2.) Set up screens 3 ft. 6 in. high to shield thermometers from direct rays of 

sun, the thermometer to be 3 ft. from the ground and 1 ft. from screen. 

(3.) Begin readings at first contact. 

(4.) End readings at last contact. 

(5.) Bead every 5 minutes, or oftener, if rapid changes are noted. 

Observations of Stars (Rev. E. J. Vaughan to report). 

(1.) Give list of first magnitude stars seen close to sun. 

(2.) State whether any second or third magnitude stars were seen. 

(3.) \Cas the number of stars about equal to that usually seen at full moon, or 

was it darker and more stars visible ? 

Landscape Camera (The Marquis of Graham). 

(1.) Before totality, see that the sun’s image is near the centre of the plate. 

(2.) Expose a plate for 1 second when the timekeeper calls “95 seconds left.” 

(3.) Expose a plate for 5 seconds when “55 seconds” is called. 

(4.) Note your general impressions of the phenomena. 



TOTAL SOLAR ECLIPSE OF AUGUST 0, 1896. 9 

The 6-inch Prismatic Camera. 

The 6-inch prismatic camera, intrusted to Mr. Fowler, was essentially the same 

instrument as that employed for the Eclipse of April 16th, 1893, in West Africa." 

Instead of the mounting of my 6-inch Cooke telescope, however, the equatorial head 

of a Dallmeyer photoheliograph was adapted for the occasion, this resting upon a 

wooden stand which was afterwards tilled up with concrete. The wooden tube of the 

instrument was square in section and was firmly attached to the declination axis by 

a strong iron plate. A consideration of the position angles of the points of contact 

indicated that dispersion in an east and wmst direction would better show the clii’omo- 

spheric arcs, and the prism was placed accordingly. 

In 1893, ten dark slides, each holding three dry plates, were provided. The 

experience then gained showed that narrower plates would meet all requirements, so 

five compartments were made to rejalace the three in each slide, and in this way 

fifty plates became available. 

Guided by the results obtained in 1893, the following table of exposures was drawn 

up for this instrument:— 

# Phil. Trans.,’ A, 1896, vol. 187, p. 559. 

VOL. OXC.—A. 0 



10 PROFESSOR J. NORMx\.N LOCKTER ON THE 

Exposures for 6-inch Prismatic Camera. 

N umber. Exposure. Time. Remarks. 

1 Iiisfantaneous 1 minute before totality 

2 40 seconds „ ,, 
o 
O , , 30 „ 

4 • 20 „ 

5 ,, ,, 

6 9? 105 Totality begins. Wait signal 

7 5) 103 

8 V 101 

9 ?> 93 

1 10 97 

11 ?? 92 

1 12 90 

! 1-1 97 88 

14 86 

15 99 84 Chromosjihere disappears 

16 20 seconds 79-59 

17 12 „ 57-45 

18 30 „ 43-13 Chromospbere reappears 

19 Instaiilaueous 11 

20 99 9 
21 99 4 
22 9 9 2 

28 9 9 0 Totality ends 

24 99 2 seconds after totality 

25 99 
4 ^ 99 99 99 

26 „ Q 
^ 99 99 9' 

27 „ 11 9 9 9 9 99 

28 5? 1^ 9 9 99 9 9 

29 99 ,, ,, ,, 

80 99 1 / 99 99 99 

31 99 22 

82 99 24 ,, „ ,, 

83 99 
‘^6 9 9 99 9 9 

34 99 9 9 9 9 9 9 

85 30 .. ,, ,, 

36 99 9 9 9 9 9 9 

37 79 ^ ^ 9 9 * 9 99 

88 99 
‘^0 

9 9 9 9 99 

39 99 41 ,1 5, 

40 99 43 „ 

41 99 48 ,, „ ,, 

42 50 . . 5 5 5. 

43 99 52 ,, ,, ,, 

44 99 54 ,, ,, ,, 

45 99 56 „ „ . 

46 9J 0l 5» 51 11 

47 9 7 6o 55 ., 5 ) 

48 97 Oo 5 , 5 5 5 5 

49 99 67 „ „ 

50 99 69 ,, ., ,, 

EuwARDii’s Isochromatic plates were emploj'ed tlirougbout. 
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The method of working the instrument was that adopted by Mr. Fowler in 1893. 

He himself being stationed at the camera, 2nd Class Petty Officer G. M. Roberts 

made the exposures by withdrawing a card from the front of the prism, while 

Sub-Lieutenant Beal made careful records of the times at which each plate was 

exposed, and warned Mr. Fowler of the termination of the three long exposures. 

Privates J. Briggs and F. Huskisson stood one on each side and respectively 

handed the slides to and received them from Mr. Fowler. 

Fig. 1. 

The 6-iiich Hut, .sliowiiig Mi’. Fowler and liis Assistants at drill. 

Actual rehearsals with the splendid assistance thus available showed that the 

programme could be thoroughly carried out 5 in fact a few seconds weie saxed, so 

that the attempt to secure a photograph exactly at the end of totality was the more 

likely to be successful. 

The 9-inch Prismatic Camera. 

This instrument was intrusted to Dr. W. J. S. Lockyer. 

The tube carrying the prism, lens, and camera of the 9-inch prismatic camera was 

fixed horizontally on loaded packing cases resting on concrete foundations, and the 

sun’s rays were reflected into it by the mirror of a 12-inch siderostat. Three dark 

slides, each holding three plates, were provided, the change from one plate to the 

next in each slide being made by a rack and pinion. An additional slide, carrying a 

plate 81" X 6|", was so arranged that the light passing through a narrow slit 

running the whole length of the spectrum was exposed at any instant. The position 
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of this slit was adjusted so as to fall at the point where the photosphere would 

reappear after the end of totality. This “ dropping plate ” was intended to be 

exposed from as near as possible ten seconds before the end of totality, to 15 seconds 

after, the spectrum being moved slowly in the direction at right angles to the 

length of the spectrum. 

Fig. 2. 

The O-iucli Prismatic Camera. 

With this instrument tlie exposures were intended to be longer than with the 

G-inch, so that there might be a greater chance of obtaining impressions of the 

fainter coronal rings. The complete scheme of exposures was as follows :— 
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Exposures for 9-inch Prismatic Camera.' 

Number. Expo.sure. Time. Remarks. 

1 Instantaneous 10 seconds before 
totality 

Totality begins. Wait signal. 2 105 

3 10 seconds 10.3-93 ■ 
4 5 „ 88-83 Clironiospliere disappears. | 

5 10 „ 81-71 i 
6 . 30 ,, 69-39 1 
7 5 „ 34-29 

' 

8 10 „ 27-17 
Cbromospbere reappears. 

9 Instantaneous 15 

10 

. 
I 

25 seconds 10 seconds before 

totality to 15 
seconds after 

Dropping plate. 

In workino- the instrument Dr. Lockyer had five assistants. Midshipman Fitz- 
O 

WILLIAMS was in charge of the siderostat, to attend to clock-winding’, &c. ; Midship¬ 

man Bruce acted as special timekeeper to note the times by a deck watch at which 

each plate was exposed and to announce the termination of the longer exposures ; 

Shipwright P. Sullivan stood by the prism to remove the cap at a signal from 

Dr. Lockyer and to replace it when Midshipman Bruce gave the signal “ over ; 

Able Seamen H. Froud and A. Woollard respectively handed the dark slides to 

Dr. Lockyer and replaced them in the box from which they had been taken. 

The Intecjrating Spectroscope. 

This Instrument vras intrusted to Lieutenant Martin, Pt.N. 

The dispersive parts of the integrating’ spectroscope consisted of two dense flint 

glass prisms of 60°, having an effective aperture of very nearly 3 Inches. As colli¬ 

mator, a 4-inch Cooke object-glass (Tattlor’s patent triplet) of 72 inches focus was 

employed, while the camera was fitted wdth a portrait lens of 19 inches focus. The 

optical parts were mounted on a board 7 feet by 2 feet 6 inches. This wms hinged to 

another board of the same size, which was to serve as a base, and the boards could be 

inclined at an angle equal to the sun’s altitude by the use of blocks. 

The base rested upon loaded packing cases which were carefully levelled with 

cement upon a solid rocky foundation. As a siderostat was not available for use with 

this instrument, a simple arrangement was provided for keeping the collimator 

approximately directed to the centre of the dark moon during totality. A 2-inch 

object-glass of 30 inches focus was fixed to the inclined board so as to throw an image 

of the sun on the centre of a small screen when the collimator was pointed at the sun. 

The whole spectroscope could be moved in azimuth by means of a milled headed 
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driving screw, 4 inches in length, which was turned by hand, and in this way the 

sun’s image could be kept sufficiently near to the centre of the screen to ensure a 

large proportion of the direct rays of the corona entering the collimator. 

The instrument was housed in a tent made of spars and sails, loaded with rocks to 

prevent it being blowm away by the wind. The only opening was towards the east, 

in the direction of the eclipse, but on the morning of the eclipse one side was removed 

in order that the workers might be able to view the phenomena as opportunity 

offered. 

Three plates were exposed during totality with the following exposures, but no 

results were obtained :—■ 

1 
Number. Exposure. Time. Remarks. 

1 15 seconds 105-90 
2 65 85-20 
o 

10 „ 15^ 5 5 seconds allowed to prevent ovcx’-running 

The times indicated in the table are, as before, those announced by the general 

timekeepers as measuring the number of the remaining seconds of totality. 

Lieutenant MaPiTIX, Pi.N., was assisted by Midshipman Silveetop as exposer. 

Midshipman Beexdon as special timekeeper, wdille Midshipman Woodbeidge 

attended to the screw for keeping the collimator directed to the sun. 

The Refractor, 

The 3| inch Cooke telescope was mounted on a small equatorial head without 

clamps or adjustments. In this case the tripod stand was dispensed with, and the 

head was screwed to the top of a loaded packing-case. A diagonal ejmpiece, which 

could be rapidl}^ changed, by a simple operation, from total deflection at a silvered 

surface to reflection from plane glass, was provided. 

With this instrument it was my intention to observe the times of commencement 

and ending of totality, and the structure of the inner corona. Observations of the 

corona wmre also to be made by Lieutenant Hodges during the time I was eno-ao-ed 

with other instruments, H. Lewis, 3rd Writer, wms to act as recorder. It was calcu¬ 

lated by Dr. Lockyee, that 7 minutes 50 seconds before totality the visible crescent 

■would extend over 180°, and I hoped to utilise this fact as a check on the accuracy 

of the chronometers. 

Sketches of Corona. 

As no photographic telescope was available for the work at Kio Island, I had to 

rel}^ upon sketches to indicate the general appearance of the corona. Experience 

has shown that although drawdngs usually represent the feebler extensions more 
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clearly than photographs, the drawings made by different observers frequently have 

little resemblance to each other. An experiment I had made during the passage 

outwards on s.s. Garoirne,” however, convinced me that these large differences could 

be almost entirely eliminated after a little practice in sketching from photographs 

projected upon a screen by a magic-lantern, and that drawings made under good 

conditions might be very valuable. 

The form which the rehearsals took was as follows :—- 

Each observer was supplied with the necessary drawing-paper, Morris-tube targets 

being found to serve this purpose capitally. 

By means of a magic-lantern, enlarged views of several different coronas were 

thrown on a screen for inspection, and attention was drawn to the dissimilarity 

between any two of these. Instruction was then given as to the important featuies 

to be noted and recorded, special stress being laid on noting accurately the exact 

orientation of the features in question. This was facilitated to a great extent by 

the concentric circles and radial lines surrounding the bullseye, and passing through 

the centre respectively. It was suggested, also, to those making these drawings to 

consider the image of the corona on the screen, or the actual eclipsed sun in the sky 

as an ordinary compass card, with the north at the top and the east on the right- 

hand side. The question of the orientation of any point was by this means an easy 

matter to determine. 
After these preliminary trials the coronas were withdrawn, and a previously 

unseen one substituted. This corona was then exhibited on the screen for i05 seconds, 

this being the duration in time of the approaching eclipse. The time was called out 

in exactly the same manner as was adopted during the actual eclipse. (Jommenciug 

with 105, the number of seconds remaining was called out every 10 seconds until the 

final 10 seconds were left, when each second was counted. The image of the corona 

was then immediately withdrawn from the screen, the observers were allowed 

15 minutes, to fill in any extra details which they had observed and not had time to 

record, and to make any notes of the phenomena in general. 

A subsequent examination of the drawings thus made showed a remarkable 

similarity, and by means of a few rehearsals, the observers became quite expert in 

inserting most of the details shown on the screen, both as regards form and colour. 

During the competition that took place nearly evei’y evening, marks were awarded, 

10 being allowed for form and 10 for colour. In most cases the marks given were 

high, 18 marks out of 20 was by no means uncommon. 

The selection of the sketching party was accordingly based upon the results of 

these competitions. 

For the actual eclipse, each observer was provided with a piece of drawing-paper, 

12 inches square, in the centre of which was a blackened disc repi'esenting the dark 

moon ; passing through the centre of the disc were lines at angles of 45°, which were 

taken to represent points of the compass. 
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Some of the observers were provided with wooden disks to cut off the light of the 

lower corona, so that the long extensions might be the better visible. Two of the 

disks were arranged to cover the corona to a distance of 3 feet from the moon’s limb, 

and one to a distance of 5 feet. 

Lieutenant Maetix, R.N., very kindly superintended the setting up of the disks. 

The disks themselves were of thin wood, about 5 inches in diameter, and were 

attached by iron rods to long spars standing vertically. The place for the eye was 

determined, in the first instance, with the aid of a theodolite and measuring tape, 

the altitude and azimuth of the sun at the time of eclipse, and the proper distance 

of the disk from the eye having been previously calculated. 

To guard against error, the pointers indicating the position of the eye were 

provided with horizontal and vertical movements. A horizontal bar was supported 

between two uprights about 18 inches apart, and from this was susjjended a piece of 

wood about 10 inches long, which could slide along it. A piece of brass, the end of 

which marked the place of the e3^e, was free to slide up and down the vertical piece. 

Ten minutes before totality the disk observers were to be blindfolded, and, 

meanwhile, an amanuensis was to keep the pointer in the proper place; at the 

commencement of totality the observer wuuld take his place and dictate the 

directions and lengths in diameters of the most conspicuous streamers. 

II. Results Obtained. 

Forty^-five plates were exjiosed in the 6-inch prismatic camera, and three in the 

integrating spectroscope, but no images were obtained in consequence of the thick 

clouds. There was no opportunity of adjusting the 9-inch, so that the plates were 

not even exposed. 

Lord Graham secured during totality an excellent photograph with the 7h" X 5" 

camera, which showed that the sun was completely blotted out from view by the 

dense clouds at the time the exposure was made. 

The only other observations were those secured by the “ Volage” observers. These 

are appended. 

Meteorology [Temperatures). 

As already stated, six observers were told off to take thermometer readings at 

intervals of live minutes throughout the entire eclipse. Two observers were stationed 

at each thermometer, one to take the readings and another to note the times. 

The thermometer on Bras Havn was graduated on Fahrenheit’s scale and was fulR 

exposed. Those on Kid Island w^ere Centigrade thermometers, and they were 

supported at a height of 3 feet from the ground, at a distance of a foot from a piece 

of sail cloth, which shielded them from the direct rays of the sun. 

The readings observed are shown in the followino- table :— 
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Temperature Observations During Eclipse. 

Time. 

Thermometer in open. 

Island in Bras Havn. 

Petty Officer, 1st Class, 

E. W. Hui’st; 

Leading Signalman, 

T. Cannon. 

1 
Shielded thermometer. 

No. 1. Kio Island. j 
Petty Officer, 1st Class, 

C. Symes ; ^ 

Petty Officer, 2nd Class, 
J. Yardley. ^ 

Shielded thermometer. 

No. 2. Kio Island. 
Stokers, F. Eaizell and 

W. Thripp. 

Remarks. 

i 
1 
i 

A.M. ° F. ° C. °F. "C. 
0 °C. j 

5. 0 52 Ill 46-4 8 47-3 C
O

 

1st contact j 
3 50 10 ! 

5 49-76 9 9 46-4 8 47-3 0
0

 

r’ 
i 48-75 9-3 

8 48 8-9 

10 47 8-3 46-4 8 47-3 8-5 

]o 46-5 8 46-4 8 47-3 8-5 

20 46 7-8 46-4 8 47-3 8-5 

2.5 46 7-8 46-4 8 47-3 8-5 i 

30 46 7-8 46-4 8 47-3 8-5 1 
35 46 7-8 46-4 8 47-3 8-5 

40 46 7-8 46-4 8 47-3 8-5 

45 45-75 7-6 45-95 7-75 46-85 8-25 

60 {t) 7-6 45-95 7-75 46-85 8-25 
Totality 

55 45-5 7-5 45-5 7-5 46-4 8 

6. 0 4'5-5 7-5 45-5 7-5 46-4 8 

5 45-5 7-5 45-95 7-75 46-4 8 

' 10 45-5 7-5 45-95 7-75 46-85 8-25 

15 45-5 7-5 45-95 7-75 46-85 8-25 

20 45-5 1-h 46-4 8 47-3 8-5 

1 25 45-5 7-5 46-4 8 47-3 8-5 

30 46 7-8 46-4 8 47-3 8-5 

! 35 47 8-3 46-4 8 47-3 8-5 1 1 
' 40 47 8-3 

! 45 47 8-3 

: 50 47 8-3 

■ 55 47 ■ 8-3 
i Last contact 

7. 0 47 8-3 
' Temperature remained 

at 46°-5 F. (7°-5 C.) 

, 

during totality. 

It will be seen from the foregoing that the exposed thermometer fell 6-g° F. between 

first contact and totality, but only rose 1-^° F. from totality to near the time of last 

contact. 

The variations of the two shielded thermometers on Kio Island were exactly equal, 

although the actual readings differed by half a degree Centigrade. From first 

contact to totality the fall of temperature was 0°’5 C. (0'^’9 F.), while there was an 

equal rise of 0°*5 C. from totality to near the end of the eclipse. 

Landscafpe Colours. 

The observations of the colours of sky, clouds, land, and water before, during, and 

after totality, are indicated in the following table, and by the additional remarks 

appended :— 

VOL. cxc.—A. D 
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Additional injtes of colours, &c. were as follows ;— 

Chief Stoker II. E. AViiite :—“Before totality there was hardly any change from 

usual colours. During totality the land went black, streaks in clouds assumed a 

reddish-yellow tint, and a streak of light colour appeared on the sea tow^ards the 

north, otherwise no change.” 

Yeoman of Signals H. Beresford :—“Before totality the sun was shining only on 

a patch of land to the westward of Vadso, which appeared like a sandhill Avith 

a reddish tint; no change noted elsewhere, either in land, sky, or water. During 

totality the land and water appeared to be of an inky blackness; no change was 

observed in the sky; the air seemed to go suddenly cold. Directly after the total 

eclipse a slight change apjteared in sky to the south ; the land came back to its 

ordinary colour, the sun shining on the same place as before total eclipse; the water 

underwent a slight change, to the northward a pale blue streak running from east to 

west, and the air seemed to feel a little warmer.” 

General Observations. 

After the eclipse the following notes as to the general phenomena observed were 

received from the officers named :— 

Stajf-Surgeon J. H. Whelan, M.D. :—“ The sudden rush of darkness at totality 

caused a feeling of dread ; an instinctive feeling of fright lest the source of our being 

had gradually been extinguished, it seemed to me. 

“ The gulls started a discordant calling Avhich seemed to distinctly change to one 

of rejoicing when the light began to increase again. 

“ During totality, the sky being nearly entirely overcast by clouds, a brightness 

appeared to the north, and another to the south, west of the horizon, as if the sun 

had set there, tingeing the clouds.” 

Lieutenant Yelverton, H.N., noted the bleating of sheep and screaming of gulls 

during the darkness of totality. 

Lieutenant W. II. B. Law, ILN. :—“For 20 minutes before totality the sky 

darkened appreciably. The clouds to the south took an ashy grey colour, the land 

also took a dark grey tint, and looked, if possible, even more desolate and barren 

than before. In fact, the whole appearance of land and sky to the south looked as 

if a heavy thunderstorm was imminent. 

“ About 4 seconds before the signal for totality was given, a rift in the clouds 

allowed the sun to be seen. The moon had covered all except a thin crescent at the 

left hand bottom corner ; the inner edge of the crescent through binoculars appeared 

somewhat rough ; then the clouds came over again. 

“Suddenly it became much darker—somewhat like the darkness of a London fog 

(medium) ; the moon’s shadow swept across the earth and sea, moving in a north by 

westerly direction. The air became appreciably colder to the feelings, and the sea 
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birds began screaming. A few seconds before mid-totality a faint glare or reflection 

became visible on the clouds about the sun’s position, lasting several seconds. 

“ Just about 5 seconds before the end of totality, the sky became clearer, the shadow 

could be seen sweeping across the fjord, looking like a huge catspaw moving rapidly 

to leeward. 

“ Directly after totality was over, land, sea, and sky gradually regained their normal 

appearances, the lightening process being much quicker than the darkening.” 

T. Makepiece [Chief Engine-room Artificer):—“The left limb of the sun was 

visible for the space of 5 seconds (before totality). At ‘ 75 seconds left,’ a luminous 

body was visible, having at the right upper side a smaller body of the same nature, 

both appearing as through a haze. 

“ At ‘ 35 seconds left ’ there occurred, a great commotion among the sea birds settled 

on the surrounding rocks.” 

Mr. Makepiece afterwards expressed the opinion that the larger of the bright 

cloudy patches was in the position of the sun, and appeared as if it were the sun seen 

through several thicknesses of muslin. It may be remarked that the two patches in 

question are very distinctly shown in a photograph taken by Lord Graham during 

totality with the If' X 5" camera. 

A. Duncan and T. Brown [Engine-room Artificers):—“At 5.52 the left limb of 

the sun was visible for 5 seconds; colour, very faint white. At ‘ 35 seconds to go,’ 

birds fly off screaming.” 

A. Wright [Second Yeoman of Observed a silvery-white crescent 

from about N. by W. to S. by W., with a horn pointing in a direction S.E. on the 

S.W. part of dark moon. The part of the crescent visible was about one-eighth the 

diameter of the dark moon.” 

Immediately on my return to England, as the “ Volage” was practically going out of 

commission, I reported to the Royal Society that the arrangements made by the 

Admiralty to assist the ol)serving party had been carried out in the most admirable 

manner, and I suggested that, the President and Council of the Society should mark 

its appreciation of the attempt on the part of a large ship’s company to further the 

cause of science. I am glad to say that a letter of thanks was sent by the Society to 

the Admiralty, and another by the Admiralty to the officers and 'men of H.M.S. 

“ Volage.” 

In the erection of the huts and instruments, no one could have wished for more help 

than was given. Everyone in the ship showed the keenest interest in the work, and 

help was afforded in every possible manner. Had the weather been fine, I am con¬ 

vinced that the results obtained by the “ Volage ” observers would have been far more 

complete than any previously obtained by a single party. 

I am anxious, also, to state my entire satisfaction with the manner in which 

Mr. Fowler and Dr. Lockyer conducted the operations before my arrival. 
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II. Oil Boomerangs. 

By G. T. Walker, M.A., B.Sc., Felloiv of Trinity College, Cambridge. 

Cominmiicated by Professor J. J. Thomson, F.B.S. 

Received Mai’ch 15,—Read April S, 1897. 

The attemjTs that have hitherto been made to explain the fliglit of a boomerang 

have in general been of a somewhat fanciful nature. 

Exception must be made in the case of such papers as those of Werner Stille, 

“ Versuche und Eechnungen zur Bestimmung der Bahnen des Bumerangs” (Poggen- 

DORFF, ‘ Annalen der Physik,’ Bd. 147, 1872), and of Edmund Gerlach, ‘'Ableitung 

gewisser Bewegungsformen geworfener Scheiben aus dem Luftwiderstandsgesetze ” 

(‘Zeitschrift des Deutschen Yereins zur Fbrderung der Luftschifffahrt,’ Heft 3, 188G). 

Ill the latter, which is the most noticeable contribution to the subject with which I 

am acquainted, the author gives an explanation in general terms of some of the 

effects of the air-resistance upon a symmetrical boomerang : he introduces, however, 

no analytical treatment of the dynamics of the rotating body and neglects entirely 

all consequences of the important deviations from symmetry wdiich I have siibse- 

cjiiently described as “twisting” and “rounding.” AYithoiit one of these a return 

flight is, I believe, imjiossible. 

For an account of the native Australian weapons, and in particular those of ABctoria, 

reference should be made to the very complete descriptions given in Brough Smyth’s 

book, ‘The Aborigines of Victoria,’ vol. 1, pp. 311-318; shorter notices are to be 

found in books of travel, suck as that of Karl Lumholtz, ‘ Among Cannibals,’ p. 50. 

Boomerangs may at the outset be divided into two classes—returning and non¬ 

returning ; it is rather on weapons of the latter of these types that the natives ol 

Australia rely w’hen engaged in war or the chase. A typical returning boomerang 

(see fig. 1) resembles in general outline an arc of a hyperbola, and is about 80 centims. 

in length measured along the curve. At the centre, where the dimensions of the 

cross section (fig. 1') are greatest, the wddth is about 7 centims., and the thickness 

1 centim. ; these dimensions become smaller as the ends are approached. 

As a rule two properties are present. In the first place, the transverse section at 

any point would show that one surface possesses distinctly greater curvature than 

the other; secondly, the arms of the implement must be slightly twisted (from 

coincidence with the plane through each of them) after the fashion of the blades of a 

7.9.97 
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screw propeller or a windmill. The direction of the twist is such that rotation about 

a normal to the plane tends to set up linear velocity of the boomerang in the direction 

of the vector representing that rotation. These two peculiarities will in future be 

referred to as the “ rounding ” and the twisting.” 

A weapon of this type is thrown in a hori^^ontal direction in such a way as to 

impart considerable rotation in the vertical plane containing its initial direction of 

motion ; the more convex surface is towards the thrower. The plane of rotation 

leans slowly over to the right {i.e., the vector representing the spin begins to point 

slightly upwards) and the path curls to the left. The projectile proceeds to describe 

a loop whose longer diameter is about fifty yards ; it gradually rises until it reaches 

a height which is usually about thirty feet from the ground, travels horizontally for a 

time, and then gradually sinks to the earth. 

The change in the ang’ular motion has throughout the flight continued unaltered 

in character ; the inclination of the ])lane of rotation to the horizon has steadily 

diminished from a right angle to zero, and the axis of the spin has veered continually 

to the left (as seen from above) in such a manner that as long as the linear velocity 

remains large, the angle between the direction of motion and the plane of rotation 

is small. 

In the accompanying diagram (figs, 2, 3) a plan and elevation of this, the simplest 

form of path, is given. An attem]3t is made to indicate the inclination of the axis of 

rotation by representing at intervals the projection of a line of constant length drawn 

along that axis. 

If it be not desired to make so large a loop as that described, it is fairly eas}" to 

get the boomerang to describe a circle of thirty-five yards in diameter, without ever 

rising to more than twehm feet from the earth. 

In the more complicated paths, as long as the velocity remains considerable, the 

manner in which the plane of rotation and the direction of motion change is precisely 

the same as in the simpler cases; it is the rates of change that differ. The graceful 

gyrations that a boomerang performs on its downward course, if the linear velocity 

dies out while it is high in the air, present little or nothing that is new in principle. 

It is in the explanation of the earlier motion that the problem really lies, and the 

observation of actual flights makes it clear that their character is deducible wdien the 
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two components of angular velocity (denoted subsequently by Oj, fl^), whose axes lie 

in the plane of the boomerang, are determined. 

The flight may be regarded as a case of steady motion of which the circumstances 

gradually vary. It is only with very badly made instruments that small oscillations 

are at times perceptible; with ordinary boomerangs, the accident of grazing the 

ground or meeting a sudden puff of wind will not cause visible vibrations. 

Fig. 2. Plan. 

The scale of this and the following diagrams is 1 : 1000, or 28 yards to 1 inch, approximately. 

Fig. 3. 

Elevation upon a vertical plane through AC. 

Let the plane containing the arms of the boomerang (in future called the primary 

plane) be taken as that of XY, with the centre of gravity as the origin, and the pro¬ 

jection upon this plane of the resultant velocity as OX ; OZ is drawn on the more 

convex side. If then the rectangular components of linear and angular velocity of 

the body be U, 0, W, and n^, Hj, Og, it may be observed that W is always small 

compared with U, and Hg compared with fig. Throughout the motion is 

positive, Ilg negative, and fig positive. The time of flight is about nine seconds, and 

the greatest distance fifty yards ; the mean values of and may be estimated at 

one-sixth and minus one-third respectively, while in C.G.S. units U is two thousand 

and fig is thirty. 

The angular velocity 6^ of the axes is small and positive throughout the motion, 

except near the conclusion, when it sometimes vanishes and becomes negative. 

For theoretical purposes I have regarded the body as replaced by one of extremely 

thin material with the same general shape and twist; the transverse section will be 

a circular arc with its convex surface on the same side as the more rounded surface of 

the wooden weapon. 

Experiment shows that if a thin rectangular plate be advancing with velocity v in 

a direction that is inclined at a small angle a to its plane, the air-pressure produces a 

VOL. CXC.-A. E 
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force and a couple about the centre ; the mean normal pressure per unit area may be 

denoted by where X. is a constant that depends on the proportions of the rect¬ 

angle and p, is a number which has been often assumed to be equal to 2. In his 

“ Experiments in Aerodynamics” (‘Smithsonian Contributions to Knowledge,’ 1891), 

S. P. Langley makes this assumption, but if from Table XIV. the value of p be 

calculated by comparing the soaring velocities of 24 X 6 planes, weighing 250 and 

1,000 grms. at inclinations of 10° (the smallest inclination quoted), it proves to be 

27 ; for square planes of the same weight, inclined at 5°, the index is 2*5. From 

comparison of the cases of inclination of 2° and 5° of Table XIL, the value 3‘3 of p 

may be deduced. In the course of the following analysis it will be seen that progTess 

is attended with extreme difficulty unless p = 3, and inasmuch as the constant X is 

at our disposal, we shall be justified in taking p = 3 and choosing X so as to agree 

with Langley’s experiments at the mean value of the velocity under discussion. 

Any error introduced liy an incorrect value of p will be quantitative rather than 

qualitative. 

In addition to the uniform jiressure acting on the recta,ngular plate, there will be a 

couple whose amount may be taken as KV''ci per unit area, k being a constant depending 

on the dimensions of the plate.* The assumption of a velocity potential would lead 

to the value v = 2,t while z/ = 3 is suggested by the previous assumption. In order 

to simplify subsequent proceedings we shall choose the smaller value and deduce the 

value of K from Langley’s experiments. 

We have now to consider the effect of the air on the slightly distorted thin surface 

which represents the boomerang, and in order to surmount the difficulties introduced 

by the fact that the velocities at different points vary, as well as the directions of 

the normals to the surface, we are driven to make some hypothesis. 

Now the effect of the air-pressure upon a plane surface in uniform motion may be 

obtained by integrating over it, provided that we regard the effect due to any small 

portion as proportional to the area of that portion. 

We therefore assume, as a first approximation, that the contribution from any 

element of the distorted surface is the same as if the rest of the surface were in the 

same plane as the element and had the same velocity ; that this assumption, in the 

case of simple distortions, leads to results of the right character, is easily verified. 

The determination of k depends on the fact that if the width of an arm measured 

in the direction of the velocity of the point in question be c, and if J stand foi the 

* See Thomson and Tait, ‘ Natural Philosopliy,’ § 325. The existence of this couple is often stated 

in the form that the resultant thrust on the plate does not act at the centre of figure. Langley finds 

(chap, viii., pp. 89-93), that in the case of a scpaare ijlate the point of application of the resultant 

pressure, when a does not exceed ten degrees, is at a distance from the centre of figure equal to about 

one-sixth of the length of the side, lie quotes JoESSEL and Kummer as having obtained a fifth and a 

sixth respectively as the value of this ratio. 

t Lamb's ‘Hydrodynamics,’ ]). 185 (3) ; Basset’s ‘ Hydrodynamics,’ vol. 1, § 190. 
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ratio 1:5 or 1:6 as deduced from experiment, then the couples XU®. cf and 

should be the same. This would give a value of k varying from point to point. We 

therefore, for convenience, treat k as constant, and give it the magnitude corre¬ 

sponding to the mean value of c. 

.It must be realised at the outset tliat the following analysis does not claim to be. 

more than a first approximation, in which the quantities neglected may be of a 

tenth of the magnitude of those retained. Our knowledge of the laws of the resistance 

of the air is not at present great enough for accurate results to be attainable, and I 

have accordingly not hesitated to neglect small terms in order to eflFect a material 

simplication in the mathematical analysis. 

It may appear that such processes reduce the method to little more than a 

qualitative one, but though much may be done by qualitative methods applied to 

this subject, and all the chief terms may be traced to their .source without the use of 

algebraical symbols, yet, as will soon become clear, the effects of the forces in action 

are conflicting. It is therefore necessary, in order to obtain results which are 

qualitatively right, to adopt methods which, although not accurate, have at any rate 

some approach to quantitative correctness. 

We now take axes fixed in the body, 1 and 2 being along and perpendicular to the 

axis of symmetry in the primary plane. 

Fig. 4. 

If the velocity at any point xyz have components v, iv, and the direction cosines 

of the normal on the convex side there be /, m, n, then the normal pressure in the 

direction — — m, — n will be 

{lu -j- mv -f mv), 

where I, m, iv are small quantities and cf = + n- fi- 

The couple per unit area will have moment 

{I u -{- '>xiv -{- nw) 

about an axis whose direction cosines are 

E 2 
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mxv — nv, mi — hv, Iv — w,u, 

each divided by a quantity differing from q by squares of small quantities. Hence, 

if jx = S, V = 2, the normal force at any point will be 

{lu mv -{- w), 

and the component couples 

— Ki'ylu -|- mv + ?e), ku{Iu -j- mv + w), 0, 

where squares of small quantities are omitted. 

Now if, due to the “ rounding,” a transverse line Rid' (fig. 4) through any point P 

be a circular arc of radius p, and if its middle point Q have co-ordinates x, y, then, 

denoting QP as measured along the inward normal QN by s, the direction cosines of 

the normal at 

X + s cos <^, y — s sin (j) 

will be 

S cos (p 
■ > 

p 

s sin (j) 
5 

P 
1. 

In addition to this the line RR' will, owing to the twisting, be turned about the 

y 
tangent at Q through an angle which may be taken as —, where t is a constant 

length. The superposition of this small distortion on the former will add to the 

direction cosines terms 

y cos 0 y sin 0 
- j — - ? 0, 
r T 

Let the linear and anguhtr velocities of the body referred to the axes 1, 2, 3 be 

U, V, W, Wj, Wg, Wg, 

where w is small compared with and Wj, w.j compared with cjg. The com¬ 

ponent velocities iq, iq, of P will then be 

u — [y — s sin Wg, 

v + { a: -p s cos if)) ojg, 

iv — (a: -f- 5 cos wg -j- (y — s sin (f>) o)^. 

The resultant force due to the pressures will have negligible components parallel 

to the axes 1, 2, and the force Z along the third axis is the integral over the 

surface of 
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X ['w^ + ^ 2 (a? +- s cos (f)) voj^ — 2 {y — s sin </>) uo)2, 

■f {oc^^ + + 2.S* (a? cos (^ — ;?/ sin <^) 4- <^3^] 

- -1" cos (J) — {y — s sin 4>) 0)^] — (-h “) sin {v + (a; + s cos (f>) oi^\ 

-\- ID — {x -{- _s cos <^) Wg + (y — s sin (f)) Wj 

This may be regarded as the sum of three forces : (1) Zq the force which is exerted 

on a boomerang without distortion, (2) due to the rounding, (3) Z^ due to the 

twisting. 

Denoting by brackets ( ) the operation of taking the mean value over the area of 

the boomerang, we shall adopt the notation 

(x^) = K./, (^2) = (x3) = /C3^ (x/) - k/, 

(x^) z= (y4) _ ^^4^ 

{y sin (f)) = ?!, {xy sin (p) = 1^, (/ cos (/>) = 

{x^y sin 4>) = {xy- cos 4>) — 4®, {y^ sin <^) = /3^ 

{x^y sin (^) = {xSf cos cf)) = /g^, (a:iy3 sin (^) — /g'^, {y"^ cos </>) — 

{x'^y sin </> + cos (f) + x^y^ sin <f) + xy‘^ cos (/>) = /n^, 

(s2 cos^ (^) = {s^ sin2 (^) = 

{s^x cos2 (^) = m^, {s^x sin2 (p) = {s^y sin cp cos (p) — mg'", _ 

{s^x^ cos^ (p) — {sh:~ sin^ (/>) = {s^xy sin <p cos = m/, 

(s2y2 cogS g;j^2 

(.s^a:;^ gjj^2 _ ^,^5^ (s^aj^y sin (p cos </>) = cos^ <p) — rn^^, 

{d^xy'^ sin^ <p) = di {s^y^ sin (p cos (p) — 

Then for a plane surface we find at once 

Zo = — XS [(w® + v^) w — 2 {k^uo}-^ 4- K^vo)^) W3 4- + xi) — {xi 4- «■/) "2} "3"] 

where S is the area, and terms in have been omitted since they are multiplied by 

the small terms w, (o^. 

The rounding produces a force 

Zj = “ 2x('cZS ~ {{11 — y(^z) cos (p ~ {v xco^) sin (p] [uo)^ sin (p + '^<>>3 cos (p 

4- {x cos (p — y sin (p) <J3^} 

= — Swoja {(w'o® — mQ^)v 4- Wg}. 

P 



30 MR. G. T. WALKER ON BOOMERANGS. 

= - s 
T 

Due to the twisting we have 

Zo = — y {%{?■ + + 2 (ccv — yu) coo + {x^ + y^) coo^] [{u — yoj^) cos (f) 

— (v + sin (f>] 

+ (42 + 4') ^3} + (3/4' + 243 + 4s) C.32,, + 2 (4V + 4V) coo 

+ (4^ + 4'^ + 4'^ + 4o^) ^^3 

The resultanl. couple about the first axis will be the integral over the surface of 

— Kt\ {lu^ + Qm\ + — {y — s sin <^) X + i\^) {hi^ + mi\ + iCj). 

As before this may be divided into three portions, of which the first, on a plane 

boomerang, is 

^0 = “ 4^ “ ^^2 + yo)^) [k (n d- xo)^) 4- X^ {ti^ d- 4- 2 {xv — yii) Wg 

in which terms iu .s® have been omitted as before. 

Therefore, 

F(j = ( — KV 2\k^^O}.^u) -j- SwoWo {kk2~ — 2Xk/2<) 

— XSw, (?f2 -I- ^,2) -j_ 2k^^(O^V d- (k-o^ d- K~^) 0^3^] • 

Y, = - b/s 

while 

F.= 

[K-ojg COS (f> ^ (22/W3 {u sin ^ -f cos <f)) -f- 2^3% [x cos (f) — y sin 

— sin {lY d- 4" 2a)2vx — + x'^ojf -fi 

X [(n — 2/W3) cos (/» — ('?’ 4" ^(^3) sin 0] 

-- [K’niyaojgd- 2Xa;3{2??22^a^4- 4-^b<®d-'?’^) (4>^4^d“'>^2^)‘^3d-wVv} 

-f- X-yaj3^(3wf3“^ — 2??i) 4 4* 34" 3»2y^)], 

y [o^S [ — iiy cos cf) {Xy [v'^ d~ 'V' + 2(o^vx -\- x'^oj^- -}" y^<^3^)] 

+ y ("3?/ cos (fi -\- V sin cf) -j- W3X sin cf)) \ k {v -\- oj^x) — 2\oj^uy^}J 

kS = , + (z'Z + V) + (V + 4’) <"3‘i 
xs« 

^ (4^ 0^' + H“ 2 (4^ d" 4'") ‘^3'^’ + (4'^ + 24^ + 34o^) ^3^} 
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The couple about the axis 2 is the integral of 

(lu^ -f + (-^ + 5 cos 4)) A. iUi + 1^1^)], 

leading to 

Gq = S?a \_KU + XcDg ['2k.;^v + {k^ + K^) wg}] — Sco^wg {kk^^ + 2\K^hi) 

— SoJ^X [k.2 4- + 2k^OJ^V + + Kq) Wg^}, 

G, = — f — KWg {m'^v + {m ^ + m.^) wg} + \u {u^ + v^) -f 2CO3U 
P 

+ ^Wg" (Wg^ + mg'*) — 2 (m/ + m'g*) Wg^}], 

G.7 = — ■“ {IlUV + ih^ 4" 24^) Wg^^} — \{u^ 4" 'P^) {f'2'^ 4" "4 
" T T 

4- 2^3 {l^V^ + l-^K?') + (3^7* + 2^8'*' 4- h^) <^3^ + hl^z\- 

The equations of angular motion are 

Awi — (B — C) waojg = F, 

Bojg — (C — A) wgWj = G, 

Cwg - (A - B) <^1^2 == d. 

Neglecting the product w^ojo, vve see that Wg may be replaced by n, a constant. 

Also, for a thin flat body, C is sensibly equal to A + B, and if m be the mass per unit 

area, we have 

A = Sm^Cj^, B = Sm/fo^, 

so that our equations become 

y^UlK^ (ojj + nwj) = F, 

Sm/c.g^ (ftjg — no)^ — G. 

We shall first of all discuss the motion of an uudistorted boomerang free from the 

action of gravity. If we revert to our former axes OX, OY, OZ, of which OX is 

the projection on the primary [daiie of the direction of motion, we shall obtain as the 

equations of translation, 

U -|“ = 0, 

'—■ WVl^ -f" U^g — 0, 

m {iv — 1102) = . 
O 

Hence, neglecting squares, U is constant, and t^g, the angular velocity of the axes, • 
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is zero. Thus we are justified in replacing by U sin nt, U cos nt. 

then have 

ojj flj sin nt — 122 cos nt 

ftjg = flj cos nt + fta sin nt 

We -shall 

(0, 

and on multiplying the former rotation equations by 

sin nt cos nt 
2 > 2 ^ 

and adding, we get 

, • , sin 7it . ^ cos nt 
m (fli + 2^0.2) = + Go — Pq say, S/^i^ 

.• . cos nt sin nt . 
ni (t22 ‘Znil^j — c 0 ^ ”1 Gq Go* 

m {n, - Un,) = s = R„. 

Now 

K , K ^ 
P„ = 2X„CJ» - ^ 

+ X 
+ K 4 .-2 

4- 
KTh / 

nhv cos nt + ^ ) i(;U sin ^^nt 
^2 «l‘ 

4 — (^1 

t K}nV 

X 

\K-\ ' 

/I . 1 \ 
Sin "int I -- d-s 1 

V/ 

+ 

„ /dJ [12^ (3 cos nt P cos ?>nt) + Vl^ (sin nt + sin 3n?)] 

(/cd + n..^ + 

\ '^1 
(12^ cos 27^^ + Og sin 27ii). 

Similarly 

Q„ = - xu^n, + ^ ^ ..n. - 

A 

) 

f2j (cos nt — cos 2>)it^ (ii j 3) ~^ ^3 ^ 3 — ~k^- 

/ I . 1 K / /Co' y 

Key' 
\ /^JlV I ^5* + 

V^ + n~n., 

together with terms whose coetficients involve circular functions of nt. 

Also 

Ro = ~ ^ {U^ + (/c^^ fi- /Co") n^ \ 'W + X (/Cj^ + kq^) 

— X — /cg^) 7rU (n^ cos 2nt + ftj sin 2nt) 

(f2j cos nt + P2 ^^0- 
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If all tlie terras be collected on the same side there residt three equations of the 

form 

-f" “b ” Oj 

ftoflj ~b ^3^^' ~ 

^3"i ~b bgllo + c^w = 0, 

in which the coefficients may contain the operator djdt, or circular functions of the 

time. 
The equations giving the motion under gravity of a boomerang with the two 

distortions will differ from these in three ways. 

First of all, if Vm'n be the direction cosines of a line drawn vertically downwards, 

the equations of translation will be 

m (U 4 u-n,) = rngV, 

m (— 4 U^'g) = nigm', 

m [u: — L fio) = Rq "b Ri ”b R3 ~b ^'>Tgn , 

Pi, R2, Qn Q2> ^3 bearing to Z^, Z3 the same relations as Pq, Qq, Pq to Zq. 

From the second equation 

^3-1; ’ 

and from the first 

ij = gU 

Now ^3 in numerical value is comparable with and n with 30, so that the 

additional terms in (l)due to the consideration of dg will be of negligible magnitude. 

Again, V is small when the path is nearly in a horizontal plane ; hence, in considering 

the steady motion corresponding to a particular portion of the path, the change in U 

need not trouble us. 

When the forces due to the distortions—and these will not involve w—are 

introduced, we obtain 

4 4 — Pi “b R35 

”b boHa 4 — Qi "b Q35 

agifi 4 63O3 4 = Ri + P3 — cos 6, 

where 6 is the angle between the axis of revolution and the upward vertical, and Ojn 

being small, we shall treat d in the third equation as constant. 

We next regard the right-hand sides of these equations as expanded in the form 
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Aj -j- sin lit + cos nt + sin cos ‘Int + F\ sin Znt + 44^ cos 3rG 

sin nt + Co cos nt + Do sin ‘Int -|- Eo cos 2iit + F'o sin + C'o cos 3/G, 

A3 + Bo sin nt + C3 cos nt + Do sin 2nt + Eo cos 2at, 

in which A, B, C , . . are constants. 

On substituting the values of Fj, Fo, we find 

. khXj t ni 
Ai = ' ( W’? "r 

“-i 

^ j(i: + A') +' ^ 
Jr L\A:f /fo" 

1 _L a; 4 '^'10 + 
3^_+J2V + . 

/fo' 

Ao-= 
XU r //»i,“ , Ail\ Ije _j_ /3//h.f — 2///-d — 2/;td + 3//i'd ^ .'L/Zo*' — '2m'.— '2m^^ + 3///^ ^ 

-P l \ '<^1" 

/f [2/o- + /d , /o- + 21^ 
+ /f.," 

uU, 

\n rV^ — [2 {I.f + /g-) U" + {Ij'^ + 4^ + V + 4'/) ~ cos 6. 

Our equations may now be satisfied by the infinite series 

/3i sin nt + cos nt + 8^ sin 2at + . . 

z= tto d- jSo sin nt + Vo cos nt . 

IV = ag -f- ^3 sin nt + '/o cos nt + . . . 

^\■hidL are convergent, since the ratio of the coefficients of sin u + 1 nt and cos u + 1 nt 

to tliose of sin rnt and cos rut proves to be ultimately comparable with mr. 

If we adopt the notation 

u- 
V A a" 

+ ) .) - C. 1 j 
a' /f o' 

U' + ( K-p + /fo 4 //^ = Dob 

m 
/f / ^ 

-( A + 
/ffiA 

.0 = 
4 \/fp /fpy 

o 
1 

the non-eircular terms on the leftdiand sides become 

?;?ni fi- XUpB^ -f 2mping — 2X?rUiy, 

X -r-r 0 k\JW 
“ 2/upin^ + — —;y, 

fC 

— X (/f^® fi- /c.o') i/Utd — mUn.o -f- iniv -fi XUo'Ri. 
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Hence the substitution of the series for Oj, Og, iv gives as the equations foi 

"2. “3 
XUi^ai + 2m-^na., — 2hiUr^ = Ai 1 

k\J Cl.. 
— 2nq')/a-j -j- XIJ ^ i f” 

/c~ ^ j 

— X[k.^ + K.v) nXJ«| — -|- = -^3 ,J 

■ (2). 

where/'n ^^^'6 linear functions of a, jS, y . . . in which the constant coefficients all 

contain X or k, but not the numerically more inq)ortant quantity m, as a factor. 

In order, then, to obtain a steady motion about which minute oscillations are going 

on, wm neglect the terms/i,/g,/g in our first approximation. This is equivalent to 

taking two points on the path at an interval corresponding to a number of complete 

revolutions (say twelve), and asserting that the angular change in the axis of lotation 

is that due to the non-periodic portion or mean of the couples lu action duinig that 

period. 

Slalnlity. 

For steady motion to be possible it is necessary that the values of Ho, w, gneii 

by the equations 

inOi + XUpHi + 2mpna,j — 2\n\Jw = 0 

, -r-r o /cUlC 

— /npinj -f- wHo -j- XXJpHj _,o — h 
fC 

— X {ki -h nUnj — mHOg d- mw -f- XUg^^c = 0 

shall be always small. 

On inserting numerical values, it appears that this condition 

of n to U be large enough to give the determinant 

is satisfied if the ratio 

XUf, — 2XnU 

0 TT . — 2mp?, XUp, ” 
K 

— X (kp 4* x^) — wU, xup 

a positive value. 

If 2a = TT — ^ where ^ is small, the motion is unstable unless with actual values, 

n > 270. 

When 2a = 120° the critical value of n is 26, and when the arms are at rigid 

angles, stability is secured when n = 22. 

These values are rather larger than those found necessary in practice, but their 

mutual relations are correct. The first time that a beginner attempts it, he can make 

a boomerang whose arms are at right angles travel steadily, but the more ontuse the 

F 2 
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angle, the more difficult is the throwing of the implement, and when 2a = 150° or 

upwards, and the material of which the boomerang is made is light, throwing it 

against a wind requires skill of a high order. 

The values of the constants 4, . . . have been calculated for boomerangs whose 

arms are 36 centims. in length and 5 centims. in width, the mass per unit area being 

five-eighths of a gramme. 

When these constants are substituted in the equations of steady motion, it is found 

that for a boomerang whose arms are at right angles, corresponding to the values 

U = 2000, n = 40, kU = 7, XU^ = 5, 

are the velocities 

Hi - -’^-- + — + 1.9 cos e 
P T 

n. jL _ _ 
p 

G80 480000 

P 

6.8 cos 6 )> 

— 1600 cos 0 

(3). 

If we make n = 30, the values of Oo, iv given by the equations are too large; 

this is due to the fact that the theoretical limit of stability (n = 22) is not sufficiently 

exceeded. 

If the value of kU be taken as 5 instead of 7 (these being estimated inferior and 

superior limits of kJJ corresponding to c = 6, _/= 1/6, and c — 7, f = 1/5) there 

appear 

3.2 , 270 , . 
-f- —h cos u 

P ^ 

2.9 2100 . „ . 
= — ~-—0.7 cos 9 k 

P ^ 

630 460000 
iv = —-- 1400 cos 9 

P -r 

(4). 

The velocities corresponding to a larger spin 

U = 2000, 11 = 50, kU = 5, XU~ = 5, 

are 

2.8 , 100 . . 
= — — -|--f- • 4 cos 9 

P 

n, — — 

w — 

1.2 1200 

P r 

240 __ 215000 

P '!■ 

-3.2 cos 9 

— 790 cos 9 

(5). 
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It is interesting to compare these results with those belonging to a boomerang 

whose arms include an angle 120°. 

Thus, taking 

2a = 120°, U = 2000, n = 50, kU = 7, XIJ'’ = 5, 

we obtain 

9.,= 
8.9 700 

— “T 
P ^ 

-f 1 „ 3 cos 0 
O

 

il
 3.8 2000 

P 
3 . 1 cos 9 >. . . . . . (6), 

11 

720 380000 

P ^ 
“ 720 cos 9 

J 

while the second estimate of .‘cU, namely 5, yields 

^ 10.7 , 510 , . N 
n. = —-d- — + cos 9 

^ p T 

4.6 2300 

P ^ 

860 440000 

3.5 cos 0 y 

w — 850 cos 6 
j 

(7). 

The values of p and r in practice are usually comparable with 20 and 800 

respectively. 

That the form of the equations is correct, at any rate as regards a first approxi¬ 

mation, is confirmed by the experience gained in making and throwing upwards of 

seventy boomerangs of different weights, shapes, and sizes. 

If, for example, one of these does not curl sharply enough to the left (i.e., is 

negative, but not numerically large enough), it is found that increasing the twist 

{i.e., diminishing r) will produce the desired effect, A further result will be an 

increase in and a coiisecpient tendency to skythis may be corrected by 

makino; the difference of curvature of the two surfaces more pronounced ; a diminution 

in p will thus bring about a diminution of Oi- 

Some of these implements were made with the express object of verifying 

particular terms. If tliere be no twist, and 6 = 7r/2, while p is not extremely largCj 

is negative and positive; if, on the other hand, p is infinite, but r is finite and 

positive, flj is positive and n.2 is negative. 

From experiments made in this manner, with a somewhat smaller spin than that 

assumed above, I have deduced the formulse 

2 

0 

— -f — -b 2 cos 0 I 
p T 

1200 cos 0 
9. 
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in wliicli, owing to the experimental difficulties, the numerical values of the coeffi¬ 

cients ma}' be regarded as lacking in accuracy ; they may lioweAmr he relied upon as, 

at any rate, of the correct order of magnitude. Of iv I have observed nothing except 

that it does not exceed 500, and is probably smaller and negative. 

A comparison of the theoretical results (3) and (4), or (6) and (7), obtained with 

different data for kU will show that the forrnulce, as calculated, must be looked upon 

as giving only a rough estimate of the motion regarded quantitatively ; but, in spite 

of the calculated value of w being excessive (between 600 and 1200 when cos 6 = |), 

it will be seen that the discrepancies are of the kind that might be anticipated, and 

that the theoretical equations are qualitatively consistent with the experimental 

results given in (8). 

Another piece of evidence is that furnished by non returning boomerangs. If it 

be desired to make an efficient missile that shall travel in as straight a path as 

possible, it is natural to manufacture a boomerang without twist and with the 

curvature of the two faces the same. It is this form that many of the cruder 

Australian weapons possess. 

Experiment and theory alike show, however, that if initially 9 have a positive 

value less than a right angle {t.e., the natural method of throwing be adopted), then 

will be positive and Og will be negative as long as 6 is less than a rio-ht angle: 

when the jdane of rotation has reached and passed through the horizontal joosition 

Dj remains negative. The shape of the path is indicated in fig. 5, and it will be seen 

that it is far from straio-ht. 
o 

Fig. 5. 

A path in one vertical plane could be secured by throwing an undistorted weapon 

^vifh its plane of rotation accurately vertical; the least inclination, however, would 

grow, and the plane of initial motion be departed from ; in any case, except for the 

reduction in the resistance of the air, the path in a vertical plane would yield no 

greater range than would be afforded by a spherical missile of the same w’eight. 

We might attain the same end by designing the shape so as to make H,, Ho small 

when 9 0, and throwing the boomerang with its plane approximately horizontal. 

In that case the plane would remain horizontal, and the axis OX in it would soon be 

pointing in a direction slightly above the tangent to the path ; a much longer flight 

would then be maintained, as the effect of gravity would be balanced by the upward 

pressure of the air on the lower surface of the projectile. 

It is interesting to notice that this is the method that experience has taught the 

blacks to adopt. Iheir best non-returning weapons always have strongly developed 

positive rounding (the more curved surface is uppermost when thrown) and often a 
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small negative twist; examination of the equations will show that these distortions 

will combine to produce the required results. An estimate of the efficiency of the 

shape may be made from the fact that as far as my experience goes, a boomerang of 

this type may be thrown more than twice as far as a spherical object of the same 

weight. 

In figs. 6, 7 are given the plan and elevation of the path obtained with a boomerang 

Fig. 6. 

I'jievation upon a vertical 

plane tlirougli AC. 

designed to continue in its circular route as long as possible. The arms of the imple¬ 

ment are at right angles, and the twist and rounding exaggerated a little ; the initial 

plane of rotation is vertical, and as much energy as possible is imparted in the act of 

throwing, while the aim is slightly uphill. 

The numerical value of is somewhat increased and that of diminished, so that 

when the w'eapon in its return journey is over the thrower’s head, its axis of rotation, 

instead of being vertical, is inclined a little towards the inner side of the curve that 

it has described; the forward velocity, though reduced, being still unexpended, tbe 

original curve is continued, and the existence of fi., implies that the plane of rotation 

will tilt slightly upwards and the tendency to fall be overcome. 

After the end H of this second loop has been reached, the forward velocity has still 

further diminished, and gravity brings the boomerang, still spinning fast in a nearly 

horizontal plane, to the ground near the starting-point. I have obtained second loops, 

which were thirty yards in length when measured horizontally, while, if the point H 

be high enough in the air, a third loop will be described before tlie boomerang alights. 

In figs. 8, 9 is represented the flight of a boomerang, of which the arms form an 

angle which is larger by about thirty degrees than that of the previous case. The axis 
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Fig. 12 

Plan. Scale ttt.'o- 

Fig. 13. 

Elevation on a plane parallel to DB. 
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of rotation may point at the outset rather upwards, and the initial direction of 

motion is slightly uphill. 

As the theoretical angular velocities indicate, there will be an increase in the value 

of and this leads to the plane of rotation being horizontal when the implement 

passes over the thrower’s head at E. The angular velocity along the axis OX will 

then turn the path to the right along EF, \vhile implies that the body rises from 

E to F. After a short time the forward velocity has diminished so far that the 

descent from F to the ground is made quite slowly, under the influence of gravity 

checked by the rotation of the boomerang in a nearly horizontal plane. 

Figs. 10, 11 illustrate the magnitude of the changes in the trajectory that are 

rendered possible by small variations in the shajae of the missile. This path was 

traced by a boomerang which subsequently warped to a slight extent in such a way 

as to increase the tv/isting; the natural flight then became the figure of eight of the 

two jirevious diagrams. 

Through the kindness of Mr. 0. Eckenstein, I have recently had the opportunity 

of seeing and throwing some boomerangs made by him, in which rounding was 

present, but no twisting; the angle between the arms was considerably more obtuse, 

the size increased, and the weight doubled. 

An examination of the equations (3-7) will show that if the value of cos 6 be 

increased, the term due to gravity might be expected to replace for the most part 

that due to the twisting ; further, as the angle between the arms is larger, a given 

amount of rounding will produce a greater effect in diminishing 

When the proportions are rightly chosen, I have not found it difficult to obtain a 

return path ; the plane of rotation is initially inclined at 15° instead of 90° to the 

horizon, and with a decidedly smaller forward velocity as much spin as possible must 

be imparted 

Tn the hands of one accustomed to its use, a boomerang of tins type is capable of 

extremely interesting flights. For the remarkable diagrams (figs. 12, 13) which 

illustrate one of these, I am indebted to Mr, Eckenstein. 
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III. On the Orientation of certam Greek Tenijoles and the Dates of their Foundation 
derived from Astronomical Considerations, being a Supplement to ct Paper on the 

same subject published in the Transactions of the Roycd Society in 1893. 

By F. C. Penrose, F.R.S. 

Received Febraaiy 24,—Read March 11,—Revised June 28, 1897. 

The jDaper now presented to tlie Poyal Society is a sequel to one on tlie same 
subject read here on A^Dril 27, 1893, and published in the Transactions for that year. 
In that paper the subject was explained at some length; it will, therefore, be 
unnecessary in this to repeat more than a very few explanatory observations. 

The aim of this inquiry is to deduce the date of the foundation of a Greek (or 
Egyptian) temple from its orientation, but I confine myself entirely to Greek temples, 
in which, however, the same practice was followed which liad previously been reduced 
to a system in Egypt {vide ‘ Dawn of Astronomy,’ by Sir J. N, Lockyer). Almost 
all the temples in Greece and its Colonies had an Easterly frontage, and the principal 
religious function in each temple took place oir the morning of the day when the 
sun, as it rose above the visible horizon, shone through the open Eastern door 
directly upon the sanctuary, where there was usually a statue of the deity in the 
centre. As some time was requisite for the priests to prepare for the ceremony, 
the orientation of the temple was so directed as to combine with the sunrise the 
jDrevious heliacal rising or setting of some conspicuous star which could also be 
observed from the sanctuary. In the absence of clocks the heliacal rising or setting 
of stars was very greatly observed by the ancients—the meaning of the term being 
that the star, when very slightly above the horizon, should just be visible in the 
twilight, before being extinguished l)y the dawn. The angle of the orientation 
depended primarily on the time of year chosen for the principal festival, but it would 
be liable to a slight modification for the sake of combining an heliacal star with the 
sunrise, and it is the latter consideration which ofters the means of determining the 
date of foundation, because the stars, owing to the precession of the equinoxes, are 
affected by a slow, but steady movement, which alters the amplitude, as it is called, 
of their risiim or setting:—viz., the angular distance from the true East or West as 
the case may be, and which is reckoned positive if towards the North, and negative 

if towards the South. 
A journey to Greece and my return by way of Calabria and Sicily during the 

spring of 1896 has enabled me to add the orientations of a considerable number 
G 2 7.9.97 
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of Greek temples to the list pi-esented to the Society in 1893. The majority of 

these new examples are not indeed from Greece proper but from its Colonies in Italy 

and Sicily, but they conform to the same general law. 

Whilst at Athens I occupied a room commanding an uninterrupted view of the 

Eastern sky, over the ridge of Alount Hymettus, which, although the weather was 

by no means exceptionally line, enabled me to obtain a good many observations of 

heliacally rising stars ; from which I select the following as best worth recording. 

Sunrise stars seen at Athens in 1896. 

Date. 
Name of 

star. 
Magnitude. 

1 

Depression 

., of sun 
Altitude. 1 ^ , 

below true 

horizon-. 

Difference 
of azimuth 

between star 

and sunrise 

point. 

Remarks. 

O 1 O / 
March 10 Mars = 1'3 8 30 13 0 30 Planet brilliant, birt 

0 Capriconii (4th 

mag.) about 3° dis¬ 

tant from o,notseen 

with the naked eye. 

., 23 5 56 16 53 20 

., 23 a Aquarii 3-2 10 15 14 50 ;) Seen distinctly. 

n 2.5 55 11 37 11 42 10 Seen without doubt, 

but near the limit 
of my vision. 

„ 25 iMars = 1-3 13 5 8 45 35 An easy object. 

April 12 7 Pegasi 3 7 30 10 57 0 Doubtful. 

Of this last I must observe that after finding it with the help of an opera glass 

I could only say that I fancied I glimpsed it with the naked eye, but it was so 

bright in the glass that I was of opinion that a younger sight than mine might have 

seen it. At the same time it ought, I think, to be judged too near the limit of 

visibility to warrant the use of third magnitude stars at rising with less than twelve 

degrees of solar depression. This star does occur among the orientation stars, but 

always when rising heliacally, with the sun at least as deeply depressed as that. 

Sunset Stars. 

On April 21, at sea between Corfu and Brindisi, 1 saw the Pleiades. Altitude 

oi‘ rj Tauri, 10° 5'. Depression of sun, 10° 50', and 7° difterence in azimuth from the 

sunset point. The constellation was undoubtedly seen, but not easily. 

It is obvious that in average weather the visibility of rising or setting stars in 

twilight must depend upon their intrinsic brightness, and on the depression of the 

sun, as well as on the altitude of the star ; and I have invariably found that when the 

heliacal rising of a star of decidedly less than the first magnitude has been one of 
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the elements of an orientation, the conditions require that the sun must have been 

depressed to the extent of at least 11°. This view of the matter agrees very well 

with such actual observation as I have l^een able to make. In 1892 I saw Ptigel 

setting after sunset at 2° 40' altitude, the sun being 9° 48' below the horizon. In 

March last I saw Mars easily at his rising before sunrise, altitude 13° o', the sun 

being 8° 45' depressed. The star magnitude of Mars at that time was about 1‘3 

Tn 1892 I liad seen Antai’es in the morning, at an altitude of about 1G°, when the 

sun was not more than 7° 40' below the horizon. On an evening of the same year, 

I saw y Andromedm, second magnitude, at an altitude of 9°, when the sun had sunk 

to 12°. The conclusion I have come to is that (l) a first magnitude star in fail- 

average weather in Greece or Italy could be seen, when rising heliacally, at an altitude 

of 3°, the sun being 10° below the horizon ; (2) that a second magnitude star should 

require an altitude of 3° 30' with the sun 11° depressed ; but that for a third magni¬ 

tude star the sun’s depression should not be less than 13°, and consequently I feel 

that in the elements of orientations in my former paper, I had over-estimated the 

heliacal visibility of the Pleiades in treating them as equivalent to a first magnitude 

star. I have, since then, given a good deal of attention to this constellation 

It is true that I have recorded one instance when it was seen with the sun 

depressed 10° 50', but the considerable altitude of the Pleiades, 10°, was then in their 

favour, and I have not had the opportunity of observing them heliacally at a lower 

altitude. But, for the following reasons, I cannot assign to this constellation for the 

purpose of this inquiry, a greater heliacal value than that of a second magnitude star. 

When the twilight is at all luminous, or when in the neighbourhood of the moon, 

7} Tauri seems to be shorn of the glory which surrounds it in a clear sky, when the 

constellation catches the eye as readily as a first magnitude star; and again, if viewed 

with strongly magnifying spectacles, the dispersed light seems very much inferior to 

that given out by Aldebaran. I am, therefore, fully persuaded that a second magni¬ 

tude vahie for orientation purposes is the right value. I have, therefore, recalculated 

the elements of orientation of those temples in the first list, into which the rising of 

the Pleiades has entered, with the followinof results, viz.:— 

Atliens.—The archaic Temple o£ Minerva.B.c. 2020 instead of 1830.* 

The Hecatompedon.,, 1495 ,, 1150. 

The earlier Temple of Bacchus.,, 1180 ,, 1030. 

Epidaurus.—The Asclepieium.,, 1370 ,, 1275.t 

And in the case of a second magnitude star Arietis) 

to be observed heliacally at an altitude of 3° 30' 

instead of 3° :— 

Tegea.—The older temple.. 1660 „ 1580. 

The later „  „ 1140 „ 1080. 

* In the first paper this date is given as 1530. It should have been 1830. 

t As the star’s altitude, owing to the mountain opposite, was considerable, viz., 7°, the sun’s depression 

is taken at 10° 30' instead of 11°. 
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With respect to the temple near Thebes, published in the former list, p. 831, some 

magnetic observations have been sent me which show an orientation cliffering by 

about 90° from that which I had deduced from my observations- The latter are 

perfectly consistent amongst themselves, but as I cannot affirm the impossibility of 

some accidental error, it seems best to withdraw that temple from the list, at least 

for the present. 

The order in which the examples given below are placed, is simply that in which 

they were examined. 

In the elements which follow, the rules which have been observed wdth respect to 

the sun’s depression and the altitude of the stars, when heliacal, are generally in 

accordance with the remarks made above on the visibility under such circumstances 

of the different magnitudes. In some cases the altitudes are affected by the height 

of the visible horizon. The propriety of these rules appears to be strengthened by 

the statement of Biot, as derived from Ptolemy, in his ‘ Ptecherchessurl’Annee Vague 

des P/gyptiens, p. 58, namely, that in Egypt the sun’s depression for heliacal purposes 

was considered to be 11°. And as it has been shown Vjy Sir J. N. Lockyer in ‘ The 

Dawn of Astronomy that such stars as a Cohnnbce and y Draconis were included 

among those used for the Egyptian temples, 11° would be very suitable for a general 

rule: although so deep a depression would be unnecessary for a star of the first 

magnitude, as I have personally noticed in Greece. In a great many cases I have 

added the effect produced upon the dates by the variation of some of the elements. 

But the dates which follow the rule I believe to be the most probable, as well as the 

most systematic. The calculations have all been carried out to seconds of arc and 

time, l)ut the results as entered, are restricted to the nearest minute. The years of 

the dates of the temples can, ol course, be only considered as approximate ; relatively, 

however, they may be more im])licitly trusted. The days of the month given are 

less uncertain, as they depend upon the sun’s place, which results immediately from 

the orientation. It is an important element, as marking the time of year of the 

principal festivals. 

As respects the identification of the stars there is seldom much uncertainty. In 

the first place, for solar temples the possible stars are so few. Thirteen stars and 

two constellations, the Pleiades and Acpiarius, make up the wdiole list of those that 

are l)oth bright enough and near enough to the ecliptic to be seen heliacally in con¬ 

nection with the sun through the narro^v eastern or w'estern openings ; and six of 

the thiiteen stars, including two of the brightest, viz., Aldebaran and Begulus, do 

not appear to have been used. 

In the former paper, p. 819, I described briefly some of the methods which may be 

followed in the search for the star. That which I have myself adopted is here rather 

more fully explained. On a stereographic projection of the sphere, taken on the pole 

of the ecliptic, using a mean obliquity, the pole of the equator is also shown, with 

B.A. hour-lmes and parallels of declination, and upon it also the principal available 
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stars, taking 1850 as the standard year, are plotted down. On this I lay a sheet of 

tracing paper with a straight line drawn upon it, and in the first position placed so 

as to coincide with the solstitial colure of the projection. Then, having found for 

any particular temple, by calculation from the orientation measures, the sun’s 

declination and the corresponding vernal and autumnal places, I mark two points on 

the tracing paper having the same parallel of declination as the sun, but witli their 

right ascensions less by the difference of the hour angles of the two bodies—for a 

first trial one hour’s difference may generally be taken. I then turn the tracing 

paper round upon the pole of the ecliptic as a centre, following the direction of the 

hours of R.A. on the projection, until the straight line above-mentioned having 

started from the solstitial colure, makes an angle -with it, corresponding to a sultal^le 

time within arch geological limits. If, during that operation, ozie of the points 

marked as above, falls very near to one of the stars on the projection, it may be 

presumed that that star now" occupies the place both in R.A. and declination of the 

heliacal star sought for, and has then to be examined more minutely. If the 

coincidence is so close that an adjustment of the amplitude within the narrow limits 

of the field of view will make it exact, it will give a solution of the problem for an 

heliacally rising star. Should, however, no star be found within range, search must 

be made in an almost identical manner for a setting star. (I liave been, howev^er, 

accustomed to search for a setting star in all cases, even after finding a suitable 

rising one.) The difference between the two cases will be, that wdien a setting star 

has been used its R.A. wall differ from that of the sun by the sum of the sun’s hour 

angle added to that of the star, and the declination wull, in general, have a dirferent 

sign from that of the sun. 

Although, in working out the former list with these four lines of trial, in no case 

more than one solution was to be found—in the trials for the present list, in the case 

of two temples (viz., temple A at Selinus (p, G2), and that attributed to Minerva at 

Syracuse), the claims of more than one star, found in the preliminaiy searcli, have had 

to be considered. The former temple could have agreed either with the setting of 

Spica, the setting of a Arietis, or the rising of y Pegasi. The first, however, was 

found to he quite inadmissible from its date, 1400 e.c., which would reach back far 

beyond any other Sicilian example, a Arietis would he acceptable for date, but I 

give the preference to y Pegasi ; on the ground that the two temples, called C and 

I), close adjoining, are evidently following the movement of a Arietis and are adapted 

for autumnal festivals ; whereas y Pegasi would provide for one in the spring, and is 

quite as acceptable in respect of date. In the case of tlie temple at Syracuse, 

a Arietis had to be considered as well as Spica—both rising—but the derived date 

(the former about 400 years earlier than the latter) as well as the greater lirilliancy 

of the star, give Spica decidedly the preference. Besides these two temples I hav-e 

met with no other uncertainties of this nature, and the two lists contain all the 

temples of which I have obtained sufficiently complete particulars, wuth the exception 
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of three, namely, the Theseum, and the later temple of Bacchus at Athens, and the 

temple, as re-built, of Jupiter Olympius, and the last re-building at Ephesus, which 

will be mentioned in a group of temples of late foundation at the end. 

The elements of orientation of four very small temples at Athens, additional to the 

former list, are given beloAV. Two of them—both in the precincts of Dionysus ip 

Xt/xz^at?, recently explored by the German archaeologists—are so placed that they could 

have liad no connexion with the rising sun. The orientation of one of them is extra 

solstitial, and both are Interfered with by high ground towards the east. It is, 

therefore, reasonable to inquire whether they might belong to the class of temples 

in which the midnight appearance of one of the brighter stars at their rising or 

setting at a north-westerly or south-westerly door was looked for. The first on the 

list was well provided for in this respect by Arcturus. The second by Antares. 

The date of the latter seems early, but not earlier than some of the other sanctuaries 

at Athens. 

A//mils.-—Latitude 37° 58' 20". 

Name of temple. 

- - - 

Orientation 

angle. 
Elements of 

star. 
Name of 

star. 

Lower temple 317° 28' A Amplitude .... A 4U 28' N.XV. Arcturus 
Dionjsns D Corresponding alti- 8° setting 
ti' X(/(»'(/(9 tucje 

C Declination .... A 35° 43' 
D Hour angle .... 7'* 35“ 
E R. A. ]^Oli 

F Approximate date 850 B.C., July 19 

Upper temple 250° .30' A Amplitude .... - 16° 3o' S.XV. Antares, 
Dionysus R Corresponding alii- oo 

o settin" 
tJ' tude 

C Declination.... - 11° 2' 
1) Hour angle. 511 20“ 

]-l R. A. I3I1 Oin 

F Ajjproximnte date 1700 n.c., dune 20 

The other two Atlienian examples are ordinary solar temples. The first on the 

list is a small temple near the Olymjiieium and a little to the south of it, which 

has been very recently discovered. 
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Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

Dedication 274° 27' A Amplitude of star + 1° 14' E. - 4'’27'E. Spica, 
unknown or sun rising 

B Corresponding alti- 5° 20' 4° 42' 
tude 

C Declination . . . +4° 17' - 0° 36' 
D Hoiir angles . . . 5'' 46“ 6’'i 49™ 
E Depression of sun 10’ 

wdien star heliacal 
F R. A. 11>‘ 3“ 12'* 6™ 
G Approximate date . 780 b.c., 

1 

Sept. 23 

The ancient Asclepieium.—There are remains of two temples very near each other 

in the same precinct. The foundations only remain. Those of the later temple are 

insufficient to supply tlie angle, but it was probably parallel to the adjacent stoa— 

if so the angle was 263° 33', and the axis of the temple would have followed the 

precessional change of a Arietis at a date of about 140 years later than the other, 

wdiich would agree w^lth the architecture of the stoa. 

Name of temple. 
Orientation 

angle. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Ancient temple 264° 27' A Amplitude of star + 9° 24' E. + .5° 33 E. a Arietis, 
of Esculapius. or sun rising 

B Corresponding alti- 4° 3° 25' 
tude 

C Declination . + 9° 52' + 6° 28' 
D Hour angles . 6" 10™ 71. Igm 

E Depression of sun 11 
when star heliacal 

P R. A. 23'* 52™ O’* 59™ 
G Approximate date . 560 B.C., Apr. 5 

If the sun’s depression had been 12°, the derived date would be 720 r.c. 

On revisiting the Heraeum of Argos, I was enabled to measure the orientation of 

the older temple from the foundations of the actual cella wmll, and found that the 

angle differed only slightly from what I had deduced for it in 1893 (see p. 833 of the 

former paper). 

VOL. cxc,—A. H 
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Near Argos.—Latitude 37° 41' 10". 

Name of temple. 
Orientation 

angle. 

Stellar 
elements. 

Solar 

elements. 

Name of 

star. 

1 

The ancient 
Herceum 

287° .50' A 

B 

C 
I) 

E 

F 

G 

Amplitude of star 

or sun 
Corresponding alti¬ 

tude 
Declination 

Hour angles . 
Depression of sun 

when star heliacal 

R. A. 

Ap23roximate date . 

- 15° 33'E. 

3- 

- 10° 22' 
5h 12“ 

1211 50.11 

1830 r.c., 

- 17° 50’ E. 

2° 49' 

- 12° 14' 
0li 13m 

10° 

13'“ 57“ 
Oct. 24 

Antares, 
rising 

r Star’s altitude 3°, sun’s depression 11°, date 1900 

Variation s< 4° 10°, „ 1900 i 

4° ?» J ? ^ ’ >1 11°, ,, 1980 

The foundations of the Temple of Apollo at Delphi have now been fully explored 

by the French archaeologists, and there is evidence, both historical and structural, of 

the temple having been rebuilt—and, as it appears, rebuilt nearly, but not exactly, 

on the same site as before. Many fragments of an older structure have been used in 

the existing basement, but they are built on a line diftering by about 3° from what 

seems to have been the original orientation, which was presumabl}^ parallel to the 

terrace wall—namely, the well-known wall of polygonal masonry covered with 

inscriptions. The orientation angle of this wall is 231° 17', and that of the present 

temple 227° 53'. 

The peculiar situation, a narrow ledge of moderately sloping ground on a mountain 

side, in a nook formed by two spurs of Parnassus, evidently determined the orientation 

of the temple; but this is so completely extra-solstitial, that at no period of the year 

could the rising sun shine along the axis. Moreover, one of the two poetic summits 

of the mountain, together with an eminence on the left bank of the Pleistus, preclude 

any sunrise illumination upon the temple for considerably more than half the year, 

and a favourable ffap does not occur till about 12° of south amplitude, where the 

rislno’ sun can surmount the hills at an altitude of 3°. The western view is less 
O 

impeded : a sloping line of ground opposes itself to the axis of the present temple, at 

an altitude of about 3°, or, if looking parallel to the inscribed wall, about 3° 30'. It 

is evident, therefore, that for any solar or stellar theoiy on the orientation of this 

temple the conditions are unusually complicated. At Bassoe (vide p. 815 of the 

former paper on this subject) the temple lies very nearly north and south, but there 

was an eastern door to the sanctuai’y to admit the sunrise at right angles to the axis. 

In a few instances in Greece (more frequently in Egypt), when the orientation is 
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extra-solstitial, it can be traced to the rising or setting of a first magnitude star. 

None of these, however, are available in this case. Sirius would, indeed, have 

transited the western axis, but at too great an altitude to lend any probability 

to the hypothesis; and it seems almost self-evident that no satisfactory explanation 

could be made for Apollo’s temple without the sun, even tliough the rule may have 

to be somewhat exceptionally treated. 

At Bassae, as we have seen, the eastern door admitted the sunrise at right angles 

to the axis of the temple : at Delphi, assuming the case of an earlier temple parallel 

to the inscribed wall, the sunrise would strike the flank at an angle of 51° instead of 

90°. At that angle seven-ninths of any opening prepared to receive it would still be 

available, and the oblique light so thrown would be quite as effective as, or more so 

than, the direct. Assuming, then, from the abundance of evidence drawn from ordi¬ 

nary cases, that this exceptional temple would have followed In the main the general 

rule, we may proceed to examine whether any suitable star can be found which, at 

its setting in the south-west in the direction of the axis of the temple, would have 

given the proper warning of the sun’s approach. /S Lupi, of the third magnitude, is 

such a star, conspicuous enough by itself as a setting star, but the more so on account 

of its neighbour, k Centauri, less than a degree apart, and of not much inferior bright¬ 

ness. The elements would be as follows ;— 

Delplii.—Latitude 38° 27' 33". 

Name of temple 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 
Name of 

star. 

Aucient temple 

o CO 
03 A Amplitude of star - 40° 29' S.W. - 12° E. ft Lupi, 

of Apollo or sun setting ' 

D Corresponding alti- 3° 30' 
.->0 
O 

tude 

C Declination . - 28° 1 0 
CO

 

D Hour angles . 3’' 57“ 6h 43m 

E Depression of sun , , 13° 4' 

when star heliacal 
F R. A. 12’’ 9'" 22'' 49“ 

G Approximate date . 970 B.C., March 1. 

Later temple 227° 5:T A Amplitude of star - 42° 55' S.W. - 12° S.W. ft Lupi, 
of Apollo or sun setting 

B Corresponding alti- 3° 3° 

tude 

0 Declination . - 30° - 7° 39' 
D Hour angles . 3’^ 50“ 6'' Sd"’ 

E Depression of sun 11° 23' 
when star heliacal 

F R. A. 12'> 24“ 30^ 2211 49“ 

G Approximate date . 630 B.G, March 1 

It will be seen that the star’s amplitude agrees very closely with the orientation 

H 2 
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angle of the existing foundations, and the divergence of line in the two temples is 

accounted for, as in so many instances, by the movement of the star. 

Calabrian Greek Temples. 

At Taranto there is a fragment of a Doric temple of which two columns only are 

known to exist with their foundations, but they are in sufficient preservation to give 

measurements for orientation, and from these I deduce the following elements. The 

remains themseh es have an archaic appearance suitable to the date arrived at below. 

Taranto.—Latitude 40° 28'. 

-v-r p , 1 Orientation 
JName or temple. i 

^ angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

Dedication 294° 25' A Araplitude of star -25° 9' E. -24° 25' E. 1 Ant ares, 

unknown i or sun rising 

B Corresponding alti- OO o 1° 

tude 

C Declination . -16° 46' -17° 39' 

D Hour angles . 4'' 13“ 

E Depression of sun • . 10° 

when star heliacal 

F R. A. 131' 55“ 15'' 4“ 

G Approximate date . 640 B.C., Nov. 10 

If the sun’s depression had been 11° the derived date would be 730 b.c. 

Metapontwn.—Latitude 40° 23'. 

Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

Foundations 306° 39' A Amplitude of star + 36° 18' W. -35° 27' E. ft Genii- 

near or sun norum, 

San-Sansoni. B Corresponding alti- •± 
.->0 
O scttinsr 

Dedication tu de 

unknown C Declination . + 29° 38' -23° 46' 

D Hour angles . 7'' 29"’ 5'’ 31“ 

E Depression of sun 10° 

when star heliacal 

F R. A. gu 1 gli O'" 

G Appro.ximate date . 610 B.C., Doc. 21 

If tlie sun’s depression had been 11° the derived date would be 760 B.c. 
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Metapontum.—Latitude 40'” 27t 

Name of temple. 
Orientation 

angl e. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

The temple with 276° 57' A Amplitude of star -1° 17' E. -6° 57' E. 7 Pegasi, ; 

’ 15 columns • or sun rising 

B Corresponding alti- 4° 0 

tude 

C Declination . + 1° 37' -5° 17' 

D Hour angles . 5h 4..l,ni 6'^ SO'" 

E Depression of sun 13° 1 
■when star heliacal 

F R. A. 0-7li 7m 
W W f 23h 12'" 

G Approximate date . 580 B.C., March 6-7 

With solar depression 14” the derived date would be 680 B.c. 

Of the celebrated temple of Juno Laciuia, on Cape Coloiina, near Croton, some 

foundations of the cella wall remain, and one Doric column of fine proportion is stdl 

standing, but very precariously, on the very edge of the sea cliff, which is continually 

falling away. 

Near Croton.—Latitude 39° 1' 48". 

, Orientation 
Name of temple. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

Juno Lacinia 267° 26' A Amplitude of star + 6° 45' E. + 4° 34' E. a. Arietis, 

I or sun rising 

B Corresponding alti- 3° 30' 0 
tude 

C Declination -f 7° 27' + 3° .32' 

D Hour angles . 6'’ 6"' 7’’ 9'" 
1 E Depression of sun . • 11° 

when star heliacal 
1 

F R. A. 23’’ 29“’ O’’ 32'“ 

G Appi’oximate date . 1000 B.C., March 28 

In tbe above elements the sun’s amplitude is that of the ^aorthern edge of the eastern opening, 

as appears to have been used in some other cases. With the same amplitude, and depression 

11° 44', the date would be 1120 B.c. _ . . 
If the sun had the amplitude of +2° 34', viz., that of the temple s axis, the depression being 11 , 

the derived date would be 1280 B.C. 
i 

Near Gei’ace, amongst the remains of the ancient city of the Locri, there are two 

temple sites. Of these I visited one only, which is remarkable for having two temples 

(both Ionic) built obliquely one over the other (fig. 1), the divergence being too 
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great to be accounted for by the movement of the same star, the orientation 

angle shown by the foundations of the older structure being 309° 37' and of the later 

temple 296° 56'. The former is turned so much to the south of east that the sun, at 

its absolute rising from the sea-level towards which the front is turned, could not 

have shone centrally into the sanctuary, but the axis lies so near to the limiting 

aiigle of sunrise at the winter solstice that it could hardly have had any other 

intention than the admission of an early sunbeam. All that is necessary to assume 

is that in this case, as in some others, it was the northern jamb of the eastern 

doorway instead of the axis that was offered to the sunrise, and that also a small 

amount of provision was made for the very probable case of the sea horizon at the 

winter solstice being partially blocked by clouds, and that the effect of sunrise was 

looked for when it had attained a moderate altitude, which I have assumed to have 

been 4°. (I had supposed an analogous amount of solar altitude in the very similar 

case of extreme southern orientation at the temple near San Sansoni, at Meta- 

pontum.) In this case the wider intercolumniations of an Ionic temple permit a 

greater extension of the amplitude than would have been allowable in a Doric 

temple. 

Locri—Latitude 38° 12' 21". 

Name of temple. 
Orientation 

angle. 

Stellar 

elements. 
Solar 

elements. 

Name of 

star. 

The ancient 309" 36' A Amplitude of star + 35° 12' W. -34° 44' E. /i Gemino- 
temple or sun rum, set- 

B Corresponding alti- 4° 4° ting 
tude 

C Declination + 29° 40' -23° 47' 
D Hour angles . 7’’ 21'" 51' 36'" 
E Depression of sun 10° 

when star heliacal 
F R. A. 5'' 3'" 1S>' 

Apjn’oximate date . 610 B.C., Dec. 21 

If the sun’s depression had been 11° 9', the date would he 770 b.c. 

Locri—The later 296° 56' A Amplitude of star + 26° 57' W. 

0
 1 ft Tauri, set- 

temple or sun tino- 
B Corresponding alti- 3° 0° 

tude 
C Declination + 22° 50' -20° 51' 
1) Hour angles . 711 o«i 5>' 57'" 
E Depression of sun 12° 11' 

when star heliacal 
F R. A. 311 2>ii 15’' 59"' 
G Approximate date . 430 B.C., Nov. 23 

It is possible that, considering the lateness of the year, the sunrise might here 
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'^<SCC//y£, 

In the older temple there doe.s not seem to have been a large western doorway, but the evidence 

does not exclude a smaller one. 

also have been looked for a little above the sea level, and, assnining an altitude of 1° 

on this accotmt, the date would have been about 500 b.c, ; but in ordinary fine 

weather the sun would cast a strong shadow the moment any noticeable part of the 

orb had appeared above the sea. 

Sicilian Temples. 

Girgenti,—Latitude 37° 18' 3G''. 

Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 
Name of 

star. 

Temple 264° 0' A Amplitude of star + 7° 52' E. + 6° E. a Arietis, 

attributed to or sun ri.sing 

.luno Lacinia B Corresponding alti- 3° 30' 0° 30' 

tude 

C Declination . + 9° 13' + .5° 4' 

1) Hour angles . 6'‘ 11"' 711 p2"‘ 

E Depression of sun , , ir 

when star heliacal 
F R. A. 23*' 4.5"' O’' 46'" 

G Approximate date . 690 E.C., April 1 

The archseological evidence for the dedication of the above tem])le is not very strong, but its 

connection with a Arietis gives it very considerable support. 

The two following examples at Girgenti, namely the temple of Hercules and the 

temple of Concord, have very nearly the same orientation angle. 
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Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

Temple of 269° 56' A Amplitude of star + 0° 89' TT. + 0° 4'E. Spica, 

Hercules or sun setting 

B Corresponding alti- 3° 0° 30' 

tude 

C Declination . + 2° .30' + 0° 22' 
D Hour angles . 5'^ 53“ 6ii 52“ 

E Depression of sun * • 10° 

when star heliacal 

F R. A. nil lOm Oh 3m 

Ct Approximate date . 470 B.C., Alarch 20 

The temple of Concord, of which the orientation angle is 270° 4', would have the same star 

and the date about 18 years later. 

Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar Name of 

elements. star. 

The 257° 35' A Amplitude of star + 10° 44' E. + 12° 25' E. a Arietis, 

Olympieium, or sun rising^ 

sometimes called B Corresponding alti- 3° 30' + 0° 30' 

Temple of tude 

Giants C Declination + 10° 39' +10° 9' 

D Hour angles . 0h 15m 71, 51m 

E Depression of sun • » 15° 

when star heliacal 

F R. A. 23'' 59“ 111 gqm 

G Approximate date . 430 B.C., April 14 

See a subsequent remark on the deep solar depi’essions of temples of late date. 

Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 

star. 

Temple of Castor 266° 0' A Amplitude of star + 0° 14' W. + 4° E. Spica, 

or sun setting 

Corresponding alti- 3° + 0° 30' 1 
i 

tude 
0 Declination . + 2° 0' + 3“ 29’ I 

D Hour angles . 5I1 5Jm 7I' IS'" i 

E Depression of sun 13° 9' 

when star heliacal 1 
F R. A. 11'' 23“ 01' 32"' i 
G Approximate date . 400 B.C., Sept. 13 

In this case, with a solar depression of 10°, the coi’respondence with the heliacal star would not j 

take place till about 400 years later. 



GREEK TEMPLES AND THE DATES OP THEIR FOUNDATION. 57 

Latitude 37° 56' J 8". 

! 

Name of temple. 
Orientation 

angle. 
Stellar 

elements. 
Solar 

elements. 

Name of 
star. 

Dedication not 264° 36' A Amplitude of star + 9° 21' E. + 5" 24' E. a Arietis, 
known histoi-i- or sun rising 

callj B Corresponding alti- 4° 3° 40' 
tude 

C Declination + 10° + 6° 31' 
1) Hour angles . 61i iim 71, Igm 

E Depre.ssion of sun 11° 
when star heliacal 

P R. A. 23'‘ 53'" 1>‘ 
G Approximate date . 550 U.C., April 5 

With solai’ depression 13° tlie date would have worked out 830 b.c. 

Sell —Latitude 37° 35'. 

Name of temple. 
Orientation 

angle. 
Stellar 

elements. 
Solar 

elements. 
Name of 

star. 

Temple C 274° 52' A Amplitude of star + 8° 38' W. - 4° 52' E. a Arietis, 
or sun setting 

B Corresponding alti- 00 0° 35' 1 

Inde 

c Declination -h8° 40' -.3° 30' 
1) Hour angles . 6>‘ 12'" 6'' 40'" 
E Depression of sun 10° 

when stai’heliacal 
P R. A. 23'' 40'" 12'* 32'" 
G Approximate date . 795 B.C., Sept. 30 

With solar depression 11° P'S' the date would be 870 li.c. 

* See the diagram of temples at Selinius on p. 62. 
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Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

1 
Name of j 

star. I 

Temple D 

1 
1 

276’ 18' A 

B 

C 
1) 

E 

F 

G 

Amplitude of star 

or sun 
Corresponding alti- 

titude 

Declination . 

Hour angles . 
Depi’ession of sun 

when star heliacal 

R. A. 

Approximate date . 

+ 9’ 56' W. 

3° 

+ 9° 42' 
6h 10™ 

. . 

23** 50*** 
610 P..C., 

- 6° 18' E. 

0° 35' 

- 4° 38' 

6>* 36*** 

11° 

loii 4.2m 

Oct. 4 

i 

cc Arietis, 

setting 

Temple A 277’ 21' A Amplitude of star - 0° 32' E. 

; 

j - 7° 21' E. 7 Pegasi, 1 

or sun 1 rising j 

B Corresponding alti- 3’ 30 ! 0° 35' ! 
, 

tude 1 ! 
C Declination . + I" 38' 1 - 5° 28' 1 

D Hour angles . 5’* 47'** 6'* 50"’ i 

E Depression of sau • . 13° 13' I 

■when star heliacal i 

F R. A. oo° ,5m 23*' S"' 

i 
G Approximate date 550 B.C.. iSiarch 5 

Temple B, a verj small baildiiig, appeals to be exactly parallel to Temple C 

Latitude 37° 3' 30'". 

Name of temple. 
Oi’ientation 

angle. 

Stellar 

elements. 
i 

Solar 

elements. 

Name of 

star. 

1 
Temple (forming 269° 18' A Amplitude of star -p 3° 14' E. -P 0° 42' E. Spica, 

part of tbe or sun rising 

Cathedral! at- B Corresponding alti- 3° 0° 

tributed to tude ' 

Minerva C Declination . . . , + 4° 30' -P 0" 34' 

D Hour angles . 5*' 59"* 6*' 52"’ 

E Depression of sun ' • • 10 
when star heliacal 

F R. A. 111. im 11*' 55"’ 

G Approximate date . 
! 

815 li.c., ^ Sept. 20 

1 
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Name of temple. 
Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

The Ol^'mpieium 277° 26' A Amplitude of star + 9° 51' W. - 5° 30' E. a Arietis, 

01’ sun setting 

B Corresponding alti- :j° 0° 

tude 

C Declination . + 9° 40' 

o 1 
D Hour angles . 6“" 14“ (3h 37m 

E Depression of sun . . 10° 

when star heliacal 

F R. A. 2311 49“ 12'! 40“ 

G Approximate dade . 610 B.C., Oct. 3 

With solar depression 11° 7’, the date works out 695 b.c. 

Name of temple. 
Oiientatiou 

angle. 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

The so-called 271° 45' A Amplitude of star + 1° 30' E. - 1° 45' E. Spica, 

Temple of Diana or sun rising 

B Corresponding alti- 3° 0° 

tude 

C Declination . 

0 +
 - 1° 24' 

D Hour angles . 5’“ 22“ Qh 47m 

E Depression of sun • • 0
 0 

when star heliacal 

F R. A. 111, 19m 12'i 13“ 

G Approximate date . 450 B.C., Sept. 26 

South Italian Temples. 

At PaBstiim there are two temples—the great temple, presumably of Neptune, and 

a smaller temple, attributed to Ceres. There is also a large columnar structure, named 

the Basilica, of which the purpose has not been established. These three buildings 

are practically parallel with each other. The elements of orientation of one only are 

given. 

I 
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PcesfAim.—Latitude 40° 25' 0". 

Name of temple. 
Orientation Stellar Solar Name of 

angle. elements. elements. star. 

Temple of Nep- 273° 9' A Amplitude of star + 1° 30' W. - 3^ 9' E. Spica, 

tnue or sun settinsT 
B Corresponding alti- 3^ 5° 20' 

tude 

C Declination . + 3° o' + 1° 4' 
1) Hour angles . 5'“ 55"' yli Ora 

E Depression of sun , • ir 

when star heliacal 

F R. A. IF' 13“ oil 10“ 

G Approximate date . 535 B.C., ]\larch 22-23 

The star could have been well seen setting with less solar depression : had this been 

calculated at 10°, the date would be 400 n.c,, which is archaeologically impossible. 

The only effect of the deeper depression would be to add about live minutes to the 

time given for preparation, 

Pompeii.—Latitude 40° 45'. 

Here there are two temples which can be referred to the Greek period. Of one, 

namely, that occupying part of the Triangular Forum, little remains but the 

foundation, but it was evidently a Greek Doric temple. 

i 

Name of temple, i Oi'i^ntation • 

i 
i 

Stellar 

elements. 

Solar 

elements. 

Name of 
star. 

1 
Temple in -301° 1' A Amplitude of star -20° 51'E. — 2.S° .32' E. Antarcs, 

the Triangular or sun 1 rising' 1 

Forum ! B Corresponding alti- 4° 40' 4° 12' 

i tnde 

1 C Declination . -16° 44' -18° 15' ' 
t 

D Hour angles . 4'‘ OS'" 5'' 50'" 

1 E Dep’.’ession of sun 10° 

when star heliacal 

F R.A. 13'* 56'" 15'' 14'" 

G Ai)proximate date . 640 B.c.. Nov. 12 1 

The other is the 'I'emple of Isis, which seems to have been repaired, and probably 

considerably altered in external appearance during the interval which occurred 

between the earthquake, in a.d. 63, and the eruption of Vesuvius, in a.d. 70. 

A very noticeable point is that originally a large window-opening had been formed 

in the north-eastern inclosing wall of the Temenos, opposite the axis of the temple ; 

which could have had no other purpose than that of permitting the rising sun 

to shine into the sanctuary. This opening, however, had been filled up with brick- 
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work at some subsequent period. The orientation of this temple belongs to the 

summer solstice. 

1 Name of temple. 
1 

Orientation 

angle. 

Stellar 

elements. 

Solar 

elements. 
Name of 

star. 

Temple of Isis 238° 39' A Amplitude of star + 37° 18'N.E. + 31° 2I'N.E. /i Genii no- 
or sun vnnij rising 

1 B CoiTespouding alti- 3° 

0 0
 

tude i 
C Declination + 29° 33' + 23° 48' 

1 
j 

D Hour angles . 7h 37m 8'* SG"' 
E Depression of sun 10° 

when star heliacal 
F R,A. 4I1 56m 5'' 56™ 
G Approximate date . 7-5U B.C. June 19 

The examples from Greece proper, which formed the first series of these studies, 

in by far the greater number of instances, demanded the hypothesis that although 

there was nothing inconsistent with archaeological probability, yet that the date 

of foundation giv^en by the orientations was much earlier than could be assigned to 

the existing remains on the spot, and that the walls, &c., which we are enabled to see, 

are those of a restoration generally on the same parallels as the original building. 

This is very much less the case in the list now produced from the Greek colonies 

in Magna Grsecia and Sicily. In these, without the necessity of calling for a 

restoration, there are some very remarkable agreements between the deductions 

from the astronomic theory and ordinary historical data. In a few cases such as 

the Temple of Juno Lacinia, near Croton, the date, though still pre-historic, is 

nearly 900 years later than that which tlie same method of investigation assigns to 

the earliest example in Greece, and is by no means surprisingly early for a 

sanctuary of such celebrity. The most remarkable coincidences with the dates 

which might be derived from history are found in Sicily, where nearly two-thirds of 

the number of the examples which I have examined fall within periods of wliicli 

Thucydides has |)reserved the tradition. In his sixth book'^ the great historian 

gives a short summary of the Hellenic colonization of the island, from which 

historians have arrived at the following conclusions with respect to the colonizati 

of some of the principal cities, namely 

on 

Naxos . 

Syracuse 

Thapsus. 

Gela . 

Selinus . 

Agrigen turn 

735 B.G. 

734 „ 

728 „ 

690 „ 

628 „ 

582 ,, 

* Thucydides, vi., 2. 
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The tenii)les of tliree of these towns are represented in the elements of orientations 

above given, and It will be seen that much more than half of the number of examples 

fall in with the dates derived from Thucydides. As respects those which seem to 

require an earlier foundation, it must be borne in mind that Thucydides, in naming 

tliose particular cities, is not speaking of the earliest occupation of the island, but of 

its colonization by expeditions from certain particular Greek states which took 

})ossession of different parts of Sicily. In the same book Thucydides refers to a 

much more ancient colonization, in which he mentions exiles from Troy, who, after 

settling in Sicily, combined fc.rces with certain Greeks from Phocis. Segesta seems 

to date from that period and occupation, and not only at Segesta, but elsewhere the 

earliest inhabitants of the country would naturally have possessed themselves of the 

sites most suitable for habitation and defence, and it would follow that when, in the 

eighth century b.c., the Greek colonists mentioned by Thucydides possessed them¬ 

selves of the country they would have found in some of the cities temples dedicated 

to the same Olympian gods that they themselves acknowledgech 

Fig. 2.—Diagram of the Temples at Selinus. 

A/OfiTH 

o 

CAD 
r 

CA-' 

C 

Group of Temp/eo ; 
on Che CiCdael. ' 

SOUTH 

Group on EasCem HiH. 

o 500 /poo feeC- 
I I I I j_I_I-1-^-1-1 

sc ALT FOR TEMPLES. 

The citadel group is about 1000 yards ’.vest and 600 yards south of the grouji 

on the Eastern Hill. 

We learn, also, from Egyptian sources that even at the etid of the fourteenth 

century b.c. there were alliances between the Greeks and the Sicilians. In the 

5th year of IIameses III., ?.c., about 1300 b.c., a combined attack was made upon 

Etruscans, Sardinians, Sicilians, Lycians, and Achteans. This account 

makes it e.xtremely probable that these allies had a certain athnitv with each other, 

and that, therefore, these Sicilians worshipped the same gods as the Achmans and 
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Lycians. Consequently, there is nothing archseologically inconsistent when we find a 

temple on a commanding’ site at Agrigentum, with a date as early as about 700 B.C., 

although the Hellenic colony, mentioned by Thucydides, may not have gone there 

until 582. At Selinus the earliest astronomic date is about 800 b,c. This temple is 

that called for convenience temple C in fig. 2. It was here that the extremely archaic 

sculptures, now in the museum at Palermo, were found, representing Hercules carrying 

off the Cercopian giants, to wdrich the date 795 seems as consistent as anything 

subsequent to 628 would be. 

The orientation of this temple C shows that about an hour before the sun rose 

upon the axis, a Arietis was setting heliacally towards the West, nearly two cen¬ 

turies before the date of the Hellenic colonization of the city. When, however, the 

newcomers took possession, they would have found that the star had ceased to serve the 

purpose it was intended to fulfil, and accordingly it would appear that a new temple, D, 

was built closely adjoining it to the North at an angle sufficiently inclined to follow 

the star. The calculated date of this new work is eighteen years after the coming of 

the Hellenes. From the star a Arietis beino- thus connected with the orientation, 

it may be inferred that these two temples were dedicated to Jupiter. The fact that 

the achievements of Hercules had formed the subject of the metopes of the earlier 

temple by no means invalidates the supposition that the temple itself may have been 

so dedicated. The temple A falls w^ell in the Hellenic period, and the architectural 

character, both of this and of temple D, appears to be in keeping with the astronomic 

dates. Temple B is extremely small, and is apparently parallel to the neighbouring 

temple C, but I did not examine it particular!}". Of the group of temples on the 

Eastern hill I was unable from want of time to secure the orientations with sufficient 

exactness to justify my giving final elements. The angles, however, are approxi¬ 

mately as below :— 

O / 

T, the great temple. 276 40. 

S. 275 35. 

R. 275 40. 

From these it may be inferred that tlie dates accord with the time of the Hellenic 

colonization. 

At Segesta the star, a, Arietis, seems to favour the supposition that the original 

temple wa.s dedicated to Jupiter. The existing structure, which from the refined 

character of its architecture seems to require a date of about the middle of the fifth 

century b.c. (which was also the epoch of a flourishing period among the Greek cities 

of Sicily), appears never to have been completely finished. As for the original founda¬ 

tion, if we accept the tradition countenanced by Thucydides that the city was 

founded by refugees from Ti’oy, the probability of tlie foundation of a temple in 

honour of Juptiter a century or more earlier does not require much argument. 

At Agrigentum, with the exception of the temple attributed to Juno Lacinia, 
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Avliich has been already referred to, the astronomic and historical dates of the temples 

are m very close correspondence. Diodorus informs us that the spoils obtained by the 

Agiigentines in their victory over the Carthaginians at Himera, b.c. 480,'“ enabled 

the inhabitants to embellish their city, but that afterwards they were in turn defeated, 

tlieir city taken, and their power destroyed in 406, and that the great Temple of 

Jupiter, which had been completed with the exception of its roof, remained hence¬ 

forth unfinished.t From these facts, in his contribution to the ‘Supplementary 

\olume’ of Stuart and Eevett, Professor Cockerell argues that that temple 

would probably have been commenced twenty years earlier. The orientation dates 

found foi the Temples of Hercules, Concord, and Jupiter are respectively 470, 452, 

and 430 B.c. These dates, therefore, accord as strictly with the dates derived from 

historical probability as they do wdth the architectural character of the remains. (Of 

three temples at Syracuse two fall within the historic period, and the other might be 

brought witliin it by a slight adjustment of the elements. 

ihe Qiientation date derived for the great temple at Piestum is 535 b.c. This is 

not only extremely accordant with the architectural character of the temple, but also 

with the mention by Herodotus of a Posidonian architect who was in repute about 
that time.I 

On page 825 of the former paper on this subject, 1 said that there were five temples 

of late foundation, of which I had measured the orientation, wdiich lay within the 

solstitial limits, but for which I had been unable to find heliacal stars, but that 

the elements of two others, also of late foundation, had been included in the list. 

The occurrence of three temples of late foundation in ihe present list, which have 

been associated with stars, but invariably combined wnth a deeper depression ot 

the sun than is found applicable to the older temples, and in this particular 

agreeing with the two temples of the former list just referred to, has led to a 

further examination of tlie five alluded to above, and in every case with an analogous 

result, namely, association wdth stars at a deeper depression of the sun. Tlie following 

list includes all the temples of which I have the requisite data, and of which the 

foundation evidently falls later than the beginning’ of the fifth centiirv b.c. Of fullv 

half the number the date is accurately known. 

In the case ot those wdiich are marked wdth an asterisk, the sun rises along the 

axis ; of the others, in the direction of the north side of the opening. 

* Diodorus, xi., 2.5. 

t Ihiih, xiii., 82. 

X Herodotu.s, i., UU. 
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Date 
B.C. 

Name of temple. 
Orientation 

angle. 
Sun’s 

depression. 
Name of star. 

Day of 
month. 

It 470 Theseum, Athens. 283 6 
O 

17 lb Spica, rising . Oct. 5 
44.5 

About 
Later Erechtheum, Athens 265 9 12 0 a Arietis, I’ising . April 9 

3 430 
About 

*Later Temple, Locri .... 296 56 12 11 /3 Tauri, setting. Nov. 23 

4 430 *Girgenti, Temple of .Inpiter . 257 35 15 0 5c Arietis, rising April 14 
5 425 

About 
*iNew Hei’teum, Ai‘gos 285 59 19 34 Aquarius, rising Feb. 21 

6 400 
About 

*Girgenti, Temple of Castor 266 0 13 9 Spica, setting Sept. 13 

i 360 *01ympia, the Metroum . . . 281 47 14 6 a. Arietis, setting Oct. 9 
8§ 355 Ephesus, the last rebuilding . 284 35 15 30 Spica, rising . Oct. 6 
9|| 340 ^Athens, new Teinpleof Bacchus 255 49 17 46 a. Arietis, rising April 23 

10 174 ^Athens, new Jupiter Olympius 270 0 12 0 Spica, setting March 27 

In all the above cases, excepting’ No. 2, the depressions are quite unnecessarily 

deep for the purpose merely of .seeing the stars distinctly. Spica or /3 Tauri could 

have been seen setting in the morning twilight with a solar depression of 8°. 

Two explanations may be offered with respect to this alteration of the element of 

the sun’s depression. One is, that attention had been called, as it hardly could help 

being called, to the fact that the heliacal star failed to keep its original connexion 

with sunrise, and that there would be a better chance of permanence if the interval 

between the two bodies were increased ; the other is, that the temple service had 

become more complicated, and that more time was required by the priests for 

preparation. Every additional degree of sun’s depression would add about five 

minutes for this purpose. 

t The fe.stival of the Thesea is supposed to have been held on October 8 and 9. 

t The autumnal return of the sun to the same point of the Erechtheum would take place on 

September 2. There does not appear to be an heliacal star available for that occasion, but the great 

festival of the Niceteria in honour of the victory at Marathon is considered to have been held on the 

3rd of that month, when the sun would shine fully along the axis of the temple. 

§ The foundations of this great temple of Ephesus show that at the last rebuilding the orientation had 

been changed about 9° from the original line, for the purpose of following the movement of the star. 

J| The date of this temple is considered to be that of the alterations made in the adjoining Dionysiac 

theatre, under the direction of Lycuegus. 
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Staxtox, T. E.—On the Passag'e ot Heat between Metal Surfaces and 
Liquids in contact witli tliein. 

Phil. Trans.. .4. 1897. vol. 190, pp. 67-S8. 

Heat, transmission of, to water flowing: in pipes; effect of velocity of flow. 
Stanton. T. E. Phil. Trans.. A, 1897. vol. 190, pp. 67-88. 
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IV. Oil the Passage of Heat between Metal Surfaces and Liquids in contact ivith them. 

By T. E. Stanton, M.Sc., Assistant Lecturer in Engineering at 

University College^ Liverqwol. 

Communicated by Professor Osborne Reynolds, F.R.S. 

Received April 7,—Read May 13, 1897. 

Lnt7'oduction. 

The determination of tlie rate of transmission of heat from the surface of a heated 
metal to water in contact with it, or from hot water to a colder surface, is a problem 
of some difficulty, but is of such great importance in the theory of boilers and surface 
condensers, that further investigation would seem to be justified, especially as, 
although the theory of the subject has been much studied, yet owing to practical 

difficulties, the constants involved, so far as the author is aware, have not been 
definitely determined for cases which occur in practice.* 

Peclet’s experiments on the rate of transmission of heat from ivater to watei' across 
a metal plate,t throw much light on the question. His experiments were made to 
determine the thermal conductivities of various metals by measuring the heat passed 
through a metal plate, one side ol which was exposed to steam and the other to 
water which was kept agitated by a stirrer. In these experiments, Peclet found 
that the heat transmitted was sensibly independent of the nature and thickness of 
the metal used, the conclusion being that on each side of the plate there was a film 
of water tlirough which the heat was transmitted by conduction, and that compared 
to these, the thermal resistance of the plate was small. 

This difficulty was overcome by an arrangement consisting of revolving brushes in 
contact with each side of the plate, so as to prevent the formation of a film on the 
su)-faces, and by keeping the water in a violent state of agitation. In this way it 
was possible to keep the surfaces of the plate at the same temperature as the water 
in contact with them, and the conductivities of metals determined by this method 
agree with carefully determined conductivities obtained by other methods. 

Peclet further pointed out, that before the brushes were used to prevent the 

* Rankine’s ‘ Steam Engine,’ p. 266. 

t ‘ Traite de la Clialenr,’ p. 388. 

K 2 16.9.97 
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formation of a film, the rapidity of the agitation of the water by the stirrer had a 

maiked effect on the amount of heat transmitted. This fact has been often observed 

in experiments on steam boilers, in which the rate of evaporation has been shown 

to depend upon the rapidity of the convection of the water in the boiler. 

Hence, in order to determine the rate of transmission for the case of the ordinary 

heating surfaces of boilers, it would be necessary to first determine the rate of convec¬ 

tion of the water to and from the surface. The difficulty of measuring the convection 

in sucli a case is very great, and seemed an effectual bar to all experiment. 

A means, however, of measuring the rate of convection appeared in the case of 

water flowing through metal pipes, at fairly high velocities, which could be 

determined, and it is to this case that the experiments described are confined. 

Ihe theory of the transfer of heat under these conditions has been stated by 

Professor Osborne Eeynolds.=^ According to this theory, the heat carried off by 

any fluid from a surface is proportional to the internal diffusion of the fluid at or 

neai the surface, that is, for a given difference of temperature between the fluid and 
the surface. 

Piofessor Ixeynolds further points out that the rate of this diffusion will depend on— 

(1.) The natural internal diffusion of the fluid when at rest. 

(-2.) The eddies caused by visible motion which mix the fluid up and continually 

biing flesh particles into contact with the surface, and that the combined effect of 

these two causes may be expressed as follows :— 

fl — A.t -p iipvt.(l)) 

where t is the difference of temperature between the surface and the fluid, p is the 

density of the fluid, v its velocity, and A and B constants depending on the nature 

of the fluid ; If being the heat transmitted per unit of surface in unit time. In the 

same paper experiments were described giving evidence in favour of the truth of the 

above theory. 

Ihe chief difficulty in any experimental determination of the rate of transmission 

in metal pipes, lies in the fact that the tenijierature of the surface of the pipe varies 

from point to point along the pipe, and again tends to adjust itself by lateral con¬ 

duction along the pipe. Hence, in order that any definite results may be obtained, it 

IS necessary that the temperature of the pipe shall be constant throughout its length. 

It occiiiied to the author that this result might be obtained in the following way :_ 

In fig. 1, AB represents a tube placed vertically, and surrounded by a second 

tube CD, the annular space between them being used as a water-jacket. Now, if hot 

water at a temperature Tj initially, flow down the water-jacket, and cold water, at 

a temperature p flow down the pipe, then heat will be transmitted through the 

* ‘ Proceedings, Manchester Lit. and Phil. Soe.,’ 1874, p. D. 
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Fig. I. 

4 11 
c 

T, ; 

AB M 

walls of the pipe to the cold water, and if tlie iiuantities of water he the same in 

each case, the fall of temperature of the jacket water will be equal to 

the rise of temperature of the water flowing through the pipe, if means 

are taken to prevent the escape of heat from the jacket water to the 

outer walls. 

In this way, although the range of temperature from water to water is 

diminishing, yet the mean value of (T + t) is the same at all cross 

sections. 

Now the temperature of the w'all of the pipe at any cross section will 

not necessarily be a mean between the values of T and t at that section, 

but if the total fall of temperature from one end of the pipe to the other 

is small, say not more than 6° C., then under certain conditions oj flow 

which vjill he stated, we may fairly assume that the ratio of the differences 

of temjjerature between (jacket water and wall) and between (wall and 

water flowing through pipe) is constant for the whole length of the 

pipe, and hence that the temperature of the pipe is constant throughout 

its length. 

As regards the conditions of flow it is necessary to point out that if 

the motion in the pipe or the jacket is “steady,” i.e., the water flows in 

stream-lines parallel to the axis of the pipe, then the temperature of the water cannot 

be considered as uniform across any section of the pipe, and might vary considerably. 

In order to avoid this condition of flow, all the experiments were made at velocities 

considerably higher than the critical velocity of water for the pipe in question ; this 

“critical” velocity, as determined by Professor Reynolds’ experiments,* being given 

by the expression 

U 

v.= 1 p 

278 D 
(2), 

where 
I) = diameter of pipe in metres, 

T = tempei'ature of the water, 

P = (I 4- -0336 T + -000221 

V;,. = critical velocity in metres per second. 

Equation (2) gives the critical velocity for the smooth lead pipes used in those 

experiments, and it may be assumed that the critical value of the velocity for smooth 

copper pipes does not vary greatly from this. 

Under these conditions, and using an apparatus as described above, it seemed 

possible to study experimentally the transmission of heat from metal to water, and 

water to metal, at varying velocities and ranges of temperature, by careful observa¬ 

tions of the initial and final temperatures of the water and the temperatures of 

the surface. 
* ‘ Phil. Trans.,’ 1883, p. 976. 
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The apparatus being made, before more complicated experiments were tried, it 

was necessary to test the truth of the above assumption that, at velocities greater 

than the critical value for the pipe, the temperature at any cross section was constant 

at all points in the section, not immediately adjacent to the surface of the hot pipe. 

To test this, the pipe and jacket were fixed vertically, with hot Avater at about 

70° C. flowing up the jacket, and water at 20° initially flowing up the j^ipe. A cap 

was fitted to the end of the pipe, having a small pipe, of half the diameter of the 

outer one, projecting about 1 centim. into it, as shown in fig. 2. 

In this way the water at the section AB was divided, the inner portion passing into 

the chamber C, and the outer portion into the chamber D, in which the tempej-atures 

were taken by thermometers. 

It Avas found impossible to detect any difference in temperature betAveen the 

Avater taken from the centre of the pipe and that from the outside, and this even in 

cases when the velocity Avas considerably beloAV the critical value, thus shoAving 

that when the temperature of Avater flowing through a pipe is continually changing 

the motion is unsteady, even although the velocity is beloio the critical value. 

Fig. 2. 

T/ier/riomeCer _ 

This may be illustrated by the folloAving exjieriment. A glass jar, filled Avith 

Avater, and having a glass pipe fixed to it, as shoAvn in fig. 3, and through Avhich 

Avater may be drained, is alloAved to stand until the eddies in the water haAm 

died out. 

A tap is then opened at the bottom, and the Avater alloAved to floAV doAvn the pipe. 

If noAv a streak of highly-coloured Avater be alloAved to pass into the pipe from the 
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tank, then, if the velocity is sufficiently low, this extends in a straight line down 

the tube. (This method of showing the stream-lines was used by Professor PlEYNOLDS 

in his experiments,* and has been fully described.) If now the flame of a Bunsen be 

applied to the outside of the glass pipe, it will be noticed that the streak of colour 

soon begins to flicker, and finally breaks up into eddies, and this for a very small 

rise of temperature of the water. 

This experiment seems to explain the equality of temperatures observed in tire 

case of the water taken from the heated copper tubes. It was found, however, that 

experiments made at velocities below the critical value were unreliable, owing to 

the rapid alternations between steady and unsteady motion which went on in 

the pipe. This was shown in the following way. When the velocity was above the 

critical value, then for the given temperature of the surface, the final • temperature 

of the water was perfectly steady. If now the velocity was reduced until near 

its critical value, it was observed that the mercury in the thermometer stem 

suddenly began to oscillate rapidly through a range of one, or so)netimes two 

deo-rees, and that the time of these oscillations was about two seconds. 

The table shows at what velocity the unsteadiness comes in. 

Diameter of 

pipe. 

Temperature 

of surface. 

Initial 
Temperature 

of water. 

Final 

Temperature 

of water. 

Velocity. 

In centiins. per 

.second. 

1-39 39-6 18-00 ‘22-6 G9-0 

1-39 39-6 18-00 2-2-75 58-1 

1-39 39-6 18-00 22-91 43-0 

1-39 .39-G 18-00 23-2—23-15 28-6 

(Unsteadine.s.s he^innino;.) 

1-.39 39-6 18-00 23-4—23-8 18-00 

(Mercury oscil lating rapidly.) 

Now assuming that the critical velocity for the pipe used is given by 

P 

278D 
Vc = metres per second. 

then for a temperature of 23^ 

V, = 0T37, 

so that the unsteadiness observed from the thermometer readings becomes marked at 

about a velocity of 

1-3 V, to 1*4 V,. 

* ‘Phil. Trans.,’ 1883, p. 94‘2. 
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Tills result agrees remarkably with the results of Professor PtEAPsroLDs’ experiments 

on the change of the law of resistance in pipes, in which he found a range of unsteadi¬ 

ness in the preamre lying between 

and 1 ‘3 V^.. 

Description of the Apparatus. 

For the purpose of the experiments, three drawn copper tubes were obtained, the 

thickness of the metal lieing '08 centini., the length 48 centims., and the internal 

diameters lining 1'39, 1-07, and '736 centims. respectively. 

As it was necessary that the velocity of the jacket water should be as high as 

possible, in order that the motion in the jacket might be “eddying” (the critical 

velocity for such a case not having been yet determined), the distances between the 

outer surfaces of the pipe and the inner surface of the jacket was made as small as 

possible, consistent with the possibility of getting the required amount of ivater to 

flow through under the available pressure. 

The jacket pipes were of brass, the width of the jacket space being 

‘165, ’065, '16 centini. 

for the three cases. 

'fo insine a uniform density of the water at any cross section, it was necessary to 

place the pipes in a vertical position, and, to make the motion of the water as unstable 

as possible, the water flowed downwards in each case. 

The water used was obtained from a large tank in the tower of the College 

buildings, the head available being about 100 feet, which remained practically constant 

throughout the experiments. It was found that the supply from the Town’s main 

was useless, owing to the varying pressure in the mains causing the flow to be 

unsteady. 

Measurement of the Water. 

To estimate the Cj[uantities of water passing through the pipe and jacket, two 

meters were required which would give correct values of the amount of water passing 

through them at aii}^ instant, and which should be sensitive, i.e., would indicate at once, 

the change in the flow due to an adjustment of the water valves. 

In the early experiments, the water ran into cylindrical vessels with open tops, and 

tliin lipped orifices, through which the water was discharged ; the discharge being 

estimated from the head of water in the vessel. 

The objection to this form of meter is that the change in the “ head,” due to an 

alteration of the valve, takes place slowly, in some cases nearly a minute elapsing 

before the head of water in the vessel attains its new position. Consequently the 
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adjustment of the valves to obtain exactly equal amounts of water through the pipe 

and jacket became very difficult and tedious. 

To remedy this defect, two meters were made according to suggestions made by 

Mr. Foster of Owens College, and these proved very successful. The form of the 

meter is shown in fig. 5, and consists of a cylindrical tin box, 14 centims. diameter 

by 7 centims. deep. The water enters at the centre A, and flows radially over the 

flat plate BC, then radially inwards, guided by the radial vanes to the central orifice, 

which is re-entrant. When in use the meter is always full, and the motion is very 

steady. 

The head is measured by the column of water in the small glass tube EF, and the 

flow read off on the scale GH, which is calibrated at intervals by experiment. It was 

found that on any re-adjustment of the water valves, the level of the water in EF 

almost instantly took up its proper position for the altered flow, so that it became an 

easy matter to set the two valves to give an equal flow of the desired amount. 

The circular orifices were made of the thinnest sheet Itrass procurable, soldered to 

brass plugs, which could be screwed into the bottom plate of the meter. A set of 

three pairs of orifices was made, and the scale calibrated for each by experiment. 

Method of Heating the Water. 

As it was necessary to be able to adjust the initial temperature of the jacket water 

and pipe water to any required value, two copper coils were made, out of |-" tubing, 

the length used being about 8 feet for each coil. These were contained in cast iron 

cylinders, which were connected to a steam boiler, and were provided with suitable 

cocks and drains. 

During every experiment it was found necessary to maintain the pressure in the 

boiler constant, as a variation of two pounds on the square inch in the boiler pressure 

had a considerable effect on the final temperature of the water passing through the 

coils. 

By using steam in the cylinders surrounding the coils at CO lbs. per square inch 

pressure, it was possible to raise as much as 25 lbs. of water per minute tlirough a 

range of 50° C. 

The arrangement of the heating coils is shown in fig. 4. 

Measurement of the Surface Temperature of the Pipes. 

In the preliminary experiments it was attempted to measure the temperature of 

the surface by means of a thermo-electric couple. As the wires had to be taken 

through the hot water in the jackets, considerable difficulty was experienced in 

insulating them, and although several attempts were made, consistent results could 

not be obtained, so that the method was abandoned. 

VOL. CXC.—A. L 
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A satisfactory means of measuring the surface temperature was' found in the 

following way. 

Since the thickness of the metal was only 0'08 centim., and the heat transmitted 

per square centim. per second was not in any case greater than 10 thermal units, 

and in the majority of the experiments was less than 5 thermal units, then, from the 

known conductivity of copper, the fall of temperature from one side of the wall to the 

4. 

other would in most cases be less than 0'5° and would never exceed 1°. Thus, if the 

mean temperature of the pipe be determined, then by applying a small correction to 

this, depending on the amount of heat transmitted, the surface temperature can be 

found. 

The mean temperature of the l)ipe was found by observing the actual elongation of 

the copper pipe by means of an extensometer, the arrangement being shown in fig. 5. 

A is a cast-iron standard, the upper face of which is planed, and into which the 

copper tube is screwed, the connexion being as thin as possible, in order to prevent 

loss of heat from the pipe to the metal of the standard. At a distance of 3^ inches 
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from the copper pipe a wronght-iron pipe is screwed into the casting, which is also 

surrounded by a water-jacket as shown. 

]’ig. 5. 

a 

During a set of experiments, \va,ter at a constant teinpeiuture is circulated up 

throug’h the inner pipe passing into the jacket tnrough the holes shown at the top, 

and then down the jacket. In this waj^, the length of the wrought-iron pipe remains 

L 2 
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constant. To the upper end of this pipe a steel plate is attached, on the lower side 

of whicli the knife-edo’e of the extensometer bears, and which also carries the scale. 

The extensomete]’ consists of a Jong light lever working in a small bearing, at the 

top of the copper tul^e, the short end carrying a thin steel knife-edge, and the long- 

end extending to the scale. Jay means of which the extension of the copper pijae 

coidcl Jae measured. 

TJre extension was magnified by this means, so that a movement of 1 millim. of 

tlie pointer represented a change in the temperature of the pipe of 0'5°, with the 

result that the temperature of the pipe could Jae estimated to -njth of a degree. 

Before and after any experiment, the temperature corresponding to the given scale 

reading was determined Jay actual trial. All the pipes and the exposed parts of the 

apparatus were carefully lagged with cotton wool and sheet cork to prevent loss or 

reception of heat. 

Measurement of the Temperature of the Water. 

For this purpose carefully calibrated thermometers were used, of such a scale tJiat 

readings within i^^oth of a degree could Jae estimated. These were fixed in small 

brass chamJaers through which tlie water passed on entering and leaving the pipes, 

tlie cJiamJaers Jaeing carefully lagged and placed as near the pipe as possible. The 

chamiaers were fitted with smalJ stuffing boxes and screw glands to prevent leakage, 

and are shown in section in fig. 5. 

As the difference in pressure between the water entering the pipe and leaving it 

wns small, no correction was found necessary for the observed readings. 

In the experiments, at a pressure of about two atmospheres, it was found that the 

pressure had a small eflect on the thermometer readings, due to compression of the 

J^ulJ:), but this Avas not more than 0‘15° C. 

To measure the pressure, a “ Tee ” joint was connected to the top of the copper 

jtipe, as shown in fig. 4. This “tee” carried the extensometer lever in the centre, 

one binncJi being connected to the water supply, and the other branch being con¬ 

nected to a mercury pressure gauge in the form of a U-tube. 

To regulate the pressure to any desired amount, brass cocks were attached to the 

waste pipes leading from the pipe and jacket, Avhich could be adjusted to produce the 

in'essure. 

The joint between the coijper tube and the jacket pipe at the upper end was made 

Jjy an india-rubJ^er AvasJier and screwed cap, so as to allow free expansion of the pipe. 

At the loAver ends, tvhere the pipe Avas fixed to the standard, tlie jacket pipe and 

inner pipe Avere soldered together. 

Method of Making an Experiment. 

In the first place, the inside of the pipe Avas cleaned by a small brush, tJien the 

val\ns Avere set so tliat the recpiired amount of Avater AAms passing tlirougli the pipe 
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and the jackets. The water in each cod being raised to the same temperature, 

To say, the scale reading was taken. The initial temperature of the water flowing- 

through the pipe was then set to a given value, say hs fde temperature of the jacket 

water being regulated so that the scale reading remained the same as before. When 

the final temperature of the water flowing through the pipe became steady, its 

value was taken. The temperatures of the pipe and jacket water were then again 

brought to the common value they had initially, and the scale reading again taken. 

If this agreed with the first reading, the experiment was taken as correct; if not, it 

was rejected and another made. 

The observations would be as follows :— 

Experiment 1,—'Water, 148 grins, per second. 

(a.) Measurement of Surface Temperature ;— 

Temperatui’e of iacket water = 47-8° I 
7 ocale reading, d'O/ centmis. 

nine .. = 47 8 J pipe ,, = 47'8' 

(b.) Measurement of Heat transmitted :— 

Initial temperature of water in pipe = 17-08'’. 

„ „ „ jacket = 07-60°. 

Final ., ,, pipe = 2445°. 

,, „ „ jacket = 61-10°. 

(c.) Clieching Surface Temperature : — 

Temperature of jacket water = 47-9° | 

pipe 47- 
Scale I’eacling, 6-56 centims. 

Results of the Experiments, 

Tq = temperature of the inner surface of the pipe in degrees Centigrade. 

t = mean temperature of the water in the pipe at any cross section. 

V = velocity of the water through the pipe in centims. per second. 

p = pressure of the water. 

r — radius of the pipe in centims. 

L = length of the pipe in centims. 

Then, for a small element of the internal surface of the pipe = ^irr dl, we may 

w rite, for the case of transmission of heat from metal to water, 

Heat transmitted = c/H, 

= K , ^TTvdl (f) (Tf), t, (Tq — i). p . . r), 

where K and the function (f) are to be determined by experiment. 

From the description of the apparatus given above, it will be seen that the effect 
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of each of the quantities Tq, t, (Tq — t) 'p, v and r. on the rate of transmission, can 

be studied separately. 

Thus, in determining the effect of the velocity of the water, a series of experiments 

were made at varying velocities, but in which the values of Tq, h; (-0 “ h)> 

remained constant. 

1.—Effect of the Varying Pressures of the AVater, Tq, (Tq — h); t, and r constant. 

The following table gives the results obtained : - 

Diameter of 
pipes. 

Temperature 
of surface. 

Initial 
temperature 

of water. 

Final 
temperature 

of water. 

Velocity of 
water. 

Pressure in 
centims. 

of mei’cury. 

Rise of 
temperature. 

1-07 60°4 
0 

25-6 34-6 1160 94-0 9°-0 
107 60’4 25-4 34-3 116-0 113-0 8°-9 
1-07 60-4 25-3 .34-4 116-0 152-0 9°-l 
1-07 60-4 25-3 34'5 116-0 191-0 9°-2 

These results show that for the given range of pressure, t.e., from one to two 

atmospheres, the transmission is practically independent of the pressure. 

IT.—Effect of Variation of Velocity, Tq, (Tq — ?i), and r constant. 

About 50 experiments of this kind were made. As an example of the results the 

following table may be given :— 

Diameter of 
pipes. 

T -* !)• h- h- V, 
Rise of 

temperature. 

1-39 47-55 17-98 24-45 69-0 6°-47 

1-39 47-55 17-99 24-08 98-0 6°-09 

1-39 47-55 18-00 23-92 123-2 5°-92 

These results show tliat tlie increase in temperature of the water for the given 

range of temperature, &c., is nearly independent of the velocity. Thus, for an 

increase in the velocity of 80 per cent., the rise of temperature is only 8'5 per cent, 

less, or in other words, the heat transmitted for the given range of temperature 

is nearly proportional to the velocity of the water! Those experiments were repeated, 

and then tried with a different value of the range (Tq — t^), but with the same 

results, the ramges of temperature varying from 5° to 40b 
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III.—Effect of Varying Ranges of Teuij^erature v and r remaining constant. 

As an example, the following set of results may be quoted :—- 

Diameter of 
pipes. 

T -^0 h- q. V. 
Rise of 

temperature. 

1-.S9 47-55 18-00 •23-92 186-0 5“-92 
1-39 39-35 18-01 22-22 186-0 4°-21 
T39 32-45 18-05 20-83 186-0 2^-78 

Now if the heat transmitted under these conditions varied simply in the range 

of temperature, we should have had for the whole surface of the pipe 

C (Tq — t) ds — Wdt, 

or, 

CiS = W log , 
J-O 4 

where 

S = whole surface of the pipe, 

= a constant, 

W = weight of water llowiug through the pipe jier second. 

T — ^ 
Now the values of log -for the experiments quoted are ‘222, •218, •213 

-Lq ^-2 

respectively, which show that the heat transmitted is proportional to (Tq t) 

multiplied by a function of the temperature Tq. 

IV.—Effect of Varying the Initial Temperature q, the range (Tq — q) v and r 

being constant. 

A set of experiments at G9 ’0 centims. per second gave :— 

Diameter of 
pipes. To- ty. q. V. 

Rise of tem¬ 
perature. 

1-.39 
1-39 

35-00 
53-60 

18-80 
37-40 

22-18 
41-25 

69-0 
69-0 

3°-38 
3°-85 

These results show a considerable increase in the heat transmitted for the same 

range and velocity; this increase, as will be seen by com.paring Experiments III. and 
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IV., being greater than would be accounted for by the difference in the value of 

Other experiments carefully made gave similar results. 

Thus, for a pipe of given diameter these experiments indicate that the transmission 

of heat from the surface of the pipe to water flowing through it, at velocities above 

the critical value for the pipe used, is given by an expression of the form 

fZH = Vi2wr dl (To - t)f(v) F (T„) 3- (().(1), 

It is also seen that the values of F (Tq) and <I> (^) do not vary very much from unity, 

and may probably be put in the form 

F (Tq) = 1 + aTg, 

(0 = 1 + (it, 

where a and yd are constants to be determined by experiment. 

Again, from Experiments II., it is seen that the heat transmitted is nearly 

proportional to the velocity, thus iiidicating the probable form of the velocity 

function, as 
f{v) = V^ 

where n is a number a little less than unity, and to be determined by experiments at 

varying velocity. 

It may be noticed that in equation (1) the value of K may depend on the diameter 

of the pipe and the nature of the surface. 

The experiments made on the three drawn copper pipes, of diameter 1'39, 1'07, 

and ‘736 centim., did not clearly indicate what the relation between H and r was, 

beyond showing that the effect of the variation in diameter of these pipes was not 

great, the supply of hot water from the heating coils not being sufiicient to enable 

experiments to be made on pipes of larger diameter. 

It is shown in the theory that the heat transmitted is projDortional to the value of 

where n has the value 1‘84 approximately. 

This would make the heat transmitted across unit area of the surface of the 

smallest pipe (‘736 centim. diameter) about 10 per cent, greater than that trans¬ 

mitted through unit area of the surface of the largest pipe (1*39 centim. diameter) 

under the same conditions of flow and temperature. 

General Theory. 

The experiments described in this paper were originally made in order to determine, 

if possible, an expression for the rate of transmission of heat from metal surfaces to 
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water, without reference to the theory, and which expression lias been shown to be 

of the form given in equation (1). 

The Author is indebted to Professor Osborne Eeynolds, who kindly offered to look 

through the paper before joublication, for the following theory of the subject. 

The outline of this theory, as has been previously stated, was published in 1874.* 

The discovery of the law of resistance in parallel channels, made b}^ Professor 

Eeynolds, in 1883,t enables this theory to be definitel}" stated. 

According to this theory, the motion of heat from the surface of the pipe follows 

the same laws as the motion of momentum to the surface, whether by conduction or 

convection (though not by radiation and absorption, through the material, which 

unquestionably plays an important part in the so-called conduction of water). 

Taking x as the direction of motion. 

r = radius of pipe, 

t = temperature of the water, 

Tq = temperature of surface of pipe, 

D = weight of unit volume of water, 

j) — pressure of water per unit area, 

W = weight of water discharged per second, 

?(; = velocity of the water flowing through the pipe, 

P = (1 -f -0336^ -f -000221^)-^ 

A, B, and n constants depending on the nature of the surface. 

Then, above the critical velocity, the loss of pressure is given by the equation 

Writing this in the form 

dp r,» 
dx • A ■ + 

,3 JL w’‘ ^ 
IP 

A ■ (1), 

then, in (1), Trr'^idpldx) is the loss of momentum due to diffusion and convection, so 

that, according to the above theory, substituting 

and 

for TTl 
0 dp ► iV 

dx ’ 

W (Tq — t) for — IV , 

* ‘ Proc. Mancliester Lit. aud Phil. Society,’ 1874, p. 8. 

t ‘Phil. Trans.,’ 1883, p. 976. 

: ‘ Phil. Trans.,’ 1883, p. 976. 
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tlie equation for the passage of heat will be 

or writino- o 

„ P--« B'* 

dx (2r)3-" A '' ° 

W = D»'7rr^ 

- 0 • • • (2), 

the slope of temperature along the ]3ipe is given by 

dt 

A L» 

p2-K 

(2/-) 3-n 
10 (To - 0 (3). 

This is supposing that the conductivity of the water, as compared with the viscosity, 

does not enter; but as it probably does, for ultimately it Is conductivity by which the 

heat passes from the walls of the pipe to the water, there will probably be a coefficient 

f{c/n 
the form of which can be determined by experiment. 

Application of Professor PvEynolds’ Theory to the Experiments. 

Assuming the variation In the value of t to be small, say, not greater than 6° in the 

whole length of the pipe, then, integrating equation (3), 

where 

To ~ b 

To -h 

r/_ 
1) 

p2-« 
IV" ^ 

= initial temperature of the water in the pipe, 

^2 — final ,, ., ,, ,, 

L = length of the pipe, 

p2-/i _ value of P~“", for the water In the pipe. 

(T), 

Now, from equation (4) the value of n can be determined by a set of experiments, 

in which 
p2-« 

has the same value in each. 

This was done by plotting the logarithmic homologues of 

log and 10, 

when it was found that the points plotted all lay approximately on a straight line, 

there being no systematic deviation. 
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For the three pipes used in the experiments the slopes of the logarithmic horno- 

logues were found to be :— 

For pipe No. 1, 1'39 centim. diameter; slope = — 0'14, or n = 1'86. 

No. 2, 1-07 „ „ „ = - 0-175, or = 1-825. 

„ No. 3, -736 „ „ „ =—0-170, or 71 = 1-83. 

In pipe No. 1, the velocities of the water had values between 28 7 and 123*2 

centims. per second. 

In pipe No. 3, the velocities of the water had values between 60 and 393-7 centims. 

per second. 

It will be seen that the values of n given above correspond with the values we 

should expect to find for smooth copper pipes from the law of the resistances, the 

value for glass being about 1*73, and for smooth metal rather higher, rising to a 

value of 2 for rough metal surfaces. 

Effect of Viscosity and Conductivity. 

If the conductivity of the water at the bounding surface be neglected, then for 

experiments at constant v^elocity equation (4) gives the value of 

l02 
I’ — /■ 
'■0 ‘'I 

o T — f Xa (/a 

p3-re 

constant for different values of t. 

Preferring to the results given in the tables, it is seen that the value of this 

expression rises with the value of the mean temperature (4;) of the water, which 

seems to show that the conductivity of the water at the boundary has an effect. 

It was also seen, in the experiments quoted above, p. 79, that the heat transmitted 

depended on the values of Tq and t, and that this effect would be represented by 

coefficients of the form 

(1 + aTo) and (1 + (3t). 

From experiments at constant values of n> and t„i, the value of a is found to be 

a = -004, 

and that of y8 is 
/3 -01. 

The slope of temperature of the water in the pipe is then given by 

£=rD^»"“^(T„-0(l + »T„)(l + /30 . 

M 2 

(5). 



84 MR. T. E. STANTOiSr ON THE PASSAGE OF HEAT BETWEEN 

Now for smooth metal pipes the value of B" may be assumed nearly constant, so 

for a pipe of given length and diameter in which the surface temperature is constant, 

(2?’)^”" log jh 
/.T _ _^0 — ^2 

F-(l+«To)(i+y3y.. 

where k is a constant depending on the nature of the surface of the pipe. 

For the ranges of temperature obtained in these experiments no sensible error is 

introduced by taking the mean value of 

and t 

for the experiment and substituting them in equation (6). 

When the variation in t is considerable, equation (5) must be integrated more 

exactly. 

Applying equation (6) to the results of the experiments on the three copper pipes 

used, the values of h are found to be ;— 

1 I 
1 
j Pipe. Diameter. Lengtli. 

Value of 4-. 
Number of 

Maximum. Minimum. Mean. 
experiments. 

I. 
centims. 

1-39 
centims. 

47-0 •0108 •0104 •0106 22 
II. 1-07 44-5 •0104 •0100 •0102 18 

III. •736 46-0 •0108 •0099 •0100 15 

If W = weight of water flowing through the pipe in grammes per second, 

equation (5) may be written 

W IV’‘ ^ (Tq — ^) (1 + aT,)) (1 + /3t) in 

which gives for the transmission of heat from metal to ivater per square centlin. 

of the surface of the pipe 

(2,.)!-^ (To - ') (1 + “T„) (1 + /3d) do* ' (8). 

gramme-degrees per second. 
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Case of Tixmsmission of Heat from Water to Metal. 

The theory for this case is the sarae as in the transmission of heat from the surface 

to the water, so far as the convection of the heat is concerned. It seemed jDrobable that 

the conductivity coefficients would also be the same, but on experiment this was found 

not to be so, the viscosity in this case having a much greater effect, the results of 

the experiments being that the heat transmitted was nearly inversely proportional 

to the mean viscosity of the film of liquid at the surface, so that the conductivity 

coefficient can be put in the form 

where is the mean value of P for the experiment, and 

P = 1 + -0336 + -000221 

For this case equation (5) now takes the form 

^ _ U' ^ P2-« — To) 

dx A ’ D ' (2r)^~“ ' 
(9). 

The results of experiments made under these conditions are given in Table V., and 

the values of Jc calculated. These values do not show quite such a high degree of 

consistency as the values of Ic deduced from the other experiments, but this is 

probably due to the difficulty of working under the given conditions. Other experi¬ 

ments in which the heat flowed from water to metal were made, but always with the 

result that the heat transmitted was sensibly inversely proportional to the mean 

viscosity of the film at the surface, the deviation being never greater than 7 percent. 

The Transmission of Heat from the Jacket Water to the External Surface of the Pipe. 

During all the experiments the temperatures of the jacket water were taken, so 

that the rate of heat transmission from the jacket water to the surface of the pij^e 

could be calculated. 

It was found in this case also that the transmission of heat was sensibly inversely 

proportional to the mean viscosity of the film of w'ater at the surface of the pipe, the 

value of the conductivity coefficient being always slightly less than the mean value 

of P“^ for the film of water. 

This is shown in Table VL, in which the product in the last term is calculated on 

the assumption that the effect of velocity and range of temperature is the same as in 

the previous cases. 

It was found from these experiments on the jacket water that the value of n is 

practically the same as in the case of the pipe, the value for the jacket of No. 1 pipe 

being 1-855. 
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The results stated in Tables V. and VI. would, therefore, seem to show that the 

conductivity coefficients in the passage of heat between a metal surface and water in 

contact with it, will depend, in their value, on the direction of the flow of heat, the 

viscosity of the film of water at the surface having much less effect when the heat 

flows from metal to water than when the flow is in the opposite direction. 

The experiments were made in the Whitworth Engineering Laboratory, Owens 

College, in 1895 and 1896, the author being at that time Demonstrator in Engineering 

in Owens College, 

Table I.—Copper Pipe, No. I. 47‘0 centims. long, 1*39 centim. diameter. 

Value of n = 1*86. 

To- h- h- w. log^o-h, 
Tq—G 

p;i-2 1 + aTf,. 1 + fitm- h. 

47-20 18-00 23-92 123-2 1-96 •2263 1-086 1-1S9 1-209 •0105 
39-10 18 01 22-22 123-2 1-96 -2224 1-082 1-156 1-201 •0106 
32-28 18-05 20-83 123-2 1-96 -2171 1-079 1-129 1-194 •0105 
50-55 33-25 37-00 123-2 1-96 -2440 1-134 1-202 1-351 •0104 
40-25 25-10 28-20 123-2 1-96 •2286 1-106 1-161 1-266 •0105 
34-50 18-15 21-39 123-2 1-96 •2206 1-080 1-137 1.198 •0107 
41-55 18-18 22-85 123-2 1-96 •2227 1-083 1-166 1-205 •0105 

47-26 17-99 24-14 98-0 1-90 •2356 1-086 1-189 1-211 •0105 
.39-15 18-00 22-38 98-0 1-90 •2318 1-082 1-157 1-202 •0107 
32-31 18-03 20-90 98-0 1-90 •2241 1-079 1-129 1-195 •0106 
45-00 18-79 24-18 98-0 1-90 •2300 1-088 1-180 1-215 •0103 
50-25 33-25 37-03 98-0 1-90 •2512 1-134 1-201 1-351 •0104 
40-25 25-20 28-40 98‘0 1-90 •2387 1-107 1-161 1-268 •0106 

Table II.—Copper Pipe, No. I. 47*0 centims. long, 1*39 centim. diameter. 

Value of n = 1*86 

To- h- h- IV. 

°To-^. 
pn-i 

■ 
1 +!ZTq. h. 

47-33 17-98 24-45 69-0 1-80 •2487 1-087 1-189 1-212 •0105 
39-20 18-00 22-60 69-0 1-80 •2443 1-083 1-157 1-203 ■0107 i 
32-35 18-03 21-03 69-0 1-80 •2348 1-080 1-129 1-195 ■0105 i 

1 

45-00 18-77 24-28 83-6 1-86 •2358 1-088 1-180 1-215 •0104 
39-65 18-82 23-15 83-6 1-86 •2325 1-086 1-158 1-210 •0104 
54-25 42-20 45-10 83-6 1-86 •2750 1-160 1-217 1-436 •0106 

39-52 18-32 23-02 58-1 1-767 •2504 1-085 1-158 1-206 •0107 
39-55 18-35 23-26 43-6 1-696 ■2632 1-085 1-158 1-208 •0108 
40-30 18-43 23-65 28-7 1-600 •2725 1-086 1-160 1-210 •0105 1 

1 
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Table III.—Copper Pipe, No. II. 44*5 centims. long, 1-07 centims. diameter. 

Value of n = 1’825, 

T,,. to. 10. iocr ifo- h. l + aTo- 1 + k. p/i—2 

63'35 23-28 32-20 116-0 2-30 -2515 1-139 1-253 1-277 •0100 
54-60 23-30 30-12 116-0 2-30 •2455 1-134 1-220 1-267 •0101 
47-35 23 30 28-37 116-0 2-30 -2365 1-130 1-189 1-258 •0100 
50-85 36-60 39-88 116-0 2-30 •2613 1-184 1-203 1-382 •0104 

35-70 21-38 24-,35 103-8 2-25 •2321 1-117 1-143 1-248 •0101 
56-50 21-39 29-30 97-6 2-23 •2549 1-120 1-226 1-253 •0101 
63-25 48-80 52-50 91-6 2-21 •2955 1-230 1-253 1-506 •0104 

35-70 21-38 24-40 91-6 2-21 •2366 1-117 1-143 1-229 •0101 
52-30 37-60 41-10 88-4 2-19 •2718 1-187 1-209 1-393 •0102 
56-50 21-39 29-40 85-3 2-178 •2586 1-128 1-226 1-254 •0100 
35-70 21-40 24-50 79-3 2-15 •2438 1-118 1-143 1-229 •0102 
63-25 48-80 52-60 79,-3 2-15 •3050 1-230 1-253 ]-507 •0104 

56-50 21-39 29-60 73-1 2-12 •2660 1-130 1-2-26 1-255 •0101 

Table IV.—Copper Pipe, No. III. 46 centims. long, 0’736 centim. diameter. 

Values of n. = 1'83. 

To- h- k- IV. 

39-30 14-06 20-72 .393-7 
31-80 14-06 18-.58 393-7 
26-25 14-06 17-13 393-7 
20-45 14-07 15-64 .393-7 
17-10 14-07 14-82 393-7 
39-30 13-90 20-78 296-0 
51-65 37-50 41-80 296-0 
42-55 28-33 32-40 296-0 
28-20 14-06 17-80 296-0 
39-42 13-90 21-00 244-6 
26-25 14-04 17-30 244-6 
20-55 1405 15-75 244-6 
.38-00 14-20 21-80 90-0 
56-50 14-20 28-55 90-0 
38-00 14-20 22-20 60-0 

vr ". 
m 1 

loo- 1 ■^'^0 m 1 

J-0 ^2 
p/i-?. 1T *Tq. k. 

2-76 •3060 1-090 1-157 1-174 •0102 
2-76 •2935 1-084 1-125 1-163 •0100 
2 76 •2915 1-081 1-105 1-156 •0102 
2-76 •2820 1-077 1-082 1-149 •0101 
2-76 •2840 1-075 1-068 1-144 •0103 
2-63 •3160 1-089 1-157 1-173 •0100 
2-63 •36-20 1-184 1-207 1-397 •0100 
2-63 •3370 1-146 1-170 1-303 •0099 
2-63 •3070 1-082 1-113 1-159 •0100 
2-55 •3255 1-090 1-158 1-174 •0100 
2-55 •3100 1-080 1-105 1-156 •0100 
2-55 •3035 1-077 1-082 1-148 -0100 
2-15 •3840 1-092 1-152 1-180 •0099 
2-15 •4140 1-107 1-227 1-214 •0099 
2-005 •4095 1-093 1-152 1-182 -0099 
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Table V.—TraTisraission of Heat from Water to Metal. Copper Pipe No. II. 

44'5 centirns. long, 1'07 centims. diameter. Value of n = 1‘825. 

To- h- u. w. 
/ — T 

W li— 
ig —T 

1 
A-. P«r'. prt-2 1 

' 1 

30-8.5 52-25 46-60 88-4 2-19 2-7 -3065 1-226 •00743 
36-00 52-20 47-80 88-4 2-19 2-85 •3165 1-228 •00726 
42-15 52-20 49-20 88-4 2-19 3-03 •3540 1-231 •00778 
44-90 52-30 50-05 88-4 2-19 3-12 •3620 1-232 ' •00763 
.31-70 53-60 47-60 88-4 2-19 2-75 •3200 1-231 1 •00765 

Table VI.—Experiments on Jacket Water of No. I. Pipe. Area of 

Jacket 0’9 scp centim. Value of n — 1‘855. 

To- d- to* w* log 
" ^2-To 

1 
P-I. 

Values of 

P lod-J"'"" ‘2 -*-0 
p3-« 1 

47-90 66-67 60-75 207-0 2-17 •3780 1-2-25 3-56 
i 

•282 ' 
39-50 54-21 50-00 207-0 2-17 •3370 1-192 3-00 •291 
32-62 43-18 40-40 207-0 2-17 •3050 1-160 2-55 •301 

47-85 66-83 60-75 164-0 2-09 •3857 1-225 3-56 •277 
39-55 54-13 49-75 164-0 2-09 •3560 1-191 3-00 •295 
82-58 42-87 40-00 164-0 2-09 •3270 1-160 2-55 •311 

47-77 67-32 60-85 116-0 1-99 •4014 1-226 3-56 •275 
39-60 .53-95 49-35 116-0 1-99 •3860 1-192 2-99 •306 
32-55 43-00 40-00 116-0 1-99 •3380 1-16 2-55 •305 

48-00 67-87 60-75 73-0 1-86 •4425 1-227 3-57 •282 
39-75 54-91 50 00 73-0 

j 

1-86 •3910 1-192 3-01 •288 
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Introduction. 

1. In his ‘British Association Report’ (1893), on the “Action of Magnetism on 

Bight, Ml. BARMOR points out that there are two possible ways in which the 

magnetic field may be regarded as affecting the phenomena of light propagation. 

The imposed magnetisation is an independent kinetic system of a vortical character, 

which is linked on to the vibrational system which transmits the light waves,” and 

from the first point of view “ the kinetic reaction between the two systems will add 

on new terms to the electric force,” and so there would be a “magneto-optic term” 

in the expiession for the kinetic energy. This type of theory includes Maxwell’s 

hypothesis of molecular vortices, and has been analytically treated by FitzGerald 

ana Basset ; it also includes the theory developed by Crude in his paper “Magneto- 

optische Erscheinungen,” in ‘ Wiedemann’s Annalen,’ vol. 46. The great difliculty'’arises 

when one comes to consider the boundary conditions, as a discontinuity of electric force 

cannot be avoided ; apparently the only satisfactory way of meeting this difficulty 

is to be found in Barmor’s suggested modification of FitzGerald’s analysis, involving 

the supposition that in the case of reflection of light at the surface of a magnetised 

metal the constraint introduces an irrotational or compressional wave of the ether set 

up at the reflecting surface and travelling with very great or infinite velocity through 

the space occupied by the metal; a satisfactory system of equations of propagation 

and boundary conditions is thus obtained by applying the principle of Beast Action. 

I have worked out the mathematics of this theory and obtained the general solution 

of the problem of reflection from a magnet; on comparing this with the experimental 

results of several German and Dutch physicists, it appears that the agreement of the 

theory with^ experiment is at best very doubtful, even when allowance is made for 

the possibility of large errors of observation. There is moreover one phenomenon, 

recently discovered, which the theory quite fails to account for, viz., an effect of the 

component of the magnetic field perpendicular to the plane of incidence. 

2. The second type of theory supposes that the imposed magneti.sation “slightly 
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alters the structure of the medium which conveys the light vibrations, but does not 

exei't a direct dynamical effect on these vibrations”; the isotropy of the medium is, 

as it were, destroyed, and rotational terms appear in the fundamental elastic relations 

between displacements and the corresponding forces. This theory, in its valid form 

as regards boundary conditions, has quite lately been formulated for transparent 

media by Basset (‘American Journal of Mathematics,’ vol. 19, 1897, No. 1), and the 

same principles underlie the very different analysis of Goldhammer in his memoir of 

1892 (‘Wied. Ann.,’ vol. 46). Larmor also independently formulated this theory 

in his ‘British Association Report,’ 1893, and more explicitly in ‘Proc. Bond. Math. 

Soc.,’ April, 1893. In his exposition it was shown that the rotational terms in the 

equations connecting electric displacement and electric force are not open to the objec¬ 

tion that they would imply perpetual motions, as they involve only the rate of change 

of the force. The boundary conditions in this theory are of the standard form, 

namely continuity of the tangential components of electric and magnetic force, and 

of the normal components of magnetic induction and total current. It has been 

shown by Basset how the whole scheme may be formulated from a single energy 

function by the principle of Least Action. 

3. In the present paper it is proposed to take the fundamental equations of this 

type of theory in a general form on the lines of Mr. Larmor’s recent papers on 

Electrodynamics, and to develop them so as to obtain the solutions of the problems 

of the reffection of light at the surface of a magnet, and of the transmission of light 

through normally magnetised metallic films. The formulae so obtained will be 

compared with the available experimental results, with a view to ascertaining to 

what extent the theory is in agreement with the facts. The theory involves a single 

magneto-optic constant which in metals may be assumed complex ; we shall try 

whether it is possible, by giving suitable numerical values to the modulus and vector 

angle of this constant, to make the theory account for all the observed phenomena ; 

and if so, we shall ascertain what these numerical values are. If successful we shall 

thus have a formulation of the phenomena in a mathematical scheme, which ought to 

serve as a guide in the elaboration of physical theory. 

In carrying out this programme, I am aware that I shall be going over ground 

which has already been covered to some extent by Goldhammer, and also by Drude, 

but my method will be entirely different from theirs, and I shall be able to use 

important experimental results which had not been published at the time their papers 

were written. 

Notation. 

4. The notation is nearly the same as Maxwell’s : (P, Q, B) is electromotive 

force, {u, V, w) the total current, {a, h, c) magnetic induction, cr specific conductivity, 

K specific inductive capacity taken as a pure ratio, c the velocity of radiation; 

{f'\ g", h") corresponds to Maxwell’s total electric displacement; its components 
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(/, g, h) and (/', g', h') are the vectors T)' of Larmor’s theory (‘ Phil. Trans.,’ 1895), 

namely {/. g, h) is the displacement involved in the aether strain, and {/', g h') that 

involved in the polarisation of the matter. 

Fundamental Equations. 

5. It being as usual assumed that for oscillations so rapid as those of light the 

effective magnetic permeability is unity, the fundamental equations of the theoiy 

are as follows :— 

(i.) The two circuital relations 

dc 

Fj 

dh 
— y =r 477?/., 

dz 

I 1 dc 

dx 
— 477?;, 

dh 

dx 

11 
e 1 1 1 4:7710 . . (1), 

da dr dll _ dh dQ dc 
. (2). E 

I "^5 

1 II 1 

dz^ dx ~ dt ’ dx dy dt 

(ii.) The equations of the current 

U — aP-j- g^Q — g^R + 

V =: aQ F ~ 9sP + ~ y.(3), 

fth" 
IV = o-ll + g.^? - -f — 

where the vector {g^, g^, g^) represents the Hall effect. 

(iii.) The displacement relations, and the elastic relations between electromotive 

foi’ce and the corresponding polarisation, viz., 

f" g'^g^ g\ h" = h + h'. 

■f P’ 9 — Q, 

and 

TttC" 

f' = 

g ^ 

h' = 

• (4), 

• (5), 

K - 1 

TttC" 
P+h 

dQ 

^ cU 
h. 

dt 

K - 1 ,a! 

^ Q + ''> * 

1 dV 

^ A 

^ dt ' 

7 

■ (fi). 

the vector (6j, hc^, 63) representing, in transparent matter, the whole magneto-optic 

effect. 
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The restriction of the relation to this form is justified as follows : — 

When there is no matter present the polai’isation {f', g', li) is null, and there is no 

rotatory effect. When there is matter present the action of an electric field (P, Q, P) 

on the polarisation induced by it gives rise to a pondero-motive force which does 

mechanical work in a small displacement of the matter, equal, for an element of 

volume St, to 

(P Sf' -hQSg' + 11 S/i) St. 

When there is no conduction and therefore no dissi])ation, this quantity must be 

an exact diffei’ential, otherwise mechanical work could be gained in a complete cycle 

of displacement of the material medium, which would imply the possibility of 

perpetual motions. This restriction must also hold universally, because the nature of 

tlie molecular polarisation is independent of whether conduction is present or not. 

It requires that j (P Sj" + Q Sg' + P Sh') St and therefore | (/"' SP SQ + h' 8P) cIt 

shall be the variation of | F cIt, where F is some function of (P, Q, P) and its 

dilferential coefficients, terms at the time limits being left out of account. The 

expression for ( f, g', h') in terms of {P, Q, P) can therefore involve no rotatory 

terms in (P, Q, P) itself, as Lord Kelvin first shewed, but it may have rotatory 

terms in d/dt (P, Q, Pt), which have the characteristics of the magneto-optic property. 

Potatory terms of a certain type in tlie spacial fluxions of (P, Q, P) are also 

admissible ; these lead to optical rotation of the structural kind ; they are foreign to 

the present problem because they are isotropic, instead of being related to an imposed 

vector, the Intensity of magnetisation. In either case higher differentiations of odd 

order might also come into the expressions : these would affect the relations of the 

phenomena to optical dispersion, but not the questions here treated. 

Eguatious of Pro^Ktgatio^i. 

G From the fundamental equations we readily obtain 

u — 

V = 

w + (''a i Q 

-zy = CT fi- 

Airid dt 

K gf 
TttC^ dt 

/ d- \ 

dd 

^ + f/s) P “ 

^ + 7372 .7/ ^ Q + ,7f2 + ~ (h .7/3 + P'3 ) P 1* df- 

For brevity we may put 

Pi. V-2> Vs 

in 

(8) 
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and 

so that equations (7) become 

K d _ 1 

^ Tttc^ di — H ' 

w = ~ P -b — rj.^R 

V = ^ Q + Tj^U — T^gP 

^ — ’?iQ 

(9)> 

(10). 

Now {gi, g^, g^) and b^, 63) are supposed to be exceedingly small quantities, so 

that (r)^, 172, 173) are also extremely small. If we neglect squares and products of 

(771, 772, 773) and solve equations (10) for P, Q, R, we get 

P = H (w — H7737; + }lrj^iv) 

Q = H (y — H77^iy + > 

R = H {w — II772W H772'y) 

(11). 

To get the equations of propagation difterentiate with respect to the time the first 

of equations (l) 

^ du d I db 

^ dt ” il ' ^“ 

d^/ d^ 

dt j dy \ dt 

dz \ dz dx dy \dx dy by (2) 

^ V^p - 'V— -L ^ -L 
dx \d.x ■*" dy dz 

— HV^ {u — H773'U -{- H7722y) 

- h4 b: (y'7)+ .S d.i 

dv dw 'dio dn' 

d dy/ \dx dz 

du 

dy 

and hence, if for brevity we put 

,_ /die dv\ (du du;\ (dv du 
^ \dy ~ Iz) dx) \(y^ — ((y 

dv\ 

dx 

(12). 

our equations of propagation become 

rhi dVl' "A 
477 ^ = HV2 {u - H773U + H7727y) + W ^ 

4,7 ^ = HV^ (*; - H,,«, + H,,«) + . 

477'^“ = HV^ {m - + Hi,,);) + ^ 

(13). 
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Plane Waves in a Metallic Medium. 

7. In the case of plane Avaves in a metallic medium, let us assume 

x+mz {u, V, w) = (A, B, C) e'-’-’-'' 

where l represents \/ — 1, and write 

P = oP . . . . . . . 

Substituting these values in the equations of propagation, we get 

(H(o^ -j- 4771^^) A = ('*73^ — Vs^) 

— H^l (— niB) + 7^2 — IC) + 773 (/B) 

HV (77,0 - 773A) 

(773A - 77,B) 

(Hco' W imp) B 

{Hco® + 477177) C 

(14) 

• (15). 

— H V/i 177, (— ??iB) + 772 (niA — 1 
/C) 4- 773(/B)| 

(16). 

ex 

Addition of I times the first of these to m times the last gives, as was to be 

IA + mC = 0.(17), 

and hence if we eliminate A, B, and (1, we get 

/ o 

H^C0“773 Hoj^ -j- 477 

+ 477tp + H®/??i772 — IBlmy^ — Hb7r773 

m 

— H®(y®77j 0, 

H^m~7)2 

which reduces to 
(HojS _j_ _p pp^2 (7^^ _p ^ ^ 

(18). 

This equation gives the possible values of corresponding to given values of I 

and p. It is a quartic and thei’efore has four roots, of which two have their 

imaginary parts negative and their real parts positive ; let us denote these roots by 

nil ^^2, ^i^cl the corresponding values of w by coi and 0,3 respectiA-ely, so that 

+ 4771/7 = + t. (/t7^ + 7?lj773) 

+ 477tp = — t. (lyi + m^ys) J 
(19). 
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In the particular case of rj-^, both zero, the equation to determine m would be 

(HOJ^ + A'TTi'p'f' = 0, 

so that if M be the value of m given by this equation, and fl the corresponding value 

of OJ 

and therefore 

and 

4" Iirip = 0, 

_ 4:inp 
- n ^ . 

M® 

(20) 

the values coinciding in pairs. 

The sign of M is ambiguous; we determine it by requiring that M shall have its 

imaginary part negative, in which case we shall find that its real part is positive. 

As we neglect second and higher powers of and 173, the equations (19) of the 

general case may now be written, introducing this quantity M, 

so that 

t. Hfl [Irji + M773) 

(o./ — = — I. HQ [Irj^ + hli^g) J 

ojp = 11 + I . {irjy + M773) j J 

w/ = n2 11 — t . (/771 + Mr^g) j J 

oj] = fi I I + t j I 

Wo = H I 1 — t . (/771 + M773) j 

m^- = ' + ‘ • (k\ + MiJs)} ) 

= 4P 11 - t. ^ (k, + M,,)} j 

m, = M I 1 + ‘ (^’)i + Mi)3)| ) 

Ml, = M 11 — i. gK {ly/i + Mijs) J I 

(21). 

(22). 

(23), 

■ • (20. 

. . (25), 

results which will be of use later on. 
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Corresponding to the two values of m there are two sets of constants (A, B, C); 

these we distinguish by the suffixes (j) and (3). 

Equation (17) shews that 

C, =-^ Ai and Co = —^ A,.(26). 

This taken in conjunction with the second of equations (16) gives 

(Hco® + 47712^) B = — ^2 ^ 

whether the suffix be (1) or (2). 

Hence in virtue of equations (19) 

. = - 

Ho o 

A 
7H, D 

-n-o H-Wj- . 
— L. H^w.,B) = —-A.1 

' ' r/l:, 

or 

B, = + i.-’-Aj, Ao . . . (27). 

8. In the case of air (or any medium in which there is no magneto-optic rotation) 

7^1, 7^.3, 773 are zero. For air also o- = 0, K = 1, H = AttC^Il'P = — l. inC-jp. The 

substitution of the exponential forms of u, v, iv in the equations of pi’opagation gives 

— t . 47rc"/2J . + 4771^ = 0, 

or C'oj” = py as was to be expected. 

Problem of lieflection. 

9. We are now in a position to attack the problem of the reflection of light at the 

surface of a magnetised metal. Let the interface between the two media be the 

plane z — 0 •, the air occupying the space 2 positive, and the metal the space 2 nega¬ 

tive. The plane of incidence is taken as the plane y — 0. 

We assume that, in the air, 

u= Aq& + Ae‘ 

{lx + VIZ + 7)0 _|_ ggi {lx - mz + pi) 

A Ac‘ ~ ''' 
■m 1)1 

where A^j, B^ represent the incident wave, and A, B the reflected wave. 
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In the metal, 

V = L. + — I ^ Aoe‘+ 
nij ^ 

_"i" Wli~ + pO (^-' 
?«1 ‘ »i2 ^ 

(29). 

In this assumption we take account of only two of the four possible waves in the 

metallic medium ; the other two are omitted because they are waves which travel in 

a direction that makes an acute angle with the axis of 2 ; and as in our present 

problem all waves in the metallic medium are originated at the plane z = 0, only 

those can actually occur whose direction of propagation makes an obtuse angle with 

the axis of z. 

10. The surface conditions which have to be satisfied are the continuity of 

P, Q, w 

a, b, c 

across the interface; and, as usual, the continuity of Q involves that of c, while the 

continuity of b involves that of lu. 

Thus the conditions are four, namely continuity of 

(1) w 

(2) P, which = H p 

(3) 'Q, which = H (u — 

(4) a, which leads to the continuity of dQjdz or d/dz.H (v 

We shall denote the H of the metallic medium by H' to distinguish it from that 

of air. In the air H = — If r be the periodic time, and. X the wave¬ 

length in air of the light considered, 

p — — 27rc/X, 
so that 

H = — 2icX. 

)> (30). 
I 

— IIi7P(; + Hi73m) j 

Also since t, and therefore p, is the same for the metal as for the air, we see by 

(20) that 

= — 4lttlp — d 
and therefore >.(31)> 

H/H' = ^ i)2g2.a J 

VOL. CXG.—A. O 
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where Re”" is the quasi-refractive index of the metal (J. J. Thomson, ‘ Recent 

Reseai’ches,’ p. 419). 

11. Let ns now substitute the assumed exponential expressions for {u, v, w) in the 

surface conditions ; we thus get 

— — A|j -j- " A — — ■ A^ — Ao 
m m rn-^ nt.^ 

11(A„+A) = H' (A,+ Ao) 

H (Bo + B) = H' (I A, - t ^ Ao 
^ ' \ ///, ^ tUc, 

CO.2 

Hla 

--A,- -A.3 -r;3(A, +A, 
m m.-, 

Vii --- -^1 ~ m. nu 

.Ht (??iBo “ ^nB) — IT (— cojA]^ -j- co^A.^ 

— |-)7i (— t/Aj — dAo) — 173 (oyqA| -}■ ^”^'3-^-3) j 

(32). 

We may make the form of the first of these equations analogous with that of the 

others by multiplying it across by Hoj'’ or The four equations may then be 

written as follows : 

11 (A,, + A) = IT (A, + Ao) - HA.773(y^ A^ 

11"’- (Ao-A) = H'n-(^'- + ^^ 

Ao 
in. H'-w (T + T m. 

rn in 1 Ilia 

i- (33). 

Hi,(B,. + B) = H'(^A, 
\ni. 

A.,') - (A, + A,) - ^ 
' \in, m.t Hi 

— lL;n(Bo — B) = H'(co^A^ — cooAj) — H''hT73(?iqxAj + xh^-z) ~ H'~t77i/(Aj -|- A2) 

When we substitute in these the values of aq, coo, m. found above, and neglect 

small quantities of the second and higher orders, we get 

U (A„ + A) = H' |l - ^}(A. + A.) - (A, - A.,) 

11 y (A„ - A) = H' |(A, +A,) - + M,s) (A, - A.) 

- Hc(B„ + B) = H' T (A, - A.) - + M,,) (A, + A.) 

- Hmi (B„ - B) = H'n (A, - A,) - . {Ir,, + Mi,,) (Aj + A.,) 

A (34). 
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From the second and third of these equations we readily get 

H' (A, - A,) = - H. (B„ + B) + JH'. + M,,) H P (A„ - A), 

and 

H' ^(A. + A,) = H (A„ - A) + iHV + Mn,){- H.) (B„ + B). 

Substituting from these for (Aj — Ag) and (Aj + Ag) in the first and fourth of 

(34), remembering (31), and for brevity denoting by fx, we get 

(A„ + A) = (l - H' ^^ H (A„ - A) + J£ H' ik, - M,,,) (B„ + B), 

m (B„ - B) = M (B, + B) - JH'£ (!ri, + M,.,) (A„ - A), 

which may be written 

AI :\i 

rn + i M - rb I - H' 4 ’'«)} Ao - i - (^1 - M,,) B„ = 0 j. (35), 

Mm ^’^3^ A + (m + M) B — (/r^i + Mr^g) Ao — {m — M)B,. = 0 

and solving these for A and B, we get 

A 
M 

R^,. _ ^ (1 + , ^ + M) A„ - 2.CX (/,, - M^,) B„ 

B 

R2e2‘“ M 0 I 
h (36), 

1 

which is the complete mathematical solution of the problem of reflection. 

Relation of rj^, r)^ to the Magnetic Field. 

12. Before going further, we must consider how {rj^, rj^, gf) depend on the imposed 

magnetic field ; and first it should be noticed that, tliough {yj^, rjo) appear as 

o 2 
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operators, in the case of light vibrations they are algebraical quantities, because 

= — 'p^- 

In theories of this nature it is usual to assume that (6^, 63) are proportional to 

the components, parallel to the axes, of the imposed magnetic force ; the constants 

{9[> 9%' 9%) Hall effect are also usually assumed to vary as the magnetic force; 

and therefore in this case (77^, 17,,, 173) would do so also. But in experiments on the 

transmission of light through magnetised metallic films it is found that the rotation 

of the plane of polarisation certainly does not vary as the magnetic force, but verv 

probably varies as the intensity of magnetisation, a quantity very difficult to 

determine. We shall see later that in the mathematical solution of the problem of 

transmission the rotation varies as and hence we are driven to the assumption 

that (771 7^3 7^3) vary as the components of magnetisation. I shall also suppose that 

h^, 63) vary as the components of magnetisation, which necessitates the assumption 

that {g^, g.2, g^) do so likewise ; the question whether the Hall effect varies as the 

magnetic force or as the magnetisation has not, I think, been put to an experimental 

test ; the latter supposition seems more probable. 

These assumptions can be readily justified from physical considerations. For in 

vacuo there is no magneto-optic rotation, though there is magnetic force; it is there¬ 

fore not the magnetic force, but matter, or some property of matter when under the 

influence of magnetic force, that causes the rotation ; and the property of matter under 

the influence of magnetic force is not force, but magnetisation. 

Denoting the components of the imposed magnetisation by {a^^, y^), we assume 

('’?l5 '’?2j I'i) — (a^, (Bq, Yq).(37), 

where is the complex magneto-optic constant of the theory. For any particular 

metal the values of Cq and x may be determined by experiment; and if we find that 

the numerical values of these constants, as determined by all the different sorts of 

experiments, are the same, we shall conclude that the theory can account for all the 

observed facts, and therefore constitutes a complete mathematical explanation of the 

phenomena. 

The Optic Constants of Metals. - - 

13. The constants R and a are different for different metals, and also for light of 

different colours. Their values have not been directly tabulated, but they are easily 

obtained from the tabulated values of Drude’s optic constants; these latter are 

denoted by n and h, and are connected with R and a by the relations 

R cos 2a = 2a ~ — 2n^k, 

so that ' - - c 

R“ = id (1 -f k~), tan a — — k. 
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The values of n and k for iron, steel, and nickel will be found in a paper of Drude’s 

(‘Wied. Ann.,’ vol. 39, p. 481), quoted in Thomson’s ‘Recent Researches,’p. 421, 

The constants for cobalt are g’iven by Drude in ‘ Wied, Ann.,’ vol. 46, p. 407. These 

values are shewn in the following table :— 

Red light. Sodium light. 

nh. n. k. nh. n. h. 

Iron. 3-20 2-36 l-3(i 
Steel. 3-47 2-62 1-32 3-40 2 41 1 -38 
Nickel. 3-56 1-89 1-88 3-32 1 79 l-8() 
Cobalt .... 4T9 2‘22 1-89 4-03 2T2 1-90 

wherein, for red light, \ = 630 X 10 centiin., and for sodium light we may take 

\ = 589'6 X 10“'^ centiin. 

Hence we find tlie corresponding values of R and «. 

Red light. Sodium liglit. 

R2. — a. R2. — a. 

Iron. 15-86 53° 40' 
Steel. I8-k .52° .51' 16-87 54° 4/ 
Nickel. 16-20 62° 0' 14-29 61° 44' 
Cobalt. 22-48 62" 7' 20-72 62° 14' 

The Kerr Experiments. 

14, We shall first compare our theory with the results of the Kerr experiments, 

which are so well known that they need not be here described. 

In Dr, Kerr’s second experiment the magnetisation is parallel to the reflecting 

surface, and to the plane of incidence ; and the incident light is polarised 

perpendicularly to the plane of incidence. Thus, in our notation, /3,-, = 0, yo — 

and Bq = 0 ; and the reflected light is specified by A and B, whose values as given 

by formula (36) are 

A = 
— (R"e^‘“ — M/m) (M + m) A^, 

(:RV‘“ + M/m) (M + m) 

— 2tcA (ci)~/Mm) Ai Aq 

'(RV2‘“ + M/m)(M + m) 

1 
I 
}> 
I 

J 
B = 

(38). 



MR. J. a. LRATHEM ON THE THEORY OF THE 

If the incident ray be as represented in the figure, and i he the angle of incidence, 

and p and w be positive, then 

I = — 0) sin i 

m = o) cos i. 

The incident ray being plane polarised, is real. 

But A and B are both complex, and have not 

necessarily tlie same vector angle ; hence the 

reflected light is elliptically polarised. If 6 be the 

angle through which the major axis of the ellipse of 

polarisation is rotated round the reflected ray (in the 

direction from the axis of x towards the axis of y) 

from the plane x = 0, since the modulus of B is very 

small compared with the modulus of A, 6 is given by 

B = real part of (B cos i/A.) 

in circular measure. 

In the case of iron, Kerr found that when is negative, B is negative if i be 

less than about 75°; while if i be greater than 75°, B is positive. The angle of 

incidence for which B changes sig’n (and therefore vanishes) has been observed bv 

different experimenters, whose results differ considerably. They are as follows :— 

Now from (38) 

so that 

I! cos i 

A 

where 

and, therefore, since 

Kerr 75°. 

Kundt 80° to 82°. 

Bighi 78° 54'. 

SiSSINGH 80°. 

Drude 79°. 

o 

~ (];A2‘“ - M/«0 (M + m) 

2cX sin i cos i 

' + cosr)(iWR-b'-2‘“-cos0 

i« = M/w, 

a,2RV“ = D? = M* + sill* i 

sin*? 

(38*), 

(39). 
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6 changes sign for that value of i which makes the vector angle of B cos i/A equal to 

an odd number of right angles. Let us assume that x must lie between 0° and 180°, 

leaving the sign of Cq to be determined afterwards. To obtain the vector angle for 

any given angle of incidence we must calculate the vector angles of the various 

complex factors which occur in numerator and denominator of the fraction in 

equation (38*). This involves troublesome arithmetical work ; but it is preferable to 

the approximation on the supposition that R is large, used by J. J. Thomson 

(• Recent Researches,’ p. 498) in a similar investigation, as that method introduces 

an error of quite a large number of degrees. 

Using the constants for yellow light, I get the following values :— 

Angle of 
incidence. 

Vector angle of 
iW. 

Vector angle of 
+ cos i. 

Vector angle of 
— cos i 

75° -55° 15' -52° 20' 117° 17' 
78° 54' -55° 18' -53° 6' 100° 23' 
80° -55° 19' -53° 19' 95° 2' 

whence are derived the following :— 

Angle of Vector angle of 
incidence. (B cos I’/A). 

Kerr. 75° ;c + 187° 38' 
Righi . 78° 54' .c + 205° 21' 
SiSSINGH. 80° a; + 210° 56' 

So that if 6 changes sign when i — 75°, 

If when i = 78° 54', then 

If Avhen i = 80°, then 

a: = 82° 22'. 

a: = 64° 39'. 

a; = 59° 4'. 

And probably if 6 changed sign when i = 78°, the corresponding value of x 

would be about 69°. 

I he uncertainty as to the exact value of the angle of incidence for which 6 

vanishes, and the large dilierence, caused by a small error of observation, in the 

resulting value of x, render this experiment unsuitable as a means of arriving at the 

exact value of x. It will, however, be useful in testing a value of x determined in 

some other way. 
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The experiment will also tell us the sign of Cq ; for, in accordance with Kerr’s 

observations, when the incidence is very nearly normal, 9 is of the same sign as ; 

and when the angle of incidence is nearly 90°, 9 is of the opposite sign to a^. Now 

the table of values given above indicates that as i passes through that value (be it 

75° or 80°) for which 9 vanishes, from a less to a greater value, the cosine of the 

vector angle from being negative becomes positive, so that for very great angles of 

incidence 9 is of the same sign as Coao- Hence Cq is negative. 

15. In Kerr’s first experiment the magnetisation is parallel to the reflecting 

surface and the incident light is polarised in the plane of incidence. If 9 be the 

rotation of the major axis of the ellipse of polarisation in the same sense as before, 

Kerr found that 9 has the same sign for all angles of incidence, and that this sign 

is opposite to that of «q. 

In this case = 0, = 0, Ay = 0, and 9 = real part of (— A/B cos i). 

From result (36) we readily deduce that 

— 2cX sill i cos i Co«ot. 

\]~^i ~ (M - cos i) ( + cos ’ 

of which the vector angle (including the minus sign) is x ~ 90° — 2a — sum of 

vector angles of i«, im — cos i), cos ^). 

If = 0, vector angle of A/B cos i is 

a; 4- 128° 3'. 

If i =; 61° 30' vector angle is 

a: + 115° 42'. 

If i = 90°, vector angle is 

a: + 76° 4'. 

x4nd evidently for all angles of incidence the vector angle lies between a: 4" 1^6° 

f^nd a- + 128°. So that if x have any value between 14° and 142°, the cosine of 

the vector angle of A/B cos i is negative for all angles of incidence. Thus 9 has 

always the same sign as Cyay, that is, the opposite sign to ay. 

Hence any value of x lying between 14° and 142° satisfies all the conditions of 

Kerr’s first experiment. 

16. In another of Kerr’s experiments the magnetisation is normal to the i-eflecting 

surface, and the incident light is polarised in the plane of incidence. 

Here 
rji = 0, y).2 — 0, A-y = 0 , 

9, liaving the same meaning as before, is found by Kerr to be of opposite sign to yy 

for all angles of incidence. Now 9 is the real part of — A/B cos i, and we readil}' 

deduce from formula (36) that 
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A _ 2cX, cos i!Cfi7o ( — >') 

B cos i (JJX — cos i) + cos i) 

of v/hich complex the vector angle is found in the usual way to lie, for all angles of 

incidence, between the values x -f- 20° 43', corresponding to i = 90°, and x 74° 23', 

corresponding to 7 = 0. 

If a: have any value between 69° 17' and 195° 37', the cosine of this vector angle 

is always negative ; and so 6 has the same sign as Coyo> oi’ fhe opposite sign to yg. 

Hence this experiment of Kerr’s is satisfied if x have any value between 69° 17' and 

195° 37'. 

17. In Kerr’s fourth experiment the magnetisation is normal to the reflecting 

surface, and the incident light is polarised perpendicularly to the plane of incidence. 

Here — 0, — 0, Bq = 0, and 9 is the real part of B cos 7/A where, from (36), 

B cos i_ 2cA cos 7Co7o (— 0 

Ta A cos i) - cos i) ’ 

of which complex the vector angle lies between the values x — 105° 37', correspond¬ 

ing to i = 0, and x fl- 20° 43', corresponding to i = 90°. 

Now Kerr found that 0 is, for all angles of incidence, of opposite sign to y^, that 

is, of the same sign as Cgyn. Hence the cosine of the vector angle of B cos ijA. is 

always positive. 'This is in accordance with our theory, provided the value of x lie 

between 15° 37' and 69° 17'. 

Obviously this conclusion is at variance with that derived from the preceding 

experiment, unless x happen to have exactly the value 69° 17'. 

But this experiment of Kerr’s was repeated by Kundt, who found that 6 has not 

the same sign for all angles of incidence, but that it vanishes and changes sign for an 

angle of incidence which he estimated at about 82°. 

I have calculated the values of the vector angle of B cos 7/A for several angles of 

incidence in the neighbourhood of 82°; they are as follows : — 

Angle of incidence. Vector angle of B cos if A.. Angle of incidence. Vector angle of B cos f/A. 

^ C 0 
/D a: - 47° 37' 85° X + 0° 43' 

G
O

 0 

O
T

 

a; - 29“ .57' 86° a: -1- 5° 20' 
80^ a; - 24° 23' 86° 30' a; + 7° 27'. i 

82° 30' a* - 11° 32' 88° a: + 13° 31' ' 
i 

bo that if we denote by 7y that angle of incidence for which 6 changes sign, the 

values of x corresponding to various hypothetical values of iy are as follows :— 

VOL. cxc.—A. p 
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a) 75° 78° 5T 0
0

 
o

 
o

 o
 

C
O

 

o
 

0^1 
0

0
 

o
 0
0

 86° 86° 30' 

o
 

0
0

 
C

O
 

X 137° 37' 119° 57' 114° 23' 101° 32 89° 17' 

o
 

* 
o

 

0
0

 82° 33’ 76° 29' 

And if Kundt’s observation be accurate, the value of x is about 103". 

18. From the j^receding paragraphs it appears that any rmlue of r lying between 

69° 17' and 82° 22' will account very well for the four Kerr experiments (in the 

case of iron), except that the agreement with Kuxdt’s result in the fourth experi¬ 

ment would be imperfect to the extent of four or five degrees. 

19. The Kerr experiments were also tried on mirrors of nickel and of cobalt, but 

the observations made were so indeSnite that they are of little use as a test of the 

present theory. In the case of polar reflection from nickel, when the incident light 

is polarised perpendicularly to the plane of incidence, Kundt found that the rotation 

changes sign for an angle of incidence somewhere between 50° and 60°. I have 

calculated (for yellow light) the values of the vector angle of B cos t’/A for these 

angles of incidence, and find them to be 

rc - 67° 12' for i - 50°, 

a; - 57° 12" for % — 60°, 

so that any value of x lying between 147° 12' and 157° 12' will give a satisfactory 

explanation of this experiment. Also Cg would be negative. 

When the reflection is polar and the incident light is polarised in the plane of 

incidence, Kujs’dt finds that 0 has the opposite sign to Jq for all angles of incidence. 

The vector angle of A/B cos % is found to be 

and 

cc + 36° 42' when i — 90°, 

ic -b 98° 26' when i — 0°. 

The cosine of this vector angle will be negative for all angles of incidence, provided 

the value of x lie between 53° 18' and 171° 34'. 

The two experiments indicate that for nickel x has a value intermediate between 

147° and 157°. 

The Experiments of Sissingh and Zeemax. 

20. I now pass to a much more precise and accurate test of the present theory, 

the materials for wliich are to be found in the elaborate series of experiments made 

during the last few years at Leyden, by Sissixgh and bv Zeemax. 
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The first of these series is described by Sissiogh in a paper in the ‘ Archives 

Neerlandaises,’ vol. 27. The experiments were made with an iron mirror, magnetised 

parallel to the reflecting surface; the amplitude /x and phase m of what Sissingh 

calls “the magneto-optic component of the reflected light ’ were measured for various 

angles of incidence. 

One result of the observations is the conclusion that /x, = /x^, and m, = nip; that 

is, that for any given angle of incidence the magneto-optic component has the same 

amplitude and phase, whether the incident light be polarised in or perpendicularly 

to the plane of incidence. It is to be noticed that the phase of this component is 

defined as its retardation of phase calculated relatively to that component of 

ordinary metallic reflection which is polarised in the plane of incidence. The 

amplitude is reckoned on the supposition that the amplitude of the incident ray is 

unity. 

The accompanying figure shews the relation between the axes of coordinates and 

the principal directions for the incident and reflected rays, as defined by Sissingh. 

The standard ray for phase is — B. The standard ray for amplitude is — Aq/cos?, or 

— Bq, according as the incident light is polarised perpendicularly to or in the plane 

of incidence. 
X 

It will be convenient to denote by ^ the acceleration of phase of the magneto¬ 

optic component of the reflected ray calculated relatively to that componenl; ot 

ordinary metallic reflection which is polarised in the plane of incidence. 11 d be 

calculated from theory, and m from experiment, the theory and experiment will 

agree if S + ^n = 0° or 360° 

21. When the incident light is polarised in the plane of incidence, Ag = 0, and in 

formula (36) the incident ray is represented by — By, the magneto-optic component 

of the reflected ray by — A/cos7, and the component relatively to which phase is to 

be measured, by — B. Hence 

0. = vector angle of [A/Bcos?’]ao = o 

= vector angle of 
2.t.cA, (m/M) CV‘* ■“ H7,,) 1 

cos-i -I- Mjm) (M — w)] 
(40). 
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When the incident light is polarised perpendicularly to the plane of incidence, 

Bq = 0, and the incident ray is represented by —Aq/cosz ; the magneto-optic 

component of the reflected ray by — B, that is to say that term in — B which 

contains the factor Aq. The ray relatively to which phase is measured is represented 

by that term in — B which contains the (vanishing) factor B^. If Bq be supposed 

to be only just not zero, then, since the incident ray is supposed to be plane 

polarised, B.j/A^ is a real quantity. Hence we have 

1 r (w'/ib/i) Coe‘"'(/«o + H70) 
.9^ = vector angle ol -^-- • • (41). 

Fi’om (40) and (41) we see at once that when the reflection is equatorial, that is, 

when = 0, 

= .9^, = .9 (say), 

and this agrees with Sjssingh’s observations. 

We also see that when the reflection is polar, that is when 

db 180°. 

= 0. 

Now Zeeman, as a result of experiments on polar reflection described by him in the 

‘ Archives Neerlandaises,’ vol. 27, came to the conclusion that iiii = It is very 

possible that this discrepancy is due to his using a definition of 7??- and slightly 

different from Sissingh’s. 

22. When the reflection is equatorial, we see from (40) that 

.9 = vector angle of 
— 2cX sin i Cgao COS i 

(iH - cos i) (iiHR-- + cos i) ‘ 

In determining .9 from this expression there is an ambiguity to the extent of 180°; 

for in defining m (or 360° — SissiNGH requires that it shall not be altered when 

aQ changes sign. Examining his paper, we see that in equatorial reflection the 

standard case is when is negative. Hence, remembering that Cg is negative, we 

find that 

.9 = a; — 90° — 2a — the sum of the vector angles of 

iW, (#t — cos i), and (^R“^ e~~‘“ + cos i) . . (42); 

and to get ^ accurately for any particular angle of incidence, these three vector 

angles must be calculated. 

The following table shews the results of SissiNGH’s observations on the phase for 
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various angles of incidence, and the theoretical values of the phase for the same 

angles of incidence, calculated from the present theory. 

It is to be observed that the calculation involves only the ordinary optic constants 

of the metal, and that it is from the comparison with experiment that we derive 

information as to the value of x in the magneto-optic constant Cge-h There is thus 

no question of being able to adjust two coefficients, Cg and x, so as to satisfy the 

observations, as might be supposed ; only one coefficient x is involved, and the test 

is accordingly a severe one. 

Equatorial Reflection from Iron. Yellow Light, a^ — — 1400 C.G.S. 

Angle of 
incidence. 

Calculated value of 
S-x + l80\ 

Sissingh’s observed 
value of m —180°. 

9 + m—a’. 

86° 0' 267° 25' 29° 26' 296° 51' 
82° 30' 274° 41' 24° 22' ' 299° 3' 
76° 30' 283° 29° 14° 49' 298° 18' 
7L° 25' 288° 47' 10° 3' 298° 50' 
61° ,30' 295° 42' 1° 49' 297° 31' 
51° 22' 300° 12' - 1° 0' 299° 12' ' 
.36° 10' 304° 33' - 5° 51' 298° 42' 
24° 16' ’ a • doubtful 
12° 0' • • doubtful 

6° 0' a a doubtful 
r 

The constancy of the angles in the last column is remarkably good ; and the theory 

accounts for the phenomena with great accuracy if the value assigned to x be the 

mean of the amounts by which these angles respectively fall short of 360°, namely 

a: = Gl°39'. 

23, When the reflection is polar, we see from (41) that 

2CA.Co7ot ■ c‘- 

9^ _ vector angle of + cos 7)' 

Taking positive as the standard case, and remembering that is negative, we 

find that 

.9^, = X — 90° — 2a — the sum of the vector 

angles of — cos ^) and (,^UftR -{- cos ^) . . . (43). 

Experiments as to the amplitude and phase of the magneto-optic component of 

light reflected from an iron mirror, magnetised normally to the reflecting surface, 

have been made by Zeeman. He gives an account of these in the ‘ Archives 

Neerlandaises,' vol. 27 ; he confines himself to one angle of incidence, viz., 7 = 51° 22'. 
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His result as regards phase compares with theory as follows :— 

Polar Peflection from Iron. Yellow Light, yg = + ^50 C.G.S. 

Angle of incidence. 
Calculated value of 

d;, - .T -h 180°. 

Zeeman’s observed 
value of 

m - 180°. 

1 

S^p + m — X. 

, 51° 22' 
1 

245° 30' 49° 55' 295° 25' 

The theory will agree accurately with the experiment if the value of x be 

.'T = 64° 35'. 

The values of m given by Zeeman for yellow light are 

(1.) Derived from “ rotations to zero ” 

m, = 48° 58' + 180° = 50° 53' + 180°. 

(2.) Derived from “ minimum rotations ” 

m, = 45° + 180° = 44° 53' + 180°. 

In determining the phase the method of “ rotations to zero ” is preferable to that 

of “ minimum rotations,” and so in the above table I have used the mean of the 

values got by the former method. 

24. Another test of the present theory is afforded by observations of the amplitude 

of the “magneto-optic component.” This is denoted by or according as the 

incident light is polarised in or perpendicularly to the plane of incidence. In the 

former case the magneto-optic component is represented by — A/cos i, and the 

incident ray by — ; in the latter case the incident ray is represented by — Aq/cos i, 

and the magneto-optic component by — Bq. Hence 

Pi = mod ( - 
\i>, 

A 

yl>Q cos '2'/Aq = 0 
p/) = mod 

' B cos i 

A \ -“^0 /Bo = 0 

. . (44). 

Thus, for equatorial reflection, we readily derive from (36) 

2cA sill i cos i 

and therefore 

p, mod -t- cos i) 

fXp= the same, 

1^: = P^ = p (say), 

which agrees with SissiNGii’s result. 
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If for brevity we put 2cXCoao/^-^'^ = L, we have 

_ p cos i sill i 
fx^ L. mod + cos i) + cos i) ’ 

and the latter factor may be calculated for any angle of incidence. 

In the following table the theoretical values of /x for various angles of incidence 

are compared with the values observed by Sissingh. Here again the theoretical 

value of p, Involves the magneto-optic constant only by being proportional 

to Cq, and X is not involved ; thus we have not available any adjustment of x 

to improve the agreement, and the test is very severe. 

In fact one set of experiments involves Cq only, and the other set x only ; so 

that a complex magneto-optic constant really gives no more opportunity for adjust¬ 

ment than would a real one. 

Equatorial Reflection from Iron. Yellow Light, a^^ = — 1400 C.G.S. 

Angle of 
incidence. 

Calculated value of 
Sissisgh’s ob.served 

value of 
10^ X /t. 

/Calculated value of /u/L/ 

\ Observed value of ft j 

86° 0' 21506 •284 49-81 
82° 30' 2-3513 •530 42-37 
76° 30' 2-4916 •715 43-38 
71° 25 2-5397 •815 42-51 
61° 30' 2-5634 •820 44-63 
51° 22' 2-5373 •760 45-34 
36° 10' 2-4305 •630 42-78 
24° 16' 2-3577 •430 52-99 
12° 0' 3-9834 •260 37-02 

6° 0' 3-6849 •1-25 38-73 

Exact agreement of theory with experiment would be indicated by the numbers’ 

in the last column being all ec|ual. Though this is not the case, their approximation 

to equality is, considering the probability of errors in the observations, remarkably 

good. The mean of these numbers is about 44 ; and if we assume Cq to have such a 

value that L = 4^, the ratios of the calculated to the observed amplitudes for the 

above angles of incidence taken in order are 1T3, 0-96, 0;99, 0-97, I'Ol, LOS, 
0'97, i'20, 0‘84, and 0*88 respectively. 

The corresponding value of — Cq is 

^ 44 X 2cX X 1400 

1= 15-86, 

where 

X = 589-G. 10-7, c = 3.10^", 
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the units being electromagnetic and C.G.S. And hence 

log’10 (- Co) = 11-8623, 

- Co = 7-283 X 10-“. 

25. Y01' polar reflection, we derive from (44) and (36) 

2c\ cos i{ — C(j) 7(/. 

= mod. 4. cosi) cos i) ’ 

= - fj-i, = /X (say). 

Comparing this with the amplitude in equatorial reflection, we And ■ ^ 

jji (equatorial) _ , (— «„) sin i 

/X (polar) - mjo ' 

If — a^— 1400, yo = 850, i =51° 22', the value of this ratio, as calculated from 

theory, is -321. 

But the values ascribed to yo, and i correspond to the experiments of Sissingh 

and Zeeman ; and the latter found experimentally 

/X (Sissingh) ^ 

fx (Zeeman) 

So that here again we have a very fair agreement of the tlieoiy with experiment. 

Nickel. 

26. In the paper already quoted Zeeman gives a few measurements made by 

himself on polar reflection from nickel. He also quotes experimental results of 

Kundt (‘Wied. Ann.,’ vol. 23), and Drude (‘Wied. Ann.,’ vol. 46), which he 

expresses in a form similar to his own. These I have used to form the following 

tables, wherein the theoretical values of the phase and amplitude are in all cases 

calculated for yellow light. 
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Equatorial Reflection from Nickel. (Probably) White Light, = 

Angle of 
incidence. 

Calculated value of 
^ - K + 180°. 

Kundt’s observed 
value of 

mi - 180°. 
.9' + mi — ,r. - 

30° 6' 337° 17' - 3° 50' 333° 27' 
40° .334° 48' -64° 18' 270° 30' 
.50° 331° 15' -64° 46' 266° 29' 
61° 30' 325° 11' -52° 21' 272° 50' 
6.5° 18' 322° 27' -53° 18' 269° 9' 
75° 312° 43' -49° 54' 262° 49' 

Fairly good agreement is here indicated (except in case of first angle of incidence) 

if the value of x be about 

.T = 91° 30'. 

Equatorial Ileflectlon from Nickel. White Light, ocy = 

Angle of 
incidence. 

Calculated value of 
.9-x + 180°. 

Drdde’s observed 
value of 

m - 180°. 
S + m — x. 

60° 326° 9' -48° 22' 277° 47' 
65° 322° 40' -46° 3' 276° 37' 
75° ;H2° 43' + 11° 41' 324° 24' 
80° 30.5° ir - 8° 42' 296° 29' 

If a: = 76° 30' or thereabouts a fairly good agreement is indicated, except in the 

case off = 75°. For this case Drude’s observation differs widely from Kundt’s, and 

is perhaps wrong. 

Equatorial Reflection from Nickel. 

Angle of 
incidence. 

Calculated value of 
log,o/< — logii, L. 

Kundt’s ob.sei-ved 
value of 

10'’ X /I. 

/Calculated value of /j/L/ 
\ Ob.served value of /( j 

o o
 

C
O

 2-4193 -21 125-1 
40° 2-520.5 -77 43 05 
50° 2-.5S42 1-39 27-62 
61° 30' 2-6139 -9n 45-68 
65° 18' 2-6111 •84 48-62 
7.5° 2-.563.5 -23 159-1 

Tlie agreement of theoiy with experiment is here more defective. As the intensity 
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of magnetisation is not stated, this series of experiments gives no information as to 

the value of Go- 

Polar Reflection from Nickel. Yellow Light, yo = 

Angle of 
incidence. 

Calculated value of 
+ 180° - .T. 

Zeem.\n’s observed 
value of 

m - 180°. 
+ m — X. 

.50" 268° 38' 11° 40' 280° 13' 

shewing agreement if x = 79° 47'. 
The experiments quoted in the two following tables are from a paper of Zeksiax’s 

(‘ Communications from the Leiden Laboratory of Physics,’ No. 10) ;— 

Polar Pteflection from Nickel. White Light, — 2190 C.G.S. 

Angle of Calculated value of Observed value of ■?; 4- Ttl — X. 1 
incidence. d-i — X. m. 

25° 276° 13' 5° 9' 281° -22' 
39° 4' 272° 43' 9° 17' 282° 

shewing; agreement x = 78° 19'. 
O O 

Polar Reflection from Nickel. White Light, yo— 2190 C.G.S. 

Angle of 
• incidence. 

Calculated Aurlue of 
logic (-/''■)-^ogioL'. 

Zeeman’s observed 
value of 
10"’ X /t. 

/Calculated value of 

\ Observed value of n ) 

39° 4' T-2940 - -975 •201-8 

25° T3000 - 1-00 199-5 ! 

wherein L' — 2cX (— Cq) 
The agreement indicated is excellent, provided Cq have such a value that 

r' — 1 
— 2 0 0> 

log (- Cq) = 12-9649 

- Cq = 9-225 X 10-1' 

namely, 
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The experimental results used in the following’ table are taken from a paper by 

Dr. C. H. Wind (‘ Communications from the Leiden Laboratory of Physics,’ No. 9);— 

Polar Reflection from Nickel. Yellow Light. 

Angle 
of incidence. 

Strength 
of magnetic field in 

C.G.S. units. 

Calculated value of 
h - X. 

Observed value of 
Vli. 

■d; + uii — r. 

,39° 4' 2190 21 r 43' 14° 32' 287° 15' 
55° 9560 266° 7' 17° 47' 283° 54' 
75° 12470 249° 28' 32° 25' 281° 53' 

For incidence of 39° 4' Zeeman’s result is to be preferred to that of Wind, as he 

took more precautions to eliminate causes of error. For the other two angles of 

incidence agreement is indicated if x is about 77°. 

In estimating the consistency of the above results it is to be remembered that the 

optic constants (R and a) for different sjiecimens of nickel are often sensibly different. 

(I have used the same set of values all through.) Itideed in the case of iron Zeeman 

found that his obsei’vations of the optic constants of a particular mirror, made respec¬ 

tively before and after an observation of the Kerr phenomena, differed considerably. 

Cohalt. 

27. In his paper in the ‘Archives Neerlandaises,’ vol. 27, Zeeman describes 

experiments made by himself on mirrors of cobalt, and also quotes the results of 

experiments made by Drude. The comparison of these with the present theory is 

shewn in the following tables :— 

Polar Reflection from Cobalt. White Light. 

Angle of 
incidence. 

Calculated value of 
180°. 

Zeeman’s observed 
value of 
m — 180°. 

m — X — 360°. 

45° 272° ir 20° 34' -67° 15' 
60° 265° 34' 27° 40' -66° 46' 
73° 255° 6' 37° 55' -66° 59' 

Good agreement is indicated if x = 67°. 

Q 2 
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Polar Reflection from Cobalt. Green Light. 

Angle of 
incidence. 

Calculated value of 
^,,-x + 180°. 

Zeeman’s observed 

value of 

VI - 180°. 
dp -b m — X — 360°. 

50° 270° 23' 25° 9' -64° 28' 
(10° 265° 34' 32° 30' -61° 56' 
72° 256° 13' 45° 51' -57° 56' 

This shews fairly good agreement if x is about 61° 30b In the above d is calcu¬ 

lated from the constants for yellow light. 

Equatorial Reflection from Cobalt. White Light. 

Angle of 
incidence. 

Calculated value of 
A - -b 180°. 

Drude’s observed 
value of 

m — 180°. 
d m — X — 360°. 

35° 337° 39' -77° 24' -99° 45' 
60° 328° 40' -25° 27' -56° 47' 
75° 315° 59' -12° 56' -56° 57' 
83° 302° 9' -12° 57' -70° 48' 

Here the agreement is not so good ; the last three angles of incidence would 

indicate that x is about 61° 30'. Drude’s method is that of minimum rotations, 

wherein errors of observation influence the phase to a much greater extent than in the 

method of null-rotations. 

The following experiments are from a paper of Zeeman’s (‘ Communications from 

the Leiden Laboratory of Physics,’ No. 5):— 

Polar Reflection from Cobalt. White Light, = 430 C.G.S. 

Angle of Calculated value of 
Zeeman’s observed 

value of 

10-’ X /(. 

/Calculated value of 

incidence. log'io (/'/') - login L'- \ Observed value of/< / 

45° 1-2333 1-58 108-3 
60° 1-2092 1-50 107-9 
73° 1-1413 1-17 118-3 

wherein L' = 2cX (— C^) yo/RL 
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Here the agreement is very good, the indicated value of L' being about ; if 

this be so, we have for cobalt 

log (- C^) = Tb'0889, 

i.e., 
— Co= 1-227 X 10- 

The. Hall Effect. 

28. Before leaving this part of the subject it is worth while to investigate whether 

the ordinary Hall etfect is large enough to contribute, to any appreciable extent, to 

the phenomena we have been considering. 

If ^ be Hall’s constant, as usually defined, the equations into which it enters are 

of the type 

P = P' + ^ - yffv), 

where {olq, /Sq', Jq) is the magnetic force. Comparing this with the form that 

equations (11) would assume if (6^, 63, 63) were zero, it appears that 

so that 

Now for iron. 

= HV, = - 
<2^ o 4c"a,' 

ItV r 

T>4^4ia 

9^ — — ^ -452^2 ^0 • 

g = 7850 X lO-^h 

and if we substitute the values of 11, a, X, corresponding to yellow light, we find 

i/2= 

where log^o Q = 16-4466. 

But we see from § 24 that 773 = /3g. Coe‘‘h where log^o (— Cq) = IT-8623. Also 

= p./3o', where g is the magnetic permeability of iron and is greater than unity. 

Hence the modulus of the fraction ^ logarithm less than 6-5843, so that 

the modulus itself is less than Thus it appears that the ordinary Hall 

effect is more than two hundred thousand times too small to account for the Kerr 

phenomena. 

But, in order that the coefffcients b^, 63) should he real, it is necessary that the 

imaginary parts of the complexes (17^, 773, 773) should be supplied by {g^, ^3, g^), that is 

to say by the Hall effect. Hence it must be concluded that the coefficient of the 

Hall effect is very mucli greater for excessively rapidly alternating currents than 
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tor steady ones. There is nothing nnnatiiral in this, for the incipient conductions 

whicli make optical opacity have no relation of continuity whatever with the steady 

conduction in an ordinary current; thus Maxwell found that the ordinaiy coeffi¬ 

cients of “ conductivity ” are very much smaller in the optical circumstances. And 

it may be noticed that, as € is proportional to electromotive force divided by current, 

a greatly diminished conductivity will correspond to a greatly increased value of §. 

The value which Hall’s constant would, on this supposition, have for yellow light, 

is obtainable from the equation 

[maginary part of = imaginary part of — S’ 

wherein I now take the Hall effect to be proportional, not to the magnetic force, 

but to the intensity of magnetisation. 

This gives 

^ = 
4cA- 

R^ sin 4a 
C,^ sin X 

= + (5’6 70) for iron, and yellow light. 

The real part of p.j is then Cq sin x cot 4a./3q, so that, if 6^, b^) — Eq (ag, yg). 

and hence we find 

~ = C(j cos X — Cq sin x cot 4a 

sin {x — 4a) 

sin 4 a 

logioEu = 41-0939, Eo = (1-242). lO'^k 

Effect of Magnetisation Perpendicular to the Plane oj Incidence. 

29. A very interesting inference from the presence of rj^ in the equations (36) is 

that, if the present theory be true, the component of magnetisation perpendicular to 

the plane of incidence will produce an eftect not quite the same as the Kerr pheno¬ 

menon, but of the same order of magnitude. 

On enquiring wdrether such an effect had ever been observed or measured, I 

found that a few months ago it wms predicted from theoretical considerations Dy 

Dr. C. H. Wind, in a paper which has as yet appeared only in Dutch. Acting on 

this prediction Zeeman sought the phenomenon experimentally, found it, and 

succeeded in measuring it. His results are published in the ‘ Commuiiications from 

the Leiden Laboratory of Physics,’ No. 29. 

Let us suppose that the magnetisation is entirely perpendicular to the plane of 

incidence ; then = t) and 173 = 0, and the reflected light is specified by A and B, 

where, from equations (36), 
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A = 

B = 

A OJ 

From these expressions we see that, if the incident ray is polarised in the plane 

of incidence, so that Aq = 0, the expression for the reflected ray does not involve ; 

and so the magnetisation produces no effect. This is in agreement with the 

prediction of Wind. 

But if the incident ray be polarised perpendicularly to the plane of incidence, so 

that B(, = 0, the reflected ray is given by A, which does contain 17,^. Instead of 

having 
. _ — (RV‘® — M/wi) 
^ ~ ' (R-V‘“ + M/m) 

as would be the case if there were no magnetisation, we have A equal to this value 

multiplied by the factor 

1 + (Ijm) CoC‘*''/3o}/{PA2‘“ + ’ 

which is the same as 

1 -f- 2eX.sin 2i. 
L.e ‘ 

RV*® (cos i — (cos I -f JlflR ’ 

and the effect of this factor, which of course differs from unity by only a very small 

quantity, is to slightly alter both the amplitude and the phase of the still plane- 

polarised reflected ray. 

Now the change of phase produced by a factor of the form 1 + Qe'^g where Q is 

very small, is tan“^ {Q sin (j/(l + Q cos cy)}, and therefore, in circular measure, 

is approximately Q sin q. 

Hence, if for brevity we put 

cos i — = Ye‘b cos i -f- 

the acceleration of phase produced in the reflected ray by the component of 

magnetisation is, in circular measure. 

Cq.j8q.2c\. 
sin 2'i 

R‘. Y . Y 
7 sin (x -j- 90° — y — y — 4a). 

In Zeeman’s experiment the angle of incidence was 75° and the intensity of 
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nuio-netisation was a little over 1100 C.G.S., the rairror being of iron. Under these 

circumstances he found the acceleration of phase to be '003 X 90° with a mean error 

of -001 X 90°. 

Calculating the theoretical value, we notice that 

Y = *2249, y—— (62° 43'), 

Y'= -4601, y = 25° 44', 

and if we assume x — 63° (which i.s a.bout the mean of the values indicated by the 

experiments of Sissingh and Zeeman), then 

.a; + 90° -y- y' — 4a = 360° + 44° 39'; 

we may also assume 

logio ( - ^o) = n-8623. 

With these values we find that the change of phase indicated by the theory is, in 

circular measure, 
•003818, 

or, in degrees, 
•00243 X 90°. 

This agrees very well with Zeeman’s observations. 

Transmission throngh Metal Films. 

30. Another effect of the action of magnetism on light is the rotation of the plane 

of polarisation of normally incident light, on passing through very thin films of 

magnetised metal. The principal experiments in this subject have been made by 

KUxXDT, Du Bots, Lobach, and Deude ; they found that the rotation is always in 

the direofion of the magnetising current, and measured it in special cases. It is 

desirable to compare these measurements with the mathematical solution of the 

problem worked out on the basis of the present theory. 

Let the film be bounded by the planes 

2=0 and 2 = — h, 

and let the incident lio’ht fall normally on the surface z = 0. The external 

magnetic field is supposed to be parallel to the axis of s, so that = 0 and (3^ = 0. 

The plane of polarisation of the incident light is taken as the plane of yz. 

Thus we may assume the following expressions to represent the light in the air on 

the two sides of the film, and in the film itself. 
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In the air {z > 0) 

V = -Qg^i-rnz+pt)^ 

10 = 0. 

In the metal {0 > z > — h) 

u = + k' 

IV — 0. 

In the air (z + /^ < 0) 

u — V = iv = 0, 

wherein the incident ray is represented by Aq, the reflected ra.y by (A, B), and the 

transmitted ray by (E, F). 

It should be noticed that in these assumptions multiple reflections are not neglected; 

all waves in the film are included in the complex constants A^^, A j, A^, and A 3. 

For surface conditions we may establish the continuity of 

H {u - Hd/cfe (it - H773^), H {v -h and lldjdz (v + II--73U.) 

respectively ; the second of these is the expression of the continuity of the magnetic 

force h, and is used instead of the continuity of iv to which it is equivalent, as it 

leads to more symmetrical analysis. 

At the surface z = 0 these boundary conditions lead to the equcitions 

H (Ao + A) = H' (Ai -F A\ + A3 -h A'3) - Wh-q, {A, + A'l - A3 - Ah), 

Hm (Ao — A) — H' (m-^A^ — m^A\ + m^A.^ — m.^A\) 

— (m^^A^ — nqA\ — WoAo fi- ni,Ah), 

- HiB = H' (Ai + A'l - Ao - A's) - Why)^ {A, + A\ + Ag + Ah), 

— HwtB — H (— nqAj -fi irqA ^ -f- m^k^^ iiioA 3) 

4- (^WiAj — w^Ah + 'J’toAo — m^A'n)- 

At the surface z = ~ h, (if for brevity we write — lyuJi — 9, and — on.Ji = <^), 

the boundary conditions lead to the equations 
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- Whrjo^ {A,e^ + A/e-® - - A^-^), 

HmEe“‘™'‘ = H' [m^A-fi^ — + m^A^e'^ — 

- (7}i^Age® — ?>igA/e"® — m^A^e^ + WoAg'e"'^), 

- = H'(Aie® + A/e"® — A^e^ — A\e-’^) 

- H'^tT^g (Aie« + A/e-® + AoC^ + A.y-^), 

H77ZtFc^'"‘"''' = H' (— m^A-^e^ + ??7jA/e“® + m^A^e^ — m^A^e~^) 

+ H'”i7^3 (?UjAg6® — m-^A{e~^ + m.^A^e'^ — m^Aoe~^). 

If, for brevity, we put H't-^g = t, and notice from equations (25) that in the 

present problem 

7?7g/M = 1 d- 1^, 7)7o/M = 1 — 

■we readily reduce the boundary conditions to the following :— 

yy/ (Aq “h A) = Ag + Ag' + An + AJ — t (Ag + Ag' — A, — AJ) 

IT M — A) — Ag — Ag' + Ag — A, — \t (Ag — Ag' — Ag + An') 

^ tB = Ag - Ag' - An + Ag' - {t (Ag - Ag' + Ag - An'), 

Fe—= Age® + Ag'e"® + AnC*^ + Ag'e”^ - t (AgC® -j- Ag'e"® - AgC^ - Ao'e-^) 

H ^ 

- ^ tFe-"”'' = Age® -f- Ag'e'® - Age-^ - Ag'e"^ - t (Age® + Ag'e"® + AgC^ + Ag'e"^) 

- ~ tFe-‘™'‘ = Age® - Ag'e"® - Age^^ + Ag'e"^ - (Age® - Ag'e"® + AnA^ - Ag'e"^). 

Fliminating B, E, and F from the last six, and representing 7)2/M bj’ x, we get 
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1 -j- ^ “ i {h “f“ ~~~ X — I 

~ *11 -j- ic t “1“ ic) j- A-j "11 ~ “f" (2 ““ ^’) I" At — 0, 

1 — X — t — x) \ A^e® — jl+a: — + A/e~® 

-|- il — X t (y^ — ^)1 “1“ (■ ^3 ® ^ — 0, 

L ~ X — t(^ ~~ x) j- A^e® — |l + £c — ^(| + a:)| A/e ® 

— ■[ 1 “ cy A ^ — '^)|’ -^3^'^ ~1“ 1 ^ ^ ^ (i ~i~ '^) I’ -^2 ^ ~~ 

AiV-9 

The last two equations give 

AjC® 

{1 + x) — t (I 4 x) {1 — x) — t{^ — x) 

A„e'^ AoT-'^’ 

(1 4" ^ (i ”t 3-') (1 — A i i\ — x) 

and substitution from these in the first leads to 

= i (say) 

,-9 + cc) — ^ (4 + t ^ \ {I — x) — t {^ — x 

= i 

whence, 

e -j (1 “h x) fi- t (-^ A a:) f- — e'^ "j (l — x^ -{■ t — x- 

1^1 + ct' — ^ (2 A x)|- {1 4" x 4* ^ (i A ■’')}” — {1 — Oj -\-1 (Jt — x)}“ 

A/c-« 

h-x-t{l- x) I- e-^ {1 + .r 4 ^ (f A x)}' -c^{l-x + t{l- x)}- 

Aof'#’ 

1 4- X 4- ^ (2 A «)| e~^{l X — t (t- A x)Y — c® (1 — x — t (h — 

|l — x 4- ^ — x)| + X — t {\ + ./-•)}- — c® (1 — X — (Q — x)}“~] 

Substituting’ from these in the sixth and eighth of the surface conditions, we get 

F X - Z 

where 

and 

X = (l-0(2-0 

Z — (1 + ^) (2 -|- ^) 

■j-'t' 

E X + Z 

l+x + ^(i + x)l — \ I — X -\- t — x 

e ^ ■\- x — t {^ -{■ x)\ — — X — t {h — X 
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Now 
6 = — cm^h = — + it) 

(jj = — vmji = — tMA (1 -- \t) 

aiicl therefore, if the modulus of iM/;. be not exceedingly great, 

e® = {I ~U. iM/O e-^ = {I + . lWi) 

(1 + • ^M/0 c-^ = e‘“ {I - hj . tWi). 

Substituting; these expressions, we readily find that, to the first order in t, 

X = (1 + a;) 12 (1 + a;) - (1 - a;) - . tMA (1 + x) j 

— {I — a:) 12 (1 — x) — t{l x) *f ^. lMJi (1 — a-) j, 

Z = (1 + x) |2 (1 + a:) -h i (1 - a;) -h ^ t.M/i (1 + a;) j 

— (1 — a;) |2 (L — £c) + i (1 x) ~~ t. iM/i (1 — a:)|, 

and so 

F ' 
(1 + a;) ■ 1 - Jj ( 1 -f* tA') ■ - -‘'d ■ 1 + a- — lWi (1 — x) 

“ 

L 
^ E “ 

aA - - .oj 

whence 

{1A + ‘"‘h [-{ ' - - i' - 'h .MA ’ 

1 + ai \ 1 + I'l’/ 

I 
1 I 

1 — 
A AA-2iM/i 

and if 6 be the angle through which the major axis of the ellipse of polarisation of 

the transmitted lioht is rotated from the axis of x towards the axis of v, 6 is the real 

partofF/E. For a given metal, and given values of Ji and this angle can be 

calculated exactly from the above formula, but such calculation would be very 

tedious. It is well therefore to examine the relative magnitudes of the difi’erent 

terms in cases corresponding to the known experiments on this subject, in order to 

see whether there is any approximate formula of a simpler character. It will be 

sufficient to consider some of the experiments on transmission through films of iron 

described by Lobach (‘ Wied. Ann.’ vol. 39, p. 356) and by Drude (‘Wied. Ann.’ 

vol. 46, p. 416). 

Now 
1 — X R — cos a. + t sill « 

1 + a; R + cos a — t sin « 

_ /IF + 1 — 2 cos 

\lk + 1 -I- 2 cos a/ 
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so that for iron 

Also 

(1 — x)! {I x) = (-7500) e ‘<'-^’21') 

= (-6887) — I (-2973). 

— 2tM/i = — 2t (cos a + t sin a) 'Rmh 

= (sin a. — L cos a) Wl (47r/X) 

= - 477 {(3-21) + t(2-36)} h/X. 

In Drude’s experiments the values ol h/X lie between '065 and ‘332. 

In Lobach’s experiments the values of h/X lie between ‘042 and ‘167. 

Hence, in the two sets of experiments, the greatest value of the modulus of is 

about -1838, and therefore the greatest value of the modulus of is about 

‘1035 ; this corresponds to the thinnest film, for the thicker films the modulus is very 

much smaller. 

Hence if we neglect the fourth term in the numerator and the second term in the 

denominator, and put 

F/E = {(1 -a‘)/(l + x)} 1 — e -201/i ) 
S + t. 

we have an approximate formula whose error, lor the very thinnest film considered, 

will not exceed about 10 per cent., and is very much smaller for the large majority ol 

the experiments. 

Putting in numerical values, this becomes (for iron, and sodium light), 

F/E = 
-2 - 2t< cXCoyoe‘'''Pv -e (3-21) 

In the experiments the film is generally magnetised as strongly us possible, but 

there is no direct wav of ascertainina’ the intensity of magnetisation attained. Thus 

Jq is to a certain extent indeterminate. According to Ewing the maximum intensity 

of magnetisation for some specimens ol iron is about 1730 C.G.S. units. I shall 

therefore assume yo = 1730 ; also I take Cq as determined by log^^g ( ^0) = 11 8623. 

In one of Lobach’s experiments the thickness ol the film is given by 

/«,= 82 X 10 "1 centim. 

The light used is sodium light, so that X = 5896 X 10”® centim.; and the rotation 

{0) in the direction of the magnetising current is observed to be r62 degrees. 
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To compare this with the rotation indicated by theory, we notice that 

hj\= *1391, and 27rhj\= '8740. 

So that 

F/E= - (2-805) + t (2*063) + (-7500) 

(the other term being in this case so small that it may be neglected) 

= - t.c\Co7o6‘"Tl~’“e-"‘“ (3-934) 

= oxc„y„?||ca— 

-^•6-^4 
_ pXt! V —— ,^‘(107° 41') 
- ;l5.87 ® 

X being taken as 63° 

The angle 0 is the real part of this complex, and is therefore -01677 in circular 

measure, being positive when yy is positive, so that it is a rotation in the ihrection ol 

the magnetising current. I’his theoretical value of 0 in degrees is -961. As we have 

seen, the observed value in degrees is 1-62 ; in comparing these results it should be 

noticed that one factor of the theoretical value of 0 is the cosine of an angle which 

is just about 17° greater than a right angle ; this angle contains x, whose value we 

have had to guess ; a comparatively small error in the value assigned to x will there¬ 

fore make a considerable error in the calculated value of 0. The values of Cg and yg 

being also uncertain, the agreement of the theory with experiment may be regarded 

as good. 

In one of Drude’s experiments h/X = -332, and the light used is red ; the observed 

rotation is 4*25 degrees. If we substitute this value of h/X in the above-obtained 

approximate formula, we find 

F/E = - t.cXCgyge‘^E-A--‘“ (8-715) 

S;7_15 
M7o ;^5.8y cXQy. 

whence 0 — -05187 in circular measure, or 2-972 degrees. 

In this case, in addition to the possible causes of error referred to in connexion 

with the previous experiment, it is to be noticed that though the experiment was 

made with red light, it has been necessary in the calculation to use the values of Cg, 

X, E, and a for yellow light, for lack of information as to their values in the case of 

red light. When also it is borne in mind that the value of the magneto-optic 

constant derived from observation of reflection from mirrors has here been applied to 

test experiments on transmission through thin films, with results not only of the 

same order of magnitude but identical within the limits of uncertainty of the 
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intensity of magnetisation, the agreement must Ije considered as a very satisfactory 

vindication both of the theory and of the experiments. 

Conclusion. 

31. The various results obtained in this paper do not, I think, require any detailed 

comment. They may be fairly claimed to shew a remarkably good agreement between 

theory and experiment, a better agreement, I believe, than is shewn in the papers of 

Golphammer and Drude, The only considerable discrepancy arises in connexion 

with the original Kerr experiments ; but here it is to be remembered that the 

experiments of Kerr, and those of Sissingh and Zeeman, are not measurements of 

different phenomena, but ore different ways of measuring the same phenomenon. 

Hence any theory that agrees with one of these sorts of experiments ought to agree 

equally well with the other sort; and if this is found not to be the case it is probably 

not the fanlt of the theory, but must be attributed to inaccuracy in one of the sets 

of experimental results. Thus it would appear that the original experiments of 

Kerr, who was the pioneer in this subject, have been (piantitatively much improved 

on by later investigations. 
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I. Introduction. 

In a former paper (‘ Phil. Trans.,’ A, 18 95, vol. 186, p. 657-693) we gave an account 

of some experiments on the occlusion of oxygen and hydrogen by platinum black, and 

pointed out that freshly-made platinum black invariably contains a considerable 

quantity of oxygen. Most of the specimens which we examined contained approxi¬ 

mately 100 volumes, or 0'66 per cent, of oxygen, which could only be completely 

removed hy heating in vacuo at a dull red heat, and although a large fraction of the 

total oxygen can be extracted at about 400° C., the substance which remains behind 

is no longer platinum black but platinum sponge which has a much lower absorptive 

power for gases. 

When hydrogen is admitted to platinum black containing x volumes of oxygen, 

2x volumes are converted into water, and the remainder of the gas absorbed, which, 

in general, is about 100 volumes, is really occluded. The heat evolved on the 

occlusion of hydrogen by platinum black has been measured by Berthelot (‘ Ann. de 

Chim. et de Phys.,’ 1883, vol. 30, p. 519), and by Favre (‘(lomptes Ptencl.,’ vol. 77, 

p. 649, and vol. 78, p. 1257), but we have already (loc. cit., p. 693) expressed our¬ 

selves as dissatisfied with the results they obtained, since the heat due to the 

combination of the oxygen pre-existing in the platinum black with the hydrogen is 

also included in these measurements. 

VOL. CXC.—A. s 13.10.97 
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During our attempts to solve tlie problem whether the occlusion of gases by metals 

is a chemical or pliysical phenomenon, we have investigated the thermal changes 

which take place on the occlusion of hydrogen and oxygen by platinum black. 

Independent of the object for which the investigation was undertaken, the results we 

have obtained, which we now beg to lay before the Society, are of interest in 

connection with many electrical experiments where platinum or platinised electrodes 

are employed. The present communication also contains an account of the behaviour 

of several other gases towards platinum black, together with some speculations 

regarding the occlusion of oxygen. 

IL The Heat of Occlusion of Hydrogen hy Platinum BlacJc. 

In attempting to determine the heat evolved on the occlusion of hydrogen by 

platinum black several courses were open to us. The first of these, namely, the 

preparation of pure platinum black, and the subsequent treatment of this with 

hydrogen in the calorimeter, had to be abandoned, as we have up to the present been 

unable to obtain this substance free from occluded gases. 

A second conceivable method would be to treat platinum black as we find it, that 

is to say, platinum black containing oxygen, small quantities of carbon dioxide, and 

usually traces of other substances,* with hydrogen, and to make a correction for the 

heat evolved due to the formation of water. This method, however, has two dis¬ 

advantages ; firstly, the correction for the heat evolved on the formation of water is 

much greater than the constant to be measured, and secondly, it is very difficult to 

estimate exactly the quantity of oxygen in the sample experimented upon. Any 

attempts to remove the oxygen by heating m vacuo resulted in the formation of 

platinum sponge, which occludes relatively only small quantities of hydrogen. 

As will be seen in Section III., chemical methods for removing the oxygen without 

introducing other deleterious substances also jjroved unsuccessful, and hence we were 

reduced to the third alternative. This consisted in fully charging up the platinum 

black with hydrogen at atmospheric pressure, removing as much as possible of the 

hydrogen by means of the pump, at as high a temperature as the platinum black 

could safely stand (184° C.) without being converted into sponge, and finally charging 

up fully again with hydrogen in the calorimeter. In this way the hydrogen converts 

all the oxygen initially present in the platinum black into water (the bulk of which is 

subsequently removed), and also exerts its full influence on oxides of nitrogen or other 

impurities before the heat evolved on the true occlusion of hydrogen is measured in 

the calorimeter. 

It seems to us that the only objection which can be raised to this method of 

* The cliief of these are oxides of nitrogen, derived from nitroso componnds formed on the solution of 

platinum in arina regia, and 'which cannot bo destroyed even on repeatedly evaporating the solution 

sirccessively with water and hydrochloric acid. 
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determining the heat of occlusion is in connexion with a statement of Berthelot’s,^'' 

that two definite compounds of platinum and hydrogen exist, viz., PtsoHj and PlggHg, 

corresponding to the amount of hydrogen which can be extracted from platinum black 

in vacuo at two different temperatures and to two different heats of occlusion. 

Favre,! also, found on admitting hydrogen fractionally, in small portions at a time, 

that the heat evolved per gram of hydrogen occluded became less and less. As our 

results will show, the heat evolved per gram of hydrogen occluded for the fraction of 

hydrogen which can be removed at the ordinary temperature, by means of the pump, 

from platinum fully charged with hydrogen at atmospheric pressure, is the same as 

for the jiortion which can be extracted in vacuo at 184° C., and consequently we 

believe that the results obtained by Berthelot and by Favre were due to the fact 

that the samples of platinum black examined by them contained oxygen. 

Having stated in general terms the method adopted by us for the determination of 

the heat of occlusion of hj^drogen by platinum black, we will now describe the 

apparatus employed. 

During the first part of this investigation we found that although the bulk of the 

hydrogen or oxygen occluded by platinum black was absorbed almost immediately, 

a slow absorption went on for hours. This being the case, we found it better to make 

use of a Bunsen’s ice calorimeter instead of an ordinary water calorimeter, which 

gives the best results when the reaction is nearly instantaneous. We are of opinion 

that the ice calorimeter has been too often neglected on account of the difficulty of 

obtaining pure snow ; but, by adopting the device suggested by Professor C. V. 

Boys,| we have been able to obtain very satisfactory results. The calorimeter itself, 

L, which was made sufficiently large to accommodate the experimental tube D, was 

surrounded by an air-jacket, J, as shown in fig. 1, and the whole suspended inside 

three concentric cylinders. The cylinders themselves, with their drain-pipes, were 

sunk in a large cubical wooden box, the space between the outer cylinder and the 

box being packed with cotton wool. Pounded Norwegian ice was placed inside the 

cylinders and heaped up outside, so that the whole of the projecting part of the 

experimental tube was covered with melting ice. The function of the air-jacket is to 

diminish the too rapid transference of heat between the calorimeter, which should be 

exactly at 0° C., and the melting ice, which, since it is more or less impure, has 

always a lower melting-point than pure ice. The calorimeter was filled in the usual 

way with boiled-out distilled water, and, after some mercury had been introduced 

into the lower part, the thistle funnel, tap, and side capillary tube were sealed on. 

In order to produce the sheath of ice on the outside of the inner tube of the calori¬ 

meter, the whole was cooled down to 0° C., and some solid carbon dioxide introduced. 

This produced intense local undercooling, and consequently some ice crystals 

* Berthelot, loc. cit. 

t Fatre, loc. cit. 

+ C. V. Boys, ‘Phil. Mag.,’ 1887, vol. 24, p. 214. 
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separated out,* The ice sheath was then made to grow to the required size by pour¬ 

ing ether into the inner tube and blowing a current of air through it. Lastly, suffi¬ 

cient salt solution, S, cooled down to zero, was introduced into the inner tube, so that 

when the experimental tube was inserted, the whole of the bulb and a considerable 

portion of the stem were covered with the solution ; and care was also taken that 

the surface of the salt solution was 3 or 4 centims. below the top of the ice-sheath, 

so that most of the heat radiating from it would be caught in the sheath. The 

amount of mercury sucked into or expelled from the apparatus was preferably deter¬ 

mined by the deflection of the meniscus in the capillary tube, rather than by 

weighing, since the progress of the reaction could easily be seen at any instant. No 

ej'i’ors due to the “sticktion” of the mercury need be feared if the tube is tapped 

Fig. 1. 

occasionally. The capillary tube was one especially selected from a lai’ge number. 

For over a metre of its length its mean capacity was 0‘0001196 cub. centim. per 

millim., and the deviations from the mean value at ten points along its length were 

respectively -|- 9, -|- 17, fl- G, — 1, +4, — 11, — 16, — 1, + L, — 7, units in 

the last significant figure. In translating the deflection of the mercury meniscus in 

millims. into heat units, we have accepted DiETERici’st value, that 1 gram calorie 

corresponds to the displacement of 0’01544 gram of mercury ; and hence a deflection 

of 1 millim. in the tube we employed represents 0T053 of a gram calorie, or O'OOlOoS 

of a hundred-gram calorie, denoted by K in tins paper. 

Before proceeding to use the calorimeter for our experiments, the specific heats ol 

'* If this precaution is not taken, the water may be cooied several degrees belo\Y 0“ C., and, when once 

ice begins to form, it does so so suddenly that the apparatus is liable to burst, 

t DiETEiaci, ‘ Wied. Ann.,’ 1889, vol. 37, p. 499. 
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pure lead and zinc were determined, to see that everything was in good working 

order. The values we found were as follows :— 

Specific heat of lead . 

Spring found . . . 

Specific heat of zinc . 

Kopp found. 

Bunsen found .... 

Schuller and Wartha form 

0'0290 between 

r 0-0305 ,, 

I 0-03195 

10-03437 

0‘09312 between 

0° and 38°0 C. 

17° ,, 108° „ 

13° „ 197° „ 

1G° „ 292° „ 

0° and 15°-8 C. 

. 0-0932 

. 0-0935 

d 0-0939 

I Temperature interval not 

f stated. 
j 

The numbers we find are lower than those recorded by other observers, but this, 

at least in the case of lead, is as it should be, since the determination was made at a 

lower temperature. 

Having satisfied ourselves that the instrument gave correct results, an experimental 

tube of the form shown in fig. 1 was made. It consisted of a bulb, D, to contain the 

platinum black, which along with a portion of the stem was immersed in the salt 

solution contained in the inner tube of the calorimeter. Communication between the 

bulb and the system of taps and capillary tubes which projected above the calorimeter 

was made by means of a tube F, just sufficiently wide to admit of the introduction of 

the platinum black. When the experimental tube was in position, the mouth of the 

inner tube of the calorimeter was closed by the india-rubber stopper F. After a 

known weight of ])latinum black had been introduced, and before the apparatus was 

finally fixed in position in the calorimeter, the tube F was sealed off at the point A. 

The tube B was now connected with a gas burette whilst C was placed in communi¬ 

cation with the pump, and the capacity, of the tube determined by filling with dry air 

at a known temperature and pressure, exhausting and remeasuring at the same 

tempei-ature and pressure. 

The platinum black wms now fully charged up by admitting i)ure hydrogen under 

atmospheric pressure. After standing for a day, the tube was jacketed with aniline 

vapour at 184°, and the excess of hydrogen filling the apparatus, together with the 

hydrogen and water which can be removed in vacuo at the ordinary temperature, and 

that which is given off at 184° C., extracted by means of the pump. Both taps being 

now shut, the experimental tube in a vacuous state was cut off, cooled to 0°, and 

introduced into the calorimeter. In this position it was again connected up with the 

hydrogen apparatus and the pum]i, and when equilibrium had set in, hydrogen was 

admitted, from a gas burette, and the deflection of the mercury meniscus in the 

capillary side tube, G, noted from time to time until equilibrium was presumably again 

established. As a rule the position of the meniscus in the capillary tube never 

remains stationarv, whether an experiment is in progress or not, in consequence of 
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the very slow melting’ of ice or freezing of water inside the calorimeter. When the 

ice is first produced in the calorimeter the whole apparatus must stand for several 

days surrounded by ice before equilibrium between the ice and water inside is 

established. Owing to adventitious circumstances, atmospheric pressure, etc., the 

normal creepage of the meniscus sometimes amounted to several millims. an hour, 

but experiments were never conducted until this had diminished to one or two 

millims., whilst in most of the experiments the normal creepage was less than one 

millim. per hour. 

Fig. 2. 

After admitting hydrogen the normal creepage was never the same, as, even after 

three or four hours, hydrogen continues to be slowly absorbed. This difficulty was 

overcome in the following way :—After the last reading of the deflection was taken, 

the volume of hydrogen used was immediately noted, and by subtracting what was 

required to fill the experimental tube at 0°C. (the top of the tube and the taps being- 

covered with melting ice) the quantity of hydrogen occluded up to the time of the 

last reading of the deflection was found. The final occlusion of hydrogen was of 

course very slow, and the real calorimeter deflection was obtained by plotting the 

readings in a co-ordinate system as shown m tig. 2. 

The first part of the curve I, represents the normal creepage before the 

admission of hydrogen. The horizontal part IT, a large portion of which is omitted, 

shows the chief deflection due to the main occlusion of the hydrogen during the first 

few minutes (10-15 min.). The curve then bends upwards, III, but never becomes 
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quite parallel with the first part owing to the very slow absorption going on. Instead 

of drawing the tangent to part III. of the curve, which would obviously be wrong, 

a closer approximation to the true deflection can be obtained by drawing a parallel to 

part I. of the curve through the last point of observation, at which point the volume 

of occluded hydrogen was determined. 

Blank experiments showed that admission of the relatively small quantity or gas 

from the burette to an empty experimental tube produced no appreciable deflection. 

Several preliminary experiments were made, using small quantities ot platinum 

black, but the results of these were unsatisfactory on account of the difficulty of 

measuring the deflection and the amount of hydrogen occluded accurately enough. 

To obviate this difficulty, experiments were made on a larger scale, and with as much 

platinum black as could conveniently be introduced into the experimental tube. The 

results of these experiments are given in the following Table I., the experimental 

tube beino’ removed from the calorimeter, re-exhausted at 184 C., and replaced in 

the calorimeter again before admitting hydrogen the second time. 

Table I. 

Experi¬ 
ment. 

1 

Platinum 

black used. 
Hydrogen occluded. 

Heat evolved. 

1 

Heat evolved per 

gram of hydro- ; 

gen occluded. 
1 

1 ---- 1 

Deflection. 
Heat in calories. 

1 K = 100 cal. 

h. 

i 

grams. 
9-744 

9-744 

cub. centims. grams. 
8-34 0-000751 
7-38 0-000664 

millims. 
49-6 

43-6 

K. 
0-05223 

0-04591 

K. i 
69-6 

69-1 

Table II. 

Experi¬ 

ment. 

Platinum 

black used. 
Hydrogen occluded. 

Heat 

Deflection. 

evolved. 

Heat in caloiues. 

1 K = 100 cal. 

Heat evolved per 

gram of hydro¬ 
gen occluded. 

grams. cub. centims. grams. millims. K. K. 

i let. 9-744 -2-51 -0-000226 -14-1 — 0-01485 -65-7*- 

! 15. 9-744 2-13 0-000192 11-6 0-01221 63-7 

III. 1-9193 1-90 0-000171 11-1 0-01169 68-3 

The mean of the two results is an evolution of 69‘4 K per gram of hydrogen 

occluded. This value, however, may represent the sum of two other values, one of 

which relates to the heat evolved on the occlusion of the hydrogen, which can be 

* Heat absorbed pei’ gram of hydrogen removed. 
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extracted from fully charged platinum hlack in vacuo at the ordinary temperature, 

whilst the other corresponds to the occlusion of the hydrogen, which can be removed 

from the platinum black in vacuo by raising its temperature from the ordinary 

temperature up to 184° C. In order to test the question wdiether the occlusion of 

different fractions of hydrogen corresponds to different heat changes, as has been 

stated by Favee and Berthelot, some additional experiments were made, the results 

of which are given in tabular form in Table 11. 

Vfhen Experiment 1. was over, the platinum black remained fully charged wdth 

hydrogen at 0° C. Before removing the experimental tube from the calorimeter for 

the purpose of re-exhausting it at 184°, an attempt was made to measure the heat 

ahsorhed on removing as much of the hydrogen as could be pumped off at 0° C., wdth 

the results given under Experiment la. As wdll be seen from the table, 2’51 cub. 

centims. of hydrogen were removed. In Experiment 16. the platinum black was 

again fully charged up with hydrogen. Tire results of these two experiments, namely, 

65’7 K ahsorhed per gram of hydrogen removed, and 63'7 K evolved per gram of 

hydrogen occluded, are sufficiently close to each other and to the mean value 6 9‘4 K, 

considering the probable errors which will be discussed immediately, to show that 

there is no difference between the thermal changes which take place when the two 

different fractions of hydrogen are occluded. In Experiment III. a small quantity of 

platinum black was employed, and it wms exhausted at 230° C. instead of at 184° C. 

before being placed in the calorimeter. Approximately, the same value was obtained 

for the heat evolved per gram of hydrogen occluded. 

The probable accuracy of the results may be estimated from the following con¬ 

siderations. The hydrogen w'as measured in a calibrated burette, H, divided into 

tenths of a cubic centimetre, which w'as read to one-hundredths of a cubic centimetre. 

The volume of hydrogen occluded (ahvays reduced to 0° C. and 760 millims.), given 

in the foregoing tables, represents the difference between the total hydrogen measured 

and that required to fill the experimental tube. The measurements are also liable to 

slight errors involved in reading temperature and pressure for the reduction of the 

gas volumes to standard conditions. The burette could be read with certainty to 

one-fiftieth of a cub. centim., but if we allow the error from all sources to be 

one-twentieth of a cub. centim., this would mean in Experiments I. and II. a possible 

error of about f per cent. ; wdiilst in Ta., 16., and III. the error might amount 

to 2-| per cent. The calorimeter deflection, which w-as observed on a scale etched 

on a plate-glass mirror, K, lying underneath the capillary tube, could be read accurately 

to OT of a millim. ; but, if we admit a total error of 0‘5 of a millnn. for plotting 

the curve and for any change of normal creepage during the experiment, then the 

error involved in the heat measurement may approach 1 per cent, in Experiments I. 

and II., and 5 per cent, in Experiments la., 16., and III. 

The total error in the most unfavourable circumstances in the first two experi- 
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ments may thus amount to about one and a half per cent., whilst in the last three it 

might exceed seven per cent. 
If we take the mean of Experiments I., II., and III., and also include another 

independent result, 68'2 K, which was obtained incidentally during the determination 
of the heat evolved on the occlusion of oxygen by platinum black,wn find as the 
general mean value for the heat evolved per gram of hydrogen occluded, 68’8 K, 
or i37’6 K per gram-molecule; and we think that, with the liberal allowances 
we have made for experimental error, this number may be taken as correct within 

one or two per cent. 
According to Berthelot the hydrogen which cannot be pumped off at the ordinary 

temperatm’e from platinum black charged with hydrogen forms the compound PtgoHo, 
whilst that which does come off is obtained by the dissociation of PtgQHg into the 

first compound and hydrogen. 
The heats of formation of these hypothetical compounds are + 339 K for the first, 

and -r 426 K for the second; that is to say, 170 K are evolved per gram of 
hydrogen occluded in the first instance, and 87 K per gram in the second. From 
the results which we have obtained it follows that the arguments put forward by 
Berthelot in favour of the existence of these compounds cannot be justified. The 
second value for the heat of occlusion of hydrogen, which is only half the first, 
is still much higher than the real value, 68'8 K, and we can only account for these 
different and high numbers found by Berthelot on the assumption that the 
platinum black employed by him contained oxygen. If reference is made to 
Table Ill.t it will be found that when the platinum black contained oxygen, the 
following numbers w’ere found by us for the heat evolved per gram of hydrogen 
ahsorhed: 203, 195, 183, 173, and 163 K, which are of the same order of magnitude 
as that given by Berthelot for the supposed heat of occlusion of hydrogen in the 

first compound, viz., 170 K. 
Favre has attempted to distinguish between the heats evolved on the occlusion of 

hydrogen by platinum and by palladium, inasmuch as when hydrogen is admitted in 
small portions at a time to palladium, the heat of occlusion remains constant ; whilst 
in the case of platinum the heat evolved becomes gradually less and less. This 
difference, which however is only apparent, is also exemplified in Table III., and it 
is only necessary to point out that it is the result of adding hydrogen to platinum 
charged with oxygen, and therefore, in this respect, the supposed difference between 
the behaviour of platinum and palladium to hydrogen does not exist. 

* Page 14.5, Table HI, Operation 15. 

t Page 145. 
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III. On some Attempts to remove the Oxygen from Platinum Blach without des¬ 

troying its Occlusive Power [Occlusion SO.2, CO, NH3, &c.). 

As far as we know the thermal change which takes place when oxygen is occluded 

by platinum black has never been measured. In 1883 the attempts which Bes- 

THELOT made in this dmection proved fruitless. We have already pointed out that 

platinum black, as usually prepared, invariably contains oxygen which cannot be 

removed by heating in vacuo without destroying the black and converting it into 

sponge, and consequently we tried a large number of experiments, having for their 

idtimate object the removal of the oxygen from platinum black, or, in other words, 

the preparation of a samiDle which per se at 0° C. would occlude oxygen directly. 

All our attempts to prepare such a specimen have hitherto been unsuccessful, but 

some of them which are interesting in themselves may be briefly recorded here. 

Sulphur dioxide.—One of the first of these was to treat platinum black with 

sulphur dioxide, in the hope that the sulphur trioxide formed, along with an}" 

occluded sulphur dioxide, might be completely extracted in vacuo at a temperature 

v.diich would not impair the absorptive power of the platinum black for oxygen. 

It was found, however, that although practically all the oxygen was removed 

as SOg in this way, the platinum black itself vras charged with 84'2 volumes of 

sulphur dioxide. Of this occluded sulphur dioxide, which for the purpose we had in 

view was quite as objectionable as oxygen, only about one-fifch, or 15 volumes, could 

be removed in vacuo at the ordinary temperature ; wdiilst for its complete removal 

ignition at a red heat, and consequently the conversion of the bla-ck into sponge, was 

necessary. 

From the fact that the platinum black originally contained about 79 m volumes 

of oxygeip and that 84‘2 volumes of SO^ were subsequently occluded, it may be 

inferred that platinum black occludes approximately the same number of volumes 

of both gases. 

Carhon monoxide.~As "we already know from former experiments, carbon dioxide 

may be readily removed from platinum black at temperatures which do not seriously 

affect its absorptive power. Attempts were therefore made to convert the oxygen 

contained in platinum black into carbon dioxide by the admission of carbon monoxide. 

Experiments showed that the bulk of the oxygen could be easily removed in this 

w’ay, but on exhausting the tube it was found that carbon monoxide was itself 

occluded by the platinum black, and could only be removed by heating to redness in 

a vacuum. 

In two experiments a sample of platinum black wdrich contained initially about 

90 volumes of oxygen wms found to have occluded 95‘7 and 93'5 volumes respectively 

of carbon monoxide. 

Formic acid.—The method we have generally adopted for the preparation of 

platinum black has been by the reduction of sodium platinichloiide by sodium 
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formate, and it might be expected that the oxygen contained in platinum black could 

be removed by treatment with formic acid. 

In the first of Wo experiments which were performed, the details of which need 

not be given, the platinum black was treated with the vapour of formic acid ; whilst 

in the second, it was warmed with a dilute solution of formic acid in the experimental 

tube. In the latter case the excess of water and formic acid was evaporated off in 

vacuo, suitable absorbing agents having been introduced between the pump and 

experimental tube, and the residual substance dried at 100° C. in vacuo before 

exhausting at a higher temperature. 

On gradually heating the platinum black obtained after treatment with (A), the 

vapour of formic acid, and (B), an aqueous solution of formic acid, gas was con¬ 

tinuously given off in vacuo until a dull red heat had been maintained for some time. 

In both cases the gas pumped off was found to be a mixture of carbon monoxide and 

hydrogen, as shown in the following table. 

CO 

A. 
Platinum black 

treated witli the vapour 
of formic acid. 

B. 
Platinum black 

treated with dilute aqueous 
formic acid. 

^'ols. 
88-3 
■21-0 

vols. 
86-8 
38-4 

Total. 115-8 125-2 

Hitherto we were inclined to ascribe the presence of oxygen in platinum black to 

the fact that it w^as washed and dried at 100° in the presence of air, since platinum 

black, when heated in an atmosphere of oxygen, absorbs this gas until the tempera¬ 

ture reaches 360°-380° C. If freshly reduced platinum black contains either or both 

of these gases occluded in it, then it is easy to account for the presence of oxygen in 

the substance we actually obtain ; for, on coming into contact with the air, both of 

these substances would be immediately burnt out and oxygen would take their place. 

As a last resource for the preparation of pure platinum l)lack, free from oxygen, 

we originally intended, if all else failed, to attempt to wash and dry it out of contact 

with the air; but these experiments show that even if wm did succeed in keeping out 

oxygen, we might, it is true, obtain platinum black free from oxygen, but it would 

on the other hand be equally valueless for our purpose, since it would in all probability 

contain carbon monoxide and hydrogen. 

Methyl alcohol, ammonia, &c.—Platinum black submitted to the action of the vapour 

of methyl alcohol, and then subjected to a preliminary exhaustion at 100° C,, was 

found on heating to a red heat in vacuo to give off 101 volumes of a gas consisting 

of 11 volujnes of carbon dioxide and 90 volumes not absorbed by alkaline pyro- 

T 2 
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gallate. On ti'ansfeiTing the latter to the eudiometer and exploding with oxygen, it 

was found to be composed chiefly of hydrogen, together with a small quantity of some 

hydrocarbon which was not further investigated. 

On several occasions we have obtained specimens of platinum black of low 

absorptive jDower, which may readily be distinguished by the fact that they have 

a grey appearance instead of the usual dead black. (Platinum black of this 

description is apparently formed by the reduction of solutions Avhich are acid instead 

of neutral or slightly alkaline.) 

A quantity of this greyish platinum l^lack from a preparation which on ignition 

in a vacuum gave off only 21 volumes of oxygen was treated with ammonia gas." 

After exhausting at the ordinary temperature, 24’8 volumes of gas were extracted 

on ignition and were found to consist of CO3 4‘2 volumes, O3 O'O volumes, 

H3 15'6 volumes, and N3 5'0 volumes. 

The total gas extracted, viz., 24‘8 volumes, is sufficiently close to 21 volumes, the 

amount of oxygen originally contained in another sample of the same preparation, to 

warrant the inference previously drawn with regard to sulphur dioxide, and confirmed 

in the case of carbon monoxide, hydrogen, methyl alcohol and formic acid, that, when 

these reducing substances act on platinum black the oxygen is removed but its 

place IS taken by nearly the same number of volumes of the reducing substance or its 

products of decomposition. In former experiments, this number always approximated 

to 100 volumes, since the platinum black investigated contained nearly 100 volumes 

of oxygen. Furthermore, the removal of the reducing substance or its products 

from the platinum black seems to be just as difficult to accomjalish as the removal of 

the oxygen itself 

An attempt to remove the oxygen by treating with hydrogen peroxide also proved 

unsuccessful. 

When a platinum wire serves as the cathode in a vacuum tube through which an 

electric discharge is sent, the platinum volatilises, or gets thrown off, and forms 

a mirror on the walls of the tube. It was thought that by making a mass of platinum 

black the cathode in such a tube, the oxygen might be removed. On trying the 

experiment, however, only a very few bubbles of gas were extracted, and these Avere 

obviously due to the heating efiect alone, and not to any mysterious action during 

the passage of the current. 

In most of these experiments the reducing substance was employed in excess, but 

* The ammouia gas employed in this experiment was obtained by admitting strong aqueous ammonia 

at tbe bottom of a small flask, provided with a side tube dipping into mercury, nearly filled with chips 

of caustic potash, so that the gaseous ammonia given off might be dried as it ascended. When potash is 

dissolved in water, heat is evolved, and when ammonia is libei'ated from an aqueous solution, heat is 

absorbed, and the latter effect seems to be greater than the former, for, on admitting ammonia, the 

flask became veiy cold, and it was only necessary to warm it gently with the hand to obtain a steady 

stream of the gas. 
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in the following section the result of admitting the theoretical quantity of a I’educing 

agent, viz., hydrogen, is described. 

IV. On the Existence of Platinum Oxygen and Platinum Hydrogen in presence 

of each other. 

All previous attempts to prepare a specimen of platinum black which would 

occlude oxygen directly having failed, the following experiments were made in the 

hope of obtaining the substance we were in search of. The amount of oxygen 

contained in a certain sample of platinum black was determined by a direct experi¬ 

ment ; and it was found that 5-815 grams gave, on exhaustion in vacuo at a red heat, 

25-56 cub. centims. = 92-6 volumes of oxygen. By taking another weighed quantity 

of the same sample and charging it -with rather less than rlie amount of hydrogen 

theoretically necessary for converting all the oxygen into water, it was expected that 

the platinum black Avould then be in a position (after pumping off the water formed 

at the ordinary temperature) to absorb oxygen directly in the calorimeter. For this 

Fig. 3. 

purpose 5 051 grams of platinum black were placed in the experimental tube. A, 

(fig. 3) which was then exhausted. It was estimated that this quantity of platinum 

black contained 22-20 cub. centims. of oxygen, for the complete conversion of which 

into water 44-4 cub. centims. of hydrogen would be necessary. 

As a matter of fact, only 39-05 cub. centims. of hydrogen were admitted from the 

gas burette, B. The apparatus was then allowed to stand for a few hours, when the 

tap, C, communicating- with the pump was opened. Practically all the liydrogen 

admitted was found to be absorbed, for on putting the pump in action only about 

a quarter of a cub. centim. of gas was extracted. On surrounding the experimental 

tube. A, with a copper sheath and applying- a Bunsen burner, 10-75 cub. centims. 

of gas were pumped off, which on examination was found to consist of :— 
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CO., 
0., ' 

h; 
Residue .... 

2'53 cub. centime. = 10'5 vols. 
3-04 „ „ = 12-7 „ 

o-OO „ „ = 20-8 „ , 

0T8 „ „ = 0'7 „ j 

1 

Total. 1075 ,, „ = 44’7 „ 

It would appear, therefore, from this experimeut that the hvdrog’en, on being 

admitted to the platinum black, attacks the portion with which it first comes in 

contact, converting the oxygen into water, and then takes its place, instead of first 

converting as much as possible of the oxygen into water. It is also noteworthv that 

the oxygen and hydrogen pumped off did not combine on passing over the heated 

platinum black or sponge, but this, perhaps, may be due to the fact that they come 

ofi‘ at difterent temperatures, and that the bulk of the gas diffused at once into the 

Topler ])ump, which had a much larger volume than the experimental tube. If this 

explanation is correct, then, even on allowfing the tube to stand for weeks or months 

one could scarcely expect all the admitted hydrogen to combine with the oxj’gen in 

the platinum black, since the hydi'ogen is practically not given off into the vacuum 

again, and consequently could not diffuse along to the other end of the tube contain¬ 

ing the occluded oxygen, and vice versd. 

That the explanation wm have given is substantially correct was proved bj^ slightly 

modifying the conditions of experiment. 

5'330 grams of platinum black was divided into two portions of 2’608 grams and 

2722 grams, which were introduced into the hard-glass tubes, A and B respectivelv, 

of fig. 4. 

Fig. 4. 

^ B 

Pump ■*- -6 I t r~ ^i 1 I 1 -Ltl—± 
C B £ 

The two portions were thus separated by a narrow tube provided with a stop-cock, 

D. When the wdiole apparatus, C A D B E, was exhausted, the stop-cock, G, was 

shut. It was calculated that 46'86 cub. centims. of hydrogen were sufficient to 

convert all the oxygen in both portions of the platinum black into water. 48‘00 cub. 

centims., or rather more than what was theoretically necessary, were admitted from 

a gas burette through the stop-cock, E. After standing for about two hours, the 

communication between the two tubes remaining open all the while, the tap, 0, was 

opened, and it was found that the vacuum inside the apparatus was practically 

complete, or that all the hydrogen which had been admitted was absorbed. 

The stop-cock, D, was now closed, and the tube. A, nearest the pump, heated to a 

dull red heat and exhausted. When the exhaustion was complete, D was opened, and. 
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A still being kept hot, the tube B was similarly exhausted at a red heat, and the gas 

collected separately. 

The composition of the gases obtained in this way is shown by the following- 

analysis — 

Gas from tube adjacent to pump. Gas from tube B, adjacent to burette. 

COo 1'91 cub. centims. = lO'O vols. 1-14 cub. centims. — 8-8 vols. 
0., 2-94 „ „ =23-7 „ 0-00 „ „ = 00 „ 
H, 0'40 ,, ,, = 3-2 ,, 7 36 ,, „ = 56 0 „ 

Total . . 6-2.5 „ „ =42-4 „ 8-50 „ ~ „ = 65-4 „ 

These results confirm our previous statement that when a limited quantity of 

hydrogen is admitted to platinum black containing oxygen, it simply removes the 

oxygen, as water, from that portion of the platinum black with which it first co-mes 

into contact, and then takes its place ; for it will be seen from the above Table that 

the platinum black in the tube adjacent to the burette contained an excess of hydrogen 

associated with it, whilst the portion next the pump contained an excess of oxygen. 

Precisely the same thing, but only in reversed order, takes place when oxygen is 

admitted to platinum black charged with hydrogen, as an experiment performed in 

the converse way clearly showed. 

These results show that, in the case of the fii'st experiment which led to tlieir l)eing 

performed, we may have a given quantity of platinum blamk containing both, what we 

may be permitted provisionally to call, p/atdnnri oxygen and hydrogen, but 

they give us no trustworthy indication of how much of each is present; for, it is 

more than likely that on heating, some of the oxygen from the platinum ox^^gen 

combines with some of the hydrogen from the platinum hydrogen forming water ; 

and that the free gases finally obtained are only the portions which from accidental 

circumstances escape the catalytic action of the platinum. 

The quantities of platinum oxygen and platinum hydrogen existing in the same 

sample are thus probably greater than the above experiments seem to indicate. 

V. The Heat of Occlusion of Oxygen hy Platinum Black. 

Having failed in the preparation of a sample of platinum black which would 

occlude oxygen directly at 0° C., and so enable us to determine directly the heat of 

occlusion of oxygen, our only alternative was to remove as much of the oxygen as 

possible by charging with hydrogen and then to make allowance for the heat due to 

the formation of water in subsequent^ charging with oxygen. 

All the experiments made in the preceding section go to show that if a portion of 
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the oxygen in platinum black be discharged by the addition of even considerably less 

than the theoretical quantity of hydrogen, the resulting substance still contains 

platinum oxygen and platinum hydrogen existing together, and that the quantity of 

hydrogen pumped off such a mixture at a red heat, in vacuo, even although relatively 

small, does not necessarily represent the actual amount of hydrogen existing in the 

mixture as platinum hydrogen, but only that fraction of it which escapes the catahMic 

action of the platinum or platinum oxygen. 

In the experiments which follow an attempt was made to reduce the amount ot 

this hydrogen to as small an extent as possible. The apparatus used was precise!}’ 

similar to that employed for the determination of the heat evolved on the occlusion 

of hydrogen. The amount of platinum black used was 12-555 grams, and after its 

introduction, the capacity of the experimental tube was carefully determined. 

According to calculation the above quantity of platinum black contained 55-18 cub. 

centims. of oxygen, and this requires for its complete conversion into water about 

110 cub. centims. of hydrogen. Before placing the appai’atus in the calorimeter it 

was sealed on, on one side to the pump, and on the other to the burette supplying 

pure hydrogen. After completely exhausting, at the ordinary temperature, 9G-40 

cub. centims. of hydrogen were admitted and allowed to remain overnight Next 

day communication was made v ith the pump, and whilst the platinum black was 

heated in boiling aniline (temp. 184° C.), as much water and gas as possible were 

pumped off. In this way 1-52 cub. centims. of hydrogen were extracted. The 

experimental tube, in the vacuous state, was then removed from the pump and 

burette and its contents thoroughly mixed up by prolonged shaking. After having- 

been shaken at intervals for a day it was cooled to 0° C. and inserted into the calori¬ 

meter and sealed on once more to the pump and to the Imrette, furnishing pure 

oxygen. 

It was hoped that by this treatment all the platinum hydrogen might be destroyed 

and that the specimen would be able to occlude oxygen directly. Oxygen was, therefore, 

admitted in small poi’tions of about 5 cub. centims. at a time, and the results are 

o’lven in talmlar form in Table III. For the sake of convenience, all the results have 

been tabulated together, and have been further sub-divided into a series of eight 

experiments, or twenty-seven operations. 
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Table III.—Calorimetric Experiments on the Occlusion of Oxygen by 

Platinum Black. 

Experi¬ 
ment. 

Opera¬ 
tion. 

Gas. 

Calorimeter 
deflection. 

Heat 
evolved. 
K = 100 

Heat 
evolved 

Gas absorbed. per gram 
of gas 

absorbed. Admitted. Exhausted. gram. cal. 

cub. centims. cub. centims. cub. centims. grams. millims. K. 
I. 1. 5-32 0., Nil 5-32 Oo 0-00761 Oo 135-8 0-1430 18-8 

2. 6-5J „ 5-51 „ 0-00788 133-0 0-1401 17-8 
3. 4-37 „ 4-37 „ 0-00625 „ 108-6 0-1143 18-3 
4. 5-28 „ 1-74 3-54 „ 0-00506 „ 76-1 0-0801 15-8 
5. 25-86 „ 24-96 0-90 „ 0-00129 „ 12-2 0-0129 10-0 

Totals 19-64 „ 0-02809 „ • * 0-4904 

11. 

' ■ 

6. 47-59 H, Nil 47-59 Ho 0-00428 Ilo 826-8 0-8698 203-1* 

i III. 7. 5-03 Oc, Nil. 5-03 Oo 0-00720 Oo 1.51-2 0-1592 22-1 
8. 5-49 „ 5-49 „ 0-00785 ,, 159-3 0-1678 21-4 
9. 5-08 „ 5-08 „ 0-00727 „ 148-3 0-1561 21-5 

10. 32-49 „ 24-85 7-64 „ 0-01092 „ 149-1 0-1570 14-4 

1 
Totals . 23-24 „ 0-0.3324 „ • • 0-6410 

11. 21-25 H, Nil 21-25 Ho 0-00191 H, 3.53-5 0-3722 194-7* 
12. 45-69 „ 0-50 42-19 0-00407 705-5 0-7429 182-7* 

■ IV. 
j 

13. 19-27 „ 0-30 
about. 

18-97 „ 0-00171 „ 279-8 0-2947 172-6* 

14. 10-14 „ (8-0) ? ? 42-0 0-0442 ? 
15. 33-75 „ (24-741 9-01 „ o-oodsii,, 52-5 0-05.53 68-2 

30-89 

V. 16. 5-.30 Oc Nil 5-.30 Oo 0-00758 Oo 220-3 0-23-20 30-6 
17. 6-08 „ 6-08 0-00869 190-3 0-2004 23-1 
18. 5-24 „ 5-24 „ 0-00750 „ 166-8 0-1756 23-4 
19. 5-96 ,, 5-96 „ 0-00853 „ 174-2 0-18.34 21-5 
20. 5-52 „ 5-52 „ 0-00789 ., 163-6 0-1723 21-8 
21. 5-32 „ 5-32 „ 0-00761 „ 160-7 0-1692 22-2 
22. 5-98 „ 

.3-60 
5-98 „ 0-00852 „ 155-4 0-1637 19-1 

23. 6-00 „ 2-40 „ 0-00343 „ 38-5 0-0405 11-8 

Totals 41-80 „ 1-.3371 
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Table III.—Calorimetric Experiments on the Occlusion of Oxygen by 

Platinum Black (continued.) 

Experi¬ 
ment. 

Opera¬ 
tion. 

Gas. 

Gas absorbed. 
Calorimeter 
deflection. 

Heat 
evolved. 
K= 100 
gram. cal. 

Heat 
evolved 

per gram 
of gas 

absorbed. Admitted. Exhausted. 

VI. 24. 
cub. centims. 
115-05 Hj 

cub. centims. 
[24-48] 
32-43 

cub. centims. 
90-57 Ho 

grams. 
0*00815 Ho 

millims. 
1260-0 1-3268 

K. 
162-8 

: vir. 25. 
20. 

-- 

4-79 0,. 
60-76 „ 

Hil 
[24-75] 

4-79 Oo 
36-01 „ 

0-00685 Oo 
0-05149 

199-5 
1012-8 

0-21C0 
1-0663 

30-6 
20-7 

Totals . 40-80 „ • • • • 1-2763 1 
' 

i vm. 
1 

27. Oxygen occluded. 
Exliansted at a red heat 

i 

21-67 Oo 0-03098 Oj 

. 

Let us consider first of all the first experiment of five operations. Staiting ^^ith 

the platinum black prepared as above, successive quantities of oxygen were added 

until after Operation 5 it was fully charged up with oxygen. The absorption of the 

oxygen in the first three operations was very rapid, but became slowei in the fouith 

and still slower in the fifth. The table sufficiently explains itself. In Operations 

1, 2 and 3, the heat evolved per gram of oxygen absorbed remains pretty nearly the 

same. In Operation 4 there is a distinct diminution in the amount of heat evolved, 

whilst in 5 this has tailed off to 10 K. These results are remarkable. If all the 

numbers in the last column had remained constant, we might have concluded that we 

were dealing only with the direct occlusion of oxygen, or, even if the last two or three 

values had remained constant we might have accepted these as representing the heat 

of occlusion of oxygen. As it is, however, and knowing as we do that the platinum 

black, in spite of the treatment to which it was subjected, may have contained some 

platinum hydrogen, we must conclude that the first four numbers, at any rate, aie 

composite numbers partially due to the heat of occlusion of oxygen and pai dally to 

the heat of formation of water. It might have been expected that the fiist chaige of 

oxygen would have removed all the hydrogen existing in the platinum, and it is 

curious that for small concentrations of platinum hydrogen, the ratio of the quantity 

of oxygen which goes to form water to that which is occluded remains constant, foi 

this is obviously what the approximate constancy of the first three numbers means. 

For greater concentrations of platinum hydrogen, as can lie seen from Opeiation 16, 

this no longer holds good. 
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The net result of these five operations is to fix the upper limit of the heat of occlu¬ 

sion of oxygen at 10 K per gram. From the fact that in Operation 4 some oxygen 

was extracted from the tube, we may suppose that at this stage most, if not all, the 

hydrogen had been removed as water, and that the number 15’8 is obtained because 

the effect due to true occlusion preponderates over that due to the formation of 

water. From the smallness of the quantity of oxygen occluded in Operation 5, no 

great reliance can be placed on the value 10 K, taken singly, but in all probability 

we are dealing in this case with true occlusion. 

In Operation 6, 47‘59 cub. centims. of hydrogen were admitted to the experimental 

tube still in the calorimeter, the heat evolved per gram of hydrogen absorbed being 

203'1 K. This number has an asterisk attached to it to signify that the results 

may be calculated in another way, namely, 47'59 cub. centims. = 0'00428 gram of 

hydrogen were absorbed, the heat evolved being 0’8698 K. Now, one gram of 

hydrogen on being burnt to water evolves 342 K, hence, if we assume that the whole 

of the 47‘59 cub. centims. of hydrogen were oxidised to water, the heat evolved 

should be 342 X 0'00428 = 1’4645 K. If the difierence, viz., 1'4G45 — 0’8698 

= 0'5947 K, represents the heat absorbed on removing 23'8 cub. centims. of oxygen 

from the platinum black, then the heat absorbed on the removal of one gram of 

oxygen will be 0'5947 -f 23'8 X 0‘00143 — — 16’8 K. This number approaches 

those obtained in Operations 1-4, but, of course, has the negative sign. The assumj)- 

tlon on which this number is calculated, viz., that the ivhole of the hydrogen added 

went to form water, cannot be justified, and hence this number cannot be regarded as 

the true amount of heat absorbed per gram of oxygen removed. 

The 47‘59 cub. centims. of hydroge]i added in Operation 6 were less than what is 

theoretically required for the complete removal of the oxygen contained in the 

platinum black, and, consequently, before Operation 7 was started, the platinum black 

was in pretty much the same condition as before the first operation, except that in 

all probability it contained a larger proportion of platinum hydrogen, since it had not 

been shaken up or exhausted at 184° C. This possibly explains why the values of 

the heat evolved per gram of oxygen absorbed in Operations 7, 8, and 9 are higher 

than in the corresponding Operations 1, 2, 3, and 4. 

In Operation 10 the platinum black was fully charged up. If this had been done 

in two stages, say, by adding 6 cub. centims. and then 1’64 cub. centims., the value 

for the last would probably have been much less than 14'4 K. The falling off in 

Experiment III. is otherwise very siniilar to that in Experiment I. 

In the fourth experiment hydrogen was added in successive stages. During Opera¬ 

tion 14, 10T4 cub. centims. of hydrogen were admitted, and on making connexion 

with the pump it was found that the vacuum was far from complete. Since the 

pressure within the apparatus was not known, it was impossible to estimate how 

much hydrogen was really absorbed, and how much was simply filling the experi¬ 

mental tube. About 8 cub. centims. altogether were pumped off. In Operation 15 

U 2 
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the hyclrogeii was admitted at full atmospheric pressure. The volume of hydrogen 

required to fill the experimental tube is given in square brackets [24’74], whilst 

30’89 cub. centims. were afterwards extracted, the difference between them having 

been removed from the platinum in vacuo. 

Operation 15 is interesting, as the value 68-2 K represents the true heat of occlu¬ 

sion of one gram of hydrogen, which is in good agi'eement with the values formerly 

obtained, the mean of which was about 69 K. 

Just as in the case of 6, Operations 11, 12, and 13 can be calculated in a similar 

way, and give the following values per gram of oxygen removed, if wm assume that 

in each case the whole of the hydrogen is oxidised to water, and that none goes to 

form ]ilatinum hydrogen. 

Operation 11 .... — 18-4 K per gram of oxygen removed. 

„ 12 .... — 20T K 

„ 13 ... . — 21-3K 

Experiment V. is similar to I. and III., except that wn start iii this case with 

platinum black, which has been fully charged with hydrogen, and from wdiich all the 

hydrogen which comes off in vacuo at 0° C. has been removed. 

For the first addition of oxygen a greater amount of heat is evolved, viz., 30‘6 K, 

probably due to the relatively large formation of wmter compared wdth the quantity 

of oxygen really occluded. The last charge of oxygen gives out IFS K per gram of 

oxygen absorbed, and this seems to be due for the most part to fhe true occlusion of 

oxygen. 

At this stage we intended to stojj the series of experiments and to find out, by 

exhausting at a red heat, how much oxygen had actually been occluded in the last 

set of operations ; but, since there was some uncertainty wdiether the wmter wdiich 

was formed was itself occluded or absorbed by the platinum, producing heat changes, 

or whether it simply condensed on the inner walls of the experimental tube and on 

the platinum black, it seemed that some light might be thrown on this point by a 

slight alteration in subsequent experiments. 

The high value, 30-6 K, was obtained in Operation 16 : but before this experiment 

was performed, the platinum black previously charged with hydrogen was kept in 

communication wdth a P3O2 tube in vacuo for two days, in order to remove as 

much as possible of the wmter along with the hydrogen. In Operation 24 

the platinum black was fully charged witli hydrogen. [24-48] cub. centims. were 

required to fill the experimental tube, whilst 32-43 cub. centims. w-ere pumped off as 

expeditiously as possible, in order to leave most of the wmter formed, wdiich diffuses 

very slowly through the capillary tubing, in the experimental tube. In the next 

operation, 25, a small quantity of oxygen wms admitted, but the value for the heat 

evolved per gram of oxygen absorbed was 30-6 K, wdiich is identical w-ith the value 

obtained in Operation J 6, although in the latter case as much waiter as possible had 
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been previously removed from the platinum before starting. This experiment is, 

perhaps, not quite conclusive, but we think, from the general behaviour of platinum 

black, that it had already, from the very beginning, absorbed or occluded its quantum 

of water, and that this is not affected by placing the platinum in a vacuum, or by 

condensing more dew on its surface. 

This assumption was confirmed by surrounding the bulb of a Beckmann thermo¬ 

meter in an ordinary calorimeter with 5 grams of platinum black, dried at 100 G. 

When the temperature had become steady, the platinum black was moistened with 

water at the same temperature, injected from the outer bath of the cal or line tei, but 

no definite rise or fall of temperature could be detected. 

After charging up fully with oxygen, in Operation 20, the experimental tube 

was removed from the calorimeter, the platinum black tiansfeiied to a haid-glass 

tube, exhausted at the ordinary temperature, and then heated to redness in vacuo. 

21-67 cub. centims. = 0-03098 gram of oxygen were pumped off at a red heat, and 

this represents the amount of oxygen which was actually occluded in Opeiations 25 

and 26. 
So far we have not been able to obtain any very definite direct value for rlie heat 

of occlusion of oxygen, except that in Operations 5, 10, and 23 we found approximate 

values, viz., 10-0, 14-4, and IDS K per gram of oxygen occluded. 

With the data which we possess, however, and knowing that during the last process 

of charging with oxygen 21-67 cub. centims. of oxygen were occluded, we can calcu¬ 

late the heat of occlusion indirectly. 

(l.) In Experiment VII., lO'SO cub. centims. of oxygen were used, and of this 

21-67 were actually occluded, whilst the remainder, 10-13 cub. centims., must have 

been burnt to water. Now, on combustion, 19-13 cub. centims. = 0 02735 gram 

oxygen should jiroduce -—- = 1-1695 K. But, during the combustion, 

2 X 19-13 = 38-26 cub. centims. = 0-003443 gram of hydrogen must have been 

removed from the platinum black, and since 69 K are absorbed on the removal of 

1 gram of hydrogen, the removal of 0-003443 gram should absorb 0-003443 X 69 

= 0-2376 K. 

If, therefore, the heat of formation of water minus the heat absorbed on the 

removal of the hydrogen, i.e., 1-L695 — 0--2376 = 0-9319 K, represents all the heat 

clianges which take place, with the exception of the heat evolved or absorbed on the 

occlusion of 0-03098 gram of oxygen, then the difference between the actual heat 

developed, viz., 1-2763 K and 0-9319 K, i.e,, -j- 0-3444 K, represents the heat evolved 

on the occlusion of 0-03098 gram of oxygen, or 11-1 K are evolved per gram of oxygen 

occluded. 

This number is in good agreement with those indicated by the preceding nioie 

direct measurements. 
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(2.) The amount of heat absorbed on the removal of oxygen from platinum black 

can be calculated in a somewhat similar way. 

In Experiment VII., as we have just seen, 38'26 cub. centims. of hydrogen must 

have been left over occluded from the preceding Experiment VI. Be.sides this, how¬ 

ever, 7'95 cub. centims. of hydrogen were pumped off in vacuo in Operation 24, so 

that in ExjDeriment VI., altogether, 38‘26 -j- 7'95 = 4G’21 cub. centims. of hydrogen 

must have been occluded. The total hydrogen absorbed was 90‘a7 cub. centims. ; 

hence 90*57 — 46'21 = 44*36 cub. centims. must have combined with 21*18 cub. 

centims. of oxygen occluded in Experiment V. to form water. 

The evolution of heat corresponding to this formation of water is 

44*36 X 0*00009 X 342 = 1*3652 K. 

Similarly, the heat evolved on the occlusion of 46*21 cub. centims. hydrogen is 

46*21 X 0-00009 X 69 = 0*2869 K. 

The sum of the two heats evolved, viz., 1*6521 K, is greater than the heat actually 

evolved, viz., 1*3268 K, by 0*3253 K. 

Consequently, 0-3253 K must have been absorbed on removing 22*18 cub. ceutims. 

= 0*03172 grm. of oxygen, and hence — 10-3 K were absorbed per gram of oxygen 

removed. 

(3.) Going back another step, we ffnd that, from Exjjeriment VI., 22*18 cub. centims. 

of oxygen must have been occluded in Experiment V. The total oxygen used in 

Experiment V. was, however, 41*80 cub. centims., and therefore 19*62 cub. centims., 

= 0-02805 gram of oxygen, must have formed water with the corresponding quantity 

of hydrogen pre-existing in the platinum black, giving out 

684 X 0-02805 

16 
1*1995 K. 

19*62 cub. centims. of oxygen would remove 39*24 cub. centims. of hydrogen, with 

the absorption of 
39-24 X 0*00009 X 69 = 0*2438 K. 

The heat due to the formation of water and the removal of hydrogen is thus 

1*1995 — 0*2438 = 0*9557 K, whilst the heat actually evolved was 1*3371 K. Con¬ 

sequently, 0*3814 K have been liberated on the occlusion of 0*03172 gram of oxygen ; 

or 12-0 K were evolved for every gram of oxygen occluded. 

All these calculations depend on the final measurement of the oxygen occluded, 

and consequently any error involved in this determination would be magnified at 

each step backwards. 

We have thus obtained three values for the amount of heat evolved per gram oi’ 
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oxygen occluded, or, what in one case amounts to the same thing, viz., the heat 

absorbed per gram of oxygen removed. 

From Experiment VII. 11T K per gram occluded 
VI. . . — 10'3K ,, removed 
V n 5j .. 12 0 K „ occluded 

The mean of the three is IIT K per gram of oxygen occluded, and the first of 

these, for reasons which have just been stated, is the most trustworthy. Deviations 

due to the magnification of any errors, are already apparent in the next two, although 

it is satisfactory to find that their mean is identical with the first. If it had been 

]30ssible to obtain another pair of values, then from the method of calculation the 

fourth would probably have been less than 10’3, and the fifth greater than 12'0, 

although the mean might have approximated to LIT K. 

Altoerether, therefore, we have six determinations of the heat of occlusion of 

oxygen, three of which were obtained more or less directly, whilst the other three 

were Indirect measurements, namely :— 

From Operation K. From Experiment K. 

5 10-0 VII. Ill 
10 14-4 VI. 10-3 
23 11-8 V. 12-0 

Of these, 14‘4 K is obviously too high, since the final amount of oxygen absorbed 

in Operation 10 is so large that it probably includes some heat due to the formation 

of water. 

The mean of the other five determinations is -f ll’O K per gram of oxygen 

occluded, and we think, although from the nature of the experiments and the diffi¬ 

culties encountered in determining this constant it is scarcely so satisfactorily 

established as the corresponding number for hydrogen, this value may be accepted 

as a pretty fair approximation to the amount of heat evolved per gram of oxygen 

occluded, or referred to a gram-atom of oxygen + 17G K. 

VI. S2yeculations on the Nature of the Occlusion of Gases by Platinum Black. 

With regard to the occlusion of hydrogen and other gases by platinum black, we 

are not as yet in a position to form a definite opinion. The difficulties which lie in 

the way are considerable, and when we remember that the cjuestion, whether the 

much better defined product obtained by occluding hydrogen in palladium is to be 

regarded as containing the compound Pdgll., or whether it is simply a solid solution 

of hydrogen in palladium, has not yet been definitely settled, it is not astonishing 
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that the dilRculties in deciding the corresponding cpiestion for the less well-defined 

product obtained by charging platinum black with hydrogen can not easily be sur¬ 

mounted. As far as we can see at present, the only solution to the problem is to be 

got by a more minute study of the physical properties of the substance. 

It must be admitted that the inference which we have drawn, viz., that any given 

sample of platinum black occludes approximately the same volume of the difierent 

gases, seems to point to the conclusion that we are dealing with some phenomenon 

which is conditioned by the extent of the surface of tlie platinum black, as otherwise 

it is not Cjuite clear why hydrogen, oxygen, carbon monoxide, and sulphur dioxide 

should all be absorbed in equal volumes. On the other hand, we have to deal with 

the equally significant fa,ct that neither nitrogen nor carbon dioxide are absorbed 

except in comparatively small quantity. If, however, we confine our attention to 

the occlusion of oxygen by platinum black, the balance of the evidence which we can 

bring forward at the present time seems to indicate the formation of a definite 

compound or oxide. 

If, in the first place, the occlusion of oxygen were merely the physical condensation 

of ox3^gen in the capillary pores of the platinum black, we should expect that raising 

the temperature w^ould either have very little effect or would simply re-evaporate the 

condensed oxygen, whilst, as a matter of fact, rise of temperature is accompanied by 

increased absorption up to the temperature of about 360°-380° C., when the oxygen 

is again given off. 

This behaviour seems to militate against the view that we are dealing with physical 

condensation or liquefaction in the pores. Solid solution however is not excluded ; 

but if it be remembered that platinum black absorbs about 100 volumes of oxygen, 

whilst there is no authenticated case on record in which platinum in the concrete 

form has been known to absorb more than a few volumes at the outside, it would 

follow that, if we were really dealing with solid solution, platinum in all its forms 

should absorb approximately the same quantity of oxj’gen, although we would be 

quite prepared to find a different rate of absorption in the different forms. 

If we admit the possibility that the different varieties of platinum may be allotropic 

modifications, then the above arguments would not necessarily hold good, as may 

readily be seen by a comparison of the properties of red and yellow phosphorus. 

Carbon bisulphide may be regarded as being soluble in the yellow variety, but 

insoluble in the red, since it is purely a conventional matter which we call the 

solvent and which the dissolved substance. 

In connexion with the view that the absorption of oxygen by platinum black may 

simply be due to superficial oxidation, we made a few experiments with the object of 

comparing the general behaviour of platinum black charged with oxj^gen with the 

lowest oxide of platinum. Several samples of platinous hydrate Pt(OH)o were pre¬ 

pared by boiling a dilute solution of potassium platinochloride KaPtCl^, with the 

theoretical cjuantity of caustic potash according to the method recommended by 
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Julius Thomsen. We were never able to obtain the platinons hydrate perfectly free 

from chlorine in this way, and we were surprised to find that after drying at 100° G. 

it always contained more than the theoretical amount of oxygen, and that the oxygen 

appeared to increase with the time taken in drying. On heating at higher tempera¬ 

tures in a current of dry air, still further (quantities of oxygen were absorbed, but 

between 237° and 360° oxygen is again lost, reminding one of the behaviour of 

qdatinum black which begins to give off its oxygen at about 360° under ordinary 

atmospheric qiressure. 

Platinous hydrate apqiears to lose the bulk of its water at about 200°-250° C., and 

the oxide PtO so formed, begins to give off its oxygen very slowl}^ at 380° in vacuo. 

At 444° a large fraction of the oxygen may lie slowly pumqjed off^ as the following 

talile shows, but for its complete removal ignition at a red heat is necessary. 

First three hours at 444° 

Second day ,, ,, 

Third 

Fourth „ 

Fifth „ „ 

Sixth ,, ,, 

Exhausted at 460° 

,, „ a red heat 

8'50 cub. centims. extracted. 

15-45 

2-50 

J5 

5 > 

5? 

5 J 

3 3 

/•} 

1-39 33 

1-02 33 

3 5 

33 

35 

3.’ 

0-63 

4-56 

6-68 

33 

33 

33 

40-73 

A previous analysis of the same sample showed that 41*01 cub. centims. should 

have been obtained. 

Platinum black and platinous oxide in general appear to behave in pretty much 

the same way, except that when heated in vacuo the oxygen comes oft the oxide 

qiroper more slowly and at a slightly higher temperature. 

Although some important evidence might lead us to supqiose that the absorption of 

oxygen by platinum black is simjDly due to the superficial oxidation of the finely 

divided metal, the question cannot yet be regarded as definitely settled. 

What is either a very curious coincidence or the best argument in favour of the 

view that the occlusion of oxygen is simply suqDerficial oxidation is to be found in 

Thomsen’s'" determination of the heat of formation of qilatinous hydrate. 

According to Thomsen the reaction 

Pt + 0 + H3O = Pt(0H)2 + 179 K 

takes place with the evolution of 179 K for 16 grams of oxygen, whilst we found 

that the occlusion of the same quantity of oxygen by platinum black was accompanied 

by the evolution of 176 K, the water which is a necessary factor in the above reaction 

being always present in platinum black. 

* J. Tuomsen, ‘ Thcrmochcmisclie Uutcrsucliaugcu,’ Vol. 3, page 429. 
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YII. The Sensitiveness of the Retina to Light and Colour. 

Bjj Captain Y/, de W. Abney, C.B., {late) R.E., D.C.L., F.R.S. 

Eeceived Maj 10,—-Read June 3, 1897. 

1. New Form of Apparatus for Reducing the Intensity of Light. 

In “ Colour Photometry,” Part III. (‘ Phil. Trans.,’ A, 1892), a description was given of 

the apparatus employed for estimating the intensity of light of any colours which just 

failed to cause any sensation on the retina. In the following research a modified form 

of apparatus has been employed, and experience has shown it to be equally as accurate 

as and more convenient in many ways than that formerly used. When rotating sectors 

are employed with less than 4° of aperture, small errors in the reading of the graduated 

arc cause appreciable errors in the result. Hence, the more nearly the zero reading is 

approached, the less trustworthy are the determinations of the diminution of the total 

intensity, and this uncertainty affects all observations in which the light is reduced 

below 4^ of its initial amount. The sectors have also the disadvantage of not being 

noiseless, and of requiring an electro or other motor to work them. With the 

extinction box, described in Part III., the difficulty of being able to reduce the 

light to, say xooFo of its initial intensity, was overcome by using diaphragms 

of varying aperture in front of the ground glass, which was practically the source 

of illumination. It is obvious that any instrument which would allow a similar 

decrease in illumination without the intervention of a diaphragm would be advan¬ 

tageous, more particularly if it were noiseless. In the estimation of star magnitudes 

by extinction, a wedge has been used from time to time by various investigators, 

and in 1870 I myself used one for the purpose of measuring the intensities of 

the electric light. As a rule, these w^edges are of dark green glass wdiich have a 

fairly high exponential coefiicient of absorption. The fact that it has a dominant 

colour at once indicates that for the comparison of spectrum colours by extinction 

such a wedge should be avoided. Thanks to the kindness of Dr. Grossmann, of 

Liverpool, I had put into my possession a pair of black glass wedges, and with 

these I hoped to avoid the difficulty caused by tlie colour of the green glass 

wedges, but after mounting them and preparing to use them, it was found that 

the material exhibited bands of absorption in several parts of the S23ectrum; after 

graduating them for each spectrum colour, the results were so unsatisfactory that 

X 2 9.12.97 
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their use had to be abandoned. Reduction of intensity by means of a polarizing 

apparatus had already been tried and found unsatisfactory, when the beam of light 

approached the point of absolute visual extinction. 

2. Gelatine Wedge in Ammlar Form. 

It occurred to me that a few years ago Mr. Leon Warneeke had brought out a 

“ sensltometer ” (an instrument for measuring the sensitiveness of a photographic 

plate) in which the apparatus for reducing the intensity of light admitted to a 

sensitive surface consisted of an annulus of gelatine of gradually increasing thickness, 

coloured either by a dye or by a powder of any colour which might be desired, I 

applied to Mr. Warnerke to prepare for me some of these sensltometer screens, and 

to use as a powder very finely divided lampblack. He kindly gave me several 

specimens of three varieties, one having but little pigment mixed with the gelatine, 

another rather more, and the third with strong absorption. This last reduced the light 

which penetrated the thinnest part to part when it had to pass through the 

thickest portion, the second only reduced it to rather less than ycnfo part, and for my 

purpose I selected this last with which to work as a rule, though in some cases the 

more opaque annulus was used. I am informed that the mode of the preparation of 

the annulus is as follows In a perfectly flat and thick steel disc a groove of 

gradually increasing depth is cut by a proper machine into an annulus about 1 inch 

broad. When the depth of the groove has been tested and found to increase 

proportionally to the arc of the circle, replicas of the disc and groove are made in 

non-oxidizable metal. The finest pigment is then mixed with semi-liquid gelatine, and 

when thoroughly incorporated the viscous liquid is poured into the groove, the top 

surface of the disc being very carefully levelled. A sheet of worked glass is then laid 

on the surface of the disc, and any excess squeezed out except a very minute film 

which appears colourless, and for which there is no means of escape. When the 

gelatine has properly set, the glass plate is removed with the relief of the groove 

attached to it. The gelatine annulus is allowed to dry, and is then ready for use. 

It struck me that such an annulus might be substituted for glass wedges, and after 

selecting one which %vas suitable as to colour absorption and regularity of absorption 

coefficient (if one may so call it), I finally determined to adopt it. It may be said 

here that not every specimen gave equally good results. It is only when the glass 

plate is perfectly flat that regularity in the increase in thickness, and consequent 

uniformity of coefficient per unit angle can be secured. The diminution in light in 

its passage through the annulus of pigmented gelatine is evidently due to a different 

cause to that of coloured glass. In the latter case it is due to true absorption, in the 

former to the obstruction by fine opaque particles. If the opaque particles possessed 

colour some of the light passing through the gelatine would be tinged with the light 

reflected from their surfaces, and if they were semi-transparent there would be not 
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only obstruction but also absorption. As the particles were black and very opacjue 

the light penetrating, and which was reflected from the surfaces of the particles, 

would be colourless, or rather uncoloured. A photographic plate sensitive to all 

visible rays was exposed to the spectrum, and on the same plate, and just below 

it, a more prolonged exposure was given after its passage through a portion of the 

annulus, and on development the two images appeared identical from B to, at 

all events, near G, but beyond the image in the extreme violet was rather less 

opaque in the latter than in the former, indicating a slightly increased absorption for 

those rays. The use of this annulus was therefore possible and easy between B and 

G, and between these limits only has it been emplo3md. It seems probable that this 

falling off in the extreme violet may be due to scattering by fine particles. The 

following is the method adopted to mount the annulus :—A hole was pierced in the 

glass exactly at the centre of the two circles and the glass was cut into a disc 

concentric with the circles. 

The disc of glass. A, is pierced in its centre with an aperture of just sufficient size 

to allow a pin with a screw-thread springing from a brass plate attached to the 

wooden slide, G, to penetrate. The disc of glass, F, with the annulus on it, being 

also pierced at its centre with an aperture, can be passed over the same pin. The two 

discs are clamped together with a milled-headed nut, D, a washer of paper, E, being- 

placed between the two. The disc. A, is cemented into a circular ring, B, graduated 

into degrees. On A is ruled a line joining centre and the zero of the graduation. The 

junction of the most and least opaque parts of the annulus is caused to lie along that 

line. The disc, A, is mounted so that the marked line on it, when the zero point is at 

the index, M, passes across the centre of the slit, S, the width of which can be 
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adjusted by a screw arrangement wmrked by the milled head, C. The brass ring 

is grooved on its outer edge, and round it and a brass pulley, H, passes a thread, 

and the ring, B, can be rotated by means of an universal joint and the handle, K. 

The pulley, H, by an obvious arrangement, can be moved towards or away from the 

annulus, thus allowing the thread to be slackened or tightened as may be desired. 

When F is in position the annulus covers the slit, S. By turning the handle, K, 

which is of such a length that it can be used 5 feet off from G, different parts of the 

annulus are caused to pass across S. When in use a small glow-lamp, carefully 

shaded, is attached to L, the frame of the camera, and after an extinction the readings 

are made by passing a current through it temporarily. It might be thought that an 

easier arrangement would be to place the mounted annulus in front of the eye, but 

tlie difficulty of reading without illuminating the retina prevented its adoption, and 

the uncertainty that would exist as to the precise part of the annulus which came 

between the spot of light and the eye, owing to the large eye-hole, also prevented 

its use in that position. Perfectly unfettered vision is essential. 

3, Graduation o f Annulus. 

The annulus, when thus mounted, was ready for graduation, and as the method 

adopted is, it is believed, new, a description of it is given. The colour-patch 

apparatus described in Part II., “Colour Photometry” (‘ Phil. Trans.’), was utilized, 

but to the front of the slit in the spectrum a piece of plain Avorked glass, M’, Avas 

attached as shoAvn (fig. 2). The beam of light coming from the prism, P, after 

passage through the lens, L', and the slit, S, was partly reflected from a plain 

mirror M' on to M”, a silvered mirror, and partly transmitted through M', the ratio 

of the amount of reflected to transmitted light vaiying according to the angle 

which M’ made with the direction of the beam. The direct beam after passing 

through M' also passed through the annulus, B, and through the lens, L", forming 

:in image of the face of the prism, P, on A. The annulus, B, could be rotated so 

that the intensity of illumination of the patch of light on A could be increased 

or diminished at Avill. The reflected part of the beam also jDassed through the 

margin of the lens, L”, and formed a patch of light of the same colour and A^ery 
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closely of the same size on A, and by adjusting the mirror, M", the two patches 

could be superposed. Kotating sectors with adjustable apertures were placed in the 

path of the reflected beam as shown. A rod, It, cast two shadows, which were 

arranged to touch one another. When the undiminished reflected beam fell on A 

the two shadows were made equally luminous by rotating B. The number of degrees 

from the zero point was then noted. The sectors then were set so that half the 

light of the reflected beam was cut off, and equality of illumination of the shadows 

again secured by rotating B. The number of degrees was again noted. When the 

sectors were set at 45° the same procedure was adopted. If the coefficient of 

absorption (obstruction) did not vary, the intervals between first and second readings 

and between the second and third should be the same. By again setting the angle 

of the sectors to give one-eighth part of the light, another reading could be obtained, 

and so on. By altering the angle of M' a new set of readings could be obtained, till 

every part of the annulus had been tested. By altering the position of the slit, S, in 

the spectrum, the obstruction coefficient for any colour could be arrived at. It will 

be seen that by this method one beam of light alone is utilized in a very simple 

method, and is in fact a modification of the method adopted when graduating wedges 

in white light, as described in the monthly notices of the Eoyal Astronomical Society 

four years ago. From the extreme red to beyond G no difference was found in the 

“ obstruction coefficients above that which would arise from pure error in observa¬ 

tion. The following is the adopted coefficient for the annulus mostly employed :_ 

Table I.—Scale of Wedge, the coefficient being *0086 for each degree. 

Degrees. Log. Value of the light 
penetrating. DegTee.s. Value of the light' 

penetrating. j 

0 4-000 10,000 190 2-366 ' 232 
10 3-914 8,200 200 2-280 190 i 
zO 3-828 6,870 210 2-194 156 : 
30 3-742 5,500 220 2-108 128 
40 3-606 4.520 230 2-022 105 
to 3-570 3,710 240 1-936 86-1 , 
GO 3-484 3.040 250 1-850 7T5 
70 3-398 2,500 260 1-764 58-0 
80 3-312 2,050 270 1-678 47-8 
90 3-226 1,680 i 280 1-592 39-0 

100 3-140 1,380 i 290 1-506 32-0 
no 3-054 1,130 ! 30U 1-420 26-2 
120 2-968 925 1 310 1-334 21-6 
130 2-882 760 i 320 1-248 17-8 
140 2-796 625 I 330 1-1'62 14-5 
150 2-710 512 ! 340 1-076 1T9 
160 1 2-624 420 350 0-990 9-7 
170 2-538 345 360 0-904 , 8-0 
180 2-452 283 1 

1 

i 
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It may be noted that the annulus was graduated at the same distance from the 
screen as that at which it was employed in the subsequent experiments. This is, 
perhaps, an unnecessary refinement in the case of a medium presenting such fine 

particles, though it Avould not have been so had they been as coarse as the grains of 
sdver in a photographic negative, for in the last case a certain amount of light is lost 
through scattering. The annulus having been graduated, it became necessary to 
ascertain what breadth of annulus might be used so that no appreciable error might 

be incurred by reading the centre of the slit as the mean reading of the light passing 
through it. If the slit occupied 10° of the annulus, the light passing through the 
marcrins would be as 2051 to 1683, and the mean of these two would be 1867. The 
light passing through the centre of the slit would be in reality 1858 on the same 
scale. There would be, therefore, a difference between the mean of the marginal 

rays and that of the mean absorption of ’9 per cent. 
If the breadth of slit occupied 5° of the annulus, the difference between the mean 

of the marginal intensities and that of the actual central intensity would be '2 per 
cent. The true mean of all the rays would be less than these figures. A slit of 5° 
width would, therefore, be admissible to use as giving an error much less than that 
found in observations—as a matter of fact, the slit was always considerably narrower 

than this, so that no appreciable error can be found on this account. 

4. New Extinction Box. 

In Part III. of “Colour Photometry ” a diagram is given of an “extinction box,” 
and also of the curves of extinction of the visible spectrum for various classes of 
colour vision. For the greater part of the experiments the box was slightly altered, 

so far as regards the method of admitting the light. 

Fig. 3. 

At the end of the box, B, an aperture was cut, which was closed by a piece ot 
glass, G, finely ground on each side, or by an opal glass. Provision was made lor 
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the insertion of diaphragms, d, in front of the glass. The eye-piece, E, was at the 

opposite end of the box, as shown. Outside the box was a mirror, M, enclosed in a 

frame, as shown. The slit, S, in the spectrum and the collecting lens, L, together 

with the wedge, W, are shown in the figure. H is the handle used to move the 

annulus round its axis. This form of box only admits light through the end ; there 

is no reflected light in the inside. The one thing necessary is to secure a good 

scattering of light by the ground glass, so that the direct light is inappreciable com¬ 

pared with that scattered, a desideratum which is obtained by using glass ground 

on each surface. The box in which M is fixed is blackened, or lined with black 

velvet, and M itself can be either a silvered or plain glass. In the old arrangement 

the light entered from the side and by reflection, and after passage through ground 

glass illuminated a white disc at the end of the box. When the disc was of fair size 

any reflections from the black interior were extinguished long before the light from 

the disc itself vanished, and hence no inconvenience was felt from the presence of the 

light from the black interior, which may be taken as about g-j of that reflected from 

the disc. If, however, the area of the white disc is very much diminished, the 

illumination, as will be seen presently, may be as much as 100 times greater than 

on the larger disc and yet be invisible, and then the reflection from the interior 

of the box would be visible after the extinction of Imht from the small disc was 
O 

completed. For this reason the new form of extinction box was designed. 

5. Sensitiveness oj the Retina to the Spectrum Colours U'lth Varying Sizes of Image, 

The first series of experiments to be described, though not first in order of making, 

was to ascertain the sensitiveness of the eye to different sizes of image at the point 

of extinction. It has long been known that equally illuminated images on the 

retina, but of varying size, produced different sensations of brightness, but I am 

unaware of any exact measures of the difference. These I propose to give, and trust 

that they will be of use in studying the physiology of the eye. It was, of cou)-se, 

impracticable to use many eyes in this research, and I have been content with the 

observations made by myself and by my assistant, Mr. Bradfield, more especially as 

they were made Cjuite sejDarately, at different times, and are quite confirmatory of 

each other. The size of the image on the retina is best expressed in tlie angular 

measure which the object subtends outside the eye, and this plan I have adopted 

throughout. In Part III., “ Colour Photometry,” the extinction curves showed the 

absolute values of the light of the various parts of the spectrum, when just failing to 

impress the retina, in terms of a candle, and a change in the scale of ordinates several 

times in the same figure was necessitated. When the results of my first set of 

experiments were plotted with the angles of the annulus at which extinction occurred 

VOL. CXC.—A. y 
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as the ordinates, a much more convenient form of curve was obtained. As the angles 

are proportional to the logarithms of the extinction these latter were employed 

instead of the angles themselves, to enable the results obtained with any other wedge 

to be made comparable with those obtained with the new apparatus. For the sake of 

comparing the results of the extinction of the spectrum obtained in the former 

experiments, given in Part III., Colour Photometry, the curve of the extinction for 

the normal eye was converted to a logarithmic curve, and the conversion will be found 

in Table II. 

TxVBLE II.—Extinction by the Centre of the Eye, from Part IIP, “ Colour 

Photometry.” 

1 

Scale 
N umber. 

X. Reduction. Log. ■ 

' 

Scale 
Number. 

X. Reduction. Log. 

64 

1 

7217 55,000 4-740 33 4963 10-2 1-009 

63 7082 30,000 4-477 32 4924 11-6 1-064 

62 6957 15,000 4-176 31 4885 13-6 1-130 

61 6839 7,500 3-875 30 4848 16-3 1-212 

60 6728 3,750 3-574 29 4812 20-5 1-312 

69 6621 1,900 3-278 28 4776 26-0 1-415 

58 6520 1,410 3-070 , 27 4742 31-0 1-491 

57 6423 650 2-812 1 26 4707 38-5 1-585 

66 6333 380 2-579 i 25 4674 46 1-663 

55 6242 272 2-434 24 4639 56 1-748 

.')4 6152 196 2-292 23 4608 67 1-826 

53 6074 112 2-046 22 4578 80 1-903 ! 

52 5996 79 1-900 21 4548 95 1-978 ! 

51 5919 53 1-752 20 4517 107 2-029 

50 5850 35 1-544 19 4488 124 2-093 

49 5783 24 L-380 18 4459 140 2-146 

48 6720 17 1-230 17 4437 160 2-204 

47 5658 12-6 1-100 16 44045 ISO 2-255 

46 5596 10-2 1-050 15 4377 200 2-301 

1 45 5538 8-6 0-934 14 4349 220 2-342 

44 5481 7-4 0-869 13 43-23 240 2-380 

1 43 5427 6-7 0-826 12 4296 270 2-431 

1 42 5373 6-55 0-816 11 4271 300 2-477 

; 41 5321 6'5 0-813 10 4245 335 2-525 

40 5270 6-55 1 0-816 9 42-21 375 2-574 1 
39 5221 6‘65 ' 0-822 8 4197 430 2-633 

38 5172 6-85 0-835 7 4174 490 2-690 

37 5128 7-2 0-857 6 4151 560 2-748 

: 36 5085 7-6 0 881 5 4131 640 2-806 

i 35 5043 8T5 0-911 4 4106 750 2-875 

! 64 5002 8-8 0-944 

When the ordinates of the curves are the logarithms ot the actual values, the 

reduction in intensity of the same ray required to make it invisible under difierent 

conditions is readily seen. Thus, if two such curves are parallel to one another, we 

at once see that the intensities for all colours are proportionally reduced. 
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The first experiments were made with three illuminated circular discs, 2 inches, ^ inch, 

and I inch in diameter, and reduction necessary to cause invisibility (which in future 

will be called, as it was in “ Colour Photometry,” Part III., the “ extinction”) for 

different parts of the spectrum was noted for both. The angular measure of these 

discs was 4° 11', 1° 3', and 31' respectively. 

The following were the readings obtained. The scale of the spectrum has been 

reduced to the standard scale used in Part III., “ Colour Photometry.” 
V 

Table HI. 

Standard 
2-incb disc readings. 4-incb disc readings. j-incb disc readings. 

j numbers. 
i Degrees. Logs. Degrees. Logs. Degrees. Logs. 

1 56-9.3 110 3-05 40 3-65 
1 55-82 125 2-83 71 3-38 20 3-83 
! 53-60 198 2-30 139 2-81 80 3-31 
! 51-38 235 1-93 180 2-45 128 2-90 

49-16 277 1-62 220 2-11 160 2-69 
46-94 310 1-34 250 1-85 187 2.36 
44-72 331 1-15 275 1-63 215 2-15 
42-50 345 1-05 290 1-51 230 2 02 
40-28 .345 1-05 285 1-55 225 2-07 
38-06 340 1-07 281 1-57 221 2-09 

' 35-84 335 1-12 275 1-62 218 2-12 
i .33-62 320 1-24 255 1-81 195 2-22 

31-40 300 1-42 240 1-93 180 2-45 
29-18 280 1-59 230 2-02 165 2-58 
26-96 265 1-74 207 2-22 1.50 2-71 
24-74 240 1-94 180 2-45 130 2-88 

' 22-52 215 2-15 154 2-68 LIO 3-05 
1 20-30 205 2-24 145 2-75 92 3-24 
! 18-08 193 2-30 137 2-81 80 3-31 

15-86 180 2-45 115 3-00 60 3-48 
1 1.3-64 162 2-61 96 3-17 45 3-61 

All these readings were taken with the same intensity of light, and are, therefore, 

comparable with one another. These log readings were plotted, and freehand curves 

drawn through the points, and the following table constructed from them, the 

standard curve of extinction being added for comparison. 
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Table IV.—Obtained from the Freehand Curves drawn from Table III. 

X. 

Stand¬ 
ard 

curve. 

2-incli 
disc. 

VincE 
disc. 

i 

I-incE 
disc. 

X. 

Stand¬ 
ard 

curve. 

2-incli 
disc. 

4-inch 
disc. 

j-inch 
disc. 

60 6728 3-60 31 4885 1-15 1-43 1-90 2-42 
,59 6621 3-32 30 4848 1-22 1-55 1-97 2-50 
58 6520 3-07 29 4812 1-31 1-58 2-06 2-57 
57 6423 2-81 3-10 3-65 28 4776 1-41 1-62 2-12 2-62 
56 6330 2-60 2-85 3-42 3-90 t 27 4742 1-50 1-75 2-18 2-72 
55 6242 2-40 2-62 3-18 3-63 26 4707 1-58 1-82 2-35 2-82 
54 6152 2-20 2-40 2-95 3-40 25 4675 1-66 1-90 2-43 2-92 
53 6074 2 04 2-20 2-73 3-20 ' 24 4634 1-75 2-02 2-52 2 97 
52 5996 1-87 2-05 2-55 3-03 23 4608 1-83 2-07 2-60 3-02 
51 5919 1-70 1-87 2-40 2-85 22 4578 1-91 2-15 2-65 3-07 ' 
50 5850 1-54 1-75 2-20 2-72 21 4548 2-00 2-20 2-70 .3-15 
49 5783 1-37 1-57 2-07 2-57 20 4517 2-05 2-28 2-77 3-20 
48 5720 1-25 1-45 1-95 2-42 19 4488 2-09 2-30 2-82 3-27 
47 56.58 1-12 1-35 1-85 2-37 18 4459 2-14 2-35 2-90 3-32 
46 5596 1-02 1-25 1-75 2-25 17 4437 2 20 2-40 2-95 3-40 
45 5538 0-93 1-17 1-65 2-17 16 4404 2-25 2-50 3-00 3-47 
44 5481 0’87 1-10 1-57 2-09 15 4377 2-.30 2-54 3-06 3 53 
43 5427 0-83 1-07 1-53 2-05 14 4349 2-34 2-57 3-15 3-58 
42 5373 0-82 1-05 1-52 2-02 13 4323 2-38 
41 5321 0-815 1-045 1-52 2-02 12 4296 2-43 ; 

40 5270 0-82 1-U5 1-52 2-03 11 4271 2-48 
39 5221 0-825 1-05 1-53 2-05 10 4245 2-52 
38 5172 0-84 1-07 1-57 2-07 9 4221 2-57 
37 5120 0-86 1-09 1-.58 2-08 8 4197 2-63 
36 5085 0-88 1-10 1-60 2-10 7 4174 2-69 ! 

35 5043 0-91 1-15 1-65 2-14 6 4151 2-75 
34 5002 0-95 1-20 1-70 2-20 5 4131 2-80 
33 4963 1-00 1-25 1-77 2-27 4 4106 2-87 i 

32 4924 1-07 1-35 1-83 2.35 

These curves are shown on the diagram, fig. 4, and it wull be evident that within 

the limits of error of observation they are parallel to one another. Had the same 

intensity of original light been used in these experiments as with the standard 

curve (viz., had the intensity of the light at D been equal to 1 amyl acetate lamp), 

Curve I. would have been superposed on Curve V., which is the curve of the 

standard extinction. The intensity of the D light actually employed was very 

closely of an amyl acetate lamp. The curves being very nearly parallel to 

one another show that the light has to be proportionally reduced throughout to 

cause extinction, and further that the smaller the angular aperture of the disc the 

less the reduction in the original intensity has to be. A reference to the results of 

further experiments, to be shortly given, will show that their distance apart has 

been correctly derived. As it might happen that the extinction of a point of light 

differed from one of very sensible size, a disc '012 inch and subtending an angle 

of only 1' 29" was observed. The intensity of the spectrum had to be much 
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increased, and therefore the results given in Table V. can only be regarded as 

showing that even in this case parallelisin to the other curves is obtained. The 

curve (IV.) is also shown in fig. 4, 

Fio’. 4. 
O 

Angtolctr aperlg^rA giving curve 4°<1i 
. ' ; .1 - i-. -•-.••I ■ ' ; r . -rr\ - v 0 o' 

tdken witli the 
same initicil 
intensity of light. 

^tnQloypM 

to /S 14 16 18 20 28 84 86 28 SO 32 34 36 38 40 48 44 46 48 -50 58 54 56 58 60 68 64 
Scale of Spectriun (prismatic). 

Table V.—Readings and logs with '012 inch (1' 30") aperture. 

Staudard 
scale 

number. 

-012-mcli (1' 30") 
aperture readings. Standai-d 

scale 
number. 

-012-incb (1' .30") 
aperture readings. 

Degrees. Logs. Degrees. Logs. 

tS-hl 60 3-50 34-15 295 1-46 
56-3.5 90 3-23 31-93 280 1'.59 
5413 140 2-80 29-71 260 1-76 
51-91 190 2-37 27-49 240 1-94 
49-69 250 1-85 25-27 210 2-19 
47-47 275 1-64 23-05 185 2-41 
45-25 298 1-40 20-83 175 2-.50 
43-03 310 1-33 18-61 155 2-68 
40-81 320 1-25 16-39 135 2-84 
.38-59 320 1-25 14-17 127 2-94 
36-37 314 1-30 
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Some twenty-four series of observations with the spectram were made with discs of 

different sizes, and all gave similar results to those tabulated, and hence we may 

fairly take it as proved that whatever the size of illuminated disc may be, all rays 

follow the standard curve of extinction, that is to say, that if with a disc of one size 

a green ray has to be reduced to xo-^olTo of if® original intensity to fail to stimulate 

the retina to cause a sensation of light, and with another smaller disc observed at the 

same distance to only soooo’j every ray in the spectrum, when illuminating the 

same size of discs, will have to be reduced in the same proportion. 

6. Hie most Sensitive Condition of the Retina. 

In all observations of extinction, the greatest care must be taken to obtain the 

most sensitive condition of the eye, and I have found that it is useless to attempt any 

readings until the eye has been placed in darkness for at least twelve minutes. It is 

well to vary the plan of reading by first reducing the light till it disappears, and then 

to note the exact point when it reappears. The latter would be the best plan to use 

entirely, since the eye is in darkness till the very last part of the observation, were it 

not for the fact that, in noting the reappearance of the light, we are noting somethino’ 

less defined than when we are noting its disappearance. The combination of the two 

methods has been found to be the most satisfactory plan. A very great difficulty 

also often arises in keeping the axis of the eye employed in a line with the object 

observed, particularly when it is of very small angular aperture. It has been found 

advantageous to have a feeble liglit which can be flashed momentarily on the aperture 

to guide the eye just previous to the disappearance of the light. This is more 

particularly the case when it is desired to extinguish with the centre of the retina, 

as is the case in these observations. The intrinsic light in the eye is also sometimes 

difficult to deal with, but by judiciously recognizing the fact that it exists, and by 

giving proper intervals between each observation, one is enabled to surmount this 

difficulty. Again, a healthy state of mind and body is most essential when making 

observations, as the sensitiveness of the eye largely depends on it, 

7. Laiv Connecting the Angular A’perture with the Extinction. 

The next investigation carried out, was to ascertain if any law connected the 

angular aperture of the object observed with the diminution of the intensity of the 

light which was required to cause invisibility. For the purpose, a large number of 

diaphragms of very difiering apertures were inserted in front of the ground glass 

(fig. 3). For the sake of plotting, in the first instance, and as they give the most 

rational scale, the diameters of the discs were expressed in powers of 2, thus inch, 

which is 2“\ is used on the scale of abscissae as — 1 ; as — 2, and so on—all 

diameters not being expressed in exact powers of 2 being calculated out in the 

ordinary way. 
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The following are the values, iii inches, of the apertures used, and in powers of 2, 

and the angles they subtended at the distance from which they were observed :— 

Diameter in inches. Angles subtended. Value in powers of 2. 

2-0 
O 1 // 
4 11 0 + 1-0 

1-50 3 8 0 + 0-6 
0-94 1 57 0 -0-09 
0-725 1 30 0 -0-48 
0-525 15 0 -0-93 
0-42 0 52 35 -1-25 
0-35 0 43 43 -1-52 
0-30 0 37 33 -1-74 
0-17 0 21 17 — 2-56 
0-086 0 10 46 -3-56 
0-036 0 4 30 -4-81 
0-012 0 1 30 -6-40 

These diaphragms were placed in front of the ground glass, and the light from the 

discs thus formed, extinguished. In the first set of experiments, the pure colours of 

the spectrum were employed ; whilst in the others, ordinary lamp light and lamp 

light screened with different colour glasses or solutions were used, and identical 

results were found in all cases. The following tables are made from the mean 

readings, and the diagram shows them plotted :— 
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Table VI.—Extinctions with Apertures of Different Sizes. 

i 
E light. 

1 

E light. 
1 

1 - 

1 

; Diameter. 
1 

Diameter in 
po-vvers of 2. 

Reading. Log. Diameter. 
Diameter in j. - o Reading, 
po-^vers or 2. ° 

Log. 1 
1 

inches. 
i 0725 
! 0-42 
1 0-30 
1 017 

0-086 
0-036 

-0-48 
-1-25 
-1-74 
-2-56 
-3-56 
-4-81 

331 
285 
255 
209 
163 

85 

117 
1- 55 
1-81 
2- 20 
2-60 
3-27 

inches. 
0-94 
0-725 
0-525 
0-42 
0-35 
0-30 
0-170 
0-086 
0-036 
0-012 

—0-09 above 360 
-0-48 
-0-93 352 
-1-25 3.35 
-1-52 3-23 
-1-74 303 
-2-56 255 
—3-56 195 
-4-81 123 
-6-40 39 

1-00 
1-12 
1-22 
1- 39 
1-81 
2- 32 
2- 94 
3- 67 1 

1 

C light. 

0-725 
0-525 
0-42 
0-35 
0-30 
0-170 
0-086 
0-036 
0-012 

-0-48 
-0-93 
-1-25 
-1-52 
-1-74 
-2-56 
-3-56 
-4-81 
-6-40 

340 
325 
312 
300 
275 
230 
178 
100 

15 

1-076 
1-20 
1-30 
1-42 
1- 63 
2- 02 
2- 57 
3- 14 
3-85 

D light. 

2-00 
1-50 
0-94 
0-725 
0-30 
0-170 
0-086 
0-036 

[ 

+ 1-0 335 
+ 0-6 3.32 
-0-09 325 
-0-48 300 
-1-74 223 
-2-56 185 
-3-56 132 
-4-81 55 

1-12 
1-13 
1-20 
1- 42 
2- 08 
2-40 
2- 87 
3- 51 

E light. 

2-00 + 1-0 315 1-29 
1-50 + 0-6 315 1-29 
0-94 -0-09 303 1-39 
0-525 -0-93 245 1-89 
0-42 -1-25 234 1-98 
0-35 -1-52 220 2-11 
0-30 -1-74 200 2-28 

The indications here given are that (fig. 5) the curves with apertures less than 

inch diameter become straight lines, all of which are parallel, and it is somewhat 

remarkable that from that point the intensity of a light which will be just extin¬ 

guished with a certain diameter of aperture may be increased 10 times, and yet 

be invisible when an aperture with of that diameter is employed ; if the intensity 

of the light be increased 100 times, we have only to diminish the diameter of 

the aperture to and it will again disappear. (It may be noted that in the 

lowest curve the dotted portion is taken from the two top curves.) The equation 

connecting the two has the form of I = where m is detennined by the slope of 

the line and the log 2. 

We shall see further on that connection between the intensity of the light 
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just necessary to fail to produce the sensation of colour takes the same form, the 

exponential coefficient being changed. The connection between star magnitudes and 

the intrinsic brightness of a measurable disc of the same brightness and colour will 

have the same form. 

8. The Extinction Dependent on the Least Diameter of the Aperture. 

There is a peculiarity in the result, in that it looks as if the diameter of the 

aperture and not its area, determined the intensity of the light required to be 

extinguished. A very ready way of ascertaining this was to use an adjustable slit, 

and to take the extinctions with varying apertures. In such a case the length 

of the slit would remain constant, whilst the width alone would vary. If it were 

the latter that determined the extinction there can be but little doubt that the area 

of the object played at all events a secondary part; for in the case of the circular 

apertures the areas would be as the squares of the diameters, whilst in the latter 

they would be as the width of the aperture. A slit from a spectroscope was 

employed which increased in aperture inch for each complete revolution of the 

screw. The head of the screw was divided into twenty-five divisions, so that five 

divisions on the screwhead opened the aperture *004 inch, the smallest aperture 

employed was *00155 inch and the largest *06555. Intermediate apertures were 

also used, and extinction of white light and red light noted. 

The following' table gives the results of the measures, the apertures being put 

in powers of 2 :— 

Table VII. 

White light. Red light. 

Absolute 
width Width in 

Readings. 
Absolute 

width Width in 
Reac ings. 

po-v\^ers of 2. in inches. powers ot 2. 
Degrees. Logs. in inches. Degrees. Logs. 

0-06155 -4-02 350 0-99 0-05355 — 4-22 192 2-35 
0-05355 -4-22 342 1-06 0-04555 -4-46 176 2-45 
0-04555 -4-46 323 1 23 0-037.55 -4-73 154 2-68 
0-03355 -4-90 298 1-44 0-02955 -5-08 135 2-84 
0-02955 -5-08 285 1-55 0-02555 -5-29 124 2-94 
0-02555 -5-29 275 1-63 0-02155 -5-53 110 3-05 
0-021.55 -5-53 267 1-72 0-01755 -5-83 98 3-16 
0-01755 -5-83 250 1-85 0-01355 -6-20 76 3-35 
0-01355 -6-20 228 2-04 0-00955 -6-67 50 3-57 
0-00955 -6-67 202 2-26 
0-00555 -7-49 156 2-67 
0-00155 - 9-33 54 3-53 

The results are plotted diagrammatically in fig. 6, from which it will be gathered 

that again the curve is a straight line in each case, and that the ordinates bear the 

VOL. CXC.—A. z 
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same relation to the abscissae that they did in case of circular apertures. We may 

therefore presume, with a considerable degree of certainty, that it is the width of the 

aperture, horizontal or vertical (for the experiments were repeated in both directions), 

that governs the extinction. These results, it will at once be seen, have an important 

bearing on spectroscopic work, and the invisibility of lines when the light is feeble. 

Fig. fi. 

Taking into consideration the extinction curve of the spectrum, and these results, 

we can see how the green lines of a feeble spectrum will be the first to be seen 

(perhaps colourless), whilst others, though present, will fail to be seen except with 

a very wide slit. 

A further experiment was made which confirmed the previous measures. The 

extinction of the light from a circular, a square, and a rectangular aperture of the 

same area was made. The circular aperture had a diameter *94 inch, the sides of 

the square were *84 inch, and of the oblong 1*68 X ‘42 inch. In addition, an oblong 

aperture *84 X *42, exactly half the latter, was also used. 

The following are the results of the extinction, and in the last column are given 

the results that would have been obtained from the curves already described:— 
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Table VIII. 

Aperture. 
"W idth of 

Readings. 
Logs from 
diagram. powers of 2. Degrees. Logs. 

Circular disc, ‘Qt incli diatn. - -09 234 1-98 1-98 
Square, ‘84 inch side. 
Rectangle, 1‘68 x ‘42 inch. 

- ‘25 216 214 2T5 
- 1-25 152 2-69 2‘65 

Rectangle, ‘84 x ‘42 inch. - 1-2.5 154 2-68 2‘65 

Remarks on this table seem unnecessary, as they so jjlainly indicate the guiding 

factor in the extinction. 

This, perhaps, is one of the most curious results that have been obtained, for it is 

hard to conceive that the area of the retina impressed should not be a factor. The 

experiments clearly show that the estimate of small intensities of light by their 

effect on the light-perceiving apparatus is not a simple matter. The extinction of 

comparatively larger areas of light is most instructive. The light from a square, or 

a disc, or an oblong, just before extinction, is a fuzzy patch of grey, and appears 

finally to depart almost as a point. This can scarcely account for the smallest width 

of an illuminated surface determining the intensity of the light just not visible ; but 

it tells us that the light is still exercising some kind of stimulus on the apparatus, 

even when all sensation of light is gone from the outer portions. The fact 

th?T the disappearance of the image takes place in the same manner, whether 

viewed centrally or excentrically, tells us that this has nothing to do with the 

yellow spot or fovea, but is probably due to a radiation of sensation (if it may be so 

called) in every direction on the retinal surface. Supposing some part of the 

stimulus impressed on one retinal element did radiate in all directions over the 

surface of the retina, the effect would be greatest in the immediate neighbourhood, 

and would be inappreciable at a small distance, but the influence exerted upon an 

adjacent element might depend not only on its distance, but also upon whether 

it was or was not itself exerted independently. Following the matter out further, 

we should eventually arrive at the centre of an area, being the part which was the 

recipient of the greatest amount of the radiated stimuli, and consequently that would 

be the last to disappear. With a slit aperture, the slit is visible till extinction is 

very nearly executed, but it Anally merges into a fuzzy spot at the moment before 

it finally fails to make any impression of light. 

9. Extinction of Light Excentrically. 

A further investigation into the extinction of light at different angular distances 

from the centre of the eye was attempted. The experiments are of a very difticult 

nature, and it recjuires long practice to enable a satisfactory seiies to be made. 

z 2 
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The method adopted was to place pins with heads painted with Balmain paint at 

every 5° from the central line joining the illuminated aperture and the position 

occupied by the eye. The paint was very feebly phosphorescent, and only just suffi¬ 

cient to fix the centre of the eye at the required angle from the object. The results 

of two experiments, red and white light (paraffin), at 10° are given. It appears from 

these that at this angular distance the extinction of all light from the red takes 

l^lace when the light is about one-third brighter than is required for the centre of 

the eye. With the paraffin light it is somewhat less. With green light about E, 

and ^vith blue at the lithium line, the necessary reduction of the light is greater than 

for the centre of the eye, a result already shown in “ Colour Photometry,” Part III. 

Table IX. 

Aperture. 

. 

Angle. 2-e 

Red light. White light. 

Direct. 10° from axis. Direct. 10° from axis. 

0-940 
0 

1 57 
H 

0 0-09 275 255 305 290 
0-724 I 30 0 0-48 252 230 270 265 
0-525 1 .5 0 0-93 225 204 265 240 
0-420 0 52 35 1-25 217 195 252 230 
0-350 0 43 43 1-52 195 174 235 220 
0-300 0 37 33 1-74 185 162 215 200 
0-170 0 21 17 2-56 152 125 174 157 
0-086 0 10 46 .3-56 93 75 118 105 

There is a further falling-off of sensitiveness at greater angles than those shown in 

the tables, but the extinction is very difficult to make with certainty. 

10. Lv.muiosity of the Light coming through cUfevent Apertures. 

The next point investigated, but Without any great degree of detail, was themom- 

pamtive luminosities of the same light coming through two apertures of different 

diameters. The method adopted was as follows :—^The ground glass was illuminated 

uniformly with the light to be tested, and two apertures 

cut in a black mask were placed in contact with it, as 

shown. Sectors were placed close behind the larger aper¬ 

ture, and rotated with angular apertures of any desired 

amount. In front of the slit of the spectrum the annulus 

was placed so that a regular diminution of the light could be effected. The sectors 

having been set at 90°, the light coming through the bigger aperture was diminished 

to half. As the light coming through the" small'aperture is'extinguished Ibng'before 

that coming through the larger one, there must be sOme intensity of light when'the 

two apertures will appear equally bright to the eye in the extinction box. ‘ ’Thedight 
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coming through the slit is. therefore, diminished till the two appear equally bright. 

The diminution of light is noted, that coming through the larger aperture being 

diminished twice as much as that coming through the smaller. The sectors are again 

set at 45°, and the same procedure adopted as before. 

Table X. gives the measurements thus made, and fig. 7 shows them diagrammati- 

cally. The ordinates are the intensities of light of the large aperture. These are 

derived from the value of diminution of the light falling on the ground glass, together 

with the reduction due to the sectors. The latter is converted into the degrees of the 

annulus and added to that by which the light has been diminished before falling on the 

plate. The abscisste show the values of the reduction of the light on the smaller 

aperture. Both the annular values are shown as logarithms. Again, the resulting 

curve is for a large part of its length a straight line. Each aperture has its own 

inclination and is determined by the extinction values of the two apertures. In making 

these determinations the eye has to judge the brightness of very dissimilar sizes of area, 

and it might be thought that this fact would present an almost insuperable difficulty in 

making very accurate measures. As a matter of fact, it was not so j the greatest 

difficulty was encountered in those cases when the light of the large aperture was so 

diminished that it became colourless, whilst the other had very nearly its original tint. 

The red was perhaps the hardest to judg'e on that account; the other colours did not pre- 

sent any great difficulty. One of the curious phenomena encountered in these measures 

at times was a distinct scintillation of the light emitted by the small aperture. Some¬ 

times this was perplexing, but never to the extent to render the comparisons uncertain. 
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Table X. 

Scale number, 27’3. Scale number, o2'8. 

Sector Equivalent 
Readings of apertures. Readings of apertures. 

in values 
degrees. of annulus. Logs. Lo 0'< 

S. I S. L. \j. 

S. L. S. L. 

180 0 
90 35 90 12b 3-23 2-92 ibo 135 3-14 2-84 
45 70 140 210 2-80 2-19 185 255 3-42 1-80 
22-5 105 200 305 2-28 1-38 270 380 1-68 *73 
11-25 140 230 370 2-02 •82 305 445 1-38 ■17 

5-6 175 295 470 1-46 - -04 310 520 1-33 - -47 
Extinction 200 325 525 1-21 - -51 340 540 1-08 - -64 

Sector 
in 

degrees. 

Equivalent 
values 

of annulus. 

Scale number, 44. Scale number, 50-6. 

Readings o : apertures. Readings of apertures. 

S. L. 

Lo gs. 

s. L. 

Logs. 

S. L. S. li. 

180 0 0 0 4 4 40 40 3-66 3-66 
90 35 40 75 3-66 3-35 110 145 3-05 2-75 
45 70 110 180 3-05 2-45 170 240 2-54 1-94 
22-5 105 200 305 2-28 1-38 240 345 1-94 1-03 
11-25 140 260 400 1-76 •56 300 440 1-42 •22 

5-6 175 310 485 1-33 - -17 330 505 1-16 - -34 
Extinction 200 350 550 •99 - -73 340 540 1-08 - -64 

N.B.—S. and L. refer to the small and large aperture respectively. From fig. 5 it 

is found that the extinction value of the larger aperture, *94 diameter, requires 200° 

more of the annulus to extinguish it than the smaller aperture '086 diameter. This 

accounts for the last line in the table. 

Fig. 7 shows the logarithm of the readings of S. N. 27'3 in the blue and S. N. 50’6 

in the orange (D.). The other series of readings are so close to the above that they 

are omitted. 
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11. Extinction of Colour from Spots of different Diameters. 

Following on the extinction of light came the investigation of the loss of colour 

from areas of varying angular aperture. In Part HI. of “ Colour Photometry,” a 

method was described of estimating the point where all colour disappeared. In that 

paper no reference was made to the size of the area under examination, it being 

greater than the 4° diameter, and all apertures greater than this, as we have seen, 

behave alike. In this investigation a somewhat difterent method was adopted. Two 

apertures were placed side by side and a very feeble white light from the arc light 

Fio-. 8. 

was caused to illuminate one aperture, while the colour under examination tilled the 

other. The two were darkened together and the point of diminution where they 

perfectly matched in tint was taken as the point at which the colour of the latter 

vanished. It was veiy necessary to make the apertures of equal area and equally 

bright, as, if not, the measurements became more difficult. A large number of 

different rays were examined, with the centre of the retina, for colour persistency in 

this way, but the following will suffice to show that the colour extinction does not 

follow that of the light extinction when regard is had to the sizes of the apertures 
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employed. In this case the intensity of the light to cause a loss of colour has to be 

increased tenfold, whilst the aperture is diminished to ^ in diameter. In the extinction 

of light the same increase in intensit}^ only requires a diminution to ^ the diameter. 

This seems to show that the stimulus required to produce colour is of a different 

order from that required to produce light. These experiments apply equally to all 

colours, and therefore to the sensations producing them, and if, as in the Heeixg 

theory, there is a black-and-white sensation co-ordinate with the red-green and yellow- 

blue sensations of light, the extinction of the white sensation ought to follow the 

same curve as that of the other sensations. 

The following table gives examples of the extinction of colour. (See fig. 8.) 

Table XT. 

Diameter 
of 

aperture. 

Diameter 
I. 11. HI. 

Remarks. in powers 
of 2. Reading. Log. 

1 

Reading. Log. Reading. Log. 

0-94 - -09 260 1*76 350 0-99 300 1-42 Extinction of -012 
0-724 - -48 245 1-89 335 1-12 280 1-59 aperture in I., II., 
0-52.5 - -93 220 211 310 1-33 260 1-76 III. were in Logs. 
0-35 -1-52 210 2-19 295 1-46 235 1-98 2-62,1-85, and 1-25 
0-17 -2-56 170 2-54 255 1-80 205 2-235 respectively; this 
O-OSG -3-.56 125 2-925 210 2-19 170 2‘54 would make the 
0-036 -4-81 75 3355 1.55 2-66 120 2-97 extinction of -94 
0-012 

' 

-6-4 10 3-91 100 3-14 60 3-48 aperture that 
of the colour ex¬ 
tinction -2 for I., ' 
11., and for III., 

In Colour 
Photometry, Part ; 
111., they were; 
and ~ respec- ‘ 
tively. 

Nos. I. and II. are the same ray (44 on the scale), but with different intensities. 

No. I. was measured by myself, and No. II. by Corporal Attewell. No. III. was 

read by myself, and was D in the spectrum or scale No. 50'6. It may be remarked 

that with the small apertures the extinction of colour in the red was impracticable, 

as the extinction of lisfht and colour took place together, as it should do according to 

other experiments. 

12. Colour Fields and Perimeters. 

An enquiry was next undertaken as to the variation in the extent of colour fields 

under different conditions of light. The question of colour fields is one regarding 

which much has been written, and experiments on the subject have been numerous, 

but with one or two exceptions it is believed that these latter have been carried out 
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with pig-tnent coloiirs, which, from their nature, are impure. In the ordinary methods 

pursued tlie knowledge that is gained is slight compared with the trouble involved, 

and the colours selected have been based on the assumption that Bering’s theory of 

colour vision is one that has been thoroughly established; experiments from whicli 

a great deal more may be learnt have been neglected or overlooked. I refer especially 

to the measurements of colour fields, where the colours used are pure spectrum 

colours. In these the colour may be isolated and viewed against a black background, 

as for instance, by throwing a spot of light of any desired colour on a white 

surface in a dark room. This is a very different condition to that which obtains 

in the ordinary procedure, wlien the retina receives not only the colour of the 

pigment but also is illuminated by extraneous light. In the experiments to be 

described, two kinds of perimeters w^ere employed. One was the ordinary form but 

modified for use in a dark room. The arc, which subtended a semicircle, was internally 

coated with white, on which degrees were marked at the boundaries, and just below 

the eye was a small mirror on a ball and socket joint, which, by means of an arm, 

would cause a beam of light falling on it to be cast in any direction desired. Thus 

it could be caused to travel along the arc, which might be placed at any angle with 

the vertical. The light employed was that coming from the spectrum of an electric 

arc light, the crater of the positive pole being the source from which the spectrum 

was formed. The colour patch apparatus was employed to get a surface of monochro¬ 

matic light, as described in Part II. of “ Colour Photometry.” A spot of light of any 

desired form or size was obtained by the plan described in my recent paper in the 

‘Proceedings of the Royal Society ’ “On the Formation of Monochromatic Images.” 

The light issuing from the slit in the spectrum could be altered in intensity (1) by 

closing or opening that slit, (2) by placing the annulus already described in front 

of it, (3) by closing the slit of the collimator, (4) by using rotating sectors in front 

of either slit. 

In the second form of perimeter a hollow white hemisphere made of “ papier 

m4che ” was employed. The centre of the surface was pierced with a circular aper¬ 

ture some 1^ inches in diameter. This aperture was closed by a doubly-ground 

glass, and outside the shell apertures of any desired shape or dimensions could be 

placed in contact with the ground glass. The colour patch apparatus was caused to 

throw the patch of colour on to the ground glass, and when the last was removed the 

patch of white that the combining lens cast when the whole spectrum was uncovered 

fell upon the eye when placed at the centre of the hemisphere, thus insuring that 

every ray was equally received on the pupil when the ground glass was again inter¬ 

posed. It may be stated here, once for all, that when light falling on the ground 

glass was measured, by placing a white card in its place and balancing it with an 

amyl-acetate lamp, it was found that the brightness of the ground glass as seen from 

the centre of the hemisphere was within a very small fraction, twelve times that 

which was reflected from the white card. 

2 A VOL. CXC.—A. 
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The hemisphere was furnished with a chin and cheek rest, which would move round 

a vertical axis. It was divided internally into degrees. The eye was directed to any 

part of the surface by means of a small phosphorescent bead at the end of a stick; 

and a small electric lamp, which could be switched on by a simple movement of the 

liand, gave light sufficient to read the position occupied by the bead at any desired 

instant. The intensity of the light illuminating the ground glass was altered by 

any of the four methods mentioned above. The annulus was usually employed to 

effect the alteration, and it could be rotated at the will of the obseiwer by a long 

handle attached to the rack and pinion motion of the rotating gear. 

13. Similarity of Fields for Different Colours. 

The order in which the experiments were made will not be followed, for, as a 

matter of fact, amongst those to be first described some were among the latest, and 

others among the earliest made. It was essential to know whether the fields for each 

colour were of the same form when the illumination was so adjusted that one point 

in a field of one colour coincided with one point in the field of a different colour. 

The following two sets of observations made by myself, and the succeeding ones 

made by one of my assistants (W. B.), will give the answer to the inquiry. 

An aperture of '525 inch subtending an angle of 2° 30' was inserted behind the 

ground glass, and the light falling on the eye when D was the ray selected, was 4'5 

amyl-acetate lamps at I foot. (In future tliis light will be designated as AL, and 

this particular illumination would be 4’5 AL.) 

The following rays were used to illuminate the aperture: red lithium (XG/05) 

D (X 5892), a ray having the standard scale number ‘36 (X 5085), and the blue lithium 

ray (X4603). These had respectively the luminosities of '3, 4’5, 2’1, and '4 AL. 

The measures were made with the right eye (see fig. 9). 

Table XII. 

Angle of field 
in degrees. 

Extent of fields in degrees. ' 

Red Li. D. SN 36. Bine Li. 

0 35 36 24 40 
.301 37 40 27 47 i 
60 47 50 33 57 
90 >T. 55 57 38 65 

120 51 53 36 60 i 

150 J 41 43 29 50 1 
180 34, 36 25 40 
1500 35 36 26 40 

1 120 37 38 27 45 
1 90 U- 1 40 42 28 49 

60 38 40 27 45 
30, ' 34 1 ;l() 25 42 
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Fig. 9. 

In the following observ^ations the illumination by the D light was much reduced, 

being only ‘23 AL, and for certain reasons, which will be apparent, the ray at scale 

number 417 was substituted for that at scale number 36. The other three rays 

were the same as before (fig. 10), 

Table XIIL 

' Extent of fields in degrees. 
Angle of field_^ 

in degrees. Red Li. D. ' SN 41-7 Blue Li. 

0 23 25 15 28 
30) 28 27 16 32 
60 35 37 21 40 
90 ^T 38 40 23 47 

120 35 37 22 42 
1.50 27 30 18 35 
180 23 25 16 28 
1.50^ 25 26 16 29 
120 28 30 18 32 

90 u 29 30 18 34 
60 26 27 17 30 
30 23 25 16 28 

2 A 2 
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Taking these sets of observations separately, the diagrams show that the fields for 

properly selected luminosities are evidently the same, the D and red lithium being veiy 

close to one another. If we compare the fields for the D and red lithium ra3^s in the 

second table with that of the field for the green (S-iST. 36) in the first table, we shall 

see that they are practically identical, 

Fig. 10. 

The next measurements were made by my assistant, and, since, as before stated, 

his colour fields differ considerably from my own, the confirmation obtained by his 

measurements appears very conclusive. They were made for illustrating a different 

part of the research, hut they will be given here and referred to subsequently. Two 

places in the spectrum were selected, such that the two rays wdien combined wmuld 

give wdrite light, the white being that of the electric light, which is indistinguishable 

from the sensation produced by the coloured rays when falling on the peripheral 

portions of the retina. The first positions selected were in the red and green, at 

X 6500 and X 5002, corresponding to the scale of the spectrum with the numbers 

57'8 and 34. Tlie relative luminosities of the rays reaching the eye were 225 and 270 

respectively. 



OF THE RETIHA TO LIGHT AND COLOUR. 181 

Two other positions Avere chosen in the yellow-green at (X 5614), and in the blue 

(X 4603), corresponding to the scale numbers of the spectrum 46‘3 and 22*8. The 

relative luminosities of the rays transmitted to the eye were 96'5 and 21‘5 respec¬ 

tively. 

The colour field for each of these four colours was taken with the left eye, and the 

following table shows the results (fig. 11) :— 

Table XIV. 

Angle of field 
Extent of fields in degree.s. 

in degi’ees. 
Red. Green. Yellow-o’ieen. Bine. 

0 30 35 39 36 
3oq 28 34 i 37 35 
60 31 37 ’ 42 38 
90 >N 33 40 44 41 

120 32 36 42 37 
L50J 28 34 38 34 
180 29 35 39 .36 
1.50"] 34 43 50 44 
120 40 50 57 50 

90 h T 43 55 62 55 
60 41 51 56 50 

30. 
1 

33 38 43 39 

Here we have two fields, the green and the blue, which are practically identical, 

showing that the limits of the boundaries are not affected by the hue, though, of course, 

the illumination is very different in the two cases. Attention must here be drawn to 

the fact that, though, according to Hering’s theory, the fields of the dissimilation 

colours ought to be both external, or else both internal, to the fields of the assimilation 

colours, they differ in each pair, and the frequency of similar want of accordance 

has been very generally met with. 

14. Fields of Iminire or Mixed Colours. 

When considering the question of the fields of mixed colours, such as those 

produced by pigments, it became apparent that a crucial test as to their efficiency 

might be made by mixing colours of the spectrum together to imitate some single 

spectrum colour, and, after making the mixture of the same luminosity, to compare 

the fields. With this in view, a red and green, near E, were mixed together to 

match the D light in hue and in intensity. The fields for each colour, including D, 

were taken, as also was that of the mixed colours. 
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Fig 11. 

The following’ table gives the results ;— 

Table XV. 

Angle of fielii 
in degrees. 

1 

Extent of field in degrees. 

Red. Green. G + R. D. 

i 35 36 33 38 
! 30 35 35 33 36 

60 36 36 35 39 
90 r 39 41 37 43 

1 120 37 38 37 42 
150 J 35 35 34 37 
180 37 38 35 38 
150^ 43 46 40 47 
120 49 51 45 50 

90 ^T 56 58 50 61 
60 50 52 46 53 
30 J 39 40 35 42 
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These colour lields all liave the same shape (see iig. 12). They do uot cut one 

another, and if we compare the fields of the red and the green with those of the green 

and the blue in the previous table, we shall see that they practically coincide. Thus 

the fields of a red, two greens and a blue, are the same wlien proper luminosities are 

taken for each. Before leaving this table, it is well to point out that the field for D 

is considerably more extended than that of the mixed colours, as are also the fields 

for green and red separately. We may conclude that the intrinsic white light in 

each colour, when added together, is greater than the intrinsic white light in the 

D ray. This points to the fact that the colours of pigments should not give the same 

fields as the spectrum colours with which they approximately match. 

15. Connection hettveen Change of Intensity of Colour and Extent of Field. 

The difterence in extent of field, caused by difterence in illumination, was next 

determined in the horizontal directions. The four rays, red lithium, D, scale No. 417 

in the green, and the blue lithium, were experimented with as fairly representative ol 
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the whole spectrum. The different rays were first allowed to 23ass through the 

annulus at 0°; and, subsequently, measures were made after ]3assing through it, when 

its readings were 35, 70 . . . 280°, as every added 35° halved the previous intensity. 

The D light coming through the slit with the annulus at 0°, measured 4’5 AL. The 

following were the luminosities of the other rays coming through the same slit ; 

red lithium, '5 AL; SN 41'7, 3‘2 AL; and blue lithium, '3 AL (fig. 13). 

Table XVI. 

Degrees 
auiiulus. 

Intensity 
of ray. 

Reading of horizontal field in degrees. 
O O 

Red Lithium. D. Scale No. 417. Blue Lithium. 

Temporal. Nasal. Temporal. Nasal. Temporal. Nasal. Temporal. Nasal. 

0 ] 54 42 57 45 43 33 61 48 

35 2 50 38 53 41 39 29 57 44 

70 1 
4 47 36 49 37 35 27 53 42 

105 1 
B 43 32 45 34 32 24 50 38 

140 1 
1 G 39 29 41 31 28 22 46 34 

175 
3 2 

35 26 37 28 25 19 42 31 

210 1 
Oi 

32 24 33 26 21 16 39 29 

245 1 
12 8 28 20 30 23 17 14 o5 26 

280 
2 5 6 

24 18 26 20 14 13 31 25 

We find from the above that the average diminution in field for each reduction of 

half intensity on the tenq)oral side is 3‘75°, and on the nasal side close upon 3°. 

Using these figures, the above table would be as follows :— 

Table XVII. 

Degrees 
annulus. 

Intensity 
of ray. 

Reading of horizontal field in degrees. 

Red Lithium. D. Scale No. 417. Blue Lithium. 

Temporal. Nasal. Temporal. Nasal. Temporal. Nasal. Temporal. Nasal. 

0 1 54 42 57 45 43 33 61 48 

35 1 2 51 39 53 42 39 30 57 45 

70 1 
4 46-5 36 49-5 39 35-5 27 53o 42 

105 1 8 4375 33 46 36 32 24 50 39 

140 1 1 6 39 30 42 33 28 21 46 36 

175 1 
3 2 35 27 38 30 24 18 42 33 

210 
(3' l 31-5 24 34-5 27 20-5 15 38" 5 30 

245 1 1 2 8 28 21 31 24 17 12 35 27 

280 1 
2 5 6 21 18 27-UU 21 13 9 31 21 
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Fig. 13. 

With my assistant (VV. B.), these numbers appear to be 4 and ‘2‘5 respectively, 

showing" a consistent variation from my own measures. That there is a diminution in 

the angle of field in an arithmetical progression, as the intensity diminishes in 

geometrical progression, is somewhat strange, and appears to be unaccountable. It 

vill be noticed that the region of the macula lutea has been avoided in these obser¬ 

vations, as it seemed to be useless to attempt any observations on parts of the 
retina which were evidently unsuited for them. 

16. Extent of Field for the Different Rays of the Spectrum, 

It nou became of interest to ascertain the extent of the fields to my own eyes when 
a slit was passed unaltered through the spectrum, for it then became a matter of calcu¬ 
lation to find the intensity (luminosity) of each colour required to give equal horizontal 
fields at any given angular distance from the centre of the retina, and as all fields 
are similar, when one has been measured for any colour, all the others may be con¬ 
structed. The following is a table of three sets of observations. The two first were 
taken with an aperture of *525 inch, with an angular value of 2° 30'. The third was 
taken with an aperture of -086 inch, embracing an angle of 25' only, the temporal 
extent being only observed with it. 

VOL. CXC.—A. 2 B 
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Table XVIII. 

Scale 
No. 

i No. 1. No. 2. 1 No. 3. 
Remarks. X. ' 

i Temporal. Nasal, j Temporal. Nasal, i 
i 
Temporal. 

62 6957 44 34 37 28 i 18 The luminosity of the D 

60 6728 53 41 45 33 27 light in No. 1 = 4'5 

58 6520 61 47 53 37 33 A L ; an aperture of 

56 6330 64 49 56 41 38 •525 inch was used at 

54 6152 63 48 55 41 39 1 foot distance. 
52 5996 60 46 52 38 36 The lumino.sity ot the 1) 
50 5850 56 43 48 35 33 light in No. 2 = 11 

48 5720 52 40 44 32 29 A L, with an aperture 
46 5596 49 38 40 30 25 of ’525 inch. 
44 5181 46 35 37 28 22 'L’he luminosity of the 1) 
42 5373 43 33 34 26 18t light in No. 3 was 
40 5270 40 31 32 24 IGt •5 A L, an aperture of 
38 5172 38 29 30 23 14t '086 inch being used 
36 5085 37 28 29 22 13t at 1 foot. 
34 5002 39 29 30 23 13t The readings marked t 
32 4929 42 32 33 25 16t were doubtful, as they 
30 4848 47 36 39 30 21 fell on or close to the 
28 4776 54 42 45 35 28 blind spot. They were 
26 4707 61 47 52 39 34 obtained by reading at 
24 4639 65 50 56 42 37 a small angle to the 
22 4578 65 50 55 42 38 horizontal line. 
20 4517 61 47 53 39 34 
18 4459 58 44 49 35 31 
16 4104 54 41 46 33 29 
14 4393 51 39 43 31 27 
12 4296 49 38 41 29 25 
10 4245 47 36 39 27 1 

Fig. 14. 

If we plot the curves from the above table, and take the distauce apart of the 

nasal from the temporal ordinates, we shall find that when the latter reads 40° the 
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former reads 30°, no matter what the colour may be ; and that, as the field increases 

about 7|- degrees on the temporal side, the field on the nasal side increases nearly 6° 

—a variation which is in accordance with the table showing the field with variation 

of intensities of the beam (fig. 14). 

17. Luminosities of Colours for Equal Fields. 

From this curve we can calculate, within certain limits, the intensity {i.e., lumi¬ 

nosity) of any colour to give any required extension of field. Suppose, for instance, we 

required to know the luminosity of the whole of the colours of the spectrum at, say, 

30° from the axis on the temporal side, which would give equal fields, we should 

proceed as follows :—Take the height of the ordinate of any colour above (or below) 

the ordinate of 30°, and divide it by 3'75 ; that would give a factor in powers of ^ 

by which the intensity (luminosity) should be diminished, in order to cause the field 

of that particular ray to fall at 30°. Thus, at 48*4 of the spectrum scale, the height of 

the ordinate is 45° (that is, 15° above the ordinate of 30°). Hence, since 15/375 = 4, 

the intensity of the ray would have to be diminished to (^)^ to cause its field on the 

temporal side to fall at 30°. The luminosity of this ray is at the maximum spectrum 

luminosity, or 100, and would thus have to be reduced to 100/16, or 6'25 ; whilst the 

luminosity at scale numbers 38 and 34 would remain the same, viz., 49 and 31 

respectively. On this plan fig. 15 was calculated, which gives the comparative 

luminosities for equal fields, the maximum being made 100. 

Table XIX. 

Scale No. Original 
Luminosity. 

Luminosity 
for equal 

fields. 
Scale No. 

Original 
Luminosity. 

Luminosity 
for equal 

fields. 

00 .3 5 •58 36 40 77-6 
58 15 •56 - 34 32 53-5 
56 34 1-GO 32 25 29-0 
54 55 1-6 30 19 9-5 
52 ro 2-5 28 15 2-5 
50 94 8-1 26 13 •7 
48 100 16-5 24 9-5 •24 
46 96 32-6 22 7-5 •21 
44 85 49-4 20 6 •20 
42 74 86-2 18 5 •a5 
40 60 1000 16 4 •42 
38 50 98-0 

This calculation is made on the assumption that the comparative luminosities of 

the colours of the spectrum are the same at 30° on the temporal side as they are 

at 10°. 

2 n 2 
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In connection with this it may be well to quote another observation made direct 

for the purpose of ascertaining the luminosities of ditferent colours required to give 

equal colour fields. The different parts of the spectrum were observed on the retina 

at 25° from the axis on the temporal side, and the luminosities reduced by the 

annulus till the colour disappeared. The readings were somewhat difficult to make, 

but the mean gives the table following. (See fig. 16.) 

Table XX. 

t I. 

Scale No. 

II. 

\ 

III. 

Mean value 
of reading 
of annulu.s. 

IV. 

Value of 
light when 
0° = 100. 

V. 

Luminosity 
of spectrum. 

VI. 

Col. V. 
X Col. IV. 

100. 

VII. 

Col. VI. 
Max. = 100. 

60 6728 90 16-2 3-5 •6 1-3 
58 6520 112 10-9 12 5 1-4 31 
56 6330 120 9-2 27-5 2-5 5-5 
54 6152 118 9-0 43-0 3-8 8-4 
52 5996 108 11-8 61-0 7-2 15-2 
50 5850 93 16-0 79 0 12-6 28-5 
48 5720 72 19-6 85-0 16-7 37-5 i 
46 5596 55 33-7 81-0 27-3 62-0 1 
44 5481 37 48 72'5 34-8 79-0 ! 
42 5373 19 70 62-5 437 98-0 
40 5270 8 85 52-0 43-2 970 
38 6172 5 90 41-5 37-3 84-5 
36 5081 4 93 33-5 31-1 70-0 
34 5002 8 85 26-5 22-5 510 
32 4924 17 65 21 13-6 31-0 
30 484*8 43 43 16-5 71 15-8 
28 4776 86 18-3 13 2-4 5-4 
26 4707 114 10-5 10-5 1-3 2-3 
24 4639 124 8-6 8-2 71 16 
22 4578 120 9-2 6-3 •58 1-27 
20 4517 108 11-8 5-0 •50 1-30 
18 4459 97 14-7 4-0 •58 1-27 
16 4349 86 18-3 31 ■57 1-25 

At the time when these results were obtained an experiment was also made by 

the same eye to determine the variations in the fields for four different colours when 

the intensity was altered. The four colours chosen were the same as used in many of 

the experiments made with my own eyes. The fields were taken in the horizontal 

direction, and on the nasal and temporal sides. As the light was varied for each 

colour, in order that readings up to about 60° might be obtained, the fields for the 

rays are not comparable with each other. Each field must be considered by itself 
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Table XXL 

Annulus 
Compara¬ 

tive 

Red lithium. D. 41-7 S.N. Blue lithium. 

reading. intensity 
of light. Nasal. Temporal. Nasah Temporal. Nasal. Temporal. Nasal. Temporal. 

0 I 42 54 47 60 33 43 42 53 

; 35 1 
O 37 46 42 53 29 35 37 46 

70 1 
4 

32 38 36 45 24 28 31 37 

105 s 26 31 31 38 20 21 26 30 

110 
1 

1 6 22 24 26 29 15 8 21 24 
! 

All we have to deal with here are the readings on the temporal side. We find 

that for each diminution of one-half intensity the field contracts 7° f)', or twice that 

of the writer’s. The figures in the table on the previous page are now explained, and 

they compare fairly with the results tabulated on p. 186. The variation in sensitive¬ 

ness in different eyes is here well illustrated. 

18. Dependence oj Field on the Size of the Coloured Spot. 

It has been shown that the loss of colour in the centre of the retina depends 

largely on the size of the spot of light viewed. Such being the case, it was to be 

presumed that the boundaries of a field would contract if the aperture used in the 

apparatus was diminished, and it seemed possible that some expression might be 

found which would connect the two together. 

To make measurements of field with dimishing apertures the same kind of 

perimeter was employed as before, and the spot of light on the ground glass was 

diminished in size by placing circular apertures of diminishing diameter in contact 

with it. The fields were measured in a horizontal direction only at first, and the 

following table gives the mean of the actual measures. The intensity of the D light 

was IT AL. 
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Table XXII. 

i Diameter 
of Angle 

Diameter 
of 

aperture 
in powers 

of 2. 

Red lithium. D. 41-7. Bine lithium. 

; nperture 
in 

inches. 

sub¬ 
tended. Tem¬ 

poral. 
Nasal. 

Tem¬ 
poral. 

Nasal. 
Tem¬ 
poral. 

Nasal. 
Tem- 
2:)oral. Nasal. 

0-94 
O < 
4 18 0 -0-09 42 32 48 35 38 28 50 37 

0-525 2 30 0 -0-93 37 28 43 32 33 25 47 34 
0-35 I 34 0 -1-52 35 26 39 29 31 23 42 31 
0-17 0 49 0 -2-56 29 22 34 25 25 18-5 37 27 
0-086 0 25 0 -3-56 25 17-5 29 21 20 15 32 23 
0-036 0 10 0 -4-8 19 14 25 18 b.s. 12 27 21 
0-012 0 3 30 -6-4 b.s. 12-5 20 15 b.s. 9 20 15 

b.s. is blind spot where measures are impracticable. 

This table when plotted gives a diagram, fig. 17, which shows that between 

apertures subtending 4° 28' and 10' (the power of ^ being taken for the scale of 

abscissa), the fields decrease in extent and are practically straight lines. On the 

temporal side for each diminution in aperture to ^ diameter the diminution in field is 

5° and on the nasal side 4°. The diminution in field for a diminution of ^ the intensity 

oflight.^ it will be remembered, is 7'5" on the temporal side and 6° on the nasal side. 

Fig. 17. 

The diminutions in field thus bear the same ratio to one another, viz., 5 : 4. This 

might be expected, but the author was by no means prepared to find that it could 

be measured so closely as it has been. We thus arrive at the result that diminution 

in aperture is equivalent to diminution in intensity of light. When the apertures 

used were greater than the largest given in the table scarcely any alteration of the 

field was obtained. We may take it that any aperture subtending more than 5° 

will give the same field. With apertures between 5° and 3° the field will only 

slightly diminish. Referring to the table of extent of field for the whole spectrum, 

we shall find that the measured field for an aperture of '086 inch agrees with the 

above determination very closely, taking into account the illumination. 
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19. Relative Sensitiveness of the Different Parts of the Retina. 

One other determination of sensitiveness of the retina required to be made, viz., 

the general sensitiveness at all parts compared with that at the centre or close 

to the yellow spot. In “ Colour Photometry,” Part III., a comparison was made 

of the sensitiveness of the centre of the eye compared with that of a point 10° 

towards the periphery. Determinations of this kind are extremely difficult, and it 

is only by continued observation that an approach to correct measures can be made. 

In fact the eye requires training. Perhaps the easiest plan of explaining how the 

following determinations were made will be by describing a preliminary experiment. 

Procure a large sheet of black paper and lay it horizontally on a table near a window, 

so that it is equally illuminated. Cut out some small and equal discs of white paper 

or card and place two of them about 1 foot apart lying on the black paper. Place 

the eye about 12 inches above one of them, and receive its image on the centre 

of the retina. At the same time the image of the other will be received on the 

retina about 45° from the centre. This last white disc will appear to be very 

decidedly darker than the first. 

Cut out a small disc in grey paper, and substitute it for the white disc, the image of 

which is viewed centrally. The other white disc may now be moved away from it till 

the two appear equally luminous. The distance from the grey disc to the white will 

give the field. By measuring the amount of white light reflected from the grey 

paper, the comparative luminosities of the discs are found, and from them the relative 

sensitiveness of the two portions of the retina are determined. 

The same procedure can be carried out on an equally illuminated surface, and “ iso- 

lumes ” be made for any depth of grey. The following table gives one of the deter¬ 

minations, the grey in this case reflecting of the white light reflected from the 

white disc. The diameters of the discs were half an inch, and were viewed with the 

right eye at a distance of two feet from a vertical screen (see fig. 18). 

Table XXIII. 

Angle with the 
vertical. 

Field, 
in degrees. 

Angle with the 
vertical. 

Field, 
in degrees. 

0 24 180 26 
30^ 27 1501 25 
60 33 120 27 
90 ^N. 39 90 ^T. 30 

T20 40 60 27 
150 J 30 30j 25 , 

It will be seen that the “ iso-lumes ” are of the same character as the colour fields. 

Some small correction might have to be made for the projection of the white disc 

on the retina, since it would not be of the same angular dimensions as if viewed in a 

hemispherical perimeter. 
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Fig. 18. 

An iso-lume. 

Other modes of measurement were tried, and the results agreed very fairly inter 

se. The following iso-lumes were taken only in four directions, viz., two in the 

horizontal and two in the vertical (see fig. 19). 

Table XXIY. 

Light reflected 
from grey disc 

when 
white = 100. 

Luminosity in 
powers of — 2. 

Temporal 
reading. 

Nasal reading. Upper vertical 
reading. 

Lower vertical 
reading. 

60 2-74 12 9 8 9 
38-5 2T0 22 17 12 13 
25-5 1-51 32 28 16 18 
16-8 0-90 43-5 33 22 24 
13-5 0-31 51 40 28 28 
11-5 0-00 60 44 33 34 

Comparing these readings on the temporal and nasal sides, they agree, as well as 

could be expected from the nature of the observations, wdth the colour field curves. 

VOL. cxc.—A. 2 c 
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Xliey show that with au incroasG of double tne luminosity the field is extended about 

17° on the temporal side and about. 13 on the nasal. .A-s the increase of dimensions 

in these two directions of the colour fields for the same increase in lumiuosity is 

considerably less, it is evident that there is no exact connection between the 

luminosity of wdiite light at the different parts of the retina and the luminosity of 

a colour-ray when colour is extinguished. The sensitiveness of the peripheral 

portions of the retina to light and colour is therefore different, as it was shown to be 

when the centre of the retina was under consideration. 

Fig. 19. 

A good many experiments have been carried out regarding the persistence of 

coloured images and the rate of perception, but these have indicated that the subject 

is one which should be treated of in a separate communication. 

It may here be reiterated that the sensitiveness of the eye varies considerably at 

times, which may be due in all probability to the state of health of the observer. 

Aluch of the difficulty experienced in these observations has arisen from this variation. 

As the eye becomes practised to observation, however, the liability to variation very 

largely disappears, and at the present time readings made by my assistant and nnself 

are very fairly comparable at all times. AX hether, when the observations have ceased 

for some time and are then renewed, there will be a relapse, it is hard to say. 

It will be seen that scarcely any reference has been made to the work of other 

observers. It has not been thought advisable to do so for various reasons, the 

principal one being that in the experiments described spectrum colours have been 

employed. The results obtained with these last cannot be comparable with those 

obtained with the use of impure colours. 

20. General Summary. 

Tlie results of these investigations may be summarized as follows : 

1. That where an image is received on the centre of the retina, the reduction in 
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intensity of the radiation which will just fail to produce the sensation of 

light dejjends (within limits) on the size of the image. 

2. That the smallest diameter of the image and not its area determines the 

necessary reduction in intensity. 

3. That the reduction in the intensity of the light of an image falling excentric- 

ally, which will just fail to produce the sensation of light, follows the same 

general law as if the image were received centrally. 

4. That the visual brightnesses of illumination of a small and a large aperture 

when illuminated with the same light differ, and that such visual bright¬ 

nesses are connected by a simple law. 

5. That the reduction in the brightness of an image just sufficient to extinguish 

the sensation of colour, varies with the size of the image and follows a 

definite law, which, however, differs from that for the extinction of liglit. 

6. That all fields for colours will have the same boundary when the intensity of 

the coloured ray is properly adjusted. 

7. That there is a simple connection between the intensity of a colour and the 

extent of field. 

8. That the colour fields depend on the size of the object viewed, and that the 

dependence appears to follow a simple empiric law. 

9. That the retina is most sensitive to light at its central part and the sensitive¬ 

ness diminishes towards the periphery. 

These results as they stand do not seem to confirm either one of the two 

main theories of colour vision. The existence of a colour field at all is difficult to 

explain on the Young theory, and the fact that a colour field for red can be 

obtained with bright illumination although the disappearance of this colour and light 

takes place almost together at the centre of the retina, is not easily accounted for on 

Hering’s theory. It appears as if light were the fundamental sensation caused by 

the main vibration generally, whilst colour is as it were an overtone to which the 

receiving nerves are less susceptible than to light, the further away they are situated 

from the centre, and may be due to the form of vibration. 

In closing this paper I shoi.dd be doing an injustice if I did not place on record the 

great assistance I have had during the whole of these investigations, which have 

extended over three years, from my assistant, Mr. Walter Bradfield ; with every new 

step I took he made himself thoroughly acquainted, and every series of measures I made 

myself he repeated with his own eyes. There is nothing stated as being fairly proved 

which has not been confirmed by him. Measurements of the kind recorded above are 

by no means as simple as they look on paper, but those given are the results of 

hundreds of observations, repetition being an absolute necessity to avoid false 

deductions. 

2 c 2 
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VITI. Total Eclipse of the Sun, 1896.—The Novayct-Zemlya Observations. 

By Sir George Baden-Powell, K.C.M.G., M.P. 

Communicated by J. Norman Lockyer, C.B., F.R.S. 

Received November 19,—Read November 19, 1896. 

[Plates 1, 2.] 

1. As the observations of the total eclipse of the sun in 1896, made in Novaya-Zemlya 

by the “ Otaria” expedition, are the only British observations of that eclipse which 

secured successful results, it may be of some importance to detail the conditions 

under which those observations were made. 

2. On learning that the Government fuuds available for the observation of the 

total eclipse of 1896 would not suffice for more than the parties detailed to Japan 

and to Norway, I willingly offered to take another party to Novaya-Zemlya in my 

yacht “ Otaria.” 

3. It would thus be possible to increase the chances of a clear view of the eclipse ; 

and the altitude of the sun at the time of the eclipse would be far greater in Novaya- 

Zemlya than on the Varanger Fjord. 

Personally, I also formed high hopes as to results (especially photographic results) 

at a latitude far higher than any at which such powerful astronomical instruments 

had before been used. 

4. I received and carefully stowed on the yacht instruments of various kinds ; 

some selected by Mr. Norman Lockyer, with the approval of the Lords of Committee 

of Council on Education, from among those in the Solar Physics Observatory; and 

others by Mr. E. J. Stone, by special consent of the Trustees, from the instruments 

at the Badcliffe Observatory. 

5. I had the good fortune to receive as my guests Mr. E. J. Stone, M.x4., F.B.S., 

the Badcliffe Observer ; Mr. W. Shackleton, F.B.A.S., one of the staff under the 

Solar Physics Committee; and Lieutenant Vernon Brooke Webb, B.N. 

The late Prince Lobynoee, through our ambassador at St. Petersburgh, and at the 

request of the Foreign Office, was good enough to supply information for me, and to 

give special instructions to the officials of the Archangel Province to render every aid 

and assistance to our expeditiou. 

11.12.97 
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6. We left Dundee on the 18th July, but were much delayed by persistent calms. 

Nevertheless we arrived safely off the coast of Novaya-Zemlya on the 2nd August. 

7. At the small new Samoyede settlement of Karmakul we found two observing 

parties from Russia, constituted as follows :— 

Imperial Academy of Science Party. 

Prince Boris Galitzine (Leader) .... Physics. 

M. Backlund (Director, Pulkova) .... Astronomy. 

Me Kostinskey (Pulkova). ,, 

M. Hansky ,, . 5, 

M. Goldening.Photography. 

M. Jacobson.Zoology. 

Kasan University Party. 

M. Dubjago.Astronomy. 

M. Goldhammer.Physics. 

M. Zeigel. „ 

M. Krasnoff.Astronomy. 

M. Belkbdtch.Zoology. 

M. Baransyitch.Photography. 

8. The Russians had established their oliservation huts and instruments on rising- 

ground, perhaps GO feet above the sea-level, with barren undulating tundra, 

culminating two to three miles inland in a long range of hills, say 1500 feet to 

2000 feet in altitude. We entered into friendly relations with them. 

9. We decided on making our observation spot as far to the westward as possible, 

hoping thus to eliminate all chance of obstruction by clouds gathering on these inland 

hills. 

We selected a site on an island, about 20 feet above sea-level, the strata being 

laminous slate, with an almost perpendicular upheaval. A bluff, some 30 feet high, 

protected the camp from seawards, but all was open to the eastward. 

The precise position of the camp was— 

Lat. 72° 22' 40" N. 

Long. 52° 38' 13" E. 

This position was verified by Lieutenant Webb by measurement from one of the 

Russian triangulation points—a beacon—about a mile distant, the latitude and 

longitude of which were supplied by the Russian observers. 
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10. We erected shelter tents of spars and sails and set up the Willesden ca.nvas 

huts for the 12" Cooke siderostat, two large spectrum and one corona photograph 

telescopes. 

11. Mr. Stone, with the aid of Lieutenant Webb, used a small but powerful 

equatorial (presented to the Radclilfe Trustees by Frances Anne, Dowager Duchess 

of Marlborough). 

The spectroscope was one made, from Mr. Stone’s plans, specially for the eclipse 

by Mr. Hilger. The dispersion in the photographic camera consisted of a direct 

spectroscope, capable of separating the D lines, and a prism of crown glnss of 60°. 

The light reflected from the surface of the prism was used for a second direct spectro¬ 

scope, and the instrument, therefore, admitted of combined eye and photographic 

spectrum observations. 

12. Mr. Shackleton worked with a prismatic camera of 3 inches aperture with 

two prisms of 60°, using the siderostat, and also a direct vision slitless spectroscope, 

by means of which he was enabled to signal with exactness the disappearance of the 

continuous spectrum. 

13. I took charge of the coronagraph provided by Mr. Lockyer. The telescope 

was one of 4|- inches aperture and 6 feet 9 Inches focal length. The object glass was 

not new, and decidedly green in tint, but it was the only one available for the expedi¬ 

tion. The size of the image was 076 inch, and the ratio of aperture to focal length 

was -j-f 5-, 

The telescope was mounted in a N. and S. direction immediately above the pris¬ 

matic camera, so that both could use the one siderostat. Mr. Shackleton, with 

commendable care and trouble, finally secured admirable adjustments of all these 

instruments. 

14. Meteorological observations were made by means of a self-registering barometer 

and thermometer and a sympiesometer. 

Lady Baden-Powell and the yacht’s crew were detailed to make drawings of what 

they could see of the outer corona, on printed diagram plans designed by Mr. Stone, 

and to note the position of any “ stars ” seen, and otherwise observe general aspects. 

15. Ever}/thing was ready well in time, and throughout the eclipse all proceeded 

most satisfactorily. In all, twenty-nine good photographs were secured. 

16. The local times of commencement and end of totality were noted by the sailing- 

master of the “Otaria”—Captain C. WiLLCOX—as being 7^' 34™ 54" and 7^ 36™ 44" 

respectively, but there was some doubt as to the signal for the end of totality. 

Captain Willcox also gave out the number of passing seconds, by chronometer, for 

the information of the observers. 

17. With regard to the spectroscopic results obtained, both by Mr. Stone and 

Mr. Shackleton, I am informed that they promise to be of the highest scientific 

value ; they are now being worked out by Mr. Stone and Mr. Norman Lockyer 

respectively, but the final elucidation will naturally occupy some considerable time. 
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In all, four good photographs were secured by the slit and nineteen by the prismatic 

camera. 

18. With regard to the results secured by the coronagraph, the following state¬ 

ments may be made :— 

Assuming observations on the central line the following scheme of exposures had 

been prepared by Mr. Lockyer :— 

No. Exposure. Change of plates. 

1 

seconds. 
5 

seconds. 

i) 15 
5 

60 
5 1 

4 o 
5 

5 IS 
• > 

As the station we took up in Novaya Zemlya vras about twenty miles from the 

central line, our period of totality was reduced to 1 minute 45-5 seconds, and 

Mr. Shackletox drew up the following revised scheme :— 

No. Exposure. Change of plates. 

I 
seconds. 

5 
seconds. 

2 15 
5 

3 40 
5 

4 2 

5 

5 15 
5 

With the aid of the mate of the “ Otaria,” Mr. Kerley, I successfully made the 

exposures at the regulated times. The “ Castle ” plates, by Mawsox and Swax, 

were used throughout. Five photographs of the corona were taken, with the 

following exposures :— 
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No. Exposure. 

i 
seconds. ! 

1 5 i 

I 2 15 
' 3 40 

4 2 

5 15 

The four plates exposed during totality were developed by Mr. Shackleton before 

leaving Novaya Zemlya, and the fifth at South Kensington about five weeks later. 

Mr. Lockyer has been good enough to have these enlarged at the Solar Physics 

Observatory, by Corporal Haslam, R.E., and T have the pleasure of laying them 

before the Society (see Plate 1). It will be seen (by reference to ‘Phil. Trans.,’ 1889, 

vol. 180, pp. 291, &c.) that the expected agreement with the corona of 1886 is most 

marked. 

The field of view of the telescope employed was circular, with an approximate 

diameter of 100 minutes of arc. In the longer exposed photographs the longest 

streamer is cut off by the boundary of the field at 1 '06 of the moon’s diameter. 

As seen visually the streamer was estimated to have a length of 1-76 of the 

diameter. 

19. It should be noted that the other heavenly bodies seen and located by 

“ Otaria ” observers during totality were the planets Mercury, Jupiter, Venus, and 

Mars, and the star Regulus. The several independent sketches on plans, by eye, of 

the corona, coincided remarkably with the j)hotographs. 

I would add that during totality the darkness was not sufficient to interfere with 

the reading of the chronometer in the open, or of a Benson’s chronograph inside the 

telescope hut. The atmosphere may possibly have been lighted up by the large 

areas of snow-covered land in our neighbourhood. 

20. The Meteorological observations made at the time were significant. 

(1.) The self-registering (Negretti and Zambra) thermometer, placed in 

sunlight, indicated remarkable changes of temperature, ranging, during the 

period of the eclipse, from 47° Fahrenheit down to 36°, and rising, within 

three hours after totality, to the maximum for the day of no less than 62°. 

(2.) The self-registering barometer (Negretti and Zambra), as will be 

seen by the accompanying photographic enlargement (not reproduced here), 

gave no indications except those of unevenness. 

But readings, at necessarily irregular intervals, of the sympiesometer 

(Negretti and Zambra), before and after totality, gave the following 

results :— 

2 P YOL. cxc,—A. 
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Local time. Thermometer. Barometer. 

hrs. mins. 
7 13 

O 
49 30 3'25 

7 18 48 30 3-30 

1 ^ 
20 47'.5 30 3 30 

7 
1 

20 46-3 30 3-18 

7 39 

Interval of totality 

.35-3 

• 

30 3 15 
7 47 46 30 3-25 

(3.) The wind Avas blowing moderately (Beapfort scale, 3 to 4) all the 

morning from about N. by E., some cirrus clouds gradually coming up from 

E.N.E. Just before totality there was a sudden change of Avind to E.N.E. 

Several present, myself among the number, distinctly noticed that the wind 

died aAvay during the totalitjn 

21. All members of the ‘‘Otarla ” party did everything in their power to make 

the observations a success ; and thus full advantage Avas taken of the opportunities 

afforded by a happily clear vicAA^ of the sun. 

22. While it is cause for great regret that similar opportunities were not afforded 

to the skilled observers in Norway and Japan—or, indeed, at the other stations—it 

is highly satisfactory to know that the total eclipse of 1896 was most successfully 

observed at one British station, and that the results thus secured Avill be of high 

Amlue to astronomical science. 

OxN THE Photographs of the Corona obtained in Noa’aaa-Zemla^a. 

Ba" W. H. Wesleal 

The diaAving, of which Plate 2 is a Woodburytype reproduction, AA^as made from 

four negatives taken by Sir G. Baden-Poavell and Mr. Shackleton. The moon’s 

diameter is inch on the oi-iginal negatives, and the draAving has been enlarged to 

a scale oj 2d inches for the moon’s diameter. The following are the particulars of 
the plates :— 

Plate 1. Exxposure, 5 seconds. ShoAA^s a faint fringe of corona on the W., and a 

greater extent on the E., Avhere it reaches a height of 5' or 6'. Plate A'ery 

clean and definition good ; the lower details on the E. limb exXtremely Avell seen; 
background of sky quite clear. 

Plate 2. Exposure, 15 seconds. Very fine negative. Corona extends to about 

half a lunar diameter on the E., and more than half as ftir on the W., but the con¬ 

spicuous ray to the N.W. is easily traced for a diameter from the limb, Avhere it is cut 
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off by the boundary of the field. Near the limb the corona is very intense, but 

sufficiently transparent to allow the low details to be easily made out. Sky slightly 

fogged. 

Plate 3. Exposure, 40 seconds. Very fine negative. Sky decidedly more fogged 

than in Plate 2, but corona very well defined, extending on the E. to about 21' 

from the limb, and on the W. to 16'. The ray on the N.W. is cut off’ by the boundary 

of the field. Although the corona is very dense near the limb, the low details can be 

made out verv well with suitable illumination. 
4/ 

Plate 4. Exposure, 2 seconds. Clear negative ; shows prominences very well, 

but only a narrow, faint fringe of corona, more intense on the S.W. and almost 

invisible at the N. pole. Only a little of the lowest detail is shown. 

The negatives appear well-focussed and the grain of the plates is fine, so that I 

have been able to make out much more of the lower details than in most recent 

eclipse photographs. 

The corona of 1896 is remarkably symmetrical about the sun’s axis ; still more so 

than that of 1886, which it closely resembles. The northern polar rift is extremely 

well-marked ; it extends for about 40° along the limb, and is filled with fine rays, 

attaining a height of about 11'; straight and nearly radial in the centre, and 

becoming more curved and inclined from the axis towards either side of the rift. As 

in 1886, the southern rift extends for a greater distance along the limb, but is much 

less distinct than the north polar rift, the rays filling it being broader and more 

diffused, and its boundaries less clearly defined. 

The conspicuous ray (or group of rays) in the N.W. quadrant, mentioned in the 

description of the plates, bounds the N. polar lift to the W. with a decided curve of 

double curvature, similar to that shown in 1885. It shows indications of synclinal 

structure, but not so clearly as in 1886. On the small scale negative, taken by 

Dr. Hansky, of the Pussian Expedition, this ray is shown tapering to a point and 

then slightly widening again, attaining a height of more than two diameters. At 

the base of this ray is a prominence, as in the corresponding ray of 1886. Imme¬ 

diately to the S. of this great ray is a well-marked opening in the corona, filled with 

three narrow, nearly radial rays. A sharp, narrow rift separates these from the 

somewhat inconspicuous equatorial group, within which two rays seem abruptly bent 

aside in an equatorial direction, and at the base are indications of small rays com¬ 

pletely bending over. South of the equatorial group are two conical masses, showing 

distinct traces of synclinal structure. The southern of these masses is the larger, and 

forms the western boundary of the great southern rift. With the exception of the 

great N.W. ray, which extends further than any part of the corona, the western side is 

less conspicuous and extensive than the eastern, and shows less detail near the limb. 

On the eastern side the north polar rift is bounded by a large mass, composed of 

broad rays showing some tendency to synclinal curves. The edge which bounds the 

rift is much inclined from the radial in an equatorial direction, and is more sharply 

2 D 2 
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defined than any other coronal feature. A large prominence (about latitude 45'^) is 

at the base of the group ; there is a decided thinning of the corona around it, and the 

lower rays, to a height of about 3', appear to bend over the prominence. 

A broad V-shaped opening, partly filled up with rays, separates the N.E. from the 

E. equatorial group. This is very large, reaching a greater height than any other 

portion of the corona (except the N.W. ray), and extending along the limb to about 

latitude 45° S., after which the group breaks up into a succession of broad ravs 

curving away from the S. pole, and forming the eastern portion of the S. polar rift. 

The detail on the eastern side of the corona is extremely complex and interesting, but 

a few jroints only can be noted. A small hook-shaped ray, about 2^' high, springs 

from a small prominence (about 18° N. latitude), and is distinctly bounded by a 

navrow dark space or outline. A large double-headed prominence (latitude about 

5° N.) is similarly outlined—the outline exactly following its contours. Apparently 

standing upon this prominence is a singular, dark, elliptical ring, about 2|-' by 

2', its longer axis nearly radially directed. From the top of the ring rises a thin, 

tapering ray, curved towards the south. South of the bright prominence are small 

rays which appear cut across by dark veins at heights of 2' and 3' from the 

limb. Further south the great mass is broken up in a manner entirely unusual. 

The solar corona usually appears composed of overlapping rays emanating from the 

sun, but here it appears to be also broken up by dark channels into flocculent-looking 

masses, giving to it somewhat of the curdled appearance of some parts of the nebula 

in Orion. The great mass is roughly divided into a northern and southern portion 

by an irregular ga]i or dark stream, commencing at the top of a mass of rays about 

6' from the limb; this gap turns towards the north, then curves east, and is 

lost at a height of about 17'. The base of the equatorial mass is filled by rays 

having much contorted forms. It is impossible to resist the impression that this 

portion of the corona is torn by violent storms or perturbations. 

Conclusions. 

1. The remarkable resemblance of the corona of 1896 to those of 1885 and 1886 

confirms the now recognized theory of periodic changes in the corona in accordance 

with variations in the solar activity, as shown by sun spots. 

2. The corona, of 1896, as will be seen by the foregoing description, shows decided 

evidence of a connection between corona and prominences. This was indicated in 

1893, but is still more striking in 1896. 

3. The corona of 1896 shows the hitherto unperceived features of dark streams or 

veins, which it seems impossible to regard as merely spaces between bright rays. 

The only features I have hitherto seen, which to any degree resemble them, are the 

comet-like markings on the E. side of the corona of 1871. The dark boidermg or out¬ 

line to some of the prominences I have not observed on any other eclipse photographs. 
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1. In two previous memoirs'^'' it has been explained, that the various hypotheses 

involved in the theory of electric and optical phenomena, wdiich has been developed 

by Faraday and Maxwell, can be systematized by assuming the tether to be a 

continuous, homogeneous, and incompressible medium, endowed with inertia and 

with elasticity purely rotational. In this medium unitary electric charges, or 

electrons, exist as point-singularities, or centres of intrinsic strain, which can move 

about under their mutual actions ; wdiile atoms of matter are in whole or in part 

aggiegations of electrons in stable orbital motion. In particular, this scheme provides 

a consistent foundation for the electrodynamic laws, and agrees with the actual 

relations between radiation and moving matter. 

An adequate theory of material phenomena is necessarily ultimately atomic. The 

older mathematical type of atomic theory which regards the atoms of matter as acting 

on each other from a distance by means of forces whose laws and relations are 

gradually evolved by observation and exjieriment, is in the present method expanded 

and elucidated by the introduction of a medium through whose intervention these 

actions between the material atoms take place. It is interesting to recall the circum¬ 

stance that Gauss in his electrodynamic speculations, wdiich remained unpublished 

during his lifetime, arrives substantially at this point of view ; after examining a law^ 

of attraction, of the Weberian type, between the “ electric particles,” he finally 

discards it and expresses his conviction, in a most remarkable letter to Weber,! that 

‘ Phil. Trans., 1894, A, pp. 719-822 ; 1895, A, pp. 695-743 ; referred to subsequently as Part I. 

and Part II. [In the abstract of the present Memoir, ‘ Roy. Soc. Proc.,’ 61, on p. 281, line 6, read 

2-?i'2 q. foi- ; line 35 read f. for ; and on p. 284, line 18, read ?h/2c . E (1 - vi~) for 
E (1 - m2).] 

t Gauss, VVerke, Y., p. 629, letter to Webee of date 1845 ; quoted by Maxwell, “ Treatise ” II., § 861. 

After the present memoir had been practically completed, m}’ attention was again directed, through a 

reference by Zeeman, to H. A. Lokentz’s Memoir “ La Theorie Electromagnetique de Maxwell et son 

application aux corps mouvants,” Archives Neerlandaises 1892, in w’hich (pp. 70 seqq.') ideas similar 

to the above are developed. The electrodynamic scheme at w’hich he arrives is formulated diflerently 

from that given in § 13 infra, the chief difference being that in the expression for the electric force 

(P, Q, R) the term djdt (F, G, H) is eliminated by introducing the cethereal cP'iplacement 

1 his applies also to the later “Versuch einer Theorie ... in bewegten Korpern,’ 895. The author 
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the key-stone of electrodynamics will be found in an action propagated in time from 

one ‘‘ electric particle ” to another. The abstract philosophical distinction between 

actions at a distance and contact actions, which dates for modern science from 

Gilbert’s adoption of the scholastic axiom^"" Nulla actio fieri potest nisi per contactum, 

can have on an atomic theory of matter no meaning other than in the present sense. 

The question is simply whether a wider and more consistent view of the actions 

between the molecules of matter is obtained when we picture them as transmitted by 

the elasticity and inertia of a medium by which the molecules are environed, or when 

we merely describe them as forces obeying definite laws. But tins medium itself, as 

being entirely supersensual, we must refrain from attempting to analyse further. It 

would be possible [cf. § 6) even to ignore tbe existence of an aether altogether, and 

simply hold that actions are propagated in time and space from one molecule of 

matter to the surrounding ones in accordance with the system of mathematical 

equations which are usually associated with that medium ; in strictness nothing could 

be urged against such a procedure, though, in the light of our familiarity with the 

transmission of stress and motion by elastic continuous material media such as the 

atmosphere, the idea of an sethereal medium supplies so overwhelmingly natural and 

powerful an analogy as for purposes of practical reason to demonstrate the existence 

of the aether. The aim of a theory of the aether is not the impossible one of setting 

down a system of properties in which everything that may hereafter be discovered in 

physics shall be virtually included, but rather the practical one of simplifying and 

grouping relations and of reconciling apparent discrepancies in existing knowledge. 

2. It would be an unwarranted restriction to assume that the properties of the 

aether must be the same as belong to material media. The modes of transmission of 

remarks on the indirect manner in which dynamical equations had to he obtained, mainly on account of 

the absence of any notion as to the nature of the connexion between the stagnant aether and the 

molecules that are moving through it. “ Dans le chemin qui nous a conduit a ces equations nous avons 

rencontre plus d’une difficulte serieuse, et on sera probablement pen satisfait d’une tbeorie qui, loin de 

devoiler le mecanisme des phenomenes, nous laisse tout au plus I’espoir de le decouvrir un jour ” (§ 91). 

In the following year (1893) similar general ideas were introduced by vox Helmholtz, in his now well- 

known memoir on the electrical theory of optical dispersion, in which currents of conduction are 

included : hut his argument is very difficult, and the results are in discrepancy with those of Lorentz 

and the present writer in various respects in which the latter agree ; moreover they are not consistent 

with the optical properties of moving material media. Both these discussions, of Lorentz and of 

VON Helmholtz, are in the main confined to electromotive phenomena ; the treatment of the mechanical 

forces acting on matter in bulk would require for basis a theory of the mechanical relations of molecular 

media such as is developed in this paper. The results in the paper by Zeeman, above referred to, “ On 

the Influence of Magnetism on the Light emitted by a substance,” Verslagen Akad. Amsterdam, 

Nov. 28, 1896, have an important bearing on the view of the dynamical constitution of a molecule that 

has been advanced in these papers, and illustrated by calculation in an ideal simple case in Part I., 

§§ 114-8; cf. ‘Roy. Soc. Proc.,’ 60, 1897, p. 514. [See ‘Phil. Mag.,’ Dec. 1897 : where the loss of 

energy by radiatior ^rom the moving ions is also examined.] 

* Gilbert, de Magnete, 1600, 
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stress by media sensibly continuous were however originally formulated in connexion 

with the observed properties of elastic matter ; and the growth of general theories of 

stress-action was throughout checked and vivified by comparison with those pro¬ 

perties. It was thus natural in the first instance to examine whether a restriction to 

the material type of elastic medium forms an obstacle in framing a theory of the 

aether ; but when that restriction has been found to offer insuperable difficulties it 

seems to be equally natural to discard it. Especially is this the case when the scheme 

of properties which specifies an available medium turns out to be intrinsically simpler 

than the one which specifies ordinary isotropic elastic matter treated as continuous. 

A medium, in order to be available at all, must transmit actions across it in time ; 

therefore there must be postulated for it the property of inertia,—of the same kind 

as ordinary matter possesses, for there can hardly be a more general kind,—and also 

the property of elasticity or statical resistance to change either of position or of form. 

In ordinary matter the elasticity has reference solely to deformation; while in the 

constitution here assumed for the aether there is perfect fluidity as regards form, but 

elastic resistance to rotational displacement.* This latter is in various ways formally 

the simpler scheme ; elasticity depending on rotation is geometrically simpler and 

more absolute than elasticity depending on change of shape ; and moreover no 

phenomenon has been discovered which would allow us to assume that the property 

of elasticity of volume, which necessarily exists in any molecularly constituted 

medium such as matter, is present in the aether at all. The objection that rotational 

elasticity postulates absolute directions in space need hardly have weight when it is 

considered that a definite space, or spacial framework fixed or moving, to which 

motion is referred, is a necessary part of any dynamical theory. The other funda¬ 

mental query, whether such a scheme as the one here sketched could be consistent 

with itself, has perhaps been most convincingly removed by Lord Kelvin’s actual 

specification of a gyrostatic cellular structure constituted of ordinary matter, which 

has to a large extent these very properties; although the deduction of the whole 

scheme of relations from the single formula of Least Action, in its ordinary form in 

which the number of independent variables is not unnaturally increased, includes its 

ultimate logical justification in this respect. 

* I find that the rotational a?ther of MacCullagh, which was advanced by him in the form of an 

abstract dynamical system (for reasons similar to those that prompted Maxwell to finally place his 

mechanism of the electric field on an abstract basis) Avas adopted by Rankine in 1850, and expounded 

with full and clear realization of the elastic peculiarities of a rotational medium : by him also the 

important advantage for physical explanation, which arises from its fluid character, AA'as first emphasized. 

Of. Miscellaneous Scientific Papers, pp. 63, 160. In Rankixe’s special and peculiar imagery, the inthcr 

was however a polar medmm or system (as contrasted with a body) made uja of polarized nuclei 

(Cf. Part I., §§ 37-8) whose vortical atmospheres, where such exist, constitute material atoms. The 

supposed necessity of having the vibration at right angles to the plane of polarization also misled him 

to the introduction of complications into the optical theory, such as molotropic inertia, and to deviations 

from MacCullagh’s rigorous scheme. 



THE ELECTRIC AND LUMINIFEROUS MEDIUM. 209 

On Material Models and Illustrations of the Mther and its associated 

Electrons, 

o. Although the Gaussian aspect of the subject, which would simply assert that 

the primary atoms of matter exert actions on each other which are transmitted in time 

across space in accordance with Maxwell’s equations, is a formally sufficient basis 

on which to construct physical theory, yet the question whether we can form a valid 

conception of a medium which is the seat of this transmission is of fundamental 

philosophical interest, quite independently of the fact that in default of the analogy 

at any rate of such a medium this theory would be too difficult for development. 

With a view to further assisting a judgment on this question, it is here proposed to 

desciibe a process by which a dynamical model of this medium can be theoretically 

built up out of ordinary matter,—not indeed a permanent model, but one which can 

be made to continue to represent the mther for any assignable finite time, though 

it must ultimately decay. The aether is a perfect fluid endowed with rotatioiial 

elasticity; so in the first place we have—and this is the most difficult part of our 

under taking to constiuct a material model of a perfect fluid, which is a type of 

medium nowhere existing in the material world. Its characteristics are continuity 

of motion and absence of viscosity : on the other hand in an ordinary fluid, 

continuity of motion is secured by diffusion of momentum by the moving molecules, 

which is itself viscosity, so that it is only in motions such as vibrations and slight 

undulations where the other finite effects of viscosity are negligible, that we can 

treat an ordinary fluid as a perfect one. If we imagine an aggregation of frictionless 

solid spheres, each studded over symmetrically with a small number of frictionless 

spikes (say four) of length considerably less than the radius, “so that there are a very 

large number of spheres in the differential element of volume, we shall have a 

possible though very crude means of re|)resentation of 

an ideal perfect fluid. There is next to be imparted to 

each of these spheres the elastic property of resisting 

absolute rotation ; and in this we follow the lines of 

Lord Kelvin’s gyrostatic vibratory sether. Consider 

a gyrostat consisting of a flywheel spinning with angular 

momentum g, Avith its axis AB pivoted as a diameter on 

a ring whose perpendicular diameter CD is itself phmted 

on the sphere, which may for example be a hollow shell 

with the flywheel pivoted in its interior; and examine 

the effect of imparting a small rotational displacement to the sphere. The direction 

of the axis of the gyrostat will be displaced only by that component of the rotation 

^ The use of these studs is to maiutaiii coutiuuity of motiou of the medium without the aid of 

. ' ^ ’ ^ud also (§ 4) to compel each sphere to participate iu the rotation of the element of volume 

ot 110 medium, so that the latter shall be controlled by the gyrostatic torques of the sphei'es. 

VOL. CXC.—A. •> V 
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which is in the plane of the ring ; an angular velocity dOjdt in this plane will produce 

a torcpie measured by the rate of change of the angular momentum, and there¬ 

fore by the prrallelogram law equal to ixddjdt turning the ring round the 

perpendicular axis CD, thus involving a rotation of the ring round that axis with 

angular acceleration /x/f. dOjdt, that is with velocity g/f. 9, where i is the aggregate 

moment of inertia of the ring and the flywheel about a diameter of the wheel. Thus 

when the sphere has turned through a small a,ngle 9, the axis of the gyrostat will be 

turning out of the plane of 9 with an angular velocity g/f. 9, which will persist 

uniform so long as the displacement of the sphere is maintained. This angular 

velocity again involves, by the law of vector composition, a decrease of gyrostatic 

angular momentum round the axis of the ring at the rate ix-ji. 9 ; accordingly the 

displacement 9 imparted to the sphere originates a gyrostatic opposing torque, equal 

to ix^ji. 9 so long as g/i. \9dt remains small, and therefore of purely elastic type. If 

then there are mounted on the sphere three such rings in mutually perpendicular 

planes, having equal free angular momenta associated with them, the sphere will 

resist absolute rotation in all directions with isotropic elasticity. But this result 

holds only so long as the total displacement of the axes of the flywheels is small : it 

suffices however to confer rotatory elasticity, as far as is required for the purpose 

of the transmission of vibrations of small displacement through a medium constituted 

of a flexible framework with such gyrostatic spheres attached to its links, which is 

Lord Kelvin’s gyrostatic model"' of the luminiferous working of the rether. For 

the present purpose we require this quality of perfect rotational elasticity to be 

permanently maintained, whether the disturbance is vibratory or continuous. Now 

observe that if the above associated free angular momentum g is taken to be very 

great, it will require a proportionately long time for a given torque to produce an 

assigned small angular displacement, and this time we can thus suppose prolonged 

as much as we please : observe further that the motion of our rotational mther in the 

previous papers is irrutational except where electric force exists which produces 

rotation proportional to its intensity, and that we have been compelled to assume a 

high coefficient of inertia of the medium, and therefore an extremely high elasticity 

in order to conserve the ascertained velocity of radiation, so that the very strongest 

electric forces correspond to only very slight rotational displacements of the medium : 

and it follows that the arrangement here described, though it cannot serve as a model 

of a field of steady electric force lasting for ever, can yet theoretically represent such 

a held lasting without sensible decay for any length of time that may be assigned. 

4. It remains to attempt a model {cf. Part I., § IIG) of the constitution of an 

electron, that is of one of the point-singularities in the uniform rether which are 

taken to be the basis of matter, and at any rate are the basis of its electrical 

phenomena. Consider the medium composed of studded gyrostatic spheres as aboA'e : 

although the motions of the aether, as distinct from the matter which flits across it, 

* Lord Kelvin, ‘ Comptes Rciidus,’ Sp})t. 1SS9 ; ‘ Math, and Phys. Papers,’ 111., p. 466. 
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ai’e so excessively slow on account of its great inertia that viscosity might possibly 

in any case be neglected, yet it will not do to omit the studs and thus make the 

model like a model of a gas, for we require rotation of an individual sphere to be 

associated with rotation of the whole element of volume of the medium in which it 

occurs. Let then in the rotationally elastic medium a narrow tnbular channel be 

formed, say for simplicity a straight channel AB of uniform section : suppose the 

walls of this channel to be grasped, and rotated round the axis of the tube, the rota¬ 

tion at each point being proportional for the straight tube to AP“" + ; this 

rotation will be distributed through the medium, and as the result there will be lines 

of rotational displacement all starting from A and terminating at B : and so long as 

the walls of the channel are held in this position by extraneous force, A will be a 

positive electron m the medium, and B will be the complementary negative one. 

They will both disappear together when the walls of the channel are released. But 

now suj)pose that before this release the channel is filled up (except small vacuous 

nuclei at A and B which will assume the spherical form) with studded gyrostatic 

spheres so as to be continuous with the surrounding medium ; the effort of release in 

this surrounding medium will rotate these spheres slightly until they attain the state 

of equilibrium in which the rotational elasticity of the new part of the medium 

formed by their aggregate provides a balancing torque, and the conditions all round 

A or B will finally be symmetrical. We shall thus have created two permanent 

conjugate electrons A and B ; each of them can be moved about throuo’h the medium, 

but they will both persist until they are destroyed by an extraneous process the 

reverse of that oy which they are formed. Such constraints as may be necessary to 

prevent division of their vacuous nuclei are outside our present scope ; and mutual 

destruction of two complementary electrons by direct impact is an occurrence of 

infinitely small probability. The model of an electron thus formed will persist for 

any finite assignable time if the distribution of gyrostatic momentum in the medium 

is sufficientlj^ intense : but the constitution of our model of the medium itself of 

course prevents, in this respect also, absolute permanence. It is not by any means 

here suggested that this circumstance forms any basis for specnlation as to whether 

matter is permanent, or will gradually fade away, il'he position that we are con¬ 

cerned in supporting is that the cosmical theory which is used in the present 

memoirs as a descriptive basis for ultimate physical discussions is a consistent and 

thinkable scheme ; one of the most convincing ways of testing the possibility of the 

existence of any hypothetical type of mechanism being the scrutiny of a specification 

for the actual construction of a model of it. 

5. An idea of the nature and possibility of a self-locked intrinsic strain, such as 

that here described, may be facilitated by reference to the cognate example of a 

material ware welded into a ring after twist has been put into it. We can also have 

a closer parallel, as v.mll as a contrast ; if breach of continuity is produced across an 

element of interface in the midst of an incompressible medium endowed with 

2 E 2 
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ordinary material rigidity, for example by the creation of a lens-shaped cavity, and 

the material on one side of the breach is twisted round in its plane, and continuity 

is then restored by cementing the two sides together, a model of an electric doublet 

or polar molecule wall be jwoduced, the twist in the medium representing the electric 

displacement and being at a distance expressible as due to two conjugate poles in the 

ordinary manner. Such a doublet is permanent, as above ; it can be displaced into a 

different position, at any distance, as a strain-form, without the medium moving 

along with it ; such displacement is accompanied by an additional strain at each 

point in the medium, namely, that due to the doublet in its new position together 

with a negative doublet in the old one. A series of such doublets arranged trans- 

versely round a linear circuit will represent the integrated effect of an electric 

polarization-current in that circuit ; they will imply irrotational linear displacement 

of the medium round the circuit after the manner of vortex motion, but this will 

now involve elastic stress on account of the rigidity. Thus with an ordinary elastic 

solid medium, the phenomena of dielectrics, including wave-propagation, may be 

kinematically illustrated ; but we can thereby obtain no representation of a single 

isolated electric charge or of a current of conduction, and the laws of optical 

reflexion would be different from the actual ones. This materia.1 illustration will 

clearly extend to the dynamical laws of induction and electromagnetic attraction 

between alternating currents, but only in so far as they are derived from the kinetic 

energy ; the law of static attraction between doublets of this kind would be different 

from the actual electric law. 

6. According to the present scheme the ponderomotive forces acting on matter 

arise from the forces acting on the electrons which it involves ; the application of the 

principle of virtual work to the expression for the strain-energy shoAvs that, for each 

electron at rest, this force is equal to its charge multiplied by the intensity of the 

electric field where it is situated. It has been urged that a model of the rethereal 

electric field cannot be complete, and so must be rejected, unless it exhibits a direct 

mechanism by which the ponderomotive normal traction F^Stt is transmitted across 

the sether from the surface of one conducting region to that of another : but the 

position can be maintained that such a representation Avould transcend the limitations 

belonging to a mechanical model of a process wdiich is in part mechanical and in part 

ultra-mechanical. Indeed if this force AA^ere transmitted in the ordinary elastic sense, 

the transmitting stress Avould liaA^e to be of the nature of a self-balancing Faeaday- 

M.vxavell stress involving the square of the sether-strain instead of its first power, 

and tlius not directly related to elastic propagation. The model above described is 

so to speak made of mther, and ought to represent all the tractions that exist in 

mther, vanishing as they do over the surfice of a conducting region ; but the model 

does not in the ordinary sense represent matter at all, except in so far as the mthereal 

strain-form Avhich constitutes the electron is associated AAuth matter. It therefore 

cannot represent directl}^, after the manner of a stress across a medium, a force 
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acting on matter, for that would from this ultimate standpoint be a force acting on a 

strain-form spreading from its nucleus all through the medium, not a traction on a 

detinite surface bounding the matter. 

The fact is that transmission of force by a medium, or by contact action so-called, 

remains merely a vague phrase until the strain-properties of that medium are 

described ; the scientific method of describing them is to assign the mathematical 

function which represents its energy of strain, and thence derive its relations of 

stress by the principle of virtual work ; a real explanation of the transmission of a 

force by contact action must be taken to mean this process. Now in an elastic 

medium permeated by centres of permanent intrinsic strain, whether it be the 

rotational aether with its contained electrons, or an ordinary elastic solid jiermeated 

by polar strain-nuclei as described above, the specification of tiie strain-energy of the 

medium involves a mathematical function, not only of the displacement at each 

material point of the medium, but also of the positions of these intrinsic strain- 

centres which can move independently through it. To derive the play of internal 

force, this energy function must be varied with respect to all these independent 

quantities; the result is elastic fractional stress in the medium across every ideal 

interface, together loith forcive tending to displace each strain-centre, which we can 

consider either as resisted by extraneous constraint preventing displacement of the 

strain-centre, or as compensated by the reaction of the inertia of the strain-form 

against acceleration.''' Consider, for example, the analogy of the elastic solid medium, 

and suppose a portion of it to be slowly strained by extraneous force ; two strains 

are thereby set up in it, namely that strain which would be thus originated if the 

solid were initially devoid of intrinsic strain, and that strain which has to be super¬ 

posed in order to attain the new configuration of the intrinsic strain arising from the 

displacement of its nuclei. The latter part is conditioned by the displacement of 

these strain-centres, and in its production forces acting on them must be considered to 

assist, whose intensities may be determined as has been already done in the {ethereal 

problem. 

The attractions between material bodies are therefore not transmitted by the {ether 

in the way that mechanical tractions are transmitted by an ordinary solid, for it is 

electric force that is so transmitted : but neither are they direct actions at a distance. 

The point of view has been enlarged : the ordinary notion of the transmission of force, 

as framed mathematically by Lagrange and Green for a simple elastic medium 

without singularities, is not wide enough to cover the phenomena of a medium con¬ 

taining intrinsic strain-centres which can move about independently of the substance 

of the medium. But the same m{ithematical principles lead to the necessary exten¬ 

sion of the theory, when the energy function thus involves the positions of the 

* Thus when the medium is in equilibrium, there is in it only the static intrinsic strain diverging from 

these centres, which gives rise to the forces between them ; but when it is disturbed by radiation or 

otherwise, there is also the strain thenee arising. 
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strain-centres as well as the elastic displacement in the medium : and the theory 

which in the simpler case answers fairly to the description of transmission by contact 

action has features in the wider case to which that name does not so suitably apply.'" 

The strain-centres (that is, the matter) have, in the strict sense of the term, energy of 

iwsition, or i-)Oiential energy, due to their mutual configuration in the mther, which 

can come out as work done by mutual forces between them when that confio-uration 

is altered, which work may be used up either in accumulating other potential energy 

elsewhere, or in increasing the kinetic energy of the matter, which is itself, in whole 

or in part, energy in the aether arising from the movement of the strain-forms across it. 

Discussions as to transmission by contact are not the fundamental ones, as the above 

actual material illustration shows : the single comprehensive basis of dynamics into 

which all such partial modes of explanation and representation must fit and be 

coordinated is the formula of Stationary Action, inclnding, as the particular case w hich 

covers all the domain of steady systems, the law^ that the mutual forces of such a 

system are derived from a single analytical function which is its available potential 

energy. 

The circumstance that no mode of transmission of the mechanical forces, of the 

type of ordinary stress across the sether, can Ire put in evidence, thus does not 

derogate from the sufficiency of the present standpoint. The transmission of 

material traction by an ordinary solid, which is now often taken as the tvpe to 

wdiich all physical action must conform, is merely an undeveloped notion arising from 

experience, which must itself be analysed before it becomes of scientific value : the 

explanation thereof is the quantitative development of the notion from the energy 

function by the method of virtual work in the manner indicated in § 10 infra. This 

orderl}^ development of the laws of action across a distance, from an analytical speci¬ 

fication of a distribution of energy pervading the surrounding space, is the essence of 

the so-called principle of contact action. It is precisely what the present procedure 

carries out, with such generalization as the scope of the problem demands; besides 

attaining a correlation of the whole range of the phenomena, it avoids the antinomies 

of partial theories wdiich accumidate on the rether contradictoiy and unrelated j^ro- 

pertles, and sometimes even save appearances by passing on to the simple funda¬ 

mental medium those complex properties of viscous matter whose real origin is to be 

found in its molecular discreteness. 

An analogous principle applies in the vortex-theory- illustration o£ matter. If we consider rigid 

cores round which the fluid circulates, they are moved about hy the fluid pressui’e : hut if we consider 

vortex-rings, say with vacuous cores, these are mere forms of motion that move across the fluid, and if 

we take them to represent atoms, the interactions between aggregations of atoms cannot be traced by 

means of fluid pressures, but cau only be derived from the analytical character of the function which 

expresses the energy. 
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yEther contrasted ivitli Matter. 

7. The order of development here followed is thus avowedly based on the hypo¬ 

thesis that the aether is Sj very simple uniform medium, about which it may be 

possible to know all that concerns us ; and the present state of the theories of optics 

and electricity does much to encourage that idea. This procedure is of course at 

variance with the extreme application of the inductive canon, which would not allow 

the introduction of any hypothesis not based on direct observation and experiment. 

But though that philosophy has abundantly vindicated itself as regards the secondary 

properties of matter, which are amenable to direct examination, its rigid application 

would debar us from any theory of the aether at all, as we can only learn about it 

from circumstantial evidence. We could then merely go on heaping up properties on 

the aether, on the analogy of what is known of matter, as circumstances necessitated ; 

and this medium would be a sort of sink to dispose of relations that could not be 

otherwise explained. Whereas matter, with which we are familiar, is the really 

complicated thing on which all the maze of physical phenomena depends, so that it is 

doubtful whether much can ever be known definitely as to its ultimate dynamical 

constitution; our best chance is to try to approach it through tlie presumably simple 

and homogeneous aether in which it subsists. 

For example, it is found that the transmission of electrostatic force is affected by 

the constitution of the material dielectric through which it passes, and this is 

explained by a perfectly valid theory of polarization of the molecules of the matter: 

to press the analogy and ascribe the possibility of transmission through a vacuum to 

polarization of the aether may be convenient for some purposes of desci'iption, but in 

the majority of cases the impression is left that the so-called polarization of the 

aether is thereby exjdained. Whereas the processes being, almost certainly, of 

totally different character in the two cases, it will conduce to accurate thought to 

altogether avoid using the same term in the two senses, and to speak of the displace¬ 

ment of the aether which transmits electric force across a vacuum as producing 

polarization in the molecules of a material dielectric which exists in its path, which 

latter in turn affects the transmission of the electric force by reaction. In trying to 

pass beyond this stage, we may accumulate descriptive schemes of equations, which 

express, it may be with continually increasing accuracy, the empirical relations 

between these two phenomena ; but we can never reach very far below the surface 

without the aid of simple dynamical working hypotheses, more or less a priori, as to 

how this interaction between continuous aether and molecular matter takes j^lace. 

8. On the present viewq physical theory divides itself into two regions, but with a 

wide borderland common to both : the theory of radiation or the kinetic relations of 

this idtimate medium ; and the theory of the forces of matter which deals for the 

most part with molecular movements so slow that the surroundino’ aether is at each 
• ^ 

instant practically in an ec|ui]ibrium condition, so that the material atoms practically 
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act on each other from a distance with forcives obeying definite laws, derivable from 

the formula for the energy. It is only in electromagnetic phenomena and molecular 

theory that non-vibrational movements of the rether are involved. The tether not 

being matter, it need not obey the laws of the dynamics of matter, provided it obey 

another scheme of dynamical laws consistent among themselves ; these laws must 

however be such that we can construct in the sether an atomic system of matter 

which itself obeys the actual material laws. The sole spacial relations of the aether 

itself, on which its dynamics depend, those namely of incompressibility and rotational 

elasticity, are thus to be classed along with the existing Euclideax relations of 

measurements in space (which also might a 'priori be difierent from what they are) 

as part of tlie ultimate scheme of mental representation of the actual physical world. 

The elastic and other characteristics of ordinary matter, including its viscous rela¬ 

tions, are on the other hand a direct consequence of its molecular constitution, in 

combination with the law of material energy which is itself a consequence of the 

fiict that the energies of the atoms are wholly located in the surrounding simple 

continuous aether and are thus functions of their mutual configurations. In this way 

we come round again to an order of procedure similar to that by which Cauchy 
and Poisson originally based the elastic relations of material bodies on the mutual 

actions of their constituent molecules. 

Consider any two portions of matter which have a potential-energy function 

depending, as above explained, on their mutual configuration alone, the material 

movements being thus comparatively slow compared with the velocity of radiation ; 

any displacement of them as a single rigid system, whether translational or rota¬ 

tional, can involve no expenditure of work ; hence the resultant forcive exerted by 

the first system on the second must statically equilibrate that exerted by the second 

system on the first, these forcives must in fact be equal and opposite wrenches on a 

common axis; and the energy princijile thus involves the principle of the balance of 

action and reaction, in its most general form. This stress, between two molecules, 

is usually sensible only at molecular range ; hence the action of the surrounding 

parts on a portion of a solid body is practically made up of tractions exerted over 

the interface between them. Further, since rotation of the body without deformation 

cannot alter the potential energy of mutual configuration of the molecules, it follows 

that for a rectangular element of ordinary solid matter the tangential components of 

these tractions must* be self-conjugate, as they are taken to be in the ordinary 

theory of elasticity. On the other hand, for a medium not molecularly constituted 

we can hardly treat at all of mutual configuration of parts, and the self-conjugate 

stress-relation will not be a necessary one. 

A certain similarity may be traced with the view of Faraday, who was disin¬ 
clined to allow that ray-vibrations are transmitted by any medium of the molecular 
character of ordinaiy matter, but considered them rather as affections of the lines 
which represent electric force, the propagation being influenced by the material 
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nuclei which in pondei’able media disturb these lines. This propagation in time 

requires inertia and elasticity for its mathematical expression, and the problem 

of the free mther is to find what kind of each is requisite. 

9. A theory which, like the present one, explains atoms of matter as made up of 

singularities of strain and motion in the aether, is bound to look for an explanation 

of gravitation by means of the properties of that medium ; it cannot avail itself of 

CoTEs’s dogma that gravitation at a distance is itself as fundamental and intelligible 

as any explanation thereof could be. In further development of the illustrative 

possibilities of the pulsatory theory of gravitation, mentioned in the previous 

papers, we can (ideally) imagine the pulsation to have been applied initially over the 

outside boundary of the mthereal universe, and thence instantaneously communicated 

throughout the incompressible medium to the only places that can respond to it, the 

vacuous nuclei of the electrons ; and we can even imagine the pulsations thus 

established as spontaneously keeping time and phase ever after, when the exciting 

cause which established this harmony has been discontinued. 

It has been noticed in Part I, § 103, that gravitation cannot be transmitted by any 

action of the nature of statical stress; for then the approach of two otoms would 

increase the strain, and therefore also the stress, and therefore also in a higher ratio 

the energy of strain which depends on their product, and hence the mutual forces 

of the atoms would resist approach. As gravitation must belong to the ultimate 

constituents of matter, that is on this theory to the electrons, and must be isotropic 

all round each of them, it would appear that no mediate mthereal representation of it 

IS possible except the one here considered. The radially vibrating field might be 

described formally as the magnetic field of the electron considered as a unipolar 

magnet, necessarily of very rapidly alternating type because otherwise a field of 

gravitation would be an ordinary magnetic field. The bare groundwork of this 

hypothesis may thus be formally expressed in Maxwell’s language and developed 

along his lines, by postulating that the electron is not only a centre of steady 

intrinsic electric force, but also a centre of alternating intrinsic magnetic force, 

instantaneously transmitted because it would otherwise involve condensation, each 

force being necessarily radial.* The unsatisfactory feature is that this radial quasi- 

magnetic field is introduced for the sake of gravitation alone, which does not present 

itself as in any direct correlation with other physical agencies. 

The following sections are occupied chiefly with an attempt to logically systematize, 

and in various respects extend, the electric aspect of molecular theory. The preceding 

paper^ dealt mainly with the molecular side of directly aethereal phenomena, such as 

electric and radiative fields; of the present one the earlier part follows up the same 

subject, and the remainder relates to the actions of the molecules of polarized 

* Two steady magnetic poles of like sign would repel each other : but in the case of two poles 

pu sating m the same phases there is also an inertia term in the fluid ethereal pressure, and the 

result IS as stated above. CJ. Hicks, ‘ Proc. Camb. Phil. Soc.,’ 1880, p. 35. 
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material bodies on one another, and the material stresses and physical changes 

thereby produced. As in the preceding papers, the quantitative results are to a 

large extent independent of any special theory of the constitution of matter, such as 

is here employed to bind together and harmonize the separate groups of phenomena, 

and to form a mental picture of their mutual relations; so far as they are electric 

they may be based directly on Maxwell’s equations of the electric field in free 

space, which form a sufficient description of the free aether, and have been verified by 

experiment. In the Faeaday-Maxwell theory, however, as usually expounded, an 

explanation of these equations is found, explicitly or tacitly, in an assumption that the 

aether is itself polarizable in the same manner as a material medium, and aether is in 

fact virtually considered to be matter ; on the present theory the equations for free 

space are an analytical statement of the ultimate dynamical definition of the 

continuous a^thereal medium, and the polarization of material bodies with the 

resulting forcive are deduced from the relation of their molecules to this medium in 

which they have their being. 

10. In the modern treatment of material dynamics, as based on the principle 

of energy, the notion of configuration is, as above explained, fundamental. The 

potential energy, from which the forces are derived, is a lunction of the mutual 

configurations of the parts of the material system. In the case of forces of elasticity 

the internal energy is primarily a function of the mutual configurations of the 

individual molecules, from which a regular or organised part (§ 49 infra) is separated 

which is expressible in terms of the change of configuration of the differential 

element of volume containing a great number of molecules, and from which alone 

is derived the stress that is mechanically transmitted. In connexion with the 

discussion of contact action in § 6 above, the mode of this derivation and trans¬ 

mission becomes a subject of interest.* In the first place the primary notion of a 

force as acting from one point to another in a straight line, has to be generalized 

into a forcive in Lagrange’s manner on the basis of the principle of virtual work : 

then the forcive arising from the internal strain-energy of the element of volume of 

the material is derived by variation of this organized energy, and appears primarily 

as made up of definite complex bodily forcives resisting the various types of strain 

that occur in the element ; then these forcives are rearranged, by the process of 

integration by parts, into a uniform translator^ force acting throughout the element 

of volume of the material (wdiich must compensate the extraneous applied bodily 

forcive) together with tractions acting over its surface. When this is done also for 

adjacent elements of volume, other tractions arise which must compensate the 

* It is here assumed that the direct action between the molecules is sensible only at moleculai 

distances, which would not be the case if the material were electrically polarized. The statement also 

refers solely to transmitted mechanical stress of the ordinaiy kind : more complicated tj pes, not 

expressible by surface tractions alone, are put aside, as well as molecular conceptions like the Laplaciax 

intrinsic pressure in fluids. Cf- §§ 44-6 infra. 
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previous ones over the part of the surface that is common to the two elements ; and 

thus the uncompensated traction is passed on from element to element until finally 

the boundaiy of the material system is reached where it remains uncompensated and 

must be balanced extraneously. The outstanding irregular part of the aggregate 

mutual potential energy of the individual molecules, which cannot be included in a 

function of strain of the element of volume, cannot on that account take part in the 

transmission of mechanical forces, and is evidenced only in local changes of tlie 

physical properties and temperature of the material. Cf. § 48 infra. 

The other main division of the energy is the kinetic part, which is specified in 

teims of the rate of change of configuration of the material system with respect to 

an extraneous spacial framework to which its position is referred. Whatever notions 

may commend themselves a 'priori as to the impossibility of absolute space and 

absolute time, the fact remains that it has not been found possible to construct a 

system of dynamics which has resj^ect only to the relative positions of moving 

bodies; and the reason suggests itself, that there is an underlying part of the 

phenomena, which does not usually explicitly appear in abstract material dynamics, 

namely, the gethereal medium, and that the spacial framework in absolute rest, 

which was introduced by Newton and was probably a main source of the great 

advance in abstract dynamics originated by the Principia, is in fact the quiescent 

underlying lether. In this way the purely a priori standpoint is pushed away a 

stage, and we may find justification against the reproach that a philosophical 

formulation of dynamics should be concerned, only with relative motions. 

Relcotion to Gas-Theory : Internal Molecular Energy. 

II. The kinetic theory of gases is considerably affected by the view here taken of 

the constitution of a molecule. In those simple and satisfactory features which are 

concerned only with the translatory motion of the molecules, it stands intact; but it 

is diffeient with problems, like that of the ratio of the specific heats, which involve tlie 

mternal energy. According to the usual hypothesis of the theory of gases, all the 

internal^ kinetic energy of the molecule is taken to be thermal and in statistical 

equilibrium, through encounters, witli the translatory energy. But on the present 

view, the energy of the steady orbital motions in the molecule (including therein slow 

free piecessions) makes up both the energy of chemical constitution and the internal 

thermal energy ; while it is only when these steady motions are disturbed that the 

lesulting vibration gives rise to radiation by which some of the internal energy is 

lost. The amount of internal energy can however never fall below the minimum that 

coiiesponds to the actual conserved rotational momenta of the molecule; this 

minimum is the energy of chemical combination of its ultimate constituents, while 

the excess above it actually existing is the internal thermal energy.'^'" The present 

* As a concrete illustration, we can imagine two ideal atoms, each consisting of a single gyrostat 

2 P 2 
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view requires that the energy of chemical constitution shall be very great compared 

with the thermal energy ; but for this very reason our means of chemical decom¬ 

position are limited, so that onl}'- a part of that energy is experimentally realizable.* 

This being the case, the alteration produced by external disturbance in the state of 

steady internal motions of the molecule consists in the superposition on it of ver}’ 

slow free precessional motions, which have practically no influence on its higher free 

periods : t and this explains why change of temperature has no influence on the positions 

of the lines in a spectrum. As a gas at high temperature must contain molecules with 

all amounts of internal thermal energy from nothing upwards, we should on the other 

hand, on the ordinary gas-theory, expect both a shift of the brightest part of a spectral 

line when the temperature is raised, and also a widening of its diffuse margin. 

The ordinary encounters between the molecules will influence this thermal energ-v 

or energy of slow precessional oscillation, without disturbing the state of steady con¬ 

stitutive motion on which it is supei’posed, therefore without exciting radiation, which 

depends on more violent disturbances involving dissociative action. 

On this view the postulates of the Maxwell-Boltzmarn theorem on the distri¬ 

bution of the internal energy in gases would not obtain, for the thermal energy of 

the molecule would not be expressible as a sum of squares. The ratio of the specific 

heats in a gas must still lie between 1 and | ; but the nature of the similarity of 

molecular constitution in the more permanent gases, which makes the ratio of the 

total thermal energy to the translatory energy either -f or unity for most of them, 

AAmuld remain to be discovered. In those gases for wdiich the latter value obtains, the 

energy of precessional motion in the molecule would be negligibly small, involving 

small resultant angular momentum and possibly small paramagnetic moment. 

The necessity of a distinction such as that here drawn between the internal thermal 

energy and the energy of the vibratory disturbances of internal structure which 

maintain radiation, is well illustrated by the recent recognition (foreshadowed by 

Dulong and Petit’s researches on the law of cooling) and application by Dewar of 

the remarkable insulating power of a vacuum jacket as regards heat. If this 

distinction did not exist, both conduction and convection must ultimately depend on 

enclosed in a suitable massless case, coming into mutual encounter. We may imagine that neither of 

them has any internal heat; so that the internal energy of each is the minimum that corresponds to its 

steady gyrostatic momentum, and the axis of each gyrostat therefore keeps a fixed direction in space. 

The result of the encounter will be that the axis of each gyrostat acquires steady wobbling or free 

precessional motion, so that its internal energy is increased at the expense of the energy of translation 

of the atoms; but in this the simplest case there will be no unsteady vibration, such as could be radiated 

away. If howet^er there are also other types of momenta associated with the atom, for example if the 

case of the gyrostat is not massless, the encounter will leave vibrations about the new state of steady 

motion, which if of high enough period will lead to loss of energy by radiation. 

* Ideas somewhat similar to the above are advanced by Waterston in his classical memoir of 1815 on 

gas-theory, recently edited by Lord Rayleigh; ‘ Phil. Trans.’ (A), 1892, p. 51. 

t Cf. Thomson and Tait, ‘ Nat. Phil.’ § 345 xxiv. 
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transfer by ordinary radiation at small distances, as Fourier imagined ; and it would 

not appear why convection by a g’as, even when highly rarefied, is so much more 

efficient in the transfer of heat than radiation. 

12. The result obtained by Ramsay and Young, and others, that all over the gas- 

liquid range the characteristic equations of the substances on which they experimented 

proved to be very approximately of the form jp = aT -1- 6, where cl and h are functions 

of the density alone, also supplies corroboration to this view. Expressing the 

increment of energy per unit mass dE = Mdv + /cdT, we have for the increment 

of heat supplied clK = dE + pdv ; and the fact that dE and dH/T are perfect 

differentials shows immediately that M is equal to — 6 and k is independent of v, so 

that the total (non-constitutive) energy per unit mass consists of two independent 

parts, an energy of expansion and an energy of heating.^' The latter part is the 

thermal energy of the individual molecules ; it is a function of their mean states and 

velocities alone, and constitutes almost all the energy in the gaseous state. The 

former part is the energy of mutual actions between the molecules ; it is neg’ative 

and bears a considerable ratio to the whole thermal energy in the liquid state, in the 

case of substances with high latent heats of evaporation ; for all gases except 

hydrogen, inasmuch as they are cooled by transpiration through a porous plug, h is 

negative at ordinary densities. § 62, infra. 

There would be no warrant for a view that the forces of chemical affinity fall off and 

finally vanish as the ultimate zero of temperature is aiiproached. The translatory 

motions of the molecules would diminish without limit, and therefore also the 

opportunities for reaction between them, so that many chemical changes would cease 

to take place for the same reason that a fire ceases to burn when the supply of air is 

insufficient, or coal gas ceases to explode when too much diluted with air: but the 

energies of affinity exist all the time in probably undiminished strength, while the 

forces of cohesion are modified by the fall of temperature but not necessarily in the 

direction of extinction. 

The Equations of the TEtheveal Field, with j\Ioving Matter: various applications: 

rnfluence of Motion through the FEther on the Dimensions of Bodies. 

13. Let {u, V, iv) represent the total circuital current, and {u', v', w') the conducted 

part of it, which will be taken to include the current {uq, Vq, Wq) of migration of the 

free electric charge as this is in all cases very small in comparison ; let {f', g', h') 

denote the electric polarization of the material, and [f g, li) the aethereal elastic 

displacement, so that the total circuital displacement of Maxwell’s theory is their 

sum {f , g , h') let the space of reference be fixed with respect to the stagnant 

aether, and [p, q, r) be the velocity with which the matter situated at the jioint 

{x, y, z) is moving, and let hjdt represent djdtpdflxqd/dyrdflzlet 

Of. G. F. IitzGeeald, ‘Roy. Soc. Pi’oc.’ 42, 1887: cf, also Clausius’ early ideas on ‘ disgregation.’ 



222 ME. J. LARMOR ON A DYNAMICAL THEORY OF 

(P, Q, R) denote the electric force, namely that which acts on the electrons, and 

(P', Q', R') the sethereal force, that which produces the eethereal electric displace¬ 

ment [f. g, h); let p denote density of free electric charge. Then the electromotive 

equations are* 

wliere 

and 

where 

qc — rb-—-“ 
^ dt dx 

F f * + I(b i 

p, _ _ 
dt dx 

C — f/r, a 
dyj r 

f——~ P' 
d TttC”- ’ 

dH _ . 

dy dz 

“ = f + f + 

d(/+/) . d{g' + cj) . d(/d+A) 

P = —y:— + —z:— + da; dy dz 

From the formula for (P, Q, R) Faraday’s law follows that the line integral of electric 

force round a circuit in uniform motion ivitli the matter is equal to the time-rate of 

diminution of the magnetic flux through its aperture. The line-integral of the 

^ This scheme forms an improved summary of that worked out in Part II. §§ 15-19; the expressions 

there assigned for p and ^ have here been corrected, and Vq, Wq') is merged. 

t [Added 8ept. 14.—The term 6f'jdt in 7i arises as follows. In addition to the change of the polariza¬ 

tion in the element of volume, dfjdt, there is the electrodynamic effect of the motion of the positive 

and negative electrons of the polar molecule. Now the movement of two connected positive and 

negative electrons is equivalent to that of a single jjositive electron round the circuit formed by 

joining together the ends of their paths: and a similar statement holds when there are more than two 

electrons in the molecule. Hence the motion of a polarized medium with velocity (^, g, 7-), which 

need not be constant from point to point, produces the electrodynamic effect of a magnetization 

{rg' — qh\ ph' — rf, qf —pg') distributed throiighout the volume: cf. Part I, § 125. And it has been 

shown in Part II, § 31 that any distribution of magmetism (A, B, C) may be represented as a volume 

distribution of electric current equal to curl (A, B, C), which is necessarily circuital, togetlier with a 

surface current sheet equal to (B?z— Cm, Cl — Aw, A7)i — BZ). Thus, ivhen (y), q, r) is uniform 

and (/', g, 72) circuital, the above magnetic distribution is equivalent to a current S3'stem 

(pdjdx + qdjdy + rdjdz) {f,g', 72) together with current sheets on interfaces of discontinuity: this 

system is to be added on to djdt (/', g', h') in order to give the full electrodjmamic effect. Thus in 

these special circumstances the formulation in the test is correct in so far as it leads to the correct 

diferential equations for the element of the medium: the integral expression there given forP is how¬ 

ever only correct either when it is reduced to the differential form — v-F/Itt — u dCjdy — dBldz, 

which is derivable on integration of its second terra by parts, or else when, the velocity of the matter 

still being uniform, discontinuous interfaces are replaced in the analysis by gradual though rapid tran¬ 

sitions. These conditions are satisfied in all the apiplications that follow : but they would not be satisfied 

for example in the problem of the reflexion of radiation from the surface of moving matter. 

But a formulation which is pmeferable to the above, in that it is absolutely general, is simply to im¬ 

plicitly include the above virtual magnetization directly in (A, B, C) and consequently change from 

rf jdt to df jdt in the expression for u : this wall also involve that the relation A = kx which occurs lower 

down shall be replaced by A = /ira -p rg' — qli', but there will be no further alteration in the argument 

of the text.. The boundarq^ conditions of the text ai’e unaltered.] 
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jethereal force (P', Q', R') round a circuit fixed in the (ether lias the same value. 

Again if (F', G', H') be defined so that F' = lujr.dr, we have 

so that 

where {a, /3, y) is magnetic force and V' is the potential of tlie magnetism ; hence 

Ampere’s law follows that the line integral of tlie magnetic force round any circuit 

is equal to 47r times the total current that flows through its aperture. These two 

circuital relations are coextensive with the previous equations involving the vector 

potential, and can thus replace them, when the difference between (P, Q, R) and 

(P j Q j R ) is inessential, that is (i) when the disjilacenient currents are negligible, 

or (ii) when the matter is at rest; tne quantity '4/' then enters as an arbitrary 

function in the integration of the ecjuations. 

The mechanical force acting on the matter, or ponderomotive force, is (X, Y, Z) per 

unit volume, where (§38 infrai) 

fipP. 

The mechanical traction on an interface will be considered later (§ 39). In a 

magnetic medium the magnetic force (a, y) differs from the magnetic flux {a, h, c) 

simply by not including the influence of the local Amperean currents; thus 

a = a — IttA. 

When there is no conductivity, the free charge must move along with the matter, 

so that 
dp . (fiV ,dpq .dpr 

(It dx dy dz ’ 

therefore, from the circuitality of the total current, we must have, identically, 

dt dx \dt dt) ^ dy\dt dt ) ^ ~dd \ dt dt) ' 

Ihe latter is the same as the converg’ence of (fijdt — d/dt) {f, g', h'), which asserts 

(for the case of uniform motion that is contemplated) that mere convection of the 

polarized medium does not produce separation of free electricity. The relation 

between {f, g, h) and (P, Q, R) must be such as to strictly satisfy this equation. 

The quantity occurs in the equations of the field as an undetermined potential 

which is sufficient in order to conserve the condition of bodily circuitality 

dujdx -1- dvidy -f divldz = 0. 

In order to express the conditions that must hold at an interface of transition, we 

notice that by definition F, G, H are continuous everywhere ; but it is only when the 
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media are non-magnetic that their rates of change along the normal (and therefore all 

their first differential coefficients) are also completely continuous. Across an interface 

the traction in the aether must be continuous, so that the tangential component of the 

aethereal force (P', Q', P') must be continuous, which is satisfied by continuity of "4^. 

The continuity of the total electric current secures itself without further condition by 

a compensating distribution of electric charge on the interface, that is by a discon¬ 

tinuity in d^f/dn. The tangential continuity of the elastic aether requires that the 

tangential component of the magnetic force (a, y) must be continuous; the normal 

continuity of the magnetic flux is assured by the continuity of (F, G, H). It might 

be argued that if the electric force (P, Q, P) were not continuous tangentially, a 

perpetual motion could arise by moving an electron along one side of the interface 

and back again along the other side. But this reasoning requires that [p, q, r) shall 

be continuous across the interface, as otherwise the circuit returning on the other side 

could not be complete; and it also requires that there shall be no magnetization, as 

otherwise the mechanical force on the electrons in an element of volume, which is 

what we are really concerned with in the perpetual motion axiom, is different from the 

sum of the electric forces on the individual electrons, by involving (a, y) iostead of 

(a, h, c). We can thus assert continuity of the tangential electric force only in the 

cases in which it is already involved in that of the tangential aethereal force ; and 

consistency is verified. The aggregate of all these interfacial electromotive conditions 

is thus continuity of the vector potential (F, G, H), and of 'F, and of the tangential 

components of the magnetic force ; they formally involve continuity of the tangential 

components of the mthereal force (P', Q', P'), and of the electric and magnetic fluxes. 

But further, in the equations from which Ampere’s circuital relation is derived above, 

it is only the normal space-variation of V' that is discontinuous ; hence continuity of 

the tangential magnetic force is involved in that of F, G, H, by virtue of the mode 

of expression of (F, G, H) in terms of the currents and the magnetism. Thus there 

are in all cases only four independent interfacial conditions to be satisfied. 

The scheme is thus far absolute, in the sense that the relations between the 

variables are independent of the special molecular constitution of the matter that is 

present. The system of equations must now be completed for material media by 

joining to it the relations which connect the conduction current in the matter with 

the electric force, and the electric polarization of the matter with the electric force, 

and the magnetic polarization of the matter with the magnetic force, in the cases in 

which these relations are definite and can be experimentally ascertained. In the 

simplest case of isotropic matter, polarizable according to a linear law, they are of 

types 
u = o-P, / = (K - l)/47rc”^ P, A = /ca. 

The expression for p leads in homogeneous isotropic media to 

KV"'F = — 47rc"p + (K — 1) [cZ/c/r (cq — hr) -f- djdy [ar — cp) -p djdz [hp — aq)} 
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so that is only in part an electrostatic potential. Inside a uniform isotropic 

conductor at rest, the condition of circuitality becomes = dpjdt ] substituting 

this, we have dpjdt -f- IttC'^ctK ^p = 0, so that p — p^ exp (— 47rc”crK“h), showing that 

an initial volume density of free electricity would in that case be instantly driven 

to the boundary owing to the dielectric action. This proposition may be extended 

to seolotropic media. 

14. The nature of the foregoing electric scheme may be elucidated by aid of some 

simple applications. 

(I.) A/Vhen a conducting system is in steady motion so that there is no conduction 

current flowing into it, the electric force (P, Q, R) must be null throughout its 

substance. Thus for the case of a solid conductor rotating round an axis of 

symmetry in a uniform magnetic field parallel to that axis, with steady angular 

velocity oi, the electric force in it, namely {oicx — cW^jdx, cocy — d'^Jdy, — d-^^jdz), 

must be null, so that T'l = wc + y^) + A; the polarization in it is therefore 

null, but there is in it an sethereal displacement — {4:Ttc^)~^ [djdx, djdy, djdz)'^^. 

In outside space, the electric force and sethereal force are each — (djdx, djdy, djdz) 

Avhere "'Fj is that free electrostatic potential which is continuous with the surface 

value ^ (t)C {x^ + + A at the conductor. Inside the conductor this purely 

sethereal displacement involves an electrification of volume density p = — oicj^Trd^, 

which will be a density of free electrons or ions as all true electrifications are; while 

there is a compensating surface density cr equal to the difference of the total normal 

electric displacements on the two sides, that is to (47rc^)“i {d^Jdn^ + d^r^ldn^), 

wh^e dn^, dn^ are both measured towards the surface, the outside medium being 

air for which K is unity. The value of the constant A is determined by the circum¬ 

stance that the aggregate of this volume and surface charge shall be null when the 

conductor is insulated and unelectrified, or equal to the given total charge when It is 

insulated and charged : when it is uninsulated, the constant is determined by the 

position of the point on it that is connected to Earth, and therefore at zero potential. 

The piocedure of Part II., § 25 is thus justified, because there is in fact no dielectric 

polarization in the conductor, but only aethereal displacement. 

It remains to consider whether the parts of this volume density p and surface 

density cr of electrification are carried round with the conductor in its motion, or slip 

back through its volume and over its surface so as to maintain fixed positions in 

space. It is clear (as in Part II., § 27) that the same cause, namely, viscous diffusion 

of momentum among moving ions and molecules, which produces Ohmic resistance 

to a steady current, will lead to the electrons constituting electric densities being 

wholly carried on by the matter whenever a steady state is attained. This necessary 

consequence of the theory is in keeping with Rowland’s classical experiments on 

convection currents. The excessively minute magnetic field due to these convection 

currents themselves has been neglected in the above analysis, which has enabled us 

to specify the slight redistribution of free charge on the rotating conductor when 

VOL. CXC.—A. 2 G 
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under the influence of a powerful extraneous magnetic field ; when the magnetic 

field is due solely to its own motion the redistribution is of course absolutely 

negligible. 

(ii.) In the case of a dielectric (as also in the above) the restriction to a steady 

state and permanent configuration may be dispensed with ; for the magnetic field 

arising from induced displacement currents can. always be neglected in comparison 

with the inducing field. Thus, {a, h, c) being the extraneous inducing field, the 

electric forces inside and outside a rotating mass are 

{o)CX — cbV-^/dx, cocy — d^Jdy, — wax — why — d'^Vjdz) and — {djdx, djdy, djdz) 

As there can be no free electrification, 

V^'Fj = (I — K“^) 6j {2c -b x{dcldx — dajdz) + y{dcldy — dhjdz)] and = 0 ; 

while at the surface 

= ■^2) and K d'¥^jdn — (K — 1) cu {cxl + cym — [ax + hy) n) = d'^Jdn, 

the outside medium being air. If the dielectric body is a sphere rotating in a 

uniform field (0, 0, c) parallel to the axis, this gives by the usual harmonic anaWsis 

= A (1 — K“^) wcr~ + A)' cos A' and ^3 = cos d-j- where, 7’^ being the 

radius, A = B/r^^^ - 3K/(2K+ l)ri. A'= - |/(K+2) B'=(K~1);'(K+2). o^cr^; 

thus determining the electric potential Tg in the space surrounding the rotating 

sphere. 

15. More generally, let us consider steady distributions of electric charges on a 

system of conductors and dielectric bodies in motion through the aether. That there 

may be a steady state, without conduction currents, it is necessary that the configu¬ 

ration of the matter shall be permanent, and that its motion shall be the same at all 

times relative to this configuration and to the aether, and also to the extraneous 

magnetic field if there is one : this confines it to uniform spiral motion on a definite 

axis fixed in the aether. Referring to axes fixed in the material system, the vector 

potential has in the steady motion no time-variation : hence 

(P, Q, R)= —{djdx, djdy, c//rfo)V, (P',Q', R') = (P — <70 -f ?'6,Q — ra 4-^c,R — ^76 -f qa). 

The magnetic induction through any circuit moving with the matter being constant, 

(P, Q, R) is derived (§12) from an electric potential function V. Inside a conductor 

the electric force must vanish, otherwise electric separation woidd be going on, 

therefore V must there be constant. 

When the surrounding dielectric is free space, the total current in it, referred to 

these axes moving with the matter, is — (pdjdx + qdjdy -f rdjdz) [f,g, h). When 

the velocity [p, g, r) of the matter is uniform, it then follows from A:m]’ERe’s 

circuital relation that [a, h, c) = in [qh — rg, rf — pli, pg — qf). Hence (/', g, h), 

given by = P — Q'C + rh, is expressed in terms of (P, Q, R) by equations of 

t}’pe (c" — qr' — q~ — R^)./ = P/Itt — (pP + g'Q + 7’R). The circuital quality 

of [f, g, h) thus gives the characteristic equation of the single independent variable 



THE ELECTRIC AND LUMINIFEROUS MEDIUM. 227 

V of tliG piobloni. in the form V'^V — c ^ (^'pcljdx -j- -f- TcljdzY''^, tlie boundary 

condition being that V is constant over each conductor. 

Thus in the case of a system of conductors moving steadily through space witli 

uniform velocity v in the direction of the axis of x, e denoting (1 — we have 

(/ 9, h) = (4770')-^ (P, eQ, ePv), and therefore {d^jdx^ + e d^/dif + e dddz^) V = 0. 

Ihe distribution of electric force is therefore precisely the same as if the system 

were at rest, and the isotropic dielectric constant unity of the surrounding space 

changed into an molotropic one (1, e, e), cf. Part I. §115 ; and so would the surface 

density of true charge, which is the superhcial discontinuity of total displacement, 

be the same, were it not that there is aethereal displacement inside the conductors 

which must be subtracted. The internal displacement current thence arising is 

- vdjdx (0, - VC, vh) ■ hence {a, h, c) is of the form [didx, (1 + 
(1 + uYc')-i djdz] cj), by Ampere’s circuital relation : the circuitality of {a, b, c) then 

leads to a characteristic equation for <^, which must be solved so as to give at the 

surface of the conductor a value for the normal component of (a, h, cj continuous with 

the already known outside value, and the internal displacement is thereby 

deteimined. There is no bodily electrification inside the conductors, since this 

displacement is circuital. 

We can restore the above characteristic equation of V, the potential of the electric 

foice, to an isotropic form by a geometrical strain of the system and the surrounding 

space, represented by (x, y, z') = {^i‘x, y, z) : the actual distribution of potential 

aiound the original system in motion corresponds then to that isotropic distribution 

of potential round the new system at rest which has the same v'alues over the 

conductors. The aethereal displacements through related elements of area 

8S and SS , of direction cosines (/, m, n) and (!', m, n') in the two spaces, multiplied 

by 47rC“, will be 

- {Ididx + emd/dy + end/dz) V3S and - {Vdjdx' + mdjdy' + n'djdz') V'SS' ; 

of these the second is always e - times the first; thus the elements of surface for which 

the total displacement is null correspond in the two systems, and therefore the lines 

and tubes of total displacement also correspond, the flux of displacement in these 

tubes being e ' times greater in the second system than in the first. Put on account 

of the aethereal displacement in the interior, the outside tubes do not mark out the 

distilbution of the charge on each conductor. If then a system of charged 

conductors has a velocity of uniform translation v through the aether : and an auxiliary 

system at rest is imagined consisting of the original system and its space each 

uniformly expanded in the ratio d or (1 - in the direction of the motion, 

and the charges on this new system are times those on the actual system ; then 

the fields of aethereal displacement of the two systems agree in the surrounding 

spaces so as to be the same across corresponding areas, but the distributions of the 

chaiges on the conductors do not thus exactly correspond. [These results ai’e 
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obtained on the supposition that the structure of the matter is not affected by its 

motion. The conductors on which these charges are situated will, however, if the 

results of the more fundamental analysis of §16 are admitted, change their actual 

forms to a slight extent depending on (u/c)^ when they are put in motion, and this 

change will react so that the distribution of charges and displacements will be the 

simjDle one there given.] 

16. The circumstances of propagation of radiation in a material medium moving 

with uniform velocity v parallel to the axis of a: will form another example. We may 

here (§13) employ the circuital relations, of types 

where 

d/ 
u = -- 

(It + 
Sf' 

dt ’ 

dy 

K - 1 

AttC'- 

d^ 
dz' 

8ci 

Jt 

dR 

dy 
dQ 

dz 

1 
(P, Q, 11), if, cj, h) = ^ (P, Q + VC, P - vh) 

There readily results, on eliminating the electric force (P, Q, P), 

477 (w, V, lu) = curl (a, y), {a, h, c) — lirC' curl {u, v, w), 
where 

= d^Jdd + (K - 1) {djdt + vd;dxf ■ 

^\dlich agrees with the equation obtained in Part I. §124 and Part II. §13, leading to 

Fresnel’s law of alteration of the velocity of propagation. 

Now let us consider the free aether for which K and /x, are unity, containing a 

definite system of electrons which are grouped into the molecules of a material body 

moving across the aether with uniform velocity v parallel to the axis of x; and let us 

remove the restriction to steadiness of § 15. We refer the equations of free aether, 

in which these electrons are situated, to axes moving with the body : the alteration 

thus produced in the fundamental aethereal equations 

iTTdjdt. (/, g, h) = curl {a, h, c), — djdt. (a, h, c) = 477C' curl (/, g, h) 

is change of d/dt into djdt — v d/dx, leading to the forms 

iTrdjdt. {f g, h) = curl («', h', c), — djdt. {a, h, c) = 47rc~ curl (/', g\ h'), 

where 

{a, V, c) = (n, h + 47ru/q c — ^Trvg), (/', g', li), = {f, g — v c/IttC^, h + v h/lirC-) ; 

from which eliminating the unaccented letters, neglecting and writing as before e 

for (1 — we derive the system 



THE ELECTEIC AHD LUMINIFEROUS MEDIUM. 229 

Now change the time variable from t to t', equal to t — vxjd^, so that 
didx + vj&. djdt becomes djdx, and djdt becomes djdt', and these equations assume 
the form of an electric scheme for a crystalline medium at rest. Finally write x^ for 
xe, for for/'e“q dt^ for df:'e~% keeping the other variables unchanged, and 
the system comes back to its original isotropic form for free tether. Thus the final 
variables g^, /q) and {a^, h^, c^) will represent the aethereal field for a correlative 
system of electrons forming the molecules of another material system at rest in the 
aether, of the form of the original one pulled out uniformly in the ratio e" along its 
direction of movement; the electric disjDlacements through corresponding areas 
in the two systems ai'e not equal, but their molecules are composed of equal electrons 
and are situated at corresponding points, and the individual electrons describe corre¬ 
sponding parts of their orbits in times shorter for the latter system in the i-atio 

or (1 — while those less advanced in the direction of v are also relatively 
very slightly further on in their orbits on account of the difierence of time-reckonino’. 

o 

Thus we have here two correlative systems each governed by the circuital relations 
of the free eether : (i) a system in which the electric and magnetic displacements are 
{f> 9’ ^^^cl (a, h, c), moving steadily with uniform velocity v parallel to the axis 
of X, (ii) the same system expanded in the direction of a; in the ratio and at rest, the 
displacements at the corresponding points being (e~y, g — vclind, h -fi vh/inQ^) and 
(e~%, h — AttvIi, c + Airvg), and the molecules being situated in the corresponding 
positions with due regard to the varying time-origin. Inasmuch as the circuital 
relations form a difibrential scheme of the first order which determines step by steji 
the subsequent stages of a system when its initial state is given, it follows that if 
these two rethereal systems are set free at any instant in corresponding states, 
they will be in corresponding states at each subsequent instant, their electrons or 
singularities being at corresponding points. If then the latter collocation represent 
a fixed solid body, the former will represent the same body in uniform motion ; one 
consequence of the motion thus being that the body is shrunk in the direction of its 
velocity v in the ratio e““ or 1 — It may be observed that there is here no 
question of verifying that the mechanical forces acting on the single electrons in the 
two cases are such as to maintain this correspondence ; for in the present complete 
survey of the individual atoms there is no such entity as mechanical force, any more 
than there is on a fi’ee vortex ring in fluid; the notion of mechanical forces enters at 
a subsequent stage when we are treating of molecular aggregates considered as con¬ 
tinuous bodies, and are examining the relations between the different groups into 
which our senses analyze their Interactions (§ 48). 

If this argument is valid, it will confirm the hyjDothesis of FitzGerald and 
Lorentz, to which they were led as the ultimate resource for the explanation of the 
negative result of Michelson’s optical experiments; and conversely it will involve 
evidence that the constitution of a molecule is wholly electric, as here represented. 
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The reasoning given in Part IL, § 13, was insufficient, because the correlation between 

the two systems was not there pushed to their individual molecules. 

Consideration of a Limitation of the Rotational Scheme. 

17. In the preceding sections the equations of the aethereal field have been 

expressed (as they were in Part IL) without reference to the dynamical hypothesis 

of a rotational aether which suggested their present form. Reverting now to that 

hypothesis, let us examine whether a limitation of the kind that was unavoidable in 

the material model of § 3, may not also be involved in the general scheme of a 

rotational aether. In the first place, it is natural to take the elastic rotation in the 

medium as very small, so that its translatory velocity which is connected therewith 

is also very small, though the velocities of the strain-centres which flit across it, and 

represent the matter, may have any vadues; this is in agreement with the conclusion 

derived from optical experiments that the aether is practically stagnant. But there 

is one conceivable class of cases in which the changes of position of the elements of 

the medium go on accumulating, that namely of a steady magnetic field kept up sa}" 

by a current of electrons constrained to flow permanently round a circuit. On 

account of the smallness of the velocity of the aether, the corrections to the 

djuiamical equations which arise from the velocity of convection of the elastic strain 

may always bo left out of account, being utterly insignificant in ordinary electro¬ 

dynamics, and actually beyond the limits of experiment in optics : yet in a magnetic 

field continuing steady for an unlimited time the elements of volume of the fether 

will ultimately have wandered far from their original positions, and a difficulty 

presents itself."^ To cover such a case, the definition of the elastic rotation of the 

medium must be made more precise. For the motion of a perfect fluid, which is 

diflerontially irrotational at each instant, will yet result after a time in finite 

rotations of its elements of volume; for example it is known that if a rigid 

ellipsoidal shell be filled with perfect fluid, and be set rotating about a fixed axis, 

* I am indebted to Lord Rayleigh for drawing my attention to this point, as one requiring further 

consideration. 

[A steady magnetic field involves a cyclical motion of the tether; thus in a very great time 

even a very small velocity will produce large changes of po.sition. It is true that any motion of 

electrons whatever will produce change of strain, and therefore movement in the cether, but that move¬ 

ment will be very slight, and will not be cumulative except in the one case of permanent cyclical motion 

which represents absolutely permanent magnets. If there were no other way out of the difficulty 

described in the text, it might be turned by simj^ly asserting that absolutely permanent magnets do 

not exist. 

The nature of the constraints which may be necessary to prevent the nucleus of an electron from 

ever becoming sub-divided is a different question, and wholly outside the scope of the present theory, 

which simply takes these nuclei to exist as it finds them without inquiring in detail into their 

structure.] 
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then after a certain interval of time the parts of the fluid will have returned to the 

original conflguration with respecr to the shell, so that the fluid will have been 

rotated bodily in space just like a solid, although its motion at each instant has been 

difierentially irrotational. In fact when the change of position of the element of 

volume is finite we can no longer analyze it definitely into rotations and pure strains, 

in such wise that the order of their application shall be indifferent; thus we obtain 

no longer in that way an analytical specification of the sethereal elastic rotation, and 

a more precise formulation must be made. The rough material model of § 3 indicates 

the necessary modification : in that model a differential pure strain of the element 

of volume does not tend to rotate the sub-element which is elastically effective ; 

thus the efficient elastic rotation is the vector sum of the series of differential 

rotations which the element of the tether has experienced in its previous history. 

This is therefore the more precise definition of the total rotation, proportional to 

(/ h), from which the electrostatic forcive is derived as in Part II., § 18 : it makes 

the rotation equal to the curl of the linear displacement when these quantities are 

both small so that their squares and products can be neglected, but not after the 

long-continued cumulative effect of a permanent magnetic field has come in. In 

that case, however, the small irrotational velocity, say for the moment [p, q, r), 

which constitutes the magnetic field, will contribute to (f, g, h) onlv by shifting by 

convection the element of the medium along with its rotation, while the rotation so 

transferred will be continually re-adjusting itself by elastic action into the new 

equilibrium configuration : the relation between elastic rotation and magnetic force 

will then be of the type dfidt = dyjdy - d/Bjdz - {p)dldx -f qdjdy + rdjdz)f, where 

{p, q, r) is equal to (a, /3, y) multiplied by a very small scalar factor. Unless the 

velocity (y), q, r) is uniform, djdt (^dfjdx -f- dgjdy -p dlijdz) will not be exactly null ; 

so that the movement of the aether by the steady magnetic field will lead to a 

development of electric charge, extremely slow and gradual, throughout the volume 

concerned. On the other hand the combination of permanent electric and magnetic 

fields which is the origin of such a creation of electricity must be confined to a 

limited region, beyond which the aether is in equilibrium ; therefore the electrifica¬ 

tion thus developed consists of compensating amounts of positive and negative 

signs. These diffuse charges, of the second order of small quantities, will sub¬ 

sequently by their mutual attractions drift together again and neutralize each other, 

by moving as strain-forms across the aether without sensibly interfering with the 

motion of the medium itself (§ 6). Thus a steady magnetic field of unlimited 

duiation would not theoretically get interlocked with a concomitant electrostatic 

field, but would relieve itself by very slowly developing a very minute diffuse electri¬ 

fication which will simultaneously gradually fade away by its own natural actions, 

so that no sensible effect would ever be accumulated. The rotational aether scheme 

therefore would not break down in this limiting case, the consequence of long- 

continued cumulation being obviated by a process which is at each instant so 
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insignificant as to be far below the reach of experience : electrons may, it is true, 

also conceivably obliterate each other in the same way as these diffuse electrifications, 

but that is a contingency of negligible probability with which we are familiar in all 

kinds of molecular theory. 

Relations of Inductive Capacity and Optical Refraction to Density. 

18. Let the medium be free sether containing n similar molecules per unit volume; 
and suppose each molecule to be polarized to moment y by the field of electric force. 
This field is made up of the extraneous exciting field and that of the polarized 
molecules themselves ; the latter again consists of a part arising from the polarized 
medium as a whole and a part involving only the immediate surroundings of the 
point considered. If h denote this local part, and H the remainder of the total 
electric field, we have relations of the types p = Jc (H + h), % — np, h = \ . np, 

i denoting the intensity of the polarization, h a constant independent of the density 
of the material medium, and A a parameter which, as will appear, must be nearly 
independent of the density. These relations lead to i — hi (H + that is, since 
by the definition of the inductive capacity K, i' = (K — l)/47r. H with electrostatic 
units, they lead to SMtt. hi = (K — 1)/(K — 1 + Ttt/A) ; so that, p denoting density, 
(K — 1)/(K — 1 + Itt/X) p is constant for the same material medium. For fluid 
media at any rate, it will appear that X must be very nearly equal to so that for 
them Lorentz’s expression (K — i)/(K + 2) p should be approximately constant. 

When the dielectric is a compound one consisting of n molecules of one kind and 

n of another per unit volume, we have % = np fi- l^ — 5 and p = k (H + h), 

p z= h (H + /i), so that pjk = p jh — i' jikn fi- hn). Thus [hi fi- k'n) (Hfi- Xi'), 

so that, with the above value ^tt for X, 3/4:7 .{hi + hn) — (K — l). (K + 2). This 

formula gives an additive character to the refraction equivalent for a mixture ; and 

also for a compound body, provided in the latter case the moment p belongs to the 

individual atom, and is not sensibly afiected by the molecular grouping of the atoms. 

This investigation is of course not absolutely exact; but it is the first approxim¬ 

ation in a statistical theoiy, and the question presents itself how far it is a 

sufficient approximation. On examination, it will appear that the coefilcients k and k' 

are rightly taken to be numerical quantities independent of n and n, provided the 

distance between the effective poles of an atom or molecule is not a considerable 

fraction of the mean distance between adjacent molecules. The constancy of the 

value of X, when the component densities are altered, appears from considerations of 

dimensions. For the force due to a polarized molecule varies as pX (distance)”®: 

thus, as on change of density (distance)”® varies directly as density, the character of 

the arrangement of the molecules being supposed unaffected, the force due to the 

molecules surrounding the point is proportional to pX density, that is, it is equal 
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to Xn/x. For the case of a mixture X is the same for both constituents ; a result 

which may or may not hold good for a solution or a chemical compound. 

19. The value of X, namely fv, which has here been assumed, is not merely 

dictated by the form desired for the final result. That value has in fact already 

been specified as the first approximation in quite another connexion.* As this is 

the crucial point of uhe theory, it may be allowable to present the argument in 

detail. The total electric force acting on a single molecule is derived from the 

aggregate potential V = S d/dx d/d^ + d/dz) r-\ where p,, are 

the components of the moment /x of a polarized molecule. This potential, when the 

point considered is inside the polarized medium, involves the actual distribution of 

the suirounding molecules; and thus the force derived from it changes rapidly at 

any instant of time, in the interstices between the molecules. But when the point 

cmisidered is outside the polarized medium, or inside a cavity formed in it whose 

dimensions are considerable compared with molecular distances, the summation in 

the expression for V may be replaced by continuous integration ; so that, (f', g', h') 

being the intensity of polarization in the molecules of the dielectric, 

^ — |(y d/dx + g' djdy -{- Id djdz) dr ; 

and the force thence derived is perfectly regular and continuous. This expression 

may be integrated by parts, since, the origin being outside the region of the integral, 

no infinities of the function to be integrated occur in that region. Thus 

^ + 'nig' -f nh') r-i dS - \{df’/dx + dg'ldij + dh'jdz) r"! dr; 

that IS, the potential at points in free mther is due to Poisson’s ideal volume 

density p, equal to — {df'/dx -{- dg'jdy + dh'ldz), and surface density cr, equal to 

If + mg' + nh'. When the point considered is in an interior cavity, this surface 

density is extended over the surfiice of the cavity as well as over tlie outer boundary. 

Now when it is borne in mind that, at any rate in a fluid, the polar molecules are 

in rapid movement, and not in fixed positions which would imply a sort of crystalline 

structure, it follows that the electric force on a molecule in the interior of the 

material medium, with which we are concerned, is an average force involving the 

average distribution of these polar molecules, and is therefore properly due to an 

ideal continuous density like Poisson’s, even as regards elements of volume which 

are very close up to the point considered. To compute the average force which 

causes the polarization of a given molecule we have thus to consider that molecule 

as situated in the centre of a spherical cavity whose radius is of the order of 

molecular distances; and we have to take account of the eftbct of a Poisson 

distribution cn the surface of this cavity, or more precisely of the result of an 

averaged continuous local polarization, surrounding the molecule, whose intensity 

increases from nothing at a certain distance from the centre up to the full amount i' 

* “ On the Theory of Electrodynamiof^,” ‘ Proc. Roy. Soc.,’ ,52 (1892), p. fit 
VOL. CXC.—A. 9 TT 
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at the limit of the molecular range, this intensity being uniform in direction and a 

function of the distance only. The force due to this is along the direction cf 

the polarization ; which is therefore the local part to be added on to the electric 

force as ordinarily defined—namely, to that arising from the density p throughout 

the medium and the density <t on its external surface, and so everywhere derivable 

from a potential by the theory of gravitational mass-distributions. The value of 

the coefficient X of the above analysis should thus be |7r for a fluid but it may 

deviate from this value somewhat in the case of a solid, especially of course if it be 

crystalline. 

20. The mathematical principles, on which the above formula for the relation 

between inductive capacity and density is based, were flrst given by Poissox for the 

corresponding problem in magnetic polarization. The explicit application to electric 

polarization, on the lines of Faraday’s ideas, was made by Lord Kelvix and 

Mossotti. The investigation of the formula which has been implicitly given by 

Maxwell (‘"Treatise,” § 313), expressed in terms of the cognate problem of 

conduction, is however valid only for the case in which the coefficient of polarization 

of the medium is small compared with unity, that is, only for gaseous media. The 

same formula, viewed as a relation between refraclive index and density for trans- 

porent media, was obtained by LoRENTzt and was shown by him to be experimentally 

valid in an approximate way over the wide range of density including the licjuid and 

gaseous states ; though for the small changes of density induced in a liquid by 

alterations of pressure and temperature tlie effect of the change in the internad 

energy and mutual configuration of the molecules may considerably mask the direct 

effect of the slight change of density.^ For gases, however, in which the molecules 

are more isolated and the changes of density greater, the refraction is found to be 

in accordance with the formula. The investigation of Lorentz§ was probably tire 

first 6‘ffectlve attempt to introduce the molecular constitution of the medium into 

the electric theory of light, and so arrive at laws of refraction and dispersion. The 

form of the refraction constant was really settled by statical considerations akin to 

those here given ; but the theory of electric propagation employed by him at that 

* Tlie fact that the values of the refractive index for liquids are slig'htly in excess of what Lorextz’s 

formula ■would give by computatiun from the valaes for their vapours, may be an indication that this 

averaged field of molecular action is slightly elongated instead of spherical. 

t H. A. Lorextz, “ Ueber die Beziehung zwischen der Fortpflauzungsgeschwiiidigkeit des Lichtes uud 

der Kdrperdichto.” ‘ Wied. Arm.,’ 9, 1879, p. 641. 

I For these small changes, the Lorextz refraction function (m" — 1) j (_m~ + 2) is approximately 

proportional to that of GtEADSTOXE and Dale, their ratio (rn + l)/(m“ + 2) being nearly constant; but 

it docs not appear why the latter function happens to be usuallj' more nearly proportional to the 

density than the former. The results of Roxtgex and Zehnder, ‘ Wied Ann.,’ 44, 1891, on the effects 

of pressure on vmrious fluids, make the two formulre in default in opposite directions by about equal 

amorrnts. 

§ ‘ Yerhandl. der Akad. Amsterdam,’ 18 ; abstract in ‘ Wied Ann.,’ 9, 1872, pp. 641-665. 
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time was the one developed in von Helmholtz’s early memoirs on electrodynamics, 

and it would appear that fliscrepancies come in throug’h treating the mther as 

polarized like a material dielectric; at any rate his final result {loc. cit. p. 654) 

seems to give the refractive index a value greater than unity for free mther, and one 

only infinitesimally different for a ponderable medium. A mathematical investigation 

has been given by Lord Rayleigh,in which the range of density over which these 

statical computations are valid is tested by finding for certain cases the complete 

expressions in a statical theory, of which they form the first rough approximations. 

The result is rather unfavourable to Lorentz’s formula, so much so as perhaps to 

excite surprise at its close agreement with the facts when the range of density is so 

great as that between the liquid and gaseous states of the same substance. There 

is thus room for the statistical method under which the subject has here been 

apj)roached,t in that it explains the wide range through which the formula proves 

to be valid as a first approximation ; while it at the same time recognizes that when 

the change of density is itself small, but is accompanied by other kinds of physical 

change, the influence of the latter on the polar molecule may be sufficiently important 

to prevent its exact verification.J On the specific influence of temperature, cf. § 72 
infra. 

21. In thus basing a theory of refraction equivalents on the value of the inductive 

cajiracity, it has been tacitly assumed that the dispersion of the medium is small; 

hence the results apply certainly only in the cases in which there is approximate 

agreement between the inductive capacity and the square of the refractive inde.x.§ 

When dispersion in ahsolutely non-conducting media is taken into account, as in the 

previous memoir, § 11, and infra, § 23, the formula however still holds, the constant k, 

equal to/'/P of § 24, now involving the period of the light. 

The fact that for gases, and a large class of denser bodies as well, the inductive 

capacity is approximately ecjual to the square of the refractive index, shows that in 

them the polarization of the molecules can completely follow the rapid alternations of 

electric force which belong to the light waves. Thus we can conclude that when the 

Rayleigh, On the influence of obstacles arranged in rectangular order on the properh'cs of a 

medium,” ‘ Phil. Mag.,’ 34, 1892 (2), p. 481. 

f Since this was written, I have found that the analytical method here employed is essentially the 

same as that of Clausius ( Mechanische Warmetheorie,’ 2, 1879) the fundamental in)portance of the 

ideas involved, and the discussion here given of the value of A, in the case of fluid media, may perliap.s 

justify the retention of the above independent statement. 

+ A theory precisely similar to the above of course applies to determinations of molecirlar magneti¬ 

zation in solutions of iron or other salts; strictly it is not the coeffcicnt of magnetization v, but 

that is proportional to the density of the magnetic molecules. The values of k are however 

usually so small that this constant is practically equal to a-. 

§ This accords with the conclusion drawn by Lixde from an experimental examination of the subject, 

Wied. Ann.,’ 5G, 1S95, pp. 546-70 (see p. 566). [Philip, ‘ Zeitsch. Phys. Chem.,’ 1897, finds that the 

Clausils foiiniila is quite inapplicable to mixtures of substances with abnormally high values of K.j 

O Tir O 
^ xl w 
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jDolarizatioLi or* a molecule is upset by an eucountsr with another molecule, it is 

instantly restored to its normal value, as soon as the violence of the encounter is 

over ; so that, the relative times spent by the molecule in encounters being small in 

every case, they hardly affect the inductive capacity of the medium ; or in other 

terms, the density by itself liardly affects the molecular refraction equivalent (except 

in so far as the restoration of the steady state may involve absorption, § 28 infra\ 

and the constancy of the coefficient h is further justified.* 

22. T1 le molecular theory leads to the conclusion that the electric seolotropy of 

crystals in which the dielectric constant differs much from unity, may be in part due 

to the distribution of the molecules in space and in part to the orientation of the 

individual molecules ; and that therefore the same applies to double refraction. The 

intrinsic polarity which is revealed by pyroelectricity and piezoelectricity also shows 

that orientation is a real cause. But magnetic aeolotropy must practically be wholly 

due to orientation of the molecules, as the smallness of the susce2:)tibility makes the 

effect of arrangement inappreciable. The double refraction induced in dielectrics in a 

strong electric field is possibly mainly due to molecular orientation, as also that 

arising from meclianical strain. 

The difference of absorption in different directions in a crystal like tourmaline must 

be of an order of numerical magnitude not higher than the difference of the refractions: 

an easy computation shows that it is really of a considerably lower order. This crystal¬ 

line absorption can only be due to molecular orientation : it is of course excessively 

smaller than the absorption in metals, which is comparable with the whole refractive 

index ; it would not therefore sensibly affect the laws of reflexion. 

General Theory of Optical Dispersion. 

23. A formula for optical dispersion was obtained in § 11 of the second part of 

this menroir, on the simple hypothesis that the electric polarization of the molecules 

vibrated as a whole in unison with the electric field of the radiation. The kinetic 

molecule of § 11 supra, with its steady momenta, will however usually have various 

free periods, and as many absorption bands ; to take account of them, and also for 

other reasons which will appear, it is desirable to have a more complete dynamical 

theory. 

The problem of dispersion, in its general form, is thus that of the transmission 

* The analysis of this section does not agree with a theoretical investigation of the iudnctive capacities 

of mixtures of non-conducting liquids which do not exhibit change of volume in mixing, given by 

SiLBEKSTEiN (‘ Wicd. Aim.,’ 1895) ; his result is that K, or what comes to the same under these conditions, 

K — l,is an additive physical constant, Avhercas the formula of Clausius and Lokextz makes (K — 1)/(K-1- 2) 

aflditive. The determinations made by' SiLBEiiSTEiN for niixtuies of benzol and phenylethydacetate give 

lesults for the Lokentz constant which arc always in excess of the theoretical value, by- amounts ranging 

u]) to 8 per cent.; the discrepancies for his own con.stant K —1 arc rather smallci', and are in both diree- 

t ions. 
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of radiation ac;ross a medium permeated by molecules, each consisting of a system of 

electrons in steady orbital motion, and each capable of free oscillations about the 

steady state of motion with definite free periods analogous to those of the planetary 

inequalities of the Solar System; and Its analysis will in fact resemble Laplace’s 

general investigation of the latter problem. If 6^, 9^, . . . represent small deviations 

from the state of steady motion of a molecule, so that the coordinates of the system 

(0 + ^vf-z {t) + • • -5 the kinetic and potential energy of the molecule when 

expanded in powers of these small quantities will assume the forms 

T = const. + [0^, 9,,. . .]i + [0„ 9,,. . .]i + [9„ 9,,. ..], -f [9„ 9, 
+ [{9,, 9„ . ..} {9„ 0„ . ..}] 

W = const. + [9^, 9.2,. . .]i + [9^, 9.2,. . .Jg, 

2) 
1 

•J2 

where the terms in T and denote functions of the various degrees of these 

velocities and displacements, the last term in T being a lineo-linear function of them 

jointly. From these expressions the free vibrations are determined by the Lagrancuan 

method. As the undisturbed motion is steady, the type of a free vibration must be 

the same at whatever time it is excited, therefore the coefficients in T and W are all 

independent of the time ; indeed if they were not constant the system could have no 

free periodic vibrations at all. The equations of the steady motion show that there 

can be no terms in T — W of the first degree in the displacements, when the 

coordinates are propeily chosen.'^ At the present stage we may conveniently by 

transformation of coordinates express the Lagrangian function, on which the motion 

in the molecule depends, in the form 

1 W — [02, 02,... . 9,^1 + \ {A^^p + A30p + ....+ A„^'p] 

— ^ {Cti9i + + ....+ a„9,Pj -|- + .... + + ^21^2^1 + ••••, 

from which, by a property which is an Immediate corollary of the Action principle, 

we may subtract any perfect difierential coefficient with respect to time, for exam])le 
here 

[^n ^35 • • • • ^/Jl 4" d/dt {^l>ii9i ^(^22 ^2l) ^1^2 4" • • • ■}’ 

without affecting the course of the motion, leaving thus an effective Leujrangian 
function 

L = i {A2^2^ 4- 4--4- i 4- cifi 4-_4- 

2 - 029^:)+ ....}. 

24. We have now to determine the vibrations forced on this molecule by the 

uniform alternating field of electric force, say P parallel to the x axis, belonging to 

the radiation which is traversing the medium. Bearing in mind that the wave 

length covers about 10'^ molecules, it appears that if/" denote the total intensity 

* This analysis, so far, is as given by Rolxh, “Advanced Rigid Dyn.aniics,” § III. 
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})er unit volume of j^olarization of the molecules, the electric force acting on a single 

molecule Avill, as in § 19 but now using electroclynamic units, be = P + Xc”/ ' ; 

this force will maintain vibratory motion in the jAolar molecule, but will not cause 

any oscillation of its centre of mass. The interaction of the electric field with the 

internal coordinates of the molecule will thus introduce an extraneous potential 

energy function of the form 

W' = F {t) — {0^9^ + c^O.i Pj, 

higher powers of the small internal coordinates 6^, ^3, . . . . 6„ being, as usual in 

])roblems of vibration, omitted ; and here again the coefficients c^, Co,. ... c,, must be 

independent of the time. There Avill also be terms in the kinetic energy involving 

the interaction of the magnetic intensity of the field with the component velocities 

of the molecular vibration : now in a train of waves of type exp. q{t — K'-c“k), the 

magnetic induction h, being derived from the electric force P, both in the plane xy of 

the wave-front, by the relation — dhjdt = dVjdz, is equal to K'-c^^P : hence this 

part of the total kinetic energy will be of the form 

T —J{t) + (c ^01 -}“ c 3^2 c K "C ^P, 

where c\, c'2, .... c'„ are coefficients independent of the time. 

The form of W' shows that . . . . + c,fin is equal to the electric 

polarization in the molecule on which the electric force P^ acts. If unit volume of 

the medium contains molecules of one kind, of another and so on, and the 

polarizations in each molecule are respectively f^, fo and so on, then 

f' = ^h/i + '‘hfi +. 
25. To obtain the general equation of propagation in the mther, let JT denote the 

electric force, or the torque acting on the aether; and we have, as in Part II. § 11, 

the kinematic relation (Itt) ^ curl 13 = djdt{W + -p and also the dynamical 

equation — d^/dt = cwv\ ^ where d?* If is to be observed that this 

dynamical equation leaves out the purely local part of the electric force. The 

propagation of radiation of ordinary wave-length is in fact an action invohdng the 

medium in bulk, and not one of molecular type; thus in accordance with the 

Young-Poisson principle [infra § 47) the local part of the electric force, arising from 

the surrounding molecules, is compensated intermolecularly by an influence on the 

physical jmoperties of the material medium which thereby become functions of the 

density and strain, and this part therefore does not enter into the molar electric 

forcive maintaining the radiation. These equations lead to 

rPV-i® = d^klt^ [m + i3') + dil^/dt. 

Hence, when the current of conduction CT is non-existent, K' = 1 -j- 13' 13 ; v hilst 

liere is J', and 47rc-i3, or P, is 1\ - Xcf'; so that (K' - 1)/(K' - i + 47r X) 

= Xc^./'/Pi, or taking X equal to Itt, we have (K' — l)/(K' -f- 2) — l7rC",y'/P]. 

2G. The value, of y '/P] is to be obtained from the equations of lorced vibration of 
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the molecules. By the Lagrangian method, these equations expressed for a 

molecule of the first kind and for radiation of the above type , form a system, skew 

symmetric in so far as of t3q:)e 

4- «i) + .... 4 e,,.cie,, - cqPi 4 cVK^c-^r/P = 0, 
wherein 

Ci^l 4 4 • • • • 4 — f\ ~ 0. 
They give the relation 

e,„ci, - Cl] Pi 4 K'=c V {Ai<z'^ 4 ff], c-x.q,.c,.?, c\] Pj 

in which the denominator represents a skew determinant, and each of the two 

coefficients in the numerator the same determinant bordered. The denominator 

involves when expanded only even pov/ers of q, and when equated to zero it gives 

the periods of the free vibrations in the molecule ; as these are all real the roots in 

q^ must be all real and negative. The second term in the numerator has c“^ as a 

factor; we may therefore neglect it as has been done in the previous pajoer; this 

means that the elasticity of the rether is so high compared with its inertia that the 

pull exerted by it on the molecule will be important while the interaction of its 

kinetic energy will be negligible. The remaining determinant in the numerator, 

when expanded, contains only even powers of q and is of order lower by two than 

the denominator. Hence writing — for i/, so that 2ttIp is the period of the radia¬ 

tion, and expanding in partial fractions, we can express the equation in the form 

47rC 2/1 _ 0\ 
3 "t" 

'Pl-f 
, 4 • • . • 4 

On 

Vn - r 

in which g.2, . . . , g,i are real quantities, j)ositive or negative. 

Now the index of refraction p or K'“ of the compound medium is given l>y the 

formula(K'- l)/(K'42)=:R,.|7rcyi/P,4n2-l^cy3/P,4. . . . ' 
The final result is thus 

K^- 1 _ 

K' + 2 ~ 
'Enm, where m = - 0i 

4 
02 

Pi- - Pi - p 
,0 + + On 

Pn - r 

SO that it is m and not that has an infinity at each free period of the molecule. 

We here again arrive at Lorentz’s refraction-equivalent, and the theorem that it is 

an additive physical constant; but with the important addition that it is the law of 

dispersion of the molecular refraction-equivalent m, equal to {p^ — 1) / (p^ 4 2) p, of 

each constituent of the medium, not that of the refractive index of the aggregate, 

which admits of simple theoretical expression. In physical investigations concerning 

laws of dispersion, it is thus essential to deal with simple substances ; the dispersion 

m the molecular refraction-constant of a mixture, and no doubt also to some extent 
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of a solution or chemical compound, is made up, according to this formula, of the 

aggregate of those of its constituents.'" 

27. Let us consider briefly the case of a perfectly transparent substance whose 

dispersion is dominated by a single free period, say : the equation is 

,j? + 2 
that is, 

ih~ - r 
p.2 = I 4- 3 Wh 

0 o y 

Pi - P~ / 
/('i- 

P\ - P-J 

It will be convenient to form a graph of the formula for ; when ^3 is small, 

has a positive value, which should be the statical dielectric constant of the material; 

as 'p increases, p," increases until it becomes infinite when it then 

becomes negative, but again attains a positive value after p~ — + 2)ig^ which 

corresponds to value zero. Thus there is a band of absorption, which is absolutely 

complete for some distances on both sides of the bright spectral line corresponding to 

the substance in the gaseous state, but which extends about twice as far on the 

upper side of that line as it does on the lower when ng^ is positive, as will be the case 

when p exceeds unity and the dispersion is in the normal direction. When, as in all 

ordinary media, the dispersion of the visible light is small, being for example of the 

order of one per cent, for glass, must be great compared with p, and the range of 

this single dominant ultra-violet band of absolutely complete absorption would be 

measured by an interval i^p\p) equal to i (p^ — l)/(p^ + 2) below the free period, 

and one equal to (p^ — l)/(p^ -f 2) above it, where p is the index for luminous rays. 

28. For a substance such as a gas, with numerous narrow bands of absorption, in 

the immediate neighbourhood of any one of them the value of p“ depends on that one 

alone; the breadth of the band of complete absorption thus corresponds to a total 

interval {Ipjp or — SX/X) equal to 2,ngil2p^, which should thus be proportional to 

the densitv of the gas. The distance on each side of the band to which the anomalous 

dispersion extends, which may possibly be observed as has been done by Kuxdt for 

sodium vapour, ought also to be of the order of magnitude of ngijpi- The law of 

Janssen, that the amount of the absorption in a compressed gas is roughly pro¬ 

portional to the square of the density, seems to show that in dense media most of 

the actual specific absorption is outside tliese limits of complete blackness, and is 

conditioned by the molecular encounters deranging the states of steady directed 

synchronous vibration, say by rotation of the molecule, and so necessitating absorption 

of fresh energy from the radiation in order to re-establish them. It is to be observed 

that this process would be a true absorption of radiation which would go to heating 

the gas, as contrasted with mere refusal of a perfectly transparent gas to transmit 

radiation in a region in which p" is negative.! The gradual change from an emission 

* In cases however in wliicli a formula of the Cauchy type is sufficiently exact, so that 

_ 1) / (^,2 + 2) p = A -t- B //\3 -h C /X-i -h . . . , not only is A an additive refraction-equivalent, 

but there wall also be additive dispersion-equivalents B, C, . . . . 

b The validity of the general formulte is not vitiated by this circumstance that the molecules are in 
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spectrum of definite lines to a continuous spectrum, with increasing density, would 

thus be due, not to auy want of definiteness of the free periods, but to changes in 

the orientation of the vibrating molecules arising from increased frequency of 

encounters, the corresponding rather abrupt changes in the radiation received at any 

point not being analyzable into the regular Foujeher periods. 

29. The possible characteristics of the dispersion of an ideal perfectly transparent 

medium may be very simply represented by a graph of the general formula 

~ f)/(/^^ + 2) =: %nm. In a curve whose ordinate is — l)/(p^ + 2) and 

abscissa the frequency all parts which lie outside the two horizontal dotted 

lines corresponding to ordinates + 1 and — belong to regions of complete opacity ; 

the points where the curve crosses the axis represent the free periods or bright lines. 

A mean continuous curve of dispersion may be sketched in, by a dotted line, which 

coincides with the actual curve in the parts where the dispersion is normal, and may 

be considered as gradually rising towards a band of intense absorption in the ultra¬ 

violet, which dominates the mean dispersion; near an absorption band the dispersion 

is anomalous, but if the band is 

narrow as in the case of gases, the 

anomaly is confined to very narrow 

range. The diagram here given 

represents a case of four free mole¬ 

cular periods, for the third of which 

g is negative while it is positive for 

the others. The refractive index 

that is determined by prismatic 

deviation is the real part of p, 

taken positively (§ 34 infra). A 

graph of this quantity is repre¬ 

sented by the thick broken line of 

the lower curve : thus near a free 

period ^Trjp-^ the ordinate rises to 

_ infinity when 

sinks instantly to zero, and remains zero until + 2ng„ when it becomes 

positive again. Slight general absorption would ease off the corners of this graph so 

various orientations which change from time to time owing to encounters. The effect of this is tliat 

he coefhcients whicii represent the interaction between the aggregate of the matter and the lether, in 

he element of volume, are now the steady aggregates of the coefficients r^, c.„.which belong to 

the various simultaneous orientations of the molecules. Thus the analysis remains intact provided 

Cl, C.3, . . . c„ represent average values, and, where necessary, a coefficient of absorption is introduced to 

represen the abstraction of energy from the waves owing to the continual changes of molecular 

orientation. Alter each such change of orientation of a molecule, the energy of its previously accumul¬ 

ated synchronous vibration is radiated away or degraded into heat. 

VOL. OXC.—A. 2 I 
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tliat it would uot go up to iufiuity nor go down to zero : but there is nothing in its 

genei’cal aspect, at any rate for g positive, as for example given by von Helmholtz, 

and verified by Peluger for anomalously dispersive solid dye stuffs, which specially 

favours any one theory of dispersion. 

30. The medium has hitherto been taken as absolutely transparent, that is, no 

degradation of energy occurs in it, the absorption bands above so called being really 

produced by total and nearly total reflexion of the radiation, which thus is not 

absorbed by the medium, but simply cannot get into it. Suppose that there is 

present a conduction current, which may be considered to include all causes which 

put 13^ out of ]3hase with 13 and so lead to regular absorption of the energy of the 

waves: it may be represented, as in Part II., § 11, by the formula 

z= Ic {in' djdt + o-') 33 ; 

we now have 

K' = 1 + + 

thus simply adding to the formula for the square of the index of refraction the terms 

— {kill + kp~'^<r'L)l{m'^iy^ + cr'^.), which satisfactorily represent the general features 

of metallic propagation as was shown in Part II., § 11.'" 

It is noteworthy that as the period becomes very rapid the effective index ot 

refraction always approximates to unity ; so that very short waves will not suffer 

sensible reflexion, refraction, or diffraction even while their length may include many 

molecules of the material medium. In fact when the period of the radiation is 

sufficiently high, the free periods of the polar molecules are not quick enough to 

enable them to respond,! while the comparatively free ions are prevented by their 

[* For example, it explains why the real part of is negative for metals. In Part II. the generally 

received contention (based on a narrower theory) that jj? cannot be negative for purely elastic, that is 

dielectric, media was admitted without examination : but it is obviously inconsistent with the discussion 

above. As a concrete illustration, for a stretched thread weighted with equidistant particles, the 

squai'e of the velocity of propagation of transverse waves of sufficiently short periods is negative: yet 

no inference follows as regards instability.] 

t Foi' a similar reason, the periods of luminous radiation are already too high to allow magnetic 

polai'ization to play any part in its propagation. 

The statement in the text involves the currently receivetl exjilanation of the Roiitgen radiation. 

The different view has been recently advanced by Sir George Stokes that it may consist of sudden 

shocks transmitted through the fether from impacts by the molecules of the cathode streams. The mole¬ 

cules of matter lying in the track of the rays would not have time to be sensibly polarized by a sudden 

pulse which is over in a small fraction of their natural periods, and thus the pulse would pass across in 

the spaces between them, like sound through a grove of trees, without sensible refraction or diffraction . 

on the other hand the disruptive effect would resemble that of an explosive wave. Such pulses could 

hardly be other than the irregular beginnings of regular v/ave-trains sent out by the individual \ibia- 

tiim molecules; and as all radiation consists of such intermittent trains each with its irregular begin- 

ning, it would be assumed that the initial pulse is very much more intense in the electric bulb than in 

ordinary light, though still perhaps representing but a small portion of the total energy of the radia¬ 

tion. That the bombardment by the cathode streams is of a very disruptive, so to speak explo6i^e, 
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inertia from attaining Q^ny sensible velocity before the force is reversed; so that in 

neither way can the propagation of electric displacement across the medium be 

sensibly affected by the presence of the molecules. The formula shows, however, 

that the damping effect of conductivity usually persists to higher periods than the 

simple refracting effect of the excited vibrations. 

The theoiy of dispersion would assume a simpler form if the molecules were 

systems vibrating about positions of equilibrium, instead of about states of steady 

motion. In that case the coefficients Cjg, Cjg, .... are null: the restoring forces, 

proportional to the velocities, to which these belong, are in fact Introduced by the 

steady motions, and may be named, after Lord Kelvin, motional gyrostatic forces; 

they evidence themselves by causing slow processional oscillations. The positional 

gyrostatic forces, or centrifugal forces proper, are merged in T — W along with the 

forces arising from the potential energy.* When these motional forces are absent, 

we have 6^ = — Ajp^) and similarly, so that ; and 

as before, in a transparent medium, (K' — 1)/(K' + 2) = | Si?/. Thus the 

values of g^, g., . . . . g„ are in this case all positive; so that, if this represented the 

facts, the fragments of a horizontal spectrum, with red on the left, would after 

further refraction by a prism of anomalous material with its edge horizontal and 

uppermost, all slope upwards from left to right. On the other hand, each change of 

sign from positive to negative among the successive values of g^, g-z, ■ . . . g„ would 

give two fragments of the spectrum which would be curved back so as to be highest 

and lowest respectively near the middle, while a negative following a negative would 

imply slope upwards from right to left. According to Kundt’s law the index is 

abnormally great on the lower side and abnormally small on the upper side of an 

absorption band; and if this generalization is universally valid, it will follow that 

9i> i/2, ... . g,, are actually all positive. 

31. It is thus fundamentally desirable on various grounds to obtain Information as 

to how the signs of these quantities depend on the gyrostatic coefficients ; in 

particular because the present theory of gyrostatic molecules is a very wide one, and 

lor example includes as a limiting case the hydrodynamical vortex atoms of Lord 

Kelvin, in which the constitution is purely gyrostatic but the number of degrees of 

freedom is infinite. It will be convenient for this purpose to change to new 

coordinates of which -p . . . . _j_ is one, say the one with suffix unity : 

and to choose them semi-normal, so that the potential energy is represented by a 

character, compared with ordinary molecular encounters, is in keeping with the rapid disintegration 

and evaporation of metallic plates under its influence. It is conceivable that the long-continued 

Becquerel radiation from fatigued phosphorescent substances arises in like manner from very sudden 

release cf their molecules into new groupings, in the course of their gradual return to a natural or 

unfatigued configuration. 

* The periods of small free vibrations, and the amplitudes of small forced ones, would not be affected 

by reversal of all the gyrostatic momenta in the system: in fact this reversal would just change the 

s)'stem into its optical image. ” 
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sum of squares, which would be all necessarily positive if there were no gyrostatic 

influence. It may then be shown in the manner of the preceding analysis that 

is equal to a fraction of which the denominator is the period determinant of the 

molecule and the numerator is the minor of its leading term ; the numerator is there¬ 

fore the period determinant of the same molecule when its leading coordinate is 

prevented by constraint from varying. Thus we have the theorem 

yp, = Ar’ (i/ -«?) {f -«?). - 

wliere (a^, a^, . . . . a„)/27r are the natural frequencies of the molecule, while {a\, a\, 

.... a„)j2TT are its frequencies when it is subjected to that particular constraint 

('namely on a^) wliich would j^revent it from vibrating under the influence of the 

incident radiation ; also is the coefficient of inertia of that particular vibration, 

so that its kinetic energy is 

This constraint may be represented analytically by making the elastic coefficient rq 

infinite; we may therefore attempt to trace, by the examination of graphs of the 

separate terms involved, the effects on the free periods of continuously varying this 

constant. The behaviour of a gyrostatic system may be very different from what 

experience teaches as to vibrations about configuration of rest, for the mere imposition 

of constraint to limit the vibrations of one coordinate may upset the stability of 

others : thus if x represent the present period equation is of type ^ {x) cqi// {x) 

— 0, in which all the n roots of ^ (x) are real and positive, while the same may not 

be true of the n — 1 roots of i// [x). It follows, easily, however, by application of the 

princijfle of energy,'" that if the system be completely stable when all the gyrostatic 

motional forces are removed, then it will remain stable when these forces are 

restored ; and stability will therefore also be maintained when elastic connexions are 

strengthened or constraints are introduced.! In that case the roots of t// {x) will all 

be real and positive : and it is easy to deduce that they will separate those of cf) [x), 

and that in consequence g^, pg, . . . . will be all positive, so that Kundt’s law will 

hold good. The further conclusion is thus also somewhat probable that if the con¬ 

stitution of the gyrostatic molecule is thoroughly stable so that the imposition of 

mere constraint could not upset it, then Kundt’s law will hold. 

32. The specific refraction [jj? — + ‘•^) always increases along with the index 

jx : if the dispersion were controlled solely by powerful absorption bands in the ultra¬ 

violet, with positive g, the trend of the index would always be in the same direction 

as the frequency increases. Hence in the large class of substances wuth normal 

dispersion of visible light for wdiich K exceeds /x^, there must also be strong 

* Gf. Thomson and Tait’s ‘Nat. Phil.,’ Ed. 2, Part I., p. 409 ; the relations of the free periods of a 

gyrostatic system ax’e there discussed at length in pp. 370-415. 

t All the relations as to the march of the periods developed by Rayleigh (‘ Theory of Sound,’ Ed. 2, 

§92a), from Rourii’s analysis will then hold good. 
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absorption in the ultra-red.^ The specific refraction however always tends to the 

limit unity as or K' increases ; so that the large dielectric constants of water and 

alcohol (at ordinary temperatures) are not so abnormal in their optical as in their 

electrical aspect. These large values are an indication that the constituents of 

the molecules are distantly and loosely connected together, which may be related to 

the powerful action of these substances as solvents ;t it has been noticed that high 

inductive capacity is usually associated with conductivity. 

33. It IS of interest to contrast these results with the ones that flow from a purely 

mechanical theory of dispersion. If the molecule consist of a dynamical system, 

simple or gyrostatic, of dimensions small compared with the wave-length, joined 

on to the mther by mechanical connexions, the uniform oscillatory dkpllcement 

of the aether will exert no differential statical force on the molecule, but the kinetic 

energy of the whole compound system will contain terms involving products of the 

In VON Helmholtz’s memoir on the electric theory of dispersion, he found satisfactory ao-reement 

between the formula with one ultra-violet absorption band and the observations for glycerin^ and he 

suggested that agreement might also be established for carbon bisulphide by assuming slight dissipation 

such as would not sensibly modify the laws of reflexion: but he apparently omitted to notice that this 

veriflcation is defective in not making the square of the index equal to the statical dielectric constant for 

the case of very long waves. To amend it, another region of absorption would have to be assumed in 

the ultra-red, far down so as not to sensibly affect the visible radiations, thus leading to the Ketteler 

type of formula, which is approximately ^ = A + + CX-2 for slightly dispersive substances : in the 

case of glycerine C would be small. When there is only one absorption band, the dispersion formula 

common to these discussions is in form the same as one derived by von Lommel (‘ Wied Ann ’ 13 p 353) 

from a mechanical theory, and compared by him with observation for a considerable number of media 

In al media whose dispersion is effectively controlled by one absorption band, that band must he far in 

the ultra-violet or else the dispersion of the visible radiation will be excessive, so that the formula must 

approximate y coincide with Cauchy’s : thus it is only substances for which approximately equal 

o u slightly greater than K, which can have any chance of coming into that class. 

It appears from the above that in this formula for dispersion in a medium dominated by one main 

band of absorption, as given in Part IL, §11, we must make the distinction, that the value of 2./n for 

which IS infinite is not the free period of a single molecule by itself, or that of the bright line in a 

gaseous spectrum, but is the period when it is vibrating in step with all the surrounding molecules 
under whose influence it lies. 

For very slow perrnds there is no dispersion in a transparent medium and the refraction depends 

w 0 y on the statical character of the medium, including its density. For higher periods of the incident 

ra la ion, e ree periods of the molecules introduce dispersion and also absorption bands; but the 

position of these bands depends not merely on the free periods, but also slightly on the density of the 

me lum, roug t e influence of the latter on its statical inductive capacity. It is not impossible that 

e free molecular periods, as well as the absorption bands, may be affected in this way. An influence 

density of the medium on the position of the lines in the spectrum has been found and investigated 

by the Baltimore spectroscopists. [Gf. FitzGerald, ‘ Astrophys. Journal,’ 1896.] 

_ t The reason here assigned is different from the one that has been given by various writers, that hio-h 

m uctive capacity of an intervening medium weakens the electric forces between the ions in the dissolved 

molecule. Here it is taken as an indication that the effective ions arc far apart in the molecules of the 

solvent, so that a dissolved molecule can come under the influence of one of these ions alone, without 
much counteracting effect from the other ion. 
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displacement u of the mther and the coordinates u, 6^, ... . d,, of the small 

disturbance of the molecule, say terms [c^u + + •••• + c,A) u. In the 

equation of propagation, formed in the Lagrangian manner, p cl-ujdt' will now be 

replaced by ddjdtd (pu + CqU + Cydi + C.26.2 + ....+ ; while in the equation of 

vibration of the molecule terms of type ddujdd' will occur. The square of the 

index of refraction is thus given by = I {cqU + + Cgdg + .... + c,fi,)ipu ; 

and this leads by analysis similar to the above to a dispersion formula 

/Tj = A + S U\I{V\ 'P')d^ It is to be noticed that, on a mechanical theory, the 

index does not finally tend to unity as the frequency p/27r rises, for when the waves 

have ceased to excite internal vibrations in the molecules the mther is still loaded by 

their inertia ; an exception occurs when the attachment of the molecule to the 

rether is such that, when owing to the high period it is not internally vibrating, the 

rether does not sensibly displace its centre of mass, in Avhich case the constant A is 

unity and there is no effective load on the aether. If we suppose that each molecule 

has an attachment to a very large mass, so as to be practically anchored to it in 

space, this will require us to take one of the natural frequencies to be infinite in the 

above analysis, so that say is zero. When both these characteristics are present, 

we arrive at Lord Kelvin’s formula.t If on the other hand we take the medium to 

be like an elastic jelly, permeated by spherical portions of different inertia and 

elasticity, the problem is a quite different one, which forms in fact a rude mechanical 

analogue of the electric theory; and it was in this way that L. Lorenz indepen¬ 

dently arrived at the specific refraction formula above discussed. 

* An equation equivalent to tliis with <73 • • • • all positive, appears in Selljieier’s original paper 

(‘ Wied. Ann.,’ 1872), based however on a much more special hypothesis. 

t Baltimore Lectures, 1884 ; cf. also present memoir Part I., ‘Phil. Trans.,’ A, 1894, p. 820. In these 

lectures Lord Kelvin, with a view to explaining true absorption without introducing frictional forces 

into ultimate theory, contemplates the molecules as able to take up a vast amount of energy, near 

certain periods, before they attain to a steady state of synchronous vibration ; as however that state 

must come after at any rate some millions of vibrations, and absorption would then cease, it is 

presumably part of the theory that the absorbed energy is constantly being degraded in the molecule 

by a process analogous to fluorescence, and so being got rid of by radiation at a lower period,—or it 

may be simply scattered owing to change of orientation of the steady state of vibration at which the 

molecule has arrived, due to encounters with other molecules, as indicated by Janssen's law (supra) for 

gases. In the electric theory, metallic absorption is here taken to be chiefly due to the presence of 

free ions or electrons ; but in weakly absorbing media it is probable that the former cause is the 

effective one. The only analytical way open for representing it is to introduce an absorption coefficient 

expressing the averaged rate at which the energy of the radiation is being exhausted. 

The synchronously vibrating material molecules would not in any case give rise to further absorption 

by sending out energy in regular secondary waves ; their uniformity in distribution and phase prevent 

this, just as they prevent the separate elements of the continuous lether from acting in the same way. 

The dust particles which give rise to the blue sky are irregularly distributed, and the individual 

secondary waves thence originating have irregular and independent phase-diffei’ences with reference to 
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P rismatic Deviation hy Opaque Media. 

34. The tact that light preserves its period shows (Part I., § 90) that the circum¬ 

stances of its propagation across opaque media are determined simply by a complex 

index of refraction, of which the imaginary part represents the absorption. Measures 

of deviation by opaque prisms, such as those made by Kundt, yield directly the value 

of this complex index, by simple consideration of the geometrical continuity of the 

traces of the waves along the interfaces, without the necessity of the intervention of 

any dynamical theory whatever and therefore free of all ambiguity of interpretation. 

The thickness of the portion of the prism that is traversed does not affect the devia¬ 

tion of the light; so it may be taken as null, and we have only to consider refraction 

into the prism, and then out of it at a plane inclined at an angle differing by a, the 

angle of the prism, without changing the point of incidence. Let the axis of x be in 

the first face of the prism, towards the edge, that of y normal to it and that of s 

parallel to the edge. Then for the incident, reflected, and refracted waves, of period 

2ttIp, the vibration-vectors are proportional respectively to 

exp t [lx dr ~ ~ pO’ d" U ~ PO 
where 

70 t 0 ^—0 o 70 I /o Tr f —0 0 

r + = c r + ^ = Iv c 

c being the velocity in free space, and K' the complex value of the square of the index 

of refraction. It will now be convenient to refer the second refraction to correspond¬ 

ing axes f, 7), ^ related to the second face of the prism ; thus 

X — ^ cos a — y sin a, y = ^ sin « -|- y cos «, : = 

The vectors of the ’ icident, reflected, and emergent beams are then proportional to 

A' exp t (\^ r /xy — pt), B exp i [\^ — jxy — pt), B' exp i -}- yy — pt), 

where 
\ = I cos a -p ni sin a, jx — — I sin a -{- ni cos a, and /x'-' = 

When the refracting angle a is small, this gives approximately jjp ~ nd — 2 hn a, 

tlae primary exciting wave. The analogous medium for sound, filled with fixed attuned resonators, is 

absorbent solely on account of the secondary radiation of the resonators: consequently if they were all 

alike and regularly distributed and they occupied, a very large number of wave-lengths, there would be 

no absorption and the medium would be trausparent to sound, unless it has the same period as the 

resonators when it could not penetrate into the medium at all. The coiTelative absorption of light 

would thus be a process special to it, arising from ionisation and molecular impact. Unless the 

absorption in iodine vapour is accomplished by ionisation so that it goe.s mainly into heat, there must be 

scattered light accompanying it and representing part of it. 
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or fji' = 771 — Ijm. m'a, where iii = + ?7i“) K' — Thus the 

emergent vibration-vector is represented by 

that is 

B' exp t [{I oLin) ^ + (m — Ijm. am') -q — pt], 

B' exp — ah . 77) exp t {il + ^y") ^ ~ • “i) V ~ P^)- 

It therefore emerges at an angle of refraction xfj, away from the edge, given by 

cot xfj = {m — Ijm. aj) j {I aj) = mjl. [ 1 — ocjl + m“^) j, 

the angle of incidence being ^ where cot = mil. Thus ^ ^ the devia¬ 

tion IS \}i — (f) — a that is a (/ sec ^ — 1), where / is the real part of (K' — siir (j)f. 

When the angle of incidence (f) is small, the deviation is thus {n — 1) a, where n is the 

real part of the complex refractive index K'K Thus the experiments of Kuxdt on 

metallic prisms, and of Pfluger on anomalously refracting media,determine the 

march of n. Although sin^ ^ is not usually very considerable compared with K', and 

thus oblique incidence on the prism does not very greatly affect the deviation,! yet it 

would seem desirable to have observations at oblique incidence, as they would give 

data for determining the imaginary part of the index also by this uniform method, 

and thus its complete value. If this were known for the neighbourhood of an absorp¬ 

tion band, we should possess all the data requisite to guide and correct theory in the 

matter of optical dispersion ; but a knowledge of n by itself is not of much service in 

this respect. The value of this method of prismatic deviation lies in the fact that 

the complex index is determined without the intervention of any considerations as to 

dynamical theory or the effect of surface contamination on polarization, which must 

enter into the interpretation of experiments on reflexion. 

Tlic Mechanical Tractions on Dielectric Interfaces: and the Mechanical Bodily 

Forcive. 

35. When the local part ot the forcive on the polarized molecules of the medium, 

arising from their interaction with the neighbouring polarised molecules, is left out 

of account, the remainder, which is the mechanical force on the element of volume, is 

derived from the energy function — {f 'P + d'Q d" hJB); this would be also a 

potential function of the forces were it not that in it only the electric force (P, Q, B.) 

is to be varied. When however the dielectric is homogeneous, the negation of 

perpetual motions requires thaty’h/P + y dQ + liclM shall be a complete differential; 

thus Avhen the law of induced polarization is linear, the force will be derived from a 

])otential function — h{f'P + y'Q + /fB), and so will be balanced, as regards the 

interior of the medium and as regards the translatory part, by a hydrostatic pressure 

* A. PrLUGER, ‘ Wied. Aim.,’ 06, 1895, p. 412. 

t Cf. the measures of Shea, ‘ Wied. Ann.,’ 56. 
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1 (J'p g'Q -}- -j- const. ; and when the medium extends continuously to a 

distance from the seat of the electric action, the constant in this expression must be 

null. When the medium is isotropic, the translatory force is all, there being no 

torque on the element of volume. In a fluid dielectric this compensating hydrostatic 

pressure actually exists, and has been measured ; in a solid it is merely a compendious 

expression for the material reaction per unit volume against the electric forces 

transmitted by the ssther from other matter at a distance. If however the fluid 

dielectric is heterogeneous there wall not be a potential function, and it can only be in 

equilibrium when stratified in a certain manner; if gravity did not operate the 

surfaces of stratification would be the equipotentials of the field of force. 

36. When there are in the electric field interfaces of transition between different 

dielectrics, there will also exist surface-tractions on them which may be evaluated 

by considering an actual, somewhat abrupt, interface to be the limit of a rapid 

continuous variation of the properties of the medium which takes place across a layer 

of finite though insensible thickness. Let then the total displacement {/", g", ), 

Avith its circuital characteristic wdiere there is no free charge, be made up of the 

dielectric material polarization {/', g', li), and the displacement proper [f, g. h) 

which is the sethereal elastic rotation (P, Q, R)/47r. Thus if we neglect now the 

minute difference between the rethereal force (P', Q', R') and the electric force 

(P, Q, R), 
clfidx + dg'Idy -f dh’ldz = - p, d.fjdx + dgjdy + dhldz = p + p', 

where p is the Poisson ideal volume-density corresponding to the polarization, and p 

is the volume-density of free electrons, surface distributions being now by hypothesis 

non-existent."^' The mechanical forcive acting in the dielectric is, per unit volume, 

a force (X', Y', Z') and a torque (L', M', N'), where 

X' =f'dFldx -f g'dFIdy -f h'dF/dz -f pP, L' = g'F - h'Q. 

The component parallel to x of the aggregate force acting on the whole transitional 

layer is the value of jX'hr integrated throughout it. This integral is finite, although 

the volume of integration is small, on account of the large values of the differential 

coefficients which occur in the expression for X. To evaluate it, we endeavour 

* The notation of Part II. is hei’e maintained; thus (/", g", h") represents the (/, g, h) of Maxwell s 

‘Treatise.’ Electrostatic units are here employed. It may be well to recall the relations of these 

quantities. As the asthereal elemental rotation is from its nature circuital, the increment in its outward 

flux across any closed surface is equal to the amount of electrons that have crossed that surface into 

the enclosed region, arising partly from movement of free electrons, and pai'tly from orientation of polar 

molecules over the surface so that one pole is inside and the other outside. Thus, (I, vi, n) being the 

direction vector of the noi'inal, and A representing a finite increment, 

A J (If +mg -p nli) f7S = A | /j (/t — A J {If -f- mg' -p nW) (7S ; 

so that I {If -P mg" -P nh") dS = | /> dr, wdiich gives df'jdx -p dg"ldy -p dh"jdz — />. 

2 K VOL. CXC. —A. 
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by integration by parts to reduce the magnitude of the c[uantity that remains under 

the sign of volume integration, so that in the limit we may be able to neglect that 

part; thus we obtain |Xh/r = | PdS + J (p'+ p) Pdr. By the defin¬ 

ition of electric force, (P, Q, R) is the force due to a volume distribution of density 

p-\- p and to extraneous causes ; so that in the limit when the transitional layer is inde¬ 

finitely thin, we have, by Coulomb’s principle, J {p + p) Pc/r = |-1 (cr'+ o') (R2 + Pi) 

= (877)“^ KNs—Ni) (P2+P1) tZS, Pi, P.3 being the values of the a? component P, and Nj, 

Ng those of the normal component N, of the electric force (P, Q, R) on the two sides of 

the layer, all measured towards the side 2, while o-' and cr are the surface densities consti¬ 

tuted in the limit by the aggregates of p and p respectively taken throughout the layer. 

Hence in the limit + PfZS| -f-(87r)“^|(N3 — Ni) (Pq-p Pi) dS. 

Thus the electric traction on the interface of transition may be represented by a 

pull towards each side, along the direction of the resultant electric force F ; this pull 

is on the side 2 of intensity n — -J {n\ — n\ — a) Fg, that is ^ (cr -f- 3 -f- n 1) F3 in 

the direction of Fg, where n' is the normal component of the polarization of the medium 

measured positive towards the side 2 ; on the face 1 the pull is 4 (cr — 3 — ^i-^Fi 

now in the direction of Fi, n' being measured positive as before. As the tangential 

component of the electric force F is under all circumstances continuous across the 

interface, the total traction on both sides combined is along the normal, and equi¬ 

valent to ^ (n'g + n\) (Ng — Ni) together with the tractions ^crFg, ^crFi acting on 

the true charge cr, all the quantities being now measured positive in any the same 

direction. If n" denote the normal component of the total displacement (/", g", h"), 

so that 7i" = N/Itt + n', n', — = cr, the first part of this total traction is 

1 (71''3 + n'\ — No/Itt — Nj/Itt) (Ng — Nj), -which is simply — + 2Trn\~ towards 

the side 2.* When the interface is between a dielectric 1 and a conductor 2, the 

traction is only towards the side 1 and is equal to ^{n'l 4’ cr) Fj, or |-7i\Fj, per 

unit area, along the normal which is now the direction of the resultant force. 

All this is quite independent of the law of the connexion between the polarization 

and the electric force in the material medium. Thus, under the must general 

circumstances as regards electric field, whether there is material equilibrium or not, 

the forcive on the material due to its electric excitation consists of the interfacial 

tractions thus specified, together with a force (X', Y', Z') and a torque (L', M, N ) per 

unit volume, given by the fonnulm (X', Y', Z') = [diclx, djdy, djdz) (/'P 4-Q 4"^^ I^) 

and (L', M', N') = (^'R-/7'Q, /fP-/Ti, /Q-^T), in the former of which (/, cj, li') 

is not to be ditferentiated. 

The assumption underlying this analysis, that the transitions are gradual, will be 

* It luiiy be recalled that in the terminology here employed, the true electrification <t is the density of 

unpaired electrons: while the true electric current arises from the movements of all the electrons, free 

and paired, but does not include the change of mthereal strain which must be added in order to make 

up the total cireuital current of Maxwell. 
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sufficiently satisfied even if the intermediate layer is only one or two molecules 

in thickness ; for as these molecules are arranged slightly in and out, and not in 

exact rows along the interface, their polarity can still be averaged into a continuous 

density as above. The aggregate tractions over a thin layer of transition thus 

do not depend sensibly on the nature of tlie transition, but only on the circumstances 

on the two sides of the layer. 

37, In the case of a fluid medium, the bodily part of the forcive produces and is 

compensated by a fluid pressure jfT7F, where i', being the polarization induced by the 

electric force F, is for a fluid in the same direction as F and a function of its 

magnitude. This pressure will be transmitted statically in the fluid to the inter¬ 

faces combining it there with the surftice traction proper, it appears that the 

material equilibrium of fluid media is secured as regards forces of electric origin 

if extraneous force is provided to compensate a total normal traction towards each 

side of each interface, of intensity — 277)).'^ — In the case usually treated, 

in which a linear law of induction is assumed so that the relation between i ana F is 

% = (K — 1) F/Itt, the mechanical result of the electric excitation of the fluid medium 

is easily shown to be the same+ as if each interface were pulled towards each side by 

a Faraday-Maxwell stress, made up of a pull KF^/Stt along the lines of force and 

an equal pressure in all directions at right angles to them. But this imposed 

geometrical self-equilibrating stress-system would not be an adequate representation 

of the mechanical forcive in a solid medium ; for then the bodily forcive, instead of 

being wholly transmitted, is in part balanced on the spot by reactions depending on 

the solidity of the material. The forcire acting on isotropic material may hoAvever 

in every case, whether the induction follows a linear law or not, be expressed as an 

extraneous or imposed sj'stem, made up of bodily hydrostatic pressure dh (which 

in the case of a fluid only relieves the ordinary fluid pressure and so diminishes the 

compression, § 79 infrct) together with noroial tractions on the interfaces between 

dielectric media, of intensity — — \idY acting towards each side, and tractions 

— JfdF on the surfaces of conductors acting towards the dielectric, 

38. A similar analysis applies to the electromagnetic forcive acting on a magnetically 

polarized medium. Excluding as before the part arising wholly from the interaction 

of neighbouring molecules, which (§ 44 infra) is not transmitted by material stress, 

but is compensated on the spot by molecular action due to change of physical state 

induced by it, the electromagnetic forcive proper is made up of a bodily force (X, Y, Z) 

and torque (L, M, N), where, (yf, v , w') representing the true current, 

X = v'y — iv'^ -j- A dajdx B da/c7y + C dajdz 

= VC — ivb -{- A-diy-ldx fl- ^dftldx -h Cdyjdx — ydgjdt + (Bdhldt, 

* That is, a reacting pressure ftVZP exerted by the interface will keep the medium in internal 

equilibrium ; no constant term is added because the pressure must vanish along with the polarization. 

t It is a normal traction equal to — (K — I) (KN® -F T^)/87r towards each medium, or in all a single 

traction (K^ — Kj) (27r>r''2/K^K2 — T'/Stt) towards the medium 1. 

O T- o 
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and L = By — C/3. Under the usual circumstances, in which the oethereal displace¬ 
ment-current can be neglected, these expressions are identical with the ones given 
without valid demonstration in Maxwell’s ‘Treatise.’*" The remarkable property 
is there established {loc. cit., § 643) that, independently of the form of the relation 
between magnetic induction and magnetic force in the medium and whether there is 
permanent magnetism or not, this bodily forcive (with the last terms neglected) can 
be formally represented in explicit terras as equivalent to an imposed stress : viz. ^ 
denoting magnetic force and magnetic induction, the bodily forcive is the same as 
would arise from (i) a hydrostatic pressure (il) a tension along the bisector of 
the angle e between ^ and 33, equal to Ilf 33 cos ~e/47r, (iii) a pressure along the 
bisector of the supplementary angle, equal to |^33 sin ~e/47r, together with an out¬ 
standing bodily torque turning from 33 towards |lf and equal to ||33 sin 2e/47r. 
When 33 and |lf are in the same direction, the torque vanishes, and a pure stress 
remains in the form of a tension /47r along the lines of force and a 
pressure in all directions at right angles to them. There is no warrant for 
taking this stress to be other than a mere geometrical representation of the bodily 
forcive. It is however a convenient one for some purposes.! Thus the traction acting 
on the layer of transition between two media, in which (a, y) changes very rapidly, 
which might be directly deduced in the same manner as the electric traction above 
(§ 35), may also be expressed directly as the resultant of these Maxwellian tractions 

* Vol. II., § 640. It will be observed that the force acting on the moving electrons which constitute 

the true current is here taken to be (w'7 — w'ji, In the investigation of Part II., § 15, 

which determines the motional force on a single electron, the expression for T represents the kinetic 

energy of the cetlier; it is transformed so as to be expressed in terms of the electric displacement of the 

a3ther and the electrons of the materials by introducing (F, G, H) whose curl gives the actual velocity 

of the oether near the electron ; and finally, after the forces acting on the electrons and on the tethereal 

displacement have thus been separated out, (F, G, H) is eliminated by the same relation. Thus the 

force acting on the single moving electron comes out as e — 27 — F...), where (f, is 

the velocity of the medium ; and the average force acting on the electrons in the element of volume, that 

is, the induced electric force causing electric separation in the element, is e (yc — zb — -,-), as 

there given. But in computing, as in Part II., § 23, the electromagnetic force on an element of volume 

carrying a current, it must be borne in mind that part of the above force on the single electron arises 

from the magnetism in this element of volume itself; and the principle of energy forbids that any part 

of the forcive on the mechanical element of volume of the material can arise from mutual actions inside 

the element, so that this part must be compensated by a reciprocal action of the moving electrons which 

constitute the current on those which constitute the magnetism, in a manner which might be expressed 

if necessary. Hence, when this local part is omitted in accordance with the general principle, the 

transmitted electromagnetic force is (r'7 — u''/3, as above, not (v'c — ^c'h, as 

previously stated in closer accordance with the AMP^:RE-M.\XWELL formula. Cf. § 44 rn/ru. [Observe, 

however, that in quoting Part II., § 15 (f, >], f) must now represent the velocity of the (ether multiplied 

by the square root of 4>7r times its very high coefficient of inertia; the unit of time was there tacitly 

chosen so that this factor should be unity.] 

[t For example, the repulsion exerted by alternating currents on pieces of copper or other con¬ 

ducting masses may thus most conveniently be represented.] 
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towards the two sidos of the interface. As there cannot be free magnetic surface- 

density or purely superficial current-sheets, the traction on the interface is represented, 

under the most g’eneral circumstances, whatever extraneous magnetic field may theie 

exist, by purely normal pull of intensity towards each side, where v is the normal 

component of the magnetization at that side. When the medium is non-magnetic, 

there is no such superficial traction, but only the bodily electromagnetic forcive on 

the true electric currents of the material medium, which is represented by the above 

stress system. 

39, The form of the mechanical forcive is identical whether the polarization is 

electric or magnetic, provided there are no electric currents; in the first case it is 

the material reaction to the static strain in tlie sether, in the other case it is the 

reaction to the motional mthereal forcive arising from the revolving electrons in the 

molecule. Omitting for simplicity the slight effect of the convection current in cases 

where any exists, the forcive arising from the electric polarization of the medium 

consists of a bodily force (X', Y', Z') and torque (L', M', N ), Avhere 

X' =/^ + ?' g + r f + /’P + ,</' I -‘I. T'' = » /<'Q, 

together with an interfacial traction between media 1 and 2 which is along the 

normal and equal to — 27ru'/ -f 27rn7 towards the medium 2, n' representing the 

component of the polarity (7 » normal; the motional foicive aiising 

from the magnetic polarity and the electric currents, consists of a bodily force 

(X, Y, Z) and torque (L, M, N) where 

C 7 + VC - ivh - ^ (lx 
L = Be - Qh, 

together Avlth a normal interfacial traction — -f 2771^1^ toxvaids the medium 2, 

V representing the normal component of the magnetization (A, B, C). When the 

mthereal displacement current is neglected, the latter forcive is the same as would 

arise from Maxwell's magnetic stress specification. It may be shown that 

X' = djclx {fT - \ (/P + i/Q + APv)} + djcly {g"?) + d/dz {h'T) -f Jidb/dt - gdcjdt, 

so that the former forcive is Avhat avouIcI arise from an analogous electric stress 

specification in which (P, Q, R), (/', g\ h'), Att {/", g", h"), correspond to (a, ^8, y), 

(A, B, C), («, h, c) respectively, with the exception hoAvever in this case also of 

an outstanding bodily forcive {hdhjdt — gdcjdt, which is not included in 

the stress. A theory Avhlch assumes that there is but one medium in which 

everything is transmitted by contact action, not two interacting media matter and 

rether as here, is compelled to get rid of any outstanding forcive like this, Avhich is 

not expressible explicitly in terms of stress : for this reason supporters of that view 

have found it necessary to introduce into the electric field a purely hypothetical 

mechanical forcive arising from the electric field acting on the so-called magnetic 
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current dldt [fj,, b, e), in analogy with the Amperean forcive arising from the 

magnetic held acting on the electric current. The addition of this forcive 

{hdhidt — gde/df, ...... , . to (X', Y', Z') and the omission of (— ydgjdt + I3dh/dt, 

from (X, Y, Z). permits both to he expressed eccplicidy in terms of stress. 

Maxwell’s Theorem of a Representative Stress. 

40. The mechanical forcive acting in a polarized medium thus corresponds in the 

main to the system of bodily force and interfacial traction wdiich is the result of 

Maxwell’s magnetic stress (‘ Treatise,’ § 640) considered as an extraneous system 

applied to the medium. The electric stress of Maxwell (‘Treatise,’ §105) is 

something wholly different, leading in the case of homogeneous media to interfacial 

tractions only, without bodily force ; it could thus have valid application onl}' to 

unpolarized media, as for example to the theory of gravitation which passes through 

material bodies just as through a vacuum. The proposition really established^ is 

that the mechanical forcive due to attraction at a distance, obeying the law of 

inverse squares, between material bodies, may be represented by a connexion in the 

form of an imposed extraneous stress symmetrical with respect to the lines of force, 

acting across the intervening medium, provided that medium is not in any way 

polarized by the force. A stress restricted by this relation of symmetiy involves 

only two variables, the principal tractions along and at right angles to the line of 

force ; and the essence of Maxwell’s theorem is that it is possible always to 

determine these two variables so as to satisfy the three equations of equilibrium of 

the element of volume of the medium. These principal tractions prove, as is well 

known, to be equal in magnitude but opposite in sign. The proposition is in itself 

so remarkable that it deserves to be formulated abstractly ■without reference to 

hypothetical applications. The representation of a given bodily forcive by a 

geometrical stress-system is in general a widely indeterminate problem, as the six 

.stress components have to satisfy only three equations : but the condition of 

symmetry with respect to lines of force restricts the stress so much that such a 

representation would only in special circumstances be possible. 

The regular local Molecular Forcive in an excited Dielectric: its Expression as a 

Stress-system: Exampjles of the Principle of the Mutual Compensation of local 

Molecular Forcives. 

41. In the above estimate of the mechanical forces acting on an element of a 

polarized medium, the influence of the general mass of the medium on the molecules 

in the element has been alone included ; it remains to consider the role of such terms 

as would arise from the special forcives of neighbouring molecules. The intensity of 

* ArAXWEiJ/, “ Qn physical lines of force,” Part I., ‘Phil. AFag.’ 21, 1861, es^iecially Pi’oii. TFl. 
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the local part of the regular electric force acting at a molecule has already been 
assigned (§ 19) as "sttI', very approximately for the case of fluid media, possibly not 
so approximately for solids. The argument was that owing to the translational 
mobility of the surrounding molecules, their action on the one under consideration 
averages into that of the uncompensated distribution of poles which would exist on 
the surface of a small spherical cavity in a continuous uniformly polarized medium,— 
or, more precisely, into that of a spherical shell of poles, of thickness not indefinitely 
small but with this law of distribution around the centre. For the interior of a 
uniformly polarized medium the local part of the electric force is thus at each instant 
constant throughout this cavity and equal to ^iri'; therefore the mechanical force 
exerted on the polar molecule (that is one involving equal numbers of positive and 
negative electrons) at the centre of the cavity is null, as it depends on the rate of 
variation of this electric force. But at a place where the polarization varies from 
point to point, the alteration in the law of surface-density over the cavity will supply 

a local part. 
When the polarization i' changes onl}^ in magnitude and not in direction, this part 

will arise from a distribution of uncompensated poles over the surface of the cavity, ol 

density — -f a; di'Jdx -f y di'Jdy + 5; di'Jdz) cos 6, where the subsciipt zero 
implies the value at the centre. If the axis of x is taken along the direction of i' 

the electric potential U in the interior due to this distribution is equal to 

— VTT ( t 
I X 0 

3 dx 
X — f 73- 

di. di\ 

dy 
0 

dz 
xz 

On a molecule of moment /r,„ at the centre, this gives a force 

— ix,4/dx {djdx, didy, djdz) U, that is -|7r/a., {^djdx, djdy, d/dz) i 0- 

Thus there is a bodily force due to this cause, of intensity |77 {^dldx, djdy, djdz) i'Q^ ; 

but there is not any bodily torque. 
42. Now let us proceed to the general case, in which the direction ol the 

polarization {J', y', /d), as well as its magnitude, varies Irom point to point; in the 
hypothetical case in which the effective distance between the poles ol a molecule is 
small compared with the average distance between neighbouring molecules, we 
can express the molecular part of the foreive on an element of volume by simple 
summation for f, g', and li separately, by aid of the expressions just found. 
Thus it consists of a bodily force (X^, Y^, Z^) and torque (Lj^, M^, N^), where 
Xi = fd?Jdx + g'dFJdy + h'dFJdx, = g'li^ - h'Q,, U,) being the local 

part of the electric force in the spherical cavity, so that 

dh' 

'dx 

Hence 
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x,= Itt /' ^ + ^/' 1 + ^' ^)/' + i (/" + i/" + -1/'^ ^ . \ .V d 

dx dj! dz dx 
A f 1 "-H- 

\ d.x dy 

dll' 

*’^1* M - + !7' + i + &) - 'J [ai dy j \ dz do: 

with similar expressions for and Zj^; while the torque vanishes in the limit. 

43. In these formulse the aim has been simply to represent as they are the regular 

local forcives acting on the molecules, as a distribution of force throughout the 

volume and, if need be, of traction over the surfaces of the material, thus avoiding 

the use of any hypothetical stress-system which might be a geometrical equivalent. 

It will presently be shown that an extension of the ideas underlying the Young- 

PoissoN principle of the mutual coinj^ensation of molecular forcives, employed in the 

theory of capillary action, recjuires that this local forcive shall set up a purely local 

physical disturbance of the molecular configuration in the material, until it is thereby 

balanced ; in the case of an isotropic medium in a steady state it must thus neces¬ 

sarily be expressible as an imposed stress symmetrical with respect to the direction 

of polarization. 

Let us, therefore, with a view to the verification of this proposition, analyze the 

eftects of an internal stress symmetrical with respect to the lines of some kind of 

polarization denoted generally by i or (/, y, li). Such a stress must be of the type 

of a tension (p -f q) along these lines combined with a tension qi^ in all directions 

at right angles to them ; for the stresses we are examining clearly vary as the square 

of the polarization. Thus the stress must be made up of a hydrostatic pressure 

— qv^ combined with a tension pr along the lines of the polarization. The tractions 

exerted by the latter part on elements of interface parallel to the coordinate planes 

yz,zx, xij^VQ, per unit area, Ujf\ qfg, qfh), {qgfy qg~, qgh) and {qhf, qlig, qh~). Hence 

the total force exerted by the stress on the element of volume Sx By Bz is, per unit 

volume, (X, Y, Z) where 

X = ^ (pP) +(</Y) + {'!<//) + f (</¥) 

U' + hi) P + if (f; + + 
% 
d.i 

df dh\ 

do: ' dx ’ ' dy 

L I'M' 
dy • 

and, the stress being self-conjugate, there is no torque. On comparison ot this force 

with the local molecular, or cohesive, force on the element ol volume, of electric 

origin, expressed above, it appears that they are of the same type provided 

f dxg dyh dz is an exact differential, which is the case with the equilibrium 

electric polarization i' or {f, g, h') induced in an isotropic medium, the electric force 

being always under conditions of equilibrium circuital. The material stress which 

represents the regular electrostatic part of the molecidar forcive by Avhich the 

molecules hang together, is therefore a tension l .-f Trf' along the lines of the polarization 

i' combined with an equal pressure in all directions at right angles to 
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them.'^’^ If, however, the medium were crystalline, the stress would be of a more 

complex type than this, being related to the crystalline axes as well as the axis of 

polarization. When the interface is the surface of a conductor, the forcive on the 

charge of free electrons which pervades the layer of transition adds nothing to this 

effect beyond what has been already set down ; for the electric force due to a volume- 

distribution of single poles or electrons has no finite j^art depending solely on the 

element of volume at which its value is expressed, that is, it involves no molecular 

term, 

44. The analysis here given is not however numerically applicable to a case in which 

the effective distance between the poles of a molecule is comparable to the distance 

between neighbouring molecules. The system formed by a bundle of iron nails 

suspended from the pole of a magnet and hanging on to each other against gravity, 

which has been used as an illustration of the molecular part of the forcive in the 

previous papers, does not come under these formulm. That system may however be 

employed with advantage as a real illustration of the general principles, especially if 

we imagine the magnetized iron nails to be connected by springs or imbedded in an 

elastic matrix. When no extraneous forces such as gravity act on this model of a 

molecular medium, it adjusts itself into a condition of internal equilibrium, in which 

attractions between the magnetic nails are locally balanced by repulsions exerted by 

the springs. The various local molecular forcives, typified here by these attractions 

between magnets and forces exerted by springs, precisely compensate each other in 

each portion of the medium. If an additional magnetic field is introduced, which 

alters the magnetic polarities of the nails, the parts of the medium will change their 

shapes and volumes until compensation again supervenes : there will thus occur an 

intrinsic deformation of the medium, and there may be also intrinsic changes of its 

physical properties, associated with the polarization and proportional in simple cases 

to its square. Suppose now that an extraneous force like gravity, or the magnetic 

field arising from the medium as a whole, begins to act, that is, a regular mechanical 

force on the medium in bulk so that it is in the aggregate proportional to the volume 

on which it acts ; this will produce a further deformation, but one proportional to 

the first power of the exciting force. The local internal molecular forcive will again 

no longer be exactly balanced ; but the unbalanced part will possess at each point 

the characteristics of an elastic stress system, because when the element of volume 

is small enough the tractions thus arising over its surface must equilibrate without 

any assistance from the then negligibly small extraneous bodily forcive. Even then 

however this elastic stress excited by an external field cannot be specified in terms 

of surface tractions unless the dimensions of the smallest element of volume which 

the circumstances require us to consider are large compared with the range of the 

intermolecular forces. Unless that is the case, the energy of elastic strain of the 

element of the medium, expressed in Green’s manner, will involve higher fluxions of 

* This is an example of Maxwell’s theorem, ^ 40 supra. 

2 L VOL. CXO.—A. 
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the clisplciceuient in addition to tliose of the first order, and the ec|Uilibriuin oetween 

two contiguous portions will not depend on continuity of displacement and of surface 

traction alone : other quantities also would have to be continuous for which there is 

no interpretation in the ordinary analysis of elastic reactions : the elastic stress 

would in fact not then be expressible in terms of tractions on interfaces. In such a 

case the only jirocedure that seems open, as the science of mechanics is now con¬ 

stituted, would be to transfer the efi'ects of that part of the elastic eneigy which 

involves higher differential coefiicients to the class of intrinsic or non-mechanical 

deformations. 

45. In this theory of electric polarization the division of the forcive per unit volume 

into a molar and a molecular part lias been made by means of the ideal volume and 

surface densities of Poisson, wdiich are the equivalent as regards outside points of the 

actual polarization of the material. This method consists essentially in computing 

the forcive by combining opposed poles of neighbouring elements, instead ol taking 

the single polarized element as the unit ; it shows that these adjacent poles nearly 

compensate each other except as regards a simple volume density whose attraction 

has no molecular part, and a surface density partly at the outer surface and partly 

at the surface of the cavity which contains the point under consideration. The 

effect of the latter surface density, depending as it does wholly on the immediate 

surroundings, is the molecular or cohesive part of the average forcive. 

These principles may be enforced and illustrated by contrast with a procedure b}^ 

separate molecules which would usually lead to a different result; it will suffice to 

consider the case in which the polarizatioir is uniform in direction throughout the 

material. If the axis of x be taken in the direction in wdiich the intensity of the 

electric polarization changes most rajiidly in the neighbourhood of the point con¬ 

sidered, it is easy to see that the bodily force on an element due to the surrounding 

polar molecules is parallel to x and equal to — {nf'dJ''ldx-{-hg'dg'jdx-\-hh'dh Idx), 

and thus derivable from a potential function — ^ -f hg'^ + tJ/b®), where a, ij are 

constants. In the case of an interface of rapid transition from one uniformly polarized 

medium to another, there is'thus a forcive only in the transition layer, and its integral 

throughout that layer is equivalent to a traction parallel to the axis of .r, of intensity 

siir^ wdiere 0 is the angle between the interface and the axis 

of X, jiulling at the interface into each medium. If the polarization {/', g', /b), or i', is 

normal to the interface, this traction is — -lab^siiffd, if tangential it is — sin-0. 

To estimate the values of a and !), we may consider separately the forcives exerted by the 

molecules of the polarized medium on /Xy, jx^., the components of a molecular moment 

p situated in the neigbbourhood of the interface, in the case wdien the intertace is 

normal to the axis of a:. The outstanding terms in the aggregate forcive due to the 

surrounding molecules, wdiich do not cancel each other by symmetry, are normal to the 

interface and make up /x.^. -j- d'‘r~^ j dx dij^ -}- ix^^(X:d^r~^/dxdz~; 

or, per unit volume, “ w d“ wlierein a = — 2b because = 0. 
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The point, however, to be noticed is that this expression for the toted traction on an 

interface, due to both molar and molecular forcive, which makes the pull on an 

interface lying normal to the lines of polarization twice as great as the push on one 

tangential to those lines, holds only for the case in v/hich the material is polarized in 

the same direction throughout the whole extent of its volume. We may estimate by 

Itself the action of the surrouncling portion only, extending to any distance we please , 

but the action of the remaining outside part of the merlinm will still involve that of 

an inner surface density of uncompensated poles which will remain of undiminlshed 

order of magnitude. This procedure by separate molecules is thus not suitable tor 

discrimination between the forcive due to the medium as a whole, which is trans¬ 

mitted, and the molecular forcive which is compensated locally. 

46. The justification of the theory here applied, which balances on the spot the 

molecular part of the forcive due to the electric polarization, by an Intrinsic cohesive 

stress in the material which is independent of the material elastic constants and 

strains at the place, may be further enforced by consideration of the Ideally simple 

case of a gas. If a system of bodily forces act on it from a distance, they can always 

be balanced by a simple increase of pressure when they are derived from a potential 

function; while if they were not so derived the medium could not be in equilibrium. 

The dual phenomenon of equilibrium of the element of volume maintained by a 

balance between two forcives, an extraneous and an internal one, is really a balance 

between a forcive on the element of volume acting from a distance by the mediation 

of the mther, and another forcive arising according to the explanations of the theory 

of gases from the impacts of the molecules surrounding the element and, in the case 

of dense media, in part also from cohesive molecular actions. It is in this case a 

balance between a static bodily forcive and a steady kinetic molecular one; if the 

force transmitted through the rether from a distance increases, and equilibrium is to 

be maintained, the molecular configuration must be adjusted so that the impacts and 

the local molecular attractions shall continue to preserve the balance. When to the 

forces actino’ from a distance are added coordinated electric attractions between the 

molecules of the polarized medium, a further adjustment of molecular configuration 

must ensue. Now when the gas is electrically polarized, the attractions between 

neighbouring molecules give a forcive, not isotropic like a fluid pressure, but depend¬ 

ing' on the direction of polarization ; its action w^ill thus alter the originally fortuitous 

arrangement of the velocities of the molecules ot the gas so as to impart to then 

distribution a slightly axial character, and when this has resulted in a new steady 

state the pressure due to the impacts will be different according to the manner in 

which the element of interface that is pressed is related to the line of polarization. 

This molecular addition of an intrinsic local stress, which has not the character of the 

ordinary fluid pressure, will just balance the action of the local electric attractions 

when the state of the system has again become steady ; and being thus itself com¬ 

pletely compensated locally, there will remain nothing of the molecular part of the 

2 L 2 
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electric mechanical forcive to be transmitted across the material medinm. The 

argument applies with suitable modification to any isotropic medium, as well as to a 

gas; for an seolotropic solid the specification of the actual molecular stress of 

different orioin which thus balances for each element the molecular electric forcive 

Avill be more complicated, involving the axes of molotropy as well as the axis of 

polarization 

47. For present purposes the important consequence is that, under circumstances 

of equilibrium, that part of the forcive on an element of a material body which arises 

from the excitation of neighbouring molecules and is expressed in terms of them 

alone, is not transmitted by material stress, but forms a balance on the spot with the 

cognate internal molecular forclves of other types."^ The only circumstance that 

might apparently vitiate this conclusion would be that the transitions between 

different media may be too abrupt to be treated, from the point of view of individual 

molecules, as really gradual transitions, after the manner of the above analysis; but 

even if we could imagine such a case, the discrepancy must for fluids be made up, 

provided the interface is a permanent one, by capillary forces in the interfacial layer, 

the effect of an outstanding surface derangement of energy. 

In a dielectric body situated in an electric field there is thus the mechanical strain 

due to the field; and there are also intrinsic change of volume and other dimensions 

and of physical properties, proportional to the square of the local polarization. If 

the dielectric is solid, those changes of dimensions may not fit in with the continuity 

of the material without the intervention of secondary strains ; but in fluid media the 

case is simple and precise, as no strain other than mere compression can exist. 

TJte Mutual Compensation of Local Molecular Agencies: Organized and Unorganized 

Energy: The Single Postidate of Thermodynamics, Avcdlcdde and Degraded 

Energy : Physical Basis of the Idea of Temperature. 

48. The scope of these molecular considerations (§§ 43-47) is wider than the special 

problem of polarization by which they are here precisely illustrated. To an intellig¬ 

ence that could follow the play of interaction between the individual molecules of 

* This principle of compensating molecular forcives was briefly enunciated for capillary action and 

applied by Young in his Memoir “ On the Cohesion of Fluids ” : ‘ Phil. Trans.,’ 1805. It forms the 

basis of Poisson’s “Nouvelle Theorie de I’Action Capillaire,” Paris, 1831, in which the attraction 

between the molecules of a fluid is balanced by a repulsion of much smaller range, supposed to be due 

to their caloric ; cf. especially Ch. VII. Cf. also Lord R.\yleigh “On the Theory of Surface Forces,” 

‘Phil. Mag.,’ 1883, 1890, 1892, especially 1892 (1) pp. 209-220: and Y.4.N der Waals’ “Essay on 

Continuity of the Liquid and Ga.seous States.” In these illustrative discussions, in which the 

intermolecular forces are restricted to a non-polar chai’acter, the compensating stress is usually found 

in the assumption of an intrinsic fluid pressure of range much shorter than that of the attractions 

between the molecules: the principle however in its general form only asserts that this compensation 

must exist, and there is no necessity to specify its character. 
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matter, mechanical forces, in the ordinary sense, would not exist. The actual 

interactions between the molecules are however necessarilj^ presented to us divided 

into various statistical groups, which are the subjects of perception by different 

senses; and it is the business of physical theory to follow out the relations of these 

different groupings to each other, and to trace them all back into the ultimate unity. 

The total energy of the molecules of a material body, corresponding to any kind of 

excitation or polarization, is thus for us made up of various parts. There is a part 

involving the interaction, with any molecule under consideration, of other molecules 

at finite distances, which integrates into an energy function of applied mechanical 

forces of the system, such for example as gravitational or magnetic forces. Of the 

remainder of the energy, which arises from the mutual actions of neighbouring 

molecules, a regular or organized part can be separated out which represents the 

energy of elastic stress, and is a function of the deformation of the element of 

volume treated as a whole : this stress arising from the immediate surroundings in 

part compensates, for the element of mass under consideration, the applied mechanical 

forces aforesaid. The remaining, usually wholly irregular, parts of the local inter- 

molecular forces and motions compensate themselves mutually on the spot,—or at 

any rate can be considered as thus compensated by other such forces, of different 

origins, that are not at present under consideration.* The temperature depends in 

fact on this irregular residuum of forces, and so do the density and the other 

physical properties of the medium, which are thus affected when, owing to 

polarization or other excitation, this local part of the molecular forces and motions 

is altered. If we adhere to these principles, it will not be allowable, in deriving the 

applied bodily forces of a polarized material system from its organized energy of 

polarization, to vary such physical constants of the element of mass as occur in the 

expression for the energy ; for we should thereby be trenching on that part of the 

energy whose variation is compensated molecularly without directly originating 

transmitted bodily forcive, c/i § 63. 

49. It seems desirable to have names for the two parts into which the total energy 

of the molecules of a material medium is thus divided. If we agree to maintain the 

original precise meaning of the term mechanical (as above employed), viz. that a 

mechanical force is one which we can actually control for doing work for our purposes 

on matter in bulk, in contrast with a molecular force which we can reason about but 

not directly employ, we may call the regular part the mechanical energy, and the 

remaining wholly irregular part the non-mechanical; we may also use (as above) the 

* The principle of D Alembeet, which is the basis of the dynamics of finite material bodies, 

necessarily involves this order of ideas. That part of the ag'gregate forcive on the molecules in the 

element of volume which is spent in accelerating the motion of that element as a lohole, is written ofl"; 

and the regular part of the remainder must mechanically ec|uilibrate. But the wholly irregular parts 

of the molecular motions and forces are left to take care of themselves ; which they are knov,'n to do 

for the simple reason that the constitution of the material body is observed to remain permanent. 
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terms organized energy and 'unorganized energy with the same meaning, the reference 

being now to the material medium as a continuous organic whole, transmitting applied 

forces by stress, not as a numerical aggregate of separate molecules. But it is to be 

observed that the distinction which is thus intended to be made is not the same as 

the thermodynamic division \\\io free and hound energy, employed by vox Helmholtz, 

which is itself precisely equivalent to the earlier division into available and dissipated 

energy, formulated by Lord Kelvin and Eankixe. The energy which in its actual 

condition is as regards direct mechanical effect unorganized, may become in part 

organized by aid of a physical transformation involving sifting processes of molecular 

fineness, which are necessarily non-mechanical and have no place in the dynamics of 

finite bodies. Thus the unorganized energy of two masses of different gases, at the 

same temperature and pressure, may be in part converted into organized energy and 

so into mechanical work by allowing them to transpire into each other across a porous 

partition, tlie diameters of whose pores approach molecular dimensions ; and the trans¬ 

formation in this case shows itself in a resulting fixll of temperature, when the work 

has been done. In the same way mechanical work may be derived from the 

unorganized energy of liquids by utilizing osmotic pressure; and the stores of energy 

of chemical combination of electrolytic substances, which as it exists in them is 

unorganized, can be largely utilized by making use of the sifting agency of electric 

force on their dual constituents. All these unorganized energies are therefore in part 

thermodynamically available, and others not now available may become so by means 

of yet undiscovered processes. But the unavailable or bound energy of thermo¬ 

dynamics is tlie residuum which we cannot render mechanical by any sifting process 

in bulk, or by anything short of the application of constraint to the individual 

molecules. This residuum may not be absolutely irreducible, but as the knowledge 

of phvsical transformations increases, some parts of it may be raised into the domain 

of available energy: on the other hand the recognition of temperature coefficients in 

reversible processes will show that some energies previously considered as wholly 

available are really in part unavailable. Each such discovery in fact involves an 

amendment or improvement in the corresponding thermodynamic relations ; a process 

which has happened, for example, with respect to Lord Kelvin’s law of electromotive 

force of a voltaic cell. 

aO. Once the idea of temperature is acquired, the whole science of Thermodynamics 

is implicitly involved in the principle of dissipation, that the unavailable part of the 

energy of an isolated material system always tends to increase, never of its own accord 

to diminish. The inference follows directly from this principle, by the reasoning first 

employed by Sadi Carnot, that if the system pass from a state A to a state B such 

that it can retrace its jiath back to A, the unavailable part of the energy is not 

changed: thus there is a whole “ complexus of states, with perfect conti¬ 

nuity of transformation among them, so that any one state is freely convertible 

whether the process has been actually discovered or not—with any other for which 
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the available energy is the same, by transition through any intermediate series of 
these states; and we can jiass continuously fioiu one such complexus to the others in 
which the whole series of possible states are included, by additions of available energy 
to the system. The available energy is thus an analytical function of the physical 
condition of the system, including its temperature; and the trend of spontaneous 
change in an isolated system is in the direction in which this function diminishes, the 
positions of stability, as regards mechanical and thermal and also constitutive disturb¬ 
ance, being those for which it is a minimum. The circumstances of all steady con¬ 
figurations of matter, whether static or kinetic, are determined by this law.^" It is 
more direct to- state the proposition in the form that the unavailable energy tends to 
a maximum, the presumption being that sensible energy is available until it is shown 
to be otherwise. This principle, that energy tends to become mechanically dis¬ 
organized, or that it never spontaneously tends to organize itself, cannot from its 
nature be other than axiomatic : and the formation of the available energy function 
for the different states of matter is then the main business of Thermodynamics. The 
reversible processes which thermodynamic argument employs are ideal types of regular 
change, theoretically realizable by mechanical constraints which do not control the 
individual molecules—the limiting forms, it may be, of imperfectly reversible changes 
which we can actually produce; the states of matter thus derivable from each other 
are shown, from the equality of their available energies, to liave definite mutual 
relations which are independent of the ideal process (or construction, to use a 
geometrical analogy) by which the transitions between these states have been 
imagined. 

The really abstruse abstract problem of the subject is that of the nature of tem¬ 
perature; and the principle most in need of elucidation is that, when a body A is in 
thermal equilibrium with B, and also B with another C, then A would be in thermal 
equilibrium directly with C. The most definite thermal specification of a body is 
the quantity of energy it contains ; twm bodies are in thermal equilibrium when there 
is no tendency for energy to pass from one to the other, independently of change of 
molar configuration or molecular constitution; they are then said to be at the same 
temperature. The rationale of this transfer of energy has been made out for the 
case of gases, where the exchange takes place in encounters between the molecules, 
so that there is no tendency to transfer from one mass of gas to another in contact 

* In so far as our constitutive knowledge of material systems relates merely to comparison of different 

steady states, it can be wholly based in Willard Gibbs’ manner, like ordinary statics, on relations of avail¬ 

able energy of a simply additive character: it is where our knowledge becomes more intimate, and we 

attempt to trace the courses and rates of kinetic phenomena, for instance in material kinetics, electro¬ 

dynamics, optics and vibratory phenomena in general, that the simple relations of energetics become 

insufficient as a mathematical basis for general physics. The principle of available energy suffices for 

tracing the relations of matter in bulk through the various steady phasc.s in which ex jiu&t facto it is 

found to exist; but the genesis of these jihases is expressly excluded ITom its domain. 
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with it if the mean translatorj energy of the molecules is the same for each. This 

principle of temperature-equilibrium shows that, for all states of mattei, the 

equilibrium of energy between bodies in contact in a steady state in\olv'es that a 

definite molecular relation of the one body shall equilibrate a definite molecular 

relation of the other; and its universality requires that this relation, whatever it 

may prove to be, shall be a very fundamental one. 

51. It would seem that we can make at any rate an advance towards a complete 

view by realizing that, even if our sensations of heat had not compelled us to assign 

a fundamental place to temperature in the physical scheme, the principle of negation 

of perpetual motions must have led to the formulation of that conception, just as it 

lias in fact led to the conception of potentials. If thermal equilibrium between two 

homon'eneous bodies A and B in contact were not conditioned merely by some 
o 

phvesical property of A alone being equal to some property of B alone, then if we had 

A in contact with B, and B with C, each in a state of equilibrium, and, removdng B by 

mechanical means, moved A into direct contact with C but with such ideal constraint 

applied to the matter in bulk that chemical action is prevented, the physical state of 

each of these latter bodies would become changed, involving the pei'formance of 

mechanical work; and a self-acting cycle could be designed by vv^hich we might thus 

obtain an unlimited quantity of work, that is, so long as there remained any diffused 

molecular energy to be converted. Hence in equilibrium there must be a property, 

namely the temperature, of each indivddual body in the field that has the same value 

for all of them ; although of course this does not prevent us from imagining a 

partition or constraint, nearly adiathermanous, across which such equilibrium would 

be established as slowly as we please. It follows also that equilibrium of tempera¬ 

ture must be the same whether it is brought about by conduction or by radiation. 

Temperature, as thus introduced, has nothing to do directly with the field of force in 

which the body is situated : for the relations of bodies to fields of force, in which 

they are moved about, are treated independently in the consideration of energy 

relations, and must not be introduced twice over,—or, in other words, the perpetual 

motion principle can be directly applied. 

The single fundamental principle, on vvdiich all thermodynamic and thermochemical 

theory rests, would thus be the axiom of the negation of perpetual motions : and this 

stands rather in the relation of a principle that could hardly be conceived to be other¬ 

wise on any feasible physical scheme, than of one of vvdiich vv^e can expect to offer any 

formal demonstration. Various essays have been made to deduce Carnots principle 

and a dynamical specification of temperature from special liypotheses as to molecular 

action : it may be held that, in so far as these are useful it is by way of illustration. 

It is evmn possible to conceive, l)ut onl}^ in a highly abstract sense, that thermo¬ 

dynamics might have been developed in Carnot’s manner out of the perpetual 

motion axiom alone, without the aid of Joule’s demonstration of the nature and 

measure of heat; tliere would then have been merely no knowledge of what had 
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become of energy that had ceased to be mechanically available. It is thus the 

principle of the limited conservation of available energy, rather than the complete 

conservation of total energy, that reigns in general noii-molecular physics. 

There is still however the complication that the available energy of a system 

is not a function of its state alone, but involves comparison with some standard state 

into which it is possible for the system to be transformed. To find the extent of 

this undetermined element, let us simplify the relations in the ordinary manner, 

by adopting the scale of temperature that is given by the expansion of an ideal 

perfect gas, and find out how much energy is dissipated or lost to available 

mechanical effect, when a quantity of heat Hj is abstracted at the temperature 

and of it H is returned at the temj^erature T. If all possible mechanical effect were 

produced, only • T/T^ would be thus returned instead of H : hence the dissipation 

is H — Hj. T/T^ or T (H/T — Hj/T^). Thus an operation of this kind which does 

not involve dissipation does not alter H/T ; and by accumulation of such changes it 

follows that any two states of the system which are convertible without dissipation 

have SH/T the same for both. The entropy function of Clausius thus necessarily 

enters into the analytical formulation of the principle of mechanical availability. 

Between a standard state at temperature Tq and another state at T the dissipation 

rs T {(fi - 4) ; thus the available energy A in the latter state is E — T> + T()^o> 

where E is the total energy which involves an undetermined constant part, and cf)Q is 

another undetermined constant which represents the entropy of the system in the 

standard state. I he temperature of the starrdard state to which the system is 

referred could not of course be the ideal, practically infinitely remote, temperature 

winch IS called absolute zem that worrld imply that the energy is all mechanically 

available as in ordinary statics. 

The presence of this undetermined multiple of T does not really restrict the 

application of the theorem of minimum availability : it merely implies that when 

once mechanical and constitutional equilibrium has been determined at any assigned 

temperature by making A a minimun with respect to the other independent variables, 

still further degradation will occur if opportunity is allowed for fall of temperature 

by escape of energy from the system. All that it is necessary to ascertain iir any 

problem is the equilibrium as regards physical state and chemical constitution at 

each temperature, and the capacity of the system for heat, which specifies the 

thermal change that occurs when the temperature is altered. There is no restriction 

involved in taking the temperature the same throughout the system, for that is 

a necessary condition of equilibrium : when it is convenient to imagine partitions 

impervious to heat, the parts of the system thus separated can be treated as 

independent systems. The available energy, here arrived at directly from the 

* This seems to be substantially tbe position whicb Rankine took up in 1853 (“ Scientific Papers,” 

p. 311): cf. also the weighty introduction to “Outlines of the Science of Energeties,” 18.58, he. cit, 

pp. 209-220. It is in fact the standpoint of Carxot’s “ Reflexions.” 
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perpetual motion postulate, is the same as the free energy of vox Iielmholtz s 

exposition : he has explained (“ Abhandlungen,” IL, p. 870) how its form can he 

experimentally ascertained lor the different phases of mattei, except as legards 

an undetermined part, as above, of form L + MT, where L and M are constants ; 

that then the equilibrium state of a system of reacting bodies at any assigned 

temperature is the one that makes it minimum for that temperature, thereby formu¬ 

lating the general solution of the i)rohlem of physical and chemical equilibrium ; 

while the other properties of the system, heat-changes and heat-capacities, as well as 

total energy and entropy, are obtained from it directly by processes of diffeientiation. 

The available energy is thus a single cliaracteristic function which includes and 

determines completely the circumstances, mechanical, thermal, and constitutive, 

of the steady states of an inanimate material system. 

Application to Fluids: Laplace’s Intrinsic Pressure: Laiv of Osmotic Pressure : 

Laws of Chemical Equilihrium. 

52. In an incompressible fluid medium in equilibrium, no part of the bodily 

extraneous forcive is compensated by reaction arising from special strains produced 

around the element of volume itself; it is all transmitted by fluid pressure 

independently of the special physical constants of the medium. For equilibrium to 

subsist in a polarized fluid, the applied mechanical forcive must simply be derived 

from a potential, ^^hen the induced polarization follows a hiieai lav, this 

potential must also be equal and opposite to the oi’ganized energy induced per unit 

volume in the medium on which this extraneous foicive opeiates , foi the total 

organized energy that has been spent in the polarization of the element Sr is equal 

to St multiplied by the scalar product of the polarization and the polarizing foice, 

and of this one half is mutual energy of the polarizations of the elements of volume 

and one half is mechanical work done in the process (cf. §71). If therefore the 

organized energy of the internal excitation of the medium is expressible as a volume- 

density of energy represented by a continuous function, the fluid medium will be in 

internal mechanical equilibrium ! but if that function is discontinuous so that in 

crossing some interface the density of induced energy abruptly changes its value (as 

for example may be the case v/hen the interface separates two different substances) 

then in order to maintain equilibrium the applied forcive must include a traction 

applied to this interface along its iiormal, of intensity equal to the difference of the 

densities of energy on its two sides, and acting towards the side of smaller density 

of energy. At an external boundary there must similarly be applied an outward 

traction along the normal, equal in intensity to the density of organised energy 

induced in the })art of the substance that is just inside. 

To illustrate and elucidate this by the electric phenomena, consider the interface 

between two dielectric fluids to be maiutained in position by an applied traction ; 
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let an element SS of it sustain a di.splacement Sn along the normal, of amount very 

slight compared with the linear dimensions of 8S. If no other boundary ^Yithin the 

range of the electric field is thereby affected,—for instance if each fluid is supposed 

to be continued in a narrow tube to a great distance beyond the field and simply 

advances or recedes in the end of this tube,—the change of organized electric energy 

is merely the substitution of a volume SSS71 of energy of the one intensity for the 

same volume of the intensity on the other side of the interface. The displacement of 

SS of course affects the state of the field all over, but by hypothesis the electric field 

was in internal equilibrium, so that the change of the organized energy of any 

volume-element of the mass arising from a slight derangement is of the second order 

of small quantities, and produces no sensible effect. The above change of energy is 

thus equal to the work done by the extraneous traction over SS ; which confirms the 

result already obtained (§37) by detailed analysis of the polarization, that the 

traction is along the normal to the interface and equal in intensity to the difference 

of the densities of the organised electric energy on its two sides. 

53. It is advantageous in connexion with this subject to form a definite conception 

of the transmission of ordinary mechanical pressure in a liquid. Let us imagine an 

ideal infinitely thin interface in the fluid : what concerns the equilibrium of the fluid 

on one side of it is not the pressure which that fluid exerts on the interface, but the 

forces that are exerted on that fluid itself both by the interface and by the molecular 

attraction of the fluid on the other side of it. As the range of molecular attraction 

is very small, these forces together make up a pressure on the fluid, equa,l in 

circumstances of molecular equilibrium to the resistance of the interface against the 

impacts of the molecules diminished by the attraction exerted on these molecules 

across the interface; and this is the pressure that is transmitted by the fluid. For 

imagine a canal or tube in the fluid, with infinitely thin sides, and of diameter large 

compared with the radius of molecular action, and consider the equilibrium of the 

mass of fluid contained in it between two cross-sections A and B. There will be 

this pressure acting on the fluid just inside A, and a similar pressure acting on the 

fluid just inside B; and unless these are equal, or balance each other with the 

aid of extraneous applied forces such as gravity, the mass of fluid cannot be in 

equilibrium. This is Pascal’s principle, that the mechanical pressure is trans¬ 

mitted unchanged in amount, except in so far as it is compensated by extraneous 

mechanical forces. It is to be noticed that the argument does not assume that the 

fluid between A and B is homogeneous, all that is required is that it be in equilibrium; 

the cross-sections A and B may be in different fluids, with an interface between, and, 

provided the diameter of this ideal canal is large compared with the radius of 

molecular action, the interfacial forces will practically all be mutual ones between 

molecules inside the tube, and so will not affect the transmission of pressure. It is 

this transmitted pressure that is the subject of actual measurements : for example 

m Andeews’ experiments on the compression of carbonic acid, it is the pressure 

2 2 
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so transmitted tlirongh the mercury into the companion manometer tube containing 

perfect gas that is measured aud is represented on his diagram of isothermal lines. 

The two terms of which it is the difference, namely the reaction of the interface 

against molecular impacts, and the molecular attraction across the interface, are 

separately represented in Van her Waals’ characteristic equation. When the 

^’irial equation of Clausius is applied to a mass of liquid with a free surface 

abutting on a gaseous atmosphere, there results the relation that the pressure of 

this atmosphere against an outer boundaiy, which is the same as the transmitted 

pressure in the liquid, is equal to two-thirds of the part of the mean density of 

kinetic energy in the liquid that is connected with encounters and mutual forces 

between the molecules, together wdth one-third of the mean virial per unit volume 

of these intermolecular forces, the latter part being negative and, if polar forces 

could he assumed absent, of Clausius’ form ; and this without reference to 

the character of the transition between liquid and gas at the free surface. When 

on the other hand the virial equation is applied to a mass in the homogeneous 

interior of the liquid, bounded by an infinitely thin interface, the virial of each 

molecule vanishes because the attractions acting on it compensate each other on 

the average, and the result is that the kinetic pressure exerted by the fluid on this 

interface is simply two-thirds of the mean density of kinetic energy of the bodily 

motions of the molecules, their internal constitutive energies being excluded.* It 

follows that the mutual molecular attraction across the interface produces a pressure 

on the interface from each side equal to the mean \drial per unit volume; as in fact 

would flow directly from the principle that two statically equivalent force-systems 

have the same virial. 

54. Let us construct as above an ideal rigid tube, with infinitely thin walls which 

exert constraint on the molecules but no attraction, having one of its open ends A in 

the liquid and the other B outside it; but let us now suppose that the diameter of 

the tube is small compared with the radius of sensible molecular action, winch implies 

that this radius extends over a considerable number of molecules. The molecular 

forces acting on each molecule in the tube, whether near the end of it or not, are now 

almost v/holly due to molecules outside it, and are on the average self-balancing, 

except in the case of molecules at the free surface which are subject to the whole 

inward molecular attraction of the liquid. The equilibrium of the contents of the 

tube, which are liquid in one end and gaseous in the other, therefore requires that the 

kinetic pressure on the molecules in the liquid end A exceeds that on those in the 

gaseous end B by a constant amount, namely the pressure due to the inward attrac- 

* Some consideration is required as to the omission of the virials of mutual forces acting inside the 

separate molecules: these must he taken as wholly compensated by kinetic energy of internal motions 

not thermal, which is legitimate in so far ns molecular encounters do not sensibly excite radiation but 

only slow free precessional motions, and so do not sensibly distuib the configuration of the internal 

dynamical system of the molecule. 
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tion exerted on the surface molecules in the layer of transition. It follows that the 

pressure of molecular attraction across an internal interface, which is the virial per 

unit volume with changed sign, is equal to Laplace’s intrinsic pressure K in the liquid 

arising from the inward attraction of the surface molecules. This equality is easily 

seen to involve the consequence that the layer of transition at the free surface is very 

thin compared with the radius of molecular attraction, an important conclusion of 

which the bases are here the statistical stability of the liquid state, the dynamical 

principle of the virial, and the hypothesis that the range of sensible molecular attrac¬ 

tion extends over a considerable number of molecules in the liquid state. In the 

condensation ol a vapour there is degradation of internal energy into sensible heat of 

amount equal to the latent heat of condensation diminished by the work of condensa¬ 

tion of the vapour and increased by the volume of liquid thereby produced multiplied 

by the Laplaciax pressure K. 

55. Consider two fluids, one the pure solvent and the other a solution, separated 

by a rigid porous partition, with extraneous pressure applied on the side of the 

solution to balance the osmotic pressure and so to produce equilibrium as regards 

transpiration through the partition. Now let a slight amount of transpiration occur 

by very slightly reducing this extraneous pressure ; thereby work is done against 

that pressure, equal to its intensity multiplied by the change of volume owing to 

transpiration of the solvent into the solution. Tlie operation takes place steadily 

under conditions of equilibrium, so that it can be reversed either by a known process 

or, as we might assume, by some process not yet discovered—in this case merely by 

reversing the pressure, or it may be cyclically by evaporation : thus the work is done 

at the expense of an equivalent of available energy, partly thermal, and partly of a 

molecular type which would otherwise run down into heat of mixing of the liquids. 

Hence the osmotic pressure between two fluids is equal to the whole amount of free 

or available (not total) energy that would be degraded when unit volume of the pure 

solvent is mixed with an indefinitely great volume of the solution into which it 

transpires, supposing that there is no sensible change of volume in that process; if 

there is change of volume this value must be altered in the ratio of the final to the 

original volume of the transpired material: so long as the dissolved molecules are out 

of each others’ range of influence, the change of volume, if any, must be independent 

of concentration. This proposition will be exactly true if the pores in the partition 

are so narrow, that the cross-sections of the filaments of fluid contained in them each 

involve so few molecules that the mutual energy of the molecules of fluid in the pores 

is negligible compared with that of an equal mass of fluid in bulk. Inasmuch as to 

excite the osmotic pressure, pores or tubes of molecular fineness have to be employed, 

it follows that it is not an ordinary transmitted mechanical pressure; and the energy 

which is associated with it is not merely the organized energy from which the 

mechanical forcive is derived, but the whole amount of energy thermodynamically 

available. If the pores are wider, the mutual energy of the molecules in them ceases 
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to he negligible ; the eftective osmotic pressure then diminishes, being accompanied 

]jy diffusion in the pores which involves dissipation of energy that would otlieiwise 

produce osmotic effect. Thus the proposition that the osmotic pressure between two 

fluids is equal to the free or available energy of mixture per unit volume of transpi¬ 

ration, gives only the limiting value which applies to partitions with 23ores sufficiently 

narrow. In the equilibrium stage of transpiration through a colloid membiane, 

operating hy absorption into one face of the membrane and evaporation from the 

other, the limiting pressure may however be reached, provided the action does not 

involve irreversible thermal processes in the membrane. 

The osmotic pressure between a solution and the pure solvent is, from another 

point of view, the mean aggregate of the forces that have to be applied to the 

individual molecules of tlie dissolved substance in order to prevent them from travel¬ 

ling across the interface into the pure solvent, whether that forcive be applied by the 

resistance of a material partition, or as in the ca.se of ions diffusing across the interface 

between two salt solutions in contact, by the pull of the electric field which the diffu¬ 

sion has produced—the unmodified molecules of the solvent being in each case free to 

move either way. Viewed in this light, there is nothing occult or merely analogical 

—unless it be the presence of ions—in the principles by which Neenst determines 

the constitution of the layer of transition which gives rise to the potential diflerence 

between two salt solutions, and so determines the voltaic and thermoelectric differences 

of potential at such transitions, by balancing a bodily force arising from osmotic 

pressure by another arising from the electric field due to the reacting double layer 

generated by the dlftusion. 

56. Suppose that the pressures on the two sides of a porous partition separating 

dielectric fluids are adjusted so that there is no flow across it. When an electric 

field is introduced this equilibrium is destroyed by the effective electric tractions on 

the interfaces of separation between the dielectric fluids in the individual pores. To 

re-establish equilibrium a diflerence of pressure at the two sides of the interface, 

equal to that of the electric tractions (§ 37), must be called into play : that is, an 

electric field infliiences the value of the osmotic pressure between dielectric fluids. 

This effect is of course directly connected, through a cyclic process, with an influence 

on vapour tension (§81, infra). Its amount is to a great extent independent of the 

size of the pores; though when the pores are of molecular dimensions it mainly arises 

from a bodily forcive on the contained filaments of fluid. This electric osmotic 

pressure wdll then even hold good wdth respect to liquids which readily mix ; for the 

obliteration of the sharpness of tlie interface in the narrow^ tubes or pores of the 

partition will take place very slowly, while the formulcTe of this memoir for electric 

tractions are precisely those which hold good for a gradual transition. 

This action is different from the one discovered by Quincke and discussed by 

VON Helmholtz,'” forming in fact a further extension of the scope of the principle of 

* TON Helmholtz, “ St-ndien iiber clectrische Gvenzscliichten,” ‘tYied. Ann.,’ 7, 1879. 
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electrolytic dissociation, in which a stream of conducting fluid forced through a 

porous non-conducting partition produces an electric current across it, and conversely 

an electric current forced across the partition carries the fluid with it. Over the 

surface of each pore there is, on the present view, the intrinsic static potential 

difierence between the partition and the fluid, due to strong orientations of the polar 

molecules of these two media which lie along the interface, under their mutual 

influence which stands in place of von Helmholtz’s attraction of matter for elec¬ 

tricity as the exciting cause of voltaic phenomena;''' and this difierence will l)e in 

time diminished by the presence of free ions which become attached among the out- 

Avard-pointing poles, thus constituting a reverse potential difierence Avith AAdiicli 

electro-capillarity deals. The flow of fluid through the pores carries on some of these 

ions along Avith it, which thus constitute tlie observed electric current. Sudden 

diminution in the extent of the surface would act similarly by crushing them out, as 

in the observed electrification near AAmterfalls : rapid extension of the surface, as in 

the formation of drops in air, should conversely eliminate the effect of the ions bound 

to the polarized air-film on the surface, by spreading them over a Avider area, and so 

increase the potential difierence towards the limiting statical Amlue. On the other 

hand, Avhen the media in contact are very dilute electrolytic solutions in the same 

solvent, the calculations of Nernst shoAv that the potential difierence is Avholly an 

affair of ionic diffusion, as indeed it must be if the efficient polar molecules are all 

ionized; in that case the normal potential difierence Avill require a sensible time to 

become established. When, in the case of a mercury electrode dropping into an 

electrolytic solution, sufficient time is not alloAved, the part of the actual potential 

difference which arises from this cause and not from the intrinsic statical orientation 

of the molecules, Avill tend to a vanishing limit, except in so far as it is continually 

restored by a polarization current in the electrolyte. 

57. In the case of very dilute solutions it is possible to obtain a definite expression 

for the limiting, or maximum, osmotic pressure. After a certain stage of dilution, 

each dissolved molecule is efiectively out of touch Avith its fellows and is completely 

environed, by a collocation of molecules of the sohmnt ; further dilution therefore does 

not involve any sensible change in the mutual free energy of the solvent and the 

dissolved molecules ; all that occurs is a wider separation of the dissolved molecules 

in space, Avith such energy changes as may be directly concerned in it. Siq)pose noAv 

that the dissolved substance is a gas, and that the solution is separated from the pure 

solvent by a partition which the latter can traverse Avhile the gas cannot : Avhether 

such partitions are knoAvn to exist is inessential to the theoretical argument, the 

function of the partition being merely passiAm constraint exerted on the aggregoAe of 

* lHelmiioltz liaci to be conteut in bis analysis with the crude conception that different kinds of 

matter attract electricity differently. On a scheme like the present the obvious explanation is that 

the polar molecules of the two substances act on each other across the interface, producing a certain 

regularity of orientation which forms the intrinsic double layer to which the potential difference is due.] 
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ihe dissolved molecules. The solvent will traiisjjire across the partition into the 

solution, unless a definite osmotic pressure acts against it, when there will be equili¬ 

brium. Let us examine the change of free energy involved in the very slow trans¬ 

piration of a certain volume; all essential that has happened has been an expansion 

of the molecules of the contained gas, each with its fluid environment, into a larger 

space. We may compare the two states of the gas, as it would exist free with these 

two different volumes, and then suppose that by an ideal process the fluid environ¬ 

ment of the molecules is directly brought about in each case : that process will, as 

regards change of intimate molecular configuration, be essentially the same for both 

states of the gas, therefore the change of free energy due to the dilution of the solu¬ 

tion is simply that which corresponds to the free gaseous expansion of the dissolved 

gas.'" This conclusion carries with it, by the thermodynamic principle of free or 

available energy, a theoretical proof of vax’t Hoff’s generalization that the osmotic 

pressure of a very dilute solution is equal to the gaseous pressure of the dissolved 

molecules when they are supposed to occupy the same volume in the gaseous state. 

The extension of this proof to dissolved liquids and solids, which form the practically 

important case, is at first sight barred (unless it is formulated as in the footnote) by 

the fact that we cannot then actually have the molecules existing free at the same 

volume as they occupy in the dilute solution. But when the Andrews isothermal 

for the dissolved substance is made into a continuous curve by inserting a super¬ 

saturated wavy part, there will always be a real point on it corresponding to the 

volume occupied by the substance thus existing in a homogeneous condition, and also 

a corresponding pressure which at the small density under consideration would prac¬ 

tically be that of the gaseous state : thus there would be no difficulty in the exten¬ 

sion to dissolved solids and liquids, were it not that this point on the isothermal 

might be on the thoroughly unstable reach, along which rise of density corresponds 

to fall of pressure, so that any slight accidental inequality of density would be spon¬ 

taneously increased. The successful use made of the Andrews diagram for numerical 

calculation of the properties of substances by Van der Waals shows however that 

its physical reality is not destroyed by this instabdity ; and when it is remembered 

that instability can be theoretically removed by slight constraint which does not 

sensibly afiect the material transformations and does not affect the energy relations 

at all, it will appear that there is good reason for generalizing the law of osmotic 

pressure above demonstrated for gases. As before stated, what is most desirable to 

* The circumstance which makes this purely imaginary pi’ocess legitimate is that the available 

energy is a function of the constitution of the matter in hulk, not depending on the accidental charac¬ 

teristics of state or motion of the individual molecules: now the only change that has occurred as 

regards the constitution of the substance in bulk, that can affect either the available or the total energy, 

is the change of volume of the solution by transpiration of the pure solvent across the partition, whicli 

by the above affects it in a manner absolutely independent of the nature of the homogeneous solvent, 

and therefore of the existence of the solvent at all, because the relation of each molecule to Ihe joortion 

of the solvent within its sphere of influence is not changed. 
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supplement on mechanical principles an explanation like the present one is not so 

much any accession of logical rigour on ordinary thermodynamic premisses, as some 

precise notion of what is involved, as regards detailed molecular dynamics, in equality 

of temperature. In the present differential procedure no assumption has been made 

on that head ; and no inference that osmotic pressure is, like gaseous pressure, due to 

simple molecular bombardment is warranted. When a theoretical basis is thus found 

for VAR T Hoffs principle, the laws of the molecular influence of dissolved substances 

on the freezing point and vapour tension of very dilute solutions of course go along 
with it. 

58. It may be objected that the ajDpiication of the principle to ionized solutions 

would compel us to admit the possible theoretical existence of a gas consisting of 

ions : but that is not really so, because the argument only compares one state of 

dilution with another. Yet on the other hand there is the hypothesis, supported bv 

Beuhl s work on optical equivalents, that under certain circumstances oxygen is a 

tetrad element, so that the molecule II3O can take up sufficient ions to form another 

saturated molecule of type H^ = 0 = X, and that therein lies the cause of the 

regular ionization cm rent produced by solution in water (the 10ns X being free only 

when passing from one such combination to another), as contrasted with the irregular 

ionization of free gases. Changes of valency in an element remain unexplained, but 

theii occurience is now usually accepted as matter of fact.The function of the 

osmotic diaphragm is merely passive, to prevent mixture by diffusion and consequent 

loss of mechanical availability. In a mutual solution of two substances, it is usually 

only the one that is present in large excess that gets through the diaphragm in 

purity : if it should prove to be a general law that the dialyzing action is only 

complete when there is such large excess, it would be strong evidence for the view 

that the molecules dissolved in it form the nuclei of loose molecular complexes which 

are too large and permanent to get through, while the free solvent in which the 

molecules are not thus grouped is not so hindered. 

When a solution is made more and more dilute, there comes a stage when it would 

The connexion between tlie various pbenomena may be pictured in neutral terms, as Poyxting lias 

recently done (‘ Phil. Mag.,’ Oct. 1896), starting from a hypothesis that pressure increases the 

molecular mobility ” of a fluid according to an assumed law equivalent to van’x Hoff’s jn’iuciple. In 

order to evade the hypothesis of partial dissociation in salt solutions, he restricts the sphere of action of 

a- dissolved undissociated molecule to one or tw’o or three definite molecules of the solvent, leading’ to 

correspondingly different amounts of osmotic pressure; thus a temporary chemical combination is dealt 

with instead of, or it may be in addition to, an extended sphere of influence. But the considerations 

given above show that it is the number of spheres of influence that is really effective, so that if there is 

chemical combination it must be in part with dissociated ions as in Bruhl’s view. On the special 

assumptions iuA'olved in the extension of the methods of gas-theory to liquids, Boltzmaxx (‘ Zeits. fiir 

Phys. Chemie ’ vi, p. 478) has offered a demonstration (approved by Lorektz) of the law of osmotic ‘ 

pressure, which seems to refer it to molecular bombardment, and require that the mean energy of 

translation of a molecule shall be the same in the liquid state as in the gaseous state at the same 

temperature. 
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seem impossible to imagine that its electrolysis, if it remains of normal type, is 

conducted through a mechanism like Grotthus’ chains ; the dissolved molecules are 

far out of each others range of influence, and the very first stage of the working of a 

Grotthus’ chain containing molecules of the solvent would produce that dissociation 

Vv'hich it is the object of the chain theory to evade. Similar considerations apply to 

the velocity of chemical reactions. When a solution of K.HO neutralizes one of 

HCl, the heat generated is mainly that of the union of H and HO to form H^O ; 

when the solutions are very dilute this should take a considerable time to develope, 

even allowing for intimate mixture by stirring, if each H had to find its HO partner 

directly. The immediate reaction must therefore be due to a mobile equilibrium of 

dissociation being disturbed by the mixing of the solutions, and then re-establishing 

itself.^' Thus in the progress of an ion H through the water under the electric force 

in electrolysis, it would not be the same H that is driven on, but that ion often gets 

fixed liberating another one in its place, so that it is the mean translation of a 

condition of matters in which there is a definite number of H ions in the element of 

volume that is given by Kohlrauscti’s law, not that of an individual ion. This 

accords with Whetham’s interpretation of his result, that in acetic acid solutions, in 

which the conductivity is abnormally low, the ionic velocity is abnormal to an 

equal extent.t 

59. A principle quite analogous to the one on which van’t Hoff s law has here been 

based, has already been applied to a cognate phenomenon in authoritative investig¬ 

ations. The transpiration of two different gases into each other across a porous 

partition establishes a difference of pressure ; there is thus present a store of available 

energy, which would be run down in the mixing of the gases; its amount, as 

originally determined by Lord Kayleigh from the special properties of gases, is 

obtained by finding hoAV much free energy runs down when the gases are each 

separately expanded to the volume of the mixture, and adding these amounts. This 

result, either in the present form or expressed with reference to entropy, has been 

sanctioned, explicitly or tacitly, as axiomatic by Maxwell^; and other authorities, 

when apYjlied to gases whose molecules do not exhibit sensible mutual attraction: the 

change of configuration arising from the two mutually independent systems occupying 

the same space, instead of different ec[ual spaces, is rightly held to involve no change 

in the available energy. The principle above employed is of precisely similar 

nature. 

If we imagined two gases in which the molecular mass differed only infinitesimally, 

* In the same way, if a gaseous reaction were of ternary type, so tliat three atoms or ions had to 

unite to form a molecule, it must proceed far more slowly than a binary reaction, and may not get 

established at all, except by the help of the catalytic action of some other substance, snch as water 

vaponr, in reducing it to binary stages or facilitating the simultaneous presence of the three kinds of 

atoms in the same molecular sphere of action. 

t W. C. D. Whetuaji, “ Solution and Electrolysis,” 1895, pp. 142, 155. 

J ‘ Encyc. Brit.,’ Art. “ Diffusion” : Collected Papers, 11., p. 644. 
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just the same amount of work could still be gained by mixing given volumes of them 

in a reversible manner as if they were gases wholly unlike ; but the transpiration 

pressure would then be infinitesimally small and the time of transpiration infinitely 

great.^ It is thus impracticable to proceed to a limit, and no paradox is here involved 

such as the assertion that a finite amount of work could be gained by mixing two 

gases which are practically identical in properties. A similar apparently paradoxical 

limiting case might be formulated as reg’ards osmotic pressure of a dissolved substance 

very nearly identical with the solvent. 

60. The law of Henry that the density of dissolved gas is in a constant ratio s to 

its density as it exists free in the surrounding atmosphere, is involved in the osmotic 

law, and conversely may be employed to verify it. In circumstances of equilibrium 

the potential of free energy of the dissolved gas (in Gibbs’ sense) must be the same in 

the liquid and the atmosphere; that is, the removal of an elementary portion of the 

gas from the liquid to the atmosphere must not alter the free energy of the whole. 

Thus the difference of the free energies of the dissolved gas per unit mass, when its 

partial pressure in the liquid is changed from 2^1 to j)-2, is equal to the difference of the 

free energies of the gas per unit mass in the surrounding atmosphere Avhen its partial 

pressure is changed from pjs to 2^-2/^' The latter difference is by Lord Rayleigh’s 

principle, independent of what other gases may also be present in the atmosphere : it 

is thus Ipdv, where joi’ = R'd for the unit mass of gas, and is therefore at constant 

temperature R'd log 2^i!P2- This does not involve s, and therefore the difference of 

the free energies of the dissolved gas at two different densities is the same as if it 

existed in the free gaseous state at those densities : and this carries with it identity 

for the two states as regards all relations of available eneigy and work. Conversely, 

the law of Henry follows as aboA^e, by the principle of available energy, from the 

circumstance that the molecules of the dissoRed gas are outside each others’ spheres 

of molecular action, independently of any picture that we may form of the process of 

exchanges in evaporation and absorption. 

It is a confirmation of the soundness of this thermodynamic theory, that the law 

of osmotic pressure for dissolved gases is immediately involved in, and might have 

been predicted from, the equations given by von Helmholtz in 1883,t in a discussion 

of their energy relations in connexion Avith the theory of galvanic polarization. 

* The assumption is involved that the gases are really different and that means exist for separating 

them. [The fact that the amount of available energy at our command depends on the control we have 

learned to exercise over physical processes does not detract from the objective validity of that conception 

as a deduction from general principles of molecular theory, as has often been suggested (c/. §49 sztpra) : 

any more than our possible complete ignorance of some forms of total enei’gy would give to the idea of 

energy itself a subjective aspect.] 

t “Zur Thermodynamik Chemischer Vorgiinge,” III., ‘ Monats. Berl. Akad.,’ May, 1883, especially 

equations (4) and (o) ; ‘ Abhandlungen,’ III., pp. 101-114. The law had however been arrived at quite 

explicitly by Willaed Gibbs as early as 18/6 in his discussion of the general theory (p. 226). Recently 

the argument has been carefully formulated by Lord Rayleigh, ‘ Nature,’ Jan. 14, 1897: cf. also a 

2 N 2 
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61. It is the circumstance that the available energy A of § 51 is a function of the 

bodily configuration and constitution of the system, whose alteration by dilution is 

independent of the nature of the solvent provided the solution is sufficiently dilute, 

that makes osmotic pre.ssure independent of the solvent and therefore the same as the 

corresponding gas-pressure. This is of course different from asserting that the whole 

available energy of a dissolved substance is the same as its available energy at the 

same density in the free gaseous state. In fact the difference between these energies 

may be estimated from a knowledge of the solubility : thus the available energy per 

unit mass of the gas in the solution at its actual density p is equal to that of the 

same gas in the free space at the corresponding density p; so that the available 

energy per molecule of the dissolved gas is equal to that of free gas of its own density 

and temperature together with E^T log p/p and also E^T for the volume occupied by 

the free gas. This makes in all for the excess of available energy, per molecule, of 

the dissolved gas E^T log ep/p, or E^T log es, where s is the solubility and E^ is a 

gas constant the same for all kinds of molecules. Like information is derivable ffiom 

the ratio of partition of any dissolved substance between any two solvents which do 

not intermix : its available energy per unit mass must in the state of equilibrium be 

the same in both solutions, 

62. The increase of available energy involved in molecules or atoms of given species 

appearing in the dilute solution during chemical change is, per molecule, a—E^T log &N 

where N is the number of such molecules already there per unit volume and a is a 

fanction of the temperature, h being a constant which depends on the standard 

temperature of reference (§51). A reaction going on in the solution involves the 

disappearing by breaking up of molecules of some of the types present, and the 

appearing of molecules of other types to an equivalent extent: when chemical equi¬ 

librium is attained, the change of available energy arising from a slight further 

transformation of this kind must vanish: that is, 

'>h ^og ?>iNi) + % («;j + ^2^2) + • • • • 

vanishes, leading .to Pv^T log ... log .. = — -b ■ • • )> ''■^iiere 

n^, n.2, . . . are the numbers of the molecules of the different types that take part in 

the reaction, reckoned positive when they appear, negative when they disappear; so 

that .... is equal to K, a function of the temperature, which is the law of 

chemical equilibrium originally derived by Guldberg and Waage from statistical 

considerations. Again, if A is the available energy of the whole solution, and 8Aj 

equal to SAq + E^T log IG, where K' = • • • •> denotes its variation per 

letter by Gibbs, March 18. The pressure difference is necessitated by the circumstance that the steady 

state would be brought about by interchange of individual molecules. But its amount is calculable 

a priori only "when the dissolved molecules are practically out of each others’ range : and then the 

argument in the text shows that it depends solely on the number of molecular aggregates with foreign 

nuclei that are present, ii-respective of whether these nuclei are complete molecules or parts of dis¬ 

sociated molecules. . 
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molecule of reaction without change of temperature, 8A is null as above in the equi¬ 
librium state at each temperature, so that SAq = - EJ log K'. And, with partial 
differentiation, dlclT. (SA/T) = djclT (SAq/T), hence it is equal to - R, djdT ..log K' 

~ ^{d^ log K, and is independent of the unknown term Aq. Now revertino* to 
the general theory, if E is the energy in a system, r/H the heat imparted to it and 
f/W the work done to it, fZE = cZW -{- r/H = c/W + T dcj) and A = E ~ T<j!) -f T^, 
where A, E, T, are all analytical functions of the state of the system. I'hus, 

employing total differentials, d{A/T)=-EdT/T~+dE/T-d(li=-EdT/T-+dW/T\ 
so that in the present case d{SA/T) = - SE.eZT/T^ + dSW/T. If the small amount 
of reaction represented by 8 occurs so that no mechanical work is done on the system, 
8W is null; hence 8E is equal to 8H the amount of heat taken into the system from 
its surroundings per molecule of the reaction when it proceeds without work. Thus 
finally 8H = - T^d/dT (8A/T) = E^T^ d/dT (logK), which is the thermal relation 
developed by van’t Hoff.* 

On the Electromotive Forces established by Finite Diffusion. 

63. The function of an osmotic partition in preventing by pure constraint the 
diffusive degradation of energy (§ 54) is illustrated by the theory of electromotive 
forces of diffusion. In the concentration-cells, of which the theory was established 
by VON Helmholtz, the solution in each cell was homogeneous, and the influence of 
concentration was determined by balancing different cells against each other : there 
being no diffusion, the process svas reversible, and thermodynamic formula were 
applicable. By forming an electrode of a metal surrounded by one of its insoluble 
salts, such as mercury surrounded by calomel, employing for the other one zinc 
immersed in zinc chloride solution, the net constitutive change at the mercuiy 
electrode when electricity passes through the cell is independent of the concentration 
of the solution, being simply the deposition of the equivalent quantity of mercury 
from undissolved calomel : hence that electrode accounts for a constant part of the 
electromotive force. On the other hand the change of free energy by dissolution of 
the equivalent of zinc is made up of a part arising from change of chemical constitu¬ 
tion and another part depending on the concentration of the solution which receives 
the resulting chloride. The part of the electromotive force depending on the 
processes at the zinc electrode is thus in the case of a reversible electrode equal to 
const.—RT log 2?, where p is the osmotic pressure of the zinc chloride solution and R 

* D/. WiLLARv Gibbs, loc. cit. p. 231, where the case of gaseous reactions was treated. More directly, 

we can form a reversible Carnot cycle in which the constitutive change cA is made at temperature T 

and unmade at T - dT. The work of the cycle must be . rZT/T, where ch is the heat absorbed in the 

change when the maximum amount of mechanical work is done in it by osmotic or other appliances : 

thus . dT/T = dT.d cA/dT, so that ch = Td cAjdT. When no work is done in the change, the heat 
absorbed is ^H, equal to ch - BA, which is - T^d/dT (SA/T) as above. 
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is now the gas-constant belonging to an electrical equivalent per unit volume, which 

is 8580 in c.g.s. units : this may he expressed in the form RT log P/y), where P 

depends on the metal of the electrode and on the solvent employed in the cell and 

on the temperature, but not on the concentration of the solution. This quantity P 

has been called by Nernst, on grounds of analogy, the solution pressure of the 

metal electrode in the solvent.* When the electrode is 2:)olarizable so that the 

processes are not reversible, the difference of potential must be less than this formula 

would give. If now we are dealing with a two-fluid cell, in which the fluids are 

separated by an osmotic partition and passage of the solvent is prevented by balancing 

the osmotic tendency by hydrostatic pressure, the processes are still reversible and 

the electromotive force of the cell will be PvT (log Pj/pi — log Pg/p.j), while passage 

of a current will gradua.lly polarize the faces of the partition. If however the ions 

could pass through the partition into the solution of different concentration without 

diffusion of the fluids in bulk, the part of this electromotive force depending on 

concentration would be cancelled, and there would remain PtT log Pi/Pj due solely to 

the afiinity of the solvent for the materials of the electrodes. But if we are dealing 

with a cell, in which the fluids are in direct contact along an interface of finite 

dimensions so that steady diffusion at a finite rate is going on, or in which they are 

even allowed to diffuse steadily across an osmotic partition, there will be loss of 

availability owing to that diffusion, so that the back electromotive force arising at the 

junction of the fluids is less than the maximum value — RT log In the 

absence of knowledge of the rate at which the diffusive degradation of energy is 

proceeding and is affected by electric transfer, the principle of availability cannot 

supply a formula for this diminution of the back electromotive force, which will 

depend on the nature of the layer of transition : but a theory of the process of steady 

interdiffusion of two ionized fluids has been formulated by Nernst and Planck which 

involves an expression for its magnitude.t Thus, considering diffusion of a simple 

* There appears a clifBculty in imagining, in accordance with the view here taken, that the value of P 

can be dependent on a layer of the metallic ions extending into the solution, especially as the potential 

difference between dielectrics could not be so explained. Cf. § 56 supra. 

t I find that applications similar to the above, but on a more extensive scale and with considerable 

differences in the argument, especially a more prominent use of entropy, are made in Planck’s later 

important exposition “ Ueber das Princip der Vermehrung der Entropie,” ‘ Wied. Ann.,’ 44, 1891, pp. 

385-428. The general formula for the potential difference between two diffusing solutions is there 

obtained from the variation of an analytical function, w'hich is really the available energy, on the 

hypothesis that the solutions are in a permanent state of diffusion, determined by Nernst’s principles, 

in which the concentration varies from point to point so slowly that the diffusive dissipation other 

than electric may be neglected. Cj. also on the history of the subject Negbace, ‘ Wied. Ann.,’ 44, 

p. 737. In the text above the statements are confined to the case of binary electrolytes. 

The development of the laws of chemical equilibrium given in § 60 has also been largely anticipated 

as to form by Planck, ‘Wied. Ann.,’ 32, 1887 : his postulates are however different from those that 

enter here, where the analysis occurs as an outcome of a general view of the relations of molecules in bulk 

to the mther and taeach other, §§ 11-12. [_Cf. Planck, “ Yorlesungen fiber Thermodynamik,” 1897.] 
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solution across a layer in which the concentration varies, w^hen the steady state is 

attained both ions must diftuse together at the same rate notwithstanding their 

different mobilities u and v, measured by Kohlrausch as the values of their mean 

velocities due to unit electric force. Now the mean steady velocity of migration of a 

single ion is equal to this mobility divided by its electric charge e and multiplied by 

the force which causes its motion : this force consists of an electric part — edYjdx^ 

where V is the electric potential set up during the transition to the steady state of 

diffusion, and of an osmotic part, do determine the latter, observe that when a 

solution is separated from the pure solvent by a permeable osmotic partition, the 

solvent is restrained from passing across only by an osmotic pressure acting against 

it : this means that to maintain the steady state without diffusion the osmotic 

partition must exert more pressure by the amount iJ on the solution than on the 

puie solvent. If we consider a layer of the actual solution, of cross-section unity and 

thickness Sa^, there would thus have to be a bodily force dpjdx. Sa; exerted on it if 

the diffusion of its ions were prevented : therefore — dpjdx. Bx is the aggregate of 

the forces acting on the contained ions and producing diffusion, that arise from the 

gradient of concentration. If n be the number of ions per unit volume, the mean 

force per ion is thus — n~^dpldx : this is not a mere hypothesis founded on a vague 

analogy of osmotic pressure with ordinary hydrostatic pressure, but gives a precise 

measure of an actual force on a constituent of the medium. The number d^jdt of 

single ions of either kind that is driven across unit area of a geometrical interface in 

a solution of varying concentration by these forces is thus given, after Nernst, by 

dN 

dt 

dY 
— nu 

cLc 

11 u di) 

c n dx ’ 
also 

dY 
nv , 

dx 

11 V 

c n 

dp ^ 

dx 

If D denote the coefficient of diffusion of the solution, d'^jdt = — D dnidx ; and 

by the gaseous law which applies to osmotic pressure of very dilute solutions 

p ~ neliT. Hence immediately 

X^T ^ ^ 
"10 V ’ dx V -{• u nc dd: ’ 

so that the integrated potential difference across the diffusion layer is 

UT {y — u)l{v -f u). log Pz/'Pi- It follows that when steady diffusion is allowed to go 

on, the back electromotive force at the junction of the fluids is thereby reduced in 

the ratio of the difference to the sum of the ionic mobilities. The agreement with 

experiment of these expressions for Vo — V^, and for the ordinary diffusion coefficient 

D of a solution as thus determined electrically, constitutes two distinct tests of the 

general validity of this diftusion scheme, and of the hypothesis of independent 

mobility of the ions of which it is a corollary. 

In the case of a solution only partially dissociated, like that of acetic acid referred to 

in § 58, piovided the time of association of two paired ions is on the average large 

compared with the time of relaxation of the system, these expressions for D and 
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Vo — will still hold for the dissociated portion, if u and v denote the actual 

velocities of the ions when free, not the abnormally small efiective velocities as 

determined by Whetham. Thus the total diffusion would now consist of this part 

belonging to the ionized portion, with coefficient independent of the degree of ioniza¬ 

tion, together with the actual diffusion of the non-ionized portion. On the same 

Iiypothesis the potential difference between the fluids would depend, as might have 

been foreseen, only on the actual concentrations of the ions in the two solutions, the 

amount of non-ionized substance being immaterial except in so far as it gives rise to 

an ordinary contact difference (§ 56): but ft may not be computed from the abnormal 

ionic velocities by the ordinary formula unless the degree of ionization is indejrendent 

of the concentration. 

Critique of von Helmholtz’s Theory of Electric Stresses: Electrostriction 

not due to Mechanical Forcive. 

64. A theory of electrostatic stress in dielectric media, based on the method of 

energy, and avoiding molecular theory, has been origmated by Korteweg,* 

formulated in general terms by von Helmholtz,! and further developed by Lorbeeg, 

Kirchhoee,;]; Hertz§ and others : it is desirable to examine the relation in which it 

stands to the views here set forth. The investigation of von Helmholtz postulates 

a dielectric medium which is effectively continuous, not molecular; also a potential 

function, that namely of the distribution of uncompensated polarity which represents 

the electric state of the medium, satisfying a characteristic equation, that of the 

Faraday-Maxwell theory. The energy per unit volume is expressed in terms of 

this potential, in such form that the variation of the integral which represents the 

energy for the whole volume leads, on integration hy quarts, to this characteristic 

equation as one of the conditions of internal equilibrium ; the integral is then asserted 

to be ill the normal form, which would mean, in our order of ideas, that it represents 

the actual distribution of the energy in the medium as well as its total amount. Its 

variation with sign changed, owing to change of material configuration, should then 

give the extraneous forcive that must be applied in order to maintain mechanical 

equilibrium ; the varicition with respect to the electrical configuration being null, so 

that electric internal equilibrium is provided for, by the characteristic equation 

already satisfied. The variation without change of sign should thus give the mechanical 

forcive of electric origin that acts on the medium. But the data do not even on 

these assumptions suffice to lead to a definite stress-system for the material; a 

certain geometrical stress-system is merely assumed which yields on the element of 

* D. J. KoEirwEG, ‘ Wied. Auu.,’ 9, 1880. 

t H. VON Helmholtz, ‘Wied. Aun.,’ 13, 1882: ‘Abliandluno-en,’ I., p. 798. 

t G. Kikcuhoff, ‘ Wied. Ann.,’ 24, 25, 1885: ‘ Abhaudluugen,’ ‘ Naclitrag,’ p. 91. 

§ H. Hektz, ‘ Wied. Ann.,’ 41, 1890 : “Papers on Electric Waves,” Euglisli edition, pp. 259-268. 
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voluinB cl mechanical foicive the same as the one thus deduced, from the energy 

function. An infinite number of such stress-systems might in fact be specified, for 

there are six components of stress which need satisfy only three conditions. If 

however the stress system is required to be symmetrical with respect to the lines of 

polaiization, theie is in this respect no indefiniteness 40) j and the one given by 

AON Helmholtz is of this kind, Thus the definite result really deduced by 

VON Helmholtz from his energy hypothesis is an expression for the bodily 

mechanical forcive in tlie polarized medium, the (X, Y, Z) of equation (4) of his 

inemoii ; while correlative formulm are applied by him and by Kirchhoff for the 

bodily forcive in a magnetized medium. These expressions, however, definitely 

contradict the formulas of Maxwell and of the other previous writers for the bodily 

mechanical forcive in a magnetized medium, which are in general agreement with 

those developed in this paper : in fact von Helmholtz translates his formulae into 

Maxaa^ell’s electric stress system, while Maxaa^ell himself had to invent for the 

case of magnetic polarization, which Avas the one he considered, a different stress^ 

system, namely his magnetic stress. As recent Avriters have in the main tacitiv 

accepted von Helaiholtz’s procedure, it is incumbent on us to assign the origin of 

tins discrepancy; and for this purpose a summary of his method is given, the effect 

of alteration of the coefficient of polarization arising from strain in the material being 

for the present left out of account. 

65. Ihe organized electric energy in the polarized medium lieing assumed, from 

other considerations, to be 

W = |K/87r . (riV7cZ.r2 + cmjdif -f clT^ldz^) dr, 

Avhere 

djdx (K dY/dx) + djdy (K dY/dy) + djdz (K dYIdz) + 47rp = 0, 

in Avliich p is a constant associated with the element of dielectric matter, called 

the density of its free electric charge, the forces acting will be derived from 

the variation of W; variation with respect to V leads to the electric forces, 

and that with respect to the material configuration leads to the mechanical 

ones. ihe problem is to determine the mechanical forces when there is electric 

equilibrium, that is Avhen variation with respect to Y yields a null result. The form 

of W above expressed does not lead to this null result ; we can however by 

iiitep’ation by parts derive the form W = -ijVpc^T, the essence of this transfor¬ 

mation being that in the new integral the distribution of the energy among the 

elements of volume dr of the medium has been altered. This form does not satisfy 

the above requirement either, but by combining the two forms Ave obtain 

W = |{pY - K/87r. (dV2/r/x3 + dY'^jdif^ -{- dY'^jdz^^ dr, 

whose variation Avith respect to V is null as required : although as integration by 

parts is employed, tlie variation is not null for each single element of mass. This 

a^ol. CXC.—A. 2 o 
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integral is then taken to represent the actual distribution of the organized energy in 

the medium when in. electric equilibrium, and not merely its total amount: and 

variation of it with respect to the material configuration should on that hypothesis 

give the actual bodily distribution of mechanical forcive, not merely its statical 

resultant on the hypothesis that the system is absolutely rigid. Now in finding the 

variation of W arising from a virtual displacement {Sx, Si/, Sz) of the polarized 

material, we have to respect the conditions that the free charge pSr is merely 

displaced, so that by the equation of continuity Sp + d [pSx)jdx + d {pSi/)jdy + 

d {pSz)ldz = 0, and also that each element of the material is moved on wdth its own 

K, so that SK + dKjdx .Sx + dKjdy. Sy + dK/dz .Sz — 0 ; while things have been 

arranged so that a variation of V produces no result,—but only however no aggregate 

result on integration by parts. Unless the transitions at interfaces are supposed to 

be gradual, and the integration then to e.xtend throughout all space, there will also 

be direct surface terms in the variation, because the virtual shift of the material leaves 

a space unoccupied on one side and occupies a new space on the other; thus finally 

by the ordinary process of integration by parts we obtain for an}^ region 

SW = 
(lY 1 dK/dV^- dV2 dV 

P ^ + 0_ ,7.. (^..2 + ■:7„2 + dx Stt dx \ dx^ 

K /W 
-f 

df 

dV^- 

dz- 
8a: + 8r 

j Stt V did 

d^\ 

dz^ j -b ^^ 

The coefficient of Sx with sign changed has been taken to be the component of the 

bodily mechanical forcive. But to obtain the total mechanical forcive acting on an 

element we must retain all the terms in the variation that belono- to it, so that it 

is illegitimate in this connexion to transmit a traction from it to the boundary of the 

medium by the process of integration by parts. If then we consider the single 

element of volume by itself, so that in the formula 8S is an element of its surface, 

the forcive on it will be von Helmholtz’s one together with a hydrostatic pressure 

— K/Stt, {dY'jdx" fi- dN'^jdy" + dY'^/'dz-) acting over its surface; and this complete 

specification would agree with our previous results, except that we have K — J in 

place of K for reasons already assigned. But it would seem that the method thus 

described must be radically unsound; it would be valid if there -were only one 

medium under consideration, of which W is the energy function : but there is here, 

in the same space, the aether with its stress and the polarized matter with its 

reacting mechanical forces, and (§ G) there is no means of disentangling from a single 

energy function in this way the portions of energy which are associated with these 

different effects. 

66. There are also subsidiary terms in yon Helmholtz’s formulae, involving the 

rate of alteration of the inductive capacity of the ffuid dielectric bv^ compression, 

terms which are extended in the work of Korteweg, Loebejrg, and Kirchhoff to 

include the alterations of the inductive capacity of a solid dielectric produced by the 
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various types of strain that it can sustain. Their vationctle is best seen by the more 

elementary procedure of Korteweg, who first introduced them. He considered the 

following cycle; (i) move up a piece of the dielectric material from an infinite 

distance into an electric field, (ii) strain it and so alter its inductive capacity and 

therefore the electric energy, (iii) move it back to an infinite distance in the strained 

state, (iv) restore it In its original condition by removing the strain. In order to 

evade perpetual motions, the mechanical work done by electric attractions as it 

approaches must exceed the work absorbed as it recedes, by the loss of available 

electrical energy due to strain ; and this leads Korteweg to terms in the mechanical 

forcive which depend on the rate of variation of inductive capacity with strain. 

The process is analytically developed for fluids by vox Helmholtz, by adding on to 

8K, the variation of K, a part arising from the compression of the material which the 

virtual displacement involves, namely by adding — dK/d log 5. {d Sx/dx -f d Si//dy 

+ d Szjdz), where s denotes the material density: and Kirchhoff formulates it for iso¬ 

tropic solid media, replacing c/K/rHogsby Korteweg’s two coefficients which express 

the actual rates of change of K due to elongations along the line of polarization and at 

right angles to it. But here again a process of integration by parts comes in, which 

removes part of the bodily forcive from the element of volume at which it is directly 

applied to the boundary, and so vitiates the result regarded as a specification of the 

forcive which produces the actual mechanical strain in the material. 

G7. Moreover, phenomena of this latter kind are more appropriately investigated 

as intrinsic changes of the equilibrium configuration of the material arising from 

molecular actions produced by the polarization, the forcive of the above argument 

being simply what would he originated if these changes were prevented by constraint. 

Such deformations of the elements of volume of the material, the result of electro- 

striction or magnetostriction, may not fit in with each other, and the strain thence 

arising will originate secondary mechanical stresses: but it appears preferable to keep 

these distinct from the regular stress which is the effect of the direct electric or 

magnetic action of different finite portions of the material on each other. 

This separate procedure may be illustrated by an investigation of the change of 

intrinsic length of a bar of magnetic material, caused by its introduction into a 

magnetic field. Clamp the bar to its natural length when at a great distance ; then 

introduce it into the magnetic field so as to lie along the lines of force; then unclamjo 

in such way that it may do as much work as possible in pushing away resistances to 

its magnetic elongation ; finally remove the undamped bar again to a great distance. 

If this cycle is performed at a uniform temperature, it follows from Carnot’s principle 

that there can be no resultant work done in it. Now the work done by the magnetic 

forces in introducing the bar is |Ir/H, that is J(/c-f qdK/dQ+ IrMI)Hr/H, per 

unit volume, where k is the magnetic susceptibility which is presumably a function of 

the internal longitudinal pressure Q in the bar and of its intensity of magnetization I. 

The work done in unclamping is per unit volume, where is the intrinsic 

2 0 2 
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magnetic elongation and the pressure corresponding to the strength of the 

part of the field in Avhich it is undamped. This is on the supposition that the bar is 

long, so that there are no free magnetic poles near together which would diminish Q 

l)y their mutual attraction. The work done per unit volume by the magnetic forces 

during the removal of the bar is — |(/f + I H dH. The resultant work in 

the cycle being null, we have dKjciq. |QH aTT = - = - ^Qp7'M, where M is 

Young’s elastic modulus. This can only be satisfied if Q is of the form XH-, 

where X is a constant, and it then gives d/c/dQ = — 2X/M, and the elongation I is 

^d/f/c7Q . H^, that is ^ dK~^ldQ,. I^, or — ^d log /c/c/Q . HI; while the corresponding- 

stress Q is — ^dKjdl. This result is of course valid only in the absence of 

hysteresis. A similar process applies where the field is transverse to the bar; and 

thus Kirchho.ff’s complete insults may be obtained. A more complete enumeration 

of possible physical changes would also take cognizance of alteration of the elastic 

constants of the material due to the magnetic excitation ; but this cause {cf. § 83) 

will not add terms of the first order to the energy-changes unless the bar is under 

extraneous stress, not merely constraint, while the cycle is being performed. 

For dielectrics, direct experiments have not found any sensible dependence of 

inductive capacity on the pressure in the case of licpiids ; while the experimental 

discrepancies,which these terms were introduced by von Helmholtz to reconcile, 

have since been cleared up. 

68. In the paper above referred to, KrncHHOEF remarks (§ 3) that an expression 

for the traction across an ideal interface in a uniform polarized medium might be 

arrived at by supposing a very thin film of air introduced along the interface, and 

computing Ihe attraction between the two layers of opposed poles thus separated, a 

jmocess which had been employed by Boltzmann. He concludes that this process 

must be at fault, on the ground that the specification of stress thus obtained does not 

satisfy a necessary property of mechanical stress-systems, namely that the tractions 

exerted over the surface of an infinitesimal element of volume of any form must 

balance each other; and he gives this as the reason for having to fall back on an 

energy-method in order to obtain a specification free from objection. The preceding 

considerations (§§ 44-48) indicate the direct reason of the illegitimacy of that process, 

while they also exhibit the logical basis of the application of the method of mechanical 

energy in problems of molecular ])hysics. 

* [In these clitferentiations I is constant; see § 83.] 

4 Namely, the differences in tlie values of K at first found by Quincke, bv use of three different 

expeiimental methods (§ 78), which it is easy to see wonld on the usual theory involve perpetual 

motions. 
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C!<yii>tevv<ition of Energy in the Electric Field: Eiiiiitecl Vcdiditij o/’Poynting’s 

Principle. 

69. It has been explained (§ 6) that the agencies in an electric field may be in part 

traced by transmission through the Eetlier after the manner of ordinary mechanical 

stress, and in part, namely as regards forces on the electrons, not so traced. As 

legaids the former part, therefore, the increase of energy in any region must be 

ex]3iessible explicitly as a surface integral, representing work done by tractions 

exerted over its boundary. This theorem will thus have application in all cases in 

which the configuration of the electrons is not changing ; for its strict application, the 

bodies inside the region which carry currents or electric charges or are polarized, 

must thus be at rest, and there must be no change in the state of electrification of 

any conductor in the region. Eecurring for an illustration to the simpler circum¬ 

stances of a perfect fluid containing vortex rings, it is easy to show analytically that 

the rate of increase of energy in any region is there exj)ressible as a surface integral, 

in\olving the velocity and the pressure, only when thei'e are no vortex rings in the 

region or when the rings in it are all supposed to be held fixed by constraint.^ This 

illustration also emphasizes the point that the surface integral must be taken as a 

whole, that an element of it does not necessarily represent the activity across the 

corresponding portion of the surface. 

Thus taking the material system, concerning which we need make no hypothesis as 

regards inductive quality or jeolotropy, to be at rest in the electric field so that there 

are no changes of energy due to the mechanical forcives, and neglecting those due to 

convection currents which rearrange electrifications, if W and T denote the organized 

potential and kinetic electric energies in the region, and D the rate of dissipation of 

organized energy due to currents of conduction, dFN/dtdl jdtD must be 

expressible as a surface integral. Now W is made up of the energy of eethereal 

strain (Sn) Q"-}-Pt^) c?r, and that of material polarization, l<f) dr where 

(f> = dj'+ Qdg' -f Hdli) which must be an exact differential when there is no 

dielectric hysteresis; thus in all dW/dt = 1{P df'/dt + Q dg"/dtUdE'/dt) dr. 

Again the rate of dissipation arising from ionic migration in the conducting circuits 

^ df /dt) + Q (r — dg”jdt) -{- R (yv — dh”/dt)] dr. Hence we must 

have dTjdt = clEjclt — \{Pu + Qu + dr, in which dPIdt is a surface integral ; 

and this equation will give an a priori indication, independent of special hypothesis, 

of the distribution of organized kinetic energy in the medium, that of the potential 

The reason is simply that the form of the contained vortex ring's is not a function merely of the 

state of the fluid inside the surface, but also in part determines the simultaneous velocity of the fluid 

thioughout all space. So also the energy associated vrith each atom of matter is really distributed 

throughout the whole oether, and therefore the energy-changes associated with changes in the configura¬ 

tion of matter cannot be represented as propagated step by step across the fether. 
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energy and the dissiiiation being supposed known. Substituting from the kinematic 

relation i-n-u = dyidy — d^/dz, and integrating by parts, 

dT/dt = d^jdt — (47r)~^J[/ (/3Pl — yQ) + (yP — + n (“Q — /^P)} f^S 

+ {47r)“\f(a + ^dhldt + ydcjdt) dr. 

This equation of energy can however only apply to the case in which the energy of 

magnetic, as well as of electric, polarization is completely organized, and not mixed 

up with other molecular energy of the material, as it wmuld be if there were hysteresis 

or permanent magnetism. When this condition is satisfied, the negation of perpetual 

motion requires that a da ^ dh y dc shall be an exact differential, say d\\j; thus 

we may tentatively assume T = (47r)“\fi/;(:?r, when the surface Integral wall remain as 

the value of cZE/dA In the case usually considered, in which the law of induced 

magnetization is linear, this gives Maxwell’s formula for the distribution of the 

energy, T = (87r)"\f(«a + +cy) cZt ; while the value of d^jdt expresses Poyxtixg’s 

law of flux of electric energy corresponding to that hypothesis. 

70. That this law of distribution of electrokinetic aethereal energy, for a magnetic 

medium of constant permeabilit}^ falls in with the present scheme may be verified as 

follows. Let [a, /3', y) be proportional to the velocity of the irrotational flow of the 

aether, due in part when there is magnetism to the Amperean aethereal vortices, in 

such wise that the total kinetic energy is (Stt) (a'® + 1^'^ + y^)dT ; this is equal 

to (87r)“^{ IvdYjdnd'^ — S^\dYIdnda}, where 8cr is an element of a barrier surface 

closing a magnetic vortex of strength fe, and SS is an element of the outer boundary 

of the region under consideration. As T is to include only the organized energy, it 

is given by this expression when in it V is restricted to be the potential of the mag¬ 

netic force as ordinarily defined. In that case for an element of volume Sr, 

jdndcT — S(kZcZV/c?.T -f- jdy -|- )^indVldz)(7 = — Airi^Kct -(- B/3 -|- Cy) dr; 

and therefore 

T = (877)“’f {cd + 4- y4 dr -f- (Aa -f -f Cy) dr = (87r)”\f(aa -}- + Cy) dr. 

But although this expression locates the energy correctly as regards distribution 

throughout space, it still ignores the essential distinction between the energy of the 

translatory motions of electrons which constitute the current and that of their orbital 

motions which involve the magnetism ; in a complete and consistent theoiw these two 

parts must be kept separate ; cf. foot-note, § 38 supra. 

On the Nature of Paramagnetism and Diamagnetism, as indicated, by their 

Temperature Relations. 

71. As a result of an extensive investigation of the magnetic properties of matter, 

the law has recently been formulated by Curie'" that in all feebly paramagnetic sub- 

P. Curie, ‘ Annales de Cliimie,’ 1895. 
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stances, including gases, the coefficient of magnetization varies inversely as the 

absolute temperature, with a degree of accuracy which tends to j^erfection at high 

temperatures : that in strongly magnetic substances such as iron, nickel, and magne¬ 

tite, the same law is ultimately reached when the temj)erature is sufficiently high ; 

Avhile ill diamagnetic substances the coefficient is usually nearly independent of 

temperature and also of changes in the chemical state of the material. The inference 

is made by Curie that this points to diamagnetism being an affair of the internal 

constitution of the molecule, having only slight relation to the bodily motions of the 

molecules on which temperature depends; which is in accordance with the modified 

EBERIAN view necessitated by the present theory. On the other hand, paramsg- 

netization is an affair of orientation of the molecules in space without change of 

internal conlormation, so that alteration of the mean state of translational motion is 

involved in it, and we should expect a temperature effect. A striking and probably 

just analogy is drawn by Curie between (i) the simple law of expansion of a gaseous 

substance at high temperature, and the sudden chano-e which it undero’oes on lowerins’ 

the temperature beyond a critical point so that the mutual attractions of the mole¬ 

cules come into jilay and produce the liquid state, and (ii) the simple law of 

magnetization of a substance like iron or nickel at high temperatures, and the sudden 

change which it undergoes when the temperature is lowered beyond the point at 

which the material jiasses into its strongly magnetic or ferromagnetic condition. The 

lelation between paramagnetization and temperature in the former state proves to be 

so simple and univ^ersal that it must be the expression of a theoretical principle. The 

following considerations in fact derive it from Carnot’s principle : the argument is 

precise so long as the induced magnetization is so slight that the exciting magnetic 

force on the sejiarate molecules is practically that of the inducing field, but it loses 

exactness as soon as, owing to diminution of energy of agitation with falling tem¬ 

perature, the molecules begin to exercise sensible magnetic control over each other, 

and thus introduce the phenomena ol grouping and consequent hysteresis that are 

associated Avith the ferromagnetic state. 

72. Consider a mass of paramagnetic material, moved up from a place where the 

intensity of the magnetic field vanishes to a place Avhere it is JT. The aggregate per 

unit volume of the total magnetic energies of its molecules is thereby altered from 

null to IH or kH®. The mechanical work done by the mass in virtue of its 

attraction by the field is ^IH, for the magnetization is at each stage of its progress 

proportional to the inducing force. Thus there remains a loss in the total magnetic 

energy of tne molecules, equal to ; this can only have passed into heat in the 

material; for we can Avork on the hypothesis that the field of force H is due to an 

absolutely permanent magnetic system, so that no energy is used up in producing 

magnetic displacements in the inducing magnets. Noav let us apply Carnot’s 

principle to a reversible cycle in Avhich the material is moved up into the field at 

temperature T -f 8T and removed at temperature T, with adiabatic transition 
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between tliese temperatures. Let A -|- Bh be the thermal energy per unit volume 

which it must receive from without at the higher temperature, and h that which it 

must return at the lower, in order to perform the amount of work SW, equal.to 

i H~fZKyiT.ST, in the cycle; then, by Carnot’s principle, SW/ST = A T; and 

h= — ^KW as above; so that c?k/cZT = — k/T, leading to /c = A/T which is 

Curie’s law. Conversely, assuming Curie’s law we can deduce that in para¬ 

magnetic bodies magnetization consists in orientation of the molecules without 

sensible change in their internal energies. In an analytical form the argument will 

then run as follows : dh = M(il + NcZT, and dE = dh — ; whence by the 

thermodynamic formula M/T = so that M/I = Tc//<“^/c?T, = by 

Curie’s law; hence dh = HcAI + N(iT, so that at constant temperature h = A^HI, 

that is the heat that the material developes during magnetization is the equivalent of 

the magnetic energy that is not used up in mechanical work. This is precisely what 

we should expect if the material is a gas ; for there is then no internal work by 

which this energy could be used up, and the magnetization arises from the effort of 

the magnetic field to orientate the molecules which are spinning about as the result 

of the gaseous encounters. The law of Curie thus indicates that the same is 

sensibly true for all paramagnetic media at high temperatures : at lower tempera¬ 

tures they gradually pass into the lerromagnetic condition. It is the magnetization, 

so to speak, of an ideal perfect ferromagnetic, in which the controlling force that 

resists the orientating action of the field is practically wholly derived from the 

magnetic interaction of the neighbouring molecules, wdrich for this purpose form 

elastic systems, that is illustrated by Ewing’s well-knowm model, which so clearly 

represents the hysteresis accompanying ferromagnetic excitation. In ordinary 

paramagnetic substances this mutual magnetic control of the molecules is insensible 

compared with the control due to other molecular causes ; and our conclusion is that 

these causes are such that the magnetic energy expended in w^orking against them is 

transformed into heat energy, not into internal energy of any regular elastic tyjie. 

But w^e have not taken account of the fact that the molecules of every siibstaiice 

are subject to both paramagnetic and diamagnetic intiuence, of which one or the 

other preponderates. The theoretical law should thus be k = — B + AT”^ or 

xT = A — BT; so that in a diagram of the relation between kT and T each 

substance would be represented by a straight line. In paramagnetics the line should 

slope slightly down towards the axis : for diamagnetics it should pass not through 

the zero of teiuperature but on the positive side of it. According to CuRuq his 

exjierimental results are equally w'ell represented by this formula, on account of the 

preponderant infiuence of tlie paramagnetism. 

Similarly, should it turn out that for W'eakly electric media such as gases, (K-l)/p 

is independent of the temperature, it A\ ould follo^v that the electric polarization is 

mainly an affair of change of internal constitution of the molecules : while were the 

})olarizatioii maiidy an affair of molecular orientation, (K — l)/p would vary inversely 
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as the absolute temperature : in intermediate cases it would not vary so rapidly as 

this. The circumstance that in gaseous media and some others, the dielectric 

constant is exactly equal to the square of the refractiv^e index, favours the former 

alternative (§21). 

Mechanical Relatiuns of Radiation reconsidered. 

t 6. The results given in Part II., §§ 28—9, as to the mechanical forcive exerted on 

a Tnaterial medium by a stream of radiation passing’ across it, require amendment in 

the light of these principles, of which they also form an apt illustration. Consider, 

as there, two media separated by the plane of yz, and a system of plane-polarized 

waves advancing across them, with their fronts parallel to that plane, the electric 

\ibiation parallel to the axis of y, and the magnetic one parallel to the axis of z; we 

may generalize by taking K and p, to be in each medium functions of x. The 

electrical equations are 

ilTV = 
clQ  (7c 

dx dt ’ 
V = o-Q + 

K , dQ 
— ^ • 
Ttt dt 

■^PP^y^^o formulae found above 38), the force acting on the electric polarity 

comes out to be null, while the electromagnetic bodily force is, per unit volume, 

X = v'y, being ’wholly parallel to the axis of x: its periodic part has double the 

fiequency of the radiation. Now there is no mechanical elasticitv associated with 

matter w-hich is powerful enough to transmit in any degree the alternating phases of 

forcives connected with a phenomenon which travels so fast and with such short 

wave-length as radiation, long Hertzian waves being excluded. Consequently when 

X is wholly alternating’ it is not transmitted by material stress at all; and it is only 

when its value for each element of the medium contains a non-alternating part that 

we can have a material forcive. When the media are perfectly transparent, and are 

traversed by a steady train of waves, there is therefore no transmissible material 

forcive either on surfaces of transition or anywhere else, and the JX dx previously 

calculated has no relation to material stress. But if we consider a stream of radiation 

passing across a transparent medium into an opaque one, and for simplicity take the 

latter to be homogeneous so that for the transmitted waves c = CqC"^-^ cos {iit — qx), 

the expression for X, viz : {v — ~ c“" y, contains a non - periodic term 

“ 2^2 -f ^2j 877^^ when integrated over the medium gives a pressure on 

the opaque medium of intensity 9^ 3 where E is the energy per 

unit volume of the incident radiation absorbed. Unless the opacity is so great 

that the intensity of the light is diminished in the ratio e~^ in penetrating a few 

wave-lengths, that is when p is negligible compared with qf this pressure will be 

* This will not usually be the case for metallic media. 

The sign of this mechanical force may be negative in a region of intense absorption. 

VOL. CXC.—A. 2 P 
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practically (1 — 7??E/2p,, where m, is the real part of the index of refraction of 

the medium, as measured by the ratio of the velocities in deviation experiments with 

prisms. And in general it appears that it is only absorption, not reflexion, of 

radiation that is accornjaanied by a mechanical forcive, the force on any absorbing 

mass being (1 — ?7iE72/rC in the direction of the radiation traversing it, where 

E' is the total radiant energy absorbed by the mass per unit time. 

In the case of a transparent medium traversed by two systems of waves, direct and 

reflected, forming stationary undulations, the mechanical force is proportional to 

sin 2qx, and vanishes at both the nodes and autinodes of the electric vibration. 

74. The rationale of the mechanical forcive is that, owing to the absorption of 

energy, which can only occur when phase-diflerences exist, a difference of phase 

becomes established between the two factors of X, the electric current and the 

magnetic field, so that their product contains a non-alternating part. It is known 

that vapours of complex chemical constitution are very powerful absorbers of radia¬ 

tion ; and in this case (if not in all cases) the absorption must he a property of the 

single molecule. By the argument just stated, there must then be difference of 

phase between the electric flux (displacement of electrons) in the molecule and the 

magnetic field, and this wull give a mechanical forcive driving the molecule along the 

path of the radiation. As the tails of comets and the Solar Corona consist of very 

rare distributions of vaporous or other matter, in free space which exerts no retarding 

influence, a comparatively small absolute amount of absorption by them of the Solar 

radiation might account for their observed repulsion from the Sun; in this way a 

definite and actually existing physical agency may be made to take the jflace of 

vague electrical repulsion in Bkedichin’s important analysis of cometary appendages. 

This mechanical action of wmves on absorbing systems placed in their path may be 

roughly illustrated by an arrangement in wdiich a system of sound waves traverses 

a sjoace filled with resonators approximately in unison with them. The open mouth 

of each resonator is repelled,"^ so that in case there is any regularity in their 

orientation, the system as a whole will be subject to mechanical force. The 

resonators might be suspended so that the mechanical forces may themselves produce 

this orientation, and thus form a sort of medium polarizable by waves. A corre- 

ponding electric illustration is the action of long Hertzian waves in orientating and 

repelling mobile conducting circuits wdiich lie in their path. The very considerable 

repulsion of the vanes in the radiometer arises of course from a mutual stress 

betw’een the vanes and walls and the rarefied gas, and so has a null resultant as 

regards the system as a wdiole. 

Stresses and Deformations in Electric Condensers. 

75. The elastic deformation produced in the dielectric of a spherical condenser by 

Cf. Lord Rayleigh, ‘ Theory of Soiiud,’ vol. 2, §§ 2o5a, 319. 
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the mechanical forcive may be readily calculated. If u denote the radial displace¬ 

ment, the normal and transverse principal tractions at any point in the spherical 

dielectric shell are 

P = 
(Jm 

\ch + 

clu 

'dr 
Q = x 

du . ^ u 

dr 7 
+ 2p 

u 

where p, X -f- fp are the moduli of rigidity and compressibility of the material. The 

electric force at any point is where H'C is the charge on a coating : hence (§ 36) 

the mechanical bodily force is derived from the potential — (K — l)/87r . ; and 

there is also an outward normal traction over each coating equal to —K/877.P'r“h 

The equation of equilibrium of a conical element of volume is 

dr 
) — 2 m = 

giving 
P. 

dr j 

K - 1 I 

K - 1 Tf_ 
'Itt (a, + 2yu,) 

and therefore 
4/i X + 6yu. (K — 1) 

P=(3X + 2riA-yB-^^'-i^^, Q = (3X + 2rtA + ^fB 
A.-2/4 (K- 1)1-^ 

X + 2/4 SttH 

The values of A and B are determined by the normal tractions at the coatings 

and are, when the coatings are wholly supported by the dielectric. = in and r = 

A = 
1 

i\r„ (rp -I- rp'o + r/) Stt (3X + 2/4) ’ 
B = 

rp’2 ^ ^ 327^/4 ’ 

where S represents 1 — (K — 1). 4p,/(X -}- 2/i,). 

It will suffice to state the results for the case of a thin shell of radius a with 

adhering coatings : then A = .9^/2477 (3X + 2p,) B = 

The coefficient of expansion of the radius of the sphere, due to the electric stress, 

is uja = (X -h 2p, — ju,K)/87r/x (3X -j- 2|u). F^, and the coefficient of expansion of the 

volume of the sphere is three times this. It is easily verified that when the shell is 

thin the stress in the material of the dielectric is made up of a pressure KF^Stt 

normal to the shell combined with a pressure (K — 2) F^/87r in all directions 

tangential to it.^ 

[76t. The circumstance that these results are independent of the radius of the 

sphere suggests an extension of their scope. Whatever be the form of the 

dielectric shell provided it is of uniform thickness, F will be the same all over it; 

and the mechanical force acting on its substance, being derived from a potential 

— (K — 1) F^Stt, will be directed at each point along the normal hi to the shell. 

Consider the internal equilibrium of an element of volume SS hi, of which the 

opposite faces SS are elements of level surfaces bounded by lines of curvature for 

which B^, Bj are the principal radii: it will be maintained if a pressure of intensity P, 

* This naturally differs from Kirchhoff’s result, ‘ Wied. Ann.’ 24, p. 52, § 4. 

t Rewritten December 2, 
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equal to KF^Stt, act on the element across the faces SS, and another pressure — Q 

act on it, which is the same across all perpendicular faces. For, resols’hig' the forces 

along Bn, we must have for equilibrium 

- f (P 8S) - Q 8S (Y + A) + 5^1 F f SS = 0. 

Now, by the constancy of the induction, we have d/dn (F 8S) = 0, leading to 

(j)i ^ dn ~ 8^ ^ on substitution, we 

obtain - Q = (K — 2) F^/Stt. The constancy of Q all round the edge of a flat element 

of volume SS Bn secures the balancing of the tangential components of the forces. 

Hence the mechanical stress in any condenser sheet of uniform thickness is the same 

as has been found above for the spherical case. If e and / denote the elongations of 

the material in the normal and tangential directions, X(e + 2/) + 2/re = — KF^/'S??, 

^ + 2/) + 2fxfz=z — (K — 2) F^Stt ; hence /= (2 + X//r - K)/(3X + 2/x) . F7877, 

e = (2X//r — K)/(3X H- 2/r). F^Stt; so that the extension of the volume of the shell 

and the change in its thickness are the same as were found above for the spherical 

case. If the shell is an open one, the presence of its free edge will disturb these 

lelatioris . but that influence will be mainly local, as the forces introduced by the 

edge will be almost wholly of the nature of local action and reaction.] 

Various Practical Illustrations and Applications of the Stress Theory. 

77. Refroxtion of a Uniform Field of Electric Force.—An arrangement by which 

these principles may be precisely verified is that of the refraction, at°a plane interface 

AB, of a sheaf of parallel lines of electric force F, according to the Faeaday-Maxwell 

law of tangents, tan tj/tan t, = Kj/K,, Fj/Fg = cosec ij/cosec tg. This configuration 

of lines of force may be obtained and fixed by means of a condensing system having 

its plates P^Qi and PgQg normal to the incident and refi’acted lines. Each plate may 

be protected from convective discharge into the fluid dielectric by a covering plate of 

glass 01 mica, vdiich will itseif produce no refraction. In such a case, when both the 

dielectric media are fluid, the total mechanical result of the electric excitation will be 

the same as that of normal tractions on the interface between them, of intensity 

- 27tiU - liV towards each side, that is, in all (K. -Kj) (27r;f'pKiK, -TbSir) towards 

the side 1. As the field of force in this condensing system is uniform except near its 

edge, the interface will simply be lifted up between the plates by the amount which 

corresponds to this traction, without ceasing to be horizontal. Thus the common 

surf ice will be elevated when tan q is less than (Kj/Kg)", while at greater incidences 
it will be depressed. 

This piinciple supplies in fact a method of obtaining the inductive capacities of 

fluid media by angular measurement only, without the aid of an electrometer. When 

the condenser P^Q^, P^Qo is charged, the interface between the fluids will usually 
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cease to be horizontal; the upper plate is then to be rotated until horizontality 

is again obtained, as may be tested very exactly by reflexion of a beam of light; 

then the ratio of the tangents of the inclinations of the plates will be that of the 

inductive capacities of the media. The method would also apply to solids, as we 

might employ a prism of the material, over a horizontal face of which a sheet of a 

fluid dielectric is spread, and observe the deviations from horizontality of the upper 

surface of this sheet. An equivalent arrangement has been actually employed for 

solids by Perot,'=• who however adjusted the plates to uniformity of the electric field 

by the electric test that translation of a small piece of solid dielectric in the field 

between them should not aftect the capacity of the condenser. 

78. Experiments on Electric Traction and Change of Pressure in Fluids.—The 

direct expeiimental examination of the material forcives of polarized media is neces¬ 

sarily confined to fluids, for in the case of solids the strains produced by them could 

hardly be disentamgled from the intrinsic changes of configuration due directly to the 

polarization. The field for fluids has been very fully explored by QuiNCKE.t The 

inductive capacity of the fluid dielectric of a horizontal condenser was first determined 

by direct electrical measurement. The attraction between the plates was then 

weighed. Then, using a wide cylindrical air-bubble extending across the space 

between the plates, and connected through an aperture in the upper one with a 

manometer, the increase of air-pressure in the bubble produced by charging the 

condenser was measured. As half-way between the jilates the capillary interface 

between air and liquid lies along the lines of force, there is by the previous formula; 

(§ 37) no true surface traction on that part of the interface; so that the indication of 

the manometer would give exactly the change of pressure in the liquid due to the 

electric excitation, were it not that the different electric conditions over other parts 

of the interface change the value of its curvature and so introduce a capillary change 

of pressure. Finally, employing a fiat bubble of air resting against the upper pla'te 

alone, and maintaining the pressure in it constant, the change of curvature of its 

lowest part produced by the electrical excitation was measured by the optical method; 

the surface tension operating through this change of curvature must balance exactly 

the direct traction on the surface and the change of pressure in the liquid below it. 

To compute these, we notice that the line of force through the middle of the bubble 

* P^ROT, ‘ Comptes Rendus,’ 1891; quoted bj Drude, ‘ Pbysik de.s Mothers,’ p. 299. The conjugate 

condensing system, in which namely the line.? of force and tlie line.s of equal potential are interchanged, 

so that the plates are now bent according to the law of tangents where they cross the surface of the 

liquid, has recently been brought into requisition by Pellat (‘Annales de Chimie,’ 1895), in order to 

derive the law of the traction on a dielectric interface from the expression for the energy of the dielectric 

system. As m these cases the field of force is uniform in both media, the bodily part of the mechanical 

force vanishes, and the interfacial traction proper thus constitutes the whole forcive: but that would 
not generally be so. 

t G. Quincke, ‘ Wied. Ann.,’ 19, 1883; or an abstract in the paper below cited, ‘Roy. Soc. Proc ’ 52 
1892, pp. 59-62. •> . 
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is straight, so that if F denote the electric force in air and F/K that in the liquid, the 

traction on the surface due to these two causes is (K — 1)® F7 SttK^ + (K — 1) F'/SttK-, 

that is (K — 1) F^SttK upwards, which is the formula employed, by Qctixcke ; while 

F is determined by the relation aF + bF/K =y, provided the bubble is so broad 

that the middle tube of induction is practically cylindrical, a and b being the lengths 

of this tube that are in air and the liquid, and V the difference of potential between 

the plates. Alter an error in the direct determination of K, due to an experimental 

oversight whose existence was suggested by Hopkinson, had been corrected, all the 

results showed substantial agreement, for thirteen liquids that were examined, with 

these theoretical formulse. But the agreement was not quite complete; a subsequent 

examination* still showed that the attraction between the plates always came out 

less and the change of pressure in the liquids greater than the formulm would give, 

though these discrepancies were within the limits of experimental error, except for 

the case of rape oil in wdiich they amounted to as much as ten per cent. The neglect 

of the capillary correction above mentioned would account for a discrepancy in the 

same direction as the first; and the irregularity of the electric distribution near the 

edge of the plates would account for one in the same direction as the second. 

In a paper on the bearing of the phenomena of electric stress on electrodynamic 

theory,! I had previously been led to inferences militating against the possibility of 

dielectric polarization being of molecular type, from a comparison of these experimental 

results with an electric traction formula including both the molar and the molecular 

forcives. According to the present argument {§ 44), the latter forcive being separately 

compensated, the difficulty there encountered does not exist. The remaining con¬ 

siderations in that paper retain their validity; they show for instance that the 

formulm for the experimental reductions can be derived from a .knowledge of the 

distribution of the organized energy alone. But in the light of the present views, 

we are no longer restricted or even allowed to consider the induction in a dielectric 

as all of one kind ; the total circuital induction is in fact made up of a material 

polarity combined with an mthereal elastic displacement, giving an apparent but 

natural complexity which it had previously been an aim to evade. 

79. Experiments on Electric Expcmsion in Solids and Eluids.—The results 

obtained in § 70 may be applied to the discussion of a very thorough series of 

experiments on electric expansion, made by Quincke,| which appear hitherto 

not to have been correct!}^ interpreted. Following the early experiments of 

Fontana, and more recent ones by Govi and Duter, a condenser of the form of a 

glass thermometer-bulb was used, and the expansion of volume arising from electric 

excitation was read directly on its tube, By employing a long cylindrical bulb, the 

* G. Quincke ; ‘ Wied. Ann.,’ 32, 1887, p. 537. 

t ‘ Roy. Soc. Proc.,’ 52, 1892, pp. 65-6. 

t Abstracted in ‘ Sitz. Akad. Berlin,’ February, 1880, and ‘ Pbil. Mag.,’ July, 1880, pp. 30-39 : in 

full in ‘Wied. Ann.,’ 10, 1860, pp. 161-202, and 513-553. 
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longitudinal expansion of the glass could also be measured microscopically at the 

same time. It was found by Quincke that the coefficient of volume expansion was 

always about three times that of this longitudinal expansion of the glass dielectric, 

just as the above theory indicates for the elastic strain in a bulb of uniform thickness! 

The euoneous deduction was however made from an imperfect theory, that electric 

expansion of solids is uniform in all directions, like expansion by heat, and so in no 

part due to mechanical forces of attraction. 

By using the formula of § 76 along with various known physical constants, a test 

of^ the order of magnitude of Quincke’s determinations may be obtained. Thus 

with a^ striking distance of -4 centim. between brass balls 2 centims. in diameter, the 

expansion in volume of a flint glass condenser of thickness -06 centim. was found to 

be I X 10-6.-“ According to Bailee’s experimentst this striking distance corresponds 

to a difference of potential of 47 c.g.s. The expansion of volume of the bulb due to 

the mechanical force is [2 - K + X/p}/(X + |p).FV87r, where, according to 

Eveeett’s experiments! for flint glass, = 25 X lO^o c.g.s. and X = p, and accordincr 

to Hopkinson K is about 7. This gives for the thickness under consideration a 

coefficient of expansion equal to - 0-24 X 10-^ while the observed value was 

0-75X10 6.§ 'J'he difference between them, in so flir as it does not arise from 

experimental uncertainties, is an intrinsic superficial expansion of the glass, which 

arises directly from the transverse polarization itself, and is not due to the mechanical 

forces caused by it. That there is such intrinsic alteration due to electric excitation, 

IS independently suggested by Quincke’s observation that the values of the elastic 

constants of the material are slightly altered by that cause. 

In the case of a fluid the effect of electric excitation is to diminish the hydrostatic 

pressure; consequently expansion should result when the jflates of the condenser are 

fixed. ^ This agrees with what happens for most fluids. But the fatty oils form an 

exception; thus for them at any rate there is an intrinsic electric contraction super¬ 

posed on the expansion due to diminished pressure. 

^ In both these cases the intrinsic change of volume is of order of magnitude not 

higher than the change due to the mechanical stress. 

The observation of Quincke 1| that a thin glass-tube condenser, with walls thicker 

on one sfoe than the other, becomes curved (in accordance with the theory above) 

Mdien it IS electrically charged, virtually affords a convenient method for studying 

* Loc. cit. ‘Wied. Ann.,’ 10, p. 190. 

t ‘ Annales de Chimie,’ 1882 : quoted in J. J. Thomson’s ‘ Recent Researclies,’ p 87 
t ‘ Phil. Trans.,’ 1868, p. 369. 

§ According to Quincke’s own determinations (loc. cit. p. 187) the value of K would be about 12 

winch IS a great deal higher than Hopkinson’s results, and would give an expansion - ORO X 10-«. It 

seems possible that these determinations, which involve considerable unitary complexity, may be 

wrong y recorded, as Quincke’s reduction of them sometimes appears to give values for K that arc less 
tlian unity. 

II Loc. cit., p. 394. 
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the gradual rise of the charge of the condenser and its residual discharge. With 

such a “glass thread electrometer” it appears that the curvature takes place 

gradually on excitation, occupying for small charges sometimes as long as 30 seconds: 

and on discharge it is annulled with corresponding slowness. As part of this 

deformation is intrinsic, that is, due to molecular forces and not to the mechanical 

stress, it is a direct indication of gradual shaking down of the material into modified 

molecular groupings under the influence of the electric field. 

80. Influence of Polarization of a Fluid on Surface Ripples.—TIiq last illustra¬ 

tions helon^ to cases in which the field of force is uniform, so that the bodily 

mechanical forcive vanishes. A problem amenable to experimental examination, in 

which this is not the case, is the influence of electric polarization on ripple motion in 

fluids. The fluid, in a glass dish, might for example form part of the dielectric of a 

horizontal condenser, of which the upper coating is a wire grating separated from the 

fluid by a plate of glass or mica so as to prevent communication of electrification to 

its surface. 

Taking the axis of y downwards into the fluid whose dielectric constant is K.., and 

the axis of a: along the interface, the electric potentials in the two fluids, of which 

the uppei will usually be air, are — A^y -}- BjC'^'^cos iiix, = A.,ycos wiai. 

subject to the condition that at the interface y = 0 cos nix we must have 

and dV fdn =■ Kn dYfdn. riius A^C -f- = A.3C + B.,, and (A^^ -j- inB^ cos nix) 

= Ko (A. — niB, cos mx) which latter involves both KjA^ = K3A0 and K^B^ = — K.B^. 

The velocity potentials of the wave-motions in the two fluids are 

(f)^ = m 1 dCldt e’“’J cos nix, dCjdt e~”^'J cos nix. 

In addition to the h3^drodynamical pressure-difference acting from the ipiper to the 

loAver side of the interface, equal to - p (p^ - pi) y + (p^ d<pfdt - d^fdt), that is 

~ {9 {Pi ~ Pi) C -T ni~^ [p., -j- pf d-Qflt-] cos nix, there will act on it a downward 

capillary traction T chyldx^, or — ?n~TC cos nix, and a downward electric normal 

traction'"' (K^ — KA — Tp), 87r, in which N;^ = A^ + mBi cos mx while 

1 is of the second order. This electric traction is therefore equal to (K^ —K..)/87rIv.,. 

2»iA^B^ cos nix), where B^ = (K^ — Ko)/(K^ + K3)-CAj; while the intensity 

of the total displacement, material and aethereal, in the electric field is 

Ihe balancing of these tractions at the interface y—O cos mx requires that, in addition 

to the mean statical elevation, we should have 

(pi + /’i) ^ ~ Pi) '71 + m IvjKo (1^3 1^1) 

in which njin is the velocity of wave-propagation. The effect of the electric polariza¬ 

tion is thus for ripples of length ^ (= 27r/?n) the same as would be that of a diminu¬ 

tion of the surface tension by (K. — Kj)2/KiK3(Ko f - Kf.\i'~. 

This is the statical cquivaleut as above (§3/) of both the actual electric traction on the surface, 

and the electr’ic pressure transmitted from the interior of the fluid to the surface. 
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If the lower medium were conducting, we should have had 4.iC + = 0, and the 

electi-ic downward traction would be — K^NiYStt, that is — K^A^VStt + ?n/47r. 

cos mx. Thus in the equation giving as above the velocity of propagation, the 

electric term would be - Ai747rm, or — where a is the density of the 

electrification on the interface. The effect of this electrification is thus the same as 

that of a diminution of the surface tension by 2cr^X/K,^, where X is the wave-leno’th.'"' 
_ 1. / i • 

81. Relations of Electrijication to Vapour Tension and Fluid Equilihrium._It 

has already been shown 52) that the possibility of mechanical equilibrium between 

fluid dielectrics which do not mix requires tliat the electric tractions on the interface 

shall be in the direction of the normal. There are also other dynamical relations 

ceducible fioin the fact that such forcives, when integrated round a closed circuit in 

fluid media, must give a null result, in order to avoid the establishment of cyclic 

perpetual motions. The earliest example which led the way to relations of this kind 

was Lord Kelvin’s establishment of a connexion between the vapour tension of a 

liquid and the curvature of its free surface ; and similar balances must independently 

hold good between vapour tension and other causes of surface traction. 

Consider in the first place a volume of conducting fluid with a large horizontal free 

surface. Let an electric field be established over a portion of this surface ; there 

will be a surface density a- of electrification induced over that portion, which will 

vary from point to point ; while the electric forces will elevate the surface bv an 
«/ 

amount h, — 2TTCT~lgp where p is the density of the fluid, above the level at a 

distance where there is no electrification. The vapour tension over the electrified 

part must thus be smaller by gpf than over the unelectrified part, where p^ is the 

density of the vapour. This difference of tension must be the natural steady 

difference produced by the electrification of the surface ; for otherwise a process of 

distillation will set in and there could not be equilibrium, though there could 

theoietically be perpetual generation of work while the temperature remains uniform, 

as the electric charge does not evaporate with the fluid. It follows that an 

electiification of surface density cr must depress the equihbrium vapour tension 

by an amount 27ra-7o/p-'*' 

Suppose again that the fluid is a dielectric of inductive capacity K, and has no 

free charge. A similar train of reasoning shows, by the formula of § 87, that when 

the polarization of the material dielectric, at the surface, is made up of a normal 

component n' and a tangential component t', its vapour tension is thereby diminished 

by an amount 27r (Kn'^ + t'^)l(K — f). pfp. Conversely, we can argue that, as the 

change of vapour tension can depend only on the state of polarization or electrification 

at the part of the surface which is under consideration, the effect of the electric 

excitation must be completely expressible l)y a mechanical traction over the surface 

* T]ai.s result was given twice too large in ‘ Proc. Camb. Phil. Soc.,’ April, 1890. 

t This agrees with a result given by Prof. J. .1. Thomson, “ Applications of Dynamics to Physics and 
Chemistry,” 1888, § 86. 

VOL. CXC.—A. 2 q 
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which must be wliollj normal and depend only on the intensity of the field of force 

at the 2)la(3e. That this is the case for fluids, but not for solids, has already been 

sliown. And this law of dependence of vapour tension on electric state only applies 

to fluids, not to solids like ice ; for a flow of the medium is required to com^flete the 

cycle on which the argument is based. In the case oi a solid with finite vapour- 

tension, electric excitation—as also gravity, strains, and other physical agencies— 

will jDi’omote evaporation, excessively slow of course, from some parts of its surface, 

and condensation on others, until a form suitable to equilibrium of vajDOur tension is 

attained. 

In expressing conditions of equilibrium for fluid media, the above total electric 

normal traction over each interface is simply to be added to such other forces as 

would exist in the material system if there were no electric field. Thus if we take 

for example the case of a number of dielectric fluids siqDerposed on each other in a 

tall jar under the action ot gravity, the form of the U2:>per surface is obtained by 

equating the electric traction to the pressure difference produced by difference of 

level alone; and for anv interior interface the same statement holds P’ood. the form 
o ' 

Oi each interface depending only on the electric field at the jfiace and the inductive 

capacities of the two fluids which it sejiarates. And this 2^1'ocedure is quite general 

whatever extraneous forcives there may be ; the form of each interface is always 

determined by equating the difference of electric tractions on its two sides to the 

difference of pressures due to other than electric causes. 

82. Tractions on the Interfaces of a divided Magnetic Circuit.—An important 

jiractical deduction is that when a bar or ring, longitudinally magnetized temporarily 

or permanently, is divided by an air-gap, the force drawing together the two halves 

of it consists of the attractions of the uncomjjensated polarities which would remain 

if there were no air-gaj), together with a traction on each face of the gap, at right 

angles to its plane, and of intensity wflrere v is the normal component of the 

magnetization. This traction is in other respects quite indejiendent of the character 

of the magnetic field that may exist at the gap ; when the gap is narrow it is 

simply the attraction between the free polarities on its two faces. When the gap is 

transverse, the total amount of the traction is 27rJ'F dS, that is (87r)“\|’(B — H)-dS, 

where B and H are the longitudinal components of the magnetic induction and 

force ; when it is oblique the longitudinal pull between the halves of the bar varies 

as the square of the cosine of the obliquity. When the substance is magnetized b}^ 

an electric coil, there may in addition be the attraction between the two halves of 

the coil. For the case of iron H is very small compared with B, unless the field is 

far greater than is required to saturate the iron ; so that the part of the mechanical 

traction across a transverse ga^) which is due to the jioffu'ities on its faces is 

practically (877)~^JB^ dS. 

83. Interciction of Mechamced Stress and rfagnetization.—Consider a wire, 

magnetized to intensity I by a longitudinal magnetic field IT, and subject to an 
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extraneous tensile force of intensity Q per unit cross-section : let M denote the 

modulus of elastic extension of its material, which will be an even function of 1. 

'.fhe mechanical work expended on the wire in a slight alteration of its circumstances 

is })er unit volume 

§W = (M-i 8Q + 8r;) Q + H SI = + Q d-qlciq) SQ + (H + Q drildl) SI, 

where 17 is its intrinsic magnetic elongation when magnetized to intensity I under 

tension Q, this magnetization practically not altering the extraneous field in the case 

of a wire. To avoid perpetual motions, 8W must in the absence of hysteresis be a 

perfect differential of the independent variables I and Q: hence = 

(dH/dQ)^ + drjidl. Here I is a function of H and Q, so that to determine dH/dQ 

when I is constant we have (dI/c/H)Q + (dI/dQ)H (dQ/dH)i = 0, the subscript 

denoting the variable that is constant in the differentiation. Thus on substitution 

dif]ldl = (dl/dQ)H/(dI/dH)Q + Q the total expansion is rj' = yj Q/M ; 

so that on writing as usual k for (dI/dH)Q, we have d-q’/'dl = — I (d/c~7f^Q)n+ 

2Q d'M~^ldl. This is the exact equation which should be directly satisfied by series 

of observations of 17', I, and M, formed with different constant values of H and Q, 

provided hysteresis is negligible. As 77' must be an even function of I, it follows that 

when I and Q are small, y] — — (dK:“7<^^Q)n, or J-I~ (d«:“\/dQ)i, as in § 67. 

For the case of a ring magnetized by a coil, there can be no free polarity except 

at an air-gap ; tlius there is no stress of magnetic origin in the material. The 

alterations of longitudinal and transverse dimensions of rings of iron and iiickeH 

are thus wholly intrinsic changes due to the magnetic polarity and in no part due 

to mechanical stiess such as Q. In the neighbourhood of the origin, where f] is 

proportional to I“, the curves given by Bidwell expressing the relation between 

y] and I should be parabolic, as in fact they are. At the magnetization corre¬ 

sponding to a maximum or minimum ordinate t] of the curve, the effect of a 

very small imposed tension on the magnetization should change sign, being null for 

that particular magnetization ; the summit of the curve is therefore the Villaei 

critical point. But if there is a tension Q so considerable that change of the elastic 

modulus by magnetization contributes appreciably to the elongation, the Villaei 

})oint will be displaced from the summit of the curve, backwards when magnetization 

increases the modulus. It appears from the experiments of BiowELLt that for iron 

tension increases the intrinsic elongation, for nickel it at first increases then 

diminishes and finally for stronger fields increases it, while for cobalt there is no 

sensible effect. 

84. Mechaiiiccd Stress in a Polarized Solid Sphere.—The mechanical stress 

sustained by a sphere of soft iron situated in a uniform magnetic field H can be 

simply expressed. The well-known analysis of Poissox gives a constant field 

* Shelfokd Bidvell, ‘PLil. Trans.,’ A, 1888, p. 228 ; ‘ Roy, Soc. Proc., 1894. 

t ‘ Roy. Soc. Pioc.,’ vol. 47, 1890, p. 480. 

2 Q 2 
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H' — 3H/(/i + 2) and uniform magnetization T = (^ — l)H747r inside the iron, 

whether the law of induction is linear or not. Thus for this case of a sphere the 

mechanical loices exeited on the iron involve no distribution of forcive throug’hout its 

volume, but simply an outward normal traction of intensity {(p,^ — 1) sin- ^ ^ -f i] 

H -/Stt over its surface; that being so, the stresses agree with Kiechhoff’s values, 

and the elastic strain produced in the sphere is given by his formulfe,'"' the result of 

course involving only very slight deformation. In fact, taking the axis of ai along 

the direction of I', it is clear that an elastic displacement (?/, v, iv) of the tvpe 

u ax -\-hx (^y -f-s;') -f- ex, v = iv = a h x (^- + ex satisfies the conditions 

of the problem for the case of a sphere, the constants being determined by satisfying 

the equations of internal equilibrium and adjusting the surface tractions. In addition 

to this mechanical deformation there will be the intrinsic deformation above deter¬ 

mined (§ 83) arising from the molecular changes produced by the magnetic polarization. 

Precisely similar formulae express the mechanical stress in a .sphere of solid dielec¬ 

tric matter situated in a uniform electric field. 

I desire to express, as in previous Memoirs, my obligation tg the friendly criticism 

of Piofessoi G. F. FitzGerald, which has enabled me to remove obscurities and in 

various places to make my meaning clearer. 

* Kirchhoff, “Gesamm. AblianclL, 

§ 168. 

Xaclitrag,” p. 124; cf. also Love, Treatise on Elasticity,” I., 
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PART I. 

On the Method, Appliances and Limits op Error in the direct Determination 

OF THE Work expended in raising the Temperature of Ice-cold Water to 

that of Water boiling under a pressure of 29-899 inches of Ice-cold 

Mercury in Manchester.—By Osborne IIeynolds. 

The Standard of Temperature for the Mechanical Equivcdent. 

1. Ilie determination by Joule, in 1849, of the expenditure of mechanical effect 

(772-69 lbs. falling 1 foot) necessary to raise the temperature of 1 lb. of water, 

weighed in vacuo, 1° Fahr. between the temperatures of 50° and 60° Fahr. (at 

Manchester), together with the second, in 1878, 772-55 ft.-lbs., to raise the 

temperature of 1 lb. (weighed in cacuo) from 60° to 61° Fahr., at the latitude of 

Greenwich, established once for all the existence of a physically constant ratio 

between the work expended in producing heat and the heat produced ; while the 

extreme simplicity ol his methods, his marvellous skill as an experimenter, and the 

complete system ol checks he adojited, have led to the universal acceptance of the 

numbers he obtained as being within the limits he himself assigned (1 foot), of the 

true ratio of work expended in his experiments in producing heat and the heat 

produced as measured on the scale of the thermometer on which he sjDent so much 

time and care. 

The acceptance of J = 772, as the mechanical equivalent of heat, amounts to the 

acceptance of the scale between 50 and 60 on Joule’s thermometer 5 as the standard 

of temperature over this range. 

Joules thermometers are nowin the custody of the Manchester Literary and 

Philosophical Society (having been conhded to its care by Mr. A. Joule) ; so that 

2.3.98 
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this material standard is available. But the standard of temiDerature actuallv 

established by Joule is universally avadable wherever the British standard of length 

is available, together with pure Avater and tlie necessary means and skill of expending 

a. definite quantity of work in niising the temperature of Avater betAA'een 50° and 

60 Fain., since in this Avay the scale on any thermometer ma\’’ be compared AA'ith 

that on Joule’s. 

ibe difiiculty of access to Joule’s thermometer, and the inherent difficulty of 

making an accurate determination of the equivalent, have limited the number of such 

comparisons. 

I he most serious attempts have been made Avith the very desirable object 

of determining the mechanical equivalent of a thermal unit, measured on the scale 

of piessuies of gas at constant A-mlumes, first recognised by Joule as the nearest 

a[)proximation to absolute temperature. 

Ihe results of these comparisons have been various, all haAung apparently shoAAm 

that Joule’s standard degree of temperature is less than the one-hundred-and- 

eightieth part betAveen freezing and boiling points on the scale of ^Jressure of gas at 

constant A'olume, the differences being from O'l to I'O per cent. Joule himself 

contemplated comparing liis thermometer Avitli the scale of air pressures, but did not 

do so. bo that only indirect comparisons have been possible. 

Hikx, who Avas the first to folloAv Joule, in one of his researches introduced 

a- method of measuring the work done Avhrch afforded much greater facility for 

applying the Avork to the Avater than the falling vA'eights used by Joule in his first 

determination, and this Avas adopted by Joule in his second determination. But not- 

A\ ithstanding the greater facilities enjoyed by subsequent observers, oAving to the 

progress of physical appliances, the inherent difficulties remained. The losses from 

radiation and conduction could only be minimised by restricting the range of 

temperature, and this insured thermometric difficulties, particularly with the air 

thermometer, Avhich, it seems, does not admit of very close reading. This, together 

Avith certain criticisms, of Avhich some of the methods employed admit, apjiear to 

have left it still an ojien question Avhat exact rise in the temperature in the scale of 

air pressures corresponds to tlie 772 ft.-lbs. 

2. Ihe research, to the method and ajjpliances for which this paper relates, has 

lieen the result of the occurrence of circumstances which offered an opportunity, such 

as might not again occur, of obtaining the measure, in mechanical units, of the heat 

in Avater betAveen the tAvo physically fixed points of temperature to Avhich all 

thermometrical measurements are referred, and of thus placing the heat as defined 

in mechanical units, on the same footing as the unit of heat as defined by tem¬ 

perature, Avitliout the intervention of scales, the intervals of AAdiich depend on the 

relative expansions of different materials such as mercury and glass. 

It has been, so far as I am concerned, undertaken Avith considerable hesitation, on 

account of the responsibility even in attempting such a determination, and the harm 
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to science that might follow from further confusion owing to error m what, in spite 
of opportunities, must be the extremely difficult task of making such complex 
determinations within less than the thousandth part. These considerations, together 
with my inability to find the large amount of time necessary for making the obser¬ 
vations, i3revented any attempt until July, 1894. At that time Mr. W.'h. Moorby 
offered to devote his time to the research, and so relieve me of all responsibility 
except that which attached to the method and the appliances ; and having, from 
experience, the highest opinion of Mr. Moorby’s qualifications for carrying out the 
very arduous research, there seemed to be no further excuse for delay, particularly 
as alter seeing the appliances in the laboratory both Lord Kelvix and Dr. Schuster 
expressed strongly their opinions as to the value of the research. 

The Oirportvnity for the Research. 

3. This consrsted in the inclusion in the original equipment, in 1888, of the labora¬ 
tory of the following appliances :— 

(1.) A set of special vertical triple-expansion steam-engines, with .separate boiler, 
closed stoke-hold, and forced blast ; these engines being specially arranged to give 
leacly acces.s to the .shafts (3 feet) above the floor, and being capable of running at 
any speeds up to 400 revolutions per minute, and working up to 100 H.P. (Plate 3.) 

(2.) Three special hydraulic brake dynamometers, on separate shafts, between and 
m line with the engine shafts, with faced couplings, so that one brake shaft could be 
coupled with the shaft of each engine, leaving each engine to work its own shaft ; or 

the brakes on the high-pressure and intermediate engines could be removed, and 
their shafts coupled by means of intermediate shafts, so that all three engines worked 
on the brake connected with the low'-pressure engine. These brakes, which are 
.shown (Plate 3), are separately capable of absorbing any power up to a maximum of 

30 horse-power at 100 revolutions, and increasing as the cube of the speed ; so that a 
single biake is capable of absorbing the whole poAver of the engine at any speed aboA^e 
100 reAmlutions a minute. 

The Avhole of the AAnrk is absorbed by the agitation of the water contained in the brake, 
while the heat so generated is discharged by a stream of water through the brake, with 

no other functions than of affording the meansof regulating,independently, the tempera¬ 
ture of the brake and the quantity of Avater in the brake. The moment of resistance 
of the brake at any speed is a definite function of the quantity of water in the brake. 
And as, except for this moment, the unloaded brake is balanced on the shaft, the 
load being suspended from a leA^er on the brake at 4 feet from the axis of the shaft, 
if the moment of resistance of the brake exceeds the moment of the load, the lever 
rises, and vice versa. By making the lever actuate the A'alve which regulates the 
discharge from the brake, and thus regulate the effluent stream, the quantity of Avater 
m the brake is continually regulated to that Avhich is just sufficient to suspend the 
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load with the lever horizontal, and a constant moment of resistance maintained what¬ 

ever may be the speed of the engines. 

(3.) Manchester town’s water, of a purity expressed by not more than 3 grams of 

salts in a gallon, brought into the laboratory in a 4-inch main at town’s pressure (50 

to 100 feet), and distributed either direct from the main or at constant pressure from 

a service tank 10 feet above the floor of the laboratory. 

(4.) Two tanks, each capable of holding 60 tons of water, one in the tower, 116 feet 

above the floor, the other 15 feet below the floor, connected by 4-inch risino- and 

falling mains, each 500 feet long, passing in a chase under the floor. The rising 

main including a special quadruple centrifugal pump, 2 feet above the floor, ca23able 

of raising a ton a minute from the lower to the upper tank. (Shown in Plate 7.) 

Also a set of mercury balances, showing continually the levels of water in the two 

tanks, and the pressures in the rising, falling, and towns mains. (Shown in Plate 4.) 

(5.) A special quadruple vortex turbine, supplied from the falling main and dis¬ 

charging into the lower tank, capable of exerting 1 h.p., and available for steady 

speed at all parts of the laboratory. (Shown in Plate 7.) 

(6.) A supply of power to the laboratory by an engine and boiler, quite distinct 

from the experimental engine, and distributed by convenient shafting which is 

always running. (Shown in Plate 3.) 

The Measurement of the Worh. 

4. Of the apjDliances mentioned, the brake on the low-pressure engine is the 

centre of interest, as it was by this that the work wms measured, as well as con¬ 

verted into heat. 

The existence of the appliances was largely due to the interest in educational work 

taken by Mr. William Mather, who, together with the other members of the Arm 

of Mather and Platt, not only placed at my disposal the facilities of their works, but 

inspired the enthusiasm which alone rendered the execution of such novel and special 

Avork possible. 

The development of the brake dynamometer, from its introduction by Prony, has 

an interesting and important history, but into this it is not necessary to enter. 

The purpose of these dynamometers is to aftbrd continuous frictionai resistance 

adapted to the power exerted by the prime mover in causing a shaft to revolve, and 

of a kind that is definitely measurable. To fulfil the first of these conditions, the 

mean moment of resistance of the brake must just balance the mean moment of eftbrt 

of the engine, and the means ol esca^ie of heat from the brake must be sufficient to 

allow all the heat generated to depart without accumulating to an extent which mav 

interfere with the action of the appliances. In the first brakes the resistance was 

obtained by the friction of blocks or straps pressed against a cylindrical wheel on the 

shaft, and, small powers being used, radiation and air-curi’ents round the brake Avere 
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found sufficient to carry off the heat, but, when larger powers were used, these 

sources of escape failed to keep the temperatures down to practical limits, which 

necessitated the application of currents of water to carry off the heat. 

The measurement of the work was invariably accomplished by attaching the brake 

blocks, or straps, to a lever, or arm, so tha,t the whole brake would be free to revolve 

with the brake-wheel, except for the moment of the weight of the parts which, 

adjusted to the power of the engine, was kept in balance by the adjustment of the 

pressure ot the blocks on the wheel. Then, since the work done is equal to the 

product of the mean moment of resistance, over the angle turned through, multiplied 

by the angle, if the resistance is constant over time, the moment of the brake, 

multiplied by the whole angle, measured the work done. 

It is however to be noticed that the assumption that the time-mean of the moment 

on the brake is the same as would be the angle-mean of this moment might involve 

an error of any extent, provided the resistance and the angular velocity varied in 

conjunction. And as steam engines invariably exert an effort within the period 

of the revolution while the friction and the pressure causing it are apt to respond to 

any variations of speed, it is probable that there has been some error from this cause 

in all such measurements although not previously noticed. 

Hirn ajDpears to have been the first to recognise that in a steady condition the 

resistance of fluid between the brake-wheel and the brake would answer instead of 

the solid friction, so that the mean time moment of effort exerted in turning a 

paddle in a case with bafflers containing water would be strictly measured by the 

mean time moment of the case. And although subject to the same error from periodic 

motion as the friction brake, the facility this fluid brake offered for cooling and 

regulating led to its simultaneous adoption and development by several inventors, 

for measuring power—the late William Froude, for the purpose of measuring the 

work of large engines, inventing that arrangement of paddle vanes and bafflers 

which gives the highest resistance, regulating the resistance by thin sluices between 

the vanes and bafflers, and always working with the case full of water. 

The brake under consideration differs from that of Mr. Froude in only one funda¬ 

mental particular—the provision by which a constant pressure in the interior of the 

brake is secured by the admission of the atmosphere to that part of the brake where 

the dynamical effect of the water is to cause the lowest pressure—this admits of 

working the brakes with any quantity of water from nothing to full, and thus allows 

of the regulation of the resistance by regulating the quantity of water in the brakes 

without sluices. 

The description of this brake has already been published, together with that of the 

engines,* but it will be convenient to give a short description. 

This brake consists primarily of (1) a brake wheel, 18 inches in diameter, fixed on 

* “ Triple ExpansioD Engines,” by Professor Osboene Reynolds, ‘ Minutes of Proceedings, Inst. 
C.E.,’ vol. 99, 1889, p. 18. 

VOL, CXC.—A. 2 R 



306 PROFESSOR O. REYNOLDS AND MR. W. H. MOORBY 

the 4-inch brake shaft by set pins, so that it revolves with the shaft (figs. 2 and 3), 

and (2) a brake (or brake case) which encloses the wheel, the shaft passing through 

hushed openings in the case which it fits closely, so as to prevent undue leakage of 

water while leaving shaft and brake-wheel free to turn in the case, except for the 

slight friction of the shaft (figs. 1, 2 and 3). 

The outline of the axial section of the brake-wheel is that of a right cylinder, 4 inches 

thick. The cylinder is hollow—in fact, made of two discs which fit together, forming 

Fig. ]. 

an internal boss for attachment to the shaft, and also meet together at the periphery, 

forming a closed annular box, except for apertures to be farther described (fig. 3). 

In each of the outer disc faces of the wheel are 24 pockets (carefully formed), 

4^ inches radial and 1^ inches deep measured axially, but so inclined that the narrow 

partitions or vanes (^ inch) are nearly semicircular discs inclined at 45° to the 

axis ; the vane on one face being perpendicular to the vane on the opposite face 

(%• 2). 
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The internal disc faces of the brake case, as far as the pockets are concerned, are 

the exact counterparts of the disc faces of the wheel (except that there are 25 

pockets), so that the partitions in the case are in the same planes as the partitions 

meeting them in the wheel, there being inch clearance between the two faces. 

The pairs of opposite pockets when they come together form nearly closed 

chambers, with their sections, parallel to the vanes, circular. In such spaces 

vortices in a plane inclined at 45° to the axis of the shaft may exist, in which case 

the centrifugal pressure on the outside of each vortex will urge the case and the 

wheel in opjDOsite directions inclined at 45° to the direction of motion of the wheel, 

Fig. 2. 

which will give a tangential stress over the disc faces of the wheel of l!\/2 of the 

sum of these vortex pressures. The existence and maintenance of these vortices is 

insured by the radial centrifugal force of the water in the pockets in the wheels 

owing to its motion. 

This is the late Mr. W. Fuoude’s arrangement. But an essential feature of the 

brake is the provision which insures the pressure of the atmosphere at the centre of 

the vortices, even when the pockets are only partially filled. 

The vortex pressure is greatest at the outsides of the vortices, which occurs all 

over the annular surfaces of the pockets, but the actual pressure on these surfaces is 

2 R 2 
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not determined solely by the vortex motion unless the state of pressure at the centre 

of the vortices is fixed, for the vortex motion only determines the difference between 

these pressures. To insure the constant pressure, and at the same time to allow of 

the pockets being only partially full—that is, to allow of hollow vortices with air 

cores at atmospheric pressure, it is necessary that there should be free access of air 

to the centres of the vortices, and as this access cannot be obtained through the 

water, which completely surrounds these centres, it is obtained by passages (|- inch 

diameter) within the metal of the guides, which lead to a common passage opening 

to the air on the top of the case (figs. 2 and 3). 

To supply the break with water there are similar passages in the vanes of the 

wlieel leading from the box cavity, which again receives water through ports which 

Fig. 3. 

open opposite an annular recess in one of the disc faces of the case into which the 

supply of water is led, by means of a flexible indiarubber pipe from the supply 

regulating valve. 

The water on which work has been done leaves the vortex pockets by the clear¬ 

ance between the disc surfaces of the wheel and case, and enters the annular chamber 

between the outer periphery of the wheel and the cylindrical portion of the case, 

which is always full of water \vhen the wheel is running, whence its escape is con¬ 

trolled by a valve in the bottom of the case, from which it passes to waste. 

By means of linkage connected with a fixed support and the brake case, an 

automatic adjustment of the inlet and outlet valves, according to the position of 
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the lever, is secured without affecting the mean moment on the brake case. And 

this also affords means of adjusting the position of the lever. To admit of adjust¬ 

ment for wear the shaft is coned over that portion which passes through the hushes, 

the bushes being similarly coned, and screwed into short sleeves on the casing, so 

that by unscrewing them the wear can be followed up and leakage prevented. 

The brake levers for carrying the load and balance weight, are such as to allow the 

load to be suspended from a groove parallel to the shaft, at 4 feet from the shaft, by 

a carrier with a knife edge, the carrier and the weights each being adjusted to 

25 lbs. (shown figs. 1 and 4). In addition to this load, a weight is suspended from a 

knife edge on the lever nearer the shaft, this weight being the piston of a dash-]3ot 

in which it hangs freely, except for the viscous resistance of the oil. This weight 

being adjusted to exert a moment of 100 ft.-lbs., and again a travelling weight of 

48 lbs., is carried on the lever and worked by a screw with ^ inch pitch, so that one 

turn changes the moment by 2 ft.-lbs., while a scale on the lever shows the position. 

A shorter lever on the opposite side of the case carries a weight of 74'6 lbs., which is 

adjusted to balance the lever and sliding weight when the load is removed. 

Tlie Accuracy of the Brahe. 

5. The principle of these hydraulic dynamometers is that when moment of 

momentum is introduced into a fixed space without altering the moment of momentum 

within that space, the rate at which moment of momentum leaves the space must 

equal the rate at which it enters. The brake-wheel imparts moment of momentum 

to the water within the case, and the friction of the shaft imparts moment of 

momentum to the case. The water in the case, when its moment of momentum is 

steady, imparts moment of momentum to the case as fast as it receives it, and the 

time mean of the moment of the load is equal to the time mean of the moment of 

effort of the shaft. 

This is not affected by water entering and leaving the case at equal rates, provided 

it enters and leaves radially. 

The condition of steadiness is, however, essential, in order that the moment of 

effort shall be at each instant equal to the moment of resistance on the case ; any 

change in the moment of momentum of the water in the case being the result of the 

difference of the moment of effort on the shaft and that of resistance on the case. 

The Time-Mean of the Moment of Effort. 

6. When, however, the shaft is run over an interval of time, the mean moment of 

resistance on the case, less the difference of the moments of momentum of the water, at 
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the end and beginning of the interval, divided by the time, is the time-mean moment 

of effort on the shaft. 

The possible limit of this error may be estimated when the maximum moment of 

momentum of the water is known as well as the minimum moment of resistance, and 

the minimum interval of time. 

Thus taking the limits to be 30 lbs. of water, with radius of gyration 0 66 foot 

at 300 revolutions a minute (< 14), the interval of running 3600 seconds, the moment 

of the load 400 ft.-lbs., the limit of the time-mean of change of moment of momentum 

of the water is 14/3 600, and this divided bv the mean moment of resistance erives 

as the limits of relative error, dz 0-00001. This is supposing the wdiole of the water 

to he absent at the beginning or end of the trial, while the actual difference never 

amounts to more than 2 or 3 lbs., so that the limits do not exceed 0-000001, which 

is neglected. 

The Angle-Mean of the Moment of Effort on the Shaft. 

7. As already pointed out in Art. 4, when both the angular velocity of, and the 

.moment of effort on, the shaft are subject to fluctuations of speed, the time-mean of 

the moment of effort may differ from the angle-mean. This applies to all brakes, but 

in hydraulic brakes, in which the resisi.ance is proportional to the square of the 

speed although lagging by an unknown interval, it becomes possible to estimate the 

possible limits of this error when the limits of fluctuation of speed are known. 

Taking m the angular velocity of the shaft and ojq the time-mean of the angular 

velocity, 2crojo the extreme differences of speed, and assuming the variation to be 

harmonic, 

0) = o)q [1 -f a~ cos 71 {t — Tj)}.(1), 

coq^ .[ 1 -1- -f 2a^ cos n (t — Tj) cos 2n {t — T)} . . (2). 

Then to a second approximation neglecting a®, if Th is the interval of lagging in 

the resistance and M the moment of resistance at the time t, 

M = Mo {1 -f- 2a3 cos n {t - T^ - T.j) -f cos 2n (^ - T^ - To)} . (3), 

where Mq is the time-mean of the moment of resistance. Also the rate at Avhich 

work is done with uniform velocity, is Mc^q, of which the mean is MqWq, and is the 

rate of wmrk as measured by the mean moment on the case, multiplied by the mean- 

angular velocity. 
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To a second approximation the rate of work with varying speed is 

Mw = [ 1 + 2a2 cos H (^ - - Th) + cos 2h (^ - - To)} [ 1 + %cos?i (^ ~ Tj)} (4), 

and from this it appears that the mean rate of work is 

cooMo (1 + cos nT^, 

which shows that the relative error in taking this as MqWq is -j- cos nTc^. Thus the 

error arising from fluctuations in speed of 2(:rw is within the limits i when the 

resistance varies as the square of the speed, as in the hydraulic brakes. 

Where, as in the brake under consideration, there is an automatic adjustment, by 

wdiich the quantity of water in the brakes is adjusted to the speed, so as to maintain 

the resistance constant, there will be no error caused by such gradual variations of 

speed as result from changes in the boiler pressure, since the automatic adjustment 

can keep pace with them. But it takes time for the water to get in and out, and any 

variations, so rapid that, owing to the inertia of the brake case with its load, their 

effect has been reversed before the case has moved sufficiently to affect the water in 

the brake, will produce errors. 

Such cyclic variations of speed attend all motions derived from reciprocatiug engines, 

and it is only these, and not the secular variations, that produce errors. 

The Variations in the Speed oj Rotation oj the Steam Engine. 

8. The cyclic variations all go through one or two complete periods in the time of 

revolution of the engine, and are approximately simple harmonic functions of the 

time. 

They arise from three distinct causes :— 

(1.) The varying energy of motion of the reciprocating parts ; 

(2.) The varying moment of the effort of the steam pressures on the cranks ; 

(3.) The effect of gravitation on the unbalanced parts in the engine. 

In the case of a simple vertical engine, unbalanced and working with moderate 

expansion, these variations of speed may be severally estimated when I, the moment 

of inertia of the revolving parts, r the half-stroke of the reciprocating parts, and W 

the weight of these parts are known together with N the number of revolutions jjer 

minute, and U the work done per stroke. 

For, considering the variations as existing separately, we may assume that the 

angular motion would be steady but for the particular effect, thus : 
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(1.) The moment of effort on the crank being constant, and the resistance constant, 

and equal to the effort, the energy of motion of all the parts is constant. 

Putting CO = 27rN/60, and ^ jg, 

4- sin hit — C, 

where C is constant, t is the time since the axis of the crank-pin has crossed the 

axis of the cylinder and n is Wq, the mean value of co or 27rN/60. 

Whence neglecting i as compared with I, the extreme variation of co is 

approximately 

O ^ 1 ^ 
ZCij &)q ^ -y- (Oq 

whence 

(2.) In the same way, considering the effect of the crank effort alone, with a moderate 

expansion, the energy that has to be absorbed and given out by the revolving parts 

is about one-fourth part of the work per stroke, and 

— -|-U cos 2n {t — T) = C, 

where nT, say ^ is the angle of the crank at which co^ is a minimum. 

The extreme fluctuations in velocity are 

^0 0 1 U 

CO = Wo j 1 + COS 2 {nt — ivr) j . 

(3.) The effect of the weight of the reciprocating parts acting alone, causes v 

fluctuation on the revolving parts of 2rW ; thus approximately 

- lo)^ — rW cos nt = C, 
and 

CO = coq (1 -b j—3 cos nt 

giving an extreme fluctuation on the angular velocity of 

Wr 
2<^3^COq = 2 
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The equation of velocity is thus approximately expressed by 

0)~0)c\ 1 + 1Y cos 2nt + cos 2 {nt - ^-tt) + cos nt 

In the low-pressure engine used in these experiments, the values of the several 

quantities are, the units being linear feet, lbs, seconds. 

I ='126, i = 2-47, r = 0^625, W = 200, rW = 125, U = 1650, 

Ty = 0-0049, 
U 

81^ 

148 

W ’ 

rW _ 90^ 

whence, substituting 

OJ 
148 

= coq (1 -f- 0-0049 cos 2wq^ -f- cos 2 ^ 
TT \ 90 

3 / ^ ’ 

from this the approximate joint error can be found. But it is sufficient here to 

show that the individual errors are negligible. 
The first o’ives an error in the mean moment O 

± M (rV < 0-000024). 

The second and third are inversely proportional to N-*-, if N is 300, which is the 

lowmst value. 

The second error is between 

The third 

± M < 0-0000025). 

± M(«32 < 0-0000001). 

These are all negligible quantities, and, as the corresponding effects in the high- 

pressure and intermediate engines, owing to the cranks being set at angles of 60 , 

would only be to compensate those of the low-pressure engine, the greatest error 

would not exceed 4000'oth part. 

9. Besides the errors resulting from the terminal differences in the moment of 

momentum of the water and the fluctuations of speed in the engine, error in the 

measurement of the work may arise from imperfect balance of the brake, from the 

frictional resistance of the automatic gear, from unequal resistance in rising and 

falling of the piston of the dash-pot, and from the end oscillation of the brake. 

2 s VOL, CXC.—A. 
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The Error of Balance of the Brahe. 

Although, when the shaft is running, the brake levers are perfectly free between 

the stops, yieldiug to the slightest force even when carrying a load of 400 pounds in 

addition to the weight of the brake-case of over 300 pounds, yet, when the shaft is 

standing, it requires a moment of some 40 ft.-lbs to move the lever in either direc¬ 

tion, so that the balance can only be obtained as the difference of these moments, 

and this can only be obtained to about 1 foot pound. But, it is to be noticed that 

as long as the distribution of weights are unaltered and the lever is in the same 

position, any error of balance, whatever might be its cause, wmuld be the same for 

all trials, no matter what might be the difference in the suspended load : so that, in 

taking the difference of the trials, the error would be eliminated, and, to insure this, 

the automatic adjustment was so arranged that, by a screw adjustment, the lever 

could be raised or lowered without affecting the automatic adjustment of the valves 

(see fig. 4, p. ;]08). Also an index was arranged adjacent to the end of the lever to 

which it might be always adjusted (showm in Plates 4 and 5). 

The Error of Balance resulting from Eriction of the Automatic Gear, 

Ibis had been a matter of serious consideration in designing the brakes, for, 

although it was obviously possible to so balance the parts of such gear that there 

should be no pressure against (he fixed support arising from the weight of this gear, 

it was not obvious that the friction of these valves and their gear wmuld not allow of 

a steady resistance to motion being maintained—would not allow the brake to lean 

against the fixed support within the limits of friction. However, after careful 

consideration of various contrivances, I came to the conclusion that, if the gearing 

between the support and the valve were inelastic, the joints being an easy fit, the 

tremor of the shaft and the brake, when running, might be depended upon to release 

any frictional resistance in this gear ; so that, after any change, the gear would 

rapidly return to equilibrium. This proved to be the case, even to an unexpected 

extent, as wms shown by the freedom of all the pins. 

It was subsequently found by experiment that, even when the valves wmre so tight 

that it required a moment of 30 ft.-lbs. on the brake to move the automatic gear 

alone, with the shaft standing, in either direction, when the shaft was running auy 

tendency to lean upon the support in either direction was the result of imperfect 

balance in the gear; and that, by adjusting this balance to an extent which would 

not cause a moment on the brake of 0 01 ft.-lb., the tendency of the brake to lean 

either in one direction or the other might be reversed—showing that, with a load of 

600 ft.-lbs., the relative limits of error are < ± O'OOOOIG, and in the difference of the 

trials wmuld be zero. 
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The Work done in the Brake hy End Play in the Shaft. 

The clearance in the brake-case would allow of nearly g^-inch end play along the 

shaft; and when the brake is running, owing to the slight end play of the engine- 

shaft, there is at times a slight backwards-and-forwards movement, in the period of 

the engine, of the brake-case on the shaft, but not more than the 64th of an inch at 

the greatest. This end play, when it existed at 300 revolutions and 1200 ft.-lbs. load, 

could alwa^'s be prevented by an end pressure on the case of < 50 lbs. Hence the 

limit of work done on the brake is <2 X 50/12 X 64 — 0T3 ft.-lb., which, 

compared with the work in one revolution with a load of 1200 ft,-lbs., is 

0-13/1200 X 27t — 0-000017. This would be the limit if the error is proportional 

to the load, while, if constant, the error on the difference of two trials would be 

zero: so that the greatest relative error is less than 

-f 0-0000L7. 

The Error from the Dash-Pot. 

Since the piston is suspended freely in the oil-cylinder, and the resistance of the 

oil is viscous and expressed by yvs j a, where /x is the coefficient of viscosity, v the 

velocity of the piston, s the area of surface, and a the distance between the surfaces, 

the total resistance is thus ys/a multiplied by the total displacement (which 

never exceeds O'l ft.) divided by the time (3600 seconds). This is infinitesimal. 

Besides which, with 1200 or 600 ft.-lbs. load at 300 revolutions, the lever remains per¬ 

ceptibly steady, there being no vertical vibration perceptible to the finger on the 

lever. Hence, as long as there are no oscillations, the limit of error from the dash-pot, 

if any, is imperceptibly small. 

The only circumstances under which the lever oscillates is when the water flowing- 

through is less than about 4 lbs. a minute ; then a slow oscillation appears, the lever 

moving some half-inch, which causes the automatic gear to lean on the fixed support, 

and may cause a small error. 

The Development of the Thermal Measurements. 

The appliances were originally designed, in 1887, solely for the purpose of the 

study of the action of steam in the engines, and certain problems in hydraulics and 

dynamometry, without any intention of their being used for the purpose of measuring 

the heat equivalent of the work absorbed, but rather the other way. 

It was, of course, obvious that, as the primary purpose of the brakes was to aflord 

accurate measurement of the work spent in heating water, it was only necessary to 

measure the change of temperature of the water between entering and leaving the 

2 s 2 
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brake, as well as its quantity, to obtain an approximate estimate of the heat equivalent 

of the work done. But the recognition of the extreme difficulty of obtaining any 

first-hand assurance as to the accuracy of scales of thermometers, and the fear of 

creating erroneous impressions as to the value of the equivalent, made me reluctant to 

allow such determinations. For this reason, as well as to avoid complicating the 

brake, in the first instance I made no provision for the introduction of thermometers, 

as may be seen in Plate 3. 

But, after the engines and brake had been in use for two years, and had been 

iound to possess attributes in steadiness of running, delicacy of adjustment and 

balance, beyond what I had dared to expect, and particularly in being able to work 

with an almost absolutely steady supply of water between steady temperatures, and 

the same temperatures for different powers, arising either from differences of speed, 

or differences of load, I realized that by working with the same thermometers on the 

same parts of their scales, and with the same loads and temperatures at different 

speeds, since the relative error of balance would be the same, if the surroundinc>’ 

tenq^eratures were the same, the difference of two trials would afford the means of 

determining the loss of heat by radiation, and, this being determined, the difference 

of two trials made at the same temperatures as the previous trials, and both at the 

same speeds, but with different loads, would afford data for determining the error of 

balance without introducing the value of the equivalent or the use of the scales of 

the thermometers, except to identify equal temperatures. 

I then yielded to the very general wish on the part of those who worked in the 

laboratory, and added such jarovision to the brake on the low-pressure engine as 

would admit of the measurement of the heat carried away by the effluent water, but 

only for the purpose of verifying the accuracy of balance as determined by mechanical 

means. 

The Thermal Verijicatioii of the Balance of the Brakes. 

10. The desirability of such independent determination of the balance arose in 

the first instance from the circumstances already described (Art. 9), viz., that the 

statical balance could only be determined to 1 ft.-lb., while the absence of eflect 

from the friction of the automatic gear, &c., was only arrived at by somewhat 

complicated considerations. 

The supply of water to the brake came from the service tank, 10 feet above the 

floor, and 7 feet above the shaft, the tank being supplied direct from the town main, 

and regulated by a ball-cock. The pipe from the tank passes beneath the concrete 

floor to a point conveniently close to the brake, whence a branch, in which is a hand- 

cock, rises vertically to a height of 4 feet above the floor, at which height is the 

automatic inlet valve, and from this the pipe is bent ov'er, so that its mouth is 

directly over the inlet opening into the brake, with which the pipe is connected by a 

flexible indiarubber tube. 
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The first provision made for measuring the temperature of the entering water was 

an opening in the bend of the pipe over the inlet valve, with a 

vertical |-inch brass tube soldered in, about 4 inches long. This 

admitted of an indiarubber cork, through the centre of which a 

thermometer was passed into the pipe, as shown in fig, 5. This was 

afterward replaced by a glass thermometer chamber, as shown in the 

figure, Plate 5. 

To measure the temperature of the water leaving the brake it was 

necessary, by means of a pipe fixed to the mouth of the outlet valve, 

to bring the effluent water above the balancing lever of the brake, 

and to one side of it. This pipe was arranged so as to admit the 

introduction of a vertical thermometer into the ascending pipe, much 

in the same way as the other. In the first instance the extension 

passage and the thermometer were all rigidly attached to the brake, and moved 

with it, which entailed a re-balance of the brake. Subsequently another arrange¬ 

ment was made. The thermometers used were divided to one-fifth of a degree 

Fahrenheit ; they were both immersed in the flowing water to within a few degrees of 

the top of the mercury. They were compared at equal temperature, but otherwise 

subjected to no tests for accuracy of scale. 

In making the experiments the link connecting the inlet valve with the automatic 

gear was removed and the valve was set open, the supply being adjusted by the hand- 

cock below. The head on the inlet being constant, when the cock was set the flow 

was practically steady. The quantity of water in the brake then depended on the 

outlet valve, which, with the exception of a little trouble at starting and stopping, 

soon overcome, kept the brake lever steady. 

To catch the water after leaving the outflow thermometer, the extension pipe 

turned horizontally over the lever and then turned downwards into a basin, the lip 

of which was above the mouth of the pipe, and from the basin flowed in a short 

trough, from which it was caught in buckets. In these it was taken to the scales 

and carefully weighed. This was a primitive arrangement, and required several 

assistants, but was found capable of considerable accuracy up to about 40 lbs. a 

minute. 

In making these experiments the engines were kept running at nearly constant 

speed by keeping constant pressure in the boiler. The speed being indicated on 

the speed gauge as well as recorded on the counter. 

The water entering the brake, coming, as it did, from the town’s main, was at 

nearly constant temperature between 40° and 50° Fahr., according to the time of the 

year, and varying less than a degree throughout several trials. 

The rise of temperature was adjusted by the quantity of water admitted, according 

to the work, so that the final temperatures as well as the initial were as nearly as 

possible the same in the different trials. 
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This rise was such as admitted of the temperature of the brake being the same as 

tliat of tlie laboratory, which could always be adjusted to about 70° Fahr., so that 

the rise was from 25 to 30 degrees. Tliis, with 40 lbs. a minute, required from 

25 to 30 h.p. 

Before commencing the actual trial everything was adjusted, and the eno-ines 

running with steady load and steady speed until the thermometer showed the heat 

to be steady at the desired temperature, then, at a signal, the counter was put in 

and the water cauoht, each of the thermometers, and one giving the temperature 

of the laboratory, being then read at minute intervals over 15 or 30 minutes, when, 

on a signal, the counter was removed and also the last bucket. 

The results of these tests were very consistent, within about 0‘3 per cent., which 

was within the limit of accuracy then aimed at. 

Trials with equal loads and different speeds showed that the loss by radiation nns 

very small, while those at the same speed with different loads showed the balance 

was within the limits determined by mechanical tests. 

In these trials the only correction was that for the lubricating water which 

escaped from the brake bushes. This was caught at each bearing, and the tempe¬ 

rature taken so that the heat might be added, this being seldom more than 

3 per cent. It may also be noticed that in these trials the heat lost or gained by 

conduction to or from the shaft was included in the radiation. As the brake is 

on an overhanging shaft which extends no farther than the outer bush of the brake 

case (Plate 3), the only conduction is on the side at which the shaft is continuous, 

where the brake bush is only some 4 inches from the brass of the shaft bearino-. As 
*/ 

the temperature of the brake on this side, which is opposite to that at which the 

cold water enters, was kept by the lubricating water at the temperature at which 

the water left the brake, and this was at temperature of the laboratory, there would 

be 210 cause of conduction unless the friction of the shaft in its bearing caused its 

temperature to rise above that of the laboratory. When the lubrication was good 

this was small, although on one or two occasions it made itself felt. 

The Idea of Raising the Temperature from 32 to 212. 

11. These tests became an annual exercise in the laboratory, and a very instructive 

exercise. But, as the subject—the value of the equivalent—was attracting much 

attention, the desire to obtain measures of it from these trials, by those engaged in 

them, resulted in Mr. T. E. Stanton, M.Sc., then Senior Demonsti’atoi’, effecting, 

for his own satisfaction, a comparison of the scales of the thermometers used m 

the expeiknents with a thermometer used in the Pliysical Laboratory, which 

had been compared ivith the air thermometer, and introduced these coi’rections into 

the results of the trials, which so gave values very close to what might be expected. 

I could not see however that deteianinations made with thermometers so corrected 
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could have any intrinsic value, but, as the matter was exciting great interest in 

the laboratory, I carefully considered the conditions which would be necessary in 

order to render the great facilities, which this brake was thus seen to afford, available 

for an independent determination. 

The institution of an air thermometer was carefully considered and rejected. But 

it occurred to me that it might be possible to avoid the introduction of scales of the 

thermometers, just as before, and yet obtain the result. If it could be so arranged 

that the water should enter the brake at the temperature of melting ice and leave it 

at the temperature of water boiling under the standard pressure, all that would be 

required of the thermometers would be tbe identification of these temperatures. At 

first the difficulties appeared to be very formidable. But on trying, by gradually 

restricting the supply of water to the brake when it was absorbing some 60 h.p., and 

finding that it ran quite steadily with its automatic adjustment till the temperature 

of the effluent water was within 3° or 4° of 212° Fahr., I further considered the 

matter and formed preliminary designs for what seemed the most essential appliances 

to meet the altered circumstances. 

These involved— 

(1.) An artificial atmosphere, or a means of maintaining a steady air pressure 

in the air passages of the brake of something like one-third of an 

atmosphei’e above that of the atmosphere- 

(2.) A circulating pump and water cooler, by which the entering water (some 

30 lbs. a minute) could be forced through the cooler and into the 

brake, at a temperature of 32°, having been cooled by ice from the 

temperature of the town main. 

(3.) A condenser by which the effluent water leaving the brake at 212° Fahr. 

might be cooled down to atmospheric temperature before being dis¬ 

charged into the atmosphere and weighed. 

(4.) Such alteration in the manner of supporting the brake on the shaft as 

would prevent excess of leakage from the bushes in consecjuence of the 

greater pressure of the air in the brake, since not only would the leaks 

be increased, but wdren the rise of temperature of the water was 

increased to 180°, the quantity for any power would be diminished to 

one-sixth part of what it would be for 30°, so that any leakage would 

have six times the relative importance. 

(5.) Some means which would afford assurance of the elimination of the 

radiation and conduction, as, with a rise of 140° Fahr. above that of 

the laboratory, these would probably amount to two or three per cent, 

of the total heat. 

(6.) Scales for greater facility and accuracy in weighing the water, with a 

switch actuated by the counter. 

(7.) A pressure gauge or barometer, by which the standard pressure for the 
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boiling point might be readily determined at 3° or 4° Fahr. above and 

below the boiling point, so as to admit of the ready and frequent 

correction of the thermometers used for identifying the temperature of 

the effluent water. 

(8.) Some means of determining the terminal differences of temperature and 

quantity of water in the brake, which would be relativel}^ six times 

larger with a rise of 180° than with 30°. 

The Si^ecial A2ypliances and Preliminaries of the Research. 

12. Having convinced myself by preliminary designs, not only of the practicability 

of the appliances, bnt also of the possibility of their inclusion in the already much 

occupied space adjacent to the brake, there still remained much to be done in the 

way of experimental investigation to obtain data from which the requisite proportions 

of these appliances conld be determined, and these preliminary investigations were 

not commenced till the summer of 1894, when Mr. MooPvBY undertook to devote 

himself to the research. 

Weighing Machine and Tanh. 

13. The first step consisted in obtaining a somewhat special table weighing 

machine (Plates 4 to 6), having two rider weights on independent scales, one 

divided to 100 lbs. from 0 to 2200, the other to 1 lb. from 0 to 100. Also 

a galvanized iron tank, 5' X 2'9" X 2'9", capable of holding above one ton 

of water, with a 4-inch screw valve at the bottom, opening inwards b}^ a handle 

above the top of the tank, the top of the tank being covered with carefully fitted, 

but separate, |-inch pine boards, previously steeped in melted paraffln-wax, to 

prevent adhesion or absorption of water. This machine and tank, which is a large 

affair, was placed in the only position available, opposite the end of the shaft and 

behind the standing pipes for supplying the condensing water to the engine, thus 

leaving the passage between these pipes and the end of the shaft open, an important 

matter, as this passage was the only place from which the observations on the 

brakes could be made. This entailed the carrying the outflow from the brake over 

the passage, about 6 feet 6 inches from the floor. 

Design of the Outflow. 

14. This extension of the pipe further entailed the necessity of making this pipe 

a fixture, and connecting it with the outlet below the automatic cock by a hent wire- 

bound flexible indiarubber pipe, so as to prevent any moment on the brake. (See 

fig. 6.) 
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I'io'. G. 
O 

The lliermometer Chambers. 

15. A glass chamber for the oiitliow thermometer was iirtvoLliiced as shown (fig. G), 

and another for the inlet, somewhat similar. These were arranged so that the bulbs 

of the thermometers were down in the full current while the scale was in the glass 

tube, through which a portion of the water was allowed to flow, that from the inlet 

thermometer being conducted anay to waste, while that from the outlet was con¬ 

ducted back again into the outflow pipe. In this way, not only the bulbs of tlie 

thermometers, but the entire thermometers were immersed in the flowing water. 

The Ttvo-way Switch. 

16. A switch, as shown in Plate 5, was also constmeted for diverting suddenly 

the stream of elHuent water from waste to the tank, or vice versa, without exposing 

the stream for more than an inch, and without any splashing or uncertainty. 

Experience in Mahimj Observations. 

17. When these arrangements were completed, and whilst the other appliances 

were progressing, Mr. Moorby commenced a series of experiments similar to those 

which had been previously made, using the water from the tank at the temperature 

of the town’s water, and raising it to temperatures which were successively increased. 

This was with a view of testing the improved facilities, and also of gaining experience 

and facility in making and recording the observations. 

VOL. CXC.—A. 2 T 
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The engines mid brakes were occupied two or three times a wmek in the ordinary 

work of the laboratory, so that there were only one or two days a week available for 

these experiments, and every opportunity was valuable. 

The Design of the Condenser. 

18. At the same time he made experiments to determine the necessary length of 

jiipe in order that the water flowing along’ it at the rate of 20 lbs. a minute wmuld be 

cooled from 212° to 70°, when the pipe was jacketed by a stream of town’s water at 

50° Fahr. ; by the result of wdiich experiments the condenser in lYhich the effluent 

water is cooled to 75° was designed (Plates 4 to 7). 

Design oj the Ice-Cooler. 

19. To cool the water to 32°, or as near as practicable, I had, on account of the 

danger of some ice being carried through with the water if the ice were once put 

into the wmter, decided to pass the water through a long coil of ordinary water 

piping, immersed in water, towards the top of a tank wdth ice under the coil, 

Fig. 7. 

■''//////////////^^^ 

and from experiments made by Mr. Moorby, I decided on the coil and arrangements 

shown. The coil consists of |-inch composition pipe, 200 feet long, the tank being 

2 feet 6 inches wide and deep and 4 feet long, the coil being placed near the 

surface of the water on a shelf wflth a wire netted space at the end for the introduc¬ 

tion of the ice, which is pushed down under the shelf, and with a paddle which is 

kept in continual motion by a cord from the line shaft, thus securing a rapid 

circulation of the water. The tank is constructed of 1 -inch pine saturated with 

jrarafiin wax, in preference to a metal tank. 
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In this design account had to be taken of the requisite head of water necessary to 

force some 20 lbs. a minute tbroimh the coil. It was estimated that this would 
O 

require some 30 lbs. on the square inch, which, together with the 5 lbs. excess of 

pressure in the brake above the atmosphere, and a margin of some 25 lbs. in order 

to secure steadiness of flow, made a total of GO lbs. on the square inch, or 122 feet of 

head. 

The Circulating Pump. 

20. It was essential that this head should be approximately steady, and under 

control during the trials, also that the water should be drawn as directly as possible 

from the town’s mains, in order to secure both the low temperature and great purity 

of this water. This precluded the direct use of the water from the large tank in the 

tower, which would otherwise have just aftbrded this head. It also precluded the 

use of such head as there might be in the town’s mains, as this was insufficient and 

continually varying, so that some special means of imparting the steady head to the 

water after drawing it from the tower mains was necessary. This involved pumping 

the water through the ice-cooler and brake. It might be done by pumping it from 

the service tank in the laboratory into an. accumulator under a constant load, or by 

passing the water through a centrifugal pump, running at a steady speed on its way 

to the brake. 

The facilities in the laboratory decided this question. There already existed the 

quadruple vortex turbine, with four three-inch wheels in series, worked from the 

water in the tower, which would work steadily up to 1 h.p., in a j^osition which would 

be convenient for driving a centrifugal pump in the in-cmcuit of the pipe leading to 

the brake ; I also had a quintuple centrifugal pump with flve l|-inch wheels in series 

which was adapted to the purpose. It was decided, therefore, to lead the water from 

the surface tank, 9 feet above the floor, into the quintuple pump, driven b}^ the 

turbine under a constant and controllable head, so that the head would be raised to 

the required mnount. Then, to lead the water through tlie cooling coils to a pressure 

gauge close to the brake, and thence through a regulating valve into the passage with 

the thermometer leading into the brake. (See Plates 6 and 7.) 

The Outlet from the Condenser. 

21. In order to prevent the formation of steam, owing to the presence of air in the 

water, before it had passed the outlet thermometer, it was necessary to maintain a 

certain pressure in the effluent water as it passed the bulb of this tliermometer. At 

first it was thought that a head of 5 or 6 feet would suffice. In oi'der to secure this, 

the level of the condenser being some 3 feet above the bulb, the pipe leading from 

the condenser was carried up vertically about 3 feet higher, then turned over and 

led down again to an orifice immediately over the switch, while from the top of the 

bend a vertical branch extended upwards about 3 feet, with its mouth open, to the 

air. Tills was subsequently raised. (See Plate 4.) 

2 T 2 
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PrcUminary Experiments at 212° Under Pressure. 

22. The preliminary investigations and the construction of the appliances so far 

described, were not conpdeted till May, 18.95. It then became possible to make some 

experiments as to the working of the brake under pressure and at high temperature, 

so as to obtain guidance as to the artificial atmosphere and means of controlling the 

leakages at the bearings. From these experiments two things came out clearlj^ 

It was found that all that was necessary for an artificial atmosphere was to connect 

the outlet of the air passage on the top of the brake by means of a flexible india- 

ruliber pipe capable of bearing the pressure to a vessel of very moderate capacitv. 

The Artificial Atmosphere. 

23. A tin can, holding about 3 gallons, with the bottom and top coned U23wards, 

and strong enough to stand the full pressure of 60 pounds, was adopted. The air 

connection with the can w"as at the top, at which there were also two side openings, 

one with a cock, to admit of air being pumped into the can, and the other with a fine 

Fig. 8. 

screw stop lor allowing a slow and definite escape of toir. An opening at the bottom, 

with a cock for drawing off water, was also provided. For forcing the air in, a syringe 

for inflating bicycle tyres was used in the first instance and proved ample; in fiict, 

when once the pressure was raised, the small amount of air released from the water 
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^Yas more than sufficient to maintain the pressure, so that it was continually allowed 

to escape. 

The Stufjinrj-hox and Cap to prevent Leahage. 

24. The thing that was revealed by the experiments at high temperatures was that 

the leakage of water at the coned bushes of the brake was so much increased by the 

pressure within the brake that even when these bushes were adjusted to run, as close 

as was practicable, on the cones of the shaft, this leakage was very considerable, so 

that some other method of controlling this escape became necessary. 

This matter threatened to present great difficulties. It was apparently impossible 

to close in the bushes with stuffing-boxes and stop the leakage altogether, as that 

would prevent the lubrication of the shaft, and, apart from this, would cause the 

temperature on the shaft side of the brake to rise to the temperature of the brake, 

212° Fahr., wdrich would cause a large escape of heat along the shaft. Besides this, 

the adaptation of stuffing-boxes to the existing brake presented such difficulties that 

it almost seemed as though it would be necessary to have a new brake, which, besides 

the delay, would entail an addition of some T200 to tlie expenses, which wmre other¬ 

wise very considerable. 

Fig. 9. 

To avoid this I determined to try a stuffing-box on the shaft side, constructed in 

halves to be bolted together on the shaft, and then sweated into one, this stuffing-box 

to screw on to the exposed screw of the bush, and make a joint against the lock ring ; 

then to open a passage through the box inside the packing-ring, with a tap to control 

the escape of water, and o,t the other end to screw a cap on to the bush, entirely 

inclosing the end of the shaft, with an aperture and a tap to regulate the water, also 
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a small stuffing-box in the cap, to allow of a spindle for connecting the shaft witb the 

counter. 

These entailed very difficult and exceptional work, but were beautifully executed 

by Mr, Foster, in the Laboratory (fig. 9). 

However, the result was very doubtful, as the water flowing from the brake through 

the aperture in the stuffing-box not only raised the temperature of the shaft, but was 

itself of uncertain temperature. 

It was in July, 1895, that this experience vv^as obtained, and for a time the success 

of the research seemed doubtful. .During the vacation, however, an idea occurred to 

me which at once promised to do away with the wdrole difficulty. 

The Cooling and Luhricating of the Bushes. 

25. This idea consisted of what seemed to be a practicable plan of forcing a 

relatively small, but sufficient portion of the ice-cold water into the brake through 

each of the bearings, the quantities being strictly under control. 

That this plan should not have presented itself as soon as the addition of the 

stuffing-box and the cap were contemplated, becomes intelligible when it is remem¬ 

bered that the main object in the invention of this brake had been to secure a constant 

pressure in the air space within the vortices, so that by admitting the water through 

passa^ges in the vanes directly into this air space a constant resistance, whether that 

ot the atmosphere, or artificial atmosphere, on the entering water would be secured, 

and that the possibility of maintaining an even flow through the brake, so essential 

to any success in the research, depended entirely on the realization of this constant 

re-sistance. Except the inlet passage, the interior of the wheel, and the air space in 

tlie vortices, all the spaces in the brake and brake-case are under the full vortex 

pressure, excepting where, as in the bush on the closed side of the brake, and that 

between the solid disc faces on the inlet side, the pressure is relaxed by the 

escape of the water. This vmrtex pressure depends on the load on the brake, and 

may be anything up to 25 pounds on the scjuare inch greater than that in the air- 

cores. It thus seemed like starting de novo to interfere with this arrangement ; and 

it was only when one came to realize that the possibility of preventing all leakage b}’ 

the introduction of the stuffing-box and the cap had rendered it possible, by controlled 

subsidiary supplies under pressure, to reverse the flow of the lubricating water, and so 

to do away with leakage, and not only to secure lubrication, but also lo cool the 

bushes, and then only after considering the amounts of wmter required, and tlie pro¬ 

vision in the way of pumping appliances, separate supplies of water and thermometers, 

&c., that the altered facilities afforded by the circulating pump came to be recognized. 
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The Dy-channels and Regulator admitting Cooled Water to the Bushes. 

26. Since the main supply must enter, as before, at the same pressure as the air 

within the vortices, while, in order to reverse the flow through the bushes, that 

entering the cap must enter at a little, but only a little, above that of the air within, 

while that entering’ on the brake side of the packing-ring in the stuffing-box must 

enter at any pressure up to 20 lbs., according to the load, above that of the air 

within, it was clear that there must be three supplies of water at different pres¬ 

sures under separate control; and it was equally clear that these supplies must all 

be at the same temperature. 

Fortunately, the arrangements already made for the new supply affbrded ready 

means of securing these conditions, as, in order to insure steadiness in the supply 

through the regulating valve, it had been provided, in arranging the pump, that there 

should be an excess of 20 lbs. on the square inch above that necessary to force the 

maximum water through the coil and to overcome the air pressure in the brake ; also, 

as the regulating cock was only a'l inch or two from the thermometer chamber, the 

water would be subject to little heating by radiation after leaving the cock, while 

the effect of radiation to the by-channels would be of secondary importance, as it is 

eliminated with the rest of the radiation in the difference of the trials. 

It thus became possible, by leading cooled water through two short by-branches, 

with separate regulators, from the supply pipe, before ])assing the main regulator, 

respectively into the aperture tlirough the stuffing-box on the inside of packing-ringj 

and into the cap on the inlet end, to secure controlled inflows of ice-cold water 

between each of the bushes and the shaft, and so to adjust the temperature of the 

bearing and insure lubrication of the shaft (tig. 9). 

In order to render such inflows steady and constant, it was desirable that the 

pressures before passing the regulator should be kept at a considerable and constant 

quantity above the vortex pressure in the brakes. 

From the first preliminary trials made with the branches it appeared that the 

turbine and pump were capable of supplying sufficient pressure for this, so that the 

only additions necessary were the branches. These were made of ^-inch brass pipe 

from the main pipe from the cooler as far as the branch regulators, and thence con¬ 

tinued by -g-inch indiarubber vacuum tube f inch outside wrapped with tape. The 

branch regulators have cocks, witli provision for fine adjustment, so that the vmry 

small quantities which passed might be definitely regulated to great nicety (Plate 5). 

With these it was found practical to maintain the temperature of the bushes from 

anything a few degrees above 32 to any required temperature. 

It is to be noticed that the work done by pressure over and above the pressure g>a 

in the inlet thermometer chamber is that due to the difference between the pressure 

in the main pipe before passing the regulators and pa, through whichever passage the 

water enters. And since in that water which passes into the thermometer chamber 
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through the main regulator this work has been converted into heat, and is measured 

as entering heat by the inlet thermometer, the assumption that the water through 

the branches enters at the pressure 2h, and the temperature given by the inlet 

thermometer, involves no other error than that resulting from radiation, which is 

constant for all trials, and is eliminated in the difference. 

The Regulation of the Tempemture of the Bushes. 

27. In the preliminary trials this temperature was only ascertained by touch, and 

regulated so as to be as nearly as possible that of the laboratory, the branch cocks 

being set with a definite opening, and the excess of pressure maintained as nearly as 

possible constant, a plan which was found to give consistent results. But it also 

appeared that in order to maintain the same temperature in the stuffing-box for the 

large and small trials with the same pressure in the main pipe, it was necessary to 

open the branch cock wider in the large trials. This was to be expected from the 

greater vortex pressure in the large trials. And as owing to the greater resistance 

of the cooler in the large trials there was difficulty in maintaining a great excess of 

pressure over the vortex pre.s£ure, it was decided to run both large and small trials 

with the same setting of the cock, and the same head in the cooling pipe, keeping a 

record until some means was obtained of estimating the comparative slopes of tem¬ 

perature in the shaft in the large and small trials. 

Thr Measurement of the Conparative Slopes of Temperature in the Shcft. 

28. the desirability of some more definite knowledge of the slope of temperature 

in the shaft between the brass of the nearest shaft bearing and the stuffing-box was 

strongly felt, but it was not at first apparent how this might be done, the shaft being 

4 inches in diameter and the gap between the end of the stuffing-box and the brass 

of the bearing being only 3 inches. 

However, as it became more evident, Avith the branch cocks set at a constant 

opennug and the same pressures in the supply pipe, that the temperatures in the 

stuffing-box were greater in the large than in the small trials, and that a small 

difference in the adjustment of the branch cock to the stuffing-box affected the 

apparent loss of heat to the extent of some O'l or 0'2 per cent, of the total heat, I 

determined to try and obtain some definite evidence of the relative slopes of tempe¬ 

rature in the two trials, by measuring the relative temperatures of the brass and the 

stuffing-box as far as was practicable. For this purpose, I liad thick brass tubes, 

radiating outwards, sweated on to the end of the stuffing-box to hold thermometers. 

Two such tubes were necessary on account of the screwing-up of the box, which had to 

be done whenever it began to leak ; and although this was not done during a trial, one 

tube would sometimes lace downwards, which was inconvenient. In a similar manner 
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two tubes were attached, one to the top and one to the bottom brass of the bearing, 

holes being bored into the brass and the tubes screw'ed in. These tubes are shown 

in fig. 9. 

In this way, with a thermometer in one of the tubes on the stufiing-box and one in 

each of the tubes on the bearing, although the thermometers might not give the 

actual temperatures of anything in particular, still the steadiness of the conditions of 

the brake warranted the conclusion that the differences in the readings of the thermo¬ 

meters would serve to identify similar conditions as to slope of temperature, and 

this turned out to be the case. 

These thermometers threw a flood of light on to conditions which had before been 

hardly perceptible. Thus, after reading the thermometer during three large trials 

and three small trials, with the cocks set as before without having been displaced, 

and with the same pressures, it was found that the mean of the three large triads 

indicated 13° Fahr. greater slope from the stuffing-box to the brass than that 

indicated by the mean of the three small trials. 

The Constants and Limits of Error of Conduction. 

29. It thence became possible in the subsequent trials, by adjusting the cocks, 

to bring about a mean condition in which the mean slope in the large trials was the 

same as that in the small, and by comparing the mean results of those trials in which 

the difference of slope had been in one direction with the mean of those in which it 

had been in the opposite, to obtain a constant expressing the quantity of heat lost 

for each degree of the recorded slope. 

These thermometers, read to 1° Fahr. 7 times during the trial of each sort, would 

give a limit of error of the \ of a degree which, taking 12 thermal units per hour as 

the loss per degree, would give as limit of relative error on 100,000 thermal units of, 

on one trial, 
0-00002, 

and these being casual, when taken over 40 trials would be less than a millionth. 

The ITonid-Brake for Regulatiraj the S2')eed of the Engines. 

30. Although it had been found possible to maintain the speed of the engine 

constant within 2 or 3 per cent, when the engines were working wfith a considerable 

margin of pressure in the boiler, by maintaining the pressure in the boiler constant, 

the care and attention on the part of Mr. J. FIall, who had charge of the engine, 

became excessive when the engines were indicating over 80 h.p., particularly as he 

could not be attending to the fire and lubrication, and at the same time watching the 

speed indicator. To meet this difficulty, as there is no known automatic governor 
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which will regulate an engine working against a resistance which is independent of 

the speed, without fluctuations, I arranged a hand-brake to be applied to the rope 

pulley, 3 feet in diameter, on the brake shaft, by one of the assistants in the 

laboratory during the trial. The amount of power to be absorbed by this being less 

than 2 h.p. at the most, a f-inch cotton rope, with oue end fast, passed round in one 

of the grooves of the pulley, the other end being attached to a spring balance, the 

position of which could be regulated with a screw, would answer the purpose (shown 

in Plate 5). 

In this way, as the natural variations of speed of the engines are very slow, 
Mr. Mathews was able, after a little exj)eiience, to keep the speed to within some¬ 

thing like one revolution, or 0*3 per cent. 

Tlie Corrections for the Terminal Heat of the Brahe. 

31. As the temperature of the effluent water could be continually regulated by 
regulating the supply of water to the brake, whatever might be the speed, the chief 
importance of keeping the speed regular arose from the errors (l) caused by small 
differences of temperature in the brake together with the water it contained at the 
commencement and end of the trial, and (2) by small differences in the weight of 

water in the brake at the commencement and end of the trial. 
Such errors belong to the class of casual errors to be eliminated in the mean of a 

number of trials. Still, it seemed desirable to have some assurance that such 

elimination wms effected, and, in order to obtain this, I proposed that the actual 

quantity of water in the brake for each of the loads used in the experiments should 

be determined experimentally at several speeds covering the range of variations 

likely to occur, and so to obtain a curve for each load, showing the water at each 

particular speed ; this to be done by running the brake as in the trials, steadily, at 

a particular speed, the water passing as in the trial. Then, suddenly, by forcing 

down the lever, to close the automatic outlet valve, and, at the same time shutting 

the inlet valve and stopping the engines, and thus trapping the working charge of 

w^ater in the brake. The water could then be drawn out and weighed. 

Putting B for the capacity for heat of the metal of the brake, id for the weight 

of water, and T for the temperature observed on the effluent thermometer, the total 

heat in the brake is expressed by 

(B + w) r, 

and, if Wi, T ° refer to the W(‘ight of water and temperature at starting, and Wf, '1/° 
to the corresponding quantities at the end of the trial, the correction which has to 

be subtracted from the heat observed is expressed by 

(B + IV,) - (B + ivf Tf 
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The Method of Coyiducting the Trials—Elimination of Radiation. 

32. The entire system of working was designed to secure the most perfect elimi¬ 

nation of radiation possible. Thus, it was arranged in the first place that the trials 

oe made in pairs, one heavy trial and one light trial, made under circumstances as 

nearly similar as possible, except in respect of load and water. The loads in the 

first instance being 1200 and 600 foot pounds, and the quantities of water such that 

the final temperature should be as nearly as possible 212° Fahr., and, after the pre¬ 

liminary trials, 300 revolutions per minute was adopted as the speed for all the trials, 

60 minutes as the time of running. The inlet and outlet thermometers to be read 

after the first minute, and every two minutes; also the temperature of the laboratory 

as shown by a thermometer in a carefully-chosen place. This temperature to be 

maintained as nearly constant as possible. The setting of the regulators during 

each trial to be recorded; also the pressure of the artificial atmosphere, and that 

in the supply pipe after jDassing the coil; and, subsequently, the reading of the 

thermometers in the stuffing-box and bearings taken every five minutes, and the speed 

gauge every two minutes. The observations and incidents being recorded by the 

rules in surveying, in ink, in a book, and distinct from any reductions. The initial 

and final reading on the scales and counter being included, as were also the initial 

and final readings of the inlet and outlet thermometers and speed gauge for the 

purpose of determining the terminal differences of the heat in the brakes. 

As it was impossible to make trials simultaneously, and so secure similar conditions 

in the laboratory, it was at first arranged that the trials should be made in groups, 

including four pairs of trials. 

The regular work in the laboratory monopolised the engines and brakes on all days 

in term time, except Mondays and Thursdays, so that the trials were confined to two 

days in the week. There was a certain likelihood of the state of temperature of the 

walls and objects in the laboratory being systematically different on the Mondays, 

after the laboratory had been without steam all Sunday, from what it would be on 

the Thursday, after the steam had been on for three days. And besides this, there 

would be a systematic difference in the temperature of all the objects during the first 

trial in the day, although the brake had been running for an hour before, from that 

which would hold in the following trials. In the first instance, therefore, it was 

arranged that a heavy and a light trial should be made on the same day, and a light 

and a heavy trial on the next available day, under as nearly similar circumstances as 

possible, except for the inversion of the order. Then again, a light and a heavy trial 

on the next day, followed by a heavy and a light on the following, so as to break the 

order and secure the same arrangement, in days of the week as well as in hours of 

the day, for the four light trials as for the four heavy trials. 

As the results of any group of four pairs of trials would furnish a tolerably close 

approximation to the loss of heat by radiation, assuming this to be proportional to 

2 u 2 
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the observed mean difference of temperature between the laboratory and the hraJce, 

it was easy to obtain an approximate constant, H, for radiation for each degree of 

difference of temperature, and so to introduce a correction, II (Tj — T^), in each 

trial for the radiation resulting from the observed mean difference of temperature of 

laboratory and brake, lb — T^. 

These corrections would serve two purposes—first, affording a better comparison 

of the results of the separate trials for future guidance, and secondly, by recording 

the mean differetjce of temperature, would show how far the mean differences of 

temperature in the large trials had differed from those in the small trials, and thus 

how far the radiation had been eliminated. 

Lagging the Brakes. 

33. In order to obtain still more definite assurance as to the elimination, it was 

arranged that after consistent results had been obtained in several groups of four 

pairs of trials, as above, with the brake naked, the brake should be covered with 

non-conducting material, in the best way practicable, so as greatly to reduce the 

radiation, at the same time leaving it definite, and then similar trials should be run. 

If the coefficient of radiation could in this way be reduced to one-fourth that of 

the naked brake, such error as there might be remaining in the mean results with the 

naked brake wnulcl be reduced to one-fourth with the lagged brake. 

In this, however, there was danger of introducing errors of other kinds. 

The non-conducting material would absorb heat slowly and take a long time to 

arrive at a state of equilibrium, and during the interval the rate of loss of heat from 

the brake would be irregular. The total error that could result from this cause 

would be the product of the specific heat of the material used multiplied by the 

weight, and again by the 75°, or the half of wdiatever was the difference in temperature 

of the brake and the air. This decided the choice of the material to include cotton 

v/ool. Two pounds of this would, if not too tightly pressed, cover the brake about 

Ig inches thick, and the total heat it would absorb would be less tlian 0‘4 lb. of 

water raised from 32° to 212° Fahr., and would then be only 0*0008 of the heat 

generated by 30 h.p. in an hour, while it would reduce the radiation to about y. 

But as the cotton wool would gradually collapse if subjected to any elastic pressure, 

it was decided only to use this to such thickness as it could be protected by light 

cotton strings extending in axial planes round the brake, and to prevent 

absorption of moisture by the cotton wool, to cover it with tliick anti-rheumatic 

flannel, about 1 inch to 1^ inches in thickness, as shown in Plate 5, which would 

raise the capacity for heat of the entire lagging to about that of the heat 

generated in the small trials, and as the brake was kept at steady temperature for 

about one hour or more before the trial commenced, the actual differences would not 

exceed some one ten-thousandth part. 
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The Conduction hy the Levers. 

This lagging only extended over the body of the brake covering all the brass- 

work, leaving: the levers and balance wcig'hts on the levers bare. 

These levers being: in metallic contact with the brass of the brake assumed at 

these points the temperature of the brake, and would conduct the heat along to 

the balance weights till it was lost by radiation. As the temperatures were 

constant in all the trials this loss of heat would merely form part of the radiation 

and be eliminated as the rest; but, owing to the masses of the balance weights and 

the length of the levers, it must take a long time for the balance weights and the 

further parts of the levers to arrive at a steady temperature, a flict which would 

account for a greater loss of heat in the first trial made in the day. 

In order to obtain assurance that this delay produced no error it was arranged 

that after the completion of the series of trials with the brakes lagged, coi'responding 

to that with the naked brakes, that the balance weights should be removed, and 

only the load at 4 feet from the brake left, and a third series of trials made. 

Starting and, Stopping the Trials. 

34. Having adopted an hour as the length of each trial, and 300 revolutions as the 

normal speed, the engines having been running for an hour previously, while the 

water entering the brake was being adjusted, and afterwards, so as to insure the 

temperature, not only of the brake, but of the surrounding objects, having become 

approximately steady at the time of starting the trial, all that was necessary was 

that the counter should be pushed into gear, and at the same time the water-switch 

pushed over, and the reverse operation at the end of the trial. These operations, 

simple as they were, entailed errors, which arose partly from the impossibility of instan- 

Fig. 10. 

taneous engagement of the counter simultaneously with the switching of the water. 

In order to diminish these as far as possible, the spindle of a counter, on which was 

the worm which drove the worm wheel, was wrapped with a spiral S23rlng of steel 

wire, w'hich gripped the spindle so tight that it would not slip, the end of the wire 

being bent, so as to form a clutch standing off the shaft half-an-inch, the end of the 

wire being pointed, the shaft of the counter projecting a little beyond the wire. Facing 

the end of this shaft, and in line with it, was a socket in the end of the engine shaft, 
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which was brought down to three-quarters of an inch diameter and carried two round 

pins, a sixteenth of an inch diameter, standing out radially, the engagement being 

effected by pushing the counter forward till the wire crank engaged on one of the 

pins. (Owing to the wire being pointed and the pins rounded, the chance of the wire 

striking plumb on to the pin and so preventing engagement was reduced to a minimum,) 

This engagement was the result of a great deal of experience, and answered perfectly, 

but it involved the mean chance of a quarter of a revolution of the engine shaft after 

the wire had passed the j)in before the actual engagement was effected, whereas on 

coming off the disengagement was instantaneous, the counter stopping by the friction 

of the worm before the momentum had carried it through any appreciable angle. 

This would leave a mean error of the work done during one-fourth of a revolution 

on each trial, whence, the number of revolutions during the trial being 18,000, the 

relative mean correction would be one seventy-two thousandth part, or 0‘000013. 

As, however, when the two operations were executed by different observers on a 

signal, the peisonal equations might amount to more than this, although it involved 

a difficult piece of linkage, an automatic connection was effected, as shown in Plate 5, 

the pushing of the counter into engagement shifting the switch, so that in making the 

trials no error was introduced. 

The Leakage of Water. 

35. As the loss of any of the water, which had entered the brake before it was weighed, 

would conscitute a corresponding error in the results, the perfect tightness, not only 

of all the fixed joints, but of the casting and the pipes, was a matter of first considera¬ 

tion and of continual care. This was one of the reasons why the lagging was delayed 

till after consistent results had been obtained; for, as long as the brake and pipes 

weie naked, such leakage could not fail to be observed on close inspection, and before 

lagging it was arranged to test the brake and pipes to an excess of pressure, so as to 

insuie perfect soundness. Besides the fixed joints there were only two working 

joints, in addition to the openings into the switch and again into the tank. 

(1) The working joints were : The stuffing-box on the main shaft and the stuffing- 

box on the automatic cock on the outlet from the brake. 

Any leakage from these was open to observation both before and after lao’O'ino- as 

tney were m no way covered; and arrangements were made so that such leakage 

could be sejiarately conducted by pipes and caught in bottles. With care such 

leakage could be reduced to insignificant quantities. 

The absolute loss of heat resulting from a leakage of lbs. of water from the 

stuffing-box on the shaft was equal to the product of the difference of temperature of 

the stuffing-box Ts.b°, and inlet (T^®) multiplied bj^ 

- T,°), 
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and in the few trials in which this became a sensible quantity it was to be added as 

a correction. 

The Loss of Heat by the Leakage of Water from the Automatic Cock. 

36. This was the product of {iVc), the weight of water which escaped multiplied by 

the total rise of temperature. Since the water passing the cock was on its way to the 

high temperature thermometer, where any such water was caught it was put into the 

tank, and so required no correction. This leakage was very small, at most 2 oz. in a 

trial, but as there mmst be some evaporation as the water escaped through the hot 

gland, which, though small, might be of some importance on account of the latent 

heat of evaporation, it was desirable in some way to enclose this stuffing-box in an 

indiarubber bag closing on the spindle, so that the vapour could not escape, and this 

was eventually accomplished very effectively and neatly by Mr. Foster, in a way 

which did not interfere at all with the free action of the cock (Art. 14, Part II.). 

The result of this, besides preventing any subsequent loss of water, in this way,. 

was to show that any error that had previously existed from evaporation was 

inappreciable. 

The Loss of Water at the Sivitch. 

37. Apart from evaporation which would result from the exposure to the air and 

in passing the air-gap into the switch, there was no loss, as the water descended 

almost tangentially on to the surface of the tube on the switch which received it, 

the switch itself being a vertical knife-edge extension of this surface, which passed 

through the vertically descending water at starting and stopping; and further, to 

prevent any minute drops of water going astray from the bursting of an occasional 

bubble in passing, a sheet brass hood was placed round the descending pipe directly 

the trial started. 

The outside of the weighing tank is completely exposed to observation, and is 

perfectly tight. The valve in the bottom, being a 4-inch leather-faced screw-valve 

on a brass seat, is also tight, but for satisfaction it was arranged to place a clean tin 

dish under the valve before starting a trial, and only to remove it after the water 

was weighed, so that there should be absolutely no loss of water from any of these 

causes. 

That there must be some loss of water by evaporation to the air as long as the 

temperature of the water, after leaving the condenser, was above that of the dew¬ 

point of the surrounding air, was certain. By using sufficient cooling water it would 

be possible to bring the temperature down to that of the dew-point; but it was 

found that this could not be done under all circum.stances without a larger condenser, 

for which room was wanting, and, as long as the water lost by evaporation was the 
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same in both trials, all error would be eliminated in the difference of the laro-e and 
O 

small trials. After careful consideration, it was arranged that the condensing 

water should be adjusted so that the water in all trials entered the tank at a 

temperature as nearly as possible 85°; it being probable, as the surface exposed 

to the air was nearly the same in the large and small trials, if the differences in 

temperature between the air and the water were the same, the evaporation wmuld 

be the same, or would at least differ by a constant amount. In order to test 

this, it was further arranged that, after the trials were finished, the centrifugal pump 

should be temporarily re-arranged so that it could be used to draw water out of the 

tank and force it round through the condenser and switch, and so back again into the 

tank at rates corresponding to those of the large and small trials, and at the same 

temperature (85°), the water in the tank being at this temperature, the arrange¬ 

ment of the pump being such that, when stopped, all the water in the pipes would 

run back again into the tank. This would practically insure the same loss of water 

by evaporation during one hour’s pumping as during one hour’s trials, and any differ¬ 

ence (ly) thus established between the large and small trials would then be treated 

as a standing correction on the difference of the heavy and light trials. This relative 

correction, taking W as the mean difference of water in the heavy and light trials, 

would be 

w • 

The Standards of Measurement. 

38. In these experiments the expressions obtained for the work done in heatino- 

the water and the l.ieat generated are, respectively, 

27rN. RW, and SW„ {Tf - 

where R, W, T°, S are respectively length, weight, temperature, and capacity for heat. 

Since these expressions both represent the same absolute quantity of energy, the 

difference in the numerical values of these expressions results only from the differ¬ 

ence in the units in the two expressions. These units may be considered as the unit 

of work and the unit of heat respectively, as it is the inverse ratio of these units, 

measured in absolute quantities of energy, that is expressed by the ratio obtained 

from 

27rNRRb 
SW„(R-Tj)- 

But, as there are no actual standards either of work or heat vdth which quantities 

of work and heat can be respectively compared by a simple measurement, such com¬ 

parisons can only be accomplished by the comparison of the several factors involved 
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in each of these expressions with the several absolute standards which exist for such 

factors. 

These standards are the standards of mass, length, and force, on the one hand, and 

of mass, quality of matter, and temperature, on the other. 

Thus, work being* defined as the mean product of force multiplied by the distance, 

and the standard of force being the force of gravitation on the unit of mass wherever 

it occurs, the work is represented by W.h, where W expresses the number of units of 

mass, and h the number of units of length through which it has been raised. Taking 

(M) and (L) as expressing these units, the unit of work is expressed as (ML). 

Again, the unit of heat is defined to be one part of that quantity which is 

required to raise one unit of mass (M) of a standard substance (pure water) from one 

definite state of temperature to another definite state. And calling this interval 6, 

the unit of temperature is defined to be Bln. And, taking S to express the ratio 

of the number of units of heat required to raise units of mass of matter from 

Ti° to T3° compared with W„ (Tg® — T^®), the heat expressed by SW^ (Tg — T^) is in 

units (M 
e 

n 

So that, from the physical equivalence of the absolute energy expressed in the 

respective forms, it appears that the unit of heat, as defined by (M — j, is equivalent 

to 
27rNRW 

SW,(T3-L) 
units of work as defined by (ML), 

or that the heat required i o raise one unit of mass of pure water through the definite 

interval of temperature B is equivalent to 

27rNEW 
Qw rv-W units of work (ML). 

This is the definition ol’ the mechanical equivalent of heat in Manchester, adopted 

by Joule if n = i, and B is 1° Fahr. between 50 and 60, as determined on his 

thermometer. But, since the absolute kinetic value of the unit of force as here 

defined varies with the latitude and height of the place, while that of the unit of 

heat is constant, this mechanical equivalent varies from place to place with 1/p, 

where g is the expression, in kinetic units, for the unit of force (M). 

Thus, expressing the work in kinetic units, the unit of heat, as already defined, is 

equivalent to 

27rNRW 

^ SWATg - L) "" 

where the dimensions of C are (T/T“%0“^). 

VOL. CXC.—A. *2 X 
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Whence, since g has dimension (LT ~), 

27rNRW _ C 

where the dimensions of Qlg are 

Tlie object in this research being to replace the standard of temperature, as defined 

by the scale on a particular thermometer, by the standard obtained from the states 

physically defined by melting ice and by water boiling under a standard pressure, ^is 

here defined to express this interval, and S is, in accordance with the definition already 

given, used to express the ratio which the heat required to raise unit mass over any 

interval, per degree of rise, bears to that required to raise pure water over the 

interval d, per degree of rise. 

The Standards Involved. 

39. It appears from the dimensions of Gig, as obtained in the last article, that the 

only general standards to which reference need be made are those of length and 

temperature. 

It is, however, to be noticed that the determination of the wmrk and the heat 

involve the determination of separate masses, and that the units only disappear on 

the condition that they are equal. 

The Measurement of Mass. 

40, Since it was not necessary to refer the mass to a general standard, the 

weights used were only referred to a Board of Trade standard for convenience. 

Thirteen of the 25 lb. weights used for loading the brake were adjusted to the 

Board of Trade weight, then carefully balanced against each other, till, balanced in 

groups of four in any arrangement, there was less than O’Ol lb. difference. Four of 

these weights were then taken as the standard. 

The compound lever machine, which had two scales on the same lever, one notched 

to each 100 lbs. for the position of the large rider, the other with a flat scale for 

every 1 lb. for the position of the small rider, wms taken to pieces and the knife 

edges re-ground and re-set (by Mr. Foster) till consistent results were obtained to 

the one-hundredth of 1 lb. Another rider wms also made to work on the same scale 

as the small rider, being adjusted to one-hundredth of the weight, so as to read 

0-01 lb. 

The scales were then carefully surveyed by the standard 100 lb. weight, the 

original small rider being adjusted till the difference between its extreme positions 

on the scale balanced the standard to < O'Ol lb., and the corrections for each V-notch 

into which the feather on the large rider fitted ascertained by balancing the standard 

to a like degree of accuracy. 
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The dead load on the scales, including the empty tank, came to 340 lbs., about, 

and between this and 2200 lbs. the scales would weigh any quantity with the lever 

swinging to O’Ol lb. 

The weights to which the scales had been adjusted were then exclusively used on 

the brake. Thus the brake was balanced by the same w'eights as were used as the 

standard in weighing the water, with a sensitiveness which gave the error less than 

ojie forty-thousandth part of the weight of water in the smallest trials, while the 

casual error, which would not exceed this in a single weighing, would be eliminated 

in the mean of a large number of w^eighings. Thus the relative limits of error in 

weighing would not exceed ’000025. 

llie Correction for the Weight of the Atmosphere. 

41. The balances being made in air it is necessary to add the weight of air 

displaced in each case. 

As the relative weights only are concerned, if is the weight of a unit volume of 

air, that of water, and that of cast-iron, the weights in air of unit masses 

are :— 

1 - D„/D,, .... for water, 

1 — Da/D^ .... for cast iron. 

The load on the brake is therefore subject to the correction expressed by the factor 

(i _ D„/l-)i), wdiile that of the water balanced against cast-iron weights, has the cor¬ 

rection factor 
1 - W/W 
1 - D„/D„ ’ 

and the relative correction for the actual weight of water, as against the load on the 

brake in air, is 

I / ! — or approximately 1 -j- p—, 
/ \ Hk)/ ^10 

for the temperature 67° Fahr., D« = 0*0752, = 624. 

Hence, the relative correction factor for the equivalent 

(1 - 0*001205). 
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The Correction for g in Latitude of Greenwich and 45°. 

42. Since the latitude of Manchester is 53° 29', Greenwich 51° 29', the value of g 

being (“ Memoires sur le Pendule,” ‘ Soc. Francaise de Physique ’) 

•“ 0'00259 cos 2X) = g^^o (1 0 0007558) at Manchester, 

)> jj =1745°(1 + 0’0005814) at Greenwich, 

whence the correction factor is . . . . (1 + 0-0001746) for Greenwich, 

and for 45°.(1 + 0-0007558). 

The Specific Heat of the Water. 

The standard capacity for heat being that of distilled water, the obvious 

course would have been to have used distilled water in the trials, had this been 

practicable; but as it was apparent from the first that the quantity of water which 

would have to pass through the brakes during the trials would amount to some 

20,000 gallons, or, say, 100 tons, all of which -R^ould have to be brought down to a tem¬ 

perature of 32° Fahr.; and that to do this, using distilled water, whether or not the 

water was used over again, the necessary appliance for producing, storing and cooling 

the water, were impracticable in the laboratory, the last 40° must be removed with 

ice, and this would require some 25 or 30 tons of ice. While using the town’s water 

direct from the main, the average temperature, from February to June, wmuld not 

exceed 45 , so that only 12° or 13° would have to be removed by ice, which would 

require from 7 to 10 tons, with no other appliances except the relatively small 

appliance for cooling. 

The only practical course, therefore, was to use the town’s water. And had it not 

been for the known purity of this, the research would never have been undertaken. 

As affording definite assurance of the consistent purity of this water, as delivered 

in the college. Professor Dixon kindly undertook to furnish the mean results of the 

analyses which he makes periodically for the Manchester Corporation, of the water 

drawn from the supply in the college. These show that the impurities are almost 

negligible, taking 0-2 as the specific heat of the salts, the relative correction is 0-85, 

where 5 is the relative weight of the salts. 

The Effect of Air in the Water. 

43. Even distilled water contains air unless special precautions are taken foi- its 

removal ; so that any effect such air may have on the capacity for heat as measured 

would not have been avoided by using distilled water. 

Ihe direct effect of the same 0-00323 per cent, of air which water exposed to the 

atmosphere usually contains at normal temperatures, is so small as to be altogether 
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negligible, and it would seem to be an open question whether the standard condition 

of water, as regards capacity for heat, does not involve the inclusion of this air. But 

the indirect effect of such air on the heat necessary to raise water from normal 

temperatures to near the boiling-point, is by no means negligible. 

It does not appear that any definite study has hitherto been made of this effect; 

but it is a matter of common observation that as water reaches a temperature some 

40° Fahr. below the boiling-point, bubbles appear on the sides and bottom of the 

vessel, which gradually increase in size and rise to the surface, increasing rapidly in 

size as they rise. The bubbles are usually referred to as bubbles of gas or air. But, 

a moment’s consideration will show that, although the air or gas is the immediate 

cause of the premature formation and subsequent expansion of the bubble, it is none 

the less certain that the space occupied by the bubble is filled with saturated steam 

at the temperature of the water, the function of the air being merely that of 

balancing the excess of pressure of the surrounding water over the pressure of the 

saturated steam. 

It thus appears that every bubble so formed represents a quantity of heat wliich 

is the latent heat of the volume of the saturated steam in the bubble over and above 

the heat of the weight of water in this steam. 

Thus, if bubbles of air exist in water at a temperature of 212° Fahr., the weight 

of air per lb. of water being a, 0’0000323, and p the pressure, in inches of mercury, 

of the water, then, since the pressure of the air is p — 30, and the volume of 

1 lb. of air at 212° Fahr. under 30 inches of mercury is 16'9 cubic feet, the volume 

of air per lb. of water is 

or, p = 40, 

16-9 X 30 

p - 30 
X a, 

V = 507 X a. 

This is the volume, in culnc feet, of saturated steam at 212°; whence, since the 

latent heat per cubic foot is 36’6 at 212°, the excess of heat will be per lb. of water 

V X 36-6 = 1855 X «, 

and this, divided by 180°, gives a relative error 

10‘31 X a. 

If «, = 0‘0000323, the error is 

0’00033, or 0‘033 per cent. 

The water, after being exposed to the atmosphere in the service reseiwoir, where it 

discharges any excess of air, enters the brake cold with this normal air, there it is 
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heated by work, under the pressaie of the artificial atmosphere at pressure j), to 

maintain which it parts with some of the air, which, in passing out into the flexible 

pipe, carries out saturated steam, which is condensed by radiation from the pipe. 

The water, with the remainder of the air, is then carried by the centrifugal pressure 

into the outer chamber in the brake case under a pressure of about 50 inches of 

mercury. It then passes the automatic cock into the flexible pipe at 41 inches 

pressure, thence rising to the thermometer bulbs at 40 inches. In passing the 

automatic cock with a difference of pressure of 9 inches, the pressure will be further 

reduced, probably 9 inches below that in the pipe, so that any air that might have 

been retained would come out at that point, and expand further as it approached the 

thermometer bulb. 

In the fii'st instance, it was thought that a pressure of 5 feet of water would 

prevent the formation of bubbles, and the air gap in the l^ipe leading from the 

condenser was placed at this height above the thermometer. But many, and some¬ 

times large, bubbles of air were observed passing up the thermometer chamber; and 

Mr. JMoorby observed that he could detect the passage of a large bubble by a fall in 

the thermometer before the bubble appeared in the glass chamber. 

To prevent this, the air-gap was raised till it was 12 feet above the thermometer 

bulb ; so that the error is limited to three ten-thousandths. E\mn so, as it is much 

larger than any of the errors of constant sign, it was important to try, by assimilating 

the conditions under which the water leaves the brake, to obtain experimental 

evidence which would narrow the limits. 

It may appear at first sight as though these losses from the air in the water Avould, 

like the radiation, be eliminated in the difference of the large and small trials, but 

this is not so, since the quantity of heat so lost is proportional to the amount of water 

used, or it may be greater in the heavy trials. 

The Standard of Length. 

44. The measures of length that the research involves are — 

(1.) The horizontal distance of the centres of gravity of the adjustable loads on the 

brake from the axis of the shaft. 

(2.) The vertical heights of the barometer at which the boiling-points of the water 

were determined. 

In order to secure a definite reference of these to the British standard, recourse 

was had to two carefully-preserved and independent measures derived from this 

standard. 

(1.) A set of gauges by Sir Joseph Whitworth and Co., consisting of three steel 

bars, 9, 6, and 3 inches respective!}^, with parallel plane ends f inch in diameter, 

adapted to a 20,000 of an inch measuring machine, which constitute the standards 

used in the engineering laboratory. 
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(2.) A brass bar by Elliott and Co., 39 inches long, and graduated in inches, 

used as the standard in the physical department in Owens College. 

From the Whitworth gauges, two steel bars, f inch in diameter and 9 inches long, 

with parallel plane ends, were made by Mr. Foster, and compared with the 9-inch 

Whitworth bar by the measuring machine. 

With these and the Whitworth gauges, placed end to end, an outside gauge con¬ 

sisting of two surfaced angle-plates on a surfaced cast-iron bed was set out, and then 

a steel bar | inch in diameter with plane ends fitted to these. Careful com¬ 

parison showed that this bar did not differ from the sum of the lengths of the gauges 

by Toooo parts of an inch. This length was then carefully laid off by the surfaced 

angle plates on the surface plate, and was so compared with the scale of the 

Elliott brass bar, account being taken of the temperature, and found to agree within 

less than yq-^qo of an inch. 

The 30-inch bar so obtained was then taken as the standard both for the levers of 

the brake and the barometer, to be carefully preserved. 

Lengths of the Levers. 

45. The V-groove, in which the knife-edge of the carrier, by which the load on the 

brake was suspended, rested, was originally made at a distance of four feet from 

the axis of the shaft at ordinary temperatures, and, as whatever the error might be 

when the brakes were hot, it would be the same for all the trials, since the tempera¬ 

tures were the same, it was decided to take this as the length of the levers in 

estimating the loads during the progress of the research, and to treat whatever error 

there might be as a standing correction on the final results. Such correction to be 

obtained by laying off four feet Jess the radius of the shaft from the carefully squared 

end of a steel plate 3 inches broad, inch thick, then placing this, flat, in a vertical 

plane perpendicular to tlie shaft, with its edge horizontal, as near as practicable to the 

knife-edge groove with the squared end touching the shaft. Then by means of a 

theodolite, set so that its line of collimation was in a vertical plane parallel to the 

axis of the shaft, and intersecting the vertical line on the plate, to observe the 

distance of the groove from the line on the plate, while the brake was running under 

the same conditions of temperature, and load as in the trials ; but with the carrier 

temporarily displaced further along the shaft, so as to leave the bottom of the 

V-groove visible through the theodolite and in this way to obtain the actual 

distance of the groove from the axis of the shaft as affected by the ex|3ansion of 

the brake and any displacement of the bearing on the shaft which might result from 

the running. 

By using a scale divided to the oiie-hundredth of an inch, and taking several read¬ 

ings, this could be determined to a thousandth of an inch, so that the limits of 

accuracy would be 
± 0-00002. 
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The Standard of Tem'perature. 

46. As the most general standard is the difference between the two nhysicallv 
rk -\ » i t/ 

hxed points of temperature corresponding to the temperature of ice melting under 

the piessuie of the atmosphere and that of water boiling under a pressure correspond¬ 

ing to 760 millims. of ice-cold mercury in the latitude of 45°, taking account of the 

variation of g, the standard in Manchester is the interval between meltino- ice and 

water boiling under a pressure of 760 X 1-0001721 millim. of ice-cold mercury, which 

corresponds to 29-899 inches. And this interval divided by 180 is one degree Fahr. 

According to Regnaults tables a divergence of one thousandth of an inch from 

the boiling point would correspond to an error of 0-0017° Fahr., and this would be 

less than the one-hundred-thousandth part of 180°. 

In order to obtain this degree of accuracy in comparing the pressure of the vapour 

of puie watei, in which thermometers could be placed, with the height of mercury 

over a range of two or three degrees above, and two or three below the point, 

at almost any time, iirespective of what might be the actual pressure of the atmo¬ 

sphere, it was necessary that the barometer, or pressure gauge, while in free com¬ 

munication with the vapour chamber should be shut off from the atmosphere, and at 

the same time so far removed that the temperature of the mercury should not be 

affected by the heat from the gas or boiling water. And, further, althouo’h in direct 

communication with the vapour, this must be such that no moisture could reach the 

mercury ; and, such as involved no current in the passages which might affect the 

relative pressures, as would result by the interposition of a condensing vessel. 

It was also necessary that the arrangements for reading the vertical distances 

between the upper and lower surfaces of the mercury should not only give absolute 

differences of height, but also that they should afford ready means of at any time 

determining the presence of vapour or gas, other than that of mercury, in the upper 

limb of the barometer. 

The Barometer. 

47. To meet these requirements, the barometer shown (Plate 8) was designed. 

The vessel which holds the mercury consists of a bottle-shaped casting of iron, 

3 inches in diameter. Through a stuffing-box in the neck of this, the stem of the 

barometer tube passes. To admit of reading the level of the surface of the mercury 

in the bottle, two parallel plate-glass windows are arranged, ^ inch diameter, having' 

their axis ^ inch from the axis of the bottle. These are sunk into the castinv so as 
O 

to leave the outer cylindrical surface of the bottle clear, the joints between the glass 

and the cast-iron being faced and made tight with a trace of beeswax, the other 

openings into the bottle being one for the admission and abstraction of mercury, 

fitted with a screwed valve, and one for the admission of air, with a mouthpiece for 

the attachment of a tube from the vapour chamber. 
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The glass stem of the barometer is drawn down into a neck towards the lower end, 

and this is bent through 180° so as to bring the month upwards, and thus admit of 

its introduction into the mercury in the bottle without letting in air. This bend 

has to be passed through the stuffing-box, then the tube is secured by screwing the 

gland on to the beeswax stopping. A brass guard tube is then screwed into the 

neck, to support the glass tube, to a height of 24 inches from the mercury in the 

vessel. 

For reading the height of the lower limb, a cylindrical brass curtain, with a conical 

contraction on the top, the aperture in which is threaded internally at twenty threads 

to an inch to correspond to the screw on the outside of the neck of the bottle, is 

screwed on to this neck, the lip or bottom of the curtain being truly turned so 

that, when screwed down to the level of the mercury, it cuts off the light through 

the windows from a white sheet behind. 

To the top of the brass casting, which forms the curtain, a brass cylindrical tube is 

rigidly attached coaxial with the curtain which fits over the brass guard round the 

barometer tube, this extends to a height of 26 inches from the lower lip, the internal 

diameter for the last inch being a little smaller and internally screwed at twenty 

threads to an inch. Into this is screwed a brass tube, externally screwed throughout 

its length, about 6 inches long, with j^cU-allel opposite slots inch wide extending to 

within an inch at either end, to form windows through which to see the light over 

the upper limb of the mercury. And on to the upper portion of this tube there is 

screwed a long cap, capable of screwing down to the bottom of the slot. The lower 

lip of this cap forms the curtain which cuts off the light when the lip is level with 

the upper limb of the mercury. 

By this arrangement the variation of the distance between the lips of the lower 

and the upper curtains depends only on the change in their relative angular positions. 

For, since the slotted tube has a uniform thread, it can be turned, screwing into the 

lower curtain and out of the upper, both of which remain unmoved. Thus the 

position of the windows may be fixed, while the curtains are moved. So that for 

reading the distances it is only necessary to measure the relative angle. 

This angle is measured by dividing the circumference of the cap just above the lip 

into five equal divisions, from 0 to 5, and these again into ten, then a turn through 

one of the smaller divisions means an alteration in the distance of one-fiftieth of oiie- 

twentieth of an inch. As this angle is measured relatively to the lower curtain, a 

vertical brass scale, divided to tenths and twentieths of an inch, is fixed externally 

to the top of the extension of the lower curtain, extending vertically just outside the 

graduated limb of the upper curtain, and thus serves for reading the angular distance 

of the index mark on the limb of the upper curtain on any particular thread and 

the number of threads from the index on the scale. 

VOL. CXC.-—A. 2 Y 



346 PROFESSOR 0. REYNOLDS AND MR, W. H. MOORBY 

The Adjustment of the Indices on the Barometer. 

48. The lower curtain, together with the slotted tube and cap, is unscrewed from 

the neck of the cast-iron bottle and lifted off over the tube. Then the 30-inch 

standard bar is set on end upright on a surface plate, and the lower curtain, &c., are 

lowered over the bar until the lower lip of the curtain rests on the surface plate, aud 

the top of the bar is 30 inches from this lip. The cap is then screwed dowm until 

light IS seen over the top of the bar through the slot just cut off. Then a vertical 

line, drawn on the cap just above the lijD, at the edge of the scale is the index on the 

cap, and a horizontal line, drawn on the scale level with the lip of the cap, is the 

index point on the scale. And, when these twm lines are brought into this position, 

the distance between the lips will equal the length of the bar. 

In order to check this the curtain is raised, and two thin pieces of chemical paper 

are placed on the surface plate, one on each side of the bar, so as to leave a sj^ace 

between the paper and the bar. Then the curtain is replaced so that it rests on the 

paper, and light can be seen through the interval between the paper and the bar. 

Then light should be seen to an equal extent over the bar, and bj screwing down 

the cap till the light disappears, the thickness of the paper will be measured by the 

angle turned through. 

The construction of this barometer, the first of its kind, v^as undertaken by 

Mr. Foster, who has produced a very beautiful instrument by which direct reading 

can be taken to the ten-thousandth of an inch. The mercury having been re¬ 

evaporated for the purpose in an apparatus belonging to Dr. Schuster by his assistant, 

Mr, S, Stanton. 

This barometer could be used as a pressure gauge for pressure iqj to 34 inches and 

down to 26 inches, and by connecting the mouthpiece with a receiver in connection 

with a mercury or water syphon gauge, with the other limb open to the atmosphere, 

the differences of reading of the barometer for different pressures in the receiv^'er can 

be readily compared with the corresponding differences in the syphon gauge, and by 

such comparisons, taken at intervals till the mercury reaches the closing in of the 

tube, a test is obtained as to the absence of anything but mercury vapour above the 

mercury, 

When the barometer is in connection with the vapour chamber in which the 

thermometer is immersed, the passage of moisture back into the barometer is prevented 

by connecting the tube by a branch with an air receiver, in which the pressure is 

maintained liigher than that in the vapour chamber ; the branch pipe communicating 

with the chamber through a piece of quarter-inch glass pipe, 3 inches long, plugged 

as tightly as possible throughout its length with cotton wool, through which 

the air has to pass from the receiver into the vapour chamber. In this way an 

indefinitely slow current of clean dry air can be maintained into the passage from 

the vapour chamber to the valve which controls the exit of the steam into the 
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atmosphere, so that the air does not enter the vapour chamber in which the thermo¬ 

meters are, but directly passes out with the overflow steam. 

There is necessarily some resistance to the air passing along the pipe to the vapour 

chamber, but this could easily be tested by removing the pipe from the vapour 

chamber, and leaving it open to the atmosphere, so that the barometer would adjust 

itself to that of the atmosphere, plus the pressure due to the resistance of the current 

in the pipe ; then, stopping the current by closing the branch pipe, and reading 

ao’ain, the difference would give the pressure due to the current. With the plug 

as described this was so small as to be negligible, even when the pressure in the 

receiver was two atmospheres. As during the testing of the thermometers the 

pressure in the vapour chamber was generally greater than that of the atmosphere, 

in order to maintain this steady, a governor on the gas burner was necessary, as well 

as an accurately adjustable exit valve. 

With these appliances the scale of high temperature thermometer could be tested 

at intervals, over a sufficient interval on each side of the boiling point (212° Fahr.), 

the corrections for surface tension, temperature, and gravitation being applied to within 

the thousandth of an inch of mercury. 

This sives the limits of error i 0'00001. 

Correction of the Low Temperature Thermometer. 

49. The correction on the thermometer for 32° would be at any time obtained in 

the usual way by immersing the thermometer vertically in a bath of soft snow, but 

as there w^as no ready means, as with the scale about 212°, of testing the scale at 32°, 

while this would be used for one or two degrees, this correction could only be made 

by comparison with a thermometer already corrected v/ith the air thermometer, which 

comparison Dr. Schuster allow-ed to be made in the physical department. 

Corrections of the Thermometers for Pressure. 

50. The pressures in the thermometer chambers of the brake being both some 

10 or 15 inches of iiiercury above that of the atmosphere, it would be necessary to 

determine the corrections on each of the thermometers under the pressures and 

temperatures at which they had to wmrk. 

Thus, if Cl, Cjj are the corrections per unit of pressure in the initial and final 

thermometers, the correction for the heat is {cyPi — c^p^. 

The Range of Temperature over which the Specific Heat ivould he Measured. 

51. The temperature of the effluent water from the brake can be regulated either 

up or down to any required extent, and although there would necessarily be some 

2 Y 2 
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divergence from the boiling-point, with care and experience it would be possible to 

bring the mean result in a number of trials within a close approximation of 

212° Fahr. 

On the other hand, there has been no means provided of regulating the tempera¬ 

ture of the water entering the brake. This is determined by the rate at which the 

water passes through the iced coil and the temperature at which it entered, as deter¬ 

mined by the temperature in the town’s mains, which varies from 38° in the winter to 

55° in the summer. Thus the temperature in the light trials would be from half to 

a degree above 32°, and that of the heavy trials from a degree to two degrees. 

In calculating the heat of each trial the actual difference with the correction for 

the thermometers is taken, but if, as is shown by i^revious investigations by Fegnault 

and others, the specific heat at and near 32° is less than the mean specific heat 

between 32° and 212° by something like 0‘5 per cent., there would be errors in 

taking the results so obtained as the mean specific heat between 32° and 212°. 

Owing to the extreme difficulty of determining the specific heat over a very short 

range of temperature to such high degrees of accuracy as ‘01 per cent., the experi¬ 

mental evidence as to the exact value of the specific heat within a few degrees 

of 32° is but vaguely surmised from the general fall of the specific heat with the 

temperature. 

The law of the thermal capacity of water between 0° C. and f, as deduced by 

Regnault from his experiments, is avowedly vague as to the lower temperatures. 

It shows no singular point at the maximum density, as would be expected; and 

Rankin deduced another law from these experiments, making the minimum specific 

heat coincide with the point of maximum density. Also other experimenters have 

obtained higher specific heats near 32° than are given by Regnault’s formula. It 

would seem probable, therefore, that the difference between the specific heat at 32° 

and the mean between 32° and 212°, as given by Regnault’s formula, is too large. 

In that case, the correction obtained by this formula in order to reduce the specific 

heat between the observed temperature in the trials to that between the standard 

points, would probably be too large, and thus afford an outside limit of error. 

Thus, putting 5 for the meau specific heat between 32° and 212°, 5 (l + X) for 

the specific heat between T^° and 212°, when Ti° is small compared with 180°, and, 

by Regnault, taking 5 (1 — 0'005) for the specific heat at Ti°, then the total heat 

from Ti° to 212° is 

6‘(1 + X) (212 - T°) = s (180 - {T° - 32) (1 - 0'005)} 

or, neglecting (T;^ — 32)^, 

= s (212 - W) (1 - X O-OOo;, 

X = 0-005 = 0-000028 (T,° — 32). 
180 
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Thus, taking the mean capacity of water between the temperatures of 32° and 

212° as the standard capacity, the mean specific heat between T^° and 212° would be 

1 -h X = 1 + 0-000028 (Ti° - 32) ; 

and, if Ti° is the mean initial temperature of the water of any number of trials, 

1 + X is the mean specific heat of the water in all the trials. The mean specific 

heat of the difference of two trials would be 1 + X ; this appears as follows :— 

Suppose 1 + X^ to be the mean specific heat for a set of heavy trials, and Wj the 

mean weight of water, and (1 + X^) to be mean specific heat of a corresponding set 

of light trials, and Wg the mean weight of water, T^®, T2° being respectively the 

initial temperatures of and Wg, the difference of the total heats would be 

(1 + X,) (212 - IV) W, - (1 + X.g) (212 - Tg) Wg, 

and the mean specific heat would be approximately 

(212 - T,°) W, - (212 - T°) Wg + 180 - XAVg) _ 180 (yW^ - ^ 

(212 - V) Wi - (212 - Tg) Wg ~ 180 (W^ - Wo) ’ 

and, as in the heavy and light trials = 2Wg approximately, the mean specific 

heat by Regnault’s formula would be 

1 + 2Xi - Xg = 1 + 0-000028 [2 (Ti - 32) - (Tg - 32)]. 

This result is obtained by merely summing the trials, but counting the water in 

the light trials as negative. 

X = -000028 2 
W (V - 32) 

2 (W) 

The Gradual Rising of the Indices of the Thermometer. 

52. Where, as is generally the case, the indices of the thermometers are gradually 

rising, if they are used between the intervals at which they are corrected, the last 

observed correction being applied, there will be an error which will be negative, 

and of magnitude equal to the rate of rise during the interval multiplied by the 

interval. Thus, if the trials are uniformly distributed between the intervals of 

correction, the correction would be O'5a, where a is the observed rise in the interval, 

hence the relative correction on the equivalent, taking and a^, as the mean rises 

between the intervals of correction of the initial and final thermometers, would be 
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The Worh done hy Gravity on the Water. 

53. The difference of pressure on the bulbs of the initial and final thermometers 

which are at the same level, expressed in feet of water, is the work done by gravity 

per lb. of water. If and_^92 express these pressures in inches of mercury, the work 

done by gravity is 

1T4 (pi — P2), 

which gives as the relative correction for the ecpiivalent, approximately. 

+ 0-000008 S[W - 2?o)]/2(W). 

The Work ahsorhed in Wearing the Metal of the Bushes and Shaft. 

[54. During the six years the brake had been in use, before the trial commenced, 

the shaft and bushes were occasionally lubricated with oil, chiefly to prevent oxida¬ 

tion of the shaft when standing, and, up to the commencement of the trials, there 

was hardly any appreciable sign of wear. After the closing of the bushes by the 

stuffing-box and cap, when the use of oil was purposely discontinued, there was no 

means of observing the w^ear of the metal as long as the brake w^orked satisfactorily, 

as it did during all the trials. But when, after the completion of the trials, the 

stuffing-box and cap were removed, in order to return to the original manner of 

working, the excess of leaking through the bushes showed that there had been con¬ 

siderable wear. 

At that time it did not occur to me that the proportion of this wear, which took 

place during the actual running of the trials, would represent a certain amount of 

work absorbed in disintegrating tlie metal, or a certain amount of heat developed bv 

the oxidation of the metal, and no attempt was then made to form a definite estimate 

of the amount of metal which had disappeared. ^As, however, the worn metal was 

replaced by a coating of white metal, the thickness of this (less than s^nd of an inch) 

and the extent ot surface (less than 124 square inches) subsequently sho'ved that it 

could not be more than 1 lb. 

This w^as after ft occurred to me that however small might be the effect of this 

wear, since it was definitely observed to have taken place during the twelve months 

when the bushes were closed for the purpose of the trials, it was desirable, in oi’der to 

complete the research, that some outside estimate should be obtained of the limits to 

its possible effect, whether from disintegration or from oxidation. 

In as far as the loss of metal was due to the abrasion of the clean metal surfaces, it 

would be proportional to the number of revolutions, while in as ffir as it was owing 

to the oxidation of the metal surfaces, left bright after each run, it would be probably 

proportional to the number of runs. 
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The number of revolutions with the bushes closed, counting ordinary work as well 

as the trials, is found from the records to be less than 300 X 60 X 360, and the 

number of runs to be 80, the mean time being 4‘5 hours. The revolutions during 

any one of the accepted trials were 300 X 60. And the trials were made in threes, 

so that the coefficient for oxidation would be 

Hence, the metal w'orn by abrasion in a single trial would he less than sgoth of 

1 lb. = 0'0028 lb., and the metal oxidised in one trial less than -g-ioth = 0'004 lb. 

So far the estimate is fairly definite, but, in order for its completion, it is necessary 

to arrive at some conclusion as to the work absorbed in disintem’ating’ the metal, 

and of the heat developed by its oxidation. 

There does not seem to be any reason v.doy there should be mure oxidati'Ui of the 

bright surfaces in a light trial than in a heavy trial, so that there would have been 

no error from this cause in their difference. 

As regards the abrasion and the oxidation of the abraded metal, there would be a 

difference, as the weight on the shaft in a heavy trial is 1 23 of the weight in a light 

trial. Thus the differences of abrasion would have been 

0-0006 lb. 

The work necessary to produce a state of disintegration, such as exists in the 

vapour of the metal, would be the total heat of vaporization, less the kinetic energy 

and work — [/^i,/(T — 32) + TV], and, although the heat of vaporization of the 

metal is not known, it would seem that it cannot greatly exceed, when subject to the 

deductions mentioned, the heat of vaporization of ice subjected to like deductions 

(1,000,000 ft.-lbs.). 

Assuming this, since the difference in the work of two trials is about 

70,000,000 ft.-lbs., the correction would be 

- 0-00001, 

which, considering that the disintegration would be very imperfect, may be taken as 

an outside limit, while the effect may have been even reversed by the oxidation of 

the degraded meral.—Nov. 9, 1897.] 

Accidents. 

55. In contemplating such an extensive and complex research, the result of which 

depends on the mean of a number of experiments, it was impossible to overlook the 

question as to how such accidents, as would probably occur, should be dealt with. 

It was clear that, whatever the rule might be, it must be definite and rigorously 
applied. 

Two other things were also clear, that, as in surveying, accidents might occur, say 
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in reading the counter or the scales, which would only be apparent from the reduction 

of the results after the trial was finished. Also, that in these experiments there 

would be no such rigorous check on the results as in surveying; so that, without 

danger of sorting the results, anomalous results, the cause of which was not noted 

during the trial, could only be rejected when the results themselves contained 

evidence of the cause of the anomaly, say an abnormal difference between the mean 

speeds by the counter and the speed gauge. 

It was therefore, from the first, decided to reject all trials in which there was 

definite evidence either during the trial or in the results, of uncertainty to which no 

definite limits could be assigned, in any one of the measurements, without regard 

for the apparent consistency of the results, and in the same way to retain all 

other trials. 

56. The following table contains a summary of all those circumstances on which 

the accuracy of the result of the investigation depends, together with references to 

the several Articles in which they have been discussed. In line with each circum¬ 

stance is placed the formula for the relative correction in the equivalent, necessary in 

consequence of the observed deviation from the conditions of equality between the 

heavy and light trials. In the same line with each circumstance are also given, 

to the millionth part, the limits of relative error as deduced in the corresponding 

Articles. 
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354 PROFESSOR 0. REYNOLDS AND MR. W. H. MOORBY 

PART II. 

On an Experimental Determination of the Mechanical Equivalent of the 

Mean Specific Heat of Water between 32° and 212° Fahr., made in 

THE Whitworth Engineerinc Laboratory, Owens College, on Professor 

Osborne Eeynolds’ method.—By William Henry Moorby, M.Sc. 

1. In view of the frequent and extremely careful and accurate determinations of 

the value of the mechanical equivalent of heat which have been made of late years 

hy different experimenters using different methods the present series of experiments 

may on first thoughts seem superfluous. There did, however, seem to be sufficient 

disagreement between the results previously published—more particularly between 

values of the equivalent, as derived from the direct methods described by Joule, 

Rowland, and Miculescu, and the indirect electrical methods of Griffiths, and 

Gannon, and Schuster, to warrant a new investigation into the value of this 

important constant, if the proposed new method of working should carry with it 

advantages not available in previous investigations. I was accordingly very glad to 

fall in with the wishes of Professor Reynolds that I should undertake a research 

bearing on this point on lines which he suggested to me in July, 1894. 

2. In Part I., par. 3, a full description is given of the apparatus whose existence 

in the Whitworth Engineering Laboratory led up directly to the institution of this 

research into the value of the mechanical equivalent of heat. 

The advantages which the proposed method offered were briefly ;— 

(1.) The possibility of obtaining a result which in no way depended for its 

accuracy on the value of the scale divisions of the thermometers used in 

the measurements of temperature (Part I., par. 11). 

This was done by supplying a stream of w'ater to the brake at a tempera¬ 

ture of 32° Fahr., and there raising its temperature to 212° Falir. before 

admitting it to the discharge pipe where its temperature was again 

taken. 

(2.) A means of eliminating from the result all losses of heat due to radiation 

and conduction from the calorimeter employed (Part I., par. 32). The 

manner in which this elimination was accomplished is indicated below. 

Let U and u represent the quantities of work done in two trials which differed 

only in the moment of resistance offered by the brake—the number of revolutions of 

the encfine shaft and the duration of the trials being the same in each case. 

Also let H' and h' be the apparent quantities of heat generated in the brake in 

these trials. These quantities will be less than the true equivalents of the works 

U and a by quantities wbicli represent the losses of heat from the brake by conduc- 
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tion, radiation, &c. These losses were made as nearly as possible equal by keeping 

the temperatures of the brake and its supports and surroundings at the same levels 

in the two trials. 

Then the quantity of work (U — u) should be exactly equivalent to the quantity 

of heat (H' - li), and by dividing the first of these by the second, a value of the 

constant required is obtained. 

The power available for the purposes of the investigation enabled me to deal with 

quantities approaching the following values in trials of one hour’s duration 

Revolutions, 18,000. 

Total work done, I-35,000,000 ft.-lbs. 

Total weight of water raised 180° Fahr, := 960 lbs. 

Total apparent heat generated = 170,000 B.T.U. 

In quantities so large as these some of the small errors inevitable to all physical 

experiments became quite or nearly negligible. 

Preliminary Apparatus and Trials. 

3. It will, perhaps, be sufficient to indicate the general arrangement of the 

apparatus as first set up. This is illustrated in the annexed sketch. The water was 

Eig. 1. 

supplied from the mains through the iron stand-pipe, A, and the regulating cock, B. 

Before it entered the brake its temperature was measured by means of the 

2 z 2 
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thermometer, C, inserted through a cork in the stand-pipe, the part of the stem on 

which readings were taken being exposed to the atmosphere. After being discharged 

from the brake, D, the water entered a flexible rubber pipe, E, bent through an angle 

of 90°, which connected a horizontal nipple at the bottom of the brake with a vertical 

one forming the lower end of a fixed line of copper piping, F. The temperature of 

discharge of the water was indicated by the thermometer, G, which was enclosed in 

a glass tube opening through a stuffing-box into the discharge pipe, the whole 

length of the stem being therefore kept at the temperature of discharge. On 

leaving the copper discharge pipe the water was directed at will by the two-way 

tipping switch, K, either to the left to waste or to the right into the tank, L, 

standing on the platform of the weighing machine, M. 

A series of trials were made with this apparatus, the water being raised through 

varying intervals of temperature between S5° Fahr. and 100° Fahr. For obvious 

reasons the results were not satisfactory, and are therefore not published. 

Experience was gained, however, which helped very materially in the design of the 

final apparatus. 

Common thermometers were used, and calibration errors on the comparatively small 

range of temperature through which the v/ater was raised were of sufficient import¬ 

ance to vitiate all results. Again, the exposure of the stem of the thermometer, C, 

was a weak spot in the apparatus. I was much troubled also with leakage of water 

from the two bushed bearings of the brake. 

In so far as could be judged, the bent rubber pipe, E, was found to be a satisfactory 

connection between the brake and the copper discharge pi^^e, and this has been 

retained in the subsequent apparatus. 

Details op the Constituent Parts of the Final Apparatus. 

Artificial Atmosphere.—(Part I., par. 23.) 

4. To prevent loss of water by evaporation at the centres of the vortices formed 

in the brake, the ports in the vanes of the outer casing were connected through a 

flexible rubber tube some 4 feet long, with an artificial atmosphere formed in a tin 

receiver, the pressure in which was maintained by means of a cycle tyre inflator at 

about 9 inches of mercury, as measured on a U-gauge. The shape of this vessel 

is made clear in the sketch (Part I., fig. 8). The ends were made conical for greater 

strength. The receiver was also provided with an air valve, with which to relieve 

the pressure when too high, and a cock, with which water accidentally lodging inside 

could be drained away. 
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The Ice Cooler.—(Part I., par. 19.) 

5. Some preliminary experiments indicated that a length of about 200 feet of 

f-inch diameter lead piping would, when immersed in a mixture of ice and water, be 

sufficient to cool a stream of some 16 lbs. of water per minute very nearly to 

32° Fahr. 

The ice cooler was accordingly made as follows : A wooden box, 4^ 0 ^ X 2 3 X 2 0 , 

and lined inside with waxed cloth, was fitted with a horizontal wooden shelf about 

2 feet 6 inches long, and on this was laid a flat oval coil of |-inch composition piping 

nearly 200 feet in length, the left-hand end of the coil and shelf stopping short at a 

distance of 1 foot from the end of the box, the right-hand end of the coil reaching 

the end of the box, but the shelf stopping some 6 inches short of that point. The 

coil was about 5 inches diameter, vertically, and over it were placed the wooden 

guide plates shown (Part I., fig. 7). An 8-inch diameter paddle, having 6 wooden 

floats, was placed about the middle of the box, at a height just sufficient to ensure 

the lower edges of the floats clearing the coil of pipe below it. A galvanized iron 

wire netting, extending from the shelf upwards to the top, separated the well at the 

left-hand end of the box from the compartment to the right containing the coil and 

paddle. 

When working, the well and space beneath the shelf contained broken ice, well 

rammed in ; while the level of the water was automatically kept at about 3 inches 

above the top of the coil. The jiaddle, driven by a cord from the line shafting in the 

engine-room, revolved in the direction shown by the arrow, and caused a circulation 

of water ujo through the ice in the well, and then horizontally through the coil and 

back to the ice under the shelf. 

Circulating Pump.—(Part I., par. 20.) 

6. In order to supply sufficient water to the brake against the resistance offered 

by the 200 feet of pipe in the cooler and the augmented pressure in the brake itself, 

it was necessary to use a circulating pump. This was a small Mather-Reynolds 

centrifugal pump with four 1^-inch wheels, driven by a turbine available for this 

purpose in the engine-room. This pump was capable of supplying 16 lbs. of water 

per minute, against a pressure of 25 lbs. per square inch at the supply valve. 

Some difficulty was encountered in the summer of 1896 with this combination, 

because the excessive demand for condensing water for the engine hardly left sufficient 

flow in the falling hydraulic main to work the turbine at the requisite speed to 

maintain the above pressure. 

On the whole, however, the combination was exceedingly efficient, and with a 

graduated supply valve afforded a very delicate means of regulating the flow of water 

into the brake, 
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Water-tight Joints between the Brahe and the Engine Shaft. 

7. In (Part I., par. 24-29) the necessity of obtaining control over the leakage of 

water at the bearings of the brake, and the methods by Vv^hicli this was accomplished, 

are fully discussed. The bearino’ on the up-shaft end of the brake was provided with 

a stuffing-box, while the shaft end was covered with a cap. The annexed sketches 

show the general design of the stuffing-box and cap :— 

A—The engine crank shaft. 

B—The outer skin of the brake. 

C —Conical brass bushes screwed into the outer skin of the brake. 

D—Lock nuts on these bushes. 

E, F, and G—Stuffing-box, ring and cover. 

K—Set screws fastening stuffing-box to the lock nut. 

L—Cap covering the end of the shaft. 

Small spindle driven by a pin on the end of the engine shaft, passing 

through a stuffing-box on the cap, and required to drive the revolution 

countei'. 

Fig. 2. 

The cap completely stopped all leakage from the bearing to which it was fixed, 

and, when the stuffing-box had worked for a, short time, only a feyv drops of water 

escaped from the up-shaft bearing. 

The brass bush bearings needed lubricating, and this was accomplished by supplying 

a small stream of water to each bearing through the pipes N and P, each provided 

with a regulating cock. This water came from the supply pipe between the ice 
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cooler and the regulating valve controlling the main supply to the brake. It was 

consequently under considerable pressure and at a temperature very little over 

32° Fahr. The water thus supplied had, of course, to enter the brake, and the 

amount supplied afforded a very convenient means of controlling the temperatures of 

the bearings. 

At a distance of 2f inches from the cap of the stuffing-box was the end of one 

of the main bearings, Pt, carried on the cast-iron pedestal, S. 

It was important that I should have some control over the loss of heat by con¬ 

duction along this length of shaft. Accordingly, two pieces of brass pipe were 

soldered on to the cap of the stuffing-box, while two others were screwed, the one in 

the upper and the other into the lower brass forming the main bearing. Thermo¬ 

meters were placed inside the tube affixed to the stuffing-box cap, which happened 

to be uppermost at the time, and into the two pipes screwed into the main bearing. 

It was then assumed that the loss of heat along the shaft would vary with the 

difference of temperature between the stuffing-box cap and the bearing. In order 

that the losses of heat occurring in this way in any two trials should be identical, 

it was sufficient under the above assumption that this difference of temperature 

should be the same in both trials, and the temperature of the stuffing-box was 

regulated to this end by means of the amount of cold water passing into it. 

Considerable difference of temperature was observed between the upper and lower 

brasses of the bearing, and as it seemed probable that the lower one approximated 

the more closely to the temperature of the shaft, that thermometer was the one 

used in determining the loss of heat by conduction. 

In the later trials I endeavoured to keep the temperatures of the stuffing-box and 

the bearing at tbe same level, thus entirely eliminating this cause of loss from the 

experiments. 

Water Jackets for the Low and High L'emperatvre Thermometers.—(Part I., par. 15.) 

8, It was evident that the temperatures of the water would be much more easily 

and accurately taken if the whole stem of each thermometer was kept at one 

temperature. To this end each of the principal thermometers was completely 

jacketted with a stream of the water whose temperature was required. 

The arrangements adopted for this purpose are illustrated in the annexed 

sketches. (Pigs. 3 and 4.) 

After leaving the main regulating valve the cold supply water entered a vertical 

brass T, shown at A. The main volume of the water flowed on to the brake 

through the horizontal arm of this T. At its upper end the T carried a small 

stuffing-box, B, into which was fixed a vertical .g-inch diameter glass tube, C. This 

tube was closed at its upper end by means of a rubber stopper, held in place by the 

brass cap, D, screwed on to the upper end of a |-inch slotted copper pipe surrounding 
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the glass tube. The stopper and cap were both penetrated bj a short length of 

^g-inch diameter brass tube, which carried a gas cock at its upper end. The thermo¬ 

meter was hung by a piece of string from the lower end of the -^-inch pipe—the 

graduated part of the stem being all clearly visible through the glass walls of 

the chamber while the bulb was well in the main stream of water flowing through 

the brass T. 

Fio-. 
o 

Fig. 4. 

Fro/7/jbrdAe 
% 

Cold vater tbermometer jacket. Hot water tliermomeler jacket. 

A small stream of water was allowed to run to waste through the small gas cock 
O O 

at the top, thus ensuring the whole of the stem of the thermometer being kept 

at the proper temperature. 
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^ The hot water discharged by the brake flowed from the bent rubber tube, pre¬ 

viously mentioned, into the lower end of the vertical 1-inch diameter copper pipe, A. 

This pipe carried a brass cross, B, at its upper end, while fitted to the top of the 

cross was the stuffing-box, C, in which was fixed a piece of f-inch diameter glass 

tubing^, D, forming the thermometer chamber. The upper end of this chamber was 

closed by a rubber stopper penetrated, as before, by a piece of |^-inch diameter brass 

pipe, connected by a piece of rubber tubing to the main discharge pipe above. 

The left arm of the cross carried an upward-turning elbow, and that again 

a f-inch diameter copper pipe, up which most of the water flowed. 

The thermometers, two of which were used, were hung to the lower end of 

the f-inch pipe in the rubber stopper, so that the bulbs were immersed in the whole 

stream of water flowing up the 1-inch copper pipe from the brake. One of these 

thermometers was only used as a finder to indicate the temperature of the water as 

it rose after first starting the engine, and no record of its readings was kept. 

The Condenser,—(Part L, par. 18.) 

9. In order that there should not be a large loss of water before weighing, by 

evaporation from the tank into which it flowed from the brake, it was necessary 

to cool the stream to a temperature approaching that of the atmosphere. 

For this purpose a condenser was constructed after the ordinary chemical pattern. 

It consisted of a length of 21 feet of f-inch diameter pipe inserted in an equal length 

of If-inch diameter iron pipe. 

Stuffing-boxes were used to form the joints between the two pipes. The hot 

water from the brake flowed through the inner tube, while a supply of condensing 

water flowed in the opposite direction through the annular space between the two 

pipes. By means of this condenser the water entering the tank was always cooled 

at least to 100° Fahr,, and to lower temperatures in the earlier experiments when 

the water available in the mains was considerably colder. 

The Rising Pipe.—(Part I., par. 21.) 

10. The thermometer indicating the discharge temperature often gave readings 

more or less above 212° Fahr. 

To provide against any fall in temperature at the thermometer bulb, which might 

occur by reason of the formation of bubbles of steam in the water, it was found 

desirable to keep some pressure on the water at that part of its course. 

Accordingly, instead of discharging the water directly from the condenser into the 

tank, it was conducted up a vertical pipe, which was open at the top through a T 
to the atmosphere. The water then drained down another pipe provided with a 

nozzle at its lower end, opening into the two-way switch, to be described later. By 

VOL. CXC.—A. 3 A 
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this means a head of 11'3 feet of water was maintained at the thermometer bulb, and 

at a temperature of 220° Fahr. I had not much trouble with bubbles of vapour. 

The Tivo-way Tip2nng Switch.—(Part 1., par. 16.) 

11. This was constructed to provide a means of rapidly diverting the water at 

will, either to waste or into the tank. It consisted, as shown in the sketch, of two 

curved copper pipes of rectangular section, meeting at their upper ends at an angle 

of about 30°. Their common side was produced for about f inch, and formed into a 

knife-edge, separating the two orifices. 

Fig. 5. 

These pipes were rigidly connected to a wooden link which w'orked about a. 

horizontal axis, distant 2.^ inches below the knife-edge. Wooden stops \vere pi’o- 

vided to limit the swing of the switch to rather less than 2 inches. One arm of the 
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switch worked in a funnel forming the top of a pipe leading to waste, while the other 

worked through a hole in the cover of the tank. The whole arrangement was fixed 

so that when in the central position the knife-edge was inch vertically below the 

nozzle at the end of the discharge pipe. 

This switch worked exceedingly well, diverting the stream of water almost instan¬ 

taneously, without making any perceptible splash. 

In the later trials this switch was connected by a chain of links with the revolution 

counter, so that when the latter was pushed into gear with the engine shaft the 

switch simultaneously directed the water into the tank, and vice versa. 

Weighing Machine and Tank.—(Part I., par. 13.) 

12. To facilitate the weighing, the stream of water was led during each experiment 

into a galvanized iron tank which stood on the platform of a weighing machine. 

The tank was 4 feet long by 2 feet 9 inches deep, by 2 feet 9 inches wide. During 

the experiments it was kept covered by a lid of thin boards, steeped in paraffin 

wax. These boards were always weighed with the tank, so that any water they 

might absorb was accounted for. A. 24-inch valve in the tank bottom was used for 

discharging the water after weighing. 

The weighing machine was graduated up to 2200 lbs., and was supplied with 

three rider weights. 

No. 1, the largest, was provided with a knife-edge which fitted into grooves cut 

in the lever of the machine, each division representing 100 lbs. 

No. 2 worked on another scale on the lever, each division representing 1 lb., and 

graduated up to 100 lbs. 

No. 3 was made by Mr. Foster, in the laboratory, and indicated O’Ol lb. per 

division of the second scale. The lever was 32^ inches long, and readings wmre 

taken only when the middle of the swing of a pointer fixed to the end of the lever 

coincided with a line marked on a brass plate alongside it. 

It was quite easy in each individual weighing to set the machine to O'Ol lb., but 

owing, no doubt, to shifting of the platform, levers, &c., I do not think the readings 

taken were reliable beyond the i^th of a lb. 

Tliis machine was not at first quite as sensitive as was necessary to attain the high 

degree of accuracy required for the purposes of the research. On examination this 

was found to be due to the slightly imperfect adjustment of the knife-edges attached 

to the graduated lever. The fault was rectified by Mr. Foster, and since then the 

performance of the machine has been highly satisfactory. 

The Rubber Pij)e Connections to the Brake. 

13. On account of the very considerable pressure to which all the fittings of the 

3 A 2 
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brake were subjected, it was found necessary to bind with tape the rubber pipes 

supplying the water to ensure them agfainst bursting. 

The extra stiffness thus given to these pipes did not much affect the free working 

of the brake, since none of them had a leverage of more than 4 inches from the 

centre of the shaft. 

The case was, however, different with the bent rubber connection between the 

brake and the discharge pipe, since in this case the leverage is about 1 foot 6 inches. 

This pipe was eventually inserted in a cage consisting of a spiral of copper wire, 

inches in diameter, through the coils of which were threaded two longitudinal 

wires to prevent elongation of the cage and rubber tube. By this arrangement the 

flexibility of the rubber tube was almost unimpaired. 

The Device for Catching the Leahage at the Bottom Regidating Cock.— 

(Part I., par. 36.) 

14. It was found impossible to prevent leakage taking place, generally to a small 

extent, from the automatic cock controlling the amount of water in the brake. It 

was, therefore, necessary to provide some means of catching this water, and it was 

very important that no impediment should be placed in the way of the free working 

of the cock spindle. 

Fig. 6. 

^rom %6r<iAe 

To o//^c/)cLr^e pipe 

A tight joint was made between the valve seating, B, and the bracket, C, which 

carried the overhanging end of the valve, A. All the leakage, therefore, occurred 

along the valve spindle at ee. The method adopted to catch it was to solder a brass 

ring on to the bracket at D, and fit a ring of cork of the same diametei’ tightly on 
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to the spindle at E. A piece of thin rubber tubing, F, was bound tightly to the 

ring, D, and the cork, E. 

This tube caught all the leakage, which then drained down the smaller tube (shown 

in the sketch) into a bottle standing on the floor. 

To prevent evaporation, the end of this small tube contained a short length ol glass 

tube, the capillarity of which always kept the end closed by a bead of water. 

General Arrangement of the Final Apparatus. 

15. The general arrangement of the apparatus, as tinally set up, is shown in the 

plates attached to Professor Reynolds’ paper (Part I.), and in the annexed diagram. 

The course of the water was as follows :— 

It was drawn from the mains by the circulating pump. A, and forced through the 

ice cooler, B, to the main regulating valve, C. Between the ice cooler and this valve 

there was a Bouidon pressure gauge and a branch-pipe, D, supplying water to the 
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bearings of the brake. Entering the vertical stand pipe, E, the water flowed round 

the bulb of the initial temperature thermometer, a small stream being diverted to 

waste through the jacket. The straight flexible rubber pipe, F, then led the stream 

to the brake, G, from which the water flowed through the automatic valve, H, and 

the bent rubber pipe, K, to the vertical stand pipe, L, carrying the thermometer for 

measuring the temperature of discharge. Then passing through the condenser, M, 

and the rising pipe, N, the two-way switch, P, directed the water either to waste or 

into the tank, P, standing on the platform of the weighing machine, S. At T is 

essel fbimin^ the artificial atmosphere. A small Bourdon gauge was 

fitted on to the top of the brake because the mercury gauge, indicating the pressure 

in the air-vessel, was not visible to the observer when taking readings of the ther¬ 

mometers, and it was important that this pressure should be kept constant. 

The Hand Brahe and Speed Indicator.—(Part I., par, 30.) 

16. In addition to the separate parts of the apparatus already mentioned there 

was a hand brake by which a moment of about 50 ft.-lbs. could be gradually 

applied to the engine shaft, and by this means a delicate adjustment of the speed of 

revolution was obtained. 

To make this speed evident a small speed gauge was driven by a gut band from 

the engine shaft. It consisted of a paddle rotating about a vertical spindle in a 

cylindrical case. The case contained coloured water, and the pressure generated 

forced a column of the water up a glass tube, to a height which varied with the 

speed of revolution. 

In Part I„ Professor Reynolds has referred in one or two instances to the 

excellent manner in which various parts of the apparatus were constructed by 

Mr. Foster, to whom my thanks are also due for the valuable assistance he often 

rendered at critical moments in the research, and further for the advice and help he 

was always willing to give in the construction of apparatus for which I was mainly 

responsible. 

The Method of conducting the Experiments finally adopted—using the Completed 

Apparatus. 

17. During the progress of the experiments, I had at my disposal the services of 

two men and a boy. Of the men, the first, Mr. J. Hall, was fully engaged in attend- 

ing generally to the needs of the engine and boiler, and had besides to maintain the 

boiler pressure at a point which ensured the steady running of the engine. I am 

bound to state that very much of the success met with must be attributed to the very 

admirable manner in which iVlr. Halls part of the work was performed. 
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The duties of the second assistant Mr. J. W. Matthews consisted in regulating 

the engine speed by means of the hand brake, more particularly at the commencement 

and end of each trial, and also in keeping a constant pressure of 9 inches of mercury 

in the artificial atmosphere. 

The boy’s time was occupied in breaking up the ice and feeding it as required into 

the ice cooler. 

In the last series of experiments three similar trials of 62 minutes duration each 

were made per day, and the engine having been once started was not stopped till the 

three trials were completed. Consequently what I say below as to the starting of 

the engine does not refer to every trial, for after emptying the tank at the close of 

any one all the necessaiy adjustments were ready made for the next. 

I. The pump and engine were started simultaneously, the brake being therefore 

supplied with a stream of cold water through the ice cooler. The brake then 

automatically adjusted the weight of contained water till the load floated clear of the 

engine floor. The speed was then adjusted till the speed indicator gave the required 

reading, viz., in all recorded trials 300 revolutions per minute. 

II. Since all the work done was expended on the stream of water passing through 

the brake, its final temperature rose more or less quickly, and by adjusting the 

regulating valve on the supply pipe the temperature of discharge finally remained 

steady at 212° Fahr. nearly. In the meantime the supply of water to the stuffing- 

box was regulated till the temperature of the cover was at the required level. 

These adjustments took from a quarter to half an hour, and when made, the 

engine was allowed to run for some half-hour longer to ensure a steady condition 

being attained. 

The water supply to the condenser had also been regulated till the stream of water 

issuing from the rising pipe and flowing to waste had the requisite temperature. 

III. Headings were then taken of— 

(a) The revolution counter. 

{h) The weight of the empty tank and its cover. 

IV. When a steady condition was reached, the revolution counter at a given signal 

was pushed into gear with the small spindle previously mentioned, making connection 

through the cap with the engine shaft, and simultaneously the two-way tipping 

switch, which had hitherto been directing all the water to waste, was pulled over and 

diverted the whole stream into the tank. In the later trials all leakage that did 

sometimes take place from the stuffing-box, and a slight leakage that always 

occurred at the automatic cock below the brake, were collected in two bottles kept 

for that purpose. These were put under the drain pipes in each case as soon as 

possible after the signal. 

The speed of the engine as indicated by the gauge was read when the signal was 

given, and as soon as possible afterwards a reading was taken of the temperature in 

the discharge pipe. 
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V. At intervals of two minutes thirty observations were then taken of the 

temperatures of supply and discharge of the water to and from the brake, and also 

at each of these intervals a note was made of the reading of the speed gauo-e. 

At intervals of four minutes fifteen observations were made of a thermometer 

registering the temperature of the room. Also at intervals of eight minutes readings 

were taken of the two thermometers in the stuffinof-box and on the main bearino’. 

VI. When sixty-two minutes had elapsed the counter was freed from the shaft, at 

the same time the water being again diverted to waste. 

The drain pipes from the stuffing-box and cock were removed from their respective 

bottles. 

Headings were taken of the speed indicator and of the temperature of discharge. 

YTI. Fresh observations were made of— 

{a) The reading of the revolution counter. 

[h) The weight of the tank and water received during the trial, to W’hich 

had been added the Avater caught from the refifulatinef cock. 

4 record was also made of— 

(c) The weight of Avater Avhich had been caught from the stuffing-box. 
18. These observations Avere afteiuvards reduced as folloAvs :— 

Let T^ = mean temperature of Avater supplied to the brake. 

Tg = ,, ,, discharged by the brake. 

= Aveight of tank and contents before the trial. 

Wj = ,, ,, after the trial, 

w = weight of water caught from the stuffing-box. 

t = rise of reading of the thermometer in the discharge pipe during the trial. 

Ts = mean temperature of the stuffing-box cover. 

Tb = ,, ,, loAver brass of the main bearing. 

Ta = „ „ air. 

Nj = reading of revolution counter before the trial. 

Ng = ,, ,, after the trial. 

M = moment in ft.-lbs. carried by the brake. 

Therefore Ave haAm for the total heat generated 

H = (W. - Wi) (To » T,) + (Ts - Tb) C + (T^ - T,)R. 

The determination of the cpiantity X and of the constants C and R, representing 

the losses by conduction and radiation Avill be dealt Avith later (pars. 30, 43 and 45). 

Also the total Avork done 

U = 277 (Ng — Nj) (M + m), 

Avhere m = error in balance of the brake. This error Avill be dealt with subsequently 

(par. 29). 
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If the capitals H and U refer to trials with a large turning moment on the brake, 

and the small letters h and u refer to trials with a small turning moment, then for 

our value of the mean specific heat of ■umter in mechanical units we have 

K = 
U — u 

TL-h * 

This quantity K is not strictly the same as the mechanical equivalent of heat, of 

which other determinations have been made, since we are here dealing with the mean 

specific heat of water betwmen freezing and boiling-points. 

For this reason it has been decided not to use the usual symbol J, at any rate at 

this stage of the research. 

19. As an illustration of the method of tabulating and reducing the observations, 

I append all that were taken in trials 69 and 72 made on the 7th and 8th July, 1896, 

respectively. 

It will be seen that all the observations of temperature, together with the readings 

of the speed indicator, which were made during the actual progress of each trial, are 

given on pages 373 and 375 respectively. 

With the exception of the two readings of the speed indicator taken at the 

moments of starting and finishing each trial, and shown in brackets at the top and 

bottom of column No. 8, I was personally responsible for all observations recorded. 

These two observations wmre made by the assistant in charge of the hand brake and 

artificial atmosphere. 

In the tables of temperature and speed observations 

Col. 1 gives the times at which observations became due, the whole period of 6,2 

minutes being divided into 31 two-minute inteivals. 

Col. 2 gives the temperatures of supply of the water to the brake. 

Col. 3 ,, ,, discharge of the water from the brake. 

Col. 4 „ ,, the air in the engine room. 

Col. 5 ,, ,, the stuffing-box cover. 

Col. 6 ,, ,, the lower brass of the main bearing. 

Col. 7 ,, fall of temperature between the stuffing-box and bearing, being 

the difference of Cols. 5 and 6. 

Col. 8 gives the readings of the speed indicator. 

Observations of the revolution counter and of the weight of the tank before and 

after each trial, are given on pages 372 and 374 respectively. 

As I had to take all the observations myself, it was, of course, impossible to make 

them simultaneously at the times indicated in Col. 1. They were, however, always 

taken in the same order, as follows. 

When the time for the next ensuing series of observations had arrived as given by 

a watch lying on the table at my side, I immediately read the temperatures of 

VOL. CXC.—A. 3 B 
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supply and discharge and the speed gauge in the order named, and after reading the 

three I entered them in the note-book. This generally took about a quarter of a 

minute. If then a reading of the atmospheric temperature was due, it was next 

taken and entered. After that the temperatures of the stuffing-box cap and of the 

bearing were noted in their turn, the whole series of observations being made in 1 or 

Ik minutes. 

The interval which then elapsed before the next series of observations became due 

was often fully occupied in making adjustments of the regulating valve controlling 

the main water supply to the brake ; of the cock regulating the supply to the 

stuffing-box ; and of the speed of the turbine driving tlie pump, small alterations at 

all these pcints being frequently necessary. 

At the head and foot of Cols. 3 and 8 will be seen observations in brackets. These 

observations were taken at the moments of starting and ending the trials, and were 

required in the calculation of a terminal correction to be referred to later. 

At the close of each trial a mean of the observations occurring in Cols. 2, 3, 4, 5 

and 7 was made, the two observations in brackets in Col., 3 beino- omitted in 

calculating these means. 

On pages 372 and 374 additive corrections to the weights and to the mean tempera¬ 

tures of supply and discharge are given. These will be referred to later. 

It will be noticed that in neither of the trials chosen was there any leakage of 

water from the stuffing-box. 

The observations are given again in the partially reduced form which has been 

adopted for the final tabulation of the results on p. 376. 

Cols. 1 to 8 should be self-explanatory. 

Col. 9 gives tlie first approximation to the heat generated, obtained by multi¬ 

plying the weight of water by its mean rise in temperature. 

Col. 11 gives the difference of the temperature of the stuffing-box (supposed to 

be a measure of that of the water leaking from it), and the temperature 

of supply. 

Col. 12 gives the loss of heat due to this leakage, and represents the product of 

Cols. fO and 11. 

Col. 13 gives the rise of temperature of the brake during the trial, and is 

assumed to be equal to the difference of the two temperatures given in 

brackets in the table of temperature observations (Col. 3). 

Col. 14 gives the terminal correction to the heat required on account of the 

increase of heat in the brake itself during the trial. 

Col. 15 gives the difference between the mean temperature of the stuffing-box 

and of the shaft bearing. As already explained the loss of heat by 

conduction has been assumed proportional to this difference, and a 

determination of its amount will be given later. At present it is 
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sufficient to sav that a loss of 12 thermal units occurred per trial per 

unit fall of temperature along the shaft. 

Col. 1(5 gives, therefore, the product of this difference X 12, which represents 

the total loss by conduction. 

Col. 17. The difference of temperature between the brake and the surrounding 

air was taken as being equal to the difference of the mean discharge 

temperature of the w^ater and that of the air. The determination of 

the constant representing the loss of heat per unit difference of 

temperature is given later, and consequently, 

Col. 18 gives the product of this constant X the difference of temperature in 

Col. 17. 

Col. 19 gives the sum of the heat in Col. 9 added to all the corrections after¬ 

wards given. 

A further Table (p. 376) gives the work done, and the corrected values of the heat 

generated in these two trials, and the differences between them. 

The value of K in the last column is then found by dividing the difference of 

work in Col. 4 by the difference of heat in Col. 6. 

A slight inaccuracy has been pointed out to me by Professor Keynolds in the 

method of finding the mean temperatures of supply to and discharge from the brake. 

It was originally intended that the trials should, be of exactly one hour’s duration, 

and that the first series of readings should be taken one minute after the start. It 

was found impossible to do this, on account of the number of points requiring atten¬ 

tion in the first few minutes, and consequently I made all trials 62 minutes long, 

and took the first reading two minutes after starting. The mean used has not there¬ 

fore been obtained strictly in accordance with the middle breadth rule. Any error 

introduced would be of the occasional type, and should be eliminated in the mean of 

a number of trials. 

3 B 2 



372 PROFESSOR 0. REFROLDS AND MR. W. H. MOORBY 

July 7, 1896. 

Trial No. 69 (A). 

Moment on the brake.600 ft.-lbs. 

Trial began at 11.17 a.m., and ended at 12.19 p.m 

Reading of revolution counter after trial. 92,948. 

„ „ „ before trial. 75,400. 

Number of revolutions during trial. 17,548. 

Weight of tank and water after trial.811’94 — '5 lb. 

,, „ ,, before trial. 342T6 + ‘4 „ 

Weight of water discharged by brake during trial, 

including leakage from bottom cock. 468’88 lbs. 

Mean temperature of water in the discharge pipe . 212’007° F. -j- 'Ol. 

„ ,, ,, supply pipe . . 33’595° — •52. 

Mean rise of temperature of the water .... 178'972°F. 

Weight of water caught from stuffing-box.0 lb. 

Temperature of water entering the tank = 100° F. 
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1. 2. 3. 4. 5. 6. 7. 8. 

Times. 

Tempei-atnres. Fall of 
tempera¬ 

ture 
between 
stuffing- 
box and 
bearing. 

Readings 
of speed- 

gauge 
(revolu¬ 
tions per 
minute). 

W ater 
supplied 

to 
brake. 

Water 
discharged 

from 
brake. 

Air. 
Stuffing- 

box 
cover. 

Lower 
brass of 
bearing. 

Began II. 17 
O 

(212) 
O ° 0 0 

(302) 
19 33-k 211-9 74-4 300 
21 33-5 2120 302 
23 33-57 212-3 75-7 107 107 302 
25 33-58 211-3 303 
27 33-58 211-5 76-0 302 
29 33-58 212-2 , , 304 
31 33-57 211-1 76-4 109 no -i 302 
33 33-6 211-0 299 
35 33-6 211-0 76-5 299 
37 33-6 214*9 303 
39 33-6 213-7 77-5 109 111 -2 301 
41 33-62 213.3 301 
43 33-6 213-2 76-8 299 
45 33-59 212-2 301 
47 33-64 211-5 77-0 no 111 -i 301 
49 33-62 211-8 303 
51 33-64 212-0 78-1 304 
53 33-59 212-3 299 
55 33-59 212 1 76-5 no li’i -i 301 
57 33-58 212-2 301 
59 33-6 211-8 77-8 301 

12.01 33-62 211-9 302 
3 33-61 212-0 78-3 115 113 2 301 
5 33-62 211-5 300 
7 33-6 212-0 79-0 300 
9 33-57 211-6 300 

11 33-59 211-6 76-8 112 113 -i 297 
13 33-57 211-5 •. . • 300 
15 33-6 211-3 77-1 301 
17 33-66 211-5 .. 301 

Ended 19 • • (212) (302) 

Means . 33-595 212-007 76-9 110-3 --57 • • 
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July 8, 1896. 

Trial No. 72 (A). 

Moment on the brake .. 1200 ft.-lbs. 

Trial began 11.11 a.m., and ended 12.13 p.m. 

Reading of revolution counter after trial .... . . 146,311 

,, ,, ,, before trial ..... 129,000 

Number of revolutions during trial. 17,311 

Weight of tank and water after trial .... 1283'50 — 1‘31 lbs. 

,, ,, ,, before trial .... 347'21 + ’4 lb. 

Weight of water discharged by brake during trial, 

including leakage from bottom cock. 934‘58lbs. 

Mean temperature of water in the discharge pipe . 212'46“r. -b ’04 

„ „ ,, supply pipe . 34'706° — ‘55 

Mean rise of temperature of the water .... 178*344° F. 

Weight of water caught from stuffing-box.= 0 lb. 

Temperature of water entering tank = 101° F. 
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1. ■ 2. 3. 4. 5. 6. 7. 8. 

Times. 

Temperatures. Fall of 
tempera¬ 

ture 
between 
stuffing- 
box and 
bearing. 

Readings 
of speed- 

gauge 
(revolu¬ 
tions per 
minute). 

Water 
supplied 

to 
brake. 

Water 
discharged 

from 
brake. 

Air. 
Stuffing- 

box 
cover. 

Lower 
brass of 
bearing. 

Began 11.11 (212-4) (300) 
13 34-74 212-3 72-0 302 
15 34-8 211-5 300 
17 34-71 212 8 73-7 97 99 _ 2 304 • 
19 34-7 212-9 303 
21 34-69 211-7 74-0 , , , , 299 
23 34-72 212-0 , , 302 
25 34-7 212-6 73-3 101 101 • • 303 
27 34-77 212-8 , , 307 
29 34-78 213-5 74-4 302 
31 34-77 214-0 , , , * 300 
33 34-69 213-2 74-7 101 102 - i 301 
35 35-0 213-2 . , 299 
37 34-6 214-0 75-6 303 
39 34-7 214-4 ^ . . , 307 
41 34-76 214-0 74'7 104 103 i 302 
43 34-79 212-8 . , 304 
45 34-66 213-0 74-8 301 
47 34-75 212-3 300 
49 34-66 211-6 75-7 105 104 1 297 
51 34-68 211-2 302 
53 34-68 212-0 75-4 • • 302 
55 34-66 211-6 299 
57 34-66 211-0 75-3 104 105 - i 297 
59 34-58 211-3 802 

12.1 34-6 212-3 76-0 305 
3 34-59 212-9 299 
5 34-67 211-8 76-0 107 106 i 301 
7 34-7 211-4 302 
9 34-69 211-9 75-8 , , 304 

11 34-68 211-8 , , 302 
Ended 13 (211-6) (300) 

Means . . . 34-706 212-46 74-8 102-7 - 0-14 



376 PROFESSOR O. REYNOLDS AND ]\rR. W. H. IMOORBY 

1 

ci- (TI'I’S) 'l'B8q pa^osiJOO 

84
,9

87
 

16
7,

72
8 

i 

j 00 (•axa) 
1 DOl^^'Eip'BI £q 'I'BBq JO ssoq 10

78
 

10
99

 1 

. [ (-^ o) 
j 11T3 pUB 9T[Bjq n98Mq8q 
1 9JnaBJ9dai0Ct JO 90U9J95tQ 

1—1 i>» 

CC CC' 

1—' 
(xi'i'a) 

noponpnoo iq jo ssoq 
CM 

1 1 

(\q Suia-Baq pnB xoq 
-Surgnjs uaaA'jaq jjBqs 
SnoiB 8.injT3jadniaj jo q'B,q -0

-5
7

 

-0
-1

4
 

rH 
(■fi'i'a) 

j^aq oj noijoaijoo jBainuax 

O 
. ^ 
• 1 

c6 
r—\ 

ClIo) Saijnp 
93i^3jq JO 9jnq^j0dai9 J jo 9st^ 

* 
• o 
■ 1 

oi (n'l'a) 
aguqBaj ^q jBaq jo ssoq; 

rH 
C'il o) aqiJ-iq 

aqi ni axnj'B.iadraaj go asijj 

o 
1—1 

(•sqi) xoq-gagjnjs cno.Tj 
iqSiTBO ja^B-tt JO qqSia^Y • 

ai 
(■n’l'a) 

■07^ ‘uoiiBtpBi oj anp 
sassoj ssai ‘pajBjauaS jvajj 83

,9
16

 

16
6,

67
7 

i 

00 
(\i o) 

aqj u[ ajnjBiadcnaj jo asj^ 

In. 
Oi CO 
00 00 

IN. 
rH rH 

FnI 
(•sqj) aqBjq jfq 

pa.oJBqo3ip lajBM jo jq.§!aA\ 

4.
68

-8
8 

93
4-

58
 

ro (•sqi--jj) anop q.iOAi 

66
,1

54
,5

56
 

13
0,

52
2,

17
0 

o 
■jjBqs 

aaiSua jo snotjnjOAaj jo ’Oai 

17
,5

48
 

17
,3

11
 

( sqi-qj) jaatnoiv 60
0 

12
00

 

‘q.Tuqs JO oraij 

11
. 

7 
A

.H
. 

11
.1

1 
A

..M
. 

•ON lOu.L a; 
O !> 

P—1 
0) 4^ CTj 
c 

•o 
O c: 

f—, 1-^ 
00 

1 
1 

inI M • 
• IN. 

C 0= 
i-H 

1 
5±- 
^ o 

* ^ 

cc 

w 00 I> 
0^ 00 

lO c3 
OJ 

l-H In' 
^ 00 

'H-l (—i 
C K o 

• IN 
• o 

cc 

• cc 

cc 

an 
o o 
IN 1C 
rH IC 

of tjT 
O 'M iC 

iC rH 

o' o' 
CC' o 
rH 

, , 
CM 

T
ri

a 
N

o.
 

C<1 o 
IN o 

• c 

rH 
S-3 O 
^ -43 

1 P 1:3 
a 



ON" THE MECHANICAL EQUIVALENT OF HEAT. 377 

The Barometer.—(Part I., par. 47.) 

20. Before dealing with the thermometers and their corrections, it becomes neces¬ 

sary to describe a combined barometer and manometer which was constructed to 

measure the pressures of steam employed in the determination of the boiling-points 

on the thermometer used to measure the discharge temperature. 

The structural details of this instrument are given in Professor Reynolds’ paper. 

At present it is sufficient to say that it consisted of a cast-iron, bottle-shaped reser¬ 

voir, through the neck of which the glass tube holding the mercury column was 

carried in a stuffing-box, which made a perfectly air-tight joint between the glass 

and the reservoir. The pressure to be measured was introduced through a small 

iron pipe, which penetrated horizontally the cast-iron wall of the reservoir, and then 

turned vertically upwards till its open mouth stood above the level of the mercury 

inside. Two circular plate-glass Avindov/s in the reservoir walls provided a means of 

ascertaining the level of the mercury surface. In order to measure the height of the 

mercury column supported by any external pressure, a brass sleeve was made, Avhich 

fitted outside the glass tube and the upper part of the reservoir. This sleeve con¬ 

sisted of a piece of |-inch diameter brass pipe fixed into a conical brass casting, 

which carried a truly-turned bevelled edge at its lower extremity. This conical 

casting engaged by an internal screw of twenty threads to 1 inch Avith the neck of 

the cast-iron reservoir. The upper part of the sleeve carried an internal thread of 

the same pitch, and into this Avas screwed a second piece of pipe through AAdiich two 

long narroAv slits Avere cut at opposite extremities of a diameter. A third piece of 

brass pipe engaged Avith the upper end of the piece just mentioned, and AA^as pi’ovided 

at its lower end Avith a truly-turned bevelled edge. 

In use the bevelled edge on the conical brass casting was first adjusted to the 

surface of the mercury in the reservoir, and then the upper bevelled edge Avas 

adjusted to the surface at the top of the mercury column. Suitable horizontal and 

vertical scales Avere provided to enable me to measure the vertical distance between 

these two bevelled edges to xirn'o of an inch. 

It was necessary to standardise this scale (Part I., par. 44). There is a Whit¬ 

worth measuring machine in the laboratory, which is provided amongst others Avith 

standard end gauges of 9 inches and 3 inches long respectively. 

Two new steel standards were made by Mr. Foster as nearly as possible of the 

same length as the 9-inch Whitworth, and by means of the measuring machine I 

determined their exact lengths as follows, three comparisoiis being made of the two 

new gauges with the standard. The table shows the readings obtained. 

3 c VOL. CXC.—A. 
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Whitworth standard Laboratory standard Laboratory standard 
9-inch gauge. gauge, No. 1. gauge, No. 2. 

Readings on di- j 0-0011 0-00105 0-00095 
vided wheel of > 0-00112 0-0010 0-0009 
machine J 0-00114 0-00097 0-00098 

Mean readings . 0-00112 0-001007 0-000943 

True lengths . 9 inches 9 inches — 0-000113 9 inches — 0-000177 

These three 9-inch standards, together with the 3-inch Whitworth, therefore gave 

a length wdien placed end to end of 

30 inches — 0‘00029 inch. 

The next operation was to construct a single steel standard with a length of 

approximately 30 inches. This bar being made, and the measuring machine not 

beino’ long enough to accommodate 30 inches, tlie measurements were made between 

the centres of a large lathe in the laboratory. Two centres were made with polished 

flat ends. The one w’as put in the fixed headstock, while the second was carried by 

the movable sleeve of the loose headstock which had previously been securely bolted 

to the lathe bed in a convenient position. A temporary wooden trough was made to 

carry our four short standards, and correctly line them between the two centres. The 

reciprocating centre in the loose headstock was then graduall}^ screwed up till the 

gravity piece of the measuring machine just floated between the end of the adjacent 

standard and the centre. A mark on the hand-wheel actuating the centre was then 

fixed by means of a pointer. The four standards were then removed, and the 30-inch 

bar substituted for them, and the operation of bringing up the centre repeated. The 

circumferential distance then separating the pointer from the mark on the hand-wheel 

was then carefully measured. 

A series of five of these observations were made, and the following readings 

taken, viz :— 

(1) — OT inch (3) -j- 0'09 inch (5) + 0‘03 inch 

(2) — 0'05 inch (4) fl- 0'02 inch. 

Mean = — 0‘002 inch. 

The hand-wheel had a diameter of 9^ inches, and was fixed to a screw of T-inch 

pitch. 

The 30-inch bar was therefore short of the length of the four steel standards by 

0-0000138 inch. 
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Its correct length was, therefore, 

30 inches =- 0*0003 inch. 

As the barometer was only gi-aduatecl to 0*001 inch, no error was introduced in 

assuming the bar to be exactly 30 inches long. 

(Part. I., par. 48).—For the purpose of transferring this standard 30 inches to the 

bi’ass sleeve forming the scale of the barometer, a circular 

cast-iron surface plate was made. This plate had two 

pieces cut out of it, as shown in the sketch. The plate 

was fixed with its surface level, and then the brass sleeve 

was placed centrally upon it, standing upright on its 

lower bevelled edge. In this position the portion of the 

surface between the two grooves cut in the plate corres¬ 

ponded exactly to the surface of the mercury in the 

barometer between the two windows previously men¬ 

tioned. As it was probable that in actual use the lower 

bevelled edge would be slightly above the mercury sur¬ 

face, the sleeve was packed up by means of some very 

fine sheets of tissue paper till a line of light could be 

seen under it. Four sheets were necessary to effect this ; one of these was removed, 

and then the standard 30-inch bar was placed inside the brass tube, standing with 

one end on the surface plate. The upper bevelled edge was then adjusted till the 

line of light between it and the top of the steel standard was obscured, and the scale 

was made to read 30 inches in that position. 

Together with Mr. Foster I made this adjustment a number of times, but after 

once fixing the 30-inch mark, the reading of the length of the steel standard never 

varied by as much as 0*0003 inch from 30 inches. 

Unfortunately, the comparison was made at a temperature of 67° Fahr., while the 

standard temperature of the Whitworth gauges was 60° Fahr. A formula of reduc¬ 

tion of the readings of the barometer therefore became necessary at all temperatures. 

Taking for the coefficient of linear expansion of brass per ° Fahr. 0*000012 

,, ,, ,, ,, steel ,, 0*0000066 

,, „ ,, „ the mercury 

column of the barometer. 0*0001. 

Then at 67° Fahr. the true length of the brass barometer scale 

^ 1 -f 35 X 0-000Q066 

” 1 28 X 0*0000066 

= 30*000138 inches. 

3 c 2 
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To find T, the temperature at which the scale gives correct readings, we have, if 

T = ^ 4- 32°, 
1 + ^ X 0-000012 _ 30 

1 + 35 X 0-000012 30-000138 ’ 

which gives t = 31° and T = 63° Fahr. 

The coefEcient of expansion of the mercury column relative to the brass scale is 

0-000088. 

Now if Ht = reading of barometer in inches at T° Fahr., and as before 

t=T - 

then the corresponding corrected height of the column at a temperature of 63° Fahr. 

1 + 31 X 0-000088 

1 + X 0-000088 ^ 

1-002728 

1 + ^ X 0-000088 
H Tj 

and if Hq = the corresponding pressure reduced to inches at the freezing-point, then 

H63= Ho(l + 0-0031). 

Therefore for any recpiired pressure Hq inches at a temperature of 32° Fahr., the 

corresponding reading at T° Fahr. is 

H T 

1 + 0-000088^ 

1-002728 
Ho X 1-0031, 

or, allowing for the capillarity depression in a half-inch tube, this becomes 

Ht = (1-00037 + 0-000088^) Hy - 0-009. 

This formula has been used throughout to determine the steam pressures required 

for the verification of boiling-points to be discussed later (pars. 23 and 24). 

The Thermometers. 

21. The thermometers used for the measurement of the temperatures of siqDply 

and discharge of the stream of water passing through the brake were supplied by 

Mr. J. Casartelli of Manchester. 

Their indications were read through the glass walls of their respective chambers 

by eye simply, parallax l^eing avoided by the use of a small mirror placed behind 

the thermometer in each case. 
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Freezing-point Thermometers. 

22. Two similar thermometers were obtained, one only of which was ever used 
during the experiments. This was a chemical thermometer, bearing the laboratory 
mark 2Q, with a :^-inch diameter stem having its scale very plainly etched in black 
lines on the glass. The length was 11^ inches over all, the bulb being l-g inches 
long, and then at a distance of 2^ inches from the top of the bulb the graduations 
began. The scale extended from 30° to 45° Fahr., 6f inches of the stem being 
occupied by the 15° mentioned. Each degree was divided into tenths, and it was 

easy to estimate to the hundredth of a degree. 
The index error of this thermometer was repeatedly checked during the whole 

period occupied by the research by being immersed in a mixture of pounded ice and 

water. 
The table appended gives the corrections and the dates on which tests were 

made :— 

Date. Reading. Correction. 

5th December, 1895 .... 31-7 + 0-3 
20th December, 1895 .... 31-71 + 0-29 
9th January, 1896 .... 31-67 + 0-33 

17th January, 1896 .... 31-67 + 0-33 
31st January, 1896 .... 31-57 + 0-43 
5th February, 1896 .... 32-48 - 0-48 

20th February, 1896 .... 32-46 - 0-46 
16th March, 1896 . 32-46 - 0-46 
21st April, 1896 . . 32-47 - 0-47 
25th June, 1896. 32-47 - 0-47 

7th July, 1896 . 32-52 - 0-52 

Before making the test on January 31st the hot water from the brake backed up 
round this thermometer, so that the sudden alteration in the reading is accounted for 

to some extent. 
Also up to this time part of the mercury had remained stuck in the upper bulb, 

but Dr. Harker, of the Physical Department, now succeeded in bringing the 

separated mercury down into contact with the column below\ 
By permission of Dr. Schuster the scale of this thermometer was compared by 

Dr. Darker on the 27th April, 1896, with a standardised thermometer (Baudin, 

No. 12,771) in his possession between the points 32° and 35° Fahr. 
This comparison showed that the correction of — 0’47 as obtained on April 21st 

was correct between 33° and 34°, which was the part of the scale used in most of 

the experiments up to that date. 
At 35°, however, the correction increased to — 0’5, and consequently in the later 

experiments, when the temperature of supply in the heavy trials approached this 
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point, a suitable correction was made to that already obtained by immersion in the 

mixture of pounded ice and water. 

Boiling-point Thermometers. 

23. In the first instance two similar thermometers were made to order to be ready 

for use in the discharge tube, but on one of these being broken, two additional ones 

were obtained. Only one of the four was, howevei-, used in the research, viz.. Pi. 

This was a chemical thermometer with a ^-inch stem, having the scale engraved as 

already described. The length was IG^ inches over all, the bulb being inches 

long, and a blank space of 5|- inches separating the top of the bulb from the first 

graduation. The scale extended from 200° to 220° Fahr., the 20° occupying 8| inches 

of the stem. 

During the course of an experiment the reading of this thermometer was 

continually altering slightly. This fluctuation made it almost impossible to read the 

temperatures to ^ degree. So that oidy the nearest i\jth of a degree has 

been recorded throuo’hout. 
o 

The English standard boiling point, viz., 212° Fahr., is detined to be the tempera¬ 

ture of saturated steam under a pressure which would sustain a column of mercury 

29-905 inches long at the temperature of melting ice at the sea level in the latitude 

of Greenwich. 

This corresponds exactly, on being corrected for the variation in the value of 

gravity, to the modern definition of the boiling point on the Centigrade scale, the 

pressure in this case being equivalent to a column of mercury 760 millims. lono- in 

latitude 45°, the other conditions being as before. 

It was consequently possible to use Regnault’s steam table in the neighbourhood 

of the atmospheric boiling point as a standard of comparison for the scale of this 

thermometer. 

In order to conduct the comparison in Manchester, a knowledge of the relative 

value of gravity was necessary. 

This was deduced from a formula given in ‘ Memoires sur le Pendule ’ (Societe 

Fran9aise de Physique), which is given below, 

(I - 0*00259 cos 2(f>), 

where — is the ratio of the value of gravity in latitude (/> to its value in latitude 45°. 
^ 4:0 

The latitude of Manchester being 53° 29', this gives 

AY = 1-000756. 
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The altitude of the Owens College, Manchester, has no appreciable effect on the 

value given by the above formula. 

I give below the table of steam pressures used in the calibration of the scale of 

the thermometer Pi. 

Temperature on 
Ceutrigrade scale. 

Temperature on 
Fahrenheit scale. 

Pressure of steam in 
millims. of mercury 

reduced to 0° C. and sea 
level in lat. 45°. 

Pressure of steam in inches 
of mercury reduced to 0° C. 
and sea level in latitude of 

Manchester. 

O 

99 210-2 733-305 28-849 
100 212-0 760-000 29 899 
101 213-8 787-590 30-984 
102 215-6 816 010 32-102 

24. The general arrangement of the apparatus used to check the scale of the 

thermometer Pi will be gathered from the annexed sketch (fig. 8), and from Plate 6 

attached to Professor Reynolds’ paper, (Part I., par. 48). 

A is an ordinary copper boiling-point apparatus, the steam from the boiling water 

passing up an inner tube in which the thermometer to be tested is hung, 

and then flowing down again so as to jacket this tube, finally escaping into 

the atmosphere through the cock shown. The top of the inner tube is 

closed by a cork having two holes, in one of which is fitted a half-inch brass 

tube for connection with the manometer, the other carrying the thermometer. 

B is a glass flask containing an artificial atmosphere, of which the pressure is 

under control. 

C is the combined barometer and manometer used to measure the pressure in 

A and B. 

D is the tin receiver previously described, the pressure in which is kept at about 

18 inches of mercury, as measured on a U-gauge. This receiver is in free 

communication through a capillary glass tube with the tube connecting the 

flask B and the manometer C. 

The bore of the capillary tube just mentioned is just sufficient to admit a very 

small stream of air from the receiver through the flask B, and so out into the atmos¬ 

phere by way of the cock on the boiler. The object of this stream of air was to 

counteract the tendency of the steam in the boiler to diffuse down the connecting 

rubber tube into the flask, where condensation would occur, and possibly some w^ater 

might get into the barometer, it having been found quite impossible to keep a steady 

pressure in the apparatus whenever the steam made its way as far as the glass flask, B. 

The boiler was well lagged and protected as far as practicable from draughts. A 
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thermometer was hung alongside the brass scale tube of the barometer, and its 

reading was assumed to be the temperature of the barometer. Allowance having 

been made for this temperature, the steam escape cock was adjusted till the pressure 

inside the apparatus, as measured in the barometer, was at the required level. A 

reading was then taken of the thermometer under examination. The stem was 

Fig. 8. Fig. 9. 

m 

\ 

fi 

A e 

/ 

vj 

pushed as far as possible into the boiler, the reading standing about a quarter inch 

above the top of the cork. Since there was always some escape of steam which blew 

up the hole in which the thermometer was inserted, it was not thought necessary to 

attempt to make any correction for the exposed part of the stem. 

The annexed table gives the readings taken from this thermometer when immersed 

in steam of various known temperatures and the dates on which the tests were made :_ 
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Date. 

Readings obtained from thermometer PI when immersed 
in steam at temperature 

Correction used 
in experimenis. 

212° 213°-8 215°-6 

28 Nov., 1895 211-43 213-26 215-01 + 0-57 
4 Dec., 1895 211-44 213-28 215-03 + 0-56 
5 Dec., 1895 211-5 213-33 215-07 + 0-5 
6 Dec., 1895 211-51 (rising) • • • « 1 j_ 0'4-fi 

211-53 (falling-) • • • « 

12 Dec., 1895 At tempera ture 21U°-46 reading was 210°-05 
9 Jan., 1896 213-38 (rising) [ 1 C\-A A 

213-40 (falling) > -j- U tkTi 

17 Jan., 1896 * , 213-49 , , + 0-34 
2.3 Jan., 1896 213-49 + 0-34 
31 Jan., 1896 213-49 + 0-34 
8 Feb., 1896 211-76 213-57 215-3 + 0-24 

20 Feb., 1896 211-78 213-6 215-34 + 0-22 
At 211°-.34 reading was 211°-1 

16 Mar., 1896 211-86 213-66 215-4 + 0-14 
At 211°-07 reading was 210°-87 

18 April, 1896 , , 213-7 215-45 + 0-11 
15 June, 1896 211-94 213-74 215-5 . + 0-06 

6 July, 1896 211-96 213-75 215-52 + 0-04 

25. In the case of each of these thermometers, viz., Q2 and Pi, the water 

surrounding them was under a very considerable pressure, and it was therefore 

necessary to determine the effect of pressure on the reading given by each, 

A piece of strong glass tube, fig. 9, about 1 foot in length and f inch inside 

dia.meter, having one end fused up, was provided with a slightly wider mouth, in wdiich 

was inserted a small branch pipe, A. This branch again split up into two arms, one of 

which, B, was connected through a rubber tube with an air receiver in which the 

pressure was indicated by a U-gauge, while the other, C, communicated directly with 

the atmosphere. Each of the branches B and C could be closed at will by means of 

a screw clip on the rubber tubing. 

The pressure tube having been about half filled with water, the thermometer under 

consideration was fixed inside it by means of a cork, D. 

In the case of the freezing-point thermometer, Q2, the pressure tube was then 

surrounded with pounded ice. After the contained water had cooled sufficiently for 

the thermometer inside to remain steady, the communication with the atmosphere 

was closed, and the full pressure of the air receiver put on the thermometer bulb by 

opening the clip on the tube, B. The rise in the reading due to the known rise of 

pressure was then noted. A. number of these observations were made, using different 

additional pressure in each case. The result obtained was that for a rise in pressure 

on the bulb due to 1 inch of mercury, the rise in the reading wms 0'0072°. 

In the case of the boiling-point thermometer, Pi, the pressure tube was immersed 

VOL. CXC.—A. 3 D 
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in the steam generated in the copper boiler previously alluded to. Similar procedure 

gave iu this case a mean rise of 0'0066° per inch rise of pressure. 

After applying corrections (to be dealt with later—par. 62), rectifjdng the ther¬ 

mometric indications on this account, I think that no error of greater magnitude than 

0'01° can have existed in the calculated mean rise of temperature in any trial. 

On 180° this gives accuracy of 1 part in 18,000. 

26. In addition to the thermometers just dealt with, three others were used, on 

the readings of which depended the additive corrections to the heat already referred 

to. One of these indicated the atmospheric temperature, while two others were 

placed one on the stuffing-box and the other on the shaft bearing. 

On the differences of heat which were used as the divisors in the determination of 

the equivalent from each pair of trials, these corrections all became extremely small 

cjuantities, and therefore it was of no im23ortance that small errors should exist in 

these thermometers. Their scales were therefore never calibrated. Still another 

thermometer was used to determine the temperature of the stream of water entering 

the tank. As it was only necessary to keep this temperature in each jiair of trials 

at the same level, errors in this thermometer were neo-lio-ible. 
O O 

Weighing Machine and 25-Ib. Weights used on the Brahe.—(Part L, par. 40.) 

27. The absolute value of the unit used in the graduation of the lever of the 

weighing machine was a matter of indifference, but it was of vital importance that 

the same unit should be used for the weighing machine and for the 25db. weio-hts 

used on the brake. 

A set of iron weights were, however, sent down to the Manchester Town Hall, and 

there compared with the Board of Trade standards. 

The comparison of the 25-lb. weights with our standard 25 lbs. was one of the 

first things undertaken in the course of the investigation. This was done by first 

balancing the standard placed on the jDlatform of a small weighing machine in the 

laboratory b}^ adjustment of the rider weights on the lever of the machine. The 

standard was then removed, and one of the 25-lb. weights substituted, a balance 

being made by adding to or drilling out some of the lead inserted in the weight. 

This adjustment was accepted as jDerfectly satisfactory till towards the close of the 

experiments, when a small difference in the value of the equivalent as derived from 

trials in which different numbers of the weights were used, seemed to suggest an 

error in the weights themselves. 

Accordingly, on the 9th June, 1896, I again compared the weights with the 

standard on a temporary balance, consisting of a simple lever with three knife-edges 

in a straight line, with the following result :— 
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"WeigEt number. True weight. 

1 25-00 
o 25-02 
3 25-03 
4 25-02 
0 25-01 
6 24-99 
7 25-02 
8 25-02 
9 25-03 

10 25-00 
11 25-04 

Hanger 24-99 

i And a lead balance weight to be re- 
ferred to later, which weighed 13-98 
lbs. instead of 13’97 lbs. as assumed 

On the 17th of January, 1896, a set of four of these 25-lb. weights, at that time 

all supposed accurate, were used as a standard 100 lbs., by which a series of correc¬ 

tions to the 100-lb. scale of the weighing machine were obtained. These corrections 

have been used throughout the investigation, and are given below 

Reading . 300 400 500 600 700 800 900 1000 1100 1200 1300 

Correction 0-4 • • • • -0-12 -0-42 -05 -0-65 -1-12 -1-22 -1-31 -1-78 

Rider weio-hts Numbers 2 and 3 were at the same time made correct on their whole 

range. 

In June another comparison was made, and the set of four weights, Numbers 2, 8, 

9, and 10 were found to give substantially the same list of corrections as previously 

obtained. 

The complete set of weights were then again weighed on the weighing machine, 

using the list of corrections given, together with the true value of the standard 

100 lbs. The result was a verification of the list of their values already given. 

The maximum error that might possibly be produced by using the weights on the 

brake in specially arranged groups was found to be— 

In a pair of trials carrying moments of 1200 and 600 ft.-lbs. respectively, 

— 0‘037 per cent, or -f 0'043 per cent., and in a pair of trials run with moments of 

1200 and 400 ft.-lbs. respectively, — 0'025 per cent, or -f- 0 03 per cent. 

The value of the equivalent obtained from a set of six trials in which the weights 

had been specially arranged to eliminate the above possible error entirely, gave a 

result which did not differ at all from that previously obtained, and it may therefore 

3 D 2 
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be safely assumed that in the first series of trials this error did not occur to any 

sensible extent. 

I think that, especially with the above result in view, the loadino- of the brake 

may be taken as absolutely accurate. 

As to the limit of accuracy of the weighings in the 600 ft.-lb. trials, the weight 

of water dealt with was approximately 470 lbs. On this quantity the maximum 

probable error was 002 lb. in any trial. This gives greater accuracy than 1 part in 

20,000. 

The Adjustments of the B^^ahe. 

(1.) Length of the Lever.—(Part I., par. 45.) 

28. This length was required between the centre line of the eno-ine shaft traversino- 

the brake and the V-groove carried by the lever. 

It bad been previously observed that both the shaft and the brake shifted a little 

horizontally when the engine was started, from the positions occupied with the engine 

stationary. It was therefore necessary to make the comparison between the length 

of the lever and our standard 4-feet with the engine running. Also, since the length 

of the lever varied with the temperature of the brake, this temperature was main¬ 

tained, as in all the trials, at 212° Fahr. 

Between the brake and the adjacent bearing the shaft is 4 inches diameter within 

XoVo of inch. 

At a distance of 3 feet 10 inches from one of its scjuare ends a fine line was scribed 

on a steel straight edge. Ihis straight edge was then held with the square end 

aforesaid butting against the shaft, the length being horizontal and perpendicular to 

the line of shafting, and the distance between the straight edge and the lever being 

10 inches. At a distance of 11 feet from the other side of the lever a theodolite was 

set up and adjusted so that the vertical plane of collimation of the instrument was 

parallel with the shaft and contained the line scribed on the face of the straight edge. 

A steel scale, graduated to g-Q of an inch, was fixed firmly on to the lever, and a 

reading of this scale was taken through the telescope without altering the adjust¬ 

ments merntioned. This reading, of course, referred to the point on the scale just 

4 feet distant from the centre line of the shaft. By a slight rotation about the 

vertical axis the line of collimation was then made to cut the centre line of the 

groove, and then a vertical rotation enabled a second reading of the scale to be taken. 

A number of these observations were made while the brake was subjected to 

moments of 1200, 600, and 400 ft.-lbs., and they all indicated that the length of the 

lever in the trials made was 4' -j- 0‘02". 

A correction to the value of the equivalent derived directly from the trials is 

therefore necessary on this account. It amounts to f 0'0417 per cent. 

With this correction added, I think that tbe length of the lever can be assumed 

accurate to inch, or 1 part in 10,000 nearly. 
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(2.) The Balance of the Brahe.—(Part I., par. 9.) 

29. If a pair of trials are run, the one with a heavy indicated load, and the 

other with a lighter one, Mg, and if m be the moment carried by the brake on account 

of its initial want of balance, then the works done in the two trials are 

= 27rN^ (Mj d* m) 

Uo = 27rN3 (Mg + m) 

where ISI^ and Ng are the revolutions in the two cases. 

The difference of the work done 

= 277 [NgMi - NgMg + (N; - Ng)] 

and the relative error involved in writing for this 

277(NiMi - N.gMg), 

which has been done in these experiments, is 

m (N^ — N.2) 

Ni.Mi - NgMg 
, very nearly. 

This error is 0 when Nj = Ng. 

The speed of the engine was therefore always regulated to the end that the 

number of revolutions in each of a pair of trials which were afterwards to be 

compared together should be approximately the same. As a general rule, this 

object was very nearly attained. 

The maximum value of N^^ — Ng was about 300, the values of N^ and Ng being 

approximately 18,000. 

Under these circumstances, in trials carrying loads of 1200 and 600 ft.-lbs. 

respectively, the above error amounts to 

300 

18000 X 600 
< 0‘003 per cent, per ft.-lb. of error in the balance of the brake. 

ooOOO ^ ^ 

The method pursued to determine the want of balance was as follows :— 

The lever was freed from all extraneous loads. 

The brake and its pipe connections were then all filled with water, so as to be in 

the same condition as during the progress of a trial. 

The lever was then lifted till its end was in its mean position opposite a pointer at 

a fixed height from the ground. A load was then gradually added to the front side 

of the brake till the friction of the bearings was overcome, and the lever fell. An 

observation of the moment required to cause the motion was then made. A series of 
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twenty of these observations were made for the front and then a second series of 

twenty for the back of the brake, in which case the load on the back had to lift the 

lever from its mean position. 

On taking the difference of the means of these two series of observations, the 

friction is eliminated and the resulting moment represents the error of balance of 

the brake. 

Since in the course of a trial the lever oscillates a little from its mean position, 

the brake will, when in motion, be working against the resistance offered by the 

linkage connected with the regulating cock. When at rest, however, this resistance 

will not affect the load at all. In view of this fact, two determinations of the error 

in balance were made, the first with the brake working free of the linkage, by 

allowing the small motion to take place in the slack of the pin-joints, the second 

with the brake working against the resistance of the regulating apparatus. The 

results obtained were 

In the first case, error in balance = 45‘5 ft.-lbs. 

In the second case, error in balance = 41‘73 ,, 

A mean of these two quantities would probably be approximately correct, viz., 

43’615 ft.-lbs. 

The lead balance weight previously mentioned, and weighing 13'97 lbs., was 

substituted for one of the 25-lb. weights, on the removal from the lever of the brake 

of a rider weight and a balance weight whose combined moment (par. 40) was calcu¬ 

lated at — 44’12 ft.-lbs. 

The actual uncompensated error in the balance appears therefore to be practically 

4 ft.-lb. This is so small, and the balancing of the brake such a very difficult opera¬ 

tion to perform with any approach to accuracy, that any error there may be has been 

ignored, and the balance assumed perfect in all the calculations. 

The end of the lever has always been kept at the level of the pointer indicated 

before, and by this means all error due to the varying horizontal position of the 

centre of gravity of the brake has been avoided. 

Terminal Corrections to the Apparent Heat Generated.—(Part 1., par. 31.) 

30. In order that the work done in any trial should be exactly equivalent to the 

heat generated in the water used, it was necessary that the total heat contained in 

the brake itself should be the same at the beginning and end of the trial. 

dhis condition was rarely fulfilled, since it required that the weight of water in 

the brake, together with its temperature, should be ur altered at the close of the 

trial. 

A determination was made of the amount of water contained by the brake 



ON THE MECHANICAL EQUIVALENT OF HEAT. 391 

at various speeds by suddenly stopping the engine when running at any given speed, 

simultaneously shutting off the water supply to the brake, and afterwards draining 

off and weighing the water shut in. 

The results are shown in the annexed curves. 

Fig. 10. 
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The weight of brass in the brake is 363 lbs. Taking 0-094 for its specific heat, 

the water equivalent is 34-6 lbs. 

To obtain a scale of weights representing the water equivalents of the brake at 

different speeds, we have to add 34*6 to the weights of water contained at the 

different speeds. 

This scale is given at the right of the curves just alluded to (see above). 

A correction to the heat obtained is now very easily deduced. 

Let %v^^ ■=■ water equivalent of brake at commencement of trial. 

= „ „ end „ 

q = temperature of water in discharge pipe at commencement of trial. 

,, ,, ,, end ,s 

Therefore, additional heat generated in the brake = this quantity 

is added to the heat already calculated as generated in the water. 

The speed indicator wbich was used in the determination of the number of revo- 
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lutions per ioinute requii’ed as the ordinate in the curve of water ecpoivalents, was 

not reliable to one or two revolutions, and, therefore, unless a large difference of 

speed was indicated between the commencement and end of a tidal, this difference 

was altogether ignored, and the rise in temperature was multiplied by the constant 

corresponding to any particular load at 300 revolutions to obtain the terminal 

correction. 

The speed gauge required a negative correction of 11 at 300 revolutions, and, 

consequently, the curves give 57’6 and 54’6 as the water equivalent of the bi-ake 

when loaded with 1200 and 600 ft.-lbs., re.spectivel}’. 

By interpolation from the above values 53‘6 was obtained and used as the water 

equivalent in trials carrying a moment of 400 ft.-lbs. 

Loss of Water hy LLrajOoration and Leakage from the Discharge Pipe and Tanh.— 

(Bart I., par 37.) 

31. In order to test the general efficiency of the discharge pipe as a convever of 

the water used, it was disconnected in June, 1896, from the brake, and the circu¬ 

lating pumji was arranged to pump the water out of the tank and through the 

discharge pipe, which emptied itself again into the tank by means of the tipping 

switch. 

The stream of water was regulated so as to correspond exactly w^ith the quantities 

passed in trials carrying loads of 400, 600, and 1200 ft.-lbs. In a period of 

62 minutes it was found that in each of these cases the loss approximated very closely 

to a quarter of a pound of water when its temperature was between 90° and 100°. 

Since this loss was the same in all the trials it has not been thouo-bt necessarv to 

make a correction rectifying the heats on this account, for it would be completely 

eliminated in the differences of heat used in the calculation of the A’alues of K 

given in the tables, if the interval of temperature through which the water was 

raised in the brake was the same in corresponding light and heavy trials. 

When, however, I examined the results after the final reduction had been made, 

I found that the mean temperature of supply in the light trials was 0'7° lower than 

that in the heavy trials. 

Consequently the mean difference of heat would require a slight correction, which, 

however, is less than — 0-000002 relatively to the whole. This, being quite outside 

our limits of accuracy, has been ignored. 

The Main Lxperiments. 

32. In December, 1895, the apparatus, though not yet quite complete, was in a 

sufficiently advanced state to make it possible to commence the main K experiments. 

The observations were taken and reduced in every experiment in substantially the 
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same manner that I have described (paras. 17, 18, and 19), Some of the particulars 

mentioned were, however, omitted in the earlier trials, and were only recorded subse¬ 

quently after their importance had come to be recognised. 

In all, 80 trials were made on which any reliance has been placed, and these will 

be dealt with in dilferent series^ between any consecutive two of which some slight 

alteration had been made in tlie apparatus, the method of taking the observations, or 

of reducing the same; all these alterations leading up to the finally adopted 

methods which have been described. 

33. I must first mention two sets of trials which do not appear in the tables. They 

were commenced in December, 1895, and were made mainly with the object of gaining 

experience in the behaviour of the apparatus, and of determining the most favourable 

conditions under which the experiments could le conducted. 

The moments carried by the heavy and light trials in each set were 1200 and 

600 ft.-lbs. respectively. 

The speed was in the first set 230 revolutions per minute, and in the second set 

180 revolutions per minute. 

With the following exceptions the apparatus and methods were the same as 

described. 

I. Omissions and faults in apparatus. 

(1.) There were no thermometers on either the stutiing-box cover or on the 

main bearing, and consequently no effectual attempt could be made to 

keep these parts of the shaft at the same temperature in a pair of 

trials. 

(2.) There was no means of catching the leakage from the stuffing-box, or 

from the bottom regulating cock, 

(3.) The rising pipe at this time only maintained a head of about 5 feet of 

water over the thermometer in the discharge pipe. 

(4.) The hand brake had not been fitted to the shaft. 

1J. Omissions and faults in the methods employed. 

(1.) No corrections were added to the heat as given by the formula —^i) 

X (T^ - Tj). 

(2.) The heavy trials were of only half-an-hour’s duration, in order that the 

second reading taken of the weight of the tank should lie on the same 

part of the scale of the weighing machine, which had not up to this 

time been corrected, in both heavy and light trials. 

The results obtained were not very consistent, but, perhaps largely on that account, 

the trials admirably fulfilled the purpose for which they were made. 

The importance of the terminal corrections was clearly indicated when the results 

were considered, and consequently means were at orice taken to apply these correc- 

YOL. CXC.-A, 3 E 
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tions to the preliminary reduction of all subsequent trials. These included the 

provision of the hand brake, by means of which the engine speed on starting and 

finishing the trials could be easily eontrolled, and the observations of the speed of 

the engine and the temperature of the brake which were taken at the moments of 

starting and ending the trials. 

j\-gain, the teiminal corrections and other incidental errors had very unequal 

weights when acting on the quantities obtained in the hour light trials and in the 

half-houi heavy tiials which latter quantities required doubling before the subtrac¬ 

tion requisite to eliminate losses of heat could be effected. 

It was, therefore, decided that in future all trials should be of equal duration 

(viz. 62 minutes), and this necessitated the immediate careful checking of the scale 

of tlie weighing machine, which was thereupon proceeded with. Furthermore, it was 

probable that many of the discrepancies which occurred were due to the small 

quantities of water it was possible to deal with at the low speeds hitherto used, and 

to remedy this defect a larger amount of work was done and heat generated by 

increasing the speed in all the recorded trials to 300 revolutions per minute. 

Incidentally this increase of speed was conducive to the steadier runnino- of the 

engine. 

I was much troubled wnth bubbles of steam in the discharge pipe, and to prevent 

their formation the rising pipe was lengthened till it gave a head of 11'3 feet over 

the thermometer bulb. 

These trials also furnished information wdiich led to the adoption of a pressure of 

9 inches of mercury in the artificial atmosphere. It was found that wu'th IfioFer 

pressures than this the air by some means found its way into the discharge pipe, even 

with the lengthened rising pipe in position. 

During the first few trials the only regulation of the water supplied to the bearings 

of the brake consisted of screw clips on the rubber pipes carrying the wnrter. These 

wmie found to be vep^ inefficient, and two cocks were substituted, each of wdiich 

carried a scale which showed the amount to which it wms open at any time. 

34. Before dealing with the tables showdng the final reduction of the experiments 

made, it is necessary to mention a preliminary reduction of trials Nos. 1 to 42 shown 

in Table A (p. 413), from wdiich the constants used in the determination of the losses 

of heat by conduction along the shaft, and also by radiation, wmre deduced. 

In this table the actual observations are as far as possible omitted, since they wdll 

appear la,ter in the completely reduced tables. 

It wull be seen that the table consists of fliree similar parts, referring respectively 

to the heavy trials, the light trials, and the differences. 

In eacli pa,rt 

naiy wmy. 

Col. 1 gives the number of the trial. 

Col. 2 gives the wmrk done, calculated in the ordi 



01^ THE MECHANICAL EQUIVALENT OF HEAT. 395 

Col. 3 gives the heat generated,as calculated from the formula (W^ —Wj) (Tg— T^), 

all corrections being omitted. 

Col. 4 gives the terminal corrections, for which, as I have said, the necessary 

observations were always taken. 

Cols. 5 and 6 give respectively the mean differences of temperature observed 

between the stuffing-box and the top and bottom brasses of the main 

shaft bearing. 

The quantities in brackets are not actually observed differences, but were deduced 

in the manner to be hereafter explained (par. 43). 

These differences are 4- or — according as the stuffing-box was hotter or colder 

than the adjacent bearing. 

Col. 7 gives the mean difference of temperature observed between the brake and 

the surrounding air. These differences are, of course, all positive. 

The quantities given in the part of the table headed “ differences” are in every case 

the remainders which are left on subtracting the corresponding quantities under the 

heading “ light trials” from those appertaining to the “ heavy trials.” 

In the last column are given the values of K, obtained by dividing the vnrk 

occurring under the heading differences, by the heat, to which has hist l)een added 

the terminal correction. 

The conditions under which each series of trials given in Table A was run are 

enumerated below. 

In every case the engine speed was 300 revolutions per minute, as read on the 

speed-gauge. 

In all heavy trials the moment was 1200 ft.-lbs., with the exception of Series IV., 

in which the moment was 1244‘12 ft.-lbs. 

In all the light trials the load was 600 ft.-lbs. 

Series I. 

35. This series contains trials Nos. 1 to 11, No. 5 being omitted on account of an 

accident to the revolution counter. 

In all these trials the outer brass skin of the brake was exposed directly to the 

atmosphere, and consequently the loss of heat by radiation was very large. 

No attempt was made to catch the small quantities of leakage occurring at the 

stuffing-box and the bottom regulating cock. 

The water supply to the stuffing-box was only regulated to the end that the 

bearing should not become unduly hot, and no record was kept of the temperature 

gradient along the shaft till trial No. 10 was reached. 

3 E 2 
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In order to avoid any bias which might be given to the experiments by always 

combining a trial of one type with one of another type, trials of both of which types 

were always made at the same relative part of any day, the relative order of runnino- 

was changed as indicated by the dates and times given in Table B. (Part I., par. 32)° 

This method of combining the trials was adopted because at this time it was not as 

a rule possible to make more than two trials a day successfull}^ for breakdowns of a 

more or less serious nature were of fiequent occurrence. 

Referring now to the preliminary reduction shown in Table A, Series I. : 

lire values of K, Nos. I., III., IV., and V. are seen to be in close agreement, not- 

withstarrdino’ the comparatively rough method of reduction used. 

Determination No. II., however, stands out as very distinctly higher than the 

others, and the cause of this was fortunately eviderrt. 

In order to prevent the attempted rotation of the small handle shown in the illus¬ 

trations at the end of the brake lever, one revolution of which altered the load on the 

biake by 1 ft.-lb., one of my assistants had tied it to the hanger carrying the load, 

lire stiing making the connection was very tight, and the load was pulled perceptibly 

out of the perpendicular plane passing through the groove on the lever. 

riiis fault was sufficient to condemn the two trials Nos. 3 and 4, and they do not 

appear in the final table on that account. 

A wooden clip was subsequently added to prevent the rotation of the handle and 

its attached screw. 

Lagging. (Pa,rt I., par. 33.) 

36. ihe results given by the four accepted determinations of Series I. wmre so 

consistent that it was decided to proceed at once wdth the lagging of the brake, 

which, up to the present clme, had been deferred on account of want of confidence 

in the apparatus generally. 

Ihe lagging consisted of a layer of about 1|- inches of loose cotton wadding with 

V Inch the w^hole of the exterior of the body of the brake was covered, together 

with the discharge pipe betv'een the brake and the thermometer chamber. The 

cotton was all tied firmly in position, and the wdiole was enclosed in a covering of 

thick flannel. 

As will be seen later, this lagging reduced the radiation by nearly 75 per cent. 

Its weight, about 2 lbs., was inappreciable, and, being evenly distributed, could not 

affect the balancing of the brake to any extent which it would be possible to detect. 

1 he lagging was, I believe, of use, more especially in that it protected the bare 

metal from the strong draughts which often occurred in the engine-room. It 

lequired very careful attention, however, to protect it against dampness, and on 

this account 1 am not certain that better results would not have been obtained 

without it. 
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Series II. 

37. With the exception of the addition of the lagging, no alteration was made in 

either apparatus or method between trials 11 and 12, 

SufSicient experience and confidence in the apparatus had now been gained to 

enable me to make three trials per day, as a rule two being made in the morning 

and one in the afternoon, a stop of about one hour being made after the second trial. 

The brake was not allowed to cool down during this interval; the hot water 

contained on finishing the morning’s run being shut in. 

In Table A, the value 787*4 is given as the result of the combination of trials 12 

and 14. There was evidently something amiss with this result, and as the com¬ 

bination of trials Nos. 13 and 14 gave the result 779*4, which agrees fairly closely 

with those given in Series L, the explanation which at once suggested itself was 

that the new lagging was damp when the day’s running began and had dried before 

the commencement of trial 13. On this account, trial No. 12 has been expunged 

from the final Table B, and takes no further jjart in the investigation. 

Series III. 

38. As it had by this time been found possible to run three satisfactory trials per 

day, the most obvious way of combining them was to make three trials, all carrying 

the same load, on the first day; while the trials recjuired to complete the three 

determinations were run on the next convenient day. 

This method was pursued during the whole of the subsequent course of the 

investigation. 

From this series onward T made an attempt to keep the temperature gradient 

along the shaft, between the brake and the adjacent bearing, the same in each pair 

of trials. In trial No. 21, I took observations for the first time of the temperature of 

the lower brass in the main bearing. In these trials also, the possible importance 

of the small leakage of water occurring along the spindle of the lower regulating 

cock, for the first time became apparent. The weight of water actually leaking 

away had not, I think, any appreciable effect, but owing to its high temperature it 

was nearly all evaporated, and, consequently, may have had a sensible effect in the 

lowering of the temperature of the water discharged from the brake. No successful 

means were yet devised for catching this water. So, in this series, it still remains 

as a possible source of error. 

Series IV. 

39. For use in the regular engine trials the brake is provided with a rider 

weighing 48 lbs,, which can be traversed along a graduated scale on the lever by 

means of a leading- screw. In order to maintain the balance of the brake, it carries 

at the back a second fixed load of 74*6 lbs. 
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These two large masses of iron had hitherto been left on the brake, but it seemed 

probable that they w^ould very much affect the flow of heat away from it between 

any pair of consecutive trials (Part I., par. 33), for they continued to rise in 

temperature during the whole of any day on wdiich experiments were made, and 

evidently they would absorb heat more rapidl}^ when cold in the early part of the 

day than when hot later. It was therefore decided to remove them. Their combined 

moment about the engine shaft was — 44‘i2 ft.-lbs. 

No allowance was made for this alteration in the loading of the brake, and, 

consequently, the moment in these trials was 1244T2 ft.-lbs., this figure having 

been used in the calculations given. 

In order to bring the trials under some general denomination, this series has not 

been further reduced, nor combined with a corresponding set of light trials. 

With the intention of stopping the leakage at the bottom cock, I had had some 

more packing placed in the gland surrounding the cock spindle. This did, to some 

extent, reduce the leakage, but it also had another effect which wdll be referred to 

under Series V, 

Series V, 

40. For the purpose of keeping the loads on the brake at the values carried by 

trials preceding the removal of the rider and balance weights, one of the 25 lb. 

hanger weights was removed, and for it were substituted some lead sheets w^eighing 

13-97 lbs. 

Ibis lead weight then corresponded with the initial want of balance to a moment 

of 100 foot lbs., made up as follows :— 

Want of balance.44-12 foot lbs. 

Moment of lead weight . . 55-88 ,, 

After these trials had been made, I determined, with Professor IIeynolds, by 

means of a spring balance, the force necessary to move the bottom cock. This was 

found to amount to a moment of 30 ft.-lbs. on the brake, and on this account this 

series of trials, though appearing in the final tables, have not been allowed any 

weight in the calculation of the final mean value of K. The preliminaiy reduction 

of Table A gave what were apparently very good values of K, but this only shows 

the small effect on the mean moment produced by variations in the resistance 

offered to the brake’s motion, and this although its period of oscillation was very 

long. 

Series VI. 

41. These trials differ from those of Series V. only in the fact that the extra 
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packing had been removed from the gland on the cock spindle, while a means of 

catching the whole of the leakage, and at the same time preventing its evaporation, 

had been provided (par. 14). The whole of the leakage was credited with the 

temperature of the water in the discharge pipe, and was weighed with the main 

stream of water which had been caught in the tank. 

Series VII. 

42. These trials were made under similar conditions to those in Series VI. In the 

two last trials, however, viz.. Nos. 39 and 42, some leakage was observed and 

caught from the stuffing-box. 

An approximate estimation of the loss of heat due to this leakage is given in 

Table B, and has been included in the heats givmn in Table A. 

Determination of the Loss of Heat hy Conduction along the Shaft. 

43. In the trials enumerated in Table A, the varying values of the temperature 

gradient, existing in the shaft leaving the brake, might evidently be a cause of com¬ 

paratively large losses of heat which were not eliminated in the differences of heat, 

so far assumed to be equal to the corresponding differences of work. 

It therefore became important to determine, at least approximately, what was the 

loss of heat by conduction along the shaft in each trial. 

I have already said that the temperature of the shaft in the main bearing was 

assumed to be the same as that of the lower brass, while the temperature on leaving 

the brake was similarly taken as that of the stuffing-box cover. 

Unfortunately, before trial No. 21, I had made no record of the temperature of 

the lower brass. 

It was, however, found that in trials Nos. 21 to 41 the mean temperature of the 

lower brass exceeded that of the upper brass by about 7° Fahr. 

Consequently, in Column 6, in the parts of Table A, wdiere no observations had 

been taken, an estimation of the difference of temperature between the stuffing-box 

and the lower brass was made by subtracting seven from the difference occurring in 

Column 5. In this manner the differences entered in brackets were obtained for 

trials Nos. 10 to 20. 

It appears that we have, therefore, 10 determinations, viz., V., VI., VII., VIII., 

IX., X., XI., XII., XIII., and XVIII., in which the differences of heat generated 

require a positive correction on account of the unbalanced conduction along the shaft, 

and four determinations, viz.. Nos. XIV., XV., XVI., and XVII., in which those 

differences require a negative coiTection. 

Assuming, as is very nearly the case, that the losses of heat by radiation are 

eliminated in the differences of the heats, it follows that by taking C = loss of heat 
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per trial, by conduction along the shaft, per unit difference of temperature between 
the stuffing-box and low'er brass, 

Then C is given by the equation 

G75844869 27114.3956 

867995 + 75-6 C ~ 348866 - 22-5 C ~ 

where the numerators represent the sums of the differences of work in the sets 
enumerated above, while the first terms of tlie denominators represent the sums of 
the differences of heat in the same sets, to which the terminal corrections have been 
added. The second term in each denominator represents the correction to be applied 
to the differences of beat for unbalanced conduction along the shaft. 

On solving the equation we get 

C = 12, very nearly. 

This agrees very closely with the value C = 13-61, which may be calculated from 
the dimensions of the conducting shaft, viz., 4 inches diameter and 2f inches long, 
and Forbes’ value of the conduction coefficient for iron, viz. : 

(0-1429 in C.G.S. unit). 

Since nothing was known as to the internal thermal condition of the shaft, the 
figure 12 has been used throughout as a sufficiently close approximation to the 
constant required. 

The corrections to the heat for conduction along the shaft in each trial were then 
obtained by multiplying the fall of temperature between the brake and bearing by 12. 

The sign of the correction varies, of course, wuth the sign of the temperature 
gradient along the shaft. 

Determination of the Loss of Heat hy Radiation. 

44. Under this heading are included all losses of heat not already dealt wdth 
under the headings “ terminal corrections,” “ loss by conduction,” and 'Goss by leakao-e 
of water.” ° 

Radiation in the Unjacheted Trials—Series I. 

45. Determination No. II., consisting of a combination of trials 3 and 4, is omitted, 
for the reasons given. A constant R, representing the loss of heat b}" radiation per 
trial per unit difference of temperature between the brake and surrounding air is 
required. 

In Tables B and C, the corrections to the heat are given for terminal errors and 
conduction along the shaft, the calculation of which has been explained. 
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The quantitle.s given in the annexed table are sums obtained by adding together 

the corresponding quantities in Series I. of Tables B and C. 

In trials 1, 6, and 9 the loss by conduction has been assumed the same as in 

trial 10 ; while in trials 2, 7, and 8 this loss has been given the same value as calcu¬ 

lated for trial No. 11. 

Series I.—Unjacketed Trials. 

"Work done. Heat. Terminals. Conduction. 
Diff. of tempera¬ 

ture between 
brake and air. 

Heavy trials . 
Light trials 

: 

642,876,020 
272,418,189 

677,309 
3.30,280 

+ 19 
- 131 

+ 116 556-4 
— 496 558-4 

We have, therefore, the same value of K given by 

.542,876,020 

677,444 + 556-4 R 

272,418,180 

329,653 + 558-4 R ’ 

and, solving for R., we get 
R = 36-86, 

or, using this value of R and solving for K, 

K = 777-81, 

which is the mean value deduced from this series of eight unjacketed trials. 

Radiation Coefficient for Jaclzeted Trials, Nos. 12 to 42. 

46. As in Series L, we get the sums of work, heat, &c., shown in the annexed 

table :— 

Work done. Heat. Terminals. Conduction. 
Diif. of tempera¬ 

ture between 
brake and air. 

Heavy trials . 
Light trials 

1,752,718,746 
874,319,846 

2,236,681 
1,108,013 

- 64 
- 183 

- 886 
- 1369 

186-2-6 
1872-5 

In this table the sums are given of the respective quantities in the trials used in 

Determinations Vi. to XVIII. inclusive, Series No. V. being included, because no 

error was apparent in the quantities obtained; Series No. IV. being omitted, since 

the moment given could not be guaranteed correct with any certainty. 

VOL. cxr.—A. 3 F 



402 PROFESSOR O. REYNOLDS AND MR. W. H. MOORBT 

We thus get the following equation for R :— 

874,319,846 __ 1,752,718,746 

1,106,461 + 1872-5 R “ 2,235,731 + 1862-6 E ’ 

which, on solution, gives 

and, substituting for R, 
R = 9-33, 

K = 777-91. 

47. The loss of heat by radiation from the brake, as given in the Tables B, C, &c., 

was determined by multipljdng the difference of temperature between the brake and 

the air by the radiation constants, calculated as just described. 

The Tables B, C, and D, giving the results of trials 1 to 42 inclusive, should now- 

lie self-explanatory. 

The mean value of K given by the eight unjacketed trials I have mentioned was 

777-81. 

48. The best way of stating the values of K obtained throughout seemed to be as 

follows ;— 

The sums of the differences of the works and of the corrected heats were taken for 

each series of trials, and then a mean value of K for the series was found by dividing 

the first of these quantities by the second. 

The values of K given as the mean for each series in Table D have been calculated 

in this wav. 

49. A mean value of K can be obtained from the jacketed trials contained in 

Series II., III., VI., and VII. (Series V. being kept out of the determination on 

account of the possible error already noticed), by finding the sums of the respective 

differences of work and heat given with each of these series in Table D, and then 

dividing the vrork by the heat so obtained. 

The sum of the differences of work in Series II., III., VI., and YII. 

= 676,259,560, 

and the sum of the corresponding differences of heat- 

= 869,396 ; 

therefore the mean value of K given by the accepted jacketed trials so far considered is 

676,259,560 

869,396 
777'85. 

From this mean none of the values obtained from anv one of the above series differs 
c/ 

by as much as 0-03 per cent. 

Closer agreement than this could not possibW be expected, and it was consequently 
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decided to vary the trials somewhat, in order to determine if any errors had been 

overlooked. For this purpose I made two fresh series of six trials each, the light 

trials carrying’ a moment of 400 ft.-lbs. only, none of the other conditions being altered 

in any way. 

50. The full reduction of these Series (Nos. VIII. and IX.) is shown in the two 

Tables E and F. 

As before, three trials were run on each day, but the last trial, on April 1, was not 

finished on account of an accident preventing me getting the correct weight of the 

water discharged by the brake. There are, consequently, only eleven trials in the 

tables. The radiation constant for these trials worked out to 8T6. 

The mean value of K, given by the whole eleven trials, was 778T4, which is lower 

than the two means for the separate series in Ttible F, on account of the inclusion of 

the light trial No. 45, which does not appear in Table F. 

This new value of K, viz 778T4, did not agree so closely with the former one of 

777-85 as we had hoped, and, after reducing the last two series of trials, I devoted 

all my time to the checking of the whole of the apparatus anew. 

It was a consecjuence of this stringent supervision of every separate part that the 

small errors in the 25-lb. weights, already noticed, were discovered (par. 27). 

51. Calculation showed that this error might account for the discrepancy observed, 

and so it was decided to run a fresh series of trials with the weights so arranged that 

no error could appear on their account. 

In order to have no known outstanding errors whatever, I made a small rectangular 

trough, fitted with a drain-pipe, by means of which all leakage from the stuffing-box 

was caught. 

52. A series of fifteen trials, numbered 54 to 68 inclusive, was accordingly made, 

beginning on June 29, 1896. Owing, no doubt, to the long rest which the apparatus 

had had since Easter, a number of accidents were met with which completely spoiled 

the whole series. 

The lagging of the brake was very damp when the series was begun, and, on 

account of the bursting of the various rubber-pipe connections, it did not thoroughly 

dry during the whole course of this series of trials. 

For these reasons the results are not tabulated. 

53. After remedying all the defects which had developed in the previous weeks 

running I made two fresh series of six trials each between July 7 and 10 inclusive. 

No further accidents occurred and the results were in every wmy satisfactory. 

These are shown in Tables G and H. 

The radiation constant worked out at II = 7-98. 

The mean value of K, given by the two series, was 

K = 777-85, 

which happens to be exactly the same as obtained previously from Series II., III., 

VI., and VII. 
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54. This last lot of trials 

(778-14-777-85) 

afforded no explanation of the small difference 

~ 0'3 ft.-lb. nearly, 

which occurred between the results give by the 1200-600 ft.-lbs. determination and 

the 1200-400 ft.-lbs. determination respectively. 

The difference, of course, may be due to terminal errors, which, I think, have been 

mainly resjjonsible throughout for the small discrepancies found to occur between 

individual determinations. It is more likely, however, that the small quantity of 

water dealt with in the 400 ft.-lbs. trials, and the consequent greater effect of the 

oscillations of the brake on the mean moment, may have introduced some error into 

these lightly-loaded trials. Further, some slight bias may have been given to the 

Series, Nos. VIIT. and IX., by the long rest caused by the Easter Vacation, between 

trials 47 and 48. 

55. In the annexed table I give the mean value of the work done and of the heat 

generated in the heavy and light jacketed trials respectively, against which no 

known sensible error can be placed. 

Ti’ials Numbers. Mean woi’k 
per trial. 

Mean heat 
per trial. 

Heavy trials : 
(13, 17, 18, 19, 20, 35, 36, 37, 38, 39, 134,337,403 172,685 
46, 47, 48, 49, 50, 72, 73, 74, 75, 76, 
and 77) 

Light trials : 
(14, 15, 16, 21, 22, 23, 33, 34, 40, 41, 61,355,503 78,867 
42, 43, 44, 45, 51, 52, 53, 69, 70, 71, 

: 78, 79 and 80) 

DiS'erences .... 72,981,900 93,818 

and, dividing the mean difference of work by the mean difference of heat we have 

K = 777-91. 

This mean value of K deduced from the experiments requires correcting on a few 

counts, which are due to the method of working. These will be dealt with later. 

56. The table given below illustrates the almost perfect manner in which losses of 

heat were eliminated on the mean result, by the method adopted throughout the 

investigation of always working on the differences of the quantities of work done 

and heat generated in a pair of trials. 
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1 

No. of 
i-evolntions 

of shaft. 
Work done. 

Heat 
generated, 

less 
losses 
due to 

terminals, 
conduc¬ 
tion, &c. 

Loss of 
heat by 
leakage 

of 
water. 

Terminal 
correc¬ 
tions. 

Differ¬ 
ence of 

tempera¬ 
ture 

between 
stuffing- 
box and 
bearing. 

Differ¬ 
ence of 

tempera¬ 
ture 

between 
brake 

and air. 

Means for 21 
accepted 
heavy trials 

17,817 134,337,403 171,510 4 - 1 - 3-9 140-5 

Means for 23 
accepted 
light trials 

17,832 61,355,503 77,710 1 — 7 - 5-4 141-5 

Differences j - lo 72,981,900 93,800 3 6 1-5 - 10 

(1) (•4) (3) (4) (5) (6) (7) (8) 

A value of K can be obtained by dividing the difference of work in Column 3 by 

the uncorrected difference of beat in Column 4. This operation gives 

K = 778-06. 

The various corrections which this number requires are as follows :— 

I. Correction due to difference in number of revolutions of shaft between light and 

heavy trials. 

Since the difference in the number of revolutions is only 15, this correction, as 

previously indicated, when dealing with the balance of the brake, will be zero 

(par. 29). 

II. Correction due to loss by leakage of water from the brake. 
o 

This correction amounts to — = — 0-000032. 
93,800 

III. Correction due to terminal differences of temperature of the brake. 

This correction amounts to — ——7: = — 0*000064. 
93,800 

IV. Correction due to loss of heat by conduction along the sliaft. 

1 5 X 12 
This correction amounts to — jr = — 0 000192. 

9,o800 

V. Correction due to loss of heat by I’adiation. 

Assuming 9 for the value of the radiation constant, this becomes 

= + ssIto = + 
The total correction factor is therefore (1 — 0*000192), which gives as before 

‘K = 777-91. 
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Corrections to the Mean Value of K given hy the Experiments. 

I.—Length of Brake Lever. 

57. In dealing with the calibration of the measurements of the brake (par. 28), I 

have already mentioned that the value of K given by tbe experiments would require 

a correction factor of (1 -j- 0‘00042). 

IL—Salts Dissolved in the Manchester Water. 

58. Professor Dixon kindly furnished Professor Peynolds with the results of a 

number of analyses of the town’s water made during the College session, 1894-95. 

The dissolved salts were 

Common Salt, 14‘4 

Calcium Carbonate, 27‘7 
milligrammes per litre, 

therefore the proportion of salts by weight is 0*0000421, Taking their specific heat 

at 0‘2, we get for the correction factor required, due to the lowering of the specific 

heat of the water, 

1 + (1 ~ 0-2) X 0-0000421 = (1 + 0-00003). 

IIr.—Air Dissolved in the Water Used.—(Part I, par. 43.) 

59. Being rain water, it probably contained about 2|- per cent, by volume of dissolved 

air. As affecting the specific heat of the water, this air would not have of itself any 

sensible influence. 

It did, however, influence the resulting final temperature, as it was most probably 

all boiled out of the water, and the bubbles of expelled air would all be saturated 

with water vapour at a temperature of 212°, which vapour could not be formed 

without extracting its latent heat from the surrounding wmter. 

I made some experiments in December, 1896, with the object of determining the 

actual volume occupied by tbe bubbles of mixed air and water vapour under the 

conditions obtaining in the trials. The pressure on the water in the discharge-pipe 

was 10 inches of mercury veiy' nearly. 

The method adopted was as follows :— 

I put a depth of about two inches of mercury into the bottom of a strong bolt-head 

flask, and above the mercury I poured in 1^ lbs. of water. This filled the flask 

nearly to the brim. A rubber stopper, through which passed a glass tube, was then 

pressed into the neck of the flask, the glass tube being of such a length .that the 

insertion of the stopper displaced mercury only up the tube, care being taken that no 

bubbles of air ^vere included under the stopper. The stopper was then firmly tied 

into the neck, and the flask wats hung inside a large glass beaker, which was then 

filled with water to a depth which covered the top of the rubber stopper. 
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Oi:e end of a piece of strong rubber tube was then fastened on the glass tube 

protruding from the flask, w'hile its other end was fixed to the vessel shown at A, 

which was open to the atmosphere. 

Fig. 11. 

Mercury was poured into the glass funnel at A, and it was raised till there was a 

solid column of mercury from the bottom of the flask to the surface in A. The water 

in the beaker was then heated by a Bunsen flame till it boiled. This boiling was 

continued during a whole day, the water in the beaker being replenished as required. 

By adjusting the level of the free surface of the mercury at A, any required 

pressure could be put on the vapour column which formed over the water in the flask 

neck and displaced some of the mercury from the bottom. Also, by suddenly raising 

the pressure, the vapour was compressed and cold mercury flow’ed down into the 

flask, condensing the vapour in the neck as it descended. By this means the water 

in the flask could be made to boil briskly for a few moments now and then, so as to 

facilitate the escape of the air. At the close of the day the levels of mercury and 

water wmre adjusted so as to give the requisite pressure on the vapour column. The 

length of this column was then measured, and knownng the diameters of the flask 

neck and tube, it was easy to calculate the volume of vapour. 

This was 2‘2 cubic inches. 

If this be reduced to a temperature of 32° and atmospheric pressure, the proportion 

of air by volume appears to be 1’6 per cent. 

This number is considerably less than the 2*5 per cent, already mentioned, but as 
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it was determined under conditions which ajrproximated closely to those which held 

in the main trials, it was used in the calculation of the correction given below. 

The weight of water vapour at a temperature of 212° per cubic foot = 0-03797 lb. 

Therefore the correction due to the loss of the latent heat necessary to evaporate 

this weight of water, is, relatively to the 180 thermal units generated per lb. of water 

discharged by the brake, 

4 _ 2-2 _ 0-03797 x 966 

5 ^ 1728 ^ 180 
0-00021. 

The correction factor is therefore (1 — 0-00021). 

IV.—Reduction of the Weighings to Vacuo.—(Part 1, par. 41.) 

60. Taking the density of water 

and of air at 32° Fahr. 
= 62-425, 

== 0-08073, 

and also assuming 70° Fahr. as the mean temperature of the engine-room during the 

trials, the correction factor becomes 

49-1 1 
1 - 0-08073 X X 1 — 0-00120. 

In the calculation of this factor it must be borne in mind that the density of the 

air causes errors of equal magnitude in the measurement of both work and heat on 

account of the alteration of apparent density of the cast-iron weights used on the 

brake and on the lever of the weighing machine. 

V.— Varying Specific Heat of the Water.—(Part 1, par. 51.) 

61. According to PtEGNAiiLT the mean sjjecific heat of water between freezing and 

boiling points is 1-005, assuming the specific heat unity at the lower temperature. 

If his formula for the specific heat be correct, then a correction factor of (1 — 0-00006) 

is necessary to make the value of K derived from the trials represent this mean 

specific heat. This factor is introduced because it was not strictly the whole range 

of temperature between freezing and boiling points which was dealt with in the 

trials, lor the cold water supplied to the brake had various temperatui'es ranging 

trom 32-7° to 34-3°. This correction would only just aft'ect the second decimal place, 

and m consideration of the uncertainty that exists as to the exact value of the 

specific heat of water at any temperature, I do not propose to use a correction factor 

on this account. 
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VI.—Corrections due to the Fall in Pressure between the Supply and Discharge Pipes. 

62. From observations taken on October 1st, 1896, I determined the pressure on 

the thermometer in the supjdy pipe to be ;— 

In the 1200 ft.-lb. trials.15 inches of mercury. 

,, 600 „ ,, .... 11 ,, ,, 

,, 400 „ ,, .... 97 ,, „ 

I have already stated that the pressure on the thermometer in the discharge pipe 

was 11’3 feet of water in all trials. 

From these varying pressures two corrections are obtained as follows :— 

(a.) Elevation of Temperature Readings by the Pressure on the 'rhermometers. 

1200 ft.-lbs. 600 ft.-lbs. 400 ft.-lbs. 

Pressure on thermometer bulb 
in supply pipe in inches of 
mercury 

15-0 11-0 9-7 

Consequent elevation in readings of 
temperature (0°-0072 per inch) 

0°-108 0'’-0792 0°-0698 

Pressure in discharge pipe in feet 
of -water 

11-3 11-3 11-3 

Consequent elevation in readings of 
discharge temperature (0°-0066 
per inch of mercury) 

0°-066 0“-066 0°-066 

Percentage correction to heat 0-042 0-013 0-004 
obtained 1-8 1-8 1-8 

= 0 0233 = 0-0072 = 0-0022 

If we now confine our attention to the combination of 1200 and 600 ft.-lb. trials, 

the relative correction to the difference of heat is 

0-000233 - t X 0-000072 
1. 

2 

0-000394, 

i.e., the correction factor to K on this account is 

(1 - 0-000394). 

Considering next the 1200-400 ft.-lb. determinations, the relative correction to 

the difference of heat is 

0-000233 - i X 0-000022 

3 

0-000339, 

3 G VOL. CXC.—A. 
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which makes the correction factor 

(1 - 0'000339). 

On the mean value of K deduced from the trials, I propose to make this factor 

(1 - 0-00037). 

63. (b.) Gexera.tion of Heat in the Water on account of the Loss of available 

Head between the Supply and Discharge Pipes. (Part I., par. 53.) 

1200 ft.-lbs. 600 ft.-lbs. 400 ft.-lbs. 

Head iu supply pipe in feet of 
water 

17-0 12-45 10-98 

Loss of head before reaching the 
discharge pipe in feet 

5-7 1-15 -0-32 

Correction required by the work 5-7 1-15 -0-32 
given in the tables per cent. 1-8 X 777 

= 0-0041 
1-8 X 777 
= 0-0008 

1-8 X 777 
= -0-0002 

Therefore the correction factors required are— 

(a) For the 1200-600 ft.-lb. determinations 

1 + 0-000041 - 4 X 0-000008 
1. 

= (1 + 0-000074). 

(yS) For the 1200-400 ft.-lb. determinations 

^ 0-000041 - ^ X 0-000002 ^ 

3 

This factor also I propose to give the value 

(1 + 0-00007), 

when applied to the mean value of K deduced from all the trials. 

VII.—Correction due to the manner of Engagement of the Eevolution Counter with the 

Engine Shaft. (Part I., par. 34.) 

64. The spindle of the counter carried a wire pin parallel with the axis of 

revolution, which pin was driven by another carried by, and passing at right angles 

through, the axis of the spindle making connection with the engine shaft. 
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The mean chance was therefore that at every engagement of the counter with the 

shaft one-fourth of a revolution would be lost by the instrument, while on dis¬ 

engaging the counter stopped the instant it was withdrawn. 

The work in every trial should therefore be increased to compensate for this loss. 

The number of revolutions was approximately 18,000. 

The correction factor is therefore 

1 + 72,000 
= (1 -f 0-00001). 

65. A summary of these corrections is appended. 

Magnitude and sign. 

Cause of correction. 
+ — 

I. Lengtli of lever. 
II. Dissolved salts. 

0-00042 
0-00003 

III. Dissolved air. , • 0-00021 
iV. Weight of atmosphere. 
V. Varying specific heat of water. Neglected. 

0-00120 

VI. {a) Effect of pressure on thermometers. 
(fe) Loss of head in the water. 

VII. Engagement of revolution counter. 
0-00007 
0-00001 

0-00037 

Totals. 0-00053 0-00178 

Therefore the final correction factor is 

(1 - 0-00125). 

6G. Applying this correction factor to the value obtained from the experiments, 

we get for the value of the mean specific heat of water between freezing and boiling- 

points, expressed in mechanical units, at Manchester, 

777*91 (1 — 0-00125), 

776-94. 

3 G 2 
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Appendix. 

Although no part of this research, it may be interesting to notice that reduced to 

the latitude of Greenwich this becomes 

777-07, 

and reduced to latitude 45° at sea level 

777-53. 

Exjiressed in metre-grammes and the centigrade unit of heat this last value 

becomes 

426-58. 

The value of g being 

980-63, 

we have for the mean value of the specific heat of water between 0° and 100° C., 

expressed in absolute C.G.S. units, 

41,832,000 ergs. 

Making use of IIegnault’s formula for the specific heat of water at difierent 

temperatures, this would give the mechanical equivalent of the heat required to raise 

1 lb. of water at 60°-5 Fahr. through 1° Fahr. at Manchester as 

773-74 ft.-lbs., 

and ta.king water at 32° Fahr., this gives 

773-07 ft.-lbs. 

Similarly expressing the result in absolute C.G.S. units, we have for the mechanical 

equivalent of the heat necessary to raise 1 gramme of water through 1° C. in latitude 

45° and at sea-level 

[a) From a temperature 15°-8 C. 41,660,000 ergs. 

(h) „ „ 0° C. 41,624,000 „ 
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Table D. 

1 

Determina¬ 
tion No. 

! 

Trial No. Work. 

[ 

Difference of 
Work. 

1 

Heat 
(corrected.) 

Difference 
of heat. K. 

1 
1 

Series No. I. 
1 

! I. 1 134,201,612 172,366 i 
1 2 68,310,950 65,890,662 87,567 84,799 777-02 ; 
; in. 6 135,935,775 174,818 1 

1 7 67,926,419 68,009,356 87,407 87,411 778-04 1 
IV. 9 136,063,953 174,998 

1 8 68,096,065 67,967,888 87,699 87,299 778-56 
V. 10 1.36,674,680 • • 175,772 ; 

11 68,084,755 68,589,925 87,563 88,209 777-58 ' 

Mean valne = 777'81 ' 

Series No. II. 

VI. 13 135,392,907 173,97.3 
14 67,933,958 67,458,949 87,156 86,817 777-02 

Vil. . 17 135,098,853 173,591 
1 

16 67,677,604 67,421,249 86,965 86,626 778-3 

Mean valne = 777'66 

Series No. III. 

VIII. 18 1.33,734,142 171,843 
21 66,580,557 67,153,585 85,493 86,350 777-69 

IX. 19 133,892,479 o 172,174 
22 67,142,275 66,750,204 86,225 85,949 776-63 

X. 20 135,332,588 173,871 
23 66,765,283 68,567,305 85,903 87,968 77946 

Mean value = 777'94 

Series No. V. 

XI. 30 1.34,073,435 172,386 
27 67,353,391 66,720,044 86,600 85,786 777-75 

XII. 31 1.34,623,843 172,998 
28 67,146,045 67,477,798 86,277 86,721 778-1 

XIII. 32 135,257,190 173,813 
29 67,315,692 67,941,498 86,536 87,277 778-46 

Mean value = 778T 

Series No. VI. 

XIV. 35 134,744,481 173,245 
33 67,692,684 67,05i,797 86,967 86,278 777-16 

XV. 36 135,702,040 174,450 
34 66,765,283 68,936,757 85,910 88,540 778-59 

Mean value = 777'89 

Series No. VII. 

XVI. 37 134.819,879 173,410 
1 40 67,703,993 67,115,886 87,034 86,376 777-02 

XVII. 38 135,151,632 173,826 
41 67,112,116 68,039,516 86,433 87,393 778-55 

XVIII. 39 134,895,277 173,530 
42 67,130,965 67,764,312 86,431 87,099 778-01 

1 
1 

Mean value = 777'86 
4 
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Table H. 

Determina¬ 
tion No. Trial No. W ork. Difference of 

work. 
Heat 

(corrected). 
Difference 

of heat. 
K. 

Series No. X. 

XXIV. 72 130,522,170 167,728 
69 66,154,556 64,367,614 84,987 82,741 777-9.5 : 

XXV. 73 132,158,316 169,980 1 

70 67,130,965 6.5,027,351 86,278 83,702 776-89 ' 
XXVI. 74 133,734,142 171,921 

71 68,216,702 6.5,517,440 87,757 84,164 778-44 1 

Mean value = 777'74. 

XXVII. 7.5 132,165,855 • • 169,863 
78 65,732,325 66,433,530 84,424 85,439 777-56 

XXVIII. 76 134,646,463 17.3,106 
79 66,358,132 68,288,331 85 336 87,770 778-03 i 

XXIX. 77 135,370,287 174,071 
80 67,458,948 07,911,.339 86,790 87,281 778-07 

Mean value = 777'88. 
1 

Description of the Plates. 

PLATE 3. 

From a pliotograpli in 1888. Is a front view of the triple expansion engines (100 H.-P.) and brakes, 

as thej existed in the engineering laboratory, Owens College, before any modifications for the determi¬ 

nation of the equivalent. The engine-shafts ai’e disconnected from each other, and are working on three 

separate brakes. In the trials the three large pulleys (5 feet in diameter’) were removed with the brakes 

on the high-pressure and intermediate engines, and the engine-shafts coupled by intermedial shafts, the 

work being all absorbed bj' the brake on the low-pressure engine—seen, on the right hand of the jfiate, 

overhanging the last bearing of the brake-shaft. On this shaft are two heavy 3-feet pulleys, which 

served as fly-wheels during the trials. 

It was the facilities afi^orded by this brake and its appurtenances (§ II) that suggested the research 

and rendered it possible: and, although the manner of admitting the water and air to the brake were 

necessarily modified in the experiments, the brake remained essentially the same. Part of the trials 

were made with the brake uncovered, as seen in this plate ; and it was after the brake was covered 

that subsequent photographs were taken. 

The vertical pipe supplying the town’s water from the service tank to the brake, with the hand-cock 

and the automatic inlet-cock above, leading through the bowed pipe and flexible indiarubber tube to 

the inlet passage over the bush of the brake, are seen on the immediate right. Immediately on the left 

3 H 2 
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and a little behind and lower, is another bowed pipe leading from the top of the brake, with a gap in it; 

this is the air passage leading through the ranes to the centres of the vortex chambers, to secure atmo¬ 

spheric pressure there. The suspended and riding loads on the lever, the dash-pot, the front stop on 

which the lever rests (not being at work), are also seen. The hand w^heel for adjusting the height of 

the lever when at work, the linkage connecting the automatic inlet and outlet-cocks with each other 

and with the front stop, together with the outlet-cock, the receptacle for waste, and the drip-can for the 

water escaping from the front bush, can be traced, though they are obscure in this plate. 

Up high on the photograph is seen a shaft with two lai’ge pulleys ; these are for connecting the 

separate engine-shafts by belts and ropes (seen), and have no place in the trials. But the bright shaft 

immediately below, seen as driven by a rope pulley from behind the wall of the engine-room, is the line 

shaft driven by the separate engine, always running, which afforded most important facilities for the 

research. 

PLATE 4. 

From a photograph, 1896. Also shows a front view of the engine-room, but, taken more to the right; 

it includes only the low-pressure engine. It shows a general front view of the appliances in the con¬ 

dition in which they were during the final experiments, as well as some of the standing appliances not 

included in Plate 3. 

Low down, immediately on the right, is the front of the weighing-machine, with the tank resting on 

it; and immediately behind this, against the wall, are seen the mercury balances for the pressures of 

water in the mains; also the town’s main to the service tank (out of sight on the right), in front of 

which is the 3-inch quadruple turbine which drives the (1-^-inch) quintuple centrifugal pump (out of 

view, behind the tank) supplying the brake through the ice-cooler (§ 20). On the left of the tank, 

and passing through its cover, is the water-switch ; and over this is the nozzle of a vertical pipe, straight 

almost to the roof, then horizontal, with an open vertical branch, to form an air-gap, then down again 

into the lower of the two horizontal pipes; this is the stand-pipe on the outlet from the condenser, for 

securing pressure in the final thermometer chamber (§ 22). The upper of the two horizontal pipes is 

the water-jacketed out-flow pipe or “ condenser,” w'hich passes to the end of the room, and returns as the 

lower horizontal pipe to the stand-p^pe. Immediately on the left of the plate, standing on the floor, is 

the frame for the hand-brake (§ 30). Besides the appliances mentioned, as seen, in this plate, nearly all 

the appliances are seen in front view ; but many are better seen in the following plates, though this plate 

affords the best view of the general arrangement, and the best idea of the circumstances under which 

the observations were made. The passage between the brake and the 3-inch pipe supplying condensing 

water to the engine afforded the only post of observation for the counter, thermometers, speed-gauge, 

and pressure-gauges. The centrifugal speed-gauge, with its scale, is seen rising vertically from behind 

the small pressure-gauge on the brake. 

PLATE 5. 

This is a nearer and simplified front view of the more special appliances shown in Plate 4. Proceeding 

from the right is the switch and outlet nozzle from the condenser, with the wmter flowing into the tank 

over the thermometer. From the switch may be traced the linkage forming the automatic connection 

of the sw'itch with the counter, immediately in front of the covered bush of the brake. Supported by 

the original supply pipe to the brake (the hand cock being shut) is seen the new inlet pipe from the ice- 

cooler, behind the brake. The pipe, rising on the right from behind the brake, passes a branch to the 

by-channels leading to the bushes (not seen) and a branch to the large pressure-gauge, then to the 

regulator ; thence the water flows upwards past the bulb of the inlet thermometer, some of it passing 

up through the glass thermometer chamber, and so to wuste through the small pipe at the top, but the 

main stream passing through the covered horizontal branch, and down the flexible iiidiarubber pipe 
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into the brake. On the top of the brake is seen the new air-passage, of flexible incliarubber, leading 

to the vessel in which is the artificial atmosphere, which is connected with the large mercury-gauge on 

the left, also with the syringe. The automatic outflow cock is clearly seen under the brake, also the 

curved flexible pipe, covered with cotton wool, which receives the water from the outflow cock, leading 

to the fixed pipe behind the regulator, also covered, in which is the bulb of the outflow thermometer, 

and immediately over this the glass thermometer chamber, with its indiarubber continuation leading 

back into the main outflow channel which rises up behind the inlet thermometer chamber, till it turns at 

right angles into the condenser. Behind and on the left of the brake are seen protruding the stems of 

the thermometers for measuring the difference of temperature in the stuffing-box and the near bearing. 

Of the two bottles standing on the floor, that on the left is collecting the leakage from the stuffing-box, 

and the other the leakage caught in the indiarubber bag enclosing the automatic outflow cock. 

PLATE 6. 

This is a back view. On the left, close in front of the tank on the weighing machine, over which is 

the condenser leading to the switch, is seen the l^-incli quintuple centrifugal pump, with its driving- 

gear and the pipe supplying it from the service tank. On the other side of the 3-inch pipe for 

condensing water for the engines, and partly behind it, is seen the pipe leading from the pump up and 

along behind the 3-inch pipe, then down again into the ice-tank (on the e.xtreme right of the plate) ; 

through this it passes in a coil, emerging from the cover again as the covered pipe rising obliquely- to 

the regulator and inlet thermometer chambers (not seen), w-ith the branch to the pressure-gauge. The 

small horizontal branch coming through from beneath the pressure-gauge, continued by the covered 

indiarubber pipe, passing behind the vortex vessel of the speed-gauge to the stuffing-box, is one of the 

by-paths taking ice-cold water to the bushes; that on the left is behind the brake. The outlet ther¬ 

mometer chamber, with its indiarubber continuation to the main outflow channel into the condenser, is 

also clear ; as are also the belt and pulley- driving the paddle in the ice-tank. 

PLATE 7. 

This is again a back view, but taken so as to show the appliances up to the end of the engine-room, 

not seen in the previous plates. In the middle front is seen the 6-inch quadi-uple centrifugal pump in 

circuit, with the rising 4-inch main from the lower tank to the tank in the toAver (§3), together with 

the belt from the line shaft by- which this pump is driven. Immediately on the left of this plate, 

standing on a bench, is the end of the 3-inch quadruple vortex turbine, didven by Avater from the 

tower, and driving by a cord the 14-inch quintuple centrifugal pump. The standard, the lever, and the 

large riding weight of the Aveighing-maehine, with the tank behind, are completely- in vieAv; and over 

these again appears the condenser for cooling the eflluent water, passing to the end of the room and 

returning underneath to the stand-pipe and thence to the switch. 

PLATE 8, 

This is from a photograph of the apparatus for correcting the high temperature thermometer. On 

the table is the barometer, and to the right is the vapour chamber, in Avhich the thermometer is immersed 

through the coi-k on the top as far as to leave the top of the mercury A’isible. The escape passage and 

regulator are seen on the right. The pipe leading from the top is the connection of the vapour chamber 

with the lower mercury chamber in the barometer. This, after passing through the flask, receives by 

the branch (seen) a slight current of air from the pressure reservoir, with the top of which it is connected 

by a restricted pipe, so that the current is so slow that the resistance is negligible, though sufficient to 

prevent the vapour passing to the bai’oraeter; the pressure of air in the reservoir is shown by the large 
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mercury-gauge, and is maintained by occasional puminng with the syringe seen in connection. The 

nozzle on the barometer, to which the air-passage is connected, leads into the cast-iron bottle wliich 

forms the mercury-chamber, above the surface of the mercury. The level of this surface is observed 

through the circular windows, of which that which is in front is shown to the left of the axis of the 

barometer, above the nozzle. Immediately above this window is seen the cylindrical brass curtain, which 

screws on to the neck of the bottle, by which the light through the windows over the mercury can be 

eclipsed. Attached to this curtain, and co-axial with it, is the outer brass tube extending up to the gap, 

with a vertical scale attached reaching past the gap. Behind the vertical scale, and screwed into 

the tube on the lower curtain, is a tube screwed throughout its length, and having two parallel 

slots, as window's, some 5 inches long, through which the upper limb of the mercury may be observed. 

From the top of this windowed tube downward is screwed the cap, the lower limb of which forms a 

cylindrical curtain for eclipsing the light over the upper limb of the mercuiw (§ 48). 
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XL On the Distribution of Frequency {Variation and Correlation) of the Barometric 

Height at Divers Stations. 

By Karl Pearson, F.B.S., and Alice Lee, B.A., B.Sc. 

Received June 15.—Read June 17, 1897. 

[Plates 9-17.] 

X.—On the Frequency at Divers Stations of the several 

Barometric Heights. 

1. Introduction. 

Let a curve be formed such, that if y be the ordinate falling between the abscissae 

X and cc + Fx, the area y^x represents the frequency of the barometer with height 

lying between x and x -f Sx for any locality. This curve will be spoken of as the 

barometer frequency curve for the given locality. The curve in any series of actual 

observations will be represented by a, polygonal line ; in the present case the element 

Sx has been throughout taken as n)- inch of barometric height. 

Such frequency curves occur in innumerable physical, anthropological and economic 

investigations, and can in many cases be fairly accurately represented by the normal 

curve of frequency, i.e., Laplace’s curve of errors. The barometric frequency curve 

is, however, a marked exception to this rule. Lhe mean baroinetiic height is 

very far from coinciding with the ‘ mode ’ or height of maximum frequency. While 

barometric frequency curves are remarkably smooth when a very large number of 

observations are dealt with, the distribution of frequency does not obey the normal 

law,’'' but some other law which up to the present has not been fully discussed. 

In a memoir published in the ‘ Phil. Trans.,’ A, vol. 186, pp. 343-414, a series of 

generalised frequency curves are introduced, and it is shown, pp. 351 and 382, that 

the asymmetry of the barometric frequency curve can probably be dealt with by one 

or other of these generalised curves. 

The importance of this conclusion lies in the fact that the distribution of 

barometric frequency in any locality can then be lully described by the statement 

of the values of three or four well defined constants. 

* This seems first to have been pointed out by Dr. Venn, in a letter to ‘ Nature, September 1, 1887. 

7.3.98. 
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Accordingly, in order to test this theory of barometric frequency, series of 

observations have been reduced and the frequency distributions for divers localities 

fitted with generalised probability curves. On the basis of these curves the attempt 

has been made to answer the following questions :— 

[a.) Is there any one type of curve especially characteristic of barometric 

frequency 1 

(5.) If so, what are the constants by which the distribution of this frequency 

can best be described ? 

(c.) Does there appear to be any numerical or geographical relation between 

these constants ? and 

[cl.) Does a knowledge of their values for a variety of localities enable us to 

make any statement with regard to the physics of atmospheric pressure ? 

2. Data of Observation, 

Our data were taken from the annual ‘ Meteorological Observations at Stations of 

the Second Order,’ kindly placed at our disposal by Mr. D. H. Scott, F.D.S., 

Secretary to the Meteorological Council. The heights dealt with are 9 o’clock 

morning heights. Twenty stations were selected, sixteen in England and Scotland 

and four in Ireland. The stations selected are given on the accompanying map 

(page 424) of the British Isles. In their choice we were guided by (i.) the desire for 

a fairly uniform distribution and if possible a coast distribution, (ii.) the extent of 

data available, and (iii.) its continuity. The minimum number of years of continuous 

observation is five, the maximum thirteen. At one or two suitable places there 

were gaps in the record ; at others less than five years were available. In all cases 

the records were only dealt with for whole years, to remove any irregularity which 

might arise from an annual periodicity in frequency. It is hoped that the fraction of 

a monthly periodicity—if there be a lunar influence on the frequency—will not be 

very sensible, wdien the records deal with 65 to 170 lunar periods. Any long period, 

such as a 19-year period, would of course render less general a frequency distribution 

based on five to thirteen years of observation only. The possibility of such a 

periodicity would render it very desirable to recalculate the frequency distributions 

for the same localities after, say, another ten years of observations. 

Observations at the selected stations, when unreduced, were reduced by formulre 

kindly provided by the Meteorological Office. 

The following is what we shall hereafter term the geographical order of selected 

stations, with the years of observation and dates :— 

3 I YOL. CXC.—A. 
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r4ac 

SoatE Coast . 

Wales .... 

Ireland .... 

NortE-west Coast 

NortE-east Coast. 

SoutE-east Coast. 

r St. Leonards 
< SoutEamjiton 
[ BabEacomEe 
r Carmarthen 

ChurcEstoke 
(_ Llandudno . 
pParsonstown 

^ Markree Castle* 

I Armagh . 
Londonderry . {Stonylinrst . 
ScaleEy . 
Glasgow 
Laudale 

r Dunrobin Castle 
<( Dundee . 

1^ Scarborough . 
f Hillington . 

< Geldeston . 
[ ]\Iargate . 

of Record. Date. 

6 Jan. 1, 1880-Dec. 31, 1885 
13 ?? 1878- 1890 
13 1878- 1890 
13 1878- 1890 
11 ?> 1878- 1888 

8 5? 1878- 1885 
13 

5 ) 1878- 1890 

10 1880- 55 1882 

1 . 1884- 1890 
5 

5? 1886- 1890 
7 ? 9 1879- 1885 
7 1884- 55 1890 
6 1880- 55 1885 
5 5 5 1886- 1890 

11 1880- 1890 
8 ?? 1883- 1890 

11 
55 1880- 1890 

5 55 1881- 1885 
13 55 1878- 1890 

6 
5 5 1880- 1885 

8 55 1883- 55 1890 

The frequency distributiont has been calculated for every Jti reckoumg the 

frequency, any height falling midway between two-tenths inches (e.r/., 2875) has 

been split between those two-tenths (e.^., half to 287 and half to 28'8), 

Table I, of frequencies (p. 428) embraces the data from which the constants of the 

probability curves have been calculated. The lower or Roman figures in this table 

give the total number of days in which, during the years of observation, the 

barometer was at each particular height. The upper, or old-style figures, give the 

number of days per year at which the barometer (on the basis of these observations) 

may in the given locality be expected to be at each particular height. 

We do not consider that the Stations of the Second Order give the best possible 

returns. Far from it; the irregularities which occur in the frequency distributions 

at several of these stations seem to us to indicate that either the methods of 

observation, the instruments, or the fovmulce of reduction are not entirely satis¬ 

factory. It is probable that the Telegraph Stations Avould give far better results, 

and for a greater number of identical years. The ideal data would cover twenty or 

more well-distributed stations for identical periods of four “ lustra,” or twenty 

years. The observations of the Stations of the Second Order, however, were readily 

available in print, and our object has not been so much to make a contribution 

* Omissions occur in tEe record for 1883, so tEat year is not included. 

t Besides tEe above twenty stations, tEree telegrapE stations, Cambridge, London (Brixton), and 

Dover-Dungeness will be found to Eave tEeir constants recorded in oru' tables. TEe very great labour, 

liowever, of copying the manoscript records discouraged a larger selection of these stations. Our 

returns are for the thirteen years 1878-1890 inclusive. 
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to the meteorology of the British Isles as to illustrate what we believe to be a 

novel method of dealing with barometric frequency, in the hope that it may here¬ 

after be taken up by professed meteorologists having at their disposal trained 

computators. We need not stay to lay stress on the large amount of arithmetical 

work involved in calculating the constants for even the short periods dealt with in the 

present memoir, it will be obvious to any one who has undertaken any statistical 

work of a like character. In order to save a portion of this arithmetical labour, 

a self-recording frequency barometer has been devised by Mr. G. A. Yule, some 

account of which will be found in an Appendix to this paper. We believe that 

with due precautions,* such an instrument would be a valuable addition to tliose 

already in use at the various meteorological stations, and serve for the ready 

calculation of the frequency constants. 

Yet, admitting all the disadvantages of the non-contemporary character and short 

period of some of the data which we have used, we still believe that an examination 

of our diagrams will serve to convince the reader that our method is really capable 

of considerable service. 

Putting aside one or two anomalies, we lind a continuous and gradual change of 

the frequency constants as we pass from station to station round the coast, and it 

appears'as easy to draw the contour lines of equal frequency as it has been hitherto 

supposed to be to draw isobars. 

3. Theory Applied. 

Let y hx be the frequency of a deviation lying between x and x -f Sx from the mean, 

then p,, = S{x’'yBx) S{y^x) may be termed the A'' power of the mean rt*'’ deviation. 

In the case of the Gaussian or normal distribution of the frequency of N observations 

V 27ryU.2 

Here all the odd p,’s vanish and we have the relation ~ I) (2^ ” 3) 

...5.3. l/r/ for the even p’s. In particular p^ = 

When, therefore, the odd p’s are not nearly zero, and the relation p^ = 3/x/ is 

not nearly satisfied, it is impossible on both counts to represent the frequency by a 

normal distribution. 

Let — ppjp^, ^2 — pjpi, then if be not zero and ySg be not equal to three, 

a normal distribution is theoretically impossible. 

Now a skew frequency distribution may be deduced from the skew-binomial {'p-hq)'’ 

as a limit, in the same way as it is possible to deduce the normal frequency dis¬ 

tribution as a limit from the symmetrical binomial -fr ^y. 

* Notably, frequent comparison with the standard nioi'curial barometer. 

3 I 2 
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Table I.—Observed Annual Frequencies of the Several Barometric Heights 

Old style figures, annual frequencies. Roman figures, gross frequencies. 

Station . 

Years of Eecord . 

Total Observations 

Height, in inches. 

27-7 { 
27-8| 

27- 9 { 

28- 01 

28-1 j 

28'2| 

28-3| 

28-41 

28-5j 

28-61 

28- 7| 

28'8.|’ 

28 9| 

29- 0| 

29-11 

29-2| 

29-31 

29-4.j’ 

29-51 

29-6.r 
I 

29-71 

29'S.r 
I. 

29- 9/ 
L 

30- O/ 
l_ 

30T I 

30-21 

30-3.1' 

30-4.1 

Twenty Stations in the British Isles. 

St. Leon¬ 
ards. 

2192 

1 17 
7 
2*25 

13-5' 

■X^7 
22 

4*42 
26- 5 
8'I2 

49 
11 
66 

20*33 
122 

26*50 
159 

36*42 
218*5 

44 
264 

49'83 
2-99 

48 
288 

4o’75 
244-5 

27- 25 
163-5 

18*08 
108-5 
12-25 
73-5 
6-S3 

41 
2- 58 

15-5 
0*67 
4 
0-58 
3- 5 
o'25 
1-5 

1 South- Babba- Car- ' Church- Llan- 1 Parsons- IVlarkree 
Armagh. Stonyhurst. Scaleby. i amptoD. combe. marthen. stoke. 1 dudno. ' town. Castle. derry. 

13 13 13 
i 

' S 13 10 5 7 7 6 ; 

’ i 

4748 4748 4748 1 4018 2922 4748 
I 
! 3653 18-26 2557 2557 2192 

! 0*10 
1 
0 
0 

... 

1 [*" 
... 

... ... 0 0*20 I ... ... 0 1 . ... 0*08 0 0 ... ... 1 0 0 ■ ■ 
0 o*Io 0 0*14 1 

... ... 0 1 0 1 ... 0 0 0 0 0*07 
0 0 0 0 0*5 ... ... ... 0 0 0 0 0*21 0*17 ... ... 

0*08 
0 0 0 0 1-5 1 ... ... 009 0*125 0*15 0*10 0 0 0 0 

0*08 
... 1 1 1 2 1 0 0 0 0 

0*08 0-045 0*125 0-15 0*20 0 0 0 0*25 
1 1 0*5 1 2 0 0 0 1-5 
0*15 0*19 0*23 0*14 0*125 0*15 025 0*6 0*36 0*14 0*08 

2*5 3 1*5 1 2-5 3 2*5 I 0-5 
0 15 0*42 0*35 0-45 0*125 0-58 0*60 0*40 0*71 0*14 0*50 
2 5*5 4*5 5 1 7*5 6 2 5 1 3-0 
0*31 0-38 0*65 0-68 0-875 0*50 1*05 0*40 1*29 1*14 1*42 
4 5*0 8*5 7*5 7 60 10-5 2 9 8 8*5 
0*66 0*46 o*8i 1*14 1*06 0*77 I‘90 1*30 2*00 1*21 2*50 
8*5 6 10*5 12-5 8-5 10 19 6-6 14 S-5 15 
1*04 0*69 0-88 1*23 2*69 1*62 2*40 3*10 2*93 1*50 

13*5 9 11*5 13*5 21-5 21 24 15*5 20*5 10-5 19*5 
r-65 1*88 2*69 3-09 3*00 3-85 5*40 3*20 6*14 2-36 4*50 

21-5 24*5 35 34 24 50 54 16 43 16-5 27 
2-85 2*8l 4*54 4*23 6*19 6-23 7-35 8-30 771 5-64 5*92 ! 

'6i 36*5 69 46*5 49*5 81 73*5 41-5 54 39-5 35-5 
6*08 6*04 6*62 6*50 7*06 9-38 12T5 7*20 10*86 693 11*50 

79 78*5 86 71*5 56*5 12-4 121-0 36 76 48-5 69 
8-31 9‘3i 12-23 12*00 13*81 12*58 14-60 13-So 13*57 10*86 11*75 ' 

108 121 159 132 110-5 163-5 146 69 95 76 70*5 ' 
13-96 15*35 i5'46 16-45 19*25 19-19 19-50 21*20 21-36 16*00 25*17 

181*5 197 201 181 154 249*5 195 106 149-5 112 151 
ig'jS 18*62 24*00 .,?3'45 26-75 23-46 26-30 25-60 26-79 26-57 27*00 

254*5 312 258 214 305 263 128 187-5 186 162 
26-St 26-85 28*12 ,^9-91 31*25 29*81 31*75 31*90 30-29 29*07 31*75 

348*5 349 365*5 329 250 387-5 317-5 159-5 212 203-5 190-5 
35*65 36*12 3*5-50 32-77 32-375 35-12 34*00 35-07 33*57 33-08 

463*5 469*5 474*5 360*5 259 456*5 338-5 170 245-5 235 198-5 
42*19 41*27 38-96 38-73 37*125 38-65 37*25 33*00 36-29 41*50 39*42 

548*5 536*5 506*5 426 297 502-5 372-5 165 254 290-5 236-5 
46*35 45'92 42*81 41-64 44-81 39-15 37*10 39*40 39*57 39*21 37*-5 

602-5 597 556*0 458 358*5 o09 371 197 277 274-5 223-5 
47’65 46-96 44*00 44*05 40*00 40*08 39*95 3S-90 33*07 44*21 34-S3 

619*5 610*6 572 484*5 320 521 399-5 194-5 -231-5 309-5 209 
38*46 38-88 35-88 34*27 32*50 -s-o- ■32*70 31*30 30*29 34*30 

500 505*5 466*6 377 260 458 327 156-5 212 240-5 209 
29-38 30-19 28*46 25*50 2723 26-55 33-10 26*07 30*00 26-33 

382 392-5 .370 329 204 354 265-5 165*5 182-5 210 158 
18*27 18*23 t8*oo 18-86 18-625 19*31 17*40 18*10 21*36 21*93 16-50 

237-5 237 234 207-5 149 251 174 90-5 149-5 153-5 99 
14-58 

189-5 
i3‘65 

177-5 
12*31 

160 
12*09 

133 
11*00 
88 

11*62 
151 

1085 
108*5 

11*40 
57 

9-50 
66*5 

9-64 
67*5 

8*92 
53*5 

6-81 7'3i 7-31 8*50 6*50 6-88 4*20 6*70 5-93 6*14 5*17 
88*5 95 95 93-5 52 89*5 42 33-5 41-5 43 31 

3 35 3*12 3-46 4*18 3*25 2*85 1*30 2*00 3*07 2*71 2*42 
43-5 40*5 45 46 26 37 13 10 21-5 19 14-5 

0*54 0-38 0*50 0*59 0-50 0-38 0*25 O'lO 0*79 0*14 0*50 
7 5 6*5 6*5 4 5 2-5 0-5 5*5 1 3 
0*31 0*31 0*23 0*18 0*625 0*19 0*15 0*14 0*33 - 
4 4 3 2 5 2*5 1*5 1 0 

o'oS o*o8 0*08 0*09 
1 

0*04 ... ... 
1 1 1 1 0-5 ... ... 
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at Twenty Stations in the British Isles, and Three Supplementary Stations. 

Old style fgureg, annual frequeticies. Homan fig iires, gross frequencies. 

Twenty Stations in the British Isles. 
Supplementary Si aliens. 

Glasgow. Laudale. 
Dunrobin 

Castle. 
Dundee. 

Scar¬ 

borough. 
Hillington. Geldeston. Margate. 

Dover- 

Dungeness. 
London. Camhridge. J- Station. 

5 11 8 11 5 13 6 

1 

8 13 13 13 Years of Record. 

1826 4018 2922 4018 1826 4748 2192 
i 

2922 

i 

4748 4748 4748 Total Observations. 

... 

0'20 

1 

o 

0 

o 

0 

0'20 

1 

o 

0 

0*20 

1 

0*20 

1 

o*6o 

3 
o'8o 

4 
I'50 
7*5 
3*8o 

19 
5‘6o 

28 
6*40 

32 
11 '70 

58-0 
14-70 

73-5 
22*30 

111-5 
22*90 

114*5 

34’40 
172 

35’8o 
179 

38*00 

190 

37'io 

185*5 
30*60 

153 
31*80 

169 

29*30 
146*5 

16-70 

83*5 
9*90 

49*5 
6-00 

30 
2*50 

12-5 

1 
1 

... 

o’og 

1 
o’og 
1 
0 

0 
0 

0 
0-045 
0-5 
0-23 

2-5 
o-i8 
2 
o'4I 

4-5 

o’n 
8'5 
I'og 

12 
2-95 

32-5 
4-32 

47‘5 

6’55 
72 

7'95 
87-5 
11*41 

125-5 

J7'o5 
187-5 
23- 23 

255-5 

27-64 

304 

31'5° 
346-5 
35'82 

394 

„34'59 
380-5 

36-36 

400 
32-82 

361 
34-18 

376 
24- 23 

266-5 

i6'55 
182 

! 8-55 

1 94 

4'59 
1 50-5 

1-91 

I 21 

1 0-18 

2 

1 

i 

... 
0*125 

1 
0 

0 

0 

0 

0*25 

2 

0*125 

1 

0*19 

1*5 
0*06 

0*5 
0-625 

5 
1*50 

12 

2*25 

18 
3- 625 

29 
7- 06 

56-5 
8- 81 

70-5 

i3'3i 
IO6-5 

i5‘75 
126 

23’375 
187 
27-94 

223-5 

34'375 
275 

34'5o 

276 

37'5f 

300-5 

39'44 
315-5 

33'44 
267-5 

29-19 

233-5 
22-81 

182-5 
16-00 

128 

7‘3i 
58-5 

4- 00 

32 
1-625 

13 

o-iS 

2 

0-18 

2 

0 

0 

0 

0 

0-27 

3 
0-18 

2 

0-6S 

7-5 

1- 36 

15 
2- 64 

29 

3'27 
36 
5-32 

69-5 
7- 64 

84 
10-91 

1-20 

iS‘95 
175-5 

21 ‘OO 

231 
27-05 

297-5 

34’32 
377-5 

36'H 
397-5 

36- 64 

403 

32'77 
360-5 

37- 00 

407 

32'i4 
353-5 

■ 24'55 
270 

-i-j’n 
195-5 

8- 50 

93-5 

5'23 
57*5 

1*95 
21*5 

0*64 

7 
! 
i 

1 !!! 

1 
1 

0*50 

2*5 
0-50 

2*5 
0 

0 

0*50 

2*5 
1*90 

9*5 
2*50 

12*5 

4*50 
22*5 

4*40 

22 

8-50 

42*5 
12*70 

63-5 
20-10 

100-5 
26-40 

132 
35'8o 

179 
32-40 

162 
40*20 

201 

40*50 

202*5 
41*60 

207 
32*40 

162 
25*10 

125*5 
16*40 

82 
9*40 

47 
4-90 

24*5 

3*40 
17 
0*40 
2 

0*40 

1 
1 

0*12 

1*5 
0*04 

0-5 
0*08 

1 

o’o8 

1 

0*15 

2 

0*54 
7 
0*96 

12*5 
1*77 

23 
2*62 

34 
4-96 

64-5 

6-15 
80 
10-58 

137-5 

17‘54 
228 

22-54 

293 
29-81 

387-5 
37-08 

482 
41- 92 

545 

43'85 
570 

42- 69 

555 

3.S'96 
467-5 

26*58 

345*5 
18-77 

244 
10*81 

140-5 
6*12 

79*5 
2*69 

35 
0*62 

8 

0*23 

3 

0*33 
2 

0*26 

1-6 

0*12 

7 
1- 58 

9- 5 

2- 42 

14-5 
4-67 

28 
6-42 

38- 5 
10- 25 

61-5 
14-42 

86-5 
21-67 

130 
31-92 

191-5 
37-00 

222 

40-75 
244-5 

47'42 
284-5 

44‘7S 
268-5 

35-75 

2-20-5 
27-67 

166 
16*25 

97*5 

9'83 
59 

6-58 

39- 5 

2-17 

13 
0*42 

2-5 
0*67 

4 

i 

i 

1 

*** i 

... 1 

0*125 

1 

0 

0 

0 

0 

0*25 

2 

0*375 
3 
0*69 

5*5 

1*50 
12 

1*44 
11*5 

3*06 

24*5 

5'875 
47 

9'44 
17- 6 
12-125 

97 
18- 56 

148-5 
26-81 

214-5 
36-125 

289 
44-56 

356-6 

44'94 
359-5 

49'62S 

397 
40'875 

327 
29-44 

235-5 
18-875 

151 
12*625 

101 

4*31 
34*5 

3*25 
26 

0*125 

1 

0-08 

1 

0 

0 

0 

0 

0-08 

1 

o’i5 
2 

0-35 
4- 5 
1- 885 

24-5 
2- 15 

28 

3'3i 
43 

5'73 
74-5 

io'35 
134-5 

I3'ii5 
170-5 
22-00 

286 
28-92 

376 
38-50 

500-5 

43'85 
570 
49-58 

644-5 
46-50 

604-5 
36*08 

469 
26*08 

339 
17*00 

221 

11*00 

143 
5- 96 

77-5 

1-92 

25 

o'385 

5 
0*27 

3*5 

0*115 

1-5 
0*04 

0*5 
0*115 

1*5 

0*77 
10 

1*42 

18*5 
2*04 

26*5 
0*385 

44 
6*46 

84 

9*23 
120 

14*615 

190 
.20-58 

267-5 
28-85 

375 

35-50 

474-5 
42-23 

549 

46-77 
608 

45*92 

597 

37'6i5 
489 

27-46 

357 
i8-8i 

244-5 
12*19 

158-5 

6-54 

85 
2*8c 

36*5 
0*50 

6-5 
0*19 

2*5 
o*o8 

o'o8 

1 

0 

0 

0 

0 

o*o8 

1 

c'i5 
0 

0*50 

6*5 
0*81 

10*5 

1*77 
23 

1- 85 
24 

4-885 

63’5 
6-23 

81 

9'77 
1-27 
16-385 

213 
2223 

289 

29'85 
388 

36-885 

479-5 

41'35 
537-5 

45-08 

586 

42-31 
550 

37'54 
4!:8 

26-96 

350-5 
18-92 

246 

ii’54 
150 

6- 58 

85-5 
2*69 

35 
0-58 

7- 5 
0*19 

2- 5 
0*04 

0-5 

Height, in inches. 1 

|27-7 

1-27-8 

|-27-9. 

|-28-0 

|28-1 

|-28-2 

]-28-3 

]-•28•4 

|28-5 

I-28-6 

}28-7 

}‘2b-8 

|28-9 

|-29-0 

|29-1 

1-29-2 

|29-3 1 

1-29-4 

|-29-5 

|-29-6 

1-29-7 

|-29-8 

j.29-9 

|30-0 

|30-1 

|30-2 

|30-3 

|30-4 

|30-5 

|30-6 

|30-7 

|30-8 

|30-9 

|3ro 
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deferred to its modal 

given by 

where 

and 2^ — 7^0 

(or maximum) ordinate this frequency distribution is 

y — d" .(ii.) 

7 = ^p-sZ/xg, a = 2g37g3, 

^ \/27r (^5 + 1) c I'jjP 

\/ 27ryU,2 r (+ 1) (ii!-) 

In order that this curve should fit a skew frequency distribution it is theoretically 

necessary that 

6 + 3^2 ~ 2^3 

should be zero, or at least that it should in statistical practice be small. 

The theory of this curve is discussed, ‘ Phil. Trans,,’ A, vol. 186, p. 373. It is 

shown in the same memoir that if 

6 + SySi - 2^3 > 0 

the generalised probability curve 

2/ = 2/o (1 + xla^y'‘^ (1 — .(iv.) 

will be found suitable, whereas if 

6 + 3/82 — 2^3 < 0 

tlie generalised probability curve 

y = yQ 
1 

{1 + {xjaYY^ 
Q—v tan“i(.r/«) 

(v.) 

will, in a greed variety of cases, represent the frequency. Methods for determining 

the constants of these curves are fully described, and these methods have been 

adopted in the present paper. 

Of the curves (ii.), (iv,), and (v.), it may be noted that (ii.) has a range of frequency 

limited in one direction, (iv.) a range limited in both directions, while (v.), like the 

normal distribution (i.), has a range unlimited in both directions. 

When a frequency distribution can be satisfactorily described by a curve of form 

(ii.), then it is generally possible to obtain a skew binomial representing, with a fair 

degree of accuracy, this distribution,! 

In the ‘Phil. Trans.’ memoir above referred to, some Cambridge barometric data 

are dealt with, and it is shown for this case : 

(i.) lhat 6 ■+ 3^82 — 2,83 is > 0, and this barometric frequency therefore fits a curve 

of limited range. 

* The mean ordinate is given by y-^ = (-fhlLiy L . 
\ p / e 

t The rule is not general, just as it is sometimes, but not always, possible to represent a noinial 

distribution by a symmetileal binomial. 
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(ii.) That this expression not being large, a curve like (ii.) above describes with an 

equally small percentage error (p. 383) the frequency distribution. 

(hi.) That a point-binomial could be found to fit the observations also with a close 

degree of accuracy. 

The discussion of the thirteen years of Cambridge observations was not therefore 

conclusive as to the best means of describing barometric frequency, and more than 

one set of constants seemed capable of performing this function with an equal degree 

of accuracy. It was sufficient to indicate that the generalised probability curve in 

one type or another was fully capable of supplementing the obvious and admitted 

inadequacy of the normal curve. 

The first stage of the present investigation was accordingly an inquiry as to the 

best type of generalised probability curve for barometric frequency. 

4. On the Value of the Criterion 6 + 3^^ — 2(5^ for Divers Localities, 

Table II. 

Place. 
Number of 

observations. Ih- ! 

Sfc. Leouards 2192 0-07123 3-04212 
Southampton . 4748 0-12260 3-36529 
Babbacombe 4748 0-13110 b‘y4i5u 
Carmarthen .... 4748 0-12575 3-26479 
Churchstoke 4018 0-12578 3-18891 
Llandudno .... 2922 0-08777 3-11777 
Parsonstown 4748 0-15202 3-23306 

1 jMarkree Castle 3653 0-16380 2-98237 
Armagh. 1826 0-20204 3-31567 
Londonderry 2557 0-13185 3-06986 

1 Stonyhurst .... 2557 0-10401 3-42101 
Scaleby. 2192 0-151-22 3-12878 
Clasgow. 1826 0-18256 321205 
Laudale. 4018 0-21973 3-19784 
Dunrobin Castle . 2922 0-16714 3-16067 
Dundee. 4018 0-17885 3-23219 
Scarborougb 1826 0-13441 3-30247 
Hilliugton .... 4748 0-13942 3-2664-2 
Celdeston .... 2192 0-116.54 3-27888 
Margate. 2922 0-21562 3-50141 

6 + 3/3, - 2/3o. 

+ •12944 
-■36277 
-•28970 
-•15231 
-•00049 
+ •02778 
-•01006 
+ •52664 
-•02522 
+ •25581 
-•53001 
+ •19610 
+ •12359 
+ •26350 
+ •18008 
+ •07217 
-•20172 
-•11458 
-•20815 

. o K K ^ 

This table shows us at once that there is a comparatively small range of values for 

the constants and for very diverse localities. The mean values of the con¬ 

stants, weighted with the number of years over which the observations extend, are 

as follows :— 

-14621, = 3-24179, 6 + 3/3^ - 2^3 = --04495. 

It will thus be seen that the mean value of the criterion is small. Actually, it 
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would mark a frequency distribution corresponding to a curve like (v.), but for 

practical statistical purposes a curve like (ii.), which fits closely when the criterion is 

even as large as 0-38421 (see Plate 10, fig. 6, of ‘ Phil. Trans.’ memoir cited above), 

will suffice to describe the distribution of barometric frequency. The standard devia¬ 

tions of IB.2, and 6 + 3^] — 2/5^ are 0'03673, 0’12022, and 0-2068 ; these give for 

the probable errors of the means of the same three quantities (duly weighted), 0-00568, 

0-01860, and 0-03200 respectively. Thus the probable errors are about 3-9, 0-5, and 

71 per cent, of the observed means. Thus, while it is exceedingly improbable that the 

mean values of and differ much from their observed values, it is very possible 

that the true mean value of the criterion is zero and not — 0-04495.* The compara¬ 

tively large and opposite values of the criterion at Markree Castle and Stonyhurst 

must, of course, be duly regarded, and a longer series of observations at these two 

stations may some day serve to indicate how far their barometric conditions are 

peculiar to local conditions of climate or of observation. 

As a matter of fact, the curves corresponding to equations (iv.) or (v.) above were 

oi’iginally calculated for all the stations, and drawn upon the diagrams as well as those 

corresponding to (ii.), but the mean percentage error in frequency, when tested by a 

planimeter, showed no very sensible improvement. An examination of Plates 9-17, 

giving the graphical representation t of the observed frequency by the theoretical 

distribution (the negative direction of x being towards high barometer) 

2/ = Z/o (1 -P 

amply demonstrates that tliis limit to the skew binomial suffices to satisfactorily 

describe barometric frequency. The closeness of the approximation is one rarely met 

witli in the usual representation of variation by the normal curve of errors. 

To illustrate how closely curve (ii.) corresponds to curve (v.), even with a value 

(— -28970) of the criterion relatively large compared with the majority of those with 

which we are dealing, we give in the following table the frequencies annum for 

Babbacombe as observed, and as calculated from (ii.) and (v.) respectively :_+ 

* The probable error of the criterion for skew variation will be discussed, in a forthcomiuo' memoir 

by one of the present authors, and it will there be seen that this pi’obable error is frequently large. 

t We have to thank Mr. C. Jakeman, Demonstrator in University College, for much aid in the 

preparation of our diagrams. 

X Another instance of the same closeness is exhibited in the ‘ Phil. Trans.’ memoir above cited for a 

curve like (iv.) with (ii.). Cf. Curves I. and II. of fig. 6, Plate 10. The criterion is here still larger, 

e.g., ,38-421. 
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Frequency annum. 

Height 
in inches. 

1 

Frequency per annum. 

\ 

Height 
in inches. 

Observed. 

Calculated 

Observed. 

Calculated 

B'rom (ii.). From (v.). From (ii.). From (v.). 

28-6 0T9 0 07 0-09 1 29-9 41-27 40-99 40-99 
28-7 0-42 0-14 0-17 ; 30-0 45-92 44-35 44-37 
28-8 0-38 0-29 0-32 1 30-1 46-96 43-93 43-64 
28-9 0-46 0-58 0-60 i 30-2 38-88 39-21 38-66 
29-0 0'69 1-09 1-09 1 30-3 30-19 31-21 30-16 
29T 1-88 1-99 1-94 30-4 18-23 21-79 20-75 
29-2 2-81 3-50 3-34 i 30-5 13-65 13-08 12-40 
29-3 6-04 5-86 5-58 30-6 7-31 6-61 6-38 
29-4 9-31 9-31 8-91 30-7 3-12 2-76 2-80 
29-5 15T5 14-21 13-67 30-8 0-38 0-87 1-04 
296 18-62 -20-41 19-82 30-9 0-31 0-21 0-3-2 
29-7 26-85 27-56 27-11 31-0 0-08 0-03 0-09 
29-8 36-12 34-94 34-64 

In view of the above remarks we shall confine our attention to curves of the 

form (ii.). We can now discuss the relations between the constants of this curve 

and the physical quantities associated with barometry. 

5. Constants of a Local Distribution of Barometric Frequency, 

It is convenient to term the height of the barometer, corresponding to the maximum 

frequency, the mode. This mode never coincides with the mean, and we shall represent 

them by and Mg respectively. The divergence of the mode from the mean marks the 

skewness of the frequency distribution, but it is fitting to measure this divergence in 

terms of some standard of variation of the local distribution. It is convenient to 

select as this standard, cr, the standard deviation of the distribution, or Uix,. We 

shall represent the skewness of the frequency by Sk. Another interesting physical 

constant of the distribution is indicated by the theoretical laAv of frequency—this is 

the maximum possihile of barometric height in the locality. It is directly obtained 

by adding to the mode or mean the possible range above either. This maximum 

height we will indicate by while shall indicate the maximum observed height. 

The following relations hold between the constants of the theoretical distribution 

and the above physical quantities 

o-= f \/p + l/y.(i.), 

1^0 hig — 1/y — /3i. 

Bj, — = a' = = 2o-/y^i = {p + l)/y .... (iii.), 

Sk. = (Mo — M,)/o- = i/xg/v//X2^ = \ a//3i.(iv.). 

3 K VOL. CXC.-A. 
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Table III. contains the values of the mean and the moments calculated directly 

from the observed frequencies. In determining the moments, the observation 

polygons were regarded as trapezia (‘Phil. Trans.,’ A, vol. 153, p. 350). Table IV. 

then gives the constants of the theoretical distribution and the physical constants of 

the frequency deduced from them. The constants ijo, p, y and the mean M, suffice to 

determine the form of the frequency distribution. But any other three constants 

would serve equally wmll. Thus, we might take the three physical constants, yg the 

frequency of the modal height, cr the variation, and Sk. the skewness of the distri¬ 

bution. Or. we might use frequency ot the mean instead of the frequency of 

the mode. In a memoir, which one of us hopes to shortly publish,"' the probable errors 

are worked out for the constants of any frequency curve, and it is shown that these 

errors are not, as in the case of a normal frequency distribution, uncorrelated. An 

error, for example, in y, marks a correlated error in and in the mean, while in the 

case of the normal frequency curve there is no correlation between its position (mean) 

and shape (standard deviation). It becomes accordingly of considerable importance 

to determine which are the quantities in barometric frequency which have the least 

percentage probable errors, and then to adopt these as our standard constants of 

barometric frequency. 

Table III. (The unit of is iV-) 

j 
Station. M,. 

1 

! ^St. Leonards .... 29''9834 
Southampton .... 29-9814 . 

1 iH Babbacombe .... 29-9787 
t ri Carmarthen. 29-9518 

o Chnrchstoke .... 29-9545 
' ^ Llandudno . 29-9229 o 
' s Parsonstown .... 29-9271 
1 cc Markree Castle.... 29-8861 
: ^ Armagh. 29-9134 
! 
' ^ < O h 

Londonderry .... 29-8905 
Stonyhurst. 29-9406 
Scaleby. 29-8862 o 

• 1—1 
-+5 Glasgow . . . 29-8859 

1 Lan dale. 29-8570 
Dunrobin Castle . 29-8457 

! S Dundee. 29-8695 i O O Scarborough .... 29-9028 
i ® i OD 
I 

Hillington. 29-94-29 
Geldeston. 29-9476 

1 

1 
1 

^Margate. 29-9745 

! ■ r 
Dover-Dnngeness . 29-9558 
London . 29-9660 

C_J “ 
Ca mbridge. 29-9524 

/‘2- /'s- /'4- 

10-1350 8-6111 312-4840 
10-8126 12-4493 393-4473 
10-901-2 13-0321 397-0938 
12-0724 14-8749 475-8197 
12-664-2 15-9835 511-4453 
13-0338 13-6743 529-1235 
13-1640 18-6-224 560-2627 
15-4049 24-4703 707-7482 
13-7001 22-7935 622-332-2 
14-7902 20-6538 666-3570 
12-2702 13-8613 515-0601 
14-0539 20-4879 617-9683 
14-3712 •23-2779 663-3914 
150354 27-3287 72-2-9168 
14-3639 2-2-2559 652-1105 
14-7373 23-9262 701-9974 
12-9644 17-1137 555-0735 
11-7452 15-0299 450-6021 
11-1784 12-7585 409-7187 
10-3937 15-5596 378-2518 

10-3496 10-7772 
10-8159 11-1621 — 

11-4491 13-3671 — 

* See Peakson and Filon, “On the Probable Errors of Frequency Constants.” (Abstract) ‘Roy 

.Soc. Proc.,’ vol. 62, p. 173. 
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The following are some of the formulae given in the memoir above referred to ; 

Probable error of mean 

Probable error of y . 

. = ‘67449cr. \/n, 

•674497 /PTS 

• “ V ^ S 

Probable error of p . . = ‘&7449pj\/n'6, 

Probable error of ?/q thej 
modal frequency ) 

Probable error of y-^ the] 
mean frequency J 

•6i'449?,/o / 
^■Z,i At + S’ 

■674497, ^ 

\/'4n 1 + 

Probable error of o- . . = 6<4^g- / 
k/Z)i V 1 

Probable error of skew¬ 
ness 

^ (y + l)-bS’ 

•67449 ^ 1 

2v/?i y 4-4 vt(_p + 1)S’ 

p + 1 

Correlation of errors in and y 1 

T^’ 

Correlation of errors in p and mean = 0, 

Correlation of errors in y and mean = %/.3 1 s/(i-hS). 

Here S is the series 

and T 
P 

B. ^ P. 
IT 

Bi 
2p 42j'’ 

the B’s being the Bernoulli numbers. 

Now a consideration of these formulae gives the following results—which will be 
found to be fully verified by the Table Y, of calculated values— 

(rt.) The errors in the mean, standard deviation and skewness are very small The 
errors in both mean and modal frequencies are small, but the error in the modal 
frequency is considerably smaller than that in the mean frequency. This follows 
from the fact that the frequency curve is horizontal at the mode, but slopes at the 
mean, and accordingly any bodily shift of the curve produces far more efiect on the 
mean than on the modal frequency. 

(6.) The errors in_2t and y are large in some cases very large. The question then 
arises how is it possible to determine the frequency ciu’ve correctly. The answer lies 
in the fact that p and y are so highly correlated, that given a large error in p, there 
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is little variation possible in y; it also has a large correlated error, and these errors 

tend very closely to balance each other, to retain the same shape for the 
frequency curve,^ 

Indeed it can be shown, both theoretically and empirically, that very considerable 

changes may be made in the constant ^9, and the frequency curve will not sensibly 

change its shape provided the correlated error be made in y. 

But these results show us at once that while the frequency curves as determined 

from p and y may fit as indeed they do—the observations very accurately, still p 

and y are not good constants on which to base (when treated separately) any 

discussion of the relative distribution of barouietric frequency with geographical 

position. The best constants are, as we might hope they would be, the physical con¬ 

stants, namely the mean or modal height, the mean or modal frequency, the standard 

deviation or variability, and the skewness. It is accordingly to these constants, as 

the fundamental constants, that we have specially directed our attention. All the 

other quantities involved can be expressed in terms of them. If q be written for the 

skewness Sk. y:q have : 

- 1, M,-M,= aq, 

7 = K H,, - M, = cTjq. 

In Table V. the whole system of probable errors and of correlation between errors 

IS given for the 23 stations, and an inspection of them will show at a glance the 

degree of accuracy which may be expected from any number of years of barometric 

observation. Curves will be found drawn on Plate 9, giving the probable percentage 

errors of the modal frequency, and the standard-deviation together with the probable 

errors of the mean and the skewness for any number of years up to 20, for a station 

having the mean values of cr and p. They will, we believe, be found of service by 

the practical meteorologist for estimating how closely any series of observations w ill 

suffice to determine the theoretical frequency of the station. It is true that these 

eriois aie not merely functions of the number of years of observation ; they depend 

also upon the local values of p and cr, as an inspection of Table V. will illustrate. 

Gompaie, foi example, Southampton with Babbacombe, or Armagh with Glasgow. 

The deviations of the probable errors from the graphical values owing to the 

variation in p and cr may, however, be looked upon as a second order deviation, and 

a reasonable, if rough, appreciation of the magnitude of the errors made may be 
obtained from Plate 9. 

It will be seen from the Table V. as well as from Plate 9, that the value of the 

physical frequency constants are, for the years under consideration, given by the 

calculated values with a very close degree of accuracy. 

* It should be noticed that the term involving^ in the frequency, i.e., ^1 + ^ becomes more and 

more independent of as p increases, ^ 
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6. On the Standard Barometric Frequency Curve for the British Isles. 

In order to reach a fair appreciation of the manner in which the distributions of 

frequency differ at any two local stations, it is desirable to have a standard frequency 

curve with which either of them may be compared. This curve was obtained in the 

following manner. The mean values of a, p and y were found ; they are recorded 

with them standard deviations, probable errors and coefficients of variation below the 

“selected stations” in Table IV. Naturally these values did not satisfy the relation 

(p -r 1) = ya', which is necessary if the curve is to be of the required type. 

Accordingly small alterations hq), Sy, 8a' were made in their values, proportional in 

each case to the corresponding probable error ofqo, y, a, so that the relation 

+ Sp + 1) = (y + Sy) {a + Sa') 

was satisfied. The alterations in no case amount to 1 per cent, of the corresponding 

value, being 0’i79 of the probable errors of those values. The curve thus determined 

lias for its equation, the unit of y being a day, and of x one-tenth inch ;—■ 

y = 40-682 ( 1 ^-15-2364..^ 

the origin being at the mean height 29''-9221. This curve we shall in future speak 

of as the Standard Frequency Curve for the British Isles. It may be at first looked 

upon as an arbitrary curve, artificially obtained with a view to having some standard of 

comparison, but when it has once been plotted on the diagrams of the barometric 

frequency, we can give the standard curve a physical meaning. On examining 

Plate 15, fig. xvii. ; Plate 11, fig. vi. and Plate 12, fig. vii., it will be at once seen that the 

Standard Frequency Curve exjiresses the barometric frequency of places on a line 

running somewhat south of Scarborough, a trifle south of Llandudno, and slightly 

north of Parsonstown. Approximately we may state that the climate of Llandudno 

very nearly represents the standard of barometric frequency for the British Isles. 

Probably there would be hardly any sensible deviation at all between the standard 

frequency curve and the distribution of barometric frequency for places like Hull 

and Chester. 

A comparison of the mean frecjuency contour as sketched in on the map, page 424, 

with Plate 13 of the ‘Meteorological Atlas of the British Isles,’issued in 1883 by 

the Meteorological Office, shows that this contour is not very divergent from the 

isobar for 29''-90 ; it lies sensibly above the isobar given in that plate for 29''’92. 

The important suggestion now made is that a series of contour lines, generalised 

isobars, could be constructed, along which not only the mean barometric height would 

be the same, but practically all the constants which determine the distribution of 

barometric frequency. Our data are very far from sufficient to enable us to draw 

such a series satisfactorily, but an examination of Plate 10 will show that another such 
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generalised isobar passes very close to St. Leonards, Southampton and Babbacombe, 

where in each case the fitted distribution diverges almost to the same extent from 

the standard , Plate 13, figs. x. and xii., and Plate 14, fig. xm. shows Londonderry and 

some place between Glasgow and Scaleby marking a third, while Laudale, and a 

place about midway between Dunrobin and Dundee give a fourth ; lastly, Geldeston 

and Caimaithen mark a fairly satisfactory fifth generalised isobar. These isobars are 

longhly sketched in on the map (page 424) to indicate the general grouping of stations 

with approximately identical frequency distributions. The accurate determination of 

these isobars is a pioblem for the future j it will require a knowledge of the frequency 

at a much larger number of stations and a delicate process of interpolation. 

Turning now to the diagrams on Plates 10—17, the reader will find the standard 

fiequency curve marked in strokes and dots, and the local frequency curve given by a 

broken line. Comparing these two curves, and neglecting, for the time, the irregular 

observation-polygon on which the latter is based, a continuous and regular change in 

the divergence of these two will be observed as the diagrams are taken in succession 

lound, say, the coast line of England and Scotland. There are slight local deviations 

from unifoimity, but on the whole there can be no doubt that the distribution of 

barometric frequency is a perfectly uniform and continuous phenomenon over the 

district treated. A fairly accurate distribution for any station not included among 

the twenty dealt with could be obtained by graphical interpolation from the 

generalised isobars we have roughly sketched. 

7. Oil tUQ jS'IocIgI Height of the hDcivoiyietev, 

Attention lias already been drawn by Fechner, Mazelle, H. Meyer in a series 

of papers to the importance of modal heights, which they term Scheitelwerthe* 

It seems, however, impossible to accurately determine the modal heights, even if 

the observations be grouped in very small ranges, until a theory of skew frequency 

foi the baiometer has been adopted. A glance at the diagrams for Churchstoke, 

Carmarthen, Dunrobin, &c., will sufficiently illustrate how delusive is the peak of 

the observation polygon. The true position of the mode depends, like that of the 

mean, on the ivhole series of observations, and not on the observationcol maximum 

only, which must always be largely the result of the grouping selected, and the 

elementary range taken as basis of the grouping. In Table IV., under the heading 

Mq, observed value, will be found nearly all our observation polygon by itself could 

tell us of the modal height. We should be able to determine the nearest tenth to 

* See Fechner: “ Ueber den Ausgangswertb der kleinsten Abweicliungssnmme,” Ac. ‘Abband- 

lungen der matb.-phys. Classe dei- k. Sacbsiscben Geaells. der Wissenschaften,’toI. II, No. I, 1874; 

Mazelle: ‘Wiener Denkscbriften,’ vol. 60, p. 433, 1893, vol. 62, p. 67, 1895; dealing’with a’ir tem¬ 

peratures; H. Meyer: ‘ Anleitung zur Bearbeitung ineteorologischer Beobachtungen,’ Berlin, 1891, 

pp. 12-27; but compare Jul. Hann : ‘ Die Klimatologie,’ 2te Ausgabe, Einleitnng. 
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the mode and to say on which side of this tenth the mode lies. Thus in Table IV., 

for example, Glasgow 29"'9 30^^, means that the Glasgow modal height has 29 9 

for its nearest tenth, but lies on the 30^' side of this, 

A closer approximation to the position of the mode may be obtained by dealing 

with the three chief frequencies and finding the vertex (i.) of a parabola with vertical 

axis passing through their tops, or (ii.) of a normal curve of errors with vertical axis 

passing through the same three points, the latter, according to our experience, giving 

the better approximation to the true mode. 

Let c be the unit of grouping, let 3/3 be the maximum frequency, and and the 

frequencies on either side of it. Let z be the distance of the mode from y^ towards 

3/3, then we have 

(i.) For the parabola : 

2 = c where A„ = y,- — ijs. 
^ \^21 ^32/ 

(ii.) For the normal curve ; 

2 
^21 + ^32 

2^21-^32)’ 

where = log y, — log y,. 

A third method, which is generally far more accurate, as it depends on ;di the 

observations, has been given in the memoir on skew variation in the Phil, lians. 

already cited (see pp. 375—6). This depends upon the principle that the distance of 

the mode from the mean is, with a close degree of approximation, thrice the distance 

of the median* from mean. It may be as well to illustrate these methods on an 

actual example. 

Modal Fleight of the Barometer at Southam'pton. 

(i.) By inspection of observation polygon.30'''i30"‘0 

(ii.) By using a parabola through three ordinates . . . 30''*0G25 

(hi.) By using a normal curve through three ordinates . 30 ‘0615 

(iv.) By the principle of the modal third, as above . . 30 '0372 

(v.) By actual determination of the frequency curve. . 30"'0390 

By adding up the frequencies for Southampton in Table I., and then interpolating, 

it will be found that the median height of the barometer there is almost exactly 30 . 

But by Table III., the mean height is 29"'98l4, the third of the distance accordingly 

between mean and mode or the modal third = 0’0186, whence we obtain 30 0372 ror 

the mode. It is clear that this method gives a close approximation to the true result, 

and is one which can be used by any ordinary observer, dhe value obtained will be, 

* The median height oe the barometer ia the height given by that observation out of + 1 observa¬ 

tions, which has the heights of n observations less and the heights of n observations greater than its 

own height, i.e., it is the middle height of the series of ob.;ervations arranged in order of magnitude. 

3 L VOL. CXC.—A. 
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as a rule, remarkably closer to the true mode than any application of methods such 

as (ii.) or (iii.). 

If we invert the process and calculate from Table IV. the median values at our 

three southern stations, we find ;— 

Mediau, St. Leonards. 29"-9976 

„ Southampton. .. 30''-0006 

„ Babbacombe. 29"-9986 

Thus we see that the median height of the barometer along the south coast of 

England approaches extremely closely to the 30", so commonly adopted by physicists 

as a measure of the “ standard atmosphere.” 

There is another convenient method of looking at this standard atmosphere of 30”. 

If we turn to the modal heights in Table IV., we notice that the mean modal 

height for all our stations is 29”-9902, with the very small probable error of 0'0051. 

Hence the mean modal height for the British Isles differs by less than twice its 

probable error from the customary standard atmosphere. On the other hand, the 

mean mean height differs by more than 12 times its probable error from the 

standard atmosphere. We may accordingly look upon the standard atmosphere of 

30 , either as corresponding very closely to the mean modal height of the barometer 

for the British Isles, or as representing the median height of the barometer along the 

English southern coast. 

Another interesting feature of tlie modal height is that it is less variable than the 

mean as we pass fi’om station to station, and the probable error in the determination 

of the mean of the modes is accordingly less than that of the mean of the means. 

Whereas up and down the British Isles we find a coefficient of variation of 0'14 per 

cent, for the mean barometric height, the corresponding quantity is only O'll per¬ 

cent. for the modes. On this account, and because the mode—as the most 

frequent barometric height—has a more direct physical interpretation than the 

mean, it seems to us that a record of local modes would be of greater significance 

than a record of local means. 

Owing to the property we have already noticed, fie., that the distribution of barometric 

frequency is constant along contour lines, differing, at any rate, not very widely from 

the isobars in the narrower sense of the word, it follows that mean and mode oscillate, 

although not without deviations, in general accordance. Thus, both mean and mode are 

least at Laudale and Hunrobin Castle, the most northerly stations we have dealt 

with ; both means and modes are greatest at the four southernmost stations, Margate, 

St. Leonards, Southampton, and Babbacombe, although it is characteristic of some 

peculiarity of observation or climatological individuality, that while out of the four 

the means are greatest at St. Leonards and Southampton, the modes are greatest at 

Southampton and Margate. In particular we look upon the modal value at Mai’gate 

(30”-0493) as standing geographically between Geldeston (30”-0047) and St. Leonards 
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(3"-0259) as not beyond suspicion, and accordingly open to revision when a wider 

range of data is available. The great value of the “ skewness ” in the Margate dis¬ 

tribution is also unsatisfactory. 

8. On the Variability of the Barometric Height. 

The only method hitherto used by meteorologists to express briefly the variability 

of the atmospheric pressure is, so far as we are aware, the statement of the maximum 

and minimum heights reached during any given period. The fallacy of this method 

has been illustrated by one of us elsewhere.It gives no real impression whatever 

of the manner in which the hulh of the variation is distributed, yet, for most 

climatological purposes, this is precisely what we require. Judged by such a test as 

this (namely, the range from maximum to minimum height observed) Hillington has 

a more variable climate than Scarborough, and Southampton than Babbacombe, but, 

as a matter of fact, Hillington is considerably less variable than Scarborough, and 

Southampton is slightly less variable than Babbacombe. 

Another striking illustration of the defects of this method of tneasuring the 

variability has been mentioned to us by Mr. R. H. Scott, namely, that in 23 years 

of barometric observations at Valencia, the maximum was only reached in the last 

year. 

Whatever be the form of the frequency distribution, the problem of determining 

how the bulk of the variability is distributed about either mean or mode, is exactly 

similar in character to the problem of determining how the inertia of a plate is dis¬ 

tributed about any axis in its plane. One satisfactory and useful measure in both 

cases is the swing-radius, or radius of gyradion. This is the quantity which, for 

distribution about the mean, appears under the heading a the standard deviation in 

our Table IV. 

Judged by this test the following is the order of variability in barometric pressure 

at our 20 stations :— 

(1) . St. Leonards [l]. (11). Scarborough [13] 

(2) . Margate [4]. (l2). Parsonstown [11] 

(3) . Southampton [2]. (l^)- Armagh [12] 

(4) . Babbacombe [3]. (14). Scaleby [15] 

(5) . Geldeston [7]. (15). Dunrobin Castle [20] 

(6) . Hillington [8]. (16). Glasgow [16_ 

(7) . Carmarthen [6]. (17). Dundee [18] 

(8) . Stony hurst [9]. (1^)- Londonderry [14] 

(9) . Churchstoke [5]. (l^)- Laudale [19] 

(10). Llandudno [10]. (20). Markree Castle [17] 

* In an essay on ‘‘Variation in Man and Woman; ” see ‘ Tbe Chances of Death, and other Studies 

in Evolution,’ vol. 1, p. 275. 
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In square brackets we have inserted the order of mean barometric pressures. It 

will be seen at once that the 10 stations of least variability are the 10 stations of 

highest pressure. Thus, there is a correlation between high pressure and small 

variability.'" Some changes in the two orders may well be due to the doubt v'hich 

attaches to the reduction to sea level, but taken as a whole the list illustrates the 

local character of the climate at the various stations, so far as it depends upon the 

height and variability in height of the barometer. This method of appreciating 

variability seems to us more satisfactory than a mere measurement of maximum to 

minimum ranges, which, with our data, while leaving St. Leonards first for steadiness 

of climate, would place Geldeston quite close to it, and make both that town and 

Scarborough superior to Southampton ! 

Instead of taking the variability about the mean, we might equally well have taken 

it about the mode, the only difference being that we should now have to calculate 

\/p + 2/y instead of \/p -f- 1 /y; see p. 433, Equations (i.) and (ii.). The compara¬ 

tively large values of p, however, do not allow of any widely divergent differences 

in the results. The more interesting problem of the variabilities in excess and defect, 

which, owing to the skewmess of barometric frequency curves, are not the same, will 

be dealt with in the next section. 

9. On the SJeewness of Barometric Frequency. 

The comparative closeness of the mean to the mode enables us to easily find a 

formula for the probability that the barometric height in any locality shall be in 

excess or defect of the modal height. Using the property of the modal third w^e 

have to integrate o 

2/ = yo (1 + jb' = y^e 

from 0 to 

Hence the area as far as terms of the order Xjqf 

i Va 
3 7 

11 . -i.± . 
27 p ^ 135 + y 

Thus the total area on the mean side of the mode 

= 0-5N + I 
3 7 

= N 0'5+-' 

2 1 4 1\ 

27 p + 135 / j’ 

/i _ 1 L I 1_1^ 
27 p 135 pr } 3 evr {p + 1) 

[* It has been shown for this skew cmwe (Pearson and Filon, ‘ Roj. Soc. Proc.,’ vol. 62, p. 175) that 

the mean is negatively correlated with the standard deviation. Thns we have a theoretical indicaiion 

that high jDressui’c is correlated with small variability. The actual correlation for the mean value 

of yi is ‘25, approximately, this being for a random variation from the standard curve.] 
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2 / 1 V /. . 1 . 1 
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= 0-5 + 

N.|0'5 + |- ^ 

3 '\2-n-2iJ ■*“ 12^) "*■ 288yV 

' T+ '' 

, A 1 I ^ Jl 
~~ 27 p 135 / 

4- 

2309 1 

108 (^ + 1) ' 12960 1)^ 3 \/ 27r p -{■ 1 

= N{0-5 + *26596 841 + *3426 S/+ 0*1782 S/)}, 

where S^. is the skewness recorded in Table IV. 

Since the skewness is in our case small, it is sufficiently close for barometry to 

take the chance of a reading of the barometer being less than the mode, as : 

0*5 + 0*266 S/., 

and greater than the mode, as 

0*5 — 0*266 S^. 

The corresponding probabilities for the barometric height less and greater tlian tne 

mean will be found to be : 

0*5 — 0*133 and 0*5 + 0*133 respectively. 

The following is the table of stations arranged according to their respective 

chances of the barometer exceeding its modal and mean heights : 

Table VT. 

Station. 
! 

1 

Skewness. 

Chance of Height being in excess of 

Mode. Mean. 

! St. Leonards. 0T334 0-465 0-518 

Llandudno. 0T481 0-463 0-519 

Stonyhui’st. 0T612 0-457 0521 

Geldeston. 0T707 0-455 0*523 

Southampton. 0T751 0-453 0-523 

Carmarthen. 0T773 0-453 0524 

Churchstoke. 01773 0-4.53 0-524 

Babbacombe. 0T810 0-452 0-524 

Londonderry. 0T816 0-452 0-524 

Scarborough. 0T833 0-451 0't)2'i 

Hillington. 0T867 0-450 0 525 

Scaleby. 0T944 0-448 0-526 

Parsonstown. 01949 0-448 0-526 

IVIarkree Castle. 0-2024 0-446 0-527 

1 Dunrobin Castle. 0-2044 0-446 0-527 

Dundee. 0-2115 0-444 0-528 

Glasgow. i 0-2130 0-443 0.528 

Armagh. 0-2247 0-440 0-530 

Margate. 0-2322 0-438 0-531 

Laudale. 0-2344 0-438 0-531 
1 
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This list would present in general the same features, as we have already noted_ 

of a continuous change, distributed in contour lines running a little north-east to 

south-west of the parallels of latitude—were it not for the anomalous positions 

of Llandudno, Stony hurst, and Margate. These stations appear to us, especially 

the last, to have anomalies in the values of their constants, which can hardly be 

entirely due to local peculiarities in climate. 

It will be observed that the mode is here again more suitable than the mean as a 

method of recording high barometer. It might, if the point were only supei’fieially 

considered, be deemed a climatological advantage to have the frequency of the 

barometer above its mean value as great as possible. But this is not really so, for 

the simple I'eason that climates which have an extreme range of low barometer have 

a low mean, and, other things being equal, places with low mean have most frequency 

above the mean. On the other hand, places with high means, as a rule, give the 

greatest frequency above the mode. Of course, this relationship is not invariable; 

it follows from the mode being more steady than the mean. Thus, there is a greater 

chance of the barometer standing above the mode in St. Leonards than Laudale, but 

a less chance of its standing above the mean. 

The inequality of the frequencies above and below the mode is not the only point 

of interest connected with the skewness of the barometric frequency-curves. We 

have already noticed that the standard deviation about the mean is a good measure 

of the local variability of the barometer, and may well be used to replace the 

maximum to minimum range.''' But a further question arises owing to the skewness, 

namely, what is the variability above, and what is the variability below, the modal 

height ? These two will not be equal, and an appreciation of their value is of 

considerable importance. 

Some idea of the range above the mode may be obtained by considering’ the 

columns marked H^, H, and - M, in Table IV., which give the theoretical 

maximum height, the observed maximum height and the total theoretical range 

above the mode. Hie disadvantage ol using has already been referred to; it 

may make the range above the mode depend on a single observation in the last year 

ot the whole series. is calculated from the whole sweep of observations, and 

hence, although it may never be reached in actuality, it is a flir better measure 
of range. 

The order of the stations is given in the following diao-ram • 
^ O O * 

An arbitrary raultiple of the standard deviation, <t, may be conveniently taken as the range, if 

required. Thus 6a- practically covers the whole range of barometric-frequency at any station. 
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Range above the mode according to 

“ Mo Ho Ha 

Llandudno St. Leonards Babbacombe 

St. Leonards"^^^^^^^-^^^ Llandudno ^■^.^St. Leonards 

Stonyhurst Stonyhurst \ / Southam.pton 

Londonderry Londonderry \ \ / / Churchstoke 

Churchstoke Churchstoke ^ // Carmarthen 

Geldeston Carmarthen X Parsonstown 

Scarborough ji>^^^---^GeIdeston \ / \ / Hillington 

Carmarthen Scarborough \ / //Llandudno 

Mark^ee Castle Southampton^ / \l/ ^\Geldeston 

Scaleby Castle J\ /I \\ Scaleby 

Southampton Scaleby —i/ ! \ ^"^/^Markree Castle 

Hillington Babbacombe// / \ \\Londonderry 

Parsonstown Hillington/ / \ \Stonyhurst 

Dunrobin Parsonstown/ \ Scarborough 

Babbacombe Dunrobin Dundee 

Dundee Dundee Laudale 

Glasgow Glasgow \ Margate 

Armagh Armagh Armagh 

Laudale Laudale 

Margate Margate X^^Glasgow 
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A.n ©xaixiiUcition of these lists seems to show that, even allowing for some dis- 

tnrbances in the Stony hurst, Llandudno, and Margate returns, there is no 

geographical fact closely represented by range above the mode thus measured. 

There are but few and small changes introduced into the order of stations, whether 

we consider or only. But differs so widely from that we must 

consider one or other of them as of little value in the determination of the nature 

of the frequency above the mode. In general the range above the mode dealt with 

in this manner appears to be more closely correlated with local conditions than with 

geographical position. 

It would undoubtedly be most satisfactory in order to appreciate the skewness 

of the range of frequency to calculate the values of the standard deviation Lora the 

mode for the two portions of the frequency curve, which fall respectively above and 

below the mean. The extremely slow convergence, however, of the series which 

express incomplete F-functions, renders this calculation extremely tedious, and such 

mechanical methods as Amsler’s Integrator do not, in our experience, give very 

good results,"*^ v/hen the curves for which the second moment is to be found have, as is 

the case with nearly all frequency-curves, considerable “ tails.” 

Fortunately, Mr. De Forrest, in a paper published in the * Analyst’ (vol. 10, p. 69; 

Iowa, 1883), has found for a series of values of p the probable deviations in excess 

and defect of the mode, i.e., the values of x on either side of the mode for which the 

corresponding verticals, y, cut off the half areas. Unfortunately, although he has 

interpolated for a considerable number of values of p, his values of the probable 

errors are only calculated for the small series p = 4, 5, 7, 10, 20, 50, and 200, doubt¬ 

less on account of the great amount of arithmetic involved. Accordingly his table is 

only as strong as these seven values, which are as follows :— 

De Forrest’s Table of Probable Deviations. 

tq = probable deviation in excess of mode, i.e., along negative x. 

^3 = ,, defect ,, ,, positive ,, 

p- — yej. yen. 

4 0-822 1-613 
6 0-955 1-788 
7 1-289 2-085 1 

10 1-654 2-450 
20 2-561 3-359 1 
50. 4-334 5-133 ; 

200 9-121 9-920 

The completion of the Table would undoubtedly be a useful, if laborious, piece of 

work. 

We have calculated the values of e^ and for the twenty stations by interpolation 

[* All Amsler’s Integrator, especially constructed for me, to determine /ioj /.u is fairly satis¬ 

factory for “oval ” sections; it gives a passable value of /ij, but is not accurate enongb to give working 

values of and /'.j for “tailed ’’ areas.—K.P.] 
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from this Table. The results will, of course, only be correct to a corresponding 

degree of accuracy. The positive sign is given to 

Table YII.—Skewness in Variability and Range. Unit, one inch. 

Station. G- G- +
 

to
 <7. 

St. Leonards. 0-191 0-225 0-416 0-318 

Southampton. 0-187 0-233 0-4-20 0-3-29 

Bahbacombe. 0-187 0-234 0-421 0-330 

Carmarthen. 0-197 0-246 0-443 0-347 

Churchstoke. 0-202 0-252 0-454 0-356 

Llandudno. 0-213 0-256 0-469 0-359 

Parsonstown.’ . 0203 0-260 0-463 0-363 

Markree Castle. 0-219 0-283 0-502 0-392 

Armagh. 0-204 0-270 0-474 0-370 

Londondei’rj. 0-217 0-273 0-490 0-384 

Stonyhurst. 0-207 0-248 0-455 0-350 

Scaleby. 0-210 0-268 0-478 0-373 

Glasgow. 0-214 0-279 0-493 0-379 

Laudale. 0-210 0-282 0-492 0-388 

Dunrobin Castle. 0-212 0-274 0-486 0-379 

Dundee. 0-214 0-279 0-493 0-384 

Scarborough. 0-203 0-256 0-459 0-360 

Hilling ton. 0-193 0-244 0-437 0-343 

Geldeston. 0-191 0-237 0-428 0-334 

Margate. 0-175 0-235 0-410 0-332 

British Isles. 0-200 0-253 0-453 0-356 

It will be found that the following empirical formulae give the values of and Cj 

with an accuracy quite as great as that of their determination by interpolation from 

De Forrest’s table :— 
= o-(0-6520 - 0-4728 S^), 

= o- (0-6488 + 0-3343 S^). 

These formulae must, of course, only be ajDplied with caution beyond the British 

Isles, and still less to other problems in skew frequency, when the skewness does 

not fall within the range of barometric skewness considered in this paper. Within 

this range, however, they give remarkably good results. 

The above formulae, or the table, show at once that and are quantities which 

follow the system of generalised isobars, and thus -f Cg and e^, are good measures 

of the range and its skewness. It is, accordingly, these quantities which ought to 

be calculated for the purpose of obtaining an appreciation of the range above and 

below the mode at any station. 

For example ;—At St. Leonards half the frequency of the barometer falls into a 

range of ’416", namely, from 29"'801- to 30"’2I7, he., the mode being 30"-026, from 

30"-026 — to 30''-026 + Further, the relative scattering of the frequency 

above and below the mode is given by the ratio of e-^ : Co or 0*191 : 0-225. At 

Markree Castle, on the other hand, it requires more than half-an-inch to cover half 

the frequency, i.e., from 29"-6825 to 20^^*1845, and the ratio of 0*219 : 0*283 gives 

the relative ranges of half the frequencies above and below the mode. 

The comparatively small amount of labour necessary to determine Sk and cr,— 

VOL. cxc.—a. 3 M 
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ill fact, Sk may, by the rule of the modal third be determined from the median and the 

mean—and, thence, and e.^ by the above formulae, make this a very convenient, 

as well as scientifically accurate, method of appreciating the range and the skewness 

of the variability at any station. 

Our discussion has now led us to the following general conclusions :— 

(1.) The mode, the standard deviation, and the skewness fully define barometric 

frequency. These three constants depend, in the first place, on geographical position, 

and appear to be constant along certain lines—the generalised isobars. 

(2.) A knowledge of these three constants enables us, by means of very simple 

formulie, to describe the chief physical features of the barometric frequency at any 

station. 

(3.) By aid of the tw^enty stations dealt with in this paper, a fair appreciation 

can be obtained of the barometric frequency at any place whatever in the British 

Isles b}'' means of interpolation. 

For example :—A line from Hillington on the Wash to a point midway between 

St. Leonards and Southampton strikes the south coast between Littlehampton and 

Worthing, cuts the generalised isobars so that they make approximately equal angles 

with it, and passes very nearly at one-third and two-thirds distances through 

Cambridge and London. Thus, if the St. Leonards constants were based on a longer 

period and so somewhat more satisfactory,* we might fairly accurately predict the 

constants of the Cambridge and London frequencies from those of Hillington, 

Southampton, and St. Leonards. We find, as a matter of fact, by interpolation : 

Mean height. Standard deviation. SkeAvness. 

London . 29-369 

// 

0-.330 0-165 
Cambridge .... 29-956 0-336 0-176 

Actual calculiition for thirteen years at these stations corresponding to the years 

used for Soutliampton and Hillington gives :— 

Mean height. Standard deviation. Skewness. 

London . 

// 

29-966 

/I 

0-329 0-157 
Cambridge.... 29-952 0-33S 0-172 

* An attemj^t Avas made to replace the St. Leonards returns by the same thu’teen years as have been 

dealt Avith for the other stations recorded at a suitable “telegra])h station.” Unfortunately, during these 

thirteen years the most suitable station, namely, that at Dover, Avas changed to Dungeness—a station 

some considerable distance off and subject to probably someAvhat different conditions. A short missing 

period between the tAVO sets of observations was most kindly supplied by Mr. R. H. Scott, by 

intei’pola.tion from the Meterological Office Records. The result of the calculations showed a con¬ 

siderable increase of variation, probably due to the combination of two stations, and it was A’ery doubtful 

Avhether the result was of greater Aveight than the six years returns from St. Leonards. 
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These values are not widely divergent from the previous interpolated values, and 

would for many climatological purposes suffice to describe the barometric frequency; 

indeed, graphically it is hardly possible to show the difference between the 

frequencies curves corresponding to these two sets of constants on the scale of our 

diagrams. The cliief difference is in the skewness of the London distribution, but as 

we have seen in the case of Llandudno, Stonyhurst and Margate, it is the skewness 

which is most influenced by local conditions. The constants and the observed and 

theoretical frequencies for the three telegraph stations London, Cambridge and 

Dover-Dungeness, are given in the form of supplements to our tables. They are of 

very considerable interest, but they have not been Included in the general returns 

based on the selected distribution of twenty stations of the second order, as they 

would weight too much the eastern side of the British Isles unless an additional 

series of western stations had also been included.* 

11.—On the Correlation of the Heights of the Barometer at 

Different Stations. 

10. So far as we are aware, no tabulations have hitherto been made of the 

barometric heights at pairs of stations, and yet the degree of correlation between 

stations in different situations is one of extreme interest and importance. We have 

shown that the constants of barometric frequency vary continuously and gradually 

from one end to another of the British Isles. We should accordingly expect a close 

degree of correlation between the heights at different stations. This degree will 

probably be found to vary with the distance at a different rate along and 

perpendicular to the generalised isobars. It may also be greater when a certain 

interval is allowed between the observations at the two stations.! Our present 

object, however, being only to illustrate the general treatment of barometric 

correlation, we have dealt only with three pairs of stations and with contemporaneous 

observations. 

The stations are the following :— 

(1.) Babbacombe and Churchstoke for the eight years 1878 to 1885. 

(2.) Southampton and Laudale for the eight years 1880 to 1887. 

(3.) Hillington and Churchstoke for the eight years 1878 to 1885. 

The I’esults are exhibited in the following three tables .•— 

* We have to cordially thank Mr. R. H. Scott for allowing us to copy the manuscript records of 

the Meteorological Office for these three telegraph stations. We believe that the discussion of the 

frequency of twenty contemporaneous years of the whole system of telegraph, stations would give most 

interesting I'esults, but the labour of copying and reducing only thirteen years for but three stations has 

convinced us that it could hardly be undertaken by private individuals largely occupied with other work. 

t A most interesting in7estigation would be the degree of coiTelation between suitable North- 

American and British stations, when the interval between the observations was varied from one up to 

sis or seven days. Similar investigations for British and Continental stations might easily give 

important results bearing directly on the prediction of barometric changes. 

3 M 2 
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Now the distribution of frequency at each station being skew, the correlation 

surfaces as based upon these tables will also be skew, and the curves giving the 

mean height at one station for a given height at the other are no longer straight 

lines. We do not pro|)Ose on the present occasion to discuss at length the properties 

of this type of skev.^ correlation, but to refer the reader to a paper by Mr. -G. U. 

Yule, published in the ‘Roy. Soc. Proceedings,’ vol. 60, pp. 477 et seq., 1897. In 

that paper it is shown that the coefficient of regression is still significant in the case 

of skew correlation, it gives the slope of the line of closest fit to the curve of regres¬ 

sion, or the locus of the mean heights of one station for successive heights at the 

other. Since the locus is net very far removed from a straight line in any of the 

cases dealt with, it follows that the line of closest fit will very approximately 

represent it. Calculating the coefficients of correlation and the regressions for the 

three pairs of stations by the usual formulae (see “ Mathematical Contributions to the 

Theory of Evolution, III.,” ‘Phil. Trans.,’ A, vol. 189, pp. 265-6, 275-7), we have 

the following results ;— 

Table XI.—Barometric Correlation. 

Pairs of stations. 
Coefficient of Cor¬ 

relation. 
Coefficient of Re¬ 

gression. 

Probable deviation 
of array. 

Babbacombe . . . 
Cburcbstoke . 

j 0-9824 1 

  . 

0-8901 
1-0818 

- 

obtOl 
0-0441 

Southampton . 
Laudale .... 

1 0-7572 1 
0-6260 
0-9159 

0-1449 
0-1752 

Hillington 
Cburcbstoke . . . 

1 0-9576 1 
0-9267 
0-9895 

1 

0-0663 
0-0685 

The application of this table to predict the height of the barometer at one station 

from a knowledge of the contemporaneous height at a second will be clear to 

readers familiar with the mathematical theory of correlation. For example, if the 

height of the barometer at Babbacombe be .x” above the mean Babbacombe height, 

then the height to be predicted at Churchstoke is 1*0818 x" above the Churchstoke 

mean, with a probable error of 0"‘0441. We may give a numerical illustration. The 

barometer at Churchstoke stands at 30”*0176 ; what are its probable heights at 

Babbacombe and Hillington ? 

The mean height at Churchstoke = 29”-9545 (see Table IV.) ; hence the observed 

height at Churchstoke is 0”‘0631 above the mean. The most probable heights at Bab¬ 

bacombe and Hillington will accordingly be 0*8901 X 0”’063l and 0*9267 X 0 *0631, 

or 0”'0562 and 0''''0585 above the respective means of those places. Extracting these 

means from Table IV., we find: 30''*0349 and 30”*0014 for the probable heights 
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at Babbacombe and Hillington. The probable deviations in the two cases are 

0''‘0401 and 0"‘0663. Thus, the prediction would probably be correct to within 

2V of an inch. 

We should not propose, however, to base the prediction of the barometric height 

at one station on its correlation with the height at a single other station. We should 

think it desirable to apply the principles of multiple correlation, and endeavour by a 

suitable selection of stations to decrease the probable deviation of the array at the 

given station which corresponds to observed heights at the selected stations. We 

shall cite here the general formulae for the prediction of the height of the barometer 

from a knowledge of its heights at correlated stations. 

Let x„i be the probable height of the barometer at the station above its mean 

value for that station. Let r^m' be the coefficient of correlation between the and 

m'* stations, where in finding the correlated heights may be taken at different 

times, or if it seems desirable on different days. Let be the observed height at 

the station and cr,^, the standard deviation, both measured from the mean of that 

station, 

11. Case (i.).—Prediction from one Correlated^ Station only. 

a-] = r,3 —Ag, with a probable deviation of 0'6745cri\/l — 
^ 2 

It is. clear that unless r^^ be very nearly unity, i.e., the stations very close, the 

predicted height v/ill be subject to a large probable deviation. For very close 

stations, such as London, Cambridge, Dover-Dungeness, where a rough investigation 

leads me to the conclusion that the correlation is as high as 0'998, we have the 

probable deviation about 0‘04487 X cr^, or about 0’015". In such cases the above 

formula will give fairly closely the height to be predicted at the first station. It 

may be used for purposes of interpolation. 

The approximate linearity of the “ regression ” leads us to an interesting projoerty 

of barometric correlation. There is a certain height of the barometer which, if it 

occurs at one station, will itself be the most probable height at the correlated station. 

This may be termed the balance height. This height may be easily found from the 

equation : 

m-, X. ■= 4- h-,, 

whence, if 

Pn = »’i20-i/o-2. h = (»H — ■'%)/(! — Pa), 

and the balance height 

— ~ Pi^ni^j(\ — 

Above and below the balance height the relative heights ot tlie two stations are 

reversed. If above the balance height tlie first station has a probable height of its 

barometer invariably higher than the observed height at the second station, then 

below the balance- height the probable height at the first station will be invariably 

lower than the observed height at the second station, and vice versd. 
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Babbacombe 

Cbnrcbstoke 

Southampton 

Laudale . 

Hillington . 

Churchstoke 

j 
30"-2745 

28"-5022 

31"-0477 

t 

1 

The following are the balance heights of the three pairs of stations dealt with in 

Table XL :— 

Above this value Churchstoke, below Babbacombe, 

has usually the higher barometer. 

Above this value Southampton, below Laudale, 

has most probably the higher barometer. 

Above this value Churchstoke, below Hillington, 

has most probably the higher barometer. 

In the case of close and highly correlated stations, the balance value, since the 

probable deviation is small, may be roughly found from a mere inspection of the 

barometer records for the two stations. Thus, we expect, it is about 30''‘5 for London 

and Cambridge. Perhaps a better approximation might be obtained by estimating, 

I 
v. 

--- -- “ — I 

’'■'Vi 
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1 
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1 
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1 
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1 

oM/es /oo /£0 ^oo 500 

D/sC&nces SeCween 

Diagratn illustratirig apjolication of Theory of Correlation to predict Barometric Heights. 

Stations approximately orthogonal to isobars. 

. Stations approximately adong isobars. 

from their known distance, the coefficient of correlation for the two stations by 

means of the diagram above, and then calculating since cr^ and o-o are given in 

Table lA^., or can be found by interpolation from that table. 

The diagram indicates graphically, what is faiidy clear from Table XL, that correla¬ 

tion is not a single valued function of the distance between the two stations, It 

YOL. CKC.— A, 3 N 
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suggests—we wish especially to note that it does not prove—that correlation differs 

in its variation with the distance according as the two stations have their distance 

practically along or orthogonal to the generalised isobars. Unfortunately, without 

crossing the Irish Channel, it was impossible to find two stations along a generalised 

isobar so far apart as Southampton and Laudale. There can be little doubt, we 

think, that such stations would, however, give a sensibly less correlation than the 

north and south stations. Although the diagram (owing to the very considerable 

labour of calculating the correlation for a pair of stations even for eiffht 3^ears) is 

based upon a very inadequate number of measurements, yet we should expect, with 

continuity in the correlation coefficient, which can hardly fail to be the case, that it 

would give fairly approximate values. For example, we should anticipate that the 

correlation between Southampton and Stonyhurst would be about 0'94 to 0*95. Since 

Stonyhur,st is, roughly, about equally distant from Southampton and Laudffie, the 

correlation between Stonyhur.st and Laudale may with somewhat smaller probability 

be also put at 0’94 to 0‘95. Clearly the general relationship between correlation, 

di.stance, and direction of distance will only be determined Avhen a very great number 

of pairs of stations have been worked out, and these stations ought to be distributed, 

not over a small area like the British Isles, but over a large continental area. 

12, Case (ii.).—Prediction from two Correlated Stations. 

Here ; 

13 

With a probable deviation 
’A O'., /c-k 

' 1.3 ■3.3' 1 3 y 1 7 

3 ^ 'h 
03 (T n 1 - 7 

—- 0'G745cr^ y / 1 - '1-3 4' 27’2;yy,?Y: 

Hence it we wish to predict the height of the barometer as closeU as possible at 

one station from either an earlier or contemporary observation of the heights at two 

other stations, we ought to choose out intervals of time and the distribution of the 

three stations, so that may lie as small as possible. It would thus seem, 

considering the great variety of times and places available, within our power 

to predict almost exactly the height at any selected station from a knowledge of the 

heights at two other selected stations at selected intervals of time. The importance 

of testing this principle seems to us very great; it might lead to quite novel methods 

of predicting barometric change. Unfortunately the needful knowledge of the 

correlation coefficients of widely separated pairs of stations for divers intervals of 

observation is still wholly wanting. The following example is merelv illustrative. 

Suppose the second and third stations, so selected that they have equal correlation 

~ U2 ~ '^’]3 with the first, and a correlation p — r^^ with each other. Then pj 

Avould be alisolutelj^ zero if 
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or if 

that is, if 

For example, if the correlation between the second and third stations be 0v572, 

/• = V<R8786 = 0-9373. 

1 + /^’ 

7- ^l( i + p). 

In other words, if three stations conld be found with coefficients 7\.2 = 0-9373 = 

and 7^3 = 0-7572 ; then the barometric height at the first would be exactly a linear 

function of the contemporaneous heights at the other two stations. . There seems no 

reason why stations should not be found with tliese correlations, or similarly related 

correlations. The correlation between Southampton and 'Lauclale is 0-7572 ; the 

correlation between Stonyhurst and Laudale and between Stonyhurst and 

Southampton must be about 0-94 to 0-95. We increase the distance and make it less 

perpendicular to the generalised isobars by moving across towards the East coast. 

Probably somewhere near Whitby the required correlation of 0-9372 would be reached, 

and at such a station we should expect the barometric height to be very nearly a 

linear function of the heights at Southampton and Laudale.''' 

Supposing the relation r (I -1- p) to hold, then it is easy to deduce from the 

expression for above, that if H^, Hg and Hg be the absolute heights of the 

barometer at the three stations. 

+ 
oy H, ^ C7-1 H3 
'2r a.2 '2i’ cr^ 

This passage of correlation into causal relationshipt is of such extreme importance, 

that it is worth while to see what approach we can find to it, even withi]i the somewhat 

narrow limits of the British Isles. We have no details available for the barometer 

* Let the reader imagine the heights at Southampton and Laudale replaced by the heights at two 

(or if necessary more) stations on the American continent, say, along the East coast, and the height at 

the Whitby station replaced by the height, after an interval of time, at a British station, say Valencia, 

and then he will grasp the sort of possibility—not the proven feasibility—of prediction, which the 

authors wish to lay stress upon. 

t [This expression is used advisedly to draw attention to the importance of the limit when a corre¬ 

lation passes into a causal relationship. If the unit A be always preceded, accompanied or followed by 

B, and without A, B does not take place, then we are accustomed to speak of a causal relationship 

between A and B. On the other hand, if when A occurs amounts, 6^, 60, . . . hn of B are found with 

frequencies i?2>T3 ■ ■ ■ Pn per cent, of the occurrences of A, we speak of a correlation between A and 

B. Now, if we approach the limiting case of = jjj = ^>3 = . . . = Pr-i = Pr+\ = . . . = 0, and 

pr = 100 per cent., it is clear that more and more nearly hr of B will occur whenever A occurs, f.e., a 

tixed amount of B on every occurrence of A. This is the transition of correlation into causal relation¬ 

ship. It is the construction of a ^^-dimensioned correlation surface, of vrhich a particular q — 1 

dimensioned section approaches indefinitely close to a frequency curve of zero standard deviation.] 

N 2 o 
(j 
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at and if we liad them and worked out the Whitby-Southampton and 

W]iitby-Lciuda.]e correlations, it is unlikely that they would both be exactly ecjual, 

anci ecjutd to 0 O-J/o. In fact the correlation for a number of Yorkshire stations, with 

both Laudale and Southampton, would have first to be worked out, and then the true 

station helving an exact causal relationship with Daudale and Southampton would 

require to be found by interpolation. 

Dut we should expect stations not so far removed from the rig’ht position to have 

theii barometric height given in terms of those of Laudale and Southampton by^’ an 

appioxiniately linear relation. Hence, to indicate to the reader that our conclusion 

namely, that a barometric correlation may pass into a causal relationship—is not 

so paiadoxical as may appear at first sight, we have endeavoured to test how far the 

Stonyhurst height is a linear function of the heights at Laudale and Southampton. 

In order to do this we have neither assumed nor ivorked out the Laudale-Stonyhurst 

and the Southampton-Stonynui'st correlations. The former was too risky,^ the 

latter loo laborious for the end to be desired. We have simply assumed a linear 
relr tionship between the heights at the three stations, i.e., 

Hgt — aiHgo + + z, 

where a; and y are numerical constants, and 5: is a number of inches. To determine 

X, y, and 2 we chose twelve observations, taking the 15th day of each month for one 

year, and working by the method of least squares. Unfortunately the resulting 

equations for x, y, and 2, throw back their determination on decimal fio-ures, which 

are the limit of what is usually tabulated in barometric observations. The resulting 

equations were 

SOT 59a; + S0-020_^ + 2 — SOT 30 = 0, 

SOTGla; 30-022y + 2 — 30T32 = 0, 

SOTOlsc-j- 30'024y T" 2 — 30T33 = 0. 

The solution of these equations is 

a; =0-50, y = (j-b0, 2=0-04'', 

eie the values of x and y are certainly not correct to the second place of decimals. wii 

The resulting formula gives 

H St 0'5Hgo -j” 0"5Hl “h 0'04 '. 

All attempt to approximate to the coehicients of correlation, gave the Southampton 

factor a somewhat higher value than the Laudale factor, and this is probably the 

case. But with the data available we shall hardly do better than the above formula. 

To test its degree of accuracy 50 values were taken out of the returns for Southampton, 

Laudale and Stonyhurst at fortnightly intervals, and the observed and calculated 

values at fetonyhurst are given in Table XII. The diflerences are distributed fairly 

evenly, positively and negatively, and their mean value is about 1/40". We consider 

^ W e luive already iiotetl that the Stunyluu'st data are not, in oiir opinion, very satisfactory : .see p. 14(3. 
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them sufficiently satisfactory to justify the view that a station could be found in 
Yorkshire for which correlation would pass into a causal relationship. 

Table XII.—IJlustrating Approach from Correlation to Causal Relationship. 

Stony hurst. 

Dift'erenc 

Observation. Calculation. 

.30-o8 30-61 + 0-03 

30-17 30-14 -0-03 

3003 29-98 -0-05 

30-00 30-11 + 0-05 

29-92 -29-94 + 0-02 

30-35 30-38 + 0-03 

29-85 29-84 -0-01 

30-12 30-11 -0-01 

30-13 30-13 0-00 

30-19 30-20 + 0-01 

30-51 30-48 -0-03 

30-65 30-62 -0-03 

30-17 .30-21 + 0-04 

29-52 29-55 + 0-03 

30-51 30-50 -0-01 

29-91 29-90 -0-01 

29-94 -29-94 o-oo 
30-17 30-18 + 0-01 

30-13 30-10 -0-03 

30-34 30-33 -0-01 

30-74 30-73 -0-01 

30-18 30-25 + 0-07 

30-16 30-18 + 0-02 

30-41 30-38 -0-03 

30-01 30-00 -0-01 

29-15 •29-18 + 0-03 

30-28 30-26 -0-02 

29-79 •29-85 + 0-06 

29-93 29-90 -0-03 

29-91 29-93 + 0-02 

30-11 30-11 0-00 

29-99 29-92 -0-07 

29-43 29-45 + 0-02 

30-15 30-15 0-00 

30-22 30-22 0-00 

30-16 30-13 -0-03 

30-27 30-29 + 0-02 

29-56 29-61 + 0-05 

29-66 29-85 + 0-19 

30-23 30-25 + 0-02 

29-02 -28-99 -0-03 

30-35 30-30 -0-05 

29-92 29-92 0-00 

29-99 29-95 -0-04 

•29-95 •29-96 + 0-01 

29-58 29-62 + 0-04 

30-11 30-11 + 0-00 

30-18 30-22 + 0-06 

29-92 29-89 -0-03 

29-49 29-46 -0-03 
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As a rule there will exist for most triplets of stations a certain height, which mav 

be termed the balance height, bj which we are to understand that if the barometer 

stand at the balance height at two of the stations, its most probable value at the third 

correlated station is the balance height also. The balance height is at once found by 

putting A = — m^, h^ = — m.^ in the formula for regression and 

finding If we put Hgo = Hl = Hs., in the formula 021 p. 460, we are led to H5 = oc 

for the balance height; this is probably veiy far from being the true balance height, 

and for the simple reason that the factors, Oh of Hso and Hl on p. 460, are only 

approximate. 

If we found a Yorkshire station which had the correlation 0'93“3 with both Laudale 

and Southampton, its balance height would be given by the formula, on p. 459 ; and 

supposing it to he on, or nearly on, the same generalised isobar as Stonyhurst, i.e., 

to have nearly the same mean and standard-deviation, then its balance heioht with 

Laudale and Southampton would be 29''-86S. An eimor of between O'OOl and 0-002 

in one of the factors, 0'5 of the Stonyhurst-Laudale-Southampton linear relation¬ 

ship, on p. 460, would thus have reduced the balance height of those stations from 

CO to about 29"-9. 

The general expi-essiou lor the balance height of a station 1, with regard to 

stations 2 and 3, is given by 

+ (La - LsLd ^ - (1 - 
Hj (baiaiice) =- 

('22 ~ “ + (La “ -(1 *“ ''^a") — cr.2 a o cr. 

Hence if the three stations lie on the same generalised isobar, since rn^, m.i, rn.. 

and 0-3 have very approximately the same value, the balance height will be 

the mean height, and the same for every station with regard to the other paii’. 

One further general proposition may be noted before we leave the special case of 

prediction from two correlated stations. Suppose the barometer constant at one station, 

then the coefficient of correlation between the heights at the other two is given by"^ 

L3 = 

1’,.' 

''2.3 Ls'L 

v/1 - L?v/1-bjd’ 

_^'13 

x/l ^1- ’ 

_L2yy_Ly2s___ 

1 - ^13“ - ^23- ’ 

fo]- a selected height at the first station, 

for a selected height at the second station, 

for a selected height at the tliird station. 

* Ibese values bave been termed by Mr. G. U. Yule nett coefficients of correlation, to distinguish 

them from r^g, and r^o, which he terms gross coefficients. The difference would, perhaps, be 

best expressed mathematically by the use of such terms as joartial correlation coefficient and total 

correlation coefficient, the foi’mer being the value of the coefficient when one variable is not allowed to 

vary, and the latter when it is. They are at once obtainable from the general expression on p. 287 of 

the Memoir, ‘ Phil. Trans.,’ A, vol. 187, by putting, say x = const, and remembering that the coefficient 

of coia-elation for y and 2 iu P = P,|e-i(<-2;'-- +"s--) is 
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The values of these expressions are peculiarly interesting, for they lead us to the 

general theorem that whenever the total correlation between two stations is less 

than the product of the total correlations at the other two pairs of stations, then 

the partial correlation between the latter two stations will be negative, i.e., for 

a o-iven value of the barometer at the first station, a risino- barometer at the second 
o 

station will on the average mark a falling barometer at the third station, and a 

falling barometer at the second station a rising barometer at the third. 

Owing to the generally high values of barometric correlation it is comparatively 

easy for for example, to be greater than ';’23. Thus in the case where two 

of the stations have equal correlation with a third wm have, if — p, 'jq., = r^g = r, 

^’i3 — ^’12 — v/1 - 

and Tgo will always be negative if r" be > p. For example, we have Laudale and 

Southampton with a correlation 07572, while Stonyhurst and both these stations must 

have a correlation of about 0‘94 to 0'95. It follows, therefore, that the partial corre¬ 

lation of Laudale and Southampton with regard to Stonyhurst is negative, or for a 

constant value of the barometer at Stonyhurst rising at Laudale would in general 

denote falling at Southampton, and vice versa. This is best illustrated by noting 

that aSg being the mean height at Southampton for heights /q and /q at Stonyhurst 

and Laudale (.%, /^l and Ag being measured from the respective mem heights of the 

stations). 

•r., 
1 ■9’ - /fs + 

^'12 ^23^13 

or, in the special case approximately^ 

p — 'r TO, , r (I — p) c. ,, 
1 ~ ' ' 1 1.3 ^ 'h • I — cr.. i — ? (Ty 

Hence, if rjgr^., be > r.^g or r- > p, an increase of Ag for a constant /q means a 

decrease of yq. 

In the particular instance of correlation passing into causation referred to by 

us on p. 459, i.e., when 1 + p = 27’'^ we have 

r.^g- I , ^13 — ^12 — F 

CTo 
X2 = /q + 2r"Vq. 

Thus the partial correlation between the three stations is “ perfect,” but between 

the second and third it is negative. The ratio of the fall at the second to the lase 

at the third, for stationary barometer at the first, is crja-^. 

This principle, which at first sight appears rather paradoxical, namely, that at 

three stations, A, B, C, a rise at A will, on the average, be accompanied by a rise 

at C, but that a rise at A for a constant barometric lieight at B may, on the average 
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be accompanied by a fall at C, appears capable, when extended, developed, and 

illustrated by actual numerical examples, of throwing considerable light on the 

nature of barometric variation.^ 

To show the importance and truth of the principle, a table has been formed for 

the deviations from the means at Southampton and Laudale, when the barometer at 

Stonyhurst does not differ by more than inch from its mean value, 29"'94. 

In the course of two years 31 values were found, and with only one exception, 

posftibly a misreading, the barometer at Lavdale was always above or below the mean, 

according as it was below or above the mean at Southampton: see Table XIII. 

1 ABLE XIII.—Deviations of Barometer from the Means at Southamjrton (29''’98) 

and Laudale (29"’86) when the Barometer does not differ more than of an 

inch at Stonyhurst from its Mean. 

Stonyhur.st 
height. O 

Southampton 
deviation. Laudale deviation. 

29-95 + -15 --20 
29-94 + -11 --27 
29-94 --I2 + -07 
29-93 --07 + -12 
29-94 + •03 --11 
29-94 --07 + -00 
29-94 + -09 --13 
29-95 + -07 --05 
29-93 --03 + -03 
29-94 + -04 --07 
29-93 --00 -i--04 
29-95 + -07 --06 
29-94 + -12 -13 
29-94 + -09 --07 
29-95 + -25 --18 
29-94 --04 + -01 
29-93 --19 + -30 
29-95 + -04 --08 
29-93 --06 + -06 
29-94 + -03 --08 
29-94 --04 + -17 
29-95t + -04 + -01 
29-95 + -08 --00 
29-95 + ■11 --18 
29-95 --14 + -04 
29-93 + -02 --10 
29-93 --08 + -12 
29-95 + •1-3 --22 
29-94 --06 + -24 
29-93 + -06 --18 
29-95 --19 + -14 

The corresponding apparent paradox in the theory of heredity is referred to in ‘ Pliil. Trans.,’ 
A, vol. 187, p. 289. 

I This is o.n exception to the general rule, that for the mean at Stonyhurst a high harometer at 
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13, Case (iii.).—Prediction from three Correlated Stations. 

The general formulas are given on p. 294 of the memoir previously cited. We do 

not reproduce them here, as v/e have no numerical data available at present by 

which to illustrate them. We will, however, consider a special application similar 

to that dealt with under Case (ii.). 

Suppose it possible to select three stations so situated round a fourth that the 

three stations have equal correlation r with each other, and each a correlation p 

with the fourth. The latter being marked with the subscript 1 in the formulae, the 

following are the proper relations which may be obtained after some algebraical 

reductions from the general case above referred to. 

X 1 
pCTl j'h I ^3 I 

1 + 2r \ o-j cTg 

with a probable deviation 0*6745 /\^] 
3p^ 

1 + 2r’ 

po'2 -^6 , ('■ — P'~) ^2 / /ts I f ' + I + 2r cTj ' 1 + r — 2p“ \ cr. 
+ 

a 4 / 

with a probable deviation 0*6745 A/—- 
^ y 1 + r- 2p2 

Here the closest prediction will be obtained, if we select stations, if possible, such 

tliat p= (^i _|_ 27’), which is the point at which correlation passes into causation. 

In this case we find 

with vanishing probable deviations. In the first case, if p^>r, which can easily be 

true for correlated stations within 300 miles of each other ; in the second case 

always, a rise of the barometer at two of the “ outer ” stations for a steady barometer 

at the “ inner ” or first station marks a fall at the fourth station and vice versa. 

Now, it is not contended that four stations can be found for which exactly = 7’^3 

= and r^^ = r^^ — r^^, still less that it is possible to make 1 -f 2r = 3p^. But it 

is suggested that with the values of the barometeric correlation coefficients such as 

we have found in the British Isles approximations to these relations can be found for 

selected stations, and that such stations are what we require for close prediction or 

interpolation. Further, such principles as we have noted with regard to the relation 

Laudale is a low barometer at Soathampton, and vice versa. Or, the rule (by differentiation) may be 

stated for steady barometer at Stonyhurst a rise at Laudale indicates a fall at Southampton, and vice 

versa. 

3 O VOL. CXC.'—A. 
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of rise and fall at cori’elated stations are independent of the special relations between 

the coefficients, which we have selected to illustrate them, they are really a deduction 

from the sign of the regression coefficient, or of the coefficient of partial correlation, 

which has the same sign. 

14. Case (iv.)—Prediction from any Number of Correlated Stations. 

The general formulse are given, p. 302 of the memoir above cited, namely : 

Xy = 
_ ^hi3 I I ^fi ■ 

R CTg R CTg R (Xj, 

with a probable deviation of 0'6745 where R is the determinant below 

and Rp2 is the minor formed by leaving out the column and row. 

1, ^i2> 03> ’ir • 

1, ’23. ’’24 • 

’bn 1, ’’34 • • • 

’in '^42 > ’’43. 1 . . . 

In order to obtain close prediction, it might be supposed that all that is necessary 

is to take a sufficiency of correlated stations. This is very far from being the case. 

The true test of closeness of prediction is the smallness of ^(R/R|;^), and this can 

often be obtained by a few well-selected stations better than a great number. In 

order to roughly illustrate this, suppose the correlation coefficients of the stations to 

be all of the same order of magnitude, i.e., about e, then the order of a/(R/RiJ for 

1, 2, 3, 4 ... 71 stations 
is given by 

P(i + «) (1 —«). f ~ ITTt) 

V(' + rT3£)(i - e) .... /\/(i + - ')> 

or the prediction is only increased in certitude in the ratio of ^ t^'king 

an indefinitely great number of stations, or, since e cannot be greater than unity, it 

can only be increased in the ratio of to 1. Our object should accordingly be to 

make ^(R/R^i) as small as possible"^ by a fit selection of comparatively few stations 

* It is easy to illustrate its vauisliing by taking one station equally correlated with (w ■ 
whicli are equally correlated among themselves (r). lu this case we have 

■1) others (p), 



"
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ERRATUM. 

Page 466, line 7 from top, the formula should he 
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at different intervals of time. Nor should it be forgotten that theoretically we have 

much power of varving the magnitude of our correlation coefficients. They decrease 

from about 1 at the distance zero to zero as the distance increases. We have thus a 

zone round every station of zero-correlated stations ; beyond this it is highly probable 

that the correlation becomes negative as we reach places which have cyclones corre¬ 

sponding to anticyclones at the given station. This zone is of course not reached 

in such a small area as the British Isles, Passing through an area of negative 

correlation, we should in all probability ultimately reach an extended area of zero 

correlation. In the next place the time interval is under our control, and the 

coefficient of correlation can be reduced by increasing this. Lastly, it varies also, 

although probably to a much less extent, by varying the direction in which the 

distance between two stations is taken. We can imagine no more useful piece of 

work than the determination of the correlation for a period of 10 or 20 years of a 

series of stat’ons taken so far as possible round, say, a parallel of latitude. We 

believe that lurure oi barometric prediction, i.e., the accurate foretelling of the 

arrival of depressions, &c., lies in an extended knowledge of the correlation between 

a system of barometric stations widely diffused over the surface of the earth; special 

attention being paid to the changes of the correlation with intervals of time. 

The object of the present writers has not been to make an elaborate investigation 

of the numerical values of barometric variation or correlation, but rather to indicate 

to those more directly occuj^ied with meteorological investigations how the mathe¬ 

matical theory of statistics may be applied to barometry with novel and, they believe, 

valuable results. 

Appendix. 

On a Frequency-registering Barometer by G. U. Yule. 

In all ordinary forms of registering barometer the resulting diagram shows the 

height of the barometer at each instant of time. To construct a frequency curve 

from such a diagram, the heights must be read off for all the times desired, corrected 

if necessary, grouped, and replotted in the manner described in the preceding paper. 

This procedure is somewhat tedious, and it may be obviated by so constructing the 

barometer that it shall give the frequency record automatically. 

/XTj 

A 1 + — !_) 5- 
fJlc} 

- + + 

witli a probable deviation 0'6745 

\4 

V( 1 
np“ 

, , .. N / . Hence we should have absolute prediction 
Y 1 4- (n — 1) rj 

/ __ \ i 

if p = (1 + — 1 r) j . Similar propositions follow for partial correlation and for I'ise corresponding 

to fall. It seems doubtful, however, whether such a system of correlation could possibly be arranged 

for more than four stations. 

3 o 2 
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The barometer devised for this purpose is illustrated in figs, A and B. Fig, A is 

a diagrammatic plan of the instrument ; fig. B is from a photograph of a rough model 

made by the Cambridge Instrument Company. The barometer must be an aneroid, 

or some instrument woi’king with a needle over a horizontal dial. This needle is 

removed, and replaced by a light V-shaped gutter of paper or metal-foil, sloping 

downwards from the centre to the periphery of the dial. This gutter needle is indi¬ 

cated by a, b in fig. A. Its outer extremity projects slightly beyond the dial over 

the tojis of a series of small vertical tubes, c, c, c, which are equally spaced and 

separated by small wedge-shaped divisions, running along the lines d, d, d. If we 

suppose a ball to be dropped into the gutter at o, it will roll down to h. drop over, 
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and fall either straight into one of the tubes or on to one of the wedges, which will 

guide it into the corresponding tube. The shot will then be a record that the baro¬ 

meter needle stood once over the section corresponding to the tube. If balls be 

dropped in at regular intervals, a frequency record is obtained by simply counting up 

the number of balls in each tube. The record, of course, suffers from the disadvan- 

tao-e that the usual corrections cannot be made.'”' 

In practice, of course, the wedge edges d, d, d must be arranged so as to correspond 

exactly to the divisions between, say, the tenth inches. Any one tube will then 

record the number of times that the needle stood over a particular tenth when the 

record was taken. In the model itself a fixed gutter, ag, is brought over the centre 

of the needle gutter, just above its axis ; it stands clear of it, and runs back to a 

reserve of balls, R. A trigger arrangement, f,f, is fired by a clock-driven cam as 

often as desired. The trigger gear can be seen in the second figure. The large cam, 

C, turns round once in the twenty-four hours, one of the saw teeth being pushed on 

each hour by the hand of the clock. The channel R, containing the reserve of 

ballst in single file, is normally closed by the forked brass lever,//, which is pivoted 

near P, and bears at its lower end against the cam, being held forward by a spring. 

Only when the lever is fully cocked, pushed over to its furthest reach by the cam, 

does the fork of the lever stand in line with the reserve channel. One ball then 

drops into the fork, which is just of the thickness of a ball. When the lever is freed 

again, the fork comes opposite the fixed gutter {ci,g of fig. A), and the ball drops 

first into this, then falls into the needle gutter, and ultimately into a vertical tube. 

It may be desirable to take two or more frequency records for different hours of 

the day, and keep these records separate, so as to admit of the study of systematic 

differences. Mr. Horace Darwin, to whom the details of the working model are 

due, devised a very simple arrangement for doing this, which can be seen in the 

general view of fig. B. The balls do not drop straight from the needle-gutter into 

the collecting tubes, but run into radial gutters fixed to the dial-face of the liarometer. 

At their outer terminals these fixed radial gutters stand so far apart that they only 

deliver balls into alternate tubes, e.g., to the set marked on the figure with numbers 

not with black snots. Before the alternate records are made, the whole barometer, 

with the radial gutters attached, is given a slight turn by the same clock that serves 

to release the trigger. The radial gutters now stand opposite the tubes marked with 

black spots, and the record is made in them. 

The working model was kept running for rather more than a month, and worked 

very satisfactorily, considering its somewhat rough construction. There were one or 

two “ misfires,” due to the balls hanging up, but such accidents could be easily 

remedied by a slight alteration. 

* It must be remembered, however, that grouping in tenths of an inch gives quite sufficiently smooth 

and detailed returns for the purpose of calculating frequency curves. 

t Bicycle bearing balls were actually used, as shot were found too irregular in shape and size. 
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Xil. Cathode Rays and some Analogous Rays. 

By SiLVANUS P. Thompson, D.Sc., F.R.S. 

Received May 10,—Read June 17, 1897. 

1. On the Electrostatic Dejiection of Cathode Rays and the Production of Negative 

Cathodic Shadows. 

In the experiments first to be described, the aim of the research was primarily to 

discover whether, and in what way, the shadow cast by the so-called cathode ray^ 

was affected by the physical state of the object interposed between the cathode and 

the tube-wall, or other opposing surface capable of luminescing under the stimulation 

of the ray. 

A pear-shaped Crookes tube, depicted in fig. 1, was made, having as an electrode 

at its smaller end a flat disk. A, of aluminium. At opposite sides of the bulb were 

introduced transversely two short cylindrical electrodes, B and C, of aluminium 

wire. These were mounted, as usual, on platinum wires, which were fused into the 

aluminium and sealed in through the glass wall of the tube. This tube was 

exhausted until the stage was reached at which all the pale internal nebuloid 

patches of luminous gas had disappeared, and the tube showed the yellow-green 

surface luminescence characteristic of soda-glass. When A was used as cathode, 

Rontgen rays were emitted from the glass at the opposite end of the tube, but the 

exhaustion was only just sufficient for this purpose, the emission ceasing when the 

tube became warmed with prolonged discharges. At this particular stage of 

exhaustion the tube was sealed off. It was in that stage of exhaustion in which it 

exhibited, in the luminous patch opposite the cathode, a singular unstable creeping 

luminosity, flickering in dendritic forms suggestive to the casual observer of splashes. 

The phenomenon has frequently been observed in Rontgen tubes, and is the subject 

of further notice in | 3 below. Throughout the entire research the electric source 

employed was an Aprs induction coil capable of yielding sparks 25 centims. long, 

but with the break ordinarily adjusted so as to yield sparks up to 8 or 10 centims. 

only in length. 

When the flat electrode. A, of this tube was made the cathode, shadows of B and 

* The term ray is used here and throughout in the most general sense, not as in any way postulating 

a wave-propagation. 
8.3.98 
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C were projected upon the tube-walls. As is usual in such tubes, these shadows 

were quite well defined and were surrounded by the usual margin of brighter 

luminescence. When B and C were made cathodes, while X was made anode, each 

cathode was observed to produce an oval luminescent patch upon the tube-wall 

around its OAvn region. When B and C were both made anodes, being connected 

together by an external wire, their shadows were both quite small and narrow, 

considerably less than the geometric shadow, being only about 6 millims. long and 

1 millim. broad. Nor were they rectangular in shape (fig. 2), but somewhat tapered 

to a point; and be3mnd the tip of each appeared a more luminous point in the 

splashing luminescence on the glass wall. If B was alone anode, while C was 

disconnected, the shadow of C Avas full-size, and of nearly rectangular shape ; while 

the shadow of B (the anode) was someAvhat smaller, and showed at its end a 

flickering luminous spot at h (fig, 3). 

Fig. 1. Fig. 2. Fig. 3. 

When B was connected to A so that both A and B were cathodes, C being anode, 

the shadow of B swelled out to an oval shape, some 22 millims. long and 18 millims. 

Avide. The shadow of C Avas enlarged similarly if B Avas made anode, and C joined 

to A as cathode. The size of this oval shadoAv Avas found to depend on the nature of 

the connexion to the cathode. By introducing a bad conductor, such as a piece 

of dam]^ AA^ood or a highly exhausted A'acuum tube into the conducting line, between 

the cathode and the electrode casting the sho.doAv, the size of the shadoAv could 

be Auiried from normal dimensions up to the full oval. When either B or C AAms 

thus made cathode, the anode shadow shrank up altogether and disappeared, though 

the luminous spot at c or h remained. 

When A Avas made anode, and B and C both cathodes, each Avas, as remarked 

above, surrounded by an oval luminous patch on the glass AA^all; which patch was 

brighter than the rest of the surface of the bulb, and AA^as outlined AAdth a still 

brighter marginal line. If B Avas disconnected, or its continuity Avith the cathode 

impaired by introducing a bad conductor, the patch surrounding it shrank, AA’hile 

that surrounding C expanded. If B was joined to the anode the patch surrounding 

it disappeared. When, as in fig. 4, B and C w'erc joined through a rod of avoocI, to 

Avhich the cathode Avire from the coil Avas brought, the sizes of the Iavo patches could 
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be varied by sliding the wire along the wood. That patch expanded toward which 

the cathode wire was moved, while the other patch contracted. 

The first conclusion to be drawn from these observations was that the size of the 

cathodic shadoiv of an object depends upon its own electric state* If it is j^ositively 

electrifed the shadoiv contracts, if negatively the sliadoiv expands. The same result 

was found to occur when the electrification of the object was produced independently 

by use of an influence machine. 

Fig. 4. 

Tube [No. G 4], (fig. 5), was constructed to verify the above results. It also had 

three electrodes, one a slightly convex disk. A, at one end, the other two, B and C, 
short cylindrical wires inserted transversely to the tube, near together, and parallel 

to one another. The degree of exhaustion of this tube was made rather higher than 

that of the preceding. When electrode A was made cathode, shadows of B and C 
were cast on the broad end of the bulb. If B and C were both made anodes their 

shadows were shghtly narrower than the geometric shadow, and became extremely 

w'ell defined. When B was left as anode and C connected to the cathode through a 

rod of wmod or through another vacuum-tube of high resistance, the shadow of C at 

once swelled out to an oval shape (fig. 6), while that of B was shifted a little 

sideways, as if repelled from B. If A was made anode and C cathode, a shadow 

of B was thrown upon the side wall of the tube. If then B was made anodic, 

by connecting it to A through a rod of wood, its shadow thinned down and became 

more brightly marginate. If B was made cathodic, by similarly joining it to C, its 

shadow widened out to an oval patch, while at the same time an oval shadow of C 

was cast on the opposite wall. By varying the resistance in the connexions, in the 

w^ay described above, for the first-mentioned tube, the sizes of these two oval 

shadows could be varied, one enlarging when the other diminished. While the 

disk A was thus serving as anode, it also cast a shadow of itself upon the smaller end 

of the tube. This shadow shifted slightly sideways according as B or C was cathode. 

* Ckookes, in ‘ Pliil. Trans.,’ 1879, Part II., p. 648, Las alluded to tLe widening of a cathode shadow, 

and to the production of a penumhi’a under an unsteady electrification of the object casting the shadow, 

VOL, CXC.-A. 3 P 
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When B and C acted jointly as cathodes the shadow of A occupied a mean position ; 

but under no circumstances were two shadows of A seen, or any appearance of 

overlapping shadows. These effects were repeated, using an influence machine to 

electrify the wires casting the shadows. A dry pile, ordinarily used to charge gold- 

leaf electroscopes, proved inoperative. It acted merely as a high resistance. 

Tube [No. G 8], (fig. 7), has three small lateral disk electrodes. A, B, and C, and a 

central electrode D of aluminium wire, about 2 millims. thick. Electrodes A and B 

being connected as cathodes, and C as anode, the shadows of D were about of the 

geometrical size. The exhaustion was at this stage such that a spark would just 

pass in an alternative path between blunt points about 7 millims. apart. 

When the wire D was made anodic its shadows at once became narrower. When 

is was made cathodic its shadow widened enormously, being about 16 millims. wide, 

with an ovate end. 

When A and C were made cathodes, and B and the wire D anodes, there were 

produced two narrow shadows at a and c respectively, opposite the two cathodes. 

As the pump was worked, and the exhaustion increased, these shadows grew 

narrower, becoming mere lines, with a brighter spot of luminescence above the tij) of 

each. Then the upper parts of these linear shadows closed up entirely, so that 

instead of presenting each, as at first, a dark line about 1 millim. broad, emarginate 

with a luminous edge, each now presented the appearance, except at the base, of a 

narrow bright luminescent line. At this stage the exhaustion was such that a spark 

would just not pass at a gap of 18 or 19 millims. in the alternative circuit. As 

exhaustion proceeded further, the luminescence on each edge began to overlap ; and 

finally the shadows became two hriglit linear strips each about I'o millim. broad. 

The spark-gap at this stage, when the tube was sealed off, was 30 oi' 32 millims. 

In this tube, then, the effect of making anodic the object which casts the shadow 

was to produce a deflexion of the cathode rays into the geometric shadow, even to 

overlapping; the result being to produce negative shadoivs, that is to say, shadows 

which appear bright upon a less bright background. It also appeared that the 

enlargement of a shadoiv ivhen the ohject is made cathodic, and the diminution of the 

shadoiv ivhen the ohject is made anodic, both depend upon the degree of exhaustion of 

the tube; and both are augmented by raising the degree of exhaustion. 

These two effects are, however, unequal. The enlargement when cathodic exceeds 

by many times the diminution when anodic, under identical conditions of exhaustion 

and excitation of the tube. 

These observations furnished an explanation of the luminous spot observed in tube 

(fig. 3) ad the ends of the shadows of the lateral electrodes, and of the tapering form 

of those shadows when the electrodes were anodic. The surface when anodic deflects 

the cathode rays into the geometrical shadow ; and, having been deflected, they 

continue in a new direction. As the surface of the bulb where the shadow falls is 

curved, the rays that cast the tip of the shadow have to travel a longer distance 
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than those near the base of the shadow, wliich consequently becomes distorted to the 

extent of producing at the tip an overlap, with a luminous or negative shadow at 

that part, whilst the remainder of the shadow is of the usual dark or positive sort. 

The preceding observations, and particularly the observation of the lateral shifting 

of the shadow of the wire B in tube [No. G 4], (fig. 6), when the parallel wire C was 

made cathodic, establish the following point Cathode rays are capable of being 

deflected electrostaticcdly; being apparently strongly repelled from a neighbouring 

cathodic surface, and less strongly deflected towards a neighhouring anodic surface. 

Though no precise experiments were made to determine the shape of the path of a 

deflected cathode ray which passes near an anodic or a cathodic point, the observa- 

Fig. 7. 

tions appeared to indicate a hyperbolic path. Incidentalljq these experiments in 

which two shadows of one object were simultaneously produced from two cathodes, 

as in the case of tube [No. G 4], (fig. 7). described above, prove that two cathode 

beams are capable of jiassing through or penetrating one another, just as two beams 

of light will. This was further demonstrated by a special tube [No. G 6], (fig. 8), 

which has two arms at right angles, each ending in a bulb containing a small disk 

cathode. The object, an aluminium wire inserted at the point where the axes of the 

two arms intersect one another, cast two shadows, one on each of the tube-walls 

resjaectively opposite to the two cathodes. If one of these shadows was first produced 

alone no shifting of its position was seen when the second cathode was connected up 

to cast the second shadow. 

2. Electrostatic Deflexion of Cathode Rays by Conductors p)rotected by Glass. 

In the preceding experiments the objects used for giving shadows were of metal, 

their electrified surfaces being exposed directly to the residual gases in the tube, and 

to the cathode rays. It was desirable to ascertain Avhether any such effects were 

4 p 2 
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produced when the conducting surface was shielded from direct action by the inter¬ 

position of a non-conducting layer of glass. Attempts to deflect the cathodic shadows 

by holding charged bodies outside the tubes led to no defi.nite result. In some cases 

it was possible by laying the finger on the outside of the tube to produce slight dis¬ 

placements, particularly if the cathode pole of the coil was earthed at the time, so 

that the finger acted cathodically. Tube [No. G 17], (fig. 9), was constructed to test 

this point. It is of a pear shape, with a small disk cathode, h, at one end, and an 

anode, a, in the side tube by which the bulb was connected to the pump. A wire, 1), 

to cast a shadow, was inserted near the broad end, and two dimples or depressions, 

cl, were impressed into the sides, leaving an internal distance of about 5 millirns. 

between their faces. These depressions were covered externally with tinfoil. The 

wire 1) gave a shadow the size of wdrich varied, as in previous experiments, according 

as the state of the wire was neutral, anodic, or cathodic. On each side of this 

shadow appeared a shadow of the dimple cl. When the metal coatings of the two 

dimples wmre made cathodic, the space between their shadows decreased slightly. 

When made anodic, there was no measurable increase in the space between their 

shadows. When one w'as made anodic and the other cathodic, their shadows 

appeared to shift slightly as from the cathode side, and the shadow of the wme h 

was very slightly shifted in the same sense. 

Tube [No. G 16], (fig. 10), was of a vertical j^ear shape,with a small disk cathode 

of about 6 millirns. diameter inserted at the side, and a similar disk anode at the 

bottom. Through the top was inserted a narrow glass tube, closed at the bottom, 

open at the top to receive mercury. This tube cast the usual shadow on the oppo¬ 

site wall, and gave identical shadows when empty and when filled. A wire was then 

inserted into the mercury to enable it to be electrified. At low degrees of exhaustion 

the shadow remained unchanged in size, whether the mercury thread within it was 

neutral, anodic, or cathodic. But, as the exhaustion was increased, a point was 

reached at which, almost suddenly, sensitiveness set in, and the size of the shadow^ 

became variable, contracting very slightly when the mercury was made anodic, 

expanding enormously when made cathodic. It was noticed that this change from 

the non-sensitive to the sensitive state occurred at the stage of exhaustion at which 

the “ splash” phenomenon appeared on the bulb-wall opposite the cathode. It was 

also noticed that the sensitiveness depended upon the conditions of excitation, being- 

greater when the break of the coil was lightly adjusted, so as to operate the coil with 

the spark-gap at 3 millirns., than when tightened up to operate with the spark-gap 

at 15 or 20 millirns. or more. 

Several tubes were made of the general form of [No. C 2], (fig. 11), having a small 

disk cathode at one end, an anode in a side tube, and, as object to cast shadows, a 

tube containing mercury. These mercury tubes were made of several different 

*■ This tube, and the succeeding one, were exliibited at the evening gathering of the Royal Society', 

October, 1896. 
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sizes and of diiterent thicknesses of glass. All showed the same general set of 

phenomena. At low exhaustions there was little or no electrostatic deflexion by 

a glass-protected electrode, whether cathodic or anodic. But, at the stage of 

exhaustion where splashing sets in, the electrostatic deflexion of the shadow made 

its appearance, wdth resulting enlargement if the object were made cathodic. In 

several cases the mercury tube pierced, the mercury slowly oozing in minute drops 

into the bulb. When this had occurred, the shadow of the drop was electrostatically 

sensitive at exhaustions lower than that which was necessary to render sensitive 

the shadow of the glass-protected thread of mercury; the shadow assuming in 

consequence a grotesque nodular form. 

It appears, then, that the electrostatic deflexion of cathode rays hy an electrified 

object is dependent upon the surfaee of that object, as to ivhether that surface is or is 

not conductive; and that for objects protected by a non-conducting layer there is a, 

certain minimum stage of exhaustion below ivhich they cause little or no electrostatic 

deflexion of the rays. 

3. The “ Splash ” Phenomenon. 

Many Crookes tubes show the phenomenon already twice alluded to, in which 

the glass surface opi3osite the cathode appears to be “ sjalashed ” by the cathodic 

discharge; creeping dendritic forms of an unstable kind ap^Dearing in the luminescence 

of the glass. This “ splash ” phenomenon is independent of the kind of glass used. 

It occurs with soda-glass, lead-glass, and uranium-glass tubes. It does not occur 

Eig. 10. 

on an anticathodal surface of metal, nor, apparently, on an anticathodal glass surface, 

coated internally with plaster of Paris, or with powdered scheelite. It occurs at a 

particular stage of exhaustion a little below that needed for the production of 

Bontgen rays, and at the stage, previously considered, at which there is a rapid 

increase in the electrostatic sensitiveness of the cathode rays. The dendritic forms 

assumed by the splash strikingly resemble the Lichtenberg’s figures (of the positive 

kind), but are in general less fine-grained. The spreading of the “ splashes ” is 

affected by electrostatic influences ; they spread on the inner surface of the tube 
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toward an anodic point, whether that point be internal or external to the glass w^alL 

If a single “splash” is produced by a solitary discharge from the coil, the external 

surface of the tube at the part splashed shows an electrostatic state of charge 

evidenced by the adherence of dust.* The explanation of the phenomenon appears 

to be the following At this stage of exhaustion, the first portion of a cathodic 

dischaige electrifies the inner surface of the glass where it strikes, giving it a 

negative charge, or making it temporarily cathodic. The presence of this cathodic 

charge electrostatically affects the next-advancing portion of the discharge, and 

causes it to strike the glass a little on one side, so further distorting the ray. This 

ma^ occui m any direction from the central point and will obviously present an 

instability; the “splash” creeping outward from the centre, first in one direction, 

then in some other, ramifying as it spreads, and fading out almost as fast as it is 

formed. 

4. Cathode Shadows of Hot Wires. 

After the experiments described in § 2, in which threads of mercury in fine closed 

glass tubes were used to cast shadows, others were made to test the effects of 

electric currents passing in the object which casts the shadow. A tube wns 

constructed resembling fig. 11, but having the bulb traversed by a narrow glass 

tube which opened to the air at both ends. This was filled with mercury, and 

connected to a small battery to pass currents through it. No effect was noticed that 

depended either on the direction or the strength of the current. 

Another tube [No. C 4], (fig. 12), was made, having a thin bare platinum wm’e 

stretched across the bulb between inserted terminals, P, Q. This wire gave as its 

shadow in the cathode rays a fine black line, bordered by the usual margin of 

brighter luminescence. On sending through the wire a current from a small 

insulated battery of accumulators no effect was observed until the current had been 

so fai increased as to make the wire red hot, wdien its shadow was observed to be 

rather wider at the end by which the current left than at the end by which it 

entered. On reversing the direction of the current, this effect also changed direction. 

If, undei these circumstances, the wire was made anodic as a whole by connecting 

the insulated battery, or any part of its circuit, to the anode pole of the coil, the 

shadow of the wire at once changed to a luminous line (a negative shadow, in fact, 

as described in § 1 above), which showed no change on reversing the battery, and 

which was unaltered whether the current is on or off. On similarly making the 

wire cathodic, its shadow expanded to some 6 millims. wide; and again, no effect 

was perceptible on reversing the current, though, apparently, the wire wdien hot 

A similar observation has been made by Villari (‘Rendiconti della R. Accademia dci Liucei,’ 

■vol. o, May 1/, lb96), wlio Las investigated the external electrostatic state of Roxtgen tubes and 

Geissler tubes by the use of electroscopic powders. 
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yielded a slightly larger shadow than when cold. But this could not be determined 

with certainty. 

5. Attem'pts to Concentrate Cathode Ii,ays, 

The concentration of cathode rays by the use of concave cathodes to focus the beam 

dates from the classic researches of Crookes."^' In the experiments now made it was 

sought to concentrate the rays by other means. The first of these means was 

reflexion from the surface of a non-conductor—glass—at a small grazing angle. A 

tube [No. G 20], (fig. 13), was prepared, within which was suspended by platinum 

links an inner funnel of glass, about 47 millims. long, having an internal diameter 

of 12 millims. at the larger, and 8 millims. at the smaller end. The suspension 

permitted the funnel to be swung aside by tilting the tube. This tube was exhausted 

to the point at which Bontgen rays are but just emitted, the emission ceasing when 

the tube was warmed. To the eye there was no apparent difference in the brightness 

of the yellow-green luminescence of the anticathodal end of the tube whether the 

funnel were present or absent. The funnel itself cast a broad annular shadow, but it 

produced no difference in the brightness of the central patch within. On examining, 

by the aid of luminescible screens of platinocyanide of barium or of scheelite, the 

emission of Bontgen rays from this central patch, no difference was perceptible in 

the luminosity, whether the funnel was absent or present. It did not concentrate 

the cathode rays. 

* ‘ Phil. Trans.,’ Part I., 1879, p. 142. 
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In the experiments made with tube [No. G 17], (fig. 9), described above, when the 

two external coatings of foil were made cathodic, no increase of brightness had been 

observed in the patch of luminosity on the end of the bulb, in spite of the narrowing 

of the luminous space between the two lateral shadows. 

A tube [No. C 24], (fig. 14), was constructed, having a fiat cathode, K, opposite to 

which was inserted obliquely, as an anticathode, a concave cup, C, of aluminium. A 

third electrode, A—an aluminium wire—was inserted at the further end of the bulb 

as anode. The cathode discharge was directed agamst this concave anticathode, at 

various degrees of exhaustion up to the highest when no spark could be sent through 

the tube. At no stage, however, was there any appearance, either by internal cones 

of rays, or by any special spot of luminescence on the glass wall, or by the evidence 

of a luminescible screen applied outside, of any concentration by the concave anti¬ 

cathode of rays of any kind. 

Another tube [No, C 9], (fig. 15), was constructed, having an internal cylindrical 

tube of silver supported at each end by three j)rojecting feet. This was not found to 

concentrate cathode rays that were passed along its axis. When it was itself made 

anodic its shadow was more sharply defined. But, when it was made cathodic, so far 

from any concentration being produced on the cathode rays directed along its axis, 

there appeared a new set of phenomena which are described below in § 8. 

Another attempt to concentrate the rays by passing them along the axis of a helix 

of iron wire within the bulb, while a current traversing the wire produced a longi¬ 

tudinal magnetic field, is also narrated below. It also failed to produce any concen¬ 

tration of the cathode rays. 

6, Comparison of Cathode Shadows ivith Kontgen Shadoivs. Production of 

Internal or Paracathodic Pays. 

In order to be able to compare together ordinary cathode shadows and the 

shadows produced on external luminescent screens by Eontgen rays a number of 

tubes were constructed, having v/ires or other objects introduced for the purpose 

of casting shadows. One of these tubes was described at the meeting of the British 

Association at Liverpool.* A somewhat simpler tube [No. M 12] is depicted in 

fig. 16. It consists of a pear-shaped bulb having a concave cathode, C, focussing upon 

an oblique anticathode,t A, at its upper end. A lateral tube into wdiich the upper 

end of the pear-shaped bulb is united has an aluminium wire, B, inserted as an object 

to cast shadows. This aluminium wire, about 3 inillims. in diameter and 17 millims. 

long, is mounted upon a platinum wire fused in through the tube-wall. 

At fairly low degrees of exhaustion the wire B casts a shadow upon the tube-end 

* ‘ British Association Report,’ 1896. See also ‘ Electrical Review,’ p. 417, September 25, and p. 432, 

October 2, 1896. 

+ The term anticathode signifies an object upon which cathode rays are directed, as against a target. 

See ‘ Nature,’ March 12, 1896, p. 437. 
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when C is made cathode. It is immaterial whether B or A serves as anode, or 

whether an anode in a bulb in the exhausting-tube is used. The shape and position 

01 this shadow, which is dark against the yellow-green luminescence of the tube-wall, 

indicate distinctly that it is cast by rays proceeding from A. This quasi-cathodic 

shadow is cast by rays proceeding from A, even when A is anode, and under con¬ 

ditions which preclude the possibility of an oscillatory discharge. No shadow is 

pioduced if the cone of cathode rays proceeding from C is diverted by the influence 

a external magnet from falling on the anticathode A. It is therefore clearly due 

either to cathode rays reflected at A, or to some other rays, resembling cathode rays, 

which are originated at A under the impact of the cathode rays from C.* Specular 

reflexion of cathode rays is not known to exist, and has not been observed in any of 

these tubes. No trace is seen of any blue cone or beam that might be a geometrical 

jnolongation of the reflected cathode cone or beam. If reflexion is here operative, it 

is diffuse, not specular. But if specular, it differs from ordinary specular reflexion in 

two lespects : (1) the shadows have no penumbra but are sharply defined, even 

though the anticathode surface is relatively large ; (2) the distribution of the rays 

differs from that of ordinary specular reflexion. 

Fig. 16. 
Fig. 17. 

The shadow of B thus thrown on the tube-wall at^i can be observed at a degree of 

exhaustion quite msufficient to excite Eontgen rays ; it can also be observed up to 

the highest exhaustion. like the shadow of ordinary cathode rays, it’can be deflected 

by a magnet placed over the tube between the object and the tube-end. It is also 

suscepBble to electrostatic deflexion; the shadow expanding when B is made 

cathodic, contracting slightly when made anodic. The colour of the luminescence 

of the glass undei the impact of these rays is identical with that produced b}^ 
ordinary cathode rays. 

If, now, a luminescible screen of platino-cyanide of barium, or one of scheelite, is 

* This conclusion was reached by Wiedemann and Ebeet as the result of experiments yet unpublished. 

See their paper “ Ueber elektrische Entladungen,” in the ‘ Silzungsberichte der Physikal.-med. Societat 
zu Erlangen,’ December 14, 1891. 

VOL. CXC.— 
3 Q A. 
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held outside the tube near p, there will appear upon it, if the exhaustion is sufficiently 

high, a second shadow cast hy the Rontgen rays ; the size and position of this shadow 

being such as to indicate that it is cast by rays which have their point of origin also 

at A, and which have traversed the glass wall of the tube. If no perturbing 

magnetic or electrostatic influences are present, these two shadows lie geometrically 

on the same lines projected from A as origin. Both are sharply defined ; the internal 

one more so than the external one. But the external shadow due to PtONTGEN rays 

does not shift when a magnet is placed between B and ^9, Neither does the external 

Bontgen shadow change its shape or size when B is made anodic or cathodic. If the 

shadows are simultaneously observed it will be seen that one and the same object’ 

illuminated from one and the same point of origin, is capable of casting two shadows 

of difierent shape in different directions at the same time. It is clear that there are 

present tv^^o kinds of rays, which differ in their deflectibility by magnetic and by 

electrostatic forces, and in their power of penetrating glass. 

These internal rays which are deflectible are not, however, ordinary cathode rays. 

Cathode rays proper, at a sufficiently high exhaustion, possess the characteristic 

property of exciting Eoxtgen rays wherever they impinge upon solid, or as Bom 

has shown,* upon liquid matter. These internal rays fail to exhibit, either at high 

or low exhaustion, any trace of this jmoperty. There are produced, as is shown below, 

under certain conditions, some other internal rays, which also differ from ordinary 

cathode rays. Hence it becomes necessary to distinguish the different species by 

adopting an appropriate nomenclature. The ordinary cathode rays may be called 

ortho-cathodic; while the internal rays described above, which are emitted along 

with Bontgen rays at the surface of the anticathode, may be termed para-catliodic. 

The emission of these para-cathodic rays demands especial attention. They may 

be observed in any Bontgen ray tube of the focus type. As pointed out by the 

author,! in April, 1896, the emission of Bontgen rays from the surface of a plane 

anticathode follows a distribution entirely different from that of the emission of any 

known kind of light. It does not follow Lambert’s law of the cosine, the intensity 

remaining nearly uniform right up to a grazing angle, where it abruptly ends. This 

is demonstrated by photometric measurements made on the luminosity of a barium 

platino-cyanide screen placed near to the bulb. As viewed in such a screen the 

emission of Bontgen rays is confined to the region in front of the plane of the anti- 

cathode ; the whole hemispherical space in front being filled with them, while 

the whole hemispherical space behind is devoid of them;| a sharp delimitation 

* Mem. Accad. Lineri, s. V., vol. 2, July, 189G. 

t ‘ Comptes Rendus,’ loc. cit. See also ‘ Philosophical Magazine,’ August, 1896, p. 156, and ‘ Pi’oc. 

Royal Institution,’ May 8, 1896. 

t This is the state of things when the exhaustion is sufficient. But the autlior has many times 

obsei’ved, and has put on record (‘ Comptes Rendus,’ loc. cit.) the circumstance that during exhaustion, 

and at the stage at which Rontgen raj'S just first appear to be emitted, they are emitted from both 
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between orightness and darkness (as viewed in the screen) occurring in the plane of 

the anticathodal surface. As was pointed out in a communication to the Physical 

Society," and often since noticed by other observers, a similar oblique delimitation is 

visible in the yellow-green luminescence upon the walls of the bulb. At the time it 

was supposed that this internal luminescence extending over the region traversed by 

the Rontgen rays was caused by them on their way through the glass wall of the 

bulb. That they are not due to Rontgen rays may be, however, readily shown. If 

a magnet-pole be brought close to the bulb near the delimiting edge of the patch of 

luminescence upon the glass, that edge is seen to be distorted. It is due therefore 

to rays that possess magnetic deflectibility. It is also possible to produce an electro¬ 

static distortion of this delimiting edge. But if with a barium platino-cyanide 

screen one observes the corresponding delimiting edge of the Rontgen ray emission 

in the same oblique plane, one finds that it undergoes neither electrostatic nor 

magnetic deflexion. A small displacement in some cases to be noticed is due to 

want of exact complaneity of the anticathode surface, and to a displacement by the 

magnet of the focus of the incident (ortlio-)cathodic beam. 

It therefove aj^pecivs that fvofti the anticathode surface there are eynittecl simul¬ 

taneously with the Rontgen rays, and with a similar ahnormcd lateral distribution, 

para-cathodic rays ivhich differ from the Rontgen rays in respect of their power of 

penetration, as well in being electrostatically and magnetically deflectible. They also 

differ from the Rontgen rays in being emitted at a lower degree of exhaustion than is 

necessaiy for the production of the former, and from ordinary {ortho-fathodic rays 

in not exciting Rontgen rays where they impinge on a solid surface. 

From the similarity in the abnormal distribution of the para-cathodic rays and of 

the Rontgen rays, it may be inferred that the physical processes concerned in their 

emission at the anticathode are similar. 

7. Sifting of Cathode Rays. 

It has long been known that cathode rays at different stages of exhaustion of the 

tube, and excited under different electromotive forces, differ in character from ore 

another. The changes in mag’netic deflectibility during the process of exhaustion, 

noticed by Crookes,! are familiar. The cathode rays observed outside the Crookes 

tube, by Lenard,J differ from those within in several physical respects, and also 

apparently from one another under different conditions of production. Wiedemann 

and Ebert in particular have dwelt on the heterog'eneity of cathode rays, and 

front and back of the anticatbode, which, as viewed edgeway,s in a luminescent screen, appears a 

a dark line between two dim luminous regions. See also a case I’ecorded in § 7 below. 

* ‘ Proc. Physical Society of London,’ June 12, 1896, and ‘ Philosophical Magazine,’ August, 1890. 

t ‘ Philosophical Transactions,’ 1879, Part 1., p. 160. 

X Wiedemann’s ‘Annalen,’ vol. 51, p. 225, 1894. 

3 Q 2 
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on the operation of the deflecting magnet in separating the different elements of a 

bundle emitted simultaneously at a cathode. The remarkable success of Lexaed in 

transmitting cathode rays through a window of aluminium leaf into the open air 

naturally suggested the possibility of partially separating within the tube itself the 

constituents of a heterogeneous cathode beam, by interposing screens or films to sift 

out the less penetrating from the more penetrating parts. 

Accordingly, a tube [No. G 19j, (fig. 17), was prepared, having at one end a small 

disk cathode, K, of aluminium, and an aluminium wme anode, A, in a bulb in the 

lateral exhausting tube. An interior luminescible screen, S, of mica coated with 

scheelite was inserted near the far end of the tube, and in front of this was erected, 

upon a conducting support, as an object to cast shadows, a cross, one arm of which 

was of aluminium foil, another of platinum foil, whilst the third was of platinum 

upon which a globule of glass was fused. Near the cathode the tube was fashioned 

with a shoulder, into which loosely dropped a ring of lead, carrying a diaphragm of 

aluminium foil. A jfiatinum wire, C, inserted through the glass, enabled this ring 

and diaphragm, when in place, to be connected up to anode or cathode if desired. 

The ring and diaphragm being removable by tilting the tube, ordinary cathodic 

shadows could be produced for comparison. The tube was exhausted in the usual 

way to a high degree, and sealed ofi’ the pump. When the diaphragm was shaken 

out of its seat to allow a clear passage of the cathode rays, the shadows of the object 

upon the screen, S, were very sharp and distinct, and all parts of the shadow were 

equally dark. When the diaphragm was replaced, there was a shadow also, provided 

either B or S was earthed, or connected to the anode through a resistance, or made 

itself the anode. If C (the diaphragm) was connected to the cathode, the shadow 

became more brilliant, but with so rapid volatilization of lead, or of occluded gases, 

that this connexion was only possible for a second or two. The shadow was in all 

cases deflectible by the magnet, and appeared to be more readily deflected if the 

magnet was applied over the region between the diaphragm and the object than if 

applied between the cathode and the diaphragm. Althoufifh the diaphragm fitted 

fairly well in its seat, which was lined with aluminium foil, and permitted no direct 

cathode discharge around its edges, there was a distinct luminescence of the glass at 

the far end of the bulb around the edges of the mica screen, which cast a well- 

defined, dim shadow. The colour of this luminescence was the usual yellow-green, 

but there was a singular dark-orange luminescence over the end of the bulb where 

screened by the mica disk. When the aluminium diaphragm was connected to the 

cathode, and the platinum support of the mica screen was connected to the anode, a 

similar orange luminescence appeared in the neighbourhood of the cathode, K, during 

the brief moments that the operation could be continued. Further reference is made 

below to this second species of luminescence. 

* Op. cit. This dis23ersion Tvas also obsei’ved by the author in May, 1S96, see ‘ Pj’OC, Oxford 

University Junior Scientific Club,’ May 26, 1896. 
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The tube was opened and resealed to the pump in a vertical position, so that the 

diaphragm remained constantly in its seat. The electrode K was used as cathode, 

and the support S as anode, daring the exhaustion, which was continued until the 

spark-gap in the alternative circuit could be increased to about 25 millims. There 

were now clear shadows of aluminium, platinum, and glass, all equally dark. But on 

allowing the discharge to pass for 8 or 10 seconds, during which time the exhaustion 

diminished, the shadow of the aluminium arm faded out, leaving those of the arms of 

platinum and glass as dark as before. At this stage of things a barium platino- 

cyanide screen, placed directly over the bulbous end of the tube, showed a faint 

luminosity, but no shadow of the cross could be distinguished. Exhaustion was 

carried gradually higher, until the spark-gap was 4 inches; hut at no stage could the 

shadow of the platinum upon the mica screen he made darker than that of the 

aluminium without first letting the dischai’ge pass for a few seconds. The glass walls 

of the tube showed yellow-green luminescence only on the lowest region between the 

cathode and the diaphragm, save a slight trace on the upper end of the tube, which 

also showed yellow-green. Yet, on examining the side of the tube with a barium 

platino-cyanide screen, it was found that Kontgen rays were being emitted both 

above and below the diaphragm, the luminescence being almost as bright above as 

below. The place w^here the diaphragm lay across the tube was marked by a strong 

clean black line between two regions of almost equal luminosity. Hence it would 

seem that in this case the rays which produce the yellow-green luminescence are 

stopped by the aluminium diaphragm, whilst other rays pass through, which are 

competent both to cast an internal deflectible shadow upon a scheelite screen, and to 

produce R5ntgen rays, which cause luminescence outside the tube on a platino- 

cyanide screen. 

To test the sifting action of aluminium foil more thoroughly, the tube [No. M 14], 

(fig. 18), was designed. The bulb is provided with two concave cathodes, one, K^, at 

the side, to focus upon a small oblique anticathode of platinum at the centre, the 

other, Kj, at the summit, being larger and shallower, intended to focus past the anti¬ 

cathode to a point in the narrow aperture at the bottom of the bulb. The object of 

this design was to allow either ordinary (ortho-)cathodic rays to be thrown directly 

down from K2, or by the use of the lateral cathode and the oblique target, to 

throw down Bontgen rays, accompanied by para-cathodic rays. Below the aj)erture 

at the bottom of the bulb a horizontal glass tube, Hj^, was fixed, and below this, with 

a short vertical neck intervening, a second horizontal tube. Ho, at right angles to the 

first. Each of these tubes was fitted at one end with a ground glass stopper, their 

other ends being closed. A platinum wire was sealed, in through the stopper of H^ 

Nitrate of silver was used as a cement to make the stoppers vacuum-tight. In the 

upper of the two horizontal tubes was laid a short slip of sheet-lead, having eight 

holes punched in it. These holes were covered with pieces of aluminium foil in 

various thicknesses, to act as screens or filters to sift the rays. In the experiments 
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to be described only the thinnest of these filters was used ; it was a leaf about 

0'07 millim. thick. The leaden slip was itself connected by a thin spiral of platinum 

wire to the wire leading out through the stopper. Into the lower horizontal tube 

was introduced a similar loose slip of sheet-lead, carrying upon its upper surface a 

number of fluorescible materials : scheelite, ruby, jacinth, diamond, Iceland-spar, fluor¬ 

spar, calcium sulphide, zinc sulphide (Sidot’s blende), and a preparation of calcium 

carbonate, containing in solid solution about per cent, of manganese carbonate. 

The disposition of the two horizontal tubes at right angles to one another enabled the 

two lead carriers to be moved, by' tapping, Independently of one another, while the 

Fig. 18. 

tube was connected to the pump. This tube was used for sixteen consecutive days 

upon the pump. It was several times pumped out to the point at which Eontgen" 

rays are emitted. When left to itself, the vacuum slowly deteriorated, the tube 

relapsing in two days to the stage below that at which the yellow-green luminescence 

appears. Various observations were made on the luminescibility of the materials 

enumerated above ; but these had little direct bearing on the point now in question. 

When K 2 was used to produce ortho-cathodic ra3^s, all the materials named luminesced 

brightly, most of them doing so even wdren the state of exhaustion was too low for 

the production of the yellow-green luminescence of the glass. They all, also. 
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luminesced, though less brightly, when was used to produce para-cathodic rays. 

A horse-shoe magnet, placed with its poles on either side of the neck joining the two 

horizontal tubes, deflected the rays. When the screen of aluminium foil was shaken 

into its place to intercept the rays, the luminescence of almost-all the above-mentioned 

materials was stopped. The scheelite proved to be the most luminescible of them, 

but no effect was produced upon it at any exhaustion up to the highest, unless the 

screen was itself also made cathodic by joining the lead slide in Hi through a resistance 

to the cathode pole. The luminescence of the scheelite under these conditions was 

faint, and the tint, instead of the usual bluish-green, was of a lavender colour. The 

magnet did not seem to affect the production of this luminescence. Under no circum¬ 

stances did the ruby luminesce when the aluminium screen was present. 

A narrow aperture was punctured with a penknife through one of the thicker 

screens in the lead slide, and the effect was observed of throwing ortho-cathodic and 

para-cathodic rays through this slit upon the luminescible materials below. If the 

screen was itself neutral or anodic the luminescent effects of the rav that traversed 

the screen were exactly the same in kind as those produced on the same materials 

when the screen was absent. With para-cathodic rays the effects were the same as 

those with ortho-cathodic, but fainter, and in the case of several materials, particu¬ 

larly the ruby, so faint as to be practically invisible. When, however, the perforated 

screen was made cathodic, somewhat different results followed. The cathode rav, 

which was thus filtered through a slit in a negatively electrified or cathodic screen, 

no longer produced an effect identical in kind; the luminescence was, in general, 

weaker, but the tints differed, being in general duller. 

The action of the magnet on rays filtered through a narrow hole in the diaphragm 

was carefully observed, a patch of the leaden surface of the slide, Hg, coated with 

powdered scheelite, being used as a luminescent screen to watch the effects. The 

beam of cathode rays streaming downward from Kg, and falling upon the perforated 

screen, was intercepted save the small part which passed through the aperture. 

When this small beam entered the magnetic field between the magnet-j^oles it was 

spread out, as described by Wiedemann and Ebert,•''' and by the author,! several 

patches of luminescence appearing on the scheelite surface, where it was struck by 

rays of different degrees of deflectibility. The exhaustion was varied while the 

magnet remained in place, when it appeared that the deflexion of any given ray did 

not depend on the degree of exhaustion. But as the vacuum was carried to a higher 

point the more-deflected patches of luminosity died out, while the less-deflected 

patches persisted. This is not inconsistent with the observation of Crookes,^ who 

* O-p. cit. 

t See supra. The above apparatus was made early in June, 1896, before the publication of the 

researches of M. Biekeland on the magnetic spectrum. The results were briefly described by the author 

at the British Association meeting in September, 1896. 

X ‘Phil. Trans.,’ 1879, Part I., p, 160 (‘The Bakerian Lecture,’ Aid. 577). 
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found the curved cathode beam across a tube to become straighter as the exhaustion 

proceeded. From these experiments it appeared :— 

(1.) That the various constituents of a heterogeneous cathode beam are emitted in 

various proportions at different degrees of exhaustion; (2) That in the cathode rays 

emitted at higher degrees of exhaustion there is a greater proportion of the less- 

defectible rays; (3) That the least-defecitble rays are those ivhich most readily 

penetrate through a perforated screen ivhen that screen is itself made cathodic. 

8 Effect of a Negatively-electi'ified Screen on Cathode Rays, Double Fluorescence. 

Dia-cathodic Rays. 

Attention having been directed by previous experiments to the particular effects 

produced—notably in tube [No. (fig. 18)—by the interposition of a screen, which 

was itself made cathodic, other tubes were prepared to aid in examining these effects. 

In tube [No. C 10], (fig. 19), there was inserted a helix, made of a dozen turns of bare 

iron wire, the ends of which were welded to platinum terminals passing through the 

glass. The cathode, K, was a flat disk; and there was an anode in a lateral bulb 

in the exhaust tube. The terminal turn of the helix, at the end nearest the cathode. 

Fig. 19. 

was brought down across the end face of the spiral, so that its cathodic shadow on 

the end wall of the tube appeared as a vertical diametral line across the circular 

outline of the helix. One purpose in constructing the tube thus was to test the 

effect of a longitudinal magnetic field upon the cathode rays. When a current was 

sent through the helix, the ampere-turns being about 140, and the intensity of the 

field nearly 60 C.G.S. units, the shadow of the diametral wire was rotated through 

aoout 20°. When the wire helix was made cathodic, the yellow-green luminescence of 

the glass was (as in the case also of tube [No, G 19], described above) confined to the 

portion of the tube between the cathode and the nearest end of the helix, no yellow- 

green luminescence being now produced on the tube end, and almost none on that 

part of the tube which covered the helix. But there now appeared a blue cone of 

rays proceeding from the inside of the further end of the helix, and extending thence 

to the far end of the tube. The tube-wall at this end now showed the dark 

orange luminescence which has been more than once alluded to in the preceding 
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paragraphs as casually occurring. This phenomenon is a second species of 

fluorescence of the glass, and is always produced, provided the exhaustion be 

sufficiently high, when a cathode beam is directed against glass through a thin 

screen or through an aperture in a metallic screen which is itself made cathodic. 

This second fluorescence was examined with the spectroscope, when its light was 

found to consist simply of the D-lines of sodium. 

The effect of an external magnet upon this tube was remarkable. When the 

horse-shoe was placed vertically, with its poles on either side, over the tube between 

the cathode and the helix, the yellow-green luminescence on the glass was driven 

into two portions ; one, apparently due to rays proceeding from the cathode proper, 

being deflected up to the upper side of the tube ; the other, apparently due to rays 

jji’oceeding from the near end of the helix, being deflected down to the lower side 

of the tube. Or, on reversing the poles of the magnet, these deflexions were 

reversed. But in each case the blue cone proceeding from the far end of the helix 

appeared to be slightly deflected downwards. When the magnet was, however, 

brought down over the further j^art of the tube, so that its poles were one on each 

side of the tube, with the blue cone of rays between, the cone of rays was absolutely 

unaffected. That these rays were really rays of some kind was proved by the 

circumstance that they could cast shadows. A scrap of glass which accidentally 

remained inside the tube was observed to cast a shadow behind itself, none of the 

tawny fluorescence appearing in the shadowed portion. 

To investigate the j^henomenon further, tube [No. C 11], (fig. 20), was then inade. 

Opposite the cathode there was introduced a screen of iron wire gauze, mounted upon 

Fig. 20. 

a platinum terminal, T, which passed through the glass. Between this screen and 

the tube-end was inserted a vertical wire, W, as an object to cast a shadow. If the 

gauze screen was made anode, or was left neutral, the usual sharp shadow of it was 

cast on the tube-wall by the {ortho-)cathodic rays, the whole tube being lit up with 

yellow-green fluorescence except where the lines of shadow fell. When the gauze 

screen was made cathodic that part only of the tube vffiich was between the cathode 
VOL. cxc.—A. 3 R 
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and the screen showed the yellow-green tint, but, beyond the screen, there was the 

blue cone of rays, producing on the remainder of the tube the second, or dark-orano-e 

fluorescence, as before, and in this second fluorescence the shadow of the wire could 

be seen upon the glass. This shadow was not displaced by a magnet held over the 

blue cone; it was, however, displaced if the ma,gnet was held over the tube at the 

part where the yellow-green fluorescence showed itself between the cathode and the 

screen. The rays of this blue cone did not appear to be electrostatically sensitive, 

since the size of the shadow of the wire was not affected by electrifying the wire. 

Another feature which had been noticed with the preceding tube, but was exceeding!}- 

striking in the present one, was the difference in the situation of the two kinds of 

fluorescence. In the present tube, with its thin gauze screen, the two kinds of 

fluorescence met in the plane of the screen, and it was evident that while the 

fluorescence of the second, or dark-orange, kind was exactly confined to the inner 

surface of the glass, the fluorescence of the first, or yellow-green, kind was not so 

confined, but extended right through the glass. This seemed at first to be an optical 

illusion, but careful scrutiny proved it to be really so. It is most sugo-estive to find 

from spectroscopic evidence that both kinds of fluorescence are referable to the same 

element—the sodium of the glass employed. The circumstance that the rays last 

described should excite the emission of light giving a spectrum of so totally different 

a character, is itself sufficient to justify their being considered as different from the 

ordinary cathode rays. It is, therefore, proposed to distinguish them by the name 

dia-cathodic rays. 

These observations may be summed up as follows ;— 

(1.) When cathode rays fall upon a perforated metcdlic screen, which is itself made 

cathodic, or upon a tubular cathode, there emerge beyond the latter some rays, here 

termed dia-cathodic, ivhich are incapable of exciting the ordinary cathodo-luniinescence. 

(2.) These dia-cathodic rays are not themselves directly defected by a magnet. 

(3.) They are capcdole of exciting a different hind of luminescence, the luminescent 

surface emitting light which, in the case of sodium glass, shows a gas spectrum, 

(4.) They can cast shadows of intervening objects. 

[Note added November 7, 1897 —Recent furtber examination of the ray.s, here termed diacathodic, 

has shown me that they are very similar in their properties to, if not identical with, the “ Kanal- 

strahlen,” which Goldstein has found to be projected backward from cathodes I have not yet been 

able to determine whether these diacathodic rays always accompany the ortho-cathodic rays or not. 

Observations on the yellow-green fluorescence of the first kind, made through revolving slits or in a 

rotating mirror, show that its colour changes before it dies away, becoming orange. This may be due 

to fatigue, however, and not to the greater jaersistence of emission of a different kind of ray.—S.P.T.] 
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