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I. A solution of the equations foi' the equilibrium of elastic solids having

an axis of material symmetiy, and its application to rotating sp)h€roids.

By C. Chree, M.A., Fellow of King's College, Cambridge.

[Read Nov. 25, 1889.]

§ 1. If t^.. t^,.. denote the stresses and w, v, w the displacements in an elastic

solid of uniform density p, acted on by an external system of forces X, Y, Z, the

three internal equations are of the form

dx dy dz ^ df
.(1).

If the axis of z be an axis of symmetry in the material, the stress-strain

relations are*

/^^ „/x dw ^dv ,,dw ^ ^ idv div\ \

'-=^-^'^d.^^d^^^dz' ^^= = '^U+d^)'

I.'
du

. ,^^ ^ ^^ dv
^

^,dw ^ J ^dw du\-., du .„_ ^. dv
,
,,dw ^ .(dw du\

_ ,
^du dv\ d^v

" \dx dy) dz

'

fdii dv

\dy d:c

•(2).

When the solid is in equilibrium in the absence of the bodily forces A", ]', Z,

substituting in (1) from (2) and arranging the terms we get

-.r^i I n , .,,, dw ,. .,-. do
= 0.

..(3j,

•(4),

.(5):

* Saiut-Venant's Theorie de VEtasticite des Corps Solides de Clehsch, p. 77.
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2 Mr C. CHREE, on A SOLUTION OF THE EQUATIONS

wliere as usual

» (III dv dwS= ,-+-T- + -r-
(/.' ai/ dz

•(6),

d' rf-

-dx^^d.rdz' .(7).

Ditfereutiatiug (3) with respect to .t aud (4) with respect to y, then adding and

arranging the terms, we get

(•2f + nv'.-(d-2f-r)
J^',

(2f + r - d - d') V'' + (2d + d' - 2f- f) ^,dz
dw
dz

' .(S).

Difterentiating (5) with respect to z we get

(d + d)^-^ + dV^ + (c-2d-d')£,
dw
dz

= 0. .(9).

diu
Combining (8) aud (9) we find for the equation from which 8 or -j- must be

dz

derived

Td (2f+ f') V-' . V^ + {(2f + f') (c - 2d) - d' (2d + d')l V'^
-J

+ {cd - (2f+ f
) (c - d) + d' (2d + d')} ^d^dz*]dw

dz

= 0. .(10).

In this equation it is obvious that S may be replaced by y-, + t- •

§ 2. Confining our attention to solutions containing only integral powers of the

variables, it is obvious that (10) is satisfied by any term the sum of whose indices is

less than 4. For our immediate purpose we do not require to carry the expression for

h above the terms of the .second degree of the variables, and so the equations we

shall really have to do with at present are (8) and (9) not (10).

All possible terms not higher than the second degree are included in

S = ^,.0 + ^..^ + B,,,y + A,^,z + i^3,„ Clz^ - .v' - rf) + 3^1,, {x^ - ,/) + F, {a? + f)

+ 653„*y + SA^,xz + 353.,y^ (11),

T-=similar expression with dashed letters (12),

where .4,_„, A\^ etc. are constants.

The first of the two suffixes attached to a letter indicates the dimensions of the

corresponding terms in the expressions for the displacements. A second suffix has not

been attached to F^ and F^' because these constants in consequence of (8) and (9) are

immediately connected with A^^ and A\^ by the relations



FOR THE EQUILIBRIUM OF ELASTIC SOLIDS. 3

(d-2f-f')^3.„ + 2(2f + f')-P'3 = (2d + d'-2f-r)^'3,„ + 2(-2f+f'-d-d')i'';...(13),

(d + d')^3,o + (c-2d-d')4'3,„ + 2di^; = (14).

From (13) and (14) we could substitute at once for F^ and F^', but it will be

more convenient to retain them at present.

Integrating (12) we find

w = A\^,z + A\,^ xz + 5; ,2/2 + ^A'^y + i^'3,„ Qz' - x'z - fz)

-r^A\,z{x'-f)^m\.,-r.yz + \A\,,xz-^\B\^^yz'^Flz{a?-Vf)

-h<p{x,y) (15);

where

^ (x, y) = a^x + W,y + li^y + e, (x' - f) + ?, {a^ + y')

+ v, (x' - 3xf) + e,if- 3yx') +\ (x' + Zxf) + '{^,{f + Zyx') (16).

Here cTj, etc. are new constants; and all possible terms of less than the fourth

degree which can appear in the value of w are included.

On account of (.5) we have the following relations between the con.stants occurring

in (11) and (15):

(d + d')^.,,„ + (c-d-d')^;,„ + 4d?,=o

(d + d') ^3,, + (c - d - d')^;., + 4dX,3 = 0.

(d + d') £3,, + (c - d - d') £'3,, + 4d;:3 = 0.

If for shortness

z; = - (f+ f) ii,. + (f +f' - d - d') A\,,,

A, = (f+ 0(^3.0 -6^3,.- 2^s)+ (d+ d' - f-n (^'3.0 - Oil
'3,,

- 2F,'),

A^ = 6 (f+ f) (5',, - 53,,) - 6 (d + d')B\,,,

Z3s3(f+f)(^',.-^3.,)-3(d + d')^'3,.,

then substituting from (11) and (12) in (3), we have to determine (( from

.(17),

.(18),

.(19).

.(20),

.(21).
dyV" dz'

A complete solution, so far as terms of not higher than the third degree are con-

cerned, is

u = (A, + A\x + Ajj + lA,z) z'jm

+ OL,x + ^,7/ + 7,2 + a^ (,7/ - ,f) + ^^xy + -f.ji-z + e^z

+ '?./ + K,y" - fd-' {n, + ?,)
^' + «3 (*' - 3*2/') + ^3 {y' - S^*') + l^cyz

+ ^3^^^ + '732/' - fd-' (^3 + 37,3) yz^ + t^fx + e,x^ - fd-' (^3 + 30,) x^

+ V^2 + /.32/''2-ifd"(^3 + Ms)^' (^2).

1—2
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Similarly if tor shortness

^ = (f+r)(5',„-«..,)-.d + d')£',„

B, = (f+ f) {A,,- A\, + G (.-!,, - A;,J - 2 (F, - i-,')) + (d + d')(^',, + 6.1;, - 2F;),

B, = 6 {(f+ f) (B;, - /?,^) - (d + d') B-J.

^ = 8(f+f)(^^__ii^j_3(d + d')5'3,.,

we tind from (11), (12) and (4),

V = (B, + B,ij + B,v + ^B'.z) z'/2d

+ «,'•<- + y3,'y + 7> + < (*•' - y') + ^;.''y + 7,'-<-'2 + e^!/^

+ 'j.v + r;2/' - fd-' (v.: + r;) ^ + < (*•' - 3V) + /s; (^^ - %*o

+

ts'*'^/^

+ <*-'y + <f - fd" (fa' + 3^;;) yz' + i;:f.>- + ey - fd-' ii;; + w;) xz^

+ X3V^ + /^3y^-ifd-'(V + ^3')-~' (24).

In consequence of the identity (6) the following relations sub.sist between the

constants in (15), (22) and (24)

:

°> + A^,'+-l'i,o-^,,o = (25),

2a., + 2v, + ^,'+^',,.-^,., = (26),

/3,-2< + 2r;+F,,-£,, = (27),

7, + < + ^;o-^..„ = (28),

3a3 + :3^3-3^3' + e; + i(-l3.„-^;„-6^., + C^',,-2F3+2F;) = (29),

-3a3+3<+3^3' + r3 + A(A,o-^'3,o + 6^3,.-6^'3..-2i^3 + 2i^3') = (30),

H-'(^.+A)-A.o + ^'3.o-fd-'(?3+3^3 + e;+3<) = (31),

63 - 3^3 -3a3' + ?;+3£',,- 37^3,3 = (32),

2X, + 7; + 3^'3,.-3.l3., = (33), .

73 + 2/.3' + 3F3,-353„ = (34).

§ 3. Multiplying (31) by d/f, and adding it to the sum of (29) and (30), we

obtain an equation identical with (13). There thus exist between the constants of the

solution only 14 independent relations, viz. (14), (17), (18), (19), and (2.5) to (34). Since

65 constants occur in the solution tliis leaves 51 of them arbitrary, to be determined

by the surface conditions.

Certain of the.se constants fall into sets which seem fitted for application to different

problems. The constants of any one set are associated with one or more of the constants

occurring in the expression (11) for B. The following table gives an analysis of the

constants :

—
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TABLE L

Degree of

terms in

displacements
in which Con-
stants occur
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expected to be fouuil interesting. Accordingly the first application I shall make of the

previous solutiou is to the problem of a spheroid of uniform density rotating with uniform

angular velocity about its axis of figure, which is also an axis of symmetry nf the

material. So far as I know, this problem has hitherto been solved only for the case

of au isotropic* material, and in the paper referred to it was hardly attempted to

deduce from the solution the true character of the phenomena. Thus the results obtained

here may possess an interest even for those who are not professed mathematicians.

§ 6. If o) denote the angular velocity and p the density of the spheroid it may

be regarded as at rest, but acted on by " centrifvigal " forces whose components, per

unit volume, are

X = co'p.r, Y= fo^pi/, Z=0.

In place of (3) and (4) we get, reiutroduciug A' and Y and slightly altering

the form

(^'--»s-'f^^s-('+'''H^-<^--->i:i->=» <^"'

while (5) remains unchanged.

A particular solution of these equations is

_ (ti'px («' + if)

8(2f+r) •

8(2f+r) '
1

^_ a,^py(x' + y') f (35).

w =

The general solution is contained of course in (22), (24) and (1.5). It would however

be a needlessly long process to substitute the whole of these terms in the surface

conditions. A comparatively small number of tenns suffice to give a complete solution.

As by means of these the surface conditions are exactly satisfied, the solution is on an

entirely different footing from Saint-Venant's solution for beams, and the neglecting of

the remaining terms requires no justification. The only terms required are those of the

first degree depending on A^^ and its associated constants, and those of the third degree

depending on A^^, A^^ and their associated constants. Further from the symmetry

around the axis of z we may at once assume

/3; = «.-
]

* Quarterli/ Joumiil nf Pure and Applied Stathematio, Vol. xxii.i, 1889, p. 11.
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Thus the solution we propose to use is iu full, substituting r'^ for .1!^ + f,

S = ^,,„ + i^3,„(2/-,-^) + /^r^-Aa,>7(2f+r) (37),

1 = 1= 7
=

«. + ^s'-'^ + h^^' I(f+ f) (^-i,.,. - ^'3,0 - :i^3 + 2^,') + (d + d') (^'3,0 - -if;) - m,}

-ia,>7(2f+f') (38),

w = A\^^z + iA\,^z{^z'^-r'} + F;zr' (39).

The constants appearing in this solution are connected, as shown in the table of

constants, by the relations (14), (13)—taken as more convenient than its equivalent

(31),—(25), (29) and (30). Owing however to the relations (36) the relation (2.5)

simplifies into

«. = K^,,o-^',.o) (25 a);

while (29) and (30) both transform into the single equation

803 + ^,„-^',,-2i^3 + 2i?'3'=O (29 a).

§ 7. Let the equation to the spheroid, prolate or oblate, be

a'{x'+f) + c-V=l (40).

The direction-cosines of the normal at the point x, y, z are in the ratio iC^x : a"'y : c^z.

Thus the conditions for a free surface are

a"* («<« + 2/U + c-X, = (41),

a-'{xt^ + yt,,)+c-'zt,, = (42),

a-'ixt^+yt,,) +c-X- = (43).

The first two are however here identical as is obvious from the symmetry.

The relations between the strains and .stresses are given in (2). Employiuo' the.se

it will be seen that in the surface conditions the terms containing to or the constants

associated with A^^ and A^^ are of the third degree in the variables x, y, z, while the

terms containing the constants associated with A^^^ are only of the first degree in the

variables. At the surface however the relation (40) holds; thus the terms iu the surface

conditions containing the constants associated with ^,„ can be made of the third decree

by multiplying them by a^r^ + c"V which is there identical with unity. Doing this,

and equating separately to zero the coefficients of xr^ and xz' in (41), we find

2 (f+ f ') a. + d'^'„, + «= (Gf+ 4r) ^3 + a^d' {F; - ^A\J = "'^.l^^tf- .(44),'•'" 4(2f+f')

2 (f +f') a, + d'A\^„ + c' (f+ r)d-' {(f+n (.4„ - ^'3,^ - 2i^3 + 2F.;) + (d + d') (4',., - 2i?;') - STO^}

+ c^d'^'3,„ + a^ {(f + n (J3, - .4'3.„- 2i^3+ 2f;) + d' (.i;„ - 2F;) - SrO,} = O (45).

Treating the surface condition (43) similarly, and equating separately to zero the

coefficients of zr' and z^, we find
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2d'a, + c^',^ + r {(f + r) iA,_, - A',_, - 2I\ + -ii^/) + d' (A',, - 2F;) - Sf^J

+ aMc (/;'_ m;„) + 4d't?3}= g^^^'^j,^ (4G),

2d'.. + c^;, + c'd'd- {(f + r) (4^„ - A\,, - 2F,+ 2f;) + (d + d') {A'^, - sf;) - sf^j

+ c'c^'3,„ = (47).

The equations (44)—(47) combined with (13), (14), (25 a) and (29 a) are obviously

sufficient, and no more than sufficient, to determine without ambiguity the 8 constants

of the sohition, viz. ^,„, -4',„, a,, ^3^, A\„, F^, F,' and 0^.

§ 8. The actual determination of these constants is a somewhat laborious process,

and presents no novel features. Further a statement of the values of the individual

constants seems hardly likely to be of service in the solution of any other problem.

I shall thu.s not occupy space by recording here the values of the constants or the

algebraic steps by which they were obtained, but shall proceed at once to give the values

of the displacements. Their accuracy may be easily tested by reference to the equations

which they require to satisfy, viz. (3 a) or (4 a), (5), (41) or (42), and (43).

For shortness let

D = qcf+[c (f+ f) - d'^; [3c + 2c''a-'d-' (c (2f+ f') - d' (2d + d')) + 8c\r (2f + f )] . . .(48)

;

then the values of the displacements are as follows

:

D V _ D i^D^y^

= iaV Ky_^y^_^. + 2| + ic^cd- {c (3f+ 20 - 2d'^l + c\r (c (3f+ 2f ' .
- d'=)

- \7-' p + c'a-" c id' + ^i?jt£hl^| + 4c\r' {c (f + f) - d"^|

-i2'[cd'd-(2d-d') + icM-'(3f+2r) + 2c'a^{c(3f+2f')-d'=)J (49),

^ U' = -z r^a'cd'|^^^^y^_^,,
+ 2| + ir ^[c (3f+2r)- 2d'^! + 2cV/-d'(2f+n

+ zr' Fed' + c'ci-" |(c (f + f) - d'^) ^^+ c (2f+ r)|

+ KUd-';c(3f+2f')(d + d')+2d'^'(d-d')} + 2cVd'(2f + f)] (.50).

§ 9.' The elastic constants occurring in the preceding solution are not tho.se which

direct experiment would immediately lead to, and thus the application of the formulae

to a solid whose elastic properties had been determined by the usual methods might

be found laborious. It will thus be advantageous to transform tlie expressions into others

in which the elastic constants occurring are such as practical men may be expected to

become conversant with.
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It is necessai-y of course to fix on five constants, and there is little doubt as to

what three of these should be. Suppose two straight bars of uniform rectangular section

cut out of the material, the axis of one of the bars coinciding with the axis of .symmetry

of the material, while in the other this axis of symmetry is perpendicular to one of

the lateral faces. Let E and E' denote the values of Young's modulus for the respec-

tive bars under longitudinal tension, and rj, r) the ratios of the lateral contraction to

the longitudinal expansion in the experiments detei'miuing E and £", the direction in

which 1] is measured being perpendicular to the axis of symmetry ; and finally let G
denote the modulus of torsion for the first of the two bars twisted about its longitudinal

axis. Then the constants it is proposed to use here are E, E', rj, r( and G. The

notation is Saint- ^^enant's, who has pointed out how the several constants may be found

by experiment.

Experimental methods at present in use ought to supply trustworthy values of

E, E', and G witli comparative ease. The determination of tj and -q is by no means so

easy, and not improbably two more convenient constants might be selected. Still it

must be remembered that the strictures that have been so frequently passed on the

seemingly unsatisfactory determination of " Poisson's ratio " are really in the main directed

against experiments in which all substances, even hard drawn wires, are regarded as

isotropic bodies. There is no very obvious reason why satisfactory results should not be

obtained when observers take the trouble to find out what exactly are the quantities

whose magnitudes they determine with such extreme nicety.

§ 10. In Saint-Venant's Clebsch, pp. 83, 84, are given the relations between the

several constants for the kind of material treated here. The following relations are in

part directly taken from this source, and in part deduced algebraically

:

f= \E'j{\ + V),

c = ^^(I-V)/{^(l-V)-2^V},

A'lc = riE'IE{l-'n'),

(f + n/c^^E'/Ed -V),

lc(f+r)-d'=}/c = i^7(i-V),

cf/{c(f-Fr)-d'^l=(i-V)/(i + V)

l-v" {E(l-v')-2E'v'

.(51).

§1L Ifnowi)^-^j ^(l-^-rl^

:i{ll +V) + cV^^^f^^,^||- 2^(1 + V) +4cV^^^^^} ••••(52),

the equations (49) and (.50) transform into :

—

Vol. XV. Part I.
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^ w = - ii —

4.G

m p E
t .

c= („ ,, ,, ,„, ., vEE'] ic\rriEtE-E'vV

+
12E'

E'il-V')

r +

E(3 + 7f) + 2r,'£

.(49 a),

^„ 1 + 37?'
,
vEE' (3 + ,?'), , , _,7?^' {E - E'v')-

I -V GO--v) E (I —T))
toO a).

From physical considerations alone we are led to treat D' as essentially a positive

ipiantity. From (52) it is obviously positive when c/a is small, ami if in any kind of

material it could change sign as c^a increased then a spheroid of this material could

be constructed such that all the displacements would become infinite however slow the

rotation.

These expressions it must be admitted appear somewhat formidable. It will be

found iiowever that their length does not present an insuperable barrier to the drawing

of general conclusions. To permit the mind moi-e easily to grasp these conclusions we

shall consider first some special cases of comparative simplicity.

§ 12. When terms in c' and z" are neglected we get the following solution, applicable

to a very flat oblate spheroid,

foV f1 - rj') r

(53).

This solution does not satisfy the e(|uations (3 a), (4 a) and (5), and there is no reason

to expect any approximate solution of the kind to do so ; because while a term in u

of the order .rz^ may be negligible when :: is small, yet when operated on by ^-^ its

contribution to the equation (3 a) is just as important as that of any other term in the

t;xpre.s.sions for the displacements. It is thus impossible to test the accuracy of .such

approximate solutions by means of the internal equations.

§ 13. It is well known that tlie distribution uf electricity un a flat circular plate

has been deduced by a mathematical treatment which regards the plate as the limiting

form of a flat oblate spheroid. It would also appear that except near the rim there is

a good agreement between theory and experiment. We are thus led to investigate whether

(-53) may not satisfactorily be applied to the case of a rotating circular plate.
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The only way of testing the matter is by finding how exactly (53) may satisfy the

surface conditions for a right circular cylinder of radius a and length 2c. These conditions

are the following :

—

a;t^^ + yt_^^=0 when r = a, for all values of z between -c and +c, \

«*a-. + 2/<„,
= „ ,. ' I,

(54,)

t =t =0 when z= + c, for all values of r < a,

t.. =0

Of these the first and the last, which answer to the vanishing of the normal stresses

on the curved surface and on the flat ends, are identically satisfied. This is not however

exactly the case with the other two, as the solution yields tangential forces of the

order za on the curved surface, and of the order a- on the flat ends. Thus while the

surface conditions are not all identically satisfied, they are approximately satisfied in a

thin plate, and the approximation becomes closer the thinner the plate.

It will be noticed however that if each term of the solution (o3) were multiplied

by one and the same constant the resulting solution would satisfy the surface conditions

(54) to the same degi-ee of approximation that (53) itself does. Thus all we are safely

entitled to assume is that (53), which gives very approximately the absolute magnitudes

of the displacements in a flat oblate spheroid, gives to a somewhat less close degree

of approximation the laws of variation of the several displacements and their relative

magnitudes in a thin circular plate. Considering that the volume of a flat spheroid is

less° than that of the corresponding flat plate in the ratio 2:3, we should expect the

absolute magnitudes of the displacements to be decidedly larger in the plate.

§ 14. To derive its full interpretation fiom the solution (53) we require to know

something of the relative magnitudes of the elastic constants which appear in it. In

all ordinary elastic solids the constants c, f etc. can hardly fail to be positive quantities,

and the same is obviously true of E, E' and G. It is conceivable that iu some

exceptional substances ,? or V might be negative, though it seems a somewhat remote

possibility. If we assume here that all the constants are positive, then it follows from

the expressions in (51) for c and d'/c that

^>''''
! (55).

Thus in (53), u, must be everywhere positive and w everywhere negative. Consequently

every element of the flat spheroid, or of the thin circular plate, increases its distance

from the axis of rotation and approaches simultaneously the central or, as it may be

termed, "equatorial" plane.

Confining our attention at first to the flat spheroid, we notice that the centre of

an originally" plane section perpendicular to the axis of rotation diminishes its distance

z from the equatorial plane by the amount

2a^'pa'zn(:i + v')^E(U+n'} (56);

2—2
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and the sootion itself' beeomes very ap])roxiinatelj' a paraboloid of revolution, whoso hit us

rectum is

— £•(11 + >;)h-4w-/>«S7(1 +7)) (ru).

The axis of the paraboloid is the axis of rotation, and the com-ivity is directed

away from the equatorial plane.

The curvature of the originally plane cross sections continually increases with their

distance from the equatorial plane, and for a given material and given angular velocity

is independent of the radius «—supposed of course great compared to the thickness 2c.

The diminution of the polar axis 2c is

i(oWcv(-i + v')^E{U +7?) (.58).

It thus varies directly as the density, as the thickness and as the squares of the angular

velocity and the radius. It also varies directly as i) and inversely as E. On the other

hand it is quite independent of E', and increases only about 20 per cent, as ?}'

increases from to 1.

The increase in the equatorial semi-axis, or radius, a is

2(o'pa'(l - v') ^ E' {11 + 7}') (59).

It thus varies directly as the ilensity, as the square of the angular velocity, and

as the cube of the radius. It varies inversely a.s E' and diminishes as rj' decreases, but

is entirely independent of E or of rj.

In the circular plate, as in the flat spheroid, every originally plane section per-

pendicular to the axis of rotation becomes very approximately a paraboloid of revolution

about that axis ; and the latus rectum of the generating parabola varies inversely as

the original distance of the section from the central section, as the density, and as the

square of the angular velocity, while it is independent of the radius of the plate.

Owing to this change in its originally plane surfaces the plate will present a bicon-

cave appearance. As the actual measurements of the displacements might be easier for

the plate than for the spheroid it may be as well to state explicitly the following

relations, the diminution in thickness being measured along the axis of rotation :

Increase in radius of plate _ a {1 — r)') E
(60),

.(61).

Diminution in thickness „ 2c ri (S + r;') E'

Curvature at centre of face of plate _ 1 2 (1 + »;')

Diminution in thickness „ a' 3 -I-
1;'

If the ratios on the left-hand sides of these equations could be experimentally

determined it is obvious that a great deal of light would be thrown on the nature of

the material.

§ 1.5. To arrive at a more complete knowledge of the effects of rotation, an

analysis of the strains is necessary. For our purpose the most convenient normal strain
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components are

the longitudinal = t- >

„ radial = -j^

,

ar

„ transverse = ujr.

The first is dii-ected parallel to the axis of rotation, the second along the perpendicular

on the axis of rotation directed outwards, and the third is perpendicular to the other

two.

Referring to (.53) we see that in a flat spheroid, or a thin circular plate, the

longitudinal strain is everywhere a compression, and the transverse everywhere an

extension, and that the numerical measures of both these strains are greater the nearer

the element considered to the axis of rotation. A cylinder whose axis is the axis of

rotation, and whose radius is

'^{^ «•
divides the volume into two portions in the inner of which the radial strain is an

extension while in the outer it is a compression. The expression (62) is necessarily less

than a so long as »?' does not vanish, so that except in this extreme case the radial

strain actually is a compression near the nm of the circular plate and in the super-

ficial equatorial regions of the flat spheroid.

§ 16. The next case that presents itself is that of a very elongated prolate spheroid

in which C:a is very large. Near the centre of its length the surface of such a spheroid

differs very little from that of a right circular cylinder of radius a. We are thus led

to expect that a solution obtained from {-id a) and (-50 a) by making cja infinite while

z/a remains finite, being strictly applicable to the central portions of an indefinitely long

prolate spheroid, will apply very approximately to the case of a right circular cylinder,

provided the len,gth of the cylinder be great compared to its radius and its terminal

portions be excluded from the solution. The solution in question is

"'=
s^tI'^^V) ^ '^ *^ " '''^ ^^ ^ ''^ ~

"^^'''''

~
''

^^
^

'^ '*
'^^^

~ ^'^

~
^^"^']l\

<o pa zriw =
2E

.(G3).

Unlike (.53) this solution, though deduced as an approximation from the general

solution, itself satisfies the internal equations. There can thus be no doubt that it gives

the absolute magnitudes of the displacements in any rotating solid whose boundary

conditions it may happen to satisfy. It will be found to satisfy identically the first

three surface conditions (.54) for a right circular cylinder of finite length. The last of

equations (.54) is not exactly satisfied, as from (63) we get for all values of z

t„ = <o'p (a' - 2r') Et) (1 + 1?') - 4 (jS^ - E'rj').
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It will be noticed however that

and thus the sum of the normal forces over a terminal cross-section vanishes. Now

Saint-Vcuant's solution for beams acted on by terminal forces only secures that the

integral of the stresses taken over the ends should have required values, and notwith-

standing it is regardetl by the highest authorities as perfectly satisfactory provided the

length of the beam be great compared to its greatest transverse dimension. Thus (63),

which satisfies exactly 3 out of 4 surface conditions, and is as regards the remaining

condition in no respect less satisfactory than is Saint-Venant's sohition as regards the

terminal conditions in the ordinary beam problem, will doubtless be accepted by the

majority of elasticians as a verj' appro.ximate solution for the case of a rotating circular

cylinder whose length is great compared to its diameter. The portions of the cylinder

immediately adjacent to its ends ought however to be excluded.

§ 17. A.ssuming i?'<l, and noticing that in accordance with (55) E — E'rf^ must

be positive, we see from (63) that each element of the long cylinder, as of the flat

plate, increases its distance from the axis of rotation and approaches the central plane

z=0. In the long cylinder, however, the longitudinal displacement varies only as the

distance from the central section, so that each cross-section remains plane.

The shortening in a length 2c of the cylinder amounts to

la'pa'cvIE : (64).

It thus bears to the shortening in the polar axis 2c of a flat oblate spheroid of

the same density and central section, rotating with the same' angular velocity, the ratio

11 -t-ij' : 4(3-f-»;'). which for uuicon.stant * isotropy is 45:52, and is for every material

less than 11 : 12.

The increase in the radius of the long cylinder is

oi'pa'(l-n')l4:E' (65).

This bears to the increase in the equatorial semi-axis of the flat oblate spheroid

of the same density and central section, rotating \vith the same angular velocity, the

ratio 11 -1-17' : 8, which is for every material a little less than the ratio, 3:2, of the

volumes of a cylinder and spheroid of the same axial thickness and central section.

We also see from (63) that throughout the long cylinder the longitudinal strain is

everywhere a compression, and the transverse strain an extension. Also the radial strain

is an extension inside and a compression outside of the coaxial cylinder

g(l-V) (Sjt'?VlM^L'' *

L3 0+7,')l^(l-77')-2^Vi
(66).

* Le. Isotropr in which Poisson's ratio is 1/4, or in ThouiBon and Tait'B notation vi — 2n.
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In order to apply to our problem this radius must not exceed a, which is the

case only when
Et,'{\ -7]')>E'7,'a+3n').

When this inenuality becomes an equality the radial strain just vanishes over the

surface of the rotating cylinder, and if the inequality be reversed then the radial strain

is everywhere an extension. In the case of uniconstant isotropy the radial strain is a

compression throughout one-fifteenth of the area of the cross-section.

§ 18. The next case we proceed to consider is that of uniconstant isotropy. In

a material of this kind there is only one elastic constant. The one employed here is

Young's modulus E. which is identical in Thomson and Tait's notation s\-ith :m 2 or

omji. The expressions for the displacements in this case are

:

"^=
60^(9T8^'a--H6cVO iH^"^ + 10.-,c^+ 2S0cV- - .5r (9 + I8cVr^ + 20cV')

- 5^ {51 + o6c'a^)] (67),

'" =Sm9 + 8c? + 16cV")
139a^+l.S0c'+60c-a-^ - lOr' (3 + Idc'a-')- 10^ (-5 + 20^01 • • -(S^)-

In considering the strains we shall also want the following expressions

:

^ =
60^(9 + 8^^+16^ ^^''"' + 19-'+ 280cV^ - 15,^ (9 + ISo'c.- + 20c^O

- or (51 + o6rhi^)} 160),

t = 30-^ (9 + soSTTecVi^;
!-^^'^'^+i''^'='^^

du, dw_ - m^prz (39 - 2Oc'a"0

l^^^-" 6£'79+ 8c'a-^+T67'0 ^ '"

§ 19. Writing

V = w'pce (117 + 19.5cV + 280cVr*);60£ (9 + ScV + IGcV^) (72),

a^^ = a- (117 + 19.5cV-' + 280cV0/o (9 + IScV + 20cV-') (73),

yg,-=a-(117 + 19.5c-a-^ + 280c*a"0/5(ol+5GcV) (74),

we get IIjr = i^ (1 - /•7a/ - ^^ /3,-) (7.5).

Thus as J/, a^ and /3,' are necessarily positive for all values of c.a, it follows that

;(,. and ujr are positive inside and negative outside the spheroid whose equatorial and

polar semi-axes are respectively a^ and /3,. Obviously a^ is more than twice i^, whatever

cja may be. Treating a as constant and varying c, it is easily seen that /3, is greater

than c so long as cja is less than ^39/20, but that for greater finite values of cja the

value of /S, is less than c. The least value of ^Jc is very nearly -989, occurring when

cja is approximately 2'08. Thus for all values of cja exceeding JS9j20 the difference

between /8, and c is extremely small. They become equal when cja becomes infinite.
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It follows that so long as c/a is less than v89 20 every elemeut of the spheroiil

iucreases its distauce from the axis of rotation, and the transverse strain is everywhere

&D extension. When c/a exceeds v30,2O there is an extremely limited superficial volume

surrounding each extremity of the axis of rotation within which tiie dements diminish

their distances from the axis of rotation, and where the transverse strain is a com-

pression ; elsewhere the distance of an element from the axis of rotation increases, and

the transverse strain is an extension.

When c;« equals JS0J'20, or when it becomes infinite, the volumes within which

the elements diminish in distance from the axis of rotation and the transverse strain

is a compression, become reduced to the extremities of the axis of rotation.

§ 20. Similarly from (68)

w = -Tz{l - r-'/a/ - r//3.,'0 (70);

where t = (o'pa^ (39 + ISOc'a"" + 60c'«-')/30 E{9 + 8c^a^ + IGc'tt') (77),

a/s a''(89 4-130c-a"^ + 60cV'j/10(8 + I9c-O (78),

yS/ = r(:39a-c--+I30 + 60c\rO/10(o + 2cVO (79).

Thus T, a^'" and 0^ being essentially positive, w is of the opposite sign to s inside

and of the same sign outside the spheroid whose equatorial aud polar semi-axes are

respectively a^ and /9j. It is easily proved that a^ equals a when c/a has approximately

the values '-tS and '90, and that it is only when c/a lies between these limits that a^

is less than «. The least value of aja is about "97, answering to cUi = "65 approximately.

It is ob\-ious that /S^ considerably exceeds c for all values of c/a.

It follows that when c/a lies between '^S and '90 there is a very limited superficial

volume close to the equator, the elements within which increase in distance from the

equatorial plane, while elsewhere the elements approach this plane. When c/a lies outside

these limits every element throughout the spheroid approaches the equatorial plane.

§ 21. From (69)

^ = Hi-r7a3'-^/^.'i m,

where v is given by (72) and /3,° by (74), while a/ equals a^/'S aud so is known from (73).

It is obvious from (73) that a^ is always less than a. It may also easily be found

that as c/a increases from zero, aJa commencing with tlie value Vl3 15 diminishes at

first, attaining a minimum value of about 908 when c/a is 65 approximately. It then

increases continually as c/a increases further, passing through its initial value ^13/ 15

when c/a equals ^/39/20, and finally reaches the value Jli/lo when cla becomes infinite.

It may be remarked as a somewhat curious fact that aJa and aJa attain their minimum

values for the identically same value of c/a. The variations in the value of /3, have

been already traced.
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The conclusions from these data ai'e as follows :—The radial strain is for all values

of cja an extension throughout all but a small portion of the spheroid. There is always

however in the equator a superficial volume throughout which the radial strain is a

compression. As cja increases from zero this superficial volume extends towards the

poles, and eventually reaches them when c/a = ^39/20. For greater values of c/a this

volume forms a layer completely enclosing the rest of the spheroid. The thickness of

this layer in tlie equator continually diminishes from about 'OGOa when c/a = j39/'20 to

about '0'34<a when cja = 00. At the poles the ratio of the thickness to c attains a

maximum of about "01 when cja = 2'08 approximately, and then continually diminishes

and vanishes in the limit when cja becomes infinite.

§ 22. From (70)

J = -T(l-r7a;-//^3^) (81),

where t is given by (77) and a,/ by (78), while ^^^ = /3.^j3 and so is known from (79).

Thus -7- is negative inside and positive outside the spheroid whose equatorial and

polar semi-axes are respectively a^ and /Sg. The variation of a.^ with the value of cja-

has been already traced in § 20. As cja increases from zero ^Jc diminishes from

infinity and becomes unity when cja = ^/39/20. It attains a minimum value of about

'986 when cja = 2"21 approximately, and then continually but slowly increasing becomes

unity when cja becomes infinite.

The observed variations in the values of a^ and /S, lead us to the following results :

—

When cja is less than "43, or when it lies between "90 and JS9j20, the longitudinal

strain is a compression throughout the entire spheroid. When cja lies between '43 and

•90 the longitudinal strain is an extension throughout a small superficial volume in the

equator, elsewhere it is a compression. When cja has any finite value exceeding ^39/20

the longitudinal strain is an extension in a small superficial volume surrounding each

pole, being elsewhere a compression. Lastly when cja becomes infinite the longitudinal

strain is everywhere a compression, except at the poles themselves where it vanishes.

S 23. It will be observed that ^- , ,
* and — are the normal strains when fur^ dz dr r

the coordinate axes at each point we take the parallel to the axis of rotation, the

perpendicular on this axis produced outwards, and a third axis at right angles to the

other two. The only remaining strain is the tangential or sheariug strain ~ + -^ in

the plane of zr.

From the expression (71) for the shearing strain it will be seen that it vanishes

along the whole of the polar axis and everywhere in the equatorial plane. On the

positive side of this plane it is everywhere of one sign, and this sign is negative or

Vol. XV. Part I. 3
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A clearer idea possibly of the general character of the phenomena may be obtained

from a study of the accompanying figures (see Plate I.). Each figure is intended ti>

represent the state of some particular strain throughout a section of the spheroid by a

plane through the axis of rotation. The strain represented is the radial —^ when the

u
lines are straight and hoiizoutal, the transverse -^ when the lines are curved, the

longitudinal -3- when the lines are straight and vertical. When the lines are thin the

strain is an extension, when thick a compression. The boundary line is drawn thin or

thick according as the particular strain is an extension or compression in the surface at

the point considered.

The surface volumes in which the sign of a strain differs from that at the centre

are as a rule very considerably exaggerated in thickness. If drawn accurately to scale

some of them could hardly be seen without a microscope.

§ 24. The displacements whose experimental determination appears most feasible are

the increase u^ in the equatorial semi-axis, and the diminution — to^ in the polar

semi-axis. The amounts of these quantities jier unit of original length, i.e. iija and

— wjc, are given in the second and third columns of the following Table III. The fourth

column gives the common maximum value v of u !r and ~. This is found at the
dr

centre and, as will presently appear, see § 31, is the absolutely greatest strain existing

anywhere in the spheroid. According to Saint-Venant's theory of rujiture if the angular

velocity be increased until v reaches a certain limit, determined by experiment, the

spheroid will rupture—or more correctly the material will cease to obey the laws of

perfect elasticity. The fifth column gives the maximum longitudinal compression, i.e. t

or the value of — , at the centre. The last column gives the maximum stress-difference
dz °

at the centre—i.e. the difference ^E (v + rjiS between the algebraically greatest and least

of the principal stresses found there. On the maximum stress-difference theory of rupture

the absolutely greatest maximum stress-difference found in the solid supplies the place

taken on Saint-Venant's theory by the greatest strain. In certain special cases the

absolutely greatest value of the maximum stress-difference unquestionably is found at the

centre, but I have not proved this universally true, so in general we are only entitled

to regard the value given in the last column of the table as an inferior limit to the

value of the absolutely greatest maximum stress-difference existing in the spheroid.

As a basis of comparison a may be regarded as remaining constant while c/a passes

through the values indicated in the first column. The displacements and strains are thus

all expressed in terms of co'pa'/E. This represents a numerical quantity whose value can

be easily calculated when the angular velocity, the equatorial diameter, the density, and

Young's modulus for the material are known.

3—2
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§ 2tl. The most notable results in the two preceding tables are the extremely small

change in the increase per unit length of the equatorial diameter or in the value of the

greatest strain as cja increases from 1 to » , and the fact that the absolutely largest

value of the greatest strain—and so according to Saint-Venant the greatest tendency to

rupture—occurs in the critical spheroid.

It is important to bear in mind that the above maxima are calculated on the

hypothesis that the length of the equatorial diameter is the same in all the spheroids.

If this be varied and some other quantity kept constant different results of course will

be obtained. If for instance c and a both vary while the volume remains constant, a

biquadratic equation in c'la^ is obtained whose roots determine for what forms of spheroid

the greatest strain v—or Saint-Venant's tendency to rupture—has its greatest and least

values. All the terms of this equation are however of the same sign, and so no true

maximum or minimum can exist. The correct interpretation is that when the mass of

the spheroid is constant Saint-Venant's tendency to rupture continually diminishes as the

polar axis 2c increases from to x . The same conclusion also follows if the constant

quantity be the moment of inertia about the axis of rotation.

§ 27. Taking the axes specially for each point considered, as in the case of the strains,

we get for the stresses in the case of uniconstant isotropy the following expressions :

—

The first three are normal stresses directed respectively parallel to the axis of rotation,

along the perpendicular on this axis directed outwards, and along the perpendicular to

these two directions. The last is a tangential or shearing stress in the meridian plane, or

plane containing z and r.

From (67)— (71) we obtain the following convenient expressions for the stresses:

—

^vcyso^^oc..-) ir:_fi_^_j){. (,,),

. (82).

1.5 (9 + 8cV -I- IGcV*) [a

^ -
15 (0 4-8^^ IGc^a-) {^'' - ^^-^--^)

(^ - J) + ^ I (^^ ^ ''^^'^
(^ -

:?
- ?)}

^«^)'

-h (18 -F 30cV" + 40c'a-0 ^2 (85),

_ -a>>(39-20cV')>-s

-~15(9-|-8c»a^ + 16cV^) ^ ''
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§ 28. There are at every point, as is well known, three principal stresses parallel

to three rectangular axes, whose directions arc such that the tangential stresses vanish

over the eleiiients whose normals are these axes. <t> is one of these principal stresses,

and the corresponding strain ujr is everj-where one of the three principal strains. The

two other principal stresses lie in the plane zr, but coincide with Z and li only when

i?. vanishes, and so in general only along the polar axis and in the etjuatorial plane.

These principal stresses are the two values of

h[R + Z±{{R-Zy + iR^}^] (87).

If we suppose the square root alwa\s to represent a positive quantity, then the

algebraically greatest principal stress in the meridian plane answers to the upper sign,

ajid the anfle a which its direction makes with the perpendicular on the axis of rotation

directed outwards is given by

,JZ-R + {(R-Zy + iR'}^'
a = tan ^- - .(88).

As this expression concerns us practically only when R^ is not zero, we may say that

tana is everywhere of the same sign as R,. It is thus by (86) negative or positive

for 2 positive according as c/a is less or greater than the critical value 739/20. It

follows that the angle which the direction of the algebraically greater principal stress in

the meridian plane makes with the perpendicular on the axis of rotation directed outwards

is oblique or acute according as c/« is less or greater than the critical value.

§ 29. On the surface of the spheroid 1 - 7-7«' - ^Vc' vanishes, and it is very simply

proved from the expressions (83)— (86) that the two principal stresses in the meridian plane

are there directed along the tangent and the normal. Also, from above, the principal

stress alono- the tangent is the algebraically greater or the algebraically less according as

cla is less or greater than the critical value. Further the principal stress directed along the

normal is zero, this being in fact a consequence of the surface conditions. Thus the

tangential meridional stress is a tension or a pressure according as c/a is less or greater

than the critical value. The algebraical expression for this stress may easily be found to be

w-p (39 - 20c'fO a^c' ,^^.

15(y + 8c'a''+16cV) " ;/

where p is the perpendicular from the centre of the spheroid on the tangent plane at the

point considered. Comment on the applicati(ms of this remarkably simple result seems

unnecessary.

The complete change that takes place in the character of the meridional surface stress

as cla passes through the value ^39/20 seems an ample justification of our designation

of it as the critical value. There also appears for this value of c/a an important change

in the character of the surface value of 4> the stress perpendicular to the meridian plane.
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For from (85) we find for the surface value of <I> the expression

So long as c/a is less than the critical value it is obvious that ^^ is positive for all

values of r/s and so all over the surface. When cja attains the critical value ^^ is still

everywhere positive but just vanishes at the poles. For all greater values of c/a, <I>^, is

negative within a small area surrounding each pole, being elsewhere positive. Thus for

all values of c/a below the critical the surface stress perpendicular to the meridian plane

is everywhere a tension. But for all values of c/a above the critical there is a small

area round each pole within which this stress is a pressure.

It may also be easily proved that the surface tension at right angles to the meridian

has its greatest value at the poles or on the equator according as c/a is less or greater

than •55 approximately.

§ 30. In the critical spheroid the state of stress is extremely simple as the only

stresses which do not vanish are R and <I>, and these are everywhere principal stresses.

Of these R vanishes all over the surface and elsewhere is positive, while <S> vanishes

only at the poles being elsewhere positive. Excepting at the poles <& is everywhere greater

than R ; and so, as both are positive and the third principal stress is zero, <& is everywhere

a correct measure of the maximum stress- difference. Its greatest value obviously occurs

at the centre. Thus the critical spheroid is one of the special forms in which it is actually

proved that the tendency to rapture on the maximum stress-difference theory, as well as

on the greatest strain theory, occurs at the centre. It will be noticed that over the surface

of the critical spheroid <I> varies as the square of the perpendicular on the axis of rotation.

§ 31. For values of c/a other than the critical the determination of the algebraically

greatest principal stresses is a matter of some little difficulty. It is however worthy of

notice as it leads at once to the greatest principal strain, which is required in applying

Saint-Venant's theory of rupture.

Let P and Q denote the algebraically greater and less of the two principal stresses

in the meridian plane. Then the algebraically greatest principal stress is either <1> or P.

From the formulae for <t> and P we easily find

<1> = P according as

211^ du^ dw>\(du^ dw\^ fdu divV]^ ,„-,

T~ dr~Tz<\\d^-~d^) ^[dz^ drJj
^'^''-

™ » . , . , 1 2it dii, dw . .^. 11
Thus * IS the greatest prmcipal stress when — - ~t- - -v^ is positive, and when its

square exceeds (-77- 7 ) +(77"'+ j) '
otherwise P is the greatest principal stress.

* Here and in what follows surface values are distinguished by the suffix s.
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Substituting the expressions tor the strains from (G7), (09), (70), (71), I fiiul by a

straightforward and not very laborious calculation on the above lines that so long as c «

is below the critical value, ^ is everywhere—excepting the axis of rotation where it equals

R which is there a principal stress—the algebraically gi-eatest principal stress. Thus for

all values of c a below the critical njr is at every point in the spheroid the greatest

strain, and so is the correct measure of Saint-Venant's tendency to rupture. A glance at

(67) will show that its greatest value is found at the centre. This is given in Table ill.

under the heading v.

When c/a exceeds the critical value there is a small superficial volume round each pole

wdthin which <I> is not the algebraically greatest stress, though elsewhere it continues to be

so. Within these small volumes, however, the values of the maximum stress-difiference and

of the greatest strain are for finite values of c/a much less than are the corresponding

values found at the centre of the spheroid. Thus so far as the question of rupture is

concerned, the fact that when c/« exceeds the critical value small regions exist amunil the

poles in which 4> is not the greatest principal stress nor njr the greatest strain is of

no material consequence, though of course a point well worthy of notice on its own account.

This leaves the value of v given in Table III. a correct measure of the tendency to rupture

on Saint-Venant's theory even w^hen cja exceeds the critical value.

§ 32. The determination of the maximum stress-difference throughout the whole of

the spheroid would be a laborious process which seems hardly worth the trouble. The

value at the centre is given in the last column of Table III. In the critical spheroid it

was shown above that this is the absolutely greatest value of the maximum stress-difference,

and in a previous paper* it was proved that the same was true for a sphere of any

isotropic material.

If the values in and ?i of the elastic constants in the general case of isotropy be

substituted in the general expression (53) for a flat rotating spheroid, it can easily be

proved that the stress Z everywhere vanishes, and that consequently, excluding the surface

where all meridian stresses are of order z at least, the principal stresses in the meridian

plane are respectively R and zero, when terms in / are neglected. Further the value of

R is nowhere negative. The third principal stress is * along the perpendicular to the

meridian plane. * is everywhere not less tlian R—it is equal to R along the axis of

rotation,—and its greatest value exists in the axis, where it is constant so long at least

as tenns in z^ are neglected. Thus the greatest value of the maximum stress-difiference

is correctly given by the value of 4> at the centre of the flat spheroid.

The expres.sions obtained from (63) for a very elongated prolate spheroid of isotropic

material, whether uniconstant or not, are even more simply treated. The stresses Z, R and

4> are everywhere the principal stresses and <^ — Z is everywhere a correct measure of the

maximum stress-difference. It is easily proved that its greatest value occurs in the axis of

rotation, at every point of which the value is the same.

• See the Society's Trantactionti, Vol. xiv., pp. 292—2!»4.
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We are thus certain that in the cases of the flat oblate spheroid, the spliere, the

critical spheroid, and the elongated prolate spheroid, the numbers in the last column of

Table in. give the greatest value of the maximum stress-difference occurring anywhere,

and there seems to me every probability that such is in general the case. I thus believe

this column to give in each instance the true measure of the tendency to rupture on

the stress-difference theory ; but except in the four special cases just mentioned, we are

strictly speaking only warranted in regarding the i-esults as supplying minima for the

correct measures of the tendency to rupture.

§ 33. After our examination of these special cases it will be unnecessary to enter

into great detail in discussing the general case, for which the displacements are given by

the expressions (49 a) and (50 a).

Assuming the original elastic constants c, f etc., as well as ?;, f) etc. all positive,

we have as already explained the relations (5-5). From the latter of these it follows that

E > E'rf,
.(92).

Bearing in mind these relations, we see from (49 a) and (50 a) that :

—

«; = -T'^(l-r7a'./-^V/3V),

*!:= .'(l-r7a7-^V^7),j^ (93),

5 = - T'(l-r7a?-^7^7)^

where v', t, a'^, /3',^ d^, /S'/, a'^ = d^j^, and ^^^= 0'^/S are all positive constants depending

on the values of c/a and on the elastic constants. For the special case of uniconstant

isotropy these reduce to the corresponding undashed constants p, r, etc.

There is thus for each displacement, or normal strain, a determining spheroidal surface

dr

dti
over which the displacement, or strain, vanishes. Also «,./»• and -—" are positive inside and

negative outside their determining spheroids, while the reverse is true of w and -=-
. When

dz

a determining spheroidal surface lies wholly outside of the material rotating spheroid the

du
corresponding displacement or strain is, if u^, ujr, or ^, everywhere positive, but if w

or -5- everywhere negative throughout the solid.

The only remaining strain is the shearing strain in the meridian plane, whose value

is given by the simple expression

D' fdu^ d^\ _ _rz j3 + v' Ev(i+ v)
)-'|-^-^H^*M <->•<o'p\dz drj G= ( 4 E(l-ri'

Vol. XV. Part I. 4
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Thus it vanishes everywhere along the polar axis ami in the equatorial plane, aiul tlironoliout

the rest of the spheroid changes sign only with z. The sign is - or + for z positive

acconline as c'a is less or greater than the critical value

i iEv(i^v') j
^^^-

In the critical spheroid whose axes possess this ratio the shearing strain is everywhere zero.

§ 3-i. The expressions for v', a* etc. are somewhat complicated, and a consideration

of the magnitudes of the semi-axes of the determining spheroids does not so easily lead to

the desired results as does the follo\ving method.

The sifns of the displacements and strains at the centre of the spheroid are already

known. Thus if we determine their signs at the surface of the material spheroid we can

tell whether any portion of the solid lies outside of the determining spheroids. To get

the sifm of any displacement or strain at the surface, it is simplest to make the expression

for it homogeneous by substituting a'^r^ + c~*z* for unity. There are then in each expression

only two coefficients whose signs have to be considered. Employing this method we find

over the surface

+ i^ |«V tl^yi+i' - *' "^+ -L)}
. .^(96).

Employing the last of equations (5.5) it is easily proved that for all values of cja,

however large G^E may be, the coefficient of >•" is positive. The coefficient of z' is

ob\aously positive or negative according as c'a is less or greater than the critical value.

It follows that for all materials of the class here considered, so long as cla is less

than the critical value, every element of the rotating spheroid increases its distance from

the axis of rotation and the transverse strain is everywhere an extension. When, however,

c/a exceeds the critical value there is in all such materials a superficial region surrounding

each pole wherein the distance of each element from the axis of rotation is diminished

and the transverse strain is a compression.

§ 3.5. The expression for the surface value of w is not quite .so manageable. It is

the following :

—

jy . ^ ^ [ V(l-v')^c'a-^{r,,^^ .. Of... VEE'I 2c*a-*E'v(E-Ey
:

-'^L" ~^:^"6¥(rw)|(i-'')(3+^) -^— +—G—

I

-ic'a-^^:^] (97).
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By means of the second of equatious (55) it is not very difficult to prove that, whatever

be the value of GjE, the coefficient of s' is negative for all materials of the kind here

considered. The coefficient of r'z is certainly negative if cja be either very small or very

large, but in general it will be positive when cja lies between certain limits depending

on the material, the superior of which is decidedly less than the critical value. C.f. § 20.

It follows that if cja be either very small or very large every element diminishes

its distance from the equatorial plane. In most if not all materials, however, of the kind

treated here,—certainly in all isotropic materials,—there is between certain limiting values

of cja depending on the material a superficial equatorial region within which the elements

increase in distance from the equatorial plane.

§ 36. For the surface value of j^ we get
dr

G^r'\r'^'-^'^tl^^'''^-^4^\'^^-^^-^^^^^^^

i/|,.,-. a-VK3 + V) _4^:)| (98).

The coefficient of z^ is positive or negative according as c/a is less or greater than the

critical value. The coefficient of r' is negative for all values of cja for all materials

in which

£'7;'(1-7?')>^V(1 + 3V) (99).

This includes all isotropic materials in which ni < on.

For other materials however, including isotropic materials in which m > 3/i if such

exist, the coefficient of r'' becomes positive when c/a is sufficiently increased above the

critical value.

We conclude that while c/a is below the critical value the radial strain is everywhere

an extension, except in a superficial volume about the equator where it is a compression.

As c/a increases the superficial volume approaches the poles and eventually reaches them

when c/a attains the critical value. In materials whose elastic constants satisfy the relation

(99) there is for all values of cja above the critical a superficial layer completely

surrounding the spheroid wherein the radial strain is a compression, while elsewhere it is

an extension. In materials whose elastic constants do not satisfy (99),—including isotropic

materials for which 7n > 3?i,—^when cja exceeds a certain value, greater considerably than

the critical value, the superficial volume in which the radial strain is a compression splits

up into two volumes one surrounding each pole, and as cja further increases these polar

volumes continually contract. The materials in which this splitting up of the superficial

layer into two polar volumes may naturally be expected are those in which Young's

modulus for the direction parallel to the axis of rotation is small compared to that for

the perpendicular directions.

4—2
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. , ,. dw . . ,

^ 37. The surtiioe value of ,^ is given by

,,|...v.^-').^^w-vn ,,„,.

The coefficient of ;•''
is tlic same as that of r-z in (97), and its sign has been already

treated of in considering that expression. The coefficient of z' is negative or positive

accordin" as c/a is less or greater than the critical value. The conclusions these data

lead to are as follows ;.

—

For small values of c/a the longitudinal strain is in all materials everywhere a

compression. In most if not in all materials,—certainly in all isotropic materials—there

f.\ists within certain limiting values of c/a, the superior of which is decidedly below the

critical value, a superficial region about the equator wherein the longitudinal strain is an

extension ; elsewhere it remains a compression. Between this superior limit of c/a and

the critical value the longitudinal strain is everywhere a compression. Finally when cja

exceeds the critical value there exists in all materials a superficial region round each pole

wherein the longitudinal strain is an extension ; elsewhere it is a compression.

§ 38. It will be observed that on the whole the variations of the strains and

displacements in the general case follow very closely the variations which occur in the

special case of uniconstant isotropy. In fact, with one exception presently to be noticed,

when a., etc. are replaced by a'.^ etc., Js^jii.) by the " critical value " (9-5), and Hi and '90

by the two positive values of c/a obtained by equating the coefficient of /' in (100) to

zero. Table II. in § 23 may be applied to all but certain exceptional materials whose

existence is somewhat problematical.

The single exception is that of materials in which the relation (99) does not iiold. In

such materials, as already explained, the superficial volume wherein the radial strain is a

compression becomes for large values of c/a limited to circumpolar regions. This is a rather

noticeable departure from the phenomena described in uniconstant isotropy, and is worthy of

special attention because the relation it requires between the values of the elastic constants

seems likely to be by no means uncommon in materials in which Young's modulus in

the direction of the axis of symmetry is small compared to that in the perpendicular

directions.

§ 39. The expressions for the stresses in the general case are on the whole wonderfully

simple. The tangential or shearing stress in the meridian plane = G x (corresponding shearing

strain), and so is the product of the right-hand side of (94) into a>^pG/D'. Its fluctuations

in sign have been already noticed in treating the shearing stiain. It will be noticed that

the surfaces over which this shearing strain and stress have constant values are generated

by the revolution about the axis of rotation of rectangular hyperbolas whose a.symptotes

are the axis of rotation and an ef|uatorial diameter.
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The expressions for the normal stresses, referred as previously to the fundameutal

directions at each separate point for axes, are as follows :

—

Z=

R =

4iE(lS7)D'{^(i-^'><^ +
-'^-*''^«^^'''<i + ''')}|-(i-5-?)} fioi)-

(o^pa^
{E{1 - ,/)(3 + V) - ic'a-'E'r, (1 + r,-)] (l - '-,

...(102),

4£'(1-77')Z>'

+ ^a-E- 1^ (3 + V) + ^ (1+ 3V) + -J^ [e (3 + V) - 2^v)} (l - ^, - ^)

*...irf-Ucv.(j.ij).v„-.^,:;^f^] uc,

§ 40. From (101) it appears that for all values of cla, whatever be the character

of the material, the longitudinal stress vanishes over the surface of the spheroid whose

equatorial and polar semi-axes are respectively a/^/2 and c. It is a pressure inside and

a tension outside this surface when c/a is less than the critical value, a tension inside

and a pressure outside when cla is greater than the critical value. The volume throughout

which it is a tension is thus under all circumstances equal to that throughout which it

is a pressure. In the critical spheroid itself the longitudinal stress everywhere vanishes.

Over the surface of the material spheroid for all values of cla the longitudinal stress varies

as the Sfjuare of the perpendicular on the axis of rotation.

In (102) it will be noticed that the coefficient of (1 — r^jv? — z^l&) is essentially positive

for all materials of the kind considered here, and that the coefficient of {\—r^la^) is po.sitive

or negative according as cja is less or greater than the critical value.

Thus so long as cja is less than the critical value the radial stress is everywhere a

tension, but when cja exceeds the critical value it becomes a pressure in a superficial

volume, whose thickness is greatest at the poles and zero in the equator. Over the

surface of the spheroid, whatever be the value of cja or the character of the material, the

radial stress varies as the square of the perpendicular on the equatorial plane. The radial

stress thus vanishes where the equatorial plane cuts the surface and in general nowhere

else. In the critical spheroid however it vanishes at every point of the stirface.

The stress ^ at right angles to the meridian plane is equal to the radial stress at

every point on the axis of rotation and everywhere else is algebraically greater than it. It

is everywhere a tension so long as cja is less than the critical value, but when c/a exceeds

the critical value it becomes a pressure in a superficial volume around each pole.

The remarks made on the position of the principal axes in the case of uniconstant

isotropy, cf § 28, apply verbatim to the general case. The stress 4> pei-pendicular to

the meridian plane is everywhere a principal stress. Along the polar axis and in the

equatorial plane the longitudinal and radial stresses Z and R are principal stresses, and

this is also the case at every point of the critical spheroid, which has thus one of its
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principal stresses everywhere zero. With these exceptions however the principal stresses

in the meridian plane do not act along the fundamental directions, and the angle which

the algebraically greater of them makes witii the perpendicular on the axis of rotation

produced outwards is everywhere obtuse or acute according as c/a is less or greater than

the critical value.

On the surface the only stress in the meridian plane is along the tangent, and it is a

tension or a pressure according as c/a is less or greater than the critical value. Over

the surface of any given spheroid it varies inversely as the square of the perpendicular

from the centre on the tangent plane.

§ 41. In the general case it seems scarcely worth while constructing tables for the

values of the changes in the lengths of the equatorial and polar diameters and for the

strains at the centre of the spheroid. To be practically useful such tables would have

to assign numerical values to i], t), GjE and E'jE. It is doubtful if satisfactory ex-

perimental determinations of these quantities exist for materials of the class here con-

sidered, and a large amount of time would be required to make the arithmetical

calculations necessary if all values theoretically possible were to be included.

Further, materials of this class can doubtless support a greater strain iu some

directions than in others, so that the value of the greatest positive strain, or the

greatest value of the maximum stress-difference, cannot on any possible theory immediately

determine the tendency of the body to pass beyond the limits of perfect elasticity or

to approach rupture. Saint-Venant it is true has applied his theory of rupture in a

generalized form to such materials, but it seems on the whole advisable to postpone

consideration of the question until a reasonable expectation exists that the theory cor-

responds to the facts.

§ 42. In the case of uniconstant isotropy the variation of the more important

strains and displacements with the value of c/a have been already shown in Table ill.

Since however in this country the biconstant theory of isotropy is almost universally

accepted, I have calculated the values of the several (|uantities of that table for the

values 0, '2, "4, '6 and 1 of the ratio of the elastic constants n : m. These answer

respectively to the values b, 4, S, '2 and of Poisson's ratio. Every solid probably

that has the least claim to be regarded as isotropic will be admitted to have positive

values for Poisson's ratio and for the rigidity, .so that and 1 are respectively the least

and greatest values which can be attached to njm. The results are thus of the utmost

generality so far as isotropic materials are concerned. They are given in the following

tables, V.—IX. The corresponding results for intermediate values of njin could in general

be obtained to a close degree of approximation by interpolation from the tables.

§ 43. The quantity treated in Table V. is the total increase in the equatorial dia-

meter divided by its whole length. It is for shortness spoken of as the increase per

unit length, but it must be clearly understood that the radial strain varies from point to
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point of a diameter, so that the change in any particular unit of length varies with

the distance from the centre. In this as in the following three tables the numbers in

the table must be multiplied by ai'pa^lE to get the absolute values. This factor is an

arithmetical quantity, and as such independent of the particular system of units employed.

The value of E must of course be determined by experiment and expressed in terms

of the same system of units as the other quantities.

In comparing the results answering to a given value of njm the equatorial semi-

diameter a must be regarded as constant, so that the variations in the value of cja

must be treated as proceeding from variations in c alone. Thus what Table v., for

instance, immediately shows is how the increase in the equatorial diameter of a spheroid

of given equatorial diameter, formed of given material and rotating with a given angular

velocity, depends on the ratio of the polar to the equatorial diameter.

Table vi. gives the total diminution of the polar diameter divided by its whole

length. The actual longitudinal strain of course along the polar diameter is not in geueral

constant but varies with the distance from the centre.

Table vii. gives the algebraically greatest principal strain at the centre. It might equally

correctly have been represented by I

,-_-
J , because the radial and transverse strains are

there the same. In certain cases—e.g. for the values 0, I, oo of cja—this has already

been proved to be the algebraically greatest strain occurring anywhere iu the spheroid,

and is then known to be the exact measure of the tendency to rupture on Saint-Venant's

theory. It may further be shown, as in the corresponding case in uniconstant isotropy,

that this quantity is in general the correct measure of Saint-Venant's tendency to rupture.

Table VIII. gives the numerical value of the third principal strain at the centre.

It is a negative quantity and so is a compression, and its direction is the polar diameter.

It does not in itself supply a measure of the tendency to rupture on any theory and

so is of less importance than the greatest strain. Its variations have been deemed worthy

i)f tabulation because the centre is in itself the most important point in the spheroid,

and because the value of any given normal strain throughout the spheroid is as a rule

small or great according as its value at the centre is small or great.

The quantity tabulated in Table IX. is the maximum stress-difference at the centre.

For the values 0, 1, oo of cja it measures exactly on the stress-difference theory the

tendency of the spheroid to rupture. For other values of cja it can be regarded only

as an inferior limit to the true tendency to rupture, as the existence of greater values

elsewhere has not been formally disproved.

Being of the nature of a stress it is measured in terms of ai^pd', and is thus given

in absolute measure in terms of the system of units of length, time and mass which

may have been adopted.

Table X. is of a totally different character from the previous five. It gives the

value of da in the critical spheroid answering to the assigned values of njm. The
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importance of the critical spheroid has been pointed out and most of its properties have

been noticed in treating of the general case or of unicoustant isotropy. In the latter case

it w'as stated in § 2G that the absolutely largest value of the greatest strain, for a given

material and given ecpiatorial diameter, occurs in the critical spheroid. This is not how-

ever a peculiai'ity of uniconstant isotropy but, as may easily be proved from the expression

for the greatest strain, is true of the general case of biconstant isotrop)'. We can thus

lay down as a general law that :

—

In a rotating spheroid of given equatorial diameter formed of an isotropic medium,

the absolutely largest "greatest strain" at the centre, and so the greatest "tendency to rupture"

on Saint- Venant's theory, invariably occurs in the critical spheroid.

Table V.

Increase in equatoinal diameter per unit length.

K
a

)'pa'

Value of

e/a
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Table VII.

Greatest strain at centre.

Value of

cja
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T.UiLK IX.

Ma.riinuin stress-difference at centre.

Value of

</«
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In the first four figures the ordinates give the numerical vahie of the coefficient of

(o'pa-jE, which is thus treated as the unit quantity. In the last figure the unit quantity

is w'pa" simply. In the first four figures and the corresponding tables when a direct

comparison is instituted, for a given value of cja, between the values of the quantities

which answer to the various values of njm, the materials compared must be supposed to

have the same Young's modulus and density.

§ 4-5. From fig. 1, or Table v., it is seen at a glance that the way in which the

increase in the equatorial diameter varies with the value of cja is very similar for all

possible values of njm. As cia increases from to 1 the increase in the equatorial diameter

rises continually io every case, though somewhat slowly. As cja increases further the

variations in the quantity considered are remarkably small, so that the increase in the

equatorial diameter is practically nearly independent of the eccentricity in all prolate

spheroids. When n/m = 1 the curve continually approaches an asymptotic value as a superior

limit. In the other curves the ordinates show true maxima for finite values of cja, all

greater than unity and so denoting prolate spheroids, and the value of cja answering to

the maximum continually diminishes as njm diminishes, i.e. as Poisson's ratio increases.

Also it is obvious that for a given value of Young's modulus and a given density, the

increase in the equatorial diameter invariablj- increases as Poisson's ratio diminishes, whatever

be the value of cja.

§ 4G. The ordinates of all the curves of fig. 2 show distinct maxima which answer

to values of cja less than 1, so that for a given material and a given equatorial diameter

the diminution per unit length in the polar diameter is greatest in some form of oblate

spheroid. It is also obvious from the figures that the spheroid in which the quantity

is a maximum becomes more and more oblate as njm diminishes, i.e. as Poisson's ratio

increases.

The dependence of the diminution of the polar diameter on the value of Poisson's

ratio is ver}' marked. When Poisson's ratio becomes zero, the diminution of the polar

diameter totally disappears in the limiting forms of the oblate and prolate spheroids

answering to the values and y. of cja, and is extremely small in all spheroids which

differ much from the spherical form.

A comparison of figures I and 2 shows very strikingly how the class of isotropic

materials in which the increase in the equatorial diameter is most marked is precisely

the class in which the diminution in the polar diameter is least conspicuous.

§ 47. The curves of fig. 3 resemble prett)' closely those of fig. 1. Except in the

case of njm — l, the ordinates show true maxima for finite values of cja, and the value

of cja at which the maximum appears continually diminishes as Poisson's ratio increases.

The exact positions of the maxima are, as already explained, given by Table X. Except in

the case of njm — 0, the dependence of the greatest strain on the eccentricity is decidedly

more conspicuous in oblate than in prolate spheroids.

5—2
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§ -tS. The curves of fig. 4 show a general resemblance to those of fig. 2. Their

ordinates however exhibit much more pronounced ma.xima. The spheroids in which these

maxima occur are all oblate, and the oblateness increases but only to a very small extent

as Poisson's ratio increases. It will also be noticed that for a given magnitude of spheroid

the longitudinal compression at the centre diminishes rapidly as Poisson's ratio diminishes,

and absolutely vanishes along with Poisson's ratio in the limiting oblate and prolate

spheroids answering to the values and oo of c/a. In fact the isotropic materials in

which the greatest strain at the centre is largest are precisely those in which the

longitudinal compression is least and conversely.

§ 49. In fig. 5 the closeness of the curves for all values of c/a less than unity

seems very remarkable. This would indicate that on the stress-difference theory the

numerical measure of the tendency to rupture at the centre in all oblate spheroids of

isotropic material is nearly independent of the values of the elastic constants. This would

not of course imply that the angular velocities causing rupture in oblate spheroids of the

same size and shape are nearly the same for all isotropic materials of the same density,

because one such material might stand a very much greater stress-ditference than another.

There is also a critical value of cfa, lying in every case between '9 and 1, at which the

value of the maximum stress-ditference regarded as a function only of n/ni becomes

stationary. In all oblate spheroids in which c/a is less than 9 the maximum stress-difference

continually increases, though only to a small extent, as Poisson's ratio increases ; whereas

in all prolate spheroids the maximum stre.ss-difference continually diminishes as Poisson's

ratio increases. In oblate spheroids in which c/a lies between '9 and 1 the maximum

stress-difference is practically independent of the values of the elastic constants.

In all the stress-difference curves the ordinates possess distinct maxima. When n/»i = 1

this maximum appears when c/a is nearly 1"2. In each of the other curves the maximum

appears when c/a is less than unity, i.e. in an oblate spheroid, and the oblateness of this

spheroid continually increases as n/m diminishes, i.e. as Poisson's ratio increases. In no case,

however, does the spheroid in which the maximum occurs differ very much from the

spherical form.



n. Non-Euclidian Geometry. By Professor Catlet.

[Read January 27, 1890.]

I CONSIDER ordinary three-dimensional space, and use the words point, line, plane, &c.

in their ordinary acceptations ; only the notion of distance is altered, viz. instead of taking

the Absolute to be the circle at infinity, I take it to be a quadric surface : in the

analytical developments this is taken to be the imaginary surface x"^ + y'^ + z'' + to'' = 0, and

the formuljB arrived at are those belonging to the so-called Elliptic Space. The object

of the Memoir is to set out, in a somewhat more systematic form than has been hitherto

done, the general theory ; and in particular to further develope the analytical formulse in

regard to the perpendiculars of two given lines. It is to be remarked that not only all

purely descriptive theorems of Euclidian geometry hold good in the new theory ; but that

this is the case also (only we in nowise attend to them) with theorems relating to

parallelism and perpendicularity, in the Euclidian sense of the words. In Euclidian

geometry, infinity is a special plane, the plane of the circle at infinity, and we consider

(for instance) parallel lines, that is lines which meet in a point of this plane : in the

new theory infinity is a plane in nowise distinguishable from any other plane, and there

is no occasion to consider (although they exist) lines meeting in a point of this plane,

that is parallel lines in the Euclidian sense. So again, given any two lines, there exists

always, in the Euclidian sense, a single line perpendicular to each of the given lines,

but this is not in the new sense a perpendicular line ; there is nothing to distinguish

it from any other line cutting the two given lines, and consequently no occasion to

consider it : we do consider the lines— there are in fact two such lines—which in the

new sense of the word are perpendicular to each of the given lines.

It should be observed that the term distance is used to include inclination : we have,

say, a linear distance between two points ; an angular distance between two lines which

meet; and a dihedral distance between two planes. But all these are distances of the

same kind, having a common unit, the quadrant, represented by ^ tt ; and in fact any

distance may be considered indifferently as a linear, an angular, or a dihedral distance

:

the word, perpendicular, usually represented by x, refers of course to a distance = ^ tt.

We have moreover the distance of a point from a plane, that of a point from a line,

and that of a plane from a line. Two lines which do not meet may be -L
, and in

particular they may be reciprocal : in general they have two distances ; and they have

also a " moment " and " comoment ", the values of which serve to express those of the
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two distances. Lines may be, in several distiurt senses, as will be explained, parallel

;

and tor this reason the word parallel is never used sinipliciter ; the notion of parallelism

does not apply to planes, nor to points.

Elliptic space has been considered and the theory developed in connexion with the

imaginaries called by CliSbrd biquaternions, and as applied to Mechanics: I refer to the

names. Ball, Buchheim, Cliftbrd, Cox, Gravelius, Heath, Klein, and Lindemann : in particular

much of the ptirely geometrical theory is due to Clifford. Memoirs by Buchheim and

Heath are referred to further on.

Geometiical Notions. Nos. 1 to IG.

1. The Absolute is a general quadric surface : it has therefore lines of two kinds,

which it is convenient to distinguish as directrices and generatrices: through each point

of the surface there is a directrix and a generatrix, and the plane through these two

lines is the tangent plane at the point. A line meets the surface in two points, say

A, C; the generatrix at A meets the directrix at C; and the directrix at A meets the

generatrix at C ; and we have thus on the surface two new points B, D
;
joining these

we have a line BB, which is the reciprocal of AC ; viz. BB is the intersection of the

planes BAB, BOB which are the tangent planes at A, C respectively, and similarly AC
is the intersection of the planes ABC, ABC which arc the tangent planes at B, B
respectively.

According to what follows, reciprocal lines are x, but ± lines are not in general

reciprocal ; thus the two epithets are not convertible, and there will be occasion throughout

to speak of reciprocal lines.

2. Two points may be harmonic; that is the two points and the intersections of

their line of junction with the Absolute may form a harmonic range : the two points

are in this case said to be x

.

Two planes rnay be harmonic : that is the two planes and the tangent planes of

the Absolute through their line of intersection may form a harmonic plane-pencil : the

two planes are said to be ±.
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Two lines which meet may be harmonic : that i.s the two lines and the tangents

from their point of intersection to the section of the Absolute by their common plane

may form a harmonic pencil : the two lines are said to be -l .

The locus of all the points ± to a given point is a plane, the reciprocal or polar

plane of the given point ; and similarly the envelope of all the planes x to a given

plane is a point, the pole of the given plane : a point and plane reciprocal to each other,

or say a pole and polar plane, are said to be .l.

3. If a point is situate anywhere in a given line, the x plane passes always through

the reciprocal line : each point of the reciprocal line is thus a point of the x plane

i.e. it is X to the given point: that is, considering two recijirocal lines, any point on

the one line and any point on the other line are x . Similarly any plane through the

one line and any plane through the other line are x.

A line and plane may be harmonic ; that is they may be reciprocal in regard to

the cone, vertex their point of intersection, circumscribed to the Absolute ; the line and

plane are said to be x . The x plane passes through the reciprocal line, and conversely

every plane through the reciprocal line is a x plane. It may be added that the line

passes through the x point of the plane ; and conversely, that every line through the

X point of a plane is x to the plane. Moreover if a line and plane be x, the line

is X to every Hue in the plane and through the point of intersection.

A line and point may be harmonic ; that is they may be reciprocal in regard to the

section of the Absolute by their common plane : the line and point are said to be x

.

The X point lies in the reciprocal line, and conversely every point of the reciprocal line

is a X point. It may be added that the line lies in the x plane of the point : and

conversely that every line in the x plane of a point is x to the point. Moreover if a

line and point be x , the line is x to every line through the point and in the plane of

junction.

4. We may have a triangle ABC composed of three lines BO, CA, AB in the same

plane: the six parts hereof are the linear distances B, G; C, A ; A, B of the angular

points, and the angular distances of the sides CA, AB; AB, BC; BC, CA. Similarly

we may have a trihedral composed of three lines meeting in a point, say the planes

through the several pairs of lines are A, B, C respectively: the six parts hereof are

the angular distances CA, AB; AB, BC ; BC, CA of the thi-ee lines, and the dihedral

distances B, C; C, A ; A, B of the three planes. According to the definitions of distance

hereinafter adopted, the relation of the six parts is that of the sides and angles of a

spherical triangle: in particular, if two sides are each = ^tt, then the opposite angles are

each = ^7r, and the included angle and the opposite side have a common value; and so

also if two angles are each = i7r, then the opposite sides are each = ^^tt, and the included

side and the opposite angle have a common value.

o. Let A, G be points on a line, and B, D points on the reciprocal line; by what

precedes, each of the lines AB, AD, CB, CD is =i-7r: also each of the angles ACD, ACB,
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CAB, CAD is =i7r. The lino .4C is i to the plane BCD and to the lines BC, CD,

in that plane; it is also x to the plane BAD and to the lines BA, AD in that plane;

and similarly for the line BD. From the trihedral of the planes which meet in C, distance

of planes ACB, ^CZ) = distance of lines BC, CD, viz. the dihedral distance of two planes

through the line AC is equal to the augulai' distance of their intersections with the x plane

BCD ; and it is therefore equal also to the linear distance of their intersections with the

Fia. 2.

Other X plane BAD: and so from the triangle BCD, where BC, CD are each =^7r, the

angular distance BCD is equal to the linear distance BD ; that is the distance of the

planes ACB, ACD, that of the lines BC, CD that of tlie lines BA, AD and that of

the points B, D are all of them equal ; say the value of each of them is = 6. Ami

in like manner the distance of the planes ABD, CBD, that of the lines AB, BC, that

of the lines AD, DC and that of the points A, C are all of them equal : say the value

of each of them is = 8.

The theorem may be stated as follows : all the planes x to a given line intersect

in the reciprocal line : and if we have through the given line any two planes, the distance

of these two planes, the distance between their lines of intersection with any one of

the X planes, and the distance between their points of intersection with the reciprocal

line are all of them equal.

And it thus appears also that a distance may be represented indifferently as a linear

distance, an angular distance, or a dihedral distance.

6. Consider a point and a plane : we may through the point draw a line x to the

plane, and intersecting it in a point called the ' foot ' : the distance of the point and plane

is then (as a definition) taken to be equal to that of the point and foot. It may be

added that the x line is in fact the line joining the point with the x point of the

plane ; and that the distance of the point and plane is equal to the complement of the

distance of the point and the x point. Or again, we may in the plane draw a line x to

the point, and determining with it a plane called the roof: and then (as an equivalent

definition) the distance of the plane and point is equal to the distance of the plane and

roof It may be added that the x line is in fact the intersection of the plane with

the X plane of the point, and that the distance of the point and plane is also equal

to the complement of the distance of the plane and the x plane of the point.
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7. Consider a point and line : we have through the point a line x to the line and

cutting it in a point called the foot; the distance of the point and line is then (as a

definition) equal to the distance of the point and foot. It may be added that the foot

is the intersection vnih the line of a plane ± thereto through the point.

Again consider a plane and line : we have in the plane a line x to the line and

determining with it a plane called the roof: the distance of the plane and line is then

as a definition equal to the distance of the plane and roof It may be added that the

roof is the plane determined by the line and a point -l thereto in the plane.

8. If two lines intersect, then their reciprocals also intersect. Say the intersecting

lines are X, Y; and their reciprocals X', Y' respectively; then K, the point of intersection

of X, Y, has for its reciprocal the plane of the lines X', Y' ; and similarly K', the point

of intersection of the lines X', Y', has for its reciprocal the plane of the lines X, Y:

hence KK' has for its reciprocal the line of intersection of the planes XY and X'Y'

;

say this is the line A, meeting X, Y, X', Y', in the points a, /3, a, /3' respectively. Since

Fig. 3.

K, K' are points in the reciprocal lines X, X' (or in the reciprocal lines Y, Y') the

distance KK' is =^ir; and since the plane XY passes through the line A which is the

reciprocal of KK', the line KK' is x to the plane XY and also to each of the lines

X, Y (it is also x to the plane X'Y' and to each of the lines X', Y'). Again since

the lines KK' and A are reciprocal, each of the distances K:i, K^ is =j7r; that is the

line A is X to each of the lines X and Y (and similarly it is x to each of the lines

X' and F'). Moreover the angle at K or distance of the lines X and Y (which is equal

to the distance of the planes K KX and K'KY) is equal to the distance a/3 of the

intersections of A with the lines X and Y respectively. We have thus for the two

intersecting lines X and Y, the two lines KK' and A each of them x to the two lines:

where observe that KK' is the line of junction of the point of intersection of the two

given Tines with the point of intersection of the reciprocal lines ; and that A is the line of

intersection of the plane of the two given lines with the plane of the reciprocal lines.

The linear distance along KK' between the two lines is = ; the dihedral distance between

the planes which KK' determines with the two lines respectively is equal to the angular

distance between the two lines. The linear distance along A is equal to the angular

Vol. XV. Part I. 6
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distance between the two lines; the dihedi-al distance between the two planes which A
determines with the two lines respectively is = 0.

9. If two lines are such that the first of them intersects the reciprocal of the

second of them, then also the second will intersect the reciprocal of the first; the two

lines are in this case said to be contrasecting linos ; or more simply, to contrasect : and

contrasecting lines ai-e said to be x. Supposing that the two lines are A', Y and

their reciprocals A", Y' respectively, we have here X, Y' intersecting in a point /i, and

A", Y intersecting in a point K' : and the planes XY', X'Y intersect in a line A
which meets the lines A', Y, X', Y' in the points a, /3, a', /3' respectively. As before

the lines KK' and A are reciprocal : the distance KK' is = ^tt ; and KK' is x to

the plane AT', that is to each of the lines A'', Y' ; and also to the plane A"l', that

is to each of the lines X', Y; it is thus -l to each of the lines A'^ and Y. Again

each of the angles at a, /8, a, ^ is =^7r; that is the line A is x to each of the lines

Fig. 4.

X' Y

X, Y', X', Y, or say to each of the lines X and Y. Moreover the angle at K or say

the angular distance of the intersecting lines X and Y' is equal to the distance a^'; and

similarly the angle at K' or say the angular distance of the intersecting lines X' and

Y is equal to the distance a'yS : but the distances aa', ;S/3' are each equal to ^ tt ; and

hence the distances a^, a'yS are equal to each other and each of them is equal to the

complement of the distance a/S. Thus in the case of two contrasecting lines we have the

lines KK' and A each of them x to the two given lines ; where observe that KK' is

the line joining the point of intersection of X with the reciprocal of Y and the point

of intersection of Y with the reciprocal of X ; and that A is the line of intersection of

the plane through X and the reciprocal of Y with the plane through Y and the reciprocal

of X. The linear distance KK' between the two lines along the first of these lines is

thus = i TT.

10. We have KK' and A reciprocal lines; on the first of these we have the points

K, K' which are x points : hence also the planes AK and AK' are x ; but the plane

AK is the plane AXY' or say the plane AX, and the plane AK' is the plane AA'F
or say the plane AY; hence the planes AA" and AY are x. Similarly the line A cuts

the two lines in the points a, yS ; and the line KK' determines with these two points
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respectively the plane KK'ct, that is KK'X, and KK'/B, that is KK'Y ; and thus the

linear distance between the two points a, /3 is equal to the dihedral distance between

the two planes KK'X and KK'Y. Thus the x line A cuts the two lines in two points

a, /3 the linear distance of which is, say S: and it determines with them two planes

the dihedral distance of which is =^7r. And the other x line KK' cuts the two lines

in the points K, K' the linear distance of which is = ^tt, and it determines with them
two planes the dihedral distance of which is = S.

11. Consider a line A'' and its reciprocal X' : a line intersecting each of these also

contrasects each of them and is thus x to each of them : and similarly if Y be any

other line and Y' its reciprocal, a line intersecting Y and Y' also contrasects each of them

and is thus x to each of them. Hence a line which meets each of the four lines

X, X', Y, Y' is also x to each of them, or attending only to the lines X, Y, say it

is a X of these lines : there are two x s ; and clearly these are reciprocal to each other,

for if a line meets X, Y, X', Y' then its reciprocal meets X', Y', X, Y, that is the

same four lines. Looking back to figure 2 we may take AB, CD for the given lines, and

AC, BD for the two xs; as just remarked these are reciprocal to each other. The x AC
cuts the two lines respectively in the two points A and G the linear distance of which

is say =S; and it determines with them two planes ACB, ACD, the dihedral distance of

which is say = 6. Similarly the other x BD meets the two lines respectively in the two

points B and D the linear distance of which is = 9, and it determines with them two planes

BDA, BDG the dihedral distance of which is = S. In the plane triangles which are the

faces of the tetrahedron ABGD, there is in each triangle an angle opposite to AC or BD
and which, or say the angular distance of the two including sides, is thus =8 or 6. Except

as aforesaid the sides, angles, and dihedral angles, or say the linear, angular, and

dihedral distances of the tetrahedron are each of them =^ir.

12. Considering the lines X and Y as given, the distances S and 6 depend upon

two functions called the Moment and the Comoment : viz. moment = is the condition in

order that the two lines may intersect (or, what is the same thing, in order that their

reciprocals may intersect) : comoment = is the condition in order that the two lines may

contrasect, that is each line meet the reciprocal of the other one. It may be convenient

to mention here that the actual relations are

sin S sin = Moment, cos S cos ^ = Comoment.

In particular if moment = 0, then the lines intersect ; we have, say 8 = 0, and therefore

cos 9 = comoment ; if comoment = 0, then the lines contrasect, that is they are x : we have,

say 9 = \-7r, that is sin 8 = moment. These are the two particular cases which have been

considered above.

13. Consider as above the two lines, X, Y met by the x 8 in the two points A
and C respectively. Consider at -d a line / x to the lines X, 8; and take IT the plane

of the lines {X, 8) and H the plane of the lines {X, I). Similarly consider at C a line

if X to the lines F, 8, and take 11, the plane of the lines (F, 8) and fl, the plane of the

6—2



44 Pkof. CAYLEY, on NON-EUCLIDIAN GEOMETRY.

lines (F, K): we have thus through A two planes n, fl meeting in the line X; and

through C two planes 11,, H, meeting in the line F. It requires only a little reflection

to see that the distances of these planes are

(n, n,) = <?, (n. n.) =s.

(n, n) =\-rr, (n„ n,) = i7r; (n, n^) = \ir, (n„ n) = ^7r.

Fig. 5.

In fact n, n are the before mentioned planes ACB, AGD the distance of which was

= 6: n, n are planes having the common J. AG, which is the line through the poles of

these planes, and such that the distance ^C is equal to the distance of the two poles,

that is the distance of the two planes. Moreover from the definitions the distances (11, fl)

and (11,, fl,) are each =\-rr: the plane 11 passes through the ± at (7 to the plane fl,

that is (n, fl,) = ^7r; and similarly the plane IT, passes through the -l at -4 to the plane

fl, that is (IT,, fl) = i7r; and we have thus the relations in question.

The consideration of these planes leads, (see post 31 and .32), to the before mentioned

equation, cos 8 cos ^ = comoment ; if instead of one of the lines, say F, we consider the

reciprocal line F', then the angles 8, 6 are changed each of them into its complement, and

Ave deduce immediately the other equation, sin 8 sin ^ = Moment.

14. It may happen that instead of the determinate number 2, we have a singly infinite

system of xs: viz. this will be so if the lines X, X', F, F', are generating lines (of the

same kind) of a hyperboloid. They will be so if the lines X and F each of them meet

the same two lines (of the same kind) of the Absolute, say if X, Y each meet two directrices

D, D, or two generatrices G,, G^; but it seems less easy to prove conversely that the

lines X and Y must satisfy one of these two conditions. Suppose first that X, Y each

meet the two directrices D,, D^; say X meets them in a,, a^ and F in /3,, 0^ respectively.

We have at a, a generatrix which meets D^, suppose in a^' and at a^, a generatrix which

meets 2),, suppose in a,'
;
joining a,', a^', we have the line X' which is the reciprocal of A

;

viz. X' meets each of the lines D,, D^: similarly the generatrices at /3,, /3j meet D^, Z),

in the points y3,', /3,' respectively, and joining these we have the line F' which is the

reciprocal of F: thus F' meets each of the lines D, and D^: the line Z), meets the four

generatrices in the points a,, a,', /3,, /3,' respectively, and the line D^ meets the same four
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generatrices in the points a/, a„ ^/, /S^: thus AH {a^, ct^', ^^, ^^)= AH (a^, ci,^, 0^', /3^), AH
denoting anharmonic ratio as usual. But AH {a\, a^, ^^, ^^ = AH {a^, a^, ^^, ^^) and thus

the equation may be written ^5^(a,,a,', /3,, yS,') = -4if (a,^, a/, /S^, ^Z) viz. the lines Z, Z', Y, Y'

,

cut Z),, Dj homographically ; and there is thus a singly infinite system of lines cutting

Z),, D^ homographically : that is X, X' , Y, Y', are lines (of the same kind) of a hyperboloid.

And similarly if X, Y each cut the same two generating lines G,, G^, then will X', Y'

also cut these lines and X, X', Y, Y' will cut them homographically, that is X, X', Y, Y'

will be lines (of the same kind) of a hyperboloid.

The condition may be otherwise stated ; if the lines X, Y have for x s any two

directrices D,, D^ or any two generatrices G^, G„ of the Absolute, then in either case

there will be a singly infinite series of x s : the x distances are all of them equal ; say

we have 6 — h, and therefore sin" S = moment, cos'o = comoment; and therefore moment

+ comoment = 1 ; or as the equation is more properly written, + moment + comoment = 1.

15. Two lines X, Y each of them meeting the same two directrices D^, D^ are said

to be " right parallels " ; and similarly two lines X, Y each meeting the same two generatrices

G , G.^ are said to be " left parallels " : the selection as to which set of lines of the Absolute

shall be called directrices and which shall be called generatrices will be made further on,

(see post 35). We have just seen that if two lines are right parallels, or are left parallels,

then in either case there is a singly infinite series of x s. It may be remarked that

reciprocal lines are at once right parallels and left parallels ; and that in this case there

is a doubly infinite series of x s, viz. every line cutting the two lines is a x

.

Observe that right parallels do not meet, and left parallels do not meet : their doing

so would imply in the one case the meeting of two directrices, and in the other case

the meeting of two generatrices.

16. If instead of the foregoing definitions by means of two directrices or two generatrices,

we consider a directrix and a generatrix of the Absolute, and define parallel lines by

reference thereto, then it is at once seen that there are 3 chief forms, and several sub-

forms; the directrix and generatrix meet in a point, or say an ineunt, of the Absolute,

and lie in a plane which is a tangent plane of the Absolute: we may have two lines

X, Y which
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1 . Each pass through the inemit, neither of them lying in the tangent plane.

2". Each lie in the tangent plane, neither of them passing through the ineunt.

3\ One passes through the ineunt, but doe.s not lie in the tangent plane : the other

lies in the tangent plane, but does not pass through the iueunt.

Observe that in the cases 1 and 2" the lines X and Y intersect, but in the case

3" they do not intersect. The lines in the case 3° are I believe what Buchhciui has

termed /3-parallels, his a-parallels being the foregoing right or left parallels*. The s\ibforms

arise by omitting in I^, 2°, or 3', as the case may be, the negative condition in regard

to the two lines or to one of them ; as the question is not here further pursued I do not

attempt to give names to these several kinds of parallel lines.

Point-, line-, and plane- coordinates: Ge^ieral fm-midoi. Art. Nos. 17 to 20.

17. We consider point-coordinates (.r, y, z, w) : line-coordinates {a, b, c, f, g, li), where

af+ hg + ch - 0, and plane-coordinates (^, ?;, f, co) ; if we have a Hue which is at once

through two point.=! and in two planes, then the line-coordinates are given by

c : b : c : f : g : h

Similarly if a plane be determined by three points thereof, then the coordinates of

the plane are given by

^ : 77 : ? : o) =

^.. 2/1. ^.. '"i

a^j. 1/2, ^s. w,

«3. 2/3. ^3. ^"s

*'i ' 2/1 ' ^1

'

^u^

*2> 2/2' ^2< "^2

«3. 2/3- ^3. W3
.

^.' 2/1' ^v •«',

»,, I/.,, 2-2. W,

*'«. 2/3. ^8. «'33^3. 2/3. -^3. «'3

and if a point be given as the intersection of three planes, then the coordinates of the

point are

w = 1

?.. V,, ?,. &>,

^i, V.,, ^< w,

Is- Va> ?3- **3

?.. V,, ?,. «,

^.. ';2> ?i. '"a

1^3. '?3' ?3. <»3

?.' '7,. ?.' '^l

^2' V2< ?2> '"2

?3. Vs, fa. <»s

f,. ^,. ?,. «1

^2. '?2> ?2' <->2

?8. %' ?a' ""s

18. The conditions in order that a point (x, y, z, w) may be situate on a line

(a, h, c, f, g, h) are

]iy — gz + atu = 0,

— hx . +fy + bw =0,

g^'-fy • +cw = 0,

— ax — by — cz . = 0,

viz. these constitute a twofold relation.

• See Buchheim, A Memoir on Biquateruions. A.mer. Math. Jour. t. 7 (1885), pp. 293—32C.
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yimilarly the conditious in order that the plane (^, t), f, to) may contain the line

(«, h, c, /, g, h) are
Cr) — 0^ + J(0 = 0,

b^ — arj . +ha)=0,

viz. these constitute a twofold relation.

19. The condition in order that two lines (a, h, c, f, g, h), (A, B, C, F, G, H) may

meet is

Af+ Bg + Ch + Fa + Gb + Hc = 0.

Supposing that the two lines meet, we have at the point of intersection

. hy -gz + aw = 0, . Ht/-Gz + Aw:=0,

-hx . +fz + hw = 0, -Hx . +Fz + Bw = 0,

gx-fij . +c;f=0, 6x-Fy . +Gw = 0,

- ax-by -cz . =0, -Ax- By -Cz . = ;

and from these equations we can find the coordinates x, y, z, lu of the point of inter-

section in a fourfold form, viz. we may write

X : y : z : %u =fA +bG + cH

= fB-bF
= fC-cF
= bC-cC

gA — aG

gB + cH + aF

gC - cG

cA — aC

hA - aH

hB - bH

hC + aF+bG

aB-bA

liG-gH

fH-hF
gF-fCr

fA+gB + hC.

There is no real advantage in any one over any other of these forms, but it is con-

venient to work with the last of them

X : y : z : iu= bC — cB cA — aC uB-bA -.fA+gB + hC.

20. In like manner if two lines intersect the plane which contains each of them

is given by

bF-fB : cF-fC

bG + hC+fA : cG-gC

bH-hB : cH+fA+gB

hF-fH : /G-gF

^ : 1] : ^ : (a = aF + gB + hC

= aG - gA

= aH- hA

= gH- hG

or say we have

^ : t; : ? : w= gH - hG

cB-bC

aC - cA

bA-aB

uF+bG + cH;

hF-fH : /G-gF : aF + bG + cH.
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The Absolute. Nos. 21 to 27.

21. The equation is

in point coordinates x* + if + z^ + lu' = 0,

in plane coordinates ^' + rf + f" + oi' = 0,

in line coordinates o' + 6" + c" +/" + i/" + A'' = 0.

Hence x of plane (f ?;, ?, o)) is point (^, 7;, ^, &>),

X of point (a;, y, z, w) is plane (.7', y, z, iv).

Reciprocal of line («, h, c, f, g, h) is line (/, g, h, a, b, c)

;

Points (a;, y, z, w), {x, y , z, w) are x if xx +yy' +zz' + 1010' = 0;

Planes (^, 77, r, w), {^', v, ?', '"O are x if ^f + 777?' +??' + <"<"' = 0.

22. A line (a, 6, c, /, g, h) and plane (^, 77, ?, w) are x when the line passes through

the X point of the plane, that is the point (f, 7?, ^, w) : the conditions (equivalent to

two equations) are
hr]—g^+aQ) = 0,

g^ -fn + CO) = 0,

— a^ — by — c^ . =0.

A line (o, b, c, f, g, h) and point (x, y, z, w) are x when the line lies in the j- plane

of the point, that is in the plane {x, y, z, w): the conditions (equivalent to two equa-

tions) are
cy — bz —fw = 0,

— ex . + az-\- gw = 0,

bx — ay . -f hw = 0,

-fa-gy-1'z =0-

Two lines (a, b, c, f, g, h), {a, b', c', /', g', h') which meet, that is for which

af' + bg' + ch' + a'f+b'g + c'h = 0, are x if

aa + bb' + cc -\-ff' + gg' + /'/'' = 0.

23. There will be occasion to consider the pair of tangent planes drawn through

the line (a, b, c, f, g, h) to the Absolute. Writing fi^r shortness

P = . hy —gz + aw,

Q =-hx . +fz+ bw,

S = — ax — by — cz . ,
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it may be shown that the equation of the pair of planes is

F' \-q' + B: + S' = 0.

In fact writing for a moment (^, ij, f, co) and (^', tj', f', to') to denote the coefficients of

(«, y, z, w) in P and Q respectively, so that (^, ??, f, w) = (0, h, —g, a), {^', »?', f, to') = (-/t, 0,/, 6)..

then equation of the planes is

(^'P _ ^Q)« + (^'p _ ^Q)^ + (fT - rQ)^ + (o>'P - coQY = 0,

that is (f^ + 7,"^ + ?'= + 6,'^) P= - 2 (^r + VV + ??' + too,') PQ + (f + t;^ + ^^ + «=) q = 0,

viz. this equation is

Qf + A^ +f) p-' + 2{fg- ab) PQ + {a' + g" + K') Q' = 0.

But P, Q, R, S are connected by the identical equations

. cQ-bR+ fS = 0,

-cP . +uR + gS = 0,

bP-ciQ . +liS = 0,

-fP-gQ-hR . =0,

and using these equations to express R, S in terms of P, Q, viz. writing

R = -l(fP + gQ). S = -l{bP-aQ),

we see that the last preceding equation is equivalent to P° + Q' + R^ + S^ = 0.

24. Similarly if P^= . cy — bz +fw,

Q^= — cx . +a2 + gw,

i2, = bx — ay . + Aw,

S^^-fx-gy-hz .
,

functions which are connected by the identical relations

hQ^-gR, + aS^ = 0,

- hP^ . +fR, + bS, = 0,

gP,-fQ, . +cS,=0,

-aP^-bQ^-cR, . =0;

then in like manner we have P," + Q' + R^ + iS',^ = 0,

for the equation of the pair of tangent planes from the reciprocal line (/, g, h, a, b, c)

to the Absolute. And we may remark the identity

{P' + Q' + R' + S') + (P; + Q^' + R; + S;) = («••= + b' + c-'+r +f + in (*' + f + z' + w').

Vol. XV. Part I. 7
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We in fact have
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The distance of a point [x, y, z, w) and plane (^', r]', f', co') is the complement of

the distance of the point (x, y, z, w) and the point (^', tj', ^', &>') which is the x point

of the plane ; viz. we have

. 5, w^' + yv' + zt + weo'
sin 8 = , _^ -._—,

_^ —^—
,

V«' + f + z' + tu' V^'^ + 7,"- + ^" + to"'

cosS = ^a' + b' + c'+f'+ g' + h'

Var* + f + z' + w"" Vp + 7;'" + i;"' + 0,"
'

where in the numerator (a, h, c, /, g, h) stand for the coordinates of the line of junction

of the two points. Of course the .same result might have been equally well derived

from the formula for the distance of two planes.

26. If we now consider a plane triangle ABC, and write

(«,, 7/,, ^,, Wj) for the coordinates of A,

(«2. 2/2. ^2' '^'^J '. .. B,

(*'3. 2/3' ^3' '<",) " >. C,

then the coordinates

«, ^, C, /, ^r, h

of the line ii(7 will be

2//a- 2/3^2' ^3*2-«2«». <^^s-^^2' ^'A-^a^a. y^W^-y^W^, Z.p^-Z^W^,

and similarly for the coordinates of the lines BG, CA ; the equations

«i/2 + ^5'2 + cJh + «./. + ^2^1 + cJh = 0. &c.,

which express that these lines meet in pairs in the points A, B, C respectively are of

course satisfied identically ; and we then have for the sides and angles (linear and
angular distances) of the triangle

'g2^'3 + 2/2^/3 + V3 + w.;w,
cos a

sin a =
^< + 2/2' + <' +< ^/< + 2/3' +< +<

'

Va; + \^ + c: +/;'^ + </; + A/ Va,-^ + 6/ + c,'^ +/- + g^ + h^
'

and this being so, if with the values of cos a, cos 6, cose, we form the expression for

cosa — cos6 cose, then reducing to a common denominator, the expression fur the numerator

is at once found to be

= «2«3 + ^^3 + C2C3 +72/3 + i/2i/3 + f'JU'

cos a — cos h cos c
and thence easily cos .4 =

sin b sin e

viz. the expressions for the angles in terms of the sides are those of ordinary spherical

trigonometry.

7—2
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27. Hence also

Vl — cos"a — cos*6 — cos'c + 2 cos a cos b cos c
sin .4 = —i—:

:

sin sm c

whence sin A : sin B : sin C = sin a : sin b : sin c,

cos a{l — cos'a — cos'6 — cos*c + 2 cos a cos 6 cos c)
ami cos A + cos fi cos C =

sin'a sin 6 sine

cos A + cos B cos (7
and consequently cos a = n ,r« i^ ' sin.Dsm(7

which completes the system of formuhe.

And similarly for a trihedral, that is if we liave three planes A, B, C (meeting of

course in a point, 0) then the dihedral distances BG, GA, AB and the angular distances

GA, AB; AB, BG; BG, GA are related to each other in the same way as the angles

and sides of an ordinary spherical triangle.

Distance of a point and line. Nos. 28, 29.

28. The point is taken to be (a-,, ?/,, 2,, wj, the line (a, b, c, f, g, h). Drawing

through the point a x plane, say (f, i}, f, to) meeting the line in the foot, and taking

the coordinates hereof to be [x^, y^, z^, lu^, then f;», + •i??/, + f^, + ww, = and

• hrj-g};+aa = 0, giving say, ^= . cy^- bz^+fw^,

- '' ? • +jX + bco=0, v = - c«, . + 02, + giOj

,

9^-fv . +C(o = 0, ?= bx^-ay^ . +hiu^,

-a^-brj-c^ . =0, w = -fx^-gy^-hz^ . .

We have here ^^ + ,,'+ ^- + a,' = {b' + c' +/') a-/ + &c.,

where (6* + c" +/') a;,' + &c. denotes the before mentioned quadric function of (a;,, y,, 2,, w,),

which equated to zero, and regarding therein (a;,, y^, 2,, w,) as current coordinates re-

presents the pair of tangent-planes from the reciprocal line (/, g, h, a, b, c) to the

Absolute.

Resuming the question in hand we have then

l^j + VVt + f^s + ««', = 0.

which with }iy^ — gz^-\-aw^ = 0, gives say — x^= . cy — b^ + fo),

-hx^ . +/2, + 6m;, = 0, _y^ = -cf . +a^+ gw,

'J->\ -fHi + cw, = 0, - 2^ = - 6f - rtj; . + ]m,

-ax^-by^-cz^ . =0, -w,= -/^-gv-li^ ,
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that is a'^ = (b' + c' +/') .r, + (- ah +/(/) y, + (- «c + hf) z^ + {-c(j + hh) w,

,

y,= {-ah+fg)x^ + {c^ + ce + fi')y^+ i-bc+ r/h)z^+ (-ah+c/)w„

z^ = (- ca + hf) x^ + (- 6c + (jh) !/, + {a' + 6'^ + h^) z^ + (_ 6/+ ag) w,

,

w, = (- ci/ + 6/0 .'•, + (- ah + c/) y, + (- 6/+ a£f) ^, + (/» + r;^ + A^ w^.

We have therefore

'^'A

+

yxV-, + ^1^2 + '".^"2 = (^' + c' +/') «,' + &c.,

and < + y^ + 2/ + w^ = {ci' + 6'^ + &+f + g' + W) {{U' + c' +/') x^ + &c.},

where (b^ + & +f^) x^ + &c. denotes in each case the above-mentioned quadric function of

In verification of the expression for ,</ + y^ + z^' + w,/ it is to be remarked that we
have identically

r -f ^» + ?^ + 0,^ + (a/+ bg + chf {x; + y,'^ + z;' + «V0

= (rt^ + h' + e +/' + g' + h') [{b' + c' +/') x^' + &c.}

;

here on the left-hand side the whole coefficient of *-,^ is

(F + e +rf + (ab -fgf + {ca - hff + (eg - bhf + {af+ bg + chf,

where the last four terms are together = (6" -H c^ -f-/^) (a'^ + 17'^ + /(°), and thus the whole

coefficient is (as it should be) = (6'' + c^ 4-/') (a^ + 6^ + c' -f-/^ + »7'' 4- A-) : and similarly for

the coefficients of the remaining terms.

29. Writing then S for the required distance we have

cos 8

:

^.^2 + i/.i/2 + ^.^2 + ^t'l'"2

that is cos 8 = V(6'-hc'+/'X-F&c.

^<

+

y'

+

V

+

''"i
^«' + &' + c' +/' +ff'+h''

where (6* + c^ +/') «,' + &c. is the above-mentioned quadric function
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(/". /;, h, a, b, c) we have for the distance of plane (f, ?;, ^, co) and line (;(, h, c, f, <j, h)

the expression

cosS =
V(a.' + (7'' + /i'')f + &C.

Vf + ,," + ?' 4- a," ^Ja^ + 6' + c" +/" + £?" + /i'

where (a" + (7' + /(') ^' + t&c. denotes the quadric function

f 7;
?• O)

H
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and for the inclinations to each other of the planes (11, Uj and {fl, O,)

cos 5 = ,'--;^'^-^ ' ^

,Vv + &c. V\,' + &c.

32. The expressions for the coordinates of the two lines give

oa, + bb^ + cc^ +fj[ + fj(j^ + hh, = {11^ + mm^ + m\ + i^p^) {\\ + ^/x, + w^ + stct,)

= {11^ + m)ji^ + nn^ + pp^) {W^ + M^, + "»', + ^^,)

= VP + &C. '/l~- + &c. Vx'-f &c. V^.' + Ac. cos 8 cos 6.

But we have

a' + f^ + e^ +/' +f+ h' = (?= + ni' + n' +p'} (X' + ^^ + j^V zj') - {l\ + mfi + vr + pzyf

= (f + &c.)(X»+&c.);

and similarly

a; + b: + c: +./;'

+

cj: + ^^ = (?/ + »«; + «;+/.;) {\- + ^; + .^^ + ^^) - (i,\ + ,.,^, + .,., +^;,^,)^

= (Z,' + &c.)(V + &c.).

Hence the last result gives

Va' + &c. \/a;' + &c.

or calling the expression on the left-hand side the comoment of the two lines, and

denoting it by il/,, the equation just obtained is

cos S cos = comoment, = il/,.

And if for either of the lines we substitute its reciprocal then for B, 6 we have

^TT — S, ^iT — d respectively, and consequently

Va" + &c. Va," + &c.

or calling the expression on the left-hand side the moment of the two lines and

denoting it by il/, the equation is

sin 8 sin ^ = moment, = M,

where observe that M = is the condition for the intersection of the two lines, il/, =

the condition for their contrasection*.

* The foregoing demoustration of the fundamental Eigid Body in Elliptic Space,' PJdl. Trans, t. 175 (for

formulae cos 5 cos 9= .Vj , sm5sine = J/, is in effect that 1884), pp. 281—324.

given by Heath in his Memoir "On the Dynamics of a
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33. But to determiue the coordiuates (A, B, C, F, G, H) of the ± line AC or BD,

and the coordinates of the points A and C or B ami D of the points in which it meets

the lines X and i' respectively, I employ a different uietiiod.

We consider the lines (a, b, c, f, g, h), (n,, 6,, c,, /,, <;,, A,),

and their reciprocals (/, g, h, «, h, c), (/,, g^, /f,, «,, 6,, c,).

A line {A, B, C, F, G, H) meeting each of these four lines is said to be a per-

pendicular. We have (A, B, C, F, G, H) {a, b, c, /, g, h)=0,

if, g, h, a, b, c) = 0,

(a,. K c,. /,, g„ h,) = 0,

(/,. i'.. /',. ".. ^. = ^>.

equations which determine say A, B, C, F in terms of G, H, and then substituting in

AF+BG + CH = we have two values of G : H ; i.e. there are two systems of values

{A, B, C, F, G, H). that is two perpendiculars.

The equations may be written

iA+F)(a +f) + (B + G){b +g) + {C+H)(c +h) = 0,

(A+F) (a. +/.) + (£ + (?) (6, + sr,) + (C+ if ) (c, + A.) = 0,

iA-F){a-f) + {B-G)ib -g) + (C-H){c -h) = 0,

(A-F)ia,-J\) + {B-G}(b^-g,) + {C-H){c,-h,) = 0.

Hence we have

A+F
(b+g){c, + h^)-{b,+g,)(c + h)

A-F
{b-9)(c,-K)-(^-g,){c-h)

a-«

B+G : C+H,=

(c + /o(«, +/,)-(« +/)(c. + K) («+/)(^ +i7.)-K +M^+ffl =

i3+/3 : (B + y;

B-G : C-H,=

(c-h)ia^-f)-ia-f)(c,-h,):ia-/){b^-g,)-(a,-/\){b-g),=

equations which may be written A + F, B + G, C+H = 2\(3L + a, 33+13, (!L + y),

A-F, B-G, C-^=2/x(a-a, 33-/3, QL-y),

where ^ = bc^-b,c + gh^-gji. i = hh^-bji -{cg^-c,g),

33 = ca, - c,« + /(/;
- hj, = cf\ - cj- (ah^ - aji),

(£, = ab,- aj) +fg, -f,g, y = ag,- a,g-{b/\ - bj).

34. We have

(ia + a)» + (33 + ^f + (€+ yf = {{a +/)' + {b + gY + (c + hY] {(a, +/]? + (b, + g,f + (c, + lij'\

- {(a +f) (a, +/\) + (b+g) (b, + r/,) + (c + li) (c, + h,)Y,

(a - a)' + (33 - y3)'+(€- yf = {(a -ff + {b- gf + (c - )if\ {(a, -/,/ + (^ - ^.f + (c. - ///!

-{(a-/)(a.-/;) + (6-r/)(^-i;,)+(c-/0(c,-A,);";
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or putting

the foregoing values are

Hence

p= =a' +P +r +r + g- + h',

0-1 = a«, + ^K + cc, + #1 + gg, + h\,

a = q/, -I- hg^ + c/i, + «,/+ h^rj + Cj/(,

= P>/ - (O" + O",)', pV," - (o- - CT,)-.

or we may write X^ = p^p^ — {a — o•,)^

p-p,'-(o--|-o-,)-,

say \ = VpVi'- (o- - o,)^

Making a slight change of notation, if we put

j^ ^ g/, + bg, + cfe, + a,/+
6,ff + cji ^a_

Ja^ + &c. ya,' + &c. ppi
'

, , ^ gg, + 66
, + cc, +//'^ + gg^ + /t/t, _ a^

J^ + &c. Ja^ + &c.
~

PP,
'

then the values are

X = r?-, Vl-(if-Jlf/, (tt = - rr^ Vl+C^-l-M/.

And, this being so, the two systems of values of A, B, G, F, G, H, are

A.(a + a) + /a(.a-a),

X(i3 + /3) + /.(i3-^),

x(c + 7) + M(cr-7),

X(a + a) -/x(a-a;, X (^ + a) + ya(.a - a),

X (23 +/3) -^(33-/3), ,

X (23 + /3) + M (23 - /3),

X((2I + 7) -/i(®-7), i ^((S: -(-7)+p.(Gr-7);

viz. the two perpendiculars are reciprocals each of the other.

X(gl + a)-A'(a-a),
X (23 +/S)-/. (23-/3),

X(ffi + 7)-^(Gr-7),

3.5. Before going further I notice that if

a +f b + g c + h a —/ b—g c—h

then the four equations for {A, B, C, F, G, H) reduce themselves to three equations only

:

and thus instead of two perpendiculars we have a singly infinite series of perpendiculars,

(see ante 15).

To explain the meaning of the equations, I observe that a line (a, b, c, f, g, h) will

be a generating line of the one kind or say a "generatrix" of the Absolute if

,t + /-=0, 6 + f/ = 0, c + /t=0:

Vol. XV. Part I.
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and it will be a generating line of the other kind or say a " directrix " of the Absolute

if (( —/= 0, b - g = 0, c— h = 0. Or what is the same thing, we have

(a, b, c, — a, — b, — c) where a^ + b'^ + c'' = for a generatrix,

and (a, b, c, a, b, c) where a'' + b" + c'' = for a directrix of the Absolute.

Consider now two directrices (a, b, c, a, b, c) and (a,, b^, c,, a,, b,, c,) : if a line

(«, b, c, /, g, h) meets each of these, then

{a+f)a. +(b+g)h +{c + li)c =0,

(a +/ ) a, + (6 + 5r) b, + (c + /O c, = 0,

and consequently

a +/ : b + g : c + /< = be, — b,c : ca, — c,a : ab, — a,b,

and similarly if (a,, i,, c,,/,, g^, /(,) meets each of the two directrices then

"i +/'i • ^1 + i^i • "i + '*i
= ^^1 ~ ^1^ • ^^1 ~" ^1^ '• ^b, — a,b,

that is if the lines each of them meet the same two directrices of the Absolute, then

<hj-fi ^ K + 9i ^ c, + h,

a+f b+g c+h '

and conversely if these relations are satisfied then the lines each of them meet two

directrices of the Absolute.

In like manner if the lines each meet two generatrices of the AbsoUite, then

"i^/i = ^lZJj = c. - K
a —f h— g c — h '

and conversely if these relations are satisfied then the lines each of them meet the same

two generatrices of the Absolute. In the former case the lines are said to be "right

parallels" and in the latter case "left parallels."

A line (a, b, c, f, g, h) meets the Absolute in two points, and through each of these

we have a directrix and a generatrix : that is, the line meets two directrices and two

generatrices.

Through a given point we may draw, meeting the two directrices, or meeting the

two generatrices, a line : that is, through a given point we may draw a line

(rt., 6,, c,, /, g„ /i.)

which is a right parallel, and a line which is a left parallel to a given line. That is

regarding as given the first line, and also a point of the second line, there are two

positions of the second line such that for each of them, the i. 's of the pair of lines,

instead of being two determinate lines, are a singly infinite series of lines.

36. Reverting to the general case we have found {A, B, G, F, G, H) the coordinates

of either of the lines x to the given lines (a, b, c, f, g, h) and («,, b^, c^, f^, g^, h^)

:

supposing that the x intersects the first of these lines in the point the coordinates of

which are (x, y, z, w) and the second in the point the coordinates of which are

(a;,, y,, 2,, lu,),
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then we have for each set of coordinates a fourfold expression ; the choice of the form

is indifferent, and I write

X : y : z : w=cB-bG: aC-cA: bA-aB: fA+gB + hC,

a;, : 2/, : 3, : «',= c,5 - 6,(7 : afi - c^A : \A - a^B : f^A + gfi + hfi,

and we have then for the distance of these two points,

where <^ = S or 6, according to the sign of the radical X : fi contained in the expressions

for A,B,G, F, G, H.

I have not succeeded in obtaining in this manner the final formulse for the deter-

mination of the distances : these in fact are, by what precedes, given by the equations

sin S sin ^ = M, cos 8 cos d = il/,.

For then, writing </> to denote either of the distances S, 6, at pleasure, we have

J >— = 1
sm <p COS 9

that is cos' + cos'' ^ (Jf,» - i/^ + 1) + M^ = 0,

or cos' (/> = i {i/,' - vV^ + 1 ± JM^' + M' - Ul^'AP - 2M/ - '2iP + 1 )

,

which is the expression for the cosine of the distance.

In the case where the two lines intersect M=0, and if h be the ± distance which

vanishes, then 8 = 0, and consequently cos 6 = M^: the last-mentioned formula, putting

therein M=0 and taking the radical to be =M' — 1, gives cos' ^= if,", that is <}) = 0,

and cos' = M^ as it should be.

37. I verify as follows, in the case in question of two intersecting lines,

(«/; + h, + c/', + «,/+ Kg + cji = 0),

the formula cos^^-p— ' /'^^ . \
'

- .

Jx' +y' + Z- + w' sjx; + y,' + z^ + w,'

We have here

A = ^=hc^-hf+ gh^ - gji,

5 = 23 = ca, - Cfl -{ hf^ - hj,

G =€= «6, - afi +fg, -J\g,

F = a. = bh^ — bji - cg^ + c^g.

G=^ =cf,- cj- ali^ + aji,

H=y = ag,- a,g- hf^ + bji

.

I stop to notice that these formula; may be obtained in a different and somewhat

more simple manner: the two lines («, b, c, f, g, h) and (a,, 6,, c,, /,, g^, /;,) intersect;

hence their reciprocals also intersect: the equations of the plane through the two lines

and that of the plane through the two reciprocal lines are respectively

(gh^ - g^h) X + {hf^ - hJ) y + {fg,- gf,) z + (f// + bg^ + ch^) w = 0,

(6c, - 6,c) X + {ca^ - c^a) y -I- (a6, - a,6) z + (/«,+ gb^ + /ic,) lu = 0,

8—2
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the line {A, B, 0, F, G, H) is thus tliu lino of intersection of these two planes, and it

is thence easy to obtain the foregoing values.

From the values of A, B, G, F. G, H wo have to find x, y, z, w and «,, y,, 2,, w,

by the formulae given above. We have

x = cB — hC= c\^ — cc^a + c/f/, — c/(,/

- ahh, + a^U' - hfg^ + bgf,

= (bg + ch ) /; + «j (6' + c") - b^ab - c^ac - bfg^ - cfl\

= -/("/i + ^0, + c/',) + «, {V' + c') - b^ah - cflc ;

or writing here o,/+&,5'+c,A in place of — {af\ + bg^ + chj) this is a linear function

of a
, \, c,, and similarly finding the values of 1/, z, w we have

X = «, (6^+c'+/») + b, {fg - ab) + c. {hf- ca),

y = «. {fa - «^) + K (c"+a'+Sf')+ c, (5f/i - be),

z = a^{ hf - ca) + b^ (gh - be) + c, (a" + &' + /r),

w = a, (W - cr;) +b^{cf - ah) + c, (a^r - bf).

And in like manner (I introduce for convenience the sign — , as is allowable)

- a;. = a
(^ + c," +/.'0 + ^ (/.5'i

- aA) + c (hj^ - cfl,),

-
2/,
= « {f,9x - aA) + b ic,'+ a;+g;) + c (gji^ - b,c,),

- ^, = « (KA - c,a,) + b {9A - hf,) + c (a,^ + h,' + V).

-w^ = a (6,A. - c^g^) + 6 (c,/, - aA) + c (a.*/, - 6,/.).

38. Write for shortness

p = a^ + b^ -Vc^ , Pi=f' + g^+h^, - w = a,/+ /*,(/ + c,/t , and therefore

g = aa, + i6, + cc^ , q, =ff, + gg, + hh^, - w = a/, + hg^ + ch^

.

2

"I '

We have

X = «ji — uq +f(0 ,

y = b^p-bq+go),

z = Cjp — cq + h(o,

x, = -ar+ a^q +/,&>,

y,=-br + b,q+g^(o,

z,=-cr + c^q + h^(o.

w = /. 9> /*
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we obtain

x' + if + £" + tu' = (p + jtij) {pr - f/ + a,''),

and in like manner

< + y' + < +< = (r + r.) (pr - c/ + co').

And again

a^«, + Wi +zZi=q (pr - ?') + (q, + 2?) «",

and by expressing w?y, in the form of a determinant

vnv^ = 5, (pr — (f)
— qw^,

we find

««, + yux + ^^i + ''^'^'i
= (2 + f?,) {pr -<i + «')•

Hence substituting in

cos e = «^^, +
yy.Y^.

+ z^,
_

Jaf+y^ + z' + w^ Jx^ + y,'' + 2,= + w^

the factor pr—cf + (o^ disappears, and we have

cosg=
,
^^' = if.,

Jp+p^Jr + r^

the required result.



III. On the full system of concomitants of three ternary quadrics. By
H. F. Bakek, B.A., Fellow of S. John's College, Cambridge*.

§ I. Summary.

This Essay w<as undertaken to find tlie concomitants of three ternary (juadrics. As
such the net result is given in § III. For completeness I have given also a consecutive

account of the present theory, § VII. It is possible that some of the concomitants

given are themselves reducible, for some reductions effected have not been arrived at

at all easily. With a view to rendering the process of obtaining them readable, I have

studied extreme brevity—and it would seem quite practicable to apply the same abbreviated

method to four conies. § II. is an explanation of the method
; § IV. its application

;

§ V. investigates a quasi-reducibility of 18 types of forms, reducibility on multiplication by

Ux ; § VI. gives some necessary identities
; § VII. contains a connected account of the

theory as given by Gundelfinger, Rosanes, and in Clebsch's lectures ; and finally § VIII.

gives some notes on the geometry of the forms—though apparently any competent expression

thereof requires the establishment of new geometrical ideas. § IX. gives a list of memoirs

on three conies.

§ II. Explanation of the method.

The method here followed for obtaining the system of concomitants of a system of

ternary forms in terms of which all others can be expressed as rational integral algebraic

functions is based on the remark, due to Gordan or Clebsch (Ueber ternare Formen

dritten Grades, Math. Ajinal. i. 90 ; Ueber biterniire Formen mit contragredienten Vari-

abeln, Math. Annul, i. 3-59), that if, in the symbolic expression of any concomitant, con-

taining one point variable x and one line variable u, wherein any letter a (symbol of a

form ax") which occurs, can occur only in the combinations Ux, (bca), (bau), we omit the

power of Ux (which occurs, say, / times), change (ban), {can)... into hx, Cx--- (say g such)

and {Ixa), (b'c'a)... into (bcu), (b'c'u)... (say h such), we thereby both eliminate the letter a

and also obtain a new invariantive combination ; namely, we deduce a concomitant of one

degree less than the original (and which in fact has its order lessened by /—(/ and

its class hy g - h).

As then every concomitant of any degree r can be thus treated, it follows conversely

that if we take every possible concomitant of the (r — 1)*'' degree, then in any one such

choose among the components of the type bx, Cj... (any one of which may be repeated)

a certain number ^(>n) and replace them by {bau), {cau)... respectively, a being a symbol

• I am indebted to the great kindness of Professor Cayley for several suggestions tendiug to lielj) tlie

intelligibility of tliis essay.
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(of the form Oj;") which does not occur in the concomitant of the {>• — 1)"' degree, and at

the same time replace some (say h, (7 + /« > w) of the type (bcu) by (bca), and then

multiply the result by rt/'"^"* = aj-'' (thus obtaining a concomitant of the ?•*'" degree) and

do this for every value of f, ff
and h, and for every possible selection of the components

acted on, and for the symbols a of every form of which the obtained combination is to

be a concomitant, we shall obtain finally every possible concomitant of the r^^ degree.

And under the title of " every possible concomitant of the (r — 1)'^ degree," must of

course be included all forms capable of arising by the process of the first paragraph from

forms of the r"' degree, and therefore all products of the (r— 1)"' degree obtained by

multiplying forms of lower degree. If however a form K of the (r — 1)"^ degree can be

written as the sum of products and powers of forms of lower degree, and of products of

forms of the (r — 1)"" degree with powers of the identical covariant 11^ (namely is, as we

say, a rational integral algebraic function of other forms), then, as each constituent of the

sum must necessarily be also of the (r — 1)* degree, the process applied can only result in

giving, from K, forms which are themselves sums of other forms of the ?-"^ degree (some of

these being, possibly, products). Thus, if in our enumeration of forms of the (»•— 1)* degree,

we include simple products, we can exclude forms which are rational integi-al algebraic

functions of other included forms, and we shall obtain a series of forms of the r"' degree,

in terms of sums of multiples (by numbers or powers of u^) of which, all forms of the

r* degree are expressible and wiiich are therefore by the same reasoning competent to

give the similar system of the (?•+!)"' degree. It is this sufficient system for the algebraic

rational integral expression of all other concomitants which it is our aim to obtain for

every degi'ee.

Thus far with the general theory. For the case of three ternary quaJrics, a^-, h^-, Cx',

the method is considerably simplified. Here the derivatives from any concomitant of the

(7-_l)tii degree are obtained by only five distinct operations. (1) (The .' operation.) Leaving

u untouched and replacing one x by the point {vau)ax = or {vbit)bx = or (vcu)Cx = [i.e.

replacing «,• by (au)iax = {ajttic — UkHj)ax< etc.]. (2) (The u operation.) Leaving x untouched

and replacing one m by the line ayax = or bybx = or CyCx = [i.e. putting for »;, aicix or

bibx or cfix]. (3) (The xx operation.) Leaving m untouched and replacing two x's, that

is, writing for mxHx, (mau) (nau) or (mbu) {nbu) or (jncu) (ncu). (4) (The uu operation.)

Leaving x untouched and replacing two u's, that is, putting for UpUq, UpUg or bpbg or CpCq.

(5) (The xu operation.) Replacing one x and one u, that is, writing for nuxiip, (mau) Up

or {mbu) bp or [men) Cp ; and upon any form each of these five operations, in their three-

fold metliod, must be applied in all possible ways. And it is not necessary to consider

liroducts of the {r — 1)"' degree in order to obtain all the requisite forms of the r"> degree.

For first to clear the ideas it may be remarked that, since the number of places in which

a letter a can be introduced, by changing either iip into cip or nix into [mau), cannot

be greater than two (for the second degrees of a are real coefficients), there is no utility

in considering a product of more than two factors, for one, at least, of these factors will

remain unchanged and be a factor in the result. Further there is no utility in either

of the two first of the ' five distinct opei-ations,' as applied to products, for either of these

will only modify one of the factors of the product and not really bind the two together.
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And finally any form obtainable from the product by any of tlie tliree remaining operations

of the five can and mil ai^ise among the derivatives of each of the factors alone. This

is best e.xplained by example—the root of the matter lies in the remark tliat a simple

inviu-iautive product (of symbolical factors) involving a cpiantity r once, can be obtained

by continued application of the two processes of changing t(,- into cf,- and Xi into (au)i,

(each time multiplying by Ux if requisite), from the single tei-m r^. So that the application

of any one of the 'three distinct operations' spoken of to a product of two forms, which

must, to bind them together, introduce a single letter, say a, into each, gives a result

obtainable by taking one of them, introducing one a and multiplying by Ux and then

operating continuously on this Ux, until the part of the result due to the other form is

obtained. For example take the product a^-.K' giving rise to a;cb,^(acu){bcu) and note that

we can proceed thus: a/, ax{acu)Cx, Ux (acu) (cbu) bx ; or take {abc)axbxCx-ib'c'ti){c'a'u){a'b'u),

giving rise to (abc) (iidu) b^fix (b'c'd) (c'a'u) (a'b'u), (where d = a or b or c), and we can pro-

ceed thus: {ahc)axbxCx, (abc) {adu)bxCxdx, {abc) (adu) bxCx (db'u) bx ,
{abc){adu)bxCx{db'c')cxbx,

(abc) (adu) bxCx (dh'c) (c'a'u) (b'a'u), making the form arise from (abc) cixbxCx '• and it also

arises from (b'c'u) (c'a'u) (a'b'u). And this reasoning remains valid in case particular com-

binations of the letters are abbreviated by the use of other letters. To see this we may

suppose the original letters explicitly reintroduced, in which case the form will generally

be replaced by a sum of forms and a product of two forms replaced by a sum of

products. But, for example, (A + B + C) (B + E + F) gives for its derivative the sum of

the derivatives of (A+B+C)D, (A + B + C) E, (A+B + G) F, which latter derivatives are

proved to be also derivatives of (A + B + G), as is also, therefore, effectively, the derivative

of (A+B+C)(B + E+F).

Passing now to the mode adopted of conducting the method thus justified—the three

conies are written ai^ax" = ax"=--; bx' = bx- = bx"'-=..., Cx'=..., and their 'clusters' of

tangents, namely (aa'u)-, (bb'^l)-, (ccuY are written uj = Ua"'=Ua"-..., u^-=..., and «/=...;

or say, we write (aa'){ = ajui — ai^aj = a: etc. Then it is to be noticed that the factor «„

in a form involves always the real factor a„-—for a^OxU^ = Jaa" . Ux ; also a factor (aa'u)

[unless the form contain also (aa'a") in which case it would be written immediately

Mu^tta" and not need the reductions in question] involves always the (real) second degrees

of a,, a., CH. For (aa'u)f(a) = -(aa:u)f(a') = ^(aa'u){f(a)-f(a:)\, and, in f(a)-f(a'),

a, a' only occur in the combinations (aa'),- and a, a' in the whole expression can be

replaced by Oj, a., a^, occurring to the second degree. So a factor (aa'a,') in an expression

(wherein (aa'a") is, possibly, not another factor) shews that the expression is reducible to

a form containing a, a' only in the second-degree—combinations of the three (aa')i, (aa')o,

(oa')3. And these are reducible, for (aa'xy = ^u^^ . Ux^ and therefore (aa'.r) (aa'y) = Ja„-.aa;a.,/-

In fact uj = (aa'u)', whence (xa'a)- = (aa' . xa'f [where, as always, (ab . anj) is used ibr

Oi a., a.

h t, b.

a;, X., X3 \ = ajby — aybx

y. 2/.' 2/3
'

a..

b, b, h,

(xy\ (xy). (xy).

(ab)i (ab)^ (ab)^

Xi Xf. X3

2/1 2/= y-^

].

(xo^af = (UxU'a' — tto-a ») = ^Cx' da - ^OxCia'u'xa'a' = 2ax'aJ - | Ox'-'aa" = * "a" . «x'.
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(and in case the expression does contain {-x-ix) [aa'a"), this is ^a^-.a^aa'). So that in our

investigations where we are seeking to retain only terms which do not contain real factors

of lower degree, we can always omit terms containing a factor {aa'x), since this involves

the real factor a„=. Such terms in (aa'a;) are often, here, shortly written eta'; and in fact

in any expression containing a and a! we may interchange any a with any o', the result

being only the neglect of reducible terms. For Mu^v^' = M[u^'Va + {uv.aa')] = Mu^'Va+^'y
which is generally written here Mu^Va- = Mu^'Va' , the sign = meaning, generally, "equal to

except for terms containing real factors of lower degree," and always "may, in our tables,

be replaced by." A particular case is when a form reduces entirely to products of

forms of lower degree : this I write =0. A further aid to brevity consists in only writing

down, when there are several forms similarly arising from the different conies, only a re-

presentative one, for example u^Kbx is used to represent the six forms uj)abx, tUCaCz, MpC^Cj,

u^a^ax, nyUyCtx, Uybybx. The various forms of a fundamental identity, used, are

{abc) dx = (bed) cix + (cad) b^ + {cd)d) Cx,

(abc) (def) = (bed) (aef) + (cad) (bef) + (abd) (cef),

(abu) (bcv) — (abv) {bcu) = (abc) [biiv),

(uab) (ucd) = (uac) {ubd) — (uad) (ubc),

(abu) (cdv) — (abv) (cdu) = {buv) (acd) + (iiav) (bed),

[{cad) bx + {abd) c^}- = [(abc) dx - (bed) aj=

;

which, since the squared terms, on expansion, are immediately interpretable as real terms

(for the case when ai"... are conies) gives

(cad) (abd) bxCx = — (a^c) (bed) a^x-

Further bj)y' = byb^ + (bb' . xy),

bxbybxby = \ (bx- . by' + by' . bx') - (bb' . xy)"-.

And as typical, the following examples may be given,

1. (a/37) byCfib^'bx'bxCx = ("^^j) bxC^bJbybxCx + (a/37) (^^' 7*') c^bjbxfix

= hx' . (a/37) c^bjby'cx + (a^7) (bb'
.
yx) CfhJ.b^x = (a/37) (^^'

• 7*') c^b^'bxCx

= i (a/37) (bh' . yx) (bxbj - bX') c^Cx = i (0/87) (/SV) (/3'^a) c^Cx
I _ ,

r

= i {(;S7a) c„ + (yax) c^ + (a^x) Cy} (^'yx) (ffxa) Cp

= i {^yx)(/3'yx)(^'xa)c.c^ + ic^^ {yax)(0'yx) (0'xci) = H^7«)(/3VK^£aKc3

+W . (a^x) (^'0x) (0'xa)

' '

= 1 (ffyx) (fi'xa) c. [{&yx) c^' + (/3'/3^;) c, + (/3'7/3) Cx]

= 1 (fiyxf . (a^'x) c^Cfl + ^' =\ (^yxf . (a^x) c.c^'

= 0;

and the second column will be, in the work, omitted. The thin lines '
' , underneath,

indicate the associations of the parts.

Vol. XV. Part I. 9
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2. (ubc) {nb'c') {abc') {ab'c)

-=(bcii){bc'a){ub'c')(ab'c)

= [(bcc') (biia) - {bca) (hue'}} {ub'c') (ab'c)

= (bcc') (bua) {ub'c') (ab'c) + (abc) {ub'c') {c'ub) {b'ca)

= U^by {aub') {abu) + {abc) {ub'c') {{ubb') {c'ca) + {bc'b') {uca) + {c'ub') {bca)]
I I

= {abcf . {ub'c')'' - i {abu) V {ab'u) b^-^ {{uca) c/ + {cc'a) u^} [{cab) {c'ub') - {cab') {c'ub)}

= {abcf. {ub'c') —^{abu)by'.{{b'ub)ay-\-{uab)by' +{ab'b)Uy]-\[{uca)c^' +{cc'a)u^][a^{cc'u)—Cfi{ac'u)]

= etc.

= {abcY . {ub'c'Y — ^ {abu)- . by- — ^ {cau)' . c^'- — \a^ayU^Uy + \ {u^Oy — Uya^)"

= — a^ayiifiUy.

3. ibcu) {abc') {ab'c) {b'a'u) {c'a'u)

= {{ab'c) {c'a'u)] {{abc') {b'a'u)] {bcu)

= {{ab'c') {ca'u) + {b'cc') {aa'u) + {cac') (b'a'u)} {(ab'c') {ba'u) + {bc'b') {aa'u) + {abb') {c'a'u)] {bcu)

= etc.

= (ab'c'Y . (ca'u) (ba'u) {bcu) — ^ {uab) ayby . {ua'b'Y — ^ (uc'a) c^'a^' . {uca)- + J (a/37) u^u^Uy

= l(a^y)u^upUy.

4. {abc) a^byU^UyCx = [{ubc) Uy + {auc) by -\- {abu) Cy] a^byU^Cx

= {ubc) UyapbyUfiCx + by- . {auc) a^u^Cx + \Cy- . {abu) a^bxU^ = {ubc) a^Oybyii^Cx

= \{uba) c^ + {uac) i^ + (abc) u^] Uybyti^Cx

= (uba) Uyby . CfiCxU^ + ^ b^" . {uac) UyUyCx + u^- . {abc) ttybyCx = {uba) ayby . c^u^Cx
;

i.e. (abc) a^byUfiUyCx = 0,

and the second column would be omitted in the work.

Note. In verification of the theory given, it is worthy of remark that though Gordan

{Math. Annal. I. 90, 'Ueber temare Formen dritten Grades') does not apparently recognise

that it is not necessary to consider the derivatives of products of forms, yet this is really

not so—the aiTangement only is different. As a fact all his 34 concomitants do occur,

independently of the products, in Tables i.—xxix. (pp. 103—106), except the last one

«,*urUp' («/)<) (page 102, 12** Ordn.), which occurs on page 128 as equivalent to 7 of page 127,

namely u,'ut^c,dt {cdu) {bcu) {abuy {adu). This last form would however, in accordance with

our theory, arise also, independently of products, from u,^. For p\itting

u,% = {a'b'c') {b'c'v) {c'a'u) {a'b'u),
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and then v = c, the form in question is

vMt (cdu) {a'b'c) (b'c'c) (c'a'u) (a'b'u) (bcu) {aMf (adu),

and we should have the following series of derivatives

:

of degree 6. iit-dtdx',

7. Ut'dtdx (dau) a^,

8. Uf-dtdx {dau) (abuy . bx,

9. ut-dt (dcu) (dau) {abuy {bcu) Cx,

10. -Ut^dt {dcu) (rfaw) {abuy {bcu) {cb'u) bj^,

11. uHt {dcu) {dau) {abu)- {bcu) {cb'c') {b'c'u) bx'cx,

12. v,-dt {dcu) {dau) {abuy {bcu) {cb'c') {b'c'a') {b'a'u) {c'a'u).

which is the form in question.

The form here of seventh degree Ut"dtdx {dau) a^- does occur in Gordan's work as the

heading of Table xvii., page 111, under the form Ut-atUx {abu) b^ : and in our arrangement

there should occur under 3 of that table the form u^ataxialm) [bcuy Cx, which is the same

as the form above of 8th degree. But this form it is unnecessary for Gordan to write

down since it arises from the product [ut^atax- . Cx^ = urat^x [axCx') c^ of two forms included

in the table, § 4, page 101 (viz. under 1'*^ Ordn. and 6*« Ordn.), namely by changing .t; into

{bu)i and getting Ut^atax (abu) {cbuy Cx- Our arrangement, if longer, possesses the advantage

that all possibilities are exhausted in the course of the work—at any stage it is exhaustive

so far as it has gone—while Gordan's arrangement is not trustworthy until the examination

is completely finished.

§ III. Statement of the system obtained.

zero degree. Ux =(011)

degree 1. ax" = (102)

„ 2. (212) ={bcu)bxex I

degree 3. (300), = a„= (3)

(300), = bj (6)

(300)3 = (a6c)= (1)

(311)i = «.fcA (6)

{Bn)„={abc){bcu)ax (3)

t(303) ={abc)axbxPx (1)

(330) = (6cm) (caw) {abu) (1)

(220)i {bcuy = (220),

(1 form)

(3 forms)

(9 forms)

degree 4. (410) = {bcu) b^c^ {= iu^/) (3)

(402), = b^c^bxCx (3)

{W2), = {^yxy (3)

(421), = (6cm) b^CxUa (6)

(421)j = (6cm)6^CjM^ (6)

t(421), = (a'6c) {uca) {uab) aj (3)

{4>21\ = {0yx)u^Uy (3)

9—2



68 Mr H. F. baker, ON THE FULL SYSTEM OF

degree 5. f[501], = (abc)aXc.{=T^-"^h) ^^) degree 6. (GOO) = (a/37)- (1)

(501), = (/37.f) a^a, (= JW.= Jc^c,) (3) (Gl 1 ), = (a^v) (^7^) «. (3)

(520) =M^lv^^«Y (3) t(611)2 =«3«y^A"3 (6)

^ (512). = (/9rr) a^a^M^ (6) t(630), = (0^87) »,»3», (1)

t(512)2 = (abc) a^n^bxCx (6) t(630)., = [abii) a^byit^iiy (6)

(512)3= (iS7a;)CxC^(t^ (6) f{6S0),= {bcu)u^UybyC^ (3)

„ 7. t(7l0), = (a/37)a3a^«. (3) (605),= {^yx) (yax) {<xl3x) (1)

t(7lO)., = (Map«yV^ (3) t(603), = (/37a;) aAaA (6)

t(721) =(ay87)6A%"y (6) t(603), = (/37a,-) 6^,0^03 (3)

„ 8. t(801), = (/37a;) V^t.c, (3) „ 9. t(911) = a^aybyb^CaC^up (6)

t(801)o = (a'6c) a^aAc^«x' (3) „ 10. t(lOlO) = (a'/37) 6^c^6aC.Ma (3)

t(812) = (a'/37) (7aa;) {a0x) «.- (3)

The 18 forms marked f are reducible when multiplied by u^. Each form is either

its own reciprocal or its reciprocal appears in the table. The number of forms corre-

sponding to any type is given by the number in brackets which follows.

§ IV. Establishment of the system. First and second degrees.

The first degree forms from which we start are a^, bx, Cx-

From o/ = (102), a^; (aa'«) a^' = 0,

ax [aba) bx,

(aa'u)- = uj,

{abu)-.

Thus the second degree forms are typified by

(212) = ibcu) bxCx,

(220), = nj,

(220), = {bcuy.

Third degree.

From (212) = (6cm) b^Px we proceed to shew that we get (300), = «„-,

(220), = M."- (300), = b,\

(220)j = {bcuY (300)3 = {abc)-,

(311), = uj)jbx,

(311), = (a6c) (6cm) Ox,

(303) = (abc) aj)xpx,

(330) = (6cm) (cum) (rt6M).



CONCOMITANTS OF THREE TERNARY QUADRICS. 69

Derivatives from

(212) = {bcu) b^ c^. From tt. = (220). (220), = {bcuy.

1. (M b^ (cau) a^ = (311),. 11. uJ)J}„ = {SU\. 13. (6cm) {bca) a^ = (311),.

2. (bcu)b^{cb'u)b^' = (311)i and (300),. 12. b^' =(300),. 14. (bcu) {bcc') cj = (211), a,nd

3. (bcu)b^{cc'iC)c^' =(311)i. 17. a^' s (300),. (300),.

4. (bca)aj}^c^ =(303). 15. {bca)- s (.300)3.

5. {bcc') c^\c^ =0. 16. {bccy =(300),.

6. (bcu) {bau) {cau) = (330).

7. (6cm) {bb'u) (cb'u) = 0.

8. (bca)b^{ca^i) =(311),.

9. {bcb')b^{cb'u) = (311), and (300),.

10. (6cc') 6^ (cc'«) =(311),.

Of these 1. = — {abc) (abu) Cx . t(-x = (311),.

2. = - {bciif . bj- + (bcu) b'x . [(bb'u) c^ + (cb'b) ti,^]

= i CxUfi (u^Cx — UxCfi) - i U^C^ (u^Cx - UxP^)

= ^ [Cx- u^' — 2tix CxCpiifi + «/ . Cp-j = (311), and (300),.

3. =1 Uybx (byUx - bxUy) = (311),.

7. ^ubbu){ ; = o.

9. =~iCff(ii^Cx-UxCp) = (^U\ and (300),.

14. = i byUx - b,Uy) = (311), and (300),.

Fourth degree.

We proceed to shew that from

(311), = (ta^a^a; we obtain (410) ={bcu)b^Ca,

(311), = (abc) (bcu) a^ (402), = b^cJb^Cx,

(303) ={abc)aj}^x (402), = (/37«)%

(330) = (bcu) (cau) (abu) (421), = (bcu) b^c^u,,

(421), = (bcu) byCxUy,

(421)3 = (a'bc) (uca) (uab) ax',

(4'2l)i = (0yx)nfiUy.
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From (:ni\=iubA. From (311),= (a6c)(6c(() ax-

1. MA(6(n/)«^ = (421),,. 8. (abc)(bcu){aa'u)a'^ = ('i2l),.

2. «A(M'«)6;=(421),. .(41,))

3. «A(fc«.)c^ = (-t-'l)i. 9. (aic)(6c»)(aZ''")^':r = |(-121),

4. b\b'J>A = {W2),. 1(421),.

5. CacA^i = (402)i. 10. (o6c)(6ctt')aV'a: = (402),.

6. 6'A(6t«)=0- 11- {abc)(bcb')b'^a:, = (U)2\.

7. C.6. (6c«) = (41 0). 1 2. (ate) (bca) (aa'u) = 0.

13. (abc) (bcb') (ab'u) = (410).

From (abc) axbxCx- From (6cm) (cau) (abu).

14. (a6c) (aa'w) bxCxu'x = 0. 18. (tea') (cau) (abu) a'x = (421)3.

15. (abc) (ab'u) bxcjb'x = (402),. 1!). (bcc) (cau) (abu) c'x =
IJJ21!

16. (abc) ax (ba'u) (ca'u) = (421 ),. 20. (bcit) (cau) (aba') = (410).

17. (06c) ax (bc'u) (cc'u) = (421),. 21. (bcii) (cac') (abc) = (410).

Of these

2 = iM^(^'.a;)w. = (421),.

4 = 6/. b/ - (66 '. xay = (402),

.

H = ^(bcu)Ua(cJ)x— Cxba)-

9 = (abc) (b'cu) (ab'u) bx + (abc) (ab'u) [(bb'u) Cx - (ebb') Ux}

= (abc) (b'cu) (ab'u) bx + i u^Cx (acu) a^—^ c^Ux (acu) a^

= (410), (421), and (421),.

10 = (bca')' . ax' + (bca') Ux . [(aa'c) bx - (baa) c^} = | c^hx (h^Cx - bxCa.) - i b^c^ (h^c^ - bxC^)

11=-^ c^ax (a^Cx — axC^)

.

1

3

= + J c^ (cau) a^

.

14 = 4 u^bxCx (cj>z — cj>a)-

15 = (abc) cj)'x {(bb'u) ax — (abb') Ux] = ^u^Cxax(aj,Cx — a^c^) — ^ Uxa^Cx(a^Cx - axC^ = + ^ "x u^c^axCx-

17 =^Uyax(aub) by.

19 = ^6^ (aiu) (uyUx - Ujfly).

21 = iay(aM6) by.
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Fifth degree.

We proceed now to shew that from

(410) =(6ra)6<.c„, we obtain (501), = (aic) aAc^.

(402)i = KcJ}^C:c, (501), = (/37«) a^a,.

(402), = (^7a;)S (520) = Uf^u.a^a,.

(421)i = {hcu) KcxU^, (512)i = {^yx) a^a^Uy.

(421), = (bcu) byCxUy, (512)2 = (abc) a^u^b^^.

(421)3 = {a'bc) (uca) (uab) v!^, (512)^ = (^87*) c^^xi^.

(421), = (/37.r) M^K„

From (410) = (6c?t)^aCa. From (402), = i^Caft^^c^c- From (^7^)2 = (402)3.

1. (6ca)aAc« = (501),. 3. b^c^(bav)a^c^ =(512).. 8. (^7a;)(;S7 . aw)a^= (olS),.

2. (6cc')c'Ac. = (501),. 4. 6<,c. (66'm) 6'^Ca; H (512),. 9. (/37a;)(/37 . c?0 c^ = (512)..

5. 6„Ca (6c'm) c'^c^ = ISjQj;' 10. (/97 . aw)- = (520).

6. 6aCa (^aw) (caw) = 0. 11. {^y . cuf =0.

7. 6,Ca (6c'm) (cc'm) s (520).

From (421), = (6c(()6„c^Ma. From (421), = (?(ctO&^c^m^.

12. (bcu) b^a„.{cau)ax =0. -ll. (bcu) byVy(cau)u^ =0.

13. (bcu) bjia{cb'u)b'^ =(520). 28. (6ch) Mr (c^'")^'x = 0.

14. (bcu) b^u^{cc'u)c':c =(520). 29. (bcu) byUy(cc'u)c'^ = 0.

15. (bc%i) boCj)'J)'x =(512),. 30. (bcu) byUyC^a^ =(512),.

IG. (bcu) b^c^c'^c'^ =(501), and (512),. .31. (ben) byb'yCJb'^ =(512)3.

17. (bca) aXcx^a =(512),. 32. (bca) byUy c^a^ =(512),.

18. (bcb') b'Ac,u^ =(512),. .33. (bcb')byUycJa':, =(512),.

19. (bcc')c'J)^CxU^ =0. 34. (bcc')byiiyCxc'x =0.

20. (bcu)b^(cb'ii)b'^ =(520). 35. (bcu) byUy (cau) =0.

21. {bcu)b,(cc'u)c\ =(520). 36. (bcu)byb'y(cb'u) =0.

22. (bca)bjj.,(cau,) =0. 37. (bca) byUy (can) =0.

23. (bcb')bju(cb'u) s(520). .38. {bcb')byUy(cb'n) =0.

24. (6cc') M, (cc'm) =(520). ,39. (6cc') My(cc'") =0.

25. {bcb')bj:^b\ =0. ' 40. (6c«) VyCx =(501),.

26. (bcc')b^c^c\ =(501)o. 41. (bcb')byb'yCx =0.
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From {^•2l\ = (fiyx)iifiU^. From (421X= (n'6c)(»co) («(f6) (('^.

42. {8y . at()t(fiUyax=0. 49. {abc){uca){nab){a'a"ii)a"x = 0.

4:?. {0y .bu)ufiKybx =0. 50. {a'bc)(:uca){uab)(a'b'u)b'x ={o-20).

44. (8yx) a^tiytisc =(512)i. 5L (ci'6c) (wca) (a"ft6) ftVt"« =(501), and {.)12)„.

45. {8y.au) UfiUy =(520). 52. (a'bc) {uca)(b'ab) a'J)'x =(512),.

46. (I3y . cti) CfiUyCx =0. 53. (a'bc) {iica){c'ab)a'xc'x =(501), ;tn(l (512),.

47. {8yx)afiay =(501)a. 54. {a'bc){iica){a'ab){aa"u) =0.

48. {8y^) CfiUyCx =(512),. 55. {a'bc){iwa){b'ab)(ab'ti) =(520).

56. (abc) (uca) (c'ab) {a'c'i() = (520).

57. (a'bc) (a'ca) (a"ab) a'x = (501),.

58. (a'bc) (b'ca) (b'ab) a'^ s(501),.

Of these

2 = ^{yax)byba.

S = (bac) UabaOifix or say (abc) ii^af,bxCx.

4 = i (8^) I'fiCaCx or say = ^ (0yx) u^ayOx.

5 = baCac'x {(cc'u) bx - (cc'b) iix] = h i(ybj)x (yax) - ^ ujjyb^ (yo^)-

6 = (abc) (bcu) a^u„ = J (bciCf . «»-.

7 = ^ Uyba (Uyba — "a^y).

8 = (8yx) a^axUy — (8y^) ayUxUfi.

9 = (/Sya:) CpCx«y.

10 = — 2apayVfiUy.

11 sO.

12 = (caw) 6aW« {(bca) Ux + (cua) bx + (uba) Cx] = Ux (can) &« (abc) lu + CxUa (nba) (can) b^

= — Ux (bcu) (abu) UaC^ + CxUa (uba) (bau) Ca = 0.

13[=-6Am. -(i'cw)'-]

= (6cm) njb'x (bb'u) c„ h i cji^ii„ ( u^Cx - UxC^).

14 = § Wy (6y«I - My) 6«!<„.

15 = (bcu) (bb' . ax) cjj'a = i (Sax) (u^c^ — u^c^) Cx-

Ifi = (bcu) (cc . xa) bji'x = h (7^«) (Mx — My) &«•

18 = -icp(/3aa;)Cx«..

20 = (bcu) b'a {(bb'u ) C. - (ebb') «») = ^ W^Ca (WpC. — WaCp) — J C^W. (w^Ca — UaC^) = - UaUfiCaCfi.

21 = i My6. (6y«, - 6,«y).

22 = — (ahu) (bcu) CaUa = 0.

23 = - i CflM. (m^C. - M.Cfl).
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24 = Kybyba^u-

26 = ^ byba {'fxa).

27 = (6cm) rtyMy {cbu) Ux = — (bcu)- . ayUxUy = 0.

28 s (bcu) b'yVy (cbu) b'x = - (bc2i)- . b'yUyb'x = 0.

29 = (bcu) Cyiiy (bcu) c'x + (bcu) c'yVy (cbu) c'x + (bcu) Uy- (cc'b) c'x s 0.

30 = (bca) byUyC^ix-

31 = (6c«) (bb' . yx) b'yCx = J (^y^) (%Cy — tiyC^) Cx.

33 = - i cp (fiya;) UyCx.

35 s — (abc) (abu) UyCy = 0.

36 = (bcu) Uyb'y (cb'b) = - ^ c^Uy (u^Cy — UyC^).

37 = - (abu) (6cm) CyUy = 0.

38 = — ^ CpMy (»^Cy — MyC^) = 0.

39 = Vybyiiyby' = " (i(6 . 77')" ^ " f ^y^ ' ("^c)".

42 = 0(=»3=...-My=...).

43 = i'p- . byUybx-

45 Sj— ayU^a^Uy.

46 = (CpMy — CyMp) C^MyCj; = 0.

49 = i "a ("ca) (waft) (cjbx — c^6„) = | u^ (uca) (uac) bj)x — ^ m. (;(6a) (Ma6) c^jC, = 0.

50 = (uca) (a'b'u) b'x (bua) (bca') = (uca) (a'b'u) b'x {(buc) (baa') — (bua') (bac)}

= ^ba (buc) b'x (xih'c) u^ — (uca) (bac) (a'b'u) {(b'ua') bx + (bb'a') Ux + (bub') a'x]

= 2 «<i6<, (ub'c) [(bb'c) Ux + (bub') Cx] — ^ (a'bb') (uca) Ux {(acb) (ua'V) — (acb') (ua'b)}

+ ^ (icbb') (uca) a'x {(acb) (ua'b') — (acb') {ua'b)]

= i UxU^c^ (CfiU^ — c„»^) - \ U'^uj^x (c^iu — CaU^) — i a!0.x (uca) {c^ (aua) — a^ (cua)]

+ 4 u^a'x (uca) {cp (aua) — a^ (c?<a')j

= — iUx . CaC^aU^ + i UxUaC^ (Cai'fi — C0a) + i u^fifi {uco) {(ctta') M^ — (uaa) Cp}

— i UaUfiC^ (c^Ux — CxUa) — \ u^a'x (tica) . [(caa') u^ - (uaa) c^}

= - 4 "l • CaCplUUp + ^ UxCaC0a.Up + J Ma;Co% (CaMp — C^M,) - ^ UxC^a (Ca>t^ — C0a) — i Ux . CaC^aUfl

+ i u^UfiCp (CaUx - Cxii-a)

= — lUx- CoP^aU? + \llx • CJi^^U^ — \Ux. Ca.C0allfi " i "x • C„C0^U^ — ^ Ux . C^CpUaUp

+ i Ux . CaC^aUp

= — fWa; . CaCpUaU^.

51 = ^ 6„ (a'bc) a'x . (c„Ux — Cxiu) — \ (abc) ajy^c^ . Mx - i (abc) CxaxWa^a.

52 = ^ a^ (uca) a'x (a'^Cx — a'xPd) = i (aa' . /3a;) (uca) a'^c^ = i (^^x) Cx (c^u^ - c^?/„).
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53 = (a'6c) («ca) c'» . {{c'a'b) a^ + {c'aa') b^} = {boa) (uca) a^ . [{bc'a') c« + (bcc) a'^ - {a'cc) b^]

+ ^c'J)ifi'x{ubc)Ca

= ^ byajfi'x{iauc){a'bc')-iauc'){a'bc)} - i a'^aA {(aitc) (a'6c') -(«'«:') («'ic)! + ^ c'.i;^ ((66c)(cc' . ax-)

= i ftyOxO', {«y (aa'6) - a^ {iiab)} - Ja>A {'*> (aa'^) - S (ua'b)} + } (7a;t) /»^ {hyiu - baiiy)

= - ^ iyrtj (aa' . yx)(ua'b) - ^ bjt^ity (ou^) + i (act' • a;y) b^y{ua'b) + ^ (ycw) tyt^Jt, - ^ (yar) iaMy

+ i (700;) byb;c'U - \ (7««) ^.Mt

= \ (yCLv) byba . Ux - i (70^) M^"" - 4 l7»«-') ^«^:r"Y-

54 = - i {uca) Ua. {abc) 6. = ^ (6ch) (abii) a^c^ = - J a.= . {bcu)-.

55 = i (itca) a^ {cud) d^ = ^ (ma) a'^ {{cad) (f^ - (mid) c^} = | c„»^ (c^^^a - C3"a)

56. Consider it under the form {ubc) {iib'c') (abc') {ab'c). This is given as example 2 of

§ II., where its vahie is written down. It is = u^iiya^Uy.

57 = — (a'bc) a'x baC^.

58 = ^ a^ {ode) c^a'x = J Ca (ot/Sa;) c^.

This completes the establishment of the fifth degree. We have arrived at all the

forms written down on page 71 and no others.

Sixth degree.

We proceed now to shew that from we obtain

(501)i = (abc) aJi.Ca, (600) = (0/37)^

(501), = {0yx) a^ay, (Gil), = (a/37) (/37-*') "«•

(520) = u^Uya^ay, (Gll).,= a^aybybxiifi.

(512)i = {^yx) a^UxUy, (630), = (a/97) "."^"r-

(512)2 = {abc) a^UfibxCx, (6.S0)o = (abu) a^by u^Uy.

(512)j = {I3yx) CxC^Uy, (680)3 = {bcu) u^UybyC^.

{m^), = {0yx){yoix){a^x).

{6OS),= {0yx)aJ)xa^by.

{QO3), = {0yx)bxCxbyC^.

From (501)i = {abc) ajb^c,. From (oOl ),, = (/3yx) a^Uy. From (520) = u^Uya^Uy.

1. (a6c) (oa'w) taC.a'j; = 0. .S. (/37 . a'y()«^aya'2 = (611)i- •5- d^dxUyaf^ay = {QW)^.

2. (aic)(a6'w)6.c.6'z = (611)j. 4. {^y . bu) a^Uybx =(011),. 0. c»^apay = (611)..

7. a'fidyU^ay = (600).
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(512)o = (abc) a^UfibxCx.

23. (abc) a^iip {ab'u) c-^'x = 0.

24. {abc) a^ii^ (bb'u) cJj'x = 0.

25. {ahc) a^up (bc'u) Cxc'x = 0.

26. (abc) a^Ujibx (ca'u) a'x = 0.

27. (abc)a^upbx(cb'u)b'x =0.

28. (abc) a^Ujibx (ecu) c'x = 0.

29. (abc) a^a'^a'xbxCx = (60.3)o.

.30. (abc) a^c'fbxCx = (60S),.

31. (abc) a^a'p (ba'u) Cx = 0.

32. (abc) a^c'p (bc'u) Cx = (Gil),.

33. (abc) a^a'^bx (ca'u) s(611)o.

34. (abc) a^c'^bx (cc'u) = 0.

35. (abc) a^u^ (ba'u) (ca'u) = (630),.

36. (abc) a^up (bb'u) (cb'u) = 0.

37. (abc) a^up (bc'u) (cc'u) = (630),.

46. (/3y . au) CxCptty = (611)2.

47. (/37 . bu) c^pby = 0.

48. (^yx) (can) c^ay s(611),.

49. (^yx) (cbu) cpby = 0.

50. (/S7 . au) (cau) c^Uy = (630)^.

51. (0y . bu) (cbu) cpUy = (630),.

52. (0y . c'u) (cc'u) C^Uy = 0.

1 = i Ua' (c^hx — Cxba) baCa aucl u„'Ca'bJ)xfia = u^'b^fia (bc . ««') = ^ bx (cu . act') (be . txa).

2 = (abc) Cab'x [(uab) b'^ + (ab'b) «„} = (abc) b'J)'„. {(abc) u^ + (uac) 6„} — | ft^c.^;, (a^Cx — axC^)

= (uac) (abc) b'a (bb' . ax) + ^ CaC^a^axtu = i (/Sa«) (uac) (a^c^ — a^c^) + ^ c^Cpu^UxUa

= \ Up Ua Ux a^Ca + i CaC^a^OiM. = ^ UaC^axjXpCa + \ CaC^a^axU, = CaCpa^axU^ = (611),.

ap a„ ttx

Cfi Ca Cx

3 = (a'p«T — a'yU^) apOya'x and a'pUytt^aytt'x = Uya^a'x (aa' . y/S) = — J (<^0y) (<^^^) "y

4 = byUpa^aybx.

10—2

From
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5 =

7 =

8 =

9:

10:

11;

12 =

1o
O =

14

15

16

17

18

19

20

21

22

{afiyY. For = i {ap- . a\- + Oy-a'^-f - ^ (aa . fiyf.

{a filly — a'yUfi) a^a^'xtty = — (hfifiU^ a'ya'xUy.

hyUfiUyafiaJbx = dfiCixUp . bybxUy.

CfiafiCxflx . iiy°-

i (ffyx) «. (afix) Uy = -i i(x (a/Sy) (70*-) u^.

Ufi Oy Ox afibxiiy = Kfi (Gybx - iixby) a^bxiiy = bx" . u^nya^ay - axa^itfi . bybxiiy.

bfi by bx

>lfi Xy Ux

a^ Oy ax UfCxiiy = -Cfi {ayUx - axUy) a„CxUy = -Ux . CfiU^CxCtyUy + Uy- . ctxCxCi^Cfi.

Ofi Cy Cx

Up tU, Ux\

{^yx) a^a'x (aa' .xy)=^ (/87a;) (70^;) (a/S*-).

(803),.

(a fitly - a'yiifi) (aa'u) apUy = - ^ tuufiUy (a^y).

(abu) byUfiafilly.

CfiUfi (acu) . «/.

a'fituflfiOxa'y = afiUyttx (aa' . ^y) = h (affy) (ax^) Uy,

by- . UfiafiOx.

\{fiyx)(a^y)u^.

ttfiby = itfiOybxafiby,= Ufi Oy Ux

\bfi by bx

I
Ufi Uy Ux

23 = (abc) a'fiUfi (ban) Cj/a'x = (ahc) (bau) Cx . a'piifia'x.

24 = {abc) cJb'xUfi {(b'ua) bp + (uba) b'p + {bb'a) Ufi].

25 s (abc) (bau) c'fiUfiCjfi'x = (abc) (bau) Cx . CfiUpCx-

26 = (ahc) tifia'x [(a'ua) Cf + (uca) a'fi] = ^ iiaiifib^fifi (cjbx — cA) = - i b^bxUa . CpCxUfi.

27 = (abu) afiCfibx (cb'u) b'x = [(ab'u)'bx + (abb') Ux + (b'bu)ax] afiCfibx (cb'u) = (b'bc)bx . (cb'ii) . ajCifiUfi = 0.

28 = ^ UyafiUfibx (byttx — bjOy) = ^ Uybybx , tifittpax.

29 = (abc) a'fibxfix (aa' • /9«) = i (a/9«) (cjbfi - cpba) b^x = - i («/9«) Cfibjb^x-

30 = (aJbc) afic'J)x (cd . x^) = ^ (^yx) a^^x (b^x - My) = h (^yx) apbyujix.

31 = (abc) Ufitt'fi (ba'a) c, = — ^ baUpc^ (cjbp — Cfiba) = 0.

32 = (abc) (abc') Cxfi'pUfi = (c'bc) (abc') CxfifiUfi + (ab'cf . c^fipUp = \ byafiUp (aybx - aj)y) = J apOyUpbybx.

33 = (aba') apCpbx (ca'u) = — ^ b,Cpbx (UaCp — upc^) = J Cfipii^j)^.

34 = i bxUy (byUp — bpcu,) ap s 0.
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35 = {aba) a^c^ (bau) (oau) = (abu) (ca'u) Cf, {{bau) a'^ + (baa) tt^] = - ^ Cp?tp6. (bcu) m..

36 = ^ u^djiU^c^' (uca) = ^ (au . /3/3') jf^cp- (uca) = 0.

SI = ^ H.ya^a^by (aub).

38 = (a'^Uy — a\ufi) CxP^Uya'^ = «/ . a^u^CxC^ — CxC^u^ . ciya^Uy.

39 = hJ}yVy . cpCxii^.

40 H Uy- . c'fic'xCxC»-

41= Cp Cy Ca; CfiVyax = Cx(a^Uy — ayU(,)c^Uyax = — u^c^Cx.Uyayax.

ag fly tta;

Mp Uy Ux

42 = C^ Cy Cj:
j

C^ifytj, = U^ (Cybx " C^^y) C^((y6j; = - CxCfiU^ . fc^tyify.

b^ by bx

Ufi Uy Ux
I

43 =
1
Cp Cy Ca;

I

CfiC'xUy = Cx (c'pUy — Cyllfi) c'x>ly = 0.

Cp Cy Ca

Mp «y ll-x

46 = (a^ity — ctyUp) CxC^Uy = a^iiyUyCxCfi.

48 = byUpCxC^by = 0.

48 = Cb Cy Cx c^ciy = Cx {agUy — ciyU^) CfiUy = d^ayCpCxMy.Cp
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From (611), = (a/37) (i^T*') ««•

1. (a/97) 1/37 . ciu) ».o» s (721).

2. {a^y)(^y.bi,)uX =(721).

3. (a^7) (/37a;) Kh = 0.

4. (a^y)(0y.bit)K =(710),.

From (630)i = (a/37) "."^''t-

12. (2/87) 6atx"P«Y = (721).

l.S. (a/37)».a^«y =(710),.

From (abu) afibyii^ity = (630)o.

14. {aba') a^byU^Uyax = (721).

15. (abb') a^byti^u^'x = 0.

IG. (abc) afibyii^ttyCx =0.

17. {abu) a^bya'puya'x = (721).

18. {abu) a^byCfiUyCx =0.

19. (a6M)rtp6^M3a>'x = (710)i and (721).

20. {abu)a^byU^b'yb'x sO.

21. {aba) a^bya'pUy vanishes.

22. {abc)apbyCpUy =(710).,.

23. {aba) a^byU^a y =(710),.

24. {ahb') agbyU^b'y vanishes.

25. {abu) a^byU ^a y = (710)i.

From (603). = {^yx) aj)xapby.

37. {^y . a'u) a^a^^i^y = 0.

38. {^y.b'u)b'xaj)rafby =0.

39. (187 . cu) CxfiJbxUpby = 0.

40. {0yx){aa'u)b3fl,'xaf,by =0.

41. {^yx){ab'u)bjb'^eby =0.

42. (0yx){acu)bxfixfifiby =0.

43. (/97a:) Oj (ta'tt) a'^fiby = 0.

44. (/37x) ax {bb'u) b'xttpby = 0.

45. (/37a;) a, (6cm) c^apt^ = 0.

From a^OybybxUfi = (611)...

5. a^ayby {ba'u) aju^ = 0.

6. upUyby (bb'u) b'xVp = 0.

7. a^Wyby {bcu) c^up = 0.

8. a^aybybxa'^a'x = 0.

9. apUybybxCpCx = 0.

1 0. a^ayby {ba'u) a'p = (710),

.

11. u^Uyby {bcu) cp =(710),..

From (630)3 = {bcu) u^UybyC^.

26. {bca) axUpUybyCp = (710).,.

27. {bcb') b'xUpV.J)yCp = 0.

28. {bcu) a^UyaxbyC^ = {710).,.

29. {bcc') c'pUyc'JbyC^ = 0.

30. {bca)a^UybyCfi s(710)j.

31. {bcc) c'^UybyCfi = 0.

32. {bcu) a^aybyCfi =(710)..

From (/37a;)(7ar)(a;8a;) = (603)i.

33. {0y . au) (7aa;) (a/3a;) Ux = 0.

34. (/97 . bti) {yax) {a^x) bx = 0.

35. (yS7a;) (7a . a«) (a/3 . au) = 0.

36. K^yx) (yi . bu) {a/3 . bu) = (721 ).

46. {By . a'u){ua'u)bxa^by = {7lO), and (721).

47. {By . b'u) {ab'u) b^^by = 0.

48. {By cu) {acu) b^apby = 0.

49. {By au) Ox {ba'u) a^by = (721).

50. {By b'u) Ux {bb'u) apby = 0.

51. {By cu) ax {bcu) ttftby = (710),.

52. (;87a;) {aa'u) {ba'u) a^by = (721).

53. {Byie) {ab'u) {bb'ii) a^by = 0.

54. {By^) («c«) {bcu) a^by = 0.



CONCOMITANTS OF THREE TERNARY QUADRICS. 79

From (^yx) hcJ>yC^ = (603),.

55. {0y . au) aJ)xCxbyC^ = 0. 60. (0y . au) (ban) cJ)yC^ =0.

56. (I3y . h'u) h'J)xCj)yCfi =0. 61. {^y . h'li) (bb'u) cJiyC^ = 0.

57. (^7*) (bau) axcJ)yC^ = 0. 62. {^y . c'li) (bc'u) CxbyCf, = 0.

58. (I3yx){bb'u)cj)'j}yc^ = 0. 63. {/3yx)(bau)(cau)byC^ =0.

59. {0ya:)ibc'u)c^c'J)yC^=O. 64. {/3yx) (bb' n) (cb'u) byC^ = 0.

Of these

1 = (a^^Y) {a^Uy — Uyit.^) tu^x-

2 = (a/3y) UaUpbyb^.

3 = - (vaa;) (a^x) b^by = 0.

4 = (a/37) "^^Y^«•

= afla^u^ . «y&Y (bail).

6 = «^- . Uybyb;c' (bb'a).

7 = Cpciyby (bau) Cx"^ = «y6y (6«/a) . CxC^ii^.

8 = a^ (aa' . 7/3) byb^^aj = -\ (a/87) (a;Sis) 6^6^; = I (/37«) (70*) 6.^^ = 0.

9. For this consider (ubcf . (jSyr)- = {u^byCx- a^bxCy + UyhxCf^— a.yb^Cx + oJi^Cy- axbyC^f

= (a^byCx + OybxCp - a,:byCf,)- = ^a^aybyC^bxPx-

10 = u.^Uyby (baa) a^' = — lu^byb^ (o-y^).

14 = - i (oL^x) bybaUfiUy = -^ (a/37) bxbjifiUy.

15 = (ubb') a^bya^Uybx = 0.
I I

16 = (ubc) a^byU^ayCx = (uba) c^byU^a.yCx = (uba) byUy . CpU^Cx-

17 H (aba) a^byU^Uyax' = — i («/3.r) bybji^Uy = — h (a^y) babxU^Uy.

18 = (a6c) a^byV^yCx =16 = 0.

19 = (abio) ayby . u^a^'ax + 1 (a/37) ''t"^ (".^^x - "x^a).

20 = (abu) a^upby (bh' . yx) = i (a^^Uy - UyU^') (/3'yx) a^up = (^y:r) n^ny . a^-- + /3^'

- (j3y.O UfsUy . /(^.- + = 0.

22 = (bcii) u^UybyC^.

23 = - i (a/37) f>yb,>^P-

25 = (aba) a^byii^ay or 23.

26 = (abc) UfiUyaxbyC^ = (ubc) a^UyaJbyC^ = itx (abc) a^UybyC^ + (uca) c^a^ . bxbyiiy + {nba) a^UyCxbyCp
I 1 I 1 t 1 L. . I

= Ux . (ubc) a^aybyCfi + (cba) u^Uya^cJby = Ux • (ubc) a^aybyC^ + (cbu) upUya^Cxby
I 1 t t

= Ux . (ubc) a^aybyCfi + (abu) ayby . c^u^Cx = Ux (ubc) a^UybyC^,

a reduction not at all obvious.
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27 = {bub') bjc'cfittybyCfi = 0.

28 = 26.

29 = (ucc) Cfi'byCx'byCfi.

30 = (710),.

31 = by- . {ucc') CfiCp.

33 = {(tfiiiy — Oyitp) {ycuc) (a/Sa;) cix = {^cuc) (a^.r) (lyiiyiijc - {ya.r) {ay.r) (i^ii^Ux = 0.

34 = (ycuv) {a0x) bJ)yUfi = (yax) {y^x) bji^u^ = {y^.v) bj)x [{^clx) Uy + {ya.^) u^]

= - (ay37) (/370) bj)x . I'x + {ol^x) Uyb^c (^7«) ^=c = [ya.'-) (a/3.') h^by . u^

35 = «a- . (/Sya) UfiGy.

36 = (,0y-v) {byiia - ba'ty) baii^ = (/97-a) byb^iuu^ = (/Sya) byb^iuu^.

37 = («^'"y — Oy'u^) ajfix'bxCifiby = Uybybx . a^'ax'apax — u^a^iix . Uy'axbybx.

38 = by'ufibx'ajbxftfiby or bjiybybj . UfiCt^ax.

39 = C(,UyC^J)3fl^by or C^Cxa^Ux Uybybx.

40 = i (0ya-) (a^.v) uXby = \ (^yx) (yM . >'M..

41 = o^ Uy Ux bj)x'apby = ti^ {Uybx' — ctxby) bxbx'a^by = — a^^ii^ . bybybxbj-

bf,' by bx

Vfi tly I'x

42 =
j

(tfi Uy Ux
I

bxCxit^by = — Cp {UyUx - OxUy) bxCxOfiby = — a^aybyC^bxCx + a^c^ttxCx . Uybybx =

I

cp Cy Cx
i (see 9).

i Up Uy Ux I

43 = b^ by bx '

UxjUx'tiftby = b^ (a^'tCy - ity'ti^) ax(tx'aftby = bxbyUy . ap'ax'axa^ — v^a^ax . Uyajbybx.

Ufi' Oy' Ux'

"p «y Vx 1

44 = u^ (bybj - bybx) aA' "pi^y = - u^af^ax . {bybj - by'bx) bybx'.

45 = bp by bx o-iCj^apfty = bx (c^Uy — Cyii^) a^jx^y = bJ)yUy . c^a^Cx^x'

Cfi Cy Cx

Up Uy Ux I

46 = (a/uy - ctyUfi) (aa'u)bxa^by = - ^ (a/3y) vji^bxby = -^ (x^y) nji^bj)y

= - ^ l(a/37) Ufibyba . Ux + (.'//3a) u^UybJ)y]

= - i {oi^y) u^byb^ . Ux + \ (a/37) n^'fybX = (710), and (721 ).

47 = byUfi (ab'u) bxfipby = (bb' , xy) (ab'u) byU^u^ = ^ {0xy) (u^Uy — a^Uy) a^a^.

48 = CfiUy (acu) bxflfiby or (ucu) a^c^ . Uybybx-

49 = {ufiUy — Oy'up) (ba'u) Uxfipby = (ba'a) Upap'uyajjy - u^a^Ux . Uy'by (ba'u)

= - 1 6„ (ax^) UfiUyby = -\ (a7;S) bJ)x'u^Uy.

50 H byUfiUx (bb'u) Upby = byU^Ux (bb'a) u^by.

51 = CpUy (bcv) aj.ifiby = C0.y (bca) a^M^iy or 26.

52 = ^M. (fiyx) (Uabfi - tlpba) by = —i {^y^) U^Ufkyba = - i (a/37) UaiUfkybx-

b^ = \u^ i^yx) (upUy — UyUp) Uf.
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54 = bp by bx I {acu) a^by = b^ (CfiUy — Cyii^) (acii) a^by = (acu) c^a^ . bjiyity — (acu) a^CyUfJjJby

Cfi Cy Cx

Ufi Uy llx

55 = (a^Uy — Uytift) aJbxPjbyC^ = c^a^CxUz bzbyUy — UybyUxbx . u^CxC^.

56 = by'ufibx'bxCxbyCfi = CxC^u^ byby'bjbx.

57 = b^ by bx

ap tty ax

Uft Uy Ux

58 = -^up. (/37.r) (^V*') c^^ = 0.

a^fixbyCp = bx («^My ~ ^Y"^) (iiPxbyC^ = aift^c^Cx . bjbytiy — Oybyuj^x • u^c^Cx-

59 CxPxbyC^ = bx {Cfi'uy — Cy'ufi) CxCx'byC^ = bxbyUy . c^'CxC^Cxbp by bx

Cp Cy Cx

U^ Uy llx

60 = (a^Uy — UyU^) {bail) CxbyC^ = (bau) CxhyC^a^Uy — ii^c^Cx . (ban) byOy = (bac) cJbyU^affUy

= {buc) Cxbyii^a^Uy = (bua) cJiyU^c^ay = (bua) byUy . CxU^c^.

61 = by'up {bb'u) CxbyCfi s by'u^ (bb'c) cJbyUfi, which vanishes.

62 s c^'uy (bc'u) CxbyCp = c^'uy (bc'c) CxbyUp = by- . (iic'c) c/cJ>yU^.

63 = 6p by bx

a^ tty Ux

Up Uy Ux

(can) byCp = bx (a^Uy — ayii^) {can) byCp = bybxUy (cau) c^a^ - (can) c^byUyii^bx

= — (abc) upliyaybxfifi = — (cub) a^Uyttyb^p = — (cua) a^UybybxC^

= iiybybx . c^a^ (cau) = 0.

64 = (0yx) (bb'c) (cb'u) byUp = ^Cp< (fiyx) (u^Cy — c^Uy) «^ = 0.

The seventh degree is therefore established.

Eighth, ninth and tenth degree. End of the system.

We proceed now to shew that from

(710), = (ay87) a^Uyiu,

(710)., = {bcu) a^aybyCp,

(721) =={a^y)bJ>xUpUy,

and thence

(911) =apaybybaCaCxUfi,

and that this is the end of the system.

we obtain

(801), = (^87^;) byCpb^Ca,

(801)2 = (a'bc) a^aybyCpttx',

(812) = (a'/37) (7CU,-) (a/3.^) lu

and thence

(10.1.0) = VAco«a'(a'/37),

From (710), = (a/37) a^ayii^.

1. (a/37) ffg«A^^ = (801 )i.

2. (a'bc) ax'apaybyCp = (801),

Vol. XV. Part I.

From (710)2 = (bcu) a^aybyCp.

3. (bcb') bxa^UybyCp = 0.

11
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From (,721) = (0^7) babxUfiUy.

4. {ai3y)K{biXu)axUfiUy = 0. 10. {a^y) bab^u^byb^' = {S12).

.5. {ajSy) ba {bb'ii) bx'ufiity = 0.

6. (oL^y) ba (bcu) c^it^Uy = 0.

7. {a^y)bab^fUyax = (S01)i.

a. (,0/37) babjfi^UyCz = 0.

9. (0^87) 6.6x«^«-,"i = 0-

1 1. (a/37) ''a (i««) Ct^l(-, = 0.

12. (a/37) ^a (bcu) CfiUy = 0.

13. (a/37) ^a (tait) WflCt^ = 0.

14. (a/37) 6, (66'«) u^by' = 0.

15. (a/37) babj^fiUy = (801 )i.

From (801)i = (^ya:) byC^baCa.

10. (/37.aM)«Acp^«''a = (911). 17. {3y . b'u) bJbyC^b^Ca = 0.

From (801)2 = {a'bc) a^iiybyCjiax.

18. (a'6c) rt^a^fe^c^ {a'a"u) a^' = (911). 19. (abc) a^a^byC^ {a'b'u) bj = 0.

From (812) = (o'/37) (yax) {a0x) «,..

20. (a'/37) (7ttr) (a/3 . ait) a^tiV = 0. 24. (a'/37) (700;) (a^S . 6m) &»' = 0.

2L (o'^7) (7ac) (ay3 . fcit) Ma' = 0, 2-5. (a'^7) (7ar) (a/3 . cm) c.- = 0.

22. (a'/37) (7aa;) (ay3 . cu) c^uw = 0. 26. (a'^7) (7a .
an) (a/3

.
au) iw = 0.

23. {a^y){youv)(a^x)ba'bx = 0. 27. (a'/37) (7a . 6«) (a/8 . 6(0 'V = 0.

From (911) = a^aybyb^CaCx^i'p.

28. a^Uybyb^CaCxU^'ax = 0. 32. «^«^6^6.Ca (ecu) c^'u^ = 0.

29. afaybyb,CaCxPp'cJ = 0. 33. a^cfA^-c. (ca'w)V = 0-

30. a^Uybyb^Ca (ca'it) a^Mp = 0. 34. a^Uybyb^c^ (cc'u) c^ = (10 . 1
. 0).

31. a^Uybyb^Ca (cb'u) bx'u^ = 0.

From (10.1.0) = (a'^7) byC^baCaiU'.

3.5. (a'y37) b^nhacjijbx.

Of these

1 = (o/Sr) a^aybjby or say i^yx) 6.c.6yCp.

3 = {bah') bxOyby . c^\

4 = 6, 6^ 6^ baUxUfiUy = — byUaUfibaaxUfiUy or - Mpa^a,; . UybybaUa-

a. a0 Oy

M« !<p My

5 = i (0/87) (^ouc) up-UfflLy = i«p= . (a/37) ^^ow;) «y + ^)S'.
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6 = ba ba by baCxii0y = by {cjifi — c^i-u) baCxUfiUy = — C^UfiCx UcbJbyUy.Ua V^ i/y

Ca Cfi Cy

Va U^ My

7. Making one cyclical change forward this becomes

(a^y)byC^uJ),cCjc = (a- ^y) byC^gbgC^ = u^ . (a/37) byC^b^c^ + {xay) bj)y . u^c^Cx + (a-^a) byC^UybaCx

= Ux .
(x^y) byC^b^Ca. + (7/3a) bxC^Uyb^Cx = Ux • (x^j) byC^b^Ca + {y^x) b^c^yb^Ca

s Ux . (x/By) byCfibaCa + (a^x) CaCp . bjbyiiy = u-x (x^y) byC^baPa (cf. 26, p. 54).

8 = {x^y) bobxCfiUyC^ = (^/8a) c^c^ . byUybx-

9 = {oL^x) babyU^ayCix = {o-yx) bjoy . u^a^ax.

10 = (a^Sy) {bb' . ax) bxUpby = | (a^S^) (/3'ar) (^'xy) u^.

11

12 =

ba b^ by

a. cip Uy

Ua Up Uy

ba bp by

Ca Cji Cy

Ua. Up Uy

ba bp by

Ua ap Uy

y

baClpUy = Ua {bpCly - byOp) baUpUy = bpbaapUyUatty = 0.

baCpUy = by (CaUp - CjsUa) baCfiUy = UpUybybaCaCp = ^ {oL^y)" . {iibcf.

For (ubc)- . (a/37)= = {UabpCy - uJbyCp + UpbyCa - UpbaCy + UybaCp - UybpCa)-

= (- UabyCp + UpbyCa + UybaCpf = 2t(pUybybaCaCB.

13 = ba be by baUpUy = by {UaUp — Upu^ baUpUy = — UaUpcipciybyba = - i (uab)- . (a/S7)%

For {uaby- (a^7)' = (Uadpby - Uattybp + Upttyba - u^ctaby + iiyOabp - UyCipba)-

.
= (liaapby + Upctyba — Uyttpba)- = 2u.aUpapaybyba

.

14 = J (a^7) Up. i^'ay) Up = 1 Up" . (a/37) {^OLy) + ^'.

15 = (a^x) babyttpay = (801)i.

16 = (a^My — ay?(p) aJ)yCpbaCa = axCipCpCababyUy — cixfiybybaCaCpUp

,

both represented by c^JbabyayapUp or (911).

17 = by'^ipbx'byCpbaCa = by'upCpbaCa (bb' . yx) = (^'a7) {^'yx) upCpCa = {^'a.y) {oLyx) UpCpCp'

= i^ay) (ccyx) Up . Cp- + 130'.

18 = ^UattpaybyCp {Cabx — Cxba) = ^bxbyayapCpCaUa — ^CxCpapaybybaUa-

19 = {(b'bc) ax + (a'b'c) bx + {a'bb') Cx] apaybyCp (a'b'u) = {(a'b'c) bx + (a'bb') c^ apaybyCp (a'b'u)

= (a'bb') CxfipaybyCp (a'b'u) + (a'b'c) bxapUyby {(cb'u) Up + (a'b'c) Up}
V

'

= \ap'cxfipayCp {upciy — UyUp') + (a'b'c) (cb'u) apby (aa' . y0) bx

= ^ (aa' . 7/3') apUyCxCpUp' + ^ (07^8) (ba'cp - bp'Ca) (cb'u) bybx

= i (ay0') (a;S7) CxCpUp' - ^ (a/37) bjcpby (cb'u) bx

= l(ay0){a/3y).CxCp'Up. + 00'-^ Ca Cp Cy

ba' bp' by'

Ua Up Uy

= \by'baCaCpUpbybx = \ (bb' . xy) bJcaCpUpby = ^ (0'xy) (/S^a) CaCpUp

= i (70^) (ySVa) Cp'CpUp = /3^' = 0.

byba'Cpbx = ^by (CaUp - CpUa) byCpba'b^

11-
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20 = (a'0y) (ycuv) lifiiuaxiU- = «.'' (,a/^7) (,70-') a^cfj; + aa'.

21 = (o'/Sy) (70.1-) babxUfiU^' = ^ (0/87) (ycui^ u^ . Kb^u^' + i (a'/3a) (7a.)) byh^u^iU'.

22 = (o'/97) {yaj;) (c„i(^ - c^h.) Cx«a' = (a/87) (70*) "3 • CaC.tifa' + «a' - (,0(^87) (7a.r) c^c.v .
». - - aa'.

23 = (a'j8.r) {ycui^ (ayS.r) i.t^ = a"? + (a'/3*') (70);) (a'y8.i') 6.6^.
^ - ;

24- = {a'^'y) {yoLv) b^u^b^' = (0/87) (70.^) u^ . ba- + aa.

25 = (a'y87) (7a;i') (CaCp — c^Ua) c.' = aa + (a/3y) (ya.r) u^ . cv" - aa' - (a';87) (70'.') c^iui\

= - (a'^y) (7a'/3) . CxiUCa - (a'/37) (y^a-) c\i(^Ca = aa' = 0.

26 = (a'/97) o^i(„«p«a"a'.

27 = (a'/87) (6y;(a - ^a'^) b^u^u^' = (a'/37) bybaU^upu^' = aa' s 0.

28 = GybybaCaC^^p (aa' . /3a;) = ^ (a'y3«) (a'7yS) bybaCaC^ = i (a'/37) (a'7/3) . bJb^CaCx

+ i (7/5«) (a'7^) ba'baCaCx = b^'" . (7yS.r) (a7;8) CaC.v + aa'.

29 = afiUyb^aCjcJ {cc' . x^) = ^ (/87'.y-') a^Uybyba {y'ax) = ^77' + \ {^yx) a^Uy . byb^ (y'ax).

30 = c^aybybaCa (aa'u) a^u^ + aybyb^Ca. (cau) . a^'ax'u^ + ctybybaCa (ca'a) aj . n^"

= ^iia' (ayx) c^bybaCaiip = ^ (a7a;) byb^ . c^c^'Uf^n^ + aa'.

31 = a^aybybaCa (cb'u) bx'up = a^UyU^u^ . b^Cabx (cb'b) + a^ayby'baCabx'^i'p (cbu) = a^ayby'bxUp . b^c^ {cbu).

32 = i^v (y'"'^) apaybybaVfi s 77' + ^ (7aa.) byba . ciyU^UfiUy.
V J

33 = afiOybybcfla (ca'u) a^' = a^ciyU^'ay' . baC^ (cbu) + a^aytiybaCa (cab) a^' = (««' . 7yS) apM^6„c„ {cab)
V . V I

= \ (a'7/3) Uyb^Ca. (ba'Cfi - b^c^) = ^ (a'7/3) UybaC^cJba = ^b^"- . (ay/3) c^c^Uy + aa'.

34 = i lly' (7'a/S) (tybyil^ba.

35 = (a/37) byC^b^cJba'bx = (a/37) byC^b^''Cabxba-' + (bb' . ax) (a/87) bybJc^Ca

= \ (/3'a'.t) (/3'7a') (0/87) Cpc^ = - i (/S'a'.r) c»c.^ . (a^yf.

This completes the system.

§ V. Forms reducible on multiplication by Ux are

(303) for Ux . (abc) aj}^x — (bcu) bxPx cix' + {cau) c^ix • bi + (abu) a^x • Cx-

(421 )3 for Ux . (a'bc) (uca) (uab) a^ = ai'' . (bcu) (cau) (abu) + (cauy . (abu) Oxbx

+ (abu)" . (cau) c^x + w«° . (bcu) b-fix — \ux {(6cm) b^u^Cx + (bcu) c^uj)^.

(501), for «j; . (a6c) a-c6aCa = (oic) ai6a;WaCa + (a6c) a^CiMaia

- {§«»" • Qacu) bxPx + bj . (cau) c^x + Ca" . (abu) aA - uj
.
{ben ) b^Ca].

(512)j for Ux . (abc) apu^bjfix = UxfifiUfi . (bcu) bxCx + bx" • (cau) a^u^Cx + c/ . (abu) a^u^bx.

(011)2 for Ux.afaybybxU» = \(abiif .{Pyo:y, save for products.

(630X for Ux . (a^y) UaU^Uy = u^.. (^yx) ti^Uy + u^- . (ya.i:) UyU^ + u^" . (a^x) u^u^.
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(630)2 for Ux-((ibu)a^byH^Uy = — (ahu)- .(0ya;)u^Uy

+ Up- . {(abu) Kyayba: — (abu) aybyCix] — Uy^ . (abu) (ifiU^bx.

(630)3 for Ux . {bcu) UpUybyCp = — (bcu)" . (/3yx) u^Uy + (6cm) byCxUy . u^- + (bcv) Cph^Up . Uy.

(603)., for u^ . (0yx) ajj^a^by = - i^yx)' . {abu) aj)^ - ai . (0yx) bJtyUfs

+ b^' K^yx) a^iyUt, - {0jx) a^a^Uy}.

(603)3 for Ux . (^yx) bxCj)yCp = - {^yn^- . (bcu) b^c^ + (/3yx) c^c^Uy . b^" + {/3yx) byb^up . c^-.

(710)i for Ux . (a/37) «^"Y"a = («/37) u^u^Uxay + (h/Sy) UyU^ctjca^ - {a8x) u^u^ . Uy-

— {ycuc) UyU„ . ctfT - §«„- . i^yx) u^Uy.

(710).2 for Ux . {bcu) a^aybyC^ = — {bcu}- . {I3yx) a^Uy + «p- . {abc) iiybyCx

+ Uy- . {abc) c^a^bx — {can) c^a^ . byiiybx — {abu) Uyby . c^u^Cx-

(721) for Ux . {al3y) bJ>xUpiiy = {0yx) u^Uy . ujbjbx + Uf^- . {yctx) bJ>xUy + »/ . {a^x) babxU^.

(801)i for Ux . {8yx) byCpbaCa = - {0yx)- . {bcu) b^Ca + bx' . (a/87) CaC^Uy

+ Cx' . {(n^y) babyUfs — (7a.r) byba . c^CxU^ — {a^x) CaC^ . bybxUy.

(801)o for Ux . {abc) a^aybyC^ax = a.x- . {bcu) a^aybyC^ + {abu) ayby . CxaxC^a^ + {can) CfsU^ . axb^fiyby

- \ {{^ouc) byb^ . UpCpCx + {oL^x) CaCp . Uybybx}.

(812) for itx . (a'/37) (70^;) (a/Sa;) m„. = »,' {/3yx) {youc) {a^x) + !«„= . ax" . {^yx) u^Uy

+ {a/3xy . {yax) Uyiu + {ycuc)- . {affx) u^u^ - |a„- . Ux {(/37a;) a^axUy + {^yx) ayaxU^].

(911) for Ux . upUybyb^c^CxUf = — {cau) a^CxU^ . {yoLx) byb^ + ^jUx" . aj . b^" . Cy- — ^Cy- . axa^up . UabJ)x

+ Cx- . UaUpbybaa^ay — axa^u^ . byb^UyCaCx — ?;«»' • b^r . Uy- . c/.

(10.1.0) for iix . {a'^y) byC^b^c^u^- = m„= . {0yx) byC^hjia. + {yo^) byba . CaC^UaUp

+ {a^x) CaCp . bybaUyUa — |a„= {{abu) ayby . c^u^Cx + (cau) c^a^ . byUybx].

Thus all but (421)3, (501)i and (710)i are expressible by products of terms of lower

degree, and these are expressible by forms otherwise occurring in the list of forms.

In regard to the previous table we may remark that, multiplying still further by

Ux, we have

Mx=-(501)i

M.^(710),

ui . (801),

M/. (10. 1.0) I

M/ . (911) I

and there are, of the 18 forms just given, 13 which are only "singly-quasi-reducible,"

the reduced forms being expressible by the following 13 " whole" types of forms

{ahcf, bj, a^-, ai, {bciC)b^x, {bcuf, VabJ)x, {abc) {bcu) ax, {bcu) {cau) {abu),

(a/37)^ w„-, {^yx)upUy, {/Syxf, {a^y) (^yx) u^, {^yw) (ycuc) (a^x),

{bcu)baCa, baCj)xCx, {bcu)baCxUa, {bcu)byCxUy,

{^yx)ap(iy, UpUya^ay, (0yx)aiiaxUy, {8yx)cxC^up.

still further reducible, say are "doubly-quasi-reducible,"
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Further, of concomitants of two conies, there is one which is reducible multiplied by

i(x, namely (G30)j = (6ci() "^«YV^> '^"'^ i^^ reciprocal {60S)3 = {^ya;)bxCj)yC^.

(Geometrically these represent angular points and sides of self-polar triangle of the two

conies.)

Proof of the reductions by multiplication by u^.

(303) is obvious.

(421)3 {a'bc^{uca){uab) a'^Ux = «^''
• i^cu) (cau) (abu) + {ca'u)(cau)(abu)b^aj + {abu)(ahu)(cmi)Cxax'

where (cau) {cau) (abu) b^a^' = (cau)- . (abu) axbx + {ca'u) (abu) bx {(caa') Ux - (uaa) ex}

= (ca'u)- . (abu) ajbx + i (buc) ujbx lca.^lx — CxUa]

and (abu) (abu) (ca u) cflj = (a'bu)^ . (cau) Cxa^ + (abu) (cau) Cx {(t(aa') bx - (baa) Ux}

= (abu)- . (cau) CxUx + i (bcu)uaCx {uj)^ - i(Al-

(oOlX

(abc) ajbx^uca = «a (ubc) aJ)xCa + (abu) aA • c^- + (auc) Uxbxbc^Ca

= J fla" . (I'bc) bxCx + (abu) aj}x . c^- + "x • (abc) Uxb^Ca + (aub) axCxbaCa. + (buc) b^c . <;/

= J tta- . (bcu) bxpx + Ca- (abu) aj)x + «x (abc) aJ)aCa - (abc) axCj)aUa + (cau) Cxfix b^-

+ (bcu) axCxbaaa — (bcu) b^c^ . ax"

or Ux . (abc)aJ)aCa = (abc) aJbxUaCa + (abc)axCj)aiU + ax" . (bcu)baCa - fa^^ . (bcu) bxCx - (cau)c,fl,x . b^

— (abu) aJbx • cj.

(512)i is obvious.

(611)2 (abu)- (fiyx)- = [a^byUx - a^b^Uy + oA"^ - ayb^Ux + aA"y - «A^'^}'

= [a^byUx — a^bxUy + aybxU^ — aJ)yUfi]-

= 2ux . a^aybybxUp + 2a^axU^ bJ)yUy = 2ux . a^aybybxUp.

(630)i is obvious.

(630)j. Consider (abu)- . (^^y) u^Uy

= (abv) UfiUy ax bx Ux
I

= wp° • (abu) Uy (bxfiy — byUx) + 1*/ . (abu) u^ (aj)^ - bxU^)

a^ bp wp +Ux(ahi)u^Uy(a^by-aybfi)

ay by Uy
I

= Ux . (abu) a^byUfiUy + u^- . [(abu) Uyaybx — (abu) Uybyax] — Uy" . (abu) a^u^bx.

(030),

(bcuy . 097a;) UfUy — (bcu) UfiUy = bfi (bcu) u^Uy (CyUx — CxUy) + Cp (bxUy - byUx) (bcu) U0y

+ Ufi" . (byC^ - b-,Cy) (bcu)uy

bfi by bx

Cfi Cy Cx

Uf Uy Ux

= UfT . (bcu) byCxUy + Uy" . (bcu) CpbxU^ — Ux (bcu) u^UybyC^
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(603)„

{^yxf . (abu) ajb^ = (0yx) ajb..

+ «x' • {^yx)hAh»Uy - byVfi) + b^' . (0yx)a^(ayU^ - a^Uy)

ap Uy a^

b? by b^

U^ Uy llx

= M^ . (^7*) a^bya^b^ - a^- . {^yx) bJjyU^ + b^- . {{I3yx) a^Uyii^ - (/3yx) a^a^Uy} .

(603)3

(^yxf . (bcu.)b:,Cx = {0yx) b-,c^ = b^ (/3yx) b^c^ {CyU^ - c^Uy) + (byU^c^ - byC^u^) (^yx) b^^

+ bx- . (ffyx) Cx (cfiUy - Cyiifi)

bfi by bx

C^ Cy Cx

U^ Uy Ux

= (/3yx) bybxtt^ . Cx'' + {^yx) CpCxtiy . bx- - (ffyx) bxfiJjyC^ . u^

(710X

and

Ux (a/By) a^ayU„ = {^yx) a^Uy . u„- + {yax) u^u^a^ay + (affx) u^iiyCi^ay

{yCLx) u^v^apay = (a/Sv) ayCixU^,, + {^ax) u^u„ . a/ + {y^x) u^u^a^ay

= (a/Sy) ^taU^axdy - (a/3«) u„.u^ . a/ - ^a^' . (l3yx) u^Uy

i«^x) u^Uyttpay = (a/37) Uyiijixa^ - {yax) UyU^ . a^^" - Ja„= . {^yx) u^Uy.

(710),

i^yx) a^ay . {bctt)- = {bcu) a^cty
.

b^ by 6^)
|

= 5 b^- . (CyUx - CxUy) (acii) Uy + c^ (bxUy - byUx) (bcu) a^Uy

c^ Cy Cx + Up {byCx — bxCy) {bcu) a^ay

Ufi Uy Ux\

= J6^^ (cau) CxttyUy + Jc/ . {abu) bxd^u^ - Ux • {bcu) a^aybyC^ + {bcu) a^OybxUyCf, + {bcu) a^ayCj)yU^,

while (6cm) a^Uya^b^fi^ = Uy- . {bca) c^a^bx + {ban) Cytiya^bxC^ + {acu) byUya^bxC^

= Uy-
. {abc) c^a^bx - i{abu) a^u^bx . c/ - {cau) c^ap . byUybx

and {bcu) a^u^aycj)y = u^- . {abc) byUyCx - I {cau) UyUyCx . b^'' — {abu) byay . c^u^Cx.

(721) is obvious.

(801),

(bcu) b^Ca. . {0yx)- = (I3yx) b^c^ = b^ {CyUx - CxUy) {0yx) b^Ca + c^ {bxUy - byUx) {/3yx) b^Ca

+ u? {byCx - bxCy) {^yx) b^Ca

bfi by bx

Cfi Cy Cx

U^ Uy Ux

= J6^= . {CyUx-CxUy){ayx)Ca-{^yx)b^cJ)yCp . Ux-^Cy" . upbx{0ax)b^ + {^yx)bxbji^c^Uy+{^yx)baC^CxbyU^

of which ^b^^ . CyUx {ayx) c, = JS^^ . c/ . Ux {aax) = ;

and {0yx) bxbaCaC^Uy = 6/ . {0y2) c^c^Uy + (37*-) bxb^CaC^Uy + {0ax) bxbyC^c^Uy

= bx^ .
(a/37) CaC^Uy — ibfT . (7a«) CxCaUy - {(x^x) c^c^ . bybxUy

{Pyx) CxCj}J)yU^ = Cx' . (/37a) bJ}yU^ + (/So*) CxCybabyU^ + {ayx) c^p^bJiyU^

= Cx- . (a/37) bahyU^ - i c/ . {apx) bJjxU^ - (70a:) byb^ . c^CxXi^.
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(SOl)o Ujc . {a'bc)ax'i^ayhyCfi = {ubc) afittybyC^ . a/- + {a'bu) caJuya^byC^ + {a'tic) 6j«^'((^c^«/y

and (a'bu) 0x0/0^0^6^03 = (a'bu ) a^'by . CxWxC^ff^ + (."«' • 7-*) {a'bu) Cxa^byC^

= (a bit) Oyby . a^xdfiC^ - ^ (y^) (6.«p - b^tu) cJ>yCfi

— (a'bu) Uy'by . a^c^a^c^ - \ (ya.r) byb„. . ii^c^Cx + hV • (7''*') ^oPxCy

= (a'bu) tty'by . CjflxC^a^ — \ (yotai) byba . u^c^Cx ;

also (a'tic) b^x'afiCftOyby = (a'uc) a^'cp . aJbxUyby + {aa . 0x) (a'uc) aybxC^by

= (a'uc) ap'cp . Uxbxayby + ^ (a/Sx) (UaCy — i/yC„) b^c^by

= {a'uc) up'cfi . axbxttyby — ^ (a/3a;) CaC^ . Uybxby + Jc/ . (afix) ujbxb^

= (o'i<c) afi'cfi . Oibxttyby — i (afix)CaC^ . Uybxby.

(812)

(7:fiy)(yaa;)(afix)Ua' . «x = (fiy^:) (yax) (a/3.!;) . !<„" + (a'/3a;) (7aa;) (afix) xuUy + (a'xy) ('^ax) (afix) u„t(^

and (a'/37) (70^;) (afix) u^Uy = (a'y9.i')- . (yax) UyUa. + (a'fix) (yax) (aa'x) u^Uy + (7aa;) (a fix) (afia!) u^Uy

= (a!fix)-
.

(yax)UyU^ + ^(aa'x) u^tiy(fiyx)(xxa.')—\(fia(i')(fi>yx)(xaa)uxUy

= (a'fiy)- . (your) UyU^ + § aj . a^ . (fiyx) u^Uy - | aj . (fiyx) a^UxUy . Ux,

•while (a'xy)(yax)(afix)u^mp = (ya'xf . (afix) luu^ + (ya'x) (7aa') (afix) UxU^ + (yn'x) (a!ax) (afix) u^Uy

= (ya'x)- . (afix) u^u^ + \ (yaa.') (fixy) (xaa') UxU^ + ^ (a!ax) (fixy) (xaa')upUy

= (7a'a,')- . (afix) «„h^ + § aj . ax" . (fiyx) u^Uy - f a„- . (fiy.i^ «.^rty?'3 • J«x-

(911)

(cau)afiCxt(^ (yax) byb^ = bybji^CxU^ Cv Ca

a, a. ax

= ^Cy^ b^bxa^u^(aaUx—ax^ia)—ay(Caiix-CxVa)bybaa^Cxyfi

+ Uy (CaCix — Cxtta) byb^a^CxUfi

= ijUz . Oa" . b^- . Cy- - 3 c/ . ttxa^u^ . uJ)J}x + Cx" . UaU^a^Uybyb^ — UxU^u^ . bybaPaCxUy — ^a^-. b^" . »/ . c/

— a^aybybaCaCxiifi . Vx

proving the theorem.

WTiile further for UaU^a^aybyba square (jiab) (afiy).

(10 . 1 . 0) (a'fiy) byCfibaCaU^' . Ux = (xfiy) byC^b^Ca !«." + (a'«7) byCfib^CaUaUp + (a'fix) byC^baCaUaUy,

and (aW) byCgbaPaXicU^ = (ax-y) byba . c^u^UaCa' + (a'a7) byC^b^CxU^'Up + (a'jra) byCf,b^CyUa'U^

= (yax)byba.CfiCa.'U0,'—^(aa'y)(bii.aa')by.CfiUfiCx+^(aa'x)b),baUaiifi-Cy-

= (yax) byba . c^Ca-UfiUa' — ^aa- . (abu)ayby . c^v^Cx,

and (afix) byCpbaCaU^tiy = (afix) byC^baUy [ca-tia + (cu . aa')}

= (a fix) Ca-C0 . bybaUyUa + ^ (cu . aa') {(fiaa!) bx — (a-aa') b^] byC^Vy

= (afix) Ca'Cfi . bybaUyUa + I «„- . (cua) a^c^ . bjfyiiy,

omitting — ^ (cu . aa') (.'aa') CyUy . bf," = 0,

completing the reduction of the 18 forms on page !)4.
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§ VI. Identities and examples.

The following are given, some because used, others because noteworthy.

1. The invariant t=Tj/ of Gundelfinger.

To establish the identities — ^ ?;/ = [(a6c)-]- + 3 (aj87)- — (a^- . a/ + 6/ . h^- + c^- . c^'-)

{a'h'c') (a'bc) (b'ca) (c'ab) = [(abc)^- + ^ (a^yf - 1 {a^- . a/ + 5/ . bj" + c,- . c^=)

where we put i]/ = 6 (a6c) aJ>xCx,

iia = — 6 (6ctt) (caw) (a6w),

a?jd i^ese are the definitioris of the symbols -7/ and 11^. These give

— u,VaW„ = (bcu) {cav) (abiv) + (bcu) (catv) (abv) + (cau) (abv) (hew) + (cau) {abw) (bcv)

+ (abu) {bcv) {caw) + {abu) (bciu) {cav),

•
' - i I?/ = — {abc) ttabaCc = {a'b'c') {a'bc) {b'ca) {c'ab) + {a'b'c') {a'bc) {c'ca) {b'ab)

+ {caa) {abb') {bcc') {a'b'c') + {caa) {abc) {bcV) {a'b'c') + {a'b'c) {aba) {bcb') {cue')

+ {a'b'c') {aba') {bcc') {cab'),

and

{a'b'c'){bca'){cac'){ahb') = ^ a^{acc') [{ca'b){a'c'b') - {ca'b'){a'c'b)} = - ^a^a^'a/f^' = | {a^yf - ^a^' Cy*

{a'b'c) {caa') (bcc) {abb') = J a^ {caa') [{cc'b) {c'a'h') — {cc'b') {c'a'b)} = ^ a^c^' {caa) {cc'a')

= i Cp'ca {c,,Cfi' - c^cj) = 1 c^-Ca' + 1 (a/37)= - J Ca%' = i (a/37)'

{a'b'c'){caa'){abc'){bcb') = |c.(ic6') {{bc'a){b'c'a')-{bc'a'){b'c'a)} =^CaCa'{bcb'){bb'c')=l{al3y)--hcJ c»-

{a'b'c'){aba'){bcb'){cac') = ^b^ {ebb') {{b'ca') {c'ca) - {b'ca) {c'ca')} = 1 baCj {ebb') {b'cc')

= i bj>y' {b,'b. - bjby) = i b^by' + ^ {u^yf " ^ 6/6.= = ^ (a/37)^

(a'6'c')(a6a')(6cc')(ca6') = ^6^ (a6a') ;(a6'c) {a'b'c) - {ab'c') {a'b'c)] = - ^byb^'bX = \{al3yr-W ^«'.

from which the result above given immediately follows.

Further

{a'b'c') a^by'ci - {a'b'c') a^b^Cy + (a'6'c') bxCy'a^ - {a'b'c') bxC^Uy + {a'b'c) cja,j'b^ - {a'b'c) c^a^by

= (a'6'c')' • {xyz).

Put herein iTj, y,-, Zi = {bc)i, {ca),-, {ab)i.

Then (a'6'c')= • {abcY = {a'b'c) {a'bc) {b'ca) {c'ab) - {a'b'c') {a'bc) {b'ab) {c'ca)

+{a'b'c'){b'bc){c'ca){a'ab)-{a'b'c'){b'bc){cab){a'ca)+{a'b'c'){c'bc){a'ca){b'ab)-{a'b'c'){c'bc){a'ab){b'ca)

from which, by the results given, the above formula follows.

2. To find the value of u^^' where, as in 1, Ua^ = — 6 {bcu) {can) {abu).

We have — ^ u^v„^ = {bcu) {cav) {abv) + {cau) {abv) {bcv) + {abu) {bcv) {cav),

whence — ^ w„a<,- = {bcu) {caa') {aba') + {can) {aha') {bca) + {abu) {hca') {caa)

= — (6cm) 6»c„ — ^b^ [{uca) {bca') — {uca') {bca)] + ^ c„ {{bua) {bca) - {bua!) (bca))

= - {bcu) baCa - i baCa («6c) + ^ c^ba {buc)

or u^a^- = 4 {bcu) b^Ca

,

Vol. XV. P.^rt I. 12
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namely, with Gundeltinger, «^, = 3 «„«»- = 1- (^c-") ^aCa

(where Gundelfinger uses »„ tor itp).

So Ug = 3it„b„^ = 12 {cau)cfiafi,

Hr = SUcCa' =12 (aliu) llyly,

and these are the dejinitiom- of the points p, q, r.

3. To find the value of (qra:) in terms of our concomitants.

rh (irx) = c^a^'ayby =
\

{cab') (a'ab') c^a^ayby = {ah'c) UxC^a^'ayby

+ (aa'b') dfi^afi'ayhy'

(ca')i {ca')i (ca')i

(a6')i (ai')s (ai')»

= {a'bc) a^fi^a^ayby + \ bj (ay/3) CxC^by = {a'bc) ax'a^aybyC^ + {aa . xy) (a'bc) c^a^by — ^ (a/87) bybaCxC^

= (a'bc) aJa^OybyC^ + i (700;) (^.c^ - b^Ca) 6yC^ - ^ {(x/Sy) b^cJbyC^ + (7a;c) 6^6,. . c^'- + (a/3x) Z)y6aCYC^j

= (a'bc) axa^aybyCfi - ^ (yax) cCy . b^^ —
-J
{a^x) bab^ • c/ - i (/S7a:) boPjbyC^

= (a'6c) Ujc'apaybyC^ — i (/37.^) b^cJ)yC^.

It is then expressed by the t^'o straight lines (801)i and (801)j.

4. To shetu that the invariant (pqr) = s is expressible by oar concomitants.

It is afterwards shewn otherwise, after Gundelfinger, that it is = 8<- — 12 18(17/),

S{r}^) meaning the quarticinvariant of the ternary cubic 7;/. But by definition

(bca), {bab') b^cjc^a^'ayby = {a'bc) (ab'c) b^Ca'c^a^'ayby

— (abb') (a'cc) bacjc^a^'ayby

= (6c')i (bc')i {bc)3 baCa'c^a^'ttyby =

(caOi (ca')s (ca'), (c'ca'), (c'ab')

(ab\ (ab'), (ab'),

and (abb') (ace') baCa'c^af,'ayby' = j a^' {^'ay) ay (y'^a) a^a^' = I (a/8'7) (a/97') a^'dy-aya^'

= i {(a/8'7') «v + («7't) «p- + (7'/3'7) «a} {(a/SV) «3 + («^/8') "v + (/S'^V) ««1 «y«^'

which is reducible

;

also (a'bc) (ab'c') b^cjc^a^'ayby = [(a'b'c) by + (b'bc) Uy] (ab'c) bacjc^a^'ay

= [(a'b'c) Ca + (a'cc) bj] (ab'c) byb^c^a/ay — i c^'ay'Ca'c^a^'ay {c'^a^. — Ca'a.p)

= {a'b'c') {{a'b'c')a^+ {ah'a) c^' j Cabyb^c^Uy— ^ a'y'bjbybaa^'ay(ayb/— a^b'y)— ^ c^'ayCaC^u^Uy (c'^a^— Ca'a^^)

= — i b'a' {b'aCy — by'c'a-) Cfi CabybaCfi — ^ a'ybjbybaap'tty {aybp — a^b'y) — ^ c^'aycjc^a^'ay {c'^^a^ — cja^)

= ^ b'a-by'c'a'Cfi'CabybaCfi + ^ a'yh^byb^a^'a^a^b'

y

= i (66'
. 7a') baby'CaPfiC'^Cji' + ^ (66' . ay) ba'bya^aya^'a'y'

= I (/9'7a') (/S'a7) CaCpc'aCp + i (/3'o7 ) (y8'7a) a^a^a^'a^

= i (070') 0'a7) c^CfiC a'Cp + \ (yoLy) {^'ya) a^a^-a'^ay-

= 0.

This indicates how its value and thence that of S (vz^) can be actually found in

terms of the 11 fundamental invariants.
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5. Putting (P9'>')M = (y*"*) "x + (rpx) h-^ + {pqx) c/,

(this is the cubic of whiqh the conies are first polars, as will be pr(5ved)

and Up = 12 (bcu) haCa. etc.

(^yx)- = \x" etc.

OxCxOaCa IX etc.

(bcu) a^ayhyCfi = u, etc.

{o.^'i) Uaa^iiy = «, etc.

Then it may be shewn that

rh (P1^')fx^ = -12 «x" (2 Up V + Uq . ti + Ur s./) + two similar terms

+ (a/f . Uf+{hx-)" . u, + (c/)- u^ - bx'Cx" «, - c/ . aj,-u„, - a/ . M . )/„,

which expresses the cubic in our forms.

6. To find u^a^x,

— 2 ''""^ff = (^ct) {couu) (abii) + (cav) (abu) {bcu) + (abv) (bcu) (can),

.". — ^ u/a„ax = (a'bc) (can) (abu) Ux + (caa') (abu) (bcu) ax' + (aha) (bcu) (cau) ax

= (a'bc) (cau) (abu) ax + ^ (bcu) baCxUa + ^ cJ)xU^ (bcu) — Ux . (bcu) b^c^.

7. (a'bc) (b'ca) (c'ab) ax'by c/ = (abcy- . (abc) axhyC^ — \a^-. (yyz) a^tty + jbj . (jxz) byhy

- i Ca= . (^xy) c^c, + I (^yx) a^a^ . Oxay - J (yas) byb^ . bj}y + 1 (^ay) c^c^ . CxC^

+ 1 (a/37) (0^y) (7«^) - i («M (Pyy) (7«^)

+ 4 («/37) (7^*) («/32/) - h (7a*) («^y) (/37^)

+ 4(«^7)(7y^)(a^^)-

8. Thus (a'bc) (b'ca) (c'ab) a^hxCx =-\ ((3yx) (7a«) (a^x) + (abc)" . (abc) OxbxCx

+ i (0yx) a^Uy . ai - \ (y<xx) byb^ . bx- - i (a/Sx) CaC^Cx',

or say (^yx) (y^x) (a^x) = — 4 (a'bc) (b'ca) (c'ab) ax'bx'Cx' = aJ)aCaaJbxCx-

9. Miscellaneous.

(bcu) (cau) bjiaCtx = — (cau)- . bJ)xU^ + {abu)- . c^CxU^ — u^" . (abc) (abu) Cx

- h "x IF ^a'' • i^cu)- + (ahi)- . cj - (cau)- . b^" - (bca )» . uj],

(bcu) (bca) (b'ca) bx'cx = (bca)'^ . (bcu) bxPx + i (uab) aj^x -^y -\ (uab) ayby . 6/

+ \ (uca) Cxax c^--^ (uca) c^a^ Cx- + ^ Ux (^yx) a^Oy - \ (^yx) a^a^Uy - { (^yx) OxayUf,,

(abc) a^byCxUfiUy = (ubc) a^byU^ayCx = (uba) c^byU^ayCx or {uba) ayby . c^CxU^ = 0,

(abc) u^UyaJbyC^ = 0,

(a6c') (a6'c) (m6c) (a'6'M) a^'ca,' reduces to the forms (a^y) (^yx) u^, save as to products of forms,

u^ajo^x («&c) = (caiC) (abu) (a'bc) (a'b'c') bjcx = 0,

(aax) uJ)J)x = u^CaC^a^a-x,

(abc') (ab'c) (ubc) (b'a'u) (c'a'u) = (abc) (bcu) a^Ua'.

12—2
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§ VII. An account of the theory of three conies as given by Gundelfinger, Rosanes, and in

Clebsch's lectures.

§ 1. Establishment of the cubic of ivhich the con.ics are first polars.

For a ternary cubic f=fx=9x^ = hx=--- I write the Hessiaa, after Clebsch,

H = {fgh)-f^gJix = H/ = etc., the quarticinvariant S = — {fgJi) (ghi) {hfi} {fgi), the sexticin-

variaut T = -{f'g'h'f^fgh) {f'gh){g'hf){hfg) aud the Cayleyau

"*' = - iM) (5'^") (¥**) (/5"*).

then we have the known equations

f'fxU, = ^Sux, fi^S, H/=T.

And since a system of three conies is determined by 3'5 = a fifteenfold arbitrariness,

while a system consisting of a ternary cubic and three points is given by 9 + 3'^ = also

a fifteenfold arbitrariness, it is to be expected that from a system of one kind we can

uniquely determine a system of the other : in particular, in order that three conies

»i'= «x'"= •••> ^x't '^x' should be the polar conies of a ternary cubic fj' in regard to

three points p, q. r, it is sufficient that

f'z" ~Jx'Jp> Ox' ~Jx'Jq> Cx' ~Jx'Jri

leading to {pqr)fx-f( = iqr^) ax' + {pq^bx' + {pq^) c/,

which gives «^' = - G (bcu) (cau) (abu) = - 6 (ghu) (hfu) {fgu)fpgjir = 6 {ghu) {hfu) {fgu)fj,g,.h,j

= - 3 (ghu) (hfu) (fgu)fp (gjir - gA^
= - 3 (hfu) (fgu) (ghu) gp (hj, - hrf,)

= - 3 (fgu) (ghu) (hfu) hp (f^gr -f^gq)

=
, by addition, (pqr)Us^,

or, Ua^ = (pqr) w/,

and therefore Va-u, = (pqr) v^Ug,

or in particular a^-u, = (pqr) a^Ug = (pqr)fJ'fpUs = J (pqr) S . Up,

and similarly b,-u„ = I (pqr) S . «,, c/Ug = J (pqr) Su,,

so that the points p, q, r must in fact be the points a/Ua = 0, ba^u, = 0, c^'u^ = U,

and we may take the arbitraries so that Up=3a„-Ua, Uq = 2h„-Ua, Ur='ic^-u^, (pqr)S = 1
;

while conversely if (pqr)fx = (qrx) a^ + (rpx) bx" + (pqx) Cx' (i),

then 3 (pqr)fx-fp = (qrp) a/ + 2 (rpx) bj)p + 2 (pqx) CxPp + 2 (qrx) axOp

,

and (as already shewn) Up= 12 (bcu)baCa so that bxbp = 12 (bcV) bx\Ca = G (a^x) c,Cp = UxU^,

and CaCp = 6(yax)byba = a3fl,r,

therefore 3 (pqr)fj'fp = (pqr) ai + 2ax {(qrx) Up + (rpx) aq + (pqx) a,) = 3 (pqr) . a/,

or fx^fp = ax\

Whence fx'f, = hx\ f;-fr = ci, (pqr)fx'fi=(qr^)ax- + (rp^)bx' ^(pq^) c^'.

So that equation (i) properly determines the cubic in question.
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§ 2. Expression of the cubic.

The cubic (i) may be expressed by our concomitants, for we have shewn

•rb iirx) = (a'bc) aJa^UybyC^ - \ {^yx) KcJbyC^
;

•• m ilW)fx = a^-
. [(a be) a^a^a^byC^ - \ {I3yx) b^cJ)yC^} + + (ii).

Or again it may be expressed, after Gundelfinger, in terms of the discriminant, m
regard to x, of /ija/ + /i,6/ + fi.cj', = di say, the discriminant being defined as

{dd'd"y- = Q d,, d,, cZi3

Ctoj ftgo Cl23

fZsi f4 c/33

For putting
f^
= _p,./^, + qifi, -f r.-^^, {i = 1, 2, 3),

so that in fact 1^, fi^, ^3 are the co-ordinates of the point ^ in regard to the trianf^le

p, q, r, we have, solving for fi,, fj,„ fi, in terms of f and substituting in the definitron
equation of d^-,

and thence the discriminant {dd'd")- is equal to H^^, namely to the Hessian of //,

while {dd'd")- is in fact the cubic

d/ = aj . /i/ f ig-
. ^./ + Cy- . fj,,' + BbJ . fi^-fu + 3c,^^>3 + Scp^^j + Sa^'^.J'fj^ + 3a//x3>i

+ Sby-fi3-fi„ + 6 ((t6c)= /M/^tifh,

and therefore, remembering that the Hessian of the Hessian of a ternary cubic is

^S'f-iTH,
we see that the Hessian of (dd'd")- in regard to /i, namely H(d^') is equal to

namely [as (jiqr) S=l
*°<i W = 6 (abc) aj>,c^ = 6 {fgh)f^Ji,f^g^hr = (i^^r) ^,^
^^'hence t = va' = (pqr) 7,i = {pqrf . H,' = {pqrf T (;3^j

we have H (d/j^^fi^ -^td^
that is /j^ = 12if(rf^3)+4^.^^3

^jjj^

which gives the value of ff' (referred to j), q, r as triangle of co-ordinates and) expressed
in terms of the discriminant in regard to x of /i^a-c^ + fi^b^- + fi^c^:

And the 10 invariants a^,...b^-, ..., {ahcf are expressible by the cubic,

for d^' = H^' = {Hp. ^, + H,. ix, + H,. ^,f,

s'> that a,» = ^/ . . . 6/ = H^^H^ . . . {abcf = H^H.H,,
with which compare a/ =// . . . a,= =/^// . . . a,,a, = 6,6^ = c^c, =fjjr.
Further the conic a/ being in fact (a^Xi-f-a^X.-t-aAa)' (where X^XA, are the current co-or-
dinates) when refeiTed to the p, q, r triangle, it is seen that the 18 coefficients of the three
conies are in fact only 10, corresponding to some extent to the simplification when two
conies are referred to their common self-polar triangle.
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While also, rememberiug that the quartic and sextic invariants of the Hessian of a

ternary cubic are in fact iT'--^S\ ^S'T-lT\

it follows from rf/ = if|'

that S (rf,0 = {pqry {s
^' - 1^ ^1 = S «= - iV (Pqr).

where S, T are, as pre\iously, invariants of//,

and T{d^')= =i^.t{pqr)-%^;

and therefore {pqr) =U--\-2S (rf/)1

and 2i'-9<,S((i/)-182'(c?/) = 0)

So that any invariant is a rational function of the ten aa, . . . h^, . . . (abc)' and of t.

The previous mode of expression is Gundelfinger's. Otherwise we may say

V(' = (j>qr) d/ = (pqi-) {aa' . fi,^+ ... + SbaWf^-. + • • + 6 (abcf fhfju^h},

giving the equation of -q^^ referred to Gundelfinger's triangle,

and H(vt') = (pqr)Eid/), S(vi')=S{d,% T{v(') = T{d^%

(2)qr) = 8f -12S (r,i% 2P - 9tS (vt') - 18T(ni') = 0,

(pqr)ft' = (pqr) [tna^^ + M2&^= + /^V) = 1^S (t?^') + 4<i?f= ( v).

giving the expression of /{' in terms of t)^^.

And we may see the exact significance of the cubic satisfied by t, by putting

T{vt') = -ig,,

and 4m' — 5^oit — f/j = 4 (u — e^) (u — e,) (u — e^).

Then the cubic solves and we obtain t = - Sej and therefore from (v)

(pqr)fi'=l2[H{vi')-ei.ve}>

namely by a known theory f^ is one of the three cubics of which rj^' is the

Hessian, which is right ; or, say, /{' is a sub-Hessian of rj^'.

And ipqr) = 6 {12er - (/,} = 24 (e,- - e,) (e; - e*) = 12p"a),-,

where pu is Weierstrass' elliptic function, with g^, g, as invariants, and &),• a semi-period :

and the interpretation of {pqr) = 0, t = can be deduced.

Note too, the resultant of the three conies, vanishing with the discriminant of the

cubic, or »S'— GT', vanishes with -. r — 6 z r >

{pqrf l(pqr)r\

namely with (pqr) — 6t',

which is therefore the resultant of the three conies.
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There is a third way iu which we may express the equation of/jl

ilW)fxfi = {qr^)a^'+{rp^)h^' + {pq^)c^\ where Up = ^a,hi,

95

For

a*' 6x' c/ =27

Pi ?! n ^1

^^2 ?2 ?'3 1^3

Ps 93 n ?3

= 9 aJ' a„-<Ti a^^a^ a^^a^

K" ^aV, 6/o-j 6/0-3

t'x" C/0-1 CoVo cVj

flx' 6x' c/

a/o-i b^-a-i c^'o-i ^(uv)i

a^'Cr^ ha(T^ Ca^a'2

a.a'O'i K^o-2 c^a^ \ (uv%

where {uv)i = ^i

Ml u^ ii3 1 = 9

Vi «2 V:

10

a^'iia ba^iia cj'u^

a^-Va b/Va CJVa

ax- ^x' Cx'

(vi),

a form which will be afterwards obtained geometrically. Bat now using the equation, of

which the proof may be momentarily deferred:

—

ax" b^ d
^y "y' ",V

1/ b/ Cj

= I (^y^) VxVyVz - i (yza-) (zxa) {xytr),

where

we have

for

and thence

Vx^ = G {abc) axbxCx,

Ma^ = - 6 (6cm) (caw) {ahu),

h {P'F)fxfi = f {X(Ta') Vx'(aV^VaV<r' + i {tct'ct") {cJ<j"x) {da X) Ua'V^-

= i (xaa) i^a-a-') r]^r,^Tj^ + ^ {era a") {a'a"^) {aa'x) {aa'x)

h {P<ir)fx = i (xa-aj rixV^v<r-
-
i (<^o-'a") (a-'a-"x) {a'ax) {aa-'x) (vii).*

[We may prove the value of
j

Ux" bx' c^

dy by Cy-

quoted, as follows (after Rosanes, Math. Ann.

vi. 279)

flj' 6/ c/

from i]x' = 6 {abc) aj}^x \ \ nx"ny = (abc) [aybxCx + byCxOx + CyUxbx]

u/ = — 6 {bcu) {cau) (abu)] — ^ v^^Ua = {bcu) {cav) {abv) + (cau) {abv) {bcv) + {abu) (bcv) {cav).

Therefore ^ {mj, . rjx-Vy + {xy<^)' «aj consists of terms like

(6cm) {a/6xCa; + aybyttxfix + ayCyaJbx + {ab xy) {ac . xy)},

(bcu) [ay^bxCx + aybyttxCx + ayCyaJ)x + (tx'- . byCy — ayCy . ajbx — ayby . UxCx + ay' . bxCx],

{bcu) {2a/6xCx + ax-6yCy).

That is

^ {uyVx"r)y+ {^y<^)' Wai = {bcu){'2,ay-bxCx + ax'byCy) + {cau){2by'Cxax + bx-CyUy) + {abu){2cy-axbx + Cx'Uyby).

or

or

* [From which it follows [since ( pq r) S = 1 , t^a''= {p<ir)u,^,

Tlz=(PlAH^], that it must be possible to express a

ternary cubic in terms of its Hessian, Cayleyan and quartic-

invariaut, in the form

i ^-.f/= i [xss'f HJI.H,' - i (ss's") (s's"x) {<i"sx) (ss'j),

and indeed {xss'fit,u,- = {HH'u)^H^Uz' + hS . {fguff^^.

and thence (ss'xf HJi.H,- =iS-f-iTH,

and {ss's") (s's"x) {s"sx) {ss'x) = - J S^/- § TH,

(Math. Annul, vi. 492. § 15)

so that §S=//= JS>/-§rH-(-JS2/-§rH),

which is right.]
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So

1 {uir)yh)jr+(.rya)- ti,} = (ben) (a/i^Cx + 2at%c,j)+ {cau){by'Cj:ax + 26/Cya„) + {abu)(Cy'axbx + 2cx-ayby),

whence J Jmx • ij/ijx - h "n • '/i^y + i (^3/<^)' "^l = "»^ • (^c«) 6j,Cy + b^- . (can) c„a„ +0^= . (abu) Oyby,

wheuce ^ ;2hx'7v'?.-'7x - i "y • '?-c'''' - i «z • '7x''?y + («yo") (a^^ff) «»}

= Ox^ . (bcu) (byCz + bipy) + bx^ . (cau) (c^^ + CzOy) + C£ (abu) (uybg + ajby),

or putting Ui={yz)i,

i (2 {xyz) VxVyVz - (F<^) (^^<^) (^y°")} = aj ix- Cx=

% "y ^y

ii bz" C/

]

Theory of conjugate systems.

There is also a theory founded on a relation of a locus of points of the second

order (say, shortly, a conic) to a cluster of rays of the second class (say, here, a cluster)

[which is an extension of the relation of a conic to two points conjugate thereto or of

two lines to a cluster in regard to which they are conjugate], under which relation

[either curve may be said to be conjugate to the other or better] the locus may be

said to be circumscribed to the cluster and the latter inscribed to the former. It is

that poristic relation under which a single infinity of sets of three of the rays of the

cluster form a trilateral self-polar in regard to the locus (so that the cluster-conic is in

fact inscribed, viz. in a trilateral), and a single infinity of sets of three of the points

of the locus form a triangle self-polar in regard to the cluster (so that the locus is in

fact circumscribed, viz. to a triangle).

If Ox", bx" be two conies, the cluster of tangents of the latter being u^- = u^'^= ... =Q,

to the former w„- = «»- = . . . = 0, then the tangents to bx' from the point !)„!<„ = 0, which

is the pole of the line v in regard to a/, are (\xa) (Xxa) VaVa' = 0, which are conjugate in

regard to ax" = if (\«a") (\a'a") v^Va' = 0.

But = (Xaa") (Xa'a") v^v.^ = | ». (\aa") j(Xaa") v^^ - (a'aa") v^]

= f aj {v^'a/J' - UaV^axVa] = | aj {vja^= - J aa'vK"}

gives in general the cluster Va'a^ — J a^-i\- = 0, of which the common tangents of Ox" and

bx' form part, which cluster coincides with that of the tangents of bx' = provided

a,r = 0, and then we have 6/ inscribed in a single infinity of self-polar triangles of a^,

and also, as may be similarly shewn, a^ circumscribed to a single infinity of self-polar

triangles of bi.

Or Ox" = is the condition that a^ be circumscribed to u,c-

And it is useful to bear in mind that

1. A conic is circumscribed to a two point cluster provided the points be con-

jugate in regard thereto

—

a^ is circumscribed to UxUy — ^ provided rtxa,y = 0, which is the

condition for conjugate points.

2. In particular a conic is circumscribed to a point cluster repeated, when the

point is on the conic.
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3. A cluster is inscribed to a two-line locus provided the lines be conjugate

in regard to the cluster

—

pxfix is circumscribed to «„- provided p^q,^ = 0.

4. In particular is inscribed to a lino-locus repeated, provided the line be a

ray of the cluster.

And, as an example, the equation fs-fxUa = ^ Su^, quoted (p. 92), shews that the

polar conic of any point in regard to a ternary cubic is circumscribed to the polar

cluster in regard to the Cayleyan of any line through the point.

From which we derive the interpretation of equation (vi) of page 95—for if

XiHj;- -I- \.J}x- + XsCx'

be the polar conic of a point ^, where two lines u^ = 0, v^ = intersect, in regard to a

cubic, it must be circumscribed to the polar clusters of u^ = 0, t;,; = 0, in regard to the

Cayleyan «// = 0.

Therefore \a,^u„ -t- \J3/u„ + \iC,-Ua = 0, XiUa-v, + Xi^-Va + XsCa'-ia = 0,

from which the equation follows.

Now to be given that a cluster is inscribed to a conic is equivalent to a single

linear relation among the six coefficients in its equation, so that a cluster is determined

by five circumscribing conies (in jiarticular by five tangents). A ' swarm ' (schaar) of

clusters (the single infinity fu^" + gu^-), similarly, by four circumscribing conies, and finally

a ' web ' of clusters (the double infinity g^U),- -\- g.M^ + giU,^) by three circumscribing conies,

or, say, by a circumscribing 'net' of conies f\ax+fnhx^+f^x (since a^ = 0, h^ = 0, Ck=0,
require also giU^- + g.i)>C- + g^c^" = 0), and every cluster of the web is circumscribed to

every conic of the net.

The equation of the cluster of this web which is also inscribed in the two

arbitrary conies v^, Wx (which we may take to be repeated elements of the cluster, viz.

I'x is a straight line as also w^, is got from

and is therefore or say, {abcvwu) = 0,= tti' ai' a," UMi a^ai a^Oo

6," h:- hi bj)3 bA bfi.2

C]^" Cj' C3' C2C3 ^3^ ^1^2

vi' t»2- ^3= V2V3 VaVi V1V2

W' W,^ W3- W2IV3 W3IU1 IU1W3

U^ Wj- i/s" UM3 U3U1 UiUn

where ai' ... are the coefficients of the first conic.

But then from ax" = 0, b/c = 0, Cx" = 0, Ma" = alone, we see that we must have

gii'\" + g-M^' + g^Uv- = {abcvwu),

Vol. XV. Part I. 13
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wliere iu% «/, «,'' are dutenniiiate, and g^, g^, g^ uuknown, with also

and therefore after dcteriuining a numerical factor

{abcvwu) = u^- u^- «_'

Vk- v^- IV'

Just so we shall find

— 8 (X/ivxi/z) =
j

«/ 6/ Cj- ,

^7/~ '^.'/' ^y'

\a,- b,- c/

and in general the relations between the net and web are mutual.

And we notice another method of writing the equation of the web. The polar.s

of x, a^y, hj)y, CxCy are concurrent if (abc) a^bxCx = and then in (bc)ibxCx- This point

is then conjugate to x in regard to all the conies of the net—namely, one of the

inscribed w^eb is the two-point cluster Ux{bcu)bxPx-

So we may therefore write the inscribed web, y, z, t being three arbitrary points on

rix" = 6 {abc) aJbxCx = 0,

gi . Vy (bcu) byCj + g.2 . u^ (bcu) b^Cz + g-.-, Ut (bcu) btc, = 0.

The Jacobian and Cayleyan of three conies.

' We proceed to consider some relations between two derived curve.s of the net and

those of the web.

Defining the Jacobian of the net as the locus of the point x whose polar.s in

regard to three and therefore all the conies are concurrent, we obtain as its equation

rj/ = 6 (abc) OxbxCx = 0, the polars of x meeting in (6cm) bxC^c = or (cmt) Cx(ix = *) <5r (nbu) ajbr = 0.

But also there is a single definite conic of the net which consists of two straiyht

lines meeting in x. For fiax-+fhx'+ffix=0 satisfies the condition, provided simul-

taneously /lOjta,- +./I"^x&' +/3''«<'i = —S'^'"S tl^® same locus for x—while also

./'i
•

f-2 A=(bc);bxCx {ca)iCxax : {ab)iaj)x,

and the line pair intersecting in x is

{hc)ibxex ac + (ca)iCxax b," + {ab)iaxbx c," = 0,

{t being the variable)

and therefore making i = \, 2, 3 this line pair is equally

(be . qr) bxPx . ar + (ca . qr) CxO-x • bf + (db . qr) ajbx cr = 0,
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where ((^ = 3M„a/ = 12(6c«) t^c, as formerly, and b^h^ = C:cCq = 6{0yx)a^ay and therefore

(ca . qr) Ciaj = {he . rp) h^c^, (ab . qr) aj)^ = {be . pq) b^c-,, so that the line pair is

{qry)at- + {rp7j) . br + {pqy) Ct" = (a),

where // is the conjugate point of x, namely {bcu)b^c^ = 0, as of course is obvious

from our previous determination of the cubic of which the conies are first polars. But
the theory of the Jacobian should be independent of the theory of this cubic.

So the line pair intersecting in y is

{qrx) . ar + {ipx) . br + {pqx) . Cf = (^3).

And if k be any point on the join of x, y the conic

{qrk) ac -^ {rph)b{- -V {pqk) ci' = f)
(y),

—since k is a linear function of x and y—is a linear function of the other two, (a)

and (/3), and therefore passes through the intersections of these. In particular when k

is on the Jacobian (namely is third point of intersection of xy therewith), this conic

becomes the line pair through its conjugate point and can therefore only be the diagonals

of the quadrilateral formed by other two line pairs, and z their point of intersection

must be the conjugate of this third or 'complementary' point al xy on the Jacobian.

Also in general the polar line of ^ in regard to {qr^)at- + {rp^)br + {pq^) cr = is

(qif) a^ctt + {rp^) b^bt + {pq^) ^Ct = 0,

namely as (5'"^) «!«( = (9''0 c-i"
-' (''fO <^i^q + (??^) as«rl

and {r^t) a^a, = (?'f b^bp = - {^rt} bfi^, }

This polar is sirnplv

{qrt) Uf + {rpt) &j= + {pqt) Cf = 0.

Thus from harmonic properties of the quadrilateral, the equations of the lines yz, xz are

{qH)a;-^{rpt)b^^+{pqt)c;- = ^\
^^j^.^^ .^^^^^^^^ .^^ ^

{qrt) ay- + {rpt) by" + {pqt) c/ = 0)

Therefore the line pair through the 'complementary' point k; the conjugate of .-, which is

{qrz) ar + {rpz) bt" + {pqz) cr = 0,

must pass through x and y and thus contains xy as one part.

13—2
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Thus, purely from tlio theory of couics, we arrive at the tiiird property of the

Jacobian, that the join of every pair of conjugate points thereon is itself part of one

of the line pairs contained in the net. And through every point on the Jacobian

there pass two line pairs of the system, one having its central point there—but in

general through any point of the plane there pass three line pairs, as may be easily seen.

Consider now the Cayleyan—it is the envelope of the joins of conjugate points on

the Jacobian, say the envelope of a line cutting the conies in involution, and therefore,

from the theory of binary (juadratics, its equation is

{hcu) (can) (abu) = 0.

But it is, by the theory just given, also the envelope of the lines, or say better,

the cluster of lines, into which the polar conies of the system break up. As such

however its most natural form of equation is given by a determinant of si.x rows and

columns. Namely we eliminate from equations of the form

/,0,y +f.J)ij +fsCij = UfVj + VjVi,

the quantities ^i./a./a, v, , v.,, v^,

which determinant is however given from the previous definition by noticing that the

conjugate points, considered as a two-point cluster, are inscribed in the conies

We have in fact the following noteworthy identity, after determining a numerical

factor :

—

«/ = — 6 (bcu) (cau) (ahi) =

3 a,'' a.r a^ ia-fli 'laji^ Sdjaa

6,= b.? b,- 2bA 26361 2bA

Cj' C'2 C3" ^C^Cs ^C^Ci ZCiCo

= -3

iCj JCii J>Q ^2*^3 •'3'*'] i/'jv.rt

2a;,y, 2x^y. ^x^y^ x.aj<, + x^y., x^y. + Xjy, x,y„-irx^y^

y.- y^' y^- y^y^ Ml y.2/»

a^' a/ ttj- 2a^3 ^asPi la^a., (where {xy)i = Ui).

6,= b.? 63= 26,63 2636. 26,6»
I

C\ Cq" Cs ^C'2Cs ^C^Ci /1C1C2

u,
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«i" a„- a,' QM-i ajUi a^cu

bi' h,' K- bA bA bA
^^ Co= C3- C^Cs CjC, C1C2

«j- Wo= Vj' «„?{, M3M, ,(jy^

2MiVi 2«2?;2 2M3V3 M,W3 + M3W2 ItjlJi + UjVj Mjt)^ + MjUj

•y/ t'2% v,v. v,v„

Let now i*/, 2^;= represent the Jacobian and Cayleyan of the web. The former
will be the envelope of the joins of two-point clusters of the web:—two conjugate
points on 77^' are however such. Thus «/ will be the same cluster as u„» and similarly

And, in fact, if inIx' as Tj

8 {abcmw) = 8 Ma= ?<^= u„^

Vk^ V v^'l

Wk" w^ w/l

(page 98),

we put 2u,iu = 0,

2?;,« =!<,,w,= = 0, t;2= = W2, 2)3^ = 0, 22>2W3 = M3, 2v^v, = 0,

w{' = 0, w„==0, W3=' = W3, 2m;oW3 = z(2, 2w3m;i=Wi, 22<;,w„ = 0,

and use the identity of the previous page, we obtain

-iM<r'=
I
MiV + WjXiXj +

I
=8MxeV'v

I >a\;>-3 |
= 8Ui,U^Uy{\fiv),

namely . it/ = - iu/.

So ,y^' = 22/.

Residtant of three conies (see also page 94).

If the three conies a^^, b^, c/ meet in y, the point cluster repeated V = 0, is

inscribed in all the conies of the net, namely is one of the point pairs occurring in the

inscribed web, with however the speciality that the points coincide. Thus the Jacobian

(of the net) must have a double point at xj, and therefore all its first polars will pass

through this point or be circumscribed to it. Namely each of the conies 17/7;,, 'r)iri„, ri^rj^

will be circumscribed to ((//= ) giU^" + gM^ -ir g^^uj' = 0,

that

are consistent. These give

gin>?vi + g^v^% + givJ'vi = o,

giVk'Vi + 5'2'7m'% + £'3'?„'';2 = 0,

giVK^'vi + gin^:v3 + g^nv^s = o,

ViVi Vs

v\^ v'/ v'/

V k" V H-" V y

or say J (w'v") Vk-
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But from the identity proved at the bottom of page !)5, this is

J (iiviv) t(BV„u'a - ^ (vw'S.) (w«2) (mvX) = 0,

where ", v, tu = v, v'< v'\

and ?'/ = — i«/ is the Jacobian of the web and S/ = ^77/ is the Cayleyan of the web,

namely, is (uvw) n„VcW„ + {vwr)) (wvij) (iivt}) = 0.

So that the resultant of the three conies may be written

inv'v")- v<yv'<Tv"o + {vv'v") {n'v"v"') {v"vv") ivv'v'") = o.

And as verification, since u/ = {pqr) «/, t;/ = (jw) ^x (as proved), it should be possible

to write the equation and discriminant of a ternary cubic

while as H(H) = J^ S=/-^TH, S (H) = § T^ - J. S\ /,=, = S, i/,=,, = T,

this becomes ^ S= - T-, which is Hght.

And, as for the net, so for the inscribed web, we can write down a class cubic

whereof the first polars coincide with the web.

§ VIIL Notes on some of the concomitants.

I. We can find a class cubic of which the clusters «„=, n^-, Uy- are the first polars

in regard to three straight lines. For the polars of 7 and r in regard to /, and /..

respectively are the same straight line, namely,

hxb, = CxC^ = G (^ya;) a^a^.

1 l^

Put then hj),- = c^c^ = 6 (^yx) a^cty = g r^

'

O (fa

CxCp = f'x",- = 6 (yux) byba =
3 j^

.

fixa,, = bxhp = 6 (a^x) c^fi^ = ., -\,

SO that '"yWy = 36^= . UyCyCj, = hf . Cy- . Uj, = n^u^,

and take (linn)ui' ={innu) lu" + inlu)u^' + {l'>nt(,)Uy-. Then as previously u,-li = "a', etc.,

and really (mnu) = 9b^%- (aa'u) Uga'r = h Ob^-Cy'u^ (qra) = db^rCy^ (bcu) bpC,,

= — I db^-Cy" {(a'ySy) u^'b^cJjyC^ - § «„" • («&c) ba.cJ)yC^\.

Thus the cubic can be expressed by our concomitants, or in terms of (/87a) {your) (a/Sx)

and (0^37) uji^Uy as before.

One form of its equation is

""-„
. (r/ra) )/„ + '/*„

. (rp^) u^ +\ . (l)qy) Uy = 0.

da" f^^~ Cy"
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2. The conic b^cj)^c^ = {or (4.02)i = 0} is the locus of a point whose polars in

regard to 6/ and c^- are conjugate in regard to ax".

These polars meet in the point {bcu)bxCx = 0, or say U( = 0, and we have through

this point three lines conjugate in pairs in regard to the three conies. Namely, y being

the variable, the pairs are

(x^y) = and bj)y = conjugate in regard to b^", or harmonic in regard to tangents from ^ to b/,

(x^y) = and c^Cy = „ „ „ c/ „ „ „ „ „ „ „ c^«,

bxby = 0!ii\dcxc,j=0 „ „ „ a/ „ „ „ „ „ „ „ w^-.

3. In general the condition that the conjugates through f, {^^y)u^ = 0, (y^y)f(y=0,

of a line it, in regard to bx' and c/ should be conjugate in regard to Ox' is

(o^m («7?) «^«. = 0,

namely, « touches a conic and there are two such lines u through f.

Putting herein, to connect with (2), f the conjugate of x or V( = {bcv)b;cCx< we obtain

(a0 . be) (ay . b'c) bxCjixCju^Uy = - b^cJ}xCx [bybxUy . c^CxU^ + ^ Ux" b^" . c/)

+ 1 Ux [Cy- [6a= .bx--i {a^xf} . c^CxU^ + b^- . {cjcx" - i (yax)-] . bybxUy],

and if x be on b^cJ}xCx=0 the cluster is two pointed, one point being, as predicted,

x and the other on the join of the points bybxUy=0, CxC^n^^O (whereof the former is

the pole in regard to c/ of the polar of x in regard to 6/).

And as x moves on baCabxCx=0 its conjugate (bcu)bxCx = moves on

= (a/3.z) (070;) byCfibxCx = - (I3yx)- . baCjbxCx + i -fix" c/ (a/Sx)- + c/ . 6^- (yoa;)'}

+ I {^yxf . {bx- . cj + c/ . bj) -\bx' . cg- . (7xr)= - A c^= . 6/ . {a0xy.

4. Further in regard to the cluster (a^^){oiy^) u^i(y = [which reduces to the con-

comitant (6 11)1], the polars of ^ in regard to bx" and c^- are among its rays and for

the conjugate through ^ (in regard to bj) of byb^ = we must take the join of ^ to the

point {a.y^)byb^iu=0—which point is the pole of the join of f to byb^Uy = in regard

to a-j-—(it is the concomitant (.512)i).

For consider the locus of the poles in regard to 6/ of the rays of the cluster

(a^^){ay^)tifiUy. Its equation in y is = (a/3|) (07^) VVMy. oi" say (oiy^) {'Xy^)byby^O,

which certainly passes through ^, and putting pyi = ^i + KZi and then {z^)i=Ui, we obtain

{ciy^)uabyb( = (for /c = 0).

5. Consider further the conjugates through ^ in regard to bx" of the rays of the

cluster {a0^){ay^)upUy through |. They are the joins of ^ to the two points given by

hby = 0)

{«y^){ay^)byby = o]'
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Putting p.i/i = ft + «^i in botli, we obtain

and

wherefrom

and therefore

or finally

bf + icb(b, = 0)

K (az^) (avf) byb, = O)
'

(az^) (a7?) 6AJ/6/
- (azf) (avf) b,b, . 6/= = 0,

so that the conjugates sought are rays of the chister (oty^)(0'y^)iun^ = 0, which is of the

same form in regard to Cx' as the original in regard to Ox'-

We have then through f six lines OP, OP', OQ, OQ', OR, OR',

such that OQ, OR are conjugate in regard to Ux", as are OQ', OR',

OR, OP „ , bx', „ OR', OP',

OP, OQ „ „ „ „ c/, „ OP', OQ'.

6. c^CxUfi = is the pole in regard to 6/ of the polar of x in regard to c/,

bybziiy = is the pole in regard to c/ of the polar of x in regard to 6^'-.

The join of these points is i^yy) byC^bxCx = 0.

Conversely if this join passes through a fixed point y the point *• lies on a conic

;

which conic is harmonically circumscribed to a/ (or m„''=0) provided y lie on the line

i^yy) byCfibaCa = 0, [This is the concomitant (801),],

and then the points x form a single infinity of sets of three, each forming a triangle

self-conjugate in regard to a/.



CONCOMITANTS OF THREE TERNARY QUADRICS. 105

From the equation of this join we derive the equation of the self-polar trilateral

of the two conies: namely x must lie on this join giving the equation

= (0ya-) h,c^h^c^ [or (603), = 0].

Further, the pole of this join in regard to a/ is the point

(a/Sv) UahyC^h^x = 0,

and if this .pole lie on a fixed straight line, x describes a conic, which is harmonically

circumscribed to ax (or m/) provided this line pass through the point

(«'^7) h^c^Kc^iw = [which is (10 . 1 . 0) = 0].

7. The point {bcu)hxCx = is conjugate to x in regard to both h^ and c/, say is

the ' conjugate ' of x. Conversely the locus of the conjugates of collinear points is a

conic, the conversion being allowable because the conjugate of the conjugate of a point x is

{hcu) (hb'c') (cb"c") b'xc'J)"xc"x = -\Vx- Wl^) byC^hcx,

namely is x itself— the factor (^yx) byC^bxCx representing the common self-polar trilateral

of the two conies.

The locus of a point x whose joins to its conjugate always pass through a fixed

point y is a cubic curve

(be . xy) bxCx = bx CxCy — c/ . My = 0,

which passes through the intersection of the conies, through y itself, through the con-

jugate of y (this being in fact the "tangential" of y on the cubic), through the points

of contact of the tangents from y, and in general may be generated as the locus of

the points of contact of tangents from y to the bundle 6/ + Xc/ = 0. And thus, in

fact, from a known property, any cubic curve can be thus generated; as also follows

from the fact that three collinear points x, y, z on a, cubic fx^, whereof Hx^ is the

Hessian, satisfy

fxfyf. = 0, HxHyH, =

(as follows from Salmon's identity {fHuf = 0).
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S. Tlie conic (bcu) huCx = is also the locus of the poles of the line u in regaicl

to the conies of the bundle hx'
+

'>^Cx' = : and, in fact, the pole of (qrx) = in regard

to the general conic (qr^) a/ + (rj)^) bx + {pq^) c/ = is the point {hen) b^C( = 0, tin-

point conjugate to ^. Thus if f move on a line v, its three conjugates (hcu) b(C( = 0,

(cau)C(ii( = 0, (ubu)a(b( = move on three conies (bcv) bxCx = 0, ... and these three conies

correspond also to (qiw) = 0, (rp.v) = 0, (pqa.') = respectively, in regard to the general

conic iqr^) ctx" -^ {>P^)bx' + (pq^) Cx' = 0, whicli is now described about a fixed (|uadrilateral.

9. Lastly the conic (6cm) 6,0,; =0 for the line (qr.v) = is

{be . qr) btfix = bqbx . CrCx - {CqCxf,

namely touches b^bx, CrCx the polars of q, r in regard to 6/ and c/ respectively, on

the line CqCx — 0.

10. The conic a,/ . {bcu) bxCj + by" . (cau) CxUx + Cy . (abu) a^bx = 0,

y being the variable, is the conic of the net for which x is the pole of u.

If the line u be (qrx) = 0, theu since

{ca . qr) CxUx = {be . rp) bxCx, (ab . qr) Uxbx = {be . pq) bxCx,

the conic is a/(5r|) + V ('7^^) + c/ (psf) = 0,

where f is the conjugate of x in regard to 6/ and Cx-

In general the conic passes through x provided

Ux (abc) cixbxCx = 0.

Take Ux = 0.

Then the conic touches the line u at the point .r. It is a line-pair provided n

is tangent to a class cubic (for the discriminant uf a cubic is of the third degree in

its coefficients). Thus through any point x there pass three line-pairs of the net, which,

touching the tangents to a certain class cubic at this point, must either have their

double points at x (which is excluded) or have tlie tliree tangents to the cubic as part

of themselves. Namely the class cubic is the Cayleyan.

§ IX. The following li.st of memoirs may be added :

L Gundeltinger. Crelle, Lxxx. 1S75, 73.

2. Sylvester. Camb. and Dub. Math. Journ. t. viii. \). ^ofj. (18.53.)

:}. Cayley. Crelle, LVii. 139. ^1860.)

4. Herraite. Crelle, LVii. 371. (1853.)

."). Darboux. Bulletin des Sciences Math. t. i, p. S-tS.

6. Rosanes. Math. Annul. VI. S. 264

7. Schroter. Math. A7inal. v. S. 50.

8. Smith. Proceedings Lond. Math. Society, ii. (18G8.)

9. Lemons sur la GdomArie. Alfred Clebsch. Lindemaiui. Traduites p. Adulpln-

Benoist, Paris, 1880. Vol. ii. 248.
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IV. On Sir WiUiam Thomsons estimate of the Rigidity of the Earth. By
A. E. H. Love, M.A., St John's College.

[Read April 28, 1890.]

The question really propounded in the articles of Thomson and Tait's Natural

Philosophy/ devoted to the discussion of the Earth's rigidity is this:

—

Supposing that for

purposes of discussion the Earth is replaced hy a homogeneous elastic solid sphere of the

same mass and diameter, ivhat degree of rigidity must he attributed to such a solid in

order that ocean-tides on the sphere may he of the same height as the actual ocean-tides

on the Earth I This rigidity is called the " tidal effective rigidity." As is well known
the tides to be considered are the fortnightly tides, as being of sufficiently long period

to be capable of adequate discussion on the " equilibrium theory," and at the same time

free from certain difficulties which beset the observation and discussion of annual and

semi-annual tides. The actual amount of the fortnightly tide on the Earth appears to

be still to some extent matter of dispute. For the purpose in hand the estimate of

it employed is one made by Professor G. H. Darwin founded on a series of observations

chiefly made in the Indian Ocean. According to this estimate, the amount of the

fortnightly tide is little less than § and certainly much greater than | of the true

equilibrium height. Now, in the articles of the Natural Philosophy referred to, it was

shown that if the Earth were replaced by a homogeneous incompressible elastic solid

sphere of the same mass and diameter, and of rigidity equal to that of steel, the height

of the ocean-tide would be reduced by the elastic yielding to about | of the equilibrium

height, while the reduction would be to about | of that height if the rigidity were

equal to that of glass. It was concluded that the tidal effective rigidity of the Earth

is nearly that of steel, and the conclusion was held to disprove the Geological hypothesis

of internal fluidity.

The present paper is not occupied with any attempt to review the evidence used

by Professor Darwin as to the amount of the observable fortnightly tide, or to criticise

the conclusion of Sir William Thomson from the great tidal effective rigidity of the

Earth to the improbability of the hypothesis of internal fluidity*. Its purpose is merely

to discover what difference would be made in the tidal effective rigidity if the elastic

* [Note added Sept. 1890. It is proper to mention that

Professor G. H. Darwin has in a recent paper, Proc. Roy.

Soc. Lond. Nov. 1886, expressed an opinion that it is probably

impossible to obtain a correct estimate of the Earth's tidal

effective rigidity. In all previous calculations it had been

supposed that the fortnightly tide obeys with sufficient

accuracy the equilibrium law, but it is there pointed out

that oceanic tidal friction is probably too great to allow of

the application of the equilibrium theory to the fortnightly

tide. Sir W. Thomson's estimate of the Earth's tidal

effective rigidity is based on such an application.]
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solid replacing the Earth wore not assumed to be incompressible, but to have its modulus

ot' compression and its rigidity in the same ratio as most hard solids have. It may be

premised at once that the difference is very slight. We tiiid ourselves confronted with

a particular case of the following problem—A gravitating solid elastic sphere of any finite

rigidity and compressibility is subject to the action of bodily forces derivable from a

potential expressible in spherical harmonic series, it is required to determine the resulting

displacements. Certain problems of the same kind, but less general than this, are solved

by Thomson and Tait. These authors consider the case where the elastic solid has any

rinite compressibility and rigidity but is free from its own gravitation, and the case where

the solid is incompressible and gravitating and of any finite rigidity. The solution of

the general problem is here obtained, and it is noteworthy that it cannot be derived

from these solutions by any method of linear synthesis.

Let W, the disturbing potential, be expanded in a series of spherical solid harmonics

in the form ir=Siri+i, where i is an integer, and suppose the equation of the deformed

free surface expressed in the form c = a + SejQj+i , where ei is a small quantity and Q,-+i

is a spherical solid harmonic of degree (I'+l), then among the bodily forces acting at

any point are included the attractions of the inequalities. These are derivable from a

potential of the form S Fi+i , where Vi+i is in like manner a spherical solid harmonic.

The other forces to be taken account of are the attraction of the nucleus and the forces

whose potential is W. It is easy to obtain, by using Thomson and Tait's solutions, a

geneml solution of the equations of equilibrium imder these sets of forces in a form

adapted to satisfy boundary conditions at the deformed surface. The conditions to be

tulfilled are those which express that this surface is free from stress. Such solutions contain

complementary functions, and particular integrals depending on the bodily forces, and, inasmuch

as the harmonic inequalities contain terms depending on the complementary functions, the

bodily forces, some of which arise from the attractions of these inequalities, contain

similar terms, and thus the jjarticulaj- integrals contain unknown harmonics which occur

in the complementary functions. This is one important difference between the present

problem and those considered by Thomson and Tait. A second consists in the fact that,

the attraction of the nucleus being very great compared with the other forces concerned,

it is not sufficient to estimate the surface-tractions to which it gives rise at the surface

of the mean sphere, but they must be estimated at the surface of the harmonic in-

equality. This is done by a method I have employed in a previous paper {Proc. Lund.

Math. Sue. XIX.). When the complete expressions for the surface-tractions at the deformed

surface arising from the complementary functions and particular integrals have been

obtained, it is easy by equating them to zero to deduce the expression of all the unknown

functions that occur, and thus to express the displacements at any point in terms of

the disturbing potential. (Jue result is that the harmonic inequality arising from any

spherical harmonic term in the disturbing potential is proportional to that term and

contains no other harmonic.

The application to the tidal problem is made by supposing the disturbing potential

to con.sist of a single term which is a spherical solid harmonic of the second order, say

W,, and thus by taking i = l. We have also to take p the density of the solid equal
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to the Earth's mean density. The elasticity of the material composing the sphere will

be defined by two constants m and n such that m — ^n is the resistance to compression,

and n the resistance to distortion. By supposing m to become infinite, and n to remain

finite and comparable with gpa, where a is the radius of the sphere (taken equal to

the Earth's mean radius), and g is the value of gravity at its surface, we fall again on

the case of incompressible material treated by Thomson and Tait, and obtain the same
results. This serves as a partial verification of the analysis. If however we suppose m
and n both finite and comparable with gpa, and connected by the relation m = 2?i which

holds nearly enough for most hard solids that have been submitted to experiment, we
get a different case. Now it is shown in this paper that in both cases the harmonic

inequality is expressible in the form eW-Jg where e is a number, and that e is a

rational function of a second number ^ = ^gpa/n. This number ^ is such that (3^)~*

is the ratio of the velocity of waves of distortion in the material to that due to falling

through half the radius of the sphere under gravity kept constant and equal to that at its

surface.

When n/m = 0, as in the first case, the numerator and denominator are linear in ^.

When n/771 = ^, as in the second case, the numerator and denominator are cubics, neither of

which has a positive root. It appears on calculating the values of the two functions for

positive values of ^ that the values of e in the two cases are always very nearly equal

for the same value of &. When the rigidity is not less than that of glass ^ is >» 5

and it appears that for all such values of ^ the value of e given by the second sup-

position is slightly greater than that given by the first, for some value of ^ gi-eater

than 5 they become equal, and subsequently the value of e given by the first is slightly

greater than that given by the second. The differences are always very minute. Thus
for the purpose of estimating the tidal effective rigidity of the Earth, Sir William Thomson's
method is sufficiently exact. For this purpose we must consider a thu-d case of the

problem, viz. we must find the tidal distortion in a sphere of homogeneous liquid of the

same mass and diameter as the Earth. This is also expressible in the form eW./g and
e is the fraction |. If then the values of e found by either of the previous calculations

be multiplied by | we shall have the ratio of the elastic solid yielding to the fluid

yielding. The fraction obtained by subtracting this ratio from unity is the ratio of the

height of the ocean-tides on the yielding nucleus to the true equilibrium height. As
mentioned before, this fraction is about | for a tidal effective rigidity equal to the rigidity

of steel, and about | for a tidal effective rigidity equal to that of glass.

1. Let W be the potential of the external disturbing bodies, and suppose that for

space within the sphere W is expanded in a convergent series of spherical solid harmonics

in the form

^^' =C^^- (!)•

Suppose that by the action of the external forces the sphere originally of radius a' is

strained so that the equation to its surface becomes

r = a-h5:JeiQ,., (2),



110 Mr love, on SIR WILLIAM THOMSON'S

whore €; is a small quantity and Qi+i a spherical solid harmonic of degree i-f-l. Then

the hai-monic inequalities f,Q,>i will exert an attraction on the mass whose potential we

may denote by V, and this potential will, like 11', be capable of expansion in a convergent

series of spherical solid harmonics in the form

-»= ao ,V=X „ V,^, (3).
t =

If p be the density of the solid and 7 the constant of gravitation the bodily forces will

be derivable from a potential

-lvypr-+ V+ W (4),

which we shall denote by Y, and the general equations of equilibrium will be three of

the form

m^ + 7iV'a+p^^ = (5),
dx ^ ex

where a, /S, 7 are the displacements in the direction of the axes of x, y, z, B is the cubical

dilatation da.ldx-\-d^ldi/ + dy/dz, and m and n are two elastic constants.

2. The solution of the system of equations (5) consists of particular integrals and of

complementary functions which satisfy a system identical with (5) when I' is left out. The

latter are given in Thomson and Tait, Art. 736 (e), in a form adapted to satisfy conditions

at the surface of a sphere ?• = a and this form is equivalent to

1=0
(6),

where we have picked out the terms of order i in x, y, z. ^ and 7 are to be derived by

cyclical interchanges of the letters {A, B, C), {x, y, z), Ai, Bi, d are spherical surface

harmonics, and at the surface

a = 2^i, 0=tBi. ry = tCi (7),

m ,„.

Mi is the constant $ —P

—

t n, . . . ., —v\ (o).

*'-"L(^'$}-i,H)4(^4 '»'

which is a spherical solid harmonic of degree i — I.

3. For the expression of the surface-tractions at the surface of the mean sphere r=a

we have to introduce a new function (^_,_2 defined by the equation

then <^_,-_5 is a spherical solid harmonic of degree -i-2 and differs from Thomson and

Tait's *,+, only in being divided through by t~''+'/a^+\ The surface tractions parallel to

X, y, z at any point of the mean sphere are calculated in Thomson and Tait, Art. 737,

and are equivalent to F, G, H, where

F.r=n1
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and we have picked out the terms containing surface harmonics of order i. G and H are

to be derived by cyclical interchanges of the letters (^4, B, C), (x, y, z), and £";+„ is the

constant

1 m a + 4) - w (2i + 3)

2i+5m{i+l) + n(2i + :i) *
^^•

4. We have now to consider the particular integrals of (5). We shall treat first the

term of order zero — ^Tryp?-". The purely radial force —^irjpr hence arising produces a

purely radial displacement U whose amount can easily be shown to be

U=Ar + H,'' (13),

where A is an arbitrary constant and

^=T0mT^3''W (14).

The six strains e, f, g, a, b, c referred to the axes of x, y, z depending on (13) are

given by such formulae as

e = H{v-' + 2x') + A,..., ...,a = iHyz,..., (15),

as shown in my previous paper (Proc. Lond. Math. Soc. xix. p. IJio), and the surface

tractions at the surface r = a + 2eiQ,+i are of the form XP + fiU + vT, ..., ..., where (X, fi, v)

are the direction cosines of the outward-drawn normal to the surface and

P = {m — n) B + 2ne, ... S = na, . .

.

are the six stresses as calculated from the formulae (15).

Now neglecting e,-, X is given by the formula

and for fi and v we have similar expressions, and we find without difficulty for the part

contributed to F . r, neglecting ec, the form

X [Ha' (om + n) + A {3m - n)] (1+2 -^^' ) + 2HaI.eiQi+,{5m + n) ;

- aSe,- Ha'' (5m - 3ft)^' + inH{i + 1) ^•Q;+, + {3m - n) A^ .(17).

We shall shew hereafter that the term x\Ha- {0111 + 71)+ A {3m — n)] is the only one not

containing a spherical solid harmonic with a small multiplier, like SiQi^-^, and thus this

term will have to vanish, and we find

,
5m + w

A =-„ Ha- (IS).3m — n '

This with (13) and (14) gives the mean radial displacement, a matter which need not

detain us here.

Using now (18) to simplify (17) we obtain for the typical term contributed to F . r

2i5m-{2{+l)n]Ha€ixQi^, + ^nHa%^' (19),
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or at the surface of the mean sphere r = a, we find by using the identity

.(20).

that the typical term contributed to F. /• may be written

^^"^'
2i + 3 "a^ ''^"'' 2i+3 ' dx\^') ^-^''

as in my previous paper, p. 187, equation (44), with a like verification to that on p. 188

of the same paper.

5. Take next the term of order i + 1 in (4) and write

lV.= l^+.+ l>'m (22).

The particular integral will be found as in Thomson and Tait, Art. 884, by taking

-a-*. ^=1*. '=lf' ^ = '=* ^^>-

This reduces equations (5) to the form

(m + K)V=</> + S/3lV, = (24),

and a solution is

•^ = -7H+T^^2(2i + 5)^'>' ^-^^'

since 3'i+i is a solid harmonic of order i + 1.

Hence the particular integral for a is of the form

« = -^^2Wt5-)^.('^^-) (^«>-

or by using the identity (20) with Y in place of Q we find for the tyjjical term of the

particular integral for a

ar,-+i

m + n L(2i + 3) {1i + 5) dx Vr^+V ^ 2i + 3 dx
•(27),

and those for ^ and 7 are to be found by cyclical interchanges of the letters {x, y, z),

and the complete value of a is to be found by adding the expressions in (27) and (6).

This practically agrees with Thomson and Tait's Art, 834, equation (1). The surface-tractions

that are contributed by the solutions such as (27) are calculated also in Thomson and

Tait's article and the typical term contributed to jF'. r can be written in the form

_ m + n(i + l) ar^ (2/ + 5)m-« , 3 / 7,,A

'^(m + 7i)(2i + 3) dx ^'^(m+70(2t + 3)(2« + 5) dxW^+V ^'' ''

6. We have now to find V. This is the potential within a sphere of radius a of

a distribution of density on its surface equal to the product of the volume-density p and

the radial displacement {ax + ^y + y2);r calculated for the surface r = a. The part con-

tributed to the surface-value of cuc + ^y + 'yz by the complementary functions (6) contains
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a typical term which is seen to be

113

1

7= ^'>'
- I

0-,-= , (29),
_2i + o

^'"' 2i+l

where we have picked out the terms containing surface harmonics of order {i +1).

This is obtained by using (7) and observing that in virtue of an identity similar

to (20)

.(30).^;(J.x + 5,3/ + C,^) =^
The part contributed to ouv + ^y { yz by the particular integrals (27) has a typical term

whose surface-value is

pa- i + 2 „
m + n2(2i + 5) '*'

Hence the surface-denisity of which Vj^^ is the internal potential is

f I , 1 , p i+2 ^^

We may easily deduce an equation for 1^,+, in the form

.(31).

.(32).

T^>+. =
^irypar

2i+S 2i+5
^..

2i + 1 a="+=
<^-,-.-

i + 'J,

m + n2 {2i + 5)

Hence
iTTypa"

2i +2>

1 +
2'Tryp-a- i + 2

1
. __^^'w.

2i + b^'^' 2i+la^'«^-'-' '

(Tm + Tf,

i+2

m)] ... (33).

Wi^, .(•34),m + n2 (2t + 5)

m + n {2i + ^){2i + o)

an equation which may- be written

Ff+i = a,. Tf,+, + 6;>/r,.^, + c,.?-"'+^<^_i_., (35),

and then F,+, = (I + a^Wv+i -l-6,-fi+, + Cfr«+3^_,_, (36).

Thus the potential of the bodil}- forces contains terms depending on the complementary-

solutions of the equations (5).

7. The unknown harmonics Ai, -^i+i, ^-j-o are to be determined by adding togethei-

the terms contributed to the surface tractions and expressed in (11), (17) and (28) and

equating the result to zero. Observing that in (11) and (28) all the terms contain

surface harmonics multiplied by small quantities of the order of the amplitude of the

harmonic inequality, we see that (18) holds and (17) may be replaced by (21). Also

by (29) and (31) we have

e,Q,-+i = (eta- + 0y + yz)!r

i + 2

2i + 5
''''+'

2i + 1
^-'-"- m + n2 {2i + h)

^'+'

or e.Qi+i = a
2i+o

1- i+2
m ,+

i+2
+ n 2 V ^~'~^\{2i+\)a^^'" m + n2{2i + 5)'''

p i + 2

Vol. XV. Part I.

m + n2{2i + 5)
(1 + aO ir,.+J (37).

15
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We substitute this in {21), add together the terms of (11), (21) thus modified, and (2S)

modified by using (36), and equate the result to zero, and find a surface-condition which

uiav be written

S[«(i-
dx

n. 1 f-^+'l + p.' ^<-^ + ,---o.' i (^'^

+ P/'g-(,-3<^_ -.) + Q.'
ax

.(38).

when r = «. The values of the coefficients P,, Q,-, P,', Q,', P,", Q," are given by the equations

m+n
111 + n{i + l) 5m+{2{ + o)n

2i + 3 +^" (2i+3)(2i + 5)^''^-'

(2i + 5) m — n ^r » 5»i — (2i + 1) ?!. .

P,' = -
?)i + /I

Q. m + n
6.-

(2i + 3)(2i + 5)
^

(2i + 3) (2i + 5)

rm + .i ('•+!) rr ,
5m + ( 2^ + 5) n

'

"'_ 2i+3 ^^'^ (2i+3)(2t + 5)^' + -'

(2t + 5 ) Ht - « ^^, 5w-(2t4-l)« . . ,
"

, „ om + (2{ + 5))t

(2i' + 3)(2i + o)

(2t + 3)(2i + 5) (2i + 3)(2t + o)

(2t + 3)(2i + 5)
^'

5) np„_ a-/3 f ?« + n{i+l)
^ ^ „ 5m + (2z + 5) ?i ^ . '

^' - ~ HiTTT "' L~2iT3~ ^ ^°''
(2i + 3)(2i + 5)

^' ^ -
'_

jj
„

J
om + ( 2z' + 5) « _1 n

" ^ (27+T)(2i> 3) £^' (2i +!)«»'+•

n " P .
\i^±±o)rn--n „ 5m - (ii +l)n .-.-,.

<2"-

=^T^'''L(2i + 3)(2i+5) + ^'* 7o,~,w-oZTX^('+^)

+ 2Zfa'^

+ 3)(2i+o) '
^"'

(2i + 3)(2i + 5)

5wi-(2i + l)?z 1

.(30),

(2i + l)(2i + 3)a='+»

where Ei+, is given by (12), and H by (14.).

The other surface-conditions are to be obtained from (38) by cyclical intei'changes

of the letters (A, B, C) and (a.-, y, z).

From these equations we are to find Ai,..., i^,+,..., ^_,_2... iu terms of Tr,+] and

the other harmonics occurring in the disturbing potential.

8. We may find the solution for each term of the disturbing potential by sup-

posing all the other terms to vanish. We shall therefore suppose that 17,+, is the

expression of the disturbing potential and proceed to determine the unknowns so far a.s

they depend on it.

Now in (38) the function on the left is finite continuous and one-valued within the

region containing the origin, satisfies Laplace's equation, and vanishes at the surface ?• = '..

It is therefore identically zero. Take then the equations such as (38) and differentiate

them with respect to x, y, z respectively and add, we thus obtain the equation

- ( 2i + h)(i + 2) [(2, If.+, + qi^i^, + Q."r«+»<^_._J + n (i + 1 ) V^.+i = (40),

where we have picked out the terms containing surface harmonics of order (i-l-1).
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Again multiply equation (38) and the like equations by x, //, z add and use (30) and

we get

\Pi (r+ I) -Q,- (i+ 2) r-"J Tr,-+,+ jP/ {i + 1) - Q,' (i + 2) i^] ^;+, + [P/' (i + 1) - Q,"ri + 2) ?-^; 7-"'>=,^_,._,

9J (i -L. I) )•- jJ!t+3

+ ^rr5^^'--"(^'-l>a^^^H27^) </>-.-. = (41),

where as before we have picked out the terms containing surface harmonics of order (i+1).

Using (40) to simplify (41) we have

(i + 1) [Pi ir.>, + P,',|r,^, + P,",--<^_,._,} = n {i - 1
) ^3Tr^2TT 1)

'^--= '
"^^ '

Equations (40) and (42) determine yp-i+i and </)_i_o in terms of Tr,+j and they shew that

each of these functions is simply proportional to TF,+i.

All

To find the A, B, C observe that all the terms of (38j except the !S(i — 1)^,—

contain spherical surface harmonics of order i or else of order z + 2 so that the only A ,

B, C that can occur are Ai, Ai^^ and the like B and C. Thus picking out the terms

containing' surface harmonics of orders i and i +2 separately we have the equations

-«<^-i)^^S=^--s^+^^'^+^4<'"^'<^-)
I

,l-r2

-n(i+l)^;+,-j^, = r
a*-

Qi
a^ (

^tl) + Qi
a^ (,J«) + Qi" gj

'

(43).

And the displacement a is given by the equations

a = A, 5 + vl,,,5J; + (a= - r=) il/.,,
^-

a* '-a'+"
^

' ^- dx

^ ~ {7-=(l + ad Tr,>. +»-^6,->|r,.+, + c,r^'« *_,•_,] . . . (44),m+n 2{2i + o)dx '

and in like manner the other displacements can be written down.

The amount of the harmonic inequality eiQi+i is given by the equation (37), in which

as we now see i|r,-^i and <^_;_o are proportional to TT,^! so that to each term in the dis-

turbing potential there corresponds one term in the equation of the surface

and these terms contain the same surface harmonic.

9. We proceed to reduce the question to one of arithmetical calculation in two

special cases. These will agree in that we shall take W to consist of a single term W..

which Ls a spherical solid harmonic of order 2, i.e. we shall take i=l. They will also

agree in that we shall assume p = o"G or that the density is about the same as the Earth's

mean density. They will differ in that in the first we shall suppose the solid incompressible,

i.e. we shall take m great compared with n and great compared with -Tryp-a' which will be

taken of the same order as n, while in the second we shall suppose m and n connected by

the relation m = 2« which is nearly verified for most solids that have been tested by

experiment.

15—2



lit) Mr love, on sir WILLIAM THOMSON'S

Let us write 6 tor the number ^iryp-a-Xix + ») and g tor the value of gravity

surface, i.e. for ^irypa. Then

8 = gpa;{m + >i)

In the tirst case d=Q but 6m is finite and = gpa.

In the second case 6 = g5'p«/« so that litus in this case the meaning given to the

^ in the introduction. The two symbols are distinct in the first case.

We shall have for both cases

by (40) and (42); and the equation giving the amount of the harmonic inequality

surface-value of

at the

(45).

syi ibol

^'^' ""^ 70 + 9(9 V 7 3

Also the values of the P's and Q's are

ad 70 /m

g 70 + 9^'

.(40)

is the

(47).

P.=

Q.=

«7 70 + 9^

e

+ 2n W oni + 7n

1 "*" 10 35

(lin — n 30 5/(1 — 3n

e

+ 77;
10 35 )70 + 90 V 35

p, _ a6 Gag fm + 2n Sd 5ni + 7?A 6a^ am + 7n
'
~~

J 70 + 90 V~5 * fO 35 j
"^5 35

1

^ Qag (Im — n 30 5»n — 3nN 5m — 3)i nbm — bn

ag 70+1)0 V 35 "^ 10 ^^35
/
~

5 35 7 2m + 5/i

a0 14a7 /m+2n 30 5m + 7?i\ 0a-5m + 7rt ««='

y 70+1)0 V 5 "^lO^SS y "5 15 ^3"

Hagr /7m - n 30 o??;. - 3ft\

~
M^ 7OT90 V^ST' "^ lO "35^/' "^

5

om — 3n'

15

,(48).

10. Taking up now the first case putting = but dm=gpa and substituting in (46)

we have as is easily verified

19« 2gpa\ 2n

from which by .solving and substituting in (47) where is put = we find

.(49),

eiQ2 =
2gpa 19

o o

.(50)

and this may be written

where ^ = Igpajn.

e>Q.=
W, 15Sr

g 6^ + 19
(51),
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Hence if Q.j be taken to be W.Jg and if we write e for e, , e will give a measure

of the amount of the inequality and we have

15:^

6^ + 19
.(52).

11. Again taking up the second case, putting everywhere m = 2n, 6 = \gpaln, we find

P.=
15 70 + 90 '

Q _P_ 130 + 210
^'~15 70 + 90 '

p , _ 2 gpa"

3 70 + 90'

^, 2«_ ffpg 770 +1350
^' 21 ~ 189(70 + 90)0'

gp 70+230p;'=-
9a=0(7O + 90)'

•(53),

0" = -^ ^

^' 9 a* 70 + 90"

Substituting in (46) we have for the surface-values at r=a,

770 + 13.50^,._^^r;^0F,
9 7 tt" 3 oag

t* ih ffW
26^, - (70 + 230) - ^' = (280 + 510)

^^^

and thence in (-17) taking as before Q.^ = —- we shall find e, or e given by

^ 3356500 + 863100^ + 5548.5^-

^"70 + 9^ 53900 + 27160^ + 2601^= '^ ^'

where ^ is written for the two numbers being in this case identical.

12. Now taking the data furnished in Thomson and Tait, Arts. 837, 838 as to the

rigidity of steel and glass we shall find that ^ = | nearly for the rigidity of steel, and

^ = 5 nearly for that of glass, the density p being taken equal to the Earth's mean

density 5-6. To see therefore how the inequality e depends on ^ or on the rigidity it

is only necessary to trace the curves (52) and (54) with e for ordinate and ^ for

abscissa. The curve (52) is a rectangular hyperbola passing through the origin and the

part ^ positive of the branch through the origin is the part to be considered. It can

be easily seen by calculation that the corresponding part of the curve (54) lies always

very near to (52). The tangent lines at the origin to (52) and (54) ^tart out at in-

clinations of tan-'l and tan~'^% nearly so that the points of (54) begin by being slightly

above those of (52) which have the .same abscissse. This state of things goes on until

^ > 5 but the difference is diminishing all the way from ^ = | to ^ = 5. When ^ is

infinite the hyperbola touches the asymptote € = f and the curve (54) touches the asymp-

tote 6 = 55485 H- 23409 which is slightly less than |. It is difficult -without taking a
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very large uuinber of points to draw both curves. I have therefore contented myself

with a di-awiug of the hj^jerbola (.52). On the scale to which the figure is drawn it

would not be e!\sy to distinguish the two curves.

Of the points A and B, A corresponds to the rigidity of steel and B to tiiat of

glass, i.e. A to ^ = | and B to ^ = 5. The ordinate of A is about '803 or nearly i,

that of B is about 1"53 or slightly greater than |.

To determine the " tidal eftective rigidity " we may with sufficient exactness compare

the value of e as given by (52) with that which would obtain in a homogeneous liquid

sphere of the same mass and diameter. The latter will be found from (50) by making

/? = 0, i.e. it gives 6 = 5.

We have seen that for rigidity equal to that of steel e is nearly \ it follows that

the ratio of the elastic solid yielding in this case to the fluid yielding is nearly ^j^ or

about \. Consequentlj' the height of the ocean-tide will be reduced to about § of the

true equilibrium amount by the elastic yielding of the nucleus when the " tidal effective

rigidity " is that of steel. In like manner it will be reduced to about \ of the true

equilibrium amount when the " tidal effective rigidity " is that of glass.



V. On Solution and Crystallization. No. III. By G. D. Liveing, M.A.,

Professor of Chemistry in the University of Cambridge.

[Read May 26, 1890.]

In my last communication on this subject I made the supposition that all the

molecules of the same substance have, on the average, under similar conditions of tem-

perature, pressure, and other external circumstances affecting their mechanical state, similar

motions ; and that the excursions of the parts of any molecule from the centre of mass

of the molecule are, under given conditions, comprised with a certain ellipsoid. This

ellipsoid I called for convenience the molecular volume, and assumed it to be of the

same average dimensions for all molecules of the same substance under the same circum-

stances. In passing from the fluid to the crystalline state the molecules will pack

themselves as closely in the solid state as is consistent with their molecular volumes,

and then, as I shewed, each ellipsoid will be touched by twelve others,, and the orien-

tation of the axes wull be the same for all of them. It is on this arrangement that

I conceive the ordinaiy properties of crystals to depend.

If the ellipsoids have all their axes equal, that is be spheres, the crystal will

belong to the cubic system with the principal cleavage octahedral : if the ellipsoids be

oblate spheroids with longest and shortest diameters in the ratio y/2 : 1 and the axes

of revolution perpendicular to one of the planes in which the points of contact of each

spheroid with its neighbours are four in number (Part II. fig. 2), the crystal will belong

to the cubic .system but the principal cleavage will be dodecahedi-al : if the ratio of

the greatest and least diameters of the spheroids be 2 : 1 and the axes of revolution

perpendicular to the plane of fig. 1, the crystal will still belong to the cubic system,

but the principal cleavage will be cubic. Now if we conceive the spheres and spheroids

to be material, instead of being merely the geometric boundaries of the excursions of

the parts of the molecules, and to be subject to a uniform stress perpendicular to one

plane of the fundamental cube, those originally spheres will be strained to spheroids,

and those originally spheroids with axes of revolution perpendicular to the plane of four

contacts (fig. 2) will have the ratio of their greatest and least diameters altered, and

those with their axes perpendicular to the plane of fig. 1 will become ellipsoids. By
any of such changes the arrangement of molecules will lose symmetry in consequence

of the strain and the crystal will become pyramidal instead of cubic.

If the stress be in the direction of one diagonal of the cube, the effect will be

to convert the crystal from cubic to rhombohedral. In the arrangement indicated in

fig. 1, one diagonal of the cube is perpendicular to the plane of the figure and if the
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stress be in that direction the original spheres will be stniined into spheroids with axes

of revolution perpendicular to the plane of the figure, and in the case of the spheroids

with greatest and least diametere iu the ratio 2:1, this ratio will be altered; and

in both these cases the arrangement of the molecules will be the same as if we sup-

posed space divided into enual and similar rhombohedrons and a molecule placed with

itjs centre in each angular point of tlie rhombohedrons. In the unstrained system of

spheres the arrangement is that which would ensue if space were divided into equal

cubes, and spheres were placed so that there should be the centre of one in each comer

of the cubes, and also the centre of one iu the centre of each face of each cube. The

strain which converts the cube into a rhombohedron will leave the spheroids similarly

arranged one at each corner of the rhombohedron and one at the centre of each face

;

but this aiTangement can be represented more simply since the planes which pass through

one extremity of the axis of a rhombohedron and through the centres of two adjacent

laces, will cut up space into rhombohedrons all similar and equal to one another, which

will have one spheroid at each angular point and none in an}' other position. The

new rhombohedrons will be more acute than the old. In fact if the unbroken lines

iu fig. 9 represent the original rhombohedron \'iewed in the direction of its axis of sym-

nietr}', the dotted lines will represent the new rhombohedron, which will have the same axis

as the original one and will be placed transversely. There will be four times as many of

the new rhombohedrons iu a given space as there were rhombohedrons of the original form.

In the remaining case, in which the original cube had the centre of a spheroid in

each corner and one in its centre, the spheroids will become strained into ellipsoids, the

cube ^vill become a rhombohedron with the centre of an ellipsoid in each angular point

and one in its centre. Figure 10 will represent the ellipsoids of one rhombohedron pro-

jected on the plane of four contacts (fig. 2, Part II.), the ellipses with unbroken outline

representing the ellip.soids with centres a, h, c, f? in that plane, the ellipse with dotted

outline representing the ellipsoid, with centre e, l}"ing next above them, and those with

broken outline representing the ellipsoids with centres A, B, C, D lying above that

with dotted outline. Figure 11 represents a section through ab, perpendicular to the

plane of fig. 10. The ellip.soids with centres in the plane of fig. 10, or in planes

parallel to it, will touch each other at the extremities of the equal conjugate diameters,

and the diameters through aA, b£ and so on will be conjugate to the plane of fig. 10.

These data will sutfice to determine the ratio of the axes of the ellipsoids and theii-

orientation when the angle between the axis of the rhombohedron and the normal to

one of the faces is given*.

* For if A, B, C he the points where three adjacent angles AC, CB, BA be a, and AD (which is tlie angle Aah

edges of the rhombohedron (100), in fig. 11) be (p, we have

passing through the axis and r^ ,__^^ in triangle OCA "le angle at = 60'',

through the centre of the sphere \ ^^-^^ ^^^^ ^^^ g^o= cot C cot (0 + O - 90°),

of projection, meet the surface of \ / ^v ^
, ^ „„„^ „ . ,, ,,.

... ' ', ,, , ,,,,,v \/„ >5 or tan + D- 90°) = 2 cot/) 1),
that sphere, O be the pole of (111), ' ^'" '^ ^^ '

and the angular element, that is,
^ I \ / also cos D = cot 00" tan

\

the angle between the normals to

100 and 111, be /J, 0/> will be \l^ "
or, tan - = v'3co8 ;* (2).

;>0"- - h. If further, each of the ^^ '
^
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It does not appear that there is any other form and arrangement of the elHpsoids,

when packed as closely as possible, which will give rise to the structure of a crystal of

the rhombohedral system. At first sight it seems as if these would not suffice to explain

the occun-ence of what are called hexagonal crystals ; but this difficulty vanishes when

the following considerations are taken into account. Let us confine our attention for

the present to crystals built up of spheroids having their axes of revolution perpendicular

to the plane of fig. I, and let the circles with unbroken outline in that figure, centres

a, b, c, d, e, f, g, represent spheroids with axes of revolution perpendicular to the plane of

the figure and centres in one plane, then the next layer of spheroids may either take the

positions indicated by the circles with dotted outline, centres h, k, I, or those indicated

by the circles with broken outline, centres m, n, o. Either of these arrangements equally

well fulfils the condition of maximum concentration of the spheroids, and so far either

is equally probable. Now in the first case the three planes of the fundamental rhombo-

hedron (100) will be parallel to hcl, Ick and kch, and in the other case they wdll be

parallel to raco, ocii and nan. The second rhombohedron will be transverse to the first

;

or will be in the position of a twin to the first, the twin axis being the axis of the

rhombohedron. The crystal may therefore, so far as concentration of molecules is con-

cerned, be built up of alternating lavers, of indefinite thicknesses, of such twin crystals.

Now what are called hexagonal forms, that is the forms for which the poles lie in great

circles bisecting the angles between the three planes which pass each through the axis

of symmetry and through one of the three poles of the fundamental rhombohedron, are

not in any way affected by this sort^ of twinning. In fact the forms hkl, when h -{-k + l = 0,

and when h — 2k + l = 0, are identical with the twin forms when the twin axis is the

axis of symmetry of the crystal. None of these forms therefore will be at all affected

by the alternations of twin layers referred to. It will be otherwise with rhombohedral

I'orms. Any face of such a form which grows when the deposition consists of alternating

layers of twins, must either be formed of alternating layers of transverse rhombohedrons,

or the face will be ridged and irregular. In the former case the average condensation

Since the plane of fig. 11 is parallel to the stress, it will r

be a plane of principal section of the ellipsoids and coutain :' >' '

two of the axes of the ellipsoids, which will be the axes of ,,„

the eUipses in that figure and may be called 2.r and 2c. ^" '''"^ manner, ]7 = n'--

The third axis, 2i/, will be perpendicular to that plane and But by tig. 10,

will be the axis parallel to cd of the ellipses in fig. 10. ^ ^
r <; 11 I./ • • i i il, 1 c n ^n 1

</« = Uf COS - = 2r COS - :

In ng. 11, ab is conjugate to the plane of fig. 10, and 2 2

ab', aa' are conjugate semidiameters of the ellipse with ^
centre a in fig. 11. Let at' hez', aa' be .r' and ao which is

*° ""'*• ^'2)-cos^ =.r' (4).

half of Aa be r.

/ A'K\- /NF\' Also —-J2.
T*^- h) - (V) ='

a
and since the inscribed parallelogiam is half the circum- and y2rsin - = (/ ....(5).

icribed parallelogram, '2AX . XP= z'.r', and therefore

We have al.so .r- + z-=.x:"- + z"- (6),

xz = x'z' sin (p (7).

., „ M^V_i From these equations the ratios x : y : z may be found

\ z' )
~ ' when D is known, and vice ver-^a.

VV) '^i\AN)=^'' and

Vol. XV. Part I. 16
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of the molecules will bo the mean of that in the two rhombohedrons transverse to one

another: but this will not be a true measure of the surface tension which, for these

rhombohedral faces, will change with each alternation of growth. If the alternations took

place with perfect regularity, so as to produce alternate layers of each rhombohedron of

uniform very small thickness, the effect might be the same as that of a form having

the mean condens^vtion. But in fact the alternations will not in general be regular, but

determined by causes which depend on the mechanical conditions of the fluid at the

points where crystallization occurs; causes which, so far as the forms developed are con-

cerned, may be called accidental. The growth of such faces will therefore be impeded

in comparison with the growth of hexagonal forms.

It is obvious that in those cubic crystals in which the molecular volumes are

spherical, there will also be the same tendency to grow in alternate layers of twin

crystals with the twin axis perpendicular to the octahedral faces. And such alternatioils

have not infrequently been observed. But in the cubic crystal the twinning may take

place equally well about any one of the four axes perpendicular to the faces of the

octahedron, and in general the only indication of such twinning would be a roughness

of the faces. Neither in the hexagonal nor the cubic crystals would the optical and

other physical characters be affected, unless the crystal were grown under some stress

which gave a peculiar character to tho.sc properties.

It is also plain that if the system of spheroids arranged with their axes perpen-

dicular to the plane of fig. I be strained in a direction lying in that plane, the spheroids

will become ellipsoids and that plane will be a plane of principal section. In this case

also alternations of twins will be probable as before.

Similar alternations of growth may also occur when the plane of fig. 1 is not a

plane of principal section, because the ellipsoids which represent the molecular volumes

may assume in an irregular manner sometimes the positions indicated by the dotted

lines and sometimes those of the broken outlines in fig. I. In these cases the ciystals

will belong to the less symmetrical systems, and the alternations, though definitely related

to one another, will not have the relation of ordinary twins.

Returning to hexagonal forms, if a face has been developed parallel to the plane of

fig. I, that is, a face of the form 111, and the other faces developed be also hexagonal,

there will be no cause to interfere with the alternation of twin layers as the crystal

gi-ows. But if besides 111 a rhombohedral form, as for example lOU, has been developed

and the crystal grows by an addition to the face 111, the twinning will cau.se a dis-

continuity of the surfaces of 100 at the edges where the forms III and 100 intersect.

If the transverse form 122 be developed as well as 100, there will be no discontinuity

of surface at these edges but some discontinuity of surface tension, which is not the .same

in the faces of the two forms. This will be a force tending to prevent the twiiuiiiig

or else to prevent the growth of the rhombohedral forms. In most cases the rule that

the crystal will grow in such a way that the surface-tension shall, on the whole, be a

minimum will, uidess the condensation in the rhcjmbohedral form is much greater than
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ill any hexagonal form, ensure the preponderance of the hexagonal forms. These hexa-

gonal forms likewise lend themselves more readily to the formation of nearly globular

crystals, that is to crystals with a minimum of total surface.

The cleavages of the hexagonal forms will not be at all affected by the alternatioii.s

of twins, but cleavages in rhombohedral forms will be rendered difficult and, if they occur

at all, will be interrupted. In general the average condensation in a di-rhombohedral pair

of forms will be the mean of what it would be in those two forms if there were no

twinning. With this consideration we may calculate the relative condensation in the

faces of different forms. For this purpose, if p be the perpendicular distance between

successive sets of molecules parallel to a face of the form hkl, P the point where the

normal to that face meets the sphere of projection, the corresponding point for the

face of the form 111, and X, Y, Z, the traces on that sphere of the erystallographic axes

I 1 T. T cos PX
we have, as shewn in rart 1., p = ;

,

/(

and cos PX = cos PO cos OX + sin PO sin OX cos POX.

Also if D be the angle between the normals to the faces III, 100

k-l
tan POX =^/5 ih-k-r

tan PO = JhW^^lfpl^ + ih-kTl
^^^

tan OX = 2 cot D,

and similar equations with reference to the axes Y and Z.

The hexagonal forms are those for which either POX or PO is 90^, and for these

the condensation in the faces is p.

For the other forms it will be ^ ( P + P) where p' is the value of p for a face of

the transverse form.

For shortness we may designate the form Oil as a, the form 100 as >•, and so on,

and the corresponding values o{ p as pa, pr, and so on.

Then taking first hexagonal forms, we have for a or Oil, PO = 90', POF= 30°,

Pa = sin OY cos 30° = , ,^
J{tsinI)y + 4-

which increases as D diminishes, or as the fundamental rhombohedron is flatter, that is

more obtuse.

If b = 2n, P0 = 90", POX = W, pu = ?^^^ =-j^P'^-

For a; = 210, POr= 90=, POX = 30°, tan PO = 4i tan D,

r, „ V3 tan P + ^3 tan D
cos PX —

and px

=

J[S + (tan Dy} {(tan Df + 4}
'

cosPZ _ V3 tan D
2 ~ s/{(tan Dy + 3) ((tan Dy'+T]

'

16—2
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For -- = :n 1 . POX = :iO\ tan PO = ^ tan D,

V3 tan D

/ = 2.S1, 7'OX = !)0', tanPO =

Pi

' y [4 (tan D)^ + 3j {(tan Dy +'4}

tanD
2^3 '

\/3 tan i)

7i(tan D)- + 12; (tan D)- + 4]

'

^ = 321, P0 = 90', tanPOX = :r^,
o V 'J

V3

= 111, P0 = 0\ po = cosOX

77 1(tanD)-^ + 4}

tan D
v/(tan i))= + 4

Next for rhombohedral forms.

For r=100, PO=D. POX = 0',

3sinD
Pr =

V(tan D)^ + 4

'

which increases as Z) increases up to 45', and diminishes as D increases from i^^ to 90"

For ?-i=122, the rhombohedron transverse to r, POA'=180',

_ sin i)

whence if we put p/ = h(Pr+Pr),

,_ 2 sin i)

For e = Oil, tan PO = i tan D = cot OX. POX = 180°, PO Y= 60°,

_ 3tan-P
^' ~ {(tani))« + 4j

'

which increa-ses as D diminishes.

For e. = 41 1, tan PO = ^ tan Z) = cot OX, POX = 0",

_ tan D J ' _ ^ ^^ ^
P'< ~

{(tan Df + 4}
^""^ ^^ " (tan^)^T4

'

for « = 1 II , tan PO = 2 tan Z), POX = 60°,

3 tan D
P» =

^{4 (tan Z))» + IJ {(tan i))' + 4]
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For Si = oil , POX = 0°, tan PO = 2 tan D,

tanX)

whence Ps

For n = 2II. tanPOZ = 0', tan P0 =

J {4 (tan Dy+\] {(tan Df + 4)

'

2tanD
'

V[4 (tan D)2 + 1} j(tan Z»)- + 4)

'

tanD

Pn^

4 '

Stani)

and for «, = 255, jSn^ •

"

V{(tan D)- + 4} {(tan D)- + 16)

'

tan D
'

7[(tan ii)- + 4{ {(tan Df + 16}

'

These formulae will help us to compare the relative probability of the occurrence of

the several hexagonal forms. For the reasons given above they are not applicable for

the comparison of rhombohedral forms with hexagonal ; for we cannot say that p/,

which is the average condensation in a plane parallel to a twin face of the form r and

of the transverse form r^, is a measure of the smallness of the surface-tension on such a

face, though it indicates a minimum below which that tension will not on the average fall.

From these formulae we get

pa - J3o = V^coti), which is gi-eater than unity if D be less than 60°;

Pa ' Px= Jl + 'i(cotD)-, always greater than unity;

pi^ ; Pj.
= ^1+3 (cot Dy : \/3, which is greater than unity if cot D be greater than Vf

or D less than 39° 13';

px : Pz = J'i> (tan B)- + 3 : J(ta,nl))'- + S, which is always greater than unity;

l>z : Pi = J{ta,nDy+ 12 : J 4^ {ta,n Dy+ 3, which is greater than unity if D be less

than 60°;

Pa ' Pr Po = 'J^ ' 2 sin i) : tanD, and p/ is always intermediate between p^ and po.

In crystals having for their molecular volumes spheroids arranged with their axes

perpendicular to the plane of fig. 1, we should therefore expect the faces a and o to

predominate, and faces to occur in the same zones with the faces of those forms, but

the rhombohedral forms to occur rarely. And in fact we find that the distinct cleavages

of hexagonal crystals are parallel to either o or a.

If we examine particular cases we find in Apatite, i'=55°40', and if A be the

radius of the principal section of the molecular volume, B the semi-axis,

„ . tanD ,,-^.

^^^=2V2^='^1^^*-
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And for hexagonal faces the vahios of /), wliich are proportional to the condensation, are for

a.
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find Pa ' Po = 1'7360, and we should therefore expect that the cleavage parallel to a

would be more perfect than that parallel to o. If however we take the form which

Miller assumes to be 100, to be Oil, as we are perfectly at liberty to do, we shall get

a different value for D, namely 63" 15', and p^ : Po = 87302, and the facts then cor-

respond closely with theoiy.

In Nepheline Z) = 59°10', the most frequent forms are o, a, x, z and the cleavages

and a. As D is nearly 60° p^ and po are nearly equal.

In P}'TOsmalite, D = 46° 42', the forms o, «, x, z occur, and the cleavages are o perfect^

a less perfect.

In Davyne, D = o9'15' according to Miller, who assumes the most common six-sided

pyramid to be the form 231. It seems more reasonable to assume this form to be 120,

the other six-sided pyramid which occurs will then be 311, and i) = 40° 2'. The forms

occurring will then be o, a, 6, x, z, and the cleavage is perfect parallel to a.

The varieties of Chlorite known as Pennine and Ripidolite appear to me to be

hexagonal, or rather to have their molecular volumes spheroids with their axes perpen-

dicular to the plane of fig. 1. Des Cloizeaux taking the acute rhombohedron, which is

developed in crystals found on the Rimpfischwange neai' Zermatt, as the form 100 finds

J) = 76° 15'. Miller makes the corresponding angle 79° 55'. The former angle gives

p„ : p, :;)<, = 1-732 : 2-91+ : 4-087,

the latter gives 1-732 : 2-954 : 5-623. o is the plane of perfect cleavage, a is rarely

developed but there are traces of cleavage parallel to it. The rhombohedral faces are

usually striated and ridged or undulated parallel to their intersection with o. In large

crystals the face o is so dominant that the crystals become six-sided tables. These

characters correspond well with theory. The condensation iu planes parallel to o is much

greater than in any other plane, and it is so large in r that there must be a strong

tendency to the development of that form. At the same time the unevenness of the

faces r betrays the peculiar growth of hexagonal crystals. Specimens from localities other

than Zemiatt are much more hexagonal iu their appearance, the form 311 and its trans-

verse form occurring frequently, and striated parallel to theu' intersections with o. The

molecular volume will be a prolate spheroid with greatest and least semi-diameters in

the ratio 1-444 if we take Des Cloizeaux's measure, or 1-988 if we take Miller's measure,

of the angular element. As an illustration of the application of the theory to the facts

it does not matter which we take.

Tamarite may very likely have a similar molecular grouping. i) = 7l'16', and it

has a very perfect cleavage parallel to the faces of o, with traces parallel to the faces

of r, and the crystals are very thin in a direction perpendicular to o.

In Coquimbite D = 43° 50', the forms developed are a, o, x ; and it has imperfect

cleavages parallel to a and x.

In Parisite the forms which occur are o and z, D = 81° 20', and it has a very perfect

cleavage parallel to o, and a very imperfect cleavage parallel to r. With so large a
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value for D the concentration in planes parallel to r is much greater than in planes parallel

to a.

Although the twinning which produces hexagonal forms is very likely to occur, yet

its occurrence is mainly determined by the more or less accidental circumstances under

which the growth of the crystal takes place. The chief obstructive cause to such twin-

ning will be, as stated above, the variations of surface-tension which will occur at the

junction of the twin layers where adjacent faces do not belong to faces in the zone oa

or the zone ab. In cases in which the condensation in planes parallel to r is much

greater than in planes parallel to a, the obstruction to the twinning may suffice to

prevent its occurrence. This will be the case when the value of D is large, as in the

case of Pennine. And it is probable that those crystals which have a very perfect

cleavage parallel to o, but are usually classed as rhombohedral, really have their molecular

\olumes spheroids and arranged with their axes perpendicular to the plane of fig. 1.

In Bismuth if we take the rhombohedron which in natural crystals is most common,

namely that to which Miller assigns the symbol 111, to be the form 100, we get for D
71° 37', which differs very little from a cubic form. The forms occurring in natural

crystals will then be 111, 100 and 211. There is a very perfect cleavage parallel to

111 or 0, less perfect parallel to the faces of the other two forms. The form developed

in crj-stallizing bismuth from fusion will be Oil, but there is no cleavage parallel to its

faces. The anomalous expansion of bismuth in solidifying indicates a change in the

dimensions of the molecular volumes at that temperature, and this circumstance may

affect the form assumed by the metal in crystallizing at that temperature.

Antimony is very nearly isomorphous with bismuth, and if we take the form to

which Miller assigns the symbol 111 to be 100, D becomes 71 40', and the forms ob-

served are 111, 332 and Oil. The cleavages are o very perfect, n distinct, ?• less

distinct, a traces.

Arsenic also is nearly isomorphous with bismuth. Making a similar assumption as to

the symbol of the most common rhombohedron namely that it is Oil, we find i) = 72^33',

the cleavages are parallel to the faces of o, perfect, and parallel to the faces of 211

imperfect; while the faces observed are 111, Oil, and 277. The crystals are of course

laboratory preparations.

Spartalite is most probably hexagonal. It has distinct cleavages parallel to o and a.

and if we take the form to which Miller a.ssigns the symbol 513 to be 210 we find

for D 71' oT. If however we take that form to be 311 we get for D 56° 56'. The

latter is perhaps more probable, as it makes the condensation in planes parallel to a

and more nearly equal. We get in that case, pa : Po = 1023, which agrees well with

observation. The natural mineral gives only cleavage faces, as far as I am aware.

Of the isomorphous minerals Haematite, Ilmenite, and Corundum, the last shews a

decided tendency to hexagonal forms. The cleavages are parallel to the faces of o and

and r, Z) = 57°34' and we find p^ : Pr Po=l : 1462 : OOS. There is a great difference

between these values, and they seem inconsistent with the cleavages. Hut the cleavages
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are very variable in these minerals, in some specimens seemingly perfect, in others in-

distinct ; the apparently perfect cleavages are sometimes only faces of union of aggregated

crystals, so that after all the inconsistency may be more apparent than real.

In specimens of Willemite from Vieille-Montagne near Moresnet there is an easy

cleavage parallel to the faces of o, a difficult one parallel to the faces of a, while in

specimens from Franklin in New Jersey, the cleavage is easy parallel to the faces of

a, according to Des Cloizeaux ; and D = 37° 43'. Miller gives a different value for Z>,

but Dana agrees with Des Cloizeaux. Dana says the rhombohedral faces are seldom

smooth, while the prismatic are smooth. It seems therefore probable that in this case

also the molecular volumes are spheroids with their axes perpendicular to the plane of

fig. 1.

Susannite has an easy cleavage parallel to the faces of o, and D = 68° 38'.

In Tellurium if we take the form which Miller puts as b to be a, and those which

he puts as r)\ to be z, we find B = .53° 46', and the faces which occur are o, a, z, with

a very distinct cleavage parallel to the faces of a, and an imperfect one parallel to the

faces of 0.

In Osmii-idium, Miller gives the faces which occur as o, a, z, and D = 58''2T. There

is a tolerably perfect cleavage parallel to the faces of o. If we take the form to which

Miller assigns the symbol 311 to be 210 we shall have i) = 72°56', the forms occurring

will be 0, a, x, and the condensation greatest in the planes of cleavage.

Breithauptite exhibits forms o, a, i, and 251, and Kupfemickel the forms o, .v.

Amongst laboratory crystals of hexagonal development we find

Lithium sulphate, with forms a, x, o, with cleavage parallel to o, and angular element

73° 26'.

Barium perchlorate, with forms a, x if crystallized from alcohol and a, z if crystallized

from water, and angular element .52° 57'.

Ethyl-ammonium chloroplatinate, with forms r, o, b hemihedral, with perfect cleavage

parallel to o and angular element 54° 6'. More probably the forms are x, a, o and angular

element 67° 19', x and a being hemihedral.

Iodoform, with forms x and o and angular element 53° 32'.

Ceroso-ceric sulphate, with forms rr,, b, x, o and angular element 69° 45'; or if we

assume the hexagonal prism to be a, and the di-rhombohedron (Ti to be x, the forms

will be a, x, o, 144, 522, and angular element 77° 58'.

Basic ferric-potassium sulphate, with forms a, o.

All these agree well with theory if we assume (as I have done) that the six-sided

prism is the form Oil and the six-sided pyramid 012.

There are yet two natural crystals which are commonly classed as rhombohedral but

to me appear rather to be hexagonal. These are quartz and cinnabar. Both are remark-

able for exhibiting asymmetric hemihedry (trapezoidal tetartohedry of some crystallographers)

and for their rotation of the plane of polarization of plane polarized light.
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To bo^iii wiili iiuartz. The most common, I believe the invariable, form is a six-

siiied prism terminated by a six-sided pyramid with or without other forms. This gene-

rally hexagonal appeai-ance is modified freiiuently by unequal development, and unecjual

smoothness, of the alternate faces of the terminal pyramids, which is thought to mark

them as di-rhombohcdral combinations. The cleavages are so difficult to obtain and so

interrupted that they haj-dly help us, but as far as they go they confirm the hexagonal

character of the crystal. They are given by Miller, and by Des Cloizeaux, as perpendi-

cular to the axis of the six-sided prism, and parallel to the faces of both rhonibohedrons of

the di-rhombohcdral combination, and there is no indication that the cleavage parallel to

the faces of one rhombohedron differs in character or facility from that parallel to the

faces of the transverse rhombohedron. I know no other case of equal cleavages parallel

to the faces of a di-rhombohedral combination, and it appears to me essentially an

hexagonal character. Twius are cominon, almost universal, with the twin axis the axis

of the ]irisni. This is very frequent amongst hexagonal crystals, but is not confined to

tiiein. If we regard the crystal as hexagonal the difference in size and roiighness of

the alternate faces of the terminal pyramids will be indications of hcmihedral develop-

ment, or growth under stress, as is the case in many hcmihedral crystals when the

hemihedry does not extend to the complete suppression of half the faces. The asym-

metric hemihedry of quartz is an indication of the formation of the crystal under stress,

and there is no reason why both kinds of hemihedry shoidd not coexist. If the crystal

lie taken as hexagonal the pri.sm will be the form (a) or Oil and the terminal pyramids

the form (a) or 012. We shall then have for the angular element G5':33'-2, and if

h'v'w' be the symbol of a face referred to the new axes and uvw the .symbol of the

Scime face refen-ed to the axes assumed by Miller,

)i' = ((' + 2«, v' = ri + 2r, v' = v + 2w.

The abundance of quartz in nature, and the great variety of circumstances in which

it h:is crystallized, have caused a great many combinations of forms to be recorded.

The symbols of some of the most frequent forms as referred to the old and new axes

are given in the following table

:

Miller's

.Symbol
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Cinnabar has quite a rhombohedral appearance so far as external form goes, but it

has a perfect cleavage parallel to the faces of a hexagonal prism. There is no truly

rhombohedral crystal which has such a cleavage, and I infer that the apparently rhombo-

hedral development is due to heniihedry. This inference is confirmed by the fact that

cinnabar sometimes shevi's in its external form an asymmetric hemihedry, and shews by

its powerful twisting of the plane of polarization of light that it has this asymmetry in

its internal structure. In this respect it presents a striking analogy to the hyposulphates

of lead, strontium and calcium, described further on. These three substances are iso-

morphous, and the strontium hj^osulphate has decided hexagonal symmetry, while the

crystals of lead hyposulphate resemble those of cinnabar. If we take cinnabar to be

hexagonal we must take the cleavage prism to be the form (a) Oil. The most common
forms besides the hexagonal prism, are those to which Miller assigns the symbols 111,

100, 522. If we take the last of the three to be the hemihedral development of 012, we

get for the form 100 the new symbol 412, the form 111 retains its symbol, and the

less frequent forms become 125, 741, and 13, 5, 1. The angular element becomes 56" 47'.

The asymmetric hemihedral forms observed by Des Cloizeaux seem to be the alternate

faces of 211 and of a scalenohedron. They are however i-are.

We might assume the form 100 of Miller to be 012. We should then get for 522

the new symbol 432, and for the less frequent forms the symbols 123, 543, 753. The

numerical values of the indices become a trifle more simple on this assumption, but the

angular element, 70' 43', would give a smaller value for the condensation in planes parallel

to the faces of the hexagonal prism than in planes at right angles to them, and the

facility of cleavage in the former planes seems to negative this. Again it might be

assumed that the form given as Oil by Miller should be 012. This would give still

more simple indices for the forms observed but would still give a greater condensation

in planes parallel to 111 than in planes parallel to the faces of the hexagonal prism.

Ou the whole the first supposition corresponds ver}" well with the facts and entirely

with my theory. In twin crystals of cinnabar the twin face is 111, as in most hexagonal

crj'stals.

In lead hyposulphate, mentioned above, the forms observed, if we take the crystals

as rhombohedral, are r, e, o, a, b, s, and 155, the first three being most common, and the

angular element 60°. If we change the axes and take the form r to be 012 (x), we

get the hexagonal forms x, i, o, b, a, z and 137, and the angular element 71° 34'. There

is no cleavage, and the facts agree well with theory.

Calcium hyposulphate and strontium hyposulphate are isomorphous with the lead

salt, but the forms of the strontium hyposulphate are o and x, o being largely developed,

and X holohedral but with uneven faces. There is also an imperfect cleavage parallel

to 0, as we should expect because the maximum concentration (on the hypothesis that

the angular element is 71° 34') is greatest in the planes parallel to o.

Crystals of sodium periodate with three molecules of water have a very unusual

appearance from unequal development of the faces. The forms commonly developed,

17—2
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considered a.s rhonibohedral, are r, e, s, b, o, o being hennmorphic and b sometimes henii-

hedral. and the angidar element 51° 38'. They rotate the plane of polarization of light,

and besides the hemihedral character of b, sometimes shew the alternate edges formed by

the intersection of ;• and e truncated by a hemihedral scalenohedron. If we assume the

crystal to be hexagonal and hemihedral and make the forms r, b, to be 012, lOT, respec-

tively, we get for e, s, the symbols 123, 113, respectively, and for the angular element

65° 26', which makes the facts and theory agree. The corresponding silver salt appears

to be isomorphous with it, or very nearly so, and it exhibits quite as irregular an

appearance. It is very likely endowed with the power of rotating the plane of polari-

zation of light, but I am not aware that any one has actually observed this fact. In

a few other crystals similar characters have been observed, but they hardly call for a

detailed discussion.

Next referring to fig. 2 of Part II.. let u.s consider that the circles with dotted out-

line eee represent spheres with their centres in the plane of the paper, while those with

unbroken outline bed, &c. repre.sent the projections on that plane of the outlines of a

.set of spheres which touch the former set and have their centres in a plane below the

plane of the figure. We may suppose that there is another set of spheres also touching

the first set, but lying above them. The projections of their outlines on the plane of

the paper will correspond with the circles of unbroken outline, and to distinguish the

set Iv'ing above the first set we may designate their centres as B, C, D <4ic., b and B,

c and C, d and D, &c. having the same projections, respectively. Then the points

c, C, c, C, d', ly, d, D, lie in the corners of a rectangular parallelepiped Avith the centre of

a sphere e in its centre, and the whole space may be cut up into similar and equal

parallelopipeds, each having the centre of a sphere at each corner and one in its centre.

If the spheres become oblate spheroids with axes perpendicular to the plane of the

figure, these parallelopipeds will be cubes if the ratio of the greatest to the least

diameter be ^2. If further we suppose the spheroids to be all strained in the direction

of one of the diagonals of the cube the spheroids will become ellipsoids and the cubes

will become rhombohedrons. The axes of these rhombohedrons will not be perpendicular

to the plane of fig. 1. In fact if the circles with unbroken outline are supposed to have

their centres in the plane of the paper, those with dotted outline below, and tho.se with

broken outline above, that plane, and c be the central .sphere, the eight centres which

form the comers of the parallelopiped may be abmnlkfe, and two of the diagonals ae,

bf lie in the plane of the paper, the others uih\ In lie in an inclined position. If thf

j)arallelii])i])ed become a cube by changing the spheres into spheroids their axes of revo-

lution will be perpendicular to the plane amiib. If further the system be subject to a

uniform stress in the direction of one of the diagonals of the cube, the spheroids will

become strained into ellipsoids and the cube into a rhombohedron with its axis in thi'

direction of the strain. The arrangement of the ellipsoids will be the .same ;is if space

were divided into equal rhombohedrons with the centre of an ellip.soid in each angidar

point and one in the centre of each rhombohedron. This is the same as if two sets of

rhombohedrons were superpo.sed, all being equal, similar, and similarly situated, and each
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having the centre of an ellipsoid at each corner but none in its centre, but one set

having its angular points at the centres of the other set. The planes of a set of parallel

planes which pass through the corners of one set of rhombohedrons will not in general

pass through the corners of the other set, so that, if the arrangement represent the

structure of a crystal, the relative condensation of molecules in the direction of the

sets of planes will in general be the same as if there were but one set of rhombohedrons

with molecules at their corners only. But there are certain cases in which the same

plane will pass through the comers of both sets of rhombohedrons, and in such a plane

the condensation will be double of what it would otherwise be.

To see what planes have this property, let figure 12 represent the traces on three

planes of reference of the planes forming one set of rhombohedrons. Then a plane which

passes through z^ and yi and is pai-allel to the axis OX, will pass through the centres

of the rhombohedrons as well as through their corners. This will be the face Oil. Also

any plane parallel to OX, which passes through Znym, where m and n are odd, will

also pass through the centres of some of the rhombohedrons. The symbol of the face

in this case will be Ohk where h and k are both odd numbers. Next if the plane pass

through a-;, where I is odd, and also through the intersection of the lines in the plane

ZOY drawn parallel to OY and OZ through Znym, where m and n are odd numbers, it

will pass through the centres of some of the rhombohedrons. That is for such a plane

the reciprocals of the indices (reduced to whole numbers) must be one of them an odd

number, and the others equimultiples by a power of 2 of some odd numbers ; or the

indices, without regard to sign, must be of the form

2*(2»n.+ l)(2rt+l), (2m+l)(2r + l), (2»i+ l)(2r + 1),

where k is an integer, and m, n, r are integers or zero.

Such will be 211, 433, 631, &c.

How to find the relation between the axes of the ellipsoids, and their orientation,

when the angular element of the crystal is known, has been already explained. Taking

the same notation as before we get in the faces of certain forms double the concentrations

which were obtained when there was no molecule in the centre of the rhombohedron.

— 2 /"^

For a, Oil, pa =

b, 211, Pb=-

e. Oil, p^ =

7(tan By + 4

'

2

V (tan Df + 4

6 tan-D

(tan Df + 4
'

2tani)
e„ 411,

i'«,-(-tan7))2 + 4'

6 tan D
n, 211, p„ =

v/[(tan Df + 4) [(tan Df + 16j

'
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2 tan D
«i. 255,

V, 3-21 p.=

h, S2l, ;ja =

^"'
^/i(tan Dy- + 4} [(tan i))- + l(jj

2 V3 tan D
7|(tanX>)^ + 4;i(tani>)^+12]'

2V3
'

^/7 ;(tan Df + -i]

'

and so on ; while those forms of which the indices do not satisfy one of the conditions

above enunciated, will have the same concentration as if there were no molecule at the

centre of the rhombohedron.

Comparing the concentration in some of the forms we find

p„ ^ J(tan DY + A:

Pe V3 tan J) '

which is greater than unity if tan D is less than V2 or D less than 54° 45'.

Also
Pe which is always greater than unity; and hence, with
Pr cos D V(tan X>)'^ + 4

'

this arrangement of molecules, the rhombohedron with the easiest cleavage will be Oil

and not 100.

4 (tan Dfj- 1

(tanZ))=+4
'

which is always greater than unit)-.

n ^ /*?

Again — = —— ^ , and jJa is greater than po if tan D is less than 2 ^3, or D less than
Po tan JJ

73" 54'; and — =
, and pe is greater than po if tan Z) is less than 4 \/2, or I)

po ^(tan Bf + 4

less than 79° 59'.

Now if Calcite have the molecular arrangement now under consideration, the cleavage

form must be Oil, not 100, and we must change the axes. If we make a change of

axes so that form 100 becomes Oil, we shall have the new axes parallel to the inter-

sections of every two of the faces of the form 111, and for a face umv referred to the

original axes we shall have the symbol u'v'w' referred to the new axes, where u' = v + w,

v' = 11 + IV and w' = u + v.

In the case of any face for which u + v + w = the symbol will remain unchanged.

Also for any face for which 2ii-v- w = we shall have 2k' - v' - tv' = 0.

Form 100 (r) becomes Oil (e'),

Oil (e) „ 211 («'),

211 (n)

111 («)

122 (r.)

210 (x)

238

100 (r'X

411 («,').

123 (i').

Form 210



Prof. LIVEING, ON SOLUTION AND CRYSTALLIZATION. 135

Forms 111, Oil, 2ll, 321, retain their symbols.

Also for the new angular element of the crj'stal, we have tan D' = 2 tan D.

Hence for Calcite Z)' = 63°7'-3, and the relative condensation in the planes of faces

of the most common forms are given in the following table

:

Symbol
referred to

old axes

100
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Millerito lias perfect rhoiiibohoihal cleavages parallel to the faces Oil and 100. The

angular element is however only 20 51', which should give the condensation in planes

parallel to the faces of the form Oil much gi-eater than in either of. the cleavage forms.

This form is that which is chiefly developed and the crystals are usually capillary so

that it would be hardly possible to observe whether they had a cleavage parallel to the

faces of 01 1

.

The cleavages in tourmaline are imperfect parallel to faces of the forms 100 and

111. If we change the axes as before the symbols for these faces become Oil and 100,

and the angular element 45° 57', which makes the condensation greatest in planes parallel

to the form Oil. If however we take the form to which Miller assigns the symbol 111

to be Oil, the form 100 becomes 211 and the angular element 7(j° 24'. The concen-

tration in the feces of the most common forms then become

(s)

(r)

{0)

(a)

(y)

These figures agree sufficiently with the observed facts. The tendency to the develop-

ment of the form (6) 211, for which the concentration is much less than for some other

forms, seems to be connected with the stress producing hemihedrism (as explained in

Part I.), since the form (b) 211 is almost always hemihedral.

Of laboratory crystals not many of rhombohedral character require special mention.

In magnesium sulphite the forms observed are r, e, a, o, and the angular element Ls

50' 29'.

The double ferro-cyanide of barium and potassiimi has forms »•, o and angular ele-

ment 61 ' 7', and cleavage parallel to the faces of r. If we take the cleavage form to

be e or Oil, the angular element becomes 74° 35', and theory will agree with the facts.

Aldehyd-ammonia has r, e, a, o, with cleavage r, and angular element 58' 10'. If

we take the cleavage form to be e or Oil, r becomes n or 211, and the angular element

72" 45', which agrees well with theory, .since with that angular element the condensation

is greatest in the faces of e, next in n, a, v, in order.

In crj'stals of sodium chloride with grape sugar and two molecules of water, the

faces of a, rr-^, e and more rarely h, o have been observed, and the angular element is

63' 15'. This agrees with theory, but the forms n*, might be taken as ee,, when the

other forms observed would be a, n, b, o and the angular element 75° 51'.

Symbol
referred to
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Some may think, in the light oi Rou.sch's experiment in producing the rotation of

the plane of polarized light by a pile of plates of mica successively twisted through 60
,

to which the twinning of quartz and other hexagonal crystals bears a clase resemblance,

that such twinning would account for the effect of quartz on plane polarized light. This

ctiuae is however, as it seems to me, inadequate. The rotation can hardly be accounted

for by any static arrangement of molecules. It is a phenomenon more nearly related to

the rotation of the apsides of a planetary orbit, and seems to imply a stress. This

view is borne out by the fact that it is produced by some liquids, and that these liquids

appear, so far as it is possible to judge of such a fact in a biaxal crystal, to

lose their rotatory power when crystallized in asymmetric hemihedral forms ; while the

asymmetric crystals which have the power of rotation lose that power when liquified.

The stress reacts, as it should do, on the external form, because the tendency must

always be for the molecules, so for as they are free, to arrange themselves in such a

way as to counteract the stress.

On the whole the molecular arrangement for which the principles of mechanics give

adequate reason accounts remarkably well for the main features of hexagonal and rhombo-

hedral crystallization. I say the main features, because surface-tension, though the primary

and principal cause of crystalline form, is not the only cause which affects the growth

of crystals. The other causes mentioned in Part I. have a secondary influence, and

produce in some cases disturbing effects, but they are only disturbing not overpowering.
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SECTION I.

General Principles.

$ 1. In the most general type of vibrations of an isotropic elastic solid there have to

be considered three displacement and three stress components at every point of a surface

along three mutually orthogonal directions. In the general case at a common surface of two

meilia there are six necessary conditions, arising from the equality of the displacements and

stresses at adjacent points on opposite sides of the surface. In the tj'pes of vibration

discussed in the present memoir the surfaces limiting the several media are either

concentric spheres or coaxial right cylinders, and the displacements are either entirely

radial or entirely transversal. In all the cases considered the number of independent

conditions to be satisfied at the common surface of two media reduces to two, one

arising from the equality of the stre.sses, the other from the equality of the displacement.'^

at adjacent points on opposite sides of the surface. If a surface where no stress exists

be termed free, and one where the displacement is zero be termed fixed, then in the

types of vibration treated here, there is at a free surface a single condition expressing

the vanishing of the stress, and at a fixed surface a single condition expressing the

vanishing of the displacement. The centre of a solid sphere and the axis of a solid

cylinder may be regarded as fixed surfaces.
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§ 2. For the sake of brevity we shall frequently have occasion to apply the term

layer to a portion of homogeueous isotropic material limited by two concentric spherical

or two coaxial cylindrical surfaces. When one such layer exists alone it will be termed

a simple shell, while a series of layers one above another will be termed a compound shell,

provided there be no material at the centre of the sphere or at the axis of the cylinder.

When the material extends to the centre of the sphere or the axis of the cylinder, the

system will be termed compound when -more than one medium exists. The inmost

material, whose outer surface is of course spherical or cylindrical, will be spoken of as

the coi'e.

The principal object of this memoir is to determine how the pitch of the several

notes of a simple shell or core would be altered by the existence in it of a thin layer

differing from the rest of the material. Now the elasticity of a layer can doubtless be

altered without altering its volume, but of course the densit\' cannot. For the sake of

brevity, however, the term altered layer will be applied here whatever be the difference

between the structure of the layer and that of the rest of the material. The term merely

indicates the existence of a certain definite want of homogeneity, and does not implv

that the vibrating system ever was homogeneous. By the change of pitch due to an

altered layer is meant the difference between the pitches of corresponding notes in two

vibrating systems, the only difference between which is the existence in one of them of

a layer differing in an assigned way from the rest of the material.

§ 3. A vibrating system is in general capable of producing a large—theoreticallv

an infinite—number of different notes, answering to each of which there appears a separate

term in the expression for the displacement. The expression for the representative dis-

placement at any point in a layer may be regarded as a product of two factors. One
of these is cos kt, where A-/27r is the frequency of the representative note and t the

time. This factor is the same for every point in all the media of a compound sy.steni.

The other factor is the sum of two functions each multiplied by an arbitrary constant.

These functions have for their variable the radial or axial distance r, and contain, in

addition to k, the density and one or both of the elastic constants of the medium : thev

thus vary from layer to layer. In a core one of the above two functions of /• must be

omitted, as it would become infinite when r vanishes.

In the case of the transverse vibrations of a sphere there exists in general a third

factor in the representative displacement. It is, however, a function solely of the angular

coordinates. It does not in fact enter into the surface conditions and may for out-

present purpose be left out of account.

The following remarks apply equally to the radial and to the purely transversal

vibrations of spherical and cylindrical systems.

If a compound shell consist of n layers the expressions fur the representative dis-

placement contain 2n arbitrary constants. At each of the ?i — 1 surfaces separating the

layers there are two surface conditions, and at each of the bounding surfaces of the

shell—whether fixed or free—there is 1 surface condition. There are thus 2n equations,

19—2
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of which 2n — 1 svitiice to dolonniiie the ratios of the 2»^ arbitrary constants. Thus we

ai-e left with a single equation from which all the arbitrary constants have been elimi-

nated, and this supplies the frequencies of the vibrations of the given type which can

occur in the compound system.

If there be a core and h — 1 layei-s there aie 2n — 1 arbitrary constants and 2n — 1

equations connecting them, so that the result is exactly the same. In general it will

be unnecessary to consider separately the case when a core exists.

§ 4. At the common surface, r = ag, of two nieilia the two surface conditions may

be put in the form

.1^,/' (a, . 7,_0 + B,_,F, (a, . 7,_,) = A,F(a, . y,) + B,F, (a, .7,) (1),

^«-i<? (n« 7«-.) + 5,_,(?,(rt, . 7._,) = A,G (o, . 7«) + B,G, {a,.y,) (2),

the tii-st representing the equality of stress, the second of displacement on the two sides

of the surface. Here the A's and B's are arbitrary constants whose absolute magnitudes

depend on the amplitude of the vibration. The F's and G's represent certain functions

of Of, of the density and of the elastic properties of the media. For brevity the letter 7

is employed to represent all the material properties of the medium, i.e. its density and

elastic constants m and u combined. F{ag.ys-i) is of course the same function of p5_i,

»»j_i and n,_, that F{ag.yg) is of pg, nig and Vg.

The right-hand side of (I) is proportional to the stress and the right-hand side of (2)

to the displacement at the surface r = Oj in the medium 7,. It must, however, be clearly

understood that the expressions in (1) and (2), multiplied by cos ki, need not be the

exact stre.sses and displacements themselves.

If r = a, were the outer bounding surface of a compound shell then the surface

condition would be got by equating to zero the left-hand side of (I) or the left-hand side

of (2), according as the surface was free or fixed. Similarly, if ;• = Ug were the innei-

bounding surface, we should equate to zero the right-hand side of (1) or the right-hand

side of (2) according to circumstances.

In a shell, whether simple or compound, there are four fundamental types of vibration,

the free-free, the fixed-free, the free-fixed, the fixed-fixed,

where the fii"st term applies to the inner surface.

In what follows it is necessary to adopt some one notation free from ambiguity.

Thus a compound shell of, say, three layers, the inmost of material (pj, ni,, n,)—repre-

sented by 7,—bounded by the surfaces r = e and r = c, the middle of material {p., nu, n.,),

and the outmost of material (p,, m,, n,) bounded by r = h aTid r = a, will be spoken of as

the shell (e . 7, . c . 7, . 6 . 73 . a ).

The letter / will be invariably employed for the function which equated to zero

gives the frequency equation, and inside the accom]ianying bracket will be given the

letters necessary to define the system. If a bounding surface be fixed, then the radius
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of that surface will appear in the bracket with a horizontal line over it. Thus, for

instance,

f{e . 7i . e . 72 . 6 . 73 . «) =

represents the frequency equation of the three-layer compound shell specified above, the

inner bounding surface, r = e, being free, the outer, ?• = a, being fixed.

From the remarks made on the forms assumed by (1) and (2) at a bounding surface,

we find at once for the frequency equations of the four fundamental t}-pes in the simple

shell (b.y.u) the following

—

f(b.y.a) = F(a.y)FAb.y)-F,(a.y)F(f>.'y)=0 (3),

f(l.y.a) = F{a.y)GAb.y)-F,(a.y)G{b.y) = (4),

f{b.y.a) = G{a.y)F,{b.y)~G,(a.y)F(b.y) = ... ._ (.5),

f{b.y.a) = G(a.y)GAb.y)-GAa.y)G{b.y) = (6).

The terms in these functions will always be supposed to present themselves in the same

order as above.

§ o. Suppose now we proceed to find the frequency equations for the two-layer shell

(a, . 7i . a.. . y.j .
a,,). For the free-free vibrations we have to eliminate the arbitrai-y constants

from
A,F{a^.y,) + B,F,(a,.y,)=^0 (7),

A,F{a,.y,) + B,F,{a,.y,) = A,F{a,.y,} + £,F,{a,.y,) (8),

A,G(a,.y,) + B,GA(i,.y,) = A,G{a,.y.;) + B,G,(a„_.y,) (9),

0=^A,F(a,.y.^ + B,F,{a,.y.;) (10).

The result of elimination is easily found to be

/(a, . 7, . a,.y,.a,) = {F{a,.y,)F, (a, . 7,) -F,(a,.yi)F(a^.y,)] {F{a,.y.;)G,(cu.y,)-F,{a,.y,)G{a,.y,)}

- [G(a, . 7O F, (a, . y,) - (?,(«, . 7,) F (a, . y,)} [F(a, . 7,) F,(a, . 7,) - F,{a, . y,)F(a, . 7,)] = 0.

Comparing this with equations (3)—(5) we obviously have

/(a. • 7i • ": • 72 • Os) =/("i • 7i • (r^f(a, . y, . a^,) -/(a, . 7, . rt.,)/(«o . 7, . a^) (11);

similarly we may easily prove

/(Oi . 7, . a. . 7, . u,) =/{'!, . 7i .
cr.) /{a,

. y, . a,) -f(Ch 7i ».d/(<-h 7o • O3) (12),

/(a, . 7i . a, . 7„ . a,) =f(a, . 7, . a^)f(a,_ . 7, . Us) - f(a, . 7, . cu)f{a. . 7, . a^) (13),

/(«i • 7i • a-2 . 70 . fl,) =/((7, . 7, . a,)f(a,.y, .
a,) -f(d, 7i • "2)/(f'2. 7; a,) (14).

In each of these identities there is a very obvious physical meaning. For instance,

we see from (11) that /(a, . 7, . «„ . 7, . rt^) = will be satisfied by any value of k which

.satisfies simultaneously either

/(a, . 7i . 0,) = 0, and /{a., . y, . a,) = 0,

or /(fli . 7i a-.') = 0, and f (d^ . y. . a,) = 0.
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This merely signifies that if there be a common frequency of vibration for tlie two

hiyers existing separately with their common surface either a free ov a tixed surface, then

this too is the frequency of a \il)iatiiiii which the Cdiiqiound shell can execute.

At first sight it might appear that in (II) we hail also tiie two alternatives

/(«,. 7,. (0 = =/(«,. 7, .((,),

f(a, . 7, . ii,) = =/(((, . 7, . ih).

Neither of these alternatives is, however, possible in any case, as might easily be foreseen

fi-oin the physical meaning of the functions.

§ 6. The relations (11)—(14) are particular cases of a general law which will now

be proved.

It will be sufficient to limit our proof to the cases when both surfaces of the com-

pound shell are free or when the outer only is fixed. The method of proof in any other

case is practically identical.

Let us assume that for a compound shell («, . 7, . a, ... ct„ . 7,, . a„^.i) of n layers the

frequency equations take the forms

/((J, . 7, . a, ... a„ . 7„ . «„+,) =/(ai ... o„)/((T„ . 7,, . «„+,) -/(c, ..."„)/(('„ . 7,. . o„+i) = 0...05),

/(a, . 7, . a. . . . a„ . 7„ . (7„+i) =/(a, . . . «„)/(<'„ . 7,, . «„+,) -_/ (Mj . . . ('„)/((»„ . 7,, . ''„+,) = 0. . .(16),

where /(a^ ... a„) = 0, and /(oj ... (7„) = are the frequency equations in the compound

shell (o, . . . a„) of n — 1 layers.

Now the difference between the frequency equations

/(a, ... o„+i) = 0, and /(a, ... m„+, . 7,, + , . f/„+j) = 0,

Ls that whereas two arbitrary constants A^, B,, have in the first case theii- ratio deter-

mined by the single equation

A„F{an+i . 7„) -I- 5„F, («„+, . 7,,) = 0,

this ratio is in the second case determined by means of the three equations

A„F(a„+i . 7„) -f BnFi (a„+, . 7„) = ^„+,i^(a.„4., . 7„+,) + Bn+,F, («„+, . 7„+,).

A„G (a„+, . 7„) + BnGi (a„+i . 7„) = An+,6 («„+, . 7,,+,) + 5„+i(t, (a„+i . 7„+,),

= J„+,i^(«„+., . 7,,+,) -I- -B„+,F, («„+.,. 7,,+,).

Eliminating A „+, and Bn+, from these three equations we find

-4 „ ^ -/(('n+y 7n-t-l "^.2) G, (rt„+, . 7>i ) +f("n M 7b.+i • " /t4-g ) F^ («„.+, 7,,)

-Bn -/(««+!• 7n+l • «« + j)'j^(«n+l 7«) +/(«n+l • 7n+i • «n+a)'^'(««+i • 7n)

Thus we obtain /(fh...a„+,) by replacing in (15) the ratio /^i («,i+i . 7,,) : ^(a„+i . 7„) by

the ratio given by (17) for A„ : — B„.
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The only factors in (15) in which i^i (a„+i . 7„) and i^(a„+, .7„) occur are

/(«7i • 7n • f^n+i) = F{<^n+\ Jn) Gi {an Jn) - Pj ("n+i • 7n) G («„ . 7„),

/(a„ . 7„ . a„+,) = -F(a„+, . 7,,) F, (a„ . 7„) - F, («„+, . 7,,) Z' (a„ . 7„).

These factors are thus to be replaced, the first by

-/("n+i • 7«+l ««+2) !<? (a«+l • 7n) G^l (On • Jn) " (?i (On+l • Jn) G (a„ . 7„)}

+/('^n+i . 7»+i • «n+-..) \F{an+, 7,.) ^i («•« • 7») - '''i (a„+, . 7") G (a„ . 7„)},

the second by

-/(fln+I • 7n+i • ««+2) (G' (a„+i • 7n) -^1 («n In) - Gi (a„+, . y^) F (On . 7„)}

+/(«„+, . 7„+i . a„+2) ;i^(a„+, . 7„) F, (a„ . 7,,) - F, (a„+, . 7,.) F{an . 7„)).

In other words, we obtain /(a,... a„+2) from (15) by substituting

-/(ttn+J • 7n+l • 0.n+i)f{an 7n • «„+,) +/(«„+! . 7a+i . an+2)f{d„ . 7„ . a„+,)

for /(a„ . 7„ . a„+i). and

-/(fln+i • 7n+i • a„+^)f(a„ . 7„ . a„+,) +/(d„+, . 7„+, . a„+2)/(a„ . 7„ . a„+,)

for /(a„ . 7„ . a„+i)-

Thus we find

/(ai...a„+2) =

- {/(cti...«»)/(«« • 7»i • "«+i) -/(«!•• •««)/(an
• 7« (^n+i)!/(an+i • 7n+i • a«+2)

+ {/(oi. . .«„)/(»„ . 7„ . «r„+i) -/(a,. . .a„)/(a„ . 7„ . a„+,))/(a„+, . 7„+i . «,,+„) = . . .( 18 ).

Hence we find from the assumptions (15) and (16)

/(a,. . .n„^,
. 7„+, . ((„+,) =/(a,. . .a,H ,)/(«-.+. • 7«+i • ««+2) -/(oi- • •«n+i)/(o«+, • 7«+i • a„+2) = 0. . .(19).

Similarly we may prove that if (15) and (16) be the proper forms for the frequency

equations of an «-layer shell, then

/(«!• ••««+! • 7«+i • ««+2) =/(«!• • -C'Ti+iVXttn+i 7n+i • «n+2) -/(«!• .a„+,)/(a„+, . 7„+, . «„+,) = 0. . .(20).

Thus if (15) and (16) be correct types of the fr-equency equations for the free-free

and free-fixed vibrations of a compound shell of 71 layers they are likewise correct types

for a compound shell of n + \ layers. But they agree with the forms (II) and (13)

which we obtained for a shell of two layers, and so their universal truth is established.

We can easily establish in like manner the formulae

/(a,
. 7i. a.2...o„. 7„ . a„+])=/(«i-'-a«) '"(«« 7™ • a^+i) -/(«i---an)/(n„. 7„ . «„+,) = 0... (-21),

/(a, . 7, . a^...an . 7,. . a„+i) ^f{n,.. .a„)f(d„ . j,^ . d„+,) -/{a,.. .dn)f{an 7„ • a„+i) = 0. . .(22).

§ 7. We can obviously by means of these results obtain very simply the frequency

equations of any compound shell in terms of the functions which when equated to zero

are the frequency equations of the individual layers. Thus in the case of (15) our next
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step would be to express /((i,...a„) and f(a^...d,^) in terms of /(«i...a„_i), /(«!•• -(^n-i).

/\n„_, . 7„_, . a„\ /((T„_, . 7„_, . a„). /(«„_! . 7„_i . a„) and /(a„_, . 7„_, . «„), and so on.

The final form so obtained for the function whicli wheu equated to zero constitutes

the frequency equation of a compound shell of n layers is a series of terms each composefl

of n factors. Each of tliese factors when equated to zero constitutes a frequency equation

of one of the four fundamental types for one of the layers of which the shell is com-

posed, and each layer contributes one factor to each term.

For instance, the frequency equation for the free-free vibrations of the three-layer

shell (fli . 7i . a., . 72 . fls • 73 • Oj) is

/(«, . 7i . a. . 72 . as . 7s . a^) =/(«, . 7, . a.^ /{<!., . 7., . Os)/(«a • 73 "4)

-f{<h 7i • ao)/(a.3 . 70 . as)/(a3 . 7^ . a,) +/(«, . 7, . (1.^/(0,^ 7= • «3)/("3 • 73 • «4)

-/(ai-7i-«0/(«2-72-«s)/("3.73-"4) = (23).

§ 8. There is a considerable resemblance between the functions we are here dealing

with and the sines and cosines of multiple angles. An illustration of this, which is also

of importance in itself, is the followng:

Instead of converting (18) into (19) we can write it as

/(«,.. .an+2) =Aa,.. Mn) {/(an . 7„ . flnti)./(an+i • 7n+i • On+j) -/(''« • 7» • ««+i)/("« + i • 7'i+i • "«+=))

-/(«!. .
.a„) {/(a,, . 7„ . a„+i)/(«n+i • 7ft+i • «'<+2) -/(«« • 7« • «n+i)/(an+i • 7«+i • "n+s)) = 0,

or

/(a,.

.

.a„+.) =/(a,. ..a„)/(«n • 7» • "«+i • 7"+i • Cn+2) -/(«•• •«»)/(«« • 7« "»+i • 7«+i • f'n+2) = 0. . .(24),

by (11) and (12).

This can easily be extended so as to lead to the result

/(oi. .a,.) =/(a,...a,)/(rt8.. .«„)-/(«,. ..f7,)/(a,...a„) = (25),

where a,, is the boundary surface separating any two of the n layers.

The corresponding results for the other three types of vibration are

/(a,. ..a„)=/(a,...a,)/(a,...«„) -/(«•,.. .«.,)/(«,.. .(7„) = (26).

/(ai...a„)=/(a,... a,)/(«,...«„)-/(«,...o,)/(a,...a„) = (27),

/(a,. ..a„)=/(a,...a,)/(a,.. .«„)-/(«,. ..a,)/(a,.. .a„) = (28).

§ 9. As the results we have obtained for the frecjuency equations arise from the

elimination of arbitrary constants, different methods of elimination may lead to results

which can be reduced to our standard forms only through multiplication by some factor,

which ought of course to be incapable of vanishing. The existence of factors which can

not vanish, and therefore supply no additional roots to the frequency equation, is obviously

of no importance.

As this point is a little obscure without an example, let us consider the following

case. Let us suppose c to be any length intermediate between a and b. We can regard
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the shell (h .y . a) as composed of two layers of the same material whose common surface

is of radius c. Thus

/(b.y.c.y . a) =/(b.y. c)f(c .y.a) -f{h . y . c)/{c . 7 . o) =

ought to supply all the roots of f{b . 7 . a) = and no additional roots, but the two

functions /(b.y.c.y.a) and f{b.y. a) are not identical.

It is in fact easily proved that

f(b .y .c .y .a)=[F{c .y)G,{c .y)-F,{c.y)G{c .y)\f{b .y .a) (29).

Now referring to (4) we see that

F {c .y) 0,{c .y)-F,{c .y)Gic .y) =

would be the frequency equation for the vibrations of an infinitely thin simple shell of

radius c, one of whose surfaces is fixed. But it is subsequently proved in the case of all

the forms of vibi-ation treated here that the free-free is the only possible form of vibration

in a very thin shell. Thus f{b . 7 . c . 7 . ff) is the product of f(b .y.a) and a factor which

cannot vanish.

The result (29) can easily be extended so as to lead to

/(a, . 7 . 02
.
7. . .7 . Og

.
7 . fls+i. . .«„) = {F (a.,

.

7) Gj (a^ .y)-F, (o,
. 7) G (cu .y)]x ...

X {F (a, . 7) G, (a, .y)-F, (a, . 7) G (a, . 7)] x . . . x /(a, . 7 . a,.) (30),

where the number of factors such as F (Us . 7) G^ {Og . 7) — F, («« . 7) G («« 7) is equal to the

number of intermediate surfaces whose radii are ar,...as These same factors will also

present themselves though one or both of the bounding surfaces r = ai, and r = an be fixed.

§ 10. There is another class of general results which regarded as independent facts

seem very curious. They present themselves repeatedly, so their explanation at an early

stage is advisable.

Suppose we have a simple shell (6
.
7 . a + da), where da is so small that (daja.)'' is

negligible. We may write the frequency equation for the free-free vibrations of this

shell in the form

f{b .y.a.y.a + da) =f{b . 7 . a)f(a .y.a + da) -f{b . 7 . a)f(a .y.a + da) = 0,

or, since /(a. 7 . a + 9a) cannot vanish,

f^'^-y-^^-f^r^/^"-^-'^'"^^'
^''^-

This must be equivalent to f{b . y . a + da) =0 and so, as (dajaf is negligible, to

fib.y.a) + da^^fib.y.a) = (32).

Since the equations (31) and (32) are equivalent we must have

#a/(^ • ^ • -) = -
{aa .fl.y'.a da} /^^ " ^ ' " + ^^^ (^^^•

Vol. XV. Part II. 20
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Btit f(b.y.ii) = is the Iroquency oquation for the free fixed vibrations of the simple

shell (6.7.(1), and /(a . y . a + ?a) — is the frequency equation for the free-free vibrations

of a very thin shell of radius a. Thus if we take the function f{b . 7 . «) which when

equated to zero gives the frequeiu'y of free-free vibrations in a simple shell (6
.
7 . a ), and

ditierentiate it with respect to the radius a of the outer surface, this differential co-

ethcient equated to zero must supply us with the frequency of the free-fixed vibrations

of the shell {b.y.a) and with the frequency of the free-free vibrations of an infinitely

thin shell of raciius a, wlien we modify it in a suitable way by introducing the facts

that— iis follows from (32)

—

/{b.y.a) differs from zero only by a term of the order dan

and that (?« r?)-' is negligible.

Examples of this result will be found in § 14, Sect. II., § 50, Sect. III., § 64, Sect. IV.,

§ 92, Sect. VI. etc.

A similar treatment of jr/ib.y.a), when the result is equated to zero, leads to

the equation

db-

fib .y . fi)/{b-db .y .b) = 0.

Such a result as this last, in which it is tacitly assumed that b does not vanish,

cannc^t of course be applied to any case in which a core exists, but all the results such

a.<5 (21) or (22) where no such assumption is latent apply immediately in the case of

a core. The re.«ult (33) also applies to a core when b is replaced by 0.

§ 11. In so far as the results of the present section are mathematical they may

dcjubtless be deduced from the properties of the determinant which would result from the

elimination of the arbitrary constants in the surface conditions treated as simultaneous

e<juations.

The methods of this section are probably the simplest for obtaining the change of

pitch due to a thin altered layer in an otherwise homogeneous system, and their application

to this object will be found in Sections VI. to IX. which deal with spherical and cylindrical

shells. In Sections II. to V., however, a different procedure is adopted in dealing with

solid spheres and cylinders in order to determine how the type of vibration changes.

SECTION II.

RaDI.VL VlBK.\TIUNS IN Soi.lU SpHKUE.

§ 12. In a simple spherical shell of material (p, m, n) vibrating radially the repre-

sentative displacement may be taken as

,^ (A fsinkar , \
,
B /cos kotr . , \] ,,,,u=coskt\—\—, cos^ar -I— —;

-t- sin /rar ,^ (])*,
[r \ kar J r \ kar J]

where a = \fp/{m + n) (2).

Cnnihridgf. I'hilonophiial TrniinarliiDi'i, Vol. xiv., equation (BO), p 320.
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The corresponding radial stress is

i' = -- cos Jet A ]()n + n) kit)- sin k-ar — 4/i ( —^ — cos kar .

\ kzr J\

. Tt {/ ,7 T ,
i-'"S />'2r . , \+ B AVm + 11 ) k'xr cos kon- — 4/( —. + sin kxr .(:i).

Suppose now we have the compound solid sphere (0 . a . c . ai . i . a . a), where b-c is

so small its square is negligible. Here we denote V'p,/(wi + «,) bv a,, supposing p,, ?m,, «,

to be respectively the density and the elastic constants of thf thin laver.

The presence of the thin layer will produce only a corresponding small change in

the t\-pe of vibration throughout the rest of the sphere. We may thus assume for the

type of vibration answering to a note of frequencv k'i-n-,

., > , ^ A /sin A:ar , \
in the core u cos kt = — — cos kar (4)

:

•
4.U 1 ;/ A^fsinkair i?, /cos^a,r - , \in the laver mcosA-< =— —; cosAa,/-,H—'

I —, +sinA-o,?- (o)-
r V kot^r- r \ ka^r J '

ill the material outside the layer

, ,. A + dA /sin kar , \ oB /cos kar . , \u/coskt = —J cosi-ar 4 - { —, h sin to- (0).
r V kar j r \ kar / ^

The several quantities A, A^, etc. are constants to be connected presently through

the surface conditions.

If the layer did not exist the expression (4) would apply to the whole sphere. Thus

(lAlA and 'dBiA must be of the order 6 - c of small quantities at least.

§ 13. We shall confine our attention entirely to the case when the surface of the

sphere is free. The relations connecting the constants of the solution mav then be

written in the form

. (%\a.ka.c \ /sinA-HiC
, \ „ /cos A;a,c . , \

A •!(/« 4 n)i-ac sin iac — 4j! [—j^— — cosA;ac)[

. f,
, , . , ,

/'sin A-ajC
,= .d, - (»n, 4 ;(i) A-a,c sin ka-fi — 4?i, ( -^ cos kd^c

4 xJi -jCm, 4 rii) ka^c cos ka,c — 4«i ( —
^^

1- sin A-HiC 1^ (8),

, , - . , /sin kab
, ,\ . „ /cos kab . , ,\

^^^ +^^)(nt;^-eosA-a6) 495 (^^- 4smAa6]

. /sin kuib , ,\ „ /cosA;a,6 . , ,\

20—2
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{A + dA) \{m + n) kab sin kab - 4tn ("-.—i cos kabj l

+ dB I {m + n) kab cos kab — in I , -. + sin kab
j
I

= Ai Unii + rii) kaj) sin ka^b — ini (—. .^ — cosia,6jl-

+ 5, Unit + H,) kafi coi^ka^b — 4n, i^fri^ + sinkaib]\ (10),

( 1 + -J-] \(>n + n) kaa sin kaa — 4n f ,; cos kaajl

+ -J- Urn + n) kaa coskam — 4/1 ( -j- 1- sin^aaj^ = (11).

In equation (7) put c = 6 — (6 — c) and neglect terms in (6 — c)^ ; then subtract the

equation from (9) and we find

dA
/sin kab , ,\ _„ /cos kab
( —rrj ~ cos kab

j + oB

= -A

+ A,

\ kab

(b-c)

b

b-c
b

b-c

+ sin kab

kab sin kab — ( , . cos kab
J

ka,b sin ka^b —
[ , ,

'

cos kuib j
V

+ Bi " j^'^ \kaj) cosA;a]6 —
( ~t, i^ + siniai6] (12).

dA

Treating (8) and (10) similai-ly, we deduce

Um + n) kab sin kab — 4en
[

cos^-atj^ +dB \{m + n)kab cos kab — in I !^" + sinkab
/cos kab

)}

= — A — |(m + n) kab (sin kab + kab cos kab) — in [ kab sin kab r-7—|- cos kab
) \

+ Ai —r~ UtHi + n,) kafi (sin io,6 + i-a,6 cos kafi) — 4mi
[
kafi sin /ja,6 7,~t^ + cos A;a,6

]
[•

+ 5, , l(m, + ni)ka,b(coskaib — kaib sinka,b) — inAkatb coaka^b j^-~ sini-a,6jj-

(13).

Now as terms in (b — c)* are negligible we are to determine dA and dB from (12)

and (13) by substituting in these equations the approximate values for A,/A and Bi/A

deduced from (7) and (8) by putting c=b, or from (9) and (10) by neglecting dA and

dB. These approximate values are

A, .
, , , /cos ka,b • , , \ f

.

v r i t j a /sin kab
(/n, + "i) ^*ai6 = ( -T—Y~ + sin kaib

j
](m + n) A;a6 sin A;a6 — 4n

[
-j ^. — cos ^-06

j [

— (~T7i cos Araij j(ot, + n,) A;a,6 cos i-z,6 — 4n,
( -^^^

'- + sin /ca,i j
I (14),
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(m, + Ui) kaj) = - f ,
'

' - cos kafij \{m + ?i) kab sin kab - 4n
(

^^" " - cos kab
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/sin ^a6 sin ^a]6
+ \~^^" - coskabj Umi + n,)kciJ) smkaj)~4,ni ["-rrj- - cos^-a,6][ (15).

Substituting these values of AJA and Bj/A in (12), reducing and arranging the terms,

we get

dA /sin kab , , \ dB /cos kab . , ,

_ 6 — c (4 («! — n) /sin Z;a6

7/ll + ?ii V kab
cos ^•a6)- 1

) kab sin kab
nil + 111 ]

(16).

The same substitutions enable us in like manner to reduce (1.3) to

dA
A I

(m + n) kab sin kab — 4?i
( ^ ^^

cos kab \\ + -j\{m + n) kab cos kab — 4?i
(

' —|- sin kab
\ kab

h — c[(. \7, 27, / ,
x7, „,., 4(7ii-n)(3mi -nO] /sin^a6

, /= -r- \{m + n) k^aW - (wh + Wj) k'a{-b' + ^ '-^——^ i-^ V i —j--. cos kab

+ 4 (??i + n) (
-^ ^^—]kab sin k%b

Solving (16) and (17) we obtain

dA
,

, , , b-c
—r (m + n) kab -.—;

—

A
{, X70 07, / , x7, ,7, 4n(3m — 7i) 47i, (S??*, — tj,))

{
7n + 71 till + 111 )

('

\ kab

.(17).

sin kab , , \ /cos kab
X

I
—;—

i

cos &ao
A;a6

+ sin kab

+

+ 4

+

m + 71 mi + Ui
{vi + n) kab sin kab — 4?i [—r-j cos kab

X \{m + n) kotb cos kab — 4?j
(

,'

^ h sin iai
V kab

,m + n nil + «i,

/cos A;a&

/sin A;a6
• cos kab ] l(m+n) kab cos kab — in [

—j-^—|- sin kab
kab )}

, + sin kab j < (m + n) kab sin kab — 4»i ( j—r cos kab (18),

dB

,

, , , b-c
-^ {m + n) A-ao -;—r

—

f/ , \i- ill t , \ 72 212 4n(3m-»?) 4/), (Smj - w,)! /sin A;a6
, ,= - .^(m + «) k-a?b^ - (nii + rii) k^ai'b' ^ h M 7 i

cos kab

—
I

—
I
\(m + n) kab sin kab — 4

\m + n TOi + «i/ [

/sin ^a6 , ,
Ki

I , , cos kab
kab

8 (—

:

:— I ! —i—

i

cos kabj\(ni+ n) kab sin kab - in (—j—, cosiaij^ ...(1.9).m + n nil +Wi' V kab
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§ 14. If the tliin layer did not exist the freciiioncy equation would be got by

putting ?A =0 = ?B in (11). which would give

^(0. a.a) = (in + n) kaa sin Aa« - in [^ "*- cos /.aa) = (20)*.

In consequence of the existence of the thin layer, /"((). o. a) is no longer zero but is

of the order h — c. We may thus neglect 'bAjA in (11). Further as dBlA is by (10)

of order h — c, we ma}' introduce into its coefficient in (11) any modification consistent

with the supposition that (20) is exactly true. We thus reduce (11) to

. , . , , /sinA-an , \ (m + n)kaa dB . , ,,,
(m + n) k-aa sin Aaa - 4»i —j cos/.-aa :—

;

j- = ("il ).

V koM J sin kaa , A
,

— cos h-aa
kaa

Now in this equation k/27r is the frequency of the vibration of the compound system.

Thus if the presence of the layer has raised the frequency by dk/2Tr, then (k — dk)/2Tr

was the frequency of the corresponding note of the simple sphere, and so k — dk must be

a root of (20).

As dk is of order b — c we are thus to substitute k — dk in (20) and neglect terms

in (dky. We thus find

f(0.a.a)-jkjj^f{0.a.a) = (22).

Now k ^./(O ...«)= kaa j^J(0 • . . a)

, f, ,, • , 7 ; , /COS kaa . , sinkaa\]= kaa i(iii + n ) (sin kaa + kaa cos kaa ) — 4>ii \

-—^ h sin kaa—-=—
-. y

.

{ \ Kaa (kaayj)

As this occui-s in (22) in the coefficient of dk we may modify it by any transformation

consistent with the hypothesis that (20) is exactly true. We thus easily transform it into

a;:tt/(0. a. a) = - ,— -coskaa] i(m + n)k-a-a^ ^^ (23).
dk-^ \ kaa J

\
m + n }

We may thus replace (22) by

. , . , , /sin kaa
,(m + n) kaa sm kaa — in —

-. — cos kaa
\ kaa

+
dk/amkaa , \ {, ,,„„ „ 4m(3w — «))
-r- 1 -1 cos kaa Urn + )i k'a'a' - -^ - -^ = 0.
k \ kaa J \

m + n }

This equation being necessarily identical with (21), we obtain

dk — ( Hi + /( ) kaa oB 'A

k I sin kaa
, Y"'l/ \ ]. • - a (3//t — w)—, — cos kaa Um + n) k-a-a- — 4ft

\ kaa J {
m + n

.(24).

Aa dB/A and so dk/k is of order b—c, we may in this equation regard k/2Tr as the

frequency in the simple sphere (0 . a . a). Thus the ratio of the small change in the

frequency of a typical note to the value it possesses in the simple sphere is found by

substituting in (24) the value obtained for BBJA in (19).

• Cf. Tranaactimu, Vol. xiv., equation ('>.)), p. aiH.
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§ 15. Some preliminary considerations will enable us to give for dk/k a compara-
tively short symbolical expression.

Let ^K,a-a) denote the frequency of the free-free radial vibrations in an infinitely

thin spherical shell of material a and radius a. Then it is known that

K-i^.a, a-= -j
—---\- = —7

—

.

—
\ (25)*.

a'im + jiy p(m, + r>) ^ '

This result may also be obtained by equating our expression (23) to zero in accordance

with the general result established in Sect. I.-f

All. 1 /sin kar , \
Also let M, = -( —7 cosA-arJ (26),

?• V kar

Ur= - i('"+ ") kar sin kar- 4h ( --; — costo-)^ (27).
I-

[ \ kar J)
^

These represent respectively the amplitude of a displacement and the corresponding

greatest radial stress at a distance r from the centre of a simple sphere of material

{p, ni, n). Whatever be the magnitude of the displacement or the instant considered,

the simultaneous disjilacements at radial distances r and r are in the ratio Ur : u^, and

the ratio of the radial stress at /' to the simultaneous displacement at r is always

Ur' Ur-

Employing these several abbreviations in (19), and then substituting for dBjA in

(:i4), we finally obtain

ok ^ b-c [
p{k^- K\..b,) - p,{k? - K'^.^.j,) fby fu„V-

k a \ p{k'-K\^.a,) W \uj

+ (J: ^^\ ^1 l^\ + s (_^ «^^ ^ (^\\ (,o.
\m + 7i vij + v,/ a!'p{k''-K\a.a))\iiaJ \)n + n nh +nj a'p(k- - K\a.a)) \ U'a Jj

"'^~ ^'

§ 16. In establishing (28) certain assumptions have been made which limit its

applicability.

The primary assumption is made in § 12 where dAIA and dB/A are supposed to

be small quantities of the order b—c. In the proof this is interpreted as meaning that

{b — c)/b is small. The form of the expressions (18) and (19) constitute a complete

justification of the primary assumption and of the mathematical treatment provided kab

be not very small.

If however we were in (18) and (19) to suppose kib very small, we should find

that while vB/A varies as (b — c)¥, dAjA varies as (b — c)/b. Now in (11) we are

* Transactions, Vol. xrv., equation (67), p. 321.

t See § 1

/(O.o.d) = 0.

t See § 10, noticing that k j f(0 .a .a) = a - f (d .a .a), and tliat ' —^ - cos /coa = is by (4) identical with
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justitied in neglecting dAjA only if it be of the same order of small quantities as dBjA.

Thus our method and assumptions are legitimate only when (b — c) b-Jb' as well as

(^b — (•) If ,i» is a quantity whose square is negligible. In other words the volume of the

layer must be small compared to the volume of the mass inside it.

It would thus be unjustifiable to apply (28) to the case when the material (p^, m^, n,)

forms a core, but by supposing (6 — c) sufficiently small it may be applied to any true

layer however small its radius may be. When the layer is of infinitely small radius, its

thickness being supposed of coui-se of a still higher order of small quantities, it will be

designated the central layer.

The results obtained for the central layer are practically useful, because as will

presently appear, the effect of a given alteration of material is for the central layer

either zero or else a numerical maximum. Thus the values obtained for the central layer

are asjTnptotic limits, and they supply very close approximations for practical cases in

which the layer has a finite though small radius.

Further discussion of the central layer and core is reserved for § 22.

§ 17. We notice in (28) the separation of the expression for the change of pitch

into three distinct terms, the first depending on the square of the displacement at the

altered layer, the second on the square of the radial stress, and the third on the product

of the displacement and radial stress.

If the layer differ from the remainder of the sphere only in density then the first

term alone exists. This is also the case when the position of the layer coincides with

the surface of the sphere, or more generally with any no-stress surface—i.e. a surface

over which the radial stress U vanishes.

If on the other hand the layer occur at a node surface—or surface where the dis-

placement u is always zero—then the second term alone exists.

If the material of the layer remain the same, then however its distance from the

centre may vary the signs of these two terms remain unchanged.

The third term vanishes when the layer coincides either with a node or with a no-

stress surface. It differs from the other terms in the important respect that its sign

varies with the position of the layer. Another important feature of this term is that

it vanishes if TO,/n, = mjn, a relation which on the uniconstant theory of isotropy is

necessarily true.

§ 18. Before entering on a dLscus.sion of (28) it will be convenient to consider shortly

the type of vibration throughout the sphere. In the core there is no pronounced change

of tj'pe because (4), with of course a different value for k, would apply equally to a simple

sphere. The only consequence of the existence of the layer is that every node, no-stress

and loop surface—or surface where the displacement is a maximum—alters its radius r

according to the law

-dr;r = dklk (29).
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Substituting in (6) the values of dAjA and dBjA from (18) and (19) and reducing,

we find outside the layer

, . , , 1 /sinZ;ar
u IA cos kt — - —; cos koLT

+
h-c

+ 4
n

m + n

I'hei'e

[p
(^•= - K\a-i„ ) - Pi (A.-- - A'-,„, .(,, )1 bii!,f{b .«.»•) + r

—

-) [b-hibf(b.a.r)+U,f{h.a.r)}

sin/^'a (r ~ b)

1

i)h + "i

U,/{b.a.r)

ih

nil + n

/(b.a.J-)

.(30):

1 +
kVrb

' (-
ka\b

cos ka ( r — 6),

/{b . a.r) = {m + n) i-_ nnka(r b) — kah cos ka. (r — b)r — inf{b .a.r)

.(31).

The functions / have the same significations in reality as in Sect. I.

This is easily proved if we notice that

F (b .a) = hn + n) kab sin kab — i>n [ , cos kab
\ kab

F, (b.a) = (m + n) kab cos kab — 4»
(

'

, \- sin kab

.(32).

^ , sinA-a6
, ,

Cr (o . a) = —j—j cos kab,

^ ,, ,
cos kab . , ,

tr, (6 . a) = -,—. 1- sin kab
kab I

It will be noticed that f{b.(n.f) vanishes and changes sign as r passes through any

value answering to a node surface of a simple shell of material (p, m, n) performing

radial vibrations of frequency kjiir, whose inner surface is of radius b and is fixed.

Similarly /(b.a.r) vanishes and changes sign as r passes through any value answering

to a node surface of a simple shell of material (p, in, n) whose inner surface is of radius

b and is free, the frequency of vibration being also k/2'7r.

The formula (30) differs from that for the displacement in the core by the addition

of the long expression which has b — c for its factor. This expression we shall here call

the change of type. It consists of three terms corresponding to the three terms in (28).

If the difference between the material of the layer and that of the remainder be

such that one or more terms in the expression for the change of frequency vanish, then

the corresponding term or terms in the expression for the change of type also vanish.

Again if the position of the layer is such that either of the first two terms in the

expression for the change of frequency vanishes, then too the corresponding term in the

change of type vanishes.

While, however, the third term in the expression for the change of frequency vanishes

when the layer occurs either at a node or at a no-stress surface, the third term in the

change of type cannot vanish except for a chance value of r, for U/, and C/j, cannot be

simultaneously zero. It thus apjaears that, except on the uniconstant theory of isotropy, an

alteration of elasticity occurring throughout a thin layer coincident either with a node or

Vol. XV. Part II. 21
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with a no-stress surface may produce a cliange of type to which there is no coiTCsponding

change of fi-equency.

It is also worth noticing that while the first two terms in the expression for dk/k

depend respectively on the squares of mj, and Ub, the firet two terms in the change of

t}-pe depend for their sign on the position of the layer.

A special interest attaches to the displacement just outside the layer. As /{b.a.h)

vanishes and /(b. a. b) = — {m + n)kab by (31), the displacement in question is

^4 cos kt .(33).

Now if in crossing the layer the type of vibration existing in the core were maintained,

the displacement just outside would be simply

n = A cos kt . it[,.

Thus the coeflScient of b — c in (33) is the measure of the change of type met with in

crossing the layer.

The displacement in the layer itself may be got very simply from the consideration

that it must have the value (33) when r = b, and the value

,1 /sin kac
, \A cos kt - —r cos kac

c \ kac I

when r — c, terms in (6 — c)" being neglected. It is thus given by

IIIA cos i-t = r ( ~77~r cos kab
j

,— j \ kab sin k'jib — 2 ( —r-. cos kab ) >

(
\in + n ?Hi + nj \m + ?i »?t, + nj

)

The term in /• — c in (S-t) represents the progressive change of type, due to alteration

of material alone, met with as we cross the layer from within outwards, and it reaches

the value represented by the term in b — c in (33) when the layer is completely crossed.

If the layer differ from the remainder only in density no change of tj'pe is met

with in crossing it. In other words the layer vibrates as if it formed a portion of the

included core.

Any alteration of elasticity will iu general produce a progressive change of type in

the layer, but this will not be the case when the layer coincides with a no-stress surface

if the uniconstant theory be true, or if both constants in the biconstant theory be alterefl

in the same proportion.

§ 19. As continual references to the properties of a simple vibrating sphere are

essential for a discussion of (28), and as a good many of these properties have not, so

far as I know, been fully discussed elsewhere I shall briefly notice them.

The frequency equation for the simple sphere (0 . a . a) is (20).

The roots of this equation answering to the six notes of lowest pitch have been

calculated by Professor Lamb* for the values 0, '25, '3 and '3 of Poisson's ratio

<r H (m — n)j2m.

' Proceedings nf the London Mathematical Societij, Vol. xin. p. 202.
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Answering to cr = 1/2 the frequency equation is

sin kaa =

whence haa = i-rr, where i is any positive integer.

The following table incorporates some of Professor Lamb's results.

157

.(35);

Table I.

Values of kaajir.

Number
of note.

(1)
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As defined above loop surfaces are the loci where
»•

sin kar

kar
coskar] numericallv

considered is a maximum. They are thus concentric spheres whose radii are given by

2 /sin a;
)• = x/ka, where sin x — cos a;) = (,37

Now if we write x for kaa, and 1 for in/n in (20) we transform it into (37). Thus

the radii of the loop surfaces are found by equating kar to the values ascribed to k^a

in Table I. for the value of a. The loop surfaces accordingly coincide with the no-

stress surfaces only when Poisson's ratio is zero. For all other values of Poisson's ratio

each loop surface lies inside the corresponding no-stress surface.

The following table gives the positions of the node, loop and no-stress surfaces for

the first six notes for the limiting values and "5 of a-, and the value '25 of the nni-

coustant theory.

Table II.

Values of »•;'« ovei' node, loop, and no-stress surfaces.

a = (T = -2o a = '0

Number
of note
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§ 20. Counting the centre as a node surface and the outer surface as a no-stress

surface, the number of the node, loop, or no-stress .surfaces is always equal to the numbei'

of the note. We shall refer to any such surface by its number, supposing the surface

of the same kind of least radius to be number (1).

For the node surfaces ka.r is equated to certain numerical quantities independent of

o", viz. the roots of (36). Thus the ratio of the radii of the node .surfaces of numbers

(t) and ii') in a given sphere, when i and i' are given integers, is the same whatever be

the value of a for the material of the .sphere or the number of the note. In like

manner for the loop surfaces kar is equated to certain numerical quantities. Thus the

ratio of the radii of the loop surfaces of numbers (i) and {%) in a given sphere i.s inde-

pendent of the value of a or of the number of the note.

For the no-stress surfaces, however, kar is equated to the values obtained for kmi fruni

the frequency equation, and these vary with the value of a. It thus appears that while

in a sphere of given material the ratio of the radii of the no-stress surfaces of numbeis

{i) and (i') is the same for all the notes, this ratio is different for materials which differ in

the value of Poisson's ratio.

It will be seen from the table that unless o- be small there is a marked difference in

the positions of the corresponding loop and no-stress surfaces of least number. Between the

loop and no-stress surfaces of high number the difference is obviously very small. Their

radii, as well as those of the node surfaces of large number, are but little dependent

on <T. As the number of the node surface increases it tends continually to become equi-

distant from two successive loop or no-stress surfaces.

§ 21. In all the expressions we are about to deal with fur the change of frequency

there occurs one or other of two factors. The first is

^=©'^^'^'"''''"*''^^'"""^^"'"^"^"^'l (38).

the second \Q' = yd'ci-d-Q
j

As the expressions (38) occur in the coefficient of b — c in the expressions for

dkfk we may, to the present degi-ee of approximation, simplify them by any transformation

which regards kaa as a root of (20) or the quantity tabulated in Table I.

Thus we may take

,j w, 1 /sinAaa , N m + ra . ,

^^") "» ^ te I -k.a- ' "°' '^"^ = -^T '^° ^"'«>

(
{m + n)- \m + nj k-ci-d-)

whence we get the following alternative formulae

Q=' {4:n(m -h w)-' cosec A;aaj- -=- {k^d-a-— 4»(3m - n)(m + n)~-} (39),

(7., .,0 Sn(m — n) / 4<n \- ,, , ] ,," 1^*'''' ~
(m + ny +

l^Ji^tj
(*««>"} ^ i^'*'"" - 4« (3m - n) (m + n)--^] (40).
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In the higher notes (40) is nuich the safer fdrmul.a to use, because with it any

small error in the value attributed to kaa in Table I. has a wholly insignificant

effect.

The method by which (40) was deduced requires modification when o- = '5. It i.s

easy however independently to prove for this case

Q = i.

a i-esult consistent with (40); whence we also get

Q' = i'-rr,

where i is an integer equal to the number of the note.

Emplo)'ing the results in Table I., I find the following values for Q and Q'—
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and retaining only the lowest power of bja, so that the result assumes the core of

very small volume compared to the sphere, I find

dkc _ ^V f),
Swi — «! — (3m — n)

.(41j.
3 (3mi — ?ii 4- 4?i)

The suffix c signifies that the material (pi, m^, »ij) actually forms a core.

The physical conditions under which (41,) and (41^) apply are totally different, so

there is no reason to expect an identity between the two results. It will be noticed,

however, that when the difference between the material of the layer or core and that of

the rest of the sphere is small (41 ,) and (41J lead to the same result, viz.

>!i
— (3m — n)dk_dV Sm,

.(42).
9(m + «)

Since p, — p appears neither in (41,) nor (41J we see that an alteration of density

alone throughout either a central layer or a small core has to the present degree of

approximation no effect on the pitch of any note.

In investigating the effects of alteration of elasticity we shall mainly consider the three

following special cases :

—

*1' when the elastic constant m alone is altered,

2° when the rigidity n alone is altered,

fS° when both elastic constants are altered in the same proportion so that

m^jm= ??i/n = 1 + j) (43),

where p must of course be algebraically gi-eater than — 1.

The relation (43) is on the uniconstant hypothesis necessarily true, but on the bi-

constant hypothesis of isotropy there is no a priori reason to expect it to hold.

Employing the suffixes I and c as in (41,) and (41J, we find for the changes of pitch

in the above three cases :

—

1' when tn alone is altered

dkl_dh^dXQ,
7. 7. ^r y o

»t, — m
k k F * 3 (77*1 + n)'

2' when n alone is altered

.(44');

k

dk

k

3F,
V

' = -wQ' 9 {jh + Ui)

n, — 11

1 +
4 71, 1

F ^ 3(3m-«i + 4n)

3 m + wj ' I

J

.(44");

3*^ when the relation (43) holds

dki _ p 8F„, 3771 — n f

^ 9(m + ^)\k 1+p V 3^ m
71

dk,

k

aF„, 3m-
P-trQKV ^ 9(m + j0

1+p
3m — K )

~'

3(m + 7z)

.(44).

..(44"')

This gives the most general alteration of the com- t This is the most general alteration consistent with

pressibility, or of Young's modulus, which is accompanied the constancy of Poisson's ratio,

by no change inrigidity.
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Wo seo that au increase in m alone throughout a small volume at or close to the

centre raises the pitch and a diminution of m lowers it ; also for a given numerical

alteration of m the fall of pitch when in is diminished is greater than the rise of pitch

when )ii is increased.

Since 3m — n is essentially positive we see that in both forms of (44") the sign of

?k is opposite to that of ?ii — Ji. Thus when the rigidity at or close to the centre is

altered the pitch is raised or lowered according as the rigidity is diminished or increased.

The fall of pitch due to a small increase of rigidity at or close to the centre is greater

than the rise of pitch due to an ecjual small diminution of rigidity.

In the case of the core this is obviousl}' the case whatever be the magnitude of

the alteration of rigidity. In the case of the central layer we may regard dki as com-

posed of two terms, the first varying as /i, — n and indicating a change of pitch opposite

in sign to the alteration of rigidity, the second varying as (», — »)- and always indicating

a fall of pitch.

If the alteration of elasticity satisfy (43), then the pitch is raised or lowered accord-

ing as the elastic constants are increased or diminished. In the case of the core the

rise of pitch due to a given numerical increase in the elastic constants is obviously

alwaj-s less than the fall of pitch due to an equal diminution in the constants. The

same is easily proved true for the case of the central layer when the alteration in elasticit}-

is small.

For any alteration of elasticity other than those above considered occurring at or close

to the centre, we obtain from inspection of (41;) and (4IJ the general law that the

pitch of all the notes is raised or lowered according as the elastic quantity vi — n/'S—
i.e. the bulk-modulus—is increased or diminished.

§ '2'3. When, as necessarily happens on the uniconstant theory of isotropy, only one

elastic quantity is involved, the meaning to be attached to the terms stiffness and elusticiti)

is in general free from ambiguity, and the statement that a local increase in stiffness raises

the pitch may be in all cases sufficiently definite to admit of its truth being tested.

As applied to the case (43) it is strictly true, and so when proceeding from supporters

of uniconstant isotropy is in accordance with the facts here arrived at.

When, however, the statement is made by supporters of the biconstant theory it fails

in the present case to have any exact meaning. This is obvious if we consider that

the terms .stiffiiess and elasticity might be intei-preted to mean the rigidity, the bulk-

modulus. Young's modulus, or any other modulus.

Now an increase in the rigidity produces an increase in Young's modulus and a fall

in the bulk-modulus, while an increase in m increases both Young's modulus and the

bulk-modulu.s. Thus a given increase in Yotmg's modulus may be accompanied by a rise

or by a fall in the bulk-modulus.

Our recent investigation shows that if the tenn stiffness is limited to mean the bulk-

modulus the general .statement is here in accordance with the facts ; whereas if it be
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supposed equivalent to Young's modulus it may be true or false according to ciicum-

stances.

§ 24. As concerns the numerical magnitude of the change of pitch we may regard

in the case of the central layer

dV Sm, - »i-(3w ~ ri)
{ 4 n, - n] _

and in the case of the core

dVSnii— ?!, — (3»» — n) = dE,V 'itiii — ?!i + 4«

as measuring the magnitude of the alteration of elasticity.

The expressions (41;) and (41^) may then be written

I
dh - -bEi =

J^

dk, -=- ^Ec = iQ'.

Thus if in Table III. we divide the values given for Q' by 3, and alter the heading

from Q' to rdki-r-dEi — -.dkc -r-dEc, we obtain at once a numerical measure of the changes

in the pitch of all the notes considered in that table. The forms taken by dEi and

dEc in the special cases when m alone is altered, or n alone is altered, or (43) holds

are obvious from equations (44).

The forms given above are convenient when we examine the effect on the pitch

due to a given alteration of material occurring throughout a given volume.

We shall also have occasion to deal with layers of given thickness, for which b — c

is constant. The square of the thickness is supposed in every case negligible, thus the

effect on the pitch of any note due to any alteration of material throughout a central

layer of given thickness or throughout a core of equal small radius, being at least of order

{koiby, must be held to be zero.

§ 25. A second special case arises when the alteration of material occurs at the

surface.

As the proof on which (28) rests assumes that the material (p^, m^, ?i,) has material

(p, m, n) outside it, its application without further proof to the case when (p, , nii, Wj)

forms a surface layer might be objected to. I have thus worked out independently the

case of the two-material compound sphere (0 . a . b . a^ . a), and proceeding to the limit

when {{a — b)ja]- is negligible I obtained a result identical with that derived from (28)

by supposing b = a.

Denoting the thickness of the layer by t, and remembering that in virtue of the

surface condition in a simple sphere Ua is zero, we easily obtain from (28)

Vol. XV. Pakt II. 22
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Ifa'a-
^'"^ _ :*'l(3m^-_«) (n, (Sm, - n ,) (w, + ?!,)-' _ ^1

(*J^^t_ p (m+n)- 1 n(Sm-n){m + n)-'
]

k ' a , .
.

i-niSm — n)
A,-a-u-— -^ ,, -

{m + n)-

The value of dk/k when the density at the surface alone is altered is shown in th(

following table for the first six notes answering to tlie values 0, '20 and "5 of a.

Table IV.
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frequencies of all the higher notes can only be very slightly affected ; but, unless the

value of o" for the unaltered material approach the limiting value 'o, or else both densit}"

and elasticity be altered in such a way as approximately to satisfy (46), the ratio of the

frequency of the fundamental note to that of any of the higher notes may be sensibly

disturbed.

If we suppose the relation (43) to hold, then (46) takes the form

P = <1'

or the percentage alterations in the density and in the elastic constants are to be numeri-

cally equal and of the same sign.

§ 2G. An exhaustive analysis of (28) being out of the question, I propose limiting

the investigation to the following cases

:

1 . Suppose the layer to differ from the remainder only in density, then remember-

ing (38) and (26) we have

where t = b-c, M = -iTra^p/S, dM = ^-n-b- (b - c) (pi - p),

and dMjM is supposed small.

The fomi of (48) to be used is the first or second according as the layer is of

given thickness or given volume.

2\ Suppose m alone altered, or the layer to differ from the remainder in all its

elastic properties except the rigidity. For this case there are the two alternative

formulae

dk tnu—m^.„, , dV trh — m Q' /sin kabV
,
=--^ Qsm'kab=^yr — ^ , , (49),

k a wi] -f )i ¥ nii + n S \ kao ) \ "

where V = 47raV3, ?F= 47r6= (i - c),

and 9F/F is supposed small.

*3°. Suppose m constant and n alone altered. The following seems the most con-

venient way of representing the expression for the change of pitch

—

9^ t Ux — n

k am.-'rn^
Q jsin kab -A (?^ _ cos kab)^ jsin kab -A (^^^ _ cos ia6)f

4 (ill — 'Of 1 /sin kab — cos kah .(50).
in -(- ?! \kih \ kib

We can obtain an alternative form in 9F by putting

a^ =T 3"i^j (^1>'

employing 9F under the same restriction as in (49).

* For the case where the compressibility is constant while the rigidity is altered, see the note at the end

of this Section.

22—2
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4 . kSupposo the relation (43) to hold. The t'onuula tor the change of pitch is

?A- t „ [4*1 (3«t - »i)
f 1 /sinA-a6

,
,\]'?A-

, /I . \-i ( • ; ?
in (m + n)-^ /sin fcab

, ,+ (1 + p) |sm k,b ^^^ ^--^^ - CO.S kab .(52).

The substitution (51) gives the equivalent form in dV, applicable under the usual

restriction.

§ 27. Comparing the several expressions (48), (49), (50) and (52) for the change <if

pitch we see that each is a product of three factors.

'I'he fii-st factor is such as

t p, — p dV m, — m
or

a p V m^ + n
'

and may be regarded as measuring the magnitude of the alteration in the material. For

a given alteration of material the first factor is the same for all notes, and for all positions

of the layer. The second factor is either Q or Q'/3. These quantities vary with the

number of the note and the value of a, as shown by Table III., but are independent

of 6. The third factors are such as sin- kxb. They determine how the effect on the

pitch of a given note of a given alteration of material varies with the position of the

altered layer.

In the ca.se of (48) and (49) these third factors do not contain m or n explicitly,

and depend on a- only in so far as ka does. They may thus be regarded as functions

solely of the variable kab. We thence arrive at a comparatively simple way of treating

the subject.

§ 28. We .shall first examine the ca.se of (48) and (49).

As an example let us take the first form of (48) and draw a curve B, fig. 1, viz.

/sin X
3/ = (-

— cos x\ (53),

whose absci.ssae are the values oi x = kub. Then the ordinatcs of this curve indicate

the variation in the magnitude of

k \a p )

with the radius of the layer of altered density, supposed of given thickness, whatever

be the number of the note or the value of a. The only effect of a variation in the

number of the note or in the value of a is to vary the value of the factor, viz.

(kaa)~\ by which the abscissae must be multiplied to get the corresponding values of bja,

and the factor, viz. Q, by which the ordinates must be multiplied so as to give the

numerical values of

dk (t pi — p\OK /t pi — p\

k ' \a p )'
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In the fundamental note for instance the position of the layer to which the abscissa

X refers answers to bja = a;/("66267r) when cr = 0, and to hja = a-/('81607r) when o- = '25.

In the first case the portion of the curve which applies is limited by the abscissae

and •66267r, whereas in the second case the limiting abscissae are and "SIGOtt. In

the first case to find the numerical value of

dk /tpi — p
k ' \a p )

we must multiply the ordinates by 2'2o3, whereas in the second case the factor of multi-

plication is 1'369.

Suppose again we consider one of the higher notes, for instance note (4) when

ff = "25. Here the position of the layer to which the abscissa x refers answers to

hja = «/(3-96587r),

and the whole of the curve between the origin and the point whose abscissa is .S^OGoSir

applies. To get the numerical value of

^• U p )'

we must in this case multiply the ordinates by 1"0088.

Still employing the same curve we shall illustrate its application to the determi-

nation of relations between the successive positions of the layer when the change of

pitch vanishes or is a maximum. Since dk vanishes when the ordinate of (53) vanishes, the

several positions of the layer when its existence has no effect on the pitch are found by

equating kah to the successive roots of equation (36), which are absolute constants inde-

pendent of k or a.

In like manner the several positions of the layer when its effect on the pitch i.s

a inaximum are found by equating kah to those abscissae which supply the maxima

ordinates of (53), i.e. to the successive roots greater than zero of the equation

sm X
1 /sin a: \ r\ / - . \

-x\:ir-'''''v=^
(•^*>-

The roots of this equation are likewise numerical quantities. We thus conclude that as

koL is constant for a given sphere performing a vibration of given frequency, the radii

of the several positions of the layer where its existence has no effect or a maximum
effect on the frequency of a given note are to one another in certain constant ratios

wholly independent of the number of the note, of the value of cr, or of the magnitude of

the sphere.

If we denote the i"" positive root in ascending order of (54) by x;, and the radius

of the corresponding position of the layer for the note of frequency ^/27^ by hi, then

bija = Xi/kaa (55).
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Thus the ratio to the radius of the sphere of the radius of the layer when in the

position answering to the maximum change of frequency of given number (?'), in the note

of frequency kl2iT,—the position nearest the centre being held number (1)—varies inversely

;is the value of kaa for the note and material considered. The same is obviously true of

the radii of those positions of the layer where its effect on the pitch vanishes.

Ag-ain since the numerical value of dk k for a given note in a given sphere is

obtained by multiplying the ordinate of (.53) by a constant factor, we find between the

maxima changes of pitch of numbers (?') and {j) in a note of frequency k!2Tr and the

maxima ordinates of numbers (i) and ( j) in the curve (o3) the simple relation

dki : ?kj :: y,- : Vj (56).

Now ?/, and yj are certain numerical quantities, thus, whatever be the number of

the note or the value of <r, the ratio of the maxima changes of frequency of numbers

(t) and {j) is the same. Thus if we desii-e to compare the relative magnitudes of the

successive maxima changes of frequency in the pitch of a note of given number in a given

sphere, due to an assigned alteration of density throughout a layer of given small thick-

ness, all we have to do is to compare the lengths of the successive maxima ordinates of

the curve B, fig. (1).

Conclusions of the same general character obviously apply to the three following curves

—

. ^ , . fl /sin a- W" ,.^.
A, fig. 1, VIZ. 2/ = --(^ ---cosA'jj (o7),

B, fig. 2, „ y = sm'-x (58),

A, fig. 2, „ 7/ = {x-^smx)- (59),

which represent the variation of dkjk vnth the value of kab in the second form of (48),

and in the first and second forms of (49) respectively. In the case of (57) and (59),

where the layer is supposed of given volume, the restriction of the formula in the case

when the radius of the layer becomes very small must be remembered. The ordinates

however at the origin give correctly the change of pitch due to a central layer.

§ 29. There are various other general conclusions which are easily derived from (48)

and (49j, in the elucidation of which the curves (53), (57), (58) and (59) are useful.

If we suppose the curves drawn on the same scale, then the value of bla which

answers to a given value of x is, for a given note in a given material, the same in all

the curves.

Again if we are considering the effect of an altered layer of given thickness, the

second factor, which determines the variation of dkjk with the value of a- or with the

number of the note, is Q in the first forms of both (48) and (49).
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We thus conclude that if the same scale be adopted in the curves, then the quantities

— -r -^
i

^ and ,- -^ (
- '

) for any given note and material are simply in the
k \a p J k \a 111^ + 11 J

' ° ^ ^

ratio of those ordinates of the curves B, fig. 1, and B, fig. 2, whose abscissae are found

by multiplying the values of b/a for the assigned positions of the layer by that value of

kaa which applies to the note and material under consideration.

If we suppose the thicknesses of the layer of altered density and the layer whose

elastic constant m is altered the same, and further suppose

Pi — P in, — in

p tHi + 11

then the numerical magnitudes of the changes of pitch in the two cases in a given

note and material are simply as the lengths of the ordinates of the curves.

Similarly if we are considering the effect of altered layers of gi\en volume, we see

from the second forms of (48) and (49) that the second factors are the same, viz. Q'j'i,

whether the alteration be in the density alone, or in the elastic constant in alone. We

thus conclude that the magnitudes of the quantities — 7--^(-TrT ) and -j^ -r- (-^ —

^

III

k ' \M } k ' \V III., + n

for any given note and material are simply in the ratio of the ordinates of the curves

A, fig. 1, and A, fig. 2, supplied by the abscissae which correspond to the assigned positions

of the layer.

§ 30. The expressions (.50) and (.52) do not admit of so simple a treatment.

We may, however, regard (.50) as composed of two terms, each of which may have

its dependence on h represented by a curve whose ordinate is a function solely of

X = kab.

When the layer is of given thickness, these curves are

y==y{r,{x)f,{w) (61),

where >]fi (x) = sin x — 2x~^ («~' sin x — cos «)|

and (57).

<|r., (.r) = sin a;— 6ic~' («""' sin « — cosic)]

We may then suppose a coinpuund curve drawn whose ordinate is the ordinate u\

(61) diminished by the product of the ordinate of (.57) into the quantity

4 (?ii — n)j(in + 11).

Since this quantity depends on the value of <t and on the magnitude of (/(, — n)jn

the compound curve varies with the value of a in the material and with the magnitude

of the alteration of rigidity.
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When the layer is of given volume the two curves arc

j/ = x-^y{r,{x)f,{^) (63),

and y = [x~- (a;~' sin x — cos x)]- (64).

A compound curve may be derived from (63) and (64) precisely as one was derived

from (1)1) and {'il).

The expression (52) may likewise be regarded as composed of two terms. The first

of these may have its dependence on b shown by a curve whose form is independent

of (7. This curve is (.57) or (64) according as the layer is of given thickness or of

given volume. The second term has its dependence on b shown, according as the thickness

or volume of the layer is given, by the curves

y = {sin .r — in {m + n)~'a~' (a;"' sin x — cos .r)]- (05),

y = x~'- {sin.-r— 4?i ()>i + 7i)~'a;~'(.r~'sin a- — cosa;))- ((16)

respectively.

Compound curves may as before be constructed showing the variation with b of the

complete expression (52). These compound curves vary with the value of a and with

the magnitude of the alteration of elasticity.

If we suppose a compound curve drawn in the case either of (50) or (52) answering

to a given alteration of elasticity and a given value of o-, then it applies to all possible

notes. There are thus for a given alteration of elasticity and a given value of a the same

species of relations between the relative positions of the layer when its effect on the pitch

is a maximum, and between the magnitudes of the several maxima of SA/i, as there

were in the case of (48) and (49).

§ 31. When the alteration of elasticity and the value of a remain unchanged then

in (50) and (52), precisely as in (48) and (49), the variation of the several maxima of

'bk'k with the number of the note depends only on the factor Q when the layer is of

given thickness, and on the factor (^\Z when the layer is of given volume.

Now as appears from Table III., Q differs but little from unity except for note

(1) ; whereas in the higher notes Q' increases at least very approximately as the

square of the number of the note. Thus for any one of the four types of alteration

of material treated here, the maxima percentage changes of any given number in the

frequencies of the several notes above the first are all nearly equal when the layer is

of given thickness, but vary approximately as the .squares of the numbers of the notes

when the layer is of given volume.

§ 32. The evaluation of some of the functions of x represented by the curves being

a very laborious process, I have carried none of the calculations beyond the value Stt

of X. The results are given in Table VII. This supplies most neces.sary data for the

first three notes in any material, but in the case of the higher notes its scope is
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limited to positions of the layer which, roughly speaking, lie inside the third loop

surface.

The unit abscissa adopted in the table is tt/IS. For shortness the functions are

represented by /^{.v) ...f],i(x). Full information as to the first eleven of these headings

is supplied in the follo\ving table. The entry "p" in the column headed "Property of

material altered " means that both elastic constants are supposed altered in the same

proportion, as in (43)

:

Table VI.
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§ 33. We shall now discu.ss in smiie dotail the eftects of the several alterations

of material.

When the layer differs from the remainder only in density the change of )iitch is

given by (48). The positions of the layer when the pitch of a given note is unaffected

coincide with the node surfaces for that note.

When the layer is in any other position the pitch is raised or lowered according

as the density is diminished or increased.

Wlien the layer of altered density is of given volume dkjk varies simply as Uij\ as

may be seen by comparing (2G) with the function of x occun-ing in curve (o7), i.e. A,

tig. I.

The points of this curve whose ordinates vanish answer of course to the node

surfaces including the centre. The successive maxima ordinates answer to positions of

the layer coincident with the successive loop surfaces.

The number of maxima is always equal to the number of the note. When o- =

the surface of the sphere is always a position supplying a maximum.

We see at once from the curve that the first maxinmm is far the most important.

Thus the effect on the pitch of any note of an alteration of density throughout a layer

of given small volume whose radius exceeds that of the first, or at all events the second,

node surface is comparatively insignificant. The calculation of the lengths of the maxima

ordinates may be simplified by the consideration that since the corresponding abscissae

are the roots of {}M) we may put

{J C-^ - ^"^ ^)] = (2
'^^"^ ")"

=
M^

+
^)

'

!

W Off

.(67),

where xjir ha.s the values ascribed in Table I. to the case a- = 0. For the ratios of

the first to the successive maxima ordinates, and so of the first to the successive maxima

„ dk dM T 1; 1
<A — T -^ -,,, 1 find

1 : •14.S.5 : •0()2() : -0842 : -0217 : 0150....

As already explained the absolute magnitudes of the maxima vary as Q' and so

depend on the value of a and on the number of the note. The following table gives

the first and so the largest maximum for the first six notes.
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Taiu.k IX.

Values of I) (I when
(7,

t pi-

p

IS ;i maxiimiin.

Number
of note

(1)

(2)

(3)

(4)

(5)

(6)

Value
of a

fo

1?

25

Number of

maximum (1) (2) (:^) W (5» (ti)

\i

- •z.y

i-5

if

1?

1-S5

(••5

•8733

-4618

•4528

•4366

•2960

•2956

•2911

•2212

•2202

•2183

•1761

•1756

•1747

•1464

•1461

•1455

•9735

•6644

•6591

•()490

•4931

•4909

•4867

•3926

•3915

•3894

•3263

•3257

•3245

•9885

•7511

•7478

•7414

•5980

•5964

•5931

•4971

•4961

•4943

•9936

•8015

•7992

•7949

•6662

•6649

•6024

•9959

•8347

•8331

•8299 •9972

In calculating the lengths of the successive maxima ordinates of curve B, fig. 1,

we may, since x is a root of (69), replace

(
-
—

'— cos xj b}- (1 — x~- + a;~*)~\

For the ratios of the first to the successive maxima ordinates I find

1 : ^908 : ^895 : ^890 : ^888 : •887....

These are thus the ratios of the first to the successive maxima of — dk/k due to a

given alteration of density occun^ing throughout a layer of given thickness in a given sphere,

•whatever be the density or elasticity of the sphere or the number of the note con-

sidered.

The absolute values of the maxima vary as Q. In the following table are given

the absolute values of the first and so largest maxima for the cases considered here.
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111 the case of note (I) there are no true maxima for the values and '25 of a-.

I have, however, given the greatest values which the quantity tabulated can have in

these two cases. They answer to positions of the layer coincident with the surface,

and are distingiiished by asterisks.

As in the case of all quantities varying as Q, it is only in the first few notes that

the percentage change of pitch depends to any marked extent on cr. For any note

above the sixth in any isotropic material the formula for the limiting case a = 'o, viz.

_dk^ft P^^PA J.J3Q ,70^^
k \a p J

supplies a very fair approximation to the first maximum.

§ 35. In the second case we are to consider m alone is altered. Mathematically con-

sidered this change is very important, as the expressions which occur in the formula for

dklk are of extraordinary simplicity.

The change of pitch in this case is given by (49). The positions of the layer when

the change of pitch in a note of frequency kj2-Tr vanishes are given by the equation

X = kab = i'rr (71),

where i is any positive integer. For all other positions the pitch is raised or lowered

according as m is increased or diminished throughout the layer.

Employing (71) we can easily calculate from Table I. the values of hja, for those

positions in which the layer does not affect the pitch of the several notes. When cr = 'o

these positions coincide with the no-stress surfaces. For other values of a it seems

unnecessary to tabulate them, because they lie exactly midway between the successive

positions given in Table XI. where the layer when of given thickness has most effect

on the pitch.

Supposing first that the layer is of given volume, we have the variation of dkjk

with the value of kab given by the curve (59), i.e. A, fig. 2.

Of the maxima ordinates that at the origin is very much the largest. Thus the

maximum change of pitch which arises when the altered material forms a central layer

is extremely large compared to the other maxima.

In the present case to obtain the change of pitch due to a central layer, we have

only to divide by 3 the values given for Q' in Table III., and to alter the heading from

„, dk fdV m, — tn\
Q to

'

k ' \V nii + n

From (59) we see that the several maxima or'dinates have for their abscissae the

roots of tan x = cc. The corresponding positions of the layer are thus coincident with the

node surfaces.
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In compjwing the lengths of the niaxiina ordinates it is convenient to notice tliat

since t«n a- = .r,

(a;"' sin a;)'- = (1 + .'-)"'.

Employing this relation, I find for the ratios of the fii-st to the subsequent maxima

ordinates, and so for the ratios of the first maximum change of pitch—answering to a

change of m throughout a central layer—to the subsequent maxima

I : 04719 : 01648 : 00834 : OOoOS : 00336....

For notes above the sixth a close approximation to the first maximum in any material

is supplied by the equation

dk
. fdV 7)h - m\ _i-Tr ^

k^vv '^i^;+^)~~3
^''^^'

where i is the number of the note. This is the exact equation for the value '5 of o-.

§ 36. Suppose next that the layer whose )ii dififers from that of the remainder is of

given thickness. The corresponding curve is (58), i.e. B, fig. 2, which is merely a special

forai of the cui-\e of sines.

The zero ordinates coincide of course with those of curve A, fig. 2. The abscissae

supplying the maxima ordinates are found by ascribing positive integral values to i in the

equation

a; = (2i + 1) 7r/2.

The corresponding values of 6;'o for the notes and materials treated here are given in

the following table

:

Table XI.

Pi/,

Values of bUi when -=- -^
t vii — m
a Hi] + n

IS a maximum.

Kumber Value
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Comparing the preceding table with Table 11. it will be seen that the positions of

the layer of given thickness when an alteration in m has most effect on the pitch are,

with the exception of the first, only a very small distance outside of the corresponding

node surfaces. The distances separating the two sets of surfaces become less and less

the higher the note.

The maxima ordinates are all exactly equal. The exact expression for the maxima
changes of pitch is

T - - -^-,—
l
= Q (73).

A- V« nil + nj ^

Their numerical values are thus given explicitly in Table III. by altering the heading in

that table from Q to -r -j- 1
|.

fc \a wii + 71

J

§ 37. In the next case we are to consider when the layer differs from the re-

mainder only in rigidity the change of frequenc}' is given by (.50).

This may be regarded as composed of two separate terms, one varying as the first,

the other as the second power of «, — n. When the difference between the rigidities of

the layer and the remainder is small the second term may be neglected, except for such

values of h as make the first term nearly vanish. By supposing the difference of the

rigidities sufficiently small we can indefinitely reduce the limits wherein the second term

is comparable with the first. We shall thus for the sake of simplicity commence by

supposing that n^ — n is very small and that the term in {n^ — lif is negligible.

The law of variation of dkjk with the value of kah is in this case given by (61)

or (63) according as the layer is of given thickness or of given volume. The sign of

SA-/(»!i — ?j) is thus the same as that of the product of the functions -^lix) and y\r.,{x)

defined in (62).

The ordinate of curve A , fig. 3, is the quantity x-- i/tj (x) \fr„ (x), or /n (x) of Table VII.

;

while the ordinate of curve B, fig. 3, is the quantity -yjr^ (x) tp-., (x), or /i„ (x). Thus the

ordinates of these curves are proportional to the changes of pitch when a small alteration

in rigidity occurs throughout (1) a given volume, (2) a given thickness.

The sign of dk is the same as that of ?ii — n or the opposite according as the

ordinates of the curves are positive or negative. The zero ordinates have for their

abscissae the I'oots of the two equations

V'i(*-) = (74),

^2(aj) = (75).

As X increases through a root of (74) the curves cross from the negative to the

positive side of the axis of x, while as x increases through a root of (75) they cross

from the positive to the negative side.

Comparing (62) with (20) we see that the roots of (74) are the values ascribed to

kaa in Table I. for cr = 0, the corresponding positions of the layer being coincident with

Vol. XV. Paet II. 24
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the loop surtacos. For the tii-st two roots of (75), excluding zero, I find approximately

1-69-^n- and 2-7977r.

If we denote by ,a;,- and .JCi the t"" roots excluding zero of {7-i) and (75) re-

spectively, then it is easily proved that as i increases the roots i^',- and oa;,_, both con-

tinually approach itr. Also i-r,- — o.i',_i remains positive but continually diminishes as i

increases. Thus the breadth of the segments which lie on the negative side of the axis

becomes less and less the further they ai-e from the origin, while the breadth of the

positive segments approaches tt.

For further information as to details the reader may consult the following table,

remembering that the term in {n^ — n)'- is neglected in its conclusions.

Table XII.

Sign of dkj(ni— n), and values of b'a for which its sign changes.

Nninber
of note oA7(ni -n) =0—0 + -0+ 0-

(
0~~j

(1) jo- = -2.5 U/a =0

i I

(2) - o- = -2.5 \bja =
I -s I

(
,

(3) \a = -2.5 \bla =
( o I

j
(

(4) ^cr = -2.5 hja =

(
( (
\a- = -25 Uja =
( -5 I

( (

1

( -.5 ( 1

1

•812

663
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origin. The numerical magnitude of the first maximum change of pitch may be obtained
from §§ 22 and 24. As explained there its values for the several notes and materials treated

here may be found by dividing by 9 the values assigned to Q in Table III. and equating the

results to —^ -=-
( rv I

k \m + n VJ

Thus the change in pitch due to a given small alteration in n throughout a central

layer is numerically equal to oue-thii-d the change in pitch due to an equal alteration in

7» throughout the same central layer. The fact that dk is opposite in sign to n^-n is

thus important practically as well as theoretically.

The abscissae answering to the subsequent maxima ordinates are the roots of a

complicated equation. The approximate values of the first few roots can be seen from

the figure or from Table VII. As regards the higher roots it is comparatively easy to

prove that they split up into two sets, one set approaching the values (2i + 1) 7r/2, the

other set approaching itt, where i is an integer. Answering to the first sot are those

maxima for which ?A'/(?ii - n) is positive, to the second those maxima for which 3A-/(«i -n)
is negative. The number of negative maxima, including that for the central layer, is

equal to the number of the note and exceeds by 1 the number of positive maxima.

It is not difficult to prove that the successive positive maxima ordinates vary

approximately as the inverse squares of the corresponding abscissae, while the negative

maxima ordinates after the first vary approximately as the in\'erse fourth powers of the

abscissae. No gi-eat interest thus attaches to the numerical magnitudes of any but the

first positive and negative maxima ordinates which can be approximately derived from the

figure or from Table VII.

§ 39. When the layer whose rigidity suffers a given small alteration is of given

thickness the variation of dk/k with the value of kab is shown by curve B of fig. 3.

The equation determining the abscissae corresponding to the maxima ordinates is very

complicated. It is, however, easily proved that there are two sets of roots, the higher

roots of the first set being approximately odd multiples, and the higher roots of the

second set approximately even multiples of 7r/2.

The first set supply the positive, the second the negative maxima ordinates. It is

easily proved that the positive maxima changes of pitch which answer to those of the

maxima ordinates which are most remote from the origin in the case of the higher notes

ai-e all approximately given by

T-(— '^) = <^ (76).
A' V « m + 11/

^

They thus approach to equality amongst themselves and likewise to equality with the

p dh ih — c m-i —7n\ . ,,
maxmia oi -7- -=- in the same notes.

A- \ a W(i + n I

The positions of the layer answering to the (i— 1)"' positive maximum in the case

of n altered, and to the i"' maximum in the case of m altered are also when i is

large nearly identical.

24—2
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The abscissa supplying the first ami largest positive maxinmm ordinate is greater

thau tt; thus the corresponding maximum change of pitch cannot apply to note (1).

This ordinate is greater than the maxima ordinates of curve B, fig. 2, by fully oO per

cent. Thus the gi-eatest possible change in the pitch of any note, except the first, due

to a given small alteration of n throughout a layer of given thickness is fully .50 per

cent, greater than the maximum change of pitch in the .same note due to an equal

alteration of m throughout a layer of eciual thickness.

The absciss;! answering to the first and largest maximum negative ordinate is

approximately •4477, and the corresponding value of

dk ft Wi — n\

k ' \a m + nj

slightly exceeds '29(2.

This is a far from insignificant change of pitch, and it applies to all the notes in

every material. In the case of note (1) it is the only true maximum there is, and

when a is small it is the numerically largest change of pitch which the given alteration

of rigidity can produce. If, however, a approach "5 an equal alteration of rigidity through-

out a layer at or near the surftice of the sphere is more effective in altering the pitch,

and in this position the sign of dk is the same as that of n^ — n.

The subsequent maxima negative ordinates rapidly diminish as the corresponding

abscissae increase.

§ 40. We must next take into consideration the term in (n^ — n)- in (.50). Its con-

tribution to the change of pitch is given, writing x for kab, by

.(77),

dk t i{n,-n)- „.

k a (hi-)- Ki) ('« + '*)

dk__dV 4>{n,-ny Q'
|^^ k~ F (m +«,)('» + «)

3-''^'''^)

according as the layer is of given thickness or of given volume. The term in (n^ — n)-

indicates a fall in pitch whether the rigidity of the layer be increased or diminished.

The curves

,j=f,{x), and ii=f\{x)

are A and C of rig. 1 respectively, the former of which was discussed in § 33. The zero

ordinates of both curves answer to positions of the layer coincident with the node sur-

faces. Of the maxima ordinates of curve A the first is much the largest. The cone-

.sponding contribution to the change of pitch in the present ca.se may ea.sily be calculated

approximately from the curve and Table III. It is far from being insignificant com-

pared to the contribution of the term in », — n when the alteration in rigidity is large.

As the .subsequent maxima ordinates of curve A, fig. 1, rapidly diminish as their abscis.sae

increase, while the several maxima ordinates of curve B, fig. 3, remain largo, it follows

that for an alteration of rigidity throughout a layer of given thickness the relative im-
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portance of the term in (iii — n)- rapidly diminishes as the layer moves outwards from

the first loop surface.

Exactly similar conclusions for the case when the layer is of given volume follow

fi-om a comparison of curve C, fig. 1, and curve A, fig. -3. Of the maxima ordinates of

curve C, fig. 1, that at the origin is much the largest. In fact the second maximum
is so small that I have not attempted to draw the curve further than the first zero

ordinate.

§ 41. Our investigations show that for positions of the layer inside the first loop

surface the term in (n^ — n)' is in general far from negligible unless the alteration in

rigidity be small ; but that in the case of the higher notes for positions of the layer

outside the first loop surface this term is in general comparatively insignificant even

when the alteration in rigidity is large.

It must, however, be remembered that the term in n^ - n vanishes when the layer

coincides with a loop surface, whereas the term in (rii — n)- has its maxima when the

layer is at or very close to the loop surfaces. Thus, however small the alteration in rigidity

may be, when it occm-s in a layer immediately adjacent to a loop surface the term in

(«i — n)- is the larger of the two.

We thus anive at the following conclusions.

There are certain volumes within a sphere performing any given note where any

alteration in rigidity' throughout a thin layer lowers the pitch. As the term in (ii^ — n)-

varies as (m + nj)~^ the corresponding fall of pitch is greater when the rigidity is diminished

than when it is increased.

The principal volumes of this kind are in the immediate neighbourhood of the loop

surfaces Xj, L., There are, however, similar volumes in the neighbourhood of the

surfaces Si, S.., etc. which answer to the roots of (75). The volumes surrounding two

adjacent surfaces iSi;_i and X,- may possibly in some cases when Hi — n is large become

coterminous, but when n^ — n is small they are certainly separate. An alteration of

rigidity throughout a layer within one of these volumes acts to some extent as what is

frequently termed a constraint.

In general terms it may be said that the existence of the term in (n-i — nf extends

the regions wherein an increase of rigidity lowers the pitch, and increases numerically

this lowering of pitch. On the other hand it restricts the limits of the regions "wherein

a diminution of rigidity raises the pitch and reduces numerically this rise of pitch.

§ 42. In our last special case the change of pitch is given by (.52). For the limiting

value "5 of a this assumes the simple form

^' = 1 ^P^^Qs\n'koib (78).

Now the coefficient of 'pl{l+p) in (78) is the same as that of (otj — 7k)/(»Ii + '*) in

(49). Thus the curves of fig. 2 and the conclusions already come to in the case when

in alone varies apply at once with merely a change in phraseology.

1 i.e. any alteration of elasticity which leaves m unaltered.
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Except in this extreme case the coefficient of p on the iight-h:uid side of (52) is

the sum of two squares.

Further as the equations sin.r = and tan.c = have no coniniou root other than

zero, the two squares cannot simultaneously vanish unless h = 0. Thus an alteration of

both elastic consUints in the same proportion necessarily affects the pitch unless it occur

at the centre, and the pitch is raised or lowered according as the constants of the layer

are increased or diminished.

It will also be seen from § 22 that when such an alteration of elasticity occurs through-

out a core of given volume there is a change of pitch whose sign agrees with that of p.

Thus the statement that the change of pitch is of the same sign as the alteration of

elasticity is on the uniconstant theory universally correct as well as unambiguous.

§ 4-3. It will be convenient to suppose

where

cki

T
dk,

k

t „ 4« (3»t - ?0 f 1 fsmkoib , ,\)- ,„_,

-aP^ il + nr \kA kab-''''"'V\ ^'^^'

a l+p^\kabj \ m + n\ kab /J
^ ^

The numerical magnitude of dki is independent of the sign of p, whereas dk. is

numerically greater for a given negative value of j) than for an equal positive value.

Again cki depends on the square of the displacement. It thus vanishes when the

altered layer is at a node surface, and when the layer is of given thickness it has its

maxima when the layer coincides with the loop sui-faces. On the other hand dk.. depends

on the square of the radial stress. It thus vanishes when the altered layer is at a no-

stress surface, and when the layer is of given volume it has its maxima when the layer

coincides with those surfaces over which the radial stress is a maximum.

Again the law of variation of dkjk with kab is wholly independent of the value

of (7, but the absolute values of dk\/k diminish rapidly and become inconsiderable as a

approaches near the limiting value '5. On the other hand the law of variation of dkjk

with kcdi varies with the value of a, and this is very conspicuous in the case of the

fundamental note, or so long as bja is small in the case of the higher notes.

Perhaps the most important difference of all is that in the case of the higher notes

when the layer, supposed of given thickness, travels outwards from the third node surface

bki/k becomes rapidly insignificant, whereas dk../k has a succession of important maxima

of nearly uniform magnitude and nearly independent of o-. By supposing the layer of

given volume we should come to precisely the same conclusion as to the relative pre-

ponderance of dk. when the layer is outside the third node .^surface. An exception must

of course be made of positions of the layer immediately adjacent to the no-stress surfaces

where dk, vanishes.
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§ •i-i. To obtain some idea of the numerical magnitTule of the change of pitch we
must consider separately the cases when the layer is of given volume and when it is of

given thickness.

In the former case, with the usual limitation as to the centre, writing x for hah,

dki _ dVQ' 4?i (3)?i — 11) [1 /sin x

k -^ F 3 {m + ?i)- (a;2 l^ x
(81).

The variation of dkjk with kab is thus shown by /^{x) as tabulated in Table VII.,

and by curve C, fig. 1, for values of x less than 37r/2. This curve has by far its largest

maximum ordinate at the origin. This ordinate is by no means insignificant. It has also

in the present case to be multiplied by 4/i (8771 — n) (m + n)~^ a quantity which varies

between 2 and 9/4 for values of o- less than "3. Thus the corresponding change of pitch

is of considerable importance in ordinary isotropic materials. So long in fact as x is less

than TT the ordinates of curve C, fig. 1, are fairly comparable with the ordinates of the

other curves which apply when the layer is of constant volume.

For positions of the layer, however, answering to points beyond the first zero ordinate

of curve C, fig. 1, dk^ is always extremely small. It is in fact easily proved that the

second maximum ordinate is less than 1/134 of that at the origin.

Still supposing the layer of given volume, we have with the usual limitation, writing

X for kab,

dk,^ p dV Q'

k l+j} V S

1 ( . 4n 1 /sma;— -^sm a; cos x 1 j-

X- { m + n x\ X J]
.(82).

The function of x inside the square bracket reduces when a = -h to x~'^ sin-a-, the

quantity appearing as f-i(x) in Table VII., and represented by curve A, fig. 2. This curve

has been already exhaustively considered. The function is also tabulated for the values

and "25 of a in Table VII. under the headings /?(«) and f^{x) respectively. The cor-

responding curves are A^ and A. .5 of fig. 4.

The differences between the three curves last mentioned are very conspicuous near

the origin.

For small values of x the ordinates of curve G, fig. 1, are comparable with the ordinates

of the curves mentioned above. Thus in comparing the changes of pitch due to a given

percentage alteration of elasticity for different values of a- we must, at least when the

altered layer is inside the second node surface, construct compound curves of the kind

mentioned in § 30.

The compound curves showing the variation with kah of

'^k_(j)_dV Q^
k \\+p V '3/

are found as follows :

—
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when ff = 0, multiply the oi-dinatc of cuivo C. fig. 1, by 2(1+;)), .ind add it to the

oixlinate of curve A^, tig. i.

when <7 = -25, multiply the ordinate of curve C, fig. 1, by 20(l+^)/9, and add it to the

oi-dinate of curve ..rl.^, fig. 4.

wheu <T
=

'.T there is the simple curve A, fig. 2.

When the alteration in elasticity is small we ma}- neglect p in forming the compound

curves, i.e. replace \ +p by 1 simply.

In deducing the numerical value of dhjk for a given value of p the ordinate of the

corresponding compound curve must be multiplied by that value of Q'l'^ which applies to

the note and material under investigation.

Since the largest maximum ordinate iu all the compound cur\es occurs at the origin,

it will be found simplest wheu the greatest possible change of jjitch alone is wanted to

apply at once the result obtained in § 24, replacing dEi by

dV p Sm — n j, 4 n

r T+p Sjm + nJX
'*'

3 ^ wi + «

§ 45. The three curves A, fig. 2, A^, and A..^, fig. 4, become extremely similar when

X is large.

The equation for the abscissae supplying the maxima ordinates in these curves is

sin a; 2 (1 — 2o-) 1 ( . „/sina; M . .„„,
coswA ^^ — ]x sma--3 eosA'jy = (83).

For a- = o the roots of (83) are identical witli those of tan ./• = ,r, and for all other

values of o- the higher roots of (S3) though less than the roots of tan x = :c are very

nearly equal to them.

Thus the more remote positions of the layer answering to the maxima values of

okJk in the case of the higher notes lie close inside the successive node surfaces, except

for the limiting value "5 of a when they exactly coincide with the node surfaces.

The first root of (83) other than zero varies from l'2327r when o- = to 1-43077

when a=h. Thus the position of that maximum ordinate which lies between the first

and second zero ordinates varies to an appreciable extent with the value of o-.

There is also an appreciable difference in the lengths of this ordinate in the three

cur^•es, these lengths unlike those of the ordinates at the origin increasing as a diminishes.

Beyond the second zero ordinates the curves would lie very close together, so in fig. 4,

curve A.~i stops at this point.

For values of x exceeding ir, dkjdk^ is very small except for such positions of the

layer a.s make ok, insignificant. Thus for practical pui-poses the dependence of dk/k on

the position of the layer, when close to or outside of the second node surface, is ap-

proximately given for the values 0, •2.") and 'o of cr by the curves A„, A..r, of fig. 4 or

A, fig. 2, alone.
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Except in the case of the hist one or two maxima no serious error will be introduced

by supposing the positions of the layer which supply the maxima changes of pitch to

coincide exactly with the node surfaces.

These maxima are also approximately given by the formula which in strictness applies

only when a = 'o, viz.

h 1+^ F3(l+ar") ^ ''

Here i is the number of the note and x is that root of (36) answering to the particular

node surface, at or close to which the layer is found.

§ 46. We shall next suppose that the layer is of given thickness. We may regard

"bk as consisting of two terms given by (79) and (80). Of these the variation of "bh-^

with kob is shown by curve A, fig. I, while the variation of 3A'.> is shown for the values

0, '25 and '5 of a by -B„, B..,^, fig. 4, and B, fig. 2.

It is obvious from these curves that for values of x exceeding tt, SA-, is small com-

pared to B/io, except very near the vanishing positions of the latter quantity, and the

value of "bk.^ depends but little on the value of a.

The exact positions of the layer supplying the maxima changes of pitch in the limiting

case represented by curve B, fig. 2, are the positions given in Table XI. for a = "5. In

this case all the maxima for any given note are equal, and their numerical \alues are

obtained at once from the formula

dk _t p
k a 1 +p'

In the third segments there is a difference only of something like 1 per cent, between

the lengths of the maxima ordinates of the curves B„, B..,^, fig. 4, and B, fig. 2. Also

these maxima are near the zero ordinates of curve A, fig. 1, representing the variation

in dk\. Thus by altering the heading of Table III. from Q to ;.
-^ (- i T~) ^^^ rejecting

the numbers given for notes (I) and (2), we obtain what are extremely good apjDroxi-

mations for the third and subsequent maxima, for the values and 25 of a- as well as

for a = "5. Even in the case of the second maxima the magnitudes derived from this use

of Table III. would not be seriously in error.

When kab is small the dependence of the law of variation of dk^/k on the value of

ff is so conspicuous in the figures that further comment is hardly necessary.

§ 47. For even a rough approximation to the change of pitch when the layer is

inside or but little outside of the first loop surface we must construct compound curves

for the values and '25 of o-. These are formed by combining curve A, fig. I, with

the curves 2?„ and -B.j,, of fig. 4, in precisely the same way as the compound curves in

the case of a layer of constant volume were formed by combining curve G, fig. I, with

the curves A„ and A...:, of fig. 4.
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If we suppose p very small the greatest ordinate that either of the compound curves

supplies for values of .c less than -rr is very considerably less than 1, which is the approxi-

mate value of the subsequent maxima ordinates. Thus for a small alteration of elasticity

there is in the case of the higher notes no position of the layer inside of or close to

the fii-st loop surface which can produce as great a change of pitch as the positions near

the second and subsequent node surfaces. For note (I) however none of the maxima

answering to positions nejxr the node surfaces apply.

For o- = 0, a'/TT must be less than '062(5 to apply to note (1). Now it is easily

found that when p is neglected in the equation, the compound curve for o- = runs very

nearly pai-allel to the axis of x between the values "GTr and 66267r of a: The corre-

sponding ordinate is approximately 'SSI, and is greater than any ordinate answering to

a smaller value of x.

Also for a = the value of Q in note (1) is 2'2o3. Thus the maximum change of

pitch due to a very small altei-ation of elasticity, in a layer of given thickness, in the

case of note (1) fur o- = is approximately given by

dk t „„^ -r - p = -86.

The con-esponding position of the layer is at or close to the surface of the sphere. This

result is in accordance with Table V.

For a = '2.5 the compound curve when p is neglected in its equation has a true

maximum ordinate for a value of x answering to a position of the layer at some distance

inside the first loop surface. The length of the ordinate is '58 roughly. Thus as Q when

<T='2o has the value 1"369 for note (1), it follows that the maximum change of pitch

in this case for a very small alteration in elasticity throughout a thin layer is approximately

given by
dk t „„

k a '

The greatest possible percentage change of pitch in note (1) for given values of p
and t is thus less when cr equals "25 than when it equals or ".5.

When p is large the form of the compound curve near the origin will vary widely

from the form it takes when p is small. When p is positive the compound curve is

the more influenced by the form of curve A, fig. 1, the larger p is, whereas when ^; is

negative the influence of this curve continually diminishes as p increases numerically.

§ 48. In the case of the higher notes a pretty close appi-oximation to the change

of pitch due to any alteration solely in elasticity, occurring in a layer outside the third

or fourth node surface and not in the immediate neighbourhood of a no-stress surface, is

easily obtained by the following considerations.

Comparing (26) and (27) we see that when kab is large Uu and Ui, except when

negligible may be i-eplaced respectively by

Mj, = — t~' cos kab, Ub = b~' (m + n) kab sin kab.



Mr C. CHREE, on SOME COMPOUND VIBRATING SYSTEMS. 189

Thus, noticing (25), we see that when the elasticity alone is altered the terms iu (ui,)-

and WftC/ft in (28) may in general be neglected when kab is large, and that an approximate

expression for the change of pitch is then

dkb-c/l
!_)(,„ + „)QsinU-a6 (85).

Near the no-stress surfaces the terms in (!<(,)- and Ut,Ui) cease to be small compared

to the term in (?/(,)'-, but their greatest values being small compared to those of the

latter term, this limitation to the applicability of (8.5) is not of much practical importance.

We thus see that in the case of the higher notes when the alteration of elasticity

occurs outside of the third or fourth node surface the change of pitch, when of practical

importance, may be regarded as depending mainly on the alteration of only one elastic

quantity, viz. m + n.

It will be remembered that when a small alteration of elasticity occurs near the centre

the change of pitch may be regarded as arising from the alteration in the single elastic

quantity m — nj3; and in the case of note (I), for a surface alteration of material, there

is for ordinary values of cr a not inconsiderable change of pitch depending on the alteration

of the single elastic quantity n {3vi — n)l(m + n).

It thus ajipears that in any purely verbal explanation of the phenomena such terms

as stiffness or elasticity would require to be used in a veiy elastic sense.

Note. August 7, 1891.

[When the rigidity is altered while the bulk modulus m—njZ, and so the com-

pressibility, is unaltered, the change of pitch is given, wTiting x for l-ah, by

where, as in Table VII., /,., (x) = x-f^^ (x) = jsin x — 3«~' (a.~' sin x — cos x}}-.

So in this case the change of pitch is always of the same sign as the alteration

of rigidity.

The variation of dklJc with the position of the altered layer is shown by A or by

B, fig. 5, according as the layer i.s of given volume or given thickness. For comparison

with the effects of other alterations of material the ordinates of these curves should be

increased in the ratio 4 : 3. When so increased the first maximum ordinate of B is the

largest ordinate in any of the curves. It answers to an abscissa of l"24'7r approximately,

and so never applies to note (1). The extremely flat character of these curves near the

origin calls for special notice.]

25—2
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SECTION III.

Transverse Vibrations in Solid Sphere.

§ 49. By tmusvei-se vibrations are here meant vibration.s in which there is no radial

displacement.

Let p be the density, n the rigidity, of an isotropic material, and

/3^ = p/n (1).

Also let J,+j(ic), J_(,+j|(.r) represent the two solutions of the Besssel's equation

2nl+»i>--'<'-+w=» <^).

where i is a positive integer.

Then the types of the displacements v and w, respectively in and perpendicular to

the meridian plane—or plane containing the line = —in a transverse vibration of

fi-equeucy k-j'Z-rr in a simple shell are*

V = cos ht r-i (sin 0)-' {X,/,+i(^•y8r) + Z',-J_„+ji (k^r)] (3),

w = coskt 7^ {wiJi+i(k^r) + lUiJ-u+itik^r)] (4).

Here X;, X',- are surface spherical harmonics of degree i, while Wi, tu'i are quantities

connected with them by the relations

dwi _ dXi dw'i _ dX'i ,

rf^
~ " dd ' 14~~ 'M'

*'''''

The spherical harmonics Xi, X'i must be of such a type that v is nowhere infinite,

and so—at least for a complete shell—must contain sin 6 raised to some positive power.

Under (3) and (4) we may suppose included the type of vibration

w = cos kt r~^ [wt, sin dJi (k0r) -f w'„ sin 6^J_| (A-/3r)j

)

in which w, and w\ arc constants, and so Wo sin and w'„ sin 6 may be regarded as etjui-

valent to the quantities Wi and ju\ satisfying (.5). This special form of vibration will

here be spoken of as the rotator)/, this term being applied to it by Professor Lamb-f-.

At the spherical surface separating two isotropic media there are in this case nominally

four surface conditions, viz. the equality in the two media of the two displacement com-

ponents V and w, and likewise of the two stress components n (-, ] and n(-j ^j.

In consequence however of the relation (.5) these constitute in i-eality only two in-

dependent equations.

• See Camlj. Phil. Traiuactioru, Vol. xiv. p. 310, equations (a4') and do').

t Proceedingt of the Loixhrn Mathematical Society, Vol. xiii. p. l'J6.
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A moment's consideration will also show that the X; and the X'l in the v displacement

in any layer of a compound solid sphei-e must be the same function of 6 and
(f>,

and

that this function must be the same for all the other layers and for the core. We may
thus represent the w displacements in the tj'pical vibration of frequency kj^ir in the

compound sphere (0 . /3 . c . /Sj . 6 . /3 . a) as follows :

In the core wr^/wi coakt = AiJi+i(k^r) (7).

In the layer w?-'lWiCOskt = iAiJi+^{k/3ir) + ^BiJ^u+i)(k^ir) (8).

Outside the layer

vrri/wi coskt = (A; + dA;) Ji+>, {k^r) + a5,J_„+i, {k^ (9).

Here Ai, ^Ai, etc. are constants whose relationships are determined by the surface

conditions, and tui is a certain function of 6 and 0. If we suppose b — c small then

dAllA I and dBi/A;, are of the order b — c of small quantities, and their squares are

negligible when that of 6 — c is neglected.

It is unnecessary to write down the expressions for the v components in the several

media as they lead to precisely the same conditions at the surfaces as the w components.

§ -50. Let us for shortness put

J',^i{k0r) =^^. J^H (f^-M, ^'-u>j, (kM =
/^ |; J~M, (^^/3'-),

.(10).
F (r . /3) = n {k^rJ'i^i (^•/8/•) - fJ,-+i (kM],

F, {>• . /S) = n {k^rJ'_,^i, (A-/3r) - U-a+i^ {kM]

Then we find from the surface conditions

AiJi+i (k^c) = i^,-/,+i (A:/3,C) + ,5,: J_,;+i, (A:/3,c),<

AiF{c.0) =,.l,:i^(c.A) +,5,i^,(c.A),

(Ai + dA;) Ji^i (k0b) + dBiJ_a+i, (k^b) = ,A;Ji^i (k^fi) + ,5iJ_,;+j, (k^.b),)- ....(11).

{Ai + dAdF{b.i3) +dB;F(b.l3) =,AiF(b.0,) + ,5,F, (?- . A),

(Ai + dAi)F{a.^) +dBiFAa.^} =0

Treating the fii'st four of these equations in the usual manner, and putting

A(b.i3.b') = Ji^i (k^b) J'^u^i, (k^b) - JVi (i/36) J_,+i, (k^b) (12),

we find

^-^^nk^b^(b.l3.b')-^^~-^

= - [nk-^%- - n.kWb"- + (h, - n) (i - 1) (i + 2)] J;+j (k^b) J^a+a (k^b)

-(---) n {k0bJ'i^i i^^b) - f/,-+j (km n {k0bJ'_,^., (i/36) - f/_„+j, (km .(13),

^f-'
hA;/36A (b.0.b')-r^ 7^ = [nk'^'b' - nJc'-^{-h' + (n, - n) (i - 1) (i + 2)) [J^+j (A-/36)]-

+ (^
-
^)

[n {km'iH (km - ¥i^hwm' o-^)-
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For the frequency oi]uation dt" a simple sphere we find tVom the last of equations

(11), putting dBi = 0,

j\0.l3.a) = k^aJ'i^,(k-/3a)-U<^,(k-l3a) = (15)*.

Fi'om the properties of the Bessel's function

-k^a^^^^f(O.0.a) = {mht^-(l+hy} J,+j(A-^a) + |A-y8a/V»(A-/3(/) (16).

Supposing (15) to hold we may reduce (lU) to

- f^-^a ^^^ f(0.l3.a)= (A-/3^a-' -{i-l) {i + 2)} J,>* (A-/9«) (17)t.

Supposing (15) to hold we also obtain

F, (a . ^) = nk0aA (a . . «') -f- /,-+i (A'/3o).

Thus, following the same train of reasoning as in Sect. II., we conclude that if dk

be the increase in k due to the existence of the layer, the two following equations must

be identical

—

/(O . /3 . «) + ^- {!^"-^"ci' -(i-l) (i + 2)J /,+i {k/3a) = 0.

/(O . /9 . a) + ^f
'
A-/3a A (a . /3 . a) -- J,+, {k0a) = 0.

Thence we find for the change of frequency

dk^dBi k0aA(a.0.a'){JuiikM}-' ^l^x

k A,- L^'^a' - (i - I) {i + 2)
''*''•

Let ^K(0„, denote the frecjuency of the free transverse vibration of the type (3)

and (4) in an infinitely thin spherical shell of material (p.n) and radius a; then

IP,,,„,a' = {i-l){i + 2)0-- = {i-l)(i + 2)nlp (I9)§.

Also let Wr = r-^J!+i{k/3r), V

Wr=nr-i {k0rJ',^,ikM-^Ji+i(kM]> '

so that WrtUi cos kt represents a tv displacement in a simple sphere performing a transverse

\'ibration of frequency k/2Tr, and WrWi cos kt the corresponding stress, both quantities re-

ferring to points at a distance »• from the centre, and w,- being a function derivable from

a surface spherical harmonic of degi-ee i through the relation (5).

Employing this notation, introducing in (l.S) the value of dBi/Ai from (14), and

noticing that

kl3bMb.0.b') = k0aA{a.0.a') = -C (21),

• Cf. Trajuactiont, Vol. xiv. y, 316, equation (47 a). t See Sect. i. § 10.

§ Cf. Tramacliont, Vol. xiv.
i>. 320, equation (.59), and (17) above.
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where C is an absolute constant, we finally obtain

dk {b -c)b- 1

k (I a- p {k- — K-.^,„,)
,,.,_;,=„,,_,.,,._„=,.„,, (-)vg_i)(5)'j

(22).

This may be applied with the same limitation as in Sect. II. to the case of a central

layer.

§ .51. Inside the layer there is no change of type other than a shifting of all the

node, loop and no-stress surfaces according to the law

-drir = dk/k (23).

Outside the layer we find on substituting in (9) the values of dA;/A,: and cBijAi

from (13) and (14) and reducing,

wjAiWi cos kt = r - J,+i (k/S?-)

bj- c /&•
'

^ ~iX'' [r.
{p (k^ - IC- .^.^,)-p, (k^ - K- ,^,.j,)) bWbfib . /3 . r)

where /(6 • /8 . r) = J;^, (k^r) /_.,-+;, (k^b) - J_mj (kBr) Ji^, (km),)

f{b.l3.r) = J;^,(k0r)F,{b.B)-J_a^i,ikfir)F(b.B) j

The functions /' have their usual meaning.

In the layer itself the displacement is given by

wlAiWi cos kt = 6"*/i+i {kl3b) - k^ (b - r) {b-^-J'i^^ik^h) - (^k^bi)-' J.+j (k^)}

.(24);

..(25).

n nj
-(r-c)[---^]W,, (26).

The chanrje of type outside the layer, i.e. the coefficient of h — c in (24), consists

like the expression (22) for the change of pitch of two terms only. The first terms in

each alone exist when the layer differs from the remainder only in density, and they vanish

when the layer coincides with a node surface. The second tenns vanish when the layer

coincides with a no-stress surface. In the special case of the rotatory vibrations the second

terms alone exist when the layer differs fi-om the remainder only in rigidity.

In the layer itself the change of type is given by the last term of (26). Thus

if there be an alteration only in density, or an alteration of rigidity occurring at a no-stress

surface, then no progi'essive change of tj'pe appears as we cross the layer ; in other words

the layer vibrates as if it were of the same structure as the core.

§ 52. Before discussing (22) it is desirable to trace the characteristic features of the

transverse vibrations of a simple sphere. The tj-pe of such vibrations is given by (3)

and (4) with X'i = Q = w'i, and the conesponding frequency equation by (15).
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If i be a large integer A',- may be any one of a large number of spheric;\l

h:u-monics, but (15) depends solely on i, on the radius of the sphere, and on the

material. There may thus be a large number of different forms of vibration which have

all the same frequency equation.

The displacements vary, unless i=l, with and 4> as well as with r. Thus there

is a conical surface, or a series of surfaces, given by

X( = (27),

over which the component of the displacement in the meridian plane vanishes. Similarly

there is a conical surface, or series of surfaces, given by

w\ = (28),

over which the component at right angles to the meridian plane vanishes. A line of

intersection of (27) and (28) is a locus where the resultant displacement is always zero.

While the title node surface might legitimately be applied to the lines or conical

surfaces which are the intei-section of (27) and (28), it will here be underetood to appl}-

solely to the spherical surfiices over which the displacement vanishes. Such surfaces we

see from (3) and (4), putting X'i = 0, are obtained by equating k^r to the successive roots of

J<h(^) = ^ (29).

Thus for a given sphere the positions of these surfaces depend solely on the number i

of the spherical harmonic X,-, and in no respect on its form.

In like manner there ai-e spherical loop surfaces, obtained by equating I'lSr to the

successive roots of

JVj(a;)-l/.>i(^) = (30),

where the displacement regarded as a function solelt/ of r is numerically a maximum.

There are also spherical no-stress surfaces, obtained by equating A-/3r to the successive

roots of

J'ui{a-)--^Ji^{x) = Q (31),

at ever)' point of which the transverse stress is zero.

In a given sphere the radii of the several loop and no-stress surfaces depend, like

tliose of the node surfaces, entii-ely on the number i, and in no respect on the form

of the spherical harmonic X,-.

The above equation (31) is of course identical with (15), but for certain purposes

its present forai is more useful.

§ 53. Since the equations (29), (30) and (31) do not contain p or n it follows that

the nature of the material, supposed of course isotropic, has no effect on the ratios of

the frequencies of the .several notes answering to a given value of i, or on the mutual

ratios of the radii of the node, loop, or no-stress surfaces of given number, or on the

ratios of these radii to the radius of the sphere.
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As regards the form of the Bessel's function J,+j (x) we know that

'^i(-)=\/;^C-^'—) (^2)*'

j&^-\/~A[l-M''-l'''''^] (^^)*^

and between any three consecutive functions there subsists the well-known relation

{2i+l)Ji^i{x) = x{Ji_,{x) + Ji^i_{x)} (34).

If the value of x be large a close approximation to the value of these functions

is supplied by

-/i+.(a;)=^— sin(^y-a:) (35)t.

From (3-5) we see that the higher roots of (29) are given approximately, j denoting

a positive integer, by

a; = (2j + l)7r/2 (36),

or «=.;'^ (37),

according as i is odd or even.

Again, the roots of both (30) and (31) obviously aj)proach more and more nearlv

the higher they are to the corresponding roots of

^'i+*(«) = (38),

and from (35) it is easily seen that the higher roots of (38) lie approximately midwa}-

between consecutive roots of (29). Thus the higher roots of both (30) and (31) are

more nearly given the higher they are by

X =J7r,

or a; =(2j +1)77/2,

according as i is odd or even.

Again, from (3-5) it follows that those maxima values of x {Ji^;,(x)Y which answer to

large values of x are all approximately equal 2/7r, and that the corresponding values of

X are approximately given by (37) or by (36) according as i is odd or even. In like

manner we conclude that the maxima values of {J,+j(a;)]'- which answer to large values

of X vary approximately inversely as the corresponding values of x, and these values of x

are likewise given approximately by (37) or by (36) according as i is odd or even.

* Lommel, Studien iiber die BesseVschen Functionen, p. 118.

t See Todhunter's Functioiis of Laplace, Lame, and Bessel, Arts. 406—7, especially equation (9), p. 313.

Vol. XV. Part II. 26
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§ 54. From the data obtained for the approximate positions of the roots of the

equatious (29), (30) and (31") we may draw the following conclnsions:

—

The pitch of the higher notes in a gi\en sphere answering to any given valne of

i increases approximately in an arithmetical progression with the number of the note. In

any one of these higher notes the corresponding no-stress and loop surfaces of higher

number lie very close to one another, and are very nearly midway between successive

node surfaces. The radii of successive higher surfaces of the same kind, whether node,

loop or no-stress surfaces, increase very approximately in arithmetical progression.

§ 55. Before discussing the general application of (22) it will be convenient to

consider the special cases when the change of material occurs at or close to the centre,

and when it occui's at the surface.

Supposing first the change of material to take place throughout a central layer, we

require to find the dimensions of the lowest powers of b occurring in (22).

Emploj-iug the ordinary formula for the Bessel in ascending powers of the variable,

we see that when b is very small the most important terms in the coefficients of pi — p

and iii — n respectively in (22) are of ordei-s (6 — c) 6-"+-a~'-'+'" and (6 — c) 6"'
a~ '-"'+". Also

(t— 1) nccui-s as a factor of )h — n. Thus even when i=l, {dk'k) -i- (dV/V) is of the order

{bjay of small quantities. Thus to the present degree of approximation no alteration of

material whatever, occurring throughout a central layer whether of given thickness or

given volume, has any effect on the pitch of any note of any transverse tj'pe.

Working out independently the case when the material (p,, «,) forms a true core, I

come to exactly the same conclusion.

Next, making b = a in (22) we obtain the change of pitch due to an alteration of

material throughout a surface layer. Putting b — c = t, and remembering that ir„ = for

a simple sphere, we find

,. k^^a^P^-P-(i-l)(i + 2)"^-"

^• a k'^'a'-(i-l){i+-2) ^^ ^^

When i = 1 the change in frequency depends solely on the alteration of density. For other

values of i it may be regarded as composed of two terms, the first giving the effect of

a surface alteration of density, the second of a surface alteration of rigidity. The denomi-

nator in (39) is essentially positive ; thus the pitch is lowered when the density at the

.surface is increased, and raised, except in the rotatory vibrations, when the rigidity is

increased.

Since the values of kfia supplied by the frequency eipiation are the same for all

isotropic materials, it follows that the percentage change of pitch due to a given surface

alteration of density is quite independent of the rigidity; and similarly the percentage

change of pitch due to a given surface alteration of rigidity is independent of the density.



Mr C. CHREE, on SOME COMPOUND VIBRATING SYSTEMS. 197

Putting

we find from (39) when q=})
n^/n — 1= p.

dk t

.(40),

.(41),

.(42).

In the fundamental note answering to any given value of i greater than 1, the

effect on the pitch of equal percentage alterations in the density and in the rigidity are

fairly comparable. The higher however the number of the note the smaller is the relative

importance of the alteration of rigidity, and the more nearly is the change of pitch given by

.(43).
dk _ t pi — p
k a p '"

In the case { = 1 this result is exact for all the notes.

§ 56. We shall next suppose the position of the layer to be any whatever, but the

alterations in density and rigidity to occur separately. As in either case the change of

pitch vanishes for an altered core, we may without restriction replace

ib-c)b'ia' by ^V/V

Pi- p{b-c) b-
and by ^M/iM.

When the density alone is altered in the layer we have, according as the volume or

the thickness of the layer is given,

—

where

_dk^dMQ^
k ~ M 3

dk t pi— p

k a p

k'^'a-

^-i/ir^=^1 P^ir-(f) JiHi/^m' (44«).

Q{{km^(^)'JiH(f^'mr- (446);

Q'-t:^ ma)-'-
-h /TT h

A:^^=a._(^_l)(i^)l^"^^^v ^^j ^+i(^^«)j = (45),

Q=Q'/{kM-' (46).

When the layer differs from the remainder only in rigidity we have, according as it

is of given volume or given thickness,

dk _dVni — nQ'

T ~T ~n "3 {i - i)(i- + 2) {{k^byi % j,.^j {km}

'I
{{my'- [ijj'uiikm - f (Wb)-^ (J)"

Ji^iikmr- .(47 «),

dk ^ t n, n
^

I

^ . _ j^ ^ . ^ 2)
[(^^^^)-i gy^ j^^^ ^j^.^f^y.

a n

+
,7,

{(^^^)" i^^)'j'iH{m)-um)-'- [iJji^iikmr- (47 6).

26—2
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It will be noticed that the several expressions depend on i but are wholly inde-

pendent of the fonn of A',-. Thus the change of pitch accompanying any such alteration

of material as is here considered is the same for all possible forms of vibration which

have the same frequency.

In (44 u), (446), (47a) and (476) the expression for the change of pitch con.sists, like the

expressions in the ciise of the radial vibrations, of three factors. The first measures the

magnitude of the alteration of material, the second is Q or Q'/S according as the layer is

of given thickness or given volume, and the third gives the law of variation of the change

of pitch with the position of the layer.

The variation of the third factors with x, = k^h, may be shown by curves which apply

to all the notes answering to a given value of i. These curves are as follows

:

For a layer of altered density of given volume

y=[^-if^YV,:+l(.r)p =/,(*) (48).

For a layer of altered density of given thickness

y = a-Mx)=Mx) (49).

For a layer of altered rigidity of given volume

y = (i- 1) {i + 2) x-^f, {x) +
^^

[x-h (~) V',-+i (^) - iarl {^^ /,+j (*•))= ^fM (50).

For a layer of altered rigidity of given thickness

y = ^Mx)=fi{x) (51).

When the value of i is given, and in the case of (50) and (51) the magnitude of

the alteration of material, the lengths of the maxima ordinates of these four curves are

numerical quantities which are independent of the number of the note. Thus the maxima

percentage changes of pitch of any given number—i.e. the changes answering to a certain

definite maximum ordinate—in the different notes which answer to a given value of i,

vary as Q' or as Q according as the volume or thickness of the layer is given.

Now the values of k^a for the notes of higher number are very near the roots of

(38), and so are very close to those values of x which make {/,j.j («))'- a maximum. Thus

by the same reasoning as in § 53 we conclude that in the notes of higher number

Ji+lik^a) varies more and more nearly a,s {k^a)~^ the higher the number of the note. For

the definition of a Bessel to which (32) and the approximate form (35) relate we get

for the higher notes J^j+j {k^a) = 'Jlj-rrk^a approximately.

Again the factor k^^ar -i- [k'^-d- — (i — \) (i + 2)\ approaches more and more nearly to 1,

the larger k^u, i.e. the higher the number of the note.

We thus conclude that in the higher notes answering to a given value of i, Q' varies

more and more nearly as (k^aj- the higher the number of the note, whereas Q continually

approaches a finite constant value. With our definition of a Bessel we have for these

approximate values ^ = k'^a?, Q = 1.
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We have also seen that according as i is odd or even the higher values of k/3a

approach to jV or to (2y+ l)7r/2, where j is a positive integer.

Thus for a given alteration of material throughout a layer of given volume the maxima

percentage changes of pitch of any given number in the case of the higher notes answering

to a given value of i, vary approximately as j-tt- or (2/ + 1)- 7r'-/4 according as i is odd

or even. In other words the maxima percentage changes of pitch of any given number

in the case of the higher notes are such that their square roots increase approximately

in an arithmetical jjrogression with the number of the note.

On the other hand for a given alteration of material throughout a layer of given thick-

ness the maxima percentage changes of pitch of any given number in the case of the

higher notes answering to a given value of i are all nearly equal.

§ 57. When the layer differs from the remainder only in density we see from (44 a)

or (44 6) that the law of variation of the change of pitch with the position of the layer

is always independent of the magnitude of the alteration of material.

The change of pitch vanishes when the layer coincides with the node surfaces, and

for all other positions the pitch is raised or lowered according as the density is diminished

or increased.

When the layer of altered density is of given volume the curve showing the variation

of dk/k with kah is (48). The abscissae supplying the maxima ordiuates are easily seen

to be the roots of (30). Thus the positions of the layer supplying the maxima changes

of i^itch coincide with the loop surfaces.

Since the larger values of x answering to the maxima ordinates approach more and

more nearly the larger they are to the roots of (38), our previous reasoning shows that

the lengths of the successive maxima ordinates of higher number vary more and more

approximately the higher the number as the inverse squares of the corresponding abscissae.

Thus the maxima changes of pitch of higher number in any given note diminish very

rapidly as the radius of the corresponding position of the layer increases.

From a consideration of (44 b) and (49) we similarly conclude that when the layer

of altered density is of given thickness the positions in which it is most effective lie

outside of but close to the successive higher loop surfaces. Also the successive maxima

changes of pitch of higher number in the case of any given note are all approximately equal.

From the 23i'eceding results we may take as approximations to the maxima of higher

number in the higher notes answering to any value of i—

for a layer of given volume —
, ~^ Tf il ) '

^^'^''^^'^ ^ i-^ ^^'^ I'adius of the corresponding

position of the layer,

for a layer of given thickness — dkjk = - ——-
.

•' ° 'up
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§ 58. When the layer dift'ers from the remainder only in elasticity the cliange of

pitch depends solely on the alteration of rigidity.

In this case we see from (47 «) or (47 6) that, unless i = I, the expression for the

change of pitch is the sum of two squares which cannot simultaneously vanish except

when x = 0. Thus unless in the rotatory vibrations an alteration of rigidity occurring any-

where but at the centre necessaiily affects the pitch, and the pitch is always raised or

lowered according as the rigidity is increased or diminished.

When the layer of altered rigidity is of given thickness the curve giving the variation of

dklk with kab is (51). The form of the curve, unless i=l, is dependent on the nature of the

material and varies with the magnitude of the alteration of rigidity. Thus in an exhaustive

investigation it would be advisable to construct two simple curves answering to the two

terms in (47 b). The first curve would be the same as (48), the second would be

y = [a-i

i^^J J-'.-^i (X) - ^x-i
(I)

'

J,-,i {x)Y- (52).

Adding the oi-dinate of (48) multiplied by (i — 1 ) (t + 2) to the ordinate of (52)

multiplied by n/ih we should get a compound curve as on previous occasions.

For small values of a; and so for all positions of the layer in note (1), or for

positions near the centre in the case of the higher notes answering to a given value

of i, the contributions of (48) and (52) to the compound curve will be of like order

of magnitude.

Outside however of the third or fourth node surface in the case of the higher notes

answering to a given value of i, the contribution of (48) to the compound curve is

always small.

On the other hand when a; is large (52) becomes almost identical with the curve

2/={^*(j)V',+j(^)p (53),

and the successive maxima ordinates of higher number of this curve continually approach

a finite constant value, viz. 1. The corresponding values of x are close to the higher

roots of (29), which answer to the node surfaces. For the maxima changes of pitch of

higher number in the higher notes we may practically leave (48) out of account and

take as an approximate formula, for all values of i, -^^ = - - -.

When the layer of altered rigidity is of given volume we come to precisely the same

conclusion as to the relative importance of the first and second terms of (47 a) ; and it

is easily seen that when the layer is outside of the third or fourth node surface in

one of the higher notes answering to a given value of i, there arc a series of maxima

changes of pitch answering to positions of the layer near the higher node surfaces which

depend almost entirely on the second term.

These maxima are however usually insignificant compared to the maxima which depend

essentially on the first as well as on the second term of (47 a). Thus in the case of
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a layer of given volume the comparative insignificance of the first term for large values

of X is not of much practical importance.

Unless the altered layer coincide with a no-stress surface—when the second terms in

(47 a) and (47 Z») vanish—a given increase of rigidity has less effect on the pitch than

an equal diminution, and this difference becomes more and more important in all but the

rotatory vibrations as the radius of the layer increases.

§ 59. For the rotatory vibrations we get from (20) and (32)

/tt^'/S 1 /sin kBr , ^ \

y—- W,. = - <k^r sin k^r - .3 (
—

, ^T ^°''* kprjY

.

Also the frequency equation, obtained by equating Wa to zero, is

A'/3asinA;/3a-3(^^|^-cos^-^«j = (54).

It will be seen that but for the multiplier 'JTrk^/2, lu,- and W,. are exactly the same

functions of k^r and n as u,. and ^Ur of Sect. II. for the radial vibrations are of ^a?-

and >i, if we put m = n/3. Also (54) when a is written for /3 is identical with the

frequency equation for the radial vibrations when m is put = njS:

Since the condition for the node surfaces is that Wi, vanishes, and the condition for

the loop surfaces that Wi,- is a maximum, it follows that the corresponding values of k^b

are identical with the values of kab answering to the node and loop surfaces respectively

in the case of the radial vibrations.

The relation n/m = 3 is however physically impossible, so that the values of kl3a for

the several rotatory notes cannot be identical with the values of kaa for the radial notes

in any isotropic material, and the values of k/3b for the several no-stress surfaces in

the rotatory vibrations are also different from tlie values of kcd> for the no-stress surfaces in

the radial vibrations.

It follows that the positions of the several nude, loop and no-stress surfaces in the

case of a rotatory note in a given sphere cannot be identical with the positions of these

surfaces in the case of any radial note.

The first four roots of (54) according to Professor Lamb* are given by

/;/3a/7r = 1-8.346, 2-8950, 3-9225, 4-9385.

Comparing these with the results of Table I. Sect. II. it will be .seen that the value of

k^a for the rotatory note of number (i — 1) is very near the value of kaa for the radial

note of number (i), though always slightly less than the least value of kaa, which answers

to o- = 0. Thus in any isotropic sphere, when i is large, the frequencies of the i"' radial

* Proceedings nf the London Mathematical Society, Vol. xiii. p. 197.
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note and of the (i - l)"" rotatory note are very approximately in the ratio '•/m + n : Vw.

In i-ealitv in the cj\se of the rotatory vibrations there is a sort of suppressed note of zero

frequency as the following investigation shows.

The frequency equations for the radial vibrations, for all values of tr, and for the

rotatory vibrations may be inchuled under

/{ie) = x~^ sin a- — q-j—- (a.-' sin .v — cos a:) = (55)

;

where q- = 4h/(?» + n) for the radial, and = 3 for the rotatory vibrations. So long as q-

is less than 3, (55) has a rot)t between and tt. This root however diniiiiishes rapidly

as 5" approaches 3 and for this critical value becomes absolutely zero.

In what follows I shall speak of the note answering to AvSa/V = 1'834G as note (I).

The positions of all the node, loop and no-stress surfaces for the tiret four notes are

given in the follov\ing table. They are calculated from the values given above for A-/3(f

and from the data already employed in Sect. II.

Table I.

Values of ?-/a over node, loop and no-stress surfaces.

Note (I) Note (2) Note (3) Note (4)

Node No-stress Loop Node No-stress Loop Node No-stress Loop Node No-stress Loop
surfaces surfaces surface surfaces surfaces surfaces surfaces surfaces surfaces surfaces surfaces surfaces

-3612 -2289 1689 -1342

•7796 1-0 -4941 -6337 -6532 -3646 -4077 -4821 -2896 -3715 -3829

•8494 I-O -6269 -7380 -7470 ^4979 -5862 •5934

•8849 1-0 -7028 -7943 ^7995

•9066 l-O

The centre is at once a node and a no-stress surface, and the number whether of

node or of no-stress surfaces is one greater than the number of loop surfaces, which

equals the number of the note. The loop surfaces lie outside of the corresponding no-

stress surfaces, and not inside them as in the case of the radial vibrations.

A comparison of the above table with Table II. Sect. II. leads to many interesting

results as to the relative positions of the node, loop and no-stress surfaces in the radial

and rotatory vibrations.

§ 60. We have already seen that an alteration of material at the centre has no effect

on the pitch of a- rotatory vibration, and that when a surface layer is altered the change

of pitch depends only on the alteration of density and is given by (43).

Supposing the layer to differ from the remainder only in density, the general firmiila

for the change of pitch is identical with (48), Sect. II., writing /3 for a, viz.
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When the layer differs from the remainder only in rigidity we have

dV n, - n Q' (sin k^b 3 /aink^h ,„\V ,.„ ,

= r "^ 3l A-/36 -~i.^[ m- -^°«^-^^)} o^'^)-

In these formulae t, M, V, etc. have the same significations as previously. The formulae

may be applied without any restriction since dk vanishes when the alteration of material

occurs at the centre.

Convenient expressions for Q and Q' ma}- be obtained from (38) and (40), Sect. II.,

b}- writing /3 for a and supposing ?« = n/S.

This substitution gives

Q =l + 3{k^,i)-- + Q{kl3ar' (58),

Q: = {kj3aY + 3 + 9 {k^a}-- (59).

From these formulae and the values gi\en above for k0a the values of Q and Q' for

the first four notes may be easily calculated. The results are given in the following

table :

—

Table II.

Values of Q and (/.

Note (1) Note (2) Note (3) Note (4)

Q = 1-098 1-038 1-020 1-013

Q' = 36-49 85-83 154-91 243-74

A comparison of this table with Table III. Sect. II. will be found instructive.

§ GI. When the layer differs from the remainder uul}' iu density the curves showing

the variation of dk/k with k^b are exactly the same as those which under corresponding

conditions show the variation of dk/k with kab in the case of the radial vibrations. They

are thus curve A or curve B of fig. 1 according as the layer is of given volume or

given thickness.

When the layer is of given volume the positions in which it has most effect on the

pitch of a given note coincide with the loop surfiices. The ratios of the first to the

subsequent maxima changes of pitch in the case of a given note are the same as in

the case of the radial vibrations, viz.

1 : -148.5 : -0620 : -0342

The values of the first maxima are given for the first four notes in the following

table :

—

Vol. XV. Part II. 27
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Taule III.

k M

Xotc(l) Note (2) Note (3) Note (4)

2-3I4. 5-443 9-824 15-457

The mmiber of maxima is equal to the number of the note, and so all the maxima

in the fii-st four notes may be calculated from the ratios given above.

For notes above the fourth we obtain a close a^jproximation to the first maximum
by means of the following formula, in which i is the number of the note,

• ^-^=(i + iyx -02.59 (60).

This fonnula is adapted from (68), Sect. II.

When the layer of altered density is of given thickness the positions in which it

has most effect on the pitch of the note of frequency ^y27^ are obtained by equating

l-$b to the values supplied for kaa for the value -.3 of cr in Table I. Sect. II.

These positions are given for the first four notes in the following table :

—

Table IV.

Values of h'ti when -, -;- ( - ——^| is a maximum.
A; \a p I

Note (1) Note (2) Note (3) Note (4)

•4760 -3017 -2226 -1768

6725 -4964 -3942
.

•7560 -6005

•8048

The ratios of the first to the subsequent maxima changes of pitch are the same as

in the corresponding case in the radial vibrations, viz.

1 : -908 : '895 : -890

The first maxima for the first four notes are as follows :

—

Tahle V.

First maximum of —; -[- ——

^

k \a p

Note (1) Note (2) Note (3) Note (4)

1-242 1-173 1-1.53 1144
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&

From these results and the ratios ah'eady given all the maxima may be found for

these notes.

As the number of the note increases the formula

— dk
^
ft pi — p\

k -Ka^J-'-'''"^ («!)'

applies with continually increasing exactness to the first maximum.

For any maximum of high number in the case of one of the higher notes a close

approximation is supplied by

-dk
, ft pi-p\

a p
= 1-00 (62).

§ 62. When the layer differs from the remaiiider only in elasticity, the change of

pitch depends only on the alteration of rigidity. In this case we see from (57 a) or (57 b)

that the change of pitch of a note vanishes when the layer coincides with a no-stress

surface, and that for all other positions of the layer the pitch is raised or lowered ac-

cording as the rigidity is increased or diminished. For a given numerical alteration of

rigidity the effect on the pitch is greater when the rigidity is diminished than when it

is increased.

When the layer of altered rigidity is of given volume the curve showing the variation

of dkjk with ^-/36, = x, is

y = {«-! sin X — Sx~- («"' sin x - cos x)]" =fri (*') (63).

The first segment of this curve apjiears as curve A in fig. -5, and the corresponding

function of x is tabulated in Table VII. Sect. II.

The second and subsequent segments of this curve would lie extremely close to the

third and subsequent segments of the curve A of fig. 2. The first segment answers

apparently t(j the first two segments of the curves of fig. 2.

The abscissae supplying the maxima ordinates of curve A, fig. 5, are the roots of

the equation

1-9.1.-= -a-' (4 - 9a:--) tan a- = (64),

and the lengths of the maxima ordinates are found by substituting the roots of this

equation for x in the expression

?/ = a;-={l-2a--2 + 9a;-* + 81a--«j-^ (65).

For the first root and the corresponding maximum ordinate I find approximately

a'=106387r, ^ = -09412.

From these results with the assistance of Table II. and the values of ^•/3a I have cal-

culated the corresponding positions of the layer and the values of the corresponding

maximum change of pitch in the first four notes. They are as follows :

—

27—2
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T.uu.K VI.

first luaxiiimm ot >: -^
I y ) i'"' comspondiiig position ot layer.

Note(l) Note (2) Note (:)) Note (4)

ck dV in-,

1^ V \>h
I'b—'1\ = 1-14.-, 2-()n:} 4\SG0 7()47

for 6/(4= -.5799 3675 -2712 ^l.^-i

In passing it may be noticed that the positions of the hiyer in this table coincide

with the first nuiMmum-stress surface, i.e. the surface of least radius where the transverse

stress Wr is a maximum.

From the consideration that when (' is greater than 3 or -i the value of Q' for

note (i) is approximately (i+I)-7r-, we obtain as a jDretty close approximation to the first

maximum in the case of one of the higher notes of number (/)

-j'^^fr - =(i + l)- X -310 (66).
K V Hi

The tii'st maxima given in the table are considerably the largest for the respective

notes.

§ 63. When the layer of altered rigidity is of given thickness the equation to the

curve showing the vaiiatiou of 9i/t with k^h, = x, is

ij = a?f\Ax)=J\A-') (67).

The first segment of this curve appears as curve B in fig. .") and the corresponding

function of x is tabulated in Table VII. Sect. II.

The second and subsequent segments would lie very close to the third and subsetjuent

segments of curves B in fig. 4, and like them continually approach, as x increases, to

coincidence with curve B, fig. 2.

The abscissae supplying the maxima ordinates of curve B, fig. .5, are the roots of

the equation

l-6a;--- 3a;-' (1 - 2*--=) tana; = U (68),

and the lengths of the maxima ordinates are found by substituting the roots of this

equation for x in the expression

y = (l - 3*-^ + 36.?;-»)-i
(69).

For the fii-st root and the corresponding maximum ordinate I find approximately

a.' =1-231977, y = 1-2339.

From the.se results with the assistance of Table II. and the values of hBa I have

calculated the coirespouding positions of the layer and the values of the corresjjonding

maximum change of pitch in the first four notes, and give them in the following table :

—
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Table VII.

First maxiiimiii of -r h- (

^
1 and con-esponding position of layei'.

Xote(l) Note (2) Note (.3) Note (-i)

^' ^ (i "\^') = 1-3.5.5 1-280 1-2.59 1-249

for 6/a= -671.5 -425.5 -3141 -2494

As the value of Q continually approaches unity as the number of the note increases,

the first maximum in one of the higher notes is given more and more correctly the

higher the number of the note by

dk
_
ft

«.-«\^i.2:>4 ^70).

It is obvious from (69) that the first maximum ordinate is decidedly the largest, the

length of the others approaching more and more nearly to 1 the larger the corresponding

value of X. In the case of the higher notes all but the fu-st two or three maxima changes

of pitch are given very approximately by

dk ft « 1 — n\
J

I
, = 1-00 (71),

and the corresponding positions of the layer are in the imme(Jiate neighbourhood of the

node surfaces.

SECTION IV.

Radial Vibrations ix Solid Cylinder.

§ 64. If Ji(kx), Y,(kx) represent the two solutions of the Bessel's equation

then the type of vibration in a cylindrical shell of material (p, in, n) performing radial

\dbrations of frequency kf2Tr is

u = cos kt [A J, (koLr) + BY, {kar)} (2)*.

Here, as usual, A and B represent arbitrary constants, and

a- = p/{m + n) (.3).

The displacements in a compound solid cylinder (0 .a.c . ci,.b . a .n), where b — c is

small, are as follows

:

* Tr(insactio>is, VoL xiv. p. 356.
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In the core ulcoskt = AJ^^kir) (4).

In the thin layer (;/cosA-< = .i4,/i(Aai?-)+ £; 1', (A'ai?-) (5).

Outside the layer u/coskt = {A +dA)Jr(k-ar) + dBY,{l'-^r) (6).

We shall suppose terms in (b — c)-, and so in (dA/A)- and {dB/A)-, negligible.

Let us for shortness put

I

( '/'

F (?• . a) = (»i + «) karJi {/car) + (//(- n) J, (kar)^

\ (8).
F^ {]• . a) = {m + n)kar Y,'{kar) + (m - n) 1' {kar) J

We then find for the relations connecting the arbitrarj- constants and supplj-ing the

firequency equation

:

.4^1 {kac) = A,J, (A-2,c) + B^Y^ (ka,c) (9),

AF(c.a)==A,F(c.a,)+B,F,{c.a,) (10),

{A+tA)J,{koib) +cBY,{kcib)= AjAk^jf^) + B^Y,(kaM (11),

iA+dA)F{b.a) + dBF,(b.u)=A,F(b.a,) + B,FAb.a,) (12),

(A+dA)F{a.a)+dBFAa.a) = (13).

The process of obtaining the fi-equency equation having been already illustrated in

the case of the sphere, no difficulty should be encountered in carrying it out when an

eye is kept on the expression

A (6 . a, . b') = J, (kajj) F/ (kaib) - Y, {ka^b) J( {.ka.b) (14),

which cuts out in the final equations determining dAjA and dBjA. The results I find

are as follows

:

, (m + n) kab^ (b.a.b')-.—;

—

A b

= \(Tn+n) k-a'b' - (?«i + h,) Fai*' + ^ \ J, (kab) 1 1 (kab)

\

' '
?M + n ?H, + »i)

^{— ^—^F{b.OL)F,{b.a)^li^, \- ){J,{kab)F,{b.a)+YAk(xb)F{b.<x)\... (15),

?f (m + n) kabA (b.a.b')^^A ' b

= \{m + n) k'-a'b-- - (m, + «,) /l-=a,'^fr-' -— ' + i^"' \ [J, (k^b)}"-

+ f-4 ^) {^(6 •«)!= + 4 (-^ ^)/,(A-«6)F(6.«) (16).
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It is important to notice that

kabA(b.a.h') = -C.. (17),

where (7 is a constant independent of k, a <:)r b, determined entirely by the definition

given of the Bessel's function.

If the layer did not exist the frequency equation would be obtained by putting

for dA/A and dB/A in (13), whence

/(O.a.(0 = ^(«.a) = (18).

In consequence of the existence of the thin layer, f{0 .a. a) is no longer zero but

is of order b — c. Thus neglecting dA in (13), we find for the frequency equation in

the compound cylinder

F{u.a) + ^F,ia.a) = (19).

As terms in {b — cf are negligible, we may transform the coefficient of dB/A in (19)

by any substitution which supposes (18) exactly true. We thus are enabled to replace

(19) by

J-(».a)+^^- ^"^ +
^^^^"f

^"•"•^'^ =0 (20).A Ji(A;a«)
'

If the presence of the thin layer has raised the frequency by dhjl-n- then h — dk

must satisfy (18), whence, neglecting terms in dk-, we find

F{a.a)-dk^F{a.a) = Q (21).

Now kaa -,—j- F {a .a)= — (m + n) (k-d'a- — 1) ./j (kaa) + (m — n) kaaJi (kaa).
kaaa

As this occurs in the coefficient of dk we may substitute for Ji {kaa) as if (18)

were exactly true. Doing so, we get

d
kaa , , .

kaaa
F(a.a) = - (m + n) \k'OLki;' - ,

*'"'''
.

,
1 J. (kaa) (22).

Substituting this in (21), and then noticing that (19) and (21) must be identical, we

(23).

find

dk _ dB kaaA (a .a. a')

k A [k^ci-a- — imn (m + n)~-\ [J^ (kaa)Y

Let ^ K ia.a) denote the frequency of free radial vibrations in an infinitely thin

shell of material (p, m, n) and radius a, then

^'"•'" "'-(i»^r+7o^~(m+70p : ^ '

* Transactions, I. c. p. 356, equations (43) and (43 a). Cf. also (22) above.
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Also let

u, = JAI'-^y) (2S).

U,. = -F{r.a)=
_

[{lit. + )i) L-ar Ji (kar) + {>n - ii) Ji{kar)\ cHi),

so that II,. cos ki i-cpresents a displacement in u simple cylinder performing nulial vibra-

tions of freipiency k-j 2-7r and U,. cos ki the corresponding radial stress, both quantities

referring to points at distance r from the axis.

Employing these substitutions in ihv vahie of dB/A given by (Ki), ami tlien sub-

stituting in (23) and employing (17), we find

dk _b-c fp (k^ - A"-,,.;,,) - pi (k- - -g-to, ;,,) fbV /MjV-

k-~ b I p(A--7r-',..,„) U' W
\m-f-» m^ + nj a-p{k:- — K-(^_„))\n„J \m+n in^+nj dy{k--K\a.a)) "n" J

In (27), as in (2S), Sect. II., we notice the existence of three distinct tenus, the

first depending on the square of the displacement of the altered layer, the second on

the square of the radial stress, and the third on the product of the displacement and

radial stress. The first term alone exists if the layer differ from the remainder of the

cylinder only in density, or if it coincide with any no-stress surface. If the layer occur

at a node surface then the second term alone exists. The signs of these two terms are

independent of the radius of the layer.

The thii-d term vanishes if viijiii = m/n ; otherwise its sign as well as its magnitude

varies with the position of the layer.

§ 65. In the core there is no cliange of type due to the existence of the layer

other than a displacement of any node, loop, or no-stress surface originally of radius r

according to the law

-dr/r^dkjk (2S).

Outside the layer we find by substituting in (6) the values of dAjA and dB/A

from (1.5) and (16), and reducing

ujA cos kt = /, (kar)

(m+r^C [^P ^" - ''"-'-^'^ - P' ^''
- ^^'--

'"^!
'""^'^'

•
«

•

^> + {^. -«^) ^^•^^'' " •

'^

.(29);+ 2 [-^ ^) [h-'uof{l^ .oi.r)+ l\f{b . a . r)\

where, with our usual notation,

/(b.a.r) = J, (kar) F, (k^h) - F, (kur) J, {kah);^

f(b.a.r) = JAkoir)F,{h.a)- \\ (kar) F (b . (x)\

""

The loci where f(b,a.r) vanishes and changes sign are what would be the node

surfaces of a simple shell of material (p, m, n) whose inner surface r = b is fixed and

whose frequency of vibration is k^-rr. Similarly the loci where /('' . a . r) vanishes answer

.(30).
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to the node surfaces in the vibration of frequency kj^ir in a simple shell of material

{p, m, n) whose inner surface ? = 6 is free.

We notice the existence of three terms in the coefficient of & — c in (29) answering

to the three terms iu (27). The first two terms in (27) and (29) vanish together. The

third term however in (27) vanishes when the layer coincides either with a node or a

no-stress surface, whereas unless »i]/«j = mjn the third term in (29) can vanish only for

special values of r wherever the layer may be situated.

Noticing that f(b.a..h) = Q, and f(b. a .b) = - {m + n)C (31),

we find from (29) for the displacement just outside the layer

u = A cos kt
[\vi + n lUi + nJ \m + » m^ + n^l

..(32).

From (32) we may deduce the following expression for the displacement throughout

the layer itself:

li'jA cos kt = Ji (kab) — ka (b — r) J"/ (kah)

-ir-c)\(-\ ':r-V^^^{-^ "t-V'A (33).[\m+n mi + nj \m + n vii + iij
}

^ '

Thus, precisely as in the radial vibrations of a sphere, no change of tj-pe manifests

itself as we cross the layer if it differ from the remainder only in density, or if while

differing in elasticity it coincide with a no-stress surface and the relation ?h/»»i = 'i/"i

hold.

§ 66. For a discussion of (27) we require to know the characteristics of radial

vibrations in a simple cylinder.

The type of the displacement is shown in (2.5). Thus there are a series of node

surfaces whose radii, r, for the note of frequency A-/27r are found by equating km- to the

successive roots of

/i(.^) = (34),

viz. 0, 3-832, 7016, 10173, 13323
,

the higher roots being of course only approximate.

The radii of the loop surfaces, where the displacement is a maximum, are found by

equating kur to the roots of

^i'(«) = (35),

whose approximate values are 1841, 5'331, 8-536, 11-706

The radii of the no-stress surfaces are obtained by equating kar to the roots of

(m-F?!)«/i'(«)-f (w- 71)^1 (.<;) = (36);

while by equating kaa to these roots we obtain the frequencies of the several notes the

cylinder can produce.

Vol. XV. Part II. 28
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The form of (36) depends on o-. Tluis when a- = it is identical with (3")). When

<T = •25 it becomes

3x/i'(a;) + /,(a;) = (37);

whose roots, excluding zero, ai-e approximately 2'069, o'396, 8'576, 11'735

Finally when a =b it becomes

Jo{x) = (38);

whose roots are approximately 2404., o-520, 8'654, 11792

For the roots of (34) and (3S) I am indebted to Lord Rayleigh's Theory of Sound,

Vol. I. Table B, p. 274. The roots of (35) and (37) I have calculated from the tables

in Lommel's Studien iiber die BesseVschen Functionen.

Since the roots of (34) and (35) are independent of a- the ratio of the radii of any

two node or loop surfaces of given numbers in a given cylinder performing a given note

is the same whatever be the number of the note or the value of a:

The values of kaa, however, being the roots of (36), vary with the value of a-; thus

the ratios of the radii of the node or loop surfaces to the radius of the cylinder vary

with the material. Still in the case of the second and higher notes the value of a has

only a small effect on the absolute positions of the several node and loop surfaces in a

cjlinder of given radius.

The roots of (36) exceed the corresponding roots of (35) for all values of cr greater

than 0. Thus the loop surfaces, while coinciding with the no-stress surfaces when cr = 0,

lie inside them for all other kinds of isotropic material.

In the case of all three equations (34), (35) and (36) the successive higher roots

come to differ almost exactly by tt, and the corresponding higher roots of (35) and (36)

are for all values of cr nearly equal and are approximately half-way between successive

roots of (34).

Thus between successive higher notes there is a nearly constant difference of pitch,

and between consecutive surfaces of higher number of the same kind—whether node, loop

or no-stress surfaces—a nearly constant difference of radius. Also the node surfaces of

higher number lie nearly half-way between consecutive loop surflices.

The positions of the node, loop and no-stress surfaces for the values 0, '25 and '5 of

a in the four lowest notes are given in the following table to three places of decimals:

—
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Table I.

Values of rja over node, loop, and no-stress surfaces.

= = -2.5

Number
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the value of Q' with the value of a is practically insensible. The numbei-s entered in

the table in the two last cokunns are scarcely to be relied oa in the last decimal place.

The third decimal place is retained in these columns mainly with the view of showing

how remaikably small the influence of the value of a- is.

The following considerations enable pretty close approximations to be found for tlie

values of Q and Qf in the higher notes.

From the general formula for the approximate values of Bessel's functions for large

values of the argument, we may when x is large put

«^iW = //|geos(^;^-.r)

approximately, emploj-ing the usual definition of the Bessel.

From the above expression we conclude that for large values of x the maxima values

of X {Ji {x)Y are all nearly equal, while the maxima of jJi (x)]- vary approximately as the

reciprocals of the corresponding values of x. Also the larger values of x suppljing the

maxima whether of x {J^ {x)}' or [Ji (ar)p increase very approximately in an arithmetical

progression with a common difference ir.

If now we write the frequency equation (36) in the form

we see that its higher roots, whatever be the value of a-, must be nearly identical with

the higher roots of J^ (x) = 0, i.e. of (35). This is in fact the exact form of the frequency

equation when o- = 0, and the difference between the second root even of (35) and

those of (37) and (3S)—the frequency equations for the values and 5 of a—is, it

will be noticed, far from conspicuous.

Thus whatever be the value of cr the values of kaa for the higher notes are nearly

identical with those values of x which make [J^ (x)]- a maximum.

Now for notes above the fourth the value of kaa is not less than 14'8, and .so

4/mn (m + n)~^ is very small compared to k^ara-.

Thus we see from (39) that for notes above the fourth a close approximation to

the value of Q, whatever be the value of a; is obtained by equating Q to I ^ {x-Ji{x)]-,

where x is one of the higher numbers which make [Ji (x)]- a maximum. It imme-

diately follows from our recent investigation that for notes above the fourth the value

of Q is approximately constant and independent of a-. Xo serious error will arise by

ascribing to it the value 7r/2.

In the same way we find as an approximation for notes above the fom-th

Q' = l/{J,{x)Y.

where x is one of the higher numbers which make •/, (x)]- a maximum. Consequently

(/ varies approximately as these values of x. But we saw that these values of x increase
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approximately in an arithmetical progi-ession with common difference tt, and so the successive

values of Q' increase approximately in arithmetical progression with a common difference -^

.

This conclusion is strongly supported by the numbers given in Table II. We are

thus entitled to assume that the value of Q' for any note of number (t) greater than

4 is very approximately given for all values of a by

Q' = 18-ol + (i-4)x(4-935) (40).

§ 68. As in previous sections I shall, before discussing the general application of

the frequency equation, consider briefly two special cases.

In the first of these the material {p^, m^, n^ occurs at or close to the axis. By

supposing &/a very small, but {b — c)/6 still smaller, we pass to the case of a very thin

layer close to the axis of the cylinder. This we shall call the axial layer.

Writing (h-c) b/a' = ^a F/ F,

we obtain the value of dk/k in this case by retaining only the lowest powers of b/a

occuning in (27). We easily find, distinguishing this case by the suffix I,

^-
^'~

V 2 {m + n){>n^ + n,)
*'"^^''-

If the material (/3i,»ii,«i) form a thin core we must proceed by considering the

form taken by the frequency equation /(O . oii . 6. a . a)= when b/a is very small.

The application of the method of Sect. I. to this case presents no difficulty when

the following data are kept in view.

From the usual formula for the Bessel's functions we obtain at once when x is

very small the approximate values

J,{x) = xl2, J/(,x-)=l/2.

Now for the other solution of the Bessel's equation we have

Yi (x) = — x~^Jo (x) + log (x) JI (x) — Ji{x) + powers of x above the first *.

But when x is very small approximate values are

J, {x) = 1, log {x) J", {x) = 0,

and we have as first approximations

F, {x) = - x-\ F/ {x) = x-\

The numerical value of the constant G of (17) is also required in this case. We
may determine it very simply by noticing that when x is very small

-a = x [J, {x) F/ {x) - j; {x) F (..)! = ^
||

. x-= - i (- ^-o| = 1.

* See Neumann's Theorie der Bessel'schen Fanctionen, p. .52, equations (13), (14), and (15).
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Supposing the core of radius b and volume dV per unit of length, so that

l'-'a' = dV/V,

I find, distingiiishing this case by the suffix c,

1 dVQ' in^-m
y dkc = TT- V ; (•tl,)-

k V 2 vh + n

The formulae (41;) and (-tl^.) are not in general identical. When however the

altei-ation in elasticity is small they both reduce to

dk dV Q' 111, — m
V 2 m + n

.(41').

From (41() and (41,.) it follows that to the present degi-ee of approximation an

alteration only in density docs not affect the pitch of any radial note when it occurs

at or close to the axis.

In the case of the core the change of pitch depends entirely on the alteration of the

elastic constant m, and in the case of the axial layer the sign of the change of pitch

depends entirely on the sign of uh - m and its magnitude for any ordinary alteration of

material would not be gi'eatly modified by the alteration in ;(.

If the elastic constant vi alone is altered, then the formula (41;) for the axial layer

becomes identical with the general formula (41c) for the core.

If both elastic constants are altered in the same proportion according to the law

7rti/ OT = rh/n = 1 +p (42),

the changes of pitch are given by

1„, p dVQ' m f,
n 1 ,,„^

W^c = p'^^r^Ji+P-~ r (*3^)-
k •' F 2 {711 + n) {

^ m + n]
^

For an\- alteration whatsoever of elasticity at or close to the axis the pitch is

raised or lowered according as the elastic constant m is increased or diminished. Thus

m takes the place that the bulk modulus occupies in the corresponding case in the

sphere.

§ 69. Xext suppose the alteration of material to take place throughout a surface

layer of thickness t. Then, remembering that U^ is zero, we easily obtain from (27)

dk t
""

p (m + iif \mr' + »r' I HAS
-r-h- - = — -. (44).
^ « ,„ „ „ 4'«»»

k-ara- — .—,—r;(m + nf

The values of "bklk, when the density at the surface alone is altered, ai'e shown in

the following table for the first four notes answering to the values 0, -25 and •") of a:—
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Table III.

Value of —, r
I

- ——-
1 for a surface layer.

/.•

Number of note (1) (2) (3) (4)



-18 Mr C. UHKEE, ON SOME COMPOUND VIBRATING SYSTEMS.

Deuotiug by t the thickness b — c of the layer, and by M the original mass -Tra-p

of the cylinder per unit length, we find from (27)

j^-^-^^'^Qk-ab {J, (kab)Y = - ^^^1 lJ,(kab)Y (47).

(2) Suppose the layer to differ from the remainder only in the value of m. Employing

the well-known relations between successive Bessel's functions, we obtain from (27)

T = ~
_L

QJ^a-b {Jo{kab)Y= „
, ^ {J, (kab)}' (48):

k a vii + n '
' V m^ + n 2 ^ '

where V=7ru'-, dV = -Itt {b — c) b.

This formida it will be remembered happens to apply for an axial core as well as

an axial layer.

(3) Suppose the layer to differ only in the value of n. We find

dkt ,H-n
.^^ ^ dV n^-j^

I'

This vanishes for an axial layer.

(4) Suppose both elastic constants to be altered in the same proportion according to

(42), then by (27) for any true layer

...(.50).

dk _ t p
k a 1+p

r/,7 l^ m — n J,(kab))'- 'intn ,. . {J-.(kab)
Ji Ikab) -\ ^ , I-

+ 7 r„ (1 + p) i ^r^' ^ ^ m + n kab ) {m + n}-^ ' '
{ kah

An alternative formula applicable under the usual restriction may be obtained by the

substitution

-qkab=-^^.

§ 71. Comparing the expres.sions (47), (48), (49) and (50), we notice that each is

a product of three factors of the usual kind.

Except in the case of (50), where the third factor is a function of cr and of the

magnitude of the alteration of material, we may very easil}' construct curves*, whose ab-

scissae are the values of x, = kah, to represent the variation in the magnitude of dkjk

with the position of the layer.

The equations to these simple cui-ves are

y = x'Mx)f=Mx) (51),

y= [JA'o)Y=fM (52),

y=x{J,{x)Y=f,{x) (53),

y= [Mx)Y=Mx) (54),

y = x[J„(x)Y=M«^) (SS).

y= [Mx)Y=f,{x) (56).

These curves apply whatever be the value of o- in the material. Full information

as to their use is recorded in the following table :

—

* On account of the difference in the values of Q for Plate V. should be increased in the ratio tt : 2 for com-

the sphere and cylinder, the ordinates of the curves of parison with Plate IV.
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Table Y.

Function of x.
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The factoi-s, viz. the reciproctils of k-aa, by which an abscissa x must be iimltiplied

to supply the corresponding value of bja are given in the following table :

—

Number of note
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§ 73. We may now examine the four special cases in detail.

When the layer differs from the remainder only in density the change of pitch is

given by (47). The law of \-ariation of dkjk with the position of the layer is thus inde-

pendent of the magnitude of the alteration of density.

The positions of the layer when the pitch of a given note is unaffected coincide

with the node surfaces for that note. When the layer is in any other position the

pitch is raised or lowered according as the density is diminished or increased.

When the layer of altered density is of given volume the curve showing the de-

pendence of the change of pitch on the value of kab is A fig. 6, whose equation is (52).

The maxima ordinates answer to positions of the layer coincident with the loop surfaces.

The first maximum ordinate is much the largest. For the ratios it bears to the

succeeding maxima ordinates, and so for the ratios of the first to the succeeding maxima

changes of pitch I find

1 : -3539 : -2206 : -1608

Employing these ratios, all the maxima in the case of the first four notes can be

calculated from the numerical magnitudes of the first maxima which are given in the

following table :

—

Table VIII.
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§ 74. Wheu the layer of altered density is of given thickness the mode of varia-

tion of dkjk with kah is shown by curve B fig. 6, whose equation is (-51).

The ab.scissae supplying the maxima ordinates are the roots greater than zero of

2aJ/ (^O + Ji («) = (60).

Their approximate values are 2'166, .5'427, 8'59.5, ir749...

When (7 = '3 the equations (60) and (36) are identical, and so the positions of the

layer supplying the maxima changes of pitch are coincident with the no-stress surfaces.

For other materials these positions lie outside or inside the no-stress surfaces according

as a is less or greater than '3. For all values of ex they lie outside the loop surfaces.

When cr = '3 one of the positions supplying a maximum of dkjk coincides with the

cylindrical surface, and for this and all larger values of a the number of maxima is

equal to the number of the note. For values of o- less than '3 the number of maxima

is less by 1 than the number of the note. Thus in note (1) there is no true maximum,

the value of dkjk increasing continually as the layer moves out from the axis to the

surface.

The following table gives the positions of the layer corresponding to all the maxima

in the case of the first four notes for the values 0, •2.5 and '.5 of a:—

Table IX.

Values of hja supplying maxima of — ,
-=- (

-

Note (1) Note (2) Note (3) Note (4)

o-= -25 -.5 '25 -5 '2.5 5 -2.5

_
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The absolute values of the tirst and lurge-st maxima are given in the follo\vmg

table for the lii-st four notes :

—

Table X.

ru^st inaximiim oi —-r

-

Note(l) Note (2)

<r= -25 o -25

1-418* 1-262* 1-050
|
1-104 1-090 1065

|
1-082 1077 1-067

|
1 076 1073 1068

Asterisks are attached to the entries for the values and -25 of a under note (1)

to show that they are not true maxima. They do not answer to the first maximum ordi-

nate of curve B tig. 6, but to positions of the layer at the surface of the cylinder

From the results already obtained as to the values of Q in the higher notes and

as to the maxima of x {J, (x)]- answering to large values of x, we are enabled to conclude

that, for any note whose number exceeds 4 and for any value of <t, a close approxi-

mation to the first maximum of —,---^{-~—-] is 1-07, and to any maximum whose
A; V« p J

number exceeds 3 a pretty close approximation is TOO.

§ 75. In the case when the layer differs from the remainder only in the value of

m the change of pitch is given by (48). From this it appears that the law of varia-

tion of 3^7^' with the position of the layer is independent of the magnitude of the

alteration of elasticity.

The positions of the layer when the change of pitch vanishes are found by equating

kab to the roots of (38). They thus coincide with the no-stress surfaces when a = '5,

and for all other values of a they lie outside of the no-stress surfaces though very close

to all except the first.

When the layer is of given volume the curve showing the variation of the change

of pitch with kab is A fig. 7, the equation to which is (54).

The ordinate at the origin is , much the largest in the curve. Thus the change of

pitch which arises when the altered material forms an axial layer is far the largest

maximum.

The magnitude of the change of pitch due to any assigned alteration of elasticity

throughout an axial layer has been already determined in § 68, the necessar)' i'ormula

in the present case coinciding with (41^). The numerical magnitude is obtained at once by

dividing by 2 the values supplied for Q' in Table II. and altering the heading from Q' to

rdk-i-\-,r )• For a note of number (i) above the fourth we obtain from (40)
k \V 7n, + n/

a-s an approximate formula

!-(t'^') = ii'»-'> + <-«x«-^^i <«'>
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The abscissae suppl3'ing the subsequent maxima ordiaates are the roots of (34).

Thus the corresponding positions of the layer coincide vnth. the node surfaces. For the

ratios of the first to the subsequent maxima ordinates, and so for the ratios of the first to

the subsequent maxima changes of pitch, I find

1 : -162 : "090 : -062...

From considerations as to the values of those maxima of [J„{x)}- which answer to

large values of x, of an exactly analogous nature to those discussed in § 67, it ma}-

be proved that a fairly close approximation to the maximum change of pitch of number (j)

in the note of number (i), i and j being both greater than 4, is supplied b}-

X If m, + n}~ 32-08 + (;•- 4) X 9-87 ^ '

In this formula j may equal but cannot exceed i, as the number of maxima, being

equal to the number of node surfaces, including the axis, is equal to the number of

the note.

§ 76. When the layer whose m differs from that of the remainder is of given

thickness the curve showing the variation of the change of pitch \\'ith hah is B fig. 7,

the equation to which is (53).

The abscissae suppl\ing the maxima ordinates are the roots greater than zero of

{2a?-l)J,{x)-xJ,'{x)^0 (63).

For the fii-st two roots I find approximately '9408 and 39.594.

It is easily pi-oved that the positions of the layer answering to the maxima changes

of pitch whose numbers exceed 2 lie outside of but very close to the corresponding-

node surfaces. The positions of the layer answering to the first two maxima are given

in the folio-wing table for the first four notes and the usual values of cr :

—

Table XI.

is a maximvmi.Values of hia where -r ^ (
^

I
' k \a m-i + n /

Note (1) Note (2) Note (3) Note (4)

cr=
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Table XII.

Note (1)

-, . If 5a; ft nh-m\
Maxima values oi -r -^

[
•

a; \a nil + n /

Note (2) Note (3) Note (4)

<T= •25 "5
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When the layer of altered rigidity is of given volume the curve showing the varia-

tion of the change of pitch with the position of the layer is A fig. 8, the equation to

which is (56).

There is, it will be noticed, a very close resemblance both in magnitude and position

between the segments of this curve which are most remote from the origin and the

segments of curve A fig. 7. The first segment however of the present curve would

seem to answer to the whole of curve A fig. 7 between the origin and the second

zero ordinate.

The abscissae supplying the maxima ordinates of the present curve are the roots

gi'eater than zero of

(a^-2)J'i(a') + 2.i//(a;) = (67).

For theii- approximate values I find 30.34, 6-706, 9-9695, 13170....

When % is greater than 2 the {i - I)"' root of (67), omitting zero, is near but always

less than the i*'' root of (34), the equation which determines the position of the node

surfaces. The first root of (67) is however noticeably less than the second root of (34).

The number of true maxima being one less than the number of node surfaces is one less

than the number of the note. In particular there is no true maximum for note (1).

The following table gives the positions of the layer supplying the true maxima in the

first four notes for the values and -25 of tr :

—

Table XIII.

Values of ha where t- ^ hrr —;— ^^ ^ maximum.

Note (2) Note (3) Note (4)

fO -573 -358 -786 -261 -573 "852

'^=(•25 -566 -356 "782 "260 "572 -8.50

For the ratios of the first to the subsequent maxima ordinates, and so for the

ratios of the first to the subsequent true maxima changes of pitch, I find approximately

I : -415 : 274 : 206.

The numerical values of the first maxima in notes (2), (3) and (4), and of the

gi-eatest possible change of pitch in the case of note (I) are given by the following

table for the values and -25 of <t:—
30—2
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For the ratios of the first to the two next maxima ordinates, and so of the first to

the two next maxima changes of pitch, I find

1 : -880 : -860.

The fourth and subsequent maxima are only very slightly less than the third.

In the following table are given the numerical magnitudes of the first maxima for

notes (2), (3) and (4), and of the greatest possible change of pitch in the case of note (1).

Table XVI.

dk. . dk ft }!i-w\
r irst maximum oi -r -J-

k \a m + nj

Note (1) Note (2) Note (3) Note (4)

0-= -25 O' -25 25 "25

•418* '•524*
"I

1^"224 1^208
|
1199 1^194

|
1192 1^189

The asterisks under note (1) indicate as usual that the entries are not true maxima.

From the table, with the assistance of the ratios given above, all the maxima in

the notes (2), (3) and (4) may be calculated.

In notes above the fourth a pretty close approximation to the first maximum will be

given for all values of o- by
dk ft 7ii — n'^

, . , ^ ,-M85 (71).
k \a m + rill

From this and the ratios given above, the values of the two next maxima may be

found. For maxima of number gi-eater than (3) in these higher notes we may take ap-

proximately

dk^nn,-n\^^.^^
(72).

k \a m+ nj

§ 79. In the fourth special case the change of pitch is given by (50). For the

limiting value '5 of a this assumes the simple form

f=^r+i,«^l'^»(^)l^ = Trf/2f'^»(^)J^ ^''^'

writing x for kah.

This becomes identical with (48) when the factor {vii — m)/{mi + n) of that equation

is replaced by pl{l +p}. Thus the conclusions already come to in the case when m alone

is altered apply also to the present case for a = 'o with merely a change in phraseology.

Except in this extreme case the expression (50) for the change of pitch is the sum

of two squares, which cannot simultaneously vanish unless b/a = 0. Further we see fi'om

§ 68 that when an alteration of material of this kind takes place throughout an axial layer

of given volume the signs of dk and p are the same. Thus an alteration of both elastic
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constants in the same proportion throughout a layer of given volume necessarily affects

the pitch wherever it occurs, and the pitch is raised or lowered according as the

elasticity of the layer is increased or diniinislud.

In considering (oO) it will be convi'iiient to consider separately the two squares by

writing

dk = dk\ + dk-, : (74);

where, o- denoting as usual Poisson's ratio,

^-ij^««{.,-(«.f^-^«}= pe,

The numerical magnitude of dk^ is independent of the sign of p, whereas dl\ is numeri-

cally greater for a given negative value of p than for an ecjual positive value.

Again dk^ depends on the square of the displacement and so vanishes when the

altered layer is at a node surface. The more remote positions of the layer supplying

the maxima of dk^ in the case of the higher notes are inside of but close to the loop

surfaces of higher number whether the layer be of given volume or of given thickness. On

the other hand dk, depends on the square of the radial stress. It thus vanishes when

the altered layer is at a no-stress surface, and when the layer is of given volume it has

its maxima when the layer coincides with those surfaces over which the radial stress is

a maximum.

Further the law of variation of 3A-, with kab is independent of the value of a, but

the maxima of dk^ diminish rapidly and become insignificant as a approaches near to its

limiting value '5. On the other hand so long as kab is small the law of variation of

dki with kab depends largely on the value of a.

In the case of notes (1) and (2), or for positions of the layer inside the third node surface

in the case of the higher notes, the contribution of dki to the change of pitch cannot

in general be neglected. For more remote positions of the layer, however, in the case of

the higher notes dkjdk.^ is always insignificant, except in the immediate neighbourhood

of the no-stress surfaces where dk.> vanishes. Thus so far as the maxima changes of pitch

are concerned the en-or introduced by neglecting dki is very trifling when the layer lies

outside of the thii-d node surface in the case of the higher notes.

It may also be proved from (76) that the value of cr has very little influence on

the maxima of dki of number higher than 2.

We thus conclude that for practical purposes the change of pitch due to the alteration

of elasticity of the kind under di.scu.ssiou is given to a very fair degree of approximation

by (73) for all values of a, provided the layer lie outside of the third node surface of

the note considered.
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§ 80. When the change of pitch is wanted for positions of the layer answering to

small values of koth, it will in general be best to constriict separately curves showing the

variation of dk^jk and dk^jk, and then derive from them compound curves.

For the variation of dk^jk we have the curves

y = ar"- {J,{x)Y = f,(x) (77),

or y = a;->!J,(,.)P = /,(,,) (78),

according as the layer is of given volume or given thickness. These curves are those

styled C and D respectively in fig. 6.

Between the origin and the next zero ordinate of curve D,—which answer to positions

of the layer at the first and second node surfaces respectively—the ordinates of both

curves are far from insignificant compared to the ordinates of the other curves.

Beyond the third zero ordinate—which answers to a position of the layer at the third

node surface^! have not di-awn the curve D. Its successive segments become rapidly

flatter, as may be seen at once from the consideration that in fig. 6 the ordinate of

curve A is the geometric mean of the ordinates of curves B and D.

The curve G is drawn only as far as its first zero ordinate, answering to the second

node surface. An idea of the extreme flatness of the other segments is easily derived

from the consideration that the ordinate of curve D is the geometric mean of the ordi-

nates of curves A and C.

For the variation of dkjk we have the curves

y=|j;^,)+_^^)p =/,(,) (79),

'i/ = xfs{x)=/\„(x) (80),

according as the layer is of given volume or given thickness.

These curves are drawn for the special value of tr in fig. 9 and are styled re-

spectively A and B. Both have zero ordinates answering to positions of the layer at

all the loop surfaces. At the origin the ordinate of curve A is precisely equal to that

of carve C, fig. 6, and for all other values of x less than 2 the ordinates of the latter

curve are the larger. In fact the ordinates of ciirve A do not markedly predominate

over those of curve C, fig. 6, until the layer has passed well outside of the first loop

surface.

Curve B fig. 9 has a zero ordinate at the origin, and the first segment lies completely

inside the first segment of curve I) fig. 6. The great predominance, however, of the second

and subsequent maxima ordinates of curve B over the second and subsequent maxima

ordinates of curve D fig. 6 is a complete justification of what has been said of the general

insignificance of dkjdk, for positions of the layer outside the third or even the second node

surface.

In the case just considered when t7 = 0, the compound curve is constriicted, accord-

ing as the layer is of given volume or of given thickness, by adding the ordinate of
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curve C fig. G multiplied by 1 +;> to the ordinate of ciii-ve A tig. 9, or b}- adding the

ordinate of curve D fig. 6 multiplied by I +p to the ordinate of curve B fig. 9. The

quantities represented by these compound curves are respectively

k \Vl+p2j k \a \+p^

§ 81. As a complete gi-aphical representation of the law of variation of dkjk with

small values of kab for some one case when the elastic constants are altered in the same

proportion seems desirable, I have considered the most important special case, viz. when

^ is so small that ])- is negligible and <t has the value '25.

In this case for layers of constant volume and of constant thickness respectively,

the curves are

y={JAo:fyr-^ar^JA^J:{^^=fu(^r) (81),

!/=ufn ('}=AA-r) (82).

These are styled A and B respectively in fig. 10, and the quantities they represent are

dk
.
/dV Q\ , dk

.
ftdk fdV Q^\ , dk ft „\

The marked dififerences between the earlier portions of these curves and the con-e-

sponding portions of the curves A and B of fig. 9 are well worthy of notice.

§ 82. There is still one point worthy of explicit reference. As we have already

pointed out, x~^ J, (x) when x is large is in general negligible compared to J^' (x). Now
if we neglect x'^J^ (x) compared to J/ (x) and suppose the layer to differ from the

remainder only in elasticity, we may throw (27) into the simple form

l = K^-i^)«^«^f'^''(^«^^!^ ^^^>-

a formula which is exact for positions of the layer coincident with any node surface.

Thus when the layer is outside the third or even the second node surface in the

case of one of the higher notes, the change of pitch due to au alteration in elasticity alone

may be regarded, when of practical importance, as due very approximately to the altera-

tion in a single elastic quantity, viz. m + n. This result should be compared with that

found for the radial vibrations of a sphere in § 48 Sect. II.

Note to Section IV.

The ultimate practical coincidence of the coiTesponding curves of figs. 7 and 8, and

the fact that their maxima and zeix) ordinates ultimately almost coincide in position

with the zero and maxima ordinates i-espectively of the curves of fig. 6 are of course

entirely due to the relations between

Jo{x), Ji(x) and Ji{x).
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We have already pointed out that the successive values of x, when large, which
make any given Bessel zero increase very approximately by tt, and each is veiy nearly

equidistant from two consecutive values of x which make the square of the Bessel in

question a maximum.

Now from the relations between consecutive Bessel's we have

- J: (x) = J, (x) =
I

{/„ (x) + J, (x)], 2// (x) = Jo (a-) - /, (x).

Thus when J, (x) vanishes {Jo (x)}- is a maximum, and when [J (x)}- has either its

maxima or its zero values we have {J„ (x)}- = [J„ (x)}-.

Thus the higher values of x which make {J<,{x)]- and {J.{x)}- maxima, and the

higher values which make them zero, respectively coincide with or are very close to

those higher values of x which make {Ji{x)}- vanish, and those which make it a

maximum. Also corresponding maxima of {Jo{x)}- and {J.,(x)\-, except the first one or

two, are nearly equal.

[November 14, 1891. If while n is altered the bulk modulus m-n/S remains unaltered, the

change of pitch is given, writing x for kab, by

K a mi + w, 3 |_' ' ^ ' 2 ' ^ " 4 TO + n '
i \ /i

j

It has obviously always the same sign as % — n.]

SECTION V.

Transverse Vibrations in Solid Cylinder.

§ 83. In this form of vibration the displacement is at any point at right angles

to the plane which contains the point and the axis of the C3'linder. Employing Ji(x)

and Yi{x) for the two solutions of

d-y 1 dy / 1 \ _ a
dx' X dx \ a?)

'

we obtain for the displacement in the typical vibration in a shell

v/cos kt = AJ, (k^r) + BY, (k^r) (I)*;

where /3- = p/n (2),

and A and B are constants.

In a compound solid cylinder (0 . ^ . c , ^, .b . ^ . a) where b — c is small, the typical

displacements are as follows :

—

In the core v/cos kt = AJ (k^r) (3).

In the layer vlcoskt = A,J,(k0,r) + BJ\{k/3ir) (4).

Outside the layer v/cos kt = (A +dA) J,(k^r) + dBYi{k0r) (.5).

Terms in (b — c)-, and so those of order (dA/A)'^ or (dB/A)", are as usual neglected.

* Transactions, Vol. xrv. Equation (44), p. 356.

Vol. XV. Part IL 31
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If for shortness we put

FAr.m = n\k^rY,'{l-^y)-]\{k0r'' '
^^^'

then the relations connecting the arbitrary constants and loading to the frequency

equation ai'e

—

A J, (^/Sc) = A J, (k0,c) + B, Y, (i-Ac), \

AF{c.^) = A,F{c.^,) + B,F,{c.fi,),

(A+dA) J, (kiBb) + ?B F, (k^h) = A,J, (k^.h) + 5, Y, (k^,b), I (7).

{A+dA)F{b.fi) + dBFAb.m=A,F(b.0,) + B,F,(b.^,),

(A+dA)F {a . /3) + dBF, (a. ^) =

Referring now to the radial vibi'ations of a solid cylinder in Sect. IV., we .see that

the transverse t}'pe of displacement differs from the radial only in being a function of

kffr instead of kzr. Also all the surface conditions in the transverse vibrations can be

deduced fi-oni those holding for the radial vibrations by simply writing $ for a and

supposing m to vanish. We may thus at once deduce all the results we require for the

transverse vibrations by making m zero and writing /8 for a in the results already obtained

for the radial vibrations.

The frequency of transverse vibrations in an infinitely thin shell vanishes, and thus

(27) Sect. IV. transforms into

dk _b — c pi — p
^

k ^ \_ P

where
vu = J,{k^b),

\

Vb = nb"[k^bJ,'{kl3b)-J,{k0b)] = -nk^J,ik^b)\ ^ ^

Obviously vt, cos H represents a displacement during a vibration of frequency k/2Tr in a solid

cylinder and V,. cos kt the corresponding transverse stress.

§ 84. In the core the only change in the type due to the existence of the layer

consists as usual of a displacement of all the node, loop and no-stress surfaces according

to the law

-drjr=dklk (10).

From (29) Sect. IV. we find for the displacement outside the layer

vjA cos kt = ./, (^•^r) 4 ''~^- |- (p, - p) k-bvbf (b.0.r) + Q -
^
-) V,f(b .B.r)\ (11);

where C has the same meaning as in (17) Sect. IV., and with our usual notation

f(h .B.f) = J, (kM Y> (k^b) - F, (k0r) J, (k^b),
I

f(b.B.r)=J,(kMFi(l>.B)-Y,(kBr)F(b.B) |

^ ^

In the layer itself the displacement is given by

v/A coa kt = J, (kBb)-kB(b-r) J,' (kBb)-(r-c) (-- -) V^ (13).
\7b Til/

\.a) \vj \n ih)k'pa\Va} \
''
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The change of type outside the layer, i.e. the coefficient of h — c in (11), consists

like the expression (8) for the change of pitch of two terms only. There is an exact

correspondence between the terms in the two equations. The fii-st terms in each depend

only on the alteration of density, and simultaneously vanish when the layer is at a node

surface. The second terms depend only on the alteration of rigidity, and simultaneously

vanish when the layer is at a no-stress surface.

The change of type in the layer itself is the last term of (13). Thus if there be

an alteration only in density, or an alteration in rigidity occurring at a no-stress surface,

then no progressive change of t}'])e manifests itself as we cross the layer, i.e. the layer

vibrates as if it were of the same structure as the core.

§ 85. For a discussion of (8) we require to know the characteristics of the transverse

vibrations in a simple cylinder.

Taking (3) as the tj'pe of vibration, we see that the node surfaces are obtained

by equating ^•/36 to the roots of

J,{x) = (14).

This is the same as (34) Sect. IV., and its roots are thus already recorded.

The radii of the loop surfaces are found by equating k^h to the roots of

Ji'(«) = (15).

This is the same as (35) Sect. IV., whose roots have been already given.

The radii of the no-stress surfaces are found by equating kjSb to the roots of

x-'J,{x)-j;{x)^J„{x) = (16).

This is the same as (66) Sect. IV., whose roots have been already given. Writing k^a

for X in (16) we get the frequency equation.

Since the equations (14), (15) and (16) do not contain <y explicitly, it follows that,

for any note of given number, the ratios borne by the radii of the several node, loop

and no-stress surfaces to the radius of the cylinder are the same for all isotropic

materials. Also the ratio of the radii of any two surfaces of given numbers, whether

node, loop or no-stress surfaces, in a given cylinder performing a given note is the

same whatever be the value of cr or the number of the note.

Since (14) and (15) are the same as (34) and (35) Sect. IV., it follows that the

ratios subsisting between the radii of the several node and loop surfaces in a cylinder

performing one of its transverse vibrations are precisely the same as those subsisting

between the radii of the several node and loop surfaces in a cylinder performing one

of its radial vibrations.

Since, however, the frequency equation (16) would agree with the frequency equation

(36) Sect. IV. only when the phj'sically impossible relation mjn = was supposed to

exist, it follows that the ratios borne by the radii of the node and loop surfaces to the

radius of the cylinder cannot in any isotropic material be the same for a radial and

31—2
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for a transverse vibration. The ratios also between the frequencies of the several notes

which are produced by a cylinder vibrating radially cannot possibly be identical Nvith

the ratios subsisting between the frequencies of the several notes produced by a cylinder

vibi-ating transvei-scly. These latter ratios, it will be observed, are independent of the

value of <r, and so the same for all isotropic materials.

Comparing (16) with (36) Sect. IV. we see that when x is large they both approach

the form
/,' (x) = 0.

Thus the higher roots of the' frequency equations, both transversal and radial, ap-

proach more and more neai-ly the larger they are to the roots of (15). Thus the higher

notes of the two modes of vibration in a given cylinder correspond to one another in

pairs, such that the two sets of node and loop surfaces become nearlt/ coincident, and

the frequency of the transvei-se vibration is to that of the radial approxinmtehj in the

constant ratio

Jn ' Jm + n.

A similar result, it will be remembered, was found in the case of the sphere.

The positions of the several node, loop and no-stress surfaces for the first four

notes are given in the following table. It applies to all values of cr.

Table I.

Values of r/a over node, loop and no-stress surfaces.

Xote(l) Note (2) Note (3) Note (4)

Node No-stress Loop Node No-stress Loop Node No-stress Loop Node No-stress Loop

sarfaces snrfaces sarfaces surfaces surfaces surfaces surfaces surfaces surfaces surfaces surfaces surface.«
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§ H6. I shall consider first two special positions of the layer.

Supposing in (8) b/a veiy small, while (b - c)/b is also very small, we obtain the

change of fi-equency due to the presence of a thin axial layer differing from the rest of

the material. It will be found that dk vanishes under all conditions. The same result

may independently be proved for a core of small radius. Thus, to the present degree
of approximation, no change in pitch follows any alteration of material throughout a thin

axial layer or core.

§ 87. Putting b = a and ^^ = in (8) we pass to the case of an alteration of material

throughout a surface layer of small thickness t = b — c. For the change in frequency we
get the simple result

hap (^^>

A surface alteration in elasticity has thus no effect on the pitch of any note, and
a surface alteration in density alters the pitch of all the notes in the proportion of their

original frequencies, and so leaves their ratios unaffected.

§ 88. Let us now consider the general case when the density alone is altered. As
the change of pitch vanishes for an altered core we may without restriction put

b{b-c)la? = hdV!V,

b(b-c){p,~ p)/a'p = i dMjM.

From (8) we find for the change of pitch

k a p k^a\j,(k^a)\ M2\j,(k^a)\ ^^^^

The change of pitch vanishes when the layer of altered density coincides with a

node surface.

When the layer is of given volume, the curve showing the law of variation of dk/k

with k0b is

y=l'A(*)p (19).

This is the same curve that applies in the corresponding case of the radial vibra-

tions. It appears as curve A in fig. 6. The function of a; appears as f^ (x) in Table VII.,

Sect. IV.

This curve has been already discussed in § 73 and the ratios of its successive maxima
ordinates recorded.

The positions of the layer supplying the maxima, are coincident with the loop .sur-

faces. The first and largest maxima, answering to positions of the layer at the first loop

surfaces, are given in the following table for the first four notes:
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Table II.

T,. , . ^ die dM
rirst maximum oi —r ^ -tr

Note (1) Note (2) Note (3) Note (4)

1-468 2-299 3133 3968

The number of maxima is equal to the number of the note.

The first maximum for the (t— 1)"' transverse note is practically identical with tluit

for the r"' radial note. Also the mtios of the first to the subsequent maxima are

the same in the two cases. Thus from (.58) and (-59) Sect. IV. we find jis pretty close

approximations to the fii-st maximuiu in note (i) and to the J* maximum in the same

note respectively, r and j being both gi-eater than 4,

-^'-^-^=3-968 + (z-4)x-835 (20),

_ai^a¥_3-968 + (t-4)x -835

k M ~6-22 + (j-4)x 1-67 ^^ ''

Maxima of number less than (5) can be obtained by means of the ratios given in

§ 73 for any note in which the first maximum is known.

§ 89. When the layer of altered density is of given thickness the curve showing

the law of variation of dkjk with kab is

y = ^{^(^)P (22).

This is the same curve that applies in the corresponding case in the radial \ibra-

tions. It appears as curve B in fig. 6, and the corresponding function of x appears as

/,(x) in Table VII., Sect. IV.

This cui-ve has been already discussed in § 74, Sect. IV.

The number of maxima is always equal to the number of the note, and the positions

corresponding to the maxima in the first four notes are all sho^^^l in the following

table

:

Values of bja supplj-ing maxima of -
• ^ [- '

)

Table III.

dk ^
P

Note(l) Note (2) Note (3) Note (4)

•422 -2.57 -186 -146

-645 -467 -367

-740 -581

-794

The magnitudes of the first and largest maxima, answering to the positions nearest

the axis in the above table, are as follows:
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Table IV.

First maximum of - t-
-=- ( - '^ '^1

.

A; V« p J

Note(l) Note (2) Note (3) Note (4)

1149 1098 1-084 1-078

As in the case of the radial vibrations we find that in the higher notes a close

approximation to the first maximum of - ^ -=- (~ ^^ '' j is 1-07, and to any maximum

whose number exceeds (4) a close approximation is 100. Maxima of number less than (.5)

can be obtained by means of the ratios given in § 74 for any note in which the first

maximum is known.

§ 90. When the elasticity alone is altered, we find from (8) for the change of pitch

dk^i n,-7i k§b \JAk§h)V- _ 37 k, - n 1 U.{k^b)Y
k a n, k^a\JAkl3a)\ ~ V «, 2|jr(^^j

^^^^•

The change of pitch thus depends solely on the alteration of rigidity. It vanishes

when the layer is at any no-stress surface, and has for all other positions of the layer

the same sign as n^ — n. Its law of variation with the position of the layer is inde-

pendent of the magnitude of the alteration m rigidity.

When the layer is of given volume the curve showing the law of variation of dk/k

with kab is

y = {JAxyf (24).

This is the same cui-ve that applies in the case of the radial vibrations when an

alteration in rigidity alone takes place throughout a layer of given volume. It appears as

curve A in fig. 8, and the coiTCsponding function of x appears as f,(x) in Table VII.,

Sect. IV.

This curve has been already discussed in § 77, Sect. IV.

All the positions of the layer supplying maxima in the first four notes are given

by the following table. They coincide with those sui-faces over which the transverse stress

is a maximum.

Table V.

XT 1 n 1 I ,
<^k /8FHi — M\ .

Values of b/a where , -^ ly,— I is a maximum.

Note (1) Note (2) Note (3) Note (4)
•095 -363 -263 -206

•797 -.577 -4.58

•858 -674

890

The first and largest maxima in the case of these notes are as follows:
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Tablk VI.

i ii-st maximum oi 77 -^ ( "Tf )
•

Note (1) Note (2) Note (H) Note (4)

1026 1G07 2190 -2-774

The firet maximum of okjk in the (i — 1)"' transverse note in the present case

i.-^ practicallj' identical with the first maximum of dk/k in the t*** radial note in the case

when the rigidity alone is altered throughout a given volume, and the ratios of the first

to the subsequent maxima ai-e the same in the two cases. We thus find, as fairly close

approximations for the fii-st and j"' maxima respectivelj- in note (?'), supposing i and j

both greater than 4,

|-^(9^«.Z») = 2-774 + (i-4)x-584 (25),

dk_(dV n, -n\_ 2-774 + 0^ 4) x -584

k "If «, ) 4-85 + 0'-*)xl'20

Maxima of number less than (o) can be obtained by means of the ratios given in

§ 77 for any note in which the first maximum is known.

§ 91. When the layer of altered rigidity is of given thickness the curve showing

the law of variation of dk/k with kab is

y = x{J,(a=)Y- (27).

This is the same curve that applies in the case of the radial vibrations when an alteration

in rigidity alone takes place throughout a layer of given thickness. It appears as curve B
in fig. S, and the corresponding function of .r appears as /"j (x) in Table YII., Sect. IV.

This curve has been already discussed in § 78, Sect. IV.

All the positions of the layer suppljdng maxima in the fii-st four notes are i-ecortled

in the following table

:

Table VII.

dk ft Hj — «\
Values of b/a where -1- ^ ( ^ ) is

' k \a v-i J
a maximum.

Note (1) Note (2) Note (3) Note (4)

-645 -393 -285 -224

•806 -584 -459

•862 -677

•893

The first and largest maxima in the case of these notes are as follows

:
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Table VIII.

ri. . • „ 9A.- ft ni-n\
r irst maximnin of -r -^

{

—
.

Note (1) Note (2) Note (3) Note (4)

1-273 1-217 1-201 1195

For all notes of higher number a fairly close approximation to the first maximum change of

pitch is given by

dk ft Hi — «\

T-V« 1^J = ''' ^2«)-

For all maxima of number gi'eater than (4) we may take as a close approximation

^^••^^"^-'^^ = 1-00 (29).
k ' \a rii

Maxima of number less than (4) can be obtained by means of the ratios given in § 78

for any note in which the first maximum is known.

SECTION VI.

Radial Vibration.s in Spherical Shell.

§ 92. I now proceed to apply the method of Sect. I. to detei-mine the frequency of

vibration in compound shells.

I shall first consider the radial vibrations of spherical shells.

The type of vibration and of the i-adial stress in a simple shell are shown in (1) and

(3) of Sect. II. Fi'om these expressions we may select the following as the values to be

as.signed to the F, F^, G, G^ of (1) and (2), Sect. I.:

n , \ / XI -7 A i
sill ka.a , \

r (a . a) = {iii + n)h-aasm Icaa — 4» ( —
j;

cos A;a(( 1 (1),

in , > V ; ; A I
COS kaa . , \

i*, {a . a) = {Hi + n) kaa cos Aim — 4rt I
— .-— + sm kau

j (2),

„ ^ sin kaa
,

(-T ( (' . a) = —

;

cos kaa (3),k:aa

„ , , cos kaa . ,

tT](('.a)= -, + sni A-a« (4).
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The form of the frequency equations in a simple shell {b.a.a) of the types free-free,

tixed-free, free-tixed and rtxod-tixed arc given in equations (3), (4.), (.')) and (6), Sect. I.

For the present case tlie.se lead to

:

/\b .a,a)= sin ki (a — b) (m + »)-lc-u:-ab - in (in + n) -
, ~+ Uhr

\
1 + {k-a-ab)-

ab '

— k-a{a — 6)cos/.-a (a — b) . in [m + n + in (k'-d-ab)-'] — (o),

f(b . a . a) = {m + n) [kaa cos A-a {a — b) + ab^^ sin ka {a — b)]

- in {k^i'ub)-^ {{1 + k-d'ab) sin kci {a -b)- ki (a - b) cos /.-a {a-b)]=0 (6),

J\b .«.(?)= {m + n) \ba~^ sin ka (a — b) — kib cos ka {a — b)]

- in (k-d-ab)-^ [(1 + k-d'ab) sin ka {a - b) - kct {a -b) cos ka{a-b)\=0 (7),

/(6 . o . rt) = sin ka. (a -b)[l+ {k-d'ab)-'] -ka{a - b) {k-d'ab)-' cos ka(a-b) = (>S).

The above expressions are the exact forms of /{b.a.a) etc. and are not reduced by

division or multiplication by any factor.

If the shell be so thin that terms in (a — bf may be neglected the expressions

become

:

/{b . oi .a) = kaia —b) {ni + n) 'Xm + n) k-d-a" — in (3»i — n) (m + h)~'' {d„),

= kix{a-b){m+n)pa-{k--K'i,,a) (9,,),

f{b. a.a) = (in + n) kaa + koi (a — b) {ni - on) (10),

/{b.a. a) = -(m + n)kaa + 2k2(a-b)(ni- n) (11),

f{B.a.a)= kiU'-b) (12).

The meaning of Ka.a), etc. is the same as in Sect. II. In the coefficient oi a — b

we may of course replace a by /).

Equating the coefficient of a — b in (9„) to zero we get the frequency equation for a

free-free vibration. None of the three other types has in a thin shell a vibration of

finite period.

By supposing in (G) and (7) b absolutely equal to «, we find

/(a.a.a) = F(a .a)Gi (a .ci)-F, (« .a)G(a.<K) = (,a + n)kota (13),

f (a . a . a) = G (a . a) F, (a . a) - G, (a . a) F {a . a) = - (ni + n) kaa (14).

These quantities cannot vanish unle.ss k, a, or a vanishes, ami thus thu occiuience of

either as a factor in a frequency equation does not supply a note of possible frequency.

This proves for the present case the truth of a statement made in § 0, Sect. I.

Employing the relation (13) in equation (30) Sect. I., we find

f(e. a.c .a.b . a.a) = (in + n)'- k'd-bcf (e . a. «") (Lj).
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We also require the value of k , f(e.a.u) under the coudition that kj^ir is the

frequency of a free-free vibration in a simple shell (e.a.«).

Looking on kae and kiu as independent variables, we may put

d
k^^f(e.a.a) = , d , d

kae
, ,- + kaa ,—,-
a . kae d . kaa

.(16).

A form of /(e.a.w) may be got by writing e for b iu (o). It is simpler however

in obtaining the above differentials to deal with the unreduced form obtained by the

immediate substitution in (3) Sect. I. of the expressions (1) and (2) for F and F,.

It will suffice to give the work in one case. Thus

/(e .a.u) = F{u . a) Uia + n) kae cos kae — -in ( ' + siu kae

— jFj (a . a) -Am + n) kae sin kae — 4h ('- cos kae
{ \ kae

:. kae -j-t— f{e.a.a)
d.kae'

-F,(a.a)

= F{a.a)

/sin kae

\ kae

( ,
- - + sin kae) [

- {m + n) k-are- + in] + 2 (m - n) kae cos k

- cos kae) [- (rn + n) k-a-e- + 4h] +2 (in — ii) kae sin kae

/ , \ 7o .. o
, < 1 (rr/ ,

/cosA-ae
,

1 \ p / .(iinkae
, M=

;

- (m + n) k-a-e- + 4n
, \ t (a . a) I — ,- - + sm kaej — F^ (a . a) ( -j- cos kae) [

+ 2 (m-n)kae {F(a. a) cos kae- F^ (« . «j sin ixe] (17).

Keniembering that f(e . a . a) is supposed equal zero, and employing the expressions

svipplied by (I) and (2) for F(e.a) and F,(e.a), we find

F{a . a) cos kae — -f'l (a . a) sin kae

4h I f„ [cos kae , \ „ , .fa'mkae , '

= —,— j~ {J' (a . a) -^ 1- sm kae - i
,
(a . a)—,- - cos kaem + n kae

[ V kae J ^ ^ \ kae

Substituting thence in the coefficient of in — n in (17) and putting the terms together,

we find

d ,. . , X (;., . .
in(Sm -n)

kae -,-
J -J (e . a . «) = - {in + n) \k-a-e- -^-—-7-^

d.kae-'
^

(
(w + ")-

(„, , /cos te , \ r. ,
l^\\\kae

, M
X \F{a . a) I

-J
+ sui kaej - F, {a . a) ( .— - cos kaej > (IS).

Finally noticing the forms of G and ^.r'l in (8) and (4), the expression for /(e. a. a)

supplied by (4) Sect. I., and the ex^jression (2.5) Sect. II. for the frequency of radial

vibrations iu an infinitely thin shell, we obtain

^^^
dTEief^'^-'^-'^'>^~P^''^^'~^^'^'^-'^^f^^-^-"^

^^'^>-

32—2
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In an exactly similar manner it may br proved that

k-aa ,—,- t\e.a.ti) = - pa' (k- - K% ,„))f{e.a.d) (20).
a . k'M '

Thus

A- -T,-./(e .a.a) = -p[e' (k^ - A\. ,,))/(? . a . a) + (r (i'^ - iv%. „))/(«. a. «); (21),

where after differentiation k- is treated as a root of the frequency etjnation /((?.a.«) = 0.

The residt.s (1!)) and (20) are particular cases of the general theorem treated in

§ 10, Sect. I.

§ 93. We now possess all the data necessary for tletermining the change of pitch

in the radial vibrations of a spherical shell due to the existence of a thin layer differing

from the rest of the material. Supposing the shell to be (e . a. c . a^.h .a . a), we have

from the general resnlt (23) in Sect. I.

f{e.a.c.a,.h.a.a) =f(b .a. a) [f{e . a . c)f{c . a, . h) -f{e . a. . c)f(c . a, . b)}

-f(b .a. a) [f(e.a . c)/{? . a, . b) -f{e.a . v)f(c.a, . b)\ (22).

Now supposing the layer (c . Ui . b) so thin that terms in {b - cf are negligible, let

us employ the relations (9„)—(12) for a thin shell. Then, replacing c by 6 in the coefficient

of b — c, we find for the frequency equation

fie a.ca b a.^0 ^ ^ _ ^^^^ ^ ^,^
_ .^^ ^ _ ^.^^^^ ^ _ „^

(Wi, + 71,) Ka,o

+ ^~^ (
—^—

] {(to, - 3jIi) f{e .a.b)f{b.<x.(i) + 2 (m, - i,,) f(e .a.b)f\b.oi. a)]
b \?«] + th.)

- ^7-' pjr (k- - A'-'(., . ,) )f(e . «
.
6)./-( 6 .a.a)-^-^ .V^rrr/*^ • «

• ^'^f^^' ' '^ • "^ = ^-
'
'^^^^^

Writing o, m, it for a,, ?/(,, «, lespectively in (28), we get a similar expression for

f{e .ci.c .a.b.a. a) -=-
((
m + n) kab].

Emploj-ing this last expression in (23), we easily find for the frequency equation

_/(e .a.c.Ui.b.a.a) _f{e.a.c. a .b .OL.a)

~ (m, + «,) ka^b ~ (to + n) Icxb

+ \^' [p (k^ - K\^.,,)) - p, (A-- -7v^(., .,.,)iy(e • «
• W(P '^ «.' +

(„, + ,,

- ,n;i^^f^^ " "
'

''*/*'' " "
"
«>

/TO^_3n,_«^ j_^„^^2p»^-.._m-,A
.^^^^^

Remembering (I-'j) we may in (24) jjut

f(e.a.c.a.b .a.a) ,
.

\i rr \ iti-\^-^—, v.—i— = ('« + '0 k-acf(e.a.(i) (2.^).
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Suppose now that dkl'lir is the increase in thi' tkMjnenc}- of a note due to the

presence of the layer. Then /. being supposed a root of (24), k-dk must be a root of

/(e.a.a) = 0. Thus assuming vk of the order h - c, the above equation (24) must be

identical with

i.e. with

/ N dk , d ,,,

f{e.a.a)-jk ^,./ (e . a . a) = 0,

f(e .a.a) + jp [e"- (k' - KUa.c,)f(e .«.«) + o° (k"- - K',,,„^)f(e .a.d)}=0 (26).

Making the substitution (25) in (24)—replacing c by b since /{e.cc.a) is of order

b — c—and then comparing the identical equations (24) and (26), we find

ril' J

'^(:iii + n)kabp {eF (k- - K-,a.e)/(e .a .a) + a- {k- - K-(^,„^)f(e.a.d)] ^
—~ "^

= b' \p (k' - A'^..,,) - p, (i-^ - K-\^,,„)]f(e . a . b)f(b .a. a)

+ —;

;— ]f(e.a.b)fb.a.a) + (
-^— ,

—

— ]f(e . a . 6) / (6 . a . a)

+ 2{'^-''^^-'^)f(e.a.b)fib.a.a) (27).

§ 94. Now, as explained previously, the expression for dk/k as containing b — c may
be modified by any substitution consistent with /(e.a.f/) = being exactly true. This

enables us to put (27) into a form which brings out more clearly its physical signi-

ficance.

From (1) to (4) combined with (1) and (3) of Sect. II., we may suppose the dis-

placement u and radial stress [/" at a distance r from the centre of a simple shell (e . a . a),

performing a free-free vibration of frequency k/2Tr, to be given by

wr/cos kt = ?»,. =AG(r.a) + BG^ (r .a) (28),

U)^/coskt = ?--U,. = AFir.a) + BF,{r.a) (29),

where A and B are constants independent of r or t.

In virtue of the surface conditions we have

AF{e.a) + BF,{e.a) = = AF(a.a) + BF,(a.a) (30).

Thence we get

A : B :: F,{e.oi) : -F(e.a) :: -F^(a.a) : F{a.oi} (31).

Employing these ratios in (28) and (29), it is easy to prove

/(e . a . b) H-/(e . a . a) = bt(i, -^a(f„,

f{b . a .a) ^f{e . a. . a) = bu,, -=- eu^,
.^2)

/(e . a . 6) H-/(e . a . «) = b-Ub^mta,[

f{b .a.a) -H/(e . a . a) = b-Ui^ exte
,
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We also easily ])rove

/{e.a.a) = [F (e . a) G, (e.a)- F, {e . a) G {e . a)]

and similarly

=-{m + ii) kae

/(e.a . ") = — (»i + n)kaa

;{2?'(e.a)l= + l^,(e.6t)pJ

{{m + n) km - 4?t (^'ga)-'}- + 16?;- " -

[{m + n) kae — -in {kve)~^}- + 16«'-'
my.

{{m + ii) kae - 4)) {kae)-']- + IGii
,,-ii

(34).
[(wi + n) kaa — 4« {kaa)~^}- + 16«-_

Thus f{e .a .a) xf(e . a . (7) = — (m + n)-k-ei-eu (35).

Employing the results (32) and (3')) in (27), we easily deduce

dk h — c —{m + n)kaa

k ' a ~ pu,u„[e' {k- -K%,,))fie .a.a) + a- (k' -K%_„;)f{e .tt.a)]

X \l,u^lp ik^-K^,.,^-p^ (k^ -K^^^^,^] + i,U^(^-^)

§ 95. The deduction from (36) of the formula for the special case of a solid sjihere

requires cai'eful ti'catment. Thus the term in the denominator containing

e-Ue (k- - K%, ,))f{e. .a. a)

is easily seen to vanish with e, but Uf/{e.a.7i) assumes the form Oxx.

To avoid this difficulty we may by means of (35) replace the second of equations

(32) by

i<f/(e . a .<!) = — (m + n)-k-OL-ahu^ ^f(P . « . «) (37).

Thence proceeding to the limit when e vanishes we easily find

Hcf{e . a . (7) = — (»t + n) kaa i/„ (38).

This leads to the same resvdt as was obtained in Sect. II.

§ 96. The light-hand side of (36) is the product of two factors of which the second

alone is a function of b. It contains Ui, and Ut, in the same way as does the right-

hand side of (28) Sect. II., and the physical significations of »(, and Ui, are precisely

the same as in the case of the solid sphere. The mathematical expressions for «;, and

Ub are however, it must be remembered, different in the two cases, those for the shell

being much the more complicated.

A.S the first factor on the right-hand side of (36) does not contain b, it is f)r a

given note the same in sign and in magnitude wherever the layer may be, or whatever

be the nature of its difference from the rest of the material. The law of variation of

dkjk with the position ot the layei' in no way depends on it, but only the absolute

magnitude and the sign of the change of pitch.

* See the note on p. '2r,(i.
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For a solid sphere we found the tirst factor essentially positive. A purely mathematical

flemonstration that it is always positi\'e in the case of a shell presents considerable

difficulties, but is I believe rendered unnecessary by the following physical consideration.

Suppose the layer to differ from the remainder only in density, then we have

-r-
-= = [first factor] x b- (uo)- (p — pi ) k-.

a' it

Thus, unless an increase of density occurring anyiuhere except at the nodes is to raise

the pitch, the first factor must be positive. This consideration affords I think convincing-

proof that the first factor is essentially positive, and that such is the case will now be

taken for granted.

§ 97. As (36) is in form so exactly analogous to (28) Sect. II. for the solid sphere,

a brief discussion will suffice.

When an alteration of density occurs at a node surface of a particular note it does

not affect its pitch, but in any other position it lowers the pitch when an increase and

raises it when a decrease.

The percentage lowering of frequency due to a given increase of density throughout

a given layer is always equal to the percentage rise of frequency due to an equal

diminution of density throughout the same layer. The law of variation of the change

of pitch, due to a given alteration of density, with the position of the layer is independent

of the magnitude of the alteration of density. When the layer of altered density is of

given volume the positions in which it has most effect on the pitch of a given note

coincide with the loop surfaces for that particular note ; when the layer is of given

thickness its most effective positions lie slightly outside the loop surfaces.

If the layer differ from the remainder only in elasticity the change of pitch consists of

three terms. Of these the first has the same sign as, and is proportional in magnitude to

«i (3)/ti - Hi) {iiii + /ii)~' — n {Sm — ?i) (?;t + »z)"'.

It vanishes when the layer coincides with a node surfixce of the note in question.

The second term has the same sign as, and is proportional in magnitude to

(m+n)-^ -('»*! + ?ii)-'.

It vanishes when the layer coincides with a no-stress surface.

The third term varies as

11 (m + «)"' — "i (nil + "i)~S

but its sign depends also on the value of b. It vanishes when the layer coincides either

with a node or a no-stress surface. It likewise vanishes for all positions of the layer

provided

nilM = '>hl'>- = 1 + 2^ (•^^)-
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Thus if the uuicousUuit theory be true, or uiore geuerally if the relation (o9) subsist, the

sign of the change of pitch accouipanying a given alteration iu elasticity is independent

of the position of the altered layer, and is the same as that of p. If however the

relation (39) do not hold, the sign of the change of pitch may for certain alterations of

elasticity vary with the position of the layer.

The positions of the layer whether of given thickness or given volume, when a given

alteration of elasticity has most eftect on the pitch of a given note would require to be

separately determined for each possible alteration of elasticity. The tii-st term—that depend-

ing on the alteration of n{Sin — ii)(iu+ n)~^—is largest when the layer, supposed of given

thickness, coincides with a loop surface. The second term—that depending on the alteration of

(w+ h)"'—is largest when the layer, supposed of given volume, coincides with a surface where

the radial stress is a maximum. As a function of /) th>.' first term varies as {ui,)-, the second

as (bUi,)- and the third as Ui.hUi, when the layer is of given thickness. Now from equations

(1)—(4) -we see that when kah is large F{b.a) and Fi(b.a) are of the orders kabs'mkab

and kab cos kab, while G{b.a) and Gi {b . a) are only of the orders cos kab and sin kab. Thus

it follows fi-om (28) and (29) that when kab is large uj,l{bUu) is of the order Ijkab of

small quantities and so is small. Consequently when koh is large the second term—that

depending on the alteration of (//( + «)"'—is much the most important, and the third term

is next in importance.

Thus when the effect on the pitch of one of the higher notes due to an altei'ation

of elasticity is being considered, we obtain in general—unless the alteration occur close to

the inner surface and the radius of this surface be small—a close approximation to the

value of dk by neglecting altogether the first and third terms ; and when the change of

pitch of one of these higher notes is of practical importance it may be regarded as due

approximately to the alteration of the single elastic quantity {m + ?i)~\ The change of

pitch is in such a case greatest when the alteration of elasticity occurs at or in the

immediate neighbourhood of the surfaces of greatest radial stress.

In the case of the two or three lowest notes serious error might however arise

from neglecting the first and third terms, especially when the alteration of elasticity occurs

near a no-stress surface, more particularly the inner surface of the shell.

§ 98. I do not pui"pose an exhausti\e investigation of (36), but one or two of the

more interesting special cases may be considered without nuich analysis.

Thus let us suppose the layer to be at the outer surface, so that b = a. Then by (10)

/(/; . a . a) ={in-\- n) kaa,

and so the second of ecjuations (32) becomes

f(e .a . «) = (/;* + II ) kaaeii,. («»„) (^O).

Hence by (3-5)

f {e . a . a) = - (m -f n) kieavajieu,) (41).
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Again, owing to the surface conditions, Ub= Ua = 0. Thus from (30), if the thick-

ness of the layer be U and the change in pitch 9/t',,

dk t

-j^=^a'{uar{p{l<?-K%.a))-p,{k^-K%,.a))\^pD (42),

where J) = a^Ua' {k- - K%_a^) - ehie- {k- - K-\^.e)) (43).

Similarly if the layer, supposed of thickness t-, and material (p.,, a„), occur at the inner

surface of the shell the change in pitch, dk.,, is given by

^-J
= '^e^i^'enP(f<=—K%.e))-p.{k--K\^.,,)]^pD (44).

If the layer differ from the remainder only in densit}*, and the mass of the shell be

increased by dMi when the layer is at the outer surface, and by dM« when the layer

is at the inner sm-face, then putting

ifi = 47ra>/3, dM^ = 4nra\ (p^ - p),

M. = i-Tre'pIS, dM, = i-rreH, (p, - p),

we get T ""
" ^^' *^^"^''^'' ^ ^'

.(45),

^ = -dM,(ueyk-^D'
k

where B'=Z {M, {uafik' -K\^.a)) - M,{uey{k"--K%.e))} (46).

The mass of the shell when of unifoi-m density p is of course Mi — M^. From (45) we

have the elegant relation

dh dk, dM,(uay : aJf„(M.)= (47).

Thus the changes in the pitch of a given note in a given shell when alterations of

density occur at its surfaces are in the ratio of the consequent alterations of the mean

values of the kinetic energies resident in the corresponding layers.

Supposing the altered surface layers to differ from the remainder only in elasticity,

we find

.(48),

-j- = ti (uaf [4m.i (3wii — Hi) (oti + Hi)~' - 4?i {3m - n) (m + n)~^} -^ pD,\

g^ f

j^ = t, {Uef {4«2 {Snu - Hi) {vi.2 + n,)-' - 4?i (3m - n) {m + ji)-'} ^ pD

where D is given by (43).

Thus the change in pitch is proportional to the alteration in the elastic quantity

n {3m — n)l{m + n). We also notice that for equal alterations in the material at the two

surfaces

dk, : dk, :: «,(«„)= : t,{Uey (49). .
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•252 Mr C. CHREE, on SOME OOMPOUND VIBRATING SYSTEMS.

Compariiifif (47) and (49) we see that the effect on the pitcli of a giveu alteration in

elasticity relative to that of a given alteration of density is always more important when

the alterations occur at the inner surface of a shell than when they oceur at the outer.

§ 99. Supposing the .squai-es of dkjk, dk-./k- and {dki+dk\)!k all negligible, we ma}'

take {dk, + dk^)!k for the change in pitch due to alterations in the material existing

simultaneously at both surfaces of the shell.

We can also obtain the efifect on the pitch of a note of completely removing thin

lavei-s of the material from either or both of its surfaces by simply substituting for

p, and p; in (42) and (44) respectively. .When layers of thicknesses ti and t^ are

simult^ineously removed we have

f =|^"H"«)Hi"->^V«))+g-e^'("e)H'^-^-A'^,.e,)|-i^ ^^^^-

By supposing t-, or L negative we can obtain the change of pitch due to adding an

additional hner of thickness f, or t, to the outer or inner surface respectively. This

may be regarded as obvious, supposing it be admitted that the effects of adding and

removing equal very thin layers at a surface must be equal and opposite.

As the innnediately preceding deductions travel somewhat outside of strict elastic

solid principles, the following substantiating evidence ma}' give increased confidence in

their validity.

In (50) let us suppose

Uje = — tija (51),

and we get dklk= t^/a (52).

Thus our latest conclusions tell us that the effect of paring off" a thickness <, at

the outer surface and adding a thickness ^e/a at the inner surface raises the pitch in

the ratio t^ : a: whereas an addition of thickness <, at the outer surface and a paring oft'

of thickness tic/a at the inner surface lowers the pitch in the same ratio. Now this is

obviously a correct conclusion, because in the frequency equation of the simple shell {e.a.u).

k presents itself solely in the combinations ka.a and kae. Thus the frequency equation

remains unchanged if

S(^aa) = = ^(^•ae);

or, a being constant, if

dklk = -dala=--dele (53).

Now a negative value of da means a paring off of material at the outer surface, while

a negative value of de means an addition of material at the inner surface. Thus equations

(52) and (53) are identical.

§ 100. The case when the compound shell itself is very thin may be most easily

treated independently. For instance let us consider the compound shell

(a, . a, . «._, . a.. . «., . a, . a^),

where «« — a, is so small that its scjuare is negligible.
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By (23) of Sect. I. the frequeucy equation is

/(aj . Oj . a„)f{a„ . a., . a.,)f(n^ . n., . «j) + /"(«! . a, . U.^f{a., . a., . a.,) f (a., . a., . a,)

-f(a, . a, . a.)/{a. . i.. . cQfiUi . a., . «;> -/(«, . a, . a.^f{a. . ol, . a^)f{a3 . a^ . «J = (.")4).

A.S a.. — «,, «;, — a.j, O4 — Us are all small, we may apply results answering to equations

(9)—(12) for all these functions. Thus neglecting products such as (a. — a^) (a-,,— a.,), we get

kUi (a., - Ki) {nil + «i) {('»i + "1) k-ai-a- — 4?!i (Snii — n^) (nii + «i)~'j x ("1= + «:;) ^'^Z' x ('"s + "3) ka^n

+ three other terms = (55).

Here a may be regarded as the mean radius of the shell. The last term in (55), viz. that

answering to the term in (54) which contains /(u.^.a^.a^), is of order

(a- - «i) («:! - a-2) (04 - 03),

and so completely negligible. The remaining terms are of the same t^'pe as the first,

which alone is shown in (00).

Thus dividing out by the essentially positive quantity

(wii + ?!i) {m. + 11^) [m, + H3) k^oL^fX-ajx^,

we obtain from (55) for the frequency equation

(a, - Ol) /3i (k' - K%^
. „)) + {a-, -a.) p., {k' - K%^.a)) + («4 - (h) Ri (k- - R%,.a)) = (56a),

where A'(„.o,/27r represents as usual the frequency of the radial vibrations in a thin

shell of radius a and material (p, m, n).

Supposing the layers of thicknesses ?,, L, t, and of masses M^, M„, M, respectively,

we may write (5(i„) in either of the alternative forms

^^ = [tlRl-l^-ta, . a, + t.2p.J<^'\a,.a, + tjpsK-^a,.a< 1
-^ (tlPl + hp-, + Up.i) (56i,),

i-'= [i¥,ir^..„, +ilLif^..^.„, + J/3A'^.3.„,1 - (J/, + M, + M,) (.56,).

This result may be extended to a thin compound shell of any number of very thiu

layers, and thus in the Unlit to a thin shell whose material varies continuously or dis-

continuously with the distance fi'om the centre. If M denote the entire mass of the

shell, Ol and a., the radii of its bounding surfaces, terms of order (1 — a^/oi)- being sup-

posed negligible, and the elastic constants m, n be known functions of the distance ?• from

the centre, we have for the frequency equation

k- = \ri7r.in{1im-7i)(m + nr'dr\^M (57).
[J a, }

This result for a thin compound shell could doubtless be easily—and probably in the

opinion of most authorities satisfactorily—obtained without reference to the surface conditions

by applying dynamical principles to some assumed type of vibration. Whether this has been

already done or not I do not know.

33—2
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.(I).

SECTION VII.

Transverse Vibrations in Spherical Shell.

§ 101. I pass next to a consideration of the transverse vibrations in a spherical

shell.

Employing the notation of Sect. I. and the forms given in Sect. III. for the types

of displacement and stress in this case, we have

^ (r . yS) = n {^;8r J'.+j (k^r) - fJ,+j (kMl \

G(r./8) = J;+j(A-;8r),

Putting for shortness

A (a . yS . 6) = /,+i {k^a) J_,i^,, (k^b) - /_„;+», {k0a) Ji+^ {k^h):

A (a' . ^ . 6) = J'i^iik^a) /_„+j, (A-/36)- J'_„-+s, (k^a) /i+j (A-;86),

A (a . j8 . 6') = Ji+i (A-/3o) J'_„>j, (A-;S6) - J_,+i,(A-/3a) JVi (A-/SZ>),

A (a. /8. 6') = J',:+j(A-;8«)./'_„+i, (i/36)- J"_i,+i, (A-y9a)JVi(A-/86)

we find for the fi-equency equations of the four fundamental types in the simple

shell (6-/3. a):

/(6 . /3. «) = n= {A^/3-^aM (a . ^ . b') + fA (a . ^ . 6) - |A-j8aA(a' . /8 . 6) - 3A-^6A(a . /3 . 6')} = . . .(3),

/(6./3.a) = H[/.-,8aA(a'.;8.6)-|A(a.;8.6)l=0 (4),

/(6./3.a) = n{A;/36A(a.^.6')-iA(«./3.6)}=0 (5),

/(6./3.a) = A(a./3.6) = (6).

These forms of the frequency equations are easily obtained from the general formulae in

Sect. L

For a shell in which [(a—b)/a]- is negligible the functions reduce to the followng

forms :

—

f{b.^.a) = -— ^ n'k^aA (a. /3. a') {k^^-'a'^ - (i - l)(i + 2)} (7),

.(2),

/(6.^.a)=-«A-^aA(a.^.a')(l-|^^)-

f(b.0.a) = nk^aA (ft . /3 . a') (l + 1^-^)

.(8),

•(9),

/(6.(8.«) = - a — b
k^uAia.B.a) (10).

It has been already pointed out that

k0aA(a.0.a) = -C (11),

where (7 is a constant quantity independent of k, /3 or a.
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Equating the several functions to zero we get the frequency equations for the four

fundamental types in a thin shell. The free-free vibration is, it will be observed, the

only case in which the frequency equation has a finite root.

Supposing b absolutely equal to a we get

/ (« . /9 . a) = -/(a . /3 . d) = nC)

f(a.0.a)=f(a.^.a) =0 j

Thus /(a./S.a) and/(a./3.«) are quantities which cannot vanish, each being the product

of n into an absolute constant.

.(12).

Employing the result (12) in the general equation (30) of Sect. I., we find

f(e.^.c.0.b./3.a) = n'C'f{e.l3.a)

Another result we require is the value when /(e. /3 . a) = of

..(13).

d

dk-
k~J(e.l3.a) = k^a

d

d.k^a
+ ^/3,

'^'A-^)^f^'- /3.a),

where kj3a and k^e are to be regarded as independent variables. By work exactly similar

in its general outlines to that already indicated in the case of the radial vibrations it is

not very difficult to prove

/(e . ^ . a) = - pe= {k' - K\^,,,]f{e . . a),kbe

k^a

d.k^e'

d
(14),

where ^- K^^,.) is the frequency of fi-ee-free transverse vibrations in an infinitely thin shell

of radius r and material /3.

Thus k ^f{e .0.a) = -p {e= (k^- K\^,e,)f{e . ^ . a) + a^ {k^ - K'i».a))f(e . /3 . «)}. ..(15).

§ 102. We have now all the necessary data for determining the fi-equency equation for

the compound shell (e . ^ .c . ^^.b . .a), in which 6 — c is small.

From the general equation (23) in Sect. I. we have

f(e .0.c.^,.b.l3.a) =f(b . /3 . a) {f(e ./3.c)fic . /3, . b) -/(e . . c)f{c . A h)}

-f{h.^.a)\f{e.^.c)f{c .^,.1) -f{e . /3 . c)f{c . ft . l)\=0 (16).

Now supposing terms in {(6 — c)/6}- negligible and employing the results corresponding

to (7)—(10), we easily put (16) into the form

/(e./3.c.A.6./3.a)

n,C
=f{e .^.c)f{b.^. a) -f{e . /? . c)f(b . ^ . a)

• ^' p,b^ {k^ - K\, .,,)/ (e . /3 . b)f{b .^.a)

b -c
b

-f{e.^.b)f{b.l3.a)+y{e.^.b)f{b.^.a) + y{e.^.b)f{b.^.a) = 0...(17).

In the coefficient of 6 — c in accordance with the hypothesis that (6 — c)^ is negligible, c has

always been replaced by b.
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Writing /3, n tor /S,, «, lospcctivoly in (17) we ol)t;iiii an exprcssiou tor

/(e.^.c.^.b.fS.a),

emploWng which we tiiul tor llie t'recjuency equation

/(e./3. c./3..6./3.a)

nC

b-c/1 1
.(18).

But if dk be the increase in k due to the existence of the layer, this must be

identical with

/(e.yS.«)-^^'.A'^,/(e./3.a)=0

Thus remembering (13) and (l.'>), we tind on comparing (18) and (10),

= b"- Ip (i-= - A'>.„) - p, (Ic- - K\^^,,X f(e.^. b)f{b .^.a)

.(19).

+G-y^>-^-^>/^^-^-"
.(20).

This formula can be transformed into another of greater physical significance. By

methods precisely similar to those employed in the case of the radial vibrations I find

when / (e . /S . a) = :

fie /3 . 6) -./'(e . /3 . il) = (b laf x {wi,/w„),

•(21),
/(6 . ^ . a) -/(e .I3.a) ={b jeY x (w./w,),

f{e.^.b)^f{e.^.a) = {b^jaf x
(
W^jw^), I

/(6 ./3 . a) -/(« . 13 . a) = Qfje)^ x (W./w,) )

fie.fi.a)xf(e./3 .a) = -n'a-- (22),

where C is the quantity defined in (11), and w and W are the displacement and stress

in a simple shell. The form of b-w/, may be got by writing b for r and /8 for /S,

on the right-hand side of (8), Sect. III., and Wi, is the con-esponding stress.

• Employing these relations we transform (20) into

dk b — c_ TZ3^

b' (wof [p {k- - K"-,,j,) - p, {k^ - /iT^,,. ,,)} + 6=
( W,r Q -

,

J

...(2.-])*

§ 103. Passing to the limit when e vani.shes it may be shown without much difficulty

that

e* W(,/(e . y3 . «) = — nCarWa,

e*w«/(e./9.a) =

* See the note on p. 2GC.

.(24).
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When these values are substituted (23) becomes identical with the result obtained

for the solid sphere, viz. (22) of Sect. III.

§ 104. From the same consideration as was employed in the case of the radial

vibrations we conclude that the first factor on the right-hand side of (23) is essentially

a positive quantity.

The second factor on the right of (23), which alone varies with b, is identical in

form with the corresponding factor in (22) Sect. III., giving the change of frequency

in a solid sphere, so a brief discussion of its general features will suffice.

When an alteration of density occurs at a node surface of a particular note it does

not affect its pitch, but when it occurs elsewhere the pitch is invariably raised or

lowered according as the density is diminished or increased. The numerical magnitude

of the percentage change of pitch depends solely on the magnitude of the alteration of

density and not at all ou its sign.

The law of variation with the position of the layer of the change of pitch due to

a given alteration of density is independent of the magnitude of the alteration of density.

When the laj-er of altered density is of given volume the positions in which it has

most effect on the pitch of a given note coincide with the loop surfaces for that note

;

when the la3'er is of given thickness its most effective positions lie slightly outside the

loop surfaces.

When the layer differs from the remainder only in elasticity the second factor on

the right of (23) reduces to

Wfc= (V, - n) {i - 1) a + 2) + b-'Wi' (- - -)

The change of pitch thus depends solely on the alteration of rigidity. Unless in the

case of the rotatory vibrations, for which i=l, the above factor is the sum of two

squares which cannot simultaneously vanish except for b = 0. Thus excluding the case

of a solid sphere, an alteration of rigidity throughout a thin layer situated anywhere neces-

sarily affects the pitch of any transverse vibration other than one of the rotatory type,

and the pitch is raised or lowered according as the rigidity is increased or diminished.

In the case of a rotatory vibration the change of pitch when existent has always the

same sign as the alteration of rigidity, but it vanishes when the altered layer coincides

with a no-stress surface.

In the case oi a rotatory vibration the positions in which the layer, when of given

volume, has most efifect on the pitch coincide with those surfaces over which the trans-

verse stress is a maximum, but this is not exactly true of any other vibration of the

transverse type.

§ 105. Some of the more interesting special cases call for a more detailed examina-

tion.
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Thus suppose the altered layer to be I'ouud at the outer surface so that

b = a, W,,= W„ = 0.

Remembering (12) we find from the second of equations (21)

/(e . /3 . a) = nC {e/a)i {w^jwa),

whence by (22)

f{e.^.a) = -nC {ajef (Wa/We).

Thus from (23) if the thickness of the layer be ^i and the change of pitch 3i-,,

?^ = ^.a'(w„)Mp(^~"-^=(^.«-)-Pi(^^-^^'^,.«))l-P-D (2-').

A Ct

where B = «' (w„y {If - /r^,^
. „, )

- e^ {iv,Y (fc^- K'^.e,) (2«).

Similarly if dt. be the change of pitch due to the existence of a layer of thickness t

and material {p., n.) at the inner surface of the shell, we find

^ = ^\e'(ttv)=>(A— A'^3.„)-p,(i--A%,.„)!-/'^ (27).

If the layer differ from the remainder only in density, and the mass of the shell

be increased by dMi when the layer is at the uiner surface and by dM. when it is at

the outer, then putting

it/, = 47roV/3, dMi = 4'Tra% {p, - p),

M. = 4776^/3/3, dM^ = 47re=«2 ip-i - p),

we find

.(28),

tC I

where D' = 3 {J/,(w„)=(i=-^=<^.«))-M,(tt;,)=(A-— /i^Ve))! (29).

From (28) we get

8A-, : -dk., :: UU{xv^y : dHL{w,y (30).

If on the other hand the surface layers differ from the remainder only in elasticity.

we find for the corresponding changes of pitch

^A = („, _ „) a _ 1) (i + 2) t, (zuaY - pD]
*

- (31),

^ = (,u - n) (i-1) {i + 2) L {wef ^ pD

where B is given by (26).

Thus for equal alterations of rigidity at the two surfaces

9A^ : bk, :: <, (w„)^ : U(w,y (32).

The results (30) and (32) are identical in import with the corresponding results for

the radial vibrations, viz. (47) and (49) Sect. VI., and similar conclusions may be drawn.



Mr C. CHREE, on SOME COMPOUND VIBRATING SYSTEMS. 259

An exception must however be made of the rotatory vibrations as their pitch is

unaffected by an alteration of rigidity occurring at either surface.

On account of this peculiarity in the rotatory vibrations it seems worth while re-

cording the special forms taken in their case by the expressions for the changes of pitch

due to surface alterations of material, viz.

~ = -
<i (pi - p) a- (Wa)- -^ {pa^ (wa)'-' - pe' (We)-},

|*
'

(33).
dk I

-jjT
= - ti iP-2

- P) e" (we)' -^ l/3a^ i'^af - pe^ (w,)=}
j

§ 106. In the general case we may, provided (dk^ ± dk^jk be small, suppose the

alterations in the material at the surfaces to exist simultaneously. Also by supposing /j,

and Pa to vanish we can obtain the effect on the pitch of removing thin layers from

the surfaces. Thus when layers of thicknesses t^ and t. are simultaneously removed the

change of pitch is given by

~ =
1^^

. a' K)= {k- - K\,.,,) + *j.e {Wef {k^ -IC-^.,)^^D (34),

where D is given by (26).

Further by writing - ^ for ti and — L for t« we find the effect of adding layers of

thicknesses ti and t. and of the same material as the remainder to the outer and inner

surfaces. A verification of these conclusions is supplied by putting in (34)

t../e = - U/a,

when it reduces to dk/k = tj/a.

§ 107. For a compound shell of three thin layers we have a frequency equation

deducible from (.54) Sect. VI. by writing /3 for a. This leads to a result deducible from

(065) or (.56c) of that section by writing /3 for a. It may also be put in the specially

neat form

k' = (i - 1) {i + 2) {n,t, + n.L + n,t,) ^ [a- (pA + pd, + p,t,)] (3.5 ).

Here ti etc. denote the thicknesses of the thin layers, (p^, %) etc. their materials,

and a the mean radius of the shell.

We may extend (3.5) to a thin compound shell of any number of layers, or to one

in which the density and rigidity vary in any manner with the distance from the centre.

The general formula applicable to all such cases is

k"-={i-i)(i+2)r' i-n-ndr^M (36).

Here M is the mass of the shell, ch, cu the radii of its bounding surfaces, (a^ — ai)/ai

being so small its square is iiegligible, and n is supposed a known function of r, con-

tinuous or discontinuous.

Vol. XV. Part II. 34
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SECTION VIII.

Radial ViiiiiATioxs in Cylindrical Sheix.

§ 108. Employing the notation of Sects. I. and IV. we may lake in the case of

the radial vibrations of a eylindrieal shell:

F{r . a) = (ni + /;) A-ar./,' {koLr) + {in - n ) J^ (kar),
\

F^ (r . a) = {m + n) A-arF,' (kar) + {m - ii) F, {kar),

G{r.a) = J,(kar),

(7, {) . a) = 1', {kar)

Putting for shortness

A {a.a.b) = Ji (kaa) F, {kab) - 1', {kaa) J, (kab),

A (a'.a.h) = J,' {kaa) Y, (kab)- y,'{kaa}J, {kab),

A (a. a. b') = J, (kaa) F/ (kcib) - 1' (kaa) // (kab),

A (a' . a . b') =. J/ (kaa) F,' (kab) - F/ (kaa) J,' (kab) j

we tind for the frequency equations oi the four fundamental types in the simple

.shell (b .a.a):

f(h .a.n) = (m + nf k-a'ab^ (a' . a . b') + (m - n)- A (a .oc.b)

+ (hi- - 71-) [kaaA (a .a.b) + A:a6A {a . a . b')] =0 (8).

;'(b .a.u) = (m + n)kaa^ (a .a.b) + (m — n) A {a.a.b) = (4),

/{b.a.a) = (m + n)kabA {a.a.b')+ (m - n) A.(a.a.b) = (n),

f{b.a.a) = A{a.a.b) = ((>).

For a thin shell in which {{a — b)la]'- is negligible the above functions assiuiif the

forms

:

.(2),

f{b.a.a) = C [k-a-a- (m + n )- - imn] ( 7

;

f (b.a.a) = G\m + n + (m-n)\ (8),

/{b.a.a) = - C\m + n -

/(6.a.^)=- ^C

a — b
(m

a
J

4 .(9),

.(10).

where C = — kaa A (a .a. a) (11)

is an absolute constant, depending only on the definition of the Bessel.

The result

F{a.a)G,(a.a)-F,(a.a)G(a.a) = {in+u)C (12),

will be found useful in verifying the conclusions arrived at.
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The method of obtaining the change of pitch due to the existence of the thin

layer {ca^.b) in the shell (e.a.a) is precisely the same as that already illustrated in

the case of the sphere. The relation

^ ^J\e a.a) = - p {e"- (k' - K\^,„)f{e .a.a) + a' (1^'' - K-\^,„,)f(e .a .a)] (13)

also applies as in the case of the sphere, though of course the actual forms of the

functions are dififerent, and the values of K,a.a) and Ki,,e) are to be derived from (24)

Sect. IV.

Thus it will suffice to record the result of the operations indicated, viz.,

S7 I.

-j: (ni + n) Cp {e= (k"- - i^^„.„)/(e .«•«) + a= (k' - K\.,a^f{e . a . a)) -^
= IP \p {k"- - 7i'^,.j,) - p, {k- - A'^,,.j|)l/(e . « . h)f{b . a . a) +

n n.

1 1
f{e.a.b)f{b.oi.a)

+ 2

m + n m^ + n-^ I

^f{e.a.b)f{b.a.a)+f(e.a.b)f(b.a.a)] (14).
V?K + 71 nil -f nj '"^

Denoting by itr cos kt the displacement, and by Ur cos kf the corresponding radial

stress at an axial distance r, the following relations may be established in precisely the

same way as the results (32) and (35) of Sect. VI., the relation f{e.a.a) = being

supposed to hold,

fie. a. b) ^f(e .«.«)= W(,/m„,

f{b .a. a) -=-/(e .a.a)= ut/iie,

/{e .a.b) H-/(e .a.a) = bUi,/it„,

f{b.a.a)^f(e.ti.a)==bUilue j

f(e.a.a)y.f{e.a.a) = -{m + n)-C- (16).

Employing these results, remembering that in the coefficient of 6 — c we may suppose

f (e.a.a) to vanish, we transform (14) into

dk b — c _ — (m + ft) aG
'k " ~ir ~ pueua (e^ (k' - /i-,a.e))/(e .a.a) + a-{k'- K\a.o.))f{e .a.a)\

.(15),

h («,)= [p {t- - 7iV.„) - p, {k- - K^,.,.)] + h ( U,y (^-^^ - ^-^-)

+ 4M6f/6
,m + 11 «ii + ?ii

.(17)*.

.(IS),

§ 109. In the limiting case when e vanishes it may be shown that

Vef{e .«.«)=— (m + n) Cua,

e^Ue(k^-K"-i^_e,)f(e.a.a) =

and we thence obtain for the value of dk!k in a solid cylinder a result identical with

(27) of Sect. IV.

* See the note on p. 266,

34—2
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§ 110. From the s<inie consideration as before we conclude that the Hrst factor on

the right-hand side of {ID, which is independent of b, is essentially a positive quantity.

The form of the second factor on the right of (17) leads to the following general

conclusions :

—

When an alteration of density alone occurs at a node surflice of a particular note it

does not affect the pitch of that note, but when it occurs elsewhere the pitch is raised

or lowered according as the density is diminished or increased. The numerical magnitude

of the percentage change of pitch is independent of the sign of a given numerical

alteration in density. The law of variation with the position of the layer of the change

of pitch due to a given alteration of density is independent of the magnitude of the

alteration. When the layer of altered density is of given volume, i.e. when (b — c) b is con-

.stant, the positions in which it has most effect on the pitch of a given note coincide

with the loop surfaces; when the layer is of given thickness the most effective positions

lie slightly outside the loop surfaces.

When the layer differs from the remainder only in elasticity the expression for the

change of pitch consists of three terms. Of these the first has the same sign as, and

is proportional in magnitude to r/^Ji, (j/i, + nO"' — ifin (m + n)~^. It vanishes when the layer

coincides with a node surface of the note in question.

The second term has the same sign as, and is proportional in magnitude to

(m + n)~' - (m, + Hi)~'. It vanishes when the layer coincides with a no-stress surface.

The third term varies as 7i (m + n)~^ — ih ( n^ + n^)~\ but its sign depends also on the

value of b. It vanishes when the layer coincides either with a node or a no-stress

surface. It vanishes for all positions of the layer provided

7n,/Ht = )i,/K =l+p (19).

Thus on the uniconstant theory, or more generally when (19) is true, the sign of

the change of pitch following a given alteration of elasticity is the same as that of p
and does not vary with the position of the layer. If however (19) do not hold, the sign

of the change of pitch may vary for certain alterations of elasticity with the position

of the layer.

From the form of the expressions for u^ and Ui, it is easily proved that when kab

is large the second term in the expression for the change of pitch due to an alteration in

elasticity alone is much the most important, and that the third term is more important

than the first. Thus in the case of the higher notes the effect of an alteration of elasticity,

when of importance, especially when the alteration occurs near the maximum-stress surfaces

i>f greatest radius, depends almost entirely on the term containing Ub-; and the consequent

change of pitch is a maximum when the alteration of elasticity occurs very close to the

maximum-stress surfaces.

§ 111. Confining our further remarks to special cases, let us suppose the layer to
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be at one or other of tlie bounding surfaces. Remembering that U vanishes at a free

surface, we easily find for the two positions of the layer with our usual notation

-^- = J
. e- {UfY [p {k- - K-f^,f) - p., (k- - K-,a,.e))] ^ pD

where D =^a'{uay{lc' - K'\a.a))-e- {ue)-{k-- K\a.e)) (21)-

When the layer differs from the remainder only in density, let us denote the masses per

unit length of cylinders of radii a and e and of density p by il/j and M.^ respectively, and

let 8il/i and dM« denote the increases in the mass of the shell per unit length due to the

existence of altered layers at its surfaces, so that

Ml = ira-p, dMj = ^irati (p, — p),

J/o = TT^y, dM. = 2ireL (p. - p).

In this case (20) reduces to

(22),

.(25),

where B' = 2{M,{Uay {t- K^^.a)) -M,(Uenk"-- K"-,^,,,)] (23).

From (22) we get

dk\ : dk, :: 8il/, (mJ^ : 8if, (We)'^ (24).

If on the other hand the surface layers differ from the remainder only in elasticity

we find

?^'i ti , ,„ f 4m,ni 4nin ) _
-r= - ("(i)' 1 ^ -^ pB,
k a («ii + «i »4 + ft] "^

dk~ t, , ,„ ( 4mM„ imn ) _
-J- =- (we) i

'-^
Y -^ pD

k e [nu + Ma m.+ n] '^

where D is given by (21).

Thus for equal alterations in elasticity at the two surfaces we have

dki : dk, :: a-'<,(t«„)= : e-'4(Me)= (26).

Comparing (24) and (26) we find

{dkjdk„), p altered, : (dk^ldk.^, elasticity altered, :: a- : e- (27),

supposing the alterations in density and in elasticity to be the same at the two surfaces and

to occur there throughout given layers. Thus relatively considered, an alteration of elasticity

at the inner surface is more important than a like alteration at the outer surface.

§ 112. Supposing {dk\ ±dk„}lk small we may suppose the alterations at the surfaces to

occur simultaneously. Also by supposing p^ and pj to vanish we may find the effect of
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romoving tliiii layoi-s from the surfaces. Thus when layers uf thicknesses t, and t-. are

simultaneously removed the change of pitch is given by

^" =
|J

a» iu,y (k^ - K\,a,) + ^j e"- (u,y- {k^ - A'^,.,,)} ^B (28),

where Z) is given by (21).

By changing the signs of ^i and t.^ in (28) we get the eft'ect of adding layers of

thicknesses <, and L to the bounding surfaces, the added layers being of the same

material as the rest of the shell. As usual a verification is supplied by putting in (28)

tje = — til a,

when it reduces to dkik = ti/a.

§ 118. For a compound shell of three thin la3-ers the equation (54) Sect. VI. applies

without any change in form. From it we easily obtain results identical in form with

(oGj) and (56^) of that section. We may also write the expression for the fi'equency in

the form

This result may be extended to a thin compound shell of any number of layers, or

to one in which the density and elasticity vary in any manner with the distance from

the axis. The general formula applicable to all such cases is

k- = ^['"J^dr (30).

Here M is the mass of the shell per unit length, a^, a.^ the radii of its bounding

surfaces, {(a, — Oi) ai]- being negligible, a the mean radius of the shell, and m, n are

supposed known functions of the axial distance r.

SECTION IX.

Transverse Vibrations in Cylindrical Shell.

§ 114. Employing the notation of Sections I. and V., we may take in the case of the

transverse vibrations of a cylindrical shell

:

F{r.^) = n [kfirj; (k^r) - J, {klSr)],)^

F, (r .^) = n [kffrY,' (k^r) - l\{kfir)},

G{r.^) = J,{k^r),

G,{r.^)=7,{kM

Now these expressions and likewise the expressions for the displacements and stresses

can be at once derived from the corresponding expressions in the case of the radial

vibrations by simply suppoi^ing m to vanish and writing yS for a. Thus it is unnecessary

to go through the mathematical work by which the expression for c'k/k is arrived at,

because with substituted for m and /3 for a each step of the analysis in the case

of the radial vibrations applies to the present case.

.(1).
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The very same constant quantity C that occurred in the case of the radial vibrations

occurs here also, though it presents itself under the form

G=-k^a {J, (k^a) F/ (k^a) - ./,' (/t/3a) Y, (k^a)] (2).

In transforming the expression (17) Sect. VIII. for the change of pitch it must be

remembered that, as shown in Sect. V., Ki^„) is zero.

We thus find for the change of pitch in the transverse note of frequency k/'Iir in

the shell (e . /3 . a) due to the presence of the thin altered layer (c . A • ^) the equation

—

dk b — c _ — naG
k ' a pVeVak" \e-f{e . /3 . a) + a^f{e . /3 . «)}

x{-6C«,)U-(pi-p) + ?'(n)^g-i-)J (3)*.

The forms of v and V are given by

v, = AG{r.^) + BG,{r.^),

rV, = AF{r.^) + BF,{r.^),

the value of BjA being determined by one of the surface conditions.

§ 115. For the limiting case when e vanishes we have

tv/(e./3.(7) = -nGva,
|

and we thence obtain for dkjk a result identical with (8) of Sect. V.

i^),

§ 116. The first factor on the right-hand side of (3) is independent of h and may
by the same consideration as in the previous types of vibration be seen to be essentially

positive. The second factor, which shows the variation of the change of pitch with the

position of the layer, consists of only two terms, of which the first depends only on the

alteration of density, the second only on the alteration of rigidity.

When an alteration of density alone occurs, the pitch of a given note is unaffected

when the layer coincides with one of its node surfaces, but for all other positions of the

layer the pitch is raised or lowered according as the density is diminished or increased.

The numerical magnitude of the percentage change of pitch is independent of the sign

of the alteration of density, and the law of variation with the position of the layer of

the change of pitch due to a given alteration of density is independent of the magnitude

of the alteration. When the layer of altered density is of given volume per unit length

of cylinder, the positions in which it has most effect on the pitch of a given note

coincide with its loop surfaces.

When an alteration of elasticity alone occurs, the change of pitch depends solely on the

alteration of rigidity. The pitch of a given note is unaffected when the layer coincides

with one of its no-stress surfaces, but for all other positions of the layer it is raised

or lowered according as the rigidity is increased or diminished. The law of variation

with the position of the layer of the change of pitch due to a given alteration of rigidity

* See the note on p. 266.
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is indepoudent of the magnitude of the alteration ; but a diminution of rigidity is more

effective in lowering the pitch than an equal increase is in raising it. For a given

alteration of rigidity throughout a given volume the change of pitch has its maxima when
the layer is at the maximum-stress surfaces.

§ 117. For the cases when the layer coincides with the surfaces of the shell we
have with the usual notation

9^ ^ _ ^1 Pi-P ar(Va)-

k a p D
dk^ _ U p". — p6' {%)' I

T ~ ~
e p B^ I

where D = a- (Va)" — e- («<.)" (6).

A surface alteration of elasticity has thus no effect on the pitch, and if "dM^ and 'bM«

be the alterations in the mass of the shell per unit length due to alterations in the density

at the outer and inner surfaces respectively, the corresponding changes of pitch have

their ratio given by

Si-, : SA-, :: 8il/i(v„)^ : 'bM^{v,f (7).

When alterations exist simultaneously at both surfaces we have with the usual

limitation

at = at-, + ato.

When layers of thicknesses f, and U are simultaneously removed the change of pitch

is given by

f = {^.a=K)= + J.e=(..)j.i) (8),

where D is given by (6).

By changing the signs of <, and t.^ we get the effect of adding surface layers of

thicknesses (, and t. of the same material as the remainder.

The frequency of the transverse vibrations of a composite shell when very thin is

always zero. In other words no such vibration has a physical existence.

[December 1, 1891. The factors independent of h in the general expressions for 8t/A in

shells can be put into simpler forms. Replace (36) p. 248 by St/A = (6 - c) p~' Z>"' x [last factor]

...(a), (23) p. 2.56 by hklk =^ {h - c) p-' D'^ x [last factor]... (6), (17) p. 261 by ak/k = {/> -c) p-' B'

x

[last factor]... (c), (3) p. 26-5 by gA/A: = (6 - c) A"V' -D"' x [last factor]... (rf), where I) is given:

in (a) by (43) p. 2.51, in (6) by (26) p. 258, in (e) by (21) p. 263, in (rf) by (6) p. 266.

The modes of reduction are all similar to the following for case (a). Using the notation

of pp. 247—8, we have

f{e.a.a) _F (a . a)Gi{e . a) - J<\ {a . a) G (e . a) _ IiG\ {e . a) + AG (e . a) _ eu^

(ni, + n)kaa F (a.a) G,(a.a) — Fi(a .a)G (a.a) £Gi(a . a) + AG (a.a) ««„'

and therefore by (35) p. 248, / (e . a . a) -^ {m + n) kae = — aua/eu^.

In case (6) use nC = F{a. P)Gi(a . P) - F^{a. P) G {a . P), and similarly for {<:) and {d).]



VII. On Pascal's Hexagram. By H. W. Richmond, M.A., Fellow of King's

College.

In the volume of the Atti della Reale Accademia dei Lincei, published in 1877,

there are two important memoirs on the subject of the Pascal Hexagram: the first, bj-

Professor Veronese, contains geometrical proofs of all previously known properties of the

figure together with a large number of new properties discovered by him. The second

memoir, by Cremona, obtains proofs of many of the theorems given by Veronese from

a new standpoint, viz. by deriving the hexagram from the projection of the lines which

lie on a cubic surface with a nodal point, the nodal point being the origin of pro-

jection.

It is my purpose in these pages to attack the subject by the methods of Analysis,

adopting Cremona's point of view. I have recently been led to notice a new form of

the equation of a nodal cubic surface which has the advantage of giving the equations

of the Imes on the .surface in perfectly symmetrical forms,—that is to say in forms

where each line is represented by exactly similar equations: using this form of equation

to the surface, I propose to develop briefly a few properties of these lines, and others

connected with them, and then by projecting these lines upon an arbitrary plane to

obtain analytical proofs of theorems relating to the Pascal Hexagram.

There are three other references which I wish to make to papers on this subject.

The second volume of the Amencan Journal of Mathematics contains an interesting

paper by Miss Christine Ladd, in which the chief properties of Veronese are explained

in a concise form and his notation improved and simplified; some new results are given

connecting the Pascal Hexagram formed by six points on a conic with the Brianchon

Hexagram formed by drawing tangents at those points : in the second place. Professor

Cayley has published two papers in the Quarterly Journal of Mathematics, Vol. IX.,

pp. 268 and 348, of which the latter contains some results whose form is strikingly

suggestive of the forms obtained here, though the connexion is not apparent :
lastly, in

the volume of the same periodical for 1888 will be found a short paper written before

I had obtained the simpler form to which the equation to the cubic surface can be

reduced, which forms the foundation of the present discussion.

Vol. XV. Part II. 35
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Tlie nodal cubic surface.

Let the nodal or eoiiii-al point be taken as one vertex of the tetrahedron of

reference for a system of four plane coordinates, so that the equation to the surface is

of the form

It is clear that there are six straight lines on the surface which pass through the

nodal point and that these lie on a iiuadric cone; they are in fact the lines of inter-

section of the two cones

and (*$;», y, 2)' = 0.

Denote these lines by A, B, C, D, E, F\ then any jilane which contains two <>f thoni,

as for example C and E, must cut the surface also in a thiid line which does not pass

through the nodal point : this line may be called CE.

We have thus found on the surface six lines which pass through the nodal point,

and fifteen other lines which do not pass through 0, and these form the complete system

of lines on thr surface. For the plane through any line on the surface and the nodal

point must cut the surface also in a curve of the second order having a double point

at 0, i.e. in two straight lines which pass through 0: hence, since only sL\ lines on the

surface pass through 0, there can only be fifteen other lines on the surface. Two lines

.such as CD and GE cannot intersect since they both meet the line C; but it may be

shewn that any two of the fifteen lines which are not met by the same line through

must intersect. For if we take a series of planes through one of the lines, AB, these

cut the surface also in conies which are found to break up into two straight lines for

three planes of the system besides the plane OAB: further it is seen that the pairs of

points of intersection of these conies with AB are in involution. It is therefore necessary

that these three planes which pass through the line AB should contain respectively the

pairs of lines CD, EF; CE, DF; CF, DE.

There are therefore fifteen planes, known as tritangent (or triple tangent) planes,

which cut the surface in three straight lines and which do not pass through ; three

such planes pass through each of the fifteen lines, and moreover the eight points on any

line AB where it is met by the lines CD, EF; CE, DF; CF, DE; and by the lines A
and B are in involution.

Equation to the surface.

Taking nine lines such as AB, AC, AF, Dli, DC DF, EB, EC, EF, we see that they

lie by threes in six tritangent planes

;

AF, BD, CE, lie in a tritangent plane .« = 0,

AC, BE, DF, y = 0,

AB, CD, EF, z = 0,

AB, CE, DF, « = 0.

AC, BD, EF, « = 0,

AF, BE, CD, w = 0.
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Hence the equation to the surface must be

xyz = k . uvw.

Further, since none of these six planes pass through the nodal point, we are at

liberty to assume that at

X = y = z = u = V = w.

Therefore k = 1 and the equation to the surface is

xyz = uvw.

The equation to the tangent plane at {x'y'z'u'v\v') is

xyz V. V w
-+-, + -, = -,+-,+ ,;
X y z u V w

if now {x'y'z'u'v'w') be the coordinates of 0, this will give an identical relation in xyzuvw,

viz. a; + 2/ + z = u + v -\- xu.

But a second identical linear relation must connect these quantities, such as

It^x + ra^y + »i0 + piti + q-^v + r^w = 0,

where l^ + nii + «i + ^Jii + 5i + r, = 0,

since at x = y = z = u=v = iu.

Hence (Zj + X) x + (»i, + X) y + {n^ + X) 2 + (pi — X) u -\-{q^ — \)v + {i\ - \)vj =

for all values of X.

We can now find one finite value of X such that

{I, + X) {m, + X) (ji, + X) + (p^ - X) {q, - X) (r, - X) = 0.

Give X this value and replace

Z, + X, ?«! + X, 111 + \ Ih — ^, ?i — \ »'i
— ^>

by I, m, n, p, q, r,

and the second linear relation takes the form

Ix + my + nz + pu -\- qv -\- rw s 0,

where l + m + n +2> + q +r=0,

and lmn+pqr = Q.

Equations of the fifteen lines.

It has now been shewn that the equation to the surface can be brought to the form

xyz = uvw (1),\

where x + y + z=u + v+w (2),

Ix+my + nz +pu + qv + 7-iv = (S), V A;

l + m + n+p + q + r = (4),

Imn + pqr =0 (5)

35— 2
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and at tho nodal point 0,

X = 1/ — z = u = V = w.

It is now possible to obtain the equations of all the fifteen lines AB, AC, etc. Nine

of them have already been found, viz.

AB, z = 0, u=0: DB, .< = (), v =0; EB, i/ = {), iu=0;

AG,y = 0,v=0: /)('.; =0, iy = 0; EG,x = 0,u=0;

AF, X = 0, w = ; 1)F, // = 0, ;/ = ; EF, z = 0. v =0.

The equations of the remaining six lines are derived from (3): the three planes

l.i+pH = 0. my-\-qv=i), nz + rw = 0,

intersect in a straight line which lies on the .surface, and which meets the lines

a;=0, M = 0, or EC;
i/
= 0, v = 0, or AC; z = 0, w = 0, or DC.

Hence it is the line BF, and the remaining six lines are identified as follows:

—

BF, Ix+pii = 0, my + qv =0, iiz + rw =
;

my + rw = 0, nz + pu =

my + pu = 0, nz + r/w =

my + rw = 0, nz + qv =

my + qv =0, nz +pu=

my +pu = 0, nz + rw = 0.

Also the fifteen tritangent planes are made up of:

—

Six such as x = 0,

nine such as Ix + pu = 0.

These equations are obvious modifications of Schlafli's equations for the lines on an

ordinaiy non-singidar cubic surface ; by means however of a simple transformation it is

pos.sible to biing the equations to all the fifteen lines and all the fifteen tritangent planes

to absolutely symmetrical forms.

First let 21 =b + c, 2vi = c + h, 2m = a + b,

2p = e+f, 2q=/+d, 2r = d + e,

Then a + b + c + d + e+f=0 (i),

and (a+b){b + c)(c + a)+(d + e)(e+f)(f+d) = (ii).

But by (1) iu + b+ cf +id + e +ff = ;

that is a- 4 6= + (?> + 3 (a + 6) (6 + c) (c + r() + d' + e- +f + 3 ((/ + e) (e +/) (/+ d) = 0.

Therefore <e + b' + c' +d'+ e'+f^ = (iii).

FC, Ix + qv = 0,

GB, Ix + rw=0,

AD, Ix + pu = 0,

DE, Ix + rw = 0,

EA, Ix + qv = 0,
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Again let

That is

Thus

2te = /3 + 7, 2my =7 + 3, 2nz =a + f3.

'2pu = e + ?, 2qv = ? + 8, 2rw = 8 + e.

/3+7 7 + a
« = 7

—

, y= J
etc.

a + /3+7 + S + e + ?'=0 (iv),

and, as in (ii), the equation to the surface

(/3 + 7)(7 + «)(« + /8) + (8 + 6)(6+r)(r+8) =

is equivalent to a^ +y8= +7^ + S^ + e' + ?== (v).

Also
/J + 7 ,

7+5
,
«+^ = ^±f + ^ "^-?+ ^ + ^

.

6 + c c + a a + 6 rf + e e+/ /+rf'

(g + j3 + 7) (g + 6 + c)— g-a - 5^;3 - c^7 _ (g + 6 + ^) ((Z + e +/)- - d-h - e-e -f"-^

(d + e)(e+f)(f+d)(b+c)(c + a)(a + b)

The two denominators are equal and opposite, and

(a+b+cy- = (d + e+f}-;

hence by (iv) this is equivalent to

(t-a + 6-/3 + c-7 + d-B + e-e +/-?= 0.

Lastly at the nodal point,

x= 1/ = z = u = v = w;

that is,

b+c c+a a+b e+f f+d d+e'

or
a

a bed
The six planes a = 0, /3 = 0, etc. appeal- to have hitherto escaped notice : I shall

speak of them as coordinate planes or fundamental planes.

The complete system of equations is now as follows :

—

Equation to the surface

a' +^ + rf + B' + e'+^-' =0 (IV

where a+^ + y+8+e + ^ =0 (2),

a'a+b-^ + c'y + d'B + e'e+/-^=0 (3),V B,

a + b+c + d + e+f =0 (4),

d' + b'+c'+d' + er+f =0 (o)

and at the nodal point

a : ^ : y : B : e : ^ :: a : b : c : d : e : f.

Each of the fifteen tritangent planes is now repi-esented by an equation of the form

a + 13 = 0, a + B = 0, and each line of the sui-face by three equations such as

a + ^ = 7 + S = e+?=0.
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The equations of the tiftcon lines and fifteen tiitangent planes are given below

;

AB, a+iS = y + 8 = e + ^=0,

AC, a + 7 = /3 + e = S+ ?= 0,

AD, a + 8 = /3+f=7+e=0,
AE, a+ € = ^ + 8 = y+ ^=0,

AF, a+f=;Q + 7=a+e=0,
BC, a+^=/3 + 8 = y+e=0,

BD, a+ € = yS + 7=8+ ?=0,

BE, a + 7 = /3 + 5-=S+e=0,

BF, a + g = /3 + e =7+ ^=0,

CD, a+0=y + ^=S+e=O.
CE, a + S = /3 + y=e + ^=0,

CF, o + e = /9 + f = 7 + S = 0,

DE, a + f = /3 + e=7+S=0,
DJ?", a + 7 = /3 + S = e + f=0,

EF, a + /3=7+e=8+f=0.

a +^= contains .17}, CD, EF;

a +7=0 ^0, BE, DF;

a + S = AD,BF, CE;

a + e=0 AE,BD, CF;

« + f= AF, BC, DE;

/3+7=0 AF, BD, CE;

13+8 = AE, BC, DF;

/3 + e=0 AC, BF, DE;

/3 + r=0 AD, BE, CF;

7+S=0 AB, CF, DE;

7 + 6=0 AD, BC, EF;

7 + ^=0 AE, BF, CD;

8 + 6=0 AF, BE, CD;

5 + r=0 AC, BD, EF;

6 + ^=0 AB, CE, DF.

These equations have been arranged in such a way as to shew a certain correspondence

between the English and Greek letters ; but this correspondence is soon lost sight of in

the subsequent work.

This system of equations having been obtained, the properties of the fifteen lines and

fifteen planes may be discussed. It should be explained that the names of the various

points and lines which present themselves will be borrowed from the projections of those

points and lines in the Pascal hexagi-am.

(1) In each tritangent plane, as a + /8 = 0, lie three lines AB, CD, EF, which form a

triangle denoted by A^^, or sometimes merely by A; the vertices of this triangle are called

P points ; thus CD, EF intersect in the P point

a+/3 = 7+6=S+f = 7+f=8 + e=0,

or c( + /S = 0, -y = 8 = -e=-f.

There are forty-five of these P points, each lying in five tritangent planes, and on

each line lie six of these points, which were seen to fall into three pairs of points in

involution.

The fifteen tritangent planes pass by threes through the fifteen lines of the surface,

and any plane Ls met by six others in lines which lie on the surface.

(2) Although the six fundamental planes a = 0, /3=0, etc. appear to have hitherto

escaped notice, yet the fifteen planes given by equations such as a = /3, were known to

Pliicker, and are usually spoken of as Pliicker planes; two PlUcker planes pass through
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each P point ; for example through the P point a + /3 = 0, 7 = 8 = — e=-^ pass the two

Pliicker planes 7 = 8, and e = ^.

Each of the fifteen Pliicker planes corresponds to one of the fifteen tritangent

planes, thus the Pliicker plane /3 = 7 corresponds to the tritangent plane yS + 7 = ;

two such planes pass through the line of intersection of two of the fundamental planes

/3 = 0, 7=0, and are harmonically conjugate with respect to those planes.

(3) Two triple tangent planes a + /3 = 0, 0+7=0, which do not pass through a

common line on the surface, intersect in a line — a = /3 ='y, which must meet the surface

in three points. But the complete intersection of a + /3 = with the surface is the three

lines AB, CD, EF, and the complete intersection of a + 7 = with the surface is the three

lines AC, BE, DF; hence this line -a = ^ = y must meet AB, CD, EF, the sides of

Ao(j, in the same three points it meets AC, BE, DF, the sides of A,,^: hence the line

— a=/3=7 must pass through the three P points which are the intersections of AB and

DF, CD and BE, EF and AC.

Such a line is called a Pascal line or an h line and there are sixty such lines in

all, each given by an equation similar to — a = j8 = 7, and each the common line of

intersection of two tritangent planes and one Pliicker plane. Eight h lines lie in each

tritangent plane, and four in each Pliicker plane.

It has been seen that each h or Pascal line passes through three P points ; thus

the h line — S = e = f passes through the three P points

-S = e=f=-a, /3 + 7 = 0, i.e. AF, BD,

-B=e=^=-I3, 7 + a = 0, i.e. BE, AC,

-S = € = ^=-y, c(+/3 = 0, i.e. CD, EF.

Conversely, through each P point pass four h lines ; thus through the intersection of

AB, CD, i.e. the P point a+/S = 0, 7 = — 8 = e=-^ pass the four h lines

-y=B = ^; -B = y = e; -e = S = f; -^=7 = 6.

(4) It is clear that besides intersecting by fours in the P points, the h lines inter-

sect by threes in various other points : thus the three — a = /3 = 7; — a = 7 = S; —a = ^=S
are seen to meet in the point

— a = /3 = 7 = 8.

Such points are known as Kirkman or H points, and are sixty in number: each lies

on three tritangent and three Pliicker planes, and through each H point pass three h

lines and on each h line lie three H points.

The notation employed being absolutely symmetrical shews that a correspondence exists

between the h line — a = /3 = 7 and the H point — a = 8 = 6 = f; it is easily verified

that if three h lines meet in an H poiat, the corresponding H points lie on the cor-

responding h line ; but a more convenient method of defining the correspondence is the

following :

—
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The tivc triluugent pianos

a + /3 = 0, a + 7 = 0, a + S = 0, a + e = 0, a + ? = 0.

contaiu all fifteen lines oi' the sin-face and form a pentahedron which may be called

the 'a' pentahedron: there are then six such pentahedra the faces of each being tri-

tangeut planes, and any two pentahedra have one face common : any two faces of a

pentahedron intereect in an h line, and the three remaining faces are found to intersect

in the corresponding H point ; thus each of the six pentahedra has ten edges which

are h lines, and ten vertices whicli are the corresponding H points ; in other words the

sixty h lines and sixty H points may be subdivided into six gi-oups of ten points and

ten lines, the lines and points of each gi-oup being the edges and vertices of a penta-

hedron.

(5) There are twenty other points in which three li lines intersect, which complete

the system of the intersections of the tritangent planes, viz. points such as

a = y3 = 7 = 0.

These are known as Steiner or G points, and are twenty in number ; two such as

a = /3 = 7 = 0, and S=e = f= are said to be conjugate to each other, so that the twenty

G points fall into ten pairs of conjugate points. The G points ai-e therefore the twenty

vertices of the hexahedi-on formed by the fundamental or coordinate planes a = 0, /8 = 0,

etc. and must therefore lie by tens in these planes, and must also lie by fours in the

edges of the hexahedron.

The Steiner or G points therefore lie by fours in fifteen lines such as a = /3 = 0,

called Steiner-Fliicker lines or i lines, each i line being the intersection of a tritangent

plane mth the corresponding Pliicker plane.

If sL\ lines such as AB, BG, CA, DE, EF, FD, be omitted from the fifteen, the

remaining nine lines may be gi-ouped into three plane triangles A in two distinct ways :

for if the lines be arranged in a square thus,

/3+? r+7 /3 + 7

a + S AD BF CE
a + e OF AE BD
h + e BE CD AF

they may be gi-ouped into triangles either by the rows or columns of the square, and the

plane of each triangle is shewn at the end of the row or column. The three planes

of either group of three triangles intersect in a G point, and those of the other gi'oup

intersect in the conjugate G point.

(6) It was noticed in (4) that if three /( lines meet in an H point, the three

corresponding H points lie in an h line

;

it is also true that if three /( lines meet in

a G point, the corresponding H points lie in a line. For if we take the G point

a = /3 = 7 = 0, the three H points are

— a = S = e=5'; — /3 = S = e = ^; — 7 = 8 = 6= f,

and clearly lie on the line S = e = f.
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There are twenty of these GayleySahnon or g lines, each corresponding to one G
point ; thus the line 8 = e = 5' corresponds to the point a = j3 = y=0, and moreover the

f/ line which corresponds to a (r point passes through the conjugate G point.

When four G points lie in an i line, the coiTesponding ff lines are found to meet

in a point : thus corresponding to the four G points which lie on a = /3 = 0, are the

four g lines 8 = e=^; 7 = e=f; 7 = 8 = ^: 7=S = e: which meet in the Salmon point

or I point

7 = 8 = 6 = f

.

There are then fifteen of these / points, through each of them pass six Pliicker planes.

The i-est of the lines and points of intersection of these systems of planes do not

appear to be of sufficient interest to be worthy of separate mention here ; their projec-

tions are of interest in the theory of the Pascal hexagram, and will be treated of in

fuller detail in connexion with that theory; moreover, since it will be found that the

development of the theory of the Pascal hexagi'am is so closely related to that of the

lines on a nodal cubic surface, that from each proposition relating to the former theory

an analogous proposition relating to the latter is at once deduced, it seems better to

obtain the properties of the Pascal hexagram first, and to state where necessary the

corresponding properties of the cubic surface as corollaries.

Before passing to the projections of these lines, I wish to mention certain quadrics

which pass through sets of six of these lines of the surface.

(7) Any set of six lines such as AD, DE, EA, BG, OF, FB, must be generators

of a quadric surface, since each of the first three intersects each of the last three

;

and the nine planes in which pairs of intersecting lines lie may be concisely shewn by

means of the table

BF,
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But (o+8 + e)- = (?+/3 + 7)-.

Hence the equation to the iiuadric may be written

a- + /8- + r = B- + e- + ^-.

There are ten quadrics such as this, whose complete intersection with the cubic

surface consists of six of the fifteen lines on the surface; any two such cjuadrics have

two common generatoi-s, thus the quadric

S-- + /3-' + 7-^ = «= + f- + ?-,

which passes through the six lines AC, CD, DA, BE, EF, FB, has the two generators

AD, BF in common with the former quadric. The complete intersection of the two

(juadrics is contained in the two planes a + S = 0, of which the former contains the two

common generators AD, BF\ hence the remainder of the curve of intersection of the

two (juadrics consists of the plane conic

a = S, ;8^ + r = e-' + r

THE PASCAL HEXAGRAM.

As has been stated above, Cremona has shewn that by projecting the lines and

points deiived from the consideration of the lines on a nodal cubic surface, we obtain

the figure of the Pascal Hexagram.

Adaptation of equations. The equations we have made use of in discussing the cubic

surface are readily transformed into others which are applicable to the plane figure; for

since at 0, the nodal point

a : /3 : 7 : 8 : e : f :: (/ : b : c : d : e : f,

we can always find the equation to the plane which passes through and any line

whose equations are known, or to the line that joins to any point that has been

determined.

It is now only necessaiy to imagine that this system of lines and planes, all of

which pa.ss through 0, is cut by an arbitrajy plane ^, and the projection of the three-

dimensional figure upon this plane ^V will have been obtained. It is not desirable that

any particulai- plane should be selected as the plane of projection, but, for the sake of

the nomenclature, I shall consider that the section by a plane ^I' has always been made

;

thus, although - = .- ' really represents a plane which pa-sses through 0, the conical

point, I shall be justified in speaking of the line -= .
-

, if it is always understood

that the system of lines and planes is cut by the plane '^l' in a system lA' points and

lines. In the same way, when I .speak of a conic, the equation used will really re-

present a ipiadric cone whose vertex is at 0, the conical ])oiiit.
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The six lines A, £, C, D, E, F, which pass through the conical point 0, were found

to be the lines of intersection of a cubic cone and a quadrie cone : projected from

the conical point upon a plane ^, the}' appear as six points A, B, G, D, E, F, which

lie on a conic.

The fifteen lines AB, AC, ... each of which meets two of the six lines, are pro-

jected into the lines which join by paii-s the six points A, B, C. D, E, F, and thus

furnish the foundation of the figure of the Hexagram.

Equations of the fifteen lines AB, AC...

The equation to the plane which passes through the nodal point and the line AB is

/3 7 + S 6+ra

'

a + b c+d e+f
hence thi.s i.s also the equation of the line AB in the projected figure. Expressions such

a + jS , a
as , and

/3
will occur so frequently in subsequent work that it is convenient

a + b ' a— b

at once to replace them by simpler s}Tnbols,

a + /3
Let

and

a + b

a- B

be represented by the symbol (a/3).

y be represented by the sjTiibol xi"^^^-

Thus in three dimensions, each tritangent plane is given by an equation such as

(a^) = 0, and each Plucker plane by an equation such as x («/3) = 0, and at the nodal

point

: X (a^S) = X (av)- • • •- = 'f = ----=(«/3) = (a7).
a b c

The equations of the fifteen lines AB, AC, can be at once derived from those on

p. 272; they are

AB («^) = ('y8) = (60;

AC (a7)=(/36) = (S0:

AD (aB)=(l3C) = (ye):

AE (a€)={B6) = {yO;
AF (aO = (^7) = (Se):

BC («0 = (/SS) = (76)

;

BD (a6)=(/37) = (Sr);

BE (a7) = (yS?) = (8e)

;

BF (aS) = (^e) = (7?)

;

CD (a^) = (7?)=(86);

CE (aS) = (/37) = (60;

GF («e) = (/30 = (78);

DE (ar)=(/3e)=(78);

DF («7) = (/3S) = (6?):

EF {a/3) = (ye) ={80.

36—2
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The equation to the conic on which A, B, C, D, E, F lie is

«a- + 6/3-- + cr + rf8-- + er+y?- = (1),

and the complete system of ecjuations is

a+y3+7+a + e+?s (2),

a»a+&=^ + c=7 + rf-S+e-'e+/-?s (3),

a + 6 + c + rf + e+/= (4),

d'+¥-\-& + d-' + e'+f'' = (5).

Further, (a/9) is defined as * """

f (6),
a + b

X^»^^ l^t ^^>-

It follows that

a '^

if - = j- each is necessarily alsc > = ( a/3) = y (afi),

a b
'

if (a;8) = (7S) =1^?).

if (a/8) = (a7) =x(^7),

if x(«/3) = x<*7) =xi^yl

and at the nodal point

^ = |=|... =(a^) = (a7). .. = ... x(a/3) = y(a7)....

Before I pass to the Pascal hexagram, it is convenient to discuss in two lemmas

some properties of the figures formed by projecting on any plane the lines of intei-section

first of five planes and secondly of six planes in three-dimensional space.

I. Take five planes in thiee-dimensional space,

« = 0, v = 0, w = 0, ;/ = 0, ^ = 0,

forming a pentahedi'on, with ten edges and ten angles ; take also a point not situated

on any of these planes as oiigin of projection.

We may introduce factoi-s into the functions u, v, w, x, y, so that at 0,

11 = V = iu = x= >j.

Further, the five quantities u, v, w, x, y, must be connected by an identical lineai-

relation

pu -1- qr + no + SX + ty = (1),

where p + q+ r +s + t = 0.

Then u = v represents a plane passing through and the line of intersection of

« = 0, y = etc.
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If now we consider the sections of all the planes which pass through and through

one of the ten edges of the pentahedron, by an arbitrary plane Nl^, we obtain tho

retjuired projection. The figure is shewn below.

It consists of ten lines which meet by threes in ten points, and three of these

points lie on each of the ten lines. Selecting any point u = v = w, the three lines

u = v, v = tv, w = n pass through it ; six of the remaining lines form two perspective

triangles, viz. u = x, v = x, w = x; and u = y, v = y, w = y, and the tenth line x = // is

the line of perspective on which corresponding sides intersect.

There is a certain conic such that each of the ten points is the pole of the corre-

sponding line, viz.

pu:-+ qv- + r'W- +socr + ty"=0 (2).

For the polar of the point (i(oWoWo«oyo) is

puu„ + qvVo + rwWa + sxx^ + tyy,^ — 0.

If now M|,= y„ = w„, the polar is

Mo (i^M + yf + rw) + sxxa + tyys, = 0,

or by equation (1)

«„ (- sx - ty) + sxxit + tyy^ = 0,

or sx (a;„ - ?f„) + ty (y„ - «„) = 0.

But pu„ + qvo + rw„ + sxo + ty„ = 0,

.-. {p + q+ r){K„) + sxo+tyo = 0,

or (— s — *) "o + sx„ + ty„ = ;

.
•. s (Xt, - «„) + t {y„ - if,,) = 0.
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Hence the polar of the point i(=v = it' is the line .r = ;/.

The Hgfinv may be c;illed :i Projected Pentahechon.

II. Taking next six planes

u = 0, (» = 0, iu = 0, .'=0, y = 0, 2=0.

we project their intersections from the point at wiiicli

« = y = w = .V = 1/ = z.

The .six quantities «, v, iv, a-, y, z, are connected by two linear relations

p II +q V + r w + sx + ti/ + k 2 = 0,

p'n + q'u + v'to + s'.f + t'y + k'z = 0,

where p + q + r + s +t + k =0,

p + «?' + '' + «' + «' + k' = 0.

The projection consists of fifteen lines x = y, ... which meet by threes in twenty

points x = y = z, and four of these points lie on each line.

The figure, which may be called the figure of a projected Hexahedron, is shewn

below.
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If we select any point, e.g. x = y = z, through which pass the three lines x = y,

y = z, z = X, nine of the other lines group themselves into three perspective triangles,

viz. X = u, y = u, z = u\ x = v, y = v, z = v; x = w, y = w, z = w; and the three lines of

perspective in which corresponding sides of any two triangles intersect are the remaining

three lines n = v, v = w, w = u, which meet in the point n = v = w.

If we start with the point u = v= w, the nine sides of the three perspective triangles

are the same nine lines as before, but differently grouped.

(a) Two points such as .v = y = z, a. = v = w are conjugate with respect to any of

the conies

(p + \p') ii- + (q + \(/) V- + (r + \r') w- + {s + \s') x' + {t + Xt')y- + (k + Xk') z- = 0.

Denote the coefficients by P, Q, R, S, T, K, then two points («„, Wo. w<s, «o> y«, z«)

and (Uj, Vi, w^, .«,, 2/1, ^1) are conjugate if

P(f„M,, + QvoVi + RwoU'i + Sx^i + Ty^yi + Kz^^ = 0.

If now Mo = y„ = w„ and x^ = y^ = z^ the condition of conjugacy is

«„ (Pu, + Qvi + Rwi) + «! (Sx„ + Ty„ + Kz^) = 0.

But we know that at any point

Pu +Qv + Rw + Sx + Ty + Kz = 0,

... (P + Q+ R)u„ + (Sx,+ Ty, + A\)^0,

and (Pu, + Qy. + Rw,) + {S+T+K) x, = 0.

Also {P+Q + R) + (S+T + K) = i).

Hence the condition is satisfied and the points are conjugate with respect to any

conic of the system.

(/3) The system <5f conies above consists of all conies which pass through four fixed

points which for the moment may be called P, Q, R, S. If the diagonals of the quad-

rangle PQRS meet in L, M, N, it follows that the lines fi'om any one of these points

such as i to any two conjugate points, as x = y = z and u = v = tv, form an involution,

the double rays being the lines which pass through the four points P, Q, R, S.

If the conic

Pu' -{-Qv' + Rw- + Sx' + Tf + Kz- =

break up into two straight lines, which intersect in the point {a^VitW^^y,^^,

then Puu„ + Qm„ + R%utu<, + &*•„ + Tyy^ + Kzz^ = ;

.-. Pu„ = ap 4 /SP, Sx, = as + /3-S,

Qv, = aq + /3Q, Ty, = at + 0T,

Rw, = ar + /3P, Kzo = ok + 0K ;

hence substituting in p'ti„ + q'i\-\- = 0,

, pp qq' rr ss tt kk' - ;

we have _ + _^ + __ + _^^ + _^ + _^ = 0,
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... . -^ Jtp qq' »t' ss' _tt' kk' _
p + \p q + \q' r + \r'

'^
,v + Xs' ^ t + Xt'

'^
k + TJc'~

:ui equation which gives three finite vahies of \.

Giving \ these three vahies in succession, we may Hud the coordinates of the three

points L. M, N.

The six points where any line of the figure u = v is met by the si.\ lines w = a; y==s:

w = y, u=z; w = z, x = y: are conjugate in j)airs with respect to one conic of the system,

nz. that for which

P + Q or p + \p' + q + \q' = 0.

For the condition of conjugacy being as before

Pi/,,», + Qv„i\ + Bw„iL\ + S.r,,i\ + Ty,.i/, + K2,,z, = 0,

if we have

the condition becomes

(P+Q) MoM, + w„ (Rw, + Sx,) + J/,
(T;/., + Kzj = 0.

Also (P + Q)M„ + (iJ + S)w„ + (2V„ + A'^o) = 0,

(P + Q) t>, + (Riv, + Sjc,) 4- (T+K) y, = 0.

If then P + Q = 0, the condition is satisfied, since

I now proceed to deduce fi-om the properties proved for the cubic surface the

analogous properties of the plane figure.

III. The fifteen lines AB, AC, ... which join by twos the six points A, B, C, D, E, F,

group themselves into fifteen triangles A, on whose sides lie all the six points A, B, G,

D, E, F: such a triangle is AB, CD, EF, to which as in section (1) I give the name

A^: any line AB belongs to the three triangles AB, CD, EF; AB, CE, DF: AB, OF, DE;
and further since the other sides join the four points C, D, E, F, it follows that the

six vertices of triangles A which lie on .45 are in involution.

The vertices of these tiiangles are called P points and are 4.5 in number.

IV. From (3) we infer that

AB meets DF
CD meets BE
EF meets AC

in three points which lie on the /( or Pascal line (a^) = (ay) = -^^ifSy).

And sixty such lines exist.

Consider now the six luies just mentioned : if we arrange them in the order

AB, BE, EF, FD, DC, CA, it is clear that they are sides of a hexagon ABEFDC
inscribed in the conic, and we have shewn,
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'The opposite sides of any hexagon inscribed in a conic intersect in three collinear

points.'

There are sixty diiferent hexagons which we can form by joining the six points

A, B, C, D, E, F, in ditferent ways, and from each hexagon is derived one of the sixty

h lines.

On each h line lie three P points, and through each P point pass four h lines

;

thus through the intersection of AB, CD pass the four h lines derived from the hexagons

ABEGDF, ABFGDE, ABEDCF, ABFDCE.

V. The sixty h lines intersect by threes in sixty H or Kirkman points

(a^) = {ai) = (aS) = ^ {^^) = % (78) = X i^) ;

and on each h line lie three H points.

The three concurrent h lines are derived from the hexagons ABEFDC, ACEBFD,
ADGEFB, respectively : it was pointed out that to each h line corresponds one H point

:

now the sides of these three hexagons are composed of nine only of the fifteen lines

AB, AG... ; and the six lines omitted are the sides of the hexagon AEBBCF from

which is derived the corresponding h line (ae) = (af),

VI. The edges and angles of each pentahedron are projected into ten Ii lines and

ten H points, forming a figure of a projected pentahedron discussed in I. : it follows that

a conic exists such that each of the h lines which form the figure is the polar of the

corresponding H point.

The sixty /; lines and sixty H points fall into six groups of ten lines and ten

points; and with each gi-oup is associated a conic such that each h line of the group

is the polar of the con-esponding H point (which always belongs to the same group)

with respect to it.

There is no difficulty in finding the equation of this conic,

(a + /8) + (o + 7) + (a + S) + (a + e) + (a + f) s 4a

and b-(a + ^) + c-{a + y)+ ... = {b- + c- + d- + e- +f- - a-) o,

.-. (6= + c- + d- + e' +f- - a') |(a + ^S) + (a + 7) + (a + S) + (a + e) + (a + f))

= 4,[¥(a + ^) + c-(oi + y) + d-{a + 8) ].

That is (a^+3h--c^-d"--e'--f')(a+b)(a^) + = 0.

Hence the equation to the conic is

(a^ + Sb- -c--d--e- -/) (a + b) (a/3y + =0.

VII. The sixty h lines also intersect by threes in twenty Steiner or G points.

Vol. XV. Part II. 37
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The three concurreut It lines are derived I'rom the t'ollowiug hexagons

:

{a0) = iuy) = x{0y) from ABEFDC,

(al3) = {^y)=x{ay) from AFEGDB,

(a7) = (^7) = X (ayS) from AGEBDF,

in which the first, third and fifth letters are the same, and the second, fourth and sixth

are cyclically interchanged.

The twenty G points fall into ten pah's : with the point above is associated the

point

1=1=j= (^^) = («?) = (^n = X (Sf
) = X (fr) = X (srx

in which intei-sect the three /; lines derived from the hexagons ABECDF, ACEFDB,
AFEBDC, where the first, third, and fifth letters are again the same as befoi'e, while

the second, fourth, and sixth are derived from those of the former hexagons by non-cyclical

interchanges.

VIII. We may apply the results of II. to the figure formed by the projection of

the intersections of the six tritangent planes

(a/3) = 0, (^7) = 0, (7a) = 0, {he) = 0, (e^) = 0, (?S) = 0.

The figure is simpler than that in II. inasmuch as one of the linear relations con-

necting

(a^), (/37), (7a), {he), (e?), (^5)

is (a/3) -)- (/37) + (7a) = {he) + (e^ + (?S), see page (271),

so that the three lines such as

(a^) = (Se); (^7) = «); (7a) = (?§)
are concurrent.

The second linear relation is

{h + c) {0y) + {c + «) (7a) + (a + b) (a^) + {d + e) {he) + {e +/) (e^) + (/+ d) {^h) = 0.

The system of conies in II. comprises all conies which pass through the four points

common to

(a^)= + (/37)'- + (7a)-^ = (Se)^ + {e^' + {^hf

and (a + b) (a/3)= + {b + c) {^yY + {c+a) (a7)= + {d + e) {hef + {e +f) (e?)'^ + (/+ d) {^hy = 0.

The former of these two is the fundamental conic on which the six points

.4, B, C, D, E, F, lie, and can therefore be reduced to

aar + b^- + cy- + dh- + ee" +/?= = 0.

Two G points such as

a /3 7 , 8 e f- = j- = - , and
-J
= - = -?

,

a c a e f
which have been called conjugate G points, are therefore conjugate with respect to the

fundamental conic.
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By simplification of the second equation, it may be shewn that these two G points

are conjugate with respect to all conies which pass through the four points common to

aa= + 6/3^ + cr + dh- + ee- +/f^ =

and {he + ca + ah) (a + /3 + 7)- - hcoC- — cafi- — ahy-

= {de + ef+fd) (S + f + ^y - e/B"- -fde^ - de^'
;

and, further, nine paii-s of P points such as

(a^) = (a7) = (er); (Se) = (8?) = (a^)
;

the intersections of AB, DF, and of AF, DB are conjugate with respect to all conies

of the system.

Again by II. (/3), we see that any side such as (a/3) = (ef) or AB, is met by the

h lines (j3y) = (7a) and (Se) = (St;), which are derived from the hexagons ACEBDF,

ACDBEF, in two points which are conjugate with respect to the fundamental conic,

and therefore form with A and B a harmonic range.

On the side AB there must lie six such pairs of conjugate points, each pair forming

a harmonic range with the points A and B.

IX. The fifteen lines in the figure of this projected hexahedron are composed of

six h lines and nine sides of the triangles A, which join two of the six points A, B,

G, D, E, F; consider the gi-ouping of the eighteen points where the nine sides of

the triangles are met by the h lines.

On each h line, as (a/3) = (07), lie three of the points, viz. the points where this

line is met by AF, CE, BD, the sides of A^^. The points fall into two groups of

nine, according as the h line they lie on passes through one or other of the G points.

Arrange the points thus :

(a/3) = (a7), (/37) = «)
(a/S) = (a7), {^j)=m
(a^) = (a7), (^7)=(S^)

(/37) = (/3a), (7«)=«)

(/37) = (/3a), (7a) = (?8)

(/37) = (/3a), (7a) =(86)

(7a) =(7^), (a/3) = (er)

(7a) = (7;8), (a/3) = (?S)

(7a) = (7/3), (a/3) = (86)

{he) = (S?). (6?) = (/37) (6?) = (6S), (?S) = (/S7) : (?8) = (?6), (86) = (^7)

(86) = (8?), (eD = {r^) ' (f?) = (eS), (?8) = (7a)

(86) = (8?), (6?) = ('^/S) (^r) = (eS), (?8) = (a/3)

(?8) = (?e), (86)= (7a)

(r8) = (?e), (86)=(a^)

•(A);

•(B).

Taking either gi'oup, the nine points form three triangles, if we take them in rows,

and lie by threes on the h lines, if we take them in columns. The conjugates to

three points of either group which form a triangle are three points of the other group

which lie on an h line.

The sides of the triangles of the first group are

(a/S) + (07) = (6^) + (/37) ;
(/3a) + {^y) = (6?) + (07) ; (7^) + (7^) = (e?) + («/3)

;

(a/3) + (a7) = (^8) + (/37) ;
(/3a) + (/37) = (?8) + (07) ;

(7a) + (7^) = (?8) + (a^)

;

(a^) + (27) = {he) + (/37) ;
(/3a) + {^y) = (8e) + (a7)

;
(7a) + (7/3) = {he) + (a^).

Thus the corresponding sides of any two triangles intersect on an h line which

passes through the second G point.

37—2
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Again, since

(a^) + (187) + (7a) = (Be) + (e?) + (^S),

the equation to each of these lines may be \mtten in a new form : for example

(a^) + (a7)=(er) + (^7)

is equivalent to

2(/37) = (Se) + (Sr).

Hence this line passes through the P point

(/S7) = (Se) = (8?) = (a^) = (ae), i.e. the intersection of AF, BD,

and further it forms with the /; line (Se) = (B^) and the two sides AF, BD a hai-monic

pencil.

X. Corresponding to the three h lines which meet in the G point

a b c
'

are the three H points

(aS) = (ae ) = (ar ) = X (Be) = x (^0 = X (?«) I

(/3S) = (ySe) = (m = X (S^) = X i^O = Xm >

(yB) = (76) = (7?) = X (Se) = % (eD = % (r^)

;

which are seen to lie on the Cayley-Salmou or g line

x(«e) = xK) = x(?S).

This g line corresponds to the G point above, and passes through the conjugate

G point. There are twenty such lines in the hexagram, on each of which lie three H
points and one G point.

XI. Four G points such as

" =
f-
= "^ = («/8) = ("7) = (/37) = X i^P) = X («7) = X (/37);

^ = ^ =^ = («/8) = (aS) = (/38) = xC^-/^) =X(«S) = X (/3S)

;

- = ^= ' = (a/3) = (ae) = (0e) = x(«/3) = x(«0 = X (/8e);

^ =f =1 = (a)8) = («?) = (/3?) = X («/8) = X («?) = X (/30 ;

lie in one of fifteen Steiner-Plucker or i lines such as

^=| = (aA) = X(«^),

which pass by threes through the twenty G points.
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The twenty G points and fifteen i lines form the figure of a projected hexahedron,

discussed in II., viz. the projection of the hexahedron formed by the six fundamental planes

a = 0...etc.

Any two conjugate G points are therefore conjugate with respect to all conies which

pass through the four points common to the fundamental conic

aar + 6/3^ + 07= + dS= + ee" +f^- =

and -+^ + i-+ +_ +-^ =0.
a c a e f

The conic

will break into two straight lines if (as may be deduced from II.)

1 1 1 1 1 1

A,7A, A., A. A.-A,
a + ~ b+-r c+ - d+j e -\ /+-?

a c a 6 y

a
,

6 c
, d e f n

whence

oX^ — 3s.2\- + SjX + Sg = 0,

where
So = a6 + ac + ftcZ + ... ;

Si = abed + abce + . . .
,

Se = abcdef.

But if - + rH I-t4 Ht. = 0, any value of X satisfies the equation. In this case
ct o c a & J

however, the constants a, b, c, d, e, f are equal and opposite in pairs, and the funda-

mental conic degenerates into two straight lines.

XII. Corresponding to four G points which lie on the i line

^ = | = (a/3) = x(«/8)

are four (j lines which meet in one of fifteen Salmon or / points

X (7S) = X (7^) = X (7?) = X (^^) = X (^?) = X («?)'

and this / point corresponds to the i line above.

XIII. The projection of the figure formed by the five planes

X(«/3) = 0, X(«7)=0, x(a8) = 0, x(a€) = 0, x«) =

gives the figure of a projected pentahedron discussed in I.
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The ten lines are here g lines and the ten points are / points : but each <j lino

is common to three of the six figures and each / point is common to four figures, and

in different figures different g lines correspond to the same / points, and different /
points to the same g line.

With each figure of ten g lines and ten I points is associated a conic such that

each g line is the polai- of the / point which corresponds to it in that figure; the

equation to the conic is found to be

2 (a= + h- + c- + d--<r e- +/- - 66=) (a - h) ^ (a/S) |= = 0.

XIV. In the three-dimensional figure consider the h lines which pass through the

vertices of the triangle A„g formed hy AB, CD, EF.

Through the intersection of CD, EF pass the four h lines

-7 = e=?; -S = 6 = f; -6 = 7 = 8; -^=r^ = h.

Through the intersection of EF, AB, pass

_Y = 8 = e; _S = Y=^; _e = ,y = f; _f=a = e.

Through the intersection of AB, CD, pass

— 7=8=5"; —8 = 7 = 6; —6 = 8=5'; ~?=7 = f-

These twelve h Lines intersect by threes in four H points

— 7 = 8 = 6 = 5"; — S=6 = 5'=7; — e=5'=7 = 8; — 5f=7 = 8 = e:

and in four G points

S=e = 5'=0; 6 = 5" = 7 = 0; 5-=7 = 8=0; 7=5 = 6 = 0,

such that the four conjugate G points are collinear.

The H point -7 = 8 = 6 = 5" is joined to the G point 8 = e = 5"=0 by the g line

8 = 6 = 5". a^nd is joined to each of the other three G points by an h line which passes

through a vertex of A.^ : also the four g lines intersect in the / point 7 = 8 = e = 5".

Hence the tetrahedron formed by the H points and that formed by the G points

are perspective with respect to four distinct centres, \\z. the vertices of A,^ and the /

point 7 = 8 = 6=5".

The corresponding property of the hexagram is. The quadrangles formed by the H
points

(78) = (76) = (7?); (87) = (86) = (85); (67) = (68) = (65); (?7) = (?8) = (?e);

and the G points

(86) = (ef) = (f8): (76) = (60 = (7?); (7S) = (S?) = (7?) ;
(7S) = (7O = (H

respectively, are perspective with regard to four distinct centres of perspective, viz. the

vertices of A«^ and the / point

X (y^) = X (ye) = X (7?) = X (Se) = x i^O = x («?)•
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I proceed to consider the complete figure formed by the projection of the lines and

points of intersection of the tritangent planes, the Pllicker planes, and the six coordinate

planes: from this figure are deduced nearly all the properties of the hexagi'am given by

Veronese, and one or two new properties. It will be convenient to treat first of the

intersections of the tritangent and Pliicker planes, and to introduce the six new coordinate

planes later.

XY. Consider the projections of the eight h lines which lie in a tritangent plane

a + /3 = : they form two quadrilaterals

(c</3) = (a7); (a;S) = (aS); (a/S) = (ae)
;

(a/3) = (a^,

(^a) = (;87); (/3a) = (/3S); (;8a)=(^e); {M = m).

The six vertices of each quadrilateral are H points, and corresponding sides intersect

a. B
in G points which lie on the i line - = ^ = (a/3) = T^;(a/3) ; while sides which do not

correspond meet in the twelve P points which lie on the sides of A^^ but are not

vertices of that triangle.

The lines which join corresponding vertices of the two quadrilaterals are called

V lines ; for example the two vertices

(a^) = (a7) = («8) = x (l^y) = X (^^) = X W'
{13a) = (^7) = (/3S) = X («7) = X («S) = X (t^):

are joined by the v line

(a/3) = x(7S).

The hexagram contains ninety of these v lines, each the projection of the inter-

section of a tritangent plane a + /3 = with a Pliicker plane 7 — S = : on each v line

lie two H points; through each P point pass two v lines, and through each H point

pass three such lines.

The six v lines derived from the two quadrilaterals given above pass by twos

through the vertices of the triangle A„p ; their equations ai'e

(«/3) = x(7S): (a^) = xiy^); (a/3) = x(7r);

(«yS) = X(er); (a/3)=x(r8); («/3) = x(50;

and therefore they intersect by threes in four points which for the present I call H,.

points, such as

(^^) = X (7S) = X (7^) = X (^f).

each of which lies on one of the g lines which pass through the I point corresponding

to Aap. It follows that the diagonals of the quadrangle of H. points are the sides of

Aap, and hence

The two V lines which pass through any P point form a harmonic pencil with the

sides of the triangle A which intersect in that P point.
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There are sixty H., points in the hexagram, lying by throes on the twenty g lines

:

there is clearly a correspondence between the sixty H.> points and the sixty A lines

and the sixty H points; thns the H, point

(a^) = X (y^) = X (7e) = X (^«)

conesponds to the H point

m =m =m = X (7S) = X (ye) = XiH
and to the h line

(?a) = (?/3) = x(a/3).

Each H., point is joined to the corresponding H point by the g line which passes

through it.

XVI. It will be seen that the /) lines which correspond to two H points of a v

line meet in a P point, and are the projections of two h lines which lie in a Pliicker

plane. The four H points therefore which correspond to four h lines through a P point

such as (o^) = (76) = (7^) = (Se) = (8^) lie on two v lines, (7S) = x (o-^), (e^) = X i"'-^) > ^^''

these intersect in a Y point

^ = f
= (a^) = (7S)=(6r) = x(a/3).

the intersection of the i line which corresponds to the triangle Aag with the side of

the triangle opposite to the P point.

The Y points number fort3--five and lie by threes on each side of a triangle A and

on each i line.

The six v lines which pass through the intersections of the diagonals of the quad-

rangle C, D, E, F, are

(«/3) = X(7S); (78) = x(«/8); (6r) = x(c</3);

(«^) = X i^O ; (78) = X (eO ; «) = x (7S),

and intersect by twos in the three Y points of the line AB. Since the v lines through

the intersection of CD, EF form a harmonic pencil with CD, EF, it follows that the

six P points of any side AB form harmonic ranges with two of the three 1'^ points of

that side.

XVII. To the forty-five Y points, where a side of a triangle A„^ is met by the

coiTcsponding i line, correspond forty-five y lines which join the opposite vertex of the

tiiangle to the corresponding / point.

The y lines are seen to be given by equations such as

X (7S) = X (e?).

tMs being the line which corresponds to
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To three Y points which lie in an i line correspond three y lines which meet in

an / point ; and to three 1' points which lie on the side of a triangle A, as

(a/3) = {yB) = (eO

correspond three y lines which meet in one of fifteen B, points

X («^) = X (7S) = X (e?)'

to which I shall have occasion to return later. The three y lines which meet in the

R point which corresponds to the side AB, pass through the intersections of the diagonals

of the quadrangle GDEF.

Each y line is the projection of the line of intei'section of two Pliicker plane.'^

:

through each P point pass two Pliicker planes, which intersect in the y line, and each of

which contains two h lines, and one v line passing through the P point : the four lines

in each plane form a harmonic pencil.

For through the P point a + /3 = 0, 7 = ^ = — e = — ^ passes the Pliicker plane e = f

,

and this meets the four planes

7 + e = 0, 8+^ = 0, (7 + e) + (8 + D = 0,

in four lines which form a harmonic pencil, whose rays are the four lines spoken of.

The projections of these lines also form a harmonic jjencil.

XVIII. It was shewn in XV. that the four points H.,

(a/3) = x(8e) = x(er) = x(S?).

(a^) = % (7O = X (e?) = X (7?).

(a/3) = x(78) = %(80 = %(7?)>

(a/3) = X (7S) = X (Se) = % (75),

form a quadrangle whose diagonals intersect in the vertices of the triangle A„^ : hence

the lines joining these four points to any other point and any two of the lines which

join the point to the vertices of Aa^, form three pairs of lines in involution.

In particular, if the point chosen be the / point, which corresponds to Aag, we have

the property that

The four g lines through an / point and any two of the three y lines through

the point, form three pairs of lines in involution.

XIX. The y lines intersect by threes in sixty S points, such as

X («^) = X (7^) = X (7^) = X (^f)

which lie by threes on the g lines, and correspond to the sixty h lines and H points.

Consider the quadrangle formed by this 2 point and the three / points

X («/3) = X (aS) = X («0 = X (^S) = X (/3e ) = X (Se),

X (a^) = X (««) = X («7) = X (^0 = X (^7) = X (^7).

X («/3) = X («7) = X («^) = X (^7) = X (^^) = X (7S).

Vol. XV. Part II. 38
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The / points are joined by the g lines

X(a/8) =x(a7) = X{^7).

x(ayS)=x(«0 = x(/30.

and the S point is joined to the three / points by the y lines

x(a^)=x(^e); x(a^) = x:(e7); X(«/S) = x(7S).

These lines must cut any transvei-sal in involution ; take as the transversal the

g line

X(a/3) = x(ar) = %(^r)-

Hence the three / points and the three % points of any g lines are in involution.

XX. The ninety v lines also intersect by pairs on the h lines in 180 E points

(a/3) = (a7)=x(/97)=x(Sf);

each E point is the intersection of two v lines, one h line, and one y line ; and three

E points lie on each h line and four on each y line.

If we take as the transversal which meets the sides of the quadrangle in XIX. the

/( line (af) = (/3f) = ;;^(a/3) we see that the three E jDoints of any h line and the three

H points of the line are in involution.

XXI. The only other points furnished by the intersections of the tritangeut and

Pliicker planes are ninety N points, given in the hexagram by equations such as

"=f-=(a.S) = x(a/S) = x(7S),

each the intei-section of a v line, a y line, and an i line.

XXII. To complete the figure formed by the tritangent, Pliicker and coordinate

planes, it is necessary to consider only the intersection of one coordinate plane with the

planes and lines discussed above ; for the line of intersection of two coordinate planes

is an i line and has already received notice.

Each coordinate plane, as a = 0, is met by ten of the tritangent planes /3 + 7 = in

a line called a cr line a = /3 + 7 = 0. The projections of these sixty <t lines

I = (^'^)'

are noticed by Veronese who shews that if three y lines meet in a S point, the corre-

sponding y points lie in a cr line which passes through a G jjoint.

The line in which a coordinate plane a = is met by a Pliicker plane y8 = 7 may

be called a /i line : there are sixty /* lines, each containing three N points and one

G point: the projections of these /i lines

" = X(/37),

have the same property.
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XXIII. There are further in the three-dimensional figure

60 F points, a = 0; j3 = y = S;

180 J points, a=0; 0=y=-S;

90 K points, a = 0; /3=7; S = 6;

180 Z points, a = 0; y3 + 7 = 0; S = e:

whose projections give in the hexagram

60 F points, " = X (/37) = X (7^) = % (S/3),

180 J points, ^ = i^B) = (7S) = X (^7),

90 iT points, ^=;(;(^7)=x(86),

180 X points, - = (j3y) = x{Be).

It will be as well to pause here and enumerate the various lines and points which

compose the hexagram as far as we have at present discovered them. There are

1.5 sides of hexagons (a^) = (76) = (e^)
;

60 h (Pascal) lines (a/3) = (a7) = % (^7)

;

20 g (Cayley-Salmon) lines % (a/3) = x («"/) = X (^y) '•

a. B
15 i (Steiner-Plilcker) lines (a/S) = % (a/3) = - =

-^ ;

90 V lines (a/3)=%(7S);

45 y lines X (a/3) = % (78)

;

60 o- lines -=(^7);

60 yii lines ^=X(^7)-

6 fundamental points A, B, C, D, E, F

;

45 P points (a/3) = (7e) = (7?) = (Se) = (3?) = x(78) = X(e?);

60 IT (Kii-kman) points ....(a/3) = (07) = (aS) = %(^7) = % (^S) = X (7^)

;

20 G (Steiner) points (a^) = (07) = (By) = % (a^) = x i^j) = X (/37) = - = y = "
:•

15 / (Salmon) points % (a/3) = % (a7) = x (aS) = x (^7) = X (^S) = x (7^)

;

38—2
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GO B., points (a/3) = X(7^^ = X('yf) = X(^^) 5

-15 r points (aJ) = (-yS) = (ei:) = x(a/3) = "=^ ;

ir> R points X («/^) = X (7^) = % (e?)

;

GO S points X («^) = X (7^) = X 17^) = X (^«)

;

180 E points (a/3) = (a7) = x(/97) = x(Se);

90 .Y points («^) = X(«/S) = X(7S) = -,=f ;

60 ^points ;^(^y) = x(/3S) = x(7S) = ^;

180 J points (j3B) = (y8) = xi^y) =

90 iv' points j^ (^-y)
= T^ (Se) =

-

180 Z points il3y)=x{^ei =

Of the lines and points derived from the figure formed by the tritangent and Pliieker

planes, all receive notice in Veronese's Memoir except the N points and B points ; but

of the intersections of these planes with the cooi-dinate planes only the tr lines are

mentioned. In the case of two kinds of points I have altered Veronese's notation, the

S... points and S points being called by him Z„ points and ^ points respectively ; and

for the sake of brevity I have spoken of H points, G points and / points, h lines, g
lines and i lines where Veronese uses the names of the mathematicians by whom they

were discovered.

In the three-dimensional figure, the lines and points of which the projections have

been given are as follows

:

15 sides of hexagons. ..a + (S = y + 8 = e + ^ = ;

60 h lines — a = l3 = y;

20 </ lines o = /3 = 7;

1.5 i lines a =/3= ;

90 V lines a + /3 = 0; y — B;

4.5 >/ lines a = /3; 7 = 8;

60 a- lines a = 0; /3 + 7 = 0;

60 fi linos a = 0; 13 = y ;
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4-") P points a + /3 = 0; 7 = 8 = — e = — ^;

60 H points -a = /3 = 7 = S;

20 points a = i3=7 = 0;

15 / points a = ^ = 7=8;

60 H, points a+/3=0; 7 = 8 =e;

45 Y points a = /S = 7 +8 = e + f =0 ;

15 R points a = /3; 7=8; £ = ?;

60 S points a=/3; 7=8 = e;

180 ^ points -a = /9 = 7; S = e;

90 iV points a=/3 = 0; 7=8;

60 i^ points a = 0; /3 = 7 = 8;

180 J points a = 0; /3 = y = -B;

90 £r points a = 0; /S = 7; 8=6;

180 i points a = 0: /3 = 7 ; 8 + e = 0.

There are two sets of lines and points which Veronese has noticed, viz. m lines

which are the projection of lines such as

a+/3 = 0, 2a + 7 + 8 = 0,

and T points which are the projections of points such as

a + /3 = 0, 8 = e, 2a + 7 + 8 = 0;

but these do not appear worthy of further mention.

It was pointed out in (7) that the six lines AD, DE, EA, BG, GF, FB are gene-

rators of a quadric surface, viz.

c(= + i3^ + 7- = 8=+e=+?' (1).

It follows that the planes which pass through the conical point and these six

lines touch the enveloping cone from to this quadric

(a- + /3- + 7— 8- - 6- - ?-) (((" + 6- + c= - rf- - e- -/=) = (aa + 6/3 + C7 - rf8 - ee - fX)',

or 'Z{ah-doCf = ^{a^-ha.y (2),

where on the left hand side are the nine squares in which one of the three letters

a, /3, 7. is associated with one of the three 8, e, ^; and on the right hand side are the

remaining six squares.

Hence in the hexagram, the six sides of the triangles ADE, BGF touch the conic (2).

Again, the projection of any plane section of (1) is a conic which has double

contact with (2). Hence it is inferred from (7) that the projection of the conic

a = S, ^^ + r = e-+X'
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has double contact with the two couics which touch the sides of the triangles ABE, BCF,

and of ACD, BEF.

This conic clearly passes through the eight points

O = S, /3 = + e-, 7 = ± f,

and a = S, /3 = ± if, 7 = ± e.

Hence it is inferred

The four P points « = S = - /9 = - e
; 7+^=0; or CD, AE,

a = S = -^ = -f: 7 + e = 0; or BC, EF,

a = S = -7 = -6: 13 + ^=0; or BE, GF,

a = 8 = - 7 = - ^; /3 + e = ; or ^C, D^",

the two r points a = 6 = 0: /3 + e=(); 7+^=0;

a = S = 0: ^ + ^=0; 7+6 = 0;

and the two R points a = S; /3 = e: 7 = ?;

a = 8; ^ = f: 7 = 6;

lie on a conic which has double contact with the conic which touches the sides of the

triangles ABE, BCF and with that which touches the sides of ACD, BEF.

The remainder of Veronese's memoir, of which I wish now to give the analytical

equivalent, treats of certain systems of lines and points (called by him z.^z^... lines and

Z^3... points) which correspond in many ways to the h Imes and H points and may

be grouped into six sets of ten lines and points in a similar manner: as stated above

the Z2 points of Veronese have been spoken of as H. points.

XXIV. It was shewn in XV. that the six v lines which pass through the three

vertices of a triangle A intersect by threes in four points H. such as

(a/3) = X (7S) = X (7e) = X (M
that there are sixty such points in the hexagram which lie by threes on the g lines,

and that further the point above corresponds to the H point

( r?) = ( ?S) = (?e) = X (yB) = X (Be) = X (7^).

and to the fi line

(?a) = (^/3) = x(«/3).

In the three-dimensional figure, the six v lines which pass through the vertices of

a triangle A and lie in its plane, intersect by threes in four //-, points, such as

a + /3 = 0, 7 = 8 = 6,

which corresponds to the H point -f=7 = S = e, and to the h line — ^=a = /3.

'If three H points lie in an h line, the corresponding i?j points lie in a line called

an h, line.'
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Taking the tliree H points which lie on — f=a = /3, the corresponding H. points are

S + e = 0; a = /3 = 7;

£ + 7 = 0; a = y3 = S;

y + 8 = 0; a = /3 = e;

and these are seen to lie on the h.^ line

a = /3 = 7 + S+e,

which is equivalent to

r+3a = r+3^ = o.

Thns corresponding to the li line a + /3 = a + 7 = 0, and to the H point

a + S = a + e = a+f=0,

are the h.. line

a + 3;8 = a + 37 = 0,

and the H^ point

a + 38 = a + 3e = a + 3f = 0.

XXV. Thus, both in the three-dimensional figure and in the Hexagram, the sixty

H„ points and h., lines correspond to the H points and /( lines: when three h lines

meet in an iZ^ point the corresponding iu lines meet in an H. point, and the cor-

responding H points and H.^ points lie on an h line ur h.^ line respectively ; while if

three h lines meet iu a G point, the corresponding li. lines meet in the same G point,

and the corresponding H points and H^ points lie on the corresponding g line. Hence

the G points and g lines and therefore also the / points and i lines are common to

the two systems (1) of A lines and H points, (2) of lu lines and H. points.

Thus fi-om the figure formed by the five planes

a + 3/3 = 0; a + 87=0; a + 38 = ; a+3e = 0; a + 3^=0;

it is clear that in the hexagram the ten lu lines and H,^ points which correspond to

the ten h lines and H points of a projected pentahedron (as in VI.) themselves form

another such figure which has associated with it a conic such that each H.. point of the

ten is the pole of the corresponding h., line ; and the h^ lines and H., points may be

gi-ouped into six such figures.

But the relations between two or more figures of lu lines and H„ points are not

identical with those existing between the corresponding figures of /t lines and H points;

for the latter are derived from the projections of the intersections of fifteen planes,

w^hile the A. lines and H., points cannot be derived fi-om fewer than thirty planes ; thus,

in the thi-ee-dimensional figure each pentahedi-on of /( lines and H points is contained

by six out of fifteen planes, and each plane occurs in two pentahedra ; but in the case

of h„ lines and H. points, each pentahedron is contained by five out of thirty planes,

and no plane occurs more than once.
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XX\'I. The intersections of these thu-ty planes however furnish a second similar

sj-steni of lines and points, which for the present may be distinguished by the

suffix 3.

C!orresponding to two H points which lie on a v line a + /3 = 0; y = S: \iz. the //

points

o + ,<3 = a + 7 = a + S = 0; a + /3 = /3 + 7 = /3 + S = 0;

we have the two h.2 lines

a + 3e = a + 3?=0; /3+ 3e = /3 + 3^^= ;

which meet in a point called by Veronese a V point (or later a F... point)

a:/3:6:?::3:3:-l:-l
Ijing on the >/ line a = ^, e = f

.

From these V points may be derived the second system of h-^ lines and H^ points.

For through each V point pass two h.^ lines of the second system, viz.

36 + a = 3e + /3 = 0,

3?-+a = 3?+/3 = 0.

Thus in the projected figure, each line of either sj'stem contains three V points

;

thus the first system determines the V points, and these determine geometrically a

second similar system of lines and points which has all the properties of the first

system.

XXVII. These results may at once be generalised. Consider the system of thirty

planes such as Xa+/x/3=0, where X and /x are definite constants.

Two of these planes pass through each of the fifteen i lines, and are harmonically

conjugate mth respect to the tntangent plane and the Pliicker plane which intersect in

that line.

Let the line in which two of these planes such as

Xa + /U./3 = ; Xa + ^7 =

intersect, be defined as an h^ line, and let a point such as

be defined as an H point ; and let their projections in the hexagi'am bear the same

names.

Thus the h^ lines and II., points are equivalent to /i,, 3 lines and /f,_3 point.s, and the

/j, lines and H3 points to A3, , lines and ZTj, 1 points.

Then it is clear that we have a system of sixty //^ lines and H^ points whicii

has all the properties mentioned in XXV. as possessed by the Ju lines and //. points

and further that a second similar system of // ^ lines and // ^ points may be deduced
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in the same way that the h^ lines and H3 points were deduced from the h. lines and H^
points.

The h^ ^ lines and H^ ^ points with the h ^ lines and H
^

points together form

a system which may be called the (Xfj.) system : each system (X/x) contains ninety

Fj^ points, such as

\a + fi€ = \a + /x^= X/3 + ^le = \/3 + fj.!;
=

two of which lie on each y line and are harmonically conjugate with respect to the P
point and the / point of that line.

In the hexagram, the projections of these lines and points have analogous properties,

and the V, points serve to connect the h. lines with the li , lines.

XXYIII. Veronese connects the systems for different values of \ : /i by a method

which leads to a curious analytical equivalent.

The V^ jDoiuts were obtained as the intersection of two h^ lines which con-esiJond

to two H points of a v line. If instead, the corresponding 11^ points are taken, the

line which joins them may be called a v^ line.

Let the v line be a+/3=0; y = S; then the two H^
^

points are

\a + /i/3 = Xa + fj.y =\a + /xS = 0,

X/3 + /xa = X/3 + /i7 = X/3+ /iS = 0,

and the v, line which joins them is
A, n •>

X — /ti X X

Thus there are ninety v^ lines, which intersect by jjairs in the forty-live Y points,

an<l form harmonic pencils with the v lines and / lines.

But since a + ^ + y + B + e + ^= 0, the line may be written

a +^ _ 7 _ 8 _ e + ^

\ —
fj,

X X
fj.
—S\

and hence belongs equally to a system (X', /i') for which

fi — 3X' _ X — /i

x7 ^ X '

that is V ^ X
~

Thus from the system of h^ lines and H^
^

points ninety
y^_ ^ lines are determined,

from which in turn a second system of H^. ^, points is determined, viz. as points of

concurrence of three v^ lines, which belong equally to the new system.

Thus in the hexagi-am, from the system of points and lines distinguished by suffix

(\i, ^,) may be deduced by means of V points a second system given by the suffix

Vol. XV. Pakt II. 39
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Heuce by means of v linos a new system (X.-, /m..) is derived, where

and heuce again a sj-stem {fi.,, \.,).

From this is obtained a system (X^, fi-.t) where

Xs /J»

and so on ad infinitum.

Again it is possible to reverse the process, hence as a rule from an}- s3-stem a

series of other systems extending to an infinite number may be deduced in two ways,

the whole forming one complete series of systems of sixty points and sixty lines.

The solutiou of the equation

"n+l f^n

K~2A{'JS + 1 )-•»-' + £ (VS - 1)™-'

Hence whatever system be chosen to start from, the limiting value of -- is always

either 2 + ^/3 or 2 - Js.

From the system of h lines and H points for which //„ = X„, Veronese deduces a

series of systems, given b}- values of the above fraction when A=B.

XXIX. There is one special system of the h^ lines and H^ points which has

not been noticed, and appears to deserve attention. Corresponding to four h lines which

pass through a P point, as for example

8 + e = S + f=0; ^+y = ^+S = 0:
are the four H^ points

X7 + /i2 = X7 + /x/3 = X7 + /x8 = ;

\B + /j,a = \B + IU.0 = \B + fiy = ;

Xe + /ta = Xe + /x/3 = Xe + ^f= ;

\^+fia = \^+fil3 = \^ + lie = 0.

The first two are joined by the line

a_;S^7 + S_e+j;
X X X — fi fj,

— 3X
'

and the last two are joined by

X X \ — ft, fi,
— 3X

If now \ — fj.
= fL— S\, that is 2X = fi, these two lines are identical, and therefore,

corresponding to four h lines which meet in a P point, there are four Hi_., points which

lie on a line conveniently called a ;) line. Thus to the P point

a + y9 = 0, 7 = 8 = -6 = -f,
conesponds the j) line

a = ^ = -(7 + g) = -(e + D-
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To three P points whicli are vertices of a triangle Aa^ correspond three j) lines

which lie in the plane a = /3, and form a triangle whose vertices are R points, while

to any P point on one of the fifteen lines AB,

a + /3 = 7 + S = e+f=0
there corresponds a p line which passes through the R point

a = /3, 7 = 5, e = ^.

The p lines may also be obtained as the lines of intersection of the ten planes

such as

a + /3 + 7 = 8 + e + ?=0,

which may be called 4> planes. Each p line, the intersection of two tt planes, lies also

in a Pliicker plane ; also each h^^_ line

a + 2;S = a+27 =

is the line of intersection of one of the ten <I> planes with a Plucker plane

a + /3 + 7 = 8 + e + f=0; /3 = 7.

The ^1. points are points of intersection of three of the <I> planes ; for if

a + 28 = a + 2e=a + 2i:=0,

then ^ + ^ + g = ^ + ,y+e = ^ + 7 + f=0.

The $ planes intersect by twos in the forty-five p lines, by threes in the H^^

points, and by fours in the fifteen R points : each plane contains two conjugate G points

and is met by the six coordinate planes in six o- lines.

These <J> planes would furnish by their intersections with one another and with the

tritaugent, Plucker, and coordinate planes many new lines and pomts of interest in the

theory of the Hexagram ; I have however no wish to increase further the already un-

wield}' number of lines and points of the plane figure. In three dimensions, it has been

seen a comparatively small number of planes is sufficient to determine the complete figure,

and the confused intricacy of the plane Hexagram is avoided. With this brief mention then

of the ^ planes, which appear to stand next in importance to the tritangent, Plucker,

and coordinate planes, I shall leave the subject.

It is clear that in the figure of the Hexagram, the lines and points obtained may
be gi'ouped into figures of projected pentahedi'a and hexahedra in a very large number

of ways; for if from the planes in the three-dimensional figure any five are selected

of which no three intersect in a common line and no four pass through a common

point, their intei'sections will give a figure of a projected pentahedron, and any six planes

selected under the same conditions will give a projected hexahedron ; should the con-

ditions not be satisfied, the figure of the projection \vill be modified. It may be worth

while to examine one or two of these figures.

(a) Taking the five planes (a^) = 0, (a7) = 0, {ah) = 0, (Se) = 0, (8f) = the pro-

jections of the edges of the pentahedron vriW be found to consist of six h lines, and the

four lines AC, CD, BE, EF\ and the ten vertices are the two H points (a/3) = (a7) = (aS)

;

(aS) = (8e) = (Sf) and eight of the nine P points in which the sides of the triangle ACD
meet those of BEF, the point of intersection of AD and BF being omitted.
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The figure is given below.

Since (a + g) = (« + /3) + (« + ,y) + (8 + e) + (S + if)

or (o + d) (aB) ={a + h) (a^) + {a + c) (ay) + (d + e) (Be) + {d+f)(BO

it follows that each of the ten points of the figure is the pole of the opposite line

with respect to the conic

(a + d) (aB)- = (« + b) {a/Sy + (o + c) (ayY + (d + e) {Bef + (rf +/) (B^y.

(6) Taking the .six planes

(a/3) = (), (7S) = 0, (27) = 0, (/3g)=0, {aB)=0, {(3y)=0,

we have a figure of a projected hexahedron, whose fifteen sides are made up of the

three sides of the triangle A.j, and twelve h lines, and whose twenty vertices are made

up of four H points, four G points, and twelve P points which lie on the sides of the

triangle A,^ but are not vertices of that triangle. The four H points are conjugate to

the four G points, and the P points are conjugate in j^airs with r'espect to any conic

which passes through the four points given by

(a + b) (a^r +(c + d) (78)- = (a + c^ (ajY + {b+ d) (/3S)= = (a + d) (aBf + (b + c) (,87)-

or (« + b)(c + d) [(a/3) - (78)]= = (a + c)(b + d) [(a7) - ( /38 )]-• = ( « + rf ) (6 + c ) [(aS) - (^y)]\

Veronese al.s<j obtains many properties of harmonicism and involution which I pa.ss

over, as in no case docs the proof present any difficulty.



rnb Phil Soi Trans Vol XV

F





Camh.Plul. ,Suc.Tr-an.s.\'oLX V Piatt

- ^

7

S

/

Fig. 3

J t 5

Fid 9
o n 10-

CainbTidge Engravincf





YIII. The SeJf-Indtiction of Two Parallel Conduetors. By H. M. Macdonald,

Clare College.

In § 685 of his Electnciti/ and Magnetism, Vol. ii., Maxwell gives the relation

^- = HM + M') + 2/.„log^^,,

as that existing between the self-induction L of two parallel infinite cylindrical con-

ductors, radii a and a', the distance between theii- axes being h, fi, fx their magnetic

permeabilities and /x,, the magnetic permeability of the surrounding medium. It was

remarked by Lord Rayleigh in the Phil. Mag., May, 18S6, that this expi'ession is only

true when jx = jj! = ij.„
. The following is a solution of the cases when the ^'s are not

all equal.

1. F, G, H the components of the vector potential at any point x, y, z satisfy the

equations

&^F d'F d'F , ,\

9a- oy- cz-

•d)
d'-G

,
d-G

,
d-G

, , „

3^ + 8^^+37=+*'^^^' = ^'

d'H ?PH d'H ,

ex- Oy- ez-

throughout space, «, v, w being the components of the total current at the points x, y, z

and /i the magnetic permeability of the medium at that point. At the bounding surface

of two media for which /i is the same, F, G, H satisfy the equations

.(2),

dF dF'

dv dv
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Ei[iiations (1) and (2') were given by Maxwell, Phil. Trans., I860. The equations

which hold at the bounding surface of two media, magnetic permeabilities /i, fi, may be

shown to be

^ dF 1 dF' A
- ^ + - a '

=
/JL OV fji OV

1 9^^L?^=o
/I dv fif dv

I dH I dH'_

V (3),

exactly as the analogous equations at the bounding surface of two media, for which the

specific inductive capacities are K and A", are proved in electrostatics, by taking

Kfi,= l, K'fj! = \ and remembering that

F= iW^-^dx'dy'dz, etc.
?•

2. Applpng these to the case of two infinite parallel conductors with circular

sections, taking as plane of xy a section perpendicular to their lengths, as axis of y

the straight line joining the two limiting points of the circles in which they cut the plane,

and as axis of x the straight line bisecting this at right angles, we find the equations

^^ + ^-„ +47r;itw= (1),
doc- oy-

lf^\'f,=0 (2)

to determine H, while F and G are constant or zero. Transform these equations by

the relation

x + iy = c tan i ( f + t?/ ),

2c being the distance between the limiting points of the circles. Let j; = a be the

bounding surface of one conductor, /x. its magnetic permeability, v =- /3 the bounding

surface of the other, fi its magnetic permeability, and fi„ that of the suiTounding medium.

Equations (1) and (2) become

^7::r + ^^ + 7 x"^, ^^ = 0---(-^) tram 77 = x to 77 = a,

cf- 817- (cosh 7) + cos f)-

of- di)-

-'->^+ o - + r- u , FT-
=0. ..(>) h-om 7] = -l3t0 7] = -''^,

< ?' 3'? (cosh T] + cos f)-

// =7/„ and -,.-=• ^r—" ...(0) when r) = a,

fl or) fio (iV

H„ = H' and ^-
'f" = \ ^'

. . .(7) when 7; = - /3,
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where // is the vector-potential inside the first conductor, H„ in the surrounding medium,

and H' in the second conductor, w and lo' the densities of the currents in the two

conductors.

3. To solve these equations assume

H„ = A,! + B.'t} + S (^ n cosh 117] cos n^ + B,' sinh nrj sin n^

+ C,/ cosh )u] sin n^ + b,l sinh ni] cos n^) . . .(9),

^' = ^"'' + ^''S~+^!? + ?^''^(^''''--'^ + ^"''^^^^^^ (!«)

Equation (S) satisfies (3) and is finite when ?; = x , (9) satisfies (4), and (10) satisfies

(.5), and is finite when ?; = — x . Further by differentiating (8) and (10) and .substi-

tuting in (3) and (5), we obtain

B =- -^'"--^1
)

sinh a
g , , „\ (11).

^„^ 27r;nw c- ^ '

sinhjS /

To determine the remaining constants (0) and (7) give

Aa^'S. e""" {An cos n^ + B,^ sin v(f)
1

= AJ + B„'a + 2 (A
„'
cosh no. cos n^ + B,' .sinh 7(a sin ?(? + 0,,' cosh na sin nf

1

+ Z>„' sinh ?!« cos ?if) (12),DM
i i.

— S ne""" (^ ,, C(.)s riP+ B,. sin n f

)

cosh a -t- cos I 1

^ i " s./

1

*^

= I B„' + S '/( (A .„' sinh ?;« cos t)^ + 5,,' cosh «« sin n^ + C,,' sinh 9/a sin n^

-I- A.' cosh «acos?i^)[ ...(13),

^„" + 2 e~"^ (-4,," cos n^ + B„" sin n^ )

1

00

= ^„'- ii„'/3 -I- 2 (^,/ cosh ;//3 cos v^ — Ba sinh ?;/3 sin ?;f + C,,' cosh ?(/3 sin n^

— Ai' sinh ?(/3 cos ?i^) (14),

. f" p + 2 «e-«'' (il,/' cos 7*1 + /3„" sin »^)
cosh y8 -f cos f 1

/ / CO

= — •] i^o' + - " (— -4// si"h «/3 cos n^ + Bn cosh ((/3 sin n^ — C'„' sinh n^ sin ?!^

Mo I 1

-t- iV cosh W/8 cos )i^)[ . . .(15),

40—2
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A,i = AJ + B,^a

Mo -B

/u, Sinn a

a:'=a:-b:^ ..

Now

sinh a

m' sinh /3

= 1 — 2e~° cos ^ + 2e~-« cos 2f — etc.,
cosh a + cos ^

therefore from (12) and (13) we obtain

^,,6-'"' = A,i' cosh Ha + Bn sinh noL,

J5„e~"" = £„' sinh ?;« + (?„' cosh na,

- i- uA.fi-'"' - (-)"e-"» . ^. , -) = H (^,/ sinh ?*« + D,.' cosh ««), |"

,

"- (- «e-"» 5„) = « (5,,' cosh Ha + C|^ sinh »«)

hence

('
A' = A,.e~"'^ (cosh na+- sinh na ) +(—)" -"""-,

.

'*"
sinh na, .

^
/li J ^ ' n smh a /a

22^e- M..

5,/ = i?„e-"'» ( — c:' cosh /la — sinh «aj
,

C'„' = 5„e-"" ['^" sinh na + cosh no] ,

/ a \ 2Be~"^ u
D,; = ^„e-"« (

- sinh na - - cosh wa 1 - (-)" • ,
- cosh n

\ fj. J ^ n smh a fi

also from (14) and (15)

« /

A,"e~"^ = A „' cosh )i/3 — D,/ sinh h/9,

B,"e-"^ = - 5,.' sinh h/3 + (7,/ cosh ;i/3,

'^J (nAn'e-''^ + (-)" ^*
,3

= n (-A,,' sinh HyS + /),/ cosh n^),

~ nB„"e-"^ = n (B,,' cosh nS - €'„' sinh nl3)
/J. ,

whence by (20)

7?„ = /?," = £„' = (7„'=0,

cosh H^ + '^" sinh «/3) + (-)» Vo • ^'Si"!^ "Z^-

^ J
' 11 smh /3 /i

Z)„' = ^,."e-»^ ('^ cosh n^ + sinh n^] + (-)"
2B"e-"^ fj.,

u sinh /3
"

M
V cosh H/3

.(16),

•(17),

.(18),

.(19).

•(20),

.(21).



OF TWO PARALLEL CONDUCTORS.

Solving (20) and (21) for A^' and An, we lind

A„e-

_ (_).. -^ „ .

f^" J'f" sinh n{a + l3) + co.sh n(oL + 0)l-(-)" "
.

, , .
'^

" •-"ih a LL iLi 1
;* .sinh /iJ ^

25e-

« sinr

^n"e~""-

(' 1 + ^"']
siiih /( (a + /3) + f

- + ^'l cosh /M a + /3)
\ /JifJ-J \fJL fl I

_ (_)«
-^.^"'"''-

.^'^ - ,_)»2^"^~"^
.

Z^'; 1*^ sinh /Ma +^) + cosh « (a + /3)
/( smh a jLi »sinh/3 /x [n.

1 +^" ,) siiih/( [1 + i3)+ y" + '^".
)
cosh *( (a+/5)

MM / Xh- h- J
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.(22).

The current in the »; = — /3 conductor being the return current to that in the j; = a

conductor, we have

that is

now

IV

....

I nudxdy +
1

1 w'dx'dij' = 0,

(cosh 7) + cos f
)-
+ w

'ii (cosh 77' + cos ^')-
77, = 0;

j (cosh Tj +
d r

cos f
)'- sinh ?; f?r; Jo cosh 7; + cos ^

'r
dt

therefore + -.—,^^ =
sinh- a sinh- /S

B 5"

/£ sinh a fjf sinh /3

the latter of the two equations beuig obtained fi'om (11).

•(23),

Hence fi-om (20), (21), (22), (23), we have

- n e"
'"-^' -

^-l sinh H ( a + 3 ) - ci .<h »( a + /:?

n^ sinh a ^ ,

/*»- \ - u ....^,0., Z/^" , M'
fl + ^.^,) sinh iHa + /3)+ l^"- + ^ ] cosh « (« +/3)

Mi
^iuh « (a-l- z:^) +cosh ;Ma+ /3) -e"'^-"'

An"={-y
»M smh « ^^ ^ M.;\

,i,^,^ , , , + ^) + fM^ + Mo
) ^„^,^ ,, ^„ + ^)

25m„
" ^ ' rtMsinha

cosh na + ~ sinh »a
|

— e~"" ( cosh ;?/3 -I—^ sinh n/3

M M

A/=(-)"
2gMo

iifi sinh a

(1 + ^"~) sinh ,t(a + ^) + l^+^) cosh «. (a + /3)

— e~"^ ( sinh iia + — cosh »« ) — e""* ( sinh )!/3 H—^^ cosh «/3
M M

f 1 -1- ''"',') sinh n(a + l3)+ f^ -i-^) cosh »(a+/3)
\

.(24).
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Thorefore iVom (,11), (,UJ), (,17), (LS), (1!M, (,21) and (,2-i), wc tiud tho expressions for

//. //„ and //' to be

„ _ J , ivfi^wcr _ 2'irfiwc- siuh (a - t?)

"
" sinh- a

'

sinh a ' cosh rj + cos f

, , e" "'-^' -
'^l' sinh ?; (« + /3) - cosh ?i (a + /3)

+ siuh-^a t 'i
('l + ^'',)sinhMa + /3) + (^ + ''';)cosh«(a+/5)'""

'

\ MM/ Vm M /

, , . s , e~"^ C0S71? -^cosh (( (a — 7)) H—^'sinh » (a — ??) y

„ 27rMoWC- 47r/XoWC= - (,-)"-' ^1 M J

^
(1 +'^ A sinh/((,o+/d; + f — + -,jcu.sh)((a+/3)

, ,
cosh n (/3 + -»))+,' sinh 7i (/i + 7)

)

_ ^/^'"^ i (^'r!^:!: ^ eos nt

„, , , 27r;xoWC= ^ ,
l-rrttwt- sinh /3 sinh (/3 + ??)

sum- a smh- a cosh »? + cos f

, ,
^' sinh 7/ (a + /S) + cosh yi (a + ^ ) - e" 'fl-»'

smh-^a
, « /i + ^Uinh,,«+^, + (/f^' + Meosh.(«+/3)

AJ can be determined from the condition that i/„ vanishes at an infinite distance

from the conductors.

4. Let / be tht- whole current in either conductur, then / = 7r?w-/sinh- a, and

further let L be the coefficient of self-induction of the cun-ent, then

j J (cosh T] + cos f
)-

J j (cosh tj + cos f )-

f f' d^dri {., 27ru„wc= 27r/xwc- sinh (a-?;)
)= '"C- I 7—5-^—^—5^, M>' + - u-v a- . j^ , -

---— f.
+ etc.

.'« .'o (cosh 17+ cos f)-

[

smh-

a

smh a cosh 7; + cos f j

.' -fs .' u (cosh 7] + cos f)-

Now bv (23)

jj (cosh 77 + cos f)- .'J (cosh 17 + cos f)-

Again

„
/"' f' 2Trfi,p.'Jc-a d^drj , f-' j'" 27r/[i„wc-/8 d^dr)

J a Ju siiih-a (coshTj+ccsf)' i-^Jo sinh- a (cosh 77 4- cos f|-

= 2tJ.J' (« + /3),
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also

p /•
" siuh (g - rj) ^

^j ^p sinh(o-7?) d
(

1 £/ '^—^1/ - ^
.'« Jo (cosh 77 + cos ^)= ^ ^ ./„ sinhi? ' c??? (sinh ?/ dr)\smhT])\ ''~4siiih=a'

, l"" i' e-"i cos n^d^dr] __ i" e-"i d /(-)"e-'"'\ , _ (-)"e-="«

J a .'
I)

(cosh r] + cos f
)'-'

j a sinh rj dr)\ sinh rj / 2 sinh- a

Therefore

/./» = /- 1 2m„ (« + /3) + ^ ( ^ + /i'
);

+ W^ 2 1

.

. -— iii- 1 1

1
"

1 1 + '^_!' Uinh /( (a + /3) + (- + ^)cosh /Ma + /3)
/i/i / V/U. ^ /

,
/i

1^1 + ^,) sinh » (a + /3) +
C""

+ ^:) cosh « (a +/5)

'

that is

X = h{fi+/x') + 2fi„(a + f3)

When /J, = fi' = /jl„ , we have

X gii (a—/S) 1 g»i 0—a) _ 2e~" («+3)

Z = M„ + 2m„ (a + /5) + 4^„ S ^^^^^^^^

= /x„ + 2/i„ (a + l3) + 4/io 2 ^
1 in

,
sinh-(^a+/3)

= ^" + -'^"^'^^sinh-asmir^'

now if b is the ilistance between the axes of the conductors, a and a their radii,

then

a = c C(jsech a, a' = c cosech jd, b — c sinh (a + /3); sinh a sinh /3 ;

therefore L= u.,, \l +2 los

I "«

,

and the force between the conductors tending to increase theii- distance apart is ifij^'^jb

per unit length. These results agree with those given in § 68.') of Maxwell's Electricity

and Magnetism.

5. When fi' = fi„

L=h{^+ ^,) + -Ifi, (a + /5) + ifi., 1

p„ ia-3, / 1 ^ f^'\ \ ^ g-,i 1.+^)
f
1 _ '^

) + 2e" '^-''' - ie-
fj- / \ /J.

1 ?„h 4-c:?U»ia+3i2«(l + ^)e'"
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« fi—SI>0 4. p—Silo 9/>—2I> («+9l

= i(ft + Mo) + 2/i,, log . ,
'

. r^, + 2/i,
'^^'^ log -T-j .A__i:±^_-

" smh a sinli /3
'^

fi + fj,,.
* siiih a .sinh (a + 2^)

l>'
. . M - Mc .

i-'= i(/. + /*„) + 2/., log , + 2m„
'^ ^

'^"
log ...

-

This gives Z when one conductor is iron, tlie other being any substance whose

magnetic permeability is the same as that of the surrounding mediun\.

The repulsive force between the conductoi-s is

-wJ , r-7i, ,c -'" pel' unit length.^ \b fx + /x„ h (b- - a")
^ °

These results shew that Maxwell's formula makes L too small in this case, the eiTOr

being of amount

2M„^-^"log-
6--'

'

fi+fi,. " 6- - a-

'

and makes the force between the conductors too large by an amount

fi - /i„ a- ,.,

2^0
/J. + /i.„ /> {b- — 0-)

Taking the case of conductors of eijual section, the following table shews how the

variable part of the coeflficient of induction \aries with their distance apart.

b.
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that the term neglected is considerable when the conductors are near one another, and

decreases rapidly as they move apart at first and afterwards more slowly.

Again taking the conductors touching one another, the following table gives the

maximum values of the correction as the radius of the iron conductor increases.

a.
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_ , ,
sinh- {a + /3) ^ •, \ ^

siiiliMa + ;3)

-f^ + '-f^ log
-^^j^- ^ ^.^^j^ ^ + Zfi„\ log

^.^^ ^ sinh yS sinh (a + 2^8) sinh (2o + /3)

sinh (g + /3) sinh 2 (a + ;8)
+ 4/i,X- log^^ ^ ^ _^ 2^) sinh (2a + /3)

sinh^ 2 (a + ;3)

+ 2m<,\ log
^.^-j^ ^^ _^ 2^^ gjj^j^ ^2a + ^) sinh (2x + 3^) sinh (3a +2^8)

, ^^, sinh 2 (a + /3) sinh 3 (a + /3) ,
,

+ '^'^' •^^ sinh-(2« VS0)^^MS^W) * '''

From the relations

sinh (a + /3)
6 = c-

' sinh a sinh /3
'

« sinh a = a' sinh /8 = c,

we have

6- b'
L = fi + 2a„ log —, + 2m,A log -jz ^t-t:; ^f^ >" f> aa ° (b- - ft-) (0- - a -)

. ^ .. 1 ^' (b' — u- - a'-)

+ 2M» log
^^, _ ^,^ ^^, _ ^^„^ j^^, _ ^y _ ^,,^,j j^j, _ ^,,y _ ^^,j,j

+etc.

If we take p and </, so that

« + - = 2 cosh (a - 0),
P

7 + - = 2 cosh (a + /3),

then

L = fi- 2/i„ log 7 + 2/x„ (X + 1) S

pn+Lui + \f/-".) _ 2 (X + 1 ) ,/'

v^ E

where p =
ft- + a'- {a- — a'-) _ (a- — a'-) c

2aft' 26-aa' baa' '

_ b" a' + a- be

^ ~ laa! 2aa' aa!
'

_ J(b' -or- a'')- - 4a-a'-

The repulsive force between the conductors is

/, j V..^? 4^ (Ji + 1Ka^ a'j;)= ^^^ "
(l-p^)(Ij-XTIT

{{\-q-)aa' h>aa'{\-p') i (1 -XY'")/'"""

4/t.(X+ 1 )^- ^ 4 (X+l)g'^-y-( l + jj*") 7"^' (1 + 3X(/°" + X'g"' - X»g«" )

aa'(l-9') T /;" (1- X'^/"')=



IX. Changes in the dimensions of ElaMic Solids due to given systems

of forces. By C. Chree, M.A., Fellow of King's College.

[Read March 7, 1892.]

§ 1. Let e, f, g, a, b, c denote the strains, and 7x, "JJ, 7-, T-, ^, "/ the corresponding-

stresses in an elastic solid referred to a system of orthogonal Cartesian co-ordinates.

Then the most general form of the stress-strain relations is:

S = die -1- C12/+ Ci3^ + Cud + Ci^b + Ci„c,

'

Hi = Cjie -I- Co.,/ + c^ig + c„^a -\- c.,J) + a^c,

Tz = C3,e + C3,/ + Cag -f CjiCf -I- c^b + c-,,,c,

IPz = CjiC -f Cif + Ci^,g -\- Cua + C456 -I- c^^fi,

G = C5ie -I- c.5,/-l- Ci,g -h c^a + c-„b + c^c,

9 = c«ie + C6.,/+ c^g + Cuci + c^b + c^c
,

y w-

where the coefficients c,-s and c^r are equal. The notation is that employed by Professor Voigt*.

If the solid be homogeneous, in the sense that at every point it has the same pro-

perties along directions fixed in space, then the 21 independent coefficients appearing in

•(1) have everywhere constant values.

Let n denote the determinant of 6 rows and columns formed b}^ the 21 coefficients,

and in it let GVs be the minor answering to Crs, the order of the suffixes being immaterial.

Let strains with sufhx 1, e.g. e^, answer to S = 1 with all the other stresses zero, strains

with suffix 2 to /^/ = 1 with all the other stresses zero, and so on for each of the

other six stresses in order.

Thus for instance answering to ^ = 1, with all the other stresses zero, we have

e,= C,,/U, f, = CJU, g, = C^/U,

a, = c.^/u, b, = c,,/n, c, = C3e/nj
^^^'

while answering to ^ = 1, with all the other stresses zero, we have

e, = C\JU, /, = ajU, g, = a«/n,
I

a, = c«/n, h = c^iu. c, = c«/n j

^"

* Cf. Wiedemann's Annalen, Bd. 34, p. 981, 188H.

41—2
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We f^hall also employ the following notation

:

e, = I/^„ f,= llE,, Os-VE,, \

at = !/»,, 65 = I/«„ c,i = l/n.3,

e^lgs = - Vm . /s/i/:« = - ^32. 5^1 /ei = - Vn> fh!A = - V-^
.(-t).

The quantities £), -Si, E3 are Young's moduli for longitudinal traction in directions

parallel to the axes of a-, 1/ and z respectively; while »,, n.,, n, are moduli of rigidity.

The quantities r), when the suffix does not contain 4, 5 or 6, are values of Poisson's

ratio. For instance, r].„ is the ratio of lateral contraction parallel to x to longitudinal

expansion parallel to z for longitudinal traction parallel to z. The oi-der of the suffixes

is not in general immaterial in t].

§2. Let ;^
= Ke.i'^ +/y- + (72- + (1^2 + 6^« + c.f!/) (.5),

and let the suffixes 1, ... 6 attached to the coefficients have the same significations as

above. Thus for instance the coefficients in

2^3 = e-yv" +fsy- + g-iZ' + ^hyz + V* + c,xy

are the strains answering to « = 1, wth all the other stresses zero. The quadric surface

X^
= constant (G

)

is what is tenned the elongation quadric. In general the elongation quadric varies in

fonn from point to point of the solid, but when the strains have everywhere constant

values a single form of elongation quadric shows the strain at every point. This is the

case in the present applications, and we shall suppose the quadric to have its centre

at the origin of co-ordinates and may regard its dimensions to alter so as to enable any

point we choose to lie on its surface. When the strain is pure, as in the present appli-

cations, and is also small, as Ls required for a legitimate application of the elastic solid

equations, the displacements a, /3, 7 at any point may be derived as follows. Take the

elongation quadric (6), where x ^^^ ^^e form (.5), supposing its centre at the origin of

co-ordinates and its magnitude such that it passes through the point in question, then

dm' '^ dij ' ^ dz

This may be at once verified, as it obvioiisly gives

da da dS da dB ^
j- = e, ... -j--|--y- = c, J 7- = 0, etc.
ax dy dx dy dx

The physical meaning is that the direction of the resultant displacement is along the

normal to the elongation quadric.
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Answering to -- = 1, and all the other stresses zero, we have

dvz I , , , .

T3= J^= T^(-i'735a---t'7w2/+2)
dz E.

.(7).

} .(8).

Similarly when uz = 1 and all the other stresses are zero,

dVi 1
, , ,

"' " 7^ " ~
?7

'^"'' "^ ^'^'^y "^ 2 '?«2),

,, dxi 1 / , IX

The values of ^'s, ti's and »?'s may all be expressed as above in terms of the 21 elastic

constants occurring in (1).

§ 3. There is another case we require to consider, viz. when there is everywhere a

uniform normal tension equal to 1. In this case

<' = .'/.'/ = ;^ = I , .'/- = ZJ.- = .(>/ = 0.

Let the suffix distinguish the corresponding strains and the corresponding form of )(.•

Then by (I)

The corresponding uniform dilatation Ao is given by

Ao = e„+/. + 5'„ = l/^' (10),

where ^- = n/(Cii + a,+ C33+ 2C,,+ 2Ci3 + 2Cy (11).

From its physical meaning k, the bulk modulus, is necessarily an invariant whatever be the

dii'ections of the co-ordinate axes.

§ 4. Let A', F, Z denote the component bodily forces at any point per unit of

volume (including the reversed effective forces

d-a d-/3 d-7
~P dt" ~''dF' ~''dt'

where there is vibratory motion), and let F, G, H be the component surface forces per unit

of surface. Then the bodily and surface equations in the elastic solid are each 3 in number,

of the respective types

:

.(9).

-.^ /d-rx dxy ddz\
I

\dx dy dzj'
\

•(12),

F= \.<.( + fXiil + I/JM,

.(13),
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where X, yii, v are the direction cosiues of the outwardly-directed normal at points on the

surface, or surfaces if there be more than one. The strain energy W per unit volume at

any point of the solid is a quadratic function of the 6 strains, and is obtained in terms of

the strains by substituting for the stresses from (1) in

IF= ^ (eJii- +f^ + g'^ + ((.«+ 6^ + c^/).

Suppose that a second system of bodily and surface forces acting on the same solid,

with the accompanpng displacements, strains, stresses and energ}', are given by dashed

letters. A"..., F'..., a'..., e'..., .1^'..., W. Then Professor Betti* has established the equality

of the following four expressions for any two systems of force

:

jjjiXa + l'/3' + Zy) dxdydz +jjiFa' + G^' + Hy')dS (I),

(^e + TUf + T^g' + .«a' + ^h' + ^c') dxdydz (II),

I jj(^'e + 7y'f+ ^-'g + Ti'a + T/b + T/c) dxdydz (Ill),

j
fjiX'a + Y'13 + Z'y) dxdydz + jliF'a + G'^ + H'y)dS (IV).

The volume integi-als are taken throughout the entire volume occupied by the solid,

and the surface integrals over its entii-e surface, or surfaces if there be more than one.

Professor Betti's mode of proof is ver}' simple. Multiply the equations (12) by a, /S', y'

respectively. Then integrating the right-hand sides by pai-ts, using (13) and adding, we

at once establish the identity of (I) and (II). Then remembering that

^_dW „ dW „, dW _ dW
'"He-' '"-^- " =^e' ••' ^-' =

rfa'
-'

and that W and W are quadratic functions of the strains possessed of the same coefficients,

we deduce the equality of (II) and (III). Then (III) bears to (IT) the same relation that

(II) bears to (I). The equality of (I) and (III), with the reversed effective forces supposed

zero, is the relation that is made use of here.

§ -5. In passing, attention may be called to the relation that exists when we suppose

the two systems of applied forces the same, so that the dashed and undashed letters ai-e

equal. Then (I) gives the work done by the applied bodily and surface forces acting

through the displacements answering to the position of statical equilibrium, while (II)

represents double the work done by the elastic stresses as the strains increase tiom zero

to their equilibrium values. If then the applied forces suddenly commence to act, the work

they have done up to the instant when the body passes through that position of strain

which answers to final equilibrium—assuming all elements to reach this position simul-

taneously—is double the work done by the stresses. Thus the energy communicated to

the solid is at this instant half potential energy of strain and half kinetic energy of

motion.

• Annali di Matematica Pura ed Applicata, Ser. ii. Tomo vi. pp. 102-3.
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§ G. The use that is to be made here of the equality of (I) and (III) is in deter-

mining the mean values, throughout the volume of an elastic solid, of the equilibrium

strains and dilatation answering to any assigned system of bodily and surface forces.

Suppose, for instance, we wish to find the mean value of the strain *; when the forces

X, T, Z, F, G, H are given, then we have only to put «' in (III) equal to 1, with all the

other stresses zero, and to substitute in (I) the corresponding displacements from (7).

Thus representing this mean value by g, and denoting by v the volume of the solid,

we have

^(Fi'+«t^^t)^*' '»>•

where the volume integral is taken throughout the whole space occupied by the material,

and the surface integral over its entire surface or surfaces. Sometimes it is convenient to

retain the X' ^"t in other cases it is better to insert at once the expressions for the

displacements. Thus we have

E3V9 ^jjjl-^ ^~ '?^i* ~ ^'^^y - 3 ^5 z)+7(- \r)^x - 7i3.y - ivnz) +Z{-^-qaX-\r)..uy +z)] dxdydz

+ ff[F{ ) + G( )+H( )]dS

(15),

where the coefficients of F, G and H are respectively the same as those of X, Y and

Z. Similarly for the mean value a of the shearing strain a, putting '!«' = 1 and all

the other stresses zero in (III), and substituting the corresponding displacements from

(S) in (I), we find

va
llli't - 't -'"£)'^'^"'^ll(^l£- « 1'-^ t)"^ >'«).

or

«jm =jjj[^ (- Vn^ - iVi^y - i'7452) + F (- ^V46'K - 7j,.,)/ + ^z) + Z{- ^77^5,/; + ^1/- rj„z)] dxdydz

+ jj[F( ) + G{ ) + H{ )]dS

(17).

For the mean value A of the dilatation

A = e+f+(j

we put 7;' = y7/ = ^'= 1,

and 7:' = '^' = ^/ =

in (III), and substitute in (I) the corresponding displacements from (9). Also we notice

vA= (llAda;dydz = 8v (18),
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where 8v is the increase in the whole vohune occupied by the solid. Thus we find

rf/(*-2--«|'-''t')^*' (i»).

or ^"=
jjj

[^ (f..--*' + icy + ^b,s) + Y{^c,x +/..y + ha„z) + Z{hb„x + ^a„y + ff„z)] dxdydz

+ jj[f{ ) + Cri ) + H{ )]dS... (20),

where e„...Co are given b}- (9).

For the case of isotropy the expressions for the mean strains are of course much

simpler. Thus

Evg=ll\{Zz-'n{Xx + Yy)]dxdijds+l\[Hz-ii{Fx+CTy)]dS (21),

nva = ^ijj(Yz + Zy)dxdydz + l(j(Gz + Hy)dS (22),

SkSv== lll{Xx+Yy+Zz)dxdydz+ll{Fx+Gy + Hz)dS (23).

The mean values of the strains in the case of isotropy for given surface forces—i.e.

results such as (21) and (22) with A''= Y=Z = —were given I believe by Professor Betti*

in his original paper. But this I have unfortunately been unable to consult. I may add that

I arrived quite independently at (23) and (20) when unacquainted mth Professor Betti's

results, having been led to their discovery by what seemed a curious coincidence in

the expressions for the changes of volume produced by rotation in certain solids (see

(32) below).

§ 7. One very general result as regards the viean strains—as we may call

e, ...a, ... A—is obvioiis from the formulae containing the functions ^. Taking, for instance,

the strain [/, we see fi'om (14) that g vanishes if

X^l2L' + Y ^' + Z ^^' = 1
da; dy dz '

\ ^2^^

da; dy dz }

This signifies that if the resultant of the applied forces at every point, both in the

interior and at the surface, lies in the tangent plane at the point to the elongation

quadric, for the stress « = 1 with all the other stresses zero, which passes through the

point and has its centre at the origin, then the mean strain § vanishes. A similar result

applies for each of the other mean strains. These results obviously follow from the property

of the elongation ijuadric mentioned above in § 2. Attention may specially be called to

the fact that (23) implies that the change of volume in an isotropic soUd vanishes when

the bodily and surface forces have their resultant at every point pei-pendicular to the

radius from the origin.

* Nuovo Cimento, 1872.
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§ 8. In some cases the formulae for the mean strains can be put into neater forms.

For instance, if the applied surface forces be everywhere normal to the surface of the

solid, then denoting the normal force by iV and its direction by n, we have

'^l'--t-^t)^^=/)^t^^ (^^)-

Again, if the bodily forces be derived from a potential ?, we obtain, noticing that

7 , =ei, etc.,
ax-

=fjy'^£dS-fllv{e,+f; + gddxdydz (26),

= jjx''^dS-jjjx^^Vd.cdyd, (27).

The form (26) might prove convenient when the surfece of the solid is an equi-

potential surface for the bodily forces. In applying it to determine the change of volume

the relation (10) should be noticed. The form (27) seems likely to prove convenient when
V is the potential arising from gravitational foi-ces whose origin lies outside S, for the

volume integral would then vanish since V=V = 0.

In the case of the change of volume in isotrojiy we may replace the volume integral

in (23) when a potential V exists by

jjpVdS-slffvdxdydz,

where p is the perpendicular from the origin on the tangent plane to the surface of

the solid.

§ 9. Owing to their physical meaning the expressions (I)—(IV) must remain equal

however their forms may be altered by changes in the system of coordinates. We may
for instance suppose the forces, displacements, strains and stresses occurring therein to

refer to any set of orthogonal coordinates,—such for instance as r, 6,
(f>

in polars—and may
thus, at least in some cases of isotropy, determine the mean values of the con-esponding

strains throughout the solid. In an aeolotropic material, such as (1) refers to, the

constants in the stress-strain relations in coordinates other than Cartesians would vary

from point to point, owing to the variation of the directions of the coordinate axes.

There may however be some solids in which the values of the elastic constants are the

same at different points not for parallel systems of axes as in (1), but for some other

orthogonal system. And it is conceivable that in some such cases the mean values of

strains refeiTed to this orthogonal system may be obtained by means of the equality

of (I) and (III).

Vol. XY. Part III. 42
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Determination of the compressibility.

§ 10. lu ail isotropic solid we may by means of (23) determine the bulk-modulus,

and so the coniprcssibility, by measuring the change of volume produced by any known

system of forces in a body of any shape. Suppose, for instance, a bluek of thr material

to rest on a perfectly smooth plane and to be subjected to vertical pressure over its

upper surface, supposed horizontal. Taking the plane ay through the base of the block,

with the origin at any convenient point, and supposing the upper surface at a height

/( above this, we liiid fiMin (23), denoting the total pressure by P,

-:USy = PA (28).

If the block have a uuifoiiu horizontal section, and /( be the mean pressure per

unit of area of the upper surface, this becomes

-8i>/y = /)/3A: (29).

Thus for a given total pressure, hv increases with h, but for a given pressure per unit

of surface Zviv is independent of /(.

§ 11. Since no plane is absolutely smooth it would appear desirable in practice to

have the base of the block as small as is consistent with the stress-strain relations

remaining everywhere linear, so as to make the value of

//
{Fx + Gy) dS

taken over the base as small as possible. The general effect of these frictioiial forces is

easily traced, at least in a block of regular shape. Under vertical pressure the solid

tends to expand horizontally, and this the frictional forces on the base must oppose. Thus

supposing the origin at the c. G. of the base, the fiictional forces are on the whole

directed towards the origin, or Fu; + Gy is negative. Thus the surface integral would add

numerically to the right-hand side of (28), and so its omission makes the calculated value

of {—9kBv) too small. The value of k deduced from (28) and the observed value of {—Sv)

would consequently be too small also. Another source of error would be the want of

absolute rigidity in the supporting plane, in consequence of which the points of appli-

cation of the large surfiice forces H on the base would not all lie in the plane 2 = 0.

This eiTor would be minimised by taking the height of the block great.

§ 12. In any aeolotropic solid thi' bulk-modulus may be determined as follows. Cut

a rectangular block out of the material with its edges Zj, L, Ij in any orthogonal

directions. Place it on a smooth unyielding plane with an edge, say i,, vertical and

apply .symmetrically a total pressure Pj over the upper face, measuring the conesp(jnding

reduction (— Bv;i) in volume. Repeat the experiment with the edges L and I, successively

vertical, applying total pressures P.^ and P,, and determine the corresponding reductions

in volume (— Sv.,) and (— Su,). Now the origin being at the C. G. of the base, the axis of z

vertically upwards, and the pressure being symmetrically applied, it is clear that

jj^H(^A + ya.,)dS
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vanishes over both faces. Tlius we easily deduce

-Bv, = l,P,g,„ -Sv, = l,P,/„, -Bv, = l,P,e.„

where e„, /,, r/,, are given by (9). Whence by means of (10) we obtain

- {hv: ll,P, + Bv,ILP, + HlhP:^t = e„ +/, + ^„ = 1 /A; (30).

If in each case we have the same mean pressure p per unit arc:a of face, this becomes

-(Bv,+Bv,+ Bv.;)/v = p/k (31).

Rotating Bodies.

§ 13. Suppose a homogeneous elastic solid to rotate with imiform angular velocity w

about a principal axis of inertia through its C G., and to be exposed to no forces other

than the "centrifugal forces". This motion is dynamically possible, i.e. no constraint is

required to preserve the direction of the axis of rotation or to pre\'ent the body travelling

off into space. Taking the axis of rotation for axis of x and denoting the density as

previously by p, we have

Y/y = Zlz = oy-p, X = 0, and F=G = H = 0.

Substituting in (23), we find for any isotropic body

^Mv = I \\(o-p {y- + z") dxdi/ds,

or gy = £o-7/3/.- (32),

where I is the moment of inertia about the axis of rotation. The value of k might of

course be deduced by means of this formula, supposing it possible to measure Sv.

In the case of an aeolotropic solid, free from surface forces and rotating about a

principal axis through the C. G., let us take this axis for that of x, and let the axes of

y and z be the two other principal axes at the C. G. Then denoting the angular velocity

by &)i and the increase in volume by Si'i, we find from (20)

Bi\ = ]jo}i-p (f„y- + g„z-) dxdydz

= wHB'f„+Cg) (33),

whei'e A', B' and C" are the moments of inertia with respect to the planes yz, zx and

xy. Similarly let Bv. and Bv-., be the increases in volume when the body rotates with

angular velocities &>., anrl co,., about the axes of y and z respectively, then

Bv, = (a.r{A'e„ + C'g„), Bv, = w.f {A'e, + B'f„) (34).

Thtis we obtain

/I 1 1 \ Bv,. /I 1 1 \ 8(U ,„.,

42—2
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If the body bo ;i sphere o\' radius R and the three angular velooities be equal, this

simplifies to

(Si\ + Bv, + Bt\;)/v = 2o}-pR-jok (36).

§ 14. The tbnn ot' rotating body for which the present method supplies most

information appe;irs to be a right cylindei-, including the right prism. Let the a.xis of

the cylinder be axis of s, the origin being at the middle point, and let the axes of x

and y be the two principal axes of the cross section. Denote the area of the cross

section by a and its principal radii of gyration by «i and k.., so that

(yK.'^jjfd.rdi/, aK.r=
jj.

.'(!.,(}
1/ (37),

where the integi-als are taken over the cross section.

The increments Bv,, Sv.. and Bv,. in the volume v, =2la, where 2^ is the length, when

the cylinder rotates with angular velocities &>, , w.. and co-. about the axes of a^, >/ and 2

respectively are, by (20) and (37),

Sv,/a),-/3U =JIk{' + ff,Jr/S, hv.,l(o.?pv - e„K.:- + gj-'o, Si\Jo)-fpv = e„v,- +/,«r (38),

from which k can be found as in (-3.5). For the case of isotropy

Thus in isotropy, when to, = tOo = o},., = w, we have

Bi; + Sv,-So,= iia}lYpvidk (40),

a relation wholly independent of the shape of the cro.ss section, and which in the case of

a very thin disk approximates to the form

Bv, + 8v, = Sv:, (41).

§ 1-5. In the case of any right cylindei- we may find the mean change in the length,

or what in a thin disk is called the thickness.

For (1.')) gives the value of

vO = jjjffdxdydz = jjj^^dxdydz (42),

taken throughout the volume. But the axis of z being along the axis of the cylinder,

this is simply 2ffBl, where

U = <T-npidxdy (43)

is the mean, taken over the cross .section, of the increments in the hali' length /. Let

DOW the cylinder i-otate with angular velocity Wi about the axis of x, taken as before

along a principal axis of the cross section, then substituting in (15)

X = Y'y = Zjz = a),-/9.
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we find, calling the mean increment in the length of the half axis Bl^,

2c7g/j = (oji-pZ-^s)]
j
j(- V:ay- + 2-) dxdijdz,

or BlJl = cD,-p(i^l'-v,2'ci')!E-, (U).

Similarly if 8L and 81,, be the mean increments iu the half length uf the cylinder for

angular velocities to. and o)., about the second principal axis of the cross section and the

axis of the cylinder respectively, we find

U.,i'l= wip(jy?-7].^Kf)IE:„ ^
^

81JI = - (^fp (vsi'^.r + 'n-fi<i)iE., I

In any case supposing w, = a.. = a). = a>, we find

{Il, + BL-El,}l = 2((oiyp'^E, (46),

a very simple relation which for a very thin disk approximates to the form

Bl, + Sl = SL (47).

§ 16. When the cylinder rotates about its axis of figure its mean length is certainly

reduced when ?;;;! and ij^.. are both positive. There is however no reason why one at least

of these constants should not be negative in some forms of aeolotropy, for at least some

combinations of orthogonal directions. If rj^, be negative rotation about the axis of a;

always increases the mean length, and if 1731 be negative rotation about the axis of y

always increases the mean length. But when these quantities are positive the mean length

is diminished by rotation about the axis of x when

1<K,JS^, (48),

and by rotation about the axis of y when

l<K,J:hu, (49).

In the case of isotropy 7;,i
= 77,, = ?;, and 7; would appear to be essentially positive. In

a circular isotropic cylinder of radius E, assuming uniconstant isotropy, i.e. 77 = 1/4, we

find the mean length increased or diminished by rotation about a diameter of the central

normal section according as

IIR > or > 3/ v/48, i. e. 3 7 approximately.

When an isotropic cylinder rotates round its axis, the changes in the volume and iu the

mean length are connected by a very simple relation, the same for all forms of cross

section, viz.

il-2r])iTUl)+v(BvJv) = (50).

It is also worthy of notice that ultimately in a very thin circular isotropic di.sk the

reduction in the mean thickness is twice as gi-eat when it rotates round its axis as

when it rotates round a diameter, the angular velocity being the same in the two cases.
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§ IT. Ill the case of any rotating right cylinder we may find the mean change Ba in

the area a of tlie cross sections by combining the previous data. For v = 2o-/, so that

S<7 7r = Sr/c-8//7 (.)l),

where the mean vahies refer to any one ease of rotation.

For instance, when an isotropic cylinder rotates first about a principal diameter of the

central section, and then about its a.xis of figure we obtain

= <p{-27;/V3 + (l-7?X|/A^ (52),

= w,:p{l - 7j) (k{' + K^r)!

K

(53).

The last result it will be noticed is independent of the length of the cylinder. Since

every cross section of an isotropic circular cylinder rotating round its axis must remain

circular, we may deduce the mean change in the radii of the cross sections from the

equation

SS/E=iS<r/o- (54).

When a cylinder rotates about a diameter of the central section the alteration of a radius

in any given cross section depends on its inclination to the axis of rotation.

§ 18. In the case of rotating rectangular parallelepipeds certain additional results of

interest are easily obtained.

We shall confine our attention to isotropic materials.

Thus suppose the rectangular parallelepiped 2a x 2b x 2c to rotate about the axis 2c,

taken as axis of z. Then we find the mean change 2Sa in the dimension 2a, supposed

parallel to x, fi-om the formula

EJjjj- dxdydz — 1 lla'p («" - 'nV') dxdydz,

whence 8a/a = w-p (a- — ri\j-)j'^K i^^^)-

Thus this dimension has its mean value increased or diminished according as

a/b > or <Jr] (5()).

The tendency to increase in length in a materia! line perpendicular to the axis of rotation

will thus become reversed when the dimension wliicli is at right angles both to it and to

the axis of rotation is sufficiently increased.

Consider next the rectangular parallelepiped 2a x 2a x 2c, one cross section of which,

supposed parallel to xy, is a square. Any diameter in the central sectif)n u:y is a

principal axis of inertia, and so may serve for an axis of rotation without the existence

of constraints. Take then for axis of rotation a diameter inclined at an angle ^, to the



ELASTIC SOLIDS DUE TO GIVEN SYSTEMS OF FORCES. 325

axis of X, supposed parallel to an edge 2a, the axis of z being as stated above parallel

to 2c. We then have

A'/sin ^, = — F/cos 6^ = ai-p {x sin 0i— ij cos ^i), Z= oi-pz.

Thence we easily deduce for the mean change in the dimension 2a parallel to *•—i.e.

inclined at an angle 6^ to the axis of rotation

—

Sa/a = w-p [a- sin- O^ — rj (c- + a-cos- 0,)'/3^ (57).

Thus 8a increases algebraically as 6^ increases from to 7r/2. The mean alteration in

the dimension 2c perpendicular to the axis of rotation is easily shown to be independent

of e,.

Finally consider the cube 2a x 2a x 2a. Here any line through the centre is a principal

axis and may serve as an axis of rotation \vithout the application of constraints. Take for

coordinate axes the three perpendiculars from the centre on the faces, and for axis

of rotation a line whose direction cosines relative to On-, Oy, Oz are respectively cos^i,

cos^o and cos ^;,. Then

A' = o>-p (x sin- Oi — 1/ cos 0^ cos d-j — z cos 6i cos O^),

and the other components of the bodily forces may be written down from symmetry.

Employing these values for the component forces, it is easy to hnd the expression for

the mean change in the dimension 2a parallel to Ox, and it may be reduced to the

simple form

8a/a = (D-pa- [1 — 77 — (I + ?;) cos- Oi]jSE (.58).

The mean change in a dimension parallel to an edge thus depends solely on the angular

velocity and on the inclination of the edge to the axis of rotation. Attention may be

specially called to the cone oi semi-vertical angle

e,=co^-'[J(l-v)/(l+v)] (59),

whose axis is the perpendicular from the centre on two opposite faces. Its generators have

the property that when they act as axes of rotation the mean dimension parallel to the axis

of the cone is unaltered.

§ 19. To enable a solid to continue rotating about any axis other than a principal

axis through its C.G. some constraint nmst exist. When the axis of rotation is excentric

—

i.e. does not pass through the C.G.—there must be pressures between the axle and its

supports balancing the "centrifugal force" of the mass supposed collected at the C.G. This

implies the existence of terms in the surface integrals in (20) and (23). If everything be

symmetrical about a plane through the C.G. perpendicular to the axis of rotation, it is

obvious from symmetry that if we take this axis for that of 2, and neglect friction parallel

to z on the axle, the surface force H at the bearings will vanish. If further the dia-

meter of the axle be small compared to diameters of the body perpendicular to the axis

of rotation, the coordinates x and 1/ in the surface integrals may be treated as small

quantities, and for a first approximation the surface integrals may be neglected. In such

a case fonnula (32) gives as before the change of volume in an isotropic body, but the
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moniout of inertia round the axis of rotation is of course greater than about a parallel

axis through the CO. Thus if k be tin- radius of gyration about a parallel to the axis

of rotation through the C.(i., and 7/ be the perjiendicndar fioiu the co. im this axis,

we have
8c = (oyv («- + ij')'U- = Si'„

[
1 + (jjjKy} (60),

where Si\. is tiic change of vohune for rotation with the same angular velocity about a

parallel axis through the CO. Thus while a di.splaceraent of the c.o. fioui the axis of

rotation h;vs but little effect so long as it is small compared to k, it is most important

when comparable with k.

§ 20. In an aeolotropic solid of form S3nnmetrical with respect to the plane through

the CO. pei"pendicular to the axis of rotation we in like manner obtain a formula of the

general form (33) provided we take for our coordinate planes the principal jjlanes of

inertia at the point where the plane of symmetry cuts the axis of rotation. When the

principal planes containing the axis of rotation are parallel to principal planes through the

CG. the effect of a displacement of the C.G. from the axis of rotation is as easily

traced as in isotropy, but otherwise it must be remembered that the values of the

elastic constants vary with the directions of the axes. It might thus in some cases be

most convenient to take the two coordinate axes, which are perpendicular to the axis of

rotation, parallel to principal axes at the CO., though this introduce a product of inertia

into the formida deduced fi-oni (20).

§ 21. When the radius >\ of the axle, assumed circular, is small compared to the

distance of the CO. from the axis of rotation we can easily find a fairly accurate measure

of the con-ection to the value of Bv iei|uired on account of the hitherto neglected sur-

face integral. Thus for isotrop}', let the axis of rotation be axis of z, and let the C.G.

lie on the axis of y at a distance // from the origin. Also let 6 denote the angle

which a radius of the axle makes with the plane yz. We shall suppose the body

symmetrical about the plane icy, and neglect friction on the axle parallel to its length, so

that there is no component jjarallel to z in the surface forces. The forces exerted at

any point of the axle by a bearing may then be resolved into N along i\ and T per-

pendicular to it. Thus supposing there to be two beai-ings, and a.ssuming K and T the

same numerically at — as at + 0, we must have

4 I N cos 6)\iW = u-pv// (Ul).
Jo

Alsfj since Fx + Gi/ = — iYr,

,

the surface integial in (23) becomes

- 4 fVr,'
J {\

de (62).

To evaluate this integi-al exactly we require the law of distribution of N over the sur-

face of the axle between 0=+7r2. As this is unknown, I have calculated the correction

to Zv on three h}-pothese.s. The work is easy so it will suffice to state the hypotheses and

quote the results. These are as follows:
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Hypothesis Correction to Sv

1° N uniform, i.e. independent of 6, — (w-pvJfrJSk) x 77/2,

2' N X cos 0, - ((o-pvyrJSk) x 4/7r,

3° N concentrated at end of diameter ^ = 0, — (m'-pvyrJSk) x 1.

The tiiie formula of coiTection will probably vary from one shape of body to another,

but the result must lie between those of 1 and 3 , and most likely will in general be

not far from the result of 2\ Taking this as the most likely value we have in place

of (60)

8v = co-pv(ic-+y'--yr^/M- (63).

§ 22. The effect on the length of a right cylinder of an excentric position of the axis

of rotation is also easily studied provided it be parallel to the axis of the figure, or else be

in the central cross section and be perpendicular to an axis of symmetrj- of that

section. It will suffice to give the results for an isotropic material in these two cases,

neglecting the correction arising from the surface integral. This con-ection may however

easily be approximated to, just as in the case of the change of volume.

Let the C.G. of the cro.ss section be at a distance y from the axis of rotation.

Then for the increment M in the mean half length we find from (21):

1' when the axis of rotation is parallel to the axis of figure

Bl,ll = -7i(o^p(K^ + KJ^ + y')'E (64),

2" when the axis of rotation lies in the central cross section and is perpendicular to a

plane of sjTnmetry ^
«,/; = a>,>{p-7;(«r+770|/^ (65).

The notation will easily be understood from the previous examples.

The effect of the excentric position is in either case to promote shortening of the

mean length.

Gravity at the Earth's Surface.

§ 23. Let a homogeneous elastic solid of any shape be suspended from a point on

its surface. The centre of gravity must lie on the vertical through this point, say at

a depth h below it. Taking the point of suspension for origin, and the axis of z vertically

downwards, and denoting gravity by g so that Z = gp, wi.- find fiom (20), for an aeolotropic

solid

Svlv = gphffo (66);

whence, or fi-om (23), for an isotropic solid

8v/v = gph/3k (67).

If on the other hand the solid rest on a smooth horizontal plane—or be supported at one or

Vol. XV. Part III. 43
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more points in a horizontal plane—lot us take this tor xij and let the axis of z be drawn

vertically upwai-ds through the C.G. Then putting Z= — gp in (20), and noticing that

fj
HxdS and jjlIi/dS

must vanish owijig to the conditions of statical equilibriuni, we find for the change Sv' in

the volume of an aeolotropic solid

Bv'/v = -gph'g„ (()>S).

For an isotropic solid

Sy'/y=-gp///;V.: (60).

In these two formulae h' is the height of the CO. above the iiorizontai ])laue of

support. There may be a number of isolated areas of support, as in a gii-der bridge, pro-

\'ided all are in one horizontal plane ; and in an}- such case in an isotropic material the

volume is diminished or increased according as the c.G. in the position of iMjuilibriuni is

above or below the level of the supports.

If the same material line be the axis of z in the two cases answering to (66) and (68),

and the length of this diameter be d, we find

in the aeolotropic s<ilid {Bv — Sv')jv = gpdg^ (70)^

„ „ isotropic „ (Bv —Bv')lv = gpd/-ik (71).

The quantity k is essentially positive, and thus in isotropic solids thi? volume is greater

when the body is suspended and less when it is supported on a smooth plane than it would

be if the body were fi-ee from the earth's attraction. The quantity g„ is positive as a

I'ule in aeolotropic solids, but there is no obvious reason why in some solids it may not

be negative for certain directions of the corresponding axis.

§ 2-i. To get some idea of the magnitude of this effect in isotropic solids we shall

consider some special cases of bodies which may reasonably be regarded as fairly isotropic.

In steel* we may regard a length modidus of 25 x 10' centimetres as a fair average for

E, and may put t; = 1/4. Taking these values, and denoting the densities of steel when

suspended and when supported by p, p' respectively, we find for its density p if unacted

on by the earth's gravitation

-p = p(\+ 2/1/10"), p = p'(\- 2h'l\0"),

where h and h' are the lengths occurring in (67) and (69) measured in centimetres. If the

body were a right cylinder its height would equal 2/t or 2h'. Thus the cylindei- would

require to be o metres high before its specific gravities when suspended and when

supported differed from one another by one part in a million. Steel, or iron, is how-

ever the metal in which the effect is least. In .such a metal as lead it is very much

greater. Thus if we assign to E in cast lead* a length modulus of 16 x 10" cm. and

suppose 1) = 1/4, the difference between the specific gravities when suspended and sup-

ported would amount to one part in a million in a cylinder about a third of a metre in

height, i.e. little over a foot.

* See the table of moduli in Sir W. Thomson's article on Elaslicltij in the Encyclopaedia Britunnicu.
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In sheet lead, according to Sir W. Thomson's table, this difference of the specific

gravities would arise in a cylinder about 4 inches high. Of course these numerical results

are intended merely to give an idea of the magnitude of the effect, and it must not be

supposed that the elastic data they are based on—more especially the hypothesis of uni-

constant isotropy in sheet lead—possess any great accuracy.

§ 25. In the case of a right cylinder we can also find the alteration in the mean
length due to the action of the earth's gravitation. Thus supposing the cylinder first

suspended, and then supported on a smooth plane, with its axis of figure, taken as axis of

2, vertical we find from (15) for the mean increments 3/., and Blf in the length l for any

elastic material

8ljl = -Sl,'ll = igpllE.. (72).

Here Ej is Young's modulus for the direction parallel to the axis, and su presvmiably

is essentially a positive quantity.

If again the cylinder be suspended with its axis horizontal in such a way as to jJrevent

flexure—for instance, by a large number of strings attached to points along a generator

—

and the vertical plane xz contain the C.G., the axis of the cylinder being axis of z, we find

from (15) for the increment S/j of the mean length

SlJl==-V:,gpK'E (73),

where h^ is the distance of the C.G. below the horizontal plane through the points of

suspension. While if the cylinder rest on a smooth horizontal jolane in this position, the

increment Si/ in the mean length is given by

Bl,'ll = v,,gpk'IE, (74),

where /(j' is the height of the C.G. above the supporting plane.

For an isotropic material we have only to replace E.j by E and tj-j^ by tj in the

last three formulae.

The general conclusion we are led to is that under the action of gravity any elastic

right cylinder lengthens when suspended with its axis vertical and shortens when suspended

with its axis horizontal, unless in the latter case >?»] be negative ; but when supported on a

smooth horizontal plane it shortens when its axis is vertical and lengthens, unless %! be

negative, when its axis is horizontal.

If we suppose the same diameter d vertical in the two cases (73) and (74) we get

{Il,'-8l,)/l = v,igpdlE, (7.5).

Comparing this with (72) written as

iEl,-E.J)ll = gpllE, (76),

we see how much more effective gravity is in altering the length of a long bar, of small

diameter, when its axis is vertical than when it is horizontal. But if the diameter of a

43—2
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long horizontal cylinder bo eousiderablo, the cftbct of gravity on its length is deserving

of attention, especially in materials such as lead or gold, and to a smaller extent in

silver and platinum.

In any light cylinder the mean change in the cross section in the several cases

just treated may be found by combining the results for Sp and U by means of the

formula

hal<T= Bv/v — Sljl (77).

§ 26. As the plane supporting a solid is never quite smooth, it is desirable to see

what efiect the roughness of this plane would have on the previous results. Confining our

attention to isotropy, we requii-e to add to the value of Bv for a cylinder supported with

its axis vertical on the plane z= 0, the value of the surface integi'al

^j^\\Kf'^'-+Gy)dxdii

taken over the supported base, where F and G are the components parallel to *• and tj of

the frictional forces.

Let N and T be the components of the frictional force at any point along and

perpendicular to the radius vector /• from the origin. Then the above integral becomes

l^\\Nrdxdy.

Now the tendency of the supported solid—whose c.g. is assumed above the supporting

plane—shortening under gravity is clearly to expand horizontally, and thus the frictional

force is towards the origin, or N is negative. The surface integi-al is thus negative and

from the corrected formula (69), viz.

Bv' = -gph'vlSk+jj{NrlSk)da:dy (78).

we see that this correction tends to increase uumeiically the reduction in volume due to

the action of gravity.

The corrected formula (72) under the same conditions is

Bi,' = - gpl'l2E - fjivNr/E<r) dxdy (79),

where the surface integral is taken over the supported base.

The frictional forces thus tend to reduce numerically the shortening in the cylinder's

length due to gravity. The con-ections in these two cases are less, ceteris paribus, the

smaller the base of the body.

Bodies under the mutual gravitation of their parts.

§ 27. In a giuvitating sphere of radius R, volume v and unif<jriii density p we have

Xla:=Yly=Zlz=-gplR,
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where g is the acceleration of "gi-avity" at the surface. Substituting these values in (20)

and remembeiing (10), we deduce for the change of volume in any elastic sphere

-Bv = gpRv 5k (80).

Knowing the change of volume we can at once deduce the change of radius. If we

were to apply this result to a sphere of the earth's size and mass, we should find that

unless we assigned to k a much greater value than in any known material, under normal

conditions, our formula would imph' strains much in excess of those to which the mathe-

maticiil theorj' of elasticity is legitimately applicable.

§ 28. To determine the effect of a small deviation from the spherical form, let us

consider a homogeneous solid whose surface is given by

r = R+l(R,ai) (81),

where Rta; represents a term, or a series of terms, involving siu'face spherical harmonics

of degree i, and the ratio of each term to R, or the ratio of the sum of all the terms

of all degi-ees to R, is supposed so small its square is negligible. For such a body the

gi-avitational potential is given by

V=-^g}^IR' + l\SgR;a,(r'Ry^(2i+l)] (82)*,

where g represents the mean value of "gravity" at the surface.

Supposing the material elastically homogeneous but of the most geneiul aeolotropic

character given by (1), we find the change of volume from (20) by substituting

dV dV ^V r r ij a

The sum of the terms independent of cr, inside the integral is simpl}^ — 2gpR~'-)^„.

Thus integi-ating the terms involving cr, by parts we find, using (10) and representing

the element of normal to the surface by dn,

Sv!gp=jji2R-'x.4j-d>/d2

SR-' (2i + D- \iRi<7ir^ ^" dS

+ S ^R-' (2i +1)-' Ri<T:rik-hlxdydz .(83),

where the volume integi-als are taken thioughont the entire volume, and the surface

integi-al over the whole surface (81).

Now jjJ2R-^x»da:di/dz = 2 fl JR-' (r-%) )•* shiddrdddcj},

and as r~-;^o is independent of /• this becomes, neglecting terms of order (Riai/Ry,

l2R-%dxdydz = iR'jjil + riS (RiaiJR)] {r-%) sm0ddd4>.

• Cf. Professor Darwin, Phil. Trtim. 1882, p. 200.
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But )--x>. = h-" (e,^ + /If + g,^- + «oF + ^"^^' + ^--^i/ ^

=
J (e„ +/„ + ^o) + sum of surface hai-monics of 2nd degree (84).

Thus using (10> and remembering that the integral of a surface harmonic over the

surface of the sphere vanishes, we obtain

fjl2R-'X"(^.vdydz = ^R* (? j) + 2R*
f

| S (i^.o-,- fi) (r-"-x,.) ^m0(Wd<f>.

Again in the surface integral in (83) wi" may replace r ^" by ''?;", oi" 2;^,,, and

mav then put r = B. Also transforming the last volume integi-al in (83) into polar co-

oixlinates, and neglecting terms of order (i^,<7, ii)-, we see that the integial vanishes by

the ordinary property of surface harmonics. Thus, combining the several simplifications,

we replace (83) by

- Bvlgp = Rv/ok + 2R* jjl |(l - 2^) ^^']^ (;--x„) sineddd^, (85).

Referring to (S4) we see at once from the ordinaiy pioperties of surface harmonics

that the only terms iu — (RiO-i) which can contribute anything to Bv are those of the

second degree. Again, the most general possible form of R.^a. is given by

R.a:JE = h-' {A.^ + B.^' + C.^- + ^Da/z + 2E.^x + IF.^y) (86),

where the constants are subject to the one condition

A, + B, + C,==0 (87).

Thus we may replace (8.5) by

- Sv/gp = Rviok + IR'IJ{A,, B,,a,D,,E.,. F.^x, y, zY x (e,,f,., g,,, ^a„, \K, ^c„$a;, y, zf dnr

(88),

where dtsr is the element of surface of a sphere of unit radius.

Now it is easy to prove

IJ:r*d'!!r =...= 3 jh/z-du =...= W/o,

while the integi-als of all terms involving an odd power of x, y or z vanish.

Thus using (87) we obtain from (88)

-Sv =^ \l + ? {A.£, + B,f, + C,g,. + Dm, + EA + FxA (89),

where A^., B.., C. are subject to (87).

This form of the result may be the most convenient under certain conditions, since

the stre.ss-strain relations in most kinds of aeolotropy are simplified by taking the axes

of coordinates in certain fixed directions, but the physical meaning ma}- be rendered

clearer by a change of axes.
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By the properties of quadric surfaces we may change the directions of the axes,

keeping them orthogonal, so as to transform (86) into

ii,o-,/i2 = ir-M^v- + 5;y^ + av^) (90),

where AJ + B,' + C,' = A, + B, + C, = (91).

Thus putting C,' = 2A.r, B/ = - (A.:' + B"), AJ = BJ' - A.:' (92),

we have R^aJR = ^i--- [A." {2z'- - uf- - if') + 5," {x- - y'-)] (93).

Let now e,,', /,', ^„' be the extensions, for uniform normal unit tension, in the directions

of the new axes, then we transform (89) into

- S" =^f- [1 + Ih \A.:' {2g: - e: -fj) + B./' (e,' -/:}]] (94„),

or -Sv = ^P^ [I + « [A.:' (3%; - 1) + kB:' (e: -/„')]] (94,).

Now a positive value of A." means an increase of that diameter in whose direction

go is measured and a diminution of all perpendicular diameters, while a positive value

of B." means an increase of that diameter in whose dii-ection e,,' is measured, a dimi-

nution of that diameter in whose direction /„' is measured, and an unchanged length in

that diameter in whose direction g„' is measured. Thus the general result implied in (89)

or (94) is that the diminution in volume in the ma.ss due to its own gravitation is

greater or less than in a sphere of equal volume according as the longest diameters in

the nearly spherical body
r = R + Ka,

are directions in the material along which the reduction of length accompanying uniform

normal pressure is above or below the average.

For any isotropic material the reduction in volume has the same value as in a sphere

of equal volume. Thus the reduction in volume of a given isotropic mass due to its

mutual gravitation is in general either a maximum or a minimum when the bounding

surface is spherical.

To determine whether in this case the reduction is a maximum or a minimum we

would require to go at least as far as terms of order (Ri-ai/R)-, and it would be neces.sary

to employ a more exact formula for the potential than (82). Such formulae are unknown

to me save for ellipsoids, in which case we can go to any required degree of accuracy.

As regards harmonic terms of degrees above the second, it seems most likely that for

a given maximum value of Riai the effect on the change of volume will in general be

less the greater i is. Thus the second harmonic term, unless relatively inconsiderable, may

be anticipated to have usually a predominating influence. When the elastic properties of

the medium, while showing aeolotropy, vary but little in different directions, the terms

in A." and B." in (94) may conceivably be of no greater importance than those depending

on the squares of the harmonic terms. It has thus appeared desirable not to assume

isotropy in the following treatment of the ellipsoid even when nearly spherical.
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Gravit(itii/(/ Ellipsoid.

§ 20. Let ii, b, c be the semi-axes of an ellipsoid of iiniforni density p and volume v,

of a homogeneous aeolotropic elastic material given by (1), and let

ru du
.(9o).

•' » J(a- + m) (b- + v) (c- + v)

Then denoting by fi the gravitational force between two unit masses at unit distance,

Nve tind for the bodily forces*

X = -pAa; Y=-pBi/, Z=-pCs,

where A.,.,,% B.,,,.% C..^% .(OG).

The surface forces everywhere vanish. Thus from (20) we find for tlie change in

volume of the ellipsoid due to its mutual gravitation

- hvjp = \\\ (a^Ae„ + ifBfa + ^Cg^^ d.rdydz

= i« la=.4e„ + b^fi/o + c=6V/„l (97).

If gi, g,,, gj be the values of "gravity" at the ends of the three principal a.xes of figure

a.A=g„ hB = g,, cC = g./,

thus - Sv/v = 4/3 (agA + bg, /;, + cg,r/„) (98),

or for isotropy — Srj/ti = Y^ Wag, + bg,. + eg,) (99).

The quantities A, B, C, or g,, go, gj may be expressed as elliptic integrals.

When the ellipsoid is nearly spherical, let

bVa= = l -e,-, c-/a-=l - er (100).

Then expanding y\, etc. in powers of e, and e., and neglecting powers abo\'e the

fourth, we easily find

. _ Zfipv /I
,

6,- + 6./ ,
3e,* + 2eM + S€^\ \^-

li-^ U+^UT + 56 )•

r. _ Sjipv /I 3e,- + €.;- 156i'' + 66iV + 3e,n

a» V3"^~10 "^ 56
~)

^ Bfipv fl er + 3e..- 3e,* + 6e,-e„- + 15e.,^\

^-
a^' l3 +

'"^0~+ 56" j '

Now let a be the radius of a s])here eijual in volume and mass to the ellipsoid,

and let g be the value of " gi-avity " at its surface ; then

iJ» = abc = a' (1 - ei')- (1 - €./)-,]

/ipv/R' = g T'"

.(101).

.(102).

See Thomson and Tail's Natural Pliilosopliy, Vol. I., Part ii., p. 47.
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Substituting the values of A, B, C from (101) in (97), eliminating a, b, c by means

of (100) and (102) and arranging the terms, we find

-hv = igpRv [e„ +/, + g„ + -Sr. {e,^ (e., + ff„
-

2f„) + e./ (e„ +/, - 2rA,)l

- 3TT le/ (47/:, - 13e. - IS//,,) - e,V (He,. + o/, + 5g,,) + e.^ (47r/„ - 13e„ - 13/.)]]. ..(1031

Employing (10), we may write this in the more convenient form

ok
1

45
+ ^[er(l-3^/„) + e,ni-3%,))

+ HT-- llOfi' (1 - S^.f.) + erV (3^e, - 1) + lOe,^ (1 - 3%,)| .(104).

It is easy to show that the terms in e^- and e.r agree with those already obtained

in (94).

For any isotropic material we have the simple result

.(lOo).

Thus in an isotropic nearly spherical ellipsoid the reduction iu volume is always less

than in a sphere of equal volume, or the sphere is that form of ellipsoid in ivhich the

reckiction of volume due to the mutual gravitation of the paiis is a maximum. The

smallness however of the terms in (10-5) depending on the eccentricity seems rather

remarkable.

In an aeolotropic material the terms in e/, e^-e..- and eJ which depend on differences

of elastic quality in different directions have obviously the same physical import as the

terms in 6)- and e.;-; i.e. the)- signify an increased or diminished reduction of volume

relative to that in the sphere according as the longest diameters are dii'ections in which

the contraction under uniform normal pressure is above or below the average.

For a prolate spheroid about the axis 2a, putting e;-=e,- = e- in (104), and using

(10), we get

-Bv =Kfok i-i§+A<i+li^)(^^^-i) .(106).

For an oblate sphei-oid about the axis 2c, putting e, = 0, and e,. = e in (104), we find

-?,.=^P^''
ok i-S+i4-(i4?-)(i-^^-^°> .(107),

As in (104), R denotes the radius of the sphere of equal volume and g gi'avity at its

surface.

We notice that Bv' = Bv when e' = e in all isotropic materials. In an aeolotropic

material when the spheroids have their axes of figure in the same dii-ection in the

material, e„ in (106) and g„ in (107) are identical. Thus when e' = e the effects of

aeolotropy in the two spheroids are ver^- nearly equal numerically, though of opposite

sign.

YoL. XV. Part III. 44
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§ 30. In this paper our attention has hitherto been confined to the mean values of

the stiuins, but we may obviously from the equality of (I.) and (II.) arrive even more

easily at the mean values of the stresses. For instance, to find the mean value of 71-

answeiing to a given system of applied forces, viz. A', Y, Z per unit of volume, and

F. G, H per unit of surface, put f = g' = a' = b' = c' = in (II.), and regard e' as constant.

Then for the corresponding displacements we have

a' = e'.'; /3' = y = (108),

and so from (I.) and (II.), dividing <iul by t-', we find

jfJ7:d.cdij(h = jfjXu:dxdydz + jJF.cdS (109),

where the volume integrals are taken throughout the whole volume and the surface integral

over the entire surface, or surfaces, of the solid.

Again, regai-ding a as constant, putting

e'=f' =g' = b' = c' = in (II.),

and substituting in (I.) the corresponding displacements, viz.

a' = 0, /3'i2
= y'/y = a'j2 (110),

we find

Uhdxdijdz= I \\l(Yz + Zy)dxdydz + \{{{Gz + Hij) dS (111).

The formulae for the other mean stresses may be written down from symmetry.

The results for the mean stresses are wholly independent of the aeolotropic or

isotropic natui-e of the medium. They may be verified in the simplest manner by dii'ect

reference to (12) and (13).

The information derivable from the values of the mean strains and stresses is

necessarily in general of an imperfect character, as the law of variation of the strains

and stresses throughout the solid is essential to a complete study of an elastic problem.

Still the mean strains and stresses may indirectly prove of considerable service in veri-

fying the accuracy of mathematical work, and perhaps occasionally in affording a test of the

sufficiency of theories which supply foi- a definite physical problem a mathematical substitute

as to whose approximate equivalence doubts may be entertained.

[April 22, 1892. By ordinary Statics the bodily and surface forces must satisfy three

equations such as

ffjXdxdydz +
Ij
FdS = 0,

and three such as

jjj(Zy - Vz) dxdydz+jj{Hy - Gz) dS=0.
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Employing these we can write some of the general foinmlae in the paper in a variety

of equivalent forms. For instance, we may transform (lo) into

E.fi(j =
jj

1 [A' ( - 7/„,'/' - v,ei/
- r),„z) + r (

- J?:,,// - Vu^) + Z^] dxdijdz

+jj[^i )+Gi ) + Hz-\d8,

and may combine (22) and (111) in the form

nva=i{hdxdijdz=^{l\i\ -fjYz+pZy] dxdijdz+jj {(I -p) Gz + 'pHy] dS,

where p is any constant, including 0.]
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Part I.

Equilibrium under' given bodily and surface forces.

§ 1. The determination of the displacements, strains and stresses in an isotropic

elastic spherical shell is of great interest as one of the few elastic problems of which a

mathematically exact solution has been obtained. The problem has been solved in several

different ways, but with results rather of mathematical than physical interest. The

aim of the present solution may best be indicated by a brief reference to previous

solutions.

The first treatment of the problem is due to Lame*, who considered the case when

the surfaces of the shell are acted on by any given forces, but took into account only

one or two simple systems of bodily forces. His solution is in polar coordinates, and is

an elegant if somewhat lengthy piece of analysis. It obtains expressions for the dis-

placements involving arbitrary constants, and the method of determining the.se from the

* Liouville's Journal, Tome 19, pp. 51—87, 1854.
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surface conditions is clearly shown. A physicist, however, desirous of applying the solution

in pi-actice would probably find the labour of determining these constants sufficiently

iu-duous to deter him from his purpose.

A solution better known in this country is that of Lord Kelvin*. It is in some

important respects more complete than Lame's, as the -method of treating bodily forces

derivable from a potential is included, and the case of given surface displacements is

also considei'ed. In the opinion of Thomson and Tait-f the use of Cai-tesian coordinates

in this solution in place of the polar coordinates of Lam^ is a great simplification.

This is not an opinion which the author of the present solution can endorse, and

it seems to him that for practical pm-poses Lord Kelvin's solution stands very much in

the same position as Lame's.

Recently the cases of given surface displacements and given surface forces have been

solved in a way quite unlike either of the preceding by Cerruti|. His results in the

case of surface displacements are intelligible only to one familiar \nth what may be

called the " potential methods " of solution originated by Betti and Lord Kelvin, and

whose best known applications are due to Boussinesq. Judging by the abstract in the

' Beiblatter' to Wiedemann's Annalen^ the solution for given surface forces—the original

of which the author has not seen—is of the same character. The mathematical difficulties

in this form of solution are very great, and the results do not seem of such a character

as to lend themselves readily to practical applications.

In 18S7 a paperjl was contributed by the author to the Society, containing inter alia

a solution in polai- cooi"dinates which led by a more direct route than Lamp's to equiva-

lent results.

This paper determined explicitly the arbitrary constants for the case of a solid sphere

under given normal surface forces, or with given normal surface displacements, but for

other cases the results laboured under similar disadvantages to Lame's, as the labour of

determining the arbitrary constants was left for the reader. This defect it is the primary

object of the present paper to remove. It assumes the mathematical work of the previous

paper, reproducing only so much as is required to render the results clearly intelligible

;

it then determines the arbitrary constants for all cases and furnishes an explicit solution

applicable \vithout serious trouble to any special problem. The opportunity is also taken

of considering in some detail the conclusions to which the solution leads when the shell

is very thin.

The results obtained in this case, being independent of any assun)ptions as to the

relative magnitudes of the several stresses, seem not imlikely to be of service in testing

the results arrived at by the ordinary treatment of thin shells.

It must of course be borne in mind that there may exist in some other forms of

thin .shells phenomena widely different from those shown by a complete sphcu-ical shell.

• Boyal Society's Traiuactiona for 1863, p. 583; or X liend. It. Ace. dei Lincei 5,2 sem. pp. 189—201,1889;

Thomson and Tait's Natural Philosophy, Part n., pp. also Mem. U. Ace. dei Lincei, pp. 2.5—44, 1890.

735 et uq. % Bd. xv. pp. 630—1.

+ Natural Philotophy, vol. i. Part n., Art. 735. ||
Camb. Phil. Tram. vol. xiv. pp. 2.50—3G9.
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For example, the strains and stresses produced by the flexure of thin plates with straight

or curved edges, especially in the case of narrow strips, or the strains and stresses pro-

duced by surface forces at points on a thin shell where the curvature is unusually great,

for instance near the ends of the axis of a very prolate spheroid, may follow laws which

bear but a slight resemblance to those arrived at here.

§ 2. Employing the ordinary polar coordinates r, 6, (j) as in my previous paper, and

denoting the displacements by u, v, w, we have for the components of strain

du

d^
'

u 1 dv

r'^r dd'

u V , ^ 1 div

r r rsmOdcp n\

1 dv 1 dw tv „— . —^ TT + ~ j^ '^ot 0,
r sin o d<p r dtf r

dw w 1 dv

dr r r sin d<p
'

1 du dv V

r dd dr r

Of these the first three are in the terminology of Todhunter and Pearson's "History",

stretches, the last three slides, i.e. sheanng strains.

The dilatation S is given by

. du 2u \dv V . „
,

1 diu

dr r r do r r sni a d<p

The stresses, employing Professor Pearson's notation*, are

— / ^ <^ c^
du

,.,. = (m-n)S + 2nj-^
,

(u .
1 dv

\r

dw

.(2).

^ ' \'^ r dd)

(u V . „ _
1

4,4,
— (m — n) S + 2?i - + - cot ^ -I . „ ,

^ '

V»' r r sm 6 d(p.

„ /dv V 1 di(,\

~ \dr r r dd)

^ /dw w 1

\dr r r sm

du
• sin 6 d(f>/

(dw .a ,

1 dv\

\dd sm d^J

where m and /; are Thomson and Tait's elastic constants.

1
?! -
r

•(3).

Of the stresses the last three in (3) are the shearing stresses.

• Todhunter aud Pearson's History, vol. i. pp. 882—3.

45—2
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For shortness let

.(5).

Then for an isotropic solid of uniform density p, acted on by bodily forces derived

from a potential V, the internal equations of equilibrium are

hn + n) ?• sin o , — n -yj^ + " , , + P» sin -,— =0, |' dr dd d(j)
^

rt?-

(m + n) sin d -r^ — n -, + »i -=—I- p sm t/ -775- = 0,
da dxj) dr do

(m + n) cosec a ^ti —^ —,—^- ?i —,7^ + o cosec e' ^-- =
^ ' dtp dr da d<f> ^

§ 3. We shall consider first the case of given surface forces.

If over a bounding spherical surface the components of the applied forces along r, 6, <j)

be respectively F, G, H, then the surface conditions are

;? = + G, I (6),

7; = ±h]

•where the + sign is taken at the outer, the - sign at the inner boundary.

The displacements constituting the solution of (5) and (6) for a spherical shell may

most conveniently be subdivided into the following three classes

:

(i) Pure radial displacements, in which there is no displacement perpendicular to

the radius;

(ii) Pure transverse displacements, in which there is ikj displacement along the

radius;

(iii) Mixed radial and transverse displacements.

Class I. Pure radial displacements.

§ 4. These displacements in practical cases answer to bodily forces derived from a

potential
Vr^+V'r-\

where V and V are constants, and t(j unifurni normal surface forces, say

?? = ii over r = a,\ /-^

7? = R' over r = 6
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Supposing a>h, and V, V, R, R' to be positive quantities, the applied forces have
the directions and magnitudes shewn in fig. 1, where is the centre of the sphere

OB = b, OA = «.

Fig:

The potential Vr- is such as would arise from mutual gi-avitation in the shell, or from
a term in the centrifugal force independent of surface harmonics, if the shell were rotating

uniformly about a diameter. The only displacement is along the radius and is of the form

u=\rY„ + r-^Z_,-\^^ P^ -l^Y-- (8),

where Y„ and Z_^ are arbitrary constants to be determined by the surface conditions (7).

Employing the value of ^^^ given in (3) and noticing that 8 reduces to
'^~ + — we obtain
dr r

two simple equations for the determination of Y^ and Z^^. It is hardly necessary to

record tlie values of these constants. When substituted in (8) they give

" = - ^^i^ ^3. r^yco^H - ^^^'

+

|;It^ («^

1 pV 1 r-Vb" fp 5771 + n m-na-b „,]

The value of the dilatation is

-''f^l....<10).m+ n r

The principal strains are -^ along r, and two equal strains ujr along any two directions

orthogonal to one another and to r. We may suppose aufl (/> these two directions, and
may regard the corresponding principal stresses as ee" and u. They are given by

ee = ,j« = (;« — n)h -\-2n-
,

r

and may be found at once from (9) and (10). The other principal stress ;7 is of more
importance for the theory of thin shells, so it is desirable to express it in a form suitable

for applications of this kind. This object is secured by the formula

T^^t^-^' R + ^l^l'^r'^ R'
^'^^'^^'^

{
a^ {a' - r-Q (r" - b') -b'jr'- b') (a' - r')}

H a' - b' r' a^ — fr' .5 (m + n) H (^3 _ 53) P
"

_ 111 - n g- (a -r)(r'- b^) - b^- (r - b) (a" - r^)

iii + n r^(a'-b'~) ^^ -^^^>-
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The algebraically gi-eatest strain at any point may be cither u/r or -y- according to

the nature of the applied forces. The stress-differeuce is the positive value of

S = >

d
+ 2Kr T- («/r)

0,7' '

.(12).

§ 5. When the shell is very thin we may conveniently put

a — b = h, a —r = ^,

so that /( denotes the thickness of the shell, and ^ the distance of any point from the

outer surface. Retaining the lowest and next lowest powers of h/a and f/a in the

coefficients of the several terms, we easily deduce from the previous formulae the approxi-

mate results:

u =
m + n

An (37?i — «)

S =
1

3»i — n

^in — nh — P\Ra- /, „/< ^in—nP\Ra-1-2 ^ ^]—, 1-2--I-2 ^ -,-
7)1 + n rt / ft \ « m + n a) h

+ -2il-\ ^J!i±!! '' +2 '^—'^ i)a^pV-(\ - '''-" '^^pV
2 m + n a m+ n aj ' \ m + ii a /

"^

It \ a) h\ ul \ 2 m+n a m+n a) ^

.(13),

/, VI — ?) /) 3hi — n M
, t7-/- 1 ;— -+— ^ 5 a-'pF

\ m + n a m +n aJ '^
...(14),

r \ aJ li\ a J m+n a- \ S a S aJ "^

_^«-.|j/^)/ 1/. 7|N
,,_

m + n a" V 3 « 3 aj '^ ^ '

2 /( V aj 2 h \ a J \ 2 ni + n a m + n al ^

2. \ m-tn a m + n aJ

§ 6. If we denote Young's modulus by E, the bulk moduhts by k and Poisson's ratio

by 7), then

E = n (3m — n)/m, k = m — njS, t} = {m — n)j2m.

Using these, and retaining only lowest powers, we easily find from the results

(13)-(16)

\ — Tf a
u/r = —-

' - F
' 2E h

du _ du _ 7) a „

dF~~dl~~W h

^=3X-f^-

.(17).

.(18),

.(19).
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ee=H =
l If (20),

S=±\~F (21),
2 h

where F = R-R' + 2ahpV - a--hpV' (22).

These values of the strains and stresses may, under certain restrictions explained below,

be called the " first approximations ".

The quantity F is obviously, to the present degree of approximation, the resultant per

unit area of surface of the entire radial force exerted by combined surface and bodily

forces on the shell.

The necessary restrictions to the use of the results as first approximations will be

easily grasped by considering the case when there are no bodily forces. In this case we

must clearly have - „—5? ^ small quantity in order that (17) may be a legitimate first

approximation from (13); in other words if R and R' be of the same sign—i.e. both

tensions or both pressures,—they must not be so nearly equal that their difference bears

to their sum a ratio of the order borne by the thickness of the shell to its radius. The

general conclusion is that the results (17)—(21) are not to be employed as first approxi-

mations when F is so small compared to the individual bodily and surface forces of

which it is composed as to bear to them a ratio of the order hja.

§ 7. We shall first consider the case when F is of the same order as its greatest

components, and consequently (17)—(21) are satisfactory first approximations. The strains

are then all approximately constant at every point of the thickness, and the same is true

of the principal stresses m and **, whose directions are parallel to the surface. Also the

radial stress, while rapidly varying along the thickness is, to a first approximation

negligible compared to the other stresses. The important strains and stresses are in

fact due to the stretching or shortening of the " fibres " parallel to the surface, which

accompanies the increase or diminution of radius produced by the application of F. What

the exact mode of application of F may be, whether it consist solely of bodily or solely

of surface forces, or partly of both, and whether, if composed of surface forces, it be

applied over the outer or the inner surface, is to a first approximation of no consequence.

As regards the absolute magnitudes of the strains and stresses in this case, we see from

(17)—(21), that they bear to the strains and stresses which a longitudinal traction of

intensity F would produce in a long bar of the material ratios of the order a : h. This

is a very important consideration, as it leads at once to a restriction in the value per-

missible to F: viz. that the ratio of F to the greatest traction permissible in a long bar

of the material must be at most of the order hja of small quantities. This is obvious

at once on the stress-difference theory of rupture from the form of (21). It also follows

at once from (17) and (18) from the mathematical condition that the strains must be

small.
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It also may in general be deduced on the greatest strain theory of rupture from

(17) and (18), since either ujr or -y- must be positive. An exception to the latter proof

would however arise if ?; were very small and F directed inwards.

§ 6. Wo have next the case when F is so small compared to its components that

(17)—(21) cease to be satisfactory approximations, and we must fall back on the more

general results (13)—(16). If we suppose that the bodily forces per imit of surface are

small compared to the surface forces, or more generally that the resultants of the bodily

and surface forces are separately very small, then, with the exception of rr in so far as it

depends on the bodily forces, all the strains and stresses are to a first approximation

constant throughout the thickness. The fact that ^ is now of the same order as thi-

other stresses is also important.

The limits allowable in the strains or stresses depend on the material, or on mathe-

matical restrictions independent of the nature of the applied forces, and so these quantities

maj- be as large in the present case as in the previous. The conclusion to be derived

from a consideration of these limits in the present case is that the separate forces R, R' etc-

may now be comparable in magnitude with the greatest traction permissible in a long bar

of the material. In the present case the alteration of the radius is small and the con-

sequent stretching but trifling, but the direct action of the applied load on its immediate

neighbourhood is important.

§ 9. One general conclusion of considerable physical interest is ob\'ious on inspection

of (13) and (16). The tenns in ^ja inside all the brackets are positive, and thus the

values of u—and so obviously of ujr—and of ei" or $5 are invariably numerically greatest

over the inner surface of the shell.

§ 10. The vaiiation in the value of the stresses »», ** with the distance from the

surfaces is seldom of much consequence, but the variation of ^ is interesting in itself

and important in the theory of thin shells. We .shall consider it in the several cases

when there ai-e only surface forces over one of the two surfaces, and when there are only

bodily forces.

In this and subsequent occasions certain curves called here " stress-gradient curves

"

will be found useful. In these the abscissa measures the distance from a surface of the

shell, and the ordinate the coirespoudrng value of the stress under consideration. In

none of the cases occurring here is there any change in the sign of the stress as the

distance from the surface alters, so for convenience the curves are all drawn on the

positive side of the axis of abscissae. The same curve thus applies whether a surface

force be a tension or a pressure. The rate at which the stress alters with the distance

from a surface is measured by the tangent of the inclination to the axis of ab.scissae of

the tangent to the stress-gradient cune. The numerical value of this tangent is here

termed the "stress-gradient".
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Take for instance the case of a force R' over the inner surface. Then by (1.5) the

first approximation, viz.

gives for the " stress-gradient curve " a straight line passing through the origin when the

abscissa measures the distance from the outer or unstressed surface. The " stress-gradient

"

is thus to a first approximation uniform, precisely like the temperature gradient in the

steady state of heat conduction through an infinite plate. To this degree of approxima-

tion each thin layer of the shell bears, as it were, its fair share of the applied surface

force. Similar results clearly hold in the case of a normal force R over the outer surface,

because h — ^ is now the distance from the inner or unstressed surface.

Taking into account the second approximations we see that in the case of both R
and R' the stress-gradient is steepest at the inner surface of the shell, and that the

gi-adient continually diminishes as we approach the outer surface. In the accompanying

figures 2 and 3 the thick lines BKE, DHA are the gradient curves in these two cases

according to the second approximations, while the dotted straight lines answer to the first

approximations.
Force E.

Surface forces.

Force Ji'.

Fie2 FigrS

In both figures B represents the inner, A the outer surface, and BA the thickness.

In fig. 2 the force R—represented in magnitude by AE—acts on the outer surface

;

in fig. 3 the force R'—represented in magnitude by BD—acts on the iimer surface. In

both cases the dotted lines are parallel to the tangents to the second approximation

curves at the point where ^=h/2—or what we may call the "mid-thickness".

The cases when bodily forces act may also be represented by stress-gi-adient curves.

Thus fig. 4 applies to the case of bodily forces derived from a potential Vr'-, and fig. 5

to bodily forces derived from V'r~^ ; in both figures B represents the inner, A the outer

surface. The dotted curves in both figures refer to the first approximations. They are

parabolas whose vertices answer to the mid-thickness, and whose axes are perpendicular

to the axis of abscissae.

The thick line curves BDA answer to the second approximations. In fig. 4 the

points where the dotted and thick line curves intersect answers to the mid-thickness.

Bodily forces.

Fig 4

Vol. XV. Pakt IV.

Fige

46
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In both cases the gradients are steepest at the two surfaces, where the ordinates are

zero, and the gradient at the inner surface B is according to the second approximations

slightly gi-eater than that at the outer A. When the shell is very thin the differenc'e

between the ordinates of the dotted and thick line curves is much exaggerated in tlic

tigures.

§ 11. Before quitting the subject of uniform radial forces a few remarks on tiie

relative magnitudes of the effects of bodily and surface forces may be of service. Let us

confine our attention to the terms in V and R, because the same conclusions hold in the

ease of V and R.

The bodily force is to a first approximation, i.e. treating r as constant, 2pVa per unit

of volume, or 2pVah per unit of surface of the shell. Now from (17)—(22) we see that

according to the fir.st approximation all the strains, and likewise the stresses e», **, arising

from the bodily force bear to those arising from the surface force precisely the ratio

ipVah : R that the bodily force measured per unit of surface bears to the surface force.

As appeiirs, however, from (15) the radial stress arising from the bodily force bears to that

ai'ising from the surface force a ratio of the order {2pVah){hjci) : R.

If then a radial force act over one only of the two surfaces of a thin shell, the strains

it produces, and the stresses whose directions are perpendicular to the radius, are precisely

of the same order of magnitude as tho.se produced by a bodily force the same in direction

at every point of the thickness, whose total amount per unit of surface is the same ; the

radial stress however due to the surface force is, except in the immediate neighbourhood of

the unstressed surface, verj' much larger than that due to the bodily force.

§ 12. Before considciing the two other classes of displacements it is necessary to

explain the form under which the surface forces are given. In a complicated problem

like the present, in order to avoid cumbrous mathematical analysis, care must be taken

to let the solution follow its natural channel. The following method of treatment is

very forcibly suggested by the form of the geiaeral solution.

Let Ti, T,- represent surface spherical harmonics of degree i, including constant coeffi-

cients. The case when i is fractional does not seem excluded from our general solution,

but when, as in the present instance, the spherical surfaces are complete i will be a

positive integer. Then if and <1> be the tangential components of the forces applied

at one of the surfaces, say r = a, in the dii'ections 0, (p at the point considered, we are

to present and <I> in the respective forms

= S

* = 2

dTi i_ (It;

cie sin e (i4>
.(23),

.(24).

"
1 dTj dT,

_sin d(j) dti

The summation is with respect to i. The surface forces are practically split into

two sets, one derivable from a "potential function" S2't, the other from a "stream

function" 2Tj.
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It will, I believe, be found that iu most practical cases the tangential surface forces

fall naturally into this shape, but if au}' difficulty should be experienced in giving them

this form recourse may be had to the following results. Multiply (23) by sin 6 and

differentiate with respect to 6, then add to (24) differentiated with respect to 0. This

eliminates the T harmonics. Then employing the equation

t(( + l)l,+ .

zj :773 sm e -^
' -t-

^—
- ,^ = {2d),

sin 8 dd\ dO / sm- ti d<j>-

satisfied by a surface harmonic F,- of the j'th degree, we find

2R. + l)TJ = -^.l-^{|^(@sin^)-l-^|} (26).

Next multiply (24) by sin 6, then differentiate with respect to 6 and subtract from (23)

differentiated with respect to <^. This eliminates the T functions and leads with the help

of (25) to

2[i(* + l)Ti] = 4-
d® d ,^ .

^'
.(27).

Expanding the right-hand sides of (26) and (27) in the ordinary way, and equating

harmonics of the same degrees on the two sides of the equations, we have at once the

values of all the T and T functions.

The radial surface forces are supposed presented in the form of surface harmonics and

are denoted by Si?;

.

§ 13. For some purposes it might have been more advantageous to group the radial

surface forces along with that part of the tangential surface forces expressed by the T
functions, deducing both from a potential

2 [(r'/a'-O Qi + '-'-' ai+' Q_;_J,

where Qi, Q_,_i are surface harmonics of the ith degree, and ? is put equal a after

differentiation. The relations between Q,- , Q_,_i and Ri , T, are simply

Ri = iQi-{i-\-V)Q-i-i,\ ,c)o\

Ti = Q, + Q_f_, j

^" '

§ 14. In dealing -svith the solution of the equations (5) in terms of surface har-

monics it will suffice to take as a type the terms which contain harmonics of a single

degree. Thus suppose the bodily forces derivable from the potential

where Vi, F_t_i are surface harmonics of the ith degree.

The typical terms in the displacements are then those given in p. 268 of my previous

paper. Slightly altering the notation, we may write

S = r<f ^ F, + iVi + r-- f- -^ FL;_, + y_;J (29),
V m + 11 \ m + n

46—2
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" -
' |2 (2i + 3) m + » + 2 (2i+ 3)n ^

'J
+ ' ""•

_.
I

i-I_ pF_,_. C^ + l)m + 2» 1 _

.

' |2(2t-I) m+Ji ^ 2(2i-I)n "'—>) + ' ^-'-'

_d r_ _j-*+^ _ f
pFf (t+3)m+2n | I r^ JpVL^ (i-2)m-2n i

rf^L 2^2(+3) [/« + «. (/ + 1)» Vt '^2(2i-I)
I
m + «. m -•)

.(30),

i + l
r-'-=^_,_: + sI^^c^^''''^'' +

-"'^--^-<^l)'

sin Od<f> I 2{2i+S)\ni + n (i + 1) n ']
^

i
'

+ 97p-n1^" + <iz22m-2. ) _ 1
^

_1 _ d
^ ^._,._.

_

2(2? — 1) ( 7)! + n 1)1 ) t+1 J at)

Here F,-, F_i_i, Zi, Z_i_i, Xi, X_,_i are surface harmonics of degree i whose form

depends on the surface forces, and in the case of the first four harmonics also on Ff and

F_,_, . The letters may be regarded as including arbitrary constants to be determined by

the surface conditions. In my previous paper dashed letters F,' etc. stood in place of

Y-i-i etc. : also X,- sin stood in place of -.—^ ' and W: stood for ^ . Thus the
sin ap dd

present Xi has not precisely the same meaning as that letter bore previously. The

present notation has the advantage of replacing two letters—connected through an equa-

tion—by a single letter ; but it iu no respect adds to or takes from the solution as

first enunciated.

§ 15. In order to apply the surface conditions (6) we require the typical terms in

the expressions for 7?, 7e and 7i. Referring to (3) we easily deduce from (29)—(32) the

following values :

pV,= - 7-—s {{2i + 3) m + {i' + i -l)n] -^^—^ + Ui' - i - 3) vi + n] F,-

^ I

- {(2i - I) 1,1 - (t= + 1-1) n] f/^-' + {(i= + 3i - I) m + n\ Y^i_,m + n

+ 2(1- I) nr^'-Z:

- 2 (i + 2) 71)-'-' Z_i_,

(33).

del 2i + S m + n (i+l)(2i'+3) • i

i .. ,pF_i_, (i-—l)m-n .,„ 2(i + 2) .„
m + n I (2i — 1) t + 12i - 1

+ %-IO ^^ t<^' - 1> '•"'^- - <* + ^> '-'--^-'•-]
•
•(^^>-
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„ 1 d [ i + 1 . pVi i(i+2)m-n .„ 2(i-l)n . „„
^ sme d4l 2i + 3 m + ?i (i + l)(2i + 3) ' i

'

i ,pV_i_, (i--l)m~n .„ 2(1 + 2) .,^
2i-l m + n i(2i-l) '

i + l
''

- «
J^

[(i - 1 ) /-'-Zi - (i + 2) r-'-Z_,-_,] . . .(35 ).

It should be noticed that in the typical terms in the displacements and the stresses,

the terms in F_,_, , F_j_i etc. may be deduced from these in V;., F; etc. by simply

writing (— i — 1 ) for (+ i) throughout all coefficients and indices ; the converse mode of

deduction is of course equally correct. This fact is an important aid to simplifying the

algebraical woi'k of evaluating the arbitrary constants.

§ 16. The surface values of the stresses (33), (34) and (35) are to be equated to

the given surface forces. Thus over ? = a we must have

'' ~ '' "'' do^ sin e d4>''
'* ~

sin e d<p de '

and over r = h

~-R' -_^' J_^' - 1 dTj dTj
rr -Ki ;

re -
^^ +^^^ ^^ ;

'•* -g.j^ ed<f>de''

where R;, R' etc. are surface harmonics as explained above.

These six equations obviously lead to the following six :

—

(i - 1 ) ))a'-'Z; - (; + 2) na-'--X_i_^ = Tj (36 ),

(z-l)»6'-'X,--(i + 2)«6-'-a^_,_i = T/ (37),

- ^ s^-4 a' Fi + 2 (i - 1) na'--Zi + '^ ^. !. a"'"' Y_i_, - 2 (i + 2) na-^-^ Z_i_^

_ (2i + S)m + (i-+i-l)n pVi (2i-l)m- (i^ + 1 - l)n p F_^,~^'+
2t + 3 ""m + n^ ^T^l "^ ^^Tn

••^^^^'

i (i + 2) III — n .,. 2 (i — 1 ) . „ (i- - 1) m — ?i . .^ 2 (i +2) ...

= r,+ i+L„a.^ +^ „,-.-. £^=^^
(39),

2t + 3 «i + /I 2i — 1 m + n ^ ^

- ^

^^._^_3
6'Fi + 2 (t - 1) nb'-"-Zi + ^—^ ^^—

| b-'-'Y_i_, - 2 (i + 2) ni-'-^.^_,-_,

^ (2t+3)m + (? + t-l)« pF,- (2i-l)m-(z-^+t-l)H ^_;_^ pF_,_.
' 2i+3 m+n 2i-l m + n'"^ '

(i + l)(2i+3) 1 t(2t — 1) t + 1(i + l)(2i+3) *' i ' t(2t-l)

i±l „6i _£Il +^ nb-i-^ pI=^'
2i + 3 m+n 2i — 1 m + n

= T.' +
^"^^

n¥ -£^ + ^
7i&-'->

P^-'-' (411
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These six equations cleai'ly constitute two iudepeudcut sets ; the tirst set, coinprisiug

(36) and (37), determines the two unkno^vns X,- and X-i-^; the second set, comprising

(38), (39), (40) and (41), determines the four unknowns 1',-, Zi, )'_,_,, Z^;,. The equa

tions are to be regarded as simple equations, in which the right-hand sides arc known

quantities.

There are no terms in V,- or F_,_, on the i-ight of (."36) and (37), and so the vahies

of A', and A'_,_i are independent alike of the bodily forces and of the surface forces de-

rivable iVom a potential T,-.

Again there are no terms in A',- or X_,_, in the expressions (29) and (.'50) for B

and u ; thus the displacements depending on AT,- and X_,_i do not contribute to the

dilatation and have no radial component. They constitute what were termed above " pure

transverse displacements". Owing to their great simplicity it is convenient to regard them

as next in order to the pure radial displacements.

Class II. Pure transverse displacements.

§ 17. From (36) and (37)

Xi = {a'^-'Ti - b'+"-T/) - {{i - I) n (a--- - b''^%

X_,-_i = (a6)'+- (b'-'T; - a'-'Ti') - {{i + 2) n (a^^+i - b--'+')}

The corresponding displacements are by (31) and (32)

1_ d^ rr^(a'+-Tf-6''+-T/) r-^-^{abY+%b'-'Ti - a<-'T/)

n (a"+' - 6»+') sin 0d<f)\_ i-1 i + 2

.(42).

.(43),

w = — -, --.
,.., ,- T7, [same expression as in squai-e brackets in value of v] (44).

For such displacements 8, as already stated, is zero and the only stresses existent

are "rS, r* and «. The two fonner are given by

^ = „w^ ^fcS^. sS^ I,
[^'"' («'"^'^' - ^'""^''^ - "-'''"- («^>'" ^^'~' "^^ - «'"'

'^^'>J <*5)'

^~
^n^l

—

nn ^ [same expression as in square brackets in value of P»] (4(j).

Having regard to (3) and (2.5) we may throw the value of «* into the form

„-i.+i _ ^+1 i(i-^ l)+2 4: [same expression as in square brackets in (43)]... (47).

The case when T,-, T,' are zonal harmonics merits special attention on account of its

great simplicity; for it v and rs are everywhere zero.
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In the case of a thin shell we Hud from (43) and (44) as approximate values with
our previous notation

v =

w = —

g" 1_ d
(i - 1) {i + 2) nh sin ed(p

a' d

l.'i^f]T,-fl 2A + f
•(48),

(i-l)(i + 2)wA dd
^^^^^ expression as in square brackets in (48)] ...(49),

r* =

_i_ d^

sin 6 d(j)

d

['^^('-f)--l('-";f)-.-' .(50),

d6
[same expression as in square brackets in (50)] (.51),

{i-l)(i + 2)h
_

i{i + l) + 2
d'

dS' :^+«r^ a
(•52).

Owing to the similarity in form we need consider only one of the two displacements
and one of the two stresses To and 7i. We may most conveniently select w and ,w., because
in the case when T,; and T/ are zonal harmonics v and ;? vanish.

Attention nuist be paid to the directions in which the surface forces are measured.

At the outer surface the positive direction along (^ is that in which <^ increases, but
at the inner surface the positive direction is that in which ^ diminishes. Thus the
applied forces at the two surfaces are in the same or in opposite directions at corre-

sponding points,

—

i.e. points on the same radius vector,—according as

dTi dTi'

are of opposite signs or of the same sign.

§ 18. There are two principal cases, of a character precisely analogous to the two
that presented themselves in the case of pure radial displacements. In the first case

dTi _ dT/
de d0

IS of the same order as the greater of the two ^ and ~^ ; in the second case the

former quantity is small compared to the latter. In the first case the statical resultant
of the forces applied at corresponding points on the two surfaces is of the same order
of magnitude as the greater of the forces applied at these points. In the second case
the forces at the two surfaces are approximately equal and opposite. In the first case we
get as satisfactory first approximations

a? dw = —
{i-l){i+2)nhdd (Ti-T/)

«*/« = —
{i- l){{+-Z)n/i

_

i {i + 1) + 2
d0'

[Ti-T/]

.(53),

•(•54).
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Thus the displacements, suid the shearing strain and stress whose axes 6, (f)
niv parallel

to the surfaces, have ueai'ly constant values throughout the thickness ; also this strain

and stress bear to the other strains and stresses r$/n, r* etc. ratios of the order a : It

anil so are relatively very large. In the case of these and similar statements it nnist

be remembered that the magnitude of surface harmonics varies over the surface, so that

terms which at most places ai-e far the most important are zero, and may be vanish-

inv^ly small compared to the other terms, at certain points or along certain curves. In

order to avoid the prolixity that the continual reference to such special loci would entail,

it will be assumed in what follows that the reader keeps the necessity of such limitations

continually in view. He should notice that if either T,- — T,' or its differentials with

respect to a variable it contains be everywhere very small, while T,- and T/ themselves

have their maxima values considerable, the harmonics must be of the same form and

not merely of the same degree. Also near loci where the principal terms in a displace-

ment vanish, the other terms may largely predominate, but the displacement all the

siime will be but small compai-ed to the values it possesses where the principal terms

are largest.

To return to our consideration of the case when ^ (T; - T,') is not small, we see

that the conclusion it leads to is that when in the neighbourhood of a point on the

surface there is everywhere a considerable resultant tangential force,—the forces tending to

pull round the surface in the same direction,—there is a large displacement in this

dii-ection, and the strains and stresses whose dii-ections are parallel to the surface tend

to become lai'ge. The magnitude of these strains and stresses imposes an obvious

limit to the magnitude of the resultant of the applied forces. Noticing that a shearing

strain o- is equivalent to an extension a-/2 and a compression — o-/2 along the dii-ections

bisecting its axes, we should deduce from (54), by means either of the greatest strain

theory or of the mathematical condition that the strains must bo small, the conclusion

that the ratio of the resultant of the tangential forces at corresponding points on the

two surfaces to the greatest traction permissible in a long bar of the material may be

at most of the order hja of small quantities.

d r/T-
§ 19. We now pass to the case when -j^ (T; — T/) bears to —j^ a ratio of the order

h : a for all values of and
(f),

i.e. when the tangential foi'ces over the two surfaces are

derived from the same harmonics and are at corresponding points nearly equal and opposite.

It is easily seen from (48)—(52) that aU the strains and stresses are now to a first

approximation constant along the thickness. The stresses are now also all of the same

order of magnitude, and the same is true of course of the strains. The order of magni-

tude is the same as for the stresses and strains in a long bar of the material subjected

to a longitudinal traction of similar magnitude to tiie force on one of the surfaces of

the shell ; and thus this force may now be of the same order as the greatest traction

permissible in a long bar.

§ 20. As yet nothing has been said as to the intluence of the degree of the harmonic

from which the surface forces are derived ; but this is of considerable interest and claims
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attention. From (48) and (49) we see that for given maxima values of the surface

forces

—

i.e. of -r-r-' etc.—the displacements vary approximately as i~- when i is large, and

so fall off very rapidly as the degree of the harmonic increases. The formulae (50) and

(')!) do not contain i explicitly; thus 7e, >? and the corresponding strains depend to the

present degree of approximation only ou the magnitude of the applied forces. A general

law applicable to e* is not so easily laid down.

In a general way, when i is large we may regard the ratio of the maxima values of

dT-
~j^ to those of T; as being of the order i : 1. We thus conclude that when i is large the

values of e$ and the corresponding strain vary for a given magnitude in the surface forces

inversely as i. A large value in i implies a rapid fluctuation in the magnitude and sign

—

i.e. in the direction relative to 6 and </>—of the resultant of the forces applied over a

surface, the area throughout which this resultant retains one sign becoming more and more

restricted in the direction parallel to 6 as i increases. This consideration explains the

rapid diminution in the displacements as i increases. Take for simplicity the case when Tj-

is a zonal harmonic, when the surface force is everywhere perpendicular to the axis of the

harmonic and has a constant value round the perimeter of any small circle whose plane is

perpendicular to this axis. When i = 2 the surface forces vanish only at what we may call

the " poles " and the " equator ". The forces over one of the two hemispheres tend to twist

the sphere round the axis of the harmonic in one direction, and the forces on the ojaposite

hemisphere have an equal tendency in the opposite direction. It is thus obvious that as

we leave the equator, where the displacement will be nil, and travel towards one of the

poles along a meridian, the action of the forces over the successive zones into which

we may suppose the surface divided by "parallels of latitude" will all conspire, so that each

zone will be turned through a small angle relative to the preceding zone in the direction

of the forces. To find where the displacement is a maximum we notice that

rfP„
w oc T^' =c 3 sin cos 6,

du

so that w is a maximum in latitude 45°. The angular displacement ivja sin 6 increases, as

we have said, right up to the poles, but after latitude 45° the linear displacement falls off

owing to the diminution in the radii of the parallels of latitude.

Now if we take for comparison i = 4, we get

ri Qc w ac sin 6 cos 6 (7 cos= — 3),

so that the direction of the surface forces and of the displacement changes sign not only at

the equator but also in the latitudes sin"' JS/7, or a little under 41°. As we travel from

the equator to a pole the rotations of the successive elementary zones are in the same

direction only till we reach the latitude sin~^ n/1/7, or about 22^°, where w/sind is a

maximum, and the latitude where the displacement tv is a maximum is only about 21°.

There is thus much less room when i = 4 than when i = 2 for the cumulative effect

of the rotations of the elementary zones to produce a large displacement ; and obviously

Vol. XV. Part IV. 47
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as i increases this is more and more the case, because the parallels of latitude where

the surface forces and the displacement vanish and change sign become increasingly

numerous.

A general idea of the reason why the stress e* and the corresponding strain

diminish as i increases seems also easily attainable. The strain consists in a shearing of

the parallels of latitude on the same surface of the shell relatively to one another.

Now suppose a long flat bar of uniform breadth and thickness held at both ends to be

acted on in its plane by a series of forces of intensitj^ + P on one half of its length

and — P on the other all perpendicular to the length. Then it is easily proved that

the maximum shearing force over a cross section diminishes rapidly as I diminishes though

P remain the same. This is of course intended only for a very rough illustration of what

happens, as the conditions it supposes diifer widely from those of the actual case.

As regards rS, 7i, since at the surfaces they must equal the applied forces, it is

obvious a prion that the magnitude of their principal terms can not depend on the

degree of the harmonic.

§ 21. The stress «?, as we have seen, has under ordinary conditions a nearly constant

value throughout the thickness, but the variations of the other stresses along the thickness

are always rapid unless the forces at corresponding points on the two surfaces are nearly

equal and opposite. To consider the law of these variations, let 0, <I> denote the total

components parallel to and <p of the forces over the outer surface,—these forces being

assumed of course to come from one or a series of the T functions—-and let 0' and 4>'

be the corresponding quantities for the inner surface. Then from (50) and (51) we find

as our second approximations

--"-n'4>-f(-¥)«' (-).re =-

^ h f(,.f)*.|(i-2'i7i)*- m.

It is certainly noteworthy that the law of variation of these stresses along the

thickness is, to so close an approximation, the same for all forces applied over one only of

the surfaces, whatever be the degree or degrees of the harmonic term or terms from which

they are derived. A similar conclusion as to the variation of the displacements along

the thickness follows from (48) auil (4!)), but the amplitude of the displacements depends

on the degrees of the harmonics as well as on the absolute magnitudes of the surface

forces.

Comparing (55) and (56) with (15), we see that the law of variation of ?e or

r* along the thickness of a thin shell for a tangential force over either surface is pre-

cisely the same as the law of variation (jf r? in the case of a uniform normal force over

the same surface. Thus the stress gradient curve 2, § 10, will apply to the case of

tangential forces derived from stream functions over the outer surface, and the curve 3 to

the case of tangential forces over the iimer surface.
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§ 22. Before quitting the subject of pure tangential displacement.? it is necessary to

point out that, in general, surface forces derived from a harmonic of degpree 1 must be ex-

cluded from our solution. The reason will appear from a consideration of the simplest case,

that of the zonal harmonic Pi

.

Thus put Ti = <I>,Pi, Ti' = 4>,'Pi, where <I>i, <I>i' are constants. Thence, since

-^ = sin^,

we have r* = <I>i sin 6 over r = a,') ^^

7;=^,'sme „ r = b\
^"^ *

The forces over either one of the surfaces clearly all tend to turn the shell in the same

direction round 6=0, the numerical magnitudes of the resultant couples being |7ra'<I>i for

the outer, and |7ri'<l>i' for the inner surface. Unless these couples be equal and opposite

there will not be equilibrium. We shall first show that when there is equilibrium our

solution applies.

For equilibrium we must have

T//T, = *//<I>, = (a/6)^

Substituting in (44), we see that the coefficient of r takes the form - and so

appears indeterminate. The corresponding terms however in (45), (46) and (47) con-

tribute nothing to the stresses and consequently nothing to the strains, and so this term

has nothing whatever to do with the elastic problem. A displacement tu oc ? sin 6 is in

fact a rigid body rotation round ^ = 0, and the magnitude of such a displacement is fixed

by other than elastic conditions.

We need thus consider only the second term in (44), or may take

w = —^7- aV^-sin^ (58).
Sn

This is the complete answer to the elastic solid problem in the present case.

We have clearly, however, not obtained a complete explanation of the elastic solid

aspects of the case i=l.

It is obvious that the resultant couples over the two surfaces need not in a shell

always balance one another, while, if the sphere is solid, equilibrium under forces of this

kind over the one surface is impossible. When the applied forces are not in equilibrium

motion will ensue, but elastic strains and stresses will exist during the motion. Their

investigation requires account to be taken of the "reversed effective forces". When this

is done it will, I believe, be found that when the initial circumstances are completely

given the displacements, strains and stresses at any subsequent time, supposing the limits

of perfect elasticity not to be exceeded, are as determinate as in any case of equilibrium.

The problem is an interesting one, but its present consideration would lead us too

far afield.

47—2
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Class III. Mixed radial aiid transverse displacements.

§ 23. The displacements are those represented iu the formulae (30), (31), (32) by the

tei'ms in F,-, F_,_i and the four harmonics F,-, Zi, F_,_,, ^_,_i whose values are determined

by the equations (38)—(41). Thus the displacements of this class depend on the bodily

forces, the normal surface forces and that part of the tangential surface forces ^s'hich is

derived fi-om the T, or potential, functions.

Let us consider the determinant whose terms are the coefficients of the four unknowns

in equations (38), (39), (40), (41), each divided by n. Calling this 11 we have

n = _(i^ i-3)m + n
2(._i)„,.

(iP + M-lhu + n
_2(, + 2)a-

(2t + 3)n ^ ^ (2t-l)n '

iii+ 2)m-» 2(1-1)
(i + l)(2i + 3)ft ' i t{2i-l)n I + 1

_^i.^i S)m + n
2(i-l)6'-

(^-+ 3»- 1^+

n

^_,_ _2(i + 2)6-.-
(2i + 3)« ' ^ ^ (2i-l)n '

i{i + 2) VI -n 2(1-1) ,_, (i^-l)m-n 2 {i + 2)

(i+I)(2i + 3)»i ' i ' i{2i-l)n ' i + 1

Denote the coefficients of the members of the first row in the expanded determinant

by the letters rin, Uf, etc., the coefficients of the members of the second row by XIji,

n.., etc. and so on. Also for shortness let

.(59).

p{m+ «)~'

2i + 3

p{m + n)~'

2i + 3

p{m + «)"'

~~2tT3

p{m + n)~'

2i + 3

j(2x + 3)
™ + i= + t -ll (a'n„ + b'U,,) + (i + 1) (a'n„, + h'n^)

(2i + 3) - + i- + I - n {a'Tl,„ + b'U,,) + (i + 1) (a'n,., + 6-0,,)
n )

{(2i + 3) - + r + 1 -ij (a< U^ + bm^) + {i + 1) (a'U.^ + b'U^)

{2i + S)^+i"- +i- l| (a'riu + ^'''n3.) + (i + 1) (am,, + b'U^

eij^T|(2t - 1) ^ - (i^ +t - 1)1 (a-'-'n„+6-->n30+tXa-'-'n,,+6-'-'n«

pim+j^
r|(2t - 1) J

- (i^ +i

-

1)1 (a-'-->n,3+6-'-'n,,)+ i(a-'->n,,+6-'-'n
2i

«)

p (m+n)_' r
j(2i _ 1)

«^ _ (,•= +i _ 1)1 (a-'-n,3+6-'->n33)+i-(a--'n^+6--'n„)
2t — 1 |_ (

1 J

^^^.;^^^"' r|r2i - 1) '!^-(i^+i-i)\ («-'->n„+6-'-'n^)+i(a-'-'n,,+6--'nj

r, (60),

. (61),

. (62),

•. (63),

= <...(64),

= •57/... (65),

= •573'... (66),

= ^...(67).
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Then

«n F,; = BiU,, + TiU,, + R/n,, + T{U„ + V;^, + F_,_,^/ (68),

nUZ, = RiU,, + TiU.,, + R;'n,, + T/U,, + F,-ct, + F_,:_,t^,' (69),

nUY_i_,= R;U,, + Tin.^ + Ri'n^+ Ti'U^+ V,^,+ V^i^,^,' (70),

nUZ_i_, = R,U,, + r,.n,^ + R/U^ + Ti'U^ + Vivi, + 7_i_,^; (71).

§ 24. This constitutes from a purely mathematical standpoint a complete solution of

the problem, but to render it of practical value we must evaluate the determinants.

We find

n = 4(t-l)(i + 2)(a6)-^n-=-p(z + l)=(2i-l)(2i + 3)} (72),

where

IT = (ai)-='--

also

(2i= + 4i + 3)
Jl*

- (2i + 1)1 j(2^^ + l)
'1* + 2z + 1

[
(a^'-' - 6=--') (a'^'-+3 _ 6«:+3)

'y

- (i - 1) t (« + 1) {i + 2) (2i - 1) (2i + 3) {mlnf {ahy-' {a- - ¥f ..(73);

4 (t - 1) (t + 2) g-'-^b--'-'

i"-{i + l){-2i-l)

VI
(2i"'+ 1) - + 2i + 1 [ a' (ft-^'-i - ¥'-')

+ i{i+2){2i-l)(m/n) b-^-'(a^-b-) •(74),

n,,= T
2 (i + 2) a-'-' b--'-

(2i' + 1) ^* + 2i + 1 i it (i+2)~-l\ (a-'+^ - 6='+2)

n,3=

i{i+iy{2i-l)(2i + S)

+ (^-l)(^•+l)(2^ + 3)J|(i^-l)^-l|6-«(a^-^'=)] (75),

- 4. (i - I) (i + 2) a-^-^ b-'

i(i + iy{2i + S)
{2i"- + 4i + 3) --(2i+ 1) («='+' - i-^'+3)

+ (t - 1) (i + 1) (2i + 3) (m/n) »-'+' (a^ - 6=) .(76),

_ -2(t-l)a-<-i6-^
{2i- + a + 3)- - (2i + 1)1 l(i— 1)- - l) 6= (a-«-' - 6='-i

^ItHt + l)(2i-l)(2i + 3)

+ i (t + 2) (2i - 1 ) ^' |t (t + 2) ^' -
1|

a--- (a= - 6=) •(77),

n„ =
-4(i-l)(t+2)a-'-^&

i(t4l)(2i-l)

1—3 A—21—

4

(2i-^ + 1) - + 2i + l| a^ (fP-i - J-^-i)

- (i + 1) (i + 2) (2i - 1) ^' 6'^'-' (a^ - 6=) .(78),
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- (I - I) ? (2i + 3) - i(i°- + 5i - 1 ) -- + ll 6-^+' (a- - 6^ (79),

n..=
-4(t'-l)(t + 2)a-'-'i-°

Ui + I)(2r- + 3)
(2i= + 4i + 3) - -

(-(2t + l)l(a^'+^- 1-^+3)

11}

~{i-\)i m + 3) - a«'+' (a= - ¥)
n

"- = ^X^>l)(2^•-I)(2^^-^7S)Lp +
^-• + ^>g-<^-• +

^^l
>^

|(i= + 3i - 1) '^ + lU= (a-"-' - i-^-i)

- (i + 1) (i +2) (2t -1) ~ \(i'- _ i _ 3)
'I
+ I i a^-' (n= - b')

.(80),

.(81),

.(82).

IIsj = n„ with o and b interchanged ^

n,, = n,,

n,, = n,3

n« = n,,

n„ = n„
n« = n,,

n« = n^
n„ = n,,

The last 8 relations are obvious, since the thii-d and fourth rows of the complete

determinant 11 may be deduced from the first and second respectively by wTiting b for

rt. An inspection of the determinant also shows that we may deduce IT,,, from n„, Yli^ from

Xlj,, 1X3 from Ha and Ili, fiom n», by substituting (— t — I) for (+i). It is thus in reality

necessarj- to calculate only 4 of the 16 minors.

We also find

_ 4 (t - 1) (i + 2) (ab)---'-* pn
' t-(t + l)(2i-l)(2t + 3)m + «

(2i= + l)- + 2{+Ux

|(2i + 3) ^ - ll (a=''-' - 6^-') (a^-^^ - 6='«)

+ i {i + 2) (2i - 1) (2i + 3)
'I (^

+ ij {aby^-^ (a= - b^'^ (83),

2a-+2){(2i=+l)~ + 2i-+ll

(i+I)-^(2i-I)(2i+3)

mTfl )

(t + 2)--l\ p (ab)-"-* (a='+' - 6-'+') (a^+' - 6«+')

.

.(84),
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-i{i-l)(i + 2)C2i+l)( m )

""'
=

(i+l)H2i + 3) f + 2^ « - H ^ ^"^^^ ^"'"' - ^"^ ^"''*' - ^"'"'^
^8-5)'

"^ = 7STy-j27i^f{(^ + 2)^*-l},(a6)-3(a^-fr0(a-^^--6-^^^^ (86),

, -i{i-l)(i+2)(2i + l) (,. m )

"' =-i^--!) f - 1> ? +V ^"^^"^"^ ^^^ ~ ^^^ ^"^" - ^"'^ (^^^'

, -2(i-l)(i+2)m {,. ,,m J , ,, .

"==--^(2riV^ «f-l) « + !['' W"'^'~Ha=-&=)(«^'-+'- 6^''--)
(88),

. ' _ 4(^^-l) (i.+ 2) (ab)-"-'-* pn
(2iH4i+3)^'-(2« + l) X

i (i + iy(2i-l} {2.1 + 3) m + n

|(2i - 1 ) ^' + 1
j

(a-^.--i _ je.--:)
(a./+3 _ ^=,-+3)

-(i-l)(i+l)(2»-l)(2i + 3)^'g-t-l) (a&)--- (a=-6^7]. .(89),

"^'
= i^(2i3iy(^) k^''

+ -^^
+

'^^

" - ^^^' +
i>H

771
(* - 1 ) - + 1

[
/3 (a6)-='^-= (a'^'-i - 6"-i) («='+' - 6='+i)

(90).

§ 25. Substituting the values just found for II„ . . . OTj . . . etc. in (68), (69), (70) and
(71), we obtain the values of F;, Zi, F_._,, Z_i_,; and inserting these in equations (29),

(30), (31) and (32) we have the typical terms in the values of the dilatation and
displacements explicitly determined. The solution so obtained, it must be remembered,
includes only what we have denoted, § 23, "mixed radial and transverse displacements".'
It answers both to bodily and surface forces; the types of the former are derived from
the potential (see § 1-1)

the latter have for their types (see § 16):

over r = a,

dT; _ 1 dr-

over r = b.

Ru 'o-
^iff, '"-sin^rf^

_ ^ dT,' ^ 1 dTi'
rr = Hi, , i-e = -j^ ^ r<t>

=
de ' "^ sin d4>
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The dilatation and displacements are as follows, n being given by (73):

«n5 = H. [^^i-JUg^ {((2^= + 1)^ 2^ -m) a^ («-' - i-)

+ i (i + 2) (2/ - l)(m.;n) b''-' (a- - ¥)\

-'-^^a^^ {((2''= + 4i- + 3)
IP
- (2i + 1)) («-- - 6=.>^;

+ {i-l){i + l) (2i+ 3) (m/n) o^+> (a--64

+ i2,' [coetiicient obtained from that of i?, by interchanging a and b]

+ T, -*^^^±i?^^{p+.);^-2.>i)„.(«--6»-

- (z + 1) (i + 2) (2i - 1) (wi/)0 6-'-' (a- - 6-)[

- '^'^!g'~'^ '--' {((2i= + 4V + 3) '^ - (2. + 1)) (a-3 _ J..S)

- (i - 1 ) r (2i + 3) {mjn ) a='"+i (a= - 6=)l

+ r,' [coefficient obtained from that of T,- by interchanging a and 6]

+ I (i + 1) (i + 2) {2i - 1 ) (2i + 3) (m/«) {aby-' {a- - 6-)4

^, \({2i? + 1) !^ + 2i + 1 )
(a--' - 6--) (a-« - 6^+^

- i- (2i - 1) (2i +1) {(z + 2) '"" - 1 [ r-'-' (a6)-^ {a- - ¥) («='+' - b"-'+')

+ pT^-.- - (i + I)-- (2i + 1) (2i' + 3) |(t - 1) ^^ + ll r-' (a6)-=»-= (a= - 6=) («='-' - 6-'-i)

-
^--^^JpT- {((2»' + 4i + 3) "' - (2i- + 1)) (a-- - 6«--0 (a-+3 _ 6^>3)

- (i - 1) r (t + 1) (2t - 1) m + 3) (m/n) (a6f-' {a- - b-)\ . . .(91),

2nUu

i f

=
^i" T^I^XV -^) {((2i=+l);;' + 2t + l) a=(a-^'-'-6--^-0+i^^^

((2z'= + 1) ^ + 2t + 1Vi (i + 2) J -
1)

(o^-^ - 6-"+')

+ {i - 1) (i + 1) (2i + 3) ~ ((ir - 1) ^' - l) i-^'^' («^ - io}

i - 1 (abj+'



AND SPHERICAL SHELL. 363

+ {i - 1) {i + 1) (2t + 3) ^ a='+' {a- - b-)\-

+ i (i + 2) (2i - 1) ^ (^ (» + 2) ^ - l) a-^'-i (a- - 6=)

+ -R/ [coefficient obtained from that of R; by interchanging a and b]

I + 1 r~'"

+ 7; ^(^+l>(?^-2y(a6=)-
m

(2i- + l)- + 2i+l]a- (a-'-' - b-'-')

-{i + l){i+2){2i-l)~b'^-'(a'-b'')\

- (i - 1) I {2i + 3) ^ {{i^ + 3i - 1)
'I
+ l) 6^^+' (a"- - 6=)|

+ i (i + 1) Q (i + 1) + 2)^3 |((2i-^ + 4i + 3)
™ - (2i + 1)) (a-+3 - 6--+3)

- (t - 1) I (2i + 3) ^ a^+' (a' - b^\

-
1T2^ SSi {((2^^ + 4z + 3) ^ - (2i + 1)) (iir- + 3^ - 1) f + 1) 6= (a- - 6-)

-(i+l){i + 2) {2i - 1) - f
(i= - 1' - 3) — + 1) a-'-» (a= - 6=)

+ r,' [coefficient obtained from that of Ti by interchanging a and 6]

+ ipV, ^- ~^,-, |((2i^ + 1)
I'
+ 2i + 1)

((i + 1) f -
1) (a='-' - 6---) (a--+= - 6^+^

+ i {i + 1) (i + 2) (2; - 1)
'I

('^ - 2) (a6r- (a^ - 6=)=

+ Aj- {(2i= + 1)^ + 2t +
1} {(* + 2) ^ - l| (^. (a^^^' - 6-"+') («^+^ - 6^+0

+ t (2i + 1) ^(i + 1) '^^ +
2|

|(t + 2) ^' - l| ^3(a= - b^) (a->3 - 6^+0

- i (t + 1) (2i - 1) ^ j(z + 2) ^ - 1 [
'^^ (a^ - 60 («='+' - &"'+0
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+ i (t +1) i2i + 3) '^ |(i - 1) ^ + 1}
-^Jj^p^^

(a^ - 6=) („='« - 6->.:+.)

+
(-J^L.

{((2i'^ + 4i- + 3) ^ - (2i + 1))
(^t '^ + 1) (a--'-' - 6--) (a^'+^ - 6-«)

-({-!) i (i + l) {2i + 3) ~ ^1^
- 2) (aif-' (a= - 6=)^

.(92),

2nUv = {^^' + 3) ^ + 4 (^^' {(^^^'^ + 1)
!i^ 2^• + 1) a^ (a-' - 6=-)

1 ?•'-'

+ i (i+2){2i-l) '1 6-Ha= - 60 j
+ .^j ^^+-, |((2i=+ 1)

'| + 2* + 1
j

[i. {i + 2)'| -
1 )

(„-« - 6-+0

+ (i - 1) (i + 1) {2i + 3)
y^

{{i-^ - 1)
'I
- 1)

6-+' (a= - 60|

- {(^" - 2)
'I
-

2}^3 {((2iH 4i + 3)^ - {2i + 1)) (a-- - 6^-)

+ (i - 1) ({ + 1) (2i + 3) '-^ a='+' (a=- 6=)}
n

j

+ iT2 5^6 {{^''"- + ^^' + ^> ¥ - (2^ + 1> )
((^^

-
1)^ - 1) ''^ ^""-' - ^'-')

+ i {i + 2) (2i - 1) '|('^• (i + 2) ^ - 1 ) a^'-' (a^ - b')

dRi
coefficient obtained from that of -y^' by interchanging a and b

{^' + 3) ^ +
2}^ |((2i= + 1)'^ + 2i + 1) a-^ (a-> - i"-)

-(i + l)(i+2H2i-l)'^b--Ha-^-b^)}-'i^,~^^^

Ui' -i-S)~ + ij (a="'+' - 6"+') - (i - 1) t (2t + 3) ^ ((t= + 3i -^)~+ A i-'"'' («= - b"-)

-a + l) |(i -2)^-2} ^f;;^3 |((2i^ + 4i + 3) ^ - (2t + 1))
(a^^« - 6=^+3)

- (i - 1) i (2i + 3) '^ a='+' (a- - h')

- (i + 1) a + 2) (2t- - 1) ^ ((i-^ -i-S)~ + 1) a^-' (a' - b')\
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dT,'

cie
coefficient obtained from that of -~ by interchanging a and h

+ P de

+ i (i + 2) (2i - 1) ~ ({i + 3) ^ + 2i\ (tt&)-''- (a' - b^yl

+ J-^ {(2i= + 1) ^ + 2.- + l} {(.• + 2) f
- l} ^^^, (a-^^- - 6^'-) («=••- _ 6..3^

- i (2i + 1) |(t - 2) ^ -
2}

j(i + 2) ^^ - l} ^^3 (a' - b^ (a=^- - 6='«)

+ {= (2i- _ 1) !^ j(i + 2) - - 1 1
'^'

(a^ - 60 («='+' - 6^"+^

« I
ab

a + l) {2i + 1) {(i + 3) ^' + 2| k- - 1) ^^ + l| ^^,^ (a^ - b"-) (a--- - ft-"-)

-^^+l>^<2^"+=^)«f^'-l)n+Hw-^ (a--6-)(a''"'-^"'"^')

+
(if^^ 'i^^'"'

+ ^'' "^ '^C - ^-' + ^V (^* ~ ^^ 7 +
^)

(^"'"' - ^"'"^ ^""'*' - ^"'^')

- (i - 1) (i + 1) (2i + 3) ^ At - 2)
™ + 2i + 2 )

(a6)='-i {a' - b"-y

.j±i((2^.^-4^ + 3)^-(2^-^l)){(^-l)^+l|g^(a-_6-.)(a^^--6--)" (93).

The value of w is obtained from that of v by replacing ;7^ by • -^ jt • ^^ ^^7

one of the quantities B, u, v, w, so far as they depend on the surface forces, terms in

r~' may be obtained from those in r'+S and terms in r~'~- from those in r'~', by simply

writing (— i— 1) for (+ «') in all indices and coefficients. The same substitution deduces

the coefficient of F_,_, in each case from that of F;. The quantity n on the left of the

equations will be found to transform into itself, i.e. to remain unchanged, when (—i—1) is

written for i.

The solution just written down may at tirst sight seem rather cumbrous. It must be

remembered however that it contains the answer to innumei^able special problems, and that

in very few practical applications will there be found anything like so general a system of

applied forces as that treated here. Having regard to the actual facts, the comparative

brevity of the solution is in reality somewhat remarkable.

§ 26. From these typical terms in the displacements the typical terms in the stresses

may be found by means of the general formulae (3). Three only of the stresses, viz. rr, ri

and ?*, are given explicitly below. They possess greater inherent interest than the other

three, more especially in the case of thin shells. The method by which they were actually

calculated was by substituting in (33), (34) and (3.5) the values deduced from (68), (69),

48—2
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(70) and (71) for y,-, etc. The expressions arc as follows, 11 being as before given

by (73):—

/ {{i + 1) a= (a-"'-' - 6-'-i) (j-«+3 _ t«+3) + i^.-. (^-1 _ 52,-1) („t..+3 _ 5=;+3)}

-({ - 1) t(i+ 1) {i + 2) (2t- - 1) (2i+ 3) (m/«)=^^ (a-^ - 6=) (7-= - 6=) ((t+ 1) a='+' + iV^+'}

+ t(z+l)(i+2)(2i-l)^^j(2f^ + 4i- + 3)J-(2i+l)|X^3X

{62 (^2 _ ,.2) (,.2.+ l _ J2i+1) _ a^ (,^ _ 52-) (-^ii+l _ ,^n+l)J

+ (i-l)i(i + l)(2» + 3)-p-^+l)- + 2i+I|^^,,:,^^x

{0.='"-' (a- - ?•=) (r^'+' - ?)-'+) - 6'-'-' (?•- - 6--) (0='+' - r='+')}

+ ^^—r R/ [coefficient obtained from that of Rj inside square bracket by interchanging

a and b]

{(i'= + 3i - 1) '^' + 1} (a='+' - 6^+0 (a= - ?•=) (7-«+' - 6"+0

+ (2i + 1) {(i= + 3i - 1) ^* + 1} {(«" - i - 3) '^ + l| b"-'-' (a- - 6-) (r- - 6-) (a='+' - ?-='+0

+ 2 (2t + 1) (3 - -
1) \i (i + 1) - + ll {«•-•''+' (a- - r-) (?--''+' - 6-'+0 - 1='+' (r= - 6=) (a='« - 7-"'+0)

7,
»•

+ i({+l)Ti „,,,-^; [coefficient obtained from that of T,- inside square bracket by inter-

changing a and b]

+ pVii'-\{i + 2)--l' ""

n ^](a6)--LP'''^«^''"'T""'"'"'^
X {a^-' (a- - r"-) (r='+> - 6='+') - 6^'-' (r- - b') («»+' - r^+')}

+ (i + 1) (i + 2) (2i - 1) ^ (a6)^-> (a"- - b-) [b"- (a"- - r=) (r-'+' - 6»"+0 - «" (r= - 6=) (a-'+' - r«+0}]

+ pF_,_,(t + l)'^-|(i- 1)^+1 (^5)5T= ifi' +
4i + 3)f - (2t + 1)} (a--^- - i---')

X {a= (r^ - 6=) (a='+' - ?-'*+') - 6= (a= - r') (7-^+' - 6-'+'))

+ (i -1) 1 (2i + 3) - (a» - 6=) {6-'-' (r-' - 6-') (»"+' - »•-•'+') - a--' (tt= - r-) (r--'+' - 6='+')} 1 (94),
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ure =
dRi

de
(2f^+l)- + 2i + ll-*r(i+2)--l} X

+ |(2f^ + 4i- + 3) ^ - (2t +
1)|

|(z-^ - 1) ^' -

1

^r^ {a=''+' (a- - r-) (r^'+i - 6--''+') - 6^+' (r= - &=) (a^+i - t^+')}

((7-= - If) (a^+' - ?-^'+0 - {a- - r") ('-"•'+' - b"^*^)}

+ (2t- + 1) t (i + 2) ^ - 1 (i= - 1)^ - 1 ^JTTti
(°^' - b"-) (T' - i") («"+• - '•^+0

+

+

dRi'
coefficient obtained from that of -7-

' by interchanging a and b
de

dTi 1 r-*-'

rf^ 2i + 1 {ah-y*-'
(2t=+4i + 3)'^-(2i + l)[](2i= + l)^+2i+llx

n
J (

n

{{i + 1) r^ (r«-> - 6^-0 (0=^+2 - 6«'+') + ia- (a^-^ - 6^-1) (r^+5 - 6^+')}

-{i-\)i {i + 1) (i + 2) (2i - 1) (2?; + 3) (ni/n)= 5^'-i (a= - Zi=) {r"- - ¥) [{i + 1) 1^+' + w^^'+i}

+ i {i +l)ii+ 2) (2i - 1) ^ |(2t= + 4i' + 3) ^ - (2z" + 1)1 6^'-' x

{a= (7^ - b-) (a'^'+' - r^+0 - b- (a- - r=) (r^+i - 6^+0}

+ (z - 1) i (i+1) (2i + 3) ^ j(2i= + 1) '^ + 2i + ll a- X

[h^!-i (,^ _ 6=) (a^+i _ r='+') - a"'-i (a= - r=) (r^'+i - 6=^+i)M

dT' 1 7-~''~^ r • • dTi
H—r-r ^r:

—

^ .
—TT^, coefficient obtained from that of -r^ inside square bracket by inter-

de 2i + l (a-b)'^'
|_

de ^ ^

changing a and b

{a^'-i (a°- - r") (r^+' - 6^+0 - J-'-' (r^ - 6=) (a=^+' - r»'+0)

+ 1 (t+ 2) (2i - 1) - (a6)--'-' (a= - b') {a- (r- - b") (a^+'

-

r^+') - b- (a^ - r=) (r«+i - 6='+i)j
1

+P

m

(2{= + 4i + 3) (2i + 1)[
(a=^-i - 6-^-') X

[h'' (a- - ?•=) (r^^'-"' - 6=^+0 - a= (r^ - 6=) (a^+' - /^+')}

+ (, _ 1) (,• + 1) (2i + 3) - {a- - ¥) {&='-' (»- - b"-) (a='+' - j-^-'+O

- a^-' (a= - r=) {r^+' - 6=*+')j
• .(95).
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The expression for r5 is obtained from that for re by replacing -j^ by • ^ jj • ^^ ^''

du sm 6 d(p

the case of the disphicenients, the substitution of (—i — 1) for (+ i) deduces terras in r~'

and r~'-^ depending on the surface forces from those in ;•'+' ami i-'~' respectively, and also

the terms containing F_,_i from those containing Vi.

§ 27. The complete expressions for the displacements ((, v of the third class are found

by summation ^vith respect to i of the typical terms given by (92) and (93), and a similar

summation is of course required of the typical terms given in (94') and (95) for rt- and re.

The complete expressions for tv and ri are derived from the complete expressions for v and

re by the substitution of -. --r .-p for ^, . The limits of the summation had better be
sm 6 a(f) dd

regarded as j' = 2 and i= oo . The case i = would answer to forces, such as uniform normal

tractions, whose values are independent of the angular coordinates ; and the con-ect solution

is in reality derivable fi-om (92). We already, however, have considered it, treating the

displacements so produced as of a separate class, and have given the solution in (9). It is

in fact easily verified that if in (92) we put i = 0, and replace Ri, R;', F_i_i by R, R', V
respectively, we obtain the corresponding terms in (9). The terms in V in (9) are not

represented in (92). The potential from which the bodily forces answering to the solution

(92) are derived satisfies Laplace's equation V- = 0, or answers to forces other than the

mutual gravitation of the shell. But the potential Fr" answering to (9) includes mutual

gravitation and "centrifugal force", neither of which satisfies Laplace's equation.

The case z = 1 must in general be excluded from the solution for the reasons stated in

§ 22 in the analogous case in pure transverse displacements. In any particular case where

forces involving harmonics of the first degree are distributed over the two surfaces of a shell

in such a way that the entire system of forces is in statical equilibrium the solution (91),

(92), etc. will give correctly the elastic displacements.

§ 28. The forms under which the stresses ??, ("5, i5 are presented may seem at first

sight rather peculiar. They have been adopted with a view principally to two ends, viz. to

afford a ready means of testing the accuracy by reference to the surface conditions, and

to facilitate application to the case of thin shells. The coefficients are all constructed

on a uniform and very simple plan. Take for instance the values of r? depending on

Ri and T,-. In the case of R; the expression inside the square bracket must by the surface

conditions vanish when r = b, and a glance shows the occurrence of r — 6 as a factor in every

term. The terms in the last 4 lines contain in addition the factor a — r and so vanish

likewise over r = a. The first 3 lines in.side the square bracket on the other hand when a

is substituted for r fall at once into (2z+I) 11, and so the surface condition rr = Ri over

r = a is seen to be satisfied. The first terms are those which are of most importance near

the surface where the coiresponding stress is applied, and in the case of a thin shell these

terms are of a higher order of magnitude than the subsequent terms which vanish over both

surfaces. The expression for rr in terms of 2"; has to vanish over both surfaces, and so is

arranged to show the factors a—r and r — b in each term.
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The terms which vanish at both surfaces can be thrown into a variety of equivalent

forms, some more convenient for one purpose, some for another. Use may be made for

instance of the identities

:

a»'-i (a- - r-) (?•='+' - 1'"^+') - 1'-"*-'
(r- - b") (a-'+' - r-'+')

= r" {a"-' (a- - r") (r"-' - b^-') - 6-'-' (r- - b-) (a*'-' - ?-"'-i)}

= r"- {(r^'-" - 6-^-i) («^'+' - r^+i) - (a-'-' - r^'-^) (r-'^'+i - b-'+')}.

In what precedes we have always described b as the radius of the inner surface and
we shall continue to do so. But from the form of (92), (93), (94), (95) we may clearly

in these equations regard a as the radius of the inner surface if we take the undashed

letters R;, Ti to denote the forces applied over that .surface. When the outer surface is free

of force the reader may find it a saving of time to take this view.

§ 29. We pass now to the consideration of the form taken by the displacements

and stresses in a thin shell. The expressions given below for Tr, i? and r* were calculated

directly from (94) and (9.5); and the values of u, v, w might similarly be derived from

(92) and (93). As a matter of fact, however, the displacements were found by inserting in

equations (68)—(71) the approximate values found for H, IT], etc. by expanding the

expressions (72)—(90) in powers of h/a, where h is the thickness of the shell. To save

space these approximate values of II etc. are not recorded here.

Denoting Young's modulus by E and Poisson's ratio by 77, and putting as before

a — b = h, a — r = ^, we find, retaining the lowest and next lowest powers of h/a and ^/a,

the following results*

:

, = Ri
nil

(2i= + 2t- l)??i-H.

2(t-l)(t + 2)(3m-?i) -V
n h — ^
E ~ar

, a-
-Ri

nh

{2i'' + 2i-l)vi-n ,1 f
2{i-l)(i+2}{3m-n) ^^ " ^''^''> ^^^Ea

+ Tii{i + 1)
2nh

K
{i-l){i + 2) Ea -T-i(i+l)

2nh

2h/a n K
{i-\){i+2)^Ea

, f+i pVi \i{{2i-ir\) m-n} • « | _ i" [{i + 2) m - n] K
"•"^^

n [_2{i-l){^m-ny'^'^ Ea 2(i- l)(3m-m) a

-.pv-i-— a

_ dRi a-
^~ dJ2nh

'(i+l)[(2i + l}m+n]
'2{i+2){27n-ny

1 n 2^-h

+ (i+'^)VT^~ +
n g ,

(i + iy[(i-.l)m + n}h'

2 {i + 2) (3m - n) a
.(96),

{i-l){i + 2) E
1 - 2/i/a n 2^ - hdRi a"

de 2n]i \_{i-\){i + 2)
"^ E+

_^dT^^
dO nh

'

1 _ 1 A-f
(i-l)(i + 2) 2 a

dTl a" 1 - 2A/a
4-^^

+ a''-
9_^i
2n de

1 {2i + Z)m-n ^
i—1 3?H — n a

de nh\_{i-\){i+2) 2 a

i (i + 2)m-nh
i—1 3m

— a'
-i P dV_
2n de

1 {2i -l)m + n ^ i+l (i -l}m + 7i K
1 + 2 3m — n a i + 2 3m — n a

•(07),

* The reader must bear in mind that these results answer I system of applied forces given near the beginning of § 25

only to the displacements of our Class (iii), i.e. to the | above.
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^=ii.-^^ 1-

-r,-2i(i + i)

— a'p Vi i

{i-l){i + 2)m-'2n f
m + n a

+ Ri
.^

1 +
(i-l) (t + 2) m - 2« A - f

m-\-n

in + n ah
_ i (i + 1) m + n h (i- + i + 15) m + n ^

3m 6m

7« + n ah

(t + 2)m-/i g(/t-g)

m + Ji a''

(i- + i — 9) m + n h (i- + i + l5)m+ n f

'

bm a bni

I _
(»' + 6i + 2) m - in h-2^ _ _

|"

3 (3j?i — rt) a a

+ a-.-VF_,._,(i + l)=(^'^->"^ + '^ ^^^m + n

(i^. - 4z - 3) m + {i + 1) n h - 2^
^

^.
. .^^ g

/ 3(3^^ ^~~ + (* + ^)
-

.(98),

_ _ dRi m{(2i"- + 2i-l)m-)i} ^{h- ^)
r» =

d0 (wi + ?i) {3m — n) ah
1 +

+

dRl m[i2i-+2i-l)m-n} | (fe-g)

rf^ (7/1 + ?i) (3/?i — ?i) a/i

+

3m= + {2i- + 2i + 1) mn — 2n- h

3m {{2i- + 2i — 1) m — ?ij a

3 (oi- + bi — 3) m" — {i-+i-\- 8) ??wi + ?i- ^

3m {(2t-+ 2i— l)m — »i) a_

3 (3i° + 3^^ - 1) ??z^ + (t° + 1 - 4) mw - ?i'' A

37rt {(2i-+ 2i — 1) m — nj a

3 (oi- + bi — 3) ??(.= - {i- + 1 + 8) mw + ?i^ f"

3m j(2'r + 2i- l)m-Ml

dTjh-^
1 +

(i^ + 1+2) m + 2n ^

m + n

dTJ^
^ de h

1- {i- + 1 + 2) »t + 2w h - f
m + w a

^ ^,.
(i Fi ^. {{i + 2)m-n\[{2i + \)m + n

]
g(/t-g)

(m + ?i) (3m — n) a-

-
t (3 {i + 1) m + n) A-2g _ _ f
3{(2t+l)m + ?i} a ^

''

«

„__, c^F_i_, j(^^-l)„^ + ,,jj(2^•+l)m-n} g(A-?)a p ^^ ^i + l)
(m + w)(3m-/i) a=

-
(z + l)(3im-«) A-2^ r

/ + 3{(2i + l)m-«l a + ^'
+ "^^

a.

The value of w may be got from that of v, and the value of 1^ from tliat of re, by

substituting .—^ -,-, for -y^

.

* 8m^d<^ dd

.(99).

§ 30. Noticing that j- = — t^ we find, retaining only the algebraically lowest powers

of hja,

du _ v O'
I

d?~~Eh .(100),

.(101),
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where F, = R; - R/ + li [ia'-' pVi-{i+l)a-''-pV^i^t] (102),

and k as before is the bulk moduhis.

Obviously Fi is the total radial force per unit of surface, at the element considered,

arising from all the bodily and surface forces which contain harmonics of degree i.

With the exception, as explained below, of cases in which i is very large, (100) and

(101) will be satisfactory hrst approximations unless Fi be small compared to the individual

forces Ri, Rl, etc., of which it is composed. These results are the exact equivalents of the

results (IS) and (19) for uniform normal forces.

§ 31. Before examining more minutely these and similar results, it is convenient to

form some idea of the magnitude of the strains and stresses. The actual determination of

the greatest strain and the stress-difference is complicated by the fact that the dii-ections

of the principal strains and stresses at a point will not in general coincide with the funda-

mental directions r, 6,
<f),

and also by the fact that the magnitudes of all the terms involved

fluctuate over the surface. Exact determinations are apjjarently possible only for particular

cases treated individually. Without actually calculating the greatest strain it is, however,

fairly obvious that it will in general be a quantity of the same order of magnitude as the

1 dv
greater of the two expressions u/r and - -j^ whose sum constitutes the sti'etch along 0.

This consideration enables us to reach some important conclusions for the cases when

all the forces act on the surfaces. Let

Ri-R^' = F;,

d

•(103),
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The contlition that the resultant must be simill must clearly also hold though bodily

foi-ces act iu ;vdditiou ; and, ivs the resultant of bodily forces per unit of surface will usually

be very small in the case of a really thin shell, even when their direction is the same all

along the thickness, this condition will in general be sufficient. The condition will, how-

ever, cease to be sufficient if the bodily forces are so intense that their resultant per

unit of surface bears a ratio of the order hja to the greatest traction permissible in a

long bai- of the material. This follows from the fact that the principal terms in the

displacements and strains depending on F, and F_;_, do not cut out when

ia'-'pV; - {i + 1) a-'--pF_,_, = 0.

Unless the bodily forces be of unusual intensity we may for a first appi-oximation neglect

the terms containing h and f iu the coefficients of F,- and F_;_, in (96) and (97); but

if the resultant of all the applied forces along the thickness be small compared to the

resultant for one only of the surfaces, we must retain all the terms in these expressions

depending on surface forces. In such a case the individual forces R; etc. over either of the

two surfaces may be of the same order of magnitude as the greatest traction permissible in

a long bar of the material.

§ 32. One of the most striking featui-es of (96) and (97) is brought out by a com-

parison of the terms in iJj and T,-, regarding these as quantities of the same order of

magnitude. According to the first approximation the term in u depending on ii,- is of

the same order of magnitude as that depending on T,-, and the terms in v depending

on jR,- and T,- are likewise of the same order of magnitude. These latter terms are in

fact precisely equal if R; = 2T;. Similar results follow a comparison of the principal terms

in Ri' and T/.

From these considerations we see that the magnitude of the maxima values of a

displacement whether radial or tangential depends rather on the magnitude than the

<lirection of those of the applied forces which vary harmonically. It should, however, be

r/ 7? rlR-
noticed that, since for instance —,»' and ,

,-- vanish when i?,- is a maximum, the tangential
do d<p

displacements due to the normal surface forces derived from a particular harmonic vanish

where the i-adial displacements are a maximum. Also the radial displacements due to the

tangential surface forces derived from a particular harmonic will have their maxima values

at points where these forces themselves and the tangential displacements vanish.

§ 33. We have next to consider the nature of the terms in h/u and ^/a inside the

square brackets in the expressions (96) and (97) for the displacements. Supposing that the

resultant per unit of surface of the applied forces is a quantity of the same order as

the resultant of the forces applied over one of the surfaces, these terms—at least when

i is not very large—are to be regarded as of secondary importance. Being linear in f, these

terms have necessarily their mean values at the mid surface. Again the coefficient of ^ is

in every ca,se positive. Thus to a second approximation the displacements numerically con-

sidered, when they vary with f, have their maxima values at the inner surface, their mean

values at the mid surface.
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The fact that the radial displacements arising from tangential surface forces are, even

to a second approximation, the same at all points along the thickness is worthy of notice. It

shows that while, as we have seen, the radial displacement arising from tangential surface

forces is similar in order of magnitude to that arising from equal radial forces, the radial

strain in the former case is small compared to that in the latter.

It will be noticed that when surface forces alone act, even if the total components

Fi, ©,-, <&; for the two surfaces absolutely vanish, the values of u, v and w—and con-

sequently of all the strains whose directions are parallel to the surface—are approximately

constant all along the thickness. The values of these strains are in general of a higher

order of magnitude than those of the three strains t- , — and — , but this ceases to be® dr n n

the ca-se when the forces at corresponding points on the two surfaces are nearly equal

and opposite.

§ 34. We have next to consider the influence of the degi'ee of the harmonic on the

values of the displacements. When i is large we shall regard -~ as of the order iR,- etc.

;

dTi dT'
and we shall regard i?,, i?,', -7^ and -j^ as of given magnitude.

From (96) Nve see that the radial displacements arising from radial surface forces have

neither theii- " principal " nor theii- " secondary " terms much affected by the value of i

:

but when i is large the radial displacements depending on tangential surface forces have

their " principal " terms var3ing inversely and theii- " secondary " terms directly as i. This

latter law applies also to the tangential displacements arising fi-om radial surface forces.

The influence of the degree of the harmonic on the tangential displacements arising from

tangential surface forces is even more important, for when i is large the magnitude of the

" principal " terms varies inversely as i-. We notice that in the case of surface forces

the " secondary " terms in the tangential displacements when i is large bear to the

" principal " terms ratios of the order i'-h/a, and that the same law applies to the radial

displacements derived from tangential forces. Thus, except for the radial displacements

derived from radial forces, the importance of the " secondary " terms relative to the " prin-

cipal" increases very rapidly with the degree of the harmonic from which the surface

forces are derived. In fact when i is very large i'-h/a ceases to be small and the "secondary"

terms may be of as great or even greater importance than the " principal ". In such a case

we ought not to rely on (96) and (97), but must have recourse to (92) and (93) to ensure

that we do not neglect terms of the same order as we have retained.

dV-
In the case of bodily forces when i is large, if we treat iVi, —rJ , iV_i_i and

—
-t4-^ as of given magnitude, we see that the " principal " terms m u are nearly inde-

pendent of i, while the " principal " terms in v vary inversely as i. The " secondary

"

terms in both m and v increase rapidly in importance relatively to the " principal " terms

as i increases.

49—2
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§ 35. We have next to consider the stresses. Of these the three m, u, Si have

" principal " terms independent of f.
Thus unless the resultant force over the thickness

of the shell be small compared to the resultants for the two surfaces separately, or else

i be so large that terms in |/a become important, these stresses have nearly constant

values throughout the thickness. The "principal" terms in these stresses may easily be

derived from the displacements, the relation (101) being employed in the formulae for ee

and S unless Fi be small. These stresses unless Fi, ©j, *,• be small are of a higher order of

magnitude than P, 7? and f?; but they arc of less interest in the theory of thin shells,

and further, owincf to the variety of the differential coefficients they contain, they can

hardly be considered satisfactorily except by treating each individual case by itself. It is

thus suflScient to point out that the conclusions to be derived fi-om them, through the

maximum stress-difference they supply, as to the magnitudes permissible in the applied

forces, are of the same character as we arrived at by considering the strains.

We now pass to the stresses fP, Ps, ^, and since the two latter are exactlj- similar

in form we need not consider '^ separately. We shall as before speak of the terms contain-

ing the algebraically least powers of h/a as the "fii-st approximation", but in almost every

case it must be borne in mind that when i is so large that i-h/a ceases to be small

the "secondary" terms may be of as great or even gi-eater importance.

In the special case when there are no bodily forces and when the surface forces

at corresponding points on the two surfaxies are exactly equal and opposite, the " prin-

cipal" terms in ^ depending on the radial forces, and the "principal" terms in 7e and ?*

depending on the tangential forces are constant throughout the thickness. In the same

case the principal terms in f? depending on the tangential forces, and the principal terms

in ^ and 55 depending on the radial forces vanish. Thus all three stresses r?, ?«, ?J

show a remarkable approach to constancy along the thickness.

In general, however, when the forces at corresponding points on the two surfaces

give a moderate resultant, the rate of variation of rr, rS and r$ along the thickness is

very rapid. The law of variation when forces of one type only—i.e. either radial forces

alone, or tangential forces alone—act over one only of the two surfaces, is conveniently

shown as in previous cases by stress-gradient curves. The only novelty is that two

curves are now required for each type of forces, one, the " radial " curve, representing

the variation of Jr with f, the other, the " tangential " curve, the variation of re and ^.

As regards both tj'pes of surface forces, we see that to a first approximation the

stress of the same type as the applied force

—

f? being a radial, rS and 55 tangential

stresses relative to the surface—has for its gi-adient curve a straight line whose zero

(jrdinate answers to the unstressed surface. Also the gradient, to this degree of approxi-

mation, depends only on the local magnitude of the force and not on the degi-ee of

the harmonic it comes from. The stress-gradient curves of the opposite tj^je to the

applied surface forces are to a first approximation parabolas, the maximum ordinates

answering to the mid-thickness, the zero ordinates to the two surfaces.

In the case of the bodily forces arising either from F,- or F_,_] the radial and

taiifential stress-gradient curves are to a first approximation parabolas symmetrical about
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the maxima ordinates, which answer to the mid-thickness, and with zero ordinatcs an-

swering to the two surfaces of the shell.

§ 36. When we take into account the " secondary " terms, and notice that m — n

is positive in all known materials and i is not less than 2, we find that in the case

of radial surface forces the radial stress-gradient curve lies below or above the straight

line given by the first approximation according as the forces act over the outer or the

inner surface. These curves are shown in figs. 6 and 7, the dotted line refen-ing to

the first, the thick line to the second approximation.

ifi Radial Forces. R'

Radial curves.

FiB 6 Fig 7

As in previous curves B refers to the inner, A to the outer surface. In both

the thick line curves the gradient is steepest at the outer surface. This it will be

remembered is the opposite of what happens when the radial forces are of constant

magnitude over the surface (see § 10).

When the radial forces act over the outer surface the tangential stress gradient

curve given by the second approximation lies, as shown by fig. 8, above the parabola given

by the first approximation ; but when the forces act over the inner surface the second

approximation curve, as shown by fig. 9, lies above the parabola given by the first

approximation only near the inner surface.

Ri Radial Forces. li\

Tangential curves.

Figs

The mode of distinguishing the first and second approximation curves is the same

as before.

The radial * and tangential gradient curves answering to the tangential surface forces

Tangential Forces.

Radial curves. T',

Tangential Forces.

Tangential curves.

FigW Fig" Fig 12 Fig 13

* In Fig. 10 the thick line curve will lie completely below the dotted curve if i^i.
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are shown in figs. 10—13. The notation and mode of representation is the same as in

the other curves. The tangential gradient curves, as in the case of Class (ii) displace-

ments, are of the same general form as the gi'adient curves 2 and 3 for uniform radial

forces.

The radial and tangential * gradient curves for the bodily forces are similarly repre-

sented in figs. 14—17.

In both the radial curves the stress gradient according to the second approximation

curves is steeper at the inner surface and less steep at the outer surface than accord-

ing to the first approximation, or dotted line, curves.

I',

Bodily Forces.

Badial Curves. I'_i_i Vt Tangential Cmves. I'-i-i

FigM Fig 16 Fig le Fig 17

In the case of each curve it is to be kept in view that what is shown is the

relative magnitude of a single stress at different distances from the surface along a

single radius vector. The law of variation as f varies in the value say of fr in terms

of Ri is the same for all radii vectores, but the absolute value and the sign of rr vary

with the values of and ^.

Again the maxima values of the radial and tangential stresses arising from one

and the same type of surface forces are of different orders of magnitude in h/a. Thus

the " principal " term in the approximation to the stress opposite in type to the applied

surface force is only of the same order of magnitude as the " secondary " terms in the

approximation to the stress of the same type as the applied force. In other words the

stress opposite in tj-pe to the applied surface force is to a first approximation negligible

compared to the stress of the same type. It should also be noticed that the " principal

"

terms in the stresses arising from the bodily forces will be of the same order of mag-

nitude as the " secondary " terms in a stress arising from a surface force of its own type

only when the bodily forces per unit of surface are of the same order of maguitudi'

as the surface forces.

In the preceding remarks on the gradient curves we have assumed "secondary" terms

small compared to those containing algebraically lower powers of hja. As i increases,

however, the " secondary " terms in those stres.ses that are of the same type as the

applied surface forces rapidly increase in relative importance, and they cease to be small

compared to the " principal " terms when i-h/a ceases to be small. Moreover when i

becomes very big the stress opposite in type to the applied surface force ceases to be

* In Fig. 16 the thick line curve will lie above the dotted curve close to li if t <5.
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small relative to the stress that is of the same type. Thus for a complete investigation

of what happens in any instance when i'-hla is not small recourse should be had to the

general formulae (94) and (9.5).

An approximation to what happens when i is very large in the case of both displace-

ments and stresses may be found by retaining only the highest powers of i in (92), (93),

(94) and (95). Thus, for instance, on the left of these equations we may take 11 as given

by the following simplified form of (73):

n = 4»^ {mjnY (ab)--'-- {(a='-' - b'<-') (a-'+= - 6-'+0 - i-{aby'-' (a- - b-f}.

The course then to be adopted depends on how big i and h/a actually are. Until this

is known we are rather in the dark as to the relative importance of the two terms in

the above expression for 11, or of the several terms in the coefficients of R; etc. on the

right of equations (92)—(9-5),

§ 37. Before quitting the subject of thin shells it may be well to give a brief

summary of the results we have established for all forms of applied forces, whether the

displacements they lead to be of the first, second or third class. As previously a denotes

the radius, h the thickness of the shell, and h/a is very small. Our conclusions are as

follows

:

(1°) The resultant per unit of surface of all the forces applied along a radius—whether

these be bodily or surface forces, or both combined—must be small compared to the gi'eatest

longitudinal traction* permissible in a long bar of the material. The ratio borne by the

former quantity to the latter may be at most of the order h/a of small quantities.

If, however, the surface forces at corresponding points on the two surfaces be nearly

equal and opposite, the resultant of either set may be of the same order of magnitude as

the limiting longitudinal traction in the bar.

(2") If the resultant of the forces applied along a radius do not vary very rapidly

in magnitude or direction relative to »', 0,
(f>
— i.e. if there be no surface harmonics of high

degrees with large numerical coefficients—and if this resultant be not small compared to the

resultant of the forces applied over one only of the surfaces, then appi'oximate values to the

radial strain and dilatation at all points in the shell are

du

dr
~
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to which they bear ratios of the order li/a of small quantities. lu this case the stretch-

ing of the shell is the important factor in the values of the principal strains and

stresses.

{i") If there be no very intense bodily forces, and if the surface forces at corre-

sponding points all over the two surfaces be nearly equal and opposite, the stresses !^,

rS, fi lose their inferiority relative to the other stresses. This also happens in any case

when the magnitude, or direction relative to ?•, 6, (f),
of the applied forces varies rapidly

from point to point of the surface.

(5") If a force of given type—radial or tangential—whose rate of variation with the

angular coordinates is not very excessive, be applied over one only of the surfaces, the

stress of the corresponding type has to a first approximation a straight line for its gradient

cun^e, and the stress of opposite type—tangential or radial—unless it absolutely vanishes

has for its gradient curve according to the fii-st approximation a parabola whose vertex

and maximum ordinate answer to the mid-thickness.

(6°) The displacements, strains and stresses arising from a bodily force are in general*

of the same order of magnitude as those arising from a surface force when the two

forces measured per unit of surface are of equal magnitudes. In practice this means

that in a veiy thin shell the efifects of bodily forces must be very small unless these forces

be of extremely great intensity.

Solid Sphere.

§ 38. The displacements in the solid sphere may be derived from the corresponding

results for the shell by omitting all terms containing h raised to a positive power. We
shall represent all three classes of displacements simultaneously. With our pre%'ious notation

answering to

bodily forces fi-om the potential r-V+ Sr'F,-,'

/^ = ii' + 2i?i.

surface forces

dTi _1_ dT,-

dd ^ ^ind d<f>

sin d<j) dd

.(105),

we get

rR
M = R + -

1 pV
3m — n 5 m + n

-2

5m + n „

a-r — r^
im — n

1
ipVi I . -^ {{i + 2) m - «} a=r'"- - [(i + 1) m - n] j-+'|1 ,.r+ll

2n ;(2t- + 4^: -I- 3) m - (2i -l- 1) n]

+ Ri \j^^
[i {i + 2) m - n] C^ - {i + 1) (mi - 2n)^|

+ i(i+l) Ti \{mi - 2n) ^^* -^ {(i= -i-S) m + n] ^J^ .(106),

• There are ezceptiona amongst the strains and stresses ; compare for instance terms in Ti and Vi in (99).
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nsin 6 ^ \J—Id^ a'~^

+
i2n i(2i^ + U + 3) m - (2i + l)n\

dVi
pw k^T '^* + ^^ '" ~ "*

"'''"' ~ f^* +^^

+ d^ li^n:
{*' ^'' + ^^ '" ~ "i a^ " !^'' + ^^ '" + ^"^^

ns — n} »•*+'

d-Ri f 1

w =--2

^2

1 dT,- r*

1

+ 2«', -^ - i + 1
^{(i'-i-S)m + v}-^.^.^ .(107),

2m l(2i- + 4i + 3) wi - (2i + 1) ?2}
-^^^1 K* + 2) m - »1 aV- - {(i + 3)m - n} r«^

+
1 dR;dTi- ( 1 r^-^ r'+O

^' {^4^ [^ (^ + 2) ,. - .1
l,_,

-
K^• + 3) ,. + 2n} ^^]

+

d(f>

-^^S 1^' {(' + 3) '« + 2"
J '^-T - -^ {(*' - ^' - 3) m + n]

sin p a0 1
^ ' a' I - 1

' '
.(108).

The summations run from i= 2 to « = co . The vahie i = 1 is incompatible with the pre-

servation of equilibrium.

§ 39. It must be carefully noticed that though we may thus deduce the displace-

ments for a solid sphere from those for a shell, the strains and stresses due to given forces

over the outer surface are not the same in a solid sphere as in a shell whose outer

boundary is the same, however small the radius of the inner surface may be. In the

solid sphere we omit in the displacements all terms vanishing with b, and deduce the

strains and stresses from the terms left; but in a shell a displacement 6'+'»'~\ while

itself negligible however small ?• may be, will supply a strain varying as (6/r)'+'. Such

a strain will be very small except near the inner surface, but close to that surface it

may be very large. Thus the strains and stresses near the centre of the solid sphere and

near the inner surface of the nearly solid shell may be, and in fact generally are, widely

different*.

§ 40. In the case of purely surface forces derived from a potential (r'/a'"') Qi, as in

§ 18, the results (106), (107) and (108) take the remarkably simple forms

d ir^/ar^ „) \

dr\2n{i-l)^':

_1 d \ r^la-' ^ 1

''~rde\2n{i-\)^'\' }

w = -

1 d ( r'/a
Qi

.(109).

r sin 6 d4) \2n {i — 1)

In this case the dilatation 8 obviously vanishes, as Q,- is a surface harmonic.

* For an explanation of this seeming discontinuity see the Society's Froceedinps, Vol. vii. pp. 285-6, 1892.

Vol. XV. Part IV. 50
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Nearly solid shell.

§ 41. There is considerable interest attaching to the action of forces applied over

the inner surface of a nearly solid shell, i.e. a shell for which bja is very small. The

method of treating this case will perhaps be sufSciently illustrated by the deduction of

the ludial displacement answering to the purely radial force Ri'. To find this we employ

(92), retaining in the coefficient of each power of r only the lowest power of b. The

result is of coui-se only a first approximation, neglecting higher powers of b/a than those

retained. It is

2/i \{2i- + 4i + 3) m - (2i + 1) »] {(2i' + \)iii+ (2i + 1 ) /'] ulR-

= i (i + 1) (t + 2) (2i - 1) m (iiu - 2«) (6r)'+' a"-'-'

_ ^(2t + l)
j-^^.j _^ 2i^ - p -2i + 3) ni' + 2nm - h-] r'-' ¥+' a--'+'

% ^ 1-

+ {(2t2 + U + 3) m - (2i + 1) n\ y^ {{i-^ - 1) m - n] t^, - i {{i +l),n + 2n} - .(110).

Near the inner surface, i.e. when r is of the order b, we may obviously neglect the

terms in r'+' and ?•'"' compared to those in r~' and r~'~-, and so get the approxi-

mation

\^-i \(i' -l)m - n} "^:,

-

i {{i + 1) VI + 2«| % .(111).
2n{(2i-^+l)m-

This result, it will be observed, may be derived from the term in ii,- in (106) by sub-

stituting b for a and writing (— t — 1) for (+i) in all indices and coefficients. The same

substitution applies in the case of any displacement for any surface force. Thus if we

want the displacements, strains or stresses near the inner surfiice of a nearly solid shell

arising from forces applied over that surface, we have only to transform the corresponding

results for a solid sphere, acted on over its surface by forces following the same law,

by replacing a by 6, and i by — (t + l) in all indices and coefficients. When i is large

u diminishes with extreme rapidity as r increases so long as (111) remains a satisfactory

fii-st approximation. A similar result holds for the other displacements and for the strains

and stresses.

The formula (111) applies only when r is of order b. On the othei' hand when r

becomes of the order a the terms retained in' (111) are negligible, and the terms in

r"*"' and r'~' in (110) then constitute the first approximation. In this case it will suffice

U) point out the physical conseiiuences.

Regarding r in (110) as of order a we obviously have u/r of the order (6/a)'+', and the

same result holds for all the strains and stresses due to Ri or to tangential forces derived

from a potential T,'. In the corresponding case (jf tangential surface forces derived from a

" stream function " T/ the rate of diminution in the strains and stresses as i increases

when r is of order a is measured by {b/ay*-. Thus in all cases the strains and stresses

<lue to surface forces derived from surface harmonics of high degrees are comparatively
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insignificant except close to the inner .surface. At very moderate distances from this

surface the strains and stresses will be almost entirely due to those forces which are

constant or which vary but slowly over the surface. Regarding the strains and stresses

as propagated outwards from the surface, the effects transmitted from adjacent parts of

the surface where the applied forces are oppositely dii-ected tend to neutralise one another,

and thus the action of the medium is to obliterate the effects of any want of uniformity in

the distribution of the surface forces. This damping out of the effects of the forces derived

fi'om the high harmonics re]ati\-e to the effects of the constant forces does not however, it

should be noticed, increase with the distance, after this has reached the limit at which

the terms in »•'+' and ;•'"' in (110) constitute a .satisfactory approximation.

Part II.

Equilibrium under given surface displacements.

§ 42. The previous solution may also be applied to a shell whose surfaces are subjected

to given displacements. These displacements must of course be of such a character as not

to strain the shell beyond the limits permissible in the material. All rigid body dis-

placements may be excluded. As the case of given surface displacements seems of much

less physical interest than that of given surface forces it calls for less fulness of treat-

ment.

The displacements may most conveniently be considered under the three classes of

Part I.

Class (1). Pure radial displacements.

The two constants of the solution

u = lrY,-^r-^Z., (1)

are to be determined from the data

(2),
u = U over r = a,

u = U' over r = h

where U and U' are constants.

T'he solution obviously becomes

u=[r{a-U-h"-U') + a%-r-HaU'-hU)]-r{a'-h') (3),

h = ^{a'U-¥U')-i-(a''-¥) (4),

7r = [(ivi-n){a''U-b'U')-^na?h-r-HaU'-hU)]-r{a'-h') (5),

ee=U = {{^m-n){a''U-h-U') + 2nct?h"-r-'HaU'-hU)]-r{a'-¥) (6).

For a thin .shell, putting a-h = h, a — r = ^, we get the approximate values:

= -'v^(-^''1i'-'i^ <"

50—2

u •
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^.8.f{(,„-,o(i.^).2,.'i^f|-^:{(,»-„)(,-*)-2J( (9,

Two important conclusions as to the uecessaiy limits to be assigned to the surface

displacements in thin shells are easily deduced. From (7) we have the approximate

results

«/r=«(l + f/a)/a=^^ 1 + -|U-| l+^^~ (10).

£=-|="i"(-^) (-)

Now ujr and -r-; ai'e strains, and thus U/a, U'/a and {U — U')/h must be small

quantities of the order permissible to strains in the material. The last limitation, which

is fairly obvious a priori, must be kept in view in judging of the accuracy of approxi-

mations. It shows that terms in U — U' may be of less importance than terms in Ulija.

If U' = U the strains and stresses have their values very nearly constant along the

thickness, the approximate values of the stresses being

Tr = 2{vi — n) U/a,)
„ , (12).

= u = 2mU/a '

Class (ii). Pu7-e tratisverse displacements.

§ 43. Here we have to determine the Xi, X_;_i of (31) and (32) Part I. from the

conditions

1 dT: dTi
\

D = -.--
^ J— , tv = - ~Ta over r = a,\

sva.6 dd) dd
\ (13),

v= —^-,v . w=- ,^ over r = b
\sin 8 d<p dd I

where T,-, T,' are surface harmonics of degree i.

We easily find

^ J_ d
sin d^

|r' (a<+'T i
- 6'+' T/) + ^—j'^' (a'T/- 6' T;)| ^ («-'+' - 6-'+')] (I*).

w=- j^ [.same expression as inside square brackets in (14)] (15).

In a thin shell approximate values are

»=-§'f-'('4)-?/l(>-'^^^) <"»•
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''"=-51('-^«^)^S^l('-M) '•'».

-{•••->-'-^*'R!(-'^'^ <-)•

The value of v may be got from that of lu and the vahie of rS from that of ri by

writing -.

—

-. -=- for —r^ . The reason for writing down the value of w rather than that of
^ sm d d(f> dd ^

V is that w alone exists when Tj and T/ are zonal hai-monics.

Since ^/n and e*/ji are strains we see that the displacement at either surface divided

by the radius, and the difference in the displacements at corresponding points on the two

surfaces in the same direction divided by the thickness, must be quantities not exceeding

in order of magnitude the limits permissible to strains in the material. When the dis-

placements are equal over the two surfaces, all the strains and stresses have to a first

approximation constant values along the thickness.

Class (iii). Mixed radial and transverse displacements.

§ 44. Here we detemiine the Yt, F_,_i, Zi, Z_,-_i of the formulae (30)—(32) Part I.—

in which V:, y_i_i are now supposed zero—from the conditions

rr
dT, 1 dT^

u= U:, v = —r^, w = -.—>, , , over r = «,
dd sm d<f)

dT/ 1 dT/
Ju=Ui, v=—a , w = ^—a -rr over r = 6

da sin d<j}

where U,-, Ut, Ti, Tl are surface harmonics of degree i.

These conditions give

"2(2i^3)«" ^' + " ^' 2(2i-l)« * •^— + « ^—>-^» (^0).

(i + 3)m + 2n 1 _

2(i+l)(2i+3)«'* ^'^i'^
^^

(i + 3)m + 2« , ,^, „ 1 , i_,^

"2(i + l)(2i + 3)n''
^^^1 '

+ (^.^-2«6-.i._^_^_ 1 6-i-.^_^^ = r.' (23).
2t (2t — 1) n t + 1

\ (19),
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The method of treating these e(|uations employed in my original paper* for the

case of normal displacements seems the simplest way of solving the above. For short-

ness let

Ui - iTi =Ai, f7,. + (z + 1 ) ?', = Bi

\

U/-iT/=Af, tV + (( + I) r/ = iJ,'J
.(24).

Theu putting

n = {im + {2i + 1) n} \(i + I) m + (2t + 1) i

i(i + l){2i-l){2i + 3}n-
(rt6)--'+' (rt^''-' - b-'-') (a=*+= - 1-'+")

-{iJi'^'-^'y (25).

we easily find

^^^'
i{ii-l)7i (a6)«-> '"^ ^' " ^'<

m
+ ^ {<r - ¥) {a-'+^B; - b-'+'B-] .(26),

m ii+l).n + (2. + 1) . a-.-^ ^^^^^ _ ^^^^,^^^' "
2i + 1

^"^^'
L2n i (2i- I) « (a6)--

{rm + (2t 4- 1) »! ((^^ + 1) ??; + (2i + I) n] a'^+» - 6"'+
^
/ ; n _ ,; ,, -^

i(/+l)(2i-I)(2i+3)jr (a6p+' ^'^ ' '' '

^

•(27),

VIn F_,_, =
2^

(«= - «<-) (a'^'A ,• - 6'+^^ /)

"^--=iTi(«^^

^(i+l)(2t + 3)»/ -"^ ' "'
^ '''

[^^7n+(2^• + l)«i{(^+l)m + (2^^ + l)«j a^'-' - 6--'
.^^ ,_

i(i+I)(2i-l)(2i + 3)n-^ (a6)''-> ^
''

'^ ''

(29).^2j, (z+I)(2i + :j)//" *" '^'* ^' '^ ^'''

The substitution of (— i — I) for (+ i) in all indices and coefficients transforms 11 into

itself, and deduces the values of F_,_, and Z^t^i from those of Y; and Zi respectively.

§ 45. Substituting the above values of Fj, Z;,, F_j_i, Z_:_i in equations (30) and

(31) Part I., and writing Ui-iTi for Ai etc., we find

Uu = (U- iT) f"
V'

r
'' 1 1 ({^wt-K2r-H)«]{(t+ l) m + {2i + 1) w] (g^' - S'^-') (r°^+' - 6"+')

i(t+l)(2i;- l)(2i+3)?i-' (at)--"-'

2»
(«— 6=) (r-' - 6=)

* C'ami. Truiu., Vol. xiv., pp. 305, 306.
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m (i+ l)m + (2i+ 1) n

385

III [I + I ) m + rzi + I) H / ^ .
\-]

+(f//-ir,')g)''" [c[coefficient obtained tVom that of Ui - iTi inside square brackets by

interchanging a and 6]

^ nwt + ( 2 1 + 1 ) »] j( t + 1 ) ?>t + (
2^• + 1 ) w1 (a^'+'' - 6-'+») (r^'-i - 6^-')

2t + l| i(i+l)(2i- l)(2z + 3)w^ (a6)^"-'

- f^V
2n/

gy"\a-z,^)(,-6^:
[

+ {f^/ + (t + l)2'/jhj [coefficient obtained from that of (7; + (« + 1) T^ inside square

brackets by interchanging a and 6] • (30),

"— 2^ll<^-^-^')ej
im + (2-t + 1) n] \{i + 1) m + (2i + 1 ) «}

i (i + 1) (2i - 1) (2i-|-:3)^

(o-'-' - 6-'-') (»••-'+' - i-'+»)

(«6)« -sr<"^-^^nr-6^)

m\ (i + l)m4-(2i+ l)n

^2?i

1 d
coefficient obtained from that of ' (U,-iTi) inside square

brackets by interchanging a and h

+ 2r,lc|i^+(^ + l)^l0^
[im + (2^^ + 1) n] {{i + l)m + (2i + 1) ?i}

i(t+l)(2i-l)(2i + 3)n=

m im + (2i + 1) n 1

2w(^'+^y(2^+3)7^fr:^

1 C« ..^ rrn(^\'

^-^, ( a= (r^ - b^) {a-'+' - r-^''+') - b\ {a- - r") (r='+i - b-'+')

2i + 1 d5 '
^' + (* + 1 ^ ^'I (". )

coefficient obtained from that of ^{Ui + (i+l) T;] inside

square brackets by interchanging a and b .(n).

The value of w may be deduced from that of v bv replacing ^74 by — ^ -i- The
'^ dd -^ smd d(f>

substitution of (- i - 1) for (+ i) in all indices and coefficients derives coefficients of

U: + {i + l)Ti and U/ + (i + l)T/ from those of Ui-iT; and U;'-iT/ respectively.
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§ 46. The form of the results suggests the deduction of the surface displacements

from two potential functions after the manner indicated for the surface forces in § 13.

Thus if the sum of these functions, for the surface r = n, be

(r'/a'-') Q; + (r-'->rT'+-) Q_,_,,

where Q,-, Q_,_i are surfiicc harmonics of degree ?", we should put

.(32),
dT; 1 d r

TTi
=- TP, [same expression I,

do r da ^

1 dr, I <l r-^
/, , .

= —;

—

7i ,, same expression!
sm d<f> r f^m dcj)

^ ^
,

where a is substituted for r after differentiation. The relations between [/,, T; and Q,-,

Q_,_j take the simple forms

{U, + (i + \)Ti]/(2{+l) = Q;,

[C^,--iT,-!/(2i + l) = -Q_,-, I

^^^^-

The expressions for the displacements are obviously much simplified if either Q,- or

Q_,-_i is zero, and the form in which (30) and (31) are presented was chosen partly with

a view to bring this out. Other reasons for selecting this form were that it affords a

ready means of testing the accuracy of the results and that it lends itself readily to

applications to thin shells.

§ 47. The arrangement in (30) and (31) is analogous to that adopted in (94) and

(95) for the stresses 7?, 55, 7i. Thus in (80) in the coefficients of both Ui — iTi and

Ui + {i+V)Ti the expressions inside the
j } brackets obviously vanish over r = h and

take the value 11 over r = a, while the last lines of these coefficients clearlj^ vanish over

both surfaces of the shell.

For the thin .shell, putting a — b = li, a — r = ^, as before, we easily deduce the

following approximate results

:

''--.> £;4,7^'^§'V(-!)-t7i(-'^f) <->.

Tii(i+l)f A-A T/i(i + l)f A

U pm-w A-fl _ ldUi'm{, i

-?{(

a d0 2r "• m h \^u dd 2Y~'^ m h

/' d0 \ a a / // d0 \ a a'
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In d"

a d6d(j) sin^r ' ^'^2n ah

.r,'i^f(i.4).r,.|(,-^J .(38).

The values of w and i-* may be found from those of v and r» respectively by sub-

stitutmg ^^^^ for
^^.

The limitations in the magnitudes permissible to the displacements over either surface,

and to the difference between the displacements at corresponding points on the two

surfaces, are precisely similar to those established in the two previous classes of dis-

placements.

§ 48. When the surface displacements have no tangential component i does not appear

in the coefficients in (34) and (35), and the coefficients of U in (7) and Ui in (34) are

identical. Thus to the present degree of approximation if radial displacements U and U'

be applied over the surfaces of a thin shell according to any law whatsoever—consistent of

course with the limitations as to the magnitudes of the strains—we have

"=^¥(^-!)-^1(-
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'dTi ^ J_ rfT,'

dd siu 6 d(p

dTi 1 dT/
dd

"^
sin e d4> _

L'

1 dji _ rfT,'

sin e d<f dd

1 dTi_dTr
' "

' sin 6 di> dd

(42).

Thus we obviously have, for the most general tangential displacements consistent with

the limits permissible in the magnitudes of the strains, the approximate results

'-^'-n^^^n{^-"-T') (->•

„„r'_^f(i+f),r|(i-'i^f) <«,

-F"C-^^^V ?«(>-»-«!) <«)•

«4»(-«-'-i-^x»(-^'S («)

As before, it should be noticed that when the diffei-ence between the displacements at

corresponding points is very small compared to the displacement for one of the surfaces,

terms containing higher powers of hja may have to be retained.

§ 50. Let us suppose that one only of the two surfaces is displaced, say the outer.

We then see from (39), (43) and (44), that the way in which u'U, vjV, and wjW vary

with ^ is precisely the same. Thus to the present degree of approximation we see that

the same "displacement-gradient curve"—i.e. a curve whose abscissae measure the distance

from a surface of the shell and whose ordinates give the corresponding magnitude of a

particular displacement— would apply in all cases when there is no radial surface displace-

ment, or when there is no tangential surface displacement, to the displacement which is of

the same type as the given surface displacement.

A similar result obviously applies in the case of displacements applied over the inner

surface only. The curve is in the case of either surface a straight line according to the

first approximation, whose zero ordinate answers to the undisplaced surface. The curves

according to the second approximations are of the forms of those in fig. 2 or fig. 3, § 10,

according as the outer or inner surface is that displaced. The gradients in both cases are

steepest at the inner surface.

From (34) and (3.5) we see that the gradient curves for the displacements which are

opposite in tj'pe to the given surface displacement are to a first approximation parabolas

symmetrical about their maximum ordinate, which answers to the mid surface, and with

zero ordinates answering to the two surfaces of the shell.
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There is one important distinction between the displacements which are of the same

type as the given surface displacement and those which are of the opposite type. The

magnitude of the former depends, to the present degree of approximation, only on the local

magnitude of the applied displacement, but the latter increase somewhat rapidly with the

degi-ee of the harmonic from which the displacements are derived. This is obvious when

i is large, as we are then to regard -^ and -y^' as of orders iTj and iUi; thus for a
(lu do

clT-
given magnitude of -^ the corresponding term in u in (34) %aries as i, and for a given

magnitude of Ui the corresponding term in v in (3-5) varies as i. When i is small the

displacements opposite in type to the given surface displacement bear to those of the same

type a ratio of the order /(/«, and so to a first approximation may be neglected; but as i

increases their relative importance increases, and they may not be neglected even to a

first approximation when ihja ceases to be small.

If we suppose i so small, or the shell so thin, that ikja is negligible, we have to a first

approximation for simultaneous displacements U, V, W over the outer surface only

ulU=v/V = wlW = {l-^lh) (47).

This signifies that the resultant displacement at any point of the thickness is parallel to

the applied surface displacement, and proportional in magnitude to the distance from the

inner surface. A corresponding result holds under like conditions for displacements over the

inner surface only.

When ill/a ceases to be small it would be wise to employ the exact results (14), (15),

(30) and (31) to ensure that terms are not omitted equal in magnitude to those retained

in the above approximations. This is especially the case when the difference of the dis-

placements at corresponding points on the two surfaces is small compared to the displace-

ment over either surface.

It must also be borne in mind that taking the displacements over a surface zero is

equivalent to supposing that surface held by the surface forces requisite to prevent dis-

placement. Thus the cases treated above where the displacements are given over one

surface only, and the other surface is supposed undisplaced, answer to a totally different

set of matters from that arising when the one surface is displaced in an assigned arbitrary

way and the other is left free of forces. This latter case seems not unlikely to be the

more interesting of the two in practice and we shall briefly consider it presently.

§ .51. Before doing so, however, it may be as well to point out that the solution for

a solid sphere subjected to given arbitrary surface displacements may be deduced from

that for a shell precisely as in the case of given forces. To get the displacements for

the solid sphere we have only to put ^^ = in (3), (14), (15), (30) and (31), noticing in the

two latter equations the occurrence of 6~'-'"''' as a factor in 11.

In the case of a nearly solid shell approximate solutions may be deduced by retaining

only the lowest powers of bja in the coefficients of the several powers of r. This would

be very easily done for the first two classes of displacements as given by (3), (14) and (15).

51—2



390 Mr C. CHREE, ON THE ISOTROPIC ELASTIC SPHERE AND SPHERICAL SHELL.

The formulae (30) and (31) for the third class are not so convenient for this purpose, and

it might be found simpler to substitute in the formulae (30)—(32) Part I. the values

found for )',, Z;, r_,_i, Z_,_, in (26)—(29) by retaining only lowest povjrers of bja. Little

interest seems to attach to these results except in so far as they show that when the

inner surface of a nearly solid shell is arbitrarily displaced, the outer surface remaining

fixed, those displacements, strains, and stresses, which depend on the surface displacements

deduced from high harmonics, fall off at first ver}- rapidly in relative importance as the

distance from the inner surface increases, so that at a considerable distance from this

surface the effects of irregularities in the distribution of the surface displacements have

largely disappeared.

One svrface arhitrarihj displaced, the other free.

§ 52. We need only indicate the method of treating this problem. Take for instance

the case when the surface r = a is subjected to displacements of the third class, given say

by the first equation of (19), the surface r = h being free of all forces. Then we may treat

the problem independently by determining F,-, Zi, F_,_i, .^_,_i from equations (20) and (21)

§ 4-i combined with (40) and (41) of Part I. In the latter two equations we are to suppose

the right hand sides to be zero. The solution in this case might also be deduced by

taking (30) and (31) as they stand, but regarding JJl, T/ as unknown quantities to be

found by equating to zero the values of rr and rs, or r«, supplied by this solution over

r = h.

Here we shall only determine the solution for a thin shell. Suppose r — a the surface

subjected to given displacements, r = a — h the free surface. Then, using the second method

indicated above, it is easy to deduce the approximations

:

«-^(-^™J-:!)-:^!'K[•(-')^.l <*«)•

-"(-!)-§! <*»)

^.W(l-() + J-/p- (50).
V a/ sm dcj) a

Here U, V, W are the total components along r, 6,
<f)

of the given arbitrary displace-

ments on the outer .surface, and Ti is the term containing surface harmonics of degree i in

the potential from which arise the tangential displacements occurring under class (iii). First

approximations to the stresses w, **, «? may be derived from these results. The complete

difference between these results and those obtained for the case of one surface fixed and

the other subjected to given displacements should be noticed.

If the outer were the free .surface and the inner that displaced, the only change

required in (48), (49), (50) would be the substitution of (- h + f) for |, taking U etc. as

now the displacements over the inner surface.



XI. On the Kinematics of a Plane, and in particular on Three-bar Motion

:

and on a Curve-tracing Mechanism. By Professor Cayley. (Plates vi., vii.)

The first part of the present paper, On the Kinematics of a Plane, and on Three-

bar Motion, is purely theoretical: the second part contains a brief description of a Curve-

tracing Mechanism, which has been at my suggestion constructed by Prof. Ewing for the

Engineering Laboratory, Cambridge.

Part I.

1. The theor}- of the motion of a plane when two given points thereof describe given

curves has been considered by Mr S. Roberts in his paper, " On the motion of a plane

under given conditions," Proc. Lond. Math. Soc. t. ill. (1871), pp. 286—318, and he has

shown if for the given curves the order, class, number of nodes, and of cusps, are

(m, 11, S, k) and (m, n ,
8', «') respectively (?* = m- — m — 2S — 3«, n' = m'" — m — 28' — 3/c'),

then for the curve described by any fixed point of the plane

:

order = 2mm,

class = 2 {mm' + mn' + nm'),

number of nodes = mm' {2mm' — m — m') + 2 (mB' + ??i'8),

number of cusps = 2 {mK + m'K),

but he remarks that these formulae require modification when the directrices or either of

them pass through the circular points at infinity. And he has considered the case where

the two directrices become one and the same curve.

2. It ^vill be convenient to speak of the line joining the two given points as the

link ; the two given points, say B and B, are then the extremities of the link ; and

I take the length of the link to be = c, and the two directrices to be b and d ; we

have thus the link c = BD mo\dng in suchwise that its extremity B describes the curve h

of the order m, and its extremity D the curve d of the order m! : in Mr Roberts' problem

the locus is that described by a point P rigidly connected with the link, or say by

a point P the vertex of the triangle PBD.

3. The points B, D describe of course the directrices h, d respectively: taking on

h a point £, at pleasure, then if B be at B^ the coiTesponding positions of D are the

intersections of d by the circle centre 5, and radius c, viz. there are thus 2m' positions

of D : and similarly taking on rf a point A at pleasure, then if D be at D^ the cor-
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responding positions of B are the intersections of 6 by the circle centre D, and radius c,

viz. there are thus 2m' positions of B. The motion thus establishes a {2in, 2m) corre-

spondence between the points of the directrices b and d, viz. to a given point on b

there cori-espond 'Im' points on d, and to a given point on d there correspond 2m points

on b. Of course for a given point on either directrix the corresponding points on the

other directrix may be any or all of them imaginary ; and thus it may very well be

that for either directrix not the whole curve but only a part or detached parts thereof

will be actually described in the course of the motion. In saying that a part is described,

we mean described by a continuous motion : say that the point B (the point D remaining

always on a part of d) is capable of describing continuously a part of b ; it may very

well happen that the point B (the point D remaining always on a different part of d)

is capable of describing continuously a different part of b, but that it is not possible

for B to pass from the one to the other of these parts of b without removing D from

the one part and placing it on the other part of d, and thus that we have on b detached

parts each of them continuously described by B ; and similarly we may have on d

detached parts each of them continuously described by B.

4. But dropping for the moment the question of reality, to a given position of B
on b there correspond as was mentioned 2m' positions of B on d, or say 2m' positions

of the link c : in the entire motion of the link it must assume each of these 2m'

positions, and for each of them the point B comes to assume the position in question

on b; the directrix b is thus described 2m' times, that is the locus described by B, will

be the directrix b repeated 2m' times, or say a curve of the order m x 2?ft', = 2mm'.

Similarly the locus described by B will be the directrix d repeated 2m times, or say

a curve of the order m' x 2m, = 2m7n'.

5. In general if B^B, be any position of the link and if B moves from B, along

b in a determinate sense, then B will move from B^ along d in a determinate sense

;

and if B moves from B, along b in the opposite sense, then also B will move from B^

along d in the opposite sense. Or what is the same thing we may have B moving in

a determinate sense through 5,, and B moving in a determinate sense through B,, and

reversing the sense of J5's motion we reverse also the sense of Z)'s motion. But there

are certain critical positions of the link, viz. we have a critical position when the link

is a normal at B, to the directrix b, or a normal at D, to the directrix d. Say first

the link is a normal at Bi to the directrix h. The infinitesimal

element at B^ may be regarded as a straight line at right angles to \

the link ; hence if for a moment i), is regarded as a fixed point \Bi

the link may rotate in either direction round i>, , that is B may
move from Bi along b in either of the two opposite senses, say B^

is a "two-way point." But if on d we take on opposite sides of

£», the con.secutive points B,' and !>,", say B/B, cuts D,S, at an acute angle and /),"/),

cuts it at an obtuse angle, then B,' will be nearer to b than was Z),, and thus the

circle centre B,' and radius c will cut b in two real points B^' and B," near to and
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on opposite sides of B^ ; or as D moves to /)/, B will move from B, indifferently to

B/ or Bi". Contrariwise D/' is further from b than was D,, and thus the circle centre

Di" and radius c, will not meet b in any real point near to -B, , and hence D is incapable

of moving from B^ in the sense D^D^'. Or what is the same thing the described portion

of d, which includes a point D^ will terminate at D^ , or say Z>, is a " summit " on the

directrix d. We have thus a summit on d, corresponding to the two-way point on b.

And of course in like manner if the link is a normal at D^ to the directrix d, then

Di is a two-way point on d, and the corresponding point B^ is a summit on b.

6. If the link is at the same time a normal at B^ to b and at Di to d, then each

of the points B^, D^ is a two-way point and also a summit; or more accurately each of

them is a two-way point and also a pair of coincident summits.

But the case requires further investigation. Considering the position B^Di as given,

we may take the axis of x coincident with this line, and the origin in suchwise

B, Dt R £
(

• • ' '

^

that 0£i, OA are each positive and 0D^> OB^: say we have ODi = B, OB^ — ^, and there-

fore h — ^ = c. The equation of the curve b in the neighbourhood of B^ is y^=2p{x — /3),

where p is the radius of curvature at B^, assumed to be positive when the curve is

convex to 0, or what is the same thing when the centre of curvature R lies to the

right of Bi (OR — OB^ = -I-) ; and similarly the equation of d in the neighbourhood of Z),

is y- = 2a (x — B) where o- is the radius of curvature at i)i assumed to be positive when

the curve is convex to or what is the same thing when the centre of curvature S lies

to the right of A {OS - OD, = +).

Consider now (x^, y,) the coordinates of a point on b in the neighbourhood of 5,

,

i/i'- = 2p (ocj — j8), and taking B at this point, let (x.,, y«) be the coordinates of the corre-

sponding point D on d in the neighbourhood of A. y/ = 2cr (a.j — 8). We have

c- = {x, - x„y + (y, - y,)=,

and here a'l = /3 -1- 1^ , x, = 8 + f-,Ip -O"

whence ..^ = /3^-+^\ x^, = ^h +\^^\^ ,
xJ = ^ + ^.

p z p 2 cr a-

The equation thus becomes

yi-

that is y,^ (l + ^) - 2y,y, + y^ (\ + -^) = 0,

a quadric equation between y^ and y.,. Evidently if we had taken D a point on d,

coordinates {x^, y.^) in the neighbourhood of D, and had sought for the coordinates (x^, y^)

of the coi-responding point B on b in the neighbourhood of A. we should have found

the same equation between y^ and y^.
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7. The equation will have real roots if

viz. p, a the same sign, this is per > (p + /9 — S) (<t + S — ^),

but p, a opposite signs, then pa < (p + j3 - S) (a + B — jS).

These conditions may be written

{OR - OB,) (OS - OD,) - {OS - OB,) {OR - OD,) > or < 0,

that is {OS - OR) {OD, - OB,) > or < 0.

But we have OD, — OB, = +, and therefore, p, a the same sign, the condition of reality

is OS > OR, i.e. S to the right of R; but p, <t opposite signs, the condition of reality is

OS < OR, i.e. S to the left of R. Observe that (S lying to the left of R, we cannot

have p = — , cr = +, and that the second alternative thus is p = +, o" = — , then OS < OR, or

<S lies to the left of R.

The condition was investigated as above in order to exhibit more clearly the geo-

metrical signification, but of course the original form or say the equation

-(-^-^')(- = +

B — R
gives at once ~ {B + a — ^ — p) = +.

8. Writing the quadric equation in the form

we have (l - ^j >/,= h ± ^ -^{c + a- - p)\ y^;

the two values of y, : y„ will have the same sign or opposite signs according as

c c
I and 1 H— have the same sign or opposite signs, and in the case where these

have the same sign, then this is also the sign of each of the two values of y, : y.^.

c c
Or what is the same thing if 1 — and 1 + - are each of them positive, then the two

c c
values of y, : y.. are each of them positive ; if I — and 1 + - are each of them negative

p a-

c c
then the two values of y, : y^ are each of them negative ; and if I — and 1 + - have

opposite signs then the two values of y, : y^ have opposite signs. Considering the different

cases p, a = + +, -\— ,
, we find

p, <7 = + +, then values of y, : y^ are + + or , according as DR, BS are + + or .

p, <T = A— „ „ „ „ „ BR, SB „ „

p. o" = .1 II » » J, RB, SB „ „



AND IN PARTICULAR ETC. 395

and ill each case values of y^ : y. are H— if the two distances refen-ed to have opposite

signs : DR = + means that R is to the right of, or beyond, D, and so in other cases.

9. The diiferent cases, two real roots as above, are

O B D E

p, a = + +

p, cr = +
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12. The separating case between two iniaginury roots and two real roots is that of

two equal real roots : the condition for this is B + a = /3 + p, that is OS = OR, or the two

centres of cnr\atiire are coincident ; the chai-acters of the points B^ and D, would in

this case depend on the aberrancies of curvature of the curves b and d at these points

respectively. If each of the curves is a circle, then the curves are concentric circles, and

the link BD moves in suchwise that its direction passes always through the common

centre of the two circles—or say so that BB is always a ratlins of the aimulus formed

by the two cii'cles—and for any position of BD, the two extremities B, D are related

to each other in like manner with the points B^ and D^. Thus in this case there are

no singular points B^ and D, to be considered.

13. In the case where the curves h, d are circles we have three-bar motion : say the

figure is as here shown ; I take in it 6, rf for the radii of the two

circles respectively and a for the distance of their centres ; viz. we

have the link BD — c, pivoted at its extremities to the arms or

radii AB = b, and ED = d, which rotate about the fixed centres

A, E at a distance from each other = a. Here a, b, c, d are

each of them positive ; a, b, d may have any values, but then

c is at most = a + b + d, and if a > b + d then c is at least

= a — b — d; but if a = ov < b + d, then c may be = 0, viz. it may have any value from

to a+ b + d. And in either case there will be critical values of c. The cases are very

numerous. To make an exhaustive enumeration, we may assume d at most = b, and in

each of the two cases d<b and d = b, considering the centre of the circle d as moving

from the right of the centre of the circle b towards this centre, we may in the first

instance divide as follows:

d<b
O d exterior to b,

„ touches it externally,

„ cuts it,

„ touches it internally,

„ lies within it,

„ is concentric with it.

d = b

d exterior to b,

„ touches it externally,

„ cuts it,

„ is concentric and thus coinci-

dent with it;

and then, in each of these cases, give to the length c of the link its different admissible

values.

14. Considering the case d < b, then we have (see Plate VI.), exterior series, the

figures 1, 1— 2, 2, 2— .3, 3, 3—4, 4, viz.
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tig. 1, c = a — b — d,

1— 2, „ intermediate,

2, c = a — b + d,

2—3, „ intermediate,

3, c = a + b — d,

3—4, „ intermediate,

4, „ = a + b + d.

1-5. Ill figure 1, the curves described by the extremities B and D respectively are

each of them a mere point.

In figure I—2, we have a + d>b + c and a + b > d + c. Hence in the course of the

motion the arms b, c come into a right line, giving a position BiD^' of the link, where

Bi is a two-way point on b and D/ a summit on d; or rather there are two such

positions sj-mmetrically situate on opposite sides of the axis Ax. And again in the course

of the motion the arms d, c come into a right line, giving a position -S/A. where D^

is a two-way point on d and 5/ a summit on b; or rather there are two such positions

symmetrically situate on opposite sides of the axis Ax. Only an arc of the circle b is

described, viz. the arc adjacent to d included between the two summits 5/ on b; and

in like manner only an arc of the circle d is described, viz. the arc adjacent to b

included between the two summits A' on d. The described portions on b and d re-

spectively are to be regarded each of them as a double line or indefinitely thin bent

oval : and it is to be observed that for a given position of B (or D) there are two

positions of the link BD, each of these positions being assumed by the link in the

course of its motion.

16. In figure 2 the two positions AA' of the link come to coincide together in

a single axial position BD, but we still have the other two positions A'A of the link,

where 5/ is a summit on b, and A a two-way point on d. As regards BD, this is

the configuration p, a- = , R, B, S, D : y^ : y«= ±, and thus each of the axial points

5, D is a back-and-forwards point. Thus only the arc B'B^ of the circle b is described

by the point B, but the whole cncumference of the circle d is described by the point D.

If we further examine the motion it will appear that as B moves from the axial point B

say to the upper summit 5/ and returns to B, then D starting fi-om the axial point

D may describe {and that in either sense, viz. y^ = +, then we have y. = ±) the entire

circumference of d, returning to the axial point D; and similarly as B moves from the

axial point B to the lower summit A' and returns to B, then D starting as before

from the axial point D may describe {and that in either sense, viz. y^ = —, then we have

2/2
= ±) trhe entire circumference of d, returning to the axial point D. It is thus not the

entire arc A'-B/ but each of the half-arcs BB/ which corresponds, and that in either of

two ways, to the circumference of d.

17. In figure 2—3, there are four critical positions B^'D^ (forming two pairs, those

of the same pair situate symmetrically on opposite sides of the axis Ax), where as before

52—2
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J5,' is a summit on b, and Z), a two-way point on d. The described portions of b are

the detached arcs B,'i?,' between the two upper summits, and B^'B,' between the two

lower summits: the described portion of d is the whole circumference. In fact attending

to one of the aa'cs on b, say the upper ai-c B/B/, as B moves from one of the summits,

say the left-hand summit B,', and then returns to the left-hand summit 5/, then B, starting

from the corresponding two-way point Dj, may describe, and that in either sense, the

entire circumference of d, returning to the same point D^ ; and similarly as B describes

the lower iU-c B^B^, starting from and i-oturning to a summit, then D, starting from the

corresponding two-way point A. may describe, and that in either sense, the entire cir-

cumference of d, returning to the same two-way point A-

18. In figure 3, two of the positions iJ/Di have come to coincide together in the

axial position BD, but we still have the other two positions B/Dj, where 5/ is a summit

on b, and A a two-way point on d. As regards the axial points B, D, this is the

configuration p, a- = + + ; B, R, D, S; i/i '>/:= ±, viz. each of the points -S, jD is a back-

and-forwards point. The two detached arcs B/B/ of b have united themselves into a

single arc B^'B/, which is the described portion of b ; the described portion of d. is as

before the entire circumference. It is to be observed (as in fig. 2) that properly it is

not the entire arc B^B^' but each of the half-arcs BB^' which corresponds to the entire

circumference of d.

19. The figure 3—4 closely corresponds to fig. 1—2, the only difference being that

the arcs B^'Bi and A-D/ which are the described portions of b and d respectively (instead

of being the nearer portions, or those with their convexities facing each other) are the

further portions, or those with their concavities facing each other, of the two cu'cles

respectively.

Finally in fig. 4, the described portions of the two circles reduce themselves to the

axial points B and B respectively.

20. Still assuming d <b, and passing over the case of external contact, we come to

that in which the circles intersect each other ; but this case has to be subdivided : since

the circles intersect we have b + d> a, consistently herewith we may have

b, d each < a, A, E each outside the lens common to the two circles,

b = a, d < a, A outside, E on boundary of the lens,

b > a, d < a, A outside, E inside the lens,

b > a, d = a, A on boundary of, E inside the lens,

b, d each > a, A, E, each inside the lens;

and in each case we have to consider the different admissible values of c. I omit the

di.scu8sion of all these cases.

21. Still assuming d < b, and passing over the case of internal contact, we come to

that of the circle d included within the circle b : we have here again a subdivision of
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cases; viz. we may have d>A, that is A inside d, d = A, that is A on the cii-cumference

of d, or d< a, that is A outside d. The critical vakies of c arranged in order of in-

creasing magnitude in these three cases respectively are

d>a
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decreases rapidly, so that the two revohitions from the axial point D round the entire

circumference of d to the axial point D correspond each of them to the revolution from

the axial point B round the entire circumference of h to the axial point B.

24. In hgure 2—3 there are no critical positions, the described portion.s of the circles

h, d are the entire circumferences of the two circles respectively, these being described

in the same sense, by the points B and D respectively. It is to be observed that to

a given position of B on b, there correspond two positions of D on d, or say two positions

of the link, but the link does not in the course of its motion pass from one of these

positions to the other; the motions are separate from each other, and may be regarded

;is belonging to different configurations of the system. And of course in like manner to

a given position of D on (/, there correspond two positions of B on h, or say two positions

of the link : we have thus the same two separate motions.

25. In figure 3 the critical axial position BD of the link makes its appearance, the

described portions are still the entire circumferences of the two circles respectively. As

the point D is here to the left of the point B we must take the origin to the right

of B, and reverse the direction of the axis Ox; the configuration is thus p, a- = H—

,

B, S, Ji, B: III : y« = . Everything is the same as in fig. 2 except (the signs of ?/, : y..

being, as just mentioned, ) that the motions in the circles h and d instead of being

in the same sense are in opposite sense, viz. as D moves from the axial point D in

a given sense round the circle d to the axial point D .say with uniform velocity, then

B moves from the axial point B round the cii-cle h in the opposite sense, and with either'

of two velocities ; and similarly as B moves from the axial point B in a given sense

round the circle b say with uniform velocity, then D moves from the axial point B round

the circle d in the opposite sense, and ivith either of two velocities.

26. In figure 3—4 we have again the two critical positions B/Bi symmetrically situate

on opposite sides of the axis, 5,' a summit on b, B^ a two-way point on d : and also

the two critical positions B^Bi symmetrically situate on opposite sides of the axis, Bi a two-

way point on b, -D/ a summit on d. The described portion of b is the arc B^B^ , and

the described portion of d the arc B/B/, these arcs being thus the further portions of

the two circles respectively.

Finally, in figure 4 the described portions reduce themselves to the two points B, B
respectively.

27. The several forms for d = b can be at once obtained from those for d <b; the

only difference is that several intermediate forms disappear, and the entire series of divisions

is thus not quite so numerous.
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Part II.

1. The curve-tracing mechanism was devised with special reference to the curves

of three-bar motion, viz. the object proposed was that of tracing the curve described by

a point K of the link BD, the extremities whereof B and D describe given cu-cles re-

spectively, or more generally by a point K, the vertex of a triangle KBD, whereof the

other vertices B and D describe given circles respectively, and that in suchwise that the

points B and D might be free to describe the two entire circumferences respectively: but

the principle applies to other motions, and I explain it in a general way as follows.

2. Imagine the cranked link BD, composed of the bars BjB and DS, rigidly attached

5/3 to the top and jDS to the bottom of the cylindrical disk K (this same letter K is

used to denote the axis of the disk), and where B^ and Db may be either parallel or

inclined to each other at any given angle, so that referring the points B, K, D to a hori-
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3. The form of Pcntagraph which I use consists of a parallelogiaiii ABGD, pivoted

together at the points A, B, C, D, the bars AD and BC being above AD and BC. There

is a cradle G, rotating about a fixed centre, and which carries between guides the arm

AD, which has a sliding motion, so that the lengths GD and GA may be made to have

[O^.

M

a

A B

any given ratio to each other. Above the bar DC and sliding along it we have the arm

KL (where K is the circular aperture which fits on to the disk K of the cranked link):

and above AB and sliding along it we have the arm MP which cames the pencil P

:

of coui-se in order that the pentagraph may be in adjustment the points K, G, P must be

in lined.



XII Examples of the aiyplication of Newton's polygon to the theory of singular

points of algebraic functions. By H. F. Baker, M.A., Fellow of St John's

College.

INTRODUCTION.

Apart from its interest in the theory of plane curves, the theory of the multiple

points is a convenient preliminary to the study of algebraic functions. We may of

course suppose every algebraic curve to be beforehand transformed into one possessing

only ordinary double points. But this transformation is one which it is not in general

possible to carry out piuctically.

Cayley's rules for any singularity whatever have been amply justified in many sub-

sequent papers. But in all these a good deal of calculation is necessary to obtain the

series used and the final result. We naturally seek to find a method for evaluating a

multiple point which shall appeal more directly to the explicitly given coefficients of the

curve upon which these series depend. The following paper gives some rules which are

effective in a very large number of cases—founded upon a consideration of Newton's paral-

lelogram. The deficiency of a curve and the equivalent number for any multijjle point

is determined by counting the number of unit points within a certain polygon which can

be immediately constructed from the equation of the curve. I have sought to give typical

examples used in other papers as illustrations of other methods and shew the application

of the present rules to them.

For convenience the paper is separated into six parts. In the first part it is shewn

that Abel's determination of the deficiency of a curve admits of an immediate graphical

interpretation. In the second part that this graphical result is in accord with the theory

of Abelian integrals—the deficiency being defined by the number of integrals of the first

kind that are linearly independent and the explicit form of these integrals determined.

Cayley's rules appear thus as following from Riemann's number associated with the con-

nectivity of his surface. The general values of the coefiScients of the curve thus far

accepted are in Part III subjected to certain restrictions of frequent occurrence and a

graphical rule given for the necessary correction. These rules ai-e applied in Part IV

to various examples ; among them is a consideration of Weierstrass' normal form of curve

of which the corresponding Riemann surface has a branch point at infinity in which all

the sheets are included. And it is proved that the number of orders of integral algebraic

Vol. XV. Part IV. 53
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functions that are not integrally expressible is the same as the iiuinbcr of double points

of the normal curve.

This part may serve as the beginning of a commentary on Kronecker's paper

(Crelle, 91).

Part V is devoted to shewdng that the quadratic transformation applied by Cramer

and Noether is in direct connection with the graphical rules previously given. A par-

ticular monomial transformation obtainable by a succession of such quadratic transforma-

tions is employed in Part VI, to the example given by Noether in exposition of his own

method, and to transform any curve to one whose only singularities are at infinity.

The main result of Part II, found in August 1892, was given, not quite correctly,

in the Mathematical Tripos, Part II. of this year. This result enables us in all cases to

specify immediately an upper limit to the deficiency of any given curve and a lower limit

to the equivalent numbers of any of its multiple points. Cayley's

rules of course apply to all possible cases—the rules given here for

the exact values of the deficienc)' etc. may fail for particular values

of the coefficients of the curve. In the simple case of a curve

wherein all the terms are present, say for instance the quartic curve

the deficiency 3 is the same as the number of unit points entirely

within the triangle ABC in the diagram which represents all the terms
"

of the curve in Newton's manner.

In case the constant term and the terms x, y, be absent, in which case there is

a double point at the origin and the deficiency is 2, we have the

second figure, having as before a number of interior points equal to the

deficiency The same is tnie when the terms in xy, y" are absent.

This illustrates the general rule obtained here.

It may be remarked that Part I. is added for the sake of

completeness: and the results of it not a.ssumed in what follows.

I I

1

L ' I

October, 1893.
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PART I.

On Abel's expression for the least number of sequent intersections of a curve with a variable

curve.

In the Phil. Trans, of the Royal Society [1881] Mr Rowe has given an exposition of

Abel's great paper (Collected Works, 1881, page 145) upon the sums of integi-als related

to a plane curve. Part of this paper is occupied with the determination of what

Prof. Cayley, in an appendix to Mr Rowe's paper, proves to be, in general, the deficiency

of the fundamental curve. The subtlety of the method employed by Abel in this part

of his paper will justify the following diagrammatic interpretation of the algebra employed.

It would not be wonderful indeed if some such method were in the mind of Abel. I

have preferred to give by the way enough account of Abel's method to make the advantage

of the present representation obvious.

If we have a curve

X i.y) = y" + P"-i y'"' + Pn-. '/'-' +...+P0,

and any- associated curve, this latter can in all case.s so far as its intersections with x(y)
are concerned be taken in the form

e(y) = qn-iy"-'+... + q„,

wherein qn-i , qn-2 , , qa are integral functions of x of at present unassigned order, whose

coefficients are to be regarded as variable and independent,

then, denoting by y^, y.,,...yn the n roots of x(2/)
= for any value of x, the

expression

E = e{y,).e{y„:)...e{y„)

gives the abscissae of the (finite) intersections of these curves, and the number of these

intersections is equal to the degree of E in x. If then one of the roots of xiy), when ex-

panded in descending powers (supposed positive), begin with the term in x", and 6y denote

the highest power of a; va. 6y when .r'' is written for y, this degree of E may be denoted

by ley.

In what follows we desire to determine how many of the intersections of )(y and 6y

are determined by the others. It is clear in fact that as many points of 6y, upon p^, can

be determined as there are assignable constants in 6y, and that the remaining intersections

of 6y with ^y ^^^e determined by the values assigned to these coefficients in 6y, and these

remaining intersections alter in a definite waj" when the coefficients of 6y are altered.

Since now there are in dy effectively

qn-i + 1 + 5„-2 4 l + ..+5o + l-l

= Sg + « — 1 coefficients,

where q means the degree of q in x,

53—2
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it follows that the intersections of Oy with ^'J which are determined by the others are in

number

S% - Sg - n + 1.

In what follows we seek by a proper choice of the terms and degrees in dy to make this

expression as small as possible.

Suppose that the initial terms in the expansions of y, , y^, ... y„ , consist of

Hi/i, terms of the forms A^x"^, A.^'^ ... , A,,^ ^"1,

/i,^j terms of the forms y = B^x"-, B^x"-, ... , B x"-

&c.

where n^n^ + n.ji.^ + ...=n,

0"i > (To > <73 > . . .

.

Then when we substitute in dy, y = x"^, there will be in general one term wherein the

resulting power of x is highest.

Denote this term by J-^^^ y^^ where [pj is another notation for the highest power of a;

in q . In the same way the term which gives the highest power of x, when in dy x"- is

written for y, is denoted by a^-^yf", and so on.

Abel proved that it is possible to arrange the degrees and the coefficients in 9y

so that

Pi is one of the indices n — l, n — 2, ... , n — n^/i^,

Pi is one of the indices n— /ii/ij — 1, n —n^ft^ — i, ... , n — n^/j^ — njj,^

,

and he works out the least value of the number of ' sequent ' intersections of ^ and 6y

on this hypothesis. We shall follow him.

Imagine that we have a plane of rectangular coordinate axes, the positive quadrant

of which is ruled with lines parallel to the axes at unit distances apart, and let every

term of 6y be represented on this chart, the term x^y'' being represented by the point

whose abscissa is h and whose ordinate is k. Thus we shall have (/„_, + 1 terms on a

line parallel to the axis of x at distance n — 1 from it, representing the terms in 6y

which were written qn-iy"~', and so on. Of the.se points we shall only here be con-

cerned with those, on the various lines parallel to the axis of x, which are furthest from

the axis of y. The power of x arising from any term in dy when x" is written for y
is easily constructed graphically by da-awing through the point of the chart that represents

that term of 6y a line whose positive direction makes with the negative direction of

the axis of y the angle ( for the present assumed to be between and ^ 1 tan~' a. The

distance of the point in which this line meets the axis of x from the origin is the power

of X arising from the term of Oy considered : and to say that the term x^^^y''^ gives the
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highest power of x when y is written a;"*, is to say that, if through the point of the chart

whose coordinates are [p,], p,, there be drawn a line whose positive direction makes with

the negative direction of the axis of y the angle tau~' o-j ( between and ^ j
, and a

parallel line be drawn through every other representative point on the chart the first

drawn line will meet the axis of x further from the origin than all the points in which

the other lines meet the axis of x. Let the point [pi], p^ be called iJ,, [p,], p„ be called

IL, and so on, and let the line parallel to the axis of x at distance I be called /jt. Then

as we have said Abel shews that the point ii, may be taken to be on one of the lines

In-i, In-i, In—n,!^,- These lines we shall call the first set—and so for each of the following

sets. Suppose now that a line o-j is drawn through R,, and a line cr„ drawn through

R2, and so on. [By a Une a-i we mean a line making an angle tan^'cr, with the axis of y,

as previously explained.] These lines form %vith the two axes of coordinates a closed

polygon, and it is obvious that the expression of the characteristic property of the points

Ri, R.,, ... is that all the lines RjR^, R-^Rj,--- shall lie svithin this polygon. This is the

expression of Abel's conditions

(Jj > T] > O-^ > To > . .

.

< = r-l

[Pr] = [Pl] + - T, (p, - p,_,),
K = l

Ty being the tangent of the angle which RyRr+i makes with the negative direction of the

axis of y, and is obviously sufficient to ensure that the term con-esponding to iJj gives a

higher power of .t than either of the terms con-esponding to R„, R^,... for y = x''^, and that

the term con-esponding to R.. gives a higher power of x than the terms corresponding to

R,. -K3,... for y = .r°'-', and so on.

Consider now R^. We have to ensure that for y = x''' this shall give not only a

higher power of x than the term corresponding to iJg, but shall also give a higher power

of x than every other term in the set to which i?g belongs. Abel shews that the anal}i;ic

condition for this can be reduced to the two following criteria

:

(1) that the term R^ for y — x"'' gives a higher power of x than y = x''r gives in each

of the tenus of the following set (r+1) only;

(2) that ?/ = a;'^'- gives for the term R,. a higher power of x than it gives for any of the

terms of the previous set (;•—!).

And it is easy to see that these conditions are sufficient. For suppose the first

satisfied. Imagine lines drawn through all the points of the set (r+1) parallel to o-,.

and a line parallel to these drawn through R^. By hj^othesis this last line meets the

axis of X at a point further fi'om the origin than any of the other lines do. If now all

these lines be turned to a greater inclination with the negative dii'ection of the axis of y,

into the direction o-,_i, each about the point through which it was drawn, this statement

will remain true—namely, the line di-awn through the point Rr parallel to a^-i is further

from the origin than the parallel lines dra^^^l through the points of the set (r+l).
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Therefoi-e the line through the point i?r_i parallel to a-r-i which by hypothe.sis is further

from the origin than the parallel line through R,. is also further ti-oni the origin than the

pai-allel lines through the points of the set (?• + !). Continuing thus we can shew that for

all values of s less than r + \, the line through Rg is further from the origin than tho

parallel lines through the points of the set (r + l). Supposing next that the second con-

dition is satistied, namely that the line through Rr parallel to o-^ is further fi-om the

origin than the parallel lines through all the points of the set (?• — 1), and supposing

all these lines turned about theii" respective points to a less inclination with the negative

direction of the axis. of y, so as to become parallel to a^+i, the line through i?,. will remain

the furthest from the oi'igin. But now the line parallel to ar+i is by hypothesis further

from the origin than the line through R,. and is therefore also further from the origin

than the parallel lines through all the points of the set (?•—!). Continuing thus we can

shew that the line through Rg where s>r—\ is further from the origin than the parallel

lines through the set {r — 1).

Thus we have only to consider how to satisfy conditions (1) and (2) for all values

of r. The first condition cleai-ly is that all the points in the set (?'-l-l) lie on the same

side of the line through R, parallel to a' as does the origin. While the condition that

i?r+i corresponds to the highest term in x for y = a;'^'^', of the set (?• +1), requires that

all the terms of the set (>' + 1 ) lie on the same side of the line 0-^+1 through i?, +, as does

the origin. We see in fact that the conditions only are that all the points must lie within

the polygon, and further that this is perfectly obvious geometrically without the cumbrous

interposition of the conditions (I) and (2).

Considering now again our expression

i:=ey,.dy,...0yn

it is clear that the first n-i/x.^ factors give rise to the same power of x as theii- highest

power of X, namely the power [pi] + pio-i. For x^> was the highest power of x in each of

yi> yi>---yn,^- We shall therefore have in the summation 16y, thfj^ terms each equal to

[p,] + pjO-,. But it is convenient to write each of these n^fjix terms in a dififerent way,

thus

Let ^a.-y"' denote the general term corresponding to the first set on our chart, so that

a, is in turn equal to n— 1, « — 2, ... ?i — «i/ii. The degi-ee of the term ja,-2/°' ^^^ y = x"' is

[o,] + a,a-, where [a,] means the degree of 5,,,. We denote the difference

|>i] + Pio-i - [aj - ttio"! by Da,

,

which gives [pi] + p^a^ = [a,] + a,o-, + D^,,

and this is the substitution which for the n^Hi values of a, we make for the HiMi terms

of the form [/>,] + p^a; arising in 16y. And the part contributed by these terms to the

summation S^y — Sg, since the values of q entering here have also been denoted by

[hi], is

0-1 2 0,-1-22).,.
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The whole expression ^6y — %q can therefore be written

And S,.o-,. . SaKr. writing ?;i,. = o-^/it,-,
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has for its least possible value

r=l

S «r»l,'l«M« + iSn^»l/X — ^SrtHl — i'Ell/J, — h'En + 1

s>r

tuid n = ^tifi,

and this is the number of ' sequent ' intersections ; and we may bear in mind that this

number was diminished by taking the curve Oi/ such that the quantities D^ were all

less than 1.

But it should be noticed that this enumeration takes no count of possible infinite

intersections. It is in fact to be afterwards shewn that our conditions I)„ <1 are

equivalent to prescribing a certain number of points at infinity on dy. So that the

curve 61/ is not only specialised by the supposed prescribed values given to the S^ + n — 1

coefficients left in it, but also by the prescription of these infinite points.

Returning now to the polygon formed by the lines o-,, o-.,, ... its construction contains

necessarily a very large amount of arbitrariness. Writing for shortness

), , ?-o, ... for [pi], [ps], ... respectively,

the points {i\, pi), (?•.,, p.^), ... are first to be taken arbitrarily, save only that p, is to

be one of the numbers ?i — 1, n—2, ... , n — n^fj,i, p.. one of the numbers

n — «i/ii — 1, ... , n — iiifii — n,fj,.;,,
etc.,

and ;-i is to be sufficiently great for the line o-j through R^ or (?-j, p^) to meet the axis

of y beyond the point (0, n — 1)—though the contrary only means that g„_i is identically

zero. Then (r,^, p.,) must be taken consistently with a certain condition that may be

thus expressed

:

Denote the intersection of the <Tj line through ii, and the o-„ line through R^ by 7ii—and

suppose first that the line y = n — n^p.^ — 1 meets these o-, , a„ lines at points further from

the axis of x than K, is, say in J.,, A^ respectively. Then AiA., must be less than 1.

This is required by the condition, which was necessary to make our quantities D^ < 1,

that the curve points of 6 furthest from the axis of y and belonging to the second set

should all be at less than unit distance measured parallel to the axis of x, from the cr^ line,

combined with the condition that these points must be within the polygon. Or supposing

next that the line y = n — n-^p^ + 1 meets the o-j , a-^ lines in points not so distant from

the axis of a; as the point K^ is, say B^, B^ respectively, then B^B^ must be less than 1,

for a similar reason. This condition ensures that the points in which y = n — n^p.^ meets

the o-,, o-j lines shall not be beyond a certain limit of distance from the point Ki. It

is of course easy to express this condition analytically—and a similar condition must

obviously be satisfied at each angular point of the polygon.

We should next remark that the conditions D^ <\ together with the other conditions

for 6y are really equivalent to prescribing that our curve dy shall behave as an 'adjoint'

curve at the multiple points of -^y that lie at infinity. This is really obvious from

Cayley's proof that the number of ' sequent ' points given above is the deficiency of the
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curve xy- For we know that the number of sequent intersections of a non-adjoint

curve with a curve XU having S double points and k cusps is the deficiency + S + A:.

And it is assumed in Cayley's proof that the curve
')Qf

has no finite singularities. We
shall moreover give an independent proof of the fact that the expres.sion found above

for the number of sequent points is in general the deficiency of ^y (Part II. of present

paper).

We proceed now to shew that the above expression for the number of sequent points is

capable of a certain graphical interpretation.

Suppose as before a plane of rectangular axes to have its positive quadrant ruled

with lines at unit distance apart parallel to the coordinate axes. Let the intersections

of these lines be called unit points. Join now the points (o, n), {rhmi, n — riifii) by a

straight line. This will be parallel to the o-i line before spoken of and will contain,

counting the end points, 7i, + 1 unit points. We shall denote the coordinates of the ex-

tremities of this line by (a;„, ?/„) and (x^, y^) and call them P„, Pj. Join Pj to the point

(x„ 2/2) where x., = ni7ni + 71^171^, y^^n-n^fir^-n^^. Denote (a;,, y^) by P^ . P^P^ will be

parallel to the a^ line before mentioned, and contains, counting the end points, n, -I- 1 unit

points. Proceeding thus we shall get a polygon whose sides are the two axes of co-

ordinates, and lines parallel to the o-,, a^, cr^, ... lines. We may call the number of these

latter lines k+\, so that the last of them is PkPk+u Pk+i being (a;t+,, y^+i) and y^+i

being —and 'Znm = Xic+i'S,nfi = n. Then what we proceed to prove is that our number

previously found for the number of sequent points is the same as the number of unit

points within the polygon.

In proving this we shall not, except at first, need to assume that tr, > o-^ > 0-3 . . . or

that cr,, o-.^, ... are positive.

Ni^i Nr.i Nr

Consider one side P,-iP, of our polygon.

Let Pr-iNr-i , Pr^r be the ordinates from its ends to the axis of x, and let PrKr-i

be drawn parallel to the axis of x to meet P^-iiV^-i in K,-i . Then the number of unit

points actually within the triangle P,.K,-iPr-i together with the number of those (except

Pr-i and P,.) upon the side Pr-iPr is

^ {Ur^mrlJir — nrWr — nrfi,- + nr),

Vol. XV. Part IV. 54
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as is easily seen by completing the rectangle of which P^P,-, is the diagonal and re-

membering that the number of unit points on PfPr-i is »r-i • [This gives a graphical

proof of the theorem

1=^-1
/ B\ \

2 integer part \x-r] = -^ {AB — A — B + d)
x=\ \ Ai I

where A, B are positive integers and d is the greatest factor common to both.]

Also the number of unit points within the rectangle P^Kr-iNr^iNr together with the

number of those (other than P,, Kr-i) upon the line PrK,-i is 2/.- (•«'/- av_i — 1 )—and the

number of unit points on the line Pr-iNr-i, other than N,-u is ijr-i- Adding these three

numbers, and subtracting the number of unit points upon Pr-iP, other than P,., namely «,<

and putting y^-i — 3/r = «rM'-' *V — «;--i = 'M'^r, and 1/^=2 Vgfis, we obtain as the number of

unit points actually within the trapezium PrPr-iJ^r-i^r and upon the side P,_iiV,._i (other

than Pr-i) the result

7lrflr + 'Irinr S /igMs + „ [n/nirfl,- — n,.fl,. — 11,111,- + M,] - llr,

which because «. = S Uifi^ is equal to

r -. 1 r n-, 1 1

= n^vir
UrfXr + 1

>hfli ... - ?l,._iya,._i + 2"'-[/^'~ 1] ^'^'

and if we assume for the present that all the quantities a-^, a-„, ... are positive, it is obvious

that the whole number of points within the polygon is merely the arithmetic sum of such

expressions as these, except that we must subtract from this sum, in order to exclude the

unit points on the axis of y which occur for the trapezium P„P,A^,A^o. the number n—1.
If this arithmetic sum be formed it will be found to agree with our number. But with-

out this it is sufficient to notice that the expression (i) found above is identical with the

value before found for cr^^ar + 'Ea fractional parts of Da^, and to recall that our number was

defined as the value of

S [cTr'S.ar + S fractional part of DaJ —n+l.
fa. a

The geometrical interpretation of the formula is then established in case o-j, o-.,, ... be all

positive.

In case however some of them be negative, e.g. o-^+i in the figure [p. 411], it will be

found that the contribution corresponding to the trapezium P^Pr+^N'r+jN'r has the same form

as a function of the ([uantities n,, m,, fi^, w,, ^, Ms- ••• as if o-,+i were po.sitive. In fact

having calculated the number of points as above for the trapezium P,._,P,.iVr-A'r-i , we must

subtract the number of points within the trapezium PrP^+iiV^+iiV,. and also the number of

points upon the sides iV,+iP,+,, Pr+iP, (other than P^). If after this o-,.+j should also be
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negative it will be ueedful to subtract an exactly similar quantity for the trapezium

Fr+iPr+-2^r+-2^r+i ',
while if o-^+o be positive we shall have to add an expression for this

trapezium which is to be calculated in exactly the same way as was the contribution for the

trapezium Pr-iPrN,.Nr-i. But the subtractive contribution above corresponding to the

trapezium Pr-Pr+i-^c+i-^c is

which is exactly equal to

s=r+i ^

and this has exactly the same form as a function of ?• + 1 as had the expression found

above for the contribution of the trapezium Pr-^PrN,.N,—1 as a function of r. Thus our

geometrical intei-pretation is completely justified.

Part II.

A priori proof of the significance of the number of points within Newton's polygon.

Taking once more our positive quadrant of rectangular axes ruled with lines at unit

distance apart and any arbitrary curve whatever, F=0, mark on the chart, corresponding

to the term Ar^^''y' of the curve F, the point whose coordinates are x = r, y = s. This will

be called a curve point, the original points being called merely unit points. Then it is

possible to form a polygon each of whose sides shall begin and end in a curve point

and which shall be everywhere convex and have all the curve points (other than those on

its sides) in its interior. And in fact starting from the curve point on the axis of y

which is furthest from the origin, say the point P„ at distance n from the origin, let a

line passing through P„ and coinciding with the positive axis of y turn about Pq in a clock-

wise direction until it again contains a curve point. In this position it may contain several

curve points. In any case let P, denote the curve point on this line which is furthest

from Po- Let niVi^ be the abscissa of P, and n — n-tfi its ordinate, ??ii and fiy being coprime

Til

and /ii possibly negative. Put a^ for — and notice there are «i-|-I unit points upon PoPj.
Ml

In the same way let a line pivot in a clockwi.se direction about Pj from coincidence with

the continuation of PqPi until it again contain curve points, P« being then the curve point

furthest from Pi, the coordinates of P., being x., = n^mi+n„m„, y.. = n — n^/xi — n.fi. where

m„, fii are coprime; use <7., = —^. And so on until we ultimately come to a point Pi+i on
Ma

the axis of x, this being the curve point on the axis of x which is furthest from the origin.

In a similar way let F'o be the curve point on the axis of y which is nearest to the origin,

at a distance n say—and proceed from this to obtain in succession the straight sides

pjp,', p,'p:,...p',p'^^„

54—2
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the successive rotations being now all in a counter clockwise direction. It is obvious that

all the fractions o-/, a^ ... thus obtained are positive.

Then if in the equation of the curve we make a substitution

1/ = A.v^ + infinite descending series of powers of x

the highest power of x arising from any term ArsX''y^ of our curve is the abscissa of the

point in which the axis of x is met by the line drawn from the curve point (r, s) in the

direction making with the negative axis of y the angle tan~' o-. If then o-j, o-j, ... be all

positive, the terms in the curve corresponding to the unit points upon the side Pi_iP,-

become, for the substitution i/ = Ax'i+..., of the same order in .«, this order being higher

than that arising for this substitution in any other terms of the equation of the curve.

Hence the curve has a series of infinite branches whose equations are of the form

y = Ax'i+ ...,

the values of A being obtained by an'anging the terms of the curve corresponding to

the curve points upon Pi_iP,-, in the form

Cx^-^yy [2/".-

-

k\a:'\] [y". - A-,,..^'".]

(where ir,_,, y,_i, «,-, y, are the coordinates of P,_i and Pi).

In what follows we assume that each of a^, cr„,... are positive. The method of proof

does not othenvise apply without considerably more detail in explanation. Various examples

are however given in which the main result obtained here holds when some of cti, tr,,...

are negative. But the consideration of this case is never necessary in practice, because

by the substitutions x = ^ + ct), y = r] + c'^, it is always possible to reduce the equation

to one in which the highest powers of f and r) that enter have, both, constant co-

efficients—in which case all of a^, cr„,... axe positive.

In the same way as for the infinite branches, the diagram enables us to state the

first terms of the expansions

^ =^j<''-|- infinite ascending series of higher powers of x,

of the curve near the origin, here supposed to be a multiple point.

Naturally we confine ourselves in the first instance to the most general curve

represented by the diagram—in that case its singularity at the origin and at infinity

is competently represented by the diagram. It is afterwards shewn how to represent

diagrammatically the corrections needful when the coefficients of the highest or lowest

terms in the equation are subject to certain particular relations, which are those of most

common occurrence.

Proposition. Consider all the unit points entirely within the polygon and write down

a curve with perfectly general coefficients whose curve points are just these unit points.

Since no one of these unit points has a zero abscissa, or a zero ordinate, the equation

of this curve will be divisible by xy.—Denote the curve then by xycf). Then I say

that
«f)

is of orfler iV — 3, where N is the order of the original curve F, and that it

is 'adjoint' to F at the origin and at each of the singularities at infinity. Limiting
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ourselves to the case when all of cr^... are positive the only exceptional case is when there

are only two of these, cti = oc , 0-5 = 0. Then
(f>

is of order iV" — 4. This is the case in

Riemann's canonical form for the equation of his surface. In this case </> is to be interpreted

as z(f) where 2=1, and 2 = is the equation of the line at infinity: then 20 = is the

most general adjoint curve of order N—S.

From this proposition it will follow that the number of unit points entirely within

the curve polygon is j)-\- B + k, where p is the deficiency of F and S + k the number of

simple double points and cusps to which the finite singularities of F other than the

origin are equivalent. This follows from the known number of linearly independent adjoint

curves of order iV— 3. Aiid if the curve have no finite singularities other than the origin

the number of interior points will be exactly equal to its deficiency.

To prove that the order of xy^ is iV — 1 we remark that if P,Ps with cooi-dinates

a-v, yr and x^, y^, be the ends of the side of the polygon which represents the terms of F
which are of highest aggregate order, so that either s = r or else s = r + 1 (in which case

PrPr+i is inclined at 45° to the negative axis of y), and if Q^ be the unit point {x^—l, yr),

Qs be the unit point (x^, yg—l), then the side Q,Qs contains the points representing the

highest terms of the curve xy<f> and these terms are clearly of order jV— 1. The only

exceptional case is the Riemann curve just mentioned in which Q,.Qs are not points for

the xy(f> curve—being on the sides of the F polygon. But the modification and verification

of the result stated is obvious.

To prove that </> is ' adjoint ' at the origin and infinity it is sufficient to prove that

the integral

f xdy — ydx _ (xy4> fdy dx\

J''"~aF \dF V^'lcj'
dz dz

where z, = 1, is introduced into the equation F to make it homogeneous, is finite on all

the branches at infinity and at the origin.

Consider the infinite branches and consider first the ca.se where as above there is a

side PrPr+i of the polygon inclined at 4-5° to the negative axis of y. Then the curve has

branches at infinity, y = Ax+\ovfer powers of x, along which (for x = rcos6, y = rsm0)

dy dx dd

y X sin 6 cos 6

is zero of the same order as dd. The terms entering in — can be represented in our

chart and will give rise to exactly the same curve points as F with the exception only

of the points on the line PrPrti The points QrQr+i mentioned above, namely the points

whose coordinates are (Xr — l, y,), (av+i. 2/r+i — 1). which represent the effectively highest

terms of the curve xy<p for a substitution of the form y = Ax+ ... , will be outside points

of the polygon representing the terms of --
. Hence -^ is finite on this branch and so

oz or



116 Mr baker, on examples OF THE APPLICATION OF NEWTON'S POLYGON

therefore the integral. With the exception of points ou this line Q,Qr+i< :ill other points

ai-ising from the curve a-i/<f> lie within the polygon representing the terms of ^ . In fact

if Pr-i be the angular point of the F polygon before P,., and Pr+.. the angular point

?F
after Pr+i, Pr-iQrQr+i-Pr+2 J^i'e outside points of the polygon. Hence for any substitu-

tion y^A.i" in which o- > I, r«^ will be zero like some positive power of - = -;: say, and

will be finite.

Exactly similar remarks apply to the case when there is no infinite branch for which

'bF
<r = \, and to the case of the singularity at the origin, at which the ^ polygon entirely

encloses the xy^ polygon.

Hence our proposition is completely proven.

We may give the following examples of the case when all the o-j, o-.,, ... are not

positive—in both cases the curve ^ obtained by the interior points of the polygon is ad-

joint at infinity and the origin.

(I) F=y'x-\-y{x, \),-\-{x, I), = 0.

Here the points inside the polygon give

xy<^ = xy {A + Bx)

and in fact, if t) = yx + \{xi\\, the equation becomes

r = (.-'-•, IX

which is known to be of deficiency 2, the adjoint curve which gives rise to integrals of

first kind being A 4- Bx—in fact HA + Bx) — is always finite, and this is, for our original

K

form

The diagram gives

/(4 + 5.)j%.
\dy

(2) F= f3?^y''{x, l)., + y(.r, l), + (.r. 1), = 0.

xy^ = xy i^A 'r By -f Cxy\

And in fact, by a; = ^ , the curve becomes

i'^=/=y»-^y^f(i, a+j'rd. ?).+r(i, a=o. B
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shewing that, by the demonstration given,

/
dji

= +

Ai+M±£jLdp

dy

\A +Bi/+Cxi/)/x dx

1 dF or

a^ dy

A + Bij + Cxy

dF '

dy

is everywhere finite. So that A + By + Cxy is 'adjoint' as desired.

The proof thus furnished that the curve tf> is an adjoint curve of order iV — 3, gives

then, in the case in which the origin is not a multiple point, another proof of the theorem

proved by Professor Cayley in the addition to Rowe's memoir referred to.

But more ; it gives an evaluation of the number, B + k, of simple double points and

cusps to which our complex singularity at the origin is to be reckoned as equivalent.

For this equivalence is required only to be such as will give the proper value for the

deficiency of the curve : the value of k itself is independently determined by reference

to the number of cycles arising by all the branches at the origin—say by the number

of branch points at .r = on the Riemann surface representing the equation F other

than those that arise by tangents of the curve parallel to the axis of y—which number

is clearly, in the notation explained, S;i/(^,'- I), provided the expansions are of the form

^ = (integral series in of'') and none of cr/, a/ ... are <1; and this is the number given

by Cayley (Quart. Jour. Vol. vii.). Considering then what are the additional points of

our polygon when the origin ceases to be a multiple point we have the

Proposition. The multiple point at the origin furnishes a contribution to the total

S + /c of the curve F which is equal to the number of unit points between the axes and

the sides PJPi, ... PV-s-i plus the number of those, other than PJ and PV+i. upon

these lines.

We proceed to verify that this is the number obtained by applying Cayley 's rules

(Quart. Jour., vol. vii.) to the expansions of the branches of the curve at the origin.

We have to consider the number of intersections, of all the branches corresponding

for instance to the side PV-i-P'r among themselves, and the intersections of all the

branches con-esponding to P',._jP'r with all the branches con-esponding to P's^^P's for all

values of s > r. For brevity we may be allowed for the present to drop the dashes, and

assume that each of cr/, cr^', ... is > 1.
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Then a branch (/ = 4,.r'''- intersects a branch if = A-^r"'- in a-, points, in Cayley's nomen-

clature. And the number of such paii-s corresponding to o-,. is ^?(rM'("rM' — D- So that

on the whole we get ^m,. (WrM-- — 1) intersections. The number of intei-sections of ^ = .4*'''^

and y = B.r"', where s> r and therefore a,- < <t^ , is <r,- , and the number of .such pairs is

»ir/i/r • "jM* • So that on the whole we obtain 2 «,«.,»( ,/i, intersections. Thus Caylej'V

rules give the formula

;: J.

2

3 1

and hence, by k = -ii,{fir — ^)

8 + K = S n,n,m,.fif +
.,

'S.n,m,. {n^iir - D -
jj
-"- (m, - !)

s>r - -

Using now the result before obtained for the number of unit points between the

axes and the sides P„ ... Pt+i , and remembering that the number of unit points on these

sides is 'S.n^ — 1 (excluding P^ , Pk+i), the accuracy of our proposition above is verified.

The proof we have given of the Proposition makes it evident that it is not needful to

regard all of o-/ , a-.,' , ... as greater than unity. And it is easy to see that this result is

equally obtainable by Cajdey's rules: we divide, for this purpose, the sides into two sets

a-'i ... o-'r-i all < 1, and o-'r=l and cr',.+i ... o"'i+i all > 1. The woi'k is quite similar to

that given by^ Cayley in the addition to Rowe's Memoir—but its expression is simplified

by the use of the diagram. The k of the point is in this case

= "S V OV - 1 ) + S V (m/ - 1).

We may notice that the contribution arising from a single branch 3/ = Ax"'- to B + k.

being ^jirMr («rMr— l)o'r — i'^rC^r— 1) IS Capable of geometric representation. In fact if from

Pr , PrJ^r be drawn perpendicular to the ordinate of P,._i , the contribution is equal to

the number of unit points inside the triangle P,KrPr-i plus the number on PrPr-i

other than Pr and Pr=i- And the number of the intersections of this branch with all

following branches being rirVir 2 «,/Xg , is equal to the whole number of unit points within

the rectangle PrN^r-i plus the number on the sides PrKrN,.-\ , where P,._iiV,._, is the

ordinate of Pr_i.

Part III.

Extension of foregoing to more particular forms of singular points.

In the previous cases we have assumed that the equation corresponding to any side

of the polygon for the origin has all its roots different. In particular we have assumed

that the branches which do not touch either the axis of x or the axis of y have

separated tangents. This it is by no means necessary to assume. Moreover in counting
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the number of cusps we have assumed that there are terms in the equation of the

curve corresponding to all the unit points within the polygon. This restriction also we
proceed to remove.

In fact, considering the branches that correspond to a side o- of our polygon at the

origin, if a line coinciding with this cr line move parallel to itself away from the origin

until it next contain unit points, and the point in which it intersects the axis of x in this

new position be called T^, while its original position meets the axis of x in a point T, then

TTi = -
. We have practically assumed that the unit points upon this new position of the

line are curve points. In what follows we assume that the first position of a line parallel

to the a- line which contains curve points meets the axis of ^ in a point which is at a

distance from T equal to -
. It mil be found that the value of t has an influence upon

the number of cusps coiTesponding to our singularity. (See for instance the examples, pp.

424, 425.)

It is necessary to consider the expansions with some particularity.

Consider the curve in the most general form possible

«*3/* (2/" - (hx'")-^"' ...{ij"- a^a;'")-^A + a^-/'' (y., x^Y^ + x^y''^ (y^, x'")''^ +

where h + ah + mn < Ai + cA'i + )\ni < h., + ak., + r^?/! <

n = Ni + jS\+... + N>,

and (y^, a;'")'' means an integral polynomial homogeneously of degree r in the quantities

y, a;™; so that the terms are arranged to correspond to curve points on lines parallel to

the ff-side.

Put ^ = af-, a definitely assigned value for each value of x, and y = w^'" = vx^.

:. v'= (v^ - a-,)'^'' (i;''-aAp'*+ y'•'f'("^ 1)'''+ w^'^'Cw", 1)''"+

where

- = A, — /i + cr {k, — k) + m (i\ — n),

- = h„ — h + a (k\ — k) + m (?•., — n)

where
v''' (1, VY'

D* (v - a.)^' ... {v - a^y^'i^

is a rational function of v which does not become infinite in the neighbourhood of

y = ^ai—and similarly for <f>i(v), etc. For the present I assume that (f)i{v) does not

become zero in the neighbourhood oi v = 'iJoT*. Then t^ is the t spoken of above as deter-

mined by Ti.

* Otherwise we proceed quite similarly with the first which does not vanish, and the corresponding t. See

an example in the Corollary to Part VI.
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Then we may wTite

= p<f>(v)[l+ p/, (v) + ^-f,{v)+ ] say,

where /i (v), /;(y) ... are rational in v and not infinite near v='ija^.

Then
± J,

v^ - a, = p- ^y^ (v) [1 + r"/i (f) + rv^ (^)

+

l""'-

of which all the values for which f is small are given by

_L r 1 -I

V^ - a, = a,.v,p-. -V0 ( y) 1 + f"•
-^^ /, (j;) +

J

where Wy is in turn equal to all the lYjth roots of unity,

t 1

say V- = a, [1 + wy^xi^^'P {of; v)\

1 j_ 1

where ccf^, af-^' have definite meanings and P (a^, v) is a one-valued power series in

1

or , whose coefficients are rational functions of v, this power series not vanishing for x = 0,

and the coefficients not becoming infinite for v = '!i/ai.

If now S be the greatest common divisor of X^ and t, so that Ni = AB, t = BB, and we

i i_
put u = x^ = x^'^, then our equation becomes

V^ = Oi [1 + (U.v, M^P (iH, Z^)].

Here A and fi have no common factor.

It follows then that v can be expressed as an ascending series of positive integral

powers of u, and cannot be expressed in integral powers of any root of u. And all the

values of v near to u —0 are given by

and the continued substitution of this value of v in the right hand leads to the value

of v as a power series in m,

v= (Oi^a^'^ + Koi^coyu^ + ... + higher ascending powers of w.

To find the value of K we recall that

1

P(y, v) = P{a*, v)

is equal to

^V^<^(V)
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1

ft,''
'^'
/ L

where (v) =

and o- (fc, - fc) = {h,-h)-m{ri-n) = - + L, say
;

SO that M/.-* = a)^™ '«=e, say,

t i(i -^
I

'
(\ a,\r,

and V </. (w^aii^) = o)/'^- ™^'
. Oi™^'

""'^'

(aa-a„)^"...(aj-ax)-«''^

= fi.Co)^'"'^'
"'^' -ch '", say

where C has a definite vahie.

So we obtain

1 J_+L'^
y = ca^Oi" + Cw^w^"^' "'^a)jv,!t« + higher ascending powers of it,

power series in «;

where z = -4/t,

t

and M«=a;''^.;

1 t J_,I±.

But in this series the coefficients are in general functions of the w^ and tojvr, chosen—and

certainly not always merely in multiplicative powers—see examples [on pp. 424 and 425].

From this we are to obtain N^fi values of y.

These are in fact, arranging them in fi rows each of N^ values.

3,^,
, = x'^co/a,'^ + X ''^' Co)/ L •"" J

(ujv, ,
2/j

(where if we mean wjv/ as a i-th power we must assume (a.y, was a primitive ^^th root

of unity, etc.).

Suppose that underneath these /x I'ows we write down the (X-1)^ similar rows

belonging to the other roots a„...a,. It is easy to count the intersections of these fin

branches among themselves.

55—2
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The intei-sections of any row are in number

giving in all S/i ^ -^i (-'^'i - 1 )
( o" + T^j

-

while any one of the branches belonging to the first ix rows intersects each of the (jlii — N,

branches, which are not in the same row with it, in a points, giving then

1 ^

^ 1

since each branch is thus counted twice.

Thus on the whole we have

\n,imlN, - \in1N;' + \m (IN,- - S.V,) + |«S {X, - 1) intersections
;

that is -n=yti/«-^??i7i + g<(H -\) intersections.

The first /j, rows give either one branch point of order fiNi or ]S\ branch points of

order /it, or possibly /'i branch points of order -~-

.

(Thus /, = 1 or N,l

and counting then /i (^^-l) cusps, so that the first fiN, branches give iifi — lfi cusps

we obtain t- lo 1 ,1^/ ',\1 ^ 1 v^
h + K = ^n-mii-^nm+^t{n-\)-^ntit^>.fi

and this is greater than the normal value

1 .,
1 1^1

by 2< (« - ^) -
2
n-lA

which, when there is one branch point of order /xiV, is

lit-l)(n-\),

and when there are for each N^, branch points of order /x, is

|< (n - X).

The quantity /, above must in fact be equal to S. For, if taking one of the Nifi

series and thinking of the corresponding Riemann's surface, we allow x to describe a

closed contour on one of the sheets round x=0, the new value of the series must clearly be

another of the iV,/t series. To see this we have only to notice that the original equation
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remains completely unaltered, and we may imagine the Nifj. series calculated from it in its

new form. One of these newly calculated series will be the changed value of the series

first considered.

Thus the fiN^ series consist of one or more cycles.

But in fact, since they are all of them rational in the quantity ar^**, revolutions of x

round x = can only change any given one of the series into ixA - I other series. There

will therefore be ^—
-r' = 8 cycles.

fiA
'

Substituting then S for /j in the previous formula the excess there found is equal to

\t{n-\)-\
k=l

Putting t = Bi:Bic, Nk^AkBk, where Ak, B^ are coprime, this excess is

= Js [Bth (^tS* - 1) - AA + SJ

= \-^h{AkBkh-Bk-Au + \]

= \l [h'AuB, - BA - AA + h] = 1^ [^'kt - 1 - X, + SJ.

And the quantity within the square bracket here is easily susceptible of a graphical

representation—thus, take in a plane, whose positive quadrant is ruled with unit lines as

before, a point on the axis of x at distance = t^ from the origin, and a point on the axis

of y at distance N^ from the origin, and join these points.

The number within the square brackets is equal to the number of unit points within the

right-angled triangle so formed, plus the number on the hypotenuse, less tiuo.

As an example of the previous, consider the curve

y (y- — ax)* (y- — bx) + yxr {y-, x)* + x- (y-, xf = 0.

It can be shewn that the branches of this corresponding to {y- — axY are of the form

y = e Ja. x^ + etox^ a + etcPx^ + eoox^ [ey + a)^S] -!-...,

where e is a square root of unity, and tu is a fourth root of unity, and where a, /3, y, 8

are perfectly definite.

Giving then to e and co all their possible values we obtain the eight expansions

:

y= Jax^-+ x^a+x/3+ x^(y + B) (1),

y= Jax^ - x^a + xl3 - a*(7 + 8) (2),
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11= Jaa^ Jria^ o - .r/3 + W'Mv - 2) (3),

y = Ja x^ — Lt^ a — x^ — ix^ (7 — 8) . .

.

1/ = -Jax^ - :i^ a - ;r/3 - x^ {-<y+ 8)

i/ = -Jax^+ .r* a - .-r/9 + a;* (- 7 + S)

i/ = — -Ja x^ — vt^ a + x^ + ix^ (7 + S) • • •

y = — Ja x^ + ix^ a+x0 — ix^ (y + 8) ...

.(4),

(•U

•(6),

(7),

.(8).

And if we allow x to make a circuit on the Riemann's surface round x = 0, which

changes or* into ix*, these series break up into the two cycles

(1, 7, 2, 8, 1),

(3, 6, 4, 5, 3).

In fact here M = 2, -A^, = 4, t = 2, b^

.•. 8j = 2, and the excess in the value of 8 + « due to the facts that

iV, is not equal to 1, and t is not equal to I, is

|2(4-l)-|(4-2)

= 2,

which is the number of unit points within the triangle ABC and upon the hypotenuse

other than the points A, B.

The diagi-am for the curve is as follows :

—

Here the circles round the unit points indicate that

they are not curve points. In fact i = 2. From this diagram,

taking count of the correction, we infer that for the origin

8+ K = 27 : and that the deficiency is 8.

We may remark that if in

y if- - cucY (f- - bx) + i/a^ (f, xy+x-{y-, .c)' = 0,

we put

leading to

X =
(i-rt?r

77 =
{y- - axf

xf '

<>—=^-

*r 'rV

"~\'*~T^r

Ar- ^~X

V-o-V^r

A^—5|-V

V-O-A-Jh

4
J

1^
V-o-V-jj

—

_jiL—J-\—

we obtain

which, writing y for 1} and x for 1 — a^ is of the form

y^UiVi + y1l^u^ + x-u^ = 0,

where it, , Vi, «« , m, are polynomials in x of the degree indicated by the suffixes.
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The figure for this form isuF
bM 1 i I'Si

which gives 8 for the deficiency—and in-

dicates that the general finite integral is, in these new coordinates (see Part II.)

dx
{[A +Bx + Cy + Dx- -f Exy + Fx'y + (?a^ + Hx*}

«i(32/X + «4)

U = 2, 8, = 2.

Another example of the theory is the curve represented by

the diagram

—

The equation of this curve is

xy (y- - axy (y- -bx) + y iy\ x)' + x {y\ xf + x'lf (y-, xf

+ yV{y-, a;) + 2/V = 0.

Here wii = 1, Mi = 4, ih = 1

vu—\, /x. = 2, iu = 'i

m3= 2, fi3 = 1, W3= 1

The values of y corresponding to the factor (y- - ax)' are

given by

y = €"</a x^- + e^xa + x^ ef [e/3 + ?y] + • . ,

where e, ^ are square roots of unity, and a, /3, y are definite

functions of the original coefficients.

Thus the four values of y are

y= 'Jax^ + xa + x^ [l3 + y] + .

y = Va X- — xa — «* [/3 — 7] + .

y =-^/ax- -xa + x^ [/3 - 7] + •

y = — Va a;- + a;a - «* [/3 + 7] +

'rV^t

—

— r~^ \ ''-
'\

\ ^ V \
\ \ ^ \

^c

—

\ \ }

Jt—j.

(1).

•(2).

•(3),

.(4).

And if we make x describe a contour round x = 0, so that x^ changes into —x'-, then

the series (1) changes into the series (4), and the series (4) changes into (1), while also

the series (2) changes into the series (3), and the series (3) into the series (2). So

that there are two cycles, as there should be according to our theory.

Various other examples of the rules of this Part are given below.
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Part IV,

Some examples of the foregoing theory. Consideration of the normal form of any curve

given by Weierstrass.

1. In the paper by Rowe referred to in Part I., the deficiency of the

curve

y' + f{x, l\+y{x, l\ + {x, 1), =

is determined. {= 3.)

The result is immediately obvious on inspection of the figure.

2. In the Math. Annal. ix. p. 174, Noether gives as example of his method of re-

duction the c\\T\e

if + i/Hx, y)s + (x, y), = 0,

and obtains that the multiple point at the origin is equivalent to a quadruple point

and two double points, that is in all that 8 + k = 8 (beside that k = 2).

This result is obvious from the figure.

We shall have further occasion for this Example in Part V.

Our diagram gives moreover the deficiency = 2. Hence the curve can

be transformed to 7;= = (1, ^%. Put in fact

\,
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'— '—

?

—i ,1

4. An example is quoted by Forsyth {Theory of Functions, page 355) from Bumside

(London Math. Society, May 14, 1891).

The curve 2/'(-*'. 1)2 = [«-', I];

has deficiency two.

This is obvious from the figure.

We see further, from previous work, that the finite integrals are

f dx C dx

J f-(x, 1% '

J y{x, 1),'

5. In a paper (in the Journal de I'^cole Polytechnique) RafF)' has given three

examples of a method there developed by him for determining the deficienc}' of a curve.

Two of these are

y* — a?{x- + x-\-\) = Q, y^ + a^ — oafy = 0,

having respectively deficiencies 1 and 2.

These results are obvious from the figures.

The other of these examples is

y^ — 5y^(x' + x + l) + oy {x- + x +l)--2x (x'' + x + If = 0,

for which Raff)- obtains p = 0. The equation can indeed, by an obvious transformation,

be made to take the form of a conic. But the equation is hyperelliptic and this trans-

formation not reversible.
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I

IB.

6. The following example is given by Cayley {Quarterly Journal, Vol. vii., p. 217):

(/

-

.i-^Y - Sv^y {f + 2x') + x"" (Sf -afi) = 0.

The value of the singularity at the origin is obtain-

able from the figure with the help of the rule developed

in Part III.

Here 7?^ = 4, ^ = 3, t = 7, N=2, and in addition to

the 20 given by the first diagi-am there is to be counted I,

given by the second diagram, where

AB = t=7, AC=N = 2,

giving on the whole S + « = 21.

(See the expansions given by Cayley.)

7. The following example is quoted from Miss Scott by Harkness and Morley

(Theory of Functions, p. 147), and furnishes another example of

Part III.

(y + 2x'') (y - xy - x' (y + 2.c') + 9x'y = 0.

Here wi = 2, fi = l, t = 2, iV, = 1, iV^o = 2, and we have a correc-

tion =1, given by the second diagram, where

AB = t = 2, AG = N=2;
.-. S+K = 7.

Also the curve has p=2 and can be transformed to i)^ = (f, 1)8

.

8. In case the curve be

iy + 2x')<y-,ff+9x'y = 0.

the figures are slightly modified. But as in (7) there is a correc-

tion = 1. The difference is that in this latter case there is a branch

point.

Here i\'"=2, t = 3,

and S + K = 7, as before. (See the expansions in Harkness and

Morley.)

9. Of Weierstrass' normal curve.

If ffa be the algebraic function of lowest order which is only infinite at one point A
of a plane curve, and g^ be the function of next order prime to a, the equation of the

curve can be transformed to

F=g,.<^ + g/'Hga, l\ + ...+{ga, l)r = 0.

Every algebraic function can be rationally expressed by ga and g^. Every expression

which is integral in </„ and gr becomes infinite only at A. But conversely there exist

in general algebraic functions only becoming infinite at A where ga and gr are infinite,

which are nevertheless not expressible integrally by Qa and gr . We can indeed prove the
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Proposition. Of algebraic functions which become infinite onlj at the point A where ga
and gr become infinite, there exist functions of as many different orders (of infinity at A),

which are not integrally expressible by g^ and g^, as there exist simple double points and
cusps of the curve F above ; in other words, the pai-t of the 8 + k of the curve F above

other than that furnished by the place p^ = oo
,

£f^ = oo , is equal to this number of different

orders of existent functions.

In order to prove this we notice that a function of order 2 cannot be expressed

integrally in ga and g^ unless we can find positive integers x and y such as to make

ax + ry = z,

and thence put g^ = Cg^g^ +

And this equation being x = ~
,

wherein we may suppose y <a, requii-es, for any value of y,

z = ry, ry + a, ry + 2a, . . .
,

and therefore cannot be satisfied by those values of z = ry (mod. a) which are <ry—
that is, cannot be satisfied by

z=ry — a, ry — 2a, ry — 3a, ....

The number of these values is E (~] , the greatest integer in — .

The number of values of z thus excluded is

which is equal to ^(r — l)(a — 1), as we see by noticing that it is equal to the number of

unit points inside a right-angled triangle having one side =r and the other equal to a.

Any value of z other than these of the form ry — a, can be expressed in the form ax + ry

— so that for such values of 2 a function g2=Cg^g,V certainly exists, and the most general

function of this order, infinite only at A, is of the form Gg,^gr^ + g^-, where / is < z and

g^: is, possibly, not expressible integrally by g^ and g,..

Of the not integrally expressible orders, in number Ar — V){a — \), there are, as we

know, (see note at end of this paper), just -p which correspond to actually non-existent

functions.

Hence there remain just

J(a-l)(r-I)-j9

orders, of functions which exist, are infinite only at A, and are not expressible integrally by

ga and gr.

56—2
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Consider now the function _ . It is a function of degree a — I in o, and therefoi'e of

order r (a — I ) : and vanishes therefore at r (a — 1 ) points of the original curve. These

points consist of (I) those at which rfgr„ is zero of the second order, namely those which

become the branch points of the Rieinann surface which represents gr as a function of

ga and are therefore in number =2a-\-2p — 2, of which a — 1 fall at A where the a

values of g, are all intinite, and (2) of those which become multiple points of the curve F
or of the Rieniann surface, the number of these for any multiple point other than those

already counted among the branch points being 28 + 2k (B, k being Cayley's equivalent

numbers of double points and cusps for the multiple point).

Hence h + K for the whole curve F is

I

2
r (a - 1 ) - [2a + 2j9 - 2 - a - 1]{

= \{r-\){a-\)-p.

The comparison of this number with that previously obtained for the not integrally

expressible functions, proves our proposition.

Hence also

p + h + K = \{r-\){a-\)

= whole number of unit points with the curve polygon of F, this curve polygon being

a right-angled triangle of sides r, a, if we do not take count of finite multiple points.

This verifies the general proposition of Part II.

Before considering how these exceptional functions are to be expressed we may consider

as examples the cases p = 3, /) = -i.

For p = 3, we may have

(1) a = 2, r = 7. The orders of non-existent functions being 1, 3, b. This is the hyper-

elliptic case, the number of moduli being 5 : the equation is

gi'+gjig^, T^^ + ig,, 1)7 = 0.

(2) a = 3, r = 4. The orders of non-existent functions are 1, 2, 5. This is the case of

a point of undulation on a plane quartic. The number of moduli is -5. The equation is

g^+g4''(go. i)i+ g*{g^, 1)2 + (</., 1)4 = 0,

reducible to fu^ + Kigi, ^h + igs, 1)4 = 0,

or, say, r,'^ + v^ (v, ^), + (v, ^\ = 0,

which for 77 = gives f* = 0.

(3) a = 3, r = o. The orders of non-existent functions are 1, 2, 4. There is a function

, . .31^. —
1

I
—^

I——
I 1 1
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g., not integrally expressible by 93 and g^. The {g^, g^) curve has therefore a double point.

Its equation is (cf. Schottky. Crelle, 83)

F=9' + gtHgs, ^\^g'.gA9s, i\+gi{g,, i).-, = o

and depends on six moduli. The double point is at

g, = 9<, = 0.

In fact by taking for triangle of reference of a plane

quartic

z = Q any inflexional tangent,

3/ = the tangent at the remaining point B where the

inflexional tangent meets the curve,

x — any line through A,

we may put

5^3 = ?' 9-

_xy

these being infinite at A in the orders indicated, and so reduce the quartic, which

takes the form

f=a?y + a?z{y, z\+xz{y, z)„ + z(y, s% =

immediately to the form above, with

The diagi-am for F is

Notice 7=(a — l)r — a.

There is no need to consider cases in which a>3. On every curve for which p = S

there exist points for which g-^ exists.

Considering next jd = 4, there are five possibilities.

(1) a. = 2, ?-=9. The non-existent orders are 1, 3, 5, 7. The equation is

9'f+9^iff2, 'i-)4 + (g-2, 1)9 = 0.

(2) a = 3, r=5. The non-existent orders are 1, 2, 4, 7. Equation is

g^' + 9'(9^' l)i+S'5(5'3, l)3 + (5'3. 1)5 = 0.

Figure is

(3) ft = 3, ?• = 7. Non-existent orders are 1, 2, 4, 5. There exist functions g^, g^i,

which are not expressible integrally by g^ and g-,, so that the {g^, g^) curve has two double

points.
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The equation is

where Oj, /?;, 72, a, represent integral expressions in ^r, of the order given by their suffixes

For this form the figure is

and the pol3'gon contains p + 8 + K=i+2 = 6 points, as it should.

But h\ putting r)= '^^'^ obtain

'>,^ou, + T)'-^,+ j]y,+ a,--0.

cu

For this form the polygon contains only p = i points.

We notice 8 = (a- I)?-- 2a, U = (a-l)r-a.

(4) « = 4, ?'=.5. Non-existent orders are 1, 2, 3, 6. There exist functions
ff~, g^

which are not integrally expressible by fft and g^, so that the (gt, g^) curve has two

double points. Its equation is

95* + g.^yi + gC-^«. + gSir2 + ol^- = 0.

For this the figure is

and polygon has p + 8-|-« = 4-|-2 = 6 interior points.

But if we put 72 = ^, 5'5=1, the equation becomes

h !
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corresponding to a double point. For if denote the point of the original curve at

which ga and gr are infinite, namely the point which becomes the infinite point on the

(.da, gr) curve and d, denote the double point supposed to be reached from one branch

of the double point, the other point being denoted by d.,, and Pod, be the integi-al of

the third kind which is once logarithmically infinite at and at the double point on this

first branch, which is therefore finite on the other branch at this double point, then

., dP^
^ ^^'^

dga

where /{ga, Or) is the {ga, g,) equation and

f'i9r) = ^/(ga, g,),

dP
is not infinite at d^, for ^-^ is once algebraically infinite there and /"

(g,.) is once zero,

and is infinite at to an order r (o — I) — (<( + 1) + 1 =r (a— 1) — o.

From this remark, recalling the ordinary method of expressing P^^,, we have a rule for

forming this function as a rational expression in (/« and g,.. Viz. it is

Led

where Lod represents a linear function in (/„ and g^ which vanishes at and for the

values which ga, gr have at the places which become the double point, and D, is for the

equation /{ga, gr) an adjoint curve which touches the branch d, at the double point and

passes through the « — 2 finite points other than and d, at which L„d meets the curve /.

We know that such a curve can be expressed as ili + Lod4>> where flj is a special curve

of the kind and (^ an integi-al function in ga and g,. such that

/'
, dga

is an everywhere finite integral: and one form for flj is immediately obvious— viz. let L
be the tangent to the branch d., at the double point of the curve / and i|r be such an

integi-al expression in ga and gr that /v/r ,.,}"': is finite at all the double points of/ other
-' / (9r)

than the one under consideration, and such that -v/r, while not vanishing at this double

point, vanishes at the a — 2 points other than d and at which Lod meets the curve /
The multiplicity of such a curve i|r after passing through all the other double points,

is known to be p + l, and to prescribe that it passes through a — 2 points of the line

Lod leaves it with a multiplicity jj + 1 - (a - 2), which is certainly not negative. Hence,

noticing that since is at ^^ = x
, ^/^ = oo , we may take Lod = ga- D, we may write

9a

our function

^' 9a-

D
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III the same way we obtain auother sucli fiinctiou

' 9a-D'

and, attaching proper numerical multipliers to them we may write

This representation is in accord with the previous results. If the most general integral

expression in ga and ^r,. formed by such powers as are represented, in accordance with

Part II. of the present paper, by the points within the polygon of the {ga, g,) curve, be

represented by gagr^, we know (see for instance Clebsch and Gordan, Abelian Functions,

page 16), since ^ is of order iV— 3 (see Part II.), that

j^/'fh = ^'-^''"'» + • • • + ^^«+«-f"A +M + • + ^pVp + II,

where gj , e. refer to the (S + «)th double point, aud v^ ...Vp are the everywhere finite

integrals, namely

$ = C,{G,-0,') + ... + Cj+.(e,+<- G's+.) + <^ + /^,

where <^ is the general adjoint curve of order iV"— 3, or

Of course on the other hand, the form of G^ can be variously altered. For instance,

in the example previously considered where p = 'i, a = 3, r = 5,

y xy

the double point of the (g,, g^) curve arises from the points A, A, where the quartic is

cut by the tangent at B. And we may write

yU
9,

z'' {x - Xz)
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where x — \z is the line OB^, and U is an arbitrary conic through K and L: then, easily,

dg^ _ U zdy - ydz

dx

whei-e

F = aPy + x-z (y, z\ + xz (y, z). + z^y, z\
,

and this is in agreement with the remark on page 433.

t ylr

The expression — ^
i)

above can be put into the form

(ff.-^)(ff,.-c.)(ff.
- cj...(g.-c._

^) ^ .^^^^^j expression in g^, g^,
ffa B

t "ir

whence as —' rs and the integral expression in rjr„, gr only become infinite when ga and

g,- are infinite, we see that ga = D, g,=E is the double point and gr = c^,... are the

values of g^ at the points other than the double point in which g„ — B = meets the

(ga , gr) curve. We may thence put

_ igr - E) {gr -(h)--- (gr - Cg-.)
ffia-lir-a

—
r, D '

'Ja~ ^
and this is obviously only infinite when g^ and gr are infinite.

We might expect to be able to form thence functions of order (a — 1) r — 2a, etc. for,

since gf-ia-nr-n has an oi-der which is = 2a (mod. r) we might expect to put

(/=,„_,,_« = integral expression in g, and ^^+ F'-°" (g'a. Di +gV^^^(ga, l)i + ^..
_

and thence, putting {ga, l)i = \ {ga — B) + /j., to obtain

^-ia_,),_„-X5r,„_ii,._„ = integi-al expression in ga and gr + '^--

f' _ jy ,

and thence be able to infer the existence of a function

fji^gr"-' + gr'-Hga, l)l + -.-

(ga-Bf

only becoming infinite for ga, gr infinite, obviously of order {a — l)r — 2a, luhich is not

integrally expressible by ga and gr- But in fact this function will sometimes be integi-ally

expressible by ga and gr . For instance, when p = 3, a = 3, r = 5, the curve being

g^' + g^-(g3-c) + g,g,{gs, l).2+g./{g3, 1)3 = 0,

though g^^
g^ig^-0)

is not integi-ally expressible, yet we can easily verify that

g-r + 97{gz, i\.=g,' + gd(gz. 1)2- (5-3. 'i-ii] + (g^ + c) {g„ l)„

or again, when P = 4, n = 3, r = 7,

the curve being gy^ + gf^^ + giOir/., + a/Ss = 0,

and a., =c{g,- k\) {g, - A:.,), ^, = (g, - k,)f, + 6, = c {g, - A-.) h, + b.

,

Vol. XV. Part IV. 57
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where /,, /(, are of the first order in g^ and c, 6,, h^ are constants, though

„ _97{97 + h,)

is not integrally expressible, we can easily verify that

i-.r" +^nC7, i9. - ^•.) = 9."A + 9. W. (9, - ^•.) - c\ (9, - Kf] + c\ {9, - h? i^, - 26,),

and similarly that

c (^f^O (^^f = ^-^^- - ^^-^- ^ "-"-^ ^^- - ^- + '' - ^-^-

That such expression as given by these examples should be possible in case of a

curve having only one double point, is obvious from our proposition that the number

of orders of existent not-integrally-expressible " integral " functions is the same as of

double points—for we have shewn how to form a function «/(o-ii/-a=7^—fr-' corre-
\9a t 1 )i

sponding to that double point.

But we can form functions of order (a— l)r — 2a etc. in another way.

In the case of a curve having two double points and known to have a not-

integrally-expressible function gta-i)r-2a, we may form the difference

9^o.—i)r-a i/la—i)r—

a

of the two such functions formed as above for the two double points. This will be at

most of order (a— l)r — a — 1 or r{a—\—A)+a{R—l), where A, R are integers less

respectively than a and r such that Ar — Ra = \. Subtracting from this difference a

proper multiple of ga'~^9r"'~^~'^ we shall obtain a function of lower order. Proceeding

thus we may expect to an-ive at an equation

£r,a_i)r_a-5''to-i)>--a = integral expression m g^, gr + 9 <a-i) t-2a

For instance, in the example just cited, p = 4, a = 3, r = 7,

„ „' _ 97 (97 + 61) 97(97 + K) _a- h\ 97(97 + ^d

so that we may take, unless A", = k^,

„ _97S92±M9s- - .

of which other forms are, in this case,

/A . ^ ^2-k-

b

., a,a, {j3; -b,- b,)
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In the same way for a curve with any number of double points we can, from any X
of these double points, form a function of order r{a-l)-\a, namely

(1) (i) W
ffr(g-i)-a

I

ffr (g-i) -a ffr (a-ii -a
{k,-k.^ ... {k,-k^) (L_-k,)... {k,-k^) ^ ^{k^-k,) ... ik^-k>,_,)

a "~i
^'

'-gr^-n] + -.
{ga-h)... iffa-k'^)

wherp n — vSV. l)a-i .+„"'^^^re gr(a-i)-a - ~ 7^" > etc.,

as before explained, and the double points are at gr„ = ^i, L, ... , these i,. A;., ... being
supposed different. The function thus obtained is necessarily only infinite when ga and
gr are so, and it is not expressible integi-ally, since such integi-al expression must be of

the form Pr//-' + ..., where P is integi-al in ^„

.

Thus in the case of a curve with no higher multiple points than double points of
which no txuo have the same value of (/„, ive can always express in this luay as many
not integrally expressible functions of orders of the form r{a-l)-Xa, as there are
double 2>oints. Since however every number r{a-l)-Xa is i^rime to a, we see that we

must have r(a-l)-\a>r, namely \ :^ r -I - E (-^) . Hence if (8 + k\ be the number

of the double points

and this is verified in all the examples considered (pages 430 and 432). For instance when

^j=4, a = 4, r=7, r- I - j? ^-) = 3,

and we found that there were functions g^, g,^, g„. The other two g^, g,„ are of orders

(a - 2) ?• - a, (a - 2) r - 2a.

In the case of a curve having double points for which the values of g^, are not all

different, we may suppose the previous expression applied only to those double points for

which the values of (/„ are different. We obtain thus as many not integrally expressible

functions as the number of these. If then there be a value ga = k, for which there are

M separated double points at gr = E„ g,= E,, ... g^= E^, there exists a function

(gr-E,)...(g,-E^)(gr, I)„_,^

ga-k

of order r{a-fj,)-a, which is 'integral' and not integrally expressible, the function

(gr, l)a-o,x being determined to vanish at all the points for which ga = k other than the

double points. The consideration of how we should proceed to obtain functions of other

fi-l orders may be omitted. Especially as the orders of the existent functions do not

57—2
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necessarily determine the nature of the curve. For instance the function (/lo = i/ia-ai r-a

<above might arise as -— ^ / where g^ = ^' is '^ double tangent touching the

curve at g, = E^ and gr = E.. In accordance with Kronecker's theory (Crelle, 91) there is

no need in general to consider the normal curve to have higher singularities than double

points. The examples here given should be compared with his theory.

Part V.

On the Graphical Meaning of Noethers (Cramers) Resolution of the Multiple Singidaritxj

at the o)-igin, by means of the Quadratic Transformation.

We use the same notation as in Part li. save that for o-/, m/,
fj.,'

we write

Or, nir, Mr'- I being the actual degree (= degree in a; + degree in g) of the lowest terms in

the equation of the curve. So that if the side of the polygon for which ct = 1 be present,

? = distance from the origin of the point in which this side meets the axis of g. And

if this side be not present, Z = distance of P„ from the origin. Then according to Noether

the singularity is resoluble into a simple multiple point of order / + an additional number

of multiple points which happen to be coincident with the multiple point of order I—
and these latter in their turn are similarly resoluble. This result is arrived at by a

particular case of a i-eversible quadratic transformation, as follows

—

Substitute in the equation of the curve x = ^rj, y = ^tj^ , where t), rj^ are connected

by a linear relation pv + IV^ — 1- Then in the transformed curve we may either substitute

for T]i in terms of r) and regard f, 77 as the new coordinates, or substitute for r) in

terms of »;, and regard |, tji as the new coordinates. The inverse substitution is

P= px + ay, rj = ; , J7i = ;

,
^ ^ ^" px+qy px + qy'

so that to a point near the origin and on a branch g ^ x" corresponds a point near the

axis ^ = for which

a^~'' 1
when <7 <\ J? = —T";—— , % =—,^:r—;— ,

px"-" + q px^ " + q

1
.7.'^-l

when cr > I T) =————: , 77i

p + qcif~^ p + qx"-^

For o- < 1 we shall regard ^, 7; as the new variables, and for o- > 1 we shall regard f, 7;,

a-s the new variables. Then the part of our singularity for which a <l becomes a

singularity at f = 0, 7; = 0, and the part of our singularity for which o- > 1 becomes a

singularity at ^ = 0, 7?, = 0. The part for which cr=l, say g x kx, becomes a singularity

at f=0, 77, =/fci7. If then there be t branches for which o- = l, we obtain t + 2 singularities

corresponding to our original singularity. And since the transformation is reversible

every point on these new singular branches corresponds to a point at the original singu-
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larity. Noether uses the substitution in one of the forms in which either p or q is zero,

but when this is chosen to be effective for a branch for which <r<I, it is ineffective for

a branch for which a >1. In the form here no finite point of the original curve (except

the points other than the origin upon the line px + q>/ = l) becomes represented by an

infinite point of the new curve. Also there is no multiple point on the new curve

arising by transformation from a simple point of the original curve. For if

the equations

^ dF f df ,
df\^ .

^ = 87 = 1"^+''' ai)^'

dr) \dx q dyj ^

give ^ = 0,

By

We imagine now the polygon constructed for the new curves and each of the t + 2 new

.singular points obtained. We proceed first to enquire what the values of the o-'s will

be at these new points. And, defining provisionally the word 'multiplicity,' applied to

our original singularity, as the number of unit points within and upon the origin-polygon,

save those upon the axes of coordinates, we shew that this is equal to

j: 1(1 — 1) + the sum of the multiplicities arising from the t + 2 new points.

The reapplication of this theorem to the new singularities obtained, and so on continually,

enables us to give a geometrical meaning to the number which we call the multiplicity.

Consider then the effect of x=^r), y=^7)i, where rji is regarded as a linear function

of 7)(=a+b'r)), upon the branches at the original singularity for which cr < I. The lowest

terms in the new equation will be of the same dimensions as if we put x = ^r), y = ^.

From a term x^y" there arises a term ^''^'^tj-^iji", so that the whole equation divides by

^\ and this term becomes effectively ^^+'J~'7)-''. For instance corresponding to the point

Po in the diagi-am of the original curve, for which f = 0, we obtain in the new curve

the term f''~', which gives on the representative chart a point lying on the axis of x.

And corresponding to the points (/, y), (/', g') in the old diagram, wherein /</', and

(/>(/', we obtain in the new diagium the points {f+ g—l,f) and {f'+g'—l,f'), wherein

f + g' — l<f+g — I and f>f- And the a-' of the corresponding .side in the new figure

reckoned aiuay from the axis of ^ is

f-f ^
if+9)-(f + 9') M--'

where — = -—^ is the o- of the orisrinal figure.
/* </-9



440 Mr baker, ON EXAMPLES OF THE APPLICATION OF NEWTON'S POLYGON

If thou ill the new diagram all the poiut.s are marked corresponding to the points

Po. Pi, -P/-1 (where o-,, a:,, ... a-,._i are each < 1, tr,. = 1, o-,.+i, o-,.+o, ... are all >1),

the point corresponding to P,._i for which the snni of the coordinates = I, that is to

say in the notation above f+g = l, will be on the axis of »;. We shall not mark in this

diagi-am the points corresponding to P,., P,+i, — We desire only to obtain the number

of points within and upon the polygon Qo--.Qr-i which corresponds to the part Po...P,.-i

of the old. Call this number A and notice that the greatest common measure, say nj,

of the quantities f —f, g — 9 —{/' —f), is equal to the G.c.Ji. of /—/' and g'—g. A is

formed from the quantities ;i,, nit, fit — m, in the same way as was our original number

from the quantities »?(, nit, H-t
—'^u*^ '^^ the new polygon t varies from I to r—\. Con-

sidering next the points of the transformed curve corresponding to the «,. branches for

which o- = I on the original curve, the effect of our hypothesis, that in the corresponding

?ir expansions of the form y = Ax+ ... all the coefficients A ... are different, namely that

the «r branches have separated tangents, is that on the transformed curve we have n,-

simple points lying on the axis f = 0, and the multiplicity of these is zero. With

reference finally to the branches for which o- > 1 we imagine t) expressed as a linear

function of tji, and regard f, 7;i as our new coordinates. So that so far as regards the

lowest terms of the new equation, our substitution is equivalent to 00=^, y = ^rj^. The

effect of this upon a term a/3/'' is to transform it to f^+^jyi'', which after division of the

equation by f' becomes ^-^+^"'7?/. So that for instance to the term x^i-yVr where w,. + y,. = /

coiTcsponds the term ^'iji^r. And to the terms x-f'y", x-^'yo con-espond in the representative

diagram of the new curve, the points (f+g—l, g), {f' + g' — l, g'}> giving

g-g g-g t^ '

where — = o-
=•'— , . We have to determine the multiplicity B given by the new polygon

which is formed from the quantities ?!,, vit — Hi, fit, as was our number from the original

polygon with the quantities ??,-, Wr, /i,-. t having here the values

r+l, , k + l.

It may be noticed that the total number of sides other than the axes in the two polygons

corresponding to the summations A and B is either equal to, or less by one than the

number of sides other than the axes in the original polygon. With these explanations,

and putting

C = ^ Inm (^nfjL - 1) + ^ 2 ?!r«» ('«,At« - i>hfj,,.) - -^ Sn {fi - 1)

which, as is easily seen, is another way of writing the number previously obtained of

the unit points within our original polygon and upon the sides other than upon the axes,

and writing this in the abbreviated form

2 lalb - ^ 2fx -
2 26 + 2 2 {aA - "A) + g ^">
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where ar=«r"iri

b,. = n^Hr,

the theorem is

C=^l{l-1) + A + B.

In the same way, making the assumption that in the multiple point at | = = 7;, the

branches which do not touch either ^ = or 7; = have all simple contact \\dth their

tangents, W'e can write

and similarly at f = U = 77,

^ = - m (m -1) + A' + B',

B = h,i'(m'-l) + A" + B",

and therefore

C=ll(l-l) + ^m (m -l) + l m {m- 1) + A'+ B'+ A" + B"

and so on continually—and it is perfectly obvious geometrically that the polygons corre-

sponding to A'B'A"B" diminish indefinitely as their number increases, and eventually

correspond to only simple points, in which case the corresponding multiplicities are zero.

We thus resolve our compound singularity into a coincidence of simple singularities so

far as the "multiplicity" is concerned, and are thus able to shew that this multiplicity

is really to be interpreted as the contribution to B + k which is due to the singularity.

It is immediatel}' ob\dous that the k of the singularity = l^n {m — 1) + I.m (fd, — 1) is the

sum of the values of the « due to the simple singularities into which it is so resolved.

Thus we again prove Cayley's rules.

The proof of the equation stated is as follows—the work is quite similar to that

of Cayley in the addition to Mr Rowe's memoir. Putting a,. = j2rm,., 6^='^/^^, denoting

the number of points on the side for which a = l by v + 1, and the corresponding values

of a,., br by Oa, b,, (each of these being in fact = v), putting also 2i to denote a

summation extending fi-om ?=/) to r = X — 1, and Sj to denote a summation extendmg

from 7-=p to ?' = A;-|-1, it being understood that when the p is absent the summation Sj

begins with r=l and the summation S. begins with r = \+ 1, we have

la = l^a + 1m + v = liU + S, (a-b) + l.h 4- v

lb = S,6 + l.b + i' = %,(b-a) + l.h + 1,a+ v

111 = Si?l + ~M + V

20 = lalb - la -lb + 1)1+1 (aA - a^br)
.i>r

•2A = 1,a1, {b - a) - 1,a -1,{b-a) + 1,n + 1, (afi, - a,b,)

s>r

•IB = 1, (a - b) 1.h - 1, (a - 6) - I.J) + S,?i + 2, (aA - aA)-



442 Mr baker, ON EXAMPLES OF THE APPLICATION OF NEWTON'S POLYGON

For the values of a con-esponding in these two cases are

m m — fx

fi —m ' n

the former being reckoned in a particulai- way.

And lalb-la-lb+ln- [S^aS, {b-a) -S,a-^,{b -a) + ^,n]

- [2, (a - b) ^.Jb - 1, (a-b)- ^.J) + 1m]

= v- + v (Sitt + U) + lot + 2o6) + t,a1fi + I.mI.J) + 'S.a'E.Jj + l.b^M - 2« - lb

+ p- l,al,b + (S,a)= + l,b - 2,«S,6 + (2,6)= + 1m

(i) =v' + v (2,a + 2,6 + 2,a + 2,6 - 1) + (2i«)= + (2,6)= + 2,02,6 + 2,62„a - 2ja - 2,6,

while
•> 3

2 aA = Oi (-1^ + i' + -J}) + «; (2i6 + V + 2,6) + . . . + a^_i (i' + 2,6) + 0^2,6 + 2, a,.6.

s>r s>r

= 2, aA- + V {l^a + 2,6) + 2,a2,6 + 2, aA;

(u) .-. 2 (aA-Ms)-2, (ar6s-6,as)- 2, (aA-6,as)
s>r s>r >•>)

= V (2,a + 2,6 - 2,6 - 2,a) + 2,a2,6 - 2,62,a.

Adding this to the expression above we obtain

I/- + 2v (2,a + 2,6) -v + (2,0 )= + (2,6)= + 22,a2,6 - 2,a - 2,6 .

and I = 2,0 + 2,6 + y

;

.'. this is I' — i',

.'. C = ]l(l-l) + A+B.

It would, I imagine, be easy to give a similar interpretation of Noether's work for the

case in which the v roots of the equation corresponding to the line for which a- = 1 are

not all diflferent—for instance, to investigate the branches that correspond to a repeated

factor y — kx we must put y — kx = ft;, and x = ^r) where i;, is a linear function of t).

As an example of this method we proceed to determine the h + k of the singularity

at the origin for the curve

y" + y"{y, xf + fiy, xy' + y*(y, xy*+f-{y, x^ + fiy. xf'+yiy, xf + iy, a;)== = 0.

If the polygon be drawn, the angular points nearest the origin are

(0, 15), (5, 11). (10, 7), (14, 4), (17, 2), (22, 0)

of which the first three are upon one straight line. The number of points between the

sides given by these points and the axes, with those upon the sides that are not upon

the axes, is 130—so that
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5 4 , 3 1 _-5 _i
Also '^' = 4' "' = 2' '^-"'3' "' = 1' °''"'2' "'"

'

°'*~2' "*~
'

so that K='En(fj,-l) = W.

We proceed to prove that this is in accordance with the results given by Noether s

method.

I. All the o-'s being greater than unity, we put as explained

and obtain after division by x^"

_1 _1 _1 ^3
wherein '''i ~ 4 >

""- "" 3 '
"^-^ ~ 2

'

''^''

2
"

II. Putting now cc, = ^v, i/i= ? (A'+ '?). we shall have three branches at f = »? = 0,

and one branch at ^ = = £ + t?. At this latter point a will be ^. viz. £+ 7,
x f^ that

is, we have an ordinary contact with f = 0, and the "multiplicity" as defined will be 0.

Considering then only ^ = = ^ and putting v for E + n, we obtain, after division by f,

+ ^v'v"- (1. ^«)" + ^V"" (1. |t;r + ?'?' (1. ^vT = 0,

and the values of ^ are <7, = 3, <7,= 2, <t,= I (reckoned from the axis of ?).

III. Putting now ^ = ^ii;, , v = ^I'/i'.

we shall have a simple point corresponding to ^ = = ^^ + 7; and E + n ^ ^ ,

two branches at f 1 = = r;/

one branch at f , = = 7;,' - ^'t; corresponding to the terms

I assume that this is a simple tangent to Vi'-^'V and pat in consequence, simply

Then at these two branches at ?, = = r?. (reckoning (7 from the axis of ^„ as in II.)

(r, = 2, <T,= l,

and putting v, for i;, + 7?i we obtain, after division by Vi\

Vol. XV. Part IV.
^^
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IV. Putting uow

we obtain after division by f/ a curve having a double point at ^.. = = t].,.

V. And thence putting f,. = f3 (-£"3 + %), ^^=^3'?:! wc obtain after division by f.= two

simple points on ^5 = 0.

Reckoning uow the S + k as indicated in the general theory given, by the indices

of the factore that have divided out, we obtain

S + K =
^ [15 (15 - 1) + 6 . 5 + 4. . 3 + 3 . 2 + 2 . 1]

= 130, as before.

The transformations are

y^nhVi, !/i=H^+v), v = ^iVi , Vi = t^i , v-2 = |3%-

Part VI.

On a particular monomial transformation.

We give now an identity which is useful in a particular kind of transformation—It

^vill be seen that it leads to a resolution of the same kind as Noether's.

11 111 11
Let K-, +^ ^^K, + K,+ ...+K" + K' + K+ ...+ K,,„ + K._,„^,

be any continued fraction, and let the convergents corresponding to the elements

K", K', K be

P" / P

Then if .4, £ be any quantities

(qA+pB-l){q'A+p'B-l)-iq'A + p'B-l){q"A+p"B-l) = (q'A+p'B-l)(Kq'A+Kpb)

= K [iq'A + p'By - iq'A +pB)]
or, if k = qA +pB, etc.

(I) (k-i)(k' - 1) -(^' - i)(r- 1) = K{k''-k') = Kk'{k'-\).

Take now A, B, so that A=P'a + Ph, B=Qh- Q'a,

P' P
where -^ , j- are the two actual last convergents of our continued fraction, so that

a=QA+PB. h = QA+ P'B,
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so that a is the last, b is the last but one of the quantities hf', k', k ... and notice

that if our fraction begin with

so that k, = A+K,B, k, = KJ. +(K,K, + 1) B

and we put k, = B,

then (k, -l){k,-l)-{k-l}{£-l) = (k,-l)K,{A + K,B)

= KJc,{k,-l)

and {h-l){B-l)-{B-l){A-l) = {B-l)K,B

= K,B{B-1)

= K,ko (ko - 1).

Therefore adding all the equations of the form (I.) and using these initial forms of

that equation we have

{^-l)ih-l)-(A-l){B-l) = KA(fco-l) + IU\{h-l) + ... + K,,„^A,n{k^n-n

where in fact b = k,,^•^n •

If now a = 2n,. = 2?vwr,

b = S6,- = S7i,/Lt,

and we put a,= Qa,' + Pb;, b, = Q'a,' + P'b/

leading to a,.' = Pa,' ~ Pb,, b,' = Qb.-Qa,.'

and A = Xa/, B = lb,',

and S (aA - asb,.) = 2 (a/W - a/b,.').

s>r s>r

we obtain the identity in question (wherein n, = n,', since clearly any divisor common to
ttr, bf is common to a,', b,' : and conversely)

tnm (Infi — 1) + 2 n^Ws (w^i-Ms — '"s/^;) — 2?f (/i - 1

)

- [2?i'«i' (2nV - 1) + S »,'«; (»i,>; - mjfj.;) - in {iM - 1)]

= KA {h - 1) + KA {k\ - 1) + ...... + K„„^,k.^, (^•„„ - 1)

where, as may be recalled,

^^-i- -i
58—2
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= qr (P'Sa - PSb) + p,.(- Q'Sa + Qlb)

^{q.P'- P.Q') ^a - (q,P - p,.Q) ^6.

If now we make the substitution

f-P' y yP Q

equivalent to

since F'Q-PQ=l,

this being the result of a combination of such substitutions as

the terms a/y^, a/^" of our original equation become

and corresponding to

'» =^1 -f' H- = 9-9' °- = -

we have m =f'P' + g'P - (fP' + gP) =mF - fiP,

m' =fQ' +gQ- (f'Q' + g'Q) = t^Q - mQ',

and thus m = Qm + P/j,', fi = Q'm + P'm',

which are in accordance with the e(|uations of the previous page,

,
, m' aP'-P . . . .. Q P

and o- = —^ = — -—
, IS positive if 7^, > ^ > ^37

M V - "V y P

Q P
and is negative if ^, > o" > -5;

,

while <j"o — 0-, =
(Q-<^.Q'){Q-o;Q)'

so that, if a;<(T.., then a^' < a-.' if tr,, cto are (both greater or) both less than ~.

Also ^-K ^ ^ 1 1-

Q'-^'"+'"^:^+ +^/

Noticing now that ^ = x'^y~^ give when rj^af, ^ocrQ-'S'

i] = x'Py^ rj'x.v''^'P

we see that the points of our branch ?/ x x' that are near the origin will not be

projected to infinity provided

q^''<p"
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If miu for instance there be only one a [=— j for the singularity at the origin and

m
we put — into a continued fraction

P"

then the transformed value m' is equal to 0, and corresponding to the ufji, branches

y = A^x', y^Aioax", y = A^o3"--''a:f

y = A^i^, y = A.MX', y=AM'^-^af

y = A nof, y = AnU}x'', y = A ^w"-'*'

9.ni

where co = e>^

,

we have points where

'r) = Ai + ..., r] = A^w + ..., T)=AiCo"-^ +

7] = A.;.+ ..., -r]=AM+...

that is, n/j, branches cutting the axis f = at, in general, different points. (When these

points are not different the transformation can be reapplied.) And the transformed value

of our expression

Snmw/i +

is 0, and the original singularity consists of

Kj kd-ple points

with K« ij-ple points

etc.

For instance Noether's example (Math. Annal. ix. p. 174)

y* + y'{x, yy + (x, yf +

Here
3 , 1 I P

Q' ' + I 1
'

P_3_ 1 1

e~2~^I + I'

q, 1' q, I' q,
2'
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2a' = F-^a - Plb, S6' = - Q'la + Qlb

= 6P' - 4P = - 6Q' + iQ

=0 =8-0
= 2;

.-. A-„ = 2, ^-,= 2, A-,= 4,

namely, our singularity is resolvable into two double points and one quadruple point—

(which gives 8 as the contribution to S + /c ; as is obnous from the figure).

Corollary. An Application of the pi-ecediug transformation.

If tr, < cr. < < o-i+i

be the values of o- for a multiple point at the origin, and we make the transformation

p
taking care only to choose -p7 > ert+i,

and therefore ^ > o-j+i

the branch y x af, leading to ^xx^'"^, ij x x ~ becomes always represented by a point at

infinity on the axis of t}, for all the values cr = cri, cr., ... crt+i. Namely on the new curve

the singularity corresponding to the singularity at the origin on the old curve is entirely at

^ = 0, 1^ = 00 . If the old curve be

/(^. y)=fifv'^, fv')=^'v'F{^, V) say,

where F{^, t]) is the new curve, the conditions for a singularity on the new curve, viz.

give (P'Q_PQ')g.|'>-/.^-VM = o

and can only be satisfied, unless /- = and ^ = 0, and excluding infinite values of ^ and

r) for the present, by ^ = or ?; = or both, namely at points arising from x—0 = y—at

which both ^ and J^^ are by hj^Dothesis zero. So that the new curve has no finite singularity

that does not arise from a singidarity on the old curve. The infinite values of f and rj

that are possible, can, since

fp Q fP Q

only have arisen from points a; = oo
, y = x . Now suppose that after the transformation
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above has been applied to the singularity of the old curve at the origin, we transform the

axes of f, 77 by \mting ^=^i + A, 77 = 7;, + 5, to a point (A, B) which is a singular

point of the curve F {^, rj). By a similar transformation to that just applied, viz.

writing

we can transform this singulai-ity to be at X = 0, Y=x. The singularity of

F{^, 7;) =

which is at ^ = 0, rj—x,

that is, also, at ^1 = 0, 771 = oc , changes to X = 0, Y= x— viz. our new curve in X and

T has the singularities corresponding to the two already considered, both at A" = 0, Y =cc .

Let this process of changing axes and subsequent transformation be continued.—Hence* tve

at length obtain a cin~ve ivhose only singular points are on the line infinity—there being

a very complex singularity at the infinite end of the axis of zero abscissae and, beside,

possible singularities at other points of the line infinity which have persisted throughout.

For instance, Raffy's example previously discussed, .

a^ - oa? {y- ¥ y + \) ¥ ax {y- + y \- If -2y (y- + y +l)-=0

becomes by x = ^rj, y = 03 + ^''rj'

1 - 5^?- i^v' + c) + 5^Y i^v' + cT- - 2^r,= (o) + f77*) (c + ^v'Y =

where c = <o — co".

All the singularity of this cui-ve is on the line infinity of the f, 77 plane.

1 y
Note. We may put farther v=^ > ^= >

and hence obtain

(i) jy^ - Sa^'y (if + ex') + bx'y- (f + ex')- - 2i/ (mx'' + y^) (ca" + y')- =

which we may treat by the rules of Part III. Putting

^ = x^, y = v^'

we obtain v{c + iff [2 {m + v^)— ov^] + ov^^ (c + v^) — ^^ =

and here, for the branch v = ^—c+..., we are to count t = 5 (see page -H9, note)

while N =2; the correction is therefore 2 ; the diagram for the curve (i)

above gives 102 as the number S + k for the singularity at the origin, with

4 interior points. Hence, admitting the correction, we see that, for the origin,

5 + K = I04 and the deficiency is 2, as previously obtained. The value 104

for S + K can be vei-ified by expansions. The curve (i) gives six expansions of the form

y = —ac X' + -7^ (BC Xtj + l

J2'"-

* If. in snch a curve, y be an integi'al function of .r, all integral functions are expressible integrally.
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where 3'=1,

beside three expansions of y in powers of x with different initial coefficients, each series

beginning with the term x*, and one series for y in integral powers of oc, beginning with

j;*. Hence by Cayley's rules the total number of intersections is

+ 7

©
= 104 + ^ + 1.

The first six expansions give « = 5, and the second three expansions give « = 2.

••
2' 2'

.-. S + /< = 104.

The figure foi- the curve (i) is

Notwithstanding the cracial nature of this example and that at the end of Part V. as

tests of the method of this paper, the change of the origin of coordinates used in this

Corollary may quite well render the coefficients in the resulting equation so mutually

dependent that the method of counting the deficiency by the number of interior points

of the curve polygon becomes inoperative. For instance the deficiency of

iy — a) (y — b) + cxy- + da^y'+fj'y + gory- + hx'y' + kx^y* =

is quite properly given by the diagram as 1. But by putting y~a — r] we obtain a curve

having eighteen terms, among the coefficients of which there are nine quadratic relations

;

and the polygon of this latter contains seven unit points.

Re p. 127. Cf. Noether, Crelle, 97, p. 224. Also a paper by Hensel, Crelle, 109—which I had not seen when

this paper was written. His results are not universally true. But they enable us to write down the intesral

functions when, by some such method as here, we can write down the finite inti^grals. Or conversely.
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