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Palaeontology. — "On fossil Trichechids from Zealand and

Belgium." By Mr. L. Ritten. Communicated by Prof. ('. E.

A. WlCHM.VNN.

(Communicated in the meeting of March 30, 1907).

Last summer a fisheruiau i'uuud opposite the village of Breskens

in the West Scheldt a large skull, which Dr. S. Schouten secured

for the Geological Institute of Utrecht University.

The fragment belongs to an old Trichechus, but differs in some

respects from the now living Walrus. On closer examination it

appeared tliat the skull must be of the tertiary Trichechus Huxleyi,

of whicii uiili! now only tu.sks were known, found in the "Red

Crag" of Sulfolk. These were described by Ray Lankester. Of the

skull the description will be given here.

The plan suggests itself to compare the fragment first with the

walrus of recent times an<l then with the already known fossil

Trichechids.

1. Description of the skuU and comparison with, the walrus.

The most conspicuous ])oint about the skull is its remarkably good

state of preservation. It has this in common with some remains of

diluvial mammals, also found in the river Scheldt. The skidl, to be

sure, arrived liei'c in several pieces, but the broken edges were absolutely

fresh and all parts fit perfectly together. Probably the fossil only broke

when it was being dredged. As to completeness the skull leaves nothing

to be desired, since only parts of the nasal, maxillary and frontal

bones, part of Ihe vomer, the conchae and a few teeth are wanting.

The skull was filled with a tine-grained grey clay ; Ihe outer wall

of the cranium was overgrow widi Bulanids and Bryozoa. Although

the fossil is v(;ry heavy, a chemical analysis of a little piece of bone

revealed nothing particular. It still contains pretty much organic

matter and consists for the rest especially of CaO and Pfi^, while

a small (iiuvulily of ferric hydroxide colours the bone dark brown.
That our Trichechus is full-grown, is proved i)y the fact that all

sutures are absent and by the strong development of all ridges.

As material for comparison we had at our disposal 24 recent skulls

and 26 pairs of tusks. Very uni)leasanl was the great variability of

the recent walruses. Certain characteristics vary so strongly in

different individuals that with the limited material one always remains
uncertain whether the analogous characteristic in t lie fossillies within
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the limit of variation of the recent animals. It will appear that in

most respects the fragment approaches the old walruses, but tliat

the tusks deviate considerabk from those of the living animals.

Looking at the iiind side of the fossil skull, one is at once struck

by its relatively great height. This is caused by the strong devcloj)-

ment of the mastoid process and by a high ridge on the lambda

suture (crista lambdoidea).

Dividing the height of the skull and that of the mastoid process by

the breadth of the skull, we obtain two quotients, which for the fossil

are greater than for the walrus. In determining these quotients the

height of the mastoid process was measured by the vertical distance

between the lower edge of the foramen magnum and the base of the

mastoid process. The differences found are small, however; for this

characteristic the fossil stands consequently at the end of the variation

series of the walrus. The strong relief on the mastoid process and

the extraordinary size of the crista occipitalis externa as well as of

the crista lambdoidea are characteristics which the fossil skull has

in common with some old walruses.

Small deviations are also found in tlie vicinity of the foramen

magnum. The canalis hypoglossi always opens with the walrus into

the inside of the condyli of the cranium with two openings at each

side, whereas the fossil only shows a single small opening. But this

characteristic has not much value, since the aperture of the canalis

hypoglossi always varies strongly. Tiie foramen magnum is much

more flattened dorso\entrally with llie fossil than with the walrus,

but this too is a very \arialile characteristic. Comparable numbers

are here obtained again when the breadth of the foramen magnum
is divided by its heigiit. The condyli occipitales are in the fossil less

strong than normally and [iresent a shuttle-like appearance, while

in the walrus thej" project more and more when we proceed

upwards; also they here project above the upper edge of the foramen

magnum,' while there they remain below its upper edge.

Of all these small differences the shape of the condyli and of the

foramen magnum have the greatest importance, while the height-

ratios and the aperture of the canalis hypoglossi are of less value.

The base of the skull shows no more diflerences with the walrus

than the back part. The length of llie two skulls compared with

their breadth, agrees entirely. The lirst dillerence concerns the position

of the foramen lacerum anil of the canalis alis|)henoidens. These

namely lie close behind each other with (he \\ali'us, while with

the fossil they are separared by a rallnM- massive bony lamella,

extending from the os pclrosum towards iln' pterygoid piocess. Also

1*
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tlie cup for the joiiil of llie lower jaw is very broad and the result

of this is again that the pterygoid [n-ocesses have approached each

other closely. Further changes appear at the frontal side of the skull-

base bv the size of the alveoles of tlie tusks.

The alveolar outer wall shows a lateral projection as with the

walrus, only slightly more massive ; the distance between the two

projections is consequently also somewhat greater than with the

walrus. We divide this distance again by the breadth of the skull

:

the fossil lies at the end of the variation series of the walrus. But

the size of the tusk-al\ coles produces still another difference. It

causes namely the rows of teeth to be squeezed together, so that

the distance of the two incisors, compared with the breadth of the

skull, is extremely small. But this also occurs with some old wal-

ruses. Moreover the lower side of the upper jaw differs in shape :

in the walrns it is broad and hollowed, in the fossil narrow and flat.

The lateral face of the skull presents in more than one respect a

great dilfereiice with the walrus, namely in the shape of the tusks.

In all the former pi'operties the fossil approached the old walruses

and if also the tusks had little deviated from theirs, the reasons for

making a distinction would have been i-ather feeble. But this is not

the case. The curvature of the tusks is with the fossil much stronger

than with the walrus. If we determine the radius of curvature

of all the tusUs, we find it in the fossil to be 27 centimetres, for

the walrus never under 38 cms. It must be noted that such a small

radius of curvature only occurs with young, female walruses with

relatively weak teeth. In older animals, however, with which we
must compare our skull, the radius of ciu'vature was never under

45 cms. and mostly over 50 cms. Whereas in the former properties

the fossil resembles the old walruses, it deviates very strongly from

them in regard to the shape of the tusks. Also the tusks are more
elegant and the right tooth shows deep longitudinal grooves.

From the tusks we may also di'aw a conclusion as to the age of

the animal. With young individuals the pulp cavity is very deep
;

with advancing age it gradually tills with osteodentine. With the

fossil now the pul[) cavity only had a depth of 3,5 cm. Also the

thickness of the tusks is greater in the middle than at the base,

which points to the period of strongest growth for the teeth being

passed

.

Again the considerable corrosion of the teeth point to an elderly

individual.

If we now summarise the results of the comparison of the fossil

with the walrus, we may slate;
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That the fossil skull belongs to a walrus-like animal, whose skull

in general differs only little from recent animals as to strength of deve-

Cross-section of the base of tlie tusks of Trichecluis Huxleyi.

Found near Breskens in the W'est Scheldt.

lopment, but deviates entirely from them by the shape of the tusks.

It is a pity that for comparative anatomy the \alue of the frag-

ment is nil, for it presents nuiiiy [)roperties of Trichechus, sncli as

the strong crista occipitalis externa, the big mastoid process and the

massive bulla ossea still more typically than the recent animals.

2. Comparison of the skul/ with already knoivn fossil Tricheckids.

Fossil remains of Trichechids are known from North-America,

England and Belgium. Also skulls of Trichechus rosmarus have been

described from the subsoil of Paris (17), Hamburg (lU) and Cologne

(25), but it has been proved thai they were carried there by man.

The North-American finds seem to belong to the pleistocene and

miocene (21). The tertiary skull deviates in the number of molars

from Trichechus rosmarus (8) ; the pleistocene remains are identical

witii Trichechus rosmarus, although De K.\y has classed a skidl

fragment from Accomac County in Virginia under a fossil species

Trichechus virginianus.

The English fossils were first found in the "Red Crag" of Sulfolk,

where, however, they are in a secondary "Lagerstiitte"; probably

they belong to the older pliocene. (19). Later they have also been

found in the "Cromer Forest Beds" (32). They are only tusks,

distinguished from the tusks of walruses by strong curvature,
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siiuillcr tliickiicss and deeper loiisiludiiial grooves. Also Ray Lankestkr

is of opinion tliat in general tliej are bigger llian those of the

walrus, allliough the ma.xininni size of the two is liiesame. So these

tusks show a very good agreement with those of the Zealand fossil.

The Belgian Trichechids, occurring in the "Crag" of Antwerp,

have been described by F. J. van Beneden in a woi'k of splendid

get up (2G). The oidy pity is that the contents do not harmonise

at all with the exterior, since to a dangerous imagination more scope

lias been given than to accurate description and careful criticism.

When the fortifications round Antwerp were dug, fossil remains of

rinuipedia were found in very different places and at different times :

they were treated by van Beneden in the following manner:

"Voici, connnent nous avons procede : Apres avoir reuni tous les

OS de phoque, .... nous avons reuni tous les os de meme nature

c-'est a dire, les humerus, les femurs etc Apres cette premiere

operation nous avons reparti les os longs apres leur taille, ayant

ilevant nous les memes os des especes vivantes. Si I'on considere,

(|ue la plupail des jiieces se repete plusieurs fois, il n'est pas

diflicile, .... d'etablir parmi eux des groupes generiques et specitiques.

*2uand cette operation est faite pour les os connne les humerus et

les femurs, .... on leur rai)porte les autres os, en se guidant d'abord

d'apres leur dimension Nous a\ons alors etale les humerus, les

femurs, les vertebres etc. des diverses especes europeennes et nous

nous sonunes assures, de quelles especes vivantes nos phoques fossiles

se rapprochent le plus. En repetant la meme operation pour les

autres os, nous sommes arrives ainsi a composer nos especes eta en

elablir un certain iiombre avec une certitude entiere."

Hence when van Beneden had established a new species by means

of a single bone, he added to this bone what fitted best in size, a

method which theoretically has some good points, but which in

practice, with the very incomplete Antwerp material, presents so

many dilBculties, that the determinations of van Beneden must a

priori be received with some misgivings. In any case, only the first

piece of bone, on which a species w^as founded, may be regarded

as iiaving been definitely determined; all tli.e other bones, added to

it, must be critically re-e.xamined.

VAN liENEDEN describes three species of Trichechids, which he refers

to three genera. Of these Trichechus rosmarus is supposed to be

diluvial; the two others, Trichecodon Kouiuckii and Alachtherium
Cretsii are tertiary.

Of the common walrus only a scaphoid and an incomplete vertebra

are described
:

"qui ont ete quehpie temps confondues .... avec les
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aiiimaiix quaternaires terrestres.On les avail places a cote de Rhinoceros"!

Tiie genus Tricliecodoii was based on a small fragment of a tusk

wliicii has now even been lost and of which a cast onl^' is left at

Brussels. This strongly rounded fragment, however, is not typelied

by a single characteristic, and so it will always be impossible to

ascertain whether later remains really belong to it. But in this way

the genus Trichechodon loses any right of existence and the bones,

referred to it, must be regarded as undetermined.

Alachtheriura is first mentioned in an oration of Viscount dl iji;s.

Of this Trichechid only half a mandible was known then. Also in

this case van Beneden has added to this lower jaw a whole series

of bones from the neighbourhood of Antwerp. Among these also a

fragment of a skull occurs, of which van Beneden gives the follow-

ing description, accompanied by some large, but not very happy

illustrations.

"En comparant la tete d'Alachtherium avec celle du Morse, nous

voyons des differences fort grandes dans la disposition de certains os.

Vu par devant, le crane est beauconp jilus eleve et les parties laterales,

formees par le temporal surtout, sont plus etendues en dehors et en

dessous. II en resulte, que par la partie superieure, le crane se

rapproclie plus de celui des Utaries et par les parties laterales de

celui des Moi-ses. Le crane est brise en avant de maniere que la

boile est restee entiere, et les os frontaux ne prennent qu'un faible

part a la formation de la cavite cranienne. Le crane, vu par la face

posterieure, moiitre I'os occipital s'elevant verticalement tres haut

comme dans certaines Otaries adultes et les parties laterales et infe-

rieures, formees par le temporal, sont tres raassives en meme temps

qu'elles descendent fort bas. Les deux condyles sont brises. . . . Vu
sur le cote, le crane presentc I'aspecl d'un casque; il est beaucoup

plus eleve que dans le Morse et la conformation de toutes les regions

est completement ditferente. . . . Tout le dessus du crane est aplali

et une bordure veritable separe cette region superieure en avant des

OS de la face, sur le cote des os des lempes. Les parietaux sont fort

bien indiques au devant- de I'occipital ot sont disposes de maniere k

ressembler au premier abord, a. des os nasaux".

Not to mention a few inaccuracies, the differences with the walrus

might have been indicated in less vague a manner, so that a new
conq)arison does not seem superfluous:

Looking at the skull in front, we notice several differences with

the walrus, which all have led to an alteration in the shape of the

parietal. For with the walrus iliis bone is clearly convex at both

sides while with Alachthorium a concavily is found which onlv for
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It is cliietly caused by llie development of a gigantic ci-isla lanibdoidea

and by tlie big mastoid process, as well as by the form of both.

The crista lambdoidea namely by its size draws the parietal ui)wards

and since in a median direction it extends far to the front, it exerts

this inthience over a great part of the circumference of the parietal.

The strongly developed mastoid process, especially by its frontal

position, draws the lower edge of the parietal and the upper edge

of the squamosum outwards and therefore has the same effect at the

lower side of the parietal as the crista lambdoidea at the upjicr and

posterior side: the two together produce the concave shape of the parietal.

While now the strong development of the crista lambdoidea and the

increase in height of the mastoid process also cause an increase in

height of the skull as compared with the walrus, it is at the same

time broadened by the frontal [)osition of the mastoid processes. For

these are placed with the walrus in a slanting forward dii-ection

and are also smaller than with Alachtheiium. So we cannot wonder

that the absolute height and breadth of the skull exceed the corresponding

dimensions of the walrus, but that their ratio lies within the limit

of \ariation of recent animals.

Other (litferences with Trichechus rosmarus are found at the base

of the skull. With the walrus a very large bulla ossea extends from

the external edge of the basioccipital and basisphenoid as far as the

mastoid ju'ocess and as far forwards as the fossa glenoidea ; a more

or less distinct groove separates this bulla ossea, in a rostral and a

caudal part. With Alachtherium, however, the bulla ossea is very

small and in this respect it deviates distinctly from the Trichechus

type. Corresponding to some extent to this circumstance the fossa

glenoidea lies far backwards in Alachtherium : the space between

the articulation and the mastoid process is very small. While now
with the walrus the fossa glenoidea extends on the jugal process of

the squamosum, so that above it the squamosum rises in a slanting-

upward direction, with Alachtherium it lies far less free and in front

of it the squamosum rises steeply. We shall see later on that this

is of importance when dealing with the mandibles to which the

cranial fragment was said to correspond by van Be.neden.

A further dilference js found at the border between basioccipital

and basisjihenoid. Not to mention a frontally diverging crista, and a

roughness on the occipital on both sides behind it, these bones pass

gradually into each other in the walrus. In Alachtherium the outside

of the sphenoccipital suture is strongly thickened; a real knob has

formed which only at the left side has been preserved. The back of
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(he basisplieiioid now rises ;i( tlic let! hi a <xvea\ lieiglit against tins

knob and, instead of tollowiiig tlie I'laiiial base normailv, it is situated

liere ahiiost sagittaily : the complete basispiienoid must consequently

have shown a deep median gi'oo\e. Analogous changes have occurred

at the basioccipitai, whicii towards the knob shows a deep concavity.

By this tlie angle between basisphenoid and basioccipitai has also

become more acute than in the walrus.

In order to compare the back of the skull with that of the walrus

we placed the fragment in such a position that the upper edge of

the parietal has a slight forward inclination, as this is also the case

in a walrus skull, placed on the table without tusks.

Then with both the basisphenoid rises slightly in a forward and

the basioccipitai in a backward direction, so that their positions

may be considered as corresponding.

With Alachtherium the outline of the posterior part of the skull

then shows one important change, caused by the strong crista

lambdoidea and the broad mastoid processes. For this causes the

back of the skull to consist of a narrow supra-occipital and a very

broad tempoi'al part, a phenomenon which also with old walruses

is sometimes indicated to some extent, but never so strongly as with

Alachtherium. Moreover Alachtherium has a very small cranium : all

bones are uncommonly thick. Further in Alachteritim the crista

lanilidoidea runs in a median direction tar to the front and even

shows a tendency to pass into a sagittal ridge. As compared with

the walrus this phenomenon becomes very striking by the complete

absence of the crista occipitalis e.xterna. Where consequently with

old walruses the occipital superius is strongly con^e.x. by the massive

crista occipitalis, it shows with Alachtherium a deep median fold.

Compared with Trichechus the hind skull of Alachtherium thus shows

three moditications : absence of the crista occipitalis externa, size of

the mastoid processes, and shape of the crista lambdoidea. The dif-

ferences at the side of the skull are not very great and we are

certainly not justified in stating, as van Heneden does: that "la

conformation de toutes les regions est completement differente."

Especially with the skulls of old male walruses Alachtherium shows
many points of resemblance and it would almost appear as if v.\n

Beneden had only a small material for com[)arison al his disposal for

his description.

The many changes which llie skull of .\lachtherium shows when
compared with (he skull of Trichephus, have not deprived it, though,

of its Trichechid character. Hut there are three phenomena which

bring it nearer the <Jtaridae: the smallncss of the bidla ossea, the
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absence of llie crishi occipilalis aii<l ilic Iciiilcncv ol' llu> crisla

lambdoidea to develojt on llif skull into a sagittal ridge').

What reasons had v. Uknkdkn to coordinate the cranial fragment to

the mandible on which Alachtherium is based? He does not state

them anywhere:

"On lie possedait d'abord de ce cnrieux Ampliiterien d'antre os

qne le maxiliaire .... Nons rappoilons a ce meme animal . . . .,

le crane que nons representons . . . ., les vertebres cervicales etc.

etc La forme dn maxiliaire interieur indiqne nne confor-

mation toutc particnlicre de tons les os en face . . .
."

The question now is whetlier on the contrary it cannot be shown

that cranial fragment and mandible do not belong to each other.

This seems indeed to be the case :

The lower Jaw deviates strongly from that of Trichechus and

points in fact to a "conformation tonte jiarticuliere de tous les os

en face". Hut as the hind skull of Alachtherium does entirely

coidVirm to the Tricheciuis type, it is uiijustitiable to assume for the

lacking pail an entirely deviating shape, only in order to be able

to fit the skull to the lower jaw.

The hind skull has much more massive and coarse bones than

Trichechus, the mandible on the other hand is larger than that of

the walrus, but of a niucli more elegant and line build: also in

their structure skull and lower jaw have consequently opposite

characters. Also the lower jaw is too big foi' the cranial fragment.

For the cranium belongs to an old animal and so the lower jaw

should certainly not be iiinch too big for the skull. If we now
divide two dimensions of the walrus and of Alachtherium, we find :

Walrus Alachtherium Alacht. : Walrus

distance of the fos,sae glenoideae 13.5 14.5 107

length of the mandible 24.7 35.7 144

Hence we here obtain again such abnormally great differences of

two dimensions between the walrus and Alachtherium that the

otherwise considerable analogy of the skulls does not permit us to

ascribe mandible and skull to one species. The principal argument,

however, is found in the shape of cranium and mandible.

AVe saw that with Alachtherium the fossa glenoidea has a much
less free situation than with Trichechus. With the latter the mandible

has a short, vertical coronoid process, which consequently easily

finds a place in front of the sqiiamosuni. The lower jaw of Alach-

b .J. A. Allen (30) stales about Tricliechusi obesus that this also has a small

bulla ossea.
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tlieriiim, on the otliei- hand, sliows a loiiii,- coroiioiil process, whicli

has a backward and sli"litlv inward direction, and wiiicii on acconiit

of the un-tVee situation of the articnhition of the crania! fragment,

must inevitably come in collision with the squamosum; hence the

two bony pieces cannot possibly belong together.

So we may conclude that the skull described as Alachtherium

does not belong to this species. No more can it belong to Triclie-

codon, since this genus must disappear from literature. So it must

be regarded as undetermined.

Finally the "Musee d'Histoire naturelle" at Brussels possesses still

another Trichechid skull, floated ashore near Heyst and considered

to be diluvial. It is the cranium of a very old male; the sutures

have all disappeared and the tusks are almost entirely used up.

The preservation is exactly as that of the Zealand fossil : the bones

have turned brown and the teeth entirely black; the skull is very

heavy and perhaps has become partly siliceous. Besides its shortness

and a sti'ong development of the alveoles of the tusks, the fossil

shows no diiferences with the walrus: these two characteristics,

however, give it a very square appearance. But these small dilfe-

rences give us no right to i-egard the skull as a new species: it

seems to be an ordinary Trichechus rosmai'us. After having dealt

with the known skulls, we must assign a place in the system to

the Zealand fossil and to the Antwerp hind skull. They belong to

dilferent species. The resemblance of the tusks of Trichechus Huxleyi

with those of the Zealand cranium was already pointed out. The
curvatures of the tusks of Trichechus Huxleyi, drawn by R.w Lan-

KESTER, are:

•2J, 27, 30, 38, > 50, > 50 cms.

Hence they agree much better with the Zealand tusks than with

those of the walrus. Also tlie cross-sections of the tusks showetl

analogies and so we may safely class the Zealand skull under

Trichechus Huxleyi.

If we ask what age must be attributed to the skull from the

Scheldt, we must bear in mind that the good state of preservation

precludes a long transport. Hence the skull must have been dislodged

out of the bottom of the river. What sort of soil do we lind there?

Formerly already Dr. de Man has described remains of dibnial

terrestrial mammals (35), which were also fished from the Scheldt

and partly even very near the si)ot where also the Trichechus was
found (3t)). Now it is very improl)able that the Tri(;liechus and the

terrestrial mammals come IVom the sauie layer, since both are well

preserved. In the year 1879 Dr. Seki.iikim published some profiles
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oi Zealand, liascd on borings and showing- lliat in tlie West Sclieldl

occasional!,)' tertiary layers occnr. Since it is (if conrsc impossible

to indicate the precise layer from wiiicii I lie fossil got free, yet it

api)ears that the skull may belong to the tertiary pleiocene. Also in

this respect it would correspond to Trichechus Huxleyi.

The cranial fragment from Antwerp does not belong to Trichechus

Huxleyi, since it deviates considerably from the Zealand skull. Hence

it must be a new species. It does not seem desirable to establish

a new genus for a fragment, showing so much analogy with Tri-

chechus. The name of this Tricliechid may be, after the spot where

it was found :

Trichechus Antvei'piensis.

The recent walrus skulls from the "Rijks Museum voor Natuurlijke

Historic" at Leyden and from the Zoological collections of the University

at Utrecht and Amsterdam were placed at my disposal through the

kindness of Dr. F. A. Jentink and Profs. A. A. W. Hubrecht and

Max Webek. At Brussels I was enabled by the kindness of Dr. L.

Dou.6 to study the fossil and recent material of the "Musee royal

d'llistoire naturelle de Belgique". Finally I have to thank Prof.

WicHMANN who lent me tne fossil for description and without whose

assistance I should certaiidy not have succeed.ed in collecting all

the literature.

FIGURES.

Figs. 1. 3. 5. Hind view, baso and side of the skull of Triclieclius Huxleyi.

Find: opposite Breskens in the West Sclieldt.

Figs. 2. 4. (>. Hind view, base and side of the skull of Trichechus Antverpiensis.

l''ind: near Antwerp.
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Anatomy. — "()», tlie existence of cartilaginous vertebrae in the

development of the skull of liirds" . 1!\ Prof. J. W. van Wijhe.

(Communicated in the meeting of April 26, 1907).

It i.s a well-known fact that at a certain stage of development the

notochord in all vertebrates extends forv\'ard as far as the hypo-

physis cerebri and backwards as far as the tip of the tail.

Over the whole length of the trunk and also in tlie occipital

region of the head the dorsal part of the mesoderm is separated

into segments or somites.

In the lower vertebrates: Selachians and Petromyzontes, the somites

are not restricted to the occi|)ital I'egion, bnt extend forward as far

as the hypophysis, i.e. equally far as the notochord.

The greater part of the voliinlary muscidar system is formed from

the somites and in Amphioxus the segmentation of this muscidar

system is permanent and distinct from the anterior to the |)OSterior

end of the body.

The original function of the somiiic muscles of the Chordates

existed in my opinion') in the to and fro movement of the notochord

and so of the whole body during swimming.

In the Craniotes this muscular system is interrupted in the region

of the auricnlai' organ and in my opinion the presence of the auricular

capsule is the cau.se of this. This capsule, which also encloses the

organ for ecpulibriuni, needed a firmer attachment than could be

afforded by the connective tissue and found it in the parachordal

cartilage, through the stiffness of which the muscular fibres in this

region could no longer operate and consequently disappeared, partly

even in their origin.

1) Cf. VAN Wmhe "Ueber die Homologi.sirung des Mundes und die |irimitive

Leibesgliederung dcr VVirbelthiere." Pethus Camper, Vol. IV. 1906,
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The effect of this was also felt in the region in front of the

auricular organ, but here part of the soniitic muscles remained on

account .of a change of function. They became attached to the here

developing eye-ball and now served for the mo\ement of this latter

and no longer for the mo\ement of the whole body. This was

accompanied by far-reaching shiftings, which can still be followed

in the individual development.

The cartilaginous skeleton forms a system which appears only late

in the development of the vertebrates and long after the appearance

of the muscular system. As sooji as the first cartilage may be

observed, the muscular system in the head has undergone the

changes here indicated. In the auricular legion the somitic muscles

have degenerated; partly they were not even indicated : in the refion

in front of tiie auricular organ they have entirely changed in place

and shape and have entered into the service of the eye-ball. Onlv
in the region behind the auricular organ — the occipital region

the myotomes — generally numbering three — still stand in the

original order, like tlie myotomes of the trunk.

Head and trunk are separated in the ontogeny — although the

border is later somewhat shifted in a caudal direction already

before the cartilaginous spinal chord appears, and I see no reason

for assuming that this separation should not have taken place also

in phylogeny before the appearance of the spinal chord.

The segmentation of the spinal chord depends on that of ilie

muscular system. The bo iy of a vertebra is not formed opposite the

middle of a myotome, but opposite the border of two successive

myotomes. B.vlfour has given the explanation of this at first sight

curious phenomenon
:

the first muscular fibres occiipv the whole
length of a myotome and lie laterally of the tissue, surrounding the

notochord. Now it is no more than natural that the solid points of
attachment which in this tissue are formed for the mu.^ciilar lilircs,

namely the origin of the vertebral bodies, are formed opposite the

borders of two successive myotomes.

If we now ask where- the appearance of vertebral bodies in (lie head
must be expected, the answer must be that this cannot be in the

auricular region, since here Iho myotonies have disappeared at the
time of the a|)pearance of the cartilage. No more can this be the

case in the region in front of the auricular organ, for iiere the

myotomes have entirely altered their ])lace and lia\e entered into

the service of the eye-ball.

Only in the occipital region one would cxptH-l ilic appearance of
two or Ihree \ertebrae. Yet until ivcenlly nobody has observed tlieiu
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lierc, allliiMi<;h tliis ivgiou lias been investigated not only hy the

method of sectional series, but also by the niethjleiie blue method,

by wiiich the investigation is so much easier. By this method

Dr. NooKDKNiios did not lind them in the vertebrate skull any more

than myself in the skull of Selachians.

Instead of vertebrae we found the well-known parachordal cart-

ilage accompanying the notochord in the occipital and auricular regions.

Certain authors have indeed s[)oken of the origin of vertebrae

in the occiput, but the parts obser\'ed by them, were not cartila-

ginous but only badly outlined cell-heaps, not deserving the name

of vertebrae.

So I was greatly surpriseii when my former assistant, Mr. F.

SoNiES, discovered by the methylene blue method two cartilaginous

vertebral bodies in the occiput of embryos of the chick of the sixth

breeding day and of ducks in a corresponding stage.

It will be asked how it is possible that these vertebrae have not

been long known, since the embryos of the chick form the classical

material foj' imestigation in all embryological laboratories. The

answer is thai they were not discovered because the stage, in which

they appear, is of so very short duration. One has to hit the moment

in which the cartilage appears in the (irst two vertebrae of the neck.

Before the cartilage ap|)ears in the remaining vertebrae, the two

occipital vertebrae have already coalesced with the parachordal

cartilage.

It is impossible to indicate the hour of the breeding day, since

the development of the different eggs varies too much. By taking

a large quantity of material, however, it is always possible to obtain

the desired stage. It woidd require an immense expenditure of time

to work all this material by the sectional method. With the methylene

blue method, however, one is ready in a few days.

So the pai-achordal cartilage of birds does not originally form a

morphological unily. Willi Sonies we may distinguish two parts in

it: an anterior praevcrtebral part, situated in a region where the myo-
tomes are degenei-ate or abortive and a posterior or vertebral part,

occurring in the shape of two vertebral bodies, which soon coalesce

will) the anterior part.

Corresponding to these two vertebral bodies later also two vertebral

arches appear on each side, which soon coalesce, but the locality of

which remains indicated by two opeiiings for the two roots of the

nervus hypoglossus.

For further [)aiiiculars and for several new discoveries about the

development of the cartilaginous skull and the spinal column of
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birds, I refer to the aoadeinifal tliesis of Mr. Somk^^, which is now
going through the press and will soon be [)ublished, also in "Petrus

Camper". I will only mention that the small polar cartilage, discovered

by NoORDENBOS ill niaiiiinals ami which al^o ap[iears in Selachians,

was found bv Somi:s also in birds.

Microbiology. — ••On Luetic acid fenneiitdtion in milk". By

Professor Dr. M. W. BtUERiNCK.

(Communicated in the meeting of April 26, 1907).

In milk left to itself, which in consequence of spontaneous infection,

contains the more generally distributed germs, with certain regula-

rity some special floras are observed, whose composition is chiefly

controlled by two factors: temperature and oxygen pre.ssure. If the

latter is very slight, that is, if the microbes of the milk are reduced

to more or less anaerobic conditions, the floras become simple of

composition and produce certain fermentations. The three principal

of these are tlie Aerobacter-, the Butyric acid- and the Lactic acid

fermentations, of which the two tirst are always characterised by the

evolution of hydrogen and carlioiiic acid, whilst in the lactic acid

fermentations, which may occur uii<ler different forms, beside the

lactic acid, no gas at all, or carbonic acid only is formed. Sometimes

this fermentation is accompanied by a vigorous slime formation,

which slime consists of the swollen cell walls of the inferred lactic

acid ferments.

For domestic purposes the lactic acid fermentatioi" should be con-

sidered as useful; both the others as noxious.

The fermentation experiment the dairy industry applies to judge

of the purity of milk has for its object to determine the commonness
or the rarity of the germs of Aerobacter and of the butyric acid

ferment. To this end a high standing glass is filled wilh milk, placed in

a water bath of 4()^C'. and it is observed whether any fermentation

gas is evolved, and if so, after iiow much lime. In gooil milk this

production of gas does iiot occur because then the lactic acid ferments

develop so quickly that the other microlies are expelled. Artificiallv

the Aeroiiacter fermentation is easily obtained by infecting non-

acidified milk with faeces, soil or canal water and cultivatins: at

about 37° to 40^ C After (! to 12 hours production of gas is observed

oi'iginating from Ai'mlxtcter co/i or more rarely from ^1. (liiroqenes.

The nature of the thereby obtained vai'ieties changes with the

temperature.

At temiieratiires lu'iicalh 40° the Aerobacter fermentation, after

2

Proceedings Hoyal Acad. Amsterdam. Vol. X.
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lasting some hours, is replaced by a butyric acid fernieiitatioii which

again, after sonic lime is succeeded t\v a lactic acid fermentation.

Externally the Aerobacter and the butyric acid fermentations cannot

be distinguished, l)ul this can l)e done easily with the microscope.

If 3 to 5 7o chalk is added to a culture in a stoppered bottle at

35° to 40^ C, the butyric acid fermentation can go on longer, and

b}- early transplanting, likewise in milk with chalk and with exclusion

of air, check the development of lactic acid ferments, without,

however, quite dispelling them.

Microscopically the butyric acid fermentation may 1)0 recognised

by the long, thin, at neutral reaction highly motile I'ods, sometimes

mixed with elongated or more rounded Clostridia, colouring blue by

iodium, all belonging to the species (TraimJobacter sacclturobutyrlaun.

To accumulate from such a crude butyric acid fermentation in

milk the lactic acid ferments, which hardly ever lack there, it will

suffice to transplant some drops into milk without chalk, and, if

necessary, to repeat this after the butyric acid fermentation, which

always sets in at first, is finished. Whether this be done in open or

closed bottles or tubes, at 37" to 40° C, lactic acid rods of the genus

Lactobacillus will be seen to appear, which by repeated transplantations

completely dispel the butyric acid ferments.

If in these experiments instead of using fresh, uidieated infection

material, the soil, water, or faeces are pre\'iously heated to 80° or 95°C.,

by which only spore-forming microbes can develop in the milk, the

fermentations of Aerobacter and the lactic acid ferments do not arise,

their germs producing no spores, but a butyric acid fermentation is

obtained, from which the aerobic spore-formers may be dispelled by

repeated transplantation at exclusion of air.

1. Properties of the active lactic acid ferments.

As many bacteria of the most different groups can produce lactic

acid it seems not superfiuous to indicate what are the characteristics

of the lactic acid ferments proper.

The active forms of dairy industries, yeast manufactories, distilleries,

tanneries, and breweries, although joined by transitions, may be

[)ractically classified into the physiological genera Lactococcus, Lacto-

bacillus and Lactosarcina, of which the two first only occur in the

dairy products').

^) In the chief floras of milk- and dairy products occur, to rny knowledge, no
species of Lactosarcina. When Emmerling asserts to have found a yellow Sarcina
in Armenian mazun (Centralbl. f. Bacteriologie, '2f Abl. Bd. 4, p. 418, 1898),
this can only have been a common infection from withciil. Also in butter sarcine

species may accidentally occur but they do not belong to the chief flora, which
consists of lactic acid ferments and lipophili.
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They are always iininotilo, iio-spore forming bacteria, wliicli bear

drying very well and wliifli, by heating to 65° or 75° C, in which

tiiey just remain alive, wiiile these temperatures are deadly to most

other uon spoieproducers, may 1)0 separated from these ("lacticisation").

They reipiire for nitrogenfood |)eptones, such as are found in milk,

mult extract, or other juices of jilant- or animal origin, and for carl)on

food certain sugars, which may dilfer for ditlerent S|)ecies. They do not

peptonise proteids and. Ihus, do not li(|uefy gelatine; the secreted lactic

acid can dissolve a certain quantity of caseine, but chemically this

substance remains unchanged. These circumstances regulate their

distriiiutidu in nature, where they are by no means general, but may
rapidly multiply, especially under the influence of man. They are,

however, found in the soil and can, by methods menlioned below,

be accumulated and cultivated in a condition of pureness.

They are always more or less distinctly microaerophilons, some

species or varieties can, however, grow \ery well at the air; other

forms cannot and behaxe as real anaeroi»ics. Access or absence of

air is commoidy of no consequence to the acid formation, but in the

yeast industry a species is used, which at full atmospheric pressure

produces no acid, and in the dairy industry are also forms which

display the same properly.

Always, even on good nutrient media, to which belong in j)articular

malte.xtract agar, and milk- or whey-agar, the growth of the colonies

remains limited, especially if the air and the |)roduced acid can jict

simultanoKUsly. If Ihe acid is ueuti'alised by chalk the .growth of the

colonies at the air may also become important. Yet, in most cases,

the recognition of these ferments may repo.se on the smallness of

their colonies compai-ed with those of other bacteria.

Catalase is constantly absi>ut. and licrenpou an excellent diau-nosis

can be based, for which it is only necessary thai a culiure |)lale, on

wliich all kinds of bacteria may occur, be llowed with slron"lv

diluted hydrogensnperoxyd w hicli is by ulj luicrobic species, except

the lactic acid ferments, iiidili'crcnily wlieihcr lliey belong to Lucto-

coccus, Lactohdcillus or Laciosdvcuni, changed into a scum of little

o.xygen btd)bles.

Even the lately dcx-ribed'! larye c(>lled Strcina, which in eon,se-

(pience of couiiinied research 1 now consider as identic with the

stomach sarcine {Sarcina veniricuU) , and whose acid producing

power is very slight, — i. e. 3 c.c. of normal acid per 100 c.c. of

') These Proceedings 25 Fubiuari 19115. .Vicliives Neerlandaises T. 1 and 2. T. 11

p. '200, I'.iOtJ.

2*
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maltextract or glucose broth, — does not at all decompose hydrogen

superoxj^d.

If we consider Iiow generally' catalase is met wilii in the animal

and vegetable kingdom, as also in the microbes, its very absence in

the lactic ferments ap[)ears in a peculiar light.

All active lactic acid ferments from milk invert sugar (invertase

reaction) and can more or less easily decompose esculine and indican

(emulsine reaction). The reaction on esculine is demonstrated by

introducing, for example, 0.1°/, of this substance and a few drops

of ferricitrate solution into whey agar or whej' gelatin. Streaks drawn

on it of species which decompose esculine produce intensely brown

or black diffusion fields of esculetiniron, brown at more alcaline,

black at more acid reaction, so that the lactic acid ferments become

recognisable by the black fields in the midst of which tlieir colonies

are placed '). So long as esculine is present it is recognised by the

magnificent blue fluorescence of the whole plate at feeble alcaline

reaction. Indican may be used in a corresponding way but then no

iron salt is wanted as the indoxyl produced from the glucosid

oxidises of itself at the air to indigo blue. The lactic acid ferments

decompose these two glucosides, slowly indeed, yet these reactions

are very characteristic and useful. Amygdaline is not decomposed by

the lactic acid ferments. ')

To the most remarkable properties of the lactic acid ferments

belongs their power of reducing levulose to mannite, ') which latter

substance may e\'en in concentrated nutrient solutions be recognised

by its ready cristallisation at evaporation. A single drop dried on

the object glass, commonly gives at microscopical investigation full

certainty as to the existence of this reaction.

The lactic acid ferments thereby strongly contrast with the so

nearly allied vinegar bacteria, in as much as the latter do just the

reverse, i. e. they change by oxidation mannite into levulose.

Like so many other bacteria the lactic acid ferments possess,

also with regard to various pigments, a strongly reducing power,

1) The knowledge of this extremely sensitive reaction, which has been applied

for years in my laboratory, I owe to my colleague Mr. H. ter Meulen.

') Amygdalin is decomposed with much more difficulty by the action of microbes

in general than the other glucosides named in the text. Moulds mostly decompose

it into amygdalinate of amonium; beer yeast into amygdalonitril glucosid and

glucose. Splitting under production of bitter almond oil, hydrocyanic acid and glucose

I detected hitherto only with Saccharomyces ajnculatus and with the anaerobic

ferment of butyric acid fermentation, Granulobacler saccharobutyrkum.

3) Ferments lactiqiies dc I'lnduslrie. Archives Neerlandaises 1901. Kayser, Fer-

mentation lactique. Annates de I'lnstitut agronomique 1904.
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as is easily shown by inoculation into deep test-tubes of boiled

milk coloured with litmus. The red litmus is first in the depth,

later till near the surface quite discoloured, to turn red again by

shaking witii air. The thickness of the red layer in the curdled

milk admits an accurate measure of the intensity of the growth and

of the reduction process. The thinner the red layer the more inten-

s\\e both functions must be.

2. Factors of variability.

Many, perhaps all lactic acid ferments display a high degree of

variability as well in physiological as in morphological properties.

Nevertheless this variability in different stocks, coming from different

isolations of the same species, is not always equal by far, whicli may
give rise to trouble in the study of the specific properties. The circum-

stances causing the variability are but partly known ; decidedly

belongs to them an oxygen pressure, too far above or too far beneath

the optimum for the vital functions, which may, especially for the

bacterium of the long whey {Lactococcus JioUandiae), be demonstrated

with exceeding clearness.

This remarkable species is characterised by a vigorous slime

formation when cultivated in milk or whey, but loses this power

at temperatures above 20^ C, as well at the ordijiary pressure of

the atmospheric oxygen, as at complete exclusion of it, if the changed

influence is allowed to act during some time on the growing microbes.

This is shown by cultivating the whey in a closed bottle ; the upper layei-,

Just beneath the sto()per, where a little air can find access, becomes quite

liquid and contains a hereditarily constant, common Lactococcus,

forming little acid and no slime. Also by cultivating the long whey

microbe in tubes of boiled milk with access of air, after one or two re-

inoculations, a Lactococcus is produced, which forms no slime at all.

If the material for the reinoculation is secured from the depth of the

cultures grown in closed flasks, at places where the access of air is

impossible, and the inoculation is repeated once or more in the same

way, a Lactococcus is likewi.se obtained which displays no trace of

slime [jroduction.

At some depth beneath the surface, however, is a zone in whicii

unchanged, slime forming, hereditarily constant material is fouiul.

What in this case can be very easily ascertained, proves, at

accurate investigation, also to be true for the other species of lactic

acid ferments, namely, that they only then continue to display

constant specific characlers, when they are continuously cultivated at
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11 ocrliuii iiressiire of Ihe o.xyaeii, olse, llicsc clianU-ters :\ro scon

to disaiipear, whilst in lad, (iia|p|iar('iill\, new ones originate. Hence,

in some cases it inav lie proved, in otiiers the |irohal»ility is siiown,

that each species nnist occnr in liiree varieties, joined by intermediate

forms, i. e, llie nornnxl form, a "liigli pressnrc variant", and a "low

pressure vai-iant".

As in wiiolly diliercnt gronps of bacteria cori-csp(mdiiig facts may

be observed, there is canse to assii^n a tiindaineiilal siaiiilication

to (hem.

A decisive factor which ina\ canse the piddiiciioii of variants is

furthermore the tempeialiire, for experience proves that a pi'olonged

cultivation above the opliniuni temperature of growth, gives rise

to the appearance of forms distinctly diHereiil from the origijial stocic.

In other cases the cause of the \ariabilily is uidvnowii ; not seldom

for example, we liiid at the very llrsi culture of a species taken from

nature, strongly varying colonies, which piove to belong to the same

species oidy because many colonies by sector-variation tiisplay the

genetic alliance of the variants to the wild stock.

But then, too, there is reason to admit that the new vital condi-

tions, to which the uncrobes are subjected just by the change of

oxygen pi'essure and temperature, are the chief factors of the variation

process which is, as it were, seen ui action. This observation is of

so general a nalui'(> aiul is so closely related to the essence of life,

that it must be considered as jirobable, that also in higher |)lauts

and animals, local changes in the a<"cess or exi-lusion of oxygen, in

connexion with temperature, play an important part in the morpho-

genesis.

As the examination of other species of microbes shows that the

absence of certain nutrient substances in the culture medium, at free

aeration and during growth, may cause hereditary variation, for examjile

in Schizosnccharumyces octosponis. which in old cultures changes into

the spore-free variant, totally diiferiug from the chief form, there is

reason also to believe, that also the said factor must be considered

to explain the great variability of the lactic acid fei'ments; but the

observations there about are not yet tit for detinile conclusions.

3. EJi-cliri> culivre of f/ic iiiicr(i/>i'-'< of the s/iii/i/

lactic acid fcriiwuiatioii.

There is reason to assume that the slime producing lactic acid ferments

are tiie normal forms and the non-slime formers, species or variants

derived from them. Hence, the former deserve to t)e considered in

the tirst place.
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To the fvpical slime producin* species belongs the microbe of the

long whev {Laciococcits hoUandiae), which particularly before the

introduction of pure cultures in the dairy industries, played an

important part in the tight against cheese defects in North-Holland,

and is still here and there pi-actically used to that end.

Furtlier I have found that the popular food known in Norway
as "tjaette molken", a sample of which I owe to the kindness of

Mr. Pennink of Rotterdam, consists of milk, in which the long whey

microbe, or at least a nearly allied form, secretes acid and slime.

Other materials in which these and allied microbes occur, were

till now unknowu, evidently because of the uncertainty about

culture conditions and the lack of a good accumulation method.

Taking the idea "species" in the broad sense, I think there is no

objection as to bringing the group of forms, found in the manner

described below, to the species just mentioned.

Starting from the following properties, the most ciiaracteristic for

the microbes cf the slimy lactic acid fermentation :

1*'
. The optimum tempei-ature for their growth is at 20'' or lower,

2"''. they can only compete in anaerobic cultures with the other

microbes, and

Z^^. the medium must consist of substances containing peptones

as nitrogen and carbonhydrates as carbon source, I succeeded in

finding a method giving rise to their accumulation.

It is true that I only examined a single material in this way, the

common baker's yeast, but the investigation of the soil of fermenting

or fermented substances, in short of materials of most varying de-

scription may be done in a corresponding way.

The experiment is arranged as follows.

Into a 30 c.c. closed bottle, filled with maltextract, to which is

added ".//„ of peptone siccum and which contains c.a. 10°/,, extract,

a little pressed yeast is introduced, for instance '

,
gram. Placed at

a temperature of 18 to 20' C. a ipiiet fermentation sets in, which is

allowed to continue 24 to 72 hours, whereby, because of the absence

of air the yeast hardly grows, but the various lactic acid ferments

reproduce quickly. Other microbes do not develop. Not seldom in

this first culture have the contents of the flask already become

somewhat slimy.

Whether this be the case or not, a not too small quantity from

it is transplanted into a bottle quite tilled with boiled, air-free milk,

for instance '/, c.c. into 30 c.c. of milk. At the same low or a some-

what higher temperature only a flora of lactic acid ferments can

develop, and if the sliuie-forming species is present, it is the most
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We ihoii M-'i' thai iil'lcr 2 or i> djiv^ the milk liccorne

slimy ;in<l liv iiuiculjilioM iiilo milk \\ iie\ , ;i cuilure will slur! \s liicli

sometimes diflers so lidlc from Ihc ordiiuiry Umg whey, th;it we

may coiiclnde lo an ideiitily of species.

01' course, 1 cannot tbretell that such microbes occur in any yeasl

sample taken at random, hence 1 must adil that tnr my experiments

I used i)ressed yeast from tlie Yeast and Alcohol manufactory at Delt't.

Such a cidtnre in milk differs it is true in some res])ects from

what is obtained by growing long whey from North Holland in milk,

as in the former case short rods or oblong cocci are observed, and

in the latter, shorter forms nK)re reminding of the common micrococci.

I expect that by repeating this experiment various deviating

varieties will be found, and by application of the method to other

infection material pei'haps new species of slime lactic acid ferments

may be discovered.

4. Elective culture of the luctococci of cream sourmg.

As the laotococci and laotobacilli, which both occur in spontaneously

or otherwise soured milk, in cheese, and various other dairy products,

seem to grow nowhere better than in milk,') the culture experiments

here considered, should be taken with milk.

In order out of the innumerable microbes of the crude nnlk

practically to come to a pure culture of Lactococcus, the management

is as follows.

The optimum i>f growth is at 30' ('. or lower, and as all species

of Ltictococciis (like those of Liicto/)i(eiliu,s) are strongly mieroaei'O-

philous, sometimes even anaerobic (i. e. cannot grow at all at full

atmospheric pressure on plates), it is best to cultivate in absence of air.

A stoppered bottle is (piite tilled with commercial milk antl placed

at 30 C. After 24 hours oi' some\\ hat later a Laotococcu.s-i]ora

begins to rei)lace the other microbes, while not seldom a feeble

fermentation t»f />. coli or />. ariuKjeiK's has preceded.

After one or two re-iuocidali(His under the same conditions, but

-) It is not impo.'isililf that llioro aio 'pcpldiio.s" which, togcllier with ylucose

or lactose, are .slill l)etler iood lbi- the lactic acid fcrment.s than milk it.self. How
very cliffereiilly peptones of (iis.<iniilar origin act on microbes is easily observeil in

yeast species which in gencr.il grow better on "plant peptones" than on 'animal

peptones''. The introduction of the word 'bios" to di'iiote those nitrogen compounds
which are best lit as yeast food, is an atteiii|)t to <iicinnscribe the peploneprobleni

has been given. The relation between 'peptones" and tlie lactic acid ferments is

slill closer than between these substances and the different yeasts; but it is here

not the place to insist on this point.
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iiilo well boiled milk, which i^ doiR- liy Iraiisferriiig a trace of the

first culture to the second bottle, (|uile filled with boiled, air-free

milk, and so on, the lactococci free themselves completely from all

foreign microbes and a material is obtained, which displays a high

degree of purity and of practical usefulness. If the acidifying powei'

of the microbes ol)tained by the experiment is lower than wished

for, for example 5, whilst 8 to 10 c.c. of normal acid on 100 e.c.

milk is desired, this must be attributed to the accidentally present

stock. It is necessary then to begin a new experiment, following the

same way as de.scribeil, or it can be advisable to j)erform the (irst

inoculation with some good butter-milk.

As buttermilk, however, very often contains lactose yeast, in the

latter case a vigorous alcohol fermeiitation may at first be expected

in the bottles. But it soon disappears by inoculation into milk rendered

free from oxygen by boiling.

If in this way, thus in absence of air, the culture has been

prolongetl, a fairly constant acid amount is obtained at each renewed

inoculation, which does not, however, rise above 10—12 c.c. normal

in 100 c.c. of milk. On whey agar or whey gelatin plates the growth

at the air of the thus obtained lactococci is different, as sometimes

a great many aerobic colonies arise, which cause the same acidi-

fication as the cultures in the bottles, while in other cases nothing

is seen to grow.

The first group corresponds with the usual commercial forms

destined for the souring of cream, which commonly consist of

cultures of the microbes dried on milk sugar or starch ; moreover
there are commercial aerobic pure cultures in milk or whey, which
are sold in bottles.

The second group, that is the cultures non-growing at the air,

m.ay still better be used for the cream souring than the aerobic

stocks, as the anaerobic forms of Lactococcits show more aptness to

secrete the tlav(»ur desired in liulter, than the more aerophilous

bacteria. ')

As well fof this reason as for the great purity of the cultures made
after this "bottle method", there is reason to jtrefer them in dairy

work to the commercial so-called ])ui'e cultures, which for the greater

part are by no means i)ure, but mostly contain, besides lactococci,

iMimerous contamination germs of the milk. In consequence of

frequent investigations I can therefore advise interested persons to

use the here described method, liest would be if these cultures w'ere

') Of late I have also met wilh siicli likf anaerobic lactic acid bacteria in com-
mercial preparations.
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prepared in the ereameries themselves, hut also the sellers of pure

cultures, by following tlic above prescriptions, will obtain a better

proiluct than by the more usual way of selection of aerobic colonies.

Besides, the management is simpler and more scientitic.

To my opinion there is no satisfying ground to class the aerobic

and anaerobic forms of Lactococcus, whicli can lie produced after

the said method, in separate species. Tiiey are but variants of one

and the same species, whose oxygen requirements are different, which

also appears from tiie fact that in the course of time one and the

same stock shows considerable differences with regard to the said

relation. Moreover, by several isolations all transitions between the

more or less aerobic stocks may be obtained.

Finally it shonld be borne in mind, that by applying the "bottle

method" at low temperature, in rare cases instead of a culture of

real Lactococcus a Lactobacillus, is obtained, which may likewise be

had by colony selection from cheese. Using this Lactobacillus I did

not observe at all the pleasant flavour of the anaerobic lactococci,

so that I do not recommend these bacilli for cream souring.

5. Elective culture of the lactic acid bacilli.

If milk, soured spontaneously by Lactococcus lactis, or still better,

buttermilk, is placed at e.\clusion of air in a thermostat of ca.

40^ C, the original acid amount of 8 to 12 c.c. will in most cases

rise after some days to about J 8 or 20 c.c. per J 00 c.c. of milk.

For this experiment it is best to use a stoppered bottle of 250 to

300 c.c. capacity quite tilletl with milk. If for the first experiment

a smaller cpuxntity is used the result becomes uncertain, either by

the disturbing influence of the air, or by the scarcity of the inferred

bacteria.

The tirst change commonly observed in the sour milk is a mode-

rately vigorous alcoholic fermentation, caused by the hardi}' evei-

lacking lactose yeast, and al the same time a complete separation

of the caseinc, which is driven to the surface of the liquid by the

carbonic acid.

Microscopically we find that the lactococci present at first, are

succeeded by more lengthened forms, truncated at the ends and

united in chains, whereby the acid titer may considerably diminish,

for instance in 12 hours from 8 c.c. to 6 c.c, which should be

ascribed to the lactose yeast, for which the free lactic acid can

serve as carbon food. By transference, at exlusion of air, the lactose

yeast, as in the elective cidtnre of lactococci, is rapidly dispelled

by the then stronger lactic acid ferments.
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Real lactoliacilli mostly a|i[)t'ai' after 2 or 3 days and then the

acid rises rapidly parallel to their inulliplication to 20, even to

2o f.o. normal per J 00 c.c. of milk. When this degree of souring

is reached, there is usually no further increase observed, not even

after several days, and whenever this does take place, there should

be thought of aeration, by which the growth of vinegar bacteria

and acetic acid formation from alcohol, ha\'e become possible.

The pure culture of lactobacilli is sometimes easy, in other cases,

with more anaerobic stocks, it is more difficult. Always, however,

it is troublesome with these pure cultures to obtain a considerable

souring in milk and there is most chance of success (but even then

the success is not quite certain) by souring lactobacilli together with

Lactococcus which serves for the first souring to 8 c.c. If this amount

of acid is reached, and the pressure of the oxygen sulKiciently dimi-

nished, which in a stoppered bottle is likewise brought about by

the presence of the laclococci, the lactobacilli can develop and cause

further souring.

From the observation that by the described experiment more or

less perfectly anaerobic lactobacilli are obtained, follows that here

as in the case of Lactococcus different \arieties may be expected.

At a continued research the differences prove to extend o\er other

characteristics also and may become so great, as well from a morpho-

logic as from a physiologic point of \ie\v, that it seems necessary

to create new species.

Especially the dimensions of the rods, the more or le.ss branched

state of tlie colonies on agar plates, the slime formation, the either

or not originating of cari)onic acid as fermentation gas beside the

lactic acid, and the action or uoii action on diiferent sugars give

rise to this consideration. The deeper however we enter into these

distinctions, the more troublesome it becomes to devise such descrip-

tions as are wanted to present to other investigators an image of

the residls of our own i-esearches ; so nuinei'ous become the forms

which nature, or better perhaps, which culture produces, and so

slight are the ditferences by which these forms are distinguished,

if we do not confine ourselves to the extremes of the groups. M

If the latter is done, two distinct forms call allention, which on a

former occasion 1 named ') Liictnliiirilliis caucasiciis and A. /om/u.t.

'j For fmllier iiirormation see NV. IIen.nebkrg, Ziir Kcnntiiiss der Milclisaure-

hakterien. Somlei ahilnick aus Zeilseliiiri fui- Spiriliisiiuliistrie. No. ii— 31, 1903.

Parev, Berlin.

-) Suf les lerments hutiqucs de riiulu.strie. Archives Neerlandaises. Ser. '2, T. tj,

p. '212, 1901.
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Without iillribuliiig a special valuo to this classification I jet vvisli

to Iveep to it as I tiiiiik that tlie facts to be mentioned are fairly

well comprised thereby.

The longiisgTOiip is characterised l)y its not acting on maltose,

so that in maltextract no, or very little acid it formed, but it does

decompose milksugar. In milk the forms of this group, if grown

after a previous culture of Lactococcus which has produced 5 to 8 c.c.

of lactic acid per 100 c.c. of milk, will once more produce a certain,

even a like (|uantity of acid so that ca. 16 c.c. may be titrated, the

latter amount being however an exception. Generally no evolution of

carbonic acid is observed but sometimes it is, and then so much gas

can ai'ise that a milk beverage is acquired foaming like champagne.

By a series of transitions, the longus forms obtained at 40° C,

are joined with lactobacilli which at a lower temperature find their

optimal vital conditions, but which are rarer in milk.

The caucasicns grou|) comprises those lactobacilli, which are able,

independently of lactococci to produce in milk a very high acid

formation. At 37 to 40^ C. it is possible after three days of their

action to titrate 20 to 25 c.c. of normal acid per 100 c.c. of milk.

When that amount is reached further acid formation stops. In this

case, too, there is a parallel form which, beside much lactic acid,

also evolves carbonic acid. What by-product is then formed from

the lactose molecule beside the carbonic acid is not yet clear; pro-

bably it is aelhylalkohol. G. Hkrtuand has proved that these ferments

can produce succinic acid. They greatly owe their notoriety to their

presence in keiihir, which subject I have touched before'). Later

however 1 have come to the conchision ") that their distribution is

by no means restricted to ke})hir only, but that they also occur in

our climate, sometimes in l)uttei'milk, in cheese and even in common

baker's yeast.

B. yo</Inn-f and ni/ii/a.

The use of soured milk as drink and food is so familiar to many

Eastern countries, and dates from so i-emote an antiquity that there

can be no donl)t as to its favourable eitect on health, and the esta-

blishment of various societies which try to popularise new preparations

of that nature, seems to prove that the attention of the Western

nations begins to be di'awn towards it.

Both in the preparations of the Eastern nations and in those of

') Sur le Kcfyr. Archives Neerlandaises. T. 23, p. 428, 1S91.

'j Ferments lactiques de Tinduslrie 1. c.
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industry are always found lactic acid ferments of the genus Lacto-

bacillus, mostly of L(jictococctis too. These lactic acid ferments alone

determine the character of the "leben ra'ib" of Egypt, ') of the

"yoghurt" of Bulgary,'') and |)rui)al)]y also that of the "prostokwacha"

and the "veranetz" of Russia, whicli Metchmkoff mentions. In the

"kepliir'' of the Caucasus, the "koumys" of Central Asia, ') and the

"mazun" of Armenia, *) occurs moreover, lactose yeast, which may,

however, under certain circumstances be wanting, without the

character of these beverages beiug lost. All otlier microbes, which

are mentioned in literature as occurring in the said beverages or

their ferments, such as Oldiuiu, Mucor, other moulds, torula, red

yeast, vinegar bacteria, Itutyric acid ferment, proteolytic bacteria,

are only present by deticient pi'eparation, so that it may be said

that in all examined cases a pure lactic acid fermentation proves to

be the wanted process, whilst eventually also an alcoholic ferment-

ation is wished for or suffered °).

Hence, in the commercial prepai'alions which start from yoghurt,

only lactic acid ferments are cultivated. 1 have in particular inves-

tigated the products of "Le Ferment", mentioned beneath, as also a

substance, sold as "maya" or Bulgarian ferment, *) to which my
attention was drawn by Dr. De Lint at Scheveningen. Here I will

shortly describe the latter prepai'ation.

It consists in a yellowish strongly acid reacting powder, composed,

after chemical, microscopical and bacteriological examination, of caseine

lactic acid, lactose, fat and lactic acid bacteria; it is evidently nothing

1) Annales de rhislitut Pasteur. T. IG. p. 65, 1902.

2) Massol et Grigoroff, Revue medicale de la Suisse romande 1905 p. 71G.

Bertband el Weisweiller, Action du ferment Bulgare sur le lait. Ann. dc rins;titiit

Pasteur, T. 20, p. 977, 1906.

3) For Kepliir and Koumys see Weigmann in Lafar Technische Mykologie. Rd. 2.

p. 128. 1905.

*) Centralblatt fiir Bacteriologie, 2le Abt. Bd. 15, p. 577, 1906.

5) The study of literature leads at first view to a quite other result, as many

microbiological descriptions are made by beginners, not sufficiently acquainted with

the properties of lactic acid ferments, and who have attributed an exaggerated

weight to the different kinds of infections named above.

'') On the bottle stands : Maya bulgare, Societe de la maya bulgare, Garxier

& Co., Paris, 16 Rue Popincourt. The Societe de Pury, Montreux, brings into

commerce a ferment of the same nature under tiie name of "maya bacilline",

and the Societe Henneberg, Geneva, a liquid preparation as "lacticose". Besides

there are to be had in Paris Lactobacilline de Metchnikoff in "Jje Ferment",

Fournisseur de I'Assislance publique, 77 Rue Denfert-Rochereau, who sells also, the

"Biolactyle" of Fournier and the 'Bai'illino paralactique'' of Tissier (tlie preparations

of this iinu make a very good impression).
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else but voglmrt evuptii'aled al low U'iii|ieia(iiie, iierliajis in (lie

vaciiuiu. As lo tlie |ii-('|iarali(iii of tlie •\vogluii1" ilsolf l)y means of

this lernienl, it is done as follows and gives good results.

Milk is evaporated to half its volume, cooled to a (not neai'er

indicated) tem|ierature, lor w liicli I took 40', as 45" proved too

high and 37° loo low, and on a (piantitv of 250 c.c, so much

ferment is strewn as can he pid in a little spoon distributed with the

llacoii containing the niaya. After G hours already the curdling of

the milk becomes perceplii)le, after 24 hours I titrated 12 c.c. and

after 3X24 hours 20 to 23 c.c. of normal lactic acid per 100 c.c.

of the evaporated milk, which by that time is changed into yoghurt.

As a titer of 10 c.c. corresponds to 0.9 "/„ of lactic acid, the

titer 20 corresponds to somewhat less than 2 °'„ of the vainshed

milk sugar. Supposing that the exaporated milk contains aboid iKtJ °/„

of milksugar it follows that 7 " /„ of milksugar has remained un-

decompo.sed. The caseine is of course curdled and the whole has

changed into a solid but soft, sweet tasting mass.

The evaporation of tlie milk is not necessary, but when prepared

from ordinary nulk, the yoghni'l remains more liquid, and as the

acid formation is equally strong as in evaporated material, there

remains about 2.5 V„ of the original 4.8 "/„ milksugar, so that

in this case the taste is much less sweet.

If in the said way yoghurt has been prepared in the presence of

air and is re-inocnlated into a new quantity of milk, then the result

is yoghurt of the same acidity as the lirsl lime. But after 3 or 4 traris-

ferrings diflicnlties arise and only with great quantities of infection

material further souring can b(> oblaineil. The experiment succeeded

much better when the yoghurt was prepared in a quite filled stop-

pered bottle; the transferring can then be longer continued, hut I

do not know whether this will do in I lie long run. Evidently the

difficulty here, too, is the right choice of oxygen pressure, whereby

the inferred lactic acid bacteria preserve their properties unchanged;

and this difticnlty is still increased by the presence of two different

forms, with unecpial optima as to temperature, and probably as to

oxygen ])ressure also.

One of these forms is again a Lactococcus, the other a Lactobacillus.

The former deviates somewhat from the common Lnctococcus, in

as much as it is more extended, reminding of short rods, and further-

more i)y possessing a higher optimum as to the temperature whereby

the growth is quickest, which o])tinHiui |)roves nearer to 37° than

to 30" C. Hence, this form is as it were a transition to a Lacfohtin'/lns.

Is(jlation on milk agarplates was very easy, even at 30- C.
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As to the second species, tlie Lactobacillus proper of yoghiu-t,

it was troublesome to grow its colonies on milk agar plates, "out

on malt extract agar it was mure easily obtained. In litei'ature

it has been named Bacillus Massol by Gkigokoff, but I think that

name snperthious as the characters con-espond fairly well with those

of the kephir bacilli which also occur in our country; for instance,

as has been observed before, in yeast and buttermilk. Sown in

slightly soured milk tiiis Lactobacillus can produce the strong acid

mentioned above, without the help of other bacteria. Evolution of

carbonic acid does not lake place and the product has a \ery pure

taste, although a beginning of fat cleavage seems inevitable at such

a high amount of acid.

Metchmkoif ascribes a very favourable influence to the use of

yoghurt, as it diminishes the phenomena of autointoxication starting

from the intestinal canal, and he explains this effect by accepting

that the Lactobacillus, aftei' passing the stomach, continues active

in the intestine, and checks') tiie formation of the obnoxious products

which derive from other bacteria species. I do not doubt liut this

may be brought about by the lactic acid, but 1 think it highly impro-

bable that the presence of the lactic acid bacteria from the yoghurt

themselves should be required in the intestine. I think this conclusion

is necessary, first because, without the use of yoghurt or other soured

milk preparations, there occur in the intestine lactic acid ferments

of different species, and second, because the conditions for lactic acid

formation by the active ferments are wanting or uuist at least be

very unfavourable there.

As to the first point I refer to the following experiments.

If sterile milk is infected with faeces of different origin (man,

cattle) and treated as described for the elective culture of Zac/ticocc/w,

without access of air and repeatedly reinoculated at a temperature

between 23° to 26"^ C, the said genus of microbes is indeed obtained

by which as good cream souring can be obtained as with the pure

cultures prepared in the before described way.

If sterile milk is infected in a corresponding way and ex|)osed

to tiie conditions wanted for. Lactobacillus, that is, if cuitivateil in

absence of air at 40 to 45° C, a fermentation of coli will first arise

and later or simultaneous! v a bnlvric acid and no lactic acid fermen-

1) Quelques remarques stir Ic lait aigii. Remy, Paris, 1907. In this paper Metchnikoff

gives many assertions but uo cleiisive experiments. Besides, Iiis baeteriologieal

elucidation, p. 2G, is not clear. The elajjoiate and interesting work of Dr. A. Combe,

L'autointnxication inlcstinalo, Paris 11U)7. is neither (|iiit(' convincing from a micro-

biological point o( view.
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tatioii, whicli latter would inevitably iiriso if llie lactic acid f'L'niiciits

were present in a ratlior considerable nnniber. Only liy reiteated

transferences LdCtobacilliis is |irodnced, which after some inocniations

forms 10 to 13 c.c. of normal acid.

Hence, there is no donbt as to the presence of Ldctolxicillas and

Laclococru^ in normal faeces. They are, however rare, and belong

by no means t(t tlie intestinal tlora proper, like cull, bnt to the

accidental llora, which consists of all that is introduced and is able

to pass the stomach and intestines alive, without multiplying. There

seems to be no cause to attribute any important influence to this fact.

As to the second point, wiiy in the intestinal canal the conditions

for the gi-owth of the actixe lactic acid ferments are wanting, it is

that in the contents of the intestines an alcalic reaction exists, and

thai the sugars which are formed or introduced there, in as nuicii

as they are not absorbed liy the intestinal wall, will surely be

attacked by coU, which in these circnmstances is the stronger and

dispels all competitors.

Why coli (and ai'ivt/eues) so completely defeat the lactic acid

ferments, should, to my opinion, be explained by the important

fact, not sufficiently considered in literature, that the first men-

tioned species can quite well live on peptone oidy, and nndtijjly at

its expense, while the actixe lactic ferments completely lack this

faculty and, beside i)eptone, recpiire a carbonhydrate for food.

If, moreover, it is borne in mind that coli in the presence of a

carboidiydrate can also feed on othei- sources of nitrogen than pep-

tone, for example on amines and ammouiuni salts, whereas the active

lactic acid ferments cannot, and decidedly want peptones for nitrogen

food, it is clear that for the different forms of co/l practically every

where in the intestinal contents a good feeding material is present,

and that in the few localities where it would also be sufficient for

the lactic acid ferments, if will be seized upon by co/l. Where

oidy pei)tones occur, coll will moreovei' increase the already alcalic

reaction of the contents and thus, not for itself but for the lactic

acid ferments, render the conditions of life more unfavourable.

Hence it seems evident why in the intestinal canal a coliflora can

exist but no lactic acid flora.

The yellow coloured faeces of babies during the lactation |)eriod

may be alleged to support this view. They consist microscopically

almost solely of bacteria, I'oi- lai' the greater part of common coli-

bacteria '), among which there occur real lactic acid ferments, but

1) l''or (lillerent children not always the same varieties; sometimes, for instance

non-fermeiiling forms reminiiiiig of LackibaciUus, for which 1 Ix'fore indeed tool;

sucli bacteria.
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as in the case described before in quite an inferior number. This

fact acquires a special significance when we consider tliat Escherich,

the discoverer of the colibacillus, has proved that this condition exists

directly behind the liaby's stomach, where coli and aerogenes are

predominant which, in reference to the preceding, necessitates the

conclusion that even at those portions of the intestines wiiere a

lactic acid flora should first be looked for, it is evidently unable to

sustain itself.

There is no doubt but here too, the strongly disinfecting action

of the stomachal hydrochloric acid plays a part, as this acid, at a

much lower titer than the lactic acid checks the growth of the lactic

acid ferments, but hence can be neutralised by much less alcali,

w'hich is not indifferent to coli, which produces alcali.

In so far as the theory of Metchxikoff and Combe is right, after

which yoghurt or other sour milk preparations counteract the auto-

intoxication from the intestinal canal, it seems certain that here

should more be thought of the influence of a milk diet and the free

acid taken np with the milk, than of a specific intestinal flora. But

in how far the apparently proved decrease of indol and phenol,

whose quantity is considei-ed as determining the degree of auto-

intoxication, deviates, at a nutrition with soured milk preparations

instead of meat, from this decrease when non-soured milk is used,

— to my opinion the real core of the question, — has not been

considered by the said authors.

Admitting that the soured preparations really deserve to be

preferred, I think that especially in Holland, it must be possible

with good buttermilk in as simple a way to reach the wished for

end, as with the various exotic ferments, whose descriptions give

the impression that the preparators are but imperfectly acquainted

with the general phenomena of the lactic acid fermentation in milk.

Although J see no fundamental difference between the use of

buttermilk and yoghurt, it is certain that the latter ma}' be prepared

in a very simple way under medical control, and hence, to mv
meaning,, deserves to be recommended in certain cases.

Summarising the preceding I come to the following conclusion.

In milk three chief forms of lactic acid fermentation, determined

by temperature, are to be distinguished, namely at \ery low tempe-

rature, the slimy lactic acid fermentation -, at a middle temperature

the common lactic acid fermentation caused by Lactococciis ; and at

higher temperature the iai'tii- acid fermentation by Lactobacillus.

The elective culture of the microbes of the slimy fermentation,

succeeds liy ruHivaliiig linker's yeast in absence of air between 15°

3

Proceedings Royal Acad. Amsterdam. Vol. X.
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and 18° C. in malt extract and transferring to boiled milk or whey

at a somewhat higher temperature. The acidit}- obtained remains low

and amounts (o 3 to 5 c.c. of normal acid per 100 c.c. of milk.

The elective culture of Lacfococcits takes place b_v allowing milk

to sour in a stoppered bottle at 20° to 25° C. and transfer it

repeatedly to boiled milk at that temperature. The thereby obtained

stocks of Lactococcits hctis are mostly anaerobic but specifically not

to be distinguished from the more aerobic forms which may be

produced by the same experiment. The acid mostly remains at about

8 c.c. of normal acid per 100 c.c. of milk. Init may become 10 to

12 c.c.

The elective culture of Lactobacillus succeeds best by cultivating

buttermilk in absence of air at 37' to 40° C. and inoculating it into

boiled milk, at 30° C. and higher, the acidity can rise from 18 to

25 c.c. of normal acid per 100 c.c. of milk.

Tiie active lactic acid ferments are ver_y variable; as factors of

hereditary constant variation are recognised cultivation at too high

or too low oxygen pressure, and cultivation at a temperature above

the optimum of growth.

Lactic acid ferments do not lack in the intestinal flora, but play

there an inferior part.

A considerable difference between Eastern and Western lactic acid

ferments does not exist.

Yoghurt and other such like sour milk preparations deserve the

attention of hygienists.

Chemistry. — "On tlw course of the plaitpoint line and of-the

spinodal lines, also for the case, that the mutual attraction of

the molecules of one of the components of a binary mivture

of normal substances is slight", hy Mr. J. J. v.\nL.aar. (Com-

municated by Prof. H. A. Lorentz).

(Communicated in the meeting of April :26, 1907).

1. In the latest volume of These Proceedings') Dr. Keesom (also

in conjuiu'tion witli Prof. Kameri.inoh Onnes) stated some important

results, inter alia concerning liis investigation on tiie special case that

one, e.g. a,, of the two (juantities a^ and a, is very small ; which is

') Kamerlingii O.nnes and Keescm, These Pioc, Dec. 2!), lOOti, p. 501-508 [On

tfie gas phase .sinking in the liquid phase etc. (Gomm. 96^;)]; Keesom, Ibid. p.

508—511 [On tiie conditions for the sinking etc. (Gomm. 96c)]: Keesom, Ibid.

March iS, 1907, p. 660—664 (Gomm. 96c continued) ; Kamerlingh Onnes and

Keesom, Ibid, of April i!5, 1907, p. 786—798 [The case that one component is

a gas without cohesion etc. (Suppl. N'. 15)].
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realised, among otliers, for mixtures of He (a,) and H, (r/J. In these

papers, particularly in the last, a particular kind of plaitpoint line

has been I'epeatedly mentioned, viz. one passing from the critical

temperature T^, called "third" by me (Kkesom's Tl-,,,), to the luijhest

of the two critical temperatures 1\ (Keesom's Tk^).

Now the theoretical possibility of such a course of the plaitpoint

line, i.e. of one of its tiro branches, has been first brought to light

by me in a series of Discussions on this subject M. Not only for the

special case b^ = l>^, for which among others, fig.] of June 21, 1905

holds, but for all possible cases (see specially Teyler I and II). We
found that such a course will always be found, when the ratio of

the two critical temperatures (9 =: —^ is larger than the value of this
-'

I

ratio, for which the plaitpoint line has a double point. This type was
called type I by me. (see also fig. 1 of Oct. 25, 1906).

The case that a plait starts from C„ to C^, or also at the same
time from C^ to C, (when there is a minimum temperature in the

plaitpoint line) is not new (see K. 0. and Keesom, p. 788 below),

but has been before described and calculated by me in all particulars.

The double point in the plaitpoint line, discovered by me in 1905
(June 21), did not only give the key to the possibility of such a

course, which had already been ascertained for mixtures of water
and ether, of ethane and methylalcohol ') ; but also the connection

1) These Proc. May 25, 1905, p. 646—657 ; Ibid. June 21, 1905, p. 33—48 ; Ibid. Aug
17, 1905, p. 144-152 (Cf. also Arch. Need. 1905, p. 373-413); Ibid. Jan 25, 1906, p.

578—590 (Also Arch. Need. 1906, p. 224-238) ; Ibid. Oct. 25, 1906, p. 226-235.
Further Arch. TEyiER (2) X, Premiere pariie, p. 1—26 (1905); Ibid. Deuxiemc
partie, p. 1—54 (1906). Henceforth I shall refer to papers in these Pioceediugs

by mentioning the date, lo papers in tlie Arch. Teyler by putting Teyler I or II.

-) I do not quite understand why in cases as for He + H, the plait considered

is particularly called a "gasplnif. With e.xactly the same right the two coexisting

phases might be called liquid phases, expecially at the higher pressures in the

neighbourhood of the point C,,. With reference to water-ether, etc. we speak of a

gas phase and a liquid phase before the liiree phase equilibrium is reached, i. e. at

higher te.mperatures; and wlien at lower temperatures the equilibrium mentioned

has established itself, of two liquid phases. The "gas phase'' is then deterniincd

by the branch iiiait of the original transverse plait (which latter has now the

peculiar shape directed towards Co in the neighbourhood of the axis :c = 0. But
I acknowledge that this is perfectly arbitrary, it being dillicult lo indicate where
the pressure is high enough on such a plait to justify us in speaking of li(|uid

phases. Would it not be bettor to follow here van der W^aals' terminology, and
speak of fluid phases, and to call the two phases liquid phases at temperatures

where the three phase equilibrium is found-? Otherwise in this latter case — keeping

to K. 0. and Keesom's terminology — we should have to speak of //?)w coexisting

gas phasfs, a rarefied one and two very dense ones, which latter, however, we
should never refer to as gas phases in the perfectly identical case of water + ether.

3*
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of the different series of hidden plaitpoints, etc. etc., as has, inter

alia, been indicated in -Ian. 25, 1906 (ef. also Teyler II). Dr. Keesom

does not mention that in his fignre I (loc. cit. p. 794) liesides the

plaitpoint line from K,n to /v", drawn there, there always exists

also a second branch, which runs along the w-axis in the neighbour-

hood of ,(' = 1 from (lie point where v = h to A', — and which

gives rise to a three phase equilibrium at lower temperatures, as this

has been explained by me. (also in Jan. 25, 1906 and Teyler II).

The fact whether a plait extends in the way mentioned, depends

therefore, as we said before, in the first place on the fact whether

tlie values of — and —I so of (9^ — and jr^— I are such that ^

is larger than (hat value of ^ for which the plaitpoint line has a

double point with given value of jr. The knowledge of this double

point, being (iierefore of so great importance for the distinction of the

different types, I iiave carried out in Teyler I the lengthy calculations

reqilired for this, and drawn up the results obtained in tables. [See

also Teyler II, where fig. 22 (p. 30) represents the results grajjh-

ically].

Hence not the fact that Tk,,, !> T^-^ [with perfect justice Keesom

says in a footnote (loc. cit. p. 794) that 7t„, may also be <^ ^Xi].

but only the fact that 6 lies above the double point value, determines

the considered course of the plaitpoint line. (See also Oct. 25, 1906,

where I summed up most of the results obtained by me).')

It is true that Keesom mentions in a note (loc. cit. p. 786) that

I have examined the plaitpoint line for the case a^ = 0, but this

statement is not (piite complete, for I have not only examined such

a plaitpoint line for this particular case a^ = 0, which I cursorily

mentioned in a no'e (June 21, 1905, p. 39}, but for all cases. Quali-

talivel}' the plaitpoint line C(, C, for the case ^/, ^ is not distinguished

in anything from that for the case a^ ^ (i»rovided it remain in

the case of type I), hence there was no call for a special investigation

of the form of the spinodal line and of the plait for «, =: 0, this

having already been done for the general case. Moreover Keesom

iiimself considers later on the case a, small, and no longer a^ = 0,

which of course does not occur in practice.

Also the equation of the spinodal line (for molecular quantities) :

liTv' — 2 {1—.V} {v \/a, — h^ [/ay + 2.v {v [/a, — 6, p/a)',

1) Prof. VAN DER \VAALssays(TheseProc., Mai-ch28, 1907,p. 621), "thatasyelno

one has succeecifd in giving a satisfactory explanation of the dilTerenl forms (of

plaits)." I think I have done so to a certain degree in my papers of 1905—1906.
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given by Kkesom, had already l)ecn drawn up by me (.M'W 2^> -1905,

p. 652) in the identical form

:

RTv^ =z 2 [.« (1— .(-•) («(• — I? l/a)' + a {v-byl,

where « =^ l/a, — y/a^ and |i = li^ — l\.

2. Tlie answer to tlie question whether the plait extends from

C'o to C\ until or without double point in the spinodal curve, i. e.

with or without minhnum plaitpoint temperature, in other words the

answer to the question whether the plait passes from Co to 6', un-

divided, or whether two plaits extend on the if'-surftice, one starting

from C„, the other from 6',, which meet at the mininnim tempera-

T T
ture — depends on the value oi 6 ^ —^ (on which also 7-p depends)

V
for given value of .t = —

. The condition for this I derived in

Px

Aug. 17, 1905, p. 150, and Jan. 25, 1906, p. 581. In the summer of

1906 I calculated the place of the minimum itself (Cf. Oct. 25, 1906,

234, line 18—16 from the bottom), but seeing that the paper, which at

that time had already been completed and sent to the editor of the

Arch. Teyler, has not yet been published (it may be even some time

before it is), I think it desirable to publish already now the calcu-

lation in question.

Like the calculations of Keesom, Verschaffelt and others, it starts

from the supposition that a and h do not depend on v or T, and
that these quantities may be represented by

a^ = [(1-.C) {/a, + ,» l/a,]^ ; ft, = (l_.e) b, + x 6,.

So in conformity with Berthelot and others we assume that

"u = l/«i ",- Some time ago Prof, van der Waals raised his voice

against this supposition '), and it seems to me that there is really

much to be said in favour of a^^ being in general not = \/a^^.

But as a tirst approximation the equation put may be accep-

ted, the more so as also the variability of b with v and T is

neglected. That in consequence of the assumption rtj, = l/a^ the

left region, mentioned by van der Waals, would be compressed to

an exceedingly small region, can hardly be adduced as an argument
against this supposition ; rather the fact that the attractions are

specific quantities, and that therefore f..^ need not be = Ka,7,.

For the calculation of the minimum we start from the equation
of the spinodal curve, derived by us (loc. cit.)

:

1) These Proc, March 2«, 1907, p. 630—631.
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RT =
^

[,, (1 -.r) [ur -
I? \/ay + a (.-/.)'], . .

or

„ 2«' r / /J V^a\ a { h\-\727'=— ..(l-r) 1-ii^ + 1__ I

v |_ \ V a J a \ ^ y J

wnicli Willi =1 ID , — := nio ,
^ y passes into

(1)

2«=
-R2' r= HO) , (l_.^) i_;,a,(^,,4_,,) +(<^+ x)^ l-(l+«4 .(1«)

r or — ^ =: y+* and—= = w -{- .im(o := (1 -^fixu>).
it a v V

Now the spinodal curve must sliow a double point, in other words:

f = and ^ = 0,
Ox 0(0

when / represents the second member of (la). The first equation

(l-2.r) {l-zy- - 2.7; (!-;«) (1-^) nco+ 2 (<p-f.,0(l-7)'-2 ((p+^)Ml-y)»i«, = 0,

when for the sake of brevity- ww (y +•*') = * find {1+ha-)co = 2/ is

|)ut. Bearing in mind that nio =: , we get for the last equation

:

(l-2.r)(l-.)'-?^i^5(l-^) + 2(./,4-.iO(l-yr-2(y+ .r)(l-y)r = 0. (a)

The second equation jields, when in (la) the factor to is brought

within
[ ]

:

.^ (1- a-) [{l-zy - 2«, (1-.) H {if + .t"| +

+ (y +.,•)= \{\ - yY - 2to (1-2/) (1 + ruT)\ = 0,

or

X (l-.r) [(l-.)^ - 2z {\-z)\ + (y+ .^•)•^ [(l-y)' - 2y (1-^)1 = 0,

I. e.

.r (l_.r)(l_^)(l-3c) + (y+ .:r (l-,v) (1-3//) = 0. . . . [b)

From (6) we solve

:

(l-y)(l-3y)
•Ml—^) = -(y+•^•r

Also from (a)

:

(1—') (1-3^-)

2.r(l-.r
.-2.r = r_ 2(y4-.^)(l-^)' + 2 (y+.,)(i-j/)5 + i::^—.- (l-.~)

(/?)

:(l-.)%
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or

1-[-:(<^+.r)(l-yr+ 2(./)+a.(l-y)c-
2(y+ x)(l-y)(l-3yK

.(i-zy,

when for .i'(l—,i-) the value from |? is substituted. Further reduction

yields

:

1 — 2.1-

or

or

1 — 2w =

1 — 2x =

2(y+.f){l-2/)

^^-^-^^fzi]'

2{<p+ .^)(l-y) {l-y)-3zi\-z)

(i—zy i-3c

From («) and (|i) follows, as (1— 2.if = 1 — 4c (1— ,r) :

(^i^y)^i-.Sy) _i{(f+icya—yy [(i—y)—3«(i-«]
'

•

{i-dzy

{«)

1 + 4 (<^ + .r)'

(l-z)(l-Sz) (i-zy

1. e.

l=r
4(<3D+«)

I— d2j 1_ ( J
{i-zy{i

Arrangement according to the powers of z yields for
[ ]

:

(33/'-y') -Qz 0/ + y') + 3-'^ (1 + By + 2y^) + z'{-8-12y) + 6^^

or

y\B-y) - Qyz(l^y) + 3z'(l + by + 2j/') - 4^» (2 + 3y) + 6*\

which may be reduced to

{y-zy{Qz^-8z+ d-y),

so that we find :

i{<p-^.vyil-y){y-zy{Qz^-8z^S- y)
1 =

(^i-zy{i-3zy

from which may be solved

:

{i-zy{i-3zy

i{l-y)(y-zy{6z^-Sz+3-y)' "
" " (2)

through wliich tp -\- x is expressed in the two parameters y and z.

In consequence of this (/J) passes into

{\-zy{\-Zz){\-Zy)

A{y-zy{Qz^-8zJr3-y)

from which ,r,„ may be calcuhited with given values of y and
Then %n is also known through (2), i.e. expressed in y and z.

Further we now find for RT^ according to (la)

:

(3)
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h

as noi {(f
-\- .!•) = z and (1 -j- n.r) co ^ y. Reduction yields:

(i-^r(i-3~')

a^

l-Szyi-y)-(l-z){l-Sy)
]•

w 1

The expression between
[ ] is ^ 2(y—s), hence, - being —, we get:

RT,n = a''M {]-zy{l— 3z)

Let lis express this in 7\, the frilicai temperature of one com-

ponent. CJ\ < ^'.)- We find:

8 rt, 8 ^V^'
T,

27 h, 27 6i

\/a.
as —^ = (f was put. At last we get

:

«

T„, 27 w (1_^)4(1_3.)

2', 8 tp^{y-z){6z'-~Sz+ S-y)

Now
z = jio) {tp -{- ,x) ; ?/ = (1 -j- n.r)a),

from which we solve:

(4)

lience

:

ui = y

9)-f.r

g)^x

; 2/ = "> +
y+^'

y
(V)+ .C) — A- (5)

Now to and n lia\e been expressed in // and c, as {<f ~\- .r),„ and a;,,.

liad already been e.xpressed in // and : by (2) and (3).

As furtlier

:

1 4- '« = 1 + -- r= - = -,•

^-^ jr

and

l/a. ^1 «
1 + - = 1 H

(p \/a^ j/ttj j/jr'

when 6 = 1\ -. 1\ ^ -'
:

-" and .t =^x, ; pi = -^ : t-4,, we have also:

6*=: 0--^J .

. On)'
:

; JT — —: —
1 + n (1 + vY

SO that also 6 and jr can be expressed in y and c.

{^)
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Reversely we may now also tliink llie corresponding values of

to, .V and T,,, to be solved foj- (iiiy t/irca /xtir of imlues of n and 6,

Ihougli explicitly this is impossible, so that we siiall have to be

satisfied with the set of equations from f2) to (6).

The further discussion of these equations, particularly \\ith regard

to the branch C^A of the plaitpoint line, in connection with the

Jongitadinal plait, will be found in the paper, which will shortly

appear in the Arch. Teyler. There tlie course of the pressure is also

examined, which we no further discuss here. It is only desirable to

calculate the data for the "third" critical temperature (\, viz. ii\

and T^ — not because these data are indispensable for the following

considerations, but because Keesom includes them in his considerations,

and it is profitable in any case to know something concerning the

relation -^ or —".

As v=:h for the point C„, so ?/:=- = !, and the equation of the

t' , .f-projection of the plaitpoint line (Aug. 17, J 905, p. 146; Teyler

I and II), viz.

{\-z)\\-2x-U{\-x)nio)+ d{ip-^;v){l-y)\\-z){\-2z)+

^
.f(l-.r)

-
'

is reduced to

1—2«„— 3^„(1— .r„)«w„ = 0,

or as y = (1 -f- ?m) w, and hence co„ = — , to
1 -\ nx^

(l-2..J(l+«.r„)-3.r„(l-.r> = 0,

from which follows

:

(« + !)— l/n»4re+l
(7)

n

From this is seen that the situation of 6'„ depends only on the

value of n or 1 -\- n^ —.

The corresponding value of T^ is found from {hi). For ^y ^ 1

we lind :

2«»<o„

1

in which to„ = and z^ = uio^ {(p -j-
•'^'o)-

1 -f «.y„

* rr 8 «VAs -/ 1 = — —— (see above), we have

:

2/ 0,
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T 27 oi
-'=~^..„(l-,r„)(l-.„r (8)

Hence we can innnediatel^' calculate .v„ and T„ from (7) and (8)

for ail}' given set of values of ^ and jt, or <f and 7i.

3. For our case (^i small) it is now important to know, when a

minimum occurs in the plaitpoint line C'u C\, when not. For this

purpose we shall derive the condition that tlie minimum is to appear

exactly in the point C,. Evidently this condition will then indicate

the limit between the two cases tiiat there occurs a minimum in

the neighbourhood of C'^ or not — in other words whether the line

of the plaitpoint temperatures in C^ descends tlrst and rises later

on to 7'„ in C'o ; or whether there is an imuiediate rise from T.^ to

T„. (We call to mind that with us T^ is always the highest of the

two critical temperatures T^ and T„).

Now 7/ = - := - in the point C\, while a; = l. Hence equation
V 3

(2) passes into

(l-s)^(l— 3s)^ 81 {l— zY
if + ir

4XV, (V,-# (60=-8^+ 2V,) U(2-3cy

from which follows

:

hence

V + 1 =

V^ = 1 + - = 9 -^^ — (a)

From
z = Hio {<p -\- a)

h, b^ 6, 1 1

toUows lurtlier, as a» = — = — X .— ^=7:7—,— and x = J
V V 6

J
o l-\-n

In 3 m (1—«)'

This yields

:

or

SlJ^n^"^ ' ' 4 l+« 2— 3z

!_[-„,_ 3 (X—zf

n ~4e(2— 3^)'

i, 3(1—5)'
-' = 1 + n = '^

'^

(h)
b,

^
(l-35)(3— 5^)

^'

When we put:



1/:;=
the simple relation

(48 )

1,

>3+2^' ^'^

follows from (a) and (b) after some reduction, in which the sign >
refers to the existence of a minimnni in the neighbourhood of C\.

The condition (f) found by us is quite identical with that, which

I fd2\\
we derived before from the formula tor -- found by us

(Aug. 17, 1905, p. 150 and Jan. 25, 1906, p. 580). This condition was:

4rrl/jr
6<r —

.

1 CdTx
With this dift'erence, howe\'er, that we then considered — (

—
at C\, whei'eas we have now examined the branch of the plaitpoint

line Avhich starts from C^, so that we have to calculate —
- (
—

•),
d, \dx y,

and to derive the condition of tlie minimum from this. But it is

immediately seen that it is obtained by substituting - foi' 6 and —

for .T ill the above condition.

So we find

:

4

1 J[[/jC

6^
Wn V

or

G> \ ^ (0

And it appears immediately that (c) is identical with (c'), when
e-"

. 6
we substitute — tor x" and - tor I in (r).

This furnishes a good test, both of the accuracy of the above

derived formula (c), and of the condition (c'), derived by ns before.

Let us now examine what values of A and x correspond according

to the condition (r), so that the minimum still appears exactly in C,.

The corresponding values of z required for the calculation of T^,

may be found from (a), giving:

_ 1 ^/x—

3

" ~ 3 l/x—
l"



( 44 )

Tlio subjoined hiMc coinliim's llic (•alciilaliMl valiii's. We eall

attention to the fart liial (lie iniiiiniiiin iji llie iiei!ilii)ourlioo(i of C
can only belong lo tlie branch C'^C', for lyjte 1 {& > tlie double

point value), and never to the branch L\L\ for type II or III

{6 <^ the double point value). For 1\ > 1\ being put, the miiiinium

on CjC, cannot possibly lie at C,, but it can lie in the neighbonrhood

of 6V
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For x = 2\,. /. must be > '
g, and tlicn ''^^

y., < 2",. Etc., etc.

The larger tlierefore the \aliie of a^ — the smaller in other words

the value of x — the smaller also the limiting value of /, above

which a minimum is to be expected, the sooner this will therefoie

appear, and at comparatively large corresponding values of ^'v'r^-

But as we already observed in ^ 1, all this refers only to the

existence or non-existence of a miniiniii)) in the line C\ C,. That this

line has the shape in question, depends on quite different circumstances

— viz., as I already showed in June 21, 1905, p. 33—48 for />, = b,,

and further extended to the general case in later papers (particularly

Teyler I), it depends only on this, whether for the given value of .t

the value of is found above that at which the plaiipoint line has

a double point or not. And the criterion for this is fig. 1 of Oct. 25,

1906 (see also Teyler II). If we are ^/Aorc the limiting line Z)i?/-'Jt",

we are in the region of type 1, where one of the branches of the

plaitpoint line runs from (\ to C, (the other from A to C, — see

e.g. fig. 1 of Juni 21. 1905 and fig. 1 of Jan. 25, 1906). And M»r the

limiting line we are in the region of type II (or III), where the

branches of the plaitpoint line are t\ C, and AC^. But for all this

consult the papers cited.

April 1907.

Appendix. After I had written the above considerations, the Con-

tinuation of the last cited paper by K. Onnes and Keesom appeared

in These Proceedings, April 25, 1907, p. 795—798. There a condi-

tion is derived for the appearance of a minimum plaitpoint tempera-

tiu-e, which is identical with that which I published Jan. 25, 1906

(formula (3), p. 581), at which result also VERSCH.\FrELT (These Proc,

April 24, 1906, p. 751) arrived a month later.

For on p. 796 K. 0. and Keesom give the condition (see formula (2)):

'a. 1

rt. 3
1 -f l/l -f 3 *2 /*]•

Now in my notation "a/oi = '/«5 (see above; I denote viz. the

component \% ith the smallest value of a by the index 1 ; Keesom

does the reverse). Further *s/6, = '/>> so that the above formula

passes into

[/; = 3
[- 1 + ^1 + vi].

from wiiicli follows;
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X

being inv al)Ove ibriiuila (c). And oonceniinii lliis we have just

proved that it is identical witli my relation and that of Verschaffelt

(Jan. and April lOOG), viz.

"(S^/.T-ir'

which is of general application, irrespective whether the branch of

the plaitpoint line starts from C\ fowai'ds C^ or towards C\. As we
alreaily observed, this expression holds on the side of the component I,

when (9 = ^VVi '^'i*^ ^^^''/ui, so for tiie branch starting from what

is point 6', with me. For C^ (Keesom's /v,) & and nr must simply

be replaced by ',V; and '/n (see above in §3).

So in my opinion the footnote on ]). 795 in the paper by K. O.

and K. of April 25, 1907 is not accnrafe, for according to the above

the conclusion of Verschaffelt (and mine) does not reqiiii'c any

qualification, because the formula ') given by ns holds for any

conrse of the plaitpoint line, irrespective of the fact whether the

considered branch runs from C\ to C, or to C„. For the transition of

the two types takes place gradually lliiongii the double point of the

lilait[)oinl line, and hence the two types are analytically included

ill the same formula, so tliat onlv one expression exists for ,

d,v

which holds equally for the Iwo cases. And if any doubt should

remain, this must be removed, when from the above the identity is

seen between the relation derived last by K. O. and K., and the

general one of Verschaffelt and me.

It will be superfluous to observe that the so-called (homogeneous)

"double plaitpoint" in the branch of the plaitpoint line C'^C,, of

\Vhich K. (). and K. speak, is identical with, the fully discussed

minimum and with the double point in the spinodal line, and should

not be confounded with the "double point", found by me in the

(whole) plaitpoint line, where the two branches of this line iptersect,

and which separates the two types 1 and II (or III), the data for

which double point can be calcidated for the general case only with

great difficulty, (see Teyler I).

1) In the footnote on p. 795 it says maximum lemperatuic; this must of course

be minimum temperature.
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Astronomy. — "On periodic oH)its of (he type Hestia. Bj Dr. W.
DE Sitter. (Conirauiiicated by Prof. J. C. Kapteyn).

The problem, of wliich some particular solutions will be treated

here, is the following. Two material points >S' and J, having the

masses 1 and fi, move with uniform angular velocity n' =z 1 in

circles in one and the same plane round their centre of gravity.

The constant distance SJ is adopted as unit of length. Another

material point F, with an intinitely small mass, moves in the same

plane under the influence of the Newtonian attractions of S and J.

This is the problem which has (for ft ^0.1) been so exhaustively

treated by Darwin in Vol. XXI of the Acta Mathematica. The parti-

cular solutions which are treated below are those in which the orliit

of P is periodic and its limit for Lim. ft ^ is an ellipse with a

small e.xcentricity, described round S as a focus with a mean motion

not differing mucli from 3. If this limiting orbit (i.e. the undisturbed

orbit) is a circle, then the solution is, in Poincare's phraseology, of the

., 2jr ,

first sort isorte), and its period is 7'=r . If the excentricitv of the
« — 1

undisturbed orbit differs from zero, the solution is of the second

sort, and the limiting value of the period for Lim.
f<
= is Lim.

T' = '2jt. These solutions of the second sort are at the same time

of the second genus (genre) relatively to those of the first sort.

The solutions of the first sort are the orbits of Darwin's "Planet

A". This family of orbits undei-goes within the range here considered

a transition from stability to instability, which has been discussed

by Poincare in an investigation contained in the articles 383 and

384 of his "Methodes Nouvelles" (Vol. Ill, \^. 355—361). The

results there reached will be derived here by a different (and, as it

seems to me, simpler) reasoning.

Darwin's work also presents an exami)le of an orbit of the second

sort, viz. the orbit figured liy him on page 281 and designated as

.c„ = — . 337. Although Poincare proves the existence of solutions

of this kind, he seems to. have overlooked the fact that Darwin had

actually computed one of them.

These solutions and their stability I wish to consider from the

point of view of the general theory developed by Poincare in the

first and tiiird volumes of the "Methodes Nouvelles". The followiug

is a summary of those general theorems, proved by Poincare', which

will be used here. They are true for every problem capable of

being reduced lo two degrees of IVccdom, containing one varialtle

pai-amefcr, and adniilling I(M' each value of this parameter a tinito
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number of periodic solutions. It need hardly lie mentioned that

their valency is restricted to a certain domain of the several variable

quantities of the problem, of which it will however not be necessary

to transgress the limits.

A periodic solution is completely determined by the values of the

parameter and of one constant of integration or "element". The

periodic solutions occur in families, the members of which are classi-

fied according to increasing or decreasing values of the parameter.

These families may be graphically represented by curves $(>{,, -J ) ^ 0,

where sc is the parameter of the problem and ^ the determining

element.

The stability or instability is determined by a certain quantity «,

which is by Poincare called the characteristic expoJient. If the

2;r i

period is T, then values of <t ditfering by a multiple of ——-, must

be considered as identical. The following three cases are possible:

o7' purely imaginary the solution is 5to6/t^

kT real the solution is evenly unstable

c(T complex, with imaginary part ^j-ti: the solution is unevenly unstable^).

A solution having the period T can as Avell be conceived to have

the period T' ::= 2 T. If it is unevenly unstable with reference to

the period T, it is evenly unstable with reference to the period T'

.

WithiTi each family the exponent a and the pei'iod T vary conti-

nuously with the parameter x. Tiie product aT and the differential

coetlicient become ecpial to zero for the same values of x. The

curve <$ = then either has a multiple point, or is tangent to a

line y. = const. The family splits into two branches, or, which

comes to *he same thing, two families have one member in common.

If (J^o i*o) is the point representing this common member, then we
have the following rules.

The number of branches of the curve $ = (i. e. the number of

families of periodic solutions) for x'^ x„ differs by an even number

from the number of branches for x <^ x„.

The branches which part from the point (x„ i3„) towards the direction

of increasing x are alternately stable and evenly unstable "). The

1) The names even and uneven instability have been introduced by Darwin.

Poincare distinguishes them as instability of the first and second "classe". The

relation of Dakwin'.s quantity c to the exponent 2 is given by tlie formula ;ir= «Vc.

*) To avoid circumlocution 1 speak of "stable and unstable branches", meaning

branches whose points represent stable and unstable solutions respectively.
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same tliiiii;- is true of (lie hraiR-lies on wliich y. decreases. Tlie two

hraiiclies betwceii which lies tlie |)art of the lino y. ^ y.„ on whieli

^<Ct'^o. 'i''"'^ either liolh statile, or Imlh iinstaltle, and sindhiriy the

two branches enclosing- the othef half of the line x. =: x„. If 7' is

the period of one of the branches and 7'' of another, and if 7'„ and

T\ are the \alnes of these [jeriods in the poinl (k„ ^JJ, then 7',, and

T'„ are mntnally coniniensnrable. If 7"'„ is their least conunon

multii.le, then «„7"'„ = (). If e.g. 7"„ = 2 T„, Hien Ihe inslal)ility is

even with reference to the period 7".

As an ilkistration of the.se general rides I niav be allowed to

mention a few of the simplest cases.

1. The enrve 4' = is tangent to the line y. = y.„. Tiiere are

two families, springing from a common member, whicii come inlo

existence at this valne of the parameter. One of them is stable, and

the other is evenly nnstable. An example of this is pre.sented In

Dakwin's families B and C of satellites.

2. The curve has a double point. Two families are "crossing"

each other, at the same time exchanging their stability.

3. The cnrve consists of one branch tangent to the line y. = y.„

and another branch intersecting the first in Ihe iioint of contact.

The two families which come into existence at this value of the

parameter are both stable or both unstable. The third family, which

exists l)Oth for y. ^ y.^, and for y. <^ ;?„, l)ecomes stable if it was

imstable and unslalile if it was siuble.

The cases 2 and 3 are the only ones occurring in ihe present

invesligation.

The pro(_)f of the ai)o\e sup[)oses that tlie pi-oblem can i>e reduced

to the second order, so that there are only two characteristic exponents

(-}- " and — a). The choice of the parameter is determine<l by the

way in w Inch this reduction is elfecled, or is conceixed to t)e etfected.

D.\RwiN uses the integral of Jacoisi for this reduction. Consequently

his parameter is the constant C to which this integral isecpial. This

constant C is a function of (he two elemciUs (t and c 'i'he lirst of

these can be replaced by the mean motion n. or by the i)erio<l

,, 2jr
,7=^ . In couse((ueucf ol Ihe re(bicliou ol the |problem ii\

>i— 1

means of the integral of .1 vroiu oue of these elements, say 7', is

eliminated. This therefore appears no longer as an arbitrary constant

of integraliou, but is entirely ekMermined by ^
' and i. On the other

hand (' is einii'ely delermiiu'd by 7'.and i'. Now Dahwin's calculations

show thai T coiiliiiualiy increases if f ' decreases. It is therefore

irrevel.iul for our [lurpose wlu'liici' w<' cousider <' or 7' as tin*

4

Proceedings Hoyal Acad, Amsterdam. Vol. X,
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parameter of the problem. The parameter which 1 will use here is

T' = 2 7'. This change from C to T' can also be conceived as no

more than a simplification of language. Instead of saying: "the

solution corresponding to the value of C for which the period of the

solution of the first sort is 72 f ". I say : "the solution corresponding

to the value T'".

In Darwin's work ft has the constant value 0.1. If now we
choose a convenient element g, we can conceive the curves 4> (J", §)

to be drawn. Next imagine the same thing to be done for other

values of ft, and take ft, T' and 5 as rectangular coordinates. The

curves 0[T',B,) belonging to the various values of ft then produce a

surface, every })oint of which represents a periodic solution.

If, on the other hand, we take for T' a fixed value 7",,

considering ft as tlie variable parameter, then we have another

problem, also admitting families of periodic solutions, which can be

represented by curves xp [n, §) :^0. If T\ varies these curves describe

again the same surface. The form of tliis surface will now be

investigated. Its section by the plane ft = O.i then gives all periodic

solutions of Darwin's problem.

The element which 1 will use is i; = r„ co.y (i^„, where t\ is the

excentricity and to„ the longitude of the perihelion of the undisturbed

orbit, which is the limit of the orbit of F for lira, ft = 0. The

longitude <'>„ is counted from a fi.ix'd axis whicii at the beginning

of tiie period co-incides with SJ. The orbit of P is not periodic

unless ti5„ has one of the two values or jr. Moreover at the begin-

ning of the period P must he on the line SJ, i.e. there must be

either opposition or conjunction.

Solutions of the tirst sort are characterised by i, = (), These solu-

tions can have any period, therefore the whole plane | = is a

part of our surface. The line § == 0, fx = O.i represents Darwin's

family A. For a value of J" = 2T, which lies between 330° and

354°, i.e. between 1.83 jt and 1.1)7 .t, this family loses its stability

and becomes unevenly unstable. So there must be another family

which at this point has a member in common with the family A.

This new family must have the period 7", and is therefore of the

second sort. If for the sake of argument we assume the change of

stability to take place at the value 7'' = 1.9.-t, then we know of

the branch of the curve $ = 0, whicli represents this family, that

for 7"<1.9jr it is evenly unstable and for 7">1.9jr it is stable.

Now there are only four possible periodic solutions of the second

sort, distinguished by the following positions of /' at the beginning

of the jieriod :
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B : P \n opposition in apliclion ;w„ =r 0, | := -)- ('„)

B' : „ ,, .. .. perihelion (t5„ = .tt, |^ — l\)

C ,, „ coiijiincliun „ jieriiielion (a>„ = 0, 5 = + <?n)

6"
: „ „ „ „ aplielion (co„ = .t, i — — c\)

Witli refei'ence to rotatiiijt' axes, of wliich tlie axis of ,r co-incides

witli SJ, tiie oriiits /j and B' are identical, and siniiiarlv C

Orbil of family B or B'

Fig. 1. _

and (". The orbits Ji and />" are of the form re|>resented in lig. 1.

The orbits (' and (" are of tiie same form, rotated through 180",

i.e. with the donlile [toint awav from ./.

Tiie families B and B' are stable (_' and f" are unstable. This is

easily found by considering the equation which determines the

expotient «. This equation is (see Poincake, Acta Math. XllI, p. 1o4) :

"/ "^ = tJt ("1' ^ --- ". "' '^-^ + "^'^ ^'n)

Now using the variables employi'd by P()IN( auk i.e. pages 128

and 171. we lind easily.

", =:: — 1 «.j = 3 6\i = C'jj =: U ('...^ = — Ji .r.—*.

If further in ip (i.e. the average value of the perturbing functidii

o\er one period) we neglect tiie lerms w Inch conlain a higher power
of t^ than the second, \\<' lind

where e is the mean longitude of /'- at the beginning of the period,

aiul /v is a positive coiistaiU.

We lind thus
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«' z= S n Ke^ 'V^~^ cos f

.

Tims, for positive values of fi, «^ is uegatixe, ami lliereforc the orbit

is stable, when there is opposition at the begiiming of the pei-iod.

For positive values of ft therefore JJB' is stable and CC" is unstable,

for negative values ') of ft BB' is unstable and C6" is stable. It is

evident that, for | ^ 0, i> and B' eo-iiu'ide, and similarly 6' and (". The

branch of $ = which intersects 5^0 in the point T' ^ 1.9 a

therefore represents either the family BB' or the family C'6". In

the fii'st case it is stable, and therefore it must on both sides of the

point of intersection bend round towards the right. In the other case

it is unstable and encloses the stable part of the line § = 0.

Now Dakwin has, for 6'= 39.0, i.e. 7" =r 1.97 jt, actually com-

puted and drawn an orbit, which shows the form of (ig. 1, viz.:

the orbit .*'„ = —
. 337 w hicii has already been quoted. This orbit

thus belongs tc die tamily IJ, but it also belongs to Z>". It belongs

to B if P it in aphelion at the beginning of the period and in

perihelion in lac middle of the period (being at both times in op)»osi-

tion to J), a. id to B' in the opposite case. The branch of the curve

<3> = whicli passes through the point J" ^ 1.9 .t therefore represents

the family BB' , and not CC . Consequently it is stable, and thai

i)art of the section of our surface by the plane ft ^ 0.1, which lies

to the left of the line T' = 2 :ir, is thereby completely determined.

This section is represented in Fig. 2. Stable families are there, and

in the following ligures, rei)resented by heavy full lines, unevenly

unstable families by broken lines, and evenly nnslable ones by

dotted lines.

A

.-c

-i---'

\C'

A'T5
Fig. 2.

We next considei- the section of our surface In (he plane \i = 0.

') The meaning of a negalivo value ot
fj,

is that the force emanating from ./

is repulsive, the force from S remaining attractive.
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We know tlieii tliat there me isUilile periodic solutions of the first

sort with an arbitrary period, and of the second sort with the period

T' =: 2 JT and an arbitrary excentricity. The section thei^efore consists

of the line 5 = and tlie |mrt of the line T = 27r between the

points 5 :^
-f- 1 and 1 = — J. \ wish, however, to confine myself

to small values of |. This section is represented in Fig. 3.

_ Next consider the section

^ \^2 by a plane T' = 7\' , where

v^ 1.9:;r< r/< 2jr, and the curves

t|' (n, §) ^ in that plane. The

;2^

—

J=o line S^O is a part of this

curve. The lower part of this

line is stable, the upper part is

unevenly unstable. In the point

Avherc the transition to insta-

bility takes place the linel^O

is intersected by the branch of

if» = representing the family

B' C'

Fig. 3.

BB' . Tiiis family being stable, that branch must on both sides of

the point of intersection bend upwards, as is re[)resented in fig. 4a.

Consider now the section of our surface by a plane parallel to,

and at a very small distance from, § = 0. The orbits represented by

the curves x (,«, T') in this plane are all of the second sort. We
can imagine tiiese orbits to ai'ise by a variation of [i from tlie un-

dislurbcd periodic orbit of llie second sort. They then ap|iear as

\A
I

c'

-/"'

7>^r
Fig. !ni. Fig. \h.

solutions of a problem, in which the parameter is fi, 5 being kept

constant, and thus T (or C) now is our element. These solutions

have been studied by Schw.krzschili) (Astr. Nachr. 3506). Forfj^O
the [leriod is 2.t. For small \aliics of ;< there are (for each value

of I) two solutions, viz. B and (.' when > is positive, B' and C
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wlioii il is iic,u;ili\('. Tiic ciii-vo "/ = " ''""^ coiisisls ol' I \\(i lirunclies,

lidtli piissiiin- thr-oMiili ilic |i()iiil ((^0, 7"=:2.t, and IIrmv exchanging

their stability. Since now il has already been sliown that the stable

branch P> is, I'oi' posilive vahies of fi. situated on (he left side, the

nnstalile branch (' must be on ihe I'ighl side. The cnrves are

represented in lig. 5.

Our surface has thus been show n lo consist

of the plane ^=(* and nf two sheets, which

j)ass ihi-ongh Ihe line jt ^ 0. 7" = 2.t, and

then deviate to tiie left and lo Ihe right of

the plane 7" = 2n-. The points of the left-

hand sheet represent the stable family BB',

those of Ihe I'ight-hand sheet the unstable

^ family C(". This latter sheet therefore inter-

sects the plane ;i={)A in a curve which on

C / I
'•._5 both sides of its point of intersection wilh

^ ^ _^ the line ^ = bends oif towards the right.
'

In this same point ot intersectum the family

I'lg- •"'•

.4 regains its staliility, the stable part of the

line 1^ ^ 0, which represents this family, being enclosed between the

two unstable branches of the section Just considered. This state of

things is rendered in the right-hand part of fig. 2. Also Ihe form

(if the .section of the surface by a plane 7" ^ 7'.,' > 2.t, will need

no further explanation. It is re])resented in lig. -!/>. Whether this

riglil hand sheet does reach u[) lo the plane f»
= ().l, .so as to pro-

duce a real section, cannot lie <lecided by this reasoning. If there

is a point of intei'section with the line ;< = ().], ^ = 0, liiis must

correspond lo a value of 7'' exceeding 414.°3 = 2.23 .t, since

for this value the family .1 is still unevenly unstable, as is shown

by Daiuvin's woi'k. That the left-hand sheet does actually intersect

the plane fi = 0.1 is sImiwu by \\\o existence of D.\r\\in"s orbit

/'„ =r — .337, belonging to Ihe family HB' (and- also liy the change

of stability of the family A).

Thus all results have been derived which lia\e l)ecu found by

PoiNCARE in the "Methodes Nonvelles", already ((noted. Naturally

PoiNCARtl also nnist leave the (piesliou. whetli(>r his results still hold

for ft = 0.1, mianswered.

It is not nniinei'esting lo consider the solutions l> and ^' from Ihe

point of view of the theory of perturbations. This can, of course,

not leach ns anything about their stability, but it will give information

about the form of Ihe curves /(u, 7'') = () and i|M,'(' ^) = '* for small

values of ft and 5. The period of the undisturbed solution is 2/i,
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By the perturbing intluence of ./ this is changed to T' = 2jr -f r.

Tiie conditions that tlie perturbed orbit shall be periodic are:

T T
rdiZ rdx

J dt J dt

where ). is the mean longitude of P. For the computation of the

integrals we must use the mean motion affected by perturbations,

i.e. n r= 3 4- (T. The left-hand members of these equations of condition

are therefore functions of t and a, and these two unknowns can

be determined from them.

If in these equations of condition we neglect the square and higher

powers of e, they become

71(1 J

r =— (2 .-r - T)
f. [5 ' ± {21 .43 + 10 ^,3. + 2 ^.('j]

_

^^^

6.T -}- T = (3 + o) (2jr + t) — na (2;i + r) ft ^,(0) )

The upper sign in these equations must be used for the family

C C , the lower sign for B B' . The sum within the
{ \ being larger

than B^\ we find that for the family BB' r is negative, while for

CC it is positi\ e, as has also been found above. J'urther the first equa-

dr
tion shows that the numerical value of the differential coefficient —

dii

for the first family {HB') decreases if ft increases, while for tlie

other family it increases. Thus the left-hand branch of x (f*) T) z=

has its concave side towards the line T' = 2.t, and the right-hand

l>ranch its convex side, as is shown in fig. 5.

In the numerical computation we must not forget that the formulas

(1) can only i)e considered as approximalively true. The solution of

the equations is easily effected by means of the tables of Runkle, the

argument for the dcterniiuation of the different functions ^('' being-

computed by

10
n ^ 3 4- (J n- a" ^ r = — •

.

'11
I find in this manner for the two families:

B: ~=z — 0.085 3" = 1.83 ji

C: — = + 0.29 r = 2.58 jt

These are the periods of those orbits of the two families, which

have 5 = 0, and which therefore co-incide with a member of the
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taiiiih A, wimsc |)ci-i(i(l is 7'^
_

7". J)ai;\\in's coininilalidiis show

llial llic value of 7" Tor w liirli Ihc I'ainilies /I ami 11 co-iiicidc

iiiiisl lie l)o(\veeii 1 .<S.'U3 :ji and I ,!»7 .t. Tlie point of co-iiicidencc of

.1 and C is outside llie rcijion cxploied h\Darwin, tlie coiTGSi)oiidiiig

value of 7" luusi ilierelnre lie lai'i^'er lliau 2.23 jr.

If ill ihe e(|ualious (I) we take account of the square of e, tlie

ri.iiiil-liand member of the lirsl must lie inulti|ilie(l liv Vl— ('^ In

Ihc seeonil .1/^'' must lie I'eplaced liv

,1/0) + I ,r- (^iX) ± {81 A;^> + 24 /i,(3) + 6 /!/•''

A

and \''.,^'^r must be addcil to liic second member. Now if we take

7'^ const, then t is constant and also « can be taken to be constant.

TIh^ scM'ond e(|uation (1) tlien is of the foi-in

const. =.«(/'+ i'y) (2)

Now we ha\e ^'•' := r% therefore (2) i.s apjn'oximalely lhec(jualion

ip (fi , I) ^ 0. For the family BIV P and Q are of opposite siii;,iis,

for (X" they have Ihe same sijiii. Thus the form of these curves

as dra\Mi in the tiiiures An and Ah is conlirnied. ^)

Physics. — "Coitir/'/i/it/Cj/ to tin' llwurji of ImiKrii nn.rt/ircs. I\ ."

l!y Prof. .1. 1). \ AN ni'.i! Waai.s.

Coiitiiiiicil, sec |i. S4'.l vol. IX.

TuK I'.INODAl, clIiVK.

\Vi' miiiht think that lor the determination of the bimxlal curve

we could follow the following' course. It is re(pured for coe.xistence

thai besides the temperature three oilier (piantilies are etpial, i. e.

//, (/ and .1/, Ml- " "'' ""'^ •i^''^" \f:n-r the lines on which J/, ;«,, is

e(pial, we should have to seek in order to lind a point of a biiiodal

curve, llu^ jioinls satisfying the conduion that the />, q and -l/i fi

lines passing through diis point interseci in still another point of

Ihe licld. This search, however, being e.\ceedi]igly diflicult would

give moreoxer no clear survey of the results. We shall, therefore

not follow diis course. Still 1 shall make some prefatory i'emai-ks

on Ihc course of lliis third i;rou|i of lines. For it is by no means

devoid of intiM-esi |o know in which piiasrs of a binary system the

1) Tills last paragi'Mph has lieun aitdcil in Ilic Eiiglisli U'.uislalioii.
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niulec'iihir |K»leiilial nt' one dI' llic Iwn coiiipoiieiils lins the same

value. We sliall call tins third gn)u|i nf lines -"potential lines".

Thk potkntial links.

The value of .1/, ;i, is equal tn i|' — v- *'-^—
; bv differentia-

av dv

tion we find:

d
-1/ J fij := — r d ?; fZ

dv dx

or

f/ J/j fJ, := (• dp — ,r di]

If we waul to know the shape dl' such a poteiuial line, we must

dv
know -- for such a line, wiiieh quantilv we shall represent bv

t/„

/'dr\—
. For the value of liiis ipiantitv we lind then the expression:

V—^ + a,-
—

t

lv\ dxdv d.v^

i^-jpoi
~ ^>r d^ '

dr^ dx dc

which may also be written

:

V dv

dv\ dv X dii-g

d.vj Pot d,v^, V dv

.)• dxp

So there is a locus ju whose points I - l^x, and another
\.'''-/Pot

''''^
. r„, ,. , , .

V di:

M

whose points ( l=z(). The former takes place when — =— i.e.

this locus is the scries df points in which lines di-awu from the

oi-iuin loiicli the //-lines. On lli(> other hami ( -^ ]^0 if —=—

•

Kji'^'Jpot .'• '/.I-/

for the points of the s|iiuodal cMr\(^ in wiiich =— , also ( —
|dx^ dx,, \d.rj />.,,

is equal to —

.

The shape of the locus r = ,(•(--
) is di(}erent, accordin<' as the

/y-lines iia\e liic course as in the left reuioii of the general /(-figure,

or as is the case in the middle region tn- in the right region. The
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course of llic /;-liiios heiiin' inodilied hy tlie tempeiatui-e, the value

of 7' will also iiilliKMice this shape.

Let IIS first put a left region at a value of T below Tk^ and also

below 1\:^. Then taugenis ma}' be drawn to all y/>-liiies from tJie

origin. The points of contaot on the side of the small volumes tlien

form a continuous series of points whicii begins in the point in which

the liipiid branch of the curve - ^ intei'sects the l'^' axis, and
(/r

moves furtiier and further awaj from this curve as it approaches

the 2"'' axis, remaining all the time at smaller volumes than those

of the curve mentioned. The points of contact on the side of the

large \oliimes also form a continuous series of point, which starts in

dp
the point in which the vapour brancli of tiie curve —= intersects

(h

the I'*' axis, and also moves further and further away from this

curve as it draws near the 2'"' axis. This series of points lias always

dp
larger \oluine than the curve — = 0. So when a iiotential line

dv

passes through such a series of points it is directed parallel to the

T-axis. The locus of the points in which a potential line runs parallel

to the A'-axis, and whicii is found by drawing tangents from the

origin to the (/-lines, is a curve consisting of one single branch,

which at small volumes crosses the field from a certain point of the

tirsl axis to the point r =r A and dz=\. lUit tiie shape of this curve

is very dilferent, dependent on tlie more or less complicated shape

of the (/-lines. Without entering into further details we shall only

observe, that when (^-li'^G^ i""" 'i'''^ '^ ''^^ '"^'^•^ '" ^'"^ absence of

'/"'»|'

^0, this curve will ha\c no |»oint in coniinon with the preceding
d.v^

d\\' (/'i)>

one: but if — = exists, and intersects ^ 0, the curve on
dx' dv'

/dv\ fPif
, . , ,.

which -=:(), passes round — = 0, and twice intersects the line,

\</.rJp,„ dx'

on which (
— l^x. These two points of intersection arc again of

importance for the shape of the potential lines. Then again a loop-

potential line passes through one of these two points. In this case the

double point is the ])oint of intersection on the right, and the point

of intersection lying on the left serves then again as isolated point,

round whicii a series of potential lines run in closed figures. That

in this case the point lying on the right is the double point, is in
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conncftioii witli tlii^ lliat all puleiitial lines (enuiuale in the point

11= 1) and ,r:^l. J/if, is infinitely large on the line v^=h, and

on the second axis il/, f<i is negative infinite. In the point ;' = /> and

,i' ^ 1 the value of the potential for the first component must there-

fore be indefinite. When arriving at this point all potential lines

touch the line r = b. In fig. 15 the course of the potential lines

luis been schematicallv represented for this case of non-miscibilily in

the liquid state. The first axis is cut or touched bv the potential

Fis. 15.
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lilies of every decree. .)/,(*,=: — x for r := oo. It' r deercases, ylA, ;ti

increases till the potential lias readied a highest value in the point

fdp -\ r-
(it iiiaxiinuiii |)ressnrc I

— = 1. Willi tnrthcr decrease ot v the

poleulial diiiiiiiishes, till tli(> liiial poiiil of the unstahle state is readied,

''l'
whore — is again e(pial to 0. There .l/,f(i is niiniiiiuin. Iftlieiioint

dv

r =z /j is readied, -1/, fi, ^cc. With very large volume M^iij is

1 — .V

approximately ecpial to ^fRTlog , in which also a tundion of
V

T is left out, which may generally Ite left out in the construction

of the i|'-surface for delinite value of 7'; from this shape for M^n-^

it is seen that the portions of the potential lines which start from

the 1^^ axis for large volume, may almost be considered as straight

lines directed to the point ,c = J and v ^ 0. if the potential line

starts from the volume ?',, the equation of the initial portion is

t?^t'j(l— ,}). If '/', should be ^ oo, and so jlA, fi, = — oo, the value

of i/ifij is negative inliiiite for every value of x for y ^ go, which

it is also all along the second axis. The rule that for very large

volumes the initial portions of the potential lines may be considered

as straight lines already follows from the law of Dalton that each

of the components in a mixture of gases behaves as if it alone was

present in the volume. If ?' == ?', (1 — ,?), the density of the tirst

component has the same value, and the quantities determined by the

tlensity, are the same; e.g. the pressure and the potential. If the

circumstances are as assumed in fig. 15, there is of course also a

lotMis whei'c - - \^{), which is again a loop-line passing through
V^'''- /il/,v,

dv
llic double poiiil ot llie potential lines. It the locus v— x— ^0

dwq

dv
does not iiilersc<'t the other v — x-— , all the' potential lines have

the siiu|ilc sha|K' which they have on llie left side and on the Mght

side in fig. 15.

If we suppose a left region at a value of T aliove 7/,.^, the locus

dv
V — ,(.'-=:() is siibiecled to a modilicalion. Then llie two i>raiiHies

•hr,.

dp
of = have joined, and in Ihe same way the two branches ot

,lr

''P
this locus will join; Inil bolli lyiii^' outside = llie point of

dv
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junction will lie at larger .r than the point ot'junction of the l)iaiiciies

of —=zO. This junction nius-t then take place in a jiuiiit of inllec-

</r ^
tion of a /;-line, as is iinineiliately seen when in a /^-tigiire the

tangents are drawn from the origin in the circnnistancen; inenlioned.

in which it also appears that the point of contact then lies on a

;)-line of maxininm value. So the point of junction nientitnied is a

point in whicii the tangent of a ^^-line in its [)oint of inllection passes

dv
through the origin. From the differential ecpiatiou oi' v — x-— = 0,

chVi,

if V is taken as function of .' and p, follows for this locus

;

X—
dp dx'p

dx dv (/' v

dp^- dpd.v

The potential lines of low degree iiave then lo>l the points in

which they are directed vertically, and lia\e then a very sim|ile

shape. With decreasing \(ilume they no hiuuer run hack to suudler

value of .r.

In the second place let us choose a region in the middle, where

dp dp
the two points of intersection of — ^0 and —^0 are found.

dp
Even though the two branches ot -^0 remain entirely separated,°

dv
</(

this is not necessarily the case with the two branches of «;-- .y— :=().

d.Vi,

It is easy to see that the branch at the smaller volumes lies above

— = only from x =: to the double point of tiie /;-lines. With
dc

higher value of .'- it lies below it. In the same way the luauch of

dr
,

dp
V X— ^0 at larger volumes lies i)elow — ^0 oniv Irom ,r=z()

dxp dr
'

to X of the double point. This lower branch passes through the

dp
double point, and lies above — = i) with greater value ot .v. The

di'

two bi'anches Join as soon as there exists a />-line, for wiiich the

tangent in the point of intlection is directed to tiie oi-igin. If at

dp
minimum critical temperature tiie line - ^^ ^ t) possesses a splitting

dr

dv
point, die cur\e /• — ,r — =: is restricted to the left pail, and is

dxp
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closed for sinallor value of ,c than tliat of tlie splittiiij)- point. If,

liowcver, the region extends fur lo the right, then also tlie right part

<'/'
.

''''

of --^0 ean again contain a close<l |iart of f — .c— = 0, witii a
(/(' (!>),

loj) at a c(M-tain \ahie of .''. and the open side at .i: = l. Also for

regions Iving entirely on llie right side it remains of force that

(/(• <l/i dp
V — .(,'— = lies witliin — ^0; so thai if =0 no longer

d.Vp dr dr

d,;

extends over the entire width, v — x— cainiot extend any longer
dxp

over the entire width either.

If also in such middle region, and at the same time in a right

di-

region we examine the course of the locus v — x— , where the
dx^

potential lines arc directed horizontally, we see when consulting

tigs. 5 and (i that the locus mentioned remains restricted to smaller

dp
volumes than those ot the line — = so long as the curve

d'Vo

d\p— ^0 does not exist, or it it does, lor all iioints outside this curve.

d/> -/-If'

If — = cuts the ctirve — ^ <K the locus mentioned passes
d,c,, d.v'

'

d'lp
.

dc
through these |)oinls of intersei'tion. Within — =()lheliuei'— ,x

—
d,i'^ dXg

dp
lies at larger \(jlunies than those of — ^0. Ihil llicn no intersection

dxi,

do dc
of (• — X— = and v — x— = inter se is to he expected. Hence

there is no (piestion of a loo[)-|)olential line. The I'esidl would ha\e

been perfectly different, if we had also examined the course of .1/.^ f.,.

But this may be considered superlhious, now" that we know Iho

course of the (/dines, so of -^l^ii, — -'^i ."i and of M^fi^. This i)y jio

means exhausts the properties of the course of the potential lines,

but as we are not going to avail ourselves of fins third group of

lines foi- Ihe deternnnalion of the binodal line, I think thai it will

suffice lo mention the al)o\'e properties.

For the delermination of the course of the binodal line we shall

make use of the equation of p. 57, viz. :

'/ -1/, (I , ^ (• dp — ;c d<].

Ihil lir^t some |)reliminary remai'ks. Among all the lines to be discussed

in a theoi;v of nnxtures the isobars and Ihe binodal lines are to be
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considered as the most important ones, because tliej can be the

snbject of experimental investigation. Though it is necessary for a

clear insight that for a simple substance we know that below certain

temperature the isotherm possesses unstable parts, and that we can

indicate the limits of these unstable parts, yet the determination of

the points of coexisting equilibrium is of the greatest importance

for the experiment. In the same way it is, indeed necessary for a

clear insight into a binary mixture that the existence of the unstable

phases and their limits are known, so the spinodal curve ; l»ut

the knowledge of the binodal line is of still more importance, and

to determine the latter must be taken as the final end of all con-

siderations, l)ecanse it can constitute the subject of experimental

investigation, and tlie results derived from our considerations can

only be tested by experience in so far as they refer to the binodal

line. If we are to admit an exception to this rule, this applies to

the plaitpoints to whose existence could be concluded withdut an

examination of the binodal curve being necessary. But moreover, it

deserves attention that not even the whole of the binodal line can

be realised by the experiment. The binodal line can possess portions

Ivinti' in the unstable reoion, and others which are metastaliie. This

has already been observed in the Theorie Moleculaire (Cont. p. 14),

but appears in an ampler and more complete measure from the

diagrams occui-ring in These Proc. March and June 1905. Ai the

same time it appears there how very complicated the liinodal line

can be, when the spinodal curve hardly deviates from the usual

shape. Hence if the more or less complexify of a plait is to be judged

according to its spinodal cm-ve or according to its binodal curve, a

very different opinion will be arrived at.

Thus paying attention to the properties of the binodal curve I

have been able to speak of a main plait and a iM'anch j)lait in

the last cited paper. In the same way, regarding only the binodal

line and its nodal lines, we may speak of a transverse plait and a

longitudinal plait, wdiereas, regarding only the spinodal curve, we

shall have to consider- these two as one single plait. However, to

prevent confusion, it is desirable to follow one and the same termi-

nology. At the moment it seems most desirable to me to consider

particularlv the spinodal curve when choosing the name, leaving

that part out of account that may also sometimes exist, but which

then encloses the concave-concave part of the i|'-surface. If no plail-

point exists on the spinodal curve, or only one and then a reali-

sable one. such a plait iniuiil be called a normal dUc. If besides

there are a couple of heterogeneous plaitpoints found, we
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iiiigiil speak u\' an ahiioriiial, <ir as I did in iiroredinu pap,es of Ihis

comniunicatioii, of a c-oinpli'x plail. If the spinodal curve lias splil

np al cerlaiii \aliK' of 7', wliicli niav lake place in eoiise(pieiiec of

iIk' (•ur\e ^0 liaxinu- s|ilil np, lliece ai'e Iwn ]iiails, one oi wliicli

ndnlil lie called (he riulit plail, and (he oilier llie leil plail. if il

lias splil np in conseipieiice of a separation helwceii llie cnrx'cs

— =r and -- - = (•. ue niighl disiin^uish Ihe Iwo plails liv llie names
(/( (/,r-

"Iransxcfse plait and loiigilndinal plail". E\erv lime lliat Ihe sepa-

ration iiild two plails takes i)lace, Iwo honntiii'iit'niis plail points make

their ap|)earance. With transition of a normal plail lo a com|)le.\ one

a con})le of lictci'iuieni'ous plailpoinis appear. If then we wish to

pay attention to properties of the binodal curve, other names might

be thought desii'able, but then il would be advisable to state dis-

tinctlv that this is done Id call attention to Ihe special shape of the

binodal line.

The eijuation </ J/iMi ^ '"'^i'
— ''"''/ simplilies for a simple substance

to (IM^n^ := vdji, and may be considered in tliis form to lead lo the

constriictiiin for the jioint of coexistence. This construction can be

carriud out directly if as axes a y^-axis and a il/jjij-axis is chosen,

in which ciise we get a curve intersecting itself (Cont. II p. 4 fig. I),

or we can choose as axes a y-axis and a /;-axis, and ap|»ly the

hiw of M wwKi.i,. In the latter case we think d M ^n^ =z r tlji writ-

ten in the form; (/ M^ti^ ^ dijtr)—pclr, the integral of which is

(Jijfi,)/, — (.Uif<,)„ = (/"-')6 — (y'r)„ — I /"/f. For coexistence we must

a

have (;)/,ftj)4 ^ (M,f»i)„, and /i„ ^ in, = pcucc, so that we gel:

Ob

For a binary mixture we get for the determination of coexistence,

so for the determination of the points of tiie binodal curve, the same

simple cquatioii :

(IM^H^ -= Clip,

when following the series of points for which (l([^{) and so a

q-Vme, in the execution of the construction.

Let lis assume that we wish to ap|)ly Maxwell's law. Then fol-

lowing a ([-WuQ, we draw the value of ji at every value of /, and



(65)

seek liow luanv times a straight line may i)e drawn parallel to the

b

v-axis, so that />(i'i—1'„) =
|

jx/v. If this can take place only once,

a

the extremities of this straight line indicate the value of v of the

phases coexisting with each other, and the distance of this straight

line above the t'-axis the value of the pressure for this pair of coexist-

ing phases, and the chosen (/-line cuts then no other branches ot

the binodal line. This may take |)lace several times, when the chosen

ry-Iine passes 4 times through the binodal curve, or wheJi there are

6 points of the binodal curve on the chosen q-\ine. To ascertain

whether this can take place times, or 1, 2 or more times, we have

to pay attention in the first and foremost place whether or not the

chosen g-line intersects the spinodal curve, and if it does, how many
times. For every time when a q-line cuts the spinodal curve, there

is either maximum pressure or minimum pressure for the points of

this (/-line. In the points of the spinodal curve a ^;-line touches the

chosen (/li"^, and one and the same ^;-line, having either larger or

smaller value than the p-line which touches, will pass through two

points lying on either side of the spinodal line. Thus in tig. 7 (p. 738)

there is maximum pressure in point 4 of the g'l-line, and minimum
pressure in point 2, but for larger volume than that of point 4 the

pressure is always smaller than in 4, and the smaller as v is larger,

and in points of the same q-line in whicli v is smaller, the pressure

is always larger than in 2, and the larger as we follow the ^,-Iine

to its initial point, where p = oo. If we now construe p as function

of V, the ^j-line has a shape similar to that of an ordinary isotherm.

For (• = X
, n ^= 0, there is a maximum and a minimum pressure,

and for v ^ b, p z= cc. Maxwell's rule may then be applied, but

only once.

So this 2, -line will possess two points of the binodal curve. In

fig. 7 this will be the case for every q-\ine. For the line q=z oo, or

for the first substance we find the coexisting phases of that substance,

and for q^= — x or for the second substance, the coexisting phases

of the second substance. If starting from a certain point of the i-,.i'-

diagram we draw both the ^;-curvcs as function of v, viz. the/>curve

when we follow the (/-line which passes through the chosen point,

and the y>curve when we remain at constant value of .r, then tiie

2nd curve has always greater value of p than the first for all values

of V smaller tliaii that of the point chosen. Thus in tig. 7 the pressure

in a point lying more to the left to which the (/-line moves is smaller

than is the case for constant value of ,/ at the same value of v.

5

Proceedings Koyal Acad. Amsterdam. Vol. X.
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Now let llie point IVoiii wliicli wo stiifl he the pouit of the binodal

fnrve lyitiu on tlie \;iponi- side. Then, if we apply Maxwkll's rule

lo (he two cni'xes, it follows froui tiie ciicunistaiiee (lull /ms always

lai'ger for the curve at constant ,c, in the first place that Maxwell's

line for this y>curve lies higher than that for the yj-curve when we
follow the q-Vme, and in the second place that on the vapour side

the binodal curve for given x always lies at larger volumes than

the vapour volumes would be when every mixture was to be con-

sidered as homogeneous. In the same way o)i the liquid side at

smaller volumes. Just as the binodal line lies outside the line

0, the binodal line lies outside the phases which would coexist
dv

if every mixture shoukl behave as a simple substance. Properties

which also immediately follow from the i|'-surface.

In lig. 7A only ry-lines of lower degree intersect the spinodal

curve. The g-line of the highest degree which still has points in

common with the spinodal curve, which points are coinciding points

is that passing through the plaitpoint. When we follow this y-line

maximum and minimum pressure will have coincided, and drawing

/) as function of r, we get a line which has an horizontal tangent

in the plaitpoint, and at the same time a point of inflection, just

as an ordinary isotherm in the critical point. This is a remark

which alwavs holds for a plaitpoint, also for a hidden plaitpoint
;

liut then the special point in the //-line where — and vr is

equal to 0, lies on the unstable branch. There is a third possibility

for the situation of this special point, viz. that it lies on what we
might call the liquid branch of the /j-line, as will presently appear.

Let us now consider the case of fig. 8, and let us choose there

a (/-line which intersects the spinodal curve 4 times, as is the case

with one of the //-lines drawn. If starting at large volume we
follow this //-line, we meet, still at large volume, the spinodal line

in a point whei'e p has a maximum value; in the second point

where the q-Y\ne leaves the unstable region for the first time, there

is maximum pressure. In the third point where this g-line enters

the unstable region again, there is again maximum pressure, and in

(he fourth point when the unstable region is finally left there is

again minimum pressure. Now to draw p properly as function of

V, we must know the \alue ot — . Now^:

/'dp\ dp ('d.v\ dp

\dvj,i d,n,. \drj,i dvj:
'



( 67 )

wliioli equation may be written in tlie following form:

(

dxdi

dvJ
dx"

fdp\
From this form we see that I

— is positive in the unstable region
\d.vj^

rf'i|> rf'il? fdp\
onlv when -—

- is positive. If — is negative, then -r •§ again
dx^ dx^ \dvj,j

negative in the unstable region, and when the r^r-line intersects the

d^y^ fdp\
curve = 0, — 1=00. In fi"-. 16 tiie course ot p as function

dx^ \dvj,,
^ '

of V when this q-\inQ is followed, has been schematically represented.

Fig. 16.

Now we have to examine how many points of the binodal line

lie on this q-\\nQ. Yov this discussion I shall represent the branch

right of point i by n ; the branch between 1 and 2 be then the

(5-branch etc. The number of times that JM.wwkli/s rule can now

be applied, is equal to the number of combinations in two of 4

quantities. Thus branch a could be combined, not with branch A.

but with branches c, d and c. The branch b may be found combined

with (/ and e. And finally branch c with e. We do not mean to

say that the application in those 6 cases is always actually fe^isible.

This will be discussed presently when we discuss other (/-lines. But

for the (/-line chosen here, it is really possible to trace those (i

Maxwell lines. And then this y-line must cut the binodal curve

12 times. These 12 |)oiuls of intcrseclioii are to be found in ti^. 17.

In ihis lignre llic (/-line huN llic >liupe of liu', S. || ini^'i'sects tiie
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f-pinoflal curve, wliioli has also been drawn in this figure, fonr

times. It has a maximum and minimum volume. Between the

points of largest and smallest volume tlie locus — = must he
d.v''

thought.

Fig. 17.

In this fig. 17 the liinodal line has further l)een drawn, and

on account of ils inti'icate siiape, it has been several times indicated

bv the sign /n/i. We iiiav (•oii>i(Ior liiis liiiKKlul ciiixe as cunsistinii,-
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of two separate parts. F'irst that part that we might call va|)oiir-

liquid binodal curve. The liquid branch of tiiis part lias a regular

course, but the vapour line branch has tiie well-known shape with

two cusps. The nodal line belonging to the cusp y, has its other

extremity in the point y, where the liquid branch of this binodal line

passes through the spinodal curve. Li the same way the two points

indicated by d belong together as extremities of one same nodal line.

The remaining part of the binodal curve forms a curve closed in

itself. For this part of the binodal curve the two heterogeneous

plaitpoints 1\ and P.^ are in the first place of importance. The points

on the right and on the left of /*, lie in the stable region, the points

on either side of P., in the unstable region. If we continue the branch

on the right of l\, and pass through the spinodal curve in the point

«, then to this point as an extremity of a nodal line belongs another

point a as the other extremity of this nodal line, and there must

again be a cusp for the binodal curve for this second point k. In

this second point u the binodal curve returns again to higher value

of d\ and if it then meets the spinodal curve in the point indicated

by ji, another point /J belongs to this, at which the right branch has

a cusp. From this point the remaining part of the binodal curve

has only points in the unstable region, and the points lying between

the two points /? are extremities of notlal lines which approach each

other and coincide in P^.

To find the J 2 points in which this q-\u\e cuts the l)ino(lal cur\e,

let us apply Maxwell's riUe to that portion of the y>-tigure with the

branches a, h and c, and determine the points denoted by 1. Let

us also add the branch d, then the equality between the areas above

and below the straight line would be disturbed, if the same straight

line is retained, i. e. in this sense that the total amount of the areas

above the straight line would be too large. From this follows that

we must trace the straight line higher. For the points of the binodal

curve which are determined by the combijiation of a with </, the

pressure is, therefore, larger, while, as the figure shows, the volumes

are both smaller than those of the corresponding points 1. The points

determined by this combination have been indicated by 3. If we
now also add the bi'anch e, the pressure must again decrease. Then
we determine the points denoted by 2. It will presently appear that

the pressure in 2, though it is diminished, is still larger than in

the points J. By means of the cond)ination of /Mvith r/, both branches

in the unstable region, we detcrujinc the points 4 ; and after addition

of the branch c the points 5, wiiicli uiusi iiavc lower pressure than

the iKiiiii^ 4. l''inall\ ihr cniubinaliiui ol' < \\ iih ,- I'emains. Now
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the situation of the q-\ine which we have chosen, is such, that the

branch c remains on the right of the points of tiirec-phase-pressure.

From this ensues that if we have construed the yj-line in fig. 16

correctly, tlie application of Maxwkli.'s rule to the combination (c, e)

must yield a larger pressure for the points 6 than for the points J
;

but it also follows from this that the pressure for the points 2

(combination of (/, e) lies between p^ and p^ — and so p^^ Pi-

But not all these 12 points are realisable. Every time an unstable

braucli occurs in the combination the nodes determined by this

combination are not to be realised. So the points 3 (combination

a, (I), the points 4 (combination b, d), and the points 5 (combination

b, e) are not to be realised under any circumstances. Thus already

6 of tiie 12 points are excluded as belonging to unstable coexisting

equilibria. Of the remaining 6 points 2 more are excluded, if nieta-

stable states are set aside. So summarising we determine the following-

points by means of the combination put by the side of it

:

luiuts
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1 still remains positive on the leh and on the

dvjg

right of that point. With somewhat higher degree of a, = is

intersected twice, and two points may be pointed out in tlie ji-line

in the iinstahie Inanch wliere it is directed vertically. Between these

2 points
I

—
)

is negative. But then too the n-line has but 3 branches,

and so Maxwell's rule can only be applied once ; then we ilnd onlv

two points of the binodal curve, viz. a point indicating a liquid

volume lying in the left side of the figure, and a point indicating a

vapour volume, lying much more to the right side, but still remaininii-

sufliciently on the left of the double point of the vapour binodal

curve. Then the q-line cuts the binodal curve in no other points on
the vapour side. If the value of q rises higher, a third special point

appears again on the unstable branch of the />-line, i. e. when the

r^-line begins to iiave 4 points of intersection in common with the

spinodal curve. This will be the case when it passes through the

hidden plaitpoint P^ (see fig. 17"). Then it touches the spinodal curve,

but in such a wav that | I has the reversed sign of (
—^ 1

The rule tliat in a plaitpoint the /(-line and the q-\ine envelop the

plait is, accordingly, restricted to the realisable plaitpoints. It must
run exactly the other way about for hidden plaitpoints. So there

/d\-\ /d'v\ /d'v\ /,Pc\
I
— ^= I — 1 has the reversed sign of — and of I

—

In this tiiird special point of the unstable branch of the />-ciirve
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-
I
=0, and alsu I — ) =0, aiiil tlioii llio yy-ciirve luis tlie shape

of tig. 18.

For q above this value the spinodal curve is cut in 4 points. The

tut) new points of intersection He then on the left and on the right

of /\, and at the beginning in the neighbourhood of this point. Then

a portion lying in the stable region has been added to the (/-lino,

from which we derive that j) is smaller in the point of intersection

Iving on the right than that lying on the left. Not until now has

tlie //-line the shape of fig. 16, but the branch c is still very small

then, and tlie pressure of point 3 of this figure only little higher

tlian of point 2. From this moment there could be question of the

application of Maxwell's rule to the 5 branches a, b, c, il and e,

and so of the determination of the 12 points of the binodal curxe.

But at the beginning not all these 12 points are real. The application

for the combination of the first and the last branch is certainly

feasible, and it yields a couple of realisable points for the binodal

curve, and in contradiction with our result when we treated this

combination for the q-Vme in fig. 17, the points defined in this way

are not metastable but stable. No less is the api)lication possible for

the combination [h, d), and the two points determined then lie in the

unstable region, and can be represented by the points 4 of lig. 17,

provided they are shifted nearer the point P^. The rule cannot be

applied to the remaining 4 combinations. For the possibility of the

application to the combinations [a, c) it is required that the length

of branch c he such that the pressure of point 3 (fig. 19) be at least

Fig. 19.

positive: and even this is not sufficient. If, namely, we have from

point 3 a line // «-axis, and if then the area between the branches
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h and r and this line parallel to the r-axis is smaller than the area

between the braneiies a and b above this parallel line, Maxwell's

line \vonld ha\e to lie higher, and hence is not possible. A fortiori

the combination [a, d), which would require a still higher value of

the pressure of Maxwell's line, will be excluded. For similar reasons

the combinations {h, e) and (c, e) must be rejected. From this follows

that the q-\ine which is of somewhat higher degree than that passing

through P^ must remain on the left side before the point «offig. 1,

and on (he right side of the ridge of the \apour branch of the

binodal line. If we continue to raise the value of q, the possibility

of the combinations (a, c) and {a, d), begin simultaneously, i. e. when

the pressure of the point 3, which may be considered as the top oi

c and d, has risen so high that the Maxwell line for the combination

[a, c) would just go through point 3. In the same way the possi-

bility for the combinations {b, e) and (c, e) begins at the same time,

i. e. when the pressure of point 2, which is the lowest point of the

branches b and c, has descended so low, that the Maxwell line for

the branches c and e would just pass through point 2. If all these

possibilities exist, the twelve points can be pointed out on the cj^-line.

Which of these two simultaneously beginning possibilities presents

itself first on rise of the degree of the q-\m&, will probably not be

bound to a general rule. If we now follow such a q-Wne, beginning

at small volume on the left side of fig. 17, we first meet point 2

on the binodal curve, wliich proceeds regularly from left to right

on the liquid side; then 6 and 5 follow before we pass through the

spinodal curve. When the g-line rises again, we meet 4 and 3,

which have then to lie more to the right than on the g-line, for

wiiich fig. 17 has been drawn. When the g'-line again descends we

first meet point I, then 6, afterwards 5 and 4, and at last on the

vapour side the points 3, 1 and 2 in this succession. But of all

these points only the points 2 arc stable. Tlie points 1 and 6 are

metastable. The others are unstable. And on further rise of q we

reach that special <^-line which is to be considered as the principal

one for the phenomena- of coexistence, and which, with three-phase-

equilibrium, passes through the three coexisting phases. This co-

existence of three phases is met with when (see fig. 16) the Maxwell

line for the combination {a, c) is the continuation of the line for the

combination (c, e). At the same time this line is also the Maxwell line

for the combination {<i, c). Then the points 1 and 2 or 2 and 1 coincide

on the vapour side. On the liquid, side on ihe left the points 2 and 6

,,,. (; .,11,1 _) cdiiu-idr, (111 llic riuht on llic liquid ?-i(lc llie puiuls 1

and t) or (! ami J. 'I'lu' jioiiil>- 3. 4 and 5 have riMiuiiued: of liicni
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8 and 4 arc unstable coexisting equilihrinni, and 5 is metastable.

In tiiis case of tln-ee phase |)ressure tlie second component occurs

in the vapour in a greater measure than in the two liquids, in con-

nection with the circumstances which give rise to this figure, viz.

that the second component has higher value of f> and lower T't than

the tirst. In fig. 3 C'ont. II, p. II the course of the pressure is

represented for the vapour-liquid hinodal curve for this case.

With continued rise of the degree of q the />-ciu've, which entirely

deviates from the shape of a simple isotherm for the last chosen

values of q, must return to such a simple shape without abrupt

changes. Thus the existence of 5 branches ceases when the g'-Iine

passes through P^. The branches c, d and i' have then decreasing

pressure with increasing volume. Oidv there is then a point where

— and is equal to on this descending branch. But with still

dvq dv^,,

higher value of q also this particularity has vanished, and we ap-

proach to the usual shape of an isotherm. Already beforehand the q-Vme

which above touches — = 0, was not tound to nui back to larger
d.v"

volumes in the unstable branch d ').

If we increase the temperature to 2\ a new plaitpoint P, makes

its appearance at x = 1 and v = {vi)^. With further increase of the

temperature the characters of the two realisable plaitpoints 7', and

/', begin to approach to each other. In fig. 17 the closed binodal

curve belongs to P^. Abo\e a certain temperature, which I called

transformation temperature (These Proc. March 1905), this closed

binodal curve passes to P,. At this transformation temperature the

pairs of points (? and y have coincided on the spinodal cur\e in

d'o

tig. 17, and two branches of the binodal curve touch, and —
d.v^

is the same for these two branches. But for further particulars I

refer to the already 'frequently cited communication. We must only

liear in mind that in the case treated here 7k<C ^V^ , whereas in

the figure which I gave before for this transformation it was assumed

that 7i., ^7'/,. Regarding the properties of the binodal curve we

may then speak of a principal plait and of a branch plait. At much

higher T, P, and P, have coincided, and the binodal curve has

become a normal simple line. {To he continued).

1) Strictly speaking the change of the p-Ymc witli increasing value of q is not

a moving away from and then a return to the shape of an isotherm. It must be

regarded as a progressive development, which proceeds in the same sense. To the

last (/-line belongs then also the infinitely large pressure along the line v = b.

This portion is. liowever, not necessary for the description of the binodal curve,

at least when the plaitpoint Pj exists.

(June 21, 1907),
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Geology. — "On ore veins in the /nvvince nf Limhunf' . I\y Prof.

A. WiCHMANN.

(Communicated in Ihu meeting of March 30, 1907.)

Ill the spring of 1856 the ex-cohiiiel of the Dutch East-Imlian

Army P. van Swieten, at the Hague, founded a "Mining Society for

the Netherlands" '), which obtained the concession for the mining field

"Marie" in the southernmost part of tiie province of Limbnrg '), in

order to search for coal. After the lirst borings at Epen and Simpel-

veld had remained unsuccessful, the hamlet of Bommerig'), community

of Wittem, was taken, where on Oct. 11, 1856, a lode of ore was

discovered of 0,80 meter thickness, at a depth of 56,20 M. and

consisting chiefly of quartz and galena. Although it was suspected

at once that this lode communicated with the OJic worked at Bleiberg

in Belgium, situated to the SSE., yet the working of this lode was not

taken in hand because of the great expense, involved in sinking a shaft.

After this the Society continued its investigations in other parts of

the mining field with insufiticient results until it was dissolved after

the availalile funds had been exhausted.

It has been known for a long time that the devonian and cariioni-

ferous strata in the environs of Aachen (Aix-la-Chapelle), extending

mainly from the North-east to the South-west, are cleaved by faults

directed almost perpendicularly to them and which appeared to be

of great importance for the formation of ores ^). These masses of

ores were found sparingly in the devonian system, mostly in those,

belonging to the carboniferous limestone and only once — it was

thought — in those of the coal-measures, namely at Bleiberg.

1) Nieuwe Rotterdamsclic Gourant, Tliur.sday, May 22, 1856, N'. 140. Tlic

foundation act dates from .fune 11, ISotJ iDutcli State Gazette, Thursday, July 10,

185G W. 162).

2) Situated a little over a kilometer to tliu North-east of Epen and 2 kilometers

south of Mechelen.

5) Nieuwe Rolterdamsche Couiant, Tliursday, Octofjer 10, 1856; N". 286.

P. VAN SwiETEN. Rappoit sur les operations de la Societe dc I'union minerale

pour la Neerlande de 1856 a 1857. Anuales des Travaux publ. de Belgique XVI.

Bruxeiles 1857—58 p. 266—267 PI. V.

*) G. Dantz. Der Kohlenkalk in der Umgebung von Aachen. Zeitschr. d. D. geolog.

Gesellsch. XLV. 1893 p. 599-683, Taf. 26. W. Schulz. Fiihrer des Beig- und Hiitten-

Ingenieui-s durch die Uragegend von Aachen. Aachen 1886, p. 37—41 m. Karte.

G. D. Uylenbrock. Le sud-est du Limbourg neerlandais. Annales de la Soc.

geolog. de Belgique XXXIl. Liege 1904—05. M. pag. 151— 104., Pi. V.

G. Dewalque, Essai de carle tectonique I.e. PI. IV.,



( 77 )

Oil tlie most important fault — called by Uijlf.nbkoek the "Geul

Valley taiilt" — lie the mines Fossey, near Hergenraed (Rhenish

Pnissia), ^loi'esnet (neutral territory) and Bleibei'g (Belgium). Excepting

the contact seams, containing calamine, the ores are galena, being

the oldest formation as usual, zinc-blende and pyrites. The vein,

found at Bommerig more than 50 years ago in the lowest stratum

of the productive carbon, shows that from the south-east to the

north-west the ores seek more and more the younger strata ') and

that the direction of the Ueul valley ftxiilt begins to deviate UKjre

towards the north-north-west after Bleiberg.

For years mimerous borings were made in a more northern

part of Limburg, which led to the sinking and working of some

coal-pits. In December 1905 Mr. L. Ruttkx at Utrecht found on

the dump of the mine "Carl"'^ some pieces of ore which he presented

to the Mineraiogical-Keoiogical Institute at L'trecht. Further investi-

gations, undertaken by him, showed that these ores originate<i from

a vein, met when sinking the shaft, at a depth of 278 metres, but

of wliicii the dip and direction lia<l not been determined. He
succeeded in securing a number of pieces, belonging to private

people. The vein has only a thickness of 0.20 M. On the clay-

containing salband pyrites lias deposited, while the vein mass proper

consists of calcite, developed in the cavities in the form of crystals,

on which .sometimes afso crystals of pyrites are found. Beside this

vein ores were also found, likewise on joints of the .sandstone

of the mine "Carl", namely pyrites, but also zinc-blende, copper,

pyrites, and galena. Moreover crystals of calcite are always found

and generally dolomite.

Ill the mine Oranje-Nassau, near Heerlen, similar formations seem

to occur, at any rate crystals of calcite, covered with jiyrites, are

found here on Joints. Peculiar is here the regular coalescence,

caused by the small cubes of pyrites accumulating at the poles, then

continuing themselves on the obtuse edges of the scalenohedra and

here gradually disappearing.

We tinally point out that while in the Stolberg district the veins

of galena, pyrites, zinc-bleude, and calcite are still mostly bound to

the carboniferous limestone these minerals occur in the more western

Worm district mi juiiiis ot ihe carboiiifcious sandstone, which is

a more recent horizon, a phenomenon which repeats itself at Heerlen.

M At Eupen they slill occur in the lievoyian system.

") Situated at IV2 kilometers east of Heerlen.
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Physiology. — ''Nerve Inftuence on the aclioii of llw /wmi. First

eoinmunication. Genesis of the ahenintm(j pulse.'" By Dr. L.

J. J. MusKENs. (Communicated by Prof. H. Zw a ahijemaker).

(Communicated in the meeting of April 26, 1907).

Whereas in J897 ') the writer has shown, that in the "pulsus

regulariter intei'niittens" of the frog we have to see a result of

slowed conduction between sinus and auricle ^), or between auricle

and ventricle, which was later accepted by Wenckebach') and recently

proved by Mackknzie ') for man, the problem of the pulsus alternans

did not profit by the application of physiology on the diseased heart.

It is true, that already years ago Traube directed the attention on

those types of P. A. in which tiie period between the weak beat,

and the next stronger one is smaller than between the larger and

the smaller contraction, where i. o. w. the greater contraction com-

mences too early. But until now only Oehrwall"), W. Straub ') and

Trendelenburg ~) have gone into the analysis of allied heart-curves

of the frog, following up the way wliicli had led to the elucidation

of the intermittent pulse.

It is clear, that for this analysis we nuist not join those observers,

wiio think that the explanation of tlie P. A. by inotropic influence

amounts to something more than a sim])le periphrase of the fact,

that every other pulse is weaker. For this misconception brings

with it the additional drawback, that it cuts off the way for all

further analysis.

In the alternating contraction of the \entricle we have to do not

with a simple jtathological phenomenon but rather with a general

physiological function that makes its appearance in many circum-

stances, which tends to appear as well in vertebrate as invertebrate

animals under uncommon conditions. We have here to deal with

a capacity of the cardiac muscle which enables the ventricle to go

on with rliythniical contractions even under those abnormal conditions.

Digitalis dyalisata, injected subcutaneously in the frog, brings

about after some time peculiar changes in tiic heart-beat, after a

1) Geneesk. Bladen. 1897. 4e Reeks. Bo. 4. p. 77.

'^) American Jouinal of Physiology. Vol. I. 1898 p. 509.

") Wenckebach. Nederl. Tijdschr. v. Geneesk. 1899. 1. Biz. 666.

*) M.\CKE.NziK. Briliscli. Medical Journal, 'ii October 1906.

°) Oehrwall. Skandinavisches Arch. f. Physiologie. Ed. 8. 1898.

8j Straub. Arcli. L experimentelle Pathologic u. Pharmakologie. B. 45.

") Trbnuele-^jbukg. Arch. f. Physiologie. (Anat. u. Physiol.) 1903. p. 284.



( 79
)

certain period of normal eonlractions. In the transition of the normal

period into the period of slow contractions, regularly curves are

recorded, wliicii together with curves formerly published of the living

frog-iieart (loc. cit.) tiirow light, on one of the, at least four

varieties of P. A. which in my opinion must be distinguished, at

least in the physio-pathology of the frog-heart. As to the three

other types of P. A. I think, that the way may become clear to

explain them equality.

First form of P. A. itnth equal intervals.

The ventricle beats in regular rhylhmus alternatingly stronger and

weaker, the beginning of the weak contraction is separated by the

same length of time from the preceding and following contraction

(fig. 1). This variety was described by Exgelmann ') and ascribed to

momentaneously diminished conductivity. F. B. Hofmann') has shown,

that this form of P. A. is often dependent on slight changes of the

frequency of the heart-beat. Straub proved, that tiiis P. A. under

influence of anfiarine easily gives wa^' to "Puls-halbirung", which I

often saw under influence of digitahs dyalisata.

Second form of P. A. iritli retarded small contraction.

In a former publication") I described an example of P. A. observed

in the dying frog-heart, where the interval between the greater and

smaller T^., was longer than between the smaller and lai'ger con-

traction. There it appeared, that the auricle continued to beat regu-

larly. By comparing the intervals A— T, preceding the greater and

smaller contractions, we concluded then, tiiat the contractionwave in

the A— ]" bundle, eventually in the ventricle itself, might be slowed,

which was the cause that the V, not oidy came too late, but was
also weaker.

The supposition, that this P. A. in certain cases might depend on

changes of conductivity within the ventricle, had right of discussion,

although this could not be strictly proved, as is remarked bv

Wenckkbach. For one can never with certainty conclude to a change
of conductivity within a lieart cavity (e.g. within V) if llic interval

between the contractions of two cavities (e. g. ^1— P) remained equal.

But with the same certainly this meritorious observer is mistaken,

when lie, from the few curves (ItV/ and lOA: of ENtiEi.MANX generalises

to the contrary i. c. to the exclusion of a similar relation in other

1) Emgelmann, Arch. i'. d. yes. I'hysiologip. Bd. C>-2. 1890. p. 556 seq.

^ HoFMANN. Alcli. I', il. b'es. Physiologic. Bd. SI. I'JOO. p. 105.

»; L. .1. .1. MusKENs, Nedeii. Tijdsclir. v. Genpi'skLiiule. VM-2. No. II. Biz. 501.
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eases. These ctirves ciiiiiiot l)e looked upon as deciding in tliis point,

because not there as in uiy oases, the auricle bcass regularly,

and therefore entirely diHereut factors must be present, wliich has

been oveiiooUed by the writer, lie aii|)cars to disregard, that in

difTcreut lower animals, it was proved, that under intlueuce of the

vagus-nerve, al the same time the conductivity in one cavity can be

improved, in others can be inhibited, which was confirmed by

Engelmann, when he observed, how on the three bridges, veins-

sinus, sinus-auricle, auricle-ventricle, independently of each other,

conductivity might be changed: sul'licienl to show, that only very

direct proofs could force us to admit, that under pathological cir-

cumstances this independence of comliicti\ ily in various parts should

be lost. As well here, as also there, where Wenckkbach explains

the early smaller contraction by the quicker course of the weaker

pulse-wave in the vessels, Wenckkhac ii"s conclusions appear to be

much e.x^posed to discussi(jii. Also his couchisioii, that (here is no

principal difference between P. A. with too early and retarded small

contraction wave does nol ap|)ear to be warranted by any well-

Ivnowii fact, certainly not by WnNCKKBAfFi's sui)posiiions. Sufticient

facts can be adduced now, that here in dilferent ways the same

result can be arrived al.

To my former curves of V.A. brought about by |ioor nutrition,

J now can add similar curves of P. A. brought about l)y injection

of digitalis dyalisata (fig. 2).

In lliis case the interval S/\,— T, can easily be deternuned. This

amounts to 20.G ; 22.3; 20. i). In every case this intei'val is lengthened

where it precedes a smaller conli'action ; i.e. the contraction-wave,

which cidminates in a smaller I', found more resistance on its

way ti'om the sinus to the ventricle and llierc was an umloiditable

slowing of the comliictiou.

Looking carefully at the curve, one ilnds that Ihe sinus contraction

preceding a weak T, shows a flattened t0[). By measuring the

intervals of ,Si, it becomes ecpially clear, that Ihe sinus does n(jt

contract regularly and that il is the sinus contraction that comes

too early, thai is followed l)y a smaller T,. Also the ^1., j)receding

the weak I's appears to be diminislietl in size.

Although it IS nol the place here, to go into detail about the new

fact, that there e.xisis a relation between the force of Ihe sinus and

auricular conlracliou and Ihe force of Ihe ultimate T.s, .1 will only

remark, that in many simular experiments this relation was found.

The question arises indeed, if in fad different parts of the three

principal heart-cavities do maintain a special relationshi[) iii such a
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way, that a completer sinus and auiicular contraction tends to give

rise to a completer ventricular contraction. If so, the next problem

appears to be, whether (his relation is kept up by special muscular

arrangements or else whether nervous and ganglionic ijitluence may
play a role in it.

Third Form of P.A. iinth retarded smaller contraction.

Figure 3 is an example, where we find moreover reappearance of

normal pulsation. Simple inspection of the pulsating heart made already

the impression, that we had to deal with an antiperistaltic contrac-

tion; that the contraction-wave reaching the ventricle from the auricle,

returned again to (he auricle. Brandenburg '), also Pan '), Hering '),

Volhard'), and Schmoll ') have observed antiperistaltic contraction,

after the writer had long ago shown °), that antiperistaltic contrac-

tions are a very constant piienomenon in the sinus of the turtle-heart.

In this case of fig. 3 we have to deal for the interpretation Avith

2 possibilities, 1. we may have to do witli a real extra-contraction

of auricle and ventricle, which results only in a very small elevation

of (he lever, because of i(s appearing in (he beginning of (lie diastole,

tiie ventricle being in the refractory period; or secondly we have

(0 do widi an antiperistaltic contraction wave, which on account of

iusullicient restoration of conduction in the .1— T" bundle and the

ventricular musculature, can only give rise to a weak V^.

" Indeed, the first supposition could not be discarded ifit weretobc

admitted that spontaneously under similar conditions in the frog such an

extra- .4,,, followed by a very weak V^ could occur ; an extra-contrac-

tion, which moreover was followed by an uncomplete compensatory

pause. This conception is however hardly acce[>^able, if we take note

of the systematical mode, in wliicli this P. A., so to say, is prepared

l)y the two abnormal t'ontractions, which precede the very small T^s.

Because these changes in the (wo ventricular contractions occur

regularly at least in so far, as in my curves I come across similar

cases, 1 (hink, that (he other inlerpretation gains considerably in

probable correctness. This supposition is therefore as follows: Under

influence of (he drug (he con(luc(ing power within the veu(ricle is

V K. BRANDENBunti. Aicli. f. Aiiiit. u. Pliysiol. Abt. 1904. Supp. p. 216.

-) 0. Fan. Deutsche Zeitsclir. f. ivlin. Modizin. Bd. 78. 1903. p. 128.

*j Hebing. PflCger's Arch. Bd. 82. p. 1.

*) VoLHARD. Zei(schi-. r. klin. Medizin. (904. Bd. .")3. p. 574.

'") ScHMOLL. Arch. f. ivlin. Medizin. 1U07. p. 507.

6) Ned. Tijdsclu-. v. Genee.sk. 1898. Dcel II. Biz. 508 .md Americ. Jnl. of Phy-

siology ;
Vol. 1. 1898.

J).
504.
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sensibly reduced. In ilie lirst only slifi;litl_v weakened F, only a

jiai't of llie ventricular ninscnlature could contract as a resnit of

this tlisturbancc of conduction. In tlic foilowinu' contraction of the

ventricle the wave spreads, however more slowly than in tiie

normal cases (hence the stretched form of Vs) over the entire

ventricular musculature. As the conduction of the contraction wave

can take place after the modern doctrine of (taskeij, and Engb^lmann

in all directions, the contraction wax e in this case winds its way

through this lengthened I^^ to arrive antiperistaltically again at the

auricle. After this oidy a |)art of the ventricular musculature has

regained its conducting jiower snfticiently and a weakened I" will

join the antiperistaltic As- It is clear, that on account of the

antiperistaltic contraction the wave from ,1 to T, to .1 again ; from ^1

returning to another limited |)art of T; then again to A, etc. will

give rise to a |)ulsus alternans, in this case temporarily, whereby

the inter\al between the commeiicement of the great contraction

and that of the smaller one, is smaller than that between the

small contraction and the greater contraction. One can among the

dyalisata-experiments recognise these cases there, where after a

m.aximal to.xic dose the frecpiency lirst liecame considerabl}' slower,

but linally ([uicker again. Whereas in the vena cava curve previously

the [)ulsations of the .sinus were easily visible, one does not find

any indication of sinus contraction after the premoi'tal pulse accele-

ration has set in.

We find therefore here a form of cardiac activity, which shows

the .same pai'licularities as the P. A. formerly described by the

writer for the poorly nourished tVog-heail (Loc. cit. 1902) of which

howe\er the mode of origin was quite a different one.

The oidy objection, which can be adduced against this interpre-

tation, is a theoretical one. lentil now, it was looked upon as a

tlognia, that the unimpaired \entricular musculature under no cir-

cumstances shows the phenomena of dissociation. This dissociation

between the diircreut heart ca\'iiies and in e\ery one separately, was

explicitly described l»y the wi-iier in se\eral |)ubli{'ations '), especially

regarding the sinus ; its significance for our umlerstanding of nerve

iidluence on the heart, wasmore than once ui'ged. Although in these

experiments and those of Engki.m.vnn the occurrence of similar dis-

sociations also of the unimpaired ventricle had to be ackm)wledged,

the direct proof of its existence as far as 1 know, has never been

1) Gcneesk. l)l:iileii 1897. p. 75. Proceedings of the Ameriran Academy of Ails

and Sciences 1898. Vol. XXXIII. No. 71. p. 188. Ameiic. .Ini. of Physiol. 1898.

p. 503 se(i. Nod. Tijdstur. v. Geneesk. 1898. Decl II. Biz. 'ol-2 aud 1902 Deel II.

Biz. 583.
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proved. Where iiiuler infliieiice of digitalis dyalisata tlie tendency

of tlie cardiac mii.scic to dissociation, as we saw above, is accen-

tuated, there we could expect thai if we combine tiiis intluence

with the equally dissociating vagus influence, the evidence of dis-

sociation also in the ventricle might come out. Indeed, during the

influence of the vagus nerve on such an intoxicated heart, I found

a curve which is apt to illustrate this dissociation. We have here

to deal with the transition of an alternating pulse into a normal one,

after a direct vagus stimulation and shortly after the inundation of

the entire heart by a physiological sail solution (In the ventricular

curve this is visible).

In my mind there is no doubt, that the small elevation after the

reduced ventricular contraction cannot be interpreted, either as an

auricular contraction (because nowhere in this or other tracings an

As of this considerable height was observed) noi- as an ordinary

extra-systole of the ventricle. In the latter case it could not be

explained not only why here an extra systole arose, nor why the

preceding ventricular contraction coming at the right time, was so

e.xceedingly diminished in size. We have here undoubtedly to do with

a dissociation in time of two parts of the ventricular musculature

(eventually also of the "Reizleihingssystem") and only when after

the pu/sus aUernans a not comj)letely synchronic contraction of these

parts has taken place, and the entire musculature comes again at the

same time in the refractory period, normal contractions can follow.

According to this interpretation the dilference between the great and

the small contractions of the preceding F. A. is to be ascribed to

the fact, that only in the great contractions a particular part of the

muscular mass is reached by llie contraction wave; whereas this

part of the muscle is excludeil from Ihe contraction in the small I'.

Fourth form of P. A. irl/Ii retnn/ed t/reat contraction.

Of this type of P. A. I caiuHit adduce any curve niel with in

lower animals. The only specimen I have come across, is registered

from a case of Basedow, who sulfered from an exceedingly rapid

and at the same time irregular heartbeat. It appears to me that here

we have to deal wilh an aniomalicaliy beating ventricle or better

with a ventricle, in whom Iwo divisions are beating independently,

only every olher 1' (ihe greater one) causing an antiperistaltic con-

traction reaching the auricle. (\)m])arable curves ha\e been published

by .M \(KK,NsiK ') and Wknckkhac n '\ so llial its occurrence in men can

1) Mackensie, Brili.<li ineilii-;il .lounial, l'.)05. III. Coinp. lig. 12 perhaps also fig. 5.

=) Wenckebach, Ariiytliinio. 1'.I03. P. 107.
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l)e doubtlessly stated. In llie laltor ciirves no registration of the

juguUii' vein was added U) the vend'icidar cuvve, so that I am not

in tlie situation to suppose or deny tor these curves the same origin

as in my curve.

All in all it seems to me, tiuit in these curves and their analysis

we have important arguments, which tend to prove, that from the

physiological side more special research is needed regarding tiie

conduction witlnn tlie individual divisions of the heart. For the first

of tlie four described types of P. A. we have sliown, that from

physiological side the cause has to be sougiit in ciianged conductivity

l)y which in the weak contractions, tlie contraction wave is limited

to a part of V. For the second type of P. A. we thought we were able

t(» bring direct proofs, while it became probable for the third type

of P. A., that they are results of the conduction between the sinus and

tiie veuli'icle becoming slower; and for the tidrd form of P. A. it

appeared probable that the P. A. is the result of the antiperistaltic

conti'action wave, so that we had here not a quantitative, but a

(|ualilalivc change in the conductivity. Regarding the fact "diicli

Trendelenburg stated, that by stimulating the ventricle artificially

the frequency of the ventricular rhythm may become much greater

if slowly the stimulation is quickened, l)efore "Halbierung" of

the heart-beat makes appearance, then if within a short period a

great frequency is attained, it is eipially to be interpreted as follows :

that by slowly increasing frequency the conductivity is enabled

to adapt itself to the great demnjids ; so that the moment is

delayed where necessarily only partial contractions of the ventricle

arise. Regarding the pathology, it ap|)ears to me that it is of

importance for the knowledge of the pulsus trigeminus, discussed

t)y Wenckebach, that from physiological side the inqiortance of

dissociation of the ventricle under certain circumstances as also

the importance of the antiperistaltic contraction wave has been proved.

With the stalemcnl that partial contractions do occui', it appears to

me, that the necessity becomes evident, that the law of Bowditch

has to be limited, in so far, that certainly every ventricular muscle

tibre which contracts, does so with maximum force; but on tiie

othei- hand, we have not to accept that necessai'ily in every ventri-

cular contraction all muscular bundles contract equally.

Where we have to inlerprele curves like those of Tschmuew ')

(cited by Wenckebach) of O. Pan ''), R. Finkelenbl'kg ') and Hay

') TscHiR.iEW. Arrhiv fiir l^hysiologie. 1877.

2) 0. Pan. Deutsclie Zeitschrift. f. klin. Medizin. Bd. 78. 1905. p. 128.

3) R. FiNKELENBURG. Ciitcd bv WENCKEBACH. 190ij. Ilcft 1 ami 2. p. 586.



( 85 )

and Moore ') we should not neglect the value of these phe-

nomena. For the absence of the compensatory pause (Wenckebach)

linds in the above interpretation its complete explication. At the

same time we can now regard Hering's opinion; that all i)u]sus

bigemini should always de|)end on extra systoles as definitively

rejected.

With FcNKE I agree finally in this that a further discussion

about the question, whether apart from the pulsus alternans also the

existence of a pulsus bigeminus must be acknowledged, is completely

supeitluous. On the other hand it might be desirable, if the experi-

mental results of Knoll and those of Hering in warmblooded animals

about hemisystolia and heart-trigemini, should be taken up again,

also in regard to the recent aiiatonucal data.

Regarding these questions three recent researches must be

regarded as important, firstly the observations of W. Einthoven ''),

whose accurate illustrations also of partial contractions, appear to

promise a good deal for further analysis. Moreover the iniporlant

researches of Tawar.v ') in Aschhof's Laboratory, which lias shown,

how far the division of functions in the ventricle of the warm- and

perhaps also of the cold-blooded animals has gone.

Finally the observations of M.vckenzie ^^i who has shown ns the

possibilit\, to get information also in man about the movement of the

auricle under [lathological circumstances, so that we may expect

also this field of work becoming fertile for scientific analysis.

The next thing should be, to bring also the sinus of man under the

scope of the graphical method. Wenckeb.xch ") thinks to have reason

to believe, that dissociation of the sinus described by me in lower

animals "y might be observed equally in lueii.

To ])hysiology the task to examine what influences are able

to dissociate the two principal bundles of the "Reizleitung" system

and to get information alioul nerve inlluence as well regarding that

system itself as npon the musculai- mass of the \enlricle.

') Hay and Mooke. Lancet. I'JOO. p. 1-274.

-) Einthoven. Tijdsclir. v. Geneesk. 11. No. 22.

') Tawara. Das Herzleitungssyslem. 1906.

*) Mackenzie. Biitiscli medical Jul. 190rJ. Nov. p. 1411.

") Wenckebach. Arcli. f. Pliysiologie. 190G. p. 3G1.

«) Araeiicau Journal of Physiology. Vol. I. 1898. No. IV. p. 503.
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Zoology. — "()/;, the structure of the nerve-cells in the central

iierrous si/s-tein of Brancluostoinn laneeohitinn." (First comni.)

Bj' Dr. J. BoKKE. (Coinimmieated by Prof. G. V. .). Vosmakk).

(Communicated in the meeting of April 26, 1907).

Tlie methods of staining tlie elements of tlie nervous system,

pnblislied in i-eeent years i)y R.\mon Y Cajal, Donaggio, and especially

by BiKLSCHOVVSKY, have enabled ns to stndy the minnfe structure ot

the ganglion-cells not only of the lower animals but also of the

vertebrates with more success than before. After having published

in These Proceedings, some years ago '), the results of my former

investigations on the structure of the nerve-cells of Branchiostoma,

then studied by means of the goldmetliod of Apathy, it seemed ad-

visable to describe here too the results of my recent investigations

on the same subject by means of the methods mentioned above,

because they extend and complete my former i-esults in several

directions.

Contradictory to the results of Edingkr '\ the only author who

studied the central nervous system of amphioxus by means of the

method of Biki.schowskv, viz. that the method gave only scanty

results for the neurotibrillae in the cells, in my preparations, stained

after the method of Bielscfiowsky—Pollack, in a great number of

ner\e-cells of several specimens f)f Branchiostoma a very clear and

disliiifl jiicture was ol)tained of the neurotibrillae, not oidy in the

nerve-fibres, but also in the body of the nerve-cells.

Preparations of material preserved in a mi.xture of platinum chloride-

osfnic acid-acetic acid and corrosive sublimate '}, and stained in thin

sections with iron-haematoxylin after Hkidenhain, were nsed as control

and for the study of the pi'otoplasmic structures between the neuro-

fibrillae.

The dilferent cell-forms of the central nervous system gave there,

where they were satisfactoi'ily stained, as a rule the same mode of

arrangement of the neurotibrillae in the cell-body ; therefore I will

restrict myself to describe here only some cell-forms at length and

only refer briefly to the structure of other cells. \\ another place

1 hope soon to give more and fuller details.

1) Proceedings Roy. Akad. of Sc. Amsterdam, of the meeting of Oct. 25, 1902.

2) Anal. Anzeiger, Bd. 28, No. 17, IS, 24 April 1905.

^) According to Dr. Legros tlie best metliod for the pi'cservation of the nervous

system ot Branchiostoma. I can fully agree with him in this statement. This

mixture gives better results than all the others 1 tried.
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1. Ais is well known, the very large nerve-cells ("Kolossalzellen")

lying at about equal distauoes from each other in the axis of the

spinal cord, possess a thick axonic ti'.)re, that after leaving the cell-body

describes a characteristic curve and jiasses iiilo one of the colossal

nerve-tibres that run in a longitudinal direction through the s|)iiial

cord, and a number of dendrites, springing from the cell-body at

different points.

Sections of these cells, stained after (he method of Biki,sciio\vsky,

give a very clear picture of the neurolibrillar structure. In a section

in which only some of the dendrites are to be seen, and not the

axonic tibre with its "cone d'entrance" (of which more later on)

tiiese cells show an arrangement of the neurofibrillae as shown in

fig. 1.

The cell is surrouniled by a glious capsule, composed of tine

interwoven tlbrillae. The preservation of the nervous system in formol,

necessary for the BiELSCHOWSKY-reaction, causes the cells to shriidi a

little, so that the pericellular cavity is larger than it is in noiiiuil

life and in well-preserved specimens. Within the cell-body the

neurotibrillae form a very distinct and regular network. Everywhere

they anastomose with each other, nowhere I could discover free

running fibres. The meshes are regular, round or manysided, and

nearly all of about the same size. A subperipheral zcme is formed,

where the meshes are somewhat smaller and the composing neuro-

tibrillae a little coarser. From this zone a few coarse neurotibrillae may
be followed in the networiv radiating to the central zone around the

nucleus. The nucleus itself is not coloured in these preparations, but

is only to be seen as a clear round or oval spot in the midst of the

darkly stained network of the neurofibrillae. There where a dendrite

leaves the cell-body, the meshes of the network are elongated in the

direction of the processus (fig. J, 4/>, 6). In the dendrites themselves,

at least in the coarser ones, the anastomosing of the neurotibrillae

is to be seen still at some distance from the cell-body. In tig. 1 is

drawn a section of 7
fj

thick. In three of the following sections,

passing through the dendrites, whose origin is shown in fig. J , I

could still see the anastomosing of the composing neurotibrillae. In

fig. 2 is drawn one of the large dendrites of a similar colossal cell

there where it branches into two. The network of the ueiirolibrillae,

several coarser (and more darkly stained) librillae, and the continuity

of the network in both branches is clearly to be seen. In the finer

dendrites the neurofibrillae seem to become isolated sooner after

having left the cell-body (tig. 1 at h). The same is to be seen in the

smaller nerve-cells of llic spinal cord (tigs. 46, 6).
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Tlie axon of (lie colossal nerve-cells has a somewhat different

structure. As 1 descrilted in niv forinei' paper '), tiie colossal nerve-

fibres contain a great iiunilicr ol' closely set exceedingly tine separate

tibrillae, which in well-preserved preparations are distributed regularly

liii'ough the whole extent of the fibre. Tiiere where (lie axon enters

(he cell, this bundle of neurofibrillae may bo followed some way

inio tlie cell-body; we see the fibres describe a curve or vortex

around ihe nucleus, and (lieu the thin fibres melt into the somewhat

coarser network of the neurofibrillae described above.

The smaller, mcdiuinsized and smallest nerve-cells of Branchiostoma,

such as those that are drawn in tigg. 4, 5 and 6, at (he same scale

as the cell figured in (ig. 1, show the same arrangement of the

neurofibrillae as the colossal nerve-cells, viz. a regular network, the

meshes elongated there where a dendrite or axon leaves the cell,

more or less rounded in the centre of the cell-body. Tlie subperi-

plieral zone with finer meshes and coarser fibril lae I could not find

here; the network seemed everywhere to be regular throughout the

cell-body. In fig. 4rt and 46 two sections through the .same medium-

sized nerve-eell are drawn. In fig. 4a the nucleus is to be seen, and

on it a very regular network of neurofilirillae, with only one layer

of meshes, and therefore gixing a very clear idea of the regularity

of the network. This section passes through the centre of the cell-

l)odv. Fig. 4:1) shows the peripheral part of the same cell. The

meshes are here more elongated in the direction of the processus,

and in (he ne(work some filirillae are coarser and more darkly

sfained ; all of liiese run in the direction of the dendrite and leave

the cell-body there; inside (he cell (hey form part of the general

network ; in the dendrite they run more or less parallel to each other

and do not anastomose any more (see page 2). The same features

are to be seen very clearly in fig. 6, showing the neurofibrillar

structure of another mediumsized nerve-cell lying somewhat more

eephalad in the spinal cord.

In fig. 5 is drawn a very small ganglion cell [magnified to the

same scale as the foregoing figures). Here too fiie network of the

neurofibrillae is easilj' to be seen and the meshes are of about the

same size as in the mediumsized nerve-cells described above, though

smaller than in (lie colossal ganglion cells.

Fusiform cells, in which (he neurofibrillae simply pass through

the cell-body from one processus to the other without interruption,

as I described (hem in my former paper, I was not able to find in

1) These proceedings. Meeting of Oct. 25, 1902.
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the preparations staiiicf) after Hielschowsky. Where the neui-ofitiriUae

were visible, they t'orined a network. In my preparations stained

with chloride of gold after APATnv. uhich Ilooked over for these fells

I however fonnd them again. Tlio nniiiterrn|)ted oonrse ofthenenro-

fibrillae was clearly to be seen. They are however only veiy rarely

met with.

So we find in nearly all the cells a network of iienrolibrillae

with regular meshes. In full-grown animals the meshes in ilitferent

cells are of about the same size. But when we examine the same

kind of cells (for exam|)le the colossal ganglion cells) in vei-y small

animals, we lind a neurotibrillar network of the same regidarity i)ut

with much smaller meshes. So when we compare fig. 1, a colossal

ganglion cell of a fullgrown Branchiostoma of 48 m.in. in lengtii,

with fig. 3, an analogue cell of an animal of 6 m.m. in length, we

find a much smaller-meshed network. Those small animals have

finished their metamorphosis already, and present nearly the same

organisation as the adult animal. The nerve-cells therefore seem to

have assumed already the definite arrangement of their neurofibrillar

structure, but the meshes are much smaller. During the following

growth of the nerve-cells the reticulum grows, but the structure

remains the same. In different adult specimens the size of the meshes

seemed always to be of the same order, and only to i)resent the

slight differences mentioned above.

When we compare this with the neurofibrillar structure, described

for the ganglion cells of other animals, I will here especially call

attention to the description of Apathy for Hirudineae and Vermes,

of BocHENEK for Helix, of Donaggio, C.uai,, Mkiiotte, Legexure and

the many authors, who have studied the ganglioncells of the higher

vertebrates by means of the new elective histological methods. Among
the descriptions by these authors of the neurofibrillar structure in

the nerve-cells of the representatives of ditterent classes of the animal

kingdom, that of Branchiostoma takes just the place, we generally

give to that animal in the animal series. Is fig. 7 is drawn a

sensory cell of a Pontobdella, with the neurofibrillar structure stained

after Apathy. We see a very coarse network around (he nucleus,

with fibrillae radiating to the periphery and forming there a second

network. The ganglion cells of Helix give accoiding to Bochenek')

a ranch liner network. The meshes of this network are still much
larger than those of the nerve-cells of Branchiostoma: these in their

turn are larger and the fibrillae coarser than the neurofibrillar struc-

') Le Nevraxe, Vol. Ill, Fasc. 1. 1901. page 85.
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lure, us il [)rcsenls ilself in well-stained preparalioihs of llie nerve-cells

of the liigher vertebrates (as for example in the splendid figures of

DoNAGGio). It seems tlia) ilie iiiglier is the organisation of the animal,

and in consequence that of tiie nerve-cells, the finer and more regular

is the network of the neurofibrillae in the nerve-cells, (cf. Bochknek).

The network of the neui-olibrillae lias no definite connection with the

protoplasma-reticulum. In preparations, [(reserved in a mixture of

Hermann's fluid and corrosive sublimate, and stained with iron-

haematoxylin, tiie protoplasma has a very fine granular or fibrillar

sfi'iicture, and in the centre of many cells are shown curious diversely-

sliaped differentiations that remind iis ol the |)seudochromosomes

described by Heidenhain, and of tiie rings, described in the ganglion

cells of vertebrates (Teleostei, Rana). But it would take us too far,

to describe these details here at some length.

2. An entirely different type of cells we find iji tiie nerve-cells

which form tlie large group of ganglion cells lying dorsally in the

foremost part of the spinal cord just behind the brain ventricle, the

so-called oblongata, extending from the niveau of the infundibular

organ till beyond the first pigmented eye-cells. It is characteristic of

the i)eculiar difficulties, with which the investigation of the histology

of the nervous system of Branchiostoma is encumbered, that of the

large number of authors, who have studied the subject, only Joseph')

two years ago gave a nearly accurate account of the structure

of these cells. Even Heymans and van der Stricht in their vei'y

elaborate study of the histology of the nervous system of Branchi-

ostoma, published in 1898, do not say a word about it, and only

in one of the many beautiful drawings, wnth which their pa[>er is

illustrated, in two cells a slight indication of il is to be seen. Joseph

says of these cells, that they present at the surface a finely striated

border of minute rods, only at the side of the cell turned towards

the surface of the animal, anil underneath this striated border a

coarsely granular darkly staining protoplashi. The same structure

Joseph described in the cells lying close to the central canal in the

spinal cord, covered by a pigment-cap, and being supposed to be

light-perceptiiig cells. On these grounds Joseph put forward the

suggestion, that the dorsal group of cells too consists of eye-cells,

light-percepting cells, difl'eriiig only from the cells of Hesse by the

absence of a pigmented cap-shaped cell.

This far-reaching suggestion is, I think, not proved, nor even made

probable, by the facts. Even in the most carefully prepared sections

1) H. Joseph: Ueber einige Zellstructuren im Zentralnerven.system von Amphioxus

Verii. d. Anatom. Gesellschaft. Jena 1904. p. 16—26.



( 91 )

in whirli the structure of botli cells was very clearly to be seen,

the two types still present some marked differences, both in the

nuclei and in tlie structure of the protoi)!asm and the ditferentiations

on the surface of the cells. According to Joskph the nuclei of the

dorsal cells and of the \entral eye-cells possessed a similar granular

structure, differing from that of the other nerve-cells. In some cases

this is true, but in other cases the same structure is found in the

nuclei of other cells, and, when we examine a number of prepara-

tions, the structure of tiie nuclei botli of the dorsal cells, of the

ventral ligiit-perceptiug cells and of the other nerve-cells presents

so many diiierences and varieties, that there cannot be drawn any

conclusion out of that. But the capital difference between the two

cell-forms lies in tiie absence of a pigmented cap-cell in the dorsal

cells and the totally diflerent form and structure of the two types.

The light-percepting cells of the spinal cord possess a border of

short minute rods, lyiiig close against the cap-shaped pigment cell.

The processus of the dorsal cells are much longer, and not rods,

but exactly shaped like hairs, or cilia. These hairs (fig. 8— 11) are

rather long, slendei* and thickly set and their course is often more

or less wavy. Oji the same cell they seem to be all of about the

same length; the hairs on different cells do not vary much in length.

The ventral light-percepting cells are all of the same regular form.

The dorsal cells howevei' present the most different forms. ') Some

are rather regular (tig. 8), some are long and slender (fig. 9j, some

are of a very irregular shape, liut in most cases these cells, when
we reconstruct them from the tliin sections, appear to have a very

typical cup-shape. In tig. 10 1 have drawn the median section

through one of these cups, in wdiich the central hole in the cell is

figured, in tig. 11 such a cup-shaped cell is cut vertically to the

axis of the cuf).

These cells are surrounded by a glious basket of closely interwoven

fibres (in the figures this network is represented by a dark colour)

and the cells seem lo fill up the room left by this basket so that

between the surface of' the cell and liie inside of the basket there

remains an o[)en space, in which the hair-like processes of the cell-

surface are seen. In well-preserved sections this space has the same

width on all sides of the cell, where the surface carries the hair-like

structures. The hairs reach from (he surface of tiie cell iiearlv lo

1) Only such cells aic descrilied hoie, which seemed to be perfectly preserved

All those cells, of which tlie ii regular I'onu seemed to be caused by bad preser-

vation, are left out of the discussion.

6

Prooeedings Royal Acad. Amsterdam. Vol. X.



( 92 )

the inside of tlie basket, as may be seen in the tigures. There where

no liairs are developed, the glious fil)res lie close against the surface

of the cell-protoplasm (fig. 8, 10, 11).

Where Joseph considers the liair-like processes to be only present

at that side of the cell which is turned towards the surface of the

animal, I cannot agree with him. When we compare horizontal and

transverse sections carefully with each other, we nuist draw the

conclusion, that the hairs may be developed on ail sides of the cell,

e.xcept there where the cell-body sends a dendritical process through

the glious basket. Even there where the cell is shaped like a cup

or calix, at both sides of the cup the cilia may be present (figg. 10, J 1).

The cilia at the inside of the cup are separated from each other l)y

an ingrowth of the fibres of the glious basket (fig. 10). When the

cell is cut at right angles to the axis of the calix, this may lead to

the appearance of a ring of prolO[)lasm, at botli sides covered with

the liairs, and surrounding a mass of coiled-up fibres, the ingrowing

fibres of the glious basket (fig. 11).

The protoplasm of these cells shows a regular network of neuro-

librillae, which differs from the network of the other cells of the

spinal cord by its much larger meshes (compare figg. 8—10 with

figg. 1—6); only at the periphery of the cell, under the hair-like

processes, a liner network of neurofibrillae is to be seen (fig. 8).

The hairs themselves seem to be implanted on a layer of small darkly

staining gi'anules or small rods, of which the definite structure is

diflicult to be seen. In many cases it is only re|)resented by a some-

what more coarsely granular layer of protoplasm there where the

cell-body is covered with tiie hairs.

All these things seem to point to the conclusion that these cells

do not possess a liglit-])ercepting function, as suggested by Joseph.

The shape of the cells and the peculiar structure at least are not

favourable to the hypothesis. But it is sure, that this group of cells,

all presenting the same peculiar structure, has a distinct and peculiar

function. The structure of the cells reminds us in the first place of

a static organ, and especially cells as drawn in fig. 9 and fig. Jl,

seem to suggest such a function. The peculiar baskets of fibres sui--

rounding the cells remind us of the cells of Purkinje of the brain

of the craniotes, but bearing in mind the very little we know about

these cells and al)out the cells just described, it is more advisable to

stop at these general suggestions and not to try to go more into details.

The suggestion of Joseph at all events seems to me to be untenable.

A third type of cells differing from those which I described here,

is thai uf the cells of flic so-called infundibular organ in the \ entral
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\vall of the hraiii-vesicle. These cells I mean to describe in irij^

second paper.

Leiden, 25 April '07.

DESCRIPTION OF FIGURES ON THE PLATE.

All the ligures are magnified 1600 times, and are drawn with a camera lucida

of Abbe directly after the preparations. Apochrom. oil-immersion lens of Zeiss and

compens-ocular No. 8.

Fig. 1. Colossal nerve-cell with neurofibrillar network, of a Branchiostoma of

4.8 cM. in length (Bielschowsky— Pollack's method).

, 2. Dendrites of a similar cell of an animal of 5 cM. in length (same method).

, 3. Neurofibrillar network of a colossal nerve-cell of a Branchiostoma of

6 mM. in length.

, 4 a and b. Sections of a medium-sized nerve-cell of the same spinal cord

as fig. i2.

, 5. Section of a very small nerve-cell, with neurofibrillar network.

„ 6. The same as in fig. 4.

, 7. Section of a' sensory cell of Pontobdella, of 10,^, treated alter the gold-

method of Apathy.

, 8— 11. Sections through different cells of tiie dorsal group of cells lying

behind the brain- vesicle, taken from preparations of several- adult

specimens of Branchiostoma. In fig. 8 some of the adjoining cells are

drawn, to demonstrale the. similarity of structure of the nuclei in the

two cell types.

In fig. 10 and fig. 11 are drawn two typical sections through cup-shaped

colls of the dorsal group of cells. The body contained in the centre

of the cell of fig. 11 is the prolongation of the glious basket sur-

rounding the cell. Compare tig. 10.

Physiology. — "On k thini lie<trt sound". R,v W. Einthovkn, in

collaboration with Messrs. .1. H. Wieking.\ and E. P. Sn'ijders,

assistents at the physiologie-al laboratorv at Levdcn.

\Vhe]i continuing Ihc investigation of the heart sounds by means
of the string galvanometer '), we noticed that in some cardiophono-

grams, especially with the ape.\ sounds of W i, recorded in February

last, shortly afler the vil)ralions of liie second sound slill another

vibration was presenl, which adinilled of no ol her interpretation tlian

by regarding it as a lliird liearl sniiiid.

We coidd not at once explain how this third sound was produced,

and we put olf Ihe closer invesiigalion of this phenomenon, however

1) Sec: Die Regislrirung der mensehlicheu Ilerztone mittels des Saitengalvano-

meters. Pfluger's Arch. f. d. gesanunte Physiol. Vol. 11 T, p. 461, 1907.
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interesting it seemed to us, since tor the present our time was taken

up by otiier work.

A couple of months afterwards Dr. A. G. Gibson of Oxford —
to whom our former publications on the recording of heart sounds were

known, but wlio could not be acquainted with our later observations

— asked whether in our collection of cardioplionogranis of normal

persons thei-e were any in which an extra sound was visible in (he

diastolic phase. Gibson occupied himself with an investigation of the

venous pulse ') and had noticed that with some persons, without a

morbid affection of the heart, a low pitched sound could be heard

at the apex dui'ing the cardiac pause, something like a distant 2'"'

sound, but feebler and much lower in pitcii. The sound is clear and

nothing like a murmur. Tiiis particular sound is of varying intensity

being louder during the interval between the end of an expiration

and the beginning of the subsequent inspiration.

We hope elsewhere to publish in a more extensive paper the

cai'diophonograms we obtained; here we shall only deal Itriefly with

them. When we try to predict from the shape and dimensions of

the curves what impression the third heart sound must make on the

ear of the observer, we cannot describe it otherwise than Gibson

did : a distant diastolic sound of low pitch and clear tone, varying

in intensity, but always feeble.

There can be no doubt that the sound, heard by Gibson at Oxford,

is the same sound we recorded at Ley den.

The measurements made with some cardiophonograms, show that

with W i the beginning of the third sound falls on the average

0.13 sec. (varying between O.il and 0.15 sec.) after the beginning

of the second sound and on t lie average 0.32 sec. before the beginning

of the following first sound. In the same curves the duration of

the tirst sound is about 0.08 sec, of the second about 0.05 sec, of

the third 0.02 to 0.03 sec. The tirst two sounds are murmurs, com-

posed of tones of irregular pitch. The mutual distance of some tops

in the curves shows that we have here tones of more than a hundred

double vibrations per second, whereas the third sound seems to be

built up of but one double vibration, the period of which amounts

to about 0.02 sec.

The intensity of the third sound varies. While in some cardiac

beats it is entirely absent, the am[)lilude of its vibrations reaches in

other beats 1/7 of that of the tirst and second sounds. Putting the

1) Gibson's investigation will shortly be published in "Tlie Lancet" under the

title : "The significance of a hitherto undesciibed wave in the jugular pulse".
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i-atio of the amplitudes of tlie first or second sound to that of the

tliird (C =: 7, and the ratio of tiie frequencies b = 2, the ratio of the

intensities is a' f =^ 196. Hence the third sound is at its maximum

still about 200 times feebler than the first or second.

While the above given figures refer to the objective intensities, a

comparison of the intensities of perception is still much less in favour

of the third sound, since a tone of frequency 50 per second has

objectively to be a little over a hundred times stronger ') than a

tone of 100 vibrations a second, in order to produce an equally

strong auditory impression. Consequently, if the third sound attains

such an intensity that it is just audible still, the first and second

sounds may be 20.000 times Aveakened, before also the auditory

impression they produce, vanishes.

This explains the difficulty of the investigation by the method of

auscultation. Gibson ') emphasises this particularly and says that in

order to hear the sound, accidental sounds must he excluded as much

as possible, while one has to strain one's attention during'the interval

in which the sound occurs. Although the cardiophonograms leave

no doubt as to the existence of the third heart sound with W i, we
have been unable to hear it by means of a stethoscope.

Regarding the explanation of the third sound we refer to the

above mentioned more extensive paper which will shortlyjbe published

elsewhere. Here we will only state our conclusion that the sound

cannot be put on a line with a prae-systolic murmur of the miti-al

valve, nor witii a duplication of the second sound by non-simultaneous

action of the aortal and pulmonal vah-es, but that it is probably

caused by a second vibration of the valvuiae semilunares aortae anil

must be regarded as a phenomenon of pretty common occurrence.

Astronomy. — "On .sonu' poiiifs hi the thiuirij of Jiipiter's satellite^.''

By Dr. W. ue Sittku. (Communicated by Dr. E. V. v,\n uk

Sandk Bakhuyzen).

The following pages contain a siiort account of some investigations,

which will soon be i)ublished, together with other results, in N°. 17
of the publications of the astronomical laboratory at Groningen.

A few words are necessary in explanation of the notations ein-

i) Calculated according to Max Wien, Pflugkr's Arch. f. d. gesammle Pliyslol.

Bd. 97. p. 1. 1903. H. Zwaardemaker and F. H. Quix give in E.ngelmann's
Arch. f. Physiol, p. 25. 1904, differences in the same sense, hut of a differenl

order of magnitude.

^)l.c.
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[iloycd. TliL' iKilaliuiis used In (lilTuiinil wrilers on the llicury ol llie

satellites ai'C discordant in a most regrettable manner. The tables,

both (Ikisc of Da.moiskai and of Dblambkk, distinguisli tiie fonr

satellites l)v I lie niinibers I, 2, 3, 4. Tins example is followed by

Marth, and 1 have also in all my previons work on llie satellites

used this notation, as is also done by Mr. Cookson in the discussion

of his ()bser\ations. The llioorelicai \\ rilers, on llie othei' hand, Laplacr,

TissERANi), Soun.LAKT Use the snfii.xes 0, 1, 2, 3 or a corresponding

number of accents. Another fundamenlal dilference is in the designation

of the perijoves. The letter lo in the writings of Damoiseau, Marth,

Cookson and myself represents the "own" perijove ; Souillart and

TissERAND use it for the osculating perijove. There are many more

differences of this kind, which need not be eiuimerated here. Though

thoroughly convinced of the great importance of a consistent notation,

I am, reluctantly, compelled in this comnninication to depart from

the notations employed iiy me elsewhere. In the first article of the

present comnuniication, which treats of a theoretical point, I have, to

avoid the writing out at length of many well known formulas and

results, closely followed Tisserand's very clear argument in the

fourth volume of his Trditr (If Mrcanique Ci'lestc. Accordingly in

this jir.st iirticlc, I will adopt Tisserand's notation, with one exception.

In the fiuther ai'ticles I will return to the notation employed in my
previons work.

1. 'riicori/ of llw lilinitii'ii. As has been explained, the notations

employed are TissEUANn's exce|iting the mean longitudes, which I

denote by /,, /,, I, instead of Iw /, /', /". In atldition to the quantities

F,F' G,G' defined by (ii») page Jl ') I wish to introduce

a, —— — 3«' A'^) — a a —

—

a da

in dA'W
(i' =1 3a" y\V) — a'a"——

.

a Oa

TissERAND assumes (/, = (t and ('V/ = (t\ which is only approxi-

mately true. If it is uol desired to iiUroduce this approximation,

then on page 11, formula (20) we nnist in A', replace G by G^ and

similarly in A'/ (." by G/.

The only furthei' dilference iVom Tisserand's notation is in the

definition of the librali(Ui. I (Mil

') The rofoi'ences of pages and formulas arc to tliose of Tissepand, volume IV.
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^ = /, -3/, + 2/, + 180°, [1]

TissEKAND, however, has

d = ^ — 3/' + 21".

The angle i>, as defined by [1] is the angle to which the name

libration was tirst applied by Lapi.ace, and which is by him called <5.

{Mi'cnnique Celeste, Livre VIII, art. J 5, Oeuvres, tome IV pages 75

and 79 of the edition of 1845).

The differential equation determining the libration is

= - ^' sin » [2]
de ^ ^

^

This equation is derived by the combination of the three equations

dH, ^ ,

=: — Q, sin {h

de
^'

—? = — Q„ mi Q^'
[3]

dt^ ^
^

d\
t= — Q. sm d^

de
'

We have thus

iV = (I - SQ, ^ 2Q, [41

From these equations the wiiole theory of the libration is dcriveti

in the well known manner, on which, iiowever, I will not dwell,

my sole ol)ject being at present the determination of the ((tianlilies

(2„ Q, and Q^.

For that purpose we start from the formulas given by Tisserand at

the lop of page 20, which must however he complete! as follows:

dt- - a^{de '^ dej
^^'

and two similar equations for q' ami q".

Introducing the same auxiliary angles u and «' that are used by

Tisserand (fornuda (12) page 20), we get inste^id of Tisserand's

eipiations (Z?):
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/•' (k .v/// !i — /( COS ii) -(- ~ G^ {/c sl/i II — /i
'

co.'< n)

— Sn «o,i i^'
— /''! '!" 2« — 2/7/ cvw 2»

mj/a

/-o,, j/'/' — ////{ s;/i 2// — j/-// + ///•'! ros 2i,

3

G (k' xiti II — h' ros ii) -|- — F {k .tin II — // coK ii)

F' (// xin u — h' COS /(') f — G\ (//' mi ii' — h" cos n)

-|~ G«' «i,o
(

!^-'' —
/'"I

^'" ~" - 2^-7/ ws 2«
j

+ ^'MA^
rtoi

(
|A-^ — h-'\ xhi 2n — 2kli cos 2

m'\/a' \
')

— 2/m,„ !H-' — Jih'l si,i 2u — \Ui' 4- /ik'\ COS 2u

^[6J

3// ,M,o I W — A'-j .s'»/ 2(/ — 2/,7/' <w 2//

^ inj/a^
^^^^

/
_„^ _ ^^„^, ^.^^ 2^^, _ ^^„^^„ ^^^^

\

m!]/a' \ J

— 2A|.2 Uk'V' — li'/i"\ sh, 2h' — \Vli" + li'F\cos 2u

(i< (/," ,.(„ „' _ //' cos ii']^% F' (/•' sill ii' — Ii' cos I,'

4- 6//' "2,1
ii."^ _ //'=i s!>i 2ii' — 2k"/i" cof .,.)

4- !'!_^_ „ , /'i/.'^ _ //n ,,,„ 2u' — 21:
h' cos 2ii']

—
2/>.,i f\k-'k" — ]ili"\ sin 2i,' — \kli" + h'k"\ cos 2iA .

To derive from tliese the tbrniulas [3] wo must for li,l-,h' ..

substitute tiie \alues

Ii ^ 13 sill II -j-
-/'i

'•'" "'

etc. 17J
/. ^ B cos H -\- B ^

cos II

,

whieli are gi\eu by Tisseram) al the iwttnui of page 2J. In the
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result wc then reject all terms which do not contain the argument

u —« = {>-[- 180°,

or its multiples. We thus find easily

d^Q 3 ,

dt^ 2

— 3?;

FB, + - G,B\ sin {u— u')

— 6h

m [/a
ao,\B^- -\ — «i,oi?i'^ — 2l>o,iB^B^'

my a

ao,, BB, + '^^ «i.o i?'i?,' - 6o,i {BB
m ya

sin 2 (u— u')

,'+B^B') \sin{u— ti')

d'o

d'Q"

^dF

= — 3mn

3

^ 2

f 6m'

+ 12>/

— 3»'

- Qn'

= — 3m'n"'

+ 6n"

+ I2n"

GB^-\--FB^ sin{u-u)

F'B' + - G,'B" sin (n—n)
a J
ml/

a

a,,jB'B,' -1- -^, flo.i i?j5, - l>i,o{BB^'-j-B^B')
m ya

m ya
sin (u— It')

)«i,2^" + —7^,^ «2,i
^"' — 2bi.2B'B" sin 2 («'—

«

jrt ya '

J
"i / ''

7rt ya
n\:>BB^ + -^- a.2,, B"B," -b,,2{B'B," -\-B'B")

rn ya

sin (m'— ?/)

G'B" + -FB' sin ()/— n)

m'y^a
"2,1 ^ ' + -IT-,-, <^ifi

/>"' - 2/'2,. B'B" sin 2 («'- w)
7n ya

"3.1 ^"i?/' + ^-„<^ifiB'B,'-b.,_,(BB,"+B,B')
m ya

[81

«'« {u — tl)

We now put

sin {tl— k') = sin \h

sin 2 (tl— It') = — 2 A'!« t>-,

Further we introduce the approximate values of 7?, B' . . which
TissKKAM) gives in the middle of page 22, viz.

:

B' = mCG B^^ntl'CF B^ = B" =^ 0, . . . |()j

where € is a constant, the value of which is indifferent to our
argument, and can easily Lie ileri\ed by comparison with Tisskkand,
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We then neglect the squares and products of B, B' . . . , and also

tlic difference of G\ and G, and we put

«%(' =M'^a'= = «"^a"' =/, [10]

which also is only approximately true, and

2 a

Introducing all these simplifications we liiid the equations (22) of

TiSSERAND, viz. :

lu^
~

d\_
~de

~

Ksin»

mm
3 —— Ksin &

dH

lit
^ = - 2 -— Ksin »,

In comparing these with Tisserand it must not be forgotten that

our {h dilfers ISC from Tisserand's. We have thus, if all the above

mentioned approximations are introduced

Q.= K,
m m mm

Q,^2-^K. . [11]
aa' a

The values [9], however, are only approximately true; they contain

only tiie perturbations of the first order in the masses. Nevertheless

the deviations of the values of (2i fi'om the truth caused by the

adoption of liiese apiiroximate values, and similarly by [10] and by

tiie neglect of difference of G and 6r,, are not of a serious nature.

Tlic neglect of the terms of the second degree in B, B' . . . on the

other hand, is very serious.

Now discarding all these simplilicatioiis, with the exception of

U^ = JJ" =:0, which we continue to ado[it, we lind for the com-

plete values of Q,, ^^2, C},:

III \/a3 a

Q, = - - m«^ - G,D: [)n

m[/a
cu,o{B,"--B'B,'}-irl>o,iBB]

Q, = + 3 mn' GB,' + - m"n'^ F'B +

+ 12;/' [a,,o(S/-^-i?'i?,') + hflBB^] +
+ 6// [auo{B"-B'B,') + Zm,2 B'B,"]

[12]

Q,— — 3m'«"' - F'B' — 12;/' !!^'^^a,MB''-BB,')+ h,,B'B,"
m ya

Using the numerical data adopted by Soiillart, and putting

m, = 10000 m, in, = 10000 /»', in, = 10000 Hi".
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we find tVoin fonnnla [11]

Qi = + 0.03201 in, ui,

Q, = — 0.03794 m, m,

Q, = + 0.00994 m, m,,

From tlie formulas [12], on tlie otlier liand, we have:

Q, =: t-f 03009 — -00460 m, — -01156 m, — -00958 m,} ni, m, =
=

-I- 001815 m,

Q, = I— 0-03436 + -00389 m, + 00933 m, + -00809 m,j m, m, =
=: _ 0-02438 m^ m,

Q, = j-f 0-00794 - 00020 m, — -00016 m, — -00042 m,\ m, m, =
= + 000751m, m,.

The numerical coefficients depend almost exclusively on the ratios

of (he major axes, i.e. on the mean motions, and they can be taken

as correct to the last figure given.

The corresponding periods, computed by the formula

are, expressed in years:

from formula [11] .... r= 6-318

from formula [12] . . . . 7^=7-985,

The difference is considerable.

The question naturally arises: why have these important terms of

the second degree been overlooked by IjApl.ace and Souillart? For

Laplace, the answer i.s very simple: he has neglected the part R,

of the perturbing function Ihroughnul. For Souillart it is different.

It is one of Souillart's great uierils to have discovered the importance

of this same part of the perturbing function, especially for the

determination of the quantities B, B' . . . The corrections which have

been added by Souillart on this account to these coefiicients, amount
to a considerable part of the whole. Also Souillart evidently intended

to find the expression for tlie [)eriod of the libration as completely

"as possible. On the pages 46 and 47 (IMemoirs of the Royal Astro-

nomical Society, Vol. XLV) he considers the different i)arts of the

perturbin.n function, wiiicii can in Ihe differential coefficients of the

mean iongiludes inlmduce the argument /; — 3/, -|-2/j. He, iiowever,

rejects them all, as giving negligible coefficients, and retains only

the terms which had already been disco\ered by Lai'Lack. Among
the rejected terms ai-e also Ihe new terms treated above, whicli are

discarded i)y Souillakt on Ihe urouud llial Ihey are of the second

degree in ihe excentricities (page 47, bottom}. He here overlooks
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that in tliese terni.s, for tlie same reason as in tliose ol' liie first

degree, (lie excentrioities inn.st i)e replaeed by tiieir pertnrbations

with the arguments v and //', in order to find tlie terms determining

tiio librafion. Tliesc terms thus are of the second degree, not in

tiie excentrit'ities, but in tlie quantities B, B'. . . and of these the

squares are not negligible, as we have seen.

The question further arises : do not tiic teims of the third degree

in the exeentricities, i. e. those of the types

P e' cos {21' — I —to), Q e"- e cos (2 /' — ^ — 2 w + to ),

B e' cos (6 /' — 3 / — :i m). S <-' cos (4 Z" — / — 3 w), etc.

also contribute apprecial)ly towards the coefficients Q, ? To find the

answer to this question I have conqtutcd all the terms of this kind

in Qi- These terms of the third degree, which are of the fourth order

in the masses, are:

,f Q^ = 1+ -00012 m,' + -00079 m,' + 00034 m," + -00061 ni, m, +
+ -00050 lUj m, + .00124 m, m,| m, m, =r + .00071 ra, ra,.

Tiiey are thus not wholly negligible. I have, however, not carried

out the computation — which is rather complicated — for Q^ and

Q^, nor have I computed the terms of the fourth degree (i.e. of the

fifth order in tiie masses). Tlie development of the period 7" in powers

of the masses evidently converges very slowly, and the period com-

puted by the formulas [12] may vci-y well be erroneous by a few

tenths of a year.

2. yVie equation!; of the centre. The large inequalities, which in

the integration by the method of variation of elements appear as

perturbations of the exeentricities and perijoves (formula [7] above),

ai'c in practice added to the longitudes and radii-vectores, and the

exeentricities and perijoves are conceived to be affected by their

secular, but not by their periodic |)erturbations. I now return to the

notations used in all my other work on the satellites, and I denote

the exeentricities and perijoves, defined in this way, by Ei and ii;.

We have then ')

III = 2 J'Ji sin f2j = 2 2j Tjj ej sin dij
j

rjo,

/,• ^2 E; cos fi; = 2 J^\ Tijej cos uij
\

The sums extend over the \alues of _/' from 1 to 4; ei and to^ are

the "own" exeentricities and perijoves of L.\place, the values of

are constant anti to, are linear functions of the time. Furthere:

') These h, and la are thus not Ihe same quantities as those denoted by A, A', /i'

by TlSSERAND.
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doi;

Tii = 1, the other ratios ry, and the motions — depending on tlie

dt

masses. Thus if certain valnes of llio masses are adopted, the ratios

Tij are thereby determined. If then //, and /, of tlie four satellites

are known from the observations, then from the eight linear equations

[13] (consisting of two sets of four each, with the same coefKicients)

we can determine the eight unknowns c, -s'ln w, and c, cos loj, and

from these again c, and lo;. The method is exactly the same as the

one used by me for the determination of the inclinations and nodes

(see these Proceedings, 19()(> March, |iages 767— 780). The values of

/*(• and ki have been determined from the heliometer-observations

made at the Cape Observatory, in 1891 liy Sir David Gill, and in

1901 and 1902 by Mr. Bkyax Cookson. The results from these

observations have been treated by the method just delineated, in two

different suppositions regarding the masses, i. e. regarding the ratios

^
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cl(0!

r„- ;ui(l llie motions The resnlls are collected in llic followiim'^
dt

"

lalile. The valnes of w,- for litOO.O, ^iven in the last two coliinnis,

have been derived from those I'm' the individual epochs for each

rftu/

system separately by means of the motions— coi-respondint;' to the
dt

assumed masses. The perijoves are counted from the assumed vernal

equinox of Jupiter, whose longitude in 1900.0 is 135°.45.

The values of these elements, on which Souillakt's theory is

based, are

:

•
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of the centre derived from the observations — which moreover arc

onlj' little larger than their probable errors — do not represent a

true excentricity. It is not impossible I hat tlie\ are produced by the

existence of surface markings on the disc of the satellite, causing the

centre of light, which is observed by the heliometer, to be displaced

relatively' to the centre of gi'avity, the displacement being different

at different epochs. Any alteni|tt to explain the observed It; and Z-,

on this hypothesis would, however, necessarily invohe so many
nndeterminate quantities, that its success wonld be no proof of its

representing a true fact of nature.

3. Determination of the Uhirition from the observations.

In a communication made by me in 1905 to the "Nederlandsch

Natuur- en Geneeskundig Congres", ') I have shown :

that the libratioii probably iias an appreciable coef!icient,

that the determination from the observations, not only of the

phase and amplitude, but also of the period of the libration, is ot

the highest importance for the flerivation of the masses, especially

of the mass of Satellite I,

that this determination is possible from the observations made at

the observatories at the Cape, Helsiugfors and Pulkowa,

that most probably the periotl differs considerably from the value

adopted by Laplace and Souiij.akt, and

that this determination is intricately connected with an investigation

of the long-periodic inequalities in the longitudes of the satellites,

and that consequently the whole problem can only be solved by

successive approximations.

In number 17 of the Publications of t!ie Astronomical Laboratory

at Groningen, which will soon be published, all these conclusions

are confirmed and the successive approximations are carried out. In

this communication I cannot dwell upon the details of this investiga-

tion, nor upon the dililiculties which were encountered. I must confine

myself to a brief statement of the results.

The observations used are the heliometer-observations of the Cape
Observatory already quoted abo\e, and further photographic plates

taken at Helsingfors in the years 1892—93, 1893—94, 1894—95,
1895—96 and 1897, a( Pulkowa in 1895—96, 1897 and 1898, and

at the Cape in J 904. 1 thus had at my disposition ten oppositions

1) "Oner de lihratic der drie biitncnsie cjroote satellieten van Jupiter en eene

nieiiwe methode ter heiMling van de niciHKa rem SatelJiet I." Handelingen van

bet lOde Gongres, pages 125—148.
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ill all. For eacli of IIicsp coricctioiis LI; to Hie assimieil loiif;itii(los

of the satellites were derixod. These direct rcsiills from the obser-

vations eaii, however, not he used as tlicy stand. There are, as has

l)een mentioned above, in the longitude of each satellite four niiequali-

ties, whose periods are between 400 and 500 days, and whose

coel'licipiits are of the same order of magnitude as the libration.

These ine(|ualities therefore, during the few moudi'< o\er which each

of the ten series of obser\atioiis extends, are jiraclically constant,

and the correction A/, derived from the observations consequently

contains, in addilion to the correction Af,- to the mean longitude,

and the libration, also the correction to the assumed values of these

inequalities.

'

Now the coel'licients of these ine(|ualities are pro|iortioiial to the

excentricities and depend on the masse?, and are therefore incertain

(o the same extent as these, i.e. to a v<ivy large extent. The periods

of the four inequalities are so nearly equal, that they cannot be

separated from each other. Further the period of the most important

of them — inqiortant both by its magnitude and by its uncertainty

— differs Just so much from the average interval of one opposition

to the next that, when we consider only the values at the epochs of

opposition, the inequality presents itself as one having approximately

the period of the libration, and can tiierefore not be sejiarated iVoin

the libration itself. For all these reasons it was impossible to

determine the libration mid he long-periodic inequalities from these

observations alone.

For the determination of the masses, lea\ing for the moment the

mass of IV out of consideration, we have the following data:

J. the large inequalities in the longitudes of the satellites I, II

and III,

2. the motion of the jierijove of satellite IV,

3. the period of the libration.

The motion of the perijove of IV also depends on the compression

of the planet, which must thus also be investigated, and is deter-

mined by

4. the motion of the node of satellite II.

The data mentioned undei- 1, 2 and 4 are those used by L.\pl.\ce,

3 has for the lirst time been pointed out by me in the communi-

cation to the "Nederlandsch Natiuir- en Geneesknndig Congres",

quoted above.

The method by which the approximations ha\e i»een conducted is

the following. Certain xalues of the masses, approximately verifying

he conditions 1, 2, and 4, are assumed, and the corresponding
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values of the lojig-pei'iodio inequalities are coinputed. Let these

be dli, and let (iW be the values used in computing the tabular

places which weie compai-ed with the observations. Then evidently

the correction lo the mean lunuitude corresponding to the assumed

masses (and equations of the centre) is

Hi' = Lli — (Mi' — ff/,").

From these LI- we then iletermine the amplitude, the phase and

the period of the libration. If this period co-incides with the one

computed from the assumed masses, then the approximation is suflfi-

cient, if not, then the whole process is repeated with different masses.

The communication of the different approximations and of the

residuals remaining after the substitution of the linallv adopted values,

would exceed the limits set to this paper. The formula iiiially derived

for the libration is

.
«— 1890-U9

y- = .158 sin .

7-0

The adopted masses are

m, = 0.0000 256

m., = 0.0000 231

,n, = 0.0000 820

and the corresponding ratio of the distribution of the libration over

the longitudes of the three satellites is given by

— ^ + 0-175 ^ = — 0-260 — = + 0-022''

» » »

The mean longituiles (excluding libration) on 1900 January 0,

Greenwich mean noon, are (counted from the jioiut Aries)

/, = 142°-604

/, = 99 -534

I, — 167 -999

I, — 234 -372,

By a cemparisoji of ihc^o wiih ihe values at the e|)och 1750.0

the following sidereal mean daily motions') were derived

«, ;=r 203°-4889 5652

H, = 101 -3747 2411

«3 =r 50 -3176 0790'

«4= 21 .5710 7132.

I have added no probable errors, which in the absence of the

details of the observational uiahM-ial can oidy have a .subjective value.

1) i.e. sidereal mean motions in a mean solar day.

Proceedings Hoyal Acad. Amsterdam. Vol. X.
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Geology. — "Coiisl(l<'r(i/iun.s on the Starinijinn "Zd.nddilaciuin" ".

\W P. Tesch. (Coinmimicated by Prof. K. Martin).

Tlic yaiidy areas tbnn a ureal |tart of the Diilrli land. Wlieii from

the so-called diluvial half of our (•(luiitrv Ihe gravelous diliniiiiii

with ihe honlder-clay, the alluvial moors and river deposits and the

regions where the winti has intlnenced the bottom, are subtracted,

the districts are resting where the surface consists of sand without

or with little gravel and which are gathered by St.vring under the

collecti\e name of "zanddiluvium". These districts have in the ditferent

parts of our country a different apjiearance and a different fei'tility.

Therefore the neutral name of "zanddiluvium" has been chosen by

Starin(; for a \ery good reason, in which name the oi-igin rests

undecided by this name. Yet he speaks on the pages 114 lo 121

of the second volume of his "Bodeni van Nederland" abdul the

origin of these sand deposits as follows

:

"Evidently it has been formed in the last part of the diluvial

period or in the very first part of the alluvial period; for everywhere

where it is found, it I'ests upon the giavelous diluvium and is covered

by the alluvial beds."

"This form (the hori/.onlal position of the composing strata)

connected with its position upon Ihe gravelous diluvium aiul at the

foot of the hills formed by this, permits to decide, with great

probability, about the presunijUive origin of the "zanddibnium". The

sand with boulders and gravel being transported lo the places where

it is found now and having taken its present form, still a long time

uuisl have passed, before the surface was fastened by the \egetation

and Ihe currents were streaming in their present beds. During this

period frost and rain will have lunl a stronger influence on these

accumulations of sand and boulders than afterwards when their

surface was protected by a thick crust of huuu'is. The rocks which

are capable of disintegration, many granites, mica slates, sand-stones

and grits, have been coiiverled into gravel, sand and clay, and the

rain water has transported it for a great part to the valleys. These

valleys were filled up and al Ihe .same time the hills became lower

and took a more rounded form than was originally the case. That

this sand represents the detritus of the gravelous diluvium and has

been formed during the transilion-time to the alluvial period, is also

to be concluded from the refleclion llial such a formation must exist

and ihat this formation cauuol be jioiiued out in another than in

this sand."
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Staring was however not i^iionvnt (if llic fad that still oilier

factors have eoiitnl)nteil lo the foniuUion and the distriliutioii of

this sand.

This may i)e sure when we see, how on his geological map on

some places along the great rivei's alluvial sand-banks are [)lared on

the "zanddiluvium", isolated from the [jresent river-bed and how on

the index of the colours "Kanddiluvinm" and "rivages diluviens" arc

marked with ditlereni character Z and Z' and yet this difference has

not been sustained on the map. Here the same colour and the same

character Z signifies "zanddiluvium" as well as "diluvial sand-banks"

(map 19) and "river banks" (map 20). Apparently Stakino would

not decide, though he was convinced that th()>e forniatious aie not

equivalent. He may not have said it clearly, yet the honour of

ha\ing tirst recognized the problem is due to liim.

So Staking's point of view in the matter was as follows:

The "zanddiluvium" includes all sanddeposits which have been

formed after the glacial period and which aic not surely alluvial.

It has been washed away by lain water from the gravel-hills in the

neighbourhood ; yet on many i)laces the possibility of another origin

may be taken into consideration.

After Stakinc; oidy three geologists, as ftir as is learned by the

literature I can dispose of, have been engaged in the study of the

postglacial "zanddiluvium".

"At the 7''' Physical and Medical Congress in 1899 (Transaclious

page 450) Ur. H. van Cappkli.k, spoke on "de oorsprong \an het

heide- of hellingzand".

In the Stakin(;ian "zanddiluN ium" formations of a dili'erent age

must be represented. The oi-alor observed on many places (West-

Drenthe, (nxasterland, .Amersfoort etc.) between the sand which max

be considered with great probability as the product of the washing

from the gravel-hills, old surfaces which he couu(>cls with ihr iuter-

glacial [)eriod by the following reasoning:

"the younger diluvial cnrrents which liavf formed ihc level >aud

of the valleys, have eroded this ••heidczaiid". The sand of the

valleys being formed in the |ieriod of the meliiiu; awa\ of ilie lirsl

glacier, for the fornuUiou of the older •lieidczand" onl\- two nuIi-

sections of the dilu\ ial period resi :

1^'
. (he second glacial period

and 2'"'. the period of llic mcltiuu' away of die lirsl glacier."

"The tirst age is possible for the >and winch covers the mentioned

vegetable beds. So these xegetable beds must be interglacial. I'he

sand which covers the boulder-clay directly, may also be a de[iosit

of the llrst glacier."
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Before eojiliiiiiiiig-, I will iu\^\ t^oiue renuirks. The old surfaces,

observed by Dr. van Cappki.lk, prove iiotliiiig else but the fact tiiat

in the formation of this sand periods of rest have existed, in which

organic life could develop on the sand. But this fact does not yet

prove that two different geological periods are necessary. Indeed

Dr. VAN (Jappelle himself says that the vegetable beds lie between

the sand in the shape of wedge anil so ai'e very local. They ha\e

not any value for a further determination of the age. I agree per-

fectly \vell with Dr. van Cappelle where he says on page 45J :

"this author (Dr. J. Martin at Oldenburg) will not believe that

the interglacial period has passed without leaving behind traces in

our country, though a convincing proof is not to be given, because

the ground moraine of the second glacier fails", and indeed it is

not to be thought otherwise that among our so-called postglacial

formations, deposits exist which are equivalent to such of the

second interglacial period and the third glacial period in Germany,

but a decisive proof is not to be given. Old surfaces between the

sand have not the least demonstrative power in this matter. To show

the point of view of Dr. van Cappeu.e in 1899 in regard to the

origin of the "heidezand", I will cite the conclusion at the eiul of

the mentioned communication :

The "heidezand" has been formed in ])art by the melting waters

of the retiring first glacier, in part after the interglacial period by

the brooks which were streaming from the gravelhills in the time

of the approaching of the second glacier ; also the alluvial period

has contributed to the increase of the "heidezand" by the washing

of the hills."

Dr. ,1. LoRiE has laid stress upon the fact that the sandy plains

which accompany our great I'ivers and many smaller ones ought to

be considered as river-beds of the diluvial times. This sand has been

washed away from the banks and removed down the current. Two
examples will do.

At the 4"' Physical and Medical Congress in J 893 (Transactions

])age 393) Dr. Loiui? speaks aitout "the |)eat-nu)ors of Brabant-

Limburg." The speaker demonstrates that these moors owe their origin

to existing grooves in the surface which had no drainage. Those

grooves represent old branches of the Meuse. This whole region ought

to be considered as a diluvial delta of the Meuse.

"From the stadium of the "wild waters" when the Meuse was

stdl streaming without a definitive bed, a corapoinid network was

born which decreased gradually, until only one current, the present

Meuse, remained."



( HI )

III the oommunications on the geology of the Netherlands, col-

lected by the geological couiniittee, number 35, Dr. Lorik shows

convincingly that the surface of the "Geldersche Vallei" represents

a terrace of a faded branch of the Rhine.

"The peat is follo^ved by a thick layer of sand which has not been

washed away from the hills on either side, but has been supplied

by a branch of the Rhine which thus built a terrace", (p. 95).

The fact, that the fluviatile sand reposes upon the marine fauna

of llie "Eemstelsei" with temperate character and is still separated

from it by peat and clay, proves in my opinion that the terraces

have been formed by the rivers in an old-alluvial period with our

present climate. I hope to revert soon to this subject.

The third examiner of the Dutch sand districts was Dr. J. L. C.

ScHROEDER VAN DER KoLK, and it may be supertlnous to draw out

his great merits another time, also in regard to this geological

l)roblem. To his accurate sand in(|uiry we owe this division').

I. (^tuartz-amfibol-sands

:

a. quantity less tlian 0,4. Southern Diluvium.

h. quantity more than 0,4. Northern Diluvium.

II. (^)uartz-garnet-sands

:

a. small quantity. Increase. Alluvium.

b. great quantity. Decrease. Alluvium.

He applied his rules to this studj^ of the environs of Devcuter

with much acuteness.

Schroei;er van der Koi.k could not continue his successful re-

searches because of his l)usy life in Delft and his feeble healtii, and

his death has put an end to all further expectations.

The difliculties are far tVom being conquered now. In general the

rules of Schroeder van der Kolk are quite right. Yet it is not

sullicient for the classification of each sand to determine the quantity

of hea\ y minerals. The activity of the forces of nature being too

much complicated, the effect cannot ai)j)ear in a so simple form in

all cases. In eacii case all circumstances must be taken into con-

sideration or we shall often come to an erroneous conclusion. The

following example shows this necessit}-.

The lower parts of tiie Rhine-diluvium in Tiimburg are formed by

grey sands. In these sands grains of basalt are tolerably numerous.

Even when the grains larger than 2 m^I. and those smaller than

0,2 mm. are removed, the quantity of hea\y minerals is still 0,5 to

0,6, the specific weight of basalt being 2,9 to 3,1. The grains of

1) 111 this form Schroeder v.\n der Ivolk gave his division at the 6"' Physical

and Medical Congress in 1S97 (Transactions page 409).
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liasall iKil liciiii;' ((Uisidcrcd as a inirlurr of iiiiiiorals, it would lie

(•oiiclndod llial I hose sands hcloiiu In a ^lariai siieet w iiicii had

reached mir cniiiili-v iu'loii' the !ira\ ei of the Uliiiie-dilin iuiii liail

i)eeii deposed. Siicii a ciMitradiclioii woidd _ui\e rise (o iiiaiiv dil'lieidtiey.

Tliere is still more. In the gravelous diluvinin in situ, the practical

limit of 0,4 "
„ will |>roi)al)lv "ivc tiood residls. lint in the "zaiid-

dihivium", the materials of which niii>t lia\e been derived from the

fj,ravclous dihivinm, the (piantiiv of heavv minerals nuist have been

changed, according to the dilierciil manners of derivation. Here the

greatest prndence is wanted.

When a characteristic can be pointed ont wliicli may be considered

as the effect of these diJfereiit manners of derivation, a fnrther stei»

has been made. I believe 1 have fonnd a specific which may aid in

some cases to take a decisimi, w here the rnles of Schrokdkk vax

DKK Koi,K do not help. I add immediately that this Sjiecilic is not at

all nni\ersal.

It will be necessary to tell in a very general manner how in my
opinio]i the l)eginning nf the dilnxial period found our <'ountry and

how our gravelous dibnium has been deposed.

As much as we know now, the tertiary base of our country is

marine (excepted South-lambni-g). In the western pai't of Zeeiiwsdi-

Vlaan<leren the base is formed by the "rupelleem", in the eastern part

it is the mai-iue dejiosit nf the Diesticii. Along our southern frontiers

the marine deposits of the Poederlien, Diestien and Bolderien exist.

The sands of the Aloseen appertain in my opinion to the old tbniatile

diluvium. The miocene land- and fresh-\vater deposits seem to be

restricted to Sontli-I.imlniru. Alonii our eastern frontiers the base is

forme<l by uppcr-oligocene sea-sands, to the north these sti'ala are

covered by miocene deposits. In Gelderland and Overyssel the same

miocene clay forms the sui'face. In North-l5rabant and Norlh-Limburg

this miocene is still coxercd by sands whi(di ]iroliably ap]tertain to

the plidccuc To till' uoiih and west I.okik Iras shown a ])liocene

sea-ground at sexcral place> itirave, Andiem, (Joes, Gorkum, Bergen

op Zoom, I'ti-echi and .Anistei-dami which declines to the north-west.

So at the beiiiuuiiig of ihe <lilu\ial period the greater jiart of our

country was covered b\ the pliocene sea and oidy in the east and

south-east a coast existed.

Now the rivers Rhine and .Mense su|)j)iied the enormous (|uantity

of sand and gi-a\(d w hieh form everywhere in our country the liase

(excepteil Zeeuwscli-\ laaiuleivn and .South-l.imbnrg). A ilelta was

i)uill which tilled up the basin of Holland and the Southern North-

sea as far as the ehaik rocks of Norfolk and Sulfolk.



( ilB )

Then a part of tliis delta was ••overed by tlie norllieni glacier

which deposed its moraines on tiic surface of the delta. The glacial

sheet being retired, a new period begins. The river water remained

at the south of tiie niorainal barrier Lareii, Rlienen, Nvniegen, Cleef,

Xanten, and the rivers came from tiie stadium of the "wild waters"

into tlie stadinm of a compound network. The gravelons diluvium

has been deposed and we have (o examine in what way the surface

can have been changed now.

In the sandy areas which are \'ery numerous in our gra\elous

dilivium, we may expect;

a. the sand which has been removed by the wind.

I), the sand washed away from the hills by rain water.

c. the sand deposed by a river in its bed.

How to distinguish these sands? The sand n mnst be deposed in

a depression and does not show a stratitication. The com|io.sition

and the largeness of the grains do not offer a regularity and the

snrface must be hilly. This origin may be possible for sand districts

which are surrounded hj gravel-hills.

The sand r may be found along the rivers or in a groove which

represents a faded river bed. In general the surface declines down
the current and the sand is stratified in a horizontal position. The

composition an<l the largeness of ihe grains give no difference in

the direction of the stream, neither in vertical direction.

The santl /; may be found in dej)ressions as well as in grooves,

has also to show a horizontal Miratification, Imi in the composition

and llie largeness of Ihe grains differences uiay be expected:

1. in tiie direction of the groove, when the l)0i-dei'ing hills differ

in com|)(isition, as in the case of the liiils of Ilolten, Markelo ami

Lochem.

2. in vertical direclion. When grains of sand are washed down
the hills by rain water, the grains become smaller, while the incli-

nation decreases gi'adiially. So the grains of the sand A has to become

smaller in the higher [larfs of the layer.

The next may show whether this characteristic can praclicallv

be used.

In the last year the Dutch (iovernment drilled at three |)laces in

the Peel. As appeared the i)eat reposes on sand and then the gravelons

diluvium follows. The question is whether this sand is a sand A or

a sand c When the lower parts have indeed a greater (|uautit\ of

large grains than the higher |)arts, it may be a sand A, else we have

better consider it as a sand c.
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The hill-slope IVdiii .Mcvcl In Detinic is about 18 K..M. louii' and

has a dii'oclinn iVoiii X. X. W. lo S. S. E. At the east of this ridge

are siliiated the ihrec jiiaces (ul ihe station of Helcnaveeii, at the

vilhiiie of Helcnaveeii and at Ihe imi'lh of the village of Helden)

whirh I shall call 1, 2 and i!, IVdiii ihe iiorlh Id Ihe south.

The position of Ihe sand lied is as follows:

Meters +A.P.

from to

o
3

at ttie first place
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SECOND PLACE.

Depth of the
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and the iiiodein formations. In my opinion it is not possible to

make a map of our conntry wlucii is strictli/ geological. But it is

jnst fof that reason that a geological survey would have to do good

work, liy liiiding means to con(|uer the difticiillies.

For llie moment we uiusl lie conlent with a temporary dixision

which I |»ropose as follows;

A. (ilacial and Ihniatile (llu\ io-glacial) diluvium. The expression

"preglacial" can he apjilied only to the surface of the delta, where

the deposits of the iiorlhern glacier repose on it. At the south of

the glacial front the surface of tiie <lelta may be formetl contem-

poraneously with the glacial diluvium.

B. Postglacial dibuium and old-alluvium.

Only in some cases it will he possible to draw the line.

C. Recent formations.

Within these geological limits only jietrograiihical and genetical

distinctions can be made.

Venlo, June 1907.

Physiology. — "(h>. tin' aiiiorptlon of the smell of muscon hij

surfaces of different nuiteridl." By Prof. H. Zwaardk.makkr.

(Commiiiiicali'd in llie ir.ffiing of May 24, 1907).

In iyOG H. Wai,I!ai".m discovered the odorous principle of muse

in a ketone of constitution t'l,,]!,^, O, to which the name nui.scon

was given'). 'J'hiough the kindness of the firm Schim.mkl & Co. I

was enabled to make some olfactological investigations with this

])reparatiou, which at my recpiest was mixed with myristic acid for

this purpose. With this fatty acid, melting at 54° C, it forms a

mixture, containing U.tj'27 ", „ nuiscon which could easily be cast

into an olfactometric cylinder of 8 millimetres lumen. Ex|)osition of

0.15 cm. of such a cylinder to a passing air-current of 100 cubic

centimetres per second gives a just recognisable impression of the

smell of muscon, a soft perfume, not admitting of further delinition

and soon grewing tiresome. With further dilution this perfume does

not change its character. Hence the odorimetric coefticient of the

mixture, used by us, was 6,7 ').

') H. Walbaum in Schimmel ifc Go's Beiichte, April 190C, p. 99.

-) The odoriinotric coefficient of a smelling substance, offered in a certain con-

dition, is defined as the reciprofal value of the length in centimetres of tlie cylinder,

corresponding to the so-called 'Ihresliold value" (for olfactometric cylinders of 8 mm.
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The oltacfoiiielric nieasin-einents showed:

1. tliat (lie volatilised museon adheres strongly to the glass walls

along which it passes.

2. that rubbing such a glass wall with cotton wool gives rise,

instead of an odour of niuscon, to a suiell, reminding of ninsf.

This smell of muse was also noticed with glass wool, cotton wool,

feathers or paper, placed in the path, but not with asbestos wool

and platinum sponge, the time of exposition in all these cases having

been about \,, minule.

This led to a closer investigation, which 1 undertook the more

readily, since an iu\cstigation by J. Aitkkn in 1905 showed that

the odorous principle of muse must be regarded as a gas'). Thus

the above-mentioned olfactometric cylinder, containing 0,627 7„

muscon in myristic acid and having a length of 10 cm. and a

diameter of 0.8 cm., was connected by means of a short bi'ass piece

with equally long and wide tubes of all sorts of material, in such

a way thai these tubes could, if recpiired, be kept at a pre-deterniined

temperature by a water-jacket. The thus formed canal passed into

an aerodromometer'^), i.e. a vertical glass tube in which an aluminium

disc is suspended between two spiral springs, the displacement of

which indicates the velocity of the air-current by means of an

empirical scale. After tiie aerodromometer tinally followed a large tin

cone in which an electrically driven fan maintained a suction fnun

the narrow towards the wide end. The connection between the

different pieces could be removed and i-e-established in a moment.

The air, passing through this system, went successively Ihroiigh:

1. the olfactometric cylinder over its full length of 10 cm.

2. the tube of which the adsorption is to be examined.

3. the aerodromometer.

In the experiments hor(> mentioned the velocity of the air-current

was perfectly conslaiil ;
S4 cm.' pass(Ml |)er second. Each exjjositiou

lasteil accurateh" 5 minules lietw ecu the experiments the olfaclomelric

lumen, i.e. 5 cM- cr()ss-.secli(in). Cf. on this point i'iiysiol. ties Goi'uclis, Leipzig

1895, p. 185. The si!j:nilicance of this coellicieiit, whicli rises and lalls with the

smelling- powei' of a .'iiihstance, is at once seen, when one recognises the close

S
relation between it ami the qiiantily li in Fechnku's celebrated formula 7 = k log -

(Psychopliysik 11, p. 13). II deserves notice that tlio odoiinietric coefficient of

muscon in liquid paialliiic is zero.

1) J. AiTKE.N. Evaporation of musk and other odorous substances. Proc. Roy. See.

Vol. 25, p. 894, .1905.

S) H. ZwAAuuKMAKKu. Aixli. f. Anat. u. riiysiol. (^riiysiol Abth.). 190:2, p. 417.
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cylinder was always kej)! closed, wliile ('oiitrollin<>,' experiments witli

an entirely siniilai- cylinder of |)ure myristic acid showed lliat l)y

liiis alone no lasting adsorption of dddui- is pi'oduced.

Adsor[)tion of odonr appeared to be entirely absent with some

materials (porous porcelain, carbon, ebonite, steel, iron), with others

to exist in a small degree (aluminium, silver, sulphur), with others

again to exist in a more or less considerable degree (tin, copper,

nickel, glass, lead alloyed with tin, lead). Judging by the impression

i-eceived immediately after the experiment, the substances may he

arranged in the following series of increasing condensation ;

Porous porcelain*, arc lamp carbon, ebonite*, steel, ii'on, alumi-

nium*, silver*, sulphur*, tin, copjjer, nickel, glass, lead alloyed with

tin, lead.

The substances marked with an asterisk are not entirely odourless

at the temperature of the room.

The first members of this series have no adsorption odour whatever

after the muscon-containing air has passed for five minutes, nor do

they acquire it by heating. The final members, especially tin, copper,

nickel, glass and lead have a distinct adsorption odour which during

the first minutes or even houi's has an unmistakable muscon character.

At last, however, a change takes place, consisting in :

1. an alteration of the Cjuality of the odonr, .so thai finally it

resembles muse. This holds for liji, copper, nickel, glass, glazed

porcelain, lead alloyed with tin, lead.

2. an increase in the smelling power of the adsorption odour,

so that for lead, at any rate, a maximum is obtained after about

3 X 24 hours.

3. a subsequent decrease in I he smelling power, .so that final ly

the tubes lose all odoui-.

Free from any ac(|uired odour Ihc lubes become:

For porous |iorcelain in ilays

,,
carbon ,,0

„ steel „ „

,, iron ,,
a few minutes

,, sulphur ,, less than 24 hour

,, alnininiuui ,, ,, ,, 24 ,,

„ glass ,, ,, ,, 24

,, silver ,, „ „ 2 days

,, copper „ ,, ,, 4

M ^^*^ >y >» M * J>

,, nickel ,, ,, ,, 4 to 9 days

,, lead alloyed with tin ,, ,, ,, 6 days

,, lead ,, ,, ,, 11 to 12 days
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Meanwhile these figures have only an approximate vahie, since tlie

temperatnre of the room varied considerably during the last spring.

In the first place I investigated whether tiie adsorption of the mnscon

odour must he explained as an electrical phenomenon. The muscon

gas, led over a sensitive electrometer, appeared to impart no charge

to it, but it is not impossible that the method was not sensitive

enough for this purpose. Therefore in the above described apparatus

numbered nickel-plated copper ttd)es were placed, facing an insulated

axially mounted steel rod of 3 millimetres thickness, so that an air

condenser was formed witii a distance of 2.5 millimetres between

the cylindrical charged surfaces. The odd numbers are charged -|-,

the even ones — from the 220 volt continuous current main. Each

time, the exposition lasted a minute, the dielectric carrying the muscon

passing in the ordinary way at a rate of 84 cm.' of aii' per second

The cylinders appeared to have assumed the odour of muscon with

about the same intensity, to acquire later an odour of muse in the

same manner and to lose this in about the same time. The com-

parisons between the tubes were made by three observers, trained iji

these experiments and independently of each other. ')

Next the influence of temperature was investigated, first on the

atlsorption and next on the change of the smell of muscon into that

of muse. For this purpose tubes of an alloy of lead and tin were

exposed for ten minutes at 0°, 13° and 100^.

immediate impression odourless in

exposition at 0° strong smell of muscon 5 days

„ ,,
13^ distinct smell of muscon 2

,, „ 100' no smell of muscon 1 day

Then numbered, nickel-plated copper tubes were exposed during two

minutes to the ordinary- air-current, passing over the muscon-myi'istic

acid. The odd numliers were placed in tlie ice-box, the even ones

were left to themselves at the temperature of the room, each placed

in a wide-necked glass stoppered bottle. After 24 hours there a|)pears

to be no statistical, differeiu-e of any importance. All cylinders whether

even or odd, appear to have assumed a smell of muse in a distinct

though feeble degree. So the temperature coeflicient of the surface-

action, exerted by nickel on the phenomenon nf the transition of

muscon into muse, cannot be great.

1) One of these observers has an ordinary aciiteness of smell for the odour of

muscon, but camiot stale with certainty the^ liansition of muscon into muse. He
also lias in other respects strongly deviating' peculiarities of his organ of smell

whidi will soon be extensively communicated.
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Filially I wisli to 8tale tliat capillarv glass tulies of 1 mm.' cross-

section, ut'lcr air, carrying mnscon, iunl been passed tliroiigli tliem

tor tive minutes, did not siiow a perceptible change of surface tension

witli water (the tension being measured liy the height of the water

column) and that repetition of the other e\|)erinients with lubes,

heated beforehand and wilh air lliat had itctii dried by means of

calcium chloride and cotton wool, gave no deviating results.

At [)resent it is impossible to give a theory of these phenomena.

As a ])reliminary working hypothesis one might suj)pose the adsorbed

mnscon to be dissohod in the layer of condensed water \apour and

air which covers all objects and it might i)e further assumed that

the change of mnscon into muse only then lakes place at a percep-

tible rate when the surface action of the metal, of the glass or of

the glazed i)orcelain produces a partii-ularly great density of the

dissolved muscon in immediate contact with the surface in question.

This hypothesis is in liarinony with etpulibrium ex[)eriments, made

wilh dried air at 0°, Hf, etc.. Tliese e.\i)eriments are in progress

but not completed yet.

Physiology. — "On f/u' ti(Is<ir/if/<y>>. of iIk' •<iiii'II of imiscon Inj

surf(ices of (//'//'rri'i/t i/o(ti'ri((/" . \'>y I'rof. II. Zwaahdk.makkk.

Continuation of a former communication.

When air, charged with muscon, is passed through tubes of an

alloy of lead and tin, in the manner described in flic communication

of May "24, the inner surface of these tubes a|)pears to adsorb

muscon in (|uaiitities, the amount of which may to some extent be

estimated IVoni the lime, during which the tubes preserve the odour

of muscon. This assumption is based on the supposition that the

adsorption takes place in one and the same dissolving substance,

namely the condensed layer which is .saul to cover all objects.

The dilution at which the muscon is present in the air in these

experiments, can be kept constant when the current velocity is

conti'ollod by means of an aerodromometer. IMoreovor, it may vary

between certain limits, since experimenis, made lo this purpose,

showed that it makes no dilference in the results whether the muscon,

volatilised per second IVoui the smelling source, is contained in

42, 84 or 12(5 cc. of air. I'ubes of lead, alloyed with tin, lose under

similar conditions the adsorption odour in the same degree and in

the same time, say 5 to G days.
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Under the just stilted coiiditions the adsorption cqiiili

reached at a temperatme ol' the looiii of 19' eeiitigrade

ten minutes, as will appear from liic follow iiig table:

after 1 niiii. exposilioii odoiii-less within 1 day

inum IS

ill ai)out

J> ^ >!

I) '> >>

4ft ^ J)

M ^ J»

„ 10 „

,. 20 „

after 1 ,,

2 days.

). " i>

.. -i „

M <^ >>

„ 4 ,.

ADSORPTION ODOUR.

Preceding
Exposition

at 0^ at 20= at 40' at 60' at 100^

5 mill.

10 „

15 „

8 days

10 „

3 a 5 days 2 days I'/j days

a tittle over 10 days a little over 5 days 4 „

1 day

2 days

2 „

Nickel-plated copper tubes, treated in the same way, show saturation

after an exposition of about 5 minutes, it making no diU'eience

whether this takes place at 0\ 20'' or 40'. Complete loss of adsorp-

tion odour was found in these cases after respectively 4, 2 and 2 days.

From these experiments follows that a higher temperature during

the exposition causes the state of saturation to be readied only little

sooner, Init tiial the degree of adsorption is much smaller at a higher

temperature. This proves that with higher temperatures the e(|uilibriuni

is shifted in the direction of minimum adsor|)tioii.

The facts, stated until now, agree very well with llie hypothesis

of a .solution of muscon in the layer of condensed water-vapour,

carbonic aciil and air which coxers all objects. Assuming this, we
are led to believe that on nickel-plated copper this layer is thinner

than on lead, alloyed with tin, and that conseipiently in the former

ease the equilibrium during e.vposition is reached sooner than in the

latter, while temperature has the same intluence on them both and in

the same degree. The fact that tubes, heated beforehand and treated

in dry air, give the same results, is not at variance with this since

we may not e.vpect that the conden.sed layer will b\ this iiealment

be completely removed. Also the transition of the smell of muscon
into that of muse must take jilace in this layer, the onlv curious

point being that temperature has so little iiilluence on the rate of
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tliis process of transilioii wliicli yet iiiiist he of ii elicinieal nature.

But a great dinicultv to llie tlieorv arises from llic faet that ad-

sorption of odour on metal suil;ice> ap|)ears to he a general plieno-

UHMioii. This appears from similar systematic experiments as with

muse for two other characteristic smelling substances. I chose ionon,

a suhslanec dissohing in water as well as in li(pii(l air and scatol,

a substance for which this has not yet been investigated.

Ionon, when diluted J to a million in an aqueous solution of

0,5°,, antifebrin, and evaporating into a passing air-current which

in the well-known manner jiasses through eylinders of diflerent

material, leaves an adsorplioji which disappears almost innnediately

with |)orous porcelain, arc-lamp carbon, glass, silver, sticks lo thi

for a \ery short time, to lead, containing tin, scarcely for a da.y

to niekel and copper for about two days, to alumiuiuui for 2'/^ days

and to iron and steel for about four days.

Scatol, when dissolved in proportion of 1 to 1000 in liquid paraflin

aud cvapoi'ating into passing air and pa.ssing in the well-known

manner through eylinders of diifercnt material, leaves an adsorption

which disappears almost at once with |)orous porcelain and arc-lamp

carbon, in a few hours with glass, sticks to lead, containing tin, to

lead, silver and tin for about a day, to copper 3 days, to iron 4 to

5 days, to steel 10 to 13 days, lo aluminium over 10 days.

Hence ionon adheres most to the substance which does not take

up muscon at all, i. e. to steel; scatol most to alumiiuum which

shows a comparati\'ely very small adsorptive power for muscon

(aluminium does not keep muscon for 24 hours).

In order to explain these deviations one is forced either to assume

a peculiar modification of the soluliility, caused by the dissolution

of the specitic melallie particles in the condensation layer, or to

assume an absorption in the metal itself. To me it would seem that

the collected facts do not at present admit of a choice between these

two possibilities, although the small iuHuence of the muscon density

in the air would point lo tin adsorption compound with the metal.
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Physics. — "Contribution to the t/ieori/ of hiani'ii mivtiires." V.

Bv Prof. .1. I). v.\N DKu Waals.

Goutinued. See p. 74.

Up to now we have assumed in the determination of the binodal

line tliat the second component, for which the quantity ti is larger

tlian for the first component, lias a lower critical temperature, so

that we suppose (Ti,)^<^{Tk)i. I" t''e opposite case, so f J/j^X?/,),,

we meet with some new complications, which we shall shortly

discuss. So we choose now a region tVom the general /j-figure,

which lies more to the riaht, and in which the line (-^1^0 is

found. Fig. 14 of These Proceedings April 26, 1907 may be ser-

viceable for this discussion. In this figure the points 1, 2, 3, 4, 5

and 6 are points of the spinodal line. If we had inserted the spinodal

line itself in the tigui-e, this curve would have an ordinaiy shape

on the vapour side, remaining all the time at larger volumes than

/dp\
those of the line — ^0. But on the liquid side the noi'mal course

of the spinodal line has been stronglv modified by the presence of

.ft)

d.v'

the line = 0. On the left-hand side it begins in the point

dp— :== of the first component, proceeds then to smaller volumes.
</(

till the presence of — =r^ forces it back to verv small volumes,

and is the cause that the distance between tlie spinoilal line and the

line — =:() is abuoi-maliv enlarged. In llie noints where ^ and
di-

. te
,/,.,

:= () inter.'^ecl. tlie spinodal curve touches the curve = 0.
dx dr </.(.•'

Two plaitpoints occur, viz. Ilie realisable plaitpoint at very small

volume, and liie liiddeu |)laitp(iini in the neighbourhood of the points

2 and 3. This hidden plaitpoint lies in this case on the left-hand

side in accordance with the shape of the (/-lines. In lig. 17 this

hidden |)laitpoinl lies on the right-hand side, and the shape of the

dp
o-lines in the region where - is |)ositi\e, is sucli llial liiere is a^ dv

(/-line which may be drawn lang"e?il (o the sjiinodal curve, the

hidden plaitpoint being llie [loint of contact. In lig. 17 the (/-lines

8

Proceedings Royal Acad. Amsterdam. Vol. X.
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in this region tnrn their concave side to the axis of the J*"compoiienl:.

In tiie case to be discussed now they turn their convex side towards

the 1^' component, and hence the hidden plaitjtuint nuisl lie on tlie

other side, as a point in wliicii a (/-line touches the spinodal line in

the unstable region. The drawn g'-line intersects the spinodal line

in 6 points, and the p-Vme, thought as function of v, must have 3

maxima and 3 minima, when this ry-line is followed ; a maximum
value in the points 1, 3 and 5, a minimum value in the points 2,

4 and 6. In fig. 20 this yj-curve is represented and the different

Fig. 20.

branches of this line are indicated bj' the letters «... //. The branches

a and / traverse the region where is negative, and accordingly

dp
have two points each, where — ^ oo. The complication which the

dv

p-hne presents in this case compared with the ^)-line of fig. 16,

consists only in this that the branch e, which before ran directly to

infinity and continually to smaller volumes, has now got a maximum
in the point 5, and as soon as the q-Vme passes into the region

where — is negative, I'uns back to larger volumes. In the point 6

the minimum \alue has been reached, which howexer nuist be larger

than the maximum value of the pressure in the point 3. If the
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\alne of q is lowered, the points 6 iiiid 3 draw nearer to eaoli

other, and they coincide for tlie hiop-r^-line which passes througli

the point of intersection of — = and ^—- = 0. Then the bran-

ches c and d intersect at an acute angle, just as tlie branches /and

(/. When (j is lowered further, and the «y-line has split up into two

separate portions, tlie />lii)e too divides into two separate parts; the

branch <j is then the continuation of c, and the branch / the con-

tinuation of (/. Fig. 2J illustrates the course of p as function of v

Fig. 21.

for such a q-Wnc which has divided into two separate portions; then

the branches c, ;/, which have united to one branch cut the united

branch d, /', and the branch e.

When ajiplying Maxwell's rule for the determination of the binodal

line we are confronted with some difliculties, which I will now
discuss. Already when the />-line runs as is represented by the

branches c, f and (j in fig. '2(J, so when llic middle one of the 3

branches cuts one of the outside lines, we must pay proper attention

to the sign of ihe areas when applying the rule for drawing M.vxwell's

line. If the straight line is drawn lower than the jioint of intersection

of e and /', the area below this line, which according lo llic rule

must be eipial to the area above this line, mnsi of course be all

that is contained between the branches ij and _/' lielow this line.

Bui the area above Ihe line, which consists of two |»arts, viz. the

area of the loop, and the part that lies below tlii^ double point above

the line, must not be consiilered as' the sum of these two parts. On
account of the branch /' running back, the latter part must be taken

8*
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negative. This may be considered to l»e siifliciently self-evident and

not to require an elaborate proof. But when the q-Vme has divided

into two separate pai'ts, and when the ^;-line runs as is i-epresented

in fig. 21, we meet with another difficulty, which indeed, calls for

a somewhat closer discussion. The joined branches c and c/ form a

curve wiiich cuts tlie branches d, e and /, which have joined to a

loop-like curve, in two points, but such a point of intersection must

really be considered as two altogether different points. Such a point

of intersection represents two perfectly different phases according as

it is considered as point of c, // or of d, e, f. Hence when drawing

the straiglit line we must l)ear in mind that the point of intersection

of c and d and of e and </ does not represent the same phase, and

if the line is drawn as in fig. 21, where the two hatched areas are

equal, the points at the extremities of this line are not points of the

binodal line. To see how the straiglit line must be drawn in such

cases we revert to the general equation

:

dM^H^ = vdp — xdq.

Now to get from one point to the point with which it coexists,

we can no longer follow one (/-line, but we shall partly have to

follow a way which joins the two separate branches of the ^'-line,

and for this we choose the isobar of the point of intersection that

the branches c, <j and d, f have in common. We obtain then the

equation

:

/•c /•<•

e e

whei'e in | vdp the \'alue of v must be taken which corresponds to the

chosen value of (/, and in jxdq the value of .» which corresponds to

that />-line that passes through the point of intersection. Let us call the

value of the volume of the [)oint of intersection v,, and the values

of X for the points where the isobar of the point of intersection cuts

the two branches of the (/-line, .i', and .i'l- The above equation assumes

then the following form :

(M,H,)c — (il/ifijc = 1> {Vc— ee) — ypdv — q (.r,— .(-•,) — I qdx .

e 1

Now if (il/ifjjc must be z=z (M-^ii^)e, tlien ]>{Vc — ?'«) — \ pdv is
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not equal to 0, but to (/(.<;, — .i-J — jqdv. Foi the loop-g'-line the

length ot the isobar along which ixdq must be taken, is equal to 0,

and .i', and d\ coincide. For a q-Vme of lower degree ,«, and x^ differ.

In the above equation it is supposed that branch e is taken as starting

point, and that a course is followed necessarj' to reach branch c.

The point from wiiich we start, lies on the closed circle of the r/-line

and in the stable region. We now follow indifferently either the

lowest branch of this circle or the highest, but dependent on the

pair of coexisting phases that is to be determined. Let us suppose

that we follow the lowest course, then we get to branch d, and

meet the point of intersection of the isobar which we must follow

to meet the other branch of the ^--line in a point which has equal

volume Vg. As this isobar must pass through the line
\d.vji,

where maximum volume exists, the equality of the volumes Vg is

possible'), but the values of.?; which we have called .v.^ and x^,

are different, viz. :i\<^.i\. For
.^i the value of 7 is the chosen one

and for x^ the value of q is again the same. Between a\ and .b^

this value is variable. Now

:

(J']\ d^\p (Pip dv

1 « t

\d.vjj, d.v' dxdv dxp

or

d:

dAZ<7\ _ d^^~ [dxdv

J

"^

— (see fig. 14) being positive, | — I is positive outside the spino-

dal line, and negative inside it. Along the p-line, starting from smaller

value of.)', (he value of 7 is, therefore, increasing, maximum on
the spinodal curve, then decreasing, minimnni on the spinodal curve,

after which it increases continually, as represented in fig. 22.

1) Tfie .same obsorvation iiolds for all points which arc points of intersection

of clifTerent branches of the p-line in tigs. ?0 and 21. in sucli a point of inter-

section 1) and V are et|Lial, and this could only occur when the phases denoted

by such a point of iiilersectiou lie on cither side of the line ==0.
rf.x
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• (vc—v,) — i pdc= — \q (.!•,— .'•,) —
I

g d.i-\

j
p civ — p (vc—Ve) = — \ j qdx — rj (.fj— .«,)

For the loop-g'-line a\ and .i\ foinoide, and for a //-lino l)ut little

lower iqdx is larger than g (.i\—.i\). As .«, always lies on the left

2

of the value of .t' for which r^ lias minimum \alne,
| </(/,): "^q {d\— c,)

2

always holds. From tliis follows tliat for I he lowest pair of coexisting

phases of fig. 21 the straight line must lie drawn in such a way

that the area of ihc hatched part above this line, to wiiich the area

of the hatciied part of fig. 22 is added, is equal to the iiatched pai't

of fig 21 which would lie below this line. So the pressure of the

lowest pair of coexisting phases for this (/-line is greater than would

follow fidiu Ihc application of the rule if the point of intersection

of c, _</ and (/,/ was an identical point, or rather represented one

and the same j)liase. But we shall not pursue this course any further.

Now that we are obliged to include the (|uaiility I .r (/([ in our con-

siderations, we can tind the coexisting phases for the ii(|uid volumes

in a simpler way i)y the aid of this (luantity. For sucii volumes lie

on a p-Iine which can be followed without interruption when we

proceed from one point of the pair of coexisting phases to the second

jjoint. And when we |)rocced along a />-linc (/ji/,
f<j

i= — .vdq, and

so (^l/i (ii), — (M^ (i,), z= —
j
x ilq. Hence we need only choose two

points on the chosen jO-line, satisfying the ref|uirement that — I -vdq = 0,

1

or

1

Then we have to curry out the same construcliou on the q-line
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as was carried out above on llie ji-Vme, and so for tlie p-Wne, for

which fig. 22 would represent the course of the q-Vme, we have to

Fig. 22.

draw a straight line in such a way that its height indicates the

middle value of the ordinates of the (/-curve. That from the outset

we have not followed this course for the determination of the

coexisting phases in which the values of x^ and ,/;, for gi\en value

of p are determined, is due to the fact, that this way of determina-

tion is again possible without correction term only when the whole

^>-line is found between the two coexisting phases without intei-ruption

in the ?' , .r-diagram ; and as for the equilibrium between vapour and

liquid phases as a rule this condition is not satistied, and as it is

only by way of exception that the (/-line has split up into two

branches, the determination of coexistence by the first mentioned

method may as a rule be considered as possible. But nevei'theless,

in some cases the determination by means of the properties of the

value of q, following a /;-line, is to be [)referred. If we do so in

the case discussed for the determination of the coexistence of a liquid

phase with a second liquid phase, we must choose every time other

/>-lines, and along each of these />-lines the course of q as function

of .V is as di'awn in tig. 22; and with llic simple shape of such a

(/-line there is oidy cjucstion of a single straight line along which

qcii;—-v,)=
I

'/'/.!•, The binodal cuive for the coexistence of liquid

1

with liquid lias therefore a simple shape and is restricted to the

stable region.
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Indeed, this wus also to be derived from tlio /)-iigure (lig. 20)

wlierc the branches / and // ninst lie higher than the branches c

and (/, and therefore can never cond)ine for tiie application of the

rnie for coexistence; Iml then only for those fy-lines which are oi

higiier degree than the loop-rydine ; whereas the rnle for linding the

conditions for coexistence from the xalues of (j when a />-line is

followed, holds foi- all //-values withont exception. Let ns consider

the case that this part of the plait has got qnite detached from the

transverse plait as a closed longitudinal plait, and has the two

realisable plaitpoints, then a highest and a lowest ;>-line ma}' be

drawn, along which the maxiniuni and the minimum in the ry-line

have coincided, and in the |)oiut where thev coincide they yield the

valne of .v for the two i)laitpoints.

We had already repeatedly occasion to call attention to the reci-

(P\\j (Pif' (/if) dip
urocity between — and — , and between a and ij or — and —

.

'
" d.e dr'

^ ^
d,x dv

Let ns also do so in the case discussed. Here we have intersection

(/'if> </''i|'

in two points of — = and ^ 0, and it appeared that then
dw^ d.vi/v

separate portions of (/-lines occur, so that it was not always possible

to pass witliout a leap from one part of a g-hne to an<jther part of

such a line. Then it is desirable for the determination of the coexisting

phases not to follow such a (/-bne, but on the contrary to go along

a y*dine and to use the corresponding value of </. The reciprocal

(/'ip f/'ij'

case is found in case of intersection of :^ and = 0, in
d,-' di-d.r

which case the course of the />-lines is as is indicated in the middle

region of the general /;-ligure. Then there are y>-lines, namely those

of higher degi'ee llian Ihc l(i(ip-//-liu(', which have divided into two

separate parts; if we followed a //-line also then, in order to arrive

at the coexisting pha.ses by means of the values of </, we should be

confronted by the .same didicullies as we have met now when
following the (/-line. If for a //-line of lowei' degree than Ihe loop-

y/-line we draw the \alue of*/, llien such a course for r/ follows from

fZ'if) fPi|) /(/^|>

d<]\ dx^ dv' \d,vdv^— =
, as has been drawn in fie. 23, where

d^
the l-t

, 'S'<^ and 5^'' branches lie in the stable region, and the 2"^'

and 4"' hi'anches lie in the unstable I'egion, if we take into account

that such a /'-line jjasses 4 limes through the spinodal line, in which
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points
I

—
I
==0, and also 4 times throiigli the line -— = 0, in

\dxj,, '"'

which points ( — ) = oc. Only tor the loop-^v-line tlie second minimum

Fig. 23.

coincides with liie first maximum, but for lower />-lines it lies higher,

as in the drawing. We ha\e e.vactly the same shape for ([ as func-

tion of ,r, as in tig. 20 for
i>

as function of v. Only one figure must

be turned over to cover tlie other, in accordance with the circum-

stance that o = — and /> = • The combination c, a and e
(Ix (Iv

now yields a pair of coexisting phases, and the combination e, f
and (/ another pair. No other combinations are possible; and we
should be justified in concluding that the hinodal line has a simple

course and remains limited to the stable region. But this conclusion

would be perfectly valid only for all pi'essurcs iiot higher than those

of the loop-/>-line, though there are also coexisting phases with higher

value of p. In this case it is certainly preferable to follow a r/-line,

and to construe p as function of r, which we have called preferable

already above for otiier reasons. We know I hat I lieu a highest

pressure exists for the coexisting phases, vi/. when ./, =r .c, ; this is

only possible if the chosen ii-Ww passes throuuh the Hue ^0
for oidy then this is the case for values of ,/ within certain limits.

Fi'oui this circumslance o'i llic reciprdcal case we conclude that in

the case under consideraliou, in which =zr is cut bv — — O
dx^ ' cLv
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there is a minimum value of 7 I'or llie coexisting phases, viz. if

v^ = i\. Then the line joining these phases runs parallel to the

.r-axis, just as it runs parallel to the /'-axis in tiie reciprocal case.

Tliis too can only occur, if the coexisting phases lie on either side

dp
ot the line — = 0; tor the isobar that passes through tiie two points

of coexistence, can only iiave two equal values of w if between them

maximum or minimum \alue foi' the volume occurs. The equality

of i\ and r, for minimum value of q, to which we have concluded

from the principle of reciprocity, follows from the simple equation,

whicii holds for two successive points of a binodal curve, viz.:

{t\ — i\) dp = (.T^ — .«,) dq.

For a pair of coexisting phases .l/jjii is the same, and for a following

pair of such phases dJIji^ is also the same ; now the above equation

follows from dM-^n^ = v-^dp — x^dq = i\dp — x^dq. If x^ — .i-, =:

and Vj — i\ is different from zero, then dp must be := ; in the

same way dq = involves the equality of v., and 't\, if dp is not

equal to 0. We can also derive from this equation, how the nodal

lines lie on either side of the special nodal line for which ,?•, = ,r, or

r?, ^?'j, i.e. to which direction they diverge in a faidike way. Let

us first consider the case x^ = ,i\, so maximum pressure on the

vapour-liquid binodal curve. On the left of this nodal line the sign

of /\^ -- r, is positive on the vafiour side, and the sign of dp, if we
do not limit ourselves to an infinitely small value of dp, negiitive.

Then also the sign of {.r.^
—

-^'i)
dq must be negative, and the sign

of dq being negative, .i', — .c, must l)e positive. On the rigiit of this

nodal line the sign of r^ — r, and of dp must be what it was in

the |)receding case; but dq now being positive, x, — ,r, is negative.

So tiie nodal lines converge towards tiie vapour side. It would be

just the reverse if the pre.ssure was minimum for ./',^ = ,Cj, for then

dp is positive. Let us now consider the (!iiiie.i\ =z t\, so minimum

value of q on the liquid-liquid binodal curve. Let us choose the

I'ight side, so where '.j^',. anti let us ascend, so jiut </p positive,

then q being iiiiiiimuiii, dq will ite positive. The second member is

positive, and so we find i\ — v^ positive, wiiereas for negative dj)

the value of i\ — 'i\ would be negative. So the nodal lines converge

towards the right side, and we may consider the nodal line for

wliicii i\^t\, as axis of such a converging pencil. This shows us

at the same time how and where the plaitpoints must lie. As the

tangent to the binodal curve in the plaitpoint is to be considered

us the limiting direction of the nodal lines, both the p-line and the
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^f-line must have sncli a course in the upper plaitpoint that they

descend towards the right, which moreover could be put a priori.

dp
For every o-Hue when it still lies above the line — := 0, and does

• ax

not pass through —- = 0, descends when it proceeds towards the
dx"

right. But in the lower plaitpoint, i. e. in the plaitpoint with the

dp ^
larger volume that lies below the line —=:0, the (/-line whicii touches

dx

in that plaitpoint, must descend as it proceeds to smaller value

of X, in accordance witli the course of the nodal lines. We should

also have found this course of the nodal lines confirmed, if we had

paid attention to the course of the y>lines.

Evervtliing we have discussed in this V''' communication rests on

dp fZ^tf'

fig. 14; so we have tiiought that — = and —=0 intersect. There
dx dx''

is, however, also a possibilit>', and it will even be the rule, that the

two curies e.xist, but do not intersect. Then two cases are to be

,• , '''1'
distinguisiied, viz. that = remains restricted to smaller volumes

dm"

dp
liiau those of -- = 0, or to larger ones '). When tracing the two

dx

curves with respect to each other we must take care tiiat tlie jioints

in which tangents mav be drawn to ^ parallel to the r-axis,
dx''

d'p dp
lie on the line — = 0, . and tiiat also the point in which -=()

dx^ dx

d^n
has niininuini vnlunic. lies on IJiis lino too. Now the line - -=:0

d.r^

has a simple course. The value of — for this line is equal to
dx

db 3 (f'p

-J
7- Fi'om this follows thai this line ~= consists of a singleax o ,/,.2 o

1+ 2- .

'•'-

V

branch, which from a point of the l^< a.xis moves regularly to the

right to points of contimialh' laruer volume. So if the line
—

' =
, .

'''»!
cuts the hue — = 0, the two points in which tangents parallel to

1) See These Pi-oceedings April 2G, 1007, p. 833 seq.
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(lie r-axis can be drawn to — = 0, and tlie point wliere — =
lias niininiuni volume must lie in siicli a way, tliat the last point

lies between the two iirst mentioned. If the line —-^ =: is restricted
d.v'

(//) afit'

to smaller volumes than ^ 0, then = must also lie at smal-
cl.v d.v"

dp
lev X than the point where —^0 has the smallest volume and the

ax

Fig. 24a Fig. Ub Fig. 24c

reverse; this has been represented in lig. 24a, fig. 24/> and tig. 24(',

but has not always been kejit in view in preceding schematical

tigures, which were plotted for the representation of other [larticularities.

After these remarks we may examine more in details what happens

/(//A ilhy
, ,

when ^0 and — = intersect, and the temperature is raised.
\dxj d.n^

With rise of T = contracts to the point in which this curve
d.v^

dp
must disappear. Also the curve — ^0 contracts. If the point in which

dx

(/'"ii' dp= uiust disaniiear, lies at smaller volulne than — =: 0, then
d.v'

"
dv

with contraction of ^0 the ritihl-hand point where the latter curve is

directed // i>axis, will have to pass through the minimum volume of

dp

dn
:=(>. Even then lliei-e is still intersection, i»ut with further contraction

the two curves will touch, and get detached. Above the temperature at

which lliey touch, the complicated course of the g'-Iines has disappeared

in so far that no ry-lines occur any more which have split up into

two separate branches ; then we get a gi-oup of (/-lines as drawn in
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fig. 3, These Proc. March .30, 1907 with a inaxiimim ami a iiiini-

mum volume, but uioreover wiieu tlicv at'terwards cut — =0, with
(.Ik

a maximum value of ,c. lUit when the tioiut in which ^0 must
'

,/,«^

disappear lies at larger volume thau =0, then with rise of 7' the

left-hand point where ^ is directed parallel (o the r-tixis, must

,lp

pass through tiie point where — =r has minimum volume. Then

intersection still takes place, but with further rise of T the curves

touch and get detached — and then the ^-lilies run as has been

</-if' d\\}
drawn in lig. a. So contact between — = and =:() mav

dx^ dxdv

take place in two \\'ays and we may already conclude to this from

the condition for

follows namely

;

di-

me condition tor contact. From the eciualitv of — for the two curves
'

• dx

(/> d^p _fd'p\'
dx' dxdv \dx''J

d''p dp d'lp
The value ot being negative for the points of — = 0,

dxdv dx dx'

must be positive in the point of contact. That is to say, that for

(/>
the curve = the point ot contact must lie to the right of the

dx^

line which joins the minimum and the maximum volume. Only with

the two kinds of contact which we have described, this condition

can l)e fulfilled. If the first described contact takes place, the mini-

dp
mum volume of — ^0 must lie to the right of the point of contact.

dx

In the second case of contact this point must lie on the left, or

dr
even be entirely wanting in the figure, in which case — is positive

dx

in all points of the line =^ 0.
dx

From all this follows that if the spinodal cur\e enlirely envelops

(/'if?

tlie curve =; in a closed line, and the latter remains entirelv

dp
restricted to smaller \olume than the volumes of - =0, there are

dx
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indeed still two rcaliyahlo plaitpoiiits on this spinodal line, iuit that

the course of the nodal lines in all this longitudinal plait is as was

the ease in the upper hull' of the above discussed longitudinal plait

— so that ill both plaitpoiiits the tangent />-line and the tangent

q-Vme descend to the right. All o\cr this longitudinal plait v, ^ r,,

it r.j represents the right-hand [loiiil oi coexistence. But it
-—=

dp
remains restricted to volumes larger than those of— ^ 0, the course

dx

of the nodal lines is such that i\ <^ i\, and the plaitpoint has such

(/(' dv
a situation that — and — is negative for the />-line and the qAine

dXf, d.x,j

which pass through the plaitpoint. 1 speak of the plaitpoint, because

1 think I can demonstrate that then there cannot be question of two

realisable plaitpoints, nor of a detached closed longitudinal plait.

dv dv
ror when a spinodal line splits up, not only ~i~^=~r~ '^ this split-

d'v d'v
ting point, but also = -,— =0. Properly speaking I have already

d./^f, d.c\j

discussed this point (These Proc. April 26, 1907 p. 848), but on

account of the great importance of the question further elucidation

is perhaps not uncalled for. The following remarks may serve for

this purpose.

Let us in the tirst place consider a mixture represented by a

region of tlie general ^>tigure lying on the right side, and so much
dj>

to the right that the point where — = has minimum volume, no
dx

longer occurs, or lies at very small value of.c. Then the point where

-—
- = disappears at 2' =z Ty, because it must lie on the line

d''p dp
-— = 0, lies at smaller volume than those of .the line — = 0; and
dx' dx

if this curve is still found at temperatures below T^, the points in

dp
which this curve intersects the line — = 0, lie in the region where

dv

tip— is negative. If we now suppose that the temperature rises, and
dx

the spinodal line might split up, this splitting point must lie between
ci^ip dp

the larger volumes of — = and the \'olumes of — = 0, so also^
dx' dv

dp
in the region in which — is negative. Now the question is if in this

dx
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region a point of inflection of the /y-lines and of the r/-iiiies can lie.

It appears from what lias been observed about the loci of these

points of inflection (Tliese Proc. Marcli 30, 1907 p. 736) that this

is possible for tiie (y-lines. Bnt from what lias iteen obsei'ved on

the course of the locus of the points of inflection of the /y-lines

(These Proc. Febr. 23, 1907 p. 628) appears that in the stable part

of that region no point of inllection can occur for tliese lines.

Let us now take the other case, \i/.. that liie |ioint with iniiiiinuin

. ^¥
volume ot — ^0 exists, and is not found at very small value of .f.

d.v

If the spinodal line has split up into two parts, then there is a part

dp
which we might consider as belonging to — = 0, and another part

dv

d>
that surrounds = 0. Now the splitting point lies again in the

dp
region where — is negati\e, but in a part of that region where as

dx

w^ell points of inflection of the /v-lines as of the (^-lines may occur,

dp d'tp
at least if — = still intersects the curve = 0. Two branches

dx dx^

d'v dp
on which = 0, start from the point in which — = cuts the

dx^g dx

curve = 0. One ot these branches passes tlirougii the region
dx*

d'yp
where is negati\'e, and leaves this region only at the point where

dv*

=: has the maximum volume. The second branch runs right
dx*

of the loop-(^-line to larger volumes. But there is also a locus on

f/'i! dj)

which = 0, which runs right of -—=0, and passes through the
dx^fi d.r

dp
two following points. 1*' the point where —- =^ has minimum

dx

dp dp
volame, and 2'"' the poini where — = cuts the line — ^ 0. If

dx dr

the spinodal line splits up, ihis will have to take place in the point

d'v
of intersection of the line on which -— ^0 with the second mcn-

dx%

d'c
tioned biaiicii mi which = 0. It this case of splitting occurs,

dx^a
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tlio (letacliod closed Idiiuiludiiial plail is ciil hv (lie line — = 0, and

has the above discussed piailpoii'ts.

Rut thoiigli on the 8n|>]iositio]i of this way of splitting up we do

not meet witii a dcliiiite conti-adiction, yet tiiere is one circumstance

which makes me doubt whetiier it will ucciir fie(juen(ly or universally.

If we draw the point of intersection of the mentioned loci on which

= and -^0, we find a point which lies on the left side
d.v'^ d.x\i

of ^=^ 0, whereas aflei' the detaching we should sooner expect

the place of the plaitpoint with the largest volume, according to the

course of the nodal lines, on llic v\\i\\[ side ot =z{). Indeed,

another way of detaching is possible. The splitting may take place

dp _ fri(5

in a point on the left of — = 0. Then ^ 0, which curve must
'

da) rt.i''

d''p

disappear in a point of —- =^ 0, must already have contracted so

dp
far that it lies entirelv in the region where — is positive. As we

d,x

d^v.

observed before, there runs a branch on which := also there

,/-/

and for the loop-line on which .,
= *' (These Proc. March 30 1 907

p. 730) there must be a closed tigure, which has got detached from

(.

aiich right of
(J

which — ^ and
'

—

-^ = 0, no longer exists. Then we have again a
d,v dx^

detached closed longitudinal plait, but one which is not intersected

the branch right of - = 0, because the double point, the point in
dx

by — ^ 0, and which has two plaitpoints in which the p- and
dx

r/-lines which touch have —- = --= positive, in accordance with
-^ dxp ax,/

tiie course of the nodal lines. In fig. 25 the circumstances after the

splitting hav6 been represented for this case. First of all the lines

72

— = and ~ = occur in the figure; further 77 = 0. which
dx dv "*'

dp
,

. . ,

passes through the point where 7- = ** ^^^^ minimum volume.
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d;tY

Fig. 55.

dp rf'ifj

On tlie left of — = and at smaller volumes also — = () lias
dA- d.v'

d'p
been drawn. Where this curve passes through — =0 it has tangents

d.v^

II i;-axis. The spinodal line has split up and the two parts have been

drawn far apart for the sake of lucidity. One part surrounds

d> dp^ 0, and the otlier part touches — = in the point in which
dx^ dv

dp
this curve is intersected bv — ^0. Furtiier a />-line has been drawn

d.e

witli two points of inflection. The right-liand j)oint of inflection is of

no importance for our case. And finally the detached branch of the

locus of the points of inflection of the g'-Iines lias been drawn. Now
d\- d'v

too the point in which = and := intersect, is to be
'

d,v-'i, </a:%

expected on tiie left side of the spinodal curve, which has got

detached. But for this case v, > r, for all nodal lines of the longi-

tudinal plait, and tiie second plaitpoint is really to be expected on

the left. I suspect tliese two ways of dotaciiing to be connected wit li

d'lp
the two series of values of ,v,j, for wliich — ^0 disappears in the

Proceedings Rcval AcaJ. Amsterdam. Vol. X.
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dp
region where — is positive (These Proc, April 2(), 1907, p. 833)

d.v

— either for ;i verv great difference in the size of Ilie molecules of

the components, or for a small difference. In the latter case the

highest and the lowest points ot =: are to be tunnd at almost

the same \alne of .''. Kut this is one of the many particularities

which is to be left to a later investigation.

Particularly the last described way of ^^iilitliuo- up of the spinodal

curxe takes place tar to the letl of the [(oint where — ^0 has mi-
dx

nimnm \olnme, and so at a value of .r\ not very different from

that for which ,/', = ,i\ on the vapour binodal curve, and ma.vimum

pressure exists ; and so this leads to the opinion that this detaching

of a longitudinal plait is to be found for mixtures with minimum

pressure and very different size of the molecules; but also this sup-

position must be further defined by a fuller investigation.

The following remarks may serve for a full characterization of

the course of the spinodal line before and after the splitting. Before

dhy (7'iJ'

the splitting the curves = and = must be thought as
dx' dr''

intersecting, as in fig. 8 (These Proc. March 30, 19(.)7), but the line

— z= as having moved to smaller volumes. This figure holds indeed

for a left-hand region of thep-figure, but this figure would change little

dp
in its essential features if we also insert the line — ^0 in it, but

dx

d'x\}

place it on the right so that = is no longer intersected by it.

For a region of the left-hand side extended towards the right is the same

d'lp
as a region of the right-hand side extended towards the left. If— ^0

dw'

d^^
and — =r intersect there is a complicated plait, with the hidden

dv^

plaitpoint on the right side. If now with rise of temperature the two

curves get further apart, because they both contract, splitting up of

the spinodal curve does not always immediately follow. For this to

be brought about the curves must be pretty far apart, and intersection

d'r d'v
of := and = must take place between the two curves,

dx'p dx^g

and the temperature must be reached at which this point of inter-



( 141

)

section lies on the spinodal line. Then a point of the left-hand side

of the spinodal line coincides with a point of the right-hand side of

this line, but not in the hidden pjaitpoint. Consult also fig. 17

(These Proc. May 24, 1907 p. 68). Then there are 4 plaitpoints,

viz. Pi , P„ and the double plaitpoint in the splitting point of the

spinodal line. The course of the binodal curve on the liquid side lias

been represented in fig. 26. On the liquid side the binodal curve of

Fig. 26.

the vapour-liquid equilibria passes in two more points, / and tf. through

the spinodal curve. And so nothing appears yet of the detaching of

the longitudinal plait for the experiment. Only at higher temperature

the detached binodal curve, and then with its newly obtained plait-

point, will pass through the binodal curve AB, and with still higher

value of T the binodal line has split up into two quite separate

branches.

{To be continued).

(September 3, 1907).
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Physiology. — "Qwintitntive researches uii pluujocijtosis. A contri-

bitflon to the biology of phagocytes." Bj Prof. H. J. Hamburger

and Dr. E. Hekm.v.

(Communicated in the meeting of June 29, 1907.)

I. Introduction and method of investigation.

The investigations of which an abridged account is given in this

paper ') are a continuation of those begun several years ago by one

of us'), with the object of ascertaining the influence exercised

by solutions of various concentration on the red corpuscles and

other cells. These researches had been for the greatest part

confined to the study of chemical and volumelrical alterations ex-

perienced by the cells through the modification of their media and

of their signiticance with regard to the functions of the body. But

until now, tlie injliience of these agents on the life of the cell itself,

had not been the object of a systematic investigation, although the

plan had existed for some time and the expediency of the method

had been proved '). The importance of such an investigation will be

readil>' admitted. In the first place, because it enhances the value of

the chemical and volumetrical researches mentioned above, and

secondly, because the phenomena produced by the agency of solutions

undangerous to life, are in fact nothing else but the effects of reaction,

which finally will help us to penetrate farther into the chemical

structure of the living cell. The red corpuscles, which were mostly

used for the chemical and \olumetrical researches, however, are no

suitable objects for the study of the influence of reagents upon life,

for they do not afford sure tests of \itality, nor is it possible to

measure the value of their life functions.

We therefore looked elsewhere for our material and our choice

fell on the phagocytes, for the twofold reason that they are simple,

isolated cells in which it is possible to follow the effect of the

chemical exchange with their natural medium, and to rate their very

life by quantity; besides the phagocytosis is an essential factor in

the functions of life. In support of this latter contention, we refer

to the important place assigned by Metchnikoff to these cells in

the struggle of the body against disease; a theory which he has

1) For detailed account, see "Biochemische Zeitschrift".

^) HAMEursGER, Zillingsvei'slag der Koninkl. Akad. v. Wetensch. 29 December 1883.

3) H.\MBURGER, Het gedrag van wilte bloedlicliaampjes tegenover cyaaukalium,

Bijdrage tot de konnis der celpermeabiliteit. Feeslbundel voor Rosenstein, 1902.
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defended with such admirable acumen and unflagging energy.

According to the same investigator, the part they play in the healthy

body is no less important. The only thing therefore which remains

to be done with regard to these cells, is to get a nearer insight into

their conditions of life; as yet scarcely anything is known on this

subject, a fact mentioned with regret by Metchnikoff, in the paper

he read last year before the students of the University of Amsterdam,

on : "Reactions phagocytaires" ').

The method of investigation employed by us was the following:

White corpuscles from the blood of a horse, after having been trans-

ported into various media, were brought into contact with carbon

and afterwards it was ascertained what percentage of the leucocytes

had taken up particles of carbon. This percentage was the measure

for the degree of phagocytosis and gave the value of the influence

of various agents on that function of life.

These calculations were based on the principle that the phagacytorian

power of the phagocytes present in a suspension is of unequal

extent; i.e. the more detrimental the action of the agent is, the

smaller must be the number of phagocytes able to take up

carbon.

Our selecting a neutral indifferent substance of bacteria, had

its ground in the fear that otherwise our work would have become

too complicated. We here refer to the recently' established fact

that most kinds of bacteria, before they can be taken up by

the phagocytes, must undergo a certain amount of preparation ').

Hence it follows that not only will the intensit^^ of phagocytosis

be influenced by the agent as such, but also by the degree of

preparation it has undergone. Another fact which had to be borne

in mind, is tliat the bacteria sometimes secrete poisons whirii have

an injurious effect on the phagocytosis.

') 'Nous ne sommes qu'an debut. Lorsqu'on connaitra mieux la physiologie d?s

phagocytes (the italics are ours) on cherchera des rnethodes pour augmenter I'activite

de ces elements dans la lutte centre les microbes et on cherchera d'autres pour
preserver contre I'altaque des phagocytes les cellules nobles de notre corps. En
poursuivant ce but, 11 faudra tenir conipte de ce que les phagocytes sont non
seulement les destructeurs des microbes, mais qu'ils sont capables aussi de s'en-

corporer des poisons solubles el de les rendre inolTensifs. Leur role n'en derient

que plus important."

^) Wright and Douglas, Proceed, of the Royal Society 72, 1903, p. 357 and
later studies prepared under Wright. Furtlier Hektoe.\ and Rudiger, Journ. of Infect,

diseases 2, 1905, p. 128 and other studies prepared under Hektoen.

10*
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The selection of tlie indifferent substance carbon, instead of tlie

usual grains of carniine was based on the greater facility and more

accurate certainty with which the taking up of carbon can be

ascertained. It was also for this reason that carbon had been the

substance selected in former investigations on the actioji of carbonic

acid ') and the action of cyanate of potassium ') on phagocytosis.

On the present, as well as on the former occasion, the leucocytes

used in our investigations, were taken from the blood of a horse').

Tliey were obtained by shaking blood with pieces of glass in a

closed bottle and straining the defibrinated blood' through a piece

of muslin. The red corpuscles sink to tiie bottom, and the serum

which covers them holds all the leucocytes. When this turbid fluid

has been poured off we have a suspension of leucocytes in serum
;

this suspension can be made richer in leucoc,ytes, by centrifugal izing

it, removing part of the clear serum and mixing the leucocytes

which have fallen to ihe bottom, with the remaining serum. A detailed

description oi this method, the process of preparing the carbon,

the mode of bringing it into contact with the leucocytes, and the

method of determining the percentage of the cells which have

taken up carbon, will be found in our article in the Biochemische

Zeitschrift').

II. The effects lyrodiiced on phagocytosis hy the aclclition of water.

Our first experiments were directed to the solution of the question

in how far phagocytosis is affected by the addition of water.

Witii this object in view, equal quantities of the suspension of

leucocytes were mixed with serum, previously diluted with known

quantities of water. The following table shows the results of one of

the series of experiments. It will need no fui'ther explanation.

1) Hamburger. Virchow's Archiv, 156, 1899. S. 329. Osmot. Diuck u. lonen-

lehre. 1. S. 416.

-) Hamburger. Het gedrag van wilte bloedlichaampjes tegenover Gyaankalium in

Rosenstein's Feestbundel. 1902.

3) At Groningen we experienced great difficulty in obtaining a regular supply

of horses' blood. Mr. K. Hoefnagel, the Director of the abattoir at Utrecht, had

the great kindness fully to meet our wants, for which we here beg to tender him

our best thanks.

*) Compare also Hamburger, Osmot. Druck u. lonenlehre, Bd. 1. S. 401.
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TABLE I.

Effect of lessening the concentration of the serum.

1

Serum
diluted

with
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Jhe table, that on the other hand, there are a great number of phago-

cytes which can stand a dilution of their serum with 100°/,, of water.

Former experiments have proved that this dilution causes an increase

in the bulk of the cells, of considerably over 30 %•')

We will now pass on to tiie following question: Is this decrease

in the pliagoajtosis of a permanent nature?

In order to find an answer, we brought the white corpuscles

which had been submitted to the action of diluted serum back into

the normal, undiluted serum, and then tested again their power

of lakiiiu' up coal.

T A r. L E 11.

After e.xposiire to tiie action of dilnted serum, the phagocytes

are brought back into normal serum.

Serum diluted

with
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had lost the power to take up oarbon, after being replaced in the

normal serum, over SO'/^ of the pliagocytes recovered their original

capacity.

So, the greater part of the j'hagocytes can support a considerable

volume of loater -icithoiit penmment loss of their phngocytarian

capacity.

Here may be asked: On what does it depend, whether a phagocyte will

regain its phagocylarian power? It is not impossible, nay, it is even probable,

that here as well as in the case of the red corpuscles some lose their contents

in senmi diluted with 70 % of water '). If the quantity of water added be raised to

100 "/u„ the number of destroyed erythrocytes will be found considerably larger.

When the red corpuscles, which have not lost their haemoglobin, are removed

from the serum diluted with lOO"/,, of water into undiluted serum, they entirely

recover; they change from small globules into biconcave discs, which even arrange

themselves like piles of coins.

However, this only applies to the cells which have not lost their colouring matter.

These which have actually lost haemoglobin cannot recover. Now our microscopical

investigations have revealed the fact, that in serum -[- 70 •'c water, some of phago-

cytes lose a part of their contents : in that case we see a granular substance

lying by their sides. In serum to which 100 "/o water has been added, the effect

is more apparent still. Then the number of leucocytes which have expelled granular

mailer is still larger. It is easy to understand that these cells, when again placed

in normal serum, have lost the power of taking up carbon. The difficulty of

ascertaining this with certainty however, is very great : in the transmission there is

every chance of disturbing the granular substance by the side of the cells, and it is

impossible to know whether one deals with a phagocyte which has lost part of its

contents or not. Anyhow, taking into consideration the striking analogy existing

between white and red corpuscles, both with regard to their permeability and to

the osmotic pressure of their interior substance, and even to the percentage of

the volume of their watery contents-), we seem justified in our conjecture that the

same fluid, which causes a loss of colouring matter in the least resisting of red

corpuscles, also brings about the irremediale destruction of the phagocytarian

power of the least resisting phagocytes.

It is a fact worthy of notice that the resisting power of the

phagocytes reaches a higher maximum than that of the erythrocytes.

In serum diluted with 2007o water, all the erythrocytes of the horse

are destroyed, and not quite half of the pliagocytes.

III. Effect on phagocytosis by the reduction of loater.

A similar method as had been used for studying the effect on phago-

cytosis by dilution of the serum, was now applied to ascertain the

1) Hamburger. Transactions of the R"j*al Academy of Sciences, 2Cith March 1885.

*) Osmot. Druck u. Jouenlehre I, S. 401—435.
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influence of concentration. With this object in view, common salt

was dissolved in the seruin in quantities of 0.1, 0.2, 0.3, 0.4 7o and

more. The results of these experiments are shown in the following

table

:

TABLE III.

Effects on phagocytosis by increased concentration of the serum.

Serum in which

is dissolved

1
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can be restored, by replacing the white corpuscles in the normal

serum. The answer will be found in the following table.

TABLE IV.

After being exposed to the action of increased concentration,

the leucocytes were replaced into normal serum.

Serum in which
is dissolved
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which the increase of osmotic concentration often lasts longer than

half an hour. For this reason, the experimeiits in which the leucocytes

were exposed to an action of much longer duration, were made

with serum containing only 0.1 and 0.27o NaCl ; higher osmotic

concentration does not occur in the body. The leucocytes were placed in

the serum of increased osmotic concentration for 2, 24 and 48 hours,

and then transferred into normal serum.

The experiment showed that after an exposure of 24 and 48 hours,

the phagocytarian power had been diminished; hut an equal decrease

of vitality was also observed in phagocytes which had remained for

24 and 48 hours respectively in normal serum. This proved that

the prolonged action of serum of increased osmotic concentration

had had no permanent injurious effect on the phagocytarian capacity.

Tims ive may conclude that, in the living body an increase in the

osmotic concentration of the blood plasma, as well as a decrease of

the same, has a deleterious effect on the phagocytarian power, but

that the loss may be recovered ; for as soon as the osmotic pressure

has been restored to the normal, the phagocytes also entirely regain

their inherent power.

If from these experiments we may conjecture, that what we have

observed in the phagocytes, will also be applicable to other cells with

semipermeable walls, it is reasonable to conclude from the results shown

in tables II and III, that the vital functions of the cell are in a large

measure influenced by slight oscillations in the osmotic concentration

of the environment and consequently of the cells themselves.

IV. Effect of simple solutions of Salt.

1. Solutions of Sodium Chloride.

Now the question arises whether the loss of vitality described

above, must be attributed to the variations of the quantity of water

as such, or to the modification in the concentration of one or

more of the substances.

In order to examine this question systematically, we might have

alternately reduced the several elements in the diluted serum to

their original concentration and then studied the extent of the improve-

ment. But as in the mean time it had been clearly demonstrated

to us that in a pure solution of Sodium Chloride of 0.9 % the

phagocytes take up carbon in equal or almost equal quantities as

in normal serum, we decided to abandon this mode of investigation.

Here we must incidentally remark that, after all that has been said by
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Loeb') and others, of the injurious action of a pure solution of a simple salt on the

life of young moving larvae and the vital processes of higher animals, such as the

beating of the heart and the movements of the intestines, we were at first rather

astonished at the almost perfect innocuousness of similar solutions in regard to

the phagocytes. However, we can easily find an explanation for this seeming

inconsistency. Whenever a cell is surrounded by a simple isotonic solution of

salt, two things are likely to happen: an exchange of ions may take place, thus

causing a modification in the chemical structure of the cell, which interferes with

certain of its vital functions. This is the case with the larvae of fundulus

with the muscle of the heart and that of the intestines. A supply of specified

ions is then required to restore the chemical structure of the cell to its normal

state. But — and this is the second possibility — if the permeability of the cell

to ions is highly limited, a pure isotonic solution of salt will not cause any, or

only a very siight alteration in the chemical structure of the cell. This is the

case with the white corpuscles, the slight permeability of which to ions of

salts has already been demorslrated in the most convincing manner.-)

Bearing this fact in mind, it can cause no surprise that, contrary to the results

of the observations on eggs and muscles, a pure solution of Sodium Chloride

leaves the phagocytarian power entirely or almost entirely intact.

Under these circumstances, for determining the influence of the

water as such, it was indicated to take solutions of Sodium Chloride

of various strength.

Table V shows the action of dihiled solutions of Sodium Chloride

on phagocytosis.

TABLE Y.

Effect of hjper-isotonic solutions of Sodiuui Chloride on phagocytosis.

Solutions of Salt.
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Here we see the marked effect of a diminution in the concentration

of the salt solution.

TABLE VI.

Effect of hyper-isotonic solutions of salt.

Solutions.
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made in serum supplemented with an equal quantity of salt. This

proves that besides the osmotic pressure, which must principally

be made accountable for the decline, there is still another factor at

work, and this factor can be no other than the modification— however

slight — produced by a pure solution ofNaCl in the chemical structure

of the phagoci/tes. Some time ago, one of us, in conjunction with

Dr. VAN DER ScHROEFF ^), ali'eady demonstrated that the leucocytes

the same as the red corpuscles are in any case permeable to anions.

It is therefore evident that, owing to their chemical structure being

interfered with, the cells most lose some of their vitality (phago-

cytarian power) under the action of pure salt solutions, — or

rathei', that the}' should lose 7no7'e than in an isosmotic serum.

We have submitted this hypothesis to farther experiments, starting

from the foUowmg. reasoning : If it is a fact that in a hyper-isotonic

solution of salt, the phagocytes undergo a chemical variation through

exchange of ions, it must be possible to restore this loss of phago-

cytarian capacity resulting from their modification in their structure,

by replacing them in normal serum, and that this recovery will

not be complete by immersion in a 0.9 7o solution of salt. The

following table proves that we were correct in our surmise.

TABLE VII.

Effect of solutions of salt on the chemical structure

of the phagocytes.

Wliite corpuscles
immersed for 27j
hours in the fol-
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It is clearly demonstrated tliat th.e phagocytes, loldch have been

exposed for two hows to the action of solutions of Sodium Chloride,

exhibit a greater phagocytarian poioer when they are transferred

into serum, than when they are placed into salt solution of 0.9 "/,,.

No doubt the observation will strike the attentive reader as

contradictory, that this is onl^' the case with the phagocytes which

had been exposed to the action of sodium chloride of 1 %, 1.1 7o

and 1.2 7o> but not witii those which for the same space of time

had been immersed in a similar solution of 0.9 "/„ ; then the effect

of this salt-solution and the serum is quite the reverse. This, however,

is not actually the case ; for in serum the phagocj'tes are likely to

stick together and on this account do not offer as large a surface to

the carbon as in the salt-solutions in which they remain more isolated.

If then, as must be the case in an isotonic solution, the injurious

effects of the Cl-ions of the pure salt solution are comparatively

small, they may easily be exceeded by the unfavourable position of

the cells caused by the serum.

When, however, by the use of hyper-isotonic solution of sodium

chloride, the injurious action of the Cl-ions be increased, it may
exceed the detractory influence of the agglomeration of the cells,

and produce the results shown in the ^able.

With regard to these statements it may here be asked why, in

isotonic solutions of sodium chloride, the injurious effect on the

phagocytes cannot be determined, but is easily demonstrated when
hyper-isotonic solutions are used, and the more readily in proportion

as the concentration of the salt solutions are increased in strength.

This question is very natural, because it concerns such a small

increase in the considerable amount of ions of CI or of Na
already present. Here we arc invohiiitaril_y reminded of the fact

stated by Hedin ') with regard to the red blood-corpuscles. The

minute investigations of this scientist have brought to liglit the fact,

that in isosmotic isotonic solutions of salt, the corpuscles possess an

equal volume, but that iir isosmotic anisotonic solutions their relative

volume is no longer equal. Hedin has not given an explanation of

this important fact; but anyhow, it proves that simp'e solutions of

salt, when anisotonic, exercise still another kind of action beyond that

of their osmotic pressure. We propose to investigate this matter

somewhat further: it is very probable that by a modification in the

dissociation of the contents of the cell, an altered condition for the

exchange of ions is produced.

1) Hedin. Skandinavisches Arcliiv f. Phy.siol, 1895 S. 377.
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2. Solutions of Chloric Potash.

In our description of tlie intlnence of sodium chloride, we attri-

buted it to the ions of chlorine. This was based on the results of

investigations in which we compared the action of sodium chloride

and of potassium chloride, of which a few items here follow.

These investigations proved that isosmotic solutions of sodium

chloride and potassium chloride have almost the same effects on

phagocytosis.

TABLE VIII.

Comparison of isosmotic quantities of sodium chloride

and potassium chloride.

I

Percentage of leucocytes
containing carbon.

Serum

NaCl-soI. 0.9%

KCI-soI. I.i57„ (isot. m. NaCl-sol. 0.97„)

Serum +0.1 »/„ NaCI

„ +0.127 „KC1

„ + 0.3 „ NaCl

„ +0.38 „ KCl

„ +0.3 „ NaCl 1 afterwards

[
placed into

„ +0.38 „ KCl ' normal serum

253
7^X100 = 350/0

300.

836
X 100 = 36

258— X10t» = 34
277 '^

•183

^,X100 = 27

18^.

715
X 100 = 25

45— X'ioo= 7
630 '^

54

683
X100= 8

184
X 100= 30

185.

621
X100= 30

Two other parallel-experiments in solutions of 0.9% of sodium
chloride produced the following results

:

198—- X 100 =: 23 Vo of leucocytes containing carbon
oDo

and 11^ X 100 = 21.5 V„ „ „
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in (he isosmotic solution of KCl '1 .15 7o '

21 Vo leucocytes containing carbon

and ^X 100 = 22.5% „

Hence toe may conclude, that there is no difference between the

action of chloride of potassium and chloride of sodium.

3. Effect of chloride of calcium.

The great importance which, according to the most recent in-

vestigations must be ascribed to the ions of calcium, ^) in the con-

stitution of the fluid-matter of the tissues, induced us to test also

the effect of this medium on phagocytes.

With this object in view, we dissolved various quantities of chloride

of calcium in the serum of the blood of a horse and mixed the

suspension of leucocytes thus obtained with carbon.

TABLE IX.

Effect of calcium chloride.

Serum
+
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oreater, and bv the addition of 0.5 '/„ Ca CI, 6 aq., it again

decreases.

The result registered in the tirst instance, which is produced by

the addition of 0.01 "/„ CaCl,, must be considered the most valuable,

for it denotes the nearest unalloyed effect of the calcium chloride.

In the experiments where quantities of 0.1 7„, 0.5% and J% of Ca CI,

were added, the increase of phagocytosis is counteracted by the

unfavourable influence of the raising of osmotic pressure.

This experience is in strict accordance with the observations made

by L.\NGE>"DORFF, who found that the injection of very small quantities

of calcium, causes the heart to beat with greater force. We ascribe

this manifestation to the action of the ion of calcium on the contractile

substance, and we may conclude that the muscular fibre and the

phagocytes also, are permeable to this cation.

4. Effect of citras natrieus.

The frequent use which, in consequence of the experiments of

Wright and Douglas, ') is made of this medium at the present day

by the bacteriologists, in order to prevent the coagulation of the blood,

actuated us also to experiment with this substance for the sake of

determining its action on the phagocytosis. The following table gives

a survey of the results.

The customary solutions of 1 "/(, and 2 "/o of citras natrieus in

0.9 °/, solution of sod. chl. were used in these experiments.

TABLE X.

Effect of citras natrieus.
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From llic above tabic it is shown: J. Tliat in 1—2 "/„ solutions

of cilras nali'icus in 0.9 7o of "^od- Clil- llie pliatjocylarian power

is nil.

;

2. tliat the pliagocytarian capacity again jmrtidlli/ reappears, when
the cells are transferred into 0.9 "/„ solntions of Sod. Chi. IVie per-

inahent decline of the phaijocylarian poiver still amounts to 28 °/„.

5. Effect of Flnornatrinm.

P'luornatrinm being also much used for preventing the coagnlation

of the blood, it seemed important to ns also to study the effect of

this medium on the phagocytosis.

TABLE X[.

Effect of Fluornatrium.
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oxydalion taking place in tlie body, but also in infections diseases,

induced us to study its effects on the increase or deci'ease of the

phagocytarian power.

The results of one of the experiment are shown in the following

table.

T'A B L E XII.

Diminution of the alkaline reaction of the serum.

1 cc Vo n. H,SO,
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by adiiiiMisleriii;,^ acid per os, and we ai'C fully justified in ascriliinfj;

the poisonous effects of tlie acid, to a diiuinutiun in the process

of oxydatioii.

The results agree also with the observations recently pnl)Hshed

by J. LoEB, on the influence of the traces of NaOH (OH-ions) on

the artificial fructification of the eggs of sea-urchins. The autiior

has clearly demonstrated that the primary cause of this effect might

be found in the acceleration of chemical reactions. ').

TABLE XIII.

Increase of the alkaline reaction of the serum.

i

Ice 7" n. NaOH
+
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introduced in solutions of 0.9 7o '^od. eld. A more detailed account

of the results of these in\'estigations will follow later.

We also made a number of experimeuts to lest the influence of

other media on the phagocjtarian power, e.g. with ureuin, chinine,

argentum coJloidale, heterogenous serum, etc., the results of which

will appear in a subsequent paper.

Summary.

The following are the principal conclusions derived froui the above

described experiments.

1. The action exercised by various media on the phagocyterian

power of white corpuscles, can be accurately determined by counting

the percentage of cells which have taken up particles of carbon.

2. The addition of ivater to the inherent medium of the phagocytes

i.e. to their own seruDi, acts injuriously on the phagocytarian jioiuer.

Even a decrease in the osmotic concentration as may daily occur

in a normal individual, causes a perceptible decline in the phago-

cytarian power.

So, it was shown in one of the experiments that, whilst in normal

undiluted serum 37 °/„ of the leucocytes had taken up carbon, in

serum which had been diluted with 20 "/„ of water the amount of

cells containing carbon was only 32 Vo : this corresponds to a decline

37 —32
in the phagocytosis of ——— X 100 == 13.5 V,.

By the additiou of 50 °/„ water, the percentage of phagocytes

containing carbon fell to 21 "/o ; tl>us in this case a decrease of

37-25
phagocytosis of X 100 = 43 "/„.

By addition of 140 and of 200 7o water, the percentage of the

carbon-containing leucocytes was lowered to nil, — iu other words the

phagocytarian power had been suspended; but oidy temporarily
, for

3. Ijy replacing the cells damaged by tiie addition of ivater, into

their oion .serum, the phagocytarian power is entirely or partially
restored.

So the recovery was comi)lete, when the serum had been diluted

with 20 V„ or 50 »
„ of watei-, and .only partial when 70 tot 100 "/„

water had been added. Even when it had been diluted with 200 7„
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ii lif^iiro at wliifh, it is sliowii iiiidtM' "2, the phao;ocylosis liad been

LMilii-cly siispeiuled, — a recovciT took place in the phagoeytarian

piiwer to lialf of its original amount.

4. llie observations, here made with the phagocytes, correspond

with those previously observed in the red corpuscles.

1. The pliagooytes, the same as the red coipuscles, can support

a considerable qnantity of water (± 60 7o) without a single cell

being destroyed

;

2. The modifications produced in the phagocytes by the addition

of water, unless they have led to their entire destruction, may,

judging from the phagocytarian capacity, be entirely obviated by

replacing them in normal serum.

5. A he i g li tenin
(J of the osmotic concentration of the serum, as

well as a loioerincj of the same, {comp. sub 2) has a very injurious

efect on the phagocytosis. It was obvious that an increase of the

osmotic concentration had even a. more pro7ioiinced deleterious action

than the decrease at the .'iame ratio. Already an addition of 0.17o NaCl

to the serum caused the [)hagocytarian power to decline 17.3%.

By the addition of 0.4''/„ NaCl this decrease amounted to 79.2'';'„

and by the addition of 0.5°/„ Sod. Chi., the phagocytarian power was

reduced to nil; but this considerable loss was but temporary, for

6. it)hen the cells lahich had been damaged by an addition of

sodium chloride to the serum, loere replaced in their original blood-

.'<erum, their phagocytarian capacity tvas again entirely or partially

re.s-tored; entirely when only from 0.1" „—0-27o of the substance had

been added
;

partially when a greater amount had been used.

7. If thus, as shown under 2 and 5, the phagocytarian power

is specially impaired by modification of the normal osmotic concen-

tration of the blood-serum, this capacity will be entirely restored

as soon as the blood-plasma, principally owing to the activity of

the kidneys, has recovered its normal osmotic concentration. The

experiments have demonstrated that this recovery is still possible

after the agency of the anisotonic serum for 24 hours and more.

8. fn sohitions of 0.97o NaCl the phagacytarian power

is almost equal to that of serum. It considerably decreases under the

action of weaker and stronger solutions of this salt, even more so

than in scrnni wiiich has been made isosmotic with these salt-solutions.
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0. Tins result lends to the conchtsion that the decline of the pha-

qocytarian capaciti/ prodticed by animtonic seniiii , has its cause

principally in die alteration of the amount of loater in the cells.

10. Besides die modification of the amount of ivaier in the cells,

another factor comes into play, namely the chemical change, which takes

place consequently on the e.r.change of the contents of die cells luitli

those of their environment and ivhich, as a matter of course, is

greater when the cell w surrounded by a simple solution of NaCl
than uihen placed in an isosmotic serum. This accounts for the fact,

that phagocytes which have been submitted to the action of hjper-

isotonic solutions' of NaCl, when rephxced into serum, exhibit a

somewhat greater phagocytarian power, tliaii when tliC}' are trans-

ferred to a 0.9 "
(,

solution of NaCl. In tiie latter case they liave

not the opportunity, gi\en them in the former, of regaining the

ions which they liave lost in the anisotonic solutions of salt.

11. It is very probable that the ions of Ca and of OH belong

to this category.

With regard to calcium, it has been proved that by the addition

to the serum of the minute cpiantity of 0.01°/'„ CaCl^ 6 aq, i.e. about

0.005 ",„ CaClj, the phagocytarian power was raised by about

22.6 °/o- The inference is (hat ions of calcium must have penetrated

into the phagocytes.

On the other hand it may be surmised that the phagocytes will

lose ions of calcium when the amount of calcium in the medium
is lower than that to which tlie phagocytes are accustomed. This

loss of ions of calcium must cause a diminution of the phagocytarian

power.

We observe a similar result in the case of the OH-ions ; for our

experiments have demonstrated that decrease of these ions causes a

lowering of the phagocytarian power. A 5 °/„ diminution of the

alkaline reaction of the serum, which necessarily must lower the

amount of alkali in the phagocytes, produces a noticeable decline

in die phagocytarian capacity.

12. LoKB and after hiui other investigators have i)ointed out,

that a |)ure solution of NaCl nuist be considered iujurious to tlie

larvae of lower sea animals, the muscles of the heart, and those of

tlie intestines. This opinion does not hold for the phagocytes. The
proof of this assertion is found in the fact that iu a solution of

NaCl isotonic with serum, the phagocytosis is almost as powerful as

ill till' serum itself.
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This seemiiiii' coiitfadiction ina_v be met by the explanation that

tlio excliango of sulislaiice betuccn Ihc leucocytes and liie si)lution

of NaCI, es[iecially when llie latter is isotonic with the sernm, is very

small ; whilst in the case of other cells (ciliated cells, muscular (ibre

cells) the conditions of the exchange of ions are not so restricted, and

consequently the chemical structure of these cells is more easily

modified. And it is obvious tliat a modification of their chemical

structure causes a disturbance in their inherent functions.

13. From the facts here recorded, it is evident that in studying

the action of the phagocytes on bacteria in vitro, the degree of

osmotic concentration and of the alkaline reaction of the medium,

must be taken into account. This condition has been lost sight of

in several of the experirrients. They ought therefore to be repeated.

Groningen, June 1907.

Chemistry. — " TAe decomposition of penta-erythritol tetraformate

on heating." By Prof. P. van Romburgh.

(Communicated in tlie meeting of June 29, 1907).

As the heating of the diformate of .>. divinylglycol had led in su(^h

a simple manner to hexatriene 1.3.5, investigations have been set on

foot in my laboratory for studying the decomposition of formic

esters of polyhydric alcohols, the results of which will be gradually

communicated.

If for penta-erythritol we accept the formula -.

HO H,C. /CH, OH

HO H,C/ \CH, OH
and if the reaction took place in a similar manner as with s.

divinylglycol diformate, we might expect on heating the tetraformate')

the formation of a hydrocarbon of the formula.:

H,C. /CH,

H,C^ \CH,
in which occurs twice a 3-ring.')

') GusTAVsoN G. R. 123 (1896) 242 obtained from the tetrabfomide of penta-

erythritol, by tlie action of zinc and alcohol, vinylcyclopropan :

HjG.

I

>CH - GH = GH2,

instuail of the above cited liydrocarbon.
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The reaction, Iiowever, prooeerls in qnile a different sense, for

insleatl of tlie iiytii'oeaiiyon we only ol)lain cari)on nioiioxiile, while

penta-eiTthiilol is regenerated.

In order to prepare the tetraformate of penta-erythritol, this sub-

stance is heated with an excess (8 niols.) of concentrated formic

acid in a flask connected with a condenser, in such a manner that

the excess of acid distils over slowly with the water formed in the

reaction. When the thermometer placed in the liquid shows 120°,

the heating is stopped, and the distillation is I'epeated with a fresh

quantity of formic acid. After this the heating is repeated twice

with 100°/„ acid. There then remains in the flask an oily liquid,

which, when placed in a dish over sulphuric acid, abundantly

deposits crystals after some time. These are collected at the pump,

and then thoroughl}- pressed between filterpaper.

The solid substance thus obtained, after having been recrystallised

from dry benzene, melts at 55°. After repeated recrystallisation from

that solvent, the melting point rose to 57° and then remained constant.

This formate is sparingly soluble in ether; from a solution in

benzene it is precipitated by ether. It has a slightly liitter taste.

On boiling with a titrated solution of potassium hydroxide the

formic acid formed may be readily estimated.

Found 74.21 and 74.167„ formic acid

Calculated = 74.18''/„.

The ultimate analysis gave the values expected for penta-erythritol

tetraformate :

Found Calculated for Cg H,, U^

C 43.6 43.75 43.577.

H 5.26 5.16 4.88"/;

On heating this formate, a plainly visible evolution of gas com-

mences at 220", which is fairly strong at 230°. The gas evolved

consists of pure carbon monoxide and when the evolution of gas

has ceased, there remains in the flask pure penta-erythritol, which maj-

be readily identified as such by its pi-operties. The amount of gas

evolved is that required by theory.

I wish to express my thanks to Mr. van Endt, who has assisted

nie in these experiments with care and zeal.

Mr. Renier, who is engaged in the study of the formates of

glycols found that from 2.5 dimethyl-hexandiol 2.5, the well known
telramethyldihydrofurane, is formed by simply heating with formic acid.
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(>ii tli(> oilier liaiid llie roriiiif eslor ol' |i(iilaii(li(il 2.4 is \erv slahle

(ouards lieat.

At about 40()°, however, the ester is decomposed and a li(|uid

is formed boiling at 42° wliicli is most probably 1.2 dimothvl-

cvclopropane.

Mr. VAN Maankn, is engaged in the study of the decomposition

of the formic esters of mannitol.

Utrecht. Org. Ciiem. Lali. University.

Botany. — "On the influence of nuniiid s/inui/i lUt the fdnnatioii

of (idventitious buds ui tlie leaves of (raetum (ineiiion L." By

Mr. J. VAN Bp;usekom. Communicated by Prof. F. A. F. C. Went.

(Communicated in tlie meeting of .June 20, 1907).

It had been observed for a long time already tliat adventilions

sprouts were formed on the leaves of a specimen of Gnetuui Gne-

mon L., cultivated in the Botanic Garden at Utrecht.

In .lanuary 1906 my attention was drawn to this circumslauce

by Prof. Went, who advised me to study the development of these

adventitious sprouts, and to try to discover the origin of their formation.

The results of this investigation will be concisely communicaled here.

The adventitious buds appear on the tips of the leaves, while these

are still attached to the plant.

As far as I have been able to find out, the formation of these

adventitious buds has never before been observed with Gnetum

Gnemon, neither in its natural sites, nor in botanic gardens') except

at Utrecht. The Utrecht Garden possesses three specimens of Gnetum

Gnemon. One of these has been cojitiiiually cidtivated in ahotliouse

where in winter the temperature is kept at about 25° C, and the

air is very damp. The other two were, when 1 began my investi-

gation, in an other hothouse where the temperature is lower (in

winter on an average 15° C), and the humidity less. Whereas of

the former I have always obtained leaves in different stages of bud-

formation, the other two showed the phenomenon only after they

had been conveyed to the warmer and damper hothouse.

Although all three plants, apart from the formation of adventitious

buds, are evidently healthy and do not make a morbid impression

1 i On this point 1 gained information from the other Imlauic gardeu.s in our

country, from that al Municli and also from that at Buiteuzorg.



( i<^9 )

at all, lliev flower very rarely. Personally I only observed it with

one of ilic plants from tlie oooler huihuiise. Tliis latler plant produced

one single cT inflorescence, which enabled ine to check the accuracy

of the determination.

The first external change, noticed with a leave which will form

adventitious buds, is that on the tip extremely small yellow dots

appear, which are seen best when light is falling through the leaf.

They remind us in this respect of the oil dots in the leaves of the

Rutaceae or Hi/jji'i'icti/u, but as a rule they are bigger and less

densely spread than these.

With the bigger ones a hand-magnifier will show that where the

dots are, the epiderm of the upper or lower side or of both together

is slightly bulged, so that we have to do with small vesicles.

It will be shown presently that these vesicles are caused by the

sting of a scale-insect Aqiidiotus spec, and as such are not restricted

at all to the tip of the leaf. Normally, however, it is only the tip

which can form adventitious buds. The remaining part of the leafblade

can only form ad\entitious buds when the organic relation with the

tip has been disturbed in some way or other. But even then they

arise apically in this part. Hence only the vesicles which have

originated on the apical i)art of a leaf, form the introduction to the

process of bud-formation.

For the sake of simplicity we shall in what follows, only mention

the tip of the leaf, since the statements referring to the tip also

apply to the other cases.

After some time also the region, surrounding the vesicles, becomes

discoloured; as a rule the tip of the atfected leaf soon becomes

distinctly yellow, although in some cases it long keeps a more or

less greenish tint.

At the same time with this discoloration the tip of the leaf becomes

thicker. This thickening is at first not easy to observe macroscopi-

cally
;
gradually, however, it becomes stronger and at last generally

advances so far that the tip becomes stiff and diflicult to bend.

Of the yellow vesicles nothing can then be seen any longer.

The extent of this region of discoloration and thiclvcning varies

much in a basal direction; along the edge it generally extends farther

basipetally than in the middle; always, however, the phenomenon
is restricted to the apical [)art of the leaf. A new stage sets in,

when the surface of the thickened leaf-tip which until now had
remained smooth, on account of the swelling being even, becomes
uneven: as well on the lower as on the upper surface this may as a
rule be observed; on the upper surface it is generally more pronounced.
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t)iiriiii; i!k' lirsl wcL'ks iiciierally no slriking cliaiic.es are observed

until af"(er about a moiilli a varying number of local elevations,

yellow like the leaf-tip that produces them, becomes prominent and

reveals the differentiation of special proliferating centres.

As a rule we see these grow to real knobs, especially in the

direction perpendicular to the surface of the leaf.

While the knobs are still relatively small, brownish grey streaks

begin to appear on their tops, which gradually extend, so that

finally the whole knobbed surface becomes brown.

For some time such a knob shows nothing pai'ticular, except that

it becomes larger and thicker. Next on a certain day a small opening

is formed in its top, through whicli a small green point projects,

which will grow out into a leafed sprout.

As well on the lower as on the upper surface of the leaf-tip

knobs may form. Mostly they form on the upper surface, though.

With some leaves I have observed knobs on both sides at the

same time.

The observations on the time, needed by a leaf in order to form

"ripe" knobs, after the yellow vesicles have appeared, have led to

somewhat diverging results. The shortest period was observed witli

leaves on the upper branches or in the periphery of the crown,

which consequently occupied the most favourable position with regard

to light. On these good-sized, brown knobs had generally formed

half a year after the appearance of the yellow vesicles.

Also for the question, how old and how large a knob must bo in

order to open and give the adveiditious bud an opportunity for

sprouting, no rule can be tixed. I saw one sprout five weeks after

the knob had first been observed as a special elevation, while others

were still closed after five to seven months.

About the size of the knobs we may state that some knobs,

scarcely rising more than a millimetre above the surface of the

leaf-tip, opened, while others of double and even treble the height

remained obstinately closed. Yet these latter contain as well an

adventitious bud and not seldom even more than one.

The microscopical investigation was for the gi'eater part cari'ied

out on microtome preparations. For fixing the material I used the

mixture : zincchloride-glacial acetic acid-alcohol, (2 grams of zinc-

chloride and 2 ccra. of glacial acetic acid to 100 ccm. of alcohol of

45—50 pCt), recommended by Juel '). The particular hardness of

1; H 0. Juel, Ueber den Pollenschlaucli von Clupressus. 'Flora. Bd. 9.3. 1904.

pag. 56—62j.
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the leaf tissue made it necessary to treat the material, before being

embedded in paraffin, during 3 to 4 X 24 hours with a 40 pCt.

aqueous solution of liydrofluoric acid. After this treatment it was

then waslied for 8 to JO hours in streaming water, dehydrated bj"^

the usual method and after treatment with chloroform embedded in

paratlin (melting point 62"^ C).

For staining the sections 1 used at tirst Haematoxylin-Delafield

and saffranin, according to the prescriptions given in Chamberlain's

"Methods in Plant Histology" '); but this method proved unsatisfactory

for diiferentiating the very thin-walled meristem cells. Therefore I

afterwards always stained with methyl green and acid fuchsin '), by

which very good i-esuUs were obtained.

A consequence of the treatment with hydrofluoric acid was that

the microtome preparations were not suitable for all observations.

In these cases I used hand-cut preparations, if necessary stained with

Haematoxylin-Delafield.

The anatomy of the normal leaf, on which something may be

found in literature with Bertrand '), De Bary ^), Scheit ') and Haber-

LANDT ^), is as follows.

The epiderm of the lower and upper surface consists of relatively

small, cubical cells, the outer wall of which is strongly thickened

and provided with a strong cuticle and from which capriciously

shaped and canaliculate outgrowths project into the lumen of the

cell. (cf. Bertrand, 1. e. PI. II fig. 6, 7, 8.). In the epiderm of the

lower side numerous, irregularly placed stomata are found.

Under the upper epiderm lies the palissade parenchyma, formed

by one continuous row of cells, slightly elongated in the direction

perpendicular to the leaf surface, (dimensions 13—21 fx by 21—30 ft).

Between the palissade cells and the lower epiderm lies the spongy

parenchyma, consisting of tubular cells, the diameter of which is on

the average 18 (i, as a rule is not more than 9 ,u at a partition wall

between two tubes and does not reach more than 28 ;i. Between

the cells of the spongy parenchyma remains a system of large inter-

1) G. J. Chamberlain, Methods in Plant Histology 2nd ed Chicago. 1905.

pag. 30, 38 and 54.

-I Chamberlain. 1. c. p. 40, 44 and 68.

', C. E. Bertrand, Anatomic comparee des tiges et des feuiUes chez les

Gnetacees et les Goniferes. ( Annales d. Sc. nat. Botanique 5'^"" serie Tome XX. 1874).

*) A De Bary. Vergl. Anatomie der Vegetation.soigane der Phaneiogamen und

Fame. (Handb. der Physiol. Bolauik von W . Hokmeister. Leipzig. 1877.)

"t M. ScHEiT, Die Traclieiden-Saume dci- BlaltljCindel der Goniferen etc. ',JenaiscliP

Zeitschr. f. Naturvv. Bd. XYI. Neue Folge Bd. IX. 1883.)

'^) G. Haberlandt, Physiologische Pflanzenanatomic 2tc Aull. Leipzig. ISSti
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celliilar spaces. In the spongy iiarcncliynKi ntmicious thick-walled

sclerencliyma fibres are found, wliicii are generally ramilied and

often have an enormous length.

A section through a leaf-tip on which yellow vesicles are found,

shows that these vesicles are caused by hypertrophy of cells of the

spongy parenchyma which have thei-e entirely lost their tubular shape

and among which specimens are foimd, measuring 91 by 109 (i,

100 by 73 II, 100 by 113 (i etc. Among the cells, constituting the

vesicle, some are always found which in unstained preparations are

conspicuous by their wall being more or less swollen and brown.

In preparations, ti-eated with acid fuchsin and methyl gi'een, the wall

of these cells is blue, those of the other cells red. Applying the

usual reactions we find that these walls have become suberized. Also

of the palissade parenchyma some cells may have become larger,

but always in a small degree.

While in the vesicles themselves the process goes a little further

still on account of partition walls forming in some of the enlarged

cells, whose walls have not become suberized, also the region,

surrounding the vesicles, evidently answering to a stimulus, proceeding

from them, begins to undergo similar changes. Macroscopically we
detect this by the more or less yellow tint, assumed by the vicinity

of the vesicles. A microscopical examination of the section shows

that now also outside the vesicles the cells of the spongy parenchyma

are hypertrophical. As with the formation of the vesicles the chlo-

ropliyl is disorganised in the hypertrophical cells.

At this stage no function of importance may be ascribed yet to

the cells belonging to the palissade parenchyma.

In most preparations jiow already the peculiar behaviour is noticed

of those spongy parencliyma cells which border immediately on the

palissade parenchyma. While the other cells of the spongy parenchyma

swell as evenly as possible in all directions, those which lie imme-

diately below the palissade parenchyma become enlarged especially

in a radial direction, thus making the impression of a second layer

of palissade cells. Since also in later stages they will repeatedly

draw our attention, I shall in what follows call these cells subpa-

lissade cells, instead of using the cumbrous longer definition.

This extension, especially in a radial direction, of the subpalissade

cells, is illustrated by the following two tables.

A Siibpaliss. pells of a

normal leaf-tip

li Siibpaliss. cells of a

yellow leaf-tip

Height //; 16

Breadth// : 31

Ih'iglit // :3.1

liieadth/i :3l

g t^
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In a leat'-ti|) wliicli iiiacioscopically is (iistiiigiiislied, besides by

the yellow colour, by a (listinc^t tliickeniug, the intercellular cavities

of the spongy parenchyma are found to have entirely disappeared,

excepting a small corner here and there. The mutual pressure which

the cells consequently begin to exert on each other, causes them to

assume a more polygonal shape. The cells, bordering on the sub-

palissade cells and often also the rows, turned towards the lower

epiderm, show a tendency to stretch themselves in a direction per-

pendicular to the surface of the leaf. In many spongy parenchyma

cells partition walls have formed.

The part, pjayed by the subpiilissade cells in the process of thick-

ening, is generally a very important one. So I found in a leaf-tip

in a place, where it was 332 ft thick (the section of a normal tip

is on the average 170 n), cell rows, formed of subpalissado cells,

partitioned by two or three walls and measuring 90, 110, 115 and

127 ft in height. — The palissade rows were in these places not

sensibly enlarged.

That the diflerent tissues also in the same leaf-tip do not e\ery-

where play the same part in the process of thickening, appears from

the following figures, from measurements in two different places of

the same leaf-tip:

Height of the palissade cells.

Height of the subpaliss. cells.

Height of the spongy paiench.

na . A- I
most cells with

36 to 4...
} o or 3 partitions

73 to 82 « (mostly partitioned)

•273 a.

27 ij. non-])artitioned.

I4f I \
^^^^'^ numerous

1
' ' partition walls.

273 p.

The special thickened outgrowths, mentioned on page 3, are caused

by the same processes of proliferation which cause the thickening

of the whole leaf-tip, and which in some places go on with particular

activity, while the surrounding region seems to come to rest.

Oil the upper surface they are formed by locally strong prolife-

ration of the subpalissade cells. Sometimes also the underlying cells,

originating from the spongy parenchyma contribute to them and then

it cannot be ascertained as a rule what part is derived from the

subpalissade cells and what from the original si)ongy parenchyma.
In most cases the contribution of the palissade parenchyma to the

formation of the special elevations is rather unimportant.

The special thickenings on the lower surface of the leaf are

entirely formed by cells which genetically belong to the spongy
parenchyma but for the rest in e.xactly the same way as those on
the upper surface. Since tlie cells fidiii which they arc built up,

di\ ide paiallclly to the surface of flie leaf and the so-formed division-
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While ill another ease a priniordium was notieed which genetically

belonged to the original spongy parenchyma I found in a small knob

which was still covered by an intact epiderm, and did not rise more

than 85 ji above its surroundings, and in this case had been formed

by special proliferation of the palissade parenchym, a distinct young

meristem immediately below the epiderm. The epiderm ceils themselves

hoivever, did not take part in the formation of the meristem.

In a word, meristem formation may take place as well by cells,

descending from the spongy parenchyma and the subpalissade cells,

as from such as have been formed by hyperplasia of the palissade

parenchyma, the epiderm, however, plays no part. In other words;

the adventitious buds on the leaves of Gnetum Gnemon are endogenic

formations.

In the beginning the young meristem increases in size by its own
active growth as well as by new cells from the immediate vicinity

becoming meristematic.

When the meristem has reached certain dimensions, it partly

becomes loose from the surrounding tissue. This is brought about

by some of the cells, forming the transition between the meristem

and the surrounding tissue, being dissolved and resorbed.

This dissolution process proceeds along the whole upper side of

the meristem, so that the growing point of the adventive bud comes

to be placed in a slit-shaped space.

The greater the depth at which the meristem was originally formed

inside the knob, the thicker is the layer of tissue which ultimately

separates the bud from the outer world and the fui-ther the develop-

ment within the enclosure proceeds. This explains how it is possible

that knobs, no larger than i millimetre, open, while much larger

ones remain persistently closed.

The appearance of two meristems within the same knob is a \qvj

common occurrence; once I found as many as four meristems in

one knob.

The buds assume a green colour while they are still entirely

enclosed within the knob and hence must have the power, like the

germinating plants of Ephedi'a and the Coniferae, to form chlorophyl

independent of light.

The sprouts growing out of the adventitious buds always remain
short and tender. The biggewt I obserxed reached a height of about

3,5 centimetres and consisted of a stem with 5 internodes (inchuiing

the basal part) of which llic upper one reached the greatest length

(almost 2 centimetres), while ihe leaflets on the last node became

12
Proceedings Royal Acad. Amsterdam. Vol. X.
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largest (about 3 cms. lon^). Tlie position of tlio leaves is alternating-,

the innervation of the leaf the typical one for Gnetiim Gnomon •).

The leatlets on the tirst node as a rule remain scale-shaped ; in some

cases, however, they develop to leaflets, differentiated into stalk and

blade.

Although in the axils of the leaflets axillary buds are certainly

formed, I never saw tlie adventitious sprouts ramify themselves,

except in a single case, when, as I surmise, of the basal piece of

an adventitious sprout the terminal Imu! did not develop for some

reason or othei-, and instead the buds in the axils of the scale-leaves

sprouted.

On a differentiation of histogens at the vegetative cone I have not

been able to form a definite opinion from my preparations of ad-

ventitious sprouts.

The numerous attempts which I made, in order to induce the

adventious sprouts to produce roots, have all failed. This agrees with

the circumstance that in my preparations I have never been able to

discover anything that resembled root-formation. The sprout-canying

leaves which had been planted in wet sand did not form roots either.

As far as I know formation of adventitious roots does not occur at

all with Giietum Giiemon.

A connection between the vascular system of an adventitious

sprout and the nerve system of the mother leaf is established by

procambial bundles, formed by cells of the tissue, situated between

the meristem and a leaf bundle.

As a rule we find as the first indication of this vascular bundle

connection in the immediate vicinity of very young meristems even,

some tracheids and cells, changing into them. The degree of develop-

ment, reached at a certain moment by this vascular bundle connection,

is not directly dependent on the degree of development of the ad-

ventitious bud in question, but seems to me to stand in close relation

to the distance between meristem and leaf bundle and to the dia-

meter of this latter. Wiien a complete connection has been established

we see the vascular bundles of the adventitious sprout within the

knob in which the bud has formed, bend towards each other and

unite with a more or less cylindrical group of locally formed vessels

and tracheids, the ramifications of which are connected with the

vascular bundles of the mother leaf.

When describing the changes, macroscopically observed with a

ij Viz. Nr. 3 of the leaf nervations, distinguished by Karsten for the species of

Gnetum [G. Karsten, Untersuchungen uber die Gattung Gneluni. I. (Ann. du Jardin

Bot. de Builenzoig Volume XI. 1893. p. 105—218;].
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leaf in wliicli adventitious buds are forming, it has already been

briefly stated that the yellow vesicles, initiating the process of bud-

formation, are caused by a scale-insect, Aspkliotus spec.

That suspicion fell on this Aspidiotus had a very simple reason.

Although not nearly all the leaves, showing yellow vesicles,

carried scale-insects, yet the reverse was generally true and it soon

became apparent that the leaves, carrying scale-insects generally also

had some yellow vesicles.

But unexpected difficulties were experienced when it was attempted

by means of microtome preparations to obtain certainty and a clearer

insight in wiiat had been rendered probable by macroscopical obser-

vation. A great difficulty was that the majority of the insects refused

to stick to the bits of leaf from which the microtome pi-eparations were

going to be made. While a great part already loosed their hold during

the treatment preceding the embedding itself, their example was

followed by most others when they were put into the melted'paraffin.

It was supposed that perhaps the reason of this was that the scale-

insects, when coming into the fixing solution, withdrew their suction

organ from the tissue of the leaf, possibly on account of a pre-mortal

reactional movement. After this unfavourable result the leaves carrying

the insects were always treated before fixation with an anaesthetic,

namely aether. This precaution, however, did not materially impi-ove

the results.

Among the microtome preparations which I obtained in spite of

these difficulties, there is not a single one in which a scale-insect

may be seen in a sucking position. But always in the places were

an insect was on the leaf, in the tissue the changes were found

which we described as characteristic for the yellow vesicles.

Here also hypertrophy, accompanied by disorganisation of the cholo-

rophyl, of cells, belonging to the inesophyl; some of these cells have

brown walls. Also in the epiderm on which the scale-insect is found,

some cells are found, the walls of which are suberized and which

besides are sometimes slightly swollen.

I was more fortunate with hand-made preparations, some of which

show the suction apparatus of the scale-insect inside the leaf tissue.

From these we see that in the yellow vesicles those cells, the wall

of which has become suberized, have been in direct contact with

the suction apparatus of the scale-insect and that the other cells,

which become hypertrophical, only react to a stimulus, e.vercised by

the wounded cells. On the character of this stimulant action we
shall speak presently.

Tiiat here (lie enlargouieiil of lln' ci'll should lake place at the

12*
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expense of its own contents, as is stated for many similar iivpertro-

phical processes, is not tlie impression I received. Altliongh in many
of the very strongly hypertropliical cells a large central vacnole may
be observed, yet I saw nowliere reduction of tiie protoplasm to a

very thin wall-lining. The nnclens does not show any deviation and

the cell-wall does not become perceptibly thinner.

That the sting of the scale-insect not only canses the formation of

the yellow vesicles but through tliem also all further changes, in-

cluding the formation of the adventitious buds, has become clear to

me by

:

1. the microscopical examination of a very large number of

preparations, relating to these stages

;

2. the continued observation of a number of leaves on the tree,

showing that those leaves on which scale-insects or the yellow

vesicles caused by them, were seen, underwent the above described

changes, while the control leaves remained free from them. On
Sept. 13, 1906, the top of that plant which forms adventitious buds

most strongly and one of its branches were each surrounded by a

muslin balloon, after they had first been carefully inspected and

cleaned. "^These balloons were supported by skeletons of galvanised

iron wire and closed below by pulling them on to a pad of cotton

wool, placed round the sprout. At the top of the plant were then

only young leaves, on the branch full-grown ones, all of them free

from scale-insects and vesicles. The balloon, surrounding the top of

the plant iiad repeatedly to be replaced by a bigger one as the

top grew.

On January 22, 1907, the balloon was removed from the branch

and the leaves were examined. Of two of these leaves the extreme

part of the top had turned yellow. A microscopical examination of

these leaf-tips showed, however, that here was no initial stage of

bud-formation. Hypertrophical cells, such as we ought to have found

in this case in the mesophyl, were not present. The yellow colour

was caused by the dying of the tissue, the cell-contents then dis-

colouring.

On May 10 the top of the plant was liberated. A number of full-

grown leaves which at the beginning of the experiment were still

young and young leaves at lateral sprouts which during the isolation

had been formed by sprouting of the axillary buds, were now seen.

All these leaves were perfectly normal, healthy and strong with a

normal green colour; on none of them anything could be detected

of yellow vesicles or spots, of none the top showed any discolo-

ration or thickening. The isolation by means of the muslin balloon
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had not hindered these leaves at all in their normal development

Only scale-insects and other animals had been prevented from settling

on the leaves with the formerly described result.

Similar tumours as the yellow, thickened leaf-tips of Gnetum

Gnemon really are, have also been repeatedly observed with other

plants and described under the name of "yellow specks" (Gelbtlec-

kigkeit), oedemata or intumescences. The word "Intumescentia" was

introduced into phytopathological nomenclature by Sorauer with the

definition'): "Intumescentia" sind "dieijenigen Erscheinungen, die das

gemeinsame Merkmal haben, als kleine knotchenformige oder driisige

Auftreibungen der Blatter aufzutreten, die meist an diesen Stellen

gelb verfarbt erscheinen und eine aussergewohnliche Zellstreckung

ohne wesentliche Zellvermehrung zeigen". That the thickened leaf-tips

of Gnetum <r)ieinon are not indeed "kleine Auftreibungen" and do

present "wesentliche Zellvermehrung" need not necessarily prevent

us from counting tiiem among the intumescences, since as well very

large ") or nuitually coalescent ') as typically hyperplastic ") intumes-

cences have been described for other plants.

We cannot now deal with the very divergent views of different

investigcitors about the cause of the formation of intumescences; we
will only mention that in most cases it has been stated that a high

temperature and great humidity of the air are essential factors.

Experiments enabled me to foi'm an idea about the character of

the stimulus exerted by the scale-insects on the tissue of the leaf of

Gnetum Gnemon, on which the formation of the intumescences is

the reaction. After I had tried artificially to produce intumescences

in leaxes by mechanically wounding them in all sorts of ways and

treating them with poisons, without obtaining the desired result, I

arrived at the conclusion that either my method of wounding, com-

pared with that of the scale-insects, was too coarse or that the

insect injected some stimulating substance into the leaf. In order to

settle these points the following experiments were carried out: 1). In

1; P. Sorauer, Die symploraatische Beiteutung der Intumesceuzen (Bot. Zeilg.

48 Jahi-g. 1890. p 241).

^) H. V. ScHRENK, Intumescences formed as a result of chemical stimulation.

(Missouri botan. gardeu. 10''' ann. report. 1905. p. 125).

') Miss G. E. Douglas. Tlie formation of intumescences in potatoplants, (Bot.

Gazette Vol XLIII. 1907. p. 233.)

') E. KiisTER, fiber experimentell erzeugle Inlumescenzen. (Ber. deutsch. bot.

Ges. Bd. XXI. 1908. pag. 452). P. Sorauer, Ueber Gelbfleclvigkeit. (Forscli. a. d.

Geb. d. Agrik. Pliys. li. v. Dr. E. Wollny.. Bd. IX. 1886. pag. 387). and hiluiuescenz

bei Solanum lloribundum. (Zcitschr. f. Pllauzenkraukli. Bd. Vll. 1897. p. 122).
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tlio Icaf-tip^i extromoly sin.ill uomids wore made by means of the

slei'iliscti, very line poiiil of an iiijeelidn .syringe. 2). Tlie same was

(lone after llie poiiii liail lirst been stuck into yellow vesieles, cansed

by the scale-inseels. 3). A number of yellow and thickened leaf-tips

were ground in a mortar and a very small portion of the so obtained

pulp, mixed with some diluted glycerin, injected in several places

in leaf-tips. 4). The same operation as in 3 was applied after the

pulp had iirst been heated to 100° C.

The result was e.xactly the same in nil cases.

After some ten days small, brown specks were visible in tlie

wounded places, which afterwards could still increase somewhat in

size. A month after the wounding the brown specks had become

surrounded by a very thin, more or less transparent, yellow margin.

The brown specks were formed by the cells which had died in con-

sequence of the wounding, and the walls of which had turned brown.

In the yellow margin a complex was found of relatively small cells,

leaving no intercellular cavities. These cells had thick walls and

their protoplast still contained I'emnants of the chloropliyl gi'ains.

The complex was formed by hyperplasia of the whole mesophyl.

On the border between this complex and the normal tissue some

cells of the spongy parenchyma had become greatly enlarged, their

chloroplasts having become disoi-ganised. After another month it was

noticed that the leaf-tips in the Jieighbourhood of the wounded spots

assumed a somewhat yellow colour, which gradually became more

and more distinct. Microscopically it could be stated that where

externally this yellow discoloration was visible, the tissue round the

wounded spots had undergone precisely the same changes as take

place round the yellow vesicles, caused by the scale-insects, namely

a general hypertrophy of the cells of the spongy parenchyma, while

here and there even a partition wall had already been formed in

the enlarged cells.

As was stated above, this result was obtained in all cases, also

in those in which small wounds had been made without anything

else. From which we may conclude that the leaf of Gnehnn G7iemon

may be stimulated to the formation of intumescences and hence of

adventitious buds by wounding, provided this is very light and that

consequently the process must be regarded as a reaction on a

mound stimulus.

In a disease of carnations which also consists in the formation of

a sort of intumescences.') and for which it has been shown by

1) H. V. SCHRENK I. C. p. 39.
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Woods ') that it is caused by tiie sting of aphides, among others,

Woods tiiinks tiie growtli of the yellow, thit'kened spots must be

ascribed to the diffusion of an irritant, injected by the insect ^).

That a similar hypothesis is superfluous for the "stigmonose" of

Gnetum Gnemon, appears clearly enough from our experiments. The

specific point about the wound, made by (he suction organ of the

scale-insect is only that it is so trifling. Only a few cells, namely

those which are distinguished in (lie yellow vesicles by brown walls,

liave undergone tlie dii-ect consequences of it, while the whole

subsequent formation of the intumescences takes place as a reaction

on the stimulating action, proceeding from these few wounded cells.

Kuster') calls all cataplasms after vulneration, as far as they have

a parenchymatical character, callus. According to this terminology

also the tissue of wiiich (he thickened leaf-tips of Gnetum Gnemon
consist, is a "callus" and the buds, formed in tliem, are callus-buds").

Why the two plants from rhe cooler hothouse did not form callus

or buds on their lea^es, is now also clear. The Aspidiotus, playing

such an impoi'faiit part in this formation of callus, is also found in

the cooler hothouse; but for callus-formation the chief condition is

humidity. This condition was only to some extent fulfilled by the

cooler, but completely by the hotter house, while also the higher

temperature in this latter could not but favour the formation of

callus with these tropical plants.

Why only the apical part of a leaf is capable of forming callus

and buds, may be explained in the following manner. The small

wound causes an afflux of nutrient matter in an apical direction.

If now an accumulation of this matter, which is necessary for the

hyperplastic formation of callus, shall be possible, the afflux must

not be able to pass by, i.e. it must be stopped apically of the wound.

And this condition is normally only fulfilled in the tip of the leaf,

in another part of the blade only when the organic relation with

the tip has been disturbed.

Botanical laboratory at Utrecht.

1) A. F. Woods, Stigmonose: a disease of carnations and otlier pinks. (Bull,

no. 19. U. S. Dept. Agr. Div. Veg. Pliys. and Path. 1900).

2) 1. c. p. 24.

') E. KiisTER, Pathologische Pflanzenanatomio. Jena. 1903. p. 154.

') See also : E. Kuster, Histologischc und experiinentelle Untersuchungen fiber

Inturncscenzen. (l-'lora oder allgem. bot. Zeitg. 96 Bd. 1900, p. 527—537).
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Crystallography. — "77/' si/sfein o/'fri/s/idlizntion of the diamond"

hy i\lr. A. L. W. E. van dkk \^kkn, candidate niiiiiiig- engineer.

(Comni. bv Mr. Molengraaff).

(Coramunicated in the meeting of .lune 29, 1907).

There still exists some doubt about the system of crystallization

of (he diamond. Although the tetrahedral hemihedrism of the diamond

is pretty generally accepted, still tlie opinion that it belongs to the

regular system, also finds support.

The existing uncertainty is caused by the lack of physical research

with regard to this question. Such a research imo the existence or

non-existence of polarity of the trigonal axes has now been made-

With that object in view the trigonal axes of the diamond were

tested for [)yro-electricity according to P. P. Koch's method').

Tourmaline, boracite and cpiarlz, which evinced strongly pronounced

pyro-electrical characteristics, were used as testnunerais. , The result

arrived at is absolutely negative. The diamond is not pyro-electric,

and the trigonal axes do not possess polarity.

Besides, researches wei-e made into the crystalline form of the

diamond out of a collection of 367 uncut diamonds collected by

Mr. Molengraaff. Practically all types of ci'ystallizatioii were rejire-

sented here, to explain which tetrahedral hemidedrism for the diamond

had been accepted in nninerous writings of Groth, Sadebeck, Martin

and others. The residt of this investigation, which is not yet at an

end, is that a rational explanation of all irregular and apparently

tetrahedral-hemihedral crystalline forms of the diamond can be found

in the peculiar octahedral lamellar structure of the diamond.

On this ground it may be accepted that the diamond crystallizes

in the holohedral division of the regular system.

1) I-". P. Koch. Ueber eine neue Methode zur Untersuchung aiif Pyioelektricitat.

Inaug. Dissert. Miinchen, Mainz 1902.
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Physics. — "Contrilmtlflu to the thoorn of hinavxi mixtures. VI.

Tlie phthpohit lint'y By Prof. J. 1). van ukr Waai,s.

Continued. See p. 123.

By the plaitpoiiit line we understand the conliiuious series of points,

in which the mixture is in the pkxitpoint state. If we think the

points of the surface of saturation determined by tlie coordinates

T, p and ,v, then tlie jilaitpoint line is a curve lying on this surface,

and its projections on the planes of coordinates are expressed by

:

p=/, (T), j)=/\{v) and :v^/\{T). If the surface of saturation

is given by the coordinates T, v and .r, its projections have the

form: v:=/\{T), v=/\{.v) and j;=/\{T). The two surfaces of

saturation mentioned may be derived from each othei- by the aid of

the relation p ^ <p {x, v, T). If we have the first mentioned surface,

the substitution of p leads to the second. However, we might also

have eliminated T, and obtained a surface of saturation of the form

F{p,v,x)=^Q, also one of the form' F^ {p,v, T) ^=0. A point of

saturation being determined and known in all respects if the 4

quantities T, x, v, and jJ aie known and the equation of state giving

a relation between these 4 quantities, we may imagine as many
surfaces of saturation as the number of combinations of 4 quantities

three and three. The number of projections of the plaitpoint line

is then the number of combinations two and two. For the direction

clT dp dv dp dp dv
of the projections -—

, -r- ,
-—

, -=; ,
-—,and— present themselves for

dx d,i; dx dl dv dT
consideration, which of course, are not independent of each other.

The best known shape of the plaitpoint line is that for which the

initial point lies in the critical point of the first component, and the

final point in the critical point of the second component.

In this case there is a point in which the plaitpoint line begins,

and another in which it terminates; but such initial and final points

lie necessarily in such places as are to be considered as natural

boundary points. Thus initial and final points might also occur for

boundary volumes {v=i.b) — but a plaitpoint line can never have

an initial or final point for arbitrarily chosen value of v and x.

Thus in the case that there is minimum or maximum Tk the mentioned

well-known shape of the plaitpoint line will, it is true, make its

appearance only in a certain point with gradual increase or decrease

of the temperature for certain definite value of T — but such a

point is then necessarily a double plaitpoint, and the plaitpoint line

itself retains its character of continuous series of points ; the double
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plaitpoiiil iiH'iitioiieii is tlioii ;iii li()iii()f>-ciiooiis <ionl»le |)laitpoi)it. If

tlu'ii ill llio 7', ,7-|)i()iecti()ii llie plailpoiiit line is drawn, il proceeds

again contiimouslj from the left to the right side — and this con-

tinues to be the rase also when the plaitpoint line mentioned has

more intricate properties, e. g. when tiiere are two heterogeneous

double plaitpoints, as discussed in "Contribution etc." and also treated

in These Proc. Marcii 25, 1905, p. 621 and These Proc, June 24,

1905, p. 184. However, besides this plaitpoint line, another is possible.

The latter does not cross from the left side to the opposite side. So

only the possibility is left either that it is a closed curve in the

V, .-c-projectiou, or that it begins and terminates on the borders 7) = b.

We shall proceed to discuss some properties of the special points

of this line, particularly of the double points of this line. Korteweg

has demonstrated that these double points are of two kinds. Either

it is a double point in which two homogeneous |)]aitpoints originate

or coincide — or it is a double point in which this is the case for

two heterogeneous plaitpoints. Tiiougli physically such plaitpoints

bear such different characters - mathematically they satisfy the

same criteria, and on the plaitpoint line such an heterogeneous double

point is the transition point for a -series of plaitpoints which might

be realized, and for a series of unrealisable plaitpoints.

Minimum or maximum temperature for the plaitpoint line.

If we suppose a double plaitpoint to originate or to disappear on

the i|j-surface at a certain value of T, two plaitpoints are found at

somewhat higher or lower value of 7'. This holds both for the case

that the double point is an homogeneous and an heterogeneous double

dT
point, as we shall briefly call them. For the plaitpoint line -— and

da;

dT dT— ^0 in this case. But for an homogenous double point — is also
dv dp

dp= 0. This property follows from the shape of — , which has been

derived in Verslag Kon. Ak. v. Wet. Deal IV p. 20 and p. 82 because

d^v = in an homogeneous double point (Contribution etc. These Proc.
dx^/,

dT
March 30, 1907, p. 745). For an heterogeneous double point — is

dp

dp
not equal to 0, as also appears from the value given for -— , as for such

d^v d''v d'v
a double point = 0, but —-=——. That in an heterogeneous^

dx*p dx*p dx\
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dT
double point — is not pi|ual lo 0, is also iniinediatelv seen when we

dp

dT
consider that for siicli a point also dp = 0, and — appears there-

tip

fore in an indefinite form, the vahie of wliirli we shall presently

dv / dv \
determine. Henee —= I for such a double point, which is not

die \ d.v JI,

the case for an homogeneons donble point.

Of tlie 6 differential quotients which come in for discussion, three

are equal to for an homogeneous double point, and three are left

dv dv dp
the value of which is still to be determined, viz. — , — and —

.

dx dp dx

If we write

:

dT

dv dx

dx dT

dv

dT

dv dp

dp dT

dv

and
dl

dp dx

dx~df'
dp

in ail these three expressions both numerator and denominator is

equal to 0. If in the first we differentiate numerator and denomi-

nator with respect to a:, in the second with respect to v, and in the

third with respect to p, we find

:

d'T

dv dx^

dx'
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or

(
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dp dp dx
are equal to 0. Prom —== ^--r— follows, if we take into coiisidera-

dl dx dl

dp dx dp
tion that — lias a tinite value, and — =00, that — must be

dT dT dx

dp= 0, and also — = 0. That j^ I'f^s maximum or minimum value in
dv

the case of an heterogeneous double point has already been repre-

sented b^- us in a drawing. (These Proc. March 25, 1905, p. 621,

and June 24, 1905, p. 184). So of the 6 differential quotients for

the projections of the plaitpointline 4 are zero. Two are left whose

dp dv
value is to be determined, viz. — and — .

dT dx

dp

dp dx
If we write: — ^ -— , we find by dilferentiation of numerator

dT dT

dx

and denominator :

d'p

dp dx'

df~¥f
dx^

dT

dv dx
If we write: — ^—-~, we find:

dx dT

dv

d'T

jx) ~~~dyr'

What follows may serve as a verification. Let us again write as

holding in the immediate neighbourhood of the double point :

T = T, ± a {x-xS =T,± ^i{v-v,y

and

p—Pi(^r (*•— ^o'" — Po ± <f{^'—v,y-

For minimum value of T and p the positive sign must be chosen,

and reversely. So we have the following relations :

a(x— x,y — i1{v-v,Y,

and



from wliicli

Further

( 188 )

-= A

T-T„ P—P.
a y

In this last equation the sign -\- must be chosen, if, as is the

case, T and p have at tlie same time either maximum or minimum

value. We (ind then :

dp__y_

dT~ a

and

dx K f} K rf

dv fdv\
That this value of -— = -- follows from the derivation.

dx \dxJijX

So we tind a definite value for -7-,, and as no lower value of ?'

dT

exists for niinimum value of T, and no higher value for maximum

value, the j^.T-projection of the plaitpoint curve must possess "cusps".

dp
, /n 1

That this value of — is positive, and so p and T are at the same
dT

time maximum or minimum, follows inter alia from the equation :

*=(IXt+(l>+(l).f-

CA\dxJ„T

'±\ '

^dvJxT

dv dv , — , ui , . ,

¥ov, as — = =:
, this equation reduces to :

dx dxpT '
'

^

dp

dfT \dTj,,

Otiier special points of the plaitpoint curve.

It appears from the form for —
;
(Versl. Kon. Ak. Deel IV p. 20)

dp
I hat also the case that — = is possible, and for some mixtures a

dT '

maximum value of p in the ^>,
7 -projection has been experimentally
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dp dp dx dp dv
shown. As -;7, = ^-

"tt;,
= "T -r^,j ^^'^ derive tliat in this case also

dl ax df dv dl

dp dp— ^ and — ^ 0, save in exceptional cases. Then p is the liigliest,
d,c dv

or the lowest pressnre tiiat can occnr on tlie plaitpoint cnrve. Of
the 6 dilferential quotients 3 are again equal to zero, and 3 others

diC dv dv
are again to be determined, viz-, -y-,, — and — . We find then from

:

d2 dT d.x

dp^

dx dT

dT dp

dx

d'p

dx Y_ df^

IfJ
~ d^

'

From

we tiiid

And from

we find

:

dx''

dp

dv _dT
df~"^

dv

d'p

/'dv\'_dr

[diy ~ d^

dp

dv dx

dx dp

dv

fdvy_^
[dxj ~d^

which may be again verified from the equations

:

p=p, ±a{T-T,y^p^ ±^(,— ,,-,)'=;,, ±y,.-r,r
For plaitpoint lines which do not run from .) = () to .r =r 1 . and

which therefore either form a closed 'figure, or run from a point of
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the line ?;=:/> to another point oi' this line, tlic vuhio of x may be

(/*• dx , d'V

niaximum or minimum. Tiien —-, — and — := 0, ana the three re-
dT dv dp

maining ditrerential quotients must be determined — and lastly also

dv dv dv
V mieht be maximum or minimum ; then —-, --- and — would be

dl dp dx

dT dp dp
equal to zero, and — , -— and — would have to be determined.

dx dx dT

Three phase pressure and final point of the three phase pressure

on the plaitpcint line.

If at a certain temperature three phase pressure exists, there must

be a hidden plaitpoint on the if-surface, as appears from the foregoing

remarks. If the spinodal curve is closed on the side of the small volumes

there is moreover a realisable plaitpoint, and there can even be another

realisable plaitpoint if the temperature is above the Tk of one of the

components. Let us call x^ and d,, a', and v^, .r, and v^ the com-

positions and volumes of the three phases, assuming the first two to

be liquid phases and the third (o be a gas-phase, and let us put

.r, > a\. Now three cases may occur, viz. : a;, > a;, > a;, ; ^, ]> x^ > ,t,

and a,', > .Tj > -I'l- The tirst case occui-s when the gas phase contains

more of the second component than each of the liquid phases, and

so when (— |
is always positive; the second case when the gas

\dxJ,T

phase contains less of the second component, and so when
(
—

)\dxJ vT
/dp\

is negative, and the third case requires that the line — =: runs
\dxj„j,

between the two liquid phases. Of the first case an example may
be found in the mixture water in SO,, mixtures of ethane and some

alcohols (above niethylalcohol) constitute an example of the second

case, and of the third case the mixture water and phenol is an example.

As we have an equilibrium which is independent of the size of

the volume, when for a mixture of 2 substances there exists equili-

brium of 3 phases, the formula of Ci.apeyron may serve for the

dp
computation of the value of —-, and we may put

:

dl

^ dp _W
dT u

if IF represents the heat which is released with decrease of volume

when part of the middle phase is converted into the stale of the
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two otlier phases, and u the degree of this decrease of voluiue. We
arrive at the same result if we follow the course (Verslag Kon.

Akad. \. Wetensch. Deel V, p. 482) indicated there, viz.

:

(*i— •^•.) (.n^—n>) — («,—«,) ('ii— »i,)
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after division of mimerator and denominator by a\ — x,

:

op \dxJ^T
dT
~

fdv^
V,— V^ — (.^1— iC,)

or

dx.Jyj

dT Uj,

dp
It appears from the form for —;r,, that this vahie is equal to

rf7'

m, if a section is made through the surface of saturation for

In other words: The three [)hase triangle in its extreme position

touches the section mentioned — and to this we might also at

once have concluded. It will also be immediately seen, that the

coinciding of the points x, and x, of the three phase triangle fakes

place in a plaitpoint, and that therefore the final point of the line

p^f{T) lies on the plaitpoint line. Then we have a plaitpoint in

the point where .r, and x.^ coincide, and the p, y-projection of the

plailpoiul line being the envelope of the |), T'-projection of the sections

of the surface of saturation for constant values of x, the plaitpoint

line and the p, 7-[)rojection of the sections touch, and so also the

final point of the p, T-projectioii of the three phase pressure, as in

that final ]>oint the last element of this pressure coincides with the

section mentioned. Tiiis contact has not yet been taken into con-

sideration in former diagrams. If there are two final points of the

three phase pressure, then there are two separate portions of the

realisable portion of tlie plaitpoint line, which are joined by the

three phaSe pressure, the meeting-points being again cusps, just as

is the case with tiie hidden portion of the plaitpoint line. Now,
however, rises the following question. We know from the shape of

the section of the surface of saturation at given value of x, that in

the simplest case it consists of two branches, and that on the upper

dp dp
branch the value of -— may also be negative. Can now also -—

dT dT
be negative for the three phase pressure ? As far as I know this

has never been observed; but the observations on the rise of the

three phase pressure with the temperature, and the other circum-

stances, viz. the values of x and v, have been only little examined
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dp
as yet. If it should be possible that — becomes negative, and for

dT
the present I do not see any reason to consider this impossible, this

can only take place in the case of a plaitpoint line descending with the

temperature. Accordingly the final point of the three phase pressure,

so the plaitpoint, lies on that part of the section of the surface of

saturation which lies between minimum pressure and critical point

of contact, and it is known, that then also the plaitpoint line must

descend in its p, T-projection, because it is the envelope of the

sections of the surface of saturation. If — is negative at the final
dT

point, this value must have passed through 0; this will then require

tiiat no heat is released with conversion of the middle phase into

the two others, and so that if heat is released with conversion into

one of the two extreme phases, tiie conversion into the other extreme

phase is attended by heat-absorption 'j. And without further investi-

gation this cannot be pronounced as impossible.

Finally we point out that —- cannot become infinite. For this it

would be required that the denominator is equal to zero without

this being the case with the numerator. Then the area of the three

phase triangle must be equal to zero or the 3 points must lie on a

straight line. This is the case when two points coincide, but then

the numerator is also equal to zero. Now a ^^-line — for the three

points always lie on the same isobar — can indeed be intersected

by a straight line in 3 points, but in this case this would have to

occur in the same three points with a q-\me; this observation will

most likely suffice to put down this case as one that does not occur.

So we have in the p , T-projection of the threephase pressure a
curve which, at least as a rule, ascends with the temperature; under
every point of this line is a point of the plaitpoint line (hidden

point) and above every point is a second point of this line (realisable

point). This second point is wanting if the plait should not be

closed at the bounding volume.

Shapes of plaitpoint lines {p, T-projection).

According to the above considerations I shall describe a possible
shape of plaitpoint line for the case of two components, for which

1) The diagrams p. 126 Gont. II, in which the value of roj and Wji for coexisting

phases has been represented, must be supplemented, when also incomplete

miscibility is assumed.

13*
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rp

the ratio —^ is a iiigli value, and for wliicli the temperature, at

which = has contracted to a point, is much higher than Tk-,-
dx*

As an example take tlie mixture lielium and liydrogen investigated

by Kamerlingh Onnes and Keesom partly experimentally and further

theoretically, or the mixture helium and water. As, however, there

are two shapes possible, I shall describe them both, not stating as

yet, which of these shapes is the correct one in these cases.

As b for hydrogen will be higher than b for lielium, helium is

the first component. In the first place we observe that there must be

a complex plait for T<[ Tli, which extends over the whole width.

= has closed on the helium side for T"^ Tk^; but =
d«' dx*

. ^>
is a closed curve, which extends outside = on the helium

dv*

d''\\) d't|)

side, and so there is intersection of — = and — = 0. The
du' dx^

d>
spinodal curve, which remains near =: on the side of H,

,

dv^

moves further away from this line as we approach the helium side,

and remains also outside ^ 0. I shall continue to assume that the
dx^

spinodal line remains closed on the side of the small volumes. The

changes which must be made if this should not be the case, will

be easily applied in the result at which we arrive. Then thei-e are

three plaitpoints for this T> Ti^. With very small difference of

T and 71-, there is first the ordinary plaitpoint on the helium side;

and further there are two heterogeneous plaitpoints, viz. a realisable

one at the very small volumes, and a hidden one (see inter alia

figs. 12 and 13 of the preceding communications).

If now the first mentioned plaitpoint should coincide with the hidden

one, as is assumed in the discussion of these figures, onlj^ one single

plaitpoint would remain ; but another, more intricate case is possible.

d''\i} d^ii}

If := and — =: are quite detached, as will happen with
dv^ dx^

increasing temperature, the spinodal line may viz. either continue to

run round the two curves, as I have repeatedly drawn, or it may

split up between the two curves. For splitting it will be required

that they are so far apart that a point is found between them, in
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which not only and — are positive, but the product is equal to
ax' dv'

— which may the sooner take place when the line
f
—

I =0
\dxJ„T

is in the neighbourhood. In this case there originate two new realisable

plaitpoints. Then there are 5 plaitpoints at somewhat higher tempe-

rature, because 2 new ones haye been added to the three above

mentioned ones. And now, as I demonstrated when I discussed such

a splitting up, ,at somewhat higher temperature the hidden plaitpoint

will coincide with one of the newly formed realisable ones, and

vanish as a couple of heterogeneous plaitpoints. So there are 3 realisable

plaitpoints left viz. one that is the plaitpoint of the half of tlie plait

(transverse plait) on the hydrogen side. And the two others, which

are the upper and lower plaitpoint of the half of the plait which

has got detached (longitudinal plait). In other words: one half is a

plait that surrounds the curve —— = 0, and the other half runs round
dv^

—- = 0. In this halt —— = performs in many respects the function
dx' d.v'

d'lp ^ ^
which —- =: performs as a rule. The splitting up of the spinodal

line, so that a closed longitudinal plait detached itself, can, therefore,

take place in such a Avay that this longitudinal plait is found at

temperatures at which -— = still exists for the same value of x,
dv^

but is then restricted to very small volumes (mixtures of water and

phenol) ; or it may take place in such a way that = no longer
dv'

exists for the same xalue of x, but then the volumes need not be so

very small. We might say : the detxiching might take place in such

a way that the two parts of the plait exist above or by the side of

each other.

d'^^
Moreover the case may occur that -— has quite disappeared, and

ay'

—
- alone exists. Then only a longitudinal plait is found. This can

only take place for temperatures above 7t, and 7a-,, and if what
I have called Tg, is larger than 7\-, and 7).,.

In fig. 27 I ha^e drawn the p, T-projection of the plaitpoint line,

which in the t;,.r-plane is again a line which proceeds continuously

from the left to the right side. At Tk for Hi there are three points
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Fig. 27.

of this line ; the downmost is the hidden plaitpoint lying between

E and F. The place of the points E and F has been arbitrarily

chosen, so that it may also be possible that E must lie more to the

right than 7/,-, . At the value of Td , the splitting temperature, 2 new
points appear. At Tjr a couple of heterogeneous plaitpoints unite.

At Tc the detached longitudinal plait would disappear. Between

Tc and Tf) there are two plaitpoints for the detached plait. The

three phase pressure runs between G and L, the extremity L having

been chosen such that the point D (splitting point) lies below the

three phase triangle, and can, therefore, not be observed. Hence only

the following 3 parts can be realized by means of the experiment:

1. HJt, 2. H,. ACL, 3. GL. And now, if the hypothesis that the

plait is closed on the side of the limiting volumes, should be incorrect,

we have only to open the upper part at A and C, and to make
the open branches run asymptotically towards infinitely high. So

this plaitpoint line is essentially the same as that with the double

point which I have drawn. Only one of the branches, i.e. the left

branch, has in addition got a maximum and a minimum pressure,

and a maximum and a minimum temperature. If we drew the T,x-

projection, there ^vould be 2 maxima and two minima — also in

the /j,.7'-projection. But the w,.i'-projection remains simple. If the plait

is closed at the limiting volumes, there is a minimum volume, in

1) In this figure the shape of the plaitpoint line has been drawn when really

the spinodal line could run between and -p— = 0. I< urther investigation
ax

will have to decide whether or no this complication can occur. If it occurs, the

riglithand side of the plait (transverse plait) will be much narrower, Ihen when

this complication is not met with. In the latter case the righthand part of the

plait is a complex plait.
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the opposite case two points for wliicli v = b, come in its stead.

For neither witli an liomogeneous double point, nor for an heteroge-

fdv\ f(1v\
neous double point, — 1 =0. And in the point in whicli 1^-1 ^0

or

dx pi dx /„;

dp
(see p. 185) —- lias not a value which presents anj'

di

particularity.

The second form will differ from the one described here in so far

that the temperature at which the detaching of the longitudinal plait

takes place, is assumed to be equal to TV, (critical temperature of

the second component).

, d-'xy^

This may take place if the temperature at whicli := disappears,

is not only higher than Tk^ , but also higher than Ti,-^ (a case to

whicii I alluded already before in these Contributions).

Fig, 28.

Then the ^, 7^-projection is given by fig. 28. The highest tempera-

d\\)
tiire whicli then occurs, is that at whicli -— = disappears.

That for the mixture helium and hydrogen the second shape of

the plaitpoint line can occur, and that therefore Tg can be ]> 7^,,

follows immediate!}' from the formula for the value of Tg (These

Proc. May 24, 1907) viz.:

«i + «,
MRT^ = 2

-2a,, ,. ,
l-y

x{\-x)
f>

"'"
(1+2/)'

For the case, namely, that a^ and a,, may be neglected, and

6, </;, and .i->- , we find really T.,'^ 1\,. Thus we find for
o

h *^ /7

x = 0,4, which belongs to —-!— = 0,3704, MRT.y ^. For still

^, — i, 27 6,

higher value of ,r, this value of T„ 'would be found still higher, but
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if rt, -j- rtj •— 2a,, becomes appreciably smaller than a,, this may, of

course, be difFcrent. In this case the plait remains a complex plait

d'xp
as far as T^ Ti-^. At this value of T has = disappeared,

and — =: stil

dv^

exists. So above T"/-, the complex plait is to be

considered as a longitudinal plait.

If ill the case described above we have a plaitpoint line that pro-

ceeds continuously in the v,.r-plane, starting on tiie lefthand side in

the critical ])oinl of tiie tirst component, and terminating in the critical

point of the second component, though a maximum value of x, and

then also a minimum value may be possible, still another case is

possible, and most likely this case is met with in the mixture water

and phenol. Of course the tirst mentioned line, which starts and

terminates ifi the critical point of the components, must continue to

exist, if we continue to assume that the plait remains closed on the

side of the limiting volumes. Else it splits up into 2 parts, which I,

however, consider as two parts of one and the same branch of the

plaitpoint curve. If another branch is possible, it must be a separate

closed curve — which, however, if the plait is supposed open on

the side of the limiting volumes, may be considered as starting in

a point of the line v = b, and terminating in another point of this

line. We meet with this case when the longitudinal plait detaches

itself at a temperature which is lower than Tki and Tjc^. As has

been described above, the longitudinal plait will have quite retreated

to volumes smaller than those of the liquid branch of the binodal line

of the transverse plait at a certain value of T higher than the tem-

perature of detaching. Then the three piiase pressure no longer exists,

and the first mentionud branch of the plaitpoint line, which joins the

ciitical points of the components, has its simplest siiape. In tig. 29

Fig. 29.
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the p, T'-projection has been drawn. At T:^T4, which is lower

than Ti-j and Ti,^, the detaching takes place, and there is an

homogeneous double point. At 2'= 7\ there is an heterogeneous

double point, and at 7d again an homogeneous double point. If we
suppose the longitudinal plait to be open towards v = b, po must

be thought intinitely large, and the upper part of this second branch

disappears. Wifhout doubt the three phase pressure line, which

terminates in E, will have its other extremity, i. e. its initial point,

at T=0.
We should have a very simple and remarkable case of a closed

curve for the second branch of the plaitpoint line if the lowest

temperature at which an heterogeneous double point is formed, lies

Httle below the temperature at which this double point vanished

again — and this temperature lies below T/.-^ and JV^. Then also

the temperature at which again an heterogeneous double point exists,

^^z

-T

Fig. 30.

will lie only liltle higher than tiie first. Fig. 30 gives then again

the ^v, 7'-projection for such a ca-^e. There can then be a phree phase

pressure indicated by a dotted line. Then the liquid begins to split

up into two phases at a temperature lying much below 7*2-, and T^^,

becoming homogeneous again at somewhat higher temperature — at

least if the value of :v has been chosen between that belonging to

the extremities of the three phase pressure. In the t',,i'-projection we
have then a small closed, figure with maximum and minimum volume.

So many different shapes of plaitpoint lines, however, may be

deemed possible, that they would require a special study. If they

are found by the experiment, I expect that the rules given in these

contributions, will prove sufficient to render them intelligible.

However, I intend shortly to indicate the circumstances in which

the forms discussed are met with, more fully by means of some

mathematical developments.
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Physics. — "On the measurement of very low temperatures. XV.
Calibration of some platinum-resistance thermometers." By Prof.

H. Kamerlingh Onnes and J. Clay. Commnnication N°. 99''

from the Physical Laboratory at Leiden.

(Communicated in the meeting of June 29, 1907).

^ 1. Introduction. The investigation on the variation of the

resistance of metals (pure ones and those with known admixtures)

set on foot many years ago (see Comm. N°. 77 § J These Proc.

Febr. 1902) at Leiden, comprises besides the determination of the

galvanic resistance of conductors made of the different metals, also

the determination of the expansion for each of these metals. We
have only little advanced as yei with the latter part of this investi-

gation, the expansion has only been investigated for platinum, which

was chosen as standard metal, and then only down to — 182°. ')

We hope shortly to publish a Communication on the expansion

down to — 252° C. For the present, however, the knowledge of

this expansion is not yet of much importance for the investigation

of tlie variation of the specific resistance with the temperature.

Wiien in this investigation we descend to very low temperatures,

the cori-ection for the expansion becomes so small compared with

the disturbance in consequence of otlier influences which are still

further to be investigated, that we may disregard it for the moment.")

The investigation consists then in the calibration of different resi-

stance thermometers. Tiie wires treated in tins Communication being

chiefly of importiince to us as resistance thermometers, we have

inserted their calibration in this series.

1) In Comm. W. 85 (Tliese Proc. April 1905) it was observed for the first time

that in order to represent the expansion of glass from — 180° to {P a for-

mula of the second degree with other constants was required than for the range

from 0= to + 100\ We found this confirmed in Comm. N". 95'j (These Proc.

Sept. '06), and also applicable to platinum, for which a formula of the third

degree, as we gave one for glass, proved necessary between — 180 and + 100°.

Afterwards (Dec. '07) Scheel, who was at first (Zeitschr. f. Inslr.lc. April '06) of

opinion that a formula of the second degree could be found for platinum between

— 190' and + 100"', come to the same opinion as we, and gave the three constants for

platinum. Our formula of the second degree for platinum between 0' and — 180° quoted

by Scheel was used by us to prove, that for platinum between — 180' and +100^

a formula of the second degree is not sufficient, but that a formula of the third

degree is required, hi order to show this with given values at +100°, 0' and

— 190" observations at a temperature about halfway between 0° and — 190°, as

our — 87°, are more suitable than observations at a temperature between 0° and

+ 100', as tliose by Scheel at 4- 56°.

2) Here it is left entirely undecided whether the variation of the resistance with

the temperature is not in close connection with the expansion.
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§ 2. Particulars on the comparison and on tlie investigated loires. In

these calibrations we have taken the platinum wire which was

compared with the hydrogen thermometer in Comm. N° 95<^ (These

Proe. Sept. '06) and which we shall cal! Pti , as standard. We
determined the variation of the resistance of the other wires by

bringing them together with Pti at the desired temperature, and by

then comparing their resistance with that of Pti . The two platinum

wires Ptm and P/k were brought in the same cryostat (see ^ 4

Comm. 95') together with Pti , and whereas the temperature was

kept constant with one resistance according to the indication of the

WHEATSTONE-bridge, the ratio of tiie resistance of the other to Pti was

determined by means of the differential galvanometer. Pty was also

measured separately with the WnEATSTONE-bridge. The difference of

the results by the two methods avnounted only to 0,02 "/o ^t the

lowest temperatures.

Just as Pti, Ptm and Pty were supplied by Heraeus; they were

delivered at the same time, but later than Pti. The diameter of all

three was 0.1 m.m. After having been treated and wound round

the glass (see Comm. N". 95'' § 3} in the same way, they were heated

for a long time in an annealing furnace for glass. Ptm and Pty

differed only in this respect that after being heated Ply was partly

unwound, and then wound again, and was not heated in the annealing

furnace again.

To obtain also a resistance thermometer of very small dimensions

a platinum wire of 0,05 m.m. diameter was wound round a tube

of 1 cm. diameter and about 8 cm. long. The lliin platinum wire

was welded to thick platinum wires which were fused in the glass.

Consequently the tliermometei' could be cleaned by means of acids

if necessary. The thin wire Pl^^ used for this thermometer, was also

furnished by Heraeus.

A fourth wire was investigated to get an idea of the

^ 3. Invariability of the resistance thermometers for low tempe-

ratures loith the time, viz. the resistance thermometer witii which the

observations were made by Meilink in 1902, and which we shall

call Pty. The zero point appeared to have remained unchanged to

one 300000''''). This was also the case with P^y, after measurements

had been made at very low temperatures with the resistance ther-

mometer for two years.

Repetition of the calibration at low tempei-atures of 1902 did not

give an equally good harmony. We found:

1) The thermometer had got defect in consequence of the bursting of the glass

cylindres. liowcver carefully it was repaired; yet this gave rise to a dhninution of

length of the wire of 3 ram. or 0,03'J '/oi
^'^'' which a correction was applied.
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TABLE IV.

1
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It appears that wires delivered at the same time sliow tlie same course

with only small deviations. A considerable difference in deformation

of the wire has had only a slight influence for Pty- The great

difference with wires delivered at different times points to the fact that

the originally used material and the treatment in drawing the wires out

decide on the change of the resistance. How great the influence of

the treatment in drawing is appears from the comparison of Pjyi and

Ptd- They were supplied by Hf,r.\eds about the same time and are

therefore probably made of platinum of the same degree of purity.

Yet the thinner wire Ptd decreases much less in resistance than the

thicker one. At the temperature of liquid hydrogen the differences

become very large. In view of the results obtained for gold, which

have been inserted in the following Communication (N°. 99'), the

most plausible explanation is this that the admixtures in the platinum

of the wires sent by Heraeus, either due to their being less pure by

nature or to the waj' of drawing, were less with the platinum sent

later than with that sent earlier. We come back to this in Comm.
N°. 99^ Here we may still mention that Dew.\r's wire gave 0,30521

to ours 0,25344 at —182°, and that only the thickest (0,2 m.M.) of

Holborn's wires gave a smaller value than ours, viz. 0,21 253 to ours

0,21786 at —191°.

§ 5. Calibration formulae for the neiv loires. Just as for Pti we
have also calculated the constants for each of the wires Ptm and

Ptv in a calibration formula which is adjusted down to— 217° and

does not give to great deviations at the hydrogen temperatures.

To be adjusted to the hydrogen temperatures too formulae of another

form are required. The above mentioned formulae of the form {A) :

Wt /lO' 10'— = 1 + «.«.10-2 + t.t.lO-^ + c.MO-6 -f rf f_ _
(273.09) .)

give for the adjustment which we distinguish by Ai:

^I



( 204 )

Physics. — "Jsotherms of diatomic gases and their binary mixtures.

VI. Isotherms of hydrogen between— 104° C. and — 217° C."

(Continued). By Prof. H. Kamerlingh Onnes and C. Braak.

Communication N". 9^" from the Phj'sical Laboratory at Leiden.

(Communicated in the Meeting of June 29, 1907).

^ 14. Survey of the determinations.

The determinations mentioned in this Communication constitute

one whole with those of Communication N°. 97". They may partly

serve to control the earlier determinations at — 104° and — 136°,

which, being the oldest observations, are not quite so reliable as the

others. For the determinations of isotherms at lower temperatures

they are a valuable supplement for the smaller densities from 70 to

100 times the normal one. With the exception of the isotherm of

— 217° the determinations communicated now may also be considered

as a whole in themselves. To complete this set of determinations a

part of the isotherm mentioned for the density at about 170 times

the normal one is sfill wanting. We hope soon to publish the

additional determinations referring to this. To the standard-tempera-

tures at which ^ve determined the isotherms, we have still added

— 164° C. From the data mentioned in Comm. N°. 97" may be

derived (see § 13 of the communication mentioned) that the point

where the inclination of the pv-z\\v\G for exceedingly small densities

becomes zero, lies at about this temperature. The purpose of the

determinations at — 164" is to determine this point, which we shall

call the Boyle-point, more detinitely.

The determinations, with the exception of that at — 140^ were

made at temperatures which differed little from the standard-tempe-

ratures of Comm. N°. 97". They may be reduced to these standard-

temperatures by a simple- correction (See Comm. 97" § 6). This

reduction has not yet been carried out for the isotherms mentioned

below. In Table XIX the temperatures are given at which the

measurements were made. They were determined and calculated in

exactly the same way as those of Comm. N°. 97"; just as to these

latter temperatures the correction of Table XVIII Comm. N°. 97'' is

still to be applied to them.

We may still remark about the measurement of the pressure

(cf. ^ 3\ that for the lowest pressures a direct connection with the

open manometer was required, because the closed auxiliary mano-

meter cannot be used below 20 atms.

^ 15. Remarks about the manometers and the piezometers.

When the determinations were finished, the auxiliary manometer
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was once more compared witli the open standard-manometer. It

proved that the normal volume had again undergone a slight dimi-

nution, i.e. of 0.00026 of the original value. This comparison was

made at about 22, 28 and 55 atmospheres. If the calculations of the

pressure are carried out with the corrected normal volume, the

remaining differences between the indications of the open and the

1

closed manometer are smaller than of the total pressure.

The steel tube /', with hexagonal portion /j on the stem of the piezo-

meter b, (cf. fig. 2 PI. II Comm. N°. 69, for the details at the top

of the tube compare fig. 4 ibid f\, /,, /\) was soldered to the glass

stem I)., in the way described in Comm. N°. 94*. Now the packing

could be pressed down more tightly (cf. § 4 Comm. N°. 97") -without

danger of the block sliding from the stem.

The dimensions of the different parts of the piezometer were

about tlie same as in the determinations of series I of Comm. N". 97".

The glass stem had a greater length and a volume of about 12 cm'.,

which enabled us to determine a greater part of the isotherms than

was possible in series I. The reservoir had the somewhat smaller

volume of 5.1583 cm'.

§ 16. Second group of values of pvA

In table XIX the results of the determinations have been given

in the same way as in Table XII of Comm. N°. 97".

In conclusion we express our hearty thanks to Mr. J. Clay for

his valuable assistance in this investigation.
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Physics. — "On the change of the resistance of the metals at very

km temperatures and the infuence exerted on it hy small

amounts of admixtures' I. By Prof. H. Kamerlingh Onnes

and J. Clay. Communication N". 99*^ from the Physical

Laboratory at Leiden.

(Communicated in the meeting of June 29, 1907).

^ 1. Introduction. In Comm. N°. 99* we called attention to the

very large diflferences in the change of the galvanic resistance with

the temperature, which different platinum wires show when we

descend to the low temperatures which are to be reached with liquid

hydrogen. Such differences were still more pronounced for different

gold Avires which we investigated. With this metal (see Comm. N°. 95''

These Proc. Sept. 1906) we had taken in hand the investigation of

the influence of small amounts of admixture announced in Comm.

W. 77, because the influence of admixing silver would probably be

important and the percentage of silver could be determined very

accurately, the possibility of drawing out wires of the different kinds

of gold and its high melting point moreover rendering this metal

preferable to the for the rest very suitable mercury.

Besides, the inquiry into the infhience of small amounts of admixture

on the change of the resistance of gold with the temperature proved

at once useful as we thought that the gold resistance thermometer

would be preferable to the platinum resistance thermometer. Dr. C.

HoiTSEMA, who already obliged us before (see Comm. N°. 95'^) by putting

pure gold at our disposal, has had the kindness of supplying us

again with different samples of gold of high purity, further of pre-

paring for us different alloys with accurately known small percen-

tages of admixture, and of determining the impurity which was

finally left in the wires after they had been melted down. For all

this valuable help and for the information which Mr. Hoitsema vi'as

enabled to give us by his wide experience we express our hearty thanks.

The investigation of the different gold wires with very small

amounts of admixture may of course also be considered as the

calibration of different gold resistance thermometers. (Comp. Comm.
N°. 99** §1). We prefer, however, to consider it as a part of our more

general investigation (Comm. N°. 77) on the change of the resistance

with the temperature for pure metals, and on the influence which

small amounts of admixture exert on it.

As to the change of the specific resistance for the pure metals reduced

to the most normal state, altenlion is drawn to the temperature of the

14

Proceedings Royal Acad. Amsterdam Vol. X.
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point of injlection -— =0 the temperature oi' the jioint ofjiro})ortio72aIitij

— =:— and the temperature of the mmimum — := 0. It is clear that
dT T ' dT
the situation of these points, and the correspondence') and difference

of tiieir situation and of tlie coefficient of variability of the resist-

ance with the temperature in general for different metals of different

classes must furnish important data for the theory of electrons.

The investigation of these points is only possible by the aid of

liquid hydrogen. Only in some cases — and even then the purity

of the metal is open to doubt — the point of inflection, whose

existence was indicated by Dewar, was found high enough to be

ascertained without measurements for hydrogen temperatures. For

metals in the purest and normal state the point of proportionality lies

probably still below the temperatures which are to be reached with

liquid hydrogen. It is true that Dewar derived from his measurements

at two hydrogen temperatures that it was surpassed for some of

his metal wires. Our measurements, however, point to this that as

a metal is brought to a purer and more normal state, the point of

proportionality is found to be lower. The metal wire which came

nearest to this ideal state, was one of our gold wires. Even at the

lowest temperature the point of proportionality was not yet reached

for tiiat wire. Probably Dewar's wires were further removed from

this ideal state.

With the low situation which we find for the point of proportionality

measurements at two hydrogen temperatures do not suffice, but we

have made determinations at at least three hydrogen temperatures,

because they were necessary to determine the probable situation of the

d^r
[)uint (if proportionality by the aid of— . Until we have reached the pro-

portional point, we need not discuss the question of the minimum point.

In the inquiry into the properties of the metals in the ideal state

we must know first of all in how far the metal is in this state,

and else how we can derive what would be found in this state.

The influence of small deviations in the nature of the metals on

the change of tiie resistance with the temperature, becomes so ex-

ceedingly great for the hydrogen temperatures, that a special investi-

gation is necessary for them. Here two things have to be paid

attention to: to small amounts of admixture, and to differences in

•) In this respect something is to be derived from the formulae given by us in

this and in the preceding communications.
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hardness etc. For the present we have left the hxtter out of account;

in the investigation of the influence of the admixtures, however, the

influence of the hardness was as much as possible eliminated by

our treating the different samples of metals exactly in the same

way when comparing them, and by reducing them to the same state

of softness.

The most natural explanation of the whole of the results obtained

as yet (in this and the preceding Communication) is to ascribe the

deviations for the different wires of one and the same metal to

impurities in the metal, which may also come in during the drawing

if efficient precautions do not pre\'ent it, and which even in very

small quantities exert a very great influence on the changes of the

resistance with the temperature.

The influence of the drawing is altogether lost for mercury, in

which it is also easy to ensure uniform distribution of small quantities

of admixture. This enhances the importance of the study of this metal

for the investigation of the influence of admixture. In the first place

we have measured its resistance at hydrogen temperatures which

had not yet been determined; it is given in § 4. It proved that for

pure mercury ^) the inflection point falls in the region of liquid hydrogen

temperatures. This is a drawback for the inquiry info the change of

the resistance with the temperature for pure metals.

Just as the gold wire A^iv (see § 2), also the silver wire ^^i and

the platinum wires of the preceding Communication are probably

purer than Dewar's wires of the same metals. For bismuth, on the

other hand, Dewar has most likely had a purer sample than we.

The change of the resistance at hydrogen temperatures for this metal,

which had not yet been measured by him, has been given in § 5.

The observations for lead for those temperatures, which were still

wanting up to now, have been given in ^ 6.

The high degree of purity for some of the metals which were

at our disposal, and the lower temperatures to which we descended

(solid hydrogen evaporating at 2,5 m.m. pressure) render the decrease

of the resistance in some cases many times larger than was observed

by Dewar. To this it is also owing that we have observed the

great influence, which very small changes in the nature of the metal

obtain on the change of the resistance at hydrogen temi^eratures. We
may account for this by paying attention to the diilerence of the

resistance of a wire of pure metal at the temperature 7', r,y, with

1) Perhaps in connection witli the low melting point. Possibly the point of

proportionality is first reached for osmium.

14*
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(liat of ii \^•ile of the same metal witii a proportion of adinixtiife ,v

at the same temperature, Txt According to a theorem of Matthiessen ^)

derived from observations between 0'' and 100"^, this diiference (the

theorem refers to a diiference that is about the same as that con-

sidered here) is constant for different temperatures. Fleming'') found

this theorem about confirmed down to — 200°. As we have found,

this tlieorem no longer holds for hydrogen temperatures. But the

deviation is not of such a nature as to affect our conclusions. So

if to form an idea of the influence of the admixtures, we put

rT=^ >'iT -\- pv, further jy constant and large, then it is clear that

— when I'iT becomes as small as is the case (see Table I Auy)
for pure metals and hydrogen temperatures — the resistance of a

metal for the case that x gets an appreciable amount, will be owing

almost exclusively to the admixture. The small amounts of admixture

obtain a remarkable influence ').

Analogues are easilj- found in the important influence of small

amounts of admixture on the density in the neighbourhood of the

critical fempei-alure of a substance, in a space becoming opaque by

a cloud depositing on a minimum quantity of dust. But for a further

discussion the systematic investigation of the influence of small

amounts of admixture should be more advanced. At all events the

changes of the i-esistance with temperature at hydrogen tempera-

tures proves to be a highly sensitive criterion to decide about the

nature of a metal.

§ 2. Gold. The different samples of pure gold were all supplied

by Di'. C. HoiTSEMA. With the exception of two the wires wei-e all

treated in exactly the same way, drawn out by Heraeus to 0,1 mm.
diameter, and ti'eated at every pull with diluted sulphuric acid and

nitric acid. The gold wire Auvi was drawn in a different way and

made strongly impure. The exact amount has not yet been ascertained.

1) Pogg. Ann. Bd. CXXII.

*) Proc. Royal Institution June 1896 p. 9.

^) To a less degree of purity of tlie examined metal wires it is perhaps to be

a;cril)ed that Niccolai, Alt. Line. 16, 1^* sem. p. 906 finds a smaller decrease of resi-

stance at — 1<S9' Ihan we do, as appears by comparison with Tables I, 111, V

of this conimnnicalion and V of Comm. N". 96''. Indeed Niccolai finds:

0°

189°
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Alio is tlie wire which was calibrated in Comm. N". d5'^. After melting it

down Dr. Hoitsema found O.OS"/;, impurities. As to the wires Aum, Aui y

and Au\-, Dr. Hoitsem.\ found about 0.015°/,, admixture for Aum,
about 0.0057o admixture for Au/y and Auy. AuAff[ was made of an

alloy which after the wire had been remelted, contained 0.4 7o

admixture fprobably chiefly silver). Wound round the same glass

cylinder all wires except Auo and Aujgi were heated at the same

time in an annealing furnace for a long time, and slowly cooled, as had

also been done with Aiiq and AiiAgi, so that they were perfectly

malleable.

In table I the resistances have been given expressed in that at

0^ as unity. These were about 2S2.
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TABLE 11.
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of the silver wire (resistance at C) changes slightly by being drawn

out in consequence of the difference in expansion of silver and glass.

The preceding table gives the resistance expressed in that at 0° as

unity. (The resistance at 0° was 21.519 S2).

Column —Cb contains the deviations from a formula adjusted

from -j- 100° to — 259^^ of the new form :

TF„
= 1 + rt . 10-2 ,t J^ b 10-4 t'i -)- c 10-6 «3

-j-d
10'

2" (

which agreed best with the values

:

10' \ nO" 10" \

273.09)7
'^ \^ ~

(273.09)7 ' ^

D
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TABLE IV.

Change of the resistance (f Bismuth with the

temperature.

Temperature
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TABLE V.
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differences found are to be ascribed to admixtures Or to differences

in the pressure or the temperature of the phases compared appeared

already when Kuenen (Comm. 11°. Jl, Verslag Kou. Ak. v. Wet.

May and June J 894) repeated Galitzlne's experiments (Wied. Ann.

50, 1893), and found but trifling differences remaining. Afterwards

when DE Heen (Bull. Ac. Belg. 3e S. t. XXXI '96) had again found

the differeiices of density in question by another way, it was shown

by repetition of his experiments at Leiden (Comm. N°. 68, These

Proc. April 1901 p. 628 and p. 691), that also these differences of

density vanish almost entirely for pure CO, when attention is paid

to the differences of temperature. In the last few years, however, it

has been particularly Teichner's ') experiments that have given new
support to the opinion that after all these differences of density really

exist (Drudes Ann. 13, 1904).

In the first place we have repeated de Heen's experiment in

different ways. Already with the earlier repetition (1901) thermo-

elements had been introduced for the determination of the difference

in temperature of the two metal reservoirs of the apparatus, which

were separated by a cock, the apparatus for the rest resembling that

of DE Heen as closely as possible. One of the thermo-eleraents, however,

was damaged during the experiments. Though it could be ascertained

that the differences in density even without correction for the tem-

perature were considerably smaller than those found by de Heen,

probably on account of the greater purity of the CO,, the exact

amount of the difference remaining after temperature correction

could not be determined. To replace these measurements by better ones

a new, improved apparatus with thermo-elements was built, resembling

for the rest de Heen's apparatus as closely as possible, and with

this apparatus we made the observations communicated in ^ 3.

They confirm that the differences in density derived by de Heen from

liis experiments do not exist for a pure substance when temperature

and pressure are uniform ").

1) In the Teichner's tube the same differences of density which Galitzine and

WiLip (Gongr. Intern, de Physique I 668, 1900) had found were shown by Gilbert-

Faraday's density-bulbs. What liolds for Teichner's experiments applies therefore

also to those of Galitzine and Wilip.

*) So if there exist processes as meant in p. 215 note 1, they pass so quickly that

it is not possible to demonstrate them by methods which require that th^ equili-

brium of pressure and temperature has first been established. As yet nothing

has been found that points to the fact that the establishment of the temperature

equilibrium is retarded an appreciable time on account of changes of energy which

increase in course of time to a definite limiting value, the volume remaining constant.

It was demonstrated in Coram. N''. 68 that admixtures and differences of tem-
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Further we have repeated Teichner's experiment ') with more

precautions than had been taken by this observer. Especially a

thermoelement (platinnm-platinum-iridiiim not to sacritice the security

which the glass apparatus offers for the preservation of the purity

of the substance) was adjusted in the upper and in the lower end

of the Teichner tube, just as in de Heen's modified apparatus,

to enable us to follow the differences of temperature in the tube.')

By using CO, for the experiment, a high degree of purity could be

reached, and we came into a region where the temperature could

be kept constant up to a very small amount.

If we wish to prevent diffusion between the higher phases and

the lower ones, the modified Teichner tube (at least when not a

capillary consti'iction lias been made in it ') is inferior to the

modified apparatus of de Heen. Moreover when we wish to reach

the equilibrium of temperature quickly, the bad conductivity of

heat of the glass is a drawback, but it has the great advantage, that

the changes of density can be observed at the same time witli the

other phenomena for the critical state. With regard to these pheno-

mena Travers and Usher (Ztschr. f. phys. Cliem. 57, p. 365, 1906)

and Young (ibid p. 262) published important papers, after we had

made the experiments mentioned in § 7. In the main points our

observations agree with the descriptions given by Travers and

peralure lead to systematic disturbances as in de Heen's experiments. Both give

rise to disturbances of the same character. In the discussion of the influence of

the differences of temperature the vakiabie paper by V'illard Ann. d. Ch. et d.

Phys (7) 10. 1897 has been overlooked theie. That Teichner's results might be

ascribed to small admixtures has appeared in details from the calculations by

Verschaffelt (Gomra. Suppl. n'. 10, (Dec. 1904).

To the influence of admixtures on plienomena in the neighbourhood of the

critical point attention has also been drawn by Young Journ. de Chim. Phys. 4-

(1906) p. 475. To this may be added that Keesom, Gomm. No. 88, These Proc.

Jan. 1904 p. 593 did not only consider the increase of the pressure during conden-

sation with constant temperature as a proof of the presence of admixtures, but

that it served him further to arrive at an opinion on the quantity of the admixture.

>> This was already mentioned Gomm. Suppl. No. 10 These Proc. Dec. 1904.

Lately Traube strongly urged tiie advisability of a repetition.

^) In a Cagniabd-Latour tube thermometers were fused by Villard. Our tube

may just as well be called a Villard tube with density-bulbs as a Teichner tube

with thermo-elements.

*) Such an apparatus, if necessary provided with a valve which is worked

magnetically might be serviceable in the investigation of the variation of density

with temperature. [After this was printed we noticed that the device of a capillary

constriction was used by Ramsay, Proc. Roy. Soc. 30 (1880) p. 327. Note added

in the translation].
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Usher and b}' Youxc, and supplement Ihcm by giving tlie variations

of the densities.

After wiiat the repetitions of uk Heen's experiments iiad tanglit

us again about the asserted differences of density at the same pres-

sure and the same temperature above the critical temperature, our

repetition of Teichner's experiments has become ratiier a first con-

tribution to tlie study of tiie variations of density with temperature

and pressure by this way, than a refutation of the conclusions

derived from Teichner's experiments. We have, however, been able

to show sufficiently by our experiments that these conclusions are

erroneous.

^ 2. Repetition of one of de Heen's experiments. As we can refer

to Comm. n°. 68 with regard to the choice of the experiment which

is to be repeated (on account of the systematic character of the

deviations only one need be repeated), and as on another occasion

a full description of the apparatus used and the different operations will

be given, we think that the following remarks on the arrangement

of the experiments will suffice here.

1. The pure carbonic acid was prepared hj distillation. The

admixtures are to be estimated at no more than 0,00027 ( cf.

Keesom Comm. N". 88 II, § 2 and V § 10 These Proc. Jan. 1904). In

the apparatus it comes into contact only with metal, glass, and cork

''packings of this gave a perfect closure after having been repeatedly

tiglitened during a week.).

2. The apparatus, the conduits, and the further auxiliary arran-

gements, among which also two metal bottles with the purified

COj, are all in connection witii a mercury airpump. One of the

bottles with pure CO^ serves for rinsing. Froin the second the

desired quantity is conveyed into the apparatus by distillation.

3. The density in every reservoir is determined by making

the carbonic acid flow from it into a large reservoir with mercury

manometer kept at constant temperature. lu the volumenometric

calculations the corrections are applied according to the empiric

equation of state V s. 1 of Comm. n". 74 (Arch. Neerl. (2) 6,

1901). Errors in the density caused by leaicages in the reservoirs

at high pressure are excluded. It was ascertained by separate

control experiments that the total amount of CO, in the apparatus

remained unchanged during the experiments.

4. The apparatus was kept at uniform constant temperature by

means of flowing water, a xylene thermoregulator (see Comm. W. 70

III ^ 3 These Proc. May 1901) and a valve stirrer (see Comm.
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N°. 83 III § 4 These Proc. Febr. 1903). Sufficient precautions were

taken to prevent conduction of lieat from outside to parts of the apparatus.

^ 3. Variations of density found in the repetition of the experi-

ment of DK Heen after correction of the difference in temperature

of the reservoirs.

De Hken brings the temperature of the two reservoirs (see ^ 2

beginning) from 28" to about 35° C, and opens the cock between

them 6 times four seconds during the heating ; then when the

temperature has become constant al about 35°, he opens the

cock once more 6 times 4 seconds. Then he assumes that tempe-

rature and pressure are the same in the two reservoirs.

When repeating the experiment (being very careful to prevent

drops from being scattered from one reservoir into the other) we

found contirmed by reading the thermo-elements (nickel-iron), what

was obseri'ed in Comm. N°. 68 viz. that every time when the cock

between is opened for adjustment of pressure, a difference of tempe-

rature arises between the two reservoirs, and that when closing "the

cock at the end of the experiment a difference of temperature remains,

which must be taken into account.

In order to find out in how fixr the equilibrium of temperature

and pressure has been reached, ^ve have in the first place made

three determinations, in which the cock was opened respectively

2, 4, and 6 seconds every time (probably our cock allowed compara-

tively less substance to pass than that of de Heen). The results have

been given in the following table : v denotes the upper, I the lower

reservoir, so Qi is the density in the lower reservoir; the numbers of

times the cock was opened during the heating (distributed over

15 minutes) and then at constant temperature (distributed over half

an hour) have been separately given
; ^'i is qi corrected for tu

—
ti

.

SERIES I.

Establishment of the equili-

brium by opening

the cock
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The temperature corrections liave been borrowed from the graphical

representation derived in Comm. N°. 68 from Amagat's determina-

tions. The uncertainty wiiich still prevails with respect to the

correct coiir.se of the isotherms in the neighbourhood of the critical

state is, of course, also found in these corrections.

The rather rapid process of the heating from 28° to 35° prevents

further that the whole apparatus has already assumed the temperature

of the waterbath, so that also the observed differences of temperature

themselves are not quite certain.

In the following series of determinations we proceeded in the

same way till the 12^'' opening (the 6^'' at constant temperature).

It was put off for 3 hours. When the cock was opened the course

of tiie deviations of the galvanometer appeared to be the same as

in the preceding series ; the remaining temperature corrections,

however, were somewhat smaller than in the 1^' series, which we
ascribe to this that all parts of the apparatus have had time to

assume the temperature of the waterbath. An increase of pressure

in the lower reservoir, which should have been found when e. g.

in this lower reservoir molecules were dissociated during these three

hours (see § 1, p. 216 footnote 2), and which should have given rise

to a greater galvanometer deviation when the cock was opened for

the last time, could not be traced. We found

:
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SERIES III.

Establishment of the

equilibrium by

opening the cock
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carbonic acid was kept, a trace of oil liad been left which had

diffused in the carbonic acid. When we thought that the whole

apparatus had been sufficiently cleaned by blowing pure carbonic

acid through it, we found

:

Establishment of the

equilibrium by opening
the cock
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1 °/„ a 1,5 °/o <^t 34^.5 accordiiiii- to the calcnlations of Verschaffki.t,

Coram. Siippl. N°. 10. If the niicertaiiity of this correction is taken

into account, we must come to the conclusion, tiie limit of accuracy

of our experiments not being higher than 1 "/o either, tiiat the diffe-

rences of density dei'ixed by dk Hef.n from his experiments do not

exist for pure CO, when sufiicient care is taken to ensure equili-

brium of pressure and temperature.

§ 6. Repetition of Teichner's experiment. An elaborate description

of tiie apparatus and the operations will be given on another occasion.

Here the following remarks may suffice:

1. Repetition with CO, was considered to be desirable also by

Teichner because it gives more warrants for purity.

2. A platinum-platinum-iridium thermo-element (used with a mag-

netically protected galvanometer of Dubois) was successfully fused

into Teichner's tube at the top and at the lower end, so. that the

tube remained proof against a pressure of 150 atmospheres. However
we did not succeed in making the thermo-elements free from disturbing

electromotive forces, nor did they give with ceiMainty the accuracy

of 0°.01 we wished. Tlie places of contact were found at 74 *nd '/^

of the height of the tube. A tiiird thermo-element to compare the

temperature in the tube with tiiat in the bath would be desirable.

3. The critical density of CO,,, 0.469 '), being smaller than that

of CCl,, with which substunce Teichner worked, it was much more

difiicult to obtain the required density-bulbs (small glass bulbs) of

0.365, 0.390 and 0.405. We owe them as well as the fusion of the

tliermo-elemeuts to the skill of Mr. O. Kesselring, chief of the glass-

blowing department of the laboratory. By means of Clebsch's formula

it was found that the decrease of volume of the bulbs at the

highest pressures can only amount to from '/eoo to '/<oo-

4. Still greater care was devoted to the purification of the CO,
than in the repetition of de Heen's experiment. From a metal

bottle of CO J as used for the latter, Vs is once more blown off, and

then '/« distilled over into a second bottle from which under weighing,

so much is suffered to escape that a fixeil quantity remains. This

second bottle is connected by glass tubes with the experimental tube,

a mercury manometer, a mercury airpump and an auxiliary bottle

(also of metal) with pure CO, for rinsing the conduits, after which

the fixed quantity which it eoniains, is quite distilled o\ er into the

1) Derived by Keesom Gomm. W. 88 These Proc. Jan. 1904, p. 574, from his

observations by means of the rule of llie rectilinear diameter.

15
Proceedings Royal A(;ad. Amsterdam. Vol. X.
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expenmen.ai ,ube. ,1... lalter hen,,- innnonsed i„ li,,„i,i ,i,. ,, ,,„:3 '"' ''^ ---^i-iinnM.„,.;eon:^i,:^J:^

li..U tic WcMcd .,uan„,y l-as been transferred to the experimental tube
5. A n.ode of heating wh.ch does not give rise to convection

TucHNKR and Traubk, to prevent mixing of what is at the ilerend and what is at the Jower end of tlie tnbe TeichnU
accept Yo...^ refutation of h. experiments ^ tZZ oc" dt'because m Youno's apparatus convection currents are not so welprevented as in that of himself The thermostat n.pd h

8 a.s wl„cl, ,s l,er„„(icall.v closed will, a badly oondnctin^ id T 1glass ,s provided will, a valve-slirrei- and ,„,,.,''

r^:Trta^'-;t:£r59f'™^

I.. Ilm /,,,(«,,,.,/„,,„, ||,e |„a,i„g ,„„,, |.^^

f.om ,1,0 do,v,„„„s, ,l,e,.,„„.ele,„e,„, ,n-obMf
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caused hv foiKiiiftioii of lioal along tiie threads, in consequence of

4. Iiaving increased too niiicli. We observed

:

June 29 1906.

time te ti naen.

Ill- 27°.8 27°.15 [31]

11 30 27.92

12 20 30.00

12 25 30.4 30.39 the rising of the gas bubbles has finished,

the bulbs begin to show a tendency to divide

12 30 30.69 0.365 rises

12 33 30.83 0.365 at 33

12 36 30.88 [33] 0.510 begins to descend slowly to 25

30.94 0.510 at 5

30.99 0.510 on the bottom

the separate (electrical) heating of the inner bath is stopped,

12 40 31.00 31.00 0.365 at 36

0.483 begins to descend

12 44 31.00 [34] 0.365 between 38 and 39

0.483 „ 21 and 22

ti rises very slowly whereas t^ was all the time kept some-

what higher to 2''.50

12 48 0.483 between 10 and 11

0.365 rises to the top with accelerated

motion

0.483 continues to descend very slowly

12 52 [34.5] 0.483 has arrived at the bottom

all except 0.510, 0.483, and 0.365

in meniscus

1 [35] 0.390 begins to rise

1 3 0.390 between 37 and 38 with 0.405 by

its side somewhat lower

1 10 0.390 between 38 and 39 with 0.421

below it in a slanting direction

1 15 [35] 0.421 begins to rise, for the rest like

IMO'.

Looking from the top downward in a slanting direction

through the tube we observe a slight grey mist which is

denser in the part below the meniscus. When we look straight

through the tube, with a light behind the tube, the whole

shows a light brown colour, which is somewhat darker under

the meniscus.

The bulbs continue to move slowly apart, the rising ones

15*
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"-vmf^ laster ll.au .1,. .lescen.ling o„os, and (he veloc-ily
•'' 11,0 nsn,^ l.nll,s iim-oasixK as (Lev get l.igl.er, ll,e .a„K>
I nug ,ak,ng place <l,„ngl, in a smaller degree w„h ,he
descending ones.

^^15 /^l-<^32 the meniscus has graduallj got fainter and
IS hardly ,0 be distinguislied, only a slight constriction of
tlie light [)and is (o be perceived at 35.

2 20 31.03(3 0.421 l)etween 42 and 43
<J-443 „ 36 and 37
0-450 „ 34 and 35

.n o. o.
^-^^^

" '^2 and 33

2 50 !irn°.n''';
^"^'^ '' *'"''"''^"

^^^'^' ^^^ *'"« temperatnre
OU 31.050 the nse of tiie temperatnre of the inner bath

IS now exceedingly regular
4 30 31.096 0.443 in the middle of 53

0.450 between 32 and 33
0-466 „ 24 and 25

The mist in the tube is now equally dense e^'erywhere
and becomes gradually less, the moving apart of the three
still descending bulbs continues slowly and regularly

^ ^ ^^-2^0 0.466 lies just on" the bottom
0.450 between 36 and 37; has risen

4 ram ill 2i>15' and so shows a

,,n T. r ,

tendency to mo\e to the top.
8 10 rhe cooling takes place by reducing the outer bath to alower temperature

8 30 31.133 0.466 begins to rise from the bottom
0.450 at the same place

1 1 P"-0"Sl'0-^f t'^e tube a bluish mist appears
8 40 This mist gets denser

^ ^^
, .

,

,

^^ ti5] a thick milky white mist is formed,
which spreads rapidly upwards and downwards

30.984 At [10] the meniscus appears." From the
upper place of contact of the thermb-elements drops falldown, t,-om (he lower place of contact smaller gas bubblesnse upwards (The cooling proceeds too rapidly). The meniscus
uses, 3 bulbs fall quickly into it from above, and 1 rises
towards it from the bottom.

The differences of temperature within the tube were found
o be between 0°.02 and 0'.03. but m consequence of Z
l^tknl'of H"l\r'"

'"'" '"' '' '' '^''''''^- ^" ''- ^>bser.
Vcition ol «i'7 they were no more than 0^01.
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July 5 1906.

In the second experiment the heating took place somewliat

more rapidly. In V'lO' the inner bath was brought at

9'' 10' 29^.99 The separation of the bulbs has, of course,

not advanced so far as in the firs! observation, and tiie

deflections of the galvanometer were larger. The tube re-

mained now farther behind the temperature of the waterbath.

9 40 31.60 [36] The meniscus is still dimly to be dis-

tinguished here, and a thin light mist is visible through the

whole tube. Under the meniscus a somewhat darker band

of a ligiit brown colour is seen.

The position of the bulbs is now
0.365 at the top

0.390 between 43 and 44

0.405 „ 42 and 43

0.421 in the Tuiddle 41

0.443 „ „ „ 40

0.450 „ „ „ 39

0.466 between 37 and 38

0.483 and 0.510 on the bottom.

31.7 0.390 and 0.405 now go very rapidly to

the top followed by 0.421.

At the place of the meniscus now only a

slight constriction and a light brown mist band are to be

perceived.

10 45 31.900 The temperature is then kept constant till

11''37 with no greater deviation than 0'.004 and then from

11 37 31.888 till 2''15 with no more deviation than 0^002.

2 15 The mist has now entirely vanished and the bulbs are all apart.

0.510, 0.483, 0.466 on the bottom

0.450 and further ones in the top, none

of the bulbs remain suspended in the body

of the tube; the bulb 0.450 was the

last to go to the top, whei'eas 0.466 had

already been on the bottom for some time.

A difference of temperature is no longer to be perceived.

At first the cooling took place more slowiy.

3 31.550 A slight mist is perceived

3 45 31.040 the mist has become distinctly denser.

510 30.985 [5]. In this position the meniscus originates

in a milky cloud in tjie jdwer |)art of the lube. l''iiillier the

iowei'iiig of llu' leiu|nM'alui-e proi-eiMls (oo rapidly.
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5 25 30.950 [14]. Three I)ulhs lloat in llie nieiiisciis.

A tlisturbance in the regulation of the temperature of the

outer bath put a slop to the experiment.

July Ipi' 1906.

A tldnl ei'pi'rimenl did not give any ditierence with tlie

first with slow iieating. Tlie temperature was kept still closer

to the critical, and the heating went still more slowly. Now
the meniscus descended, and tiie brown colour under the

meniscus was particularly pronounced, it was darkest just

below the meniscus, and gradually faded downward. After

a slow heating wliich extended over lO'/j hours the menis-

cus disappeared at

6'' 30°.986. The position of the bnll)s was now

0.443 between 34 and 35

0.450 in the middle 27

0.466 between 25 and 26.

In consequence of a slight disturbance in the regulation

of the outei' l>alh /, descended to

6 45 30.984 [25] the meniscus appears, the position of

the highest bulb does not undergo any

change, the two others 0.450 and 0.466

float in the meniscus.

9 15 31.010 the meniscus disappeared somewhat lower,

the lirowii colour in the lower half is much more intense,

at last it contracted to a dark l)rown band of ± 1 mM.
width just below the meniscus. Gradually it grew lighter

and shortly after the meniscus it also disappeared
;

0.443 between 41 and 42

0.450 23 and 24

0.466 in the middle 22.

The temperature at the top of the tube was O'.Ol higher

than at the bottom.

§ 8. Conclusions and remarks. An elaborate discussion of the ob-

servations in connection with other peculiarities of the net of isotherms

in the neighitourhood of the critical state (cf. Comm. n°. 74 and

Comm. n°. 88 IV § 5, Jan. 1904 and Connn. Suppl. n°. 10), and as

to those on the mist in connection with the obsei-vations of Gouy,
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Travers ami Usher and Young'), must be deterred to a laler ocoasioii.

However, some conclusions are obvious.

As the temperature rises more slowly and the equilibrium in the

tube is better reached, we can get nearer to equality of density

of the vapour and liquid phases. We think we found a smaller dif-

ference in density in our measurements than any of the observers

before us 'J.

We did so in the third experiment. The critical temperature was then

fixed between 30\984 and 30\986 '). That at 30^.984 only a small dif-

ference in density existed between liquid and vapour appears as follows:

When the meniscus appeared we found 0.443 for the density of the

vapour at the height 35. So we estimate the density at 0.452 at the height

of the meniscus (25) according to the correction of § 5 (doubtful);

bulb 0.450, however, floats on the meniscus. The density on the

bottom is <^ 0.483 (height (see § 7 beginning) 5 cm. under 30), so

we estimate the density of the liquid at 0.468 at the height of the

meniscus; bulb 0.466 floats. Vapour and liquid differ, therefore,

certainly less than '/lo. '^'i<^ probably no more than \/^„ in density. In

the first experiment we found Qo > 0.421, qi <^ 0.483 from which

Qc ^ 0.430 , QI <[ 0.468 follow with the estimated correction for

gravity; so under these less favourable circumstances a difference

of less than '/lo i^ most likely realized. These results concerning the

closer and closer approach of the density of liquid and vapour,

which quite agree with the views of AiNDREWs-van der Waals,

deprive the much larger differences of phases at the same tempera-

ture and pressure aboxe the critical temperature, which Teichner

derives from his experiments, of all importance ^).

') This includes the discussion of the mist stage of von Wesendonck, which
would constitute the transition stage in the neigliljourliood of the critical state,

and which in any case can only extend over a small part of the region of density
and temperature where a mist can be seen.

•) Young, Journ. Ghem. Soc. 71 (1897) p. 455 stated at 0^.05 below the critical

temperature a difference of 14o/„ lietween the liquid and vapour densities. [Note
added in the translation].

•') Tlie readings of llie temperature have been reduced to those on a thermo-
meter which had been controlled with an air thermometer accurate up to 0^,01
by the Phys. Tech. Reichsanstalt. Our result agrees with that of Keesom, 30". 98
(Comm. N". 88 see above),. made witli the satiie thermometer Moreover, besides
and after the determinations of the critical temperature of GO.i cited in Landolt-
BOrnstein-Meyerhoffer's Pliys. Ghem. Tables are to be mentioned : Verschaffelt
Zitt. Versl. Juni '96 (3i°.0), von Wesendonck Verb. d. Dciitsch. Phys. Ges.
5 p. 238 (30''.95), Brinkman Diss. Amsterdam 1904 (31°.f'2).

*) It is true we might assume that the equilibrium of liquid and vapour with
so sligtit a dilTerence of density as we observed, is only reached after so long a
time as was allowed in this experiment to obtain, equiliiirium of leinpoi aUue and
that at first slates with giealer dillerence of density of liquid and vapour (of.

note f p. f ^ 1 ) appear at the same temperature, which gradually pass into the final
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• ll is in lianiioiiy \vi(li lliis that a tolerahly sharply defined critical

density can be assigned. We derive ().4(i() IVoni the density of va|)oiir

and li(|nid in tlie third experiment fur it, wliicli agrees witii the

mean whicii would foHow from experiment J at 2'' J 5, i.e. 0.450,

and 0.470, derived from experiment li on account of the appearance

of I lie meniscus at 25 (cf. further § 6 p. 223 footnote J).

Differences of density as Teichner finds, were also found l)y us; it

was in the second exi)eriment at (he moment that the nieniscns disappears

with comparatively rapidly rising temperature. However, after the tube

lias been kept at the same temperatui-e above the critical temperature

for 3 hours, and the temperature in the tube has become uniform

probably up to less than 0^01 0',9 above the critical temperature,

they have been reduced to less than 0,466 — 0,450, or less liian

3,5 °/o, i. e. after correction for gravity <[ 3,3 7o over 10 cm.

The remaining difference in the first experiment 0°,23 above the

critical temperature after 6 iiours' heating above the critical tempe-

rature can be derived from the fact that bulb 0.450 floats 5.6 cm.

above 0,466. This diflerence is no more than 3,5 7o. '^"^1 corrected

for gravity 2,9 »/„.

From Verschaffelt's calculations follows that at 0°,23 above the

critical temperature 0,0001 molecule of admixture may cause about

12 7o difference of density. Differences of temperature and admixtures

which may account for remaining differences such as those just treated

are scarcely to be avoided even with the precautions taken by us.

Nothing has been observed of an "Entmischung" by cooling when
the critical temperature is approached, as Trauhe I.e. p. 477 mentions.

Teichner observed that, after the disappearance of the meniscus, at

the place where it was found last a transition zone exists towards

which the differences of density concentrate, whereas outside it the

changes are only insignificant. In our observations the contrary

appeared, and the changes in density continue regularly with increase

of temperature, only the motion of the bulbs was sliglitly accelerated

as they approach the top of the tube, and they cover the last 1 or

2 cm. very rapidly. In a less degree but in tiie same way this takes

place with the bulbs which descended. We consider these phenomena
lo be connected with heating and cooling of phases by compression

and expansion •).

state with simultaneous fhange of lire pi-essuie ol' coe.xistence (cf. note 1 p. 1 § 1).

Bui tlie absence of sujjsequenl rise of pressure in the repetition of de Heen's
experiment (see § 3) lias tauglit us, that already after a very short time after-

changes of the density no longer occur.

') Tliey just as the "iMitmisehuiig" assign thai the lempcrature dillercnccs within
the tube in the experimcrils of Teichner were probably greater tiian in ours.

[Note added in the linghsli translation].
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Physics. — "Coniributio?}^ to the hioioledge of the ^'-.surface of

VAN DER Waai.s. XT. T/tfi cose that one component is n gas

ivithoiit cohesion ivith moltcuks icldch have extension. Limited

miscibility of two gases." (Continuation). By Prof. H. Kamek-

LiXGH Onxes and Dr. W. H. Keesom. Supplement N°. 15

to the Comniimications from the Physical Laboratory at

Leiden.

(Communicated in the meeling of May 24, 1907).

§ 8. On the temperatures and the pres.mres 07ithe gas-gaspl'iit. In

order to form a provisional opinion as to the experimental condition!?

which must be satisfied that limited miscibility in the gas state may
be obser\ed, and to be able to derive what [lairs of substances

must be considered suitable for this purpose, it is desirable to examine

for some cases what temperatures and pressures occur on the gas-

gasplait '). In the case (§ '^> March '07) of a component without

cohesion') or almost without cohesion {m<^m^, see § 7), the gas-

gasplait will occur for all temperatures between the critical temjie-

ratnre of the less volatile component and the critical temperature

of complete miscibility '). Its pressures will then be larger than

1) In our opinion Jlr. van' Laar (These Proc. May '07, p. 35, note 2) is

wrong in thinking that in the case of a three-phase-equilibrium, as e.g. in the

system water- el her, our terminology with regard to the distinction between gas

and liquid does not agree with that usf d by van der Waals. According to what

has been said about this distinction in § 4, for a three phase equilibrium of a

system of llie type water-ettier the denser phase which is I'icli in water, mast be

called liquid as belongirg to the liquid branch of the connode, just as the less

dense phase which is rich in ether, must be called gas phase ; whether the denser

phase which is rich in ether is to be called liquid or gas, is not determined by

the principle of the continuity of the phase along the connode; if tl:e reduced

temperatures at which this phase appears, are taken into account, also the last

meniioned phase will be called liquid for the system elher-water in accordance

with what lias been said in § 4.

'') The second branch of the plailpoint curve in Fig. 1 § 2 (These l^roc. iMarch "07,

p. 787), about which Van Laar speaks in These Proc. May '07, p. 3G, has

there (Woo = 0) contracted to a point x=l, v = b2.>. It is true that in Die ease

of our § 7 (Plate II, These Proc. March '07) a second branch of the plaitpoinl

curve occurs, but it has been explicitly stated there (p. 795 at the bottom and

p. 797) that we did not discuss the spinodal curves at the lower temperatures

at which tliis branch of the plaitpoint curve makes its influence felt, referring inter

alia with a view to these temperatures to Van Laar's papers.

') As mentioned in § 1 this idea was introduced by Van der Waals, who
also gave the formulae for the calculation of this temperature (Van Laar calls

it 'third critical temperature").
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tlie critical pressure of tlie least volatile (•(uiiiioiieiil. It' the sup-

positions mentioned in § 2 might be applied for this, and the

values of a.M iwd A.m for He might be borrowed from Comm. N°. 96^

Febr. '07, p. 6(30 footnote 2, so that r/MHe = '/us «MH., = 0.0000024

and /yjiHe = Vj ^mh„ = 0.00044, this -case would be realized for

mixtures of He and water'). Then we should liiid 7'/,„, = 1.056 7^.^,

so that the gas-gasplait would occur over a range of temperature

of 36° above 365° C, and at pressures al)ove 195 a 200 atms.

In the case that the molecules of the least volatile c.ompoiient act

on each other feeblj, but still exert such an attraction that a double

])]aitpoint '') occurs in the net of the spinodal curves, the pressTire

in this plaitpoint and its temperature in connection with the critical

temperature of complete miscibility give important indications as to

tlie pressures and temperatures of the gas-gasplait.

In table II these data, calculated for the case that the suppositions

T A B L E H.

Pair of substances
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mentioned in § 2 miglit be applied, have been given for some helium

mixtures. T^m has here been calculated according to van der Waals
Cont. II. p. 43 (cf. § 6), 7^,,; according to the formula mentioned

in § 7, pj^i from the e(|aation of state with the just mentioned

Tdyi and the Vdf,i also represented in formula in § 7 ').

The reduced temperature of the double plaitpoint Td/dlTijc, men-

tioned in this table, gives an idea in how far the phases in its

neighbourhood behave as compressed gas-phases.

The values of a and b of the different components have been borrowed

from KoHXSTAMxM, Landolt-Bornsteix-Meykrhoffer's Physik. Chem.

Tabellen ; for those of helium see above; for neon we have made \ise

of the ratio of its refractive power '') to that of helium according to the

determinations of Ramsay and Travers '), and of the estimation con-

cerning the critical tem[>erature by Travers, Senter and Jaquerod^).

It appears from table II that when the gas-gasplait can make its

appearance, the range of temperature within which this is the case

^between Tkm and 7^^,/), on tlie mentioned suppositions is small for

most of these pairs of substances, for some even exceedingly narrow.

For the pressures on the gasplait higher values than //,/^,/ will have

') Though originally we did not consider the developments which led us to the

explicit expressions for the double plaitpoint mentioned These Proc. March '07

pp. 796 and 798 of suffiiuent importance, now that van Laar (see These Proc.

May '07 p. 41) thinks the derivation of such like expressions impossible there

is a reason for communicating them on a following occasion.

-) Happkl, Habilitaiionsschrift Tiiblngen 1906, p. 30, found that the refractive

power for argon, crypton and xenon would yield values for ft which greatly deviate

from the fc's derived from the critical data. When according to the principle of

the corresponding states (cf. Happel loc. cit. p. 31, notel) we compare the ratios

of the refractive powers for these gases with those of their critical volumes

(derived from pk and Tk) the deviations are far less considerable. So with regard

to this property, these one-atomic gases form a group, just as is the case with

the bi-atomic and vrith a great many more-atomic substances (Guye, Journ. de
phys. (2) 9 (1890) p. 312).

^) Ramsay and Travers, Phil. Trans. A197 (1900; p. 81. Yet we must
remark that when comparing this ratio for helium and argon according to Ramsay
and Travers with the ratio of bue according to our estimation and b\ derived

from Pi and Tt , we should find an important deviation (cf. note 1). Also in

view of this the data concerning mixtures of helium and neon are very uncertaui.

*) Travers, Senter and Jaquerod, Phil. Trans. A :200 (190:2) p. 177. Their
views, however, on a connection between atomic weight and critical temperature
lead to an unlikely result for the critical temperature of helium.

The determinations of isotherms of neon by Ramsay and Travers, loc. cit.

have been of as hltle use to us as those of helium for the determination of a and
h (different particulars in the course of the isotherms of the one-atomic gases
given by these scientists in plate 2 loc. cit. do not seem very probable to us).
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to he expected as a iiile. Tliii,> it rt|)|)car.s I'roni table 11 llial tliese

pressures become veiT liigli, if llie circumstances are not very

favourable.

It would have a very favourable influence on the circumstances

of lem|ierature and pressure at which limited niiscibility in the gas

state migiit be obser\ed, if it should pro\e that for mixtures of

.helium with another gas «i2M is smaller than is expressed by

^ 9. Mr. \'AN Laar's reinarh, (These Proc. May '07 p. 34—4(51

which imply that we have set forth some of our results as new,

whereas they had been already derived and published by him

before, compel us to the following explanations in order to show the

incorrectness of these assertions.

I. As to part of these observations, they are best refuted by shortly

repeating the train of thought followed by us.

When we applied tlie equations laid down by van dek Waai.s

with legard to the spinodal curve') in Cont. II, § 19 sqq., trans-

ferred to the if^'-surface for the unity of weight, to the case that one

of the components is a gas without cohesion') with molecules which

have extension, we arrived on the suppositions'') mentioned in § 2

at a platt irhk-h starts from the side of tlic small volumes, comes

') These Proc. March "07 p. 796 note 1, and van der \Vaals These Proc. April '07

p. 831.

-) The equation I'or the spinodal curve of the molecular J-surl'ace (ct. Van Laar
These Proc. May '('7 p. 37 at the top) was given by Vak der Waals in Conl. 11. p. 45,

, . , .
da db d'a

equation (1) in a form which after substitution of -r-, —- and -r-- passes imme-
dx d,v dx

diately into tliat used by van Laar. (See van Laar, Tliese Proc. May '('o p. 8;{

at till' bottom). The efjuation given by us p. T88 referred to and was derived from

the e(|uation for the d-surface for the unity of weiglit (These Proc. Dec. '0(j p. 510).

For the rest we differ from the opiniou repeatedly expressed by Van Laar (inter

alia These Proc. May 05 p. 34), that it would be more difficult and more elaborate

to derive the equation of the spinodal curve and also that of the plaitpojnt curve

from the Jcfunclion than to do the same from the f-function.

"') This investigation was announced in Coram. No. 96&, Dec. 'Oti p. oOi'.

*) When we were not allowed to nut ^ =0 for and in the immediate

neighbourhood of v = b, as we did (cf. Van der Waals Cont. II p. 42), the spinodal

curve will always be closed towards the side T^b as Van der Waals observes

I.e. and These Proc. April '07 p. S48. It is then to be expected, at least for

small v^j that the plait in question makes its appearance for the first lime at a

maximum plaitpoint temperature, and for the rest extends to the large ?'s iu the

same way as the plait described here.
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into cvntart intli tin' hiii- .v zzi nl d ceiidui tiiiipcniliirc, ini<( crosses

in a slmtiiiii direction from v = b to the side ,v = of longer tenipe.-

rature (§ 2 Tliese Proc. March '07 p. 787). Comparison of tliis result

with VAX L.\.vk's papers induced us then to cite (p. 786 footnote 1) that

the latter already treated the projection of the plaitpoint curve on the

i; , .r-plane for the case of a gas without cohesion, but witliout

further investigating the shape of the spiiiodal curve and of the plait

for this case. Now that van Laar (These Proc. lAlay '07 p. 35) says:

"The case that a plait starts from 6'„
') to C, '), or also at the same

time from C, to C^ (when thei-e is a minimum tempei-ature in the

plaitpoint line) is not new (see Kamermngh Onnes and Keesom, p. 788

below), but has been before described and calculated by me in all

particulars", we have once more looked througii his papers.

It would hjive been good if Mr. van Laar had indicated the place

where we had to look for this description of the plait treated in

^ 2 and indicated by van Laar in the italicized words (the italics

are ours) ; we have not been able to tind this description in his

preceding papers even, on this renewed careful perusal ').

That the shape of the plait described by us occurs for tempera-

tures above the critical temperature of the least volatile component

led us to the considerations on limited miscibility in the gas state

mentioned in ^ 3 sqq.

Always availing ourselves of the above mentioned ecpiations of

van der Waals, we examined then if also with a^, ^ such a plait may
occur for values as they are to be expected for mixtures witli helium.

We saw in </ 7 (Tiiese Proc. March '07 p. 795) that for the case of

the plaitpoint curve running from /i", to K,,, (called type 1 by van Laar)

3 cases are to be distinguished: ^0 that with failing temperature the

plaitpoint gets from K,n on the »I'-surtace, and proceeds regularly

towards A",; /;) that with falling temperature a plaitpoint coming

from K,., and one coming from A', unite to a double plaitpoint ; c)

that tlie i)laitpoint gets from A', on the i}'-surface and proceeds

regularly towards Km (without double plaitpoint with minimum

•) Our Km.
-) Om- Zi.

*) On the contrary he ^avs in his paper These Proc. Sept. 1906 p. 231 (cf. Van Laar,

These Proc. May 1905, p. 42 at the bollom) :
": hi former papers il has been demon-

strated that in the neighbourhood of Cq a niiniinuni plailpoinl temperature makes its

appearance both with type I in the line C^jCi and with type 11 in the hne ( \,^1, and

that tliereforc with decrease of temperature a separate pluil begins to detach itself

slailinij; from ('„ at a definite temperaliue 7',, (th(.' phiitpoint leniperaturc in Q,),

wliich phiit will merge into the main plait (or its branch plait) later on in an

homogeneous double point.
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pkulpuint temperature). Tlie conditions for the oceurrence of these

cases were defined by us by means of tlie equations (2) and (3)

there. From this appeared that with very feeble attraction the case

a) occurs, with greater attraction the case A), whereas witli still

greater attraction case c) occurs (supposing the system to belong to

type 1).

We have found neither the case a) as we already observed above,

nor the case c) in van Laar. We did find the case b), chiefly with

regard to the treatment of what takes place at lower temperatures,

when three-phase-equilibria occur. For this treatment we referred

to VAN Laar (cf. These Proc. March '07 p. 797).

From the fact that van Laar has declared this shape b) to hold

universally for type I (cf. p. 235 footnote 3; see also van Laar p. 36)

it apj)eai's in our opinion, that van Laar has not only left the cases

a) and c) nnmentioned, but has decidedly overlooked them. ^)

IL One more remark remains to be discussed. In § 7 we put

as the tivo criteria of the case b), the course of the plaitpoint

curve being from K^ to /C (see above), in which case a minimum

plaitpoint temperature occurs (supposing b^ni <i bn^)

1^a2'jM/«iiM }>-^ I— 1 + l/l -f 36.j2m/6iimJ

and

Mr. VAN Laar points out (These Proc. May '07, p. 45, ap|)endi.\),

that the first-mentioned condition corresponds with a condition for tiie

occurrence of a minimum plaitpoint temperature, derived by him These

Proc. Dec. '05, p. 581 (and Vhrschaffelt These Proc. March. '06

p. 751). In our opinion, however, Mr. van Laar is mistaken when

he thinks that the one condition stated by him is sufficient in all

cases to decide as to the occurrence of a minimum plaitpoint tem-

1) We might consider the course of the spinodal curves in case b), if this is

also extended to values of x > 1 and < 0, and of v <'b, as a more general case,

from which the cases a) and c) miglit be obtained, at least qualitatively and

when we restrict ourselves to the region of the 4<-surface (1 >.t>0 and r < b)

that is of importance for the treatment of mixtures. This might be done by cutting

out a region bounded by x = and x=l, and a suitable line v=b in the same

way as van der Waals These Proc. Feb. "07, p. 621 sqq. treats the course of the

isobars (cf. § 7 p. 796 of this Communication). We have not found a single indication

that VAN Laar's description of case b) is to be interpreted in this way; from the

phrase, c|uoled p. 23-^ foutnote 3 e.g. we should much sooner conclude to the contrary.

At any rate the distinctions which are of physical importance, have not been

made.
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penitiire. Nor can his considerations of Dec. 1905 give an indication

to conclude to the occurrence of a minimum plaitpoint temperature

in the branch A", A',„ of the plaitpoint curve. For there van Laar

starts from the vahie of (/Tj,,/ dx at t1ie critical temperature of the

most volatile component called 71^ l\y us. The condition that at

Tk^, the lower of the critical temperatures of the components,

clTx/A /dx <^0, implies that if the plaitpoint curve crosses from K^ to

A', a minimum temperature must occur in it ') Van Laar (These

Proc. May '07 p. 43), considers now the value of dTx,iildx for the

least volatile component (for A',). It is clear in our opinion, that at

the highest critical temperature tlie condition dT^id /dx <C^ 0, which

coincides with the tirst of the inequalities mentioned (cf. p. 797

last sentence of the alinea at the top), does not give an}- indication to

conclude to the occurrence of a minimum plaitpoint temperature.

That if for A', dT^fji /dx <^0, really 07ie of the conditions for the

occurrence of a minimum plaitpoint temperature in the branch A'j A'„,

of the plaitpoint curve has been fulfilled, van Laar has, in our opinion,

only shown by his considerations on the situation of the double

plaitpoint. not given until April (translated in These Proc. of May)

at the same time w ith his remarks, which considerations agree with

those which had led us a month before to the statement of the two

conditions mentioned.

1) Only if the plaitpoint curve crosses from K^ to Ka, this condition is sufRcient

to conclude to the occurrence of the minimum plaitpoint temperature (cf. van

Laar p. 46); for if the branch of the plaitpoint curve starting from Ki bends

round to va.n Laar's point A {x=l, v = boo in our notation), we cannot speak

of a minimum plaitpoint temperature in the sense which is generally attached to

this word.

A similar consideration gave rise to our remark in note 2 p. 795, which

remark we are obliged to maintain in spite of Mr. van Laar's contradiction,

p 4G. (Wrongly Mr. van Laar thinks there, note 1, that in our note instead of

"maximum-temp." "minimum-temp." sliould be read, which might also immediately

appear by comparison with the cited text of Verschaffelt).
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Physics. — "Some remarks on the hist obseroalioiis of Prof. H.

K \MKHi,iN(iii Onnks (ind Dr. W. H. Keesom." By Mr. .1. ,1.

VAN Laak. (Cuiiimiiiiicated by Prof. H. A. Lorentz).

In (lie Proceedingti of May 24 (1907) Prof. Kamerlingh Onnes

and Dr. Keesom answered some remarks wliicli 1 |iiil>li?licd in the

Proceedings of A|)ril 26 (1907) (in reference lo their last papers).

I may be allowed to revert briefly to the chief points of this

answer.

a. P. 235, line 14—18: "It wonld have been good", etc.

In fact the course of the plait in the case referred to by Prof.

Kamerlingh Onnes and Dr. Keesom has not been given by me. I

confined myself to investigating the course of the plaitpoiiit line in

general. The results which I obtained on this point harmonize fully

with what was found by Kamerlingh Onnes and Keesom. ')

b. P. 236, line 7—15.

In my papers published in These Proceedings only tlie case h

has been mentioned (in which a minimum tempeiature occurs on

the branch C^C.^ of the plaitpoint line). The reason of tiiis is, that

I then (7 June 1905 and 10 .January 1906) only worked out

the case b^=ib^, in which such a minimum always occurs.")

The formulae which I developed afterwards for the general

case b, ^ A.^ (see Teyler 1, II and III), [which last publication (viz.

Ill) was delayed by circumstances independent of my will], contained

the pos.^ibUiltj of tiie three cases a, b and c. As a matter of

course Prof. Kamkrlingh Onnes and Dr. Keesom could not take this

yet unpublished investigation into account, and I only mention the

fact to prove that the possibilifi/ of the cases a and c had not

escaped my notice.

c. P. 236. "In our opinion, however, Mr. van Laar is mistaken

when he thinks that the one condition stated by him is sufficient in

all cases to decide as to the occurrence of a minimum plaitpoint

temperature."

1) At tlie same time 1 am glad lu duclare that I completely acknowledge the

prioi'ity of Prof. Kamerlingh Onnes and Dr. Keesom in bringing to light the possi-

bility of plaits which proceed without minimum from C, to Cj and inversely

(cases a. and c. of Kamerlingh Onnes and Keesom), the knowledge of which is

necessary for understanding the behaviour of binary mixtures, containing as one

component a substance with weak attraction.

(.Note addi'd in the English translation).

2) Afterwards I have seen tiiat also for 61 = ^2 the case a. does occur, when

it is not supposed that Tq < To

.

(Note added in the English translation).
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1 niav remixrli al'out this that I h,i\e nioaiit iiothiiiii else — which

il seems, I dujihl to have set t'orlh more clearly — i>nt to coiicliido

to tiie existence ol' the miiiiiiiiim tcm[)eratiire, when the plaitpoint

temperature at the extremity of the branch of the plaitpoint line

where the condition in qnestion is fnltilled, is lower than at the

other end of that branch, in which case this one condition is really

sufficient.

M

ERRATA.
In the Proceedings of the meeting of Febrnary J 901

p. 660 1. 5 from the bottom; for "least" read: "most'

p. 662 table II in the heading read 3IjAf, = 2

In the Proceedings of the meeting of March 1907;

p. 765 1. 13 from the top: read:

t'—t'

table VII, for: «„

dt

read

:

dpvji

dt

p. 778 1. 13 and 14 from the top; for a^, read: a,.

p. 785 1. 17 from the bottom: Insert:

For the temperatures in liquid hydrogen first the correction is to

be applied which will prove to be necessary according to Conmi.

N". 95" § 3A and § 8.

p. 796 the value for
'— given in equation (1) is to be multiplied1—
'^'M/

') But I readily concede that Prof. Kamerlingh Onnes and Dr. Keesom have been

the fust to deduce both conditions loi- the minimum and to take in consideration

the cases a and c. (Note added in the Englisli translation).

(October 31, 1907).
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Physiology. — "A/nntt Odour-affinities". By Piof. H. Zwaardemaker.

(Communicated in the meeting of September 28, 1907).

The great iiuiuber of odours occurring in nature and in technics

may, by virtue of the current opinions in literature, be divided into

9 ckxsses, vvliich may be indicated by historical names '), chiefly

borrowed from Linnaeus. These classes are : etherial odours, aromatic

odours, odores fragrantes, mosclius odours, allyl odours, empyi'cu-

niatic odours, capryl odours, narcotic odours, odores nauseosi. I

have selected fiom each class a representative which, chemically

well characterized, can in a very simple way be made fit for olfac-

tometric investigation (by dissolving the chemically pure odoriferous

material in paraffinum liquidum "), with one exception, viz. muscon,

whicli is odourless in by itself odourless paraffine, and which there-

fore has been used mixed with myristine acid. They are:

isoamylacetate 0.57,,

introbenzol 5%
terpineol 2.5°/^

muscon 0.6277„

aethylbisulfide 17„„.

guajacol 17„„

\alerian acid l°/ooo

pyridine Vj^

scatol 17„„.

If in the double olfactometer two of these materials are joined

together, there occur among the 36 combinations thus obtained no

real nuxed odours, but because they are counterbalancing each

other, either an odourless mixture or rivali-y is obtained. Odourlessness,

respectively indefiniteness of odour, with change into odourlessness

by rarefaction of the airmixturo, is met with, when the stimuli are

weak ; rivalry, i. e. the alternate preponderance of one or the other

of the two mixed odours is met with, when the stimuli are strong.

However, also in the last case the impi'cssion, made by the mixture,

is considerably weaker than the impression that every odour by itself

brings about.

As unit of smelling-power I take the olfaction, i. e. tlie smallest

quantity of odour of a definite quality, which can be recognized

') H. ZwAARDEMAKER, Physiologie des Geruchs. Leipzig 1895 p. 207.

^) Not water, but parallinum liquidum has been chosen as a solvent because it

is desirable to work for months at a stretch with the same cylinders without

alteration of the solution.
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by a normal organ of smelling ("Erkennungsschwelle", "recognizing-

limit").

If the above mentioned paraftinic solutions are evaporated at a

temperature of 15° C. and give off smelling material to a current

of air brushing past with a velocity of 75 cub. cm. per .sec,

one olfaction will be communicated to the latter per 50 a 100

cub. cm. of air by shoving out the cylindric evaporating surface to

a deflnite cylinderlength. Tiiis cylinderlength amounted on an average

:

for the isoamylacetate-solution to 0.2 cm.

„ „ nitrobenzol-solution ,, 0.03 ,,

„ ,, terpineol-solution
,, 1.1

,,

„ ,, muscon-mixture „ 0.15 ,,

„ ,, aethylbisulfide-solution ,, 0.015 ,,

„ ,, guajacol-solution ,, 0.3 „

,, ,, valerian acid-solution ,, 0.03
,,

,, ,, pyridine-solution ,, 0.02 ,,

„ „ scatol-solution „ 0.003 „

In judging of this table, it should be taken into consideration that

the numbers have sometimes been obtained by taking the cylinder-

lengths during the experiment actually 10 or 12 times longer and

by rarefying the air in the reservoir that is smelled at, 10 or 100

times. Thus the objection was obviated, on tiie one hand that small

cylinderlengths should not be capable of being read with precision,

on the other hand that the e\aporation should not regularly take

place from very narrow strips.

The mixing of the odours, which are to be joined togetiier two

by two, took place in a common reservoir, wliicli, provided with

two stop-cocks had been placed downstream the double olfactometer.

The symmetry of the latter, in view of the resistance offered to the

current of air, was previously examined by means of a bridge of

Wheatstone applied to air-streams, while the purification of odours

adliering by absorption between each number of two experiments

lias taken place by a permanent stream of air and electric warming
of tiie wall of the reservoir. The reservoir in wiiich the mixture

takes place was smelled at by means of a separate tube, the down-
stream cock being opened.

The 36 combinations procured indefiniteness of odour oi rivairv,

if p olfactions of one odour and i) olfactions of the other showed
a proportion of p!q, of the following amount :
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TABLE.

Mixture
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mutually increasing and decreasing in due proportion, the cardinal

values of stimulus and sensation. By analogy we niiglit speak iiere

of cardinal values of the stimuli counterbalaucing each other, leaving

altogether out of the question whether this proportion will prove as

easily explainable as that which Fechner has in view. The zone for

which the proportional number of the table holds good, may therefore

be called the zone of cardinal ]irt)porlions.

From the fact that at a simultaneous impression two odours can

neutralize each other, it tbllows that the action of these stimuli on

the organ may be reoresented by two vectors, standing as it were

for two forces, which in general act more or less in opjiosite direc-

tions, the direction of the vector of the strongest odour (answering

to q m the table) being chosen in such a way that the co-sine

of the angle that it forms with the continuation of the vector of the

weakest odour (answering to p in the table) is exactly equal to

the proportion fouinl for piq in the combination concerned. For in

this case the vector of the strongest odour may be thought to be

replaced by the sum of two other vectors: one in a direction opposite

to the vector of t!ie weakest odour, and one at right angles to it (in

the plane of the original vectors). If, moreover, the two original vectors

are given equal length, each with such a unit of length as the propor-

tional number implies, i.e. for the vector g' and its components of g/p
times more weight than for the vector jj, the neutralization of actions

that has to be symbolized by the original vectors, will have been

accurately expressed. For the vector p and one of the components

of vector q will represent equal, but opposite forces. We shall ouly

have to consider the direction of the other component of vector q
as direction of odourlessness, in order to have duly accounted for

the complete lack of sensation.

A second set of vectors can be placed in the same system, pro-

\ided the two sets have one vector in common. Starting from of a

new proportional number p'jq the new third odourvector that has

been introduced, may then be given a detinite direction with regard

to the first odourvector; also the second and third vectors may be

given their relative directions by means of a third proportional

number p'/g'". The latter, it is true, can be done in two ways,

according as the third \ector is reached by a right- or a left-lianded

rotation starting from the vector answering to p, but of these two one

may be chosen. To the combination p'jq' belongs a vector of odour-

lessness at right angles to the vector of weakest odour and to the

combination p"/g" a \'ector of odourlessness at right angles to the vector

of weakest odour. The units of length of these vectors will in general
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never be the same and also differ according (o the combination that

one has in view. As, however, we have never mutuallj combined tliree,

bnt always two odours at a time, it will never be necessary to occupy

ourselves with tiic units of length of the three at the same time, nor

does this change of units, depending on tlie case considered, raise any

objection. Even in our further demonstration this does not give rise

to any diflicuhy, as we are never going to mutually compare vectors

i)iit wiicu they iiave the same direction with regard to an independent

vector tliat is at the same time considered, in other words possess

with respect to the latter about the same units of length/).

A tliird set of vectors can, speaking generally, not be placed in

the same system, even though it has one vector in common with

the two preceding systems, for the fourth vector will in general

have to be given different directions, according as it is considered

in connection with the first and second, with the first and third or

with the second and third. But what is in general impossible, may
in special cases prove (juite practicable. Let us consider this.

If we number our nine standard-odours with the figures 1 to 9

and likewise tlie corresponding \ectors, eacii time two of these

vectors can be fixed and the rest arranged with regard to tliese two

vectors, Avhich are definite in their situation. The question we put

just now, comes to this: Is the mutual relation between the odours

[leriiaps so as to make some of these last seven vectors coincide ?

In consequence of mistakes in the experiment a complete coincidence

will no doubt be out of the question, but let us consider whether it

happens within a margin of error of at most i 7o of 2jt difference

of direction {= 3.6"). For this purpose we have first combined 1

and 2, considering all the others with regai-d to these two; then 1

and 8 are fixed, the rest arranged according to this, etc. till all

combinations, 36, have occurred. In each of the combinations seven

vectors were met with, whose situation with regard to the two

vectors i)reviousiy chosen had to be traced in order to see whether they

coincided or not. For each set of two previously determined vectors

this gives rise to 42 judgments, so that in all 1512 judgments have

1) The proporlioii;il numbers as they have been empirically composed and taken

together in our table, form 252 possible constellations of three vectors. Among

them there is only one which, also a.s to the units, is completely satisfactory for

all thiec proportions at the same lime. It i.s the constellation in which terpineol,

scalol and valerian acid are combined. The length of the vectors measured by

means of a joint unit of length amounts in tliis case to 1 for the terpineol-vector, 8

for the scatolvector and 20 units for the valerian acid vector.
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been necessary for 36 combinations. However, as each case is repeated

once, there are in reality 756 separate judgments.

Just no\v we said it was necessary tliat never other vectors than

those about equally directed, which accordingly possess about the

same unit of length, should be mutually compared. If we keep this in

view, the following constellations are identical within a limit of 1 °/o :

isoamylacetate ami uiiroltonznl

valerian acid and scatdl

isoamylacetate and guajacol

nitrobenzol and guajacol

muscon and scatol

aethylbisulfide and valerian acid

each fiiur limes

each three times

isoamylacetate and terpineol
\

isoamylacetate and aethylbisulfide
^

nitrobenzol and terpineol

terpineol and guajacol ) each once

muscon and aethylbisulfide

muscon and valerian acid

aethylbisulfide and scatol

together 27 constellations ').

Some of these 27 constellations give rise to reciprocity, in such a

way, that the vectors which are identical to two previously deter-

mined vectors, make the latter identical, when they themselves are

previously determined in their mutual situation. This occurs in :

isoamylacetate
j

*—
. muscon I -» i isoamylacetate

and with regard to and , with regard to

;

and

terpineol 1 [ scatol
]

<r-
[

guajacol

Though the coincidence of two odour-vectors, if considered with

respect to two other odour-vectors, is already very remarkable, a

coincidence of 3 vectors is still more interesting. This has been

realized in the following cases, if we extend the limit of error to 27o:

') This figure rises to 42, if besides complete coincidences also coincidences

with reciprocal values are taken into consideration.
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with regai'd (o nuiscon and scatol

witli regard to aetliylbisulfide and scatol

\\itli I'ogard to isoamylacetate and terpineol

with regard to nitrobenzol and terpineol

with regard to valerian acid and scatol

isoamylacetaat

terpineol

guajacol

nitrobenzol

terpineol

guajacol

muscon

valerian acid

scatol

aethyll»isulfidc

valerian acid

scatol
]

Even a coincidence of 4 vectors, has been found once, and that for

:

isoamylacetate

nitrobenzol

terpineol

guajacol

The planes in which the vectors of odourlessness, belonging to these

odours, meet, have the form of a cone, respectively with the vector

of valerian acid and that of scatol for their axis.

If we cast a glance at the sum of tlie results arrived at, it

is es[)ecially the coincidence of se\'eral vectors at the same time

which draws our attention : 4 vectors with regard to valerian acid and

scatol, 4 sets of 3 vectors each time with regard to two others.

Evidently there exists between the coinciding vectors agreement in

action on our consciousness for those definite cases. But some of the

coinciding vectors are repeatedly found together. Their mutual agree-

ment must therefore be of a more intimate nature, otherwise it could

not reveal itself so frequently and in so many different circumstances.

This closer connection exists e.g. between isoamylacetate and nitro-

benzol, which in no less than 4 cases become reciprocally identical

to 1°,„ of the circumference of the circle; a connection only a little less

close between nitrobenzol and terpineol, nitrobenzol and guajacol and

isamylaeetate and guajjacol, wliich do the same in 3 cases; a connec-

tion not quite wanting between isoamylacetate and terpineol and

terpineol and guajacol, where also these appear to coincide to IVo-

But also the vectors with regard to which the coincidence of
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several vectors conies about, are closely connected with each other.

Valerian acid and scatol, with regard to which no less than 4 vectors

become identical, have 4 mutual coincidences, to I'/o ^^d ^.Iso the

vectors with regard to which the coincidence of three vectors takes

place, show in 3 cases out of 4, a plurality of identity. Considered

from certain delinite points of view, therefoi'e, they must have some-

thing in common in their action upon our consciousness.

If we ask ourselves what physical importance the relations found

might have, it must be this that odour-mixtures formed from the

coincidiug \ectors possess tixants in common and these fixants will

have to i)e found in the odour-classes to which the vectors with

regard to which they are placed, belong. In perfumery are known a

number of such lixauts I'enderiug useful services with regard to certain

definite perfume-mixtures, which otherwise would not be durable.

In my "Physiologic des Geruchs" I have given a series of such

examples. Here we quote one borrowed from G. Cohn's "die Riech-

stoffe". Artificird jasmin is obtained by joining together benzylacetate,

linalylacetate, linalool and benzylalkohol, mixed with some indol,

which serves "als Fixiermittel und zur Auffriscliung des Geruchs",

and which may be replaced by methylketol, scatol, propyldi-

raethylindol, propylaethylindol, allylmethylindol, etc. With the aid

of our fable it must be possible to devise mixtures that will furnish

available bouquets with tixants to be specilied beforehand. Their

practical fitness for the perfume-industry will depend, besides on the

pure compensation-proportions, also on the velocity of evaporation

and diffusion of the materials used. In a practically available perfume

the latter should not differ too much.

The multidimensional character of the organ of smelling prevents,

alas, projecting a clear representation of all proportions of the different

qualities in their action upon consciousness. This is only partially

possible, for separate vectors, isolated from the Avliole. Yet it appears

that in general there exists a contrast between

isoamylacetate \

I
I aethvlbisulfide

nitrobenzol
[ \

\ with regard lo valerian acid
terpineol I

\
I

scatol
guajacol '

From a phylogenetic point of view the first group might be CAlled

the food-odours, the second the putrid odours, if not in many a case

also muscon should be added to the last category, for which reason

it is perhaps safer to refrain from any denomination. The arrange-

ment in each group is govenicd by the above mentioned reciprocities.
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Physiology. — ".1 method to extract enziimca and pro-i'n:yiiie.i from
the mucous membrane of the digestive tube and to establish

the topic distribution of them." \'>y Prof. II. J, H.\mburger.

I. Introduction ; principle of thk method.

The method applied as yet to extract enzymes and pro-enzymos

from the mucous membranes of tlie stomach and the intestines consists

in preparing the mucous niembraiie and extracting it in a fine state

of division, with or wilhout the addition of antiseptics; by repeated

precipitation and dissolution the body to l>e examined is linally

obtained in a more or less pure state. If we wish to be informed

as to the distribution of the enzyme over the various parts of the

mucous membrane, in other words to establish tlie topic distribution

of it, extracts are made of equal weights or of equal surfaces, and

of these the specitic action is determined quantitatively.

It need hardly be said that these methods are rather complicated

and lengthy as well. A great drawback more especially is. that in

extracting, the enzyme is polluted with so many otiier substances of

the mucous membrane.

Now, we have occupied ourselves for some time witii the question

l)y wiiat force enzymes (pro-en/ymes) are brought to tiic surface of

the mucous membrane, and more especially tried to determine whether

we have to do with kataphoresis, in other words whether in normal

life enzymes (pro-enzymes) are carried along by the electric current

arising when the secretory nerve fibres are stimulated in the natural

way. ') We will not dwell on the results of these investigations

now. Let us only observe here that the method consisted in laying

on the mucous membrane a small column of soliditied agar-agar,

into which a platinum electrode had been melted; then it was in-

vestigated whether under the influence of a weak electric current,

moving from the muscular side of the mucous membrane, to the

free surface of it, enzyme or pro-enzyme passed from the epithelium

cells into the agar agar.

That, if the enzyme or pro-enzyme was indeed moved by kata-

phoresis it would also pass into the agar-agar, we had a reason to

expect after the investigations of Graham'), Voigtlander') and others

') Hambukger. Onmotischer Druck u. lonenlehre. Bd. II. S. 433 ff.

-) Graham, Liebig's Annalen 121, 1862 S. I.

S) VoiGTLANDER, Zeitschr. f. physik. Ghemie. 3, 1889 S. 316.

For the literature on this subject compare, Cohen, Vortrage fiir Aerzte fiber

Physikalische Ghemie 20 Aufl. 1907 S. 128.
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according to whicli the velocity- of diffusion in colloids is as great

as in the water in which the colloid is dissolved.

If it should be objected that these exjierimeiits were made only

with crystalloids, the investigations of C. Eykman^) have shown con-

clusively that colloids can diffuse into other colloids (gelatine into

agar-agar).

But before trying to establish the influence of a constant electric

current on the transition of enzyme into the agar-agar, we wished

to know to what extent the ferment would diffuse into the agar-agar

without the introduction of the electric current.

Evidently this transition took place. This fact seemed to suggest

a means of extracting in an easy manner enzymes and perhaps pro-

enzymes as well, from tlie mucons membrane in not too impure a

state. Perfect extraction would, it is true, be unattainable in this

way, but there was a likelihoo(J that the methotl might be employed

to determine in a simple manner the relative amounts of enzyme

in the various jiarts of a mucous membrane.

11. EXTKHIMFATAL MKTUOD.

Parts of a glass tube having in our experiments an internal dia-

meter of 22 mm. and a height of 30 mm., were ground flat at one

end by means of emery and placed with that side on a glass plate,

plate glass being the best for this purpose.

By means of a pipette 3 cc. of liquid agar-agar were put into each

little cylinder. I shall not discuss the way to prepare this liquid : it

is to be found in ail handbooks on the technics of bacteriology. It

must be observed, however, that it is advisable to let the agar-agar

solution cool down to ± 45° before measuring it in the pipette;

otherwise there is a danger of its flowing partly away from under-

neath the glass cylinder.

After some time the agar colums have become solid and are placed,

still surrounded by the glass tube, on the spread out parts of the

membrane which, if necessary, has been previously cleaned. For this

cleaning which also may serve to remove the mucus, we take

NaCI 0,9% Investigations especially made for this purpose on the

gastric raucous membrane liave shown, however, that for this organ

at least washing with water gives satisftxctory results.

On the mucous membrane, which if necessary has been cleaned,

the agar-agar colums remain for 8 hours or more, in order to enable

enzymes and pro-enzymes to diffuse into the agar-agar.

») C. Eykman, Centralbl. f. Bakteriul. 29, l',)01, S 841.
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if the experiment bears upon the pepsin incl. the pepsinogm of the

gastric mucous membrane, tlie agar coiumns whicli liave been on it,

are cut fine and mixed witii 3 cc. HCl of 0.47o. For this we use

cylindrical bottles witii close fitting glass stoppers: tliey have a dia-

meter of 24 mm. and a height of 48 mm. Into these bottles we put

albumen columns prepared according to Mett's method. Wiien these

have been in contact with the agar-suspension for 10 hours or more

at 37.5 C, we determine by measurement how much has been

digested ; then the albumen columns are placed in it again and tiie

measurements are repeated a few hours later. In each bottle we

generally had two albumen tubes. Perhaps it will be objected that

the presence of solid particles of agar-agar must impede the action

of the pepsin on the albumen. This proves not to be the case: in

the first place we observe that on all 4 sides of the 2 albumen

columns always about the same column of albumen has been digested,

which most likely would not be the case if now and then an agar-

particle prevented the entrance of the digesting fluid. And secondly

we noticed that when the experiment is made with a liquid, from

which the agar particles have been removed by filtration, tiie rate

of digestion is the same as when the agar particles were still in

tlie fluid.

If the experiment bears only upon the pepsinogen of the gastric

mucous membrane, we place alkalic instead of neutral agar-agar on

it, viz. a quantity of agar of 2% in Na, CO, of 3 p. mille. Tiie

investigations of L.vngi.ey') have siiown that in this concentration

pepsin is decomposed by Na,CU8, pepsinogen on the other iiand not.

It stands to reason that besides pepsin and pepsinogen, ckymosin

and procliymosin will also be absorbed by the neutral agar-agar.

It was found indeed that the agar-mass had obtained the faculty of

coagulating milk.

In a similar way as the gastric mucous membrane the intestinal

mucous membrane may be experimented upon. We found that the

neutral agar absorbs both enterokinase and erepsin. Tiie (juantity of

enterokinase present in the agar is determined by cutting line the

agar, mixing it with water, filtrating, and bringing the extract thus

obta,ined, into contact with inactive juice of a fresh pancreas gland

and two albumen tubes.

The attentive reader will notice that here no agar particles are

present at the digestion of the albumen as in the case of the gastric

') Langley Journal of Physiology 3 1882 p. 253.

Lan'gley and Edkins Ibid 7 1886 p. 371.
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juice. They were removed before the action of the fluid on the

albumen tubes, because it was observed that the conversion of albumen

by trypsin was greatly retarded by the presence of the agar-agar.

To determine the quantity of erepsin, drawn into the agar, we made

the dear extract act upon the peptone.

We here append the results of some experiments carried out in

accordance with the method described above. More explicit state-

ments will be published elsewhere. Some further particulars concerning

the method of investigation are mentioned below.

III. Some Experiments.

1. Distribution of pepsin [inch pepsinogen) over the

gastric mucous membrane.

A pig's stomach was cut into two symmetrical halves along the

great and small curvature and washed with NaCl 0.9 7o- Then both

halves were spread out flat and on the spots marked below A, B, C,

etc. columns of neutral agar-agar of 2 7o were placed.

Duodenum

Duodenum
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As will be seen .1 is situated in the oardea region.

/>' in tlie border region between cardea and

fundus pai'l

C in the fundus region

D in the border region between fundus and

pylorus part

E in the pylorus region

F on tlie duodenum near to pylorus.

With respect to tliis tigure we must point out that for all our

experiments witli gastric mucous membrane, the letters have the same

meaning.

In the experiment of which laiile 1 gives tlie results, the agar

columns of 3 cc. remained during M'/j liours on the mucous mem-

brane. Then the agar was cut line and nuxed with 3 cc 0.4 % HCl

and each of the mixtures thus obtained was made to exert its digestive

influence on two tubes of alliumen.

The four numbers which in the following table are connected by

-f represent the lengths of the four albumen columns, digested at

the 4 sides of the two tubes.

TABLE I.

Digested after 12' j hrs.

A . .
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too enters tlie agar. It is by mixing with HCl converted into pepsin

and so determined quantitatively with the pepsin.

2. Distribution of pepsinogen.

As has been said, the investigations of Langley ') iiave shown

that, conti-ary to pepsin, pepsinogen is not destroyed by a solution

of Na,COj 0.37o- We have made use of this fact to try if we could

withdraw pepsinogen from tlie mucous membrane.

For this purpose agar columns were placed upon the mucous

membrane containing 27o of agar in a NajCOj solution of 0.3Vo-

The column again had a diameter of 22 niM., the contents being 3 cc.

It must be casually observed that separate experiments had shown
that in such an alkalic agar mass, pepsin at once loses irretrievably

its digestive power.

To tlie method of experimenting we have not much to add. Let

us only mention that tlie alkalic agar, after Jiaving been in contact

with the mucous membrane was cut fine, neutralized with diluted

Iiydrochloric acid, then mixed with 3 cc. HCl of0.47o. The purpose

of this was, to liberate the pepsin from the pepsinogen. The digesting-

expei-iments with albumen-tubes gave the results tabulated below.

Here the lengths of the 4 digested albumen columns have each time

been added together.

TABLE III.

The agar columns were kept on the mucous membrane for 20 hours.

Digestion of albu



( 256
)

3. To irliiit I'.tii'iit (loi'.i the lenijth of time durlnj ivhich the

>(>/<tr columns are on the mucous membrane, influence

the quanlily of en:>/u)e aud pro-en :ijme absorbed?

For llicse experiinciils (lie stouiaeli was divided into two symme-

trical halves. On one half two neutral agar-columns were placed at

A, B, C etc., and on the corresponding places of the other half

A', B' ,
6" etc. two columns of alkalic agar. One of the two columns

near A, near B, near C etc. was taken away and treated, after

liaving been on the mucous membrane for 18 hours ; the same was

done with those near A', B' , C etc. The other series A, B, Cetc.

A', B' , C" etc. was left on the membrane for 36 hours. In both

series of experiments the thus activated agar was made to act for

20 hours on the albumen columns. The tables will be plain now
without further explanation.

TABLE IV.

Determination of the quantity of pepsin and pepsinogen which had passed into

the neutral agar, after the latter had been on the mucous membrane for
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Botli tables show that after 36 hours more pepsin and also more

pepsinogen had passed into the agar than after 18 hours.

Further a comparison of tables TV and V makes it evident tliat

the digestion of albumen in experiments made with neutral agar,

is more considerable than where alkalic agar has been employed.

Tiiis result may also tend to confirm the reliability of the method

;

for into tiie neutral agar pepsin and pepsinogen may enter, the

latter of which under the influence of hydrochloric acid produces

pepsin, whilst in the alkalic agar only pepsinogen is found. And as

we have seen invariably in all our experiments, the quantity of

enzyme and pro-enzyme at identical spots of the two symmetrical

parts of the stomach turns out to be the same.

I wish to observe here that the digestioi] of serum-albumen takes

place much more quickly than that of the egg-albumen used. Gl'^ssner

was the first to point out the advantage of coagulated serum, and I

may confirm it from my own experience. Serum albumen has

moreo\'er the advantage tiiat without preparation such as cutting

up and filtrating, it can be used after simply being coagulated in

glass tubes.

Owing to accidental circumstances no serum-albumen has been

used for the experiments described in this paper.

4. Distribution of rennet-ferment.

To demonstrate the presence of rennet-ferment and to know its

distribution in the gastric mucous membrane, about the same method

was applied as that used for the investigations relating to pepsin

and pepsinogen. Only the agar-columns had a greater diameter than

in the pepsin experiments, viz. 35 instead of 22 niM. The contents

accordingly were 5 cc. instead of 3 cc. xMoreover it was self-evident

that the quantitative determination of the rennet-ferment had to be

effected in another way. The columns having been on the mucous
membrane for some hours, the agar ^vas cut fine and mixed in a

test-tube with V, cc. HCl 0.47„ and afterwards with JO cc. of milk.

Then the test tube was -plunged into a l)ath of water at 37.5°, after

which it was noted down every half minute where coagulation had
taken place.

The presence of some hydro-chloric acid did not impair the expe-

riment. Previous tests had shown that in a mixture of 5 cc. neutral

agar '/, cc. HCl of 0.4% and 10 cc. of milk coagulation did not

set in till more than an hour after.. As the following series of expe-

riments demonstrates the addition of only '/, cc. of HCl can hardly

17

Proceedings Royal Acad. Amsterdam. Vol. X.
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have li.ad any influence oi' tlie eoagulative action of the rennet-

ferment.

TABLE VI.

Coagulation is visible:

by A after 3 minutes; by A' after 3 minutes.

II " |> "^ II ;; " II 2 „

C \ C \
II ^ II

'
II 11 ^ II

'
II

11
D „ IVs „ I,

D' „ IVs I,

,, E
II 21/3 . „ £' „ 21/2 „

Thii e.vpei'iment shows thai the distribution of chyinosin {inchidiiuj

pro-chymosin) rims parallel loith that of pej)si7i {including pro-pepsin),

a result agi-eeing with the researciies of others.')

Secondly the experiment shows the action of the rennet in corre-

sponding parts of the two symmetrical halves of (he stomach to

be equal.

5. Distribution of enterokinase in the intestinal

mucous membrane.

On the mucous membrane of the duodenum, jejunum, ileum,

coecum and colon, cut open lengtli-wise,agar-columns were placed,

(heir contents being 3 cc. These having been left on it for 24 hours,

the agar-agar was cut fine and extracted with 3 cc. of a Na Fl-

solution of 2 "/o- Then 6 cc. of diluted pancreatic juice were added

to 2 cc. of tiie filtrate. The former had been obtained by pressing

the pancreas gland of a newly killed pig, mixing the thick juice

thus obtained with a Na Fl-solution of 2%! '^^^^ filtrating the

mixture.

In the mixture of 6 cc. diluted pancreatic juice thns obtained and

2 cc. agar-iiltrate two allmmcn tubes were placed.

By the side of this, controlling-experiments were made with 2 cc.

agar-filtrate and 6 cc. of Na Fl solution, instead of 6 cc. of the diluted

pancreatic juice. The digestion of the albumen was noted dowji

after 19 and 44 hours.

1) Nencki u. Sieber. Zeilschr. f. physiol. Ghemie 32 1001 S. 291 ; Pekelharing.

Ibid. 35 1902 S.8 ; Pawlow u. Parastschuk. Ibid 42 1904 S. 415; Sawjalow.

Ibid 46 1905 S. 307.
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The following table gives the results of one of the series of ex-

periments made.

TABLE VII.

2cc diiodenum-agar
extract

-t- 6 cc
I

+ 6 cc
pancreatic I

NaFl.
juice solution

2cc jejunum-agar
extract

-f-6 cc
pancreatic

juice

+ 6cc
NaFI.

solution

2 cc ileum-agar
extract

+ 6cc
pancreatic

juice

+ 6cc
NaFl.

solution

Albumen
digested after

19 hours

Albumen
digested after

44 hours

7.2 m.M.

12.4

m.M. 6.4 m.M.

11.2

m.M. 5.6 m.M.

10

m.M.

This .series of experiments shows the quantity of enterokinaiie to

decrease gradually downward, a result agreeing with that obtained

by Chepowalnikow, Delezenne, Frouin and F.vlloise.

I shall not discuss the experiments here, which show that in the

digestion of albumen by trypsin the presence of agar has a retarding

influence, nor the influence which the time during which the agar

has been in contact with the intestinal mucous membrane, has on

the transition of the enterokinase. These questions will be further

discussed in a more explicit account.

One experiment remains to be mentioned, showing how the

enterokinase diffused into the agar, distributes itself over agar and

water, after the agar has been cut up and mixed with water.

5 cc. of liquid agar are mixed witli 2 cc. of watery extract of the intestinal

mucous membi-ane. Of this mixture 2X3 cc. are taken and poured into the

above mentioned cylindrical . tubes. When the agar has become solid it is cut

fine and mixed each time with 2 cc. of water. The mixture remains for an hour

I'xposed to the temperature of the body in order to enable the agar to give up

enterokinase.

After cooling down it is filtrated, twice 1 cc. is taken and mixed with 2 cc. of

inactive pancreatic juice. In both mixtures I and II albumen tubes are placed.

Besides this experiment another one identical with it, is made; only instead of

5 cc. of agar, 5 cc. of water are taken of course. Cutting up is out of the qpies-

tion here. The quantities, however, remain the same.

17*
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The action of erepsin consists as we know in its power to change

heraialbumose and peptone into products not giving tiie biuret-reaction.

Verson ') lias based on this a colorimetric method, to determine

the degree of conversion brought about by erepsin and Falloise ')

among others, has successfully used it. We too have ajiplied this

molliod, in a somewhat modified form, however. It chielly consisted

in a solution of CuSO, being mixed with a NaOH solution. The Ihiid

thus obtained imparts a violet-red colour to peptone. The more the

pe[)tone solution from a\ liich we started is converted by erepsin, the

faiuter the violet-red colour will be. It was no\v investigated, with

how much water the standard liquid had to be diluted to produce

the violet-red colour observed.

One of our experiments gave the following result.

In the peptone-solution (Witte) on which the duodenal-extract

has acted, are 46.2% of the original quantity of ])eptone left. In

the peptone-solution acted upon during the same time by theJfywmjK-

agar-extract are still 16°
„ of the original quality of peptone left,

and lastly where the ileum-agnr-extvact acted during the same time,

147o of the original amount.

It follows from this that in jejunum and ileum, there was more

erepsin present than in duodenum, wiiich corroborates so far Falloise's

results inasmuch as we too found much more erepsin in jejunum

than in duodenum. In the ileum, however, the amount of erepsin is

much greater than in the duodenum; Falloise, indeed, notes a diife-

rencc in the same direction, but it is only slight. It must be kept

in mind though, that our experiments relate to the pig, Falloise's

to the dog.

I may add that in Peyer's plaques hardly any erepsin or entero-

kinase was found.

A number of experiments, made for the researches described above,

have been carried out by Mr. R. A. B. Oosterhuis, Med. cand.,

assistant at the physiological laboratory.

Conclusion.

The abo\ e researches have shown

:

1. That when agar columns are placed upon the mucous mem-
brane of stomach and intestines, enzymes and pro-enzvmes are

1) Vernon. Journal of Physiology. 30, 1903, p. 330.

") Falloise. Archives internal, de Physiol." 2, 1903/4, p. 299.
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absorbed fiom tlicin and enter the agar. As such were examined

pepsin, including pepsinogen, chymosin and prochymosin, enterokinase

and erepsin.

2. The above-mentioned ferments can be extracted, partly at least,

by water from tlie agar-agar. Quantitative investigations have shown

even tliat pepsin -)- pepsinogen and enterokinase as well, distribute

themselves equally over the agar and water.

3. The lads mentioned sub 1 and 2 suggest a simple means of

extracting tlie above-named ferments from the nmcous membrane,

and of determining quanlilalively the distribution of them.

We have only to leave solid agar-agar columns of equal dimensions

on various parts of the mucous membrane for some time and make
subsequently a comparative quantitative determination of the specific

action of the watery agar extract.

4. The results obtained wiih this now method witli respect to

the distribution of the above-named ferments in the digestive tube of

the pig confirm those obtained by most investigators with the usual

extraction methods on the dog.
-'o-

5. The advantages of the method over tiie usual one consist,

besides in its greater simplicity, also in the fact that the enzyme

under investigation is much less polluted by decomposition products

of the mucous membrane.

Especially for the investigation of the distribution of enzymes in

individuals who, when alive sutfered from diseases of the stomach

or intestinal canal (ulcers in the stomach, the intestines, etc.) the

method seems to me likel}' to be of use.

Moreover it is to be expected that besides the ferments examined

till now, others will also pass into the agar-agar, which will enable

us to make cpiaiititative determinations of them in a similar way.

Finally the method seems to me to deserve recommendation as it

can be applied in experiments at a lecture; at the same time, by

adding congo-red or a similar indicator to the agar, the amount of

acid or alkali can be demonstrated ocularly.

Gi'oningen, September 1907.
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Mathematics. — "The extension of the Configuration of Kdmmek

to spaces of {2"—1) dimensions." By Mr. J. A. Bahrau.

(Communicated b}' Prof. D. J. Korteweg.)

(Communicated in the meeting of September 28, 1907).

§ 1. If we represent by S^ the system , built up out of two
h a

letters and by iS, the same system in new letters c and d; if like-

+ +
wise we represent by T the system of signs and by —T the

opposite , we obtain by connecting these

S, S, T T
and

«S, S^ T —T
the two systems

abed -I-
4- _j_

-I-

h a d c 4- — -|- —
and

c d a b -|--|- — —
d c b a -\- — — .-f-

By giving each row of four letters in turn the signs of each row
of the system of signs sixteen quadruplets of algebraic quantities

appear which, as is known'), represent the elements of the Cy' (16,)

of Klmjier whether they are considered as homogeneous coordinates

of points or as coefficients of planes in Sp,. For, to each element

are incident the elements of another kind, represented by the tlu-ee

permutated letter quadruplets and for each of them with half of the

sign combinations.

§ 2. If now we call S^ and T the letter- and the sign-system

of 4 resp. and if we repeat the combination described above such-

like systems of 8 are formed of which that one of the letters

furnishes the permutations of a regidar G^ of order 8 '), consisting

exclusively of binary substitutions, whilst that of the signs is analJag-

matic '), i. e. every two rows show as many sign variations as

^) See a.o. Jessop Line-Complex p. 23 or Hudson Kummer's Surface p. 5.

^) Compare Miller Quart. Journ. 28 p. 255, group 8 No. 4.

3) Lucas Recreations Ma(he'i)iatiques II p. 113; Niemo Archiefvoor Wiskunde
7 p. 256.
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sign-permanencies. Tiie systems become (tliat of the signs somewhat

differently arranged)

:

1
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5
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The eleiiients of two simplexes A and B in If // can bo arranged

only in one other way to two suchlike simplexes, namely as

first simplex F -. A^, A,, A,, A^, B^, B„, B,, B^,

second „ Q: B„ B„ B„ B„ A„ A„ A,, A,.

If we regard such a new simplex in connection with C, D, . . . H,

it then shows witii each of these a new sort of position ; for all

however of the same type, showing analogy to the pairs of tetrahedra

in SxEiNER-position which can be separated in the same way from

A'^^-' '). We find for the c/(16,„) of two such simplexes a diagram

of the shape:

S X

X S,

where x again represents a system (8j) which however does not dege-

nerate now, but is identical to the cyclic system which is obtained

out of the initial row : 1 2 . . 5 . . .

Opposite elements of one simplex furnish, as in Sp,, no opposite

ones of the other.

§ 4. The 28 operations determining in each c/-space the c/-points

incident to them and reci])rocally, are focal-correlations; thus e.g.

the Spg : A

I

(+ «, + ^ + c, + d, + ^, + /, + g, -f />)

is transformed into the point Aj situated in it

{+ ?>, — fl, + </, — c, + /, — c, -1- /(, — (?)

by operating with the skew-symmeti'ical determinant of transformation :
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Their equations are of two t^pes; namely eight of the form

± .r,' ± .;,' ± X,' ± ^/ ± .P,' ± .i;,' ± ^,» ± ^.^ = ,

where the combinations of signs must be derived from the sign

system ; and twenty-eight of the form :

=b .«, .•», ± .r, Xi ± .Cj .r, ± .?;j .5^ = ,

where the connection of the indices is given by the seven binary

substitutions of the regular G^, whilst the signs must be selected:

++
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A. =

6'
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The sum of the numbers in each column amounts to zero; so

As each element with the 28 incident to it can be transformed

into any other by means of a direct or reciprocal projectivity, the

quadratic position of every 28 is now proved.

^ 6. Each couple of .S)*, of thee/ has twelve points in common lying

thus in a Sp^. No other ;S)j, containing these twelve^ all these tS'p5 differ

and tiieir number is 1^,1=: 2016. The c/-points form with them a

cf (643,,, 2016,,).

There are triplets oi Sp^ which have si.x points in common, lying thus

in a Spi, each cf-Spf has namely in still 32 Sp, sLv of its points.

Such a sextuple can be deduced from three groups of twelve, their

2016 X 32
number is thus = 21504 ; they form with the cf-Sp^

a cf (21504,, 2016,,).

There are quadruplets of Sp, having four points in common which

therefore determine a *S/:>, ; each cf-Sp^ has namely four of its six

points in fifteen other cf-Spf. Every S'p, can be derived from four 62;^,

21504x15
their number is thus -^ = 80640. They form with the c/'5».

a cf (80640,, 21504,J.
There are sextuplets of Sp^ having three points of the c/in common,

which therefore determine a Sp, ; eacli cf-Sps lias namely three of

its four points in eight other cf-Sp^ more, these eight Sp^ furnish two

by two however the same triplet ; as furthermore each Sp^ can be

f2\ 80640 X 4
deduced from I g J

^ 15 Sp, their number is
;;

:= 21504.

This could be expected as the whole consideration starting from the

c/-points might have been put reciprocally, and would then have

led on account of the self-reciprocity of the system to the same

elements; so still 2016 Sp^ are obtained, llie right lines of con-

nection of the pairs of points.

The further amounts of incidences of the kintls of elements

mutually can now be easily deduced ; the notation of A' ''^-^

becomes finally

:



( 270 )

sp.
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Mathematics. — "The theorem of Grassmann in a space of n

diini'nswns." By LrciEN Godeaux, at Morlanwelz (Hainault).

(Communicated by Prof. P. H. Schoute).

We shall designate by the letter S a linear space and the number

of dimensions of this space shall be the index.

The notation Vi represents a variety, the locus of co' elements

and of order j.

The order of a variety, locus of spaces Sh occurring in an

{71
—k) {k-\-l)— 1 times infinite number in a space S„, is the number

of Sk of an Sic+i through an S/c—i of this /S/c-i-i and belonging to the

\ariety

.

J . In an /S', the theorem of Grassmann can be read thus

:

The locus of S^ for which the *S'i which unite it to

three fixed S^ meet three fixed /S, in tliree S^ of the

same .S'j is a variety T"^.

In an S^ it has been given it the two following forms

:

The locus of an 5„ for which the *S, which unite it

to four fixed S^ meet four fixed aS', in four S„ of a

same iS', is a V^. (Le Paige, Sur la generation de certaines

surfaces par cles faisceaux quaclrilineaires, Bui. de Belgique, 1884,
3e serie, tome Vlll).

The locus of an *$„ for which the S^ which unite it

to four fixed 5„ meet four fixed S, in four S^ of a

same *§, is a V^.

2. Let there be in an Sn k Sr- which we shall designate by Ai and

h Sg. which we shall designate by Bi, {i= l, . . . k).

Let 2) be a number satisfying the 2k inequalities

»•. + P + 1 ^ « — 1 (1)

^i + «.• + P + 1 > «. ii = l,...k) . . (2)

A space S/, determines -with the k spaces Ai k spaces aSV .|-^,-j.i.

These spaces meet the corresponding spaces Bi in k spaces

If these k spaces belong to an AS'i=» ,

2{rii-Si)+kip-ni-2)~l)

the space Sp describes a variety F(„_^)(p+ i)_i the order of which
is to be found.

Let us suppose we have

2{ri + si)-\-k{p-n + 2) = n-\-l (3)

Let C he an Sf,+i and D an S^-x of C.

Let us designate by A an Sp passing through Z) and situated in C.
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._Lct us^takc k-1 spaces A and let us n,„.bo. ,he.n J, . . .y__i,

^mces .S,.+,+,
iiiese spaces n.eet tlio corresponding

spaces ^; in / - i spaces .% + ., ^, //-i • . •

These spaces determine an >S;=,_i

.^ Ov+.0+^0,+.,) +(,_!) Q,^,^2)-l
This space has in common ^^•ith Z^, a' sptce

a ''

14;/ +2^^ + (^- - 1) (/' + 2) _ ^„ _ J-

I" Its turn this space determines with J,- a space

cotacidences.
» d. i, .

.
. 1) correspondence. There are t

The variety described by ,he space S,. is I^^. , , ,The Joc„s of a space S, for which',,*^-;^, „„,,,
'""« i'.o.fi.ed spaces .^n,ee..5,i„..V..,.-..,
of a same Sy-f , n , , . /• ,

^
^(r,+,,)^/.(^,_„^2)_l. = l,.../l-), is a va-

riety F(„_,)^,+ ,;_, .

The spaces A are evidently principal spaces of the locus of 9

^T:i:n'J7;^ ^"^ --— - --ip. poiii^r^i^^

111 5, we find tlie following Iheoi-em

;

The locus of an ,J, for which lh„ ; „.i- , .

fours, meet four 5 in four So?!' "''"^"J"'" " '«

a variety V, (complex of Sh ef* f„ uV
'"" ^""^ ^- '»

we lavraXt'^Ttr/''-'" ^^ '' ««-""«^ ^3' Hght lines

generaliza,io„ror, ZoTo,ZT"" ' ,*"" """ ="°"' •"">

T .

iiieoiy of (jRAssMANN in th s eeoipptrrLe us nn^u. . I.near congruences G ft, aZ" I ^e pencils

U™''C of'tl'comX'rt: ™"'"^' *" '^ '"'" •' ""-
An arhitrnrv ..-.i.T .

'""''""* ^" ""™ber of ooS-^An arbmaiy r.ght hne ^ determines ^ linear complexes with the
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k congruences G. These have in common with tlie k corresponding

plane pencils k lines />,, . . . pk.

l^et us now find the locus of the line ij when the k lines p
belong to a same coraj)lex of the system C.

Let [A,u) be any plane pencil. Let us take k — 1 lines of this

pencil and let us number them i, , . . / — 1, i -\- \, . . . k.

Each of these lines determines with the corresponding congruence

G a linear complex, which has in common with the corresponriing

plane pencil (P, rr) a line p. The k — 1 lines p found in this wav
determine a complex of the system C. This complex has a line

Pi in common with the plane pencil {Pi,n:i). This line determines

with Gi a complex having a line a; in common with (A, a). When
i varies from 1 to k we have k series of lines a between which exists

a (1, 1, ... 1) correspondence. There are k coincidences.

The locus of a right line for which the linear com-
plexes that it determines with k f i x e tl linear c o n-

gruences meet k fixed plane pencils in /• lines of a

linear complex of a system of 6

—

k terms is a complex
of degree k (order and class) to which belong the given
k linear congruences.

If k =: 6, we have a theorem of Grassm.\nn.

4. Let us suppose five groups of three lines H,, . . . H^ and five

nets of lines R^, . . . R^.

An arbitrary line g determines with H^, . . . H^ five linear congru-

ences which meet the five corresponding nets in {\\q lines. If these

five lines belong to a selfsame linear congruence the line ^/ describes

a congruence.

Let jr be a plane. Let us consider in this [)lane live series of lines p^,...p.^.

Between the lines of these series it is easy to see that there is

such a correspondence that to four light lines corresponds a fifth.

Let us suppose that three right lines are fixed, whilst the fourth

describes a pencil. It is then easy to verify that the fifth also de-

scribes a pencil. According to an extension of the [)rinciple of Zeuthen
there arc fifteen coincidences.

The locus of a right line taken in such a way that the
linear congruences which il (lelciniinos with live
systems of three lines have in comniuii \\ 1 1 h five nets
five lines of a same linear congruence is a congruence
of the fifteenth class.

In the same way we can verify that this congruence is also of

order fifteen and that it contains the generatrices of the same kind as

the given lines of the five quadratic surfaces determined by these lines.

18
I'loccediugs Royal Acad. Aiiislcrdaiii. Vul. X.
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Physics. — "Contri/iiitidiis to the LiLoirlcdgi', of the \\-m.rfiice oj

VAN DER Waals. XV'I. Oil the tjas phase sinkbvj in the liquid

phase for binary mixtures in the case that the molecules of

one component e.rert only a feeble attraction." By Prof. H.

Kameklingh Onnes and Dr. W. H. Keksom. Supplement N°. 16

to the Oommiuiicatioiis from tlie Physical Laboratory at Leiden.

§ 1. Introduction. In Comm. N°. 96^ These Proc. Dec. 1906,

p. 501 a gas pliase sinking in a licjuid jthase'j, tiie barotropic pheno-

menon, was treated for binary mixtures for a gas licpiid plait, which

crosses the i|'-surface as a transverse plait at lower temperature. Then the

treatment for temperatures, at which the appearance of a longitudinal

plait brings about a disturbance, was deferred to a later communi-

cation. Moreover, more special cases, as the appearance of minimum

or maximum ci'itical temperature or minimum or maximum pressure

of coexistence, were left out of consideration, and the discussion .

was restricted to the case that retrograde condensation of the tirst

kind occurs.

When for binary mixtures the conditions for the sinking of a gas

phase in a iiciuid phase were treated in Comm. N°. 96'', These Proc.

Dec. '06, p. 508 and Febr. '07 p. 660, it appeared in the first place

that at least if the hypotheses mentioned there are valid, and pairs of

substances are found with proper a-mil^nM, b-M^^jbiMi and AfjAfi

the tlieory of van der Waals' i|'-siirface leads us to expect that

barotropic plaitpoints ') will occur. °) Furthei' that for mixtures with

1) Considerations which are nol in accord either with the limited compressibility

of a gas at higli pressures, first stated by Natteber in 1844, or with our present

views on the mixing of two substances, induced Jamin, C.R. 9C (1883) p. 1448,

Journ. de pliys. (2) 2 (1883) p. 389 to raise the question whether it should be

possible that with compression of a mixture of GOj with air or with hydrogen, a

liquid phase would collect above the gas phase. Cailletet (Jamin I.e.) did not succeed

in realizing this.

-) On the peculiar phenomena which are met with, in case of a barotropic

plaitpoint, we hope shortly to make a communication.

• S) That the barotropic plaitpoint found in Comm. N '. 96c, Dec. '06 § 5 belongs

'0 the gas liquil plait (cf. Comm. N". 96c, Febr, '07, p. 6G0 footnote 1) was derived

roni the shape of the spinodal curve for this case, in connection with the course

of the plaitpoint curve. The same thing may appear as follows : By ap|ilying the

criterion (3) in Suppl. N'. 15, March '07, p. 790, we find that mixtures of a pair of

substances of ratios indicated in the mentioned § belong to case (c), (cf. p. 276)

while we may derive from van Laar's fig. 22, Arch. Teyleb (2) 10 (1907)

p. 138, These t'roc. Sept. '06, p. 226, fig. L that the plaitpoint curve crosses from

Uie side .r = to the side v — b (van La.\r's type I).
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certain ratio VHlvk\ for not too large Tjcq/Tb (from up to a certain

value, see Table I loc. cit. p. 662) only one barotropic plaitpoint

occurs, which in connection with Comni. N°. 96'' p. 503 and 504

pointed to the fact that for the knowledge of the course of llie

barotropic phenomena at lower temperature considerations in which

only the transverse plait is taken into account, are not sufficient

for these mixtures ') (see Comm. jSf°. 96= p. 663).

In Comm. N°. 96'- p. 660 footnote 2 an estimation ') was derived

about the critical temperature of helium from the observation of

the barotropic plienonienon for a mixture of helium and hydrogen

described in Comm. N°. 96-^ These Proc. Nov. "06, p. 459. In this

estimation the supposition already mentioned in Comm. N°. 96",

p. 460, that the molecules of iielium exert only an exceedingly

slight mutual attraction, was found confirmed.

This suggested the investigation already announced in Comm.
N°. 96*, p. 502 on binary mixtures one of whose components is a

gas the molecules of which exert no or only feeble attraction (Suppl.

N°. 15, These Proc. March '07, p 786). Here a plait was described

for the first time which at descending temperature appears on the

') For mixtures of pairs of substances as meant in table I p. (562, for which

0.2'9 > 2'A-j/rti> 0.196, three barotropic plaitpoints will occur one of which,

however, does not belong to the absolutely stable region. At least for the larger

ones of the mentioned ratios Tk^lTk-^, the two others belong to a plait which

enters the \J.-surface from K^, and crosses the '^surface as a transverse plait at

lower temperature. For this the considerations of Comm. N '. 96'' will hold at least

in so far as solid phases do not cause a disturbance. For the smaller ones of these

ratios one of these two barotropic plaitpoints will also fall in the not absolutely

stable fluid region, and so also for these we shall have to take the occurrence of

three phase equilibria into account.

-) For the calculations in note 2, p. 660 of Comm. N". 96c we availed our-

selves for a and b of hydrogen of the values calculated for this by Kohnstamm

(LANDOLT-BoRNSTEiN-MErERHOFFER's Physilc. Cliem. Tables 1905), which values had

2V; = 38.6, pi- = 20 according to Olszewski, Wied. Ann. Bd. 56, p. 133, 1895 as

starling point. If we derive the a and b for H^ from Tk — '^^ a 32, pfc=15
according to Dewar (B. A. Report 1902), the estimation for TklU yields about 1°,

Olszewski's newer data, Ann. d. Phys. 17 (1905) p. 9S6 : Ti- = 32.3, pt=14.2,
give it a value of more than 1° (the calculation according to note 2 1. c. yields

a2?;tf/aiiA/= V;o, rmc= 1 3).'

This would bring about these modifications in the classification of the helium
mixtures mentioned in Suppl. N". 15, Sept. '07, § 8, that mixtures of He with

H5O, O3, A, Ne, NO, NH:i would belong to case (b), those with Hj, HoS, GOo to

case (c). For the modification which another assumption about aij.w (cf. p. 280)
would cause in the circumstances under which the plait starting from i' = 6 occurs
see Suppl. N'. 15 I.e. p. 234. A smaller oiajf might even again bring about a
shifting in the classification in the direction* from (r) towards (w).

18*
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t|'-siirfiic'c from tlic side ot" the sniull volumes, reai'hea tlie si(lc,c=0

at T= Ti,: , and then passes inlo a plait crossing in a slanting

direction from v = b to x = 0. This description was accompanied

l\y remarks abont limited niiscibility in the gas state.

In Snppl. N°. 15 ^ 7 These Proc. Marcii '07, p. 795 tiiree cases

were distinguished for mixtures in which one component is a gas

Avitli a feeble attraction. They are indicated as cases {a), (6) and (c)

in ^ 9, These Proc. Sept. '07, p. 285. Case (^7) corresponds with the

above mentioned one ; in case (A) a plait coming from v = b and

one coming from .v r= join to a single plait in a double plaitpoint ')

;

in case (c) a plait starts from x =: 0, comes in contact with v ^= h

') On the suppositions mentioned in Gomm. N". 96c p. 509 and p. 510 tlie

data for the two double points in the not of spinodal curves, of whicli this double

plaitpoint is one (a node) may be found in the following way {of Gomm. Suppl.

N'. 15, p. 233, note 1):

The equation for the ^,a;-projection of the spinodal curve on tlie molc^cular

v|.-surface

:

RTvil' = 2(1 .r.i;l(Myl/aii.)/-6iiJij/aj/)' + 2a;jy(i;j7l/a.>2.i/-622jyl/a,u)' (1)

(cf Suppl. N". 15, March '07, p. 788) gives as conditions for the appearance of

a double point after some obvious reductions

:

('•.Ul/'aii.U— ^'iiJ/l/«.i;)' = 26iM/^/«ihl/-(l— ''J/)('Uyl/«ii.l/— ^ii.Ul/a.l/) i-

+ 2622.Ul/aiLi/--iM;(".l/l/«22.1/— ^i>2J/l/oj/) • ... (2)

and

(''j;l'^a22.i/— '>22j/l/«.i;)' = 26.i.ul/a22j/ • (1— .»ji)(yj;l/«ii.u- ^.i.iyl/«.i/) +
-\- ^bi^iyyaiiM .XMivMVa-llM—b-nMV'aii) . ... (3)

From (2) and (3) follows:

\/auM l/a22A/

Extracting the root from this equation, we may (2) and (3) reduce to

(4)

and

26iij)/(1 - .vjn) ± '2'hi'iMXM^' ('iiMjC'WM (5)

By eliminating Vm from (5) and (6) we obtain for Xst the equation (1) of Suppl.

N'. 15, March '07, p. 796 (cf errata Proc. Sept. '07, p. 239).

The further derivation of Vu and T (see Suppl. N\ 15, Marcii '07, p. 798)

may be left to the reader (compare \Yith these developments van Laar, These

Proc. May '07, p. 38 sqq. and Arch. Teyler (2) 11 (1907) fe partie § 5).
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at lower temperature, and passes then into a plait crossing in a slanting

direction ').

For this distinction a-2ojif'a,\M was always supposed so small in

connection with the value of i^sW^iiA/. that the plaitpoint curve crosses

from A", to the line v =b and that three phase equilibria not yet

occur at the temperatures under consideration ').

Now that the estimations concerning the a and /> of helium justify

the supposition that the plaitpoint curve') crosses from .k = to the

1) Ku.N'DT, Berl. Sitzb. Oct. 18S0, S. 812—824 was of opinion that it would

al\v;iys bo possible (o convert a liquid to the gas slate by pressing in a gas.

This view was maintained in van Eldik's thesis (Leiden 1898, p. 7, cf. Comm.

Phys. La'i. Leiden, Siippl. N'. 3, p. 45), where it says that the operation mentioned,

it' it is realized, would be the determination of the plaitpoint pressure corresponding

to the temperature of observation of the pair of substances which is subjected to

the experiment. There it was tacitly assumed that with sufficiently high pressure

the plaitpoint state could be reached for every temperature between the critical

temperatures of the components as e.g. for mixtures of methyl chloride and carbonic

acid, even though it would have to be found above 750 atmospheres for hydrogen

and ether, as van Eldik derived taking into account the diminution which with increasing

pressure is found in the decrease of the surface tension caused by one and the

same increase of pressure (Kundt loc. cil. p. 818, van Eldik Thesis, p. 5, cf Suppl.

N". 3, p. 52). If we pay attention to the possibility now foreseen by the theory,

thai this diminution cunlinuos outside the region of observation, it seems probable

in the light of the obscrvalions mentioned, that it would not be possible — here

we treat as infinite, pressures which exert forces on the molecules greater than

those joining the parts of them — to reduce the surface tension to for the

pair of substances mentioned (and the same remark applies to hydrogen and

ethylalcohol) at the temperature of observation (Kundt 21", van Eldik 9°. 5), so

that already at that temperature a plait crossing obliquely from x= to v=b
would exist on the \l-surfacp.

In fact we should also derive from van Laar's figure cited p. 274 footnote 3 that elliei-

hydrogen (and also alcohol-hydrogen) belong to van Laar's type I, while according to

the criteria laid down by us, they should belong to case (c) of this type. Van dek Waals'

equations Contin. H p 43, however, would point out a critical temperature of complete

miscibilily of about — 200G. in the supposition oiav2it= '' an .1/ a^'j^v , so that according

to these suppositions an obliquely crossing plait would only make its appearance

below this temperature. If the existence of an obliquely crossing plait at the tem-

perature of the above mentioned experiments should be confirmed, this might,

among other things point to the fact that ai2M would be considerably smaller than

^anAta>2M for the pair of substances mentioned (cf. p. 280).

^) According to this restriction case (c) cannot occur e.g. for &22.1//&11.V larger

than a certain value (cf. Suppl. N'. 15 These Proc. March '07, p. 797).

3) Kuenen, These Proc. Febr. '03, p. 473 was the first to find experimentally

n plaitpoint curve starting from .c = 0, and directed to the side f = 6 for mixtures

of ethane and raethylalcohol.
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line V = /) for mixtures of helium and hydrogen '), it is desirable to

subject the barotropic i)henomena for the cases mentioned to a closer

examination, in this discussion for mixtures one component of which

is a gas with feeble attraction, we shall again restrict ourselves

and suppose that in the considered cases at the considered temperatures

the second branch of the plaitpoint curve (van Laar, These Proc.

May '05 p. 37i, starting from A',, does not make its influence felt,

so that tliree phase equilibria do not yet make their appearance.

^ 2. The course of fhe barotropic. phenoip.oia for binary mivtii res,

one component of tvhich is a gas ivhose molecules exert only a feeble

attraction.

In this discussion we shall have to distinguish the cases a, b, and

c mentioned in § 1.

a. In this case a plait starting from v ^ b and closed towards

the side of the large r's, appears for 7a„, > 7'> 7\, which plait

we have called gas-gasplait in Suppl. N°. 15, March '07, p. 793. If

^«</'n> tlien 6/^1 will be >^ for 7'> T^^u (see Comm. N°. 96*

p. 504); at 7':=
Tijf.is a barotropic plaitpoint occurs (cf. Suppl. N°. 15

March '07 PI. I, fig. 1); at T<^Tbpis we find a barotropic nodal

line on the gas-gasplait (cf. Suppl. NM5, PI. I, tig. 2). At T= 7V,

the gas-gasplait passes into an obliquely crossing gas liquid plait. A
barotropic nodal line will exist on it (see tig. 1) till it disappears

under the three phase triangle, and so passes into the not absolutely

stable region. x\s mentioned in § 1 we shall not give the description

of what happens when three phase equilibria have appeared. In the

same way we shall for the present disregard more complicated cases,

as the appearance of two barotropic nodal lines on the gas-gasplait,

three on the obliquely crossing plait etc., till further investigation

may teach that these cases are possible.

If 6, J ^^11, the plait coming from v =i b may reach the side x z= 0,

and pass into an oblique plait without it being necessary that a

barotropic tangent chord occurs.

b. For 6„ <^ i,i a barotropic plaitpoint will occur at T^y^/s ]> Td^i

(cf. Suppl. N°. 15, March '07 [i. 798). This barotropic plaitpoint,

and also at Ti^.u'^ T~y> Tdui the barotropic tangent chord, may

1) This follows also from van Laar's fig. 22, Arch. Teyler (2) 10 (1907) p. 38

with the menlioned estimations on the critical temperature and pressure of helium

(cf. p. 275 note 2) and on the suppositions made (cf. These Proc. Dec. 'OC p. 509

and 510).
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occur both on the plait starting from v = b and on that starting

from a' = (figs. 2 and 3). If in the homogeneous double plaitpoint

the isobar shouki run parallel to the .r-axis. Tb,,is would coincide

with Tdpi For T <^ Tdi.i a barotropic chord exists on the obliquely

crossing plait, just as in case {a) ^).

For &,, > 6,1, as in this case for a, the existence of barotropic

tangent chords is not required.

c. If ^j5 <C ^n> ^ barotropic plaitpoint will make its appearance for

Ti^u <C ?t, fvnd > 7\.,„; at lower temperatures a barotropic tangent

chord is found on the plait starting from x^=Q and closed on the

side of the small (;'s, and at 7'<^ Tkm on the obliquely cj'ossing plait

(fig. 4). For ^3, > />!, as for a and b.

In fig. 5 the course of the spinodal curves (continuous) and of the

connodal curves (lines consisting of dashes) on the ijj-surface for the

unity of weight has been more fully represented for a case c. The
figure has l)een construed with a view to mixtures of helium and
hydrogen. In this we adopted the hypotheses mentioned in Comm.
X°. 96, Dec. '06, p. 509 and 510, and put for hydrogen r/,,= 32,3,

j^i, = 14.2, for helium 7^.,= 1,3, bmu='kb},m^ (p. 275 note 2)=).

The \olume v is expressed in the theoretical normal volume of a

molecular quantity as unity. The point Km has been calculated

according to van der Waals Cont. II, p. 43. The spinodal curves

have been constructed as in Suppl. N°. 15, March '07, p. 788.

Pij is the barotropic plaitpoint, calculated in the way indicated in

Comm. N°. 96^ Dec. '06, p. 510. Further the plaitpoint curve

KJi„, calculated according to the equation given by van Laar,

') In the light of our present knowledge of the behaviour of mixtures and divested

of the considerations which are incompatible with it (cf. p. 274 footnote 1) the

phenomenon deemed possible by Jamin, C. R. 96 (1883) p. 1451, Journ. phys. (2)

2 ^]883) p. 383, would be described as follows: On compression of a gas above a

suitable quanlily of liquid (see p. 281 note 2), this liquid is made to dissolve at first

under plaitpoint circumstances after which on further pressing in of the gas

into the thus formed homogeneous phase a phase richer in the least volatile

component (called by Jamin liquid, by us in certahi cases, cf. Suppl. No. 15,

March '07, § 4, second gas phase) may separate above the phase which is richer

in the most volatile component. If this phenomenon could be realized, we should

have to deal with a case b for a temperature T > T,i,,i, and in which the line

RQ (see fig. 6) intersects the plait starling from v = b in such a way that for

the intersected connodal tangent chords 6 > 7^.

^) However, on account of the uncertainty which still prevails about Thlle and

pklh; and in view of the probability that ai-j/ < ^'an.v ajjjn (see p. 280) it is

still to be considered as quite possible that He—Ho belongs to case (6), as was
supposed in Suppl. N". 15.
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These Proc. April '05 p. 652 has been included in the diagram.

The second branch of the plaitpoint cnrve is not to be distinguished

from the straight line HK, on the scale on which the diagram has

been drawn.

For the connodal curves the points of intersection with the line

A' = representing the points of saturation for pure hydrogen have

been calculated. For this purpose the constants of saturation have

been used, which liave been calculated by Dai.ton ') for a substance

that follows the ecpiation of state of van der Waals with constant

(I and b. For the rest the course of the connodal curves for which

for 7'^ 7V,„ also the plaitpoints are known, has been represented

schematically.' This a|)p]ies particularly to llie points of intersection

of (he connodal curve for 7'= 20 \vith the line v = b, so that

al>o llie course of the connodal curNc, pariicnlarly of the gas bj'anch,

is uncertain in the neighbourhood of tiie line v = />. The line CD
represents (he experimentally determined barotropic tangent chord for

T= 20 (see Comms. N°. 96" and N°. 96'- Febr. '07 p. 660 footnote 2).

The situation of the line CD with respect to the connodal curves

niiuiit |)oint to 7),.,,, being higher than was calculated by us, which

may be due either (o (he cridcal temperature of helium being lower

than was assumed by us here, or to aj^.,/ being <^ l/'^n.v«ui-v for

mixtures of He—H, ^).

The course of the barotropic plaitpoints and barotropic tangent

chords in case (c), and also in case (6), if they occur on the plait

starting from ,i' = 0, corresponds for the higher temperatures with

that for the case that the branch of the plaitpoint curve starting

fi'om K^ crosses the i(-'-surface from j; = to x = l, for which case

the course was described in Comm. N°. 96*. For the lower tempe-

ratures we meet with this difference that in the cases considered in

this comm. the barotropic tangent chord continues to exist on the

plait, till it disappears under (he three phase triangle, whereas

in the cases considered in Comm. N°. 96* the barotropic tangent

clidi'd may also vanish from the plait through a barotropic plaitpoint

(lower barotropic plaKpoint temperature, see Comm. N°. 96* p. 504).

The latter must even be the case if for T^ Tk^ no three phase

equilibria appear as yet (cf. p. 275 note 1).

J) J. P. Dalton, Phil. Mag. April 1907, p. 520.

2) The same remark concerning Omm for mixtures of H^ with other substances

might be derived as follows : for CO2 — Hn (the same holds for GO^— O2) from

a comparison of the experimentally determined portion of the plaitpoint curve with

that calculated in the same way as above for He—Hj ; for Ho — ether and

Hn — alcohol see § I p. 277 note 1 ).
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Van der Waai.s, These Proc. Jan. '07 p. 528 calls attention to the

influence of b^^ b^^ on the occun-enee of barotropic phenomena by

stating this rule: "When the most volatile snbstance has the greatest

limiting density, the gas phase can be specifically heavier than the

liqnid phase." In connection with what was discussed above we
may now supplement this rule as follows: If of a binary- mixtui'e

the more volatile component has the greater limiting density, the

gas phase will be made to sink in the liquid phase by compression

with suitable concentration and temperature, provided the moi'e

volatile component has so feel)le an attraction that jiressing in of

this lallor couipoiieul cannot make the liquid phase of the less volatile

cump'jucjit dissolve in the gas phase at definite ') tempei'atures even

at the highest (comp. p. 277 note 1) pressures.") It is implied in the

terms of this rule that it has been supposed that no two liquid phases

occur.

It is not excluded that also in other cases sinking of the gas phase

in the liquid phase might occur. ')

If we apply this rule to pairs of substances of which data are

availal)le for '^.,„,r/|,„ and b.^.yjj^jy, it appeai-s that only for

He— II, it may be expected on reasonable grounds ") that barotropic

phenomena occur at not too high pressures^). Further in\esligations will

have to reveal whether for mixtures of pairs of substances as nitrogen

1) Also at higher temperatures tlian tliese Ijarotropic phenomena may then occur.

2) hi the case of compression of a gas above a liquid, starting from the pure

substance in the way as was done in Kundt's experiments we describe on the

:i-surface a curve the v, x-projection of wbicli is a straight line joining a point of

the line X ~- with the point v = 0, x=L For the liquid phase to disappear at

a definite, suitable temperature just under plaitpoint circumstances, we must start

from a definite quantity of liquid so ihat the volume is represented by SQ (see

iig. G). If the quantity of liquid from wliich we start, is smaller, the liquid phase

will evaporate (be dissolved in the gas pliase\ if it is larger the gas is dissolved

in the liquid phase (cf. van dfr Waals, Gont. II, p 13G). Only if the diffusion

is not rapid enough to ensure C(|uilibrium all through the tube, solution of the

liquid under plaitpoint phenomena may be observed also with other quantities of

liquid as corresponding with vcj, as has been set forlii by Kuenen's experiments

on the influence of phenomena of retardation.

*) See e.g. g 1, p 275, note 1.

*) Though for mixtures of e.g. helium and acetonitril the available data with

application of the special hypotheses assumed in this g (concerning the equation

of state etc ") would point to the fact that at high pressures barotropic phenomena
might still just occur, it is impossible to express a definite expectation with regard

to this on account of the influence of the uncertainties, both in the data and in

the validity of the mentioned suppositions.

^) This was mentioned in Gomm. No: [)Gb Dec. '06 p. 504.
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and a light oil with high critical temperature '), nitrogen-lithium,

argon-kaliuni, mercury-iron etc. sinking of the gas phase in the

li(|ui(l phase coukl be realized.

^ 3. On the conditions for the occurrence of barotropic plienoniena.

It appeared in ^ 2 that with a suitable ratio of the limiting densities

the occurrence of the barotropic phenomena depends to a great extent

on the ratio of the attractions of the molecules of the two compo-

nents, hence on tlie ratio of the critical temperatures. The same thing

may also be derived in the following way, more independent of the

particular hypotheses which have led to the consideration of obliquely

crossing plaits.

To bring about the phenomenon of the gas phase sinking in the

liquid pliase, the gas phase will have to be much more compressible

tiian the liquid phase, and even on compression the gas phase must

not dissolve in the liquid phase. For this the temperature will have

to be pretty far below the critical temperature of the least volatile

component {Ti,J, but still far above that of the second component

{Ti-J. This points to a large difference between the critical tempe-

ratures of the components.

If for the pair of substances considered retrograde condensation of

tlie tirst kind occurs, the coexisting phases indicated by the points

L and G on the if'-surtace for the molecular quantity (see fig. 7)''),

can only have the same density \i' M^^ M^.

Only when on the plait on the molecular tfvsurface connodal

tangent chords appear for which the angle with the axis .r:=0:

6*^ the coexisting phases can have equal density for i/, <^ i/j.

'As the dilference between .r,/ and .»/ is larger, and so the connodal

tangent chords deflect more rapidly from the side ,r = (», a smaller

difference between J/, and .1/, will suflice to establish equal densities

in G and L.

This will be tiie more the case the more the plait extends towards

the side v = f>.

The latter is particularly furthered liy a sniaii ratio cioiM/auM (ef.

Comm. Sui)pl. N". 15 PI. I fig. 1 and PI. II), st) by a small ratio of

the critical temperatures, Im^m smaller than /»„,/ also tending in this

direction.

1) Mr. F. M. GiLLEY of Boston drew our attention to mixtures of air and oil.

') Tfie dotted lines indicate Ifiat tlie considerations of this § hold both for the

case that at lower tomj^eralure the plait crosses the /i-surface as a transverse plait,

and for the case that it extends towards v = b.
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Hence we get as conditions for the possibility of the occurrence

of barotropic phenomena:

The second component must liave: 7/, small compared with Tu-^,

and by preference also : M^ ^ M^ and h.^.,}, <[ b^iu.

This becomes still clearer by tiie application of equations (2) and

(4) of Comm. N°. 79, April '02, p. 659:

</'.7 — *f'i

MRT
.VI = .(•„ I'

MRT ~ i"p~ dT ~''i MRT

which determine the ratio of the concentrations of gas and liquid

phases of a binary mixture in which tiie quantity of one component

is small, if the law of the corresponding states may be applied.

The connodal tangent chord will rapidly deflect from the side .f =r 0,

if the exponent of e assumes a considerable negative value. The

1 fdT^j,\
greatest influence on this exerts n = ;-- ~-— , on account ot

the value of the coefficient — ^^O 7) ; so 7V„ will have to be small
l^m dl

1 dv.h
witli respect to Ti-,. The inlluonce ot /?=« — y, if y =

'7-, dx

(of. Comm. N°. 8J, Oct. '02 p. 325) is only of secondary importance.

To tend at least in the right direction, y would have to be negative,

so bn^\ <^iim')-

Physiology. — •An investujation of Mr. J. W. A. Gewix, on the

relation of pepsin to chi/niosln." fJy Prof. C. A. Pkkelharing.

That gastric juice possesses the power, on the one hand to digest

proteins under acid reaction, on the other hand, to curdle milk under

neutral or scarcely acid reaction, is generally attributed to the pres-

ence of two diiferent enzymes in the gastric juice, viz. pepsin and

chymosin. This opinion is chiefly based upon an observation of

Hammarsten, who was the first to throw light on the changes that

take place in milk when it is coagulated by means of rennet.

Hammarsten found that an extract from the mucous membrane of

the stomach, Avhich, when prepared fresh, could digest proteins as well

') The more elaborate mathematical treatment of the conditions for the occurrence

of barotropic phenomena, as sequel to Gonmi. N^ 96c, will be postponed till

further experiments oall for a fiirtlier discussion.
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as curdle milk, after having been digested tor a few days willi liydro-

cldoric acid at a temperature of 37^ C, no longer showed the action

of rennet, l)ut had |>reserved its peptic action. From this it could

not but follow that eacii of these actions depended upon a separate

agent.

Meantime doubts have gradually arisen as to the correctness of this

opinion. Tiiat there must at any rate be a very close connection

between the pioteolytic action of pepsin and the enzym of rennet,

was made probable by the experience that all enzym-solutions with

a proteolytic action, no matter wiiether they are of animal or of

vegetable origin, can also act like I'ennet. And, as I communicated

some years ago in this Academy, and as was afterwards corroborated

by Nencki and Sikbek, it could also be proved that all kinds of

preparations of pepsin, also when a long digestion with hydrochloric

acid and a purification as careful as possible had preceded, are able

to act like rennet.

In 1904 there appeared an investigation by Pawlow and Parast-

SCHUK '), in which they demonstrated that pepsin and chymosin must

be considered as the same substance. These investigators found that

in different licjuids containing enzym not only the proteolytic and

the curdling power are always found side by side, but that also a

])roportionately gi-eater curdling power corresponds to a greater

proteolytic action. That this is not found in some enzym-solutions

of commerce appeared to be owing to the presence of other sub-

stances; as soon as their elTect was destroyed, the proportionality

came to light. A solution of rennet, according to Hammarsten

prepared by means of carbonate of magnesia from gastric juice,

which, in his opinion, no longer contained any pepsin at all, appeared

to be a very good digester of albumen, if only the no.vious influence

of magnesia-salts was taken away. No more was it proved by

Hammarsten, — as Pawlow explained — that a i)epsin-solution can be

freed from rennet by digestion with hydrochloric acid, as the pro-

teolytic action had been examined, while the liquid still had an acid

reaction; the curdling action, on the other hand, after neutralization,

by which the enzym might be easily destroged.

Against Pawlow's explanation objections have been raised. Especially

two Swedish investigators. Bang ') and Schmidt-Nielsen '), have

defended Hammarsten's jioint of view. The investigation of Mr. Gewin

1) Zeitschr. f Physiol. Chemie, Bd. XLII, S. 415.

2) Zeitschr f. Physiol Clicmie, Bd. XLIII, S. 358.

•) Ibid. Bd. XLVIII, S. 92.

•') PFLtJQER's Archiv. Bd. LXXIX, S. 425.
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refers priiicipaliv to tlie grounds alleged by those two authors for

the duality-hypothesis.

In the first place he has occupied himself with an inquiry into

the correctness of the conclusion previously drawn by Bang ^) from

a number of experiments, that there is not only a ditlerence between

pepsin and rennet, but also that even the enzyra of rennet does not

possess the same qualities in different kinds of animals. B.\ng con-

tinued to apply the old nauie, chyniosin, to the enzyra of rennet,

as it is found in the calf. From this he distinguished by the name
of paraciiymosiii the enzym that can be got from the mucous mem-
brane of the pig-stomach. The difference showed itself in the fact

that parachymosin, when diluteti, became sooner inactive than chy-

niosin, that it showed a greater activity by the addition of chlor-

calcium, was more proof against heating to 70° C. and less so against

the action of alkali.

With reference to extracts from the mucous membrane of the

stomach of calf or pig Gewjn could corroborate these differences;

only he did not lind the difference in the promotion of the activity

by adding chlorcalcium as important as Bang. However, it was a

different thing, if not the extracts themselves were examined but the

enzym extracted therefrom by dialysis, and purified as much as

possible in the way formerly communicated by me. The better the

purification had taken place, the smaller the difference became. The
extract from the mucous membrane of the calf-stomach loses its

power to curdle milk when, neutralized, it is heated for 10 minutes

to 70° C. ; however, its power is but little reduced, if it is mixed
with caustic soda to 0.01 °/(, and neutralized again after half an hour.

With the extract of the mucous membrane of a pig-stomach it is just

the reverse. With the enzym of the calf, purified as much as possible,

the resistance against heating appeared to have become great, against

alkali small. From this it must therefore be deduced that the dif-

ference does not lie in the enzym itself, but that it is caused b}"

other substances occurring in the extract. Indeed, it could be proved

experimentally that the extract from the membrane of the calf-stomach

contains substances which protect the enzym against the action of

alkali, but make it the more sensitive to heat. Of a solution of

purified pig-enzym (which possesses the qualities of Bang's para-

chymosin) one half was diluted with water, the other with an
extract from the mucous membrane of a calf-stomach, which e.\tract

had been deprived of all enzym by heating it for one hour to 80' C.

and then neutralized. Of both solutions 2 cc. mixed with 8 cc. of
milk caused curdling in 30 sqc. A part of each was heated for
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10 minutes lu 70" C, another part for half an houi- left in contact

with 0.01% Na HO and then neutralized again. Now the result was:

I

After heating i After action of alkali

2 cc. enzym with water -j- 8 cc. milk curdling in SVgmin. no curdling

2 „ , , extract 4" S
,, „ 'no curdling

|
curdling in 11 min.

Gewin also examined two rennet-preparations of commerce, one

Dutch of VAN Hasselt and one Danish of Hansen. Both showed the

qualities of Bang's chj^niosin. But when, by dialysis and precipitation

with acetic acid, the enzym had been isolated and at least for the

greater part been freed from impurities, they had become much more

susceptible to alkali and much less so to heating.

That the enzym is destroyed not only by alkaline, but gradually

also by neutral reaction has been made clear by Pawi,o\v and

corroborated by Gewin in numerous expei-iments. From this Gewin

explains the difference found by Bang between chymosin and para-

chymosin, the solution being diluted. What Bang calls chymosin is

the enzym mixed with substances protecting it from alkali. When
those substances are present, it may be assumed that the enzym is

better proof against the dilution with water, by which the number

of hydroxyl- and metal-ions increases. A solution of purified enzym

(parachymosin), possessing the same curdling power as a not purified

solution of calf-enzym (chymosin), shows, when diluted, sooner a

decrease in action, and consequently must, also sooner, show the

promoting influence of the addition of chlorcalcium.

So there is no reason for assuming different rennet-enzymes in

different kinds of animals. The difference does not lie in the enzym

but in other .substances originating tVom the mucous membrane of the

stomach. If it is necessary to give a separate name to the enzym of

the gastric juice that can curdle milk, it is sufficient to use the word

chymosin for it.

But is even this necessary" Should it be assumed that chymosin

is different from pepsin?

To the solution of this question Gewin has devoted the second

part of his investigation. It was tried in vain to divide the enzym

into a proteolytic and a curdling part. It is a well-known fact that

proteins, undissolved and at a temperature of 15° C. put into a

pepsin-solution, take up and keep back this enzym, so tiiat it is not

to be separated from it by washing it out. Coagulated and minced hen's

albumen was put in a solution of purified pepsin in 0.2 % HCl.

Now, if chymosin were a different matter from pepsin, only the last

mentioned would perhaps be extracted from the solution by the

albumen. It appeared, however, that the liquid filtered from the
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albumen after some lioiirs, had lost not only the peptic hut also the

curdling power. Indeed, the same negative result had already been

arrived at by Jacoby, who for these experiments did not use hen's

albumen but caseine ').

In the second place it was examined whether a separation into two

enzymes could be brought about by dialysis. When pepsin, dissolved

in hydrochloric acid, is dialyzed against distilled water, it is partly

precipitated, most completely at a low temperature, as soon as the

quantity of acid has gone down to about 0.02°/„ HCl. Always, however,

a considerable part remains dissolved, which, with the aid of ammo-
nium-sulfate — if the solution does not contain much albumose

through 507o saturation with this salt — can be precipitated. If pepsin

and chymosin are different matters, it cannot be deemed improbable

that they also differ in solubility, that therefore the precipitate in

the dialyser should contain more of either one or the other matter

than the liquid filtered from it. Also in this way, however, a sepa-

ration into two enzymes, did not succeed.

Schmidt—Nielsen, however, has communicated e.'iperiments from

which it appears that, though not a complete, still a partial separation

of pepsin and chymosin is possible. A strongly active extract from

the mucous membrane of the calf-stomach, prepared with hydrochloric

acid, was divided into two parts. One was preserved at a low tem-

perature, the other at 37^ C. After some days the heated part had

for the greater part lost its power to curdle milk, under a neutral

reaction ; at acid reaction, however, protein was still strongly digested.

Xow both liquids were neutralized and the one not heated so much
diluted that the curdling power had become as weak as tliat of the

one heated. After that the two liquids were rendered equally acid

with hydrochloric acid and digested with fibrine. The fibrine was

much quicker dissolved by the heated liquid than by the diluted

one, not heated. During the process of heating, therefore, the chymosin

had been chiefly lost, the pepsin however not.

This experiment would certainly be convincing, if the neutralization

had the same effect on the heated liquid as on the one not heated.

This, however, is not the case. The extract contains substances

protecting the enzyin from the action of alkali; also when no more

of this is added than what is necessary to attain a neutral reaction.

If the extract is preserved at a low temperature, tiiese substances

remain for a long time undisturbed, but if the acid extract is heated

to 37' C, they are destroyed. Gewin has proved this by ample
experiments, of which a detailed account is given elsewhere. At the

1) Biochem. Zeitschr. Bd. I, S. 66.
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outset the ciizym in tlie extract of rennet is quite proof against

neutralizing, but after liaving been digested for a few days at 37° C.

this power of resistance becomes smaller, and then diminishes quickly.

Now, if the neutralized liquid, in order to determine the curdling

power, is mixed with milk, the reaction remains neutral and no

curdling arises. However, if it is rendered acid again, soon after the

neutralisation, a sufficioiii (piantity of enzym is left to digest protein.

Also if the not heated solution of the enzym, before being neutra-

lized, is sufficiently diluted with 0.2% HCl, neutralisation herein

causes a rapid decrease and at last an annihilating of the curdling

power. Thus the curdling time of such a solution was, 8 times

diluted, 10 seconds, directly after the neutralisation 27, to 4 minutes,

whilst the milk, mixed in the same proportion with the solution

half an hour after the neutralisation, was not yet curdled after 20

minutes.

In all experiments, on the other hand, at which the noxious action

of alkali was avoided, the curdling and proteolytic power of the

enzvm solutions appeared to keep pace with each other.

Summing up the I'esult is therefore that not a single reason is left

to assume a difference between pepsin and chymosin.

No more is there any reason to stick to the opinion of Nencki

and SiEBER, which 1 formerly shared, according to Avhicli [)epsin

should be considered as a molecule, which, through difterent groups

of atoms, on the one hand should have a proteolytic, on the othei

hand a curdling action. The basis for such an idea, the opinion

that the activity in one direction could be preserved, whilst that in

the other direction was lost, I must now consider as having lost its

foundation. The opinion defended by Sawj.m.off, is far more acceptable,

who considers the alteration of caseine, of which the formation of

cheese is the consequence, as the beginning of digestion, of proteolyses -).

This opinion has, I believe, become more probable by the experiments

made of late about the alterations caseine undergoes under the

influence of rennet, particularly by the investigation made some time

ao-o in my laboratory by Miss V.\n 1Iki!\vekden '). Fi'om the.se it

has appeared that caseine, at a very weak acid or neutral reaction

and at a temperature not mucii lower than 37° C. in a soluliim

of rennet — either a preparation of commerce or pepsin purilied

as well as possible --- soon falls asunder into paracaseine, which

when it does not directly become insoluble as a lime-compound,

cheese, continues to change, and other substances,' among which

1) Zeitschr. f. Physiol. Gtiem. Bd. XLVI, S. 307.

2) Ibid, Bd. Lll, S. 184.
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a protein, [irovisioiially called suhslaiiee C by Miss van Hkrwerdkn.

Not until the enzym lias been able for a loiif? time to inthience

these substances, does it form primary albumose from them. At

the same time, however, the enzym also appeared at neutral

reaction to form from coagniatect albnmen primary albumose, though

in a small quantity. So there is every reason to consider eui'dling

of milk as a proof of the first stage of proteolysis.

Taking this into consideration, it is not so wonderful, as it has

been regarded, that all kinds of proteolytic enzymes possess the

power of curdling milk, though in natural circumstances they never

come in contact with caseine. For then tlie peculiarity is not to be

sought for in the enzyme, but in the caseine, the splitting of which

already can be observed in a stage of the digestion, in which with

other proteins alteration is still quite imperceptible.

Physics. — "Tlie intensities of the components of spectral lines

divided by ma<pietism". By Prof. P. Zeem.\x.

If a sjicctral line is resolved into a triplet by the application

of a magnetic tield, the two outer components and the middle line

will generally ditter in intensity. According to the elementary theory

of LoKENTZ of the phenomenon of magnetic resolution there exists a

simple relation between these intensities.

Let /, and /, be the intensities of the outer components and 7,

that of the middle line then we may expect that

/, = /, = iJ, (1)

It has i)een often asserted, that generally this relation is not ful-

filled, and that triplets frecpiently have in contradiction with (1) a

weak middle line and strong outer conqionents.

Really some cases ') can be cited, in which the luiensities differ

from what may be inferred from equation [1). In lumierous cases

however this contradiction is uid\ ap])arcnl, no attention having been

paid to a circumslance presently to be menlioned and not yet exa-

mined in connexion with our present subject.

In the very important investigation by Ruxge and Paschkx') a

calcspar prism was placed i)efore the lube ylaced in the magnetic

field. By means of a tpiartz lens the two images gi\en by the calc-

1) The lines (xliil>iting tlie puilial polariziilioii ubsoivcd by Ehoiuh'k und (ieorhiewskv

(C.P.. 124:, 125. IS'.tVi aie meant lieie.

-) C. Ru.NuE n. V. l'.\scHKN .Villi, dur Gvil. .\kad. Aniiaug. lUOi'.

19
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spar arc piojoclcti in the piano of tlie slit of tiie spoctroscope. Tiio

two images conld be exaniineii separatek.

"Bei I'iclitiger Stellnng des Kalkspatlis bestand das einc l!ild ans

Liciit, dessen elektrisciio Schw iiignngen in der Liehtquelie parallel

den Kiat'tliiiien vor sieli geheii, das andere Bild aus Lielit, dessen

elektrisciio Sdiwingnngen in dor Liclitqnelle anf den Krat'llinion

senkveclit stelicn. Dass die Ebene der Schwingnngen nach iloni

Dnrciisetzen des Kalkspaths dnroli die (^)iKiry,linse gedrolil wini, lliiil

niclits zur Saclie".

Bij means of this anangonionl tiie ouniponents w illi \ei-lioal \ibra-

tions are undonbledly separated from those with horizontal ones. The

main object of RuNca'. and Paschen's investigation being the connexion

between series and magnetic separation there is no objection to be

made. The case is changed however as soon as the relative inten-

sities of the components in the emitted light are nnder investigation,

for these nnder certain circunislances conld Ite essentially altered. If

vertical and horizontal vil)rations are reflected differently by the

grating, tiie rotation of the direction of vibration in tiie l)oams

passing through tiie (jnartz lens of course will be apparent in the

observed intensity.

Polarizing effects of gratings are well known and generally the

direction of vibrations relatively to the grooves must be of importance.

I iiad not anticipated that tliis circumstance would give rise to

such striking effects as wore ()l)sorved by me in some experiments

with a large Ro\vi,and grating. 1 have only made some observations

with the yellow mei'cury lines, observing in the spectrum of the first

order. The incident rays made an angle of about 19° with the nor-

mal to the grating, and in this latter direction observations wore

made or pliotogra|)hs taken. A vacuum tube charged with some

mercury ') was placed in the magnetic Held and by means of a

glass lens an image was ])roiected on the slit of the spectroscope.

The light emitted at right angles to the horizontal magnetic lines of

force was investigated.

In figure 1. a reproduction is ui\en of the triplet in which the

line 5769.4 is resolved. The distiibiilion of intensities is in absolnte

contradiction with equation (1).

Observations with a calcspar and a sodium flame, the light of

.vhicli was incident on the grating at about the same angle as

above specilied, the dircclidu of obsei'xation being normal to the

grating, showed al onco llial the light rellected from llio grating

I) F. Paschen, Physik. Zeitschi. ,lahig. 1 ji. 478. 1900.
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Wiis slidiiuly |H)laiizc(l. The \citical \iluati(iiis were ^lioiigly

prepomleiating.

Tlie intliience of a rotation of the plane of polarisation of the

yellow nierciii'y light on the distribution of intensities in the triplet

was then examined. The plane of polarization was I'Otated by

means of quartz plates with faces perpendicular to the axis placed

in front of the slit. 1 had at my disposal two small plates of 2.15

resp 4.17 mm. thick. xVccording to Gumi.ich ') the rotation for mercurv

light of wavelength 5769 in a cpiartz plale 1 mm. thick, is at

; =: 20° 22°. 718 and hence the rotation in my plates amounted to

22.72 X 2-15 = 48M)() en 22.72 X ^^'i = 94°.7.

The change in the distrilmtion of light is at once apparent. In

tigure 3 the outer components are hardly visible. The negative

reproduced corresponds to the case in which the plate rotating the

plane of polarization 94°. 7 is in front of the slit.

Figure 2 corresponds to the case in which the incident vibrations

are inclined at aboid 45° to llie slit. It may be remarked that in

this case the real distribution of intensities between the components,

as existing in the enntted light, is observed.

Vertical and horizontal vibrations now being equally present in

each of the components, and hence the circumstances as to vibrations

being the same for the three components, the polarization bv the

grating is eliminated.

The distribution of light in tigure 2 is certainly not in contradiction

with equation (1) and eye observation seems to confirm it numericallv

also. Of course a photographic reproduction is not sufficient for a

comparison of intensities and a numerical test nnist be reserved for

a future paper.

For an estimation of the real ratio of intensities of the components

of a divided spectral line henceforth care must be taken that for the

region of the spectrum under review the vibrations in the incident

light are inclined at an angle of 45° C. to the slit.

If in the case of a complicated division of a spectral line some
components are weak, it will sometimes be possible to streng-

then these components by placing a (piartz plate of suitable thickness

in front of the slit. This will be feasible in all cases in which the

incideid vibrations are not those most faxoured bv the grating.*o-

Of course also wilii other spectroscopes this device does applv

') GuMMcii. Wiuil. Ann. IM. 64 p. 333. I8',)S.

19*
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o. p;. ill lli(> case of a Micmki.son coliclon spectroscope, if the incidoiit

liglit lius been previously analyzed bv means of an auxiliary

spectroscope. Retleclion and refraction in the glass prisms of conrse

weakens to dilTerent amonnts vertical and horizontal vibrations.

Cases in which relation (1) fails are to be observed in some

spectra with many lines (e.g. iron). Among adjacent magnetic triplets

some are to be detected in which the distribution of intensity in

one resembles ligtu'c J, in the other ligure 2. Without further

analysis one may conclude that for the one or for the other relation

(1) fails.

EXPLANATION OF THE PLATE.

The figures are tliirlyfold enlargements of negatives concerning the mercury line

57C9, 4.

In all cases the image ot the source was projected on the slit with a glass lens.

Fig. 1. No quartz plate in front of slit.

Fig. 2. Quartz plate, rotating plane of polarization 45° in front of slit. The

distribution of light corresponds to that in source.

Fig. a. (Juartz plate, rotating plane of polarization 90^ in front of slit. Tlioiigh

the time of exposition was thrice thai used with the other figures, there appear

only traces of the outer components in the original negatives.

Chemistry. — "On lupeoL" By Prof. P. van Rombukgh.

In the Comptes rendus of June 24, 1907, Jungflf.isch and Leroux

state that lupeol cinnamate occurs in the gutta percha of Palaquium

Treubii Bkck.

I have demonstrated previously that cinnaraic acid inay be obtained

from this species of gutta, whereas lupeol cinnamate proved to be a

constituent of different commercial varieties of gutta perdia ')

JuN(iKLEiscH and Lkkoix have now studied the Irtpeol obtained by them

and state that this substance on heating suddenly on the "bloc Maquenne"

melts at 190"— 192^, then immediately solidities and melts again at

212°. They explain this phenomenon l)y assuming that lupeol loses

water and is converted into a hydrocarbon, melting at 212°, to which

they give the name of lupeylene. At !30' lupeol would lose water

slowly, very rapidly so at 150'—160° and suddenly at 190^

') B.B. 37 (1904) 3442.

-') Diss. Utrecht 1906.
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divided by magnetism.

1. No quartz plate in front of
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2. Quartz plate, rotating plane of

polarization 45° in front

of slit.

Intensities as in source.

3. Quartz plate, rotating plane of

polarization 90° in front

of slit.
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On treating liipeol with acetic aiiliydride and sodium acetate at

170°. they did not obtain iupeol acetate, l)ut hipeylene, and they

argue that the acetate cannot lie obtained by tiie ordinary methods

owing to the iupeol losing water so readil}'.

Hut some time ago (loc. cit.) 1 obtained with Dr. v. d. Linden

an acetate, by acetylating Iupeol ; whilst Dr. Cohen also prepared

this ester and studied several of its reactions.

It, therefore, did not seem to me superfluous to repeat the expe-

riments of these French chemists, and to again prepare and analyse

the Iupeol acetate, so as to make sure that this substance really

exists; and that Dr. Cohen, who did not analyse it, because the

properties coincided with those of my preparation, and because a

mixture of his acetate with Iupeol exhibited a considerable lowering

of the melting point, was really in possession of the substance.

In order to observe readily an eventual separation of water, and

to see and weigh the same, 1, first of all, heated Iupeol for many
hours in one of the limbs of a reverted U vacuum tube placed in

an oilbath at 190", whilst the other limb was cooled in a VVeinhold's

glass containing liquefied ammonia. In the limb containing the Iupeol

a sublimate of beautiful crystals had deposited above the oil surface

whilst a slight deposit had also formed in the cooled limb.

The weight of the Iupeol was 0.5403 gram.

The deposit in the cooled liml) weighed 0.0065 gram.

On lieating the same at lOO"" there remained 0.0046 gram.

Therefore only traces of water could have been present in the

cooled limb.

The sublimate in the heated limb melted at 212°—213°.

In another experiment, 1.0806 gram of Iupeol was weighed in a

glass boat and placed in a horizontal tube which could be heated

in an airbatli. The tube was connected to a reservoir with sulphuric

acid and the wiiole apparatus was evacuated by means of a water-

airpump. First I heated the apparatus for ten liours at 140°—160°;

the loss of weight amounted only to 0.0066 gram, but it nmst be

observed, however, that a sublimate had formed in tiie tube just

above the l)oat. Then the substance was iieated in the same manner
for six hours at 190°—200°. The total loss in weight then amounted
to 0.041 gram, but as the sublimate weighed 0.039 gram it was in

reality only 0.002 gram. A sei)aration of water, which would have

amounted to 0.040 gram, was therefore again out of the question.

The residue of the two experiiuents, after being recrystallised from
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acctoii(\ was (•oiiil)iislc(l wilh Icinl clii-oiiialf^ ami IIk^ rosiill showed

tliat llic hi|HM)l liad rcmaiiicMl iinallcfoii.

O.J'Jltl i^iaiii vieldcil 0.2147 gram Il,() and 0.6172 gram CO.,

11. C.

Found : 12.08 84.54

Calcidated : 11. 4i) 84.85 (for C„, H,„0)').

On Ixiiling with acetic anhv(h'i(h_' (10 parts) and sodium acetate

(1 i)art), tiie residue couhl be converted readil_y into an acetate

melting at 213° as shown hy the analysis :

0.2191 gram yielded 0.2251 gram H,0 and 0.(i588 gram CO.,

H. C.

Found : 11.51 82.04

Calculated : 10.93 82.41 (for C„ H,,0,).

For the jmrpose of comparison tiie acetate of non-heated lupeol

was prepared and analysed in the same manner. It melted at 212".

0.2113 gram yielded 0.21(39 gram H.,0 and 0.G362 gram CO,

H. C.

Found : 11.5 82.11

. Calculated: 10.93 82.41

A nii.x.ture of tiie (wo acetates analysed also melted at 212\ whilst

the acetate mixed with lupeol gave a strong depression of the melting

point.

In another experiment, lupeol was heated at 200" for 2'/., hours

in a current of dry carbon dioxide. A small calcium chioride-tnbe

attached showed a slight increase of weight, but it appeared (hat a

little solid matter had again volatilised with the current. The heating

was then continued for six hours and the residue heated linally

until the mass began to melt. On treating the same with benzoyl

chloride and pyridine it was easy to obtain the lupeol benzoate,

(in. p. 264') proving that the lupeol has not passed into the hydro-

carbon.

Finally I have also heated lupeol with acetic anhydride and sodium

acetate in a sealed tube for three hours at 170". The reaction produc(

after being treated with water was recryslallised from a mixture of

acetone and alcohol. The melting point of the product obtained was

') 1 will not go into tlie question whelher it would be better to assign to lupeol

Ihe formula Ujo H;o 0-
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212^. All addition of lupeoi acetale from a pi'ovious preparation did

not allbct the melting jioinl. II', however, it was mixed willi lupeoi

or with Inpeol which had l)een Tieated tor some time at 190' a

serious de|)ressiou (ahoul 2(1^) of the melting point coidd he obser\'ed.

The experiments described, therefore, prove coiiviiicingly that Inpeol

(obtained from bresk) is not converted into hijievlene under the

circumstances mentioned b\ .kNGi'i,KiscH and rjf.Korx.

V^

As lupeoi might perhaps exist in two modifications, Dr. F. M. Jakger,

to whom I wish to convey- m_v best thanks, was kind enough to

study the beiiaviour of lupeoi on melting. Dr. .Iak(;k,r communicates

to the following {larticulars me :

"If lupeoi is melted to a singly-refracting licpiid L, which takes

place \ery sharply, the mass, on cooling, solidities partly to an

aggregate of brt)ad pointed needles

A, glittering in high interference

colours, partly to a horny singly-

refracting mass A' , which fre-

qnently exhibits globular sphero-

lites, resembling litjuid droplets,

which are very feebly doubly-refracting. The needles ^4 at once

show a tremendous number of transversal clefts, whilst the splendour

of the colours diminishes strongly; A passes here into a second

modification B, the common form of lupeoi. Meanwhile the horny

mass has also burst and exhibits here and there a strained double

refraction besides an increase in the numlter of droplets, that is

to say, crystallisation nuclei in an embryonal condition. If heated

carefully for a moment, it cri/.stallise.s into the needles A, which pass

immediately into B (by bursting etc.); the horny mass A' is iden-

ticdl with the needles A: it is A in a supercooled condition.

The crystallisation velocity is here nearly =: 0, and by heating

it is increased to such an extent (owing to the diminution of the

internal friction etc.) that the mass begins to crystallise. This is

a phenomenon well known to me; beautiful instances of crystal-

lisation on heating are usuic acid ami many cholesterol esters of

fatly acids.

On remelting B, A is formed some times for a few short moments,

afterwards L. The two modifications therefore apjicar to be related

by enantiolropy."

Utrecht, Org. Chem. Lab. Univers.
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Statistics. - " ]li-li(tiini>; hetim^// iiiortitlily of iii./diits dixl /u(/h

/I'nijx'nifiiri's." \\\ Dr. 1^]. van Evkiujin<;kn. (Coiiiiimiiicated by

Prof. C. H. Wind.)

In the '•Stalistisclie niededecliiigeii uitgegeveii door liot hui'eaii \aii

statistiek dcr goiiieeiilo Amstei'dain"' llio oilier dav a treatise apfjcared

as N" 19: "Kiiidcr.slcrfte in Nedei'land (in de jaren 1881— 1905)" by

Prof. Df. \l. II. I^.VLTKT and Mr. Ph. F.\T,KENBrR(;.') The antliors point

to tiie fact of tiie existence of a distinct niaxiimnn in tiic nioi'tabty of

ciiihb-en under one year of age in the snninicr-niontlis, and try to

find among otiiers a rchxtion between the ain|tlitu(ie of this ina.xininni

in diiferent places and in diiferent periods, and tiie monthly means

of temperature at neighbouring places in the same periods. The

result is rather negative; hence they write as follows:

" Also from the chronological comparison of the moi-tality of

infants and temperatures, as given by us here for Zealand and the

town of (Troinngen, we are only able to draw a negative conclusion.

If in a single case we may si)eak of parallelism, in the majority of

the cases no direct relation between temperatures and mortality oi

infants can be traced. In so saying we do not iuiply that we have

proved the statement, thai the mortality of infants should be in-

dependent of the condition of the air. On the contrary, the diagrams

we gave furnish the most evident proofs of a relation between the

condition of the air in the summer and the mortality of infants.

But it is not the height of the temperature which regulates this

mortality. As we remarked before, in our opinion the i)robabiliiy

remains, that the temperature-fluctuations of the summer — diurn

or interdiurn — are the causes which exert an obnoxious influence.

The data concerning these fluctuations fail however and cannot in

our opinion be replaced by data about temperature-frequencies, which

the Meteorological Institute would be able to furnish. We cannot

but with a single word refer here to the theory which connects the

sunnner mortality of babies with the presence in this season of a

larger number of insects, bearers of disease-germs. Positive facts

enabling to further investigate this matter are lacking at present.

Hence thei-e is reserved here a vast field of research foi' the

zealous investigator of the future.

I) A german translation of this trealiso appeared under the title: "Statistisehe

Milleilungen des Slatistisclien Amies der Stadt Amsterdam N". 1'.*. ivindersterldicli-

keil besonders in den Niederlanden, bearbeitet von Prof. \)r. R. H. Saltet and

Dr. Ph. Falkenbuug.
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2. Wc (l)iiik we can «Iio\v that tlie writers Iiave expressed tliem-

selves liere in tuu delinile fenns, and lliat a disliiicllv positive result is

obtained it" anotlier nietiiud of reseaivh is followed.

Already in furnishing the mean monthly temperatures for periods

of 5 years, which the writers nsed for their research, the present

writer expres.sed ins doubt as to whether these data were fitted for

the purpose aimed at. If the fluctuations of the mortality of infants

were merely directly jiroportional to the lluctuations of the mean

monthly temperature, llie relation sought for oufjhl indeed to appear

also in this way. As soon however as these data are otherwise

connected — e.g. the increased mortality occurs only after the tem-

perature exceeding a certain limit — it is no longer allowed to use

mean values without further inquiry.

The research of Prof. .S.\.i,tk.t and Mr. F.^t^kenblkg did indeed not,

as we saw before, reveal any relation between mean monthly tem-

peratures and mortality of infants. We will demonstrate this here

clearly once more by giving for a single town, (ironingen, the

deviations from the mean for 25 years of the 5-annual means of

the mortality of infants in the summer months May-Septend)er, and

by their side, in italics, the same deviations for the temperature.

The former are given in hundredths jier diem, the latter in tenths

of a degree Celsius.

GRONINGEN 1881-190.--.

Period
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(liirciviicc ill the iiCiicral iiiortalilv liv (•(iiii|iaiiiii;' xcrv IkiI and \ oi-\-

cold simiiiicniKiiillis. The principal cansos Imwcvci- ai'C dilibrciil.

We MOW lake as an cxanipic the moan iiun-lalilv oi' iiilanis at

(ii'oiiiiiticii ()\ei- tlie whole period IHill — 11)05, expressed Cor ex itv

month ill perceiila<^es oT one hvoH'tli of Ihe vear-morlalilv : then we
tind in round peirenlas'es (I.e. |). 74, Table XLIll I!).

April Mav .lime .liilv Ang. Sepl. (»ci.

lo:} 93 10(1 110

Cl x>

133 103 H3

We \y\U e()m|)are these nnmhers w ilh the mean nHHilhly teiiijie-

ratiires, and moreover wilh ihe nninher of davs with exeessivelv

high temperatures, which oecnrred during- a similar period. In this

respect we think in the lirst place of the days with ma.ximnm tem-

peratures above 25° C, for which the normals occur m the-'Maand-

overzic'lit der weersgesteldlieid in Keilerland" ').

We thus lind for the total number diirinu- the period J.s;t4

—

IIMK).

April May Jniie .Inly Aug. Sept. Oct.

2 20 64 100 51 22 1

whereas the mean monthly tcm|>eralnres in the period 1891—1905 are

8.6 13.0 16.6 18.4 17.t; 14.7 9.6

There is much more resemblance between

the form of the ma.vima in the lirst two

series of numbers than between those of

the lirst and third series, as is clearly

shown by tig. 1. (.S' mortality, Z number

of days with max. temp. > 25°, T mean

monthly temperature) ; but also for the

second series the e])0ch of the maximum does

not coincide with that of the lirst : it seems

as if there is a retardation of the mortality

as compared with the high temperatures.

In itself this does not look improbable.

Though the writer enters here a ticld where

he is scarcely entitled to a judgment, he

thinks he may risk the supposition, that

perhaps the high temperatures favour the

develo|)mcnl of diseases which only after

a certain lapse of time cause death. If this

be the case, then a better agreement between

[,'ic,. i_ the fluctuations of temperature and inor-

^j (.Monthly woather leviuw iu Uii; Nclherlands) Publ. N". 94 KoH. Ned. Meteor. Inst.
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lalitN iiiiist lie ()I)taiiicil if the latter .no coiniiuff'il willi iiienn tcm-

|ii'r;ilure> or iimiibers of (lays with liiuli t('iii|)ci-aliirc- lor a |pcrio(l

wliicli begins and ends a little earlier.

We liave tested tins conclusion by calcidalinL!; the nicaii tempera-

tures as well as the munbers of days with temperature above 25° —
which, in accordance with a terminology used in meteorology, we
will call henceforth •'summer days" — once for the calendar months,

once for periods from the IG''' of one month till the 15'i' of the

next month.

Roth the choice of tlie "'shift" of 15 days and that of the tem-

perature-limit 25' are somewhat arbitrary. For a preliminary research

like ours there is however no objection to this. From the table below

it appears that at least for some parts of our countiy the shift iuxs

about the size wiiicli serves the purpose ; by S are indicated the

mean values of the moitality of infants for calendarmonths during

the |)eriod mentioned in the first column, given in percentages of

one twelfth of the vearly deatii-rate, as wo will continue doing in

the following pages; by 7' the mean numbers of summerdays in 5

years, for periods of one month siiifted over 15 days.

Period Place of observation May -June
]
June-July July-Aiig. jAug.-Sept.

1S91— UiO.-,
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II. tilt' (•(iiiiinoii mean iiKintlilv li-ni|ioialiifos
;

li. liic iiH'uiis for the pcfioils May IB'''- -.lime 15''' etc.;

r. the iiiiiiil)ers of suimuenlayH toi' caleiKlafmoiiths;

<l. tlie nuinlicr ol'suiiimeniavs for llio periods May 16'''—June 15"' etc.

GRONINGEN Issi-Hior.

Period
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The differences hefween '/ and A, and lietween r and il give the

effect of the siil)stitntion of luunber of suiiuneniays for mean-tempe-

ratures, the dilferences between d and fi, and between c and d the

effect of a sliift of 15 days. It appears that the improvement in tlie

concordance of tlie signs is largest for the transition from b to <l

;

in the transition from c to d in the lirst place the improvement also

in the qnantitative agreement of the deviations of mortality and

number of summerdays is remarkable. Finally the agreement in case

d may be called so satisfactory, that bnt little doubt remains wlietlier

the high temperatures must be considered as the cause of the increased

mortality of infants.

Hence the negative result ari'ived at by Prof. Saltkt and Mr. P'ai.ken-

Bi'RG was due partly to the use of mean temperatures instetid of

temperature frequencies, partly to their non considering a retardation

of the mortality with I'espect to the cause of death.

We will now test the agreement in case (/ also for Utrecht and

Zealand

.

UTRECHT (de Bilt).

Period June July Aug. Sept.

1881—1885
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Hence so far as llic siiiiis arc roiici.'riicMl \vc linil
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years is this, ihat llie total numlicr of data for comparison is ratlior

siiiiill, and that tiiere remains an unt-erlainly as to wiietiier really

tlie increased mortality, appearing from these means, occurred in the

snine years in which alst) the numbei- of snmmerdays was largest.

For this reason we have compiled from the "Ned. Staatscoiirant"

the numbers expressing the death-rate of children less than one year

of age for the period J 881— J 905, both for Utrecht and Groningen;

we have expressed the monihly \alues in percentages of one twelfth

of tiie yearly death-rate, and compared the.«e data after the method

of the preceding §^, by comparing the deviations from the means

for the period 1881— 1905 respectively 1891—-1905, with the

deviations of the number of summerdays between May 16''' and

June 15''' etc.

The residts are given in the following tables.

GRONINGEN 1891—1905.

Year
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UTRECHT 1881 1905.

Year
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GRONINGEN 1891—1905 (b).

Year
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llciioc in llie two first tables tlie iiiiiiiber of coiit'oiilaiifcs is imich

larger tliaii that of tiie (lisci'opaiicies, and, moreover, in tlio lavoui'able

oases tlie mean deviations of mimher of snmnjerdays and mortality

are greater, so tliat in onr ojtininion no doubt remains concerning

the relation between the two phenomena.

The rc'snme for the third table clearly shows that the parallelism

with the deviations of the mean monthly temperatures is not so

good as with the number of summerdays.

We may now try to find the factor, which can express this relation

approximately. For this purpose we take the sum of all positive

deviations of the number of summerdays, and compute the algebraic

sum of the corresponding deviations of the mortality of infants. Likewise

for the negative deviations of the summerdays. We thus find:

Sum pos. dev. T Suin S Sum neg. dev. T Sum *S

Groningen + 81 +463 — 83 —352
Utrecht (town) +120 +502 —120 —465

Without giving all numbers in detail we may add here the result

for the province of Utrecht, where 54 concordances occur against

1 7 discrepancies

:

Utrecht (prov.) + 133 +543 —118 —433

The diftei'ence between sum S for positive and negative deviations

of T, rather large for Groningen, is ])robably an indication of a

non linear relation. If we overlook this and combine the two kinds

of deviations, we find for the factor sought for Groningen about

5.0, for Utrecht i^towii) about 4.0, Utrecht (prov.) about 3.9.

6. What precedes still leaves open to doubt whetlier the high

temperatures themselves cause the increased mortality, or, as Prof.

S.vLTET and Mr. F.vlkenbirg supposed, tempei'ature-tluctuations con-

nected with them. It might indeed be imagined that, as a rule,

numerous high temperatures would be accompanied by numerous

large temperature tluctuations. Thougii, from a meteorological point

of view, this supposition did iu)t look \qv\ probable, we have tested

it likewise, foi' which purpose the annals of the Royal Netherlands

Meteor. Institute ai'e (|uite sufficient. For the same periods from the

middle of one month to the middle of the next for which the sum-

merdays had been counted, we comj)Uted for Groningen the sum of

the differences of the maximum temperature from one day to another,

for simplicity neglecting the tenths of degrees. The results were

dealt with in the same wav as before; hence the deviations of the
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temperature tliictiialion siiiuis are expressed in entire degrees. Tlie

result follows here:

GRONINGEN 1891-1905.

Period
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25 C {"simiiiicnlays") rimnUMl (ov pfiicids from ]\Iav U)''' to .lime 15"',

.lime 16'''— Julv 15''' etc sliows lliicliuilioiis. w liicli in a larfjc inajorily

of cases agree in sign \\ itli those of the mortality ot iiif'anls in Jniie,

.Inly etc.

;^"'
. If a simple proportionality is assumed between the deviation

from the normal of the nnmher of "snmmerdays" and that of tiie

mortality in a period beginning and ending 15 days later, then for

each snmmerday above oi- below the normal nnmber the moi-fality

of infants is increased or diminished at Groningen with 5, at Utrecht

with 4"/„ of the mean monthly death-rate.

Chemistry. — ''Action uf [lotdnsium hi/pochlorite vii cinnamkh'",

(2"^ communica'ion). By Dr. R. A. Weerman. (Commnnicatcd

by Prof. S. Hoogewerfk).

It has been stated in a previons commnnication ') that from cin-

namide and potassinm hy])Oclilorite was obtained cinnamoylstyrybirea.

C,H,C"=CH— Ni\
\ CO.

C,H,Cii=C"— CO — Nh/
This proved that in the action of potassinm hypochlorite on cin-

namide an intramolecular rearrangement of atoms takes place, and

that it therefoi-e becomes possible to arrive from a compound with

the atomic grouinng:

C„H5C = C— C—

N

at one with the atomic grouping:

C„H,C:=C — N — C.

A coni|)Onn(l of this structure may be very readily obtained (Voin

cinnamidc by treating this in niethylalcoholic solution with an alkaline

solution of potassium hy|iochlorite. In this way a yield of about

70 "„ of the urethane is obtained:

C.,H,CH=C"— NH-COociu
styrylaminoformic methyl ester.

B. p. 18r— 182' at 14 mm, M. p. 122° —123' (corr.)

0,1674 gr. yielded 0,0914 gr. IJ,() and 0,4141 gr. CO,

0,1733 „ „ 12 cc. N, at 14' and 761 mm,
I^'ound : 67,45 »/„ C ; 6,11 °

„ H and 8,12 »/„ N.

Calculated for C,„li„(),N: 67,76 7„C; 6,27 "„ H and 7,91 "/„ N.

1) Proc. 1906, 303.
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A substance of tlie same striicliire lias l)eeii described by TiiiKM'i

ami i'lCKAHi) '), who prepared il I'rOiii the potassium salt of the

acetylated ciiiiiamo-hydi'oxaiiiic acid. As they ii,i\e the melting point

as 115", and as, in another respect, iheii' observations do not quite

agree with mine, the urethane was |)re|iarcd by Mr. W. Ochtman,

ill the manner indicated by Thielk and Fukard for the purpose of

comparison.

The two substances appeared to be quite identical ; the melting

point was found to be 122°— 123' and a mixture of the two melted

at the .same temperature.

C,H,CH=CH~a'Nii., ' ^^̂
C,H,CH=Cii-N'<-COocir3

This ready formation of urethane in an aqueous-alcoholic alkaline

medium is remarkable.

I ascertained that this reaction also takes place with a derivative

of cinnamic acid. From o-nitro-cinnamide is formed the o-nitrostyryl-

aminoformicmetliyl ester :

C,H,NO,- C'l= CH- NH_ CO oclT,

This crystallises in bright yellow needles mp. 149— 150\

0,2009 gr. yielded 0,3956 gr. CO, and 0,0781 gr. H,0.

0,1457 „ „ 15,8 cc. N, at 15° and 758 mM.

Found ; 53,70 7„ C ; 4,36 "/„ H and 12,60 "/„ N.

Calculated for C,„H„0,N, : 54,03 "/„ C ; 4,55 7„ H and 12,61 "/„ N.

A fidler communication will follow in the Jiecenil.

Dfh't lulv 1907
Chemical Laboratory of the

Technical Hiyh School.

Meteorology. — "The anUli/sis of frequency-curves of the air-

temperatare.'' By Dr. J. P. van der Stok.

1. The question ui what way the characteristic details of frequency-

curves of dilferent kinds may be pointed out in a striking way in a

pliant, analytical form has again been treated extensively in a recent

work').

The aim of this communication is to fix the attention on the

1) Aim. 309, 197.

-) H. Bruns, WalirsclieiulichkeiUroclinaiig iiinl tvolloktiviuasslolu-o, Leipzig und
Berlin, Teobner, 1906.
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iiK'lliud III' ircjitmciil siijii;osled in il iiml tu give soiiic a|i|)li(';ili()iis

ot ii to IVcquc'iicx -iiiiiiil)(>rs concerning ;iir-tem|)cr;ilnrc, deduced IVdni

observations made on iioard tlie liglitshij) ".Sclioiiwenliuuk"'.

2. The inetiiod snggested by Rkuns deserves the more tlie con-

sideration of all who ai'c occnpied with the treatment of fre(|iienoies

as it is based on the classical works of Besski, and Fkchnek and

can be regarded as a logical outcome of the principles indicated b}-

these in\estigators.

As a basis is taken the well-known function

*o(
2 f»^

a) — -— I (T ''dt (1)

for which in various works tables are given; the tirst derivative of

this function

:

*. (*) =
y/TT

(2)

assumes after substitution of Lv for x and multiplication bj h the

form of the specific probabilit}- of a deviation .c according to the

law of errors of Gauss in its simplest form. The derivatives of

higher order can be written thus :

*• (^) = 7^ «-''
• 1 •

'P

' / 1 /J

*^ ' l/jr |_
0/3/^ 1/1/ 2'J

2' r .V* a* 1

*, Lv) =r —- e-i' .4/ 1

'^ '
l/.T L0-'4/ 1/2/2' 2/0/2*

2'
, r x' .v' X 1

<P, ix) — e--^' . 5 /
1

' ' \/jt L 0/5/1/3/2' 2/ 1/2*

(3)

etc.

Now Bruns' suggestion is as follows : the specific probability (sum

of tiie numbers =z 1) of a deviation from a grouiidvalue assumed

arbitrarily be represented by the series:

!/ = /. [ l>, '/.,(/*.<;) + n, 'P,(hx) + 1\ <P,(h,) -t -...] (4)
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tVoiii which ensues, that the integral of this equation, called the

curve of the sums, is expressed l)_v the form

i;„0„+ A*:+^/^+ ^t'^ (5)

where * means 'I>{/i.)'). as is the case in what follows.

From (4) it is inimediatelv evident when regarded in connection

with (3) that the suggested analysis of the curve (called by Bruns

not fi-equency-curve iiiit curve of distribution) shows a resemblance

to the development of a function in terms of a Fourikr series.

In the different 'P^, terms appear polynomial functions of order

p— 1 ; the 'l>i, curve shows j) maxima and minima and intersects

the .V axis in p— 1 points and alternately will be found for .i' =
either an extreme value (order uneven) or a point of intersection

(order even).

The constants D are determined in the Avell-known way by

evaluating the moments of various orders with respect to the y-axis

through the origin of coordinates; if we take for this origin the

value of X corresponding to the arithmetical mean and if we |)ut

:

I
x"y dx = (i„ ,

,7 —CO

we find evidently i)„ = ^ on account of /j„ being equal to 1; further-

more f/, must be ^= on account of the choice of tiie origin, so

D^ must be put equal to 0, whilst, if one defines the value of the

constant h in such a way that

it is then easy to deduce that also D^ must be 0.

The (ixpressions (4) and (5) can thus be simplilied and they become

y^H^*, + A*, + A*. ••
I
.... (4")

and

i*„ + Z>3*, + A*. (5«)

The constants Z^,, /J^, etc. can easily be calculated by means of

the formula (3) where, with a view to tiiis, the above mentioned

form is given.

To calculate ID,, we have namely, to consider the form appearing

between square brackets in the expression for *„^i and to substitute

in it h"Hn for x".

Our finding in this way 2/)„ instead of D„ is due to the same
reason wiiy Z), must be put equal to i ; namely to the form of (1}

in which the number 2 stands as coeflicient.
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TAKLK I.

Air lempcruturc. Scliouweiibaiik. Frequencies df L)aily-ineaiib

Celsius
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For the values of '/>,. *P^ . . <l\ Khins has pi von fables, so there

are no t'urlher (lililiciiliies about the calciilatioiis which can easily be

done after some practice.

We must suffice with this short and for that reason incomplete

survey of the metiiod ; for fui'ther details we must refer to the altove-

mentioned work, where all (juestions which may arise are discussed

extensively.

3. When aj)iilying this method to observations of air-temperature

it has been assumed that the series need not be continued farther

tlian to the third term, so that only asymmetrical (/),) deviations

and symmetrical ones (Dj of order one of the simple law are

regarded, which, with these kinds of curves not differing much from

the bell-shape, proves to be suflicient. When introducing terms oi

higher order the disadvantage moreover appears that with the evaluation

of the higher moments the single extreme deviations, therefore in-

accui'ately determined, play an unduly important part. As first example

have been selected the daily-means of the air-femperature, because with

these fretpiency-curves their obliquity changes sign along with the

season and can therefore be regarded as a climatological factor. The
daily-means are calculated from observations on fempcrafure taken six

times a day during the years 1882— 1904.

In Table I the frequencies are given from degree to degi'ee,

calculated at a total of 1000; the number of data amounts of course

for every month to about

:

23 X 30 — 690 or 23 X 31 = 713.

The obliquity is immediately evident ; in winter we find extreme

temperatures or negative deviations which are not compensated by

equally large positive deviations : in summer we find on the contrary

important positive deviations not contrasted by negative ones. The
constants of the curve, namely, the mean temperature M indicating

the origin of coordinates, the factor of consistency k and the coefHi-

cients i), and i>, by which the deviations of the curve from the regular

bell-shape are determined are found in survey in Table II; the last

two quantities having reference to fi^ = 1, so that they must still

be multiplied by 1000 for the calcidation of the numbers comparable

to the frequencies of Table 1.
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lAniJ-: II.

Constants of the fiequency-t'iirves.

Daily-means of air-temperature.
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TABr.E III.

Analysis of the frequencies Jan. 4- Dec. of Table 1.
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III llic sccoiifl colimiii is <ii\('ii iiikIci-
^

',
(iMlciilali'iii tlie (lislriliii-

lidii (lcri\('(l accordiiiu; lo liic siiii|ile ('XiioiiciiliaJ law ; in llic I'onrtli

coliimn we find tlie Mdiies ul' the secoml Icrin in the series hiiving'

D, as factor; from the third and fourth coliiinns is evident that tlie

sum of the differences is lessened by tiiis term from 215 to J 18 a

thousand. As has been noticed before, the inllneiice (if the third term

with I)^ is slight.

The sum of the differences remains 12°/„, also after introducing

this term, whicii can be called satisfactory considering that the total

number of observations is not more than :

2 X 31 X 23 = 142(3

and that the most unfavourable months have been taken as an example.

In fact, from the regular course of the differences it is evident thai

there might be a possibility of making the differences smaller still

by addition of a fourth or a fifth term with Z>. and Z)„.

For 1)^ we find the value — ().()()()3G, from which ensues that of

by far the greater jiart the differences are due to incompleteness of

the material of oliservalion, i-o that extensit)n nf the series would

a\ail but little.

4. As fitting nuiterial for a second application of the method to

meteorological (pumtities all the observations of temperature liave

been chosen, taken six times a day in the mouth of July on the

same lightship during the years 1882

—

[S){.){3. The number of obser-

vations is now six times greater than for the daily-means and amounts

to 4516.

On account of this greater number the fre(iuency-curve will have

a more regular shape and the obli(piity whicli was easily discernible

for the daily-means also for the summer months, will now come

more clearly to the front.

The observations are arranged according to the different quarters

of the wind, so that we obtain (Table IV) fretpiencies of the so-called

thermic windrose. On board the lightships the "direction of the wind

is determined in accordam-e with the indications of the compass;

for the period 1882—1906 we can assume that these observed direc-

tions of the wind can be rednced to the pro|)cr direction by applying

as coiTection the mean deviation, — 15°.
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More cli'iifly lliaii in llir imiiilKM> of Talilc IV diu's llic iiifliuMicf

of llic (lireclioii ol' the uiiid (Jii IIjc U'm|ioiatiirc sliow ilsclf in llic

mean temperature M and tlie factor of consistency h, arranged in

Table V.

TABLE V.

Direction Number
]

of wind I of
Magn. observ.

N

NNE

NE

ENE

t

ESE

SE

SSE

S

SSW

SW
WSW

W
WNW
NW
NNW
Calm

Mean
Temp. M.

349

258

375

191

185

95

130

77

12i

1-25

337

G5G

585

272

311

26

1

182

1 J.IO

16 33

17.50

17.61

17.68

17.,53

17 77

17.67

17 39

17.38

17.23

17. (.8

17.10

16.32

16.27

15.65

18.56

0.3485

0.3478

0.3477

0.3561

0.3155

3401

0.3527

0.3436

0.3713

0.37.54

0.4037

0.5121

0.40S5

0.4391

0.3512

3418

0.3295

From thiei table is evident that in this summermontli by far the

highest temperatures are observed when there are calms; for the

rest we have tlie lowest temperatures with the northerly seawind,

the highest with a landwind ; the transition from NNE (W 7°. 5 E
prop, dir.) to NE (N 30° E prop, dir.) is sharp, much sharper than

that from SW (N 210" E prop. dir. landwind) to WNW (N 277".5

E proper dir. seawind).

This sharp dilference we do not tind for the factor of consistency,

which shows for WSW wind a distinct nia.ximum and for calm a

niinimnm.

The numbers of observations being rather slight for many directions
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of tlie wind, the numbers of Table IV liave been ari';uiL;e(l in

Table VI to live firoups where as much as possible foniparablc series

have been added together.

TABLE VI.

Frequencies deduced from Table IV.
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TABI>E VII.

Constants of the frequency-numbers of Table VI.
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Let us remark here that a negative D^ refers to tlie ascending

slope of the curves on the left being steeper than the descending

slope on the right and that a positive sign of D^ means that small

deviations appear in greater number than would be the case in

accordance with the simple exponential law.

In order to show clearly the pai't played by the various terms

of the series in the composition of the curve of distribution a

comparison has been given in table VIII, as in table VI, of the observed

and calculated frequency-numbers of the last series of table IV

;

the number of observations 4516 has here been reduced in the first

column under to 1000.

From this table is evident that if only a great number of

observations is at hand, the frequency-curve of the air-temperature

can be very satisfactorily determined by the three constants of the

series of Bruns, the total of the differences between observation

and calculation amountmg in round numbers to 4 °'(,.

Anthropology. — "Js red hair a miance or a variety .""' By Prof.

L. BOLK.

Concerning the anthropological importance of red hair the literature

relating to it contains up till now little more than opinions based

upon general impressions or suppositions, founded on statistical data,

which when looked at more closely are open to more or less un-

favourable criticism. There is in those opinions and suppositions a

definite main current according to which it is generally assumed

that a closer atlinity of redhairiness exists to what, for the sake of

brevity, I shall indicate as the blonde race, characterized as to the

pigmentation by blonde hair and blue eyes.

The nature of the relation between blonde and red-haired people

is expressed by Topinard ') as follows : the red-haired type has arisen

from the blonde type "par une action des milieux". Also Bf.ddoe

and RiPLKY, to mention the principal English and the best known
American anthropologist, assume a closer connection between blonde

and red hair. Virchow looks upon the subject from a somewhat
different standpoint, vvlien he says that redhairiness probabh' arises

in two manners, viz. by a decrease of pigment in brown hair or an

increase in blonde hair '). This opinion of Virchow is i)ased upon

1) Elements d'Anthropologie genei-ale. Paris 1SS5 p. 334

2) Das jedoch scheint mir niclil unwahrsclieinlich zu sein, dass es cine doppelte

Art von Rolhharigkeit giebt, von denen die eine als eine Stcigcriing des Pigments

bei den Bloudeu, die andere als eine Vermindei'ung desselben bei den Braunen
anzuseheu ist. Arcliiv fiir Anlhrop. XVI Eind. p. 338.

21

Proceedings Royal Acad. Amsterdam. Vol. X.
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his statistics ot tlie extension of rodiiaired people in Germany. Now
it would not be dilHicult to prove that Virchow was in no way

entitled to suc-h a conclusion on the ground of his statistics; his

data were very incomplete and the relations found by him he him-

self calls "ganz unzutrellend". I intend to revert to this in another

place, but would like to examine another side of Virchow's conclusion

somewhat more closely. For where he says that redhairiness arises,

either by an increase or by a decrease of the hair-pigment, this

implies that in Virchow's o|)inion I'edhairiness is the consequence of

quantitative dilference, and that, in other words, this quality is con-

sequently only a question of gradation. Moreover I do not wish to

enter into the question whether Virchow has a right to place blonde

or brown over against each other as primary or pure liair-colours.

Let it suflice for the present to state that Virchow sees no contrast

between red and blonde hair, but that the former is only a nuance,

either of blonde or of brown. 1 know only one anthropologist who,

in contradistinction to the great majority, raises his voice against the

existence of a closer relationship between red and blonde hair, viz.

Ammon, who in his Anthropology of the Baden population hazards

the suggestion that the difference between blonde and red hair is

not founded on a quantitative dilference of the pigment, but on a

qualitative distinction. So Ammon is more inclined to the oi)inion that

in redhairiness not a nuance, but a variety renders itself manifest ').

In working up my anthropological material concerning the population

of Holland I have naturally come to the question about the im|»ortance

of redhairiness, and the conclusion at which I have arrived deviates

from the general opinion. The extension of redhairiness in our country

causes me to deny every closer relationship with the blonde race.

Let me begin by pointing out that the composition of our popula-

tion is very favourable for an answer to this question. A few

years ago 1 had the pleasure in this meeting to throw light upon

the main features of the composition of our population from the

so-called blonde and brown-haired race. And I could then establish

how the composition of our population differs, if the northern part

of our country is compared with the southern. The blonde type

decreases regularly in a southein direction, going hand in hand with

an increase of mixed types, and though of course in a smaller

proportion, an increase of the pure brown type. The differences

') Die von mantlien Anthropologen beliebte Vereinigung der roten Haare mil

den blonden, lialten wir fiir unzulassig, denn die roten stelien in vielen Fallen den

braunen naher und sind jedenfalls starker pigmentiert, haben vielleiclU ein Pigment

von anderer Beschaflcnhcit. Zur Anthropologie der Badener. biz. 129.
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between the iiortheni and southernmost parts of our country are

in the end rather considerable, and it is for this very reason tiiat

our population is so extremely (it to answer a question like this.

If it should after all l)e true that redhairiness is more closely related

to blondness, tiien the variation in the number of blondes cannot but

cause a similar cliange in the number of I'cdhaired people.

The materials for tiie following illustration have again been bor-

rowed from my inquiry made at the time into the distribution of the

colour of hair and eyes among the population of Dutch schools. On
the schedules that Avcre distributed for that purpose I distinguished

four colours of hair: blonde, brown, red and black, and four colours

of eyes: blue, grey, brown and brownish-green. The total number

of children examined, amounted, with the exception of the Israelites,

;o 478.976. The total number of redhaired individuals among them

is 11772, so that there are on an average 2.45", „ redhaired children.

The figures from whicii this proportion has been borrowed, are high

enough to consider this as the exact average.

The first question we shall answer is : in what proportion do

red-haired persons occur in the different provinces of our country.

This appears from Table I. In the first column is found the total

number of the children examined in each province, in the last the

number of red-haired ones among them, also in the proportion

expressed by the percentage. What appears from this last column?

Suppose that in round numbers the general average is 25 red-haired

individuals in 1000 inhabitants, then we see that in four provinces:

Friesland, Gelderland, N. Holland and Utrecht the same proportional

number appears, that there occurs in Z. Holland only one in KJOO,

in Groningen 2 in 1000 and in Overijsel and Limburg 3 in 1000

less — in N. Brabant 1 and in Drenthe 2 more in 1000 inhabitants.

Tiicse figures differ so little, also from the general average, that we
are in my opinion fully entitled to conclude that in the provinces

mentioned the extension of red-haired persons is much the same

e\eryvvhere.

This sligiit difference in the percentage of redhaired persons in our

country is corroborated by Table II in which the absolute numbers

and the proportions are mentioned of all the places in our country

in which the number of the children e.Kamined was more than 2500.

It was to be expected that where the absolute numbers are sometimes

relatively low here, the \ariation of the percentage would be greater.

Hut yet nowhere does the proportion fall below 2''/„ and only once

a percentage of 2.9 is reached as the most favourable proportion.

Whore tile alisoiute figures are high, as in Amsterdam and Rotter-



(
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TABLE I.

Province
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dam, the general ligure of proportion, which has been found, reappears

again.

Thns far 1 liave left one province out of consideration, Zeeland.

There is no denying that this province fakes np a place somewhat

separated from tiie others, since here the number of redhaired persons

falls suddenly to 1.8°/„. This contrast with the other provinces is too

great not to see here the influence of a definite cause. Yet this decrease

in redhairiness in Zeeland, as will be proved higher up, cannot be

attributed to a rise in the number of brunettes, which really occurs

here, for N. Brabant, which is no less brunette than Zeeland, does

not show this decrease. 1 will not enter into the cause of this decrease,

I only wish to point out that already repeatedly both by Belgian

and Dutch investigators attention has been drawn to the fact that

from an anthropological point of view our Zeeland population takes

up quite a peculiar place among the inhabitants of our country. It

seems to me that this opinion is corroborated by the proportion

found for the redhaired persons.

This much concerning the extension of redhaired pei'sons in our

country in general. The general conclusion to which we come, may be

expressed thus, that with the exception of Zeeland this extension is a
very regular one all through the country. This fact was really contrary'

to my expectation, as I myself, when beginning to work up my
data, held the general opinion that there was a closer relationship

between redhairiness and blondness. So I expected that, where in

our countiT the blonde type varies so strongly, the influence of this

would also come forth in the vai'ialion of rediiairiness. fjcf us now,

in order to prove the imlependence of the two phenomena, pay some
more attention to Table I. For through this table we also get an

insight into the decrease of the blonde and the increase of the brunette

race, in a direction from North to South. As I said before, I dis-

tinguished on the schedules sent round four colours of hair and
four of the eyes, making together 16 combinations. Of these combi-

nations there are two which are really characteristical for the race,

namely the combination blonde hair and blue eyes fcir the blonde

race and the combination black hair and brown eyes for the brunette

race. The other 14 combinations may be considered as mixed forms

between the two races. Now, in order to keep the foundation of my
reasoning as pure as possible, I have inserted in Table I only these

two combinations to mutually compare them.

In the third column we find the number and percentage of blond-

haired blue-eyed individuals in the ditferent provinces. Now it appears

that the number of pure blondes ' decreases very regularly from North
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to Soulli. The niiinbei- is greatest in Friesland, viz. 43.8%, smallest

in Liuil)nrg 21.87o. so reduced to halt' of Ihe iiiinilier tor Friesland.

The fourlh oolnnin affords a survey of tlie increase of jiure brunettes.

Herein Dreiite shows the smallest number, 1.3"/,,, Limburg the

greatest 4.6°,'„. The figures in this eoluinn point to a distinct increase

in a southern direction. From this table something else appears that

is important for the characterisation of red hairiness. If namely the per-

centages of the "pure" tj'pes are added up, so the blondes and the

bnineltes, this gives for Friesland a total of 44.97o> for Limburg

only 26.47o. while between these two numbers those of the other

provinces are regularly grouped. So the number of mixed types is

in the south of our country nearly 207o bigher than in the north.

As a general result we may state a decrease of the pure blondes,

an increase of the i)ure brunettes and the mixed types in a southern

direction.

And notwithstanding in Friesland twice as many puie blondes are

found as in Limburg, a change in the number of redhaired individ-

uals is not perceptible. Therefore I think I am entitled to deny

the existence of any relation between the two phenomena on the

ground of the figures found. But my table also induces me to reject

the opinion which is sometimes given, that rcdhairiness should be

a consequence of a crossing between a blonde and a brunette indi-

vidual. If this were the case, an increase might be expected of the

number of redhaired persons in a southern direction in connection

with the increase of mixed types.

Have I therefore to deny relationship between the blonde and the

redhaired type on the ground of the data mentioned, a still stronger

proof fV)r this is afforded by another fact, which I had expected as

little as the others which have been explained. It is namely the

extension of redhairiness among the Jewish school-population. The

total nuuil)er of Jewish children e.vamined at Amsterdam, the Hague

and ivotterdam amounted to 9155. Of these 228 were redhaired,

i.e. 2.47 "
„, whilst for the not Jewish population a proportion of

2.45 "/^ had been found. The agreement between the two figures is

surprising and the importance of the fact for the question put by us,

shows itself clearly, when I point out the fact that pure blondes i.e.

blondhaired blue-eyed Jews occur only in a |)ro|)ortion of 8.2 7o

pure brunettes, i. e. black-haired brown-eyed in 18.1 "/„. From (his

it proceeds that in our country among the Jewish schoolpopulation

with 8.2 7o piii'c blondes, there occur as many redhaired persons as in

Friesland with 43.2 "/„ pure blondes. A sti'onger proof that there is no

direct relation between redhairiness and blondness cannot be desired.
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Thus far we examined redhairiness with regard to the increase

or decrease of tlie number of blondes among our population, and we
came to the conclusion that the two phenomena are independent of

each other. We can now look upon the phenomena from another

point of view. If it were true that redhairiness sliowed a preference

for the blond race, the consequence of this must needs be that among

the children who, as to pigmentation, belong to the blonde race, ac-

cordingly such as have blue or grey eyes, there are more redhaired

individuals than among those with brown or brownishgreen eyes.

How far this is true is shown by Table III.

TABLE III.

Colour of
eyes.
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riiid a somewlial lower percentage of rediiaired individuals among

the bine-eyed children than with the grey or brownish-greeneyed.

Red hair is liierefore a (|nalily altogether independent of I lie degree

of pigmentation of the iris. No mailer from what siiie we look

upon tlie I'edhairiness with regard to the other phenomena of pig-

mentation of hair or eyes, there is — at least on the score of my
researches --- not a single proportion to be alleged on behalf of the

opinion that redhairiness should by preference occur in the blonde

race. vSo 1 cannot but reject as incorrect the opinion of those who,

reducing rediiairiness to a qnantitative difference of pigment, see in

it nothing bnt a nuance. And these results of our investigation

naturally lead to considering red hair as a variety, in which the

pigment is qualitatively different from that in blonde and black hair.

Between these two last there is properly speaking no real dilfercnce;

gradually, throngh numerous shades, flax-blonde hair passes into

jet-black, by an increase of the rpiantity of pigment; also in red hair

a groat number of shades can be distinguished; in proportion to the

quantity of pigment, the colour varies between gold-blonde and

fiery red.

How is (he appearance and tiie regular extension of redhaired

individuals among onr population to be accounted for? It need

hardly be said that, on tlic gro'iiid of the proportions found, I am
not entitled to give any exi)lanation. For this purpose anthropological

researches of another nature woidd be necessary. Oidy for the sake

of completeness I mention the opinion of Topinaiu), who explains

redhairiness from a former mi.\ing with an originally redhaired lace,

which in ])re-historic time.^ is said to have inhabited the plains of

Russia, Siberia and Turkistan and of which one of the groups of

the Finnish population (the Letts and the Esths) are said to be the

purest descendants ').

ij L'histoire de celte race est a faire. Jiisqu'a noiivel ordre j'admets qa'cile a

occupc le sol de la Russio aiix epociiies prt-hisloriques, anterieiirement a I'iiivasion

des Asiatiques, repondant a liiii des deux ty[)es fiiinois- acliiels, jc ii'o.se dire de

celui qui a ajporlu la laugiio du Kalevala. Kile est represenlee dans la plupart

des kourgans anciens de la Russie. Le type ea^est signale dans les annales dus

Han anterieurement a I'ere chreticnne en Siberia et dans le Turkestan Chinois. —
Elements d'Anthrop. generale. p. 334.

(November 28, 1907).
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ERRATA.

Proceedings of the meeting of September 1907.

p. 229 1. 1 and p. 230 1. 7 from the bottom : for p. 1 read p. 215

Proceedings of the meeting of Marcli 1907.

p. 788 1. 6 from the bottom: for 1.299 < t < 1.040

read 1.299 > t > 1 .040

,. „ 1. 5 „ „ „ for 1.040<r<l
read 1.040>t>1

„ ,, 1. 19 „ „ „ for "becomes" read "comes"

„ ,, 1. 18 „ ,, „ for "united" read "unite"
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G. VAN KijNBERK ; "'On the segmental skin-innervivtion by the sympathetic nervous system in

vcitebratcs, based on experimental researches about the innervation of the pigment-cells in flat
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W. Kai'TEvn: "On an infinite product, represented by a definite integral", p. 347.
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(With 2 plates).
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Erratum
, p. 366.
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Physiology. - "On tin- siyvwvtitl sl,in-iiira'rv((ti(m by tin' s_i/m-

/iii//iific 111 rriius si/sti'in in rerkhmles, hnsed on I'.vih'r'unmldl

ri'scarclii'n nhoiit tlw innemntion of llic jiij/inent-celk la jhil

/Li/ii's itnxl of the j)t/u-inoior inuacle.s in aits." \\\ Dr. 0. van

Ki.iNBKKK. (Coiiiiniiiiicated by Prof. C. Winklkk.)

(Communicaleil in tlii' meeting ul October !2G, 1907.)

Wo possess iiniiicroiis, tlioiigli dis|)ei'sed, data, obtained oiilier l)_v

mcan«_oi' experiments on animals oi- founded on I'linical ol)sei\ ations,

tending all to conlirm the opinion, that in vertel)ratcs and in man,

the ederent nervelibres, intended for the skin, whieh are condncled In

rlie ,i>re_\ connecling braiielies from the lateral ooknnn of the X.

s_yni|)athicns towarils the ini.xeil spinal nerves, are distribnfcd wiihiii

the area of the skin thai is supplied with afferent fibres by the

spinal tierve. As moreover, in general, save slight deviations, liie

efferent syni])atlielie fibres of the grey eojineeting branches have

their origin in the ganglia of the eolumn in which these braiicln's

apparently originate, we may assume" that the zones of the f<kin,

innei'vated by the ganglia of tlie sympatlietie eolumn are nearly

identical in Iheii- distribution u'itli the zones of the skin. sn|iplied

by the ditferent corresponding spinal ganglia. Less numcions are

tlie data alioul the relative e.xtenl of the sympathetic and spmal

zones of the skin: but indirect indications apparently support the

view that the zones of the skin innei'vated l)y the spinal gangiia

are more extensive than (he zones of the different corresponding

sympathetic ganglia. With this reservation however we a|)parently

may holil it very probable, that the innervation of the skin both by

the sympathetic and bv the spinal ganglia is taking place acconling

to the self-same morphological scheme. Hitherto nevertheless no

direct proofs have l)een jiiven by demonstrating on the self-same

object the relative distribution and extent of these innervafion-areas.

It has been my purpose to tlo this now liy means of a few sinijile

experiments.

A. The .ij/iit/Mithctic Inj/ervutw/t of the pii/oieiit-ee//--; <iii-i the

si>iiiiil iiinerreiiion for seimhility of the .ikin in fiat fishes.

Since the elaborate researches of G. Pouchkt ') we know iliat in

several species of tishes the phenomenon of the \ariabilily of folouriiig

" (j. PoucuET. Dos diangenieiils tie coloiatiun sous riiiiluonce des iierls. —
.Joiiin.il do I'anulomic ut de la pliysiologie. 'i'oua' 12 p. 1

—
'JO, and p. IKi it)"i,

Paiijs 1870.
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in tlio skin is direclly indiicnt-cd liy llic synipiUlictic nervous system.

If in a turbot tlie connecting branches of some si)inal nerves or

these nerves tliemselves, in that npwarcl turned half of the i)od\-

containing the eyes, are cut through, there appears on the skin a

more or less sharply defined dark zone. Pouchet considered this

phenomenon to be caused by a paralysis of the pigment-cells in

consequence of the section of the nerves, and he called the dark

zones appearing after section, "paralytic" zones. He made however

no further researches as to the significance of these zones, when

considered as innervation-areas of sympathetic ganglia, and since,

to my knowledge, nobody has taken up again these yet so extremely

interesting researches. 1 have done so at the present time, and added

unto this a comparative investigation about the sensible innervation

of the skin.

For objects I got numerous specimens of Solea (impar, vulgaris,

monocliir) and Rhomboidiclithys (mancus sen podas). This latter

species in particular, and likewise Solea impar, have furnished me
Avith excellent results, and the more detailed demonstration is prin-

cipally based on experiments made on these animals. The operative

jmrt of these experiments was veiy simple. By a longitudinal incision,

cleaving skin and muscles, and passing along the lateral line of the

organ of sense in the ventral portion of the skin of the caudal part

of the pigmented half of the body bearing the eyes, the origins of

a few haemal vertebral spinous processes were laid bare and the

cr

Fig. 1.

Schemu of course and dij^tributiou of tlie main trunks of ttie spinal nerves in

the caudal porlion of the Pleuionectidi (tal<en from a preparation of Rhombus
faevis), 1, body of vertebra, 2, neutral spinous process, 8, haemal spinous process,

4'(/, 4"cZ, -I'r, 4"c, lirst and second longitudinal septum of the dorsal and ventral

muscles, — cr, ca, cranial ant! caudal boundaries of the preparation. — r.d., r.m.

r.c, ramus dorsalis, mcdius and ventralis of the spinal nerves — r.cxL, )\s., ramus
coinunicans and i anuss spinosus of the dorsal ncrve-tiuuks. — r.c.s., left sympathetic

connecting branch.

22*
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ventral l)iiinclic(<

hese were eanghl

111 most cases

llic coiiiicctiim'

)(' tlio s|)iiial nerves wove soiifilit.

up and torn oil" together with

liraiiches of tlie N. sjmpathieus.

In all cases the visible consequence of these operations consisted

constantly in the appearance on the skin of a more or less sliarply

defined dark field, i.e. darker tiian the surrounding- skin. Dislrihutiou

and extent of these dark ticlds were dependent on the place in the

segmental aiTangemeut of liie sectioned nerves and on their number.

The shape of these fields was always identical, being that of a band,

beginning in tiie dorsal marginal fin, going somewhat oiiliqiielv

cranialvvai'd to tiie latei'al line of the organ of sense, and thence

somewhat obliquely caudalwaid towards the ventral mai-ginal fin,

wherein it ternnnated. Thus much for the shape and the general

distribution of tiiese zones. As regards their extent, the following

may be stated. After destroying the connecting branch of one single

s])inal nerve I never observed any plainly visible change in tlie

colouring of the skin. After destroying the connecting branches of

two consecutive nerves, usually a narrow, not vei-y dark zone was

observed, that might be not easily defined. Only when three conse-

cutive branches were destroyed, there appeared a plainly visible,

sharply defined dark zone.

„,////^^--''-'^/^^

Fig. '2. 1)

Rhomboidichthys mancus, darli zone appearing alter cutting througli tlirec

spinal nerves and flie syinpatlietic connecting branches.

If more than three branches were destroyed, there was found a

dark zone, identical as to shape and position, only broader. If after

a first section of viz. three liranches, still another couple of iMauches,

1) This figure ami tig. 3, i, 6, 7, S, ) are reproductions of phutographics

counlerdrawn in outline.
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lying next to these first ones either craniaily or caudall}', were

destroyed, tiie originally observed dark zone was afterwards con-

stantly found uniforndy i)roadened, either the crania! boundary being

removed cranialward or the caudal boundary being^removed caudal-

ward, according to the case. By these means a series of indications

was furnished, tending to prove that the skin-areas supplied with

pigmento-niotor iibres by each connecting branch or by the ganglia

of the sympathetic column, are themselves likewise uninterrupted,

zone-shaped fields. Still further data on this subject were obtained

in the following manner.

-^

>^

^^...m^:
"<..l.;-,<,;./,fa*fc'''

Fig. 3.

Solea impar. Isolation of foui' spinal nerves between foiii- nerves cut through

craniaily and four other ones cut through caudally of them.

H^

"^^^ m
Fig. 4.

Another solea, on wliich a similar operation had been made.

If a few, viz. four connecting branches were destroyed, and again

also four other ones craniaily or caudally from these, leaving intact

e.g. four branches between the two, two dark zones appeared of about

equal breadth, enclosing between them a somewhat broader zone of

lighter colouring, corresponding to the uninjured branches. (Fig. 3

and 4). By means of similar experiments the supposition that the

ganglia of the sympathetic column innervate zone-shaped skin-areas

becomes nearly a certainty. Some results too wei'e obtained as to

the extent of these areas. Comparative calculations, as shown before,

starting from measurements of the darker and lighter zones, made
with a.'^ much accuracy as was possible, ha\c shown that the cranial-
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caiulahvard hrcadlli of a skiii-area imiorvaliMl l)v a ^anglioii of llio

sj-mpatlielic colimin, liaviii^- an avei-ago icumh (if 2') nti. niav l)o

approximated at 7 imn.. and llial llie areas ()\orla|> one aiiollicr

yomewlial UKti-e tlifin half.

Tlie foregoing iiaving been dnly staled, a eoniparisoii lietween

llie selieme of the spinal and that of tlie svnipatiietie innervation of

the >kin lay very near indeed. Once tlie ventral (and dorsal) branches

of a conple of spinal nerves haying been ent throngh together with

the sympathetic connecting branches, it is easy enongli to define the

extent and tiie distribntion of the insensible zone of the skin resnlting

IVoni this operation, and to estai)lish a comparison l)et\veeii these

and those of the dark zone. In order to facilitate this definition, 1

angmenfed the irritability for reflex actions in the animals by

intoxicating them with a small quantity of a solution of the snlpliiiric

salt of strychnia in sea-waler (1 : lO. ()()()). After this a slight scratching

of the skill liy means of a pin's point was sufficient to produce a

plainly visilile general reaction, making it possible to define the

boundaries between the sensible and insensible areas with great

precision. I found the results of a series of experiiueiils to lie nearly

invariable, so that 1 may communicate them here \vitli snfllicient

certainty.

Generally then the anaesthetic areas and the dark /.ones, observed

after the section of spinal nerves and their c()ri'esponding sympathetic

connecting branches are found to accord comjiletely as regards their

extent, distribntion and arrangement. Conscfiuently the pigmento-motor

sympathetic fibres, originating in a certain ganglion of the N.sympa-

thictis and its connecting branch, are distributed precisely within

that area of the skin that is supplied with sensory fibres by the

corres[)ondiiig spinal ganglion. Both schemes therefore cover one

another completely, and the above given particulars about the inner-

vation of the pigment-cells, holds good likewise for the sensory

iiiner\atioii of the skin. Thus the central innervation of the skin in

Pleiironectidae is divided into a series of segmental areas, which

considered in their functional signilicance, may be distingiushed in

.sensory and pigmento-motor skin segments, but according completely

as regards their distribution and extent.

11. The sympathetic innervation of the pilo-inotor muscles and

the spinal sensory innervation of the skin In cats.

Tiie well-known researches of Langi,ey (1893) ') have shown that

') J. N. Langley. — Preliminary accouiiL of tlie ai'rangeinont of tlie sympathetic

nervous system, Ijased cliiefly on observations lii);jii plloiirjtoi- nerves. Proceedings
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(he syiii|ia(liolic iiorvc-fibrcs, intended for ilic pilo-niolor niuscles o(

(lie skill of llie irnnk in cals, ori<>iiiafe in ihf series o{' g-anii,li!i of

the coluiHii nC llie N. syni|):Uliicus, Ihat lli(>y are (()ndup^e(l along

the grey coniieotirig branches towards the relative eorresponding

spinal ncrx^es, tliencc Coiiowing tlie jirimary dorsal n(M\e-trnnks and

the (dorsal) skin In^anehes of tlies(>, to terminate in the pilo-niotor

iMMScIes of the dorsal portion of the skin. Besides he has deiiKinslrated

thai liy far the greater nnniiier of the iier\'c>-(ihr(>s, orin'inating in

the synipalhelie ganglion, tlH> "piio-niolor" nerves as he ealled them

were condneted along the selfsame f^vQx eonneeting hraneli towards

the one spinal nerve segmenlally cori'esponding with it, and thai

along the dorsal skin-liraneh or hranehes of this nerve, tlie\' jointU'

reach the skin, where tiiey are distribnted within one uninlerrn|iled

area, that may l)e sharply defined. He found fnrlher m(u-e, that these

skin-areas, snpplie(f with pilo-molor nei-ve-libi-es li\ Ihe sei'ies of

sympathetic ganglia form a regnlar series, arranged on both sides of

the mid-dorsal line of the body. As regards the relation between

the iimervation of the skin Iw, fibres for the pilo-motor nuiseles

from the sym|»alhetic ganglia, and the innervation fiy .sensorv libres

from the spinal ganglia, he confined himself to conipaiing the arran-

gement of the pilo-molor skin-areas innervated l)y the sympathetic

ganglia with the results of the researches made by TfiiUK and

SiiKRKiNOTON abouf the spinal inner\atioji \\i the dog and the monkev.

Direct comi)arisons between the sensory and the pilo-motor inner-

vation of the skin were not made liy him. These have been made
recently by me.

The way in which to do this was clearly indicated. At present,

especially aftei' the anatomical studies of Boi^k on man, we may
lake il for granted, Ihat there does not occur an interchange of

nerve-fibres destined for the skin between the spinal nerves in Ihe

Iruidi-area in mammalia. Consequently the serially arranged skin-

branches of the dorsal poi'tion of Ihe l)ody represent separately the

different spinal and sympathetic ncr\e-tibres intendeil for Ihe dorsal

l)orfion of the skin of the trunk from the spinal nerves and sympa-
thetic connecting branches in which they originate. In order therefore

to obtain a knowledge, of the innei'vation of Ihe dorsal skin-poilion

relatively hy the spinal and liy the sympathetic ganglia, il is sufficient

lo define separately and then to com|)are the different areas of dis-

of the R. Society of London, vol. 52, n". H-20, p. 547—556 I'^ebruari ISO;}. London.
J. N. Lamulbv. Tin,' arrungenicnl of lln,' .syinpatiit'tic; nervous system based cliielly

upou piioniolor nerves. Journal of f^hysiology (l-'osler) vof. 15 a'. '6 p. 17G—:i44,

1893. Cambridge.
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Inluilioii of llu' inlo-inoldi' uml of llio scnxirv lilii-cs lia\ii|i>- their

course in tlic dorsjii iier\ c-liruiichcs n!' ilic skin. Tiiis may ho <loiic'

in a very simple way.

<//>J

Fig. 5.

Scljeme of tlie course of the (post ganglionic) pilomotor- and of the sensory

nerve-fibres toward the skin of the trunk-area in cats.

jl/.S. — medMlla spinalis. — ?.(i r.f: = dorsal and ventral root. — iV.S. = mixed

spinal nerve. — (/ ^j.d.-d.p.y. = dorsal and ventral trunk of the spinal nerve.. —
r.e.cZ. = dorsal ramus cutaneus. — CL. = lateral column of the N. Sympathicus.

—

y.sp.-g.sL = ganglion spinale, sympathic ganglion. — r.c. =; grey connecting branch

define the course of the spinal sensible fibres .... that of the pilo-

motor fibres.

I obtained this scheme by defining first by means of Shekrington's

method of isolation the surface of the sensible area innervated by a

certain skin-brancii and next by the stimulus of an induced current

ai)plied to the same branch, causing the surface of the skin-area,

innervated by the pilomotor fibres from this branch, to become visible.

In order to do so, the liair on the trunk of the cats I made use

of, were first cut uniformly by means of a sb-called tondeuse to a

length of about iialf a c.M. Afterwards, under narcotics and with

aseptic precautions (as far as possible, the skin not being shorn) a

longitudinal incision was made in tlic skin along the mid-dorsal

line, and the skin was folded back to both sides. The connective

tissue liaving been prepared the series of dorsal skin-nerves was in

most cases pretty plainly distinguishable, and it was veiy easy to

choose a delinite branch for isolating and to section tiie three branches

Ivinii: next to this one both craniahvard and caudalward, either after
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having looseiictl llieiii troin the a<IJacciil lilndil-vcsscls that mostly

follow the same course, or else together wiili ihe bloodvessels

between a tloiible ligature. The skin was then skitclied and Ihe

animal was allowed a few days quiet. After this the sensible and

the insensible areas to be found in the skin were defined and their

boundaries carefully indicated by means of coloured demarcation-

lines. Finally the animal was tigain brought under narcosis, the

incision in the skin was reopened and the isolated nerves were laid

bare and stimulated. The area-ileld, on which the hair was rising,

was demarcated by another colour.

Fig. 6.

Pilomotor area of the 7tli thoracal nerve.

-_ij

Fig. 7.

Pilomotor area of the S'li thoracal nerve in the same cat.

As regards the pilomoter nerves I can be short, as I have hardly
anything to add to the very accurate communications of L.wglky
on this subject. Like him I found in my e.xpeiiments that the

areas in wliich during the irritation of different skin-branches
and on ditleient animals the hair rose, showed rather important
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(iillcrciices, IkiiIi as Id llioir oxioiit, shape ;iml linmidaries ami as to

llie iiilensitv (if liii' pliciioiiieiioii itsolf. Csiiallv llic li^'ld. in wliicli

llic liair iiiso, was nearly feetaiigiilar, and save for a sliji,lit

deviation eaiidal-ward, it was lyinf>- vei'fieally on the mid-dorsal line.

In (lie most successful experiments the |)ilo-uio(or areas extended nearlv

niilo the dorsal axilla-inguinal line over a dorso-veiilral surface of

almost ()() m.!\I. The ci-anio-candal breadth amounted on theavei-age

to 26 m.M. For an instance of the proportions of the pilomotor

areas in an exceptionally favourable case 1 refer to the photojiiaphs

represented in tii;. (i and 7. •

The isolated sensii>lo areas usually presented a shape not greatly

dilferent from that of the pilou)otoi- areas described above. Like these

they were generally nearly rectangular, lying almost vertically on the

mid-dorsal Iin(\ and ihey showed lilvcwise a slight dex'iation caudal-

ward, ])erhaps even somewhat more marked. Cranially and caudally

tliey were bounded by the insensible areas; ventrally they [»assed

without any distinct l)oundaries into the lateral part of ilie body,

where sensibility was retained wholly intact. The cranio-caudal

breadth of the sensible areas was on the average 30 m.M., their

dorso-ventral extent of course was Jiol to be delined : that of the

insensible areas was on the average 60 m.M.

We may now |iass on to a compai'ison between the sensible and

the pilomotor skin-areas. On" account of what I remarked before

about the variability both as to shape and extent of these latter ones,

it may be inferred already that the results of this comparison presented

likewise great differences. On one ini|i()rlaul |Miinl however the results

of all my expei'imenis are in accord : the |>ilomotor skin-area was

always to be found within the sensible area of the i.solated nerve-

branch, in this respect the principal problem I had jint befoi'C me

in all my experiments, may be considered to have been solved, at

least for that jKirtion of the skin of the trunk on which I made my
experimeiits. As regards further the i-elati\e extent of the sensible

and of the pilomotor skin-areas, and the exact situation of the latter

within the former, 1 found, as remarked before, great differences.

Sometimes the pilomotor tield area had an extent nearly ecpial to

that of the sensible Held, both tields being conse(piently almo.st

identical, in the majority of cases however the pilomotor skin-area

was less extensive in all directions than the sensible area. The place,

occupied by the pilomotor Held within the sensible Held dill'ered

greatly in ditferent cases. Generally it was lying almost in the midst

of it, as is shown in the cats, photographies of which are re[)re.sented

ill Ug. 8 and t*.
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Fig. 8.

Situation of []ie pilomotor skiii-area (white) within tiio sensihle area nearly

isolated by insensible areas (hatched Iransversally).

Fig. 9.

Tlie same in anollier cat.

Ill another case however i( lay nearer to the cranial or caiulal

boiuulary ol' the sensible area, I have not l)een able to stale a definite

rule in this respect.

Relni'ninn- now to tiie principal problem aimed at by my researches,

we find that from the above statements it lias become evident (hat

the piloniolnr nerve-fibres and the sensory fibres liavinu- their course

in the doi'sal skin-branches of tiie skin of the trniik in cats, are

distributed wiliiin areas of the skin that are in accordance as to

situation and arrangement bnt not as regards their extent. Thence

it follows that the sym|)athetic ganglia and the spinal ganglia inner-

Nate the skin after the same scheme, and altliongli the relations in

cats are less sim[)le than those found in flat fishes, still I believe

thai here likewise the scheme of the pilomotor innervation of the

skin b\ means of the marginal column of the sympathetic nervous

system ma\ be called a '•.segmental" scheme.
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Physics. — "SoiDi' n'litarks on thi' I'.rpiiiis-idii of jtlittniiiiu at loir

tcinjicratiii't's" . Hv I'rol'. II. K.\Mi',ni,iN(iii Onnks and .1. ('lay.

Supplement N". 17 to tlie ('oiiiiiniiiicatioii.s IVoiii llio I'liysii-al

Laboratory at Leiden.

(Communicated in tlie meeting of September 28, 1907).

The commuiiication from the "Fliysikaliscli-teclmi.sclie Reichsanstalt"

liy K. ScuKKL ill the meeting of Jan. 11, 1907 of the "Deutsche

physikaliyehe Gesellscliaft" led us to make a remark already

in the Meeting of June 29, 1907 (These Proc. Sept. 1907 p. 200).

In Communication N». 95' (These Proc. Sept. '06 p. 199) we had

given a quadratic formula for the expansion of platinum below 0°,

from which followed that, as was remarked in the Introduction of

that Communication, a formula of the third degree is required if we
wish to represent the expansion of platinum from — 180° to -f 100^

by one polynomial with increasing powers of /, and if we have to

deal with observations which if repeated a sutlicient number of

times, allow us to reach an accuracy (corap. \ I of Comm. N". 85,

June '03, These Proc. April '05) of Vioo i'l the expansion. We found

this contirmed by the measurements of Scheel, who arrived at the

same result by determining a quadratic formula for the expansion

of platinum dbove 0°, and by measuring the length at — 190°.

We now consider the striking ditference of the expansion at low

temperatures according to the formula given by us, and that according

to ScHEEi.'s formula, viz.: 43 fi for the expansion of a bar of 1 meter

between — 183" and -\-li3°, (cf. Scheel loc. cit. p. 19, note i), a

ditference much greater than could be accounted for iiy the inaccuracy

of the observations.

For an explanation of this discrepancy we call attention to the

difference of the observations of Dec. 16 1904 and Febr. 3, 1905

in Table II of Comm. N°. 95'', which give as length of the platinum

.bar provided with the two glass extremities, at 16'^) before it had

ever been reduced to low temperature, 1027.460 m.m., and a long

time after it had been reduced to low temperature for the last time,

1027.457 m.m., mean 1027.458 m.m., with that of Dec.l9, 21 and

23 in the same table which yield the mean value J 027.441 mm.
(from 1027.441, 1027.442 and 1027.440) for the length at 16",

which was observed on return to the ordinary temperature a day after

^) In Table II of ttiis communication under Lin' for the ordinary leraiitMaliues

tlie length of the bar at 16' reduced on the measuring rod at 16' has been

i^iven and not the lengtli at b as in the tables of Comm. N''. 85.



( 343 )

the coolinp:. Indeed tliis former mean value is 17 f< larger than tlie lalter.

Now this ditVerence of 17 fi, which refers to a bar of phitinnm

of 840 mm. (for a bar of 1 M. it would be 20 u) exceeds the

errors wliich may be ascribed to the inaccui'acy of the observation

by about half the diflference whicii exists between Scheel's formula

and our formula of June 1906.

As basis for the calculation of our formula the mean ', of the

two lengths has been taken. We arrive at values for the expansion

nearer lo those of Scheel when for the length at the ordinary tem-

perature we take that which was found immediately after cooling,

instead of the mean of this length and the length which was found

long before and after the cooling, as was done in the calculation

of our formula of June 1907. If we now make use of the first-

mentioned length, that which was found immediately after cooling,

in order to find the coefficients now distinguished by (n) and {//)

from the former a and b in the formula:

'< = M 1 +!(«)( 4) + (^<T^o
lO-e

we find

;

Platinum
(— 183° to + 16°)

(a) 877.7 1 Kamerlingh Onnes
(b) 35.71 and Clay (1905)

whereas

(b) ^37.01 ^""^"^ (1^0^)

It is true that the now remaining difference of 34 (i per 31. with

an expansion of — 183' to -|- 16"" remains considerably larger than

the accuracy of the observations would lead us to expect, but it is

considerably smaller than that found originally, and taking into

consideration the different sources of uncertainty whether we observe

really what we think we observe, the small number of measurements,

and the difference of the methods applied at low temperatures for

the first time, it is not great.

We iiad hoped to obtain further information on the difference in

length of our bar at. ordinary temperature immediately after the

cooling and long after it, but have not yet been able to do so.

Differences as the one discussed now have more occurred in our

measurements. We have pointed this out in Comm. N". 95'' and

^) In the calculations for tlie giass tlic values of tlie lenglti innneiiialoly allci-

the cooling, Dec. 2H in Table 1, and April 15 and 10 in Table HI, have been left

out of account in connection with the further observations.



( 344
)

for .nUifis \\Q lia\o c.\|ii-essly ijivosli<;ate(l llic iiossiliiiily of llieriiiical

liyslcresis on cooliii.i; (o llie l<nves( k'iii|)craliir('s. In conneclioii \\ith

what lias been said in Conini. N°. ^5^ we fear llial for tlic above

Ireatfil (nd'crcnce an irregnlaiily in the beliavionr (if the phxce of

Cnsion of the glass points to the platinnm biir has played a pari, to

prevent which fnrllier experiniejits oniiiit Id i)e made with slili

greater care. If what we now liiiidv probable, is verified, observalicns

in wfiich a differeiKe as liie one considered Just now, manifests ilseif,

siionld be rejected.

Besides the formnhi of llie second deiiree for temperatnres below

0^, we have also calcnlaleil a f'oi'mnla of llie lliinl degree

l>=l. (1 -i- l(a') — + (//)(--
V

.

i^ Moo ^ 'lioo + <•'

^
I 100

10-c

for fhc expansion of platinnm l)etween — 18;}° and -(-80" by the

aid of Bknoit's obserxations from 0° to -)- 80", in which formula

{a'), {!/), {(') refer to the length at the ordinary teniperatnre imme-

diately aflei' the cooling.

The agreement of

+ 80 =

— 183'

(a) 875.3

(b) 31.6

(c) —1.49
Platinum

(a) 874.9

(b) 31.41

(c') —6.94

+
,|i;[jo

(b') 31.41

Ri'.Norr and
Ka.mehi.ingh OnNK!

and Ci..\Y (1905)

SCHEEL (1906)

is pretty satisfactory. Substitution of ScmI'',ei,'s valnes for those of

Benoit would bring about only a slight change in the first group

of coefTficients.

Anatomy. — "On the DevclopinciU t>f tlw. Corpus adlositiu in thr

Iminan Brain." Wy Piof. .1. W. Lanoel.x.xn. (Coimnunicated by

Prof T. Pi,..\cE).

The |ioinls that at this moment seem of inleresl in the hisiory

of the development of the coi'pus callosum ha\e been clearly for-

niulaled by Ret/ils ') in llie form of (pieslions. "^I'wo of these are;

1. Where does the corpus callosum originate 'r 2. (.)f what

/.lUb. l)j.s Munschenhirii. Slockliulm IS'JO. p. 0.



( 345
)

ciciiieiils is it coniposed at its first a]ipeaiaiice? The lliird (|uestion

of Rk.tzhs has lieeii amplified by Zickekk andt, ') and may he foiiiin-

laled as lollows: what are the changes occiirring in tlie mesial wall

(if the pallimii in consequence of the development of the corpus

cailosnm'r

For the answering of the first qnestion a human embrvo of the

beginning of the fourth month was at my disposal. The fronto-

occipital diameter of the corpus callosum amounted to but 0.5 m.m.

Figure 1 sliows a frontal section through the more posterior part of

the lamina tei'minalis.

The i)lanc of section de\ iating a little from the frontal i)lane, thai

which is shown in the right part of the drawing is more frontally

|)laced than that which is shown in the left part.

As appears from the drawing the corpus callosum lies in the

lamina terminalis; especially on the left this is clearly evident, \\liere

the underborder of tlie pallium goes over into a taenia (7') which

is bent in and passes o\er into the lamina terminalis (/^J.). The fact

that the ependyma of the lamina terminalis, which is continued into

the ependyma of the taenia, also spreads underneath the corpus

callosum, obviates all doubt as to the existence of this relation. If

now the sections are examined more frontally, it will be seen, that

the more frontal part of the corpus callosum no longer lies in the

lamina terminalis. This part of the corpus callosum exceeds the

limits of the lamina and is situated in the zone of union of the

mesial walls of the pallium. This zone is built up of glia-tissue and

in immediate contiiniity with the glia-layer covering the fore-side of

tlie lamina terminalis.

On the ground of this ol)servation I believe that the corpus cal-

losum originates in the lamina icrmiualis, very soon, howexer, in

conseipieiicc of the enlargement of the conunissnre, preponderantly

in a frontal direction, it encroaches on the lamina and lies partially

in the zone of union of the pallia.

Another embryo, of the middle of the fourth month, exhibits a

corpus callosum with a maximum diameter of 2.5 m.m. Here the

commissure is still entirely situated in front of the foramen Monrok

Figure II shows a frmital section through the more posterior part

of the corpus callosum. In this section the corpus callosum (Cc.)

lies uiost tlorsally, laterally going over into the mesial wall of the

pallium. In this wall, aside from the callosum, we lind the toiiiix

'i ZuDKEKKA.NDL. Silzlj. K. AfiiU. dcr \V. Malh. Nuliirw. lI. Bd. CX. Ii. \ III.

Wien lyOl. p. -_>3.i.
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(F.) uliici). ill llio mesial wall of liie |ialliuiii, is not clearly ilis-

tingtiisliablc tVoiii tlic corpus callosum. Downwards, the fornix may
be followed as far as the anterior commissure (C.a.). In the angle,

where callosum and fornix meet, lies a bundle of fibres (J's.)

ventrallv from the corpus callosum and coming from behind. This

bundle crosses in the middle-line another bundle of the same kind

coming from the opposite direction. This crossing-system is the

fornix-commissure. More frontally this commissure is wanting and

only the callosum and the fornix are present in the relation I Just

now described.

From the topographical relation of the corpus callosum to the

fornix-commissure the deduction may be made that the more posterior

part of the callosum is equivalent to the splenium. In the same way

it follows from the relation of the callosum to the fornix-bundle that

the more anterior part of the callosum corresponds with the genu

of that structure. The origin of the corpus callosum therefore

comjirises the whole commissure, and consecpiently the growth of

the corpus callosum does not take place by means of the apjtosition

of new systems of fibres, but by an equable enlargement in corre-

spondence with the growth of the pallium.

The most preponderant change in the structure of the mesial wall

of the pallium at the place of origin of the callosum consists in the

cortex-layer bending a little inward and ending with a sharp edge.

The middle-layer of the wall of the pallium gets richer in nuclei

;

these nuclei surround the callosum and the fornix like a cap. Along

the lower edge of the cortex-layer they penetrate into the marginal-

zone of the wall of the pallium. By this process the marginal-zone,

disappears as a separate layer.

In the zone of union of the mesial walls of the pallium the changes

in the structure of this wall are more considerable; the observation,

that the most mesial bundles of the fornix pass through the glia-

tissue of this zone of union, seems of importance here, as from this

fact may be derived, that the re-constructed mesial wall of the

pallium — the later septum lucidum — comprises more than the

original mesial wall.

Fig. 1.

Frontal section of the more posterior part of the lamina terrainalis.

Section 20 n stained with liaematoxylin and eosin. Enl 16.5 diara.

C'.ii. Anterior commissure. L.t. Lamina terminalis.

C'.c. Corpus callosum. L.tr. Lamina frapezoidea.

Cell. Corpus chorioideum. T. Taenia.
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F. Fornix. V.J. Lateral ventricle.

L.c. Limbns corticalis. V.t. Third ventricle.

L.ni. Liinbus mediillaris.

Fig. II.

Frontal section through the more posterior part of the corpus

callosuin. Section 15 n stained with liaematoxylin and eosin. Enl.

13 diam.

C- Zone of union of the pallia. L.c. Limbus corticalis.

C.a. Anterior coniniissure. L.m. Limbus medullaris.

C.c. Corpus callosum. L.tr. Lamina trapezoidea.

C.ch. Corpus chorioideum. Ps. Fornix commmissure.

C.str. Corpus striatum. V.l. Lateral ventricle.

F. Fornix. V.t. Third ventricle.

Mathematics. — "On an infinite product, represented by adefinitr

integral." By Prof. W. Kapteyn.

The object of this paper is to write the infinite product

in the form of a definite integral.

This product is connected with mod. r{u + *"). for

mod. r(« + iv) = r{u) . e-i".".") {u > 0)

where

thus

and

1 00 / v' \

2s=ro V ('<+ «)/

r^ (u)
mod.' r(u -\- iv) — ^

'

n(^+r^^)

77 1 H =
mod' r(u -\- iv)

To write the second member of thi,s equation in the form of a

definite integral, we start from Weikrstrass' definition

— =— fe
r(z) 2niJ

'

ir

si'u along a c

') Nielsen. Handbucti der Tiieoiio del Ciammarunctioneu p. 23.

23
Proceedings Royal Acad. Amsterdam. Vol. X.

where the inlcgi'al is taken along a cui-m' IT ((unmcncijia- at uccati\o
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infinity, circiilaliii^' ai'onmi tho orif;in in tho jiositivp (iiroctimi. and

retnining to negative iniinilv again: tlins

and if c = u -\- iv

2yti
in {.til)

j
I

—
. fl—Jii>l ^.,w {jtii)-{-i sin {.til) 1

I

^—'?-"( ms (r/r/ t)— i fin (via t)
j
ih

r{u -\- iv)

— c^"l COS {JTu)— / sin {til) 1
I

e~' f "( cos {vlci i)— i sin {via t)
j
dt

Writing

«-'«-" cos {dg t) dt = M

e-'t-" sm (vlg t) dt = A'

2.-T

=: « 4- I/?

IXu-{iv)

we nlilain

« ;= {e""-' -f (T-"'") .<(« (.T») M 4- (fi'"' — «"""') COS {.til) A'

(? = (e"'-' — e-^") cos (jT!*) M — (e^" -j- e-'"') sin {jiit) N
and

«' + ji' = (e?^" — 2 co« 2.-i?< + e-2^'') {M' + A^').

Now we liave

J/' :=:
I
e-^ A—" COS (n V; ,v) dx . I C-—.'/ ij

—
" cos (?'((7 ,'/) d,ii

(•

A''* = j e~^' .V—" sin {vlg ,i;) d,v . I e—.'/ //—« sui (vigr y) tf_v

II

SO

j/2 _^ ^v' =1 j

(•-:•'+.'/ (.(;?/)—" COS ( vlg -
j
d.vdg

II II

or in polar coordinates?, putting

X = r cos 6, ]i
= / sm 6

I

g-rfros0+ »i./9) (,.' ^s,',, (9 cos (9)—" COS (?,% <^ 6) rdrdO .

II II

This double integral may be reduced to a single one, for
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r(2 — 2m)
^,{cos9+ sluli) ,r-2«+l (Ir = ^ i (u < 1)

therefore

n (sin d cos 6)-"
J/' + ,V» = r(2 - 2./) cos {vhj tg 6) . \, .

'

„
dO

J (cos o -\- sin a)- "'

or

(^ (sin e cos 6)-"
AP + .V = 2 r(2 - 2u) cos (vlg tg 6) , \, .

'

,,
dS .

J {cos a + sin 6')-—^"

If in this integral, we change the variable by the substitution

tg6 — e-2'

it takes the form:

r* cos (2vt) dt

With this value we find

4jr r"" cos (2vt) dt= 4 r(2 — 2u) (6'2^'- — 2 cos 2 nu 4- e-^-^") I -^^

mod' I\u-\-iv)
V ;v

J (c' +<;-') --''^"

and finally

» / v' \ r»r(2— 2«) r
" 1+r^^ N ;

-V^'-2co.2.i«-f e-2-) -
•» \ r»r(2-2«),

„ „ „ r eos{2vt)dt

T(e(_]_e-()2-2«

which holds for all values of v, and for values of « between and i.

s 1 3
It for instance we put v = — , ii ^ - and - we obtain^

2jr' 4 4

and

(«= +'-=)

V 9.-rV V 49.-T7 l^ ^ 121:tV

^'frl^r^l <»cos[-]di

Atz_>-^j(„H-,-)f_y_
.0

23*
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Writing ii
=

'[ — u wc iiiav uIh) cuiiciude fioni liio piecediiig lliat

1 r(2w') „ „ , „ r co>i(2vt)dt

J («' + «-')-«morf' r\\ — II -\- iv) ct'

or, because

3t
r(u' -\- ir) r(\-,>' + {v)

sin Jt («' -|- iv)

/COS (2vt) dt

{e'-\- e-'f"

which formula holds not only for 0<^;/,'<^l, but also for //'^ 1.

Inti'oducing in this equation, the inlinite product, we have

/cos (2vt) dt r' {u') 1

y-"' 4r(2u)co

a formula which enables us to write the integral in a finite Ibruj in

1

two cases viz. n' =: ii and ii' =z 7i — -. If ?«'=:rt= positive number

with

= /7 1 -f
-

2nv s=\\ «'

this gives

77 ( 1 +-
1

/,

co« (2('^) dt .Tw r" (?,

(e'+e-')-" ~ 2r(2^) e'^" — e-'^"

1

If ;/,' := /z , we have
2

^^l+z 7-r-T^)- ^(1 +

which gives with

this result

J'^

CO.S (2 rt) (.

//I
CO.V (2 rt) dt 1' {n — \) ,=uV (I + «)

-' 2r{2« - 1) e^o + e-'"'
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Physics. — "Magnetic resolution of spectra/ lines and magnetic

force." By Prof. P. Zkeman. (Second part). ')

Asymmetry in strong fields.

2. By means of the method of the non-uniform field, described

in the first part of this communication, it is possible to surve/ at

one glance a phenomenon dependent upon the intensity o1 the

UKignetic tield for a series of different intensities, all other ciicum-

stances surely being the same.

I there proposed to use this method for a more minute study

concerning an asymmetry of the resolution of spectral lines first

predicted from theory by Voigt ') and lately considered by Lorentz 'j

from another point of view.

The theoretical result of Voigt, applying to the case of resolution

into a triplet, may be given in his o\vn words: "dass das normal

zu den Kraftlinien wahrnehmbare Duplet der parallel zu R [magnetic

force] polarisirten Componenten l)ei kleinereu Feldstiirken in der

Weise unsymmetrisch ist, dass die nach Rot liegende (Jomponente die

i/rii.^sere Intensitdt, die nach Violett hin liegende aber den gros.sere)i

Abstand von der iirsprliiigliclien Absorptionslinie he.ntzt." Voigt here

mentions an absorption line because he considers the so called in-

verse effect, l)y I'eason iiowever of the parallellism of the |)heno-

mena of emission and absorption, the emission lines show analogous

phenomena.

The amount of the asymmetry of the distances, i. e. the difference

of the distances of the outer components from the middle line, ought

to be on Voigt's theory independent of the strength of the magnetic

tield. Moreover it is to be inferred that the described asymmetry

must be scarcely observable.

On a former occasion ^) 1 have given some examples of asymme-

trical resolution and measureuients since published by other physicists

undoubtedly go far towards coiitirming these results.

A more minute investigation of the course of the magnetic separa-

tion, when the scale of field intensities from large to small values

is traversed, is I think still of great theoretical interest. The most

interesting parts of the scale are of course the very strong and the

weak fields.

^) Continued from Proceedings of April 1906.

2) Voigt. Ann. d. Phys 1. p. 376. 1900.

^) Lorentz. These Proceedings November, December 1903.

'; Zekman. ibid. December 1899. Arcliiv. Ncerl. (2) T. 5. 237—:242. 1900.
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'I'Ik^ iiiosI sliil<iiif;- examplo nf .vs\ iniiH^li icil ronlniKiii thai 1 know

of, occurs in llic case of one of the yclkiw niciciiry lines (5791).

Tlie slriiclurc of a line liUe tiiis one cannol lie made ont hy moans

of MiciiKLSONs interferometer. Indeed the assumption of symmetry,

wliich is, as lias been proved by Lord Ravlkigh '), necessary to

deduce the structure from the visibility curve in this case certainly

is unjustified.

3. Following the method, described in the first part of this paper

I have made some experiments concerning the mentioned spectral

line in strong fields. For the Ro\vi,.\nd grating used in my obser-

vations I am indebted to the dutch Society of Sciences at Haarlem.

Presently I hope to give an account of results obtained in weak
fields by means of an interference method.

The grating lias 10.000 lines to tiie inch and a radius of curvature

of 6.5 M., the divided part being of 14 cm. width. In the use of

uiy nii'ihod the grating necessarily should be mounted in such a

mann(M' that to every point of the slit corresponds only one point

of tiic spectral image. Rowland's conca\'e grating can be mounted

ill a non-astigmatic manner as has been remarked by RuN(iF, and

Paschen ') and tiiis arrangement was made use of in former inves-

tigations by myself, ') Hallo and Geest. *)

All observations recorded in the present paper were made with

the spectrum of the first order.

4. Whereas the mercury line 5791 is resolved asymmetrically, the

neighlioui'ing line 5770 is resolved by the magnetic field into a

perfectly symmetrical triplet, or at least very approximately so. I

have used this circumstance for applying the optical method of

measurement of field (see § 1), the mentioned yellow lines being

easily photographed simultaneously.

Fig. 1 represents a ninefold enlargement of one of the negatives.

According to measurements of Fabry and Perot the difference of

wavelength of the yellow mercury lines is 5790.6(5 — 5769.60 ^ 21.06

A. IT., hence 1 m.m. in Fig. 1 corresponds to 0.551 A.U. Inspection

of Fig. 1 clearly shows that line 5791 is asymmetrically resolved.

Perhaps this is still more evident in the enlargements Figures 2 and

3 of parts of Fig. 1.

1) Rayleigh. Phil. Mag. November 1892.

=) HuNGE and Paschen. Wied. Ann. Bd. 61. p. 041. 1897.

s) Zeeman. Ardiiv. Neerl. (2) T. 5. 237. 190U, T. 7. 405. 1902. These Proc.

May 1902, May 1903, Dec. 1904.

*) Hallo. Arcliiv. Neeil (2) T. 10. p. 148., Geest. (2) T. 10 p. 291. 1905.



( 353
)

Our object of investigation is the relation lietween asymmetry and

strength of tioid.

The measurements were made in the following way. The negative

was placed on the comparator, in such a maiinei-, that the middle

line of oiie of the triplets was contained between the two parallel

wires in the reading microsco|)e. The parallel wires had been placed

previously at i-ight angles to the direction of motion of the negative.

It appeared that if with one of the triplets the desii-ed coincidence

had been obtained, this was also the case with the other. An extra

system of cro.ss wires, cro.ssing under an angle of about 50°, was
used in the measurements and made it possible to determine the

resolution in the selected point of the lines.

The i-esolution of one line having been measured for a definite

^'alue of the magnetic force, the corresponding resolution in the

corresponding point of the second line was determined immediately

afterwards.

The line 5770 appeared to he divided almost exactly symmetri-

cally, so that the resolution could be taken as a measure of the

magnetic force.

On the obtained negatives 34 series of measurements were made.

They relate to different points of 10 negatives made at different times.

The vacuum tubes used were intentionally made somewhat dissimilar.

In order to control the results the negatives were taken with

ditferent maximum intensity of field.

Finally the negatives obtained can be distributed into two groups,

differing by the position of the grating. After taking 7 negatives I

resolved to rotate the grating in its own plane through 18(^" in order

to see whether this had some influence on the asymmetiy.

This appeared to be not the ease, but the apparent distribution of

inteiLsities changed in a remarkable manner. Wiiereas in one position

of the grating figures i—5 were obtained, the middle line being-

strong and the outer components rather weak, the distribution of

light after rotation became reversed. In this position of the grating

Fig. 1 of my last paper was taken. (See these Proceedings October

1907). The middle line is very weak and the outer components

predominate.

5. The results of the measurements are dealed with in I he followine

way. The amounts of separation of line 5791 towards the red and

towards the violet are suppo.sed to be functions of the se[)aration

of line 5770, which may be treated as proportional to the magnetic

force. The separations of line 5770 may be taken as abscissae, flic

two other separations as ordinates.
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riniii|is (if tour (ir li\i' siiiulc |ir()\iiii,-it(' ii-^iills siin|il_v woiuM'Oin-

l)ine(l l)y assifj,iiiM^ Id ciicli iiu-aii iiliscissa the hhmii ordinate.

Tlie 2 X ~ principal xaliies llms oliiaiiii'ii arc fiiveii in llie tirst

three coliinnis of tiie t'ollowins lalile.

Mean
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to nieasiiromeiils, ikiI liillierto [iiililisluMl, li\ (i.MKi.iN. In r(Mluciii<;'

my obsorxutiniis I lunc lliereCore talsOii 2271)5 as ilic xaliic of llio

magnetic foi'ce lielonninu' (o the mean of llie iwd nninliers nienlioncd

for the separation.

7. The resnlts are graphically represented in the following dia-

gram. The abscissae are the separations of line 5770 in A.U., and

the corresponding field intensities in Gauss, the ordinates the corre-

sponding separations of 5791. The small crosses represent the obser-

vations of the table in ^ 5.

The full freehand lines give the liest mean resnlt of the observa-

tions. (See ^ 9).

The signification of the npper dotted straight line is the following.
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to say the least lu>ars a vcrv striking rcseiiililaiu-i' In tlie one dodiiccd

tVom theory In N'oKiT.

Ill botii cases, tli(> tlit'orelical one and lliai Idllowiiiji- IVom nin-

experiiiKMils, there is a diirereiifC of the distances betwooii llic central

line and the two outer components, in this sense that the component

towards the red is nearer to the middle line than that towards the

violet, Jnst as predicted by theory.

There exists also an asymmetry of ///*' infi'iisitifs of the outer

components in the sense indicated by theory.

An inspection e.g. of the original negative of which Fig. 1 is a

ninc-fdld reproduction, or of the repiodnction Kig. 1, or better (»f

reprints on photographic |)aper of the 29-fold eidargement given in

Fig. 2 or even of that figure reveals the existence of a very small

asymmetry of intensity. This is perhaps most clearly seen by looking

at liie figure from a not too small distance, co\eririg the central line

with a small strip of paper. No trace of asymmetry can be seen in

the triplet of line 5770, see also the enlargements Fig. 4 and Fig. 5

of the middle and outer parts of the right of Fig. 1.

On the other hand there seems to be a difference between theory

an<l observation in this respect, that the amount of asymmetry appears

to be not constant. The table of § 5 and the graphical representation

cleai'ly indicate that when the magnetic force decreases from 3()()t)(J

to 15000 Gauss the asymmetry also is nearly halved. ').

An error of an amount suHicient to bring a single point of the

upi)cr line on the dotted one is nof absolutely excluded (see § 9).

[For the right part of the diagi'am the error ought to be three times

the probable error of one simjle of the principal values (see § 5) and

would happen therefore on the average in one out of every twenty

three cases].

We have however reasonable security against a combination of

errors which would move all the points of the full line to the

dolled one.

Of course we cannot deduce from the now determined part of

the upper line whether or not it will appnmch asym()totically to a

finite distance of the lower one.

9. We may now consider the question as to the best tiffing

striii(jht. lines to our two systems of points.

Measuring the divergencies at right angles to the line the best tit

will be obtained if we make the sum of the squares of the perpen-

1) An excellent series of measurements made after the writing of this article

gives a somewhat lower rate of decrease, the mean value of the asymmetry

being the same.
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(iiciilai'S tVbm llio svstciii of poiiils to llio liiu' ;i ininiiniim. The lino

tlius determiiioii will lio (ho |>riiu'ip;il ;i.\is dl' iiiciii.i ul' the system

of points '-).

Perfoniiiiig- this caloiilation we find thai the lies! fitting lower line

passes tlirongh the point with the eoordinates 398, 351, at a slope

detei'niined by 6^ = 43*^6'. For the upper line these numbers become

398, 38t), whereas &, = 45°35'.

In order to judge of the accuracy obtained in the representation

of the observations bv these straight lines the following table may
serve. The third and fourth column, resp. the si.\th and seventh

column contain tiie errors of the abscissae and ordinates of the two

j)oint systems to be assumed, if the straight Hues are supposed correct.

Mean

separation



( 358 )

loivc ihoso imiuliers foi' line 5791 become -f aOli + (1.7 rosp. 399 + 0.7,

till' \;iliios |irc'c('(l('(l liv + iiiilic.-iliiin' llic iiumii error. .Vccordini;' to

diii' observations to tlie abscissa 415 corii'siioiid the orinnatos 3B8

ami 403, iicnce a very good agreement.

11. From the extremely small amount ol the asunmetrv viz.

0.036 A. v. one might infer after comparison with the width of the

spectral lines in onr figures that the asymmetry is only a small part

of the real width of the Hue Such a conclusion would however be

too rash.

It is true that from our figures and from their originals follows

an ai)|)arent width ol the outer components of about 0.190 A. U.

The negative of Fig. 1 was not taken however with extremely narrow-

slit, but with a width of slit of 0.08 m.m. Other photogra|)hs taken

with a width of slit of 0.02 m.m. gave a somewhat smaller apparent

widtli of the spectral line as the first result.

To be sure however of the real width of the line, which is of

some importance here, I made an independent determination by means

of an echelon spectroscope of high resolving power, the mercury tube

being under the same circumstances, as in the experiments under

review. The width of the spectral line appeared to be the '/i/'' P^'"t

of the distance of two successive orders of the echelon. In the

vicinity of the yellow mfercury lines this distance is 0.694 A. U.

0.694
hence the width of the.se lines is about ^0.063 A. U.

11

VVe may compare this result with a value we may deduce from

results obtained by Michelson. Michelson's analysis ') by means of the

interferometer shows that in a field of 10000 Gauss the whole sepa-

ration of the yellow nlercury lines is 0.36 A. U. From his diagram

on pag. 354 1. c. we infer that the width of the spectral line was

under the circumstances of the case one fourth part of the separation

or 0.09 A. U.

Hence taking a mean value for the .vidth of 0.07 A. U. we
conclude that the asymmetry amounts to about one half of the

width of the line or at any rate that width and asymmetry are of

the same order of magnitude.

1) Michelson. Phil. mag. Vol. 45, p. 348. 1898.
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EXPLANATION OF PLATES U AND III

Plate H. Fig. 1 . The figure is an enlargement (about nine-fold) of the original

negative. The yellow mercury lines 5791 and 5770 in a non-uniform field. 1 mm.
in figure is 0.551 A. U.

Plate lU. Fig. 2—5 enlarged 29 times after the original.

Fig. 2. Middle part of line 5791 in Fig. 1. ( asymmetrical

Fig. 3. Point of line 5791 in Fig. 1. ' separation.

Fig. 4. Middle part of line 5770 in Fig. 1. i symmetrical

Fig 5. Point of line 5770 in Fig. 1. ' separation.

The letters r and v indicate the parts towards the red and towards the violet

ends of the spectrum.

Botany. — "On a double reduction of the number of chroinosomrs

during the formation of the sexual cells and on a subsequent

double fertilisation in some species of Polytrichum." By Dr. W.
DocTERS VAN Leeuwen and Mrs. J. Docteks v.\n Leeuwka-

Reyxva.ax. (Communicated by Prof. F. A. F. C. Went).

In 1904 there appeared an investigation l>y Ikeno ') on spermato-

genesis in Marchantia polymorpha. Since then quite a number of

researclies on this subject have been carried out with liverworts.

Here and there an occasional reference to the true Mosses has been

made, but, as far as we are aware, nothing has been publislied

on their spermatogenesis since the appearance of Ikeno's paper.

The older publications, e. g. those of Guignard -) and of Stras-

bvrger'j, treat exclusively of the linal changes of the spermatids to

spermatozoids. For this reason we began the present investigation

in 1904 soon after the |)ublication of Ikeno's memoir; we obtained

results, differing so widely from the ordinary conceptions, that we
investigated, not only the spermatogenesis, but also the development

and the fertilisation of the ovum.

The material was fixed at a suitable time, mostly in the field, hy

a sublimate mixture, and was afterwards stained with iron-haema-

toxylin according to Heidenhain. We used Polytrichum piliferum,

P. juniperinum and P. formosum. It is our intention to give a

more detailed account of llie work and of the methods which we
have employed, in the Eecueil des Travaux Botaniques Neerlandais.

Ikeno made the remarkable discovery that in the antheridial cells,

immediately before di\ision, a small round body passed out of the

1) Ikeno Bciliefto zum Botan. Gentralhlatt. lid. 1(1, 1908.

-) GuicNAKD. Revue gen. de botani(|ue I, ISS'.t.

») Strasburger. Hist. Beitr. Heft IV, 1892.
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iHU-leus into tlie cvtopliisin and divided itseil' inlo two parts, w liich

during mitosis wandered to the poles of the spindle, like true centro-

somes. Since then these centrosomes have been found again in many
other liverworts, but according to some observei's, they seem to l)c

absent from the divisions in the antheridia of Peliia.

At the diaster stage the ccntrosome disappeared, only to emei'ge

again from the nucleus at a subsequent division. At the last division

only of the antheridial cells it remained in the cytoplasm and was

transformed into the blepharoplast. F'or this reason Ikkno considers

the blepharoplast of the liverworts to be homologous with the

centrosome.

Many arguments, both for and against this view, have afterwards

been advanced, which we will not discuss further. Without a detailed

review of the literature such a discussion would scarcely be possible.

Our results with Polytrichum agree in part with those published

by Ikeno and others, but also at the same time ditfer from theiu in

certain respects.

I. On the (jrowth of tin', itntheridial cells and on spermatoiienenbi.

In the antheridia the cells are closely packed. The nuclei are

spherical and contain at their centre a substance, whicli is deeply

stained by iron-haematoxylin. We do not propose to discuss whether

this is, or is not, a nucleolus. There is no agreement in the literature

on this point and different investigators designate by nucleolus the

most widely different structures. It is, however, usual in botanical

literature to call such a body a nucleolus, though it also ta,kes up

the other chromatin stains very readily. However this may be, the

dark mass lies in the middle of the nucleus, and slightly more to-

wards the periphery there is, in addition, another fairly large, black

corpuscle.

If nuclei are examined in various stages of rest and mitosis, those,

which are furthest removed from their next division only show the

central black mass. A little later the corpuscle also appears, at first

connected to the central mass by a tiiin black thread. Soon this

connexion disappears and the corpuscle approaches more and more

the nuclear membrane. After some time it emerges from the nucleus

and remains imbedded in the cytoplasm, in contact with the nuclear

membrane. The corpuscle whicli was at first round, now becomes

rod-shaped and afterwards undei'goes coustiictidii in the middle, thus

assuming a dumb-boll shape. It subsequently divides into small s[)heres,

whicli move alona' the nuclear membrane and which become more
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•Hiul mure widely separated. At this stage each little corpuscle is

surrounded l\y a light border, which becomes especially noticeable,

when the corpuscles separate from the nucleus.

During mitosis the two corpuscles are found at the tops of the

spindle and hence may well be called centrosomes. There are,

especially dui'ing division, many black granules in the cytoplasm.

This always rendei'S the investigation more difficult, but in the first

place the two centrosomes are larger than the other granules and

secondly they are surrounded by a lightborder. In the case of

animal cells their centrosome nature would not be doubted, but with

vegetable cells a certain amou)it of reserve is still very desii-able.

We do not hesitate, however, to call these bodies centrosomes. Of

course they do not stain well in all mitoses. Any one who has

searched for centrosomes in animal tissues, knows, that the staining

of these corpuscles is diflicult, even in objects which are famous for

them. The centrosomes of Polytrichum accordingly have achromatic

origin. They originate in the nucleus and divide into two in the

cytoplasm.

Ikeno describes these corpuscles as disappearing in the diaster

stage. This is not the case in Polytrichum. They do not remain in

their places, but mtiy be found in vai'ious cells moving more and

more to the other side of the chromosomes, so that at last they lie

opposite each other among the spindle threads, which unite the two

chromosome masses. When the daughter nuclei have only just been

formed and the chromosomes are therefore still more or less clearly

visible, the corpuscle lies between them; afterwards everything be-

comes a black mass. At the last division of the antheridial cells the

centrosome is also taken up in the nucleus and there is hei'e no

deviation from what is found in liverworts.

After this, such changes begin, as finally lead to the formation oi

the spermatozoids.

We did not succeed in finding young sporogonia with many young

spore mother-cells undergoing division.

We found, however, numerous dividing nuclei in the vegetative

cells of young sporogonia and hence it was not diflicult to make
out the actual number of the ciiromosomes. The chromosomes are

small, but they are sharply ditferentiated and may be especially well

recognised in the equatorial plane. We found thai the cells of the

sporogonium have 12 chromosomes.

.ludging from analogy with what is known of iiverworls and

vascular cryptogams, it was safe to assume that in ilie formation of

the spores a reduction of the ciiromosomes would lake place, and
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dial their iiiiiiilior in tlie ganietopliyto would liciicc lie six. We did

in fact, always find six chroinosomes in the eells of the antlieridinin

and in those of the female plants.

When the antheridia have arrived at the end of their devehjpment,

the chroniosonies assume a different appearance. At first tliov arc.

relatively to their length, fairly thick rodlets. At the last but one

division, however, they have the same length, but become much

thinner and are no longer so smooth. At this stage six chromosomes

can always still be clearly observed. At the last division, and there-

fore immediately before the actnal formation of the spermatozoids,

thi-ee of the six chromosomes go to one pole and three to the other pole.

The nuclei of the spermatozoids therefore do not contain six, but

three chromosomes, i. e. a (puirter of the tiumber contained in the

nuclei of the vegetative generation.

The cells, in which the reducing division has taken place, and

which therefore are about to develop into spermatozoids, may be

recognized by their almost invisible cell wall and by their beginning

to round them.selves off. The nucleus has again a central mass of

chromatin, which is, however, appreciably smaller than thiif in the

younger cells.

This mass again extrudes a chromatin granule in the usual manner

which travels to the periphery and then emerges from the nucleus.

The corpuscle arises therefore in the .same way as the centrosome

in the cells undergoing division. It does not, however, divide bnt

goes at once to the periphery of the cell. Meanwhile a piece is

again separated from the mass of chromatin in the nncleus, and this

time the part separated off is so large, that it is often almost cjual

to the remainder. At first the two portions remain connected but

afterwards they become completely separated and finally the part

of the chromatin which has been split off, wanders out of the luicleus.

Ikeno also describes in the changed spermatids of Marchantia the

occurrence of a chromatin body by the side of the nucleus, when

the centrosome has already quite reached the periphery.

Where it comes from, he does not know, "nor what snbsequently

happens to it; he only says that the organ disappears again later

and calls it "(hromatoide Nebenkorpcr", which name we may retain.

Having arrived outside the nncleus, it changes its shape in Poly-

trichum and extends itself to a betit rodlet. This rodlet grows further,

till at last it becomes a closed circular body. Afterwards it again

becomes indistinct and in subsequent stages it can only be seen as

a dotted I'ing, which finally disa|)pears completely. We have not

been able to discover anything about the significance of this body.
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MeaiiAvhiie tlie centrosonie lias also changed its form. It lias become

somewhat longer and more or less cndgel-shaped. At the obtuse end

a thin band then becomes visible, which goes along the peripiiery

of the cell. The progressive differentiation of this band starts from

the centrosonie and proceeds in the direction of the nucleus. The

latter has also travelled to the periphery, at that side, whicli is

opposite the centrosorae.

A similar band, which extends from the blepharoplast to the

nucleus, has also been described by Ikeno. According to him it

originates in the cytoplasm and is stained in the same way as the

latter, but more intensely.

In our preparations which wei-e stained with iron-haematoxylin,

it is very clearly visible and sharply marked out in black, but a

difference from the staining of the chi'omatin may nevertheless be

observed.

While this band slowly grows out and the "chromatoide Neben-

korper"' disappears, a quantity of chromatin is separated ofl' for the

third time from the chromatin mass of the nucleus. This time however,

only a very small body is formed, which also emerges from the

nucleus, but mostlv remains very close to the nuclear membrane :

the latter can only be seen very indistinctly.

In a somewhat later stage the band extends along half the circum-

ference of the cell and has therefore nearly reached the nucleus.

The third chromatin body is found at the end of the band and in

contact with the nucleus, so that in the spermatozoid it lies between

the band and the modilied nucleus.

The changes which the nucleus itself undergoes in the formation

of the spermatozoid have already been described in detail by Stras-

BVRGER and others ; it seems to us therefore unnecessary to investi-

sale this matter further.o

II. Development of (he Ovum (ind Fertilisation.

In the young archegonia the mother cell of the ovum is especially

large. During the further development of the archegonium this cell

divides into two and thus gives rise to an ovum and a ventral

canal-cell. A point of difference from many other mosses is, that in

the species of Polytrichum, which we have examined, the two

cells are of exactly the same size. These cells now round themselves

off anil then lie loose in the venter of the archegonium. The venter

increases in size and the cells which have been rounded off, separate

from each other, till one lies at the base of the venter, and the

24
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other close to tlio lirsl of the neck canal-cells. Meanwiiile these

latter degenerate, i.e. their walls disappear and tliev become some-

what rounded, so that they lie detached in the neck.

The top of the neck opens and through the opening the neck

canal-cells pass out. This could he seen in living spcL-imens with

mature archegonia: when they were placed in water, the neck soon

opened and the cells appeared one by one.

At the stage when the neck-cells have liecome separated and the

neck itself is about to open, a large number of the neck-cells may
be found, in fixed preparations, in the venter of the archegonium.

They lie loose round the ovum and the ventral canal-cell.

The ventral canal-ccll now approaches the ovum and applies itself

to the latter. No demarcation between the cytoplasm of the two cells

can then be observed. The two nuclei lie side by side and gradually

fuse. This was observed by us several times and in all the successive

stages. The rest of the ventral canal-cell shrivels u[) and is extruded

like the neck canal-cells.

Finally the ovum lies by itself in the venter with a large, normal,

round nucleus.

A transformation of the neck canal-cells into mucilage, as described

by Gaykt ') and others, does not occur. Mucilage may indeed be

found later in the neck, and may serve to attract spermatozoids,

but it is probably secreted by the neck-cells themselves.

It now became of great importance to know the number of

chromosomes in die nucleus of the ovum. Unfortunately, as has

already been remarked, only a very limited number of nuclear

divisions (tan be found in the tissues of Mosses, (except in the anthe-

ridia) and hence most of the ova were either in a stage before, or

in a stage after that of nuclear division. In the other dividing cells

of the archegonium there were always six chromosomes. At the stage

immediately preceding mitosis, the nucleus of a young cell, which

after division would form an ovum, showed six pieces of chromatin.

Happily we found one very good mitotic stage. Here there was a

large spindle, pai-allel to the axis of the archegonium, which proved

that we had lighted on the division of the egg mother-cell. There

were six chromosomes, and though they were still in contact with

each other in pairs bj' one end, the other end was already directed

to the top of the spindle. It was highly probable, that of the six

chromosomes three were going to one and three to the other pole.

The discovery of a nuclear fusion also leads to the supposition, that

1) L. Gayet. Ann. des Sc. nat. Bot. Serie S, T. ill, 1897.
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the number of chromosomes was again doubled in the ovum, wliicli

now awaited fertilisation iu the venter: the latter already communi-

cated with the exterior.

These two discoveries seem to us to justify the conclusion that

before fertilisation the ovum contains six cin-omosomes.

We next had to attempt to tin J how there could be again twelve

chromosomes after fertilisation. There were six chromosomes in the

ovum and three in the spermatozoid. If fecundation were to take

place in the ordinary manner, there would still only be nine chromo-

somes, whereas the sporogonia have twelve.

For this purpose we fixed and cut several hundred female plants

of Polytrichum. There was of course only a small chance, that a

given plant would contain a fertilized archegoniura, fixed at the right

moment. In a number of cases we found, however, the desired stages

and so now possess a fine series of preparations, illustrating in regular

succession, the fertilisation process from the penetration and modi-

fication of the spermatozoid onwards.

The number of spermatozoids which enter the venter of the arche-

gonium is sometimes very great, but after some have penetrated into

the ovum, the others no longer closely surround the ovum, but lie

more in the direction of tiie neck. Hence it would appear that here

also the fertilized egg exerts a repidsive action.

The youngest stage, which we now possess, and which has been

observed several times, shows near the periphery, but witliout a

doubt imbedded in the cytoplasm of the ovum, two spermatozoids;

their lejigth, their shape, every thing - agreed with that view.

In a later stage both are in contact with the nucleus; they have

become thicker and shorter. This thickening and shortening proceeds

until there are two oblong corpuscles, containing a few dark granules

in their interior, and lying against the nucleus.

We also found a few examples of the next stage, namely an ovum
which clearly showed three nuclei, each with a thick mass of chro-

matin, and another ovum, in which the demarcation between the

three nuclei was no longei- so obvious ; the circumference of the

nucleus in the latter case was, however, still indented and inside the

nucleus there were three dark masses of chromatin. We find there-

fore, that the cells of the sporophyte contain twelve chromosomes,

that those of the gametophyte have six, and that the spermatozoids

have three. The ovum has again six chromosomes after fusion with

the ventral canal-cell, and after fecundation by two spermatozoids

there are once more twelve chromosomes.
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ERRATUM.
In the Proceedings of tlie meeting of September 1907.

p. 201 1. 8 from tiie bottom: for 300.000 read 30.000.

(December 24, 1907).
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Crystallography.— "Abont the ohJiquc e.vfmctionof rhoivUr crystals."

l!y J. S( HMiTZEii. (Coinnniiiiciited hv Prof. A. Wiciimann).

(Communicated in the meeting of November 30, 1907).

As lale as the year I'.KM .\i,iki;I) ll\i!Ki;n in a lirieC I'oiiiiiium-

catioii ') pointed out the fact that with rhoiiii)ic crystals tiie oblique

extinction on phmes niakin.ii' a small anyie with the c-axis, is to lie

neglected only when the an<tic of the optic axes has no great value.

That this was not snpcrtlnous is jterliaps partly owing to the fact

that, in the application of the theoretically deduced results concerning

the extinction of crystal-sections mineralogists have confined themselves

to nionoclinic ^and tricliiuc nunei'als, preferably to the feldspars. '-')

It seems, therefore, that the circumstance that rhombic minerals as

a rule show an oblique extinction and only exceptionally a straight

one, is not laid suflicient stress on, though the fact is of course

well-known. ') That is why, even in the younger petrographical

literature, it is often alleged, in verification of the rhombic nature

of a mineral, that all its sections show a straight extinction, whilst

at partly straight, partly obliipie extinction of the crystal-sections the

nionoclinic nature of the mineral is considered to have been proved.^)

A separation of rhouduc and nionoclinic pyroxenes, oli\ine and

diopside, zoisite and klinozoisite however on the ground of the

character of the extinction is luit to be insisted upon; only in case

of small axis-angles this characteristic has some value as a criterion.

What gave rise to the calculation of the angles of extinction for

olivine was that considerable extinctions were found with respect

to a jiarlicularly well devehiped pinacoidal cleavage of this mineral,

whilst, to conqtare them with the I'osiilts obtained from this, 1 have

also made the same calculalidiis for talc

1) Mineralogical Magazine, Xlll, l'JU3, p. 66—68.

-) Michel Levy, Ann. d. Mines, (7), XII, 1877, p. 392—471, Abstract Zeitschr. f.

Kryst. Ill, 1879, 217— '231; Mineraux des Roches, 1888. p. 9 seq. ; Fououe et

Michel Levv, Mineralogie Micrographique, Paris" lb'79;- A. Harkeh, Min. Mag. X,

1893, p. 239—210; G. Gesaro, Mem. cour. Acad. Roy. Belg. LIV, 1895; DxLy,

Proc. Americ. Acad. Arts a. Sc. XXXIV, 1899, p. 811—328; A. A. Ferro, Riv.

di Min., Padua XX, 189S; Alii Soc. Lig. di Sc. nat. Geneva, IX, 1898, Abstract

Zeitschr. f. Krysl. XXXll, 1900, 532; Vicexte de Sousa Brandao, Gommuiiica(;6es

da direcijilo d. servic^. geol. de Portiig. IV, I'.iOl, 13— 126.

^) Gf. FouQUE et MicuEL LEvy, Mineralogie Micrographique, p. 55— 57.

••) Cf. Lacroix, about FouqueVt in Goiilributions a I'elude des gneiss a pyroxene

el des rochcs u wernerilc, IJull. Soc. fran(j. dc Mineralogie XII, Paris 1889,

p. 328.
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OUvhw and Talc.

If () be the inlcrsectioii of tlie acute bisectrix witli tlie globe of

prqieclioii (,>
= !, *1 and Ji tiie projections of the optic axes, Z^) the

axis of a zone, from which ZQh represents an arbitrary plane with

its pole iV, then, according to Fresnel, the extiiictidu on the plane

Z(2b, with res|)ect to the zone-axis, is represented by the curve Zc,

when the plane c^V divides the angle BXA into two equal parts.

Suppose we call -^ <)Q, the inclination of the plane (iV) with regard

to the acute bisectrix, c, and the angle of extinction with respect

to the zone-axis, ^^ Zc = //, then, according to Michel Levy ') the

value of // can be calculated from the equation :

cot '2ij = cot {aZ -j- hZ).

Fie. 1.

2
'^

Now in the right-angled LANa'

tq Act cot u
t<j Ai\a' — -f--—= ~

sm Na cos {x -\- y)

so that

:

t(i aZ =: rot AJVa' = t(f [i cos (,v -{- y).

In the same way we find

:

1) Les Minuriuix dcs Koclies, p. 'J.

25*
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tfi hZ =: t(i V fon {x — y).

Now
1 — ti/aZ ti/bZ 1— t(i u li/i' co!<(,v-~y) cosh:— y)

cot 2y=cot (aZ-^-bZ) -rz ^ ^-- — '^ ^ '1 *: U
. (1)

Uj aZ 4" tg hZ tg fi cos {x+ y) + *9 " ''OS (*'— y

)

As is indicalod in Ilic iiiiiire, here the [ mrl in ihir ease is considered

tliat the zone-axis lies in the jilane Ibnniiig right angles with tlie

acute bisectrix, so liial ft f r ^ .t. if we let the zone-axis succes-

sively make dill'erent angles ft wilh iM\ \arying from U to .t, and

ii', at the same time, we let this [tlanc ]»ert'orm a i-evohitioii about

this axis, then A' passes through the whole surface of the globe and

consequently the extinction with regard to OZ can be calculated as

a function of « and ./ for eacii arl)itrary section through tlie crystal.

As f«
-|- p ^ rr, the formula (J) can be srmplilied as follows:

'
. o 1 + '•'/' f* ^'"^ (''• + v) <'o*' (« — r)

cot Zy =z
tg n {cos {x + y) — cos {x — y)]

from which we derive:

— {cos^ H -\- sin^ n cos^ y) + sin' [i sin' x
cot 2y ^ —
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.T

becomes = - for all \alii("N nl' ,t. and llic same tliiiiu' takes place

with «^0 for all \alues of./'. ('onsei|iieiitlv on all planes ])ai'allel

to tiie acnte or to the obtuse bisectrix the extinction with respect

(0 these bisectrices is straiiiht. if the direcliou of the mean

JT

index of refraction \OH) becomes zone-axis, with <t^-, a certain
2

particularity shows itself. For this value of <i (4) assumes the

following: form :

1 / 1 — sin" V 1 sin x \
cot 2v = -. —

• -. h -. =
S171 2o V •''"'' V sin a: siti^ V

)

'1^=^

1 / cos' V sin X ,

+ -:i-F> .... (5)
sin 2« V^ sin' V . sin x sin'' V

(2=<=7r)

JT

For ,r ^ becomes ij=z-.

JT

For 'P = - — V (5) changes into :

COS V COS V\
cot 2;/ = -^~- - ^—- +

sin 2« \_ sin' V sin' Vj

// becomes indefinite; the pole A^ of the plane at this moment
coincides with an optical axis.

Finally for ,( z= ~ y becomes=: 0°. So the extinction is - for a

value of .( between 0^ and - — V, next becomes indefinite and re-

11 JT
mains 0° for .r. = ^ — V to -, as the sign for cot 2;/ shows.

As to the values of // in general, the following may be observed.

In (4), if -- ]>F>0 is assumed, is always

1 > 1 — sin' Vsin' H >
-1 > 1 — siti' V cos' <( >

For a given value of n ciit'lji keeps the same sign, if v varies

between and .t . it jiets, however, negative values for x between
and — .T. If we confine ourselves to a variation of ,/• between the

limits and ^, then the sign of cofiij liecomes negative for tl
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\aliio^ (if <'., 1\ iiii; liclw (-I'll (* ami ; il lii'cntiio iid^ilivc, Ihiwcnci' for

- <^ f< <;^ .T, uliilst llic alisdliilc values (if // ai'i' ('(iiial I'or hvn j)oles,

l^'ing symmetricaiiv widi ict;aiil l<> Hie piano IK). The saiiic lliiiif;

liolds good for the exiiiictidii mi plaiiey, lying syiiiiiielrieallv with

regard 1o the plane ()l\ so that llie isogvres drawn npdii the globe

will lie syniiiietricallv with respecl In llic jiianes lUK <>l' and also

lll\ Jnst as the synunetry with regard (o R< ) and Ol' is acooni-

panied by a change of sign, so also for the })lane ItP.

The extinction with regard to the variable zone-axis (>Z is easy

to rednce to that with respect lo the acute bisectrix, as the latter

:x

is yielded by ^ ONc = ^ Qc = ^ — y = i/'

.

>/
= y

2

cot 2;i = rot (Jt — 2//') = — cot 2_v'.

from which follows according to (3)

A
cot 2y =z ;

— — B sin .r (tj)

sin X

in which ;

(»*' ft -|- sin} n cos^ yA = —
sin 2ft sin y

si7i' ft

sin 2 It sin y

For the delerinination of Ihe greatest extinction with regard to

the acute bisectrix with ,(,' = constant and a variable angle <t, we

may set about as follows'). If we call Z. Aj\<> = i!i\ /^ BXU = ly',

we find from the triangles ^1^0 and BXO
sin /^ AON

t;l l|,'
— -

sin ON cot V~ cos ON coii /^ AON
sin V cos a

cos .V cos V — sin ,v sin V sin tt

and
«»i V cos a

to »|'' --= ;

:r-.
.

COS V COS a: -j- sin V sin .v sin a

Now 2//' := l|'--if''

— 2 sin^ Vsin tt cos u sin x
1(1 2>/ = /(/ (if'— If'')

=:
:

-_
:

,

sin^Vcos^ a-\-cos^Vcos'' ,v— sin'' V sin' u siri^ x

which gives

:

') A. Harker, Min. Mag. Xiil, l'J03, p. GG— 67.
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,,)?' (( {shr V -\-cos' r<-(w= .)•) —2 col tt Kin- Vfin x cot 2_v'^-(w^•'' x—dn" V) z=z

gin' V nin ,v cot 2i/'

«)? a =:
itin* V-\-cos^ Vcos^a)

m' Vsin x cot 2y' cos X —sm
^^in^ V-\-cos^ Vcos\vJ V-^-m' V+cos' Vcok-x^

As long MS tlie second term ivniaiii'^ smaller tluui the fii'st, tlie

condition for wliicli lieing cos .r ~^ sin 1", or 'V <C
—

I , this equa-

tion will yiehl tut) |)ositive roots, and accordingly two values of a

between and will satisfy it at a given value of 2// smaller

than the maxininm. The extinction will have reached the maximum,

when the two roots are equal, so if

(.^m' V .v/;, .c cot 2.vT = («'«" V + co.v'^ I'fo.s-' ./.:) (<-o.s' ,( — sin' V)

or:

sin Vtq V
sin 2i/,„ax —

cos X cot X

whilst the cori'esponding value of « ') is found from

sin^ V sin x cot 2i/'mau
cot (I.,

(7)

(8)
sin'^ V -\- cos- Vcos^ X

The plane OX, in which lies the corresponding pole, then makes

with the plane (JP an angle [ «
j

.

If we take for olivine the value 2I"=87"-), this gives according

to the above formulas the following figures:

TABLE I.

y.
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from wliicli llio Coliowiiig c.xliiicliiiiis willi rospecl lo liie arule

biserlrix are calculated :

TABI.K II.

X



••••'" -'I'mnj:

( :^' r, )

sill 1 <(/ I

COS X eot ,i:

we get

xiH^ \ -on .r\ / 1 — I

V \cos X cot xj

sin Vtg V

cos X cot X
cot «,„„.i :

sin^ T -f-
""*' V cos^ x

sm' F«iH X l/cos' .i; cot' .r

—

sm^ ^t'f ^'^

Mil Vt,i V(w}^ r-f cos^ Vcos^ x)

, cox* X sin'' V
sin X cos V[ ^

HH X cos V

sin'' V -{- ros^ V cos^ x

\/cos* X cos'' V—sin^ x sin* V

sin^ V -\- cox^ V coss ./•

(9)

biittj (±) cos V=

When .V = 0, is

cot ((max =^ =*= cos V.

Kroiii wliicii for olivine follows the value:

2

= h,, t<i {±) cos iS°-30'

— (±) 35^^7'22".

In the following figure these results are graphically represented.

The black lines connect the poles of planes with equal positive, the

lines in black and white those of planes with ecpial negative extinction.

Herein the angles have been considered positive from the acute bi-

sectrix in the direction of the hands of the clock; negative in the

opposite direction.

The curves MM' and A'^V, going through the optic axes, connect

the poles of the planes with the greatest (positive and negative) extinction

and with the same inclination with regard to the acute bisectrix.

The point in which tlie curves mentioned intersect an isogyre, has

on that isogyre the greatest angulardistance from CA For the rest very

little need be added to what is to be read from the ligure. It shows

clearly that an extinction with regard to the acute bisectrix, which

deviates lillle from 0^, is contined to the immediate neighbourliood

of the princi|>al planes of symmetry.
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Fig. 2.

For talc (2 I" =13°)') tlio following- values are calculated in

the same way

:

1) Hi.NTZE, Hanilliucli dfi- MliuTalogio, II, 1S',I7, jj. .Sl5, cf. Bauer, Pogg. Ann. 1869,

GXXXVIII, 308.
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ISO

Fig, 3.

crystal!- with u ^reat a\is-aiiy-ie the ol>li(|ur, w ith those with a small

axis-angle the straight extinction will |)re(loiuinale, when we have

to do willi arliitrary sections, as in a rock slice. However in

the two cases we as rarely liud an absohitelv straight extinction. With

hexagonal and tetragonal crystals, however, exclusively straight

extinction with regard to the oi)tic axis occurs, as for I'^O the

ei|nation (4)

1 / r — sin^Vsin'a 1 . 1 — sin^V.cos^a . \
sin ,T 1cot 2'/ =:

in 2«

1 1 — sin* V . cos* a
1 ^ : sm

^in Zf(sin' V '

always becomes x .

In fig. 4 the maximum exiinction as a fiinclion of. r is represented

t'or one gloheoctant ; MA^ refers to talc, MA., lo olixine, MA, to a

mineral with an axis-an^ie 2 1'^ l()(l . The values <J'A^, (^'A.^
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dx
0,

so that the curxe .1/J cdiiu-ides with ihe ah>cissii-axii> MO. Finally

with regard to llie tbnii of the curve whieh represents the angle

as a fiiiK'tioii of ,r, it appears already from a comparison— amax I t

of llgiires 2 and 3, that this curxc .1/. 1, the axis-aiigie becoming

smaller, gradually approaches tlie straight line that divides into two

c(|ual parts the angle between (hi and the normal to it in O.

Indeed (9) yields

cot (t,„aj

l/fos'' X cos'' V — sin^ x sin* V •

t'l

sin'' V -j- tos^ V cos^ .1-

-T ^ y'cos'' ,v — (cos'* X -f- sin' X sin'' V) sin^ V
•)

«inaj
']'

If I" becomes smaller, ty\-^ «».nj )
increases, and with I'=i()

reaches the greatest value ,~'~
1, so that then «,„„., becomes =r 45°.

The curves M'AM and XBX' then pass into two straight lines which

intersect in (>, thus forming right angles, whilst they have shifted

45° with regard to tlirection AB.
Of great practical importance is the solution of the problem, how

y^ V—

'
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great tlie extiiiclioii i^ wilh rt'^unl lo llic (rare of a cleavage jilane.

For this, if the angle of extiiietioii wilh regani to the acute bisectrix

lie Iviiowri, is only iiecessarv the \aiiie of the apparent angle between

the trace niciitioncd and the same bisectrix. One valne need only

be subtracted from the other.

If Z'/J be the axis of a zone, in which /JIZ^ represents an arbi-

trary plane, A^ the corresponding pole, and be the plane determined

again by u and OQ^x; if V]}'!' be an arbitrai'y cleavage |)lane,

determined by tu and WO =
i/,

then VO is the line of intersection

of both planes, yQ==^ Q_XV^^^, the apparent angle between

the acute bisectrix {(J) and VO.
m

Now VQ ^ I'Z, and in L VUZ is

/ Z = X^
2

Zt^^f + y

UZ =: a> — «.

So

cot VZ — t,, 6

sin (
- - — .r

I

rot ( ~- -f- // | -f cos ( ^ — -v
]
cos (oj— <()

sin {o) — a)

— cos a; t() y -\- sin x cos (to — «)
(11)

sin (tt> — «)

If we a[iply this fornnda to the cleavage planes AMJOO) ami _v' (Old)

of olivine, then wilh

/)' (lUO) ... <,j =z , ,;/ —

„> (OIU) . . . . w = "^,// =

and {11,1 passes into:

/;/ ff ^ sill ,r, t(J <(

tq 6" = — sill ,r rot ((

in which ^' and 6'" are successively I he appai'ent angles between

the traces of y' (010) and A' (100) on the ])lane (.V).

Now if we think both ,r and (t lo vary between and , we

lind the following values for ^' and ^"

:
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J. at '/'
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.T .T

For ^ ^ « ^ 0, —^•f^O llie extiiiclioiis ^iicocbisivi'lv \<wonit'(— &'-\-;i')
2 2

and (— '9"
-f :/') ; we liml llie following \ allies:
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thai of the negative extinction with feferciice U> llie trace of 7' (010)

on liie plane {y).

Vv' 0.

Tlie lignre is wilh ri>:;aiil to tlie axes (>/' and OQ quite svin-

inotfical again, in the same way as lig. 2 shows tor the isogvres with

ix'spect to the acnle liisectrix, l)ecause the points here corres[)on(l

to the value

:

, ,1 — shi'V.siir (( 1 1 — .'iii'l' cux'' f(

(/) :=z i
(),l cot I : ^ .__ . -I- _ ^—^-_— . »"( -V

<iH 2« . sin^ F .fui ic sin 2« sin^ V

— hq til (si)i ,!• t(i (t) = 1/ — (i'

.

„ ,
,'1 — "iir \' siii^ a \ 1 — f:iii''V cos' (I

(f zui i^ hil cot
[
—

; ^
.

-f-
- _ -_ ^ . ,/;( .;: -j-

siii 2« . sin'' V sin at sin 2« smi' V J

-\- hii III [sill .1- cot a) T- 1/ — 8".

26*
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.N(i\\ llir >il;ii> of//', 6' and <i" i-enuiiii iiiK-lianged I'ur 0<^.i'<^.t

ami fVii- a varviiiii' l)et\vooii and , so tiial also \\v\-v llic si^ii of

ilir cxiiiiclion in adjoining glole octants will hu alteniatelv positive

and iK'uali\ ('. Ilie points in which e(pu\aK'nt isogyres in tlie systems

</' anil '/" intersect, indicate the places of the poles of the sections,

in which symmetrical extinction with respect lo the clea\age planes

A' (100) and (/'(OlO) visible in the slice is observed. So tliere

ip' + ifl' = 2//' - (6' + 6") = 0.

2»/' = ^' + 8"

The cnrve (Al =: V. If the axis-angle diminishes, .1 graduall\

approaches ()\ the isogyres </' and y" ap|)roacli a symmetrical direction

with regard to the axes (JP and OQ, so that the cnrve, connecting

their points of intersection, draws nearer and nearer lo tiie straight

line, and at last, when V lias become =r:(), and J coincides with O,

passes into the straight line winch di\ides the angle POil into two

equal parts. For 1^:= //' becomes =; 0, so:

6' + 6*" r=:

sin X tg « — sin ,v cot « ==:

tfl a ^=: cot H

so that tlie geometrical place of the points of intersection of the

isogyres <p' and </)", i.e. that of the points of symmetrical extinction,

is represented by the line

« — 45°.

Anatomy. — "'On (isci-ikVukj dc(ji'iu'i;atloti n/trr iHuiinl scclinu. oj

the .spinal cord." By Dr. 8. .1. ni'. Langk. (Connnunicaled by

Trof. ('. WlNKLEli).

(Communicated in the inuuliug of November 30, I'JOTl.

The following researches have been made with the puipose of

investigating whether there exist any connections between the spinal

cord and the ascending fascicnlns longitndinalis dorsalis, and on

the other hand lo ascertain once more the course of the ascending

anterolateral fascicle of (iowKHs and its relation to the dorso-laleral

fasciculi of the cerebellum.

From the extensive literature on this Mdijecl 1 will Imi rarely

quote something, whenever the results oblained by others do not

accord with my observations. The drawings are laken afiei' four
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animals iisod in ilie (wperiinoiils : a full-grown rabbit, in wliicli a

lieiniseotion was made at the origin nf the medulla oblongata (fig. 1)

i\ut\ lliipc vouiig cats, on which lesions wei'e ])rodnced in different

portions of the spinal cord (fig. 2, 3 and 4), indicated by C' C^ and D*.

The central nervous system of these animals was treated by the

AlARCHi-method, and afterwards cut into serial sections 25 [i thick.

In all tliesc animals a plainly \isible degeneration was found after

the operation in the tractus spino-cerehellaris anterior or the fascicle

of (towkrs. In the dorso-Iateral fasciculus there is likewise found a

certain degree of degeneration, but far less intense, excepting only in

the first animal on which the heniisection was made near the origin

of the meilulla oblongata. For in this latter case there is found a

very compact degeneration of the corpus restiforme, being caused

however not only I)y spino-cerebellar fibres, but likewise and for a

great part by bulbo-cerebellar fibres, that were injured when the

lesion was produced •).

Figures 5—11 represent the degeneration as observed in my
preparations. In the first sections we see the doi'sal and the ventral

s]iino-cerehellar system still undivided and taking a longitudinal

course. Gradually the fibres of the dorso-lateral portion are deviating

from the longitudinal direction, whilst the \entral portion still

continues to follow it. Li a slow spiral-line the dorsal fibres run

towards the corpus restiforme ; consequently by and by several

important portions of the medulla oblongata are found to be' encom-

passed between the two parts of the lateral fasciculi ad cerebellum.

This fact becomes most plainly evident in fig. XV, taken from the

first cat, on which an almost complete section had been made at

(''. There l)eing no degeneration of the olivo-cerebellar tract in this

case, the demaication between coi'pus restiforme and antero-lateral

fascicle is much more distinct.

I ha\e represented from both these animals the radiation of the

corpus I'csiiforiHc into the cerel)elluni (dorsal portion of the lateral

fascicidi to the cereliellum), and that of the fascicle of Gowkks
(antero-lateral portion of the lateral fasciculi to the cerebellum^ :

liu. 10 and 11, 17 and [H. The first radiation is |)roduced through

the pedunculus ad cerebellum iid'erior, that, of I he fascicle of Gowkrs
Ihi'ongh the pedunculus ad cerebellum superior.

In order to reach this latter the fibi'es of the tractus spino-cerebcl-

') To understand tiii.^ ri^ijtly, tlie t-xact place of lesion nuisl be more accuialely

c.iicumscribod. Tlie iesioti was made just undcineatli Die mosi caudal loot ol Ihr

liypoglossu.s, and directed somewliat (diliiinely upward, llaeniorrhage was still to

be traced in those sections where the olivary body shows the largest profile.
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hiris aiilcrior. llial (•(iiiliiiiicii lor a Inii^ while llicii' loiiiiiliidiiial

course, Ix'g'iii tu assiimc an iil)|i(|iii' ilm-sal dircclidii in llic i-onioii of

llic t)li\a snpi'ridi' and al llic lirsi a|>|ii'aranc(- (if lilirc> hclonnini;-

to till' (-(iriHis lra|)Ozoi<los. I'lii'v crd-^s the lihic^ ol' llic corinis Irapc-

/oidcs in dni-xi-lalci'al dii-i'didii. in coiisciiui'iK'c ol' w liirli dic\ pn'sonl

in the seetions a pecnliai- disti-ihiilioii hv lavers itii;-. D;. I'niil tli(>

place of exit of llie Iriiieniiiius llieir silnalion i-cuiains n^arlv nnahei'cd.

the filires Ivinu' only nuirc (doscly loiidhci-. lill dic\ lake a sndih^n

Inni ill diirsal dirccli(ni, somewhat t'ninlal IVmn ihe Iriiicininns, ihiis

joiniii.u' the course oF the hileral rililidii (laijiieiis lateralis) and s|a_\ iiig'

for the greatei' part at its outside. 'J'hronn'h the |)e(liiiicnliis ad cereheliniii

the greater part ol' tiie liltie~ now reach the cerebellnin, where they take

a retrograde direction, (wtendini; in the shape iil'a tan into the \eruiis

inferior. Oidy a few llhres follow the course of the reiiuiiiiiiig portion

of the lateral laqnens, and reach the corpus (|nadrigeminnm posticiim

of (he same side. Some authors assert thai lilires may he traced

likewise nnlo the corpus ipiadriu'eininnm aniicum I'J'lloM.vs, W.M.i.KMuau;,

liiANCHi, CojAAVAi aiul Others), Init van (iKiirfinivN, EuiNoi'.ii and .Mott

agree on tliis point with Lokwenth-M., who has been the lirsl to

give an accurate descri|ilion of the fascicle of (towkks.

As I remarked lietore. the image of tiie lesions of th<' spinal cord

preseJits tlilferences only as i-egards the dorsal |>oition of the iatei'al

fasciculi to the cereliellum, the degeneraticni found in this ])Orlion

being far less intense than it was in the case, where the section

was maile near ilie origiii of the inednlla oblongata. This result,

however, luii^l be ascribed not only to the absence of deg(Mierated

buibo-cerebellar fibres, but partly also to Ihe fact that a grcMt number

of libi-es from the dorsal fascicle find a |)rovisory termination al

the passage of the spin.d cord into ihe myeleneephaloii, as is show n

by ihe preparations. AVhiNl t her<_'f'ore in the xcniral portion we lind

almost without exception only long fibres, in the dorsal jiart of the

lateral fasciculi of the cerei>elluin long and siiort libres are infei'-

ini.xed, and very pi'obably the connection is composed for Ihe greater

part of Iwo neui-ones.

In all my preparations, s(uue degeuoration is observed likewise in

the fasciculus longiludinalis poslerior. I'his receptacle of numerous

fibres, asc(Miding and descending ones, origimxting in xcry dilferenl

portions of the nei-ve-lrunk. shows degeneralion o\er ihe whole of

its length, and it seems as if from lids fascicde all nuclei of motor

ner\'e-libi'(>s ai-e |)i'o\i(!ed with aU'ereiii libres. the .M \i!( in-uranulae

being found e\en in the inoUu' roots. In this paper I will not digress

longer on ihe po»ible siurnlicance of ihis .M \i{(iii-granulalion, though
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perliaps i( may ho of \ erv liivat iniportuiire. Otiicr methods of investi-

gation will 1)0 more oftioiont in hi'ingin.ii,' this problem nearer to its

solntion. In liu'. 19 and 20 lliis <>-rannlation is represented, as it

a|)|)oarod in a cal aflor a central lesion of (ho 4*'' dorsal segment

(li,ff. 3i. Vol 1 think I am fully jnstitled in conolnding from my
preparations lo Iho existence of long ascending fibres, that have their

origin probably somewhere near the central canal. In the spinal

cord those tlliros then contiime their conrse in the anterior fascicle,

parr of them also in the anterolateral fascicle (tig. 12;. The former

ones turn more conlralward at the origin of the mednlla oblongata,

anil issue in the fasciculus longitndinalis dorsalis. The second

ones lake a bont near the most caudal root of the hypoglossns,

and |)roceo(l along the conrse of that root centrahvard to the

tascicnlus longitndinalis (fig. 13, 14 and 25). These ascending libres

are still found oven in the nncleus of the N. ocniimotoi'ius, as is

shown in fig. 26.

II.\M0N Y Ca.tal also assumes the existence of these fibres, v. Gkhcchtex

however has found ascending degeneration only after a lesion of

(ho nucleus of DiaxKif, l»ut he does not menli(Hi whether ho has made

observations on sections obtained after central lesions of the spinal

cord. In the laiioralory of v,\n rTKHCCHTEX similar experiments were

made by I.rRorscHiM',, by (ho injecdon of a drop of wa(or. Rut

it was his pur|ioso to destroy pari of (ho posloi'ior horn in order

(o (race tho origin of the anterolateral fascicle. He fomid this fas-

cicle to be degenerated, but there did not exist any degeneration of

the fasciculus longitudinalis, because the central portion of the spinal

cord remained uninjured.

Alior tho homisoction near the origin of the medulla oblongata.

there ap])eai'od also degeneration of the Iractns buHio-cerebellaris,

which lakes its course from the oli\ary body towards the ]ieriphery

of ilic corpus rostiformo as librae arcualae internae and externae.

Tho greater jiarl of tlioso fibres are ci'ossed, still a few of them

originate on the same side.

Besides these fibres there are found in the basal portion of the

formalio I'olicularis a groat lunnber of degenerated fibres, ascending

longitudinally and pi-obably belonging to the secoudai'v sonsiblo tract

(fig. 7— IJ). Part of these fibres transgress i\[v median lino and sock

(he median ribbon (laipious modialis) of (ho non-injurod side, (he lost of

(hem are nni(ed near the oliva sujierior and continue their course in th(>

lacpious lateralis more centrahvard than the fibres of (ho fascicle (if

GowERS. I'hey may b(> traced into the corpus (piadrigounnuni posiorius.

The significance of the granulation in the corpus Irapezoides, which
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w a> li'i lie iiliM'r\ I'll III all cum's, iliil iml Ihtuiiii' tIiMT In iiii'. slill

I will nnl pass ill silnicc llu' lad nf llir rnii>laiil a|i|ii'aiaiirc nl'

this graiiiilulioii.

As (lie suiiiiiiar\ dI' iiiv rcsiills. 1 liiiil lliat al'lcr on('si(l(>(l lesion

111' till' spiiial fiinl an a-rcmliiiij, lieji'ciicraliini is oliscrxcd in llie

tbildw iiiiz- svslonis :

1. Tlic liiiiiiu-lalciai |insicri(ir niliiiiins, w licrc il niav lii' traci'il

;is far as iiilo llie nuclei of (hii.i. and IUhdai ii.

2. Tlic laleral fasciculi in llic cereliellinn,

a. llie ilorsal |Kirli(in alniosl willidiil cxci'iirMin iuii\ mi llio

operated side,

1i. tlie antero-Iateral porlion on Imlii sides, hiil slill jMiiici-

pally 111! llie 0|ierale(l side.

3. 'I'lie fasciculus lon;Liitndinalis dfu'salis on Itolli sides.

4. Till' corpus Irape/oities on lioili sides (r)

'iiie ilcsecndinii' de<i,eiieralioii i- icprcsenled in liunres 21, 22, 23

and 24. It includes:

J. The aulerior coliiniiis, priiici]iall v on the o[ieraled side. pnihaMy

cciitrifn^al fibres IVnin I he fasc. lonji;. dors.

2. The pyramidal lateral fasciculus oii the operated "side.

3. The Iractus rultro-spinalis. in llie laleral columns (van (iKincuTKN).

4. De Iraclus \ eslihulo-spinalis, iVonlal of llie anterior horn (lM)iN(;t';K).

h. l''il)res in llic posierior columns, heiiiii' siiualcd partly aloii;;'

(lie sulcus louiiiiiidinalis posterior, and |iarll_\ alonu' the eiitei'iiif^'

poslei-ior roots. In all prohaliiliU' presenliuL;' a lioiuoloi;ou lo the

o\al area ami ihc comma of Sriiri.r/K.

Physics. "Mutinn nf iiKi/icii/i'-si/s/i'iiis (III ir/iic/i IIII I'jii'l'll'i/ f'lirci's

dcL" V>\ Dr. ( >. I'osT.MA. (Commuuicaled iiy Prof. 11. A.

I-Olil'AT/).

((lomiiinnii'alcij in llic Mcclins' of .NnvonilH-r :!(). 1907).

§ J. I |i lill now two ways haxc licen maiulx followed to show

that a ,^•as mass lefl to itself, on which no exicrual forces aci, in

coiise(|uence of the collisioii> of ihc molecules will linally pass inio

a state, in which the molecul(>s are prohaliiy alioul uniformly disli'ilniled

ovei' the \essel and |iossess .M \\\\ I'.i.i.'s dislrilmliou of \elocilies.

The first is llie metliod of i>oi.-i/\i \nn. who assumiiiu Ihal the

density all ihronuii the x'cssel is already the same, .nid fiirlher

starting- fiom (he assumption that fher(> js no i(',t>ular arran.ii'cment

of the molecules as regards the velocity, dcniunslrates thai a eerty,iii
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(|iianlil\ // =
j

/'.//'. r/(i> (•(iiislaiill\ <l(>(.'r(>ases liv (he (•(illisiiiDs till the

slalidiiarv state is reaclicd, willi which, as apfiears, Mawvkm.'s disiri-

hiitidii >>\' \ri(H'ilios exists.

The secoml i- the method liaiffbllowtMi 1>\ I '>nT,Tzii.\NX, and entirely

liv .li''.\Ns. hy which it is donioiistraled lliat on certain iiypoliieses

the state willi nnitbrni (Kinsily and that with Maxwell's distriimtion

of \elocities are the most prohahle. These hypolheses ai'e, as regards

the distrilintion ol place, that e\'ery lime there wotdd he an e(pial

chance to any ]ilace in the vessel for every molecnle; with regard

(0 the distrilintion of \elocilies that tliei'e would e\'ery time lie an

e([iial chance that the point of \elocity of a molecnle \vonld gel into

any arliitrarily chosen volume-element, in A\hich we should linally

have to reckon with the fact that the total energy has a certain

definite value.

I have tried to show': that tliere is something contradictory in

this, \vhich might he ax'oided hy assnmiug that the gasmass is

arbitrarily (dioseii from a luicrocanonical ensemble, of which all the

systems ]K)s.sess the energy which the gasmass must have. For in this

all the combinations of place and all the combinations of velocities

with the same energy are eipially mimerons. and so we ha\ e the

same chance lo hit upon them for the system chosen.

So another proof tor the above mentioned result is fm-iiislied. wIhmi

w^e show that an arliilrary ensemble of systems with the same

energy, left to itself, passes into a niici-ocanonical ensemble, (iiitiis

endeavours to demonstrate this in the Xll''' Chapter of his "Statistical

Mechanics"; the reasoning is made clearer by Tok1'',ntz -), though the

latter g<:)cs no fui-ther than calling the assumption that \ve should

linally get a microcajionical distrihntion, \ery plausihl(>.

However in a reci'iit pa|)er ") Poinc.-vke called attention to a |n'o|)erly

in the light of which, in my opinion, the alio\e reasoning is no

longei' tenable. There P(j]N('.\i;1'; shows, namely, that the (piautity

N= I Phi;/ P(l.i\ .. .(/,r„ (in which .i\....f„ represent the variables

which determine c\'cr\' sx'sleni of a i-erlain enscndile, and /'=z: —
. A"

tlie coellicient of probability, the integration being extended over the

b The.se Proc. Ff!)r. "21, )'.)UU ami Jan. 2i, I'.KlT.

-) '•Ubei- ilcn z'.veileii Hauptsatz dcr Tliernmilynamik" ; .\liliaiiilliiiii:;i'n iiber

Tlu'oi-elirfcht; Physii<, Lci|)zii: T.)0(i, p. 2S',l.

•') 'I'u'llcxiiins siir la Tlu'diif (ini''li(|iie ilcs gaz"; Jgiii'iuil do I'livsiipi-, liJUG,

p. a«'j.
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whole rogidii (iccii|ue<l liv lln' cii^cuiMc is constaiil il' tlic oxici'iial cii'diiii-

.OX,-
.stances are iiiicliaii^'eil and the relation ^ ^ exists (|(»r wliicli

<i.vi \
A: = .111 this l'oiN('\HK lakes as varialilos tlic coordinates

,n J
and \elocily-coni|ion(Mits of the niolecnlcs; so tli(> (|nantily ref'i^rred

to alioxc dill'ers tVoin lln' (|iianlily i^ iiijrodiiccil l)\ ( oniis onl\' li\'

a constant factor.

(iiRMs sho\\-s tiiat in a canonical enscmlilc — 7; has the properties

of ihc entrojiy, PoiNcviiK calls liie (|nanlity .S' itself entropy, also for

an arbitrary en.s(Mnhl('. Hence this (piantity will ha\e to decrease,

where -—
>j increases.

The |)rt)perty in ipieslion may he derived as foHous :
/' has the

properties of a density, so:

Now, an ailiilrary fiiin'iion of /' will also liehaxe as a di-nsity.

Kaineiy ;

df(r) dP dp a/' dXi

dt dt d.Ki o.ri d.ci

dP dX; d\Xif{P)]

()./, O.ri Ow;

So tlio /{P) also satisfies an e(piation of the same form as the P
itself, which eqnation represents the extension of tiie wellknown

eipiation from hydrodynamics:

do Ooii dor Ooir

dt d.v ^ dy ^ (h

to a space of 11 dimensions.

Now ,S'=r |/'/e'//Wr, lin which fh — i/.i\ . . . (/.r„j=i i/{/')dr,

is the inleiiral of such an fiP), inleii'ratc^d o\-er tin' wiiole extension

occupied by the ensemlile. To ascei'tain the chaniic of /'^ with

the motion of the ensemi)le, we must v\qv\ 1im(> int<^i>rate over the

vai'ialile space flhonuh constant in si/.e), o\-er wliicii liie phases

extend or where /'and also _/'(/^j have values. So we can perfectly

dS
'

. . . . , .

,

comiiare with the increase in lime ol a iiiiantiU' ol iKinid,
'

<//

I . .

taken ovei' all the places where it is. This inci'c.ase, however, is

equal (0 zero.
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lldwovoi'. w lioii .S'=
I

I' liiij I' il i\ . . . (I.i'„ is conshuit. lie (Misciiinle

(.•annol iiiove in llu> dinM-liim to llit' iiiici-ocaiidiiiciil disti-iitiition.

For tlioii /' wdiild become coiislaiil all o\ei- the ]ihase-exlcnsioM

in course of lime, and so liie intef>rai would gel a minimnm valne.

Now, lio\\e\er, tiie (|nesfion suggests itself: when the function S
or 1] is conslanl, is there not anolher (|uantily characterising llio

ensemble, whicli by ils variation in a certain direction indicales the

motion (^' the enscml)le in the direction of the uniform disti'iiintion

of place and Maxwi'.i.i.'s distriiiulion of \elocilies? l^'or this motion

is hardly open to doubt, and in a special ease snch a function has

been found for one sysleni liy Hoi.t/mwn in llie (piantity //.

PoiNc.vRK supposes he has found snch a function in his "entropie

grossiere", a quantity of the same form as .S', but in whicli the elements

of the area over which the snmmation is made, are not taken infinitely

small, but so small liiat practically we caiuiot distinguish between

systems lying within the same element. This quantity may, therefore,

be represented by 2' /7 Aw 77 .
rf, in which <i I'epresents the element

and 77 I lie mean density in it. In contradistinction with this entropv

S is called the "entropie fine", and it may easily be shown that

the "entropie grossiere" is always smaller than the "entropie fine".

It is less easy to see that the "entropie grossiere" gradually decreases,

nor does Poincvr?: prove this. For it is not easy to see that the

tpianlity "^ = I I rhxiPdhho. of which he tries to prove in some cases

that it has decreased, re])resents an "entropie grossiere", while the proof

loo rests on an assumption which is unjustilieil in my opinion. It

is true Ihat we shall demonstrate further on, tiiat there are quan-

tities of this form which decrease, but for them the name of "entropie

grossiere" is not \Qr\ ap|)i'opriale, as ihe elements of the extension over

which Ihe summation is made are just as well infinitely small,

though of lower order of luagnitude than Ihe original elements.

§ 2. A very suitable introduction in the theory of gases is supplied

by the iimh/em of fhc sntnll /)/iini't.i^) repeatedly treated by Poincahe.

There the pi-oi)lem is -<liscussed what in course of time the distril)ution

along the ecli|)tic will become of a nundier of small planets, which
at some lime wei'c placed in theii- orl)il in such a way that chance

has decided at least the distriiiulion ot' th(> velocities. PoiNCAin' shows

'I CI. I.e. and also: "Calciil dcs i^oliabililt's", Paris ISOf) aiul "La Science
et I'HypothKSe" Paris IKUt.
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thai if till' iiiiiiilicr is laruc ainl ilic planets ilo not intcrfoi-e with

each nihiT. ill ihi' huiL;' riiii ihc [ihuicls will mosj likelv jj;pt about

unil'ornilv scattcrc^il ovcv tin' fcli|ilic.

ir we sliotihl wish K) heal llic |ii<ilili'ni in oxactly tho same way

as (iiniis, we should haxc to coiisiilcr an cnspinlilc of systems eacli

e(nisisliii<i- of 71 planets. As. however, ihc plands do nol intcM'tere with

each oilier, we may also lake an ensemMc of systems of onl\ one

planet, in which case tlic ensemhic fepresents all possibilities which

may occin- in the jilacinii' of a planet. When now sncii an ensemltle,

satisfying cci'tain simple conditions, aradnally spr(>ads nnifoiinly oxer

the ecliptic, thei-e is for every plaiici chosen at I'andoni from this

ensemlile, linally an e(|iial chance to any place of the ecliptic, so

that, if we lia\ e to choose a jilanet from such an ensemble n times,

they will most probably be dislriltnled al)onl uniformly o\er the

ecli|ilic, if // is large.

It is assumed thai Ihe in-bits are circular, and lie in the plane of

(he ecliptic, so thai i-vrt-y ]»lanel is determined by the varialiles

/ (length) and <r> uingular velocity 1, in which o) is constant, and

/=/„-!- to/, if also larger angles than "i.T are admitted. Tiic function

/S (Poimahk's entro|)ie line: is, accordingly, here | I I'laij I'dhhu

integrated over all llie phases.

As A, coi'respouding to / is eipial lo <>, and A., corresponding

^-» OX; dtfj
,

. . , .

to e> IS (MHial to (>. here > ,— := ^0, >o Ihe liiiu'lion .*^ remanis

constant.

Yet the ensemble ap|iroaches unitorm distribution over the ecliptic,

which, howevei', is an altogether dilferenl thing l'r(Hu the density /'

bec(Mning conslanl. Then (S' w'ould, of course, decrease (it miisi lie

observed thai I

J
/'//.-/(d and I I (/AAa i-i'inain also ('(nislanl,. This

appro;ich to iiiiiforin disliibiition is pei'haps nio>l readily seen, when we
consider only ihat pari of ihe ensemble thai had originally a length

between /, and /„ -(- f//„, the angular velocities lying between (o,

and (•).,. This part of Ihe ensemble, being originally found in one

|ioiut of the ecliptic, will get di>inlegraled by the dilferent velocities,

ami gradually spread over the ecli|>lic. till linally llie ecliptic is taken

up a \ery lai'ge number of times. At a di'linile {loint of the ecli|)(ic

there are now parts, w hicli were originally spread over a large

niiiidiiM- of elenieuls of the extension, always al e(pial distances from

each other, and it is easy to see, that if the function re|)resentiiig

Ihe original density, and its derivative are Unite and eontiiuioiis, tiie
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deiiisitv aloiifi- the eeliptio will tinalh be the sauio everywliere ').

The adjuiiieil fig-. 1 re|ii'eseiils llic iiKilioii of Ihe oiiseiulile. Kvei'v

point i)t' the iM'igiiiallv hori/.oiilai elcincnlarv area moves u|i\var(ls in a

\'eilical (iirection w ith cnn.-lani \i'l(ii'il\ . so ihal ihc exleiision alwavs

oecn[»ics a .shuilini; aica w ilh an inclination deliM-inined hv /«//( = t.

The horizontal areas at ilistances 'Irt from each other indicate

the |)arts of the extension, which are in the saiiie pnint of the ecliptic.

Originallv these parts have lieen in parts of tlic^ original area at

equal ilistances from each other. These distances heconie smaller and

smaller, the surface elements becoming more inimerous and at the

same time smaller.

Instead uf the constant i[uaninv >' =: I I /'/«»/ /'<//</(/j ^/ thought to be

coiilinuous) we get a \arial»l(', \\ hen wc imnicdiatciv lake logellicr the

surface elements which come to the same thing w ith I'espcct to the

place in the ecliptic. So we get the cpiantitv S'^, -^ I f" lofi F' dl, in

(I

which /" represenis the (|uanlil\ foinid jicr unit of length in the

conjoint areas, of a width /// and at distances 2.t apart, which

give the same placing in Ihe e(diptic. So in the ease I'cferred to, that

originallv a horizontal area w Imisc width is <//, was occupied,

/" .// = 21 l';,ll„ .11 rot a = :^ Pi'-^^ so F' = - " ^ I'i, in which /',• re-
t t

^) Gf. POINCAHE I.e.
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presents llie tleiisilv in cacli of llie pdinis of llie oriijinal area

wliieli now eoine (o tlie same thing.

Now lliis /" becomes, as we saw, in course of lime a eonstaiit

and so (S), niinimnm. Tliis {|uaii1il_v mi.uiit i)e called fntropij of place;

"enlroplc grossiere" seems less a|i|pio|)i-iale, because llie elements of

extension are inliniteh small. This iinal approach to a minimum

must not lie taken as a coulijiual decrease. It is easy to see that the

original function of deiisilv uni;iil be cho.sen in such a way that

there are also times, at least in the beginning, at which the densities

1" rather diverge than draw nearer to each other. Then the (piaiilily

dS.,
,

dll
S„ would increase; so — is not like Roltzm.v.nn's — ncsalive all

'' M ,lt

tlirough.

If, liowe\er, we compare times, in whii'h lirsl an angle 2.t, then

4.T etc. is occupied, we may sa\ widi a [uctly iiigli degree of

cerlainly, that -S^, has always diuuiiishcd. If now iiislead (if a luiri-

/ontal area an arbitrarily chosen ensemble is ccnisiilered, the above

reasoning may be applied foi' e\ery horizontal elementary area from it.

So now too the ensemble is finally uniforndy spread over the ecliptic,

and the (|aaulily '^^ = I -/''/oc^i'''// becouies niiuiuniui. Now , howe\er,

i^' (// = 2: I r (/I i/(o or P' T= — j P (ho, e\ei'y time integrated o\er

all (o's which fall within the hurizontal area determined by (//.

This P' becomes linally constant. The motion of the ensendile in

this more general case is expressed by tig. "2.

The above mentioned inaccuracy in I'oiMAUirs reasoiuJig is this:

he considers the ipiaiitity -s' = I

J
I' liui P ilhlv>. in w liich he integrates

with regard to / from (I to 2.t. So the /' iVdui this formula has

exidenlly arisen by suunualiou Inr the dillereiit \alues of / \vlii{di

come to the same thing, but nut In integrating with i-espect to w.

Hence this P is the sum of the densities of Che elements obtaijied

by taldiig a definite o, and then successively /. /
-f- 2.t etc. In tig. 2

these elements are cross-hatched for one \alue of <'j. However,

PoiMJAKK assumes further that finally for t =: x, this /', or rather

this 2£P no longer depends on /, but oidy on w'l. This seems

(o nie incorrect. For then for e\eiy vertical elementary area in

fig. 2 the sum of the densities in the elements, which are every

') Ri-fl(-.\iiiii> .Mil la Tlieorie cinetiquc de.s sraz; p. 3S1, p. 885 olc.
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Fig. 2.

time at a distance 2.t tVoiii eat-li other, would liiuUiv have lo

become constant. This, JKiwever is oidj possible it' the number

oF terms of tliis sum i)ecomes al last iidiuitely large, which is bv

no means the case. Every vertical distance within die extension

remains, namely, of the same length, so that the number of elements

within each vertical area which are to be taken together, remains

always Unite. Only when Ihc occurring w's extend o\er a liuilc

distance, the number of terms of the suui for / =r x can alsti

become inlinitely large.

A second jiartial eutro[>y, that ivhh. v&javd to tlu; relocides is

obtained iiy taking these elements of the extension together which

give the same velocitv. So tins is here 6',- .j>, loij F" (.ho. ill w iiicli

1
'"' ^

I

r,ll is integrated along the vertical areas. This entro[)y,' is

indeed, also smaller than the ''entropie fine", but IIk^ ditference

remains constant, and so also N couslaul.

§ 3. A transition case from that of the plaiieis to thai of the gas

molecules is furnished by the ca.se of a gas of one dimen.'^ion. Bv
this I'niM \KK underslauiU a gas, all Ihe molecules of which move
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velocities, and to ascertiiiii \\liotli(M' tiie /* iiite.iiraleil and smnnied

oxer tiieso spares heeoines edMslaiil in (•oiirse of time.

It stands to reason llial liei'e llii' pi'dlilciii of the di^lriliulinn of

velocities will be the simplest, becanse it is modiliod dueclly by the

impact, and llie distribution of |)lace only indiivclly.

In agreement with § 2 where we consideied an area from tin'

original extension lying between /„ and /„ + '//„ in order to cxaMiinc

the placing, we shall take here a part from the extension determined

by limits of velocity lying infinitely near each other, bnt covering

a finite j)art of the 3//-dimensionai space of coordinates. In conneclion

with the condition that 2i'f' ^ C, we lake from tiie i^//-dimensional

space of velocities an element of a spiierical shell, whose radins

is V^2!v^. To this corresponds a prismatic (jr cylindrical |iarl of Hie

extension, the base of which is represented by Ihe element in (inesiion.

With regard to the distribution of velocities the points from ihese ,iiid

similar prismatic or cylindrical tubes come to the same thing. The

elements of the spherical shell represent the |)iqjection of the tidies

on the s[)ace of velocities. Now it remains to investigate whether

the quantity of substance, which originally is found above the element

mentioned in a gi\en tube, will not liually luuc spi'ead nuiformly o\-ei-

all the tubes, so that Ihe same quanlily will l)e found above every

element of the same size. If so, -S = I
7" A'*/ /^'(/r will again become

minimum, if dr ro[U'eseu(s the size of such an element, ,tnil /"'/r

the quantity which is projected in ilr.

We may also call the points from the element of the spherical

shell the points of velocity of the systems, and the vectoi-, which

joins the origin with such a |toint of \elocity, represents all Ihe vido-

cities of the system both with regard to magnitude and lodireciiou;

the projections of the vector on the '3n axes of the space are Ihe

components of the molecular velocities.

The best way of setting forth the gi'adua! uniform dispersion of

these points over the mentioned hypersphere is perhaps by availing

ourselves of Borel's mode of representation, and by partially following

his method. ')

BoKEL imagines that in the same o//-dimensionai space in vv liicli

the coordinates of the molecules are laid out (so that we gel in llii> way

a point representing the total arrangement for every syslemj also the

components of velocity are jtrojecled starting from the representing

point mentioned. The vector then obtained represents the velocity

1) "Sur les Priiicipes lie la Tlieorie cinetique de.s gaz" par Emile Borki,. .\nnalp3

tie I'Ecole Nonnale Sup6rieure llie Serie, ]90G, N". I, p. 9.
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of (lie repivsciutiiig poiiil, and we nn\y now exaiuiiic what lakes

[ilac'c witli lliis vector during tlie motion. It is now ol)vious tliat the

representing point moves in a space inclosed by surfaces and spaces

as ,fj =1 /, ,r, ^ // — / etc. witli which it collides when one of the

molecules of the system strikes against a wall of the vessel. When

two molecules collide, the representing point strikes against a surface,

the equation of which iias the form ;

(V,n - .'„)' + {'J,n - !/„r + {^,H - ZnY = ir\

Now iSoKior. shows that for this impact the same rules holil as for

ordinary collisions, so that the lines along which the point moves

hcfore and after impact, lie in the same plane as the normal, the

normal dividing the angle of the first two lines into two equal

parts. The velocity, too, remains the same Accoi'ding to the above

we must now imagine a finite space filled with such re|>resentilig

points, an infinitely small [)eiicil of vectors of velocity starting from

each point, mutually equal, and also eqnal for all the poiids. Now
a mimber of tlmse representing points strikes against one of the

above mentioned surfaces, e.g. with eipiation

{'^^ - ^)' + (!/^ - ,'/j^ + (^. - s,r = 4,-;

this implies then that fiu- fhese systems the first and the second

molecide collide. This surface is that of a cylindre of re\olution of

the 3/i— 3''' degree, against the outside of which the points strike.')

The base of the cylindre is a sphere, the descripti\e lines have here

become tlescripti\e spai-es, namely [ilane spaces oiSn—3 dimensions.

In the collision referred to, the extension from which the i)oinls

come being large conq)ared to the dimensions of the section of the

cylindre (or at least of the same order) the infinitesimal pencil will

extends in fhe directions tif llie perpeii.licular section of the cylindre,

so here in 3 dimensions, to a j}euril of finite widfli. If fnnn this we
take again an iiifinifcsimal part, it comes from a definite point of

each section of the sphere, and so from the points of a dc'scriptive

space of the cylindi-e. 'i I'arl of this strikes again against another

c\lindre (which eg. involves collision of fhe 1"* and the 3"' molecule),

and the infinitely nari'ow |)encil extends again to finite width; etc.

The representing points which have not taken part in these col-

lisions sfi'ike again aganisi luuifhcr surface, and fhe peni-il extends evorv

time to one an iiifiuile iiuinlier of limes wider, but everv time in other

'1 If the new codicfimilos J, ;', •^, •.-', f ami
'C'

ilelcriuilii'il liy J = i (.fj — .n) I 2,

-'=
i t-'"2 +-''j) ' ^ ''(*'• ^I'P iutroilucrii, tlip LM|uation of llio surface l)oconics •

2) Properly spealviii^' a narrow region in tlie direction of tliis descriptive space.

27*
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spaces. However, wIkmi iii a Mslem tlie sniiie nioloculo has liarl a

great miinUer of collisious: llie exteii.sioii lias had a projeclioii on the

space determineil liv Ihc axes of llie coorfliiialcs of ihc l"' iiioleciih!

for each ol" tliese collisions. So when cvlmv nidlcciilc ha^ iiad a

irrcat iininher of collision> Ihc aiidvc n.iciilioncd xcddi- nF \ 'IdciM

has [tassctl rouii(.l the sphere on w liich ihc points of vclociiv lie. a

great uianv times in every dircclion. 'ihc points of velocity which

originally co\ crcd an eleiucul ^A' ihc .--phci-ical shell, w ill now orcii|iy

the whole spherical surface many limes. As, however, the ]ioinls

of the .sphere, where a point of velocity is after one, I wo etc. rexo-

kitions in a certain direction, come lo the same ihiiiji- with respeel

to the distrilmlion of the xelocities of the molecules, as iu all the

])recediiig cases we may again assume that tinally liic deusity is the

same all over the spiierical surface.

For the rest of the elementsOf the same spherical shell orijiinaily

occupied the same reasoning holds. If iher(> ai'c also systems iu ihe

ensemble with auollier kiuelic energy, llie p(tiuts disperse also here

homogeneously in spherical layers: as, however, one kind cannot

pass into another, the density may he dillerenl I'oi' the layers. It is

the same as in the dislrihiiliou of place w lieu ihe uas masses are in

dilferent vessels. ')

Is'ow the problem of the placing of the molecules. For this purpose we

consider a pai't of the phase-extension, originally determined with i-egard

to place by limits lying indefinitely near each other, but occup_\ing

a finite part of the space of viMocilies. Now we have to <lemonstrate

1) Also without LiouKLS way el' representalinii the abuvc iiiLMitioiiud ciisper.siun

may be imagined to a cerlain extent, hi each nl a nniiilier of systems llie innlr-

CLiles have the same velouilies, but dirieieiit places. Now it will enlin-ly depend

on the mutual situation e.g. cf the molecules 1 and '2 in connection with llieir

velocities, what the direclion of the normal becomes in the collision, and sn up

to a certain extent, what llie linal vi^loeities will be. hi any case we get an in-

linitely large number IVcim a single pair of velocities. Whereas we bad before infinitely

narrow limits Jjelween which the components of velocity had to lie, now we gel

a finite region. If we have chosen a definite ene hom the pairs of final velocities

so also a definite velocity of the Isl molecule, this molecule may have all kinds

of positions with regard to the 8rd molecule, against which it will presently strike,

so also llic normal of collision can have all kinds of directions, and so the limits

thought infinitely narrow are again removed lo a finite distance, etc If we imw
take as variables the angles of the general vector of velocity with the axes of

velocity instead of tlie components of velocity, thi^ moving ajiart of the limits will

yield a larger amount of occupied angles, so thai finally there is occupied an amount

of a large number of times 2t. If we nOw take into account, that increase (if such

an angle by an amount 2t has no effect, we arrive at considerations and results

of (juite the same nature as in Ihe prohlenis treated above.
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that thiiilly this ensemble will be iiiiitbrnily seattered over all the

eoiubinatioiis of place. In this- case there will again be a partial

entropy S,, which has become minimnm.

We may try to make use of Borj^l's w-ay of representation also

here, and shall take as introductory case an ensemble of systems

consisting of 2 molecules moving along the same line perpendicular

to two parallel walls between these walls.

"'.^^^
X'

X

Via., -id Fis. Sh

Fig. .'5' represents one system from the en.semble, fig. 3'' the motion

of the whole enseml)le, when the dimensions of the molecules are

disregardeil. Origiiuilly all ihc systems are in an elcmeni placed at

l\.i\,.rj, the points of velocity lying within an arbitrary ligure.

Here the representing points will be found after I sec, whereas

they would occupy a conlinually extending figure if there was no

collision. Collision of the molecules with the walls is here represented

by collision of llie representing points with the lines OA and AH.

collision of the molecules inter se by collision with the line D/i.

Now. however, we may also think the motion after the collision

e.g. with A/i continu(>(l past A/!, if the triangle AH(J which
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woiilil ihcii 1)0 parsed tliroiiiili fur ilic simhiicI lime \\ illi llic xclocily al'lcr

ini](ai't is iIhmi^IiI Io he turned on er along . 1 II. Now llic point pui'snes its

conrse nnintei'niptod. A foUowiiifi' collision w illn'^/j now liocoinos collision

Aviili IK': now wi' may proceed auain in i1m' same way. The jiencil

then goes on witiioul any distnrhaiice, hul we must lake into account

that tiip olenionts of surface, which in this way jn'oceed from each

(.)ther, represent the same placing of Ihe two molecnh's. 'J'he conti-

nually exlendinii' ligure <tf Ihe represenliim' |ioinls w ill linally contain

a \ei'y larne nunilier of elements of surface of >3\i.^y\ kind cominji'

to the same lliinu', or a very larue iinmher of turned over trianf^les,

so that tiiialiy the points will he nniforndy distrihuted o\er the sums

of the elements of surface. So e\erv situation of the two inolecides

I'epresenled hy a ])oinl in A IKK occurs (Mpially IVe(pieutly. A point

of P>l)(>, however, is never i-eached ; so every silnalion in which

the 2'"' molecule is on the riaht of the 1^' is eqnally prohahle, hut

the 2'"' cannot uet to the left side of the T" .

\ow we should ha\e to extend this reasoning- to the case of more

than two dimensions. The reflection ajiaiusl ihe walls does not

alfecl our reasoning. The striking of the molecules against each

other. howe\er, is now represented hy striking against a cylindrical

surface. Th(nigh this ohslrucis the way, it no longer shuts off a ])art of

the space. The case may h(> com|)ared with that of fig. ^}/, if the line

0/>' is replaced l)y a circle. I lia\ e not succeeded in solving the

jirohlem for this general case. Jlowevei', it seems very ])lausihle that

the Unite nuuMier of eyliudres will not he ahle to prexent ihal the

uniform dislrihulion of liie representing points oxer the sums of the

elements of xolunu^ \x Inch come to the same thing, which distrihnlion

would finally com(> ahoul as we saw in § 3 if there was no collision,

will he estahlished also now. So all the condnnalions of ])lac(> of

the molecides would then occur e(pially freipienlly.

§ 5. Finally it ni;iy still he shown lhal w Immi all Ihe cond)inations

of place an<l all the comhinalions of \-elocily occin- willi e(pial fVe(piencv,

it follows from this that for the great majoi-ily of the systems the

molecules are distrihuted ahout nniforndy over the vessel, and have

^1 wwKi.i.'s distril)ulion of \elocities. So t':ii- we have always distingnished

hetween the individual molecules, now we shall h;i\e to take inio

consideralion, Ihal exchange of the molecules does not affect the

distrilintidii of |)lace or xclot'ity. so far as we can know it. .So all

tlie comhinalions which arise tVom each olhei- h\ exch.inge of

molecules, now come to Ihe same thing. Hence if of .•. molecules

j>', arc in the fh'sl element of volume, s.^ in the 2'"' etc., there are
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s!
combinations vieiding the same distribution of place. As

.'i,.
.S-' • • • ««•'

BoLTZMA.NX has siiown, the denominator ma}- be represented by

(V by approximation, in which /(.cyc) represents

the function of distribution of tiie molecules over the vessel. The

integral is minimum xi f {.vij:) =^ C, so tiie number of combinations

is then maximum, or the uniform distribution is the most frequently

occurring one. To show that the deviation from this distriliiition is

not large as a rule, we may examine how many combinations yield

s s s

a distribution, in which instead of — molecules, [-.«,, f- a etc.
n n n

molecules occur in the elements. This number is:

s!

»+ )'(;: +')(« + '7

By putting «.' = .«« + *«—' l/2jr etc., w^e get for this, taking into

account that d\ -[- .v^ -f • • •'« = :

0(1

n ^
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- V^Zs

(1/2
(I (I

N'ci'v suoii, liowever, (his value is very liirge, wIkmi ii is (Hiiv a

few (imes -l^2.v as vol ; llioii n or the mean r. lio\v(>ver, is still

w

small eonipared to -, the lueaii uuiuher of UKileeules |)er volmiie

element.

In a similar wav llie [iroMem of tlie dislriliiilion of velorilies may

be (rcaled. ilere the deiiominalor of the expression -—;
; -,

S; / . .V, / . . . s^v

mav lie reduced lo Or' , in which / (^»^j;| rejiresents

the function of distribution of the poiiils of vclocitv. 'I'he inteii'ral is

miidmum, taking into considei-ation that ~r'' is constajit, when

/'(g?^§) = (w—i '"'+'•-+?"). Now il remains lo investio-ale what is the

chance lo a gixcn (le\iatiini IVum this di^lribiilidii. We may define

this devialidii by ihi' limires ,/,,./,'...,/.,, .r.^ . . etc. indicating the

relatixe siii-|iiiis (if |i(tints of \elocily in the elenuMils of Nolunie, I'cspec-

li\-ely with the velocities i\, v., etc. In the tirst element is then the

(piaiitity .s-j = (U'r-'"'\- [1 -\- ,i\)^), in the second s,, =z (n'~'"'>'{[ +.*",') etc.,

so that the iminbcr of combinations to be l.akeii toLicther:

.V.'

l^^-i.v' (1 -|-,r,)| !\a,'-l"-r (1 4-,r;)| .'
. . . \nr~l"-/ {\ 4 ,r,)J ! ..

.'

The lirsl factor of the denominator is eipial to ;by approximation):

= <\ (a,' ''•.-) X ( 1 + .',
)

^ ^ X '-""

If we niulti|ily by ihe nihcr factors, the lattei' jiarl vanishes, as

2:(w— '"'i'" .!, = 0. So we kee|i

:

l,r{Hi+.ii')+!,

(!+.',') X "tc.

If we lake the Ne|). log. ihc I'oi-mer jiart xanislK's, as also

^ o/' -'"'i- .(, . r,'' = U, .so that log. (hMiomiiiator :

= 2 \u,' '"V-' (1 -f-,,g ^ i
I

/„,/ ( I +.,g ^ C.

') 'fills u is equal lu tin; above uih' iiiiillipU'J liy d:^i/r,d'.
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This is liy approxinialioii

or

1.2
\

2.r ''

2:.v

1.2 ' 1.2

so tliat iliL' wliole tbnu niav lio represented b}

1.2
^

+ . . . + C,

+ etc. + C

<?*>

1.2 ' 1.2

or il' we denote tlie most probable quantities per element by a,, «, etc.

+ ••

Ce
' 1.2 ' ' 1.2

Tliis exponent agrees perfectly with that olttained for the pre-

ceding problem. We may i-ediice the latter to tiie form — .5'

auil the former to the form - — / —." / \ ; now lhe\' reiire

l/2rt^

sent

the negative sum of the squares of liie absobite deviations divided

by the root from twice the normal number. Just as in the pre-

ceding problem the chance to a combination of deviations for wliich

the root from this latter sum dt)es not amount to more liian a

few times unity is now very large. If \ve now lake as measure

tor liie ilexiation the mean relative deviation or I / —rv-, we see[/^' -

hat this value is very small com[)ared
\^

, so that this

mean deviation will be very slight').

To conclude we may still remark that in order to uct in the end

both niiiforin distribution of the molecnies over the \esscl and .M \\\\ I'.t.l's

distribution of velocities, oriii'inally both a Unite |)arl of the space

of velocities and of the sjiace of cooi-dinatt^s unisi ha\e been occu-

pied. ( )r there must be such an uncertainly as (o the original

situation ami velocities of the uiulccnlcs that \\'e must consider j)ossible

a linile whole of combinalious w illi regard to both. This tinile whole

of [lossiblc combimilions constitutes the ensemble, which we follow

in its coiu'se instead of the s\stem uidvuown within certain limits.

') ll having been assumed in llie calculation that a considerable number of

points of velocity still occui' in every element, we nuisl not think of the whole

of llie space of velocities when cstiuiatinL' the number of elements X.
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Crystallography. — ''On the iicniu'sslhlc onln-s a/' thf it.c.es of

si/iiiiiii'tri/ in criistitllojirdphy." By Prof. W. Vokjt at (iuttingen.

(Coiiiiiiunic.ilcil In II. .\. I.OUKNTZ).

(C.Diiimunicalcil in llir mcclhii^ of i\oveinl)(,'r 3i), HM)7.J

111 (iiic (if I lie articles ot' llic second pari of Ins collocled papers,

II. A. I/Ii|{i:n'I'/ look up the ipicsliciii which is e(|iially iiiiporlaiil

ill liolli crvstalloiiraphy and crystalphysics nf Ihe perniissihle

(iriler oi an axis of synnnelry (if ihe lirsl or ihe second kind. Iiilliis

iiive.sligation he proceeds from the pi-inci|(le of ihe rational (iu|)]icalo

ralio, from which he [\vf>[ proves thai il is consislenl wilh ilself, and

tlicrefore a suilalile basis for crystal lojiraphical dednclions.

The stnd\ of Ihis iiilereslinti' treatise leil me lo Ihe Ihoniiiil. ihal

for Ihe purpose at hand another fuiidamciilal principle of orystallo-

grapliv — viz. that of Ihe rational indices — miglil well foi'm a

moi'e convenient starting [loint. 'J'lie continuation of this ihouglil led

nie lo llie follow iiii;' dex'elopmenl, which. I Itelieve, attains the end

in \ iew in a I'euiarkably sinijile and sIkm-I manner. I will prove for

this useful fundamental principle, as Lokk.ntz did for the principle

of the ralioual duplicate ralio, that it does not contradict itself and

then derixe from it tin' |iernnssilile orders of Ihe a.ves of symnielry.

1. The jirinciple of the rational indices, as is well known, is as

follow s.

If we select three arbitrary boundary MU'faces of a crystal poly-

hedron and draw through any point <> parallels lo theii' lines of

intersection to foiin a system of a.\es ; if we choose further two

other arbitraiy positituis through Ihis system (d' axes, and then the

intercepts of these planes upon the axes aie •

^( r= <)A, r^ (Jli, yr = (JC on the one hand,

„'=(>.\', ,•'=<>]]', ir' = ()C' on li her,

ihe principle of the rational indic(>s maintains IIkmi, that.

a' u If'-:_:- = ^,:c,:r, .• (1)
11 ?,' ir

foi'ins at all times a ratio of whole numbers.

Ill oi-d(>r that ihis principle should lead to no coiilradiclioii, il is

necessary Ihal if nne proceeds from three at/K'r Ixiundary surfa<'esof

the polyhedron and uses t/wir lines of intersection as the fundamental

system of axes, then the polyhedi'al surfaces have nho on them' axes

inlercepts wilh the above mentione<l relation, if the principle held

wilh reference to the lirsl s\ stem uf a.\.es.
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The I'dlldw iiiii' niiwiiloi'utidii willi I'ctereiioe to ligiire I j)n)\'es th;it

Fig. 1.

tliis is true. (hi. ( )li. Or t'oriu the lir>l t'ini(l;uiieiilal systeui ut'axes;

ABC Ami .['/'>'(' represent the two planes tbf wiiich ihe prineii)le

of the rational indices holds, i.e. theii- inteire[its on the axes fullil

equation (1). For a simple proof it is essential that sve let the two

planes cut the Oc-ax'is in the same point, so tiiat // = //•' and e(jualion

(1) assumes the form

U V
\ • ~t • "^' (•2)

As second system of a.xes we take liie lines lU). HA and IU\

and as second pair of surfaces, wliich likewise cut I he AV -axis in

one poinl. the surtaces ^4'/)Y-' and A<><\ If the principle i-> In lead

to no contradiction, from (2) must fnllow

^:- :!=?, :C, ::, (3)
t V

in which the notation to tlie left is explained In the ligurc and

?,, C„ and C, are likewi-^e whole numliers.

If we understand In / and o rational fractions we can ex|>ecl

Uiat

•

t" r"
r \\\i\\ t'olhnv from

U V

while at the same time

t V

r f()lK)\\s from '" = 9'.

The latter is apparent ; for Itv llie ligure r' -\- r" = v and hence
'' + o':^l, folhnvs ; consequeuily if

/•' is ralicuial, then o' is also

rational.
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For llie former llie proof follows h\ rejx'iUcd a|i|ilicali(m of the

law of sines, wliicli gives according to the ligiire

siiKp" smtfj'J sinip sinip" sin <p' siny(^ sin ip"

\\ hile

X = «!'' — '/-' = «!'" — y"^ -T = 'P + If' + <f" = '/ + '/' + i|'"-

I-'i'om these we get

.st« {(p -\- <p') nin {<p -\- ip") sin {<p -{- </)') sin {<p -f- <p")

sin
(f'

sin <p'' siji
(<f

-\-
(f'

-|- (f") sin <p

The relation between / an<l o, is most easily obtained bv deler-

mininii' </ ' from the lirsl formula and sid)s|iliiting this \aliie in the

second. \\c thus obtain

r/(r-l) = o.

This shows thai a rational r leails to a rational o, which was to

be proved.

The last pai'I of the proof can still be simplilied, accordinii' to a

suggestion bv LojiF.N'iv, il' we assume the AIknki.us' Throrcm as known.

'J'lie desired jiroof is also given, when from

-= r and = r

— ^= o' and = o .

V t

follow.

The former of these we have considered above; relative to the

latter, Mknki.ms Theorem gives according to the figure

BJ) oA nn'

AD ~ AA' a//
'

i. e.

i" v' V —v'
t — t" n' — u v'

Hence the ralionalily of '/' n and r' r gi\i.'s directiv the ratioiicdily

of fit.

'>. The dclci-minalion of the permisNibic order // of an a.\i> of

s\iumelry follows from any one of the fuudamenlal jirinciples of

Crvsiallography, but only for ihi' case when // > •"), because each of

these ]>rinciplcs places ti\c similar crystallogra|)hic elements in relation.

We usually so proceed, thai the general piopei'ly which the principle

gives for the ca.ses ?/ > 5 is also demanded for tlu^ cases ». <^ 5

We can howevi/r for llie latter Umili'tJ number of cases rely upon
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e.\|ieri(.'iice, a\u\ apiilv llic |iriuci|ile uiil\ lor the t'nriinT unliinili'il

miinber ot" rases.

Since llie |iriiici|ile of (lie ralidiinl imliccs pci-iiiils snrf'aceN of ihr

ci-vsial iiolvliedroii lo lie iranslaleil paiallel In llirinselves, tlierelbre

t'ui- ils a|)|ilicalioii axes of svnniietrv of llie lii>l ami second kiiul

have exacllv the same value. A (liHereiice lies onlv in ihat for axes

of the second kind // innsi necessarily lie an e\en nnniher.

We slarl wilii a consli'ncti(ni npon a splii'i-e of nnil radins, ihroiinii

ihe cenler of \\ liicli we lay all llie direciions ilial conic inio con-

sideration. Fit;-. 2,. Let J lie trace of the //-fold axi.->, /',, /'„... /',

tlie traces of ihe ixn-nials of 5 lelated surfaces (1), (2), . . . (5) of

the polylicdi'on, >ucli that i|' =: 'J.t //. The /'/,'.-• are then dcsi'jnated as

the y/('/<'.v of these sni-faces.

Fig. 2

Let A',, A',, A',, lie the traces of the lines u\' intersection of the

surfaces (2,3), {'6, \), (1, 2j, so tliat

K,l\_ = A-, /', = i nr. KJ\= h\ 1\ = ^ rr. A", /\ = K, }\ = i n.

liet A', A'j. /{, foi-iu the syslein of axes, and (4) and (5) the pair

of surfaces for the apiilication of the priiicijile of rational indices. It

is now a question of delei-niining tiie intercepts which the surfaces

(4) iiiid 5i make upon tiie edges K/.

If we gi\e the surfaces such ]iositions thai they are tangent to the

sphere in llieir poles, tlien the sections (f/u are identical witii tiie

reciprocals of liie cos [Ki /'/,) where /^J,2, 3, A = 4, 5. Coiise-

((uently the \alncs (»f these cosines are to be determined.

If we write -//, instead of JA',, </ for . 1 /"/, and •<'./ lor the ^ /'/, .lA',

then from ihc Lh'tA/'i, in the lii;ur(> we ,net

(A' /'/,) =r ro.v
(f

rox '/, ~\- .-/'«
(f

slii y; CO.* •/'"
; (4)
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fiii'lli.T, liom tlic L/\.\h\. I\AK,. I\.\K, we get

'." Vi = '." r, ^^ -r, ^i'.iy, = ' ..... (r,

nw i If' cos i|?

\\liili' (lirccl iVinii llii' linurt' we get

3 5

7..,i
= -t; —

., 'f'- Xm = -t — 2i(>, •/,,== .T — ^ t|j,

I

(fi)

^
. 'I

Xw =" -"^ — Y ''• "/"' = T — .-•f. Xr,, = -T —
^^ If'.

I

It' \Vf \\ rile llic |ii'inci|ile of i-;ilinii;il imlices

^41 . '',, .
'',, _

'^5. ''5. '',-,;.

anil (pliscr\e thai in llie (|^(lli(lll^ of each iwn 'f/„ "s, since

1/'^A; = (•'« (/v, 7^/,) = '.'« 'I'icos if (1 -(- to
(f 1,1 y, nis yj,;)

ihc I'achir staiidiug helore the brackets always caiicel, llieii we can

easily iiili'odiice ihe \aiues (5) and (()j and oitlain IVdni (7)

1 :. 17
cos \\J <VK l|' (-•(« — tl! Clin If'

2 2 cox i|' — cos Hif 2 ' 2 '

ens - t|j — cos - if' co.s — i(' — COS — if;

2 2 2 2

This gives direcliy

sin — If'

2 •>('«
2if7.b7// If' .<:;;ii. 2if;

1 .0.1 sin ip
'

sin -

If' sm - If' sill if'

2 2 2

II' we now lai\c Ihc lii'sl and lasl incnilicrs ol' (his dimlile |irii|i<ir-

lidii wc have

?,

sin If'

2 sin 2i|'— . — -— ^
1 sui

»f>
si)i If'

i. e. ei|nal Id a rational fraclion, oi' also

1 + 2 cos Tf5 .
1= r 1. e. cos it> = =z r,

2cosi|> ' 2(r— 1)

w'liere r' is also rational.

Tills reqnironieni, when if'=2?r'// and // ^ 5 i^ fiillilled only

for M = 6.
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If we iiilrodtici' lliis \;ilii(' ul «|' in (M|iia(i(iii (8j we jjet

3

wliicli is eiitirciv coiisisleiil willi I he (loiil)le proportion.

CviiseqtK-iithi ;/ = G is the oiibi cnhw ^5 ihul is ra/isis/i-ti/. iritli.

the pniic/ji/i' of the ratiorinl indices. If we cxteml llie letiuirenieiil

that cos If- iiiiisi lie rational to the case // <^ 5 then the \'ahies // z= 2,

3, 4, are also permissible I'or axes of the lirst kind, ami tiie \'aliies

n^'2, 4 for axes of the seeoiid kind.

(Tiittini/en, ^^ovcnll)e^ J1K)7.

Physics. —
- " Isntlii'i'iits II f (liiiloinic ijdses ml)/ tJu'ir l>iniiyii mixtures.

W. Isotlwnus iif hi/droiji'ii. hi'lireeii — J()4"C. and —217°('."

(Continued). I>v Prof. 11. K.u1ki;i,in(;ii ( Knks and C. 1>i!a.\k.

Coinnnuiieatiun X". JDO' from the I'livsical I>ab(^ratoi'v at

Leiden.

(Communicated in tiie niteting uf November 31 1, l'J07i.

§ 17. Surreii of the determinations. Hi'innrlr on ihi Kiijinndns.

The measurements mentioned In tliis Comniiinieation eoniprise in

the first place the supplementary determinations to which we already

alituied in § 14 (jf ('omm. N". 99" (Sept. 1907). These are three

determinations at — 217^ at a density of about 170 times the normal ojie.

The olivious thing to do further was to re[>eat the other determinations

of series II with the same [)iezometer arranged for the determinations

mentioned above, this piezonu-ler being one of alioul the same

dimensions as that of series II of Coinm. N". 97" (Marcli 1907j.

As a matter of tact a comparison of the values of in\\ obtained In

this series with those yielded by tlie series HI and I
\' teaches that

the foiniei' lii' soniew hat, though only slightly, lower than the latter.

This may l)e due to a systematical eri'or as the tilling in the later

series was accomplished with more precautions (compare § 5 of

Comni. X°. 97"). In the series now given, just as in series IV, distilled

hydrogen was used.

Both the steel tubes on the stem of tiie piezometer and those on

the stem of the piezometer re.servoir were soldered to the glass (cf.

§ 15 of Comm. N". 99"). This ensures a gas-proof comiection with

the steel caj)illary. With sealing wax it is dillicult to make the

connection gas-proof, because sometimes the nul iiegins to slide of!"

when the flange is tightly screweil on.
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§ IS. Viiliii'.-t of jir\ of si'rit's I^.

Ill t;il)li' XX the r('.^iill> (if llio (li'lcniiiii.iiKiiis Iiavo lici^ii i-o|)re-

soiilcil ill ilic saiiiL' wav as in lalilc .\ll of ('(Hiiiii. N". !)7". I'lie

teiiipcraliires al wliicli lln' iiiiM>iiii'in('iils were made wcm-c; - -JH2°.74,

--J!)5M(J, — 2()4^(J2, 2riMM ainl 2ir,^!)4. In lal.lc \X tlic

rediirtit))! lo llie slaiidard Iciiiiiciaiiiii-s of lalili' XII lias !)(>eii

(aiTi('(l (lilt, ll was cli'iTli'il li_\ iiiliT|)(ilali(ni li\ iiiraiis of \ irial ciicrH-

c'iwits, \\ liii/li were' derived in § 12 ol' ('(iiiiiii. X". I'T". wliicli enabled

MS lo aliaiidoii the elaliorale method ol' § S. The eom|iiitatiun ol'

the lemjieratiiies took place in the same way as in Comm. X". 5(5"

(Now IllOt)). 'J'licN may lie reduced lo ilic normal liydro,iien scale hy

means of tahle X\ III of Comm. X". UT'' (March i'.XlT).

TABLE XX, H



( 415 )



( 416 )

lediictiuii lias iiol Iioon curiicd oul. as ii is bettor to tako lliis tem-

|)eraliire as standard tempcialiiro instead ol' - J35'.71. HcM-e the

rcdin'tion would have to lie made tor a compamtively large dilieronce of

temperature, and would become iuaeeuiate. It is, therefore, preferable to

leave the values of fable XIX for this lempei'ature intaet, and if

necessary apply the reduction to those of series 1. which are much

less reliable. The temperature — 164°.14 has been adopted as new
standard temperature.

The determinations 5 and 9 as well as 14 and 18 of table XIX
have been united to a mean.

§ 20. Comparison of tlu' scries I and II n-llh tJif lumtrol-deter-

minatiuns.

For reasons mentioned in § 17 llie points of series I and 11 have

been doidily determined in a mutually perfectly independent way.

They can be easily compared with the control determinations of

1\' and V by reducing them to the same density and temperature by

means of virial coefficients. If in this way for — 103°.57 Nos. 2, 3

and 4 of series I (see table XII) are compared with 1. 2 and 3 of

series IV (see table XXI), we find for the differences of jir,\ for

IV— I respectively :

+ O.OtJOOl , + 0.001 K)7 , — 0.00019

and for — 139°.88 for IV (5,6) — I (2,3):

— 0.00085 , — 0.00036.

Dealing in Ihe same way witli the series II and V (see tables

XII and XX), we find resjiecfively for the temperatures —182°.81,

— 195°.27, —204°. 70, and -t-212°.82,

V(l,2) —11(2,3) =r + 0.UUU07, + O.OOOIU

V (4, 5, (5) — II (2, 3, 4) = -f U.00012, + 0.00026, + 0.00017

\'
(7, 8, 9) — 11 (2, 3, 4) = + 0. 0020, + 0.00019, + 0.00034

V (to, II, 12) — 11 (2, 3, 4) = + 0.00013, + 0.00008, + 0.00021

The differences are to be ascribed chiefly to condensation of

impurities, as they diminish wiili increase of the temperature. This

was considered as sufiicient ground to reject the results of the series

I and II for the further calculations as less reliable. This was also

done for —104°, though the series I and IV hai'monize very well

for this temperature. WIhmi we disi-egard the influence of (lie

|)rohablc condensation ihe very regular course in the situation of

the points is an indication about the accuracy of (he measurements

themselves also for the other isotlierms.
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So tliei'c roniaiii tlic deleiiuiiKilioiis ul' tlie series III, 1\ and V,

wliicli. reduced In llie standard leinperatures, occur in the tables

Xil. X.\ and XXl. Willi these data the fnrtiier calculations have

been c^rrietl out. I'late 1 gives a survev of the situation of the points

in the diagram of isotlicrnis; on this [ilate
/'"A

lias hecn "iveii as

function of the density. [T absolute teni]>erature). I5y 1 and 11 the

isotherms of 100°. 20, and 0^, which will be treated in the following

communication, are indicated, by the other Roman figures ascending

with decrease of temperature, those to —217°.41.

§ 21. Individual virial coefficients.

In the same way as has been explained in '^S12 of Comm. N". 97"

the first three \irial coetHicients of the development into series con-

sidered there were calcnlated for every isotherm, liy means of the

earlier and the new data. They have been put together in the

subjoined table.
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H. KAMERLINGH ONNES and C BRAAK. 'Isotherms of diatomic gases and their

binary mixtures. VI. Isotherms of hydrogen between - 104^ C. and

-217° C." (Cuntinued).

PL I.

000390

T
A

0.00310

0.00350

000330

0.00310

0.00290
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For llic caiciiliilion nC lln' I'ocHicicnls of llie |i;iraliola a sixth

jioijil was used wiiirli has hccii inserlcd at the bottom of tijc tal)le,

and was ohiaiiii'd liv moans of the isotiiorm of — 164°. 14. For tliis

temperaliii't' tlie value of /.'_\ is very siijiht, and bv moans of inter-

polation liio Hovi.K-point can i)e easilv deternnned. For tliis is found,

measureil on the absolute scale :

(^ = — Uio°.72

to which corresponds a value of /»'a ^= 0.39292.

For the coellicienls of the jiarabola we find:

F, = - 14.8370

/\ = + 676.563

J\ = - 1624 31

The differences of the last coliiuni are sliiihl, except for — 195^.27.

For tliis temperature ( \\ apjiears also to be too small (see table XXII).

IJoth deviations must be owing to the not (piite accurate position

of one 01' more of the points of the isotherms. From the diagram of

Plate I it is already to be seen that the middle iioint of series IV

probably lies too high.

The parabola cuts the ordinate /> ^= in two points where /»'a is

respectively = ().393:}0 and 0.02323, with which agree the absolute

temperatures

:

7\ — 6.3 7', = 1U7°.5.

For the top of the parabola ])V\ = 0.20826, with which cori-esponds

a pressure of 53.61 atmospheres. From this follows for the absolute

tempei'ature of the isotherm which passes tiiroiigh the top:

T — 64°.2.

Physics. — '"Isotherms of (liatomic (jasi's and their binary mixtures.

VII. Isotherms of hi/,lro,/en hetirren (P ('. and 100'' CV liy

Prof. H. Kamerlingh ( >nnes and ('. IJraak. Communication

N". lOO'j from tiie Physical Laboratory at Leiden.

(Communicated in the moeting of November 30, ] 907).

§ 1. Survey of the determinations.

The reservoir of 5 cm." of the piezometer of series IV (Comm.
N". 99" Sejit. 1907) was replaced by one of 10 cm.' With this

ap[)aralus two isotherms were determined, in ice and in vapour of

boiling water. To obtain constant temperatures the same instruments

were used as in Comm. N". 60 (Sept. 1900). I'he water manometer
(c.f. § 8 of Comm. N". 27 (June 1896)) was read, but the difference



( 420
)

of pressure aiiioimtiiiu' Id no iiuirc ilian 0.5 uiM., tlic onrrespoiKiinp;

eorrerlioii Toi- llic leiii|ieraline iiiiiilil he iiciileckMl. l''(ir liic deter-

iiiiiialioii 111' llic lciii|icialiiri' of llic steel caiiillarv '•> llici-iiiiiiiielcrs

were- suspeiideil aloiij^ iIk' capillarx . I^'oi- (lie (leleriuinatiuiT of 100°

a papei' sci-eeii had Iuhmi applied id Inrn oil' llii' risiiin' ciii-reiit of

liealed air; tlie s])iral willi cold walcr, lidwcvei-, alin\e llie wool-

packing- of tli(> Itoiliii^ ajiparaliis, had lieeii ouiilled. The diU'ereiiec

of tem|)orature lielweeii tiie Iheniioirielei's aiiidiinliim Id no more

lliaii 2°, tliis was p(Miiiissilile.

Tlie eorreetefl iii(Hcalidii (if llie aiieri^iid haiouu'lcr amounted to

765.4 niM , froiii wineii tor the temperature of the boiling-point

follows 100°.20.

§ 2. Values of pv\ .

Ill the subjoined table the results of the determinations have been

represented. The eolumns have the same meaning as in fable XIX
of Coinm. N". 99".

1
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Only a small luimher of points luxving been given, and the densities

being- snuili, as was observed before, ('a cannot be determined with

sufficient accuracy. We borrowed the values of this coefficient from

Comm. No. 71 § 8, where 6'.v,
= 0.0„(i7(> and ('a,„„ = 0.0^606.

In ordei' to determine the course of the /^r^ curves more accurately

the \alue of /)i:\ was (•1k)scu foi' a density corresponding to that in

the hytlrugen thermometer of Comm. No. (i(> with which (comp.

Comm. No. i'T* X\' § 1) 0.(H)3(3tJ"i9 was found for the pressure

coeflicient for hydrogen at 1090 mm. zero point pressure. By successive

approximations this value of /jva is to be derived by means of these

determinations of isotherms. We lind for ;

PVAi)°.\\00mw. = 1.00U256

and for 100'. 20 witli the pressure coefficient 0.0036(329 :

/»'A iou°.2 = 1.367373.

For the density dA. = i.4A may be put in both cases.

Now we obtain five values of ;wa and (/a for 0^ and four for 100\20,

from which by the method of least squares the coefficients J a :^"d

Ba of equation (1) may be determined. These \ allies are

:

For 0°:

^a= 0.99924

5a= 0.5800 X 10-^

For 100^20:

Aa= 1.36626

Ba= 0.8632 X 10~'.

For 100'.00 we may calculate from this :

Aa= 1.36553

^a= 0.8626 X 10"'.

The differences whicii remain between the values of />rA of table I

and those calculated according to hirmula 1 wiih liie coefficients

found here are respectively :

for 0'^

:

-^().0(M)18, —0.00023, —0.00028, -|- 0.00004, +0.00029

for 1()0^20 ;

— 0.00013, +0.00034, —0 00001, —0.00019.

The first value always refers to the |)oint calculated for the

hydrogen Ihermomeler. The differences are slight, and do not or

only \ ory slightly e.vceed of ,iri .

4000 '
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Physics. "<)ii tin' iiii'iianriiiii'iit i>f ri'nj /mr li-m i)'-nihin.<. W'll.

JJi'tcvmhiiilions fur /K.siiin/ piirp().-;fs irilh lln jnjilrixjni iIktiiio-

meti'r and tlw lysistnnrc tlh'nnninrti'r. ( 'oiiiiiiiiiiiciilioii X". 101"

from the I'liysical l.-ihorntorx al l-oiiloii liv I'ldt'. II K \\ii.ni.iN(ni

Onnks. C. i'.KAAk and .1. ('i..vv.

(Communicateil in tlic mceling of November :iU, I'.KJT).

§ 1. Introduction.

In coniniunicatioii N°. 95'' (Nov. 1906) the results of a niinibor

of measurements are recorded which show (lie possiliiliiy of measuring

lenipd'atures down lo — 217' with liie liydrouvn ihcrniinuoter accu-

1

ralcJN to — deg. 'I'lie rosidls dliiaiiicd wiih scxiTal lilliims siiowed
50 "

that with (jiir nieasuroinenls lo — 217 this accuracy has lieen reached

indeed. It was our [)lan to make also the lollnwiug measurements:

1-^'. more tesliug detcM-minalions iielweeu and — 217° in oi'der

lo establish still better the limit of the accuracy of the temperature

measurements with the hydrogen thermometer and the accuracy of

the dcliinliou ') oiu-e for all of special temperatures by deliuile

resistances of a resistance thermometer;

2"'". the extension of the testing determinations to measuremeuls

in li(|uid hydrogen;

!J"'. ilie determination of deliuile standard tcMiipei'atures by means

of the boiling points and melting points of hydrogen, oxygen ami

other substances that can be easily purified.')

4'"' (comp. Comm. N°. 95" § 1, Sept. 1906) temperature measure-

ments with the helium thermometer, a. foi- a direct or an indirect

comparison with the hydrogen thermometer, I), in order to get a firm

basis for the determination of the lowest temperatures, especially

with a view to the reduction to the absolute scale.

The investigation mentioned sub 8 and 4 has advanced a good

') hi investigations the reading of tcnipci-aliu'L's wit), a i-esistance theriiioinele:-

will as a rule for siuiplicity be preferred lo reading tlnnii willi the liydrogcn

thermometer.

-) Wben we possess the lixed points meant here, the hydrogen lliermonieler

can for calibrations be replaced by boiling point apparatus filled with pure gas and

placed in the same bath as the apparatus to be calibrated. This is a great sim-

plification in cases where only these few Hpecial temperatures are required.

Moreover in these fixed points we have the means for a comparison between gas

tliermomelers filled with different gases (for instance Ho and He) or between

lliermomelers in different laboratories.
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deal. Wo now inlcinl In (•(iitiiiniiiicnli' some iiieasiirciiiciils relating

to 1^' ami 2'"'.

§ 2. Siirri'i/ (if tlu' (h'tcrniiiKitions.

Witli regard to the controls meant sub 2'"' two iii(le[»en(leiit detenui-

nafions liave been made with entirely the same a|)|)aratns for com-

parison. The nieasureiiients meant sub 1*' did not entirely succeed

owing to a small reparation which the resistance tliermometei'

reipiired. ' j These measurements, however, have thereby acquired

a signilication in another respect, namely as a new calibration

from — 104' to —259° of the resistance thermometer used in Comm.

N". 05'^, they allow us to Judge in how tai' after similar reparations,

which in the long run will be inevitable, the same temperature

coeflicieuts will I'eniaiii valid for the resistance thermometer.

The communicated measurements determine also with a greater

accuracy a couple of temperatures (comp. how ev(>r note 2 in §3,2")

which hitherto had not been <letermiiied with the desired reliability

(conip. §5i 3 and 5) -).

The results lia\e been combined in a table following below. Tl

second and third columns contain the readings of the hydrogen

thermometer and of the resistance thermometer. Those of the hydrogen

thermometer are calculated in the way of N°. 95"^ (designated by /) and

therefore requii'e the corrections mentioned in Comm. N°. 97'' (March

1907). They have not been applied iiere because this had not been

done in any of the preceding communications ami mutual comparison

is thereby fai'ilitated. The ne.xt column shows the I'esistances of

column 3 recalculated with the tactor 1.0180(>, which is the ratio

between the resistances at 0' C. before and after the bi-eaking of the

wire. These values have been compai't^l with formula .1; of § ti of

Comm. N". 95''. The iiflh column contains the deviations from this

formula. The si.xlh column contains the ditferences which were to

be expected according to Comm N". 95''. The seventh coluni contains

the differences between the two resistance thermometers in i2.

e

') When the resistance broke only '
,.,„ of the wii-e was lost, yet on accounl of

this one niiglit alleiji' that if tlic Jalti-i- is not perfectly homogeneous variations in

'.he coetlicients of lempeiatine aie not onlirely excln<lo(i. Tliese are especially to

he feared as a result of the new winding of the wire.

-) These measin-emenis are u.sed in table V, Conuii, N'\ '.»'.('' (Sept. 1'.IU7) at

- 252^S'i and —255 '.IS d.'viating fnini table 1, Connn. N". !»5'- (Sept. UKJG).
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with those of t;vl)h^ I ot" tliis ('oiuiniiiiicatioii, ihc (liU'iTeiices for

-^lOT, I.s:r and —217°') irs|Krli\('ly arc;

+ ().()2:i + 0.(»21 and - 0.012

forrespimdinu to

.040, o iVM and 0-.()22.

From (Ills \vc derive tlial down to — 217' llie variations in the

temperature eoeflicients owing to llie new uindin^cjf tiie wire, thongh

not inipereeptible are extremely small.

2. A eom|iai'isun between two resistance ealihrations, foi' which

the same hydrogen and resistance thermometers were nsed, in the

neighbonrhood of the boiling point of hydrogen by means of the

determinations of March 19 and July I. Tiie difference is

0.0049 i2 = O''.04B and e.xceeds — deg. whicii has been derived as
50

the limit of ace n racy for measurements to — 217'. This mnst pro-

iiabiy be ascrii)ed to Ihe fact that liie measurements of the resistance

are less accurate l)ectiuse tiiey are made with the Wiii'.at.stoxk

bridge and not with tiie differential galvaiKuneter ').

.3. A comparison between the indications of the thermometer

tilled with distilled hydrogen and tiie one used before and tilled

with electrolytical hydrogen, by means of the determination of

July 1, abstracting from the errors of observation of tiie hydrogen

1) For —217° tills dilTeience just reaches tlie limit of accuracy derived in Goimii

N'. 95« and for the two oilier temperatures the difference only little exceeds this limit.

For — 183" another reason may be given for tliis ditTerence. To a certain extent

it must probaiily be ascribed to the ciicumstauce tliat the earlier determinations

(of June 30 and July G '06) like those at — ;217° of June 30 'OC must be consi-

dered as less reliable. It appeared namely during an investigation started in Dec.

1II06 that the steel capillary was no longer absolutely light and this may also

have been the case v^lieii tbe measurements under discussion were made. The

latter becomes probable when we direct our attention to the great variations of the

zero during these determinations, viz 0.33 mm., to wliicli we alluded in g 11

of (jomm. N'. 95e without being able to explain it tben.

The fault may have arisen because at the end of May "06 the thermometer has

partly been taken to pieces and the capillary was bent too much. The observations

made before June '06 were not inlluenced by this fault.

') The accuracy of the Whk.mstone bridge is perfectly sullicienl lor higher

temperatures below C G. (comp. Comm. N**. 99^ § 2 for temperatures till —217°),

but owing to the disadvantageous iiiMiience of the connecting resistances, it falls

short for measurements in hydrogen where the variation of the resistance becomes

.so small, 'i'horcfori , simultaneously with the measurements nl table 1 in liyiirogen
'

made with llie Wiikatstone bridge, we have calibrated another thermometer

Pt,i' with Ihi' dilTereiilial galvanometer in order to lix the temperatures below

— 217°
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;iM(l llic rcsisluiicc llicriniiini'lcr .iiid \ ;irialioii> in llic Iciiiiici-aliifc

cucrCiciciil.s of the I'l'si^IiUice ').

Tlic (liUbreiicc uppears lo ho lar,u;('f iliaii we slmuld cxin'ci al'lci-

llic cxiKM-ioiico iiiadi' willi lln- liiulicr Iciiiiicraliircs. It nia\ lie lliat

in llic nieasiircMiiciil n\' May 5 (X!, ihr lii^t nicusiiremciil iiukIc

ill lit|iiiil hydroucn, iii llic iiicu-;iirc'iiiciil id' llie rosislaiicc or llio

I'oadiiiii "f llic liydioiicii llicniioiiicler a systematic error lias crei)!

ill wliicli esca|K>d our allciilioii. Al any rale il will lie necessary to

repeat llie caiil)ralioii ai these lowest leiii[)eraliires.

The diU'eiciiccs Ircalcd in tills section, in so far as they go beyond

llic c.\|K'clc(l liniil of accuracy, poinl jiarll\ lo ahnornial sources of

error, parlly lo errors which in I'liliirc may l>c |ireveiited (as for

instance hy always measuring small I'esislances by means of the

(liU'erenlial galvanometer) and il is probable thai when we avail

ourselves of the ex[ierience made \vc shall reach also for tempe-

ratures below — 217° an accuracy lo (l^.d'i.

§ 4. In ihe same way as Comin. N". iirv § 7 Ihc following obser-

vations, where two resistance Ihcrmomelers were simultaneously

immersed in the same balli, allow us to judge of the accuracy witii

which a U'lnperalure is lixed by a gi\en resistance.

Willi /'// we have made an adjuslmeiit lo a definite temperature

al which Ihe resistance of I'/j/i was (letermined, then the temperature

was changed a little and again read on /'// and llien Ihe resistance

of /'//// was determined and reduced to ihe lirsl temperature.

lomp. on Pii — 87°.54, resistance P//// 103.950 a ~)

new „ ,. „ rodiicecl — 87°.54, „ „ 103.959 difference 0.009 n
or 0\014

temp, on P// — 216°.65 17.379

new „ „ , reduced —21 6°.6o 17.385 difference 0.006 n
or 0°.009

') Allliough it is not excluded tiial here the variation of the lemperatine coelli-

cients is larger than to — 217°, this can by no means explain the large deviation

because the wire had previously been carefully annealed. Moreover it is dillicult

to assume that impurities of the gas in the llierniometer would be the cause, for

then we must accept that about 0.7 " „ ol air has been present in the gas, wliicli

is rallier impossible op. account of tlTc iireat carefulness observed when the

thermometer is filled.

-) For small differences in the calibrations of P//// and P/i we refer lo Gomni.

N". 99'' where also the zero's are given. The (inferences result from a more

accurate determination of the ratio between the arms of the Wukatstone bridge

and ot the resistance of tiie conducting wires. In observations which were made

fiom 19i'5— 1907 it appeared that the zeros had remained iinclianaed to less than

-- (comp. also (lomiu. l\". 99'' |.
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The probable error of an adjnstiiieiit lo tlie resistance lliermo-

nieter appears to be equal to that of a reading on the hydrogen

tliennometer (conip. Conini. N". 95'" § 7)').

The following observations related to the delining of a temperature

over a longer recording period.

Ptiii and I'ty were calibrated immediately after each other with

Ptj, thence we deriveil the temperature reading according to 77/

on Ptiii and Pty. Afterwards and adjtisted to llic same temperature

we have compared the gold thermometer Aii„ witli I'lm and Pty

immediately after eacii other. The readings were

temp. Pti on Ptm , temp. Pti on Ply, Au„ resistance')

— 58°.56
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reliabilitv. In ()li>er\;ilioii I 1 of l;ilile \ III \vc iiiii>l lln'icl'uic i-oplace

— 182°.75 In - lS2'.7y and an aiiiilouuiis niodilication is iv(|iiin'(l

in the talilo?. 1, II and IX.

Iiisteud of the values w liicli relate to — 182°.75 of table II we
now get

:

TABLE II. Values for - 183^ instead of those of table 11 nf Comin. N '. 97fJ
1
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Physics. — "I hi fin' ini'iisnnnni'iit of rcri/ hnr Icmitci-iihiri's.

Will. Thi' (Ictciiituiiition of the dhsohili' zero aceordiinj tn

the hydrogen thermometer of coiist'tut ro/iune and the reduction.

of the readings on the normal h>/drot/ejt thermonieter to the

absolute scale." Comiminication N". 101'' from the Physical

Laboratory at Ijeideii by Prof. H. Ka.merlingh Onnes and

C. Braak"

(Gommunicuted in the meeting of November 30, 19U7).

^ 1. The determination of the absolute zero.

D. Berthelot ") has used tlio observations of CiiAriMis on tlie

pressure coefficients between 0° C. and 100' C. and tiie slopes of

the /)r-lines at 0° C. and 100" C. to derive the mean relative

pressure eoedicient from 0° C. to 100' ('. which the inx'estigatcd gas

would possess for densities in the state of Avogadro, (so we call

tor shortness the state in which the deviations from the law of

BoYLE-GAy-Li'ssAC-AvouADRo may be neglected). In the same wav we
may nse for this purpose the data of Comm. N". 100'' and Comm.
N"."60 (Sept. J 900).

If for the pressure coetlicienl of the hydiogen Ihernionieter for a

zero pressure of 1090 tnm. and a density of 1.44 found in Comm.
N°. 60 we derive the value 0.0036629, we may derive the pressure

coefTficient for the state of Avogadro (represented by ^(av) from the

data of Connn. N°. 100'' for Bx for O"" C. anil for 10O.°2O (". l)y

means of the formida:

1U90
Aa, X 100 .(AV -1 (Sa,„„ - i5A„) -—

100X0.0036629 = . _i_ . (|)
1090 ' '

Aa, + i?A„ -^
where we must replace the value of .1a„ found in § 3 of Comm.
N". lOO'' by a more accurate \alue;

Aa„ = 1 — />A„ — ('.\„ = o.y'J9ii!i

and where 7j'a,„„ has l)een derixeil from />a„ and /A\„„,,.„ by inter-

polation '). Hence follows for the desired pressure coelKicicnt

«av = 0.0080619.

The reverse gives tiie leniperaturc of (he freezing point measured
on the absolute scale. Hence:

^) Sur les tlicniiometre.s a gaz. TravL^ux i-[ Mt'moiii's ilu Hurcau internatiniial

dos Poids cl dos Mesnros, 'I". Xlll.

-) In tormula (I) the niivaluic ol' llic /)C-linos is It'll oul of ari'Oinil, wliidi is

permissible.
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7"„nr. = 273°.0S A'

wlicrc A' (Kki.vin) stands toi' (louroes on llio iihsoliite seak- of wliirli

100 occur lietweeii tlie freezing' point and llic lioiling point of water.

The data are not snfticientlv accurate to allow us to determine

tlie last decimal to less than nnity ') '). The value found here aj^rees

very well with that which may be derived from the most reliable

data of otiier observers ').

The method followed hei'c of derixinii the ])rcssure coefilicieni for

inlinitely small tiensilies by means of delernnnalions of isotherms al

j)rcssures between '25 and 50 atmospheres is prefei'able to using'

either the data of Ciiai'itis or those of A.ma(;at. It is true that in

the former case the coefticient C may be neglected without error

arising, but the small difference of pressure has a bad influence on

the determination of B. On the contrary with higher pressures,

such as with Amag.\t's determinations, the coeflicients C and the

higiier ones have too much iiilluence to allow an accurate derivation

of the value of li. In our detei-miuations (J is of so small account

that an error in the estimation of C ma\' be neglected for the

determination of 11 ').

While therefore the influence of ei'rors in C'a may be neglected

we tinil on the other hand that the pressures are so large that

an error in the j»ressnre coelllicient passes diminished to about

') 111 discussing the isotherms we intend lo refer to a small systematic dilTe-

rence between the isotliermals of liydrogen al i2()° (J. according to Gomni. N". Tt)

(June 1901) and those at 0- C and lOU C. of Gomm. N'. 100''. It rather points

at To" c. = 273=.07 K.

'-) We intend to determine this value still more accurately with nitrogen and

helium by means of determinations of isotherms at 0" G. and 100° G. and of

pressure coefficients between 0° G. and 100° G. where we proceed according to

Gomm. N". 60 (the determination of H^ is also repeated), but as a higher degree

of accuracy is wanted (designated by that now reached with the determinations

of the isotherms) we now take a reservoir of 300 c.c.

Sj Gomp. for this the note of § 2. XIV Gomm' N'. 97*.

') If for instance in the adoption of Ca an error of luVo has been rnudc, which

with a view to tlie data of table XXII of Coiniii. N". 100" probably includes the

higher limit for tiie error for lower teiripeiatiires, this becomes only 0.0000001

which, considering that the greatest density which occurs in the determinations of

Gomm. N'. lOO'' amounts to about 50 times the normal one, would cause for 0° G.

an error in B\ which remains below O.OOOOOJ. As such a systematic error would

change the value of t'A.ioo° in nearly the same way, the error in this difference

will be much smaller and, for instance, the error arising thence in the diU'crence

between B.\x)° and Bt\.\m'' may be estimated at O.tJOOUUl, i. e. '/,- of the error

ill I lie al)solute value of B.\. The error in the absolute zero arising from the

two iiilkieiices cdiiibinetl remains below O-'.Ol G.
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- into the vuluo of />\. lleiR-e in this \v;iv we have olMaiiied data

25

at a mthei' hirge (liJl'ereiice of pressure, iVoiii which l'>\ may be

(ierived iuiaini)igiiouslj.

§ 2. Reduction of the readinijs on tlw n.orin(d hi/djvijen tliernio-

meler to the nbsohite scale.

r.v means of fornuihi ('A) of § 2 of t'omm. N". '.17'' and with the

new values of B'r (comp. formuia (2) of § 2 Comm. N". y7''J which

may be derived fVom the data of table XXII, we have determined

anew the corrections of the readin<!:s of the hydrogen thermometer of

constant volume to the absolute scale. For this we have started iVom

tlie individual virial coeflicients and not as in Comm. X". 97'^ from a

L'-eueral temperature formula, because the course of tlie separate

isotherms has now been ascertained sufliciently to render a similar

previous equalization snpertluous.

For /J'„ and 7>',„„ we have adopted other values than in Comm.

X". 97''. We have namely used the results obtained tVom direct

determinations of isotherms at 0' C. and 100' C, of which the

residts are laid down in (.'omm. X°. JOO''. These values are:

/j'„ = 0.0005807 /,",„„ — 0.000632J

.

for the absolute zero we have adopted

/ = — 273".08C.
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T\]Q (lifTereiices with llie earlier \aliies remain, iiolwillislandiim

we have used entirely diHereiit data, far within the limits of the

aeciiraey mentioned in § o (loe. eit.). J'lie coefficients ol' the tbrniida

given there hecome:

a = — 0.007117

/, = + O.0O59(i2

( = - 0.000185

d=: -|-0.001:j30

With this formnia the temperatures of the second column have

been determined. The difierences between the data of the last colunni

but one and the formula are gixcn in the hist column.

F'or — 273° the Jiew t'oi'mula gives the same \alne as the one

before of Comm. N". 97'' i.e. Z.;'=:
-f-

0''.14, for 0' C and +100° ('.

it gives Ll:={)°. For the temperatures between OM". and lOO'M'.

the formula yields nuich larger negative values than those vviiich

Berthelot has derived with his c(|uation of state (loc. cil. i\). For

20°, 50° and 80° are found: according to I'.kktiiklot :

Lt.= — ()°.UOUlt; — O^.OUUSa and — 0°.000a3

according to our foiinula;

At = — ifjn)\2 — 0°.0(>20 ;uk1 - (l'.(tOU

According to the general equation of stale of hydrogen derived

previously (comp. § 1 Conun. N". 97'') these values would be

respectively :

— 0°.0026 . — 0°.0047 . - 0°.0036.

Geology. — "On /.//< Imns Schalie, Lei und Schist.^' By Mr. .1.

ScHMfTZER. (Coiumunicated by I'rof. ('. E. A. WiriiM.\NN).

East-Indian mining engineers, by whom almost e.\clusi\ ely the e.xisting

descriptions of rocks in Dutch have been written, under the influence

of the German literature relating to this subject. ha\e used the terms

schie/er and hu side by side, on the whole w-ith hardly any diflerence.

The cause of this is the want of a li.\ed geological terminology in

our language; a want which of late has also been felt by the "Ned.

Mijiiiiouwkundige Vereeniging", as appears from its attempt to create

such a ternunology under the sujierxision of Prof. ('•. A. V. Moi.k.n-

OR.\.\Fi'. The pm'j)ort of this communication is to aid in sohing the

|)roblem, u:h'i/ terms are best lilted to denote in Dutch those rocks

which in German bear the name of Schirt'cr in the iimplest sense

of the word.
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Till? ^taniiiii-puiiif is formed by tlie coiisideratioii, that, lor llie sake

of clearness, diJlereiit notions sliould be reiulered by ditterent words,

find that, in the clioiee of terms, — as long as there is a clioice —
evervthiiiii ilial might give rise to ambiguity, should be avoided.

The distinel diUbrenoe wliicli in nature exists between exclusively

.sedimentary slate, metamorphosed in a relatively slight measure and

the liner or coarser crystalline, more or less distinctly foliated meta-

morphosed rocks, partly of sedimentary, however also partly of

eruptive origin, is greatly discounted l)y the application of the term

/(/ also to the latter, aitiiuugh the term "crystalline" i)e added. This

ex[)lains imrtly, how the word sc/iic/i'i- could introduce it.self into

the Dulcli terminology, though in a meaning that is tar from being

a fixed one; the want was felt of another presentive word. A bad

choice, however, was made with the word .vc/t«V/V/''), as the latter,

by taking up a place iiy the side of tiie word It'i, must necessarily

assume a more limited meaning in our language, since in the

language from which it was borrowed, it occurs in different widely-

diverging condjinations '-).. The consequence of this is an absurd state

of things, which is not to be improved by reintroducing the disu.sed

.sdieverdeen^), which has been tried in the shorter form ui .tchever*^.

In order to ])revent a possible confusion of ideas, which lies concealed

in the analogy with the (lerman cognate word, this word seems to be less

lifted. The corresponding English s/u'rcr, which has maintained itself

among miners in the meaning of "Hake of sione, shale, slaty deliris'"",

does not occur as a scienlitic terra") and could not as such lie |»ut

side by side with sfui/i' and .-i/ate.

Tiie .solution of the problem is considerably siniplideil by the circum-

stance that the Knglish .y/<'</f is etymologically ideiUicai with the Dutch

schd/ie, a word not useil in the north of Holland. Whilst the English sl/ufr

as a secondarv form of ,«•<//, and s/k'II mav be directlv reduced to

'I Alreatly iiscil in inost Uiilch diclionaries.

-) As is WL'Il known also the Danisli-Noiwogian skifer, the Swedish skiffer is

used to denote the iMiglisli terms slutJ'! as well as slule and scliisl.

•') Pl.\stijn, cf. E. Verwijs and J. Verdam, iMiddeined. Woordb., IV, 330—337
;

VK, 224; .1. u. W. GiuMM, DeiUseli. WortI). IX, l.,s(|.' Ivn.iAE.N gives the woril in

the sense of 1". t<rlnilw, :2'. -s/fvo///'., i. e. the word u<im1 in (llevcs |ni- Latin s(7ex

(eomm. of Prof. J. \V. Millei;!.

') Sec also Kluue, Ktym. Wiirlii. d. dculscli. Spr. 337; Gki.m.m, I. v., K. .Mulleb,

Elym. Wiirib. d. engl. Spr. II, 37S.

I Wkight, Kng. Dial. Diet. V, 3'.)_'.

•) Cf. Arcu. Geikie, Text Book of Geology, Jas. Geikie, Sti net. a. FieU Geology

;

Teall, British Petingiaphy.

29*
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llie oki-Knglisli sc<ili\ scIkiIi'^), lliis sc/m/ii- is r.iniicd tVoiii the old-

Freiicli escaille {Vv. miille, llal. sc(i(/llii), w liit-h, in ils linn hdwexcr,

has been lioiTowed from (iernianic "). Now, w licic iIk's,' Iwo words

are closely coiiMected i>()tli in oi-ijiiii and in meaning, il cainiol lie

snl)ject to serions olijoi'lion Id idcnliiy (lie Kiig. .v/w/c : "applied to ail

argillaceous strata . . . \\ liieli split up more or less perfectly in their

line of bedding," ') with llie Dnlch lerm sclhilir.

i'rof. .1. W. Mui.LKH hail the kijidness to communicale to me as

follows'): As far as 1 can go into the (piestion, llie stale of tilings

with these two wonls is the following: Time out of mind A/ in

llolhuid. L'tredit and the (north and south) eastern [irovinces (cf.

also Lorelei, Erjieler Lei on Ihe IJliine, etc.), sclnilic on the oilier

hand in Ihe southwest: Flanders, Zeeland and Sonth-Ilolland isles,

have been the only word for both kinds of rocks, now nioii' closely

disiingnislied liy geologists. Now yon wish lo couline ihc unrih-

easlern word lo ihe one, the soiith-wcslern to the oilier kind. < H'

course this is something arbitrary, but in a scientific leiininoiogy,

such unnatural and ai-tificial distinctions are necessary, and there is

iiolhing against it; the l'"leniisli |i<'ople will continue I'alling excrylhing

.schalic, the Dnlch Av'. and there is no objection to this either".

Trof. (L \. V. Moi,EN(;RAAi'T was so kind as to write to me that

already at his lectures he availed himself of the term sclinlii', as an

e<puvalenl of the English shulc'']; a lia|ip\ circumslance, which nol

only jiieads for thi' weight of the grounds alleged, biil will al llie

same time contribnie much lo make this term enter into general use ").

The English s/utc') refers to argillaiieons rocks, which by a ineta-

niorpliosis, in which Ihe pressure has predominaled biii a chemical

1) MiiLLER, II. 365.

-) Gf. Anglo-Saxon scealu, putaincn, gluina; Gotic skalju, "Ziegol, cigcnllicli

wohl Scliindel, Scliuppenartige.s", Kluge, 331 ; I''ranck, Etyin. Wuurdb. il. iied.

Taal, 8i27; Mulleu, II, 305; Klucie, :29l, 3o1 ; VEK\vi.ts and Vehuam, Vil, 224: Ghimm,

VIII, 2060-2064.

*) Nicholson cf. Wkight, V, 348. Arch. Geikie's duliuitiuii runs (up. cil. 2d ftlit

1885, 164), shale, (synon. Fr. schisie, G. Schieferthon), "clay that lias assumed a

thinly stratified or lissile slructuro," see furller Jas. Geikik, 62. By the side of llie

French anjile schisieuse %ve llnd the llal. ficisio argilldaii (argilloscisto) and

argilla scagliosa, lit. kleischaiie.

*) Letter of 24 Dec. '07.

5) Dec. 16lh '07: for argillaceous on oilier rocks "willi iiidislincl, more or less

shelly stratification."

8} The term sclialii- was used by the late Prol'. .1. L. G. Sciiroedeh v. n. Kolk

for the Eiig. crystaUlnc schist, hut could nol maintain itself in this meuiiiiig

') Old-Eng. slut, sclat, sidul, oldFr. esdat, Fr. eclat; Gotohave says: "esclut^

a shiver, splinter, also a thin lalii or shingle" cf. MiiLLER, II, 400—401.
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change is not oxcluded. liavo got a iliiiilv tissile stnu-iurp, always

parallel to the axis of (he synclinal or anticlinal folds of system

and consequently can make widely divei-ging angles with the

original line of liedding) ("false bedding"). It is to he recommended,

in accortlance with the original '), now generally cnrrent, meaning

of till' word, to contine the term h>i to these rocks, of which roof-

slate in the best known representative. Therefore on the ground of

the definition given, the above aflix, apart from the well-known Rhenish

devonian slates, ought to be given to the greater part of the so-called

"Fleckschiefer", "Knotenthonschiefer", andalusite-, staurolite-, chiast-

olite slates, etc.

The English term scliist '-) is used for such heterogeneous rocks

that (he existence of this word by the side of Ici, slate is fully

justified. Not only does sddst denote the more or less foliated peri-

pherical facies of purely eruptive rocks, which often without any

distinct l)oundarv-line pass into adjoining strata of sedimentary rocks,

— whether these eruptive rocks occur in smaller laccolithes and dykes

or in extensive intrusions or effusions (as many "trapps"); — also

sedimentary i-ocks can by contact change into sclmts, metamor-

j)hosing agencies in strongly disturbed regions can without any

distinction on a large scale change sedimentary and eruptive rocks

into crystalline rocks, more or less distinctly, sometimes excellently

foliated, such as gneiss, eyegabbi-o, ami»hibolile, etc. Though the term

schist in its various shades of meaning ") and especially the adjective

derived from it *). has got a much wider meaning in Romance languages,

yet it finds also there, by the simultaneous use of the equivalents of

li'i and shit,\ a nimi' limited a|)plication lliaiiin ( ipruian. Tn connection

with this it is |icrhaps n^comniriidable, more parliciilaiiy after English

') J.^s. Geikik, op. cil. 76, 220, s(j.; Wright, 504; Arch. Gehue, 125—12G: "In

England llie term slate or clay-slate is given to argillaceous, not obviously

crystalline rocks possessing lliis cleavage structure", ( syn. argillaceous schist,

Vt: phyllite, phyllade; scliiste ardoise; G. Thonschiefer, Tlionglimmerschiefer).

-,• l^i.A.NTUN, "schalie, leye oft sclicvcrsleen"', uno ardoise, ardosia, scandula. cf.

Ykhwus and Verdam, IV, 33()-3:{7
; VII, 224, by llic side of which stood the mean-

ing "rots, leisleen'', (cf. also "ecn leye der scandalisieringlic"): old-Saxon, leia,

rots, cf. I'ranck, 558; Kluge, 243. Mdl. Dutch had the word in the meaning of

"Slate used for roofs", Verwijs and Verdam, IV, 1. c.

*) From :;-/,i^o:, to s|)lit, to sever, to cleave, lo divide; adj. verb. 3-;;;,t7-05; Arch.

Geikie, 124: "a rock possessing this crystalline arrangement into separate folia is

in England termed a schist. As Prof. Molenghaaff communicale.I lo me, this

term was already used by him.

•) Sp. also pizarra crislalimi.

") which coincides with Germ, schiefriy, Da'i. Norw. skifriy, Swed. skiffriy.
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USrtg'C, 111 (IciKilP also ill l>iil<'li llic l.-i-jisliiirnic Scli'n'f'cr In means of

llio Ipriii srhtst (|ii. sriitsh'ii) Im ii'idwcil rniiii llii'

(

i|-i>ck, and l( MMiiiliiie

one's self in llie a|i|ilicalion of llic dciivcd adjective aW/w/cw.v and llie

snbstai)ti\e sc.hisio/iti'it cxcln-ivclx lo Uiis class of molaniorpliospd rocks.

Wliile, in conclusion, I (\|ircs>^ niv s|i(Maal m-alilnile lo Prof.

J. AN
. .Ml i.i.i:if for his kindl\ fiiriiislicd conli-ilniiions .-iiid foi- some

valnaliie liinls. I caniiol omii Iciidci'in^' inv lic>l ihaiiks lo I'rof

A. WiriiMA.NN and I'rof (i. .\. V. Aloi.K\(ii! \ \i r for llicir livcK inlcrcst

and llie sn|>|)orl wiili wiiicli llicv ohlii.;-ed me.

Chemistry. — "On Ihr (//icshun Its hi 111!' iiilsriliilihi mid III,' ftinii-

luuiloijii ill iinniiii/ic Niirii- miil \"iln>sii-ciiiiijH)itii(l.-<". V>\

Dr. F. Al. .1 ak(;kr. (('omninnicaliMl li\ I'rof A. I'. N. Frax inmont).

J. Tlic followinu' coiiiniiiiiicalion coiilains a fin-llicr (•oiilril)iilioii lo

the kovvledge of tlH> miilnal l>elia\ionr of ihc aromatic nit ro- and nilroso-

deri\ativcs, of which several particulars were ,ui\en previoiish . Tjie

entire niiscih ilily in the solid <-ondition. anil llie form-anal(\<>T borderinii

on isomorphisni. were estalilisheil in ihe case of yz-.N'/V/v/- and //-.V/V/v/.s-k-

(hi'lhiiJandme '
. \\ hiie al'lei-\\ arils, in a more I'xtended pap(>r ol a

more general naliii'c'u the mnlnal comparison ui' p-.\'if.ro- and /i-

Xz/rosoji/ii'iid/ and of n- Xifrnsn- and n-

1

)inih-iilii'ii:t'iii' was discussed.

it then appeared that no iji'iu'rnl rule could he laid down as lo the

connection ot ihe Iwn classes of componnds.

A new |>air of similar com|»ai'aMe Milislances wiiieji are interes-

ting frtnn inoi-e than (///c |ioint of \iew, namely ,-/-A7//v)- and (»-.\'/Vye.ve-

iici'fuiiilidi' were now studied. The result \\as dilferenl from that

olilained with ii-Xiho- and ji-\ ilnisiulii lliiilniiirnir altliongli analogy

is present in our of ihe axial relations, and a solid solution of the

two coiiiponenis appears lo he possible to some slight extent.

§ 2. Ortho-Nitro-Aceto-Aiiilide.

C, II, (NO,,) -N JI.COCH.,: nieltiiigi)oint: 87^ C.

C2) (1)

Fig. 1.

I) 1'. M. Jaeger, These f'loc Vii, p. 6G0,

-) idem, Ueber Misclibaikeit voii fcslen I'hascn, Z. f. Krysl. 42, 23C—276 (190G)

,
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(^n account of its great solubility in most solvents it is very difficult

to olitain this compouml in a properly crystallised form. The greatest

success is met with by very slow eva|)oration of its solution in dilute

alcohol when it crystallises in pale yellow, very thin laminae with

extended hexagonal periphery: the crystals are very transparent and

give sharp signal-images.

The symmetry is monocUno-prismatii'.. In the choice of the jilane-

symbols adopted here the axial relation is calculated on :

rt :/y: c = 0,8935: i : J,9198

i}=83°51'.
Forms observed! .« = {lOlj, strongly predominant and yielding

sharp reflexes; r=|HH| much narrower, but gives a good reflection ;

r ^ jOOlj, narrower than r: jy = jOllj. also narrow, but reflects

well. The habit is flattened along \T01\ with considerable elongation

along the />-axis.

The following angidar values were determined :

Aleasured : Calculated :

r:q = (001) : (Oil) = « 62°21' —
q : .-i = (01 1) : (101) = * 80°57

'

—
c:r = (001) : (101) = * 60° 4' —
r : s = (101 ) : (1 or) = 49^45

'

49 '45

'

.s- : C = (1 or) : (OOT) =r 70^11' 70= 1 J
'

A disliiicl plane of cleavage was not found.

In the orthodiagonal zone the direction of extinction is orientated

everywhere perpendicular to the direction of the />-axis. On {101 {no

percejitihie dichroYsm is observalde,

The optical properties of the substance in convergent polarised

light are very remai'kable.

For the red, yellow ami most of the green rays of the spectrum

the axial |ilane = jOlOj ; extraordinarily strong, inclined dispersion;

the axial angle for the red is much larger than that for the green.

The character of the doui)lc refraction is positive.

On the other hand, the axial angle for the blue and violet rays

is situated perpendicular on {OlOj with a lioi'izontal disporsion. The
axial angle for all rays is but small.

The curious colourphenoniena in \\ liite light exhibited bv this

substance, which thus possesses al the same time inclined and hori-

zontal dispersion, lend themselves particularly well to the demon-
stration of anomalous dispersion in biaxial crystals.

The sp.gr. of the crystals is 1.419 at 15°; the equivalent volume

is therefore 12(5.85.

Topic paramclci's : / : i(' : to = :},7578 : 4,2058 : 8,0744.
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^ 3. Orthonitroso-Aceto-Anilido.

C„1I,(N0) .N 1I-('(H'II.,

(2) (I)

m

111.11.|.. : lOS ('

Tin

Fit? 2.

Tliniiitili ilic l\iii(lii(>s,s of ])r. V.

lii'irciis (if Miincltcn. who was tlie

lirst lo |)rc|)ar(' llii.s siilistaiico (IJcr.

I!)07 40. I0S;5), I i-{>coivo(l a Miiall

(|Maiitil\ of llic (TV slallisod coiiipoiiiKl

olilaiiicnl liv coolinn Iho liol alcoliolic

soliilioii. The crvstal.s o.vliiliitetl (lie

lialiil of liii. 2 : from a iiii.\lMr(> of

el her ami heii/.ene I ohtaiiieil llie

lliick |)rismalic rrvslals ol' lig. 3.

'J'lic |)rism-|)lanes, which oflpn acl

as i-esliiiii- |)laiies of llie crvslals in

llic molliiT li(|Mor, were in ronse-

(|iieii('e mosll\ cnrvcd and nnsnilahie

for accnrate measiirennMil, wliilsl

the forms r and y alwavs iiinc

ideal retle.xes. Th(> crvslals haxc a

hrilliani enierahl ^ree]) c(tloin and

are (|nile Iransjiarenl.

The svmmelry is mitnoerniii-jirisiiiiilic: Ihe a.xial I'elalion wa.s

ealenlated on :

,1 : h .
< = (),.S94(I : I : 0,7295

Fig. 3.

I'"orms oliserxed :
^' =: jOO) [. predominani in ihe crvslals olilained

from alcohol ami alwavs vei'v shininu' : ;//^)IIO!. well deNcloped

lull ofleii willi ciir\ed jilanc; Y = jOlli, <;i\iim' ideal I'cliexes and

nioslJv e.xhiliilinu ralher lariic planes; (/ = } lOOJ, c\cee(lin,i;'lv narrow

and iliiii. The lialiil is llallcned alonii' c or lonu prismalie parallel
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the ('-axis, with Ihvtleniiig ahiiiu- Iwo |iai;\nol planes of m : perfeolly

cleavalile lowanls jOOlj.

Tlie fulidwiiig angles were nicasnred :

Mt'd-suivil: Calcntiik'd

:

(•:m = (00Jj:(ll0) = »84' 5',V
—

C:q= (001) : (Oil) = « 35° 51' —
m :m = (110);(riO; = »83° 3' —
;» : q = (110) : (OJ 1) = 61^ 55>// 61" 51'/,'

n,:q= (110) : (Oil) = 72° 18' 72" 15'

w : a = (110) : (100) = 41° 34' 41° SV/,'

On J001| not observaiiio l»iit on jllOj rcvy tlistincllv dichro'iV :

for vibrations |)aranel to tiio r-axis, grass-green ; and ycUowish-green

for \ ifjrations per|iendLcidar tlioreon. The angle of extinction is verv

diftii'ult t(i determine; it amounts to about 12^ in regard to the r-axis

on the planes of !ll(*j

.

The optical axial plane is JOiOj ; on jOOIj one axis is visible at a

small angle with the normal to that plane; the inclined dispei'sion

is extraordinarilv strong: <><^>'-

The sp. gv. of the crystals is 1.351 at 15°, the eipuvalent volume

is 121.39.

Topic parameters: x ; if : oj = 5.120G ; 5.7277 ; 4.1784.

4. A small addition of the nitroso-compound to the nitrd-Cdmponnd

causes a perceptible depression of the meltijig point of the latter suii-

stance. As, therefore, no certainty is obtained as to the formation of

mixed crystals of these closely related derivatives — for a melting curve

with an absolute minimum might be also present — a few prelinunary

quantitative experiments wore carried out, which showed that we have

here indeed an ordinary binary mellingpointline \\ith eutecticiim.

It was further shown by more delaileil microscopic tests that from

mixed fusions of the two compounds is always deposited a mi.vtnre

of\\\ei/i'//(iir nitroaceto-aniliile crystals and tin' i/rci'ii nilrosoacelo-anilide

crystals with a totally diti'erent aspect. .\\ the side of the nitroso-

compound a perceptible (jnantity of the nilro-derivalivc is carried

down by the deposited crystals as solid solution : at the side of the

nitro-derivalive a formation of solid solutions could not be ascertained

in this way. In any case, if there should be a slight nuxing, it is

linulcd OH the side of the nitroso-com[)oiind to a tV'w piM-cent of the

niti'o-com|ioiuid ; the hiatus is IherelVu'e enormously extended.

Finally lie it observeil here that both substances are very volatile
;

the \a|ionr of the uiiroso-com[iound is i/i//oiri.-</i jrccii.
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A t'i'w oxperiinents were ti'iod lo sublinio mixtures of ihr two

coiiipoiiiKls. The deposit on tiie foiicavo coveriiigglass ihcii consists

of a netuork of ilontritic. sti-on<il\ |iicocliroT(' (colonrloss — voilowish-

grcoii) litllo crvslais, liclwcen wliicli are lonmi th(^ s(piaro-sliape(l

crvstais of \\\v nilroso-coniponml. Iiosidcs the vdlow individnals of

llio nitro-i'oinponnd. niiilcd in clnslers.

Tlio tirst mentioned crvslais contain ciiiell\ tlic nitroso-com|)onnd

and prolial)iy to a \orv small amount also ilic nilro-coniponnd, so

lliis ma\ lie a new case of tlic I'oi-nialion of solid solutions by

sniilimalion. I'rolialilv, liiis jiair of c(nnponn(is Icnils ilsojf to the

mcasnring' of the \aponr tensions of these solid solutions.

ZitandiDii, Deeend)er 1H()7.

Physics. — •'( )/isi'i-r/if/(i/i iif ihi' iiKKiiiclic rrsnliilldii of sju'ctral

Uiii's bij Dicans of tin' nii'l/iod (//'F\buv dinl I'khot." By

Prof. P. Zi'.r.MAN.

The interference method of the parallel semi-silvered plates, worked

oiU with ~o much ingenuity liy I-'ahkv and I'kuot') excels above all

other s|)ectroscopir modes of procedure l)y the accuracy with which

its theoretical foinidations mav lie rtracticalh' i-ealized.

The |)rinci|ial task of the ex|)erimenter in ap|)lyinii,' this uiclhod

has become to clfccl the perfect jiarallelism of the rellcclinu sil\ ei'ed

plates.

In or<ler to lest by an independent method some recent results

obtained in an inxestiualioii of ihe magnetic resolution of spectral

lines") the incdiod of h'uiKV and I^krot .seemed most a|ipropriate.

l>pecially il appeared possible to extend at the .sam(> time the in-

vestigation to the beha\ ionr of the lines in weak fields. The jireseiit

pa|)er is |)reliniinary to a discussion ot' inimerical results. I think it

beforehand \'eiy iniprobalile dial errors ot' ruling of the Kowi.wi)

grating will turn out to be the reason ot the asymmetrical resolution

of some lines, w Inch J have described.

The method of Fabry and Perot is apjdied in ihe present paper

for the lirsi lime lo an invesligalion of the niaguelic separation of

spectral lines. In tiome places in the literature of the subject the

opinion is expressed that the method of interference fringes of

bilvered layers cannot be used foi' the sidiject under review. Tlie

') 1 AiiKi et Perot, Ann. de Ghimie el ile Pliysii|iio 1899-1904.

-) Zeeman, Tliese Proceedings, November 1907.
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main (ilijeclioii is (Icr'ixed fVdin llio 'j^vciii loss of inlensitv in (he

appaniliis of FAUiiv and I'i'.kot. 'J'lio present [)a|)er innves that this

(liijcclion is not iuMi|HM-af»le.

2. ( )f the two foi-nis in which the method of the iiaraHel [liales

is empKned, tlie sinijiK'sl, also reqniring the least costly apparalus,

has been nsed for the actnal nieasnrenient of wave-lengths by Fabky

and Pkrot'), loril Raylkigh ') and Evkushkim "). Tiiis form of iiistrn-

nient called r/nlon, I also have preferred. The distance of the silvered

siii'taces is here constant. The glass plates are held up to rounded

distance-pieces (made of steel), by adjustable sjn'ings, which permit

to regulate the pressure. Hv variation of the pressure the steel and

tiie glass can l)c defoi'uied in an extremely small degree and the

accurate |iarallelisni of the glass plates elfecled : the parallelism being

secured already very approximately beforehand by ihe accuracy or

linish of Ihe dislance-pieccs.

3. The theory of Ihe comparison of wave-lengths by means oi

this apparatus is simple, and has been given by Fahkv an<l Pkkot.

We will apjily it to the magnetic resolution of spectral lines and

especially lo the most simple case, the division into a triplet.

Let P.„ be the wave-length of the original line (afterwards there-

lore Ihe middle line of the triplet). To this corresponds a system of

rings; let P„ be the ordinal number of the lirst from Ihe cenlrc

The oi'dinal number at the centre j'o ^^ \hoA\ the integer nuudicr /\,

augmented with a fraction f„, hence y'„ = i'*,, + ^o- *b(linaril\

The diameter of a ring increases with f. Let i> be the Ihickness

of the )ilale of air, Ihe order of iiUerfereuce ar Ihe cculri^ is

/;„ := - . At an angle / with the normal Lo the plate the order

ol' iiilei'ference is /i^ cos i.

If ,r^ be the angular diameter of llu> ring /\. then we have,

•I'

observing in Ihe focal plane of a lens, />„ crw
^
=/'„. Developing the

cosinus

1) Fabrv el l^KROT, Anil, do Chim. ot do Pliys. T. 25, Janviei' .I'.lUii. (.;.H. :27

Mars 191)4. I'\\bry et Uuissox, C. R. Jd Jiiiliot i'.lOt). Barnks Astropliy.-iical Journal.

Vol. J',), p. I'.IO. lUdl.

-) Lord Ravi.eigk, riiil. Mag. Vol. 11, p. tiSo, 1900.

•') Evkrshkim, Zcilsdii-. f. wisseuscliaHl. Fhotogi-aijhio, Band 5 p. lo-2. I'JOT.
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'•='•(' + »

or

fo = A"^ (1)

Lcl /, lie llic wavclenulli nl' llic oiitci- roiiiiioin'iil of llic li'i|ilol

towards the red Ihcn. if /',, >, <'Ui(l .r, li;i\e ;i sigiiilieaiice eorre-

s|M)iMliiiL;' In llial (jf /'„, «„ iUid d\,

8

We have however /^^
(/'„ -\- s„) ^ ?.r{Pr -\- b,-), wlieiiee

>' = ' ilV+t'T) <2>

111 hl;e inaiiiicr. /, ,
/',, '''• ileleruiiiiiiiii' ihe (•(iMi|H)iieiil ul' llic

Iriplcl Inwards llie \i(iliM, we lia\c

'' = ^-?:(' + r-T) •»'

111 Ihe case ()( I'adialinii in a iiia.niielie field this expression may

olleii slill lie siiiiplilied. In many cases we 7iux_v choose

/'„ =Pr=P, . . . (4)

l.onkiiiu- at ihe syslcin of riiiiis coiTes|ii)iidin,i:' In ^.„, while llic

iiiagnclic force is slowly Inil iiradiially incivased one sees al the

same lime i'ini;s whicli |)rocccil from ihe syshMii P.„ and are moviiii!

oiitwai'ds and oihers which arc mo\ iiiii,' inwards. The i-iii,ii,'s eoi-re-

sjiondinii lo /, are eonlraclini;-, those corres|)oiidin;4' lo ?.,, nve ex-

panding.

It depcnils n|ioii the value of /j of the I'talon and n|ioii the

inlensity of the magnelic lield how ureal the (wpansion and coiilrac-

liou of the riiiii's, in comparison with the distance of the rings ^.„,

will lie.

The \alne of // and the maxininm liiaunclic force will determine

whether in the centre new riiiiis will appear' or respcc|i\cly will

disajipear.

In llic case one does nol sidecl for iiieasiir(^inenl the smallest

i-iiigs lint if the riiiiis // and ).,, ir/i/c/i orniiiKili' fruiii Ow siiim'

riiKj /„, are siiitalile lo he measured, f can heeoine larger than iiiiily.

When \ve select Ihe rings lliii sspecified Ihe ecpialily (4) applies ajiil

llieii we may determine ;., and /,. from the angular diameters of llie

riiiiis and the \alne of /„, regarded as known ; the result is then
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independpiit of llio aftninite value of llie lliickncss of (ho plate

of air.

(^f course till" [losilioii of llie new riun's fiotweou llic riuu> /„ will,

willi a i;i\'eii value of llie lua.niiclic force, he ileleriiiiiieil l>v liie

lliickiiess of liic |ilale of air ami what iiiigiit he called "llie seiisihi-

lilv" of I he s\ stem of riiijis lo ma,mietic forces will increase \villi

the ihickiiess of the plate of air. A limit of this sensihility is (often

(00 soon) attained hy tin' elieclive width of the spectral lines under

consiileratioii.

In some cases il \\ ill he de-irahle to select for measuremeni rings

(iiiferent fi'om the thrt'e specilied ones. There are no difticullics

ahoul llie si^iiilicance of /'; il always means ihe ordinal niiiiihcr of

the measured ring.

However if l\ dillers from /' or /V, theii- values lunsl he known
for the calculation according to (2) and (3).

4. Besides the simplification i-esnlling from equation (4) tlier(^ is

still another one to he considered in the invesligalion of the ra<lialion

in a magnetic field.

A
I mean that the ([uantity c = y; — , the o[)tical thickness of the plate

of air may be treated as an absolute constant.

Ordinai'ily this thickness depends upon ).. In consci|uence of Ihe

change of [iliase by retleclion upon ihe silver, which varies with

wavelength, the comparison of different coloured systems of rings

finally re(piires a knowledge of ihe opiical liiickness for each se[iara'e

colour.

It is clear thai in IIm' applicalioii lo Ihe subjecl now under n.'view

only systems of rings coi'responding to rays differing extremely little

in wavelength are considei'ed, hence Ihe variation <if Ihickncss wiih

wavelength needs not to be taken into account.

5. Figures 1 and 2 may give an idea of the aspect of ihe magiielie

resolution of the spectral lines ob.served by means of ihe nielhod of

P'.SBKV and Pkrot. They are about si.xfold enlargemenls of negalives

taken with an elaloii \vilh an interval of nearly 5 m.m. between

Ihe plates. The source of light in the magnetic lidd was a small

vacuum lube charged with mercury. The order of inlerfereiice at

the centre for the mercury line 5791 is at !(i' aboui 172lj5,7.

The system of rings was foi-uied in ihe focal plane of a small

achromalic lens of IK m.m. aperliiic and of J 2 cm. focus. lis

focal plane coincides e.xacllv wilh llie plane of the slit of a small
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8peclro^c()|n-'. \Vla'ii Ihc >lil is (i|iciicil wiildv cai'li s|)(_'cli'iil line i>

seen as a rectuiifik' wiih Iniulil riiius or |(arls dI' i-iiigs as the case

iiiav Ite. Tlie part of llie spcciiiiiu in llic liniires rel'ers to llic two

VL'llow and llic f^rceii niercuiy lines. In liii. I tlic two reclangles

furres|t()ndin;i' tu llie Iwo yellow mercury lines are su|)er|)osed. The

green niercnry line is largely overexposed. I lia\e reprodneed it also

in order to gi\e an idea ol' llic dispersion usi'd. The intensity of the

niagnelie Held in lignies 1 and 2 was about 5UU0 lianss.

It is a \ery lieantit'nl sight to walcli the moving system ol' rings,

while the magnetic force is slowly increased. The I'ings }., anil ),.

are lirst seen approaching, then eoVucidinn-, se|)araling, coinciding

for a \alue of the lield of ahoiit 150(10 (ianss with the ne.\l ring

^„, passing oNcr this ring, etc.

For measiircinents it is necessary to reduce the width of llie slit.

as in Fig. 2. Owing to rise of teinperatiire the rin.us ha\-c soniewhal

e.\|ianded.

(!. For measurenu^nts, which 1 hope to c(Miiinnnicale in a future

papt'r, 1 liax'e used not only llie method of diameters resumed alio\c

(^'•U hut also ///( iii('lli:iil at IIk' coiiiciilcHccs ^) for the distinct \ allies

of the magnetic force, which liring to coincidence A,, and P.,-, or >.,

and ).„ with .?.„.

Coiiceriiing the difliciiliies attending the use of the method of

co'i'iicideiices h'\i!in and I'l'.iiOT'i remark:

"Meme avee ee perfectionnement, la niethode pri'sentait des incon-

venienls assez graves :

1. i^a necessite d'eclairer simidianemeiil I'apiiareil par les deii.v

sources enlraiiie des |)ertes de liimiere assez imjiortantes :

2. IjCs coincidences ne soul liien ohservahles ipie lorsipie l(>s deiix

systeiiies d'aniieaux onl des eclals comparaliles, el cette condition

n'esl [las tonjours facile a rcaliser ;

'•^. Fa recherche de la coTncidence eiilraine tonjours des laloime-

menls et Ion n'esl jamais siir (lorsqnc la poriode est coiirle) d'en

renconlrer line qui soil exacle."

'J'he drawliacks to the method, nieiilioned siih 1. and 2. ar(>

eliminated in the ap|)licali(;ii to radiation in a niagnelie tield, now
under consideralion. 15y variation of the current in the eleclrumagnet

the coinciileiice can lie attained with the desired degree of accuracy

and hence also the third olijection is ohviated.

; 1 AURY et Perot, Ann. de Hhiiu. el de I'hys. p. 12, T. 25, Janvici' 1902



p. ZEEMAN. -Observation of the magnetic resolution of the spectral lines

by means of the method of Fabry and Perot"

1. The yellow mercury lines in mag-
netic field. Very wide slit. Green
mercury line overe.xposed.

I*

'I

H
h

2. The same lines. Narrow slit for

measurement of the yellow mercury

lines.

Proceedmgs Royal Acad. Amsterdam. Vol. X.
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7. Some fui'tiiei- dcliulsnuict'riiiii^- llie a|i|i;iraliis iiia\ liiiallv lie ,iii\ en.

TJio iiiumitiiig and the plales of llic 5 ni.ui. elalon are In .louiN.

The iinier surthecs oC Ihe pl-ilo aiv acciii-ali'lv Hal. '\\\r (niler siir-

fiices need (nilv (irdiiiai'v llaliicss, llicv aie inclined af an anj^Je of 1

'

(o tlie inner (nie.s. The plales of Ihe elalon are verlieal, and ll

whole apparatus is eapable of the neeessarv adjnslnienis in a/.iniul,

while also a hori/.dntal slidinji' niolion paiallel hi the plales of ihc

etalon was i)i-o\ideil for.

All image of the vaeniim lidie \\ a> loeiisscd upon Ihe elalon liy

means of an aelironialie lens of 12 cm. tnciis. ihe en largement being

foiii' limes. All nplical pieces \\'ere ninniilcd iipmi doiihle '/'-pieces

and therefore rigitlly connected.

The lignres clearly indicate Ihat for the invesligalion (if ihe magnelic

se|)afation of the yellow meirnry lines, it would lie of no \'alne

lo use an elalon of greater o|)tical thicdiness of the plate of air. < >u

the contrar\ the elfeclixe widlli of the yellow mercury lines when

under magnelic inlluence is ralher large, so Ihal llie limits of ihc

method in this case are being ra[iidly ap|)roaelied.

Physics. — " /sot/ti'riiis a/vuiiDifoDilr ,/if.si'.s (did ihcij' //innri/ ini.cfiircs.

1. Isothenns of he/iiiiii. Oclin'm -f J()(V ('. uihI —217^ C"
Comiiiunicatioii N°. 102" from the Physical Laboratory at

Leiden. I>y i'rof. II. K.wikki.i.ngh Onnes.

§ 1. On account of the mqiortaiit role, which va.\ di;!; Waai.s'

theory [days in many chapters of thermodynamics, e.xperinienlal data

concerning the equation of state of a sulistaiice are of the greater

\alue as the interaction of the molecules of this substance conforms

the better to the hypotheses from which va\ dkk Waai.s started.

The knowledge of the ei[ualion of slalt' of the monatomic gases,

whose molecules we nnist consider as the simples! for the present,

is of the greatest importance from this point of view.

In ('omm. W. 6U (April 1901) on the isotherms of diatonnc

gases and their binary mi.xtures it was already obser\ed that the

investigation of the net of isotherms of argon and of helium pi-omised

still more important results than Ihe completion of Ihe net of iso-

therms of the gases formerly called permanent, |)articularly of

hydrogen, at low temperatures, on wduch sidiject my attention had

been chielly lixed siuc(> the estalilishmeut of the cryo^cn laboratory

(cf. ("omm. N". 14, Dec. '94). l>ul the dil'licully of oblaining ariion and

helium in so pure a state and in such ipiaulilies as are required for'
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the (loieniiination of isollicrnis, relai'dcil ihc ilclciiiiiiialioii of llie

c'(|iialioii ol' slate ol' iK-liiim and argon for a loiii: liiuc al'Icr CJonini.

N°. 69.

The iiivestigation> on the is(tllici-/iis of hydi-ogeii are in pi'Ogrcss,

and yielded already residls laid down in ('(ininninicalions N°. 78,

!I7", 1»9'' and JOO', wliicii, 1 hope, will soon lie followed by others.

In the nieajilinic, lio\ve\ei', also ihe diflicully of ohlaining pure helinni

has been tpiite, that of ohtainiiig |)nre argon nearly o\erconie. The

sneeessfnl preparation of pare helinni was chiedy tlue It) the hydrogen

circnlalion (C'onini. N". 94-') yielding the re(|nired liqnid hydi'ogen.

.'~^o the lirsl ini'asurenienls from the .series which will refer to Ihc

nioiKiloniic gases ami ihcir binary nii.xlures, can already be coin-

mniiicaled.

They concern ihc i^ollierms of helium, which ha\'e now taken

liie place occupied by ihe isoihemis of hydrogen before the hydrogen

was liipielied. Among others the isotherms ninsi h^ad lo the

ealculalion of the critical (juairdlies for helinni. From the now cuni-

miinicaled ileterminations of tin- coiiipi-essiinlily along dilfei'enl isotherms

al densilies which are comparatively small and dilfer only slightly,

Ihe critical t(>nip(M-ature can already lie calculated by approximation.

§ '1. Svrrey of llie iliicnuindtion.s.

This inxestigation comprises some si.\ determinations of isotherms.

The temperatni-es al which th(»y were made, were kept constant and

delermined in the same way as in the delerminations of isotherms

for hydi-ogen [)ublishe(l in preceding Commnnicatioiis N^ 97" (April

1907), X". 99' (Sept. 1907), N". 100' (.Ian. 190S). The readings of

Ihe hydrogen thermometer were rednced to the absolute scale hy

means of formula (4) of Comm. N°. 97'' (Sejit. 1907) with the new

eoeflicienl> of § 2 of (\mini. X". 101''. The six temperatures thus

reduced to which the isolhernis refer, are :

+ 100'.35, 20^00, 0\ — 103^57, — 182 .75 and — 216'. 56.

Besides the measurements at llii' two standard temperatures (T C'.

and 100° C. 'j and lliose al low temperatures a determination was

made at 2(J° (.'. to obtain data for the calculation of the (|nantity of

gas in the stem of the pic/.onieler and in the other parts, which

remain al the ordinary lemperatnre during Ihe measurements.

For all these isotherms the densities, at which the pressure was

oltserved, lie about between the same limits which wi-re set by the

') The results al 0~ V,. and 100' C are incompatihie with (Ikisc of Ramsay and

Travehs, which, indeed, show strange deviations.
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(liiiieiitiidiis (if liic piezoiuolei- and bv tlie luaiKniielei'. The iilniost

limits cf llie lieusiiy are 25 and 54 times the normal one. The
piezomeler and further auxiliary apparatus were perfectly the same
as liave served for the determinations of C. Braak and me (see Conim.

N». 100'' Jan. 1908) Avith hydrogen at 0° C. and 100" C The satis-

factory results obtained then, enhance at the same time the relia-

bility of the measurements considered now.

^ 3. Iu'sii/(s f(ir j)i\4 .

The subjoineil table contains the results of the determinations. The

tirst column gives the numlter of observation, the second the tempe-

rature measured aliove 0" ('. on the absolute scale, the third the

jiressure in atmospheres, the two following ones the product j'^'A

,

and the density (/[ . in which the xolume of the gas r^ is expressed

in the normal volume (that at 0° C. and 1 atmosphere) and the

density dj in the normal density (that at 0° C. and 1 atmosphere).

(Compare the corresponiling tables of the aboAe mentioned determi-

nations of isotherms of hydrogen).

The calculation of these results was made as follows :

First the pitints of the isotherm of 20' C. were calculated, (cf.

also §8 of ("omm. N". 79 (April 1902)) and the coefKicients .1^ and

/) I
of the curve

/.(•.,= .1,1+ + - / (1)
'-1 '-A'

were determined by the o points by the aid of the method of least

squares. For Cj a delinite value was assumed, the densities lieiug

too small for this coefticient t() be determined with sutlirieut certainty. If

we wi'ile van 1)i:k \\'aai.s' eipiatiou with the seCoiui correction for

the size of the molecules in the form :

RTb—u 5 RTlr

r h r

wiiei-e r is tlie volunic of the gas under the pressure // at the ab.-o-

lute temperature 7, expressed in the theoretical normal volume (see

Comm. N". 71 § o: and if we |iut the value of .Ij at 0°, Aa„^1,
which approximation is allowed for oiii' |(ur|iose, we tiiid (cf. ( "omm.

N". 71 § 3) for the value ('a... of C'a at 7'

where A' — 0.003(i()lH. 'I'lic \alue of /> was liisl estimated at 0.(HK)5

cf. the note to ^ U of Comm. N". 96' .Ian. 1907). afterwards at

0,(100432, see § 4. With the coeHicienls J., and />*,i obtained for 20°
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so (lia( oil tlie isoilioriii n\' 'iO a tViurlli |)iiiiii i> aci|iiirt'il. wliicli

remlers the slope of llie /;/\,t li"t^ -^ jirear deal more ccriaiii rL I he

roiiciiision of § J of ('omm. N". iOl''). Then llie caU'iilaiioii of .1^ and

/>.( was repeated, and bv Ihe aiil of these correeled coelilicients the

isotherm of OH", was again calcidated, and this calcidalion hy

approxiniatioii was continued lill ii caused no loniii'i- any change.

Ill this way we found for 2(PC. ^for //=l).(»004:r2:i ;

/wj.,,, = 1.07273 + U.OOO0837 r/.^^ -(- U.UOUOOOl-^.') -/,^;-' . . (8)

With tiiis formula the corrections have been calculated for tlie

determinations of isotherms. For the resl the laiier were treated as

in the precetliiig conimunicatious.

§ 4. [niHridn.iil viri.al coi'/jicicnfs.

We may avail ourselves of the data of table I in oi-der to <lerivc

tiie coeflicients A,i and J>[ by the aid of the method of lea^t sipiares.

C'.i was assumed ai'cording to formula {'1) of the preceding § For

every isotherm y"".i,,/= () was calculated, and this \alue was added

to the others as if it concerned a new observed point. This calcula-

tion was effected by the aid of the xaluc . 1. 1, = 0.99949, which

may be derived from fhe value for the coel'tii-ienis /,' [ and C'( for

(P finally obtained in the calculation by a'lproxinialion from the

coiKdusion of the preceding §. Table II coiuaiiis the virial coefllcienis

and at the same lime the dilferences lielwcen the given yyr-' 's and
the calculated ones. These dilferences are arranged according to the

ascending densities. So the lirsl column of <liirerences refers to

pi'A.d= o, the others to the ilata of tal)ie I in llie above succession.

The calculation of Ihe B i
's is still uncertain, because for Ci

estimated \alues have been assumed. Dc^terminations of />r.i at greater

densities, which will render an iudepeinleiit deteiniinalion of C'l

possible, are in |)re|)aration.

That the estimations of C'.i are not too inaccurale, may be made [iro-

bable as follows. For lOD' follows from table II />.i 11,,= = 0.0()0B73.

On the suppositions on which van di'UI W.v.vls' equation ro>ls, the value

of h may be derivetl from the value for two lem|)eratures of

B=RTb—a with />'=/;, (.1,;) and then A = t).O()0432 is found,

which does not differ much b-(Mii the \alue O.ODOo, which was lii'st

assumed by way of est'imalion on other grounds. Though the calcu-

lation followed here is very uncertain, yc\ the found \aliie was
preferred to the lirsi esiimau^d one, and foi' this rt'ason the calcu-

lations which were lirsl made with 0.000.5, have been repealed with

this new estimation. The dili'ei-«>iice< of' the results lie wiihiii Ihe

limit of errors of observation.
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TABLE II. He. Individual virial coefficients.

Deviations of the pv. from the calculated ones.

W'B^ 1(."C^ 105 (0-C)

I

+1()0° 35 i.?,n667 4-0.073 -)-'i.l6
I +10 —21 —10

|
+22

+ 2(1°. (11

1

l,i'T-i7:i -j0.r>:W -fii.i:! —3 +31 -3(:> +8'
11= 0.'.)!l<17() +0 .-.12 +0.12 -2(1 +8(1 —75 ' +15

— 1(13". .57 (1 Oid^Ci +(1 337 +(J (17 +11 — 7 - 32 (1 • +27

— 1K2\75 (l.:i3(ill(; +(l 17(i +(1 (i'l 1 - 1 _ 8
I + 8 I

-2UP.50 (1.2(1(;'.I3 +0.(i'.l(i +(1 (U +1 — 3 + l;

L _i I , i

§ 5. Ih'tcrminalion of tin' rriticu] li niin'ruhu-c af lu'livin.

l''roni llic (lal.i i\\ lalili' II we may arrive' al a lir.-;| csliiiialKiii

coiiccrjiiiig tlie crilical k'iii|ieraliiix' ol' lu'limii, w liicli will he tnuiid

troiii (l('teriiiiiiali(iii> nf isdilicniis wiihiii llic now acccssilih^ region

of ttMuperiiliircs.

I">\lra|i(iiali()ii |iro\('s thai ilic lioi i.i;-|i(iiiil will lie in tlic iiei.uli-

IiouiIkhkI (if 2ri()('. Fill- li\ (li'oo-eii — Jiwr was iniiiid for lliis. fct'.

Cmiiin. ^'". l()(l"i. If we assmiic ."!()' K. Inr the crilical Iciiiiieralure

of liy(lroji,'('ii. then Ibllows from Ihis for helium

'/'/.//, - 0" A".

If ihis \aliie of 7'/- is a(lo|il('(l, the r(.'.i:ioii of lem]K'raliire -217

to - l<s;]' foi- helium corresjionds with that of 0' lo + 2()(P for

hydrogen. Ily apjilN iiig Ihe law of the (•i)rrespoiiding' stales to liie

slopes of the ///•. (-lines for Ihe two sniislances in the neighlioiirhood

of Ihese ei|iii\alenl limils of lemperatiire, we arrixc at a sliiihlly

lower \aliie of the critical tempei'atnre \ iz.

'I'kHc = '>°.i^ A'.

'J his \alne !oo I think 1 may still consider as a highest limit for

the ci-itical teni|iei-aliire of lie, as it seems |)rol)alile to me, that lie

wilh respect to 11.^ will deviate from the law of the corres]ionding

states in this >ense that the critical tempeniture will he found lower

ihaii wonid follow from the ap|)licalion of this law to corresponding

States for \aliies of the reduced tem|ieratnies man\ limes largei' than 1

.

Now there can only he (pieslion of a lirst estimation hased on

deterniiiiatioiis of i.suthernis. The delei-mination of the isotherms of

— 253° and — 259°, which is in progress, will. 1 hope, soon lead

to a more reliahle estimation.

In conclusion I gladly exjiress my thanks to .Mr. ('. IJka.ak for

his assislance in this investigation.

(January 23, 1908 1.
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Zoology. — "Phi/siological regeneration of nenrojibrillar endnets

(tactile discs) in the organ of Eimer in the mole. By Dr.

J. BoEKE and Dr. G. J. de Groot. (Coinniuniciited by Prof.

G. C. J. VOSMAER).

(Communicated in the Meeting of November 30, 1007).

In recent years several authors (R.\nvier, von Lenhossek inter alia)

have called attention to the fact, that there where intraepithelial

nerves in raucous membranes or in the epidermis are found pene-

trating even between the superficial layers of epithelium cells covering

the sensory surface (so for example in the peribulbar nerve-endings

between the taste-buds in the papillae of the tongue, etc.), we have

to draw the conclusion, that at the same time as the superficial ceils

degenerate and are cast off, tlie sensory nerves witii liieir knob-like

end-swellings or end-loops of the neurofibrillae must undergo a

perpetual change and growth. But then these are always the fine

ramifications and endings of tlie nerves, which branch between the

deeper layers of epithelium cells. Real neurofibrillar endnets like

those which are formed round the base of the tactile cells of Merkel,

are always found in the deeper layers of the epidermis, whei-e they

lie protected by the other epithelium cells. These tactile cells nowhere

degenerate so quickly as it is the case with the superficial cells

of the upper layer of the epithelium, and need not be replaced

by other cells coming from the deeper strata. There is no need of

a quick regeneration of the neurofibrillar endnets (and the tactile cells).

But suppose we had a tissue, where in the uppermost strata of a

stratified epithelium, in which the superficial cells quickly degenerate

and are cast off, we find real tactile cells with distinct neurofibrillar

endnets, which therefore must degenerate at the same time as the

surrounding cells, how would the process of regeneration of the

neurofibrillae take place there?

In the course of investigations carried on in the histological labo-

ratorj' at Leiden we found a favourable object to study this question

in the sensory organs in the snout of the earth-mole (Talpa europaea).

Here we find an extremely sensitive tissue (the organ of Eimer)

the elements of wdiich are only protected by a very thin horny layer,

and which by reason of its lying at the tip of the snout must, on

account of the well-known habits of the animal, continuously form

new horny cells for the protecting horn^' layer above, because other-

wise the functional cells would very soon come to lie at the surface

and be liable to be injured.
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The structure of the peculiar organ first described by Eimer (1870)

and the innervation of it, have been studied in the course of this

year (1907) b}- two authors') by means of the recent improved methods

of staining tlie neurofibrillae. Both give about the same description

but arrive at different conclusions.

As is well known, the organ of Eimer consists of thickenings of

the epidermis, formed by columns of epithelial cells in the shape of

an hourglass, which form small round prominences on the surface

of the snout, and which, because the columns of cells are longer

than the thickness of the epidermis at the place where they are

found, project with their base into the corium, and form here a

bulging out of the epithelium, generally described as "buffershaped".

Each of the columns is made up of several strata of more or less

flattened epithelial cells, which at the base of the column do not

reach from one side to the other, but are wedgeshaped and over-

lapping each other with the thinned-out ends. Nearer the surface

the cells gradually become flattened and larger, until only two cells

lying at the same niveau, fill out the entire cross-section of the

sensory column (fig. 1 , 5). There the column ends as it reaches the

horny layer. The cells of the column are, according to Botez.\t, true

spiny cells like the other cells of the epidermis (fig. 3).

In the axis of the column a thick nerve fibre, the axial fibre,

runs through the whole length of it, penetrating into the epithelium

at its base. Sometimes there are two or three axial fibres. Around

the column of cells a set of 18 or 19 thin, unbranched nerve fibres,

closely set, somewhat zigzag, run upwards between the outer ends

of the cells of the column and the adjoining epidermis-cells, until

they reach the horny layer. These are called rand-fibres to distinguish

them from the axial fibre. At the base of the column between the

epidermis-cells a small number of tactile cells of Merkel are found,

and underneath the epidermis in the corium one or two small

Pacinian corpuscles.

Eimer already described small varicosities or knoblike swellings of

the nerve-fibres in the upper part of the columns. The nerve-fibres

run more or less zigzag between the cells. Eimer himself and after

him Huss (1898) thought that these knoblike \'aricosities Avere lyiug

intracellular, the nerve-fibres running between the cells. The vari-

cosities are therefore attached laterally to the nerve-fibres.

1) EuGEN BoTEZAT. Anat. Anzeiger, 30 Bd. 1907.

M. BiELSCHOwsKY. Anat. Anzeiger, 31 Bd. 1907.

31*
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In this year (1907) Bielschowsky ') has investigated the nerves

of the organ of Eimkr by means of his method of staining the

neurofibrillae, and aUhough he does not give much that is new, as

he says himself in his paper, his study is interesting because with

that by Botezat it is the only one, in which the new staining

methods for the nervous system are used for this oi'gan. We may
quote iiere what he says about the course and the peculiarities

of the nerve-fibres, because- this makes clear his opinion better

than a long description. The course of both the axial fibre and the

randfibres he assumes to he entirely intercellular: "irgend ein naherer

Konnex der F'asern zu den Epithelzellen findet nicht statt; ilir Ver-

lauf ist ein rein intercellularer. Im Bereiche der iiusseren Schicht

weisen sie in scheinbar regelniassige]i Abstiinden die bekannten punkt-

fprmigen Varikositiiten auf Die Varikositaten sind ofTenbar

nur auf Zerfallsvorgiinge zurtickzufiihren. Dafiir spricht der Umstand,

(lass sie immer erst in der Verhornungszone des P]pithels dcutlich

hervortrclen. Aehnliche Beobachtungen kann man audi am Schweine-

riissel and anderen riisselformigen Saugerschnauzen machen". (I.e.

p. 189).

In his last paper, published some months before the paper by

BiELSCHOWSKY appeared (April 1907), Botezat') who in his paper

of 1903 pronounced the same opinion as Eimer and Hdss, viz. that

the knoblike thickenings of the nerve tibres penetrate into the cells

of the column of Eimer, adopts the view that they are epicellular,

after a study of the nerves coloured with methylene blue and after

the method of Ramon y Cajal. "Der Beweis hierfiir lasst sich am
besten dadurch erbringen, dass man die Terminalknopfchen fast genau

zwischen den Zellen des Organs liegen sielit." Botezat states that

the varicosities possess a netlike structure. Because they are exces-

sively small, the extreme sensibility of the snout must be due to

the very large number of the terminal knobs ("tactile discs") and

not to their great perceptibility. A column of Eimer consists of about

15 layers of cells, and in each layer about 20 of these tactile knobs

are to be found. The total number therefore is in each organ of

Eimer 300, and for the entire snout more tlian 100000'). According

1) M. BiELSCHOWSKY, Ueber sensibele Nervenendigungen in der Haul zweier Insec-

tivoren (Talpa europaea und Centetes ecaudatus^. Anal. Anzeiger. Bd. 31, p. 187

—194, 1907.

2) EuGEN Botezat. Ueber die epiderinoidalcn Tastapparate in der Sclinauze des

Maulwnrfs etc. Archiv fiir Mikroskopische Anatomic. Bd. 61. p. 730—764. 1903.

3) EuGEN BoTKZAT. Die fibrilliirc Struktur von Nervenendapparaten in Hautgebilden.

Anat. Anzeiger. Bd. 30. p. 321—344. 1907.
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to BiELSCHOWSKY the total number is ±150,000, together with more

than 5000 end-bulbs and numerous cells of Merkel.

Although he does not ascribe to the varicosities a high degree of

perceptibility, Botezat assumes all of them (both of the axial fibre

and of the rand-fibres) to be tactile, discs, in accordance with most

authors. A difference in structure between the dilferent tactile discs

or knobs he mentions wilhout paying much attention to it.

Now the facts seem to us to point to a different conclusion.

The opinion of Biei-schowsky, that the varicosities of the nerve-

tibres are due to "Zerfailsvorgange", seems to us to be erroneous.

In the first place these varicosities do not appear first in the horny

zone. On the contrary, as soon as the cells are transformed into

horny cells, the fibres and their varicosities degenerate, and the first

varicosities appear seven to eight layers of cells lower down. In the

second place the varicosities are much too regular and are distributed

with a far too great regularity to be the mark of degeneration, and

are always present in nearly the same number. In the third place

their structure does not point at all to "Zerfailsvorgange."

But in his description Botez.\t too does not seem to have hit the

l)oint. He does not give an explanation of the difference in structure

of the varicosities and of their mode of attachment to the nerve-fibres,

and of the fact that they are only to be found in the peripheral

part of the nerve-fibres and not in the basal half.

When we treat a small piece of the snout of tlie mole, after fixa-

tion in formaline, according to the method of Bielschowsky—Pollack,

and study a correctly differentiated preparation in thin (6 n) longi-

tudinal sections (that is a longitudinal section of the nerve-fibres and

of the column of cells, the section being made at right angles to

the surface of the ei)idermis of the snout), the following details will

be seen: the structure and form of the varicosities ("Terminalknopfchen,

Seitenknopfchen") are not the same in the course of the nerve-fibres.

When we follow a rand-fibre from the base of a column of Eimer

to the lop, the first swellings appear at a distance of 10 to 12 cell-

layers from the top (fig. 1, 5). The swellings are here only loosely

built small nets, lying in the course of the nerve-fibres, nothing but

a local slackening of the bundle of neurofibrillae in the fibres, the

fibrillae probably forniing a few anastomoses. From this point upwards

we see these networks appearing with great regularity in the course

of the nerve-fibres where the fibre passes another cell of the column,

and each lime the reticular structure becomes finer and more
distinct (fig. 1, 3).

In the upper four to five rows of cells a change in the form and
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arrangement ol' the iietwoi'ks becomes visible. The small swellings

of the nerve-fibre no more lie in the course of the nerve-fibres,

but more and more })ass to the side of it (fig. 1,3) and at last they

lie entirely beside the nerve-fibre, being connected with it by

means of a verj small and short stalk (fig. 1, 2, 3). The swellings

of the rand-fibres always pass to that side of the fibre lying close

against the cells of the column of Eimer, and so project centripetally

(fig. 1, 6). So when we look at a rand-fibre from the outside of

the column, as in fig. 5, we see nothing or only very little of this

change of place of the varicosities, and oidy when we play up and

down with the micrometer-screw of the microscope, we are able to

make out that the peripheral rows of \aricosities lie in reality

underneath the fibres.

So in the first place we see a very regularly occurring change of

place of the varicosities, as the libi'c approaches the surface of the

epithelium. When Ave oidy take the place of the fibre we are e.xami-

ning in the section into account, this change is always found to

take place with perfect regularity.

ill the second place the following change may be seen: the nerve-

fibres of the organ of Eimer (both the fand-fibres and the axial

fibres) run between the cells of the epithelium. The first swellings

or varicosities, the small loose nets lying in the course of the

fibres, of cour.se also appear l)etween the cells. But as soon as

these varicosities get larger and change their places, so that they

come to lie besides the fibres, they push their way into the substance

of the cells of the sensory column and not between these cells.

They become intracellular. In the preparations stained after the

method of Bielscuowsky the cells ami tiieir margins and nuclei are

so clear and distinct, that when we oidy take care to examine thin

sections (5—6 ii), this fact may be stated with perfect clearness.

Fig. 1, 2 and 3 give a good idea of it; when we examine longi-

tudinal .sections of the rand-fibres, the section passing through the

axis of the sensory column, we see as it were the varicosities or

knobs push their way into the protoplasm of the cells. In cross-

sections now and then we come across places, one of which is

figured in fig. 4. The tactile knob growing into tlie flat epithelial

cell, pushes its way into the protoplasm apparently with some force

so that the flattened nucleus is curved in by it. Similar drawings

are given by Huss.

Anothei" question is, whether these varicosities or tactile knobs

lie in the protoplasm of the cell, become an integrating part

of it. The facts seem to point to the contrary. On observing



( ^57)

the fibres and theii- tactile knobs closely under the liighest power,

we get the impression that even there where the knobs lie

intraceliularlj, tlie neurollbriUae are still surrounded by a very

thin layer of perifibrillar substance, taking a different stain from

the protoplasm of the cell itself But of course this layer of

peritibrillar substance must be continuous with the surrounding

protoplasm. The neurofibrillar network remains entirely independent,

but a trophic connection of the perifibrillar substance and the proto-

plasm surely must be present. This seems to us to be beyond doubt,

and we may venture to suggest, that only now the varicosities reach

their full development, are real tactile discs; as long as they lie be-

tween the cells, the varicosities are only parts of the nerve-fibres

where tiie neurofibrillae are getting looser and growing out, but

only wiien they pass to the side of the fibres and grow into the

cells, they become real tactile neurofibrillar end-nets. The rows of

varicosities are merely stages of development of the tactile discs.

The end-knobs or terminal discs in the upper row of cells of the

sensory column, which are already on the point of passing into the

homy layer, are for the greater part already lying loose in the

cells, the nerve-fibres themselves and the connecting stalks atrophying.

So in fig. 5 the four knobs, represented by black spots in the upper

row of cells, are entirely separated from the nerve-fibres below,

and the same fact is to be seen in the fig. 1 and 3, where a part

of the nerve-fibre (the stalk of the end-knob) was still stained. The

argument, that this independence of the terminal knobs is due to

the connecting stalks not being cut in the section examined, is

annihilated by a close stud^' of many sections. Thus we can state

with perfect accuracy, that the connecting fibre really does not

exist any more (at least, is not stained as the functional fibres are).

The axial fibre shows the same peculiarities as the rand-fibres,

but the tactile nets are larger and more roundecl ; the axial fibre

too runs between the cells until its end; even there where, in the

upper part of the column, the entire cross-section is composed of

two cells, the line between these cells runs just through the middle

of the transverse plane (cf Hoss) and leaves a small room just in

the axis of the column, occupied by the axial fibre (fig. 6). The

tactile nets grow out from the fibre now at one side and then

at the other, and grow into the cells of the sensory column just

as it was described for the rand-fibres.

So we find the same peculiarities of structure in all the nerve-

fibres and their tactile neurofibrillar networks. Tiie same cause seems

to us to underlie all these differentiations, which we may describe
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as a getting more and more differentiated and independent of the

tactile discs (or varicosities) as we draw nearer to the surface of the

sensory column.

When we see now, that the horny layer above tiie columns of

the organ of Eimer is always thinner than in the adjacent parts of

the epidermis (so for example in tig. 1, st. c.), as it was the case

in all the preparations examined, and when we bear in mind, that

these prominences on the surface of the snout of the mole are con-

tinually exposed to all sorts of mechanical insults, the question, ])ut

at the beginning of this paper, may be answered in the following

manner:

The horny layer above the cells of the column of Eimer being

\ery thin and composed of a few layers of cells, and (he horny

scales being lost very soon by desquamation, there must be a continual

moving upwards of the cells of the deeper layers of the column of

Eimer, to take the place of the thrown off cells. With these cells

the nerve-fibres must grow upwards at the same rate. About in the

mid(^Ie of their course these nerve-fibres begin to form tactile discs.

These corpuscles first appear as places in the course of the fibres

where tiie neurofibrillar structure is looser; these first varicosities

little by little pass out of the course of the fibre and grow into the

cells of the column of Eimer, and so become real tactile discs. These

tactile discs lying at the side of the nerve-fibres and remaining

attached to them by a short stalk, are a direct argument for the

growing upwards of the nerve-fibres together with the cells of the

column. Othei'wise the cells would take with them the tactile cor-

puscles and sever them from the fibres they belong to or draw out

the stalks in an oblique direction. Of this no trace is to be found

anywhere. It is very j)robable, that only when the varicosities grow

out to small tactile discs and come to lie intracellularly, they acquire

a heightened perceptive faculty. As they are continually travelling

upwards to the surface, new varicosities are formed undei-neatli in

the course of the same nerve-fibre. As soon as the cells undergo the

transformation into horny scales, the tactile discs and their connecting

stalks and the nerve-fibres ati'ophy, the former remaining visible

longer than the latter. Only the upper rows of tactile discs, of

the form of the networks of fig. 2 and fig. 3, seem to be fully

developed.

They are continually replaced by others, coming from below. The
nerve-fibres of the column of Eimer chiefly grow at the base of the

column and atrophy at its top.

Perhaps these views may be extended to other intraepithelial
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nerve-endings. It will be difficult to find an object of study as favourable

as the organ of Eimer.

Leiden, Anatomical Cabinet.

DESCRIPTION OF THE FIGURES ON THE PLATE.

All tlie figures are drawn from life from preparations made after the method

of BiELscHOwsKY-PoLLACK, witli a Camera lucida of Abbe. Fig. 1 and 5 are enlarged

1200 times, the others 1600 times. Apochromate-oil-immersion. Sections 5 and 6 ft.

Fig 1. Longitudinal section of the upper part of a column of Eimer of the

earth-mole. A rand fibre (rf) and a part of an axial fibre (mf) are seen. The

horny layer (stc) above the column of Eimer is distinctly thinner than at both

sides of it.

Fig. 2. Longitudinal section of a flat cell of the upper part of a column of

Eimer, with two tactile discs, growing into the same cell. The nellike structure

and the curious drawing in of the connecting fibre, is clearly shown.

Fig. 3. Longitudinal section of the upper part of a column of Eimer, to show

the developing of the taccile discs, and the final atrophying of the nerve-fibre.

Fig. 4. From a cross-section through the upper part of a column of Eimer.

A nucleus curved in by a tactile disc.

Fig. 5. Longitudinal section through the peripheral part of a column of Eimer.

Three rand-fibres are shown. The tactile discs lie behind the nerve-fibres. The

intracellular position of the tactile discs is clearly to be seen. The upper cell, in

which lie four tactile discs, is being transformed into a horny cell. The nerve-

fibres degenerate.

Fig. G. Gross-section through the upper cells of a column of Eimer. In the

section of 6 n four cells were to be seen, lying two and two in the same niveau.

The tactile discs of the rand-fibres all grow centripelally into the cells, the axial

fibre runs between the cells.

Astronomy. — "(I Lyrae as a double star." By J. Stein, S. J. at

Rome. (Communicated by Prof. H. G. van de Sande Bakhdyzen).

1. As far as I know, Professor E. C. Pickering was the first who,

led by his spectroscopic investigations, suggested that (? Lyrae might

be a close double, the components of which describe circular orbits

in a light-period ').

This surmise was confirmed by Belopolsky ') in 1892. He measured

the displacement of the luminous i'"'-line on some fourteen spectographs.

They were found to show a minimum (in absolute ^•alue) at the

time of the minima and a maximum at the time of the maxima of

1) Spectrum of |3 Lyrae. By Prof Edward C. Pickering. A. N. 3051 (1891).

2j Les changements dans le spectre de 3 Lyrae. A. Belopolskv. Memorie della

Societa degli Spettroscopisti Italiani. Vol. XXII, 1893.
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the star's light, in siicli a way tliat tliev correspond to an approach

before tlie principal niininiuni anil to a leccssion aflcr that lime.

From these observations lie derived a circnlar orbit for I hat com-

ponent which eclipses the other at the time of this niinimnm. The

investigation of the Potsdam spectographs ecpially led Prof. Vogel ')

to the conclusion that the displacement of tiie lines can hardly be

explained otherwise than as a consequence of the motion of ditferent

bodies having unequal spectra. He does not succeed however in

determining tiie position of the lines with sufticient accuracy. He
thiidvs that tiie photometric data would lead to the assumption of

two bodies of unequal luminosity moving either in a fairly circular

orbit or iji an ellipse having its major axis in the visual line. On the

other hand the spectroscopic investigations would lead to the assump-

tion of two bodies, one shovying a spectrum with luminous, the

other a spectrum willi absorption-lines, which would describe very

excentric orbits the major axes of which would make a considerable

angle with the visual line. It would be impossible, in his opinion, to

satisfy the two phenomena at the same time. In 1896 Dr. Myers ')

subjected Argelander's lightcurve ("vera" pro 1850) to an elaborate

theoretical investigation. His result is that the whole curve of the

lightvariation is represented satisfactorily by assuming two elongated

revolution ellipsoids the major axes of which are in each other's

prolongation, circulating around each other in nearly circular orbits.

The next year Belopolsky found the duplicity confirmed'). This

time it was the displacements of the dark J/y-line (/. =: 448.2 mi),

which enabled him to derive a slightly' excentric orbit for the second

component viz. of that component which is eclipsed during the

principal minimum. Father W. Sidgreaves, in his latest spectrographic

inve.stigation of (i Lyrae ") arrives at the same result as Prof. Vogel :

rather considerably excentric orbit, the ma,jor axis of which makes

a great angle with the visual line.

In conformity with what had already' been suggested before by

1) Ueber das Spectrum von (3 Lyrae. Von H. G. Vogel. Sitzungsberichte der

K. Preussischen Ak. der Wiss. zu Berlin. 8 Februar 1894.

-) Untersuchungen iiber den Lichtweclisel des Sternes ,3 Lyrae. luaugiiraldisser-

tation . . . von G. W Myers, Miinchen 1896. — Tlie system of |3 Lyrae. id. The

Astroph. Journ. VoL VII N". 1.

") Recljerches nouvelles du spectre de (3 Lyrae, par A. Belopolsky. Memorie

della Societa degli Spetlrosc. It. vol. XXVI, 1897. — New Investigations of the

Spectrum of ^ Lyrae, id Astroph. J. Vol. VI N". 4.

*) A spectrographic Study of (3 Lyrae. By Rev. Walter Sidgreaves S. J. Monthly

Notices of R. A. S., Jan. 1904.
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Dr. Myers, Prof. Ch. Andre '), basing himself on different numerical

data, thinks him,self justified in assuming, that the excentricity of the

orbit has increased since the time of Argelander, and also that the

major axis has been displaced. On this supposition Andre tries to

found an explanation of the terms of a higher order in the formula of

Argelander as corrected by Dr. Pannekoek '). Finally Dr. L. Terkan

has brought forward some short considerations in A. N. n" 4067 ').

Afterwards a more elaborate in\estigation has appeared in the Memoirs

of the Hungarian Academy of Sciences ').

We think that this enumeration covers the principal literature

about what has been put forward in explanatmi of the V\ght-\Sina.tion.

2. The original plan of the author of the present paper was a

treatment by the method of Myers of the light curve derived by Dr.

Pannekoek, in order to ascertain whether any important change of

the elements of the orbits since the time of Argelander, might be

established.

The first part of Myers' thesis in which, as a first approximation,

a circular oi'bit is derived, is generally fairly correct. But the second

part in which this orbit is changed to a slightly excentric one, by

the aid of diiferential formulae, appeared to call urgently for a fresh

treatment. Erroneous normal equations have been derived from in-

correct differential formulae. The former have been wrongly solved

and finally the close adjustment of the theoretical curve to that of

Argelander, chiefly in the vicinity of the principal minimum, seems

to ha\'e been obtained by a happy coincidence of numerical errors.

It is of no use to enter into further particulars on the subject. As

an instance we give in the 2"'^ column of the following table the

light-intensities {fB), as derived by Myers from the observed grades

(Stufen) of Argelander during the period of from 30 hours before

to 30 hours after the principal minimum. In the next column are

contained the light-intensities (/c,) given by Myers as resulting from

the definitive elements of his orbit *), the 4''^ col. shows these same

quantities freed from numerical errors. In the three last columns the

1) Traite d'Astronomie Stellaire par Ch. Andre, 2me p. NN. 460—1.

2) Untersuchungen iiber den Lichtwechsel von (3 Lyrae. Dr. A. Pannekoek. Ver-

handelingen der Kon. Ak. van Wetensch. te Amsterdam, Vol. 5, N\ 7. id. A. N.

NO. 3456.

^) Beitrag zur Berechnung dar Bahnelemente van fi Lyrae. Dr L. TERKdN.

*) (3 Lyrae palyaelemeiuek kiszauiitasa spektroskopikai es pliotomelriai adatokb61.

Terkan Lajostol. — Mathematikai es Termeszettudoradnyi Ertesilo, XXIV kotet 3

fiizetebol Budapest 1906. »

^) Inaugural-dissertation, p. 48; A. J. I.e. p. 16.
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game quantities have been given reduced to light-grades (u). I do

not find mentioned wiiat is tiie vahie of a light-grade of Akgelandkr

according to Myeks. From the light-intensities in the two minima I

find 0.130 magnitudes, a value to which 1 have adhered. The intensity

of the maximimi has been taken for unit. The light-grades of A
which, from 3.35 in the principal minimum, rise to the value 12.35

at a maximum, have been reduced to the interval of 3.00 to 12.00

for the sake of convenience.

t
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Two similar, elongated revolution-ellipsoids move about their common

centre of gravit}' in elliptic orbits. We assume that the major axes

of the ellipsoids are continually in each other's prolongation while

their centres move about their common centre of gravity in obedience

to the laws of Kepler. Required the intensity of the light as it

appears to our eye, if we assume that the ellipsoids may be exchanged

for their uniformly illuminated projections on the sphere.

As unit of length we take the semi major axis of the larger

ellipsoid (-£"1); as unit of brightness the maximum of iJ-Lyrae.

Further let be:

X the semi major axis of the smaller body:

q the proportion of the major axis to the diameter of the equator;

/ the proportion of the major axis of the ellipse, which is the

projection of one of the ellipsoids on the sphere, to the ma,jor axis

of that same ellipsoid

;

a the semi major axis of the relative orbit of the smaller body

{E^), e the excentricity, v the true anomaly, r the radius vector in

the true relative orbit.

|i the angle formed by the radius vector in the true orbit with

the projection of the visual line on the plane of the orbit (on the

further side of the sphere); this angle increases with the motion in

the orbit

;

u> the longitude of the periastron, counted in the same way as j?;

i the angle between the plane of the orbit and a plane tangent

to the sphere;

Q the projection of r on the sphere;

M the common part of two circles the radii of which are resp.

o= 1 and =r X, having their centres at a distance of p'^-^;

i. the proportion of the brightness fper unit of surface) of the

larger of the elliptic projections to the smaller one

;

J the apparent total light-intensity at the time t, (as seen from

the eai-th).

As long as E^ and E, do not cover each other, we have:

J= f.

When £", is covered by E^

When E^ is covered by £",

XM
J= f\ 1

JT (/ + K'),
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Let 2 if and 2 if be the angles formed by the common cliord

of the circles, which define M, as seen from their respective centres,

then

M=z\\ (2(/)' - sm lip') 4- St' (2(/) - .*«•« 2ip)
\

p'^ + ;t» _ 1

«i« ifi -^zii Sin ip ; cos tp ^=.

2xo'

St
(p' is al\va3'S < -

; y may become = jt, in the case tliat the smaller
Li

disc is seen projected wholly wilhiii the larger one.

Furthermore

:

p' = ?•' (1 — cos'' [i sin'' i)
; j? ^ tu + y

.

These formulae agree with those of Dr. Myers.

Computation of f.

A-' w' Z^
The equation of the cylindre, enveloping the ellipsoid 1- — + —= 1

(('' b^ c"

the axis of which makes the angles y, Xi »(' "il'i 'lie A'-, F-and
.Z'-axis, is

:

cos'' ip cos^ X '^os'' t(A /a-' ?/' 5^ \

X COS (p y cos X z cos ip^

'

The surface of an orthogonal section of this cylindre is

;

a =:z .T j/a' 6° cos''' ifj + 6' c' cos' «p -|- c' a' cos^ x-

or, putting

1

a=^ b ^ — , c=l
7

jr , o' — 1

£i = — \/l — s' cos' Ip, f ' = ^

The semi minor axis of the section is — , therefore the semi major
9 .

axis

/= 1/ 1— a' cos' tf>

;

cos' i|' r= cos' /J sih' i

;

because il> is the angle between the major axis of the ellipsoid and

the visual line.

In the computation of / Dr. Myers, instead of taking the instan-

taneous projection of the ellipsoid on the sphere, takes the intersection

of the ellipsoid with a plane through the centre, at right angles to

the visual line. In his opinion this is allowable "wenn die Abplattung
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nicht ungeheuer gross ist". He therefore puts

1

/
l/l + {q' — 1) cos^ tf^

As the rigorous formula is at least equally simple there is no reason

for the substitution. If we put the expression of Myers ^ /'', we have



( 466
)

The computation of clM direcflj from the formulae is rather

lengthy'); by considering the geometrical meaning of M, clM is

found at once. Evidently M is purely a function of k and p'.

If y. increases by the amount Ax, the increment of M is a strip

2xyAx; if q' increases by Ay', the increment of M is negative and

equal to a strip (crescent) 2 sin
(f>

. Aj>' = 2h sin (f . Ay'. Therefore

dM= <fd{x') — 2 sin <p' . dqi'

2 sin (f)' 2o sin (p= <fd{^^) -^ dQ +^^ . df

If in this expression we substitute the value, given above, of df,

we get dM expressed as a function of d{x''), d^, dQ.

5. Calculation of dji and do in function of the variations of the

elements of the orbit and of the epoch.

If sin (p = e, then {vide Bauschinger, die Bahnbestimmung der

Himmelskorper, n°. 197):

/aV
, ^ a / '^

dv =:
[
—

\ COS <p \{t— J ) d(i— (idl'l -\ cos tp si7i v I 1 -| d(p.
\rj f \. pj

do da— =r sin (P— ^) cos (P— cQ))*"* * '£' ' • <'"* — -'"*' (P— Sh) ^9 * • '^^

o a

4- I - 1 ,e sin E — sin (P—^) cos {P— Sh) *'" * ^9 * "^"^ V {{^~^) ^."

—

ndT]

/a\M
. . . fr \)— 1^1 \{cosE-e)coscp-[-sin{P-^)cos{P-^)sbiil(jisinE\ 1- co*"*/) \\d(p.

V'V ( v« y)

According to the detinition of w adopted above, we have to put;

Q sin {P— cf^) r=: r cos i cos (to
-f-

i') = 7' cos i cos ^

Q COS (P

—

Sh) ^= — » «"* {u> -\- v) z=z — r sin ({

We now pass to the following particular case:

a. the original orbit is circular;

b. if i = 90'"— t', then «' is so small that 3"^ and higher powers

may be neglected ; the same is triie for sin <p

.

Furthermore let dix = ; c/co =: ; 2e cos a> = x , 2e sin lo = y;
2jr ^^

n = ~ {U= period =:^12.91 days), i^^ = time counted from "superior

conjunction"; dM^=z — ^dT.

Then with suflicient approximation

^) See : Untersuchungen liber den Lichtwechsel des Sternes ^ Persei, von J. Harting.

(Munchen 1889) p. 41.
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dii = dM^ -\- .V sin nt^ — y cos rit^ . . . • . . (a)

do da a^
.,. .

^^ r, ^^^-— =1 1 cos' nt, ? * A stn Znt. . dM„ —
() a^ 2q' ' ^ 2(>»

— A .1'
[
cos nt^ -sin 2nt^ sin nt^ \ — hyi sin nt^ + -^sin 2 nt^ sin nt^ 1 . {b)

As tliese differential expressions have led several astronomers ')

into erjor, we will derive tbem in still another way.

From

:

(3 = y + to

we get

:

d^ = dv -\- day.

In the circular orbit v = M ; in the elliptic orbit this becomes

:

V = M -\- 2e sin J/ + . . . + d3I„.

If we substitute 31= nt^ — w, and put dvi = 0, we get, neglecting

higher powers of e -.

d^ =: dM^ -f- X sin nt^ — y cos nt^

If in : q' = r' shi^ /? -(- r' cos' i cos' 3,

i
— QO^— i',

then, neglecting higher powers of i' -.

do dr 7''
. „ ^ , ^ ,

1— = 1- sin 2,? d3 + ~

In the elliptic orbit we have

:

a{\—e')

+ — sm2,?r/5 + ^cosV.r . . . . (c)

. ^ ^ a„ + da—ae cos (^— or) -!-•••==
1 -\- e cos V

1 1

=: Oj -|- da a x cos nt^ ay sin nt^ . . .

Therefore

:

1 1
dr ^= da ax cos nt^ ay sm nt^

and, substituting this in (c), we get the expression already given of

dQ

1) Dr. Myers puts d(3 = for t-^—O and at the same time dM^ — ; this is

incompatible with (a). Prof. Hartwig, in his paper: "Der veriinderHche Stern vom

Algoltvpiis Z Hercuhs" (Bamberg 1900) p. 39, puts sin^P-SDcosiP-SDsin itgi

r'
= for i = 90°, whereas, according to our formulas, it becomes — s^ sm2^.

(See also A.N. 3644).

Dr. Pannekoek quotes another instance in his Thesis on Algol (p. 22— 3).

Proceedings Royal Acad. Amsterdam. Vol. X.
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6. We thus have consecutively expressed <IM ami <lf in function

of f/(j«'), dji and do; and afterwards d^ and do in function oida,i!^,

dM^, X and y. If now we dilTerentiate the expression

/ M
.T (X + X^),

valid in the vicinity of the first niinimiiin, we find, by consecutive

substitution, the following expression for f/./,:

n {X + k') dJ, = K, d{K') + ylj (/a + I, i" + X,.r.+ }\y + A, (<^A/„ -?/),

in which :

jrX { ;.—A'\ 2;. (>

^1 =-T7i'^iC'"'' «<i +--r 1 + -^- ]( f-J,)-f(p 77-^: • 7i • cos' nt, simp'
;

2Qsin(p' r'cos'nt^
A^-= ; /j =: sin<p' ;

r Q

X, = Ai sjw 7i«, — Qsini/' cos7if.^ ; Fj =r A, (I - cos 7?<|) — (t sin <p' sinnt^
;

r' 5m 2?it. 8171 w' f

'

A, = ' +— sin 2nt^ [it (X + r.') J, - 2q sin <p'] .

Q 4/

If we treat in the same way the expression :

XM
J,=f I

jr(A+ x')j'

valid in the vicinity of the second minimum, we find, putting

U

n^ dJ, = K, dix^) + A,da + I,i'' + X,.t + r,y + A, {dM„ + y)

in which :

jt , 2X Q
K, = J. cos' nt. A- n (f — J.) — f(f>

. — . cos' nt, sin w' :

2p sin if) r' cos''nt^

A, = ; /, = sin (p ;

r Q

X, = — Aj sin nt^ -|- Q sin tp' cos nt.^ ; I^, = — ^ j ( 1 — '^"^ "^) + (? sin (p'sin n<,

r' sm 2nt sin cp' e' ( ^ 4 "'

A, = \-— sin 2nl, I 3t—
-^
— J, - 2p «n y)

7. If the observations do not give the light-intensity, but the

brightness expressed in magnitudes or in grades, then we have still

to express the variation of the number indicating the magnitude or

the grade, in the variation of the light-intensity.
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Let J„ represent the intensity at the maximum, &'o Ae corresponding

magnitude, J and G the same quantities at the time t, then, by the

formu hi of Pogson :

G — G, — 2.512 (% J, — logJY

Consequently :

dJ
. .

dG = — 2.512 7H. —
,
(m ^ modulus of Brigg s log.)

u

dJdG=- 1.092 —

.

Now, if is the equivalent in magnitudes of a grade, then, a^
V

and o being the number of grades:

a,—a = v{G—G,) = 2.512v {log J^-log J)

Therefore

:

dJ
i(7=1.092»—

Putting the value of Ahgelander's grade for the light-curve of

|3 Lyrae at 0.130 magnitudes, then :

dJ
do =z 8.413 —

.

8. In the hypothesis which we adopted, the main phases (min.j,

ma-x-i, min.j, max.,) take place for the values i^=:0, -, .t, — of iS^. Let

I'l, i's> ^8. ^4 represent the true anomalies for these values; M^, .1/,,

Mj, i/4 the corresponding mean anomalies. If, as is the case Avith

i? Lyrae, the intervals are nearly equal, e must be small and we
may put approximately:

V, = M^—y ; V, = 3/, + .r ; v,= M, -{- y; r, = M^—.v.

{w = 2ecos (ji; y =.2e sin at)

or;

v,-v^= — = (3/, — M,)-\-:e + y

v, — v,= — z= M, — M^) — .r + y

H — ^i = Y — ^^^* ~ '^^'^ — ^ — y

If the differences M^ — Ji, . . . ') are known with equal and

1) The time-equation for the reduction to the common centre of gravity, computed
from the spectroscopic orbit, is found to reacli a value of somewhat over ± 100
seconds and may consequently be neglected.

32*
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suflficienl precision, we find from these foinmlae the most probable

values of x and y as follows;

4.^. == - .-r + (J/^ _ .1/,) + 2 (.I/, - 31^) - {M, - M,)

\y = rr + (J/., - M,)— 2 (.1/, - .1/,) - {M, - J/J

If we combine only similar phases, we get

2y= :r-(3I,-M,)\

The two solutions are identical, if

(M, — A/,) + (iiy, - J/,) = rr.

In A.N. n°. 3456 Dr. Pannekoek summarises the intervals, counted

from the principal minimum, for dillerent observers between J 842

to 1895.

Dividing this period in two, he finds on an average: (f7=r 12^'.91)

max,—min, min^—min, max^—min,

1842—1870 3'i.l2 6d.40 9-1.54

1870—1895 3^1.32 6-^.48 9^.73.

From these values we find, for the first period

:

according to form. {[)

:

according to form. (//)

:

e 67W o) = — 0052; e =r 0.009 c «n to = -f 0.0067 ; e =r 0.008

e cos a> = + 0.0076; to = 326° e cos to = — 0.0043 ; <o = 123°.

Similarly for the second period

:

( « sj« to = + 0.0040; em 0.013 | e sm to = -0.0030; e = 0.006

I e eo.<? to = — 0.0125; (0= 162° ' eco.? to = — 0.0055 ; to = 209°

The only conclusion to be derived from these results is that e

was very minute in both periods, and hardly exceeding 0.01.

9. A single glance at the numbers communicated by Dr. Pannekoek

shows that a trial to derive something more definite from the results

of the separate observers would be quite hopeless. In particular we
may allege the considerable difference between the results obtained

by LiKDEMANN and Pannekoek, in their reduction of the observations

of Plassmann. It thus seems to be out of place, from these observations

alone, to draw the conclusion that the excentricity has increased.

Dr. L. Tekkan has proposed the following method of deriving

the inclination of the orbit.
')

i) A. iN. nr 4067.
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The minimum or maximum of light takes place when q takes

'extreme" values, consequently when

— ^ cos V sin V shi'i -{- e sin r =r . . . . (2)

In formula (2) sin v= for the principal minimum, co5y=— ^y-

for the "secondary maximum". This is in the assumption that the

time of the principal minimum coincides with the time of periastron.

Therefoie if, at the moment of the maximum, we know e and v,

then we know also i. Terkan adopts the value 0.07, derived for e

by Bb'XOpolsky from his spectroscopic observations '). He determines

the mean anomaly at the maximum from the interval found by

Plassmann ')

:

II min. — II max. = 3,05 days,

and then expands this anomaly in a series ') by tiie aid of

e ...
cos V =

:
—;. This series has an argument «, which contains svifi.

sin^i

He thus finds

i=51°.3.

Afterwards, in his Hungarian paper ^), he takes e = 0.06. From his

own observations he derives: I min. — I max.= 3,48 days and then

e

finds, using the usual equations of Kepler, by the aid oi cos v = ;—

:

sin^i

iz=z3Q°.

Even if we disregard the very doubtful value of the numerical

data, the hypothesis seems unfounded that the maximum of the light

occurs at the moment that q is a maximum. If, moreover, we assume

with Dr. Terkan, both the celestial bodies to be spherical, then the

ligiit must be constant as long as the two spheres do not cover each

other as seen by the observer. This is not confirmed by observation.

Besides there can be no question of a clearly defined epoch of

maximum in such a case. The way in which Dr. Terkan meets this

objection by saying: "that our eye or the telescope is unable to

separate the system and that the rays of light which in space come

') See p. 462. 1^' footnote.

') A. N. nr 3242.
''') In this series e has been erroneously substituted for siti f cos (p and

[y'l(instead of / -—— for <(/(45<'— J^)1/4—6" + «. y \ + e

") p Lyrae palyaelemeinek etc. p. 412
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from the same distance, but tVoiu a larger field, are united to a

larger disc" '), seems little satisfactory.

10. Determination of the elements of the orbit etc. by means of

the light-curve of Akgelandkk ').

As a first approximation we put / =: 90', e := 0.

An approximate value of q is furnished by the general course of

the curve in the vicinity of the maxima. As long as it is symmetrical

in regard to the ordinate of the maximum, we may assume that the

eclipse has not yet begun, so that

J = ^/(l

—

e' sin? nti, ) ;

tju being the time counted from the maximum.

From the light-curve we take the decrease uf (ff,

—

a) in grades,

for equal intervals of time before and after the two maxima.

*.!/ ('^o-(^)j ("o-o)

—30'

—21

— 18

—12

— 6

+ 6

+12

+18

+24

4-30

//

0.76



( 473 )

furnished the data:

0.015 6' = 0.006

0.058 8' = 0.022

0.127 f' = 0.051

leading to the most probable values 6^^0.397; (7 = 1.288.

The deviations Obs.-Comp. have been given in the two last columns.

Having found q, we get k and / from the light-intensities at the

two minima. The values of these being 0.3433 and 0.6365, we
obtain, for i =: 90^, the two lelations

1 ;i 1 / x'A
0.3433; - "

q ^- + y'

whence

:

x = 0.6387; ;.= 0.3233.

Finally, at the moment at whicii the eclipse begins:

^^
= p' = 1 + X.

The consideration of the asymmetry, shows that this must be

the case shortly after 18'' {ntM= ± 20°55'). We therefore put

:

o a cos 21°
^ = — = 1.6387 =z 1 + X
/ \/l— s^ sin' 21°

from which :

a = 1.710.

We thus have, as a first approximation, the following elements:

x = 0.6387; A = 0.3233
; 5 =1.288; a =1.710; e = ; i = 90°

and, as for the "epoch", we assume, that the central eclipse of E,

by El, coincides with the principal minimum of Argelander's curve

.

11. In the following table the 2°'^ column, headed C,, shows the

light-gi-ades of Argelander's curve for equal intervals before and

after the principal minimum; the T"' column, headed (9,, similarly

shows the same element before and after the half period := 6''.455

{7iot therefore before and after the secondary minimum, which

Argelander places at 6^.375 from the principal minimum). The

columns C,, and Cs„ contain the light-grades, computed by the aid

of the elements given just now.

12. As will be remarked, the deviations — C- are in the main
negative before, positive after the two minima. We conclude that,

by shifting the theoretical light-curve in a negative direction with

regard to the time, we may obtain improved agreement. The excen-
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the times -|- /, and — t^ , the former of the resulting equations will

only contain the quantities d(x-), da, «"' and .v, the latter onlj' y
and (IJf.

In this way the following equations have been derived for

successive intervals of six hours counted from the i"' , resp. 2'"'

minimum.

Thev do not rest however on the above elements but on those

OOOOOO-^fMinOr^O

I++4- +++++ ++++++++++++
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z
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which liave been derived by repeated approximations from Arge-

lander's curve by Dr. Mykrs. In iiis opinion these are the best

possible circular elements:

a = 1 8955 ; x = 0.7580 ; q —. 1.1993 ; X = 0.4023 ; i =
By their aid I computed the light-grades Cm, and 6^, of the

preceding table. As will be remarked, the deviations O— Cmi are

rather considerable in the vicinity of the principal minimum.

In deriving the following normal equations, the equations of con-

dition for ^, ^ ± 6'' and t^ = ±: 6'' have been neglected.

Normal-equations :

18.54 <i(x') + 15.17 Ja + 16.98 (lOt") + 15.31 a- = — 7.670

15.17 ,. -f 41.68 „+ 18.14 „ + 53.17,, = — 9.673

16.98 „ -j- 18.14 „ + 20.29 ,. + 20.75 ., = — 7.720

15.31 „ -f 58.17 „+ 20.75 „ + 101.96 „ = — 13.227

255.69 y -f 160.37 {dM, — y) = 10.242

160.37 y + 1125.52 {dM, — y) — 37.759

Solution of the first four equations :

x= — 0.026 ; lOt" — - 0.044 ; da = - 0.0741 ; d{x') z= — 0.2915.

As I becomes imaginary, we put e' = in the equations of con-

dition, and then tind :

x = — 0.026 ; da= — 0.0799 ; d{x') — — 0.3268.

y — -^ 0,021 ; dM, - ?/ = -f 0.031,

which lead to the improved elements :

a r= 1.8156 ; X =: 0. 1978 ; ;.= 0.2249
; 5 = 1 3859 ; e= 0.017; tu = 141°.3.

The correction for x' is particularly large, more than half its

original value (0.5746). As in such a case dJ cannot any longer be

considered to be proportinal to r/(x'), we should have to compute a

new light-curve by the aid of the new elements ; we should then

have to calculate the differential coefficients in order — if necessary

— to find a new approximation.

In the following table the columns f, and C, show the light-

grades calculated by means of the improved elements.

In fig. I has been given a graphical representation of these num-

bers. The agreement in the vicinity of the principal minimum is

considerably improved. It is true that there remains a deviation

exceeding a light-grade, at 18 hours before the minimum. It might

perhaps be further diminished by a repetition of the whole process.

If, however, w^e take into account the uncertainty mostly existing

when we draw the curve for the vicinity of the minimum, then it

seems hardly worth while to repeat the elaborate calculation. At all
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13. A second set of elements was derived b>' making llie

.plausible assumption, llial the first niiniiuuiu in AiuiKi,ANDKK"s

curve occurs 0.08 days earlier. We thus get rid of the greater ])art

of the dissymmetry. The second theoretical minimum is assumed to

coincide with the observed minimum. The interval between the two

minima thus becomes just half the period (6'1375 + 0^.08 = 6^.455).

As a consequence the orl)it must be either circular or elliptic with

t
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the major axis at right angles to tiie line of the nodes. In this

way we find

:

a=l. 7-209; x=:0.5015; ;—0.2276; ^=1.3944; i'=7°,25; e=0.04; w=180°.

In the next tables the columns C\ and C^ show the light-grades

computed by means of the first five elements, neglecting the excen-

tricity. The columns C^ and C, contain the same quantities taking

into account the excentricity.

The mean deviation of the values in the columns 0^— C\' and

Oj

—

C./ is ± 0.17 light-grades, whereas Argelander assigns the value

±0.16 to the mean error of the ordinates of his light-curve (prob.

error 0.1095). It would be quite illusory therefore to endeavour to

obtain an improved agreement. Against the elliptic orbit there is

however the grave objection that it gives the first maximum 0.18

days after — , the second maximum 0.10 days before the corresponding

maxima of Argelander's light-curve. In the circular orbit the first

maximum lies only 0.02 days, the second 0.06 days later, whereas

the agreement is still very satisfactory.

14. Finally we communicate a set of circular elements obtained

by a repeated approximtition from the light-curve of Dr. Pannekoek :

a — 1 .5378 ; a =r 0.5378 ; ;. = 0.2900 ; q = 14609.

In deriving them we assumed that a cannot fall short of 1 -j- x.

We further assumed the theoretical principal minimum to coincide

with the observed minimum.

In the following table t is the number of hours before and after

the theoretical principal and secondary minimum; 0^ and 0^ are

the light-grades at the same moments, as read olf from Dr. P.'s

light-curve; C^ and C, the light-grades of the theoretical curve.

The results have been graphically represented in Fig. II. Tiie

remaining deviations are mainly positive before the first minimum
;

after that they are negative. At the secondary minimum the signs

are reversed. The deviations might be rather considerably diminished

if, with a small excentricity {e sin m = O.OiG), we place the principal

minimum in Dr. Pannekoek's light-curve 0.063 days later, the

secondary minimum 0.069 earlier. In this way, however, the interval

in lime min. I — min. II is diminished more considerably than

seems admissible.

For the rest it need not be said, that in the present case, where

two gaseous bodies seem to be in contact, the Keplerian equations

of motion must give only a rough approximation, while the action

of the tides must contribute its [)arl to mask the intluence of the
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increase in q is in agreement with such a supposition, but the

continual lengthening of the period seems to clash with it.

15. Computation of the orbit from the spectrographs of Bei^ovolsky.

In the computation of the orbit from tlie velocities in the line of

sight as derived by B. from the displacement of the bright 7^-Iine

in the spectrographs of 1892, the method of Wii.sing ') has been

adopted. For very small excentricities it is to be preferred to that of

Lehman-Filhes.

The first column contains the mean time of observation at Pdlkowa;

the 2"'' gives the phase in the light-period of 12.91 days. We have

assumed, in accordance with the formula of Argelander, as corrected

by Pannekoek, that the principal minimum occurred on 1892 Sept 25.

781 M. T. Greenwich (= 25^.865 M. T. Pulkowa).

The 3"* column contains the velocities, expressed in geographical

miles, reduced to the sun. They have been taken, with slight modi-

fications, from the Memorie della Soc. d. Spettr. It., vol. XXII. For

Belopolsky has applied a constant correction — 2.1 G-.M. for the

velocity of the earth, whereas in reality this velocity varies between

— 1.6 and —2.3 G.M.

T



ons:

f 1.56 b, — 3.41 fl, — 1.28 b^ = — 42.00

- 1.68 />, + 1.81 rt, + 1.02 b.^ — + 90.78

-f 6.36 b, — 2.71 fl, — 0.27 b^ = — 37.81

- 2.17 b^ f 8.52 a, + 0.32 b.^ = + 30.74

-0.27 i, + 0.32 a, + 5.48 ?<, =z 4- 8.57
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Witli llic notations of Wilsing these observations lead to the

following normal eqnatic

+ 14^,, -3.17 a,

- 3.17 <7„ + 7.64 a,

+ 1.56 (/„ — 1.68 u,

- 3.41 g, + 1.81 a,

- 1.28
ff, + 1.02 a.

Solution :

(/, =: — 0.097 G.M. = constant velocity towards the sun.

«, =1— an sin i sin {ui' -\- Af^)=^ -f" 1 1 • 1 96 ; b^^an sin i cos {vj'-\-M^)= — 2.953

a„=:— ean sin i sin (to' }- 2 J/„):=
-f- 0.498 ; b^-=ean sin i cos{ai' -\- 2^1/^,)==— 0.708

m' is the longitude of the periasti-on, counted from ft ; ]\/„ the

mean anomaly at the beginning of the light-period, consequently :

ansin ^r= 11.579 ; v>'= 115°20' ; .l/„ =139°54' ; e= 0.075.

As o)' -f il/„ = 180^ + 75°12', the elements belong to the body

which, during the principal minimum, eclipses the other. Conjunction

t^kes place, when w' -\- v ^ 270^, i.e. O^KSd days after the time of

the principal minimum, as computed from the empirical formula.

In the following table the 4"' coliuun shows the computed velo-

cities, the 6'*i the outstanding deviations.

16. Spectrographs of 1897.

The velocities (in G. M), derived by B. from the displacements

of the dark l/r/-line X = 448.16 ji u, have been taken u]ichanged from

the Memorie della Soc. degli Spettr. It. vol XXVI. The empirical

formula leads to the epoch 1897 June 22 16">. 24 M. T. Pulkom^a

for the principal minimum.

In a first approximation I determined a circular orbit and found

:

r/„ = — 2.094 ; an sin i = 24.210 ; u,' -(- M„ = 89°.30'.l.

Afterwards corrections were derived by the aid of the formula :

d — =z di/„ -\- KndT sin (o) -\- v) -\- dK . cos (to -j- i)) -|-

dt

-\- Ke cos lo' cos 2 (to' -\^ v) -{- Ke sin to' sin 2 [lo' -\- v).

ill which K^ an sin i^ 7'^ time of periastron-passage.

This formula is obtained from the general differential-formula ^),

by putting t/jj = 0, t/to =z and by further neglecting 2'"' and

higher powers of e. We thus tind the following normal equations :

') Vide: Bauscuinger, Die liahiibcstiramung tier Hinimclskorper, N". 199.
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+ 26dg,— l.SbKfidt— 2mdK— 2.22Kecosui'— 2.03Kesmoi'=— 05

— 1.35 „ +13.18 ., — 1.02 „ + 1.31 „ + O.IG „ =+ 6.17

— 2.01 ,. — 1.02 „ +12.82 ,, — 0.28 ,, + 0.26 „ = 00

—2.22 „ + 1.31 „ — 0.28 „ +13.88 „ — 0.31 „ =+4. 75

—2.03 ,,+ 0.16 .,, + 0.26 „ — 0.31 „ +12.12 „ =-5.98
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Solution

:

(hi, = + 0.0124 ; KfidT— + 0.450 ; rfA= ^ 0.054 ;

Ke cos M = 4- 0.292 ; Ke sin w' = — 0.489.

from which we get the elements

:

r/„ = — 2.082 GM. ; an nn i — 24.264 ; e ==. 0.0235 ;

to' = 300'^5r ; «o' H;l/„ =r 88^26'

;

whereas the conjiinctioii coincides perfectly with the principal mini-

nnim, the, diffe.rencb in time amounting to less than 0.01 (laj/s.

E\i(ientlv this is the principal minimnm. This is in accordance witii

the fact that the ditlerence of the longitudes tbnnd for (he two periastra

deviates bnt slightly from 180° (300T)1' — 115°20'). This may be

partly due to a fortunate coincidence.

Meanwhile the excentricity of the 2"'' orbit is more than three

times smaller than that of the 1'*', while the velocity in the direction

towards the sun found for the whole system is 2 Geogr. miles

greater in the 2'"^ case.

If the h\tter difference is real, this acceleration would have caused a

shortening of the period between 1892 and 1897. As, however the measures

of 1892, according to the judgment of Prof. H. C. Vogel "nicht als

ganz einwurfsfrei angesehen werden konnen" '), we suspend our

judgment to the time that Prof. Belopolsky will again have taken

up his beautiful investigations on the spectrum of /iLyrae, particularly

about the F- line. Already in 1897 he communicated his intention

to do so.

If we \mi i = 90^, the semiaxes major are

:

ttj
= '2056000 (?..!/. ; «, = 4307000 (?. 71/.

From Kepler's third law we derive therefrom, roughly

?», z= 17.1 sun's masses ; m, =i 8.1 sun's masses.

17. In our opinion the preceding considerations justify the conclu-

sion that the data about i? Lyrae do not furnish a sufficient basis foi'

a decision about any change in the elements, in particular in the

excentricity. For the rest, owing to our ignorance on the circumstances

in such a close system, the adopted explanation of the light variation

can only claim to give a rough approximation — a I'ude imitation

of a very complicated mechanism.

1) Ucber das Spectrum von ^ Lyrae. Sitzurgsb. Ak. Berlin. 1894 VI.



J. STEIN S. J. '3 Lyrae as a double star.'
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Displacement of the principal minimum —0d.063.

The abcissae represent the time expressed in days; the

ordinates the light-intensity in grades.
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Mathematics. — "The section of the measure-polytope M„ of space

Spn with a central space >Sp„—\ perpendicular to a diagonal."

By Pi-of. P. H. ScHOCTE.

(Communicated in the meeting of December 28, 1907).

We determine the indicated section in three different ways:

1. by means of the projection of if„ on the diagonal,

2. witii tlie aid of the projection of Mn on a plane througli two

opposite edges intersecting the diagonal,

3. by regarding regular simplexes.

I. The projection of Mn on a diagonal.

1. We can easily prove both analytically and synthetically the

following theorem:

"The vertices of the measure-polytope M,, project themselves on a

"diagonal in n -\- 1 points, namely in the ends of the diagonal and

"in the n— 1 points, which divide the latter into n equal parts; in

"these n -\-l points are projected successively

1, n, \n{n — l), . . . .\ n (n— 1), n, 1

"points, where these numbers are the coefficients of tlie terms

"of ia-{-b)"".

From this general theorem ensue the results for n = 4, 5, 6, 7, 8

given in the diagrams added here (see the expanding plate). An

explanation of the sketch belonging to ?z ^ 4 will sufticiently explain

the others.

The horizontal lines of this figure always represent tlie same

diagonal on which the projection takes place ; on these ton lines are

successively indicated the projections of vertices, of edges, of faces

and of bounding bodies In order to find space for the figures indicating

the numbers, the thick projection-lines have been broken off, where

such was necessary.

If we designate the five points on the diagonal by a, b, c, d, e, —
s'^e the bottom line of the ten horizontal ones — then in these places —
see the topmost of the ten lines — 1, 4, 6, 4, ] vertices are projected

there — bear in mind (1 -f 1)'.

On the four equal segments ah, he, cd, de are projected successively

4, 12, 12, 4 edges — think of 4(1 +1)'.

In like manner the three equal segments ac, bd, ce are successively

the projections of 6,12,6 faces — think of 6(1 + 1)-.

Finally on the two equal segments ad, be are projected successively

4, 4 bounding bodies — think of 4(1 -j- 1)-

33*
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It is easj to deduce from tliis tlie resulls jiiveu in tlie olliei

diagrams for ?i^5,6, 7,8, if we keep in mind, that the coeflicienls

by which (1 + J)\ (1 + 1)', (1 + 1)', (1 + 1) are multiplied are

1,4,6,4 and so bv addition ot nnily at the end |)ass into a repetition

of (1 + iy.

2. More general!}' holds the following theorem, comprising the

preceding:

"The \ortices of eacli bounding M^, of Ji,, [p ^ n) are projected on

"the diagonal of 31,, in 7> + 1 successive points of division of that

"diagonal; here again the projections are distributed according to

"the coefficients 1, p, ^ p (p — 1), . . . of {a + by over these /; + 1

"successive points."

The vertices of a bounding square are projected in three of the «+l
points, which naturally demands the division 1, 2, 1. The vertices of a

bouiuling cube are projected in four of the n + 1 points, which of

necessity must lead to the division 1, 3, 3, 1 as by the preceding

the division 2, 2, 2, 2 is excepted.

From this ensues then directly the following theorem:

"The section of a space tSp,i-[ perpendicular to the diagonal of il/,i

"fornung the axis of projection, with the space ,Syj^, bearing a bounding

"My of Af„ is an Sp^—i in ,S)^^, perpendicular to the diagonal of

"il/y, connecting the two vertices of Afp projecting themselves in the

"ends of the projection of il/^." ')

But there is more. If p' {J\J,,) represents the section of a measure-

polytope Af/j with a space Spy—\ of its space Sp^j perpendicular to

one of its diagonals in a point of which the distance to the centre

1

of the diagonal in the iliagonal as unity amounts to - — ^j', from

which is evident that p'<-, the two theorems hold:

"For even n a bounding measure-polytope Mp of il/„ is intersected

"bv the central space Spn^i perpendicular to the diagonal of 3f„

1) Tlie indicated diagonal dp of Mp is the projection of the axis of projection

d on the space Spp of Mp ; so we can obtain the projections of the vertices of

Mj, on d by projecting tliese vertices first in Spp on dp and projecting afterwards

on d the points found on dp by the preceding means.

As dp and d in the edge of Mn as unity arc represented by I'p and t w and

P
dp is projected on d as - of d, the cosine of the angle between d and Spp is

equal to - u'np.



(487 )

a
"according to an - {My), where a according to circumstances can

P
P P

"assume for e\en p one of the - values 1,2,...-, for odd n one

"of the values 1, 2, . .

. ' ."

2 '2
"For odd // the measure-poly tope il/;j is intersected under the same

I'rt - 1

"circumstances according to a (J/,,) where a can assume for

P
P P P "H

1

"even n one of the - values 1,2,...-, for odd p one of the^
z -1

'
2

p+ 1
"values 1,2,...''-^."

>

We shall now, instead of losing ourselves in further generalities,

give the full results of the diagrams for the cases n = 4, 5, 6, 7, 8

to make clear the above. In order to be able to indicate easily

ratios of measure we shall suppose the edge of 3fn to be uinty of

length.

3. Case n ^ i. Tiie space — see first diagram — perpendicular

in the centre c of diagonal ae to tins diagonal contains the si.x:

vertices of .1/^ projecting themselves in c and cuts — see lines 3

and 4 — no edge ; so the section has six vertices. This same space

cuts twelve faces — see line 7 — according to -(J/,) and eight

bounding bodies — see lines 9 and 10 — according to - (il/3) ; so

the section has twelve edges with a length 1^2 and eight equilateral

triangles as faces. So tiie section is a (6,12,8) and, indeed, the

regular octahedron with edges 1/2.

Case n = 5. We find — see second diagram — thirty vertices

generated by intersection of edges, sixty edges, forty faces and ten

bounding bodies, so a (30, 60, 40, 10). The vertices are of the same

kind, the edges have as - (M,) the length - 1/2. The fortv faces
4 ' 2

1 . 1

consist of twenty - (.I/3) and two times ten - (^f,), i. e. of twenty
2 6

hexagons and twenty triangles, both regular ') with sides — 1^2.

1) Where the regularity is obvious — as e. g. with llie triangles hy the

equal length of all edges, etc. — the additional 'equilateral" or "regular" will

in future be left out.
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3
Each of the ten bounding bodies is as - [M,) — compare in the first

diagram the section with a space jierpendicnlar lo ae in ihe point

in tiie middle between c and (/ — a (12, 18, 8) bounded by four

- (J/,) and four - (J/,), i. e. by four of the hexagons and four of

Ihe triangles, and therefore a tetrahedron truncated regularly at the

vertices, i. e. the first of the equiangular semi-regular (Archimedian)

bodies.

Case ?2 = 6. Out of the third of the diagrams we read that

the section is a (20, 90, 120, (30, 12). All the edges have a

length I 2, all the faces are triangles. Tiie bounding bodies are for

one half (30) as - {31,) octahedra, for the other half (15 + 15) as

1 2
- [M,) tetrahedra. The twelve bounding polytopes are as - (Jfj) —
4 ^

' 5

compare now again the second diagram — polytopes (10, 30, 30, 10)

iiounded by five of the octahedra and five of the tetrahedra, which

"^ can be regarded as regular five-cells, regularh' truncated at the

vei'tices as far as half of the edges, so as to lose all the original

edges by this truncation.

Case n = 7. We arrive at a (140, 420, 490, 280, 84, 14).

The length of the edges is - V^2. The 490 faces consist of 210

hexagons and 280 triangles, the 280 bounding bodies of 210 trun-

cated tetrahedra and 70 tetrahedra, the 84 four-dimensional bounding

polytopes of 42 polytopes - {M,) = (30, 60, 40, 10) found already

3
under 7i = 5 and 42 polytopes — (M,) = (20, 40, 30, 10) bounded by

five truncated telrahedi-a and five tetrahedra — regular five-cells

truncated at the vertices as far as a third of the edges. The

5
J 4 live-dimensional bounding polytopes are as -— (i/,) polytopes

La

(60, 150, 140, 60, 12) bounded by six (30, 60, 40, 10) and six

(20, 40, 30, 10).

Case n=z8. Here a (70, 560, 1120, 980, 448, 112, 16) is the

result. The length of the edges is \/2, all faces are triangles. The
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980 bounding bodies consist of 420 octahedra and 560 tetraliedra

tlie 448 four-dimensional bounding polytopes of 336 polytopes

-(i/J and 112 polytopes -{M^}, i.e. of 336 live-cells truncated as
5

'

5

far as half of the edges, found under n = Q, and 112 five-cells.

The 112 five-dimensional bounding polytopes are as far as one half

is concerned - (M,) — (20, 90, 120, 60, 12) already found above,

as far as the other half is concerned - (J/J = (15, 60, 80, 45, 12)
o

l)ounded by six five-cells truncated as far as half the length of the

edges and six five-cells. Finally the sixteen six-dimensional bounding

polytopes are as - (J/.) polytopes (35, 2J0, 350, 245, 54, 84)

bounded by seven (20, 90, 120, 60, 12) and seven (15, 60, 80,45, 12) ').

From this all we easily deduce the follo\ving general laws :

"The vertices of the section are vertices of J/„ for even «, for odd «

they are centres of edges of J/,,; they are always of the same kind ")."

1

"The common length of the edges is y2 for even n and — \^'^

for odd 11; they are always of the same kind')."'

"The faces are triangles for even n, hexagons and (smaller) triangles ^)

for odd n."

"The bounding bodies are octahedra and tetraliedra for even n,

truncated tetrahedra and (smaller) tetrahedra for odd n'\

"The four-dimensional bounding polyhedra are five-cells truncated

as far as halfway the edges and fi\e-cells for even ?j, tlve-cells

1) If we had set to work, when enumerating the results, in Ihat sense inversely

that with each new value of n of the bounding polytopes with the greatest

number of dimensions we had descended to the vertices, we should have furnished

a geometrical variation of the well known nursery-book : "the house that Jack, built".

However with two differences. When descending from every one round higher of the

ladder we pass every, other lime again the same stadia and the ladder is a Jacob's

ladder with an infinite number of rounds.

-) That is, in each vertex as many edges meet in the same way, etc.

^) The cases n = odd seem to be an exception to this, as there are for the

truncated tetrahedra two kinds of edges, namely : sections of two hexagonal faces

and sections of an hexagonal and a triangular face. However, this is only appa-

rently. For, for each edge we find that in the section itself always again the

number of faces passing through it of each of the two sorts is steadfast, thus

for w= 5 two hexagonal faces and one triangular one.

*) We do not mention here, that for ?? = 3 only an hexagon appears. Neither

that of the bounding bodies the tetrahedra do not appear for n ^=- 4, etc.
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truncated as far as a thint of the edges and (smaller) five-cells for

odd n."

Etc., etc. ').

The above results are for the greater part given in the general

theorems mentioned above.

77. 77u; projection of Mn on a plane through two opposite

edges cutting the diagonal.

4. For each value of n the indicated projection — see fig. 1 for

n = S and n = 9 — is a rectangle PQQ'P' with the sides 1 and

a' (ly % ^3 <^4^'^3 ^Z ^1 a

n = 9
Fis. 1.

Vn—1, which i.s (Hvided by n— 2 lines P^Q^, P^Q^, P„-2 Q„-2

parallel to tiic siiorter sides PQ, I" Q' into n—1 equal rectangles.')

') We break olT licre because not unlil the third division do we indicate that

everything making its appearance in liie section can be regardcid as simplex or

truncated simplex.

The symbol wliicli indicates the numbers of vertices, edges, faces, etc. for

arbitrary n is pur])osely omitted as its form is rather complicated.

-) To compare the treatise 'On the sections of a block of eighlcells, etc."

(Yerhandelingen der K. A. v. W., vol IX, N . 7).
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The diagonal on which the intersecting space Sp„—i is at right angles is

one of tiie diagonals of the rectangle, e.g, FQ'- If the normal erected

in the centre of PQ' on this line, representing the projection of

the intersecting space SjJn—i , cuts the side PP' in A, this point A

always lies at a distance —
,

from the centre B of PP. For

in the right-angled triangle AOP we lind that B is the foot of the

normal let down out of on ^4/? and from this ensues ^-li^.i^P^Oi^"

1 1

and therefore AB ^ — : — ^^^^—1. So A coincides for even n with

the point of division P^ and this point lies for odd n in the middle
2

between Pn—\ and P"+i . From this it is again evident that the
2 2

vertices of the section are vertices of M„ for even n and centres of

edges of M„ for odd n.

In the paper quoted above which restricts itself to the case ?^^4

we find in a note how we can regard the section under observation

as a "rhombotope" truncated at both sides; the course of thoughts is

as follows. Let us imagine in the direction of the edges PQ,P'Q'
on either side an infinite number of measure-poly topes J/„ piled on

each other and let us then remove the measure-polytopes M„—\ ,

projecting themselves on PP' ,
QQ' and lines parallel to these, with

which the successive poljtopes M„ bound each other ; then a prism is

formed with M„^i as right section. If this prism is intersected by

a space Sp,.—i which projects itself along the perpendicular /„ let

down out of on PQ, the section is thus an M,.—\ . What \aria-

tion does this section M„—i of the prism undergo when we substitute

for the intersecting space projecting itself along /„ an other one

which projects itself along a line 4 through (), enclosing with /„ a^n

angle y? As is easy to see from the tlgure this variation consists

of a regular enlargement of the perpendiculars let down out of the

boundary of il/„_i on the space Sp„—^ ,
projecting itself in 0, which

enlargement means a multiplication of those perpendiculars by sec tp

and can be regarded as a stretching in the direction of the diagonal

CD. As for n =r 4, where M„—\ becomes a cube, such a stretching

makes a rhombohedron of a cubs, out of i/„_i is formed in general

what we call a rliombotope.

Just as the riiombohedron regarded as a whole passes into itself

when it is revolved 120' about the axis, or — in otiier words —
just as the axis of the rhombohedron has a period three, the axis

of the rhombotope under consideration lias a period n—1. Let us
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now imagine this rlioiiilioloiic, lor tlie special case that the projection

of tlie intersecting s|)acc .S/> _i — so also the projection of the

rlionil)otope itself — falls along OA and let ns truncate it by the two

spaces Sj)n-2 standing norn)al to the plane of projection in the ends

A, A' of the segment ^1.1' of llial projection lying inside the rectangle

and cutting the axis of the rlionil)()tope therefore at right angles; we then

tind the required section, to be indicated according to the number of

its dimensions by D„
i
We directly determine the length of the axis

of the untruiicated rhombotope and of D„ \ , but before this we

shall deduce some general theorems easy to find.

5. The edges of .!/„ project themselves on the assumed plane eM^r

along one of the n lines PQ, l\Q, , l\Q,, . Pn-^Qn-i, P' Q'
, or

as parts of PP' or QQ' . Because the vertices of D„-\ must be

vertices of J/„ or points of intersection with edges of il/„, these

points project themselves — compare fig. i for /i =r 8 and for

?i ^ 9 — for even n exclusively in the ends A, A', for o(Jd n

exclusively in those ends and in the centre 0.

From this ensues for n == In' the general theorem

:

"The section D-in'-x of Mo,,' is a In' — 1-diraensional prismoid

witli respect to each pair of opposite bounding spaces Sp2„'—2 and

so in 2n' ways".

Here follow two theorems holding for arbitrary n

:

"Each line tlirough the centre U normal to two opposite bounding

spaces /S/>„_2 is axis of A,-; with the period n— 1."

"Each space Spn-2 through parallel to a bounding space Sp,,-2

divides D,.—i into two congruent n — 1-dimensional prismoids."

In the demonstration of these three theorems the entire equivalence

of a pair of opposite bounding spaces Spn—2 with any other pair

lias the chief part; moreover the third causes us to inquire how

the space Spn—i through the centre parallel to a bounding space

intersects Dn-\- We prove as follows that this section is a Dn—i-

If the [jrojection / of the intersecting space >S'/;„_i revolves round

(), the Sjj)i-2 normal to the plane of projection' in remains in

its place and Spn-\ thus describes a pencil with this Spn-^ asaxial

space. Therefore then the \arying section keeps going through the

section of Spn—2 with 3I„ . We can easily know the nature of this

section of ?i — 2 dimensions by regarding the case in which /coincides

with /„. Then our D„-\ is an 3/„-i and this measure-poly tope

projecting itself along /„ is intersected according to a D,,-^ by the

space Spn—i, which is in normal to the plane of projection and
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which therefore bisects the diagonal CD of this M,,—\. This Z);,_2is

the section of D^-i with the space Sp,i-2, throngh parallel to

the spaces Spn—i, which are in A{ and A' normal to the axis and

which truncate the rhombotope. So we find:

"Each space Spnl^ through the centre parallel to a bounding

space Sp„—^ intersects Z)„_i according to a Z)„_2 of which is

again the centre."

From this follows again more generality

:

"Each space ,S/)), (0 <; ^> <^ n — 1) through the centre parallel

to a bounding space Sj:)/, intersects Jj,, according to a />^_i, of which

is again the centre".

Thus we find ascending from below :

"Each chord of A,_i through parallel to an edge has a

length \ 2, each plane through O parallel to a face intersects Z)„_i

according to a regular hexagon with sides -^V^, each space through

parallel to a bounding body intersects Z)„_i according to a regular

octahedron with edges |/'2, etc."

6. We retrace our steps and determine of the above mentioned rhombo-

tope the length of the axis before and after the truncation. Out of

the similitude of the triangles AOB and POC follows in connection

1 1 1

with the length " K?z — 1, - \/n, - of OC, OP, OB for OA the value

— \/n(n — I) and so for half of the unmutilated axis which

is n—1 times as large - \/n{n— 1). If we represent by Rhp [q, r]

a rhombotope with p dimensions of which </ is the length of the axis,

r are the parts of the axis removed by the truncation, the section Z),;_i

has to be represented by the symbol R/i„—\ \/n (n — 1),

So the theorem holds

:

"We obtain the section D„^[, if we allow the measurc-polytope

M„-\ to pass in the indicated way by stretching in the direction of

a diagonal as far as [/n times the original length into a rhombotope

with a length of axis Vn (n — 1) and if we truncate this rhombotope

by two spaces Spn^2 normal to the axis to a
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HI. Kvplanation in details of the connection of D„—\

loitli regular and reiiularh/ tnincnted sbnplexes.

7. Wc consider in the space -?/>„ a reclanjjnlar system of coordinates

Willi an arbitrary point as origin anil UX.^, OX^,... OX,, as axes,

and we now call the 2"^'' [lart of that space which is the locus of

the point with only positive coordinates the "»-edge (A'l A', ... A',,)"-

If A, A' are two opposite ^ertices of a measure-polytoiie M„ of

Sp„ and if AA^, AA.^, . . . AA„ are the edges passing through viand

A'A\, A'A\, . . . A'A',i the edges parallel to these but directed

oppositely, then J/„ can be regarded as the part of the space Spa

common to the two ?i-edges A [A^ A, . . . A„) and A' {A\ A\ . . . A',).

If we intersect this figure of the two opposite]}^ orientated H-edges

and the measure-poly tope M„ common to both by an arbitrary space

Sj),,—], the two H-edges are intersected along two oppositely orientated

simplexes and the section of M,i with that space Sp„^\ appears as

the part of that space that is enclosed at the same time by both

simplexes situated in that Sfiace. If the selected space is normal to

the diagonal .LI', connecting the vertices of the ?«-edges, the simplexes

are regular and they have the point of intersection P of the intersecting

space Sp„—i with AA' as common centre of gravity. So the general

theorem holds :

"The section of J/„ ^vith a space Spi,-i normal to a diagonal

can always be regarded as a part of that space iSjhi—y enclosed by

two definite concentric, oppositely orientated, regular simplexes of

that space".

If we wish to make use of this theorem we must determine in a

more detailed way the length of the edges of those oppositely orien-

tated regular simplexes with conniion centre of gravity.

8. If we think the intersecting space -S);,,—! to be normal lo the

1) This theorem shows distinctly why the sections of an octahedron parallel to

two faces must be identical to those of a cube by planes normal to a diagonal in

points of the middle third part of that line. The same in other words: If we

truncate a cube witli the unity of edge at two opposite vertices by planes normal

to the connecting line in the points dividing this diagonal into three equal parts

and if we compress an octahedron with edges 1^2 in the direction of the norma]

on two parallel faces as far as half the thickness, then we cause the same solid

to be generated in two different ways.
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diagonal ^4.4' in the first point of division A^, at a distance — y?i

from ^4, the section is a simplex with edge y/2. So the two sim-

plexes, generated when an arbitrary point P of AA' is substituted

for point ^4), have edges of a length of xiP\/2n and A'P\/2n,

wherefore we indicate them, also with reference to the number of

vertices, by <S„(.4Pl/2n) and S'„iA' P\/27i). So the theorem holds:

"If we shove an M„, of which the diagonal AA' is normal to a

given space Sp„—\, in the direction of that diagonal through that

space Sp„—], so that the spaces Spn—i of the bounding poly topes

J/,,_i move parallel to themselves, the section of -S/)„_i with the

moving polytope i)/„ is at every moment the part of that space

S])„-\ that is enclosed within two concentric, yet oppositely orientated,

regular simplexes Snipy'iii) and /S'„ (^j' l/2?i) where p and j/ are

connected in such a way that the sum /; -\- p' is equal to Kn.
During that movement of M,, the common centre of gravity of the two

simplexes remains in its place and the spaces Sp„-2 of the bounding sim-

plexes .?„_! and S'n—i move parallel to themselves; whilst simplex

Sn expands itself from this common centre of gravity to a simplex

*S„(?i)/2), simplex S'„ inversely contracts from a simplex S'„(n\/2)

to this point".

At the moment when this process has got halfway and the two

simplexes are of the same size we find

:

"The section Z),._i is the part of the intersecting space >Sp„_i

enclosed by two definite equal concentric yet oppositely orientated

regular simplexes S,,
(
— ?i|/2

J

and S',, i — n\'"2\ ."

Thus for n = 3 the regular hexagon with sides — I
^2 is the figure

3
enclosed by two triangles with sides — 1/2 — think of the well-

known trademark — , thus for n ^ 4 tlie regular octahedron with

edges 1/2 is the figure enclosed by two tetrahedra with edges 2 |/2 —
think of the two tetrahedra described in a cube and the octahedron

common to both. So in general the problem in the space of n
dimensions is reduced to another problem in space of n — 1

dimensions and moreover the connection of the result with regular

simplexes is explained.

If we think the simplex Sn to be white and the simplex S'„ to

be black, the n bounding spaces Sp),,—-' of Ai-i originating from S,,

will be white, those oi-iginating from *S''„ will be black. From this

ensues that it must be possible to colour the 2n bounding spaces
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Sj)„-2 of Dn \ ill i^iu'li a way in turns white and black, that two

0[iposite bounding spaces Spi,-i have a difTerent colour. The octa-

hedron is really the only one of the regular bodies tliat allows this

operation. ')

9. If the simplex Sn expands from a point lo an *S'„(nl/2) and

at the same time S'n contracts from an /S'„(?Jl/2) to a point, then

Sn lies at the beginning of the process within S',, and at the end

inversely S',, lies within Sn- Gradually first the vertices, then the edges,

then the faces, etc. of S,t ha\e passed outward. We shall now in-

vestigate when that takes place.

From the diagrams of the expanding plate given in the first part

it is evident, that the section of 3/,, with a space Spn—\ changes its

nature when the point of intersection P of that space Sj)„~\ with

the diagonal A A' passes one of the ?^ — J points of division

Ai, A^, ... As the nature of the section of course also changes when

bounding elements of S'n lying inside *S„ pass outward, the latter

must take place at those moments when those points of division of

the diagonal AA' of the moving Mn pass through the fixed space

Spn—\ This theorem then really holds

:

"In the translation of Mn in the direction of AA' through the

space <S/>,j— 1 in succession the vertices, the edges, the faces, bounding

bodies, etc. of Sn come entirely outside S'n at those moments that

the point of intersection P of the diagonal AA' with the space

Spn—i coincides successively with the points of division A^, A^, A,,

A„ etc."

We regard — in order to prove this theorem — the arbitrary

stadium of the simplexes Sn{APv^2n) and S'n{A'P[/1n), divide

the n vertices of Sn in an arbitrary way into two groups /J and y

of p and n—p points, and indicate by ^' and 7' the groups of the

p and n—p corresponding \erlices of S'n, by B, C, B' , C (fig. 2)

the centres of gravity of the point-groups iS, y, ^', y' — i.e. the

C' B P B' C

Fig. 2.

1) In contradiction to this seems that for « = 5 through each^edge three faces

pass and thus three bounding bodies (12, 18, 8) lie around it. This contradiction

however is only apparent; it is annulled by the remark that two bounding bodies

(12, 18, 8) having a face in common agree or differ in colour according to the

face being triangular or hexagonal. Of the three faces one is triangular, two are

hexagonal; tlic bounding bodies to which the two hexagonal faces belong, differ

in colour from the two others, these agreeing in colour.
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centres of the bounding simplexes S^,, S„-p, S',., S',-,—,, with these

points as vertices. Then the five points B, C, B' , C , P lie in such

a way upon tiie same right line, that B and C" lie on one side of

P and B' and C on the othei- side, and Ave have

p BP=z {n -p) PC ) AP _BP _CP
(n -p) C'P= p . PB y ¥a! ^ RB' ~ TC'

'

We can now assert that the bounding simplex S,, of the vertices ^

of Sn lies entirely or partly inside S'n when B is between C and P,

whilst -S^, lies entirely outside S',, when C lies between B and P.

In other words: as AP increases, the bounding simplex Sp of Sn

comes entirely outside >S'„ when B coincides with C and the spaces

Sp^—\ and Sp,.—p—\ of Sp and S'„—p, crossing each other in general

entirely perpendicularly, become incident because they get tlie point

B = C, then common centre of gravity, as point of intersection.

Under the condition BP^^ C"P follows from the equations

BP _ 71—p PC _AP
Jc^^y" CP~PA'

the relation

{7i-p)AP= p .PA',

which shows that P must coincide with the p'^ dividing point Ap

of AA'.

10. If P coincides with Ap the spaces Spp--\ and Sj)n—p—\ of

Sp and S'n-p have, as we saw above, the common centre of>S^and

S'„—p in common. As this point of intersection of <Sp and S'n—p

P
becomes vertex of the section, — if we call this again - (J/„) in

n

connection with preceding investigations — the theorem holds

:

"The centres of the ( ) bounding simplexes aS^, of a regular simplex

P
S„[py'2) form the vertices of a polytope congruent to - {M,,) for

n

p = l,2,..., n-\."
For even ?i = 2n' we have specially :

"The centres of the I
,

I bounding simplexes S,,' of a regular

simplex *S2„' {n'y/2) form the vertices of a D-zu—x "

11. If P lies between Ap and Ap^i the vertices of the section

of the two simplexes aS/i and S'n are furnished by the points of

intersection of each bounding simplex Sp-\.\ of Sn with the /) + 1
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bomiding simplexes S'„-/, of *S"„ wliieli have the property of counting

among their n—j) vertices only one vertex corresponding to a vertex

of this Sfj+i; in each hounding simplex S^-^.\ these [> -\- 1 points of

intersection form the vertices of a new regular simplex Si,-\-\ whicli

is concentric to the assumed one but oppositely orientated. We
determine the length of the edges of this new simplex, for tiie definite

case that P lies just in the middle between A^j and -.4^+1, with the

aid of reflections in quite close connection with the preceding.

If B, C, B', C" (fig. 3) arc successively the centres of gravity of

FiK. 3.

the bounding simplex S,,j^], of the bounding simplex -Si_;,_i of the

remaining vertices of Sn and of the bounding simplexes 'S'^+i, and

S'n—,,—\ of the groups of vertices of /S',, corresponding with the vertices

of -S^,-j-i and .S',,-;,— !, these points lie on a same right line through

P again, viz.. : B and C on one side and C and B' on the other

side of P. If furthermore M and M' are corresponding vertices of

Sp-\-\ and S'p-\-i these points lie in parallel normals erected in B
and B' on BB' and the line connecting 31 and J/' passes through

P. The point of intersection N' of BM and CM' is the vertex of

Sp-\.\ corresponding to llie vertex M of Sp-{.\. From CM and C 31'

being parallel follows

BN _ CB _ CP — BP
MB~BC~BP+FC'

whilst the relations

AP _BP _CP _ 2p + 1

PA' ~ PB' ~ PC' '~ 2n - 2p
—~\

and

BP_ B'P_n — p—l
PC~PC'~' p + 1

enable us (o express CP and BP in PC. Substitution gives the

result
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BX _ 1

MB~ 2p-{-'i
'

So tlie tlieoreni liolds

:

"If we describe in the spaces S/t,, hearing the lionnding'simplexes

S/.,+\ [~^~— 1^2
j

of a regidar simplex Sn (—5— 1^2
j

simplexes

S^-{.\ (
- \/i

)
concentric and oppositely orientated to the original ones

/ n \ 2p-\-l ^
we tind the (n + 1) , vertices of a (vl/„)."

V/'+l/ 2w

For odd n = 2n' -\- 1 we have in particnlar

:

"If we describe in the spaces Sp,,' , bearing the boiuiding simplexes

A2n' + 1 A , . , o /^2«' + 1 \
aS,/-)-i (

— |/2 of a regular simplex 02,/+i I 1/2 I sim-

plexes S„'-^\ ( -7 l/2
I

concentric and oppositely orientated to the ori-

/'2«' + n
ginal ones we find the f»'4-Jn

, ,
, ] vertices of a Do,,,."

V « + 1 y

In connection witii the results found above the length — 1/^2

appearing here for tlie edges of the new simplexes contains a con-

firmation.

Mathematics. — "On five pairs of /our-dimensionnl cells derived

from one and the same source.''' By Mrs. A. Boole Stott

and Prof. P. H. Schoute.

(Commuuicated in the meeting of December 28, 1907).

Introduction.

As this paper must be regarded as a short completion of the

handbook of the "Melirdimensionale Geometrie" included in the

Sammlung Schubert we keep the notation used there.

We regard in succession each of the six regular cells C's , C^

,

^'i«. t'34 ' C',3,, C'j„„ of the space Sp^ and derive from these two
new four-dimensional cells. The first, which has the centres A'„ of

the edges of the regular cell as vei'tices is formed by a regular

truncation at the vertices as far as the centres of the edges: the

second is the reciprocal polar of the first with respect to the sj)he-

rical s[)acc of the poiiils A „

.

34
Proceedings Royal Acad. Amsteidani. Vol. X.
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Hcc'iviisc tlie regiihir f\, leads iis to find the regular C,,, the

number of pairs of new cells is not six hut live.

I. General observations.

1. If we understand for the regular cells hv e,k,f,r successively

the number of the vertices, edges, faces. l)ouiiding bodies, by p, q
the numbci' of bounding bodies through an edge, through a point,

by <;', k' ,
/' ihc nuiubcr (if verlices, edges, faces of the bounding

bodies, tiieii besides the relations

«+./= ^•+''
< e'+f=k'-\-2

of Eri,KR the equations hold

q,' = rr'
,

jik = rk' , 2/= )•/"
,

out of which numlier of live we can easily deduce the relation

(q-2)e = (p-'>)k (1)

The following table furnishes these cpiantities for the six regular

cells of Spf

e
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a square or a regular pentagon, with the assumed point always as

centre, according to p having the value

3, 4 or 5, the section of the system of

the p -\- '2 bounding spaces of the new^

cell passing through A'„ with a space

normal to 0K„ — e.g. with a space

which according to the normal m to OK^
is perpendicular to the plane of projec-

tion -- is a right /^lateral prism, of

which the segment LL' of m enclosed

between /, /' is the axis and the per-

pendicular endplaues project themselves

in L and L' . From this ensues:

"Through a vertex pass p + 2 bounding

spaces, i.e. Q=z p -\- 2".

"Through an edge pass three bounding spaces, i.e. P^ 3"-

"Through a vertex pass 2p edges, so pk is the number of edges,

i.e. K^pk."
"The system of the bounding spaces consists of two groups, namely

of e regular polyhedra with q faces, and r serai-regular polyhedra

{e',k',f') with ecpiivalent vertices truncated at the vertices as far

as the centres of the edges, i.e. B. ^ e -\- r"

.

"As the polyhedra of the second group have a' -\- f =z k' -\- '2

faces and a face is common to two bounding spaces, the number of

faces is half the sum of qe and r(Jc' -f 2) or qe and pk -\- 2r, i.e.

2F= qe -\- pk -[- 2r\

Thus the result is ;

"The first of the two cells, [E, K, F, R, P, Q), deduced out of the

regular cell {e, k,f, r, p, q] has the characteristic numbers

E= k, K — pk; F = i {qe + /:./•) -(- r, R — e -\' r,

P=?. Q = p + 2:'

Here the law of Euler E -\- F= K -\- R may serve as verification.

In reality the difference of the two members of this equation

£ 4_ F - (A' + ii) = I- + 1 {qe + pk) + ;• - {pk -^ e + r)

= k — e -j- {{qe — pk)

= ll(q-2)e-{p-2)k\

is equal to zero in consequence of the relation (1).

3. The second of tiic new cells deduced out of the regular cell

is enclosed by the polar spaces of tlie centres A", of the edges with

respect to the s[)herical space througli those points, i. e. by llie

34*
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tangential spaces to that spherical space in those points, i. e. by

the spaces in tlie points K^ normal to the axes OK^'). By polar

inversion of the result found above we arrive with respect to tiiis

second new cell at the following results :

"The number of hounding spaces of the new cell is /•, i. e. W = k."

"The bounding bodies have p -]- 2 vertices and are double pyramids

with a regular polygon with ^^-sides as base lying in a plane bisecting

the connecting line of the vertices at right angles."

"The faces are isosceles triangles."

"In a bounding space lie 2p faces, so i>k is the number effaces,

i. e. F' = pk."

"The system of the vertices consists of two groups, namely of e

regular vertices and ?• semi-regular vertices, i.e. E' = e -\- r".

"The number of edges K' is A {gc -\- j>k) -\- r."

So the result is -. •

"The second of the two cells, {E' , K' , F' , R'), deduced out of the

regular cell {e, k,f,i\ p,q) is bounded by double pyramids with a

regular polygon with /)-sides as base and has the characteristic

numbers

E' ^e -\- r, K' — \(qe ^ pk) + r, F = pk, B! — L"

It might appear as if it were possible to deduce more pairs of

new cells out of the regular cells by doing for the ends F^ of the

axes OFt, the same as has been done above for the points A'„. This is,

however, not the case, because for each regular cell the centres i^„ of

the faces form the centres A'^ of the edges of another regular cell

which is for the cells C\, C,^ dualistically related to themselves a cell

of the same kind, for the cells related in pairs to one another (C^, Ci,)

(C\„, Cjoo) a cell dualistically related. And as is immediately evident,

the pointgroups E^ and R„ can neither lead ro new results.

We conclude these general observations with the remark that the

two cells deduced from the regular cell (<?, /, /, r) show much regularity
;

of the former the vertices and the edges, of the latter the faces and

!he bounding bodies aie mutually eijuivalent groups of elements, whilst

the faces and the bounding bodies of the former and the vertices and edges

of the latter form groups of elements consisting of two subgroups. Do

these new cells furnish the maximum amount of regularity for

poly topes not entirely regular? We do not intend to go into further

details here, as the Mathematical Society at Amsterdam is proposing

a prizequestion about what is to be understood by "semi-regular

polytopes".

1) The handbook quoted above contains in Vol II pages 256—261 some com-

munications about the corresponding polytopes iu the space Spn.
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The following- table shows the results which are obtained b}'

substituting the values of e, k,f,r,p, q for the five different cases.

For the sake of completeness those quantities are also included which

indicate how many vertices are situated in face and bounding space.

We must here notice that, the first cell having two kinds of faces

and bounding bodies, we are obliged to take four new quantities,

namely the numbers of vertices *S'i and T^ in face and bounding

body of one, the numbers of vertices -S, and 7", in face and bounding

body of the second kind. Here (S, and T", will relate to the truncating

bodies with fixces of the same kind and *S'i and T^ refer to the trun-

cated bodies, where we must then consider as far as S^ is concerned

those faces which the truncated bodies keep in common. We must

likewise for the second cell, with two kinds of vertices and edges,

introduce the four new quantities P/, P,', Q/, Q^,

As is evident T^ =:z Q,' =i k', whilst T, = Q,' is the number of

vertices of the regular polyhedron with q faces.
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111 tlie folluwint!; tlio A'^'^' i> niidor closer investigation especially

witii a view to tlie C/f- (>l>taiiialiie out of it bv omission of certain

elements. To this end it is necessary to coiisinici an dliier diagrain

than that of eight simplexes, wiiich can only clearly show the

Cff. (56,3); (48„); (40,,); (32„); (24,,) and (ll>,„)," formed by

omission of the elements of 1, 2, 3, 4, 5, G simplexes, all (except

the (irst) in ditferent types, likewise of Cff. (,24,) and (32, J, con-

structed exclusively of fillings (8,).

^ 2. If we isolate in the Cf. of Kummer a point and a plane not

incident to it, the remaining fifteen elements of each kind are divided

into a sextuple incident to one of the isolated elements and a nonuple.

Each one of the two sextuples forms with the 15 elements of the

other kind a free Cf. (6., 15,) which means nothing else but that

each of the fifteen right lines connecting the (y.-points in one

plane i)ears another C'/'-plane and reciprocally.

The two nonuples of elements, however, of both kinds together

form one Cf. (9,), the structure of which is identical to that of

Cf. (9,) III of the classification of Martinetti ').

This arrangement can be done in 16_XlO=:160 ways.

We can likewise isolate out of A'^'^^ in 64x36=r2304 ways

a point and an Sp^ not incident to it, by which the sixty-three other

elements of each kind are divided into a group of twenty-eight

incident to the isolated element of the other kind and a remaining

group of thirty-five. The two groups of twenty-eight form together

a .scheme (28,,); each group of twenty-eight witii that of thirty-five

of another kind a scheme (28, j, 35,,); addition of (28,,) and (28,5, 35,,)

furnishes a scheme (28,,, 63,,); the two groups of thirly-five form

together a scheme (35,„).

This arrangement made for the two elements .41 is shown in the

plate, wdiere the same notations are assigned to the elements as in

the diagram of simplexes of which it is a transformation.

Wo ha\e but to explain how the regular composition indicated

by the thicker lines is obtained.

§ 3. Let us first take into consideration the scheme (28,,, 63,,)

of points (columns) and *S/>„ (rows). Every number of twelve [loints

on a row lying in two different Cf.-Sp^ lies in an Sp^; so we

can fake the (-/. to consist of twenty-eight points and sixty-three

Spi in Sp,; each of the sixty-four Cf.-Sp^ of the A'^'" contains such

a Cf. (and reciprocally).

') Atti della R. Accademia Peloritana XV.
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We find for the coitiplete nohitioii of siicli a Cf. in a way

analogous to that ot § G of tlio former paper:
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Bv oiiiissiou uul of ^28,,) of ;i >',., ivmaiii^ ;i (,2J,„); liy oiiiilliiin;

S, and 'S,, a (15j ixMiiaiiis llie sclieiiie of uiiicli is iniuUrn/niatic

:

each coii])le of its C/.-S/i.^ lias ('our ('/'.poiiils in coniinoii. The same

number of 15 points Ibi'ms witli 15 oilier Sp^ (namely HI as far

as Jj[ inelutlecl out of the number of thirty-five) a Cf. (15-) of

which tlie scheme is coinitlemenlary to the aiiallagmatic (IS^).

(hit of the Cf. (35j,) is formed by ()niission of N, a Cf. (30i,);

by omission of T a Cf. (25, J ; of ,S, and 7' a Cf. {'20^„). of two

different T a Cf. (15„), identical to the already mentioned one, its

points lie in an Sp,, tlie (35, „) has in each of the twenty-eight

other Cf.-/i, such a (15,).

If we add to tlie Cf. (30,.,) a system 7' out of (28,,) a Cf. f40,J

is formed.

The Cf. (35, „) is also obtainable out of the diagram of simplexes

of the /v
^'"

, the simplex ^1 then falls away entirely, of each of the

seven other ones three elements of each kind disappear. The diagram

(35,,) consists of seven systems S^ in the chief diagonal, nuituaily

connected by fillings (5J, which all degenerate into (3,) and (2,).

By omitting 1, 2, 3, 4 from this .S, we obtain Cf. (30,,), (25,,),

(20i(,) and (15^). The (30,.,) is identical to the already mentioned

one, the (i5J however is of another type: not anallagmatic, neither

do its points lie in one Sp,,.

§ 5. In each of the Sp^ formed by intersection of two C/.-Sp^

of 7v^''i lie 12 6'/. -points, of which thirty-two sextuples are also

common to a third Cf.-Sp„ ; such "a sextuple lies thus in an Sp,,

the twelve points form with the thirty-two Sp, a C'/.(12,j, 32,).

We can give to the diagram of such a Cf. the following form:

(see table p. 507).

If e. g. we take the Cf-Sp^, formed by the intersection of the

C/-Sp, : Al and .4 2, the twelve points become respectively:

.4 3^Pi BA=Q1
A4:=P2 5 3 = (32
^5=izP3 CQ=Q3
A6 = P4: C5=Q4.'
A7 = F5 H8=Q5
A8 = P6 H7=QQ

The entire Cf. consists evidently of two simplexes S^ : P and Q
in MoBius-posilion forming together the part (12,) whilst moreover

every triplet of vertices of one simplex with the three non-conjugate

ones of the other lie in one Sp„ i.o.w. each face of one intersects

the non-conjugate one of the other.
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Tliis connection is for llic lirsi lime possible in S/i.^, tlie analogoh

in .S'Pj would !)(': two Iclialiedra in Mr)iiiL's-posilion, where each

edge of one intersects tlie non-conJii,iiate one of the other: of this

Cf. (8., 14J, althouuii it is possii)ie to dcsig-n the diagram, the

execution is evidently ini]»ossil)le.

Wo find for the complete notation of C/. (12,,, 32„):



0,
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to (liscoiitimic tliis i-osoairli 1 t!-i(Nl al llie request of tlic late Prof.

LonHV i)K. I'lKrvN to (leleriniiu' iliis constitiitioii. After a few trials

which loil III no result the iiielli(iil was Innowcil which had proved

siicoessfid in the deleriniiialioii of tlie constitution of 2.3.4 Iriiiitro-

phenetoP). 'J'lie consiilution of that substance was shown to be:

0«H;(()C..HJ(N0,)3 2.3.4 ^(;,II,(0(;,H,)NH,(N0J, 1.3.2.4^

C„H,(0CJ1,)(N(),), 2.4.

Oxvuielhvldinilroben/.onitrile was now treated in an analogous

manner; by the action of alcoholic ammonia one NO,-group was

replaced by NH^ and this was Ihcn in inrn removed by diazotation

and boiling with alcohol. In this manner was obtained an oxymetliyl-

nitrobenzonitrile (m.p. 126°) C,H,(0CH3) CN(NO,), -^ C,H,(OCH,)

CN.NH.NO, -^ C„H,(0CH3iCN.N(),.

This shows that the NOj-gronp al 3 is replaced by NH, as other-

wise the original oxymethyhiitrobenzonitrile C5H,(0CH,)CN.N0j 1.2.3

m.p. 171° would have been reobtained. Now it remained onl_y to

determine tiie constitution of this substance. On treatment with nitric

and suli)lnuic acids an oxymethyldinitrobenzonitrile was obtained

which melts at 71° and which possesses the following constitution:

C,H,(0CH,)CN(N0J, 1.2.4.6 ').

The constitution of this substance was determined in the following

manner. If this compound is treated in alcoholic solution with ammonia

or niethylamine the OCH3 group is readily substituted by NH, or

NIICH3 and dinitrocyano-aminobenzene m.p. 219" or dinitrocyano-

methylaminobenzene m.p. 161° is formed which substances were

prepared previously from the corresponding oxyethyl compound ').

The oxymethylnitrobenzonitrile m.p. 126° was then heated at 150°

with hydrochloric acid for 5 hours. On opening the tube a gas

escaped which burnt with a green-bordered tlame (CHjCl) whilst in

the tube there were present crystals which after recrystallisation

from water melted at 228° and proved to be 5-nitrosalicyIic acid

(O.H^COOH, OH.NO, 1. 2. 5.) In the motherli(pior the presence of

NH, was detected, formed by saponification of the cyano-group.

For the purpose of identifying the substance obtained a little of the

preparation was mixed with an equal quantity of 5-nitrosalicyIic acid

(m.p. 228' prepared by nitration of salicylic acid '). The melting point

1) Recueil 27, 49.

-) This shows tii.it in oxyinftlijlnitrobenzonilrilc m.p. 126° the nitro-group is

placed on 4 or 6.

') Blanksma. Rcc. 20, 413. 21, 274.

*) Ht'BNER. Ann. 195, 31.



( 511 )

was not altered therein'. Both preparations could also be converted

readily into 2-6-dibronio-4-nitrophenol ni.p. 141° by treatment with

bromine water').

The following reactions were applied

:

OCHj OCH3
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Geophysics. — "lic^jisfration of enrth-cwrents at Pxitiiria for thu

hivestiijnlion of the connection betn^een ctirth-cunrnt itiiil Jorec

of earth-magnetism." By Dr. W. v.\n Bemmki.en at Ratavia.

(Communicated by ,"\li-. .]. P. v.\.'^ deu Stok).

(Commiinifated in the meeting of December 28, 1007.)

Notwitlistaiidiiig tlie f;rcat progress in our knowledge of the plie-

nOinena of earth-magaetisni, tlie desired iiii]>i-ovenient lias not yet

been noticeil in the explanation of the.se phenomena.

That the ditFerent variations to which the magnetic needle is liable

are the consequence of the changes of electric currents has become

highly probable and the place, too, where in that case the currents

are to be found is no longer entirely unknown to us.

So Schuster') has proved that the daily variation is in general

caused by e.xtra-terrestrial currents, whilst 1 myself have indicated')

that this is likewise the case for that j)art of the magnetic disturb-

ances which shows a regular daily variation.

Suchlike electric currents have, howe\er, not been shown experi-

mentally and their indication in those unapproachable regions is for

the present not to be expected.

Only one part of the earth is accessible to iis, viz. the outer crust

and numerous are the investigations on the electric currents circuiting

in that crust.

However, all these investigations have but poorly advanced our

knowledge about the connection between those currents and the

magnetic variations.

The reason is not only to be found ni the great experimental

obstacles and the lack of cooperation in the various investigations,

but especially in the complicated relations of the system of currents

in those zones of the earth where those investigations have been

made, viz. between 40^ and 70' latitude.

My supposition that in the equatorial zone, just as for other

geophysical phenomena, simpler relations must exist, has been pi'oved

to be rigiit by the investigations which I wish to communicate here.

The annotations of the earth-cnri'ent executed by me these last

three years at the observatory of Batavia can be divided into two

series.

During the first period, March—November 1905, I registered the

1) Phil. Trans. Vol. 180, p. 667.

2) Natuurk. Tijdschrift vour N. I. Dl. 63, p. 227.
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eartli-ciuTeiit between Clierilioii and Batavia, with the aid of the

intercomiminal telephone-line. The variations were written down

photographically, the veiocit}' of the registering strip amounted to

the usual 15 ram. an hour.

The important results obtained by this method incited me to go

on and in the period now come to a close I could at night make

use, by the kind cooperation of the ofiicials of the Telegraph Service,

of dilTerent telegraph-lines (to Anjer, Buitenzorg, Soekaboemi, Billiton,

Poerwakarta, Cheribon, Samarang, Soerabaja and Makassar) ; greater

velocity of registration was applied too (60 and 240 mm. an hour).

Besides continuing the different registrations of the earth-current

during longer or shorter time to obtain statistic results, I also made

experiments. When the registration pointed to a new connection

between earth-current and magnetic \ariation, other registrations of

the earth-current were organised to get a closer investigation of that

connection. When cpiestions on the influence of wire or groundplate

cropped up, it was tried to answer them by experimentation.

The instrumental arrangement was contrived in such a way, that

on a strip 20 cm. wide beside the variations of two earth-current

circuits those of the corresponding magnetic components were noted

down. Corresponding means here; the component normal to the

direction of the earth-current circuit.

The sensibility was chosen in such a way, that the corresponding

variations of earth-current and magnetic force did not differ too

much in magnitude. To this end great sensibility of the magnetic

variation instruments (up to 0.1 >• an mm.) was necessary; as

however onl}^ the relative position during one night was considered

it was easy to arrange those variation instruments cpiite simply.

I intend to give a more extensive communication about this at

some other time.

The daily variation.

Tlie obstacles met with in iii\estigating the daily variation were

very great. For the most im|H)rlaiit part of that variation takes place

about noon, but during the day time the electric tield of Batavia is

disturbed by the electric tram and moreover I was allowed the use

of the lines only at liight.

If still I succeeded in coming to useful results, this is due to the

kindness of the Superintendent of the Intercommunal Telephone

Company, Mr. S. W. Baints, who allowed houi-ly I'cadings of the

amount of the earth-current to be duuo at the oftiee of the Company
al Bata\ia. The hours were b^'iS'" A. M., 9''45'n A. M. etc. until
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4114.5m p. ;\1.; an onlinarv galvaiioinetei- with pointer was nsed.

1 ha\e cliosen from these readings tliose falling on magnetically

very calm days and evincing moreover not to have snffered from

distnrbances on the line or fVoni ollici' irrciiularilies. For those same

days I have used the observatory-notation (hiring the hours of the

night (6 P. M.— 5 A. M.).

Two unknown ([uantities remained, viz. the ratio of the values

of the scale division and llie difference of the central position.

The former 1 determined one evening during a magnetic storm

at the oftice of the Company by alternately reading the galvanometer

and allowing the Observatoi'y to I'egister. The reduction to a

same central position 1 got to a plausible result i)y using the Sunday

notations. For, on those days I could use the line already after 12

at noon and from a score of magnetically fairly calm Sundays I

deduced the difference between the hours 4'
,
and iJ p.m.

Graphically 1 then interpolated the 24 values of the hours of

the day.

For the employed magnetically calm days finally was calculated the

daily variation of the magnetic component normal to the direction

Cheribon-Batavia from the Buitenzorg magnetograms.

Daily variation (if the earth-current Cheribon-Batavia and of the

magnetic horizontal component normal to that direction.

Earth-current in Volt

per Kilometer X 10—^

(Direction Ch.-Bat. = + )
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Out of the curves, indicating according to the above numbers

the daily vibration of earth-current and magnetic component, is

evident

:

that this vibration for them corresponds;

that the direction of the earth-current is such that it can be regarded

as causing the variations of the magnetic component;

further : that the magnetic component is retarded ivith respect to the

earth-current and finally
;

that the ratio of the amplitudes of corresponding vibrations decreases

with the duration of that vibration, so that those of the earth-current

are relatively larger icith a shorter duration.

The chief maximum in the afternoon is reached by the earth-

current about an hour and a half earlier, the chief maximum at

night about two hours earlier.

The secondary- vibration in the evening-hours is for the earth-

current much stronger.

It is an indication to apply here the harmonic analysis and to

employ for it the formula

A z= An siti n{t -\- c„).

The results of the harmonic analysis confirm in full what the

mere observation taught us.

Especially the increase of the earth-current as the duration of the

corresponding variation of the earth-magnetism becomes shorter is very

distinctly expressed.

This dependence can be pretty accurately expressed by the following

formula.

Let the amplitude of the magnetic component be 31; the duration

expressed in days T, and the amplitude of the earth-current A, then

A=o.s\y±.y TM
The values in the above column "calc" (on the next page) have been

computed with the aid of this formula.

Yet not much value must be attached to that correspondence, as

the higher terms of the harmonic analysis are very untrustworthy

on account of the inaccuracy of the hourvalues employed.

The difference of phase increases regularly as far as the 5"' term,

and then drops again to the value it had for the 3'^'' term ; but the

phase differences found for the higher terms deserve little confidence.

I have been successful in obtaining a confirmation of a part of

these results with the aid of the cable Batavia— Billiton. The four

months March—June 1906 gave for the nightly course proper results.

35
Proceedings Royal Acad. Amsterdam. Vol. X.
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Magnet, comp. -2.1 -3.7 -5.3 -5.5 -4.9 -4.1 -3.3 -3.4 -4.5 -5.4

10-=G.G.S.

For the earth-current the maximum comes one hour, the minimum

about half an hour earlier. Let us suppose this minimum to belong-

to the preceding \ibration of 3'' 30^' duration, then the diflerence in

phase is 26".

The ratio of the amplitude is 26^.0, whilst I deduced roughly out

of tlie Sunday notation for the great vibration 16.0 when the cable

^

was at my disposal from 0^ till 4'i p.m.

So we meet here too with decrease of the ratio between eartii-

current and corresponding magnetic component together with increase

of the duration of the vibration, but by the side of it a much

stronger earth-current than for the line Cherihon—Batavia.

Annical inequality in the daily vibration.

At Batavia the amplitude of the daily vibration of the magnetic

force is liable to a single- and a double-yearly inequality, where the

maxima are attained in March and September, the minima in Januar}^

and in June. The two maxima and the two minima are of the same

magnitude.

From the continued measurements at the office of the Intercommunal

Telephone Company I could deduce that the variations of the earth-

current show the same annual inequality.

This series of measurements shows two breaks.

First in January '06 the lines were permanently disturbed and

secondly in August '06 errors seem to have slipped into the obser-

vations, on account of which repeatedly improbably large values

were read. After my having pointed this out, the readings in December

next were again serviceable.

Out of each month I have taken those days which were in the

first place magnetically calm and for Avhich in the second place as

much as possible complete and useful readings of earth-currents were

at hand.

Of the mean hourvalues for each month was then taken the

difference of the smallest and the greatest value.

The maximum generally fell in with the 8'/^ a.m. or 9'/^ a.m.

observation, the minimurri with that of 3'/., p.m. or 474 p.m.

These diiferences expressed in Volt pro kilometer X 10~'' follow here.

J. F. M. A. M. J. J. A. S. 0. N. D.

1905 266 194 208 190 129 127 127 170 173 167 131

1906 171 177 127 125 109 135 233 (?) 122

1907 81 118 113 90 88.

35*
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Notwithstanding tlie imperfection in these mecasurements, the double

annual period and its correspondence wilii that of the magnetic

component is so distinctly expressed that doubt is not possible.

Variations of short, duration.

The second period of registration, November 1905—October 1907,

was chiefly devoted to tiie study of the connection of the vibrations

of short duration in earth-current and magnetic component.

The usual velocity of registration was here 1 mm. a minute,

which with sharp photographic lines allows the measurement of

variations with the duration of half a vibration of 0.2 to 0.3 minute,

but in numerous nights the velocity was enlarged to 4 mm. a

minute, when it was possible to measure accurately differences of

time of 0.1 minute.

By the continued registration of the earth-current along different

lines, each one accompanied by that of the corresponding magnetic

component, an extensive material of curves was collected, from which

in general tiie following could be gathered.

For the earth-current along about east-west lines ^) to each vibra-

tion answers a similar one of the magnetic component. For that

of the nearly north-south lines that correspondence seems also to

exist in part, but it is greatly disturbed by the circumstance that

the earth-current keeps following more or less the vibrations of the

east-west line.

So also near the equator we find complicated phenomena, but

only in part, for as far as the east-west current is concerned we

meet with such a striking correspondence that it is possible to deduce

simple laws; the two same laws, which were found for the daily

variation

:

1. the vibration in the earth-current precedes that of the magnetic

component with a certain difference in phase;

2. the ratio of amplitude of earth-current and magnetic component

decreases lohen the duration of the vibratioti increases;

1) The east-west lines were:
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appear distinctly from this material of registering curves with its

thousands and thousands of shorter and slower vibrations.

To deduce the real amplitudes and phases of those variations we
should have to execute for each separate case an immensely extensive

harmonic analysis and, this being quite impossible, corresponding

variations had to be chosen and measured discriminately. Therefore

all the measurements have been done by me personally.

The precedence of the earth-current.

This precedence was rule; it was quite exceptional if it was not

met with. When choosing cases for measurement I always avoided

those where by a superposed oscillation of greater length and ampli-

tude the time of the turning point was made to appear much earlier

or later.

The difference of phase proved to vary from case to case but

to be already constant in the mean of a small number.

For the lines Batavia—Soerabaja and Batavia—Poerwakarta the

ditference in phase was determined with respect to that of Batavia

—

Clieribon and not with respect to the magnetic component.

For the lines Batavia— Buitenzorg and Batavia— Billiton the deduction

was accompanied by great difficulties, as perfectly corresponding cases

between earth-current and the magnetic component seldom made their

appearance on account of the interference of the east-west component.

For Batavia—Soekaboemi I have therefore desisted from making
a calculation and the difference in phase for tlie two first lines must
be mentioned with reserve.

Difference in phase.

Batavia—Poerwakarta 22° Batavia—Buitenzorg 23°
(?)

„ —Anjer 14 „ —Billiton 28 (?)

,, —Cheribon 22

,, —Semarang 36

,, —Soerabaja 32

The difference in phase found here for Cheribon and Billiton shows
a striking resemblance to that found for the daily variation.

Cheribon.

Variations of short duration. Average of 6 terms of the daily variation.

22' 27°
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Billiton

Variations of short duration.

28^

Nightly variation.

26° (?)

Ratio of amplitude.

The accurate indication of the moment of maximum or minimum
of a N'ibration is sooner impossible than the measurement of an

amplitude on account of the interference of smaller superposed

variations.

I have therefore been able " to select a much greater number
— 346 — of cases for measurement; the results are as follows:

Batavia—Cheribon

.

Amplitude Earth-current in Volt p. Kilom.

Amplitude magnetic component in C.G.S.

t^
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According to this table tiie increase of the amplitude when the

duration of the vibration diminishes seems to reach a maximum
value at 0.5 min. and moreover the ratio of amplitudes seems to

be dependent on the amplitude itself and in such a way that with

equal duration it increases with the diminishing of the amplitude.

A complete confirmation of these results was found in 312 cases

for the Anjer-line.

Batavia-Anjer.

Amplitude Earth-cui-rent in Volt p. K.m.

Amplitude Magnetic Component in C. G. S.

Duration of half
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That ratio is constant lor different duration of vibration, as was

proved by the arrangement according to groups of mean equal

duration.

alf a
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must not expect that that formula will give the real formula, as it

must be very complicated on account of the nature of the pheno-

menon .

What according to me is clear from the diagram is that the

ratio of amplitudes for the vibrations of shorter duration will

gradually pass into those of longer duration (the six terras of the

daily variation) and so that between these two phenomena there is

also a gradual transition.

The results for the earth-current Buitenzorg-Batavia and Billiton-

Batavia are again uncertain on account of the lack of agreement

with the magnetic component. I found

:

Buitenzorg-Batavia.

Duration of half
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I have then allowed the Poerwakarta-current to be registered at the

same time as the Ciieribon-currcnt ami I have found a complete

correspondence between them for vibrations of a duration from 0.8

to 15.5 minutes.

Not before the last months of the registering-period have I extended

the investigations to the lines to Semarang and Soerabaja and to

my surprise I found a [)retty great deviation from the circumstances

which appear on the lines Cheribon and Anjer.

Semarang—Anjer.

Duration of half
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^l\/
1.20

1.33

1.51

2.-18

2.82

A„

1.21

d.27

1.3C

2.33

2.71

Soerabaja

lyti^T.
1.26
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simple means and connected to it often, by introducing a resistance

of 100 or 1000 Ohm, a measurement, though a rougli one, of the

total resistance of the whole circuit.

The results genenillj showed a mutual correspondence, only for

longer lines a distinct loss by defective isolation was often discernible.

For the earth-current this loss by defective isolation is of not much

consequence; for, if two points lying at a distance L from each other

with potentials P and P + L/, are connected by a wire the potential

will vary along that wire proportional to the distance of P to

P -\- L^ and will be in a point between the two, say at 1/a of the

L.
distance, P -\ . But tliere the potential of the earth will also be

a

P -\—- if that earth potential likewise varies proportionally to the
a

distance (which we shall suppose to be true at first computation). There

will thus be no difference of potential between line and point of

contact with the ground, neither loss of current.')

However there is loss of current, \'\hen I switch on a cell, thus

when I generate a drop of potential along the wire, that does

not at all run parallel to the earth potential.

This explains that the image of the earth-current rose and fell so

regularly with the magnetic component, whilst so often a great loss

by defecti\'e isolation took place on the line, so that the detei'mination

of the values of the scale division by means of inserting a cell gave

abnormal values.

When, however, an investigation must be made of the regular

or non-regular increase of the earth-potential with the distance, then

this loss by defective isolation is disturbing. That is why the registering

with the continuous connection Batavia—Makassar shed no light upon

the subject.

Influence of the material of the line.

1 could experiment accurately on the possibility of the influence

of the material of the conductive wire on amplitude and phase of

the earth-current by registering simultaneously the currents between

Cheribon and Batavia, resp. through the copper telephone wire and

the iron telegraph one.

1) If we suppose the earth-current to form a closed circuit passing round the

earth and our wire to have contact with it in three points viz. at the two end

stations and the point of contact, there is a distribution of current according

to Wheatstone and the contact is the bridge of Wheatstone.
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The resistance of the former circuit was generally about 10 times

smaller than that of the other.

At Batavia the two circuits were on the same groundplate, at Cheribon

the two gronndplates hung in the same well. Moreover the wires

ran for the greater part on the same telegraphpoles.

An all but perfect correspondence was now found, so that all

influence of the material (especially with respect to magnetic induc-

tion) may be regarded as non-existing.

Influence of the current of polarisation.

I was more anxious about a disturbing influence of the polarisa-

tion of the ground-plates to which repeatedly from various sides

attention has been drawn. For, the polarisation might be able to

explain the difference in phase and the change in the ratio of

amplitudes.

Let us suppose that the earth-current together with the magnetic

component increases, then the resisting current of polarisation also

grows. If now the increase of the earth-current and of the magnetic

component passes into a decrease, the current of polarisation will

for the moment keep increasing and consequently the observed

current (i.e. earth-current minus current of polarisation) will sooner

reach its turning-point than the magnetic component. If the vibration

increases in duration the current of polarisation will also increase

first faster, then slower, and therefore the observed current will

always lose with respect to the magnetic component and the ratio

of amplitudes — as was really found — will deci'ease tirst fastei-,

then slower.

Though the influence to be expected of the polarisation had there-

fore to agree with what was found, yet we could not believe

that it could be the cause of those phenomena, as for the

observations made at the office of the Telephone Company the con-

nection with the earth was made every hour only for a few moments
and so there could be no question about a continual increase of

the polarisation.

To find out the influence of the polarisation I have taken the

following experiment. To begin with I measured the current of

polarisation directly. To (hat end I buried a second ground plate

a few meters from the old one and made a new connection: old

earthplate—galvanometer—new ground-plate.

The old ground-plate I polarised strongly by switching on a

cell into the line (Cheribon— Batavia). After breaking the con-
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nection with Cheribon I immediately closed the new one, in con-

sequence of which the dcpolarisation-current passed through the second

galvanometer.

I actually found the polarisation with its characteristic qualities,

but its intensity was hardly more than a few percents of the chief

current and thus really too small (o serve as cause of difference in

piuise and cliange in ratio of amplitudes.

After this investigation 1 have jilaced a set of non-polarising ground-

plates (amalgamated zinc plates immersed in a solution of Zn SO, in

porous pots) ') on the garden of the Observatory, and repaired to

Cheribon to place a corresponding set there. The repetition of the

experiment described above showed really the non-appearance of

polarisation.

After this I connected one of the two telephonewires between

Batavia and Cheribon with the old polarising ground-plates, the

other with the new non-polarising ones, and allowed the two earth-

currents to register simultaneously on the same strip with the same

sensibility and a velocity of registration of 24 cm. an hour together

with the magnetic component. The experiment could hardly have

been taken more accurately.

As I expected the result for the difference in phase was a very

slight influence in the sense mentioned above; for the ratio of

amplitude I found for one night also a very small influence in the

expected direction, but during two other nights a somewhat greater

difference in opposite sense. I think 1 must attribute those last

influences to the unavoidable inaccuracy of the determination of the

values of the scale division (by switching on a cell of known E. M. F.).

At any rate I had proved sufficiently that the current of polari-

sation was not the cause of tlie found phenomena, so I can take

those phenomena to be real.

Connection hetioeen earth-current and magnetic force.

If we wish to investigate more closely the connection between

the variation of earth-current and magnetic component it is necessary

to regard the variations of the latter quite by themselves.

The general rule holds at Batavia that the two horizontal compo-

nents cliange simultaneously, i. e. that generally between the turning-

points of X and Y only a small difference in time exists and that

on the other hand Z generally has a difference of phase of 90^ with

X and Y.

Ad. Schmidt (Met. Zeitschrift 1899) has pointed out, that the

1) C. A. Brander. Inaugural Dissertation, Helstngfors, 1888.
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variations of the magnetic component might be explained by the

passage of electric current vortices.

Following this explanation we should have to conclude for Batavia

to the passing of vortices whose centre remains far from Batavia,

so that only the outside slightly bent pieces of current pass by.

So as a first approximation we may assume that the extra-terre-

strial current is almost rectilinear at Batavia and when varying in

intensity has but slight oscillations in direction.

The average direction must be WSW— ENE for almost without

exception an increase of the A^-component is accompanied by a

weakening of the ^-component and so IxX"^ t^Y.

That current we really find back in the diagram of the equipo-

tential lines of the daily variation according to Schuster-von Bezoi.d, ^)

which equipotential lines follow at lirst approximation the current-lines.

Also for the explanation of the phenomenon found by me of the

earthviagnetic after-disturbance, it was a matter of fact to take a

current encircling the earth and this current too had to have a

suchlike direction as was mentioned above, but the angle with the

equator was at Batavia much smaller than is found now.

Each varying extra-terrestrial current will induct an intra-terrestrial

one and the magnetic variation observed at the surface is the sum

of the influence of the two. Lamb (see the paper quoted above of

Schuster on the daily variation) proves that the ratio of the potential

of the primary and the secondary field is complex and that therefore

difference in phase exists. The horizontal component caused by the

extra-terrestrial current is in advance compared to the one generated

by the inducted currents; so the resulting component will be in

retardation compared to the extra terrestrial current.

By Schuster however no difference of phase is found for the

vertical force and Lamb has pointed to the fact that this can be the

consequence of increasing electric conductivity of the earthstrata

towards the depth. The results of the new seismological observations

point to an iron nucleus of the earth and therefore to a very great

increase.

We may therefore probably assume that the difference in phase is

very little, at any rate that difference in phase is slight for variations

of short duration.

The magnetic force observed consisted of a primary and of a

secondary part, which have the same sign as far as the horizontal

component is concerned,

') Silz. Ber. der Berliner Akademic fur 1895.
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The ratio c' between the secondary and primary part increases

with the frequency of the vibrations of liie current.

Let us call the magnetic force X, then

X= primary -|- secondary

X= primary (1 -|- c'),

so the primary part of X„ = .

1 +c
t

The extra-terrestrial current which we can put S=ssin2jr-

will induct in the upper earthstrata a current S'

S = Qf{ST)'^-^ cos 2:t'-,

The induction will depend on the distance and the latter possibly

on intensity and duralion of the vibration of the current, moreover

on the conductivity q of the upper earthstrata.

The primary magnetic force will at first approximation (the distance

being about the same) depend in the same manner on the extra-

terrestrial current. So

:

and

X = (l ^c')f{sT)sin2jt^^.

The existence of a vertical conducting current having been proved

we must also take for granted that part of the extra-terrestrial current

is closed by the earth and that a current is generated equally directed

as the current of induction.

Already the properties of the conductivity of the atmosphere point

to a dependence of magnitude and duration of the extra-terrestrial

current, also on the conductivity of the upper earthstrata.

So we put for the current

t

^if) {sT) sin 2n —

.

And for the total current we find

;

^ ^
I Y ^^'^^ '"' 2.T - + tj, («r) sin 2.T

-J
or
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whilst we found above

Xl= i\ + c)f{sT) sin 2:t^.

For the difference in phase we found a constant part of T or

T f(sT) 2.T T— Bg tq~—- — = - .

For angles of + 23°, found for Cheribon for a shorter duration

of the vibration, we may write here approximately

^{sT) K'

So the ratio of amplitudes becomes

A Q ^^{s T)

X I +c' f{sT) I K'-
1 +

75

A_ Q 1
1

pi
X~l +cT V'Y- + T:? ~ 1 + c' T'

For 1 + o' we find according to Lamb-Schuster for that part of

the potential which is to be expanded in terms of a spherical function

of order 2 (for that part which is to be expanded in terras of spherical

functions of a higher order, the increase is quicker).

constant

~ T
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An. Schmidt (Met. Zeitsch. 1902 p. 94) brings the supposition

forward that the current can be generated in the wire by induc-

tion only, thereb}' supposing the wire to be closed by the earth.

Then putting the case very simply we arrive by application of the

rule of Ampere at :

dX drZ
Ae-w — — y -rr + rf

-j—ji-at d<pdt

This gives the difference with respect to the above that the

variation Z makes its appearance.

The Z, however, changes but little in equatorial "regions, so it

cannot make the theory correspond to the observations.

The slow increase of the earth-fiirrent when the frequency increases

does not point to induction, but ratiier to direct connection wiih

the primary current.

The quantity ; has indeed, compared to — , rather a slow.

course.

That difference in phase is according to Schuster-Lamb rather

decreasing for quicker vibration whilst for the earth-cnrrent it proves

to be constant.

But whence the difference in phase?

The differences in the intensity and the difference in phase of the

earth-current for the lines to Anjer, Cheribon, Billiron and Buitenzorg

can be e.\plained also by the difference in conductivity of the ground

between those places and Batavia.

For instance between Anjer and Batavia lies the volcano Karang

and therefore the conductivity is probably greater than between

Batavia and Cheribon, and the fact that the earth-current is four

times as strong can be attributed to it.

The great intensity of the earth current for Buitenzorg—Batavia

may be partly attributed to the same reason and moreover to the

difference in height ( 280 M) ; that between Batavia and Billiton to

the well conducting seawater.

For the lines Semarang—Batavia and Soerabaja— Batavia we find

however for the ratio of amplitude a distinct difference for vibra-

tions of short duration. Each attempt at explanation of the connection

between earth-current and magnetic variation will be in vain as

long as this has not been confirmed and expounded.

To explain it out of the loss by isolation is impossible, as the

difference would have to appear less for the lines Anjer-Batavia

(106 K. M.) and Cheribon-Batavia (200 K. M.) which is not the case.
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Neitlier can it be explained by mutual induction of tiie two lines,

passing partly along the same telegi-aphpoles, as that influence would

just work inversely.

There is a circumstance which causes the lines to Anjer and Cheribon

to differ greatly from those to Semarang and Soerabaja ; that is

the greatest depth below the surface of the earth which the chord

reaches between those places and Bata\ia.

It is for Batavia— Anjer 1 K. M.

Batavia—Cheribon 3

Batavia—Semarang 14

Batavia—Soerabaja 37

When thus the variations of short duration cause a current chiefly

at a greater depth, where the conductivity is very different from than

at the surface, a distinct difference might appear. The opposite however

is more to be expected.

To conform that difference it will be necessary to register at Semarang

the current between Cheribon-Semarang and Soerabaja-Semarang.

If we find for that the same as for Batavia-Cheribon and Batavia-

Anjer, then indeed we must attribute the greater increase of ampli-

tude with short duration for the lines Batavia-Semarang and Batavia-

Soerabaja to the greater distance.

ERRATUM.

In the Proceedings of the Meeting of March 30, 1907

p. 770 1. 3 from the bottom: for 46.419 read 46.491.

p. 779 1. 10 from the top: for VII H., 1 read VII H, 2.

(February 20, 1908).
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Mathematics. — '' Fourdimensionnl nets and their sections by

spaces" . (First part). By I'rof. V. H. Scholte.

(Communicated in the meeting of January 25, 1908).

(_)ut of (lie table

C, .... 75° 31' 21'"', C„ . . . . 120', C„„ .... 144'

€,....90" , C„....120°, C,„„....164°28'39"

of the angles formed by two bounding bodies meeting in a face

of the regular cells of space Sp^ it is immediately evident that only

for tiio cells L\, C\^, C',, can there be any question about each

respectively fdliiig that space. It is well known, that this is really

the case. In the handbook included in the Sammlung Schubert

"MehrdimensionaJe Geometrie" (vol. II, page 241) is indicated how

the two nets of the cells 6',, and C,^ can be deduced by trans-

formation from tiie net of cells C^, the existence of which is clear

in itself. We repeat tliis here in a somewhat different form to add

new considerations to it.

1. The points with the coordinates (± J , ± 1, ± 1, ± 1) are the

vertices of an eightcell (A- with double the unit of length as length

of edge, the origin of the coordinates as centre and the directions

of the axes as directions of the edges. These vertices can be easily

arranged in two groups of eight points, one group of which contains

the points with a positive product of coordinates, the other group

the points with a negative one. Each of these groups has the property

that no two of the eight points are united 'by an edge of CW;

therefore we call them groups of non-adjacent vertices. Let us join

for each of these groups the two points lying in the same face of

C'^) by a diagonal, then the systems of edges of two cells C^^^^'

are generated ; as each of the bounding cubes of C^p is circum-

scribed about one of the 16 bounding tetrahedra of each of the two

f;i2i/2)^ we call these last inscribed in C(/\ where one may be

called positive, the other negative.

Let us now suppose the net of the C', to be composed of alternate

white and black eightcells, so that two L\ with a common bounding

body differ in colour — from which it follows, that two Cg in

contact of edges do this too, whilst on the other hand two C'g in

face or in vertex contact bear the same colour — , and let us assume

that in each white C^ is inscribed a i)0sitive d, and in each black

Cj a negative one; then it is clear that both groups of Ci, do not
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yet fill the whole space Sp^. For to make of a C^ the inscribed

Ci, we must truncate from this measure polytope at each of

the eight \anishing vertices a fivecell rectangular at this point, of

which the four edges passing through this point have a length 2.

Because a vertex which vanishes for one of the sixteen cells C^,

to which it belongs, does this for all, there will remain round

this point sixteen alternate white and black rectangular live-

cells and these will form together a Cf^^'^ of which this point is

the centre. Thus a space-filling for Sp^ is formed by three equally

numerous groups of cells Cj^'-' with the property that all cells

Ci, of the same group can be made to co%er one another by translation.

To show how striking the regularity of tlie net of the C,, is we
must suppose three cells C^^^^K -of which no two belong to the same

group, to be removed parallel to themselves to a common centre,

the origin of coordinates. We rhen see immediately that the vertices

of the three C)Y- together form the vertices of a C^^). For
lb 24

the two inscribed cells C^g*^^) together again furnish the vertices

(± 1, ± 1, =h 1, ± 1) of the original eightcell C^^) and the coordinates

of the vertices of the third cell Cf^^- are

(+ 2, 0, 0, 0), (0, + 2, 0, 0), (0, 0, ± 2, 0), (0, 0, 0, + 2),

from which is evident what was assumed (compare "Mehrdimensio-

nale Geornetrie" , vol II, p. 205).

We shall presently use this observation to trace the connection

between the four groups of axes of the three systems of cells C,,

with the groups of axes of Cg .

2. To transform the net of the cells C, into a net of cells C
we must again suppose the cells of the former alternately coloured

white and black in order to break up each of the lilack cells into

eight congruent pyramids with the centre of the eightcell ,vS common
vertex and the eight bounding cubes as bases. By adding to each

white eightcell the eight black pyramids having a bounding cube

in common with it, the net of the cells C^^ is generated ; in realitv

to the sixteen vertices of the eightcell supposed to be white with the

origin of coordinates as centre, viz. to the points (± 1, ± 1, =h 1, ± 1)

the eight vertices mentioned above

(± 2, 0, 0, 0), (0, ± 2, 0, 0), (0, 0, ± 2, 0), (0, 0, 0, ± 2)

are added.

The transformation of the net of the C^^) j^^q ^Jj^j q^ q ^j^j^ ^^^^

take place in the following simple way. Divide each of the cells (^^2)

37*
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info 16 eciiial and .similarly placed cells (A') L)y means of four wpaccs

tlirovigh tlie centre parallel to the pairs of bounding spaces. Then

divide each of the sixteen parts C') (fig. 1) bj the space in the

midpoint of the diagonal concurring in the centre of C^^) normal

to this line into two e(|ual halves ; here the section as is known is

a regular octahedron A^^ A^^ . . . A^^. We now direct our attention

first to the iialf cells CV-* surrounding the point 0; they form a C^"^^).

Uf the 24 bounding octahedra sixteen are furnished by the sections

^,5 /Ija . . . x\^^ , whilst the eight remaining ones are obtained by joining

Fig. 1.

in each of the eight, ends of the chords along the four axes OX^

,

OX^, OX), OXt through 0, e. g. in X^ , the eight rectangular tetra-

hedra T, {A^, A^^ A^J, where it is clear that in A^i eight of those

tetraheda really meet, because we can reverse the direction of each

of the segments A'l^,.,, X^A^,, X.A^^. Furthermore we observe that

around an arbitrary vertex A uf the original cell also 16 half

cells C^') ai'e lying and that these form in exactly the same way a

Ci^^). P)V this the net of the C^-'^'i has been transformed into a net
24 • °

of cells Cy'^'), where the centres and the vertices of the cells C'^^)

form the centres of the cells C'^'^'^-^ placed in the same way.

If we add to the considered sixteenth part 6^(g') (fig. 1) the three

parts generated by reversing the sign of one of the two axes OX^

and OXj or of both, it is immediately evident that ^1,^ is the centre

of a face of the original cell 6''-^. P'rom this is evident to the eye
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the truth of the wellknown theorem, that the centres of the faces

of a C'^-) — and therefore also the centres of the edges of each of

the two inscribed cells C^^^ -^ — are the vertices of a C^y.^X

3. Before examining more closely the nets of the cells C^, C,„, C,, —
or, as we shall express onrselves, the nets (C\), {C^^), (C^J — in

their mutual connection we put to ourselves the question whether

it is possible to fill Sp^ entirely \\i(h dijferent regular cells. Here

the table given above points to two possibilities. We can either com-

plete the sum of the angles 75° 31' 21
' and 164° 28' 39" with 120°

to 360° or by combination of one of the two cells C,,, Cj^ with

twice the other arrive at 360°. The latter is however already

excluded by the fact that C^ and C^^ ditier in bounding bodies,

which obstacle does not occur when one tries to arrange the three

cells 6*5, Ci8, Csoo with the same length of edges around a face.

Yet, thougli this is possible, neither in this way does one arrive at

the object in \iew. If the indicated space-filling had taken place then

two bounding tetrahedra of C-^, having always a face in common,

would have to dilfer from each other in this, that one would at the

same time have to belong to a C\j and the other to a C,,,, and this

is impossible. For one cannot colour the bounding tetrahedra of a

C; alternately white and black for the mere reason, that the number

five of tiiose tetrahedra is odd. So there is no s|)ace-tilling of Sp^

where different regular cells appear.

4. We shall now consider more closely the systems of points

formed by the centres of the regular cells of the nets (C'J, (Cu),

(C,,'> which we shall indicate by the symbols (P^), (FjJ, (P,,).

Of the systems of points (Pj, (Pi,), (P,j)„ which we might call

fourdimensional "assemblages of Bravais", (PJ is the simplest. If the

axes of cooi-dinates are assumed through the centre of a definite cell

O^^' parallel to the edges of this cell, then (Pj is the system of the

points (2ai, 1a^, '2a^, 2aJ with only even integer coordinates which

we indicate by means of abbreviated symbols by the equation

(PJ = (2«,).

Of the two other systems of points, (P.,,) can be most simply

expressed in (P,). Out of the second mode of transformation of the cells

Cf into the cells C[^-> it was clear to us that (P„) is found by

joining the system (Pj to the system of the vertices of the cells

f^g-X Now this system of the vertices can be deduced out of{P^) by

a translation indicated in direction and magnitude by the line-segment

connecting tlie centre of the eightcell, which served to determine the
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system of coordinates, with one of the vertices; thus this system of

vertices is indicated in the same symbols by (2a, -|- J) and we find

(P,J = (2a,) -\~ (2a, + 1). •• 6- (J\f) '« '''e t^ystem of tlie i)oints with

integer coordinates which are eillior all even or all odd.

Finally (/',,) is derived from {I\^) by adding to {I\) not the

whole svstem of the vertices of the cells CW, but only that half

wliieb is not occupied bv the vertices of the inscribed C'^.;^^'. We
1

express tliis by means of the equation /*;„ ^ (2a,) -|- - (2a,- -1- 1).

1

Here we have to understand by - (2a, -(-J) that system of points of

which the coordinates are only odd integer numbers under the con-

dition that half the sum is either always even or always odd. If in the

cell O^' which furnished us al)ove with the svstem of coordinates
8

a positive C^^}'^ is inscribed, which for the future we shall always
* ic

suppose, then the point (J, 1, i, 1) is occupied by a vertex of the

1
inscribed C'^'l^'^) and so for the non-occupied vertices - (2a,-|-l) half

ic 2

the sum of the four quantities a,- is odd.

If we make the connection between the systems of points {Pj,

(PiJ, {P,t) in the indicated way, then the number of points of (P^J

is twice, and the number of points (P,,) is one and a half times as large

as that of (A) and so the fourdimensional volumes of C-^\ C<--'y^\ C^V^)

2 1
have to be in the same ratio as the numbers 1, -,- . This can be easily

verified. To make a C'V;'^-' of C'--^ we have truncated at eight ver-

I 2
tices a rectangular fivecell, which is -- of 6'^--'; so - of Ci^^ remains.

24 ^ 3 ^

And to make of C\-- the cell 6''^'^-^ contained in the former we
8 24

have halved each of the sixteen parts fW.

5. By the "transformation-view" of each of the nets (Cj), (6'i,) and

(C, J with respect to a space S[i^ of the bearing space Sp^ as screen

we understand the intersection varying every moment, of this non-moving

space with the fourdimensional net moving along in the direction

normal to this space. If for this movement we interchange the relative

and the absolute, we can also take this transformation-view to be gene-

rated by the intersection of the non-moving fourdimensional net

with a space Sp^, moving alojig in a perpendicular direction and

remaining parallel to itself; there we can again assume that this

view is observed by one who shares the movement of the space
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Sp,. The chief aim of this communication is to indicate how we can

connect tlie transtbrniation-views of the nets iC\g), (C,J with that of

the net (Cg), which is by fai' the simplest. Because the three views

furnish at every moment a filling of the intersecting space, this

investigation can lead to new threedimensional space-fillings, even

though thej be not entirely regulai-.

To be able to design a transformation-view of the net (C',g) we must

know for each of the component cells C\e the place of the centre

and the position abozit the centre ; as the coordinates of the centres

of the cells are given above, we have only to occupy ourselves

further with the position about the centre. We designate that position

by means of the four diagonals of each C,6 and we then notice that

these four lines for each of the two kinds of inscribed cells 6',^ are

also diagonals — groups of non-adjacent diagonals — of the circum-

scribed cells Cg, whilst for the cells C\g of the third group they are

parallel to the axes of coordinates.

If we suppose the centre of a cell C'^^K''^) of the third group to

be at the same time the centre of a cell C'^), the edges of which

are parallel to the axes of coordinates, the C^^^'^'' is inscribed in this

new eighteen in such a sense, that the vertices of C^-g*^-) are the

centres of the eight bounding cubes of C^^'. Foi an obvious reason

we call this C^y-^ polarly inscribed in C^f/ — and now to distin-

guish, we call the cells of the two other groups bodily inscribed in

the cells 6'^,-). For, as was observed above, in each of the eight

bounding cubes of C'^^ a bounding tetrahedron of C-^'- is inscribed,

whilst each of the remaining eight bounding tetrahedra of C^f^^^

has with respect to each of the four pairs of opposite bounding cubes

of C"-) three vertices of one and one vertex of the other cube as
8

vertices.

In this way each of the cells C'^^'-'^ of the net (Ci^) is packed

up in a Cg as small as possible, of which the edges are parallel to

the axes of coordinates; here the fourdimensional ca.st'.')' of the "erect"

cells Cj, of the third group are cells C'^'' , those of the "inclining"

cells Ci, of the first and the second group are cells C(-X Whilst the

cases Op of the inclining cells C\^ fill the space Sp,, the cases

C^'*' of the erect cells C\, do so eight times, because C,-'^'"^ is the

1 th

— part of Ci*), — as is immediately evident when one divides the

erect C^^^'^) and its case C[,^' by spaces through the common centre

parallel to the pairs of bounding spaces of CW into sixteen equal parts
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and when one compares the i-ectangnlar fivecell of C^^^^'^^ to the

Cf^ of C<-*^ — , and the erect 6\, together fill a third of Sp,.

In the second mode of transformation of the cells C^^'> of the net

(C) into the cells C^^^ of a net {C\,) the vertices of the C^^^)

concentric to C(-) are the centres of the faces of these Cl^) , from
o 8

which it t'ol!o\\> tiiat the six cenli'es of the faces of each of the eight

bounding cubes of 6^^ are vertices of a bounding octahedron of

C'(>^2) fi]|fi f^Q tiiis cell niay again be called inscribed — and bodily

inscribed too — in 6|-). Also the remaining bounding octahedra can

be directly indicated Avith respect to these circumscribed 6'(-); through

each of tlie sixteen vertices of 6^- pass six faces of this cell, of

which the centres form the vertices of a bounding octahedron

of C^^/>.

From the preceding it follows, that the fourdiinensional cases, in-

closing the cells C^^^^' and having edges pai-allel to the axes of

coordinates, consist of two nets (C.) of cells C^f^, which by exchange

of centres and vertices pass into each other.

6. We conclude tiiis first part by indicating the connection

existing between the systems of axes of the five ditferent cells

with the origin of coordinates as common centre, which can be

obtained by parallel translation of one of the cells C'^-), one of each

of the three groups of cells C
^f^-'^

and one of the cells C^^^^^. We
indicate these cells for brevity by 6\, 6\,, C"i„ C",,, C,, where

Ci, represents the polarly inscribed sixteencell and C\, and 6"'i,

successively the positive and the negative bodily inscribed one. Further

here too — according to the notation of the handbook mentioned

above — E, K, F, R will denote a vertex, midpoint of edge, centre

of face, centre of bounding body and therefore OE, OK, OF, OR
will have to denote the axes converging in these points. Thus OE^

is an axis OE of C\, OK^, an axis OK of C,„ 0F\^ an axis OF
of C'le, etc.

The numbers of axes OE, OK, OF, OR of -each of the three

different cells are always the halves of the numbers of the elements

E,K,F,R; they are contained in the following table.

Here C,, of course represents the three cells Ci,, C",b, C\,.

We now indicate the connection of the systems of axes of the

') By doubling the radii vectores of the six centres of the faces from the chosen

vertex of these C\ ' we find the central section normal to tlie diagonal of this

point.
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We shall now give in both syslem.s of coordinates the coor-

dinates of the vertices of the live concentric cells and we divide in

doing so — see the following table — the sixteen vertices of C'^^'

into the eight vertices of 6".„ and the eight vertices of C'\^; to

that end it is necessary for distinction to indicate wiiether the product

of the coordinates is positive on negative.

Cells
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four axes given in the first row are axes OE for C'g and C\,, axes

4
OR for C\„ C'\, and C.,,; moreover tlie coefficients 2,-, 2 of

4
2 /?, - R,2R indicate that the quadruples of coordinates appearing

in this row relate to the point which is obtained by multiplying

the observed axis R of C\„ C"\^, C„ as far as the length from

goes by 2, ^,2.

With the preceding we have pointed out the position of each axis

of one of the cells of the three nets (Cg), {C\,), (C,,) with reference

to each of the two systems of coordinates and so we have furnished

in connection with the preceding the material by which it is possible

to deduce easily all the spacial sections of these three regular nets

connected in a simple way with these axes. To give an example

here already we observe tliat ar space normal to one of the twelve

axes Fg is normal to an axis OK for ail the cells of the net (Cj,);

if it now proves possible to determine such a space in such a way
that it is equally distant from the centres of all the cells t\s which

are intersected, then in the intersecting space a more or less regular

space-filling is generated by a selfsame body in three different positions.

In a future part we hope to commence with the determination

of the remarkable spacial sections of the nets (Cj), [C^,), (6',J.

Mathematics. — "Contribution to the knowledge of the surfaces

with constant mean curvature" . By Dr. Z. P. Bouman. (Com-

municated by Prof. Jan de Vries).

(Communicated in the meeting of January 25, 1908).

^ 1. As is known the great difficulty connected with the study

of the surfaces with constant mean curvature is the integration of

the differential equation

d'6l d'6
. , ^

:- 1- ^— = — sinh a . cosh 6.

The course followed here leads to two simultaneous partial diffe-

rential equations of order one and of degree two.

In Gauss' symbols the value of the mean curvature i/ of a surface

is indicated by

_2FD' — ED" — GD^

"

EG-F'
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As independent coordinates on the siirfiice we choose tliose which

are invarialMe along the lines with length zero and we represent

them by § and »j. So we tind.

D'H=-2 -, whilst E=,G^O.

Let us multiply both members of the first eqnation by A' (cosine

of the angle of the normal with the A'-axis) ; we then find:

FHX = — 2nx

.

But

d^'a: ')UX =

and moreover ') :

Hh]

'X
1
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The equations (Ij and (II) give back for H^O the problem of

the minimal surfaces.
rr

For ; we shall introduce for brevity the symbol Q.

§ 2. To satisfy beforehand (II) we put

d.v . dy dz d.v . dy ds i

dx _dy 1 dz dx ,dy 1 d^
{III)

where u and v are functions to be determined of B, and ij.

When we substitute the equations (III) into (I) we find the equations

d.r diB d^ dj/

which u and v must satisfy, whilst moreover t— , t— , ^ and ^r-

,

ds di] ds dij

derived from (III) must obey the conditions of integrability.

The latter furnish

a II ^— V ^—
ds dri

and
1 de , 1 a^

^— AC ^~A~

which is clear.

Writing out we find

du dz d^z dv dz

{b).

di} ' di 65 . di] dg '
dTj d§ . d)j

1 du d: 1 a^s 1 dv d: 1 a^^r

?«' d»j d| if ag . dij »' a^ drj v d%.dri

{IV)

dx dx dy
, ^y

If we now also substitute the values of ^r^ ,
^—

, ^^ and r- into the
aj; a?; 0^ dj;

H
equations (I) whilst we put Q = — --. we tind

:

/du 1 du\dz /
' V'~ — ^r ^ M^" ^^

1 /aw 1 du\ dz 1 /
, M '•'- _ ^/ _ J_ _ I J_^^ ^^

i \di] u^drjdl i\ u Jdidij \ v ujdi'dri

d'z _Qfu v\dz dz

agarj 2i\ V « / ag a»j
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From these tlirce last equations \vc derive directly with the aid

of (IV)

:

du dz d's dz dz'

!t

whilst
d'z Q

dS,dyj 2ii \ V ti J d§ dril

We can easily show that one of the equations
( V) is dependent

on the two others, as is clear.

If we divide both members of ( ^,'0 by ir and if we add {VJ)),

we find

:

dz 2v du

From (7 V,a) follows :

du dz dv dz _ d\- _ _ f»^^\ Q dz d:

dz
By substituting here — we find :

a>i

dz 2m dv

d^~ Qi{v~u}'' di:'

We can now write down nut of (///) the following set of equations:

d.v 1 / \\ dz — («'— 1) dy

ds 2 V ^y 'd^ <3j(r— Mj' 'di

dx \ f \\ dz i'"—

1

du
V —

d>j
" 2V V J

'

di] Qi{v~uy dii

dy 1 / l\ dz u' + 1 dr

d§ 2iV «;'ag QCt'-")' d§',

a.v _ 1 / 1 \ t^-' _ — (''"+!) dzt
'

d^
~

2i V 7y d^ ~ ^{v-u,' 'dri

dz — 2m du

dl^ "^
Qi(r-M)' "dl

dz 2u dw ;

dtj

~
Qi(v—uy drj

So, as soon as u and ?• are known, the problem will be solved.
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^ 3. Ill order nou' lo write down the equations which '/ and r

must satisfy, we can make use of {IV) and {VI), or we can use

the conditions of integrability.

(/ V,a) gi\es :

du dz — 2m dv du 2v / 2 du du 1 d'u

drj
' d^ iQ(u— M)'

' dg dtj iQ\{v —uy d^ di} v— udidti^

(IV,b) gives :

du dz — 2u dt> dff 2m / 2 dw d» 1 d'« ^

Out of ( VJ) we find :

1 d'M \

t)— M d^dtjj

d ^dz\ 2 V -\- u du dv 2v ( 2 dw dM
^

1 d'w

dsVdrj/ iQ(r — ?/)' 'd»j 'dg iQ(u - M)\^{r— «)' d^ d?^

d fdz\ 2 ?) 4- M dn dv 2u { 2 dv dv

Q(a-M)' dij dg iQ(w— «)v('^— ")' ^s ^'J t'-udgdrj

d'z Q /"!« V \ dz dz d''z 2 v + u du dv
- . Tz gives

-
and

The equations given above show that all the conditions of the

problem can be satisfied in the only way by putting :

2 dw dw 1 d'u
,

2 ay du 1 d'v

{v— uydE, drj {v - u) d^dij (y — ?<)'d§ d»j (v— ti)d^dri

which equations we w^rite in the form :

du du d'u

dS, drj dgdij

dv dv d't'

2 — . .^ (v—u)-~ =0
(VII)

So the problem is entirely reduced to the integration of these two

suraultaneous differential equations which are of order two and

non-linear.

It is easy to deduce from ( VII), that the conditions

dii\di,J di\diiJ diJV^Sy ds\dii

are satisfied.

We find namely always :

d\v _ 2(m»— 1) dM di' d'lj _2{uv + I) du dv

d^d}i Qi{v—u)' d»j dg ' dgd// Q{v—u)' ' d»j
"

dg
'

\v hilst
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d'z 2{v + v) dit dv

After substitution we get

:

Z>' — - ^7'' and X' + V' -^ Z' = l,

so tliat really all (lie conditions of the problem prove to be satisfied by

the equations {VII). Thus only the solution of [VIl] is left (o be

found.

§ 4. VVe already know, that for the coordinates § and jj

H
D' = .F

2

must be satisfied.

But moreover follows from the equations of Codazzi '}

:

dV djy— = and ^^ =
So

i) =/,(§) and I)" =/,{7j), .... (VJIJ)

where /, and /, are respectively functions of | and n only.

The case that either D or D" is equal to zero offers no diflicul-

ties, but nothing remarkable either.

The case that D and D" are l)oth equal to zero, leads, as

is immediately clear, to tiie sphere as the simplest form of a surface

with constant mean curvature. We can namely write down the

condition for umbilical points, which is as follows with the omission

of infinitesimals of higher order : ')

E __F _ G

When for each point of the surface E^ G = then each point

is an umbilical point, as soon as always D ^ D" = 0; and these

surfaces are (in as far as it concerns the real solution) spheres only.

§ 5. We shall now take the matter a little more generally

Let us regard the total curvature of a surface as a simulta

diiferential-invariant of both groundforms, we then find'):

^) BiANCHi, I.e. p. 91. In using tljo coordinates 5 and y the Christoffel

111)12 2)
.

H
symbols are all zero, except and

j

-By making use ol D = — ~ F,

we prove what was said in the text.

*) See e. g. V. and K. Kommerell, Allgemeine Theorie der Raumkurven und

Flachen, II, p. 21.

') BiANCHi, I.e. p. 68.
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Total curvature =
A'Cr— /' 4 F^

1 8/2 f)F\ 1 hHU<\
\tx)

2iFdri\{F dij F Oldjj

(We notice moreover that, as is directly to be seen,

2 _ 1 1

where t\ and i\ are the principal radii of curvature).

Let us now deduce from (Fi) the value of F, we then find

2 dw Oy

or

:

8 du dv
Fz=

We substitute this value of F into {IX) by means of the following

calculations. Out of
( VII) follows

\ bF _b^' 2 U
F drj du V— u d»j'

d'u du du du dv

dfidF^dd^' 6| d7i
"^

e7j a|

d^\F dnj d§ 6m (y — w)'

dri

This must be equal to

and so we find

:

B'.Am.fAn)-(v-uy ^d^^
du dv di, du V — w

The second member can be once more reduced by means of (VII),

and we find

:

ii'fA^)fAn)i^-yy ^ 2 d_v d«

du dv {v—uy'dr,'di'

dri'di

38
Proceedings Royal Acad. Amsterdam. Vol. X.

du
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So
16 du dii di' dv

''/.<>)/.(•') = (—
-5;s|-a-7,-sl -57, • •

m

§ 6. Let lis now return to equation (VII). We see immediately that a

8 dv du
solution, which does not cause F =:-=-— tt-ti:-^ to vanish, is

B" (V— m)' og Or}

given by

u = (p in) ,
V =rp (§),

where <p and i(> are respectively functions of tj and § only.

It is clear that equation (IX) is satisfied, when /; (g) =:/, (-fi) = 0,

so when Z) = i>"= (^ 4).

It is worth noticing, that when u ^ <p (rj) and v = \p (§) are sub-

stituted into the equation for F, this form becomes a solution of

H'
, _ d / 1 dF\

and so this tallies perfectly, because we have here the differential

equation of Liouville. Indeed, the problem of the surfaces with

constant mean curvature always leads to an extended equation of

Liouville, as (IX) does, in whatever way we treat it.

That we really find a sphere here must follow from (VI). These

equations give for m = y (n) and v =xp (§),

1 V -\- u

Qi V — u

1 uv 1

Qi V M

\ uv -\- 1

the wellknown formula* for the sphere in minimal coordinates.

We find:

1 4

2
i.e. a sphere with radius — , as is necessary.

Now that we have regarded the special case /\ (^) = f, in) = ,

we can put both functions equal to 1 by introducing new functions

/, (I) = -?i
and /, in) = Vv

which we shall again indicate by § and i^. This is of high importance,

if eventually the solution of equation (VII) were to be found.
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§ 7. We can now put the question whether the equations (VIl)

can be solved by putting ^^ equal to /(«), where for the present /
is arbitrary.

From ( VII ) can be deduced

d^v d'u

dv dv du du
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The equations
(
VTl) become

du du d'u dv dv d^v

wliich are satisfied by a function and its opposite. From this we

deduce

:

ds V ^v J
Therefore e. g.

By quadratures we find out of
(
VI),

4 Qia; = eX'^)+ ?(?) + e- ^M - ?(?
),

4Qy = - e'K':)+ Kf) + e- X--:) - K? ).

The surface is a cylinder of revolution. Its section with the plane

XOY is a circle, as we tind

,_ ^ _ ^

1

The radius of the circle is therefore — , as it has to be.H
We can furthermore easily show that our solution agrees with the

differential equations {IX), when we put

/,(£)=/,(.;) = !.

We find namely that the second member becomes zero, so that

1 1/1 1\
As moreover — = -

, as we saw before, r, is therefore = oo.

^ ^ V''i ''2/

§ 8. We can now investigate what in the equations
( VII) the

significance would be of a solution u ^^
y_

(f), if it were possible.

w drw /'div\- /'dic\

h " +3 — +2 — 0.
2 dv- \dvj ^ \dv J ^

dw d°iv dp
Lei— =p, so y^==PT-,

dv dv dw
then:

w dp
-^p£^(P + i)ip + 2) = 0,

(p + 2)-
from which ensues, — = /cit;^ (/c = const.).

p + 1

For A; = this solution gives_^the one used in the text.
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du du 6"m

is satisfied by u = y. {^)

So there remains to be integrated

when M = X (§)•

We find:

dv dv d'y

o5 oti o^dri

| = ^(t'-X{^))'-/(5):,

with /(§) as arbitrary function of §.

Tlie solution u = y, (S) furnishes (see ( VI) ) the value zero for

d.r dv dz dx by dz
T- , ^— and ;—

; whilst for t— , v;: and ^ the wellknown formulae are

found back for the minimal curves.

Entirely the same (with exchange of u and v, § and ij) is found

by putting v = Xi (»i)-

This solution therefore shows what relations there are between

the minimal surfaces and those under consideration. For (he former

we have but to join the two solutions found to get the complete

solution with two arbitrary functions. So we see that the minimal

surfaces are translation surfaces, generated by moving a minimal

curve out of a set along the various points of a curve out of the

second set; i. o. w. we have found back the integration of tlie minimal

surfaces and in the usual form too.

Because of H tending to zero there is in this case no fear of

F becoming 0.'b

^ 9. Now that the special cases of sphere (plane), cylinder and

minimal surfaces are excluded, the integration of the equations (VII)

would remain. I have not been able to attain more than the lowering

of the order of the two ditferential equations, wliicli is perhaps a

step onward to a complete solution or to solutions for definite

series of surfaces.

To this end we put

:

bv 1 w^ du I Wj

where t(\ and w, are functions of § and ?;.
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From these we derive, by difrcrentiation with respect to S, and n

respectively

and

d'« C^v drA 1
,

By means of the two non-differentiated equations and by equation

(VII), we deduce from our last equation

:

dv /d» du\ 1 , dJIV

"'5 • ^-= "'»
( ^ — ;^ ) + 7r(''-")-3T >

or

du 1 cZm!, Dd 1 div,

'

a>i 2 ^
"^ d?3 d.$ 2 d =

from wliich ensues -.

— u\ ?(', (i'— m) = y- and — iv^ir, (v— u) — —j.

So we may put :

df , ay
w, = T^ aud !i', = —

,

wliere / is a function of § and t^ which has however to satisfy a

new differential equation.

So we have :

d'f{v-uy~YM ^" d7i'{v—uy~ 2 dtj'

whilst moreover :

Out of (VII) follows :

dv dv dw du

V — u = 2 -^-— and u — m = — ^ —r-— .
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By substitution of r — u, — and — we thus tind :

dg an

df dv
, ^ df du

,
^ 'd§ dr, ^

' 'd>i d|
X
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/, (S) and /, (?i) bolli l)cc'anie 1 and so now we can take in accord-

ance with it

:

// //
I\ {»!) = -^. and F, (t) = -

,

so that the first integrals become:

bv du H du bv H
bi] br] Ai 0$ bt, At

or

bii bv Q bu bv Q

By re|)hxcing moreover v — tc by s^ and v -\- u by s^ the final

equations become:

These are still to be solved.

Mathematics. — "On the muhipUcation of Irigonometncal series."

By Prof. W. Kapteyn,

1. If /'(') and
<f!

ix) are two functions which are finite and conti-

nuous in the interval from x = to .i" = ^, we have

f(w) =^ I a„ + rtj cos iV -f- a, cos 2 A- + ... .

f (r) ::= b^ sin .V -\- b^ sin 2 .c -(-... .

(p{.v) := ^ a'l, -|- a\ cos .v -{- a\ cos 2 x ... .

(p(x) =z b\ Sin X 4" b\ sin 2 x -\- . . . .

where

2 f^^ 2 f"^
a,i^=- — 1 / (to) cos noi dm b„=z —

| / (to) sin ma dxo

2 f 2 /•"
.

a„=: —
I

tp (o)) cos nu} dio ?''n = — I (P (lo) sni tio) du).

<l

In the same way the product /'(.r) . y (.r) may be developed, this

product being finite and continuous in the same interval; therefore

/(.r) . <f (x) = I A„ -]- A^ cos X -\- A, cos 2 X -\- . . .

.

f(x) .
(f

{x) ^ Bj^ sin X -\- 5, sin 2 x -\- . . .

.

where

2 rn 2 T"
A„ = — I f((j>)<p (<o) cos no) d(ji, J?,, = — I f{oi) <p (to) sin nia dio.
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We shall now investigate the relations uliich exist between the

integrals A„, B,, and the coefficients a„, i,„ «'„, b'„.

Substituting in An for <p (a>) the series of cosines, we obtain

yl„ = —
I

/(to) cos nu> [| a'j -f a\ cos u> -\- a\ cos 2 (x> -\- . . i] d(o

= 2 «'o fln -(- 2 .—
I

/(to) [cos {in -\- n) vi -\- cos {m — ?i) to] do}
2 jrr^1

= i «'o ''n + -^ -;;- («m+H + am—»)•

a,

1 ^
This equation may be written in another form; for, because

U—p :^: CI p

,

-^ ~jr~ a,n— ,1 =1 ^ ——— a,i—„j -|- ij ^ (I „j a,n—

n

1 ^ I -i „+i

or, putting m -f- « instead of in in the summation from n -\- 1 io cx>

CO d' n 00

•^ —— a-in—n — ^ ^ (I „2 a,i—m "i 2 ^ ^m ^ in-f-ji •

I ^ 1 1

Hence

11 00

.4,, = 4 -2" a',„ «7!—n + i -^ («'«! «m+;i + «m a'm+>i) • • • (-^)

1

If now we substitute in A„ for </> (co) the series of sines, we have

2 r"
A„ ^= —

I
/"(to) C9S 71 to [^', sz?i to -\- b'. sin 2to -|- . . ] den

^ 2 — . —
I / (to) [sin {m -|- n) to -|- sin {m — ?;) to] du}

1 2 Jtj

" b'= -2' —- (im+„ + b,„—„)

1 'i

or, as b'—p := ~ bp

^n = — k ^ b'mb„-m + i -^ {b'mbm-\-n -\- b,nb',n+„)- • {II)
1 1

In the same way we tind

2 T" '

-B„ = —
j

/{o}) sin nto [^ a', -[- a', cos O) -\- o', cos 2to + • • ] d<o

= i «'o ^n + -S -^ (6m+„ — 6m_„)

or, after a slight rednction
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n m
B„=^ i 2 a'„, b„^,n + i ^ {a',nb,„-^„ — b,„ a',„-|.„) (t^^J)

1

and

2 T"
5n = — I /(to) «i« nio lb\ sin to -|- b\ sin 2a> + • • 1 <^''>

00 J'= -i -T- (am—n — am+n)
1 -^

or

B„:= ^ 2 b',aa„—m + h ^ {(^mb'm+n — b',„a,n^„) {IV)
1 1

2. If Ave suppose

/' (w) =r 1 31, + 51, 004 * + i31, cos 2.r + . . .

=: €i «in a; -|~ ^j *'" 2« -|- • • •

the four preceding equations give immediately, by putting y (x) == f{x)

21„ z-z i ^ a,„ a„_,„ + ^ a,„ am_|.„ (1)
u 1

n CO

«!1„ =: - i ^ Z-m i„-„, + ^ *m ^m+" (2)
1 1

n 00

Sn = i
-2' a,„ 6„_,„ + i ^ (rtm i«i+.i — *m am+«) (3)

1

3. From the four equations of Art. 1, the beautiful theorem of

Parseval may be easily deduced. For, supposing that for all the

values on the circumference of the circle modz = l, we have

i «o + «i - + «,«' + •' = V>{')

t I

i«'o + - + -^ + ---=^(^).
z z

it is evident, if we assume in succession z = e''" and z = e~'" , that

F, (to) + iF,(o))=:(f^ («•'") G, (w) - i G, (w) = ij> (e'-)

F, (w) — i F, (tu) = y (*;-'<') G=, (w) + t G, (to) = tfj (e-'").

Multiplying these equations and adding the results we obtain

2 [/;(to) G, (<o) + F, (to) G, (to)] = <f(ei"') ip («'") + (f (e"'-) tf> (g-'-)

where

F^ {m) = /', = i o, 4- a, cos lo -}- a^ cos 2m -\- . . .

G, {(o) = G, = i a'„ + a', cos to + a', cos 2to + . . .

F, (to) = F, r= a, sin to + «j «»" 2to + . . .

G, (oi) — 6r, = a', stH to + «', sin 2to + . . .
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If now we put ?; = in tlie eqiialions (/) and (//) we find

2 T"
- I /', G, doi = i a„ a', -[- o, o\ + a, a', +

2 T"
I
F, G, (?to ^ a, a'j + a, a', + . . .

JJT,

thus

]

2

which is the theorem in question.

If 1

4. From the preceding formulae we may also deduce the values

of several interesting series. For, if the series for f{x) and (p{x)axQ

given, and the integrals

(o)) cos nvi dio and
| / (to) ip (to) dn )ia> du>/(co) <f (w) co« nvi dm and I /

are to be found, the values of the series in the second members of

the given equations may be determined. To show this, we shall make
the following application of the formulae (1), (2) and (3).

Suppose /(«) ^ x, then

jt 4 /'cos X cos 3,f cos hxfcos X COS 3,f cos 5x \
.B = —

2 Jt V 1

/sin X sin 2x sin 3*'

and

2 T" COS tiTT

Vi„ ^ — \aj^ COS nui dm r=z 4

&2
/•"

. 2rr cos war 4(1 — cos nn)
(i„ ^ —

I
o)' sin ntu c7a» :=: —

JtJ n jin'

Now the formula (1) gives, because

a, = a, = a, = . . .z=0

21, = -i
o,' + o,a, + a,a^ + a^a, + . . .

2J, = a,a, + a,a, + a.aj + a,a, -{-...

51, = «,aj +
-J
+ «i«7 + «,«. + «6«n +
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111 rr*

1* ^ 3^ ^ 5^
^

96111 jr' 1
1 1 \- =

1'.3' 3'. 7' 5'. 9' 16 2

1 1 1 _^' 1

1'.5' 3'. 7"
'^

5'. 9' 64 ~ 9

1 1 1 _ jr' 137

IVT'
"^ 3^9" "^ 5M P "^ "~

144
~

4050

According to formula (2) we liave

%
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In the same way the formula (3) gives

g, = i a,b, + i {a,b,-b,a, + a,b,—b, a, -{- . .)

g, = i (a„6, + a,b,) + i {a,b,-b,a, + «,?'5-^!«. + «6^7-^.«7 + • )

6, = i (a„6, + a,b,) + i (a,64-^,«5 + «3^',-^4«7 + «5^— ^«. + • )

6^ = i (a„6, + a,6, + a,6,) + i {a^b,-b,a, + a,b^— b,a^ + a,b,-b,a, + .
.)

6, = i (a.^s + a,6, + aA) + I K'',- My + «sWs + «6^.o-^«ii + • •)

(5, = i {a,b, + a,6, + a,^ + a,b,) +
+ a («i^7—^«7 + (^t^» — ^«. + '^s^n—^«ii + • •)

from which the following relations may be obtained

1 1 1 _ ^' 1

1'.3' 3'. 5' 5'. 7'
~"16~2

1 1 1 1 _jr' 31

il" ~ 2^ "'^ O' ~ iVT'
"^ 12~54

1 1 1 1 _^' 4

bT' ~ iJ" '^ tJ"
~ SV ^ 16~91111 7jt"- 347

6.1 7»
"*"

H «' A Q»
"'"

fin onA

1 1 1 1 _ 71' 187

tI* ~ lY'
"^ 9^'

""
3^'

""'

24 " 675

Chemistry. — "On a crystallised d. fructose tetracetate" , by Dr.

D. H. Brauns. (Communicated by Prof. A. P. N. Franchimont).

Very few crystallised derivatives of d. fructose have as yet been

obtained. A pentaeetate was described by Euwms and Koenigs as a

gummy substance. A number of researclies have shown, however,

that the high temperature at which the reactions generally took place

causes a conversion or decomposition of the fructose. As no satis-

factoiy results were obtained with acetic anhydride and acetyl chloride

acetyl bromide was employed which reacts at a comparatively low
temperature. The greatest possible precautions were taken to exclude

moisture and to let the reaction take place at a low temperature.

The details will be published in full later on.

Refrigerated d. fructose in fine powder was mixed with a little

more than 5 mols. of acetyl bromide at — 15° -and after starting the

reaction by touching one spot with a tube having the ordinary



( 564)

temperature, I waited until most of the hydrogen bromide liad been

evolved and the reaction was consequenily nearly over. The excess

of acetyl bromide was then distilled in a high vacuum and the

product, consisting of a tenaceous, yellow mass, treated with iced

water, then dissolved in alcohol and placed in a desiccator containing

caustic potash and kept at a low temperature. A crystallised mass

was obtained which after being submitted to pressure was recrystal-

lised at a low temperature when beautiful crystals, free from bromine,

were deposited.

These crystals are colourless, odourless, taste bitter and melt at

131°—132°. In a high vacuum they may be sublimed even at 95°

more rapidly at 105°
; the sublimate has the same melting point.

The ultimate analyses gave a mean result of C 48.26Voi H 5.867o-

The molecular weight determination by the lowering of the freezing

point of benzene gave a mean of 355.

The acetyl determination was carried out by saponification with

n/i„ sodium hydroxide at a low temperature. Blank experiments

made under similar conditions showed that fructose is not altered

or converted into acids. The saponification was nearly complete after

two hours and quite so in 18 hours; after 28 hours no sensible

decomposition of the fructose had set in and about the same figures

were obtained as those in 18 hours. The average amount of acetic

acid found was 69.427o-

It is, therefore, a fructose tetracetate Ci4H,„0i„ for which theory

requires C. 48.257„ H. 5.867o, molecular weight 348 acetic acid

68.96°/„.

This compound is but little soluble in water, ether, benzene and

ligroin, readily so in alcohol and chloroform.

The chloroform solution was used to determine the rotatory power.

It polarises to the left and the specific rotation of d. fructose tetra-

cetate at 20° was found [«]2" — 91°. 38.
V

Dr. F. M. J.\KGER was kind enough to investigate the crystals and

reported as follows

:

d. Fructose tetracetate (Brauns).

C,,H„0,„; Melting point 132° C.

Sp. Or. of the crystals at 15° rr= 1.388; Mol. Vol. = 250.72.

From ethyl alcohol + ether, it is obtained on slow evaporation,

in beautiful, colourless, shining little crystals which may be readily

measured and which possess a pure geometrical structure.

The compound is hemimorphous ; its symmetry is that of the

monodmo-sphenoidic class. It, therefore, does not possess a single
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symmetry-plane or a symmetry centre; but only one single unipolar,

twin axis. All the crystals which I investigated represented the same

variety of the two possible enantiomorphous forms.

Fig. 1. d. Fructose tetracetate (Brauns).

The symmetry assigned here to the crystals is not only proved

by their habit, but also proved beyond all doubt by the investigation

of the etched figures obtained by means of 957o alcohol ; these were

very distinct particularly on {lOOj and |001j.

Parameters: a:b:c=l, 3463 .-1:1, 5733

Forms observed: c ^ {OOlj, broad and very shining; a =: jlOOj,

somewhat narrower; o = {111}, large and yielding sharp retlexes;

q = {Oll\, small but reflecting well; Q=\011\, large and shining;

;• =z {r02j, very narrow and dull ; x = j911! exceedingly narrow and

measurable only with difficulty. Once or twice one plane of jlTlj

was observed, rudimentary and striped parallel to the plane jOOlj.

Angular values: Measured:

c:a = (001) : (100) =z* 52M2'
0:0 — (111) : (llT) =* 75 .41

C:O = (001):(Ill)=*79 .37

a:q={100):[011)= 67 .217,

«?:0 = (011):(ril)= 43 .107,

x:o = (911) : (111) = 60 .44 (about)

j;:a=(911):(100)= 8.36 (about)

a:o= (100) : (111) = 69 .29'/,

q:q={0Ll):{011)= 77.39

c:q= (001) : (01
J

) = 51 .107,

c:)-=(001):(T02)= 35.44

r:a=:(r02): (l00)= 92.4

Calculated:

67°.247,'

43 .177,

60 .537,

8 .277,

69 .207,

77 .377,

51 .117,

35 .43'/,

92 .4'/,



( 566
)

Readily clctavable parallel tu a and c.

The optical axial plane is {OlOj. Very faint, inclined dispersion

:

Q^v; double refraction negative. On c one optical axis emerges at

a small angle with the normal.

Topic axial relation : •/ : Hj : w = 7.1503 : 5.3109 : 8.3556.

Physics. — "JSfew obseivations concerning asymmetrical triplets" . By

Prof. P. Zeeman.

Asymmetry investigated by means of Fabry and Perot's method.

1. In the second part of the paper "Magnetic resolution of spec-

tral lines and magnetic force" I') investigated, by means of a method,

which 1 called that of the non-uniform field, the asymmetry predicted

from theory by Voigt ') in the case the original line is resolved

into a triplet.

A glance at Plate II of my paper immediately shows that obser-

vation seems to confirm strikingly Voigt's theoretical result that

the component of the triplet towards the red is at a somewhat smaller

distance from the middle line than the one towards the violet.

In order to exclude however all doubt as to the reality of this

experimental result I thought it desirable to continue my work in

a direction independent of Rowland's method.

I have shown ') that the resolution of spectral lines by magnetic

forces can be investigated by means of the semi-silvered parallel

plates of Fabry and Perot.

Using the special form of instrument in which the distance of the

silvered surfaces is constant, the etalon, we may yet choose between

two ways of comparison of the wavelengths of the centre line and

of the components, originating by the action of the magnetic lield.

Firstly we may measure, the intensity of tiie field being arbitrarily

chosen, the diameters of the interference rings. By combining only

measurements of rings originating from the same ring the calculation

becomes very simple ; for as shown in my last paper even a know-

ledge of the ordinal number of (he rings then is unnecessary.

2. We mav use however also the method of coincidences, regulating

1) Zeeman. These Proceedings 30 November 1907.

"-) Voigt. Ann. d. Phys. 1. p. 376. 1900, see also the last paper by Voiqt.

Physik. Zeltschrift 9. p. 122. 1908.

') Zeeman. These Proceedings 28 December 1907.
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the niafrneti'- force in sucli a manner that a ring- which expands by

increasing magnetic intensity coincides witii a contracting ring.

The rings corresponding to components towards the red tiien

coincide witii rings due to components towards the violet side of the

specti'um. The intensity of the coinciding rings is then oidy sliglitiy

inferior to that of the nnmodilied one, a circumstance favourable to

the accuracy of the measurements.

Let >.„ be the wavelength of the middle component of the triplet,

Ir that of the component towards the red, 7.,. that of the component

towards tiie violet tiien we may perform the calculation, ignoring the

value of the ordinal numbers of the rings, by the following procedure.

Let P(,, /-*,, P,. be the ordinal numbers of rings with angular

diameters x^, Xr, x'o then w-e have in general :

.,.=..l
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Tlie syf^teiii of rin^^s \mi> foiiiiod in the focal plane of a small

achroinatic lens of iH ui.ni. apeitiire and of J 2 cm. focus. This

focal plane coincided exactly with liic plane of the slit of a one-

prism spectroscope. The widiii of the slit was so far icdnccd tiiat

the rings of the two yellow mercury lines could he observed sepa-

rately. Reproductions of negatives (somewhat enlarged) are given

on the Plate, the first with field off; the second showing the first

coincidence (superposition of rings /,. and ?.,.) ; the third gives (he

second " coincidence, the rings X,- and ^^ beijig now in coincidence

with /i„. The plate refers to coincidences for 5770 ; negatives showing

the coincidences for 5791 however scarcely present any dilference

with those now given.

Hy measurements on half a dozen of negatives concerning the

first coincidence, the result was obtained that a separation eipial to

0.166 Angstrom units foi' line 5770, corresponds to a separation of

line 5791 towards the red of 0.160 A. U., towards the violet of

0.177 A. U.

Now a separation of 0.166 A. I', corresponds, according to the

data given in § 6 of my jiaper cited iji § 1 above sub '), to a strength

of field of 9130 Gauss.

Considering as the object of the investigation the determination

of the numerical value of the asymmetry we infer from the gi\en

data that it is equal to 0.017 A. U. A discussion of the systematic

errors of observations to be feared, shows that the values 0.015 A. U.

and 0.019 A.U. are yet possible, that however the values 0.011 A.

U. and 0.023 A. U. are veiy improbable.

Some measurements made by means of the method of diameters

tend to show that the accuracy of results obtained by that method

is somewhat superior to that now found.

The accuracy obtained is however in excellent accordance which

what might be expected from data given by Fabry and Perot ')

if applied to our case

Hy our experiments willi llii' method of silvered plates two

points are clearly shown viz. first that the positive results concei'n-

ing asymmetrical resolution in strong fields obtained on a former

occasion by Rowi.and's method have a real signilicance, secondly

that also in lower fields the asymmetry j'emains and has an amount

such as to be expected, if strength of field and asymmetry are

nearly proportional.

') Fabry et Perot. Ann. de Chim. el dt' Pliys. Janviur 1*J02.
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Deteiinination of tJw fold! ch(i)y/e of tJtr electrons.

4. Takiiig for granted the existence and also the nature of the

asynmietrioal resolution as being in accordance with Voigt's theory,

it certainly is extremely interesting to interprete the result in the

language of elect ionic theory.

LoRENTZ ') has deduced Voigt's ec|uations from the theory of elec-

trons or more accurately expressed he gives a system of equations

which come to the same thing as those of Voigt.

Let H be the intensity of the magnetic field, ). the wavelength,

rfP., and (^)^ the differences of wavelengths between the middle com-

ponent and those towards violet and red, V the velocity of light in

e

the aether, and — the well-known latio of charge and mass of the
m

electron, then according to Lorentz :

e 4jrF ^

- = -77^^'rf^:-rf^, (1)m tli.

For rf^., = dP.; this formula changes into the ecpiation, which first

e

enabled us to determine —
. This ratio is found in electromagnetic

m
units.

If N denote the number of molecules per uint volume, one elec-

tron vibrating in each molecule, we have also according to Lorentz

H 61, — 61,
Ne = '-^ '

(2)

These formulae were already communicated by Gehrcke and

VON Baeyer'').

My own observations concerning asymmetry (§ 5 of my paper

cited ') and § 3 above) seem at first sight to be in contradiction

with this formula. One of my results being that the asymmetry

varies with strength of field, according to (2) Xe must vary also,

because H and l^rf;., . 6).^ change in nearly the same ratio. Now an

increase of Xe, or of the number of radiating particles per unit

volume, must manifest itself in the radiating power of the vacuum
tube. An inspection of Plate II (paper cited sub ')) shows that in

my experiments the intensity of the light of the components really

has been a maximum in the strongest part of the field. We must

therefore conclude that the circumstances of the luminous mercury

vapour in the Geissler tube were slightly difierent in the various

parts of the non-uniform magnetic field.

1) Lorentz. Rapports preseiilcs an congies inlenialional tie physique liKK).

-) Gehhckk II. V. n.vEYKii. Verlmiull. tieiilscli physik. Gesellsch. 7. p. 4()f. f906.

') Zeeman. These Proceedings 30 November 1907.

39*



( 570)

It tlierefore seems probable to acce[)t with Prof. Voigt') that

the change of value of the assynnnotry is dno to difTcreiicos in the

circumstances of tiie radiating vapour.

5. The following table embodies the result of the calculations

according to (1) and (2) of ray observations concerning line 5791.

MERCURY LINE 5791.

e

m
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interest to compare with this result some (•onsequenoes issuing from

work done in the Amsterdam laboratory by Hallo on the magnetic

rotation of the plane of [)olarisation in sodium vapour^), and by

Geest on magnetic double refraction in tiie same substance'), and

from one of the results of Jean Becquerel ') in his remarkable

experiments concerning the behaviour of tysonite and other crystals

at low temperature and in a magnetic iield.

These physicists come to the conclusion that in the substances

they have experimented on, only a small part of the atoms are

participating simultaneously in the emission or absorption phenomena.

Of course there is not the least improbability in accepting that in

a Geissler tube the circumstances are quite different, and to admit

that in a vacuum tube the number of atoms vibrating at a given

instant is very large.

Ast/mmctries of Wolframium and }[ohjb(li'ninii lines.

0//sercatiims of Mr. Jack.

6. Not only tlie lines of mercury and iron, which I investigated, but

also those of oilier substances give in the magnetic field asymmetrical

triplets. Some examples of very pronounced asymmetries, have been

met with by Mr. Jack in the physical laboratory at Gottingen, and

1 am indebted to the kindness of Prof. Voigt in being able to com-

municate these here. In the annexed table the wavelengths are given

in Angstrom units, the separations however in m.m. as measured

on the plates. Vov a knowledge of the relative asymmetry this is

sulKicient.

With some lines the asynunetry is reversed, the component towards

the red being at a larger distance. According to the remarks of

Mr. Jack it is not e.xcluded however that in these cases the structure

of the lines is not quite simple.

Tiie intensities given can only have a relative value according to

the results of my paper in these Proceedings of October 1907.

Observation parallel to the lines of force.

7. In a direction parallel to the magnetic force the two com-

ponents of the doublet must be placed, according to the elementary

theoiy, symmetrically relatively to the unmodified line. It seemed

rather superfluous to test this ]ioint. However at (he \ery outset

1) Hallo. Thesis, Amsterdam 190"2. Arcli. Neerl. (2) T. 10 p. 148. 1905.

2j Geest. Tliesis, Amsteidam 19U4 Arch. Neerl. (2). T. 10, p. -291, 1905.

*) See especially Jean Becquerel. Influence des variations do Temperature sur la

dispersion. Le Uadiuui. 1907.
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Substance



p. ZEEMAN. New observations concerning asymmetrical triplets.

(ieiil off. 1st coincidence »d coinridence

Proceedings Royal Acad. Amsterdam. Vol. X.
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Looking at the doublets ol' (he lines nT'.U and 5770, which were

very brilliant, I observed a narrow and extremely weak line between

the components of the two lines. This weak line seemed with 5770

precisely midway between the components, with 5791 however it

seemed to be displaced somewhat towards the red.

These weak lines evidently ai-e due to reflection of light, radiat-

ing nearly at right angles to the direction of the magnetic force,

from the inner surface of the capillary of the Geissler tube. Lohmann ')

investigating the neon lines, observed a similar, but in his case

entirely symmetrical [jerturbation. 1 found the weak [line to_ be

linearly polarized, as was to be expected.

The whole image, apart then from the ratio of intensities and

the character of the polarization, strikingly resembles the type of

effect observed at right angles to the magnetic force. No good photo-

graphs showing the extremely weak line at the same timelwith the

two components of the doublet were obtained.

I therefore tried to bring into the field of view the unmodified

line at the same time with the doublet. It is well known that the use

of a spectrum of comparison in measurements where a high degree

of precision is wanted, is not without serious objections. Kayser ^)

therefore recommends as the most suitable method to produce the lines

necessary for comparison in the source itself. In our case this is

naturally out of question.

The sidelong displacement, which the luminous line in the vacuum
tube undergoes by the action of the* lield, makes it already impos-

sible, e\en if the position of the vacuum tube remains unchanged,

accurately to compare a Jiegative taken with the field off, with one

taken when the field is on. .

The best manner of procedure in the given circumstances therefore

seemed to reflect into the spectroscope by means of a serai-silvered

mirror the light of a separate vacuum tube placed sideways and to

analyse this light simultaneously with that of the tube between the

poles. However also this comparison succeeded only incompletely in

view of the extreme accuracy wanted. In some comparisons the line

of the unmodified source seemed to be in a symmetrical position fur

line 5770 as well as for 5791. 1 hesitate however to attach even a

very moderate value to this lesull. The experiments however forcibly

suggested the question -.

1) LoHMANN, Beitrage zur Kenntniss des ZEEMAN-Phanomens. Dissertation. Hallo

a. d. S. S. 62. 1907. Zeitschr. f. Wisseasch. Pholograpliie. Band ij. Heft 1 u. 2. 1908,

-) Kayser, Handbucli dor Spectroscopie. Band 1. p. 732,
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Hiis the middle liiii' of <i ti-i/dr/ the .same wacLdeiujth as the

unmodified line ?

9. The cliiingc of waveioiigtli here conteinplated uiiiiouhlcdly

must be extremely small, lor no one of the pliysioists otrM|)ied with

the radiation phenomena in a magnelic Held has, to my knowledge,

come across phenomena which (U'cidc Ihc (pieslion put aliove tiiis

paragraph

.

Some observations made with an echelon spectroscope have given

me evidence, that dil!erent s|i('cli'al lines and among these the mer-

cury lines undergo in very strong (iekis disi)lacements of the order

of 6 or 10 thonsaiidth parts of an Angstrom unit, in most cases

towards the violet. The matter seems of sufficient interest to be

treated in a separate paper, which 1 hope to give rather soon.

Physics. — "Change of waveJenijtli of die middle line of triplets."

(First Part). By Pi-of. P. Zeeman.

1. In dealing with radiation in a magnetic Held it has been

tacitly assumed by all e.\|)erimcnlalisls 1 know of, that the middle

line of triplets or of other symmetrical separation lignres occupies

the same position in the spectrum as the unmoditied Hue. During

a rather detailed investigation of the asymmetrical separation shown

by some lines (see the pajter immediately preceding) experiments on

the light emitted in the direction of the magnetic force showed that

symmetry was not always present where it was expected.

The interest attaching to the encountered anomaly suggested the

question whether the original line is displaced during magnetisation.

The following paper gives sntlicient evidence to assert that such is

the case. The asymmetrical position of the ver^' weak line obsei'ved

between the components of the doidilet of line 5791 (see § 8 of the

paper immediately preceding) is not explained however by this dis-

placement. The contrary is the case. The theoretical interest of the

subject is probatily intimately connected with the existence of conj)lings

between vibrations parallel and perpendicular to the lield ').

2. For the further discussion I will recapitulate here very briefly

the formulae'-) giving for Mi(;hki,son's echelon grtitij)g the angular

1) Cf. however Vokit. Annaion d. Phy.s Bd. 24, p. 195, 1(107.

-) MicHELSON. Journal de Physique, (3), Vol. S, p. 30.j, 1SU9.

Fiirsl B. Galitzin. Zur Theorie des Stufunspectroscops. Bull, de IW^ad. hup. des

Sciences St. Pelcisbouig 1905 (5) T. 23. W. 1 et 2.
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Hispersioii ami the (lislance of adjacciil orders of tlie same line.

Let 1 denote the waveleiijilh of ihe liuhl considered, n oeing the

index of refraction, 6 the ani^ie of diiriai'lion, / llie thickness of ihe

ghissphxtes, .v tlie widtli of the steps of the eciiehm.

Then in tlie case of normal transmission :

(16 t ( d\i\

,«=.a (,''- "-',«,) '>'

A being the di.stance of adjacent orders, we iiave further:

3. The most simple hypothesis that could be made was, that of

the two lines nnder consideration only 5791, which exhibits asym-

metrical separation and not line 5770, woidd siiow a displacement

of the middle line.

In order to test this hypothesis I used the echelon spectroscope

in such a manner that dillerenl lines could come fiiiniltaneonsly

nnder comparison. The ordinai'y manner of using the echelon only

permits the examination of one line at the same time or at least

only of lines which differ by a small fraction of an Aj;(;stro.m unit.

We may however place the steps of the echelon in a horizontal

I)Osition, the slit of the echelon collimator being also horizonuil, thus

rotating these parts through 90° from the position commonly used. The
slit of the auxiliary spectroscope may remain vertical. This arrangement,

which is principally that of Newton's crossed prisms or that of

Gehrckk's "Interferenzpnnkte", has the advantage of showing simul-

taneously the behaviour of ditlerent lines. To e\ery spectral line

correspond small horizontal lities, the length of which is determined

by the width of the slit of the auxiliary spectroscope. It depends

^ upon the position of the echelon whether two

or one of the orders of a line will l»e visible.

Fig. 1 represents that part of the field of

view, which relates to the yellow mercury

lines. The lines a and b represent the successive

a" orders of line 5770, a' the only visible order

of line 5791, supposing that the small vacuum
* tube, charged with mercury vapour, is out of

the field.

During the establishment of the magnetic held the well known
compojients are seen moving upwards and downwards. Moreover
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any cliiiii^t.' in \va\ (Mciiuili <il' line TiTni. tliat of llie oilier line

i-emaiiiin<i; coiitiliUil, iiiii>l maiiilbsl itself in a relative displaecnient,

cieleniiiiied hv c(|nalions (1) and (2).

Taking' Iwct iiegative.>< witli the smallest possible interval of lime

any change of position of line a' can lie made out by measurement.

A small displacement of line </' to a position n" , was noticed.

4. The annexed table gives in detail the results of measurements

on negatives, taken according to the method of § '^ <"' <lifferent

days and under somewhat ditferent ciicumstances.

Tiie echelon used, was desci'ibcd on a former occasion'); it has

30 plates 7,8 m.m. thick, the depth of the steps being 1 m.m.

The distance of line <i lo line h is measured in m.m. and indicated

as distance '/

—

h and so on. H denotes the strenglli of field in (ilauss.

Plate

Nr.

Field on

Distance

A I fit.a—0 a—a' b - a

H

in Gauss

Field off

Distance

a—b
!
a—a' b—a'

139

140

141

142

144

146

1.50

1.21.".
!

O.SOii

1.200

1.214

1 147

1 .140

1.140

1 136

1.093

O.Siti

0.K01

0.849

0.855

0.819

0.746

0.319

(I 3119

0.882 0.332

0.28(1

0.291

0.285

0.307

0.347

7830

1(1920

8580

77(KJ

7IS(l

15120

20340

23470

1.219
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line 5771. The aiiioiiut raw r:\si\y lie i;i\cii in \.V. Tlie change vl

(1^1) aiiKPinil,'- lo 0,02o ni.iii. in llie ^Iroiigesl Held of 23470 Ganss.

Half liiis ainoiinl (ielerniiiies the cliani^v nf waveienuih. Il lieeomcs

0,007 A. v.. tiie (Hstaiice of two orders of the echelon = 1.1 JG ni.m.

corresponding to 0,689 A. U.

5. The simplicity of the resnlts obtained by means of the method

of § 4 is considerably diminished by the fact, that line 5770 nnder-

ffoes a chanue of wavelength as well as line 5791. The sensibility

of the method for discovering vflativ)' changes of wavelength is very

clearly seen by a comparison of the two columns under a—a'

.

In order however to be sure of a simple interpretation of results

and also on account ot gain in the intensity of the light 1 returned,

the reality of a change of wave-length being now rather evident, to

the arrangement as it is most commonly used. The slit of the auxiliary

spectroscope is then parallel to that of the echelon.

The results obtained for the yellow mercury lines are given in

the table.

Plate

Nr

'

I

'''
\

Distance of Distance of

orders, field off orders, field on,

I

in m.m. in m.m.
H i

r

in A. U.

16' la
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I think il ;i|)|ii(i|iri;ili' li(i\M\t'r to call alteiiliuii to tlic fiU'l thai the

chaiijio »•! wavch'ii^lh ol' llic middle line of a triplet seems not to be

fonliiicd lo till' li.iihl ciiiitlcd In a (ieisslei- tulic

During the writing of this jjiiper uiy atlciilioM was an-rsted by a

passage in a Thesis of W. IIahtmann ') :

"Es mag sohon an dicsor Stelle er\\;ilint werden , dass der

Abstand dcr ( tidniingcn licini Kinschalten des Magiietfeldes sich

mehilach anderte, uiid /.war iiii all^eineinen niit wachscMidcr I'Vdd-

starke i<leincr wurdc.

Diesoi' Anderiing wiirdc ii'in ansscrlicli belfai-lit(.'l eine Vei'kiir/jing

der Welleidtinge cnlsprcclicn, docli koiniic: oinc \virk]ic'hc Gesclzmas-

sigkeil nicht constatirl werden.
"

The observations of H.vkt.m.vnn were made In means of aii echelon

speetroseope, the source of light being the self-induction spark

in vacuum after Miciielson's arrangement. Hartmann's negatives

concei'iiing copper, iron, gt)lil and cliioniinuni were made with fields

I'anging from 8()(H) to I "2000 (iauss. Perhaps the author would have

expressed his Ojiiiiioii \\ilh less reserve, if he had operated with

stronger fields, in which case the phenomenon is more definite. In

the lighl however of our dwii observations there seems to be suffi-

cient evidence to conclude, llial also the middle lines of the triplets

of other metals undergo the kind of change existing in the case of

mercury.

Physics. — ''Till' ivjluence a/ tt'iitpi'mlure and mngnetisntion on

seh'ctire ahsoridion sjn'cini". By Prof. II. E. J. G. du Bois

and (i. J. Ei.iAs. (Coniniun leaf ion from the Bosscha-Laboratory.)

^ 1. As soon as the une<puUled paramagnetic properties of the

compounds of so-called rare earth-metals had been demonstrated "),

attention was drawn to the fad that most likely also the magneto-

optic phenomena woidd show important peculiarities ; this was

done in the following words: "La polarisation rotatoire magnetique

"a le signe positif on negatif jiour les composes des diflerents

"metaux de cette serie, comme d'ailleurs pour ceux de la serie

"du fer. Je n'ai pas pu coustater Jusqu'ici un effet particulier de

"I'aimantation sur le spectre d'absorption tres caracteristique d'une

1) Walthek H.vrtmann. Das ZEEMAN-Pliaenomen im siclitbaren Spectrum von

Kupfer, Eisen, Gold und Chrom. Dissertation, Halle a. d. S. 1907. p. 10.

-) II. DU Bois & 0. Liebknecht, Ami. d. I'liysik (4) 1 p. 1%, 1900; Si. Mkmeh,

Ann. d. Physik (4) 1 p. GG4, 1900.
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"solution d'erhium fortenieiit |)aramagnetique ; d'ailleurs M. Zeeman

"lui-nieme I'avait deja cheiTlie en vain pour le spectre d'emission

"de I'erbine ehauffee. Des experiences sont en preparation puiir<leter-

"miner la rotation dans ies raies d'absorption memes et aux alentonrs

"immediats". M

After results had been published b_v Schmauss, Bates and Woou,

tiie agreement of which left much to l)e desired, the experiments in

question were taken up again in this laboratory in 1906, when one

of us actually obtained a very peculiar dispersion curve of the

magnetic rotation within and near a narrow region of absorption.-).

At the same time such determinations proved to be subject to many
difficulties, which could only be surmounted by means of specially

adapted apparatus ; moreover, simultaneous measurements of other

optical properties of the absorbing substances are desirable for com-

pleteness' sake ; this more extensive investigation is now being con-

tinued with such improved apparatus.

In the first negative experiments referred to a direct influence of

magnetisation in the form of a displacement of the dimly defined

absorption bands of an aqueous erbium-solution, in other vvoi'ds a

ZEEMAN-eff'ect in the usual sense, cunld nut l)e observed, the gi'atiug

used, however, being the same as that used in the present experiments.

Naturally the observation of the last-mentioned efiect is much sinqiler

and more easily feasible than an adequate and trustworthy measu-

rement of the rotation. However, the relation between those two

modes of looking at one and the same |)henomenon is so close that

either remains undelerminod wiliiout a rather complete knowledge

of the other.

Mr. .Iean Becquerel Jr. ") resumed such an invesligation on the

narrower and more sharply defined absorption l)aiids of some exceed-

ingly rare and small ci'yslal fragments, which we had not at our

disposal: xenotime, tysonite, parisite and other.-i, the spectra of which

had been formerly delernuned by Henki Becqueket, Sr.^). Besides, the

inlluence, already more or less kno'.vn, of the tenq)erature on such

spectra was more fully investigated. Tlic iui|i(uiaii( results obtained

may be assumed to be known.

1) H. DU Bois, Rapp. Gougr. tie I'hys. 2 p. 4l)'.l, I'iuis l'.)OU; .Van. d. Phy^s. (4)

7 p. 'J 14, 190^.

-I G. J. EuAS, Physili. Zeitsclir. 7 p. 1)81, 190G (chloride of erbium).

»i .1. Becquerel, Gornpt. iiciid. 142 pp. 775, 874, 1144, 1900. 143 pp. 769,

890, 902, 1133, 1906. 144 |tp. I3'2, 42(). :>\m, 68'2, 1032. 1336, 1907. 145 pp.

413, 795, 916, 1150, 1412. Also I'iiysik. Zeitsclir. 8 pp. G32, 929, 1907.

*) H. Becquerel, Ann. Giiini. X- piiys. lO) 14 p. 17o, 1888.
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§ 2. In a former atfompt to classify all cU'iiieiits acconlinp; to

their iiiagiicMic properties and those of their com|H)mi(ls, the followinp;

remarks were made :

"Les elements iiouvcMieiiient recoiiiin^; li(''liiim, ur^on '), neon,

"krvptoii, xenon, n'oni |>as encore etc determines ; il n'est f^iiere

"probable (ju'ils soient antres que diuinafiiietiipies. On pent classer

"63 autres elements, dont 37 diamagnetiqiies, 22 paramagnetiqnes,

"4 ferromagiietiques a la temperature and)iante ; landis (pi'en 7 cas

"(Be, Mg, Sc, Nb, La, Ta, Th) la classification nous |)arait encore

"plus on moins douteuse. Dans le systeme naturel a masses atomi-

"ques croissantes, on pent distinguer 7 series d'elements paramag-

"netiques consecutifs, qui les conipreniient tons, le signe de relement

"ouvrant chaqne serie etant seul encore incertain ; les series d'ordre

"pair sont moins prononcees au point de vue paramagnetique que

"cedes a numero inq)air" ').

These last-mentioned uneven series are

:

1) ().

3) Sc{^), Ti. r, (V, Ma, Fe, Co, Nl, Cu')

5) LaX^), C; Pr, A',7, Sa, Eu, (hi, Th, Dp, Er, Yh.

7) /?a(?), Th (?), U.

Now the anorganic compounds *) which chiefly absorb light select-

ively, evidently Ijclong to these |)araniagnetic series; this connection

is so remarkable that it can hardly be an accidental one.

From this profuse supi)ly of material only a few samples could

be chosen; we have ihouglit lliat we ought to extend the investigation

in the lirst place to matter which was comparatively easily to be

had in larger pieces; among others to some coloured gems, which

are to be considered as dilute solid solutions, to certain micro-

crystalline salts, but al.so to amorphous solidified molten matter and

to glassy soliil solutions in an amorphous substratum, e. g. borax

or glass. The crystalline struct lire gives rise to complications which

render the phenomena veiy intricate, I hough they are most interest-

ing in themselves. All this yields a rather extensive material of

observation, |)ossibly of importance in connection with molecular

theories .)n solid and li(juid substances.

With the available cryomagnetic arrangement we could expose

matter in licpiid air to a strong magnetic field ; in many cases we

1) Recently oonfirir.eil liy ('. Tanzler, Ann. d. Physil;. (4) 24 p. 931, 1907.

-) Rapp. Gongr. d. Pliys. 2 p. 487, Paris 1900.

") Lieuknecht & A. P. Wills, Ann. d. Pliysik (4) 1 p. 186, 1900.

*) See H. Kayseu, Handb. d. Spectroscopic 3; Leipzig 1905.
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coukl tlius titiidv the .iiiitultuni'ous iiiiliience of tlie two fa<'tors,

- temperature and magnetisation.

§ 3. ¥ov the observation or measurement of tlie absorption spectra

we used, besides a hand-spectrosoope, according to circumstances:

1. A Raps') spectrometer with a prism of iieavv tlint glass;

dispersion C—F about 7.5'.

2. An autocollimator made accordmg tu our directions b\ the lirm

of C. Zkiss, a description of which will soon appear; dispersion C—F,

about 25°.

3. The concave grating presented by Rowland to Berlin universiiy,

and kindly placed at our disposal by Prof- Rubens; the radius is

about 4 m., die number of lines 5684 per cm. The arrangement was

as usual in a right-angled triangle with movable constant hypotenuse;

a unit of the scale in the spectrum of the first order (half nun),

corresponded to 0.23 mj*.

The calibration of these instrumeius in wave-lengths was made liy

means of lines of hydrogen, helium, potassium, and those of a mercury

arc lamp between the limits 434 and 770 mi.

The sources of light were according to the required strengtli of

illumination 1. a "Nernst lamp", 2. a "Lilliput" arc lamp (2 Anip.)i

3. an arc lamp with horizontally directed and slowly rotating positive-

carbon (25 Amp.), 4. sunligiit.

The polar pieces of tiie large ring-electromagnet had slitted or

rectaiigidar o[)enings, lo which attention was paid in the dioptric

determination of the path of the rays along the field's axis.

The cryomagnetic arrangement was that used before'^); the level

of the liquid air was kept at the lower edge of tiie openings; the

sample could be enclosed in a tiiick co[)per frame in order to let it

have a tem|)erature as uniform as possilile.

Outside the field a small \acuiiui \-essel was used with uiiMlvcrei!

strips for observation ; tiie variations of temperature had to take

place as gradually as jiossililc to pre\'ciit the samples from bursting

and cracking.

The use of higher leni|ieriUurcs up lo alioiii 2()(> docs not give

rise to any difiiicully with ihis ap[)araliis whicii may also be arranged

pyroni;ignetically ; w.e hope lo nncrl lo lliis (|uestion later on.

Results.

^4. We reserve the detailed description of the measured absorption

1) A. Raps, Zeitschr. f. Instr. Kutuie, 7 j). '209, KS87.

2) H. DU Bois & A. P. Wills, Veili. D. I'hys. Ges. 1 p. ICii, 1899. — F. C. Blake.

ibid. 9 [>. 295, 1907.
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spectra for a fiiUire occasion, and liere confine ourselves to the

principal characteristics. The wave-lengths have been expressed in f/;^

with an uncertainty of no more than 0,3 jnf*.

First series. The well-known rather narrow absorption bands

of oxygen (among others 476,7—477,6) only played a secondary and

inconvenient part in this preliminary investigation; for when the

samples under observation are immersed in liquid air their absorption

spectra become impure, which sliould be duly taken into accounl.

We have not yet succeeded in observing the absorption spectrum of

the strongly paramagnetic liquid oxygen in a field of sufticient in-

tensity. 0,, NOj and NO, are also of importance ').

§ 5. Third series. Here chromium is of special importance.

It derives its name from its coloured compounds, which mostly

show dichroism and the well-known transmutation of colour with

change of temperature. We examined:

Chromiuin a/uin [CrK(SOjj]; diluted green aqueous solution.

At 18° light band 662,7—672,5; fainter band 688,1—726,4. A
plate of alum 2 ui.m. tiiick exhibited pretty narrow bands in

li(|ui(l air, some of which were slightly affected by magnetism.

Clu-umium-potasduiii (i.rulidf [Cr^ Kj (C, Oj, + 6 H^O] ; strongly

dichroitic (red-blue) small monoclinic crystals, which were cemented

on a covering glass and ground lo a thickness of about Vs ni.m.

Plane of polarisation || long sides: at 18' a bright band 698,1

—

703,7; at — 193° it lay 696,4—701,4.

Plane of polarisation x long sides: at 18 l)rigiit band 697,5—703,5;

at —193° it lay 696,4-701,4.

An a(pieous solution exhibited at 18° a broad band 693,2— 702,3,

the maximum of which lay at 695,4—699,3; moreover a very faint

band 708,4—711,0.

A solution in glycerin had this broad band at 18° from 694,9-

699,4. Ai a temperature higher than that of liquid air (roughly

estimated at — 130"): faint band 659,3—664,9 (possibly not simple),

faint band 669,0—671,2, stronger band 674,7—676,8; halfshade limit

at 681,8. Very strong band 694,8—698,1, shade to 700,3; beginning

of region of absorption 706,0 '}.

"Chroiniinii fxira.c" obtained by melting together 5—15 "/o chromium

fluorite with anhydrous borax, in the way of the borax-pearls used

in analytical chemistry; ground, jtolished and \ arnished in order to

1) Iv Wauhuug i: G. Leithacskk. Aim. if. fJliysik (4) 23, p. '2ny, 1907.

-I Lv WiKiiEMAN.v, Wied. Ann. 5 p. 515, 1S78. VV. Lapraik, Jouiii. f. pr:ikt.

(Jhemie ("2) 47 p. ;iU7, 1S'J3. G. B. l^izzo, Niiuv. Gim. (3) 35 p. IM, 1894.
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prevent decomposition on exposure to air: smaragdine amorphous

plates about 3 ni.in. lliiek.

At 18 light hand 673,7—681,4; vague inihstinet hand 695,3—736,9.

^^t — J93" Hght iiand 672,6—680,8; dinil.v defined hand 692,3—747,6.

Natural enicrah/. [Be, Al, (SiO,),] ; hexagonal, coloured by a few

perinilles ('r,(), ; sensibly dichroitic (grassgreen-seagreen). Worthless

light green specimen not quite transparent, provided at the laboratorj-

wilh parallel facets, thickness 6 mm.

In the on/inari/ spectrum at J
8^ rather strong band 679,0—

680,T; somewhat stronger band 682,4-685,0; at —193° strong

band 678,2-679,5, and still stronger band 681,8—683,4.

In the extraordinary spectrum the bands were much paler but

at the same places, their relative widths being interchanged.

§ 6. RiiJn/. [Al, Oj]; rhombohedral, solid solntion of a little Cr^O,

;

dichroitic (purplered-brickred). By the kindness of Mr. M. A. Wolff—
DE Beer, manager of the Amsterdam diamond factory, several natural

and several artiticial rubies were placed at our disposal. The last-

mentioned rough material is imported from Paris in the form of

cones ') ; by cleaving them we got pieces of about uniform colour

and crystallographic orientation, as is to be observed by means of

the dichroscope. With carborundum a square plate (7X7X3 mm.)

was ground and polished at the laltoi-atory, a side of which con-

tained the direction of the axis; most of the experiments were made
with it. There is )io reason to suppose that natural ruby would

show other properties than tiie artificial material.

This stone absoi'bs green and yellow light. In the above investi-

gations of .1. Becqierkl we only found it briefly stated that "a group

lying between 657 and 676 disappears in liquid air, that the band

at 697 becomes thinner anil the band at 705 broader and intenser

tiian at ordinary temperature;" no meiilion is made of any magnetic

influence ").

Further ruby was more closely investigated by Mif.the, who found

the two principal absorption bands at 694 and 696, with a breadth

of about 0.4 lilt, besides 6 bands of less importance. Moreover he

described the remarkable fluoi-escence spectrum; the latter we have

no further examined, as Prof. Miethe intended to proceed with his

experiments on this subject ').

1) M. Ddboin, Gompt. Rend. 134 p. 840, 1902 ; A. Verneuii-, ibid. 135 p. 791. 190!2.

2) J. Becquerel. Physik. Zeits(hr. 8 p. 932, 1907 (Se,t\

») A. MiETHE, Verli. D. physik. Ges. 9 p. 715, )907 (Nov.)

40
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§ 7. With the spectroniotci' we foiiiid in the ordinary spectrtini of

nihv: At 18° strong Imnd 602,4—61)2,(5: very strong band 693.0—

604,2; at —193' strong line 601,7: stronger line 693,2. So with

decrease of toni|)crature a displaceinont of 0.7 fif* takes place towards

violet, llic niuluai distance of tlic double line retaining the value

1.5 f(f<, iiowever, as it is also t'oiind between (he centre-lines of"

the two bands. In tlie extraordinary speclrnni, at 1H° band 602,5,

faiiilcr liand 604,1: at —193° fainl line 691,7, faiider line 603,2.

In both spectra about 8 more bands of less im[)ortance, wliicli cannot

all be discussed iicre.

In the extraordinai'y grating si)ectriiiii the bands have faded away

so much that an exact observation is impossible; hence only the

ordinary spectrum was observed here. Though the bands are not

sliarply defined, they were estimated at about the same breadth by

the two ob,serve.rs, viz. at 18^
: band 602.5 at 0.23, band 604,1 at

0.33 im- In a longitudinal magnetic field, estimated at about 30

kilogauss the breadths amounted to 0,37 resp. 0.407<(i in a situation

slightly shifted towards violet ; the increase in breadth was therefore

0,14 and 0.16 ;tft respectively.

With unpolarised light the |)lieiioniena were pretty much the same

as the photo shows : it was obtained on a "L^^^i•;nK B-plate" sensitized

for red light with alizarin blue and nigrosin with an exposition of 20

minutes ; 1. indicates the position of the ruby l)ands in (he solai'

spectrum ; 2. those in the arc-lamp spectrum outside tlie Held : 3.

the same in the lield. The apparent broadening is evidently caused

by a doublet of vaguely outlined i)ands. as sufficiently appears from

the connection with what follows.

If the ruby was cooled down to ai)Out — 193", band 692,5 a])peared

to contract to a breadth of about 0,06, band 694,1 to 0,08 fiij. In

fact they have then i)ecome a/>sor/)tion liiwi-, which though thicker

than Fkainhofer lines, are yet no broader than e.g. those of a dense

sodium vapour; by this gradual transition any distinction between

absorption bands and lines vanishes.

In the field an ordinary ZEKMAN-effect was now observed as follows :

line 692,5 resolves into two components at a mean distance of

0,25 mi, the space between somewhat less bright than the spectral

background; the components of line 694,1 had a distance of 0,35 ,«;»

with a somew lial darkei s|iace between; jiossibly due to the inter-

mediate lines of a (piadriii)let : for both a slight displacement

towards violet was to b(> perceived. So tlie separation at —193°

seems to be greater than the above broadening at 18°. These nume-
rical deterniinalions ciunml vet lie considered as definite or accurate.
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The phenomenon was very clearly visible, and the amount of the

separation is evidently pretty large, ("hietly in consequence of rime

only a short observation was possil)le, \\ hicli frustrated |)hotograj»hing

with long exposition. Our '\ piale proving untit, we could not yet

determine liie circular polarisation ; nor did onr arrangements allow

the obserxaliou oF a transversal effect for equatorial direction of rays

;

we hope to be able to remove these diflicuUies in course of time.

§ 8. Of the other metals of the third series there exist among
others also the following conq)ounds with ciiaracteristic absorption

spectra'): Sapphire, CoCij, KMn (J.,, FeClj, the last mentioned with

strongly negative rotation, and some compound rhodanides. Of these

we examined :

ColHih-aminoniuin rhodaniile [i^NH,), Co (CNS)^] in rather diluted

alcoholic solution: at 18° dimly outlined band 594—663; limit of

absorption at 696. At —193° the blue solution became solid, but

remained transparent, though of a paler colour; the bands become

narrower as tlie temperature falls; at last vague bands are seen

580—586, 597—605, and 618—620; shade up to 645.

§ 9. Fifth series. This now includes, arranged according to incre-

asing atomic Aveights from 140 to 175: Cerium, ProHeodyiiHum,

N^codynihuii, Smnarium, [ /Jv.rdpuiin]. Gadolinium, [7\'rfntiin, /)i/.i-pro-

siiim], Erbium, Ytterbium'"); the three placed between brackets

were not yet obiainable in 1899; the compounds of the others then

proved strongly paramagnetic, with a maximum for erbium. The

visible absorption sjiectra of the metal compounds printed in italics

exhibit the well-known highly selective properties; possibly an accu-

rate investigation would yield a similar result also for the "white"

com|tr>uuds of Ce, Gd and Vii, perha])s only in the ultra-violet or the

infra-red spectrum. We have confined ourselves for the present to

compou)ids of neodymium and erbium, which had been used for

the magnetic measurements in 1899. We wish to express our

indebtedness to Prof. Rosenhki.m and Dr. R. J. Meijer for their kind

assistance in this special chemical department.

1) Gf. J. M. HiEBENDAAL, thesls for the doctorate, Utrecht 1873.

-) Gf. R. J. Meijer, Haiidb. der aiiorg. Chcmie 3 j). 129—338, Leipzig 1906.

Scandium Yltrium and Lantlianuin have lower atomic weigiils and diamagnetic

compounds. Holmium and 'I'hulium have not yd licen sniUcienlly chemic;illydeter-

minod. Fiu'ther the following investigations have lately been pnblisjied on the

absorption spectia : W. Whim Zeitselir vviss. I'liologr 3 p. 411, 1906; — Helen

ScHAEFFER, l^hysil;. Zcitselir 7 p. 822, 1906 ; B. Schaeffers. Dissert. Bonn 1907.

40*
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Nfiidi/wium nitratr [Nd (N(),)^. (i H./)]. The warer of crvstallisation

is expelled diiriiifi' moderate liealiiig, and on cooliiiu a line rosv-red

amorplioiis traiis|)areiit mass is retaiiie<l, which remains nnchange<l

for some time. In course of time a kind of orystalliiie light foam

deposits on the surface and the walls of the test-tube attended l\v

absorption of water, which foam could be collected and be pressed

into thin films b_v the aid of zapon-varnish.

The amorphous nitrate exhibited numerous bands, among which a

rather well defined one at about 625 (with companion (V26). At —193°

it had a breadth of 0,3, in a tield of about 25 kilogauss one of

0,4 im. By chance we noticed that the crystalline nitrate foam at

— 198° exhibits much uarrowei' bands than an amorphous layer of

the same thickness; among others in tlie neighbourhood of I).

577.0, 578.7, 579.7, 5H2.0, 583.0 ; the three last of these have a

breadth of about 0,15 im ; in the tield a very slight, hardly mea-

surable broadening seems to take place. The 5 sharply defined hands

in the green between 500 and 525 behave in an analagous manner.

Niwh/mhnn nirn/ih'smnt nitrate [2Nd (NO,),. 3 Mg (NO,).,. 24 H,()J.

Yields analogous products when treated as before.

It has a very complex absorption spectrum with a great number

of narrow bands, which are very pronounced particularly at the

temperature of liquid air. Particularly worth mentioning is the

following, observed with a thickness of about 10 m.m. of the amor-

phous mass:

At 18° a region of absorption extending from 499.2—537.7, con-

sisting of 499.2—513.9 very strong band, very badly defined towards

violet; 516.9—528.2 very strong band_, then shade ; and 534.8 narrow

faint line ; 535.6—537.1 band with maxima 535.6— 536.4 and

536.7—537.1.

At —193° this region extends from 498.1— 526.6 and consists : of

498.1—512.6 very strong band, then bands at 513.7—514.1, 514.7

—515.3, 516.1—516.7, then shade, 517.6—518.5 band, then again

shade, and 519.2—526.0 very strong band.

Another remarkable region extends at 18° from 616.9- 629.3,

which consists of 616.9—618.9 faint luind ; 621.0—622.9 ditto;

624.8—626.9 pretty strong band; 628.3—629.3 very faint iiand. At

—193° we see what follows: t;i6.7—617.6 faint band: 618.9 thin,

faint line; 621.1—623.0 faint band; 624.7—625.4 band with strong

fine centre; 625.9—626.4 ditto; 627.1 thin faint line; 628.6 -629.5

faint band.

In thinner layers these regions diverge even more ; e. g. a rather

narrow absorption region branches olf from the region 560.1—587.5
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on tlie red side, wliicli with decrease ol' teinperatiire tirst becomes

more distinct, but then vanishes at still lower temperature. Also for

this double nitrate the crystalline foam exhibited more sharply defined

bands at —193°; the 5 bands in the green from 500— 525 parti-

cularly the tirst and the fourth were broadened in the field.

Neodymium hora-c, obtained bv melting together about 5— lO'/o

neodymium oxide with anhydrous borax ; pink amorphous mass.

With decrease of temperature the spectrum is also subjected to

important modifications, but displays in general wider bands than

the preceding one. Analogous in this respect are:

SL'odymiuin glass, prepared for us by the firm of Schott & Co. at

Jena (V.S. 5255 and 5256), with 15 7,, and 20 "/„ cerite ; it contains

so much neodymium that it has a [)iidv colour, and exhibits strong-

selective absorption.

§ 10. Erbium nitrate [Er;N03)3. GH^O]. By evaporation of the

solution this, too, may be obtained as an amorphous transparent

mass, which has an absorption spectrum rich in narrow liands,

which, however, has not yet been further examined.

Erhiuin mai/nesiun) nitrate [2 Ei(N()3)3. 3Mg(X0j)„. 24 H.,0].

Treated just as the neodymium salt; yellow transparent mass;

readily absorbs water of crystallisation and becomes crystalline and

Ojiaque.

Like the preceding .salt it shows a very complex spectrum, of

which the following groups, measured for a sample of about 10

ra.m. thickness, are particularly noteworthy :

At 18^: 514.5—527.3 group of bands, consisting of three intense

bands, at 516.9—517.2; 517.7—519.5; 520.5—521.7. At —193°

this becomes as follows: 513.7— 521.8 group of bands, consisting

of: 513.8—514.0 bands; 514.8-514.9 intense band; 515.1-515.7

band; 516.3—517.2 intense band; 517.7—519.3 intense band ; 520.1

faint band; 521.0—521.8 intense band.

At — 193^ a number of double lines in the red are of imiKU'-

tance, the principal of which lie at 641.4 and 642.6; 643.7 and

645.6; 647.7 and 649.4. At 18' these lines have entirely vanished.

The whole visible. spectrum of this salt contains about 40 bands

and lines, partly very faint, which vanish for a thinner layer.

Erbium borax obtained by melting together 15—20 % Pi"biura

oxide with anhydrous borax; yellow, amorphous, transparent.

Here decrea.se of temperature has not so iniporlant an influence.

The most remarkable group of bands, extending at 18° from
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516.7—525.R coiilaiiis Ihn-e hainU at .M(i.9-~5 17.2; 518.0- 51<».l;

520.6-522.2.

Al HI3' iliis m-()ii|( cxUmhIs tVuni 516.2—523.9 iiiid tlicii

e.\liibil.s tlii'ce baiuLs too, at 51(5.6 -517.0; 517.8—519.0 (these two

pretty sharply defined); 520.4— 522.4 (less sharply dcliiied, perliaps

double).

Erbium gidss was prepared for us by the (iriu Scuott it Co. at

Jena (V.S. 5257, about the .same as V.S. 3524).

It siiovvs some narrow, not very sliarply defined bands.

Tlie well-known f^roup of liaiids in tlie green extends at 18° from

516,8—523.0, and consists of: 517.0-517.3 band; 517.8 line;

518.4—518.9 band; 519.1 indistinct line: 520.0—520.2 band;

521.1—521.8 Band.

At —193° it extends from 51(5.5—522.6 and shows what follows
;

516.5—517.2 band; 517.9 line; 518.2—518.6 band; 519.0 line;

519.8—520.0 band; 521.0—521.2 band; 521.8-522.3 band.

Furtiier tlie following lines are found at —193";

648.9; (551.6; 655.5; 657.6, all faint. At 18° faint bands are seen

at 650.0-654.0 and 656.4—661.1.

§ 11. Seventh series. We have until now investigated:

Uravylc nitrntc [UO^ (NO,).^ -\- (5 II^O], monoclinic crystals, not

sensiiily dichroitic; ground plate 2 m.m. thick. In the blue the well-

known bands, of which we mention: at 18^ two faint undefined

bands 467.5—471.G and 484.9—488.0; at —193° strong band 467.9

—469.7 (possibly not simple), shade to 470.3; strong sharply defined

band 484.5—484.9, then shade; idem 485.3—485.7, shade to 486.3

BerUn, Febr. 27, 1908.



( 589 )

Physics. — ''On th' rncdsnri'iDt'ii/ o/ rcri/ loin temperatu^'es. XIX.

Derivation of the pressure coefficient of kelixni for the inter-

national helinmthermomcti'r and the reduction .of the readlmjs

on the lieliumthermometcr to the absolute scale". Cominuni-

c-ation N°. 102'' fVoiii the Pliysical Lal»nratorv at Ijeiden. By

Prof. II. K VMERLINGH OnNKS. ,

§ 1. /'ressuri' coefficients of heliu.m. As llie absolute zero i.s known
witli sntVicienI accufacy — from the Leiden ol)servations on hydrogen

may he derived j''}oc.= 273°. 10 A'. ') a vahie which, because it

agrees with other determinations, is probably not far from the

true one — we may by means of the virial coetficients /i^ for

helium at 0^ C. and JOO'^ C, determined in the preceding communi-
cation (102"), derive the pressure coefticients of helium at different

densities for this range of temperature. For the pressure coefficient of

the internafloiKil hetiuni thennonieter ") i.e. the mean relative pressure

coefficient from 0' C. to J 00' ('. for helium with the density
ro° ; .—100= c.-|

belonging to the zero pressure of 1000 m.m. |_ ft,, J, or for

shortness ,«,., the formula

Aa, X 0.36617 + (S,i,,oooc. - ^^ooc.)

100 . ,«,, = 76

yields

100
Aa„ + Ba.o° c.

—

"'«, = 0.0036613.

(1)

If one considers that according to table II of Comm. N°. 102"

the isotherm of 0° gives rather large values for Obs.—Comp.,
then it seems that the isotherm of 20° C, where the Obs. Comp.
are only small, are more reliable for the derivation given abo\e.

1) In Gomm. N". 101^ the value 273\08 i.s found, but as will be explained in

Comm. N". 102
', an erratum to Comm. N". QTi XV, the pressure coellicienl

0.0036627 for hyilrogen at 1090 niM. must be restored instead of 0036629 which
was derived in the above mentioned communication and used for a certain lime.

It is to be noted that tlie dilVerence introduced by this recalculation is not Greater

than the otlier observational errors. The small ditferences between some numbers
of Ibis communication with the Dutcii text are the consequence of Ibis correction.

2) The scale of the hydrogen thermometer of constant volume at 1000 mm.
zero pressure is generally called the scale of the normal hydrogen thermometer
(this was also done in Comm. N". 9/4). As 0" C. and 760 ni.m. are accepted as
the normal state for gases, it seems to me preferable to call tlu> scale just mentioned
the scale of the inli'niulional liydrogen thermometer, in llic >^;uiie way we must
Speak of the international helium thermometer.
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re 1 liavo ciilciilateil L <'.,. \\Tliorefore 1 liavo calciilateil L <•.,. Jionomm. l>v nieaiis of the

data for 20^ ('. ami l()()Mi5 ('. Willi iioglectioii of tlie deviations IVom

the absolute scale for the li\ (lro<i('ii tlioriiioiiiot(>r at 20' C, ]i.\.^PV.

was determined by means of reetiliiiear extrapolation. Tliis f^ave

^.1, (IOC. — 0.0,499,

whence

Aa, = 0.99950.

With these new data we derive from formula (1) of this section

%„=: 0.0U30G16.

From the data for Ba of table II of the preceding Comm. and

7'ooc.= 273'^.JO A' we may determine in the way mentioned in § 2

of Comni. N°. B?'' the corrections of the readings of the helium

thermometer of constant vohune with a given zero pressure to

the absolute scale. They have been calculated for a zero pressure

of 1000 m.m. and are combined in table I where tiie remaining

columns have the same signitication as the corresponding ones of

table XVI of Comm. N». 'dl''.

TABLE I. Correction of the international helium
thermometer to the absolute scale.
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we can only use the dotormiiiatinns df I'liAVKRS, Sknter and Jacqukrod.')

They luxvo foiuid :

1"'. for t!ie jtressure cuelllicieiit of the lieliiiiii lliennoiiietei- at 700

ni.m. zero pressure L «> J700 = 0.0036(j255 whicli agrees witli

ro°c— Kio°c-i

0.0036628 for L «.- J,
and

2""^. for the difference between the indications of the helium thermo-

meter tile and the hydrogen tliermometer /ii„ (each of about 1000 m.m.

zero pressure) at the boiling point of oxygen {ti\^ — <iie)— i8o°c. = O^.IO,

and at tiiat of hydrogen {tu^ — '11,)—•i.-)2°c- = 0^.20, which differences

are so considerable that CalIjENDar "-) concludes thence that the correc-

tions of the helium thermometer to the absolute scale are negative.

The two results which strongly deviate from mine may be readily

e.xplained if one adopts that the determination oftiie coefficient ofpressure

variation of helium by Travers, Senter and Jacquerod has not yielded

the true value. For if the differences in indication found by them

between their helium- and their hydrogen thermometer are reduced l)v

means of the corrections of each of these thermometers to the absolute

scale which are given in Comm. 100" and in Table I of this Comm., to

the difference in readings on the absolute scale, which are found at

the same temperature by means of the hydrogen thermometer whicii

gives ^H» and by means of the helium thermometer which gives

^iie, there remains at — 182" a difference

{«9u, — «9He)-i82'' = OMO — 0°.049 - 0°.002 = 0^05

while by extrapolation of the cori'octions found to — 217° for — 252°

one would tind

(<9h, — '9ii,.)_252° = 0°.20 — 0''.12 — 0°.02 = OMO.

When calculating the temperatures ^,11^ and /,iiu tlie iinestigators

mentioned have taken the pressure coefficient of the helium ther-

/ He >^

mo.neter I «„ I to be equal to that of the hvdrogen thermometer
V ' /Travel.'!

at the same zero pressure (for 1000 in.m. therefore 0.0036626

according to our value of Comm. N°. 60). If the corrections applied

by me are right that pressure coefficient must therefoi-e, it — 182°

in order that 6*11, — (^He^O be diminished by 0.0000010 so that

lie

«, = 0.003661G

1) Phil. Trans. Ser. A. Vol. 200 p. 105—180. Kuenf.n and Randall (Proc. Roy
Soc. Vol. 59) have made a determination, wliicli, being only intended to show
wlietlier the helium beliaved normally, is not made to the high degree of accuracy

which is required for a comparison with isothermal determinations.

2) Phil. Mag. [6] 5. 1903.
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h.kI in order '^ir, -^h,. at - 202^ In0,0000018 lo tliat

111'

f(r — 0,U(KSUtJl-t.

The lii'sl value wliicli lias l)ceii derived witiioiil extrapolation and

wliieli is tiieref'nre the most reliable, appeal's to aiii'ee iicrt'ectlx with

the one derivc^l hy nie from the isothermals in § I.

With regard to the melhud of deri\ati(in followed here we may

remarU that it allows j)f a fairly larj^e accuracy. 'J'hony,h the certainty

of lh(^ detei'ininalions of tcmjierature on which it is based may be

doubted to the absolute value, yet the only (lill'eren<H' which comes

into accoiiul here is known with snfticient certainly. The calcu-

lation meulioniMl abo\e ihcrefoi'e not only sixes an e.\|)lanation of

the too lar<i,e dilfei'enccs found by 'ru.vvKiis, Sk.ntkr and .).\('cjiKROu,

but is also a welcome control for the coeHicient of pressure variation

of helium i'ouud in section 1

.

Physics. — " VV/c <ilisiirj)liiiii .sju'ctni nj' the (tiiii/inini</s of tlw rart'

anrths nt thr temperatures obtninable with IhiuuI hi/i/roi/e?!,

and their change /ii/ the inagnetic field", by Jk.\n I:51';('QUKrki,

and H. K.mikki.inoii Onnes. Communication N". 103 from the

Physical Laboratory at Leiden.

§ \. fntroductioii. The investigations of one of ns (.1. B.) ') proved

that the absorption spectra of the compounds of the rare earths,

cooled down to the temperature of liquid air, may serve to acquire

new data for the nature, the number, and the motion of the electrons

which play a part in the formation of these spectra. So it seemed

lo us of great im|H)rtance to continue these investigations at the

temperatures obtainable with liquid hydrogen, which are so many

times lower and seem particularly adapted ') to reveal the forces which

the ponderable substance e.xerts on the electrons. For this purpose

the a|)paratiis used at Paris for the observation of the spectra were

conveyed to the cryogenic laboratory at Leiden, so that we were

enabled to obtain some three hundred of spectrograms which re-

present the obserxed phenomena. The study of these photographs

will take a long time ; we shall therefore contine ourselves on this

occasion to the communication of some facts which immediately draw

the attention.

1) Jean Becquerel, Radium IV. 'J, p. 328 ami IV, 11, p. 385 (1907).

-; H. Kameiu.ingu Onne.s, The iinpoilaiice of accurate moasuromonts at very low

tomporalures. Comm. of tlic pliys. lab. of Leiden Siippl. no. 9, p. 25 sqq. (1904).
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§ 2. .\/)/i<ir>ifiis. Ill the lii>l placr a few words alxiiil llie arraii-

geiiieiil (if llic f\|i(M-iiiieiils. Il wa^ ihc same Inr llic cxiici-micnls

withoiil and willi the magiiPlic liel<l. Tlie cnslals, lixcd wilh wax on a

small pi(H-e ot |)latiiiiiin foil a,, (a.,, r^, fig. 3", IM. I), which was camtMl

i)_v a rod (/^, wore iininersed in litjuid hvdrogeii in a ilouble-walled

Iidte {f> lig. 2, fig. 3"), which is the conliniialion of a non-silvered

vaciumi glass A^, which contained li(|nid hydrogen and which

is surrounded In another doulile-walled (c,,,, t'^j" tnlic c. also the

continnalion of a non-silvered \acnnin glass with liijuid air, on

which it resis on pieces of cork A,. A clearance of \ ,,
mm. between

the two glasses (fig 3") proved sufficient to allow the li(|iiid air lo

circulate along the hydrogen tube. This protects the hydrogen so

elfectively from access of heat that the eva])oration is insignificant,

even when the two tubes ai'c placed lietween the hot coils of the magnet

and the crystal is e.xposed to strongly concentrated electric light.

The walls of the narrow part of the tubes are very thin, and because

the radiation of heat is independent of the distance of the walls they

have been brought to an e.xceedingly small distance from each other

(0.5 mm.), but without being anywhere in contact. Owing to the

skill of Mr. Kesselring, glassblower of the laboratory, who succeeded

in doing this, we had at our disposal a tube of 4 mm. inner diameter

tilled with liquid hydrogen, pro'fected by a tube of liquid air, the

outer diameter of which is no more than S mm., which allows us

to bring the poles of the magnet so near together that very strong-

fields are obtained even with iiollow poles. ',.

The hydrogen tube must be closed hermetically. For this purpose

it is fastened in a cap, r/, which may be adjusted by means of a

levelling board, /, with screws and sliding groove. Tlie tube is brought

from below into the cap, where it rests against a wooden cylinder,

within (l^ (fig. 2), and it is fastened with a thin rubber ring c,, which

lies round d^ doubled over and is turned liown when the tube is

put in. To ensure tightness a rubber solution is put between ring and

glass, anil the rubber is pressed tight against the glass and the cap

with cop|)er wire. The cap is provided with: 1. the tube t/^„, to

which at (/j, a head with packing cap </,, is screwed, in which liie

rod (1^ can turn (by means of d.), and mo\e up and down (by means

of the nut d^,). 2, a tube ^/, to si|)lion over litpiid hydrogen as

1) Instead of the usual poles of the Weiss magnot we have used auxiliary

pieces, p-^o (see figs. 2 ami -i), whicli piolong the i'dmc to a seetioii o( C> nun.

diameter, willi conic: pei-rciralions, wliich have a dianicirr of ;} nun. on tlif side

of tlie crystal.
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iii(lifalc<i ill ('(iiniii. X". \H liniii llic sii|i|il_v botllc into tlie ;i|i|)araius,

whicli tulic is closed in oihcr cases willi a riiiilicr liiiie with

cock. H. ail oiilllow tube (/, (()<;. 2), wliicli leads alonj;; cock /

(fig. 1 and lij^. 4) to the ,ti;aslioldcr witli pure hydrogen, to a safety

tube / (fig, 1), along /., to an airpiiinp, and jiast k, to the vaciiiun

bottle ?', from which llic liijiiid hydrogen is siphoned over (the ope-

ration is elucidated by the diagrammatic tig. 4, uhicli does not call

for a further description).

We tir.st have convinced ourselves that when the air has been

e.xhausted from the hydrogen tube surrounded by r, this tube exactly

occupies its place between the poles, without being strained by the sup-

ports
(J
and /, when these have a suitable position, we then till it along /',

with hydrogen from the gasholder, exhausting it repeatedly, then

we pour liquid air through a funnel with lilter into /;,, which is

covered with some cotton wool. The apparatus is then filled with

li(|uid hydrogen through d^. In order to pass to the melting

point of hydrogen, /•, is opened rill crystals appear on the

surface of the li({uid hydrogen, through which the gas bubbles

which rise from the heated crystal, are seen to niaUe their way. If

iheapjiaratus has been tilled in the way described before, observations with

the crystals may be made uninterru[)tedly for several hours. The jire-

cautions taken to prevent mixing of 'hydrogen and air are indis-

pensable. Air entering the apparatus, would sink down, and be sucked

up in front ot the crystal as soon as the magnetic field is apjilied,

and intercept the light.

For every tilling of the apparatus */^ liter of liipiid hydrogen from

the supply is generally used, and it was sudicient to do this twice

a day to be able to observe all the day in case of ordinary as

well as of low pressure; twice a week a quantity of 5 liters was pre-

pared for these experiments, which was just sufficient to fill the appa-

ratus also the second day after the jireparation. As it was impossible

to entirely jirevent the hydrogen which evaporated at lowei-ed pres-

sure from being contaminated with air, it was not admitted again into

the cycle. The hydrogen cycle proved its reliability by never failing

us a single time in all these weeks.

I. PllKNOMKNA WHICH DKPKSO SOI.KI.Y ON THK TKMPERATCRE.

^ 3 Sin)/>/i/iC(ttion of the spectra. On cooling to the temperature of

licpiid air (
7' = 85"' one of us had found') that almost all bands

become narrower and divide, some new ones also appearing. In

't Jean Becquerel, 1. c.
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general tlieir intensity inoreases. The i)ands wliicii decrease in inten-

sity or wliioli vanish alto,i!;etiier, are exceedinp:ly few in nunilier.

The measurements on anomalous (lisjiersion in the neigiii)ourhood

of some bands of tysonite had proved that this increase of inten-

sity is not only the consequence of the hands becoming narrower,

but also of a modification which, according to the theory of electrons

on the supposition of quasi-elastic forces, indicates tiie increase of

the dielectric constant in every band, and implies that the nund)er

of electrons which determine such a band, has increased.

Passing to the temperature of liquid hydrogen (7' =20)°, we saw

some bands continue to increase in intensity, but also others which

showeil an increasing absorption with fall of temperature down

to that of licpud air, decrease both in intensity and in breadth. There

are even bands having appeared in liquid air, which become almost

invisible in liquid hydrogen. An example of such a change with

the temperatnie is furnished by the bands 523.5 and 479.1 of tysonite.

The measurements of the anomalous dispersion in the neighbourhood

of these bands had shown that the electrons belonging to these bands

are about twice or three times as numerous at the temperature of

li(|uid air as a* the ordinary tempera(iir(\ In li(|uid hydrogen the

number has already liecome very small, and at the tem[)erature of

solid hydrogen (14) hardly any electrons of this kind take part in

the motion. Fig. 1, PI. 11, which represents the compensator fringes
')

in the neighbourhood of band 523,5 of tysonite al diHercnl tenqie-

ratures and with dilferent thickness, allows us to measure the distur-

bance in the fringe with regard to height and breatlth. Figs. 2 and

3, which we treat in § 8 and '', and which represent the magneio-

optic phenomena, may elucidaie this.

§ 4. Mn riiimtti <>f intensifi/ of cvanj Imiul for (idefinUa tenipern-

ttirc. ll follows from llie foregoing that several bands [)ass through

a maximum of intensity with decrease of the tem[)erature. In general

the place of this maximum is dilferent foi- different bands. When in

the experiment with tysonite described in § 3 we wait till the last

traces of hydrogen e\aporal(^ from the crystal, immediaIeK' after

when the tem))erature of the crystal rises, the band 523.5 is .seen to

greatly increase in intensity. Without doubt the maximum for tiiis

band lies at a temperature not far above the boiling point of hvdrogen.

All the crystals of xenotime, tysonite, parisite, apatite, mona/ite, didv-

miuni sulphate, praseodynuum sulphate, neodymiuni sulphate, exhibit

\l Jean Bec.querel, Radium IV no. y p. 3^8.
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piniilar phenomena. The green line 528,5 of neodviiiiiini which is

exceedingly line and yhari) at 7'= 20', has almost \anislieii at T= 14°.

We have t'urtlier examined the iiitlueiiee of the fall from 7'= 91°

to 7'^ 58^ in immersing the ervslals in li(|iiid oxygen hoiling at

the aii'|)iim|). The change in this region is only slight. This confirms

the conclusion drawn frt)m what was observed in heating from

7'= 20° npwards that the maximum must lie near this latter tem-

perature and at all events far lielow 7':= 58°.

Naturally the cpiestion ohli'udes itself whether those few hands,

whose intensity dimiiushes helween the ordinary tem|)erature and

that of liquid air, do not also pass through a maximum either hetween

7'= 290° and 7'= 95°, or at a temperature above T= 290\ It

will be difficult to decide ihc (piestiou, because in (•onse(|uence of

the broadening an(i overlajiping of the bands the change of each of

these bands in itself escapes observation.

§ 5. Clianye in irkltli. In the previous experiments") it hail been

found generally valid for all bands measured down to the tempe-

rature of liquid air, thai the width of the bands was proportional

lo the s(|uarc root of the absolute temperature. This is the law

which for the case of a gas may be deduced from the formulae

formerly developed by Lorentz")

When we pass to the temperature of litpud hydrogen this law

ajipears to be no longer valid for some liands, whereas for others

the order of magnitude of the change seems to reuiain the same.

In the figures 1, PI. 11 obtained by the method of the compensator

fringes, it is very clearly to be seen, that 523.5 of tysonite is not half

as broad at 7'=: 20° as at 7'= 85°, as the law of the \/T would

require. And it was this very baud which had served to show-

experimentally, that this law held down to 7'= 85° with a high

degree of approximation.

The (juestion whether there is a iiuitimatn of inu/t/i, could not

be solved yet. At first sight some bands do not seem to contract

any further between 7'= 20" and 7'= 14 , two of xenotime seem

even to get wider.

With regard to the totality of the phenomena of change of width

in liquid and solid hydrogen we may further observe that in these

even more than in liipiid air") the spectra manifest a pronounced

') Jean Becquerel, Radium IV no. ') p. 3'2S.

=^1 U. A. l.nuioNT/.. Kon. Akiul. v. W. VI p 506 ami p. 555 (1808).

'J
'hat Iv.-onilc niul xcnnliinf liavi' this lendency lias been observed by Jkan

Becquehel, Radium 1. c.



( 597 )

tendency lo assnnie liie character of gas spectra when the temperature

riecreases. Some altsor|ition lines of ])raseorlvniium and neo(1_vmiiim

sulphate, cleared of broad bauds that covered them, are even tiner

than the Z)-lines.

^ 6. Thi> approach to a limit of the double refraction of crijstals

in the mm ahsorlied parts of the xpectrum. If we watch the bauds,

bv the aid of which the double refraction is investigated, with change

of temperature, we observe the following. If the crvslul is heated above

the ordinary temperature, they are greatly displaced. When the

temperature is lowered to that of liquid air they move in the

opposite direction. For a crystal of tysonite we have also examined

them with further cooling with li(|uid hydrogen. In spite of the great

difference of temperature the dis|ilaceuient is then hardly peireptible.

This may point to the fact that the dilFerence of the expansion of

the crystals in tlie different directions approaches a limit at very

low tem[)eratures.

§ 7. (Anineclion of the chanije of the ahsorption bands occurring

at renj h»r temperatures uuth the electronic theorij. Already in § H

we pointed out the coiniectiou of the change of the bauds with that

of the number of the electrons which ai'e coJicerned with a certain

baud according to the electronic theory coupled with the assumption of

qiuvsi-elastic forces. The experimental jiroblems raised by § 3 and § 4

may be delined as follows in the language of this theory '
i : to

determiue as functions of T on one side the number anil on the

other side the damping coefticieul (proportional to the width of

the baud) of the electrons which lielong to a certain band. We
might make use of the position of the ma.xima to linil muliially

related bands, in the first place in the different spectra of one crystal. An
investigation into the connection between what we already know about

these functions and what the change of the electrical resistance of the

metals leads us to expect about the action of forces exercised by the ])on-

derable substance on the electrons naturally suggests itself.') At very low

temperatures we shall no longer bejuslilicd in considering the electrons

as a perfect gas, but we shall rather have lo compare them to a vapour

which precipitates on parts of the atoms (dynamides iLenakd)), ami soli-

dities at siill lower IciHpcraliue '
). When we approach these centres the

paths of the clecti-ons arc sulijcrli'd (o rliauges wliich uiodifv llic free

M Cf Jean Bkcquerel. liadium 1. <

-') l-f. Kamkhmn'+h Oxnks. Loc. cil.

^) A metal would become tianspaieiit at vt.i)- low leiiiperalure.
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enjrlli (it'|iatli in the same wav as \ an okh Waals' (|iiaii(i(_v b is suhjooted

to a change In llie forces exerted liv ilie molecules on each other. ')

The three states of aggregation which we nsed just now as an

illnstraliou of the behavionr of tiie clcctfons, might |)crha|)s he

coiisideied as referring to the slal)iiit_y of different paths of tiie elec-

trons, anil (lie (|uasi-clastic force might be connected with the

conihtioiis for the electrons moving in tiiese |)aths.

If we fnrthcr note that it is the ratio of the absolute temperatures

on which the degree of change of the s|)ecli'a depends (compare the

transition from 7^=20 to 7'= 14 with that from 7'= 2i»() to

'T =^ 95), we may accept for (he present us a heuristic image the

idea that we may speak of corresponding states according to different

units of temperalure caused by mechanic similarity of the motion

of the electrons lound the centres.

II. I'Ml^NOMtlNA DK.PKNDINO ON THK TEAIPERATURE AND OX THE STRENGTH

OF THE M.VGNETIC FIELD.

(j 8. ( '(ijtstdiici/ of tin' cli'diijt' of thi' /'requi'HCi/ of vihrations

uiiih'r the iiijiiii'iict' of tin- imii/tif/ic fir/d of all fi'iitpcrdttires.

Accoi-diiig to the experiments made by one of us previously

(J. H.), when a uidaxial ci-ystal is placed with its axis in the

direction of the lines of force and of the ray of light, some absorption

bands are resolved into two components, which belong to the absorp-

tion of two circularly polarized rays of opposite sense. The dilfei-ence

of frequency of \ibraIion of the two com[)onenls had then proved

to be independent of the temperature. Il follows now in a still more

convincing way from the comparison of the divergence of the two

bands at the tem|)erature of liipud hydrogen with the divergence

at the lempcrature of li(|ind air. that within the limits of errors of

observation, the difference of freipiency of \ ibralion is entirely inde-

pendent of the tempei-aturc. According to tiie theory of Lorentz

this constancy of the divergence of the bands, which is observed

both for those which hchuvc in the sense of tire ZEEMAN-effect as

for those which behave in opposite sense, must be considered as

proceeding from the invaiialiility of the I'elation e/in. Accordingly

the observations in liipiid hydrogen seem to furnish a strong support

to the argument in favour of the existence of positive electrons

derived from the constancy of this (piotienf. ')

') Calculated by Hein(;anum atcoidiiig to the theory of Boltzmann.

2) Le Radium torn V. p. 17 1908.
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^ 9. Parfiitl polirisation of the amiponents of soire hands. In a

foregoing coinuinnk-ation (CR. 19 Aont J 907) one of us (J. B.) has

demonstrated, that the band 624,97 of tysonite becomes double

in each of the two spectra of left-handed and right-handed circu-

larly polarized light, whicli are ol)tained by means of a plate of

a quarter wavelength and a rliombohedron. Therefore in both com-

ponents of the magnetic doublet of the band the polarisation is not

perfectly circular. The band behaves as if it were owing both to

positive and to negative electrons with the same period of vibration,

and the same ratio (7??^, in which the number of positive electrons is

to be put as the largest, because the strongest component belongs to it.

At the temperature of li(|uid hydrogen the same phenomenon is

observed with some bands whicli become at the same time line

and bright (fig. 2 PI. I band 522. 1). In general the same thing

is found on ree.xamining the spectra at the temperature of liquid air

and at the ordinary temperature, though it is more difficult to see.

Some time ago Dufouk again found the same phenomenon in emission

bands of fluorcalcium put into the tlame.

\ 10. Asiimmetnj of tlie nyht- and left-handed components. The

experiments at the tempei'ature of liquid air had proved ') that

when the rays of light run parallel to tiie lines of force the right-

and left-handed components very often differ in strength. No regu-

larity had been found in these differences, the asymmetry was now
in one, then in the other sen.se.

If we pass to the temperature of liquid, or better still, to that of

solid hydrogen, the asymmetries, which sometimes change their sign,

become exceedingly great; one component increases in intensity at

the expense of the other, even to such a degree, that some compo-

nents vanish almost entirely on the side of the greater wave lengths.

An example is furnished by tig. 3, PI. Ill referring to 654,2 and

643,4 of xenotime, one component of which is very intense, the

other very faint, xlpatite shows the same thing.

In solid hydrogen almost all the components which divei'ge towards

the small wave lengths, become very sensil)ly intenser than those of

opposite sign.

§ 11. Variation of the magnetic rotation of the plane of pola-

risation in the neighbourhood of the absorption bands.

a. Simple bands. The exi)erimenls of Macalusq"), H. Kecqi'krel '),

1) Jean Becijuekel Le Radium V. No. 1. p. '.t. 1008.

2) GR. CXXVIl p. 548, 1S98.

») GR. GXXV p. (IT'.I. 1897 GXXVll p. 89'.). 1891.
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Zeeman ') have proved that in Iho iiei^hlMiiii'hdod nf thi' l)amls wliich

exhibit tiie ZKEMAN-phenoraeiiou, liie rotation (if lh(> plane of pohiri-

sation on hotii sides of the l)and is positive, and in the inside of

the magnetic donbiet negative. Tlie experiments made with niiiaxial

oivstals^j witii tiie axis placed parallel to the lines of force and to

the beam of light citiier at the ordinary temperature, or at the tem-

perature of liquid air, Inive proved that the regular change of the

magnetic rotatory power wilii the wavelength of the light is sub-

jected to a disturbance of the same kind on i)oth sides of the band,

and to an opposite disturbance at the middle of the liand. This

disturbance is positive outside the band for the bands belonging to

negative electrons, and negative for the bands of positive electrons.

At the temperatures of liquid and solid hydrogen the same pheno-

mena are observed, at least when the asymmetry of the left- and

right-handed components is not too large. In the neighbourhood of

some bands whose components are very unequal, opposite disturbances

are observed on both sides of the band — as is easily explained

by means of the usual figures of the anomalous dispersion. These

phenomena are clearly visible on the figures. 4 I'l. Ill and 5 I'l. IV.

These figures have been obtained by a method which was already

used in former experiments '). Against the slit of the spectroscope a

Babinet compensator was (ixed between two crossed Nicols in such

a way that the fringes wer'c perpendicular to the slit, liefore the

compensator a plate of a (piarter of a wave-length is placed in such a

way that the two op|)osite cii'cularly polariy,ed vitjralions are changed

into two rays rectilinearly polarized |)arallel and normal to the

principal direction of the compensator. The deviations of the fringe in

the spectrum in the neighbourhood of the bauds are proj)ortional

to the dilference of phase of the circularly polarized rays in the

crystal plate.

In the figures wc IJnd for l)and 522.15 fig. 4 the .symmetrical

case, for band 52;i7 lig. 4, and ti42.3 tig. 5 the dissymmetrical

case with disturl»aiice in the same direction, for band 537 tig. 4,

and 654.2 tig. 5 the op|)osite disturbance on both sides of the band.

h. Compoiuid hiiiuls. The phenomena of absorption at lower lem-

pei'atures have shown that several bands may be resolved into two
or more. These components behave differently with respect to the

magnetic field, because some belong to positive, others to negative

1) Arch Neerl. VII p. 465. 190'2.

-) Jean Beuquerei., riadiiiin IV No. 2 p. iU. 1907, V No. 1 p. 5. 1908.

«J Jean Becquerel, U.R. May 21 1906.
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electrons. Therefore we meet with disturbances in tlie magnetic

rotation wiiich are ditTerent for tlie different bands, and whose

effects are superposed. Thus two bands placed side by side, one of

positive and the other of negative electrons, may give rise to distur-

bances in opposite direction in tlie dispersion of magnetic rotation.

It is periiaps to this that we must look for the explanation of what

is observed in liand 577 of tysonite, which is clearly double in

liquid hydrogen.

In general we may say that with regard to the theory of the

magnetic rotation for absorption bands, the conclusions drawn from

experiments at the ordinary temperature do not lead to a definite

result. For at the ordinary temperature it is uncertain wliether we
have really to deal with a simple band. On the other hand at the

low temperatures, at which the bands become narrow, and their

change in the magnetic field may be closely followed, it is easy to

find the true explanation of the different types of disturbances in the

magnetic dispersion of rotation for the bands in the different cases.

^ 12. Ml Kinetic rotator// poirer of the paraviagnetic crystals.

One of us (J. B.)') iiad previously shown that the negative magnetic

rotatory power of the ciystals of tysonite and parisite increases con-

siderably with decrease of temi)eratu)'e. The rotatory power is about

inversely proportional to the absolute tempei-ature. If this is brought

into connection with the law of CrRiE that the paramagnetic sus-

ceptibility is inversely propoitional to 7', it appears that the negative

rotation of these crystals is |)i-obaiily a consequence of the increase

of the paramagnetic polarisation of the crystal.

If these crystals are placed in liquid hydrogen we find that the

increase continues in the same way with decrease of temperature,

and the rotatory power rises to exceedingly high values. The exact

numbers will be given later, liut in round numbers the rotation of

the plane i)f polarisation of llie blue light amounts to 150^ for a

plate of tysonite of 1 mm. in a field of 10000 Gauss at the boiling

point of hydrogen. Xenotinie, which gives a very sliglil rotation at

the ordinary temperature, shows a considerable rotatory power in

liquid hydrogen.

^ l.S. Connection hetir>een the jihenomena of the asi/nunetri/ of the

left- and rujht-handed polarized components bij the ma(jnetic field at

very low temperatures, and the electronic theory.

In connection willi § 4 the pheuouKMia taken together give rise

'_) Jean Becquerel, Radium. Toin. V, N'. f, p. 5, 1908.

41*
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to the sup|)ositioii (lint for the paths of the electrons there exist

conditions (tiekls) of st.iliilitv. \vliicli are determined by the tempe-

rature. The action of the magnetic force and the change in the rate of

vibration would then bring about that some electrons enter these

fields of stability or leave them, both changes occurring either in the

direction of greater union with or further separation from the centres

which determine the paths, and the increase of this action at low

temperature would be in connection with the small velocity. The

influence on the stability of the ]iaths, whicii is here considered,

would be the same as manifests itself in the change by temperature

of the number of electrons (see § 7) which satisfy the conditions of

the motions which may be ascribed to quasi-elastic forces.

In this connection the (juestion suggests itself if the greater sta-

bility of vibrations in a certain direction will not give rise to

paramagnetic propei'ties.

^ 14. Variabilitji of tlw mnss of t.lu' I'lcclrons irith the direct/on

of the movement. The theory of the magneto-optic phenomena in

crystals (Voigt ^), Jean Bkoqikrel ^)) leads to the following results.

The magnetic field gives rise to certain connections between the

motions of the electrons in the different priuci|)al directions of the crystal.

Let us consider the sim[)le case which is repeatedly met with, viz. that

the corresponding bands in the different spectra occupy the same place.

In that case according lo the theory the magnetic doublets will ha\ e to be

symmetrical, and when the bands are sufficiently narrow to allow

us to neglect the breadth, the deviations will be projiortional to the

square root of the product of the two magnetic constants which

belong to (he corresponding bands of the two spectra. If the beam

of light and one of the principal directions 1, 2, 3 of the crystal

are made to coincide with the direction of the magnetic field, those

two of the three spectra of the crystal are observed which correspond

with the vibrations normal to the lines of force.

Observation shows that both for the uniaxial crystals of xenotime

and tysonite and for the biaxial crystals of didyniinm sulphate,

neodyniium sulphate, and praseodymium sulphate (which last exhibits

some lilies in li(pnd hydrogen as t^harp as vapour lines) the doublets

of the common band have the same divergence. A phenomenon of

great importance is observed, when the spectra of \ibrations normal

to the lines of force are combined in different ways. If the

directions 1, 2, 3 successively are placed in the direction of the

•) Nachr. Kon. Ges. il. Wiss. Gottingen Jiili 190().

-') C.R. 19 Nov. 3. 10. 24 Dec. 1906. Radium IV n'. 3 iVIar.s 1907.
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JEAN BECQUEREL and H. KAMERLINGH ONNES. On (the absorpiionspectra of the compounds of the
rare earths at the temperatures obtainable by liquid hydrogen and their change |by the magnetic
field.

PI. II.

M7.6 523,5

r= 293" abs.

T= 85=

7=20°

T= 14'

Fig. 1. Anomalous birefrigency, tysonite, group in the green 2d spectrum (Rowland grating), thickness op plates
1.71 mM. in 1, 2, 3, 4 and 0.41mM. in 2 (in 2 the ordinary and extraordinary ray are inlerchanged».

520.6 523.7 537

r=r293^abs.

r=85 =

r^20'

T= 14°

522.1

Fig. 2. Left- and righthanded vibrations in a field of 18000 Gauss nearly.' Xenotime, group in the green, 2J
ipectrum (Rowland grating i.





JEAN BECQUEREL and H. KAMERLINGH ONNES. On the absorptionspectra of the

compounds of the rare earths at the temperatures obtainable by liquid hydrogen

and their change by the magnetic field.

PI. HI.

642.27 643.45 650.56 654.25 658.10

r^290 abs

T= 85'

T= 20"

T= W

Fig. 3. Left and righthanded vibration in 3 a field of 18000 Gauss nearly, Xenotime, group in the

red, 2j spectrum (Rowland grating); panchromatic plates of Wratten and Wainvvright.

520.6 522.15 537

7"=20°abs

7=20 abs

T= U'abs

5237

Fig. 4. Xenotime, group in the green, 2J spectrum 'Rowland grating)
1. magnetic circulair birefringency, plate thick 0.80 mM., field 15000 Gauss.
2. images by rhombohedron before slit, the incident light polarized to give equal intensities to

the regions in the transparent part in the middle of the group. Field 15000 Gauss.
3. images given by rhombohedron before slit, incident light polarized under 45- with the horizon;

field 18000 Gauss.





JEAN BECQUEREL and H. KAMERLINGH ONNES. On the absorptionspectra

of the compounds of the rare earths at the temperatures obtainable

by liquid hydrogen and their change by the magnetic field.

PI. IV.

642.3 654.3

T = 20^ abs.

T^ 14°

Fig. 5. Magnetic rotation of the plane of polarization. Xenotime 2^ spectrum

(Rowland grating); thickness 0.80 mM., field 18000 Gauss; (quarter of wavelength

plate turned 90 in the one in respect to the other).

7= 14= abs^

r= w

/= 14"

T= 14'

Fig. 6. Sulphate of Neodyme group in the orange, 2d spectrum (Rowland grating!

spectra of the vibrations :

1 in the principal direction a, field =0.
2 „ „ „ „ 6, field -0.

3 „ „ „ „ a, a and b normal to tlie field (ISOOO Gauss).

4 " " -I ..
b, a ar^d b „ „ „

5 „ ., „ „ a, a and c „ „ „ „ „

6 " M „ „ c, a and c „ „ „ „ „

"^
" " " " l^' b and c „ „ „

8 .1 « « ,, c, b and c





JEAN BECQUEREL and H. KAMERLINGH ONNES. On the absorptionspectra of the compounds of the rare
earths at the temperatures obtainable by liquid hydrogen and their change by the magnetic field.

PI. V.

T = 293° abs.

T -= 85=

T= 20' „

T= 20°

T= 14

T= 14'

T=- \A

7"= 14^

T- 14

T^ 14°

Fig. 7. Sulphate of neodyme; spectra of vibrations in the dn ectioiis y, i, y group ui the blue, 2a spectrum (Rowland gratine)
1, 3, 7, 11, 19 ^ without field

2, 4, 8, 12, 15

16, 20 i
:

5 and 6, 9 and 10, 13 and 14 i. and" 5 normal to field (18000 Gauss)n and 18, ,5 and -, „
21 and 22 -j and v
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field, \vc gel. the conihinalions 2.:}, l.o, 1.2 for tlie vibrations

normal In tlie field. Experiment sliow.^^ that the divergences of

tlie |)air.s of doul)lets in these three ease.s are very different.

Thus for a lumd of spectrum I. the vibration being normal to the

field, the magnetic doublet is different according as the direction

normal to the field has Ihc principal direclion 2 or 3. The^ pheno-

menon is clearly seen in the figure which represents the^ group of

bands in the orange for neoduninm sulphate at — 259\ Fig. 7

PI. \' gives a surveV of the |)henomena of the changes _wilh the

temperature and the magnetic field in the blue of neodjniium sulphate.

According to theory it follows from this that each^of the'three diffe-

rent directions has a different magnelic constant, and that 'therefore

the vibi'ating system presents 'three different massesi for the three

kinds of vibrations.

As the corresponding bands in the two spectra occupy the'sarae

or oidy slightly different places, it follows that in first approximation

the constant of the quasi-elastic force in eiich of the three dii-ections

must he proportional to the mass in tliat direction.

Physics. — "On the equation of stdtf of a mh.stance in the neigh-

hourhood of the critical point llqitld-f/as. 1. The disturbance

function In the nelghhoiwhoocl of the critical state." By

Prof. KamerlinctH Onnes and Dr. W. H. Keesom. Communi-

cation N". 104" from the Physical Laboratory at Leiden.

§ 1. The great compressibility of a substance in the neighbour-

hood of the critical point liquid-gas and the properties connected

with this, (such as the small variation of the thermodynamical

potential at isothermal compression etc.) — which are derived from

VAN DEK Waals' Original equation of state and better still from'^his

latest considerations about the compressibility of a molecule ') — render

it necessary tiial iu deriving conclusions from observations in the

neighbourbood of that condition we must take into account various

circumstances, otiierwisc unnecessary for the experimental iii\cstiga-

lion of the tMpialiou (^f state of a homogeneous sidistance consisting

of one component, which investigation includes that of (he quantities

of saturation etc.

It is well-known tiiat owing to the great compressibility the

thermodynamic equilibrium is diflicull to attain, iu fact if has often

1) Comp. VAN DER Waals, Proceecliugs June '03,
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Ii/ippencd that pliPiKinn'iia ' ) al iIh' ciilical point liave Ix-cii ilc^criliod

as iibiioiMiKil and a- licini;' al \anaiici' willi lln' \i('\\> of .\m)HK\\>-

VAN DKK Waai.s, ill cases wIil'I'c ilie tliLiriiiodviianiic ('(piililiiiiini

had nol vet been allaiiied eillioi' heoaiisp small diU'ei'oiu'cs in coni-

posilion iiad riMuaiiied owiiiu In tlic slow diU'usioii of veiT small

qiiaiititios of admixliiiv (Ki i-.m;n Coiiiins. N". H, (>ci. '\y.\. X". 11,

Mav and June '94), oi' lK'cans(> diU'ciTncfs of temperatnre resulting

from variations of Nolnmc in (lili'crcnl [lortions of the sid)stance

dm'ing the passage from one condilion of temperature and jiressnre

to the next bad not yet been ecpialized K amkri.ingh Onnkj*, Comm.

N°. 68, March and April '01 an<l K vMKiii.iMMi < )nnes and Kaimis,

N". 98, May '07).

When the thermotlynanucal e([iiilibrinm is obtained either by

keeping the snbstance in the neighbonrhood of the critical point

during a long time at a constant tem|)eratnre or by repeated rever-

sals of the sealed tube containing the substance (Gorv), or by

stirring it electromagnetically (Kuknkn) we must pay regard to the

gravitation which on account of the great compressibility of the

substance in that condition becomes of great influence ") and also

to small quantities of admixture which niaj' occur and of which the

nature and the quantity are known ').

The consideration of these influences and those of capillarity and

absor|ilion phenomena near the walls of the vesseP), things which in

other cases are hardly to be considereil, is indispensable at the critical

point liquid-gas for the determination of the expfriinciidi/ equation

of stale of a substance, i. e. the relation between [j, r and T for

a substance consisting of one com|ionent in thermodynamic ecpiili-

brium subject to no other external forces than the pressure on the

walls of the vessel.

§ 2. In this communication we intend to bring into comiection

some peculiarities in the experimental equation of state in the

neighbourhood of the critical state with the great conqiressibility

') For a survey of these phenomena comp. Graetz, Winkelmann's Handbuci], 111,

2le Aufl. p. S37.

•^} GouY. C R. 115 (1892) p. 720 awl IKi, p. fJ89. J. P. Kuenen, Comm. N". 17

May '95.

3) Cf. Comm. N". 75, Nov. "Ul, N". 79, March '02, N". 88 Nov. "03 (Keesom),

N''. 81, June and Sept. '02, Suppl. N". 6, Febr. and May '03, N . 18, Dec '04,

N''. 12, Jan. '07 (Verschaffelt). On the influence of gravity a small quantity of

admixture being present, cf. Kuenen, Comm. N '. 17, May '95 and Keesom, Comm.

N'. 88 VI, Nov. 'O:;.

*) Comp. VAN DER VVaals, I.e. p. 106 and 107.
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in llii,'- area. Therefor we (•(iui|)are the experimental equation of

^tale of a snbsttxnee near the eritieal |)oint liquid-gas with an

equation of slate which vw shall call tin' sjii'ddl undisturbed equation

of stall' for tliiit .tidistiiiicr and wliich is derived by adjusting

interpolation formulae lo observations in aieas wliei'e no disturbances

occur such as in the neighbourhood of the critical point.

For we presume to be able lo deri\e fi-om the results of data

at our disposal that the experimeidal equation of state diifers from

the Sjiecial undisturbed one by the presence of terms which for

tlie accuracy reached in the observations meant only deserve notice

in the neighbourhood of the critical point, and which are intimately

connected with the great compressibility in this area. We shall call

the compound of these terms the disturbance function in the equation

of state in the neighbourhood of the critical point.

In order to be able to derive from the special undisturbed equation

of state and the disturbance function at the critical stale the con-

ditions of coexistence, vapour pressures. li((uid and va|)0ur densities, we
must have investigated wljether in that condition Maxwell's criterium

for a substance consisting of one component may be applied unmo-
dified or not.

For the present we must include in this disturbance function the

disturbances caused by admixtures which chemically may have an

existence of their own, but wliich it was not possible to remove

and which always occur in definite quantities, as long as the nature

and the quantity of these admixtures are unknown. The investigation

of substances with small quantities of admixture ') may help us

towards a better Judgment of the question whether this disturbance

function may be entirely ascribed to admixtures which may exist

separately. As long as this has not yet been decided it will be

indispensable to pay regard also to admixtures wdiich can ha\e no

existence of their own but which may always occur as electrically

charged particles, or as portions of the substance of greater density

which may give ri.se lo dilferences of density distributed as nebulous

drops and which in this area might be kept up by capillary force.

It will also be necessary to take into account ditferences of density

depending on the statistic ecpiililirium.

In order to arrive at some knowledge of such a disturbance

1) Coinp. p. 604 uolf o. l'\)r tlie iiitluence of small quantities of admixture of sub-

stances of small volalility tliu following invesligalions aie imporlanl : M. Gentnerszwer,

ZS. physik. Chemie iO (1903) Ustwald Jubelb. p. 427, til (1907) p. 356;

M. Centnerszwer and A. 1'akalnekt, ibid. 55 (1906) p. oULi, .M. Gentnerszwgh aud

A. Kalnin, ibid. 60 (1907; p. 441.
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fiinctioii, olisorvatidiis of ureali'!- arcnracy aro ro(|iiii'i'it uxor an aroa

\\liicli (•(Piiipri^cs the ci-itical slate ami also aiiproat'lM's il siillicii'iillx .

Tliesc ohsiM'valioiis luiisi he ac'iiralo lo williiii 5„„„, as is usual

in the Leiden laboralorv in llie inveslitialions of lii- and nionaloniic

snlKstances and tiieir hinarv niixinrcs, while the nature and llie

quantity of the separable admixtures ou^^ht lo lie known to ",„„oi,

of the whole mass ').

'^ H. Our eoiielusion al»ont. the existence of a dislurhance function

in the equation of slate in the neighhonrliood of llie critical point

liquid-gas is based on the followin<i,- data which may be arranged

into three groups.

n. In Comm. N°. 74 (Arch. Neerl. (2) (5 (litOl) livre .jub. Bohscha

p. 874) has been pijinted out that Am.\(;at's observations of the

isotherinals of carbon dioxide near the ci'ilical point show .systematic

deviations from the values derived from the special undisturbed

equation of state. This etpiation of state was derived from the empiric

e(piation of state inti'oduced in Comm. N". 71, June '01, by choosing

the virial coelHicients so (Comm. N". 74 § 4) that the agreement with

the observations o\'er the whole area of observations is as good as

possible while the agreement with the general reduced equation

of state at a reduced tenqieratiu-e lying far outside the area of

observation was retained.

We get a similar series of observations if we compare the obser-

vations of carbon dioxide in the neighbourhood of the critical point —
described in Comm. N". 88 (Jan. '04; — with the special undisturbed

equation of state, while using the reduced virial coeiiicients V s. 1

(Comm. N°. 74, p. 884) and the ci-itical temperature and pressure

found in Comm. N°. 88,

It really appeared in Suppl. N". 14, Jan. '07 (Kamerlingh Onnks

and Miss Jom.ks) that the critical quantities, derived according to

'*/'/a„=0, '•'r/a,,; = from the special undisturbed equation of state

V s. 1, show great deviations from those derived experimentally.

A similai- ditference was found by Amagat (Journ. de pliys. (3) 8

(1899) p. 353) when he derived the densities of saturated liquid and

vapour' from the equation of state (containing 10 constants) formed

by him for carbon dioxide. The curve which represents the densities

calculated thus as a function of the temperature, at lower tenqiera-

') For such an investigation carbon dioxide would he nilcsl owing to the com-

parably small dilliciilties in preparing it perfectly pine and keeping its temperature

sufficiently constant, and also because much is already known about its equation

of slate over a large area.
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)Diriil lit' /ill/ !> ill jisciMidinii powers ol'
'/'

' tin- soconil iiowcr

While fill' liic (itlicr lpm|ior;itiii-('S in I lir laliic iiuMilioiied liic lii'viMtions

(lid iml exceed 0.01 aim., a dmialinn (if Ohs. ( '(iiiiii. =-i 0.05 aim.

was found lor :iO'.82 ('.
'). Aillioii-ii il was iIkmi held iirohahlo lliat

(his dovialion was lo bo asfi'iix'd lo an accidciilul crior of ohsei'vation,

we have afterwar<ls found ihal a drvialioii in llic saino .sense and

of aliiinl ihc same size also occurs in ihc ii'siilis of olhcr ohscrxei's

alioiii salnraled \a|ioiii- pressures of carlidii dioNide near liie ciilical

poinl.

A compai'ison of the resiills of I'uinkman's oitserxalions (Thesis

Amsterdam 1904 pp. 41 and 42) of salnraled \a|iour pressures of

niellivl cldoride and carlion dinvidc with ihi' pressures derived by

him accoi'dinj^' lo a formula of I he same lorni as the one mentioned

above, yields the following deferences :

tbi- methyl chloride (//, = t43.'12) :

at ^=137.^54, J38.°92, 140.°26, J4J.'66, J42.'02

0—6'= + 0.02, — O.OJ, —0.02, +0.03, +0.08;

for carbon dioxide (4:= 31."12):

at/ = 24. 24, 2(5."08, 28. ''4(5, 29."86, 30-'^40

<>— 6'= + 0.02, —0.02, +0.03, +0.08, +0.07.

In both substances investigated one linds below the critical tempe-

rature an obvious deviation resembling thai found in Comni. N". 88.

The observations of Amaoat, .lonrii. de phys. (2) 1 (1892) p. 288,

of the saturated vapour pressure of carbdii dioxide fail to give any

dellnite indication aboiii the (pieslion treated here because Amacmt

has i-oniided olf the pressures lo 0.1 aim. In connection with the

preceding statements, howevei-, il deserves attention that Tsiiuta,

Journ. de phys. (3) 2 (1893) p. 272, when comparing these data

Willi Ihe formula // = 34.3 + 0.8739/ + 0.01135/% also there found

an ob\ious ditference (>-(' at 31."25 which exceeds by 0.0(5 ;tm.

thai at 31.'35 (crit. temp, according In Amaoat).

from Ihe <lata mentioiKMl here one might draw Ihe coiiclusidii

thai for carlion dioxide and inelhyl chloride the curve of the salui'ated

vapour pi'essiircs, continued to near Ihe critical jioijit, with extrapo-

lation to this point would lea<l us to expect a /»/. somewhat larger

than Ihe critical pressure found experimentally. From the very careful

1) In Pliysik. ZS. 8 (lllOTl p. IH-i, Bosk weiil slill I'artiier anil kepi tlu' IhinI

Ijower in lliis (levelopmcnt whicli liiul i)een ^iven by Rankine, Misc. Scienlil'.

Papers [ip. 1 and 410,

-) As it appears from the columns OIjs. ami Comp. all the numbers in llie column

O.—V. have wrong signs.
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observation- of Vol .N(; of iKi|>i'iilaii(' Pidc I'livs. Soc. I.omldn 1804 Hri,

p. 613, liowevcr, a deviation as IoihmI aluivc lor carlKni dioxide

caiiiiot lie derixcil.

It niav he that some eouiieetioii exists lielween (lie aiiove iiieii-

tioiied disliii-l)ance in liie saturation pressure in llie ininiediate neigli-

hourliood (d' tiie criiicai point of carbon dioxide and a distnrijanee

in liie oliscrvalions of Coiuni. N". 88 tA' the densities of saturated

iiipiid and xapoiir of carbon dioxide. I'lalc I reju'eseids tiiese densities

(lii,^ and dm/,, expressed in the theoretical normal density, [diiq -\- donii)

is also represented. The straight line is ilu- line which was drawn

for the determination of the critical volume after the metiiod of the

rectilinear diameter of ( 'aii.i.kti'.t and M.vthias in Comni. X°. 88

(comp. C'omm. N°. 88 |). 574i. The middle of the chord belonging

to 30/8 lies clearly below this line. If for the deternnnation of the

rectilinear iliameter only the three points at lower temperature are

nsed, the difference is much larger. If tins deviation caiuiot be

ascribed to an error of observation, it would follow hence that the

diameter of Caili.ktkt and Mathias for carbon dioxide shows a

curvature in the immediate neighbourhood of the critical point ').

Kgs ijidicates the critical density which in Comm. N°. 98 (Kameki.in(;h

O.vxKs and Fabilsj was derived from (leternnnations less than ().°002

deg. below the critical temperature. If we might assume that the

carbon dioxide of Comm. N°. 98 and that of N". 88 possessed the

same degree of purity, an assumption to which the agreement between

the critical temperatures entitles, and also that the difference in the

methods of density determination has not given rise to a systematic

difference, then the situation of the point /v'ris would coiilirm the

curvature of the diameter in the neighbourhood of the critical point.

A similar disturbance as we remarked altove for the saturation

volumes of carbon dioxide in the immediate neigbourhood of the

critical [)oint, cainiot be derived eithei' from Young's observations of

iso[)entane (comp. Proc. Phys. Soc. London 1894,95 p. 636) or from

those of normal pentaiie (Trans. ' Chem. Soc. 71 (1897) p. 455j,

') This curvature is in another sense than the cui'vutuie found by Kuene.x; and

RoBSON, (Phil. Mag. (0)- 3 p. (190:2 i p 624) at lower temperatures in the diameter

for carbon dioxide and whicii agrees with the genei'al rule given by Young (IMiil.

Mag. (5) ')0 (1900) p. 1291) about Ibis ouivalurejit lower temperatures in con-

JiTi.
neclioii with tlie vahie of ami the slope of the diameter as compared with

the tempeialuri' axis.
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wliicli arc coiiliiiiicd ddwii Id 0.0.5 liclow llic crilical t('iii|i('raliiri' ' ).

It would liL' \ery dpsiraUlc l(i imcstifialr mon^ closdv in how tar llic

dis(iir'l)iiiiceti lucnlioiKMl >u\> < aw coiiiiccliwl wiih a disliii-liancc in

tlie o(|iiali{)n of slate, or iiiiisl lie ascrilod lo s|ii'cial circiinistaiices

of tliosc oxpcriiiieiils (heiiis('l\cs (micIi as llie difliciilly to dclernMiie

ilie momeiil at wliicli bctiiii coiidciisalion occurs).

§ 4. Tlic disturliaiices nicnlioncd in § .'i ajipareully point to the

fact tliat tlic sul»stuiice in the ncij^lihonrliood of llic critical point

occii|)ic.s a smaller volume than woulil lie expected according lo the

special niidistnrlied (>(piali(ui of stale In Comm. N". 88 |). 555 fhe

|iossiliilily is mentioned ihal llicse dislui'lianccs are connected with

differences of density which occur iu the substance near tlu^ critical

state, as it is indicated by the mist (the blue opalescence) in the neigli-

bourliood of that state. The (piestion was left aside whether those

differences of density are to lie interpreted either as condensations

round condensation centres with an existence of their own (dust

according to Konowai.ow '-), electrically charged particles") a third

phase separated in small drops and for the greater part consisting

of ail admixture), or simply as spontaneously formed differences of

density, either as accidental aggregations caused by molecular motion

and goxerned by the statistic eipiilibrinin (SMOn'cnowsKi '), or because

small drops still have a positive surface tension at temperatures

at which larger drops are no longer stable (Donnan*).

Whatever may be the cause of the blue mist, in all cases we may
expect a close relation between the compressibility and the occur-

rence of it. In order to form a better judgment ai)0ut this matter

it was considered to be desirable to start an investigation of the

conditions of existence of this mist in a substance consisting of one

component in the neighbourhood of the critical point liquid-gas. For

an optical research of these conditions of existence we refer to the

next communication.

'-) Nor can a similar (lisliirbiincc be derived with certainly I'rum Bhinkman's

ohsei'vations of carbon dioxide and methyl chloride, which observations, bowevei-,

are not continued so near to the critical point as those of comm. N". 88.

-) D. KoNOWALOw. Ann. d. Fhys. (4| Id (1903) p. 360.

•') Owing to the highly penelratin;^' radiation from the radio-active portions of

the crust of the earth <Eve, I^liil. Mag. (CI 1:2 (190C) p. 189l in tlie atmosphere

(Strong, Fhysik. ZS. 9 (1908) p. 170), or in the surroundings of tlie building

wiiere tlie experiments are made, these particles would always be present to

almost the same amount. In tlie mean lime it follows from the experiment of

FHiEni.aNDER ZS physik. Ghem. 38 (1901) p. 38.j, on the stability of the mist in

an electric field, that the particles which cause the opalescence are not charged.

*) M V. Smolachowski, Ann. d. Pliys. (4) 2.j (1908) p. 205.

'-) V. U. DoNNAN. Chem. News 90 (1904) p. 139.
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Physics. — "On thf rqu it'utii of slate of a snhstance in theneu^h-

hoafliood of the critical [nniit /iquid-(/as. II. Spectrop/wto metrical

investiijatioit of the opalescence of a substance in the neijh-

fiourliood of the critical state" , by Prof. H. Kamkri.ingh Onnes

ami Dr. W. H. Kkesom. Communication N°. J 046 from the

Pliysical Labomtory at Leiden.

^ 1. Introduction. Tlie specfi'ophotonieti'ical invesli.uation ') of tlie

opaie-scence will have to give an answer to the (jiiesiion how Ihe

intensity of the lighl of a certain wavelength scattered in a certain

direction wilh respect to the iiicideni light and included in a certain

angle of vision, in conneclion with the polarisation stale depends on

the temperature and the density of the single substance in (he

neighbourhood of Ihe critical point liquid-gas (cf. Conini. N". J()4^/

§ 4). A lirst (piantitative contribution to this investigation is given

in this communication °).

We have conlined ourselves in lliis liist investigation to the deter-

ndnation of:

1. for dilferent temperatures the ratio in which ihe rays of light

of dilferent wave lengths at the same temperature are .scattered in

a cei'lain direction :

2. the way in \\ hicii llie ijileiisily (if the light of deliiiile wave-

length scattered in a certain direction and included in a certain angle

of vision changes wilh the temperature.

On the supposition a. that the lighl emitted by the blue mist is

owing to the scattering of the incident lighl in consequence of part

of the substance condensing to |)articles of the same size (e.g. spheres)

roiuid centres which are uniforndy spread through the space, the

results of the investigation mentioned under 1 will enable us to

form an opinion on the size of these particles'), that under 2 on

the way in which the total quantity of substance which has condensed,

varies with the temperature.

1) This investigation was carried out liefore the interesting article of Smoluchowski

Ann. (i Phys. (4) ^25 (Febr. 7, 1!)08) p. 205, appeared. We still had an oppor-

tunity, however, to compare it with some parts of llie text (cf. also the preceding

Gommunicalion). [Added in the English ti-anslationj.

-) The colorimelric determinations of Krikdlandkr, ZS. pliysik. Cliem. 3S (I'JOl)

p. 385 conshtute sucli a contribution for a mixture of two liquids in the neigh-

bourhood of the critical point of separation.

') Already I'rikdlaxdkr loc. cit. p. i-HS called attention lo the importance of

such an investigation lor the knowledge of the inteinal structure of the critically

tui'bid ini'iliu
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On the iiioro goiipial su|)position /^ that tlic opalescence is the

coiisciineiicc of ditrerciicos of deiisilv o.g'. governed by tlie statistic

eqiiilil)i"iiini, w liich e.xtcMid over parts of the \olnnie of irregular

shape niid si/.e, a dislanee can l)e pointed out which is connected

with llie average size of these parts of the \oliitne and so with the

substance being more or less coarse-grained in that state, and which

determines the ojitical phenomenon in a similar way as the size of

tlie particles on supposition n. The in\estigation mentioned under 1

will tiien enaltle us lo judge alxiut this distance. When in future

we speak of the size of the light-scattering particles, we shall refer

lo this distance. In this case the investigatio]i mentioned under 2

will teach us something about the mean (ie\iation of the density in

these parts of the volume. This too will be implied in future in

"the quantity of condensed substance".

The nieasuremenls made by us can, however, be only considered

as pi'eliminary ones. As, however, we have to i)ut oH" the continuation

of these measurements for some time, we thiiUv that we must not

postpone the communication of these [irovisjonal results any longer.

§ 2. '/7ic iirriUKjeiiicnl of flic (wpcriineutti is repi'esented in PI. II

ti^- 1. After having passed through a layer of water the light emitted

by the luminous body of the NKRNST-lamp AVr (70 HK) is concen-

trated by the lenses L^ and L.^ (to an image of ± 1 c.M. height)

in the tube AY tilled with ethylene ').

The light scattered u|)wartls in the direction of the axis of the

tube ') by the cloud is concentrated by means of the system of

M This was obtained by distilling over so mucli iVom the etliylcne ciii'ulation

of the cryogenic laboratory into the glass tube with cock fused to it, which had

been cooled in liquid air, and rinsed with ethylene, that after the ga.s phase left

above the solid ethylene had been drawn oil', and the lube was heated to tlie melting

point, V;( of it was filled. Then with the cock closed the tube was removed from

the ethylene circulation, and fused together at a previously narrowed place while

.''till partially placed in li((uid air. Wiien the lem[)erature rose to that of the room,

it appeared, wlien at 0^ the rime cleired away, that in the gas space a thin while

deposit was visible on the wall, wbicli evaporated some degrees below the critical

temperature of the ethylene. This deposit points lo the presence of an admixture

which is slightly less volatile than ethylene (cf. Villard, Ann. de chim. el de phys.

(7) 10 (1897) p. 389). That it was not visible in the liquid space, probably points

to a small difference in rehangibility with li(|uid ethylene.

When we stirred, and then slowly cooled the tube to below the critical tempe-

rature, the meniscus appeared in the lop of tlie tube.

') The top of the lube is surrounded by a black cylindre in order to prevent

rays of liglil received by this part from being retlected upwards, and being thrown

into the spectroscope.
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lenses L, , L, and L. , L^ and the totally-reflecting prism Pr to

an image of the beam of light crossing the ethylene tube on the slit

of the spectroscope Sp (a direct-vision spectroscope of Hilger-Christie

giving a s|)ectrnm of great intensity"), in which an eye-piece slit lias

been made in order to confine a certain portion of the spectrnm;

by mea))s of the screw Sci\ different jiortions of the spectrum may
be lirought into the field). A beam of the light emitted by the Nernst-

lam|) is thrown on the slit of the spectroscope by means of plane

mirrors through tiie polarizing prisms A7r,, Nlc^, Xk\ (after having

been first made parallel by lens L.) and then through lens L, anil a

totally-reflecting i)risni. The jn-isms Xk\ aiid Xii\ are I'igid, which

ensures that the light thrown inlo llie spectroscope by the reflections

on the nurrors with different positions of AVt^ is reduced in the

.same proportion ; the prism Sic^ can turn round, and is provided

with a graduated circle, which could be read up to 3'. The [ilane

of polarisition of AVc, is hori/.onlai so (hat the coudiliou of polari-

sation ill the two beams thrown into the spectroscope agrees, in the

main 'i. The plane of |)olarisalion of Nk\ has been put parallel to

that of A'/rj. After the tube of ethylene had been brought to the

required temperature, and the temperature of the room had been

regulated in such a way lliat the teinperalure of the lube of ethylene

(read to O'.Ol) could be kept sufliciently constant (up to some hund-

redths uf a degree) by the addition, when iieces.sary, of some cold

or hot water into the vacuum glass, the prism Xic^ was adjuste<l

by rotation so iis to obtain einial intensitv of the considered portions

') See Zeeman Conmi. N'. 5, June '\^-l, muic dftaileil Arch. Neerl. 27 (1893)

p. 259 and Pi. V. The 'halfprism" was uswl in our experiments witli a view to

the iiilensity in the magnifying position ((^hkistik, Proc. Roy. Soc. 2(j (1877) p. 8).

Moreover the disporsion is greater in lliis position, whereas the loss of purity in

the spectrum is of no importance here.

-; Not too near the critical state tiie light emitted hy the blue mist in a

direction normal to the incident light, is polarizcil in the plane of incidence

(Ramsay, ZS. physik. Cheni. li (1894) p. iS6,i. it is to be expected that on

approach to the critical state the light emitted in the direction mentioned becomes
more and more partially polarized icf. Tvndall, Phil. Trans. 160 (1870) p. 34S).

It would be interesting to examine if then Tv.sdall's residual blue (I. c.) could

be observed (on tlie connection of this with the ditlerence in relractivily of the

scattering particles and tlie surrounding medium see Raylbigh, Phil. Mag. (-t)

41 (1871) p. 4ri4). Measurements on the condition of (lolarisation might also

lead to an opinion on the size of the particles, see Bock, Wicd. Ann. G8 (1899)

p. 674 (speclrophotometrical investigation of the light scattered by a jet of steam,

measurement of tlie condition of polarisaliun, and determination of Ihe size of the

particles by means of ditt'raclioii rings) and Per.ntkh, Denkschr. Kais. Ak. d. Wiss.

Wien 73 (1901) p. 301.
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of the Iwo spectra. With a view to this adjustment care had been

taken that the two s|ieclni were as close above each other as pos-

sible ') and had about the same lieif^ht. The adjiislnient and reading

were made in the Ibnr diilereni positions of A7c, which gave eqnality

of intensity.

§ S. Oh.servatlons. Only observations above the critical temperalnre

have been comninnicated here: in order to get unanibignons data

for the dependence of the intensily of the opalescence on the tem-

jieraturc and Ihc density l)elow the critical temperalnre, a stirring-

apparatus, oi' an arrangement to keep the temperatnre constant till

the therrno-dynainic eqnilibrinni slionld have been i-eached, would

have been recpiired. The observations were made after the tube of

ethylene lia<l i»een kept at higher temperature for J 5 hours or longer,

and had then been slowly coolcil down (o the temperature of obser-

vation. The measnremenls have been made for two wavelengths,

corresponding to JJ and F in the solar spectrum'''). In order to give

an idea of the degree of accuracy of the adjustments, we have com-

municated the data of an observation at a mean intensity of the

scattered light in table I.

TABLE I.

j

Series VI, No. 3, 13 Nov. 1907

1
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The last coliiran contains the angle of tlie plane of polarisatiori

of yic, derived from the otiier columns, for the adjustment at equal

intensity, with this plane of polarisation when Nic, crosses Mici

and j^ic,. In general the adjustment for the wavelength F was

less accurate than for D on account of the slighter intensity in

tiie specti'um for the former wavelength. The greater deviation

which the latter angle ((> shows for the vvavelength F in table I

from the preceding ones, may be explained from the ditferoiice in

temperature.

The results thus obtained have been joined in table II.

TABLE II.

Wavelength D
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to bring connection between the series V and \l. Tlie results of

other series of observations are not communicated here, because

for them ail the precautions mentioned had not yet been laken.

From the data of table II the coui'se of the intensity of the

scattered light with the temperature (§ 2 2"^') will be derived in

the first place. Let us call //x),( the intensity in the spectrum of

the light scattered by tlie cloud a! the temperature t of the wave-

length D for a certain arraugenient of the apparatus, which is

further thought to be unmodified, JJ^romp <be intensity in the com-

parison spectrum when JSJic, is parallel with iVic, and Nic„ then

ij)i=: H£,jHD,\\.oi^s=^ sin' (pD.ti'sin' <fD.\\:°6s- An investigation of the

absolute intensity of the light scattered by the mist compared with

that of the incident, light (cf. § Qb) will have to reveal how to

derive a quantity from ij)j which determines the intensity of the

scattered light, independent of tlie particular circumstances of the

arrangement. For an examination of the way in which the intensity

of the scattered light depends on the temperature, the quantity id, ,

is very suitable.

Table III contains the results obtained on this from table II

:

TABLE III.

/
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To this purpose the angles (f for D and F have been reduced to

the same temperature by interpolation.

Above 12°.54 the ratio of the intensities of D and F seems to

be constant. The fact already observed by several earlier observers

that on approach of the critical temperature the mist changes from

blue to almost white, is clearly set forth in the table. Measurements

on this change of colour, however, have been communicated here

for the first time.

^ 4. On the size of the Iight-6catterin<j particles ^). To be able to

derive from rp.D the ratio of the intensities F and D of the light

scattered in a certain direction by the mist compared with the ratio of

the intensities F and D of the incident light on the mist, we must

bear in mind: 1^^ that the two beams of light which are compared

with each other in tlie spectroscope are subjected to different reflec-

tions and absorptions outside the spectroscope, which might bring

about a change in the ratio of the intensities D and F, 2°<^ that the

optical apparatus for observation of the scattered light not being

perfectly achromatic might cause a similar change in the ratios of

intensities, 3"^ that if the condition of polarisation of the two beams

is Jiot exactly the same on their arrival in the spectroscope, the

reflections in the spectroscope may also give rise to such a change ").

The influences mentioned under 1 and 2 may be determined and

eliminated by measurements of the scattered light when the substance

in the neighbourhood of the critical state has been replaced b}^ a

suspension for which the ratios of intensities of tiie scattered light

are known "). Then it will have to appear in how far the deviation

of the values 2,00 found in table IV at the higher temperatures

from that which according to Rayleigh (Phil. Mag. (4) 41 (1871)

p. 107) would be found if the scattering were brought about by

non-conducting particles the dimensions of which are small with

1) Gf. § 1 p. 612.

-) Gf. Ghristie loc. cit.

*) Suspensions for which the intensity of the transmitted light is : according to

Rayleigh / = Joe •: mastic, Ag Gl, Gu.iS in water, emulsion of lemon-

essence in water : Abney and Festing, Proc. Roy. Soc. 40 (1S8C) p. 378, Lampa,

Wien. Sitz. ber. [2a] 100 (1891) p. 730, Hurion, C.R. 112 (1891) p. 1431, Gompan,

C.R. 128 (1899) p. 1226; according to Cla.usius I =Ioe ^
: Ba SO4 in a

mixture of glycerin and water, etc. : Gompan loc. cit. To ensure that in this expe-

riment the light is subjected to the same reflections as in tlie experiments with

the mist we should liave to take a suspension in ethylene of the critical density.
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respect to the wavelcngtli : ).'Dr^*F=^ 2.12$), is to be explained in

fhis way ').

About the influence of what was mentioned under .3 we have

made a separate measurement. See for this ^ 5.

After the corrections indicated in this § have been applied, (he

data of table IV may serve to give an idea of the size of the par-

ticles by the aid of developments sucii as are given by IjORENZ ").

From tiie change of i'f-.d in table IV on approach to the critical

teni]ierature ma}' already be deduced that the light-scattering particles

must no longer be considered as small with regard to the wave-

length at and below 11°.86' (i.e. 0°.5 above Ti).

§ 5. On the quantity of substance which is condensed in the

light-.'icattcring i>artich's at different temperatures '). To get to know the

intensity of the scattered iigiit at ditl'erent temperatures, only a correc-

tion has to be applied to table III on account of the circumstance men-

tioned p. 617 under 3. Therefor the condition of polarisation of

the scattered light at different tem[)eratures must first be known

(cf. p. 613 note 2). An upper limit for this correction may already

be given as follows.

In the measurement mentioned in § 4 it appeared that light

polarized normal to the slit was weakened to a greater degree in

the spectroscope than light polarized parallel to the slit, in such a

way that the ratio of the intensities in tiie spectrum is *) -.

HnJHDii = 0.82, HpJHf// = 0.70.

If we now suppose that at 13°.53 all the light of wavelength D
scattered in a direction normal to tiie incident light is polarized

in the plane of incidence, and that at 11 ".24 this light would be totally

unpolarized, it follows from this measurement, tiiat at 11°.24 the

weakening of the D-Ught in the spectroscope would be 1.10 times

the weakening of the D-Ughl at 13°. 53.

To be able to derive from the intensity of the scattered light at

different temperatures how the quantity of condensed substance

depends on the temperature, we should have to get. a somewhat

complete insight into the way in which the light is scattered by such

. 1) Also tfie fact that the light scattered by the mist must pass through a

layer of a certain thickness (± 2 cM.) in the direction of propagation, may cause

a deviation in the same direction.

') L. LoRENz. Vidensk. Selsk. Skr. Copenhagen 6 (1890). Oeuvres Scientifiques

1 p. 405.

3) Gf. § 1 p. 612.

*) Cf. with this the calculations of Christie Proc. Roy. Soc. 26 (1877) p. 24.
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particles, and hence be acqnainted with the structure of the particles

(cf. ^ 1), in which also the origin (cf. Comni> N°. J 04", § 4)

would come in for discussion. However, it is to be expected that

when the particles are small compared with the wavelengtii of the

liglit, the intensity of the scattered light will increase proportional

to tiie square of the (|uantity of condensed substance, whereas when

the particles are no longer so small, the increase will take place

more slowly.

To wliate\'er cause we may attribute the occurrence of the ditFe-

rences in density, the great compressibility of the substance in the

neighbourhood of the critical state will have a preponderating in-

fluence on it. Thus e.g. the mean deviation in density governed liy

the statistic equilibrium (Smoluchowski) ') will be proportional to

\^dp/dQ (9 = density). If we assume tiiat the substance condenses

round centres of attraction which exert forces on the surrounding

particles of the substance which per unit of mass are only dependent

on the distance, the quantitj- which is condensed round every cen-

ti'um of attraction is proportional to ^) dji/do.

In order to examine what information the data in table III give

on a connection between the intensity of the scattered light and the

compressibility, we notice that in the neighbourhood of the critical

point dp/dQ =: q,^ (T— 7"^), if the average density of the substance

differs so little from pj. that the following term Sf/,^ (o

—

Q^y may
be neglected (so 7'

—

7\ not too small).

TABLE V.

t
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Til tabic V tlio (lata of lalde III lia\e been coiiiiiured with tlie

formula: i.Dt= (//,= iJ°.18. see p. (515).T— Tk

The — curve in PI. II tig. 2 represenl.^ idk:

The differences — C are of two kinds

:

1. The lieviation at ri".24 : (iiis was to be expected in the

immediate neighbouriiood of the critical temperature, as the formula

for 7t would give an infinite intensity; here the influence makes

itself fell of following terms in the development of 0/^ 0^, or of the

intensity of the scattered light as function of the (juantity of sub-

stance (see p. 619);

2. also at temperatures further from the critical temperature

there is a systematic deviation : the observed curve of intensity

ascends here more rapidly than the calculated one. This might among
others be in connection with the observation of Tr.wkrs and Usher '),

who found that the inaxiniuni of the intensity of the opalescence

should not lie at 1\ , but for SO, 0°.05 above 7),.

Leaving these deviations out of account we may conclude that

on the main the observations conform to the mentioned equation.

^, ,
.

0.25
The deviations from a lormiila lu.t^ ;^^ would have been

much larger. The correction mentioned in the beginning of this

§ will not affect this conclusion.

On the supposition that at least when the dimensions of the

volume elements in which appreciable condensations or rarefactions

are found, are small with respect to the wavelength, the intensity

of the scattered light is proportional to the square of the quantity

of substance which has condensed round every centrum, or to the

S(puxre of the mean deviation in density governed fiy the statistic

ecjuilibrium, it follows that our observations rather sup[)ort the

hypothesis of the condensations and the rarefactions caused by the

molecular movement and governed by the statistic equilibrium, than

the hypothesis of centres of attraction whose number remains constant

with varying temperature.

If it appears from further investigations that the absolute value of

the intensity of the light scattered by the mist is in harmony

with what is to be expected according to the distriliution law of

BoLTZMANN (cf. Smolcchowski, Ioc. cit.) a connection may be formed

between the observations of the intensity of the light scattered by

the mist and the disturbance function in the equation of state in

1) M, W. Travers and l'\ L. Usher. Proc. l^uy. Soc. A. 7S (t006;, p. 2i7.
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the neighbourhood of the critical point througli considerations on the

increase of the virial of attraction in consequence of the differences

of density ').

§ 6. Remarks on further experiments on the mist in the neigh-

bourhood of the critical state.

a. When through measurements as treated in § 3 the way in

which the intensity of the liglit scattered by the mist depends on

temperature and density, will have been sufficiently brought to light,

the determination of this intensity at different heights in a Cagniard-

Latour tube may be substituted for the method of the floating bulbs

for the determination of the density at different heights in the tube

(See Comm. X". 98, Sept. '07). If the establishing of the thermo-

dynamic equilibrium is effected by keeping the temperature for a

long time sufficiently constant, the determination of the intensity of

the scattered light as function of the height in the tube would

supply a method for the accurate determination of the experimental

equation of state in the immediate neighbourhood of the critical state

(cf. Comm. N°. 98 § 1 p. 218).

b. Besides the before-mentioned measurements on the condition of

polarisation (§ 2) and the measurements for the sake of the correc-

tions mentioned in § 4, measurements on the ratio between the inten-

sity of the scattered light and that of the incident light would also

be desirable. (Cf. § 3 p. 616 and § 5 p. 620). For this purpose

measurements might serve in which the ethylene is replaced by a

silver mirror forming an angle of 45° with the axis of tlie tube ').

1) Cf. M. V. Smoluchowskt, Boltzmann Festscfirift 1904, p. 620

-) We have in the meantime made a preliminary measurement of the absolute

intensity of the scattered light by comparing it with the light reflected from a
silver mirror (reflection constants for light polarized perpendicular and parallel to

the plane of incidence calculated according to Quincke, Pogg. Ann. 128 (1866)

p. 541 from determinations of the principal angle of incidence and the principal

azimuth by Jamin, Ann. chim. phys. (3) 22 (1848j p. 311). For this measurement
the comparison spectrum had to be intensified by replacing the systems of lenses

L- and L^ by stronger combinations. From the angles ^^ = Sl'^SS' and ^)^^ —
5°4.'5 we derive that at /!=ir.93 the intensity of the light of wavelength D
scattered by 1 cM.* of ethylene perpendicular to the direction of incidence per

unit angle of vision is S£,=: 0,0007, if the intensity of the incident (unpolarized)

light = 1.

If we calculate according to Rayleigh, Phil. Mag. (5) 12 (1881) p. 86—88,

LoRENz, Oeuvres Scientif. I p. 496, s= ^^ -—^(iV — number of light-scattering
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c. If would he of interest to iiivestigate wlietlier for a single

substance in the neighboiu-hood of I lie critical point an increase of

viscosity is found as has l)een noted bv Ostwald ') for a liquid

mixture in the neighbourhood of the critical j)oint of separation

from measurements of Stebitt, and has been further determined

hy Frikdlander (sec p. fill). Periiaps tiie increase of the viscosity

and the size of the light-scattering particles (§ 1) might be brought

into relation, and so also the colour of the scattered light.

(/. We could not ascertain an influence of RoNTGEN-rays on

the blue mist in ethylene. An investigation might be made as to

whether the «-rays or tiic emanation of radinm exert an influence

on the mist.

('. FiicHTBAUER ') investigated a mixture of iso-luityric acid and

waloi- in the neighbourhood of the critical point of separation idtra-

microscopically ; lie did not succeed in dissolving the cone of light.

Nor could we ascertain ') the [iresence of separate light-scattering

particles in the mist for a mixture of amyiene-aniline with the

ol)jective Homog. Imm. —
, eye-piece 4, condenser AA (Zeiss) and

as source of light an electric arc lamp (30 Ampere) or solar light

(10 Dec. '07), We consider a re[)etition of this experiment with

more intense solar light and with more precautions taken to keep

the temperature of the mixture that is ultramicroscopically examined,

particles per cM^, Zift deviation from the average refractive index jj^), and if we

express tlu in terms of the deviation in density according to Lorentz-Lorenz, and

Ji'V I

if according to Smoluchowski we write 1- = — "/ c/d/j\ (v = number of

"•O.

molecules in the hght-scaltering particle), in wliicli ( ^- ) for Vq = Vk can be

developed as ^^ pii (r-r/t)(Suppl. W. 6, May '03), we find at T-Tl=0.75

for ethylene s£) = 0.00075.

Although our measurement is but preUminary, it leads us to conclude that, at

least as far as the order of magnitude is concerned, the intensity of the light

scattered by the blue mist in a single substance in the neighbourhood of the

critical state agrees with the hypothesis of Smoluchowski, that light is due to

differences in density caused by molecular motion and governed by statistical equi-

librium. [Note added in the English translation].

') W. OsTWALD. Lehrbuch der allgemeinen Ghemie II 2 (2te Aull. p. 684).

-) Ghr. Fuchtbauer, Zeitschr. physik. Ghem. 48 (1904) p. 552.

3) We express our hearty thanks to Prof. M. de Haas of Delft for his kindness

to lend us his ullramicroscopic apparatus.
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at a constant teiuperatm-e near the critical temperature of separation,

desirable, and also such an investigation for a single substance in

the neighbourhood of the critical point gas-liquid ^).

This investigation in connection with what follows (see § 4) from

measurements as mentioned in § 3 on the size of the light-scattering

particles might give us an idea of the velocity of motion of the

light-scattering particles or of the mean time of existence of definite

aggregations governed by the statistic equilibrium.

Chemistry. — "On the form-analogy of Halogene-derivatives of

Hydro-carhones imth open chains". By Dr. F. M. Jaeger.

(Communicated by Prof A. P. N. Franchimont).

(This paper will not be published in these Proceedings).

ERRATA.

In the Proceedings of the meeting of March 30, 1907

:

Plate II belonging to the Communication of Prof H. Kamerlingh

Onnes and Dr. W. H. Keesom: for t =: 1.18 read t=:1.08; for

T = 1.05 read r = 1.035.

p. 798 1. 4 from the bottom: for 0.966 read 0.996.

In the Proceedings of the meeting of September 28, 1907:

p. 211 1. 12 from the bottom: for 0.16822 read 0.25234.

In the Proceedings of the meeting of December 28, 1907

:

p. 414 1. 7 from the bottom: for 28.955 read 29.030.

1) The possibility is namely not excluded that then the light-scattering particles

have larger dimensions and a greater mutual distance than at the critical point

of separation of two liquids. To form an opinion on this point a spectropliotometric

investigation for a liquid mixture, in the same way as we have made for a single

substance (§ 3) would be useful.

(March 27, 1908).
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Astronomy. — "(In ihc ituKii slm'-dntsihj nl (H(f('renl distances

from llie sohir .si/sfi'iii.^' B_v .1. t'. Kaptkyn.

(Goinnuinicateil in tliu meciing of Fubruaiy 2'..), 1908).

Ill the iiieetiiig' of April 20, 1901, 1 (IlmivcmI not <nil\ (lie so-called

lamhioiilty-curve but also tlie law afcording to which the star-densitj,

i. e._t]ie niunber of stars per unit of voliune, diminishes with increas-

ing distance from the solar system'). 1 assumed, and the assnm])tioii

will again be made in the present paper, that there is no absorption

of_Miglit_^.in space. 1 then jniinted out thai the lumiiiositv-curve is

not very*appreciabl_v moditied if we change, within admis.sable limits

the data from which it was derived. On the other hand it was
expressly' stated that the determination of tlie change of density was

only quite provmonal. lis discussion was deferred to a subsequent

communication, in which, along with the data then used, other ele-

ments might be taken into account. (I.e. p. 731).

These other elements are mainly ; the total numbers of stars of

different magnitude and their mean paralla.xes. As to the first, the

numbers: a short time ago 1 treated all Ihe materials accessible to

me (see Publications of the Astr. Lab. at (Ironingen N°. 18)

and 1 think that 1 obtained very reliable results for the stars brighter

than 11.5, fairly relialile ones down to the 15''' magnitude. Now,

though the mean paralla.xes are still wanting, we are already able,

by the numbers alone, to arrive at a considerable improvement in

the distribution of the densities, at least for the larger distances.

Such a derivation will be given in what follows.

As formerly a separate treatment of the regions of different galactic

latitude was not yet attempted, because I think that it will be desirable

ihat in carrying out such a separate treatment we investigate at the

same time whether it be admissable or not to assume the same

luminosity curve (mixture-law) for the diiferent parts of the system.

Already I have collected fairly extensive materials for this purpose,

but still .some time will have to elapse before the ijivestigation can

be carried out with advantage.

In the main my purpose, in making the folloyving determination,

was simply to get lirst notions about the star-density at still greater

distances than^could be reached in our former investigation. The

determination embraces 'also the smaller distances but it remains to

be seen whether for these the correction found is or is not an

improvement.

In the Astvon. Juiirn. N". 56(> I derived analytical expressions,

1) See also: Publications of the Astr. Lab. at Groningeu No. 11.
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whici) fairly represent the numbers tbiuid in tlie coniiniinication

just mentioned.

Let

Apparent briqhtni'.'s of a star of niaq m
d = 2 512 . . . = -^^^- ^ ~ (%. d= 0.4);

9 = distance from the solar system (o = 1 for parallax =: 0"1)

;

^""j,, =: number of stars in the whole of the sky between the apparent

1 1

magnitudes /« — — and m -\ .

A (f>) ^ star-density = number of stars per iniit of volume at distance

p (unit of volume = cube, each side of which ^ unit of distance).

li,n = apparent brightness of a star of the magnitude m {ki,^ =; I).

Z =1 Luminosity = total quantity of light emitted {L ^ 1 for vSun).

y (Zv) (/L = probability that the luminosity of a star, chosen at

random, is contained between L and L -\- dL.

\\'{L)=z\ ff (i) (/; = probability that the luminosity is contained

y~s

between the limits L + — mag.

Now, if we assume that <f {L) is not dependent on (», we shall have

00 fhi \/<f

N,„=4t [q' a (q) di}J<p {hQ-) Jq = 4 jtCq' L (o) 4' (h,nQ') dQ (1)

The expressions derived in A.^tron. .Joarn. N°. 5(36 are :

a' . mod. ^ , ^
^{L) =— e-'-nionL-Tp (2)

_!__,_,, ^.,5,.-.^ (3)

in which
T= L400 )

(4)

(5)

(6)

«' = 0.385
,

A(0) = in.O (5)

ji = 0.0220

7 = 0.0052

In a siibse(pienl part of the same paper, the numbers of the stars,

as given by PickeriiNo led to a new value of A (0) viz.

A(0) = 136.9 (7)

the difl'orence of this value and the value (5) is wholly explained by

the constant dificrcnce of the pholomelric scale of Potsdam, which was
43*
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used tbi' tlie detciminaticiii i,5) and llial ol' llaixaid w liicli ser\ed for

the derivation of (7).

Ill what follows the niagnitiidos liave also be reduced to tlie

Harvard seale. I iiave adopted the limiiiiosily-ourve (2), in wliich the

constants have tlie values (4), without any change. For the density

curve (3), howexer a new dcteriniiiation was obtained by the aid

of the total numbers of the stars of dilfereut apparent magnitude.

Ill other words; by the aid of formula (1) 1 derived A as a function

of Q from the (/iven values iVi„ {in = 2 to 15) and the r/itv/t form of ij'.

The introduction of the analytical functions (2) and (3) has the

advantage of greatly facilitating the computations. Of course we have

not to forget, however, that they can be relied on only just to the

same extent as that for which we possess observational data. For

the luminosity-curve, with the exception only of the stars belonging

to the classes of the very greatest apparent brightness, the unlimited

use of the formula will not easily give rise to appreciable errors,

because extrapolation is only necessary for a very small fraction of

the total. On the contrary, the density -curve (3) (which, as we already

remarked, is not very accurately determined) furnishes values, which,

for Q exceeding 60, are to be considered as wholly obtained by

extrnpolntion. It will appear from what follows that up to p = 60 the

values derived from the new materials do not differ fi'om those

formerly obtained more than seems in accordance with their uncertainty.

That on the other hand, the values for ^ > 60, which we may extra-

polate by means of formula (3), are far too small ; to such an extent

that for these greater distances the formula is evidently (juite un-

satisfactory.

To begin with, I ascertained how the formula (,3), in which the

constants have the values (6) and (7), represents the A^,„ of publication

18. A table of the integrals entering in the formula (1) has been

given in Astronomical Journal N°. 566 for values of tn between

and 11. (table III) ').

1) In the calculation of the values of 2'i and 2'i a mistake has been discovered

:

T, ' 1\

For m ~ 3 0, instead

4.0

8.0 „

6.0

7.0

8.0 „

9.0

10.0

11.0

'J.12



m
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that — vanishes for o ^ 0. As a (•oiiseqiience /i(JO) will certaiiilv

be little different from L(0}. Therefore, in order to reduce llie

number of unknown t|uantities as iniicli as ])Ossible, I took, in

agreement with what Avas formerly found :

A(10) = 0.97 L{0) (9)

The number of unknown (luaiifities is thus lowered to 4.

Putting

we have

A(0) ' (10)

B

D, = Aq-^J3 (11)

in which, for the several intervals, ^1 and JJ have tlie following

values

:

^ — to 10

10 „ 30

30 „ 50

50 „ g

D,

P. Ao

10

1

20

1 1— Ao P,o
20 20

1

10

1

20

50
n^

1.
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111 which
f«
=: mod. of the Nep-l-o^'.

I

*'''"'""'

&\ a(2.20-T-0.4:tn+2bco) |(13)

1

"'•""'

&\ a{2.20-T-0Am^2logQ) |(U)
L 4«^J

0.4 HI— 2.2U+ ^'
, '

27r« ;;:

•"

.

tr = e

0.4 7)1— 2.20+ r
2jr« 2,</. 16a-,

I

and

% A,„ = 2.20 — 0.4 7« (15)

As soon as the (i\^,„)'' have become known we find tlie (JSfmT' by

simple subtraction.

I have carried through the solution for the values 400, 600, 800

and 1000 for </. It appeared that only when Ave come to the last

value we get satisfactory results.

It seems superfluous to give all my calculations in full. I will

only communicate some of the values obtained with the constant

</ = 1000 (16)

which was finally adopted. The value of the G and H were found

to be as follows. (See table 1 p. 632).

Now, if for the stars of magnitude 2,3,4,5, we take the numbers

found by Pickering for the whole of the sky, I'i:. resp. 58, 172,

577, 1848 ^) and for the remaining magnitudes, the numbers which

we derive from table 2 of the Groningen Publication N°. 18, by

simply multiplying with 41 253 (the number of square degrees for

the whole of the sky), we tind equations of condition for the deri-

vaiiuii of the unknown quantities A(0), D^^, D^^, such as this :

1
58 = U.2962 + 0411 U,, 4- 0.0244 B,,

A(0)
"

140
etc. They get a more convenient torm it we put —— =r Z and if

we then divide all the equations by the coeflicient of Z. In this

way the equations of condition become as follows

:

In Publ. 18. p. 8 r found, by countings madu on the materials of Pickering:

Y2 4U3 — 58 • iV3.4yo — 171 ; A-»-'85 = 574 ;
iV'^-»ys = 1837.

1.495 ' 2.490 3.495 ^.495

With the aid of the computed values communicated in the same publicalion it is

easy to pass lio

those of the text.

easy to pass liom these to the numbers A'-^-'' etc. Tlie results tlius found are
' '^

1.5
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{m = 2) 0.099 i>„ + 0.059 i?,„ —Z — O.llb

(w=3) 0.186 +0 146 —Z= 0.836

(m = 4) 0.272 + 0.287

{m = 5) 0.375 +0.534

(mr=7) 0.527 +1.474 —Z=r 0.595). . (17)

{m = 9) 0.508 + 3.108

{m— 11) 0.341 + 5.187

{m -- 13) 0.159 + 6.926

{m= 15) 050 + 7.148

In sohing these equations 1 liave neglected those corresponding

to the magnitudes 2 and 3. The reason is that for tliese the influence

begins to be sensible of stars of so great a luminosity that extra-

polation beyond the directly determined part of the luminosity-curve

becomes necessary. These stars migiit therefore rather be used for

a correction of this curve at its brighter extremity'.

The remaining^ equations have been condensed into three l)y com-

bining those for ??j ^ 4 and 5, those for 7, 9, 11 and those for

13 and 15. The solutions of these three equations is:

Z — 1.002 therefore A(0) = 139.7

i>,„ = 0.460
I
.... (18)

Z),„ = 0.1315

whereas we already assumed

Z',, = 970 (19)

If with these values we compute the numbei's N,,, and if fui'ther

we interpolate those for m=:6, 8, 10, 12, 14 we get the following

comparison between theory and observation

:
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tai;lk II. ToTAi, m'.mi!I':k of stars.

m
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TABLE IV.

9 H •13 15

to 10

10 . 30

30 > 50

50 > 1000

0.669
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Mathematics. — "On j'ourd'uiirii.sioihil nfls hikI tlii'ir .iccliom by

spaces." (Second part). \^\ Prof. 1'. 11. Schoutk.

(Communicated in the niet'tinjs of t'ebruaiy 29, l(t08).

Tk,! net {C,).

1. The problem to deteriiiiiie (lie tsectioii of the net (6'J with a

given space can be naturally divided into two parts. The tirst part

occupies itself with the cpiestion, how a series of spaces parallel to

the given one intersects an eightcell; in the second is indicated, how
the section of each of ihe eightcelis intersected by tiie given space

can be deduced from that section which determines this space in

the eightcell assumed in the first part. Of course the fonr series of

parallel spaces normal to an a.xis of tlie eightcell come here to tlie

fore and then in the tirsi pari of liie problem are investigated in

the tirst place the so-called "transition forms" where the intersecting

space contains one or more vertices of the eigiiteell, whilst between

each pair of transition forms adjacent to each other a single intermediary

foi'm is introduced, namely liiat one by the space which bisects the

distance between the two spaces bearing those transition forms.

Generally this is sufficient for our end; moreover it is not difficult

to interpolate where necessary other intermediary forms.

In the preceding communication of the same title we have packed

up each of the cells C,, of the net {(\J and each of the cells (_\^

of the net {C^J in the smallest possible eightcell with edges parallel

to the axes of coordinates, with the intention to connect the spacial

sections of the nets (Cj.) and (C,,) with those of the net (Cj by cutting

with each C\, and each C\^ also the case C\ enclosing these cells.

With a view to this application we add to the above indicated

four series of parallel intersecting spaces two others, viz. those

normal to one of the two lines connecting the origin of coordi-

nates with liie point (3,1,1,1) and tlie point (2,1,1,0); indeed,

these lines are — see the last table of I he preceding communication

— axes of one or more of the cells (/;, and f,^ enclosed in a cell

6V Also for these two new series we restrict ourselves to the forms

of transition and the intermediate forms lying in the middle between

two adjacent forms of transition.

In order to simplify the survey of the sections appearing in the

six series of parallel spaces we give the results to which Ihe first

part — the determination of the section with one C\ — leads in two

different ways. In the first place we project all vei'tices, edges, faces,

bounding bodies of the cell C\ on the axis normal to each of the
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six series of spaces to deduce tlic sections from this taliularlj; in

tlie second place wc iii<licate the sections tliemselves in parallel

perspective in the eiglitcell. To each of tliose two closely allied

modes of transacting an extending plate is given. •

To promote the nniformity we indicate the axes OE, OK, OF,

OR by tlieir ends (1, J , J, i), (1, 1, 1, 0), (] , 1, 0, 0), (1, 0, 0, 0).

Then we have to deal successively witli the six series

(1,J,1,1), (J, 1,1,0), (1,1,0,0), (1,0,0,0), (3,1,1,1), (2,1,1,0)

and we have now to investigate for each of those six cases the two

parts into wliicli the jnoblem was above divided.

2. Case (1,1,1,1). — This case was, as far as the tirst part of the

problem is concerned, completely solved in a foregoing study {Pro-

ceedinf/s, Jan. 1908, page 485). Hence the tirst part of the first jilate

with the superscription (1,1,1,1) OEg is an extension of llic tiist

diagram u = 4 of the plate given then. In order to be able to intiicate

togetiier with the projeciions of all bounding elements the projections

of the vertices of these elements, which considerably promotes the

insight into the spacial figure, the numbers of edges, faces, bounding

l)odies are denoted here outside the scheme on the right hand side. More-

over the sections of the eiglitcell with tlie spaces of transition and

the intermediate spaces perpendicular to the diagonal of projection

are mentioned tabularly : here use has been made of a method t'onuerlv

( Verhinuli'Hm/ini,volume IX, n". 4) developed in all details which acquaints

us not only with the characteristic numbers {t',k,f) of each section,

l)ut also with the nature of the faces. Thus the central section is a

(6, 12, 8), because it contains (j vertices and does not cut an edge,

intersects 12 faces and contains no edges, intersects 8 bounding cubes

and contains no faces ; this section is a regular octahedron in coiniec-

tion with which each cube of the two quadruples of bounding bodies

is cut according to an equilateral tiiaugle of the same size. In this

way the adjacent intermediary section is a (12,18,8), because 12

edges, 18 faces and 8 bounding cui)es are intei-sected, viz. a tetra-

hedron regularly truncated at the vertices, i. e. the tirst of the

semi-regular Archimedian polyhedra (Proa'ed'uKjg, page 488) because

four of the bounding cubes are intersected according to regular hexa-

gons, the four remaining ones accordiug lo equilateral triangles. Here

the number of edges is tbiuid i)ack as half of the total number of

sides of the faces, thus 12 as half ihe jirodnct of eight and three,

18 as half the sum of tnur liuies six and four liuies three. Moreover,

wdien indicating the polygons lyiiiu- iu the faces, we have underlined

the figure of each group of regular polygons.
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The second plate iiidioales (lie olitaiiicd sections in parellel per-

spective. The tirst diagram on the top lei'lside, represents an eightcell

which indicates besides (he diameters normal to the different series

of parallel intersecting spaces a tow other lines appearing in the

solution; for our case (J, 1, 1, 1) to which the four following

diagrams refer the axis EE' is this diameter. To characterize

this case the mark (1,1,1,1) is noted down to tlio right at the

4 3 2 1

bottom in the rectangle; moreover the fractions — , -, -, - placed to
8 8 8 8

the left at the top of each diagram indicate the part of the axis

A'A'' iving with E on the same side of the intersecting space. It is

easy to follow in these diagrams the changes in form which each

face of the regular octahedron forming the central section undergoes,

when the point of intersection of the intersecting space witii the axis

OE moves from to E. Thus the face lying in the upper cube of

the eightcell, which is at the same time the visible upper plane of

the octahedron regarded by itself, transforms itself first into a regular

hexagon, then into an equilateral triangle of opposite orientation, etc.;

if the eighteen is a 0'}\ then the sides of the triangles of the first

and third diagrams are 2 1 2, those of the hexagons and the triangles

of the second and fourth diagrams are K2, whilst the series closes

with the transition form consisting of the single vertex E to which

the fraction - answers.
8

We now arrive at the question how the remaining eightcells that

are likewise cut by the intersecting space are intersected in each of

the considered cases. To this end we suppose the above intersected

eightcell to be the central one of the net and so we assume the centre

of this cell to be the origin of the system of coordinates with respect

to which we have determined in the first communication the coordinates

of the centres of the remaining cells in the symbolic form {la). The

equation of the central space perpendicular to the axis OE^ towards

the point (1, 1, 1, 1) is ,i-, -|- a\ -\- ,r, -|- ,r, = ; the length of the

normal let down out of the centre (2^^) on to .this space is there-

fore 21(11. So the eightcell with the centre (2«,) is cut by the central

space ^.iv = 0, Avhen — 2 < ^ai < 2, and here the five cases occur

where 2n; has one of the values — 2, —1, 0,1,2. In other words:

if with the central cell the central section - makes its appearance,
8

.

, , „ ,

.02468
then Willi the remaining cells tiie sections -, -, -, -, - occur and"

8 8 8 8 8
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no others. The sections anil lieiiig points and iherclore not under
8 8

consideration, we find as section of the net (CJ a tlireedinieiisional

space-tilling consisting of two groiindfornis, octahedron and tetra-

hedron, where tiie tetrahedron occnrs in two positions of opposite

orientation. From a close considei'ation of this result follows now
that the fractional svndiols of the intersected cells furnish in i/enera/

ditferences of multiples of quarters with that of the central cell and

13 5 7
are thus represented bv -, ~, -, - when the svmbol ot the central

' '8888
cell is - or - . We find then again a threedimensional space-filling

8 8

consisting of two groundforms each of which appearing in two

oppositely orientated positions, the first semi-regular .Archiniedian

body and the tetrahedron. As we arrive again at eightcell and

2
tetrahedron when starting ti'om the section of the central cell, the

8

above-mentioned two cases are for this series the only ones where

the threedimensional space-filling consists of two gronndforms. In

every other case — as e. g. the one answering to the fi'actions

1 5 9 13
, ^ , ,

-—, — , — , — — we hnd four ddferent groundforms and never more

:

Ifi 16 16 16
^

we recommend the designing of the Just mentioned (piadruplet of

sections as a good practice.

If we exchange the intinite system of cells Cp) i>v a Unite block

of I* cells CY' forming together a C\-^\ if we dixide a diagonal of

this block into eight equal parts and if we siqipose the block to be

intersected by a space standing in one of the points of division perpen-

dicular to the diagonal, we then find according to circumstances

either a finite system of octahedra (K-^ -) and tetrahedra Jl"-t^2 ^yjji,

edges 2 1/2, or a finite system of Airhimedian bodies A'-^'-) and

tetrahedra V'l -Mvith edges r'2, enclosed in an octahedron, a tetra-

hedron or an Archimedian body of greater size, viz., in the section

of the block (?,-'") with the intersecting space. In connection with

the notes Joined to the pages 15, 16 and 24 of the study (hi the

sections of a block of eightcells, etc." {VerhandelliKjeii, volume IX,

n". 7) we here indicate how large in each of those eases the number

of the component parts iP-y-^, A^^"-^'. 7'2t'2\ T\ 2) is. We restrict

ourselves here to mentioning the results and we oidy remind the readers

that the deduction of these are based on the actual connection
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between the coefficients of llie differeni powers of .f in the development

f (1 _|_ .1. _|_ ,;.- _|. . . . _|_ ,,.i-ij4 and the nnmbers of cells Of> of the

block C^-*^) whicii agree with each other in projection on a diagonal.

In tlie following table of results we have separated from one another

tiie three cases leading to sections - 6p) = T^-^ '-', ^ Cf' = 0^21/2)

1 3
and the two cases leading to sections - q?) = 7'(»^'2), -Cl= .W^\

Moreover, the two positions of opposite orientation appearing for

T and ^1 are ilistinguished from each other as T,,, 1], and A/,, A„,

and then llio.se parts T^^^^' and A^-^^') get the same foot-index which

answei' not only as regards volnnie but also as regards position of

juncture to the relation

A<} 2) -f 4 T'y-> = T^^^^"' ,

whilst this index is a p (positive) for 7'v2t 2) when this tetrahedron

agrees in position to 7''-'''-^ and ^4'^-^''-\ and can be taken arbitra-

rily in the third case ^1^+-), where the two amounts are indeed

equal.

In this table the symbols {h -\- 2),, etc. represent binomial coefli-

cients. The coming to the fore of the numerical factor 23 is

connected with the relation holding only for the volume

^4(1/2)^23 T^^),

which ensues innnediately from the one gixen above. It forms part of

(^(21/2, A^^'^'> 7'(2(/2) 7^(1/2)

32 ~ 23 "" 8 ~ J '

of which we ha\e availed ourselves when arranging the preceding

table, either as an aid in the calcnlation or as control.

The ccu^e.s- (1,1,1, 0), (1, 1 , 0, 0), (1, 0, 0, 0). — These three cases are

so much simpler than the preceding one, that we can treat them

collectively, now that the application of the results appearing here to

the nets (('i,) and {C„^) make a short treatment necessary. The pro-

jection of the bounding elements on the corresponding axes OK, OF,

OR are immediately found; in order to take into account the duality,

appearing on one hand between OE and OR and on the other hand

between OK and OF, the projections on OR are placed on the

first plate next to those on OE, whilst the projections on OK and

OF find a place there side by side. A single glance given to these

diagrams already arouses the conviction that the sections in the direc-

tion of DE over OK and OF to OR must keep on becoming sim.

pier. That this is really the case — and for what reason is

44
Proceedings Royal Acad. Amsterdam. Vol. X.
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clearlv evident from the sccoikI |)late, jiivinp; the sections for the Ccases

OK and OF. As is sliown in the tlu-ee diatrranis with the fractional

3 2 i

symbols , ,
- helonginc; to (>l\ here one ol the dimensions of the

6 6 (5

section, viz. the dimension in the dii'eclictn of die edge with A' as

centre, is of constant iengtii, liy whiidi the sections become prisms

with a height 2, namely an iicxagonal prism //(' '^\ a triangniar

firism /"-I '2) and a Iriangnlar prism Z'^' -'); witii these symbols //

and P the indices 1^2 and 2l 2 indicate the iejigth of the sides of

the bases. As a matter of fact uc can now assert tiial with these

prisms of which the endplanes are the determiinng variable elements,

the problem of the intersection has lost a dimension, for, in

order to determine the prism we have oidy to ask how Ihegronnd-

cnbe is intersected bv a plane p(M-pendicnlar to a diagonal of this

bonnding body of the eightcell, i. o. w. the problem has become

threedimensional. In llie same way we IIikI in case l>F reclangular

prisms of wliich Iwo (iimciisioiis reinair. conslaiil, which has been

2
indicated for the section of transiiidii and the intermediary sec-

4

tion , wiiilst the section in case l>lt \> an invariable cid)e, which
4

is of course not designed.

It is almost sii|iertluous to slop for the two >pace-tillings of case (>/v,

that by //'• ^' and /''-) together and that by p-^^'^i alone, as I hey

appear indeed as well-known plane-tillings. We suffice by giving

the following relations:

fl(H"l) = 3/{,-2P(t/2) _L 3FPII/2)

4. Case (3, 1,1,1). — If tiie vertc^L .1 of the eightcell C'^' — see
8

first diagram of second plate — is point il, 1, 1. 1) then the point

1. ^ — -1 is obtained b\ dividini: the inner diagonal All of
3 3' 37

the cube lying in the s|)ace ./ 1 ^ 1 into three espial jiarls and tiicn

to take the first point of dixi^ion 6'')- The lii'e IX' is for this case

•) By mistake in the diagram lor .IL lias been taken ^ AH instead uf „ AB.
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the axis upon whicli we must project to determine the projection

of tiie hounding elements. Now it is clear that the projection of the

cuhe with ^-IB as a diagonal is obtained bv projecting first this

bounding body on tlie projection AB of the axis ( HJ on its space

,?', = i which furnishes with regard to I he vertices the stratification

1, 3, 3, 1 and by determining then the |)rojection on (>(' of tiiese

new points lying on AB. Now, angle JJOC is a right one, for out

of llie coordinates (,i, — 1, — 1, — 1) and
(
J.^. ^. ^) of B a.m\

C follows immediately OB' + OO = BC-. So B projects itself on

OC in O and so this of course is also the case with the vertex

(— J,J,1,J) of the eighteen lying opposite B. So we find — see

the first plate under head (3, 1, 1, 1) 6\ — the stratification of

the 16 vertices by causing the group of points 1, 3, 3, i laid

upon the axis of projection at equal intervals to be followed by

a second group of the same structure in such a way that the firsi;

I of this second group coincides with the last 1 of the first group.

It is from this that this projection has its type, as is indicated at

the foot. One really finds without any difficulty all that is given on

the scheme by representing to oneself the two boujiding cubes indi-

cated in the typical image — here lying in the spaces
.)'i
= + 1 —

and to suppose that their corresponding vertices, edges, faces are

united by edges, faces and bounding bodies.

If again we do not take the isolated point .1 into consideration,

then we have to deal here with six different forms of the section, three

intermediary forms and three forms of transition ; these are given with

6 5 1
the addition of the corresponding fractional symbols — , — ,..., —

on the second plate. We shall indicate somewhat in details how

these diagrams are deiluced by drawing, independently of the I'esults

of the first plate, and to this end we immediately notice that the space

through A perpendicular to OC is represented by 3.c,-f-.C3-|-,)',-(-.c^ = 6

and that this space after a slight parallel dis|)lacement to ^^ truncates

from the edges of the eightcell passing through A segments which

are in the ratio to each other of 1 : 3 : 3 : 3. If now the edge AB'
drawn horizontally is parallel to ^^.V, , we begin to set off, in order

to obtain the first intermediary form, on the other edges through

A — see the last of the six diagrams — segments AP^ , ^\P^ ,
,4/',

to the length of half the edge, i. e. of the unit, on the edge ,1^'

a segment AJ\ with a length of a third of the unit, which causes

the tetrahedron I'.PJ'J', rorresnondinu' to (he svmbol to be "ene-

44*
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rated. The space .i\ = 1 coiilains of this letrahedron the equilateral

triangle PJ\P, with tlie side \ 2. the other faces rj\l\, PJ\P„
PJ\]\ lyiiip ill the spaces ,r, =: J, ,(, = 1, .r, = 1 are isosceles

triangles witli basis \'2 and sides — I K*. So this section is not a

regular t.('li'((hi'<lniii liiil a rcji'ular Inumjultir jiiininnil, of wliicii iho

perpendicniar let down out nf llic vertex /', on lo the ^roundiilane

P^F^P^ is an axis with llie period tliree ; liecausc the loot ol'

this perpendicular lies on llie diauoual AP> of the right culie at a

distance froni .1 torniing a sixth part of AP> and as J /', is likewise

a sixth of All' tliis axis is |)arallel lo the diagonal /> A" of the eight-

cell, ll is now ea.sv lo deduce the changes of the section following

from tiie dis|)lacemeiit of the intersecting space i)_v investigating

either the parallel dis|ilacenieiil of the edges of the section over the

faces of the eightcell or the parallel displacement of the faces of the

section through the hounding cubes of the eightcell. If the intersecting

space has removed itself as far as double the distance from ^1, then

— as is e\'ideiit from bolh coiisideratioiis ihe tetrahedron of

intersection has simplv iieen multiplied bv two from ^4. Passing on

from this section - it seems jireterable to watch more closely the

2

12

ill the positions /' /' ami /'//', i^\ the scetioii when the iiiter-

secting s|)ace has eome at the threefold distance from the starting

point .4, it is sufficiently evident that the connectioii of the points P^P,'

must fiirni-li a new edge. So we see gradually how llie entire

(i

rhinnboliedroii lormiim the >eclioii dexeloiis itself. We vet uoiiit

to the fact that the section in each jio^itioii of the intersecting

space iluring its parallel motion has an axis with period three,

parallel to llie diagonal />'/>" and at last passing into this line.

Indeed, the diagonal A/1 of the bounding cube l}iiig in sjiace .c, ^ 1

being an axis of rexoliitioii with the period three for that cube, so the

plane through A/> and J A" is a "plane of revolution" with the

period ihree for the eightcell. As now llir ino\ iiig intersecting space

is and remains normal to the line 0(
' lying in this plane — see

the first of the 20 diagrams the line of intersection of this plane

with the intersecting space, which line is of course normal to ( >(',

must be an axis with the period ilircc fin- llie section. As was found

edges. If the edges J^,/\ and /'J\ of the section "^ have arrived
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already above llic line 0/j' is really iioiiiial to OT' and so the obtained

axis is parallel to Oli. Bet-anse I lie plane tlirough ^l/> and /j' contains

the perpendicnlars (>(' and (Hi ont of O on to the intersecting

space and the space ,i\ =1 of the righthand cube, each line of it and

therefore also Oil must be normal to the plane determined by the

intersecting space in the space x^=ii: so if we move the intersecting.6,5 1

space ni an opiiosite sense and return from — by , etc. to — the
' "

12 • 12 J2

rhoinbohedrou forndng the central section, and then moving in the

direction of the edge WA through the eightcell, is truncated normal

to the axis by the plane determined in llie space of that right cube.

In fact, in llie above mentioned \yA\^e\^(^'('rllandelin(|en,\'o\.\lL,w°.^)

has been found thai ilu^ section is always a rhomboliedrou or a truncated

rlioinbohedron when the intersecting space is normal to a plane

through two opposite edges, which is here the case, as the plane

through AH and B' contains the edge AB' and the opposite edge.

We now indicate the body corresponding to the fractional symbol
)i— bv 1),,, wliere n can take one of the values J, 2 11,12 and
12

'
- >

])n and D\i—» represent the two oppositely orientated positions of a

selfsame body, with a view to then investigating which of those parts

make their appearance when the net (C,) is cut by the central space

3.i'i -|- ''2 + '» + '''4 = *'• t'l'Oin the distances of the points with the

coordinates (2rx,), forming the system of centres of the net, follows

immediately that the pai'ts 1)^, 1)^, I),,, D^, /J^„ appear together and

that thus the corresponding tlireedimensional space-fdling consists

of three — and if we notice the orientation even of five — dit!erent

groundforms. Now, as w^e know, the form /J, alone already is able

to 1111 die space and so this is also the case with the forms 2), and
JJ^ and the forms />, and /j,„ together. What is more, from the

condition Uiat in the obtained space-tilling with the three or tive

dilferent groundforms the face of one of those forms must continue

itself in face!?; of the surrounding forms, follows immediately that

beside each /)., must lie a completing />,, beside each />^ a completint^

D^„ and that recomposiiiou of those parts completing each other to a

7), must lead to a net .of rhombohedra /)„. We really cause this net

of rhombohedra to be generated in a simpler way if, before cuttin"-

the net (€„) by the assumed space, we suppose the series of the

spaces .), = 2't^ -{- 1 to have disappeared, a thing to which die use

of the plane of projection through the two edges, here AH' and the

opposite one, has led us involuntarily in die paper (juoted last. Bv
this the net (C'j transforms itself into a threefold intiidte net of an
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infinite series of rerlangiilar |irisiiis whicli have a ciilx' with tlie edii!,e

two as liasis, and the section of tliis net of prisuis is exaclly the net

of rhomboliedra. Tiiat the sections wliicli, wiien tlie intersecting space

has an arbitrary position, are (piile irregnhir parallelopipeda, here

become rhonibohedra is the resuh of llie fad ihat the intersecting

space forms with each of llie Ihi'ee spaces ,i;^ = 0, ,i', =r; 0, .i-^ ^
equal angles, angles with a cosine of the value I H. Ont of the

6
diagram with the symbol — it is furlhermoi-e evident that the ends

/J/)" of the axis of (his i-hombohedron lie in two consecutive spaces

,(;, = 2'/, -(- 1 and lhat llie distance of the parallel spaces of inter-

section of the intersecting space with these spaces, which spaces

cut the net of rhomboliedra in Ihe intersecting space into pieces,

must amount to 4. This tallies; for the angle between the spaces

''^•'\ + '''-i ~l~ ''"a ~t~ '''i
=^ ^* ^"^' -''i

^ ^ ^^^^ r ' '^ '^^ cosine and there-

fore - as sine, so that the distance of the nlaiies must be 2 :
-

.

From the preceding follows now likewise liiat the section with

the space '3:i\ -}- .i:.^ -\- .r, -\-j\ ^= 1 furnishes a space-tilling consisting

of the parts D^, D^, IJ,, JJ., IJ,, />>,,; of course also this space-filling

consisling of three groundfornis each <d' which appearing in two

opposite positions can be obtained \)\ culling u|» a net of rhonibo-

hedra. It is also clear that iiy laking an interniediarv position of

the space of intersection we are led to six quite ditferent ground-

forms, which can be indicated by D<, , D^\, .... D^,,\, or in opposite

orientation by D^i, , l)^\, . . . . JJ^^^ .

Bv cutting a block of k'^ cells C\ instead of a fourfold infinite net

(^/ ) we can also deduce how one of the forms /.)''' of /-times greater

linear size can be built up out of the above menlioned segments

U„. We avoid this not to become too longwinded.

5. Case (2,1,1,0). — When treating the case (1, i, 1, 0) we have

seen that the appearance of nonghl in the syiniiol causes prisms to

be found with the constant height 2, by wdiicli the fourdimensional

problem is reduced to a threedimensional one. Thus we are placed

before the consideration c>f the section (2, 1, 1) of the net of cubes

whicli in various respects fVu' Ihe threedimensional space forms the

analogon of that of tlie section {li, 1, 1, 1) in Sp^.

If we su|)pose that the space, in which the section (2, 1, 1) is to be

taken, contains the up[)er cube of the eighlcell and the vertex 7^— see

the lirst of I he 20 diagrams — is taken as origin of a rectangular
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system of coui-dinales wiili ilic cdiiL's |);issiiij;' lliroii^ili lliis poiiii as

axes, the edge P(^ as axis corresijoiidiu;;' to the tlgni'e 2 of (2, 1,1),

then the centre /•' of tlie ii|i|»ei' plane of that cube is tlie point

(2, 1, 1) and /'/•' is therefore I he axis normal to liie series of intersecting

phmes '). Now it foUows from I he rectanjile APQK with the sides

.4/;= 2, .l/'=r2l 2, thai JC> is normal to I'F' and that the points

A and <l project themselves on l*F' in the same })oint. Thus we
find the projection of the eight vertices of the cube under considera-

tion on PF' hv [ilacing the projections (1, 2, 1) of the faces with

I'A and QF^ as diagonals so side l\v side that the last 1 of the

first coincides with the first I of the last, bv which the stratification

1, 2, 2, 2, 1 is arrived at, which, with a \ iew to upper and lower

cube, passes by doublinj^i into 2, 4, 4, 4, 2. From this ensue then

the results given on the first plate. If we now — returning to the

second plate -- set off on the three edges of the cube passing through

J\ in the assnmed supposition that I'Q agrees with the 2 of (2, 1, 1),

from 1' segments , i, \ then — see the last diagram — the triangle

1\P^P.^ appears forming the upper plane <tf (he trianguhir prism cor-

J 2 3 4
responding to the fraction - and out of this the sections -, -, —arede-

8 8 8 8

veloped in the same way as was pointed out above. Of triangle

/',/',/*, the line connecting /', with the middle of l\P^ is an axis

with the period two, or to e.\press it more simply a line of symmetry,

and this line is parallel to the diagonal AQ of the first diagram. In

each position of the intersecting plane the section has the line of

intersection of this plane with the plane APQE as line of symme-

try : in connection with this die lozenge, unmutilated for the case

4 1
-, which when following the i'e\erse way to the case - moves pa-
o 8

rallel to itself through the cube in such a way that the vertex Q
describes the edge QP, is cut by the groundplane of the cube accord-

ing to a perpendicular on the line of symmetry, [f we imagine in

the chosen space of the upper cube of the eightcell the threefold

net of cubes and if we remove before passing to the intersection by

the series of parallel planes the partitions parallel to the endplanes,

we obtain in the intersecting plane a net of lozenges which are cut

by the removed partitions into >egments of the found form, etc.

In the ensuing parts we siiall pass on to the intersection of the

nets (6',,) and (C,J.

1) It is really inaccurate to speak of an upper plaue of the upper cube; of

course tlie plane is meant, which apprars in llit; diagram as upper plaue to the eye.
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Mathematics. — "Some conslnirtiniis (li'ilnci'il jrnni tin' iiiolioii oj

a plane sy.stem." Ily I'lot'. J. (Jakdinaaj,.

tCommunicated in the meeting of [''ubiuaiy !26, 1908.)

1. We precede two wellknowii principles of motion.

a. Let tiie motion he genei'ated by foiling a curve 6',, (body oentrode)

with which the system iS'is connected over a curve C',/ (space centrode).

If A, B, C, are moving points of S and », /?, y . . . . tlie centres

of curvature of the orbits vvhicii they describe at a certain moment
tiiere exists between the system /b' and the system ((, ^, y . . . . [2) a

(juadratic correspondence and such that if a, |}, •/ • • were moving

points A, B, C. . . would be the centres of curvature of their orbits.

The conies of <S' corresponding to the right lines of 2i' touch the

tangent of body centrode and space centrode in the pole and osculate

each other. The inflectional circle belongs to it. The reverse theorem

is easy to deduce.

/>. Let P be the pole (fig. 1),

/ the iidlectional pole (common

point of the tangents in the inflec-

tional i)oints) ; so the iidlectional

circle is known. Let A be a

moving point, then « is determined

as follows : Draw Al and AP;
determine the point of intersection

Q of AI with the normal through

P on A P. Draw out of Q the

parallel to IP, which cuts /* in «.

2. Application to the elliptic

motion ,tig. 2). Let AB (1) be the

right line gliding with its points

A and B along the rectangular

axes IX and I Y and let the

demand be to construct the conic X'

corresponding to /.

Tiie circumscribed ciiclc {M) of A API is the inflectional circle
;

P is also dii-ectly known ; the centre of curvature belonging to a

point of A/> can be conslructed according to {lb) and so each

point of /' can be determined. However, some points of V are

iiiiuicdialely known. The centre .\f of A/i describes a circle having

y as cenire, the centres of curvature ft and ,^ belonging to .land B
lie al inliuite distance in the directions IB and lA, /.'' furthermore
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touches circle {^J ) in / ; so ^' is iiii e(iiiil;i(er;il li\ (pi'ilxilii passing

llir(iii!.'li / with diieclions of asyniploles //>' and JA and toiiciung

circle {M) in J\

The centre C of ).- can be determined in tlie following manner.

We suppose ?.- to be constructed by means of tiie i)rojecti\e pencils

formed by i-ays parallel to IX and lY. If the two points united in

the point of contact F were separated then the two pairs of parallel

rays thi'ough these points would determine two points .4, and .1, on

IX and two points B, and J\ on / )' and the centre would be the

point of intersection of A^ B^ and A^B^. It is true A^ and ^4, coin-

cide in .4, and B^ and iJ, in B, but from the preceding follows

that the centre C lies on AB. If in P we draw the tangent to r
perpendicular to the normal PI, then a point of each asymptote lies

at equal distance from P. So we measure Pl\ = Pl\ and we draw

T.C'IIIX, 1\C"//[Y; C would be the centre of /Mf 6" were situated

on A/L However, out of the ligure is evident that C" lies on a right line

symmetric to T/J\ with respect to PA, and therefore perpendicular

to AB. So the centre C of ^, is the footpoint of the normal id

down out of P on AB.

If we consider diiTerent positions of AB and if we construct the

successive positions of the point (,', then the locus is an aslroid on

the axes lA and IB. Tiie hyperbola x' keeps touching the inva-

i-iai>le circle with fP as radius; so the astroid is the locus of the

centres of the equilateral hyperbolae with asuiiptote directions lA
and I /> passing through J and touching the last-mentioned circle.

The two diameters lA and IB of circle / form with the riuht

line at inlinily a polar triangle of the circle; so the points C have

the sign i Ileal ion of poles of one of the sides of that |)olar triangle.
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ll is lo lie |il(i\cil lliul ilic l(icil> 111' llir |Kil('> 1)1' llir Iwo iiIIk'I' sidi'S

willi ivs|)ccl lo a' is likewise liir aslroid jiisl round i'o tli;il end

we eoiisiiiicl the pole of /A.

If ue take as centres of ilic |n-ojeeli\(' |iencils of ravs neiieratiiifi;

?.' poiiil / and llie poiiil ol' /A at iiilinilv, then on aceoiMil of the

fonnei' reasoning- the \n<\r of /A lies on the parallel throngh Jl to

W, at the same lime this pole lies on a |iarallel drawn lhroMfi,h Cto

JX; SO the poini of iiil(>i'seclion J) of llie latlei' right lines is the

demanded pole. As /) is symmetric lo (' with respect to J V, it

also belongs to the aslroid. In the same wav we can prove that

the pole of / }' is likewise a point of the aslroid.

H\ pi'ojeclixe transformation the aliove |n-ol)lem can he |)nt as

follows :

(itiven a conic and a polar triangle of il. To determine the locns

of the poles of the sides of that triangle with I'espect to the system

of conies passing ihrongh the vertices and tonching the orginal conic.

If we regard this as a |)rohlem ii_v itself we arrive at the following

algebraic solntion:

Take the polar triangle as triangle of coordinates; then for iheecjnation

(jf the given conic can be written:

«,.(/ + <(,,(•,'-' -f a,.r,- = , (1)

and for that of the conic described ai)ont that polar triangle:

7'l•^'•. ' /'.•'•s'''i f /'»'!•', ~ *^ (2)

If we introdnce the condition that (2) lonclies (!• then the coetli-

cients of the latter satisfy the relation;

(«,/),' + <(,/>,' + ",/'.,')' = -7a, <(/(,/., '^'./z's'^

'I'he pole of one of the fnndamental sides, e.g. of d,^0, is found

bv snitstitntion of

p, = — p,
-'

< P,— — /'.
^'

•

l'\' this the equation of llie locus of Ihese poles becomes;

which can also be written in the form;

11 1 " 11
a, .r, -L

«., .r., + n, .r, = .

We reco"inze in this the form of the aslroid on oblique coordinates;

the curve itself is a projective transformation of the connnon astroid.

The locus of the poles of the other sides gives the same result.
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Fig, 3

3. A|)|ilicatioii to the cardiuid inolimi. Let A( ' \)v the rinlil line

/, w liicli jiassiiiji- llii-oiigli the fixed

[)oiiit C of circle {0) glides with one

of its points A along the circumfer-

ence ; let now too the demand be to

cunsinict the conic ).' corresponding

to / (tig. 3).

Circle {O) is the cuspidal circle;

the pole P lies diametrically opposite

to A and the intlectional circle (if)

is syninietrie to {0) with respect to

the tangent in P. Now /', too, is to

be constructed according to the preced-

ing point by point ; this takes place

in the following way :

Let D l»e a point of /, draw DP
and DI; the normal in F on JJF intersects 1)1 in Q, the parallel

to PI out of Q intersects DF in (f.

Just as with the elliptic motion we can again construct some par-

ticular [loints. If we apply the general construction to |)oint C, it is

evident that y lies halfway (7^; O is evidently a point of )." and ,^

is the centre of curvature of the point at infinity on /; so the conic

)." passes through y, 0, •?, and osculates circle (0) in F.

Whilst thus the construction of X* otters no difticulties, the gene-

rated system of conies is more intricate than the preceding.

Some properties are to be fouiul geometrically; thus it is soon

evident tliat the system contains two parabolae.

For a parabola is necessary that ^4 C be a tangent to the inflectional

circle (M). Let us imagine the two touching circles {0) and (3/)

and if we draw from the endpoint .1 of the common diameter the

tangents to circle (3/), we see that we can give two positions to

(J/) so that one of the tangents passes through (\ so there are two

l)arai)olae i)eloni:in<i to the system. From the figui'c is evident:

1

sin If ^ — .

Fi'om this ensues -. For all values of

. 1

the \alues </> = .sv??~'

—

ACO, which are lying between

on one side as well as on the other of (Y>,

/- becomes a hyperbola, for all values outside those limits A" be-

couies an ellipse, the transition between the ellipses and the iiyper-

bolae is formed iiy two parabolae.

The locus of the centres of this system of conies does not become
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fig *f

:i siiitplc ciiiAo. Siiiijilcr arc liic loci (if llic |l(llc^ of tlic (lianiclcr'

l>,-i. uikI iIic iKiniial (liicclc(l mi to il

out of (> wliicli w c can take as axeti

lor tlic calciilalion.

Lot Ihcreforc (liir. 4) ^V '>(' ''"'

A'-axis, llie normal O )' on it tlic

)"-axi,s, then we lind the e()na(ion of

/'' as t"(illo\\'H:

Let OA == (/, ^ .16;? = </, tlius

/.H>/i=2(/. As /'-' passes through

(), i? and tonches circle (0) in P, its

c(|uali(ni can lie written:

!/(.(; ((!.« 2<f -f- ,'/
•"'« 2f/) -f a) -f ?/(. (//— .' t<i '2</) (n— .r f(i

(f>
-j- a ttj </) = ;

the coefilicient i» is determined iiv llic condition thai liie point

7 (— <i cos'' (/, — a cos <p sin tp) lies on X-. H\ snhstitnfion of the coor-

dinates of 7 for ,/' and // and after reduction we get

:

)n r= cov
<f

co.s 2<f si?i Ij

and the equation of A^ hecoiiies

:

si»^ <f sin
'2<f

. .r' -|- [cos 2(f — cos r/; sin (f sin 2(f
— sin^

(f
ros 2(f) xii -\-

(sin 2<f -\- ros if niji (f cos 2<p) y" -|- a ( I -\- sin' <p ens 2<f) if
— a sin'' ( sin 2if . a; :=:

or shorter:

2 fin* if . .(•* -{- cos ip (4 cos'' if— 3) ,/•(/ -j-

sin if (3— 2 sin' if) I/''— 2a sin' if . .r L a cos if (3 - 2 cos' if) i/ ^
riie three derivatives become:

4 sin' if . .r -}- coi' if (4 cos'- if — 3) ;/ — 2(i sin' if =r 0. . . (1)

cos if (4 cus' </— 3) .v-\-2 sin </ (3 ~2sin'- (f) y \- a cos if {'A— 2 cos' if)T:={). (2)

2 sin' if . x — cos if (3 — 2 ens'' </)// — (3)

If we eliminalt^ out of these c(|ualioiis two hv two the \alnc if,

we get the three loci.

Finally we shall deduce the simplest of these loci, namelv the

locus of the poles of the axis UX which is olitaine<l \>\ eliminating'

1/ out of ( 1 ) and (3).

From [It and (3) we deduce liy suliliaclion the following two

simpler eipiations :

3 y cos <p = 2rt sin' ip (4)

2 .*//(• if . X — cos yi (3 — 2 cos' if) y =z 0; . . . . (a)

after substitution of the value sin' ip out ot ('4) into (5) we lind ;
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3(a-.r)
0(1.'! <T =

and from this tiiiallv fcir the locus

27 ./' (a - .t) = (3 .V — n)' ;

I

so fliis is a fissoid, wiiosc nisp lies at a distance ,r :=: — '7 from
o

point ^> and whose asymptote passes tliion<ih ,?.

OBSERVATION. The systems of t-onics treated in these two

cases are simply infinite systems, where more than one conic |iass

thronuh a point and more than (ine conic touches a rijiht line ; so

they are distingnished from the ordinary pencils ami the tangential ones.

Thus for tiie tirst mentioued system .six conies pass through a

point and twelve conies touch a right line.

Astronomy. — "(h/ thr musses mid I'/i'mciifs iif .hipiti'r's Sdtt'lllles.

mid till' muss of tlic sijsfi'iir' , \)\ Dr. W. dk Sn'TKu. iCommii-

nieated by Pi'of. .1. ('. Kaptkyn).

iGommuuicated in the meeting of February ^'.t, I'.tOS).

The determination of the elements and masses of the satellites of

Jn[)iter and of the mass and the dynamical compression of the planet,

which is communicated in the following pages, is based almost exclu-

sively on iieliometric and photographic observations made at the obser-

vatories at the Cape of (lood Hope, Pnlkowa and Helsingfors, in tin-

years J 89 1 to Utt)4.

In addition to these I have also included in the discussion the

observations made by Hessei, with the helionietei' at Kimigsberg in

J832 to 1839, and the values of the node of the second and the

perijove of the fourth satellite in 1750.0 (for which Del.\mbke's values

were adopted). These latter have howe\er, as will appear later on,

ordy a veiy slight eifect on the linal results. The determination of

all masses and elements is thus practically independent of observations

of eclipses.

Previous to 1891 no sei'ies of observations of the satellites except

of the eclipses had been made with the purpose of determining the

elements of the orbits. Such .series of observations as had been e.xecuted

ill the first half of the ninelet'iitli (hmiIuiv b\ Hksski.. .\irv and others,

were a\owedly intended oiily lo determine the mass of .ln|iiter.

Accordingly the satellites were by these astronomers, so far as [ios,sil)le,
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observed oiilv near el(.)iigatiun. The scries of uhservatioiis inadi' liy (iii.L

at the Cape in 1891, and the series of photographs taken in tlie same

jear by Donner (on tlie stiggeslionof Backlund) and ('(inliiiucd by him

and Ity Kostissky to 181)8, are liie lii'st series of obserxations of llie

satellites in every point of their orbits. Tlie discussion of the Cape

observations of 1891 liy nie then suggested the desirability of fui'ther

observations, whieh were executed Ity Cookson with llie Cape helio-

meter in 1901 and 1902, wiiile |)hotographie observations were made

at the Cape in 1902, 1903 and 1904.

It will l)e conducive to a good understanding of what folhiws if I

collect here at once all the notations used.

The theory, which was compared wilh the observations, is

Souillart's '). This theory gives tiie longitudes and latitudes of the

satellites, referred to the plane of .liipiter's orbit of 18500. As I

have explained in Oiiic A7/. 3 ') page 96, the orbit of 19000 has

been used in its place.

The radii-vectores and the longiliides of the satellites in their

orbits are given by the formulas:

ri= a; Qi

ri=z li -\- iy^ -|- inequalities

li
— Hi < + 6, .

We have the rigorous ecpiations

:

f, -3 f, + 2 f, =: 180'

n, — 3 «„ 4- 2 //, = 0.

1) Theorie anuli/tique des moucements des satellites dc JupUcr, par M. Souillaht,

Memoirs R. A. S. XLV, 1880.

The'iirie anulytique des mourements des Sidelines de Jupiter, seconde partie,

par M. SouiLLART, Memoires tics savauts etrangers, XXX, 1887.

^) Annals of the Royal Observatory at the Cape of Good Hope, under the

direction of Sir David Gill, K. G. B. Volume XII

:

Part 1. (Not published).

Part II. Determination of the mass of Jupiter and orbits of the satellites,

by Bryan Gookson M. A. (190(5).

Pari HI. A determination of the inclinations and nodes of the orbits of

Jupiter's satellites, by Dr. \V. de Sitter. (1906).

Part IV. Determination of the elements of the orbits of Jupiter's satellites,

by Bryan Gookson. (1907).

The titles of these papers, which I »\va\[ often have to quote, are referred to

by the abbreviations used in the text above. I shall also often quote :

Publications of the Astronomical Laboratory at Groningen, N'. 17. On the

Libration of the three inner satellites of Jupiter, \>y \V. de Sitter, Sc. D. (1907),

^vhich is referred to as: Gron. Publ. 17.
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The quantities xh, are the litnaiHHi, which is deteriiiiiieil liy the

formulas

:

^ = /^ _ Sl^ -I- 2/, - I
80'" = /c sin -^,- = k .in j^ (/-/„)

{^i == ^ .> , ,r .. Q, - 3C>, -f 2Q,.

The ijiianlities '^^j (and theret'ore ,V and T; depeiul on the masses,

and have been given in <iroii. I'nhl. 17. Art. IS, np lo terms of

the third order.

The ine(|ualities can lie divided into lliree gron|)s, aeeoriiiiiji to

their |)eriods. of which tiie first group niav lie divided into three

subdivisions. Tiiese are

:

hi. Equat'toiis of the centre. Tiie osculating excentricities and

perijoves — excluding their periodic pertuibations (wiiich arc lakm
into account separate!}- as inequalities of tiie longitudes and radii-

vectores) — are determined by the formulas:

//, = 2Ei sin £ii = 2.2'^ t,j ej sin w,-

ki ^ 2Si cos Hi =: 2^j Xjj ej cos uij.

Here ^"and cj, are the otrn excentricities and perijoves of the four

satellites. The angles to,- var\ jiroportioiially to the time, and the

coefiicients t,j depend on the masses, t,,- being nnit\ . Wc lia\e liicn

<fvi =^ — I't's /,• /(,• -j- •'ill l{ ki

(^Qi =^ — 4 •^"' 1° («*« '|- fli + <-"0« li /'(- )•

The squares of A' arc negligible, except for tlie fourdi siti'llitc

The corres[)oiKliiig term is mentioned under Ic

II). llie (jvi'Kt inequiilitie--'. These arise (as perlurl>ations in //,and /•,)

through the commensurability of tiie mean motions of the three

inner >at('ilites. They are:

f»i-, = .(•, -nn 2,(1^— 1,) fff>, = —
i
-nn V .c, ros 2{l^—l^)

rfr, = - .r, ..in (I -I,) f(o, =^ i sin 1° .r, ,-o.v (/;-/,)

ff''. = - •'•» "''" (l,-^) ''!,'., = k
•""'* 1° ', '•<"> (',— /,)

/('. .Minor iiiequdlitie.'i of .-t/i'irt in'rioih. Tiie periods of all the

inecpialities of group / are short (not e.vceeding 17 days).

//. lne(|ualities arising through the commensurability of the mean
motions, and having |)eriods lietween 4(ll) and 500 davs. These oiilv

exist for the satellites /, // ami ///. In the radii-veclores tlie\ are

negligible. Their expressions are:
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(fvi = 2£
I

x,j sin (fj

rfi =/,— 2/, + Vi,.

The coefficients x,y are |ir()])ortional to ej, and also dopoiid on ihe

masses.

///. lne(|nalities with vorv lonji pcrinds (exceeding 12 yoai-s).

These also are negligible in the radii-vectores.

The latitudes of the satellites over the plane of Jupiter's orbit aie

gixcn bv Ihe tnruiula :

The inclinations and nodes') are in Souii.lart's theory deternuncd

bv the tbrmulas;

/,• .sin Ni =: 2 j Ojj Yi "i't j -f ft( »'> '•'" ^ + periodic terms

/, cos Ni T= 2j Oij Yj cos d j -f f«iW cos 6 -\- periodic terms

Mr. CooKsoN and 1 have in all our work on the satellites referred

the latitudes to a fundamental plane, which is detined bv its incli-

nation and node referred to the ecliptic and mean equinox of date.

Foi- these Makth's values have been adopted, which are for 1900.0:

.7 = 2^ 9' 3".94 :'^ = 336° 21' 28",4

The longitude of the node of this plane on Leverrier's orbit of

Jupiter, counted ///, tlw orbit, and the inclination on that orbit are

:

6„ = 315° 25' 48"4. oj„ = 3" 4' 4".75.

The longitude of the node of the orbital plane on the fundamental

plane, counted in tlw funddineiitnl pia/tc, is therefore

^'„ = 135" 24' 34".3.

The longitudes in the fundamental plane have been counted fi'om

the point (K of which the longitude is ^)

n = 135°27'2".5.

If the intdiiialiiiii and ili'scf)tiliii<i node ot the fumlainental plane on

the orbit of 1850.0 are represented Iw «>„ and i|'„, (thus \\\ = ^„-]- 180°)

and if Ihe hmgiludes of the nodes J|, are reckoned from this descending

node, we have

:

l>t = — '/ *'« Sli ~ — li *'" (-'*^'. — l|'o)

qi = /, cos SI, — li COS (Ni — 1|'„) 4- (0„

from which

;), = ^ I <^y Yj *'"' {A'a— ^j) + f'i<'-> "HI- {'*]'a~^) + periodic terms

7, = 2ij Oij Yj cos (if>„
— &j) + fiito cos («!'„— ^) f cu„ -f periodic terms.

') By node 1 always mean ascending node, unless otheiwise sUted.

-) Mahth evidently intended to adopt = 5',,. Probably he has ap|)iied tlio cor

reclion, needed to derive ' from 5+180°, with the wrong sign.
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Here y, and 6i are the omi inclinations and nodes. The angles

di varv proportionally with the time and the coefficients ffy depend

on the masses. We have again o„:=i. w and 6 are the inclination

and node of the mean eqnator of the planet on the orliital plane

for 1900.0. In the discussions we have nsed the abbreviations :

.F„ = — CO sin {A\ — 6)

.V„ = — w cos (t|'^ — 6) — (Oo-

.r„ and //„ thus determine the position of the equator. The adopted

fundamental plane nearly co-incides with the equator, and the node

^\ has nearly the theoretical motion of the node 6. ') The angle

if'„ — ^ is therefore constant and very nearly equal to 180°.

In Gi'on, Publ 17, Chapter IV, I have given the quantitiesQi, i^', t^

duii ddi
,-^, .i-i, y.,j, Oij, II;, — as functions of the masses, or rather, as func-

dt " ' dt

fions of the small quantities x' and r,-, which are defined by

Jh' = 0.0219087 (1 4- x) (h = 1 for d = 39".0)

=: 0.0000 0000 530042 (I + x) (astronomical units).

x' = X + 0.055

m^ = 0.0000 40 (1 -t- V,) m, = 0.0000 80 (1 + v,)

w, = 0.0000 22 (1 -t- r,) m, = 0.0000 424 751 (1 + v,).

Of x'. r, and r, only the first power was kept, of r, and r, all

powers, which could be derived from Souillart's formulas were

taken into account.

For the reciprocal of the mass of the system the value

^l = 1047.40.

was adopted.

The data to be derived from the observations can be divided into

three groups.

A. The inclinations and nodes, represented by tlie quantities p
and qi, i.e. the quantities determining tlie latitudes.

B. The data determining the longitudes and radii-vectores. These

are the mean longitudes, the equations of the centre and the coeffi-

cients of the great inequalities of tlie three inner satellites (//, hi,ki,,vi)

C. The mean distances a,.

A. In determining the elements from eclipse-observations, the

elements of group B are derived from the observed epochs of the

middle of the eclipse, those of group A from the duration of the

1) The motion of J.^ actually used by Marth is not exactly the llieoielical

molioa of 5. The dilTerence is however negligible.

45
Proceedings Royal Acad. Amsterdam. Vol. X.
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cdipsp. Tliis (liiratioii dopcnds not oiilv on lliu.se eleineiUs, but as

well (111 the form of the sIi;ii1o\v-c'oik\ i.e. on the f>,eoMietrifal com-

pression of ihf planet. This latter not hi'ina,' known with sufticient

accuracy, it is imjiossible to determine the latitudes from observations

of eclipses. The elements of the tii'st jiroup must therefore be derived

exclusively from heliometric or iihotographic extra-eclipse-observations

o( the satellites.

/i. P^or the determination of the elements of group B, however,

the eclipses are very valuable. One eclipse-observation, which is a

determination of time, provides a mucii more accurate determination

of the longitude of the satellite than one extra-eclipse-observation. On

the other hand the latter can be repeated as often as the weather

and the available time of the observer permit, while eclipses only

occur in a limited number. Another advantage of eclipse-obser-

vations is that their accuracy is independent of the distance of

.lu|)iter from the earlh, while the accuracy of extra-eclipse-observa-

tions is inversely proportional to that distance. Extra-eclipse-obser-

vations are thus generally combined in series extending over a few

months on both sides of the epoch of opposition. It must not be

forgotten, however, that away from tiie opposition Ihe time during

vviiich Jupiter is abo\e the horizon, and thei'cforc the number of

observable eclipses, diminishes rapidly.

For the first satellite, where eclijjses are numerous, and microme-

trical obser\alions least acnirate, the ailvanlage is very probably on

the side of the eclipse-observations ; for the fourth, of which eclipses

are rare and extra-eclipse-observations ai-e most accurate,') this ratio

is reversed. So long as nothing is known al»out the results derived

from the series of photometric eclipse-(ibser\alions made at the

observatory of Harvard College in the years J 878 to 1903, it is not

possible to form a definite judgment regarding the relative value of

the two kinds of observations. Anyhow the attempt is justified to

derive also the elements of grou[) B exclusively from extra-eclipse-

observations.

C. The four mean distances represent only one iiidvuown quantity,

since the determination of their ratios from the mean motions (also

taking into consideration the uncerlainly of the perluriialions which

must lip applied) is very nnicli nioi-e accurate than the direct deter-

1) My meaning is, of cour.se, lli.it tlic delcnniiialion of tlie jovicentric place

of tlie satellite from extia-eclipsc-observalions is most accurate fur IV. This is due

only to the large mean distance, not to the observation itself. This latter, i.e. the

determination of the relative geocentric place, seems to be slightly more accurate

fur II au.l III than for I and IV.
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mination of these ratios tVom the observations. This one niilvnown

— the scale-value of the system — from which the mass of the

planet is derived, can naturally only be determined from extra-eclipse-

observations. It has already been remarked that all series of such

observations made before !89J, were made with a view to this

determination.

The number of unknowns of the problem is thus 32, viz :

^4. the "own" inclinations and nodes y, , di . . . 8 unknowns

the position of the equator <!>
, (9 . . . 2 ,,

the dynamical compression JIf ... 1 ,,

B. mean longitudes with one rigorous condition f , . . . 3 ,,

„ motions „ „ ,, ,, m ... 3

the amplitude and phase of the libration k , t„ . . . 2 ,, .

the own excentricities and perijoves e,- , co, . . . 8 ,,

the mass of each satellite m,-. . . 4 ,,

C. the reciprocal of the mass of the system -?'• 1 .,

32

The obser\ations wdiich ha\e been used in the dei'ixation of the

results to be communicated below are the following :

1. Heliometer-observations made in 1891 at the Royal Observatory,

Cape of Good Hope, by Gill and Finlay. These have been reduced

by me and were published in my inaugural dissertation ^). After

the publication some mistakes and errors of computation ha\e been

found, which have been already coi'rected in the results used here.

The corrected results will soon be published in Cape Annals, Vol

XIT, Part. I.

The high order of accuracy of this series is due to the principle,

introduced by Gill, to measure only distances and position-angles

of the satellites relatively to each other, and not relatively to the

planet '). Thus large systematic errors are avoided.

2. Heliometer-observations made in 1901 and 1902 at the Cape

Observatory by Brvan Cookson, M. A., reduced by himself, and pui)lished

in Cape Xn.2. (brrections to the values of the unknowns as published

there were afterwards given in Cape X\{ A, Appendix. In these series

1) Reduction of Heliometer-observations of Jupiter's satellites, made by Sir

David Gill, K. G. B. and \\\ H. Finlay, M. A., by \V. de Sitter. Groningen,

J. B. WOLTERS 1901.

") Hermakn Struve had in'i;viou.-^iy u.sed the same luetliod in his observations

of the satellites of Saturn.

45*
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also only rclati\'e positions of tlie satellites inter se were (letcriuiiicd.

From these three series all elements were derived, and all have

been used in the tinal discussion, the values being taken nnaltei-ed

from the detlnitivc |iublieatioiis already (|uoted. The only exception

is the position of the fnndamental i)laiie for 1902, the inclination

of which on the ecliptic is 2°8'38", instead of 2''ii'li8", as printed in

Cape XII.2 page 191 ').

;i Photogi-aphic plates, taken at the Cape Observatory in 1891

and 1903, measured and reduced by me, and published in Cape

XII. 3. The quantities pi and qi alone were derived for each epoch.

These have been taken unaltered from Cape XII. 3.

4. Photographic plates, taken at the Cape in 1*J(_)4, measured and

reduced by me. From these plates were derived pi and qi, which

are pidilished in Cape XII. 3, and /( , /, , 4, which are published in

Grou. Pub/. 17. The published results have been adopted unaltered.

In these last three series also only coordinates of the satellites

relatively to each other were used. The planet was not measured

by me.

5. Photographic plates, taken at the Cape in 1902, measured and

reduced by Cookson, and pul)lished in Cai)e XII.4. This series

requires a closer consideration.

Mr. Cookson has measured on the plates ditferences of RA and

deck of the four satellites and Jupiter. The pointing on the planet

is, according to his own statement, "not very accurate" (Cape XII.4,

p. 24). But, according to the author, high accuracy is not required,

since it is eliminated in the reductions. This elimination, however,

is very incomplete.

It is effected as follows. From the measured differences of R. A.

X, — Xf, a preliminary solution is made, the resulting values of the

unknowns are substituted in the equations of condition, and residuals

are formed, which may be called dc, . The mean of these residuals

for any one plate, say f»./\, , is then considered to be the correction

ff.i:^, to be applied lo .i), , i.e. the error in the [K)inting on the

planet with reversed sign. This mean is therefore subtracted from

the observed co-ordinates .f,— .r^, . Now this method only eliminates

the accidental part of the correction dv.^ . The systematic part is

already in the lirst approximation included in llie values of the

') The inclination antl node i-uffncd to the equator are correct as printed, in the

reduction lo the ecliptic some mistake must have occurred. The consequence of this

is that the inclination «„ of the fundamental plane on the orbit of Jupiter requires

a correction of — '.0092, instead of + 0°.0375, as would appear from the printed

data of Gape Xll.2.
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unknowns Lhi. Lki, L.v, , and is not removed from them liy the

snbseqneni aitproximations. The coefHieients of these unknowns eonsist

of a constant and a periodic part, of which the former amounts on

an average to thi'ee times the latter. (See e.g. (.'ookson, Cape XII.4,

p. 102V If this periodic part is neglected, the three unknowns cannot

be separated, and ihev represent together only one unknown, which

I have called /', (see my dissertation, p. 69), for each satellite. Thus,

if the systematic part of dv^, had been introduced as an unknown

the equations of condition would have been :

d.v

(IF '
^

Thus it would not be possilde to separate F and ff.c^,. Whether

the unknown dr^, is actually writtLMi down in the equations or not,

does not atfect the result : in any case the value which is found for

'\dx
F is not F itself, l>ut F— f^Xuj^--. and the residuals di', , and there-

'^/ dr

fore also their mean dr^,, do itot contain the systematic jtart of the

error of pointing on the di.sc of the planet.

If we assume that the values of F found from the simultaneous

heliometer observations (see above, sub 2), are the ti-ue ones, then

the ditferences P—H, which are given by Cookson in Cape XII. 4,

page 102 (where for i'", — 0.0295 should be read instead of —0.0395)
dx

are proportional to this systematic error, and we have dr., = —^ {P—H).
dF

We thus tind for the four satellites :

(f«^ = - 0".19 ± 0".04
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differeiices between llie results IVniu the pliolograplis and tliose from the

heliinneler in 1!'0"2. Aceordiniilv 1 have rejerled all the resnlts fVom

the photographic series, with the cxeeption of//, and r/, , which depend

almost exclusively on differences of deeliiialion, in which the unknowns

Ah;, A^v, A.c,- have "small and not constanl coeflicienis, and the

elimination of dv^, is therefore iiiueli more complete. I have adopted

the values derived from the solution in which the orientation was

detei'mined from the traih. The reason why this is to be i)referred

to the orientation derived from the standard stars has been explained

h\ me in Cape XII. 3, Appendix. The values of Lqi and Lpi have

been adopted unaltered from Cape XII. 4.

6. Photographic plates taken at the ob.servatories of Helsingsfors

by Prof. DoNNER and of Pulkowa by Dr. Kostinsky, measured by

Renz, and published in the Memoires de St. Petersbourg, VHP'' series,

Vol. VII, N°. 4 and Vol. XIII, N°. 1.

From the measures by Renz I have derived corrections A/i, A/.^,

A/j to the mean longitudes, which have been published in Gron.

Publ. 17. The values found there have been adopted unaltei'ed.

Renz measured the positions of the satellites relatively to Jupiter.

I have commenced my discussion of these measures by rigorously

eliminating the pointing on the planet. It appears that these pointings

are indeed sul)ject to very large systematic errors (Gron. Publ. 17,

art. U).

7. Heliometer observations made by Bessel in Konigsberg from

1832 to 1839, published by himself in "Astronomische LTntcrsuchun-

gen. Band 11": re-i'educed by SnirR and |)ublished in Nova Acta Acad.

Leop. Carol., Vol. 44, |»ages 101—180. Only the values of //,, /l,, Z/^,

/., are included in the discussion, and only A, and /•, have contri-

buted to the final result.

Bessel has referred the satellites to the planet. His observations

are affected by large systematic errors, as has been pointed out by

ScHUfi, in consequence of which their real accuracy cannot be assumed

to be in accordance with the probable errors.

8. The values of the "own" nodes and perijoves in J 750. These

ha\e been determined by Delambre and by D.\Mt)isE.\r. Regarding the

accuracy of these determinations nothing definite is known. The agree-

ment between the two results, which is very good, cannot lie taken

as a measure of the accuracy, since we do not know in how tar

Damoiseau is independent of his predecessor. It will be seen below

that the role played by these data in the derivation of the final

results is a very subordinate one.

If from a combination of the values found on different epochs for
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the osculating elements we wish in derive not only the values of

these elements, but also of tlie masses, it is necessary that the expres-

sion of the perturbations as fiitu-tions of the masses be known.

The masses which form the liasis of Souillart's theory probably

require considerable corrections. In consequence of the mutual com-

mensurability of the mean motions the perturbations of higher orders

are very large — : in some cases lai'ger than those of the first order.

For these reasons the perturbations cannot be assumed to be linear

functions of the masses. The formulas needed to compute the connec-

tions to the ]ierturbations corresponding to given corrections to the

masses have been developed by me, on the basis of Souillart's

numerical theory. They have been publisiied in Gron. Puhl. 17, art. 17.

The data required for the determination of the masses are:

I. The motions of the nodes, especially of (9,. The inclination of

satellite I is too small to allow the motion of its node to be deter-

mined with accuracy, and the motions of 8^ and 6 ^ are too slow to

be of any importance for the determination of t'^e masses, compared

with 6^. The motion of f?^ is the datum from which the constant of

compression Jh'^ must be derived.

II. The motions of the perijoves, especially of w^. The excentri-

cities of 1 and II are again too small to allow a determination of

the motion of the perijove to be made. The motion of cu, on the

other hanil, if it could be accurately determined, would be of little

value for the determination of the masses on account of tiie small

coefficients of these masses. The motion of to,, which owing to the

large excentricity of this satellite can be very accurately detei'mined,

is used for the derivation of the value of m^.

111(7. The great inequalities in the longitudes and radii-vectores

of the first and third satellites. The.se depend chiefly on »;.^, and

serve to determine this mass.

\\\b. The great inequality of the second satellite. This furnishes

an equation involving ??i, and ;»,.

These data are those used by Laplace. To these I have added:

IV. The period of the libration. This depends on /??j, ?/j, and ?«,.

Of these »i, only has a small coetlliciont, consequently the observed

period practically gives an equation between m, and ;»,, from which

combined with \\\h these two masses can be found ').

1) See '^Over de lihratie der dric binnenste satellieten van Jupiter, en eene

nieuwe methode ier bepaling van de massa van satelliei I," door Dr. W. de

Sitter. Handelingen van bet lOe Ned. Nat. en Geneesk. Congres, (Arnhem 1905),

pages 125—128.
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Final] V 1 add for tlie sake df cmniiliMeness:

V. Tlie ratio of the two cxcoiitricitios of III, from wliicli /;;, iiiiist

be determined. It has not i)een |)0ssil)ie to delermiiie tills ratio from

the daUx at my disposal, and 1 have tlieretore been compelled to

leave m^ uncorrected.

The investigation can tlins i)e dixidcd into the following parts, or

subordinate investigations

;

I. The determination of the inclinations and nodes on the dilferent

epochs, and of the motions of the nodes. This discussion must at the

same time give the position of the mean e(piator, since the major

part of the motions of the nodes is due to the compression of the

planet, and consequently the plane of the equator is the one to which

the theoretical motions are referred, and on which the own inclina-

tions are constant. This discnssion has been made with preliminary

values of ^j/ and qi in Cape XII. 3, Chapteis XV—XXI.
II. The determination of the equations of the centre and of their

secular variations. This was done in Groii. Pabl. 17, Art. 19.

III. The determination of the great inequalities. These have been

adopted unaltered from the heliometer observations of 1891, 19()J

and 1902.

IV. The determination of the libration. This was carried out in

Own. Puhl. 17.

The determination of the masses from the equations of condition

furnished by these various subordinate investigations was effected in

Gron. Publ. 17, so far as it was possible with the data which were

then at my disposal. I there found the masses

:

x'=: + 0.025 r, = + 0.050

{A)
1',= — 0.360 r, = 4-0.025

The equations of condition from which corrections to these values

were derived, will be communicated below. I will now first describe

the various subordinate investigations I to IV, to which I add V

:

the determiiuition of the mean motions, and VI: the determination

of the mass of the system.

I. Inclinations and Nodes.

The data are the values of jj, and q; for the five epochs 189J .75

J 901. 61, 1902.60, 1903.72, 1904.89. The unknowns are y,, rio

,

,/•„, v/„ and the motions of the nodes '). These latter depend on x'

and 1'/, of wiiicli onlv >:' has been introduced as unknown. The

^) In this investigation we put fur abbreviation ') — Vo — ^i
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discussion is carried out in (';i|i.^ Xll. 'A, based on tlic masses ot

Souillakt's tlieorv. It must now he fepeated witii tlie masses {A).

Fiirflier the following corrections must be applied.

a. The observed values of /;, and ry, must l)e reduced to one and

the same fundamental plane for all epochs. At the time when the

discussion of Cape XII. 3 was made, I had not at my disposal the

data for carrying out this reduction for the epochs 1901 and 1902.

b. In the discussion of Cape XII. 3 I was compelled to reject the

observations of the satellites III and IV in 1901 and 1902. Cookson

had found in the latitude of lY an empirical term, which hati also

iniluenced the results for III, and which could be demonstrated not

to exist in the ob,servations of 1891, 1903 and 1904. Mr. Cookson

has since then found the true explanation of this apparent periodic

term, and has corrected his results accordingly. The corrected results

must now be introduced into the discussion. It appears that now not

only nothing must be rejected, but that also the representation of

the observations generally is much improved.

c. The results of the photographs of 1902, which were not yet

known when the discussion of Cape XII. 3 was made, must be taken

into account.

It seems unnecessary to mention here all the details of the dis-

cussion. It will be published in Cape XII. 1, Appendix, and it will

suffice here to state the results.

It may be remembered that in Cape XII. 3 two final solutions

were made, of which Sol. VI was based exclusively on modern

observations, while in Sol. VII the motion of &^ was derived from

a comparison with Dei.aimbre (1750), and the motions of the other

nodes theoretically corresponding with this were adopted '). Thus x'

was not introduced as an unknown in this solution. The agreement

of the solutions VI and VII was very good, with the exception of

x' and ?/„, The values (.4) of x and v, are chosen so that the

corresponding motions of the nodes are about the means of those

found in Sol. VI and Sol. VII.

The corrections (a), [b) and (c) were now applied, the quantities

a,j and fi,-, which are used in the solution were altered so as to

correspond with the masses (^4), and a new solution was made
(Sol. VIII) in which, similarly to Sol. VI, the unknowns were

y,-, r,o, .r„, y„ and 6/.'. The method by which the solution was
effecled is the same as in Cape XII. 3, and has also been described

') The correspondence was only approximate, the expressions of the motions of

the nodes as functions of the masses {Groii. PkIjI. 17, art. 17), not yel being

computed at that time.
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in detail in these I'locecdinus i.Maicli l'.M)()l. 'I'iie values found lor

V,- and /111 were very nearly (_'i|ual lo lliose found [ireviously. The

correction to x' was very small, viz.:

dx' = + 0.0026 ± .0058.

The masses now become

yJ = + 0.0276 r, = + 0.050

r, = — 0.360 r, — + O.OL'5

The motions of the nodes were now made to correspond with

these masses, the values found for y,- , F^ , ;r„ and ?/„ were introdnced

into the equations of condilion. aii<l residuals Ay, and .«//! y, A /I- were

formed. From these latter I then derived for each satellite separately

a correction to the motion of the node. Tlie.se corrections are given

below sub T. The values of the noiles in 1750.0 were next computed

and compared with those determined by Delambrk. This comparison

gave the corrections II to the motions of the nodes.

t'or'cclion

to lite I II

million of (modem

f

(Dklamhuk) Ailo/itctI

e, -f 0°.0094 =fc.0029

6*, —0 .00001 ± 00009 — 0".00042±°.00020 — 0°.00010±. 00008

6*, — 0.00048± 23 - .00034± 20 ~0.00041± 15

(9^ _0 .00013± 11 +0 00008± 50 — .OOOlOi 10

These corrections have been nsed as the right-hand members of

ecpiations of cfnidition, from which, together with those derived from

the other subordinate investigations, corrections to the valnes [B) of

the masses have been determined. These equations will be given further

on. It will be seen that the adopted values agree within the probable

errors with those dei'ived from the modern observations alone. If

thus these latter were adopted, the tinal results could only be

altered within their probable errors. The finally adopted masses ai'e:

x' = + 0.0326 ± .0075

r, = — 0.350 ± .030

r, = 4 0.050 ± .050 ') .• (C)

,,^ -^ ^ 0.005 ± .020 I

r, = ± 0.25 )

TheM> were now introduced into the quantities a,] and fi, and a

new soluiion was made (Sol. IXi, in which the motions of the nodes

corresponding to the masses {(J) were adopted, and accordingly dk'

was not introduced as unknown. The result is ;
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Sulutioii IX.

o

7, = 0.0272 ± .0028 (9,= G0.2 ±7.0 —10.13014 ±.00100 j<

7, --- 0.4683 ± 16 0^ = 2<;»3.18 ± 0.19 — |0.032335 ± .000240| t

y, = 0.1839 ± 26 61, = 319.73 ± 0.52 — |0.006854 ± .000180} <

y^ = 0.2536 ± 23 6*,= 11.98 ± 0.67 - jO. 001 772 ± .000030J <

'I'lic time t is couiiled in days from 1S»()0 -Ian. 0, mean Greoiiwicli

noon. Tlie nodes are reckoned from llie (irst poijil of Aries. Tiie motions

contain the precession, for which Nkwcomb's value was adopted.

The prol)al)ie errors of the motions of tlie nodes were computed

from those of the masses (C). Vov the position of the mean equator

referred to Leverkiek's plane of Ju])iter's orbit for J9()U.U I lind

(0= 3?1153 ± 0°0014

^ = 315.800 ±0.025 (1900 Jan. 0.0)

Table I contains the obser\ed corrections to Socillart's theory,

their probable errors derived from the discussion of each series

separately, and the residuals which remain after the subtitution of

the tinal values of y, , &,, o) and 0.

The prol)able error of weight unity, determined from these resi-

duals is

± 0°.0097.

Weights had originally been assigned, corresponding to a probable

error of weight unity of

± 0°.0100.

Comparing eacli residual with its probable error, we find the

following distribution
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tint;; inclinations and nodes can cdnlidentlv be refrarded as a corroct

measure of the atrnraov. How much better the (ibservations are

represented bv these vaUies tlian In- those adopted in Souiij.art's

tlieory is evident at once by comparinii- the residuals with the

observed corrections.

For 1750.0 I now tind :
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iiuioed (lie diHereiice liclwocii Sol. VIII and IX is iinicli smaller

than between VI and \'I1, and now leaves notliing to he desired.

Viilues of //„.

Sol. VI -f (P.0388 ± °.0044 Sol. VIII + 0°.0454 ± °.0029

Sol. VII + .0490 i 24 Sol. IX + .0473 ± 14.

Foi' the odier nnknowns (he diirerences between the solutions VIII

and IX are entirely negligible. In addition to the improvement of

the masses, also the rednction to one and the same fundamental

j)lane, and the corrections ajiplied l)v Cookson to the values for 1901

and 1902 are largely responsible for this improvement in the agree-

ment of the two solutions.

II. Equations of the centn-. The values of the own e.xcentrieities

and jterijoves were derived In' me trom the helionieter observations of

1891, 1901 and 1902, in Own. Puhl. 17, Art. 19. (See also these

Proceedings, June 1907). The discussion was there carried out for

two sets of coefllcients t^, the results agreeing within their probable

errors. It is therefore unnecessary to repeat it here with the coefll-

cients corresponding to the masses (C), which are intermediate

between the two sets thei'e u.sed. The reasons why the photographic

results of 1902 must be rejected, have already been given above.

The finally aiiopted values are thus the same as in Gron. PuhlAl,

with only a few unimportant alternations in the last decimal places, viz:

e, = 0°.0031±°.0080 w, = 155 = ..5 ± oo + iOM4703 dz°. 00144 }«

e, = 0.0172 ± 40 w., = 62.7 ±10°. + |0 .038955 ± .000455|

«

,,'3=:0 0868± 65 w, = 338.3 ±3.0 + |0. 007032 ± .000180J i

(?,=r0.4264± 20 w, = 283 .15± .30^ |0 .00189G ± . 000021) i

The probable errors depend on judgment, and are probably esti-

mated rather too large. The values of e^ and m^ were not derived

from the observed values of h^ and k^ , but from the inequalities of

group 11, as will appear below when we treat of the libi'ation. The

adopted p. e. of t?, is the largest value which can still be considered

to i)e not improbable having regard to the observed values of A,

and /l, . This p. e. being larger than the value of l\ itself, the p. e.

of CO, cannot be stated.

The motions have been computed by the masses (C) and their

probable errors correspond to the proi)able errors of these masses.

These values of f, and w, , and the values of Ty corresponding to

the masses (C) give the I'esiduals contained in Table II, together
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with tlie observed ooiTet'tions to Soiim.akt's tlieorv ami llieir pr()bal)lo

errors/) Tlie residuals are very satistactorv, especially so if satellite

I is left out of atTOniit. (See also (h-on. Ptibl. 17, panes 92

and 1J5).

From tlie values of oj^ in 1900, 1830 and 1750 I have already

in Gron. Puhl. 17 derived the motion of co^. The value found there

recpiires however a small correction. The values which Bksski,, and

following his example Schur also, gives for E^ sin Si, and E, cos Si,,

i.e. for h, and k^, are in reality the values oi e^.iin lo^ and f^ cos m,.

This was not noticed at first, and must now be corrected.

I now luid for 1836

h, = — 0°.704 k- = - 0".395.
4 4

Using, as before, the most probable values of e,, w, and t„, we

lind from this:

e, sin CO, = — 0°.:351 e, cos w, = — 0°.208
4 4 4 4

vi. = 239°.4 ± 0°.8.

We have now

:

from which

(5, Residual

1750.0 180°.

4

+ 0°.l

1836.0 239.4 0.0

1900.0 283. 1 .0

— = 0°.001872 ± 0°.000020 («)
dt

If the probable error were derived from the residuals, or from

the ])robable errors for the separate epochs, we should iind a much

smaller value. The larger value has been adopted chiefly on account

of the possibility of systematic errors of Bessel, which will be men-

tioned below.

CooKsoN has already (Cape XII. 2. page 197) derived the motion

of w., from the observations of 1836, 1879 (Schuk) 1891, 1901 and

1902. He finds;

^ — 0°.001892 ± 0° 000024, (i^)

dt

The values {«) and (,i) agree within their probable errors. So,

if (,i) were adopted instead of {a), the final results could only be

') In deriving these residuals the longitudes of the peiijoves are, of course, counted

from tile point 0, as was done in the tabular places,
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Botany. — "Contribution N". I ta llw Lin'irli'ihj,' «/ Ihe Flora a/

J(tva' bv Dr. S. IT. Koordkks.

(Cominiiiiicated in tlie meeting of Fejjruary ;2'J, 11M)8).

§ 1. On the oecological conditions, on the means of dissemination and on

the geographical distribution of the species of Myricaceae, occurring wild

in Java, especially in the higher mountains.

As lias been sliowii bv Kooudkrs and Vai.kton in tlioir orilical

systematic investigations u'i tlie Mi/ricdCiir ui' .lava, eonlribuiion

N°. 9 to the knowledge of ihe Trees of .la\a, |in Alededeelingen

nit 's Lands Plantentnin N°. LXI (1903) |). 99--J()5J tliere are

fonnd on this island bnt two wild sjiecies, bolii of whicli generally

become arborescent. These are;

1. Myricn javanica Bl. (= M. iniwivjihi/l/K AIirb.) and

2. Mi/rica longifoUa Tkusm. & Hinnenui.ik (= M. ititi'(/rlf(i/l;i Roxb.

^ ^f. Lohhii Tkusm. & Binn.).

Tiie botanical investigations of Ihe alpine flora of .lava,

which 1 am now nndertaking for the Dntch Ministry of the colonies in

the Herbaria at Leiden and at Utrecht, often afford a not nn welcome

op|)()rtunity of amplifying and correcting my previous piililicalions

on geographical d i s t r i bn t i o n and oecology, which jinbli-

cations were mainly based on my boianical notes of nnmerons

jonrneys in Java, Snmatra and Nortli-East Celebes.

An exam[)le is presented by the order of the Mi/ricncene, since

in a recent foreign pnblicalion ') observations a|)[)ear to have been

overlooked, which had already been pnblished, partly in 1903 in

the above-mentioned Contribntion N'. 9 to the knowledge of the

Trees of .Java, by Koorders cV Vat.eton "), and partly in a still earlier

small Dntch pnblication, ") which is very difficnlty accessible abroaii.

We are here concerned uith some observations on the geographical

distribntion and especially on the means of dissemination of an alpine

tree of .lava, namely Mi/ficn jiir<tiiic<t Bi.ime.

') Ernst, Prof. Dr. A., Die ueue Floi'a iler Vulkaniiwel Krakalau mil '2 Karleii-

skizzen and 9 Landschafts- uiui Vegctalionsbildeni. — ZiiKich 19U7. — On p. (11

of this very interesting publication : "Auch bei friiclitetVessenden Taiiben sollen

slch im Kropfe und Magen hiiufig Samen van ausclinlicher Grosse vorluulen und

Beccahi gibt an, . .
." (1. c. p. 61).

-) Koorders & Valeton I.e. in Mededeelingcn uil 's Land.s Planlenluin LXI (I'JO^J)

p. 102.

^) Koorders, Spontane en kunslmalige leboisatie op den Scndoro (Spontaneous

and arlilicial reforestation on the Sendoiol in Tijdschr. v. Nijverheid en Laudbouw

van Nederl. Indie, Vol. 51 p. 241—287 (with a mapj.
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§§ 1. Mykica Javamca Bl.

§§§ 1. Geooraphicai. distribution and oecology.

§§§§ 1 . Distribution and o e c o I o g j outside J a v a.

In 1895 I collected in the Sapoetan mountains of North East

Celebes, at an altitude o/ J400—1500 metres above sea-level, herba-

rium specimens of a small tree, which grew wild there. These

specimens are now in the Mus. Botan. Hort. Bog. at Buitenzorg

;

I considered that they differed only so slightly from Javanese speci-

mens of Mijrica javanica Bi-UiiE, that I identified ') them with the

latter and still regard them as conspecitic. As is proved by a speci-

men which I saw in the Royal Botanical Museum at Berlin, this

species was also collected by Warburg in N. E. Celebes and was

regarded iiy him as specifically dilferent from the al)ove-named

Javanese species. E.xcept from Celebes and from Java, no stations

for Myrica javanica Blume have been recorded in the literature.

Nor have I seen any specimens collected outside Java, in the Hei-baria

at Leiden and at Utrecht.

Since I have not, at present at my disposal the specimens collected

by me in Celebes and preserved in the Herbarium at Buitenzorg, I

can give no further data regarding Warburg's separation of his

specimens from Celebes in connexion with the specific \alue of the

differences, which I myself (/. c. p. 615) had already observed between

the specimens of Myrica javanica Bl., collected by me in Java and

in Celebes. For the present I therefore continue to regard the arbo-

rescent Myrica, collected on the Sapoetan summit in N.E. Celebes,

as identical with Myrica javanica Bl. of the Javanese mountains.

^§§§ 2. Horizontal and \- e r t i c a 1 distribution

and o e c 1 g y outside J a v a.

As appears from Herb. Kds. in Mus. Hoi't. Bogor., I made in

the years 1888— 1903 the following observations, which in part

have already been published in Koorders and Valeton, contribution

to the knowledge of the Trees of Java, IX (1903) p. 102.

Ill West- and in Central Java above 1500 metres. In the Preanger

on the Gede at 3000 m. near the summit, on the Galoenggoeng by

the lake of Telagabodas at 1650 m. and 1700 m. In Tegal on the

^) Koorders, S. H., Report of an otlicial botanical journey through llie Mina

hasa, being a first survey of the I'^lora of N. E. Celebes; witli 10 maps and

3 plates. (In Mededeelingen nil 's Lands Plantentuin N^. XIX (1898). Balavia and

The Hague p. (515).

46*
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Slamat at 1800 m. ami liiglier above Sinipar. In the rosideiicv

]ianjoemas on liic I'lalioc and on Ihe l)ioii,ii-|ilaleau al 2500 in. In

the resideiicv Kedoe on the Merl>a'noe, < k'li^aran and 'i'eleniojo at

1800 ni. and iiigher. Has hitherto not been fonnd further Ka^t.

Growinji in Java inostl}' gregarious, and, together with about 1.5 other

ever-green woody species, forming alpine forest-s. Proper to aljiine

regions, and found in lower regions only near solfdtare, which are

rich in mineral salts, hence exclusively on [jhysiologically-drj soils.

Prefers altitudes of 1800—3000 m. above sea-level; has not been

observed in Java below 1500 m.

The following oecological conditions may be mentioned for M;/rica

javanica: the species withstands the low air-temperature, the intense

insolation and low atmospheric humidity of Junghlhn's alpine zone,

but does not appear to resist the over-dry climate of East Java.

The species occurs on very arid and stony soils, which are pre-

sumably poor in soluble mineral constituents, in consequence of long-

continued washing out, and also grows luxui'iously in [jhysiologically-

dry situations, near solfnfare, etc. In the hot plain, the species is

altogether wanting. It can fairly well resist much sunlight, as well

as shade, and likewise is proof against strong winds.

I have not yet found Phanerogamic parasites on this alpine tree ; on

the other hand I have observed parasitic Fungi on it, for instance

in the residency Kedoe the following : Myxoaporlum candidissimuin

RAriBORSKi, Micraci/chis Koordi'rsii Hennin(;s and Pestalozzin ^f>/^ica('.

KOORD. ')

Even on the borders of the natural area of distribution of Myrica

javanica, I have never observed these parasitic Fungi on the three

in such (puxntity, that they alone would appear to limit the disti-i-

bution of the adult-plants in Java. My experiments on infection with

conidia of Pestalozzia Mip-icaa do not, however, preclude the possi-

bility, that this fungus imposes a natural limit on the development

of the seedlings ; the e.\])eriments showed that, with loo much shade

and too much moisture in the soil, most of the Mi/rirn seedlings

were killed otf by the parasitic fungus, even in a district within the

natural area of distribution.

At the same time these experiments showed, that Mi/rici seeds,

when germinating in full suidiglil (for instance on bare mountain-

slopes, naked rocks and layers of rapilli), would not sustain .serious

injury from this fungus jiarasite which is oflcn so haruifid.

') KooRDERS, Bolaiiische Untei'suchungen iiber eiiiige in .lav;i vorkoinuicnde I'ilze,

besonders liijci- BliiUer bewohuende para:iili.sL'li anftreteiide Arlen in Verliaiid.

Koninkl. Akadeniie v. VVetenschappen, Deel Xlll. Tweede Seclie (1907) No. 4, p.

183, 218 and 2241.
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A fnrtlier study of parasiiii- liiDgi, especially of such as attack

Ptianerooani-seedliiigs. will prol)al)iy atford a good explanation of some

apparently insoluble prolilenis (if plant distribution, especially where

other causes do not sut'ficiently account for the sudden absence of a

species under apparently favourable oecological conditions.

Even in niounlaiu regions, where the original vegetation has been

completely destroyed li\ human interference, as for instance in central

Java on the Sendoro, where in 1891 miles of country were laid

waste l\v tire, extensi\'e forests of Mi/rica javanica are formed by a

natural process in a relatively short time. When I visited the volcano

Sendoro in 1903, and therefore 12 years after the tire, the higher

slopes, which in 1891 had been burned down to the rock, were

covered with alpine bush, grown up naturally. These slopes, which

were situated above the plantations of the Forestry Department, have

been referred to in detail in a ])ublication mentioned above. '') The

woods extended for many thousands of acres, especially on the more

humid S. W. side of the nioinitain, and in many places Myrica

/(iranica was predominant to such an extejit, that one might have

spoken of almost pui'e Myrica forests. According to information

obtained by me on the spot, there appeared in addition to Myrica

javanica, as lirNt tree-like pioneer on many of the most completely

l)uriied places, as soon as one year after the tire Alhizzia niontana

Benth, growing in groups in the midst of an extensive grass wilder-

ness. This latter species has also been found by me repeatedly

elsewhere, in the alpine regions of Java as one of the very first

pioneers of the forest on the burned-down slopes of volcanoes.

Brief reference may here be made to some results of investigations,

which I have carried out in various parts of Java, Sumatra and N. E.

Celebes during many years, regarding the characteristics of the Phane-

rogam pioneers on \olcano slopes after complete denudation by fire, and

on other lands in the interior of Java, Sumatra and Celebes, after a

similar loss of vegetation, due to other causes (e. g. deserted arable

lands). It would appear that, without reference to the height above

sea-level nor to the systematic position of the pioneers, the new

vegetation i.-^ characterised by the following properties, which are

related to the aitovementioned peculiar oecological conditions :

1. Without exception the now |)lants are, by structure and distri-

iiution .rcnip/ii/lcs, which remain alive under extraoi'dinarily uid'a-

\ouialile cdndilious of water-supply and transpiration.

1) Compare Koorders Spontaneous and .artificial reforestation on the Sendoro 1. c.
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2. In addition to "povcriv nf wiiter", nearly ail these species

can well resist direct sunlight, while nwuiv are not Uilknl eitliei' by

great poverty of light.

3. Nearlj' all grow rapidly or very rapidly, and all soon prodnce

abundant seed. Many of the herbaceous pioneers of this vegetation

already bear plentiful fruit within a few months, while several

woody pioneers already flower and bear seed in two years.

4. The seeds are never large and are very easily distributed, either

by wind or by animals (especially endozoically by birds).

5. The herbaceous species are mostly anemophorous, whilst the

majority of the trees appear to be zoophorous. As might be expected

a i>ri(iri, species with seeds, whicii are only adapted for tlistribution

by watei', are altogether absent.

6. The new vegetation consists of herbaceous and erect woody

])Ianfs ; climbing plants oidy occur among the first pioneers exception-

ally and in small numbers.

7. The woody pioneers, which in the first few months grow more

slowly than the many herl)aceous species (e. g. many gramineae

and compositae), are nearly all chai'acterized by a great power of

resistance against shade, l)y an especially well de\eloped root-

system and by the possession of a foliage-crown, which by exclusion

of light, causes the death of the herbaceous species beneath it,

generally within one or two years of the closing of the crovvn of

the young trees.

8. On account of their xerophytic nature, there need be no surprise,

after what iias been said above under no 1, that a few other plants

may occasionally') occur in .la\a amouii' the first pioneers of vege-

tation. Such plants, which elsewhere, under different oecological

conditions, are temporary or |)ernnvnent epiphytes, occur on bare

lava and on deserted stone buildings (for instance in the deserted

fortress of Noesakambangan). Sinndarly a few land-halophytes grow

more or less abundantly on the soil [e. g. JJodonaen riscoi-a (Lin.n).

Jacq., in alpine districts of central and eastern Java].

^} Compare also 1. c. p. 73 Schimper I'llanzengeogiaphie p. "JO aud 1U2 and the

literature cited in tliose publications.
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§§§ 2. MkANS of DISTKimTION.

The Following observations were, in ]iart. made by me in 1891,

on a botanical journe>' in Central Ja\a, anil were written down in

the same year, but were not published') till some years later in a

dutch atticle entitled: "dissemination of Myrica seeds by birds" in a

memoir on spontaneous and artificial reforestation of the Sendoro.

"The above observations are of interest on account of the cir-

cumstance, that }fyrira javiinica Reinw. (Pitjisnn, Javanese) has been

found by experience to be one of the most important species of trees

for the reforestation of the Sendoro, and especially on account of

the fact, that as yet there are in the literature no numerical data

as to the nieans and agents of distribution of this zoophorous

species.

The drupaceous stone-fruits of Myrica trees being edible, and there

always being a large number of birds, especially wild pigeons, in

the Myrica reforestations, it seemed not improbable, that the fruits

are eaten by. the birds, and ai'e disseminated by them.

The contents of the cro[) and gizzard of three birds, shot in the

Myrica forests above Kledoeng (1450 m. above sea-level], were

fouml to consist almost entirely of undamaged Myrica stones, some
of which were still surrounded by the soft mesocarp; of these birds

one green |)igeon had 231, a second green pigeoji 144, and one

koetilan (I.\os haemorrhous) 4 seeds of Myrica Jaraitica, still enclosed

in the stone.

In the drop and gizzard of a single pigeon there were thus no

fewer than 231 undamaged "seeds" of the Myrica iree. The gizzards

of the two green pigeons contained only the red mesocarp with the

seeds still enclosed in the stone, without other remnants of food,

but the crop and the gizzard of the koetilan contained in addition

some rests of insects.

Since all the stones which were examined, were quite undamaged
and had only been freed from the surrounding tleshy portion of the

fruit, it seems to me there is no doubt, that the strong endocarps,

thrown out by the birds, will germinate extremely well, and it may
be assumed, that the green pigeons especially contribute largely to

the dissemination of the seeds of Myrica javanica on the G. Sendoro.

It may be added, that the above-mentioned stones, collected from

the three bird's gizzards, were sown at my request by Mr. E. Tobi

1; KooKDERS, S. H., Spontaneous and artificial reforestation of the Sendoro in

Java (m Tijdschiifl van Nijverh. en Landb. v. Nederj. ludie, Dl 51, p. 241—287,
with a map). — Compare also : Valeto.v, Th. The distribution of fruiU by animals

(iu Teijsmanuia IV, p. 21"J).
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at Kledoeng, in order to sec whcllicr tlieir ficniiiiiative power had

realh' not snil'd'cd l>v lla- sdidiiiii in tlie cro]! and ^izzai'd iKoord.

1. c.p. 45—47)".

To the above notes the t'ullowing nia\- now lie added. When in

1903 I returned to the nioniilain in (jiieslioii, 1 leained verbally from

the keeper, wlioni .Mr. E. Tom (now C'liiet' Inspector, Head of the

Forestry Service in tlie Dutch Indies) had kindly instructed at niy

re(|nest to sow the Myrica javanica-"seeds", that the "seeds"
f r u ni li i r d's gizzards and cro j) s, receive d b y h i ni,

li a d a 1 1 g e r ni i n a t e d e .\ c e 1 1 e n t i y a n d h a d f u r t h e r

d e V e 1 o p e d well.

These observations may therefore be I'egarded as proving, that

some birds, and especially a species of the large green Avild pigeons

referred to (probably Viaago Capellei or an allied species of the

genus Viitm/o) may, in Java, contribute \ery largely to the disse-

mination of the alpine tree, here in question ; they also show that

in some cases lOO'/o of the "seeds", whirh have been ingested,

gernnnale well, and liiat the number of Myrica frnilstones found in

the crap of a single bird may amount to '-^31.

As yet no data are known to me regarding the dissendnation of

Myrica seeds in .Ia\a by other animals.

§§ 2. Myrica Longii-olia Teijsm. & Binnendijk.

§^^ 1. Distribution outside Java : unknown.

^§§2. Distribution and o e c o 1 o g i c a 1 c o n d i t i o n s

in Java. It is stated by Miqukl (Flora Ind. Bat. I, 1, p. 872) tliat

Myrica iom/ifolia Teijsm. & Binn., which, according to Koorders

and Vai.eton, Bijdr. Booms. Java IX (1903) p. 104, is synonymous

Willi Mi/fii'd Lobhi T. & B., had been found on the Megamendoeng

in the Preanger. This has certainly never been conlirmed, although

1 have repeatedly- collected herbarium material in this district. Oidy

in one single place have I found this species wild, namely in Cen-

tral Java, in the residency Semarang on the ij. Teleniojo above

Sepakoeng, at an altitude of 1700 m. above sea level. The tree

grew sporadically in an evergreen, mixed forest on fairly dry

soil of volcainc grit, on a lateral summit of the G. Telemojo,

called (i. i^endil. In the same foiest there also occurred among other

plants: Weinmannia Blumei Planch. (Saxifragaccae) and Wendlandia

Jimgluihrdana MiQ. (Rubiaccae). At the original above-mentioned

station of Myrica lunyijoHa Teijsm. & Binn., Myrica javanica Bl.

was however entirely absent.
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§^§3. ^r a n s of d i s t r i b ii t i o ii. The dissemination of tiiis

species very proliably also takes place through llie agency of birds,

which eat the drupaceous stonefruits. Further data about the means

of distribution of this rare species are wanting. The fruits resemble

those of Mi/rica Jivanica Bl., so closely however, that in any case

I cannot consider the limited vertical and horizontal distribution of

Myrica longifoUa T. & B. as being due to ditHiculties of dissemination,

but feel obliged to attribute it to other oecological conditions.

§ 2. On Oreiostachys, GAMBLE, a new genus of Gramineae-Bambuseae,

collected by Dr. A. PULLE in Java at an altitude of 1600 m. above sea-level

When in 1907 I was engaged on the systematic and phyto-

geographical investigation of the Alpine flora of Java, and was

working in the herbarium of the Royal Botanical Museum at Dahlem
near Berhn '), Prof. Dr. F. A. F. C. Went was so kind as to make
me the offer, very highly appreciated by me, of giving me also for

invesligation a collection of Alpine |)lanls, n)ade in 1906 in Java by

Dr. A. PuLLE, and belonging to the Herbarium at Utrecht. In the

preliminary naming of this collection, which proved to have been

excellently collected, and preserved and labelled with great care, I

found a fine flowering specimen of a BdJiihusea, the naming of

which presented e.xceptionally great difficulties, here and at Berlin

(<'. a. by the absence of fruits, which are almost indispensable for

the determination of Banihuseae). Thereupon I sent this herbarium

') Most grateful mention should here be made oF the assistance given me by

Professor Dr. A. Enqler, Director of the fioyal Botanic Garden at Dahlem, near

Berlin, and by Dr. D Praix, Director of tlie Royal Gardens, Kew, near London.

Prof. Dr. A. Engler was so Icind as to lend me the plants, which he liad perso-

nally collected in Java on his last "Forschungsreise", especially in the highest

mountain regions of Western Java, and also in the Tengger; this loan was not

limited to my stay at Dahlem-Berlin, but continued after my return to Leiden.

Dr. Prain had the extreme courtesy to send me, for further study and in

response to my request, made in 1907, while 1 was in Berlin, all llie liujjlicate

specimens of the Phanerogams, collected by me in 1899 on the Tengger moun-
tains of Eastern Java, and described by me in Natuurk. Tijdschr. v. N. I (Dl. GU

p. 242—280 and 370—374, Dl. G2 p. 213— 2G6), which specimens had been pre-

sented to the Royal Herbarium at Kew, by the Botanic Gardens of Buitenzorg;

Dr. Pb.\in also granted me the loan of these specimens for further study, while

1 was in Holland. When it is remembered, that all these specimens had already

been incorporated in the herbarium according to tlieir specilic name, and were
scattered among hundreds of thousands of other specimens, at the Ihne when 1

made my request, it is evident, that tliis actimi implies extreme scientific liberality

and readiness to help on the part of the Director of the Royal Botanic Gardens,

and of the scienlilic staff of the Royal Herbarium at Ivew.

These collections are still the subject of study.
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spofiiiicii lo Mr. .1. S. nvMHi.i',, 1'". I\. S, in EiiijlaiHl. This hohinist,

IliC atitlior ol lin' cxccllciil iuuii((.i;r;i|ili on liidiuii lidinliiisi'df,

(publislied in Vol, \ II of the Annals .>f' llir Koval (uirdpiis of

Calcutta), succeeded m dcicrninnnii, llial iIm- jiianl belongLMl to a

new genus of <!r(i.mln.e(ii--l',iiiiiliiisriii'-.\iiiiid'uiarii'.ae, near the genus

Sasa SiuHATA ; il might llius porhups prove to ite I'elatetl to a

|)lant, collected in .lava liv .h'NfiUCHN and onlv known to Miquei,

and 1(1 I'ifsK in the sterile state. The latler plant was only brietly

described by Busk sul) n. 7 on |i '.VX.\ of ids I'limtae .iumjhnh-

nianae and by Miqiki, sidi n. J 5 on p. 42(1 of Vol. Ill of his

Flora Indiae Batavae under the name Hiiinhusiiccu sjirc. iiulet.

(withoul fiii-lhi'r addilion). (i.\MBi,K rightly supposed (hat the aulhenlic

specimen of .Junghuhn's herbarium might be in the Herbarium at

Leiden. A search, which I thereupon made in this herbarium,

contirmed Gamble's surmise in a striking manner, l^'or in the first

place I succeeded in tlnding the authentic specimen of Jinghuhn's

jilanl, in a packet of .lriN(JHrHN's < Iniiniitt'iti' of .lava, returned long

ago by Hi'se's heii's (o lln' lieritariuni at Leiden ; fortunately tfie

specimen was not only in an excellent state of preservatioii and

had the authentic deternnnalion label of Busk (1854), but also the

original herbaiium notes, which I presume to ha\ e been made in

1839 by .kN(;HiHN, at the time of collection. Li the second place I

succeeded at Leiden, by a comparison of ihe leaves of the tlowering

branches of Pulle's herbarium specimen (which leaves were greatly

reduced in size) with the slerile, noi'inally dex'eloped lea\'es of.lcNt;-

iuhn's plant, in establishing the unspecilic identity of the two plants

an identity already surmised by Gamhlk. A comparison of the authentic

labels of Bi'sE and of .ItNGHi'HN, jireserved at Leiden, fui'ther showed

thai a clerical error had arisen in IUsk's text 1. c. 393—394 (which

MiquEi. 1. c. 420 had cited without criticism and in an abbreviated

foiMii uiidei- '• liiiiiihu.sdccaruni species r/(/,/y/Y/r'"). This error seems to me
lo lia\(' arisen from Busk's not having read with care JuiN(;HUHiN's

labels iudieaiing the phu-e of growlh.

This was evident from the following:

1. On the above-mentioned labels of Jlnghuhn I could clearly

read without difficulty: "J. Sunda-landschap. 3—(JOOO' Bambu-i-n",

while BiisK 1. c. 394 gives: Hnhitrit Jeivne syhas iiUdctds Pekalinujiin,

(iltil. 3— tJdOO'. .luNGHruN. — liicolih' hivir rocfiiif linnilin oo, /ide

JrN(;HUMN. — Species jtj'd/ni'n scawlcus nal nmiis itemlentlbusY'

(liiisE 1. c).
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Pekalo'iiiian is Iiowever, not sitiiiited in the Smida district ("Siiiidii-

laiidscluip = tiie present Preangei'), but in Central Java.

2. Furthermore Junghuhn cannot liave collected at Pekalongan at

an altitude of 3—6000 feet, since Pekalongan lies in a low plain.

3. JuNGHUHN collected much herbarium material on and near the

plateau of Pengalengan.

4. As is proved by authentic specimens preserved at Leiden, the

plants collected on and near the Pengalengan plateau ha\e often

similar labels to the Bambusacea spec, indet. of Jinghlun, here in

question.

5. The herbarium specimen of Dr. Pulle, no. 3iT3 was also

collected near the Pengalengan plateau in the Preangei', and also at

an altitude of 1600 m.; the species is not yet known from any other

locality. Taking this into account, there seems little doubt, that ^Miqlel's

words "bij Pekalongan" etc., under JuiNghihn's Bambusacea, should

be deleted and should be replaced by : in the Preanger, at 3000

—

6000 feet (1000—2000 m.) probably on or near the plateau of

Pengalengan discovered in 1839 by Jlnghuhx, and called there

according to Junghlhn Banibu-,.-o (Sundanese;.

According to verbal information, which Di'. Pulle was kijul enough

to give me, his Bambusacea no. 3173 was called by the Sundanese

Awi-eueul. Here I adopt the same transliteration as was used by the

late Dr. J. Bkandes and most other authors, for the Sundanese «<-sound.

I now consider the word Banihu<,-o- a less correct tran.scri|)tion ')

'J In Java all the species of Bamboe are invariably referred by the natives to

one of the following genera: Bumbu (Malay) = Aid (Sundanese); Primj (Low-

Javanese = Deling (High Javanese).

Hasskari. writes Aivi-iUiil (Sundanese) fur his Bambusa elegantissima, Hassk.
Plant. Jav. rar. (1848) 42; Miq. ri. Ind. Bat. HI (1885) 4S.Q = Beesha elegantis-

sima (Hassk.) Kmz = Melocanna degantissima (Hassk.) Kuvz. — Schizoslacliyiou

elcganlissimum (Hassk.) Kurz in Indian Forests 1 (1876) 3i7. — About an authen-

tic specimen of Sell izostucliyum eleganlissimum (Hassk.) Kurz Mr. J. S. Gamble
was so kind as to give me the following valuable information : 'I have here, belonging

to my Herbarium and probably a duplicate from (Calcutta, authentic pseudophylls
— large things 12 inch long and 6 inch broad and very hairy, marked in Kurz"

own handwriting "Melocanna elegantissima''. They do not look at all as if tliey

could belong to Dr. Pulle"s plant (Gamble msc). Lateron, when the additional

from liis plant asked for from Java by Dr. Pulle of one of his friends in the

Preanger will be received here, 1 hope there will be an opportunity for <^\\\n"

more information on this interesting species.
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for Awi-eneul, heoaiise iuiioiiu I In' Snnil.inesc liainhon is not called

"hambit" itnt '"nirj". am! liccaiisc ihc "specific" iiaiiic "->' would

l)robably lie more coitimmIv wnilcii cii-cn or |ierlia|)s licilcr siilhv^c///.

It is a reiiiarkable fad, llial diiiiun the cdursc of iikiiv lliaii half

a centniT the natives have e\ idciilly used |)raclically the same "specific"

name tiwn! or eiieu to designate a species, which for so ]o\\^ a time

remained imperfectly known to science. This fact is also of importance,

in that it will he possilile, Ity means of this constant native name,

to find the s[)ecies on the spot, for furthei- stud}- and in oi'dei' to

obtain the seeds nnd fruits, as yet niduiown to science.

The specimens of JrN(JHUiiN's collectinj>' number 143 are now regis-

tered in the Herb. Lngd, Hat. as H. L. H. n. 901, 7—617—618—
619- 620.

According to the descnptioji 'j of his journey, JrNGiiin.N liotanized

for some time in (October 1839 in the same high mountain regions,

where Dr. Pri.i.K found his tlowering On'iosdtchi/s. He does not,

however, mention in that publication the plant which wa,s later

referred to by BiisE I.e. and by Mic^i ki, I.e. as Bdiii/jusaci'd spi'c.

iiuli't. In any case, I ha\e been unable to find anything in the descrip-

tion of the journey, wliich would gi\e certainty regarding my surmise,

mentioned above and still regarded as jirobable, that JiNoinnN's sterile

specimen was collected in 1<S39.

Dr. .loNo.MA.NS, 2ucl Conservator at the Herbarium at Leiden, was

so courteous as to allow me to lend to Mr. G.vmbi.e a small fragment

of Junghuhn's sterile herbariumniaterial of Miquel's Bdin/nisitct'/i spec,

iiuk't. n. 15, which material 1 had examined.

JMr. G.\MBLK, was thus enabled to supplement his diagnosis of the

leaves, and further to conlirm the conspecitic identity found by myself,

of Herb. JiNGHrHN n. 143 with Herb. Pii.i.e n. 3173.

1 here add without alteration the generic' and specific diagnoses

of t h-i'lostitc/ii/s I'allei (i.\MHi,K, which Mr. ,). S. G.\.mui,e F. R. S.

has kindly placed at my disposal, and beg to thaidv him heartily for

his disinterested help, so highly a|i|)reeiated by myself. A brief resnine

as to locality, native, names etc. is appended.

') JuiNUHUHN. Uitstapje n.iar de bossclien vuii du gebergteii Malabar, Wajaiig

uii Tiloe op Java, (in Tijdschr. voor Natmirl. Gcschicd. en Physiol. VllI (1841)

349-412.
'^) Mr. A. H. Berkhout in Wageningen, late of Dutch East Indian Forest

Department, was so kind as to iul'oini me, that he observed Awi-etteul (wliich lie kept

fur bambusa elegantisshna) growing common on tlie slojies of the mountains Malabar

ami I'atoelia, but never in flower. Hasskahl (I. c. 4'i) gives for bis Bambusa ele-

ganlissima: '"inter monies 'I'ilii et Malabar provinciae Uandong in terra Freangereaua

copiosissime obviam venil". To Hasskakl tin,' flowers weie also unknovvn.
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Aocording to a letter recened l»_v me, the lluwers ami lloweriiif!;

ln'anches, i-eferred to in tlie fullowiim' diagnoses, liave been described

hy Gamblk after the Uti-eeht herbarinmspecinien (Pui,i,E n. 3173)

and the leaves after the above-mentioned fragment of the Leiden

specimen (Jlnghuhn n. 143 — H. L. B. n. 901, 7—617—618

—

619—620).

"Oreiostachys, Gamble tjen. nov. Spiculae 1 forae, ovafo-ohlongnc,

secHg raiiio.i [nudciihie in racemia hrevibu.-i disposltae ; jiorihus hcrina-

pliroditis. Glnmae suhcoriaceae , mucronato-acaminatae, multinerves,

dorso apicem vfusu-s pallide vi/Iosae : 4—6 vacuae inferion'.i, ah iino ijra-

datim auctae ; jloreiis vnculs similliiivi ; jmlea etiamglumis siinilis .-ied

himucronata, ecarinata, dorso interduin corrugata, quam i/liiiim villo-

sior, dorso basi interdum rnchilla tenninnJi inunitn. Lodiculae 3,

breves, nunc obtiisai', nunc spiithii/iitiii\ pills Imu/ls sei'ict'ts cUuUiIl'.

Stamina 6 ; jilamenta longlsslina (/hibni ; antkerae elonyatae, locuUs

in/erne acutls. Ovai'ium ijlabrum, ovoldemv vel ci/llndriciiin, ripici'

incrassatiun ; sti/lus hasl 'i-flJus, stiymatlbus pluiitosls. Caryojjsis

non visa."

"Grnniina sujf'ruticosa, cuhnis iiui.i'lme fistuhsis ; pseudop/u/llis

scabris, aplcc flinhriatis, nplcido brerl. Folia petiohita, cinit ragln.ls

articulata, nervulis transversis nuUis vel ohscwis. Intlorescentia

in cuhnis aphyllls ; ranm loncjis vel brevibus verticillatim disposit'is,

sed vaginls et pseudophijllls niunltls, quam inaxime decomposita."

(J. S. Gamble rnsc. 28. f. 1908 in Herb. Acad. Rheno-Traj,xt et

Herb. Acad. Lugd. Bat.)

"Oreiostachys Pullei, Gamble spec. nor. .Snlfrutex scandens

10 ni. altus {fide cl. Pllle) ; culnii inter nodos nuuvinie fisfulosi

;

nodi annulati ; pseudopliylla straminea, scabra, ore longe fimbriata,

apicido brevi. Folia tenuiter mend)ranacea, lineari-lanceolata, apice

longe setaceo-acwninata, basi inaequaliter cuneata, margine et apice

scabra, supra laevia infra paullo asperula et ad costani prope basin

viliosula, 12—20 cm. longa, 1—3 cm. lata ; casta siibtns lucens, nervi

utrinque 5—8 haud conspicui, nerrulis transversis perob.-icuris ; vaginae

glabrae striatae, apice ciliis paiicis albis rigidis munitae ; ligtila lon-

giuscula ptibenda .serrata. Intlorescentia in cnlmis jtorentibus ; pani-

culae ad nodus rerticillafae. ramis longis vel brevibus, ad \0—12 tv».

longae ; spiculae in. ramulis j'acemosLs pauci/lorae, acutae, iO—15 cm.

longae, 2—3 nun. lafae, [-jlorne ; rhacliis angnlata, siniiata, .fcabra :

brarteae niulti' folio.-<ae follh similes .s-rd vaginis majoribus. (iliimae

vacuae 4— 6 subcoriaceae, ovatae, longe mucronatae, 5

—

\b-nerves,
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neri'iilis iranf^vosis iilili(jiiis jrcqinnUiorilni.t, dorso Hcnhnic ft siih npice

albo-villusae; gliniui jlorcius vdcuis .sinii//ii)i(i, J 2 ;»»/. lo»i/ii iSiinn. latd;

jHilen etiam jiorenti ^imilis et aeqiiilonga, himucronata, dorso rotun-

<lata, ecarinnta. Lorlifulae '?,, \— 1.5 mm. hmijai', basi cimentac, apice

ohtusne, hnc/i; a/bo-fiiii/irinldc : iutenlutn t'lonuatiie, spatliahttde {an in

ffori/ms morbosis ?) 7—8 nun. hnujac, hnnje ciliatae. Stamina 6 ,-///a-

nn'niii. /oni/Ls^inni ; itntln-nte 7— 7.5 mm. /oni/<ic. Ovarium 1— 2 mm.

/oin/nm, i/bd/rum ; stltinnttihus phimosis plernnniw pdiL-i njinu.i coalitis.

Cai-yopsis noii visa. (J. S. G.vmble )n.ic 28. /. 1908 in Herb. Acad.

Rheno-Tmject. et Herb. Acad. Lugd. Bat.)'^

G e II
f^'

r a p ii i (.' a I d i s t r i li u t i o u ; Outside .1 a v a ; unknown.

In .lava: Only in Western Java, in the Preanger, at an altitude

of 1000—2000 m. Here oidv represented bv two collecting numbers 1)

in virgin forest, probably in 1839 on or near the plateau ofPenga-

lengan (.Iunghuhx n. 143, in Herb. Lugd. Bat. sid) n. H. L. B. 908,

7—617—618—619—620. — branches which only bear leaves) and

2) in the Wajang-Windoe mountains, near the tea-plantation Malabar

in virgin forest, at a height of 1600 m. above sea-level (A. Pri.i.K

n. 3173 in Herli. Rheno-Traject. Sull'ruticose, climbing, JO in. high.

Spikes dark violet. Flowering without leaves. This species of Bamboo

has not tlowereil for a very long time, according to verbal information

obtained locally. Flowering branches collected on June 25, 1906).

— Nat i V e n a m e : Awi-eueu or Awi-eueiil (Sundanesej near

Pengalengan.

This s])ecies is phyto-geographically very interesting, because 1)

this monotype represents a genus, which accortling to Gamble (see

above), is more nearly related to the genus Sasa Shibata, occurring

in Japan, but absent from the Malay Archipelago, than to the other

genera of (rraminea<'-Bambu,.seae, represented in the Archipelago by

numerous wild species ;
2"! because in Java, according to my numerous

Journeys, nearly all wild-gi-owing Bambusaceae oidy occur below

1 1)0(1 ui., while Orcio.stac/ii/.s Pidlei Gamble, was found growing wild

liy I'll. I. E 1600 in. above sea-level, 3) because this species appears

to l)e endemic in Java, and seems there to be localized in a few

mountain regions of the Preanger.
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Histology. — "^'! method of cold injection of on/iois far histoloijicdl

purposes''. By Pruf. 11. -1. IIamburgkk.

For a consideral)le time the want has been felt of re|»hiciii<; at

injections for histological pnrposes the warm substaiice, for which as

a rule stained gelatine was taken, bv a cold one; not only because

when using a warm mass the technical difliculties, which are great

already, are rendered more complicated still, owing to the care neces-

sary to keep organ and mass at bodily temperature, but also because

in a warm waterbath the structure of the tissues is frequently im-

paired. Therefore Taguchi proposed in 1888') to use for tiiis ]iurpose

a suspension of Japanese Indian ink in water, but Guossek -) pointed

out as a drawback that on further treatment of the sections the

isolated grains not seldom drop, if not out of the smaller yet out of

the larger vessels; whilst alreatly at the cutting they are not seldom

dispersed ovei the surface of the section, lie therefore tried to liiid

a fluid which could easily be solidified after the injection and found

that the white of a hen's egg cut and afierwards filtrated answered

this purpose very well.

When we too wished to apply this mcihod ihr (lil'licully made

itself felt, that in tliis manner we could not obtain the ma.ss in a

sufiiciently fluid state. When according to the prescription we rubbed

the piece of Indian ink over the {)late of ground glass a uKMubrane

was always formed. Moreover it was found that the suspension thus

prepared, when kept in a bottle, had become a solid mass after 24

hours, although evapoi'ation was out of the question.

Probably this had to be attributed to the Indian iidv of which, as

is wellknown, many kinds are found in the trade. Put we did not

succeed in getting a better one.

We then tried to obviate this difficulty by mixing the egg white

solution with /iquld Indian ink as is to be obtained in the trade

under the name of GuNTHER-WAGNEu'sche fliissige Perltusche, in the

volumetric pro[)ortion of 1 to 1. The residt was a thin liquid mass,

which, when examined under the microscope, contained oidy extre-

mely small particles, which were in Pkown's molecular motion.

After injection with this tlui<l the organ was fixed in sublimate-

formol by which the injected egg white coidd be precioitated. After

the usual washing with water containing iodine, pieces of the organs

were stained with alumcochincal, ami afterwards embedded in paraffin

') Archiv. f. Mikrosk. Anatoinie, 31, p. 565, 1S88.

2) Zeitschr. f, Wissenschaftliche Mikroskopic, 17, p. 187, 19UU.
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ill llic ii'^iial inamicr. On iiiici'dscopic cxaiiiiiiatioii tlic lilood-xessels

were t'diniil hi Ix' tilled now iri>/i a pi'r/ecfli/ /lonoi/i'iu'oiis hlncl' Diriss.

This iiielhod lias an advaiilaiic oxer flial of Gkosser in flio tact

that we need not fear the iiiiection-lliiid becomino,- solidified before

the injection; besides the prepatation of the suspension requires much

less time.

In another direction too we have simplified the method, viz. by

substituting blood-serum for epo; white. A mixture of 3 parts of

blood-serum with 2 parts of the above named Indian ink gave ex-

cellent results.

The blood-serum need not be derived from the same species of

animal. For injections of caviae or rabbits we got good results by

using liorsc-serum or cow-serum, fluids that are easily obtained.

Here too fixation was brought about by means of subliniate-formol.

As yet kidneys and liver were microscopically examined. But the

injection fluid also penetrated skin, muscles and brain.

All attempt to prepare suspensions of carmine grains in scrum

suggested itself now, but these experiments failed as the carniine

particles conglomerated. Perhaps, however, mixtures of dissolved car-

mine or of colloidal llnids may be prepared with serum, giving

good results.

The above mentioned expeiiinents were made in coopei'ation with

Mr. A. F. Dk Hokh and Mr. G. A. K.\i.vekk.\mi>, medical students.

(jrnniiKii'ii, March 1908.

Mathematics. — ''The .seciion.t of the net of mensiire-polytopes M„

of spdce Sp„ iiH/h a space Sp„^\ norma/ to a. dhh/oiia/."

l!y Prof. P. H. SciioiTK.

1. In the first part of a communication on fourdimensional nets

and their sections by spaces {Froceedint/s, Febr. 1908) we have i.a.

transformed the net (C\) into a net (C'lJ and a net (6',,); so here

the regular simplex, the fivecell C\, was not considered. Whereas

the regular simplex of Sp,, the equilateral triangle, furnishes a plane-

filling all by itself as well as in connection with some other regular

polygons, and the regular simplex of Sp^, the tetrahedron, can fill

the sjiace in comliiiiation with the octahedron, it is impossible, as

was shown in the (pioled jiaper, to find for the regular simplex C\

of Sp,, other regular cells, which can together fill the space of Sp,,.

This leads us gradually to the (juestion, whether it is not possible
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to point out one or more polytopes — if not quite regular ones —
which with ('-, till the fourdimensional space. We have here in

\iew to give to tliis question an answer, emanating from the connec-

tion of a few results formerly arrived at.

2. We consider the net (.1/j of the measure-pol.ytopes M^ of

space Spi and cut this by a space Spt normal to a diagonal. This

work breaks immediately up into two parts. First the section of

space Sp^ with a definite measure-polytope M^ must be found, c. g.

with the one, the centre of which has been taken for origin of a

rectangular system of coordinates with axes parallel to the edges ; we

must next investigate how we can prove from this section in which

way the intersecting space Sp^ affects the other measure-poly topes

of the net.

The answer to the fu'st part of this question can be found by means

of one of the two diagrams I and 2, which we shall therefore discuss

successively. Of these diagram 1 is what we arrive at when we project

i S fO

t
r-

5
5

5
r
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the li(iiiii(liii,u' clciiu'iils of .1/ dii llic dingoiial ; it is an (wlciisiini of

the set'ond diagraiii /;= 5 of llie plate, added to tlic eoinniimit-alioii

on the flection of tlie inoasure-pol.vlope J/„ of (he space S„ with a

central space N//„-i normal lo a diagonal {Proceedimj.i, Jan. J 908).

Here, too, we restrict ourselves to a few sections, \iz. to llie tran-

sition forms and to those intermediary forms which bisect the dislance

of two adjacent transition forms: according to the notation introduced

there, we distinguish the transition forms liy the symbols -M^,

2 3 4 1,3— M.,—M^,-M., the inlt'rmediar\ lorms bv the symbols - ily.,— J/,,
5 5 5

•

10 10

5 7 9— M.,— M,,,— M.. As these sections have been incidentally already
10 "10 '10

found in the last (juotetl pa|)er, we can suflice here by a mere

enumeration ; to be al)le to indicate relations in measure we again

assume that we have taken half the edge of J/j as measure-unit.

Transition forms. As two sections pM,_ and qM^ of which the

fractional symbols p and (/ coinplele each other to unity, form two

oppositely orientated positions of the same poly tope, we have here

1 4
to deal with but two transition forms, viz. -3/^^— v ^^i J^"*'

5

2 3 1 C21. 2)

-HL= M,. Of these - ;1/,, is a regular tivecell Cs '
, whilst

5 ' 5 5

2
— J/j is formed (see Proceediiujs, page 488 under ?i= (i) by trun-
5

(412"'

eating a livecell C's ' at (he vertices as far as halfv/ay the edges

and hence transforming it into a poly tope (10, 30, 30, 10) with

edges lyl \ for the last form I'roceediru/s, page oOo, can be

compared.
1 9

Intermediari/ forms. ( >f the lliive intermediary forms ,;.-^Ji =— tj. ^I <.<

3 7 5 {V~)— M, = il/„ — il/, the first is a CV, , the second (Procred-
10 10 ' 10

(3 1' 2)

im/s, page 488 under // = 7) a li\ecell C5 truncated as far as

a third of the edges, passing by this |u-oceeding iido a polytope

(20, 40, 30, 10) with edges [ 2, the third {/'ronediiii/s, jiage 487

T) I 2)

under /« = 5) a 6^ ti'uncated as far as three fifths of the edges,

which has on account of this passed into a ]iolytope (30, (iO, 40, JO)

with edges 1^2.

We shall now pass to iliagram 2 where the plane through two
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opposite edges PQ, PQ intersect iiig llie diiigonal FQ l"xs been taken

as plane of projection. The projection of M-) on this plane is the

Fig. 2.

rectangle PQQP with edges PQ=2, PP' = 4=, which is divided

by three lines parallel to PQ into four eqnal rectangles. The inter-

secting space Spf passing through the centre (> stands according to the

perpendicular /, erected in O on the diagonal PQ, normal to the plane of

projection. If we suppose {Proceedings, page 491) a few measure-

polytopes i\P^\ which are laid against each othei' in the direction

of the edge PQ on either side, to be united to a prism of which

the basis is an M^-> and the edges normal to (JA have the direction

PQ, then the section of the space Sp^ through U with this prism

is a rhombotope lih, of which AA — witii a length of 4l 5 —
represents the axis with the period 4. Comparison of this rhombotope

with the measure polytope M(^'' of ^'1/^^-^ lying i'l the space Sp^, per-

pendicular according to m on tiie plane of [)rqjection shows us

that the rhombotope can be obtained by stretching tiiis polytope

1/W in the direction of the diagonal CC to an amount of OA : OC^^ l^^5.

This rhombotope is truncated perpendicularly liy the spaces .§/),

projecting then)selves in the points of intersection A', A" of the a.\is

,1.1' with the sitlcs I'/", QQ' of tlic rectangle. If again we make
47*



( 692
)

use of iIk' aiiii(itali(Mi ii {/i. i/i foriucrlv iiilrtidnccd ( ]^i'r/huii/('/iii</i'ii.

vol. IX, N°. 7, page 17) iIkmi the ceulral seclioii is a |K)l_vtope

4 1/5
(s'bJ

and we liinl, (miilliim llic ieniilli oC axis 4 1 5 aliUo

for all sections, lor llic Iraiisiiidii I'drins and llic interiiu'iiiary IVniiis

described above the foiiowinii- riioiuliolope synil)ols:

1 /
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into l'h\ w liicli means a decrease of" Q;S'= - QP', ami lliis is

5

repeated every time a cell is ial<en fiirdief lo the right. If we exchange

the central cell by an other one of which the projection Pa^iQiQa
covers for three fourdis that of Ihe central one, then (^0 passes into

Q^R', again a decrease of -
, and this too is repeated everv time

5

the projection moves onward in the direction PP' to an amount of

FJ\ . So here too we lind five different symbols pM^, of which

the fractions gradnallv increase with - . With the aid of the above
5

table this result of the notation pj/j can be transformed into that

of the rhombotope symbols.

We have now answered the question put at the commencement.

If we wish to fill *S'/>^ with C\ and a single other groundform, then the

form (10, 30, 30, 10) with the same length of edges can do service
;

both forms appear then in two oppositely orientated positions. If by

the side of C\ we allow two other groundforms to fill Sp^ , we can make
use of the forms (20, 40, 30, JO) and (30, 60, 40, 10) of the same

length of edges; if we tal^e into consideration difference in orien-

tation, then this space-filling demands five forms. And if one does

not object to connecting more tlian two really diffei'ent groundforms

we can take the five forms

1 5 9 13 17
~M,, —J/., — M„ — i/,. — M„
20 20 20 20 20 '

i. e.

l-\ /I 5\ /5 9\ /9 ISA /13

of which the first is a CV^**^^^; these appear in only one position.

4. Before passing on to the general case of Sp,, we indicate the

shortest way, by which one can calculate the number of component

parts when filling a fourdimensional block of one of the found forms

lull of /-times larger linear dimension. To prepare the general case

of an arl)itrary n we introduce a simpler notation. We distinguish

the transition forms and (he intermediary forms by the letters 7'and /

and then indicate by exponent — this, to avoid I'ootsigns, in \ 2 as

new unit — the size, l»y a foolindex the place of the section. We
I hen represent I lie poly tope, formed by truncating regularly a regular

livecell with a length of edges p\ 2 at the five corners to the frac-

tion 7 of the edge by the syml)ol qS^J'K Thus each of the live dif-

tereul t'orms is I'epresented i»y four different signs as follows;
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10 \S 8 J 3 '

5 (2)— Afs
10 -(s'sj^

1 (2) / 1 A f2j

s
(2)

.(I) 3 (5)

i 3 = O

2 „(2) 1^ 1 2 A (2) 1 (4)

7 ^(2) 9 (2)

whilst the forms a})peariiig past the middle —Ah ,r7,Afr, and

3 (2) 4 (2) 1; (I)— Mo ,

— M:, of opposite orientation are indicated bv /_o, i_i
5 5

and i_2, i— 1 .

IJy considering tiie truncaled liveoells q>S(f,j we tind immeditately :

.„(2A.-) (24)

i 1 = J 1

5/i

^(2i-) (4i) (2t)

(1)

^3 ^ ^ 1

(3A:) (fc)

5/i + lO/i

Of these relations e. g. the last one is deduced in (he following

way: Tlie form /3= — 5 appears by truncating the tiveceil

5

S =^ / \ to ^ of the edges. As eacli two of the live poly topes
5

,(3fc) ,(3A-j

which are taken olf bv the truncation, have an

S = /[ in common, we subtract \vhe}i diminishing ![ by

oJi ten times /i too much.

Together the equations (1) lead lo the rehuions of \ubinie:

(k) (27.) (/.-) (2/.)

1 \
J I i 2 J 2 if r''"

16 7G 176 230 384

where li'^'^' is the rhombotoi)e formed by Ihe reijuired stretching of

r2A-)

an ,1/4 ill the direction of a diagonal. If tlie number 384 is

,
,(2A-) 1 (H-)

deduced from llie remark that 7\ = — /'
, tlien the two relations

2(16 + 176) = 384 , 2 (1 + 76) + 230 = 384,
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(21:)

wliit'h express that n can he biiill up either out of tlie four forms

(2i-) ' In

Ti or out of the five forms /, can serve to control.

We sliall now indicate al full leniith liow I lie oiitained relations

will serve to get us over the entire ditriculty of the determination

of the demanded numbers. To this end we notice that the vertices

of the X" measure pohtopes ,1/5 forming together a blociv M ;,

project themselves on a diagonal of that block e.xcept in the ends

in the 5^-—1 points dividing this diagonal into hk equal parts. If

we indicate (diagram 3) the 5/' -\- 1 points obtained in this way on the

diagonal by A^, A^, A,, . . . , Af,ic, then the segment A^A-^ beai-s the

(2)

projection of a single J/5 , the segment A^A^ that of a group of

five, the segment A.A- that of a group of fifteen measnre-polytopes,

XA AsA AH
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(ik+\) (0 '') (1) ''') (')

/, ^ =(^-4-4),r, '+(/;f 3),/. 4-(X-f2),73 +li+l)./l-.+(^-),^-iv.(3)

wliicli two relations in coimcctioii willi llie ratios of voliiiiu' lead

l)a''k to the identities

k* = {k + 3), + 1 1 {k
I- 2), 4- 11 (k + 1), -f {k)^

j

(2k +])* = (/: + 4), + 76 Ik + 3), f 230 (k + 2), + 76 {k + 1), + (k), \

'

From (1), (2), (3) we can now easily deduce all results. To prove

this we mention for the two cases, in wiiicii tiie block consists of

an even or of an odd number of nieasu re-poly l0[)es, the composition

of the central section in the form

(2)
. „ .jy)

/f
'"^ _ _ P

j
(23^-11) 2\ '

-[- (23F -t 1) To ' +
(2) (2)

+ (23F— 1) T_2 + (23P + 11) r_i

(2t+l) 5 I / (I) (i)\

J 3
^ =^A-(I-+]) (23P + 23^— 10)1/, +-f-J +

+ (.'3P + 23A- + 8)(/2 + I-i)]

_[_ i_(115^.^ _^ 230P + 185r + 70^- + 12) /a''*.

5. We shall ]iow consider in the space Sp„ the net of raeasure-

polytoi)es Afn and shall discuss the transition sections and the inter-

mediary forms situated in the middle between two adjacent transition

sections furnished by sjiaces >Sj)„—\ perpendicnlai' to a diagonal. We
then lind

1 (2) / 1— J/„ = 0,

2n V 2n-2
ir= s'''

3 f2)_/ 1 3

2n'^^" "I 2^ '2^
5 (2)
-- M„
2n 2n-2 2n-2

(1) 1 (.3)

/o =-.S
3

,.(1) 3 (5)

in = ^ -J

6

for n even

n-1 . (2) /«-3 w-1 \ (0 w-3 (.,-,)

2n \^2«-2 2n-2y * n-\

for n odd

1 (2) f n-2 n \ (I) n-2 An)

n

-i/„ :

11

1 2

w-1 n-1

2 3

w-1 n-1

f2) 1 (4)

2

,„W 2 (G)

for n even

2' "
V'271-2 ' 2«-2

for ?i odd

-T.
,(2) »i-2 00

27i

1 (2j /n-3 «-l \ m n-3 1h-j:

i \2n-2 2n-2J n-\
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If we restrict ourselves to tliese tonus and if agaiu we do not take

the transition form consisting of a single vertex into consideration,

we iiave in botli cases to deal willi // dilfereut forms, namely for n

even with - n transition anil - n intermediary forms, for n odd
2 2

with - (n — 1) transition and - {n -\- 1) intermediary forms. Thus we

get again in Spn-i two more or less regular space-fillings in which

the regular simplex of that space shares.

In connection with the symbols ^S'^' the relations hold here

(1) (3) (1)

I2 = Ii — (n)i /i ,

(2) (4) (2)

T2 = /i — (n)i Ii ,

(1) (5) (3) (1)iy= l\ -{n)i l\ +(n)2ii ,

(2) (6) (•*) (2)

which leads

for 71 e\en to

Tj,; = /; -OOlil +(«)-J^l -••• + (-1) ("hn-^ II,

for n odd to

l\) (,t) <)!—
2) n—

4

i("— ')

7i(„+i)= /, — (n)i/i -f(«)2^i —•••• + (—1) (n)i(»-i) -^1 .

whilst the ratios of volume are determined by

/') .,,(2) n) f2) (1)

-J-
— ^^i — 3«-i _ („)^

~ 4"-'-(n)j2»-i ~~ 5"->— (n)j3n-i-|-(
),
~ ^

''"'

Farthermore the formulae of reduction hold :

{2k) {2) {2) (2) 1

C2A-+I) (1) (U (1)1 '
' ^

which enable us to calculate the number of the {)arts of dillerent

kinds, into which a block of {'2k)" or {2k -\- i)" measure-polytopes

(2)

A[„ can be cut up.

As an example, which gives something to calculate, we consider

the case of the middle section perpendicular lo the diagonal of a

10 (2

block of 10 measure-polytopes -1/ 10- ^Ve then find in connection

with tiie relations
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7\^T, ^ 7\ ^ J\ ^^^ ^ R
1 502 14608 88284 156190 9!'

where A' rcpi'cseul^s llic rliniiilKilo|io llial is (lie sum of ihe nine t'orins

starting- from

1 (20) (20) (1001 fSO) fCO^ ^40) (20)

-7f/,o =Tr, =r /, —10/, +45/, — 120/i +210/, ,

bv ;i|i|ilyini;,'

(20/.-) (2) (2) (2,

1, = (10 A- f 8),, 7', + (lu ^ + 7), T. + .... -f (I k}<, 7_,

I'oi' /j = 5, 4, 3, 2, 1 at'lcr some caleulalioii tlie result

(2) f2"l (2) (2)
394713550 (7, + 7'„i) + 410820025 (To + tJo)

(2) (2) f2) (21

+ 422709100 (7'3 + 7'__3) + 430000450 (T., + tJj)

+ 432457640 Tf\

which after substitution of tiie relations given above leads back In

(he identity

(20) 9 (2)

Tl =10 Tl .

Physiology. — " 7'At' rJiX'trh- rrsjiaiisi' of tlie t'l/e to stinnilntion hi/

/i(/h/ (it cdrioiis intnisitii's' . \\\ W. EiNTHOVKX and W. A.

.ioLLV. (Commiiiiicadon from (he Physiological Laboralory of

Leiden 1.

Although the electrical response of the eye to stimulation by light,

whidi was discovered by Hoi,mgren has since been studied by

numerous observers, there has not so far been undertaken a systematic

investigation of the electromotive changes which are caused by

stimuli of very \arying strength. Such an iiuestigation, li(iwe\'er,

can as we hope to show, condiimie no( a li((le (o our comprehension

of (he retinal processes.

We have in our work employed exclusively isolated frogs' eyes.

\Ve have been enabled on the one hand by means of the string

gal\unoni('(cr, which foi' the retinal currents may be regarded as the

nios( seiisi(i\e ins(riiinciil availaiile, to record and measure \ery

weak elcctromo(ive forces, such as are e\'oked liy light of extremely

low intensity; on (he other hand we have tried by a suitable

system of lenses to concentrate light of as great intensity as possible
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upon tlie retina of the eye under observation. Tlie rays proceeding

from tlie crater of an arc lamp, wliicii passed tlu-oiigii a collimator

slit in close proximity were dispersed l)y a spectroscopic arrange-

ment and from the spectrum so obtained any desired portion could

be isolated by a simple device.

If we made use of rays lying between the wa\e lengths ^.= 0,590 ;t

and / =: 0,497 ft, \vhose green central part — about 7. = 0,544 fi
—

may be considered to have relatively a ve»y strong effect on the

eye '), we could by the aid of suitably chosen diaphragms vary the

light intensities in the proportion of 1 to 10", and with the weakest

intensity could obtain galvanometric deflections of several centi-

metres. The arrangement of our experiments did not [lermit of our

easily diminishing the light further in an accurately measurable

manner, hut we hope later to be able to do so.

In some experiments white light has been used, which of course

could be taken stronger than the spectral green. In this case all the

rays of the visible spectrum lie at our disposal, and the light may
be further increased by widening the slit or by replacing it with

the crater itself. According to a rough calculation the intensity of

the w'hite light used by us, that is to say of the combined rays

lying within the limits of the visible spectrum, is about 10 times

greater than our maximum green. The intensities of the weakest

green and of the white light are thus in the proportion of about ')

1 to 10".

If the isolated eye, which has not shortly before been exposed

to strong light, be illuminated by rays of intermediate strength a

form of curve is obtained similar to that recorded by pre\ious

observers ').

The current is led off from the cornea and the posterior surface

of the bulbus. The current of rest is compensated in the usual way
and the connections with the galvanometer are made in such a

') Cf. F. HiMSTEDT and W. A. Nagel. Die Vcrteilung der Reizwerte fiir die

Frosflmeticliaul im Dispersionsspectruin des Gaslichles, miltels der AktioiisstKimc

untersucht. Berichte der Natiu'foi-scli. Ges. zu Freiburg i. B., XI, I'JOl, p. 1-5:^.

-) The intensities of the light used will later be comnumicaled in absolute

ir.easureiiient and at the same time the accurate proportion of tliu intensities of

the green and wliite will be given.

^) Gf. for instance Francis Gotch, The Journal of Pliysiol. 29, p. 388, 1903.

Ibid. 31, p. 1, 1904. Haks Piper, Engelmann's Arch. f. i'liysiol. Suppl. 1905,

p. 133. E. Th. von BRiicKE u. S. Garten, Pfliiger's Arch. f. d. ges. Physiol.

120, p. 290, 1907, the latter of whom give a critical review of the literature

dealing with the subject. The observers mentioned have all made use of a quickly

recording measuring iuslrumeut.
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luaiiiKM' llial ;i ciirreiit passiiiii riniii llii' cornea throiiffli llie iiistni-

iiieiit 1(1 ili«' |H)>lt'ri(ir siii-t'acc ti\' ihc eye (Ictlccls llic iinaiic of llie

string ill an ii|i\\aiil <liicclion. An aclion cnri-cnl in llns direclioii

may lie termed |)Ositi\e. and in llie re\'er.se direction negative.

On momentary ilinmination of the eye liiere is ob.served a small

preliminary negative delleclion wiiicli is immediately followed by

an njiward movement of llie string. .After a somewhat acute peak

tiie curve sinks, at first rapidly then more gradually, Init while

still distant from the zero line it mounts again. Thi.s latter ascent

begins a couple of seconds after the iieginning of the illumination,

and the second summit, which is reached much later, often consi-

derably exceeds the jieak in height. Finally the curve gradually

regains the zero line.

If the illumination be continued for some time, a new elevation

occurs at the moment of darkening whose height is greater the longer

the illumination has endured.

The comjilicated form of these curves and the striking fact that

a deflection in the same direction takes place both on illumination

and on darkening suggest that there are in the eye two or more

different processes occurring partly simuilaiieously partly successively

whose fusion determines the form of the electric reaction.

Further investigation confirms this suggestion, and if recourse is

had to very weak or very strong light it seems even to be possible

to bring about a separation of the supposed processes. The pheno-

mena are explained in the simplest manner by the assumption that

the processes are three in number, whether they are together depen-

dent upon the same substance or each upon a separate one. For the

sake of comenience we shall speak of three substances and as we
do not intend in the meantime to attempt to define them anatomically

in the eye, we prefer to try to describe their characteristics and to

mention the conditions, under which their effects appear as |)ure

as possible.

Thi' first substance.

The substance which we have termed "the. lirst" reacts more

quickly than the other two. On lighting it displaces the image of

the string downwards, on ilarkening upwards. Its effect can with

difticulty be obtained pure but nevertheless it is very marked in a

light adapted eye, - whicii for the sake of brevity we may call a

light eye') -and the more .so the stronger the illumination has been.

In the nature of the case the darkening stimulation can be taken

') An eye wliicli is darlc aiiupteil may be callrd a dart; eye. Bulli term.s are

analogous to '"Lichtfroscli" and 'Dunkelfrosch" whicti are commonly used,
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very strong in a liglit e_vi\ and accordinoly an eve which lias been

illuminated stronglv develops on darkening a huge jwsitive potential

difference. The upward deflection so evoked can however not be of

long duration, l)ecause b_v the darkening the light eye is beginning

to be changed into a dark e\e and therefore the elFect of our lirst

substance is no longer so clearly indicated.

Although in the light eye the conditions are les.s favourable for

the lighting than for the darkening stimulus it is nevcrtliele.ss jiossible

to apply the former in either of two ways. In the lirst place we
may suddenly increase the intensity of the light that is radiating on

the eye, and secondly we may darken the light eye for a short

period, so that it has not yet become a dark eye and then suddenly

illuminate it.

The second method gives better results than the lirst and we
possess numerous curves where after a short darkening of a light

eye a strong light stimulus was applied. The "on effect" ') is a steej)

downward deflection and attains the considerable amount of ]'2() to

130 microvolts. It is true that it is followed immediately by an

upstroke, the latter however is but small in comparison with the

strong upstroke which under similar conditions is evoked in a

dark eye.

l^he second suhatdiice.

The second substance reacts less (piickly than the first. On lighting

it moves the string with moderate velocity upwards, and on darkening

slowly downwards, thus on applying stimuli of the same kind it

develops potential differences which are opposed to those of the first

substance. Its effect appears almost unmixed in a dark eye which

is illuminated for a short time by weak light.

If when illuminating with light of very low intensity, the dai'kening

follows rapidly u[)on the lighting, in a similar way as in a momen-
tary illumination, there is recorded a curve of simple form, with a

steeper anacrotic part which is evoked by the lighting and a less

steep katacrotic part evoked by the dai'kening. The top of the curve

lies, ivithin cerUilii limits higher the more the energy of the illumi-

nation is increased either by using greater intensity or longer dura-

tion of the light. These limits are determined by the liinclioning of

the other two substances, which when their etfecls become perceptible

influence the form of the curve and considerably complicate it. if a

strong momentary illumination bo applied there appears a short

negative preliminary deflection by ihe function of the lirst substance

.
1) A convenient expression introduced by Gotch.
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;iih1 IIr' vcmt ^^low seconil eloNutioii wliicli follows must he atlinluited

to file functioning of ilic tliini substance.

The tlilrd suhstdiirc

The third substance reacts in the same direction as the second

substance but more slowly. On lighting it displaces the image of

the string slowly upwards and on darkening still more slowly down-

wards. .% much slower is the third substance than the other two

that its ed'cci in a recorded curve appears as a rule almost entirely

isolated, and thus can be easily followed.

The effect of \\w thii-d substance falls out under two conditions

(1) In a fully light adapted eye and (2) in a dark eye submitted to

very faint light for a short time.

Specially remarkable are the curves obtained if the duiation of

the lighting of a dark eye is systematically changed, and we wish

to direct attention more particularly to the "off effect" in such cases.

If the duration of llie light is very short and the light is weak, then

as already mentioned the effects of the second substance appear

unmixed. The off' effect here consists in the descent of the curve to

the zero line.

If the duration of the light is taken a little longer, and the effect

of the other two substances begin to become perceptible, the off

effect is determined by the resultant of three forces : The first sub-

stance tends to disjjlace the image of the string upwards. It is at first

acting weakly but its strength increases regularly during illumination

so that it soon surmounts the effect of the other substances. In the

case of longer lighting the off effect therefore is always an upward

movement which increases with the duration of the lighting.

The second substance tends to depress the image of the string, acts

first with moderate strength but decreases gradually during lighting.

As the second substance in particular is acting in a dark eye the

conditions for its functioning grow during the illumination more

uid'avourable. A strong darkening effect can not be expected in a

dark eye.

The third sulislance is so slow, that the darkening effects of the

first and second take i)lace usually at a moment when the third

substance is still tending to displace the string upwards. The darkening

effect of the third substance itself, consisting in a slow descent of

the string, appears much later ami fairly isolated.

The general result is that we can observe in a series of curves,

—

obtained from a dark eye where the light has been gradually

lengthened in duration, — that the darkening effect, in the first
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curves a negative deflection, heconies in the later ones a positive

detlection. The latter, on further h'liulhening of the duration of light,

gradually increases in size. In the conflict between negative and

positive deflections, there is sometimes .seen an upward movement,

which is inimediatelv preceded \)\ a small downward one.

Of the various particularities uhich occur in tlie course of the

experiments we shall only liriefly mention the latent period. The

duration of this period is dependent to so high a degree n|)Ou llic

intensity of the ilhimination, that it is possible to some extent to jiulge

of the inten.sities of light used by previous observers from the latent

periods recorded by them. With very weak lighting there appear

latent periods of the second substance which ma}- exceed two seconds.

In opposition to Gotch and Garten Waller ^) also mentions

latent periods as large in amount as we have observed and others

much larger, but as Wajj.er in his experiments made use of a ^low

Thomson galvanometer, tliere remained tlie possibility that there were

two opposite forces which at first neutralised one another anil then

after an interval one obtained the mastery. The forces assumed by

Waller agree with our first and second substances,

A more detailed description of our experiments accompanied i»y a

reproduction of some of our curves will appear elsewhere.

Geophysics. — "The lu'iijht oj tin; nu'mi, sea-lecel in tin- Y ht'fore

Amderdam from 1700—1860", P.y Prof, H. G, van de Sande

Bakhuyzen,

OiH' section has been engaged in former 3-ears with an investigalion

of the subsidence of the land in the Netherlands, and it is especially

to Dr. F, J, Stamkart, member of the committee fiu' that in\estigatioii,

that we owe se\eral important conununii-ations on this subject.

Twenty years ago, when calculating the results of the precise

levelling, 1 made some computations in order to determine the

subsidence of the land but have n'ol |)ublished them. The interesting

paper on this subject of Mr. Ramaeh, hcad-cngiiieer, director of the

hydrographic sui\ey, has now induced me to re-examine my foiMuer

notes and as they perhaps may contribute towards the solution of

tiie problem, whether the land inuler Amsterdam has subsided since

') AuGULTUs D. Waller, I'liilosoph. 'fruiisiict. of tlic iioyal Soc. of Loiulon,

ber. B, vol. 193, p. 123, 1900.
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1700. I iiiteiiil to |itililisli iIkmu liei'c as a t'ontiiiiialiiiii to llie earlier

reports of tlic •'Coiuittce tor the subsidence of the hind."

My results have been ohictiv derived from the iieigiits of the water

iu the Y before Ainsterdain, recorded from 1700 to 1860 at each hour

of the (lav and at each half hour during tiie night in the town's

tidal station situated at (lie |)reseut fishinarket near the "Nieuwe

lAIarUt." Part of iheni occur in two communications of Stamkart

(Verslagen en mededeelingen der Kon. Akad. van Wetenschappen

Afd. Natuurkunde, 15'^ deel 18(i3, p. 59—69 and 17« deel 1865,

]i. 2(U— 80.3) and some in Stamkart's posthumous papers in keeping

of tiie Academy.

The way in which these observations were made is described as

follows by Dr. Stamkart in his paper in Vol. XVII p. 273. The

tidal station was erected above the water; in the wooden floor of

one of the rooms was a hole through which a gauging rod carrying

a mark of the A. P. fzero of Amsterdam) was plunged vertically into

the water so far until a notch of the rod caught (tn tiie wooden

floor. The height to which the gauging rod was wetted showed the

level of the water with regard to the zero on the gauge.

In order to draw i-eliable conclusions about the level of the North-

sea on our coast based on the results of the water-level in the Y, it

is necessary to investigate whether during the period under conside-

ration variations have occurred in the influ.x and the outflow of the

water of the Y before Amsterdam, owing to changes in the deptii and

width of the canals leading from the IS'orthsea to the Y. It is very

l>robable that these variations may produce opposed effects on the

high and the low water and hence give rise to greater variations

in the diflerence between iiigh and low water than in the mean

sea level. The variations of these differences in the succeeding years

will therefore be a good standard of the changes in the canals.

From the tide tables of the town's tidal station we derive the

following differences between higli ami low water during 58 years.
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TABLE I.

Year
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As mean Icxd nf ihc Y before Amsterdam wiili rcjianl li> ilic

zero adopted in lln' liiiai station (zero of Amsterdaiii) w e sliall assume

the lialf sum ol the lii^li and low vvatei'.

For (he same 58 years we derive for that mean the following values.

TABLE II.

Year
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If we suppose that diiniig- eac-li ul" the periods of 18 vears the

mean sea level has remained unchanged we deri\e from the deviations

of the vearlv means from the mean of 18 years a mean eiTor for

each year of ± 25,1 mm. and in the mean of 18 years a mean

error of ±5,9 mm.
If on the contrary we suppose that during each of the periods of

18 years the mean sea level with regard to the ado|)ted Amsterdam

zero has varied proportionally to tlic time, we get for the mean

error of tiie yearly mean ± 24,3 mm. and for the yearly variations:

from 1700—1717 +1,57 mm. +1,10 mm.

„ 1796—1813 +0,14 „ ±1,10 „

„ 1843—1860 —2,30 „ +1,10 „

Hence in the 1'' and 2'"^ periods, in agreement witii the general

variation of the mean sea levels from 17(30—1826, the mean sea

level has apparently come nearer to the adopted A.P., hut lias retired

thence in the 3'' period in agreement with the variation from J 825—
1851,5. Nevertheless the mean errors of eacii of these yearly variations,

+ 1,10 mm., are so large with regard to tiie variations themselves,

that we attach only a very small weight to the values found ; only

to the yearly \ariation in the 3^1 period, more than twice the value

of the meaa error, we may attach a somewhat larger weight. If

we adopt a uniform yearly variation between the years 1708,5 ami

1804,5, this would amount to 0.58 mm.: in good harmony with

this are the results for 1725 and 1749, hut the result for 1775

shows a deviation of 32 mm.
We conclude that the elevation of the adopted A. P. above the

mean sea level has gradually varied and that the \ariations can be

considered as partly proportional to time ; they cannot howe\er

be derived exactly from the observations.

The elexation of the A. P. in the tidal station above the mean sea

level in the first and the last year of the series of observations, J 700

and 1860, are according to table II 162 mm. and 75 mm. each

with a mean error of ± 25 mm. In order to obtain for these

elevation values with a smaller mean eri'or, we may use, upon suppo-

sition that no sudden variations have taken place in the zero of the

gauging rod, the elevation observed in closely preceding or following

years, which must be reduced to the year 1700 or to 1860 with an

adopted yearly variation. Because the yearly variation is not known witii

great precision, as appeared above, it is desii'able that these years

should not be at a great distance -from 1700 or from 1860 ; therefore

48*
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I have ('(inliiicil in\><clf lo the uiuiiii of Ihe T) \ cirs 1700— 1704 arid

1856—18H0. To iht'sc means wo iniisi adil I lie \ariatioiis (hiriiij>- a

period of two years, whieli are |)rohahly smaller tlian 'A mm. and

5 mm. the values vviiich would follow from the periods of IcS

years; instead of tiiese I adopt i mm. and 4 mm. and consequently;

adopted A. P. above mean sea level in 1700:= 164-|-1 = 165 mm.

A.P. „ „ „ „ „ 1SH0= 76+4z= 80 „

For the mean error of these values I have derived =t 12 mm.
As yet it remains undecided whether the vai'iation from 165 mm.

to 80 mm. is due to a slow variation in the mean level of the North

sea on our coast, or to a variation of the adopted A P. in the tidal

station either caused by the sinkiiifi; of Ihe whole station or of the wooden

floor, or by accidental or perhaps intentional changes in the height

of the A.P. on the i^augint;- rod which during the period from 1700 to

1860 has certainly been renewed several times.

Some data towards the solution of this dilemma may be borrowed

from the elevations of the bench marks in the 5 sluices; (ludc^

HaarlemuKM-sbiis, Nieuwebrugsluis, Kraansluis, Westindi.schesluis ant

Kolksluis; these bench mai'ks have been established in 1682, am
consist of grooves cut in stones indicating the elevation of the A.P

The good mutual agreement between the heights of the grooves in the

year 1875 which appeared from the levelling made by our mendjer

Dr. Lelv (the largest difference between them amounted to only

8 mm.) proves that tho.se grooves have been placed with the greatest

care, and makes us contident that in 1700, when the tu'st observations

in the tidal station were made, the zero on the gauging rod agreed

well with that on the stones placed in the sluices some years earlier.

We are therefore entitled to assume with a high degree of probability

that ill 1700 the A.P. on the 5 sluices was lti5 mm. abo\e the mean

level of the Y.

In 1860 St.\.\ikaht by a levelling has compared the height of the

A.P. in the tidal station at that time with the heights of two bench

marks in the lower of the St. Aiillioiiiewaag. He found ;

lower bench mark 320<S,4 iiiiii. above X.W in the tidal slation

higher ,, „ 3705,4 lum. ,, ,, ,, „ „ „

III liie same year Dr. Stamkakt and .Mr. \. i). Sti;i;i{ have also

determined by means of levelling the <litl'ereuct> in height between the

higher bench mark in the St. Anllioniewaag ami the grooves in Ihe

5 sluices (Versl. en medeil. XVII p. 277— 284). From these observu-
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tions we derive the followinu- values for the height of the higher

bench mark above tlie A. P. according to tlie mean of the 5 sluices

in i860:

Stamkart v. I). Stkrr mean

3628 mm. 3624 mm. 3627 mm.

In the derivation of the mean value we have, with regard to the

mean errors, accorded a greater weight to Stamkakt's result.

In 1873 our colleague Dr. Lely by means of a still preciser level-

ling under directioji of Coiik.n Stuart has derived 3622 mm. for

the same difference in height.

The ditferences between the results of 1860 and those of 1875

may be explained verv well i)y errors of observation, so that we

may accept with a high degree of accuracy that the bench mark

in the St. Anthoniewaag between 1860 and 1875 has not varieil

with regard to the 5 sluices and that in i860 the height of the

mark above the A. P. of the sluices was ;{623 mm. with a mean

error of ± 2 mm.
If from this value we subtract 3705, i. e. the height of the mark

above the A.F. in the tidal station found by Dr. Stamkart ni 1860

we find :

height of the A. P. according to the mean of the 5 sluices above

the A. P. in the tidal station in 1860 = 82 mm.
The mean error of this result is about ± 3 mm.
As in 1860 the height of the A. P. in the tidal station was elevated

80 mm. above the mean level of the V, it follows that in 1860 the

A. P. dei'ived from the mean of the 5 sluices above the mean sea

level is :

80 + 82 = 162 mm. ± 13 mm.

If we compare this value with the corresponding value of the

vear 1700, i. e. 165, we may conclude that the height of the mean

sea level in the Y, and hence the mean level of the Northsea on

our coast has not perceptibly varied with regard to the ground

in which the foundations of the 5 sluices are built.

The uncertainty of this conclusion may be expressed by a mean

error of ± 18 mm.
The 5 sluices are not in close neighbourhood of each other, the

extreme ones are separated by a distance of one kilometre; heiice it is

over a fairly extensive part of the ground on which Amsterdam is built

that the le\el of tlie land with regard to the level of the Northsea

has remained unchangeil during more than one century and a half.

With the same degree of probability with wliicii we have derived



(
'10

)

this invariiiliilily we uuiy dciixc IVoiii the observations the subsidence

of tlie A. P. in the tidal station with regard to the A.F. derived from

tiie marks in tiie 5 sluices, amounting to 1G5—SO = 85 mm. between

1700 and i860.

The method by which the lieight of the watci in the tidal station

was oi)lained anil the pDssible causes of tiie srdjsidejice of tiie zero on the

rod added to the invariability of the 5 grooves in the sluices and hence of

a fairly large part of the ground of Amsterdam with regard to

the sea, render the idea very in-obable that tills subsidence has a pure

local character and that we are not entitled to derive any results with

regard to the subsidence of a larger part of the ground of Amsterdam.

it has often been asked what the Amsterdam zero represents.

Oiir colleague Dr. van Diesen has devoted to this subject an

interesting study in which he has gatiieied from old documents

everything which may help us to iind how this zero has been

established. With certainty nothing can l)e derived from it. But

the observations show : 1 that in 1700 the A. P. was 165 mm. ±
12 mm. abo\e the mean sea level in the Y, 2 that the height of the

318

sea level, and we conclude thence that lioih in J 700 and 1860 the

A. P. within the limits of the errors of obserNation agreed with the

mean iiiiili water in the Y.

mean high water was 159 mm. ± 1 mm. above the same mean

Astronomy. — "On. the masses and elements of .lujiiter's satellites,

and the mass of the system (continued), by Dr. W. de Sitter.

(Communicated by Prof. .1. C Kai-teyn).

111. 21te great inequalities.

The \aliies of these, derived from the heliometer-observations of

1891, 1901 and 1902, have been collected in Table III, together

TABLE III. GREAT INEQUALITIES.

Authority
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willi tlieir probable errors. The pliulogmpliic deteniiiiiatioii of 1902

lias been rejected for the reason which lias ah-eadv been explained.

From these values of ,(/ liave i)een derived the equations of con-

dition, which will be given below.

The arguments of these ine(|ualities are /,+ ''' where

r = /.,
~ 2/, = /, — -21, + 18(r.

Theii' periods are thus nearly the same as those of the equations of

the centre, and in a short series of observations, such as those used

here, the great inequalities are not well separated from the equations

of the centre. This is the reason of the bad agreement of the results

from the three series of observations.

In the eclipses the period of the great inequalities is the same for

the three satellites, viz : 438 days '). The periods of the equations

of the centre in the eclipses have between 10 and 19 times this

length, and the two classes of unknowns are thus \vell separable by

eclipse observations. Here however, there arises a new complication,

which did not e.xist in the case of extra-eclipse observations. The

periods of the inequalities of group 11, which are between 406 and

486 days, are nearly the same as the period of the great inequalities,

and therefore the reliability of the determination of ./;, from eclipse

observations will depend in a large measure on the accuracy of our

knowledge of the inequalities of group 11. Thus r. y. with the masses

(C) the coefticient of the inequality iu the longitude of satellite II,

which has a period of 463 days, is 0.038. This inequality is entirely

neglected liy D.xmoiseau (being proportional to e^), and it is probable

that his \alue of a\ — which, according to the introduction to his

tables, was derived directly from the observations — will be more

01- less affected by this circumstance. The same thing is true in a

somewhat lesser degree of the cori'esponding terms in the longitudes

of 1 and III.

The uncertainty which still reigns supreme with i-egard to the

values of the great inequalities, is disappointing. We may ho|)e that

the reduction of the photometric eclipse observations of the Harvard

obser\atory will contribute to diminishing this' uncertainty.

IV. The Libration.

The mean longitudes /,, /.^, 1^, have been derived from the obser-

vations of 1891 (Gill, heliometer), 1892—93, 1893—94, 1894—95,
1895—96, 1897, 189K (Helsingfors and Pulkowa, plates), 1901, 1902

1) See L.\PL.\aE. Mecaniqiie Celeste, Tome IV, Livre VUl, Chapiti-e II.
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(CooKSON, lieliometer) and J 904 (Cape, plates). The reduction has

l)een carried out in (iron. rnbi. 17. Tlio masses fA) anHhe result of

this discussion. Tiie period of the lil)ration being independent of

v! , it is the same for the masses (B) as foi' (A). Also the transition

from (B) to (C) does nut aH'oct this period. It is thus only necessary

to investigate in how far the cliauge from (A) to (C) affects the

inequalities of group II, and what is the effect of this on the

lil)ration. This effect was found to lie so small that a new determin-

ation of the liliration appeared superfluous. The finally adopted

libration is thus the same as in Gron. Pul)l. 17, viz:

T- 1895.09
» = 0°-158 sin ,

7.00

where the time T is expressed in years.

The probable error of the period corresponding to the adopted

probable errors of the masses (C) is ± 0.13.

The corrections to the mean longitudes on 1900 Jan. 0.0 also have

been adopted unaltered from Gron. Pnbl. 17.

Table IV contains the observed corrections to the mean longitudes,

with their probable eri'ors as derived directly from liie observations,

and the residuals remaining after subtitution of the final values of

the iiie(|ualities of group II and the libration. The last two columns

contain the p.e. of the cpiantity Lil^ — 3 td^ -\- 2 A/,, and tlie residuals

for this same quantity.

In determining the libration from extra-eclipse observations we
find the mean longitudes for epochs, which approximately co-incide

with the epoch of opposition, and which therefore are on the

average separated by intervals of 400 daj'S. This interval differs but

little from the periods of the inequalities of group 11. These latter

thus present themselves as inequalities with apparent periods between

(j and 8 years, and are therefore not well separable from the

libration. In the eclipses this difficulty does not exist.

The method of successive approximations, which has been used

in Gron. Publ. 17, to derive from the observations the most probable

values of the libration and of the inequalities of group II, need not

be explained here. It must suffice to refer the reader to that pul)li-

cation (see also these Proceedings, June 1907). The residuals of

Table IV are practically the same as those found in Gron. Publ.

17, and they also need not be considered in detail here. Those

of the satellites I and III are not very satisfactory, as has been

pointed out there. (Jii this point also the results derived from extra-
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Oc'liitso (iliscrx alioiiN n 1 cniiliiiiialiun tViuii (iliMM'\;iliniis ol' eclipses.')

V. Meiiit luiK/i/iidi's iiikI ii/i'dii motions.

Tlie corrections lo iIk' iiie;iii Idiigitiiiies on 190(1 Jan. (1.0 of llic

three inner satellites iiaxc ix'cii (lelerniined together with the libration,

and the residnals liaxc alieailv lieen liixen in T;xl)ic IV. Vov the

fonrth satellite the ad()|ilt'd correction is — 0°.030, and the residuals

are given in Table V.

TABLE V A / .
4

c „y,
' Observed

^P°'='i
I

correction
p. e. Residual

1
s: • 1
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Apjilviiig this correction, ;iml imi r.\ \n<^ tlie longitufles f'orwnrrl to

J 900 Jan. 0.0, Greenwich M. T., we lind the values II below.

Mean lomiitudcs for 1900 Jan. 0.0.

1 {modern) 11 (Damoiseau)

/, = 142".604 ± O'.OJO J42°.645 d= °.004

4 = 99 .534 ± .007 99 .569 ± .OOG

4 = 167 .999 ± .007 168 .028 ± .008

/ = 234 .372 ± .002^ 234 .360 ± .010.
4

The estimated probable errors for Damoiseau do not contain the

p. e. of the mean motions used for carrying the lojigitiides forward

from 1750 to 1900. The nncertainty of Damauseau's mean motions

has iieen estimated by the late Prof. Uudemans in these Proceedings

(October 1906). He finds for the four mean motions, in uints of the

eighth decimal place

:

±73 ± 55 ±37 ± 24

Comparing the values I and II we iinti the following connections

to Damoiseau's mean motions

:

^n^ = — 0°.0000 0075 ± °.0000 0020

dn, = — .0000 0064 ± 16^

dn, = — .0000 0053 ± 20

dn.^ = + .0000 (.)022 ± 18

It is noticeable that these corrections are very nearly of the

magnitude of the uncertainties estimated liy Ouuemans. If these

corrections are applied, the resulting values do not satisfy the

condition

«i — 3/^ + 2/i5 = 0.

If, howe\er, we apply the further corrections

dn^ ^ - - 2 dn^ ^ -|- 3 dn^ ^ — 3

to the eighth decimal place, then the condition is rigorously satislied.

The mean motions thus derived arc those finally adoptetl. They are

n, = 203^.4889 9261 n, — 50°.3176 4587

n, = 101 .3747 6145 n, = 21 .5711 0965

These are the mean motions relatively to the point Aries. If the

sidereal mean motions are required, they must be diminished b}'

0^0000 3822.

VI. The ina.ss of tlie systeiu.

The determination of the mass of the system of Jupiter by Newcomb '),

1) Astronomical papers of the Aineiican Epliemeris, Vol. 5, Part. 5.
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wliicli lias \u)\\ hecoiiio a classic in astr'(iMOin\ , was bascil on ()l)S('r-

\ali(iiis of satc'lliU's, on |i(M'lurl>ati(iiis in llio motion of comets, aiitl

of tlie |)lanets Tliemis, rolvhymiiia and Saturn. It seems to me

advisable to retain ol' these only the delerminalions from the three

phxnets. Of the older observations of the satellites the uncertainty of

the scale-value (which is increased threefold in the mass of the planet)

is such that their weij^ht, compared with the modern observations,

and witli the determinations from the perturbations of planets, is

absolutely negligible. Nkwcomh has also, for this same reason, assigned

a very small weight to these observations of the satellites.

The use of observations of comets seems to me very dangerous.

It is very uncertain, if not improbable, that the observed centre of

light should retain the same relative position with respect to the centre

of gravity throughout one apparition of the comet, and n fortiori

in dilfereiit apparitions. Xi'^wcomb also points out that the results based

on ob.-?ervations of comets are unreliable for this reason. Nevertheless

he assigns a large weight lo llic determination by von H.\eki)tl from

Winnecke's comet, on the ground that the normal places of this

comet are so well represented by von H.\eri)Tl's results. It apj)ears

to me that this good representation does Jiot diminish the struigency

of the argument stated above, and in my opinion it is advisable to

reject also this determination, together with those from other comets.

There remain the determinations from the three planets, which 1

adopt with the same weights assigned to them by Newcomb, and the

modern observations of .satellites, w liicli were oidy made, or at least

reduced, after Newco.mb's ilisciission was published. Foi' these latter

the scale-value is determined in an entirely satist\ictory manner by

simultaneous observations of stiindard stars. Nevertheless 1 have

assigned to these observations a relatively smaller weight than to

the determinations fioni iIk' planets, to allow for the possibdity

i>f small systematic errors in transferring the scale-\alue from the

distance of the standard stars to the mutual distances of the satellites.

In my reduction of Gii-l's observations of i89J 1 have included

in the probable error of ^_" the elfect of the uncertainty of the stan-

dard stars used for the determination of the scale-value. The probable

errors stated by CooKsoN do not include this uncertainty. The distances

of the stars used by Cookson are not so accurately known as of the

stars used in 1891. i have for these reasons assigned a smaller weight

to Co()K.son's two delcrnunations than to Uii.i/s. The .several determi-

nations an<l their probable errors and adopted weights are given in

Table \ I.
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TABLE VI. RECIPROCAL OF THE MASS OF THE SYSTEM.

Authority ^ylZlf ^^'^ht Residual

KrCger, perturbations of Themis

Hill, „ „ Saturn

Newcomb, „ „ Polyhymnia
I

GiLL-DE Sitter, Satellites, 18'.M

COOKSON, „
ll'l'l

COOKSON, „
1'j02

,

KMT -5 4 +
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Nkwcomk lias alicuilv iMiiiilcd dni ilial iipposition? of Polyliviniiia,

as I'axoiiralile as the one used in liis work, will not recur till the

end of llie iweulielli centurv, and a similar statement is true for

Themis. IIii.i. lias pointed out ') that .lu|)iter produces in the motion

of certain minor planets (those of the Hecuba type) pertnrliatinns of

lonti' |)eriods, which aiiKMint to several degrees. Thus e. g'. Freia is

suljject to a perturbation, wiiose geocentric amplitude is 12^.7 with

a |)eriod of 121 years. The length of the jicriod makes it impossible

to derive an improved value of the mass by' this method in the

near future.

Derivdtion of the jiind masses.

The right-liand-members of the equations of condition, which have

served to determine the corrections to the values (iJ) of the masses,

have been derived, as explained aliove under I to IV, from;

I. the motions of the nodes 6^ and 8^ (those of &^ and 6^ I

leave out of consideration, as having too small weights),

II. the motion of the |)erijove w,,

III. the great inetpialities ,*',, .i\, .i\,

IV. the period of the libration.

The equations are

:

I.

-.0266oV — .OOSOo'v, _.000t -Jvj — 0040 ov, — .0002v4 =—.00010 +.00008

_.00rit —.0003 —.0007 —.0007 =—.00041 ± \n

II.

4-. 00077 «' 4-.00004<?»i -)-.00007"3 -|-.0(»082ov3 — .00005v4 =— .00^036 +.000020

These three equations de[)eiid in part on the values of the elements

in 1750, which were determined from eclipse-observations. It has

already l)een poijited out above that practically the same results

would be found from c.xtra-eclipse observations alone.

III. 1SU1 toot 1902 Adopted

— .003"! -|-.'i03'?-'o — .014ov3 = -|-.080 +051 — .OoS +.020 +, Oil)

+ .195 -.008 +.816 = + .019 +.087 +.169 +050 + 40

— .001 +.060 —.006 =—.004 —.014 -.023 —.009 + 10

The probal>le errors of the separate determinations have been given

in Table 111. The p.e. of the adopted values were estimated according

to the agreement of the separate values.

IV.

+2 . 40' <=v, +0 . 24' <?v., +1 . 35» i-^^ = . 000 +0.18

1) Goliecled works I, page 105.
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If now we reduce all tlieso ((|iiati()ns lo tlie same weislit, so that

the p. e. of their riiihl-haiul iiiemliers lieeoiucs ± 0.10, we liiid, if

also the signs of 1 are reversed :

Res. Snrji.i

.

-f33.3tfx' -^3.8ffr, ^O.lrfr, -K'-Orfr, +0.2r, = +0.12" +.02 —.78

+ 3.4 +0.2 +0.4'^ +0 5 =: +0.27 +.25 +.1(5

If. + 3.8* +0.2 +0.3''' +4.1 —0.2° = -O.^S —.12 —.82

j

+0.(3 =+0.05 H--05+-05''

III. +0.5 +2.0" z=+0.12 +1(5 +.06"

' +0.P =—0.09 —.09— .00

IV. +1.4 +0.1" +0.8 = 0.00 .00+. 7

The finally adopted eorrections are:

dx = + 0.005 ± .0075

(fi\ — + 0.010 ± .030 rfr, = ± .050

dr, = — 0.020 ± .020 r, = ± 0.25

The corresponding values of the masses ai-e

:

Jb' = 0.0214 180 ± .0001543 (6 = 1 for d = 39".i))

= 0.0000 0000 518169 ± 3975 (astrouoinical units)

»i, = 0.0000 260 ± .0000 012

w, = C.OOOO 231 ± 11

m, = 0000 804 ± 16

m, = 0.' 000 424 751 ± .0000 106

SiUistituting these eorreetions^ there remain (he residuals staled

ahove. If Soiillart's masses are substituted there remaiu llie resi-

duals given in the last eoiunin.

The equations II and III are eontradieling each other; 11 tlemands

a negative value (h\, III a positive value. On accoiuil of the bad

agreement of the ditfereul delernuualions of ,'., 1 have assigned a

very small weight to the ecpiatiou III. It is to lie noticed thai the

large negative correction rfr, coidd have been partly avoided in

assundng a large positive \alue of i\. e.g. r, = -|- 0.5. Kven iheu,

however, it would not be possible to l)ring about a satisfaclorx

agreement of 11 and III willioul spoiling Ihe re|>resenlati(iu (if 1

and IV.

The probable errors stated for the corrections <ly. and '•)•,• as well

as (he values of these corrections Ihcinselves, depend largely ou judg-

}iC)
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nieiit'). Ill cstimiVtiiiK llu' |)iohut)le errors I have taken into account

as accnrately as I cmild tlie ini|)erfections as well of the theory on

Avhich the left-hand iiioinhers of the equations of condition depend

as of the observations from wiiich the right-hand members are derived.

It has been iii\ aim to estimate true probable errors, i. e. the

masses (C) are those which with our present knowledge of the

system I consider the most pi'obablc, and 1 consider it eqnally pro-

bable that the deviation of the values (C) from the truth is smaller

than the stated p. e., as that it exceeds this quantity.

The above contains all that can be derived from modern extra-

eclipse observations. The resulting values of the inclinations and nodes,

and of the mass of tiie system, i.e. the grou])s A and C of unknowns,

must be considered as tinal, so far as the observational data at

present a\ailable go. The results for the other unknowns (those of

group B) cannot be accepted as final until they are confirmed by the

reduction of the photometric eclipse observations uf the Harvard

observatory. With regard to the inclinations and nodes, I have already

pointed nut in Cape XII. 3 (page 121) that a new determination

about the year 1920 is desirable. For the determination of?H4itwill

be necessary, as was pointed out by me in my dissertation, p. 82

and 85, to supplement the modern observations by a determination

of A, and k, about 1790 from a re-reduction of old eclipses. Of these

an amply sufficient number exists. Between the years 1772 and

1799 I have found in the literature of the epoch records of 63

eclipses of which the immersion and emersion have been observed

liy the same person, and about one third of these have been observed

Ity more than one observer.

In order to derive entirely satisfactory results it will also be neces-

sary to revise Souillart's analytical theory, as pointed out by me

in bron. Publ. 17, page 118.

The masses and elements derived in the above, though not to be

considered as final, still doubtlessly are much nearer to the truth

liuui those used in Souii.i.art's theory. It therefore seemed desirable

to introduce them into the expressions for the latitudes, longitudes

and ratlii-vectores as given by that theory. To take account of the

uncertainties of the masses I give the coefficients as functions of the

small (juantities o and )., , which are defined by

^ "The probable error arising; from tlie uncertainty of such judgments must be

included among the possible unavoidab'e sources of error." Newcomb, Astronomical

Papers of the American Ephemeris. Vol. 5, Part 4, page 398.

[Note added in the English translation].
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Jb' = (Jb^)^ ( 1 4 p)

m; ^= (7?i,)„ (1 -f ).,),

where (»76')„ and {nii)„ represent llie valnes (C). The squares and

products of Q, ).^, P., and 7, will be neglected. These developments

are based entirely on those of Gron. Piibl. 17, and what was there

said about their accuracy and reliability also applies here.

The semi-major-axes corresponding to the adopted mean motions

and the adopted mass of the system ha\e been computed by the

formula ') :

„ , , 1 + m/

«.)V «,v
•o^

fo

T,

T

T

T

T

T

Their logarithms are

lo!ja, = 7.450 1443 + 0.000 101 q

% a, = 7.651 8277 + .000 040
'^

% a, = 7.854 6197 + .000 016 p
log a, = 8.099 8338 -j- .000 005 q

The values of the coefficients r^-, which occur in the e.Kpressions

the equations of the centre, are

= -^0.0280 - 081 Q +.027 X, - 002 A, +.055 ;.,

= —0.0053 —.003 o —.005 X, —.004 P., —.001 P.,

= 0.0000

= —0.0320 +.058 Q +.027 P, —.011 P, —.061 P,

= —0.0447 +.022 Q +.003 P, —.042 P, +.006 P,

= 0.0000

3
— +0.0171 —.013 Q 4- .002 P, +.014 P., +.015 P,

= +0.1619 — .098 9—.005 P, +.019 P, +.116 P, +.0019 P^

= —0.1173 + 112 9 +.006 P, + 024 P., -.142 P, +.0163 P,

= +0.0016 -.002 (J +.001 P, +.001 P, +.0014 P,

= +0.0139 -.018 (> -.001 P, —.001 P, +.010 P, +.0112 P,

= +0.0828 -072 9 -.001 P, -.017 P., +.009 P, +.0726
p'

Tlie daily motions of the own perijoves (referred to the first point

of Aries) are :

(to.)+0J4703 +°.1295 q +°.0070 P, +°.0166 P., +°.0007 P, +°.0001 P,

(w.J + 0.038955 +.02590 —00371 +.00406 +.01974 +.00019*
(w,) fO 007032 +.005S0 +.00024 +00100 +.00066
(w,)+0.001896 +.00075 +.00003 +.00007 -^.00082 —.00005

1) It will he seen that I adopt here Laplace's definition of the mean distances.

All other constant terms of the radius-vector will be included in pi = ri/ai . These
ratios p. must not be confounded with the small quantity p representing a possible

correction tn the adopted value of Jb-.

49
Proceedings Royal Acad. Amsterdam. Vol. X.
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The great inequalities are :

.r, = o'.4303 —.1)024 X, +.4 .'28 ;., —.0145 ;,

.«, = 0.9875 +.1278 —.0090 +.8188

.r, = 0.0636 —.0010 +.0629 -.0063

The ooeflicicnts of tln^ iiHM|iiiilities of iiroii|i II are :

x,,=:!-2.49 —.04 «. +.<I4 ;.,
— 'J.4lU, +.17;.,!^,

>e„ =
!+ 0.98 -.19 y-.13 ;, + .97 ;., -.10 ;,> .,

x„^}+ 0.083 -.03 (>-02 A, +.02;.,*.,

X,, =
j
+ 0.0062 - .008 Q - .002 1,).^ — .005 A, +.002 ).,\ c,

y,, =!+ 2.26 —.05 (> +2.20;., -.03;., + .03A,j<',

x„ = 1+2.19 +.16 c>- .74>^, +.08;, +2.93;,!.,

x„=r 1— 0.535 —.27 Q— .03;, +.15;., - .02;,*^,

x„ ={-0.0368|-.005p— (.002— .017;,)/,+.022;, -I .045;,;, - .046;j^,

'<., = l-"''i -.oi;,|.,

x„ =1-0.67 -.65;,}.,

x„ := s+0.109 +.07p - oi;, |-.o7;,j.,

x„ =
j
+ 0.0078 +( 002 +.009;,)A, +.oli;.,i '\

The (iiiantities determininfj' tiio liliralioii are :

Q, ^ + j.003-140 — 00022;, — .00o50;, — 00142A,|(1 -f /,)(!+;,)

Q^ = -1.005161 —.00021;, — 00045;, — .00135;, 1(1 I-;,) (1 + ;,)

Q, = + J.000452 - 00U02/,j(l+;.,)(l+A,)

.i" = Q, - 3Q, + 2Q, i|, ^^m-t,)
th — 0°.158.smi('

,'f, =r + 0.1735 a- »., — - 2603 ,'> .'>., r= + 0.0228 ,'f

The position of tiie orbital |)laiies of the satellite.s i,s in Sovii,i,.\kt"s

theory I'eferred to the orbit of .bipiler, of which the ineiinalion and

node') referred lo the ('cliplic and mean e(|iiiiio.\ are (aceor(Mng lo

Leverrikr, l>ut with Nkwcomh's precession):

if.— l°18'31".l — 0".2051T

{> = 99 26 36 4 36.396 T,

where 'J' is the time counted in hx)pical years from 11)00 .Ian. 0.0

Greenwich M. T.

It is preferable, however, lo refer ihc latitudes (if the satellites lo

the mean equator of the planet. The inclination and node of this mean

equator referred to the orbit (the node beinj^ counted "in tlie orl)it'"j are:

10 — 3° ()' 55". 1 + 0".0243T

6 — -ilh 48 + 50 .1.58 T

The incliiialiou and luidi' of tiic mean c(|ualor I'elV-rrcil to llic cciiplic

are thus :

') Unless ntlierwise staled, nude sUiiids for ascending iiodt



( 723 )

= 2° 12' 8" 7 + 0".4231 T

:X = 3S6 24 24 + 48 .916 T

The inclination and node of .Iiipiter's orhit referred to the mean

equator are therefore (tlie notle lieinji; counted "in the equator"):

(0= 3° 6' 55". I + 0".0243T

(9' = 135 46 44 -L 50 .155 T

The position of the orbital planes of tlie satellites — e.xcludinj,^

periodic, but including secular perturbations — referred to the mean

equator, are given by the formulas :

iicos {& — ^i) = qi
— 2j 0,j Yj cos Fj + ( 1 — ii,) lo

Referred to the orbit of Jupiter they are')

lisin A'i-:= Sj Oij Yj sin dj -(- [iico sin 6

Jicos i\',- := ^j (J,j Yj cos &j -\- HiVi cos 6
where we have ')

Fi— 180" ^ 6 ~ 6i

If the periodic perturbations are represented by rfp, , (Sqi , <fSt. we

have for the latitude of the satellite referred to the mean equator

jj, = (.;, -f dqi)si)i {vi— 8') + (pi + rfp,-) cos (»;, — 6')

aiul leferred to the orbital plane of Jupiter

Si =: lisin (I'j- — Ni ) -\- 6si

.

Here vi is the true orbit-longitude of the satellite. In both formulas

quantities of the third order in the inclinations are neglected. The

neglected terms in ,^, are thus of the order of magnitude of 0^.00002

and in »•, of the order of 0°.01.

The values of the coeflicients a,j and ;«, are :

a,, = — 0.019 + .012 Q — .019 P.,

a„ = — 0.001 + .001 p - .001 ).^

<j,, = 0.000

<T„ = 4- 0.0203 — .020 Q + .020 ;.,

<T„ = — 0.0347 -f .028 Q + .002 P., — .035 ;., + .005 ;., - .0005 ).^

o„ = - 0.0010 — .001 Q — .001 ;., + .001 /,

1) Rigorously these formulas are true with reference to the fixed orbit of

Jupiter, and a correction must be a|iplied to derive the latitude referred to tlie

moving orbit. It is, however, sullicienlly accurate to use the same formulas for

the latitude referred to the moving orbit, provided we take for a and 5 the incli-

nation and node of the mean equator referred to this same moving orbit (as was

done here). For the motion of the node 5 referred to the moving orbit I adopted

— 0".0979 instead of — O''.071O (Souillart II page 166). This in the value wliich

results if Souillart's final value of h^ is used instead of the approximate value

used by Souillart himself.

-) The meaning of F, is thus here slightly dilVerent from wliat it was in tlie

subordinate investigation I.

49*
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<T,, =: + 0.0056 — .013 o + .003 )..^ -\- .oiu ;., — .0001 ;.,

rr,, = -f 0.1488 -\- .132 o — .nil /, + .005 ;., + .12.'. ;., [
.0(126 ).^

,T^, = — 0.1772 + .176 p + .008;, f ,028 A, — .211 ;., 4- .0282 ;i,

<\^.— — 0.0018 — .003 Q + .001 ;., + .0018 ;.,

rt,, =r -f 0.0183 — .034 9 — .002 ;., — .002 P..^ + .(il7 ;., i .0'2()7 ;.,

,j,^ = -f 0.1203 — .1 10 o — .005 ;., — .016 ;., f .uiii ;., f .106 1 ;.^

,1, = 0.99944 + .(tooo p — .(1002 ;., — .ooo2 ).,

ft, =1 0.99428 4- .0095 q + .^^^^^'l )., + .0001 /, — .0022 P., ~ .0023 /,

,/, = 0.97271 -f .0294 q -f .0012 ;., + .0040 P, — .0010 ;, — .0088 ;,,

,(,
— 0.86245 -4- .0555 p + .0018 ;., + .0045 P, -f .0503 A, — .0056 ;.,

Tlio daily motions of tiie nodes 8^ arc:

(^, ) _(U3614 _.i:«7 .= .()<)t>3 /., — .0010 .3 _.(HHH)8>4

,(,,, ^o.o:K3;t5 _.0'26O2,; _.()()i9s., _.(M)(ji:i/, — .(«);wj/, - .oooi!)! /.

(«,) _().ai6854 —.(1049:1 - .()0(l'21 /,
— .0(K)7I ;.i

^.(KWHti /j — (I(M)69.t >,

(I4) —O.O0177t> — .(HX)77; — .ll(KK););i —.IWHW;, _.()(M)7,-w, -f
.(«Hi(i9S/,

and for the angles V, we have :

—^ = 0°. 000038 .

dt dt

The qnantities p; are thns :

;., = 1-0 02720 .v« r, f 0.00951 sin T, +0.00103 s/h I\ — 0.(10(146 ,.;« 7;

p^ =— 00052 + .46830 + .02734 + .00464

pI^- .00003 — .01625 + .18390 + 03051

/,, = .00000 — 00047 — .03259 + .25360

In </, we have the same coefficients, and again in A sin .V, and J, con jV,- .

The constant terms (1—ft/) w of (7, and the coefficients of nin & and

CO." 6 in /, >••''( A", and /, cm A',- res|»ectively are

:

(i_p^) (o — (,M)0174 f(j
w =z 3.1136

(l_,i^) ,0 = 0.01792 fj, w ='3.0974

(1— fi J (o = 0.08502 f«, a> = 3.0303

(1— ,(j(,j = 42851 ,(, (fj = 2 6868

The position of tiic true ecpiator refened In tiie mean c(|iiator is

defined by its iiiclinalioii m^ and node i|j,, wliicli are determined by

the formnlas

(U, .^in (&'— ^\) — :^} 0„j Yj sin Fj

CJ, rns {8'~ l(J,) = ^j 60J yj COS Fj.

The inciinalion ii and node '/' of the true equator referred to the

orbit of .Inpiter are then:

SI sin *r= !Ej a„j Yj sin 6j -|- (u sin 8

il cos '/''= 2j Ooj Yj cos 8 j
-{- 10 cos 8,

where we have

:
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<T„, = — 0.00097 (1 + X,) (J., 71 = - o!o0003

<Ju, = — 0.00094 (1 + 3,) a,„ 7, = — 00044

<j„ = - 00441 (1 ^ /,) (J„, y, =: - 0.00081

<j,^ = — 0.00363 (1 + ;.J o„, y^ = — 00092

Before giving the expressions tor the perturbations I will first state

tiie values of the arguments. For itrevity I put

Ti= /, — /, V = /, ~ 2/, g)i = r -f cu,

L = the mean longitude of Jupiter

M= ,, ,, anomaly ,, ,,

in Lkverrier's notation.
W= 5/>'— 2/^1'—16°3r

]]\= /'>' -2/»'- J 30
.

V=2L — 2/9'-\-lSO'

V ^2L — &.

The values of the arguments then are, if t is the time counted in

days from 1900 Jan. 0, Mean (ireenwich Noon (J. D. 24J5020j :

I, = 142°604 -f 203,4889 92G1 t

l,= 99 5(4 + 101.3747 6145?

/, 1= 167.999 + 50.3176 4587 <

^, = 234.372+ 21.5711 0965 «

T = 29r.535 -1- 51°.0571166 t v = 123°.5 + 0°.73947 t

if» = 252°.4 + 0M4081 t

iZ, = los'.S + 0°.14703 ( y, =: 279'.0 + 0.88650 t

w, = 62.7 +0.03890 t <^, = 186.2 + 77843 (

to, = 338.3 +0.00703 t y, = 101.8 + 0.74650 <

to, = 283.15 + 0.001896 « «/?, = 46.7 + 0.74137 «

l\= 75°6 + 0°136 18 t 6,— 60°2 — o"l3614 t

r, = 202.64 + 0.032 373 t 6^ — 293.16 - 032335 I

r, = 176.09 + 0.006 892 ( 6^ = 319.71 — 006854 t

/; = 123.84 + 0.001 810 f 6*,— 1 1 .96 — 001772 i

6 = 315°.800 + 0°.000 0381 t

ff= 135 779 + .000 0381

<

L — 238°.0 + <i°.08313 t M = 225°.3 + 0.08308 t

MK= 117 .9 + .()0112f W,= 64 2 + 0016l7<
V= 24 .5 L 16608< F' = 160 3 + 0.16612 (

The periodic perturbations in the latitudes are of ihe form:

(fpi= y. xin a
6s, =r y sin (u, — « — #

)
ffqi =; X cos a



Sat. I

Sat. II

Sat. Ill

Sat. IV

( '^(^ )

All coelYioients being vei\v small, we may in the arguments replace

r, by /, , and neglect the dill'erence of 0' and 180" -(- 6*. Tlie coef-

(icients and arguments are :

coefficient argument argumeid

dpi , 6qi dsi

+ 0.00042 r, — 2v—2d' I, + 2r + 0,

-f 0.00025 V l,— V'

— 0.00099 r.^-2v — 2&' /^-|-2r+<9,

+ o.oooiD v+r, i^ + a, — 2L

+ 0.00078 V l^—V

+ 0.00010 V-\-r, l, + 6>, — 2L

+ 0.00177 V l,— V'

+ 0.00032 V+r, l,\6, — 2L

+ 00380 V I— V
The expressions for the longitudes and radii-\ectores are given

below. The inequalities are arranged in three groups, according to

the periods, as explained in the beginning of this paper. Inequalities

which are smaller than 1" in longitude and 0.000005 in radius-

vector have been neglected. The developments in powers of the

small quantities q and X; of the gi'eal inequalities (arguments 4t, 2r

and T for the satellites I, II, and III respectively), of the inequalities

of group II and of the libratioii ha\ e ali'eady been given above, and

oidy the values of the coel'ficienis are repeated here. The more

important of the smaller ineipialilies are here also given as functions

of <) and /, . Where no development is given the coeflicients were

taken from Souillart's theory, corrected for the adopted values of

the excentricities (and inclinations) but not for the masses. The

multipliers of q and P., are given in units of the last decimal place

(if tiie coetlicients to which they belong.

The true orbit-longitudes are:

!),=/,+ 0°0276 sIm t|' + di\

t', = /, — <» 0411 xin \\y + ffii,

u, = /, + 0030 sin i|? + dr.

The radii-vectores are

:

r, = ai!)i

Pj = 1.000 0060 + (fu^

p, = 1.00 10549 + 000 014;i, + 000 084 ;i, + (U),

p, = 1.(100 0155 + 000 009 ;., -t
.000 Oil ;., — ,ooo 002 ;.^ + dy,

Q^ =r 1 000 0755 + 000 008 ;., + .000 008 ;., -i- .000 o;j4 ii^ + t)y.
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The inequalities dr, iVi"' rf?i ^^'^

Li. E(/uafions of the centre.

dvi= a 1 sin (/, — w,) + a,-? >«//( {I; — (J>.j)-|-a/3.?/;i (/, — tiji,)-)- a,-4 .?wi (/,—«>,)

a,, = + 0°0062 a,, H (MIOl 1 a,, = + (MI03() a,, m -f 0.0014

a,j = — 0.0002 a,,, =: -f 0.0344 a^, = -f 0281 a,,— + 0.0118

a,, = 0000 a„ = — 0.0015 a„ = + 1736 a,, = + 0.0706

0.0000 a =: 0.0000 a^j -tt — 0.0204 a,^ = -\- 0.8528a 41

(f(}i = a'l'i <-<>.'' (/,— Wj) 4- a'jo'W (/, — (5,) -|- a',-3 CO.* (/,— to,) -|-a',-4 cos (li— io,)

a\, = —.000054 a',, = -f .000010 a'j, = — 000026 a',, = —.000012

a',, = +.000002 a'.„ = -.000300 a'„ = —.000245 a',, = —.000103

a',, — .000000 a',, = +.000013 a'„ = —.001516 a',, — —.000616

a',, = .000000 a'„ — .000000 a'„ = +.000178 a'^^ = —.007445

The inequalities of the gniup.s l// and Ic are of the form:

dvi := X sin a do,-= x' cos it.

TheJ are :

coefficient coefficient

Argument in dr, in dp,

Satellite T. ^

2t +0.0034 (If ;i,) —.000 017(1+;.,)

3r +0.0016(14-;.,) —.000 011(1+;.,)

4r +0.4303 —.003 755 {x^, see above)

8t +0.0014+ 23;, -.000 012-20;,

Satellite II.

r -0.0123(1+;,) +.oooo6i(U ;,)

2r 4-0.9875 —.008 617 (x ,, see above)

3t +0.0052(14-;,) —.000 058(1+;,!

4t +0.0051+1/, — 1;, + 109/., —.000 034 + 8;, 4- i;,-83;,

5t +0 0004(1+;,) —.000 006(1+ ;,)

6r +0.0005^3;, f->;, —.000 008— 5;,— 2;,

/,-/, —0.0006(14;,) +.000 004(1+;,^

2(/,-/J +0.0005(1+;J —.000 006(1+;.,)

r-\-<f, —0.0005 • +.000 002

2r+ y, —0.0003 +.000 006

2T+y, +0.0026 —.000 021

2T+ y, +0.0010 —.000 008

l^--v\ —0.0004 +.000 003

i,-w, —0.0004 +.000 002
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ooefficient coefficient

Argument in dv; in (fQi

Satellite III. ^

T —0.0630 +.000 555 {x,, see above)

2t — 0.0011 (i + ;i,) +.000 015(1+;.,)

3r —0.0008-6A,— 2;i., - .000 006 -1U, + 4A,

/^_/^ -0.0041 (l+ ;iJ +.000 022(1+;,)

2(1,-1,) +0.0138(1^;.,)



Argument
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liorc however, it was not iieceb:i;UT eillier lo jniv iitleiitioii lo great

lii'iglitness.

Tlie coinbiiuitioii of llie last iiientioiied coiidilioii with a conside-

rable valne of dis|)ersion naturally leads to the a|)|)lication of the

j)rinei|)le of anto-eolliniation, |)ieferabh' with 2 "halfprisms". In using

the instrument as a secondary spectral source of light ininiobility of the

entrance slit cannot be dispensed with, and for the exit slit it is

also required — ])erhaps \v\{\\ the exception of small scnirces of

light, easily moved. We are, however, aware of the drawbacks

which attend this principle, viz. a highci- degree of false reflexes,

and the so-called "vignettation " (if the beam of light liue to the neces-

sity of |)lacing the slits at dilferent heights.

The utmost brightness is specially required for experiments on

poiai'isation, in wiiich a nearly crossed position of the nicols allows

only a \ei'y small fraction of the light to pass. It follows that in

such cases polarisation by the apjiaratus itself does not give rise to

difiicidties ; it may even prove advantageous that refraction should

in each case take [ilace at the angle of |)olarisation ; for then there

is absolutely no loss by retlection of ligiit polarized parallel to the

refracting edges of the prisms. So in its usual position the apparatus

would allow light to pass w hicii shows a strong partial polari.sation

along the vertical.

From Brewstkks law it follows that the angle of refraction of the

whole prisms must then amount to (180'— 2 arc Ig. //) ; we shall by

preference choose prisms of HO' (resp. 30°J, corresponding to

II ^\ 3 = 1,732. For this case, with 2 whole and 2 half prims,

the simple scheme of fig. 1 is naturally evolved, where evidently

all the angles of incidence amount to (iO'.

i\'ow the glass must meet the following principal requirements:!)

index of refraction for a mean colour about 1,73 ; 2) no strong absorption

of violet light; 3) homogeneity and absence of bubbles; 4) resistance

against atmospheric inlluence; 5) sufKicient dimensions of the rough

blocks, in spite of the |)resent ample choice it proved impossible

as yet lo satisfy all these 5 conditions to a sutlicient degree.

In the instrument constructed in the spring of 1907 by C. Zuiss we

therefore used heavy Hint N". 1771 of the firm of Schott & Co. at Jena,

for which y//;^ 1,794; according to what precedes an angle of

refraction of somewhat more than 58^ (or 29 j corresponds to

this. The value of (hi between C— 7'^ amounts to 0,0309; from this

follows a dispersion for every whole pi'ism of 4°4'
; hence for the

whole course of the rays 2 X ('/, + 1 + 1 +'/,) X 4°4' = 25^ nearly.

In order to keep the system in the minimum of deviation, every
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Fig. 1. — '^,\o
natural size.

prism must evidently be subjected to an equal rotation witli respect

to the iireceding one, round tlie points R, Q and P. Prism 1 remains

rigidiv coimected with the collimator tube ; now let every point of

II describe an arc (t of a circle round /'; tlieu the points of III

describe cycloids, those of IV higher cycloids, in which the total

rolalion of III and IV with respect to the ground plate amounts to

2<( and '.i(t respectively, apart from their simultaneous translation.

In a similar case one of us (F.L.J successfully constructed a

tootlied-wheel mechanism for a quartz-monochromator years ago,

which was now also chosen. The old arrangement for cutting

the rather intricate forms of the teeth was now again adopted. An
analogous niechanism was, moreover, lately described by Hamy ')

and executed by Jobin.

For the sake of simplicity prism II is primarily rotated by means

of a worm-wheel arc S roughly represented in the diagram, which

could be etfected with a bamboo rod from the observer's place. The

leading takes place on tiie circle C; the prism tables are provided

w ilh gernian silver feet, which slide on a glass plate
;
prism IV is

M Ai. Hamy, Jnuni. do phys. ( 4) 7, p. .'j^, 1908; Zeilsclir. f. iiistr. Kuiide 28,

p. l±2 I 'JUS.
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silvered on tlic 'lack side. ') Tiie iiiigic of I aiiiomils to .'^0 40'
; tlie

plane of eiiti-anee \ - 52 < 52 luiii. large — forms an angle of

about 40' with the wave-frunl, w liicli eauses tlie disturbing reflex

to be tiirown aside. Tlie object-glass, consisting of three lenses, has a

diameter of (57 mm., a focal distance of 260 mm., so that the aper-

ture amounts to '
.,

. The lateral spherical aberration is according to

calculation of the order 0,01 niui. A small pai'l of the convex front

surface has been blackened to prevent retlection ; square diaphragms

I) have been placed in the collimator tube for the same pur|>ose.

The whole system of prisms is placed under a closed metal cover

A': inside tliis the necessary cin'mical substances are supplied in order

to protect the sensitive glass surfaces against the action of water-

vapour, carbonic acid, hydrogen sulphide etc. Whether these measures

will prove eifectual remains, as a matter of fourse, to be seen after

a considerable lapse of lime.

At the end of the collimator tube the "slit holder" is ari'anged so

as to rotate round its axis. The bilateral entrance slit 1, which is

provided with a prism for coiupai'ison, is 3.5 mm. long, it is slightly

curved (radius of cur/atuie 70 lum.j, and can rotate a little so that

the slojie and cur\alure of the spectral lines is compensated for a

mean colour; the slit is focussed by means of a spiral groove. A
mirror silvered at the front side dii'ects the rays towards the lens,

which on their way l)ack pass along its upper or lower side so as

to reach the exit-slit /'; the latter is also bilateral, 3,5 mm. long, but

rectilinear. It may be exchanged for moiiocentric non-reflecting eye-

pieces with a focal distance of i) or 25 mm., or for a normal camera

60 X 9" nun., by means of which oidy a small spectral region can

of course be photographed at the same time.

The whole apparatus is constructed without any iron, and mounted

very comi)aclly on a marble slab. The adjusting screws form a right-

angled triangle, one of the catheli lying under the optical axis, whose

height above the plane of the table is 125 mm.
For measurements in the idtraviolet the object-glass is replaced by

a qnartz-fkiorite achromatic lens (r/:= 33 mm., /=; 260 mm., apert.

'/,); it would of course be too expensive to fill the whole aperture;

a couple of quartz-half prisms according to CoRNU is also provided.

I) fn many respects it may be preferable to fix a metal minur with glycerin

to llie back plane, for It is easy to remove it, and also to adapt the apparatus

for transmitted light : in this case a telescope or a spectrograph witii camera lias

to l)e added; llie same mirror may be used, if necessary, to give tiie desired direc-

tion to the liglit. Besides, some alloys reflect considerably lieller than silver in the

ultraviolet (about 320 (Xfi).
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Some time ago one of iis ') ai)plie(l to a s|)cclrograpli a peciiliar

graduation according to \va\ c-ieiigtlis from 5 f<;t to 5 i/fi, which

proved verv convenient. For iiistiuments of great dispersive power,

however, liiis principle hardly works well : more acciirafe results

are obtained with a calibration curve, thougii this takes more time.

For this calibration the lines of the gas spectra of hydrogen, helium,

and those of a mercury arc lamp may be used ; also those of the

spark spectrum of copper ami of the tlame spectrum of potassium ;

in this way a sufliciently uniform distribution of lines is obtained

between 410 and 770;<f«. Tlie accuracy of the readings is of the

order 0.05 fui.

Though from the outset we had been intent u|iou pre\enting cud

play in the mechanism of motion, it proved as yet impossible to

avoiti this altogether, so that it was necessary for the readings to

have the motion take place always in the same sense. We hope,

however, to remedy this defect by further improvements.

With the apparatus used as a spectrometer a vei'v satisfactory

resolution of neighboiu-ing spectral lines could be brought about, the

theoi'etical dissolving power of the set of prisms in the usual sense

amounting to 65000. Thus with the strong eye-piece the yellow

helium line is seen resolved into its two components, whose distance

apart amounts to about 0,035 jifi.

Fabry and Jobin (loc. cit. p. 208) give a comparative table of the

breadth occupied in the spectrum by a wave-length interxal of 1 iiii

in the \iolet at about 434 iiii
. in the red the dispersion isofcour.se

much less :

APPARATUS DISPERSION

Bruce (Yerkes-Observatory)

Mills (Lick-Observatory)

Fabry and Jobin

Du Bois, Elias and Lowe

RowLA.^D-grating of Berlin University, 1st 2,18

order (r)(')S4 lines, per cm; radius :i',iii cm),

!,i mm
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impossible cntirolv to excliide diffiise lip:lit— probably cliio to the diffu-

sion t^iii tlie faces of and inside the prisms, so Ihat we shall always

have to take arcmiil of ils presence, even though it be oidy to a

very slight degree. In fact, we have mil investigated any apparatus

or prism, in which the disturbing inlhience of this phenomenon was

ncil more or less felt. Tiic (piestion whether a certain dilTusioii still

occurs with a really macro-homogeneous, optically "empty" refracting

medium, is difticull to sol\e, anil must for the present be considered

a pending pi'oblem.')

The "vignetlafion" amounts on an a\erage to 25 °
„, as may be

observed by accommodating on the square objective diaphragm. When
the a|)pai'atus was used as a monocliromator Ihc intensity of the light

came up to what we expected ; with sunlight it is still from 5 to

10 times higher (according to meteorologic circumstances) than

with an arc-lamp crater projected on the entrance slit. Accordingly

with monochromatic light of great purity even polarisation apparatus

of very slight transmitivity may be used. When thus apjilying the

instrument to illuminative purposes the entire path of the beam from

the source of light on to the retina, and especially its divergence,

ougiit to be carefully adapted to that part which lies within the

a|»paratus, if all the possible benetit is really to be derived from it.

Physics. ' Tlu' injliu'iice of ti'iiiperature and magnetisation on

sekctice absorption apectra', II. By Prof. H. E. J. 6. DU Bois

and G. J. Ei,i.\s. (Communication from the Bosscha Laboratory).

§ 12. Since our former communication (These Proc. Febr. p. 578)

the cryomagnelic arrangement was further improved in some respects

in order to obtain a stronger tield, and to diminish the inconvenient

formation of rime. The truncated end-planes of the conic polar

pieces had a diameter of (5 mm., the split cores') a diameter of

3,5 mm.; the width of the slit at tin; eiul was from 0.4 to 0.(5 mm.,

the slit being wedge-shaped so as to lit the convergence and diver-

gence of the beam of rays between two lenses ;
it was arranged

in such a way that the whole surface of the grating was illuminated,

so that the theoretical dissolving power, — amounting to about

100.000 — had its full effect. Subsecpient in the direction of the

rays was a doubled (puirler-wave [dale with horizontal demarca-

ij G. A. LoBRY DE Bkuyn aiid L. K. Wolfk, Hec. d. Trav. Cliiiii. 23, p. 155, 1904;

L. Mandelstam, Fliysik. Zeilsclir. 8, p. 60.S, 1907; M. Planuk, ibid. 8, p. 906, 1907.

-) H. uu Bois, Zeitscbr. fur liistr. Kundu 19 p. 360, 1«99.
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tion adjusted at the laltoratorv aocDnliii^ to Cornu aiul W. Komg ').

On account of the considerable astigmatic difierence in tiie images

of horizontal and vertical lines formed liv a concave grating, the

plate was placeil near the focus of a third lens in order to enaiile

us to cancel this astiguiatism for different parts of the spectrum iiv

coniparati\elj small displacements. The line of demarcation could then

he adjusted suflicieiitlv sharplv in the spectrum, which Konk, had nut

succeeded in doing. A nicol followed the nuca plate, and then came

the principal slit. With this arrangement a normal doublet is known

to appear in the spectrum as a broken line e. g. thus .' ; an<l on

rotation through 90° of the nicol round the direction of the rays or

of the '

,
plate round its vi'rtical diameter 'j at once appears.

§ 13. As a rule the samples were mounted in a copper trame-

piece and clasped between the polar end-planes ; it is desiralilc to

ha\ e an airtight fitting so as to prevent cold currents of air with

formation of rime. The \e\e\ of the liquid air may now rise above

the oi)eiiings so that the sample is (|uite immersed. The air stag-

nating in the bores is etfeetually dried by the preliminarv cooling

with solid carbon dioxide. With thin samples we obtain in ihiswav

a field of 40 kilogau.ss, which is quite essential for the proper

resolution of the qnadru|)lets etc to be described later. With sun-

light and a width of 0.05 mm. of the [irincipal slit there was still

plenty of light e\en in the \iolet ; the Fkainhoi-er lines, howe\er,

proved so troublesome in many cases that the much weaker arc

light had to be nsed. The spectrum was measured by means of

a magnifying glass and a graduateil glass scale, the divisions of

which amounted to 0.22.5 mm., exactly corresponding in 0,1 (iit in

the spectrum of the first order. The auto-collimator, which we also

nsed has been described since our first communication (see the

preceding papei-).

All the following ex[)eriments were made with a lonyiludinal field,

in other words with an axial dircctiou of the rays ; uiany new
adjusfments would be reqnireil after turning round the heavy electro-

magnet, so that we hope to exteud the ob.servatious to an ecpiatorial

direction of rays later on.

^ 14. Third series. Of the large number of coloured com-

1) A. GoRNu, (Jompt. Rend. 125 p. 555, 18V»7. — W. Konig, Wied. Ann. 62

p. 242, 1S97. We found it safor not to place tliis ariangemeni at the end of llie

beam near tlie niagnil'ying glass, (in acconnl of polaiisalion l)y tlie grating : ef-

P. Zeeman, These Proc, Oct. 1907.
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pounds of trivalent titaiiiuni and vanadium wo investigated some

wilhoiil, liowever, Iiavinjr tunnd anytiiinii; nulcworlliy as yet. The

selective properties in this series culminate for cludinium ; we shall

therefore restrict ourselves to a closer investigation of some chromic

compounds ali'eady discussed in our former paper.

CItroriibnn nbuii.

Ki'oni iIk; well-known rcuiilar crystals plates of a thickness dfahont 2

and li m.ni. were cut. At 18 a rather intense band 669,8— 67J,6 is seen

in the red; at —193" it becomes considerably narrower, viz.: 668,6

— 669,4, the centi'e shifting' 1.7 jift towards the violet; moreover

another rather strong line 670,2 appears ; between 619 and 716 no

less than 21 fainter and sharper bands and lines are actually visible.

In a field of 34 kilogauss the two principal lines appeared broken

;

the horizontal distance of the correspondino; edges of their upper and

lower halves, henceforth briefly called the Itreak, amounted to about

0,10 f/fj; the sense was opposittf^). Hand 668.6- 669.4 shows one fine

narrow .satellite on the red side, towards the violet two of them;

the former disapi)eared in the field; the two latter ones became very

vague, and seemed, as seen with sunlight, to join in the break of

the principal band.

liubi/.

§ 15. With the square plate (7 X ^ X ^ m.ra.) mentioned in our

preceding paper a long edge contained the optical axis. From the

same ruby cone a small quatlratic prism (1,5 X ^.^ X 4 m.m.) was

now ground, the axis being parallel to a short edge. With the slight

thickness of 1,5 m.m. sufilicient absorption is shown even with grating

di.sper.sion. We nnist now distinguish the cases that the optical axis

is
II

or X with respect to the direction of the field.

I. Optical axis
|

j

direction of field:

A. I'liir iif Ixinds ill till' lihie at —193°. Besides the two bands

in the red already described, a pair in the blue are rather striking

among the other 8; we shall briefly call these i^j and i?,. At —193°

their situation is: 7J, = 474,2—474,9, and i?, = 476,1—476,5 (at

18° they lie 474,9—475,7 and 476,5—477,1, more towards the red).

The distance of the central lines measured in the grating spectrum,

amounteil to 1,63 (jf«. In a field of 36 kgs (= kiloganss) the break

for Z?i amounted to 0,04 ;< [i aiul for B^ to 0.055 f</j, the sense being

') 1. e. with respcL-l to thai wliiili lias brt'ii I'oiuid up to now for all vapours;

such an opposite sense was also obseived by J. Begquerel in most cases.
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opposite ; an asymmelrv in ilie break of the bands towards botli

sides — with respecl to their position with tield off — appeared

to exist, but conld not be nieasnred with sntlicient oertaintj. At a

•emperalnre considerably exceeding that of liquid air, the bine bands

are no longer to he determined in the grating spectrum.

^ 16. B. Fair of band^ in tlw red; we call them R^ and R,.

1) At —193° we have /?, =691,7 and A', = 693,1, the distance

measured in the grating spectrum being 1,38 ;j f«.

Line R, -. Width with Held off 0,065 fiji. With 23 kgs. a triplet

begins to appear, which is not yet clearly visible with 18 kilogauss :

lefthand line (red side) not sharply divided tVoni middle line, forming

together a strong line, 0,JO,u,n wide; righthand line (violet side)

divided from middle line al a distance of 0,09 ;«;(. With 26,5 kgs.

the triplet further resohes, the distance on either side becoming 0,11 (iix.

With 36 kgs. the lefthand line is strong, the midtlle line perhaps

stronger still, not sharply divided, distance 0,165 ;<;*; the righthand

line faint, at a distance of 0,14 {t;i from the middle line.

Line R.,: Width with fiehl off 0,055 fjji. With 23 kgs. triplet:

lefthand line not separated from middle line, tV)rming together broad

line 0,075 ;/ft wide; righthand line separated from middle line at a

distance of 0,07 fi</. Witii 26 kgs. Ihe triplet furtiier resolves;

distance 0,08 and 0,09 iin respectively.

With 36 kgs. the lefthand line is rather strong, not ([uite detached

from the middle line, at a distance of 0,115ftit; the righthand line

taint, more clearly separated from the middle line, at a distance

of 0,15 ftft.

In all these cases the lateral components were circularly polarised

in the opposite .sense; as the middle line vanished at neither of the

two positions of the '/^ plate, it could not be circularly polarized
;

linear polarisation was not observed and quite excluded on account

of axial lield-symmetry. It is not yet the moment here to enter into

an explanation of this highly remai-kable phenomenon ; it may per-

haps simply be due to imperfect resolution of the inner lines of a

quadruplet '). A magnetic displacement of the middle line with respect

to its position with field off") could not l)e ascertained: at all events

it never amounted to more than J or 2 hundredths of fifi.

There is no reason in this case to doubt of the proportionality of

the resolution wilii the intensity of Ihe tield.

1) Gf. P. Zeeman, Tliese Proc. Febr. 1908.

') Gf. H. Kayser. Haiidb. li. Spectioscopie. 2 p. 6o5, fig. 52. Something similar

was also soaieriiues observed loi' llie sexKiplel of IJ.^.

50

Proceedings Royal Acad. Amsterdam, Vol, X.
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2) At — 79^ llie hands were alivady considerably widened and

faded so llial llic tiiickcr nibv [ilalc li.ul to Ix' iii\osliii'atod tliroiiiili wliicli

the lijilit [)rc)L'ee(led 7 nun. in the direction of the axis.

Heating from —193' to — 79' displaced R^by 0,62 (iji, A', 0,58 fift

towards the red so that their distance now became 1,42 /«,«. In a Held

of 18,5 kgs. i?i exhibited a iefihaiid lueak of 0,12, fifj, a righthand

one of 0,065 mi, and h'.^ tieviated 0,04 on tiie left, 0,07 ft n on

the right.

3) At + 18° and a Held of 18,5 kgs. A', exhibited a break of

0,07 f);i towards both sides, R^ one of 0,055 fj;i. Heating from

— 193' to +18° shifted A, 0,76 ,i,/. A., 0,69 ./.< towards the red,

so that their distance now became 1,45 mi ').

4) At -)- 200° the phenomenon was rather vague. By estimation

the two lines showed a symmetrical break of 0,04 fi/i with 18,5 kgs.

Healing from 18° to 200' moved both A; and A.^ 1,1 fijt towards

the red, their distance therefore not being changed. As yet we have

not heated the rub}- any higliei'.

In general we may perhaps conclude from the rather intricate coui'se of

tiie phenomenon that the intluence of magnetisation slightly decreases

with increase of temperature. The distance between A', and A\, on

the other hand, seems to become a little larger.

§ 17. We now proceed to the second case:

11 Optical axis ± direction of field, where we

must distinguisii the ordinary and the extraordinary spectrum. In

this case only the nicol, no longer the double ^4 plate was used,

because circular polarisation does not come in here.

1 . Onlinary spectrum ; plane of polarisation horizontal

:

A. Fair of bands in the lilue at — 193°. The width with tield

off amounted to 0,17 for iij, to 0,14 mi for 7i,, the distance of the

central lines being 1,68 jift; the lines looked about equal; In a

Held of 36 kgs. the width increased to 0,26 ;«;< for the two lines;

half the increase in width amounted therefore for B^ to 0,045, for

B, to 0,06 fifi.

B. Pair of hands in the red at — 193°. We ha\-e (cf. § 7)

A, = 691,8 and A^ = 693,2. The width with field off amounted to

0,08 for A,, to 0,01 im for A'.,, their distance in the grating .spectrum

being 1,41 mi.

With a tield of 20 kgs. Aj became widened, and seemed shaded

1) We gave up the idea of reproducing a photograph, because the reproduction

in our funnel- paper is greatly inferior in distinctness to our own prints. Moreover,

wheru nieasuieineut proves possible, reproduction appears almost superfluous.
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in the middle, 7?, showed a doulilet al a distance of 0,3fjf(; so tiie

aspect was about the same as that j)reliminarily sketched in § 7 ').

With a ticid of 23 kgs. /?, showed a qaadruplet, the four com-

ponents of wiiich liad about the same intensity, and the distances

of which seemed slightly to decrease towards the violet. The inter-

vals were now as bright as the spectral background ; only between

the pair lying on the violet side the interval seemed slightly darker;

the distance of the outer lines was 0,28 /ifi, and the mutual distances

differ little from a third of this. A\ also gave a quadruplet, the

two inner lines of which are much fainter than the outer ones, and

symmetrically distributed (without carefid focussing of the magnifying

glass one may therefore feel inclined to see a doublet); the distance

of the outer lines was 0,285 f^jt respectively.

With 30 kgs. the phenomenon was exactly equal, with distances

0,39 and 0,38 fif*.

With 36 kgs. i^i exhibited a quadruplet as above, further resolved.

From red to violet

I the distances of the middle lines

j

amounted to 0,15 0,145 0,14, total 0,435 (ift

(the widths of the lines „ 0,07 0,025 0,035 0,065 mi
The distance between the extreme limits amounted to 0,50 ;</( ; the

middle between them appeared to he displaced 0,04 mji towards the

violet with respect to the position with field off.

For R^ on the other hand we obtained values for

I the distances of the middle lines 0,15 0,20 0,085, total 0,435 ;<;(

\
the widths of the lines 0,055 very narrow 0,045 fi/i.

The distance of the extreme limits amounted to 0,47 ftf< ; the dis-

placement of the middle with respect to the i)Osition with field off

was less than for R^ and could not be ascertained by measurement.

Let 6R^ and rfA\ stand for the total distances between the

outer quadruplet lines and .p for the intensity of the field, then we have

.p {Kilogauss)
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The siitlicieiillv ii:uod ajircfiiieiil of the r.itids pioxfs tlio pro-

portionality of the I'esohition witii tiio intensity of tiie lield, at least

as a first approximation; it is r'athcr iinprolialilc that weaker fields

shonld exliitiil any deviations rnmi lliis proportionality.

^ 18. Almost analogously behave the lines in the

2. Ejiraordiiinrii s/wctruin; plane of polarisation vertical.

A. I'air of bonds in tin' lilac at — J93°. The width with field off

amounted to 0,10 for B^, to 0,15 /i.k for Z>,, the distance of the middle

lines was 1,70 fift; the lines appear somewhat displaced compared

with the ordinary s[)ectrum, \ iz. />', 0,025 fxf* towards red, and />',

0,007 towards violet; moreover /J, was vagnei- and paler than B^.

In a field of 36 kgs. the widths became 0,18 and 0,22 ft'; : so for

A?, and B^ respectively half the increase in width amounted to 0,04.

B. Pair of bands in the red at — 193°. The width with field off

amounted to 0,07 for R^, to 0,06 (tjx for Li^, their distance being l,41fif«.

They both seem to have shifted 0,02 ,u;« towards the violet, com-

pared with their position in the ordinary spcctrmn ; A', is fainter.

With 'M^ kus. /)', exhibits a quadruplet of 4 lines about equally

strong, at ap[)arently equal distances," too indistinct, however, to be

measured; distance of the extreme limits 0,49 ji/i; the middle a[)peared

to have moved 0,02 jj/i towards the violet with respect to the position

with field off.

For R., the iimer lines of llie 4 were probably slightly strojiger

than the outer ones; the determinations were rather uncertain; the

distance of the Hunts about 0,4 ;ifi.

§ 19. Fifth series. Of this we now investigated a few sul-

phates of the material used in 1899, which crystallise moiioclinically

as octohydrates ; they ilo so in plates containing both optical axes.

As a matter of course no circular polarisation occurs ; in this

respect uniaxial and even niore so cubic crystals, e. g. chioniiuin

alum, are lo be preferred.

Ncodi/niiuiii sulphate [Nd,, (So,),. SH^O]. Rosy-red i»lale 0,8 nun.

thick at — 193 . Two nai'row bands in the yellow, and three in

the green exhibiteil an increase in width of from 0,05 lo 0,08 ;*;*

in a field of 40 kus ; two of the last mentioned became brighter in

the middle, and so bcoan to look like don!)lets.

Saiuai-iain sulphate [Sm., (So,),, .
H H^O]. Light yellow semi-ti'ans-

parent plate of crystal, 2,8 mm thick at — 193". Two narrow

bands in llie yellow-green exhiltiled an incre.-ise in width in a field

of 28 kgs. the amonni of which onuiit lo be deleiiuincd with a sanq)le

of better transparency.
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Physics. — "Isotherms of monatomic substances and their binary

mia'tures. II. Isotherrrs of helium at— 253° C. and — 259° C",

by Prof. H. Kamerlingh Onnes. Communication N°. 102^^ from

the Physical Laboratory at Leiden.

^ 1. Survey of the determinations. The measurements were made

in the same way as those of Comm. K". 102" (Dec. '07). The wliole

of the piezometer had a four times larger content, viz. about 2 liters,

the piezometer reservoir on the other hand was more than four times

smaller, it was, namely, somewhat more tliau 2 cm'. Accordingly

the densities to which the measurements refer, are considerably larger,

and lie between 591 and 794 times the normal one. The temperatures

at which the determinations were made, are measured on the hydrogen

thermometer of Comm. X°. 95<^.

/ = — 252°.84C. and < = — 258°.94 C.

from which by extrapolation by means of table XXV of Comm.
N°. lOl'- (Dec. '07) see § 3 of Comm. N». 102'- follows for the tem-

peratures below 0° C. measured on the absolute scale

6 = — 252°.84 + 0M2 = — 252°.72

and (9 = — 258 .94 + 0M2 =: — 258°.82

The determination of the mean temperature of the gas in the capil-

laiy stem of the piezometer reservoir, with regard to the part that

extends above the bath in the cryostate, required here greater accuracv

than before, because compared with the quantity of the gas in the

smaller reservoir that in the stem was of more importance. With a

view to the determination of tliis mean temperature a cyliiidric reser-

voir of the same height as the capillary was placed by the side of

and on a level with the capillary, which reservoir was fdled with

helium, and provided with an appliance to read the pressure in it ^).

By means of this pressure it is easy to derive with the required

accuracy what mean density for the gas in the capillary of the

piezometer must be taken. At 0° the pressure in this auxiliary apparatus

was 118.3 cm. of mercury. With the measurement at — 253° C. it

varied between 33.1 and 5J.1 cm., at — 259° C. between 31.8 and

48.1 cm.

1) A similar contrivance has been applied by different observers in the deter-

mination of the mean temperature of the capillary of a gas thermometer (Travers,

Senter and Jacquerod, Ph. Tr. Hoyal Soc. London Ser. A. vol. 200 p. 143 (1902)).
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§ 2. N('sii/t.f for /)Va

The subjoined table fontains tlie results of tlie (letcrmiiialioiis in

the same war as. table 1 of Conini. N°. 102".

i



( 743 )

Physics. — "On the niensurement of rei'ji loiv teiiij)ei-ature.s. XX.

Influence of the deviations from the hiiv of Boylk-Ch.akles

on the temperature measured on the scale of the gas-thermo-

meter of constant volume accordinr/ to observations with this

apparatus." By Prof. H. Kamerlingh Oxnes and C. Br.4.\k.

Conim. X". 102' from the Physical Laboratory at Leiden.

§ 1. In Comm. X°. dli' (Jan. '07) under XV the formula of

Ch.^ppiis (see Conini. X". 95« (Ocl. '06) form. (3)) for the cal-

culation of tiie temperatures according to the hydrogen thermometer

of constant volume "'as compared with formula (6) of XIV of the

same Communication, in which formula attention has been paid to

the deviations from the law of Boyle, whereas they are neglected in

("happuis' formula. As the result of ttiis comparison we stated there

that for a dead space of \',„„ the mean relative coefficient of pressure

between 0^ and 100 is to be increased with 2 units of the 7''' decimal,

and the coeflicient of [)ressure of the hytlrogen thermometer at 1090 mm.

zero point pressure was, therefore, to be put at 0,0036629 instead

of at 0,0036627, a modification which is, however, so slight, tli(it

it just coincides with the limit of the errors of observation. We have

just found out that for this calculation inaccurate values of 7j/''and

B'-"' have been used. Xew calculations have revealed that ilie

ddierence is much smaller than was stated just now, so that it is to

be taken into account only for much higher values of the dead space

and, with the e.\ception of carbonic acid, has no inlluence even on

Chappuis' last decimal (the 8'''}. That the use of the incorrect B'i''>

was not detected, was due to the fact that the calculation of

neglections indicated in XV had accidentally led (o the same result,

here, however, because the four corrections, as has been mentioned

in XV, had been erroneously taken with the same sign, whereas

they almost entirely' cancel each other. We shall therefore in future

keep to the unchanged coeflicient of pressure 0.0036627.

A consequence of the improved calculation is also that table XVIII

of Comm. N°, 97'' (Jan. '07) can be dispensed with. The tirst two

corrections derived in XIV § 3 of the Communication mentioned,

now become so small that they fall outside the region of observation.

The correction calculated at the end of § 3 becomes somewhat smaller

for CiiAPPUis' carbonic acid thermometer than has been gi\en there,

viz. — 0.22 X lO-*^, to which another correction of — 0.8 >< iO—

•

is to be added, if also the e.xpansion by the pressure of the gas

is to be taken into consideration.
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^ 2. The rcsluratiuii of our luniier value ().003G627 I'uillicr

involves (he following- modifications, which arc all of no importance

as they do not exceed the errors of obserxation, but siionld he applied

to make the agreement in the calcidations complete ;

J. that in table XYl of Comin. N°. 97'' (Jan. '07) m tiie first

colnnm the values of table Xll are restored, and so all the numbers

in the last decimal are increased by a unit. The latter holds also

for the values of the second column of table XVI,

2. that in table XVII of the same Communication the valnes of

the first column, except the last two, are increased by a unit in the

last decimal,

3. that no further corrections are required for the temperatures in

table XVI of Conim. N». 99« (June '07) and table XX of Comm.
X". 100" (Dec. '07) (see conclusion of § 14 of Comm. N". 99'' and

of § IS of Comm. N°. 100").

4. that in ^ 3 of Comm. N». 100'- (Dec. '07j the value for pw,uoo°.2

and the corresponding virial coefticients are subjected to small changes,

which, however, are of no importance,

5. that the last line of Comm. N". 101" (Dec. '07) must be left out,

(3. that in U of Comm. X". 101'' (Dec. '07) «,n-= 0,0036019

changes mto 0,0030617, and 7'„nc. = 273\08 into 273°. 10, while

Tooc. =: 273°.07 of note ') in the § mentioned changes into T^oc. =
273°.09 and that in §2 C =—273^08 C. becomes —273M0C., the

changes in Z>",(,„ and in the values of table XXV being imperceptible,

7. that the nnmeiical values in §§1 and 3 of Comm. N°. 102'' (Dec.

'07) require the emendations which have been applied in the trans-

lation in the Proceedings (Febr. 29 '08) (See footnote 1 there).

Physics. — "Oil the condensation of hel/iiin." By i'rof. H. Kamek-

LINCJM Onnes. Communication N". 105 of the Physical [laboratory

at Leiden.

(Not communicated here, see next communication).

Physics. — "Erperbnents <oi the condensation of helium hij expan-

sion." By Prof H. Kamerlingh Onnes. Communication N". 105

of the Physical Laboratory at Leiden.

In the last se.ssion I communicated what I had observed in expand-

ing helium, which at a temperature of — 259° C. had been strongly

compressed. I made the experiment in consequence of my determina-

tions of the isotherms of helium at different temperatures i. a. also
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at —253° r. and -259^ ('., from wliicli 1 luid ralciilated nearly

5° K. for the critical temperature of heliinn '). It thence followed

that it would be possible by rapid expansion of helium compressed

at ]()() atm. at the meltingpoint of hydrogen to pass below the

critical temperature and to cause a mist to appear in the gas '). It

was to put this conclusion to the test, that 1 compressed nearly 7

liters of helium, puritied l)y liuriiing with copperoxyde anil leading

over charcoal at the temperature of liipiid hydrogen (so that 1 could

trust to have a gas with only very small admixtures) in a thick

walletl tube placed in a non silvered vacuum glass with licpiid

hydrogen, and provided with a stopcock through which tiie helium

could be let olf from the tube into a gasholder, a gasbag or a

vacuum. The liquid hydrogen round the tube was exhausted at such

a pressure that hydrogen crystals just appeared at the surface of the

liquid. The vacuumglass with hydrogen was surrounded by a second

non silvered vacuumglass with liquid air. In the thickwalled tid)e,

leaving oidy a small clearance, there was placed an extremely thin

walled beaker ') for protecting the gas which was cooled by expan-

sion against conduction of heat from the walls, the layer of gas,

between the beaker and the walls of the tube, though it was very

thin, being a l)ad conductor.

At the expansion of the helium a dense gray cloud appeared from

which separated out solid masses floating in the gaseous helium,

resembling partly cotton wool, partly also denser masses, as if floating

in a syrupy li(juid, adhering to the walls and sliding downward

while at the same time vanishing rapidly (20"). There was no trace

of melting.

As far as 1 could judge then from the experiments I considered it

probable that this solid substance was for the greater part helium.

If helium passed iminediately to the so'id state then the position

of the vapour line in respect to the adiabatics would be more favouralde

for condensation than was to be expected according to the formula

of VAN DF,R Wa.'^ls. The voluminous aspect of the solid mass was
in harmonv with this. Hv the above and also bv other observations

1) Olszewski Iruin expaiij^ioii oxperimt'iils has ik'diKcd that tlie critical tempe-

rature of hchiini lies below 2^ K Dewar estimates the hoi/ini/ point according to

the absorption in charcoal at higher than i)" K. (This would agree with a critical

temperature of 8 K. Note added in the translation).

^) Liquetaction by making use of the Joi i.k Kki.vin' process would also be

possible. (Note added in the translalioni.

^) Tfiis tleviee has been used l)y Oi.s/.kw ski in his experiments on the expan-

sion of hydrogen (Note added in the translation).
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\vlncli aflcrwai'ds uavo riso to iliniht oi' |)i'()\ed iiicorrccl, I had tor some

time llio convirtioii that 1 had seen solid lieiium rapidly giving

off vapours ol' the ])i'essui'e shown liy the gas (once more tlian 15

atni. was observed).

The eontinuation of my experiments has shown that they nuisl be

explained in ipiite a <hlferent way. I!y a not snllieienlly explained

cause tiie gas proved to lie iiol so |mre as was to be expected con-

sidering the method of |inrification. In analysing what was absorbed

by charcoal at the temperature of boiling hydrogen till the charcoal

did no more absorb hydrogen, (so that the gas could only contain

traces of hydrogen) it could be proved that in one case the gas has

contained oidy 0.45 and in aiiotlier oidy 0.37 volume percents of

hydrogen at most '). But this small admixture must have had a very

great intluence.

For at a repetition of the experiment with the helium subjected

to the new treatment no cloud at all was observed. The experiment

is not decisive as the velocity of expansion had been too small, but

it is diflicult before further investigation to find in the difference of

velocity of expansion the cause that the helium in the tube remained

now perfectly, clear.

The explication of the previous observations is to be found in

solution phenomena of solid hydrogen in gaseous helium. The pheno-

mena which made the impression of being the giving otf of vapour

had been the solution of deposited solid hydrogen in the gaseous

helium, the latter rapidly retui'uing from the lower temperature to

that of melting hydrogen, and the pressure increasing in consequence.

Helium at the temperatures, that come into account here can accord-

ing to the theory of mixtures take up at every temperature a |)er-

centage of hydrogen determined by that temjierature in such a way

that it is not deposited at any pressure. On [)lausible suppositions

one can deiluce that at temperatures aboxe the melting point of

hydrogen this percentage can be considerable and that at this melting

point itself it can be more than one percent. From mixtures with

smaller percentage the hydrogen is only deposited at lower tempe-

ratures e.g. by expansion. By the smallness of the quantity of hydrogen

present it is also explained that after jjrolonged blowing off of the

helium no solid hydrogen was left. For the quantity left was so

small that it coidd evaporate in the space which it found at its

disposal.

It rcMuains remarkable that as small a quantity of admixture as

the gas contained has been able to give the total phenomenon of a

^j About a small possible quantity ot neon i could not yet be certain.
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substance condensing to a solid and reevaporatiiig, tliongh the ra[)id

e\aporation, in whioli even denser masses were seen to lie lilown

away sometimes, is in harmony witii tlie sniaibiess of this quantity

of substance. There cannot iiave Iteen much more than 1 ingr. or 15

cubic millimetres of hydrogen in round numbers in the tube —
probaldy there was less in it — and yet the tube of nearly 7 cubic

centimetres was over its whole length for almost a quarter filled

with a dense flaky substance.

As far as the experiments on the expansion of helintn at the melting

point of hydrogen are now advanced they show the curious forms

that the solution phenomena of a solid in a gas take in the case of

helium and hydrogen. They further point to the possibility of reali-

sing with mixtures of hydrogen and helium the rising or falling of

the solid substance according to the pressure exerted on the gas, the

barotrojiic ])henonienon for a solid and a gas. But the question of

condensing helium is to be considered yet as an open one, which will

ask an extensive investigation.

POSTSORIPTUM.

I have had the occasion to repeat the experiment with (he gas

tliat I'emained perfectly clear in the last expansion experiment : and

which also according to the spectroscopic test contained only traces

of hydrogen. I now used a greater velocity of expansion. A thin cloud

appeared and vanished extremely rapidly (in 1' nearly). The mist

now had another aspect.

It is possible that the traces of hydrogen left in the gas will

prove sufficient to cause this mist. But it is also possible that the

nnst has been a liquid cloud and the changed aspect seemed to

point to this. If this might prove to be the case then the critical

point would be nearly as I calculated it from the isothermals and

helium would follow tolerably well the laws of v.\n dkr W.\ai,s.

The tube broke and I could iiol altain uiore certainty about the

nature of the cloud.

The preceding experiments show very strikingly how careful one

has to be in making conclusions from the appearing or not appearing

of a cloud by expansion. A decision about the critical temperature

of helium is therefore only to be obtained by a prolonged systematical

investigation which will take much time.

(April, 24, 1908).
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Mathematics. "Uii. the ci/c/ic ntuwi>al .surface". H_v I'ruf. .1. C.

Kl.l YVKli.

(Communicated in tlic meeting of January 25, 1908).

En.nkvkk [Zrilsrlir .Malli. l'h\>. 14) pointed to the existence of a

nniiinuil surface coiitaiiiiufj,' a system of circles lying in |(arallel i)luiies,

wiili centres >iliiale(l on a plane curve. Let us suppose tiiat this

curve passes ihroiiiih llif oiifiin of the rectangular coordinates, that

it is situated in die A'Z-plaue and thai the variable circle with the

centre (i, 0, s) iuid the radius A', generating the surface, lies always

in a plane parallel to the A )'-plane.

The rectangular coordinates .(',//,; of a point of the surface are

given i»y the equations

SO llial lliey are expi-esseil in the two parameters (t and s We lind

that the did'ereutial e(piation of the nuuinial surfaces is satistied when

N' (i ' li -•-« (( 4- Ji/i") — R' ( I + i;" + Ji'' 4- li'' -t- 2 i' A'' (V.v <i) =: U,

iu which e(|uatiou the dashes denote the dilferenliatious with regard

to s-

The equation breaks up uilo

^" R=2 -^' A"

and iutt)

NR" = 1 + ^'= f R'\

The first equation furnishes

_ All'

^ -1^ '

where .1 denotes a positive constant and A the ininimuiii value of A'.

The second equation now passes into

d rJi'\ 1 A'-W

1?d^ \RJ ]¥^ I-*'

and the integration furnishes

1 / .['R"

so thai tinally we can (>x|)ress i; en C in A' by means of elliptic integrals.

We lind

R R

-1/;
dR

|X,«- b'){ 1 4
A'R'-\ J

R'dR

Ir

(/,•-• -/r) M A-R'
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Here an elliptic argument can l)c introduced. We pnt

bR= ,

en u

k :=: sin 6 =
and we find

l/l + A''

.rdw= bk' , bku.

n

H_v allowing u to vary from — K to -\- K tlie centre M wiili ilie

coordinates 2, $ in the A'Z-plane describes completely the locus of

the centres and the equation

b
R =—

niu

indicates how the radius of the circle changes during the motion.

We notice that the minimal surface depends on two constants }>

and k\ that tlie smallest circle [ii ^ 0) is found in the A )'-]»laiie,

that with respect to the origin there is symmetry, and that for u = K,

L,^=/jkK the radius R has become infinite whilst at the same time

the centre iV is at infinite distance.

As however

Lim (5 — B) ^ h Lim
II =: K It := K J en' w en u

= ^ (i'= K-E)

and ^

—

R retains therefore a finite value the surt;\ce contains two
right lines

: = ± bk K,

b
.r = ± ^(^K—E).

Vov k z^ I the eli]itic integrals degenerate. We have

5 = 0. ? = l)i(, li = bCh II,

and the surface has passed into a catenoid. The smaller / is. the

more the surface deviates from the catenoid and the more obliipie

it becomes. For, we find for the coeflicient of direction of the tan"-ent

to the locus of the centres .)[
-.

di k cn^ II

d§~ ¥~
and the greatest value of this coeflicient /,:{•', which is arrived at in

tlie origin, tends to zero when /• tends to zero. The surface is then

altogether in the .V )'-plaiio.

51*
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1 sliall iM)\\ ('iidcaxoiif tirst (o iineslinalc in llic I'dllowiiip; wlien

it is [losisilile in Iniii;^' lliroii^li two (M|iiiil ciiclcs placcil in |iarallcl

planes a cyclic minimal surface and (lien to calcnlalc llic pari oftiic

minimal surface exteiuled l)et\veeii those circles.

When tor both circles the radius R is taken cipial to I, the centres

.)/(i, C) and .1/' (— £, ~C) are situated in the A/^-plane symmetrically

with respect to the origin and their planes are parallel to the A }'-

plane, the question is whether the t\\'o e(piations :

r die
;
=:= k' cii n I

J ni' n
-, S ^ /cii CH II

admit of suitable solutions for / and ii. If these are found, we have

I) :=: en a and i»otli parameters Ji and / of the minimal surface are

known.

In order to investigate the indicated e(piatioiis we regard for the

present in the 5s-plane i and tl as variables and we consider the

curve which is described by [)oiiit (i, C), when for constant /. the

variable u describes the range of values from () to A'. We have :

'^(^)^^ , ? (0) = 0,

^{K)^\ , ?(A') = U.

So for all values of / the curve will ruji from the origin to

point .1 on the i'-axis (see the diagram).
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Farther we liave :

rd(tntc) rd{tnw)= k en ii i <^ A- i7( u I
,

^ dn IV ^ Jn u

SO tliat from

k' sn u

5 <C ~j '

an u

d% 1

follows

{k' — sn II dn u i,)

hi en 71

dg— "^ k en It.

du

We conclude tliat for increasing // the variable § grows regularly

from to 1. So tlie L-urve O.I is intersected but once by a line

§ =: constant.

At the same time :

=zr k (en ii — it .v?/ ii dn ii) zz: k en ii I I-
du

sn u \
u |.

sn (u -\- K)J

d^
For small u we find - to be positive, it keeps on decreasing, becomes

one time zero and is then negative. So the variable ? reaches

somewhere a maximum and the curve OA is eitiier not cut by

a line S ^ constant or in two points. The form of the curve

k = constant is therefore as is indicated scliematically in tiie diagram.

In order to l>e able to compare the curves belonging to dilferent

values of k we can determine the values which the dilferentialquotient

— assumes in the points O and A.

We have

\duj„^0 '

\duJ,^^^,

from which ensues

fdi\ _ k /c/5\ _ kk'K _ k'K

k I orw
(0)

dw

di
From this is apparent that in <J the value of increases with k,

d^
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tliat oil the oilier liaiid tlio alisolnte value oi . decreases in A for

increasing /. For, if / hcconies greater /'/v decreases, but the deno-

'K

iiiiiiator k I
en" ir die iiK'reases.k

I
en" tr

Taking into consideration the form just sketched of a curve OA
belonging to a definite value of / we liml that a second snclilike

curve belonging either to a larger value or to a smaller vahie of I

will certainly intersect the first curve somewhere. So as soon as a

cyclic minimal surface passes through two equal circles placed in

parallel planes we shall be able to l>ring a second cyclic minimal-

surface through these circles.

We must now investigate when the two cyclic minimal surfaces

coincide, i. o. w. we must find the envelope of the curves OA.

If we put c^^k", c'=:A'", then the system of curves is given in

the equations

r die

§ = Vc en u I , 5 = J/c 11 CM H ;

we regard c as the parameter of the curve, y ^ am u as the para-

meter determining a point on a given curve, so that llio coordinates

{s,
, Q of a point of the envelope satisfy the condition

'D{c,ip)

If here and in future we put for shortness' sake

U (4

r dw r diiiv

and we take into account that for constant rf = nm u we have

a« 1

wo find

8.-2c<^""-'*

dg 1 dg 1— =: r- en U Bill) , :— r= ; C7l U Bill)
,

dc 21// ^
'

dc 2Vc

' = l/c' sn n (c B{h) - Q{u) ) ,
— = - J/f sn u (c' B{i,) + Q{u) ) ,

where Q{u) is given by the equations.

dn II ai ti

Q{u) — u - E(u) ,

sn XI
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K
rdw

1= (n — <•/(' H A(n) — dn' ii B(u) ),

= A{u) + /(' B(u)
sn u en ?< d7i u

From this ensues

and so the points of the envelope of the curves <)A are determined

by the equations

K
r dw

{u)=K~E -\ -^ = ).

As when c is given, tlie first member of the equation increases

regularly from — oo for ?/ = to A'

—

E for u = K, the equation

Q («) = admits of one solution ?/„. By differentiating we find

du

"5,
c 2cJ [^d?!' tr

i.e. a negative value: therefore the greater r. is, the smaller is the

argument u^,, which I call the critical argument. This argument

moves linally between rather narrow limits. For c = we find

K=:E=- and so also ?/,=:- =1.5708. For c = l we find

dnu en u 1 Ch u
Q (?() — u — E (it) =z2t = tt .

sn n m u Sh u

So the critical argument », satisfies the equation

Ch «,.

Sh u.

From this ensues

u„ = 1.1997,

y, =r am «„ := 56°. 28',

cot <f^ = !/„ f;( n^ = 0.6627.

1) G. JuGA. (Ueber die (Jon:?tantpnl)pstiinmiing lioi einor (yklisciu-u Miniiiuilllaclie,

Math. Ann. Bd. iJiJ) givfs this equation in the form

cmt dnu -\- (E {u) — u) snu t= 0.
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Kor values of c between (• and 1 it is easy to solve »„ out i>f

the equation

K
r die

Q{u,) = K-E- -^- =0
"(1

liy means of the tal)lps of Lkckndrk. If ii'„ is an apjnoxiniate value

of the critical argiunciit, ihc calculatiun of Ni;\\t()N furnishes

"'o — CU"',,)
•"«''

"'o

as following approximation. In this way the critical argument is

calculated in the following tal)le for some values of k" = c

k = Vc Yio^am M„ b = en Uj

sin 0-^



envelope of the curves <>.\ lias aliniii ilie shape of a ((iiadrant of

ellipse BA of wliich half of tiie great axis (h[ = 1 and half of tlie

small axis (JJ3 — OM27.
Moreover it is clear that tiie tangent to any curve /i: ^ constant, in

the point J' where the latter touciies the envelope, is normal to the

tangent in the origin <> drawn to this same curve. The preceding

calculations now lead to the conclusion that through the two equal

circles with radius /i = 1 placetl parallel and symmetrically with

respect to the origin two cyclic minimal surfaces will pass, when the

centre J/ (c^,C) of the upper circle is situated inside the curve i?^4 of the

diagram, that the two surfaces coincide when M has arrived on the

curve JjA and that the circles cannot be connected by a minimal

surface when M falls outside the curve HA.

If M lies inside the curve BA two curves OA pass through M.

One of these touches the envelope in I', a point on curve (JA between

O and Af. So the argument u. belonging to M is greater than the

critical argument «„ in 1' and so the minimal surface belonging to

it and extended between the circles .1/ and M' would contain the two

circles along which this minimal surface is cut by a second minimal

surface with an infinitesimal slight ditference. So this minimal surface

is unstable. For the second minimal surface laid through the circles

an argument » corresponds to M smaller than the critical argument

M„ ; this surface is therefore stable and can be realized in a proof

of Plateau.

If two surfaces can be laid through the circles the most oblique

surface (the surface belonging to the smaller value of / and with

the greater \alue of the radius /> of the mean section) is therefore

always stable, the other is unstable.

It is worth mentioning that whilst here the quantities y\,, $„. fe

depend in rather ati intricate way on k = sin d, we can lind by

approximation out of simple formulae very accurate values for

these quantities.

If we call the critital amplitude 5()'"28' of the catenoid ji, we shall

be able to assume with great accuracy the following relations ;

OS <f^ =: COS ,]{ .V
('«'-' ^

I
1 "H ^1

''''*' ^ )>

/cos ip

So" = i — I

\^ CO.

from which ensues for the equation of the envelope BA



( 758 )

?„-^ -(
(

'" )

Ill the table tlie \alues of </„. i„ and Sj calculated in this way
are added in the tiiree last eoluiiiiis, to l)o compared.

To conclude with we give a coni|iiilaIi(iii (if a part of a given

cyclic minimal surface with given |iaianieters A and /, situated

beween two equally large circles corresponding lo t lie ai'gnnients -[-

"

and — u.

The coordinates .r, y, :, of a point of (he sui'face are again deter-

mined In (lie eipuilions;

/- h
,): = Ilk' A {>/) -\~ co-s «, V r= xi/i (t, z ^= Ilk II,

I'll II

'

C?l II

out of which wc can lind for the line-element on the surface the

expression

lis'' Pdii — / c/i II (h( -\- i k' si)/ (( cin I'dii -\- i en n (In — / k' sin a ilit

f) en 11 ivr u

in which /' is determined i>y Ihe eipiatiou

I^- 1= {k' cos II -(- sii H iln ii)'- ")- /" cii* u.

We introduce for u an imaginary argument r.

We substitute

tg \ am v

t(i i « 1= i
"

and we lind

sin a :=:

and finally

tg i a?n (m — K)

i sn V sn {u—K)

en ?" — rn (n—K)

1— en V en (u— A')
COS ft ^ —

,

en V — en (u—K)

da dnv dn(u—K)

sin a sn v sn (m —K)

^ en' It dn V dti Ui—K)p— ^ _i^
k' {en V— en {u—K))-

ds" dn^ r dn" (n— A*)
(du—dv)(dH-\-dv).

Ir k'-{env-cn(n—K)f

Froni this ensues that // -|- r and // — / are the i)arameters of

the lines of length zero, so that v is the parameter of the greatest incline.

According lo the general properties of the minimal sui'faces we have

for the feuperticial element dii the expression
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lis* <l)r r dir («— A') r/v

Ir k'- {en V— en {u—K))- i

and we liiid tor tluit part of the snrfiioe limiti'd liy the two circles

with the arguments -|- " "i'"' — "•

u UK

'

i2 r rdv dn- V dn"- (n— A')^=M\h- J J i k'- (en V— en (h—K))-

To perform the integration we start from tlie identity

rdr sn (u—A) dit ( u— A'

)

Jtv
t(u) =— j- 5^ ' / ^^/ = 2K' Z{u-K) +

cnv — en {n—K)

= 2» (E'-K) + 2^" A" B («),

which furnislies first

217:'

rdv dn"-(u—K\ __k'fy.i

J i cnv— en (w

—

K\ c .t

Mol•eo^er

2iK' 2tA'
' rdv dn" v— dn- (u—K) „

' rdvJdv dn" v— dn- (u—K) „
' rdt

i cnv— cn{u--K) J i

en V -f 2 k° K' cn(n— K).

A dash before the integral sign indicates that the jiath of integra-

tion does not pass through point v = iK'.

Out of the two last equations follows bv means of addition

2iA'' 2iA'

Jdv dn- i- k'fln) ' rdv
-r . = -^^^ + k' \

~ en V + 2P A' en (u — A'),
i en V — en (u — A ) cw u J t

an equation which, if we differentiate witli regard to u and then

divide by h' en u, passes into

1 d /'f{u)\ 2k-K'Jdv dn-vdn'(u — K) _ '^ d ff{u)\

i k"- (en v — en {u — A') )' en ii du yen uj dn'' II

E'-K'^1 d n\ii)\ 2k"-
K'

k"-K'

2 du \cn- uJ (/«' It en- iidn^ ti en u

Now integrating according to u between the limits and u we
find tinally

£2 II dn' H— = -^ (A" - A) H- E'A{u) + A' -^ B(u) .

4o' nr u eir u

If the given circles have the radius A' =r 1 then is equal to

en u and we can write
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<i „ .. E' — K'

4 ^•

where § again represents llic ,/-c(i()i(liiiiUe (if the centre .1/ of the

upper, circle.

If (his centre M moves on the envelope BA of the diagram, then

u Itecomes eqnal to the critical argument //„ , (^(u) equal to /.eio

and we have obtained the greatest possible minimal surface 12„ for

the given value of /.. So

J-
= "J^ + i^o "' "„ 7^

•

4 A-

We can now put the question where we have to put M on the

envelope HA, that is wiiat value must be given to k for i2„, to

obtain the greatest possible value. To answer tiiat question we sub-

sliliitc r =: k- and (j ^^
=z uiii ii^^: tlicn i2„ is a function off, whilst

</„ and .5„ are connected with c \)y means of the ecpiations

A'

r dw

^ sn- IV

By diff^rejitiation we lind

— — ^ -vr » dn », /)("„),
dc 2

J«„ 1

7 = —
.r«"' "o A(h^),

dc >''iiC

di. 1-so
dn ii„ li (»/„) {m u^ dn u^ -f ?/„ c sn" «,),

dc 2[/c

and linally by means of these results

(/ /<i„\ K'—£'
7 ( T' 1

=
7— ^" "« ''" "» '^ ("o) (*'" "" ''" "" + "o '' '" "")•

As the right member of the last e(iuation is always positive, ii^

always increases witii c <ir with /. The greatest possible surface

between the two circles is obtained l)y placing M in ]> , we have

then a part of the catenoid, of which half the iieight is ecjual to

(•0/^ = 0.6627.

Now A" = E' = "",

'^ = M„ = 1.1997.
2jr
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The smallest value Ti,, obtains lor .( = 0. Then s ^0, i„ ^ 1

:

the minimal surface consists only of tlic surface of the circles J7 and

C placed side by side in the A'F-plane. We have

o
^ = 1.

2.T

So also the surfiice i2„ keeps moving between rather narrow limits.

Although the value of I2„ depends again in rather an intricate way
on k we can put pretty accurately, if once the critical argument

!/„ or the amplitude </„ has been calculated,

i2 1

21t sn u„

This is evident from tiie follo^^ ing table, in which lia\ e been

o
inserted for some values of k tlie corresponding values of

""
and

1

of .

sn u.

I-
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Botany. — "('niil/'i/nitii'i) .V". J /o ///r kDivi-li'dijr of l/n- Flurti of

Jam." l'>v Dr. S. II. Ivookdeks. (Condiiuation ')).

(Gommunicatfil in the meeting of March 28, 1908).

§ 3. On the geographical distribution, oecological conditions and means

of dissemination of the Aceraceae, growing wild in the highest mountain

regions of Java.

§§ 1 . S y II o n y in s n ml ix « <) K i' '^ p li i f a 1 d i s t r i liii t i o ii.

Tliis order, wliicli in Hkntiiam and Hookkk's Oeiiera I'lantarmn

and in Uokiu.ac;!'. llandieid. Flora X. ]. Unms [Mvt of the Saijinddccic,

consists of two genera: only one of these {Acer, Linn.) occurs wild

in .lava. Of the f:^einis Acer about 50 species are known; only one

of these {Acer aireiini Hi,.) belongs to the tlora of .lava, and has

frequently been found there, growing wild in the higher mountain

regions (up to 2.5.50 ni. aliove sealevel).

Some aulhoi-s, e.g. I'w i.e., distinguish two \arielies in .lava,

which wert- regarded i)y lii.iMK as s\^oc\eii Acer nireiioi \'>].. i/eiuiiouni

Pax and .1. nireuin var. cii.tsiae/olitt (lit,.) P.vx. According to Pax I.e.

the former of these has broad elliptical or ovate leaves with rounded

base and a snowy white under surface, the latter oblong leaves with

an acute base ami a blue-groy under surface. The tyj)e is represented

at Buitenzorg in Herb. Kds. by s])ecimens from the (i. Uede (Herb.

Kds. 1264.5,9) and the variety by s|)ecimens from Takoka (Herb.

Kds. 72.51
I?),

lly far the urealcr number of specimens (e.g. many

from the ( lede), however belong to n e i t li e i' of these two
forms, as they combine various properties in a number

of ways. We therefore consider the two varieties to be merely the

extreme forms of one and the .same, more or less varying") type.

Some specimens in llerli. Kds., should further be noted, in which

the under surface of the leaf (in the dried state) api)ears to be green,

e.g. Kds. 7265/? tVom the (t. .Slamat ; by this character and also by

the incipient serralion of the leaf margin, these specimens appi'oach

to A. lnevi</((l(i Wam,. Kds. 72(i7 ,:? from Pringombo should also be

considered: the leaves, which, in the living state are pale bliie-grey

cannot be distinguished from those of A. oblongwn. The colour of

1) Continued from Tliesu Froc, l<V"br. 29tli 1908 p. 687.

-) hi hi.s last monograph of the Acenin'oe Vak I.e. (190^1 81 al.><(), however,

already says, that the variety cassiaefolium (Bl.i I'.\x, which he fmincrly sepuraletl

oil, scarcely differs from the type.
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dried specimens in general, and of this s|iecies in parliciilar, ilepends

according to Koorueks and Vai.kton Hijdr. Booms. Java IX (19(>.'Jj

p. 256), verv largely on ilie manner and rate of drying of the

herbarinni.

Acer niveum P>i.. r{inii|ihia 111 (KS47) lito I. J(i7 \'>. f. 1. Hikkn

in Hook. FI. Hr. Ind. 1, (i!l.3 ; Pax Monogr. d. (4attung Aeer in En(;i,.

Holau. .lalirl). Vll, 207 , 1'a\ in Englkk Pflanzenreieli Heft S IV,

16:1 (lil02) 81: KooKU. et Vai.kton I.e. 254: ^ A. I'liirimnti HxsiiK.

in Tijdsclir. v. Nat. (jescli. en I'livsiol. X ,1843) 13<S (nomen-

tanliinO : Miy. FI. Ind. Bal. 1, 2 (1859) 582 ;
— A. JunniicKiii

.liNGn. in Tijdsehr. Xat. Gesc-li. en Physiol. \"ill 1841) 391 (nomen

tantiim): — .1. cussiac/oJiinii l>i.. I. c. f. 2.

Geographical d i s t r i h n t i o ii o ii t s i d e J a v a : Imlia

or. : "Assam, hills of Martahan and Tenasserim" (Br.^ndis. Indian

Trees, 181). 'Assam and Bnrma"' (according to Pax I.e.) Malay

Archipelago: Sumatra {.liN(,n.'. in Herh. Lugd. Bat.) : ui X. F. ( 'elel'es

ill the Minahasa on the Lolomhoelang mountains (Herb. Kds in .Mus.

H. Hort. Bogor : com|i. Koohd. X'erslag holau. reis X. ( ). Celebes

(1898) p. 409). Has also been collected in Celebes by Wakhihc;

(comp. Pax I.e. 31).

G e g r a |i h i c a 1 distribution and o e c o 1 o g i c a 1

c o n d i t i o 11 s i ii J a \ a; Has been collected, according to Hei'b.

Kd>, in Westell! and Central .lava, and also in Eastern Java, at

an altitude of 700—2550 m. at the following points. Hitherto

(according to Herb. Kds.) it has been found in the following places

in Ja\a: In the ie>. Banlcii on the (i. Karang at 1000 m. above

Ijiinanoek, and on the ('<. Poelasari al J050 in. near bi\-ouac

Kihoe<ljan (bi->th in the di\ i>ion Pandeiilanu |. In the res. Preanger : 1)

on the G. Gede near and al)ove Tjiboda- ai 1450 in., 1600 ni., etc.

and also at 2200 in. above sea level: 2| near Takoka at 1200 m.

the l)iaui|)angs : 3) near Pangcntjongan in the Galoenggoeiig ;,in the

di\ . Limiiangan at 1250 in.. 1400 m.. and at ISOO ni. abo\e sea leveh ; 4)

near Tjigenteng in the Kcndenu-Paloi'lia inouniains at 1450 m. and

1(500 ill. above sea level. In the res. I'cgal-Prkalonuan on the (i..S|;i-

mat above Simpar at 1400 in. and abo\e Soerdja on the X.-\V.

Pralioe at 14(tO m. In ihe res. Kcdoc al 2200 m. on the (i. Kembang
above l!c(laka and at 2500 m. on ilic highest siimmil of the Pralioe-

Dii'iiu mounlains. In the res. I!anj<ifuia- on the .Mid;iuuan niounlains

near Pring;imba 8t)0 ni. abo\e >ea le\el In lln' res. Siiuaranii' on
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Ihe G. Oeiifiaraii and tlie ('<. Tcli iiiaja at aliuiit 1400 ni., e.g. above Sepa-

koeng In tlic res. IMadiooii on llio Wilis-monnlains ahovc Nf;;pl)el between

J400 ni. and 2000 in. (not cdllirteil lliere at a i>reatef lieiglit). In

(he res. Prubalinga-l'asaroeiian on the Tengji,er-nionntains at 2000 m.

near Ngadisari. In de res. iicsoeki on tlie Idjenplateaii near bivouac

( )en;ioep-ocngocp at 1700 ni. Up to the present this species is there-

fore known tVoin the res. iJant ii (in Westerii-.]a\;ii to tlie res.

Hesoeki (in Kastern-.hiva) from 700 ni. to 2550 ni. above sealevel.

—

Occurrence: Does not grow socially in Java, but occurs fairly

plentifully in some mountain forests e.g. in Western-Java on the

G. Gede. O e c o 1 o g i c a 1 conditions: This species has not yet

been observed by me in Java on soils, where there is a great,

|)ermanent dearth of water nor where there is physiological drought

resulting from a large saline content, nor on soils i-icli in lime and

common salt; neither does the species grow on soils which are

periodically liable to strong dessication. It grows almost exclusively

on permanently damp, fertile, volcanic soils, rich in humus, in close

shaily mountain forests of high trees and consisting of a great

numl)er of species. In the hot plain, even in permanently hunud

districts, the species does not occur. The lowest station is in a

ravine in Eastern-Java at about 700 m., the highest is at nearly

2550 111. above sealevel in Central-Java. I feel obliged to consider

the possibility of the occasional, be it very exceptional, occurrence

of Acer niveunt in physiologically dry, saline soils, in consequence

of a herbarium note of Jinghihn, found by me in 's Kijks Herbaiium,

and referring to a specimen, collected by this naturalist on the

Dieng-|>latean at about 2000 m. near the Kawah-Tjondro-dimoeko.

I have here as yet no other data at my disposal, which would

show with certainty, whether this species does not only occur in

Java "near", but also "on" such soils. — Leaf fall: At the

same moment there stood in the same locality (in the same forest,

in close |)roximity to each other) two individuals of apparently

the same age. On the 2'"' of June 1898 one of these was in full

(old) leaf, while the adjoining specimen was practically without

leaves, exce|)t one branch which bore young foliage. On March

23"' 1893, near Takoka, one of the trees (of this species), which

had been numbered for the ]iurpose of the investigation, was

completely without leaves, although it stood in the midst of tree

species, which were then nearly all in full foliage. — Time of

f 1 w e r i n g and fruiting: Flowers were collected in June and

in July, August, Sept. and Nov. — Habitus: A forest giant, which

immediately reveals its presence, even in the thickest virgin forest,
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hv its fallen leaves on the firouml, and sometimes by its characteristic

winged fruits; the leaves are noticeable on account of the colour

of their lower surface, which remains greyish white for a fairly long

time. This greyish white or bhiish giey colour is also rather striking

in the living plant. In the tlowei-ing period this giant of the

forest further attracts attentioji by its almost leafless condition in

the midst of evergreen trees. In alpine regions, at 2000 m. above

sealevel, in Western and Central-Java, (e.g. Preanger, Bagelen), this

species stands out by its dimensions, which are rather considerable

for a high altitude; so, for instance, at 2200 m. sealevel, on the

(i. Kcmbang near Bedaka, a specimen was 20 m. high, with a

trunk ^ m. in diam. The above data about .lava, relating to oecological

conditions and geographical distrubulion, have been taken from

observations, made by me in .lava 1888—1903, and mostly published

in KooRiJERs and Valeton I.e. 257—258. — In the National Herbaria

at Leiden and at Utrecht 1 found with the specimens, collected in

.lava by .Iunghuhn, Bt,ume, Reinavardt, etc., and now examined by

me, no special data about oecological conditions: in most cases there

was oidy written on the labels ".lava" without further indications.

§§ 2. Means of dissemination.

The only means of dissemination is the fruit, known as samara,

which is primarily intended for distribution by wind, but which

seems, in addition, to have a certain capacity for being transported

by wafer, according to an experiment of mine. At least, if the

fruits are quite dry, they remain floating for some days on a 3^ 7o

solution of common salt. In this species the fruits are produced in

.lava, as far as is known, only once a year, but then mostly in

great numbers. Although the winged fruits are fairly heavy (when

dry they weigh about 100 milligrams, the wings, which are often

5 cm. long and 2 cm. broad, being included), and although I never

found in .Java any indication, that the fruits are distributed by

animals, distribution must nevertheless take place easily, as is proved

by the large number of localities, cited above, where the tree is

found. As the occurrence of the species is limited to the liighei'

regions of several active volcanoes, at places which are more than

40 kilometres apart, and which are separated by hot plains, in which

the species has ne\er been found wild in .lava at the present time,

it would apitear, that the force of the winil on the higher mountains

of Java is sufficient for transport over a distance of 40 kilometres,

even of such large samarae as those of Acer niveum.

52

Proceedings Royal Acad. Ajnsterdam, Vol. X.
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1 tliink it liowovcr more probable, that iii the case of tliis species,

as ill that of the next one, [Dodonaea vi.'icosa) siicii larj^e winged

fruits ii a V e been anil are still, only transported in

stages, it may iiave been, that in former times otlier climatological

conditions enabled these two species to i;ro\v wild in tlie 30—40
kilometres of intervening low lands, in stich jilaces where growth

can no longer take place at the present time. It may also be that

even under the ]ii'esent conditions of climate, isolated specimens have

esca[)cd notice and niiglit be fmiiid between tlie two places so far

apart. Finally we may suggest, that transport by wind does not

primarily lake place through the air direct, but chiefly in stages,

in such a way, that tlie fruits remain for a longer or shorter time

on the ground, or floating on the surface of water; in the latter

case of course, till they are washed ashore and are then carried

further by the wind.

The original occurrence across the sea of this Acer growing wild

in Java and provided with fruits, which are apparently only adapted

for wind trans|)ort, may, it seems to me, be readily explained by a

combination of wind transport in stages with transport by water,

but not exclusively by so called direct wind transport. This expla-

nation possibly also a|t|)lies to other species, growing in Java and

belonging to other genera or (jrders, with physiologically similar

fruits or seeds, which have hitherto only been regarded as aiiemoi)hilous.

It should further be noted, that this species only bears fruit at an

advanced age, when the crown has already attained a considerable

height. This character is perliajis useful, since the tree generally

occurs scattered in dense ever-green heterogeneous mountain forests,

composed of high trees. For this species, which is obviously in the

main dependeiit on wind distribution, the above-mentioned character

is probably connected with the oecological conditions determining the

original occurrence of the tree, and the character referred to, has

arisen through natural selection. For in the damp Javanese mountain

forests, which are generally very dense, only those species have a

good chance of being disseminated by the wind, whose fruiting

branches protrude above the dense leaf covering, formed by the

crowns of the surroundinji trees.

In connexion with the oi)vious relation between the conditions of

growth, the fruiting jieriod and the means of dissemination of Acer

niveuii), we mav (uiote what has been said by Voglkr ') on a similar

1) VoGLER, P., Ueber die Veibruitimgsiiiiltel der Schweizerischen Alpenflanzen in

Flora Oder allg. botau. Zeitung 89 (1901) p. 2.
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relation in the case of other species likewise liaviiig large winged

fruits, such as those of Acer.

"... Derartige Arbeiten erhielten einen viel grosseren Werth,

wenn sie eineni Zusammenhang oder anch nur Paralellismns zivischen

den ahnlichen Verbreiluugsaiitleln and andei-en durchgehenden biolo-

gischen Verhaltnissen der betreffenden Ai-ten naciigingen. Eine ganz

kleine Untersuchung dieser Art bietet Lubbock ') in dem er nachweist,

dass von 30 Gattungen, ""figured as having seeds or fruits with

a long wing, known as a S'imnra"" , alle zu den Btiuinen oder

Kletterstrauchern gehoren, keiiie einzige zu den niedrigen Krautern"

(VOGLER I.e.).

§ 4. On the geographical distribution, oecological conditions and means

of dissemination of the Sapindaceae, growing wild in the highest mountain

regions of Java.

The Sapindaceae, as defined by R.vdlkofer in Englek and Pk a.nti/s,

Xatiirliclie Pflanzenfaniiiien, consist of abimt 73 genera wiih over 600
species. Of these only a single species occurs in Java, growing wild

in the highest mountain regions, namely Dodonaea visco.m (lAys) .h\.cq.

§§ 1 . S y n n y m s.

Dodonaea viscosa (LiNN.) J.\(Q. Enuni. PI. Caiib. 19, noii Sikber,

mm Mart.; Hiekn. in Hook. F1. Hr. Ind. I, (397: Kcrz For. Floral,

287 ; Brandis Indian trees (1906) 186 ; Hassk. PI. .lav. var. 292
;

KooRi). en Yaleto.n Bijdr. Booms. Java IX (1903) 226 ; D.

auiiustifoHa Blanco FI. Filip. ed. I, 312 ;
— D. amjustifolia Linn.

F Suppl. 218 ;
— D. Buvmanniaiia Dc. Prod. L 616 ; — D.

Caihldllei Be. ! m.-^c. in Herb. Lngd. Bat. =r I). Caiuloleana Blume!
Rumphia IH, J90; — D. dioica Roxb. Hort. Beng. (28); FI. Ind.

II, 256 ;
— D. Duinbeyana Be. ' in Rumphia III, 189 ;

— D.
ferrea Jungh. 1 msc. forma 1, 2 et 3 in Herb. Lugd. Bat. ;

— D.
jamaicensis Dc. Rod. I, 616 :

— D. Kingii G. Don, Syst. I, 674
;— D. httifolia Salib. Prod. 276 ;

— D. micvocafpu Dc. Prod. I,

617 ;
— D. montana et littoralis Jungh. in Java I, ed. II 267 ;

—
D. neriifolia A. Cunn. ex A. Gray Bot. U. St. Expl. Exped. I.

262 ;
— D. uhlomjifolia Link. Enuni. Hort. Berol. I, 381 : et in

Bot. Reg. t. 1051 ;
— D. ovaUt Dum.-Cours. Bot. Cult. ed. II, 7,

p. 327; — D. pallida Miq. ' Anal. Bot.- Ind. Ill, 1 ,
~ D. pen-

') Lubbock, Flowers, fruits and leaves London (1886) p. 7(1 (fnioted by

VOGLER I.e.).

52*
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limdra Grifk. Notul. IV, 54 f^
: /J. sa/ici/o/ia Dc I'rod. 1, HIT;

— D. Schiedeanii Schi.echt. in l.innaea XVIII (1844) 33 (err. ivp.

49) ;
— D. senejjnlensis Bm'me '. nose, in Herb. Lngd. Ixit. ;

—
I), .-ipahilaht Sm. in Rkks (!ycl. XII n. /,. ; 1). Irkixetra Ji'ngh.

ill Xalnnrk. en (ieiieesk. Areli. Neerl. Iiulic' II 1845) 3B ; noi

Andk. ;
— D. vlscosii RovK.N ex Hi.imk !, Ruinpliia ill, 191; - D.

]Vi(/htiana lli.CiMK in Kiini|iliia III, 189 ; — D. Waitziana BhVMV,\\. \.

:

~ D. Zollimji'vi Tliuz in Hull. Soc. Nat. :\Iose. XXXVI (18(53)

I, p. 587 ;
— Caryopkijllfinthe.i littoreus RrMPiins Herb. A nib.

IV, t. 50 ;
— Ptelea viscosn Linn. Spec. ed. I, 108.

For the veiT numerous svnonyins of this ])olymorphic species,

which has extremely wide vertii'al and hurizontal dislribniion, 1 iiavc

chielly relied mi the most recent literature as ref^'ards these species,

which occur oulside the Dutch East Indies, but have cliecked them

as far as possible by the \ery rich material in the National Herbaria

at Leiden and at Utrecht. The Dutch Kast-Indian synonyms are

chiefly based on my own examination of the above collections, and

on KooHDKKs and Vai.kto.n I'lijdr. Booms. l.\ I.e. From various facts

it ap|)ears that this tree (at least the littoral form) was already

known to RrMPiiirs, and that it has been described as separate species

by a large number of authors under more than 25 different specific

names.

.According to an nnpulilished note of Rkinwakdt, found by me
with a herbarium specimen collected on the sandy iieach ofTernate,

this otiserver has ilie credit of having already realized, that the coast

and the inountaiu forms of the specimens of /Joilniiiu'd n'scosn from

Malay Archipelago belong to one and the same species.

§§ 2. (i e o g r a p h i c a I d i s t r i b u 1 i o n a n d o e c o I o g i c a I

c o n d i I ions o f D o d o n a e a vis c o s a o u t s i d e J a v a.

.\ccording ii> Ilic lileralure (c. <^. Radi.kokkkj and the herbaria

consulted by me at Leitlen and at ['trecht, Dodoiini-d vi.sco.sd is

generally distributed in tropical and sublro|)ical regions of the whole

world, and is known outsid(> .la\a from sandy sea shores as well

as from inland localities up to an altitude of 1400 meters. Hkanuis

[Indian Trees (1906) 187j states: "Trans Indus, Afghanistan and

Heluchistan. Common locally, often covering extensive tracts in the

drier regions of North-West and Cenlial India as well in the Deecan.

Also on the seacoast" (Br.\M)Is I. c.). In the Nalional Ilerbariiim at

Leiden 1 saw an authentic herbarium specimen of Dodunaea arabiai
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HocHST and Stkid. Aivonlinp,- lo llie allacliod label, tliiri specimen

was colleoted on Dec. 8''', 1835 i>_v ^V. Schimpkr (the father of the

phyto^eographcr F. W. SciiiMi'Eid al 4(100 feel (1330 meters) above

sea level on the summit of the mouiiiaiii Kara in Hedschas (Arabia).

Aceordinji- to Hooker Flora Brit. India I.e. this specimen is identical

with the widely distribnted Dodonaea viscosd (L.) Jacq. Hooker's

\iew is uiidouhledly correcl. It seems to me that the occuri'ence of

the littoral I), ciscosd (L.) J.vcq. on the above-mentioned moiinlaiii

can easily be explained, by assumin.u' that the locality, where Schimpek

collected his Dodomwa, \\as extremely pooi- in water. In 's Rijks

Herbarium at Leiden I also saw a specimen of Dodoitaea viscosa

L. (del. P. Hennings) from Herb. Schlagintweit N°. 80846, which

was collected in the Panjali in North-West India between Novemi)er

15''' to 28''', 1855 at 650—850 meters above sea-level, and finally

a specimen from Herb. Fiehrk; N°. 2501, correctly named Dodonaea

viscosa, wliicii was collecled iii 1903— 1904 in Eastern Bolivia

(South America) at a heitilii of 1400 meters. As proved by a her-

barium specimen from Ihitisli India, due to Hooker and Thomson,

and seen by me in Rijks Ilerl). at Leiden, Dodonaea Bunnanniana

D. C. which is synonymous with D. viscosa, grows thei'e at a height

of —600 meters above the sea. In 's Rijks Herbarium at Leiden

I further saw a herbarium specimen, which according to the label,

had been collected in 1841 by Forsten "on extensive beds of lava"

in Ternate (Spice Islands); this specimen had been determined by

Blume as Dodonaea Cando/fei Bi,. var. minor Blume. In my opinion

there is no doubi, that this is merely a form (from an arid locality)

of the oi'dinary Dodonaea viscosa (L.) Jacq.

^ § 3. G e g 1' a p h i c a 1 distribution and o e c o 1 o g i c a 1

conditions of Dodonaea \' i s c o s a in .1 a \' a.

The following data I'egarding the vertical and hoi'i/.ontai ilistribution,

and the oecological condition, of Dodonaea viscosa (Linx.) J.\cq.

which, in [larl have already been published in KooRnERs and \'ai,eton

I.e., can now be comnumicated ; they are based on observations

made by myself in Java 1885—1906, and on herbarium specimens

collected by me.

In Western and Central Java, as well as in Eastern Java on

sandy sea-shores, further in Central and in Eastern Java at 1450 m.

above sea-level and liigher, especially above 1800 m. and still at

2600 m. According to Herb. Kds. it has been collected in Java in

the following localities; In Western Ja\a : near Tjemara in S. W.
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iJaiili'ii. Lifdwiii^' (III llic Hal >aiiil\ ln'.-icli. In llic Suntlicni I'lTuniiXT

near I'alalxiL'haiiraldc, alsn ^>u ihe mainly heacli. In Cciilral .Ia\a :

01) llic (1. I'ralioe at 2(>(l() m. uii liie I'ralioc-Dirn^j; mountains along

the patli tVdui Soerdja to tlie Dieng plateau in tlie res. Tegal-

Pekalongan. Near Sopakoeng (ret;. Seniarang) on tiio (j. T( leniaja at

ai»(Mil 1700 ni. and also in llie I'cs. Seniarang an the G. Merliaboeii

abo\e Andongtjenioro at about 1()0() in. In the res. Kedoe on the

G. Sendara near Kledoeng at about KiOO m. In the res. Madioen on

the G, Wilis above Ngebel at 1450 m. and iiinlier u|i the mountain

to 2000 111. In the res. Pasoeroehan-I'robolinggo on the G. Ardjoena

above Making at about 2100 m. and on the Tenggcr mountains

above Tosari and Ngadisari still at 2600 m. above sea-level. In the

res. Hesoeki on the Idji'ii plateau near Ihe bivouac Oeiigoep-oengoep

at 1700 m. and on the Kcndeng ridge above Pantjoer at 1700 m.;

also on the sandy beach of Gra<ljagan and on the sandy beach of

Poeg' r (on the South coast of the divisions Banjoewangi and Djeinber

respectively). Completely absent fViun the regions between the above

alpine stations and those in the beach. On the other hand where

this DocloHdi'ii {D. riscosa) appears, it generally either grows .socially

forming smaller or larger woods, or it occuis at least in very large

numbers. — ecological conditions. It is completely

restricted (at least when growing wild) to physiologically dry loca-

lities, namely either to the dry alpine regions of Central and Eastern

Java above J400 m. or on to the sea-beach, which is physiologically

dry in consequence of its richness in salts. On the beach this species

has iiooii observed by me in W., as well as in Eastern Java. (Compare

also under "Means of dissemination", and further K. & V. 1. c. 229.

§§4. Means of d i s s e m i n a t i o n of

D d o n a e a V i s c s a.

The iiillatt'(l, ihin-walled, light, winged fruits are not only omiiiciitly

adapted for wind ilislriiuition, but (as has already been mentioned

by some anihors, and has been confirmed by me e.Yperimenlally),

they are also extremely well suited for transport by water. Of some

fruits, which I placed in a 3i °
„ solution of common sail, 80 °y'„ still

floated after 25 days.

In Ja\a the ])laiit invars a lar^e nniuber of fruits at an early age,

e. g. before it is 2 years old.

As I have observed in Central Java, this species occurs wild on

two volcanoes which are more than 40 kilometres apart, in a straight

Mine, ami on these only above au altitude of 1400 m., whereas it
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is completely wanting- in the intervening [)lain, except oii the sea-

beach, 30 kilometres olf. Since moreover no argnment has been

advanced in tavour of dissemination by animals, it wonld appear,

that the winds of Central Java are ca|iable of transporting the fruits

of J)o(lono('(i riscosa over a distance of more than 30 kilometres

although these fruits weigh 0,040 grams, and have a surface of 2i

square centimeters.

There is, however, scarcely need, to point out here, that great

care is neoessaiy "i in drawing conclusions as to transport bj' wind.

I only refer to what has been said above, regarding the wind distri-

bution of Acer niveiiin. Notwithstanding the apparent possibility of a

direct transport by wind over large distances, I consider that also

in the case of Dodciim'n windtransport in stages is much more

probable.

Its general occurrence on the tropical siiores of the whole world

is sufficient evidence of the extreme suitahilily for transport by water

over very great distances, so that no more need be said on this point.

The extraordinary power of resistance, which I have repeatedly

observed, against drought of ihe air and of the soil, against dii'ect

sunlight, against the saline contents of the soil and also against strong

winds, together wiih the property of bearing numerous fruits at an

early age, which fruits are well adapted to transport by wind and

by water (also by sea water) — all these characteristics fully explain,

why this tree appears in Java, as the pioneer of new vegetation

not only in alpine regions, but also on sandy sea beaches.

According to what has been said above, the almost complete

absence of the species from the broad belt between the beach und

the mountains, is probably due, to the crowding out by other plants

of such seedlings as may arise from fruits, which doubtless frequently

fall in the intervening zone.

Summarising, it appears to me, that the apparently whimsical

distribution of this characteristic Javanese Sapindacea can be readily

deduced, with a large degree of |)rol)abilily, from the properties

mentioned above, and especially from those properties, vviiicli are

connected with the edaphic condition of the species.

§ 5. Note on some incompletely known species of Quercus, in 's Ryks
Herbarium, at Leiden.

In KooRD. and V.vlkton Bijdr. Booms. Java X, 65 there are men-

tioned at the end of the description of 25 species af (Quercus, growing

1) Compare also Vogler in Sohroeter 1 c. 740.
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wild in .la\;i, li\i" I'lirllicr s|ii'cic's us "d()iil)tl'iil ;tii(l iiicoin|il('lc'l y

kiKiwn": llie iatU'i' were iiiclii(le(i on llie antiiorily of Ili.r.MK Mus.

Lngd. 1j:U. I, 2il4— 804; we were unable at tlie time at Huitenzorg

to refer to the auliientic s|)eciniens of tliese.

As I iiave now been able to examine the authentic speoimens of

lii.i'MK in 's Rijks Hci'l)arium at Leiden, I a|i|>end my oltservalioiis

regar(Mnf^' tliese species.

J. Queiciis Piiiiiiiii,! llnMK Mus. \A\'^i\. l'>at. I (IHaO) 303.

I completely agree with the view of KiN(i, quoted in Koohd. and

\ai.k,T()N I. c. 65. The remark, ()ublishe(i i)y Bia'mk 1. c, that the

above-mentioned species occurs "in Java in the mountain forest"

musi therefore be regarded as not wholly accurate because Ummk
evidently prepared his diagnosis from a few leaves of (^lu'rciis

i//ii/if<i TiiiNH. (from .iapan) an old tree of which was observed by

me in a cultivated state in llort. Ilogor. as late as i;j03.

(j. l'iu<iu</it BiAME slionid therefore be erased from the l'"lora of

Java and be considered synonymous with (^. (jlnlird TiUNii.

2. fjiiercm li/ondis IIi.umk I. c. 303.

(Jii the anthentic herbarium label there was written i. a.: "(,>w/r//.s'

Ut/eralis P>l., Java, leg. Rlumk, Pasang-lant (Snnd)".

Since llie native name is Sundanese, this si)ecies eainiol c(uue IVoui

Eastern Java, as Bt.imk I.e. incorrectly remarks, but mnst come from

Western Java, probably from I he Preanger or Banten, where most

of the specimens, collected by Mumk, were obtained.

The aullieutic specimen 1 reuard as beyond doubl synonymous

with ()iier<'iis sjiirold S.\i. vai'. i/riicl/i/ies King (conip. Kooun. and

V.\i,KTON I c. 42). This species of IJume's must also therefore be

deleted.

3. Qiiercus (//iiIi'ikmi P>!.r.MK I.e. 304.

According to the authentic herbarium label of T\kin\v.\I!1)T this

species was named by Rein\v.\I{I)T in manuscript (^ucrn/s mic/riis

IvKiNW., and was afterwards renamed by Bumk (liwrcits ijlntinosit Bi,.

miH'eover, it was not collected "in the moimtain forests of Western

Ja\a" but found by Rein\v.\i(I)T near Tondano in N.K. Celebes, in

tJK! \ear 1821. This species can therefore also be deleted from the

flora of Java. It is not, as Miqiki, incorrectly thought, identical

with Quercus indntit i>i.., to which it shows a snpcrlicial resemblance;

the species is specifically distinct from Q. iiulu/a Bi,., as was indeed

already correctly snrmised by Die C.wdoi.lk and by KiNCi fcomj).

Kooitn. and Vai.kton I.e. (!")).

4. Qui'i-cas sph'tcf/iitii Bi.umk I.e. 304.

The anthentic specimen of this species consists of a branch with
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leaves, l.t.t wilhuiit flowers. 1 r;m.uU:y il a lai-e leavea >Uuu\ fur

instance, from a latent hud of the trunk of ^y//,-,v;/,. xy^/rv//-^ Sm. var.

yrncilipiis King.

On tlie authentic label is written; "r^>m'm/.v .v//A'^vA/A/ lii... Pasang,

Java, in montanis Moeriah, Herli. Waltz."

5. Qtwrciis luf'uhi Bi.. l-O. 294.

The view, already e.-vpressed in Koord. and Vai.kton I.e. <;5, that

this species, which' so far has only been recor-led with certainty

from Sumatra, does not yet belong to the flora of Java, is coidirmed

in my opinion, by the material in 's Rijks Herbarium at Leiden.

L/i,U'n, March 1908. [To he covtlnued).

Geophysics. — " Tke Startiwj Impu/sf of Mn/ndic iJistnriMtnces."

By Dr. W. v.vN Bkm.mklkn.

(Commiiiiicatetl in tln' Meeting of March ;iS, I'.tOSi.

Last year ') I communicated the compilation of a statistical list of

the magnetic disturbances which the magnetograpli at Batavia has

recorded during the period 1880— LS99. I drew the attention to the

phenomenon of the starting impulse i. e the suddenly appearing

chano-e of the magnetic elements, which very often accompanies the

beginning of a magnetic storm.

This phenomenon appearing in like manner at liatavia and at

other places, I ventured a supposition on the manner in which we

can represent to ourselves the appearance of magnetic disturbances.

To obtain a closer knowledge of tiiis in my opinion very instructive

phenomenon, I requested at the end of 1906 all Magnetic Observa-

tories to give me their data for a number of cases selected by

myself.

With great readiness those data were forwarded to me from

several observatories and it is an agreeaitle duty for me to express

at this place my thanks for it.

Besides this material received b'om many sides I iiave worked

out all cases registered at Bala\ia and at Bnitenzorg and have also

been able to watch the nature of the electric eartli-curreut during

tiie phenomenon. I wish to communicate here of the results of this

material what is most imi)ortant, commencing with liatavia.

1) Proceedings 20 September UIUIJ.

Also : Observations made at the R. Magn. and Met. Obserratory of Balavia, Vol.

XXVUl, App. III.
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Rata VI

A

Out of tlio (liiif^ruiiis oliluincd m ilic |jcri(i(l l.S,S2 IM'J!), 1 measured

for 131 cases the ainoiiiit ami ihe (luialion (if tlie initial iiioveinenis

of ilic lliree (•(nii|i(iiieiits ( lloii/.cmtal liiti'iisiiy =n //, Decliiialiuii ^ I),

Vertical Intensity = Z.

Direction of the initial movement.

A H was witlioiit exception positive.

A 1) was Willi a few exceptions West; Iml 12"
^ of Ilie imnilier

of cases was introduced l)y a sliuiit Easterly movement.

A Z was negative; iuit in G" „ of the iniiniier the ino\i'ment was

introduced by a siight positive uiovenient.

IJurntion.

Here I liave not taken into consitleration the duration of the slight

intiotluetory movement.

d 24 cases furnished :

A //r:^4.5min. AZ> = 3.2niin. A Z— 12.0 min.

Tiie duration of the Z movement is m general difticnlt to deter-

nune, as the decrease of the vertical force keeps on mostly much

longer.

It is important to notice that the initial movement of D stops or

is inverted, whilst of // the inereasiiiii movement keeps on.

Amotuit.

The average amplitude of the movement, arranged according to

the dilferent parts of the day in which it took place, expressed in

U.OOUOl C. G. S. (=y) :

h LU L D LZ
0—6 a.m. 4-45 7W —11
6—12 „ +41 10 „ —16
0— 6 p.m. +52 7„ —16
6—12 „ +40 8„ —11

Of a characteristic ine(pialily of the vector during the day little

is noticeable. The amount L II airanged accoi'ding to the duration

of tlH> movement is :

Duration A H Number of cases

0— 2 min. 53 y 15

2— 4 „ 43 45

4— 6 „ 42 35

6— 8 „ 33 20

8- 15 „ 46 6
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So iho amomit (if the inoveineiit is laiily well iiulepeiuient ot llie

(liinilioii, iVoiu wliicli rcsiills iiivcr.sely lluit ///c sliorter the increase

of H /y, thi' (jiiicker it is.

Ijet us liiialh- obsei've that the appealing of tlie slight easteriy

movement did not show aiiv preference for certain times of day or year.

BUITENZORG.

Since May li)()B a Topfku-Schil/k magnetograjih has registered at

Buitenzorg, wliicli gives tlie curves of the tiiree elements on the

same registering-strip; this circumstance besides that of giving finer

lines, greater sensibility and wider measure of lime, is very suitable

for the study of the initial-movement.

For the period May 19()(i — Nov. 1907 I measured 29 cases and

from that material it was clearly evident that in most cases the

movements of the elements dis|)lay a certain indeiiendence of e^h
other and do not ahrays heijin at the same moment.

I calculated the azimuth of tlie horizontal component of the vector

for the (irst part of the movement, so before the movement of 1)

is inverted, and I found in 20 cases directions between the extremes

X and N 58^ IT, an a\erage of

A' 21° IF.

Vertical Intensity.

The results for L Z wave surprising; for the vertical component

showed, dilFerent trom that of Batavia, an introductory positive

movement followed by the slow negative movement known of

Batavia.

Here no instrumental cause had anything to do with the matter:

l)oth magnetograi)lis (of Adik and Schulze) rcgisteretl this premove-

ment at one time at Batavia very rarely, but a( Buitenzorg regu-

larly. Luckily registrations have i)een made for more than a year

at Batavia ami at liuitenzorg at the same time and from those

registrations it was evident that the introductory movement at

Buitenzorg precedes that of Batavia. The introductory movement at

BiMtenzorg commences i^accordiiig to the average of 29 cases) 0.3

nunute after the /y-movement begins and lasts about 1 to 3 minutes,

after which tlie Z-lines of both places show simultaneously a decrease.

AnsWKKS to the QIESTIONS.

The data on tlie initial movement were asked for in mv letter
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for a iiuiul)er of cases, in wliicli lliai imneiueiil had made its appear-

ance under dillereiit ciiru'iislances at 15ata\ ia. The answers were of

a very dilfei'ent iialitrc and lIuTcfore I made of each case a suniniaiT

diagram in wiiidi in an ecpiai manner under cacli otiier was noted

down llic registration image of //, I) and Z for each station. In

many respects it would he useful to reproduce these diagrams, but

the ditUculties connected with it ami tiie numerous imperfections of

tlie material have made me set it aside.

These imi)erfections are chiefly caused by the measure of time of

llie diagrams of the various observatories not being taken ample

enough to i>e ai)l(' to li.\ the simullaueity of the different n)o\einents,

which take place within a few minutes.

From the notation of the T((Pi''Kii-ScHrLZE magnetograpli at Buiten-

zorg where the circumstances were pretty favourable I could deduce

with certainty that tlie commencement of the movement of the thiee

components is often not simultaneous. Accuracy down to j)arts of

mimites cannot be demanded of most magnetic diagrams, where 1

hour takes up 10, 15 or !2() mm. I( was therefore impossible to draw

triislworthy maps, on which the vector of disturbance during the

initial movement was represented in ils varying magnitude and

direction, so I must restrict myself to the following.

In the following table the direction of the movement has been

given for all the cases.

In the case of an iutrodiicloiy movement of slight amplitude this

is indicated for H by +/_ or —/+, for IJ by ir E or ej \V.

In .some cases the introductory movement was of the same order

amplitude with the following movement and this is accordingly

indicated by +_ or —/+ and IT/A' or EjW.

We see in this table the movements of one -or more elements for

dill'crcnt constant direction. Further information is furnished by the

annotation of the Rev. P. dk Moidkky in the "liulletin dcs Observations

de r Observatoire de Zie-Ka-Wei, T. XXXI" and the copies of

disturbances for Greenwich, Pare st. Maur and Samoa. The former

slates lor Zi-Ka-Wei the fro(|uency of the positive // aiul Z
movement at 95 pCt. and of the /:' nmvement of I) at 90 j)Ct.;

whilst out of the Samoa curves the // and Z movement proves io

be -\- in 9 cases.

to

O
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e the following
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Date
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I already mentioned that Halavia an<t Ruitenzorjj are difTerent in

this respeet and now I discoveied liiat ( Jreenwicli and Paris (Pare

St. Manr) show regularly an opposite movement. Out of the repro-

ductions of diagrams of disturbances published for several years

I made the following list.
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It is seen that L II ami L I) generally cuircsiHiMil ; milv lor //

the iiilrodiiL'lory niovemeiit is more IVeciiieiit at ( Jioeinvicii ; L Z [i\

regularly oi)|)osilo, I'oi' Greenwich jiositive and for Paris negative.

It is reniarkahle to notice out of the rejjroduced registering lines

how the oscillations tbllowing upon tiie ini(ial movement correspond

again tor the Iwo places; a single striking (jiiit-k uiovemenl annd the

disturbance, as it were a new stai'ling impulse, is tlieii again opposite.

Tliis repetition seems to be a real phenomenon. Thus the initial

shock on Oct. 30''', 1903 was a clear initial movement amid a distur-

bance going on already for hours. At places with higher latitude it

lost itself in the oscillations of that older disturbance. The phenomenal

violence of the second part of the disturbance is perhaps owing to

two disturbances being placed one above the other. At the violent

disturbances of Febr. 13''', Mar-ch 6''' and June 27, l<Si)2, as well

as of Aug. 6''', 1893 two initial impulses ap|ieared.

TllK CAUSES OF Till', INITI.M, MOVEMENT.

The remarkable ine(piality of the movement in the vertical force,

.so constant for places situated close to each other, offers us perhaps

a means to clear up what is puzzling in this phenomenon.

If we attribute the appearance of those vectors of disturbance

to that of electric currents, as is more than probable, then it

is impossible to assume that the movement of electricity which

generates these vectors would have in the free atmosphere such a

distribution limited to the ])lace. The cause of this must be in the

appearance of the electric earth-curi-ent. We must assume that, when

suddenly a disturbance arises, the earlh-ciirreiit then generated selects

fixed paths through the earth-crust.

That the earth-current for different places of the earth situated

close to each other may be ditferent, is highly probable ; at least for

the surface-current I have found it lately' ') for North- and South-

.lava. The inequality was, that as the corresponding magnetic variations

became shorter the earth-current variations increased more in ampli-

tude fill- the volcanic southern [)art than for the allu\ial and diluvial

northern |iart

This great dill'crcnce in earth-current must become much less for

the deeper strata; proof of this is found in the e<iuality of the

magnetic variations at Ualavia situated on the Northcoast of Java

and at Ibiiteiizorg on the edge of the \'olcanic [lart.

But the possibility tor a difference when a current is suddenly

'j See the Ibllusviiit; paptT : Earlh-uiureiit rugistruliciu iil ll;itavi:i, '2"<' conunu-

iiicatiun.
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generated is made possible I)}- these results for deeper strata too.

On the diagrams obtained at Batavia when the earth-current is

registered, there are a few cases of an initial impulse and as the time

unit was very ample (1 millim. = 1 min.) and moreover as the

magnetic component too was registered with gi'eat sensitiveness, these

cases arc verv instructive.

Date
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of a proper inagnetisni of tlio cai'tli : il also eeems lo chaiiiio during

the increase in intensity and situation. For the magnetic distnrbance

itself following iniincdiately upon the initial ini|)ulse we must assume

that especially extra terrestrial currents are the cause; at least for

the magnetic after-disturbance as well as for the part that shows a

regular daily variation I have made this prol)al)le '). Moreover the

Aurora Borealis points to this. The magnetic vector of after-disturb-

ance is the mean vector of disturbance deprived of its greater and

smaller oscillations during the disturbance. It increases rapidly after

the iuilial impulse and then slowly decreases.

As here the horizontal intensity just decreases we must conclude

to a likewise W-E. current of negative electricity in these higher

atmospheric layers. It remains an open question why the intra-terres-

trial current at the outset and the extra-terrestrial current during the

further course of the disturbance have both a constant East-West

direction.

Geophysics. — "Registration of ,the earth current at Baiavia."

2'"' part. By Dr. W. v. Beaimelen.

In my first paper on the registration of electric earth-currents at

Batavia, to investigate the connection between the oscillations in

earth-current and magnetic force, I had to point to several unan-

swered questions.

First of all the fact that the earth-current between Anjer and

Batavia is four times greater than the one between Batavia and

Cheribon. I hope soon to be able to measure the curi-ent between

Batavia and a place E. and S. of Anjer lo try to shed light on this

abnormality.

Further more it remained a mystery why that connection with

the magnetic force showed such a characteristic difference for the

current between Semarang and Batavia with that for the current

between Batavia and places closer by. That difference consisted chiefly

in the fact, that when the duration of a magnetic oscillation becomes

shortei', the amplitude of the earth-current increased much more for

the long line than for the short one.

I pointed oul, that perhaps an inlluence of llie distance might

Met. Zeitscbrift 1895. p. 321. T. M. VIII p. 153.
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have something to do with it and that a registration of the current

at Seniarang going over the distances Semarang—Cheribon and

Semarang—Soerabaya would probably be able to enlighten us in that

respect.

This idea I have, indeed, been able to realize by a visit to Se-

niarang in the month of December 1907. At the Post- and Telegraph

Olifice they kindly accommodated me for some days with a room

where I could place the instruments used at Batavia. Though I had

some delay by a slight accident, yet I could get excellent diagrams

during two nights.

The result was defmite, viz. the current between Semarang —

•

Soerabaja and Semarang— Cheribon corresponds in character and

intensity to that between Batavia—Cheribon.

Oscillation

of the magnetic
North component.

Amplitude of the earth current in Volt per K.M.

Half

Amplitude magnetic component in dynes.

Sem.-Cheribon Sem.-Soerabaja Batavia-Cheribon

osciiration
Amplitude 18-t9 December -1907.

0.5 min. 1.2/ 22.

C

19.3 21.2 14

t.O „ 1.5 „ 20.9 16.9 20.5 11

13.5 „ 3.0 „ 16.2 14.4 16.0 8

Found Number
formerly, of cases.
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Tlie reciif^l ration of liolli niulifs tojictlici- "ixes

Duration of half

an oscillation

0.36 min.
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DIFFFRENCE IN PHASE

Duration of half

oscillation X
South- Number
line of cases

Duration of half

oscillation X Northline
Number
of cases

0.8 min.
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If now the eartli-current were only a current from groundplate to

groundplate then during these changes it might change but slightly

in intensity, as the total resistance changed so little.

On the other hand, if the earth-current were for a part not origin-

ating from the plate, but was immediately caused b} induction or

an other inlluence (e.g. the catching of electrons moving in the

atmos|)here) then that part when connected with one wire would be

half of that when connected with two wires and so a considerable

diiference in intensity of the current would be noticeable.

It might be possible that this influence differed with tiie duration

of the oscillation of the magnetic component and were different in

the coastregion from that in higher volcanic regions in South-Java; in

this way the difference in character found above might be explained.

Before mentioning the results of this experiments I wish to con-

sider what the influence is of the loss by isolation.

The loss by isolation will chiefly take place along branches and

poles accidentally touching the wire. The first influence will be

irregular and in general for both lines alike.

With tlie second each telegraphpole will give an earth connection

with great resistance for both wires at the same time, as tlie wires

run across the same yokes.

Along this earth connection a current will run if the earth-poten-

tial at that place diifers from that in the wire.

That current will then feel little influence of the fact whether

one or botli wires are connected with the galvanometer.

The result of the experiment for the lines to Cheribon as well as

for those to Soerabaja was not ambiguous, as the figures below indicate.

n„.,n.. .f half ,n r..r\».^u.u Amplitude earth-current in tn.m. reading.
yui aii*^i( <~-'i 11C411
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was diftereiit in the Northcoatjlplaiii to that in tlie mountains. If this

were so, tiien the earth-current in the Preanger country, where the

SouthHne runs in a niveau of ± 600 M. between numerous volcanoes

woiikl have to show the same peculiarity. To prove this it was for-

tunately not necessary for me to remove with my instruments, but

I could suffice by making the following connection.

Earth at Buitenzorg—Galvanometer—Observatory—Batavia— Bui-

tenzorg—Tasikmalaja—Earth at that point. Buitenzorg is situated

at ihe N.W.-foot of the mountains and Tasikmalaja at the East foot.

Both places lie still at a height of ± 300 M. aitove the sea.

Loss by isolation along the poles on the there-and-back line

Buitenzorg— Batavia—Buitenzorg could not bring the earth-current

out of the plain between Buitenzorg and Batavia into the line, and

could oidy cause a part of the Preangercurrent to flow away. That

loss could thus not falsify the result.

The current between Buitenzorg and Tasikmalaja really proved to

possess the above mentioned character, i.e. it showed a much stronger

increase when tiie duration of the oscillation decreased than the

Northcoast lines

Duration of half an oscillation

0.4 min.

0.8 „

1.2 „

9.0 „

Batavia-Tasikmalaja

Ampl. Earth-current in Volt per K.M.

Amplitude X in dynes

GO

56

55

15

If loss by isolation is the cause of the inequality of the current

between Batavia and Semarang round the North and the South,

tiien that loss will be smaller in the dry season than in the wet one.

And, indeed, I found that this was the case as the figures below

will indicate.

Duration of

half an
oscillation

0.6 min.

1.0 „

1.4 „

5.0 „

11.5 ,.

18-21 Juni 1907

Ampl. Sem.-Bat. current

in Volt. p. K.M.

in dynesAmpl. X
43

35

31

18

13

Duration of

half an
oscillation

0.5 min.

0.8 „

1.5 „

5.5 „

8.0 „

21.8 .

December 1907

Ampl. Sem.-Bat. current
in Volt, per K.M.

Ampl. X
62

48

50

24

23

13

in dynes

These characteristic differences treated above can perhaps afford

an occasion to fnul an explanation of the nature and the cause of the
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earth-eiirrents, but more observations muler other circumstances will

undoubtedly be necessary.

It seemed important (o me (o ijivestigate whether that great

difference in earth-current is always incidental to difference in amplituile

of the magnetic variations.

For, Huitenzorg lies on the edge of the volcanic Southcrn[)arl of

Java, and Batavia lies in the Northcoastplain ; moreover simultaneous

registrations of the magnetic component are for both places available.

I have used the registration of the X-component at Batavia on the

earth-current diagrams and of the Topi'ER-Unifilar of the X-com|)onent

at Buitenzorg.

In January, February, March, July, August, September the magnetic

variation-instrument registered on the earth-current diagrams the mag-

netic component perpendicular to the direction Batavia— Anjer, i. e.

N4°E. The difference in direction with that on Topfer's instrument

wiili which the X-compouent was registered, can be neglected.

On each diagram 1 compared the amplitude of a variation of short

and of long duration, as much as possible at an equal distance

from the basis. In this way I was independent of differences in values

of the scale division and other differences.

I got as average case in 30 cases in the months of January —
March '07 and 24 cases in the months of June—September '07

:

Average Amplitude of the

Variations of Variations of

short duration. long duration.

Buitenzorg Batavia Buitenzorg Batavia

1.44 m.m. 13.2t m.m. 2.G8 m.m. 21.27 m.m.

-1.01 ., 8.71 „ 2.93 ., 24,03 „

•1.25 m.m. -11.21 m.m. 2.79 m.m. 22.49 m.m.

22.49
Whilst thus the longer variations give a proportion = 2.01,

2.79
tlic short pulsations give —- = 2.24.

Thai difference of 10% I believe must be ascribed to the following

circumstance

:

According to the image of the earth-current diagrams, on which the

pulsations ai-e large and easy to see, the points of reversion are

pointed. On the Builenzorgdiagrams on a ± ten times smaller scale

ihose sharp points are blunted and we obtain a too small am]ili(u(le.

That shortening can be estimated at a tenth millimeter, i. e just

10 7„ of the amplitude.
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With the oscillations of long duration that inaccuracy in the

registration does of course not appear.

So we come to the conclusion iluit the oscillations of short and

of lom/ duration of the magnetic force at Batavia and at Buitenzorg

have the same ratio of amplitude and that they therefore cannot be

caused, or only for a small part, by the current running through

the outer crust of the earth.

By far the greater part of the influence of the earth-currents

must thei'cfore come from currents at greater depths and of greater

extension, and more equal in intensity.

Chie'aiistry. — "On the Tri-para-Halogen-Substitution-Products

. of l^riphenyhnelhane and Triphenylcarbinol." By Dr. F. M.

Jaeger. (Communicated by Prof. A. P. N. Fr.\nchimont).

(Communicated in the meeiing of March 28, 1908).

§ J. Some years ago, 1 investigated^) crystals of Tri-p-Chloro-

Triphenylmethane, from different preparations which had been obtained

by Dr. P. J. Mont.\gne in t\Ao different ways, namely from ^;-leuca-

niline by diazotation and subsequent introduction of the three chlorine

atoms and from tetrachlorobenzopiuacoline by intramolecular rearran-*

gement.

I then gave a detailed description of the remarkable optical be-

haviour of the compound in convergent polarised light and endeavoured

to elucidate the sauie by a coloured figure.

Wishing to extend this research also to the otiier halogen-deriva-

tives, I ha\e first of all jjreiiared the tribromoderivative of /;-leu-

caniline by the metiiod proposed by O. Fischer and W.
Hess. -) Afterwards I i-eceivcd from Prof. Fischer a small quantitv

of each of the three halogen derivatives, which enabled me to prepare

the three corresponding ti-ihalogen-carbinols by oxydation with chromic

acid in acetic acid solution, so that these three substances could be

included also in this investigation. 1 will not omit to thank this savant

once more for his kind assistance.

Of Tri-p-Bromotriphemjlmethane'^) l gave a description a short

time ago in the Zeits. f. Kryst. 44, 57—58. (1907). The habit of

the crystals is quite analogous to that of the chloro-compound ; they

are more compact of form and .generally much larger, but at the

same time they cannot be measured so accurately, owing to a curving

') Receuil 24. 124, 131. (1905).

"-) 0. Fischer unci W. Hess, Berh Ber. 38. 336. (190J).

S) F. M. J.\EGER, Zeits. f. Kryst. unil Miner. BJ. 44. 57. (1907).
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of tlio planes. Nevertheless tlic complete isomoi-[)lii.sni witli llie cliloro-

conipound may be clearly sliowii; of course the diiferenccs are some-

what larger than in the case of isoinorphoiis suhstitulioii products in

which one atom only is replaced by another and not tiiree at the

same time, as is the case here.

^ 2. In the following the orystalforms of the diverse substitu-

tionprodncts arc described.

Tri-p-Jodotriphenylmethane.

{C,liJ),:Cti; m. p. 132°C.

This compound was knidly j)resenteti to me for investigation by

prof. 0. Fischer of Erlangen.

From ligroin it crystallises in small,

refractive, pale yellow needles which are

readily measurable. From benzene, howe-

ver, a double compound (ioi\\A\im\g benzene

crystallises in large transparent prisms.

The chloro- and bromo-compounds, how-

ever, do not unite with benzene; from

the benzene solution the crystals of the

])ure compounds are always deposited.

A. Tri-p-Jodotriplienylmethane, from

ligroin.
"Vn/

I

Fig. 1.

Tri-p-Jodotriphenylmethane.

The symmetry lirltombic-hipyramidal;

the axial ratio is calculated as

:

(l:h:C = 0,5765 : 1 : 0,8798.

Evidently this substance is directly

isomorphous with the CI and the Br-

compound although here the differences

are again more considerable than usual

on account of the simultaneous substitu-

tion of three isomorphogeneous atoms.

Forms observed : m = |110{, well deve-

loped and lustrous ; a = {lOO}, very nar-

|130j, veryrow and dim; g = {011j, yielding good reflexes; p
narrow and dull.

Angular values

:

Measured

:

Calculated

:

m : m = (110) : (llO) = *59° 55'/,' —
m: 5 = (110): (011)= 70° 30'/; 70° 44'/,'

q: q = (Oil) : (Oil) = *82^ 41' —
m : q = (110) : (130) = 30' 15' 30' 30'

Distinctly cleavable along m.
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The optical axial plane for all rays is {001} ; the a-axis is the

first bisectrix with positive character. Average strong, rhombic dis-

persion, with q'^v, the apparent axial angle in cedar-oil (1,54) is

about 68°.

The sp. gr. of the crystals is 2,141 at J 5°; the equivalent volume

290,64.

Topic parameters : / : ip : w = 4,7883 : 8,3061 -. 7,3077.

B. Tri-p-Jodotrip/ieni/lmethane -\- 1 Benzene.

Large, very lustrous and transparent crystals.

^cs>^
Fig. 2.

Tri-p-Jodo-Triphenylmetliane + 1 Benzene.

When taken out of the motlierliquor they keep transparent for a

fairly long time but after a few hours they lose all their benzene

while retaining their form; sometimes there is only a partial loss.

It is not improbable that the amount of benzene varies with the

temperature and pressure.
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The synimetiT is tricUno-[)inaco'id(il. Axial ratio:

rt :6 :C=:0,571S) : J : J,4298.

A~10i°12' « = J09^ 8'

7^=:J23M5' i?=126°2i:
C— 98^ 5' 7=107° 32'

Forms observed: i = jOlOj, very predoiiiinaiit and lustrous;

(•=:j001! and rt = |IO()J, well developed and yielding sharp reflexes;

q^\0\\\, also rather largely outgrown; r ^ {T02|, narrow but

readily measurable.

The habit is llatiened towards {OlOj but elongated along the a-axis.

Perfect cleavage parallel |010j.

Angular values: Measured: Calculated:

a:b = (100) : (010) = *98" 5' —
c:b = (001) : (010) = *78^ 48' —
c:a = (001):(100) = *56° 45' —
a:r = (1 00) : (102j = *50= 10' —
b:q = (010) : (Oil) = *U° 4' —
a;(? = (100):(011)=106° 8V;

The ratio of the axes n and h in the two derivatives is quite analogous.

In accordance with the supposition of a varying benzene percentage

the angular values of the individual ci-ystals \ary rather considerably.

§ 3. When we compare the three ^ja/'a-substituted trihalogen-

compounds of triphenylmethane with each other, there can be no

doubt as to the analogous molecular structure of the derivatives

in the solid condition. Only in o/;</crt/ orientation the c/i/oro-compound

distinctly differs:

Tri-p- Ch/oro-compound ;

lihombic-bipy ramidal

.

Forms :

!I10,
,

(I : h

|011|:i010|;i 30;;j012j;S102|

0,5904: 1 : 0,92(51.

Cleavable towards JTIOJ.

Tri-p- Broino-compound

:

Rhonibic-bipyramidal.

Forms

:

lUOj ; |()lli ; |010| ;
jl02|

«:i:c'= 0,5896: 1:0,9003.

Cleavable towards SllOj.

Thick-prismatic towards the c-axis. Short-prism, tow. thcc-axis

(110): (110) = 61° 7'

(110): (Oil) = 69^ 47V;
(Oil): (Oil) = 85° 36'

Sp. Gr. = 1,435;

Equiv. Vol. 242,16.

(110): (110) = 61° 3'

(110): (Oil) = 70' 8'

(Oil) : (Oil) = 83° 59'/.;

Sp. Gr. =^ 1,752
;

Equiv. Vol. 274,54.

Tri-p- lodo-compound :

Rhombic-bipyramidal.

Forms :

jiiO!
; SOU! ; ii30j

a :(';:r= 0,5765: 1:0,8798.

Probably cleavable to-

wards jllOj.

Elongated prisms towards

the c-axis

(110):(lfO) = 59°55V;
(110): (Oil) = 70° 44'/;

(Oll):(011) = 82Ml'
Sp. Gr. = 2,141;

Equiv. Vol. : 290;64.
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Chief dimensions of the crystal. Chief dimensions of the, Chief dimensions of the

structuro.
I

crystal structure x : <;/ : to^ crystal structure /:<//: to=
X : «/ : to = 4,6004 : 7,6225 : 7,0593. =4,7327 : 8,0270 : 7,2267. 4,7883 : 8,3061 : 7,3077.

Optical orientation :

The axial plane for violet, blue

and green is jOOlj but for the

orange and red rays it is, however

{OJOj. The first diameter for all

colours is the rt-axis of— charac-

ter. The axial angle for violet is

nearly 0^.

Optical oi-ientation :

For all colours the axial

plane {001 j.

The first bisectrix is

the a-axis of -\- character.

Weak dispersion : (> ^ r.

The apparent axial angle

in cedar-oil is about 50°.

Optical orientation :

For all colours the axial

plane is {001 1 with the

a-axis as first diameter of

-|- character.

Middlemost dispersion

:

The apparent axial angle

in cedar-oil is about 70°.

It should, however, be remarked that this Tri-p-Chlorotriphenyl-

methnne exhibits also a very interesting optical variability as will be

noticed from the subjoined observations :

a. Crystals from 0. Fischer ; the compound is recrystallised

from petroleum-ether (b.p. 40'—60°).

For all colours the optical axial plane was : {OlOj. Very strong-

dispersion : Q^ V ; the rt-axis, is the 1^' diameter and possesses a

negative character. The apparent axial angle in olive-oil is very

small and amounts to about 5^.

With other crystals, particularly the thicker prisms, I found that

the axial plane for violet and blue rays is jOOlj but for all other

colours |010|; the a-axis, is the first bisectrix, but now of a positive

character; the very sti'ong dispersion was: (>^ green.

Other little crystals only exhibited the violet in {001}, and the blue,

green, red, yelloiv etc. in the plane {OlOj.

b. Crystals from the collection of the Organic Chemical Laboratory

at Leiden, prepared by P. J. Moxtagne. They ivere optically perfectly

identical loith the crystals ivhich 1 examined previously. ') Some of

the crystals had become opaque but had retained their form. This

fact is alread}' mentioned by Montagne -) who observes also that the

meltingpoint remains practicall}" unaltered.

At my request Dr. Montagne forwarded me some powder of J?7-^>

Chlorotriplienylmethane from tetrachlorobenzopinacoline, which after

recrystallisation from petroleum ether showed the following properties

:

The axial plane for all colours is now {001}. Vei'y strong disper-

sion: q'^v: the a-axis is the Isl bisectrix; the ai)parent axial angle

1) Zie Receuil d. Trav. d. Cliim. d. Pays-Bas, 24. 124, 131. (1905).

2. loco cit. p. 122.
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in olive-oil is much larger tliaii in the first ease and amounts to

about 10°.

Recrjstallisation from petroleuni-elher does not alter the properties

of a definite crystal species; all preparations, however have the same

nieltingpoint and a complete identical crvstalfurm.

We are therefore confronted with the fact that the compound

CH(CjH4Cl)3, m. p. 92" occurs, under varying circumstances, in forms

which cannot be distinguished by chemical and crystallographical

means, but whose optical orientation is very different. Sometimes,

the crystals show a positive, sometimes a negative double refraction
;

one crystal shows a crossing of the axial planes for diverse colours,

another for only a single colour; others again for no colour what-

ever, the axial plane then being either jOOlj or {OlOj whilst the

dispersion is sometimes : (> ^ v, sometimes q <^ v.

Of course, the possibility is not excluded that exceedingly small

traces of foreign impurities cause this change of the so sensitive

optical orientation. The result of the inxestigation of Tri-p-Cldorocar-

binol showing its complete isomorpliotropic relation to the said deri-

A^ative, renders it not improbable that a trifling admixture of this

oxidation product is the cause of the phenomenon.

In accordance with this is the fact, communicated to me privately

by Dr. Montagne, that a turbidity of the ti'ansparant crystals never

occurs with the thin rapidhj formed needles, but always with the

thick and short crystals of Tri-p-Chlorotriphenylmeihane, obtained by

slotv crystallisation.

But it is also coJiceivable ihat such large molecules as that of

Tri-p-Clilorotriphenylw ethane might in different circumstances suffer

small deviations of their average atomistic configuration, which cannot

be demonstrated chemically or crystallographically, but which can

be shown optically.

Of late years numerous mvestigations have been carried out which

must lead to the conclusion, that many properties of crystallised

matter such as the growth- and cohesion-phenomena must be con-

tributed to the regular molecular aggregation, \yhereas other ones

such as the optical properties would have their origin, at least to a

great extent, in the properties of the molecules themselves. This

view is strengthened by different observations made with the so-called

liquid crystals and doubly-refracting liquids ; also by some experi-

ments made by Wall^rant a.o. on the optical behaviour of deformed

solid crystals. And phenomena like those observed here with Tri-

p-Chloro-'Triphenylmethane may show that it is possible that the

spacial configuration of the chemical molecules is \ariable within
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narrow limits. I believe I iiave noticed something similar some time

ago willi a specimen of tiie Dibromide of 1-3-5 Hexatriene presented

to me by Prof, van Romburgii '). Notwithstanding the identical crystal

form the preparation made by addition of bromine to the hydro-

carbon showed slight optical differences with that prepared from

divinylglycol by means of PBi\.

And althongh I will not as yet venture

to give a decision one way or other, I

fancy that on account of the phenomena

described here the matter is of sufficient

importance to be brought to the notice of

chemists.

§ 4. Tri-p-Chloro-Triphenylcarbinol.

(C, H.Cl), : C-OH : m.p. 98° C.

Crystallises from ethyl alcohol in colourless,

strongly refracting needles, also from ether

+ ligroTn. The crystals possess great lustre

and are well constructed.

Rhombic-bipyramidal

.

a : b : c = 0,6009 : J : 0,9781.

Forms observed: m = jrJOj, yields ideal

reflexes; q = jOllj, alsoyielding irreproach-

able images; b = \010\ and p = \2W\,

narrow but easily measurable. The habit

of the crystals is elongated towards the

t'-axis. Crystals from ethylalcohol are short

prismatic and still exhibit the forms o = {133}

and s = \102\, generally reflecting badly.

yn. \w

Fig. 3.

Tri p-Chloro-Triphenyl

carbiuol.

Measured : Calculated :

m: q = (110) : (01 1) = *68° 537,' —
m: b = (110) : fOlO) =: »59° 0'

62° r 62° 0'

45° 46'/; 45° 38'

88° 36'/,' 88° 44'

42= 27' 42° 167.
16° 47'/,' 16° 43'/,.

b = (110) : (010) =:

m : m = (110) : (110) =
fj: 6 = (Oil) : (010) =r

q: r/ = (011): (Oil) =
b: /; = (01(1): (210) =
7J:m = (2lO);(110) =

1) Compare Trans. Ghemic. Soc. (1908) p. 517—524.
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No distinct cleavage was found.

Tiie optical axial plane is JOOlj, witli the a-axis as a lirst bisectrix

of positive character. Weak dispersion: 9^1". The apparent axial

angle in olive oil amounts to about 55°.

The sp. gr. of the crystals is: 1,423; the equivalent volume 255,44.

Topic parameters . •/ : ii> : w ^ 4,5516 : 7,5748 : 7,4089.

A comparison with tri-p-chloroiripheni/Imethane

shows that the moi'photropic relations' of both

compounds are of such a nature that ihey bor-

dei' on isomorphism. In fact, both compounds

form mixed crystals with each other.

§ 5. Tri-p-Bromo-Triphenylcarbinol.

(C, H, Br), : C.OH ; m.p. 133° C.

Crystallises from ethylalcohol in small colour-

less, clear crystals possessing a high lustre and

a good geometrical construction.

Rhombic-bipyramidal.

«:6:C = 0,8407: 1 : 0,8081

.

Forms observed: m =: |110{, predominant and

yielding sharp reflexes; a= |100j narrow but

easily measurable; g^jOllj, gives excellent

reflexes and is well developed; r =::
j
101

j
small

and somewhat dull. The crystals from alcohol

are shown in ilg. 4.

ni [1rL

Fig. 4.

Tri-p-Bromo-Triphcnyl

carbinol.

Angular Values : Measured :

m: a = (110):(i00) = *-40° 37/

m: q = (TfO) : (Oil) = *66° 87/

Cj : q = {Oil) : (()li) =
m:m = {i\0):{nO) =
m: r =r (110) : (101) =
r : ry := (101) : lOri) =
r : r=: (101) : (101) =
r : a = (lOlj : (100) =

77° 52'

80° 77,
57° 59'

55° 507,

87° 45'

46° 77;

Calculated :

77-^ 53'

80° 77;
57° 58'

55° 537;
87° 44'

46^ 8'

No distinct cleavage.

The optical axial plane is JOOJ!; the 6-axis is the first bisectrix

and of a negati\e character. The apparent axial angle in olive-oil

is about 65°. No strong dispersion: o > »'•

The sp. gr. of the crystals is 1,847; the equivalent volume 269,08.

Topic parameters : y,:ip:ui = 6,1739 : 7,3439 : 5,9346.
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In contrast to what was found with both chloroderivatives, tri-

bromocarbinol shows no distinct form-relationship with tribroino-

triphenylniethane '). The substitution of i/ by — OH, however,

appears to exert an influence on the equix-alent volume which is of

a nature opposite to that wliich causes the same substitution in the

chloro-derivatixe.

^ 6. Tri-p-Iodo-Triphenylcarbinol.

(C, H, J\ : C—OH; m.p. : 155° C.

Crystallises fi'om ethjlalcohol in fairly large yellowish crystals

which, however, contain either no terminal planes at all or else

strongly curved ones.

In any case the isomorphism with the pre\'ious compound may
be easily proved.

Rhombic-bipyramidal.

a:^>:C = 0,8543: 1:0,817.

Forms observed: »i =: {llOj, predominant and highly lustrous;

a = \\.OQ\ narrow and generally absent but always giving a good

reflexion; qz=\011\ distinctly developed but in most cases curved

and only approximately measurable; 7'=:|1015 was observed once

or twice.
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Tricliuo-pinacoidal

.

<i : h : c — 1,3991 : 1 ; 1,G135

.1= 94° 12' « 3=109 l(i'

i>' = 123°10'
;3 = 117°36'

C= 70° 4V,' y= 62° 52'

Fig. 5.

Tri-p-Joiio-Triplienylcarbinol + 1 Benzene.

Forms observed : c= |00J
j
and a =: |101|, equally- strongly developed;

rr^jl?)!!, broader than a and c and very lustrous; ^; ^ {OlOj, well

developed; o ^ jlll! and »i ^ {llOj, about equally large and giving

a good reflexion.

The habit is elongated towards the 5-axis. The ratio b : c \s prac-

tically twice that of the Tii-p-Jodotriphenolcarbinol itself.

a : c = (100) : (001) =» 56°.50' —
C:?-=(001):(T01)=:«72 6 —
c:b — (001 ) : (OTO) =:» 94 12 —
a:b={i 00) : (OTO) =« 70 47, —
C:0 = (001) : (111) =* 80 22

m:o={nO):{lil)= 39 22 "

39.237,

m:c= (110) :(00J)= 60 2 59.45

No distinct cleavage.

On SlOi; the extinction amounts to about 32'/,° in regard to the

/y-axis. Sp. Gz. 2,079 at 17^; Equiv. Vol. = 344,39.

Topic axes : -/:'/':<« = 8,4070 : 6,0090 : 9,6950.

Groningen, March 1908.
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Geophysics. — " On the analysis of frequency curves according to

a general method." By Di-. J. P. van der Stok.

§ 1. Ill working out meteorological data statistically (climatology),

frequencies of all descriptions are found. No doubt the ma-jority are

between indefinite limits as most other frequencies of different origin,

but it also happens that the limits are sharply defined as in the case

of observations upon the degree of cloudiness, where they lie between

and 10.

An intermediate form is found in the frequencies of rain showers

arranged according to duration or quantity ; on the one hand they

are rigidly limited by the zero value, on the other hand the heavy

showers are without definite limits, so that the curve gradually

approaches the axis of abscissae.

The elaboration of wind-observations requires the treatment of

frequencies in two dimensions, and produces curves, which differ in

character from other frequency curves according to the nature of

their origin.

The development in series according to the formula of Bruns')

and Charlier, appears to be the method indicated for frequencies

with indefinite limits; but the deduction of this formula is based

upon a generalisation in the use of definite integrals as already

pointed out by Bessel and therefore not quite free from premises,

which may be applicable to the theory of probability but have no

connection with the problem in question which may be defined as

the analysis of an arbitrary function between given limits. Besides,

this method of deduction can hardly be applied in the case of definite

limitation.

The formulae of Pearson, as also those of Charlier, are entirely

based upon the premises of the theory of probability and, as they

are not given in series form, they only contain a definite number

of constants which, in some cases, is too limited to allow a complete

ciiaracterisatioii of the curve, particularly in the working out of

frequencies of the cloudiness, as will be shown in an example in

another communication.

Besides, the constants, which partly appear in exponential form,

1) H. Bruns. Wahrsclieinliclikcitsrechnung und Kollektivmasslehre, Berlin, 1906.

Idem. Beilriige zur Qaotemcclmung. Kon. Siiclis. Gesellscli. d. Wiss. Bnd. 58.

Leipzig, 1906.

C. V. L. Charlier. Researclies into the theory of probability. Meddel. Lunds
astr. observ. Ser. II. n". 4. 1906.

Idem. Ueber das Fehlergesetz. Ark. for Matem. Astron. och. Fys. Bnd. 2. n". 8, 1905.

54*
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give no clear indication ol" tiie part tiiey play in the constrnction of

the cnrvo, and it is not well possible to describe their function in a

simple manner either vei'hallv or graphically.

The object of this coniniuiiication is to propose a general and

simple method by which a curve may be found, which being inte-

grated between certain limits, defined by the distribution oftlicdata,

will give the sums characteristic of this distribution, and that for

frequencies of different kinds, as tar as this is possible owing to the

elements of uncertainty proceeding from the imperfection of the data

which, of course, always remain.

This curve, representing the law which the phenomenon follows,

sliould be called the frequency-curve; the curve of the aggregate

values, obtained by grouping the original data within definite limits,

may then be called the cnrve of distribution according to Brvns. Its

form depends upon the degree of condensation of the original data

(Abrundung after Bruns), but approximates more to that of the

frequency curve as the condensation becomes less extensive and

consequently the number of observations is greater.

Such a development of an arbitrary function can evidently be

made in an infinite number of ways ; it is therefore necessary to

postulate some general principles.

The following premises apply to tiie method of development selected :

1. That the development takes place according to polynomia of

an ascending degree.

2. that for the determination of the constants, the calculation of

means of different orders is used, in relation to an origin favourably

selected according to the requirements of the various cases.

The expression "moments" which is frequently employed, has been

avoided as an unnecessary analogy with mechanical problems.

^ 2. Development between definite limits.

a. No given values of the function at tiie limits.

The polynomia, the degree of which is indicated by a suffix, are

represented by Q,„ and the series by

:

It = .4„Q„ + A,Q, + A,Q, + . . . . etc '
. (1)

The simplest form which can be given to the polynomia is:

Q„ z= X" + a,A'"-i + a,x'>-^ ^- • • • <h.

Ill this case the most practical choice for the origin of coordinates

is evidently the mean between the limits as then, on integrating

between the limits, all odd terms vanish; hence a separation between
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even and odd poljnomia becomes necessary, and the general expres-

sion is

:

Q„ = .v'> -f a^x"—- -f a,.?;"—* -}-.... a„ « even

= .V" 4- «i.i;"~- + rt,*"—* + . . . . rt„_2 « odd

A simpliiication of the formulae can then be obtained by altering

the scale value in such a way that the limits become ± 1, which

is always possible; for the sake of convenience these limits have been

omitted in the following expressions.

The means of different order are indicated by :

H,,
=r

I
tt.v"d,v .

In order to enable us to calculate from the infinite series (1) (he

j4-coeft'. in a finite form, the unique and sufficient condition is that

the rt-coeir. be determined so that the condition :

J'
Q„.v">d.v — (2)

is satisfied for ail values of m <^ n as then all integrals beyond the

m -}- 1'*' term vanish and, at the same time, the a-coeif. are entirely

fixed, but for an arbitrary constant factor.

If this operation has been performed, it is at once evident from

(2) that

:

fi
Q,nQndx =

for all values of m different from n and, further, that

:

An^= ct i uQndx (3)

where :

«-' = \Q„Qnd.V= IQnXMx.

The "/a [n even) or "—
'/2 {n odd) constants of the polynomium

Qn are calculated from the "/o or "—
'/o equations :

\Q„dx =
j

CQ„xdx =

I

Qnx^dx =
\ (,j even) I Qu-v'dx =

CQ,.x"-^dx = ] fQ„x'>-Uv =:

{n odd)
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or, for n even, from :

1 a, a.

+-~ + —h; + • •

« + 1 w — 1 ' « — 3 1

1

'
^

'-
\- . . . .

-^^ =
n -{- 3 7t -\- I n — 1 3

^ +^!^ +^^+ . . . .^!^ =
2n— 1 2n—8 2n—

5

n—

1

for ?; odd, from :

1 a, a. a,!—''

+— + —^ +....-4-^ =
n + 2 w 'w — 2 3

1 a, rt, fin—

2

\

'—
-\

— + . . . . ^^
« -|- 4 « -(- 2 n 5

1 a, rt, 0,1—2

2,i_l ^ 2n-3 ^ 2n-5 ^ «

Oh eliminating successively from these equations a, ,«,... . or

(t^,a, .... we liiid for the general expression of the polvnoiiiium :

"(«-l) „_, ,

;.(» -!) (.-2) (>^-3)
^" 2.(2n-l) ^ 2.4.(2n-l)(2n-3) ^'

i. e., but for a constant factor, that of zonal harmonics, uliich

we shall call P-functions.

This might have been expected as the condition ^2), from whicii (4)

arises, holds good also for the P-functions.

The Q-functions may, therefore, be considered as generalized

P-fnnctions, the latter presenting a special case of the former; if

we write (2)

:

h ( Qn.t^'dx = ,

then ••

kM', = P (5)

if kn be defined so that

:

k„ Q„ =: 1 for ,r = 1.

The nse of this constant no doubt offers advantages in treating

problems relating to the potential theory, but for our purpose it

would be of no importance and, in practice, entail siiperfluous work
;

some expressions certainly take a simpler form by its use, but what

is thereby gained on the one hand is largely lost on the other as
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in calculating uQ„ in (3), we have to deal with the unnecessary

factor X„ .

However the relation (5), where:

_ (2n)/

2" . n! n!

so that

:

2" . n! Ill

^^" = -(^r^' ^'^

is useful in deriving from the well known properties of the

/•-functions those of the Q-fnnctions.

Thoy satisfy Legendre's equation as well as the zonal harmonics

:

(' — 1) -T-^T + 2.7; n {h j- 1) Qn — 0.
dx- ax

The recurrent formula becomes:

^^ ^ ^ (2«+l)(2«-l)^

and

n! d»(x°-~\Y
^" = r^/^V^ (^«)

{in)! d,v"

Hence, we find

:

2 22''+i n! n! n! n!
«-• = (Qu Qn <h- = — fPn r„ d.,' =

P(2«+ l) (2«+l).'(2«)/

and for A,,

A„ = a
«(«-!) „(«-!) («-2)(«-3)

''" "~
V7^ ^^ f*«-2 + „ .^ r--~ -^ M«-4 — «ct. ( /

)

Z.[2n— 1) 2 . 4 . (2«— 1) (2«— o) ]

6. (xiVen M = for x= ± 1.

The case discussed sub a, where nothing is supposed to be known
concerning the function to be developed, will seldom occur in practice

and, as all adaptation is due to the accomodating power of the

yl-constants (he ajiplication would, in such a case, necessitate the

calculation of many terms and, therefore, hardly be profitable.

Now, in dealing with observations of the degree of cloudiness,

the case presents itself, that a curve has to be found, which is

characterized by the limiting values mentioned above.

The observations of serene sky 'cloudiness zero) and of an entirely
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•

overcast sky (cloudiness ten) ought to be considered sepai-ately from

tlie other observations as they constitute climatological factors of

peculiar importance for (he description of the climate (principally in

noi'llierly latitudes). Moreover tliey are to be regarded rather as

discrete quantities, wliich do not show any continuous transition to

a cloudiness resp. of degree 1 or 9.

Tlic other degrees of cloudiness may (hen be regarded as obser-

vations of continuous quantities subject to the above mentioned

conditions.

In tliis case we may easily cause all terms of llie series (1) to

suit tiiese conditions by simplj' multiplying the series by a factor

that vanishes for ,;; ^ ± 1 e. g. ,x'' — 1 , and then applying to liie

new functions, which we shall call R, the same reasonings as sub a.

The degree of the polynomia is tiien increased by two, so tiiat

we have to start with 7?^.

The general expression becomes

:

R„^i T= (.K-— 1) E'n = i.ir— l) [.'•" + a^ .;"'-- + . . . rt„l , n evpn

= (.«'— 1) [.'•" + a, ^•"~- + • • ««-2]^ n odd.

The resuh of tliis operation is evidently Iliat the surface enclosed

by the curve, as determined by tlie first term of the series, is not

lepresented liy a rectangle of base 2 and height 0.5 as in the case

of the (3-fi"i^tions, but by a parabola of base 2 and height 0.75,

which makes again the surface equal to unity.

By altei'nately asynmietrical and symmetrical deformations the shape

of this parabola is then altered by means of the next terms in such

a manner as to make it approach more and more to tlie frequency

curve corresponding to the given data.

It may be noticed here that in the case of fixed limits, there is

no reason to choose for the origin of coordinates tlie point corre-

sponding to the arithmetical mean ; for logical and practical reasons

the point intermediate between the limits is then indicated.

Tiie condition, which has to be satisfied by the ^^-coelf. of tlie

y^-function, and by whicli they are fidly determined, is now tiiat:

I

ii'„-|-2 .!•'" d.i: =
I
R'„ ,fm [x'' — 1) d.v = 0, tn < n

or

The a-coelf. arc calculated from the equations;

(8^
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(w-|-3)(w+ l) ' («-^l)(„_l) ' („_1)(„_3) 3.1

1 fl» «. «« „
I^0 \ n even

(«+ 5)(n+ 3) ' („+ 3)(« + l) (n+l)(«_l) 5.3

1 «„ «,

(2n+ l)(2n-l) ' {2w-l)(2n-3) ' {2n-3)(2n-5) (w+ l)(«-l)

and

(«+ 4)(«+ 2) («-f2)(«) (n)(«-2) 5.3

+ 7-
,

..'
, .. 4-

, ,

°
. .
+ • 4^ = « odd

(„+ 6)(«+ 4) („ + 4)(« + 2) (« + 2)(n) 7.5

- + • • •

—^"^^^ =0
(2K-f 1)(2«-1) ' (2H-l){2n-3) ' (2«-3)(2«-5) (n + 2){n)

By successive elimination of n„, a, . . . a^, a, . . . we find from these

equations for the general form of the R functions:

(n+ 2)(M-rl) («+ 2)(«4-1)(m)(w-1)
^-

2.(2«+ l) ^ 2 .4.(2« + l)(2«-l) ^'

and from this expression by dixiding it by ,v- — 1

:

7i(n— l) n(n— l){n— 2)'ji— 3)
R'„ — .r" ^^ x"-'^ A !^ — .y"—

* — etc. . (10)
2.(2Mfl) ^ 2.4.(2«+l)(2»»-l) ^

'

The recui-rent formula for botli it and R is:

+ ^(2« + 3)(2« + l)

and the functions are solutions of I lie difF. equations

(.v^- 1) ^±- _ („+ 2) (« + 1) B„+. =
a.v

(.t-=-l)—4 + 4,r—^ - («+ 3) n R'„ = 0.
aw- d.v

On comparing the expression for R',, with that for Q„ it is readily

seen that tlie R' functions may be found by differentiation of the

Q„-^-i -function, so that:

^,^ 1 ^,i,
n-j-l ax

Tills might have been expected as the value:
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ax

satisfies the condition (8)

I
.v'"+- -^^ dx = I .V'» (/,(:,

J dx J dx

which is easily proved b_y paitial integration.

Therefore the series discussed here :

<n

U — ^ An lin+o « = . 1 . 2 . . .

might also (but for a constant factor) be written thus

dQn+l
n =z (,r - 1) ^ A„

dx
n = .1 .2 . .

The calculation of the ^-constants is based upon the evident

property of the R functions that

:

hence

where

:

1 R„_)-2 jR'm (i'-'' = 0) m different from 7i

An ^ /J
j
M R'n dx

|3-l = i /.'„+o li'n dx = JRn+o x'> dx — fx" (x' — 1) R'„ dx =

or, by (11)

7i-\-lj dx

From the dilT. equation of the i^-function follows

:

d

dx
(x^ - 1)

dQn+]

dv ]
= (« + 2) {n + 1) Qn+i

thence

;

or by (8)

/J-i = ^^-t- fx"+^ Q„+, dx

22»+i (n + 2)/ n! n! n!

'

(2n + 3) {2n + 1)/ (2« + 1)/

and An is calculated by the expression:

An = (3

„(„_!)
^,,_^ ^ njn-l^n^p^^ ^^,, ^ _ ^^^_ (12)

2.(2n+ l)'" ' 2.4.(2«+ l)(2w-l)'

The negative sign of [i is due to our having chosen as general
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factor .r' — 1, a quantity which, bv the definition of the limits, is

always negative.

As well as the Q-functions, the 2?-functions might be multiplied

by an arbitrary, constant factor, such that any peculiar development

becomes possible or also with a view of simplifying some expressions.

In our case e. g. k„ might be chosen so that /J =; 1 ;
practically

however this would hardly atford any advantage.

c. Given u = ' for ,r =: ± 1

.

As has been remarked above, in working out observations of

cloudiness the case presents itself that the frequencies for the extreme

limits vanish ; if, however, we have to deal, not with the original

observations, but with average values as, e. g. daily means, the fre-

quencies of .serene and overcast sky, although still of peculiar interest

for the knowledge of the climate, cannot be regarded as discrete

values because, owing to the operation of taking the means, a

continuous transition of these extreme values into the intermediate

values must be assumed.

In this case, when the curves assume peculiar forms quite different

from the well known curves generally met with, we can take

care that the conditions for the extreme limits are bound to the first

term of the series whilst all other terms remain as they are in the

case discu,ssed sub b.

Now the first term must contain three constants, two for the

extreme values and one for tlie fixing of the area.

In the expression

«o + ^o'^" + V' (13)

the constants must satisfy the three conditions

«. = «o + ^0 + <-o

«o = «o — ^0 + Co

2a„ + 1-° = 1
3

hence

:

4a„ = 3 — (m, + u,)

4c„ = 3 {u, + M„) - 3.

The reasoning as well as the application then remain the same
as sub b ; again

1 Rn^o R',„ d,v = 0, m different from 7if^
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wiili the exception liowever uf tlie first tenn of llie scries wliicli

now assumes the I'oiiii (13). In eaitMihiting .l,, we liave therefore to

apply a correction to tlie expression for ^1,, wiiicij is easily found

bv remarkins; that :

(« + 1) (,7;"' R'n d.v = fr"'—±^ d.v

J J dx

= (>"' Qn+\j — mj.«"'-i Q„+, da

For m<^n-\-2 the last integral vanishes and, R, being of tiie

second degree, we have to consider this case only.

We have, therefore :

(n + l) j :c"'E„ d.v = fa-" Q„+i^ ', m < 3

By (6) we lind :

/ \+i 2 2"{h + 2) .' n !

L^^"+'j_=^= (2«+l)./ (^^^^'^")

whilst for 11 odd the expression vanishes.

Hence also :

\+i 2 / A
X™ Q„j_i — m + 11 even

7-1 -^-,,-1-1 V /

and equal to zero for in-\-n odd; in calculating the constant An we
have, therefore, only to apply a correction such that, instead of

(12), now is used, for n odd :

2"+' ?^„ 11 ! n! f 2"(H^— u^)n!n.'
(14)

r 2"+i
l>, 11 ! n! r ,

An = /? nRn da; ? = /? uE,, dx
'J (2« + l)/ 'J (2«+l)/

and for n even :

r 2"+i (rt„ 4- c- )«.'«.' r
,

2"(n,-\-n,)n!n!
A.. = ,j..u.. ,, ii±^- = ,»/,,«'„ „.. ^ ',-,+^;;,, (15)

Tliis example of adaptation, of which many variants might be

given, will suflice to demonstrate the applicability of the method to

special cases.

^ 3. Development between definite limits on the one side

AND indefinite LIMITS ON THE OTHER.

a. No given value for the limit.

As has been noticed above, frequencies of duration and quantities
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of raiiishowers lie between the asymmetrical limits: zero for the

smallest and oo for the largest values.

Frequencies of this kind, therefore, offer an example of a transition

between the case of fixed limits and infinite limits on both sides.

As here there exists no symmetry in the limits, the zero-point cannot

be chosen so that, on integrating, the odd functions vanish, hence a

separation between even and odd functions would have no sense,

and we are obliged to employ complete polynomia of ascending

degree.

Here, as in the case discussed in § 2, there is no advantage in

making the origin of coordinates coincide with the arithmetical mean

and, from a logical as well as a practical standpoint, the zero-limit

is indicated.

In order to develop the function between the limits oo and zero,

the only thing to do is to multiply the series of polynomia with a

suitable factor e.g. er-^ , so that the equation of the frequency curve

becomes :

K = e-^ {A,S, + A,S, -\- .... etc.)

= A^o + ^1^1 + «<«•

where :

S,i = X» -\- «,,!.• + CtjA-n-^ -f . . . . a„.

The conditions to be satisfied by the a coeff. are then :

and as

/^ CO y^ 00 ^00

I

e-^ S„ d.v = ,

I
e-^- xS,, cfa =

|
e-^ .v"-! S„ dx —

fI
e~^ ,v" d.v =. n !,

the general conditional equations are :

n ! + («-l) .' «, + {n-2)! «, + ....!.' «„_, + .' «„ =
(„ + 1)/ + n!a, + {n-\)!a, + . . . . 2 .' «„_, + 1 .' a„ =

(2« -1) / + (2«-2) .' a, + (2«-3) .' a, + . . . . n .' a,._i + (n-1) / «„ =:

Hence we find for the general expression :

Sn = .V" — -- .«"-! + \ ,v"-^- _ . . . . (-1).. n / . (16)
1 / Urn'

The method of calculating ^1„ is the same as in the former cases

as here too :
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e~^ S„i Sn dx = I tf-'m Sn c?;c = , m <; n

/CO /^ 00

e-^ -S,, S„ dx =
1 1|7„ X" dx

I
if>„ /S„ (/.» = — {\pn S„) + 2 I tf'„—- dj;

J J dx

or, as the last integral vanishes according to the conditions

:

because, by (16), only the last term has to be taken into account.

The expression for A„ then becomes

:

_ fin n fln_i w(w— 1) fJ„-2 (
— 1)"

..^

"~n!n! l/«/(n— 1)/"^ 2/ n/(n-2)/
"

' n! ' ^ '

by which the problem is solved.

The application to special cases will be simplified i)y a brief sum-

mary of the relations existing between the different quantities intro-

duced which are analogous to those holding for zonal harmonics.

We remark that for S,, and i|'„ we can also write:

hence

;

S„ = {-\)"{ — -\] X" , ^,,> = (-1)«— (e-^ X") .

\dx J dx"

X dS„ dS,i I

S„ = — nS„—\ -j — and Sn = (x— n) Sn—i — x

(18)

n dx dx

from which the recurrent formula:

Sn+i + {2n + 1 - x) Sn + n- Sn-l = , . . . (19)

can be derived, wherein for aS'„ as well 4',, may be written.

Further the functions satisfy the diff. equ.

:

d^Sn dSn

(2/3j itill

d'^bn dll^n

ax dx
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b. Given u = for -v = 0.

In the same manner as the Q-series has been made to suit the

zero-condition of the function at tlie limits, the t}j-series can be made
fit for the case that tiie function assumes the zero value for the lowest

limit by multiplication with x. This case presents itself e.g. for

frequencies of wind-velocity, the curve of which originates at the

zero-point as absolute calms do not occur.

By this operation the degree of the polynomia is increased by one

and we can write down at once the new T function from (16) by

multiplication with x and, at the same time, substituting ?; -j- 1 forn

except in the binomial factors which remain the same.

The condition for tlie determination of the a-coefF. is now

:

S'
e—x ,^.7n

2i^^_|_j dx^zO, in <; n

and the genei-al expression

:

n (n-fiy «(«—]) (n+ iy
T„+, = ."+' - - .

-—y-L ." +\r^ |£^,
.n-. ...(- 1)-^ in+ l)U (20)

From this evidently

:

^.=4,.'^ PI,

a similar relation as is shown by (11) between the Q and /? functions.

Hence, if we put

:

/^ 00

1„ =
y'J

« Tn dx

where

:

y» CO y-» 00

y'-' = I <r-^- 7'„+i r'„ dx = I e-^ c" r„+i dx =

I e-x ^n __!L = (n+ 1) I e-.r .^n Sn dx = («+ 1
)./ n!

so that

:

. t^n f<n-l f-tn-2 (—1)"
' " ~

0.' («+ l)7^ 1.' n! {n-iy "^
2./(;i-l)/(n-2)/

~ '
'

' ~l[r '
^^^^

If we call the series discussed here, the ip'„+i series, so that:
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\vc liiul tlie following relations

:

^'n+l = (
- 1)"

;^,
(^-^ .v"+'} = (

- 1)"+' .V—— («-' .«») ^ - .V^ax" d.v"+'^ diB

d'T'„ dT'„

d.v^ dx

X X -

dx^ dx
+ (« + 1) 7'„+i —

aA'" dx

In exactly the same manner as liie i?-series could be expressed

in diff. (juot. of the Q series

:

UR — (.«''— 1) ^ An —-—

,

d.v

so the If?' series might be expressed in dilf. (juot. of the i\> series:

2l.y = — *•>, An .
—--.
dx

In dealing with this kind of frequency curves an alteration of the

scale value offers great advantages as well as in the case of fixed

limits.

In the case discussed in § 2 it was possible by this artitice to

simplify the limits; here such an alteration has no influence upon

the limits which remain and go if we write h.v for ,x, but we are

able by this means to accomodate the first term of the series, by

which the area is determined, according to the form of the curve,

so that the task of the ^-coefficients is lightened.

By the factor h, which by its nature is a positive quantity, no

complication in the calculation of the constants is introduced : the

series is now

:

u = e->>-^ lA,S,(hx) + A,S,(/uv) -(-.... etc.]. . . (23)

and, because:

y-1 =
j
e-Ax Sn{hx) S„(hx) dx z= - le-t S„it) S„{t) dt

A,, :=. h .

[_«.'«.' 1.' n!{n—l)! + •
•

r.
(24)

We might also omit the cocff. h in (24) and write (23):

II — he-''^ [A„S,{hx) -\- A,S,{hx) -^ . . . . elc] . . (23")
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The scale value k mav, of cnurM', lie clioseu (jtiite arliitiarily
;

it is iiowever desjralile to do this in accordance with the nature of

the curve and. therefore, to calculate it nictliodicallv from the iii\en data.

This can be done hy sup|iressing' one of the .[-c(nistanls in (23a)

Ml that the mean value correspondinji with this constant can be

made use of to deline h.

If then we [)ut

:

^, =
we tind. as ^1„ =i 1,

1
'/"'fi,

— AJi
I

<7-'» .r ,/,r =

-

§ 4. Devklopment bktween the im)i;i'imte limits ± oo .

Hv reasons of svmnietrv, in this ease it is logical to take c?^'" lor

the factor bv which the limits are deterinincd and when, for the

same reason, the arithmetical mean is chosen as the origin, the poly-

iioniiuni can, as in the case of lixed limits, be separated into even

and odd functions, because tiieii, on integrating between the limits,

the odd functions vanish.

The series becomes then :

u = e--' iA,U, + A,U, + .1/', + . . . . etc.

= ^/^o + '-1//^, + -UV^, ^ . . . . etc.

as, by the choice of the oiigin, the J, -term iias (o be omitted.

The conditional e(piatioii for the delerminatioii of the <i constants is

:

/.«"' (pn d.i: = til <:^H (25)

or, generally, for n i'\en :

[(„_l,,„_;5)...ll I- la, \[u~ :,)[„ -.-.)... 1
I

4- :^V'J ("-•:>)(«- 7)... 1 1

-^r

-f- - -4- 2"/2«„ =
\{n^\)(n^\)..A\ +2aJ(«-l)(;,-;j). 1| + IhiAin-i) {n-h)..A\ -\-

+ .. + 2«-2/2«„ —

[(2«—3)(2«-o)...ll + 2a, [(2«-5) (2«-7)...l | -f

+ 2V,, 1(2^.-7) (2;* -9)...ll + ... ]- 2a,, \{» ~:i) {n -o)...!] =
and, for ;/ odd :

55
Pioceedings Royal Acad. AmsttMilaiii. Vol. X.
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fM«-2).. 11 I 2,,, [(n -2) (2-4). ..11 f 2',,, f(« - 4) («-6) ..1 1 +
+ 2«-i/-'«„„2 -

[(« \^2) {>,).. 11 f- 2„. [(n)(n -2) ..11 -f 2^ |(" 2) (/,-4) = ...11 -f

+ 2"--"2a„_2 ^

|(2« -3) (2/, -5). ..11 4- 2a, [(2;,-o)(2«-7)..ll +
I 2^,, |(.',, ^7)(2«-9)...ll -f 2,(.,, 2|("-2)(/<-4)..l| = 0.

Kroiu tliis it fullow.s (Hal :

n(n — l)
,

,i(„^l)(„—2)(n-o)
r„ = ,(•" ^ .c'—i -f '-i^

~ .r"-« - . . . etc. (26)
2' 1.' 2* . 2!

friini wliicli we derive llial P„ and </„ are soluliun.'i of the

e(|ualions ;

—^-2.^-^ + 2,, f7„ =
ax ax

-^ + 2.f~p + 2(«+ l)y„=z0

and llie recurrent formula iieeorues:

Tlir^ .l-("oeflieieuls are <leleriniiie(l in tlie same mauner a.s in a!

former eases:

J

•+'

U,„ [„d.c =

for ail \alnc,-^ of ii> ditrerent fi'om » so that:

A„ = rf « U„ d.v

where :

rf-' s J*

CO

.r' rf.r =r — [/n
2"

and

.4„=:
2"

I -T

f" fin—

2

ftii-+

«7
~

2^
. l/(/) ^2)/ 2' . 2.'('i — T)7

~ ®
* (27)

From the nunuM-ieal \alues ealeuhilfd liy (2B) aud fi'om (lie

liiff. e(|uation it appears ihal, hut for an arbitrary couslanl fai-tor.

llie (/,,-funetions aie eipial In the dei'ivatives of tlic /*"• or'der of </„

or ir'-'"' ; we ini^hl, therefore, write :

d'Uf^

*fn
dx"
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this might have been expected as this value satisfies the condition (25),

uhicii can he easily proved by successive [)artial integration. If we

put : ku = 1,

<pn = —;— = — 2)" i'u
«--^'

d.v"

and the expression for the jl-coeflicients becomes equal to that given

by BRUiNs.

Therefore ° mav i)e substituled for </-„ for the same reasons as,
(Ac''

instead of the ''^^functions, zonal harmonics might be employed; in

pra^'tice however no labour is saved by this substitution as then

the polynomia are charged with su[)crlluous coeflicients. Afler what

has been said in § 3 about a change of the scale value, it will be

sulTicienl to icmark that in I Ins case also the great advantage which can

l>e derived from the introdnclion of a scale factor is the adaptation

by means of the tirst term of the series to the shape of the curve,

the surface remaining erpial to unity.

The equation of the curve then becomes :

U = .-AV
^,1^

[T^
(h.i:) + A, l\ {h.v) +- ,ic. . . (28)

and :

An = 2»h "A",«"f'n A"--/i«

h etc.) (29)

The chi)icc of the scale factor is of course (juite arbiti'ai'v, but,

in order to determine ii in accordance with the nature of the curve,

it is desirable lo put .I, =; (), then the average of the second order

can be used for the definition of // and it is easily seen that ;

M,

I

2T'

The coetf. of (29) in so far as lliey arc inde[)endiMit of /ntiay further

be omitted and written before (28), then the etpiation of the curve

becomes :

u = '~ e -''--Mof^ -\- ^.f\ + AJ\ + etc.

If we take into consideration only the lirst lei'ni in the deve-

lopment, we find the exponential law in its simplest hirui as

\/n
-A'r»

55«
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^ 5. Indkkim'I'k limits, two \ ahiabi.es.

The Ircitint'iit ul' wiiiil oliscrx ali(lll^ iiuv\ ((n'cr> no (liCliculties <as,

ill I'aliMilaliiiH' llio iiiciuis of dilU'rciit order, tlic Iwd variables (jiro-

jeetidiis ii|i()ii two axes ariiilrariiv eiioseii) can always he separaltMl

aii<r the iiiclliod remains in all oilier respects quite llic same. Only,

instead of one mean of each order, we can now dis|)osc of j) -\- i

means of order p.

If li\ !', lie denoted the same function of // as /'„ is of .r, tiic eqii,

of the curve assumes, as ^'„ = !''„ = 1, the form -.

u(.v,y) = e-^-'-f |.4u + A,,, l\ + .-lo.i V, + .-la.o Ih + .1,., T, K, + .4o.2 \\

4- Ax^^ l\ + ^1-2.1 To F| -f .1|.2 ih V2 + .4o..T F3 -f etc.\ . (30)

The general ex[)ression for llie polvnomia is :

and as, evidently :

"•''- r
(

I '„ V,„
) (

r„ F,) dxdy =n
for all \aliie« of ji diU'eriMil from 11 and of y dilTereiil from in, we
tiiid for the .l-coelf. ;

where :

' + ^/'+ *
. . n!m!

c-l

J J 2"+"'
(31)

- Qr> — 00

I*'roin llic cniisideratinns of § 4 it lbllo\v.s lliat lli; I'lmrlioit :

^ }.ni — ' •' '^ }i ' in

may as well Ik' ^ivcu I lie I'orui :

d'^ m ,ln-\-'n

d.v"d'i/"' d.r"dy^"

as this satislie-- the premisc-d condiiioii ; ilieii the series {'MV) assumes

till' form of a miiii of diif. i|iiol. like the series of IJiUNs and

in accordance to which (^^1) has to be modified. If it is possible to

remove the origin of coordinates to the arithmelic;d mean by a correction

of the projections for their axerag'e value, lln'ii the terms with the

eoelV. ,'li,() and .In.i \anish from 'M)).

If we wish to alter the .scale values according lo the nature of the
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data, we liavc to write evervwliere. h.r aiul ////, instead of .' and y,

whence

n!m! jt

2"+'" /(//

The scale tactors h ami /i' can I lien he determined liy putting

J2.0 en .4(1.2 = **

and the twu unmixed means of the second ordei' can be disposed

of foi' the determination of these constants :

1 1

If, further, we make tlie axes rotate about the origin so that they

coincide with the ])rinci|)al axes of inertia, then also A\a lias to be

put eijnal to zero and the corresponding mean

f^, {3:, .'/)

enables us to calculate the direction of the principal axes.

The series (^3t)j then becomes:

+ ^4.0
f
'4 -(- A:i,\Un\\ + A-2,2U-iV-2 4- yli.sf'iFa 4-

+ .40.4^4 + enz.

where all terms exce[)t the lirst represent the deviations fioni the

normal exponential law, the tei'ms of odd degree being a measure

of liie ditferent kinds of skewness, the terms of e\'en degree of the

different kinds of symmetrical deviations.

Chemistry. — •• KqiiHilirin In iinati-iivirii systenwi." By Frof. K. A. H.

.SCHKEINEMAKERS.

T.et US tirst take (he system with the components: water, ethyl

alcohol, methyl alcohol and ainmoaiuin nitrate: we then have

at the ordinary leni[)ei-alnre one solid substance and three sohents

which are miscible in all ju'oporlions so thai the resniling eqni-

libria are very simple. 4'he e(piilibria occurring in this system

at 30° have been investigated and are represented in the nsnal

manner in Fig. J ; the angular points IT, M, A and Z of the tetra-

hedron indicate the components: water, methyl alcohol, ethyl alcohol

and the >alt: ammonium nitrate.

4"he curve ic,i situated on the side plane WAZ represents the

solutions consisting of water and ethyl alcohol and saturated with

solid salt; the curve //'/// represents (he solutions of water and
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nietli} 1 alcohol luixtures satiiratod with solid sail, whilst nnt iiuli<'ales

tlie solutions of mixtiu-es of ethyl alcohdl .uid methyl alcohol, also

saliirated with solid salt.

The quaternary equilihria, namely the solutions of uuxtures of

water, methyl alcoliol and ethyl alcohol satiu-ated with solid salt are

r(>|>resented liy the surface n^um which we may call the saturation

surface of the solid salt Z.

If we introduce through one of the sides for instance through

\VZ a i)laue such as the plane WZp all points of that plane

then re|)i-esent phases containing the components A and .1/ in the

same i)i-oportion. This plane intersects the satui'ation surface along the

cur\e ii-ii : this, thei'efore, indicates solutions saturated with solid

salt in which the relation between methyl alcohol and ethyl alcohol

is constant.

The points of such a curve are easy to obtain: the two alcohols

aie lirst added together so as to yield a mixture represented by p
for instance; on adding varying quaidities of water we obtain the

points of the line y/ 11 and on satni'ating these solutions with the

salt the |)oints of the curve ([ii^ are indicated.

in this manner diiferent sections of the saturation surface with

planes passing through the side ]VZ have been obtained.

In die system, water, methyl alcohol, ethyl alcohol and potassium

nilrale perfectly analogous etpnlibria occur; -the .saturation surface

for 30" in this s\stem has been determined h\ Miss C. dk I>a.\t.

In the system : irnti'r, rf/i;// ii/cn/in/, itnuiion'nDii iiilniti' and si/n'r

nilnih' the relations are somewhat less simjile, for al 30° we base

two solid conqionents and one douiile salt; Ag N( I, . Nll^ NU,; the

eqniliiiria occurring at 30 are I'epresented in Fig. 2. Whereas Fig. 1

is a perspective rcprescutatioii of the tetrahedron, Fig. 2 is a pro-
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jeotion nii a piano parallel lo Iwo sidtss crossing earli oilier, in

tliis case the sides: ]]'A and Ai/jS', so that in tlie projection, these

stand perpendicidar to each other and divide each other in two.

JV^'-'-

Fig. 2.

The angular points IF, .'1, A() and X indicate the components

water, etliyl alcohol, silver nitrate and anmKjninni nitrate. The pro-

jection of an arbilarv point uilhin the tetrahedron on the |irojection

plane is easily indicafi'd. If ux' take Ihc line H. 1 as A-a\is and

the line XAi/ as I'-axis of a co-ordinate system and if we take as

|)Ositive directions those towards A and A;/ we lind:

_A—W Ag-N

when A, 11', Aij and .V repivsent the qnantities of alcohol, water,

silver nitrate and ammoninni nilrale indicated l>y the said point

within the teti'ahedron.

In this manner I^'ig. 2 has been deduced and it is readily noticed

that the e(piilil)ria are represented by three surfaces, namely s.^<^l^^t^,

i'i','l,il and </i/^/iiji- Tile lirst siirfact' is llie saluralion siirlive of silver

nitrate, the sectuid (hat of the douiilc salt and the lliiid that of the

ammonium nitrate.

'J'he doul)le salt is represcnteil in the ligure by liic point />wliicli,
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of cuiirsc, iiiii>l lio >iiMali'(i dii iln- liin' .l(/.\. If llir ciniiiii^iliftiis

(){' tliL' |)li;is('s were ('^|l|(•^s((| in iiiol. "
„ /) wdiilil Tail in lln' oriiiiu

of tlie coordinale systein ; lliis is howcxoi', nol the case as llic cdni-

positions uro exprosseil in luM-ccnlagos hv wcijiiit. I'lio curNc > x, .v, .v, s^,

sitiialed on llio side sni-face IT A;/ .1 is the salnralion line of silver

nitrate in waler-alcoiiol mixtures; the sdhiKiliiv ot' llii> salt in water

(point s) gradually becomes less on addition of alcohol ; liu' soluliility

in absolute alcoliol is represented by x,.

Tiie saturation line of ammonium nitrate in watei-ah'ohol mixtures

is represented liy /' /'i /'j /'Wi- '' ^^'" '"' ""li*'''d thai the solubility'

of ammonium niti'ate in water is mnch lessened by alcohol. The

e(pnlibria in the ternary system water, silver nitrate and ammonium
nitrate are I'epresented by the three satui'ation lines .w, i-q and qji,

situated on the siile surface II A(/ X : sr indicates the soliilious satu-

rated with silver nitrate, qp those saturated with ammonium nitrate

and rq those saturated with the double salt. On drawini;, the line

II'Z> this will !)e seen to intersect the saturation line ?'^ of the double

salt ; this is therefore soluble in walci' without decomposition.

In oixler to study the ecpiilibria in the quaternary system I operated

as follows. Instead of water, I took a watei'-alcoliol mixture con-

taining 41,8 7o *'f alcohol and in this determined the saturation lines

or the silver nitrate, ammonium nilrale and the doidile salt. As the

solutions all coidained water ami alcohol in constant pi'(»porlion they

must lie in a |ilane |)assing throiiuh the side Ac/ X of the pi'isin

and intersecting 11.1 in a point a indicating a 41,8 "/„ alcohol. In

this mannei' I found the three saluration lines a'i''! , ''i'/, und r/,/;^

whu'li llierefore are all situated in the surface d Ay X . if the line

1(1) is drawn it will be noticed that this branch intersects /,(/,

showing that the double sal! is also soluble without decomposition

in dilute alcohol.

In a similar manner 1 determined the saturation line in water-

alcohol ndxtui'es containing 71,23 and 91,3",, of alcohol ; I always

fouml tlii'ee branches in the tigurc; they are represented by .v./.^
, /-.//^

;uid 7.,//,, and by .s-,/',
, r^q, and

q,i>,.

As the line bD intersects the saturation line q.ii\, the double salt

is soluble without (lecom[)osition in 71,23 "/,, alcohol ; with the line

cl) it is dilierent; this no longer intersects the saturation line q^r.^

of the double salt Imt only that of the silver nitrate /'..v, showing

this is decomposed by *J1 ,3 "„ alcohol with scparalion of sil\cr nilrale.

As ihe solubility of the components in absolute alcohol amounts

to a few per-cent only, 1 have not investigated the ternary system

alcohol — silver nitrate — ammonium nitrate but there is hardly
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iuiv (liMilil ilial llic xiliiliililv liiir- will -ixe sdiiHHiiinu' as r('pi-cseiilc<l

li\- ->! ''^
'/,

/', ami the (lonlilc salt is ImhiikI in \>v (IcconiiKix'fj hv

absolute ak-oluil with separation of silver uiliate.

From the preoedinii' it is obvious that the t'ollowiii^ e(piililiria

occur in the (luateriiary system :

L + AgNOj of wliiih L is reprcsenlpd by llic siu-racc: n r )\Si

L + NHiN0:5 , . „ , . , , , 'iVlh'h

L + AgNHjN0s)2 , . - , „ , , , rqq^f^,

L + Ag NO3 + Ag NHi (NOsJo . . , , , , , curve : r )\

LH-.\H,N0, + AgNH,<N03l, , , . . , , , , q q,

<.>ii looking at these etpiilibria several (juestions arise one of which

I will mention. If, for instance we Unow that in the ternary system

water, silver nitrate, ammonium nitrate, of which both salts are

a)ihydrons, an anhydrous double salt occurs at 30° we may ask

ourselves what equilibria will occur if the water is substituted by

another solvent such as aqueous or absolute alcohol.

It is impracticable to answer this (picstion in its entirely ; if, however,

we argue that no solid phases are formed which crystallise with the

new solvent it becomes a fairly easy one. As a rule we can denion-

sli-ate that the same three saturation lines will occur also in the new

solvent so that a solution saturated with the two components oi'

solutions saturated with another double salt cannot be formed.

Therefore, although the same double salt must afipear in both

solvents, its behaviour in regard to the two pure sohents, may

however, be quite ditferent and various eases may occur; it may,

for instance be soluble in both solvents without deconqxtsition or it

may be that, as in the case mentioned, it is solulile in the one

solvent without and in the otliei- with decomposition: oi- it may

dissolve in both solvents with deconq)osiliou. In the latter event we

may meet with two more cases; it may be that the same conqiouent

is deposited from both soKeuts oi' it may be that one of the ciun-

ponents is depositeil from the one and the other from the other solxent.

Similar equilibria occur also at 30^ in the systems :

water — alcohol — silver ml rale — potassium nitrate

and water — alcohol — benzoii- acid — ammonium bezoate.

in llie first system occurs a double sail of siUcr nili'ale and potassium

lulratc; iu the latter, which i^ bciug investigated by Dr. 11. l''ii.ii'i'o,

a combiiialiun of benzoii" acid and amiuoiiiiim ben/.oate is formed.
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III ilic Mslciii: 'valiT, alfiilKil, aiiiiiHiiiiiiin ^iiljilialc and iiiaii2;aiie?^e

siilplialc i|uilc ilill'ci'riii ciiiiilihria (icciir. Tlie results itt' lliis iiixcsli-

jialidii for 50 air i-eiiivsciitcd in liy. 'A. iliis is again llic jji-ojwlioii

of ilie tetraliedroii on a plane iiaiallol to llie sides ir.4 and }htX.

The angular points IT, .1, X and Mn indicate tlie (•omponents :

water, alcohol, aniiiioninin siil|iliat(' and manganese snl[ihale.

* 1 s

JV

Fig. 3.

Ill this system an anhydrous compound (Mn SO J.^ (NH^\ SO^ occurs

at 50" which is repictiented in the (ignre by the point I)^. 'I'he

MiiS*), gives at that t(Mn|iei'atnie the compound Mii S( )^ . IL^t ),

represented by the point jy», .

On the side plane MnWM we tiiid the ecpiilibria in the ternary

system water, manganese sulphate, ammonium sulphate. Tiii'ee satura-

tion lines are found; si- is thai of the .Mn S( ),
', II.^O, rtf/ that of the

double salt //, , and ({i> that of the Mn SO, . As the line 117^,,

intersects the saturation li]ie of the double sail in / this is soluble

ill watt'r without decomposition; / represents this saturated soliilion.

The isotherm .w, which indicates the e(piilibria in the ternary

system water, alcohol, manganese sulphate consists of two saturation

lines of which only one .«, has been determined. This indicates the

solution saturated with MnSO^.H,0; to this should join a saturation
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linr Willi llic aiili v(li'<Mis i\InS(), ;is snlnl plui'^c' wliicl: iHiwcvcr, liiis

iiol lircii (Ictcriiiiiu'd.

The (M|tiilil)iiii (iccni'riiiy in tlie Icriiarv svsfeiii : water, tilcoliui,

aminoiiiiiiM sulphate are represented in lh(> plane ir.4A' bv the

isotherm /'y'l^/'j/',, ; this consists ol' the saturation lines
pi)^

and

/>j/>, of the aninioniuni sulphate and of the branch />jf(y).j of a hinodai

line with the critical liquid a. The points y>j and yy, therefore represent

two ternary conjugated licpiids saturated with aninioniuni sulphate.

The qualernary equilibria are represented by four surfaces:

,^'/r^o>, is the saturation surface of the Mn SO, . H^O

>'tq(}^^(2,q,i\ is the saturation surface of the D>,i

qppiQi and (j-iji^p^q^ are the saturation surface of the aminoiiiinn sulphate

I'i^'P^'hi^'h '^ '''® binoda] surface.

The latter surface is divided in two parts by the critical line n^;

with each point of the one part, a point of the other is conjugated;

a similarly conjugated pair of points represents a pair of qnaternarly

conjugated li(pnd phases. The biiiodal sintace, therefore, represents the

eipiilibria liquid 4- 'hpiid. I'he sections of the four sat nidation surfaces

give three saturation lines.^

ri\ represents the solutions .saturated with Mn St.), . H^t > -|- Do. i

(/7i and (/,g, represent ,, ,, ,, ,, (NHj, SO, + Do.
i

q^iiq^ represents the conjugated liipiid pairs saturated with ammonium
sulphate. The [toiiil ,? is the critical solution saturated with aninio-

nium sulphate.

If a plane is brought through the side 11'^ and the point

JJi.i this intersects as far as has been determined the saturation

surface of D-2 \ in the curve tt^\ the double salt is therefore not

only soluble in water but also in dilute alcohol wilhoiil (hn-ompositiou.

At 25^ (juite diiferent eipiilibria occur in this .system ; on the side

[ilane \V Mn A a new area of immi.scibility is de\eloped. At the

same time the double salt Do.
i
^ (Aln S( ),).^ (Nil),), SO, disappears

in order to make room for the dduble sail .Mn .S( ),. (NH,)., SO, . 611,0.

The resulting e([uilibria much resemble those mentioned jirevionsly

which occur al 'M)' in the system: water, alcohol, ammonium sulphate

and lilhium sulpiiate.

I will therefore not discuss these (Mpiilibria any furtliei'.
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Botany. " T/i< (h'rilojiiiicnl of thr (ir/i/i'. i'iitlirijt)-s<ic (inil i'(/t/ in

PodosU'iudceae" . U.v I'lof. V . A. I'". ('. Wknt.

Diirini" my \()y;igu Id lln' Wcsl-lndics I luul an (ij)|)ortiiiiity of

visiting in Snrinani some ul' llic rapids where /'odostfDinceae grow,

namely tiic Arniina falls of llie Marowyne river. Tliere I collected

niatei'ial of these remaikahle plants, and at a later date 1 received

an abundant snpply obtained by the vaiions expeditions, wiiicli of

late years have investigated the interior of the colony. This material,

preserved in alcohni, has snggesled to me an investigation of the

al)0\e (irder. 1 hope soon to pnl)lish the i-esnlts //; c.rteiiso, bnt wish

in this place to deal bi'ietly willi one point, namely the de\elo]iment

of the ovnle, the end)ryo-sa'c and the egg.

As was mentioned above, the matei-ial was lixcd in alcohol,

but the tixation nevertheless proved to be good enongli to allow

of many cylological details l)eing made ont with a snflicient degree

of certainty in stained preparations. In this ])relinnnary commniH''a-

tion I <lo not pi-opose to discnss th(^ method of treatment of the

preparations, bnt merely record, that Messrs. .\. H. Bla,\u\v and

J. KuyrKK have a,ssisled me. A complete de\ elopmental sei'ies could

only be obtained in the case of a few species, namely of Ocnone

[mtkunii (joehel Aw\ Munn'ru jlni-i'diUs Aniil. < >f eight other species

only a few stages of the de\elojimenl were exandned. and (.)f 7Vw/«7ta

luipnoidcs Spr. I oidy had the I'ipe seeds.

It soon became evident that the whole development of the ovnle

in tins order de[)arts \qv)- widely from the ordijiary type of Angio-

spt'niis. IhiI that within (he lindls of the order there is an extra-

ordinaiT degree of nniformity, so that the differences between the

species, which have been investigated, are .so slight, that (hey may

bo passed over in silence in this prelinunary notice. The descrii)tion

which follows, theri'fore api)lies to all the s|>ecies.

The ovules are anatropons ; in the youngest stage exandned, the

curvature had already taken place. In this stage the nucellus was

still alone present and consisted of a central row of four cells sur-

rounded by a single layer of periphei'al cells. 'Of the central row

the uppermost cell, which is therefore still surrounded by a cap of

epidermal cells, becomes the spore mother-cell. Accordingly this cell

is not only soon distinguished from all the other cells of the nucellus

bv its si/.e, but also by its dense profO|)lasmic contents and by its

large nueleiis. The subsecpieut behaviour of this Spore mother-cell

will be further di.scussed below.

We may now consider how the mteguments are formed. The
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outer one arises first and licre we find the first dexiation e

normal course of develo|)nienl in Angiospernis. This inlejjiinicnt

sinipiv arises as an annular told on the nucellus, witii which it

remains connected l)v the chalaza, while rbr the rest it grows round

pretty loosely. Finally there remains at the point, where its lior(lei"s

meet, a very narrow niicropyle, which can only be seen properly

in truly medial sections.

After the outer integument has already surrounded half the ovule,

the inner one begins to develop. Cell divisions are seen to occur in

a few epidermal cells of the nucellus, immediately above the [)oint

of attachment of the outer integument. These divisions lake place in

such a manner, that a wall arises in one of the liasal cells of each

longitudinal row of the epidernus : this wall forms an angle of 45°

with the longitudinal direction of the ovule, so that each of the cells

is divided into two. The upper half remains an epidermal cell of the

nucellus, while the lower half develops to form the inner integument.

In a transverse section the inimber of epidermal cells, counted on the

peri|)hery, is seen to be 5, occasionally 6 or 7. At first the inner

iiUegument will therefore show in transverse section an equal number

of cells. Dividing wall.-^ soon arise, however, which make this inner

integument two cells thick. More than two layei's do not develop, as

no further tangential walls are formed, but other walls, both radial

and transverse to the long axis of the ovule are developed. Especially

the munber of radial walls is very dilfereiit in the two cell layers;

it is large in the outer layer, but on the other baud snuiU in the

inner layer. As a result, the numlier of cells of the inner layer of

the inner integument is generally little more than five, when counted

in transverse section. When afterwards the cells of the inner integu-

ment increase in size and often acipure dimensions, which make
them very noticeable, it is the inner cells which are especially large.

This growth is often accompanied by strong thickening of the walls.

The transverse walls, which ai'ise in the cells of the inner integu-

ment, enable the latter to grow longitudinally. In this process the

top of the nucellus remains free however, and is only surrounded

by the outer integument, so that it lies in the endoslomiiuu ; (he

strong longitudinal growth of the inner integument is chiefly directed

downwards. At its base, near the chalaza, if of course remains

connected with the nucellar tissue.

Now it is very remarkable, thai I he nucellar tissue does not par-

ticipate by cell division in this sirong longitudinal growth of the

ovule. The portion of the nucellus, which |Udjecls beyond the inner

integument, remains unaltered, e.xcept for certain changes, which
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the spore inotlicr-cell uiulergoes, and whirli will \)v rlisoussed below.

We may however at o)ice point out, lluit in the loriiiation ofcniliryo-

sac and egg-cell, tiie whole ap|)aratus remains in the same place,

and is therefore never surroiindutl in the inner integument.

The portion of the nucellus lying below this, is now elongated

by the extreme stretching of a single cell (or in some cases |)erliaps

two cells) in the central ami in each of the 5, 6 or 7 peripheral

rows of cells, of which it consists. The nuclei often also assume an

extended shape, so that one gets the impression that a passive

stretching has taken |)lace. At the same time a digestion of the longi-

tudinal walls occurs, and iinally the [irotoplasts also coalesce more

or less. Ill this way a great cavity arises, containing protoplasm,

often in a peripheral layer and wilh (i, 7 or 8 nuclei, perhaps

sometimes e\ en more in con.secpieiice of nuclear fragmentation, which

seems to occur.

If an ovule is examined in this stage, without the history of its

develoiuuenl having been traceil, this cavity is inevitably regarded

as the embi-yu-sac, and the real embryo-sac, which lies above it, is

then taken for the egg-apitaratus. It is in this way that Wak.ming,

who, for want of the necessary material could only trace part of

the development of the ovule, has regarded things.') This pseudo-

embryo-sac remains in existence during the further development of

the ovule to the seed, and is only compressed more or less in some

cases by the' large increase in size of the cells of the inner integu-

ment, which has already been ilealt with above. When the embryo

begins to develop it grows out into this pseudo embryo-sac, in the

same way as would hai)i)en with a true embryo-sac.

We may now pass on to consider the fate of the spore mother-

cell. At a certain period its nucleus shows a clear synapsis stage.

In the division, which follows this, the reduction of the number of

chromosomes therefore probalily takes place. The fixation was not

suliicient to allow one to conclude with certainty that a hetero-typic

division of the nucleus occurs (the nuclei are moreover extremely

minute) ; such oliservations as were made, leav^e very little doubt,

however, when considered in connection with the preceding synapsis,

that the lia|)loid generation begins here. This nuclear division is

follovve<l by a cell division and the formation of a dividing wall. The

upper of the two cells, whii-h are thus formed, gradually degenerates

and becomes more and more llatteiied by compression ; remnants of it

1) I'^UG. Warming. Familien Poiiostcmaceae. II. Alharulling. Kgl. Daii.ske Vidensk.

Selsk. Skr. (Ue Raekke, natuiv. og math. Al'd. 2det Bd. 111. Kjobenliavii, 1882.

Compare eg. p. Gij (107).
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may nevertheless slill l)e oliserved for a long' time. In some oases

the nucleus of this cell divides once more, in a plane per|)endicular

to that of the previous division, so that the equatorial plane of the

second division is in the longitudinal direction, with respect to the

ovule. Perhaps this division also takes place in other cases, in wiiich

the two nuclei cainiot be seen on account of the unfavourable direc-

tion of the section and in con.sequence of the rapid degeneration

of the cell. Oidy in a single instance I have tliought that I

observed a cell division following the di\ision of the nucleus in the

upper cell.

The lower of the above-mentioned two cells is the embryo-sac.

Ha\ ing regard to the size of the pseudo-embryo-sac, it is remarkable,

tiiat the real embryo-sac increases but little in size, and always

remains situated in that upper part of the nucellus, which [)rqjects

bevond the inner integument ; it remains of course snrnjunded by

the layer of epidermal cells, which later are only compressed and

flattened more and more, so that they become scarcely visible.

The nucleus of the embryo-sac soon divides again. Only a single

division was observed, and then the ti.xation did not allow many

details to be made out ; it can hardly be doubled, howexer, that this

must be a homoiotypic division of the nucleus. The axis of this

spindle is longitudinal with respect to the ovule and therefore also

with respect to the embryo-sac. The lower of the two nuclei, which

are formed, is seen to degenerate in the anaphases of the division,

by a strong clumping of the chromatin masses, so that the latter

come to lie at the base of the embryo-sac as a structureless chro-

matin-like clump, which stains deeply. This is evidently all, that can

here be seen of the antipodal apparatus ami of the lower polar

nucleus. I shall call this nucleus the antipodal nucleus of the

embryo-sac.

In contra-distinction to the last-named, the other nucleus assumes

a normal shape and is prominent on account of its size. Soon after-

wards there follows another division, of which 1 have been able to

see the various stages. The axis of the spindle is this time also

longitudinal to the embryo-sac and ovule. This division is not at first

followed by a cell division, but afterwards each of the two daughter

nuclei divides again. The actual process of division 1 have not

observed, but have oidy found four nuclei; the second division

e\ idently takes place very rapidly, for I haxc looked through hundreds

of preparations of about this age, without getting the actual stage of

division. This second division lakes place in sucli a manner, that

the axes of division are perpendicular to eadi otlier; foi' the upper
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pair of iiiiolei tlie axis is at rij>iil aii<^les to tlie length of tiie embryo-

sac, and for the lower pair it is parallel to it.

Before tliis last dixisioii lias taken place, the embrvo-sac is still

seen to he a sjn^U' cell, as was already stated above; af'it!r this

division four cells, each with its iiiiclcus, may i)C ol)ser\ed. It is of

course possible, since 1 have nul seen the actual nuclear division,

that the latter is preceded by a cell-division, in such a way, that

each cell contains a nucleus, and that afterwards each of these two

cells divides again, after its nucleus has divided. However this may

be, there are finally four cells, which, it slioukl further be noticed,

are not separated iiy cell-walls — four naked protoplasts therefore

Of these four two, the syiieriiids, lie at the top, next to each other;

then follow the other two. one under the other, the upper one of

the pair being the egg and the lower one all that remains of the

embryo-sac with the upjier polar nucleus.

Considering this lower cell tirst, we observe, that it remains small

and that pretty soon its nucleus clumps to a little ball of chromatin,

in which structure can no longer be discerned; often the antipodal

nucleus may l)e seen at the same time. In other cases no remnanis

of it can be observed; 1 imagiiu' that in such cases it has so far

degenerated, that it can im longer be rendered visible. Yet another

hypothesis niiulit be sugiiested, namely, that these nuclei fuse like

two polar nuclei. I regard this, however, as extremely im|)robable,

for the very reason that the two nuclei are so clearly in a state of

degeneration. Indeed, all the rest of the embryo-sac does not come

to much; endosperm is not formed; the cell is still seen for some

time, until it disappears with the developing embryo.

For some time the egg and the synergids undergo no further

changes, and are ready for i'erlilisalioii. 'J' I lis process I have only been

able to follow accurately in Mourem jiuciatiUs Auhl; in a few other

cases I found a young embryo, or sometimes pollen-grains, which

had germinated on the stigma and had developed pollen-tubes. In a

new species oi' Apinru/ia, still to be described, there occur, in addition

to the normal herina|)hrodite tlowers, others, which have abortive

stamens, and which remain inside the closed spathella, at least as far

as I have been able to observe in the material at my disposal.

Whether the latter flowers can also furnish ripe seeds, without ferti-

lisation, I cannot say, as they had not developed beyond the stage,

here described. In the numerous pre|)arations of \arions /v>(/oA'/('/Haceae

which 1 have examined, 1 found moreover many ovules, which

were degenerating at the abovc-menlioned stage, evidently because

no fertilisation lia(! taken place. It seems to me, that the chance of
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regular pollination among these plants is probably not so very large,

and that in consequence of this so many ovules ultimately abort.

I now pass on to describe what I have seen of the fertilisation

itself, and must remark, that I have but rarely observed anything

of the penetration of the pollen-tnbes ; to some extent this is probably

a result of the process of fixation, during which such tender, thin

structures readily shrivel up ; at the same time the staining does not

succeed well. In any case 1 can however state, that the pollen-tube

penetrates through the micropyle, and then reaches the egg-apparatus

by passing between two epidermal cells of the nucellus. In one case

I observed two nuclei in the top of the pollen-tube, one of which

appeared to be a generative and the other a tube-nucleus. In another

case I saw a nucleus, which had a much elongated appearance, and

was constricted in the middle, so that there might have equally well been

two generative nuclei. Taking all the cases, which I ha\'e seen, into

account, I am led to the view, that the conditions in the top of the

pollen-tube are normal, so that there are two generative nuclei and

one tube-nucleus. In the actual process of fertilisation, the top of the

pollen-tube unites with one of the synergids ; the synergid and espe-

cially also the egg undergo at the same time peculiar changes in

shape, somewhat resembling amoeboid movements. What further

happens in the synergid cannot readily be made out, because its

contents stain very strongly and become highly refractive. I never-

theless also succeeded in this case in observing the main features of

the process. At least one nucleus of the pollen-tube penetrates into

the synergid and assumes, in so doing, a more or less vermiform

shape. Thereupon a fusion of the synergid with the egg takes place,

so that the protoplasts communicate with each other at least at one

spot. This communication does not last long, but during it one of

the generative nuclei evidently penetrates into the egg-cell; anyhow
stages are found later, in which two nuclei lie close to each other in

the egg. Still a little later these are found in contact, and afterwards

ihey are found fused in such a manner, that the origin from two

nuclei can still be seen.

Tiic fertilized ovum now rapidly enlarges, while all other cells

in its neighbourhood are crowded out. As the epidermal cells of the

nucellus have generally aborted, this large cell lies more or less by
itself in the endostomium, almost filling it up. By the first division

wall there is foi'med a bladder-like basal cell, which remains in the

cavity, and a smaller one, which is gradually pushed forward into

the pseudo-embryosac. This cell now undergoes some divisions, in

which the walls are formed perpendicular to the long axis of the

56
Proceedings Royal Acad. Amsterdam. Vol. X.
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yomig seed. Wlicn a I'ow of ibiir cells has tlius arisen, the three

whicli are turned towards tlic micropyle become a suspensor, wiiile

the fourth divides by a wall at right angles to the previous ones

a7id becomes the embryo proper.

I have not traced the further development of the embryo, partly

for want of sufficient material, but especially because Warming

has already furnished an excellent treatise dealing with this

subject, ami illustrated with figures. Coii3idering the many new
facts, which Willis has discovered about the germination of the

Podostemacene of Ceylon, an investigation of the American forms in

this direction would certainly repay, since through Goebel we have

only learned in detail of a single case. For this an investigation on

the spot is necessary, and as will appear from the full paper, I have

not been able to find much that is new in this direction.

What was hitherto known about the ovules of Podostemaceae we
owe almost exclusively to Warming. As was said above, this author

described in detail the first development of the ovules of Ahiiopsis

Weddidliana TuL, and it was only owing to the want of the exact

stages, that the meaning of certain organs did not become clear to

him. The development proper of the embryo-sac was completely

left out of account, but the development of the embryo of this

plant, beginning with the two-celled stage, was treated very thoroughly.

It is quite clear from his letter-press and from his figures, that the

whole development takes place in the same way as in the species

examined by myself. The same can be said of the other cases, in

which he has stated or figured something regarding the ovules of

Podostemaceae namely Castelnavia princeps Tui, et Wedd.') Hydro-

bryum oUvaceum Gardn. °) and Tristicha hypnoides Spreng '). On the

last named Cario '') had already made observations which seemed

to indicate an agreement with the other Podostemaceae as regards

the development of the ovule. This is of some little importance,

because this ])laiit deviates in the structure of its flowers from the

majority of the sjiecies of the order. If the development of the

ovule here corresponds to what I found in the species examined

by me this agreement constitutes an additional reason for supposing,

that the order is extremely unifoi-m in its embryogeny, in which it

diflers so widely from the other Angiosperms. I have already

1) WARMING, I.e. Plate XIV. Fig. 9-21.
•') Wap,mixg, Ibid. 6 Raekke, Nat. og math. Afd. VII. 4. 1891, p. 37, fig. 34.

=>) Warming, Ibid. G Raekke, Nat. og math. Afd. IX. 2. 1899. p. 113, fig. 6.

*) R. Cario. Anatomische Untersuchung von Tristicha hypnoides Spreng. Botan

Zeitung. 1881 S. 73, Taf. I. Fig, 20—24.
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remarked, that much to my regret, I liave only ripe seeds of

Tristicha, but no younger stages. In the 78tli Versammlung

Deutsclier Naturforscher und Aerzte in 1906 at Stuttgart R. von

Wettstein made a communication -. "Ueber Entvvickelimg der Samenan-

lagen und Befruclitung der Podostemonaceen". So far he lias not

published anything about this, however. I have indeed found an

abstract of the communication in "Naturwissenschaftliche Rundscliau"

of 1906, Bd. XXI, p. 615, and in it several statements occur which

agree completely with what I have observed, but in other respects

there are such differences, tiiat I must assume, that the reporter did

not completely understand the meaning of the reader of the paper ;

I dare not therefore rely on tiiis abstract.

Tiie Podostemaceae differ on the following pomts from the ordinary

arrangement in Angiosperms, as regards the development of the ovule

:

1. The inner integument begins to develop after the outer ; this is

perhaps connected with the fact, that the top of the nucellus remains

free in the endostomium, a phenomenon, wiiich has been observed

in other plants. 2. The peculiar development of a pseudo-embryosac

by the stretching and dissolution of the cell-walls of a layer of the

nncellus. I am not acquainted with anything in the vegetable king-

dom corresponding to this. One could only point out, in explanation,

that in many cases the developing embryo-sac exercises a solvent

action on the surrounding tissue of the nucellus, and that in the

present case a similar action is exerted on those cells of the nucellus

which are turned towards the chalaza ; these cells only disappear

completely, when the embryo proceeds to develop there.

The phenomenon also suggests, that, to a certain extent, it is

comparable to that of nucellar embryos. By this I mean, that these

nucellar embryos prove the existence of causes, acting in the embryo-

sac, which determine a developing cell to become an embryo.

What these causes are, we do not know, but it is by no means

inconceivable, that some day we may know them completely and

even be able to imitate them, so tliat we may be able to produce

an embryo at will. Similarly this phenomenon in Podostemaceae seems

to me to prove, that there are causes acting in the ovule, which

favour the development of such a large cavity as the embryo-sac, so

that in those cases, in- which the embryo-sac itself does not develop

greatly, because it is enclosed and separated olf in tiic upper part

of the ovule, the cavity is formed by other cells, lying underneath

the embryo-sac.

3. The development of the embryo-sac departs widely from the

normal, in that no antipodal cells and no antipodal polar nucleus

56*
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arc Ibnned, on aci'ounl of Ihe early degctieiaiioii of tlic micloiif!,

wliicli, by its divisions should have given rise to these nuclei. Further

more, after the egg-apparatus has been formed, the remaining portion

of the embryo-sac is only very slightly developed, so that there is no

question of the formation of endosperm (what happens lo the second

generative nucleus, if indeed present, I have not been able to make

out). It is much clearer here than in most cases, that this portion

of the embryo-sac and the egg-cell are sister-cells. This agrees with

the view of Porsch '), accoi'ding to whom the egg-apparalus of the

higher plants is a reduced archegonium, the synergids being the neck

canal-cells and the upper part of the embryo-sac with the upper

polar nucleus being the ventral canal-cell. The latter hypothesis is

however specially difficult in this case, for here the positions of egg-

cell and of ventral canal-cell would be exactly reversed. A reduction

in the antipodal apparatus, similar to that which occurs here, is found

in Helosis guyanensis, according to the investigations of Chodat and

Bernard'), and a still further reduction exists in Cypr/y;ef/2M?«, where,

according to the researches of Miss Pack'), the lower portion of the

embryo-sac has not even been laid down at all. It need scarcely be

argued, that we are here concerned with a progressive differentiation,

and not with the recurrence of ancestral peculiarities. Perhaps it

may not be amiss to point out, in conclusion that we cannot here

fall back for "explanation" on a parasitic or saprophytic mode of life

of Podostemaceae.

Mathematics. — "On twisted curves of genus two". By Prof.

J. DE VrIKS.

1. A curve of genus tiro bears one and only one involution of

pairs of points /'. On the nodal biquadratic plane curve it is deter-

mined by a [)encil of rays, having the node as vertex; its coincidences

are then the points of contact of the six rays touching the curve.

If we could arrange (he points of the curve in a second i' then

this /' would be projected out of the node by a system of rays with

correspondence [2], and the above six tangents would furnish six

rays of ramification whilst a [2] can have four only.

1) 0. Porsch. Versuch einer phylogenetischen Erklarung des Embryosackes und

der doppelten Befruchtung der Angiospermen. Jena 1907.

-) R. Ghodat et C. Bernard. Sui- le sac erabryonnaire de I'Helosis guyanensis.

Journal de Botanique. T. XIV. 1900. p, 72.

•""l
LuLA Pace. Feitilizaliun in Gypripedium. Botanical Gazette. XLIV. 1907. p. 353.
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2 We shall now consider the fundamental involution of pairs of

points, F^, on a twisted curve p» of genus two. It can be generated

by a pencil of cones of order (n—3). For, through an arbitrary

point F pass \[ii—1) (/;— 2)—2 bisecant? of q", and the cones of

order {n— 3) through these ^ {n—3) «— 1 right lines intersect q" in

two variable points more.

This F^ arranges the planes through the arbitrary' right line a in

an [»]-correspondence. If « is cut by a bisecant 6 bearing a pair of i*'-,

then the plane ab is a double coincidence of [n], for it corresponds to

{n— 2) planes with which it does not coincide. On the other hand

each coincidence of F' determines a single coincidence of \_n\. The

number of double coincidences amounts thus to ^ (2«—6) = ?«—3,

so that a is cut by {n—3) bisecants b. In other words:

{The right lines bearing the pairs of the fundamental involuticn

form a scroll of order {n—3).

To deternii]ie the genus of this scroll <j)"~3 we make use of a

wellknown formula of Zeuthen. When there is between the points

of two curves c and c' such a relation that to a point F of c

correspond y. points F' of c' and to a point F correspond x points

F. whilst it happens y' times that two pcJints F and y times that

two points F coincide, then the genus p and the genus p' of the

curves are connected with the numbers mentioned before by the

equation ')

2-^'(p-l)-2x{p'-i) = y-y'.

If now the points F and /-** of a pair of F^ correspond to the

point of intersection F of the line connecting them and a fixed plane,

then p = 2, x' = 1, x = 2, y' = 0, ij = Q, so 2—4 {p'—l) = 6 and

p = 0.

So the scroll :p"-^ is of genus zero and possesses therefore a nodal

curve of order i {n—4) {n—5).

For a p' this involutory scroll is quadratic, so it is ahyperboloid

or a cone.

In the former case one of the systems of generatrices consists of

trisecants, the other of the bisecants bearing the pairs of F'. The

points of support of the trisecants are then arranged in the triplets

of an involution which is likewise fundamental (i. o. w. given with the

curve). That the latter has eight coincidences is easy to see from

the (2,3)-correspondence between the two systems of generatices.

By central projection we find a quadrinodal plane curve c% on

1) See Zeuthen, Math. Ann. HI, 150. A simple proof has been given by

Kluyver [N. Aicliiel' v. \V, XVll, 16).
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wliicli F^ is cut by the conies containuig the four nodes, whilst the

Hues connecting the pairs envelop a conic and at the same time bear

the groups of a fundamental /
' ').

If the involutory scroll of F'' is a quadratic cone then every two

pairs of F^ lie in a plane through the vertex, which is at the same

time a point of (>\ This special q' is evidently the section of a cubic

surface and a quadratic cone, having a right line in common '').

4. We shall now consider a (>° of genus two. The involutory

scroll of F'' is now of order three i^''). Let q be the double line, e

tiie single dii'ector of $'. As 9° lies on $'' and a plane through q
contains but one right line of $' which line bears a pair of F',

we find that q has four points in common witli <>", so it is a

quadrisecant. So the fundamental involution is described by the pencil

of planes having the quadrisecant as axis. From this is at the same

time evident that q" cannot have a second quadrisecant.

Each plane through e bears two pairs of F\ so e is a chord of (<",

and the i)airs of F'^ are connected in pairs to form the groups of a

particular I\
The planes conuecting e with tlie two torsal right lines of •!''

are evidentl}' double tangential planes of <>". On e therefore rest

besides the tangents in the 6 coincidences of F^ still the 4 tangents

situated in those double tangential i)lanes and the tangents to be counted

double in the points of support of the chord t'. The developable ,s?n;/«rg

of tamjenls of <,'" is therefore of order J 4. This is evident also from

liie fact that the quadrisecant besides by the tajigents in its poiiits

of support is intersected only by the six tangents of the coincidences.

\^y central projection out of a point of e we tind a special c* with

eight nodes of which the pairs of F' lie two by two on rays through

a node which is at the same time the point of intersection of two

nodal tangents.

5. The scroll ^ of the bisecants resting on a trisecant t is, like f/,

of. genus two. For, if the points B^, B„ B^ of "^" lie with t in one

plane then we can make each i)oint Bk to correspond to the chord

i_) A number of properties of c° are to be found in my paper : "Ueber Gurven

fiinfler Ordnung mil vier Doppelpunkten" (SiU. IJer. Akad. Wien, 1895, CIV, 46—
59). The curves f

^ and c^ are treated by H. E. Timf.rding "Ueber eine Raumcurve

fiinfter Ordnung" (Journal f. d. r. u. a. Matb., 190), GXXIH, 284-311).

-) The central piojection of this ^^ has been treated in my paper quoted before

page 63. It is generated by stating a projective correspondence between llie rays

of a pencil and the pairs of an involution, formed of tlie conies of a pencil.
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BiB,n, by which a (1, l)-correspondence is determined between the

points of p" and the points of a plane section of the scroll i?.

As each point of t e\identiy bears 5 bisecants, whilst a plane

throngh t contains 3, the scroll /? is a scroll of order 8. A plane

section must now show singularities equivalent to 19 nodes. Now
the intersection of / is a 5-fold point whilst the 6 intersections of p°

furnish as many nodes ; tiie missing three nodes are evidently sub-

stituted by a threefold point wliich is the intersection of a trisecant

resting on t.

So on the scroll r of the irisecnnts these are arranged in pairs of

an involution.

Furthermore follows from this that the scroll t is of order 12.

For, if x is the order of t, then one of the {a;— 1) points which t

has in common with the remainder section in a plane laid through t

is to be regarded as intersection of t ; the remaining (.u— 2) are

derived from multiple curves. Now t is cut outside q^ by one tri-

secant and in each of its points of support by three trisecants, so

a- — 2 = 10 and x = 12.

6. Out of a point C of q^ we And F^ projected on the curve in

the triplets of an involution C".

For, if P is a point of 9" then the right line CP cuts the scroll

0'' in an other point F, and tiie plane through C, F and the point

conjugate to it in F^ determines on q" two points P' and P" more,

forming with P an involutory group.

The planes jr^ PP'P" envelop a quadratic cone, namely the

tangential cone of 4>' having C as vertex. A right line / through C
is thus cut by two triplets of chords PP' situated in the two planes

jr through /; but moreover by the two chords coimecting C with

the two connecting points C and C". The involutory scroll of C
is therefore of order eight.

As we conjugate P to the chord P'P" this scroll is also of genus

two. In a plane section the point of intersection with (>' are nodes.

From this ensues that there must be (see ^ 5) a nodal curve of

order thirteen.

The central projection of p" out of C is a quadrinodal c' upon

which each group of 6" is coUinear to a pair of F\ If we regard

c' as central projection of a q'^ then C originates from the /' on

the trisecants; consequently C" has like the last mentioned /' eight

coincidences.

7. If wc bring a cubic surface if'' tlirough J 9 points of «,>*, this
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curve lies on if»', so il is the partial sccliou of ip* with the involu-

tory scroll $\ As q is nodal line of <P'^ and single right line of V'",

the two surfaces have another line )' in common. This r cannot

coincide with the single directrix c, for then each i-ight line of <P''

would have four points in common with ip", viz: its points of inter-

section with ^°, q and e; the surface »|j" would then however coincide

with 0'\

Inversely we can regard i>' as section of a cubic scroll 0'^ with

nodal line q and a cubic surface xp' having with <J>^ the right line 5
in coninion and a right line r resting on the former one. A plane -t

Ihidiigh (/ cuts (?' in a right line, ip' in a conic, so it contains besides

</ (wo points of the curve of intersection, from which is evident

that q is a qnadrisecant ; its points of support arc coincidences of

the (l,4)-correspon(lences between the points of contact of .-r with the (wo

surfaces; one of the five coincidences is the poini of intersection of

q and r. Tiiat the single directrix of ^' is a chord of q\ is evident

f om the fact tliat it cuts \p' on r, (lius two limes on o".

8. If <?)"' is replaced by a scroll of Cayley so (hat q is single

directrix and al the same time generating line, then the conic

of 1)'', lying in the torsal tangential plane of <$' determines on q two

points each of which replaces in each plane .t through q two points

of intersection witii (j" ; so they are notles of q\ On this special

curve the groups of F' are not arranged in pairs; for e coincides

with q.

We obtain an other special (j" by taking instead of $' a cone

with nodal edge q. The conies of xp" situated in the planes touching

0"' along the nodal edge cut q in (he points of support of (he

qnadrisecant. Each edge of <P'' bears a pair of F\ so (hat a plane

through the vertex T contains three pairs.

The tangential cone out of T to if?' has q and ?• as nodal edges

;

the six single edges which it has in common with <P'' are evidently

tangents of q^ and contain the coincidences of F^.

Through an arbitrary point pass four tangential planes to $'';

the central projection of q" furnishes a plane curve c" with four

nodal tangents meeting in a single point C. The six single tangents

out of C contain the coincidences of the fundamental involution,

each ray of which through C bears three pairs. These are separated

if we describe on F^ a pencil of cubic curves having the eight

nodes of c' as base-points.
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Mathematics. — "On algebraic twisted curves on scrolls of order

n with {n—l)-fold right line." By Prof. Jan de Vries.

1. If we infersect a cubic scroll <J>'' by a pencil of planes having

a generatrix a of 'P'' as axis, we get a system of conies o', all passing

through the point 0, where a meets the double I'ight line d. If we

take a [p, g')-correspondence between this pencil of planes and the

pencil of planes with axis d, then in this wa^^ to each <." are

assigned /) right lines r of <t>" and to each right line r evidently q

conies <j\ The locus of the points of intersection of the lines ; and o'

corresponding to each other is a twisted curve of order m^p-\-q\
for the points of the rational cubic curve whicii 0*' determines on

an arbiti'ary plane are arranged in a (^;, (jr)-correspondence, of which

each coincidence is the point of intersection of a (>'' with a right

line r corresponding to it.

The twisted curve q™ has the right lines r as 7-fold secants,

whilst it is intersected by each of the oc^ conies of <J>'^ in p points.

2. If ip^ is represented by central projection out of on a plane

T cutting a and d in A and D, then the systems (/') and (o'") are

transformed into the pencils {D) and {A) wiiich are now likewise

arranged in a (/;, (/)-correspondence. The cui've C" generated in this

way has in D a /)-fold point, in ^4 a q-ioXiX one. But it has moreover

a g-fold point in the point of intersection B of the right line b of

4>\ which still passes through (); for h is r/-fold secant of 9'" .

From this ensues that the correspondence {p, q) in r cannot be taken

arbitrarily.

The curve ^"' is completely determined by its central projection

c'" . For, the cone projecting c'" out of O has a ^j-fold edge along

d and g-fold edges along a and b; so its section with (p' consists

of 2p -\- 2q^1in right lines and a twisted curve of oider w having

p points in common with d and q points with a.

As the singular points of C" are eciuivalent to ^p (y>— 1) + <? (j—1)

nodes, the genus of c" is indicated by

= 0,-i)(^-i)--g(j-i),

or by
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This is at tlie same time the genus of q'". It is evident tliat p
may not be smaller than {^q -j- 1). For the smallest values of p
and q we have

1 m
1
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Physics. — "The influence of temperature and magnetisation on

selective absorption spectra." III. By Prof. H. E. J. G. du Bois

and G. J. Elias. (Communication from tlie Bosscha-Laboratoiy).

§ 20. Since our former communication (These Proc. March p. 734)

we ha\e obtained a number of samples, the crystallisation of which

in reasonable sizes from solutions in water or amylic acetate was

brought about only after many failures and many weeks of patience.

Notices concerning the influence of the anion or the temperature only

on the absorption spectrum, nmst be laid aside as being too extensive,

though incidentally some details may appear about it. With respect

to the ZEEMAN-etfect we shall also confine ourselves to a choice from

the profuse material, which for the present can be little more than

an enumeration of the many ways in which the influence of the

magnetisation may manifest itself; it must be reserved for further

investigation to impart more order and regularity to the present

rather unsystematic series of results.

As a rule we worked again in the spectrum of the first order ; in

some cases we had recourse to the second order, in which some

special effect may sometimes be better judged, at least from a

qualitative point of view; for measurements the first order proved

preferable on the whole. As we have never to do with very fine

lines, too great a dispersion is of no use here, and certainly of

much less importance than a strong magnetic resolving power. Very

thin crystal chips — some tenths of a mm. thick — already exhi-

biting jet-black absorption bands, particularly for neodymium salts,

we could use these, and expose them to very strong fields, mostly

of 38—42 kilogauss. The distinctness of the spectral image depends

to some extent on the choice of the proper thickness for every salt.

The fields were measured with a bismuth spiral; the disturbance by

the narrow slits is certainly less than with the usual round bores;

the increase of the — saturated — magnetisation values of the polar

end-pieces on cooling them down to - 190^ is probably slight; it

would be desirable to obtain further information concerning these

points. We consider, however, the accuracy of our ficld-measm-ements

of the same order as that of the readings in the spectrum. We again

preferred the latter to a photographic reproduction; for with visual

observation the identification of the lines with field on and field off,

especially with erbium compounds, proved to be decidedly easier.

§ 21. Third series. We have investigated a few organic

double salts of chromium and potassium with a view to a possible
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ZiiEMAN-eHecl, llie absorption spectra of wliicli were fully described

at ordinary temperature by Lapraik '). The so-called "blue" (dicliro-

itic red-blue) chromium-potassium oxalate [f/'^/sT, (C,0J, + 6 //jO]

mentioned in our first paper exhibited in licpiid air a strong band

696,4—701,4 (cf. § 5), evidently still too broad to be taken into

account. This oxalate may not be mistaken for the so-called "red"

compound

:

Chromium-potassium oxnhite \_C>\ K^ {C,0^)^ -\- x H^O ; different

authors consider ,r^8, 10, 12]; this was obtained by Croft in 1842,

and its absorption-spectrum was investigated by Brewstick'). Strongly

dicliro'itic (claret hue bluish grey) probtibly monoclinic crystals. At

— 190' a number of fine bands and lines in the red are seen with

the spectrometer, the most striking of which are a rather strong

band 680,0, and a strong band 692,5 between the red ruby bands

R, = 691,8 and R, = 693,2 (comp. §§ 7, 17).

A plate, 1.5 m.m. thick had to be examined with sunlight on

account of its strong absorption; for the same reason the crystallo-

graphic orientation could not be determined. At -—193' line 692,5

had a width with field off of 0,14 jift with non-polarized light; in a

field of 36,5 kgs. the widening amounted to about 0,05 mi.

Chroiuium-potassium. malonate iC')\Kg{C\H,0,)^ -\- 6H.,0], is . evi-

dently homologous with the "blue" oxalate. This could only be

obtained as an interlaced dark crystal magma with irregular orien-

tation; dichruVtic (grass green-sky blue). In the red at — 193' we
find a strong band, the middle of which 693,3 coincides pretty nearly

with the red ruby band y^,=693,2; and a broader rather faint band

698,3. A sample of a thickness of only 0,15 mm. exhibited band

693,3 with a width with field off of 0,8 nn with unpolarized light;

moreover it appears to have shifted 0,8 /jft towards the red with

respect to the corresponding band of the oxalate above mentioned.

In a field of more than 40 kgs. the band became distinctly vaguer

and almost disappeared. We had no opportunity as yet to examine

a malonate homologous with the "red" oxalate; perhaps the phe-

nomenon would appear more clearly slill in this case.

^ 22. Fifth series. We have now made a closer examination

of some salts of the foui- metals Fr, Nd, Sm and Er, such as had

been used in 1899.

Praseodymium sulphate [Pr,(50J,. 8H^0]. Light green plate,

containing both optical axes, 0,6 mm. thick. Exhibits several not

1) W. Lapraik, Journ. f. prakt. Cheraie (2) 47 p. 307, 1893.

2) A. Rosenheim, Zeitschr. f. anorg. Gliemie 11 p. 196, 1896 ; and 28 p. 337, 1901.
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very narrow bands at —-193^ in the violet and blue; in tlic orange

some heavy broad bands, moreover a strong band 599,0—599,3, a

pretty faint band 600,9—601,4. The plate was now investigated

\vith the median line (dividing the acute angle formed by the axes

into two equal parts) vertical in a field of 40 kgs.

Witli vertically polarized light band 599,0—599,3 appeared to be

subject to a distinct widening of 0,1 liii
; the other band also became

wider and vaguer. With horizontally polarized light the phenomenon

was analogous, but less distinctly to be seen ; on the other hand

some of the wider bands then show an unmistakable widening ^).

Neodymium sulphate [Ncl^{SOi)^. 8H,0].

^ 23. As a supplement to what was communicated in § 19 a

number of plates of dilferent thickness were more fully examined;

they again contained both optical axes; the line dividing the acute

angle was again placed in a vertical position.

Group of bands in the blue at — 193°; 8 of these bands were

measured. For the sake of brevity we have been obliged to draw

up the results in a table, where 7. denotes the wave-length, /J„ the

width with field off, j?.t the width in a field of .i' kgs., d^ the wide-

ning; in case a mnltiplet is formed, the distance of the centre-lines

of the extreme components is denoted by d).; the value of c/A/;.' is

expressed in cm—', as is now usually done.

41 Kilogauss. Plane of polarisation horizontal — Thickness 0.3 mm.
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Hei'e III fofincd an asymmetric doublet, of which the component

on the red side was the narrower; V a faint doublet; for VI the

middle became somewhat lighter.

With a vertical jtlane of polarisation all the bands became vaguer,

most of them slightly shifting towards the red ; in the field the bands

widened or further faded away ; now only III gave a symmetrical

doublet.

Band in the blue-green at — 193': with a horizontal plane of

polarisation A = 511,9, (?„=: 0,13 f<,u; in a field of 42 kgs. a doublet

appeared: width of the lefthand line 0,13, of the righthand line

0,18, of the light interval 0,09 ;<;x
; the whole made the impression

of perhaps being a quadruplet. With a vertical plane of jjolarisation

the phenomenon was analogous but less clear.

Group of bands in the green at — 193°: 6 bands were measured.

42 Kilogauss. — Plane of polarisation horizontal Thickness 0,3 mm.



( 843 )

38 Kilogauss. — Plane of polarisation horizontal — Thickness 0,6 mm
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41 Kilogauss. Thickness 0.2 mm.
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Band I. V and VI \anisliiMl in llio field; with tlie field off

II sallowed a dark core willi shades on either side, whicli dis-

a|)|ieared in tiic field. The two donblets VII and VIII gave the

jii-eatest resolution nieasMi-e<l as yet — 1,5 X (A — -^J 5
^'^''''' ''"^

field used the components facing- each other happened to coincide,

so that the pair of <lonblels looked like a verv wide triplet with a

heavy middle hand. It onght to be possible to observe a phenonienon

of this order of magnitude with every good spectroscope.

Finally we mention that the neodyniium-magnesium nitrate of § !•

also occurs in hexagonal crystals ; such optically uniaxial crystals

are of great interest (§19); there also exists an isomorphous sei'ies

of salts, which contain manganese, cobalt, nickel or zinc. Measu-

rements on this sultject have been made, partly they are still in

preparation.

Samarium sulphate [«Sm,(-S(7J, . 8 //, (9]

.

§ 25. We now examined a more transparent sample (cf. !} 19),

which again contained both optical axes, and was placed like the

other sulphates; 4 bands in the green were measured at — 193\

40 Kilogauss Plane of Polarisation horizontal — Thickness 0,8 mm.

Ill IV

/



( 84G )

netisatinii : amoiiii' otiiers some Imiids wliicli \v(>ro hafdlv \ isililc

will) liel<l otr were iiiucli more proiioiiuciMl wilh llie tieM on. in

eoiitrast lo most of liie other cases ol)sei'\e(l. l'"ni'llier measnremeiits

on tliis point are in |»rogi-ess.

It is (jiiite |ii-olialiie tlial this |iro(inel also eonlaiiis other rare

earth-metals (e.g. dysprosium and holminm); lliis is, moreo\er also

rather likely for the other erliinm salts.

Erbhuii nltnite [Er {NO,),. QH,0].

§ 27. Here too, besides the amoipiious salts (§ 10) monoclinic

crystal plates of an average thickness of <>.<! m.m. were examined,

containing both optical axes. The bands were finer than for any

sample e.xamined before. On acconid of the very complicated reso-

Intioni^ it was often somewhat difticidt to ascertain to what bands

the dilt'erent ciniiiionents belonged; on exciting the tield a sudden

confusion was observed tVom which the single bands slowly emerged

again on breaking the cuirent. These observations were all made

with unpolarized light.

The results are l)est arranged in a lalile in a way somewhat dif-

ferent from the al»ove.

(Troup of hands in the (/ri'en at — 193°.

Influence of a field of 39 Kilogauss.

516.4

517.2

-a

«3

517.6

518.0

518.3

518.6

0.17

0.13

very

narrow

0.06 ,

0.11

0.07

increases in width Cnot measured),

gives a quadruplet, the outer lines of which are

very fine, the noddle ones (from violet lo red)

resp. 0.12 and 0.15 mi wide, the distances of the

middles amouiding respectively to

0.08 ; 0.27 ; 0.08 nn, while the middle of the

outer components seems to" lia\e shifted about

0.01 nn towards tli(> red with respect to the line

with field off .

no more visible.

give a xi'i'v com|)lex set of lines, which ought

to be further investigated.
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Influence of a Held i)f 3il F\ilogaiiss.

510.1

519.7

520.2

520-7

521.3

0.10

0.16

0.17

0.14

0.11

gives a doublet (not measured),

gives an asymmetric (inadrnplet, tlie extreme lines

of wlucii are very fine; those on llie violet side

are very faint; tlie middle ones are resp. (from

violet to red) 0.11 wide (this one \ery faint) and

0.135 jufi; the distances of the middles are resp.

0.07, 0.255, 0.13 !(,'). the middle between the ex-

treme components seeming to have been displaced

0.05 fj[t towards violet with respect to the line

with field oft'.

gives an asymmetric doublet, of which the com-

ponent on the violet side is 0.05 fxii wide, the

other very narrow ; distance of the middles 0.175 fiji;

the mean of these middles is not sensibly displaced

with respect to the line with field olf.

gives an asymmetric triplet (doublet with satellite

on violet side); not measured,

gives an asymmetric f|iiadru[)let ; outer component

on violet side rather strong, on red side feeble

;

middle components stronger.

§ 28. (tvoiiji of hands in tlir Hi'llDin-qn'i'n at 103°

X
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null R'lifL' of a tie'lil uf 3!) Kihitiaiiss.

53<i.05 narrow

j

satellite!

537.15 0.05 \

:i

537.35 1 narrow
' foehic

satelliti'

o.ot;537.(1

537..S

538.5

539.15

IKU'ldW

satellite

some-

what
stronger!

than the

'

former

narrow

0,09

539.' O.OH

Liivc loLielhcr. seen in liic lirsl order, a li'lplcl,

llie coiniioMLMils of \\ liicli Iroiii \ iolrl lo rcdy ar'e

res|.. 0.10; 0.05; 0.07 /(;*, wide, liic first

\('rv fainl, liie lust two sti'oii,i;er, and ooimeclod

liy a .shade ; the yituatioii of the iiiiddie,s of

llie lirst two is shifted res|). 0.44 and 0.14 iiji

(owards Ihe xiolel, tliat of the hisl 0.05 ((;»

towards die red widi respeel lo Ihe liaiid

537.15 Willi lield oil'.

Seen in tiie seeond order the line 536.95 be-

comes a svniaietrie doiil>iol, ahout 0.44 ft/i ajiart
;

the line 537.15 an asvni metric doublet, of whicii

the component on the red side is very heavy,

together give a triplet, the com|)onents of which

tVoui \inlei lo i'e<i> are resp. 0.08 ; 0.(^8; 0.10 jifj,

wide, Ihe lirsl Iwo siroiig, and connected by a

shade, Ihe lasl \ery faint; ihe place of the middle

of Ihe lirsl coni|ionenl has moved 0.02 fijt to-

wards ihe \iolel, that of the Iwo following ones

resp. 0.07 and 0.34 jt/t towards the red witii

lespecl 1(1 Ihe original line 537. (!.

gi\'es a doiihlel fnol measured).

gives a doublet, with componeids each 0.08 /K/t

wide, and distance of Ihe middles 0.30 [in ; on

the violet side another shade is seen, where pos-

sibly a third component is found ; Ihe middle of

Ihe Iwo linos of the doublet seems to have shifted

0.(J3 fj.u towards the violet with respect to the

original line 539.15,

gives an asymmetric sexliiplel ot which the four

outer compiiiieiits are fainl, and very narrow, Ihe

Iwo middle ones hea\y. and resp. (from violet

lo r(;d; O.Oi) and 0.03 iiii wide, ihe ibslances of

the middles amounling resp. lo ;

0.045; 0.05; 0.11; 0.17; 0.035, lolal 0.41 (((<.

Th(^ midille of the Iwo (niter c(niiponenls coin-

cides willi llie line wilh licId oil'. The Iwo com-
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Influence of a fiold of 89 Kilogaiiss.
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Iiilliienco of a fiold of 4(1 Kiloiiauss.

G50.5

651.3

0.09

(soine-

whal

vague)

o.oy

(some-

what
vague)

is widened: the widtli aniomils to 0.35 mi, the

band on (he violet side is darker lliaii tiie one lying

towards the red
;
(possibly a quadruplet is formed,

whicli, however, is uncertain); a displacement,

however, was not observed.

increases in width and fades away ; the width

amounts to 0.40 fiji ; a shift towards \iolet seems

to take place, but could not be ascertained.

§ 30. Seventh series. We now investigated.

Cnnii/l [)otassiuiii su/phate [UO^ K, ('^^-^4)2 + '^ U-iO].

A rhombic plate containing both a.\es, 0.7 m.m. thick, was e.xamined

ni a Held of about 40 kgs. vviili un|)olarized light at — 193°. The

well-known bands a]ipeared lo be much more numerous and narrowt'r

ihau for uranyl nitrate (c.f. §11), among others 487.8, 488.2,488.8

and 490.5 in the blue. These bands seemed to fade somewhat in

the tield, but the phenomenon was uncertain here, and in any case

the widening ilid uol auiounl (o more than 0.02 ,«(i. For the many

iiands in the \iolet no action of the tield could l)e perceived.

Physics. — "The value of the seIf-iii(hu-tioii accordinij ti> the electron-

theory." By Prof. J. 1). \AN i)i;i{ Waals Jr. (Communicated by-

Prof. J. D. VAN DKK WaALsV

Many jihysiciists refer to the existence of self-induction in order

to make the existence of kinetic energy of electrons more intelligible.

To a certain extent there is no olijection to thi.s, provided we keep

in view, l"^' that the kinetic energy consists for a large part

electrical energy whereas for the calculation of the self-induction

oidy the magnetical energy is taken into account, and 2'"' that from

a theoretical point of view it is the self-induction whicli is to be

explained finmi the kinetic energy of the electrons, and not vice-

versa. It is this second point which occasions me to make the

following remarks.

Let ns imagine a i)iece of metal which contains a great number
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of positively and iiegiiti\cly cliiiriiod |i;iiiirl('s wilh ;i tolal eliarp'

zero, tlio posiiixe chargf of il:c |i(isitivL' parliclcs liciiig exactly

equal (d llir negative charge of the negative ones. When we |)ut

tills pieiH' of metal into moiion we niusi aserilte to it a certain

amount of electromagnetic mass which is e(jiial lo the sum of the

electromagnetic masses of the positive and negative particles. If,

however, we send a current through the piece of metal, then the

energy of this current is not, ecpial to ^^ inr\ m being the mass

of a particle and v the mean velocity which is imparled to them
by the electromotive force.

This ditfereiice can be explained in the following way. In liie

case that the piece of metal moves, the i)Ositive and negative particles

move in the same direction and then in all points of space as well

the electrical as the magnet ical forces exerted by ihe dilFerent

electrons have a diti'erent direction and nearly cancel each other,

in such a way that we tind only sensible forces in the points which

ai-e so near one of the electrons that the forces exercised by that

electron strongly preponderate over those exercised by all the other

electrons, and need only to he taken into account. In the case that

a current passes through the metal on the other hand the magnetic

forces of a great part of the electrons will act in Ihe same direction,

and in a point at some distance, where the force .p exerted by a

ainyle electron is negligibly small Ihe magnetic force exercised by

a// the electrons contained in a unit of volume of Ihe metal (which

number we will call ^\ j together will nearly amount to -A'.p, in

consequence of which the energy will be of the order iV'''-'p\ This

energy pro\es not at all to be equal to the sum, bul rather lo A'

times the sum of the amounts of energy which the single electrons

would occasion at that point. From this we may d(!duce that the

energy of the current is much larger than ^2*! inr".

Though it might be worth while lo try and calculate the amount

of this energy more accurately, it seems lo me that ihere can be

little doubt but we should lind for il:

'/, (L + JJ) i^

where L represents the coetlicient of self-induction as it is usually

calculated from the jnagnetic energy alone, and

V, L i' = V, 2^mv\

If we assume thai Ihe current is transferred by only one hind of

electrons then we may write for 2£^ inc'' for each unit of \ulume

If we now assume tiie "piece of metal" to be a circular circuit
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of iiR'iul \\ iri' Willi a lailiii.s U ami Ihc wire to haxe a circular

se<'ti(ui w illi a fuilids /, tlieii uc liaxo / =: .t /' A re and

Supposing ?• to be small compared v ith R \\v may calculale L
lor thii? circuit from the formula of Kikciihoff:

Tli(> number N being |)robabl_v <iili(Mciil for dilferent metals, //

also appears to depend ou llie kind of metal of wliicli the circuit

consists, whereas L oidy depends upon the geometrical properties

of (he circuil. On the other hand we see iliat // has a constant value

foi' a given wire, intle|)eii(lent of liic way in which (he wire is wound

to a coil, whereas L depends in a high degree u|)on I In; way of coiling.

/;
The ralio will therefore in diflerent cases have a very dilferent

\alue. We shall try to get an idea of what order this (juantity can

be, and inquire whether we are always Justilied in neglecting ]/

com|iared with L. To ihis purpose we can make use of the value

of A'l , which has been calculated by .1, .1. Thomson ') for bismuth.

b'nim Ihe value of the resistance and from the variability of the

resistance in the magnetic field Thomson deduces that the \ahu; of

t'

Ac for bismuth amounts to about 0,11. If we put = 1,8G5.JU'
III

we find

L' = - .
10-c

.

r'

Alclals with a grealer couduclix ily will j)robably have a higher

\ulue for A'. Thomson estimates (he vabu; of N for copper or silver

to be smcral llioiisands of linu's larger than for bismuth.

We obtain the same result by starling from the values

.V, =0,69.10'' A\=iO,4G .
10'"

for the nund)ers of positive and of negative pai'ticles per cm"., which

have been derived by Dkude") from the behaviour of bismuth in

') J. J. Thomson. Ruppoits presenles an congiesde piiysiijue a Paris, III.

p. 145. I'JUU.

-J Dp.ude. Ann. (irr i'iiys. IV Folgo. 8. p. SS8. 1900.

3j Euw. B. KusA and Louis Cohen Bulletin ul the Burt-au of Standards. Vol. 4.

No. 1. Reprint No. 75.
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otlier respects. Pudiuji' f'=l() -' we ai'i-i\e al a \uluc of .W wliicli

does not deviate very niucli t'loiii tliat of Thomson.

Ros.\ and Cohkn') ealculale tor the self-indiidion of a circle witii

R =: 25 cm. and r = 0,05 en).

L = 654,40496.

For this same circle we find

/>=0,01,

so if we neglect L' we make in this case only an error of ± 0,002°/„.

This value applies to bismuth, for other metals the correction is

jirobably niucli smaller still. The correction is also relatively smaller

when we ha\e not one circle but many windijigs. On the otlier

hand the correction is much greater if we take a tliinner wire.

Notwithstanding the perfect agreement between the numbers of

Thomson and of Diude these values do not seem \ery reliable to me.

It is therefore not superfluous to inquire whether we can tind another

way in which we might evaluate L'. Perhaps this might be done

as follows.

Hagen and Rubens') have shown that the reflective [tower of

metals for infra-red light of large wave-length can be exjjlained by

ascribing to these metals the same conductivity for electric vibrations

of the considereil frequencies as for stationai-y currents. This seems

to indicate that the mean free path between two collisions of an

electron against the atoms of the metal is small compared with those

wave-lengths'). As the same does not api)ly to light of a wave-

length smaller than one micro)), we should be incli))ed to deduce

from these optical properties thai the mean fi'ee j)atli is imt much

smaller than o)ie micro)).

We cannot deny that this value of the free path is ronarkably

great, as we ti))d a value tV>r the free path for the molecules of

the air at a pressu)-e of one atn)Osphe)'e, which is about 10 tin)es

smaller. But let us )iolwillistandii)g assun)e this value of the path-

length to be correct, then it yields a ))ew niethotl to calcidate L.

We find, )iamely, for the conductivity of a n)etal

:

2NeH

where it is the mean velocity of the heat-motion oi' the electrons,

') Hagen .iiid Ruuens. Beil. Sitzungsber. 1903, p. 209. Uer. d. deutschen pliys.

Geselisch. l'JU3, p. 145.

2) Gomp. U. A LoRENTz. These Proceedings V, p. 000, 19U3.
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/ tlie iiiUli-leiiglli, and it u coii^iiUii, winch acconliiiy lo DuiDi''.

amounts to '
,, accordinii lo Loukntz'^ I'h

So we get:

^

_2R m __2R nl

r' AV r' OM

At 7'=30U we may put m = 1,75.10". Moreovei' we have

o = 6,14.10—'for silver, and wo shall assume / ^ 10—'. This yields:

li
L'=-. 5. 10 «.

r'

This is alioul '

\|^,
of (he value found for bismnth, and not les>

than '

,,1,,;,,
as we e.xpeeted. The error caused by neglecting />' amounts

therefore for a circle of sdvcr- wire of /i" = 25 cm. and / :^ 0,05 em.

to ± 0,0001 "/„.

It seems to me as yet iuii)Ossible to com|iule ibi' // a value which

uia\ be trusted \(> be accurate. \ v\ 1 lhiid< thai ihe abo\e calcula-

tions make it jirobable thai for coils which are wound in such a

mannei- that they have a large self-induction, the \alue of // may

be neglected com})ared wilii A : but that on the other hand // may

not always be neglected if the <'nil is wound in such a way that L

is as small as possible. In the latter case it nught perha[»s be possible

to determine L e.\perimentally, at least if L can then be culculated

with a sufiicient degree of accuracy. And if it should prove to be

l»ossible to determine the different \alues of // for different metals,

this would be a valuable datum fir the extension of our knowledge

of the motion of the electrons in metals.

Finally it may be remarked that we shall also find a considerable

value for L' for a current which docs not pass a metallic wire, but

for instance a RcJntgen-iube. The high \alue of the \'ek)city of the

electrons in this case, gives rise to a high amount of kinetic energy,

and this "energy of the kathode-rays" will no doubt reveal itself as

an increase of the self-induction of the circuit in which the tube has

been inserted.

») H. A. LoRENTz. Those I'rocoedings Vlt, p. 418. 1904
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Chemistry. — - ''Thr ncliun a/ coiiceubitlril .siiliihni'ic acul on (iJi/ci'rul

e.ffer.s of satiirnted wonohnsic fnttij acids." Pi-oliiiiiiiaiy com-

imiiiicatioii. By Fi. W. van Ei.uik Tiiikmk. (Coiniiniiiicaled \\y

Plot'. S. A. Hoogewerff).

As is well known, |lu> sapoiiiticalioiis may iieiicrally he represent-

ed by the equation :

RCOOR, + H,O^RCO0H + R,OH . . . . . (1)

tliat is we shall always obtain an eqiiililtriuni between the reacting

molecules which is dependent on the temperature, on the luediuni

and on the nature of the ester.

The velocity of the saponification is moreover \'ery low and is

vigoi'ously accelerated by hydrogen ions; so long, howe\er, as the

quantity of the acid added does not considerably modify the nature

of the medium the equilibrium will not be changed thereby.

In the technics of fat-saponilicatioii dilute sulphuric acid is used as

catalyst, for instance in the Twitcholl process ; from the above it

follows that we must not expect the [)rocess to complete its course
;

it is considered satisfactory when the fat is resolved to 94 a 96%
of free fatty acids.

If we use a stronger acid the process Ijecomes njodilied. Fii-stlv,

we are dealing with another medium (in practice where the (|uaiilil\

(jf acid is small the medium itself is changeable during the jirocess),

secondly we have besides the first process also the following :

RCOOR, + H.,S(),^RC()OH + R,OS(),li . . . (2)

which means the expulsion of one of the acid residues by the other

one.

Here also, howevei', we may expect the reaction tt) be reversible

so that it will be completely to the right only when :

ii. The sulphuric acid added, is anhydrous (100"
'J,

b. An excess of acid is added to dry fat,

f. The temperature at which the action takes place, is kept within

definite limits. From this it follows, that the statement of Buntk ')

that butterfat is completely saponified by sul|)huric acid of sp. gr.

J.8355 (cori'esponding with 93.5"/„ of H,S(),,) cannot possibly be

correct. 5 grams of butterfat are heated in an Erienmeijer flask of

one litre capacity to 100\ 10 c.c. nf 93.5 "„ std[)huric acid are

added and the whole heated for 10 minutes in a waterbalh at

30—32". 150 c.c. of water are added next.

1) Chem. Zeit. N". 12 IS'Jl pg. -201, also Kreis Ghem. Zeit. N". 76 1892 pg. 1394.
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.Moreover, llic liii;li iciii|irialiirc al w liicli llie ai-lidii of \\\o add

lakes place is miMiilalilc fur llir |nii|iii^c ol'a cciiiiiilclc sa|i(iiiilicali(iii,

because, as will l)o seen, il is Jusl ilic increase in leiii[)eraliirc wliicli

causes the slii fling of lli(> ('(juilihriiini in eiinalion (2) towards the

left. On re[)ealing Muntk's method 1 obtained liic following tlgnres ;

Will: 133.5";,, aciil liie luiltcr fal was I'csolvcd \n Sl.O"
„ of free fallv acid

ft ^y~f,^
/ " " " >> >* >» J' *-'*' * ; >' »» 'J l>

10(1 ()° ' <49 9"

From these (igures, the influejice of the concentration of the sul-

phuric acid is \erv ohxious ; also the iinperfeclioii of the method so

thai il caiuiol lie a mailer of surprise thai it has been eiitireh aban-

doned.

Ill order lo gel a heller insighl into llie aelion of coiicenti'ated

siil|ihuric ai-id on fals I chose as slarliug malerial pure trilauriii

ju'epared fi\)m 'i'angkailak fat obtained from the fruits of ('ylicoda[)liiie

Litsaea, a ti-ee growing in West Java. The fat consists of Irilaurin

and triolein so that it is ea.M' to prepare Irilaiiiin from the same by

recrystallisation from ether.

The siil|ihuric acid (Miiploved was 1(1(1.0"
„ as deternnned by titi'a-

tion. E.vperinu'ul d took place at a lemperature of 18^, e.xperimeiU

// and ( al 1

—

2'. Time of aelion 'M) miniiles.

(7 1 inol. of Irilaurin to H.o mol. of //.^ SO^ gave 86.67o ft'ee fatly acid

6 1 „ „ „ „ 26.0 „ „ H.^S(>^ „ 95.57„ „ „ „ .

c 1 „ „ „ „ 52.0 „ ,. /y, NO, „ JOO.O"/. „ „ „

the reaction :

Irilaurin -\- sulphuric acid ^= glycerollrisulpliui-ic acid -}- lauric acid

seems, therefore, only praclically complete with a very large excess

of sulphuric acid and al a low lemperaluL-e. for if experiment c is

repealed and llien again healed al (JO for l'/, hour, a shifting towards

the left laki's place and li-ilaiirin is regenerated. The course of the

investigation is brielly as follows :

i'he 100.0°,
J,

suljihuric acid is weighed in a llask which is tiien

corked and placed in ice water. The weighed Irilaurin is now added

in small (piaiitities. As by the action of the acid on trilaurin heat

is generated no fresh poi'lion of trilaui'in must be added until the

|)revious lol lias dissolved '). When all llie Irilaurin has dissolved

and ihe lime of acli(Ui has expired (he coulenls of ihe llask are

') From this cvulutiuii of hiTit with sutiiiuleil (•(iinpciuiicls il follow.^ tliat no

ntiiluo iinporlancc,' sIkhiIiI lie allacliod lo M.\umk.ni':'.-; expi;iiineiil ((loinjil. iciicl. 18S:2.

35 pg ij7i!) wliere this evolulioii of litat is made use of to ileteot uu.saluruLed corapouuds.
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poured uii to jkiuihIciI ice in onier to prevent as nincli as possible

a rise in temperature and eonserpient sa])oniliciition. Suflieient alcoiiol

is now added so as to oblaiii a (i()°/„ alcohol niixlui'e and this is

then siiakcn with a mixture of ether and [)eti-oleuni ether. After

wasiiin^' witli water liie ether is evaporated. In experiment r a sub-

stance was left wit!) ester inunber nnd acid number '2!S0..t, wluch

points to pure hiuric acid. This pi'oves liiat all the trilaui-iii was'

decomposed.

On repeating experiment r witii subse(pient iiealiufi' at HO" for

1'
, hour and removiuf;; the sulphuric acid in the manner described

a substance was obtained with acid nmnber 24r).8 and saponilicaiion

number 280.9; ester number ;^4.J. As Irilanrin possesses an ester

number 263.8, 12.9 % of trilaurin has been regenerated.

As regards the lauric acid which in the previous equation occur.>

together with gljceroltrisulphuric acid it must be remarUed that this

unites with HjSO, to molecular compounds whicii are more or less

sobd)le in benzene. Now if trilaurin is dissolved in JOO °
„ acid

(expei'iment c) and if this is shaken with drv iieir/.enc bolii lauric

acid and sulphui'ic acid may be detected in that solvent. ('om|)ounds

of a sinnlar character have been described by HoogkwkiU''!' anil v.\n

DoHP '). In these additive compounds the oxygen is sometimes taken

as quadrivaleid such as:

11

:^ — — SO.H
RCOOH + H,SO, = R _ C — — H

Others, H. Mcuek'), believe m the existence of a kind of nnxed

acid anhydrides

:

= ()

R . COOH + II.,S(), — R — C — () — SO,H + 11./).

The latter is improbable as then we should want in .ill these

compounds exactly J mol. of watei- of crystallisation for I moi. of

the two acids. We already noticed in the saponilicaiion of Imlter fat

that the conceulration of the acid plays an impoi-iaul |i;irl ; this is

also the case with trilaurin. If now at a temperature of 1 2' we
allow 52 mols. of 94.B7o' snl|)lniric acid to act on I mol. of tri-

laurin for 'M) minutes a substance was obtained. aft<M- riMiiowil of

the sul|ihiiric ,\ci(l, consisting of HO"
,,

of lauric ncid and 20"
„ of

undecomposed glycia-ide. This liiyceride was scpai-atiMl iVom the

1) Rmieil XYlll IS'.MI bl. 211.

') Monalshet'tf fur LWwmw 24 j.. 810.
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laiii-ir acid ami its ostpi- iimiilu'r fouuil lo he 244.0. TIm^ ester iminbers

of trihanriii, dilauiin and moiiolaiiriii are I'espeolively 263.8, — 246.1

and 204.7 so lliat llie separated glyceride is a nii.xture.

Tlie mono- and dihuirin are probably formed here from compounds

like C,H, (OR) (0 . 6()Jl), and C,H, (OR), (0 . SO,H) by decomposition

with water R==C,,H„CO.
Similar compounds ai'e still under investigation. In the action of

concenti'ated H^SO^ 0!i nil roglycerol analogous reactions occur. N.M'iian

and RiNTori. ') in an aiticleon: Nitro-glycorine und seine DarsteUung

write;

"Die Absorption des Nitroglycerins (lurch die Abfallsaure isl nicht

nur ein Losuugsvorgang. Es findet noch eine zweite Reaklion statt,

zwischen der Sciiwefelsaurc und dem Nitroglycerine, nnter Hildung

von Suifoglycerin und .Salpetersiiure. Diese umkchrbare Reaktion

gelangt schnell in den Gleichgewichtszustand, so dass bei einer nor-

malen Abfallsaure eine Halfte des gesamten absorbierten Nitroglycerin

als Suifoglycerin vorhanden ist : wiihrend der Rest tatSHchlich als

Nitroglycerin in Losung geht."

The reverse reaction (2) which still takes place at 60° even in

I ho presence of a large excess of acid: glyceroltrisulphuric acid -f-

lani'ic acid = trilaurin -|- snlplnu'ic acid is to a certain e.vtent com-

parable to the synthesis of glycerides according to Gru.n' and Sch.xcht'j.

They, liOAvever, write

;

"Die Esterificirung des Glycerins durcli Schwefelsaure bleibt — auch

t)ei Anwendung von grossen Uberschiissen an Saure — bei der

quantitativen Bildung von Glycerindischwefelsaure (CjHj (OH) (O.SO,H),

stehen, dementsprechend treten ancli bei der Einwirkung der orga-

nischen Siiuren auf diese Verbindungen nur zwei Acjle in das

Glycerinmolekiil ; man gelangt zur Diglyceriden."

"Die Bildung von Mono- und Triglyeeriden konnte beim Einhalten

der unten angegebenen Hedingungen nicht constatirt werden ; el)enso

wenig die Bildung anderer Nebenproducte."

It seems to me that tiiis conclusion cannot conform to theory : it

is also Ml conllict with niy own observations. Fi'rst of all, glycerol-

disul|)luiric acid is never formed quantitatively in the esterilication

of glycerol by sulphuric acid, secondly byproducts ai-e foi'mod in their

synthesis from diglycerides.

If one part of glycerol is dis.solved in four parts of 98.37o sulphuric

acid there is formed chielly a ini.xtnre of glyceroldi- and trisnlphnric

') Chemikei- Zeitung No. 20. 1908. p. 246.

-) Berlchlf 38 p. 22S4 (1905) see also Berichte 40 p. 1778 (1907).
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at'iil, also a small pro])<)i'ti()ii of tlu^ iiioiin-acid. If to this mixtiire

is added palmitic acid dissolved in IL^SO, a snhslaiicp is ohiaiiicd

with an ester nnmiier of 205.1 ; tlie ester inimiiers of tri|)almilin

and dipalmitiii are respectively 208.8 and 197.6. By one single recrys-

tallisation from absolute alcohol, nearly chemically pure tripalmitin

with an ester nnmiier of 2()H.I ami m.|». ()4-—65° could he isolated.

Therefore, a mixlure of dipalmilin and tripalmitin has been the

main product. The barium salt prepared by me according to theii'

method possesses another comjiosition as stated by them; it shoidd,

however, be observed that C^H,, (),S, Ba + 2 H,0 does not require

7.63„'„ of H,0 hut 8.50°.

One part of chemically pure glycerol D 1.261 was dissohcd in

4 parts of 98.5" „ sulphuric acid. After 15 minutes an equal volume

of water was added, the liquid \vas neutralised with iiarium carbo-

nate and after removal of the T)ai-ium sulphate by'tiliraliou llio li(|uid

was evaporated in vacuum. After adding a little alcohol it is again

evaporated so as to get rid as much as possible of the water.

If now, an excess of absolute alcohol is added, a thick white

preciptate of syrupy consistence is formed, which is shaken several

times vigorously with alcohol to remove any tree glycerol. The

precipitate solidifies after a while and is then di-ied in vacuum

over P3O5 to constant weight.

3.132 grams of the dried salt gave on cxaporafiou with sulphuric

acid 1.7380 grams of Ba SO, = 55.49'/„ of sulphate or 32.65"/, of

barium 0.7740 grams gave 0.4295 grams of sulphate = 55.49°;„ or

32.65»/„ of barium.

Calculated for the Ba salt of the anhvdrous di-acid 60.24„ , „ o/^
Ba S(

)

„ ,, ,, ,, „ ,, ,, mono-acid 48.67 " " "

( bi heating the di'ied conqionnd for l'/„ hour at 105" in an air-

bath it tui-ns brown and evolves acrolein. In ihis operation 1.059

grams lost 0.011 grams or 1.03"/„.

Therefore, a mixture of barium sails lias formeil which may be

rea<lily explained by the fact that on dilnliug llie mixture of glycerol

and sul|ihnric acid, the tri-acid already foianed passes into lowi>r aci<ls.

Ci,.\ESSON '), who was the (irsl to prepare glycerolsnlphiiric acid

also observed this conversion of the tri-acid into the lower aciils.

He prepared the tri-acid fi'om anhydrous glycerol and cidorosnl-

|)li(inic acid; his statement thai liiis tri-acid, on boiling wiih water

or dilute acids, is I'eadily and completely resolved into glycerol and

sulphuric acid is, however, incorrect; at least after boiling for one

1) .T()\nn;il fiir praktische Cheinie ['2] Kii. 20. p. 1. 1879.
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Iidnr there >till rcmnins ;i |Miili(iii (if llic Mcid cninliiiicil with jjlycerol

ill the luriM (if n iiiinio-.-icid.

Glv('or()llrisiil|ihiii-ic acid \\;i> |irc[),'ii-(M| liy me ,'K'C()r(liiiii- lo ( 'i.aksson

from ;nih\ ilr(iii> liivcernl .iiiil chlnrdsuliihiiric acid, l.lili' irrauis of

iho aciil was dissoJNed iii water anil Imiled I'di- an lionr, the .solii-

lidii was nentraiised with liai'iniii hvdr(i\ide and 1 he residl iiin' liariniii

>ul|)hate weighed. It' the siil|(hnric acid had heeii ehniinal(.'d cnniiile-

telv 'AAll iiTiiins of hariniii sidphale oni^iil in iiavc been I'tirnicd lint

only 2.121 f>Tains wcie loniid: Iherelbre 0.542 grains of siil|ihnric

acid \\as left in coniliination with glycerol.

The al)(i\(' e.\|)eriiiieiits, therel'ore, throw a little nuire Hglil on

the siil|ihnric acid sa|i()iiilicalion oi' fats. Further corninnnicalioiis

will I'olliiw shortly.

(loiulit, 5 Ajiril 1908. Laboratory Cam/fi' \\'i>r/,:<i.

Palaeontology. — "(hi Dn/ir/ilimi r('.<:/ufi>ri»i' sp. imr. from tin'

hrlrk-i'drlli nf l'<'<i<-li-ii
." \\\ Mr. Ci.t'.MKND Reiu F. R. S. m\{\

Mrs F^i.i'.ANoK M. Ki.ii) I!. Sc. (('onnniinicated by Prof. di. A. F'.

MoLKNOR.X.U'l').

In onr pajier on the Fossil Flora of Tegelen published in 1907 ')

we figured a fruit pid\isionally referred to li/i[/ncho.sj)ora. tliongh it

did not possess the articulate beak of that genus. All the specimens

then available were so much distoi'tcd and injured by germination

that it was dil'licnlt to determine wliat the character of the jiei-fect

I'rnil would be. In ad<lition to this, the most perfect specimen appeared

to jios.sess a (piadrate base and f-i setae, characters unknown in

Jjiilichintii, to which genus the fruit was in other respects comparable.

.Since the publication of onr paper we liax'e obtained more luaterial,

thanks to the kindness of Dr. l,oi;ii': and llaron F. (iuKiM)!,. 'i'his

new material aii<l a idoser e.xaniinalion of the s[)ecimens before col-

lected, enables iis now to describe the fruit as a new sjiecies belonging

to l)iiH<-liiniii. a genus now couliued to America, though already

recorded by Dr. \. II wvvv. as ociairring in an inlerglacial |ieaf-moss

in Denmark"). Dr. II.\|{t/'s specimens are referred, we think correctly,

to the only living species, iJuUcldani sj/athaci'iini ; our fndls are very

different.

1) Verhand. Koii. Aka.i. Wclensch. (Tweede Sectie). Dcel XIII, No. G, tig. lUo.

^j Danslc. i^col. Foreniag lU, l'JO+, p. V.>.



CLEMEND REID and Mrs ELEANOR M. REID. "On Dulichium vespiforme

sp. nov. from the brick earth of Tegelen."

2.

1. Dulichium spathaceum L. C. Rich. Recent, America. 2—S. Dulichium vespi-

forme sp. nov. Fossil, Tegelen. All the figures are magnified to the same

scale — 12 diameters.

i'roceedings Royal Acad. Amsterdam. Vol. X.
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Fnictus diinidio hrevior eo D. Miuitluiccl tamen latior, long, (rostro

incluso) circiter 3—5 mm.; selae 7 vel 8 (foivsitaii 9), longitiidiiialiter

complanatae, canalicnlatae, striatae; mix o\ata sM!>it(i in stipitem

eoarctata, in rostrum longum gracile attenuata, panio triangularis

vel plano-convexa, praesertim rostrum vci'sus; superficies foveolata,

multangula, ea D. Mpathact'i crassiov, long, (ro.stro excluso) 2.0—2.5

mm., lat. I mm.

Figs. 1—8, piiotograplied on the same scale, show the differences

between the recent and fossil forms. In the living species the nut is

oblong, not ovate, and is much narrowci- in pro|)orfion to its length.

The long stalked nut with oblique attachment, inarticulate style, setae

more than 6 with recurved hooks, are generic characters common
to the two species. In section the nut of D. msyyi/br/w/MS somewhat
triangular near the tiase, becomes plano-convex in the middle, but

loses its convexity as it passes into the beak; the beak at its base

is flattened triangular, but becomes terete above.

As all the specimens we have yet seen (about 20) have apparently

germinated, it is impossible to describe the exact shape of the nuts

or the complete setae ; we have therefore figui-ed several actual

specimens, without attempting to restore them. The setae are more

or less broken, but we cannot find clear exidence of more than 8

in any of the specimens ; they differ from those of D. spathaceum

in their llattening, and they are longitudinally channelled instead of

showing a midrib. The fruits undoubtedly belong to the genus Dii/i-

cluuiii ; and as the living species has a wide range in latitude we
thought it possible that some form (several different ones ha\'e been

recorded) might agree with our fossil. Wo lind, however, that the

fruits of the recent forms in the Kew herbarium \'ary only slightly
;

they are always much larger than our fossil, and the nut is long,

narrow, and parallel-sided.

Whether the genus DuUfluiiiu originated in Europe or in North

America there is nothing to show. It has now oidy one living spe-

cies, confined to America ; but this species has been found also in

a fossil state in Denmark. Now, in an older deposit in the province

of Limburg, we discover an extinct form. Very little is yet known
as to the geological history of the Cyperaceae, and Duliddum will

probably turn out to ha\e been widely distributed and to have luul

many s[)ecies. The genus is at present voiy isolated and the new
fossil form makes no approach to am)- other genus.

6b

Proceedings Royal Acad. Amsterdam. Vol. X.
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Physics. ''I 'liiiiKii- (>f irari'li'ihjtli nf /he nuihl/i' line of friplcls."

(Second I'iut). l>.v Prof. P. Zkkmax.

(i. We will now return to tlie observations of §4. Arranging these

according to strength of field it appears that tlie distance «'—«" changes

considerably with inoroasiiii>, niannetic intensity. The displacement

of line 579J is not a linear fniiction of the strengtii of the tield but

increases more rapidly ilian would follow from this simple relation.

However it is impossible wilhoiit fiirlher consideration to dednce

the law of dis|ilavement, because, as remarked in § 4, the distance

of the lines of com[)arison does not remain invariable. This is the

reason why somewhat different values of a'—a." are obtained, when

these are calculated from the change of a— a', than when the change

of b -a' is considered.

The direction however of the displacement of 5791 is easily

determined. It is towards the red end of the spectrum."^FA shift

towards the side of increasing wavelengths corresponds in the figure

of §3 to a displacement in the direction from «' towards r;". The less

refrangible side of line 5791 is easily distinguished upon the negatives

l)y the observation of the two weak less refrangible companion lines

and the one weak more refrangible companion line ').

7. The shift of the middle line of the triplet may be demoustraied

also by our method of the non-uniforni field, if an eclielon-speclrosco[>e

is made use of. A curvature t)f the middle line will be the immediate

effect of the shift. If we use Rowland's grating such a curvature

woidd be invisible nor have I obsei'ved it in that case.

The visibility of the curvature will be much increased by taking

care that in the image points corresponding to very different intensities

of field lie closely together. In order to attain this an eleven times

reduced image of the vacuum tube, charged with mercury and [)laced

info the field, was projected on the slit of the auxiliary spectroscope.

The lens used was a pholographic objective of 10 cm. focus.

The Plate gives somewhat enlarged roprodu(5tions of negatives

relating to line 5791 resp. line 5770. The middle line is given in

two succeeding orders. Between these the other components of the

triplets arc seen. With increasing magnetic force the components

deviate further and further from theii- own middle line. In Ihe

central part of the field of \iew the maximum distance is reached.

'j Janicki. Feiuere Zerleguiig dcr Speklralliiiiru vun Quecksillicr u.s.w. Inaugural.

Diss. Halle a. S. 190.J, Aiinalcn der Pliysik. Bd. 1'.), 30. I'JOG.



p. ZEEMAN. "Change of wavelength of the middle line of triplets."

(Second part).

Ill

ii

Hg. 5770

resolution: symmetrical,

middle lines: straight.

5791

asymmetrical,

curved.

1 mm 0.12 A.E.

Proceedings Royal Acad. Amsterdam. Vol. .K.
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The component towards the red in tlie figures is always at the

left of its middle line, being concave to it in the central part:

the secoiifl manifestly curved line is the component towards the violet

belonging to the other order.

The curvature of the middle linos, the demonstration of which is

the object of our present experiment, is undoubtedly visible in the

figure for 5791. It is still more easily seen by comparison with a

straight bit of paper.

In the figure for 5770 this kind of curvature is absent.

The asymmetry of the magnetic resolution of line 5791 is at once

evident by the fact that one of the middle lines is approaclied more
nearly by the outer component than the other.

If we denote by (t,. and a,- the distances of the components to their

middle lines, then what I called on a former occasion') the amount
of the asymmetry is equal to do — a,-. This difference is also equal

to the difference of the distances separating the plaiidy curved lines

from the middle lines to which they do not belong, and to which

they are conve.x.

The two negatives were taken with the same field intensity of

about 34000 Gauss.

The question now arises whether the difference a„ — a,- is equal

to twice the shift of the middle line or not. In the first case the

asymmetry is brought about solely by the motion of the middle line

towards the less refrangible wavelengths, the outer components

having undergone a symmetrical displacement relatively to the un-

modified line. The other, more general case one would rather expect

without hypothesis or without the results of measurements.

8. In order to test the question by experiment, I have taken on

the same negative as well tlie tigui'es described in § 7 as the un-

modified lines. It appeared liowever ratlier soon that, in the case

of line 5791, only in the most intense fields the separation of the

middle lines, taken with field on and with field off, was sufficient

to allow measurements.

I therefore refrain from coinnninicating these experiments. Only

one detail of the vacuum tube, charged with mcix'urv and used in all

my experiments with strong fields, may periiaps be mentioned. This

vacuum tul)e of the form indicated by Paschen, has a rather wide

capillaiy. That part however of the capillary which is placed in

the magnetic field is drawn out. Only over this short distance the

') Zeeman, These Froceedings 30 November 1907-
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oapillarv has a small iliamotci'. Now the g^ap-width of the electro-

luagiiot may be considorably diminished; at li:o same time the

electrical resistance of the vacuum tube is moderate.

9. Measurements were made in the following manner. The slit

of the au.xiliary spectfoscope performing the ]>reliminar_v analysis of

the light, was widened in order to obtain in the echelon spectroscope

light of tiic tiro yellow mercury lines simultaneously. The steps of

the echelon were |)laced parallel to tlie slit of the au.xiliary spectro-

scope. The image of the vacuum tube projected on the slit was now
chosen in such a manner that only light from the uniform part of

the field was analyzed. By means of a suitable small screen placed

before the photographic plate its middle part could be exposed first

to light under magnetic inlluence; then the unmodilied lines were

taken in the upper and lower parts of the plate. The plates taken

conlirmed the result obtained in § 6 as to the shift of line 5791

towards the red.

As to line 5770 the amount and even the existence of the shift

is not quite certain at present '). All these measurements were not

further pursued however, because after the publication of the first

[tart of tjiis paper ') and during n\y measurements there appeared a

communication by Gmelin in the 1 April numi)er of the physikalische

Zeitschrift.

Independently of my paper and in another way oui- present

subject was taken up by (tmklin. The enormous resolving power of

the echelon spectrosco|)e used by Gmeijn apparently permits of greater

accuracy in the measurcmeuts than would have been possii)le for me.

It may be remarked linally that, so far as llic present results can

settle the cpiestion, the observation of the asymmetry in a direction

parallel to the lines of force,") which first induced me to this

investigation, but which was given with some reserve, must have

been correct.

') The first part of this uunimunicatiou contains an error, wliicli I only noticed

after the printing oil'. In the last division of § 4 llie change of wavelength has

been calculated from the measured displacement in the same manner as must be

done, wlien the distance of two adjacent orders with the lieid off, is compared

with the distance separating the components towards red and towards violet with

the field on. Of course this proceeding is faulty in the case of § 4. Hence the

last sentence of § 4 and the last column of tlie table in § 5 have lost significance.

The further consideration of tlie peculiar change of Ifie distance of orders noticed

in § 5 must be reserved for a future paper.

-) Zeeman, Tliese Proceedings 29 Febr. 1908.

'; Zeeman, g 7 in New Observations etc. These l^roceediugs :29 Febr. 1908.
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ERRATA.

Ill the Proceedings of the meeting of Deoemher 1907 :

In PI. I belonging to the commnnioation of Prof. H. KamerliKgh

Onnes and V. Braak (p. 413) the numbers I and II are to be

interchanged.

p. 422 to footnote 1 add ; In this communication the resi.stance ther-

mometer of Comm. No. 95 c (Sept. '06), which is called

Ptj, was used,

p. 42.3 to footnote 1 add : The thermometer till now called Pfi was

named Pt'j after the breaking of the wire,

p. 447 1. 20 from the top: for 79 read 78.

In the proceedings of the meeting of February 1908:

PI. II belonging to the communication of .Iean Becquekel and H.

Ka.meklinuh Onnes in the subscript of Fig. 1 for 1.71 mM. in

1, 2, 3, 4 read 1.71 mM. in 1, 3, 4.

p. 597 1. 5 from the bottom : for we read they,

p. 604 1. 1 „ „ „ „ 106 and 107
' read 147,

1. 15 ,, ,, ,, ,, on read of

p. 606 1. 19 ,, ,. ,, ,, observations read deviations

p. 610 1. 1 ,, ,, top, for down to read as far as.

1. 7 ,, ,. bottom: for 170 read 117.

In file proceedings of the meeting of Febniaii 1908.

p. .591 1. 14 from the bottom: for OMO read 0°.06.

p. 522 1. 1 from the top: for 0.0000013 read 0.0000t)09.

1. 2 „ „ „ : „ 0.0036614 read 0.00.36617.

In the paper by Dr. de Sitter "Oh .lupitcr's Satellites'' (Meeting of

March 28).

p. 721 the value of % a^ should read

fo;/ a, = 8.0998360.

p. 727 the signs of a,, and a,,' should be inverted.

(May 26, 1908)
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